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In this work, for unconstrained optimization, we introduce an
improved Dai-Liao-style hybrid conjugate gradient method based on the
hybridization-based self-adaptive technique, and the search direction generated
fulfills the sufficient descent and trust region properties regardless of any line
search. The global convergence is established under standard Wolfe line search
and common assumptions. Then, combining the hyperplane projection tech-
nique and a new self-adaptive line search, we extend the proposed conjugate
gradient method and obtain an improved Dai-Liao-style hybrid conjugate gra-
dient projection method to solve constrained nonlinear monotone equations.
Under mild conditions, we obtain its global convergence without Lipschitz
continuity. In addition, the convergence rates for the two proposed methods
are analyzed, respectively. Finally, numerical experiments are conducted to
demonstrate the effectiveness of the proposed methods.
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1 INTRODUCTION

1.1 Conjugate gradient method
In this subsection, the following unconstrained optimization problem is considered,

min
x∈Rn

𝑓 (x), (1)

where 𝑓 ∶ R
n → R is a continuously differentiable function. Unconstrained optimization plays an important role in

practical applications. For example, it is essential in machine learning, which is popular in many fields. Recently, Jandaghi
et al. [1] proposed a novel machine learning approach to train a soft trunk robot model, giving a more accurate model
estimation. When the scale of (1) is not large, the Newton method and quasi-Newton method are promising in solving it,
and Javad Ebadi et al. [2] proposed a new BFGS method based on modified secant relations and verified its efficiency by
applying it in solving (1). However, when solving (1) in large scale, the conjugate gradient (CG) method is more welcome
since it requires lower memory in practical computation. Featured in its efficiency, CG method has been applied by many
researchers in a substantial number of fields such as image restoration problem [3–8], compressive signals problem [9–12],
and signal reconstruction problem [13]. In other practical fields, like disease model, optimization methods are used to
solve fractional-order tuberculosis disease model [14] and fractional fascioliasis disease model [15], where the CG method
can be considered to apply in the optimization problems appearing in the models. Regularly, the iterative process of a CG
method starts from x0 and generates the next iteration point by the recursive formula as follows:

xk+1 = xk + lkdk, k = 0, 1, 2, … , (2)

where lk > 0 is the step length obtained by a chosen line search. The sequence of search direction {dk} is generated by

dk =
{

−𝜔k, k = 0,
−𝜔k + 𝛽kdk−1, k ≥ 1, (3)

where 𝜔k = 𝜔(xk) = ∇𝑓 (xk) is the gradient of 𝑓 at point xk and the scalar 𝛽k is known as the conjugate coefficient.
Up to now, extensive studies have been established with the purpose to derive more effective CG methods with promis-

ing properties, and various CG methods have been proposed. It is a well-established fact that distinct CG methods vary
mainly in the conjugate coefficients, which tend to bring different features in convergence and computation, respectively.
Accordingly, classical CG methods are considered to be divided into two categories with respect to numerical perfor-
mance and convergence property. Let 𝑦k−1 = 𝜔k − 𝜔k−1 and || · || be the Euclidean norm. The first category consists of
the Fletcher–Reeves (FR) method [16], Dai–Yuan (DY) method [17], and conjugate descent (CD) method [18], where the
conjugate coefficients are defined by

𝛽FR
k = ||𝜔k||2||𝜔k−1||2 , 𝛽DY

k = ||𝜔k||2
d⊤k−1𝑦k−1

, 𝛽CD
k = − ||𝜔k||2

d⊤k−1𝜔k−1
.

In general, it is certain for their global convergence. Unfortunately, these methods may exhibit limited numerical perfor-
mances in practice due to the jamming phenomenon. Conversely, the convergence of the second category, including the
Polak–Ribiére–Polyak (PRP) method [19, 20], Hestenes–Stiefel (HS) method [21], and Liu–Storey (LS) method [22] with

𝛽PRP
k =

𝜔⊤k 𝑦k−1||𝜔k−1||2 , 𝛽HS
k =

𝜔⊤k 𝑦k−1

d⊤k−1𝑦k−1
, 𝛽LS

k = −
𝜔⊤k 𝑦k−1

d⊤k−1𝜔k−1

is more complicated to establish, but they usually behave more effectively in computation instead. With desire for new
methods with both promising convergence and numerical performance, based on the aforementioned six classical meth-
ods, researchers have made substantial efforts and lots of work have been done. Recently, using the spectral technique,
Ibrahim et al. [23] proposed two new spectral CG methods based on the PRP and Wei-Yao-Liu (WYL) methods. The
efficiency was verified by applying them in real-life problems in regression analysis. Different from the commonly used
first-order hybridization technique, Kaelo et al. [24] proposed a new hybrid CG method based on the modified quadratic
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hybridization of the PRP and FR methods and demonstrated the competitiveness of the new hybrid method. We refer the
readers to [25–35] for more information.

This work initially focuses on the hybridization-based self-adaptive technique. Appealed by the excellent numerical
efficiency of the PRP method, Wei et al. [36] modified it and gave a variant method (WYL), where 𝛽k is obtained by

𝛽WYL
k =

||𝜔k||2 − ||𝜔k||||𝜔k−1||𝜔⊤k𝜔k−1||𝜔k−1||2 .

They established the globally convergent results of the WYL method assuming that the sufficient descent property holds,
which is significant in the global convergence of the CG method. Later, Huang et al. [37] proved that under the condition
of strong Wolfe line search, the WYL method fulfills the sufficient descent property by restricting the parameter 𝜎 < 1

4
.

Motivated by the WYL method and to take advantage of the modification scheme adopted in it, Yao et al. [38] extended
the scheme to the HS method and suggested the YWH method, that is,

𝛽YWH
k =

||𝜔k||2 − ||𝜔k||||𝜔k−1||𝜔⊤k𝜔k−1

d⊤k−1𝑦k−1
.

Unfortunately, in the YWH method, the sufficient descent property may not hold in general cases. It holds only when the
strong Wolfe line search satisfies 𝜎 <

1
3
, in which case the method converges globally and performs well in numerical

experiments. Recently, based on Ref. [39], a new hybrid CG method (Jian-Han-Jiang, JHJ) was suggested by Jian et al.
[40], where

𝛽JHJ
k =

||𝜔k||2 − max
{ ||𝜔k||||𝜔k−1||𝜔⊤k𝜔k−1, 0

}
max

{||𝜔k−1||2, d⊤k−1𝑦k−1
} ,

and the globally convergent results were proven under standard Wolfe line search.
Next, the Dai-Liao (DL)-style CG method is taken into our consideration. In CG method, the traditional conjugacy

condition is d⊤k 𝑦k−1 = 0. However, not only is the condition hard to fulfill, which requires exact line search, but it can also
occasionally bring up some disadvantages in computation [41, 42]. In order to avoid such phenomenon, Dai and Liao [43]
explored a weaker conjugacy condition, that is,

d⊤k 𝑦k−1 = −t𝜔⊤k sk−1, t ≥ 0,

where sk−1 = xk − xk−1, and it yields a new CG method (DL) with

𝛽DL
k =

𝜔⊤k 𝑦k−1

d⊤k−1𝑦k−1
− t

𝜔⊤k sk−1

d⊤k−1𝑦k−1
.

The DL method guarantees global convergence when the objective functions are uniformly convex. To get global
convergence for general functions, they generalized it and gave a variant of 𝛽DL

k , that is,

𝛽DL+
k = max

{
𝜔⊤k 𝑦k−1

d⊤k−1𝑦k−1
, 0

}
− t

𝜔⊤k sk−1

d⊤k−1𝑦k−1
.

Numerical experiments demonstrate that the two methods above possess excellent properties. Recently, based on the JHJ
and DL methods, Aminifard and Babaie-Kafaki [44] suggested a new CG method with the following 𝛽EJHJ

k ,

𝛽EJHJ
k =

||𝜔k||2 − max
{ ||𝜔k||||𝜔k−1||𝜔⊤k𝜔k−1, 0

}
max{||𝜔k−1||2, d⊤k−1𝑦k−1}

− t
𝜔⊤k sk−1

max{||𝜔k−1||2, d⊤k−1𝑦k−1}
,

and numerical experiments conducted on the EJHJ method verified its promising performance.
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In this work, we propose a new conjugate coefficient based on the DL-style CG methods [43, 44] and the
hybridization-based self-adaptive technique in [36, 38, 40]. Furthermore, different from the aforementioned methods, we
choose to utilize a new type of denominator for promising results. The improved DL-style hybrid CG (iDLHCG) method
takes the following 𝛽 idlhcg

k ,

𝛽
idlhcg
k =

||𝜔k||2 − max
{ ||𝜔k||||dk−1||𝜔⊤k dk−1,

||𝜔k||||𝜔k−1||𝜔⊤k𝜔k−1, 0
}

d⊤k−1pk−1
− t

max{0, 𝜔⊤k sk−1}

d⊤k−1pk−1
, (4)

where

pk−1 = 𝜔k + 𝜆k
||𝜔k||||dk−1||dk−1, 𝜆k = 𝜈 + max

{
0,−

𝜔⊤k dk−1||𝜔k||||dk−1||
}
, (5)

t ≥ 0 and 𝜈 > 1. It is worth mentioning that the denominator in 𝛽 idlhcg
k has a new construction d⊤k−1pk−1. This adjustment

ensures that all the search directions will possess the sufficient descent and trust region properties, automatically.
Now, we lean our focus on another famous hybridization technique. Dai and Yuan [45] proposed a classical hybrid CG

method (HD) with 𝛽HD
k = max

{
0,min

{
𝛽HS

k , 𝛽DY
k

}}
, which converges globally and performs effectively in computation.

The technique is also adopted by Yang et al. [46]. Extended from the LS and CD methods, the so-called LSCD method was
suggested, where 𝛽LSCD

k = max
{

0,min
{
𝛽LS

k , 𝛽CD
k

}}
. Effectiveness of this technique has been verified, which inspires us

to exploit it in the iDLHCG method, too. Therefore, 𝛽 iDLHCG
k is calculated by

𝛽 iDLHCG
k = max

{
0,min

{
𝛽

idlhcg
k , 𝛽k

}}
, (6)

where 𝛽k is an arbitrary conjugate coefficient. The search direction of the iDLHCG method is computed by (3)–(6).

1.2 Conjugate gradient projection method
In this subsection, we make attempts to extend the iDLHCG method for constrained nonlinear monotone equations,

(x) = 0, x ∈ , (7)

where  is a nonempty closed convex set. The mapping  ∶ R
n → R

n is continuous and monotone, where the
monotonicity means the following inequality is satisfied,

((x) −(𝑦))⊤(x − 𝑦) ≥ 0, ∀x, 𝑦 ∈ R
n. (8)

The nonlinear monotone equations system (7) reveals its importance in many modern applications, including chem-
ical equilibrium system problem [47], compressed sensing problem [48–53], and image restoration problem [54–59]. In
addition, many constrained optimization problems can be converted into the form (7), and we refer the readers to [60–69]
for more information about constrained optimization.

The numerous applications have appealed many researchers to derive new methods to solve (7). Up to now, vari-
ous methods have been suggested, which can be categorized into two groups depending on whether the derivatives are
required. The first group, featured in rapid convergence, includes the Newton method with projection technique [70]
and the trust region method [71]. However, in practical computation, it is expensive to apply them in solving (7) in large
scale, since in this case these methods require the derivative information, which means large-scale matrices need to be
computed and stored. The second group consists of the derivative-free projection (DFP) methods, including the spectral
gradient method [72, 73] and the conjugate gradient projection (CGP) method [74–76]. These methods behave better for
solving (7) in large scale because they demand minimal storage.

Now, we only concentrate on the CGP method. First, we briefly recall the hyperplane projection technique suggested
by Solodov and Svaiter [77]. Let wk = xk + lkdk. By the monotonicity of , the hyperplane Hk = {x ∈ R

n |(wk)⊤(x−wk) =
0} strictly separates the current iteration point xk from the solutions of problem (7). Therefore, they suggested that the
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projection of xk onto the hyperplane could be the next iteration point; that is,

xk+1 = xk −
(wk)⊤(xk − wk)||(wk)||2 (wk).

With the purpose to address convex constraints, we have to introduce an important projection operator P from R
n onto

the feasible region , which is specified as P[x] = arg min{ ||𝑦 − x|| |𝑦 ∈ }. In the convergence analysis, the following
non-expansive property is of great importance; that is,

||P[x] − P[𝑦]|| ≤ ||x − 𝑦||, ∀x, 𝑦 ∈ R
n. (9)

Based on the projection technique, the CG method can be modified and applied in solving (7), and then the CGP method
is obtained.

In the past decades, considering that the CGP method possesses many excellent properties, researchers have paid great
attention to it and many well-known methods have been proposed so far. For instance, Cheng [78] combined the famous
PRP method and the projection strategy, proposing a new PRP-type method. Later, Yan et al. [72] also proposed two new
CGP methods based on the well-known HS method. Sun and Liu [75] introduced a self-adaptive hybrid method, extended
from the JHJ method, and its numerical performance is promising.

Now, we give the improved DL-style hybrid CGP method extended from the iDLHCG method and denote it as the
iDLHCGP method. The conjugate coefficient takes the form

𝛽
idlhcgp
k =

||k||2 − max
{

0, ||k||||dk−1||⊤

k dk−1,
||k||||k−1||⊤

k k−1

}
d⊤k−1pk−1

− t
max{0,⊤

k sk−1}

d⊤k−1pk−1
, (10)

where k = (xk),

pk−1 = k + 𝜆k
||k||||dk−1||dk−1, 𝜆k = 𝜈 + max

{
0,−

⊤

k dk−1||k||||dk−1||
}
, (11)

t ≥ 0 and 𝜈 > 1. Based on the similar hybridization technique in the iDLHCG method, and to stay consistent with it,
the search direction of the iDLHCGP method is defined by

dk =
{

−k, k = 0,
−k + 𝛽 iDLHCGP

k dk−1, k ≥ 1, (12)

𝛽 iDLHCGP
k = max

{
0,min

{
𝛽

idlhcgp
k , 𝛽k

}}
, (13)

where 𝛽k is an arbitrary conjugate coefficient.

1.3 Motivation and main contributions
To sum up, the limitations of existing works and the motivation for our methods are listed in three aspects. (i) The DL-style
CG method possesses many nice properties in solving unconstrained optimization, and how to propose a new DL-style
CG method that performs better both in theory and computation? (ii) Based on the new CG method, a natural question
is that how to extend it to constrained nonlinear monotone equations and obtain a new CGP method? (iii) Convergence
property and convergence rate analysis are important in optimization fields, but besides the global convergence property,
can we establish the corresponding convergence rates results for the proposed methods?

With these questions, we introduce the iDLHCG method for unconstrained optimization, whose search direction is
defined by (3)–(6). Additionally, taking the hyperplane projection technique into consideration, we extend the iDLHCG
method to constrained nonlinear monotone equations and obtain the iDLHCGP method, of which the search direc-
tion is calculated by (10)–(13). Moreover, we establish the convergence rates results for the proposed methods. The key
contributions of this work have at least three aspects as follows:

• Methodically, we first introduce a new conjugate coefficient based on the DL-style CG methods [43, 44] and the
hybridization-based self-adaptive technique. The new conjugate coefficient 𝛽 iDLHCG

k contains an uncertain parameter,
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which allows more flexibility in computation. Then, combining the standard Wolfe line search, we obtain the iDL-
HCG method for unconstrained optimization. Further, combining the hyperplane projection technique and a new
well-defined self-adaptive line search, the iDLHCGP method, an extension of the iDLHCG method, for constrained
nonlinear monotone equations is obtained.

• Theoretically, the search direction generated by the iDLHCG method or the iDLHCGP method fulfills the sufficient
descent and trust region properties independent of any line search. Then we establish the globally convergent results
for the iDLHCG method under standard Wolfe line search. For the iDLHCGP method, under the new self-adaptive
line search, the global convergence is obtained without Lipschitz continuity. Moreover, convergence rate analysis is an
important aspect in optimization, but there have been relatively few works analyzing the convergence rates of the CG
method and the CGP method. Therefore, we complete the convergence rates analysis for the iDLHCG method and the
iDLHCGP method.

• Numerically, we conduct different numerical experiments for the iDLHCG method and the iDLHCGP method, respec-
tively. For the iDLHCG method, we apply it in solving unconstrained optimization problems. And the iDLHCGP
method is applied in constrained nonlinear monotone equations and signal recovery problem. The numerical results
demonstrate the computational effectiveness of our new methods.

The remainder of this work is organized as follows. In Section 2, we introduce the iDLHCG method and develop the
corresponding global convergence under usual assumptions and standard Wolfe line search. And its convergence rate is
given. In Section 3, we suggest the iDLHCGP method and analyze its global convergence under a new self-adaptive line
search. Then the convergence rate results are established. Numerical experiments are conducted in Section 4 to verify
their computational effectiveness. Finally, we make the conclusions in Section 5.

2 A NEW HYBRID CG METHOD

2.1 Algorithm framework and properties
In this part, the iDLHCG method will be described under standard Wolfe line search. We give the framework of our
algorithm as follows:

Next, we will prove the sufficient descent property of the iDLHCG method.

Lemma 1. The following relation

0 ≤ 𝛽 iDLHCG
k ≤

||𝜔k||
𝜈||dk−1|| , ∀k ≥ 0 (15)

always holds.
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Proof. From the definition of 𝛽 iDLHCG
k , we know that it is positive. Before proving the right-hand side of (15), we first

give a lower bound for the denominator d⊤k−1pk−1, that is,

d⊤k−1pk−1 = d⊤k−1

(
𝜔k + 𝜆k

||𝜔k||||dk−1||dk−1

)
= d⊤k−1𝜔k + 𝜆k||𝜔k||||dk−1||
≥ d⊤k−1𝜔k +

(
𝜈 −

d⊤k−1𝜔k||𝜔k||||dk−1||
) ||𝜔k||||dk−1||

= 𝜈||𝜔k||||dk−1||.
To obtain the upper bound for 𝛽 iDLHCG

k , noticing that 𝛽 iDLHCG
k = max

{
0,min

{
𝛽

idlhcg
k , 𝛽k

}}
, we examine the following

three scenarios:

(i) 𝛽 iDLHCG
k = 0. Clearly, the relation holds.

(ii) 𝛽 iDLHCG
k = 𝛽

idlhcg
k . From (4) and the lower bound of d⊤k−1pk−1, we have

0 ≤ 𝛽 iDLHCG
k = 𝛽

idlhcg
k =

||𝜔k||2 − max
{

0, ||𝜔k||||dk−1||𝜔⊤k dk−1,
||𝜔k||||𝜔k−1||𝜔⊤k𝜔k−1

}
d⊤k−1pk−1

− t
max{0, 𝜔⊤k sk−1}

d⊤k−1pk−1

≤
||𝜔k||2 − max

{
0, ||𝜔k||||dk−1||𝜔⊤k dk−1,

||𝜔k||||𝜔k−1||𝜔⊤k𝜔k−1

}
d⊤k−1pk−1

≤
||𝜔k||2

d⊤k−1pk−1
≤

||𝜔k||
𝜈||dk−1|| .

(iii) 𝛽 iDLHCG
k = 𝛽k. It means that 𝛽k should satisfy 𝛽k ≤ 𝛽

idlhcg
k , and then, together with the relation in case (ii), it

follows that

0 ≤ 𝛽 iDLHCG
k = 𝛽k ≤ 𝛽

idlhcg
k ≤

||𝜔k||
𝜈||dk−1|| .

The whole proof is completed. □
Lemma 2. Suppose that the sequence {dk} is generated by the iDLHCG method, then the sufficient descent property
holds; that is,

𝜔⊤k dk ≤ −
(

1 − 1
𝜈

) ||𝜔k||2, ∀k ≥ 0. (16)

Proof. For k = 0, 𝜔⊤0 d0 = −||𝜔0||2. And for all k ≥ 1, from (3) and (15), we have

𝜔⊤k dk ≤ − ||𝜔k||2 + 𝛽 iDLHCG
k ||𝜔k||||dk−1||

≤ − ||𝜔k||2 + ||𝜔k||
𝜈||dk−1|| ||𝜔k||||dk−1||

= −
(

1 − 1
𝜈

) ||𝜔k||2.
The proof is complete. □

2.2 Convergence analysis
In this subsection, we concentrate on the global convergence of the iDLHCG method. To this end, we assume the
following.

Assumption 1. The level set  = {x ∈ R
n |𝑓 (x) ≤ 𝑓 (x0)} is bounded.
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Assumption 2. Suppose  is some neighborhood of , 𝑓 is continuously differentiable, and its gradient is Lipschitz
continuous; that is, a constant L > 0 can be found such that

||𝜔(x) − 𝜔(𝑦)|| ≤ L||x − 𝑦||, ∀x, 𝑦 ∈  .

From Assumptions 1 and 2, we conclude that a positive constant 𝛤 can be found such that ||𝜔(x)|| ≤ 𝛤 for all x ∈ .

Lemma 3 ([79]). Assume that Assumptions 1 and 2 hold. For any iterative method taking the form (2), where dk satisfies
the descent condition and the step length lk satisfies (14), we have

∞∑
k=0

(𝜔⊤k dk)2||dk||2 < ∞.

Additionally, if the sufficient descent property holds, it yields that

∞∑
k=0

||𝜔k||4||dk||2 < ∞. (17)

Now, by Lemmas 1–3, we will give the globally convergent results completely.

Theorem 1. Suppose that Assumptions 1 and 2 hold, the iDLHCG method generating the sequence {xk}, where the step
length lk is calculated by standard Wolfe line search, we have

lim inf
k→∞

||𝜔k|| = 0.

Proof. First, we prove that there exists a positive constant C, such that

||dk|| ≤ C||𝜔k||. (18)

By Lemma 1, we have ||dk|| ≤ ||𝜔k|| + |𝛽 iDLHCG
k |||dk−1||

≤ ||𝜔k|| + ||𝜔k||
𝜈||dk−1|| ||dk−1||

≤
(

1 + 1
𝜈

) ||𝜔k||.
Letting C = 1 + 1

𝜈
, then the relation (18) is proved. Next, combining it with (17), we have

∞∑
k=0

||𝜔k||2 ≤

∞∑
k=0

C2||𝜔k||4||dk||2 < ∞,

which implies that lim infk→∞||𝜔k|| = 0 together with Lemma 3. Hence, the proof is completed. □

2.3 Convergence rate analysis
In this subsection, we lean our focus on the r1-linear convergence rate of the iDLHCG method when 𝑓 (x) is twice
continuously differentiable and uniformly convex, that is,

N1||𝑦||2 ≤ 𝑦⊤∇2𝑓 (x)𝑦 ≤ N2||𝑦||2, ∀x, 𝑦 ∈ R
n,

where N1 and N2 (≥ N1) are two positive constants and ∇2𝑓 (x) is the Hessian of 𝑓 at x. Before the complete analysis, we
provide two preparatory lemmas.
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Lemma 4 ([80–82]). Suppose that Assumptions 1 and 2 hold, and𝑓 (x) is twice continuously differentiable and uniformly
convex. Then there exist two positive constants m and M(≥ m) such that

1
2

m||x − x∗||2 ≤ 𝑓 (x) − 𝑓 (x∗) ≤ 1
2

M||x − x∗||2, ∀x ∈ R
n, (19)

m||x − x∗|| ≤ ||𝜔(x)|| ≤ M||x − x∗||, ∀x ∈ R
n, (20)

and ||𝜔(x) − 𝜔(𝑦)|| ≤ M||x − 𝑦||, ∀x, 𝑦 ∈ R
n, (21)

where x∗ is the unique minimal point.

Then, Lemma 5 provides a lower bound for the step length lk.

Lemma 5. Suppose that Assumptions 1 and 2 hold, 𝑓 (x) is twice continuously differentiable and uniformly convex, and
the sequence {xk} is generated by the iDLHCG method under the line search (14). Then for all k > 0, we can find a
constant 𝜑 > 0 such that

lk ≥ 𝜑. (22)

Proof. From inequality (18) in the proof of Theorem 1, we have

||𝜔k||2||dk||2 ≥
1

C2 . (23)

Let 𝜈̃ =
(

1 − 1
𝜈

)
. From (14), (16), and (21), it yields that

(1 − 𝜎2)𝜈̃||𝜔k||2 ≤ (𝜎2 − 1)𝜔⊤k dk ≤ (𝜔k+1 − 𝜔k)⊤dk ≤ Mlk||dk||2.
Together with (23), we have

lk ≥
(1 − 𝜎2)𝜈̃||𝜔k||2

M||dk||2 ≥
(1 − 𝜎2)𝜈̃

MC2 .

Set 𝜑 = (1−𝜎2)𝜈̃
MC2 , which completes the proof. □

Theorem 2. Suppose that Assumptions 1 and 2 hold, 𝑓 (x) is twice continuously differentiable and uniformly convex,
and the sequence {xk} is generated by the iDLHCG method under the line search (14). Then we can find two constants
a > 0 and r1 ∈ (0, 1) such that ||xk − x∗|| ≤ ark

1 .

Proof. From the line search (14), we have

𝑓 (xk+1) − 𝑓 (x∗) ≤ 𝑓 (xk) − 𝑓 (x∗) + 𝜎1lk𝜔
⊤

k dk

≤ 𝑓 (xk) − 𝑓 (x∗) − 𝜎1lk𝜈̃||𝜔k||2
≤ 𝑓 (xk) − 𝑓 (x∗) − 𝜎1𝜑𝜈̃m2||xk − x∗||2
≤ 𝑓 (xk) − 𝑓 (x∗) −

2𝜎1𝜑𝜈̃m2

M
[𝑓 (xk) − 𝑓 (x∗)]

=
[

1 − 2𝜎1𝜑𝜈̃m2

M

]
[𝑓 (xk) − 𝑓 (x∗)],

where the third inequality follows from (20) and (22) and the fourth one utilizes (19). Letting r1 =
[
1 − 2𝜎1𝜑𝜈̃m2

M

] 1
2 , it

yields that
𝑓 (xk) − 𝑓 (x∗) ≤ r2

1[𝑓 (xk−1) − 𝑓 (x∗)] ≤ · · · ≤ r2k
1 [𝑓 (x0) − 𝑓 (x∗)],
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Now we show that r1 is bounded in (0, 1). At first, (16) and (18) yield that

||𝜔k||||dk|| ≤ C||𝜔k||2 ≤ −C
𝜈̃
𝜔⊤k dk ≤

C
𝜈̃
||𝜔k||||dk||,

which implies that C
𝜈̃
≥ 1. Then we have

2𝜎1𝜑𝜈̃m2

M
≤ 2𝜎1𝜑𝜈̃m = 2𝜎1(1 − 𝜎2)m𝜈̃2

MC2 ≤ 2𝜎1(1 − 𝜎2) ≤ 2𝜎2(1 − 𝜎2) < 1.

Hence, r1 is bounded in (0, 1). Combined with (19), it shows that

||xk − x∗||2 ≤
2
m
[𝑓 (xk) − 𝑓 (x∗)] ≤

2
m

r2k
1 [𝑓 (x0) − 𝑓 (x∗)].

Let a =
√

2[𝑓 (x0) − 𝑓 (x∗)]∕m, which completes the proof. □

3 A NEW HYBRID CGP METHOD

3.1 Algorithm framework and properties
In this subsection, we describe the framework of the iDLHCGP method as follows.

Remark 1. In CGP method, two famous line searches are often adopted. The first one is proposed by Zhang and Zhou
[83], that is,

−(wk)⊤dk ≥ 𝛿lk||dk||2. (27)

The second one, proposed by Cheng [78], takes the following form:

−(wk)⊤dk ≥ 𝛿lk||(wk)||||dk||2. (28)
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It is worth noticing that when xk is distant from the solution of (7), ||(wk)|| will be very big, which can result in
the right-hand side of (28) becoming large, therefore increasing the computational cost. To avoid such situation and
reduce the cost, Muhammad et al. [84] proposed a new type of line search:

−(wk)⊤dk ≥ 𝛿lk||(wk)||1∕c||dk||2,
where c ≥ 1 and the power 1

c
is introduced to reduce ||(wk)||. However, in the case when ||(wk)|| is exceptionally

large, the reduction may not be as substantial as desired. To this end, based on (27) and (28), Amini and Kamandi [85]
gave a new self-adaptive line search, that is,

−(wk)⊤dk ≥ 𝛿lk𝜓̂k||dk||2, (29)

where 𝜓̂k = ||(wk)||
1+||(wk)|| . Inspired by (29), we choose to compute lk by the self-adaptive line search strategy (24), where

𝜂 ≥ 0. The introduction of the parameters c and 𝜂 allows us more flexibility than (29) in computation. Considering
that 𝜓k ∈ (0, 1], this operation keeps the influence of ||(wk)|| in a manageable range when it becomes excessively
large, thereby empirically reducing the computational cost of the line search process. In fact, the line search (24) has
the following two characteristics: (i) The line search (24) will be equivalent to (29) when 𝜂 = 1 and c = 1. (ii) The line
search (24) becomes (27) when 𝜂 = 0.

Next, we give Lemma 6 stating that all the search directions generated by the iDLHCGP method, regardless of any line
search, possess the sufficient descent and trust region properties.

Lemma 6. The sequence {dk} generated by the iDLHCGP method fulfills the sufficient descent property

⊤

k dk ≤ −
(

1 − 1
𝜈

) ||k||2, ∀k ≥ 0, (30)

and the trust region property (
1 − 1

𝜈

) ||k|| ≤ ||dk|| ≤ (
1 + 1

𝜈

) ||k||. (31)

Proof. Utilizing the same manipulation in Lemma 1, we obtain the following relation

0 ≤ 𝛽 iDLHCGP
k ≤

||k||
𝜈||dk−1|| . (32)

Therefore, after the same manipulation, (30), is at hand. Next, we will prove (31). From |⊤

k dk| ≤ ||k||||dk|| and (30),
we have

−||k||||dk|| ≤ −
(

1 − 1
𝜈

) ||k||2,
which implies that the left-hand side of (31) holds. Then, from (12) and (32), one has

||dk|| ≤ ||k|| + |𝛽 iDLHCGP
k |||dk−1|| ≤ ||k|| + ||k||

𝜈||dk−1|| ||dk−1|| = (
1 + 1

𝜈

) ||k||.
Therefore, the proof is complete. □

3.2 Convergence analysis
In this subsection, we will establish the globally convergent results of the iDLHCGP method, and the following common
assumptions are necessary.

Assumption 3. The solution set of problem (7) is nonempty, denoting it as  and  ⊆ .

Assumption 4. The mapping  is monotone and continuous on R
n.

Notice that in Assumption 4, the condition is milder since the Lipschitz continuity is not required.
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Lemma 7. Suppose that Assumptions 3 and 4 hold and {xk} and {wk} being sequences generated by the iDLHCGP
method. Then we have that the sequence {||xk − x∗||} is convergent for any x∗ ∈  . It concludes that {xk} is bounded, and
in addition, we have

lim
k→∞

lk||dk|| = 0. (33)

Proof. We can see from the definition of wk that

(wk)⊤(xk − wk) ≥ 𝛿𝜓kl2
k||dk||2 = 𝛿𝜓k||xk − wk||2 > 0.

For any x∗ ∈  , from (8), we have

(wk)⊤ (xk − x∗) = (wk)⊤ (xk − wk) +(wk)⊤ (wk − x∗)

≥(wk)⊤ (xk − wk) +(x∗)⊤ (wk − x∗)
=(wk)⊤ (xk − wk)
≥ 𝛿𝜓k||xk − wk||2 > 0.

The above relations, together with Assumption 3, (9), (25), and (26), imply that

||xk+1 − x∗||2 = ||P[xk − 𝜏𝜉k(wk)] − P[x∗]||2
≤ ||xk − 𝜏𝜉k(wk) − x∗||2
= ||xk − x∗||2 − 2𝜏𝜉k(wk)⊤(xk − x∗) + 𝜏2𝜉2

k ||(wk)||2
≤ ||xk − x∗||2 − 2𝜏𝜉k(wk)⊤(xk − wk) + 𝜏2𝜉2

k ||(wk)||2
= ||xk − x∗||2 − 𝜏(2 − 𝜏)

[
(wk)⊤(xk − wk)

]2

||(wk)||2
≤ ||xk − x∗||2 − 𝜏(2 − 𝜏)

𝛿2𝜓2
k ||xk − wk||4||(wk)||2 .

From the inequality, we know that 0 ≤ ||xk+1 −x∗|| ≤ ||xk −x∗|| since 𝜏 ∈ (0, 2), which means the sequence {||xk −x∗||}
is nonincreasing and bounded below. Therefore, the sequence {||xk − x∗||} is convergent, and then we conclude that
{xk} is bounded. Deducing from the boundedness of {xk} and the continuity of , we can find a positive constant c1
such that ||k|| ≤ c1. Moreover, noticing the boundedness of {k} and the right-hand side of (31), we have that {dk} is
bounded, which further implies that {wk} is bounded too. Then again from the continuity of , we obtain that there
exists a positive constant c2 such that ||(wk)|| ≤ c2. As a result, the inequality above demonstrates that

𝜏(2 − 𝜏)
𝛿2𝜓2

k

c2

∞∑
k=0

||xk − wk||4 ≤

∞∑
k=0

(||xk − x∗||2 − ||xk+1 − x∗||2) = ||x0 − x∗||2 − lim
k→∞

||xk+1 − x∗||2 < ∞,

which implies limk→∞lk||dk|| = limk→∞||xk − wk|| = 0, and the proof is complete. □

Next, we establish the globally convergent results of the iDLHCGP method.

Theorem 3. Suppose that Assumptions 3 and 4 hold, {xk} being generated by the iDLHCGP method, and then we have

lim inf
k→∞

||k|| = 0.

Additionally, {xk} converges to a solution of (7) globally.

Proof. We proceed by contradiction. Assume that there exists a positive constant c3 such that

||k|| ≥ c3, ∀k ≥ 0. (34)
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Combing (31) and (34), we obtain for all k ≥ 0

||dk|| ≥ (
1 − 1

𝜈

) ||k|| ≥ (
1 − 1

𝜈

)
c3,

which together with (33) implies that
lim

k→∞
lk = 0. (35)

By the boundedness of sequences {xk} and {dk}, we assume, without loss of generality, that there exist two
convergent subsequences {xk𝑗} and {dk𝑗} such that

lim
𝑗→∞

xk𝑗 = x̃, lim
𝑗→∞

dk𝑗 = d̃. (36)

Using (30), (34), (36), and the continuity of , we get

−(x̃)⊤d̃ ≥
(

1 − 1
𝜈

) ||(x̃)||2 ≥
(

1 − 1
𝜈

)
c2

3 > 0. (37)

Additionally, (24) implies that

−(xk𝑗 + 𝜌
−1lk𝑗dk𝑗 )

⊤dk𝑗 < 𝛿𝜌
−1lk𝑗 𝜓k||dk𝑗 ||2 ≤ 𝛿𝜌−1lk𝑗 ||dk𝑗 ||2.

Letting 𝑗 → ∞ in the inequality above, from the continuity of  and (35), we have −(x̃)⊤d̃ ≤ 0, which contradicts
with (37) and we obtain lim inf

k→∞
||k|| = 0. Since  is continuous, there exists an accumulation point x̂ of {xk} such that

(x̂) = 0. Combining the convergence of {||xk − x∗||}, we conclude that {xk} converges to a solution of (7) globally.

3.3 Convergence rate analysis
In this subsection, we are going to study the convergence rate of the iDLHCGP method. To this aim, we give the three
following assumptions.

Assumption 5. The mapping  is Lipschitz continuous on R
n; that is, we find a positive constant L̂ such that

||(x) −(𝑦)|| ≤ L̂||x − 𝑦||, ∀x, 𝑦 ∈ R
n. (38)

Assumption 6. There exist two positive constants c4 and 𝛿∗ such that for any x∗ ∈  ,

||(x)|| ≥ c4dist(x,), ∀x ∈  (x∗, 𝛿∗) ∩ . (39)

Assumption 7. The mapping  is strongly monotone with modulus 𝜇; that is,

((x) −(𝑦))⊤(x − 𝑦) ≥ 𝜇||x − 𝑦||2, ∀x, 𝑦 ∈ .

Remark 2. It is noticeable that Assumption 5 is stronger than Assumption 4; that is, we require the Lipschitz conti-
nuity of , which is significant in the convergence rate analysis. Assumptions 6 and 7 are common assumptions in
analyzing the convergence rate of the CGP method.

Now, we give three lemmas as follows to delve deeper into the convergence rate of the iDLHCGP method.

Lemma 8 ([86]). Let uk > 0 and
uk+1 ≤ uk − aku1+p

k , ak ≥ 0, p > 0.
Then we have

uk ≤ u0

(
1 + pup

0

k−1∑
i=0

ai

)− 1
p

,
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and especially, if ak ≡ a, p = 1,
uk ≤

u0

1 + au0k
. (40)

Lemma 9. Suppose that Assumptions 3–5 hold, x∗ ∈  and {xk} being generated by the iDLHCGP method. Then we
find a positive constant c5 such that

||xk+1 − x∗||2 ≤ ||xk − x∗||2 − c5||xk − wk||4. (41)

Proof. From the proof of Lemma 7 and ||(wk)|| ≤ c2, we have

||xk+1 − x∗||2 ≤ ||xk − x∗||2 − 𝜏(2 − 𝜏)
𝛿2𝜓2

k ||xk − wk||4||(wk)||2
= ||xk − x∗||2 − 𝜏(2 − 𝜏) 𝛿

2||(wk)||2∕c−2

(𝜂 + ||(wk)||1∕c)2 ||xk − wk||4
≤ ||xk − x∗||2 − 𝜏(2 − 𝜏)

𝛿2c2∕c−2
2

(𝜂 + c1∕c
2 )2

||xk − wk||4.
By letting c5 = 𝜏(2−𝜏)𝛿2c2∕c−2

2

(𝜂+c1∕c
2 )2

, the proof is completed. □

Lemma 10. Suppose that Assumptions 3–5 hold. Then there exists a positive constant c6 such that

lk ≥ min
{
𝜁, c6

||k||2||dk||2
}
. (42)

Proof. If lk = 𝜁 , then (42) holds. Otherwise, the line search (24) with l̃k = 𝜌−1lk does not hold; that is,

−(w̃k)⊤dk < 𝛿l̃k𝜓k‖dk‖2 ≤ 𝛿l̃k‖dk‖2
,

where w̃k = xk + l̃kdk. Combining (30) and (38), we obtain(
1 − 1

𝜈

) ||k||2 ≤ ( (w̃k) −k)⊤dk −(w̃k)⊤dk

< l̃k(L̂ + 𝛿)||dk||2
= 𝜌−1lk(L̂ + 𝛿)||dk||2.

Letting 𝜈̃ =
(

1 − 1
𝜈

)
, it yields that

lk ≥ min
{
𝜁,

𝜈̃𝜌||k||2
(L̂ + 𝛿)||dk||2

}
.

Letting c6 = 𝜈̃𝜌

(L̂+𝛿)
, the whole proof is completed. □

Theorem 4. Let x∗ ∈  and {xk} be generated by the iDLHCGP method. Then the following two conclusions are obtained
as follows:

(i) With Assumptions 3–6, the sequence dist(xk,) converges to 0 at a sublinear rate; that is, a positive constant r2 can
be found such that for sufficiently large k,

dist(xk,) ≤
r2√

k
.

(ii) With Assumptions 3–5 and 7, the sequence {xk} converges to x∗ ∈  at a sublinear rate.
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Proof. (i) Let x̃ ∈  and satisfy ||xk − x̃|| = dist(xk,).

Combined with (41), it yields that

dist2(xk+1,) ≤ ||xk+1 − x̃||2 ≤ dist2(xk,) − c5||xk − wk||4. (43)

Letting C =
(

1 + 1
𝜈

)
, from (31), we obtain that ||dk|| ≤ C||k||. Together with (42), it yields that there exists a

positive constant c7 such that

lk ≥ min
{
𝜁, c6

||k||2||dk||2
}

≥ c7, (44)

where c7 = min
{
𝜁,

c6
C2

}
. Combining the left-hand side of (31), (39), and (44), it follows that for sufficiently large k,

||xk − wk||2 = l2
k||dk||2 ≥ c2

7𝜈̃
2||k||2 ≥ (c7𝜈̃c4)2dist2(xk,).

Together with (43), it further implies that

dist2(xk+1,) ≤ dist2(xk,) − c5(c7𝜈̃c4)4dist4(xk,).

Denoting c8 = c5(c7𝜈̃c4)4, we have from Lemma 8 with uk = dist2(xk,) and ak ≡ c8 that

dist2(xk,) ≤
dist2(x0,)

1 + c8dist2(x0,)k
,

which further implies that for sufficiently large k,

dist(xk,) ≤
1√

dist(−2)(x0,) + c8k
≤

1√
c8k

.

It demonstrates that the sequence dist(xk,) converges to 0 at a sublinear rate.
(ii) From the strong monotonicity of  and Cauchy–Schwarz inequality, we have

||k|| = ||k −(x∗)|| ≥ 𝜇||xk − x∗||.
Together with the left-hand side of (31) and (44), we obtain

||xk − wk|| = lk||dk|| ≥ c7𝜈̃||k|| ≥ c7𝜈̃𝜇||xk − x∗||,
which yields with (41) that

||xk+1 − x∗||2 ≤ ||xk − x∗||2 − c5||xk − wk||4 ≤ ||xk − x∗||2 − c5(c7𝜈̃𝜇)4||xk − x∗||4.
Denoting c9 = c5(c7𝜈̃𝜇)4, we have from Lemma 8 with uk = ||xk − x∗||2 and ak ≡ c9 that

||xk − x∗||2 ≤
||x0 − x∗||2

1 + c9||x0 − x∗||2k
,

further implying that ||xk − x∗|| ≤ 1√||x0 − x∗||−2 + c9k
≤

1√
c9k

,

which demonstrates that the sequence {xk} converges to a solution x∗ ∈  at a sublinear rate. Hence, the proof is
completed.
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4 NUMERICAL EXPERIMENTS

In this section, we conduct two groups of numerical experiments to verify the effectiveness of our proposed methods. The
iDLHCG method is applied for solving unconstrained optimization problems in Section 4.1. In Section 4.2, we apply the
iDLHCGP method to constrained nonlinear monotone equations. Moreover, the application of the iDLHCGP method to
signal recovery problem is also explored. All the methods were written in MATLAB R2021b and ran on a 64-bit Lenovo
laptop (CPU 3.80 GHz, RAM 32.0 GB) with the Windows 11 operating system.

4.1 Numerical experiments on the iDLHCG method
In this subsection, we are going to testify the efficiency of the iDLHCG method in comparison with the other well-known
CG methods under standard Wolfe line search with the parameters set as 𝜎1 = 0.1 and 𝜎2 = 0.01. The process of iteration
will be terminated when ||𝜔k|| ≤ 10−6 or the number of iterations exceeds 2000. A total of 111 problems from the CUTE
library [87] and other commonly used collections [88, 89], whose dimensions range from 2 to 800,000, are selected out as
tested examples. In the iDLHCG method, we set 𝜈 = 1.2, t = 1

lk
, and choose 𝛽k = 𝛽LS

k in (6). The other methods we choose
to compare are as follows:

• The DPRP method proposed by Dai and Wen [90] with 𝜇 = 2.
• The MMDL method proposed by Stanimirović et al. [91] with 𝜇 = 2 and t̄ = lk.
• The EJHJ method proposed by Aminifard and Babaie-Kafaki [44] with t = ||𝑦k||2

s⊤k 𝑦k
.

• The KD method proposed by Kou and Dai [92] with 𝜉 = 0.5 and 𝜁 = 0.1.
• The HYB method proposed by Ibrahim et al. [93] with 𝜏 = 0.001.

Among these compared methods, the DPRP, MMDL, and EJHJ methods also utilize the hybridization-based
self-adaptive technique, the KD method is a well-known and effective CG method, and the HYB method is a hybrid CG
method using the convex combination technique. This selection is helpful for us to verify the effectiveness of our proposed
iDLHCG method. Details of the numerical experiments are shown in https://www.cnblogs.com/poin07/p/18272306.
“Name,” “n,” “Itr,” “Time,” and “||𝜔∗||” represent the name of the tested problem, the corresponding dimension, the
number of iterations, the running time, and the value of final gradient, respectively. “NaN” denotes the cases where the
iteration cannot be terminated within 2000 times. Throughout the results, we conclude that the iDLHCG method, DPRP
method, MMDL method, EJHJ method, KD method, and HYB method solve about 99.10% (110 out of 111), 93.69% (104
out of 111), 94.59% (105 out of 111), 92.79% (103 out of 111), 99.10% (110 out of 111), and 93.69% (104 out of 111) of the
problems, respectively. Moreover, to help us visually compare the performances of different methods, the performance
profiles proposed by Dolan and Moré [94] are introduced as the way to present the results. As interpreted in [94], the
higher a curve is located, the more efficient the corresponding method is; see Figures 1 and 2. It can be seen from the
performance profiles that the iDLHCG method behaves better both in Time and Itr. Hence, the efficiency of the iDLHCG
method is verified.

4.2 Numerical experiments on the iDLHCGP method
In this subsection, some other CGP methods are chosen for comparison to solve constrained nonlinear monotone
equations (7). The selected methods are the WYL method [95], EPM method [96], PDY method [97], and IHCGP method
[98]. As to the parameters and line searches in these methods, they are set in consistency with the original literature and
so are the notations. And they are listed below as follows:

• The iDLHCGP method in this work: 𝜁 = 1, 𝜌 = 0.65, 𝛿 = 0.3, 𝜏 = 1.65, c = 2, 𝜂 = 0.5, 𝜈 = 1.2, t = 1
lk

, and 𝛽k = 𝛽LS
k .

• The WYL method: 𝜌 = 0.6, 𝜂 = 10−3, 𝜉 = 10−4, and initial trial step length 𝜎k = ||s2
k||∕s⊤k 𝑦k.

• The EPM method: 𝜎 = 10−4, 𝜌 = 0.55, c = 0.6, and 𝜉 = 1.55.
• The PDY method: 𝜉 = 1, 𝜌 = 0.5, c = 1, and 𝜎 = 0.01.
• The IHCGP method: 𝜌 = 0.5, 𝜍 = 1, 𝜎 = 1, 𝜆 = 0.001, 𝜈 = 0.8, 𝜇 = 3, 𝛾 = 1.5, and 𝛼 = 0.2.

We set the dimensions of the tested problems as n = 104, n = 5 × 104, and n = 105, respectively. Initial guesses for
all the problems are x(1) = (1, 1, … , 1)⊤, x(2) = ( 1

3
,

1
32 , … ,

1
3n )⊤, x(3) = ( 1

2
,

1
22 , … ,

1
2n )⊤, x(4) = (0, 1

n
, … ,

n−1
n
)⊤, x(5) =

(1, 1
2
, … ,

1
n
)⊤, x(6) = ( 1

n
,

2
n
, … , 1)⊤, x(7) = (1 − 1

n
, 1 − 2

n
, … , 0)⊤. The iteration procedure for all methods will be
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FIGURE 1 Performance profiles on Time. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 2 Performance profiles on Itr. [Colour figure can be viewed at wileyonlinelibrary.com]

terminated when one of the following conditions is satisfied:

(i) ||k|| ≤ 10−6, (ii) ||dk|| ≤ 10−7 or (iii)Itr > 2000.

Take (x) = (q1(x), q2(x), … , qn(x))⊤, and we choose 10 tested problems, which are listed as follows.

Problem 1 ([99]). Set qi(x) = exi − 1, for i = 1, 2, … ,n and  = R
n
+.

Problem 2 ([100]). Set

q1(x) = x1 − ecos( x1+x2
n+1

)
,

qi(x) = xi − ecos( xi−1+xi+xi+1
n+1

)
, for i = 2, 3, … ,n − 1,

qn(x) = xn − ecos( xn−1+xn
n+1

)
,

and  = R
n
+.
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Problem 3 ([101]). Set

(x) =

⎛⎜⎜⎜⎜⎝
5∕2 1 0 … 0

1 5∕2 1 … 0
0 1 5∕2 ⋱ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 1 5∕2

⎞⎟⎟⎟⎟⎠
x + (−1,−1,−1, … ,−1)⊤

and  = R
n
+.

Problem 4 ([102]). Set
q1(x) = 2x1 + sin(x1) − 1,
qi(x) = 2xi−1 + 2xi + sin(xi) − 1, for i = 2, 3, … ,n − 1,
qn(x) = 2xn + sin(xn) − 1,

and  = R
n
+.

Problem 5 ([102]). Set
q1(x) = x1 − ecos( x1+x2

2
)
,

qi(x) = xi − ecos( xi−1+xi+xi+1
i

)
, for i = 2, 3, … ,n − 1,

qn(x) = xn − ecos( xn−1+xn
n

)
,

and  = R
n
+.

Problem 6 ([102]). Set qi(x) = (exi )2 + 3 sin(xi) cos(xi) − 1, for i = 1, 2, … ,n and  = R
n
+.

Problem 7 ([103]). Set qi(x) = 2xi − sin |xi|, for i = 1, 2, … ,n and  = R
n
+.

Problem 8 ([104]). Set qi(x) = ln(|xi| + 1) − xi
n

, for i = 1, 2, … ,n and  = R
n
+.

Problem 9 ([83]). Set qi(x) = xi − 2 sin |xi − 1|, for i = 1, 2, … ,n and  = R
n
+.

Problem 10 ([103]). Set
q1(x) = x1(x2

1 + x2
2) − 1,

qi(x) = xi(x2
i−1 + 2x2

i + x2
i+1) − 1, for i = 2, 3, … ,n − 1,

qn(x) = xn(x2
n−1 + x2

n),

and  = R
n
+.

To spare the space of the work, detailed results of the experiments are shown in https://www.cnblogs.com/poin07/p/
18272303, where “Init” refers to the initial point, “n” is the dimension of the problem, “Itr” is the iteration numbers, “NF”
means the number of function evaluations, “Time” represents the running time, and “||∗||” denotes the value of ||k||
when the program is terminated. Similar to Section 4.1, we apply the performance profiles suggested by Dolan and Moré
[94] in terms of Time, NF, and Itr, respectively. From the numerical results in the tables, we see that all the five methods
solve the constrained nonlinear monotone equations successfully, and the iDLHCGP method is superior to the other four
methods by lower Time, NF, and Itr for all tested problems except for a few cases. Furthermore, from Figures 3–5, it is
concluded that the iDLHCGP method overall outperforms the other four methods in Time, NF, and Itr. Therefore, The
numerical effectiveness of the iDLHCGP method is verified.

4.3 Application in compressive sensing
In this subsection, we will apply the iDLHCGP method to solve the sparse signal recovery problem, which requires finding
sparse solutions of an under-determined linear system Ax = b. A ∈ R

m×n(m ≪ n) and the vector b ∈ R
m is the observation

data. The problem is equivalent to solving the 𝓁1-norm regularized optimization problem

min
x∈Rn

q(x) = 1
2
||Ax − b||22 + 𝜃||x||1, (45)
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FIGURE 3 Performance profiles on Time. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 4 Performance profiles on NF. [Colour figure can be viewed at wileyonlinelibrary.com]

where || · ||1 and || · ||2 denote the 𝓁1 and 𝓁2 norms, respectively, and 𝜃 > 0 is a positive constant. Noticing the nonsmooth-
ness of (45), Figureiredo et al. [105] proposed the earliest gradient projection method, that is, the GPSR method, for sparse
signal reconstruction. The first step of the GPSR method is to reformulate problem (45) as a convex quadratic program-
ming problem. For completeness, we briefly recall it here. For any vector x ∈ R

n, we reformulate it as x = u − v, where
ui = max{xi, 0} and vi = max{−xi, 0} for all i = 1, 2, … ,n are two auxiliary vectors. From the definition of 𝓁1 norm,||x||1 can be expressed as ||x||1 = e⊤n u + e⊤n v, where e⊤n = (1, 1, … , 1) ∈ R

n. Based on [48, 105], (45) can be equivalently
rewritten as the following equations:

(z) = min{z,Hz + c} = 0,

where

z =
[

u
v

]
, c =

[
𝜃en − A⊤b
𝜃en + A⊤b

]
, H =

[
A⊤A −A⊤A
−A⊤A A⊤A

]
.

Furthermore, from [48, Lemma 2.2] and [106, Lemma 3], we obtain that (z) is Lipschitz continuous and monotone,
which means problem (45) can be translated into problem (7). Therefore, the CGP method can be used to solve it.
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FIGURE 5 Performance profiles on Itr. [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 1 Numerical results on signal restoration.

Problem Problem size iDLHCGP WYL EPM PDY IHCGP
No. (m,n, r) Itr/Time/MSE Itr/Time/MSE Itr/Time/MSE Itr/Time/MSE Itr/Time/MSE
1 (256,1024,32) 80/0.02/7.470e-06 91/0.03/7.427e-06 166/0.04/8.020e-06 137/0.05/1.686e-05 158/0.04/4.794e-06
2 (384,1536,48) 81/0.03/7.641e-06 91/0.03/7.241e-06 167/0.06/8.340e-06 143/0.05/1.877e-05 156/0.05/5.460e-06
3 (512,2048,64) 75/0.05/8.151e-06 89/0.06/7.812e-06 156/0.09/8.938e-06 139/0.08/1.802e-05 154/0.10/6.780e-06
4 (640,2560,80) 77/0.14/8.833e-06 91/0.17/8.504e-06 161/0.26/9.782e-06 143/0.23/1.988e-05 156/0.27/7.681e-06
5 (768,3072,96) 79/0.25/1.135e-05 88/0.26/1.106e-05 165/0.53/1.255e-05 151/0.46/1.901e-05 163/0.52/1.088e-05
6 (896,3584,112) 77/0.36/9.946e-06 87/0.43/1.009e-05 161/0.78/1.097e-05 137/0.63/1.938e-05 161/0.76/9.467e-06
7 (1024,4096,128) 76/0.43/1.045e-05 90/0.52/1.024e-05 160/0.91/1.150e-05 136/0.78/2.401e-05 160/0.93/1.029e-05
8 (1152,4608,144) 76/0.56/1.014e-05 87/0.62/1.008e-05 158/1.09/1.117e-05 137/0.95/1.732e-05 154/1.07/1.010e-05
9 (1280,5120,160) 78/0.71/1.057e-05 85/0.78/1.017e-05 162/1.49/1.165e-05 139/1.27/2.826e-05 159/1.50/1.078e-05
10 (1408,5632,176) 78/0.93/1.026e-05 86/1.05/1.075e-05 162/1.92/1.126e-05 141/1.69/2.164e-05 156/1.90/1.038e-05
11 (1536,6144,192) 78/1.10/1.017e-05 88/1.22/1.074e-05 162/2.21/1.117e-05 141/1.87/1.935e-05 155/2.09/1.031e-05
12 (1664,6656,208) 78/1.24/1.006e-05 87/1.39/1.033e-05 160/2.55/1.104e-05 141/2.21/2.290e-05 151/2.38/1.019e-05
13 (1792,7168,224) 78/1.41/1.189e-05 87/1.54/1.167e-05 163/2.87/1.297e-05 144/2.50/1.992e-05 160/2.85/1.261e-05
14 (1920,7680,240) 76/1.61/1.030e-05 86/1.80/1.140e-05 160/3.30/1.123e-05 140/2.92/2.481e-05 158/3.31/1.077e-05
15 (2048,8192,256) 76/1.80/1.155e-05 87/2.08/1.106e-05 158/3.78/1.250e-05 140/3.37/2.701e-05 155/3.62/1.213e-05

Note: Itr is the average number of iterations, Time is the average running time in second, and MSE is the average value of MSE.Abbreviations: iDLHCGP,
improved DL-style hybrid CGP; MSE, mean of squared error.

To measure the quality of restoration, we employ the mean of squared error (MSE), that is,

MSE = 1
n
||x∗ − x||2,

where x denotes the original signal and x∗ is the restored one. It is noted that the lower value of MSE represents better
quality of the restored signal. In experiment, denote the number of nonzero elements in the original signal x by r. The
matrix A is given randomly and generated by the following codes in MATLAB and so is b = Ax0 + e, the observation data,
where e is Gaussian noise. Given a triple (m,n, r), the tested data are generated as follows:

x = zeros(n,1);% initializetheoriginalsparsesignal
q = randperm(n);
x(q(1∶r)) = randn(r,1);
A = randn(m,n);
A = orth(A′); % orthonormalize the rows of A
b = A∗x+0.001∗randn(m,1);
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FIGURE 6 Performance profiles on Time. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 7 Performance profiles on Itr. [Colour figure can be viewed at wileyonlinelibrary.com]

𝜃 = 0.1 ∗ max(abs(A′ ∗ b));
Iterations start with x0 = A⊤b, and they will be terminated when the following condition is satisfied, that is,

|q(xk) − q(xk−1)||q(xk−1)| < 10−5.

Set (m,n, r) = (256i, 1024i, 32i), with i = 1 ∶ 0.5 ∶ 8, thus generating sparse signals of different lengths. For each i,
we generate 20 random instances to compare the numerical performance of the iDLHCGP method with the WYL, EPM
and PDY methods. Parameters in these methods are set as those in Section 4.2. Detailed numerical results are shown
in Table 1. Itr is the average number of iterations, Time is the average running time in second, and MSE is the average
value of MSE. In addition, Figures 6 and 7 visually display the trends of MSE concerning Time and Itr in the case when
(m,n, r) = (2048,8192, 256). From Table 1 and Figures 6–8, we see that all the five methods solve the signal recovery
problem successfully, and the iDLHCGP method outperforms the other four methods both in Itr and Time. Moreover,
the iDLHCGP method is competitive in terms of MSE, and from Figures 6 and 7, we conclude that the iDLHCGP method
produces a lower MSE within a shorter Time and Itr. Thus, the effectiveness of the iDLHCGP method in signal recovery
is indicated.
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FIGURE 8 From top to bottom: the original signal, the measurement, and the recovered signals by five methods. [Colour figure can be
viewed at wileyonlinelibrary.com]

5 CONCLUSIONS

In this work, at first, a new hybrid CG method for efficiently solving unconstrained optimization is introduced based on
the DL-style CG methods [43, 44] and the hybridization-based self-adaptive technique. The search direction generated by
the proposed method possesses the sufficient descent and trust region properties regardless of any line search. The global
convergence is established under common assumptions and standard Wolfe line search. Then we extend the iDLHCG
method for constrained nonlinear monotone equations. With the hyperplane projection technique and a new well-defined
self-adaptive line search, the iDLHCGP method is proposed. We establish the globally convergent results for the iDL-
HCGP method under milder conditions, that is, the Lipschitz continuity is not required. Besides, the convergence rates
analysis for the two methods are given in Sections 2.3 and 3.3, respectively. Numerical experiments conducted on uncon-
strained optimization and constrained nonlinear monotone equations verify the effectiveness of the proposed methods.
In addition, the iDLHCGP method is applied in signal recovery problem, and the results of the practical application show
the iDLHCGP method is promising.
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In subsequent studies, there are at least five aspects intriguing and worthy of investigation. (i) For constrained convex
optimization, it can be converted to unconstrained convex optimization based on the penalization technique, and then
the iDLHCG method can be applied thereby. (ii) Since the iDLHCG method uses the gradient information, the stochas-
tic gradient estimator can be considered. Hence, the iDLHCG method is adapted to stochastic optimization, lowering the
computational cost when the scale of the problem is very large. (iii) In parallelization and distributed computing, the
original problem, whose scale may be very large, is split into several subproblems. Each subproblem can be solved inde-
pendently, and therefore, the iDLHCG method or the iDLHCGP method can be applied to solve them, which improves
the computational efficiency and lowers the computational cost. (iv) Many problems appearing in machine learning and
deep learning can be formulated as unconstrained optimization problems, using the iDLHCG method to solve them can
accelerate the optimization process and improve the convergence speed. (v) In practical applications, the data may be
noisy or incomplete, in which case the regularization techniques can be used to improve the robustness of the method.
Then the iDLHCG method or the iDLHCGP method can be applied to solve the regularized problems.
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