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CHAPTER I. INTRODUCTION

The study of numerical methods for solving partial
differential equations has undergone tremendous growth
in the past few decades. Before the 1940's the subject
was almost nonexistent, but with the advent of electronic
computers in that decade computations involving a large
number of arithmetic steps became routinely possible, and
the subject "took off."

The numerical methods first proposed and analyzed
were finite difference methods. In these methods der-
ivatives in the differential equation are replaced by
difference quotients and a system of algebraic equations
results, which one is (hopefully) able to solve on one's
computer. Book-length treatments of finite-difference
methods may be found in [12] and [19].

In recent years finite element methods have come to
the fore. The basic idea here is to replace a partial
differential equation by an equivalent variational prob-
lem and then to compute a function which approximately
satisfies the variational principle (the Rayleigh-Ritz-
Galerkin idea). The approximations one works with are
piecewise polynomials, this choice turning out to be
both computationally attractive and mathematically

tractable. This idea was already mentioned in 1943 by



Courant but not systematically put into practice until
the 1960's, when engineers began to use the method for
their problems. The last ten years has seen the appear-
ance of a flood of literature on the finite element
method, and the subject has matured enough to have
received several book-length treatments [22], [24]1, [ 3].
The method of least squares approximation to be con-
sidered here has its roots in the following idea. Sup-
pose one wishes to approximate the solution u of the
equation Lu = f, where L is a partial differential op-
erator. Then one idea is to choose a finite linearly
independent set of trial functions {¢1,...,¢M} and
seek an approximate solution U in the span of the ¢i'

~

u = Zci¢i, where the c; are found by requiring that

Iw@ - £]f = inf i - £]F .
2 Wespan{¢l,...,¢M} 2

This requirement leads to a linear system of equations

which can be solved to yield CireeesC The first rigor-

M
ous treatment of this idea, including the question of
handling the boundary conditions, was given by Bramble
and Schatz [ 7]. They showed that if e RY is a bounded
region with smooth boundary Tl and if L is a linear
second-order elliptic operator, then the solution u of
Lu = £ in @, u = gon ', is "optimally" approximated
(this notion will be clarified later) by the solution

i of the variational problem:



minimize |{Lw - flﬁz(g) + h-ﬁlﬁ - gIEz(r) over all

trial functions w ¢ span{¢1,...,¢M} where the functions
¢l,...,¢M span a finite element space. They also ex-
tended the analysis to the case of a general 2mth order
elliptic equation. Their method has the feature that the
trial functions need satisfy no boundary conditions,
which can be convenient if  has a non-polyhedral boundary.
Also, the linear equations which arise have a symmetric
positive definite matrix, which is convenient for numer-
ical work. On the other hand, the trial functions are
required to be smooth enough so that L may be applied

to any of them and still produce an L, function. Also,
the matrix that eventually arises has a condition number
which is the square of the "expected" condition number
{(for a thh order problem and N basis functions the ex-
pected condition number is o(N")). This difficulty can
be overcome, at the expense of some additional comp-
lications [ 6]. Here the condition number of a symmetric
positive definite matrix is defined as the largest eigen-
value divided by the smallest eigenvalue, and is rele-
vant to the practical problem of solving the matrix
equation which arises. That is, error bounds for the
solutions of linear systems involve the condition num-
ber of the matrix, and the larger the condition number

of the matrix the more sensitive is the numerical pro-

cedure to perturbations in the data and to rounding



errors [l13].

The method to be considered later is also related
to a variant of the finite element method known as the
mixed method. Here the basic idea is to introduce the
derivatives of the solution as new independent variables
and to approximate the solution and its derivatives
simultaneously. This idea has been studied in [10],
[17], and [18). A nice feature of this method is that
one automatically obtains approximations to the der-
ivatives of the solution. This is useful in some prob-
lems ; for example in fluid mechanics the equation
Ay = ¢t arises, where the physical quantities, the
velocities, are the derivatives of the stream function y.
Another feature of this method is that less‘smoothness
may be required of the trial functions. A possible dis-
advantage is that the matrices which arise are generally
nonsymmetric, and difficult to prove nonsingular. In-
deed, extra hypotheses may have to be introduced to
prove the existence of a solution to the finite-dimen-
sional problem. This situation is encountered in [10]
and is further studied in {17]. Also, error bounds
for mixed methods are difficult to obtain. Mixed
finite element methods are currently being studied by
several authors.

The numerical method to be considered here can

be thought of as an attempt to combine the least squares



method and the mixed method, hopefully preserving the
best features of each. Thus we hope the method will
require no boundary conditions to be satisfied by the
trial functions, will result in a symmetric positive
definite matrix which has the "expected" condition num-
ber, and we hope to simultaneously find "optimal" ap-
proximations to both the solution and its derivatives.
We note that the essential features of the method were
apparently first seen in the engineering literature [15].
The plan of this work is as follows. We first
briefly review the necessary tools from functional an-
alysis and partial differential equations. Then we in-
troduce the numerical method to be considered and prove
L, error estimates. Then we consider variations on the
basic theme, one of which involves weighting the terms
differently, and again prove error estimates. We prove
higher-order error estimates, assuming a certain hypo-
thesis of "inverse" type. We also estimate the condition
number of the finite-dimensional problem. We consider a
problem with Neumann boundary conditions and prove error
estimates. Finally we consider a true system of equa-
tions, the equations of two-dimensional elasticity, and

again prove error estimates.



CHAPTER II. PRELIMINARIES

The purpose of this chapter is to introduce the
mathematical machinery which will be necessary in the
body of this work. Also, much of the notation is
introduced. No attempt is made to keep the presenta-
‘tion self-contained. The basic references for this
material are [14}, [ 1}, [ 5], [ 4].

Let 2 < RY be a bounded open set with closure Q.
All functions to be considered will be real-valued.

Let C (%) = {¢:2 + R | ¢ has derivatives of all orders
on £ and all its derivatives are continuously extendable

to R}. PFor a = (@3r+0.r0y) a multi-index of length

lal = oy + ... + ay, define D* = a‘i‘l---agn where
ai = B/Qxi. For s a nonnegative integer define a norm
on C (%) by
2 o, 12
llelly = 1 Ilp ¢]
S ol <s k2(g)

where LZ(Q) is the usual space of Lebesgue-square-
integrable functions on . Define HS(Q) as the completion
of C (V) in the norm H-Ig.

For s positive but non-integral, H®(Q) is defined
by the technical process of interpolation. Then for
each s>0 H®(Q) is a Hilbert space with norm which will
be denoted ”'IE and inner product to be denoted by

(,*)g. In particular, H'(2) = L,(@) and ||-[}, = “"EZ(Q)'



The inner product in HO(Q) will be denoted simply (+,*)
We will frequently use the following facts. For

t>s > 0, HS(2) ¢ H5(R) and if u ¢ HE(Q), lall, 2 lull,-

If u ¢ B571(2) then || a,ully <llull,, G=1,...,8.

We also have the interpolation inequality

lall, < llelg™® lu]f for 0 < s <t <k, s #k, and

& = (t-8)/(k-s).

For s < 0, define a norm on C (%) by

up_ (u.$)
||u|| ¢€C o) b e

¢#0

and let H°(Q) be the completion of C*(¥) in this norm.
(This differs from the definition in [14] but is more
suited to cur purposes.) Our space H%(Q) for s < 0
is isomorphic to the space of all distributions in
1% (RY) with support in I, but we will not need this
fact in the sequel. By the way we have defined the
space Hs(ﬂ) we have the interpolation inequality
lall, < 1alg™ lluly for 0 > s >t 2k, s # Xk, and
6 = (t-s8)/(k-8).

We will also need the Sobolev spaces on the boundary
' of Q. We now assume I' is smooth, with outward normal
vector n. Then for s > 0 a norm |+|_ and inner product
<+,*>5 can be defined on c”(r) so that H(r) is the
completion of C" (I') in the norm |«]g- (For the details

see [14].) For s < 0 we define H®(I') as the dual of



H™S(r), so we have

sSup < ™
lolg Sren S(r)y 1Ml-g
T#0

for s < 0, where we write <+,+> for <024

The first result we wish to cite is a trace and
extension theorem. Here and throughout the rest of this
work C will denote a generic positive constant, not
necessarily the same in any two different places.

The proof of Theorem 2.1 may be found in {14].

Theorem 2.1.

(a) For each s > 1/2 there exists a bounded linear map
s s-1/2 .

Yo:H (Q) ~ H /2(ry (so |Yowls_.1/2 <c ||wlly) with

Yo¥ = wlr for all w e C (). Here C depends on s and .

(b) For each s > 3/2 there exists a bounded linear map
s s-3/2 .

v:HO(Q) > H /2(ry (so |Y1w|8_3/2 <cllwlly) with

YW = dw/dn for all w € Cm(ﬁ). Here C depends on s and {i.

(c) For each s > 0 there exists a bounded linear map

Q:HS(P) > HS+1/2(9) with Yo © £ = identity map on HS(P).

By a slight abuse of notation we will often write
YoW as "wlr" or "won I'" for w ¢ H3(R) (s > 1/2) and
Y,¥ as ow/3an for w ¢ HS(Q) (s > 3/2).

We next introduce the Sobolev spaces H:(Q). Let

C:(Q) = {¢ € C(R) | supp(¢) is a compact subset of Q},

where supp(¢) = Ix | ¢(x) # 0F. For s > 0, define

Hg(n) to be the closure of C:(Q) in HS(Q). In particular,



Hé(ﬂ) turns out to be the kernel of Y0=H1(9) -+ Hl/z(r).
Finally, for any real s define the space

gs(ﬂ) = (Hs(ﬂ))N with the product norm and inner

product. Functions in gs(ﬂ) will be distinguished with

an undertilde, v, and the norm and inner product will

be denoted IIst and (v,y)
s+2

g’ respectively. 1In partic-

() where s > 0, then
1

ular, if u € H

Vv =Vu= (3;u,...,3u) ¢ gs+ (2) and

divy =Ld;v, ¢ H®(Q), and ||div Ylg < c vl cllul

s+l =
The next result we cite is the divergence theorem

s+2°

extended to Sobolev spaces.
Lemma 2.2. For all u e Hl(Q) and y € gl(ﬂ),
(Vu,y) + (u,div y) = <yju,n-y>,

where n-y is interpreted as nlyowl + ... + nNYOwN

(n = (nl,...,nN) is the normal to T, ¢ = (wl,...,wN)).
Proof. The formula holds for u e C (), Y e ™ @y

by the classical divergence theorem and extends by con-

tinuity to u € HI(Q), y e H (2).

We will often abuse the notation slightly and

write the formula as simply (Vu,?) + (u,div y) = <u,n+y>.
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Finally we need one slightly nonstandard function
space, seen in [ 4] and [ 5). Define a norm on c” (M) by

2
s-3/2

. , 1ae
1018, =lolZ + 1e15y) + 3¢

and let H372(Q) be the completion of C (%) in this norm.
The utility of this space will become clear later.

Right now we note it is easy to see there is a bounded

linear map N:fY’2(Q) + n 1/2(r) such that N¢ = -g—%
for all ¢ € C ().

We will later need to estimate the boundary values
of functions in Sobolev spaces by their values in the

interior. To be precise, we have

Lemma 2.3. There exists a constant C > 0 such that for

all w ¢ Hl(Q) and all £ > 0,

lwlg < € llwlly + (c/e) liwllg-
Proof.
The proof is in the literature [ 1], [ 8], and we

merely repeat it here. Let f be a C1 vector field on

 with f=nonT. Then

|w|g = <w,w> = <w,n* (fw)>

(w,div(gw)) + (Vw,£fw) by Lemma 2.2

(w,w(div g)) + 2(Vw,w§)

c lwi + 2¢c flwlil llwll
c lwif + eAwl + were?y Nwlf

IA

IA
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using the inequality 2ab < sa + st

b2,

valid for all 6§ > O
2 2 2
e? lwlf + (crey |lwlf

(e [lwll, + (c/e) ”wlb)z, completing the proof.

IA

A

With the function space preliminaries settled, let
us turn to the topic of differential operators. We
immediately specialize to the case of major interest in
the following, the case of second order elliptic partial
differential operators. Let L be a second order partial

differential operator given by

N N N
Lu=- J 3,( § a,.(x)3.u) + ] a.(x)3.,u + c(x)u
i=1 * 3=1 ) J i=1 * 1
where the aij(x), ai(x), c(x) are smooth functions
on Q. We may (upon replacing a;

. b . . + ‘s 2 da
y Y (alJ ajl)/ an

changing some lower-order terms if necessary) assume
the matrix A(x) = [aij(x)] is symmetric. We will then

write L in the form
Lu = -div(AVu) + b*Vu + cu

where b(x), c(x) are smooth functions on Q.
Define the operator L to be elliptic if there exists

acy > 0 such that for any real numbers El""'EN and

any x ¢ Q, ‘Z. aij(x)EiEj 2 S Z gi. Thus the ellip-
i,3 i

ticity condition asserts that the symmetric matrix A

is (uniformly) positive definite on Q.
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The adjoint L* of the operator L is defined by
(Lé,¥) = (¢,L*¥) for all ¢,4 & Cy(R). In particular,
for Lu = ~div(AVu) + b*Vu + cu where A is symmetric,
we have L*w = ~div{AVw) - div(bw) + cw, and L* is ellip-

tic if L is.

We will be interested in solving problems of the
form Lu = £ in Q, u= g on T, and we will now cite a
result which will be one of our main tools. To avoid
complications assume that the only solution to the
problem Lu = 0 in 2, u = 0 on ', is the zero solution,

and similarly for the problem L*w = 0 in R, w=0onT.

Then we have

Theorem 2.4. Consider the problem Lu = f in Q, u=g
on I', where I, is as above; |

(a) If f ¢ HS(Q), g € H5+3/2(P) (s > 0), there exists
a unique u ¢ Hs+2(9) solving the above problem, and
lullyy <€ CHEIL +1al 5,

(b) If £ e H 3(Q) (s > 0, s # integer + 1/2) and

-s+3/2

g € H (T}, there exists a unique u ¢ §s+2,2(9)

solving the above problem, and
lail, <c (|lglL, + lgl_ ).
Hs+2,2(n) s s+3/2
(Here Lu = £ is understood as meaning (Lu,4) = (£,9)

for all ¢ ¢ HS(Q), where a meaning is assigned to

(Lu,$) by integration by parts.)
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The above theorem is a fundamental result in the
theory of elliptic partial differential equations.
Any of the references cited on p. 6 may be consulted
for more details. We remark that analogous results
hold for the problem L*w = £ in @, w = g on r.

This concludes Chapter II.



CHAPTER III. ERROR ESTIMATES

We begin this chapter by defining the finite-
dimensional problem to be considered. As before, let
L be a second order elliptic partial differential op-
erator given by Lu = ~div(AVu) + b<Vu + cu where
the coefficients are smooth functions onQ and A is a
symmetric positive definite matrix on {i. We assume
the only solution of the problem Lu =0 in &, u =0
on I', is the zero solution, and similarly for L*.

Now consider the boundary wvalue problem
Lu=finQ, £fe B(Q), k > 0
(3.1) 2
u=gonTl, ge H'(I'), & > 3/2.
We will need the basic a priori estimates for the op-

erator L and its formal adjoint L*, where L* is given

by L*w = -div(AVw) - div(bw) + cw. The estimates are
llallyo s CONTull + luly,3,/,)

I lhya

Now we introduce the finite-dimensional spaces

1A

c( |lurw|} + |wlk+3/2).

in which we will work. For 0 < h < 1 let

" - s’l‘(m c B (2) and s = sh) c ul(Q) be finite-

S
dimensional spaces, and define §g = §2(Q) = (Sg)n.
More will be said about these spaces later.

Since the matrix A is symmetric positive definite

-14-



-15=

it has a symmetric positive definite square root S,

S2 = A. We want to consider least-squares approximation
methods for (3.1), and as indicated in Chapter I we
wish to consider mixed methods. So consider the for-

mulation of (3.1),

-SVu = v 1in Q,

~

(3.2) div(sv) - b*s™'v + cu = £ in 9,

u=g onlrl,
and now consider the variational problem

Find (u?,v?) ¢ s x sP such that

(3.3) h h 1 2 h _h
(w,27) e 8§, xS
~ 1l ~2
- . -1 2
where J, (w,z) = || svw + 5'% + |l@iv(sz) - b*S" "z + cw - fHO

+ b7t w - g|2
1 1
for (w,z) € H (Q) x H (Q).
Thus (uh,yh) is the best least squares approx-

imation to (u,v), the solution of (3.2), in S? X §g

in the sense that

Jh(uh-u'Yh-Y) = inf

h
h_ _hInv ‘“'fh‘Y"
(w

h
1Z27) € 8) x 8,

which holds because Jh(w,z) = Jh(w-u,z-v) for all (w,z).
A necessary condition for the quadratic functional Jh
to be minimized is given by setting the first variation

equal to zero. If we do so we are led to define a
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bilinear form for (w,z),(¢,¥) ¢ H (2) x H () by

B ((w,2),(d,9)) = (SVw + 2,896 + §)
(3.4) + (daiv(Sz) - b8 1z + cw, Aiv(sy) - b8y + cb)

1

+ h™t <w,¢>.

Generally we will omit the subscript h and write simply

B for Bh. It is easy to see that (uh,yh) solves (3.3)

if and only if

B, v, (0,,9,)) = BUW,Y), (0,9p))

_ . - e -1
(3.5) = (f, le(S?h) b-s ?h + c¢h)
+ h_l <gl¢’h>
‘ h h
for all (¢h,gh) € Sl x §2.

Once a basis for S? x §2 has been chosen, (3.5)

gives a system of linear equations to be solved to

obtain (uh,yh).

Define the B-norm of a pair (w,z) by
= 1/2
| tw,2) |lg = BC(w,2), (w,2))" ",
Then we have the Cauchy-Schwarz inequality for B,
1B ((w,2), (6,90 < I} w,2) Il |l (0,9 g,

and we also have the following bounds for ”(W,g)lgf where

we use the inequality x + y + 2 5/3 (x2 + y2 + 22)1/2

< V3 (x + y + 2), valid for all nonnegative x, y, 2.
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-1

l|svw + 5|b + |ldiv(sz) - b+s "z + cwll,

+ h-1/2|w|0
(3.6) 23 (w,2) ||

< VI (|lsvw + z||y + ||aiv(sz) - bes™!

z + owl,
N I

Now, using Lemma 2.3 with € = hl/2 we have

=172

A

-1/2 -1/2 1/2
h~2en 2 lull, + 12 jlwll)

-1
e [fwlly + Ilwll,.-

lwlo

Hence we have

I tw,2) |l < cC|lsVw + z]|,
+ ”div(Sg) - 9-8—15 + cw||0
+ WY wlly + (1wl
e flwily + llwlly + llzllp .

(3.7)

Proposition 3.1l. There exists a unique

(uh,yh) € S? x §g which solves (3.5), and

(3.8) Il (umu® vy |} = inf o emep L v-v) Il
(0 ¥y) € 5778,

inf -1
f. c n h _h ( h llu_¢h”0 + Ilu"q’h”l

(.. ,¥, ) € S,x8
RERREE el

Proof. The existence follows because (uh,yh) is the



? X §2 in the B-inner product.

projection of (u,y) on S
. h _h h sh
For the uniqueness, suppose (u 'V ) and (G ,? ) both

solve (3.5). Then

B((u"-a",0"-0"), (o, 9)) = 0 for a1l (s,,y,) e sDxsh,

and in particular||(uh-ﬁh,Yh-?h)|@ = 0.

Now suppose H(w,g)l@ = 0. Then we have

SVw + 2z = 0 in Q,
div(Sg) - E-S-lz + cw =0 in Q, and

~

w=0onTl.

The first two conditions yield Lw = 0 in 2, and this
combined with w = 0 on T implies w = 0. Hence

z =-SVw = 0, and we have shown that ”(W:§)|B = 0 implies

w 0 and Z2 = 0. Thus our two solutions (uh,gh) and
(ﬁh,gh) satisfy u? = ¢" ana gh = ?h, so we have
uniqueness.

The inequality follows from

||(u-uh,y-yh)|% = B((u-uvy-yh).(u-uh.y-yh))

B((u-uh.g-yh).(u—¢h,y-yh))

for all (4,,¥,) € ST x §

1A

H(u-uh,g-gh)lg | (u-0, ,v-1,) llg-

Now using the inequality (3.7) and taking the infimum

over all (¢h,gh) € S? X §g completes the proof.
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Proposition 3.1 gives a bound for the error
(u—uh,g-gh), but the norm involved is somewhat un-
satisfying. What we would like are error bounds for the
quantities u--uh and Y'Yh separately in the usual Sobolev
norms. Obtaining such bounds is the next order of bus-
iness. First we introduce some approximation-theoretic

hypotheses on the spaces S? and Sg.

Approximation Hypothesis

There are integers ry.,r, > 2 such that if w ¢ HS(R),

1 < s < r;, then there exists a w; € S? with

(3.9) lw=wy Il + h [lw=wi |, < ch® ||wl]

where C > 0 is independent of w and h.

We remark here that the hypothesis (3.9) coupled

with (3.8) gives us the error bound
h h -1 t-1
| (u-u™, =y Iy < € n®70 Jlu|lg + 2577 Hlvll)

if u e H°(Q), vV E Ijt(ﬂ), 1§s§r1, 1_<_t_<_r2. In particular,
r r

if ueH 1(9) and v € H 2(9), then

1 r.—-1
h h ry 2
Il (u-u™,v-v) |y < c(h ||u||rl + h ”Y“rz) .

Much effort has gone into the study of the approx-

imation properties of finite element spaces. Some of
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the results can be described as follows. For simplicity
think of the two-dimensional case, & C R2. Let

Qe [a,b] x [c,d], and let Sh consist of all bivariate
Hermite polynomials of degree 2m - 1 (m > 1) defined on
a rectangular mesh covering [a,b] x [c,d]. Let

h = maximum side length of all rectangles, h = minimum
side length. Assume h > ch for some fixed ¢ > 0 as

h - 0, Let S? consist of the restrictions of elements
of s® to Q. Then S? satisfies (3.9) with r;, = 2m [23].
For another example, let Sh consist of all bivariate
splines of degree 2m - 1 defined on the same type of
mesh and let S? again consist of the restrictions of
elements of Sh to . Then (3.9) is satisfied with

r. = 2m. As a last example, suppose {Tn(h)} is a
collection of triangles for each h > 0 such that
&{Tn(h):J Q, any two triangles which intersect have an
entire edge or only a vertex in common, the maximum
side length of all the triangles Tn(h) is h and the
minimum angle of all the triangles is bounded below

as h » 0. Let Sh consist of all functions which are
continuous on LJTn(h) and linear on each triangle.

Let S? consist of the restriction of elements of Sh

to 2. Then (3.9) holds with r, = 2, For further
information on this topic, see [22], [23}, [ 3], [ 9],
or [1l1].

It is known that for piecewise polynomials of
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degree ry = 1 the exponent of h, T is sharp in that
it cannot be increased without invalidating (3.9).
Thus if we are able to prove that our approximate
solution u" satisfies Huh-ulb = O(hrl) we will have
shown that (asymptotically) uh is as good an approx-
imation to u as there is in the space S?.

The basic goal now is to derive estimates for the
errors e = u-uh and ey = Y'Yh' For the sake of clar-
ity, in what follows we will first give the complete
proof for the case when Lu = -Au, and then indicate
what changes must be made to carry the proof over to

the general case. We will constantly use (3.5) in the

= h h
form B((eu,gv),(¢h,gh)) = 0 for all (¢h,gh ) € Sl x §2.
Lemma 3.2, Ieul_l/2 < ¢ch |l (e, re ) |lg-

Proof. First consider the case L = -A. Then the

decomposition is =Vu = v, div v = £ and the bilinear

~ ~

form is

B{(w,2),(¢,9)) = (Vw + z,Vp+y) + (div z,div y)

+ h-l w,p>.
C s _ sup <e ,T>
By definition, Ieul_l/2 = 172 u .
T € H (T) ||
T#0 1/2

Given T € Hl/z(r), define o as 2(t) (see Theorem 2.1),

so a & H' (), el < c |T|1/2, and yga = 1. Then
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-1
<@, rT> = h( h <eu,a> )

- -1 - -
= h(h <eu,a ah> (Veu + gv,Vah))

for any a, € Sg by the orthogonality

condition with fh =0

IA

~-1/2 -1/2
h( h~1/ leylg b / |a—ah|0

+l1ve + ey lly 19y Il

A

-1/2
ch || teyre) Il ¢ B2 la-oy [ + Il Ve

IA

-1
ch [l (egre )l ¢ C'h llomay lly + lla=oy [l

+ Nl llp)

A

-1
cnll (e re ) lly € b2 llamay lly + lomayll + all)

in

ch [l teyre) Iy € € llall

upon taking the infimum over all

€ S? and using (3.9)

%h

A

Ch “(eu'gv)lh |T|l/2, as desired.

In the general case we again define o as %(t1). Then

-1
<eu,T> =h (h <eu,a>)

- -1 - -
=h (h <e, o ah> (SVeu + EV,SVah)

. -1
- (le(ng) b+s ey + ceu,cah))

~

I

Ch || (e, ,e ) [lg ( h-1/2|a-ah|0 + |10y |y

+ ”cuhlb)
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-1
< chllteyre ) lly € 71 flamay Il + llamap ll + 1oyl
and the proof proceeds as before.

Corollary 3.3. For 0 < s < 1/2,

1-
Ieuls-1/2 z Ch ° ”(eu'ev)lh'

~

1/2
Proof. We have |eu[0 < Ch / Il(eu’?v)lg and

leul—l/2 < Ch |l (e e ) l|;. The proof follows by interpo-
lation theory. Let 6 =1 - 2s; then

)

1-96
Ieuls-1/2 = 'eul-l/z IeuIO

IA

c heh(l-e)/z ” (eu'gv) “B

=chM*9/2 ) el

i

c h'~s H(eu,ev)lb.

~

Lemma 3.4. For 0 < t < min(r,-1,r,-1),

IA

. t
Hdlv(ng) - bes Te_ + ce Ch ”(eu,ev)lg.

~

Proof. First consider the case L =-A. Then the

left-hand side is just

laiv e I, = 5%, (4iV ey.4)
N ¢ € H (R)
el

6 # 0

Given ¢ € Ht(Q), let a solve -Aa = ¢ in R, a = 0 on T,
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and let B = -Va. Then Ha|k+2 + ”§|k+l <C H¢|k. Now,

(div gv.¢) = (div gv,div B)

B((eu'gv)'(a'g))

B((e,.,e,), (a-a ,B-8,))

h h
for all (ah,gh) € Sl x §2

1A

Il teyre )l Il (amay ,B-8,) Il

-1
<l teyred iy © €71 ooy [y + Il amayll

||§'§hlh by (3.7)

1A

Il teyre ) llg © €0 flall,y + nE (181l ,;)

by taking the infimum over all (ah,gh)
and using (3.9)
< ¢ h® (e e )l ll¢ll, , as desirea.
For the general case, solve La = ¢ in @,
a =0 on T, and put B = -SVa. Then
”§|k+1 + ”a|k+2 <C “¢|kl and
(div(Se_) - bes™le + ce $)
<~V - -~V u’
= (div(Se_) - b*S"Ye_ + ce ,div(SB) - b+S~1g +caq)
~V ~ ~V u' -~ ~ ~

B((eulgv)l(alg))l

and the rest of the argument is unchanged.
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Theorem 3.5. Let (uh,Yh) be the solution of (3.5),

and let the approximation hypothesis (3.9) hold. Then
for 0 < s < 1/2,

1_
leyll, < ¢ hY7% || (e e ) Il

Proof. The idea is to use the duality argument of

Nitsche [16]. We have

le |l = sup (e )
TEee mI@ Ty
¢ # 0 ¢ -s
First consider the case L = -A. Given ¢ € H >(Q),
let a solve -Aa = ¢ in 2, a = 0 on I', and put 8 = -Va.

Then [|B[l_s + llallb_g s Cll¢llg. Now,

(eul¢) = (eu,-Aa)
= (Ve_,Va) - < e da
u’ u’on
= (Ve + e _,Va) - (e_,Va) - < e da
u  ~v’ v’ u’dn
= (Ve_. + e_,Va) + (div e_,a) - < e sa
u - <v’ ~v’ u’dn

since a = 0 on T.

These terms can be bounded as follows. We have

au Ja

< egr32 51 < loglyy/p |32

u’sn u's-1/2 nl_s+1/2
l-s

< ¢ hl™8 |l (e e ) llg Hlall,_,

by Corollary 3.3 and Theorem 2.1;
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| (div gv,u)|

A

laiv e Iy, g Nall_,

IA

c hl7% || e e ) il el

~

by Lemma 3.4.

For the first term,

— -— -l —
(Veu +oe,r Va) = (Veu + e, Va Vuh) + h <e 0 ah>
for all o, € S? by orthogonality

and the fact that ¢« = 0 on T

A

cliteyre )l (Vo) lly + n™Ha=ay [,

+ |[a=ay |}

1A

1-
c il teyre) llg 175 Nl
upon taking the infimum over Oy and

using (3.9).

Collecting the pieces yields

iIA

[ (ege®) | < € hi7% flte e g llall_g

A

¢ h'7% |l (e e ) |l l16IL, , as desired.

For the general case, we solve L*a = ¢ in ,

@ =0onT, and note that |[a|l,__ < C|[¢|  and further that

L*q = -div(aAVa) - div(ga) + ca

-div(AVa) - b+*Va - o div b + ca.

Let

taes

= -SVa, so div(Sg) + b+S™1B + a(c - divb) = ¢.



-27~

Then

(eu.¢) = (eu.L*a)

(eu,-div(AVa) - div(ga) + ca)

(Veu, AVa) - <eu, N(a)> —(eu,div(ga) -ca)
wheke N is an operator satisfying -

NG Ipe_375 < C lloll for x > 372
= (SVeu,SVa) - <eu,N(a)> - (eu,div(ga) - ca)

= (SVeu + e _,S8Va) - (gv,SVa) - <eu,N(a)>

~V
- (eu,div(ga) - ca)
= (SVeu + e, sVa) + (dlv(ng), a)

- <e,/N(a)> - (eu,div(gq) - ca)

= (SVeu + e, SVa) - <eu,N(a)>

~V
. -1
+ (dlv(ng) 9 S e, + ceu,a)
+ (E-S_lgv - ce,a) - (e ,div(ba) - ca)
= (sVeu + gv, sVa) --<eu,N(a)>
. va—l
+ (dlv(ng) b*s e, + ceu,a)

-1
+ (S ev + Veu, ga).

-~

The first three terms here can be bounded as in
the previous argument. The fourth term can be written as
(SVe  + gv,s—l(ap)) . This is handled by the following

lemma. Collecting all the results finishes the proof,
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Lemma 3.6. For 1 < r < min(r,-1,r,-1),

1A

lisve, + e I, < ¢ W™ |l (e e ) -

Proof. We have

lisve, + e I = SYP_ (SVe, + e,/¥)
- P e H (Q)
b8 vl
p#0

Given ¢y € gr(Q), let w solve Lw = -div(Sy) + b'S_lw

~

in Q, w = 0 on I'. Then ||w||r+1 <cC ”?lk' Now let
z = w - 8Vw, so le(SZ) - ?*S_lg + cw = 0 and

Izl < ¢ llgll,- Then

(SVeu + Ev'?) = (SVeu + gv,SVw + E)

B( (eulgv) ’ ‘WlE) )

B((eu,gv),(w-wh,g-gh)) for all (wh,gh)
< lliteyre) llg 1l (w-wy rz-2) |l

-1
sllitegred Il © Cllw=wylly + 577 |lw=wy [

+ ”E-Ehlh) by (3.7)

< lltegre ) Il © €™ flwll + n® Y z(L)
by taking the infimum over all (wh'Eh)
and using (3.9)

< H(eu,gv)IE c nt°1 Hflk, completing the proof.
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Some remarks on this theorem are in order. Suppose

that u € Hr(Q), vV E gr(ﬂ), and r, =r, =r. Then

||(eu,§v)|h <cC nt-t (||uHriﬂlyﬂr), so Theorem 3.5
implies |le |l < h*~*s Cllull_+Il¥ll) for 0 < s < 1/2.

Thus uh is asymptotically as good an approximation to

h
l.
Also, the range 0 < s < 1/2 has been seen in the

u in the H® norm as exists in S

literature in error bounds for least squares methods

[ 7, [ 4]. We are unfortunately unable to include

the case s = 1/2 because of our lack of a trace inequality
for Yy @ H3/2(Q) > HO(Q); in fact the inequality

|Yla|0 <C Halb/z is false in general [14].

We now turn our attention to the decomposition
(3.2) itself. From a practical point of view this may
be an unsatisfactory system to consider, because if
the matrix A is not constant or diagonal then S could
be difficult to compute. When one sets up the matrix
formulation (3.5) of the problem one has to choose bases

h h

for the spaces Sl' §2 and then compute various inner

products of the basis elements, for example

(SV¢i-+wj, SV¢k + *m) where ¢,, ¢ € S?, ?j' Y € §g,
and thus the matrix S complicates the formation of
these inner products. It seems natural (because we
directly obtain an approximation to the gquantity Avu,
which in physical problems corresponds to the flux)

to consider the decomposition
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-AVu = v in Q

(3.10) divv - bA v + cu=f 4n @

u 0 onTl,

and the associated bilinear form, which we again denote B:

B((w,2z),(¢,9)) = (AVw + z, AVS +y)
(3.11)  + (div z - b*A"z + cw, divy- b-a"ly + cg)

+ h'1<w,¢>.

If we try to work with this bilinear form we find
that most of the preceding arguments carry through. 1In
fact, Proposition 3.1, Lemmas 3.2 and 3.4, and Corollary
3.3 may be proved as before. Unfortunately we are un-
able to prove Theorem 3.5 in this case, as the proper
terms do not appear when we integrate by parts (the
first chain of equalities in the proof of Theorem 3.5).
It remains unclear whether or not we can give quasi-
optimal error bounds for Heulg in this case.

There is one important special case where we can
find quasi-optimal error bounds forlleuHs. This is the
case when A is a scalar matrix, A = a({x)I, where a(x)
is a smooth function satisfying a(x) > ag >0 on Q.

So let us consider the decomposition (3.10) and the

bilinear form (3.11) in this case.
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Theorem 3.7. With A = a(x)I, a(x) > ag > 0 in Q,

consider the decomposition (3.10) and bilinear form

(3.11), and let (uh,yh) € S? X §g solve the problem
h

B/ y™) ) (0o ) = BUW,Y), (4, 4)) for all

(¢ha§h) € S? x §2. Then for 0 < s < 1/2,

1_
leglly < € 027 | (e e ) Ils-

Proof. As remarked above, Proposition 3.1, Lemmas

3.2 and 3.4, and Corollary 3.3 hold in this case, and
their proofs are unchanged. We begin as in the proof of
Theorem 3.5. Given ¢ ¢ H (), 0 < s < 1/2, let w
solve L*w = ¢ inQ, w=0 on T, i.e.,

-div(avw)

div(bw) + cw = ¢ in Q, w = 0 on T'. Then

”Wlb_s < Cll¢|Lg. We have

(eu,¢) = (eu, -div(aYw) - div(bw) + cw)
= (Veu, avw) - <eu.n-(aVW)> + (veu, lgw) + (eu, cw)
= (aVeu + Ev’ yw) + (div ?v'W) - <eu,n-avw>

+ (Veu. th) + (ceu. w)

= (ave, + e, av(a~tw)) - (ave + e, aw va~l)
- <e,/n:avw> + (div e - g-a-lgv + ce , w)
+ (g-a-lgv. w) + (Ve , bw)
= (aVe_ + e_, aV(a-lw)) + (ave_ + e_, a-lwva)
u ~V u ~V

. -1
- » - ™
e,rn-avw> + (div e 9 a e  + ce, w)
1l

+ + -
(aVeu e,r a ?w)
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-1 -
= (aVeu + gv, av{a "w)) + (aVeu + gv, a 1w(13 + Va))

. -1
- < ne > + (div - bea + .
e, aVw (di e, b e ce , w)

-~

By Lemma 3.6, the second term here is bounded by
1- .
Ch Sll(eu,gv)lg ”Wlb—s' By Lemma 3.4, the fourth

term is bounded by ¢ h'™%|j (e, e ) ||y llwll,_, which is

~

in turn bounded by C hl-s|l(eu,ev)|5 lIw]l,_g- Corollary

~

3.3 bounds the third term by C hl_sll(eu.ev)lg ”w“2-s'

-~

For the first term, write
(aVe. + e aV(a-IW))
u v’

— —l -
= (aVe + e, aV(a “w ¢h))
, -1
(3.12) - (div e, - bra “e  + ce ,cé,)
1

- h <eu,a-lw - ¢

where we used the orthogonality relation plus the
vanishing of a iw on I'. Now use the approximation

hypothesis (3.9) to choose ¢h so that

A
O
o

o
|
n
3
I
=

-1 -1
“a w - ¢h“0 + h ”a w - ¢h”l

A
aQ
=g

N

|

0
=

o

0

Then the first term of (3.12) is bounded by
cllave, + e lly lla™tw = o Il < Cllte . e )l h17S [jw]|
u ~v!'ia hil = u’'<v B 2-s,

the third term is bounded by
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h—1/2 -1/2

-1
lealo Y212k - 4, |,

1A

-1 -1 -1
” (eurgv) ”B C(h ”a w - ¢h”0 + ”a w - ¢h”1)

IA

1_
Il tegrey) lly € 272 flull,__,

and the second term is bounded by

1

l|div e, - bra e  + ce

u“—l+s|lc¢h“1~s

IA

1-
c nl7S || ey e ) I lwlly_,

by Lemma 3.4 and (3.9)

IA

1-
¢ hl7 || e e ) Il Hlwll,__.
Collecting all the terms, we find

l (eur $) I

A

1-
c h7 |l ey e ) Iy llwll,_

A

¢ h'73 || (e e iy Nellg »

~

. . . 1~
which implies Heulg < Ch S H(eu,gv)lh for 0 < s < 1/2,

and the proof is complete.

We conclude this chapter by giving a general
theorem on the decomposition method. ILet L, a second
order elliptic operator, be written as
L = LiL1 + LyL, + Ly where Ll is a first order differ-
ential operator and L2,L3 are scalar operators. For
example, with L = -div(AVu) + Q-Vu + cu we can take

Llu = -8Vu, LZY = -E-S-ly, L3u = cu, where STS = A.
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Consider the decomposition scheme

L in Q

i
g

lu

*
(3.13) L{v + L,v + Lau

in Q

£
u=g onl,
and the associated bilinear form

(3-14) B((WIE)I(¢I}E)) = (Llu = Yl le) - li')
+ (L*g + L,z + Law, Lf? + L,y + L3¢)
+ 07t w05 .

We also assume that there exists a bounded map
N : B"3/2(0) 5 B5(r') (x > 0) such that
(¢,L{L,w) = (L ¢,L,w) + <¢,N(w)> for all ¢ ¢ HI(Q)

and w € Hk(Q) (k > 3/2). Then we have

Theorem 3.8. Under the above hypotheses, all the

previous theorems of this chapter hold. 1In particular,

“euIL <C hl-sll(eu,gv)lb for 0 < s < 1/2,

Proof. One can check that all the previous proofs

carry through unchanged.

This concludes Chapter 3.



CHAPTER IV. FURTHER REMARKS

In this chapter we consider further questions
relating to the numerical scheme introduced in Chapter 3.
We will consider certain modifications of the bilinear
form, further error bounds, and other types of boundary
conditions. We will look at a special one-dimensional
problem, and also consider the condition number of the
finite-dimensional problem (3.5).

To begin with, notice that the a priori error

bound of Chapter 3,
-1 t-1
Il eyre M llg < € %7 Jlully + 0= vl ,

yields the following if r, =r, =rand s, t = r:

Il(eu'gv)lb

1A

r-1
¢ n™ ™ (lull, + vl

Ia

¢ n™h (lull, + (lull,)

c hr-l

1A

( “f”r_l + Iglr_'.l/z) ’

and hence

legly < € bl (e el < € 0™ Cllell_y + lgl 4,00

Notice this has the "right" power of h on the
right-hand side, but the rest of the expression is
"wrong"” in the sense that we should be able to bound

lle,ll, by

-35-
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r r
c b¥ flull, < ¢ n” Cll£ll._p + lgl 5 ,5)-

Our expression requires more smoothness on f and g

than one would think necessary. Looking at this more
closely leads one to consider the following modified
bilinear form, again denoted by B. (For simplicity we

stick to the case L = -A; the general case is similar.)

B((‘”if)l(d’l’i’)) = (Vw + EI Ve + 'i’)

(4.1) +n? (@iv z, div §) + Wl <w, 0> .

Then we have the a priori bound
-1
lonz lg s ¢ ¢ flully + llwlly + nlizll, + Nzl

and so if (uh,gh) solves the problem

(4.2) B((u™,v™), (4,9,)) = B0, V), (6,,¥,))
for all (¢h,yh) € S? x §g,

we have the bound

legiegd Iy < € *PE Cn7h jlu-gylly + llu-¢, 1k
s in
+lv-epllp + b llv-wylly)
sc P (flu-g lly + llv-v,lly) by (3.9)
*nr¥h

A

c (7 flull + n® Iyl

if u e H(Q), 1 <8 <ry,, ve Et(ﬂ), l <t <

A
a]

b o
Now suppose we have u € H 1(Q) and r, =
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Then
l—l
|| (e ,ev)lh <C (h llual k + h IvH

rl—l

<Ch lull.  since v = -Vu

1 v

r.-1

<chl

Clell, o+ laly _1p2)

so the "right" amount of smoothness is now required
of £ and g.

The question now arises, islleuH0 quasi-optimal
for this new scheme? A sufficient condition for this

is provided by the next theorem.

Theorem 4.1. If r, 24and r, = ry - 1 then
”euno <C h ” (euigv) ”B'

Proof. We are restricting attention to the case of

lle,lly for simplicity; the proof that

lleylls < C pl=s | teyre ) |l for 0 < s < 172

is similar.
As in Lemma 3.2, we verify |eu|_l/2 < Ch “(eu'fv)|b'
Lemma 3.4 requires revision, however. Indeed, we

revise the Lemma to read

1a3v e lL, < € bl teyre,) Il

For a proof, let ¢ ¢ HZ(Q) and let o solve =-Aa = ¢ in g,

¢ =0onT, and let 8 = -Va. Then |laf|, + |8l < C|l¢|l,, and

-
-~
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(div e, ¢) (div e, div B8)

= h ( h® (div e, div g))

"2 B(leyre,) s (a,8))

I
=

= 7 Bllegie,) s (amay,,8-8,)) for all (ay,By)

IA

-2
b flere ) llg © Clla—apll, +118-8, 1l

IA

h™2 |l (e e lly € € 02 flall, + 03 |8l

since ry 2 4 and r, = r; -1

A

C hllte,,e)llgllell, .

~

and we are done.

The rest of the proof proceeds as in Theorem 3.5.

Thus if we use the modified bilinear form {(4.1)
we can ensure the optimal convergence rate for ”eu|b
by using higher-degree polynomials as our trial functions.
The functions in S? must be (at least) piecewise cubic,
those in Sg must be piecewise quadratic. This may be
undesirable in practice,forii'we are going to use high-
order polynomials as elements of S? we might just as well
stick to the least squares methocd applied to the orig-
inal equation Lu = f.

It is natural to ask if there is a connection
between the solution (uh,Yh) of the problem (4.2)

and the solution Gh of the problem
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(4.3) Find u E Shc HZ(Q) such that

i

BAY,0) = (ad",a0,) + n3< Gy >

= B (u:¢h)
= -(£,44,) + h3 < ¢, > for all ¢, e gh
AN ) h h .

Thus problem (4.3) is the original least squares for-
mulation. A priori there need be no connection between
the two problems, since the space Sg need not be contained

in H2 (). So let us suppose Sh = Shc: HZ(Q) and

1
V¢h € §g for all ¢h € S?. Then we have the following
result.
Proposition 4.2. If Yh = -Vuh then uh = ﬁh, so the

original least squares formulation and the decomposition

method give the same solution.

Proof. If Yh = —Vuh then for all (¢h'?h) £ S? x §g,

-n? (au®, div g + n7 <ol >
2 . -1
= h" (f,div yh) + h <gré,> .
In particular, for Qh = —V¢h this says

- -3
(8u",80) + 073 <P g > = <(£,86,) + <g,op>

for all ¢h € S?, that is,

B(uh:¢h) = B(u,¢,) for all ¢y, € S? = gh
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By uniqueness of the solution to (4.3), uh = ﬁh and

we are done.

Unfortunately, the hypothesis vh = -Vuh of the

~

Proposition is a strong one and we are unable to verify

or disprove it.

We consider one more idea for modifying the bilinear

form B. For simplicity consider the case L = -A and

QC R2. If we are given Dirichlet boundary conditions

u=gonT and g is smooth, then -Vu =1v implies
tev = -dg/ds on ' where t is the unit tangent vector
on ' and d/ds denotes differentiation with respect
to arc length. Thus one could consider minimizing
the functional

o

. - 2
Iy, (w,2) = “Vw-»§|% + ||div z - f|% + h |w-g|,

+ w|tez + dg/dslg

where w = w(h) is some weighting factor. The bilinear

form to consider is then

B((w,2),(¢,9)) = (VW + 2,V¢ + y) + (div z,div y)
+ b7l <w,0> + w<tez, tey> .

Let us choose w = hﬁl. Then we have the bound

-1 -1
Hwr2) |l s € Ch = lw]ly + [lwlly +h 2]l + [[2]})

since h-l/2|t-§[0 < h"l/z]f[0 <C( n~t Hzlly + izl -
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Hence ||(ey,e)llg < ¢ ™ (lu-e Il + vy ll) -

What about Heulg? Let it suffice to note that
all the proofs in Chapter 3 can be carried over to this

case without essential change, so

lle,lly < ¢ pl-s I (e re ) lly for 0 < s < 1/2.

We finally consider one point concerning the de-

grees of the polynomials in the spaces S? and Sg. We ex-

pect the approximate solution (uh,gh) of (3.5) to
mimic the behavior of the solution (u,-Vu), so we ex-
pect yh = -Vuh. Thus it seems reasonable for Sg

consist of piecewise polynomials of one degree lower

to

than S?, for example if we use piecewise quadratic
functions in S? we would use piecewise linear functions

g. Then r, = rl - 1l. 1Is it now the case that

in s
”eulb is quasi-optimal? The answer seems to be no,
for the following reason. We still (of course) have

”eulb <C hll(eu'fv)IE by Theorem 3.5, but the best .

bound onll(eu,gv)lh is (assuming for simplicity u € H Ly
‘ 1-1 r2-l
legre s € Cn 2 Jlull, +n2 " fyll, )
rl-l r1-2
<C(h Jufl. +h fall, 4q?
1 2
r.-1 r.-2
sctlent
r,-2

sent lull
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and hencelleull0 < C hrl- Ilu”rl' which is non-optimal.

It should be pointed out this is not a proof, but it

it does suggest thatlleulb is non-optimal in this case.
On the other hand, we have shown that if one works

with the modified bilinear form (4.1) then one can

take Sg to consist of piecewise polynomials of degree

one less than the polynomials of S? and still get

quasi-optimal error estimates forlleuuo, provided

Sg contains (at least) cubic polynomials.

The Condition Number

The numerical solution of a system of linear equations
will generally be affected by roundoff errors, and the
condition number is one way of estimating how severe
the errors can be. In our situation we have three func-
tions to consider: the true solution u, the approx-
imate solution uh computed in exact arithmetic, and the
solution ﬁh actually found on the computer. We have in
Theorem 3.5 an error bound for u-uh; an estimate for the
condition number enables us to bound uh-ﬁh and hence to
bound u~iP. Specifically, let {¢i} be a basis for S

1'
and write uh h =22Ei¢i. Assume that for all

=1 aiqai, u

{Ei},|IEi¢iI% <cnV ZE?. (This condition is satisfied
- i

in practice; see [22] and alsc (4.7) below.) Then, put-

. ~ h_~h,2 2 N 2
ting e; = oa;-8;, ||u'- llg =llZe 9,1l < ¢ " Zej. Also,
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(Ze )1/2 < C macheps+*cond(B) * (Za, )1/2' where B is the
matrix of the finite-dimensional problem (3.5) and macheps
is the smallest positive floating-point number such that

1l + macheps # 1 [13]. Hence, assuming ry = ry =r,

A

~h h ~h
-8y < llu-a®lly + 1)a”-a),

A

h ~h
c h* (|| £]] -1t Iglr—1/2) + [|u”-u lb
by Theorem 3.5

1A

chiCigll, + lalog /)

+ C hN/2°macheps-cond(B)-(Za )1/2

Thus for the error due to roundoff not to contam-

inate the theoretical error bound, it suffices that

macheps+.cond (B) < C hr-N/2. This gives a relation be-

tween the number of digits carried in the calculation and

the condition number of the matrix. We will show below

that (under suitable hypotheses) cond(B) < C h-z- hence

it suffices that macheps < C hr+2-N/2. Thus for fixed

r and macheps, if h is too small there is a danger of
roundoff error destroying the accuracy of the computed
approximation.

The key tool in proving the condition number estimate
is an a priori inequality to which we now turn. Re-

~1,2

call that H (2) is the completion of c”(R) in the norm

2 =
Iely 2 = IIE + 1widp #1302z -
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Proposition 4.3. For all (w,g) € Hl(Q) x Hl(Q),

(4.4) vl +lizlly < © Cllsw + gl

+llaivisz) - besTlz + owll ) + |wly ).

Proof. Given ¢ € H-l(ﬂ), let a solve L*a = ¢ in Q,

«=0 onT. Then a ¢ 8 '2(Q) and el ; 5 <cilelly-
H™ ' (Q)

Now, by the same computation as in Theorem 3.5,

(w,¢) = (w,L*a)

(SVw+z,5Va) + (div(Sz)-b+S z+cw,a) ~ <w,N(a)>

+ (st+g,s_l(ap))

where IN(oz)I_l/2 < Cllmllﬁl'2 . Taking absolute
values gives the bound forllwﬂl. For Hgl%, write

z2 = (SVw+§) - SVw and take norms. This completes the

proof.

It is easy to see that||¢||_l §||¢Ho for ¢ ¢ HO(Q).
Hence (4.4) almost gives a lower bound forll(w,g)l%,
H(w,g)lh > c ( leh + Hglb). It fails to do so only
because of the discrepancy in norms on the boundary.
This is a fundamental discrepancy; one can find ex-

amples of sequences {wn} and {En} where (for any fixed

h > 0), “(“n'fn)lh + 0 but Hwnlh + ”Enlb = 1. (Example:

Let 2 = unit disk, L = -A, w, = Re(In(r)elne) where
th

In is the n modified Bessel function, 2z, = -an,

normalized so ”gnHO +||wn|h = 1l.) Thus we can only
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hope to find a lower bound on the subspace S? x §g.

To do this we make the following assumption.

(4.5) There exists a C > 0 such that

-1/2 h

Iwhl0 as h + 0 for all w 1°

Iwhll/2 <Ch € S

h

This is an assumption of "inverse" type (bounding
a higher Sobolev norm by a lower one) on the boundary.
To get an idea of the implications of this assumption,
consider the case 2 € RZ. Then ' is one-dimensional.

For polynomials of degree at most k in one space dimen-

sion on an interval J;, of length hi' it is known that

-1/2
Ip]l/z,Ji < C hy Iplo'Ji' where C depends on k and the

notation |- denotes the HS(J.) norm. Let J =UJ..
S,Ji 1 . 1

1)1/2

Then |ply 5 5 < € (Elply 5 b2, For this to be
i

bounded by C h~1/2 |p|0 g Where h = max{h,} it suffices
, ;
i

that ch ' < h™! for all i, that is, h;/h > ¢ > 0

as h - 0, i.e., the mesh in J is "quasi-uniform."
So (heuristically) in the two-dimensional case a suf-
ficient condition for (4.5) is that the boundary mesh
be "quasi-uniform."

Hypotheses of inverse type have been seen before.
They are the usual means of deriving "higher-order"

error bounds [ 4] and we will see this role later.
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We now study the matrix of the finite-dimensional

problem (3.5). 1Its entries are various inner products

h

of basis elements of the spaces S1 and §g. Suppose

a basis for S? is {wl,...,wn} and {51,...,5m} is a basis

for §g. Call the matrix B. Then B is a symmetric

positive definite (m#+n) x (m+n) matrix whose entries bi'

are given by
bij = B((wilo)r(wjlo))

_ -1
= (SVwi,Sij) + (cwi,cwj) + h <Wi'wj>

for 1 <i,j <n
bij = B((wilo)v(o{gj_n))

(SVwi,gj_n) + (cwi,dlv(SEj_n) - b*s

-1
Ej-n

)=Db

for 1 <i < n, ntl £ j < mn

bij = B((O'Ei-n)’(o’gj—n))
. -1
(24_nrZ3-n) * (div(Szy )-bes 7z, ,
. -1
d1V(S§j—n)_E'S Zj-n

)

for n+l < i,j < m+n.

(Of course a different ordering of the unknowns will
greatly decrease the bandwidth of the matrix B, but for
conceptual clarity we stick to this formulation.)

We now assume the bases are chosen so that the fol-

lowing conditions hold [ 6]. Recall Q e RN, and the

notation (-,-)1 denotes the Hl(n) inner product.

ji
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For all real numbers El""'gn'nl""'“m

N 2 N 2
(a) ch” I Ei < I (wi,wj)EiEj < Ch I Ei

N 2 N 2
(b) ch Iny <I (gi,gj)ninj < Ch Inj
(4.6)
N-2 2
(c) Z (wi'wj)l EiEj <Ch ZEY
N-2 2
(d) & (gi,gj)l ngny < C h Enj

The conditions (4.6) assert that the basis functions
are independent in a certain sense. For the usual
finite element bases the conditions hold, provided the

geometry of the elements does not become degenerate [22].

Now we have

Theorem 4.4. Assume the boundary inverse hypothesis

(4.5) and the basis conditions (4.6). Then the condition

2 2

number of the matrix B is O(h™ ), i.e., cond(B) < C h™“,

Proof. Since B is symmetric positive definite,

cond (B) = Amax(B)/lmin(B), the maximum eigenvalue of
B divided by the minimum eigenvalue. We can estimate
the eigenvalues by considering the Rayleigh quotient,

€7BE/ETE. S0 let £ = (£1,...,E ,n),...,n) be an

(m+n) -component vector. Define Wy =E:£iwi, z, =2:ni§1

Then by (4.5) and (4.6),

C B( (wh'gh) ¢ (W

Iv

2
ne2n)) 2 I+ 11z, IR

1v

2 2
[EN- R EN

~
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=2£i£j(wi.wj) +2ninj(§i.§j)
N 2 2
>c h' (2 £ +Zni)

¢ nV Tt .

But also

A
p]

-2 2 2 2
B((w, 2, ) (W, ,2,)) W2 Nlwy 1B+ lwy (5 + Nz 1R+ Iz, 1P)

IA
(P]

-2 2 2
h2 flwy i + w15 + 11z, 1)

<c (n? EEgEg (wiwg) + T ESES (W)

tIngnglzg,2z5),)

A

N-2 2 N--2 2 N-2 2
C (h Z Ei + h z Ei + h Z ni)

by (4.6)

hN-Z ET

A
Q

£ .

To complete the proof simply note that

B((w,,2) s (W ,2,)) = ETBE.

We remark here that the proof would have worked
for any decomposition of the form considered at the
= T.%

end of Chapter II, L LlLl + L2L1 + L3. Also, suppose
we were working with the bilinear form as modified

in (4.1). Then the preceding results hold provided

an additional assumption is made; it suffices to assume

] . h .
llaiv z, [l ; < € h ||div zpllp for all z, e S,. This

assumption coupled with the assumption (4.5) is suf-
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ficient to prove Theorem 4.4 in this case. However,
the meaning of the additional assumption

|| div z |, < ¢ hildiv z ||, is unclear.

Further Error Bounds

We now turn our attention to the derivation of

bounds for ||le |l (s > 1/2) and |[e_l|,- We will find

an inverse hypothesis of one type or another essential.

Proposition 4.5. Suppose the boundary inverse hypothesis

(4.5) holds. Then

{eu|l/2 S C ( ” (eu,gv)”B + , inf

-1
e (h ™ |Ju=dy, [lg +Ha~¢ 1)) -
v h 1
Proof. We have

h h h
| u-u |1/2 < |u-4>h|1/2 + | ¢p~u |1/2 for all ¢, e S,
-1/2 h
< Iu_¢h|1/2 + Ch / |¢h-u |0 by (4.5)
-1/2 h
< CJlu-gy lly + € 072 ([p mu], + u-uP| )

by Theorem 2.1

IA

-1
C llu=¢ully + € h = floy-ully + C |loy-ully
+ C ”(eu,ev)|b by Lemma 2.3,

and the proof is complete.
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Corollary 4.6. If the approximation hypothesis (3.9) also

holds, then |e | , < C ( nS7t flujl + h®t | vl
if u e HS(Q), ve gt(ﬂ), l<s < Ty l<¢tc«< r,.

The proof of the Corollary is immediate.

Theorem 4.7. If the boundary inverse hypothesis (4.5)

holds, then

e
P 0T lumey Dl *llusey Il -
h 1

Proof. By Propositions 4.3 and 4.5,

lleylly, + Ileyll,

1A

. -1
C (IISVeu+§vlb +||d1v(S§v)—§-S gv+ceu||_1

* leylyym)

A

i nf _

¢ (llteygre ) lly + ™™ ™ Ylu-gy Ily +Ilu-0, 1l
®n

and the proof is complete.

Corollary 4.8. If the approximation hypothesis (3.9) also
holds, then

-1 t-1
leglh, +lleylly < © ¢ 0572 flall, + & flv]l)

if u € H3(Q), vV E gt(ﬂ), l1<sz<r,1stcr,.

ry o)
Thus if u € H ~(Q), velH () and r, = r, the

1
Corollary gives an optimal error bound for Heulh but a
suboptimal error bound forllgvﬂo. It remains unclear
whether or not this suboptimal bound is sharp.

Let us now look at another hypothesis of inverse

type, one that has been seen in the literature [ 7].
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(4.7) For each open set G with G € Q, there exists
an open set H, GEe Hc A& @ and a constant C

such that for all sufficiently small h,

£ Sh.

-1
”wh“l,H <Ch ”whHO,H for all w. 1

(Here we have adopted the notation || || for the

s,G
HS(G) norm.) This hypothesis is a classical inverse
hypothesis and is verified for some special choices

of finite element spaces in [ 7].

Proposition 4.9. Under the hypotheses (3.9) and (4.7),

for each open set G with G & Q we have

”eu”.l,G + HEVIIO,G <c (ff (eungv) ”B

inf -1 )
+ 10 h( h ”u-whHO,G + ”u_whlll'G))°

whesl

h h
P . - - + -
roof Il u-u ”1,G < ||u W ”l,G ”w] u ”l,G for all W,

-1 h
< ||u—wh||l'G +Ch " |lw-u “o,H by (4.7)

-1 h
< llu=wplly + € 0" Clwy-ully + [Ju-u]))

-1
< ”u‘wh”]_ +Ch Ilwh-UHO + C | (eu'gv) ”Br

the last step following from Theorem 3.5. This proves

the inequality for e, For e, write

e, = (\7eu + gv) - Ve‘.1 and take norms.
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Corollary 4.10. If the inverse hypothesis (4.7) and

the approximation hypothesis (3.9) hold, then for any

open G with G& 2 we have

-1 t-1
leglh, ¢ + Nleylly g < © ¢ B2 flull, o + n® 2 Iyl o

if u € HS(Q), v e gt(ﬂ), 1 <s<r;, 1tz Ty

The proof of the Corollary is immediate. Again,
the estimate for “eulh,G is quasi-optimal (if r; = r,)
but the estimate for |fe_ll, g 1s suboptimal.
~ ’

Let us briefly consider the modified bilinear

form (4.1).

Proposition 4.11. Assume the boundary inverse hypo-

thesis (4.5), and assume r, 2 4, r, =r; - 1. Then

for the modified bilinear form we have

inf -1
eyl +lieylly < € Cllitegre ) llg+  *2F L (™ lu-o, |+ llu-oy 1100 -
¢h5:51
Proof. Begin by noting that Proposition 4.5 holds
unchanged for this case. It is easy to prove that
|| div gvlLl < C H(eu,gv)lg. Hence the proof of Theorem

4.7 is applicable.

Notice this result gives optimal bounds for both
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The One - Dimensional Case

We now turn to the special case where the differ-
ential equation is posed in a one-dimensional domain,
80 we are dealing with a two-point boundary value
problem. It turns out in this case we can find somewhat
stronger results than the above. Our model problem
will be Lu = =(pu')' + gqu' + ru = £ on (0,1),
u(l) = u(0) = 0. For ellipticity we assume pP(x) 2Pp20
on [0,1]. To avoid complications assume P, 4, r and
f are smooth functions, and assume the problem Lu = 0
on (0,1), u(0) = u(l) = 0 has only the zero solution,
and similarly for the prdblem L*u = 0, u(0) = u(l) = 0.
We will decompose L as in Chapter III. Since in
one dimension the boundary conditions are easy to sat-
isfy with our trial functions, we will force the boundary
conditions to hold. So consider the equivalent problem

1/2 2

%t = v, %0 - gp V%4 ru = g,

u(0) = u(l) = 0.

Choose s*l‘ c Hg(0,1), sh e 11 (0,1) and seek
(uh,vh) € S? X Sg which minimizes the functional
J(w,z) =||p1/2w' + z||g + || (pl/zz) ' - qp-l/zz +rw - f||g.

Define a bilinear form via

B((w,2), (6,9)) = (pY/ % +2,p1/2¢ 4 4y

+ ((pY%2)yr - qp /% +rw, (p1/29) ' - qp™ 172y 4 r¢)
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and seek a solution (uh,vh) € S? x Sg of the finite-

dimensional problem

BC(u™, v, (8,,0,0) = BU(u,v), (8, ,9p))

= (£, (020" - a2y + 1oy
for all (¢,,¥,) € ST x sh.

Again make the approximation assumption (3.9).
Then the analogs of Proposition 3.1, Lemmas 3.4 and
3.6, and Theorem 3.5 carry over, so a unique solution
(u,v?) exists and |le ||, =||u-uh||0 is quasi-optimal.

The interesting result in the one-dimensional case is

a quasi-optimality result forllv-vhHO.

Proposition 4.12. Under the above hypotheses,

leylly < € Bl (egrey) lly-

Proof. We begin with a lemma whose proof will be deferred.

Lemma 4.13. Given g € Hl(O,l), there exist functions

¢ € HG(0,1), v e H'(0,1) with (/2" = rs,

1/2¢.

v - p - ap /%4 = g on (0,1), and

Well, +ilelly < cllglly-
Let us take such ¢,y for the case g = e,- Then

lle Iy = te, v -0 26" ~ap™20) + (e r0- @201 ")
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1/2 1/2

= (egs¥) + (™" %e)",0) = (ap " “e,,¢) + (re ,¢)

1/2

+ (p eu',w) upon integrating by parts

and noticing all the boundary terms vanish

(pl/zeu' te V) + ((pl/zev) ‘- qp_l/zev"“ rey ).

Now let a solve the problem

La = ¢~ (220" + qp™/2y on (0,1), a(0) =a(l) =0,

1/2

and put 8 = p - p a'. Then

fally + 116l < c cloll, + vl < clleyll,

and (pl/ZB)' - qp-l/zB +ra= ¢, Hence

(p1/2 -1/2

+
e, reu,¢)

e, IR

eu'-fev,W) + ((pl/zev)"'qp

B((eu'ev)n(ars))

h
2

B((eyse,), (a-0y,B-6,)) for all (o ,B,) ¢ sh x g

1

A

ltegreg) llg © ¢ llamey Il + l18=8, [})
5||(eu,e§)|h Ch (||cz||2 + [|8]l,) upon taking infimum
< H(eu,ev)lh Ch Hevlb , completing the proof.

Proof of Lemma 4.13.

Write ¢ = pl/zw for convenience. We are trying

to solve o' =1r¢, 0 - po' - qp = pl/zg on (0,1) with
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$(0) = ¢(1) = 0 and |, +||¢||l < Cllev“0° If we dif-
ferentiate the second equation we get a second-order

differential equation for ¢:

1/2

~(pe")' - (@)’ + x6 = (p/%q) 1, i.e., Lro= (p1/ %)

$(0) = ¢(1) = 0,

r

We know a unique soclution ¢ exists; furthermore the in-

< CII(pl/zg)'II_l holds, where here the

equality || ¢l

norm on the right-hand side is defined by duality with

Hl
0’ (w,a)
PR Bl AN
”W|L1 = s 1 ||aH (See [14] oxr [ 5].)
a € Ho(O,l) 1

In particular,
” (pl/zg) ' “_1 sup { (Pl'/zg) ')

a e H(0,1) ol

= sup -(pl/zg,a')

. lall,

1A

c liglly -

Hence||¢|h <cC Hglb. Now let 0 = pd' + q¢ + pl/zg;
then ”Glb <C Hglb. Since g € Hl(o,l), ¢ is actually

) 1/2

in H2(0,1), by virtue of L*¢ = (p g)'. Hence we

may differentiate the equation defining o to find
o' = (pe")' + (ap)' + (pY/2g)' = r¢ e B (0,1),

and [jo'lly < € Nl lla**lly = Il ¢z *lly < < Nolly < € llglly-
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Hence ¢ ¢ Hz(o,l) andl|c”2 < C|]g”0, completing the proof.

Thus in one dimension both the solution u and the
derivative pl/zu' are quasi-optimally approximated
by the solution of the finite-dimensional problem.

One other word about Proposition 4.12 is in order.
If one tries to carry the proof over to the two-dimen-
sional case (assuming one forces the boundary conditions
to hold) one encounters a problem in Lemma 4.13. In
the two-dimensional case we have been unable to prove
that ¢ is in gz(ﬂ): instead we have y ¢ gl(Q) and
div ¢y € Hl(n), but these do not imply Ve gz(ﬂ).

Finally, let us mention that the proof was for the
splitting -(pl/zu') = v, (pl/zv)' - qp-l/zv;bru = f,
but the splitting =-u' =v, (pv)' - qv + ru = £ can
also be handled in the same manner, with the same result
of guasi-optimal error bounds for bothlleuHO andllevH

OI

Other Boundary Conditions

In the preceding we always considered Dirichlet
boundary conditions u = g on I'. What can be done with
other boundary conditions? Let us consider the model
problem

Lu 2 -Au + b*Vu + cu = £ in Q

%% =g on .



-58-

Assume as usual that the coefficients of L are smooth

and that both L and its adjoint L* satisfy a uniqueness

theorem (Lu = 0 in Q, %% = 0on T ' implies u = 0, and

similarly for L* and the adjoint boundary conditions).

The decomposition to consider is

-Vu

i
g

in Q,

div v - b*v + cu = £ in @,

ne-v

~

-gon T.

Define a bilinear form via

B((w,2),(¢,9)) = (Vwt+z,Vo+y) + (div z -b-z+cw,div y -b- P+co)

+<n+*z,n*yY >,

Notice that now there is no weighting factor multiply-
ing the boundary inner product.

h h

Choose spaces Sl c Hl(ﬂ) r S, C Ij_I1 () as in Chapter

III, and consider the problem

(4.8) Find (uh,vh) € S? x Sg such that

BO(a™, ™), (g ap)) = BOW,Y), (4 ryy)

= (£,divy, -bey, +cé, ) - <g,n.y, >
th 2T Xh h ~h

h

for all (¢,.,y,) € S x Sh.

For z ¢ chn) we have

In-z{g < [2z]g < € C]lz]ly +||z]ly) by Lemma 2.3.



~59-

Hence, defining H(w,g)l% = B((w,z),(w,2), we have the

bound || (w,2) |l < € (|lw|; +lzllj). Thus we have

Proposition 4.14. A unique solution (uh,Yh) of (4.8)

exists, and

h

h inf
| (a=u®,v=v ) ||y < € L Cllemw lllle-z 1) -

(wpe2p) €87 8,

The proof is easy, and will be omitted.
As usual, we are interested in bounds for u-—uh

h . . h
and v-v separately. For convenience, write e, = u-u -,

1~
Theorem 4.15. For 0<s<1, ||eu|| <cnhn 8 (e,re,) ”B

S

Proof. We will prove the result for s=0 and s=1;
then interpolating gives the theorem. All the follow-

ing holds for both s = 0 and s = 1.

(e ,w)
We have |le_ |l = S“ES -
weH ~(Q) |lwl_g

w#O0

Given w € H °(Q), let a solve L*a =w in @,

%% + n*(ba) = 0 on I' (these are the adjoint boundary

conditions). Then o € j2=s.2

Q) ( ﬁz'z(ﬂ) is just
H2(Q) with an equivalent norm), and [lall,_o 5, £ C Hwll_g-
H 4

Now,

(eu.W) = (eu.L*a)

(eu,—Aa - div(ga) + ca)
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= (Veu,Va) -'<eu,N(aJ >+ (Veu,ga) -‘<eu,n-(§a)>

+ C
(eur o) .

where N(a) € H Y/2(r) if o e #172(Q), N(a) ¢ HY/2(D)

if o ¢ ﬁ2'2

on
expression is equal to

(Veui-gv,Va) + (div gv,a) -<n-e_,a >

+ (Veu'*Eer“) - (gv,ga) + (ceu,a)

= + o+ i - .
(Veu gv.Va) (div e, b §v+.ceu.a)

+ + - . > .
(Veu Sv'ga) <n-e,sa

(), and N(a) = 9 for o ¢ cm.

The last

We now bound these terms as in Theorem 3.5. Start

with the second term. We can prove as in Lemma 3.4

. t .
that ||div e - b.e + ce | <Ch Il (e re ) llg  for

0_<_t5min(rl—l,r

2-—1). Hence the second term is

bounded by C h2_S||(eu,gv)|B lla]l,_q- For the first

term, we have

(Veu + gv,Va) = (Veu + gv.V(a-ah))
= (div e ” 9°%v + ceu,cah)

B((eu'gv)'(a-ah'o))

- (di - bee_ +
(div v 9 v ceu,ca)

. 1-
and hence [(Veu + e ,Va)| < “(eu'gv)lb Ch s||a”2_s

+ ¢ n?78 || (e e ) Iy lleall,_

1-
<Ch S ” (eur‘fv) ”B ”allz_s .
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For the third term, solve V¢ + ? = Ea in @,
div y - by +c4 =0 ing, 32 =0 onr, i.e.,
solve La = ~div(ba) + |§|2a ing, 2 =0 onr,
and put ¥y = ga - V¢, and proceed as in Lemma 3.6.

For the fourth term, we have

|<n-§v,a>| In- gvls-3/2 I0“-5-&-3/2 < C|n: evls 3/2|]aH2 -s°
Now,
<n-*e_,T>
Inoe I - - Sup- ~V' .
~v's-3/2 T e H S+3/2(P) —_—
T# 0 IT|—s+3/2

Given T € H-s+3/2(r), let ¢ solve L¢ = 0 in R,

3% _ -t on I', and put w = =V¢. Then

an
II¢|I3'#S + ”?”2..5 <C ITi -s+3/2' and
<n-e_,T> = <n-e_,n-y>

B{ (eulgv) ’ (‘bl?))

B((ey,e,) s (0=0, ,9-¥,))

ia

| teyre g © CHo=ep 1l + Hy-y 1h)

A

l-s
”(eungv)|b Ch lTI-S+3/2 '

proving |n- e ls -3/2 <C h1 s||(e ,ev)lh Putting all

the pieces together proves the result.
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Remarks: (l.) We did not prove the theorem directly
because a certain pathology would have entered in the
case s = 1/2 [ 4]. The a priori bound for o would have
been affected; otherwise all the arguments would have
gone through.

(2.) It is interesting that this result
gives a bound for ||e ||, without any inverse hypothesis,
whereas the problem with Dirichlet boundary conditions
was unable to go beyond ||eu||1/2 without an inverse

hypothesis. As an immediate corocllary we have

- ~

Corollary 4.16. ||gv||0 < CII(eu,ev)lb .
Proof. Write gv = (Veu + gv) - Veu and take norms.

We will now study the condition number of the
finite~dimensional problem (4.8). We first need an

analog of Proposition 4.3.

Proposition 4.17. For all (w,z) ¢ HI () x HI(Q),

llwlly +1lzllp < © Cllvwtzlly + |ldivz-b-z+cw|l; + |n-z|_; ).

Proof. We first bound ||w|,. Given ¢ e B L), let

o solve L*a = ¢ in Q, %% + n*(ba) = 0 on I'. Then

~1,2
@ € H '7(2) and jall < clisll,.
5102 ) 1

Now, by the same calculation as in Theorem 4.15,
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(wl¢) = (W,L*a)
= (Vw+§,\7a+§a) + (divz-13°§+cw,a) -<n-z,a> .

Hence

IA

[wig)| < Cllvw+z]ly +||divz-bez+ow|, +[n.z|_y /) Cllalh

1A

(llvw+z]ly + [|divz -bez+cw|ly +|n-z|_y ) CllolLy

since |lafl; < ||a||ﬁ1'2(m < Cllelly -

This proves the result for w. For z, write

z = (Vw + z) - Vw and take norms.
Now we can prove

Theorem 4.18. Assume the basis functions for S? and

§g satisfy the hypothesis (4.6). Then the condition
number of the matrix of the finite-dimensional problem

(4.8) is 0O(h™2).

Proof. The proof is the same as the proof of Theorem
4.8. It suffices to note that [[¢]; < |[¢]l, for all
¢ ¢ H0(2) and |T|_1/2 < |tly for all 7 ¢ 1% (r) .
Then the proof of Theorem 4.8 can be carried over

word for word.

Thus for our model problem all the previous results
carry over without the inverse hypotheses that were

brought in before.
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The Difference Equations

It is interesting to see exactly what difference
equations are produced by the least squares decompo-
sition method. To simplify matters we will consider
only the simplest one-dimensional problem, -u'' = £
on (0,1), u(0) = u(l) = 0. For n a positive integer
let S?, Sg be spaces of continuous piecewise linear
functions defined on a uniform mesh of width h = 1/(n+l).

If we let xj =3jh (j =0,1,...,ntl) a convenient

basis for S? is given by {¢1,...,¢n} where

(xj-x)/h if xj-l <x < xj,
¢j(x)= (x-xj)/h if Xy < x < X541
0 otherwise .

A basis for Sg is formed by adjoining to the basis

for S? the functions

(x=x)/h  if 0 < x < x

14
by (x) = !
0 otherwise,
and
A () = (x-xn)/h if x < x < X417
n+l 0 otherwise .
The splitting to consider is -u' =v, v' = f,

u(0) = u(l) = 0.
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Write the solution uh, vh as

n n+l

h -
jgl uj¢j(x)l v (x) = J£0 vjd)j (x).

uh(x)

Then the coefficients ul,...,un,vo,...,vn+l are deter-

mined by the equation

h h

(] ] h — ?
(u + v ,ah + Bh) + (v ',Bh) = (f'Bh) all (Oth.Bh),

i.e.,

L
(uh l,...,n and

+ vh,¢5) =0 for j

@+ vPe0) ¢ Peh) = (£,65) , 3 = 0,... 0+l

J

These yield

1 1 _

1

%—(—uj_l + 2u 3V51 = Vyy) = 0 (253 sn-1)

s U

1 1l —
H( w4 + 2un) + i(vn =0

-1~ Vn+1)

%ul + %(Zv0 + vl) + %(v0 - Vl) = (f,¢6)
Ta, + v o+ av +v.) + v +2v. -v.) = (£,6))
272 [+ 1 2 R Vo 1 2 AS |

1 h 1 - - '
5(_uj—l+uj+1)+€(Vj-l+4vj+vj+l)+H( vj_1+2vj Vj+1) (f,¢j)

for j=2,...,n-1
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h 1, : .
2Y9n-1 '6—(Vn-1 + 4vn + vn+1) + H( V-1t 2vn + vn+1) = (fr¢n)

1 h 1 _ '
34, g(vn + 2vn+1) + H(-Vn + vn+1) - (f'¢n+l) .

The first group of equations here is a finite
difference approximation to the equation -u'' = v',
while the second group is an approximation to
u' + v - v'' = -f', The fact that these differential
equations have higher order than the equations
-u' = v, v' = f, is characteristic of the least squares
method, and is reflected in the fact that the error
bounds involve higher norms on f than one would think

necessary (cp. the comments at the beginning of this

chapter). With this we conclude Chapter IV.



CHAPTER V. A GENUINE ELLIPTIC SYSTEM

We have concentrated on second order problems in
the preceding because many applications involve such
problems. The extension of the least squares decompo-
sition method to higher order problems is unwieldy,
and analyzing it is probably not worth the effort.

Also, the physical meaning of the various partial deri-
vatives of the solution of a higher-order elliptic prob-
lem may be obscure. Thus we feel that extending the
previous analysis to higher-order equations is of little
interest.

The purpose of this chapter is to analyze a genuine
system of partial differential equations. The least
squares decomposition method of the preceding chapters
began with a single equation and wrote it as a system
of equations by introducing new independent variables,

a somewhat artificial procedure in some cases. In this
chapter we shall analyze a least squares method applied
to a genuine system of partial differential equations;
there will be no decomposition step. The essential
theoretical tool will be the theory of elliptic systems
of partial differential equations due to Agmon, Douglis,

and Nirenberg [ 2). This paper will be referred to in

what follows as ADN.

-67~
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We want to work with the equations of two~dimen-
sional elasticity, the equations governing the small
displacement behavior of plane stress and plane strain

problems. These equations can be written as

Blox + aZTxy = =X

alTxy + azoy = =Y
Ealu =0, = voy
Eazv = oy - Vo

E(azu + alv) 2(1 + v)rx .

Y

Here u and v are displacements in the x and y

directions, respectively; o ’ oy are the stress

x’ Txy
components; 31 = 3/9x and 32 = 3/3y; E is Young's
modulus, v is Poisson's ratio (both constants):; and
X and Y are body forces. The first two equations are
the "equilibrium" equations, the last three the "con-
stitutive" egquations. There are two cémmon sets of
boundary conditions which may be employed. First, we
may specify u and v on the boundary. Second, we may
specify n,0. + nZTxy and nlrxy + nzay on the boundary,
where n = (nl,nz) = (nl(x,y),nz(x,y)) is the outward
normal.

We now rewrite the problem in a slightly more con-

venient form. Define new variables by u, = Eu, u, = Ev,

uy = Gx, u, = Txy, ug = oy. Then the above equations
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can be written as a matrix system Lu = f where

u = (ul,uz,u3,u4,u5) , £ = (fl'fZ'f3'f4'f5) = (-xI-YIOIOIO)

and L is a matrix with operator entries,

(5.1)

£
i
)

2 Bl 0 -2(1+v) O

L 0 3, v 0o -1 .

The equation Lu = f is to hold in a bounded region
Q c.R2 with smooth boundary I' and outward normal
n= (nl,nz). We will consider (to ensure uniqueness
of solutions) the case of specified displacements on the
boundary, so the boundary conditions are ui = gy
u2 = g2 on I'.

The first step in verifying the conditions of ADN
for this system is to choose constants Sys-e+1Sg
and tl,...,t5 such that degree(Lij) < s;
Lij is the operator in the (i,j) position of L.

+ tj' where

We choose S; = 8,5 = 0,153 =8, = 85 = -1, t, = t, = 2,

1 2
t3 =t, = t5 = 1, and the condition is satisfied.
Now let Lij be the principal part of Lij' the terms

which are exactly of degree s; + tj' We must check that

det L'{(Z) is nonzero for all nonzero vectors

£ = (gl,gz), where L' has (i,j) entry Lij and L'(t) is

the result of substituting 51 and 52 for 81,82, respect-
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ively. If we perform the computation we find

det L' (§) = —(Ei + 53)2, so this condition is satisfied.
Next we must check the "supplementary condition"

on L. We find the roots (in t) of the equation

det L'(E + T£') = 0 are given by

C-eeer o adlel?len)? - leeer B2

T_
lg |2

so there are exactly two roots (both equal) with posi-
tive imaginary part.

We have now verified the system (5.1) is elliptic
in the sense of ADN. Now we must consider the boundary

conditions. They can be written Bu = g on I where
10000
B =
01000
and g = (gl,gz,0,0,0) . First we have to find constants
Py 0o such that degree(Bij) eyt tj and Bij =0
if s + tj < 0. We take Py = Py = -2 and this is

satisfied. Now let £ be a tangent vector to I' and com-

pute the roots of the equation det L'(f + Tn)

0;
they are easily found to be 1, = ilg}, t_ = -i|¢g]|.

Then define Mf(g,r) =1-1,=1-1i|g|. The boundary

+

conditions are complementing if the rows of the matrix

B(L' (£ + Tn))T, considered as polynomials in 1, are
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linearly independent modulo M+(£,r). In our case we

have

0 0 £, 4+ Tn, E, + T™n 0
B(L' (£ + Tn))T= 1 1 -2 2

0 o 0 El + ™, 52 + ™,
and the complementing condition is satisfied.
Finally it is known that a unique solution to the
system Lu = f in 2, Bu =g on I' exists [21]. Then

the ADN theory gives the following a priori estimate.

(5.2) For any k > 0,
oy thepn + lagthps + haglhpy + Huglheyy + luglh,,
<€ Cllgglh + Neplhe +1E5lheyy + e lhyy +llE5lh sy
*l9ylkesysz * 192lke32) -

By the symmetry of the operator matrix L a similar
result holds for the adjoint problem. We also remark

that we have the Green's formula

- * =
(Lu,v) (u,L*v) _<u1,n1v3 + n,v,> + <u2,nlv4 + n2v5>
+ <n1u3 + n2u4,v1> + <nlu4 + n2u5,v2> .
Here L* is the formal adjoint of L, defined by
(Lu,v) = (u,L*v) for all u,v ¢ (C:(Q))s and the inner

products in the equation defining L* are taken in

5
(L, (2))°.
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Now we are ready to define a least squares ap-

proximation scheme. Choose finite-dimensional spaces
h

st = sg(m < 5l (Q) and sg = sg(m c 1l (Q). We will

seek an approximate solution in the space

h_.h_h_ oh . oh h
S = Sl x S1 x 52 x S2 x SZ'
We will minimize the following quadratic functional
over Sh.
J. (u,,u,,u,,u,,u.) = h2|[8 uy + 9 - f ”2
h 71’7273 74'"5" ~ 1l 294 1%0
+ h?||au, + auc - £,]2 +|[3,u; - u, + vu. - £,|F
174 2°5 2'0 171 3 5 3"
+ 1o 0y + 3juy - 2(1+v)u, - £,|R
2 -1 2 -1 2
+||32u24-vu3-u5-f5]b + h |u1--gl|0 + h |u2--92|0 .

We are led to define a bilinear form on

@)’ x @) by

(5.3) B((ulru21u3lu4ru5)r(¢lr¢2:¢3r¢4:¢5))

.2
= h™ (djuy + d,u,,3;05 + 3,9,)
2

+ h®™ (9,u, + 3

1Y%4 U5 s 3704 + 3,05)

(31 1~ u3 + vu5,81¢1 - ¢3 + v¢5)

+ (82u2 + vu3 - u5,32¢2 + v¢3 - ¢5)

-1 -1
+ h <ul,¢1> + h <u2,¢2> .
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Then the finite-dimensional problem is

(5.4) PFind uh = (u?,ug,ug,ug,ug) £ Sh such that

B(uh,¢h) = B(u,¢h) for all ¢h [ Sh.

Define a norm byIleg = B(w,w) for we (HL(Q))>.

Then we have

Proposition 5.1. A unique solution uh to (5.4) exists,

and

h inf h
”u—u “B ¢h :nsh ”u‘¢ “B

inf

IA

h -
c Cllug=oTll + n™1 Jlu -¢%|,
cbhesh

h -1 h h
+ llug=exlh + n™0 lluy=e31l, + lluf-6%1),

h .h h .h h ,h
+ hl|u3-¢3|h + “u4'¢4|b + h “u4'¢4|h

h ,h h ' h
+ ||u5°¢5|l0 + h “us-‘t’s“l) .

The proof is similar to previous proofs, and will
be omitted.

We now want to get error bounds on the separate
components of u - uh. Again we make the approximation
hypothesis (3.9): There are integers r, 2 1 (i=1,2)
such that if w ¢ H°(Q), 1 < 8 £ r;, then there exists
w; ¢ s with llw=willy + n llw-w?]l, < c n® llwlly, where

C >0 is independent of w and h. Then by Proposition 5.1,



82

1 s
81 3
lo-a®lly < ¢ Cnt lull + 0% lull e n Yl

ifuieH

S [
+h ¥ |u +h °||u

1 . )
4 s4 5 s5

L@, 1 S 81485 STy, 1 2 83,5,,8; 2 r,.

We make the further assumption that r, 2 4 and r,=r, -1.

Write u-uh = @ = (el,...,es) . Then we have

Lemma

5.2. Under the above hypotheses,

(a) |e1|-1/2 + lezl_l/2 < chllell

-1
(b) ||3,e5+ 32e4{|Ls + ||81e4+ 3295”-3 < ¢ hn® ||e||B

for 1<s<2

(c) || 38y ~eg+ve|l, + I 9,e) = 9,8, =2(1+v)e, ”—t

Proof.

+ ||82e2+ve eSH_t <C nt ||e|L3 for 0<t<1,

3"

Begin by noticing that if WyiW, € gS+l (Q),

WaiWyiWg € HS(Q), l_<_s_<_rl-1, then

inf
h
w

g llw=w Mig £ € 8% Cllwyllgyy *+ 1Wyllsey + Iyl

+lwglls + 1wsllg)

by the approximation hypothesis. Now we proceed to the

separate proofs.

(a)

S0 o

<e;,1> = h (h

Given 1 ¢ H1/2(I‘) » let o = (1) (see Theorem 2.1),

e H(Q), Yoo = 1 and |lalh < C |T|1/2. Then

-1 <31:G> )
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-1
=h (h <e1,u—ah> - (alel-e3‘+ve5,81ah)

eSh

- (azel-ralez-2(1+v)e4,32ah)) for all a 1’

h
since B(e,(ah,0,0,0,0)) = 0

tA

-1
h ”elh C (h ”c‘-ah”() + “a_ah”l + ”ah”l)

A

C h jle|lflall;, upon taking the infimum over o,

IA

Chlell Itly

so |e1|-1/2 s Chllelly. The proof for e, is similar.

(b) Given ¢ e H(Q), let o = (ayse+-,a5) solve

La = (¢'0'0'0,0) in Q, al = 02 = 0 on Po Then

oy llsea * llagllgen * Hagllgey + Haglkey * Haslley = CHIoll
by (5.2), and

-2 ( h2 (3

(ale3 + 32e4,¢) =h 183 * 32e4,31a3 + 32a4))
=h"2 B(e,a)
= h—2 B(e,u—ah) for all ah € Sh

IA

h™2 Jlell [la-o®|l

1A

h™? Jlelly ¢ n%*t (o

+ ||a

gz + I

2|E+2
allssr + Hogllgyy + llagllgyy)
using the remark at the beginning of

the proof and the hypothesis r, >4

IA°

c 8! llellg ”¢|E' as desired.
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The proof for 31e4 + 9,e. is similar.

275

(c) Given ¢ ¢ Ht(Q), let a = (al,...,as) solve

La = (0,0,¢,0,0) in @, @ = o, = 0 on I'. Then
Hoglleey + Megllpg + Haglle + llogll + llegll, < ¢ ll¢ll,, ana
(Ble1 - e5 + veg,9) = B(e,q)

= B(e,a—ah) for all ah € Sh

A

ltelly lla=a® ||,

IA

t
llelly € h® (llagll,q + llayll,,

+llagll + Moyl + Nagll)

IA

t
c nt lelly loll,.

as desired. The proof for the other terms is similar.

Theorem 5.3. Under the above hypotheses,

lleylly + lleylly < © b llell-

Proof. Begin by solving the auxiliary problem

L*w = (el,ez,0,0,0) in @, Wy, =Wy = 0 on I'. By the

ADN theory a unique solution w exists and we have the

a priori bound |

”wllh + ”wzlh + ”w3'h + ”w4|h + ”wsth sc( “el[b + “ezlb)°
Now,

2 2
Ilelno + ”ezlb = (e,L*w)
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= (Le,w) - <ey,nyWy + N,W,> - <e,,n,wW, + n,ywg>

= (Ble3 + 32e4,w1) + (ale4 + 82e5,w2)
+ (Ble1 - ey + ves,w3) + (Bzel-Blez-2(1+v)e4,w4)
+ (32e2 + vey - es,ws) - <e,,n;W,y + n,w,>

- <e,,nw, + n2w5>

IA

chllelly Cllwyll, + llw,lly
tchllelly Cllwgll, + lw Il + llwglh)

+chllelly € Ingwy+ngwely p + Ingw, +njugly o)
by Lemma 5.2

IA

Chllelly (lleglly + lleylly), completing the proof.

Thus the L, errors in the displacements,llul—uglh
andlluz—uglb are of optimal order in h, provided
ry 2 4 and r, =r; - 1. This condition has been seen
before, in Theorem 4.1. It is a sufficient condition
for optimality; whether or not it is necessary is un-
clear.

We now turn to the question of bounds for the
other components of e. An inverse hypothesis will
come in here, as in Chapter IV. We will assume the
boundary inverse hypothesis (4.5):

lwplysg s € nt/2

where C > 0 is independent of h and Wi+

vyl as h + 0 for all w, « S?,

Before proceeding we need to take note of an ex-

tension of the ADN theory due to Roitberg and Seftel'[20].
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They proved, for a certain class of ADN-elliptic systems,
a priori estimates of the type (5.2) for all k, not

just nonnegative k. Their hypotheses are not satis-
fied by the system (5.1) but an analysis of their proof
reveals it still is valid for (5.1), for reasons having
to do with the symmetry of the operator matrix L and

the interplay between the matrices L and B. (To be

more specific would involve going into too many tech-
nical details.) Define the function space H°’l(q) as

the completion of C (%) in the norm

2 2 2
all =llully + lulZ,,, .
50:1 (g, 0 1/2

Then their extension of the ADN theory gives the fol-

lowing result for our system (5.1).

(5.5) If £,,£, € B (2), £,,£,,f, ¢ HO(2), there
exists a unique solution w to the problem
Lw = £ in Q, W, =W, = 0 on I', we have wi,wze:Hl(Q),
~0,1

WyiWsWg € H (2), and we have the a priori bound

Hwylly + Hwylly + 1wyl + [lwyll,
1l 2lh 3'50.1 o 40,1 o

+ {lws L, $C CllEgllLy + 1IE,50Ly + 1 £51
5150,1 o) 1l 2ll-1 3ll

£l + €SIl -

By the symmetry of L, a similar result holds for the
problem L*w = £ in @, Wy =W, = 0 on T T.

With this, we can prove
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Theorem 5.4. Assuming the boundary inverse hypothesis

(4.5), we have the error bound

(5.6) ”ellh'*”ezlh + ”e3lh + ”e4|b + “e5lb
i -1
<c (llellg+ ™5 L Cllag=vll, + b7 lug-vy
vh,whe Sl
-1
+ ||u2"wh”1 + h ||u2" h”o))'

Proof. Begin by noting that the calculations of Pro-
position 4.5 can be repeated to give
|e1|1/2 + |e2|1/2 < the right hand side of (5.5),
assuming the boundary inverse hypothesis (4.5).

We start with e;. Given ¢ ¢ H_l(Q), let w solve

L*w = (¢,0,0,0,0) in Q, Wy =W, = 0 on I'. Then

(ell¢) = (e,L*w)
= (Le,w) - <e1,nlw34-n2w4> + <e2,n1w4-+n2w5>

<Ilajey + dyelly lwylly + 1o1e, + 3,051y llwylly
+llagey - ey + veglly llwslly

+|[3,eq + 3,e, - 2(1+vie,lly llwyll,

+|[3,8, + vey = eglly llwglly

+ ( le1|1/2 + |32|1/2) c ( ”w3|%0,1(9)

+ lwy L, + [lwg Il )
4150,1 o 510,1 g,

<¢C (”e”B + |e1|1/2 + Iez|l/2) ||¢”_]_ ’

by Lemma 5.2 and the a priori bound for w.
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This gives the inequality for e,- The proof for e,

is similar.
For €3, let w solve L*w = (0,0,e3,0,0) in @,

Wy = W, = 0 onT. Then (5.5) holds for w, and

lle, I3

(e,L*w)

]

(Le,w) - <e1,nlw3 + n2w4> + <e2,n1w4 + n,wg>

A

Cc (.”e“B + 'el|1/2 + |e2,1/2) “e3”0

by the same computations as above. The proofs for e,

and ey are similar.

Thus if the boundary inverse hypothesis (4.5)

and the approximation hypothesis (3.9) with r, >4

1
hold, then the errors Heilb (i=1,...,5) are all of
optimal order in h.

We conclude this chapter by mentioning possible
directions for future work. The error bounds of
Chapters III and IV were generally of optimal order for
the solution u - u® but of suboptimal order in the
derivatives Y-—yh; are these bounds sharp? Numerical
experimentation is possible here, as a guide to the true
state of affairs, but will have to be carried out on
a fully two-dimensional problem, in light of Proposition

4.12. This thesis has not touched on the crucial mat-

ter of efficient methods for solving the finite-dimen-
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sional problems that arise. Such considerations are
very important for practical implementation of num-
erical schemes. Finally, the extension of decompo-
sition and mixed methods to nonlinear equations and

non-elliptic equations is an inviting area for future

research.
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