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CHAPTER I. INTRODUCTION

The study of numerical methods for solving partial 

differential equations has undergone tremendous growth 

in the past few decades. Before the 1940's the subject 

was almost nonexistent, but with the advent of electronic 

computers in that decade computations involving a large 

number of arithmetic steps became routinely possible, and 

the subject "took off.* 1

The numerical methods first proposed and analyzed 

were finite difference methods. In these methods der­

ivatives in the differential equation are replaced by 

difference quotients and a system of algebraic equations 

results, which one is (hopefully) able to solve on one’s 

computer. Book-length treatments of finite-difference 

methods may be found in [12 ] and [19 ] .

In recent years finite element methods have come to 

the fore. The basic idea here is to replace a partial 

differential equation by an equivalent variational prob­

lem and then to compute a function which approximately 

satisfies the variational principle (the Rayleigh-Ritz- 

Galerkin idea). The approximations one works with are 

piecewise polynomials, this choice turning out to be 

both computationally attractive and mathematically 

tractable. This idea was already mentioned in 1943 by
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Courant but not systematically put into practice until 

the 1960's, when engineers began to use the method for 

their problems. The last ten years has seen the appear­

ance of a flood of literature on the finite element 

method, and the subject has matured enough to have 

received several book-length treatments [22] , [24], [ 3].

The method of least squares approximation to be con­

sidered here has its roots in the following idea. Sup­

pose one wishes to approximate the solution u of the 

equation Lu = f, where L is a partial differential op­

erator. Then one idea is to choose a finite linearly 

independent set of trial functions {^,. .. and 

seek an approximate solution ü in the span of the 

ü = Ec^dr , where the c^ are found by requiring that

II Lu " flÉ = /nf l|Lw - f ||^ .
2 wespan{(f)1,. .. ,<J>MJ 2

This requirement leads to a linear system of equations 

which can be solved to yield c^,...,cM. The first rigor­

ous treatment of this idea, including the question of 

handling the boundary conditions, was given by Bramble 
N and Schatz [ 7]. They showed that if Qc R is a bounded 

region with smooth boundaryr and if L is a linear 

second-order elliptic operator, then the solution u of 

Lu = f in Q, u = g on T, is "optimally" approximated 

(this notion will be clarified later) by the solution 

û of the variational problem:
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minimize HL» - fig <0) + h-3||w - glê2(D over all

trial functions w e span{0^,..., where the functions

span a finite element space. They also ex­
tended the analysis to the case of a general 2mth order 

elliptic equation. Their method has the feature that the 

trial functions need satisfy no boundary conditions, 

which can be convenient if Q has a non-polyhedral boundary. 

Also, the linear equations which arise have a symmetric 

positive definite matrix, which is convenient for numer­

ical work. On the other hand, the trial functions are 

required to be smooth enough so that L may be applied 

to any of them and still produce an Lg function. Also, 

the matrix that eventually arises has a condition number 

which is the square of the "expected" condition number 

(for a 2m*"h  order problem and N basis functions the ex­

pected condition number is O(Nm)). This difficulty can 

be overcome, at the expense of some additional comp­

lications [ 6]. Here the condition number of a symmetric 

positive definite matrix is defined as the largest eigen­

value divided by the smallest eigenvalue, and is rele­

vant to the practical problem of solving the matrix 

equation which arises. That is, error bounds for the 

solutions of linear systems involve the condition num­

ber of the matrix, and the larger the condition number 

of the matrix the more sensitive is the numerical pro­

cedure to perturbations in the data and to rounding
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errors [13].

The method to be considered later is also related 

to a variant of the finite element method known as the 

mixed method. Here the basic idea is to introduce the 

derivatives of the solution as new independent variables 

and to approximate the solution and its derivatives 

simultaneously. This idea has been studied in [10], 

[17], and [18]. A nice feature of this method is that 

one automatically obtains approximations to the der­

ivatives of the solution. This is useful in some prob­

lems ; for example in fluid mechanics the equation 

Aÿ = ç arises, where the physical quantities, the 

velocities, are the derivatives of the stream function 

Another feature of this method is that less smoothness 

may be required of the trial functions. A possible dis­

advantage is that the matrices which arise are generally 

nonsymmetric, and difficult to prove nonsingular. In­

deed, extra hypotheses may have to be introduced to 

prove the existence of a solution to the finite-dimen­

sional problem. This situation is encountered in [10] 

and is further studied in [17]. Also, error bounds 

for mixed methods are difficult to obtain. Mixed 

finite element methods are currently being studied by 

several authors.

The numerical method to be considered here can 

be thought of as an attempt to combine the least squares 
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method and the mixed method, hopefully preserving the 

best features of each. Thus we hope the method will 

require no boundary conditions to be satisfied by the 

trial functions, will result in a symmetric positive 

definite matrix which has the "expected" condition num­

ber, and we hope to simultaneously find "optimal" ap­

proximations to both the solution and its derivatives. 

We note that the essential features of the method were 

apparently first seen in the engineering literature [15] .

The plan of this work is as follows. We first 

briefly review the necessary tools from functional an­

alysis and partial differential equations. Then we in­

troduce the numerical method to be considered and prove 

Lg error estimates. Then we consider variations on the 

basic theme, one of which involves weighting the terms 

differently, and again prove error estimates. We prove 

higher-order error estimates, assuming a certain hypo­

thesis of "inverse" type. We also estimate the condition 

number of the finite-dimensional problem. We consider a 

problem with Neumann boundary conditions and prove error 

estimates. Finally we consider a true system of equa­

tions, the equations of two-dimensional elasticity, and 

again prove error estimates.



CHAPTER II. PRELIMINARIES

The purpose of this chapter is to introduce the 

mathematical machinery which will be necessary in the 

body of this work. Also, much of the notation is 

introduced. No attempt is made to keep the presenta­

tion self-contained. The basic references for this 

material are [14}, [ 1], [ 5] , [ 4]. 
N _Let OcR be a bounded open set with closure 9.

All functions to be considered will be real-valued.

Let C (fi) = {4» : S2 -*  R | 4> has derivatives of all orders 

on £2 and all its derivatives are continuously extendable

to 0}. For a = ,...,0^) a multi-index of length

| a | = ot^ + + , define Da = d“l • • • d^N where

= d/dx^. For s a nonnegative integer define a norm
on c"(Ô) by

where Lg(£2) is the usual space of Lebesgue-square- 

integrable functions on 0. Define Hs (£2) as the completion 

of C°° ($7) in the norm || • ||g.

For s positive but non-integral, HS(Q) is defined 

by the technical process of interpolation. Then for 

each s>0 Hs ($2) is a Hilbert space with norm which will

be denoted || • ||g and inner product to be denoted by

(• In particular. H°(si> = l2(o> and ||-IIq = II’IL (nrs '

—6 —
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The inner product in (0) will be denoted simply (•,•).

We will frequently use the following facts. For
t > s > 0, Ht(Q) c HS(Q) and if u e Ht(£2) , ||u||^ > ||u||s.

If u e H^(0) then || < ||u||g+1 (i = 1,...,N).

We also have the interpolation inequality
IIulit < l|u||g"6 ||u|£ for 0 < s < t < k, s k, and 

0 = (t-s)/(k-s).

For s < 0, define a norm on C™(Q) by

Ms

W "s
and let (0) be the completion of c” (£?) in this norm. 

(This differs from the definition in [14] but is more 

suited to cur purposes.) Our space (0) for s < 0 

is isomorphic to the space of all distributions in
s N i _H (R ) with support in but we will not need this 

fact in the sequel. By the way we have defined the 

space Hs(Q) we have the interpolation inequality 

Ilullfc 5 l|u|£"e ||u||£ for o > s > t > k, s f k, and 

6 = (t-s)/(k-s).

We will also need the Sobolev spaces on the boundary 

F of n. We now assume r is smooth, with outward normal 

vector n. Then for s > 0 a norm |•| and inner product 

, >g can be defined on C°°(r) so that HS(F) is the 

completion of c”(F) in the norm |•|g. (For the details 

see [14].) For s < 0 we define HS(D as the dual of
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H-s (T), so we have

sup ,T>
l*l s =TEH’S(D H-s

T^O

for s < 0, where we write <•,•> for <*r* >Q«

The first result we wish to cite is a trace and 

extension theorem. Here and throughout the rest of this 

work C will denote a generic positive constant, not 

necessarily the same in any two different places.

The proof of Theorem 2.1 may be found in [14].

Theorem 2.1.

(a) For each s > 1/2 there exists a bounded linear map 
ÏO:HS (SI) - HS-1/2(D (so I Y,,"I s-i/2 <= l|w|ls) with 

YqW = w| p for all w e C°°(fi) . Here C depends bn s and Q. 

(b) For each s > 3/2 there exists a bounded linear map 

Yi:H^(O) -» H^-^(D (so \y^\a^3/2 2 C||w||g) with

= 9w/9n for all w e C°°(fi) . Here C depends on s and 0. 

(c) For each s > 0 there exists a bounded linear map 

&:H^(T) - HS+1/2(0) with y0 o I = identity map on Hs(r>.

By a slight abuse of notation we will often write

YqW as "w|r" or "w on F" for w e Hs(0) (s > 1/2) and 

Y]W as dw/3n for w e Hs(Q) (s > 3/2).

We next introduce the Sobolev spaces Hq(Q). Let 

Cq (£2) = {0 e C™(0) | supp(*)  is a compact subset of 0}, 

where supp (^) = Tx | (x) 0}. For s > 0, define

Hq (£2) to be the closure of (9) in Hs (Q) . In particular,
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Hg (0) turns out to be the kernel of yQ iH1 (fi) •*  (r) .

Finally, for any real s define the space
Hs(fl) = (Hs(2))N with the product norm and inner 

product. Functions in Hs(12) will be distinguished with 

an undertilde, y, and the norm and inner product will 

be denoted j|y||g and (v,<p)g, respectively. In partic- 
s+2 ular, if u e H (Q) where s > 0, then 

qxl 
v = Vu = (d-u,...,dMu) E i(Q) and

div y = E 3^ e Hs (12) , and ||div y||g < C ||y(|g+1 < c||u|[g+2. 

The next result we cite is the divergence theorem

extended to Sobolev spaces.

Lemma 2.2. For all u e H^(12) and ip e H^(S2) ,

(Vu,tp) + (u,div = <You,n«ip>,

where n-ip is interpreted as n.+ ... + n^Yn^» 

(n = (n^, ,nN) is the normal to F, ÿ = (^,.. . ,ip ) ) .

Proof. The formula holds for u E c”^) , ÿ e (c”(JT))N 

by the classical divergence theorem and extends by con­

tinuity to u e (12) , ip £ (12) .

We will often abuse the notation slightly and 

write the formula as simply (Vu,<p) + (u,div ip) = <u,n*ip> .
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Finally we need one slightly nonstandard function 

space, seen in [ 4] and [ 5]. Define a norm on C (0) by 

l 2= 11 ♦Ils + *8-1/2  + 1^ s-3/2
H \ K J

and let (0) be the completion of C°°(^) in this norm. 

The utility of this space will become clear later.

Right now we note it is easy to see there is a bounded 
linear map N:H^^ (Q) * (T) such that N4> =

for all 4» e C°°(?7) .

We will later need to estimate the boundary values 

of functions in Sobolev spaces by their values in the 

interior. To be precise, we have

Lemma 2.3. There exists a constant C > 0 such that for

all w e (Q) and all e > 0, 

|v|0 5 e llwlli + (C/e) ||w||0.

Proof.

The proof is in the literature [ 1], [ 8], and we 

merely repeat it here. Let f be a vector field on 

Q with f = n on T. Then

|w|o - <W,W> = <w,ne(fw)> 

= (w,div(fw)) + (Vw,fw) by Lemma 2.2

= (w,w(div f)) + 2(Vw,wf)
< C ||w|g + 2C Hwllg Hwl^

< C llwlg + + (C/e2) ||w|g
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using the inequality 2ab < 6a2 + 5"^b2, 

valid for all 6 > 0
< e2 l|w|g + (C/e2) ||w|g

< ( £ || w||T + (C/e ) 11 w 110 ) 2 , completing the proof.

With the function space preliminaries settled, let 

us turn to the topic of differential operators. We 

immediately specialize to the case of major interest in 

the following, the case of second order elliptic partial 

differential operators. Let L be a second order partial 

differential operator given by

NN N
Lu = - y 9. ( y a. . (x) 9 .u) + y a. (x) 9 . u + c (x) u 

i=l 1 j=l 13 3 i=l 1 1

where the a..(x), a.(x), c(x) are smooth functions ij i
on Q. We may (upon replacing a^j by (a^j + a^)/2 and 

changing some lower-order terms if necessary) assume 

the matrix A(x) = [a^(x)] is symmetric. We will then 

write L in the form

Lu = -div(AVu) + b»Vu + eu

where b (x) , c (x) are smooth functions on ST.

Define the operator L to be elliptic if there exists 

a Cq > 0 such that for any real numbers ,...and 

any x e D, £ a. . (x)Ç.Ç. > cn £ çf. Thus the ellip- 
i,j 13 3 " " i

ticity condition asserts that the symmetric matrix A 

is (uniformly) positive definite on fi.
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The adjoint L*  of the operator L is defined by 

(L4>rip) = (4>,L*ip)  for all e c“(Q). In particular, 

for Lu = -div(AVu) + b*Vu  + cu where A is symmetric, 

we have L*w  = -div(AVw) - div(bw) + cw, and L*  is ellip­

tic if L is.

We will be interested in solving problems of the 

form Lu — f in 0, u = g on r, and we will now cite a 

result which will be one of our main tools. To avoid 

complications assume that the only solution to the 

problem Lu = 0 in Q, u = 0 on F, is the zero solution, 

and similarly for the problem L*w  =OinQ, w=OonF. 
Then we have

Theorem 2.4. Consider the problem Lu = f in 0, u = g 

on F, where L is as above.

(a) If f e H (Q) , g e Hs ^F^ (g > 0) , there exists

a unique u e H (Q) solving the above problem, and 

H’ll+a i c ( Hflk + Ms+3/2>-

(b) If f e H s(Q) (s > 0, s integer + 1/2) and 
g e H s 3/2(T), there exists a unique u e (0)

solving the above problem, and

«UV+2,2(n) ( H€ ILS + l9l_g+3/2>-

(Here Lu = f is understood as meaning (Lu,*)  = (f,*)  

for all * E H (0), where a meaning is assigned to 

(Lu,*)  by integration by parts.)
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The above theorem is a fundamental result in the 

theory of elliptic partial differential equations. 

Any of the references cited on p. 6 may be consulted 

for more details. We remark that analogous results 

hold for the problem L*w  = f in 0 # w = g on F.

This concludes Chapter II.



CHAPTER III. ERROR ESTIMATES

We begin this chapter by defining the finite­

dimensional problem to be considered. As before, let 

L be a second order elliptic partial differential op­

erator given by Lu = -div(AVu) + b« Vu + eu where 

the coefficients are smooth functions on 0 and A is a 

symmetric positive definite matrix on fi. We assume 

the only solution of the problem Lu = 0 in D, u = 0 

on r, is the zero solution, and similarly for L*.

Now consider the boundary value problem

Lu = f in Q, f e (Q), k > 0 
(3.1) » "

u = g on T, g E H (D, & > 3/2.

We will need the basic a priori estimates for the op­

erator L and its formal adjoint L*,  where L*  is given 

by L*w  = -div(AVw) - div(bw) + cw. The estimates are

Hul|k+2 - C( + lulk+3/2) 

Hwl|k+2 - C( HL*wIjk + lwlk+3/2^ *

Now we introduce the finite-dimensional spaces 

in which we will work. For 0 < h < 1 let
= S^(Q) C H1^)) and = Sg(O) C H1 (Q) be finite­

dimensional spaces, and define = Sg(0) = (Sg)N.

More will be said about these spaces later.

Since the matrix A is symmetric positive definite

—14—
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it has a symmetric positive definite square root S, 
2S = A. We want to consider least-squares approximation

methods for (3.1), and as indicated in Chapter I we

wish to consider mixed methods. So consider the for­

mulation of (3.1),

(3.2)

-SVu = v in 0,
div(Sv) - b'S ^v + cu = f in 2, 

u = g on r,

and now consider the variational problem

(3.3)
Find (uh,vh)

J. (u\vh =
11 **

e S^ x s!? such that

(w\zh) e S?
zh)

x ~2
h 'h'""

where JK(w,z) = ||sVw + zll? + lldiv(Sz) - b-S-1z t cw - fII? 

+ h”1|w - g|q

for (w,z) e H1(Q) x H1(Q).

Thus (uh,vh) is the best least squares approx­

imation to (u,v), the solution of (3.2), in S^ x 

in the sense that 

, _h Jh(wh-u,zh-v)
X :2

which holds because J. (w,z) = J. (w-u,z-v) for all (w,z). 

A necessary condition for the quadratic functional 

to be minimized is given by setting the first variation 

equal to zero. If we do so we are led to define a
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bilinear form for (w,z), (<Hÿ) G H1 (0) x (0) by

B. ( (w,z) , (<|> ,ip) ) = (SVw + z ,SV  + ip) n ~ ~ ~ ~*
(3.4) + (div(Sz) - bS -1z + cw, div(Sÿ) - bs"l  + c<p)* **

+ h-1 <w,*> .

Generally we will omit the subscript h and write simply
B for B. . It is easy to see that (u&,v&) solves (3.3) 

n ~
if and only if

B((u^,v^) , (*h^h^  = B( (u,y) ,

(3.5) = (f, div(S^) - b’S”1^ + c<ph)

+ h"1 <g,<Ph>

h h ■
for all <V*h>  E S1 " §2.

Once a basis for S? » S, has been chosen, (3.S)

gives a system of linear equations to be solved to 

obtain (u\v&) .

Define the B-norm of a pair (w,z) by

II (w,z) ||g - B((W,Z),(W,Z))^.

Then we have the Cauchy-Schwarz inequality for B,

|B((W,Z) ,(4>,J))| < II (W,Z) ||g || (*,ÿ)  llgf

and we also have the following bounds for || (w,z)1^, where 
222 1/2we use the inequality x + y + z <77 (x + y + z )

< /J (x + y + z), valid for all nonnegative x, y, z.
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|| SVw + z ||q + ||div(Sz) - b*S -1z + cw|(0

+ h-V2|w|()

(3.6) < /J|| (w,z) ||g

< ( || SVw + z |L + || div(Sz) - b*s “1z + cw|L

+ h-^lulo).

Now, using Lemma 2,3 with e = h 1/2 we have

(Ch'1/2 ||w|^ + hl/2 

= Ch"1 llwllg + llwllp

Hence we have

II <w,z) ||g < C( ||SVw + z||0 
+ ||div(Sz) - b'S~^z + cw||0 

O'?' + h-^lwllo + Hwllp

< C (h"1 Hwllg + ||w||^ + || z Up.

Proposition 3.1. There exists a unique
(uh,vh) e S^ x which solves (3.5) , and 

* 1 *4

(3.8) || (u-uh,v-vh) 1^ =

inf
<»h'$h> £

< c ( h"1 ||u-* h||0 + llu-^l^

+ UMhlU •

Proof. The existence follows because (u ,v ) is the 
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projection of (u,v) on x Sg in the B-inner product. 
For the uniqueness, suppose (uh,vh) and both

solve (3.5). Then

B((u^-Û^,^-^) , (<L )) = 0 for all (<^ ,K) e S^xg^
* * n n —n 1 2

and in particular || (u^-û^,v^-^) ||^ =

Now suppose || (w, z) 0. Then

0.

we have£
SVw + z = 0 in Q, 
div(Sz) - b«S ^z + cw = 0 in (2, and 

w = 0 on F.

The first two conditions yield Lw = 0 in 0, and this 

combined with w — O on r implies w = 0. Hence 

z =-SVw = 0, and we have shown that || (w,z) 1^ = 0 implies 

w = 0 and z = 0. Thus our two solutions (uh,vh) and 

(û^1,^) satisfy u^ = and v^ = , so we have

uniqueness.

The inequality follows from

|| (u-uh,v-vh) |Ê = B( (u-uVv-vh) , (u-u\v-vh) ) 
** ** D #v

= B ( (u-uh,v-vh) , (u-4>. ,v-<k ) ) 
* ** n *

for all (4>hf^h) e x 

< || (u-uh,v-vh) |^ || (u-^,v-ÿ^) |^.

Now using the inequality (3.7) and taking the infimum 

over all e x g^ completes the proof.
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Proposition 3.1 gives a bound for the error 
(u-u^,v-v^), but the norm involved is somewhat un­

satisfying. What we would like are error bounds for the 
quantities u-u& and v-v^ separately in the usual Sobolev 

norms. Obtaining such bounds is the next order of bus­

iness. First we introduce some approximation-theoretic 
hypotheses on the spaces S^ and S^.

Approximation Hypothesis

There are integers r^,r2 > 2 such that if w e H^(0), 

1 < s < r. , then there exists a wj e s'? with 
- — i hi

(3.9) ||w-w^||q + h Hw-w^l^ < ChS ||w||g

where C > 0 is independent of w and h.

We remark here that the hypothesis (3.9) coupled 

with (3.8) gives us the error bound

II (u-u\v-vh) 1^ < C( h8’1 ||u||s + h^1 Hylt)

if u E HS(Q), v e H^(0), 1< s < r., 1< t < r2. In particular 
. rl ~ r2 " " ~
if u e H x(Q) and v e H (R), then

|| (u-uhrv-vh) 1^ < C( h 1 11 u 11 + h 2 || v|| ) •
** ** D Xi 2

Much effort has gone into the study of the approx­

imation properties of finite element spaces. Some of
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the results can be described as follows. For simplicity 
2 think of the two-dimensional case, Q c R . Let 

fi c [a,b] x [c,d], and let consist of all bivariate 

Hermite polynomials of degree 2m - 1 (m > 1) defined on 

a rectangular mesh covering [a,b] x [c,d]. Let 

h = maximum side length of all rectangles, h = minimum 

side length. Assume h > ch for some fixed c > 0 as 

h + 0. Let consist of the restrictions of elements 

of S& to Q. Then satisfies (3.9) with r^ = 2m [23]. 

For another example, let S& consist of all bivariate 

splines of degree 2m - I defined on the same type of 

mesh and let again consist of the restrictions of 

elements of S& to Q. Then (3.9) is satisfied with 

r^ = 2m. As a last example, suppose {T^(h)) is a 

collection of triangles for each h > 0 such that 

ÜTn(h) □ Q, any two triangles which intersect have an 

entire edge or only a vertex in common, the maximum 

side length of all the triangles T^(h) is h and the 

minimum angle of all the triangles is bounded below 

as h ■*  0. Let consist of all functions which are 

continuous on UTn(h) and linear on each triangle. 
Let consist of the restriction of elements of S&

to ft. Then (3.9) holds with r^ = 2. For further 

information on this topic, see [22], [23], [ 3], [ 9], 

or [ll].

It is known that for piecewise polynomials of
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degree - 1 the exponent of h, , is sharp in that 

it cannot be increased without invalidating (3.9).

Thus if we are able to prove that our approximate 

solution uh satisfies ||u&-uHg = 0(h we will have 
1- 

shown that (asymptotically) un is as good an approx­

imation to u as there is in the space .

The basic goal now is to derive estimates for the 

errors e = u-u^ and e = v-v^. For the sake of clar- 
u ** *

ityr in what follows we will first give the complete 

proof for the case when Lu = -Au, and then indicate 

what changes must be made to carry the proof over to 

the general case. We will constantly use (3.5) in the 
form BUe^e^) , (*h^h^  = 0 for ^h^h % x S^.

Lemma 3.2. |eu|-1/2 < Ch || (e^,e^) 1^.

Proof. First consider the case L = -A. Then the 

decomposition is -Vu = v, div v = f and the bilinear 

form is

B((w,z),(*,ip)) = (Vw + z ,V* + V) + (div z ,div ^) C, «V **

+ h-1 <w,*>.

By definition, |euL1/2 = Sï/2 •
U 1/2 te H^'2(D . ।

t 0 * T11/2

Given t e H^^tr), define a as £(t) (see Theorem 2.1), 

so a e nl(Q), 11 a 1< C I? li/2' YqU = t . Then
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<eu,T> = h( h 1 <eu#a> )

= h( h"1 <eu,a-ah> - (Veu + ev,Vah>) 

for any e by the orthogonality 

condition with = 0

< h( h-^leJo

+ II+ Svllfl llv“hllo’

< Ch II (eu,ev) 1^ ( h'^la-d^lo + ||Vahll0)

5 Ch II (eu,ev) < C'h"1 l|a-ahll0 * ll°‘-“hll1 

+ Il «h Hl'

< Ch|| (eu,ev) ||p ( h-1 || ™-ahll0 + lla"“hHl + II“H1)

< || (e„,e„) ||g ( C IhllJ

upon taking the infimum over all 

e and using (3.9)

< Ch || Gy) 1^ I T I 1/2» as desired.

In the general case we again define a as Mt). Then

<eu,T> = h ( h"1 <eu,a>)

= h ( h 1 <e .a-a. > - (SVe + e rSVa.) u n u **v  h

- (div(Se ) - b'S 1e + ce .co. )) 
*V *•  "*  V U 11

< Ch || (eu,ev) It ( h~l/2 | a-ah | 0 + ||SVah||0

+ llcG^lt)
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< Ch || (eu,ev) ||p ( h-1 ||a-ahll0 + l|a-ah||1 + ||ah||1) 

and the proof proceeds as before.

Corollary 3.3. For 0 < s < 1/2, 

|euls-l/2 5 Chl"S H<=u'Sv»Ik"

Proof. We have |eu|0 < Ch^/Z II 1^ and 

leul-l/2 i Ch H<eu-?v’Ik- The proof follows by interpo­

lation theory. Let 6=1- 2s; then

l%l s-l/2 - । eu' -1/2 । eu । 0

< C || (eu,ev) 1^

= C h'^'^ || (eu,ev)

= C h1’8 || (eu,ev) ||g.

Lemma 3.4. For 0 < t < min(r.-1,r--l), - - 1'2

||aiv(Sev) - b-S-1ev + ceuILt < Ch^ || (eu,ev) 1^.

Proof. First consider the case L = -A. Then the

left-hand side is just

IIdiv ?vILt = sup
» e Hh(Q)

(div e ,*)_________V_______

II*  lit4^0

Given e let a solve -Aa = f in fl, a = 0 on r,



and let B = -Va. Then ||a|lt+2 + IIMIt+l - C II ♦Ilf Now y 

(div ev,4>) = (div e^,div B)

= B((e ,e ),(a,B)) U -» V •*

for all (a. ,6.) e x n -n x •* z

- II (au'Sv> It II ("-"h'g-gh' It

- II (%,ey) ||g C ( h 1 11 a-cth I Iq + II «-“hill

+ IlB-ghlli) by (3.7)

i H (%'fv' It C ( ht || a 1^ + ht Hglt+i)
by taking the infimum over all (a.,B^) ti -n
and using (3.9)

< C h^ || (eu,ev) 1^ || 1^  , as desired.*

For the general case, solve La - ÿ in Q, 

a = 0 on F, and put B = -SVa. Then

llgllt+i + llallt+2 - C II ♦ lit*  **3

(div(Se ) - b‘S-1e + ce .^) ** V * *M  V U

= (div(Se ) - b*S -1e + ce„,div(SB) - b*S -1B + ca)

= B<(eu*® v),(a,8)),

and the rest of the argument is unchanged.
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Theorem 3.5. Let (u^,v^) be the solution of (3.5), 

and let the approximation hypothesis (3.9) hold. Then 

for 0 < s < 1/2,
IkJe 2 C hl-*  || (eu,ev) 1^.

Proof. The idea is to use the duality argument of 

Nitsche [16]. We have

. .7-„, •

4»

First consider the 

let a solve -Aa = $ in 

Then IlBl^g + ||a||2_g <

(eu,4>) = (eu,-Aa)

= (?%,Va) - < eu,^ >

0 11 "~s

case L = -A. Given e H (0)

Q, a = 0 on T, and put 3 = -Va 

c II *ILs-  Now,

" ‘Veu + - < eu'3n *

= + ev,Va) + (div ev,a) - < >

since a = 0 on F.

These terms can be bounded as follows. We have

9a 
u'"3n — । eJ s—1/2

II <%,e^||g||.|^

by Corollary 3.3 and Theorem 2.1;
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| (div ev,c) I < 11div evIL1+s ||^||^

< C h1’8 l|(eu,ev)|y|a||2_s 

by Lemma 3.4.

For the first term,

(Ve + e . Va) = (Ve + e , Va-Va. ) + h”1 <e , a-a. > u v u ~ V n u n
for all e by orthogonality 

and the fact that a = 0 on F

C If Ik ( Ho + 
+ 11 a“ ah 111 )

^11 h1-3 Halt.,

upon taking the infimum over and 

using (3.9).

Collecting the pieces yields

!(%'*)!  < C h1"3 II (eu,ev)|y ||a||2_s

< C h^"3 II (eu,ev> |y 11 <t>|Ls ■ as desired.

For the general case, we solve L*a  = * in 0,

a = 0 on F, and note that || u < C || 4> ILs further that

L*a  = -div(AVa) - div (ba) + ca 

= -div(AVa) - b*Va  - a div b + ca.

Let 0 = -SVa, so div (SB) + b*S  + a (c - div b ) = 4».
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Then

(eu,4>) = (eu,L*a)

= (e .-div(AVa) - div(ba) + ca) U f

= (Ve , AVa) - <e, . N(a)> - (e ,div(ba) -ca) u u u *
whete N is an operator satisfying 

|N(a) lk_3/2 < C 114.^ for k > 3/2

= (SVeu,SVa) - <eu,N(a)> - (eu,div(ba) - ca)

= (SVe + e ,SVa) - (e ,SVa) - <e ,N(a)> U — V V u
- (e, .div(ba) - ca) U "V

= (SVe + e . SVa) + (div(Se ), a) U ~ v V
- <e ,N(a)> - (e„,div(ba) - ca) u u  ■**

= (SVe + e , SVa) - <e ,N (a) > u u
+ (div(Se ) - b-S-1e + ce ,a) v ~ v u
+ (b*S 1e - ce ,a) - (e ,div(ba) - ca) 

•» v U U ~

= (SVe + e , SVa) - <e„#N(a)> U V u
+ (div(Be ) - b*S 1e + ce ,a) «v y n y y
+ (S-1ev + Veu, ba).

The first three terms here can be bounded as in 

the previous argument. The fourth term can be written as 

(SVey + ev#S (ab)). This is handled by the following 

lemma. Collecting all the results finishes the proof,
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Lemma 3.6. For 1 < r < min (r^-l y^-l) #

Il + ?vILr < C h1’1 II <eu,ev) 1^.

Proof. We have

||SVe + e |L = + %,t) .
$ = 5 M

* ¥ o ' r

Given ip e Hr (£2) , let w solve Lw = -div (Sip) + b*S -^ip 

in fi, w = 0 on F. Then IIwllr+j 1 c II ’PIlr• Now let 
z = ip - SVwf so div(Sz) - b*S  ^z + cw = 0 and

II 5 llr < C Hÿl^. Then

(SVe + e ,ip) = (SVe + e ,SVw + z) u ~ V * U -w V

= for a11

; h ik h <»-»h,z-;h) Ik

5 II Ik c < 11 "-"hl 1% + h'1 H”-*hlk

+ Il z-^llj) by (3.7)

i II <%-%> Ik c < II"Hr + h^-l||;lk)

by taking the infimum over all (w. ,z. ) n
and using (3.9)

- H It c h*" 1 II ÿ llr » completing the proof.
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Some remarks on this theorem are in order. Suppose 

that u e Hr(Q), v e Hr(Q), and r^ - r^ - r. Then 

II (eu,ev) 1^ < C h^"^ ( ||u||r+ ||v||r) , so Theorem 3.5 

implies ||eu||g < C h^~^ ( || u||r + || v||r) for 0 < s < 1/2. 

Thus u^ is asymptotically as good an approximation to 
S hu in the H norm as exists in S^.

Also, the range 0 < s < 1/2 has been seen in the 

literature in error bounds for least squares methods 

[ 7], [ 4]. We are unfortunately unable to include 

the case s = 1/2 because of our lack of a trace inequality 

for -► h® (£2) ; in fact the inequality

| Yia| o - c II ^lla/2 false in general [14] .

We now turn our attention to the decomposition 

(3.2) itself. From a practical point of view this may 

be an unsatisfactory system to consider, because if 

the matrix A is not constant or diagonal then S could 

be difficult to compute. When one sets up the matrix 

formulation (3.5) of the problem one has to choose bases 

for the spaces and then compute various inner

products of the basis elements, for example 
(SV*.  +*.,  SV*.  + * ) where *.  , *.  e 2^, *.,  * e 2^, 

X —J n 11 X hi X J
and thus the matrix 2 complicates the formation of 

these inner products. It seems natural (because we 

directly obtain an approximation to the quantity AVu, 

which in physical problems corresponds to the flux) 

to consider the decomposition
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-AVu = v in Q 
(3.10) div v - b'A'^v + cu = f in 0

u = 0 on F, 

and the associated bilinear form, which we again denote B:

B ( (wrz) , (4>,ÿ) ) = (AVw + z , AV# + #) 
(3.11) + (div z - b-A ^"z + cw, div # - b-A-1# + c#)

+ h 1 < w,# > .

If we try to work with this bilinear form we find 

that most of the preceding arguments carry through. In 

fact, Proposition 3.1, Lemmas 3.2 and 3.4, and Corollary 

3.3 may be proved as before. Unfortunately we are un­

able to prove Theorem 3.5 in this case, as the proper 

terms do not appear when we integrate by parts (the 

first chain of equalities in the proof of Theorem 3.5). 

It remains unclear whether or not we can give quasi­

op timal error bounds for ||eu||g in this case.

There is one important special case where we can 

find quasi-optimal error bounds for 11||g. This is the 

case when A is a scalar matrix, A = a(x)I, where a(x) 

is a smooth function satisfying a(x) > aQ > 0 on Q. 

So let us consider the decomposition (3.10) and the 

bilinear form (3.11) in this case.
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Theorem 3.7. With A = a(x)I, a(x) > aQ > 0 in £2, 

consider the decomposition (3.10) and bilinear form 
(3.11), and let (u&,v&) e Sx Sg solve the problem 

B( (uh,vh) , (4>b,K) ) = B( (n^v) (^^b) ) for all 
•*  n -wn

^h*  ^h^ e S1 x ?2*  Then for 0 < s < 1/2, 
H%IL < c h1’3 II <%-sv>lb-

Proof. As remarked above, Proposition 3.1, Lemmas

3.2 and 3.4, and Corollary 3.3 hold in this case, and 

their proofs are unchanged. We begin as in the proof of 

Theorem 3.5. Given e H-3(q), 0 < s < 1/2, let w

solve L*w  = (|) in n, w - 0 on r, i.e. , 

-div(aVw) - div (bw) + cw=4>infi,w=0 on r. Then 

IlwII2-S - C IkILs- We have

*) = (ey, -div(aVw) - div(bw) + cw)

= (Veu, avw) - <eu,n-(avw)> + (Veu, bw) + (e^, cw)

= (aVey + ev, vw) + (div e^,w) - <eu,n*avw>  

+ (Veu, bw) + (ceu, w)

= (aVeu + ev, aV(a"^w)) - (ave^ + e^, aw Va-1)

- <e ,n*avw>  + (div e - b.a"^e„ + ce, , w) 
V V «U <uV U

+ (b*  a ^e , w) + (ve„, bw)

= (aVeu + ev, av (a-1w)) + (a?eu + e^, a'^wva) 

- <e ,n*aVw>  + (div e - b-a* 1e, + ce , w) 

+ (aVey + ev, a-1bw)
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= (aVe + e , aV(a"^w)) + (aVe + e„, a-1w(b + Va)) 
U V u ** V **

- <e„, n-aVw> + (div e„ - b«a + ce , w). U ~V — -V u

By Lemma 3.6, the second term here is bounded by
C h1 s || (eu,ev) 1^ ||w|l2_s- By Lemma 3.4, the fourth 

term is bounded by C h^~^ || 1^ ||w||1_s which is

in turn bounded by C h^s || (e^,e^) 1^ ||w|l2_s. Corollary 

3.3 bounds the third term by C h^-S || (e ,e ) |L ||w|L .

For the first term, write

(aVe + e , aV(a-1w)) U *v V

= (aVe + e , aV (a-1w - ) )
U * V IL

(3.12) - (div e„ - b*a -1eTT + ce, ,c<L )
-*v  ** v u n

- h"1 - <#>h> ,

where we used the orthogonality relation plus the 
vanishing of a ^w on r. Now use the approximation 

hypothesis (3.9) to choose so that

IIa"- *hll0 + h ||a-^w - < C h2"s l|a-1«||2_s

< C h2"s llw||2_s .

Then the first term of (3.12) is bounded by

C llaTeu + ?vllo II»"1* - OhI11 s c II ^u-Sv’ IIb ll«ll2-s.

the third term is bounded by
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h'^kulo - +h|0

- II (%'Sv' Hb C < h 1 II a - hll0 + || a-1w - ♦hll1) 

s II <%'Sv>Hb C h1"8 l|w|l2_s,

*

and the second term is bounded by

11^ Sv - b-a^Sv + =eull-l+a lk*hlll-s

< C hl'» || (eu,ev) 1^ ||w||^^ 

by Lemma 3.4 and (3.9)

< C h1"3 II (eu,ev) 1^ ||w||2_g.

Collecting all the terms, we find

। <%'*)!  5 c h1"8 II (eu,ev) 1^ ||w||2_s

; C h1-3 || (eu,ev) 1,3 ||*IL S .

which implies ||eu||g < c h1'3 || (eu,ev) |^ for 0 < s < 1/2, 

and the proof is complete.

We conclude this chapter by giving a general 

theorem on the decomposition method. Let L, a second 

order elliptic operator, be written as

L = L*L^  + L2L1 + L3 where L^ is a first order differ­

ential operator and Lg,Lg are scalar operators. For 

example, with L = —div(AVu) + b•Vu + cu we can take 
= -SVu, LgV = -b•S ^v, LgU = cu, where STS = A.



—34—

Consider the decomposition scheme

L^u = v in Q

(3.13) L|v + LgV + LgU = f in Q 

u = g on r,

and the associated bilinear form

(3.14) B( (w,z) , (,ÿ)  ) = (L^u - v, L^<|) - ip) 

+ (Lz  + Ldz + L-w, L4>  + + L-ô)

*

* *

+ h 1 <w,*>  .

We also assume that there exists a bounded map
N : H%+3/2(Q) * Hk(D (k > 0) such that

(4>,L*LjW)  = (L^4>^L^w) + <<f>rN (w) > for all * e H1 (£2)

and w e Hk(0) (k > 3/2). Then we have

Theorem 3.8. Under the above hypotheses, all the 

previous theorems of this chapter hold. In particular 
Heu।Is - C hl"S II (%'%) llg for 0 < s < 1/2.

Proof. One can check that all the previous proofs 

carry through unchanged.

This concludes Chapter 3.



CHAPTER IV. FURTHER REMARKS

In this chapter we consider further questions 

relating to the numerical scheme introduced in Chapter 3. 

We will consider certain modifications of the bilinear 

form, further error bounds, and other types of boundary 

conditions. We will look at a special one-dimensional 

problem, and also consider the condition number of the 

finite-dimensional problem (3.5).

To begin with, notice that the a priori error 

bound of Chapter 3,

Il Ik i c (hS-1 llulls + ht-i Il y lip .

yields the following if r^ = r^ = r and s, t = r:

II Ik - c hr-1 < IMIr + ||v||r)

< C hr-1 ( IIul^ + ||u||r+1)

< C h1-1 ( ||f 1^1 + |g|r+1/2), 

and hence

11%lb 2 c h ll(eu,ev)||B < C hr ( IIfl^ + |g|r+1/2).

Notice this has the "right" power of h on the 

right-hand side, but the rest of the expression is 

"wrong" in the sense that we should be able to bound 

11 eu I Io by

-35—
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c hr ||u||r < c hr ( II f ||r_2 + |glr_1/2).

Our expression requires more smoothness on f and g 

than one would think necessary. Looking at this more 

closely leads one to consider the following modified 

bilinear form, again denoted by B. (For simplicity we 

stick to the case L = -A; the general case is similar.)

B((w,z),(*,ÿ) ) = (Vw + z, V*  +
(4.1) + h2 (div z, div ip) + h < w,4» > .

Then we have the a priori bound

II (w,z) 1^ < C ( h”1 ||w||0 + 11w||T + h || zl^ + || z||0) , 

and so if (u^v^) solves the problem

(4.2) B((uh,vh),( h,$h)) = B((u,v),( h,$h)) 

for all ( h,$h) e x s^,

* *

*

we have the bound

II (eu-ev> 1^ S C ( h-1 Hu-^llg + llu-fjli 
+ IlY-Jhllo + h llY-$hlll>

< C inf ( ||u- hll1 + l|v-»h|l0) by (3.9) 
Wh

*

< C ( h3"1 llul^ + llvllfc)

if u E H^(Q) , 1 < s < rx, v e , 1 < t < r2.

Now suppose we have u e H (Q) and r2 - - 1.
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Then
Il (%'Sv' Ik 11“!^ + h'2 llyl^’

r,-1
< C h || u Hf since v = -Vu

< c hr! 1 ( Ilf 1^.2 + |g|ri_1/2) , 

so the "right" amount of smoothness is now required 

of f and g.

The question now arises, is ||eu||0 quasi-optimal 

for this new scheme? A sufficient condition for this 

is provided by the next theorem.

Theorem 4.1. If r^ > 4 and = r^ - 1 then 

ll%llo < c h || (eUiev>|^.

Proof. We are restricting attention to the case of 

||eu||0 for simplicity? the proof that

limits < c h1"® II Ik for 0 < s < 1/2

is similar.

As in Lemma 3.2, we verify |e^|_^y2 < c h II <eu»ev) Ik*  

Lemma 3.4 requires revision, however. Indeed, we 

revise the Lemma to read

ll<Siv ev|L2 < C h || (eu,ev) 1^. .

2 For a proof, let $ e H {Q) and let a solve -Aa = * in 0, 

♦ = 0 on T, and let g = -Va. Then ||a||4 + ||B||3 < C || *||g, and
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(div e , *) = (div e , div 6) •M V ** V **

— 2 2= h ( h4 (div ev# div g))

= h 2 B((e ,e ),(a,8)) 
U —V ~

-2= h B( (e ,e ) , (a-a. ,8-8. ) ) for all (a. ,Bk) u — v n * -n n n

i h"2 II ‘eu'?v> It C ( II"-"hill + Ilg-Êhllo'

< h"2 || (eu,ev) 1^ C ( h3 ||a||4 + h3 ||B||3) 

since > 4 and r2 = r1 - 1

< C h|| II»!^ ,

and we are done.

The rest of the proof proceeds as in Theorem 3.5.

Thus if we use the modified bilinear form (4.1) 

we can ensure the optimal convergence rate for ||eu||Q 

by using higher-degree polynomials as our trial functions. 

The functions in must be (at least) piecewise cubic, 

those in S2 must be piecewise quadratic. This may be 

undesirable in practice, for if we are going to use high- 

order polynomials as elements of we might just as well 

stick to the least squares method applied to the orig­

inal equation Lu = f.

It is natural to ask if there is a connection 
between the solution (uh,vh) of the problem (4.2) 

and the solution u^ of the problem
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(4.3) Find ûh e Sh c (Q) such that

5 (Auh,A<|>h) + h“3 < uhr0h >

= B(u,*h)

= - (f,A4>h) + h 3 <g,4>h> for all e s\

Thus problem (4.3) is the original least squares for­

mulation. A priori there need be no connection between 

the two problems, since the space need not be contained 

in H (O) . so let us suppose Sh = c H2 ($2) and 

^h e ?2 a11 £ S^. Then we have the following

result.

Proposition 4.2. If yh = -Vuh then uh = uh, so the 

original least squares formulation and the decomposition 

method give the same solution.

Proof. If y**  = -Vu^ then for all (, ik ) e s^ x s\ 
" n ~h 1 ~2

-h2 (Auh, div K) + h-1 <uh,K> 
~ n ' n

= h2 (f,div ÿh) + h-1 <g,0h> .

In particular, for = this says

(Auh,A4>h) + h"3 = -(f,A* h) + h-3 <g,^>

for all *h £ that is,

B (uh,<^^) = B (u,*̂)  for all e = Sh.
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By uniqueness of the solution to (4.3), uh = u1 and 

we are done.

Unfortunately, the hypothesis v& = -Vu^ of the 

Proposition is a strong one and we are unable to verify 

or disprove it.

We consider one more idea for modifying the bilinear 

form B. For simplicity consider the case L = -△ and 
2 OCR. If we are given Dirichlet boundary conditions 

u = g on F and g is smooth, then -Vu = v implies 

t»v = -dg/ds on F where t is the unit tangent vector 

on F and d/ds denotes differentiation with respect 

to arc length. Thus one could consider minimizing 

the functional

= ||Vw + z|g + 11div z - f|g + h'^w-glo 
2

+ ai 11 • z + dg/ds | q

where œ = w(h) is some weighting factor. The bilinear 

form to consider is then

B( (w,z) , ($,ip) ) = (Vw + z,V4> + ip) + (div z,div ip) 
-1 

+ h <w,<p> + w<t' z,t'1p> .

- Let us choose to = h* 1. Then we have the bound

II <w-;> It < C < h'1 ||w||q + ||W||1 + h"1 || zHj + || z111)

since h~1/2|t-z|Q < | z | ^ < C ( h-1 || z + || z 1^» .
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Hence || (eu,ev) < C *nf ( Hu-^l^ + Hv-^Hp.
’♦h'Jh’

What about || eulls? Let it suffice to note that 

all the proofs in Chapter 3 can be carried over to this 

case without essential change, so
Heulls < C h1"8 || (eu,ev) for 0 < s < 1/2.

We finally consider one point concerning the de­
grees of the polynomials in the spaces Sb and . We ex­

pect the approximate solution (uh,vh) of (3.5) to 

mimic the behavior of the solution (u,-Vu), so we ex­
pect vh = -Vu\ Thus it seems reasonable for 2^ to 

consist of piecewise polynomials of one degree lower 
than Sb, for example if we use piecewise quadratic 

functions in we would use piecewise linear functions
in S^. Then = r^ - 1. Is it now the case that

||euIIq is quasi-optimal? The answer seems to be no, 

for the following reason. We still (of course) have

Il euIIq - c h H by Theorem 3.5, but the best

bound on ||(eu,ev)1^ is (assuming for simplicity u e H 1(Q)) 

r,-1 r--l
II Ik c ( h l|u|^ + h llvl^) 

r -! r -2
< C < h 1 ||u|l + h 1 Hull )

r,-l r1-2 
< C (h 1 + h 1 ) 11 u 11

rl
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r,-l 
and hence ||eu||0 < C h llullç * which is non-optimal.

It should be pointed out this is not a proof, but it 

it does suggest that || e^Hg is non-optimal in this case.

On the other hand, we have shown that if one works 

with the modified bilinear form (4.1) then one can 

take Sg to consist of piecewise polynomials of degree 

one less than the polynomials of and still get 

quasi-optimal error estimates for || eullgr provided 

contains (at least) cubic polynomials.

The Condition Number

The numerical solution of a system of linear equations 

will generally be affected by roundoff errors, and the 

condition number is one way of estimating how severe 

the errors can be. In our situation we have three func­

tions to consider: the true solution u, the approx­
imate solution u& computed in exact arithmetic, and the 

. ~h solution u actually found on the computer. We have in 

Theorem 3.5 an error bound for u-u^; an estimate for the 

condition number enables us to bound u^-u^ and hence to 

bound u-u . Specifically, let {<*n}  be a basis for s", 
and write u^ = E ü& = E Assume that for all

• || < C h^ Eg?. (This condition is satisfied

in practice; see [22] and also (4.7) below. ) Then, put­
ting ej. = d.^, ||^-^||g=||Ee^^ < C hN Ee?. Also,
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(Se?) < C mâcheps • cond (B) • (Sa?) f where B is the

matrix of the finite-dimensional problem (3.5) and macheps 

is the smallest positive floating-point number such that 

1 + macheps / 1 [13]. Hence, assuming r^ = ^ = r,

< iiu-uhiio + iiu^iio

< C hr( ||f 11^ + |g|r_1/2) + ||uh-ah||0 

by Theorem 3.5

< c hr( II fig + |g|r_1/2> 

+ C ‘machepscond(B)  • (Sa?)*

Thus for the error due to roundoff not to contam­

inate the theoretical error bound, it suffices that 
macheps•cond(B) < C hr N/2, This gives a relation be­

tween the number of digits carried in the calculation and 

the condition number of the matrix. We will show below 

that (under suitable hypotheses) cond(B) < C h ; hence 

it suffices that macheps < C . Thus for fixed

r and macheps, if h is too small there is a danger of 

roundoff error destroying the accuracy of the computed 

approximation.

The key tool in proving the condition number estimate 

is an a priori inequality to which we now turn. Re-
**12 00 —call that H ' (R) is the completion of C (R) in the norm 

Mgl,2(g) -IMg*  MÎ/2 +11^1/2 •
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Proposition 4.3. For all (w,z) e H1(Q) x (Q),

(4.4) IIwI^+IIzHq < C ( || SVw + z||0

+ || div(Sz) - b'S'^z + cw|| . + |w| n . 
~ ~ ~ 1“x 1 11/2

Proof. Given * e h“1(Q), let a solve L*a  = * in fl, 

a = 0 on r. Then a e and ||a|| n o < c ||ô||

Now, by the same computation as in Theorem 3.5,

(w,*)  = (w,L*a)

= (SVw+z,SVa) + (div(Sz)-b•s“1z+cw,a) - <w,N(a)> 

+ (SVw+z,S”1(ab))

where |N(a)|_ < c ||a|L1 . Taking absolute

values gives the bound for Hwl^. For ||z||0, write 

z = (SVw+z) - SVw and take norms. This completes the 

proof.

It is easy to see that || *||_^  < || <f>||0 for * e H° (Q) . 

Hence (4.4) almost gives a lower bound for || (w,z) ||B, 

II (w,z) 1^ > c ( llw^ + ||z||0) . It fails to do so only 

because of the discrepancy in norms on the boundary. 

This is a fundamental discrepancy; one can find ex­

amples of sequences {w } and (z } where (for any fixed n ~n
h > °), II ("n'Sn) * 0 but IknUi + II ?n ll0 = 1- (Example:

Let = unit disk, L - -A, w^ = Re(In(r)ein6) where 

In is the ntb modified Bessel function, zn = -Vw^, 

normalized so ||znH0 + l|wn||1 = 1.) Thus we can only
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hope to find a lower bound on the subspace x 5^ 

To do this we make the following assumption.

(4.5) There exists a C > 0 such that

Iwhl1/2 - c h Iwh|0 as h + 0 for all wh e S^.

This is an assumption of "inverse" type (bounding 

a higher Sobolev norm by a lower one) on the boundary. 

To get an idea of the implications of this assumption, 

consider the case OCR. Then r is one-dimensional. 

For polynomials of degree at most k in one space dimen­

sion on an interval J± of length h^, it is known that 
IpI1/2/j. - c hi1/21pI 0,j , where C depends on k and the 

notation | • | denotes the Hs (J. ) norm. Let J =U J .

Then IP11/2, J - c For this to be

bounded by C h |p|q j where h = maxth^} it suffices 

that ch^l < h for all i, that is, h^/h > c > 0 

as h ■*  0, i.e., the mesh in J is "quasi-uniform." 

So (heuristically) in the two-dimensional case a suf­

ficient condition for (4.5) is that the boundary mesh 

be "quasi-uniform."

Hypotheses of inverse type have been seen before. 

They are the usual means of deriving "higher—order" 

error bounds [ 4] and we will see this role later.
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We now study the matrix of the finite-dimensional 

problem (3.5). Its entries are various inner products 

of basis elements of the spaces Sb and S^. Suppose 

a basis for S. is {w.,...,w} and {zn,...,z } is a basis 

for $2• Call the matrix B. Then B is a symmetric 

positive definite (m+n) x (m+n) matrix whose entries b^ 

are given by

bij = B((w±,0), (wj f0))

= (SVWjySVWj) + (cw±tcwj) + h"1<wi,Wj> 

for 1 < i,j < n

bij = B((w.,0),(0,z._n))

= + (cw1,div(Szj_n) - b-S-1z:j_n)= bji

for 1 < i < n, n+1 < j < m+n

bl. - B<(0,;i_n),(0,;._n>) 

= ‘îl-n'îj-n*  +

for n+1 < i,j < m+n.

(Of course a different ordering of the unknowns will 

greatly decrease the bandwidth of the matrix B, but for 

conceptual clarity we stick to this formulation.)

We now assume the bases are chosen so that the fol­

lowing conditions hold [ 6]. Recall Q RN, and the 

notation ( •,•)^ denotes the (R) inner product.
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For all real numbers .. . ^^^1" ' '

(a) chN E 5? < £ (Wi'Wj)< ChN E Ç?

(b) chN En? < E (z.,z.)n.n. < ChN E n?
X ~J in— 1

(4.6) J
(c) E (WjyWj) i < C hN“2 E

(d) E (z.,z.) n-H. < C hN’2 E n? ~x ~j 1 i j - '%

The conditions (4.6) assert that the basis functions 

are independent in a certain sense. For the usual 

finite element bases the conditions hold, provided the 

geometry of the elements does not become degenerate [22].

Now we have

Theorem 4.4. Assume the boundary inverse hypothesis 

(4.5) and the basis conditions (4.6). Then the condition 

number of the matrix B is 0(h-2), i.e., cond(B) < c h“2.

Proof. Since B is symmetric positive definite, 

cond(B) = ^niax^^^min^^ ' the maximum eigenvalue of 

B divided by the minimum eigenvalue. We can estimate 

the eigenvalues by considering the Rayleigh quotient, 
T T

So let 5 = (52*  « « «'^n *1''''' ^m^ an

(m+n)-component vector. Define w. = E Ç.w., z. = E n.z.. n i i ~n i~i
Then by (4.5) and (4.6),

c B((wh,zh),(wh,zh)) > H^lÇ + Iloilo

ï II"hHo + Iloilo
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= s ç.ç . (w, ,w.) + E n4n^ (z. ,z .) 1 J 1 J 1 J 1 J

> c hN ( E + Z

= c hN ÇTÇ .

But also

B((wh,2h>,(Vh.5h>> 5 C ( h* 2 ll^lg + Kllf + llîblg + llzjl2) 

< c < h'2 ||wh|g + ||wh|Ç + llz^ll2) 

5 C < h"2 S qîjtw^Wj) + ï 6iÇj(wi,w.)1 

+ z nHn4 (z. ,z.)j

< c ( hN"2 E Ç2 + hN”2 E Ç2 + hN"2 E n?) 

by (4.6)

< c hN“2 çTç .

To complete the proof simply note that 
m 

sCtWh.ZhHfWh-Jh” " ( B«-

We remark here that the proof would have worked 

for any decomposition of the form considered at the 

end of Chapter II, L = + LgL^ + . Also, suppose

we were working with the bilinear form as modified 

in (4.1). Then the preceding results hold provided 

an additional assumption is made; it suffices to assume 

II div z^lLi < C h ||div zh||0 for all zh e S^. This 

assumption coupled with the assumption (4.5) is suf-
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ficient to prove Theorem 4.4 in this case. However, 

the meaning of the additional assumption

11 div zhILi < C h || div zh ||Q is unclear.

Further Error Bounds

We now turn our attention to the derivation of 

bounds for || e^Hg (s > 1/2) and 11 ey||Q. We will find 

an inverse hypothesis of one type or another essential.

Proposition 4.5. Suppose the boundary inverse hypothesis 

(4.5) holds. Then
feu11/2 - C II (eu'~v) IIb + i h ll^^hllo+Hu“^hHl^ ’

*h e S1
Proof. We have

1"-^ 11/2 - ।u”$h11/2 + ।$h~U 11/2 a11 * *h e S1

< |u-»hl1/2 + C h-1/2I*h-uhI0 by (4.5)

< C ll“-4>hll1 + C h-^(|^-u|g + |u-u\) 

by Theorem 2.1

< C ll“-*hlll + C h"1 II ^-ullg + C || *h-u 1^ 

+ C || (eu,ev) ||g by Lemma 2.3, 

and the proof is complete.
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Corollary 4.6. If the approximation hypothesis (3.9) also 
holds, then |eJ1/2 < C ( h3"1 ||u||g + h^1 ||v||t> 

if u e «8(0), v e H^(Q), 1 < s < r., 1 < t < ro.

The proof of the Corollary is immediate.

Theorem 4.7. If the boundary inverse hypothesis (4.5) 

holds, then

lleulll+l!ev||0 <C (||(eu,ev)||B + lnfh (h"^ u-^Hq +1| u-^l^) . 
*he S1

Proof. By Propositions 4.3 and 4.5,

KHl + KHo 2 c < H^uKIo + lldiv<Sev)-b.S-1ev+ceuILi 
+ leull/2>

i c < H K'Sv' 1^ + i"f (h-11l“-* hllo + llu-* hlli>>

and the proof is complete.

Corollary 4.8. If the approximation hypothesis (3.9) also 

holds, then

Kill + Kilo - c < h8"1 Hulls + ||yl^)
if u e Hs(£2) , v e Ht(fi), 1 < s < r. , 1 < t < r^.

ri ro
Thus if u e H (fl), V e H (2) and r. = r- the ** •*  1 2

Corollary gives an optimal error bound for || e 1but a 

suboptimal error bound for 11ev||Q. It remains unclear 

whether or not this suboptimal bound is sharp.

Let us now look at another hypothesis of inverse 

type, one that has been seen in the literature [ 7].
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(4.7) For each open set G with G C Q, there exists 

an open set H, G c H C H C Q and a constant C 

such that for all sufficiently small h,
- C h~1 Hwhllo,H =H *h e

(Here we have adopted the notation || • || for the
S f G 

g
H (G) norm.) This hypothesis is a classical inverse 

hypothesis and is verified for some special choices 

of finite element spaces in [ 7].

Proposition 4.9. Under the hypotheses (3.9) and (4.7), 

for each open set G with G c n we have

KHi.g +H%IIo,g 5 c < II Ils

+ /Tsh' 11-1 ll"-%Ho,G Hlu-wJI )).
Wh e &1

Proof. l|u-uh||1>G < l|u-wh||1|G + l|wh-uh||1>G for all wh 

2 ll"-"hlll,G + C h"1 ll«h-uh|lo,H by (4.7) 

< l|u-«hlll + C h”l ( ||wh-u||0 + ||u-uh||0)

i 11 «-«hl 11 + c h"1 H"h-«llo + c II ^u-Sv’IIb*

the last step following from Theorem 3.5. This proves 

the inequality for e^. For ev, write

= (^®^ + ®v) ~ Vey and take norms.
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Corollary 4.10. If the inverse hypothesis (4.7) and 

the approximation hypothesis (3.9) hold, then for any 

open G with GC 0 we have
HMi.G + IISvI^G 2 C ( 11UH..Q + h*- 1 II,1^^)

S fif u e H (Q) , v £ H (Q) , 1 < s < r. , 1 < t < r_. — — — “1 " — 2

The proof of the Corollary is immediate. Again, 

the estimate for || Q is quasi-optimal (if r^ = r^) 

but the estimate for || ev||0 G is suboptimal.

Let us briefly consider the modified bilinear 

form (4.1).

Proposition 4.11. Assume the boundary inverse hypo­

thesis (4.5), and assume r^ > 4, r^ - r^ - l. Then 

for the modified bilinear form we have

KVIlMo 5 C (||(eu,ev)||B+ ||^||^).
*h E S1

Proof. Begin by noting that Proposition 4.5 holds 

unchanged for this case. It is easy to prove that

|| div ev|LT < C || (eu,ev) |. Hence the proof of Theorem 

4.7 is applicable.

Notice this result gives optimal bounds for both

H % 111 a™" U Sy llo •
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The One — Dimensional Case

We now turn to the special case where the differ­

ential equation is posed in a one-dimensional domain, 

so we are dealing with a two-point boundary value 

problem. It turns out in this case we can find somewhat 

stronger results than the above. Our model problem 

will be Lu = -(pu1)1 + qu' + ru = f on (0,1), 

u(l) = u(0) = 0. For ellipticity we assume p(x) > p^ > 0 

on 10,1]. To avoid complications assume p, q, r and 

f are smooth functions, and assume the problem Lu = 0 

on (0,1), u(0) = u(1) = 0 has only the zero solution, 

and similarly for the problem L*u  = 0, u(0) = u(l) = 0.

We will decompose L as in Chapter III. Since in 

one dimension the boundary conditions are easy to sat­

isfy with our trial functions, we will force the boundary 

conditions to hold. So consider the equivalent problem 
= v, (p^^v) ' - qp-1/2v+ru = f, 

u (0) = u (1) = 0.

Choose S^ c Hg(0,l), sG H1 (0,1) and seek 

v&) e S^ x Sg which minimizes the functional

J(w,z) =||pl/2w' + z||2 + || (p1/2z) ' - qp"^/2z + rw- f||2. 

Define a bilinear form via
B(Cw,z),(*,^))  = (p^2w' + z,pl/2^' + ^)

+ ( (P^z) ' - qp-1/^ +rw, (p^2^) ' - qp”1/2^ + r^)
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and seek a solution (u^,v^) e x of the finite­

dimensional problem

B( (uh,vh) , ) = B( (u,v) , (4>hf *h) )

= (f/(p1/2^) ’ * qp”1/2^ + r<#>h) 

for all (4>hr%) e x s^.

Again make the approximation assumption (3.9) .

Then the analogs of Proposition 3.1, Lemmas 3.4 and 

3.6, and Theorem 3.5 carry over, so a unique solution 
(u\vh) exists and || =||u-u^||q is quasi-optimal.

The interesting result in the one-dimensional case is 

a quasi-optimality result for || v-v^Ug.

Proposition 4.12. Under the above hypotheses, 

11e v । Iq - c h h !6-

Proof. We begin with a lemma whose proof will be deferred.

Lemma 4.13. Given g e H^(O,1), there exist functions 

* e Hq (0,1) , ÿ e H1 (0,1) with (p^^^) ' = r*,  

- p1/2^1 - qp-1/2^ = g on (0,1), and

IHII2 + 11*111  5 c 11g |Iq-

Let us take such 4>,ip for the case g = e^. Then 

ll%l|2 = ~ P^2^' ~ qp~l/2^) + (e^,r*  - (pl/2V) ' )
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- + ( ' ,4») - (qp + (re^,*)

1/2+ (p e^'f^) upon integrating by parts 

and noticing all the boundary terms vanish

= (P^^' +ev,4i) + ( (p1/2ev) ' - qp-^/^e^ + reu,4>) .

Now let a solve the problem

La = * - (pl/2*) ' + qp“1/2* on (0,1), a(0) = a(l) =0, 

and put p = * - pl/2a'. Then

Ihll3 + WI2 C <11*111  + 11*112)  5 C ||ev||0

and (pl/2p)1 - qp l/2p + r a= *.  Hence

Ilev= <^^u' ^v^*)  + < <P^^%) ' - qp + re^,*)

= B((eu»ev),(a,0))

" B( (e^,e^,) , (a-a^, B-B^) ) for all («h'\) e x Sg

Il (<W 1^ C ( lla-c^l^ + IlB-Bhl^)

5 II (e^ey) C h ( ||a||2 + || B ||2) upon taking infimum

- II <®u'%) 1^ C h IIevllo * completing the proof.

Proof of Lemma 4.13.

. 1/2Write a = p ' * for convenience. We are trying
to solve a’ = r*,  a - p* ’ - q*  = pl/2g on (0,1) with
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$ (0) = <HD = 0 and ||o||2 + < C ||ev||0. If we dif­

ferentiate the second equation we get a second-order 

differential equation for * :

- (p<H ) ' - (q*)  * + r» = (pl/2g) ' , i.e. , L**  = (p^g) ' 

»(0) = *(1)  = 0.

We know a unique solution exists ; furthermore the in­
equality || $1^ 5 C || (p^^^g) • |LX holds, where here the 

norm on the right-hand side is defined by duality with 

< ( ,

In particular,
II (P^g) ' ILi =

a e hJ (0,1) 11 a | |r

1/2 _ sup - (p g, ct1 )
a II «111

1 C II g llo .

Hence || 4>< C ||g||g. Now let a = p*'  + q*  + p^2g; 

then 11a ||Q < C ||g|^ Since g e H1 (0,1) , $ is actually 

in H2 (0,1), by virtue of L*0  = (p^2g) 1 . Hence we 

may differentiate the equation defining a to find

a*  = (?♦')' + (q*)  ' + (P^2g) ' = r$ e H1(0,l) ,

and || a ' ||q < C ||4>||0, ||a' ' ||0 = || (r*)  ’ |l0 < c 11 ♦ I lx c 11 I Io ’
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Hence a e H2 (0,1) and ||a||2 < C || g ||q , completing the proof.

Thus in one dimension both the solution u and the 
. 1/2derivative p ' u’ are quasi-optimally approximated 

by the solution of the finite-dimensional problem.

One other word about Proposition 4.12 is in order. 

If one tries to carry the proof over to the two-dimen­

sional case (assuming one forces the boundary conditions 

to hold) one encounters a problem in Lemma 4.13. In 

the two-dimensional case we have been unable to prove 
2 1

that ip is in H (Q) ; instead we have ip e H (Q) and 
I Ddiv ÿ e H (R) , but these do not imply tp e H (R) .

Finally, let us mention that the proof was for the 
splitting - (p^^u*  ) = v, (p^2v) ' - qp + ru = f, 

but the splitting -u*  = v, (pv)’ - qv + ru = f can 

also be handled in the same manner, with the same result 

of quasi-optimal error bounds for both || ey ||Q and || Hg.

Other Boundary Conditions

In the preceding we always considered Dirichlet 

boundary conditions u = g on F. What can be done with 

other boundary conditions? Let us consider the model 

problem

Lu 5 -Au + b•Vu + eu = f in R

= g on r.
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Assume as usual that the coefficients of L are smooth 

and that both L and its adjoint L*  satisfy a uniqueness 

theorem (Lu = 0 in Q, = 0 on r implies u = 0, and 

similarly for L*  and the adjoint boundary conditions). 

The decomposition to consider is

-Vu = v in 0, 

div v - b"v + cu = f in 12, 

n*v  = -g on r.

Define a bilinear form via

B((w,z), (4>,ÿ)) = (Vw+z,V<|>+^) + (divz-b'z+cw,divip-b'#+c(|>) 

+ < n*  z,n*ip  > .

Notice that now there is no weighting factor multiply­

ing the boundary inner product.
Choose spaces sj C H1 (12) , C H1 (12) as in Chapter 

III, and consider the problem

(4.8) Find (uh,vh) e sj x such that

• ^h^h1} = tu^vJ * ^h^h^

= ^'^ÿh^^h+^h) - 

for all <4>hfÿh) e x S^.

For z e H1 (12) we have

l’Io C ( II5 llo + II ? Hl> bY Lemma 2.3.
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Hence, defining || (w,z) = B((w,z) , (w,z) , we have the 

bound || (w#z) 1^ < C ( ||w||^ + || z||^) . Thus we have

Proposition 4.14. A unique solution (u^v^) of (4.8)

exists, and
|| (u-uh,v-vh) ||g < C inf

<«h-;h>e sï " ?2

The proof is easy, and will be omitted.
As usual, we are interested in bounds for u-u^ 

and v-v& separately. For convenience, write eu = u-u^, 

ev = v-v^.

Theorem 4.15. For 0 < s < 1, || eulls 5 C h1 s || (eu,ev) ||B.

Proof. We will prove the result for s = 0 and s = 1;

then interpolating gives the theorem. All the follow­

ing holds for both s = 0 and s = 1.

We have ||eu||s sup
w e H-s (Q) 

w / 0
llw||_s ’

Given w e H s (fi), let a solve L*a  = w in fi,

~ + n-(ba) = 0 on T dn —
conditions). Then a

(these are the adjoint boundary 

e H^~^ (^) ( H^^(O) is just

H^ (0) with an equivalent norm) , and ||a|L2_s 2 - C HWILS- 
H *

Now,

(eu,w) = (eu,L*a)

= (e ,-Aa - div(ba) + ca) u *
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= (Ve ,Va) - < e ,N (a) >+ (Ve ,ba) - < e ,n*  (ba) > u u u * u
+ (eu,ca), 

where N (a) e H"1/2(r) if a e (0) , N (a) e H^2 (F) 

if a e H2*2(2), ànd N(a) = for a e c”(fi). The last 

expression is equal to

(Ve +e .Va) + (div e„,a) - < n-e„,a > U ~ V «vV «w V
+ e ,ba) - (e ,ba) + (ce ,a)

= (Ve + e ,Va) + (div e -b»e +ce .a) U ** V «w v *W «V V U
+ (Ve + e ,ba) - < n-e ,a > . U * V «V V

We now bound these terms as in Theorem 3.5. Start 

with the second term. We can prove as in Lemma 3.4 

that 11div ev - b-ev + cej^ < = ht || (eu,?v> for 

0 < t < min (r^-lfTg-l). Hence the second term is 
2—c 

bounded by Ch || (eu,ev) 1^ 11 a 112 _ s • For the first 

term, we have

(V% + ev, Va) = (Veu + e^, V(a-a^) )

- (div ev - b-ev + ceu,cah)

= B ((%'%> * (a-ah,0) ) 

- (div e - b«e„ + ce ,ca)

and hence | (Veu + ev,Va) | < || (eu,ey) C h^"= ||a||2_s

+ C h2’S II <«u'5v' Ik II ca Ih-s

< Ch1"8 II (eu,ev)||B||a||2_s .
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For the third term, solve V*  + ip = ba in Q,

div ip-b*4i  + c4> = 0 in 0, = 0~ «*  •*  d n
solve La = -div(ba) + |b|^a in 0 

on r, i,e., 
% = 0 on r,

and put ip = ba - V<|>, and proceed as in Lemma 3.6.

For the fourth term, we have

S l"'!vU-3/2 HI-s+3/2 1 Cln*®vl S-3/2 Il“ll2-S-

Now,

l"•evls.3/2-T:U^+3/2(^) 

T* 0 H-s+3/2

Given t e H s+^^^(r), let $ solve L$ = 0 in 2,

= -T on T, and put ip — -9$. Then

Il ♦U3_a + II Jlb-s - C HLs+3/2'

<n*e„,T>  = <n*e„,n*ip>  •*  V ** v **

= BUe^ey) ,(M))

= B((6u,e^),(<p-^,Mh))

Il ^u'^ 11b c ( ll^-^hHi + ll^klli)

- II ^u*̂  Ik । T l-s+3/2 *

proving |neevls_3/2 5 c II <eu*® v) I’ Bating all 

the pieces together proves the result.
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Remarks: (1*)  We did not prove the theorem directly 

because a certain pathology would have entered in the 

case s = 1/2 ! 4]. The a priori bound for a would have 

been affected; otherwise all the arguments would have 

gone through.

(2.) It is interesting that this result 

gives a bound for || e^||^ without any inverse hypothesis, 

whereas the problem with Dirichlet boundary conditions 

was unable to go beyond lleulli/2 without an inverse 

hypothesis. As an immediate corollary we have

Corollary 4.16. ||ev||0 < C || (eu,ey) 1^ .

Proof. Write e„ = (Ve„ + e ) - Ve , and take norms.

We will now study the condition number of the 

finite-dimensional problem (4.8). We first need an 

analog of Proposition 4.3.

Proposition 4.17. For all (w,z) e (£2) x h1 (£2) , 

11w ill + II ? Ho < c ( l|Vw+z||0 + ||div z-b«z + cw|Lt + ln*?L 1/2)- 

Proof. We first bound || wl^. Given * e (£2) , let 

a solve L*a  — in £2, + n*  (ba) = 0 on r. Thendn *
a e and ||a|L, , < C II^IL,.

(£2) X

Now, by the same calculation as in Theorem 4.15?
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(w,4>) = (w,L*a)

= (Vw+z,Va+ba) + (div z-b*  z + cw,a) -< n*  z,a > . #V *W

Hence

| (w,4>) | < ( ||Vw+z|j0 + ||div z-b-z + cwll^ +ln*2|_ 1/2) cl|a|li

< ( 11 Vw + z 110 + ||div z-b.z + cw||_1 +|n-z|-1/2) c||*ILi  

since || a Hi < ||a||_1 2 < C W^ILi -
Hx z (Q)

This proves the result for w. For z, write 

z = (Vw + z) - Vw and take norms.

Now we can prove

Theorem 4.18. Assume the basis functions for and

Sg satisfy the hypothesis (4.6). Then the condition 

number of the matrix of the finite-dimensional problem 

(4.8) is 0(h"2).

Proof. The proof is the same as the proof of Theorem 

4.8. It suffices to note that || $|L% < ||<J>||q for all 
4> e H° (Q) and | t | _j/2 < | t | 0 for all t e H°(r).

Then the proof of Theorem 4,8 can be carried over 

word for word.

Thus for our model problem all the previous results 

carry over without the inverse hypotheses that were 

brought in before.
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The Difference Equations

It is interesting to see exactly what difference 

equations are produced by the least squares decompo­

sition method. To simplify matters we will consider 

only the simplest one-dimensional problem, -u*  * = f 

on (0,1), u(0) = u(1) = 0. For n a positive integer 
let S*,  Sg be spaces of continuous piecewise linear 

functions defined on a uniform mesh of width h = l/(n+l). 

If we let Xj = jh (j = 0,1,...,n+l) a convenient 

basis for is given by ,. .. where

{
(x.-x)/h if x. -, < x < x.,

3 J-l ~ ~ 3
(x-x.)/h if x. < x < x..-, 3 3 ~ ~ 3+1

0 otherwise .

A basis for Sg is formed by adjoining to the basis 

for the functions

f (x,-x)/h if 0 < x < x.,
*0(x) = < 1 - - 1

I 0 otherwise,

and
+n+l °( (x-xn)/h if xn < x < xn+1, 

0 otherwise .

The splitting to consider is -u' = v, v' = f,

u(0) = u(1) 0.
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Write the solution u\ as

h n n+1
u (x) = I u . (x) , v (x) = X v . (x) . 

j=l J J j=0 J J

Then the coefficients u1Z...,un,vQ,...fv x are deter­

mined by the equation

(uh- + vh,a^ + Bh) + (vh',B^) = (f.B^) all (c^,B^),

i.e. ,

Cuh + r0j) = 0 for j = 1,...,n and

(uh| + + (v^' ,4y) = (f , j = 0,...,n+l.

These yield

K^^i - ^2) + " V2> = °

E^”uj-1 + 2uj " Uj+i) + 7(vj~i - vj+1) = 0 (2 < j < n-

^-"n-1 + + ^vn-l * Vn+1) = 0

and

7^1 + + V1J + “ vl> =

^2 + ?^o + ^ + Vg) + ^(-v0 + 2V1-v2) = (f,*p

l(-Uj-l+Uj+l)+^(Vj_i+4Vj+v^^)+^(-Vj_^+2Vj-v^^) = (f^'>

for j = 2,...,n-l
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"K-l + F^n-l + 4vn + vn+l> + + + vn+l> =

4% + + Z^n+l' + K<-Vn + vn+l> = <f'*A +i> •

The first group of equations here is a finite 

difference approximation to the equation -u'' = v', 

while the second group is an approximation to 

u’ + v - v'' = -f'. The fact that these differential 

equations have higher order than the equations

— vi v1 = ff is characteristic of the least squares 

method, and is reflected in the fact that the error 

bounds involve higher norms on f than one would think 

necessary (cp. the comments at the beginning of this 

chapter). With this we conclude Chapter IV.



CHAPTER V. A GENUINE ELLIPTIC SYSTEM

We have concentrated on second order problems in 

the preceding because many applications involve such 

Problems. The extension of the least squares decompo­

sition method to higher order problems is unwieldy, 

and analyzing it is probably not worth the effort. 

Also, the physical meaning of the various partial deri- 

of the solution of a higher—order elliptic prob­

lem may be obscure. Thus we feel that extending the 

previous analysis to higher-order equations is of little 

interest.

The purpose of this chapter is to analyze a genuine 

system of partial differential equations. The least 

squares decomposition method of the preceding chapters 

began with a single equation and wrote it as a system 

of equations by introducing new independent variables, 

a somewhat artificial procedure in some cases. In this 

chapter we shall analyze a least squares method applied 

to a genuine system of partial differential equations; 

there will be no decomposition step. The essential 

theoretical tool will be the theory of elliptic systems 

of partial differential equations due to Agmon, Douglis, 

and Nirenberg [ 2]. This paper will be referred to in 

what follows as ADN.

— 67—
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We want to work with the equations of two-dimen­

sional elasticity, the equations governing the small 

displacement behavior of plane stress and plane strain 

problems. These equations can be written as

3l°x + »2Txy = -X 

3Pxy + 32°y “ "Y 

- °x - VOy - 

E3„v = a - vo 2 y x

E O2u + 9^) = 2 (1 + v) Txy .

Here u and v are displacements in the x and y 

directions, respectively; o^, o^ are the stress 

components; 9^ = 9/9x and 9^ = 9/9y; E is Young's 

modulus, v is Poisson1s ratio (both constants); and 

X and Y are body forces. The first two equations are 

the "equilibrium" equations, the last three the " con­

stitutive" equations. There are two common sets of 

boundary conditions which may be employed. First, we 

may specify u and v on the boundary. Second, we may 

specify n^o^ + n^T^ and n^T^ + n^c^ on the boundary, 

where n = (n^,^) = (n^(x,y) ,n2 (x,y) ) is the outward 

normal.

We now rewrite the problem in a slightly more con­

venient form. Define new variables by u^ = Eu, u2 = Ev 

Ug = ax, u4 = TXy, Ug = Qy. Then the above equations
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can be written as a matrix system Lu = f where

u = (uiru2,u3,u4,u5) , f = (f1#f2,f3,f4,f5) - (-X,-Yf0,0,0) 

and L is a matrix with operator entries,

0 0 91 92 0

0 0 0 91 92
(5.1) L = h 0 -1 0 V

32 91 0 -2(1+v) 0

. o 9 2 V 0 -1

The equation Lu = f is to hold in a bounded region 
2 Q C R with smooth boundary r and outward normal

n = (n^,n2). We will consider (to ensure uniqueness 

of solutions) the case of specified displacements on the

boundary, so the boundary conditions are u^ = g^, 

u2 = g2 on r.

The first step in verifying the conditions of ADN 

for this system is to choose constants s^,...,Sg 

and t,,...,t- such that degree(L..) < s. + t., where
X D X J "X j

L^j is the operator in the (i,j) position of L. 

We choose s^ = s2 = 0, s3 = s4 = Sg = -1, t^ = t2 = 2,

t- = t. = tc = 1, and the condition is satisfied. 3 4 5
Now let L|j be the principal part of L^j, the terms 

which are exactly of degree s^ + We must check that

det L* (Ç) is nonzero for all nonzero vectors

Ç = Ç2) , where L' has (i,j) entry LH and L' (g) is

the result of substituting and Ç2 for dlf 92, respect­
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ively. If we perform the computation we find

det L* (Ç) = -+ ^2' * so this condition is satisfied. 

Next we must check the "supplementary condition"

on L. We find the roots (in t) of the equation

det L* (Ç + tÇ•) = 0 are given by

-W ± i ( | € I 2 I C ’ | 2 - IS'S'I2)!/2

so there are exactly two roots (both equal) with posi­

tive imaginary part.

We have now verified the system (5.1) is elliptic 

in the sense of ADN. Now we must consider the boundary 

conditions. They can be written Bu = g on F where

B
1 0 0 0 O'

0 10 0 0

and g = (g^,g2r0,0,0) . First we have to find constants 

p,,such that degree(B..) < p. + t. and B.. = 0 

if p^ + tj < 0. We take p^ = p2 = -2 and this is 

satisfied. Now let g be a tangent vector to F and com­

pute the roots of the equation det L'(Ç + Tn) = 0; 

they are easily found to be t+ = i|Ç|, t_ = -i|Ç|. 

Then define M+(Ç,t) = t - t+ = t - i|Ç|. The boundary 

conditions are complementing if the rows of the matrix 
T B(L1(Ç + Tn)) , considered as polynomials in t, are
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linearly independent modulo M+(C,t). In our case we 

have

m 0 0 Ç- + -rn, + xn_ 0 '
B(L' (Ç + Tn) )T = 1 1 2 2 ,

.° 0 0 + TnÇ2 + Tn2J

and the complementing condition is satisfied.

Finally it is known that a unique solution to the 

system Lu = f in £2, Bu = g on r exists [21] . Then 

the ADN theory gives the following a priori estimate.

(5.2) For any k > 0,

'^l^+2 + H ^2^+2 + II u31!k+l + H^JIk+l + II u5 llk+1

- C 11 f 11!k + II f 2 Ilk + II f 3 llk+1 + II ^4 l|k+l H ^5^+1

+ ।^1।k+3/2 + ।^2।k+3/2^" '

By the symmetry of the operator matrix L a similar 

result holds for the adjoint problem. We also remark 

that we have the Green's formula

(Lu,v) - (u,L*v)  = <u1,n1v3 + n2v4> + <u2,n1v4 + n2v^>

+ <njU3 + n2u4,v1> + <nTu4 + n2u5,v2> .

Here L*  is the formal adjoint of L, defined by 

(Lu,v) = (u,L*v)  for all u,v e (Cq (£2) )5 and the inner 

products in the equation defining L*  are taken in 
(L2(0))5.
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Now we are ready to define a least squares ap­

proximation scheme. Choose finite-dimensional spaces
C H^Q) and Sg = Sg(Q) C H1^). We will 

seek an approximate solution in the space 
Sh = sj x s} x Sj x Sj x sj.

We will minimize the following quadratic functional 

over

" h2 II 31U3 + * flHo

+ h2 II ®lu4 + 32*5  " f2Ho * H 31U1 - u3 + Vu5 ~ ^3^ 

+ II a2ux + 3^2 - 2(1+v)u4 - f4|g

+ ||a2u2 + vu3-u5-f5||^ + h"1|u1-g1|2 + h~1|u2-g2|2 .

We are led to define a bilinear form on 
(H1 (Q) ) 5 x (H1^))5 by

(5.3) B((u^tUg,UgrUg)»
2= h" 0^3 + 32u4,311»3 + 3g<^)

+ hz + ^"5 ^1*4  +

+ (3^1 “ u3 + ^^5 ' ^1*1  “ ^3 +

+ (32u1 + ^lu2 " (1+v) u^ , 32^*1  + ^1^2 ” d+v) )

+ + vu3 “ ^5'^2^2 + *̂3  “ *5)
—1 -1+ h <u^, <(>^> + h <Ug ^2^ •
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Then the finite-dimensional problem is

(5.4) Find u = (,u2«ug,,u) e S& such that

B(uh,<f>h) = B(ur0h) for all e Sh.

Define a norm by ||w||g = B(w,w) for w e (H1 (0) )5. 

Then we have

Proposition 5.1. A unique solution uh to (5.4) exists, 

and

9 £ b
< c inf ( * h"1 llu^H

* + h'1 II "z-*;  llo + ll“r*5llo
+ h || uh-^ + HuJ-^llo + h

+ llug-^llo + h Hu^Hp.

The proof is similar to previous proofs, and will 

be omitted.

We now want to get error bounds on the separate 
components of u - u^. Again we make the approximation 

hypothesis (3.9): There are integers r^ > l (i = 1,2) 

such that if w e HS(Q), 1 < s < r^, then there exists 

wi e Si ||w-w^||q + h Hw-w^l^ < C hs 11w||g, where 

C >0 is independent of w and h. Then by Proposition 5.1,
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k s.-1 So-1 S-II“-“ It < c < h 1 ll“lls + h 2 ||u|| + h 3 ||u|| 
S1 s2 s3

s. s-
+ h 4 ll“4llS4 + h 5 I|u5|l )

. s.
if e H (fi) r 1 5 — ^1*  i — ®3'®4*®5  — ^"2*

We make the further assumption that r^ > 4 and r2 = r^ - 1.
Write u - uh = e = (e^,...f®g)• Then we have

Lemma 5.2. Under the above hypotheses,

<a) I ex I —1/2 + । e2 । -1/2 -Ch ||e||g

(b) 113^3+32e4ILs + Il31e4 + 32B5ILS < c h8"1 Helt

for 1 < s < 2

(c) || 3^1 “ e3 + |Lt + II 32ei “ 3ie2 “ 2 (1+v) e4 ILt

+ H a2e2 + ~ e5 ILt C h^ ||e||g for 0 < t < 1.

e X 1
Proof. Begin by noticing that if w1#w2 e H (Q), 

w3,w4,w5 e HS(n)/ 1< s < r1 - 1, then

hln'h llw ” It 5 C hS < HwilUl + 11 w211+1 + H^lt 
W E S

+ II«4 Us + ll"5lt>

by the approximation hypothesis. Now we proceed to the 

separate proofs.

(a) Given t e (r), let a = A (?) (see Theorem 2.1), 
so a e H1(n), = t and II a 111 i c h li/2‘ Then

<e^,T> = h ( h 1 <e1#a> )
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-1
= h ( h <e1#a-ah> - ”63 + ve5, d1ah)

- <92el + 9le2 ” 2 d+v)e4 » d2ah^ for ail ah e S^, 

since B(e,(a^,0,0,0,0)) = 0

< h ||e C ( h”1 ||a-ah||0 + ||a-«hHl +

< C h l|e|y|a||ir upon taking the infimum over ah

- c IIeI(b IT11/2r

so le^ I -1/2 - C h IIe IIq• The proof for e2 is similar.

(b) Given 4> e H® (n) , let a = (a^,.. ., a5> solve

La = (<f>,0,0,0,0) in 0, - a^ = 0 on r. Then

Hallls+2 + H«2Hs+2 + Ha3lls+1 + Ha4lls+1 + Ihglls+l C H * Hs 

by (5.2), and

0^2 + ^364,4») = h 2 ( h2 O1e3 + â2e4,31a3 + 32a4^

-2= h B (e ,a)

= h 2 B(e,a-a^) for all a^ e

< h"2 Hel^ 110.-0%

+ II “3 l!s+l + II “4 lls+1 + II "5 lls+1^ 

using the remark at the beginning of 

the proof and the hypothesis r^ > 4

< C hs 1 Hel^ || ||g,  as desired.*
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The proof for 9^e^ + 32e5 similar.

(c) Given tp e (0) y let a = (a^,. . . ,a^) solve

La = (0,0,4),0,0) in Q, = a2 = 0 on r. Then

llalllt+i + ll»2 Wt+1 + H a3 lit + 11 a4 । ît + II “gilt - c II ♦lit' **3

Olel - e3 + veg ,4>) = B (e,a)

= B(e,a-a^) for all ah e

5 Helle l|a-eh|le

«ll.lt C ht ( ||ai|lt+1 +||a2llt+1 

+ II «3 lit + II ™4 llt + || «g Ht)

< C h*  Helt ||»||t,

as desired. The proof for the other terms is similar.

Theorem 5.3. Under the above hypotheses, 

Il«1 llo + IIe2ll0 < C h Helt­

Proof. Begin by solving the auxiliary problem

L*w  = (e^,e2,0,0,0) in 0, = w2 = 0 on T. By the

ADN theory a unique solution w exists and we have the 

a priori bound

liwl ll2 + IIW2II2 + II w3 Hl + llw4 111. + II w5 111 < C ( llejlo + 11 e2 I |q ) .

Now,

IIe! Ho + II e2 Hq = (G,L*w)
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= (Le,w) - <e1,n1w3 + n2w4> - <e2,n1w4 + n2w5>

= (3^2 + ^2^4'^1^ + ^1^4 +

+ ^lel " e3 + + (32ei - 3^e2 - 2(l+v)e4,w4)
+ O2e2 + " e^Wg) - <e1,n1w3 + n2w4>

- ^2^l^4 + ^2^5^

< C h ||e||g ( ||wT||2 + ||w2||2)

+ C h ||e 1^ ( |Jw31+ ||w4||1 + ||w5||1)
+ C h IIelk ( In^ + n2w4| 1/2 + |+ n2w5 11/2) 

by Lemma 5.2

< C h ||e|k ( ||e1H0 + ||e2||0) , completing the proof.

Thus the L2 errors in the displacements, ||u^-u^||0 

and ||u2-u2||q are of optimal order in h, provided 

r. > 4 and r- = r. - 1. This condition has been seen 1 - 2 1
before, in Theorem 4.1. It is a sufficient condition 

for optimality; whether or not it is necessary is un­

clear.

We now turn to the question of bounds for the 

other components of e. An inverse hypothesis will 

come in here, as in Chapter IV. We will assume the 

boundary inverse hypothesis (4.5):
1whl1/2 - C h'1/2 Iwh।0 as h + ° for all wh e S^, 

where C > 0 is independent of h and w&.

Before proceeding we need to take note of an ex­

tension of the ADN theory due to Roitberg and Seftel* [20 ].
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They proved, for a certain class of ADN-elliptic systems 

a priori estimates of the type (5.2) for all k, not 

just nonnegative k. Their hypotheses are not satis­

fied by the system (5.1) but an analysis of their proof 

reveals it still is valid for (5.1) , for reasons having 

to do with the symmetry of the operator matrix L and 

the interplay between the matrices L and B. (To be 

more specific would involve going into too many tech­

nical details.) Define the function space H°*1(Q) as 

the completion of c" (Q) in the norm

Then their extension of the ADN theory gives the fol­

lowing result for our system (5.1).

(5.5) If f1#f2 e H-l(W), f3,f4,f5 e H°(Q), there 

exists a unique solution w to the problem

Lw = f in w1 = w2 = 0 on r, we have w1#w2e (0) 

*3'*4'*5  e H ' (0)*  and we have the a priori bound 

ll-A +11»^ + H„3IL^

+ ll"5lLo,l_ z C ( IlfilLi + l|f2ILi + II «3 llo 
xi U» /

+ II f 4 ll0 + llf5ll0)-

By the symmetry of L, a similar result holds for the 

problem L*w  = f in Q, w^ = w2 = 0 on r.

With this, we can prove
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Theorem 5.4. Assuming the boundary inverse hypothesis

(4.5), we have the error bound

(5.6) llejl!+l|e2Hi + II e3 ll0 + H e4 Hq + H e5 Ho

s C < Helle + inf h ( llui-Vhlli + h"1 llu^llo 
vh'”h 6 S1

+ ||U2 wh + h II'

Proof. Begin by noting that the calculations of Pro­

position 4.5 can be repeated to give

Iei11/2 + Ie211/2 - th® right hand side of (5.5), 

assuming the boundary inverse hypothesis (4.5).

We start with e^. Given 4> e H (0) , let w solve

L*w  = (t|),0,0,0,0) in Q, w^ = w^ = 0 on T. Then

(elf4>) = (e,L*w)

= (Le,w) - <e1,n1w3 + n2w4> + <e2,n1w4 t n2w5>

- H ^le3 + ^2e4 11-1 IIW1 Hl + II ^le4 + ^2^5 II-1 IIW2 Hl

+ || 3^e^ - e3 + ve5||0 Hwgl^

+ || 32e^ + - 2(l+v)e4|lQ ||w4||Q

+ l|a2e2 + ^3 " Mo HMo

+ ( 1 el 11/2 + I e2 11/2^ C ( llw3l^0,l f£n
il

by Lemma 5.2 and the a priori bound for w.
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This gives the inequality for e^. The proof for e2 

is similar.

For e3, let w solve L*w  = (0,0,e3,0,0) in SI, 

W1 " ^2 " on ' Then (5.5) holds for w, and

II e3 IIq = (e,L*w)

- (Le,w) - <e1,n1w3 + n2w4> + <e2,n1w4 + n2w5>

< C ( II e | jg + |e^| ^/2 + |e2li/2^ 

by the same computations as above. The proofs for e4 

and e^ are similar.

Thus if the boundary inverse hypothesis (4.5) 

and the approximation hypothesis (3.9) with r^ > 4 

hold, then the errors 11e I Iq (i = 1 r • • * #5) are all of 

optimal order in h.

We conclude this chapter by mentioning possible 

directions for future work. The error bounds of 

Chapters III and IV were generally of optimal order for 
the solution u - u& but of suboptimal order in the 

derivatives v-v^; are these bounds sharp? Numerical 

experimentation is possible here, as a guide to the true 

state of affairs, but will have to be carried out on 

a fully two-dimensional problem, in light of Proposition 

4.12. This thesis has not touched on the crucial mat­

ter of efficient methods for solving the finite-dimen-
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sional problems that arise. Such considerations are 

very important for practical implementation of num­

erical schemes. Finally, the extension of decompo­

sition and mixed methods to nonlinear equations and 

non-elliptic equations is an inviting area for future 

research.
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