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ABSTRACT

THE FREE RUNNING DETECTION PROBLEM:
THE DETECTION OF RANDOMLY OCCURRING PULSES
AS THEY OCCUR
by

Richard Michael Heitmeyer
Chairman: Theodore G. Birdsall

This study provides an extension of classical detection theory
by defining and analyzing two classes of decision devices. The
common feature of these devices is that they both operate in real
time to detect the presence of each pulse in a sequence of randomly
occurring pulses, while that pulse is still present. These decision
devices are distinguished by the fact that one, the respond-once de-
vice, seeks to detect each pulse once and only once, whereas the
other device, the respond-and-hold device, seeks to respond at each
instant of time at which a pulse is present.

In this study, the problem of obtaining the decision devices
that are optimum in the above setting is referred to as the free
running detection problem. The basic assumptions are as follows.
It is assumed that all of the pulses are identically shaped and com-
pletely known up to their arrival times. Moreover, we assume that

it is possible to observe these pulses only through an observation



that contains additive noise. Fi;lally, it is assumed that the decision
devices are allowed to make decisions on the presence or absence of
pulses only at discrete, equally-spaced points in time.

The mathematical model for the free running detection problem
is constructed in terms of the general decision theory model. This
provides the theoretical basis for describing the performance of both
classes of decision devices and for obtaining decision devices that
are optimum with respect to the Bayes criteria.

The performance of the respond-once decision device is
described in terms of the average number of pulses that are detected
(detection rate), the average number of false alarms (false alarm
rate), and the average number of times a pulse is detected more
than once (extra detection rate). It is shown that the detection rate
can be increased for the same false alarm rate by increasing the
extra detection rate.

The performance of the respond-and-hold decision devices is
described in terms of the detection rate, a detection duty,. and a false
alarm duty. These last two quantities are a measure of the amount
of time that the decision device responds when a pulse is present and
the amount of time that it responds when no pulse is present. For
the respond-and-hold devices, it is seen that the detection duty can
be increased for a fixed false alarm duty only by decreasing the detec-

tion rate.
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CHAPTER 1

THE FREE RUNNING DETECTION PROBLEM

The free running detection problem (FRD) is a decision prob-
lem that is concerned with the detection of randomly occurring pulses
as they occur. In this study we will develop the basic decision the-
oretic model for this problem and use this model to obtain the optimum
(Bayes) decision rules. This is done in Chapters II through V. In
this chapter, we introduce the FRD problem as the decision problem
associated with two different pulse-monitoring systems. We then
examine certain properties of the decision rules for the FRD prob-

lem from an intuitive point of view.

1.1 The Continuous Action and the Discrete Action Pulse Monitoring

Systems

By a pulse monitoring system, we mean a system which takes
as its input randomly occurring pulses (unknown arrival times) and
produces at its output an action for each pulse that occurs. Such a
system is shown in Fig. 1.1.

In this section two different pulse monitoring systems are
examined. The first system of interest will be referred to as the
continuous action pulse monitoring system. This system is charac-

terized by the fact that it takes an action at each instant of time that

-1-



Pulse Monitoring

Randomly —— System

Occurring
Pulses

— Actions for Each Pulse
That Occurs

Fig. 1.1. General pulse monitoring system

a pulse is present. A simple example of such a system is an alarm
system. Here the appropriate action is to sound an alarm precisely
at those times at which a pulse is present.

In contrast to the continuous action system, we also consider
the discrete action pulse monitoring system. This system is char-
acterized by the fact that it takes a single action each time a pulse
occurs. Perhaps the simplest example of a discrete action system
is a system that provides a running count of the number of pulses
that have occurred up to the current time. In this system, the appro-
priate action is to increment a counter each time a pulse occurs.

Additional insight into the nature of these systems is obtained
by decomposing the general system model into two components as
shown in Fig. 1.2.

The components in this system configuration have the follow-
ing interpretation. The decision device takes as its input the ran-
domly occurring pulses and extracts from these pulses the informa-

tion that is needed by the action device in order to take the appropriate



Decision Action
Device Device

Fig. 1.2. The general pulse monitoring system as a
decision device and an action device

action. The action device then takes the necessary action.

The continuous action system can be interpreted in terms of -
this model by noting that the information required by the action de-
vice is simply the knowledge of those times when signal pulses are

present. Thus, we may take the decision device to be a device which

produces the function

1 if some pulse is present at time t
at) = 1.1)
0 otherwise
We may then take the action device to be the device which produces
the appropriate action at those times when aft) =1.
Now consider the discrete action system. In this system, the

information needed by the action device is the knowledge of a single

time when each pulse is present. This information is provided by a

decision device that produces the function



1 if some pulse arrives at time t
a(t) = (1.2)
0 otherwise
As above we may take the action device to be a device that is on for
a(t) =1 and off otherwise.
In the work to follow the output functions of the decision de-
vices, a(t), are referred to as response functions and the values
a(t) =1 as responses. A typical input sequence of pulses and the
corresponding response functions for both decision devices are shown

in Fig. 3a,b, c.

Input Pulse Sequence

L /N JANYANY

(a)

a(t)

1 1

| = t
(b)

a(t)

fl @ o L

| =t

(c)

Fig. 1.3. The relation between the input pulse sequence
and the response functions for the continuous action
and the discrete action decision devices.
(a) input pulse sequence,
(b) continuous action response function,
(c) discrete action response function



The point to be noted in connection with the above system
model is that both the continuous action and the discrete action sys-
tems can be characterized by ’a decision device that produces a
binary valued response function a(t). In both of these systems the
responses (a(t) =1) occur at times when the presence of a pulse
calls for an action to be taken. Thus, in both of these systems, we
may view the decision device as a device that detects randomly
occurring pulses as they occur. The decision devices for the two
systems differ, however, in the fact that the continuous action de-
cision device seeks to respond as long as a pulse is pres-
ent, whereas the discrete action decision device seeks to respond
once and only once to each pulse that occurs. To emphasize this
distinction we will hereafter refer to the continuous action decision
device as a respond-and-hold (R-H) decision device and we will
refer to the discrete action system decision device as a respond-

once (R-0O) decision device.

1.2 The Performance Degradation Due to Noisy Inputs

When the input to the decision devices of the preceding section
consists only of the randomly occurring pulses, the ideal perform-
ance illustrated in Fig. 1.3 can be realized. But, if noise is also
present at the input to the decision device, this performance will be
degraded. In this section the nature of this performance degradation

is examined.



We consider first the effect of noise on the performance of

the R-H decision device. Figure 1.4 shows a typical pulse sequence,

a corresponding noisy input and a typical respond-and-hold response

function.

Pulse Sequence

‘__TA—A J-/\
L
1 ty t7 Yo
Input
b
a(t)
% 1 — - EE———
2 2 J A 1 1 1 1 [ | [ -_t
|t ty taty ts tg trtsg  t9tio T

Fig. 1.4. Typical inputs and outputs for a
respond-and-hold decision device
By comparing the pulse sequence and the response function in the
above figure it is clear that the time axis can be divided into four
sets, detection times [a(t) =1 and pulse present] , false alarm

times [a(t) =1 and no pulse present], miss times [a(t) =0 and



pulse present] and correct rejection times [a(t) = 0 and no pulse
present] . For example, if we let TD’ TF’ TM and TC denote
the total amount of detection time, false alarm time, miss time and

correct rejection time in the interval [0, T] respectively, then from

Fig. 1.4 above,

Ty = (gt + (tg-ty)
TF - (t6-t5)
T =

M (tz-tl) + (t4-t3) + (t8-t7) + (tlo-tg)
TC = t1 + (t5-t4) + (t7-t6) + (T- tlo)

A numerical expression for the performance degradation of
the R-H decision device can be obtained in terms of a loss function.

A natural definition for the loss function for this system is
_ T T
L—LD TD+LM TM+L T.+L T (1.3)
T T

T T .
Here LD ) LM s LF and LC represent the loss per unit

detection time, per unit miss time, per unit false alarm time and
per unit correct rejection time, respectively. It should be noted
that, in all physical situations, detection time is preferred to miss

time and correct rejection time is preferred to false alarm time.

T

Thus we may assume that LD

T T T
<Ly, and L, <Lpo.



A more general definition of the respond-and-hold loss func-
tion is needed for systems that must show special concern for the
possibility of missing a pulse altogether. For example, in Fig. 1.5
we have shown a typical pulse sequence and two different response

functions. Both of these response functions have been constructed to

have the same values of TD, TM’ TF’ TC )

both response functions have the same loss. But, the response

so that by Eq. 1.3,

function al (t) detects all three pulses (responds at least once to
each pulse), whereas the response function az(t) detects only one

of the pulses. This fact may be incorporated into the loss function
by adding in the term

Pulse Sequence

/AN /A A N

a1(t) - (a)

(b)
az(t)

(c)

Fig. 1.5. A pulse sequence and two different
response functions



LD ND + LM NM

where ND and NM represent the number of pulses that are detec-
ted and the number of pulses that are missed, respectively, and LD
and LM represent the loss for a detected pulse and the loss for a
missed pulse, respectively. The complete expression for the respond-

and-hold loss function is then

L = LDND + LMNM

+ LD T .+ L T., +L T .+ L T (1.4)

As above, physical considerations allow us to assume that LD < LM .
Before turning to the analysis of the respond-once decision
device, it should be noted that the six quantities involved in the
respond-and-hold loss function are not independent. This fact is a
consequence of the following observations. First, note that each
pulse that occurs must either be detected or missed. Thus, if we

denote the number of pulses to occur by Np, then we may write

Np = ND+NM (1.5a)

Next, note that, if a pulse is present at time t', then t' must either
be a detection time or a miss time. On the other hand, if no pulse is
present at t', then t' must be either a false alarm time or a cor-

rect rejection time. Thus, if we denote the total amount of time
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occupied by pulses by TS and the total amount of time occupied by

noise alone by T then we may write

N’

TS = TD+ TM (1.5b)

and

TN = TF+TC (1.5¢)

We may then substitute for N T,,, and T, from Eq. 1.5 into

M’ "M C
Eq. 1.4 to obtain the equivalent expression for the respond-and-hold

loss function.

T .T
p Im T

T

+ (L F

L = [(Ly-Ly) Np p+ (LE-Lg) T

+ [L, N +LTT +LTT

mNp * Iy Ts + Lo Tyl (1.6)

Now the point to be noted here is that the second bracketed term on

the right hand side of Eq. 1.6 dépends only on the pulse content of

the interval of concern, [0, T], and not on the particular decision
device. Thus, for the purposes of comparing the performance of differ-

ent decision devices, it is sufficient to consider the loss function

T T

T T
D-LM) ND+ (LD- L

L = (L T+ (Lp- L

M) D T (1.7)

c) Tr

Next we consider the performance degradation of the respond-

once decision device. First, recall from the preceding section that
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the objective of the discrete action system is to take a single action
each time a pulse occurs. This is accomplished in the noiseless
case by requiring that the decision device respond at the instant that
each pulse arrives. (See Fig, 1, 3c.) But, when noise is present at
the input to the system, this is no longer a reasonable requirement.
Instead, it is usually sufficient to require only that the decision de-
vice respond within some prespecified time of the arrival of a pulse
in order to detect that pulse and fulfill the objective of the system.
Thus, we shall say that a pulse is detected if some response occurs

within Tp seconds of its arrival. A detected pulse is shown in Fig.

1.6,

N

o o+T

14a®) ® P

Fig. 1.6. A detected pulse

In order to insure that one response cannot detect more than one
pulse, we will also assume that the arrival times of the pulses are
separated by at least Tp seconds.

Now consider a typical pulse sequence, a corresponding noisy

input and a typical respond-once response function as shown in Fig. 1.7.
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Pulse Sequence

%1 1" p 2 Y2 3 37 'p
Input
a(t)
o o ) ° °
[ 1 [ 9 § 4?
[ oy 01+Tp Oq 02+Tp Og Oqt

Fig. 1.7. Typical inputs and outputs for a
respond once decision device
Here, it is seen that the effect of noise on the decision device per-
formance is to cause some pulses to be missed, some pulses to be
detected more than once, and some false alarms to be made. Let
NF be the number of false alarms that occur and let NX be the
number of extra detections that occur. Then the performance degra-

dation can be expressed numerically by defining the loss function for

the respond-once decision device to be
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L = LDND+LMNM+LXNX+LFNF (1.8)

where LX and LF are the loss per extra detection and per false
alarm, respectively.

As above the respond-once loss function may be separated
into a part that depends only on the pulse content of the interval of
concern. This is done by substituting Eq. 1.5a into Eq. 1.8. The

result is

L =L+L, N (1.9)

where

L = (L )Ny + Ly Ny + L N (1.10)

p~ Im X X FF

In the above paragraphs, loss functions have been introduced
as a means of measuring the performance degradation of the respond-
and-hold and the respond-once decision devices. The basic assump-
tion here is that, in the noisy case, the overall objectives of the
system can be characterized by assigning specific values to the
losses that appear in these functions. Thus, this section concludes
with several important examples that illustrate the role these losses
play in characterizing the system objective.

First, consider the respond-and-hold loss function of Eq. 1. 7.

The most important special case here occurs when LD = LM . In this
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case, the loss function depends only on the total amount of detection
time TD and the total amount of false alarm time TF but not on
the number of detected pulses ND . Thus, this case corresponds
to a decision device that seeks only to respond as long as possible
to each pulse that occurs with no extra penalty for missing a pulse.

It might be noted here that if we also set LT - LT = LT - LT then

D M F C
this loss function provides a measure of the mean square error be-
tween the ideal response function for the noiseless case and the actual
response function. In the following, this loss function is referred to

as the maximum detection time (MTD) loss function.

As a contrast to the MTD loss function suppose that

T T
LD-LM << LD—LM <0

In this case, the system incurs a large gain, -(LD- LM), for each

detected pulse, but only a small gain, -(Lg

amount of detection time. Thus, this decision device seeks to re-

- L'{,I), for the total

spond at least for a short period of time to each pulse that occurs

in order to detect that pulse, but the actual amount of detection time

is not that important.
Next consider the respond-once loss function of Eq. 1.10.
Here, LX is the loss for an extra detection and LF is the loss for

a false alarm. Since both of these outcomes are undesirable, we

may assume that LX’ LF > 0. The case LX > LF corresponds
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to a system that prefers false alarms to extra detections and, if
LF < LX, the converse is true The case LX = LF corresponds
to a system that views extra detections and false alarms as equiva-
lent as is the case in the example of the running counter of Section
1.1.

An important special case of the respond-once loss function
is defined by the condition LX = 0. In this case, the loss function
depends only on the number of pulses that are detected and the num-
ber of false alarms. Thus, this decision device simply seeks to
respond "'at least" once to each pulse that occurs rather than ""once

and only once' as is the case when Lx > 0. In the following, we

will refer to this case as the maximum pulse detection (MPD) case.

1.3 The Free Running Detection Problem

In the preceding section we considered the effect of noise on
the performance of two decision‘ devices that arise in certain pulse
monitoring systems. As a measure of the resulting performance
degradation, a loss function for each device was introduced. In this
study we shall be concerned with the problem of obtaining the decision
devices that are optimum in the sense that they minimize the average
loss. This problem shall be referred to as the free running detection
problem (FRD). In this section, a formal statement of the FRD prob-

lem is presented.

We begin by specifying the decision device input. As discussed



-16-

in the preceding sections, this input consists of a sequence of ran-
domly occurring pulses together with noise. Consider {irst the
pulse sequence itself. In this study it is assumed that each pulse
is identical in shape and completely known except for its arrival
time. These pulses may then be characterized in terms of a signal

s(t, 045 0 ...) defined by

2’

s(t, Oys O R ]Z p(t - oj) (1.11)

where o]. is the arrival time of the jth pulse and where p(t) is the
shape of the pulse with arrival time t = 0. In addition, it is
assumed that the pulses are non-overlapping in the sense that there

exists a number Tp with the property that

o. > 0.+ T for all j 1.12
w1 2 %5+ T, j ( )

and such that p(t) is non-zero only over the interval [0, Tp) . The
number Tp is referred to as the pulse duration. A typical pulse
p(t) and signal sft, 0ys Tgs - .) are shown in Fig. 1.8. It should be
mentioned in connection with the definition of the signal s(t, 0y 0'2)
that we allow p(t) to be zero over part of the interval [O,Tp) . For
example, the waveform shown in Fig. 1.9 is an acceptable pulse
waveform.

To complete the definition of the decision device input it is

assumed that the noise is additive. That is, if the input is denoted
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p(t)

f (a)

(b)

Fig. 1.8. A typical pulse p(t) and signal s(t, Tys O ced)

p(t)

Fig. 1.9. A pulse p(t) that is zero over part of the
interval [0, Tp)
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by x(t), then

x(t) = n(t) + sft, Oys Ogs - ) te[0, T]

where n(t) is a realization of some known stochastic process which

represents the noise in the system. In the following we will also re-
fer to x(t) as the observation and we will refer to the interval [0, T]
as the total observation interval.

Next, consider the output of the decision device. As dis-
cussed in the previous sections, this output is a binary valued func-
tion af(t), a(t) e {0,1}, called the response function. For the respond-
once decision device, we will impose the condition that the number
of responses in the interval [0, T] is finite. That is, it is assumed

that the set of response times,
{t;a(t) =1}

consists of a finite number of isolated points. For the respond-and-
hold decision device, we will stipulate that responses may occur only
over half-open intervals. More specifically, we will assume that the
set of response times can be written as a finite union of disjoint in-
tervals of the form [a,b). In the following, the value of the response
function at a particular time t', af{t'), will often be referred to as

the decision at time t'.

Let us now turn to the description of the decision device itself.
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This device operates in real time to produce the response function
a(t) from the observation x(t). Thus, we may formally consider
the decision device as a function 6 which maps observations x(t)
into response functions a(t). We may incorporate the fact that the
decision device must operate in real time by requiring that 0 have
the property that a(t') can depend only on x(t'") for t" < t'. In
the following we will also refer to 0 as a decision rule.

The basic definition of the FRD problem is completed by
defining the respond-and-hold and the respond-once loss functions.
From Eqs. 1.4 and 1.8, it is seen that the respond-and-hold loss
function is a weighted sum of the six quantities TD’ TM s TC , TF’
ND and NM’ and the respond-once loss function is a weighted sum

of the four quantities, N N N, and N,.. Thus, in order to

F°> "X’ "D M

define these loss functions, it is only necessary to specify how these
quantities are calculated from each response function a(t) and signal
s(t, Oys Ogs - .). To this end, we will classify each possible
decision aft') into one of six different outcomes, a false alarm (F),
a current rejection (C), a detected pulse (D), an extra detection
(X), a missed pulse (M) and a rest (R). It will then be shown that
the quantities that appear in the loss functions can be defined in terms
of these outcomes.

First, define a false alarm and a correct rejection. Now both

of these outcomes occur when no pulse is present. Thus, if we define
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the condition that no pulse is present at time t' by the condition

that t'g{[oj, o5+ Tp) for any JE then:

A false alarm (F) occurs at time t'
iff a(t') =1 and no pulse is present at

time t'

and

A correct rejection (C) occurs at
time t' iff a(t') = 0 and no pulse is

present at time t'

Next, we define the detected pulse outcome and the extra de-
tection outcome. Both of these outcomes occur when a pulse is
present at time t'; that is, when t'e [oj, o]. + Tp) for some o, .
Now, the idea here is to consider the first response to a pulse as a

detected pulse outcome and any other response to that pulse as an

extra detection. Formally,

A detected pulse (D) occurs at time t' iff
a(t') =1 and t'e [oj, 0j+Tp) for some o,

and a(t'") =0 for t"e (o]., t')

and
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An extra detection (X) occurs at time t' iff
at')=1 and t'e[o, 0.+T ) for some o,
] P J

and af(t'")=1 for some t"e (orj, th

Finally, we define the rest outcome and the missed pulse
outcome. These outcomes also occur when a pulse is present. Here
the idea is to define a miss outcome as the decision not to respond
to an undetected pulse at the last remaining opportunity to detect that

pulse. Any other decision not to respond when a pulse is present

will be a rest outcome. Formally,

A missed pulse (M) occurs at time t' iff
at') =0 and t'= 0j+Tp for some o,

and a(t") =0 forall t"e (oj, oj+Tp)

and

A rest (R) occurs at time t' iff

at')=0 and t'e(o, 0.+T_) for some j
or 1 I ¢

at') =0 t' = crj+Tp and af{t") =1 for

some t"e(o, 0.+T )
) ] P

The above definitions are illustrated in Fig. 1.10. The out-
comes associated with the decision times tl, Ce ey t7 are shown

beneath these times.
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s(t, I 02)
01 01-¢»Tp 02 02+Tp
a(t) @ @ °
1 —— ‘ — : + >t
t1 t2 t3 t4=ol+T t4 t5 t6 t7=oz+T
D X R R C R M

Fig. 1.10. The different possible decision outcomes

It remains to show that the quantities ND’ NM, NX and NF
for the respond-once loss function and the quantities ND, NM, TD’
TF’ TC and TM for the respond-and-hold loss functions can be

expressed in terms of the above six outcomes. This is done as

follows. First, set the quantities ND and N.. equal to the number

M

of detected pulse outcomes and the number of missed pulse outcomes
respectively. These quantities are always well-defined, since there
can only be one detected pulse outcome or one missed pulse outcome
for each pulse that occurs, and there can only be a finite number of

pulses that occur in the interval [0, T] . Next, set N and Ny,

for the respond-once device, equal to the total number of false alarm

outcomes and extra detection outcomes, respectively. These quantities
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are well-defined, since a false alarm or an extra detection can occur
only when af(t) =1 and, by definition, the respond-once response

function has only a finite number of responses. Finally, define TD’

TM’TC and TF for the respond-and-hold decision device by:

TD = the total extra detection time

TM = the total rest time

TC = the total correct rejection time

TF = the total false alarm time
It should be emphasized that TD’ TM, TC and TF as defined here
are numerically the same as the TD, TM’ TC and TF of the pre-

ceding section.

In the above paragraphs, we have formally defined the basic
model for the FRD problem. In Chapter II, we will interpret this
model in terms of the general decision theory model and in the re-
maining chapters we will use this theory to obtain optimum (Bayes)

decision rules and to analyze their performance.

1.4 An Intuitive Look at the FRD Decision Device

Since, for the most part, the analysis in this study is of a
formal nature, we will pause at this point to analyze the structure
of the decision device from an intuitive point of view.

We begin by considering the quantities that determine a

particular decision aft'). First of all, note that in general this
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decision depends on the total past observation x(t"), t" < t'. Thus,
it can be expected that the decision device contains a memory for
storing this past observation. In Chapter IV, however, we will show
that, if the noise satisfies a certain independence condition, then it
is sufficient to store a certain density function which can be updated
as time progresses.

Next, consider the dependence of the decision af{t') on the
past decisions a(t"),t" < t'. This dependence is due to the fact
that, if a pulse is present at time t', then the outcome of the deci-
sion a(t') depends on whether or not that pulse has been previously
detected. For example, a response at time t' to the pulse shown
in Fig. 1.11 results in a detected pulse, if at")=0 for t"e(o,t"),
but it results in an extra detection if a(t") =1 for some t" e(o,t").
On the other hand, a decision not to respond at time cr+Tp results
in a missed pulse if a(t") =0 for t"e (o, 0+ Tp), but it results ina
rest if a(t") =1 for some t"e (o, 0+T ).

Since the outcome of the decision af(t') may depend on the
previous decision a(t"),t" < t', it also seems necessary to expect
that the general decision device must contain a memory for storing
these past decisions. But note from the above arguments that this
dependence occurs only if a pulse is present at time t' and then only
through the condition that the current pulse has been previously detec-

ted. Now we may also express this condition if we know only the time
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o t' o+ T

Fig. 1.11. A pulse present at time t'

at which the last response was made. To see that this is so, denote
by 'r:, the time of the most recent response prior to time t'. Then,
from Fig. 1.12, it is seen that, if 7:, > o, then the pulse present
at time t' has already been detected, but, if 7:, < o, then that
pulse has not been detected. Thus, it seems reasonable to conclude
that the general decision device need remember only the time of the
most recent response and not the total past decision history. In the
following, this conjecture is referred to as the most recent response
rule. In Chapter III it will be shown that essentially all decision de-
vices obey the most recent response rule.

We now consider the form of the decision device. In the above
paragraphs, it has been argued that the decision device must contain
a memory for storing the total past observation and a memory for

storing the value of the most recent response function. Now the
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g t'
(a)
)
I ] i t
'r:. t'
(b)
®
$ —p= t
‘T:, t'
(c)

Fig. 1.12. An illustration of the most recent response time
(a) a pulse present at time t'

(b) the case T, > 0
(¢) the case 7{, <o

decision at time t', a(t'), is based on some function of these two

quantities. Let us denote this function by Tt,(x(t”), tr < t'; 7:, )-

Then without loss of generality, we may assume that the decision

a(t') is determined according to

1 i T (xE),t" <t 7,) >0

a(t') =
0 otherwise

It is then possible to characterize the form of the general decision

device as shown in Fig. 1.13.
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Past Observation Most Recent
Memory Memory
x@t") t" <t Te
[}
- a(t')
x(t') ) Calculate ] t N 1 Tt' >0
Tt,(x(t"),t" <th Tt,) = a(t")
0 Tt' <0

Fig. 1.13. The form of the decision device

The intuitive idea behind_ Fig. 1.13 is that the decision device
first filters or smooths the observation by a time varying filter which
also depends on the time of the most recent response. The filter out-
put, Tt' , is then compared with a threshold of zero to determine the
current value of the response function. The operation of this con-
figuration is illustrated in Fig. 1.14 in terms of a typical signal
s(t, Oys Ogs - - .}, a corresponding input x(t), the filter output Tt'
and the resulting response function a(t) for a respond-and-hold de-

cision device.



-28-

s(t, 0y 02)

a(t)

Fig. 1.14. The signals present in a respond-and-hold
decision device with the configuration of Fig. 1.13
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In the above paragraphs it has been argued that the generic
form of the optimum decision device is as illustrated in Fig. 1.13.
This argument is based solely on a consideration of the quantities
that determine a particular decision a(t'). In the next paragraphs
we will draw several conjectures on the character of specific deci-
sion devices based on a consideration of the loss functions.

Consider first the respond- once device. This device seeks to
respond to each pulse that occurs while avoiding false alarms and
extra detections. One way to preclude extra detections and yet still
have the opportunity to detect each pulse is to avoid making more
than one response in any interval of length Tp seconds. (Recall
that pulses are separated by at least Tp seconds.) Stated another
way, the decision device can refuse to respond at time t' regard-
less of the observation if the time of the most recent response 'rf.
is greater than t'- Tp . In the following, this principle is referred
to as the inhibit rule, since any decision device that obeys the inhibit
rule is inhibited from responding for Tp seconds after each response.
The reasoning behind the inhibit rule and the fact that large values of
the loss Lx reflect a strong desire to avoid extra detections suggest

the following conjecture.

Conjecture I. If the loss LX is sufficiently large in relation to LF’

then the optimum respond-once device satisfies the inhibit rule.
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Next, note that if, in fact, a decision device satisfies the
inhibit rule, then the number of extraneous detections NX is equal
to zero, so that in this case the loss does not depend on LX . (See
Eq. 1.10,) Thus, it is also reasonable to conjecture that the struc-
ture of those decision devices that satisfy the inhibit rule does not

depend on L Stated formally,

X

Conjecture II. For each LF’ there exists a L%(LF) such that for
LX > L;)((LF) the optimum decision device satisfies the inhibit rule
and does not otherwise depend on the particular value of LX’
Finally, consider the respond-once decision devices associ-
ated with small values of LX . These values reflect only a mild
desire to avoid extra detections. Thus, it is reasonable to suppose
that the optimum decision device for small LX will not satisfy the
inhibit rule if in so doing it can increase the number of pulse detec-

tions without increasing the number of false alarms. This reason-

ing suggests

Conjecture III. For the optimum respond-once decision devices that

do not satisfy the inhibit rule there is a trade-off between the aver-

age number of detected pulses ND and the average number of extra
detections NX . Moreover, the maximum average ND occurs for

the MPD decision device (WX = 0).

We now turn to the respond-and-hold decision devices. First,
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recall that the purpose of the decision feedback loop in the system
diagram of Fig. 1.13 is to help the device distinguish between an
initial response to a pulse and a later response to the same pulse.
This was seen to be necessary, since the initial response resulted
in a detection, whereas the later response results in an extra detec-
tion. But, note that the loss function for the MDT decision device
does not distinguish between initial detections and extra detections,
since this function does not depend on the number of detected pulses
N,,. Thus, it can be asserted that, in this case, the decision feed-

D

back loop is not necessary. Hence,

Conjecture IV. The optimum MDT decision device does not contain

a decision feedback loop.

Finally, consider the respond-and-hold loss function for

T

which (LD—LM) << (LD

- La) < 0. As mentioned above, this
function places a high premium on the number of detected pulses but
a low premium on the total amount of detection time. A reasonable
procedure for the optimum decision device in this case is to respond
only for short periods of time during the center of each pulse as
illustrated by the response function al(t) in Fig. 1.5. This would
increase the likelihood that each pulse is detected but it would reduce
the amount of false alarm time that might otherwise result from re-

sponding for a longer period of time to each pulse. On the other hand,

this would also reduce the total amount of detection but this is of little
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T
D

Thus, it is reasonable to assume that the effect of increasing the

consequence since the gain for detection time -(L_ - L';:I) is small.

number of detected pulses is to decrease the amount of detection

time. That is,

Conjective V. For the respond-and-hold decision device there is a

trade-off between the average number of detected pulses and the
average detection time with the maximum average detection time
occurring for the MDT decision device.

We conclude this section with an example of an R-H decision
device and an R-O decision device. It will be demonstrated later
that both of these decision devices are sub-optimal by comparing
their performances with the performance of the optimum decision
device. Nevertheless, these decision devices are simple and prac-
tical and, in certain situations, they perform almost as well as the
optimum decision devices.

To define these decision devices, it is sufficient to specify
their test functions T, . For the R-H decision device, we define

t

Tt by

T (x(), t"<t'5 7,) = Cp(xt"), t"<t)-p

where 3 is some prespecified threshold and

tl
C,, (x(t"), t"<t) = [  x(t)plt-(t'-T ))dt
t t"—T p
p
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For the R-0O decision device we have essentially the same definition
except now we enforce the inhibit rule. This is done by setting
Tt' equal to -lel (¢ an arbitrary non-zero number) whenever

-rf, > t'- T . The resulting definition is

" " 1. r
T (x(t), "< t'; 7,)

" T A r ' _
Ct,(x(t ), t"< t)-B T <t Tp
-lel 'r:, >t - T

The engineering significance of these decision devices lies

in the fact that the function C,, can be realized as the output of a

t'
filter that is matched to the basic pulse shape p(t). That is, Ct'
can be obtained by filtering the observation x(t) with a linear time-

invariant filter with impulse response
hit) = p(T -t
(t) = p( p )

Thus, we may realize these systems as shown in Fig. 1.15. In the
following discussion, these decision devices are referred to as

matched filter (MF) decision devices.
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x(t) Matched a(t) = 1 e 2 g —— aft)
—  Filter - ;
0 if ct<B
(@)
x(t)] Matched at) = 1 3 € 2P ___ a(t)
Filter T -
and " <t Tp

(b)

Fig. 1.15. The matched filter decision device
(a) respond-and-hold case, (b) respond-once case

1.5 Historical Remark

To this author's knowledge there is no existing theory for the
free running detection problem. This lack of theoretical results is
probably due to certain mathematical and conceptual difficulties that
arise in carrying out a theoretical analysis. For example, the fact
that different decisions are interdependent makes it impossible to
determine the optimum decision device by considering a single deci-
sion independently of the other decisions.

Nevertheless, in the psycho-physics literature there has been
some attention given to the problem that we have characterized here

by the respond-once decision device. We shall mention only three
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of these references. A more complete bibliography is fouhd in Ref,
3.

The first reference is a paper by Egan, Greenberg and Schul-
man (Ref. 1). This paper serves mainly to define the basic respond-
once paradigm and to present techniques for experimentally evaluating
the performance of the human decision-maker. The second reference
is a paper by Lucas (Ref. 2), In this paper, Lucas introduces essent-
ially the same decision device as the respond-once MF of the preceding
section and he calculates certain bounds on the performance of this
device. The third reference is a paper by Luce (Ref. 3). This paper
assumes that responses occur according to some renewal process and

on the basis of this assumption certain probabilities are calculated.

1.6 Organization of This Study

In Chapter I we introduced the free running detection problem
and formulated several conjecturés on the character of the respond-
once and the respond-and-hold decision devices. In this study, we
will develop the theory for the FRD problem in three parts: (1) the
definition of the basic decision model, (2) the description of the per-
formance for the two classes of decision devices, and (3) the derivation
of the optimum (Bayes) decision devices. As a result, we will be able

to verify the conjectures of this chapter.

The organization of this study is as follows. Chapter I provides



-36-

the basic definition of the FRD problem. In Chapter II we proceed
formally to obtain the basic decision model for this problem as a
special case of the general decision problem. In Chapter III, we de -
velop a procedure for evaluating the performance of different decision
devices in terms of the average rates of detections, detections and
false alarms. This performance characterization is then used to ver-
ify some of the conjectures in Section 1.4. In Chapter IV we analyze
the model of Chapter II to obtain a general recursive description of
the optimum decision rules. Then, some sharper results are derived
under the assumption that the observations are conditionally indepen-
dent. We also verify Conjecture IV of Section 1.4 in this chapter. In
Chapter V, we turn to the computer to obtain a description of certain
optimum decision rules and to evaluate numerically the performance
of these decision rules as well as the performance of the matched filter

decision devices. Chapter VI summarizes the results of this study.



CHAPTER II

THE MATHEMATICAL MODEL FOR THE

FREE RUNNING DETECTION PROBLEM

The analysis of any problem involving the making of decisions
requires precise definitions of many things. First of all, the nature
of those entities for which decisions are desired must be known. For
example, in the detection of randomly occurring pulses, it must be
possible to characterize all of the pulse sequences that may occur.
Also, it is necessary to be able to express any prior knowledge re-
garding these pulses such as the rate at which they are occurring.
Secondly, | one must know precisely what kind of decisions are to be
made. That is, is a typical decision a statement of the form "a .
pulse is present at the current time' or is it a statement of the form
"the pulse present at the current time arrived at time to" ? Third-
ly, one must know precisely what information is available on which
to base these decisions and how this information is statistically re-
lated to the unknown quantity. Lastly, one must have a criteria by
which to judge the "quality' of different decision procedures.

In most decision problems the above quantities can be speci-
fied in a fairly straightforward manner without resorting to a formal
mathematical structure. But, in contrast to most decision problems,

the FRD problem is quite complex. Moreover, it involves the use of

-37-
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certain concepts not usually found in most of the classical decision
problems. For this reason, we shall call on the formal theory of
decision-making to provide a theoretical basis for the mathemati-
cal model. The first section of this chapter reviews the basic
elements of decision theory. The remainder of the chapter is

devoted to interpreting the FRD problem in terms of this theory.

2.1 Basic Elements of Decision Theory

In this section we introduce the basic elements of decision
theory. The definitions introduced here closely parallel the develop-
ment found in Chapters I and II of Ref. 4.

To begin, consider the triple (.,d, ©, L(,+)). The first ele-

ment of this triple,ﬂ, is known as the action space. It is the set
of all possible actions or decisions available to the decision-maker.
The second element, O, is the state space. It is the set of all pos-
sible states of nature that are of interest to the decision-maker.
The third element, L(-,-) is the loss function. This is a real-
valued function defined on the product o x ©. These elements have
the following interpretation. A state, 8¢ ©, unknown to' the decision-
maker, is in effect. The decision-maker chooses an action ace 54
and then incurs a loss given by L(a, 9).

The objective of decision theory is to provide the decision-

maker with some rational rule for choosing an action, a e.}f, sSo as
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to incur a small loss. To assist in this choice, the decision-maker
is allowed to observe some quantity that is statistically related to
8. Let X denote the space of all of these possible observations.
The decision-maker then observes an observation xe X and on the
basis of that observation he chooses an ae.#. The rule governing
the choice of ae . for each xe X is known as the decision rule
employed by the decision-maker. Formally, the decision rule, 9,
is a mapping from X to & . The statistical dependence of xeX
on 4 is provided by the family of probability measures {P(dxl 8);
8 ¢ ©} which are assumed to be known.

We are now in the position to present the formal definition of
a decision model.

A decision model is a triple (Jf, O, L(-,-)) coupled with a
random experiment which consists of an observation space X
and observation probabilities {P(dx[9); 6 €O }.

A solution to a decision problem is a decision rule be ),
where @ is the set of all functions from X to & that are

measurable with respect to P(dx16) for each 6€©.

It should be mentioned that, in the above definition of a decision model,
the action space & must be a measurable space so that the definition
of & as a measurable function makes sense.

In a given decision problem, it is desired to obtain a deci-

sion rule which satisfies some specific criterion of optimality. One
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such criterion of optimality is the Bayes criterion. The procedure
used to obtain a decision rule that is optimum in the Bayes sense is
known as the Bayes procedure and the resulting decision rule is
known as the Bayes decision rule. In the bulk of the work which
follows, we shall be concerned with Bayes decision rules.

To investigate further the notion of Bayes optimality, it is
necessary to introduce two additional entities. The first of these is
the prior probability law. The prior probability law, II(-), is a
probability measure defined on the state space © (© must now be
considered as a measurable space), with the interpretation that
I1(d9) represents the decision-maker's "subjective feelings', prior
to the observation, as to which state of nature @8 is in effect.

The second concept needed for the Bayes procedure is the
Bayes risk. This is defined as follows. First, recall from above
that the loss function L(-,-) is a real-valued mapping one x ©.
The space & x0O canbe interpreted as a measurable space since
both & and © are measurable spaces. If we now require that L
be a measurable mapping into the real line, then, for each &€ @,
the mapping L(6(x), 8) is a measurable mapping defined on Xx0O.
With this provision we define the Bayes risk r(5) of the decision

rule 6 with respect to the prior probability law II(-) as

r(0) = E{L(0kx), 9))
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where the expected value is taken with respect to the joint measure

defined by
P(dx, do) = P(dxl9) II(d9)

We are now in a position to define the Bayes decision rule 60.

Specifically, a decision rule 50 is said to be Bayes with

respect to II(-) iff

r(®®) = inf  r(5)
6D
The number r(ﬁo) is referred to as the minimum Bayes risk. It
should be mentioned in passing that, although, in a given decision
problem, a Bayes decision rule may not exist, the minimum Bayes
risk always exists.

Before proceeding, it is desirable to introduce some addi-
tional notation. In applying the Bayes procedure it is often neces-
sary to take the expected value with respect to different probability
laws. Which law is intended can be conveniently denoted by writing
underneath the expected value operator the random variables involved.

As examples, E denotes the expected value with respect to

X, 0
P(dx, dg), EI 5 denotes the expected value with respect to P(dx16)
X
and E denotes the expected value with respect to II(d9). We then

6
have the well known identities
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where of course

P(dx) = [ P(dx,dé)
)

and

P(do Ix) = P(dxllzad)xl)](de)

To provide an example of the above definition and to intro-
duce some techniques and results which are useful later, we have
cast the well known classical detection problem in the notation of the
general decision model. This is done in Appendix A. The remain-
der of this chapter is devoted to interpreting the FRD problem in

terms of the general decision model.

2.2 The Action Space

The action space is the set of all possible actions available to
the decision-maker. In Chapter I it was seen that we can identify
these actions with response functions aft). Thus, in general, we

should take the action space for the FRD problem to be the set of all



-43-

binary valued functions satisfying the definitions of Section 1. 3.

To deal directly with such an action space, however, intro-
duces certain mathematical difficulties in determining the Bayes
decision rule. To circumvent these difficulties we will follow a
strategy that is common in problems that deal with the continuum.
Specifically, the action space will be further restricted to response
functions that allow decisions to be made at only a finite number of
equally spaced decision times. It is then reasonable to expect that,
as the separation between the allowable decision times becomes
small, the resulting Bayes solution will closely approximate the
solution obtained from an unrestricted action space.

We proceed with the definition of the restricted action space.

To begin, define the set of allowable decision times & by

T = {ti;ti=iA, i=1, ..., N} 2.1)
where the decision time separation A and the number of decision
times N are related by

A = T/N (2. 2)

Now denote the value of the response function at time 1:i (the deci-

sion at time ti) by a, . That is

a (ti) = a,
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Then we define the action space for the respond-once decision de-

vice to be those functions af(t) such that

0 t (T
a(t) = (2.3)
ai ted

and we define the action space for the respond-and-hold decision de-

vice to be those functions a(t) such that
a(t) = a; te [ti—l’ ti) (2.4)

An example of a typical respond-once response function and a typical
respond-and-hold response function appears in Fig. 2.1.

The technical advantage of the above definitions lies in the
fact that a response function for either the R-O case or the R-H case

may be represented by the binary N-tuple
a = (al,az, ey Ay, a e {0,1}

Thus, we may characterize the action space for either case as the

set of all such N-tuples,
o = {5’ =@y, -..ay);age {0,1}}

- -
Henceforth, an element a € & will be referred to as a response vec-

tor. The response function a(t) associated with the response vector
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a(t)
@ ) @
f———— - .- — \ .« s e — —t—

0t t, g tier 4 tier Yo tn-2 tn-1 INTT
(a)

a(t)

0t t 1Y tior 4 e tieo tN-2 tN-1 INTT
(b)

Fig. 2.1. Typical response functions
(a) respond-once response function
(b) respond-and-hold loss function

a is obtained from either Eq. 2.3 or Eq. 2.4 depending on the case
at hand.

We conclude this section with a discussion of the significance
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of the decision time sepé.ration A . First, it should be noted that
for a fixed pulse duration, Tp, A determines the number of de-
cision opportunities available to detect each pulse. For example,
suppose T and Tp are fixed and A = 'rp/z . Then, any pulse
that occurs covers two allowable decision times, so that the deci-
sion-device has two opportunities to detect each pulse. On the other
hand, if A is decreased to Tp/4, then each pulse covers four de-
cision times so that now there are four opportunities to detect each

pulse. These cases are illustrated in Fig. 2.2.

l‘—Tp'——'l

/l\l l
ti+1 ti+2 ti+

(a)

1
t; 3

i Yer Yie2 Y43 Yisd Yies Yise

(b)

Fig. 2.2. The number of decision opportunities per pulse;
(@) A = 'rp/z (b) A = Tp/4
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In the light of the above comments, it is reasonable to expect
that the performance of the decision-device should improve as the
number of decision opportunities per pulse increases. Indeed, this
is shown to be the case in Chapter IV. Thus, it is not the absolute
durations of A and Tp that are important but rather the ratio of
these quantities since this ratio gives the number of decision oppor-
tunities per pulse. To simplify the following analysis we shall
assume that A is only allowed to take on values such that the num-
ber of decision opportunities Tp/A is integer valued. We will de-

note this number by m = Tp/A .

2.3 Parameter Space and Prior Probabilities

As discussed in Chapter I, the signal present at the input to
the decision-device consists of a train of non-overlapping, randomly
occurring pulses. In this section we shall make this notion precise.
This is done by means of a probabilistic description of the arrival
times of the individual pulses. This description is then used as a
basis for defining the parameter set © and the a priori probability
law on II(dg).

To begin we recall from Section 1.3 that a signal is repre-
sented as a function

N

Y
s(t,ol,..., oN)= Z p(t—oi)
p i=1
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This representation can be interpreted as a mapping which identi-

fies signals with sequences of arrival times Ops Ogs =vey Opp -
Therefore, it is possible to answer probabilistic questions coI:lcern-
ing the presence of pulses, if we have a probabilistic description of
the arrival times. In the discussion which follows we will obtain
such a description.

The theoretical basis for the probabilistic description of the
pulse arrival times is found in the theory of renewal processes. We
shall pause briefly to review those aspects of renewal theory that are
of interest here. Formally, any sequence of positive,independent,
identically distributed random variables, {17?} , can be used to de-
fine a renewal process. The random variables n; are known as
inter-arrival times. Physically, m represents the elapsed time

between the (i-1)st event and the ith event. The arrival times, oj )

are related to the inter-arrival times, ni, by
o = 5o
L =

An important concept in renewal theory is the concept of the

arrival rate. Let Np(ol, ...) be the number of arrivals in the in-

terval [0, T] . Then the arrival rate is defined as

E[N ]
r (T) = TP (2.5)
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In general rp(T) depends on T . In fact, the fundamental result of
renewal theory, the renewal theorem, states that under suitable con-
ditions, rp(T) ~ (E[T,] 7l as T = x. However, in some situai—
tions, it is desirable to deal with processes for which rp(T) does

not depend on T . A renewal process with this property can be
obtained by allowing the arrival time to the first event, s to have

a distribution different than ;5 i> 1. The resulting process is then

known as a "'delayed’ renewal process. Specifically, if the cumula-

tive distribution function for s F_ (1), is redefined by

U

F () = — f17 [1-F_ ()] du (2. 6)
L E[n,] "0 Ty

then the resulting ""delayed' renewal process has the rate

1
rp(T) = m (2.7)
A more comprehensive discussion of renewal processes
along with precise statements and proofs of the above facts can be
found in Chapter XI of Ref. 5. We shall now apply these concepts to
obtain a probabilistic model for the pulse arrivals.
The simplest renewal process is the Poisson process or the

"No Memory Waiting Time' process. This process is characterized

by the fact that the inter-arrival times are exponentially distributed.
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It is the Poisson process which is usually used to describe the
notion of "randomly occurring events'.

The Poisson process shall be modified in two ways to obtain
the model for the pulse arrival times. The first and simplest modi-
fication will be to incorporate the provision that the pulses be non-
overlapping in the basic Poisson process. This is accomplished
simply by translating the density of the arrival time T units in
time. Thus, the density of the inter-arrival times fﬂ.(n) shall be

i
defined as

OB (2.8)

! -a(n-T )
L ae p n>T

This density is illustrated in Fig. 2. 3.

fni(")

> 7]
T
p

Fig. 2.3. The density of the ith inter-arrival time

The second modification to the Poisson process will be to

redefine the density of the first arrival time, fn (n), so as to obtain
1
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a delayed process with a constant rate.

This modification is made for two reasons. First, it greatly
simplifies the mathematical model to deal with signals whose pulses
are arriving at a rate independent of T. The second reason is
more subtle. In all ordinary renewal processes, with the single ex-
ception of the (unmodified) Poisson process, the time origin takes on
a special significance. Physically, this significance. can be interpre-
ted in the following way. If the pulses can be considered as being
generated by some device, then the ordinary renewal process de-
scribes the pulse arrivals as if the generator were turned on at
time t = 0. When this is the case, the process appears to "'evolve"
beginning from the time t =0.

The evolution of the ordinary renewal process can be seen in
terms of the behavior of the random variable Vi known as the resid-
ual waiting time. Specifically, \f: is the time elapsed from the cur-
rent time, t, to the next pulse arrival. Now, for an ordinary

renewal process, the distribution of v, depends on the specific time

t
t. It is well known, however (Ref. 5), that as t - x the distribu-

tion of Vi approaches a limiting distribution, thus indicating that the
process has reached a "'steady state''. Moreover, it can be shown
that the limiting distribution of Vi is precisely the distribution of
the random variable ™ in the delayed renewal process. This fact

allows one to interpret the delayed renewal process as a renewal
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process which began at time t = -x, or, stated in other terms, as
a renewal process which has reached its '"steady state''. Thus, the
inclusion of the second modification assumes that the decision-
maker knows only that the pulse generator was turned on in the far

distant past and that the pulses are occurring at some constant rate
r .
p

In summary, the pulse arrival times will be assumed to be
defined by the delayed renewal process with inter-arrival times

{ni} . The density of T i> 1, is given by Eq. 2.8. The density

of 7y can readily be determined from Eq. 2.6. The result is

r 0 n <O
_ -1
fnl(") _ﬁ (Tp+(a )) 0 <9< Tp
L('rp+(a'1))" exp [-atn-T)] T <7 (2.9)

The pulse rate rp is determined from Eq. 2.7. Specifically,

T +aly’
r = p+a

p (2.10)

Before proceeding to the description of the state space, we
shall present a "discretized" version of the above process. Phys-
ically, this amounts to restricting the pulse arrivals to occur only

at regularly spaced points on the time axis. To be more specific, we
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divide the time axis into equal intervals of length v = Tp/q for
some fixed integer q. Then it is assumed that pulses can arrive
only at the times ti =iv.

To obtain the probability law in the discrete setting, we ap-
peal to the fact that randomly occurring events are described by
geometrically distributed inter-arrival times. Thus, in analogy to
the continuous case, the probabilities of the inter-arrival times Uy
i> 1 will be defined as

0 i<a
Pr(n, = jv] = (2.11)

al"9(1 - a) i>q

This probability law is illustrated in Fig. 2.4.

L1 |I|||||Il|llﬂn

v 2v

@-1)v |-
qv
(@+1)q

Fig. 2.4. Discrete inter-arrival time probability law
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The probability law for the first arrival uN will be defined as

0 i<o
Pr[n1 =jv] = [q+ :3./(1—21)]-1 1<j<q (2.12)

[q+a/(-a)] 1al" ¥l g <

It is shown in Appendix E that with {ni} as defined above the rate

rp is constant and equal to

r, = [[a/(1-a)]u+'rp]'1 (2.13)

We turn now to the definition of the state space © and the
prior probability law II(d6).

In the beginning of this section it was shown that the signals
s(t) can be identified with the pulse arrival times iy Ogs =+
Therefore, we might take the set of all possible sequences of arrival
times as the state space O . Then, the prior probability law, II(dd),
would be defined directly in terms of the delay renewal process. How-
ever, this would introduce the following difficulty. At each allowable
decision time ti € g’, the decision-maker is concerned with whether
or not an undetected pulse is present at time ti . The difficulty lies
in the fact that the events of this kind are difficult to express direct-
ly in terms of the arrival times or inter-arrival times. It would be

far more advantageous to have a description of O in terms of N-

tuples, 6 = (64, -, 8), where 6, is defined so as to express
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the prior information relevant to the decision- maker at the time
t e I . In the next paragraphs, the state space © is constructed
in terms of random variables 9i that have this property.

The random variables Gi, i=1, ..., N are defined in
terms of the pulse arrival times {oj} . Specifically, for i=1, ...,
N, we define

o]. - (ti - Tp) if some oje [ti - Tp, ti)

6. = (2.14)
Tp otherwise

These random variables are well-defined since we have assumed that

o].+1 > oj + Tp so that it is not possible for more than one pulse to

arrive in the interval [ti- Tp, ti) . We might also point out that this
definition assumes that the signal sft 5005 <o e Oy ) is defined over
the interval [—(Tp- a), T] . d

The above definition of Bi is interpreted with the help of Fig.

2.5. Here it is seen that, if a pulse arrives in the interval [ti- Tp, ti),

Fig. 2.5. The relation of 6. to a pulse arriving in

the interval [t,- T ,t.)
i pi
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then 9i gives the time at which that pulse arrives as measured from
time ti - Tp . Note that when a pulse is present at time ti’
b€ [0, Tp) . On the other hand, if no pulse is present at time t.,

then Bi = Tp . Thus, the range of the random variable Oi is Oi =

[0,T,] -

With the above definition at hand we may define the state space
O as the set,

© = {7 = (64 «- GN): BieOi=[O,Tp]}

These definitions are illustrated in Fig. 2.6, which shows a typical

pulse sequence and the resulting values of § = (61, cee, BN) .

For the above definition of © to be valid, we must be able

to represent the signal s(t,0;,0,, ..., 0,0 ) interms of 9. To
p

show that this is possible and to establish a result for later use we

will prove that

N

s(t,5) = Z\, I (ei) p(t- (0i+ti-Tp)) (2.15)
=
T {e,€[0,2))
We proceed as follows. Suppose that 0435 0gs +=+ Oy denote the
p
arrival times of the pulses in sft, 01509y + s Oy ). Consider the

p
jth pulse, arriving at time Uj . This pulse is contained in the interval

[oj, oj+ Tp) and no other pulse may also arrive in this interval. Let

i* be the largest integer such that the decision time tu- T  isless
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s(t, o s Ogs ced)

limulliltltlanllnHm;nl -

01 02 03 tN
(a)
94
lllllllll..lllllllllllllllll.iIJII111111|I1L|.l|l|
tN
(b)

Fig. 2.6. An illustration of §

(a) a typical pulse sequence
(b) the corresponding value

of 5=(91, ce e BN)

than or equal to oj as shown in Fig. 2.7. From this figure it is

clear that the interval [oj, or].+Tp) contains only the m decision

times

tirem-10 o bix

The random variables associated with these decision times are

. 0

9 . L .
i*+m-1’ i*

B J

iA



- 58-

Bi*+m-1 —
0 ix
Bi,;-
] ] 1
b toTp ti*/-Tp o g i -
B Tp ti"‘+1“Tp = Yeim-1

Fig. 2.7. The definition of i*

Also from Fig. 2.7 it is clear that the only one of these random var-
iables that takes on a value in the interval [0, A) is 0,4+ Thus, the
only contribution from the jth pulse to the sum in Eq. 2.15 is the i*th

term,

1 (ei*) p(t - (04 + - Tp))
{Bi*e [0, &)}

+t., -

But this term is equal to p(t- oj) since by definition oj = 0% + bk

Tp . Since this reasoning applies for all of the pulse arrivals 012 995
-y Oy Eq. 2.15 is verified.
p
The remaining task in this section is to specify the prior

probability law II(d6). This law is obtained as that induced from

the delayed renewal process by the transformation of Eq. 2.14. The
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computations involved in obtaining II{(d8) are for the most part
tedious and uninteresting and for that reason they are left to Appen-
dices B and D. The main result of these computations is that for
both the discrete and continuous pulse arrival time cases, the induced
probability law, II(d8), is a stationary Markov probability law on the
random variables 61, ceny BN . In Appendix B, II{(dg) is shown

to be Markov. Inthe continuous case, the conditional cumulative

distribution function F(cklck-l) = Pr[ek <e 10y 1 = ck-l] is

given by
f‘
0 c< Cr_1 ™ (Tp- aA) )
-a(c-(c, ,+T -4))
k-1 "p -
‘ 1-e ck-1+Tp A< c<Tp ck_le[o, A)
)
\1 TpS ck
{ 0 c< ck_1 - A
F(clck_l) = : ck_le[A,T
1 ck-l— AS
(0 c<T -A
ﬁ -a(c - (Tp-A))
1-e T-4<e¢<T ck'_1=Tp
. T c
1 pS
\
(2.16)

This function is illustrated in Fig. 2.8.
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F(clc, ;)
_
(a)
S .
T -A ck_1 Tp
F(c! ck—l) F(C|ck_1) _
- P——

Y

(b) (c)

Fig. 2.8. Conditional cumulative distribution function F(c! ck-l)

(a) Cro1 € [0, 8), (b) 1€ [4, Tp), (c) Chroq = Tp

For the discrete case it must be assumed that the decision separation
time, A, can be divided into an integral number of intervals of length
V. If this number is denoted by s = A/v, then in the discrete case

the conditional probability law is given by



f
0 ¢ < j+q-s )
< (1-a) af’(j+q-s) j+q-s < < q > je {0, , s-1}
S-j _
La ¢ =q 2
0 { £j-s
4 < jf {S: M Q'l}
1 ¢ =j-s
|
(" )
0 ¢t < g-s
{ (1-a) aﬂ-(q-s) g-s <2 < q} i=aq
a® 2 =q (2.17)
4
L \

This function is illustrated in Fig. 2.9.
In Appendix D the Markov law for II(d6) is shown to be sta-
tionary. Inthe continuous case, the unconditional cumulative distri-

bution for Qk’ k > 1 is given by

e(T + @1 ce[0,T)

Pr(o, < c] = (2.18)

and in the discrete case



- 62-

Pr[9k=ﬁulf)k_1=ju]
1
. o ] | | || |l | > (U
(g-s+j)v qv
(a)
Pr[9k=£v|9k_1=ju] Pr[6k=2V|9k_1=jV]
1
¢ o o e fV Lo oo ||||“||| —
(i-s)v qu (q-s)v jv fv
(b) (c)

Fig. 2.9. Conditional probability law P(ek = ﬂv|6k_1 = jy)

@) je {0, ..., s-1}, (b)je{s, ..., q-1}, (c)j=q

[q+a/(1-a)] ! te {0, ..., q-1]
Pr[9k=£u] =

(a/(-a)) [q +a/(-2)] ! ¢ =gq (2.19)

Both of these probability laws are seen to be uniform for eke [0, Tp)

with a jump at Bk = Tp
It has been shown above that the prior probability law II(d6)
is expressed in terms of discrete probability laws and cumulative

distribution functions. In the later chapters it will be of great value
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to be able to express both of these probability laws in terms of den-
sities. For this reason we will introduce a concept which is com-
mon in mathematical statistics, specifically, the generalized density.

The theoretical basis for the generalized density is the Raydon-

Nikodym theorem.

Theorem (Radon-Nikodym). If w, u are two measures de-
fined on the measurable space (Y, ) such that w is
absolutely continuous with respect to p (written w << pu),
and p is o-finite, then there exists a function p:Y - R

such that for any measurable set AeB s

w(A) = & p(y) w(dy)

The application of this theorem that is of interest here is due to the

fact that if w is a probability measure, then
Pr[A] = w(A) = .& P(y) p(dy)

so that the function p(-) has the usual property of a probability den-
sity. In this setting, the function p(:) is commonly referred to as

the generalized density of the probability law « with respect to the

measure p and is often written as p(y) = w(dy)/u(dy). A more

comprehensive discussion of the generalized density can be found in

Ref. 6.



In Appendix C we apply the above ideas to obtain generalized
densities for the prior probability law II(d6). Definitions of abso-

lute continuity and o-finite measures are also found there.

2.4 The Observation Space and Real Time Decision Rules

In this section we specify the observation space and the struc-
ture of the decision rules for the FRD problem.

The observation space, X, is considered first. This space
is the set of all possible observations that may occur together with
a family of probability measures {P(dx!6); 8 ¢e ©}. Now from Chap-
ter I it is recalled that the FRD decision device observes a waveform
that consists of a train of pulses immersed in additive noise. Stated
more formally, it has been assumed that some noise process,
n = {n({t);tef[0, T]}, defined on some appropriate probability space
(R, &, P), is specified and that the observation x consists of a

realization of that process plus some signal s(t;8), 6 ¢ © . That is,
x{t) = n(t)+ s(t, 0) 0 eO te[O,T] (2.20)

This equation defines for each 6 ¢ © a stochastic process x =
{x(t); te[0,T]}, on (R,H,P). Now the viewpoint to be adopted
here is as follows. For each we £, x(t,w) is a real-valued func-
tion defined on [0, T], so that the stochastic process x can be
viewed as a mapping from the space (R, %, P) to the set of real-

[0, 7]

valued functions defined on [0, T], R Moreover, it is possible
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to define a o-algebra, B, of subsets of IR[O’ T] so that the map-
ping x can be considered as a random variable taking values in
IR[O’ T] . Thus, for each 8¢ ©, we may speak of the probability
measure PG (dx) as that measure induced by the transformation of
Eq. 2.20. We may then take as the observation space X, the space
(IR[O’ Tl,%’) and we may define the family of conditional probability

measures {P(dx!60);6e©} by P(dx!8) = P_(dx). Further details

6
on this point of view can be found in Chapter 12 of Ref. 6.

The observation space X defined in the above paragraph is
the set of all the observations x(t), te[0, T]. This space shall be
referred to as the total observation space and an xeX shall be re-
ferred to as a total observation. Now in the FRD model,decisions
are made at each of the decision times ti e J. Since each of these
decisions is based only on the observation up to time ti , we must
also be able to speak of the observation x(t), te[0,t. ) This can
be done in the following straightforward way. For a given set of
allowable decision times & = {t.; t, =iA, i =1, ..., N), consider

1 1

the intervals [ti-l’ ti)' These intervals partition the interval [0, T).
For each i =1, ..., N, we can consider the stochastic process

= {x(t);te [t1 1, } . An observation space X.1 can be defined
for X in precisely the same manner as above. This ol;)servation

space shall be referred to as the space of current observations and

an x e X, as a current observation. In addition, we can define the



- 66-

observation space
- i
X. =X, x...xX = II X
i 1 i . i
ji=1
This observation space will be referred to as the space of observa-

tions up to time ti and an observation

=

X; = (xl, ce ey xi)es'}-fi

will be referred to as the observation up to time ti .

The probability distributions for X, and ;i have the obvious
definitions in terms of the noise process n and the definitions of
x; = {x(t); te[t, ,,t.)} and X; = {x(t); te[0,t,)} . A few proper-
ties of these distributions which will be of use later might be men-
tioned at this point. First, it is easily verified from Eq. 2.15 that

for te[O, ti), s(t, ) can be written as

i-1
st,9) = ]ZJI ST p( . (9].+tj-Tp))

+ 1 ) p(t- (6, +t, - Tp))
{6,¢[0,T))

tel0, ti)

so that for te[0, ti), s(t, #) and thus x(t) depend only on b'l =

(61, ceey Bi) . Therefore, P(d;ile) depends only on Ei' By the
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same reasoning it can be concluded that for te [ti-l’ ti), s(t,8) can

be written as

st,8) =1 (6, p(t S0+t - 'rp))
(0,1 €[0,T))

+ 1 () p(t- (0 +t, - Tp))
(6 €[0, 4))
toeft, 1ot (2.21)

Thus, P(dxile) = P(dxi| Bi, Bi-l) .

The remainder of this section is concerned with the decision
rule 6. The decision rule & is a mapping from the observation
space X to the action space . Inthe general decision problem,
nothing more need be said about the structure of the decision rule.
In the FRD model, however, it is assumed that the decisions are

made in real time. This assumption imposes a special structure on

the decision rule 5.

To investigate this structure, consider a decision time ti e J.

At this time the decision- maker either responds, a; = 1, or he
doesn't respond, a, = 0. But since the decisions are to be made in
real time, the decision- maker can base this decision only on the in-
formation which has become available up to time ti . This informa-
tion is of two kinds, the observation up to time ti’ ;i’ and the

knowledge of what responses have already been made, 'a'fi = (al, ..
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Therefore, the decision at time ti can be a function only of ;{i and
;i . This function will be denoted by 61 and referred to as the com-

ponent of the decision function 6 at time ti . We then have a; =

-

bi(xi, ai) . The total decision rule 6 is defined as the N-tuple

*?

6 = (61, 6N) . It should be emphasized in connection with this

definition that in order to specify a; at some time t. by a, = 6(5?1, z-fi),
the past decisions 5.’1_1 must have already been specified.

2.5 The Loss Function

It is recalled from Section 2.1 that the loss function is a map-
ping of pairs (a, §)eexx© into the real numbers. The interpreta-
tion here is that if the decision- maker chooses the response vector
ace and if the parameter vector feO isin effect, then a loss
L(a, d) is incurred. Now, in Section 1.3, two loss functions, a re-
spond-and-hold loss function and a respond-once loss function, were
defined. In this section, these loss functions will be expressed in the
notation of this chapter. It will be seen that both of these loss func-
tions can be described in terms of a single canonical form.

We begin by expressing the six basic cutcomes defined in Sec-
tion1.3 interms of 2 and § . First it is recalled that these out-
comes depend on the following conditions: whether or not a response
is made at time ti’ whether or not a pulse is present at time ti’
and whether or not a pulse, present at time ti, is detected prior to

time ti . Now, by definition, a response is made at time ti if a; = 1,
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and no response is made at ti if a, = 0. Furthermore, a pulse is
present at time ti if o i€ [0, Tp) , and no pulse is present at time
ti if Bi = Tp . Thus it remains to find an expression for the condi-
tion that a pulse present at time ti is detected prior to time ti.

To accomplish this, define the most recent response function

T i=1, ..., N as follows. Suppose that at time tie I responses

have been made at the times t < tr < ... < tr < ti. Then

r
1 2 {
define the value of the most recent response function at time ti by

trﬂ - (=T trﬂ € (- Tty

0 if trﬂ £ (ti- Tp, ti)

The interpretation of this function is as follows. If no responses
occur in the interval (ti- Tp, ti) then 7= 0. On the other hand, if
at least one response occurs in this interval, then T specifies the
time of the most recent response as measured from ti- T . This
case is shown in Fig. 2.10. The past responses are denoted by
crosses.

To apply the above definition, note that if a pulse present at
time ti is detected prior to time t.l, then a response must have oc-

curred after that pulse has arrived (see Fig. 1.11). Thus, we must

have
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. t
i'p 2-1 ry

Fig. 2.10. The definition of the most recent
response function

Fig. 2.11. A previously detected pulse

or

trﬂ - #-T) > o- t;-T))

or finally
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Conversely, the condition that a pulse present at time ti is not de-

tected prior to time ti is equivalent to the condition,

7. < 6

i i

With these observations at hand we may immediately write
down the definitions of a false alarm, a correct rejection, a detected
pulse and an extra detection in terms of a and § from the corres-

ponding definitions in Section 1. 3.

A false alarm (F) occurs at time ti iff

a, = 0 and g. = T

A detected pulse (D) occurs at time ti iff
a, =1, 6.¢[0,T ) and 7. <96,
i i p i— i

An extra detection (X) occurs at time t.1 iff

a, =1 6.¢[0,T) and 7.> 6,
i i p i i
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To carry over the definitions of a missed pulse and a rest, note that
the condition that time ti is the last decision opportunity to detect

a pulse present at time ti is equivalent to the condition 8 i € [0,4).
(See Fig. 2.12.) Thus we must replace the statement t, = 0+ T
in the definitions of Section 1.3 by the statement Gie [0,A). The

resulting definitions for t, < ty areas follows.
A missed pulse (M) occurs at time ti iff
a, = 0, i =0 and Gie [0, &)
A rest (R) occurs at time ti iff

a. =0 and Gie[A,Tp)

a. =0 and 'ri>0 and Bie[O,A)

L

~ e

Fig. 2.12. The condition that time t; is the last decision
opportunity to detect a pulse present at time ti
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The terminal time tN =T requires special consideration since if
ay = 0, any pulse present at time tN that has not been previously

detected will be missed.
A missed pulse occurs at time tN iff

=0 < 8, 6.€[0,T
AN NS Oy One[0 Ty

A correct rejection occurs at time tN iff

ay=0 ™= Oy ONE [0, Tp)

The above definitions of the six basic outcomes are illustra-
ted in Fig. 2.13 below. The outcome associated with a particular
decision time ti is shown beneath that time.

Next it is shown that both the respond-once and the respond-
and-hold loss functions defined in Chapter I can be written in terms
of a single canonical form. First, consider the respond-once loss

function. According to Eq. 1.10, this function is given by

L = (LD-LM)ND+LXNX+LFNF

where it is assumed that

Lp<Lys; Lg>0 and Lp>0

In the remainder of this report it will be convenient to normalize
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> t
% % 3
(a)
2]
S T RN RN RN JN N N S N [ U [ N TN [ N S NS N N v i | > i
(b)
1

Fig. 2.13. An illustration of the six basic events
(a) a typical pulse sequence,

(b) the corresponding values of .,

(c) a typical response vector and the

corresponding decision outcomes

and
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this loss function by dividing through by LM— LD. The resulting

loss function can then be written as

L = WX NX+WF NF- ND (2.22a)
where

WX = /(LM D) > 0 (2.22b)
and

WF = L /(L D) > 0 (2.22c)

Next, consider the respond-and-hold loss function. From

Eq. 1.7,
~ T T T T
L = (LD—LM) ND+ (LD—LM) TD+ (LF-LC) TF
where
T T T T
LDSLM, LD< LM and LF< LC

First, it is necessary to relate TD and TF to ND’ Nx and NF.
To do this, note from Fig. 2.14 that, if it is assumed that the pulses

can arrive only at discrete times and that these times are also deci-

sion times, then
TF = A NF (2.23a)

and
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T, = ANy + Np) (2.23b)
s(t, 0)
- { { { + { -t $ } $ -
a(t)
A-| |-—

b : ; : 3 | | | 4 .
C C R D X C F F R D

detection time false alarm detection

= 2A time = 2A time = A

Fig. 2.14. The relation between T
N

NX’

D and NF

D’

It might also be pointed out that if the pulses are allowed to arrive

continuously, then Eq. 2.23 still holds approximately, providing A

is small. In either case, we will substitute Eq. 2.23 into Eq. 2.22a

to write the loss function as
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T T T

~ _ T _ _
L = [(LD LM) + A(LD LM)] ND + A(LD LM) NX
T T
+ A(LF - LC) NF

Finally, this function is normalized by dividing through by LM- LD

+ A(Ll\’Id‘ - L']I;) . The resulting respond-and-hold loss function is

L = WX NX+WF' NF- ND (2. 24a)
where
w _ qT T ) T .T
W, = (Lp- Ly /[(LM Lp) + ALy - Lp)] (2. 24b)
and
w oo T _ T i T T
W' = (L - LC)/[(LM L)+ ALy - L)) (2. 24c)

In the above paragraphs we have shown that both the respond-
once and the respond-and-hold loss functions can be written in terms

of the single canonical form

L = WXNX+WFNF—ND (2.25)

Thus, for the purpose of analysis we can work with the loss function

of Eq. 2.25. When it is necessary to interpret this function in terms

X

WF' or to Wx” and WF” depending on whether the decision device

of a specific decision device, set W, and WF equal to WX’ and
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is a respond-once or a respond-and-hold decision device.

It might also be pointed out here that we may distinguish be-
tween the two cases by whether or not Wy > 0. Thatis, itis
easily concluded from Eqs. 2.22 and 2.24 that the respond-once
decision devices are associated with values of WX > 0 and the

respond-and-hold decision devices are associated with values of

WX satisfying

The special case WX

device and the special case WX = -1 is the maximum detection time

= 0 is the maximum pulse detection (MPD)

(MDT) device.

To complete the definition of the loss function it is necessary
to find expressions for NX’ ND and NF interms of a and § .
To this end, we appeal to the definitions of the extra detection out-

come, the detected pulse outcome and the false alarm outcome.

From these definitions it is clear that

N
Ny @,5) = 121 I(7,a,0) (2.26a)
{a;=1, 0,<m, Bie[O,Tp)}
_ N
N @, 7) = R (7, a5 0)) (2.26b)

i= _ _
{ai—l, 9i2 T Bif [0, Tp)}
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and
N @&, 7) = 121 I (a6, (2.26¢)
{ai=1, -9 i=Tp}

where I.B(G) denotes the indicator function for the set B. We may

then substitute these expressions into Eq. 2.25 to obtain

L(@,8) = § L.(7,2,,6) (2.27a)
i=
where
Li('ri, a, f) = WF I (a.l, 6 i) + WX I (-ri, a,, 6 i)
{ai=1, 6 i=Tp} {ai=1, 9i< T 6 i€ [0, Tp)}
-1 (Ti, ai’ 8 i) (2.27b)

{ai=1, 04 > Ty 0¢€ [0, Tp)}

This completes the derivation of the loss function for the FRD prob-

lem.



CHAPTER III

THE PERFORMANCE OF FRD DECISION DEVICES

In Chapter II we introduced the mathematical model for the
FRD problem. In Section 2.1 of that chapter the Bayes procedure
was introduced as the means of obtaining optimum decision rules.
This procedure is useful primarily because it has the advantage of
being applicable in any decision problem where it is possible to char-
acterize the losses and the prior knowledge.

The Bayes risk r(d) canalso be used to compare the quality
of suboptimum rules. Specifically, if &' and &' are two decision
rules, then &' is saidto be '"better than' 8'' if the Bayes risk
r(6') is less than the Bayes risk r(6'') . This means of comparing
performance, however, has one major drawback. Namely, it loses
meaning if the losses and the prior probabilities are not held constant.
For example, in classical detection theory it is possible to find two
decision rules &' and 0', where §' is the optimum Bayes rule for
a particular set of losses and prior probabilities, 6'' is suboptimum
for a different set of losses and prior probabilities, but yet r(6'') <
r(8') .

What is needed is a means of comparing the performance of
different decision rules which is independent of the specific losses

and prior knowledge. In classical detection theory, this is done in

-80-
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terms of performance sets and ROC curves. Inthis chapter we will

develop an analogous characterization for the FRD problem.

3.1 A Review of Performance in Classical Detection Theory

In classical detection theory, two numbers PD and PF ,
the probability of detection and the probability of false alarm, are
calculated for each decision rule. These numbers are plotted as a
point (PF, PD) in the unit square. The locus of all points corre-
sponding to all possible decision rules is known as the performance
set. Through the notion of the randomized decision rule it can be
shown that the performance set is convex. Moreover, it contains
the points (0,0) and (1,1), the former corresponding to the re-
ceiver that never responds and the latter corresponding to the re-
ceiver that always responds. Since this set is convex, it also con-
tains the line segment connecting these points. This line segment
is usually referred to as the chance diagonal. An additional property
of the performance set is that it is symmetric about the point (1/2,
1/2) . That is, if (PF, PD) is a point in the set corresponding to
a particular decision rule, then there is a decision rule, known as
the antipodal decision rule, whose performance plots as the point
(1- Po, 1- PD) . A typical performance sst is shown in Fig. 3.1.

A criterion of performance can be defined in terms of the per-

formance set as follows. Specifically, a decision rule corresponding
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Fig. 3.1. A typical performance set for the classical
detection problem

to the point (P%, Pb) is said to be 'better than' a decision rule cor-
responding to the point (P}, Pi‘)) if the point (P!, Pb) lies to the
left and above the point (P'l;, Pi')) . That is, if P‘F SP;, and Pb > Pi:').
It is quickly recognized that the "best' decision rules are those cor-
responding to points on the upper boundary of the performance set.
This upper boundary is referred to as the optimum receiver operat-
ing characteristic (ROC). One of the main results of classical
detection theory is that the ROC is actually contained in the perfor-
mance set, so that, in fact, the best decision rules do exist. A
more comprehensive discussion of these concepts can be found in
Ref. 8 .

In classical detection theory, the Bayes procedure can be

interpreted in terms of the performance set in the following manner.
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Recall from Appendix A that the Bayes risk of a decision rule & can

be written as

r(6) Pr [SN] (LD - LM) PD + Pr[N] (LF - LC) PF

+ (Pr[SN] L,, + Pr[N] Lo)
or
Vg
P = Sre P - [r(0) - (Wy + Wo/Ly)] (3.1)
where
Wg = (Lp - Lg)/(Ly - Lp)
Wy = Ly/(Ly - Lp)s W = Lo/ (Ly - L)
and

L, = Pr[SN]/Pr[N]

In the unit square this equation plots as a line with slope WF/L0

and intercept

r(6) - (LM + LC/LO)

c(d) = - (LM ~ LC)

The Bayes decision rule 50 is then characterized by the point
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0
F)

illustrated in Fig. 3.2.

(P P(I))) that supports the Bayes risk line of Eq. 3.1. This is

P Bayes Risk Line

c(6°)

Fig. 3.2. The geometrical relation between the Bayes rule
and the performance set

3.2 Performance Sets for the FRD Decision Rules

In the preceding section, it was seen that, in classical detection

theory, the performance set is defined in terms of two probabilities,
PD and PF . Since FRD decision devices also make detections, false
alarms and in addition extra detections, it might seem reasonable to
define the performance set in terms of three probabilities, PD’ P

and PX . The difficulty here, however, is that these probabilities

F

now depend on the decision times ti . This is easily seen to be the

case by considering the decision device that does not respond at the
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decision times ti , for i even. For this device, PD, PF and PX
must be zero at these times, since a detection, a false alarm or an
extra detection can occur only if the device responds. Thus, in
general, we must associate sequences of probabilities to the FRD
decision rules.

The difficulty in dealing directly with sequences of probabilities
can be avoided by dealing instead with the rates at which the pertinent
events occur. This approach will be followed here. In this section,
we first define the rates of the various events‘. Next, we investigate
the relations that exist between these rates. Finally, we define two
performance sets, one for R-O decision devices and one for R-H
decision devices, in terms of certain '""mormalized rates."

To begin, we define the rate of the event 3, where B denotes
one of the six events: false alarm, detection, extra detection, rest,
correct rest, or miss. Recall from Section 2. 5 that Nﬁ(ﬁ(x) , 8)
denotes the number of times the event 3 occurs when the observa-
tion is x, the decision rule 6 is used, and the pulses are described
by 6. Now, the rate of the event 3, denoted by rB(é) , is the
average number of times the event 3 occurs per unit time. Thus
we have the definition

E [Ng6(x), 0)]

x, 6

rB(G) = (3.2)

T
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An alternate form for this definition can be obtained by sub-
stituting the expressions for NB(G(x) ,8) given in Eq. 2.26 in

Section 2.5 into Eq. 3.2. Then,

N
E |) 1 (a,6)
x, 0 |j=1 U
’ {a.=1, 9.=Tp}
re(8) = ] ] PJ
T
N
2, E [T (a0
j=1 x,8 -1 =T
_ {aj , 6. p}
T
or
N Prl[a=1,6=T ]
re(d) = ) ] P (3. 3a)
j=1 T
Similarly,
N Prla=1,7, <6.;06.€[0,T )]
= P
r(8) = ) 1-1 (3. 3b)
D j§1 T
and
N Prla=1,7.>6.;6.¢[0,T )]
r (8 = Y ) 1 1) P (3. 3¢c)
X =1 T

Thus, in general, rB(é) can be expressed as



6) = 'LT— (3. 4)

where

PB

j = Pr[event B occurs at time tj] .

B

It should be emphasized that P]. is not the same as the correspond-

ing P, in classical detection theory. For example, PIJ.) is the proba-

B
bility that a detection occurs at time t]. whereas PD is the probabil-
ity that a detection occurs given that signal is present.

Next, we investigate the relation that exists between the dif-
ferent rates. To this end, note from Fig. 2.13 that at any decision
time that is not covered by a pulse either a false alarm or a correct

rejection occurs. Thus, if NN(G) is the number of decision times

in the interval [0, T] that are not covered by a pulse, then

NL(6 (x),6) + N (6(x),8) = Ny(6) (3.5)

Furthermore, at any decision time that is covered by a pulse, either
a detection, an extraneous detection, a rest or a miss occurs. Thus,
if Ng(@) is the number of decision times in the interval [0, T] that

are covered by a pulse, then

Np(®(),6) + Ny(0(9,0) + Ng(0(x),0) + N6 (),6) = Ngl6)



-88-
Now, recall from Eq. 1.5 that

ND(G (x),0) + NM(6 (x),0) = Np(b) (3.7)
If Eq. 3.7 is substituted into Eq. 3.6 the result is
Ny (x),6) + Np(6 (x),0) = Ng(6) = N(6)  (3.8)

Finally, divide Eqs. 3.5and 3.6, and 3.8 by T and take expected

values to obtain

rp + o =Ty (3.9a)
Iy + Tp = TIg - rp (3. 9b)
Ip + Ty = rp (3.9c)

The significance of Eq. 3.9 is as follows. Each decision de-
vice 0 is completely characterized by the six rates rF(é ), rc(b ),
rD(6 ), rM(6 ), rx(b ), rR(é ). Now if rp, ry and rg
then the right hand sides of the above equations are constant. Thus,

are fixed,

the performance of each receiver can be completely specified by the
three rates rD(b ), rF(é) and rx(ﬁ ).

Y and N
can be removed in the following way. First, note from Appendix E

The dependency of Eq. 3.9 on the numbers rp,

that
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Pr(6 [0, Tp)]
I‘p = T (3. 10a)
P
Pr[o, = Tp]
I‘N = m T (3.10b)
p
Pr(6.¢[0, Tp)]
rg = m T =m rp (3.10c¢)

p

Here Prlf,,e¢ [O,Tp)] and Pr[6. = Tp] are the prior probabilities
of the events "a pulse arrives in an interval of length Tp" and ''no
pulse arrives in an interval of length Tp", respectively. Now make

the following definitions:

"
-3

Cod
~
-

l:I'D = rD/rp RX

RM = rM/rp RR = rR/rp

Rp = rF/(rN/ m) = r./[Pr[6 =Tp] /Tp]

R = rC/(rN/m) rc/[Pr[Gsz]/Tp] (3.11)
Finally, substitute Eq. 3.11 into Eq. 3.9. The result is

Ry + Ry, = 1 (3 12a)

Ry+ Ry = m-1 (3.12b)
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RF + RC = m (3.12¢)

These equations depend only on the number of decision opportunities

per pulse, m. The quantities R_ in Eq. 3.11 will be referred to

B
hereafter as the normalized rates of the events 8 or, if it is clear
from the context, as simply the rate of the event 3. These normalized

rates can be interpreted as follows. The rates r r., and r

D’ X’ '™ R
are rates of events that occur when a signal pulse is present. Thus,
RD, Px, RM and RR are the results of normalizing these rates by
dividing through by ry = Pr[0 ¢ [O,Tp)] /Tp. On the other hand, the
rates T'e and ro are rates of events that occur when no pulse is
present. Thus, R_ and R, are the results of normalizing r_ and

F C F
ro by dividing through by rN/m = Pr(e (= Tp] /Tp.

B
N Py

lim r = lim m

N-c B N—-o Li=1
We now define the performance set for the respond-once de-
cision devices. As in classical detection theory, we should like the
performance set to characterize the performance of all of the pos-
sible R - O decision devices. From Eq. 3.12 it is seen that this
can be done by specifying for each device & the three rates, RX(G ),
RF(G ), and R.D(G ). Thus, we shall make the following formal

definition.
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The performance set .?(m) is the subset of

R*® defined by

Fm) = {(yl, Vg y3) e R® ; there exists a decision rule

6 €@l(m) with Ry(6)=y;, Rp(6)=y, and
RD(5)=Y3}

We shall sometimes refer to .g’(m) as the image of the set of de-

cision rules 9(m) and to a point

as the image of the decision rule 6.

The performance set g)(m) is most aptly suited to the respond-
once decision devices, since, for these devices, the quantities of
interest are RX, RF and RD In dealing with the respond-and-hold
decision devices, however, we should like to relate these quantities to
the average detection time and the average false alarm time. This
can be done as follows. Define the normalized detection duty D

D

and the normalized false alarm duty D_, by

F

E{T_./T
__Enym

D ~ E] Tg/ T}

and
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E{TF/ T}

D = g TN7T}
Now recall from Eq. 2. 23 of Section 2. 5 that

TF=ANF

and

Tp = ANp + Ny)

Also, note that by employing the same reasoning used to obtain

Eq. 2.23, we may write

= AN
TS S
and
TN = ANN

Now, substitute for TD,and T

S into the equation for DD to

obtain
E{A(ND + N/ T}

E{a Ny / T}




or finally

1
DD = (RD + RX)

with the last equality following from Eq. 3.9. Next, substitute for

TF and TN into the equation for DF to obtain
E{a NF/ T}
D =
F E{a NN/ T}
_IF
™~
I N !
B (rN7 m)| m
or finally
N
F m

Now the point to be made here is that if we have the perform-

ance point,
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then we can associate with this point another performance point

by the transformation

]

D) = (Ry(6) + Ry(6))/m (3.13)

DL(6) = R(6)/ m

R(6) = Rp(5)

Thus we can also define the performance set for the respond-and-

hold decision devices, #(m), either by the definition
&F(m) = {ye R® ; there exists a & ¢@f(m) with
D®) =y;, Dgd) =y, and Ry(6) = yg}

or as the image of g(m) under the transformation of Eq. 3.13. In
either case, we will hereafter refer to the performance sets Sp(m)
and .?,}(m) as the respond-once performance set and the respond-

and-hold performance set, respectively.
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3.3 Some General Properties of the Performance Sets

In this section, some general properties of the performance
sets g{m) and jm) are developed. First some simple bounds on
these sets are derived. Next, a notion of randomized decision rules
is introduced to insure that g)(m) and .Sz('m) are convex. This con-
vexity is then used to extend the notion of a chance diagonal to the
FRD problem. Next the relationship between the performance of a
given decision device & and the performance of the "inverse' anti-
podal decision device is determined. Finally, we verify the "'most
recent response’’ rule introduced in Section 1. 3.

We first show that the set g)(m) is contained in a triangular
shaped wedge in the positive quadrant of [R’. That Fm) lies in
the positive quadrant is immediately evident from the fact that, by
definition, rB(é) is non-negative and, hence, Rﬁ(é) is also non-
negative. Furthermore, from Eq. 3.12 it follows that fp(m) must

lie in the rectangular volume.

0_<_Rx_<_ m-1

0< Ry <1

The final result appears in the following theorem and its corollary.
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Theorem 3.1 The performance set .?(m) is contained in the

region defined by

0< Rp < m (3.14)

0 < Ry < (m-1)

and Ry/(m-1) < Rp < 1

Proof. From the above remarks, it is only necessary to show

that

X <ry

We reason as follows. An extra detection cannot be covered by a
pulse that is not detected. Furthermore, any pulse that is detected
cannot cover more than m-1 extra detections. Thus, N

X
(m-1) ND . Dividing by T, taking the expected value, and then

<

normalizing yields the desired result.

Corollary 3.2 The performance set y(m) is contained in the region.

0< Dy<t (3.15)

0< D

IN
[y

F

i /
D, < Ry < min(1, D, m]
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Proof. The result follows immediately by applying the linear
transformation of Eq. 3.13 to the triangular wedge of Theorem 3. 1.

The regions of Theorem 3.1 and its corollary are illustrated

in Fig. 3.3.
RAD
1
m
’ Rp
m-1
» n
Ry D
A
1
\
\
\ 1
—» D
1
Dp

Fig. 3.3. The region containing g7(m) and Sﬂm)

Next we show that the performance sets are convex. In clas-
sical detection theory, this is accomplished by introducing the no-
tion of the randomized decision rule. The same idea can be ex-
tended to the FRD problem. The physical interpretation is as fol-
lows. Suppose that 6' and 6" are two decision devices. Further,

suppose that, before a decision device is to be put into operation, we
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perform a random experiment with two outcomes, say "A'" and ""B',
with probabilities p and 1-p respectively. If the outcome "A" is
observed, we use &', and, if the outcome 'B'" is observed, we use

6". Then, the p-rate for the randomized receiver & is

E[N,(6(x),6) lﬁﬁ'] p + E[N_(6(x),6) |5=6"] (1-p)
B T

It

I‘B(G') P+ rﬁ(ﬁ") (1-p)

Dividing through by the proper normalizing factor, yields

RB(G) = R (6') p + RB(G") (1-p) (3.16)

B

From Eq. 3.16 we obtain the desired theorem and its corollary.

Theorem 3.3 The performance set $(m) is convex.

Proof. It is recalled that a set S is convex, if, given any two

points a, be S, the line segment
ap + b(l-p),p ¢ [0,1)

is in S. Now, we have shown that, given any two decision de-

vices 6' and &' with images

R(') = (R (6", Rg(6"), Ry0")

and
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RG") = (Ryf6"), Rg(6"), Ry(6"))
in Mm), there exists a decision device & with image
R(') p + R(@") (1-p)

in #Am). Since this holds for all p e [0,1], it follows that

F(m) is convex.

Corollary 3.4 The performance set mm) is convex.

Proof. The set ﬁm) is obtained as the image of ,ff(m) under
the linear transformation of Eq. 3.13. Thus, the conclusion
follows, since the image of a convex set under a linear trans-

formation is convex.

The convexity properly can be used to extend the notion of a
chance diagonal to the FRD problem. The procedure is basically
the same as that followed in classical detection theory. First, con-
sider the decision device that never responds. Since a detection, a
false alarm or an extraneous detection can occur only if the de-
cision devices respond, we have rp =T = Tx
RD = RF = RX = 0. Hence, the point (0, 0, 0)e 97(m).

Next consider the decision device that always responds. For

= 0, and thus

this device, r, =r =

c "R~ ™

rests and misses occur only when the device does not respond. Thus,

= 0, since correct rejections,
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RC =RR =RM = 0 and by Eq. 3.12 RX = m-1, RF = m and

R, = 1. Thus, the point (m-1,m,1) eg)(m).

Finally, consider the decision device that responds every
mth time. Its performance is determined as follows. First, note
that since each pulse covers m successive decision times, each
pulse must cover one and only one decision time at which a response
is made. Thus, N_ = N_ and N, = 0. It follows that R_D =1

D P X

and RX = 0. Now, r_ is given by

F

Prla, =1, 6§, = T ]
r =Z i i p
F . T
i=1

But, if i # m, a, = 0 so that Pr[ai =1, @,

=T ] = 0. On the
1 p

other hand, if i = m, then a, =1 so that Pr[ai =1, 6, = Tp]

= Pr[6, = Tp]. It then follows that,

(N/m) Pr[o, = Tp]

F NA
Pr[6. = T ]
- 1 p_
B T
Y
= rN/m
so that by Eq. 3.11
R_ =1
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Thus, the receiver that responds every mth time has the perform-
ance point (0,1,1).

The convexity theorem can now be applied to the performance
points (0,0,0), (0,1,1) and (m-1,m,1) to obtain additional points
in ._(p(m). By Theorem 3.3 every point on the line segments con-
necting these points must be in g{m). Moreover, by convexity,
every point in the segment of the plane bounded by these lines and

segments is in .7,.}(m). (See Fig. 3.4.)

Fig. 3.4 The randomization between the performance
points (0,0,0), (0,1,1) and (m-1,m,1)
The segment of the plane shown in Fig. 3. 4 can be inter-
preted as follows. First, note that every point on the line connec-

ting the points (0,0,0) and (m-1,m,1) can be obtained by
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randomizing between a decision device that always responds and a
decision device that never responds. Thus, this line has the usual
property of a chance diagonal. Next from the remarks preceeding
the statement of Theorem 3.8 in Section 3. 4, it is clear that,
among all decision devices that have images in the RX = 0 plane,
the decision device with image (0,1,1) responds as often as pos-
sible. Thus, the line connecting the points (0,0,0) and (0,1,1) has
the usual property of a chance diagonal. Finally, it is noted that
any other point in the segment of the plane illustrated in Fig. 3.4 can

be obtained by randomizing between points on the lines.

(0,0’0) p + (0’1,1) (l-p) p € [0’1]
and
(0;0’0) p + (m-lam,l) (l-p) pE€ [0’1]

Thus, the segment of the plane shown in Fig. 3. 4 can be inter-
preted as a "'chance plane' for the performance set .%m). The

equation of this plane is easily seen to be
RX+R.D-RF=0 (3.17)

A chance plane for the performance set g’(m) can be ob-
tained by applying the transformation of Eq. 3.13 to Eq. 3.17. The

resulting chance plane is then given by

D.-D_=0 (3.18)
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The segment of this plane that is contained in .?(m) is illustrated

in Fig. 3.5.

Ry

T

(1/m.1/m,1)

(1,1,1

(0,0,0) D

Fig. 3.5 The chance plane for .?(m)

Next we investigate a cértain relationship that exists be-
tween the points in mm) and .@(m). To begin, it is recalled that,
in classical detection theory, the antipodal decision rule 5% of a
decision rule § 1is the decision rule that responds only when &
does not respond, and conversely. This idea can be extended to

the FRD problem as follows. For a given decision rule

6 = (65,00, )
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define the antipodal decision rule, 6 a, by

=0y, ) 5N)
where
. 1 if 6i (xl, al_l) =0
5, (5:’.1, E{i_l) = {
0 if 5, (x, a_,) =1

The interpretation here is that 6 a responds at those times that 6
does not respond and fails to respond at those times that 6§ responds.
The performance of the antipodal deciéion rule &2 is related

to the performance of 6 by the following theorem and its corollary.

Theorem 3.5 If 6% is the antipodal decision rule for %,

then

RF(ba) = m - Rp(6) (3.19a)

|

Rp(6%) + Ry(6?) = m - [R(6) + Ry(6) ] (3. 19b)

Proof. Fix the decision device 6, the observation X and the

pulse sequence 6, and let Nr (6(x), 6) be the number of re-
N
sponses that occur at the decision times that are not covered by

a pulse. Similarly, let Nr (6(x), 6) be the number of responses
S
occurring at decision times that are covered by a pulse. Then it

follows immediately that,
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N, (6(,0) = NE(o(x),0)

and

N, (000,0) = Np(0 (),6) + Ny(660), )

Now the antipodal device 52 responds at those times that 6 does

not respond at and vice versa. Thus,

NrN(aa(x),e) Ny(©) - N, (60),0)

and

Nrs(ﬁa(x),e) Ng(@) - N, (60, 0)

Combining the above equations results in

NL(6%(x),8) = N (6) = NL(6(x),0)

and
ND(Ga(x),G) + Ny (67(x),6) = Ng(6) - (ND(G(X),G) + Nx(é(X),e))

Dividing by T, taking expected values and normalizing vields

Eq. 3.19. This completes the proof.

Corollary 3.6 If 6% is the antipodal decision rule for &,

then

a
DF(5)=1-D 6)

g
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a
DD(6 )=1- DD(6) (3. 20b)

Proof. Eq. 3.20 follows immediately from Eq. 3.19 by the
transformation of Eq. 3. 13.

The above theorem and its corollary have an interesting

geometrical interpretation. To see this, we first combine Egs.

3.19a and b to obtain

Ry (6%) + R(6) - RL(6")

- - (6) + R.(6) - R_(5) (3. 21)
Rx Rp F

Next, it is noted that the plane defined by
Ry + By - Rp=¢

is a plane parallel to the chance plane and located at a normal dis-
tance of ¢ away from the chance plane. Thus it is evident from
Eq. 3.21 that the two points R(67) and R(8) are located on opposite
sides of the chance plane and at equal distances from the chance
plane. Precisely the same reasoning can be used to conclude that
the two points D(Ga) and D(5) are on opposite sides of the chance
plane for ﬁ(m) and at equal distances from that plane.

This section is concluded by strengthening the most recent

response rule. Recall that it was conjectured in Chapter I that it
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is sufficient to consider only decision devices that depend upon the
previous decisions only through the time of the most recent re-
sponse in the interval (ti-Tp,ti)- This conjecture is now shown to
be true in the following sense. Given any point in the performance
set, &F(m), there is a decision device that obeys the most recent
response rule and that has that point as its image. Formally, we

have the following theorem.

Theorem 3.7 If (Y¥,,Vq,V,) € F.(m), then there exists a
1°72°°3 T

o = (61,..., 6N) € &Z{m) such that V; = Rx(é), Vo = Rx(f,)

and Y3 = R.D(b) and

6,(x;, a;_y) =0,(x;, 7)

where Ti is the most recent response function of Section 2. 3.

The proof of Theorem 3.7 is found in Appendix F.

3.4 The Inhibit Rule and the Ry = 0 Plane

In Section 1. 4 we introduced the ROMF decision device.
This device responds if the output of a matched {filter exceeds a
fixed threshold 3 and if no responses have been made at any of the
previous m-1 decision opportunities. This last condition is im-
posed to insure that no extra detections result. We have called
such a condition the "inhibit'' rule. In this section, we investigate

decision devices which obey the inhibit rule.
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Before proceeding, the notion of the inhibit rule must be
made more precise. In Appendix F it is shown that the component
bi of any decision rule &6 can be expressed in terms of a response
set Ai(xi-l’ -ri) . Specifically,

1 if X, € Ai(xi-l’ Ti)

0 if X, 4 AX 1 Ti)

The interpretation of the response set Al()?i_l, 7,) is that for
;i-l and T3 fixed, Ai(;i-l’ Ti) is the set of current observations,
X; € X.l , for which the decision device responds at the decision
time ti' Now, the condition T3 > 0 is equivalent to the condition
that at least one response has been made within the last m-1
decision times. Thus, if the probability of the set Ai(;i-l’ Ti)

for ;i—l fixed and any pulse configuration §, is greater than zero
for T3 > 0, then the decision device is allowed to violate the in-

hibit rule. Therefore, for a decision device to satisfy the inhibit

rule,we must have

Pr[Ai(xi-l’ Ti)‘xi-l’ Bi] =0 for 75 >0

This probability depends on all the past observations ;i-l and
all the possible current pulse configurations 6 i Mathematically

speaking, it is only reasonable to require that this probability be
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zero except perhaps on subsets of 5(.1_1 X Gi of probability zero

with respect to P(dx -1 de i) . It is common practice in measure
theory to indicate that a certain proposition holds, except perhaps

on subsets of measure zero with respect to a measure p, by
appending to the statement of that proposition the symbol [p], which
is read ""almost everywhere with respect to . ' If we follow this
convention here, then the formal definition of the inhibit rule is as
follows.

The decision rule § satisfies the inhibit rule iff for i = 1,

2,..., N

de )]

Pr(A,(x,_;, T)| -18]=0for 7. >0 [P(dxl A

(3. 22)
The significance of this definition is easily seen from Eq. Fl.b
in Appendix F. Specifically, if 6 satisfies the above definition then

the probability of making an extra detection at time ti ,P}i( , 18

m
L J J  Plax, 1x11, )] P(dx._,|6,)| P(de)
p Xl"l Al(xl‘l ’ JI—JA)

.
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since

J P, X,_;, 6) =0 [PX_,,

de )]
Ai(xi- 1 Ti=]A)

Furthermore, from Eq. 3.4 it follows that RX = 0. Thus, the per-
formance point for a decision device that satisfies the inhibit rule
lies completely in the R‘X = 0 plane.

The main result of this section is that, under relatively
mild conditions on the family {P(dx/9); 8 ¢ ©} , the converse state-
ment holds. Namely, the only decision devices with images in the

RX = 0 plane are those that obey the inhibit rule.

Theorem 3.8 Suppose for all i

-—

[P@X, .,dd ]

g < ~
Pldx; (%;_4,0y) >> Plx|x,_4,0;=T i-1°%%

)
p
Then, given any performance point in the RX = 0 plane of
F(m), there exists a decision device that satisfies the inhibit

rule and that has that point as its image.

Proof. It is desired to show that given any performance point

in $(m) with Rx(é) = 0, then the response sets for the de-

cision device & satisfy
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f P(dxilxi-l’ei) =0 for i=1,..., m-1

- (3. 23)
Ay 1 7=38)

except perhaps on a set A Cfi-l X G)i with zero probability. Now
suppose it can be shown that Eq. 3.23 holds except perhaps on a
set AlCii-l x[O,Tp) with zero probability. Then, since, by
hypothesis, P(dxi |xi_1 ,0 i) >> P(dxi Ixi-l’ 6 .= Tp) [P(dxi-l’

do )], we have

Thus, it is sufficient to verify Eq. 3. 23 up to subsets of proba-
bility zero contained in X i-lx[O’Tp) . The proof is by contra-
diction. Suppose there exists some je{l,..., m- 1} and some

set BCX, ,x[0,T ) with
i-1 p

J Pax;,ds) > 0
B

such that

- -~
f (Pax;(x_q,6) > 0 for  (x
A(xi_1 , Ti=]A)


jXj_j.fi
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Then it follows from Eq. F1.b in Appendix F that

RX(6)>P > J 1) plaxix_;,0 )| Pax,_ 16.)fds,)

[0,T » xJ A, (X, ..—]A)

-1 -1

Moreover, by the definition of Ai(;i-l’ 7= jaA) in Appendix F,

]
B C X 1% [O,Tp) so that

J S| pexE 60| PeR |6 | me)
3
[0’ Tp) Xl."' 1 Al(xl- 1? Ti—] A)
= J J Pexx,_j.60| PEx_;,de))

) - .
1 x[O,Tp) Ai(xi-l’ ‘i_JA)

> [ | Pax x_,0)| PEx_,,d6))

1
B Ai(xi_l, Ti= A)

> 0

Thus, RX > 0 which contradicts the assumption that 6 has
its image in the RX = 0 plane. This completes the proof.
As a corollary to the above theorem, we may strengthen

Theorem 3. 5 for those decision devices that satisfy the inhibit rule.
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Theorem 3.9 Under the hypothesis of Theorem 3. 8,if 6 satis-

fies the inhibit rule and if m>1, then the antipodal decision

device, 67, has the image

R (67) = m - Rgl6)
Rg(6%) = m-1 - Rp(6)

RL(6%) =1

Proof. Since & satisfies the inhibit rule, the responses must
occur no more-'frequently than every mth decision time. There-
fore, the antipodal decision device cannot make no-response
decisions ;tny more frequently than every mth decision time.

Hence, every pulse that occurs must be detected. Thus

N, (6%(x),06)

Np(G)
80 thatr
R.D(ba) =1

Substituting R.D(ba) =1 and Ry{6) = 0 into Eq. 3.19 gives

the desired result.
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3.5 Optimality and ROC Surfaces

In this section we borrow the idea of the ROC curve from
classical detection theory and apply this idea to describe the optimum
performance of the FRD decision devices. The result is two ROC
surfaces, one for respond-once decision devices and one for respond-
and-hold decision devices.

The procedure used to define the ROC surfaces is in complete
analogy with classical detection theory. We first define a concept
of "better than' in terms of the performance sets and then we use
this concept to define the ROC surface as representing the ""best"
possible performance.

Consider first the respond-once case. The basic idea here
is to say that one decision device is ""better than' another if on the
average it detects more pulses without making more false alarms
or extra detections. More precisely, we will say that §' is better

than 6" iff

Ry(6") < Ry(6")

R.(6") < Rp(6")
RD((S') > RD(b")

To obtain a geometrical interpretation of this definition we define the
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“inner quadrant it the point z'" as the subset QZl C R by

i 3.
QZ—{YE 'Rsyls Zl’ Y2< 22’ Y3> 23}

Then, it follows from the above definition that the set of performance

points that are better than the point
R(®") = (Ry(6"), RE(6"), Ry(6"))

is the set

i
QR(G n) n y

Such a set is illustrated in Fig. 3. 6.

Fig. 3.6 The set of performance points better than R(5")
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We will now define the respond-once ROC surface to con-
sist of those points that represent the best possible performance.
From the above figure it is clear that R(6'") represents the best
i
R(bn)
upper surface that is closest to the RX = 0 plane. But, this

possible performance if Q is just touching that portion of the

occurs when the point R(6'") is the only point in Q;{(ﬁ,,) N &.
Thus we have the definition:

The respond-once ROC surface A P(m) is the set
. ={ye R ; Q'n m) =
\p {y ; Qy N Fm) = {y} }

A typical respond-once ROC surface is shown in Fig. 3.7.

Fig. 3.7 A typical respond-once ROC surface

We treat the respond-and-hold case in the same way except
now we deal with the performance set F(m). The underlying idea

here is to say that one decision device is "better than' another if it
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detects more pulses and has more detection time but less false alarm

time. That is, we will say that 6' is better than 6" if

DD(6 > DD(6 ")

D(6") < Dg(6")

Rp(6") > Rp(6")

The geometrical interpretation of this definition is now expressed
in terms of the "outer quadrant at the point z', This is the set

Q° defined by

— 3.
QO—{YE|R ’y1>zl’ YZSZZ’ y3>z3}

It then follows that the set of performance points that are better

than the point
D(") = (DL6"), D(6"), Ry(6"))
is the set
Sy "

An illustration appears in Fig. 3.8.
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RD ,
A Lo’ -
0 N
Q D(ﬁ")
\
; D(6")
/
Y4 -
!
DF

Fig. 3.8. The set of performance points better than D(5'")

The respond-and-hold ROC surface is the set of the best per-
formance points in ﬁ(m). In the same manner as before, this set
is seen to consist of that portioﬁ of the upper surface of j; that is
farthest from the DD = 0 plane. The formal definition of this

surface is as follows.

The respond-and-hold ROC surface A'?‘Z is the set

A.S; ={ye IR’ ;an P =1y}

A typical respond-and-hold ROC surface is shown in Fig. 3. 9.



-119-

Fig. 3.9 A typical respond-and-hold ROC surface

As an application of the ideas of this section we will obtain
a result on the effect of increasing the number of decision oppor-
tunities per pulse, m, on the performance. Specifically, it is shown
that the performance gets better, or at least gets no worse, if m
is doubled. This result follows from the fact that the ROC sur-
faces are contained in the upper boundaries of the performance sets

and from the following theorem.

Theorem 3. 10

&F(m) C F2m) (3.23a)
Fm) ¢ Pem) (3.23b)

Proof. Since the performance set F(m) can be obtained from
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the performance set G(m) by the transformation of Eq. 3.13

it is sufficient to prove only Eq. 3.23a. This is done as follows.

It is desired to show that given any decision rule & ¢ @(m) with
performance point R(5) € &(m), there exists a rule ' e &(2m)
with the same performance point. To show this, define

8' = (8,"y 8y",--0, Oy") bY

i i(- »") i even
6'(,") =
0 i odd
Now, note that if J is the set of decision times for decision

rule in 9(2m), then I can be written as

VE {ti = iA; i even} U {ti = iA; i odd}

But, the set {ti = iA; i even} is precisely the set of decision
times for decision rules in @(rﬁ). (See Fig. 3.10) Since o'
responds iff & does for t, {ti = iA; i even} and never responds
for t, e{ti = iA; i odd}, it follows that the rates Ry, Rp, Ry

must be the same decision rules. This completes the proof.



-121-

S -
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—

Fig. 3.10. The relation between the decision time for
decision devices in &(2m) and Z(m)
(a) the decision times associated with ¢f(m)
(b) the decision times associated with 24(2m)

3.6 Optimality and the Bayes Decision Rules

In classical detection theory the performance of the Bayes
decision rules is geometrically related to the ROC curve by the
fact that the Bayes risk line intersects the ROC curve at the point of
optimum performance. (See Fig. 3.2) This relation can be used both
to show that the concepts of Bayes optimality and ROC optimality are
equivalent and to relate the losses in the Bayes risk to the probability
of detection and probability of false alarm. In this section, these
ideas are extended to the FRD problem.

We begin by establishing a relationship between the Bayes
risk and the respond-once performance set F(m). To this end, it
is first necessary to obtain an expression for the Bayes risk of a

decision rule 6 interms of the RX(G), RF(G) and RD(E)). This
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is done as follows. In Section 2.1 we defined the Bayes risk as the
average loss. In this section only, however, it will be more con-
venient to normalize this risk by dividing by the length of the total

observation interval T . We then have

E[L(5(x), 6)]

r(6) = T

Substituting for the loss function L(-:,-) from Eq. 2.25 yields

r(e) = E{WxNy(&),0) + WENL(8(x), 8) - Np(8(x), 6) }
T

E{NX(G(X), 8) } E{ NF(G(X) , 0)) E{ND(G(X) , 0}
= WX - + WF T - T

1l

erx(ﬁ) + WFrF(G) - rD(é)

Next, substitute for rx(ﬁ), rF(G) and rD(b) from Eq. 3.11. The

result is

r(6)
p

= Wy Ry(6) + WFLO“1 R(6) - Rp(®) (3. 24)

where

L, = rp/(rN/m) = Pr[eie[O,Tp)]/ Pr[9i=Tp]
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Now, note that Eq. 3.24 defines the plane in (Rx, RF’ RD) space

that is normal to the vector

(W ’ WF/LO’ - 1)

and which has intercepts

Rx = r(6)/rpr

R. = r(6)/r W.L. 1
F p F O
RD = —r(&)/rp

The significance of this plane lies in the fact that it contains all per-
formance points R(3) that result in the same Bayes risk. Moreover,
if we denote the Bayes rule by &° , then as r(6) is allowed to
approach its minimum value of r(éo), (the minimum Bayes risk),
then this plane approaches the plane that intersects the upper surface
of &(m) at the point R(GO) . Thus, in complete analogy to classical
detection theory, the performance points for the Bayes decision rules
may be characterized as those points for which the Bayes risk plane
intersects the upper surface of & (m) . The geometrical relation
here is shown in Fig. 3.11.

We are now in a position to relate the respond-once Bayes

decision rules (the case WX >0, WF > 0) to the respond-once ROC
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Bayes Risk
Plane

Upper Surface of &(m)

> Ry

Fig. 3.11. The Bayes risk plane for the respond-once case

*
surface }‘,99 . To this end, fix RF = RF and consider a section of

the upper surface of & (m) . Since F(m) is convex, this section

appears as a continuous convex function f, (R )= R, in the
Rp D

3
RF = RF plane as shown in Fig. 3.12.

Bayes Risk Line with Slope WX
R

g

£ u (Rye)

F

| > R,

*
Fig. 3.12. A section of the upper surface of F(m) at RF = RF
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Now, let CR}. be the smallest value of RX for which

fR;,(RX) takes on its maximum value. Specifically,
CR* = inf RX : fR- (RX) = sup fRa (RX)
F F RX F

Then the section of the respond-once ROC surface at RF = R;. is

given by
Ry = fR;?(RX) for Rye [0, CR}.]

Next, note that the Bayes risk plane for the Bayes decision rule 5°
. o, * . . - -
with RF(6 ) = RF must intersect the section fR (RX) RD as

F
a line

1

*

Ry = WyRy + [WpL,™) R r(5°)/rp]

as shown in Fig. 3.12. Since the slope of this line is W, , it is
immediately clear that this line intersects the respond-once ROC
curve iff WX > 0. Thus, all Bayes rules associated with W, > 0
have performance points lying on the respond-once ROC surface.
Moreover, for any point on the respond-once ROC surface, there is a
Bayes rule for some W, > 0 with that performance point.

Before turning to the respond-and-hold case,conjectures 1, II

and III of Sectionl.4 are verified. This is done in the following two
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theorems. The first of these theorems says that if the loss WX is
increased past a certain value then there is only one Bayes rule and

that rule is an inhibit rule. This is the content of conjectures I and II.

*
Theorem 3.11. For each WF > 0 there exists a WF (WF) >0

*
such that, if 6% isa Bayes rule for the losses WX and W then

F?
(1) 5" is an inhibit rule

and
(2) if WX > W; (WF) , then 6% is also a Bayes rule for the

losses WX and WF .

] ok _ * %
Proof. Fix WF = WF and define WX (WF) to be that value of

WX such that the Bayes risk plane is tangent to the upper surface

of & at some point in the RX = 0 plane. Denote the Bayes rule
* * .

(WF) and WF by 6 . This con-

struction is shown in Fig. 3.13 in which the Bayes risk plane

K
associated with the losses WX

appears as the line tangent to the section fRF(b*)(RX) at the
point Ry =0 . Now, by construction, RX(G*) = 0 so that, from
Theorem 3.8, §* must be an inhibit rule.

It remains to show that 6% is also a Bayes rule for the losses

~ * * *
WX > WX(WF) and WF . To accomplish this, denote the Bayes

~ % ~
risk of an arbitrary rule 0 for the losses W and Wg by r ()

*

F oy

* %
and the Bayes risk of 6 for the losses WX(WF) and W

T(6) . Then,
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Bayes Risk Line with Slope W;‘((W"I;,)

fRF(a*)(Rx) = Rp

> Ry

Fig. 3.13. The Bayes risk line tangent to fR *(We)
6% Vx
at the point RX =0

r(d) = WXRX(G) + w; LO‘1 Rp(8) - Rp(6)

> Wy (Wp) Ry(6) + W L™  Ry(8) - Rp(0) = F(0)

But, by the definition of a Bayes rule,
~ * -~
T(6 ) < r(d)
Thus

r(6%) < T(5)

The proof is then completed by noting that, since RX(G*) =0,

T(6*) = T (6"
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so that 6* satisfies

T(6%) = inf T(5)
6
The next theorem says that the smaller the value of WX the larger
the value of RD for a fixed value of R_ . This is the content of con-

F
jecture III.

Theorem 3.12. If &' and ®" are Bayes rules for the losses

*
W)i and W}'{' respectively and if RF(G') = RF(5") = RF , then

t 1A
0 < Wy < WY

implies

Rp(6) > Rp6")

In lieu of a formal proof of this theorem we will refer to Fig. 3.14.

Here it is seen that, since the slope Wi of the Bayes risk line

for 6' is less than the slope W}'(' of the Bayes risk line for 6",
RD(G") must be greater than or equal to RD(G") . Moreover, the

%*
maximum value of RD for RF = RF will occur for the Bayes

rule with WX =0.

The only comment that might be made about the above geomet-

rical argument is that it is possible that the section fR*(RX) isa
F
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Bayes Risk Line

(Slope WX )
RD A Bayes Risk Line (Slope = WX )
R, (6") -
D fRf‘ (Ry) = Rpy
RD(OH)

-
Crx x
F

Fig. 3.14. The intersection of the two Bayes risk lines
with the section le’:, (RX)

decreasing function of RX for RX > 0. Inthis case, Theorems
3.11 and 3.12 together say that there is only one Bayes rule with
RF = R; and that this rule is an inhibit rule corresponding to the
loss WX = W; (WF) =0 . We might point out here, however, that

at least in the actual computations described in Chapter 5 this was

not the case.

We now turn to the respond-and-hold case. First, we estab-
lish the geometrical relation between the Bayes risk and the respond-
and-hold performance set &(m) . To do this, substitute for Ry (o)
and RF(G) from Eq. 3.13 into Eq. 3. 24 to get an alternate expression

for the Bayes risk r(6) . Namely,
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r(6)

X0 - (w,em) D) + (W “Im) DL(6) - (1 + W) R(6) (3.29)

F Lo
As above, this equation also defines a plane except now in terms of

the variables DD, DF and RF . The normal vector is

-1
(me, WF L0 m, - (1+Wx))

and the intercepts are

DD = r(8)/ rp WX m
Dy = r(6)/ r, We LO_1 m
RD = - 1'(!5)/rp 1+ WX)

The geometrical interpretation of the Bayes risk plane and
the Bayes decision rule 5° is the same as in the respond-once case.

This relation is illustrated in Fig. 3.15.

D

R F

DA

~

Upper Surface of <

Bayes Risk Plane

-DD

Fig. 3.15. The Bayes risk plane for the respond-and-hold case
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To relate the respond-and-hold Bayes decision rules (the case
-1 < WX <0, WF > 0) to the respond-and-hold ROC surface A5,

we proceed as before. First, denote the section of the upper surface
— *

of & at DF = DF by gD;(DD) = RD . Then, define CD; to be

the largest value of DD for which gD; (DD) = RD takes on its maxi-

mum value. Specifically

CD* = sup {Dr');gD*(DD) = sup gD*(DD)}
F F DD F

Finally, note that the Bayes risk plane intersects Ep* (DD) as the

line
Wom | WL 1m
R = X D. 4 F0 D* _ r(5)
D 1+Wx D 1+Wx F rp11+Wxi

These ideas are illustrated in Fig. 3.16. Then proceeding as before,
note that the portion of the section gD* (DD) that is contained in the

F
respond-and-hold ROC surface is given by

= * *
RD gDF (DD) for DD > CDF
Moreover, as WX ranges from -1 to 0, the slope of the Bayes

risk line ranges from -x to 0. Thus, as before, it follows from

Fig. 3.16 that all respond-and-hold Bayes rules have performance
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R
DA m Wy
Bayes Risk Line with Slope ————
1+W
gD*(DD) X
F
! » D
D
C *
DF
Fig. 3.16. The relation of the Bayes risk line with slope

WX m/ (1 +Wx) to the section gD;(DD)

points on the respond-and-hold ROC surface and, for any point on

)\'9“5 , there is a respond-and-hold Bayes rule with that performance

point.

Next , we verify conjecture V of Section 1.4. This conjec-

ture says that as WX increases, the number of detections increases

but the detection time decreases. This is stated formally by the

following theorem.

Theorem 3.13. If &' and §" are two Bayes rules corresponding

to the losses W}i and W)’(' respectively and such that DF(G') =

DF(G )=D

*
F »

then
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W)i > W}'('
implies
RD(G') > RD(G”)
and

D67 < Dps"

As with Theorem 3.12, we will reason from the geometrical

relation between the section Ep* (DD) and the Bayes risk line.
¥
This relation is shown in Fig. 3.17 below.

W' m
R X
DA Slope = -
1+ WX
Rp(3') -
RD(bn) — WX" m
Slope = 17 wx"
| ' » D
1 ty D
DD(G) DD(b )

Fig. 3.17. The intersection of the Bayes risk lines
with the section gD;(DD)
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Here, it is seen that, since 0 > Wi > W)'{' > -1 implies that the

slopes of the Bayes risk lines satisfy

Wy m Wy m
0> 17wy C Tewg 2%

then the intersection point corresponding to W)'{' must be to the right

of the intersection point corresponding to W}& . Thus, it is clear

from Fig. 3.17 that
R(6) > Rp(6")

and

Dpy(8") < Dp(6")

Moreover, it is to be noted that the maximum value of DD and the

*
minimum value of RD for DF = DF will occur for WX = -1 since
then the slope is -cc .
This section is concluded by summarizing the results of the
above theorems. The main ideas of these theorems are contained

in Fig. 3.18.

In the diagram of Fig. 3.18 the region

We 2 -1 W >0

has been divided into five special cases. The first three cases



Respond-
Once
Case

Respond-
and- Hold

Caie
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(I) Inhibit Rule Holds

(II1) MPD

(IV)

1o (V) MDT

Fig. 3.18. The relation of the losses WX’ WF to the

behavior of the Bayes decision rules

correspond to the general respond-once decision device and the last

two correspond to the general respond-and-hold decision devices.

The important characteristics of these special cases are as follows.

*
Case I WX > Wx (WF) , WF >0

The Bayes decision devices associated with losses in this

region satisfy the inhibit rule and, as a consequence, they depend

only on the value of W

F- Their performance is characterized by
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the fact that they attain the lowest values of RD and RX for a fixed

value of RF .

*
Case 11 0 < WX < WX(WF) WF >0

The Bayes decision devices associated with these losses do not satisfy
the inhibit rule and therefore they depend on both the losses WX and
WF . Their performance is characterized by the fact that an increase

in RD can be obtained at the expense of an increase in RX for

constant RF . This takes place for decreasing values of WX .

Case IIT WX = 0 W, >0

This set of losses defines the MPD decision devices. These decision
devices also do not satisfy the inhibit rule and their structure will
depend on both WX and WF . The singular importance of these
devices lies in the fact that they achieve the highest possible RD for
a fixed RF . It might also be noted that on the basis of the numerical

calculations of Chapter 5, the structure of these decision devices is

unique among the different cases.

Case IV -1<Wx<0 WF>O

The Bayes decision devices associated with these losses are respond-

and-hold devices. Their performance is characterized by the fact
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that increases in RD are obtained at the expense of decreases in

DD for fixed values of RF . These increases occur with increasing

values of WX .

Case V WX = -1 WF >0

The Bayes decision devices defined by these losses are the MDT
devices. Their special significance lies in the fact that these devices
achieve the maximum DD for a fixed DF . In the next chapter, it

will be shown that these devices also have a unique structure.



CHAPTER 1V

THE BAYES DECISION RULES FOR THE FRD PROBLEM

In Chapter II the FRD problem is cast in terms of the general
decision model. In this chapter, we use this model to develop a re-
cursive procedure for obtaining the Bayes decision rules. Then, the
resulting equations are used to establish a general model for the Bayes
decision device. Next, we investigate two special cases for which the
recursive procedure is easily implemented. Finally, the additional
assumption of conditionally independent cbservations is applied in

order to simplify the general decision device model.

4.1 The Bayes Decision Rule

In Section 2.1, a Bayes decision rule was defined as any de-

cision rule 5° satisfying

r(6% = inf r(d)
6e Y

where

r(6) = E [L(5(x), 8)]
X, 0

o] o]

The philosophy for minimizing r(6) to obtain 6° = (61 s 62 g ey

ONO) is well known. Specifically, r(6) is minimized over the com-

ponents Gk one at a time starting with bN and proceeding through

-138-
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decreasing k. The result is a recursive scheme for obtaining Gko
in terms of 6k+1 . The formal derivation of this procedure, however,
is mechanical in nature and as such it sheds little light on the char-
acter of the Bayes rule itself. For this reason, we will content our-
selves with a heuristic argument here, leaving the formal derivation
to Appendix E.

As a preliminary, we will investigate in further detail the
most recent response function T of Section 2.5. It will be shown

that Tk can be written as a function of k-1 and the preceding de-

cision a _q- Specifically,

1
u—y

Tp—A ak—l
T = (4.1)

max [0, Tk_l-A] a1

Il
o

We proceed as follows. Recall from Section 2.5 that the most

recent responses function 7, is given by

k

a .

tr - (tk- T ) if the most recent

[ P response occurs at time
trﬂ € (tk- Tp, tk)
T = ﬁ

0 if no response occurs in

L - T )

Suppose first that a 1" 1, so that a response occurred at time

tk—l . Then, T = tk-l - (tk—Tp) = Tp—A . This verifies Eq. 4.1
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when a (= 1. Next, suppose that ak_1 = 0. There are two cases,
-1 <A and -1 > A, If -1 < A, then it follows that no re-

sponses occurred in the interval (t.k-Tp, t'k- 1) . Thus, in this case,
T = 0. On the other hand, if M1 > A, then from Fig. 4.1 it is

seen that the most recent response occurred at time

trﬂ ¢ (tk-Tp’ tk—l)

and that
Tk = Tk_l - A
- T >
- A Tk—.
+- ; { —it } » t
1"Tp Y% Tp tr!2 -1 &

Fig. 4.1. The relation of Ti-1 to T when a; = 0
and 'ri> A

Thus, for either of the two cases associated with the condition

a,_{ =0, 7 canbe written as

ne = max[0, 7, -A]

This completes the verification of Eq. 4.1.
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The computational procedure for determining the Bayes de-
cision rule will now be developed. To begin, we fix the decision
time t, e T and consider the dependency of the total loss L(&, 8 )
on the decision a - First, recall from Eq. 2.27 that the total loss

is given by
- - N
L@E,8) = ), Ly(7,2,06,)
k=1

where Lk(‘T , ak, Bk) represents the loss arising from the current
decision ay when the most recent response is given by g" and the
pulse configuration in the interval [tk-Tp, tk) is given by 6, .
Clearly, the total loss L(a, ) depends on the decision ay through
the "immediate' loss Lk(T s s Bk) . But now consider the situation
at time tk+1 . At this time, a decision a,,1 18 made and the loss
L1(+1(Tk+1’ a g 9k+1) is incurred. But, at time tk+1 , the value of
the most recent response function Tkl depends on whether or not a

response was made at time tk according to

Tp—A if a.k=1

el T T )

max [0, Tk-A] if a =0

Thus, the loss at time tk+1 , Lk+1(7k+1’ak+1’ 9k+1)’ depends on a -

The above reasoning can be extended to any future decision

time tk+j’ j=1, ..., N-k, by noting that 7k+j depends on all of the
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preceding decisions and hence on the decision ay - Thus, we may
conclude that the decision ay affects the total loss Lf(a, ) through

each of the functions

Ly e 2ce 1 Oks j=0,1, ..., N-k (4.2)

As a concrete example of this dependency, consider the situa-

tion shown in Fig. 4.2.

rek-ff_.

I 9k -
1% .
% Tp b1 Tp % e

Fig. 4.2. An example of the effect of the decision at time t

on the decision at time t_, k

Here we have a pulse that is present at both the times tk and tk+1 .

As shown, = 2A which is less than 6, so that at time tk the

k K
pulse has not been detected.
First, suppose that the decision device responds at tk .

Then a detection results, so that
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Lk('rk=2/.\, a.k=1, 9k> 'rk) = LD

Then at time tk+1’ el = Tp—A which is greater than 6 Cle]

k+1
that the loss at time tk+1 is

LX a'k+1 =1
Lier1 et = T B 210 Oke1 < Twr) =
0 ak+1 =0

On the other hand, if the decision device does not respond at

time tk’ then ay = 0, and

L( =28 8 =0, 6, > 7) = 0

But, 7., = max[0, n-A] = A which is less than 6 so that the

k+1
loss at time tk+1 is given by

LD if a.k+1=1

L >

k+1(7k+1 =4, a‘k+1’ 9k+1 Tk+1) -

0 if ak+1=0

The next step in the derivation of the Bayes rule 5% is to
determine an expression for the posterior risk associated with the
decision a,_. This risk, to be denoted hereafter by R.k(;{k, T2y
is the posterior average of the loss due to the decision ay We can

immediately write down the contribution to Rk(;k’ Tk’ ak) due to the

immediate loss Lk(-, *, *). Specifically,
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E _ Lk('r,ak,ek)

Oy 1%

Now, at time tk+1’ the posterior risk associated with the loss
Lk+1(.’ -y *) is

E

sz Lyt1 (ka1 2012 Ot
kel Pket

But, at time tk only the observation up to time tk is known. Thus,
we must average this term with respect to the "unobserved' observa-
tion Xyl ? conditioned on the observed value X - The resulting

contribution to Rk(-rk, ak) is

E E

xk+1 I%{ 9k+1 \;{k+1

{Lk+1(7k+1’ ak+1’ 9k+1)}

Similarly, the contribution to the posterior risk of the decision ay

due to the loss at time tk+j’ j=1, ..., N-k,is

E E
a1t "xk+j‘xk 9k+j‘xk+j

{Lk+i(7k+j’ a'k+j’ 9k+j)}

Adding these contributions gives, for the total posterior risk of the

decision a,
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Rk(;k’ Tk’ ak) (4' 3)

f
E {L (7 ’ , 0 )}
- Ul e e Uy
O 1%k
N-k
={+ ), E E L, (1 ,a .,0 .)}) k<N
§ = - - k+j k+]’a'k+]’ k+j
I WD URRRTEL W LW L
E —_ {LN(TN’ aN’ GN)} k = N
8 lx
L NI®N

To complete the derivation of the Bayes decision rule

o
8° = (510, el 5N°)
we apply the well known principle that 6° is the function which min-

imizes the posterior risk of the decision a . In the problem at hand,

ay takes on one of two values, a = 1, denoting a response at time
t,» and a =0, denoting a no- response decision at time t, - Thus,
the posterior risk of the decision a, is minimized by the decision

device that responds at time tk iff the posterior risk of responding,

Rk(xk, s ak=l), is less than or equal to the posterior risk of not

responding, R‘k(xk’ T ak=0) . Stated formally,

(1 B ieheD) € B e
5. 2(5, %) = 4 (4.4)

0 otherwise
-
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It is to be noted in connection with Eqs. 4.3 and 4.4 that since

(X, 7,2, ) depends on the decisions
xk k a'k
- 60 (',’ - ) ] = 1 N_k
ak+j k+j k+j’xk+j ot

the complete Bayes rule 8% = ( ° 6

5,% -1, N°) must be obtained

recursively by solving Eq. 4.4 for GNO, then 6;3]_1 , and so on.

An alternative expression for the Bayes decision rule can be

obtained in the following way. For each T € {0,

each ;k-l € ik—l define the set of current observation Ak(;k-l’ 'rk)

C X, by

..., m-1} and

A& 7)) = (x5 T &, 1) > 0) (4.5)

where
Tk(;zk’ Tk) = R-k(;ks Tk’ a.k=0) - Rk(;k, Tk: a-k=1) (4. 6)

- - . 60 -— .
The set Ak(xk-l’ k) is the response set for k(xk’ 'rk) (see Section

3.3), and the function Tk(;{k, 'rk) is the net posterior risk of not re-
sponding at time tk. In terms of Ak(', ) and Tk(-, ‘), we can

write 61(: either in the form

1 oxoe A& »7)
o= _ _
bk (xk, 'k) = (4.7a)

0 X f A& 1>
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or, in the form

o 1 T, &,7n) >0
bk(xk, Tk) = _ (4.7b)
0 Tk(xk’ ‘Tk) < 0

It is to be noted from Eq. 4.7b that the function Tk()-{k, Tk) plays the
same role as the test function of Section 1.4.

Our next task is to obtain a block diagram for the Bayes de-
cision rule. To this end, we appeal to Eqs. 4.7b, 4.6, 4.3 and 4.1
and conclude that the configuration of the general Bayes decision
device is as illustrated in Fig. 4.3. The operation of this device is
as follows. At time tk-l , the decision device has observed the ob-
servation ;k—l and made some decision a 1- The observation
;Ek-l is then stored in memory so that when the current observation
Xy is observed, the decision deyice will have available the total past

observation X = (x_,,x ). Simultaneously, the decision a, , is

used to calculate gh according to
’I‘p- A 17 1
% =

max [0, 7, _,-4] a _,=0

The value of CW is then stored in a memory so that it too is available
at time tk. Finally, at time tk’

Tk(xk, Tk) according to Eqs. 4.6 and 4.3 and responds iff

the decision device calculates
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T, n) 2 0

Theoretically, the general Bayes decision device is com-
pletely determined by the block diagram of Fig. 4.3. In practice,
however, this device is difficult to implement for at least two rea-
sons. First, since the past observation memory must store the total
past observation from time t = 0 up to the current time t = tk’ its
capacity must grow linearly in time. Thus, it is not practical to
think of allowing this decision device to operate indefinitely.

The second difficulty in implementing the general Bayes de-
cision device arises in the calculation of Tk(i’k, 'rk) . To see where
this problem lies, replace the expected value operators in Eq. 4.3
by integrals with respect to the appropriate probability measures

and note that
Ry %1 21’ ket e )

- o 1 -

Ry, 10D e (o)) for x e AL 6,7 y)
- _ _ 0 -

Ry, 110 0 7y (o)) for x ,e PAL L G, )

where

t _ X1 VA1 ®o i)t =1
A'k+1(xk’ 7k+1) =

-
il
o

A'k+1(;k’ Tk+1)
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The resulting expression for Rk+1(" “y*) is
R (K, 7y 2y) (4.8)

fe Ly (T 3 6, ) @0 1)
X

1
= +tZ=:0 tf Rige1 B 12 a1 ™ Tt P ) ) P @ %)
Ak+1(x1r{’ Tk+1)

f L(TN,aN,BN) H(dBN]xN) k = N
L eN

Now, from Eq. 4.8 it is seen that in order to calculate Rk()-{{, T 3
and hence Tk()'fk, o a ), it is necessary to have available H(dekl;fk)
and P(dx, 4 ]i’k) . But, in the general case, these probability meas-
ures can be obtained from the known probability measures {P(dxkl 6);
6 e®) and II(d6) only by integrating over the whole space Xx©.

It is certainly not practical to carry out these integrations at each

decision time tk .

Fortunately, both of the above difficulties can be eliminated
if we place certain restrictions on the observation probability laws.
The result is that the probability measures relevant to the calculation
of Tk(;k’ 7.} canbe calculated from the probability measures rele-

vant to the calculation of Tk-l(ﬁc-l’ Tk-l) along with the current

observation Xy - When this is the case, the computational procedure
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is often referred to as an updating procedure. In Sections 4.3 and
4.4 we will investigate such a procedure. In the next section, two

special cases of the general Bayes decision device are examined.

4.2 Two Special Cases: The Maximum Detection Time Decision

Device and the m =1 Decision Device

In Section 4.1 it was seen that at time tk the general Bayes

decision device must calculate Tk(ifk, 7k) according to Egs. 4.6 and
4.8. But, these equations involve the optimum component decision

rules at time tk+1 through the response set Ak+1(" *). Thus, to

get an explicit expression for Tk(;{k, 'rk), one must first solve for

N-1%N-1" N-1)

cen, Tk+1(xk+1’ 7k+1)’ Tk(xk’ Tk) . There are two special cases,

TN(;N’ 7y) and then proceed recursively to solve for T

however, where the solution of this recursive procedure can be ob-

tained easily. In this section, we treat these cases.

Case 1. The Maximum Detection Time (MDT) decision device.

The MDT decision device is a respond-and-hold decision de-
vice that is characterized by a loss function that depends only on the
amount of detection time and false alarm time. In Chapter III it was
seen that among all R-H decision devices, this device maximizes the
detection duty DD for a fixed false alarm duty DF . Thus, the struc-

ture of the MDT decision device is of particular interest. This struc-

ture is given explicitly in the following theorem.
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Theorem 4.1. The test function for the MDT decision device is given

by

T, (6, 7) = T, (K) (4.9)

nde'x )-w_ [ I(de, |X, )
8, €[0,T) L A k%
p k 'p

Proof. We will show that Eq. 4.9 holds by also showing that

R (%, 7,23, ) = g ~ Lp(mea,6,)+ £ 6q) (4.10)
Kl
where [k({k) does not depend on Tk . The proof is by induction on
the index k.

To begin, substitute for the loss function from Eq. 2.27 of

Section 2. 5 to conclude that

E L (7 6,)
-~ “kr %k
r 6)klxk
0 a.k=0
={ Wy [ M, |x) - f I(de | %, )
{9k< e O € [O, Tp)} {Bkz e er[O, Tp)}
[ + Wp J n(d9k|2k) a =1

Next, combine the first two integrals on the right hand side of the
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above expression into a single integral by using the facts that WX =

-1 for the MDT loss function and that
{Bkz T 9ke[0,Tp)} U {9k< oo Bke[O,Tp)}

= {er [Oa Tp)}

The result is

E L, (7 9.) (4.11)
~ k'R Uk
01 %%

=ﬁ [
- | maey R - Wy Jom@eyRal ey -
er[O,Tp) {6k=Tp}

h -

~
Now, for k =N we note from Eq. 4.3 that Eq. 4.10 is satisfied with

fN(xN) = 0. Moreover,

TN(xN, TN) = RN(xN, N aN=0) - R_N(xN, ™’ aN=1)

J e 1%y - Wg J 1de )%y)

{BNE[O,TP)} 9N=Tp

so that Eq. 4.9 holds for k=N.
Now, suppose that Eq. 4.9 and Eq. 4.10 are satisfied for

indices k+1, ..., N. Then, Tk+1(xk+1’ Tk+1) does not depend on
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kil " Thus, from Eq. 4.5,

A1(+1(xk’ 7k+1) B {xk+1 ; Tk+1(;k’ Tk+1) z 0]

= By Ty 80 2 00

or
A1 ®o er) = Apa & (4.12)

Therefore, the response set A’k+1 does not depend on Tl Next,

substitute Eq. 4.11 into Eq. 4.10 to obtain

Rk+1 (xk+1’ "k+1’ a.k+1)
f
fert Mt B+l

\- 1/ 00y 115, ) - W J T@8y x|+ £ 30, 0) 2y, =1
9k+1 € [0’ Tp) 9k+1=Tp
L - (4.13)

Then, substitute for R‘k+1 from Eq. 4.13 and for A’k+1 from

Eq. 4.12 into Eq. 4.8. The result is
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Ry (o e 3y)

fe Ly (e 35 6,) 110, {3)
X

* fo fk+1§k+1)P(dxk+1l;k)

k Ak+1(xk)

+ -{ I J m@o, %) - Wy S m@ey % )b g ()
A1 B | [ Oxer €10 Tp) O =TP

X P(dxk+1 |;k)

or

B et = 8 - Ly (T 2y 04 ) + f05)
k%
where we have set the bracketed term equal to £k(§fk) , since it de-
pends only on ;k Thus we have established Eq. 4.10 for the index

k. The proof is completed by substituting for

g o Ly(noa, 6y

x| %k

from Eq. 4.11 into Eq. 4.10 and then substituting into Eq. 4.6. The

result is Eq. 4.9 as was to be shown.
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On the basis of the above theorem we can simplify the block

diagram for the MDT decision device to that shown in Fig. 4.4.

Delay ;k-l
T, &) by
"k . _ 1 T, >0
T | = S maey R - Wy S ey %) [T
Bke[O,Tp) 9k=Tp 0 Tk< 0

Fig. 4.4. The MDT decision device

Several properties of the MDT decision device might be
pointed out here. First, it is no longer necessary to provide a de-

cision feedback loop to calculate T s since % does not appear in

the test function Tk . Thus, we have verified Conjecture IV of Sec-

tion 1.4. Secondly, it is noted that the test function Tk

depends on the distribution P(dx, |>'<’k) . Thus the only distribution

no longer

that is involved in the decision at time tk is the posterior distribu-
tion H(d@klxk). .
The single most important property of the MDT decision de-

vice, however, is contained in the following corollary to Theorem 4.1.
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Corollary 4.2. The MDT decision device may be considered as the

optimum detector, in the sense of classical detection theory, for

detecting the arrival of a pulse within the last Tp seconds.

Proof. In Appendix A it is seen that, in general, the optimum detec-

tor responds iff

S m@eix) > wp [ T ix)

Osn ©x

where GSN are those parameters to be associated with a response
decision and G)N are those parameters to be associated with a no-
response decision. Now, from Section 2.3 it is clear that if we wish
the optimum detector to respond at time tk iff a pulse has arrived in

the last Tp seconds, then we must take
OSN = {6 = (61, vy ek); Bke [O,Tp)}

=0 x...x0_ x[0,T)

and

e, = {§ =( =T }

1""’6k);9k p
= O x...x@kx{Tp}

Also, in the notation of Section 2.4,
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Thus, we can write the response condition for the optimum detector

as

f e, - 6,1%) > Wy f (s, .,delli’k)

le. x@kl [ T) Oy x.. xG)k1 {Tp}

or, equivalently, as

J ma@ey (%) > wg [ @, %)
[O,Tp) {Tp}

But, this is precisely the same response condition as the response

condition
Tely) 2 0

where Tk(?{k) is given in Eq. 4.2. Thus, the optimum detector
from classical detection theory is equivalent to the MDT decision

device. This completes the proof.

In the above paragraphs we have seen that, because of the
special nature of the MDT loss function, the structure of the deci-
sion device is considerably simplified. This also turns out to be the

case for the Bayes decision device that makes decisions at intervals

of Tp seconds.
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m =1 Case

The quantity m is the number of decision opportunities per
pulse. In Section 3.5 it was seen that, in general, the performance
of FRD decision devices increases with increasing m . Thus, the
case m =1 represents a lower bound on the performance of the
Bayes decision devices.

The structure of the m =1 Bayes decision device is given in

the following theorem.

Theorem 4.3. The test function for the m = 1 Bayes decision de-

vice is given by Eq. 4.9.

Proof. For m=1, A= Tp, so that the value of the most recent

response function gn is given by
T -A=T -T =0 a =1
p p P k-1
e =]
max][ 0, Tk_l-A] = max|0, 'rk_l-Tp] =0 a ;=0
Now, substitute Tk =0 into Eq. 2.27 for the loss function to con-

clude that
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E _ Lk(fk,a.k,ek)

Ok 1%

r
0 a =0
= ¢ [ i
- [J maey Ry - we [ M@, %) =1
0, €10.T) 0 =T,
Lt J

But, this is precisely the same expression as Eq. 4.11 in the proof
to Theorem 4.1. Thus the conclusion to Theorem 4.3 follows by the
same inductive argument.

The remarks following Theorem 4.1 also apply tothe m =1
case. The block diagram of Fig. 4.4 also describes the structure
of the m =1 decision device and the interpretation of this device in
terms of classical detection theory is also appropriate. It is
emphasized, however, that Theorem 4.1 applies to a specific loss
function (the MDT loss function) and for any m > 1, whereas The-

orem 4.3 applies to any FRD loss function so longas m =1.

4.3 The Updating Equation for Conditionally Independent Observations

In Section 4.1 we discussed the desirability of obtaining an
updating procedure for the general Bayes decision device. In this
section the basic updating equation is derived. In the next section

we will use this equation to simplify the general Bayes decision

device.
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Generally speaking, updating procedures do not exist without
certain restrictions on the prior probability measure II{(d9) and the
observation measures {P(dx!6); 8 ¢ © }. One set of restrictions
that yields tractable results requires that II(d9) be Markov and that
{P(dx16); 8 ¢ ©} be conditionally independent. Now, in Chapter II

it was seen that II(d6) satisfies the Markov property,
H(deklek_l, ceey 61) = H(d9k|9k_1)

Thus, we only need the assumption of conditionally independent ob-
servations to get a tractable updating procedure.

In the signal plus noise setting of Section 2.4, the assumption
of conditionally independent observations is really an assumption on
the independence of the noise in different observation intervals. This
is seen as follows. Recall from Section 2.4 that the observation Xy

depends only on the noise in the interval [t tk) and on the signal

k-1’
parameters Gk and ek-l . Now, suppose that the noise in the
interval [tk-l’ l;k) can be considered as being independent of the
noise in the interval [tk_ 93 tk-l) . Then, it follows that for a fixed

signal parameter 6, the observations Xy and X1 1 are indepen-

dent. That is,

P(dx

k-1’ g (€)= Plaxy_,16) Pldx, |6)

Plx, 16y 150k o) PlAx |6,, 6, 1)
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If this assumption holds for all of the intervals [tk-l’ t.k) then the
observations are said to be conditionally independent. Formally, we

have the following definition.
The observations are conditionally independent iff for
each #e®, and k=1, ..., N,

K
P(dx,, - .-, dx, |0) = jI=11 P(dx; |6 5,05 ;) (4.14)

We now state three theorems which together provide the theo-

retical basis for the updating equation.

Theorem 4.4. If II(d9) is Markov and the observations are condi-

tionally independent, then

I Pldx, |6y, 6y )
e Pldx |% )

k-1

n(dekli‘k) = [, |6 )n(dek_lli’k_l)

(4.15)

ki k-1

The proof of this theorem is interesting in its own right. The
philosophy of the proof, however, is already established in the exist-
ing literature, most notably Ref. 9, and although there are some
differences here, it is felt that this proof, along with the proofs of
the remaining theorems in this section, is best left to Appendix H.

In the next theorem we replace the ratio
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“
PAxy |0y, 0y )/ Pl X, 4)
in Eq. 4.15 by a Raydon-Nikodym derivative.

Theorem 4.5. If the hypothesis of Theorem 4.4 holds, then the

Raydon-Nikodym derivative

00y | K1 Oy Opq) = PUAX |0 0y (V/PlAx X () (4.16)

exists and

nde, %) = J o)X 150,08, () 0@, |6, ) Idey 4 jx )
O (4.17)

Next we determine a generalized density for H(d0k|§k) . To

do this, recall from Section 2.3 that we must first find a o-finite
measure p that dominates H(d9k|ik) . (A measure p dominates
H(deklx.k) if H(dgkixk) << u(dek).) Now, for practical reasons,
it is desired that this measure p work for all ;k Thus, we seek

a measure pu that dominates each member of the family {H(d9k|i.k);
:-Eke }-ik} . Such a measure is not always possible to find. As an
example, it can be shown that there is no o-finite measure pu that
dominates the family {H(dekl ek_l) 9k_1 € [0, Tp] }, when H(deklek_l)
is the continuous prior distribution of Section 2. 3.

Nevertheless, consider the physical situation at time t The

K
prior probability of ek is given by the density
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i -1
(T +ah) 0 €10,T)
p(,) =¢

- -1-1
o 1(Tp+cv 1) 6, =T

-

with respect to the measure ,u(dek) = dak + (dak) . Heuris-

€
{Tp}
tically speaking, it seems reasonable to expect that the effect of any

observation ;k on the distribution of 4 should be to no more than

k
"continuously' redistribute the probabilities. That is, it might be

expected that {H(deklxk); X, € Xk} is dominated by u(dek) = d8

-+

k

€ (T }(de k) . A statement to this effect is provided by Theorem 4. 6.
P

Theorem 4.6. If the hypothesis of Theorem 4.4 holds, then the

family {H(deklxk); X, € Xk} is dominated by the measure u(do k) =

“[O, Tp)(d@k) + € {Tp}(d()k) where

f
dek for continuously
arriving pulses
Hro, 1 )@9)) = (4.18)
P qi:l for pulses with
€,. ,(do.) discrete arrival
= Uvim kT time

and there exists a generalized density p(@kifk) with respect to

p(ds k) such that

H(d9k|>'€k) = p(ekp'g{) uldo, ) (4.19)
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An expression for p(Bklxk) in terms of p(gk-llxk-l) and
ﬂ(xklxk_l, 010 gk-l) is found in Eq. H. 8 of Appendix H. This ex-
pression provides the means for updating the posterior densities
p(ekli‘k) . The difficulty, however, is that this expression involves
the function [(xk‘xk—l’ Bk, Bk-l) which depends on X 1" Thus, it
is still necessary to provide a memory for storing the past observa-
tion ;{k—l . In the next section, however, it will be shown that it is

sufficient for the decision device to have available the function

r
p(6, 1%, )
klxk__ Bke[O,T )
{ PO=T IR P 0,7 |7 #0
p K pxk
_ Ll 6k=Tp
Ok By | %) =ﬁ -
p(6, |%) 6. €[0:T ) }
g y P, =T[5 O
0 0, =T,
L\

(4.20)

The advantage of this fact is that the function ok(ek‘i’k) can be up-

dated solely in terms of Ok(eklxk) and X, - Thus, the decision
device need only provide a memory for Ok(akl;{k) . This result is a

consequence of the following theorem.

Theorem 4.7. If the hypothesis of Theorem 4.4 holds and if in addi-

tion
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P(dxklak,ek_l) << P(dﬁ|9k=Tp’ Bk_1=Tp) all Gk-l’ Bk
then

O 8y |%) =

I (6,) J 2t 10,0, ) p(0,0, ) O 46y (1F 4) n@o )

{[Tp—A, Tp) 6,100, Bk-(Tp-A)] v iT,)

+ 1(0) 000|043 0y 1 =6,+8) O (6, (= 9k+A|§<’k_1)
{[0, Tp-A)}

i

J 0% |8 =T 0y 1) PO |0, 1) O 10y 11X 1) @O o)
1 €10, 8) U {T )

(4.21)

where

Pldx |6y 0yq)
0 Oy Opy) = P(dx, [6,=T 8, =T )

(4.22)

In the proof to Theorem 4.7 above we use only the hypothesis
that the observations are conditionally independent, that 8 is Markov
with conditional density given in Appendix C, and that the family
{P(dx.kiek, Gk_l)} is dominated by P(dxkl6k=9k_1=Tp). But, we
have also assumed in this study that the observation x is statisti-
cally related to the state 6 by the "signal plus noise'" relationships

of Section 2.4. This added assumption makes it possible to obtain
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more explicit expressions for the updating equation. These expres-
sions and their derivations are found in Appendix I.
We now apply Theorem 4.7 to deduce the updating procedure

for the function O klxk) To this end, note from Eq. 4.21 that
Ok(eklxk) depends on the past observation X 1 only through the

function Ok-l(ek-llxk-l)' More precisely, suppose X, ,' and

Pt

"

are any two past observations such that
Op 10 %1 = Opq € |3 g™
Then, for any X if ;c.k' = (J-c'k_l', xk) and ;k” = (;k-l" xk), then
0|8 = O (|X"
Thus, without loss of generality we can write
OOy |%) = Oy 6,0y )

We can then consider Eq. 4.21 as defining a function U that maps

the current observation X and the function O ) into

k-107 %1 Ok-2
the function Ok(-,xk, Ok—l)' Specifically,

0, (yx,0, ) = UO_,Cix 1,0, 5)x) (4.23)

Then, in terms of this function, the updating procedure can be illus-

trated as in Fig. 4.5.
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O (1% Oy _4) O+ %, Oy 4)
P
x.k - = U(Ok—l("xk-l’ok-Z)’ xk)
'Ok_l(' ' Xy 17 Ok- 2) Delay

Fig. 4.5. The updating procedure for Ok(-, X Ok-l)

We conclude this section with an interpretation of the function

Ok(ek, X Ok-l) . To do this, consider the integral

J 0 (6,,x,0, ) ulds,) = J p (6, %) nido) pk(ek=Tp|:?k)
[O,Tp) [o,'rp)

In the denominator of this expression we have
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P (0, 1%) = Prlo, =T %]

n

Pr[no pulse arrives in [tk-Tp, t) |xk]
In the numerator, we have

f pk(6k|;k)u(d9k) = Pr[@ke[O,Tp)|;k]
e'

= Pr[a pulse arrives in [0, Tp)lx‘k]

Thus, the integral of Ok(ek, X0 Ok-l) over the set {er [0, Tp)}
gives the ratio of the posterior probability that signal is present to
the posterior probability that no signal is present. Now, in the liter-
ature it is customary to refer to this ratio as the odds ratio. Thus,

. s : " 3 -
in this context ok(ek, Xy Ok-l) can be viewed as an "odds ratio den

sity, " since its integral gives the corresponding odds ratio.

4.4 The Bayes Decision Device for Conditionally Independent Obser-

vations
In Section 4.1 it was pointed out that there are two basic dif-
ficulties in implementing the general Bayes decision device: the fact

that the past observation memory must grow linearly in time and the

fact that the distributions

NQ0,[T) s P[5
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must be calculated at each decision time tk . In this section we will
apply the updating equation of the preceding section to replace the ob-
servation memory by a memory of fixed size and to replace the dis-

tribution P(dxk+1 ii‘k) by the known distributions

Plax, q|0ksq2 0y 2nd @6, ,)6))

This is done in the following three theorems.

Theorem 4.8. Under the assumptions of Theorem 4.4,

T & 0)) = J T &, 70 6,) DO, |F) 1(do,) (4.24)

%

where

T & 7o 0)) = R, 7,2,=0,6,)- R G, 7,2 =1,6,) (4.25)

and

Rk(;{:k! Tk, a'k) gk) (4' 26)
~
Lk(Tk’ a'k! ek)

+tgo f f Riee1®pqr 7 k+1 » A1 Opyy) Plxy 11011004
ﬁ A‘k+1(xk’ k+1

x II(d6 k < N

k+11%K

L 6..) k =N

NN 2N Oy




-171-

Proof. We begin by showing that Rk(;k’ T d,) canbe written as

Rk(;zk, o) = é Rk(i‘k, T 0,) n(aak|i’k) (4.27)
Kk

where Rk(i.k, e A ek) satisfies Eq. 4.26. The proof is by induc-

tion on the index k. For k =N, it follows from Eq. 4.8 that

Ry i 2N) = (faNLN(T 2 0 ) TA6  |3)

f RN(xN, ™ AN BN) I'I(dBleN)
©n

where

Thus, the result holds for k =N . Now, assume Eq. 4.26 and Eq.

4.27 are satisfied for indices k+1, ..., N. From Eq. 4.8 we have
R, (%, 75 2) (4.28)

= é Ly (o 3 0)) T8, |X))
k

1
+ t§O tf Rkﬂ. (xk+1’ k+1’ ak+1=t) P(dxk+1 lxk)
Ak+1(xk’ Tk+1)

Denote the second term in Eq. 4.28 by Bk(xk’ 7k+1) and apply the



-172-

induction hypothesis of Eq. 4.27 with k replaced by k+1 to conclude
that

Bk(i’k, Tk+1) (4.29)

1
- tZO ‘ tf _ S R ®er er Pker ™ i)
A1 Tiar) Okt

x (6 4 |%, ) | Plax g ]%)

Next, substitute for H(dek+1 ‘xk+1) P(dxk+1 ;xk) from Theorem 4.4
into Eq. 4.29 to obtain

By (e T =

1 .
f t§0 é Ef Rk+_1‘(xk+1’ Tk+1? ™ 6k+1) P(dxk+1 I Ok+1? Gk)
O, kel A G, 7 o)

x T(de, 1|6, H(d9k|:-§{) (4. 30)

Finally, substitute Eq. 4.30 for the second term of Eq. 4.28 and

combine the two integrals into a single integral. The result is
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Ry T &) =

é L(7 2, 64)

k

1
' t§0 {9 f Rk+1(xk+1’ k1 P ™0 Oen) Pl 1] 03010 Oy
k+1 Ak+1(xk’ k1!

x 1(d6y 416, ( Tdo, |X))

= (fa Ry (K T2y, 0)) 1A, 1K)
k

as was to be shown.

It remains to verify Eqs. 4.24 and 4.25. To do this, substi-

tute for Rk(;k’ 702 ) from Eq. 4.27 into Eq. 4.6 and combine the

two integrals into a single integral. The result is

T &Ko 7)) = {) R K T 0y) 1A, |X))
K

where T (;k’ 7o 6,) is given by Eq. 4.25. The proof is then com-
pleted by using Theorem 4.6 to write H(deklxk) as p(eklxk n(de )
In the next theorem the test function Tk(xk, 'rk) is written in

terms of the odds ratio density Ok(Gk, X0 Ok-l) .

Theorem 4.9. Under the hypothesis of Theorem 4.6, the component

decision rule Gk(xk, 7k) is given by
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1 if T (x.k, )> 0
ak(;{k, n) = < (4.30a)

0 otherwise

T &, 7n) = é T (&, 75 8,) 0, (6,,%,0, ;) pnde,) (4.300)
k

Proof. Expand the integral in Eq. 4. 24 to obtain

T 7 = J T®o 70 00 POLIR) kg 7 )(de )
6 e[O T )

+ Tk(xk’ T 9k=Tp) p(eszpPﬁ()
First, suppose p(6k=Tp,xk) # 0. Then, we may write

Tk(xk, Tk)/p(9k=Tp|xk)

S T &, 7,6, [p(8, |K)/P(6, =T | %)) Bro, T ){d0)
[0, T)) P

+T(xk,;,6—T)

= [ T & o 1) OOy 70 Oy y) a0y
k

where the last equality follows by first substituting in the odds ratio

density from Eq. 4.20 and then applying the definition of /.L(dek) from
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Theorem 4.6 to combine the two integrals into a single integral.

On the other hand, if p(6k=Tp|§fk) = 0, then

T &) = J T & 70,0 6|5 Hro, T )98y
[0, T,) P

é T, & 7, 6,) 0 (6,,%,,0, 1) p(de,)
k

In either case, the condition
Ty n) 2 0
is equivalent to the condition

T, &, 7) = ék T, Ko 70 0,) O 0,,%,0, ) u@de,) > 0
as was to be shown.
As the final step, we show that the decision rule at time tk
depends only on X, s Ok_1 and e

Theorem 4.10. The functions Tk(xk, Tk) and Rk(xk, T A Bk) and

the response set Ak(;k—l’ Tk) depend on the observation ;k only

through Xy and Ok' That is,

~

T (o 7)) = TLO %7 o) (4.32a)

RS oo 0)) = ROy 2% To 2 6)) (4. 32b)
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and

A& 10 m) = A0 10 ) (4. 32¢)

The proof to this theorem is a straightforward proof by in-
duction. The details are found in Appendix J.

On the basis of the above theorems, we may replace the past
observation memory in the block diagram of Fig. 4.3 by a memory
for the previous odds ratio density Ok—l and an updating device for

obtaining Ok from Xy and O The resulting block diagram is

k-1~
shown in Fig. 4.6.
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CHAPTER V

A NUMERICAL SOLUTION FOR THE OPTIMUM BAYES

DECISION DEVICE AND ITS ROC SURFACE

In the preceding chapter we developed the structure of the op-
timum Bayes decision device up to the solution of the recursive relation
for the test function Tk (i.k’ Tk) . In this chapter we will carry out
this recursive computation numerically for the m = 2 Bayes decision
device. For the purposes of comparison we will also discuss the m =
1 Bayes decision device and the matched filter decision devices of

Chaptér I. Finally, we will obtain a numerical description of the ROC

surfaces for these decision devices.

5.1 The Basic Setting

In order to simplify the computations in this chapter, certain
additional restrictions will be made on the probability laws involved
in the general model. Specificaily, it is assumed that the pulse arrivals
are discrete, that the noise is white Gaussian noise and that the pulse
waveforms satisfy a certain translation property. In this section
these assumptions are stated precisely and their effect on the basic
mathematical model is determined.

To begin, we review the basic temporal structure for the m =
2 case. According to the definitions of Chapter II, the decision time

separation A is

-178-
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A=T/m=T/2
P/ P/
the set of allowable decision times & is
T =i = (T/2k;k=1,2,...,N]
and the current observation Xy is given by
xkzx(t) te[tk—Tp/.?,tk)

The temporal relation between these quantities is shown in Fig. 5. 1.

j= T =2A >
[ ] 1 ]
|} ) 1 1 |
te- 17t T2 % et et T/ tye2
L J

"

Fig. 5.1. The temporal relation between A, Tp’ and Xy

We now state the assumptions for this chapter.

Our first assumption is that the pulse arrival times are dis-
crete and that there are two allowable pulse arrival times per T
seconds. Thus, in terms of the notation of Section 2.3, we assume
that q 1is equal to 2 and that the pulse arrival time separation v =

Tp/q = Tp/ 2. It is to be noted that the pulse separation time v is
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equal to the decision separation time A .

As a consequence of this assumption, the random variable Bk

takes on only the three values. 8, = 0, T /2, are associated with
k P

pulse arrivals in the interval [t - Tp, t,] andthe value 6, = Tp
denotes "'noise alone' in the interval [tk - Tp, tk] . The pulse

configurations associated with each of the possible values of Bk are

illustrated in Fig. 5.2 along with the temporal relation between v and

T L]
Y

To obtain the specific form of the prior probability law, we
appeal to the relevant equations of Section 2.3. First, from Eq. 2.19

with q = 2 we have
f

1
[2+a/(1-a)] £ =01
Pr[9k=£ ] = ‘ (5.1)
[a/(1-23)]
[2+a/(1-a)] L = 2
.

Next, the conditional prior probabilities Pr{ b = 25 IBk = j6]
are obtained from Eq. 2. 17 by setting q = 2and s = A/v =1 .
The results are most conveniently expressed in terms of the transition
matrix bi,j}’ where Poj = Pr[ek =2v 1o, ;= jv]. This mat-
rix is
0 (1-a) a
= |1 0 0 (5. 2)
.{pﬁ,J }

0 (1-a) a




Fig. 5.2.
6

K
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T
e P —
8, =0
%
%o W2
(a)
~~ Bk = Tp/Z
b $ —>
YTy te Tp/2 "
(b)
vV
fe— " —>] 0 = Tp
} : —
tk-'rp tk-Tp/z tk
(c)

The pulse configurations for the different values of

(@) Bk =0, (b) Ok = Tp/Z, (c) Gk = Tp
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Finally, we determine the pulse rate rp from Eq. 2.13 with

q = 2 and v = Tp/2 . The result is

1 2
» T T, |[2+a/G-2)]

or

1
r = ',i,'; Dp (50 3)

where

- 2 5. 4
Py = Eira/a-a (- 4)

From Eq. 5.3 and the definition of the pulse rate rp , we have
E{T_N
D = { p P}
P T
But, since the pulses are non-overlapping, the quantity T N _is

equal to the total amount of time occupied by signal TS , So that

b - E{'I‘S}
P T

Thus, we may interpret Dp as the average pulse duty.

Our next assumption is that the noise is white Gaussian noise.
From this assumption we may obtain the update equation for the odds
ratio density by substituting Eq. I. 21 into Eq. I. 15 in App. I, and then

setting q = 2, s = 1 and v = Tp/2. The result is
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(6, %0, 1) (5. 5a)
(0 g = -1 Ok 117 T/ 2% 1, Oy ) )
nk(xk;ek-o,sc)a 0. (6. =0, o gk_o
T%-1k-17" %10 Yk-2
_ ' _ "1 -
= {zk(xkzek-Tp/z,sc)a (1-a) ek—Tp/z
Ll 9k=Tp
where, from Eq. 1.19,
1 % k
4| 018 = e Iy S, x0p -0 )dt-
o t- T
— [pN(t- 6.)]7 dt (5. 5b)
2No t.-T /2 k
kK p

The quantity N0 is the noise power per unit bandwidth.
The above equation for Ok(ek, X0 Ok-l) can be expressed
in a more compact form by denoting the quantity that appears in

brackets in Eq. 5.5 by Pk-l . Thus we shall define Pk-l by

- ok‘l(e =T /2’)(]{’01( 2)

k-1
1+0p_4(0,=0,%,0, o)

First, we show that Pk-l also satisfies an update equation. To do

|

this, replace k-1 by k in the above equation and substitute for

Ok(', *, ) from Eq. 5.5. The result is
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-1
ﬂk(xk | 8y = Tp/2, Sc) a (1-a)

p, = _
Oy 106y 1= Ty/ % Xy Oy o) ]

k

-1
1+ 0,6 |6,=0 S)a [ =

Next, multiply the numerator and denominator by 'a' and note that the
bracketed quantity in the denominator is Pk-l . The resulting up-
dating equation for Pk is

= — (5.7)
k a+ Lk(xk ‘ Bk =0, Sc) Pk-l

To obtain an interpretation for Pk , Substitute

Pr(6) ;| % 4]

Pr(oy ;=T | %yl

O _1 Oy _p Xg_p Opo) =

into Eq. 5.6 and multiply numerator and denominator by Pr[ Bk-l =

—

Tp |xk_1] . The result is
o Pro, ;=T /2|5 ]
k-1 = ~ - =
Pr(o, = ’I‘p | %, 4] + Pr[o, =0 E
or, since

Pr[t9k_1 = Tp |xk_1] + Pr[fi‘k_1 =0 ‘xk_l] =1 - Pr[ek_1 = Tp/ 2%, 1l
we may also write
Pr[ek_l = Tp/ 2 lxk-1]

1-Pr(o, 4= Tp/2 ‘xk-ll
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From the above equation it is evident that the quantity Pk-l can be

interpreted as the posterior odds based on the observation -ik-l

that 6 = Tp/2 . The event 9 = Tp/2 is shown in Fig. 5.3 .

k-1 k-1

tg-2 t1<:1 "

Fig. 5.3. The event ek-l = Tp/2

Now, the significance of this event at the decision time tk is that
0.1 = Tp/2 represents a pulse that is present at time tk-l and
that also has energy in the interval [tk-l’ tk) . In Appendix I we referred
to such a pulse as a carry-over pulse. Thus, we will refer to the
odds ratio Pk-l as the carry-over odds ratio.
Finally, we assume that the first half of the pulse p(t) 'looks

the same' as the last half. More precisely, it is assumed that

p(t) = plt - Tp/ 2) te [Tp/ 2, Tp)

H

It follows that if pk(t) is the basic pulse with arrival time tk - Tp

pk(t) = p[t- (t - Tp)], then pk(t) satisfies

k k
pt) =p -T2 telt -T/2 t)
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An example of a pulse p(t) which satisfies this translation property

is shown in Fig. 5. 4.

p(t)

Fig. 5.4. A pulse which satisfies the
translation property

As a consequence of this assumption it is seen from Eq. 5.5a

that
fzk(xk |9k =0, sc) = & &, | 0y = Tp/2, S.)
Thus at time tk the odds ratio density Ok(ek, X _p ok-l) depends

on the observation only through the past carry-over odds P

k-1 and

a single likelihood ratio. Denote this likelihood ratio by

i %

Gi) = ew |5 [ xodtwa - [ Brelra

o tk-Tp/Z ot.k-T/2
(5.9)

Then, it follows from Eq. 5.6 and 5. 9 that the update equation for the

odds ratio density may be written as
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§ -1
b 2 " Py O = 0
o, (6,,x,, O ,) = ﬁ -1 _ :
kV'K K k-1 Lk(xk)a (1-a) Bk = Tp/2 (5. 10)
Ll ek = Tp

and the update equation for the carry-over odds ratio becomes

Pk T ar &P

(5.11)

One last result will be necessary in order to describe the m =
2 Bayes decision rule. Specifically, we must have a description of
the probability measures of the likelihood ratio ﬂk(xk) that are induced
from the probability measures of Xy by Eq. 5.9. In Appendix K it is shown
that there are two such distributions on ﬂk that must be considered,
one arising when Xy consists of noise alone and one arising when X
consists of noise plus a signal pulse. Here we need only the fact that
both of these probability measures can be described in terms of density
functions that depend only on the signal-to-noise ratio of the basic pulse.

In the following we will denote this signal-to-noise ratio by de where

T
1 p
2 _ - 2
dT = No j(; p(t)* dat (5.12)
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5.2 The m = 1 Bayes Decision Device

In Section 4.2 we obtained the general solution of the recursive
equations for the m = 1 Bayes decision device. There it was seen
that the resulting decision device is the same as that obtained from
classical detection theory (classical pulse detector). In this section,
we will interpret this device in terms of the basic setting of the pre-
ceding section. We will then be able to compare both the structure and
the performance of this device with the m = 2 Bayes decision device.

To begin, recall from Theorem 4.3 that the response condition
for the m = 1 Bayes decision device is given by

Su@e, |%) > Wp [ Mo | %)
0 € (o, Tp) {Bk = Tp}
Now, to interpret this condition in terms of the assumptions of Section
5.1, use Theorem 4.6 to replace II(d6, | _:Ek) by p(6, | 'ik) n@e,) .
Then, use Eq. 4. 20 to substitute for p(8, [-ik) in terms of O (&, 8,
Ok-l) . The resulting response condition is
J 0.6, %, O ;) ne) > Wp (5.13)
0, € [0, Tp)
The next step is to note from the discrete case of Eq. 4.18 with

q = 2 that

Thus we may evaluate the integral in the inequality (5.13) to express
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the response condition as

0,(6, =0, x,, O 1) + O, (6, = Tp/2, X O 1) 2 Wg
(5. 14)

Next, note that the set of decision times for the m = 1 decision
device can be considered as those decision times for the m = 2
decision device that have even indices. (See Fig. 3.10.) Thus, we
can substitute for ok(ak, Xpos Ok-l) from Eq. 5.10 ,if we allow deci-

sions only for k even and if we realize that x, and thus .@k(xk) and

k
Pk(xk’ Pk—l) pertain to the observation over the interval [I'.k - Tp/ 2, tk) .

Carrying out this substitution results in the response condition
g, &)atp 4 o t)al1a) > w
k“k k-1 k¥ 'k - F

or equivalently

Tk(Pk-l’ ﬁk) > 0 (5. 15a)
where
Tk(Pk-l’ ﬁk) =4 - K(Pk-l) (5. 15b)
with
Wpa -
K(Pk-l) =TT P, (5. 15¢)

The function K(Pk-l) is illustrated in Fig. 5. 5.
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Fig. 5.5. The threshold function for the m =1
Bayes decision device

The response condition of Eq. 5.15 and the updating procedure

for Pk of Eq. 5.11 completely determine the block diagram for the

m = 1 Bayes decision device.

This block diagram is illustrated in Fig. 5. 6.

(i-a) £y

£, (%) P, =
k'K k a+f, Py 4

Delay

Fig. 5.6. The m =1 Bayes decision device

a_k_—.

1 if ¢ 2
K(Pk_l)and
k even

0 otherwise
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The operation of this device is as follows. At time tk the
value of the carry-over odds ratio Pk-l , which has been stored in
memory from time tk-l , is used to determine a value of the thresh-
old function K(Pk_l) . The decision device then compares the current
value of the likelihood ratio Jzk(xk) with the threshold K(Pk-l) and
responds iff

Ek(xk) > K(Pk_l) and k is even

Finally, the values of Lk(xk) and Pk-l are used to determine Pk

for use at the next decision time.
We conclude this section with a few interpretive remarks on
the m = 1 Bayes decision device. First, note from the response

condition

WFa

k-1 = d-a)+ P

26,) > K(P -

that the decision at time tk can be considered as a likelihood ratio

test against a threshold that depends on the information prior to

time tk-l through the statistic Pk-l(xk-l) . Here, the likelihood
ratio Lk(xk) is a measure of the evidence in the current observation

X) that signal energy is present if the interval [tk - Tp/ 2, tk) , wWhere-
as Pk-l (i’k_l) is a measure of the evidence based on the past obser-
vation Ek-l that the carry-over pulse is present. These quantities

and the carry-over pulse are illustrated in Fig. 5.7.
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2 -1 th
— Pk-1("k-1"'| 1o

Fig. 5.7. The temporal relation of the carry-over pulse,
the previous carry-over odds Pk-l(i’k-l) and the

current likelihood ratio 2(xk)

The form of the threshold function K(Pk-l) can be interpreted
as follows. The large values of Pk-l indicate strong evidence that
the carry-over pulse is present. For these values, K(Pk_l) is
small as seen from Fig. 5.5, and thus little evidence is needed from
.Q(xk) in order to respond. On the other hand, small values of P,
indicate strong evidence that the carry-over pulse is not present. For
these values, K(Pk-l) is larger, so that more evidence from ﬂ(xk)
is needed in order to respond.

The extreme values of Pk-l are interesting. Suppose first
that Pk-l = + 2 . Then, the decision device knows with absolute
certainty on the basis of ;k-l that the carry-over pulse is present.
Now, since the carry-over pulse must be detected at time tk , the
decision device should respond regardiess of the information present
in the likelihood ratio L(xk) . But, this is compatible with the response

condition, since

K(Pk-l =+2) =0
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On the other hand, suppose Pk-l = 0 . Then, the decision-
maker knows with absolute certainty on the basis of -}Ek-l that the
carry-over pulse is not present. Now, from Fig. 5.2 it is seen that
the only other possibilities are that Bk = Tp so that no pulse is
present in the interval [tk - Tp, Lk) , or that 9, = Tp/'2 so that
a pulse arrives at time tk-l . But, at time tk these two possibilities
can be distinguished only on the basis of whether or not there is signal
energy in the interval [tk - Tp/ 2, tk) . Thus, from classical detection
theory, we would expect that the optimum decision device would respond

iff ,Q(xk) exceeds the threshold

Pr(o, =T | 6 # O]

w -
F Pr[0=T/2[08, 70l

But, this is also compatible with the response condition for the m =
1 Bayes decision device, since, by substituting for the conditional

probabilities from Eq. 5.2, we conclude that

Pr[0) =T | 0y #0]

w - -
F Pr(0, =T /2 [0 =0]
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5.3 The m = 2 Bayes Decision Device

In this section we present the results of a numerical solution
for the m = 2 Bayes decision device. To obtain these results, we
have interpreted the recursive equations of Section 4. 4 in terms of
the assumptions of Section 5.1. The resulting equations were then
solved on a digital computer. The details of this procedure are found
in Appendices K and L.

To begin, we first draw on Theorem K. 3 of Appendix K to con-

clude that, as in the m = 1 case, the test function T, depends on

k
the total past observation SEk only through P, _; and ¢ . Thus,
inthe m = 2 case we may also write

T & T) = TP p Lo T

Next, we state two basic properties of the numerical solution
for Tk(Pk-l’ Ek’ Tk) . These properties have not been established
theoretically but have only been verified through the computations.

The first of these properties states that, as inthe m = 1 case,
the m = 2 Bayes decision device can be considered as a likelihood
ratio test against a threshold function that depends on the previous
value of Pk-l . Inthe m = 2 case, however, the threshold function
also depends on the specific decision time tk and on the past decision

ak_1 as well.
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Property I: Likelihood Ratio Property. For each set of values

of the losses WX and WF , there exist two sequences of functions

K @ )l and @)
such that

T, (P

o 0
1 Prp 4o =0 = 4 - K P )

and
1
TyPpp Lo =T/ 2) = 4 -K (P _y)
The above property specifies the form of the response condit-
ion for the m = 2 case. These conditions together with the updating
equation for Pk allow us to conclude that the general form of the

m = 2 Bayes decision device is as shown in Fig. 5. 8.
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The operation of this device is much the same as the m = 1
decision device. At time Lk the value of the previous carry-over
odds ratio Pk-l

memory. The previous decision a1 is used to determine which

and the previous decision a 4 are both stored in

of the two threshold functions, Kko (-) or Kkl(- ), is to be used at

time tk , and the value of P determines the specific value of

k-1
the threshold function. Then, attime Lk the device responds iff it

did not respond at time tk-l and

0
Ly 2 K By

or iff it did respond at time tk-l and

1
e > KRy

Finally, the value of P is used along with the value of ‘Qk to

k-1
determine Pk for use at the next decision time. The value of ay
replaces a1 in memory.

The second of the two basic properties states that, except for

decision times tk close to the terminal decision time tN , the struc-

ture of the m = 2 Bayes decision device does not depend on time.

More precisely,

Property II: Asymptotic Stationarity Property. For each set

of losses WX and WF s

k°®,_ ) and (k1@ )

converge through decreasing indices K to limiting threshold functions

the two sequences of threshold functions
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k%, ) and K'(p )
respectively.

The interpretation of this property in terms of the system model
of Fig. 5. 8 is that, except for tk near tN , we may replace the
threshold functions K, °(P, ;) and K '(P, ) by K°(®, ) and
f( 1(Pk_l) . Thus, for these decision times, none of the components
in the decision device depend on the particular decision time tk . We
might point out that it is certainly reasonable to expect that Property
II holds in the setting of this chapter, since we have assumed that both
the noise process and the prior probabilities are stationary.

We now turn to the task of describing the m = 2 Bayes deci-
sion device for different values of the losses WX and WF . To this

end, we note from Property I that this device is completely specified

by the sequences of threshold functions

{Kko(Pk_l) } and {Kkl Py}

Moreover, by Property II these functions converge to limiting thres-
hold functions

AO -~ 1
K (P,_,) and K (P,

Thus, we may describe the stationary behavior in the m = 2 case
completely in terms of these two functions. We will defer the discussion

of the convergence of the threshold functions to Appendix L.
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In order to provide a basis for the description of the limiting
threshold functions, we recall from Section 3. 6 that the general Bayes
decision device can be divided into five special cases depending on
the values of the losses WX and WF . Forthe m = 2 Bayes
decision device, each of these special cases results in a distinct form
for the threshold functions. Thus we may describe the numerical
results by presenting specific examples for each of the five cases.

*
Case I: WX (F) < W WF > 0

X’

The Bayes decision devices for these values of Wx and WF

are respond-once decision devices which satisfy the inhibit rule and
which are independent of the loss WX . Typical threshold functions

for this case are shown in Fig. 5.9 and 5. 10.

There are several features of these functions that we shall
take special note of here. First of all, it is noted that 12 1(Pk_l) =
+ o for all Pk-l . This fact is a consequence of the inhibit rule
property. To see this, we note that in the m = 2 case the inhibit

rule says that the decision device cannot respond at time tk if it has

just responded at time tk-l . Thus we must have
TPy y LT = T/ 2
. e 1
= ‘(k - K (Pk-l) < 0

for all '(k and Pk-l . But this is true for all ‘Ek iff we take

K (Pk-l) = + for all Pk-l
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1 =
(P _y) RO(P_{) =+

Fig. 5.9. Threshold functions for Case I;

2 = = = =
dT =1, Dp—.3,Wx l,WF 1
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ﬁl(P ) =+

k-1

Fig. 5.10. Threshold functions for Case I;

dT2=1. Dp=.3, WX=1. WF=2
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Next, it is noted that the threshold function Iz O(Pk_l)
approaches + x as Pk-l approaches 0. In the following paragraphs
it will be seen that this property holds for all respond-once decision
devices. To gain some insight into this property, consider the situation
when Pk-l = 0 . Now, from the preceding section we recall that
when Pk-l = 0 , the decision device is assured that either no pulse
is present at time tk , or if a pulse is present at time tk , then tk
is the first opportunity to detect that pulse. Thus the response con-
dition

4, > f(o(P =0) = +»
k = k-1

says that, in this situation, the decision device will always defer a
response decision to the next decision time.

A few additional comments on the results for Case I are ap-
propriate here. First of all, it has been verified computationally
that the threshold functions are completely independent of the loss
WX . This is to be expected from Theorem3. 11 which says that any
Bayes decision device that satisfies the inhibit rule depends only on
WF and not WX . Secondly, we point out that we have not been able
to obtain an analytical expression for the function Wx*(WF) . Never-
theless, by trying different values of the losses WX and WF and

noting for which of these values the inhibit rule holds, we have ob-

tained a numerical description of this function. This description appears

. ¢ o 2 _ =
in Fig. 5.11 for dT 1 and Dp .3.
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. . *
Fig. 5.11. The function Wy (WF)

. * '

CaseIl: 0 < WX < WX (WF), WF > 0
The Bayes decision devices for these losses are respond-once

decision devices which do not satisfy the inhibit rule property. Typical

threshold functions are shown in Figs. 5.12 through 5. 15.

We make the following observations. First of all, it is noted

that for constant WF , Kl (Pk-l) decreases with decreasing WX .
This says that the decision device with the smaller value of W, will

X
break the inhibit rule more often than the decision device with the
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0.5 1.0

Fig. 5.12. Threshold functions for Case II;

2 _ = = =
dT =1, Dp—.3, Wx-—.l, WF—l
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25
207 g1p
(Py_4)
WX =.25 w
15 de =1 Dp
10T
5—
5 0
K (Pk-l)
] |
0.5 1.0 Pk—l

Fig. 5.13. Threshold functions for Case Ii;

dp? =1, D =3, Wy =.25 W

F

=1
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1 |

0.5 1.0

Fig. 5.14. Threshold functions for Case II;
2 _ - W — —_
Cl‘l‘.-l’ Dp"'3) x—ol, WF—2
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Fig. 5.15. Threshold functions for Case II;

2 = = =
dp” =1, Dp—.3, Wy .25, Wo 2

Wx=.25 =2
2 _ —
dT =1 =.3
1 | |
0.5 1.0 1.5 P,
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larger value of WX . This is certainly compatible with the physical
interpretation of the loss WX , since large values of WX reflect a

strong desire to avoid extra detections and extra detections can occur
only when the inhibit rule is violated.

Next, it is noted that f{ 1(Pk_l) is always larger than ﬁo(Pk_l),
and that, although Izl(Pk_l) is finite for some values of Pk-l , it
approaches +x for both small and large values of Pk-l . The inter-
pretation here is that the decision device can break the inhibit rule
only when the past information on the carry-over pulse is inconclusive
and then only if Lk is large.

Finally, by comparing Fig. 5.12 with Fig. 5.13 and 5. 14 with
Fig. 5.15, it is seen that I:IO(Pk__l) is completely independent of
the value of W, . Moreover, for the same value of W

X F
KO(Pk_l) in Case II is identical to the function ﬁ (Pk-l) in Case I.

the function

We shall return to this point in the discussion of Case III below.

Case III: WX = 0, WF > 0

The Bayes decision devices for these losses are the maximum

pulse detection devices. Typical threshold functions for these devices
are shown in Figs. 5. 16 and 5. 17.

There are two observations to be made here. First of all,
the function ﬁl(Pk_l) remains finite for large values of Pk-l

Thus, even if the decision device knows that the carry-over pulse is

present, (Pk-l = +m), and even if it has detected this pulse at the
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Threshold functions for Case III;

1, D = .3, Wy =0, Wp =2
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preceding decision time tk-l , it may still respond again at time tk .
It is to be noted, however, that the extra detection that results incurs
no extra loss since WX = 0 for the MPD decision device.

The second and most important observation is that for the
same value of WF the threshold function KO(Pk_l) in Case IIl is
identically equal to the threshold function KO(Pk_l) in Cases Il and 1.
Thus, for any respond-once decision device (Case I, I or III), the

threshold function KO(Pk_l) does not depend on W Hence, the

x [
only effect of the loss WX on the respond-once decision devices is
to determine the function Kl(Pk_l) .

The remaining two cases pertain to the respond-and-hold de-

cision devices.

CaseIV: -1 < WX < 0, WF > 0

The Bayes decision devices for these losses are those decision

devices which balance the detection rate R‘D against the detection

duty DD . Typical threshold functions for this case are shown in Figs.

5. 18 through 3. 21,
There are several observations to be made here. First of all,

it is noted that both the threshold function ﬁl(Pk_l) and fc (Pk-l)

depend on both the losses WX and WF . Moreover, these functions

decrease with either decreasing WX F

Secondly, both the threshold functions are finite at the origin.

or decreasing W

Thus, even if the decision device knows with absolute certainty that
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o
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Fig. 5.18. Threshold functions for Case IV;

2 _ — — —
dp? =1, Dy = .3, Wy =-.5 Wp =1
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Fig. 5.19. Threshold functions for Case IV;
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dp? =1, D)= .3, Wy =-.25, W =1
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Fig. 5.20. Threshold functions for Case IV;
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dT =1, Dp—.3, Wx— . 5, WF 2
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Fig. 5.21. Threshold functions for Case 1IV;

2 — - = - =
dp® =1, D = .3, Wy =-.25, W =2
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time t.k is the first opportunity to detect a pulse present at that time,
(Pk-l = 0), then it will still respond at time tk even if it responded
at time tk-l . This behavior is typical of all respond-and-hold de-
cision devices.

Finally, we note that all of the threshold functions satisfy

- 0 ~ 1
K, _,) < K (P

1) for all P

k-1

This condition says that the decision device is more likely to respond
at time tk if it did not respond at the preceding time tk-l then if it
did respond at time tk-l . That this is reasonable can be seen by
noting that the response condition

0

5, > K@

K k-1
can result only in a detected pulse outcome or a false alarm, whereas
the response condition

1

5 > K (B, )

k
can also result in an extra detection outcome. But, in the respond-and-
hold case the extra detection outcome only results in a gain of A units
of detection time, whereas the detected pulse outcome results in A units
of detection time plus the gain for a detected pulse. Thus, it is reason-
able to expect that the decision device is less likely to respond if it has
just responded at the preceding decision time.

Case V: WX = F

The Bayes decision devices for these losses are the maximum

L, W, > 0
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detection devices. In this case the response condition can be obtained
analytically. The procedure is to note from Section 4. 2 that the re-
sponse condition is the same as the m = 1 Bayes decision device,
except that decisions are made at each decision time tk . Thus, we

may conclude from Eq. 5. 15 that

K@, ) = KBy ) = Ky )
W
T {Ta)+ P

k-1
An example of these threshold functions is shown in Fig. 5. 22.

We might point out that since both of the threshold functions
are equal, the MDT decision device does not need to store the pre-
ceding decision. Thus, the decision feedback loop can be removed
from the general block diagram of Fig. 5.8. The resulting block

diagram is shown in Fig. 5. 23.
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Fig. 5.22. Threshold functions for Case V;
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dp? =1, D = .3, Wy =-1, W =1



99TASp UOISIOAP W) UOIJ09)9p WnWIIXew g = W JI0j welderp yooid ¢g°¢ “Sid

| =
M laxs> T o X,
> = -4 A
- - e
N Flox V1 17| [ zerg LAt T,
T 3 (2D 7
- UmAH




-220-

In concluding this section, we note that all of the above exainples

for the five cases were calculated for the signal-to-noise ratio

de = 1 and the duty Dp = .3 . Ingeneral, the basic form of these

T

selves decrease with increasing de or increasing Dp . The one

functions does not depend on d..2 and Dp , but the functions them-

exception is the MDT threshold function which depends only on Dp
Examples of this behavior appear in Figs. 5. 24 through 5. 27 .
The decrease in the threshold functions for an increase in D_ can be
seen by comparing Figs. 5. 24 and 5. 25 with Figs. 5.12 and 5.18. The
decrease in the threshold functions for an increase in d,, can be seen

T
by comparing Figs. 5. 26 and 5. 27 with Figs. 5.12 and 5. 18.

5.4 The Matched Filter Decision Devices

In Section 1. 4 we introduced a matched filter (MF) decision
device for both the respond-once and the respond-and-hold case. There
we mentioned that, although these devices are suboptimal, they are
quite practical from an engineering point of view. In this section, we
will adapt these decision devices to the basic setting of this chapter.
This will provide a common basis for comparing the structure and the
performance of these devices with the optimum m =1 and m = 2
Bayes decision devices.

We begin by recalling from Section 1. 4 that at the decision time

tk both the MF devices calculate the quantity
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Fig. 5.24. Threshold functions for Case I;
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Wx=—.5 WF=1
2 _ =
dT =1 Dp—

1 2

Fig. 5.25. Threshold functions for Case 1V;

dp? =1, D = .5 Wy =-.5 W =1
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Fig. 5.26. Threshold functions for Case I;

2 - = = =
dp® =9, D =.3, Wy =1, W, =1
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1 2 3 P

Fig. 5.27. Threshold functions for Case IV;

2 2 = = - =
dp? =9, D = .3, Wy =-.5 Wp =1
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To interpret this quantity in terms of the assumptions of this chapter,

we first break the integral into two parts, and then use the pulse trans-

lation property and the fact that tk = tk-l + tp/2 to write

be~Tp/ 2 be
¢, = J x®pt-¢ -T))d + [ x®)pt-(t -T))dt
Y T, P b -T /2 P
ftk'1 ( ftk (©) plt - ¢ )
- x(t) plt -, _- T_))dt + [ x(®)plt- (b - T ))adt
% - Tp ° tk-Tp/Z d
or
o -1 Y
e [ x0T O d e g [ x®pFe) at 5. 16)
o Mo g T2 0 -T2

Next, add and subtract

d2 "
— cm J _[p®1® at
0 G -T,
te-1 te
1 - 1
- S o1z at + g K)]2 at
*No tk_l-[ /2 No t{(-[gp(/)zl

to Eq. 5. 16 to obtain
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¢ - -1
ﬁotl{— -'-'( x(t)Tpk_:(t) dt - E}N"a f [pk lg_)]z at
- / te1- Tp/
+ X(t)p (t) at - L ftk [pk(t)]2 dt
-T o 2 2Ny G- Tp/2
d 2
* 2
or
C
d 2
Nt:: B g =In £ & 4) + Ing k) (5.17)

The next step is to replace the response condition

c, > #
by the equivalent response condition
C 2 2
ex ' - o1 > ex B . ‘T = g
PN, 2 = FPYN, T T (T

Now, substitute Eq. 5. 17 into the above expression to write the re-

sponse condition as
L 1%y y) L) 2 F
or finally, as

We are now in a position to describe the MF decision devices. To
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this end, note from Section 1. 4 that the RHMF responds whenever
inequality (5. 18) is satisfied. On the other hand, the ROMF device
must also satisfy the inhibit rule. Thus, for this device the response

condition is

o ,
B /ik(xk) if a,k_l = 0
L &y) 2 <
L + 90 if a1 = 1

The block diagrams for these devices are shown in Fig. 5. 28.
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We might point out here that these block diagrams are essentially
the same as the block diagrams for the m = 2 Bayes decision devices;

the main difference here is that the threshold function {3'/!Zk does

not depend on Pk-l .

3.5 Performance

In ChapterlIllit was seen that the performance of the FRD de-
cision devices can be described in terms of either the respond-once
performance set & (m) or the respond-and-hold performance set
.9~9(m) . Moreover, the optimum performance for these devices is
described in terms of either of the two ROC surfaces A‘.?(m) or
A ﬁ(m) . In this section, we present a numerical description of
these surfaces for the m = 2 andthe m = 1 case. Also, we will
present a numerical description of the performance for the MF decis-
ion devices of the preceding section.

To obtain the descriptioh of the ROC surfaces, it is sufficient
to determine the performance points

R(3) = (Ry(6), Rg(0), RL(®))

and

D() = (Dp(8), D), RL(®))

for the Bayes decision devices. This has been done by simulating the
operation of these devices over a long period of time and measuring

the resulting values of R(6) and D(5) . The details of this procedure
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are found in Appendix M. The performance description for the MF
decision devices has also been obtained by this procedure.

Before presenting the numerical results, we will introduce cer-
tain bounds on the ROC surfaces. First, we consider the bounds for
the respond-once ROC surface A F@) To this end, we assert that
the performance of a respond-once decision device cannot exceed the
performance of the classical signal-known-exactly (SKE) decision device

2  This follows from the fact

with the same signal-to-noise ratio dT
that in the SKE paradigmthe decision device always bases its decision

on an observation that is influenced by the whole pulse, whereas in the FRD
paradigmthe decision device must sometimes make decisions on an

observation that is influenced by only part of the pulse. The basic SKE

paradigm is shown in Fig. 5.29.

T, ——

-«+——Observation—-m . .
Decision Time

Fig. 5.29. The SKE paradigm for signal-to- noise ratio dT"
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Next, we assert that inthe m = 2 case the performance of
the optimum respond-once decision device will always exceed the per-
formance of the optimum SKE decision device that bases its decision
on only half of the signal energy. The basic paradigm here is shown

in Fig. 5. 30.

le— T —|

L |
| 1
«t+—— QObservation
Decision Time

Fig. 5.30. The SKE paradigm for signal-to- noise
ratio dp /2

The validity of this assertion follows from the fact that the m = 2
respond-once decision device always bases its decisions on at least
half of the signal energy.

To interpret the above statements in terms of the ROC surface

",?(2) , it is necessary to relate the probability of detection PD and

the probability of false alarm P for the SKE decision device to the

F

rates , R, and R This is done in Appendix N. There it is
F

D °
seen that, for the SKE decision device,



R

I
"d

F F

Rp = Pp
It then follows from the above statements that the projection of A F©2)
onto the Rx = 0 plane must not exceed the ROC curve for the SKE
case with signal-to-noise ratio de and must lie on or above the ROC
curve for the SKE case with signal-to-noise ratio de/2 . Thusthis
projection must lie completely in the region shown in Fig. 5.31 below.
1t is to be noted here that these curves, as well as the remaining curves
in this section, are plotted on normal-normal paper.

We may use the same argument as above to obtain an upper
bound for the ROC surface A ﬁ @) - This is done by associating Tp
seconds of detection time to each detection decision and T _ seconds
of false alarm time to each false alarm decision. It then follows that
the projection of the ROC surface, A ﬁ(Z) , onto the RD = 0 plane
cannot exceed the ROC curve for the SKE decision device with the same
signal-to-noise ratio. This latter curve is obtained by noting from
Appendix N that for the SKE decision device

DD=PD

Dp = Pp

Ry = Pp

The region containing the projection of ).’9’?(2) is shown in Fig. 5. 32.
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Fig.5.31. The region containing the projection of A,?(Z) .
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We now turn to the description of the performance of the respond-
once decision devices. First we considerthe m = 2 decision device.
Recall from Section 3. 6 that the m = 2 Bayes decision devices can
be classified into three special cases. The Case I decision devices
satisfy the inhibit rule and thus their performance plots as a curve in
the RX = 0 plane. This curve has the property that it represents the
smallest values of the detection rate R.D . The Case III decision devices
are the MPD devices. These devices do not satisfy the inhibit rule and
thus their performance plots as a curve in the region RX > 0 . This
curve has the property that it represents the largest values of RD .
Finally, the Case II devices are those devices that achieve a trade-off
between RD and Rx . These devices also do not satisfy the inhibit
rule. Their performance constitutes the rest of the ROC surface A F©)
in the region RX > 0.

To illustrate the performance in the m = 2 case, we have
plotted the inhibit rule curve and the projection of the MPD curve into
the RX = 0 plane. The area bounded by these curves can then be
considered as the projection of 7\'99(2) into the Rx = 0 plane. These

curves are shown in Fig. 5.33 for dT =’, /d?r = 3 along with the upper

and lower bounds discussed above,
In Fig. 5. 33, it is seen that for the low signal-to-noise ratio,
2 _ : . .
(dT = 1), the surface ".5?(2) is essentially independent of RX ,

since the projection of the MPD performance curve and the inhibit rule
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performance curve coincide. Thus, for low signal-to-noise ratios,
one can expect little or no improvement in the detection rate RD for
increases in the extra detection rate RX . On the other hand, if the
signal-to-noise ratio is large, (de = 9) , there is a noticeable
difference in the two curves, so that in this case one can expect a sub-
stantial increase in R’D for an increase in RX .

Next, we consider the performance of the m = 1 R-O decision
devices. In this case the ROC surface A & (1) degenerates to a curve
in the RX = 0 plane, since these devices are incapable of making

extra detections. Figure 5.34 illustrates A F) for d, = 1, 3 along

T
with the upper and lower bounds.

The main point to be made here is that these curves lie only
slightly above the lower bound and, as can be seen by comparing Fig. 5.34
with Fig. 5. 33,. they lie substantially below the projection of A‘}?(Z)

Thus, as is to be expected from Theorem 3.9 , there is a substan-
tial increase in the optimum performance for an increase in the number
of detection opportunities m .

Finally, we consider the performance of the ROMF decision
devices. As discussed in the preceding section, these devices also have
two decision opportunities per pulse, (m = 2), and they also satisfy
the inhibit rule so that their performance plots as a curve in the RX =0

plane. Furthermore, it should be noted that since these devices are

suboptimal, their performance can be expected to depend on the duty Dp .
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Fig. 5.34. The ROC curve k.?(l)
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Fig. 5.35. Performance curves for the ROMF decision devices.



-240-

This is seen to be the case in Fig. 5.35, where we have plotted the
ROMF performance curves for dT = 1, 3, and Dp = .1, .5 along
with the upper and lower bounds.

It should be noted from Fig. 5.35 that the performance of the
ROMF device for Dp = .1 shows a substantial improvement over the
performance for Dp = .5 for the higher signal-to-noise ratio.

We conclude the respond-once case by comparing the performance
of the three different R-O decision devices for dT = 3 . This is
done in Fig. 5.36. In this figure it is seen, as expected, that the ROMF
performance curves lie below the projection of A F@2) On the other
hand, these curves lie above A Fa) Thus we have an example of
a suboptimum m = 2 device whose performance exceeds the performance
of the optimum m = 1 devices.

We turn now to the performance of the respond-and-hold de-
cision devices. First, we treat the m = 2 decision devices. Recall
from Section 3. 6 that the R-H Bayes decision devices have been divided
into two cases, Case IV and Case V. The Case V decision devices
are the MDT devices, (WX = -1) . These devices achieve the max-
imum values of DD for fixed DF . The Case IV decision devices are
those devices that sacrifice detection time for an increased RD .
Their performance constitutes the rest of the ROC surface A'g"é @)
To illustrate A 9';(2) we have projected the MDT performance curve

and the curves for the Bayes decision devices for WX =-.9, WX = -1.,
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Fig. 5.36. The performance of the R-O decision devices.
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and Wx = 0 into the RD = 0 plane and the DD = 0 plane. These

curves are shown in Figs., 5.37a, b and 5. 38a, b for dT =1 3.

Here it is seen that the MDT has the largest values of D

D ’

but the smallest values of RD for fixed DF . On the other hand,
b

the curve associated with WX = 0 has the smallest values of DD

and the largest values of RD for fixed DF . This is to be expected
from the results of Chapter III. We might also point out here that the

projection of the WX = 0 curve into the RD = 0 plane passes through

the point
RD = 1
DF = .9
DD = .9

This can be verified analytically by noting that this point is the per-
formance point of the decision device that responds every other time.
(See Section 3. 4.)

Next we consider the performance of the RHMF. As in the
respond-once case, this device is a suboptimal m = 2 device whose
performance depends on the duty Dp . The projections of the per-
formance curves are shown in Figs. 5.39 and 5. 40 for dT = 1, 3,
and D = .1, .3.

By comparing these curves with the curves in Figs. 5.37 and

9. 38, it is seen that there is a substantial degradation in the performance
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Fig. 5.37. The projection of A ﬁ(z)into the
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(b) dT = 3.
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Fig. 5.39. The projections of the performance curves
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of the RHMF, although, as in the respond-once case, the least amount

of degradation occurs for the small value of the duty Dp.



CHAPTER VI

SUMMARY AND CONCLUSIONS

In many physical situations it is desired to detect the presence
of randomly occurring pulses as they occur. In this study we have
defined and analyzed two classes of decision devices that function in
this setting. The respond-once decision devices seek to respond at
a single instant of time within a prespecified time after the arrival
of each pulse. These devices are applicable in a situation where it
is desired to take a single action for each pulse that occurs. The
respond-and-hold decision devices seek to respond at each instant
of time at which a pulse is present. These devices are applicable in
a situation where it is desired to take a continuous action during the
time when each pulse is present.

To describe the performance degradation due to noise at the
input of the R-O and the R-H decision devices, we have defined two
loss functions. The loss function for the R-O decision devices
measures the performance degradation in terms of the number of
detected pulses, the number of false alarms and the number of extra
detections. The special R-O decision device for which the loss for
an extra detection is zero has been referred to as the maximum
pulse detection device. The loss function for the respond-and-hold
decision devices measures the performance degradation in terms of

- 250-
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the number of pulses that are detected, the amount of detection
time, and the amount of false alarm time. We have referred to
the special R-H decision device whose performance depends only
on the amount of detection time and false alarm time, and not on
the number of pulses that are detected, as the maximum detec-
tion time device.

To the author's knowledge, no formal theory exists for the
R-O and the R-H decision devices described above. In psycho-
physics, some work has been done to characterize the human
decision- maker in the respond-once setting, while in systems
engineering, it is generally agreed that the matched filter deci-
sion device described in Chapter I will function reasonably well
in either setting. Nevertheless, no effort has been made to ob-
tain optimum decision devices and to characterize their perfor-
mance. This problem, which we have referred to as the free
running detection problem, is the subject of this study.

To analyze the free running detection problem, it has been
necessary to do three things: define the basic decision model,
characterize the performance of both classes of decision devices,
and obtain the optimum decision devices. The methods used in
carrying out these tasks and the results are summarized in the
following paragraphs.

In order to provide a solid theoretical foundation for the

basic model, the definition of the FRD problem formulated in
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Chapter I has been interpreted in terms of the general decision
theory model £ ©,L). This was done in Chapter II. There
it was seen that the action space,df, could be defined as the
set of binary N-tuples, if we added the restriction that the deci-
sion device be allowed to make decisions (change the value of
the response function) only at equally spaced times on the time
axis. The separation between these decision times is an impor-
tant parameter, since it determines the number of decision
opportunities available to detect each pulse.

The state space for the FRD problem was defined in terms
of the pulse arrival times. The procedure was to assume that
either the pulses can arrive at any time as long as they do not
overlap, or else to assume that they can arrive only at discrete,
equally spaced times. In the continuous arrival time case, we
assumed that the time between the completion of one pulse and
the arrival of the next pulse caﬁ be described as an exponentially
distributed random variable. In the discrete case, we assumed
that this inter-arrival time can be described as a geometrica.lly.
distributed random variable. The next step was to define the dis-
tribution of the arrival time of the first pulse, so that the pulse
rate (the expected number of pulses per unit time) was indepen-
dent of time. Finally, we defined the parameter space in terms
of a sequence of random variables, 6 = (6 17 0o GN), so that

the ith random variable Bi describes the pulse arrivals relevant
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to the decision device at the ith decision time. As a consequence
of these definitions, it was seen that the sequence 6 could be de-
scribed in terms of a stationary, first order Markov probability
law.

To complete the description of the decision model, we
applied the formal definitions of Chapter I to interpret the loss
functions in terms of the action space and the parameter space.
It was seen that the loss functions for the R-O and the R-H
decision devices could be expressed in terms of a single canoni-
cal form.

The means of describing the performance of the FRD
decision devices was developed in Chapter III. The procedure
followed there parallels that of classical detection theory.
Specifically, a detection rate RD’ a false alarm rate RF’ and
an extra detection rate RX were defined for each R-O decision
device. It was then possible to.characterize the performance of
the whole class of R-O decision devices in terms of the perfor-
mance set & Similarly, it was seen that it was possible to
describe the performance of an R-H decision device by the de-
tection rate R‘D’ a detection duty DD’ and a false alarm duty DF'
This gave rise to the performance set ﬁ as the means of de-
scribing the performance of the class of R-H decision devices.

The next step was to establish some basic properties of

the performance sets Fand &, First, it was shown that both
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& and Plie in triangular regions in IR®. Next, we introduced
the concept of a randomized decision rule to show that both per-
formance sets are convex. The convexity property was then
used to define the concept of a chance plane for both performance
sets. Finally, we extended the notion of the antipodal decision
device from the classical detection problem to the FRD problem
in order to obtain a reflection property.

With the above properties at hand, we were able to verify
two conjectures introduced in Chapter I. First, it was seen that
any FRD decision device had the property that the decision at
a particular time t' depends on the previous decisions only
through the time of the last response. This principle was intro-
duced in Chapter I as the most recent response rule, Next, we
proved that the only decision devices that never make extra de-
tections are those devices that never make more than one response
within an interval of duration edual to the pulse duration. This
principle was introduced in Chapter I as the inhibit rule.

In the final sections of Chapter III, we used the performance
sets & and & to define a notion of optimality that is independent
of the loss function and the prior probability laws. There it was
seen that this optimum performance could be described in terms
of two ROC surfaces, one for the R-O decision devices and one
for the R-H decision devices. Moreover, we were also able to

show that this notion of optimality and the notion of Bayes
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optimality are equivalent.

This last fact together with the geometrical properties of
the ROC surface enabled us to verify certain conjectures intro-
duced in Chapter I. First, it was shown that, if the loss for an
extra detection is sufficiently large with respect to the loss for
a false alarm, then the corresponding R-O decision device satis-
fies the inhibit rule. Moreover, the structure of the decision
device is then independent of the particular value of the extra
detection loss. Secondly, we were able to show that, for those
R-O decision devices that do not satisfy the inhibit rule, an in-
crease in the detection rate can be obtained at the expense of an
increase in the extra detection rate; the maximum values of the
detection rate occur for the MPD decision device. As a final re-
sult, it was seen that the performance of the R-H decision devices
also reflects a trade-off. Specifically, an increase in the detec-
tion duty comes at the expense 6f a decrease in the detection rate
with the maximum values of the detection duty occurring for the
MDT decision device.

In Chapter IV, we completed the theoretical portion of this
study by obtaining a description of the optimum Bayes decision
devices. The first step was the derivation of a general expression
for the Bayes decision rule at the decision time tk in terms of the
Bayes decision rule at time tk+1‘ From this expression it was

possible to verify the configuration of the Bayes decision device
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that was introduced in Chapter I. Next, we considered the struc-
ture of the MDT decision device and the structure of the decision
device that is allowed one decision opportunity per pulse. It was
seen that both of these decision devices are equivalent to the
classical detection theory device which responds if a pulse is
present at the current time.

In the remaining sections of Chapter IV, we added the assump-
tion of conditionally independent observations to obtain an updating
procedure for the Bayes decision device in order to replace the
past observation memory with a memory of fixed size. This is cer-
tainly a necessary requirement of any decision device that is to be
operated over long periods of time. It should be mentioned, however,
that the resulting structure of the Bayes decision device is_ still con~
siderably more complicated than the structure of the matched
filter decision devices.

In Chapter V, the theory of the preceding chapters was
applied tc obtain specific examples of FRD decision devices.

In particular, we considered the m=1 Bayes decision devices
(m is the number of decision opportunities per pulse) and the
m=2 Bayes decision devices. The structure of the m=1 devices
could be obtained analytically from the results of Chapter 1V,
but the structure of the m=2 devices had to be obtained numeri-
cally. For both of these devices it was seen that the decision

at the decision time tk is made by comparing a likelihood ratio



-257-
with a threshold that depends upon a certain statistic of the
past observations. The threshold for the m=2 devices also
depends upon the preceding decision, but the threshold for the
m=1 devices is independent of the preceding decisions.

The performance of the Bayes decision devices considered
in Chapter V was calculated by simulating their operation over
long periods of time. It was seen that the ROC surfaces for both
the m=2 and the m=1 devices exhibited the properties developed
in Chapter III. These properties were most apparent, however,
for the higher signal-to-noise ratio. For example, the perfor-
mance of the m=2 MDT devices showed a substantial improve-
ment over the performance of the m=2 inhibit rule devices for a
high signal-to-noise ratio but essentially no improvement for the
low signal-to-noise ratio.

As a final example, we calculated the performance of the
matched filter decision deviceé in the m=2 setting and noted that
their performance was inferior to that of the Bayes decision
devices., It mighf be emphasized, however, that since these
calculations were made only in the m=2 setting, the question of
the performance degradation of the matched filter devices for

large values of m remains open.



APPENDIX A

THE CLASSICAL DETECTION PROBLEM
AS A GENERAL DECISION PROBLEM

In this appendix the classical detection problem is interpreted
in terms of the general decision model.

To begin, we identify the elements &/, ©, L. Consider
first the action space < . There are two possible decisions in the
classical detection situation; decide that a pulse is present or decide
that no pulse is present. Denote the first of these alternatives by '"1"

and the second by "'0'". Then the action space ol s given by
A = {a;ae {0,1}}

Next, consider the parameter space © . Two possible situa-
tions can occur; either signal is present or no signal is present in the
observation interval. Denote the set of parameters which influence the
observation when signal is present by GSN and denote the set of param-
eters which influence the observation when no signal is present by GN.
(In many situations, GN will consist of a single point indicating the

event ''no signal present’’.) Then, the state space © is given by

O]
"

GSNU ©

N
Now consider the prior probability law 1i(*) on ©O.
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In general, this probability law can be written in the form

M(d6) = T(d6 | SN) Pr[SN] I (6)
st

+ TI(d6 | N) Pr[N] T {(9)

where
T(dé | SN) is the prior probability law on eSN given that
signal is present,
(dé | N) is the prior probability law on GN given that no
signal is present,
Pr[SN] and P[N] are the prior probabilities of the events
"signal present' and ''no signal present', respec-

tively,

and I (8) is the usual indicator function defined by

{or }

I (8) = (O 9 ¢ ©
{o | {

1 e O

Finally, consider the loss function L(* , “). In the classical

detection problem, this function has the form illustrated in Fig. A.1l.
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Ny Ngn
a=0 LC LM
a=1 LF LD

Fig. A.1. The loss function for the classical detection problem

1 : : "
where LC X LM’ LF and LD are the losses for a '""correct rejection",
a "miss'", a "false alarm" and a ""detection', respectively.

Next we calculate the Bayes risk of an arbitrary decision rule

5¢ D . By definition,

r(6) = E [L(6(x),6)]
X, 0

or

r(6) = E{E [L(5(x), )]}
6 x|6
For the decision rule 6 , define the set, Ac X, by

A = {x;8x) = 1}

Then the Bayes risk can be written as
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r(8) = Pr[N] |Lg .g fA P(dx19)TI(d6 | N] + che fAc P(dx |6)11(dg| N)
N N

+ Pr{sN] |Ly [ [ P(axio)(doiSN) + Ly, [ [ P(dx16)T(d|SN)
Oy A By A
SN SN

The usual probabilities of detection and false alarm, P, and P_, are

D F
defined by
P, = [ [ P(axle)(deisN) (A. 1)
Oy A
P_ = [ P(dx|9)IKd6 I N) (A. 1b
F éN A )

In terms of these probabilities, the Bayes risk can be written as

) P

r(6) = Pr[SN] (L -L,) Py + Pr[N] (Lp-Lg) Py

c

(A.2)
+ Pr[SN] Ly, + Pr[N] L,

Finally, we shall derive an expression which defines the opti-

mum Bayes decision rule. We have

r{%)

E [L(5(x), 6)]
X, 0

! o]
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By a well known argument in classical detection theory, the Bayes rule

50 is that rule which associates with xe X the ao(x)e < satisfying

E [L'x),6)] = min [E [L(a=0,0)], E [L(a=1,0)]
f1x 6lx 0ix

or

1 if E [L{(a=1,6)] < E [L(a=0,9)]
5(x) = 8ix elx

0 otherwise
The quantity E [L(8(x) =a,8)] is known as the posterior risk of the

e)x
decision rule 6. A direct substitution into the condition

E [L(a=1,9)] <_ E [L(a=0,9)],
61x f1x

results in
Lo {a T(dolx) + L -2, TI(d61 x)
N SN
< Lc{an(delx) + LM_(r9 TI(d 61 x)
N SN
or
(Lp - La)
[ mdeix) > (LF . LC) T{d6 x) (A. 3)
© M D (S

SN N
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where TI(ddlx) is the posterior distribution of 6 given x. An
alternate expression for the response condition can be obtained from
the inequality (A. 3) by expressing TII(d6!x) in terms of the observation

distributions and the prior probability distribution. Namely,

[ Plaxle) m(ds[SN)

3) (L - L)

SN F~ ¢’ prN]
,Ef) P(dx|9) I(da|N)  (Ly; - L) Pr{sN]
N

To obtain a more usable form for the above response condition
it is necessary to place additional restrictions on the probability laws.
One restriction that yields a familiar result is to assume that there is

some parameter 6,.¢ © suchthat P(dx|8) << P(dxleo) for all 6¢ ©.

0
( << denotes absolute continuity; see Appendix C.) We may then

write the response condition as

J  2(x16) P(deisSN)
)

SN S L - Le| prN)
[ t&xle)p@elN)y ~ |Pm~Ip| Pr[sN]
N

where £((x|8) is the likelihood ratio

P(dx|6)
L(xig) = P(dxleo)



APPENDIX B

DERIVATION OF THE PRIOR
PROBABILITY LAWS -- PART I

In this appendix, the conditional probability law on 6 Kk’ given

6 6 is calculated. As a consequence of this calcultation,

k-1 ' 717"
it will be seen that TI(d6) satisfies the Markov property

m(do, |6 , 04) = n(dek\a

k-1’ "°° k-l)

We proceed as follows. From the definition of 6 = (6 1o BN)

in Section 2.3, it is noted that the random variable 60, depends on whether

k

or not a pulse arrives in the interval [1:k - Tp , tk ). The conditioning

event 6 =C , 8 1= depends on pulse arrivals in the inter-

k-1 k-1’ *°°
val [-(Tp - 4), t . 1) . This basic temporal relation between 6> O 1>
- 91 is shown in Fig. B. 1.
Tp-a 0 Y ty 17Tp % )p 1k
6
— k J
\ ;f d 9k-l
m
w J
e
\ 2 J
%1

Fig. B.1l. The temporal relation between Gk, 9k-1’ eeey 04
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Suppose first of all that no pulses arrive in the interval
[-(Tp - A), tk_l). Then, O 1=+ =017 Tp . Now, if a pulse
arrives in the interval [tk - Tp’ tk), then its arrival time must be

equal to UM and, by the definition of 6 Kk’

o=
1t

k ﬂl‘(tk-Tp)
= ny- (tk_1 + A - Tp)
= nl-tk_1+(Tp-A)

Thus the condition @ Kk < c< Tp is equivalent to the condition
nl < c+tk_1 - (Tp- A)

On the other hand, since it is assumed that no pulses arrive in the

interval [~(T, - 4), t,_;), the arrival time 7, must also satisfy

Thus, for the continuous case we may write

Pr(e, < ¢ < Tp\ek_1=... =0, =T
(B. 1a)
= Pr[nls c- (Tp - A)+tk-1\tk-ls 771]
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For the discrete case

Pr[f, =c < Tplek_1=... =6, =T_]

(B. 1b)

Pr[ny =c -(Tp-A)+tk_1\tk__1 < g

Next, suppose that at least one pulse arrives in the interval

[-(Tp -A), t Denote the arrival time of the last pulse to arrive

k-l)'

in this interval by gy -

We consider first the case aﬂe[tk - Tp, t__,) as shown in

k
Fig. B.2.

-1 Tp % Tp % -1 "

Fig. B.2. The case T g€ [tk - Tp , tk-l)

Here, it is seen that e[a, Tp) and that 6, is relatedto 6

Ok-1 K k-1

by

Thus, for the continuous case,
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Pr[9k5c< Tp@ Cralr =* 0o 91=c1]

k-1
0 0 < Cro1” A (B. 2a)
) 1 0C>cpq-5
and, for the discrete case,
Pr{g, =c¢< Tp‘ak—l =Cp_qreees By=04]
0 c / c_q- 8 (B. 2b)
“ 1 c=c ;-4

Next, suppose one[tk_1 - Tp , tk - Tp) as shown in Fig. B. 3.

- Mgsg———>
-—————————— 9k —_— -
9k_1—-> -
/ | |
tk-l_Tp Ty tk.Tp te-1 %041 Yk

Fig. B.3. Th o _
1g e case ole[tk-l Tp’ tk Tp)

T ,t ),

In this case, Bk_le[O,A). Now, if a pulse arrives in [tk- p

then its arrival time is given by

Opv1 = 99 * Moy
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Substituting this relation into the definition of 6 Kk results in

k= Ot Mpyp - Ty)

= Mg,1+ 0 “ Y1+ [Ty~ 4]

Thus the condition 6 Kk < ¢ is equivalent to the condition

M 41

<ec - [Tp-A] tt -0

On the other hand, the condition that ¢ 2 is the last pulse to occur in

the interval [-(Tp - 4), tk-l) is equivalent to
o

M1 =2 %17 %

Thus, for the continuous case, we have

Pr(6, <c < Tp|9k_1 = Cp_qr -oes 04=C4]

(B. 3a)
= Pr(ng 4 <e-[Ty-8] +ty y-o0g|mp g >t g~ 0]
and for the discrete case
Pr{g, =c < Tplek_l =Cp_ps rees By =¢4]
(B. 3b)
= Pr{ng g = c-[Ty-a] +t g -0p| M,y 2ty - 0]
The last possibility to consider is the case oﬂe[—(Tp- A),tk_l-Tp).

This case is shown in Fig. B. 4.
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- LS| —

—» a— Ok j o 6 -
| | | ./
-i-17Tp ¢ k- Tp -17Tp % Tp %-1 %0 K

Fig. B.4. The case o, € [-(Tp -4), tk-l -Tp)

As shown here, crﬂe[tk_j_1 -Tp , tk-j -Tp), for some j > 1, so that

Bk_je[ 0,4) and 9k-j+1 =... =0, 17 Tp . Now as before the condition

Gk < c¢ is equivalent to the condition

M,1 <ec - [Tp-A] +t 170

and the condition that ) is the last pulse to arrive in [-(T1 - A), tk-l)

is equivalent to the condition

g

Mpe1 2 Y1~ 9

Thus, in the continuous case,
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and, in the discrete case,

Pr(o =c<Tp|9k_1=...=9 g

k k-j+1=Tp, k’jzck—j’ ) 91=C1]

(B. 4b)
=Pr[n£+1=c—(Tp—A)+tk-1-ol n_Q'*'thk—l—ol]

We are now in a position to calculate the conditional probability
laws. The continuously arriving pulse case is considered first. First
suppose that Bk-le [a, Tp). Then,from Eq. B.2a

Pr{o, <c < Tp|6k_1 =ep_gp vees 05 =¢4]

0 c<ec -A (B. 5)

Next, suppose that 8 k_1€[0, A). The equation of interest here is

Eq. B.3a. To begin, note from Fig. B. 3 that tk-l ) is related

Now substitute for te-1- 9 from above into Eq. B. 3a and set

01 =Ck-1" The result is
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pris, <c < Tplgk-1=ck-1’ oy By=c4] =

Pr[nh_l <c- [Tp-A] -1-Tp “C1]Mp.1 2> Tp - ck-I]

Next apply Bayes rule to write the right hand side of the above equation

as

Pr[Tp “Ceo1 S My <c-c¢ 1+ Al

Pring,; > Ty~ ¢l

Finally, from the density in Eq. 2. 8 of the text, it follows that for

C_1€[0,8)
Pr[nhl < Tp ) ck-—ll =1

and
Pr[Tp ¢ 1S My S C 1+ 2]

r . - a(c (ck_1+T A)) .

< -e if c ch_1+Tp—A

0 otherwise
\,

Thus, for Oy_1= ck_le[O,A),
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Pr[ek <ec \Hk-l = ¢ 1 y 04=¢4] (B. 6)
o~
0 c < ck_1+[Tp A
a(c-(ck_1+T - 4A))
=<1-e e, +T -A<e<T
k-1 =
1 T c
. p—

Finally suppose that c¢

k-1°= Tp . There are two possibilities.
Either 9k-2 = .. = 91 = Tp, or there is some largest index j > 1
such that Bk_je[O,A) and 9k-j+1 =... =0, 1= Tp . Equation B. 1a

applies in the first case and Eq. B. 4a applies in the second. In the
first case, the probability on the right hand side of Eq. B. la is deter-
mined from the density in Eq. 2.9 of the text,and,in the second case,the
probability on the right hand side of Eq. B. 4a is determined from the

density in Eq. 2.8 of the text, In either case we have

Pr-[ek < °|9k-1 = Tp, 9k—2 =€ _gs , 91=c1] (B. 1)
0 c<T -A
I
- a(c-(T_-4))
=( 1-e p T -A<c¢c<T
p - p
\1 Tpsc

This completes the derivation for the continuous case. The con-

ditional cumulative distributions are given by Eqs. B. 5, B.6 and B. 7.
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Furthermore, since the right hand sides of these equations do not depend
on the values of 6 12 <o ] k-9° We have shown that the Markov property
holds.

We turn now to the discrete case. In this case we have assumed
that the separation between the allowable pulse arrival times, p , is

related to Tp by

v =T
4 p
for same inleger q . Moreover, we also have
mA =T
P

Now we will also assume that A can be divided into an integral number,

s , of intervals of length v . Thus, we may write

As a last bit of notation we shall write ¢ and ck_1 as

c=0yv and ¢ _;=]jV

First of all we consider the case ck_le[ A,Tp), or equivalently

the case je {s, crey q-l} . Equation B.2b applies here. The result is

that
Pr6, = h’lek-l =jv, eeuy 84 =0¢4]

0 L #j-s (B. 8)
1 £ =j-s
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Next consider the case ¢, _;€[0,A). In this case je {0, ..., s-1}.
If we reason in precisely the same way as in the continuously arriving

pulse case for 4 €[ 0, A), then we conclude

k-1

Pr{6, =£v|6, _y=iv, ..., 64] (B.9)
0 L <q-s-j
={ (1-a) a#~ (i¥379) j+a-s< 2 <q
Ol ¢ -

Finally consider the case Cpo1 = Tp . Inthis case, j=q . Again
the reasoning is the same as in the corresponding continuous arrival

time case. The result is

Pr{o, =Lvf, ;1 =iv, ee, 6] (B. 10)
0 £ < q-s
=ﬁ (l-a)aﬂ-(qhs) q-s< £ <q
Las L =q

The conditional probability law in the discrete case is given by
Eqs. B.8, B.9 and B. 10. Again this law satisfies the Markov property

since the right hand sides of these equations depend only on the value of Bk-l .



APPENDIX C

DERIVATION OF THE GENERALIZED DENSITIES
FOR THE PRIOR PROBABILITY LAWS

In this appendix we obtain generalized densities for the prior
probability laws of Section 2.3. The procedure will be to find o -finite
measures U (dek) such that H(dek) <<L u(dek).

As a preliminary we review the definitions of absolute continuity
and o- finite measures. Let w and i be two measures defined on
the same measurable space (Y,Z8). Then w is absolutely continuous
with respect to p if given any measurable set A eZ8 such that p(A)=0,
then w(A)=0. The measure u is said to be ¢ -finite if there exists a
countable partition of measurable sets Aie,%, i=1, 2, ..., suchthat
#(Ai) < o« forall i .

We return to the problem_ at hand. Consider the discrete arrival
time case. In this case the relevant probability laws are given by
Eqs. 2.17 and 2.19. These laws assign positive mass only to the points
Bk =fQv; £=0,...,9. Thus, if we define u(dek) to be the measure
which assigns unit mass to each of the points Bk =Lv; £=0, ..., q,
then clearly these laws are absolutely continuous with respect to p (dek).
(p(dek) is often referred to as the counting measure.) Moreover, if

A is any measurable set then

-275-
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Pr(6,eAl6, . =jv] = ), pr(6, = tvlo, . =jv]
K \kl 2320 ve A k \kl

= J prfo, - Ly |0y g = wln(doy)
A

and similarly

Pr[eke Al = f Pr[Gk = ﬂv\ek_l = jv] u(dek)
A

Thus, by the Radon-Nikodym theorem, we can take the densities

p(E)k = £v|9k_1 = jv), p(t9k = fv) to be the functions

p((9k ={0yv) = Pr[ek =LQv] (C. 1a)

and

p(o, =2vi6, =) = Pr[o, =Rv|6, _, =iv] (C. 1b)

Next we treat the continuous case. In this case the relevant
probability laws are given by Egs. 2. 16 and 2. 18. Consider first the
unconditional distribution function of Eq. 2.18. This function defines
a probability law that consists of a mixture of a probability law that is
absolutely continuous with respect to Lebesque measure on [0, Tp)

and a probability law which assigns unit mass to the point Gk =Tp

Thus, we may define u(dek) by
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u(dek) = dek + e{Tp}(dBk)

-where dek is the Lebesque measure and G{T *
P
which assigns unit mass to the point 8, = Tp . It is then easy to con-

(de) is the measure

k
clude from the Radon-Nikodym theorem that the generalized density

p(@k) with respect to u(dek) is given by

(

)]

pl6y) = ¢ (C. 2a)

1)) -1 I

-1 -
L(cz )[Tp+(a

Finally, consider the conditional probability law defined by Eq. 2. 16.
Suppose first that er [0, &) or eke {Tp} . In this case the condi-
tional probability law is again absolutely continuous with respect to
,u(dek) = dek +E (o (dBk) and it is easily seen that we may take

P
p(ek\ek_l) to be the function
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P8, |0,-1) = (C.2b)
~
p
0 Bkl[ek_1+Tp-A,Tp]
-a (6,16, {+T_-4}])
k k-1 "p -
S ae er [6k_1+Tp A,Tp) Gk_le[O,A)
-a(A-6_ )
k —
Le 6, =T,
< 4
0 0, f[T -4, T
ﬁ -a (8, - [T, - 4])
ae 6 e-:[Tp A, T ) (91{_1=Tp
-a A _
L Uz ek-Tp
This function is illustrated in F1g C. 1 below.
POy |0x-1)
L1 . 1 .
T -A T T -A
P % P Tp x
(a) (b)
Fig. C.1. The dens1ty p( |9 ) for
O1€ [0, 2)VIT L () 6y RO

—T
P
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Next suppose that Gk-le (4, Tp). In this case, the probability
law defined by F(ck|ck_1) assigns unit mass to the point Gk =Cp 1" A.
That is, if we define the measure E{c}(dek) to be the measure which

assigns unit mass to the point c, then for ek-le (A, Tp)

n(de, \6, ;) = E{Gk-l _ A}(dek)

Now the difficulty here is that it is not possible to find a ¢ -{inite

measure (d6, ) which does not dependon 6, 4 and such that

(dek) <<L ,u(dek) for all Bk_le [A, Tp)

€
{o, -} .
Thus, in this case, it is not possible to find a generalized density

p(6, |6, ) = Td6, |6, )/ p(doy)

for which u(dek) is independent of 6, _, -
The results of this appendix can be summarized as follows.

Define the measure “(dak) by

ﬂ(dek) = IJ-[O’ Tp)(dé)k) + e{Tp}(dek) (C. 3a)

where
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1 (de, )
[o,T ) K
p

g . .

dek in the continuous case
(C. 3b)
= 4 a-1

), € {i l}}(dek) in the discrete case

=0

Then, in both the continuous case and the discrete case there exists an

unconditional density p(Bk) such that

(e, ) = p(oy) p(dey) (c.4)

The density p(Bk) is given in Egqs. C. la and C. 2a. In addition, for
Bke [0, &)U {Tp} , there exists a conditional density p(z’:?k lek-l) such

that
-
PO, [0y 1) u(dB)) 6, €10, A)U{Tp}

Tmae, [6) ;) = ¢ (C. 5)

€ (de,) 6 A, T )
{ek_l-a} K k€[4 Ty
L

The density p (Gk |9k_1) is given in Eqs. C. 1b and C. 2b.



APPENDIX D

DERIVATION OF THE PRIOR
PROBABILITY LAWS -- PART Il

In this appendix we show that for both the continuous arrival time
case and the discrete arrival time case the unconditional density pk(Bk)
is independent of k . Now the most direct approach would be to simply
perform the necessary computations separately in each case. However,
an alternate procedure is to first derive an expression for the uncondi-
tional density that is valid in both cases and then evaluate that expression
to obtain the desired result. This procedure has the added advantage
that it automatically provides a result that is fundamental to the proof of
Theorem 4. 6 in Chapter IV. Thus, this alternate procedure will be
followed here.

To begin, it is noted that since TI(df) is Markov with a station-
ary transition density, it is only .necessary to show that I'I(d92) can be
described by an unconditional density p2(°) which is equal to the uncon-
ditional density pl(-).

We proceed as follows. The unconditional distribution II(dGZ)

is related to “(d92|91) and T(d6,) by

Mdo,) = [ Mde,|6,) TM(de,) (D. 1)

)
1

Now from Appendix C we have
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do,) = p(6,) p(ds,) (D. 2)
where
p(de,) = u (d6,) +¢ (d6 ,)
1 [0, Tp) 1 {Tp} 1
and
( do 1 in the continuous case

Hro, 7)) 7 (g1

€. (deg in the discrete case
kazzl {]V}( 1)

Now substitute Eq. D. 2 into Eq. D. 1 to obtain

mdo,) = J p(6,) THAO |6, Ju(de, ) (D. 3)
e
1

The basic procedure to be followed here is to derive a relation of the

form

[ Mde,) = [ [ Ju(de,)

E A
for all measurable sets A . Then by the Radon-Nikodym theorem we
can identify the bracketed quantity on the right hand side as the density
p2(92) with respect to the measure u(dez). This procedure will be

used to obtain desired result as a special case of a more general

theorem.
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Theorem D. 1. Let (8 1 62) be any non-negative function that is

p(*) measurable in 91 for each 92 . Define the measure w(dé

by

9)
w(d,) = '{;, i(6,, 6,) T(d, |6 )u(do,) (D. 4)

1

Then the Radon-Nikodym derivative of w(d92) with respect to u(dez)

exists and is given by

w(dez)
[To-2 Tpl o egluyT }
(D. 5)

+ 1 (92) f(92,91=92+A)

[o, Tp-A)
where
[o, 92-(Tp-A)] Bze[Tp-A,Tp)
8,(6,) = !

l[0, A) 62 = Tp

Proof. We begin by breaking the integral in Eq. D. 4 into two parts

to obtain
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w(dg,) = [ £(6,, 6,) do,|0,)
[0, 2) U {Tp}

(D. 6)
+ [ 1(6,, 6,) (Ao, [6,)u(do )

(8, T))

Now note from Eq. C. 5 of Appendix C that for 0g¢€ (0, a) U {Tp} ,
n(de, |6 ,) is described by a density p(6, |6 ;) With respect to u(de,).

Thus we may write
n(d92[91) = p(02l01)u(d92) 6.,€[0, 8) U {Tp}
Also from Eq. C. 5

mde,|6,) = 6{91“‘}@92) 6,€[4, T)

Substitute these expressions for 'l'I(d@2 |9 1) into Eq. D.6. The re-

sult is

wldey) = [ [ (6, 6,)0(6,]0,) ul@s)| nide,)
[0, &) U {Tp}

L (CPR K {GI_A}(dez)u(del)
(4, T,)

Now let AC 62 be any measurable set. Then



-285-

[, wtasy) = [ |[ 10y, 0 p(0,]0)ua0,)] d6y)
[0, 8) U {Tp}

. (D.T)
[ [ fe,,0))€ {6 _A}(dez)u(del)
[a,T) !
p
In Lemma D. 3, which is proven at the end of this appendix, it is
shown that the second integral in Eq. D.7 can be written as
J 1 (8,) (8, 0, =06,+8)u(ds,)
fo, Tp - A)
Thus we can rewrite Eq. D.7 as
f w(dez) (D. 8)

A

= [ I 6, 6)p(0,]0)u(d)+1 (8,) (6, 6,=0,+A)[ id6,)

A
[0, ) U {Tp} [0, Tp—A)

Then since Eq. D. 8 holds for any measurable set A, we may take the
Radon-Nikodym derivative w(dez) /L (dez) to be the function
w(d@z)

@y - I 165, 0)p(0,]6 (s )+ T (6,) (8, 0,=6,+4)

)
2
0, A) U {T 0, T -4)
( v {Tp} [ p (D.9)

To complete the proof, we examine in greater detail the first
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integral on the right hand side of Eq. D.9. This integral can be written

as

I 16y, 0,) p(0,]0,)u(de,) =
[0, 2)
(D. 10)

I 864, 0)0(6,16 Du(do )+ [ (65, 6,) p(6,]6,)u(d6 )
[0, &) {Tpl

The second integral in Eq. D. 10 can be evaluated immediately as follows:

J €65, 6 p(8,]0 )u(de,) = [ £(6,, 6,)0(6,16,) ‘T 41
{Tp} {T,}

= f(6,, 91=Tp) p(92|91 = Tp)
Now note from Egs. C. 1b and C. 2b of Appendix C and Eq. 2. 17 of Sec-

1

only for 92 satisfying Tp- A< 92 < Tp . Thus we may write this

tion 2.3 that for 6 =Tp the density p(82\61 = Tp) is non-zero

second integral as

J 164, 6 0(6,]6)u(d6,) =T (6,) £y, 6, =T )p(65]6, =T)
T T -4,T
{ P} [ P P]

(D. 11)
Next consider the first integral in Eq. D. 10. Here we note from Egs.
C.1b, C.2b and Eq. 2. 17 of Section 2.3 that for 916[0, a), p(92|91)

is non-zero only for 92 satisfying
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Fig. D.1. The region in which
p(Bz‘G 1), 6 16[0, A), is positive

From this figure it is clear that the integration with respect to y(dé 1)

need be performed only for 6 1 satisfying

0 <6, <6, -(T -2) 0€[T -5, T)

p

and 0 < 6, < & | 6, =T

Thus, if we define the subset ~él(ez)c: ©, by

~

[0, 6, - (T - )] 0,¢[T -8, T))
& (6,) = ¢

[0, A) 6. =T

. 2 P

then we may write the first integral as



-288-

1 (6, [ (8, 0,)p(6,]6)uldo)) (D. 12)
[Tp-A,Tp] 8,(6,)

Now substitute Eqs. D. 11 and D. 12 into Eq. D. 10 to obtain

J 16,5, 6,) (6,16, 1de )
[0, A) U {T,}

=1 (8, [ 16,5, 6 p(65]0)(d6 )

+ 164, 64 =Tp) p(92,61 = Tp)

or

[ (CPRCNECPY LIV CLRY (D. 13)
[0, &)y {Tp}

=1 (6,) [ (65, 6,) P(6,5]6,)1(d6))
[T -5, T)] | 68,

+ [ 10, 0 0(8,)0,)u(dd)

Substitution of Eq. D. 13 into Eq. D.9 and combining the integrals over
61(92) and {Tp} into a single integral completes the proof.
The result of interest in this appendix is provided by the fol-

lowing corollary.
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Corollary D. 2.

Py(65)
(T,-5,T,] 6,(8,)

+ I (92) p1(62+A) (D. 14)

[0, Tp - 4)

Proof. This result follows immediately from the above theorem by
taking f( 0, 91) = pl(el) and then rating that I'[(dez) = w(d92).

To compute the density p2(92) from Eq. D. 14 we first need
the density p1(9 1). In the continuous case it is quickly concluded
from Eq. 2.9 in the text and the definition of ¢ 1 that pl(e 1) is

given by

(Tp+ar-1)_-1 0 < 6

a—l(Tszr-l)_1 6, =T

In the discrete case we appeal to Eq. 2.12 in the text to conclude that
[ -1
[a + a/(1-a)] 0< 6, <T

P64 = ¢ (D. 16)

[a/(1-2)] [a+a/(1-2)] "1 6, =T
.
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In both cases we have

Py(04) = ¢ (D. 17)

where the definitions of K, and K, are provided by Egqs. D. 15 and

1 2
D. 16.
Now substitute for p1(6 1) from Eq. D. 17 into Eq. D. 14 to
obtain
’
Kl 925[0, Tp"A)
Py(6y) = < X
K, I P(6,]6 )u(d6 ) + (6,6, =T ) K,
61(92)
6 T -A,T
§ 26[ p p]

(D. 18)

Now for 926[0, Tp- a), p2(62) = K1 which is the desired

result. The next step in the derivation is to show that for 926[Tp - A,Tp),
the bracketed quantity is equal to unity,for then it follows that for all
926[_0, Tp), p2(62) = K1 . Finally the derivation is completed by

showing that for 6, = Tp, the bracketed quantity is equal to K,, for

2 93
then we have p2(92 = Tp) = Kle as desired.

We shall treat the continuous case first. For notational
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convenience we shall denote the bracketed quantity in Eq. D. 18 as

B (6,). Suppose first that 6,¢[T_-A, T ). Then substitute for
2 p p

2
p(B2 |9 1) from Eq. C.2b of Appendix C into the expression for c%(02),

and note that for the range of interest p (d92)= ddy. The result is

92-(Tp-A)
-a{0,-(6,+T_-4)) _, —a(8,-(T_-4))
%(92) = f‘; a e 2 1 7p d91+K2K1 1e 2 p

-a(ez-(Tp-A)) -a(ez-(Tp-A))

+ e

Next suppose 6, = Tp . Then,if the expression for p(6, = Tp'@ ;)
from Eq. C.2b is substituted into the expression for t%(92 = Tp),

the result is

A -a(A—Gl) ca A
B6,=T) = fo e o, +K, e
= a-l(l - e-aA) + K, e 48
since
-1



-292-

" Now consider the discrete case. Suppose first that
64¢ [T, -5, T)). Then by substituting for p(6,]6,) = Pr[92|6 |
from Eq. 2. 17 in the text and noting from Eq. C.3b of Appendix C that

q-1

u(doy) = ;1 PMYCEPY

we obtain
j=£-(q-s) ‘
By - T (1-aal ) g (1-a) a0
j=0
£ -(q-s)

- (1-a)a?~(@-s) Y @b, JL-@-s)+1
1 £ -(g-s)+1

- (l_a)aﬂ-(q-S) 1-(a’) , g (@-s)+1
(1-a"h

_al-(q—s)+1 .1 +a£-(q-s)+1

Finally suppose 6, = Tp . Then the substitution for p(e2 = Tp,@ 1)

from Eq. 2. 17 into the expression for ,%(92 = Tp) yields
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j=s-1
PBoy) = ) aS'J+K2 a®
j=
s-1
. 1
_ .5 1.j aS*t
= a Z (a ) *1-a
j=0
s(l-as) as+1
- 1, T 1T-a
(1-a7)
a
T 1-a 'KZ

This completes the derivation of p(62).
To complete the logic of this appendix we need to prove the

lemma used in the proof of Theorem D. 1.

Lemma D.3. Let f(92, ] 1) be any function which is measurable with

respect to p(do 1) for each 92 and let A be any measurable subset

of [0, Tp) . Then

I ! € 1o, - o} (@09 (B3 0 uldd )
[8,T))
= fA E (6,) )f(92, 9, =0, +8)(do,) (D. 19)
0,T -4

p

Proof. Write the left hand side of Eq. D. 19 as
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f fA £(6,, 0,) € 0,4 (d6,) | u(ds))
(8, T)

Now consider the inner integral. We have

f(02=91-A,91) BI'AGA

J (64,6 10

(ds,)
A 2

-A
1 } 0 otherwise

or equivalently

fA 1(6,,0,) ¢ (GI_A)(dez) = 1 (A+A)(91) f(6,=6,-4,0))

where

A+a ={y'|y' =y + A for yeAl

Thus, the total integral can be written as

[f I{A+A}(91)f(92=61—a,el)u(del)
A, T)
p

= f f(6y=0,-8,6,) u [0, T )(dal) (D. 20)
> Tp

(A, Tp) N (A+A4)

where we used the fact that on [0, Tp), n{de 1) = u[o’ Tp)(de 1) .

Now make a change of variable by letting
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Then we have

so that
[A, Tp)n (A+4a) = [0, Tp—A) n A

Furthermore since pu [0, T ) is either the Lebesque measure or the

counting measure it follows that for any set Alc [o, 'I‘p - 4)

" (A7 +8) =p (%)
[0, Tp) [0, Tp)

Thus we may write the integral in Eq. D. 20 as

fo f(§'2:3 ;9 +A),u[0 - )(ae )
[ , Ty- ) N

= [ 1 (6,) (8, 6,=8,+0) (df

)
2
A [0, T, - )

which is the desired result.



APPENDIX E

EXPRESSIONS FOR THE RATES rp,_rN AN_D_rS

N S
The temporal relation of the random variables 6i is shown

In this appendix we calculate the rates rp, r.andr

in Fig. B.1 of Appendix B. It is evident from this figure that Np(B)

can be written as

N-1
N (6) =i=2m I () +1 (8
{6,€[0, 8)} {6 el0, Tp)}

Taking expected values and dividing through by T results in

. =E{Np(9)}
P T
N-1 -
E{) I (6) + 1 (6y)
i=m
_ {6.€(0, &)} {610, 'rp)}
T
N-1
ing I (6,) + EJ(1 (8
{6;€[0, 2)} {6 el0, T
B T

or
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i (N-m) Pr(6.€[0, 8)] + Pr[6, €0, Tp)]

rp = - (E. 1)

Next, from Eqs. 2. 18 and 2. 19 of Section 2.3 we note that in both the

continuous case and the discrete case we have

Prj eNe[O, Tp)] = m Pr[Bie[O, A)] (E.2)

Now substitute Eq. E.2 into Eq. E.1 and write T as NA. The result
is

(N-m) Pr(6.€[0, 4)] + m Pr[eie[O, a)]

™ ° NA

or

Pr[6 €[0, &)]
r = 1 (E. 3)
p A

Finally, divide numerator and denominator by m and note that Tp =mA,

Then the resulting equation for r_ is

Pr[6.€[0, Tp)]

r = (E. 4)
T
P p

Next expressions for N and rS are derived. From the

definitions of NN and NS in Section 3.2, it is seen that NN(G) and

NS(G) can be written as



N
Ng(6) = iz=:1 T (6)
{eie[o,'rp)}

Dividing by T and taking expected values results in

N
Pr(6, =T ]
iz=:1 toP

I‘N = T
N
121 Pr(6:¢[0, T )]
ry = T
or
N Pr[(6 =T_] Pr[6 =T ]
r._ = p- _ p
N NA A (E. 5)
and
N Pr{ge[0, T )] Pr(ge(0, T )]
P_ - P (E. 6)

Ts NA A



APPENDIX F

THE PROOF OF THE
MOST RECENT RESPONSE RULE

In this appendix we prove that each performance point in the
set & can be obtained by a decision device that satisfies the most

recent response rule.

Theorem F.1. I (y;, ¥y, Vg)€ QT(m), then there exists a 6¢ & (m)

such that Yy = Rx(é), Yo = RX(G) and Vg = RD(ﬁ) and

éi(xi, a, 1) = Gi(xi, 'ri)

Proof. Since (y1 » Yoo y3) € ,Qr(m) implies that there is at least one
receiver § which has vy = Rx(ﬁ), Vg = RF(ﬁ) and Vg = RD(G) it is
sufficient to show that Iy, To and rn can be written in terms of a decis-

ion rule whose component rules can be expressed in the form

—
a; = 5i(xi , 'r.l)

To this end consider first the expression for rD(G):

E I (7., a,, 6.)
X 9 1 1 1
N % fa.=1, 7. < 9., 6.¢[0, T )}
e (5) = N i i— i i p
D 1_=‘1 T
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The ith term in this sum can be written as

P’ = E |I (1,5 2, 6,)
X, 6 _
;=1 7,< 65 6.€[0, 'rp)}
But a, = ﬁi(xi, ai-l)
and T, = 'ri(ai_l) = 'ri(xi_l)

Thus, the indicator function in the above expression depends only on

')?i and Bi . We thus have

P? - E I (1, 3, 6))
X,6, ) fa,=1, 7,<6,, 6,¢€[0, Tp)}
N )
= g; E E _ I (-ri,al, 91) $ >
i xi—l\ei X% 1 03 fa;=1, 7, < 6., 6.¢€[0, Tp)}
7 )

Now, since TS takes on one of the m values, 0, 1, ..., m-1, the space

—

of observations up to time Ti 1’ Xi_1 , can be partitioned into the sets

Xi_1 ={xi_1‘1'i=j/.\.} i=0, ..., m-1
Now for each X, , define the response set

— s _ _ — ""]
ARy 7 =08) = gxgla =L X e X)) xe X
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Note that in terms of this set, the decision rule can be written as

f
1 X € Ai(xi-l’ 'ri)

° Xif A& Ty)

We are now in the position to evaluate the indicator function. Fix

Gie[o, Tp)‘ Then, for X, ;e X,

i-1 such that ja > Bi’ T > Gi, so that

1

I (‘ri,ai, Gi) =0

{a,=1, 7, < 6, 6,€[0, Tp)}

On the other hand, for X, e X3 such that jA< 6., 7.< 6., so
i-1 i-1 - i i— i
that
fl (—’ .
X, € Ai X 1o Ti—]A)
Ma.=1,7,< 6., 6.¢[0, T)} = ¢
{ »i= 71 iY77 Tp N
L0 xiﬂAi(xi_l,'ri:]A)

Thus, we can write
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D _ { [ 1 (1., a5 6)) P(dx
6.€¢[0, Tp) —ii-1 Xl ‘ai=1, T, <8, 916[0, Tp)}
xp(dii_llei) (do )
= D f J  Plax|x_,,6.) | P(aX; |9.) n(de )

C s . -1’ 7 i-1}71 i

6.€[0, T ) | »pia<o, | — vt

i p i Xi-l Ai(xi-l’ Ti-—-]A)
|

(F. 1a)

The ith term in the expression for rx( 6) can be determined in the same

way, the only difference being that instead of summing over j3 ja < Bi

we must sum over jJjA> ei . The result is

pon

m-1

-

X ). J ) Plax|% ;.00 | Pax_le)| mde))

1

9.¢[0,T.) |izia>0. | i - o
i P i 1 Ai(xi—l’ Ti—]A)

X
i
L

(F. 1b)

Finally, the ith term in the expression for rF(a) can be written as

F m-1
- ) X <
P, f9.= & qu [ Plax|¥ ;00| Plex,_ |6))

This completes the proof since

-

n(de i)

(F. 1c)

-




1 X, € Ai(xi-l’ Ti)

0 xfAKp T
implies that
ﬁi(xi, ai-l) = Gi(x.

and thus 6i depends only on the time of the most recent response TS .



APPENDIX G

THE DERIVATION OF THE RECURSION RELATION
FOR THE BAYES DECISION RULE

In this appendix the recursive procedure for determining the
Bayes decision rule is derived.

The Bayes decision rule is obtained by finding a 60 that satis-

fies
o] .
r(67) = inf r(3) (G.1)
6 e
where
E  L(5(x),0)
X, 0
r(6) = =
(5) T (G.2)
We begin by developing an expression for r{(8) . From Section
2.5 we have

Li(Ti, a,, Bi)

N
L@, %) = ),
i=1

where from Eq. 4.1

T = 7@ Ty

A decision rule § is an n-tuple 3 =(61, cee, GN) where Gi is a

function of the form
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P -
a; = 0%, a; )

h Z-(a a.)
were i"‘ 1, . o 0 9 i.

Now consider the function L(6(x), #). From the above definitions

it is clear that

N
L(&(x),0) = ), Lir, 8,&, a;_y), 6,) (G.3)
i=1
where
= 7(6,_ (% _,, 2 G. 4
T 7O Ky 359D Ty (G.4)

Substituting Eq. G. 3 into Eq. G.2 and distributing the expected value

operator over the sum results in

r(6) =

Sk

)E{: {LI(TI’ Gl(xl’ al-l)’ Gi}/T
s .

1 6

Now consider the ith term in the above sum. From Eq. G. 4 it
is seen that T depends on the past decisions only through -5:_1 .
—

Therefore Li(' , *,* ) depends only on 5: . Moreover, since 5i

depends only on the observation up to time Ti’_;i , the random variable

Li (- , *,°) depends only on ;i and 9i . Therefore, the expected
value need be taken only over 5(.1 X Oi . Thus, we may write
N
-
(8 = ), r () (G. 5)

1 1

1=1
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where

-> - =
ri( 51) = E {Ll(‘ri’ 61 (xi’ ai_l)s 91)} (G' 6)
X 04 |

With Eq. G.5for r(6) at hand, we may proceed with the deri-

vation. We seek ©&° =(61°, cees GNO) such that
o o, _ .
r(ﬁl,...,ﬁN) = 5 inf 5 r(él,...,GN)
1’ 7 ON

First note that by a well known property of the infinium the above
minimization can be carried out over individual components one at a

time. That is,

inf r(8) = inf inf r(6

1’
5 65 vevs Oy | B ooes By

L, By)

Now substitute for r(él, cee, GN) from Eq. G. 5 into the right hand

side above. The result is

N
inf r(5) = inf inf Y r(8.)
6 0 i=

or
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k-1 _ N -
inf r(6) = inf | ), r(8)+ inf 2, 14(8) (G.'T)
b ‘g i=1 bk’ ey GN i=
k-1
where 6k-1 = (61, cees ﬁk- 1). 1
This last equality follows from the fact that E r(gi) does not depend
i=1
on 5k’ ceey GN . Now define the function Gk(bk_ 1) to be the second
term in Eq. G.7. Specifically,
—-— N -t
G (3, _|) = s inf . IE_ r.(5,) (G.8)
k> *""? °N -
Then, in terms of Gk( + )}, Eq. D.7 becomes
k-1 -
inf r(6) = inf 2 7(8) + G (5, _,)
5 iy aees d i=1 ' ! )
1’ b4 k_l
= Gl

Next we obtain a recursive relation satisfied for the functions

Gk( * ). From the defining Eq. G.8 we have

N
G (5, ) = u;f . inf . i};k r.(5.)
k L. k+1’ e N
-— N —-—
= lglf r (5) + . inf . izl:<+1 r (8.
k L k+1’ * ey N -

But
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N - -
' (3. = 5
5 l?f 5 i=21:(+1 i(%) G %)

Thus,

Gk(ék_l) = irgf rk(ék) +Gk+1
k

(5,)

Equation G. 9 provides the basis for determining the Bayes rule

6% and the minimum Bayes risk r(bo). First 6. ° is determined

N
from
Gnlon-g) = it TN(ON)
N
N Xy GN
or
mad -‘
Gy(0y.,) = inf | E E Ly OGN 3 P O
0 - ) Ix
N xN NI'N

(G. 10)

The procedure is as follows. Recall from Eq. G. 4 that
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so that for EN-I fixed, N is a fixed function of the observation

- — -

X . Moreover, an_q depends only on XN-1

-—

through & N- 1(xN_ 1).=aN_ L

N-1

—

Thus the inner expectation in Eq. G. 10 depends only on XN and GN.

It then follows by the standard argument of Appendix A that the N that

minimizes Eq. E. 10 is given by

~
1 if 1;: Lo L 1 i< ;: AL 0 M
o N X N|*N
On Ky Bn-y) = <
LO otherwise

. o . . . .
The function 5N can be written in a more convenient form in terms

of indicator functions as follows. For each Xy ,eX  ; and

TNE { 0, ..., m-l'; define the set of current observations
AN(XN—I’ TN) c XN by
ANCN-p W) T xN‘? Ayl 0. 60
N | N

E _ {LN(TN, 1, BN)} >0

ONI*n

o lon 2y = 1 (G. 11)

Then 613 (*, °) canbe written as

62 x.,a.) =1, = (%)
N YN AN T AL Gy T N



-310-

or

(0]
Sy ('iN, ™ 1 AN(x‘N—l’TN)(xN) (G.12)

with the last equality following from the fact that § 0( *, *) depends

N

on the past decisions only through the function 7 N

Next we obtain an expression for GN(GN_I) . First it is noted
. O = e s s
that since GN (xN, TN) minimizes GN(GN_I) we have
QO ,~-
G E Ll O Gpe ™) O

O %N

N-10n-1) =

i‘ltﬁ

LN(TN, 5N'o (;;N’T N) y 9 N) P(di.N)

R

L

= _-[ {( E L(my Oy (a7 ) Pl s
%

0 %
N-1 LN _N‘
* Pldxy_y)

- E [ E LT O B T 000 Plx B )
X AN On|*n

Now use the fact that
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0O /=
1z e & Gy O
N

-

B

E _ {Ly(7

- 1 -
N’l’ HN)} on XN—lx AN(xN_l,‘rN)
9N\

-

L On Xy

- 0 —
E {Ln(Ty0s O on Xy XANEN TN

where

%A

N(XN_I’ TN) = AN(xN_I) TN)

to write GN(E ) as

N-1
)

) J Ry £) PURG|Xg ) Y (G.13)
N-1 fa &

1
GN(GN_I) = .E.: QZ=

X

TN) )

N-1°
where

RN(xN’ TN’ i) = E - {LN(TN’ 1 BN)*

Onl*N

The function 613_1 is determined next. This function is defined

b

N-1¢%n-2) = igf [rN_l(gN_l) +GN(§N_1)] (G. 14)
N-1

G
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Substitute for ry_ (8 ;) from Eq. G.6 and for G(oy ) from

Eq. G. 13 into Eq. G. 14 to obtain

Gn-100n-2) =
:snf z E |x LI T IILCNIRTLNIPY R ISR,
N-1 | B ;) N-11"N-1
L
1 — - -
+ E EZ—O J R K T [0 o110 2ne2) -1 o D) Plaxyg[¥y_y)
x B g z ~
N-1 AN TN N1 -1 B2 T ] )
or
Gn-100n-9) = g‘f . E Ry 1 TN-17 0N B e 2 )
N- xN__1
(G.15)
where

Ry 1%N- 17 N-10 N-1%N-17 2N-2)

= g {LN_I(TN_1,5 N_l(xN_l’aN_z)’ BN-I)}

N-1/*N-1

1
+ 2—0 fRN(xN’TN[bN-l(;EN-l’ aN_z),TN_l] , L) P(de,;N-l)

£ - — -
ANGN- 1 TNION-1%N- 17 2N-2) 1))




-313-

Now apply the standard argument to Eq. G. 15 to conclude that

o -~ - o
6N-1(XN-1’3‘N-2) is given by

(o) "’ 0] e
6 r-1®n-12n-2) = O No1®N-1 T N-1) (G. 16)
1 it Ry (X 10Tn-pr® 2 Ry 1By Tn-p D
0 otherwise

As before we may express 52 in terms of indicator functions by

N-1
defining AN- l(xN-2’TN- 1) by

£ - _ o = _
An-1%No2r TN-D = N1 P N-1®Ne1 T = 4

and we may use the sets £, (xN—l’ TN-I) to express Gy_ 1( Gy_o)

N-1
as
Gn-100n-2)
- -
1 —

E zz—o S RyoyGigogr oy ©) Plaxyg g%y y)

X - ﬂ

N-2 | AN- Z(XN 2 TN-1 i

With the basic character of the recursive procedure established

we may conclude that the kth decision rule 6k(;k’;k-1) is given by
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6. ®om ) = 6,°(%T) (G. 17a)

1 R(X,7,0) < R(x,7 )

0 otherwise
where
R (%, 7)) (G. 17b)

= E . L (70 80}

O ) %k

1
+ Zo J Ry 1By 17 Ui 1] 5 D PUAx X )
2

1 = - .
A1 Tl Te-1l)

and where

0, = o= ]
Ape1® M) = Bk %1 B T = (G. 17c)

A formal proof to this effect can be obtained by the method of

induction. The procedure is to assume the result holds for 6k+10 ,

©  and then to show that the result holds for & ko by using

N

precisely the same argument as used to obtain 6 N_1° . We shall not

ceey D

go through the steps of this argument here.



APPENDIX H

DERIVATION OF THE UPDATING EQUATION
FOR THE ODDS RATIO DENSITY

In this appendix, the theorems of Section 4. 3 are proven.
We begin by first proving three lemmas. The first lemma establishes
a formula which is useful in proving the second and third lemmas.

These last two lemmas are then used to prove Theorem 4. 4.

Lemma H.1. I X = (xl, e xN) is conditionally independent for

each fe O, then, for j< i <Kk,

P(dxl,...,dxi |ek,...,9j)

f P(dxl,.c:).,dxilel,...,Bi)n(dej_l,...,de o8y
ej_lx...x1

11

Proof. By Bayes law,

l'I(dBk,. .. ,d6j|xi) P(dxl, e ,dxi)

Pldx,,...,dx. 16, ,...,0.) =
(dx, ..., dx; |6 y Td6,,---, 48.)
] (H. 1)
Write
(A0, ..., d6,|%) = [ mde, ..., d0,|%,)
ej_lx... x(-)1

- 315
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or
nae,, ..., dejlxi) (H. 2)
g P(AXy, ..., d%; |0, «0, 04) THAE,...,d6),)
P(dx,...,dx,)
1’ S |
ej_lx... x(—)1
But
P(dXy,0 v, d% 0,000, 04) = [ Pldxg,...,dx |6,...,8,)
Xi_}lx...xxk
Kk
- J B Plaxy|0y,0) )
xl+1x...xxk
i
= Pldx, (0,0, 1) [ Plax;, .00, 05
Xi+1x"'xxk
Brs- =16y
i
= m P(dx,|6,,9, .
021 0190:99-1
or
_ ) (H. 3)
P(dxp,. .o, % [0, ,.00,0,) = Plax ... dx|6,,...,0,

Substitution of H. 3 into H. 2 gives
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T(do,, ... 40, ]X))
f P(dx,,...,dx [6,,...,6,) T(d6,,...,do,)
O, .x...x0 P(dxl""’dxi)
j-1 1
or
T(doy, . . ., 46 ,(%;) (H. 4)
f P(dxl,..,dxijei,..,el)n(dek,..,dej)u(dej_l,..,d91|9k,..,91)
P(dx.,...,dx,
6. .x...x0 1 1)
-1 1

Substitution of H. 4 into H. 1 and cancelling the appropriate terms

yields the desired result.

Lemma H.2. If X = (xl, e ,xN) is conditionally independent for each

6 , then

P(dx, |8y, 0y ) A6, d0) 4| %)

—

T(a6)., a0y 1]%) = )
k-1

P(dx, |

Proof.

We begin with Bayes law:
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P(dxl, ces ,dxk|9k, ek-l) H(dek,dek_l)
P(dxl, ceey dxk)

(Ao, d0y 4[%) =

_ P(dx, |¥) _1» 0)0 Op ) PldXy,.0naxy ()6, 6, ;) TI(d6, ,d6, ,)

P(dxy [% ;) Plaxy,..., dx )

or

P(dxy |X) 15 Ops Oy () THAO, A6 o [% )

H(d@k,dBk_l xly' o ’xk) =

P(dx %, )
(H. 5)
Now, consider P(dxk|xk_1, 6 Bk-l)
= P(dx,,... ,dxk|9k, By )/ Pldx ... ax, 1 16,,6, ;)
Apply Lemma H. 1 to the numerator and denominator of the above.
The result is
P(dxklxk_l, Qk, ek'l) (H- 6)
ef P(dx,,..,dx, |6, ,..,0,) A0, _o,..,d0 [0, 6, ;)
k-2
é P(dx,..,dx |6, 1o0-, 0 )TAE, 5,..,d0, [0, 68, )
k-2

But,by using the conditional independence of Xiseoe ,xN, the numerator

of (H.6) can be written as
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P(x, [0, 0yp) [ Plaxp ... dx [0, 1,eens8y)

%-2

- TI(d6 ,d91|9

Kogre e L B p)

Substituting into (H. 6) and cancelling gives

P(Ax |X_yr O30 Oy y) = PAAx [6,, 6, ) (H.7)

Finally, substitution of (H.7) into (H. 5) completes the proof.
The above two lemmas have used only the assumption of con-
ditional independence. The third lemma also requires the Markov

property.

Lemma H.3. If X = (xl, cen ,xN) is conditionally independent and &

is Markov, then
Wdo, (6, _1,% 4) = TdE, (6, )
Proof. We have

l'I(dBk, d9k_1 lxk-l)

(s, |6 X )
k1%k-1" k-1 -
T(d6) _;]|¥k-1)

P(ax,,..,dx_,|0,,6, ;) Tde, ,deo, .)

P Y S U L CIIY
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Pdxy, -5 8%y g |0y Oy p)

= TI(d6, {6
k
p(dxl,..,dxk_1|9k-1) \

k- 1)

The proof is completed if it can be shown that the bracketed quantity

is equal to unity. Applying Lemma H. 1 to both the denominator and

the numerator of the bracketed quantity results in

J o Pldxp,..,dx [0, 4,0, THAB, o,..,d0.]6,,60, )

Gj_zx..xel
f p(dxl,..,dxk_1|9k_1,..,91) n(dek_z,..,dallek)
a .x..x0
)-2 1

This quantity is equal to unity if

II(ds .,do = TId6

k-277 0901 [00 0) o) ko227 90]6)

But this fact follows easily from the Markov assumption on 6 . This

completes the proof. We are now in a position to prove Theorem 4. 4.

Theorem 4.4. If x = (xl, e ,xN) is conditionally independent and if

# is Markov, then

Pldx, |6, 6y o)
© Pax, [x, ;)

k-1

e %) = [ A6, | 0y _y) THA6,_ |x_y)
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Proof. From Lemma H.2 we have

(de, | %) =éf n(dek,dek_1|§k)
k-1
P(ax, [6,,6, )
=J P(dxklxk kx1 R LI Y LY
p A %o %eg
k-1
Now .

T(d0,, oy |%_y) = TAO |6y 4% o) TA6y 4%, 4)

[(d6 ) |6y 1) @6y 4 | % )

Substitution completes the proof.

Next we prove Theorem 4. 5. To this end it is sufficient to

prove that the function

- P(dx, |6y, 0y _¢)
k-1 (e |

2%y ¥ 12 O O

exists. The theorem then follows as a corollary to Theorem 4. 4.

K Ox-1
Clearly, this distribution is absolutely continuous with respect to

Proof. Consider first the distribution P(dxk |£k-1’ 6

dx - - » . * -
P( klxk-l) , since the conditioning of P(dxklxk_l) by Gk’ 9k—1
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cannot take away any sets of measures zero. Thus, the Radon-Nykodym
theorem can be applied to P(dxk‘xk—l’ Bk’ ek-l) to obtain the function
ﬂ(xk]xk_l, Gk’ ek_ 1) satisfying

L PO R0 Oy p) = [ 0051y 0006, p) Plax [K )

for any measurable set A . But, in Lemma H. 2, it is shown that

Pldxy (& 10010 y) = PlAx|6),6, )

so that
fA Pldx, |6y, 0, _¢) = fA (X ¥ 1 Opr O 1) PAAXY | % o)

for all measurable sets A . Thus the function i(xk|xk_1, Bk, Bk_ 1)
is also a Radon-Nykodym derivative of P(d:«:k | Gk, 9k_ 1) with re-
spect to P(dxk l;k- 1). This completes the proof.

Next we prove Theorem 4.6. Here, it is desired to show that
H(dekl xk) << u(dek) for all X, € Xk and to determine the density
P (0, ':Ek) with respect to u(d6, ). The proof is by induction on k.

First, for k=1 we have from Bayes law

Plax, |6,)

II(do 1le) —_P(dxl)

II(de 1)

Now, using the fact that I(de ;) = p(6 1)“(d91)’
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P(x, |6,)

P(dx

T(do,|x,) =
11*1 )

p(6,) u (d6 1).

Then, if A is any measurable set of # () measure zero, then A also
has measure zero with respect to II(dg 1jxl). Thus, TI(dé 1|x1) <<L

u(de 1) for all x,e X, and moreover the density p1(6 1 ,xl) is given
by

P(x |o.)

P(dx1
Next, we establish the induction step. Specifically, it is

assumed that H(dek_llxk_l) << w(dg, ;) forall x, ,eX ,,and

k-1
it will be shown that H(d9k|xk) << u (dek) for all X, € Xk .

We begin by noting from Theorem 4, 5 that

(s, |x,) =g (% 1%y g0 00 By ) THAB, |6 4) x TH(E 4 |% )
k-1

Now, by the induction hypothesis, we may replace n(dek—l l;k-l) by

p(6y 4 | %k- p»(ad, ;) inthe equation above to obtain
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(e, %) =éf (205 K12 O Femp) PLOY_1 [ )]
k-1

n(de, |6, ., »(do, )

Now apply Theorem D. 1 in Appendix D for the general index k and
with the function f(9k, Bk_ 1) replaced by [E(xklxk_l, ek, ek-l)
pk-l(ek-l ‘xk_ 1)] to conclude that the density pk(eklxk) exists and

is given by

(6, [x) (H.8)
=1 (6y) 0(xIX,_1,0,,0, =0 +A)p(6, . =8, +AlX, )
ffo.75- sy ¢ k-1 k" "k-17 Yk k-1~ %k "kl]

+ 1 (8 Jaes Ix 106,08, ) RO, |6, ) B(8) 4 [% )
[T,-2, T ]} Lk_l'e 81003 L {T }

n(dek_l)

We conclude this appendix with the proof of Theorem 4.17.

Proof. First substitute for p(6, |x,) and p(9k =Tp‘xk) from

Eq. H. 8 into Eq. 4. 30 in the text to obtain



-325-

O (6 %) =

L 800 Ry O 0, ) PO |6y PP(O [y (A0 )
{[Tp“A,Tp)} Bk-]_ € [0’ ek_(Tp_A)] w {Tp}

+ 1 (0y) 2(x |X, 1,6,,0, =6 +A)p(6, - =6, +a]x )
([0, -2} X 1 %eo1 O Ox-1 = %% k-1 = k2 %1

S a3y 1 8) = Ty 0y P8y =T |0) ) SO B IC N
O)-1€ [0,4) U {Tp}

Now divide numerator and denominator by Py - 1(Gk_1 = Tplgk- 1). The

result is
O (6, 1) = (H.9)
I (6g) RS ERPE NN ) N [ L W (Y E M T CE Y
{{T,-5,T )} -1 € 10,6, - (T, -8)] U {T}
1 (6y) 0(x | K17 8y Bpq = 0,480, (6, = 9k+A|5‘°k.1)T

* o, T -

J 2% pp 0 =T, 6, )06 = Ty 16100100y [ (A0 )
611 € [0,8) U {Tp}

d

Equation H.9 is in the desired form except for the term !Z(xk l; 6,,0

k-1’ "k’
Now, the idea is to break out the dependency on ;k-l . This can be done

k- 1)'

as follows. By hypothesis, P(dxklak, Hk_l) <<L P(dxk |9k=T1, Gk_1=Tp).
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Therefore, by the Radon-Nykodym theorem, there exists a function

“xk\gk’ ak_l) such that

Pdx, | 0y, 0y 4).

e fier) 7 Plaxy [0y = Tp: -1 = Tp)

On the other hand, P(dxk ‘Gk = Tp, ek-l = Tp) <<L P(dxklxk-l) by
Theorem 4. 5. Therefore, there also exists a function E(xkl-ik_l, Gk =

T ,0

o’ k-1 = Tp) such that

P(dxy |0y = Ts 0y = Tp)

P(dx, |%, ;)

(% [¥e 170k = T Og g =Tp) =

Then, by the well known chain rule for Radon-Nykodym derivatives,

we have

P(dx, |6, 8y _y)

P(dx, %)
Pldx [0, 6)-p)
P(dx, |0y = Tps 0,y =T)
P(dx, [0y = T, 0,1 =Tp)

P(dx, | %, _,)

£ 1 K10 00 O p)

or
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L3 X0 Oy O ) = 20030 By ) (H.10)
© B X O = Ty 0y = T))

Now substitute for L(xk|xk_1, ak, E)k_l) from Eq. H. 10 into Eq. H.9.
Next, note that, since the factor “xklxk—l’ Bk = Tp, 9k-1 = Tp) does
not depend on 6, and 6, ,, it cancels out. The result is the de-

sired expression.



APPENDIX I

EXPRESSIONS FOR THE ODDS RATIO DENSITY

In this appendix, the assumption of additive noise is applied
to the updating equation of Theorem 4.7 to get specific expressions
for the odds ratio density.

We begin by considering the function

P(dx, [0, 6y _4)

20 |9 Ouet) = Blax o, =0, = T)

(1. 1)

This function is normally viewed as a function on the current observa-

tion space Xk with the pulse parameters 6 held fixed. But,

Kk’ Ok-1
from Eq. 4.21, it is seen that in order to calculate ok(ek,xk,ok_ 1),
the current observation X, is held fixed and the parameters 6, ,,0)
are allowed to vary over certain subsets of ek_ 1X G)k. Thus, to imple-
ment the update procedure, it is necessary to determine the behavior

of ﬂ(xk l Bk, Bk-l) for the values of 9k-1’ Gk that appear in the inte-

grations in Eq. 4.21. Specifically,

6 € [Tp - A,Tp) y o Oy tO, 0y - (Tp-A)] U {Tp} (I. 2a)

6 =T y o 0 _1€[0,8) U {Tpi (I. 2b)
and

-328-
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0, €[0T -8) , 6 4 =0 +b (I 3)

To evaluate !Z(xk| Bk- 1) on the sets defined above, it is
necessary to specify in more detail the probability measures on the
right hand side of Eq. I.1. It may be recalled from Section 2.4 that,

for additive noise, the observation process is defined by
x(t) = n(t) + s(t, 6,6, _;) telt, ,,t) (1. 4)

The function s(t, Gk-‘ ek_l) is given by Eq. 2.21. This equation can

be simplified by denoting the pulse arriving at time tk - Tp by
p5t) = p(t -, -T ) (1. 5)
k 'p *
Then, we may write s(t, Bk, ek-l) as

s(t, 0,0 ) | (L 6)

=1 () Pt(6,_ AN +T (6 p(t-6))
{ek-l € [0,4)} {eke [O,Tp)}

Our first task is to restrict s(t, ak, gk-l) to those values of

Gk and gk-l satisfying Eq. I.2. If these values are substituted into

Eq. 1.6, then s(t, gk-l’ Gk) can be written as
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r
0 8y _1€ ‘{O}U.{Tpl 0k =Ty
k
P (t-(ek_l-A)) k 16 (0 s) Bk-—Tp
k
S(t) ok’ ek"l) = < P (t-ek) Gk 1€ {OIU{T } ekE[Tp"A,Tp)

p(t-(6,_,-A))

K
-6 Oy

€ (0,0 -(Tp-A)] BkE[Tp-‘_A’Tp)

(L. 7)

where we have excluded the parameter value 6, , =0, since this
value does not result in a pulse contribution to the interval [tk-l’tk)'

The function s(t, 6 k 1) is illustrated in Fig. I. 1 for the values of

6, and 6 of Eq. L 2.

k k-1
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} 4 t i >
b1’ Tp Ty -1 "
(a)
+— : t —
tlc-l'Tp tk_Tp te-1 %
(b)
} } $ K
1T % Ty te-1 t
(c)

Fig. I.1. The function s(t, ek’ak-l) (a) ek-le (0, &), ok =Tp’ (b)
O = Tpr O[T =8, T ), () 0y ;e[0,68, ~(T ~B)], 6,€[T, -4,T )

In the above figure, it is seen that the observation X in the
current observation interval [tk_l,tk) is influenced either by a pulse
that is present at the decision time tk, pk(t-ek), or by a pulse that is
not present at the decision time te pk(t-(ek_1 - A)), or both, In the
following, we shall refer to the pulse pk(t -6 k) as the '""current pulse”,

and we will refer to the pulse pk(t - (gk-l - A)) as the carry-over

pulse.
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Next, we consider the parameter values of Eq. L. 3. If these

values are substituted into Eq. I 6, the result is

_ .k _ _
s(t,ek,Bk_l) =p (t-ek) ek-l"gk A, Bke [O,Tp A)
(I. 8)

This case is illustrated in Fig. I.2.

-1 Tp t“k"Tp

Fig. L.2. s(t, 8 e[O,Tp-A), 6k=9 +4

k Ok-1 %%-1 k-1

We are now in the positidn to describe the function JZ(xkl Gk, Bk_ 1).

First, substitute for s(t, 6 ek_ 1) from Egs. 1.8 and L. 9 into Eq. I.4.

k,

The result is
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_ x(t) =
n(t) Y .{o,u.{'rp} , 6 =T,
k -
n(t) +p (t-(Bk_l-A)) Ok_le (0, 8) , Bk = Tp
y .
{ n{t) + p (t-Bk) Gk_le ‘{OIU.{Tp} , eke[Tp A,Tp)
or 9k_1=9k+A , Bke[O,T - 4)
k
n(t) + p'(t- (6, _-8))
k
$ +p (t- ek) Bk_le[o, Bk-(Tp-A)] , er[Tp A, Tp)
(1. 9)
Now make the following definitions.
Define P(dxk[ N) to be the distribution of the process
_ x(t) = n(t) (1. 10a)
Define P(dxk |9k_1, sco) to be the distribution of the process
k
x(t) = n(t) +p (t- ((;7k__1 - A)) Bk_le (0,4), Bk = Tp
(1. 10b)

Define P(dxk[ E)k, Sc) to be the distribution of the process

_ k - -
x(t) = n(t)+p (t ek) 9k-1€ {0} U {Tp} Bk e[Tp A,Tp)
or 6, =6, +4 er[O,Tp-A)

(1. 10c)
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Define P(dxkl Bk-l’ Gk, Sco, Sc) to be the distribution of the process

x(t) = n(t) + - (8, _y - &) + D (t- 0)) (I 10d)

- - -A,T
ek_le(o,ek (Tp A)] eke[Tp , p)

Then, we may write

205 (65 6y y) (1.11)
(1 6)-1€ 01U AT ) 6,=T),
l(xkiek-l’ lS’co) ek-l(E (0,2) 9k=Tp
.—_ﬁ l(xklek’sc) f1_1€ {0}9 {Tp} 6, € [Tp-A,Tp)
or 6, =0, +4 Bke[O,Tp-—A)
| Loy O 1:80Sc0) Ot (0 Op-(Tp-8)] O[T -8, T )

where
0(x, |0, .1:5,0) = Plax |8, _1,8.0)/ Plax, [N) (L 12a)
I(xklek,Sc) = P(dxk|9k,Sc) ; P(dxIN) (1. 12b)
and “xklek-l’ek’sco’sc) - P(dxklek-l’ ek’sco’sc)/P(dxk‘N)
(I. 12¢)

The functions, i(xk[Gk_l, Sco)’ !Z(xklek,sc) and ﬂ(xklek_l, Gk,
Sco’sc) are ''ratios'" of distributions describing the observation X when
signal is present to the distribution describing the observation X, when

noise alone is present. In classical detection theory, these functions are
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usually referred to as conditional likelihood ratios. In this context,
ﬂ(xk|9k_1, S.,) is the likelihood ratio of the carry-over pulse, R(xk|8k,Sc),

is the likelihood ratio of the current pulse, and B(xklak, 01’ Sco’ Sc) is

the likelihood ratio of both pulses.

Using the above results, we may now obtain the desired expres-
sions for the odds ratio density. First, we write the update equation
for the odds ratio density Ok(ek’xk’ok- 1) in terms of the likelihood
ratios. This is done by substituting Eq. L. 11 into the update equation,

Eq. 4.21, and evaluating the integrals over the set {szp} . The

result is
ok(ek’ x-k; ok- 1) = (I. 13)

(%, 161,50, _1() 1 =81 +8, X 1,0 o)
D 0 € [O,Tp-A)

J 20q]0,,8,) 06, (6, ) O _1(6) 1,% 15 Op_p)s (A6 o)
6, =0

+ 00,0y 138,08 ) PO 8y 1) O _1(8y 1% 1,0y o) (A6 )
Bk-le (0, Bk - Tp-A)]

+ 205,08 ) (8] 8y 1 =T
D

Bke[O, T -A4)

where



-336-

D = [ p(6y = Tp[fy_1) Oy 1(Op10%-1Op-p)(d0) )
{6, 1 o}

* f £(x, [0, 1:8c) () =Tp|0y 1) Op 18y _1- K 1> Opp) (A0} _,)
k 1€ (0, 8)

+ PO, =T |6 4=T)

The next step is to substitute for p(ek[ é K- 1) from Appendix C.
This is accomplished in the continuous case by substituting p(8k| 6 K- 1)

from Eq. C.2b and integrating with respect to the measure

and in the discrete case by substituting p(ek = Bvlek_l =jv) from

Eq. C.1 b and integrating the measure with respect to

q

j=1 v A

K

In the continuous case, the results are
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0, (0,,%,0, ) = (. 14)

rﬂ (ka Bk,Sc)

ah _
Op-1(6-1=03+2,% 1,0, )

A a9,
fo E(x [01-1:5c0) © Op-1(0k-1"%-1:Ok-g) 40y 4 + 1

Bke[O,Tp-A)

a(T_-0,)
ae P K

- —

Ok-(Tp-A)

fO “xklek’ ek-l’sco’sc) €

aek-l

Oy 100y 12 %1 Opg) 46y 1 +2 (%) 6,,8)
ab

k-1

A
fo (% [04-1-5¢:0) © Op-1(0k-1 %1 Ok 290} _4+1

6, [T -A,T
k€(Tp8:T))

For the discrete case
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Ok(9k=£u, xk) = (I.15)
ﬁ(xk|9k=£u, Sc)

—S _
a " O 10y 1=0+sux 1,04 o)
D

g€ {0,...,q-s-1}

< (1-a) a-[a-£]
[ L0 |0y =21 8) Oy 16y 1 =0, % 4,0 )

i=ﬂ-2(f1-5)
+ & ﬂ(xkl9k=£v,Gk_1=]V,SCO,Sc)

- . _
270y 1 Op 1 ZI X 15Oy 9) + L0 {0,701, S)

L D ;

2 e {9-s,...,9-1}

where
s-1
D = Oy 10y 1703 12O p) * j§1[£ | Ox-173% 8 )

-.j .
20,10y 171 1,0 p)] +1
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In concluding this appendix we will consider the special case of
white Gaussian noise. In this case, it is well known (Ref. 10) that the

likelihood ratio of Eq. L. 12c, ﬂ(xklek, Bk-l’sco’sc)’ can be written

as
1 tk 1 tk 2
Py N f x(t)s(t,ek,ek_l)dt-ﬁ;tf s(t, 8,,0, ) dt
-1 k-1
(1. 16)
where N0 is the noise power per unit bandwidth and
s(t,0,,0, ) = pr(t-(6, .-A)) +pit-6.) (L 17)
Yk k-1 k-1 P K y

Now, by definition, the pulses pk(t - (91(_1 - A)) and pk(t - ek) do not

overlap, so that
pX(t-(0, -A) pNt-6,) = 0 for te[t, .,t)
k-1 K be-10%
It then follows that

Sz(t, Gk’ ek-l) = pk(t = (ek-l = A))z + pk(t - ek)z (I. 18)

Thus, we may substitute Eq. I 17 and Eq. I. 18 into Eq. I. 16 and sep-

arate the terms involving pk(t -(8 k-1" A)) and pk(t -0 k) to obtain
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t
exp N—t t{( x(£) PH(t-(0,_-A)) dt - % t{( p(t-(Bk_l-A))z dt
-1
Lk L E 2
x exp{ 7 J x(t) p*(t- 6,) dt - —ﬁ—tfk p(t-ek) dt
© -1

But, in the white noise case, we also have

L (xklek-l’ Sco) =

Y Y -
epd £ [ x® -0, at- g [ B0 y-an® e
° te1 ° Y1
(1. 19)
and
l(xklek,sc) =
t k"
k
expl o= [ x0)pft-(0) dt - g S pr(t-0,)° at (L. 20)
° te1 ° Y1

Thus, we may conclude that

l(xkl ek’ gk-l’ Sco’ Sc) - E(xkl 9k-1’ Sco) “xkl ek’ Sc) (L. 21)
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The update equation in the white noise case can be obtained by

substituting Eq. L 21 into Egs. I.14 and L 15.



APPENDIX J

THE PROOF OF THEOREM 4.10

In this appendix, we prove Theorem 4. 10. To do this, we

must show that
Te®eom) = TlOy Xy (3.1)
Ry (Ker Tier 2100 1) = RylOpeo i » 2y O
AR T = MO 1)
Proof. The proof is by induction on the index k. For k=N we

have

R T an O = DN 2 0N

= Ry(Opp T2y O
Thus
T Fp T O = By Ty = 0 0)) - Ryflipp Typ 2y = 1 6)
= RN(ON’TN’aN =0, BN) - RN(ON, N 2N" L GN)

= TN(ON, TN AN E)N)

and

-342-
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Tyfe e = § Tl e o8 OnOp Xy On)# (400
N

L= L

TN(U(ON_ L xN) T ¢ N) U(ON_ 1’ xN) u(de N)

TNON-1 %0 N

and finally

Ay ) = frg | TaEp ) 2 O

= {xy|TNOn-1 %0 TN 2 0

= ANOn_ 12 TN

Now assume Eq. J.1 holds for indices k+1,..., N. Then,
Agar®o ) = AgyOp Ty

and

R 1™ T o1 Oxed)

B Rlr{+1(ok+1’ Tk+1’a'k+1’ 9k+1)

R (U0 X 1) T 10 3ke 10 Pirt)
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Substitute these quantities into Eq. 4.8 for Rk(i'k,r 6,) and

k! ak,
note that the right hand side that results depends on ;k only through

0k . Thus,
R (X,7.2,,0,) = R(O,7,a,6)
We may then conclude that
Ty (X, T = TOp Xy
and

Ak(’-‘.k-rfk) = A0 1Ty

by using precisely the same reasoning as was used for k =N . This

completes the proof.



APPENDIX K

THE RECURSIVE RELATIONS FOR THE
m = 2 BAYES DECISION DEVICE

In this appendix we adapt the recursive equations of Chapter IV
to the basic setting of Section 5.1. We begin by obtaining an expres-
sion for Tk(ok-l’xk’ -rk) by applying the assumptions of Section 5. 1
to the formula for Tk(ok—l’xk’ Tk) of Section 4.4. This is done in

the following theorem.

Theorem K. 1. Under the assumptions of Section 5.1

L

a Tk(ok-l’xk’ 'rk) (K. 1)

I
Z

Ly [(l-a) + [1-(1+wy) ag_ ] PN_I] k

= £, [(1-a)+[1-(1+Wx) a,_,]P _1] W a
+ (0, P, +a) [(E (O, ,a =0) - Fp (O, ,a =1)
+ P (FL(O,,2 =0) - Fy (0,2 =1))] k < N
where

0
Fy O 2y)
(K. 2a)

1
) tz=:0 'tf R1 Opopr et O PAY 1 [0p 4 = 0,5))
Aa1(Ops (T,/2) 2)
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and
Fl(O ) (K. 2b)
k Yk %k -
1
= Z_; J Q-9 RO 7 q b T,/2) Pldx, |6, ., =0,8)
t=0 t,  (0,,T/2a)
k+1\VKk’ 'p’ < %
+aR O 1oy b Ty Pldx [N}
and
P(ax,  ,|8) = Pldx (6, =0,S.) (K. 2¢)
and

R 10k k17 217 Okead) (K.3)
0 _
L1 T 11 Okel) * Fra1©ka12 k1) ka1 =0 T
1 _
Lk+1(Tk+1’ak+1’ 9k+1) * Fk+1(ok+1’ak+1) 6k+1 _Tp/z

Proof. From Eqs. 4. 32a and 4.31b we have
T(Op -1 %0 T

= | TilOy 1% T 0)) OOy 1o %0 6)) B(AEY)
k
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Now, since 6, takes on only the values, 0, Tp/2, and Tp, we may

evaluate the above integral with respect to the measure
u(de,) = eqa(dd ) +¢ (d6,) + ¢ (dg,)
k 0 k T /2 k T k
o} T,/ 2} T}
to obtain

Ek(ok_ 1’ xk) Tk) (K' 4)

= Ty (O 1, %y Tyer 0y =0) Oy (6} =0,%,,0 )

+ Tk(ok-l’xk"rk’ Bk = Tp/2) ok(ek = Tp/2,xk,0k_1')

+ Tk(ok-l’xk’Tk’ Gk = Tp) x 1.
Next, substitute for Ok(ek,xk,ok_l) from Eq. 5. 10 to obtain
T, (O) _1»¥0 T (K. 5)

-1
= 2.2 [P T (O 4,%, Ty, 8 =0)

+ (1-a) Tk(ok-l’xk’ LI Tp/Z)]
+ Tk(ok-l’ Xpes Tyeo 91{ = Tp)

From Eqs. 4. 32b and 4.26, we have
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Tk(ok-l’xk’ Ty? ek) (K. 6)
= Rk(Ok,'r )2y = 0, Bk) - Rk(ok,'rk,a.k =1, Bk)
where
Rk(Ok,'rk,ak, Gk) = L(T » Ay Hk) + Fk(ok’7k+1’ Gk) (K. 7)
and where

FrlOp Typ12 Oy (K. 8)

. . .
= J (Eo tf Ry 1Okt T2 Pke1 =8 Oirr) P8y q[ Oy ek))
A1k Tkt

A6y, 4| 6))
Denote the integrand in Eq. K. 8 by Bk+1(ok’Tk+1’ a1 9k+1’ Bk).
Then,

F (O

K% 1 0 = L Bia1 oo Tt e O 01 A0 4|0))

k+1
(K. 9)
Next, use the discrete conditional probability distribution with gq=2

to evaluate the above integral. The result is
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Fk(ok’ Tkl Gk) (K. 10)
= Bk+1(ok’ T+’ a'k+1’ 9k+1 =0, Gk) Pr[9k+1=o’ek]
+ Bk+1(0k’ Tk+1’a'k+1’ ek = Tp/z’ ek) Pr[9k+1 =Tp/2|9k]

+ B, 100 Ty 10 B2 g = T O Prl0kpn = Tl

Now, substitute for Pr{6, = !Z’I‘p/z 6,] from Eq. 5.2 into Eq. K. 10

to obtain
Fk(ok’Tk+1’ Bk) (K. 11)
By, 100 ko1 Bes 1 Oxcrr = T/ 20 ) (1= )
+ B O T 11 O =T 802 =0Ty
Bk+1(0k’7k+1’ak+1.’ Ore1 =0 Opy1 = Tp/ 2) 8 =T, /2

The next step is to evaluate Bk+1( .y, *y* ). To this end, consider

the distribution P(dle1 !9k+1’ Bk) . This is the distribution of the

process
x(t) = n(t) + s(t, 9k+1’ ek) te [tk, tk+1)

where from Eqs. 1.7 and 1. 8 in Appendix I
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k+1 _ _
p (t) 9k+1 =0 ()k = Tp/2

s(t, 6, , 1, 6)) = 0 8, . =T 6, =0, T

p<t e - T/2) ¢

k+1=Tp/2 6, =0, T

But, by the pulse translation assumption of Section 5. 1, pk+1(t) =

k+1
p (t- Tp/2) for t e[tk,tk+1) . Thus, the process x(t) can be

written as
k+1
x(t) = n(t) + po(t) 0,1 =0 6 = Ty/2
and 6, = Tp/2, 6, =0, T,
(K. 12a)
and x(t) = n(t) 9k+1 =Tp , Bk =0, Tp
(K. 12b)

Now, from Eq. L 10c, it is seen that the distribution of the process of
Eq. K. 12a is P(dxk-d 19k+1 = O,Sc) and from Eq. I 10c, it is seen
that the distribution of the process of Eq. K. 12b is P(dxk+1’N). Thus,

if we write
P(dx, 1-8) = Pldx, 416),1=0,85)

then we may substitute for P(dxk+li ST Gk) into the definition of
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Bk+1(0k’ Tiee1’ Y1’ 9k+1’ Bk) and then substitute into Eq. K. 11 to

obtain

Fi(Ops Tpepp0 03

1
- tZ—:O (1-a) ff Rk+1(0k+1’‘rk+1’a'k+1 =t’0k+1=Tp/2) P(dxk+1|sc)
) A'k-l-l(Ok’ -Ii<+1)

+a tf R 1Ok Tke1 Pe1 = b Oier = Tpp) Pl 4|N)

A 10T, )
for 9k+1 =0, Tp, and
F (0,10 03 = T/ 2)
. ]
= p] f R 1O TP a1 =Y Ot = Tp) P(dx,_ 11S,)

¢
Ari1Op T py)

b

. . 0 1
Finally, define Fk (Ok,a.k) and Fk (Ok,a.k) by

0

F, (O,2) = F(O.,7 .0, =0 (K. 13a)
1 - -

F ©Op,2) = FL©Op,m 4,0 ,,=T/2 (K. 13b)

and thus establishes Eqs. K. la and K. 1b,
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Next, note that Eq. K. 3 then follows immediately from Eq. K.7
and the definitions of Eq. K. 13.
It remains to verify Eq. K. 2. To do this, substitute Eq. K. 7

into Eq. K. 6 to obtain
TilO-1 %0 T )

[Ly(T,.,0,0) - L (T, ,1,0)] + [F) (0, ,a,_=0) - F0(O, 2, =1)]
Bk =0

[L (T 0, T/ 2) - L(r 1, /2)] + [Fi(o 2, =0) - Fé(ok,ak=1)]

Bk =Tp/2

0 -_— L] 0 —
[Lk('rk,O,Tp) - Lk('rk, 1,Tp)] + [Fk(Ok,ak—O) Fk (Ok,a.k-l)]
Bk = Tp
Now, from Eq. 2.27 with m =2

Lk('rk,a.k=0,9k) = 0

and
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LT =1,6,)
B M = 6, =0
Kk
Wy T =Tp 2
= -1 0, = Tp/2
Wg b =T,
or, equivalently,
L (T2 =1,6,)
S[L-(eW)a ] o, =0
= -1 0 -—-Tp/2
We 6, = Tp

Thus we may write



_354-
Ty (O 12X Tyer B

[1- (LWy)a ] +[FOO,,2, =0) - F (0,2, =1)]

6k=0
= 1 +[F11(0 ,a.k=0) -Fi(o ,ak=1)]
| 9k=Tp/2
- W, +[F (0,2, =0) - FL(O,,a_=1)]
6, =T
k “p

Now, substitute Eq. K. 14 into Eq. K. 5 and rearrange to obtain

Ty Oy 12 %0 Ty
=g 2 (t-a) + [1- (1+ Wy)a 1P, [1- WL

+ {2, a"l(1-2) (FL (0,2, =0) - F}.(O, 2, =1)

+ e ate (Fl0 2 =0) - FL (0,2 =1)

+ (70,2 _=0) - F(0 2 =1}

or

(K. 14)
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a T (0, _, %, 7)) (K. 15)
=0, [(1-a) +[1- (oW ] Pk-l] - W a

+ {(zkpk+a) [(Fg(ok,a.k=0) - F;(Ok,ak =1))

(1-a) Ly 1 1

Finally, note from Eq. 5.11 in Section 5.1 that

b (I-a)!lk
k
a.+.QkPk

Substitution into Eq. 5.15 results in Eq. K. 1. This completes the
proof.

Next, we examine the dependence of the functions Tk(ok-l’ Xy o7 k)
and F:: (Ok’ a.k) and the set Ak(ok.-l’ 'rk) on the odds ratio density 0k .
In Section 5.1, Ok is written in terms of Pk—l and ﬁk . Thus it seems
reasonable to expect that Tk( o« e, e), Fllc (*,*) and Ak(-, +) can also

be written in terms of P £

k-1’ Lk * A statement to this effect constitutes

the following theorem.,

Theorem K.2. We may write
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Tk(Ok_l,xk,Tk) = Tk(Pk_l,lk,fk) (K. 16a)
Fro, ,a) = FL(P ,a ) (K. 16b)
S " e .

Rk+1(ok+1’fk+1’ak+1’6k+1) = (K. 16c)

Re1Pro it Tke 1 A1 O 1)

A proof to this theorem can be obtained by induction on the index
k . The steps of this proof parallel almost exactly the steps in the proof
to Theorem 4. 10 in Appendix J and shall not be repeated here.

Next, note that rather than take the response set Ak(Pk-l’ a'k-l)

as a subset of the observation space Xk we may instead take the re-

sponse set as
APy ) = {0 TP o) 2 o} (K. 17)
This follows from the fact that the response condition

T (P Loy g) 2 0

depends on the current observation X only through the likelihood
ratio

t

k "

1 k 1 k 2
2.(x) = exp { — xt) p (t) dt - ~— p (t)]” dt)
Kk N, 'tfk-'rp/z 2N, {-[Tp/%
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Thus the condition

X € AP 7)) = {’%iTk(Pk—l’ﬂk("k)’ak—l) 2 O}

is equivalent to the condition

AV
()
——

0 e KB 1om) = {0y TPy g Loy )
This fact results in-the following theorem.

Theorem K.3. We may write

JoCrmax]S) - J |3y ar,
A0 15T APy 1Ty

where the density f(£k|IS~I ) is obtained from the relation
lk = exp {zk}

where zk is a real valued normal random variable with

E[zklls\l] ide/ 4

and Varfz, [3] = a /2

and d’l‘2 is the signal to noise of the basic pulse

(K. 18)

(K. 19)

(K. 20a)

(K. 20b)
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T
D
a? - ﬁl fo [p(t)] 2 at (K. 21)
0

Proof. It follows immediately from the statements preceding the

theorem that

JCme S = [ el (K. 22)

A0 1T APy _ 1Ty

S\ . o T e § S
where P(df k|N) is the distribution induced from P(dxklN) by the
mapping in Eq. 5.9. Now, write the argument of the exponent in

Eq. 5.9 as

Y% %
afs) = 5 [ xorw e - - J (5] % at
te = T/ 2 te = T,/ 2

In the case of additive white Gaussian noise, it is well known that Z) is

distributed as a normal random variable with parameters

Ez |51 = td%/2 (K. 23a)

S 2
and Var[zklN] = d (K. 23b)

where
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Y
e A CACIRE:
° tk—'rp/z

The next step is to relate d2 to the signal-to-noise ratio de of

Eq. K.21. First, it is noted from the fact that
p5(t) = pit-(t, -T )
k "p

that de can be written as

ay’ = o2 a
tk T
or
te - T/ 2 %
R pw1?a v & S w1
O 0O
tk - Tp tk - Tp/2

Now apply the pulse translation property of Eq. 5.8 to the first integral

in the above expression to conclude that
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2 1 b K, 12 1 tk K, 12
at =g J Polfe+ g J bOF a
° tk-Tp/2 o tk-Tp/Z

n

2 & [ DFm1?
® 4, -T2

or

de - 24 (K. 24)

Finally, substitute for d2 from Eq. K.24 into Eq. K.23a, b to get
Eq. K.20.

The proof is then completed by noting that, since Z, has a
random variable, Ek must have a density function. Thus, we may
replace P(de,|S) in Ea. K.22by £(2,[3)de, to get Ea. K. 18,
This completes the proof.

In the next appendix, we describe the computer algorithm used

to solve the recursive equations developed here.



APPENDIX L

THE COMPUTER ALGORITHM FOR OBTAINING THE m = 2

BAYES DECISION DEVICE

In this appendix the computer algorithm used to obtain the
description of the m = 2 Bayes decision device is discussed.

From Section 5.3 and Appendix K it is seen that it is neces-

sary to solve for the response sets
K (P15 ) = 14 TPy s 4y ) 2 0]
where

a Tk(Pk_1 Xy s Ty ) (L.1)

r

Ek El-a) +[1-(1 +WX) ak_l] Pk-l] - WFa
+ +a) [(F 0@ .a-0)-F %P ;1))
k Pr-113) | \Fx B3y k k2
+ P (F lp a-0)-F P ,a =1))] k<N
k\Ck Prory k Prr3g

INEI-a) +[1-(1 +Wy) aN—I] PN—l] k=N

“
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and where

Fko(Pk, a,) (L. 2a)

fn
1] Mv—n

f R Py (T /2 2, 6,0 18y | S) dly,,
Ak+1(Pk, (T /Z)ak)

1
Fk (Pk , ak) (L. 2b)

1
LS Ay R (B s (T /D a6, T /2) (84 | S)

= BT, 2 )

+oa Rk+l(Pk+1’ (Tp/z) ak’t’ Tp) fuk+1 l N} dﬂk+1
and

Ry 1Py i1 7 217 Okt (L.3)

( 9, ,=0,T

1
LTt a1 Oen) * P Prirv 1) Ok p

1
10 301 Okt * P Prin v Ban) Oy = Tp/2
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These equations are to be solved recursively, beginning with the index

k = n and proceeding through decreasing values of k .

cedure is indicated in Fig. L.1.

setk=N

l

calculate
TPy 17 B Ty)
from Eq. L.1

k

set

k-1

calculate

AJR 1 4)

This pro-

. AP0

calculate
1
Fk (Pk’ ak)

from
Egqs. L.2and L. 3

|

Fig. L.1. The recursive procedure
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To carry out the computational procedure indicated above, it

was first established that, for each value of Pk—l > 0 and % =
(Tp/Z) a1 there exists at most one root of the function

a

~ . k-1
Tk(Pk-l , Lk’ Tk) . Moreover, this root, to be denoted by Kk (

P 1)
has the property that

>
T (B, 07 g 0
for
2> ax
2 1
by < Ke  (Pey)

This fact was established by carrying out the computational procedure
a stage at a time and checking the function Tk(Pk-l , Ek’ Tk) at each
stage.

As a consequence of the above fact, the response set

Ak(Pk-l , Tk) can be written in the form

AP = Hgs e 2 Kkak-l(Pk-ﬂ} (L. 4)

Thus the likelihood ratio property of Section 4.3 is established.
a
The function Kk k-I(P ) was obtained at each stage of
k-1
the computation by a subroutine that calculates the root of the function

Tk(Pk-l » Ly Tk) . This subroutine operates by first determining
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if a root lies in the interval [0, Ku] , Where Ku is equal to the fivé-
standard deviation point for the random variable Zy under the con-
dition "signal present'. If no root is present in the interval [0, Ku] ,
Kkak'l(Pk_l) is set equal to K . If a root is present, then the sub-
routine proceeds by a standard interval-bisection algorithm to locate
that root to within 10”0 of its true value.

The procedure for calculating Fki(P , a.k) is as follows.
First, the values of Fi+1(P ) ak), which have been stored from the
previous stage, are used to determine Rk+1(' ,.,+) according to
Eq. L.3. These values are calculated for Tk+1€ {0, Tp/Z},
2 1€ {0,11}, 9k+16 {0, Tp} and for Pk-l = (.05)j; j=1,..., 100.

Then the values of Rk+1(' ,+,+,.) and the threshold function

ak-1
1 S

i
Fk (P, a.k) according to Eq. L.2a and L.2b. The integrals in

) from the preceding stage are used to calculate

these equations are evaluated using a seven-point Gaussian
quadrature routine and a seven-point Gaussian-Hermite routine.
The values Rk(' ,.,.,.) in the integrand of these integrals are ob-
tained by a three-point Lagrange interpolation procedure from the
values of Rk+1(' , +5-5.) at the points Pk+1 = (.091, i-=
1,..., 100. Finally, the values of Fkl(P , ak) are stored for use
at the next stage.

To complete the computations in one stage of the recursive
procedure of Fig. L.1, it is necessary to calculate Tk(Pk-l’ ﬁk’ Tk)

according to Eq. L.1. Actually, this computation is carried in the
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root-finding routine using the stored values of Flt (Pk’ ak) .
In conclusion, we point out that it was only necessary to carry

out the computations for six stages in order to obtain a reasonable

approximation for the limiting function Kak'l( This fact

Pk-l) .

was established by calculating the difference

-~ -~

i i .
Ky, W - Kkl(u) . i=0,1

and terminating the calculations when this difference became less

than 10'2 .



APPENDIX M

THE SIMULATION PROCEDURE

In this appendix we describe the procedure used to obtain the
ROC surfaces discussed in Section 5. 5.
We begin by recalling the basic definitions of the normalized

rates RX , RF and RD . Specifically

RX = Ty rp
RF = rF/(rN/m)
Ry = rp/r

where
E {NB (0(x),8) }

I'B: T

Now, use the equalities

Pr[6.e[0, T D
r| ,;[ ) - e
P p P

1-Pr[96[0,Tp)] 1-D

-
]

- p

ry/m = T =TT

p
T = mA ; T = NA

P

to write
E {Ny (6 (), 0) |

m
Ry = N D
P
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BNk, 0}
Rp = | 7w D,

— -t

[ ENL(06), ) )

R‘D=L N

=8

Now the point here is that, for a fixed number of decision opportunities

per pulse, m , and a fixed pulse duty, Dp ,

N, (66), )
N

Rﬁ b) o E

Thus to determine the rate RB (8) for a specific decision device 6 ,

it is only necessary to determine

N, (86), 6)

E N

To do this, we recall that NB (6(x), 8) represents the total number of
occurrences of the event 3 after N decision times when the decision
device 0 is used and the observationis x = (xl, ceos xN) and the

signal is described by 6 = (91, ceey O

N)' Thus, we may interpret

the quantity

N(5(x), 0)
N

as the relative frequency of the event 3 in N decision times. Now,
if N is large and xo and 90 are typical realizations of the obser-
vation sequence x and state sequence 6 , then it is reasonable to

expect that this relative frequency approaches some limiting value



-369-

Ng(86"), 6°)
N

{Nﬁ(a(x), a} Ny(66%), 0%)
E =
N N

Indeed, this is the underlying philosophy of the law of large numbers.

and that

Unfortunately, it appears quite difficult to establish this result theoret-
ically due to the complex nature of the random variable N B(ﬁ(x), 6) .
We have, however, tested the validity of this result experimentally by
calculating N.B (6(x0), BO) for different values of xo and 90 and noting
that for N > 8000 the quantity

Ny (66), 6°)
N

remains constant out to the fourth decimal place.
We turn now to the question of how NB (G(xo), 90)/ N is calcu-
lated. First, note that all the decision devices of interest in this chapter

can be represented as shown in Fig. M.1. In this figure,

Ek(xk) = £ [zk(xk)]

where zy 3 k=1, 2,..., are Gaussian random variables with a
Decision
Rk(xk) Device A

Fig. M.1. The generic form for the decision devices of Chapter 5
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mean and variance that depend on the signal content of the interval
[tk - Tp/ 2, tk) . More precisely, if we note that signal is present
in the current interval iff 9, = 0, Tp/ 2 and signal is not present

k

in the current interval iff Gk

of Appendix I to conclude that

E[z, | s} = E[zkl 0

Tp, then we may apply Theorem I-3

- 2,
0, Tp/2]— dT /4
= - - _dq 2
E[z, I N] = E[z_ | 8 = Tp] = -d.?/4
S1 _ 4 2
Var[zm |31 = ap%/2
Now the point here is that if we have a realization 90 of the
sequence 9 = (91, ceoy 9N) then we can calculate a realization 10
of the sequence ¢ = (ﬂl, Loy oevs lN) by using a Gaussian random
number generator to caléulate Z) with mean and variance determined
by Bk . We can then use a particular decision device to determine
the sequence of decisions (al, Qgy vy aN) . Finally, the number

of occurrences of the event B can be determined according to the

table in Fig. M. 2.

Yy a.k ak =0 Bk =Tp/2 Bk = Tp
— =]
0 0 miss -—- -———
0 1 detection detection false alarm
1 0 - - -
1 1 extra
detection detection false alarm

Fig. M.2. The relation of the events 3 to the decisions
a, 1 and 4. and the state O
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It remains to describe how the realization of the sequence
6 = (0 P o BN) is calculated. To this end, we note from the
transition matrix of Eq. 5.2 that 8 is described by a state diagram

as shown in Fig. M. 3.

Fig. M.3. State transition diagram for the random variables Ok

k
i =012 then 9k+ 1 takes on the value indicated by the arrow

The interpretation of this diagram is as follows. If ¢, = Tp/ 2j ,

emanating from the appropriate node with the probability shown next

to that arrow. For example, if

Bk = 0
then
er/ 2 with probability 1 -a
9k+1 =<
[I‘p with probability a
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Thus, if we have a sequence of random variables, b1, b2, coey bN’

such that
1 -a j =20
Pr(b, =j] =¢
2 j =1
then we can determine 8 = 91, ceny BN recursively by
f

k+1

)
H
N
oM g
)
=
]

T /2
o’

The sequence, bl’ crey bm , can be obtained from a uniform random

number generator.



APPENDIX N

THE RATES Rj-{, RF AND RD—

FOR THE SKE DECISION DEVICE

In this appendix we relate the probabilities of detection and
false alarm, Py and PF’ for the SKE classical detection decision device
to R’D’ RF and Rx and DD and DF .

The basic idea here is to view the SKE device as making suc-
cessive independent decisions over contiguous intervals of time. More
precisely, we divide the time axis into N equal intervals of length
Tp and assume that the decision device makes decisions at the end of
each interval. We may then consider the total decision of this device
as the vector a = (al, ceay aN) > ;€ {0,1}, where a, represents
the decision at the end of the ith interval. In addition, one may describe
the total signal by the vector 9 = (45?1 y eeey GN) , Bie es U ON’
where ©O g GN represent the signal parameters and the noise par-
ameters which affect the observation over the ith interval. (See Appendix A.)
It is to be noted here that we have assumed that the noise is independent
from interval to interval and that any signal associated with the par-
ameter 9i is completely contained within that interval.

We now appeal to the basic definitions in Section 2. 5 for an extra

detection, a false alarm, and a detected pulse to write

Nx=0

-313-



and

N
Np = _Z, 1(ay, ;)
i=1 a

1
{,:1,(“) }

i N

Then, from the definitions of r,, r_ and r_ inSection 3.2,

X D F
Iy = 0
o g Pr(a, =1, o]
D . NT
i=1 P
and
o N Pr[a =1, GN]
F - 4 NT
= p

Next, since the probabilities in the above sums are identical,

Iy = 0
Pr[a, =1, ©.] : Pr[o_]
- i 7 7S _ _ S
ry = T = Prfa, =1 | Ogl —F
p p
and
=1 ©
Ip = Pria - b N Pr[a. =1 | ©_] Pr(On]
F T B i~ | N T
p P
or finally
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I
)

Ry = r/Pr[Og)/T = Pr[a=1 6]

D
and
Rp = rF/Pr[ QN]/Tp = Pr[ai=1'6N] = Pp
To relate PD and PF to DD and DF we simply appeal to
Eq. 313 with m = 1 The result is
DD = PD
and
D, =P



10.
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