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DUALITIES IN GENERALIZED MANIFOLDS AND HIGHER
DIMENSIONAL CYCLIC ELEMENT THEORY

The purpose of this dissertation 1s to analyze
the structure of the homology and cohomology groups of
a space by means of (1) a fundamental system of cycles and
(2) higher order cyclic element theory. The fundamental
system of cycleas is used to extend the Poincare and Alexander
dualities to non-perfectly normal generalized manifolds.
Our homology and cohomology 1s always taken over a field.

First, a fundamental system of cycles is defined
for general Hausdorff spaces. This definition preserves
the essentlal properties of the fundamental system of cycles,
as defined by R. L. Wilder, for compact G5 subsets of an
1c® space. Let M be a Hausdorfr gpace and let {D§§ be a
basis for HT(M), where HT(M) 1s the cohomology space of
M taken over a field A. Then, by reference to duality
theorems of S. Lefschetz, there exists, for each Ug, a
cycle ZE ¢ H,(M) such that

SRR B

The set {Z?% 18 called the rundémental system of cycles
for M. A 6omplete uniform structure is placed on Hy,(M)
such that the space of linear combinations of the set

{Z#! 1s dense in Hy(M) relative to the uniform



topology. Suppose we have a mapping which assigns to

each Y§ an element ag ¢ A, where A is the coefficient field
for the homology. By the duality of S. Lefschetz, there
exists an element Z,¢ Hn(M) such that 2,.35 = ag. The
infinite sum % agZy 1 defined to be this element of Hy(M).

Our maln‘aﬁplication of the fundamental system of
cycles 1s in the proof of the Alexander and Poincare dualities
for non-perfectly normal generalized manifolds. A second
application shows the representation of HT(M) as a wesk
direct sum of spaces H'(Mo) induces a representation of
H.(M) as the strong direct product of the spaces H,.(M.)
(each Mo 18 a cloeed subset of M),

The second part of this dissertation extends the
higher order ocyclic element theory of Whyburn to compact
Hausdorff spaces. Whyburn's theory is restricted to compact
subsets of Euclidean n-space. The main result shows that
if E 18 any closed subset of a compact space M, where E
contains all the (r-1)-dimensional cyclic elements of M,
then the mepping of Hn(E) into Hn.(M), induced by inclu-
sion, 1s an isomorphiem onto. Also, 1if E%_l, cesey Eg_l

are (r-l)-dimensional cyclic elements of M,then the inclu-
sion mappings of Hr(E%_l) into Hn(M) induce an isomorphism
of ﬁﬁﬂr(E%.l) into H,.(M). Some other relations between
homology and cyeclic elements are discussed.

Whyburn has shown that O-dimensional cyclic elements
hafe speclal properties in locally connected spaces. We

will show that some of these properties do not generalize



to higher dimensional oycllc elements. For example, if

M is compact and locally connected, and f is a monotone
mapping of M onto N, then for every O-dimensional cyclic
element Eg in N there exists a O-dimensional cyclic element
ES in M such that f(E]) > E5. Aleo, the O-dimensional
cyclic elements of M form a null segquence. These results

are not true in higher dimenslons.
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INTRODUCTION

It 1s the purpose of this dissertation to employ
the recent advances that have been made in topology (1)
to remove the restriction of perfect normality in the basic
duslities for orientable generalized manifolds and (2)
to place on an intrinsic basis and extend to genersal com=-
pact spaces the higher dimensional cyclic element theory
that Whyburn created over twenty years ago for compact

subsets of Euclidean apace.l

The dualities for generalized manifolds have been
glven by Wilder, but under the assumption that the spaces
considered were perfectly normal (that is, the spaces are
normel and every closed subset is a Gg subset).? In chapter
IT this requirement is shown to be unnecessary. Further—
more, the proofs are placed on an intrinsic basis. This
is in contrast to the methods employed by Roberts in his
diseertation which depended on imbedding in 1o spaces.’

1
G. T. Whyburn, Higher Order C ic Element Theory
American Journsl of Mathematics, Vol. '5%!7193"5'5, op. 133-146.

°R. L. Wilder, Topology of Manifolds (hereafter
denoted by T.M.) American Mathematical Society Colloquium

Publications, 1949, p. 185.
5R. A. Roberts, Dualitles in Generalized Manifolds,

1953).

Doctoral Dissertation, University of Michigan,



Chapter I 1s devoted to the preliminary material
on homology and cchomology needed in the later chapters,
particularlY to the development of the notion of a funda-
mental system of oycles. The fundamental system of cyclees
provides a method for analyzing the structure of the homology
space H,, (M) and for analyzing the relation between the homology
space H,.(M) and the cohomology space HY (M). In the sequel
the homology and cohomology will be taken over the same
Tfleld A as coefficient group.

The construction of a fundamental system of n-
dimensional cycles as glven by Wilder requires, again,
that M be a compact Hausdorff space and also that M be
imbedded as a G5 set in a locally compact 1lo® space. Under
these conditione the construction of a fundamental system
of cycles produces the following structure.

1. A metric 1s aseigned to the space Hn.(M). This
metric space is complete.

2. A countable set 2Z%f of cycles, called the
fundamental cycles of M, is defined. If Hf(n) is the
subspace of Hn(M) which 1s generated by all linear com-
binations of the set {2}] then HL(M) 1s dense in H,(l). Let
{agje [TAL, where Ay = A 18 the coeffioient fleld of Hp (M)
and E¥(M). Let 8, =£aiz}.. Then the sequence [8n] 18 a
Cauchy sequence in H,.(M), hence converges to an element
Zy € Hp(M). Therefore,a mapping %:f?Ai — H.(M) can be
defined. This mapplng 1s an isomorphism onto. Thus, any

Zp € Ho(M) 18 uniquely repreeented as an "infinite sum®
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1
of the form £ ayZj.
3. A set fd{} of cocycles of M ig defined such

that ¥§ezJ = §;,. The set ¥ 1s a basis for H'(M).

Then, 1f ¥(¥;) = Z1, by linear extension to all of ET(M)

a mapping Y:BY(M) — H,(M) can be defined. This mapping

is an 1somorphism of HF(M) into H,.(M), such that p(ﬁr(u)) =
mL(M).

In Chapter I these results are extended to the case
of a general Hausdorff space M. Dual systems, as defined
by S. Lefechetz, are used.l Roughly speaking, the vector
spaces G and H over a fleld A form a dual system if G is
the direct 1imit of finite dimensional vector spaces GV,
and H 18 the inverse 1imit of vector spaces H,, such that
¢" and H, are dually paired by a scalar product. Thus,

H corresponds to H,(M) and G corresponde to H'(M). By
using the duality theory of S. Lefschetz? a structure
analogoua to that described above for Hy(M) and HT(M)
is constructed.

l. A complete uniform structure 1s placed on H.

2. A dot product between G and H 1s defined. This
gives an orthogonal dual pairing of G and H to A. Let
{ga] be a basis (not necessarily countable) for G. Then

a mapping ¥Y:G — H 1s defined such that, for every pair

lgs. Lefschetz, Algebraic Topology (hereafter de-
noted by A.T.), American Mathematical Society Colloquium

Publications, (1942), p.67.
2Ib1d,,Chapter II.



(€ar85),
Eé SB la=p

[¥x8?8083 = {O,d B .

3. It HY = v(a), then HT 15 dense in H. An "infinite
sum", éaa v(gg), 18 defined. This sum will "converge"®
to an element of H for any {agj:]JAq (Aq = A for all a).
Furthermore, h = g(h-ga’) Y(gg) for all heH. )

Once this algedbifalc structure has been set up
1t 1s applied to the following four homology spaces.

1. A fundamental aystem of cycles 1s defined
for Hn(M), where M is a Hausdorff space and Hn.(M) denotes
the Cech homology group over a field.

2. A fundamental system of infinite cycles for
51.(8) 1s defined, where 8 is a locally compact Hausdorff
space and An(S) 1s defined according to Wilder.l

3. A fundamental system of cycles for Ho(M) is
defined.Here M is a Hausdorff space and Hy(M) is the 6-
dimenslional reduced homology group on M.

k., Let M be a closed subset of = compact space S.
Let H.(M;8) = 171(0), where 1.:H.(M) — H.(8). A funda-
mental system of oycles for Hr(M;i) is defined.

Roberts, using a different method, bas constructed
a fundamental system of cycles for Hn.(M) in case M is a

compact subset of a locally compact loP space.z He has

lR. L. Wilder, T. M., p. 248,
ZR. A. Roberts, Dualities in Generalized Manifolda.




also obtained a fundamental system of infinite cycles for
%5r(8) 1n case S 1s an open, 1c" subset of a compect space.

In Chapter II the fundamental system of cycles 1s
used to remove the restriction of perfect normality in the
proofs of the Poincare and Alexander dualities for geners
alized manifolds. A slight modificatlion of the proof given
by Wilder in T. M. for the PBoincare ﬁuality shows, without
the restriction of perfect normality; that if S is an ori-
entable n-gm,then hT(8) = h,_,.(8) for o £ r £ n. Here
hT(8) denotes the space of compact r—cocycles of S and
hn_r(s) denotes the space of compact (n-r)-ecycles of 8.

If S 18 an orientable n-gom and M a proper closed
subset of S, then the above form of the Polncare duality
1s wsed to show that HT(M;8) = h,_,._;(8-M;B). Here HF(M:8) =
I‘%%é%%TT' where 1%:HT(8) — HY(M) 1s induced by inclusion
and hn-r_l(S-M;i) ie the space of compact n-r-l cycles in
8-M whieh bound in 8.

The notion of a fundamental system allows these
dualities to be stated in terms of homology alone. For
instance, 1f S 1s a locally compact space, then a subspace
51(8) of §r(8) 18 defined such that £I(8) = hT'(S). Then
the Poincare duality becomes $5(S) = h,._.(8).

Chapters III and IV represent an attempt to generalize
and expand the higher dimensional cyclic element theory.
This theory, as originally given by Whyburn in 1935, was

restricted to compact subsets of Euclidean n—space.1

1ﬁéT.Whyburn, Higher Order Cyoclic Element Theory,
PP. 133-146.



In Chapter III the cyclic element theory 1s developed for
compact Hausdorff spaces. An r-dimensional ocyclic element
is a maximal set which ocan not be disconnected by any set
which does not carry an essential r-cycle (augmented ho-
mology).t If r-= o, this gives a maximal set which can
not be disconnected by a single point. An r-dimensionsl
cyclic element 18 called an Exjeet. The maln theorem statem
that if E 18 a cloeed subset of a compact Hausdorff space
M, such that E contains all the Ep,sets in M, then 1,:H.(E)—
Hp(M) 18 an i1somorphism onto (i, is the mapping induced by
inclusion). Puckett has shown that this mapping is onto
in case M 18 a compact metric space.2

Chapter IV is concerned with the properties of
cyclic elements in le¥ spacea. Whyburn gilves several use-
ful properties of the 0-dimenslional cyclic elements in 1c°
apaces.3 Unfortunately, some of these properties do not
generalize to the higher dimensional cyclic elements.
For example, 1f M 1s compact and locally connected and
1f f is a monotone mapping of M onto N, then, for every
O-dimensional cyclic elemeént Ej in N, there exists a O-

dimensional cyclic element Ej in M such that f£(EJ)> ES.

1a cycle Zp on a space M is eesential if Z, has
a carrier K in M such that Z, does not bound on K.

2y. J. Puckett, Jr., A Theorem Concerning Homologies
in a Compact Space, Fundamenta Mathematicae, Vol. 31
H938 ? po 22 L]

3G. T. Whyburn, Analytic Topology, American Mathe-
matical Society Colloquium Publications, 1942.



Also, the 0-dimensional cyclic elements of M are locally
connected and form a null sequence. It is shown that these
results are not true in higher dimensions. There does

not seem to be any connection betwsen the r-cut points of
M and the Er sete of M. The connection between E, sets

and O0-cut points 1s useful in the analysis of the structure

of cactoids.l

1g. T. Whyburn, Analytic Topology, Chapter IX.



CHAPTER I
COHOMOLOGY AND HOMOLOGY IN GENERAL SPACES
1. The definition of a dual system of vector spaces.

DEFINITION 1.1. After S. Lefschetz we call a

structure satisfying the three conditions given below a

dual system of vector spaces.l

1. Let [GY, 7] be a directed system of vector
spaces over the directed set V such that each G’ 1is a
finite dimensional vector space over a field A. Let G =
Ligfa’, T} .

2. Let {Hy, M} ©Dbe an inverse system over V such
that each H, 18 a finite dimenslonal vector space over A.
Let H = lim {H,, muw} .

3. For each ve¢V, G¢” ana H,, are orthogonally dually
paired to A.2 If (u4,v) 1s a palr with v>u and if gHc g™
end hy ¢ H,,then [Tu(h,Jog” = hy ¢ ().

We define the projections m:¢”Y — G and m,:H — H_

according to Eilenberg and Steenrod.’ Thus, 7;{h) ie the

lg, Lefschetz, A. T., p. 67.
2R. L. Wilder, T. M., p. 162.

3s. Ellenberg and N. Steenrod, Foundations of
Algebraic Topology, Princeton (1952), Chapter VIII.

8



vih component of h and 7{g“) 1s the "equivalence class

determined by g"". We call G and H the base spaces of

the duel system.
Lefschetz has shown that the following scalar

product induces a dual pairing between G and H.l

DEFINITION 1.2, Given g= @ and he¢H define geh
by selection of a G“ and a g“+ G’ . sudh that 7“(g“) = g

and then setting geh = g4, [77/4 (h)}.

2. The construction of a uniform structure on the
vector space H of the dual system,

DEFINITION 2.1. For each v¢V let ¥V, = {(hl,hz) Ty(hy) =

7Tv(h2)} . Thus,%, is a subset of H x H.z’3

THEOREM 2.2. The setW;! taken over all v:V forms
4

& base for a uniformity on H.

PROOF. The following statements are easily veri-
Tied:

(1) each ¥, contains the dlagonal;

(2) for any W,, ¥, =, ~1;

(3) for any W, V; oV, = 4} ;

lg, Lefschetz, A. T., Chapter II, (20.8).

2Roberts, in Dualities in a Gen. Manifold, has
defined a simlliar topology.

3The mapping 7viH — H, 18 defined in section 1
and V is defined in definition 1l.1.

ks, 1. Kelley, Gmneral Topology, New York (1955),p.176.
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(4) given any pair V;, Vv, there exists a,W$3 such
that Vg < Vig N Vi,

Hence, H 18 a uniform space with {V,] ae neighbor-
hoods of the dlagonal. Thils uniform-space topology 1s equi-
valent to the linear topology defined by Lefschetz.1

THEOREM 2.3. The above uniform space 1ls Hausdorff.

We shall omit the proof since i1t is qulte straight-

forward.

THEOREM 2.4. The uniform structure on H is complete.

PROOF. Assume that {By,a¢ D{ 1s a Cauchy net on
H (that 19,{Sa, a:D} 18 a net and for any W, there exists
an a, such that a, B> a, implies (8q x SB)<:VL). We shall
define an element h® = |n9 - lim §Hu.ﬂLu} and show that
the net converges to h®. Given v:V choose an &, such
that Sq x 83<V, for a,B, a,. Now,choose an hla, )5, .
Let h® = 7v(n(a.,)). We must show that v>u implies 7M.(hC) =
hJ. Since {8y, a<D! 18 a net, we may choose an 8g such
that éé X SQS*VL'and SB x SQJ:WZ. S8elect an element h(B) ¢ SB’
Then elnce Sg x Bgc W, and‘h(a.,,)asav, we have 7.(h(B8)) =
7v(h(a,)) = h8. By the same reasoning m.(h(B)) = T(h(au)) =
h. Then Tw(hl) = 7w(7m(h(B)) » M(h(B)) = h. Thus,
h® = [nPlcH. Now, we will show that the net converges to

h®. That is, given any neighborhood U of h° (here the

1s. Lefschetz, A. T., p. 75.



11

neighborhood is of course taken in the uniform-space topology)
we must show the existence of an a such that SB<:U Tor

8>a. Any helghborhood of h® can be taken in the form

U, = 5h,hc‘H, m.(h) = Wb(h°)f, where v 1s some element of

V. Given U,, take a,, h(a,) and h., as defined above in the
construction of h®. Then'SB x 8gq < for Bra, (that is

m(h) = 7(h(a,)) = h$ = T(h®) for all hc 8g). Thus, SgcU.
for Bra,. This completes the proof of the theorem. We

have shown that H is a Hausdorff, complete uniform space.

3. Construction of an isomorphigm ¥:G— H.

LEMMA 3.1. Let B = {g,| be a baeis for G. For
any gq ¢ B, there exists an h, ¢ H guch that,

.h =‘1»G=B,
& "a {O.G#B
for all ng B.

PROOF. For any 8q ¢ B, we may define a linear mapping
4G — A (A 1s the coefficient field) by taking for each gg: B

foleg) = {1 i o B

and then defining fa:G-—rA by linear extension. Since
G and H are dually paired, there exists an hg e H such

that hig = fa(g) for all gz‘G.l In particular, h,.83 =

= 1, =
£4(8g) {O’ 27 8.

lS. Lefschetz, A. T., Chapt. II.
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DEFINITION 3.2. Let {gaf be a basis for G. Then
8q — hq (hg 18 the element of H orthogonal to gy) de-
fines a mapping of {ga} into H. Let p:G — H be the linear
extension of this mapping. Let ¥Y(G) be denoted by HT.
Thus, HY 1s defined relative to the given basis for G.

THEOREM 3.3. The mapping v:G — H is an isomorphism

into; furthermore, vis unique relative to a fixed basis

{gqjunder the requirement that

[Ptea)) €5 = {3: 23 8

PROOF. Firast, p is an isomorphism. Suppose

r

P(g) = O for some g¢ G. Now, g = 45‘130.1' where gq, ¢ [ 8q1
for 1 £ 1<% n. But then ‘

n.

e

n
Hence, g = O. i ’

Suppose there were two mappings )01 and X5 such that

[PLtea)] g5 = [Patea)] &5 =

(S ez8.

Then [Pl(ga) - z(ga)].gs = 0 for all &g and thus Y’l(ga) =

Palge) .

LEMMA 3.4. Let fhp( be a subset of H such that,

5]
o
o]

any veV, Tf'v(hp) = O for all h, except those in a finite

6]
o
ct

|

(hpl’ ++++» hy ). Then there exists an element h®¢ H

such that 7,(h°%) = Ti(hp, ) +...+ T(hy ).

PROOF. Define h® = 1, (hy ) +...+ M(hp, ). Then
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]h?,‘ determines an element h® of H,since Mv(h®) = nd 1r

v>’u, This follows from the fact that n',,(hp) = 0 implies
Mu(hy) = 0.

DEFINITION 3.5. If the set [hp| of elements of
H satisfies the condition stated in lemma 3.4, then define
g(hp) to be the element h® ¢ H whose exlstence is demonstrated
in lemma 3.4. Then we say that éhp converges to h°.

LEMMA 3.6. Let {ga} = B be g basgis for G. Let »
be the mapping defined in definition 3.2. Then for each

vev, m(p(ga)) = 0, except for g finite set (Sa]_’ co~, gqn).

PROOF. Since GY has finite dimension, there 1is
a finite subset (gal, =+, 8a,) of B = {gy} whose linear
combinatione generate 7 (G”). Thus, for any g“c &7, we
have T (g”) = {Eaigai‘ From lemma 3.1 we have i
[TTV (P(gg))}ogv = [”’(gB)J.[”v(g")] = [P(EB )]°[{?818a1] =lfai[¥’(g3 )].Sai =0
if g3 4 (gal, gan). But G” 18 orthogonal to H,, and -

therefore’ m(P(gB))‘= 0 if gg { (gal, ).

-, gan

LEMMA 3.7. Let {gag be a basis for G. Then h =

£ (hegy)¥(gy) for all h¢H. -Furthermore, all sums of the
1

form fag¥P(g,) (where ajcA) converge to an element of H.
of

PROOF. The convergence of any sum of the form

Sa,¥(g,) 18 assured by lemma 3.6. If h 1s an element of
8"\ Eq

1g, Lefschetz, A. T., p. 80. Lefschetz has proven
this lemma using a different definition of the infinite

sum gaap(ga).
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H,1let h® = Z(h.g )¥(gg). Then by definition 3.5 and lemma

3.6 there is, for eachv, a set (gq), -, 8q,) such that

7o(0°) = £ (hegy) (P (gqy)). For any ggeB, there 18 a Yo V
Vo % Yol ¥ , Vo _

and a gy £ G with 7%(gf) = gg. Then ﬁné(v(gg)ﬂ.gs =

[p(gs).[lr"'gg'}= [v(gg)egg = 1 ; hence, 7;p(gg) # 0. Thus,

we may assume gq) = &g in the representation ﬁm(ho) =

<i(h -Ba, ) Th (P(gai)) Therefore,gﬂoh = g o[, (n°) =

S - . g. =

12 (hogai)[ﬁya (P(gal)ﬂoga hOSB. Thus,h .g‘B hch for

all gg,which shows that h ='§fhsga)b(ga).

THEOREM 3.8. The space HY defined in definition

3.2 is dense in H (relative to the uniform-space topology).

PROOF. We must show that any neighborhood of any
point h®e H contains a point of Hf. If h®¢ H, then any
neighborhood of h® is of the form U,(h°) = {h/ﬂL(h) =
Wu(ho)L where vis some element of V. By lemma 3.7 7.(h®) =
éi(h°.gai)76(p(ga1)). But ‘g(hpogai)P(gai) is an element
of Hf, and therefore Hf i1s dense in H.

THEOREM 3.9. If (hl, --. h¥) are linearly inde-
pendent elements of H, then there exists a basl (gal .o
Bays --- Ba .) for G such ﬁgg_.P(gal) = n' g0 or'l = 1

A

k.

PROOF. Ry theorem 18.25, p. 164, in T. M. and
the dual pairing of G and H there exists a subset (gal,
caees gan) of G such that hiogaJ = 613' Congider all
sets Cy < G such that:

(1) (gal, ey ga§)<:cx3
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(2) the elements of C, are linearly independent:

(3) At g Cyx and g ¢(ga1, ce++s Bqy)s» then g.hy =0
for 1 5 1% k. '

Order the sets Cy by inclusion, that 1s C, > C,-
if Cy2 Cyr. Then, given any simply ordered collection
of the sets C,, the union of the elements of the collection
produces an upper bound for the collection. The union is
easlly seen to be a Cy set. There exists at least one
Cy set, namely (gal, .++-» Bay). Hence, the hypothesis of
Zorn's Lemma 1s satisfied, and therefore the collection
of sets {C,;{ has a maximal element. Denote one such maximal
element by Cp. Then Cp 18 a basis for G. We know by
definition that the elements of Cp are linearly independent.
We must show Cp generates G. If not, then we could aug-
ment Cp by an element g, ¢ G such that g, was independent
of the elements of Cp. Let go = 8o --g(hi.éb )8q;. Then
€0 18 independent of the elements of Cp. Also, go.hl = 0
for 1 = 1 = k. Hence, Cp is a basis.

By lemma 3.4 there exlsts a mapping ¥:G — H such

that

where {gg,|idenotes the elements of the basis Op. Since

=10, a % a
[P(gaiﬂ.ga 51: a= ai

for 1 £ 1 & k, the uniqueness of ¥ implies that W(gai) = hy.

REMARK. Theorem 3.9 does not hold for a countably

infinite set of linearly independent elements of H. We



16

will construct an example to demonstrate this fact. First,
we must construct a dual system of vector spaces. Take
the directed set V to be the set of positive integers
T ok
with the usual ordering. For each n £V let G, = HZZ = H,
where Z§ = Zp 1s the field of integers modulo two. Let
Hy
m
- k
If my)n then Hy = Hy x 1723. The projection Tphy of Hy

and Gn be paired to 22 by the usual scalar product.

into H, 1s defined by mapping ﬁz‘z‘ into zero and mapping
Hp onto Hp by the identlty. Since V is well ordered,

T mn ©¢an be defined such that the required permanence
relations hold. The mapping of Gn into Gp is defined to
be the dual of Tpn.

Choose a basis {gi} for G = ]_._ijl’{Gﬁ, Tdh{. This
basis will be countably infinite. Let[H,| be the funda-
mental system dual toigs); that 1s, hy = ¥(g;), where o
18 the mapping defined in definition 3.6. We have shown
in lemma 3.7 that any h¢H = %&Lann’ Tnm{ can be repre-
sented uniquely by the infinite sum ‘Z_aihi, where a4 =
heg,. Conversely, any infinite sum é ajhy; 18 equal to
an element h¢ H with hegy = aj.

For each positive integer n define h, = ;{o anJhJ'
where

&n=l n#J

ann=0 n=n

We will show that the elements Hn are linearly independent.
— [ - — K x
Suppose h = ’Z hni = 0. Now, gnl.h = gnl.lf_ hnl} = égnl.hn1 =

K
,éanin]_ = k-1, since apnyn; = 1 for n, # ny and anyn, = o.
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But h = 0, and therefore gnl.H = k-1 = 0. This shows

that k must be odd. We may assume n +1 % ny for 1 =1,2,..
X

* e s 0y ko Then we have (gnk*r)" .h al:éanink-'-l . = k = OO

But this is not possible, and therefore the elements {Bﬁ(

are independent.

Suppose there exist elements gy ¢ G such that E&.Hﬁ =
-— N
613. Since {g3} is a basis, we would have g; =£g:a1g1
- - ) -—
for some set (a), ....a ). We have g;.hp = Z asgyhy, =

K

i
i

W

n.
n

= {1,
0y = {3;
Therefore, we have _ _
g1+hy =0 +ay + ... +ap=1

g1-Bp = a; +0+a3+ ... +a, =0

This implies (n-1) (a3 + ... + a;) = 1. But gy.hyyy =

aq + ap + ... + a, = O. Thus, we can not have elements

g€, such that hy.gy = 814

REMARK. One attempt to set up a fundamental syatem
of cycles led us to the consideration of a problem con-
cerning direct limite. Suppose {Fy,"hu} and [Gy,zu’}
are direct systems over a directed set V such that:

(1) F, = G, for all v:V;

(2) F, 18 a finite dimenelonal vector space over
a Tixed fleld A for all v:V;

(3) 7. and 7. are 1somorphisme into for any

V;u ¢ V. Does it follow that 1im{G,,%.{ = lim{H,,7u}?
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We will construct an example in which lim{G.,, %! + lim{H,,7ui.

Let ® = {o| be the aset of all ordinals of the
first and second kind. Then @® 18 uncountable. For
each positive integer n take

Vp = {(61, s, we. en),eir ®, 0, ©y for 1 3 J}.

Then define V = n\i?lv » Define an order relation in V by
setting (61, ...., ;) <(®, ....0%) if and onmly 1f for
each 1 = n there exists a 6:.‘1' such that 6; = 6:"" (that 1e
K%Glc\? %). Then V becomes a directed set under " %,
since, for v,y, and p €V:

(1) v<v ;

(2) vep , v« p implies Vv<p;

(3) given V, u there exists a p such that p>v and
[V

n

If V= (), ..., ©p), then define F, = G, =17z},
where Z% = Zp represents the integers modulo two. Then a
basis for F, = G, is:

f1 =g = (1, 0, ..., 0)
f,=gi= (0,1, 0..., 0)

t, = &y = (0, ...0, 1).
For s>v define 7,,:G, — G, by Ev(g{) = g} (extend linearly
to all of Gv). Then we can show:
(1) 7. ie an isomorphism into;
(2) 1t wrvsp,then Lo = T T,
If v = (0, ..., 6), M= (61, 63, ... 6]) ana
A, then define 7.,:F., — F, by my(r;) = rj‘, where J 1is

such that €y = 6§ (extend linearly to all of H,). From
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the definition of the partial order in V we can show:
(1) 7uv 18 well defined;
(2) muv 18 an isomorphism;
(3) w7vro implies 7ue = o Tvp
Now, we will show that 1im{G.,,7w} 18 countable.

For each n 2 1 choose a v, = (97, ... ©,)¢ V., Then the set

generates ;_1_:):1{ Gv,mf (Efn 1s the element of 1im{G.,Tu.f
determined by gi"). For, given any M= (e, ..., e%), there
exists a p¢V suoh that o>« and P>V_. Consequently,
Teulgy) = gf = Tpvn(gin), and therefore g = gzn. But,
the set fg’ff taken over all 4, and all allowable i, gen-
erates limf{Gy,7u{ . Therefore,
n@l []Ql *In]

generates l_ji)nfG,, Tul . Bince we are working over Zj, l_lln’{G,,Tm}
is countable.

Next,we will show that ];l_g’{Fv,"wi is uncountable.
If V= (&) and w= (82), then T, #* T}, for otherwise we
would have an element P= (6%, ..., 6%) such that TT}y(fi) =
mﬂ(rf.)o But thls would imply the existence of an integer
J such that ©) = 6% = ©,, which 1s impossible. Since

J
V is uncountable, %}g{b"v,m{u? must also be uncountable.

4. Applications to homology theory.

THEOREM 4.1. Let G be the weak direct sum ZPG,
Ps
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of gubspages G, (that is, for any g <G there 1s g unigue
representation g = €7y + ... *+ 8pp,, Where gpy ¢ Gpi).

For each p¢?P, let Hp « H be the annihilator of ; _39{- Then
H is lsomorphic to the strong direct product of the spaces
Ho. If fhe] ¢ J]H, then the image of [he] Hpéhe» where
the infinite sum is_defined in definition 3.5.

PROOF. Choose a basle By for each space Gp. Then

B= A4 By i a basis for G since G = 2y Gr. Let P:6 —E
be the lsomorphism defined relative to the basls B according

to lemma 3.1. We will show that h: Hp if and only if

h= i aap(ga)
gqf Be .

for some set {ag!, where ay ¢ A. If gg ¢ Bp! (P# P ), then

g.h=g;2 aP(é)}= iaag.)o(g)=o,
P B[gaEB"a : gofBP.B (.1

since Bypr and B, are dlsjolnt. Thue,h annihilates ,ngp’ .
pe k-
h ¢ H can be represented as

h= £ (hegy)®lgy).
8qt Be

If h annihilates ,f)f Ge, then hegg = O for all gq¢ B-Bp,
PP

and therefore
h= £ (hegg)Plgy).

gac Be
Let hz H be represented by

h= £ (e YP(ge ) .
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For this given h,let

h, = Zz (heggy )P (gq) -
8a“ Bo

It is easily seen from definition 3.5 and lemma 3.6 that

h= 2 (hegg)¥lgg) = 2 2 (hegg)?(ga) =Zh,
gaiB ) ) P sa‘B,o ) ) ~

-~ -

Note that hpo ¢ Hp. For any he r Hp,we have

8ac B-
Therefore, the mapping of H into 7;/45,., induced by the re-

presentation of h<H as éh,,, 18 an 1somorphism onto.

COROLLARY 4.2. Let M be a compact Hapusdorff space
and let {Mo{, for pc P, be g collection of closed subsets
of M. Let 12:HY¥(M) — HY(M,) be the mapping induced by
inclugion. For each y¥¢ HF(M), suppose 1#(¥T) = O except
for a finite set 12(3%), ..., 12 (¥T). Also, suppose there
exists_for any ¥X¥ ¢ B¥(Me) g y¥ « B¥(M) such that 12(yT) =
5% and 15-.(¥T) = 0 Af p#p' . In other words assume
the mappings &1;‘ define an isomorphiem of HY¥ (M) onto
the weak direct sum P%H"(Mf) of the spaces HT(M,).
Under this assumption HF(M) is isomorphic to the strong
direct product Pgnr(Mp). Furthermore, thig isomorphilsm
1o natursl in the sence that the image of an element
{28 zpﬂ)’ﬁr(m) ie m%‘i:(z;‘)’ where the infinite sum is

defined in definition 3.5.
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PROOF. By assumption, we have an isomorphism
¥iHT(M) — ZHT(M) ) such that ¥(3T) = Z1#(sT). Let
G = HT(M), H = Ho(M), snd G. = XT1(BF(M ). Then G i1s the
weak direct sum of the subsepaces G, and we can apply theorenm
L.1.

If Z, = 1%(23), for some 27 Hp(M.), then Z,.¥" =
19(22) X7 = Z2,.1%(¥F), for any ¥¥z BH'(M) = G. For any

yT ¢ F,t%/o G.. , we have 12(51‘) = 0. Thus, 1%(HP(MP)) 18 con-
tained in the annihilator of Z Go,r « Assume a basis

rcPe
Be for G, and a basls B of G have been chosen according

to theorem 4.1. Let H, be the annihilator of . £ G, .
Pt Pyer

Then 1f h, ¢ H/,, we have

h, = 8-2;.;3 (h.ga)sa(ga), where v is
defined in theorem 4.1. If B, is the basig for G., then
the set 313(80_)}’ taken over all gy B., is a basis for
Hr(M,,). Therefore, we can define a mapping P':Hr(M,)q Hr(M),
relative to fi)(ga)f for gg¢ Be., according to lemma 3.1,

Then

h = Z (h.gy)e (1%(gy))

8a‘B-

is an element of H,(M,). Now, gq.i';.(h,o) = O if go¢ B , eince
A*(BT(M,)) is contalned in the annihilator of s _":Z_P Qo' s
Also, ga.[i‘,’('ﬁ, )} = 1%(g,) .h. = h,.g, for gq ¢ B. Therefore
14(h.) = h,. Hence, 14(Hpr(M,)) = H. 1s the annihilator of
» ,PipG . By theorem 4.1 H = TTH, = [T14(H.(M.)). Fur-
thermore, by theorem 4.1, the image of any { h,| Ui’;(Hr(M,o))
is Zh,, where this sum 1s defined in definition 3.5.
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THEOREM 4.3. Let H= 1im{H,,”7n] gnd 6 =
1im §GY,m{ be base spaces of a dus] system over the
directed set V. Assume H = 1im {H., 7] gnd = 1amf @7, 7|
are also base spaces of another dual system over the same
directed get V. Let f4:B— H and t¥G — G be defined by
mappings f,:H, — H, and 1’ :G"— @" guch that .. (f, (h,)) =
£.(mulh,)) and TH(£“(g~)) = £¥( T>g~)) for v-». Also,
assume thpt f, and f” are dual mappings. Define H = r;l(o)
g;lg'é=;.—;%f)-. Then H and G are base epaces for a dual

system of vector spaces.

PROOF. We must construct the required dual systen.
Let V be the directed set for the dual system. Define
B, = (£¥)"1(6). Then H, cH, 18 a finite dimensional vec-
tor space. Let ﬁ,,,, be the restriction of ..to ﬁv.
Then 7.. mape H, into ﬁﬂ for v u, since ?r;,.,(ry(hu)) = £.(u(h,).
Also, ffleZ ?‘T”z"j = ﬁylVB for Y32Y52V,. Thus, $H, , Tuu |
ie an inverse system. If h¢ H,then h = fh,] ana fu(h) =
{fu(h,)}! = 0. Then £,(h,) = O for all v:V, and hence,

h, < miH,, %] . Ifh}c¢ lim{H,, 7], then fh.j: H,
since f*({h.]) = {f,(hv)] = 0. Thus H= m{H,, .1 .
v

Let G = rVG oy . If viu,then THNe£*(G4)) =

£YT#(G") c £V(8"). Therefore, m% induces a map 7*:G%— G,
Consequently, T“TI‘AV’UZ.'TVTLWS = T'T'V."'j’ . for ¥y>V50Va.  Also,
GY 18 a finite dimensional vectbr space. Thus fa",""r"’”f
18 a direct system. We will show 5 is 1lsomorphilc to

]ﬂyﬁv,ﬁ“”f . If ge¢G,then choose a representative g <G



24

of g. Then choose a representative g” of g. Consider g"

as an element g” of G . Let w(g) = 7 (g”). 1If g = 82 + £*(g)
for some gt @, and if g'il and ggz are representatives of

€1 and g,, then there exlists a #>V,,Y, such that 7,-1"’1(8;1) =
Irﬂvz(ggz) + £ T4 Thue, v 18 well defined since ;rvl(g;’) =
4L (1) = AT Y2 (gh2) + Y EHM(E) = TV2(g2) + t%(B).

It 1s not dAifficult to show that v 18 an isomorphism onto.

-

Thus, G = 11m{G", 7 %] .

Now, we willl show that H, and G, are orthogonally
Aually paired. First, define a dot product between ﬁv
and GY. Given H,: H, and gY < @ choosge a representative
g'c 6’of g, and then define h,+g" = h.eg"(note that h,«H,
and B, and G” are orthogonally dually paired). If gi’ =
gz + £°(2), then ey = hyegy + h,.£Y(5") = hoegy + £,(H,).5%
E,,.g‘zl. Therefore,this dot product is well defined. If
h, # 0,then there exists a g”r G”such that hy.g¥ = 1.
Let g“ be the element of G~ determined by g”, then h,.g” =
h,.g” = 1. If g¥# O,we will show the existence of an h,
such that h,.g” # 6. Choose a representative gvc a”.
Then g¥ = 1;519.13{, wherelg{]is a basis for G'. Assums
we have chosen this basis such that g]\_’, cesey gs" is a
basis for £ (G ). Since g # 0, g”f r“(GY). Therefore,
aj  # O for some i,8. Let H%,ot H, such that hj;,°.g3' =
$1,j (note that ¢” and H, are orthogonally dually paired).
Then h3°.g” = al0 4 0. Also, f,(hlo) = 0, for 1 not, them:
there exlsts a g* with f, (h{‘,°).‘§"# 0 (note that G"and H,

are orthogonally dually paired). But, f, (h%,°).'g-v =
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hio.£"(g”) + 0 anda £'(g") a{tig; implies hi.t"(g") = o.
Thus, h10 s H,, and therefore G and H. are orthogonally
dually palred. Also, Tm(Bv)eg” = h, o7 *(§*) for any h,t H,
and any g*~< 0" since Muw(h,).g* = hyem”(g*”) for any h_< H,
and any g“c @“. Thue,we have constructed a system with
base 8paces a and ﬁ.

Let M be a compact Hausdorff space. Let Hr(M)
and HY (M) be the r-dimensional Cech homology and c¢ochomology
spaces taken over a field A. Then H,.(M) = E._mer(W), T |
and HY (M) = 1_1331{!!1'(”1),77,,‘:,1 , where H_ (%) and HT(V?) are
finite dimensional vector spaces over A and Tyuand T7,%,
are linear mappings. It 18 well known that HT(Y) and Hn(V)
are orthogonally dually paired to A. If Y,w, 2, (W)cH.(M),
and YT (1) ¢ HT(%7), then Zn.(¥). G, (¥ (1) = 11, 02.00) .y T (). L
If we let H.(M) = H and G = H'(M), we obtain a dual system
of vector spaces. It must be noted that the definition
of the dot product given in definition 1.2 is exactly the
same as the usual dot product between H,(M) and HT(M).
Therefore, the theorems proven above all hold when H and
G are replaced by H, (M) and HF (M), that is, H,(M) and

H¥(M) are the base spaces for a dual system.

DEFINITION 4.4, Let M be a compact Hausdorff
space. Given a basis {¥5 | for HF(M), a mapping
VY:ET (M) — H,.(M) may be defined by definition 3.2. The
set fP(b"&)f 18 called a fundamental system of cycles for
Ho(M). Define HL(M) to be P(HT(M)).

1p. L. Wilder, T. M., pp. 160-161.
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Let S be a locally compact Hausdorff space. Let
S be the one point compactificatlion of S by the ideal point
p. Define the “infinite homology® space of S to be Hr(Q,i)
and denote it by ér(s). Define compact cohomology ae HTY(E,p)
and denote it by hT(8). These definitions agree with those
given in Chapter VIII of T. M. Let 2/ be a finite covering
of 8. Let 8,, be the nerve of #/. Let p,, be the sub-
complex of §W composed of simplexes which are on ﬁ. Let
Hr(éw , P, ) be the r-dimensional homology space of Sy ,
modulo D, , taken over the field A. If * 7?7 ]let
Tand tHL(8., , Doy ) — H.(S,,, D, ) be the map induced by
the projection of » into #¢. Then we have an inverse sya—
tem SHp(S8,, ,Bs ),7ens] . By the definition of H.(8, 5),
5}(3) = H.(8,p) = %}@{Hr(éygéw),"WM}o We may define
Hr(éw,ﬁ”) and Ty, in e manner analogous to that glven above
for homology. Then {HT(S,, D,),7*{ 18 a direct system.
By the definition of HF(S, D), hF(s) = HF(S, D) =
{Eg{ﬁr(§”vﬁ),7gg{{ . By exactly the same reasoning as used
above for the case of H.(M) and H'(M), we can show that

ﬁr(s) and hT(8) may be taken as the base spaces, H and G,

of a dual system of vector spaces.

DEFINITION 4.5. Let fy'y] be a basis for hT(8)
and let F'wr(s8) — ;r(s) be the associated isomorphism.
Define g;(s) = Y(hT(8)) and call {V(U&)f a fundamental sys-

tem of cycles for gr(S).
We will now show that the 0-dimensional reduced
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homology and cohomology, EO(M) and H°(M), over a Hausdorff
space M are the base spaces for a dual system. We will
use theorem 4.3 to prove this.

Let Po be an 1ldeal space consisting of a single
point. Define a mapping F:M — P, by F(x) = P  for sll
% ¢ M. Then F induces mappings F,:H,(M) — HO(PO) and
F*:H°(P,) — HO(M). The reduced ®-dimensional homology

and cohomology spaces are defined to be ﬁo(M) = F;l(o) and

HO(M

HO(M) = & HO(PO)Y °

Let ¢ %7 be the set of finite open coverings of
M. Let {ww] be the directed set V of theorem 4.3. Then
let H = Hy(M) = 1imfHo(?7),7iw{ and 6= HO(M) =
;&Efﬂ°(v7),7qﬁd . Then H and G are base spaces of a
fundamental syatem over [%7{= V. For each 7, let ﬁg(”’) =
Hy(P,) and HO(?7) = HO(P,). For M %, let 7y, and iy,
be the identity mappings. Let H = 11m§ﬁg(v7),?ﬁww? and
G = ;;gfﬁ°(07),ﬂ;ﬁl . Then H and & are base spaces of
a dual system over {#7] = V. It 1a obvious that B =
Ho(Py) and G = HO(P,). For each ¢, let f,, :Ho(w) — H (2r)
and £% :H%(2r) — HO(¥7) be the mappings induced by the
slmpliclal map which carries each element of #7 into Pye.
Then f,, and f” are dual mappings such that ?bmufgfy
L4 /Tyr, 8nd Tty £¥ =t % | Tnerefore, [f,,{ and
if'ii induce mappings f4:H = HO(M)-a'ﬁ = HO(PO) and
£#:G = HO(P,) —2 HO(M) = G. We will show that f, = Fa

and f* = F*  Let 74 be the covering of M consisting of
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the single open set M. Let Tyr,, be the isomorphism of

H, (%) onto Hy(P,) defined by the simplicial map which

takes the element M of %7, into P,. If Zo € Ho(M) then

FalZ,) = £47,,(Zo( ¥7,)). The mapping Ty, 18 the iden-

1tity. Therefore, for any Zo(#7)<c H (7)), T, (Ter 0 (25(27))) =
L1y (ZoWh1)) = FolZ)) = Tur,2(f5,(25(#7)) = £,, (Z5(77)).

But, £,(25) = [£5,,(2,(27)) = [P (Z)] = Fu(Zy). Similarly:

we can show that £* = F*  Hence, H = r3t60) = Fa1(0) =

H,(M) and

5o 0 - HO(M - __ HO%M - 7
¢ T FH(@ T THEO(P,)) © FH(HOP,)) O (M)

By theorem 4.3 G and H are base spaces for a dual system
of vector spaces. Therefore, the same 1s true of He(M)

and EO(M) I’

DEFINITION 4.6. Let M be a Hausdorff space. Let
521 be a basis for HO(M) and let w:HO(M) —»H_ (M) be
the associated isomorphism. The elements, {\P(i”g)f , of
ﬁo(M) are the fundamental reduced O-cycles on M: The space
BI(M) 18 defined to be w(HO(M).



CHAPTER II

APPLICATIONS TO THE TOPOLOGY QF MANIFOLDS

Next we shall apply the fundamental system in the
proof of the Alexander and Polncare dualities. Assume
Q and P are open sets in a locally compact space S such
that Q<P and P is compact. Let HF(8,Q,P) denote the
space of compact r-cocycles in Q modulo compact cohomology
in P. Let Hp(S,Q,P) denote the space of compact r-cycles
in Q modulo compact homology in P. Assume S is an orient-
able n-gm and take /', to be the fundamental n-cycle on
S.l It 18 not difficult to see that the cap product in-
duces a linear mapping Y:hF(s,Q,P) -»hn_r(S.Q,P).2 This

mapping is defined by VP(¥") = Urnlﬂn.

LEMMA 1.1. Let S be san orientable n-gm. Let Q
and P be open sets in S such that Q<P and P is compact.
e mapping Y:h'(8,Q,P) —h _..(8,Q,P) defined gbove

3

hen t

1s an lsomorphism onto for O £ r = n.

PROOF. The components of S are open slnce S is

1r. L. wilder, T. M., p. 250.
21pid., p. 248.

29
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locally connected. Therefore, only a finlte number of the
components of S meet P. Thus, P = ‘;V Py, where Pi is open and
closed in P. Also, Q= \% Qy, where Q< P, and Q3 is open
and closed in Q. Let C4 be the component of S which ocon-
tains P;. Then the closure of P, is compact and Q< P,.
Any component of an orientable n-gm is a connected orient-
able n-gm. We will take the fundamental cycle, l"f:‘, of
Cy to be the restriction of /'y to Cy. By lemma 5.6, p.256,
in T. M. there exists a mapping of h¥(8,Q;,P;) onto by n(8,Q,P4).
By lemmas 5.7 and 5.8, p. 247, lemma 18.31, p. 166, and theorem
1.1, p. 244, in T. M., there exlste a mapping of hn—r(s'qi’Pi)
onto h¥'(S,Qy,Py). But h'(85,Qy, Py) 1a a finlte dimen-
slonal vector space by thecrem 1.1, p. 244, in T. M.
Therefore, the vector spaces h,_,(5,Q,Py) and hr(S,Q.i,Pi)
have the seame dimension. The map ¥j:h¥(S,Q4,P;) — h,_.(8,Q ,P;)
of lemma 5.6 in T.M., defined by ¥, (¥f) = ¥¥ ari, 1s onto.
Therefore, the equality of the dimensions of the two spaces
implies that ¥y 1s an isomorphism. The lemmas of T.M.
used above do not require that S be perfectly normal.

It 18 not difficult to show that h¥(sS,Q,P) =
TThr(S Q,Py) and hy_.(8,Q,P) =_7hn (8,Q,P1). Then
any yT ¢ h¥(5,Q,P) 1is represented uniquely as ¥ = yi‘ +
verr +¥%, wnere T bT(S,Q,Py). Now, P(¥T) = Z9(sT)
and, since each ¥ :h™(8,Q,,Py) —h,_.(5,Q4P1) 18 an 1so-

morphlsm onto, ¥ 1s an isomorphism onto.

THEOREM 1.2. Let 8 be an orlentable n-gm (S is
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not assumed to be gconnected). Then hT(8) = h _..(8), for

—————

PROOF. We will define a mapping ¥:h™(8) — h _ (8).
For any YT ¢ hT(8), 1et %(¥T) = ¥¥' 1 [M,, where /7, is the
fundamental n-cycle on 8.1 Then % 1s onto, since any
Zp_nth _ (S) has a representative Z._, ¢ h _.(8,Q,P),
for some Q and P satlefyilng the conditions of lemma 1l.l.
By lemmsa 1.1 there exists a.Kft'hr(S,Q,P) such that
Xi,qrh = z%_r. But‘x{ determines an element ¥¥ of h¥(S8),
and ¥(YT) = ¥allpy = Z,.y- Thus ¥ 18 onto.

Ir “(¥¥) = Z,_, = O,then Z;_, has a representative

1

L
ditions of lemma 1l.1l, such that Z%_r = 0., We may enlarge

¢ hnopr(8,Q,P), for some P and Q satisfying the con-

Q and P so that y¥ has a representative yI in hT(s,Q,P).

71l

n-r = 0, and thus by lemma 1.1 Yl = 0,

Then x{nf‘n =
which implies yT = O.

COROLLARY 1.3. Under the conditions of theorem
1.2 45(8) = n,_,.(8), for 65 r 2 n.

PROOF. This follows immedlately from lemma 4.5

in Chapter I.

LEMMA 1.4. If M 18 a proper closed subset of an

orientable n-gem S then,8-M 18 an orientable n-gm.

PROOF. Since S-M is an open subset of S, conditions

1R, L. wilder, T. M., p. 208.
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A, Band C on p. 244 in T. M. are obviously satisfied.

We will demonstrate the existence of an infinite
cycle, Fn £ fn(S-M), such that f’n*o, modulo (S-M)-U,
for any open set U (non-empty) in 8«M. It is easy to see
that the fundamental n-cycle /), on S determines an element
P of £,(s-M). If /' =0, moaulo (S-M)-U, then 1t 1s easy
to prove Pn: 0, modulo S-U. But this is impossible by the
definition of /.

We will show that condition D' 18 satisfied for

each component C of s-M.1 Let C be the one point compacti-

fication of C by p. Suppose zrrﬁn(c) = Hn(&,ﬁ), where

Z, 1s on a proper closed subsget F of 8. Define F = ?-ﬁ.
Let £:8 — C be defined by f(x) = P for xt 8-C and £(x) = *
for x¢C. Then f is continuous, since S is 1c¢© and C 1is

a component of a open set in S. 1In addition, f is a homeo-
morphism of S-(S-C) = C onto C-p = C. Also, f induces the
mappings r% and f4 shown below. These mapplngs are 1iso-

morphisms onto, since f 18 a relative homeomorphism. The

diagram below is commutative.

i a
H,(C,F) e——H,(C,D)
rL L

1
H, (B, (8-¢)vr) 2% 1 (8, 5-0)

There exists a Z8 ¢ H,(S,S~C) such that f.(Zg) = Z,. Since

1p. L. wilder, T. M., p. 254,
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Zn 18 on F, 1ufe(28) = 0 = r311(28). since rl 18 an teo-
morphism this implies 11(28) = 0. Py lemma 2.3, p. 205,
in T. M. there exlists a minimal closed set K such that
1%(28) = 0 1n H,(8,K), where 1%:H,(5,8-C) — H,(8,K),
and (S-C)Y F >K>8-C. Obviously, K * S-C since Z§ % 0.
Also, KnC # C since F 1s a proper subset of C. Thus KnC % ¢
and KnC # C. Since C i1s connected F(K)nC *?. For any
x¢FP(K)N C choose U and V to be neighborhoods of x such
that V< U and P,(S,V,U) = 1. Let I, be the fundamental
n-cycle of S. Since C 1s open, we may choose U such that
8-U > 8-C. Then 28 may be regarded as a cycle modulo (S-U).
Thus aZf = b/, = O,modulo (S-V), regarding /', as a cycle
modulo (8-U) (a and b not both zero). If b= 0, then aZf = 0
in V and thus K is not minimel, since Xt F(K) (note that
b= 0 implies a + O). Therefore b# 0, and /"y = agﬁ.
But thie 1s impossible since Z§ = O, modulo (S-Q), wvhere
Q is open and Q < (8=-K)Nnv.2

Next, we will prove a form of the Alexander duality.

Firet, we will define a dual system of vector spaces.

DEFINITION l1.5. Let M be a closed subset of a
compact space S. Let 1*:HY(8) —2H'(M) and 14:B.(M)—> H_(5)
be the maps induced by inclusion. Define Hr(M;8) =

1,"1(0) ana

lp. L. wilder, T. M., p. 191.
21p1d.,p. 214.
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BT (4:8) = Tlgieyy

We will show HT(M;3) and H,.(M;8) are base spaces
of a dual system. Let G = HF(M) = 1im fﬂr(”ﬁ4);ﬂﬂu;,
B = Ho(M) = 1am {Hp (), ™, G = BE(8) = Lim{HT(27:), T
and H = Hn(8) = 1im{Hn (% ),Mmu{ . Then G and H are base
spaces for a dual system over the directed set {¥ )} = V.
The same is true of G and H. Also, the mappings 1%:G =
H'(8) — HY(M) = G and 1a:H = Eo(M) — H,(8) = H satisfy
the hypothesis of theorem 4.3 in Chapter I. That 1s, 1%
and 1, are determined by mappings 1% :HF (¢4 ) — HT(?7,) and
1y tHp( ¥ ) —> H, (275 ), where 1% 18 dual to 1, . Then, by
theorem 4.3, H = 131(0) = Hno(M;8) ana

% _ _G& = _HY(M r(M. 4
G—l"G i—*-rﬁé-(‘%-)—y=H(M,e)

are base spaces for a dual system.

DEFINITION 1.6. Let {rg{ be a basis for HY(M;8)
and let Y:HY(M;8) — H,.(M;&) be the associated isomorphism.
Then the elementes of the set ;V(Xg)f are called the funda-
mental oycles of Hpn(M;8) ana r(HF(M;8) = HL(M;3).

DEFINITION 1.7. Let M be a closed subset of a
compact space S. Let J%:hT(8-M)— BY(S) and Kg:bpn(8-M)-—Hn(S)
be injections. Then define HT(S-M;8) to be (J*)~1(0)

and h.(5-M;E) to be Kgl(0).

LEMMA 1.8. Under the conditions in definition
1.7 hT*1(s-M;8) = B (M;8).
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PROOF. Congilder the exact sequence:

artl(g) J* nTl(s-M) «5— HT (M) «i* _HT(S). Since

81%(H"(8)) = 0 and J*§ (HF(M)) = 0, & induces a mapping §

B0 E) = roietidry

into h™*1(s-M:%). Since h¥*1(8-M;8) = (3*)‘1(0) and since

of

the above sequence is exact, g is onto. That 18, given
any y¥¥1, prtl(5-M) such that J*(¥T*1l) = 0 then there
exists a y¥ ¢ H'(M) such that §(rT)= yT*1. Also, § 1s
an isomorphism, since S(¥T) = 0 for ¥ ¢ HT(M;8) implies
¥T has a representative yj{¢ N®(M) such that S(x {)s o.
But, by exactness, o’{ ¢ 1*(HT(S)). Therefore,¥ = 0 in
B (M;8).

LEMMA 1.9. Let M be a compact proper closed sub-
set of an orientable n-goem S. Then hT(S-M;8) = h _ _(s-M;3).
PROOF. By lemma 1.4 S-M is an orientable n-gm.
Thus ¥P:hT(5-M) —s hp_,.(8-M), defined by ¥(¥T) = yTa [,
18 an isomorphism onto (I}, 1s the fundamental infinite
n-cycle on S-M). We will show that the restriction of
¥ to hT(S-M;E) defines an isomorphism of hT(S-M:8) onto
hy_(8-M;8). .Let ¥ be the restricticn of ¢ to hT(S-M:8).
Note that ¥(¥T) = ¥Ta [ p = §yTn [y, where /', 18 a fundamental
n-cycle on S. If we let ¥:H'(8) — H,_..(8) be defined by
“(¥T) = ¥ "y, for ¥¥e HTY(S), then the dlagram bzlow is

commutative (note that J* and ke are injections).
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hT(8-M) —2h _..(5-M)
[L x*
BT(8) — % s m __(8)

Wilder has shown that the mapping ¥ 1s an isomorphism
of H'(S) onto Hy_.(8).1 If yTcnF(s-M;8), then J*(¥") = o.
Therefore, by the commutativity of the diagram, k,(w(yT)) =
?L(J"’(Xr)) = 0. Thus ¥(¥T) ¢ h,_,.(5-M;E) and ¥ maps
hT(8-M;8) into h,_n(S-M;8). If Z,_,. chy_n(8-M;8)< h,_,.(8-M),
then Ke(2 _.) = 0. Since w1is an isomorphism onto, there
exists a ¥¥c hT(5-M) suoh that v(¥T) = Z,_,.. Now, by
commutativity in the dlagram above, ¥ (J*(¥T)) = K (¥(¥T)) =

K“(Zn-r) = 0. Therefore, J*(¥T) = 0, since ¥ is an isomor-
phism. This implles y¥ ¢ hT'(S-M;8); therefore @ meps
h¥(8-M;8) onto hp_n(S-M;3). Also, ¥ is an isomorphism

since Y 1s an lsomorphism.

Let S be an orientable n-gem. Then
HT (M;8) = hn-r-1(S-M;8) and HL(M;B) = h,_._,(5-M;8), for

THEOREM 1.10.

PROOF. By lemma 1.8 HT(M;8) = n™*l(s-M;3). By
lemma 1.9 h™(5-M;8) = h,_pn.1(8-M;8). By definition 1.6

HL(M;8) = BY(M;8).

COROLLARY 1.11. Let S be an orientable n-gem,

1p. L. wilder, T. M., p. 253.
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M a proper closed spubset of S. Assume HT(8) = H*Y1(S) = o
for some r such that 8 & r <n-1. (H'(8) denotes the reduced
or augmented homology on S). If r = n-1,we reguire that
E"1(8) = 0 ana HO(8) = 0. Then BY(M) = hp_n._3(B-M).

PROOF. Ifr O<r <n-l, then

since HY(8) = 0. Also, hp_n_1(S-M;8) = (J*)~1(0) = hy_p.p(8-M),

since H'*1(S) = 0 implies H (S) = 0 by theorem 4,2,

n-r-1
p. 253, in T. M. Thus, BF(M) = h,_,._;(S-M) by theorem
l.10.

If r = O, then E°(M) = HO(M) @ A, where A4 is the
coefficlent field for the cohomology. Also, BO(S) = 0O
which implies H9(S) = A. It is easy to see that
1*(HO(S)) + 0; therefore, 1*(H°(S)) = A. Therefore, the
definition of HO(M;8) implies that HO(M) = HO(M;8)®A, or
HO(M) = HO(M;§). Since H}(8) = 0,by duslity H, ;(8) = o;
therefore, hp_j(S-M;8) = h,_;(8-M). Therefore, HO(M) =
hn_l(S—M) by theorem 1.10.

If r = n-1l,then

n-l(y-%) « _ H1(M) _ mn-1
H (M’B) mﬁﬂ:-t{-g-}y (M).

The mapping kw:h (8-M) — H_(S) 1s onto, because ﬁo(s) =0
implies H,(S) = A. Thus, hy(sS-M) = (ko) 2(O) D A =

h (8-M;8) @ A, and h,(8-M;8) = hy(8-M). By theorem 1.10
Hn-1(M) = h (8-M).
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COROLLARY 1.12. Under the conditions of corollary
1.21 (1) BE(M) = hy_ 3 (B-M) Af o< rn-1, and (2) EE(M) =
h,_,(8-M). (Note that HE(M) and HI(M) are defined in
definition 4.4 and definition 4.6, in Chapter II).

PROOF. The proof is an immediate consequence of
definition 4.4 and definition 4.6, in Chapter II.



CHAPTER III

HIGHER DIMENSIONAL CYCLIC ELEMENT THEORY
IN COMPACT SPACES

1. Preliminary lemmas. Hereafter M will always

denote a compact Hausdorff space. We will use only the

Cech homology and cohomology over a field.

DEFINITION l1l.1. A T, set in M 18 a closed subset
T of M such that H,(K) = O for all closed sets K<T. 1In

other words, a T,. set 1s a closed set which carries no

essential r-cycle.1

DEFINITION 1.2. An E, set in M 1s a non-degen-
erate subset of M which 1s maximal with respect toc the pro-
rerty that 1t can not be separated by a Tr set of M,

With the exception of lemmas 1.9, 1.11, and 1.13,
the followling lemmas have been proven by Whyburn in case

M ie a cbmpact subset of a KEuclidean space.z

1A cycle Z.c Hp(M) 18 essential if there 18 a
carrier K for Z, such that Z, does not bound on K.

2. T. Whyburn, Higher Order Cyclic Element Theory,
Pp. 133-146.
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LEMMA 1.3. Let M be g compact set. Then M gan
be disconnected by a T, set if and only if there exist:
closed sets M; and My with (1) M= Myu My, (2) My My g
T, set, and (3) M; and My proper glogsed subsets of M.

PROOF. BSuppose there exlsts a T, set T such that
M-T = ﬁlu ﬁz, where ﬁl and ﬁz are nonempty and -ﬁlr\ ﬁz =
Myn M, =@. Let My = ¥y T and Mp = Mpv T. Then M =
Mlu M,, and er'\Mz = T 18 a T, set. Note that M; and
‘Mz are proper subsets of K. Since ﬁln 3&2 = il" ﬁz =&,
we have M, = ﬁiur = ﬁlu'.[' = My, for 1 = 1,2,

Suppose M = Mj v M2, where M; and My satisfy the
conditions above. Let ﬁl = My - (M) A Mp) = M-M, and
My = My - (Myn Mp) = M-M. Then M-(M, A M) = My v ¥, where
ﬁl and ﬁz are non-empty, disjoint, open subsets of M-(MjnM,).
Then M 1s separated by a T, set, namely My " M,.

LEMMA 1.4. Let K be & subset of M which can not
be disconnected by a Tr set. I1If M= MM, T,. separated,
(by thie we mean that M; and M, satisfy the conditlons of
lemma 1.3) then K< M, (or K<M,).

PROOF. Suppose the contrary. By lemma 1.3
M—(M) n M) = (M-Mp) v (M-My) and (M=) N (B-F3) = (M-H) N (M-Mp)= ¢
We must have KA (M-M;) + ¢ and Kn(M-M,) + @, since we have
assumed K 1s not contained in either M; or M,. But then
K-(MpAMy) = Ka(M-m) Y [EA(K-1,)] and K 1s aiscon-
nected by a T,, set. Note that MjN M, 18 a T,, set by lemma

1l.3.
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LEMMA 1.5. If K is gn E,. set,then K is closed and

connected.

PROOF. 8ince the empty set is a Tr set, K can not
be disconnected by the empty set, thus K is connected.
We will show K can not be disconnected by a T, set. Since
K 18 maximal with this property, we will then have K = K.
Suppose K can be disconnected by a T, set. Then K = Ky v Ks,
T, - separated, by lemma 1.3. By lemma 1.4 K <Ky, and
since K; 1s closed, this implies K<K,. But K, 18 a proper

subset of K by lemma 1.3, and thus we have a contradiction.

LEMMA 1.6. If Kj and Ky are both E, gets and
K, # Kp,then Ky~ K, is a T, get.

PROOF. Let M = Klu Kz. If M can not be disconnected
by a Ty, set then Ky 18 not maximal. Thus we have M =

My My, T, - separated. We may assume Kj< M;, by lemma

T
1.4, If K,c M; then M; = M,which is impossible by lemma
1.3. By lemma 1.4 we must have K, My. Then Ky n K, 1is

a closed subset of My~ M;. But My"M, is a T, set. Hence,

Kln Kz 18 a Tr set.

LEMMA 1.7. If K is a non-degenerate subset of M,
which ¢gn not be disconnected by a T, set, then X 1 con-

tained in a unique E, set in M.

PROOF. Let {Ky| be the set of all subsets of M
such that no K, ocan be disconnectéd by A T,, set, and each
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Kg contains K. Order the set fE4l by inclusion, that 1is,
Kq> kg 1f K5O Kg. Let {Kq/{ be any simply ordered subset
of fKg}. Then L\/K,. 18 an element of {Kqf. Suppose
( S(Kh,)-T = iitliz; separated, where T i1s a T, set.
Since {Ky/| is simply ordered, there exists a Kg* K.
such that KgnK) ¢ and KgnKp + ¢ . But then Kg-T'=
(KBf\ii)uz(KBn ig), which 1is impossible since Kst SKa}.
Thus, by Zorn's lemma, the set {KGI has a maximal element.
By definition 1.2 this maximal element 1is an E,. set.

Ir B! + E2, E1> K, E2 > K and both El and E® are
E, sets, then ELN EZ2> K. Since X 1s non-degenerate, we
can find an open set U of M such that U-U separates K.
Then (Eln E2) A (T-U) still separates K since K < (ELl nEZ2),
But (E1AE2) ~(T-U) is a closed subset of Eln E? ana Eln EZ2

is a Ty, set. Hence, XK 1s separated by a T, setl, which 1is

impossible. Thus, the E,. set containing K is unique.

DEFINITION 1.8. Suppose we are given an element
¥Te BY(M). A closed subset D of M ie called a Dp_3 set
relative to 3T A1f 1%(3T) * O (where 1#:HF(M) — HF(D)
1s the mapping induced by the inclusion mapping of D into
M) and Af D is minimal wlth respect to this property.

LEMMA 1.9. If ¥¥ # O is an element of HY(M) then
there existe at least one Dp_, set relative to aT.

PROOF. Consider the set of all {Dy{, where D,
is a closed subset of M such that 1%(s5T) 0 (here
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1:_:1-11‘(11) — Hr(Da) 1s the mapping induced by the inclusion
of Dg into M). Order this set by taking Dg >Dg if and
only if Dyc Dg. Consider a simply ordered”subset fDg-}

of {Dg}; 1@t Do = £} Dg-. If Dg-? Dg' then define -

18 g’ :Hr(DB. ) — B¥(D,.) to be the mapping induced by in-
clusion. Then |HF¥(Dg'), 1§:g'{ 18 a direct system. By
the continuity of thé Cech theory we have an lsomorphism
P:ET(Dy) — 1imfAT(Dg/), 18 g} . The set {18.(s7)], taken
over all &, is an element of ]:Lm{Hr(Da, ), 13461} . Let
18:87(M) — H"(D,) be the mapping induéded by inclusion.
Since ¥ is an lsomorphism,1$(s¥) = O implies 1§. (¥T) = O,
for some a’'. But this is impossible, Hence, Dy 18 an
element of {Dy}. Now, by Zorn's lemma, there exists a

Dy.]1 set relative to ¥¥.

COROLLARY 1.10. A D,._7 set can not be disconnected

T ———— —— S S——

by & Tp.1 set. Hence, if H.(M) # 0 (r2l), then there existes

PROOF. Let D be a Dr-l set relative to
3T ¢ H'(M). If D= Djv Dy, Tp-1 - separated, we will
consider the Mayer-Vietorlis sequence,
— BF-1(D~ Dy) —> BT (D) —£ BE(D;) @ HT(Dp)—> .
Since IZ)n Dy 18 a Tp.j set, the mapping @ is an isomorphism.
Thus, if we let 1%:HF(M) — HT(D) be the map induced by
inclusion, we must have @ (18(zT)) = (1%, ,(13(sT)),
18,5(1%("))) # 0. (Here 1%,,:H'(D) — HT(D1), 1 = 1,2,
are the maps induced by inclusion.) But 18401f = 151
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where 1}1:Hr(n)-—aﬁ?(D1). Thus we can assume 131(1’) # 0,
which would imply that D was not a D,_; set, since D, 1ie

a proper subset of D and D is minimal with respect to

the prpperty that 13(¥T) % 0. Thus, a D,_j set can not

be disconnected by a T,..1 set.

If H.(M) # O then B¥(M) #+ O and by lemma 1.9 we
have a Dn_; set in M. But, since a D,_.j set can not be
disconnected by a Tp.j 84t, lemma 1.7 implies the exlstence
of an E,._.; set contained in M.

LEMMA 1.11. If D 18 & Dn.; set relative to yFc HF(M),
then D is minimal relative to the property of being a
cloged carrier of a cycle Z, such that Z,..¥F # O.

PROOF. First, there exists a Z,¢ Hn,(D) such that
Zp.A%(3T) = 1,(2,).3T # 0, where 1#:BE'(M) —» E'(D) and
i&:Hr(D)-—aHr(M). This follows from the orthogonal dual
pairing of Hn(D) and BF(D). If Dy 1s a proper closed
subset of D and 2z} Hy(D'), then Lo(z).v" = zz.18 (7)) = o,
gince 131(Xr) = 0,

-

LEMMA 1.12, If A= 42Ty, where each T, 1s a
Tp-1 g€t in M and A 1s closed in M, then A 1s g T, set.

PROOF. Suppose K 1s a closed subset of A such
that HF(X) # 0. Then K contains a closed subset D such
w ]
!/
that D 18 a Dn_] set. We have D = 9 Di' where Dy = TIITD.
We will show each Dy 18 nowhere dense in D. Suppose U
is open in D and U<D,. Then there exists a V open in
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D such that V-V separates D and V-VcU<D,. BSince V-V
18 a closed subset of Dy, V-V 18 a T3 set. But D is
a Dn.1 set, and can not be separated by a Tr.j set, ao-
cording to corollary 1.10. Thus each D3y 1s nowhere dense
in D; D is a closed subset of M, hence D is compact.

e

Then D #* i‘__{lbi, by the generalized Balre density theorem.

Hence, our original assumption 1s wrong and A is a T, set.

LEMMA 1.13. Given El, ..., EB, where each E!
(1L £1%n) is an Er) get and M # 1£1E1- then there exiet
closed subsets M; and My of M such that M = v M,, T, -
separated, (in fact, Mjn My is the union of a finite number
of Tp.3 sets) and My> YEL.

PROOF. The proof will be by inductlion on n.
Consider the case n = 1. Bince M # El, M is not an Epray
set. Thus, M= MU My, Tpg - gseparated. By lemma 1.4
we may take ELC M;. By lemma 1.12 My M, is a T set,
hence M = Mj v My, Tp - separated.

Assume the lemma 1s true up to n-l1. 8Since M 1ls

not an E,_, set,we must have M = M, v Mp, T,.1 - separated.
Let E = UEL.j. If M-EcMjn My, then there exists a non-

empty open set V such that V< M~E. Then V-V separates

M and V-V< M-EC My A M,. Thus, V-V 18 a Ty_; set; there-
fore M = ((M-V)u V), T, ; - separated, where E<M-V. Thus,
we may assume (M-E) n(M=M;) = (M-E)n (Mp-(¥3n M;)) #* O.
Also, we may assume BL:{IE},_IC M, and \‘JE}._IC M,, where

1 £ 8% n-1, since E<My or E< My implies that the con-

clusion of the lemma is satiesfled.
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If T 18 a Tp_y set in M,we will show (E,. ;-T) =
E,.3,» where E,_.1 is any E,._y set in M. Suppose xt E, jNT
and suppose there exlists an open set U in M such that
UAn(E._1-T) = 0. Then there exists a V U such that
(V-V) N"Ep_3C T and VNE,_; 18 non-empty. But then
((M-V) NE3)VY(VNE._3)= E._3, TE.; - separated, and this
1s imposeible. Hence, X¢ En.3 NT implies X ¢ (E,_3-T).
Thus, since My My 18 a T, set, we have
TEE ;-1 AMz)) = Ef_3, for 1 £ 1 £ n. Therefore, Eiy =
Bl -0 n¥p) ¢ M- (M7 AM;) = M-Mp, for 1 < 1< 8. Let
M3 = ¥-¥;. Note that M3dD Bl j for 151 < s, or M3)kf/n:}..1.
Then (M-E) n(M-Mp) ¢ and M3) UEh, M, # CUEL). Thus,
by the induction assumption, we have M3 = Myv M, Tr -

A

geeparated, where Mpn M5 is the union of a finlte number of
Tr—.y £ets and lfiE%-..lc My. Now, M3-M, # ¢ and thus there
exlsts an x¢ M3-M4 and an open eet U in M, such that

Xt UCM-M,. Since xfMj = M-¥,, there exists a 4 U n(M-M,).
Therefore, y¢ (M—Mu) n(M-M1) = M—(Ml‘ 'Mp). Thus, M =

My M3 = (M) v M) M, where (Myv M) and Mg are proper
closed subsets of M. Also, g{lE}._lc Ml and L?E}._lc My;
therefore E = k:’JE}‘_lc. My uM,. We have (Mjv M,) Mg =

(My A Mg) V(M AMs), where (MyAMg)C(MynM;). Therefore,
(My v M;_,,)AMS is the union of a finite number of T,.j sets.

Thus, the conclusion of the lemma 18 satisfledd

LEMMA 1.14, Let E, be an E;, set in M. Then there
exists a sequence E,, Ey, ...., En_j such that Ey 1is an
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PROOF. 8ince any T,_j; set 18 a T,. set, no T, 3
set can disconnect E,.. Thus, by le~ma 1.7, E, < E,._j where

Ep_1 12 an E,._; set. This shows that we may construct a

proof by induction.

LEMMA 1.15. Let E, be agn E. set in M. Let
1*:Hg(E,) — H_ (M) be the mapping induced by inclusion.
If 8 2 r, then this mapping is an isomorphiem.

PROOF. Suppose 14(Zg) = O for some Zg e H(EL).
Then there exists a minimal set K such that E.<K<M and
14{2g) = 0 (2%:Hg(E,) — H_(K) 1s induced by inclusion).l
If K # E,. then, since K 18 not an Er set, we must have
K= Kyv Ky, T,. - separated. We may assume E.< Ky by lemma
1.4, Since K 1s compact we may apply the following Mayer-
Vietoris eequence,
e——nﬂ(x)énﬂ(xl) ® HB(Kp) «—HEB(K1 " K3) <
Consider the element (1:’ (zg), o)« HB(K]_) @ He(K; ), where
1%:Hg(E,) —Hg(K;) 1s induced by inclusion. Then
(13 (Zg) » 0)) = 14(2Zg) = O. But H3(Ky; nK,) = 0, elnce
K1NKs 18 a T,, set, hence a Tg set by lemma 1.12. Thus,
by exactness, 1:' (z5) = 0, which contradicte the minimal
property of K. Thus,K = E,, and Z, = 0. Hence,
1utHg(E.) — Hg(M) 1s an isomorphism 1into.

l1g. L. Wilder, T. M., p. 206, lemma 2.8.
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2. The relation between hbmo;ogx and cyclic elements.

THEOREM 2.1. Let {Ef;l be the set of all B
u__gn_ggg__nr(ng_l)#o,andl_z= UEF 37,
Then 1..11,.(5:)———»11,.(11) e onto and 1i%: Hr(M)——*Hr(E) is
one-to-one. (These mappings are induced by inoclusion).

PROOF. We will show that 1%*:RET(M) — HT(E) 1is
one-to-cne. Consider the exact sequence,
— > ET(M,E) %, mr(m) 1%, Br(E) —>.
Suppose J*(¥T) * O where ¥¥ s HF(M,E). Then there exists
a Dn_y set relative to J*(¥*) by lemma 1.9. By lemma 1.7,
there exists an E,._j set contalning the above Dp.j set;
let EL_; be this set. Then, ir 13:ET(M)— EF(EL ),
we have 1#(J*(3T)) * O by the definition of the Dn..) set
relative to J*(sF) and the fact that Ei_j contains this
Dy_ set. Then Ex_j cE by definition of E, and
19#(3%(¥7)) = 18(1*(J*(¥T)), where 13:E"(E) ——an"(s},_l).
Note that 1%3j*(yT) = 0, by exactness. Thue, J*(§T) = O
for all ¥ ¢ HT'(M,E), end 1%*:HT'(M) — HT(E) i1s an isomor-
phism into by the exact sequence.

Now, we will show 1a:H.(E) — H,.(M) 18 onto.
We must show that J4(Zg) = O for any Zps Hp(M), where

J#:Hp(M) —HL(M,E). Then the exactness of the sequence,
~3Hp(E) — Hp(M) — H.(M,E)—

will imply that is is onto. Suppose Ju(Zy,) #(Q. Then
there exists a 8T ¢ H'(M,E) such that ¥T.Ja(Z.) = 1, by
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the orthogonal dual pairing of H'(M,E) ana H,.(M,E). But
then we would have J*(§T).Z, = 1,and we have just shown

that J®*(yT) = O, for all ¥¥¢ HF(M,E); hence, Ja(Z,) = O.

THEOREM 2.2. Let 53;.]},3.’2 the set of all E,. 5
gets in M. Let E = (UEy_1). ZIhen 1*:EF(M)— EF(E)
and 1#:H,(E) — H_ (M) are both isomorphisms onto.

PROOF. 8ince Ec E,theorem 2.1 implies 1w#:H.(E) —=H.(M)
is onto and 1*:HF'(M) — HF(E) 1s one-to-one. We will show
that 1e:H.(E)——>Hn(M) 18 one-to-one. Suppose iu(Z,) = O
for some Z,* Hr(ﬁ). Then there exists a minimal closed
set K such that M>K>E and 1%(2,) = 0, where 1%:H.(E) — H.(K)
is the mapping induced by 1nclualon.l If K & E,then there
exists an open set U of M such that UnK # ¢ and Uc M-E,

We will show that U-U 1s a T, set. Suppose not, then

there exists a closed subset F < U-U such that HF(F) # O.
Then by corollary 1l.10 there exists an E..y set of F. This
set can not be disconnected by a T,._1 set. Hence, by
lemma 1.7, there exists an E,._; set in M which contains the
above E,_j set of F. Hence, there 1s a set EQ_; which

ie an En._] set of M such that EQ_1"F *®. Therefore,
E2.3"T * 0 and EQ_; N(M-E) # #. But this is impossible,
since EQ_) c E by definition of E. Therefore, U-U 18 a

Tr set. Let Ky = UNK and Kz = (M-U)n K. Then K= K3vK,,

where Ky and K2 are proper closed subsets of K and f:cKz.

lp. L. wilder, T. M., p. 206, lemma 2.8.
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‘Also, Ky nKp cU-U,and is therefore a Tp set. Consider

the Mayer-Vietoris sequence,
e H_(K)<2— H.(K)) @ Eu(Kp) e Hp(K) N Kp).
By exactly the esame reasoning as in lemma 1.15,we have
1:2(21,) = 0, where 1f,2:n,.(i':)-—anr(x2) ie induced by
inclusion. But this contradicts the minimal property
of K, hence we must have K = E ana Zy, = O. Hence, 1a
18 an isomorphism onto.
We will show that 1%:HT(M) —s HF(E) 1s onto.

Consider the exact sequence,

e HP+L(M,E) &~ HF(E)e— —HT(M) e .
Suppose §*(¥¥) # O for some 3T ¢ Hr(f:). Then we must have
a Zpyy ¢ H.r(M,’E’) such that Z,4j.85%(7F) = 1, by the ortho-
gonal dusl pailring of gl (M, E) to H‘rt-l(M’E)' But §*
1is the dual map of 3%:gT+1l(M,E) —>HF(E), and we have shown
above that d*(Zp+1) = O for all Zpsy £ B¥'1(M,E). Thus,
Zpsp- SW(YT) = 'azr_,,l.b’r = O which is impossible. Hence,
5#(¥F) = 0 for all ¥Y ¢ Y (E). Therefore, by exactness,

g#:gr(M) _ >HY(E) is onto.

LEMMA 2.3. Let Ef 3, ...., EB_; be E._ sets in
M. Let E= UEL.;. Define w*:HT(E) "7311 AT (EL ;) as
follows: £Br T ¢ HT(E), w*(sT) = (1% (3T), ...., 12y (¥T)),
where 1:1:Hr(E)-————)Hr(E%_1) 1s induced by inclusion.
Define rr..:frHr(E%.-l)
(Z%’ e o o0y Zg) [ﬁnr(E::_l) t%ke TT.(Z%, ® e o9 zg) =
18" (z1) + ... + 187 (20), where 1§ :H.(Ei_;) 5 H.(E).

yH.(E) a8 follows: for
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Then both 77* and "« are isomorphismg onto.

PROOF. The proof will be inductive. The case
where n = 1 is obvious. BSuppose the lemma true for n-l.
Since E is not an E,._; set,we have E = Ny v Ny, Tr.] -
geeparated. By reindexing the E%..l we may assume Ny = \ISJE}-]_,
N2 = 3\21 Exl-vb Consider the Mayer-Vietoris sequence,
—Hp3(Nyn Np)e—Hp(E) e Hy(N; ) @ Hp(N3) «—H (Mg~ Np) « .
Now, Hn_3(Nyn Np) = Hp(Ny 2 N3) = O because Ny~ N, 18 a
Ty.] set; therefore, a Ty set. By the induction assump-
tion Hp(Ny)- TfTH,.(E}.__,_) and H,(N5) = i’l H.(EL_;). The
sequence is exact; therefore, H,(E) = H.(N;) @ H,.(N3).
It 1 easy to see that the combination of these lsomorphisms

1s exactly 7,. The proof for T 1e obtained by using

the cohomology version of the Mayer-Vietorilis sequence.

THEOREM 2.4. Let Exj, -.-., Eo_j be E._; sets
M. Let Tu: T,%Hr(E%._l) —> Hn(M) be defined as follows:
or (z1),...., zB)e TTH.(EL 1) sake T,(2}, ...., 2D) =
;% 15(2%), where 1%:Hn(Eyiy) —> H. (M) 1s induced by inclu-
sion. In a gimilar manner define 1%:HT(M) — ﬁHr(E::_]_).
That 1s, let 1*(sT) = (1#(¥¥), ...., 12(5T)), where
1#:H' (M) —5 HF(Eji_1) is induced by inclusion. Then

Ta: ﬁHr(E%_l)ﬁHr(n) 1s one-lo-one and i*:HT(M)— TTET(E} ;)

i

o ]

A

|

is onto.

PROOF. Assume 1,(2%, ...., Z}) = 0. Let E= UEL;
and define 1§:Hr(E)———>Hr(M) to be the mapping induced
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by inclusion. Let TTp:i%Hr(E%_l)—~4 Hn(E) be the mapping
defined in lemma 2.3. Then i, = 147,. Define 2 to be
Z; = ﬂ;(z%, oo Zg), where Z%t'Hr(E%_l). Ir

3*(2%, ee.es ZR) = O, then 15(2?) = 0. Then there is a
minimal set K such that M> K> E and 1&(Z:) = 0, where
1%:H,.(E) —» H,.(K) 1s induced by inclusion. We may aessume
K # E; hence, by lemma 1.13, we have K = K3 vKp, Tn-
separated, where ECK;. Now, by usling the same method

ag in lemma 1.15, we can show K = E and Z; = 0. Hence,
since T4 18 an isomorphilem, (Z%, ce.es ZR) = O.

The proof that 1* 1g onto follows from the tfact
that i, is one-to-one. Let Ig:Hr(H)——a'Hr(E) be induced
by inclusion. Then 1#* = 7T'ig, where 7T*:Hr(E)-——’f%Hr(E%_1)
1s defined in lemma 2.3. If ig is onto, then i* 13 onto
since 7* is onto. But 1y is the dual of 1% and i 1s

one-to-one, as we have shown above. Thus, by the same method

as used in theorem 2.1, we can prove that 1g is onto.

THEOREM 2.5. If Hn(E& )+ O for only a finite
number of the Ep.] sets in M, say E%.l, e..., ER_3, then
~ n ~ [a]
the mappings 1,:TTHn(EX ,)— H.(M) gna i%:H°(M)— TTHT(EL_;)

are both isomorphisms onto.

PROOF. By theorem 2.1 the mapping 14:H.(E) — H.(M)
is onto. By lemma 2.3 the mapping‘ﬂ.:f?Hr(E%_l)-——>Hr(E)
is onto. Note that 1, = 1i77. and therefore I. is onto.
By theorem 2.4 1, is one-to-one. A similar argument will

show that 1*® is an isomorphism onto.
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COROLLARY 2.6. If Hn(M) has finite dimension,
then Hn(E%_j) # O for only a finite number of the En_j
sets in M. Thus, the hypothesis of theorem 2.5 is satisfied.

PROOF. Suppose Hp(EX_;)# O for an infinite number
of the E,._j sets of M. Thus: we have a countable set
fEL_17 of dlstinct E._j sets such that Hn(ELl_ ;) # o.

By theorem 2.4,'z.:{?ﬁr(E}-l)-——vﬂf(M) is an isomorphism
into for all n. Thus, the number of linearly independent
elements in H,.(M) will not be bounded. But this is impos-

eible, since Hp.{M) has finite dimension.

THEOREM 2.7. Given any i¥ % O0f HY(M), let {DF_ 5t
be the set of all D, sets relative to ¥*{((that is,
1%(¥T) * 0, where 1#:57(M) — Hr(Dg_l) 1s induced by inclu-

gion and D] 18 a minimal closed set with this property).

Given U°P®R 5 /DE_ 7, then there exists a yI r H'(M,M-U)
such that J*{(¢Lf) = 3T, where J*:HT(M,M-U) —s HT(M) (that

is, ¥Y may be considered a cocyeale of M in U).

PROOF. Consider the exact sequence,
— B (M,4-U) %, Br(M) 18, BP(M-U) —> .
We will show 1#(¥") = 0, where ¥* 1s the element of HF(M)
given above. Suppose 1g(rr) # O; then, by lemma 1.9, there
exists a closed subset K of M-U such that K 1s a Dn._.j set
relative to i¥#(¥T). But K is also a Dn.j set relative
to ¥¥, since i® = A%, 1¥  Here, 1¥#:HF(M) — HF(K),

14,:BT(M-U) — HT(K), and 1¥%:HF(M) — HT(M-U) are the



5k

mappings induced by inclusion. But Kn (M-U) = ¢, which
is impossible since UL/ DR ;. Therefore, 18GF) = o,
and by the exactness of the sequence above there exlists

a ¥§ ¢ HF(M,M-U) such that J*(y§) = ¥¥.

THEOREN 2.8. Let EJ ; be an E. 7 set in M, and
let N be a closed set in M guch that ER.3nN =@&. Let
A% :R.(E2 1) — H,.(M) be induced by inclusion, and let
Ja:H.(M) — H.(M,N) be the natural injJection. Then
p" = Jﬁi’;:Hr(Eg-l) —~—;Hr(M,N) 18 an isomorphism into.

PROOF. Suppose @ (Zp) = O, for some Zy ¢ Hn(ES_ 7).
Then there exists a minimal closed set K in M such that
K >ES_ 3 and #(Z,) = 0, where @":H.(Ef_3) — Hr(K,Kn N)
1s analogous to ¢’ defined sbove. Thie follows from Zorn's
lemma and continuity. We will assume that K # EQ_3. If
K = EJ_j,we have Zr = O and thus ® 18 an isomorphiesm.
We may assume K # ER_3] and thus K can be separated by
a Tr.1 set, that 1s, K= KjvK,, T, - separated. By
lemma 1.4 we may assume E-1< K;. We can show that the
following diagram is commutative (the mappings are the
usual inclusion or injection mappings unless otherwlse

defined),
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| I

Hr_l(Klf\ Kzn N) =0 Hr..l(x—lf\ K;) =0
1% ™
— > Hp(KAN) - % S H.(K) -+ H.(K,Xn N)
I T
"\\i,’.‘ 'y
N /
vL v§  H.(E2 ;)
L:' \ ¢K|
l 1 "
T Ep (KA M) +Hp(Ky) ,H, (K7 ,K)n N)
@ T?. @
Hp(Kpn N) — ——————— Hp(K,)
' !
| i
Hr(Kln Kon N) =0 Hr(Klr\Kz) = 0.

I

The two vertlcal sequences are Mayer-Vietoris sequences.

Also, the two horizontal sequences are exact. We have

Hy._1(Ky nKy) = Hr.l(xirﬂxszN) = Hr(Kl"Kz) = Hpn(K; n K, nN) = O,
since K3n K, 18 a Tp.3 set. Now, ¢"(ir) = Jaiw(Z,) = 0,
therefore there exists a 23 s Hn(KNN) such that 13(z3) =
1%(Zpr). This follows from the exact sequence. There

exists (2L, z2): H.(K;n N) @ H.(Kp "N) such that
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%5(zL, z2) = 23. By commutativity, wZ(1d(z}), 132%) =
13ut(zy, 22) = 13(z) = 1a4(2) = ¥3(252(2,), 0). By exact-
ness Y:gz.. is an isomorphism, hence 1},(Z},) = 1’.(.1(Zr). Thus,
J’;liﬁl(zr) = Jf.l:&(z}.) = 0 by exactness. But this 1is
impossible, since K was minimal, Thus, K = ES.3 and ¢

is an isomorphism into.

COROLLARY 2.9. Let Ef.] be an En.] set in M and
U an open set containing Ef-3. Let J*:HF(M,M-U) — HY(M)
and 1%:Hr(M) — HT(E2.;) be the usual injection and inclu-

sion meps. Then the mapping 7 = 1%*j%:HF(M,M-U) — HF(EQ.,)

is onto.

PROOF. For any 3% ¢ BY(M,M-U) and Zf ¢ Hp(EQ_;),
we have 77 (¥7).29 = 1#3%(¥]). 22 = 3*(¥]).1,(2Q) =
¥h- Jeia(2R) = ¥5. @7(2R), where ¢ 1s defined in theorem
2.8. Thus, 7 and 2%"are dual mappings.

Choose a basls By for the subspace # (HT(M,M-U),
Augment B, to form a basis B of HF(EJ ;). 1If
w (HF (M,M-U)) # BT (EQ_;) (that 1s, 1f T is not onto), then
B-B, 18 not empty. Now, HY(M,M*U) and H.(M,M-U) are base
spaces for a dual system (see Chapter I). Thus, if
P:HY(M,M-U) — H,.(M,M-U) is the mapping determined by
the basis B, and if ¥{ ¢ B-B,, then »(¥§).5§ = 0, for
all y§¢ B,. Since B, 1s a basis rfor 17(H'(M,M-U¥), we
have v(¥5). 7 (¥;) = O for all ¥y« H (M,M-U). Now,
©(¥T) # 0 since ¥ is an i1somorphiem; therefore, @(w(75)) ¢+ 0

since ©#/7is an isomorphism. Since the vector spaces
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BY(M,M-U) and H,(M,M-U) are orthogonally dually paired,
there existe a 3L ¢ H'(M,M~U) such that &7(P(¥L)).r35 = 1.

But #7 (w(¥5)).yf = 2(¥%). m(¥E) = 0. Thus 7 is onto.



CHAPTER IV

HIGHER DIMENSIONAL CYCLIC ELEMENTS IN LOCALLY
CONNECTED SPACES

A. Simon has proven the following theorem.l

THEOREM 1,1, Let M be a compact Hausdorff space.
There exists a minimal oclosed set A 1ln M such that; if
U is an open set containing A, then U gcontains all except

a finite number of the E,_.j sets of M. 1If A is g T, set,

then 1%:HT(M) — Ta_rHr(E%_l) becomeg an isomorphism of

HT (M) onto the weak direct sgum % HY(EZ ,). Here, {E®_1!
is the get of all E._ ) sete in M; and 1% 1s the mepping
induced by proJjection onto each component of the direct
sum (that is, 1%(¥7) = {12(¥T)], where 12:H'(M) — HT(ER 4)

ie induced by inclusion).-

COROLLARY 1.2. Under the conditions of theorem

1.2, there exlsts an isomorphism © mapping H,.(M) onto
[ Hr(Eg_l. Furthermore, Z, ¢ Hn(M) can be uniquely repre-

sented ss % 13‘(2?), where Zg cHr(Eg_l) (19:H.(Ef_7) — H.(M)

ls induced by inclusion).

1A. Simon, n-Cyclic Elemente, Bulletin of the American
Mathematical Soclety, Vol. 62, no.l (Jan. 1956), p.36.

58
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PROOF. The proof is an immediate consequence of
corollary 4.2, Chapter I.

For any M, 1% 18 an isomorphism of Hr(M) into

»

] BF(EE_ ;) (note that 3T # O implies 15(¥*) #+ O for some
13:Hr(n)-——~Hr(E%-1) ). If M 1s an 161 gpace,1t 18 pro-
bably true that i* becomes an isomorphism of HF(M) onto
the weak direct sum élﬁr(Eg_l). Aleo, if the set{EE 31
of all E,.j sets in M is a null sequence, the same conclu-
sion probably holds. We have been unable to verify these

conjectures.

THEOREM 1.3. If M is s-lc and EQ 1s an E, set

of M, where s Z r, then Ef is s-lc.

PROOF. Given any x ¢ EQ, and an open set U°? of
Eg contalining x, then there exlsts an open set U of M
such that UnEJ = U°. Since M 1s s-lc, there exists an
open set V containing x, such that V< U and any compect
s-cycle in V bounds on a compact subset of U. Let Zg
be a compact cycle on VAER = V°. Then Zg bounds on a
compaot subset of U. Then there exlsts a minimal closed
set K in M such that VOc X ¢U and Z; bounds on K. We
muet show K<U® = UnER. Suppose K is not contained in
UnEp, then K 1s not contained in EQ, since K<U. If
we let N = KvER,then N = Nyu N, T, - separated. Thus,
K= (NjnK)U(Ny~K) = Ky’ K,. We may assume N; > ED by
lemma 2l.4. in Chapter III. Therefore, there exists an

x ¢ K "n(N-N;), since N} 1s a proper subset of N. Thus,



60

Ky = (Ny~K) 18 a proper subset of K. Also, Ky NE] =
K nEP, since K = NJn K and N> EQ. Thus, K; > V, since
Vo< ERnX. Consider the Mayer Vietoris sequence below,

——Hg(K) «2H,(K;) @ Hg(Kp) e— H (EynKp) «— .
But, K) nK;< Njn Ny and Nyn Ny 18 a T, set, hence K;n K,
is a Ty set. Also, 8 2 r and therefore K] Ky i8 a Tg
set by lemma 1.12 in Chapter III. We may consider Zg
as an element of Hg(K;) since K32 V,. Row, Z; bounds
on K, hence ¢#(Zg, 0) = 0; therefore, Zg = O 1in Hg(K;).
But K 1s minimal, and K; 1s a proper subset of K. Thus,
by contradiction, Kc U°.

Next, we shall prove three lemmas which will be

useful in the construction of certain examples.

LEMMA 1.4. Let N, and N, be subsets of M which
not be disconnected by a T, set. Suppose that NNy

E

g not a Ty set. Then Nlu N2 can not be disconnected by

a T,. get.

PROOF. Let K = Tllu N> and suppose K = K, Ky,
Tr - separated. Then we may assume, by lemma 1.4 in Chapter
ITI, N3<K; and N3<K,. Thus, Nj<K; and N2c K, since
K, and K, are closed. Therefore, 'ﬁln'ﬁzcxln K,. But thie
ies impossible, silnce -N-ln N, 18 not a T, set and K = Kvk,,

Ty, - separated. Thus, K can not be separated by a T, set.

LEMMA.1.5. Let f:M — N and suppose T2 <N is a
T, set such that £~1(T2) 1g also g T, set. If f 18 &
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homeomorphism of M-r~1(T2) onto N-T2, then r~1(T) 1e a

T, set in M, where Tr 1s any T, set in N.

Ee————

PROOF. Let K be an closed subset of r~1(T}), where
T; 1s any Ty set in N. Denote £~1(TR) by TQ. Consider

the followling exact sequence,

— HP(K ~ 7Q) — BT (K) — BT (K, (TR A K)) —>HTYL(K A TQ) — .
Since ig is a T3 set, we have Hr(K,hég) #'Hr+l(er%3) = 0,
and HF(K) = HF(K,TR nK). We also have the following exact

sequence (M is compact, hence f maps closed sets into closed

setse),

BT (£ (KATR) )~ HF (£(K)) — BT (£(K), £ (TQK)) — EF1(r(KaTQ))— .
Since f(K)c:T:, we have HF (£ (X)) = Hr(r(Kf\ﬁg)) =

Hr+1(f(Kr\§g)) = O; therefore, Hr(r(K),f(ﬁgr\K)) =

HY(f(K)) = 0, Now, r(K-TQ) = f£(K)-r(TR) = £(K)-r(Kn TQ)

and f 1s a homeomorphism on M;ag, hence on K-Eg. There-

fore, HF(K) = HF(K,K~ TQ) = HY(£(K),f(KAT2)) = 0 and

f'l(T;) is a Ty set in M.

LEMMA.1.6. Assume T is g mapping of M onto N

such that r’l(T;) is a Tp set, where T;_Lg any T,. set

in N. If K< M can not be disconnected by a T,. set in M,

then f£(K) can not be disconnected by a T,. set in N.

PROOF. Suppose f(K) = flnliz, T, ~ separated.
Then K = Kjv K, with Ky = Kaf~1(Ky), 1 = 1,2, proper
closed subsets. Also, r~L1(K;)n £~1(K,) = £~1(&y n Kp)
is a T, set, since iln\ﬁz is a T, set. But thie 1s 1lmpos-
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sible, since K can not be separated by a T, set.

DEFINITION 1.7. A non-degenerate subset K of M
is called a simple r-link of M, if K is maximal with respect
to the following property: M = M;v My, T, ~ separateqd,
implies Kc M (or K< My). 1In other words, K 18 a maximal

set which can not be separated by a T, set which also se-

parates M.

LEMMA 1.8. Any simple r-link in M ig glosed.

PROOF. Let K be a simple r-link in M. Consider
the collection of all pairs {(MI, M3){, such that for every
a,M = Hfu}tg, Ty — separated. We may index these palrs
such that KcMi‘ for all a. Then K = Q Mg, since Q Mg can
not be disconnected by a'Tr set which-also separates M.

Thus, K is closed since the M‘_{ are closed.

LEMMA 1.9. 1If Ki and Kp are two distinct simple
r-links in M,then Ky nNK; 1s g Tp set. If L is a non-de-
generate subset of M that is not disconnected by any Ty
set in M which disconnects M,then L is contained in g
simple r-link of M. We may have L contained in more than

one simple r-link of M.

PROOF. PFirst, Kqv Kz 18 not a simple r-link.
Thue, there exist sets M;, My such that M= MuM,, T, -
separated, and Ky < M;, K< Mp. Hence, K] "nKx<Mpn M, ;

therefore, Kyjn Kz 18 a T, set. The exlstence of a simple
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r-link contalning L 1s proved by the same methods as in
lemma 1.7 in Chapter III. The uniqueness proof will not

apply here since L may be a T set.

EXAMPLE 1.10. We will construct an leT apace
M 1n which the collection {EX{ of E, sets does not form
a null sequence. This exampie will also show that in an
le® space the simple r-links need not be the same.as the

Er sets. We must have r 2 1 in order to produce such an

example.1

For each positive integer n, let R, be a solid,
three-dimensional rod of height one and dliameter 1/297.
In Euclidean three-space, let I = {(x, Y, z),x =0, y = O.
0= 2z% 1. Then I 1s a unit interval on the Z-axis.
Imbed Ry in Euclidean three-space sgo that R, =
{(x, v, z),(y—a/zn"'l)2 + x2 2 1/2" 0& 5 = li. Phen
Rp 18 tangent to R,,, and the sequence of sets {Rnl converges
to I. Let M be the set [L?Rn]uI. Then M is a compact lcl
fpace, each Rn 1s an Eq set in M, but the collection f Rn{
1s not a null sequence. Note that, for any palr (Ri,RJ),
1+, Ry can be separated from RJ by a unit interval and
the latter 18 a T, set. Also, I is a simple l-1link. Ir
M= Muv M,, T;. - separated, then Bh<M; or Ry< M,, for
any Ry. Hence, we can assume M} contains infinitely many

of the spaces Rhp. Thus, I< M) since M; 1s closed.

1. T. Whyburn, Analytic Topology, p. 66 and p. 71.
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In this example we have Hp(M) = O. We can modify
the example so that H>(M) 1s infinitely generated.

EXAMPLE 1.11. We will construct a compact lecT
space which contains an Ep set which is not loT. Consider
the following curve in three-space:

x=0, y=1t, z = sin(7/),
for O <t £ 1. Expand this curve elightly so that it be-
comee a solid, three-dimensional rod, which @scillates
as 1t approaches the origin. Let N be this space, along
with 1te 1limiting line segment on the z~axis. Then N 1is
compact. Let P = {(x, Y z)lx =0, U £y<£1,-1%5 2 5% 1};
then define M = PuN. Now, N is an Ej set in M and M 1sg 101,

but N ies not O-lec.

THEOREM 1.12. Let f be an (r-l1)-monotone mapping
of M onto N, where M and N are compact Hausdorff spaces.

If Dpi1 ie a Dr-) set in N relative to yZ « HT(N), then
there exists a set D;Ll, which is g Dr-.1 s8et relative to

£*(3¥r), such that f(D;Ll) = Dp-1.

PROOF. B8ince r is (r-1)-monotone (note that our
homology and cohomology is taken on compact spaces over a
field) r*:HT(N) — HT(M) is a one-to-one mapping; there-
fore, r*(¥T') +# 0. Consider the commutative diagram below.

The vertical mappings are inclusion mappings.
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M r W N

L J

1., Y

r~1( D;—l ) 1 — DI‘N—I

Jm In

The mapping f; 1s the restriction of f to f'l(Dﬁil).
Therefore, f; 1s (r-l)-monotone. Now, 1*(¥F) # O, since
DQLI 1s a Dn._; set relative to Bﬁ. Therefore, 1;f1¥£) =
£#1%(¥T) + 0 since £#:HY(D 1) — HY(r~1(D/L;)) 18 one-
to-one. Since 1*(f*(3T)) % 0, £~1(DL;) containe a Dp_3
set relative to £#(¥f). Denote this Dy_.3 set by D/’; and
let £5:Dn-3 —3 £(Df3) be the restriction of f to Dp_j.
Now, J#i*(r%*(¥f)) + O by the definition of a Dn_3 set.
Since JRixr*(YT) = £3J¥1%(¥T), we must have J¥AN(¥T) =+ O.
This implies r(D. ;) = Dpl;, since Dp_j 18 a D3 set

relative to ¥,

EXAMPLE 1.13. It 18 not possible to substitute
En_y sets for D,._q sets 1in theorem 1.12. 1In other words,
if £ 1s an (?-1)-monotone mapping of M onto N, where M
and N are lc” spaces and Eﬁil is an Epn.j set in N, we may
not have an En.j set in M such that f(Ef;)> Eéil; How-
ever, we must take r > 1l in order to rfind an example. The
fact that a O-monotone mapping wlll cover any Eg5 set 1in

N by the image of an E, set in M 1s basic to the O-dimen-
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slonal oyclic element theory.1

We will construct the example in three-space.

Conslder the following solid cylinders:
M = {(x, y, z)|x2 +y2 21, @2 g3 1};
My = {(x, y, z)|x% + (y-2)2 =1, 6= z = 1f.

These cylinders have their axes parallel to the z-axis
and each has i1te base in the (x, y)-plane. Let I be the
line segment defined by, I = f(x, ¥, z)‘x =6, y=1,
05 2z S 1}. Then M) and M3 are tangent along I. Let Py
and B2 be the endpoints, (0,1,0) and (0,1,1), of I. Let
M3 be a closed arc Joining Py and P,, which does not meet
Mj v My, except at 1ts endpoints, P; and P,. Now, define
the space M as, M = M v Mpu M3, We shall define an upper
semi-continuous decomposition of M. Then the decomposi-
tion space, which we will denote by N, will be a compact
Hausdorff space and the decomposition willl define a con-
tinuous mapping f: M — N,

To form N 1dentify all the points in M3 into a
gingle point. Do not 1dentify any other points of M.
Thus, the mapping f:M —N restricted to M—M3 is a homeo-
morphism. If x: N-f(M3), then £~1(x) 1s a single point.
If x = r(MB),then r-1(x) = M3 and M3 is an arc. Therefore,
T 1l r-monotone for all r.

We will show that N is an Ey set. First, neither

M; nor Mp can be dilsconnected by a T3 set. The Alexander

lg. . Whyburn, Anslytic Topology.
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duality can be used to prove this. Now, T restricted to Mi
1e & homeomorphism on My-(p; v P3). Since pyjupy and f(pjvp2) =
£(M3) are both T, sets, lemmas 1.5 and 1.6 imply that
£(M;) can not be disconnected by a Ty set. Similarlyy
£(M,) can not be disconnected by a T3 set. Now, r(M)nr(My) =
£(M) A M,), end £(M;1\ My) 1s obtained by identifying the
end points, py and p2, of a unit interval. Therefore,
£(My A My) carries an essential l-cycle, hence, can not be
a T, set. By lemma 1.4, £(M;) vr(M,;) = £(M) = N, can not
be disconnected by a Ty set. Therefore, N is an Ey set,
If X ie a closed subset of M such that f{K) > N, then K>(MvM,).
But, then K can be disconnected by a T, set, namely M)~ My
Therefore, there 1s no El set in M, say E{, such that
£(Ey) DON.

Note that M is obviously lcT for all r. Therefore,

N 18 also lef for all r, since f 1s r-monotone for ell r.
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