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DUALITIES IN GENERALIZED MANIFOLDS AND HIGHER 

DIMENSIONAL CYCLIC ELEMENT THEORY

The purpose of this dissertation is to analyze 

the structure of the homology and cohomology groups of 

a space by means of (1) a fundamental system of cycles and 

(2) higher order cyclic element theory. The fundamental 

system of cycles is used to extend the Poincare and Alexander 

dualities to non-perfectly normal generalized manifolds. 

Our homology and cohomology is always taken over a field.

First, a fundamental system of cycles is defined 

for general Hausdorff spaces. This definition preserves 

the essential properties of the fundamental system of cycles, 

as defined by R. L. Wilder, for compact Gg subsets of an 

Ie11 space. Let M be a Hausdorff space and let be a 

basis for Hr(M), where Hr(M) is the cohomology space of 

M taken over a field A. Then, by reference to duality 

theorems of S. Lefschetz, there exists, for each a 

cycle Z®EHp(M) such that

The set jZ^ is called the fundamental system of cycles 

for M. A complete uniform structure is placed on Hr(M) 

such that the space of linear combinations of the set 

t*Z^ is dense in Hr(M) relative to the uniform



topology. Suppose we have a mapping which assigns to 

each yg an element a@ r A, where A is the coefficient field 

for the homology. By the duality of S. Lefschetz, there 

exists an element Hr(M) such that Zp.frg = The 

infinite sum aaZp is defined to be this element of Hp(M).

Our main application of the fundamental system of 

cycles is in the proof of the Alexander and Poincare dualities 

for non-perfectly normal generalized manifolds. A second 

application shows the representation of Hr(M) as a weak 

direat sum of spaces H^Mp) induces a representation of 

Hr(M) as the strong direct product of the spaces Hp(MP) 

(each Mp is a closed subset of M).

Hie second part of this dissertation extends the 

higher order cyclic element theory of Whyburn to compact 

Hausdorff spaces. Whyburn’s theory is restricted to compact 

subsets of Euclidean n-space. The main result shows that 

if E is any closed subset of a compact space M, where E 

contains all the (r-l)-dimensional cyclic elements of M, 

then the mapping of Hr(E) into Hp(M), induced by inclu­

sion, is an isomorphism onto. Also, if E^wl, ..... eJ^ 

are (r-l)-dimensional cyclic elements of M,then the inclu­

sion mappings of Hp(Ep_%) into Hp(M) induce an isomorphism 

of TjHp(Er-i) into Hp(M). Some other relations between 

homology and cyclic elements are discussed.

Whyburn has shown that O-dimensional cyclic elements 

have special properties in locally connected spaces. We 

will show that some of these properties do not generalize



to higher dimensional cyclic elements. For example, if 

M is compact and locally connected, and f is a monotone 

mapping of M onto N, then for every 0-dimensional cyclic 

element e£ in N there exists a 0-dimensional cyclic element 

Eq in M such that He^) > Eq. Also, the 0-dimensional 

cyclic elements of M form a null sequence. These results 

are not true in higher dimensions.
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INTRODUCTION

It le the purpose of this dissertation to employ 

the recent advances that have been made in topology (1) 

to remove the restriction of perfect normality in the basic 

dualities for orientable generalized manifolds and (2) 

to place on an intrinsic basis and extend to general com­

pact spaces the higher dimensional cyclic element theory 

that Whyburn created over twenty years ago for compact 
subsets of Euclidean space.1

The dualities for generalized manifolds have been 

given by Wilder, but under the assumption that the spaces 

considered were perfectly normal (that is, the spaces are 

normal and every closed subset is a G5 subset).2 In chapter 

II this requirement is shown to be unnecessary. Further­

more, the proofs are placed on an intrinsic basis. This 

is in contrast to the methods employed by Roberts in his 

dissertation which depended on imbedding in lcn spaces.5

1G. T. Whyburn, Higher Order Cyclic Element Theory. 
American Journal of Mathematics, Vol. 5b (1935), pp. 133-146.

o
R. L. Wilder, Topology of Manifolds (hereafter 

denoted by T.M.) American Mathematical Society Colloquium 
Publications, 1949, p. 185.

^R. A. Roberts, Dualities in Generalized Manifolds. 
Doctoral Dissertation, University of Michigan, C1953).
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Chapter I is devoted to the preliminary material 

on homology and cohomology needed in the later chapters, 

particularly to the development of the notion of a funda­

mental system of cycles. The fundamental system of cycles 

provides a method for analyzing the structure of the homology 

epace Hp(M) and for analyzing the relation between the homology 

space Hp(M) and the cohomology space H^M). In the sequel 

the homology and cohomology will be taken over the same 

field A as coefficient group»

The construction of a fundamental system of n- 

dimensional cycles as given by Wilder requires, again, 

that M be a compact Hausdorff space and also that N be 

imbedded as a G% set in a locally compact lcn space. Under 

these conditions the construction of a fundamental system 

of cycles produces the following structure.

1. A metric is assigned to the space Hr(M). This 

metric space is complete.

2. A countable set [f of cycles, called the 

fundamental cycles of M, is defined. If hJ(M) is the 

subspace of Hr(M) which is generated by all linear com­

binations of the set / z£ j, then h£(M) is dense in Hr(M). Let 

I al[^ (TAi, where Ai = A is the coefficient field of Hr(M) 

and Hr(M). Let Sn « ^aiZp. Then the sequence {Sn | is a 

Cauchy sequence in Hr(M), hence converges to an element 

Zp EHy(M). Therefore,a mapping Y^TTAi —* Hp(M) can be 

defined. This mapping is an isomorphism onto. Thus,any 

Zr € Hr(K) is uniquely represented as an "infinite sum"
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oO 
of the form 

i *

3* A set of cocycles of M is defined such 

that = Sij. The set is a basis for Hr(M).

Then, if = Zy, by linear extension to all of Hr(M) 

a mapping P;Hr(M) —»Hy(M) can be defined. This mapping 

is an isomorphism of Hr(M) into Hy(M), such that p(gr(M)) * 
h£(M).

In Chapter I these results are extended to the case 

of a general Hausdorff space M. Dual systems, as defined 
by S. Lefschetz, are used.1 Roughly speaking, the vector 

spaces G and H over a field A form a dual system if G is 

the direct limit of finite dimensional vector spaces Gv, 

and H is the inverse limit of vector spaces Hv, such that 

Gv and Hu are dually paired by a scalar product. Thus, 

H corresponds to Hr(M) and G corresponds to Hr(M). By 

using the duality theory of S. Lefschetz2 a structure 

analogous to that described above for Hr(M) and Hr(M) 

is constructed.

1S. Lefschetz, Algebraic Topology (hereafter de­
noted by A.T.), American Mathematical Society Colloquium 
Publications, (1942), p. 67.

1. A complete uniform structure is placed on H.

2. A dot product between G and H is defined. This 

gives An orthogonal dual pairing of G and H to A. Let 

fga] be a basis (not necessarily countable) for G. Then 

a mapping ^G—> H is defined such that, for every pair

2Ibid,,Chapter II.
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(
' fo.a * p 1

1R. L. Wilder, T. M., p. 248.
2

R. A. Roberts, Dualities in Generalized Manifolds.

3. If Hf =■ P((l), then Hf is dense in H. An "infinite 

sum", £aa )°(ga)» ie defined. This sum will "converge* 

to an element of H for any ^a^^A^ (Aq = A for all a). 
Furthermore, h * ^(h.ga) v°(ga) for all h«H. *

Once this algebfalc structure has been set up 

it is applied to the following four homology spaces.

1. A fundamental system of cycles is defined 

for Hr(M), where M is a Hausdorff space and Hr(M) denotes 

the Cech homology group over a field.

2. A fundamental system of infinite cycles for 
^r(S) is defined, where S is a locally compact Hausdorff 

space and ^r(S) is defined according to Wilder.

3. A fundamental system of cycles for HO(M) is 

defined. Here Misa Hausdorff space and HO(M) is the 0­

dimensional reduced homology group on M.

4. Let M be a closed subset of a compact space S. 
Let Hp(M; B) « i^tO), where 1* ;Hr(M)---- » Hp(B). A funda­

mental system of cycles for Hr(M;i) is defined.

Roberts, using a different method, has constructed 

a fundamental system of cycles for Hr(M) in case M is a 

compact subset of a locally compact lon space.2 He has
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also obtained a fundamental system of infinite cycles for 
£r(S) in case S is an open, lcn subset of a compact space.

In Chapter 11 the fundamental system of cycles is 

used to remove the restriction of perfect normality In the 

proofs of the Poincare and Alexander dualities for gener­

alized manifolds. A slight modification of the proof given 

by Wilder in T. M. for the Poincare duality shows, without 

the restriction of perfect normality; that if S is an ori­

entable n-gm, then hr(S) = hn_r(S) for o * r n. Here 

hr(S) denotes the space of compact r—cocycles of S and 

^n-r(8) denotes the space of compact (n-r)-cycles of 8.

If S is an orientable n—gam and M a proper closed 

subset of S, then the above form of the Poincare duality 

is used to show that Hr(M;8) « hn-p^CS-M; 8). Here H^(M;8) = 

where i*:HI’(S) —» Hr(M) is induced by inclusion 

and hn-p-i(S-M;B) ig the space of compact n—r—1 cycles in 

S-M which bound in S.

The notion of a fundamental system allows these 

dualities to be stated in terms of homology alone. For 

instance, if S is a locally compact space, then a subspace 

of (p(s) is defined such that ££(S) = hr(S). Then 

the Poincare duality becomes $£<S) = hn„r(S).

Chapters III and IV represent an attempt to generalize 

and expand the higher dimensional cyclic element theory. 

This theory, as originally given by Whyburn in 1935, was 

restricted to compact subsets of Euclidean n-space.1

_ XG.T.Whyburn, Higher Order Cyclic Element Theory, 
pp. 133-146.
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In Chapter III the cyclic element theory is developed for 

compact Hausdorff spaces. An r-dlmensional cyclic element 

is a maximal set which can not be disconnected by any set 

which does not carry an essential r-cycle (augmented ho­
mology).1 * 3 If r-= o, this gives a maximal set which can 

not be disconnected by a single point. An r-dlmensional 

cyclic element is called an E^set. The main theorem state® 

that if E is a closed subset of a compact Hausdorff space 

M, such that E contains all the E^sets in M, then i*îHr(E)—* 

Hr(M) le an isomorphism onto (1# is the mapping induced by 

Inclusion). Puckett has shown that this mapping is onto 

in case M is a compact metric space.2

1A cycle Zr on a space M is essential if Zr has 
a carrier K in M such that Zr does not bound on K.

W. J. Puckett, Jr.» & Theorem Concerning Homologies 
in a Compact Space, Fundamenta Mathematicae, Vol. 31 * 
71938), p. 22.

3 
G. T. Why bum, Analytic Topology. American Mathe­

matical Society Colloquium Publications, 1942.

Chapter IV is concerned with the properties of 

cyclic elements in lcr spaces. Whyburn gives several use­

ful properties of the O-dimensional cyclic elements in lc° 

spaces.3 Unfortunately, some of these properties do not 

generalize to the higher dimensional cyclic elements. 

For example, if M is compact and locally connected and 

if f is a monotone mapping of M onto N,then, for every 

O-dimensional cyclic element E" in N, there exists a 0­

dimensional cyclic element Eq in M such that f(Eq)5 Eq.
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Also, the 6-dimensional cyclic elements of M are locally 

connected and form a null sequence. It is shown that these 

results are not true in higher dimensions. There does 

not seem to be any connection between the r-cut points of 

M and the Er sets of M. The connection between sets 

and O-cut points is useful in the analysis of the structure 

of oactoids.^

T. Whyburn, Analytic Topology. Chapter IX.



CHAPTER I

COHOMOLOGY AND HOMOLOGY IN GENERAL SPACES

1. The definition of a dual system of vector spaces.

DEFINITION 1.1. After S. Lefsohetz we call a 

structure satisfying the three conditions given below a 

dual system of vector spaces.

1. Let (G*", 7T"vj be a directed system of vector 

spaces over the directed set V such that each Gv is a 

finite dimensional vector space over a field A. Let G = 

ll^fG^n^ .

2. Let jHp, be an inverse system over V such 

that each Hv is a finite dimensional vector space over A. 

Let H 3 ^im jHy, v.

3. For each vty, Gv and Hv are orthogonally dually 

paired to A.  If ) is a pair with and if g^ G^ 

and hv £ H^,,then ^v(hv^»g^ =»

*2

^S. Lefschetz, A. T., p. 67.

2R. L. Wilder, T. M., p. 162.

^S. Eilenberg and N. Steenrod, Foundations of 
Algebraic Topology. Princeton (1952), Chapter VIII.

We define the projections 7TV:GV—» G and tt^ih—»HV 

according to Eilenberg and Steenrod.Thus,TT^h) is the

8
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v~ component of h and Tr^g^) ie the "equivalence class 

determined by gv". We call G and H the base spaces of 

the dual system.

Lefschetz has shown that the following scalar 

product induces a dual pairing between G and H.1

1S. Lefschetz, A. T., Chapter II, (20.8).

^Roberts, In DuaHtles In & Gen. Manifold, has 
defined a slmlllar topology.

5The mapping H —> Hv is defined in section 1 
and V is defined in definition 1.1.

^J. L. Kelley, General Topology. New York (1955 ) ,p.176.

DEFINITION 1.2. Given ge G and h*H define geh 

by selection of a G^ and a g^f G^ aubh that ^(g*) » g 

and then setting geh = g^e K (h)j.

2. The construction of & uniform structure on the 

vector space H of the dual system.

DEFINITION 2.1. For each V let %, = {(hlfh2) TT v (h^) = 

^2 • Thus,*^ Is a subset of H x H.^>3

THEOREM 2.2. The set taken over all v forms 
a base for a uniformity on H.^

PROOF. The following statements are easily veri­

fied:

(1) each Vv contains the diagonal;

(2) for any Vy , °C » Vy” ;1

(3 ) for any , % dV^ = % ;
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(4) given any pair , Tl/g there existe a such 

that C- ^^2*

Hence, H is a uniform space with MCI as neighbor­

hoods of the diagonal. This uniform-space topology is equi­
valent to the linear topology defined by LefschetzA

THEOREM 2.3» The above uniform space is Hausdorff.

We shall omit the proof since it is quite straight-

forward.

THEOREM 2.4. The uniform structure on H ,1s complete.

PROOF. Assume that {sa>a £ Dj is a Cauchy net on 

H (that is, [sa, acüj is a net and for any *V5 there exists 

an av such that a, p > au implies (S@ x Sp ) < % ). We shall 

define an element h° = |h?| £ 11m and show that

the net converges to h°. Given choose an av such 

that Sa x Sp for a,p ? au. Now, choose an h(a„)£ .

Let h°"= ^(h(aj). We must show that Implies ^(h®) - 

h°. Since [Sa, is a net, we may choose an Sp such 

that Sp x Sac %, and Sp x Select an element h(p) £ Sp

Then since Sp x S^9^O, and'h(av>£Sa^, we have JMh(p)) = 

77^(h(ap) ) * h$. By the same reasoning (h(p) ) = n^(h(a//)) = 

h®. Then ^(h2) = ^<^<h<^>) w ^<h<^)) = h®. Thus, 

h° - h^ c H. Now, we will show that the net converges to 

h°. That is, given any neighborhood U of h°,(here the

^S. Lefschetz, A. T., p. 75.
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neighborhood is of course taken in the uniform-space topology) 

we must show the existence of an a such that Sp < U for 

P>a. Any heighborhood of h° can be taken in the form 

Uv = ^h|h f H, Vv(h) » iTu (h° )}, where vis some element of 

V. Given Uv, take av, h(a^) and h^ as defined above in the 

construction of h°. Then 8^ x 8^ for p?av (that is 

7Tv(h) - TçChCa^)) » h° « K(h°) for all h c Sp). Thus, SpcUu 

for This completes the proof of the theorem. We

have shown that H is a Hausdorff, complete uniform space.

3. Construction of an isomorphism *:G—» H.

LEMMA 3«1. Let B = ga| be a basis for G. For 

any ga c B, there exists fin hQ £ H such that ,

= [o: “ ; l -

for all gp £ B.

PROOF. For any ga € B, we may define a linear mapping 

fQ:G —» A (A is the coefficient field) by taking for each gp*B

" U it U f

and then defining fa:G —>A by linear extension. Since 

G and H are dually paired, there exists an h@ c H such 
that h£g = fa(g) for all g £ G.1 In particular, ha, gp =

W - [à: u f •

^S. Lefschetz, A. T., Chapt. II.
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DEFINITION 3.2. Let fga| be a basis for G. Then 

ga—f hQ (h@ is the element of H orthogonal to ga) de­

fines a mapping of fga| into H. Let p:G—» H be the linear 

extension of this mapping. Let ^(G) be denoted by Hf. 
Thus, Hf is defined relative to the given basis for G.

THEOREM 3.3. The mapping *:G —’ H is. an isomorphism 

into ; furthermore. is unique relative to a fixed basis 

fga|under the requirement that

- {à; I
PROOF. First, pls an isomorphism. Suppose

P(g) = 0 for some gt G.

for 1 = 1 S n. But then

Now, g = Z aig^' where ga f f I
He)] -ga% - WaieaJ-Scu = &1 = 0 for u 1 : n. 

X I Il I 1
Hence, g = 0. ' -

Suppose there were two mappings and such that

-83 =

11, a = 3
Then [^(g^) - 2(ga0 '^3 3 0 all g^, and thus ^(g^) = 

^(ga)-

LEMMA 3.4. Let fhp( be a subset of H such that . 

for any wV, T^(h^) = 0 for all hpf except those in a finite 

88t (hp^, ...., hpn). Then there exists an element h°f H 

such that 7Tv(h°) = ^(hpi) +. . .+ ^<hp^).

PROOF. Define h° = ^(h^ 77^(hpn). Then
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jh°] determines an element h° of H, since = h® if

. This follows from the fact that 7rv(hp) = 0 implies 

n^(hp) — 0.

DEFINITION 3.5. If the set [hpf of elements of 

H satisfies the condition stated in lemma 3*4,then define 

^(hp) to be the element h° / H whose existence is demonstrated 

in lemma 3.4. Then we say that hp converges to h°.

LEMMA 3- 6. Let fga] s B be a basis for G. Let p 

be the mapping defined in definition 3.2. Then for each 

vfV, M^(ga) ) = 0. except fo£ a finite set (g^, 6^»

PROOF. Since G^ has finite dimension, there is 

a finite subset (g^, g^) of B 3 f ga^ whose linear

^S. Lefschetz, A. T. , p. 80. Lefschetz has proven 
this lemma using a different definition of the infinite 
sum faaKga).Oi

combinations generate TT^(G^). Thus, for any g^f G^, we 

have TT (gu) - -^aigai. From lemma 3*1 we have 
j - ^(gp)]*^aigaij =^ai[)»(gp)].gai = 0 

if gp (gai, gQ^). But G^ is orthogonal to H„, and -

therefore ^(^(gg)) ^ 0 if gft / (g , -----, g ).
h p

LEMMA 3. 7. Let I ga j be a basis for G. Then h = 

(h• ga)X’Cga) for all h*H. Furthermore, all sums of the 

form £aa^(ga) (where aa<A) converge to an element of H.1

PROOF. The convergence of any sum of the form 

ga) is assured by lemma 3.6. If h is an element of
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H, let h° = ^(h.ga)X?(ga). Then by definition 3.5 and lemma 

3.6 there is, for each v , a eet (g^, —, g^) such that 

77L(h°) = (h.ga) ^(^(g^) ). For ahy gpfB, there is a V 

and a g^ f with 7F^(gp) * gp. Then ^(^(gp)

^gp * 1 ; henoe^ ^^gp) 4= 0. Thue ,

we may assume ga^ * g& in the representation 7/^(h°) = 

(h.g^) 7?^ (/°(gai) ). Therefore, gp»h° * gp' «[^(h0)] = 

è (h.g^ )(^() )[« gp - h.gp. Thus, hp.gp = h.g^ for 

all gp,which shows that h = ^(h.ga)p(ga).

THEOREM 3.8. The space Hf defined In definition 

3.2 is dense in H (relative to the uniform-space topology).

PROOF. We must show that any neighborhood of any 

point h°f H contains a point of Hf. If h° « H,then any 

neighborhood of h° is of the form Uv(h°) = fh^77L(h) - 

7Tv(hP)j, where v is some element of V. By lemma 3.7 ^(h0) = 

(h°*g^ ) 77L(>^(g^ ) ). But (hp^g^ )^(g^ ) is an element 

of Hf, and therefore is dense in H.

THEOREM 3.9. If (h^-, - h^ ) are linearly inde­

pendent elements of H.then there exists a 

gak« • • • 6a • • ♦ ) Tor °, such that P(g^ )

baglB (gai, -•- 
= h1 for 1 1 = k.

PROOF. By theorem 18.25, p. 164, in T. M. and

the dual pairing of G and H there exists a subset (g 
«1’

6°k of G such that h • = 5V Consider all

sets Cjc g such that:

(1) 1 - » Gy ;
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(2) the elements of Oy are linearly Independent!

(3) If gf CT and g / (gap - , ga% h then g.h± = 0 

for 1 M i t

Order the sets Oy by inclusion, that is 0a > Oy' 

if Oy p Oy». Then, given any simply ordered collection 

of the sets Cy, the union of the elements of the collection 

produces an upper bound for the collection. The union is 

easily seen to be a Cf set. There exists at least one 

0y set, namely (gap gaM)• Hence, the hypothesis of

Zorn’s Lemma is satisfied, and therefore the collection 

of sets fC3] has a maximal element. Denote one such maximal 

element by 0m. Then 0m is a basis for G. We know by 

definition that the elements of O^ are linearly independent. 

We must show Cm generates G. If not, then we could aug­

ment Cm by an element go f G such that go was independent 

of the elements of Cm. Let go = go - (h3-. go )gai- Then

go is independent of the elements of Cm. Also, g^.h^ * 0 

for 1 s i 3 k. Hence, Cm is a basis.

By lemma 3*4 there exists a mapping f:G—> h such 

that

where ga| denotes the elements of the basis Cm. Since 

2Î SI

for 1 É 1 = k, the uniqueness of 'P implies that ^(gai) = h^.

REMARK. Theorem 3* w does not hold for a countably 

infinite set of linearly independent elements of H. We
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will construct an example to demonstrate this fact. First, 

we must construct a dual system of vector spaces. Take 

the directed set V to be the set of positive integers 

with the usual ordering. For each n «V let = TTz^ * 
Jr

where Zg = Zg is the field of integers modulo two. Let 

Hn and Gn be paired to Zg by the usual scalar product. 

If m>n then = Hn x TTZ§. The projection 1of 

into Hn is defined by mapping JTZg into zero and mapping 

Hn onto Hn by the identity. Since V is well ordered, 

TT mn can be defined such that the required permanence 

relations hold. The mapping of Gn into G& is defined to 

be the dual of 77^.

Choose a basis fgif for G = llm^G„, TT^j. This 

basis will be countably infinite. Let be the funda­

mental system dual to ^gj^ that is, h^ = P(g^ ), where p 

is the mapping defined in definition 3.6. We have shown 

in lemma 3*7 that any h f H = lim[Hn, can be repre-

sented uniquely by the infinite sum

Conversely, any infinite sum is equal to

an element hf E with h.g^ = a^.

where

We will

Suppose
K

For each positive integer define hn " ®njh

an

show that the elements hn 
k

are linearly 
r X

Independent

= °- Now, gni.h = gn^l^hni 

oe anim = 1 for n. n-, and
ll nl 
- 0.

h = i hni

n

n

“n = ° n = n
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But h = 0, and therefore g^.h = k-1 ■ 0. This shows 

that k must be odd. We may assume nk * 1 * for i » 1,2 

.......... % Then w. haT. (gn^+f) «F + 1 " k " °- 

But this is not possible, and therefore the elements {h^| 

are independent.

Suppose there exist elements g^ £ G such that g^.hj 
81j. Since jg^J is a basis, we would have g^ = X a^g^ 

for some set (a^, .... ak). We have g^.h^ = K &igfh^ =

" ^1 ^2 • • • + an~l * 0 * &n+l + ak, since

- [oil Î n-

Therefore, we have _ __
^1 ' ^1 ^-2 + ' - - * &n = 1

^1* ^2 = al G a^ + ... + a^ 0

^l"^n " al + a2 + *•• + ° ~ 0

This implies (n-1) (a^ + ... + a^) = 1. But gx-^n+1 = 

al * a2 * ' * an = 0. Thus, we can not have elements

such that hi.gj = j«

REMARK. One attempt to set up a fundamental system 

of cycles led us to the consideration of a problem con­

cerning direct limits. Suppose and [Gy, J

are direct systems over a directed set V such that;

(1) Fv = GP for all vfV;

(2) Fv is a finite dimensional vector space over 

a fixed field A for all vrV;

(3) and tv/4 are isomorphisms into for any

V*M c V. Does it follow that lim{G^,7^| = lim(HP,^i ?
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We will construct an example in which lim^Gv,^^ * lim^EL, 

Let ® = f 0] be the set of all ordinals of the 

first and second kind. Then @ is uncountable. For 

each positive integer n take
Vn * {(ei, ®2* ••• en^ 0ir % ei * ej for i * jj. 

oo
Then define V = U V-. Define an order relation in V by hel “
setting , en) < (0p .. .. ©J) if and only if for

each 1 ® n there exists a 0j such that = ©j (that is 
n m i

Y J e Then V becomes a directed set under 

since, for u,//, and p £ V:

(1) v< v ;

(2) v</v, p implies y< p;

(3) given v, yu there exiats a p such that p >y and 

p > v .
n 

If y = (e^, ... , en), then define Fu = =yzj, 

where Zg = Z2 represents the integers modulo two. Then a 

basis for Fv = Gy is:

^1 = (1, 0, ..., 0)

f2 * e2 * (0, 1, 0 . . ., 0)

fn = 8n = (0, ...0, 1).

For ^>v define ^^Gy —> G^ by ^(g^) = gf (extend linearly 

to all of Gv). Then we can show:

(1) TVjU is an isomorphism into;

(2) if At'iVyp, then 7^ = 7^^
It v = (e^.............en), (®J, ... e^) and

then define ^yZFu —> Fby 77^y(f^) = where j is 

such that©! = ©J ( extend linearly to all of Hv ). From
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the definition of the partial order in V we oan show;

(1) ir^u ie well defined;

(2) la an isomorphism;

(3) implies 7a rr^rr^p

Now, we will show that 11mf } is countable.

For each n à 1 choose a vn = (e^, ... ©n)£ v. Then the set

h

generates limf Gy (gi^ is the element of 11mfGv ,tum j

determined by g^n). For, given any... , ej), there 

exists a pcV such that and p>^n. Consequently, 

^<(gl ) = = ^n^i^^ and therefore * g^n. But,

the set taken over all a, and all allowable 1, gen­

erates lim ÎGV, 7^ . Therefore,

generates lim[Gy, K^\ . Since we are working over Zg, lim^Gv,72 

is countable.

Next, we will show that lim[fv,] ls uncountable.

If V» (^) and (^2^ then f^ * fj, for otherwise we 
would have an element P= (e^, ..., ej) such that =

7^(ff). But this would imply the existence of an integer 

J such that ©i « Gj = which is impossible. Since 

V is uncountable, lim^Fv,must also be uncountable.

4. Applications to homology theory.

THEOREM 4.1. Let G be the weak direct sum ^GP
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of subspaces Gp (that is. for anx gf G there is. & unique

For each pt P, let Hp c H be the annihilator of Z Gp?. Then

H le ÏBomorphlc to the strong direct product of the spaces

HP.

the

b ZhP, where

infinite sum is defined in definition 3*5

B =

PROOF. Choose a basis Bp for each space Gp. Then 

Bp is a basis for G since G = Gp. Let P:G —+]

be the isomorphism defined relative to the basis B according

to lemma 3-1 • We will show that h £ Hp if and only if

Kef Bp

If gp£ Bp* ( P* P' ), then

«a
o,

since Bp- and Bp are disjoint. Thus, h annihilates Any

h £ H can be represented as

Kqe Bp

If h annihilates •P', then h»ga =* 0 for all ga* B-Bp,

and therefore

h = (h.ga))°(ga).
Ba Br .

Let h £ H be represented by

h = (H.ga)P(ga). 
gafB
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For this given h,let 

h» - (h.ga)P(ga). 
Kef

It is easily seen from definition 3»5 and. lemma 3.6 that

h * (h*g^)^(g^) » (h.ga)f(ga) »ZhP
g^B f ga‘B^

Note that hf c Hp. For any hp t HP,we have 

hp = Z Chp«ga)x>(ga). 
ga£ Bp

Therefore, the mapping of H into Hp, induced by the re­

presentation of h c H as hp, is an isomorphism onto, p

COROLLARY 4.2. Let M be & compact Hausdorff space 

and let fMpJ , for p&p, be & collection of closed subsets 

of M. Let i*:Hr(M) —» Hr(Hp) be the mapping indueed by 

inclusion. For each Hr(M), suppose i*(^r) =* O except 

for a finite set 1*(ÿr), ...» i^(yr). Also, suppose there 

exists for any Xp* £ Hr(Mp) c Hr(M) such that i*(^) = 

bp and ip-. (br) = 0 if p* p‘ . In other words assume 

the mappings $i*| define an isomorphism of Hr(M) onto 

the weak direct sum p^Hr(M<) of the spaces .

Under this assumption Hr(M) is, isomorphic to the strong 

direct product T^HpCMp). Furthermore. this isomorphism 

is natural in the sense that the image of an element 

{ Zp| f 77Hp(Mp) is ^^i«(ZJ.), where the infinite sum is 

defined in definition 3.5»
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PROOF. By assumption, we have an Isomorphism 

y.:Hr(M)---- , ^Hr(M) ) such that Let

G * Hr(M), H = Hr(M), and . Then G is the

weak direct sum of the subspaces G^ and we can apply theorem 

4.1.

If Zy = 1*(^), for some z£ Hr(M^), then Zr.Yr =

1 ♦ (Zp ). Ÿr * Zp. 1 # ( ), for any ïrHr(M) = G. For any

yr 5 • we have i*(<r) = 0. Thus
pt p-/» '

talned in the annihilator of G». .
<° c P v

i'<(Hy(M/O)) is con- 

Assume a basis

for G^ and a basis B of G have been chosen according

to theorem 4.1. Let be the annihilator of , Z .
P C TV'

Then if h^t H^, we have
h^ = g^cB (h.ga)p(ga), where v> is 

defined in theorem 4.1. If is the basis for G^, then 

the set ji*(ga)}, taken over all gac , is a basis for 

Hr(M^). Therefore, we can define a mapping

relative to |l*(ga)J for gae B^, according to lemma 3.1.

Then

h = Z (h.g )p'(l*(ga))

is an element of Rp(R^). Now, ga.i*(h/>) = 0 if gaV B , since 

l^(Hr(M^ ) ) is contained in the annihilator of A G-^ .Z'c P-r
Also, ga. [1*(KZ)J = l*(ga) .h^ = h/,.ga for ga c B. Therefore 

l#(h^ ) = hz. Hence, l#(Hr(MP) ) = H^ls the annihilator of

& . By theorem 4.1 H = 77H^ = ). Fur­

thermore, by theorem 4.1, the image of any {h^j 77"l#(Hp(M^) ) 

is 1 h^, where this sum is defined in definition 3.5.



23

THEOREM 4.3. Let H * lim { Hv, and G * 

lira Ï Gv, b& base spaces of a dual system over the 

directed set V. Assume H = |lm j Hv, and G = limG\ 

are also base spaces of another dual system over the same 

directed set V. Let f*:H —9 H and fÎG —» G defined by 

mappings fu îH, —» Hv and f" !GV—♦ Gv such that 7^u(fv (hv)) = 

r^( 7F^(hv)) and TF^Cf^^)) = f"( ^?)) for Also.

assume that fv and fv are dual mappings. Define H = fZ^(o) 
*» G ~ ~

end G = . Then H and G are base spaces for a dual 

system of vector spaces.

PROOF. We must construct the required dual system.

Let V be the directed set for the dual system. Define 
Hv = (fv) ^(0). Then Hv c hv is a finite dimensional vec­

tor space. Let 77^ be the restriction of 77^to Hv.

Then T^u maps Hv into for since (h^)] = f^fTTivChv)). 

Also, TTV v TTy p y for ^>^2^1* ThusjHv,^}

is an Inverse system. If h £ H,then h = | hvJ and f#(h) * 

(fv (hv )^ = 0. Then fv(hv) = 0 for all v < V, and hence, 

hv & lim|hy, • If /hy} £ limfHy,7T>v] , then Jhvj 7 H,

since f*(|hu) ) = jfu(h^)j = 0. Thus H = llm?Hv, .
-u av

Let G = . If then 7F^(f^(G^) ) =
f ^TF^CG^) c f W(5P). Therefore, Induces a map zr^îG^—» G\

Consequently, = 7T^ for ^^^2'^3' Also,

Gv is a finite dimensional vector space. Thus )gv,

is a direct system. We will show G is isomorphic to 

llmjG , trMV^ . If gt G, then choose a representative g < G
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of g. Then choose a representative g^ of g. Consider g^ 

as an element g of Let *(g) = ^"(g'' ). If = gg + f*(g) 

for some g « G, and if g^ and gg^ are representatives of 

gl and g2, then there exists a suoh that ^^(g^1) =

gg*2) + f^g^ Thue, y is well defined since ^^(gj^) = 

TF^r^(g^) =7r-M7r"‘/2(g^2) + . ^2(8^2; + f,(g).

It is not difficult to show that is an isomorphism onto» 

Thus, G = lim|G\ 7T^ .

Now, we will show that Hu and G„ are orthogonally 

dually paired. First, define a dot product between Hv 

and G . Given Hut H^ and g < G choose a representative 

gv c ^of gv, and then define h^ • gu = hv*gv(note that h y r H„ 

and Hv and Gv are orthogonally dually paired). If g£ * 

82 + f then hy.gi = hv,g£ * hy.f^(g") ■ h^.gg * f^(hu).gK= 

hu.gg. Therefore,this dot product is well defined. If 

hy * 0,then there exists a gur G^such that h^.gv = 1. 

Let gu be the element of G^ determined by gv, then hv.gu = 

hk.gv = 1. If gv * 0,we will show the existence of an hv 

such that hy.gv * 0. Choose a representative g^r G^. 

Then gv = ^i^l&l' where }g^| is a basis for Gv. Assume 

we have chosen this basis such that g^, ...., g^ is a 

basis for f ^(G^). Since gv * 0 , gv t f ^(G^). Therefore , 

aiQ * 0 for some io)B. Let < Hv such that hy°.gj » 

Sloj (note that G and H v are orthogonally dually paired)• 

Then hy°.g" * a1° + 0. Also, fv(hjo) = o, for if not,then 

there exists a gu with fy (h^).g^ * 0 (note that G "and Hv 

are orthogonally dually paired). But, tv(h^°).g" =
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h^o.f v(gv) # o and f^(g^) *^ei8i implies h^.f ^(g ") * 0. 
_ A* * V

Thus, h v° £ Hv , and therefore G and Hv are orthogonally 

dually paired. Also, ^(hvleg^ = h^ for any h^r H v

and any G^ since ) .g^ = hvr^^Cg^) for any h^< Hv

and any g^c G\ Thus,we have constructed a system with 

base spaces G and H.

Let M be a compact Hausdorff space. Let H^M) 

and Hr(M) be the r-dlmensional Cech homology and cohomology 

spaces taken over a field A. Then Hy (M) = ^imfHp(^), TrWM j 

and Hr(M) = 11m |Hr(^), , where HpW and Hr(V) are

finite dimensional vector spaces over A and Truand 77^^ 

are linear mappings, it is well known that H^(^) and HyM) 

are orthogonally dually paired to A. If L/ylT, Zpi^cHpOf), 
and i HrW, then =« .ÏT W ?

If we let Hp(M) = H and G = Hr(M), we obtain a dual system 

of vector spaces. It must be noted that the definition 

of the dot product given in definition 1.2 is exactly the 

same as the usual dot product between Hp(M) and Hr(M). 

Therefore, the theorems proven above all hold when H and 

G are replaced by Hp(M) and Hr(M), that is, Hp(M) and 

Hr(M) are the base spaces for a dual system.

DEFINITION 4.4. Let M be a compact Hausdorff 

space. Given a basis for Hr(M), a mapping 

y>:H^(M)—Hr(M) may be defined by definition 3.2. The 

set Wa)| is called a fundamental system of cycles for 

Hr(M). Define H^(M) to be pfH^M)).

1R. L. Wilder, T. M., pp. 160-161.
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Let 8 be a locally compact Hausdorff space. Let 

8 be the one point compactification of 8 by the ideal point 

p. Define the "infinite homology" space of 8 to be Hp(S,p) 

and denote it by ^(8). Define compact cohomology as Hr(S,p) 

and denote it by hr(S). These definitions agree with those 

given in Chapter VIII of T. M. Let be a finite covering 

of 8. Let be the nerve of #. Let p# be the sub­

complex of 8# composed of simplexes which are on p. Let 

Hp(S^ » p^ ) be the r-dimensional homology space of S„ , 

modulo p^ , taken over the field A. If let

, p^ ) —* Hr(S^, p^ ) be the map induced by 

the projection of M into Vt. Then we have an inverse sys­
tem ^Hp(8^ >p^ ), /7"yrwf . By the definition of Hr(S, p), 

^(8) = Hp(8,p) = :ym{Hp(Sp,pM,),7rm/] . We may define 

Hr(S„,p„) and TT^ In a manner analogous to that given above 

for homology. Then ^H^(8^, p^. ), ( 18 a direct system.

By the definition of Hr(S, p), hr(S) = Hr(S, p) = 

lim[Hr(S>,y, . By exactly the same reasoning as used 

above for the case of Hr(M) and Hr(M), we can show that 

^p(S) and hr(S) may be taken as the base spaces, H and G, 

of a dual system of vector spaces.

DEFINITION 4.5. Let be a basis for hr(S) 

and let f'h^(S) —* ^p(S) be the associated isomorphism. 

Define ^(8) = ^(^(S)) and call a fundamental sys­

tem of cycles for ^r(S). '

We will now show that the 0-dimensional reduced
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homology and cohomology, HO(M) and H°(M), over a Hausdorff 

space M are the base spaces for a dual system. We will 

use theorem 4.3 to prove this.

Let PQ be an ideal space consisting of a single 

point. Define a mapping F:M ■—i Po by F(x) = PQ for all 

% c M. Then F Induces mappings F#:HO(M)—» HQ(PO) and 

F*îH°(Po) —* H°(M). The reduced ©-dimensional homology 

and cohomology spaces are defined to be HO(M) = F^-(o) and

Let f Vt] be the set of finite open coverings of 

M. Let fw] be the directed set V of theorem 4.Then 

let H = HO(M) = llm^Ho(^ ), tt^\ and » = H°(M) « 

llm^H°(^/ • Then H and G are base spaces of a

fundamental system over j ] = V. For each JY, let ) = 

HO(PO) and H°(^) = H°(PO). For L/^,let tt^ and^# 

be the identity mappings. Let H= limj Ho( W ), 7 and

G = lim|H°(),tç* ( . Then H and G are base spaces of

a dual system over = V. It is obvious that H = 

Ho(PQ) and G = H°(PO). For each fY , let f^ îH0(î7) —* HO(27) 

and f :HO(^ ) —be the mappings Induced by the 

slmpllolal map which carries each element of 27 into PQ. 

Then f^ and fare dual mappings such that 

andTT^^f^ =fW . Therefore, [f„< and 

)f**j Induce mappings f#:H = Hq(M)—> H = HQ(P0) and 

f*î5 = H°(PO) H°(M) = G. We will show that f, = F# 

and f* = F*. Let be the covering of M consisting of
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the single open set M. Let fyfM be the isomorphism of 

Ho(^/y) onto HO(PO) defined by the simplicial map which 

takes the element M of into Po. If Zo e HO(M) then 

F#(ZO) = f (Zo( ^) ). The mapping is the iden-

itity. Therefore, for any ZO(87 f ( ^^^(ZqC ^ ) ) )

r^„(zo(«^)) - f#(zq) - 7r»7„i7(r„(zo(^))) =» (Zq(M)).

But, r#(zo) = ftw(Zo(W))] - JF.(ZO)Î - F#(ZO). Similar!» 

we can show that f* — F*. Hence, H = = ^(G) =

HO(M) and

By theorem 4.3 G and H are base spaces for a dual system 

of vector spaces. Therefore, the same is true of H*(M) 

and G°(M).

DEFINITION 4.6. Let M be a Hausdorff space. Let 

fyg] be a basis for H°(M) and let -----vHq(M) be

the associated isomorphism. The elements, ( vg) j , of 

Hq(M) are the fundamental reduced O-oycles on M; The space 

Hj(M) is defined to be ^(H°(M).



CHAPTER II

APPLICATIONS TO THE TOPOLOGY OF MANIFOLDS

Next we shall apply the fundamental system in the 

proof of the Alexander and Poincare dualities. Assume 

Q and P are open sets in a locally compact space 8 such 

that Q<P and P is compact. Let Hr(S,Q,P) denote the 

space of compact r-cocycles in Q modulo compact cohomology 

in P. Let hr(S,Q,P) denote the space of compact r-cyoles 

in Q modulo compact homology in P. Assume S is an orient­

able n-gm and take A'n to be the fundamental n-cycle on 
8.1 It is not difficult to see that the cap product in- 

p 
duces a linear mapping 'p:hr(S,Q,P) —» h^ptS^P). This

mapping is defined by PÛT) = P .

LEMMA 1.1. Let 8 be ^n orientable n-gm. Let Q 

and P be open sets in 8 such that Qcp and P is compact. 

Then the mapping y?:hr(S,Q,P) -—^h^_p(8,Q,P) defined above 

is an isomorphism onto for 0 = r = n.

PROOF. The components of 8 are open since 8 is

1R. L. Wilder, T. M., p. 250. 

2Ibid., p. 248.

29
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locally connected. Therefore, only a finite number of the 
— $components of S meet P. Thus, P = y P^, where P^ is open and 

closed in P. Also, Q * Q^, where P^ and is open

and closed in Q. Let 0^ be the component of S which con­

tains P^. Then the closure of P^ is compact and Pi*
Any component of an orientable n-gm is a connected orient­

able n-gm. We will take the fundamental cycle,of

to be the restriction of Pn to C^. By lemma 5.6, p.256, 

in T. M. there exists a mapping of h^S.Q^PjJ onto 

Éy lemmas 5♦7 and 5*8, p. 24?, lemma 18.31, P. 166, and theorem 

1.1, p. 244, in T. M., there exists a mapping of hn_r(S,Q1,P1) 

onto h^S.Q^PjJ. But hr(S,Q1# P^) is a finite dimen­

sional vector space by theorem 1.1, p. 244, in T. M.

Therefore, the vector spaces h^_y(8,Ql,Pi) and hrtS.Q^PjJ 

have the same dimension. The map ^:h^(S,Qi,P^) —« hn_r(S,,P^) 

of lemma 5.6 in T.M., defined by ^(yf) = y J is onto. 

Therefore, the equality of the dimensions of the two spaces 

implies that is an isomorphism. The lemmas of T.M.

used above do not require that S be perfectly normal.

It is not difficult to show that hr(S,Q,P) = 
ijh^S.Q^P^ and hn_r(S,Q,P) = TTh^_^(S,<^,Pi). Then 

any yr£ hr(S,Q,P) is represented uniquely as + -
,... where h^S.Q^P^. Now, >P(yr) = %(^)

and, since each ^ih^S^.PjJ »hn_r(S,Q^i) is an iso­

morphism onto, 'P is an Isomorphism onto.

THEOREM 1.2. Let 8 be ^n orientable n-gm (S is.
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not aeBurned to be oonneoted). Then hr(S) = (S), for

0 é r = n.

PROOF. We will define a mapping ^!hr(S) —• ^n_p(S). 

For any yr $ hr(S), let V-(Yr) = yrn Pn, where Cn is the 

fundamental n-cyole on S.1 Then V- is onto, since any 

^n-r a representative £ ly_p(S,Q,P),

for some Q and P satisfying the conditions of lemma 1.1. 

By lemma 1.1 there exists a h*"(8,Q,P) such that 

a Rn = 2^_p. But determines an element Tr of hr(S), 

and P = Zn_r. Thus % is onto.

If ^(tr) » Zn_p = 0, then Z^.p has a representative 

^n-r c hn_p(S,Q,P), for some P and Q satisfying the con­
ditions of lemma 1.1, such that Z^_r = 0. We may enlarge 

Q and P so that yr has a representative In hr(S,Q,P). 
Then n Pn = Z^-r * °» and thus by lemma 1.1 = 0,

which implies yr = 0.

COROLLARY 1.3» Under the conditions of theorem 

1.2 ^.^(S) * h^-p(S), for 6 = r £ n.

PROOF. This follows immediately from lemma 4.5 

in Chapter I.

LEMMA 1.4. If M .is & proper closed subset of an 

orientable n-gcm s then.S-M is an orientable n-gm.

PROOF. Since S-M is an open subset of S, conditions

XR- L. Wilder, T. M., p. 248.
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A, B and. C on p. 244 In T. M. are obviously satisfied.

We will demonstrate the existence of an infinite 

cycle, f% % ^n(S—M), such that R^0, modulo (S-M)-U, 

for any open set U (non-empty) in S“M. It is easy to see 

that the fundamental n-cycle on S determines an element 
of ^n(S-M). If /\= 0, modulo (S-M)-U, then it is easy 

to prove P ~ 0, modulo S-U. But this is impossible by the 

definition of

We will show that condition d' is satisfied for 

each component C of S-M.^ Let C be the one point compacti­

fication of C by p. Suppose ZP^^n(C) = H^(C,p), where 

Zn is on a proper closed subset F of 0. Define F * F-p. 

Let f : 8 —i C be defined by f(x) = p for % r S-C and f (x) = * 

for x e C. Then f is continuous, since S is lc° and C is 

a component of a open set in S. In addition, f is a homeo­

morphism of S-(S-C) — C onto C-p = 0. Also, f induces the 

mappings fl and f# shown below. These mappings are iso­

morphisms onto, since f is a relative homeomorphism. The 

diagram below is commutative.

Hn ( G, F ) —Hn ( C, p )

(B., ( St6)♦£?-Hn ( S, S-C )

There exists a Z® tHn(S,S-C) such that f#(Z®) = Zn. Since

1R. L. Wilder, T. M., p. 254.
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Zn Is on F, = 0 = Since Is an iso­

morphism this Implies 1,(2®) *0. By lemma 2.3, p. 205, 

in T. M. there exists a minimal closed set K such that 

l»(Zg) = 0 in Hn(S,K), where ---- » H^(S,K),

and ( S-C ) F K S—C. Obviously, K* S-C since Z® * 0. 

Also, K n 0 * C since F is a proper subset of C. Thus K n C ♦ 0 

and K n c £ C. Since C is connected F(K) n C *0. For any 

a t F(K) r\ c choose U and V to be neighborhoods of x such 
that V < U and Pn( S, V, U) — 1.^ Let r*n be the fundamental 

n—cycle of S. Since G is open, we may choose U such that 

S-U ) S—C. Then Z® may be regarded as a cycle modulo ( S-U<). 

Thus aZg = b^ = 0,modulo (S-V), regarding as a cycle 

modulo (S-U) (a and b not both zero). If b = 0, then aZ^ = 0 

in V and thus K is not minimal, since X c F(K) (note that 

b = 0 implies a * 0). Therefore b * 0, and rn = &Z®e 
b 

But this is impossible since Z^ = 0, modulo (S—Q), where 

Q is open and Q c(S-K)n V.

Next, we will prove a form of the Alexander duality.

First, we will define a dual system of vector spaces.

DEFINITION 1.5» Let M be a closed subset of a 

compact space S. Let i*:Hr(S)—»H^(M) and i#:Hr(M)-----? HpCs) 

be the maps induced by inclusion. Define Hr(M;s) = 
l«^(0) and

XR. L. Wilder, T. M., p. 191.

2Ibid.,p. 214.



We will show Hr(M;â) and e ) are base spaces 

of a dual system. Let G » Hr (M) = 11m /Hr ( , TT^ #

H » Hr(M) = 11m {Hr(^),^>7w^ , G = Hr(s) = lim^C^),^} 

and H = Hr(s) = llm|Hr(Wj ) • Then G and H are base

spaces for a dual system over the directed set {*) * V. 

The same is true of G and H. Also, the mappings 1*:G = 

Hr(S) 7 Hr(M) = G and 1#:H = ^(M) ? Hp(S) = H satisfy 

the hypothesis of theorem 4.J in Chapter I. That is, 1* 

and i# are determined by mappings 1^ )—» H1^^) and

iw îHr ( Wm ) —% Hr( Vfi ), where I*7' is dual to 1^. Then, by 

theorem 4.3, H = i*^-(o) » Hr(M;s) and

$ = i*?g) = T*W?sn =

are base spaces for a dual system.

DEFINITION 1.6. Let be a basis for Hr(M;s) 

and let s )---- ?Hp(M;s) be the associated isomorphism.

Then the elements of the set f called the funda­

mental cycles of Hr(M; e ) and ^(H1* (M; s ) « h£(M;s)«

DEFINITION 1.7. Let M be a closed subset of a 

compact space S. Let J*:hr(S-M)---- » Hr(S) and K#:hp(S-M)—»Hy(S) 

be injections. Then define h^(S-M;s) to be (j*)“1(0) 

and hr(s-M; s) to be K^Co).

LEMMA 1.8. Under the conditions in definition

1.7 h^^C S-M; s ) = Hr(M;s).



PROOF. Consider the exact sequence:

<-5- Hr(M) ♦.i*-Hr(S). Since

81*(Hr(s)) = 0 and J* 6 (Hr(M) ) = 0,6 Induces a mapping 5 

of

Hr(M;s) = Hr(M) rwTsD
Into h1**^(S-M; e ). Since h^^(S-M; s) = (j#)"*^(O) and since 

the above sequence is exact, T Is onto. That Is, given 

any h%"*"^(S-M) such that = 0 then there

exists a yr t H^M) such that 8^^~ Also, is

an Isomorphism, since S(ïr} = 0 for H^(M;s) implies 

yr has a representative such that 0.

But, by exactness, c l*(Hr(S) ). Therefore, = 0 in 

Hr(M;s).

LEM14A 1.9. Let M be & compact proper closed sub­

set of an orientable n-gcm S. Then h^tS-Mfs) = hn__r ( S-M; s ).

PROOF. By lemma 1.4 S-M is an orientable n-gm. 

Thus P:hr(s-M) hn^pCs-Mr), defined by 

is an isomorphism onto (Tn is the fundamental infinite 

n-cycle on S-M). We will show that the restriction of 

to hr(S-M;s) defines an isomorphism of hr(S-M;s) onto 

hn-r(S-M;s). Let y» be the restriction of f to hr(S-M;s)e 

Note that ^(ïr) = ïrn Pn = rn where Pn is a fundamental 

n-cycle on S. If we let ^:Hr(S)—» Hn_r(s) be defined by 

/-(^r) = Xrn rn, for îfrf Hr(S), then the diagram below is 

commutative (note that j* and k# are injections).
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hr(S-M)

J* k*

Hr(S) ------£—4 1^(8)

Wilder has shown that the mapping Is an isomorphism 

of Hr(S) onto Hn.pCS).1 If c hr(S-M;s), then j*(T") = 0. 

Therefore, by the commutativity of the diagram, ^(^(y1*)) = 

= 0. Thus V(ïr) < hn_r(S-M;s) and maps 

hr(S-M;s) into hn_r(S-M;s). If Zn_r c hn_r(S-M;s) hn.ptS-M), 

then K*(Zn_p) = 0. Since v>Is an isomorphism onto, there 

exists a trc hr(S-M$ such that p(*r) = Z^_p. Now, by 

commutativity In the diagram above, y-(j*(yr)) = ^(^(Y1*)) = 

K#(Zn_p) = 0. Therefore, j*(%r) = 0, since y. Is an isomor­

phism. This implies *yr r hr(S-M; s ) ; therefore £ maps 

h^(S-M;s) onto hn„r(S~M; s). Also, y> is an isomorphism 

since is an isomorphism.

THEOREM 1.10. Let S be ^n orientable n-gcm. Then 

Hr(M;s) = hn-r-l(S-M;s) find H^(M;s) = ^^^(S-Mfs), for 

0 = r n-1.

PROOF. By lemma 1.8 Hr(M;s) * hr+1(S-M;s). By 

lemma 1.9 h^fs-M,'s) = hn_p»x(S-M; s). By definition 1.6 

h£(M;b) = Hr(M,‘s).

COROLLARY 1.11. Let S be an orientable n-gcm,

1R. L. Wilder, T. M., p. 253.
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M & proper closed subset of 8. Assume Hr(S) = H^^(8) » 0 

for some r such that 0 » r < n-1. (^(8) denotes the reduced

or augmented homology on 8). If r * n-1,we require that 

H^CS) = 0 and H°(S) * O. Then Hr(M) = hn-r-l(S-M).

PROOF ♦ If & < r < n-1, then

’ hP(m)-
since Hr(S) = 0. Also, hn^^CS-M; s) = (j*)“1(0) = 

since Hr+1(S) = 0 implies Hn_r_^(S) = 0 by theorem 4.2, 

p. 253, in T. M. Thus, Hr(H) = by theorem

1.10.

If r = 0, then H°(M) = H°(M) 9 A, where A is the 

coefficient field for the cohomology. Also, H°(S) * O 

which implies H°(S) - A. It is easy to see that 

i*(H°(s)) + 0; therefore, 1*(H°(S)) = A. Therefore, the 

definition of H°(M;s) implies that H°(M) = H°(M;s)©A, or 

H°(M) = H°(M;s). Since H^tS) = O,by duality R^^(S) = O; 

therefore, hn_^(S-M;s) = hn-1(S-M). Therefore, H°(M)= 

hn-i(S-M) by theorem 1.10.

If r - n-1,then

The mapping k#ïhQ(8-M)  »Ho(8) is onto, because HO(S) = O 

implies HO(S) = A. Thus, ho(S-M) = (k#)"^(6) ® A = 

hQ(S-M; s) © A, and hQ(S-M; s) = ho(S-M). By theorem 1.10 

Rn-l(M) % ho(8-M).
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COROLLARY 1.12. Under the conditions of oorollary 

1.11 (1) H*(M) - hn.^CS-M) If o< n-1, find (2) h£(M) = 

hn-1(S-M). (Note that H$(M) and H^(M) are defined In 

definition 4.4 and definition 4.6, in Chapter II).

PROOF. The proof le an immediate consequence of

definition 4.4 and definition 4.6, in Chapter II.



CHAPTER III

HIGHER DIMENSIONAL CYCLIC ELEMENT THEORY 

IN COMPACT SPACES

1. Preliminary lemmas. Hereafter M will always 

denote a compact Hausdorff space. We will use only the 

Cech homology and cohomology over a field.

DEFINITION 1.1. A Tr set in M Is a closed subset 

T of M such that Hp(K) = 0 for all closed sets Kc t. In 

other words, a Tp set is a closed set which carries no 

essential r-cycle.^

DEFINITION 1.2. An Ep set in M is a non-degen­

erate subset of M which is maximal with respect to the pro­

perty that it can not be separated by a Tp set of M.

With the exception of lemmas 1.9, 1.11, and 1.13, 

the following lemmas have been proven by Whyburn in case 

M is a compact subset of a Euclidean space.2

^A cycle Zp£ Hr(M) is essential if there is a 
carrier K for Zp such that Zp does not bound on K.

o
G. T. Whyburn, Higher Order Cyclic Element Theory, 

pp. 133-146.
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LEMMA 1.3. Let M be & compact set. Then M can 

be disconnected bx & Tr set if and only if there exist 

closed sets and Mg with (1) M « M^v? Mg, (2) M^ n Mg > 

Tr set, and (3) M^ and Mg proper closed subsets of M.

PROOF. Suppose there exists a Tr set T such that 

M-T = Mg, where Mj and Mg are nonempty and M^ Mg = 

M%n Mg = /. Let M^ = Mi T and Mg = MgT. Then M = 

Mi w Mg, and Mi A Mg 3 T is a Ty set• Note that Mi and 

Mg are proper subsets of K. Since M^n Mg = Mi^ Mg = ,

we have M^ = M^ T = M^T = M^, for 1 = 1,2.

Suppose M = Ml v M2, where Mi and Mg satisfy the 

conditions above. Let Mi « Mi — (Mi n Mg) = M-Mg and 

Mg = Mg - (Min Mg) — M-Mi* Then M-(M^n Mg) = Miv Mg where 

Mi and Mg are non-empty, disjoint, open subsets of M-tMi^Mg). 

Then M is separated by a Tr set, namely Mi n Mg.

LEMMA 1.4. Let K be a subset of M which can not 

be disconnected by a Ty set. If M = Mi Mg, Tr separated , 

(by this we mean that Mi and Mg satisfy the conditions of 

lemma 1.3) then K c M^ (or K c Mg ).

PROOF. Suppose the contrary. By lemma 1.3 

M-CM^ Mg) » (M-Mg) o(M-Mi) and (M-Mi) n (M-Mg) = (ÏMÇ) n (M-Mg)= 

We must have K^(M-Mi) and K rx (M-Mg) , since we have

assumed K is not contained in either Mi or Mg. But then 

K-(Min Mg) » n(M-Mi)] U [k ^(M-Mg)] and K is discon­

nected by a Ty set. Note that Mi^Mg is a Ty set by lemma 

1.3.
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LEMMA 1.5. If K 1B an Ey set,then K ie closed and

connected.

PROOF. Since the empty eet is a Tr set, K can not 

be disconnected by the empty set, thus K is connected. 

We will show K can not be disconnected by a Tp set. Since 

K is maximal with this property, we will then have K — K. 

Suppose K can be disconnected by a Tr set. Then K =» Kg 

Tp - separated, by lemma 1.3. By lemma 1.4 K cK^, and 

since is closed, this implies K c K^. But K^ is a proper 

subset of K by lemma 1.3» and thus we have a contradiction.

LEMMA 1.6. If Kx and Kg are both Ep sets and

K1 * Kg. then Kg is a Tr set.

PROOF. Let M = K-^u Kg. If M can not be disconnected

by a Tp, set then Kj_ is not maximal. Thus we have M =

MiMg, Tp - separated. We may assume K^c Mx, by lemma 

1.4. If Kg c M^ then M^ » M, which is impossible by lemma 

1.3- By lemma 1.4 we must have KgC Mg. Then Kg is 

a closed subset of M^ Mg. But M^ n Mg is a Tp set. Hence, 

Kxn Kg is a Tp set.

LEMMA 1.7. If K is a non-degenerate subset of M, 

which can not be disconnected by; 5. Tr set, then K ig con­

tained in a unique Ep set in M.

PROOF. Let \ Kq^ be the set of all subsets of M

such that no dAh be dledohnedtAd by A Tp set, and each
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Kq contains K. Order the set f by inclusion, that is, 

Çp if Kq? Kp. Let {Ka/1 be any simply ordered subset 

of ÎKa}. Then L/ is an element of | Kq? . Suppose 

( L/ Ka, )-T * KjU K2, separated, where T is a Tp set. 

Since is simply ordered, there exists a Kpf {

such that Kp n and Kp n Kg * . But then Kp-T =

(Kp A K^) v (Kpn K2), which Is Impossible since Kp r S K^J . 

Thus, by Zorn ' s lemma, the set {Kq| has a maximal element. 

By definition 1.2 this maximal element is an Ep set.
If E1 * E2, E1? K, E2 ? K and both E1 and E2 are 

Ep sets, then E^-^E^^K. Since K Is non-degenerate, we 

can find an open set U of M such that ?-U separates K. 

Then (E^-^ E2) n (Û— U) still separates K since K< (E^E^), 

But (E^nE2)n(ü-U) is a closed subset of E^n E2 and E^n E2 

Is a Tp set. Hence, K is separated by a Tr set, which is 

Impossible. Thus, the Ep set containing K is unique.

DEFINITION 1.8. Suppose we are given an element 

Yr£ Hr(M). A closed subset D of M is called a Dp_% set 

relative to 5r if l*(lr) * 0 (where i#:Hr(M) —> Hr(D) 

is the mapping induced by the inclusion mapping of D into 

M) and if D is minimal with respect to this property.

LEMMA 1.9« If ïr ♦ 0 is, an element of Hr(M)y then 

there exists at least one Dp , set relative to 3r.

PROOF. Consider the set of all {Daf, where Da 

is a closed subset of M such that ig(lfr) O (here
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Hr(Da) le the mapping induced by the inclusion 

of Da into M). Order this eet by taking Da > Dp if end 

only if Da c Dp . Consider a simply ordered"subset [Da J 

of ; let DO = Q, Da. . If Da/ > Dp« then define ' 

ij.p- :Hr(Dp. )---- »Hr(Da. ) to be the mapping induced by in­

elusion. Then [Hr(Da« ), ij< p- f is a direct system. By 

the continuity of the Cech theory we have an isomorphism 
f:H^(Do) —Um^(Da' ), lg. p | . The set (lg,(^)|, taken 

over all «' , is an element of lim[Hr(Da' ), ig'p'J • Let 

! ig:Hr(M) -^»Hr(Do) be the mapping induced by inclusion,

j Since yo is an isomorphism, ig(ïr) * 0 implies ig, (Yr) = 0,

1 for some a'. But this is impossible. Hence, Do is an
i _
! element of {Da^. Now, by Zorn's lemma, there exists a

; Dr«i set relative to ^r.

COROLLARY 1.10. A D-i set can not be disconnected

; by a Tr_i set. Hence, if Hp(M) * 0 (r21 ), then there exists

3 an Ep-x set in M.

1 PROOF. Let D be a Dp-x set relative to

| Hr(M). If D = Div D2, Tr-i - separated, we will

i consider the Mayer-Vietoris sequence,

I —» H^CDxn D2) —♦ Hr(D) ^(D^) © Hr(D2) * .
|
j Since Din D2 is a Tp_% set, the mapping is an isemorphism.

| Thus, if we let lg:H^(M) —> Hr(D) be the map induced by
g
| inclusion, we must have 0(lg(ïr)) = (i^ D (i^(3r ) ),
| 182p(lÇ(ï'))) * o. (Here (g) _, nr(Di), 1 - 1,2,
I
i are the maps induced by Inclusion. ) But i$^pi£ = 1^
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where i^:Hr(M) —» Thue we can assume > 0,

which would, imply that D was not a Dr-1 set, since is

a proper subset of D and D is minimal with respect to 

the property that i^Cf^) * 0. Thus, a set can not 

be disconnected by a T^^ set.

If * 0 then Hr(M) * 0 and by lemma 1.9 we 

have a Dr-1 set in M. But, since a Dy-1 *et can not be 

disconnected by a Tr»i sdt, lemma 1.7 implies the existence 

of an set contained in M.

LEMMA 1.11. Il D 1g. Dr-1 set relative to Hr(M), 

then D is minimal relative to the property of being a 

closed carrier of a cycle Zy such that Zy.* 0.

PROOF. First, there exists a Zp € Hr(D) such that 

Zy.i*(*r) - i*(Zr).ÿr * 0, where i»:H^(M) ■—? Hr(D) and 

l#:Hy(D) —? Hy(M). This follows from the orthogonal dual 

pairing of Hr(D) and Hr(D). If D^ is a proper closed 
subset of D and zj x By(D^), then - Z^.i^<^> - 0,

since 1^2(^) * 0.

«0
LEMMA 1.12. If A * i«lTi* where each T± Ifi £ 

Ty-1 set in M and A is closed in M, then A 1& a Ty set.

PROOF. Suppose K is a closed subset of A such 

that HrtK) 0. Then K contains a closed subset D such 
cP •

that D is a Dy_% set. We have D » U D^, where D& = T^ n D. 

We will show each D^ is nowhere dense in D. Suppose U 

is open in D and U £ D^. Then there exists a V open in
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D euch that V-V separate a D and V-V e U < D^. Since V-V 

is a closed subset of , V—V Is a Ty—i set. But D ls 

a Dy-i set, and can not be separated by a T^i set, ac­

cording to corollary 1.10. Thus each is nowhere dense 

in D; D is à closed subset of M, hence D is compact. 

Then D * by the generalised Bal re density theorem.

Hence,our original assumption is wrong and A is a Tp set.

LEMMA 1.13. Given E1, ..., En, where each E1 

(Ulin)Hfi Ey-i AÊ1 and M * ^E1, then there exist 

closed subsets M^ and Mg of M such that M = Mg, Tp — 

separated, (in fact, Mxn Mg Is the union of a finite number 

of Ty-i sets) and Mx) ^E1.

PROOF. The proof will be by induction on n. 

Consider the case n » 1. Since M * E^, M is not an Ep_% 

set. Thus, M = M-^ Mg, Tr.x - separated. By lemma 1.4 

we may take E^c Mx. By lemma 1.12 Mg is a Tp set, 

hence M - Mxu Mg, Tr - separated.

Assume the lemma is true up to n-1. Since M is 

not an Ep_x set, we must have M = M^ Mg, - separated. 

Let E » û If M-Ec Mxn Mg, then there exists a non­

empty open set V such that V < M-E. Then V-V separates 

M and V-V < M-E c Mx a Mg. Thus, V-V is a Tp_x set; there­

fore M * ((M-V)u V), Tp-1 - separated, where E< M-V. Thus, 

we may assume (M-E) n (M-Mx) * (M-E) n (Mg-(Mxn Mg)) * 0. 

Also, we may assume a^^r-l^ ^1 V ®r~l*2» where 

l=s^ n-1, since E <MX or E < Mg implies that the con­

clusion of the lemma is satisfied.



If T is a Ty-i set in M, we will show Ce^^-T) * 

Er-i» where Ey_i is any set in M. Suppose x c 

and suppose there exists an open set U in M such that 

U n (Ep_^-T) = 0. Then there exists a V cU euch that . 

(V-V) ^Ey-iC. T and VnEy.^ is non-empty. But then 

( (M-V) Ey^l^ Ey-i' Tp_2 ” separated, and this 

is impossible. Hence, * c Ey^i n T implies * c (Ey_%-T).

Thus, since Mg is a Ty_^ set, we have 

(E^2~(^l^ *2 ) ) * ®r-l> for 1 = 1 â n. Therefore, * 

Ey_l~(Mi n Mg) c Mg~<M^ Mg) » M-M1# for 1 = 1 ± s. Let 
M3 = mZ^. Note that M^ E^! for 1 = 1 s, or M3 ? ^Er-1. 

Then (M-E) MM-M-jJ * and M3 ) Û^-1, M^ * Th**,

by the induction assumption* we have M3 = M^ u M^, Tp - 

separated, where Mj^nM^ is the union of a finite number of 

Ty—i sets and 'Ey-i C M4. Now, M3-M/1 * and thus there 

exists an x f M3~M^ and an open set U in M, such that 

y t U C M~M^. Since x < M3 = M-M^, there exists a t U n (M—M^). 

Therefore, y f (M-M^) a (M-M%) = M-^M^ 7 M^). Thus, M a 

Ml^ m3 jas (*1^ M^) v M^ where (M^^ M^) and M^ are proper 

closed subsets of M. Also, ^,^Ey„iC Mj and yEj^cMj^; 
therefore E = 0 Ey-1 c M^ u M^. We have (M^u M^) n M^ a 

(M^n M3 ) v nM^ ), where (M^n M3) C (M^n Mg). Therefore, 

(M^v M4) A M^ is the union of a finite number of Ty^ sets. 

Thus, the conclusion of the lemma is satisfied

LEMMA 1.14. Let Ep be gn Ep set in M. Then there

exists a sequence Eo, E^, Ey_i such that El is an
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Ei set for o 1 ï r-1, and Eod E^D... .^Ey^^ By.

PROOF. Since any Tr-i set is a Tr set, no Tr-1 

set can disconnect Ey. Thus, by le—ma 1.?, Ey c Ey.^ where 

Ey_i is an Ey-i set. This shows that we may construct a 

proof by induction.

LEMMA 1.15* Let Ey an Ey set in M. Let 

i*:Hfi(Ey) —? HS(M) he the mapping indueed by inclusion. 

If b = r, then this mapping is an ls^orphism.

PROOF. Suppose i#(Ze) = 0 for some Zfi c He(Ey). 

Then there exists a minimal set K such that Ep < K < M and 

i#(ZB) » 0 (i«:H0(Ey) —»He(K) is Induced by inclusion).^ 

If K * Ey then, since K is not an Ey set, we must have 

K = K|U K2, Ty - separated. We may assume EyC K% by lemma 

1.4. Since K is compact we may apply the following Mayer- 

Vietoris sequence , 
<----- HS(K)^^~ H®(K1) ® Hb(K2) *-----Hb(K!^ K2) .

Consider the element (1# (Z0), O) £ H8(^) ® ^(Kj), where 

l#:Hg(Ey) —->Hb(Ki) is induced by inclusion. Then 

^((1* (Zg) , 0)) = i#(Zg) = 0. But H8(Ki n I^) - 0, since 

Km &2 a Ty set, hence a Ts set by lemma 1.12. Thus, 

by exactness, 1# (Z0) * 0, which contradicts the minimal 

property of K. Thus, K = Ey, and Z0 = 0. Hence, 

i#îHe(Ey) —?Hb(M) is an isomorphism into.

^R. L. Wilder, T. M., p. 206, lemma 2.8.
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2, The relation between homology and cyclic elements.

THEOREM 2.1. Let fee the set of all E,.^

sets In M such that ) * O, and let E = ^^r^

Then l#:Hp(E) >Hy(M) Is onto and —* H^(E) Is

one-to-one. (These mannings are Induced fey inclusion).

PROOF. We will show that l»;Hr(M) —> Hr(E) Is 

one-to-one. Consider the exact sequence, 
-----»Hr(M,E) _l^Hr(M)—lî^H^CE) >. 

Suppose J*(ïr) * O where £ Hr(M,E). Then there exists 

a Dy_i set relative to J*(ïr) by lemma 1.9. By lemma 1.7» 

there exists an Bp-i set containing the above Dr-i set; 

let Ep_% be this set. Then, if lf:Hr(M)—» 

we have if(J*(tir)) * 0 by the definition of the Dr-1 set 

relative to j*(#r) and the fact that Ey„i contains this 

Dr—1 set. Then Ep-1 by definition of E, and 
lj(j»(yr)) = ig(i*(j*(^)), where if:Hr(E) —Hr(E^.j. 

Note that l*j*(8r) = O, by exactness. Thus, » O

for all 6rr Hr(M,E), and l*Ær(M)—» Hr(E) is an isomor­

phism into by the exact sequence.

Now, we will show i#:Hy(E)-----?Hy(M) is onto. 

We must show that j#(Zÿ) = 0 for any Zyf Hr(M), where 

j*:Hr(M) ---- )Hr(M,E). Then the exactness of the sequence,

----»Hr(E) --------- > Hp(M) —> Hp(M,E)---- > 

will imply that 1# is onto. Suppose J#(Zy) ♦ 0. Then 

there exists a 8r f Hr(M,E) such that = 1, by



the orthogonal dual pairing of Hr(M,E) and Hp(M,E). But 

then we would have j*(<r)«ZP = 1,and we have just shown 

that J*(/r) « O, for all E Hr(M,E); hence, J^(^) * 0.

THEOREM 2.2. Let be the set of &11 Ep^

Bets In M. Let E - Then l#;Hr(M)---- »Hr(E)

and l#;Hp(E) —? ^(M) are both Isomorphisms onto.

PROOF. Since E c E,theorem 2.1 Implies l#îHy(Ê)-----?Hy(M) 

is onto and l*:Hr(M)—^Hr(E) Is one-to-one. We will show 

that l#:Hp(E)-----*Hr(M) Is one-to-one. Suppose l*(Zr) » 0 

for some Zp f Hr(Ê). Then there exists a minimal closed 

set K such that M ? K > E and l»(Zp) = 0, where l^:^(E)---- » Hp(K)

is the mapping induced by inclusion.1 If K * E,then there 

exists an open set U of M such that U nK 0 and U c M-E.

We will show that U-U is a Tr set. Suppose not, then 

there exists a closed subset F eu—U such that H1*(F) * 0.

Then by corollary 1.10 there exists an Ep^ set of F. This 

set can not be disconnected by a Tp_i set. Hence, by 

lemma 1.7, there exists an Ep.^ set in M which contains the 

above Ep_^ set of F. Hence, there is a set E^^ which 

is an Ep_i set of M such that E?-!^ F *0. Therefore, 

Ep^H * 0 and E°_^ H (M-E) * 0 . But this is impossible, 

since Ep-ic E by definition of E. Therefore, U-U is a 

Tp set• Let = Un K and Kg 3 (M—U) n K. Then K — K]^Kg, 

where K^ and Kg are proper closed subsets of K and E cKg.

^R. L. Wilder, T. M., p. 206, lemma 2.8.



50

Also, K-l K2 c U-U, and is therefore a Tr set. Consider 

the May er-Vie tori s sequence,

<------- ® H^(K2) f---------------------------------------------Hr(K1rlK2).

By exactly the same reasoning as in lemma 1.15, we have 
i*2(Zr) * 0, where i^îHyCÉ)---- 16 Induced by 

inclusion. But this contradicts the minimal property 

of K, hence we must have K * E and Zy = 0« Hence, i# 

is an isomorphism onto.

We will show that i*:Hr(M)-----?Hr(E) is onto.

Consider the exact sequence, 

<--- H^+1 (M, É ) <—H^(É) <------- Hr(M) ---------- .

Suppose 8*(ïr) * 0 for some f H^(Ê). Then we must have

a Zy+i r Hy(M,E) such that Zy^. 8*(Yr) = 1, by the ortho­

gonal dual pairing of (M, E) to E). But 8*

is the dual map of a*:H^^-(M,E)  »Hr (E), and we have shown 

above that à*(Âr*i) = 0 for all Zy+% r H^^(M,E). Thus, 

Zy+^.S*(^r) = = 0 which is impossible. Hence,

8*(Kr) = 0 for all tfr«’Hr(E). Therefore, by exactness, 

i*:Hr(M) —?Hr(E) is onto.

LEMMA 2.3. Let Ey_^, • • • • , ïÇ_i be Ey_^ setjs in 
n

M. Let E = O E^-i. Define 7f*:H^(E) -----» ^CE^-i) AS.

follows : fbr <r c Hr (E), ir*(^r) * (i*j_(Xr), ...., i*n (tfr) ), 

where i*±:Hr(E)----->Hr(E^_%) is. induced by inclusion.

Define ----- ^^(E) as follows: for
(ZJ, ...., Zg) t^ke JT#(zJ, ..., Zg) =

ij' (zj) + .... + i*"(zp), Where 1^ :Hy(E^-i)----->Hr(E).
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Then both tt* and tt» are isomorphisms onto.

PROOF. The proof will be inductive. The case 

where n =» I is obvious. Suppose the lemma true for n—1. 

Since E is not an set, we have E = N2, Tp-1 “

separated. By re indexing the E^j we may assume « yEj-l» 

N2 * Ep^. Consider the Mayer-Vietoris sequence, 

< Hp«i(N1nN2)^----Hp ( E ) 4 Hpt^) ® Hr(N2) fN2) e- .

Now, Hp-i(N% n N2) - Hr(N]_ n N2) = O because N^^ N2 is a 

Tp-i set; therefore, a Tr set. By the induction assump­

tion Hr(Ni)= p" Hp(El-i) and Hp(N2) = Hr(E^i). The 

sequence is exact; therefore, Hp(E) - Hp(N^) ®Hr(N2). 

It is easy to see that the combination of these isomorphisms 

is exactly tt#. The proof for 77 is obtained by using 

the cohomology version of the Mayer-Vietoris sequence.

THEOREM 2.4. Let E^-i, ........... Eg-i be Ep_x sets

in M. Let 1#: 77 Hr(E^_1) —> Hr(M) be defined as follows: 

f or (Zy),...., Zp T^THp(E^_i ) take 1*(Zp, • . • • , Zp) =

£ i*(Zy), where i»:Hp(E^Li) —* Hp(M) is. induced inclu­
sion. In a similar manner define i*:Hr(M) —> ^7 Hr(E^L.^). 

That is. let i*(ÿr) = (ij(ïr), ... , lj(5r)), where 

1*:Hr(M) ?Hr(Ep_i) is induced by inclusion. Then 

i#: -----» Hp(M) Ig. one-to-one and i*:Hr(M)—VH^CeJ^)

is onto.

PROOF. Assume i#(zj, ...., Zp) = 0. Let E = 9^-1 

and define i#:Hr(E)---- ^Hy(M) to be the mapping induced
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by Inclusion. Let 7T*: /^T"Hr(E^„2.)—* Hr(E) be the mapping 

defined. In lemma 2.3» Then 1# 1* tt Define to be

Zp 3 Zp> .. Zp), where f Hp(Ep_^)• If ' 
l#(zj, ... ., Zp) = 0, then 1»(^>) = 0. Then there le a 

minimal set K such that M? K?E and. 1» ( Zp ) = 0, where 

l<:Hp(E)—»Hp(K) is induced by inclusion. We may assume 

K * E; hence, by lemma 1.13, we have K = K1 v ^3> Tp- 

separated, where EcK^. Now, by using the same method 

as in lemma 1.15, we can show K = E and Zp = 0. Hence, 

since tt* is an isomorphism, (Zp, ...., Zy) = 0.

The proof that 1* is onto follows from the fact 

that 1^ is one-to-one. Let l^:Hr(M)—» Hr(E) be induced 

by inclusion. Then 1* = 7T*i^, where 7T*:Hr(E)—* TTH^CE^.^) 

is defined in lemma 2.3» If 1* is onto, then 1* is onto 

since tt* is onto. But i< is the dual of 1* and 1* is 

one-to-one, as we have shown above. Thus, by the same method 

as used in theorem 2.1, we can prove that i£ is onto.

THEOREM 2.5» if Hp(Ep_jJ+ 0 for only a finite 
number of the Ep-i sets in M, say E^^, .. .., Ej-i, then 

the mappings 1#: fTHpCE^)---- > Hp(M) find Ï^H^MÎ-^TTH1*^-!) 

are both isomorphisms onto.

PROOF. By theorem 2.1 the mapping l*:Hp(E)---- » Hr(M) 

is onto. By lemma 2.3 the mapping tt#: nHptE^.j) —» Hr(E) 

is onto. Note that i# = 1# V# and therefore 1# is onto. 

By theorem 2.4 1# is one-to-one. A similar argument will 

show that i* is an isomorphism onto.
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COROLLARY 2.6. If Hr(M) has finite dimension. 

then Hr(E°L]J * 0 for only & finite number of the Ep-i 

sets in M. Thus, the hypothesis of theorem 2.5 is. satisfied.

PROOF. Suppose Hp(E^_^)* 0 for an infinite number 

of the Ep_% sets of M. Thus, we have a countable set 

{Ep„iÎ of distinct Ep-i sets such that Hr(E^_i) # 0. 

By theorem 2.4, 1#: f7Hp(E^-i) —» Hr(M) is an isomorphism 

Into for all n. Thus, the number of linearly independent 

elements in Hr(M) will not be bounded. But thia is impos­

sible , since Hp(M) has finite dimension.

THEOREM 2.?. Given any ïr* Of Hr(M), let { 

be the set of all Dp-% sets relative to ((that is. 

i*(T^) * 0, where l*îHr(M)—» ) Is. Indueed by inclu­

sion and is. a minimal closed set with this property ). 

Given then there exists a f H^(M,M-U)

such that where J*:Hr(M,M-U)—» Hr(M) (that

is, may be considered a cocycle of M in U).

PROOF. Consider the exact sequence, 
----- » Hr(M,M-U) . Hr(M) -12-» Hr(M-U) ---- » .

We will show l£(Tr) = 0, where is the element of Hr(M) 

given above. Suppose l*(yr) f 0; then, by lemma 1.9, there 

exists a closed subset K of M-U such that K is a set 

relative to i*(X’r). But K is also a set relative 

to yr, since 1* = l*u 1*. Here, l*:Hr(M) Hr(K), 

l^u:Hr(M-U) —» Hr(K) , and i*:Hr(M) Hr(M-U) are the
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mappings induced by inclusion. But Kfl (M—U) * 0 , which 

is impossible since U 9U Dg_%. Therefore, i$Ur) = 0, 

and by the exactness of the sequence above there exists 

a Yg £ Hr(M,M-U) such that j*Ug) ="

THEOREM 2.8. Let be fin set in M, find 

1st N be fi closed set in M such that Eg_% n N = ^ • Let 

ilîHp() —* Hp(M) be induced by inclusion, and let 

jliHpCM) —> Hp(M,N) be the natural injection. Then 

0^ » J«i#îHr(Ej_i ) —) Hr(M,N) is an isomorphism into.

PROOF. Suppose ^(Zp) — 0, for some Zp€Hr(Ep^)« 

Then there exists a minimal closed set K in M such that 

K^Ej»i and 0*(Zp) = 0, where ^^:Hp(Eg_i) —3 Hy(K,Kn N) 

is analogous to defined above. This follows from Zorn's 

lemma and continuity. We will assume that K Ep-j. If 

K = Ep_^, we have Zp = 0 and thus is an isomorphism. 

We may assume K + E#_% and thus K can be separated by 

a Tp-i set, that is, K = K2, Tp.^- separated. By

lemma 1.4 we may assume Ey—1 c « We can show that the 

following diagram is commutative (the mappings are the 

usual inclusion or injection mappings unless otherwise 

defined),
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Hr_l ( Ki a K2n N) = 0 K2) = 0

e ®o ©
1%

Hp ( Kg nN)-----------------------? Hp ( Kg )

K.Ki s 
lx/

? Î

I '
Hp(n Kgn N) » O Hp(Ki^ Kg) = O.

The two vertical sequences are Mayer-Vletoris sequences.

Also, the two horizontal sequences are exact. We have

Hr—i ( Ki Kg ) = Hp„i ( Ki n K2 nN) * Hp ( Ki Kg ) = Hp ( Kj n Kg nN) * o, 

since Kxn Kg Is a Tp_% set. Now, (Zp) = j*l#(Zp) = 0, 

therefore there exists a zJzHp(KnN) such that 12() - 

1*(Zp). This follows from the exact sequence. There 

exists (ZJ, Zg) i Hp(Kin N) ® Hr(K2 nN) such that
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%#(Zp, Zp) = Z?. By commutativity, ^(ilCzJ), 18z§) = 

12^i(zJ, zg) = 13(z^) - i*(Zp) = (Zp), 0). By exact-

neee 1b an isomorphism, hence 1#(Zp) = l^CZp). Thus, 

j#^l#^(Zp) » ) * O by exactness. But this is

impossible, since K was minimal* Thus, K * Er—1 and 4>M 

is an isomorphism into.

COROLLARY 2.9. Let Eg-1 be &n Ep_% set in M and 

U an open set containing E?—1. Let U) —* Hr(M)

and i*:Hr(M) —? Hr(Ej-i) be the usual injection and inclu­

sion maps. Then the mapping IT = l*j*:H^(M,M-U) —» Hr(E^„^ 

is onto.

PROOF. For any 3 g £ Hr(M,M-U) and Zg c Hp(Eg-i), 

we have 77 U£).zg - i*j*(^).Z? = J»(^).i#(z5) = 

Yy. J#i*(Zg) = ^^(Zp), where 0^ is defined in theorem

2.8. Thus, 77 and j^are dual mappings.

Choose a basis By for the subspace tt (Hr(M, M-U). 

Augment By to form a basis B of Hr(E®_i). If 

7r(Hr(M,M-U) ) * IP (Eg-i) (that is, if TT is not onto), then 

B-By is not empty. Now, H^(M,%^U) and Hp(M,M-U) are base 

spaces for a dual system (see Chapter I). Thus, if 

f:H^(M,M-U)—? Hp(M,M-U) is the mapping determined by 

the basis B, and if f B-By, then %» (&#) = 0, for

all f By. Since Bu is a basis for tt(Hr(M,M-Uf), we 

have P(ï£). TT(^) = 0 for all r Hr(M,M-U). Now, 

^J) * 0 since 'P is an isomorphism; therefore, ^(^(y^) ) o 

since ^^is an isomorphism. Since the vector spaces
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Hr(M,M-ü) and Hp(M,M-ü) are orthogonally dually paired, 

there existe a aj c such that = 1.

But ).ïj = ^(yg). zr(^) = 0. Thus tt ie onto.



CHAPTER IV

HIGHER DIMENSIONAL CYCLIC ELEMENTS IN LOCALLY 

CONNECTED SPACES

A. Simon has proven the following theorem.^

THEOREM 1.1. Let M be & compact Hausdorff space. 

There exists a minimal closed set A JLn M such that; if 

U is, gn open set containing A, then U contains all exo ept 

a finite number of the Ey-i sets of M. If A is a Tr set, 

then l*iHr(M) ---- » Hr(Ep_i) becomes an isomorphism of

Hr(M) onto the weak direct sum H^(E^_%). Here, fEr-11

is the set of all Ep_^ sets in M; and 1* is, the mapping 

induced by projection onto each component of the direct 

sum (that is. i*(Xr) ~ {l*(Kr)L where l*:Hr(M) —-» Rr(E^) 

is induced by inclusion).- -

COROLLARY 1.2. Under the conditions of theorem 

1.2, there exists an isomorphism e mapping Hr(M) onto
Hr(E^_j). Furthermore. Zr t Hr(M) can be uniquely repre­

sented as 1$(Z®), where zg £Hr(E^-i) (l#:Hp(Eg-i) —> Hr(M) 

Is. induced bx inclusion).

^A. Simon, n-Cyclic Elements. Bulletin of the American 
Mathematical Society, Vol. 62, no.l (Jan. 1956), p.36.

58
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PROOF. The proof is an immediate o on sequence of

corollary 4.2, Chapter 1.

For any M, Ï* is an isomorphism of H^M) into 

(note that »r * 0 implies ia(ïr) * 0 for some 

i*:Hr(M) —• Hr(Eg-i) ). If M is an space, it is pro­

bably true that Ï* becomes an isomorphism of Hr(M) onto 

the weak direct sum . Also, if the 8et^E$_%l

of all Ep-i sets in M is a null sequence, the same conclu­

sion probably holds. We have been unable to verify these

conjectures.

THEOREM 1.3* If M is s-lc and Eg is an Er set

of M, where s £ r, then Eg is s-lo.

PROOF. Given any x* Eg, and an open set U° of 

Eg containing x, then there exists an open set U of M 

such that U nEg = U°. Since M is s-lc, there exists an 

open set V containing x, such that V c U and any compact 

8-cyole in V bounds on a compact subset of U. Let ZB 

be a compact cycle on V nEg = V°. Then ZB bounds on a 

compact subset of U. Then there exists a minimal closed 

set K in M such that Voc K cU and ZB bounds on K. We 

must show K c u° = U n Eg. Suppose K is not contained in 

U n Eg, then K le not contained in Eg, since K c u. If 

we let N = K u Eg,then N = N^u Ng, Tr - separated. Thus, 

K = K) 'J (Ng K) = K],' ' Kg. We may assume N^> Eg by 

lemma 1.4. in Chapter III. Therefore, there exists an 

x c KnjN-Nj, since N% is a proper subset of N. Thus,
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Kl * (üi^ K) le a proper subset of K. Also, Ki n Ep ■ 

K nEy, since K% = N%n K and Ni? Ep. Thus, Ki ? Vo since 

VQc E® n K. Consider the Mayer Victoria sequence below, 
<- He(K)<—^-Hb(Ki) eHB(K2) <------  Hfl(Kin K2) *   .

But, Ki n Kgc Nin N2 and Ni n N2 is a Tp set, hence K2 

is a Tp set. Also, s à r and therefore Ki^ Kg is a Te 

set by lemma 1.12 in Chapter III. We may consider ZB 

as an element of He(Ki) since Ki? VQ. Now, ZB bounds 

on K, hence 0(ZB, 0) = 0; therefore, Z8 » 0 in He(Ki). 

But K is minimal, and Ki is a proper subset of K. Thus, 

by contradiction, KC U°.

Next, we shall prove three lemmas which will be 

useful in the construction of certain examples.

LEMMA 1.4. Let Ni and Ng be subsets of M which 

gan not be disconnected bx a Tr set. Suppose that NioN2 

is not a Tp set. Then can not be disconnected by

a Tp set.

PROOF. Let K = Ni^ N2 and suppose K = / Kg,

Tp - separated. Then we may assume, by lemma 1.4 in Chapter 

III, Nic Ki and N2 c Kg . Thus, Ni< Ki and N2 c Kg, since 

K^ and Kg are closed. Therefore, ^aNgcKin K2. But this 

is impossible, since N^n Ng is not a Tr set and K = Kiv Kg, 

Tp - separated. Thus, K can not be separated by a Tp set.

LEMMA. 1.5» Let f :M —» N and suppose Tp c N is. & 

Tp set such that f-1(Tp) is, also & Tp set. If f is a
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homeomorphism of M-f"^(Tg) onto N-Tg, then f-1(T*) ie & 

Tr set in M, where Ty is any Tr set in N.

PROOF. Let K be an closed, subset of f(Tp)» where

Tp is any Tr set in N. Denote f^CT?) by Tf. Consider 

the following exact sequence, 

--- » Hr ( K Tp )  ’H^(K) , Hr(K, (Tg /> K) ) n T?) —? . 

Since T° is a set, we have Hr(K,^Tg) * = O,

and Hr(K) = Hr(K,Tg n K). We also have the following exact 

sequence (M is compact, hence f maps closed sets into closed 

sets), 

—9Hr(f(K^p))_Hr(f(K))—4Hr(f(K),f(Tg*K)) ’ (f(K«Tg) ) 

Since f(K) c t£, we have Hr(f (K)) » Hr(f(K^T?)) »

( f ( K A Tg ) ) * 0; therefore, Hr(f (K), f (Tj K) ) = 

Hr ( f ( K ) ) = 0, Now, f(K-Tg) = f(K)~f(Tp) = f(K)-f (Kn T°) 

and f is a homeomorphism on M-Tp, hence on K-Tp. There­

fore, Hr(K) = Hr(K,K a Tp) = H^(f(K),f(K nT°)) = 0 and 

f”^(Tp) is a Tp set in M.

LEMMA.1.6. Assume f is. & mapping of M onto N

such that f"l(Tp) is & Tr set, where Tp is any Tr set 

in N. If Kc M can not be disconnected by a Tr set in M, 

then f(K) can not be disconnected by a Tr set in N.

PROOF. Suppose f (K) = ^1^ Kg, Tp - separated.

Then K = Kg with = K n f-1 (Kj. ), 1 = 1,2, proper 

closed subsets. Also, f) n f(Kg) = f“^(K^n Kg) 

is a Tp set, since K^n Kg is a Tr set. But this is impos-
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cible, since K can not be separated by a Tr set.

DEFINITION 1.7. A non-degenerate subset K of M 

is called, a simple r-link of M, if K is maximal with respect 

to the following property : M » Mg, Tr — separated, _ 

implies Kf Mi (or K < Mg). In other words, K is a maximal 

set which can not be separated by a Tr set which also se­

parates M.

LEMMA 1.8. Any simple r-link in M is, closed.

PROOF. Let K be a simple r-link in M. Consider 

the collection of all pairs (M^, Mg)(, such that for every 

a,M =* NÇv'Mg, Tr - separated. We may index these pairs 

such that K c mJ for all a. Then K » since Q can

not be disconnected by a Tp set which also separates M. 

Thus, K is closed since the mJ are closed.

LEMMA 1.9. If and Kg are two distinct simple 

r-links in M, then Kg is. a Tr set. Jf L is a non-de­

generate subset of M that is not disconnected by any Tr 

set in M which disconnects M.then L ^s contained in a 

simple r-link of M. We may have L contained in more than 

one simple r-link of M.

PROOF. First, K%u Kg is not a simple r-link.

Thus, there exist sets M^, such that M = M.^ Mg, Tp - 

separated, and KjC M^, Kg c Mg. Hence, KinKgCM^nMg; 

therefore, K% A Kg is a Tp set. The existence of a simple
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r-link containing L is proved by the same methods as in 

lemma 1.7 in Chapter III. The uniqueness proof will not 

apply here since L may be a Tr set.

EXAMPLE 1.10. We will construct an lcr space
M in which the collection (E*( of Ep sets does not form 

a null sequence. This example will also show that in an

lcr space the simple r-links need not be the same as the 

Er sets. We must have r è l in order to produce such an 
example.1

For each positive integer n, let be a solid,

three-dimensional rod of height one and diameter 1/2n. 

In Euclidean three-space, let I = |(x, y, z)|x = O, y 

0 = z = Then I is a unit Interval on the Z-axls.

Imbed Rn in Euclidean three-space so that Rn = 
y, z)| + X2 à 1/2" O = z s 1Î. Then

Rn 18 tangent to R„+1 and the sequence of sets {R^] converges 
to I. Let M be the set [^^^1. Then M is a compact 1c1

space, each Rn is an E1 set in M, but the collection f R^ 
is not a null 

1 * J, Ri can 

the latter is

sequence. Note that, for any pair (R^Rj) 

be separated from Rj by a unit interval and 

a T^ set. Also, I is a simple l-link. If

- m2, Tx. - separated, then RntN1 or R^ M2, for 

any Rn. Hence, we can assume Mx contains infinitely many 

of the spaces R^. Thus, Ic Mx since M% is closed.

T- Why burn, Analytic Topology, p. 66 and p. 71
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In this example we have H£(M) = 0. We can modify 

the example so that Hg(M) is infinitely generated.

EXAMPLE 1.11. We will construct a compact lcr 

space which contains an Er set which is not lcr. Consider 

the following curve in three-space:

x = 0, y = t, z = ein(7T/t) , 

for 0 <t i 1. Expand this curve slightly so that it be­

comes a solid, three-dimensional rod, which Oscillates 

as it approaches the origin. Let N be this space, along 

with its limiting line segment on the z-axls. Then N is 

compact. Let P = { (x, y, z ) jx = O, u = y = 1, -1 A z à 1| ; 

then define M = PuN. Now, N is an Ej set in M and M is lc\ 

but N is not O-lo.

THEOREM 1.12. Let f be an (r-1)—monotone mapping 

of M onto N, where M and N are compact Hausdorff spaces. 

If D^-i is, a Dp-1 set in N relative to c Hr(N), then 

there exists a set which is a Dp-i set relative to

f*(^^), such that f(D^_x) =

PROOF. Since f is (r-1)-monotone (note that our 

homology and cohomology is taken on compact spaces over a 

field) f*:Hr(N)—Hr(M) is a one—to—one mapping; there­

fore, f♦(^) * 0. Consider the commutative diagram below. 

The vertical mappings are inclusion mappings.
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N

The mapping 16 the restriction of f to f^(D^L%). 

Therefore, f^ is (r-1)-monotone. Now, i*(^N ) * 0, since 

D^_-^ Is a Dr-1 set relative to Therefore, -

* 0 since —» Hr(l”1(Dr'l1) ) is one-

to-one. Since l*(f#(8^) ) + 0, f) contains a Dp-i 

set relative to f*(^) • Denote this Dp-i set by D^^ and. 

let f2îDp_i —? f(Dr-1) be the restriction of f to D^l%. 

Now, J*i*(f*($ 0 by the definition of a Dp-i set. 

Since J«i*r«(xr) = t5j*l*(rr), we must have j*i^(^) 4 0. 

This implies f (D^^) = D^i* since D^_% is a Dp_]_ set 

relative to ♦

EXAMPLE I.13. It is not possible to substitute 

Er_i sets for Dr_^ sets in theorem 1.12. In other words, 

if f is an (r-l)-monotone mapping of M onto N, where M 

and N are lc® spaces and E^L^ is an Ep_% set in N, we may 

not have an Er„i set in M such that f (Epl%) ) E^j,. How­

ever, we must take r ? 1 in order to find an example. The 

fact that a 0-monotone mapping will cover any Eo set in 

N by the image of an Eo set in M is basic to the 0-dimen-
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slonal cyclic element theory.1

We will construct the example in three-space. 

Consider the following solid cylinders :
Ml = {(x, y, z) |x2 + y2 = 1, 8=1);

M2 = f(x, y, z) I x2 * (y-2)2 ill, 6= z = 1].

These cylinders have their axes parallel to the z-axis 

and each has its base in the (x, y)-plane. Let I be the 

line segment defined by, I = j(x, y, z)|x = Ô, y = 1, 

a z = 1). Then Mi and M2 are tangent along I. Let #i 

and #2 be the endpoints, (0,1,0) and (0,1,1), of I. Let 

M3 be a closed are joining and P2, which does not meet 

MlM2, except at its endpoints, Pi and P2. Now, define 

the space M as, M = M^u M2u M3. We shall define an upper 

semi-continuous decomposition of M. Then the decomposi­

tion space, which we will denote by N, will be a compact 

Hausdorff space and the decomposition will define a con­

tinuous mapping f : M —? N.

To form N identify all the points in M3 into a 

single point. Do not identify any other points of M. 

Thus, the mapping f :M -—»N restricted to M-M3 is a homeo­

morphism. If x 4 N—f(M^), then f^(x) is a single point. 

If x = f(M3), then f-!(x) = M3 and M3 is an arc. Therefore, 

f is r-monotone for all r.

We will show that N is an E^ set. First, neither 

M1 nor M2 can be disconnected by a Ti set. The Alexander

1&. T. Whyburn, Analytic Topology.
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duality can be need to prove this. Now, f restricted to 

is a homeomorphism on ^2 ) • Since p%u P2 and f (p% P2) =

f (Mj ) are both sets, lemmas 1.5 and 1.6 imply that 

f (Mi) can not be disconnected by a Ti set. Similarly/ 

f (Mg) can not be disconnected by a T% set. Now, f(Mi)nf(Mg) * 

^(Mi^ M2), and f (Mj^ Mg) is obtained by identifying the 

end points, pj and P2, of a unit interval. Therefore, 

f(Min Mg) carries an essential 1-cycle, hence, can not be 

a Ti set. By lemma 1.4, f(M^ ^f (Mg) = f (M) = N, can not 

be disconnected by a Ti set. Therefore, N is an Ei set.

If K is a closed subset of M such that f (K) P N, then K)(M^y Mg). 

But, then K can be disconnected by a Ti set, namely Mxn Mg. 

Therefore, there is no Ei set in M, say eJ, such that 

f(e£) DN.

Note that M is obviously lcr for all r. Therefore, 

N is also lcr for all r, since f is r-monotone for all r.
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