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Summary

Reaction-diffusion systems have been proposed as a model for pattern forma-
tion and morphogenesis. The Fickian diffusion typically employed in these
constructions model the Brownian motion of particles. The biological and
chemical elements that form the basis of this process, like cells and proteins,
occupy finite mass and volume and interact during migration. We propose a
Reaction-Diffusion system with Maxwell-Stefan formulation to construct the
diffusive flux. This formulation relies on inter-species force balance and provides
amore realistic model for interacting elements. We also present a variational sys-
tem inference-based technique to extract these models from spatiotemporal data
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for these processes. We show that the inferred models can capture the charac-
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teristics of local Turing instability that instigates the pattern formation process.
Moreover, the equilibrium solutions of the inferred models form similar patterns
to the observed data.
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1 | INTRODUCTION

Biological patterns and morphogenesis are emergent phenomena with discernibly coherent structures forming at larger
length scales, spawning out of local mechanochemical interactions of natural materials. A large class of PDEs have
been proposed to explain this phenomenon. These models have been reviewed in a previous communication.! Among
these models, the Reaction-Diffusion (RD) model is one of the most widely studied in literature.? The seminal work
of Alan Turing? laid out the mathematical understanding of how specific spatial modes are destabilized in an RD
system, leading to a heterogeneous equilibrium solution. The physical understanding of this mechanism regards the
morphogens as short-range activators coupled with long-range inhibitors. A local positive perturbation in the activa-
tor leads to a localized growth in activators and inhibitors. Meanwhile, the faster diffusion of the inhibitors leads to a
decay in activators and inhibitors in the neighboring locations. In this work, we take a mathematical outlook on the
RD system, albeit guided by our understanding of the physical system. In particular, we focus on the diffusion aspect of
this model.

A lot of development in the study of RD systems, starting from Turing’s original work,* has been with Fickian dif-
fusion with varying self-diffusivities of different components.>* Some studies> have also considered cross-diffusion as
a generalization to the diagonal dominant diffusion. Fickian diffusion’ posits that the flux of a chemical component is
directly proportional to the negative gradient of its concentration. At the microscopic scale, this transport models the

Int J Numer Methods Eng. 2024;125:€7475.
https://doi.org/10.1002/nme.7475

wileyonlinelibrary.com/journal/nme © 2024 John Wiley & Sons, Ltd. 10f 20


https://orcid.org/0000-0002-4684-4423
http://wileyonlinelibrary.com/journal/NME

20f20 SRIVASTAVA and GARIKIPATI
WILEY

Brownian motion that is the stochastic collision-driven motion of particles. The cumulative migratory behavior of these
particles translates to a concentration gradient equalizing flow of the density. This linear relationship of flux and concen-
tration gradient works reasonably well for approximating diffusion processes in binary mixtures and under dilute limits.®
On the other hand, extending this model to more complicated scenarios entails including correction terms in the diffu-
sivity coefficient.®"!! Often, it is not even possible to describe the behavior with these corrections while also maintaining
thermodynamic admissibility. Duncan and Toor!? designed an experiment with a ternary mixture of gases that showcased
behavior like osmotic diffusion, reverse diffusion and diffusion barrier where the apparent driving force seems to be along
the direction of gradient; such phenomena are not captured by Fickian diffusion. The Maxwell-Stefan (MS) approach
to multicomponent diffusion is based on the kinetic theory and molecular force balances.! It has been applied to vari-
ous physical systems such as intracellular organization of biomolecules,'* protein adsorption,'>® flow of solutes across
polymer membranes!” and dispersion of atmospheric aerosols.!® This mechanism can better describe the interaction of
elements in specific biological systems, for instance, cellular migration in tissue formation.

In this work, we have developed an MS diffusion-based RD system. A similar model has been developed by Herberg
et al.'® where they have considered a mass-conserving transport with reactive flow; however, they have not considered
pattern-forming reactive dynamics. We also provide a mathematical framework to obtain these models in a data-driven
fashion. We believe this approach will also help alleviate the problem in the experimental measurements of MS diffusivity
coefficients.?’ Our approach leverages Variational System Identification (VSI) techniques that adopt a regression-based
methodology. This methodology involves evaluating a set of potential operators within partial differential equations
(PDEs) using available data. Subsequently, the parameter estimation problem is reformulated as a nonlinear regression
problem. This transformation can be achieved through the construction of operators, either in a strong form of PDE, such
as finite difference representations as seen in the Sparse Identification of Nonlinear Dynamics (SINDy) approach,* or in
a weak or variational form of the PDE as is done in VSI methods. Both of these operator representations impose rigorous
demands on the quality and quantity of data necessary for accurate operator construction. However, using weak forms
offers distinct advantages, including the appearance of boundary conditions within the formulation and reduced prereq-
uisites concerning spatial derivatives. PDE-constrained optimization techniques have also been employed for parameter
identification.?? These techniques, unlike VSI, minimize the difference in the PDE’s predicted solution and the data
field. Therefore, they enjoy the advantage of being much more robust against noisy data, but at a computational cost.
However, in the study of pattern formation, the equilibrium solution has a strong sensitivity to initial conditions, mak-
ing PDE-constrained optimization a poor choice for such problems. In the case of PDE-constrained optimization, this
problem is further exacerbated when the forward solution of models does not converge due to poor guesses for param-
eters. The mathematically simplified nature of the regression approach, particularly when working with weak forms,
renders it amenable to a wide array of operator selection techniques. These include regularization, stepwise regression,
and genetic algorithms, facilitating the identification of a parsimonious model (PDE with minimal parameters) from an
extensive set of potential operators.?? Similar techniques have been previously studied across diverse domains, including
constitutive theories,?>?? epidemiology,?* and pattern formation.?

We have made the following contributions in this work:

« We have proposed a new model for studying pattern formation using an MS-based RD system.

« We show that MS-based RD systems can capture a rich set of dynamics that generalizes the ones produced by Fick-based
RD systems.

« We have formulated a VSI framework for extracting the RD model from spatiotemporal data.

« Our approach captures the salient features of the Turing instability, and inferred models can produce similar patterns
to the original data.

« We show that temporally refined data near the onset of instability results in better recovery of stability diagrams.
Meanwhile, including longer time ranges in the data results in better recovery of patterns

In the next section, we will introduce the theory for the transport of multicomponent systems and Maxwell-Stefan
diffusion. In Section 3, we develop the VSI-based computational framework for inferring MS-based RD systems from
spatiotemporal data of concentration fields. In Section 4, we show pattern formation with MS-based RD systems and
employ our data-driven inference approach for identifying these systems. Finally, we present the concluding remarks in
Section 5.
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2 | TRANSPORT OF MULTICOMPONENT SYSTEM

Let Q Cc R™ be an open bounded domain with boundary dQ with outer normal field n. We consider a mixture with
n > 2 components. Each constituent has a molar mass My > 0, individual mass density p; > 0 and a velocity u; satisfying
u; - n = 0 on the boundary 0Q. The mass balance of each component is given by:

opi .
§+V-piui=Miri inQfort>0 1)
where r; is the rate of production of i species. Note that r; is positivity-preserving that is, if p; = 0 then r; > 0. The total

mass balance is obtained by summing over the balance equation of each component:

ap
—+V.-pu= ) Mir;, withu-n=0 2
ot P Z iti ( )
where p = Y, p; is the total mass. The barycentric velocity, u, is estimated as pu = ), pju;. Transport is also stud-
ied in terms of other quantities like mass faction y; = p;/p, molar concentration, ¢; = p;/M;, and molar factions
X; = ¢;/cior Where the total concentration is estimated as cy = ), ¢;. The transport of these quantities can be
obtained from the mass transport equation. For instance, combining (1), (2) and the definition of mass faction
gives:

pOi+u-Vy) +V - J; = My —inMiri, with J;-n =0 (3)
i

where ._Ii = p;(u; — u). The transport of molar concentration is obtained as follows:
oici+ V- cu=r; 4
The transport of total concentration is obtained by adding the transport of individual concentrations:

ot + V- v = Yori, withv-m=0 (5)

1

where molar averaged velocity, v is evaluated as ¢ = Y, c;u. Finally the transport of molar factions are obtained
from (4) to (5):

Coot(Ox; +V-VX)+V-J=r; —xiZVi, withJ;-n=0 (6)
i

where J; = ¢;(u; — v). It should be remarked that previous studies on non-reactive systems® assume co; to be constant over
time. It can be observed from (5) that this requires: (1) ), r; = 0, that is, there is no net production of material in the sys-
tem, (2) V - ¢tV = 0 that can be achieved by fixing a frame of reference moving with molar averaged velocity. meanwhile,
for reactive flows,' it is assumed that p is constant over time, requiring (1) Y, M;r; = 0 that is, there is no net produc-
tion of mass in the system, (2) V - pu = 0 that can be achieved by fixing a frame of reference moving with barycentric
velocity.

For this work, we will study the transport of molar factions and fix ¢y = 1. It should be noted that in this
work, molar factions and molar concentration will have the same numerical value in the units of c,;. As men-
tioned earlier, we will impose a constant ¢y, by setting Y, r; = 0 that we refer to as the no-net production property.
Moreover, we fix the frame of reference with respect to molar averaged velocity, and v=0 = ), J; =0. From
here on, we will also refer to flux as J; = c;u;. With these remarks, the system under consideration is rewritten
as follows:

atci + V. Ji =1 such that Z}’i =0 (7)
i
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The first prominent equation of diffusion is Fick’s law. This law states that for a single-component system, the diffusion
flux is proportional to the negative gradient of the concentration.

J=-DVe (®)

Therefore, we get that the time derivative of the concentration is the negative of the divergence of the flux:

% _v.J=vV.DVe 9)
ot

This theory can be phenomenologically extended to the multicomponent case by assuming flux to be given as a linear
function of the gradient fields as follows:

n
Ji = _ZDUVCJ (10)
j=1

where the diffusivity tensor, D = D([cy, - - - ¢,]) consists of non-zero off-diagonal terms:

Dy Dyy --- Dy

D31 Dy -+ Dy

D= (11)

Dnl Dn2 e Dnn
This results in the following RD model:

o0ic; = ZV . DUVCj + 7 (12)
J

However, it has been proven that this phenomenology for diffusive fluxes is thermodynamically inconsistent.? In par-
ticular, (1) mass conservation is only satisfied if all diffusivities are the same. (2) The second law is satisfied only in very
special cases. In the next section, we present Maxwell-Stefan diffusion that alleviates these deficiencies.

2.1 | Maxwell-Stefan diffusion

The MS equations rely on inter-species force balances. More precisely, it is assumed that the thermodynamical driving
force d; is in local equilibrium with the total friction force. The friction force on 1 mole of particle i due to particle j is
modeled as

fi= %Cj(ui — ) (13)
ij

where the Dy > 0 has a physical significance of an inverse drag coefficient and Dj; = Dj; is a natural condition due to
force balance. We remark that the formulations presented in the literature show some variations in the model for net
frictional forces, for instance, Krishna and Wesselingh® consider f; j & Xj(u; — u;), meanwhile Herberg et al.!? consider

fij &« yj(ui — uy).
The net force balance on particles results in the following:

e (14)

Note that this relation satisfies ), d; = 0. There have been various models for driving forces proposed for specific sys-
tems.?’ In this work we will assume that d; = ¢;V u;, with the standard chemical potentials y; = log(y;c;) for the potentials.
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Here y; > 0 are the so-called activity coefficients. This results in d; = V¢;. These relations are then used to estimate J; in
terms of the thermodynamic forces.

The special case of equimolar transport is well-studied in literature.® Mathematically, it implies that ), J; = 0 and
Crot 18 constant. Consequently, >, Vc¢; = Ve = 0. This allows us to rewrite the system with n — 1-independent variables,
(cr,---cn1):

]1 V(.‘l
Bl : |=- : (15)
Jn—l Vcn—l
where
—a(2-2) i#)
Bi=41 . (1 1\ . .
oo+t 2ela - 3;) =

k#i

where we have used the facts: (1) Y1J; = 0, (2) Y1¢i = ciot = 1,and (3) Y[ Ve, = 0
Example: Consider a non-reactive ternary system. In this case, we have two independent equations where the B matrix
is given as:

1 1 1 1 1
$oald-k) -a(-i)
B —_ D13 D12 D13 DIZ D13
1 1 1 1 1
(o) el -)
DIZ D23 D23 DlZ D23

_+C<L_L> (L_L>
B—l — 1 Dy, ! D, Dy ! D, D3 (16)
det B Q(L_L) L_,_Q(L_L)
D12 D23 D13 D12 DlS

The evolution equation for this reduced system is given as:

2
aCi 1
5 = ZV - [B1];V¢; (17)
Jj=1

Given the similarity between the forms of MS and Fickian diffusivities from here on, we will denote with D;; = [B‘l],j,
noting that these coefficients are now considered to be functions of the molar concentration.

2.2 | Case study for non-reactive equimolar transport

Duncan and Toor’s experiment!? provides a canonical illustration for the generalizability of MS formulation over Fickian
fluxes. The experimental set-up consisted of two-bulb diffusion cells with an ideal ternary gas mixture of (1) H, (2) N,
(3) CO,, where bulb 1 consisted of equal moles of H, and N, mixture and bulb 2 consisted of equal moles of N, and CO,
mixture. The mixtures in the bulbs were allowed to diffuse into each other via a capillary. The experimental conditions
allow for a non-reactive equimolar flow. We first consider a numerical idealization of this experiment on a square domain
with H, and N, on the right half of the domain and CO, and N, on the left half of the domain. We employ the reduced
formulation Equation (17) with ¢; and ¢, denoting the H, and N, molar concentrations, respectively. Let Q = [-0.5,0.5]% €
R? with following initial conditions:

106yt =0)=0.5/(1 + exp(—20x))

(18)
0Ly, t=0)=0.5
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We consider the binary diffusion coefficients provided by Boudin et al.2%: D;, = 0.833, D13 = 0.680 and D3 = 0.168. The
simulation results for the molar concentrations are presented in Figure 1, and the gradients of the molar concentrations
are presented in Figure 2, where only the horizontal components of the gradients are presented as the fields are uniform in
the vertical direction. We observe that the molar concentrations of H, and CO, behave in a familiar way, where diffusion
has an equalizing effect of removing gradients in the molar concentration (see rows 1 and 3 of Figure 2) that results in
uniform equilibrium steady state (see rows 1 and 3 of Figure 1). However, N, shows an anomalous behavior. We first focus
on the x-concentration gradient of N,, Figure 2) and observe that there is no gradient initially. However, it evolves to form
a peak at t = 0.25, and then this peak decays to 0 at ¢ = 2. In terms of the concentration, cy,, this phenomenon appears
as starting from a uniform field, N, first flows to the right, creating a gradient field and then flows back towards the left
to a uniform equilibrium. This phenomenon we simulated through MS-diffusion cannot be explained through Fickian
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diffusion. In particular, at t = 0, N, starts to redistribute even though Vcy, = 0. This phenomenon is dubbed as osmotic
diffusion that, in the case of Fickian diffusion, demands Dy, — 0. In ¢ € (0, 0.25), the diffusion of N, is in a direction
opposite to that dictated by its driving force in a Fickan model, this is known as reverse diffusion and requires Dy, < 0. At
t = 0.25, the diffusion mechanism switches from reverse diffusion to the usual Fickian diffusion. At this time, we observe
anon-zero gradient field (Vcy, # 0); however, Jy, = 0. In Fickian diffusion, this will require Dy, = 0. This example shows
that MS-diffusion can capture a richer set of diffusive mechanisms. In Section 4.1.1, we will discuss the relevance of these
mechanisms on pattern formation.

3 | VARIATIONAL SYSTEM INFERENCE

In this section, we will develop the framework for data-driven inference of the parameterized parabolic PDE to obtain the
coefficients of MS diffusion and functional forms of production rates. We will first consider the variational formulation of
Equation (12). As discussed above, the equivalent diffusivity coefficients, Dy;, for MS diffusion, are nonlinear functions of
the molar concentration (¢, - - - ¢,—1). We will start with the general nonlinear form of diffusion coefficients and reaction
terms. In Section 3.2, we will assume a parameterized form for the production rate.

3.1 | Finite element formulation for RD model

We will consider ¢ € Z°(Q)x L,([0,T]) where the hilbert space, Z°(Q) = H'(Q) Xn1 times - - - X H'(Q). For the
infinite-dimensional initial and boundary value problem (IBVP) with homogeneous Neumann boundary conditions
on 0L, the weak form can be stated as: for all admissible test functions w = (wq,---w,_1) € 7" find c(x, t) such that
c(x,t =0)=c(x)andforallie {1,---n—1}

a .
/ ﬁWldQ = —Z / Dval . VCJdQ + / ViWidQ (19)
J
3.1.1 | Time discretization
For a finite time evolution ¢ € [0, T], we consider finite timepoints [fo, t1,- - - , fy,] With to =0, ¢, = T and & < tx11. The
timestep size is evaluated as Aty = x4+ — tx. We consider the backward Euler scheme for updating c;
I
Ci — Ci
/ w;dQ = —Z / DUVWi . VdeQ + / rw;dQ (20)
o At — Ja Q
3.1.2 | Finite element approximation

For finite-dimensional fields ¢, w" the weak form is as follows: find ¢* € * ¢ " such that for all w" € " c 7, the
finite-dimensional (Galerkin) weak form of the problem is satisfied. The variation components w? and trial solutions cf’
are defined using a finite number of basis functions,

ny,
Cf’ = Zai,ka
k=1

(21)
ny
W}; = Z bi,ka
k=1

where n, is the dimensionality of the H*(Q), and and Ny represents the global basis functions. Substituting w” and ¢ in
Equation (20), accounting for arbitrariness of wf’, and decomposing the integration over Q by a sum over subdomains €,
leads to following set of residual equations at each timestep fori € {1,---n—1} and!l € {1,---np}:
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n, Mp,

[
Ajek) — (k)
Rijs = ZZ / —”NkNldQ + ' Dyjaj ey VNew - VN; = riN; [dQ (22)
7

e=1k=1

The solution to the PDE at each timestep is obtained by solving the above set of n X n, equations, R;; = 0 for all i and I.
Note that these equations are nonlinear in general as D;; and r; are typically functions of c.

3.2 | Identification of governing parabolic PDEs in weak form

We are provided with the data as a spatiotemporal field for the multicomponent system, e(x, t) with (x,t) € Q x [0, T]
where Q € R" and [0, T] are the spatial domain and time-period of interest. We will assume that irrespective of the source
of data, be it experimental images or high-fidelity simulations, it is possible to obtain the finite element projection of the
data field as cd P = =3, a Vi where we are denoting the data-field as el

The exact parametrlc form of PDE can be obtained by considering a set of possible reaction operators. In this work,
we consider polynomial operators for reactive terms.

ri(c; 0) = 2 Y Oiac” (23)

k=0|a|=k

where the multi-index notation with a = (a3, ... ,a,_1) With |a| =a; +-- -+ a,_1, and ¢* = c'fl
defines some cut-off order for the polynomial approximation.

These polynomial forms are a popular choice in modeling pattern-forming RD models such as Schnacken-
berg, Gray Scott and FitzHugh-Nagumo models. It should also be noted that the no-net production is implicitly
built in this ansatz. This can be observed by fixing the reactive dynamics of the n' component as r,(c;0) =
ZZ”:O 2|u|=k Onoc® with 0,, = —2:’;110;&. This results in the required condition that ;' r; = 0. The condition for
positivity-preserving is more challenging to achieve. A sufficient condition for this property to hold is that we only
consider polynomials of the form ¢l -D*+@ forcing ri(e,0) = 0 if any of the components are zero. However, this
is a very restrictive condition. Since it is sufficient and not necessary, we will not enforce positivity-preserving
property in this work and restrict our attention to models and respective IbVPs that naturally remain in the positive
quadrant.

With this ansatz in place, we can formulate the optimization problem for PDE estimation. The set of optimization
variables are given as ® = {Dj;}izje1,.n U {0i.a }ie(1,n-1},Ja1<n,- The optimization problem is posed as:

5] Xp—1
c, ¢, And, n,

2
0" =arg min”R(Glcd)H , suchthatD; >0 Vij (24)
0cO

where R(0|c?) is an (n — 1) X np X ny-dimensional vector indexed as R;;s with (i,l,s) € {1,---n—1,} x {1,---np} X
{1,---nr} where:

dt dt,_

Riys(0lch) = ZZ / uNkNZdQ+ZDU(c 9)adtSVNk VN, — ri(c%; )N, |dQ (25)
e k=1

3.2.1 | Inference with MS diffusion

We first employ this VSI approach on MS diffusion. In particular, we explore the equimolar non-reactive transport
example of Duncan and Toor’s experiment (see Equation 18). From here on, we will refer to H,, N, and CO, as
species 1, 2, and 3, respectively. We are interested in inferring reduced two-component MS Equation (16) parameter-
ized with @ = {Di,, D3, D13}. We consider three different IBVPs with IBVP1 same as Section 2.2 and IBVP2 and 3
defined as:
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IBVP2 : ci(x,y,t =0)=0.25+ 0.1 cos(10x) + 0.1 cos(10y)
c(x,y,t =0) =0.25+ 0.1sin(10x) + 0.1 sin(10y)
IBVP3: c(x,y,t =0)=0.5/(1+ exp(—20x))
c(x,y,t =0)=0.5/(1 + exp(20x))

(26)

The IBVPs are also provided in Figure 3 (left panel). We infer the parameters for two-component MS diffusion by
solving Equation (24), and the inferred parameters are presented in Table 1. We observe that for the case of IBVP 1 and
IBVP 2, we can recover the PDE to a reasonable precision. However, that is not the case in IBVP 3. We can also consider
the sensitivity of the residual to the parameters by evaluating the contours for a range of parameter space (shown in the
right panel Figure 3). We can observe from the bottom-right contour plot (D,3, D;3) for IBVP 3 that multiple minima are
present along a line. This results in a degeneracy in the inferred parameters due to the chosen initial conditions. One may
notice that in IBVP 3, ¢; + ¢; ~ 1 almost everywhere. It follows that:

« For a ternary system, if ¢; + ¢, = 1 at any given point in time then Aate) _ o that is,if c; + ¢, = 1 at some time, then it
remains 1 for all times. Consequently there is no information of interactions of the third species, resulting in degeneracy
in the inferred frictional forces that involves this species,

« Ifc?issuch that it satisfies the above condition and (D;‘z, D;s,

(D7, BD3,, BD7,) for any will also satisfy Equation (17).

Dy,) are such that Equation (17) is satisfied, then choosing

The first point is easy to verify by adding the two components of Equation (17):

1
4+
ot detB D13 D23 > D12 detB

a(cl+02)=v<l—cl—C2<VC‘1 VCz

V(e + C2)2>

IBVP 1
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FIGURE 3 Parameter sensitivity for different IBVPs. Each row represent a different IBVP with the exact form provided in

Equations (18) and (26). The left panel shows the initial concentration of the dataset. The right panel shows sensitivity contours (left to right)
in the (Dy3, D13), (D13, D12), (D23, D13) planes while fixing D13, D,3 and Dy, respectively to the original solution. The sensitivity contours are
constructed using log ||R(c?|0)]].
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TABLE 1 Inferred parameters for a two-component MS diffusion with different IBVPs.

Parameter Original Inferred (IBVP 1) Inferred (IBVP 2) Inferred (IBVP 3)
Dy, 0.833 0.83298162 0.83305782 0.83300214
Dys 0.680 0.68001752 0.67998865 0.24130419
Dy; 0.168 0.16799677 0.1679995 0.05961649

0(cl+cz) =0

Noting that ¢; + ¢; = ¢ior = 1 and V(c; + ¢;)? = =1, we get that

tot

To show the second point, we first observe that acl = ac; , therefore 1t is only necessary to consider evolution of one

of the species. Without loss of generality, we cons1der the evolution of ¢;

()Cl 1 1 1 P VCl
vy, = L)y 8
ot <detB<<D13 D23> ! D23>>

here we eliminated c, using the additional requirement ¢, = 1 — ¢;. If the data, ¢? satisfies this property, one can write the
following inference consistency error, e(D12, D23, D13 |c‘f) for the data c‘f:

ac? Vel
e(Drz,Dzs,D13|C‘f) =||=-V- ! <L - —>V(Cd)2
ot det B(Dlz, D23, D13, Clli) D13 D23 D23

where

1-¢c 1

detB = -
Dy;,Dy3  Di3Dyy

Here the inference consistency error, e, provides a measure of how closely the data field, c‘li and the parameters
(D12, Dy3, D13) correspond to each other. In particular, if (D?,, D2 Dy7,) is the parameter that generated the solution c‘li

12° 7723
then e(Dj,, D3, D7, |c‘11)) = 0. We also observe that for any f > 0:

a_(fil -V. 1 < 1 _ 1 > (cd)Z
ot det B(D1, D23, pD13, ) \ \ FD};  BD;;,

oct vel
—L_v. - ( 1* * >V(Cd)2 + = = e(D,, D33, Di3) =
ot det B(D;3, D3, D13, Ctli) Dl D D23

This degeneracy can be generalized to n-component systems where if any of the components is uniformly
zero at any given time, then the binary coefficients corresponding to that component are degenerate. Using these
arguments for the three IBVPs, we see that this degeneracy is absent in IBVPs 1 and 2 since we start with
a mixture with a non-zero concentration of each component. Therefore, the inference is more robust for these
two cases.

23’

e(D1y, fDy3, fDi3|c?)

3.3 | Computational framework for inference

The numerical examples presented in this work have been posed and solved in two dimensions using the finite element
method programmed using the automated computational framework of Fenics package.?>** All the simulations presented
in this work are done on a 2D square domain with structured mesh with 5000 linear triangular elements. The nonlinear
variational problem in the forward solution is solved using a Newton solver. The nonlinear optimization for minimizing
Equation (24) is done using L-BFGS-B method. We use the implementation provided by the scikit-learn package.’! The
objective function, obj = ||R(6|c%)] |2 is evaluated using the Fenics library using the same mesh that the data was gen-
erated on. The gradient of the objective function is also supplemented to the optimization scheme, where it is evaluated
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asgrad_obj = [|R(6]c)||VeR(O|c?), where the gradient of the residual is estimated using the automatic differentiation
capability of Fenics package.

4 | PATTERN FORMATION IN RD MODEL

Turing’s work showed that two or more interacting components diffusing at significantly different rates can create spon-
taneous, self-organizing spatial concentration patterns. In this section, we first present the analysis for MS-based RD
systems, followed by a discussion on the inference of these systems. However, the ideas presented here apply to the
general n-component model. We illustrate these properties for a ternary mixture represented with the concentration
of two-components, (c3, ¢;), with dynamics governed by an RD system composed of MS diffusion and Schnackenberg
kinetics for reaction, resulting in the following set of equations:

dc
a_tl = V- Dii(c1,¢2)Ver + V - Dia(er, ¢2)Ver + Rig + Riser + Ripcies
(27)
ac
6_t2 =V - Dnlc1,c2)Ver + V- Dax(cr,¢2)Ver + Ry + Rarcy + Rzchcz

Here, the terms Dji(c1,c2) = (B_l)ij represent the nonlinear diffusion obtained by solving Equation (16). The reac-
tive dynamics represented by r; = Ryo + Ry1¢1 + Rucfcz, and r, = Ryp + Ry101 + Rzchcz is known as the Schnackenberg
dynamics! and is the basis for many biological patterns. This system contains three parameters for diffusion, namely
(D12, D3, D13), and six parameters for reaction, namely (Rig, R11, R12, Rao, Ro1, R22). It is also worth noting that the
dynamics of the concentration of the third species can be determined using the relationship:

des _ 94 9¢ —1- _
oo o e®0=1-a(0 -cx0) (28)
4.1 | Turing’s analysis with nonlinear diffusion

In this section, we extend Turing’s analysis to MS-based RD systems. Turing instability is a linear instability that is
observed in some RD systems for specific choices of parameters. To observe this phenomenon, one starts with a homo-
geneous IBVP, that is, c(x, 0) = ¢y is a constant vector in space. This constant vector ¢, is selected such that r;(c) = 0 for
alli e {1, ... ,n}, thatis, the initial homogeneous condition is a solution to the system of nonlinear reaction equations.
As the solution is homogeneous, Equation (15) results in the absence of diffusive flux at all points in the domain.
Consequently, this homogeneous solution is also a solution to the full RD system, and one should expect that if this
homogeneous solution is attained at any time during evolution, then the system will remain at this solution for all
future times. However, for certain choices of parameters, if this solution is perturbed from its equilibrium, these pertur-
bations may grow, causing the system to evolve to a non-homogeneous equilibrium state. A typical observation of this
phenomenon is presented in Figure 4 where a numerical solution to Equation (27) is presented on Q = [-5, 5]* with
parameters (D129 D13, D23) = (0833, 0.680, 0168) and (Rlo, Rll’ Rlz, Rzo, R21, R22) = (0, —-20, 7200, 0, 20, —7200) The simu-
lation is started at the homogeneous state ¢, = (0.0527,0.0527) with a perturbation of 10~ sin(||x||)/(1e — 3 + ||x||). We
can observe that this homogeneous state is a solution to the Schnackenberg equation for the prescribed parameters. More-
over, the magnitude of perturbation is small in comparison to the homogeneous solution. In the simulations, we first
focus on the evolution of ¢; and c,, noting that the fields rapidly move towards a non-homogeneous solution in the first
few time steps, forming concentric rings of localized high and low concentrations. The changes in these concentration
fields become slower as time progresses, and beyond a certain time, there is no discernible change in these concentra-
tion fields. The inhomogeneous nature of these equilibrium fields is what we refer to as patterns in RD systems. Turing?
explained the onset of this instability that we observed at ¢t = 0 using the stability of the linearized RD system.

Noting that the initial condition is a homogeneous equilibrium solution with some added perturbation, we consider
the following general form of perturbed solution about an equilibrium point:

ci(x) = ¢ +¢i(x)
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FIGURE 4 A numerical solution of Equation (27) on Q = [-5, 5]* with parameters (D5, D13, D»3) = (0.833,0.680, 0.168) and
(R19, R11, R12, Rags Ry1, Ry2) = (0, —20, 7200, 0, 20, —7200). The simulation is started with the unstable equilibrium solution
c(x,0) = (0.0527,0.0527) with a perturbation of 10~ sin(||x||)/(1e — 3 + ||x]|).

where ¢ = (cy, ... , Cp_1) represent the equilibrium solution and the¢; represent the perturbations about the i component
equilibrium solution. Substituting this form in Equation (12) gives

ac; ~  OF —~
a_tl = ZDU(E)ACJ + a—c;(c)cj (29)
J
where we used the fact that ¢ is an equilibrium point that is, for alli € {1, ... ,n — 1}, we have 0— = Z Dy(_)Ac] + r;(c).
Moreover, the homogeneous solution is gradient-free, that is, for all i € {1, ...,n—1} and i € {1, ... ,ng}, we have

a; . . . . L
0—;’_ = 0. Equation (29) approximates the dynamics of perturbation growth when the solution is close to a homogeneous

equilibrium solution. For the special case of Schnackenberg dynamics, this equation gives:

06 = ~ = o~ = oa =~
L= Di1Ac; + D1z Acy + Ryjc1 + Rz

06, = ~ = e = o~ =
a_l'z = Dy1Acy + Dy Acy + Ry1¢1 + RasCa

where:

Ri1 = Ryy +2R1561C)

= -2
R12 = Ryzc1
Ry1 = Ry + 2Ry010,
= )
Ry = Ry
We consider solutions of the following form:
- zTa,keik'xew"t (31)
k

with wave vector k and frequency wy, for the plane wave mode k. Substituting in Equation (30):
<|k|2511 —Ru + COk)Tl,k + (|k|2512 - §12)T2,k =0

(|k|2521 - E21)T1,k + (|k|2522 —Ry + COk)Tz,k =0
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For non-trivial Ty x and T,, the frequency and wave number must satisfy:
0=w; +bay +c (32)
where

b= |k|*(D11 + D) — (Ru1 + Rya)
¢ = ((1%"D1 —Rur ) (kDo — Raz ) = (1kI°Diz — Rz ) (1k*Dn — Rt ) )

This quadratic equation has the solutions, wy = 1/2(—b + V/b? — 4c). We will refer to these solutions as the branches.
The form in Equation (31) reveals that if Real(wy) > 0 for any value of k and any branch, then the corresponding mode
will grow over time. This growth is typically expected only close to the homogeneous equilibrium solution, ¢. As these
modes grow, the state departs from the homogeneous solution and may stabilize at non-homogeneous equilibrium points
that we refer to as ‘patterns’. One way of studying this growth in the linearized regime is via stability diagrams. In this
visualization, we plot Real(wy) for the different branches for a range of wave numbers k. If any region of the figure lies in
the first quadrant, then the system is linearly unstable. Moreover, the values of k for which Real(wy) > 0 determine the
modes that will grow. In particular, one may identify the different modes in the perturbation and use this visualization to
determine the unstable ones. The unstable branch of the system discussed in Figure 4 is presented in Figure 7. In this case,
all modes are observed to be unstable. In another case study presented in Section 4.2, we get a stability diagram (shown
in Figure 5) where not all modes are unstable. It should be remarked that the patterns are formed when the system’s state
evolves beyond a small neighborhood of homogeneous equilibrium solution. Therefore, this stability analysis is only valid
at the onset of the linear instability and not at all subsequent times. It should also be observed that different nonlinear
systems can have the same onset to instability, that is, two different systems may have the same instability diagram. For
instance, consider the following two RD systems with the same linearized reactions but different diffusivities.

Ry R -1 1 Dy Dy 1 0
Casel : _ _ = , _ _|=
Ry1 Ry, -1 1 D,; Dy, 0 1/100

_ _ (33)
Case 2 R R -1 1 Dy Dip 505,/1000 99(y/2 + 1)/200
ase 2 — — = , — — =
Ry Rn -1 1 Dy Dy 99(v/2 — 1)/200 505/1000
O L
——Branch 1
) 10t ——Branch 2
Inferred Branch 1
3.0e-01 20 & — Inferred Branch 2| |
- 0.25 g )
-~ 02 =
- 0.15 oﬁv -30
— 0.1
0.05 40
& 0.0e+00
-50 -
-60 I
0 2 4 : 6 8 10
Initial Exact A A1 Ikl

condition equilibrium equilibrium

FIGURE 5 Comparison of original and inferred model for case 1. The left panel shows the state of the original and inferred model at
t = 2. The right panel shows the stability diagram for the original and inferred model.
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Solving Equation (32) for both these cases results in the same frequency-wave number relationship:

_1f 101, \/ 99 .o\
cok—2< L 2+ <2+100|k|> 4)

Therefore, these two cases behave similarly at the homogeneous equilibrium state. It is also worth noting that in case 1, the
components are diffusing at significantly different rates; meanwhile, in case 2, the instability arises due to cross-diffusion
terms. Regarding physical mechanisms of diffusion, these cases represent two entirely different approaches to the onset
of pattern formation. These mechanisms have been previously studied in literature>® in the context of Fickian diffusion.
In the next section, we will discuss the physical mechanisms in the MS-based RD model.

4.1.1 | Physical interpretation of Turing instability in MS-based RD systems

Turing instabilities were initially studied for a Fickian diffusion-based RD system.’ In this case, diffusivities D;; are inde-
pendent of concentrations. The simplicity of the Fick-based RD system allows for an activator-inhibitor interpretation
of the morphogens that lead to instability and, consequently, steady-state patterns. To understand this interpretation,
we can consider the linearized system in Equation (30). For this brief excursion into Fick-based RD systems, we will
ignore the species, cs, that in the case of MS-based diffusion is determined as c3(c;,c;) =1 —c¢; — ¢ (conservation of total
molar concentration). Moreover, we will ignore the dependence of linearized coefficients D;; and R;; on the equilibrium
homogeneous molar concentrations, (¢, ¢;). In this settlng, we will refer to R11,R22 > 0 as auto-activation, RH,RZZ <0
as auto-inhibition, R12,R21 > 0 as cross-activation, and R12,R21 < 0 as cross-inhibition. Moreover, for diffusion, thermo-
dynamic admissibility requires that self-diffusion D11, Dy > 0 meanwhile cross-diffusion (D12,D21) can be positive or
negative. One of the simplest cases with instability in this activator-inhibitor setting is in the absence of cross-diffusion
(D12 = Dy = 0) with fast inhibitor (spec1es 1) and slow activator (species 2) (D11 >> Dy,). Here, inhibitors are species
with auto and cross-inhibitions (Ri1, Ri2 < 0) and activators are species with auto and cross-activations (Ra2, Ry > 0).
An example of this scenario is presented in case 1 of Equation (33). In this scenario, if there is a perturbation that
results in a locally higher concentration of activator, the activator results in a local increase of the inhibitor. However,
inhibitors having a faster spreading rate result in a long-range inhibition. Consequently, pushing the system towards a
non-homogeneous solution with low and high concentrations. This process is often referred to as short-range activation
and long-range inhibition. It should also be noted that this onset to instability doesn’t require different self-diffusions
as in case 1 of Equation (33). It is shown in case 2 of Equation (33) that the same (wj — k) relationship can be obtained
with species with the same self-diffusion but different cross-diffusions. In this scenario, the different spreading rate in the
activator-inhibitor model is achieved through this cross-diffusion mechanism.

Itis evident from the above discussion that various diffusive mechanisms can lead to pattern formation. It is, therefore,
important to have a physically accurate description of diffusion mechanisms in real-life systems. In Section 2.2, we consid-
ered Duncan and Toor’s experiment that serves as a case study where Fickian diffusion is inadequate to describe transport
in a ternary system. MS diffusion describes a more general class of diffusive mechanisms as discussed in Section 2.2. At
the same time, MS-diffusion remains thermodynamically consistent® for positive coefficients, D; > 0. The form of diffu-
sion provided in Equation (16) shows a concentration-dependent form. It can be observed that at low concentrations that

is, ¢1, ¢, << 1, Equation (16) gives:
B~ Dis 0
0 Dy

Therefore, if the frictional forces between species (1-3) and species (2-3), given as D‘ and D‘ are very different, we may
obtain the fast and slow diffusing species that sometimes form the basis for the actlvator 1nh1b1tor model. Even at higher
densities, the relative values of frictional forces are essential in understanding the diffusion mechanisms; for instance,
at the onset of instability in the example presented in Figure 4, the coefficients of linearized RD system Equation (30)
evaluates to be:

lﬁu 1_112] ~ l 39.9860 19.9930] lﬁn 1_)12] ~ l0.1755 —0.0302] )

Ry Ry —~39.9860 —19.9930| |Dy; Dan —0.0017 0.6869
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Here, we observe that the self-diffusions are of similar magnitude while there is the presence of cross-diffusion terms.
These examples show that MS-based RD systems can exhibit equivalent diffusion tensors as Fickian diffusion at the onset
of instability. However, MS diffusion remains thermodynamically consistent for all molar concentrations in the permis-
sible range. More interestingly, the concentration-dependent diffusion implies that a spatially and temporally varying
diffusion is observed as concentration evolves after being perturbed from the unstable equilibrium. For instance, in some
regions, the system may evolve with slow and fast diffusing species, while in others, it may evolve with cross-diffusion.
This out-of-equilibrium dynamics is significantly more complex than Fick-based RD systems. On the other hand, this
rich dynamics complicates the inverse problem of inferring parameters in MS-based RD systems due to the nonlinearities
introduced by the diffusion process in the optimization problem of Equation (24).

4.2 | Data-driven inference of governing equations for pattern formation

In this section, we present two numerical studies to demonstrate the application of the data-driven system inference
method outlined in Section 3.2 to pattern formation. The coefficients of the exact and inferred models are presented in
Table 2.

4.2.1 | Data generation

We consider two particular instances of the RD model with MS diffusion. The parameters are prescribed in Table 2. In
both cases, we infer a model by identifying the coefficients of the reaction basis terms as they appear in the Schnacken-
berg model, that is, {ci, ¢, cjc;} for both components. The models are inferred by solving the optimization problem of
Equation (24).

Case A: The model with parameters labeled Exact A is solved on the domain Q = [—5, 5]? with ¢ € [0, 2]. The initial
conditions are chosen to be the perturbed unstable equilibrium as ¢(x, 0) = (0.055,0.046) + 6 where the perturbation,
6 = 0.01(cos(10x) + cos(10y), sin(10x) + sin(10y)).

Case B: The model with parameters labeled Exact 2 is solved on the domain Q = [-5, 5] with ¢ € [0,100]. The initial
conditions are chosen to be the perturbed unstable equilibrium as ¢(x, 0) = (0.0527,0.0527) + 6 where the perturbation,
6 = 10~*sin(||x||)/(0.001 + ||x||)(1, 1).

4.2.2 | Recovery of patterns and stability diagrams
In this subsection, we will look at the results for inference of Case A. We first observe the steady state behavior in
this case (Figure 5, left panel) forms spot-patterns. The coefficients of the inferred model are provided in Table 2 with

label, A1. We start with considering the reactive part of the inferred model and solve the reaction equations to esti-
mate the homogeneous equilibrium solution, e¢(x) = (0.05,0.05). This solution is very close to the exact model’s solution,

TABLE 2 Original and inferred parameters for MS diffusion and Schnackenberg reaction system.

Dy, Dy Dy3 Ryo Rn Rz R3o Rn Ry
Exact A 5.00e0 5.00e0 5.00e—2 1.00e—-1 —2.00e+1 7.20e+3 1.00e0 0.00e0 —7.20e+3
Model A1 5.00e0 5.00e0 8.59e—-2 1.35e—-1 —2.77e+1 9.99e+3 7.65e—1 9.69e0 —9.99¢+3
Exact B 8.33e—1 6.80e—1 1.68e—1 0.00e0 —2.00e+1 7.20e+3 0.00e0 2.00e+1 —7.20e+3
Model B1 1.19€0 9.43e—1 2.33e—1 5.82e—4 —2.78e+1 9.99¢e+3 3.34e—4 2.78e+1 —9.99¢+3
Model B2 1.17e0 9.44e—-1 2.33e—-1 2.32e—4 —2.78e+1 9.99¢e+3 1.30e—4 2.78e+1 -9.99¢e+3
Model B3 1.16e0 9.44e—-1 2.33e—1 1.25e—4 —2.78e+1 9.99¢e+3 5.33e—5 2.78e+1 —-9.99¢e+3

Model B4 3.58e0 9.80e—1 3.26e—1 4.55e-2 —2.86e+1 9.99e+3 —4.0le—-2 2.85e+1 —9.99¢e+3
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c(x) = (0.0527,0.0527). Next, we solve the complete RD system with the inferred parameters Al but with the initial con-
ditions used to generate data. We observe that the equilibrium state of the inferred model (see Figure 5) also shows a
spotted pattern. The pattern formation process in the RD system is sensitive to initial conditions. Therefore, it is not
possible to replicate the same steady-state state pattern from different models. However, we obtain similar patterns.
We then construct and compare the stability diagram of the exact and the inferred models (see Figure 5, right panel)
and note that they are very similar. A similar stability diagram means that if two models start at the homogeneous
unstable equilibrium, the same modes will grow and possibly lead to some steady state. However, the stability diagram
doesn’t directly determine the final patterns that are formed or the out-of-equilibrium evolution of the solution. This
numerical study shows that the VSI technique can capture salient characteristics of the instabilities near the unstable
equilibrium point and the long time patterning behavior of the system. There are two key takeaways from this numerical
study:

1. Similar patterns can be obtained from different models. This property will impact biological systems (discussed in the
concluding remarks).

2. VSI can capture the characteristic features of instability and the long-term behavior or patterning in the RD system.
However, VSI could not recover the coefficient of the original system. This phenomenon is attributed to the nonlinear
optimization of (24). The minimization problem has multiple local minima, and the algorithm identifies one of them
as the solution.

In the following subsection, we will discuss ways to better inform the inference by choosing timestamps at which data
is being collected.

4.2.3 | Effect of time slicing on inference

In this subsection, we will consider the inference of case B. We will solve this inference problem four times with data
collected at different time points at ¢t € {0, At,2At, ... nrAt} where we consider the following cases:

« Sub-case B1: simulation range: ¢t € [0, 20], time discretization ny = 200, At = 0.1
« Sub-case B2: simulation range: t € [0, 50], time discretization ny = 500, At = 0.1
« Sub-case B3: simulation range: ¢t € [0,100], time discretization ny = 1000, At = 0.1

« Sub-case B4: simulation range: ¢ € [0, 1], time discretization nr = 100, At = 0.01

The numerical results for the inferred model are presented in Table 2, labeled as B1-4. We again observe that in all
cases, B1-4 inferred values differ from the original system. The solutions to the inferred models B1-4 for ¢ € [0, 10000]
are provided in Figure 6. We reemphasize that cases Bl, B2, B3 and B4 were trained with initial time series data up
to t = 20, t = 50, t = 100 and ¢ = 1 respectively. The forward solutions of the inferred models (presented in Figure 6)
are carried out for a longer time range of ¢ € [0,10,000] to determine the steady state solution. We observe that all
inferred models resemble the square patterns in the original data in the initial few time steps. However, sub-case Bl
deviates from the data when it continues to evolve beyond its training range. Interestingly, the equilibrium solutions to
sub-case B2 and sub-case B3 resemble the data, illustrating that these models can be extrapolated to longer times than
the data with which they were trained. It is also seen that including a more extended range for data gathering B4 to Bl
to B2 to B3 results in a better recovery of steady-state solution. However, when we compare the stability diagram of the
inferred and exact models (see Figure 7), we observe that the sub-cases B1, B2, and B3 are overpredicting the growth
rates (Real(wy)) for all wavenumbers k. Moreover, the stability diagrams for cases Bl to B3 are similar (overlapping in
the Figure 7). Meanwhile, the sub-case B4, which contains data for a small range of ¢ € [0, 1] with refined timesteps
of At = 0.01, shows considerable improvement in recovering the stability diagram. There are two key takeaways from
this study:

1. Increasing the time range allows VSI to identify model parameters that recover the patterns.
2. Refining time in the initial state close to the unstable equilibrium allows VSI to identify model parameters that recover
the stability diagram.
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FIGURE 6 Spatiotemporal evolution of ¢; described by an RD system with parameters provided in Table 2.
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FIGURE 7 Unstable mode in the stability analysis for the models described in Table 2 (Exact B, B1, B2m B3, B4). All diagrams are
evaluated at the equilibrium point e(x) = (0.0527,0.0527). The curves corresponding to B1, B2 and B3 overlap and cannot be distinguished in
this plot.
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5 | CONCLUDING REMARKS

RD systems form a general class of PDEs that model pattern formation in biological systems. These models are typically
studied in the context of Fick-based diffusion that defines a linear relationship between flux and the gradient of the con-
centration field. This idea is generalized for multicomponent transport by constructing flux as a linear combination of
concentration gradients of each species. However, this relationship is only valid for low concentrations and, in general,
is not thermodynamically consistent. MS diffusion provides a more general framework for multicomponent transport
that is valid for arbitrary concentrations. We illustrated in Section 2.2 that MS diffusion includes mechanisms for inter-
molecular force balance in the diffusion flux that allow us to describe phenomena like osmotic and reverse diffusion.
Constructing an RD system with this mechanism will lead to a richer class of dynamics while being grounded in physics.
We have also considered cases in Section 4.1.1, where at low concentrations, one can have slow and fast species that lead
to pattern formation with the guiding physical principle of short-range activators coupled with long-range inhibitors. We
also showed that cross-diffusion can trigger these instabilities for pattern formation. MS-based diffusion allows a natural
way to incorporate cross-diffusion at higher concentrations while maintaining thermodynamic consistency.

Meanwhile, simple reaction dynamics can capture a relatively broad class of patterns.? In our work, we observed spots
and ring patterns with Schnackenberg reaction dynamics. The MS-based RD system can be very quickly coupled with
other reaction models studied in pattern formation, like the FitzHugh-Nagumo and the Gray-Scott models, offering a
general framework for studying pattern formation while maintaining thermodynamic consistency. One should, however,
practice caution when using these general reaction systems. The initial conditions and parameter space of this system
must reflect the positivity-preserving property in the reaction dynamics required by the MS-based framework. The other
restriction of this framework, the no-net production property, is automatically satisfied by the dynamics of the reduced
system. At the same, this property offers more insight into the mechanics of pattern formation in these systems.

No-net production property in MS-based RD system: In a recent study by Braun et al.,3? they illustrated Turing
instabilities and patterning with mass-conserving reaction dynamics.

0(:1

— =Ac; + ,
T c1 +f(cr, )
()Cz

— = Ac, — f(cy, ¢
m » —fler,¢2)

the implication being that we get source-free transient diffusion for c; + c,. A central assumption in MS-based RD sys-
tems is that the total molar concentration remains constant when considering the complete n—component system. As a
consequence, the ternary systems that we have illustrated in Section 4.2 follow concentration-conserving reaction dynam-
ics. Therefore, the patterns that we observe in this system are formed by redistribution and interchanging of species in
the domain. This contrasts mechanisms studied in the general form of RD dynamics, where a local concentration change
may alter the global concentration.

Implications in biological patterning and morphogenesis: RD systems form one of the two primary schools of thought
in the genesis of natural pattern formation, the other being mechanochemical systems.!3* In the former approach, dif-
ferent species are treated as morphogens (or hypothetical chemicals) that can react and diffuse to form patterns. In many
biological systems, these morphogens may interact via physical contact; for instance, the physics of pattern formation in
tissues is dictated by the transport of a mixture of cells. Practical examples of such systems include embryogenesis, tissue
differentiation, vasculogenesis, neural tube formation, invasive tumor growth.!*3-3 Modeling these phenomena must be
done considering the high cell densities, warranting the need for more sophisticated modeling of diffusion mechanisms.
As we discussed in Section 4.1.1, the spatial variations in densities may lead to different mechanisms for diffusion in
different parts of the domain.

MS-based RD system offers a general yet simple representation for modeling these complex biological behavior. The
initial perturbation dependence of the final pattern also captures the uncertainty and variability we observe in nature.
Moreover, the nonlinearity in the inference formulation shows a possible existence of multiple mechanisms (local min-
ima in parameter space) that can explain pattern formation with these models. The class of patterns studied with this
approach can be further broadened by including more pattern-forming reactive models like the FitzHugh-Nagumo model
to determine the best reactive operators for the data. The VSI approach developed in the work can be integrated with oper-
ator selection techniques that we have presented in some previous works,?>?+25 allowing us to identify a parsimonious
representation for reactive dynamics in a data-driven fashion. In future, we will generalize this work to non-equimolar
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settings®” that will allow us to model a more general class of biological systems, such as the ones with significant cell
proliferation and death.
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