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THE TAIL FIELD OF A MARKOV CHAIN
By Allan Francis Abrahamse

Let E be a subset of the integers, containing
zero. Let 51 be the space of sequences « = (xo,xl,...),
xje E. Let Xn:jlg—> E denote the coordinate function,
Xn(w) = x, for « as shown. ILet % _ denote thes-field
of subsets of ) induced by the set X X  ys..- and
let 9 =%, and .- (\‘9;1. 9, is called the
tail field. Let ©:£ —> L1 denote the shift function,
8[(xo,xl,...)] = (xl,xz,...). Let 9—1 denote the class
of sets Fé 7 such that ol = F. @FI is called the
invariant field. Let p be a stochastic matrix on ExE,
and let P, denote the measure on %9 such that PO(X0 = 0)

and PO(X = ylxn = x) = p(x,y). We study the fields

n+l
9., and @-I as they relate to the Markov chain

X = (X 5n 2 O} over the probability space (12,9.,P0).

Blackwell defined a class O. of subsets of E,
closed under finite unions and differences, containing
E and the empty set. He showed that this class is

igsomorphic to @-I, modulo certain equivalence relations.

%e show that © maps %, one-to-one onto itself,

and *91 = {Feh |OF = F). We define a class of sequences
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A= (A 50 2 0} of subsets of E. Denoting this class
of sequences by AL , we can define operations of finite
union and difference in a natural way, and also define
2 shift function © mapping AL into itself.

We show that .{ 1is isomorphic to %, , modulo certain
equivalence relations, and that © commutes with this
isomorphism. We show that (L 1is essentially the same
4s the subclass of sequences A in L such that ©A = A.

From this observation a proof of Blackwell's result can

be obtained.

Finally, a zero-one law is obtained for the tail
field in terms of solutions to the system of equations

£ (x) =2 pCxa3E (3D,
Ve E
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CHAPTER 1

INTRODUCTION

~

1.1 OQutline.

This thesis is concerned with the structure of
certain 6~fields which occur in the theory of Markov
chains. The main results will be announced in this
chapter. The proofs of the theorems will be given in

Chapter 2, and Chapter 3 contains a few applications

and elaborations.

We adopt the practice of placing the symbol I

at the conclusion of a proof.

1.2 Boolean & -algebras.

Objects known as 6-fields are familiar members of
the probabilist's entourage. In this thesis, however,
it is necessary to use some of the more remote aspects
of the theory of such objects. Therefore, we begin with

a brief discussion of Boolean algebras.
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The following definition of a Boolean algebra is
more general than the one that is usually given., Let &
be a non-empty =et, and let < be a partial ordering of
the elements ¢f ¢ . The pair (A ,<) 1is a Boolean

algebra 1f cta= following three conditions hold:

1) For each pair of elements A and B in &,
the least uprer bound with respect to the ordering <
of the pair A and B exists, as well as the zreatest
lower bound. The least upper bound of the pair A and
B is denoted by the symbol Av B, and the greatest

lower bound by the symbol An B,

2) There is an element U and an element @ in
0. such that @ < A < U for each element A€Q . U
is called the maximal element of @ , and @ 1is called

the minimal element.

%) For each A¢C there is an element denoted by

Aeq. , such that AvA® = U and AnAS - 2.

A Boolean algebra is a Boolean o -algebra if in
addition to these conditions, for each countable sequence
Al’A2" . . of elements of A , tne least upper bound

of the sequence, denoted by the symbol b’AJ, exists.

A familiar example of a Boolean algebra (Boolean
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6 -algebra) 1is that for which A is a class of subsets
of some space f) such that ¢ is closed under the operations
of taking complements and (countable) unions and intersections.
The partial ordering is the usual containment relation <
We note, for example, thut the least upper bound-of two
elements of (L with respect to the containment relation is
the union of the two elements. It is usual to call a
Boolean algebra (Boolean & -algebra) of this sort a

field ( 6 -field) of subsets of the space (2.

For another example of a Boclean algebra (Boolean
6 -algebra) let L2 be some set of points, and suppose
7 is a field ( 6 -field) of subsets of {1 . Let P
be a probability measure defined on the elements of P .

We say that two sets A and B in % are P-a.s. egqual

if P(A&6B) = 0 (A&B denotes the symmetric difference,
(A-B)v (B-A)). The relation of being P-a.s. equal is
an equivalence relation. Let $[P] denote the family
of equivalence classes. If A' and B' are elements of
2 (P], we write A' < B' if there is a set A 1in A‘
and a set B in B' such that P(A-B) = 0. It is not
hard to see that < 1is a well-defined partial ordering
of the elements of % ([P], and that the pair (% [P],L)
is a Booleaﬁ algebra (Boolean & -algebra). We note, for
example, that the least upper bound of two elements A’
and B' of % (P] is the element of %[P] which contains

the set Av B, where A€eA' and BeB',
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This thesis is concerned with isomorphisms between

certain Boolean & -algebras. We now give a precise defini-

tion of this concept.

1.21 Definition.

Let (& ,<) and (@ ,<) be two Boolean
algebras or two Boolean 6 -algebras. If
there exists a one-to-one map T from (L
onto B such that A; < A, if and only

if T(Al) < T(A2), then (& ,<) and (&8 ,%)
are said to be isomorphic, and T 1is

called an isomorphism.

It is easy to show that if T 1is an isomorphism
petween (& ,<) and (B ,<), then it preserves least
upper bounds and greatest lower bounds, maps the maximal
and minimal element of (. to the maximal and minimal element
of B respectively, and commutes with the operation
A — A%. For example, suppose (&,<) and (@B ,<) are
6 -algebras, and P is an isomorphism between them. Let
Apshsye o be a sequence of elements of (A . We have
T(Aj) < T(wv Ai) for each Jj, hence b/T(Aj) < T(w Aj)‘
On the other hand, suppose B 1is an element of B such

that T(A,) < B for each j. Then Ay < 7"1(B) for each
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jy so VA4S 171(B), hence T(w A;) < B. Thus,
T( Vv Aj) is the least upper bound of the set T(Al),T(A2),...
that is to say, V¥ T(AJ) = T( v Aj)'

Finally, we point out that an iscmorphism can be
used to prove that a Boolean algebra is in fact a Boolean

6 -algebra, under certain conditions.

1.22 Lemma.

Let (& ,<) and (& ,<) be isomorphic
Boolean algebras. If in addition, (@ ,<)

is a Boolean 6 -algebra, then so is (& ,<).

Proof. Let Al’AE” . « be a countable sequence
in & . Let B be the least upper bound of the
sequence T(Al),T(Ae),. . «, where T 1is the isomorphism.
It is trivial to show that T-l(B) is the least upper

bound of the sequence Al,AE,..., and this proves the

result. ||



1.% Probabilistic notations.

Let E be a subset of the integers which contains
zero, and let {7 denote the space of sequences
w = (xo,xl,. . .), for xjé E, j > O. For each non-
negative integer n, let Xn:§1 —> E be the n-th
coordinate function, where Xn(u) = x, forw as shown.

Let % denote the smallest 6 -field with respect to which

all of the functions XO‘XI" . . are measurable.

Let ©:§) — (1 denote the "shift" function, defined

by setting

6((xo,xl,...)] = (xl,xg,...)

Let 91 denote the class of sets A€ % such that

o~la = A. f9I ig a 6-field, and is called the invariant

field.

Let p(x,y) be a stochastic matrix on ExE. For
each b€ E, there is a unique probability measure Pb on

) such that



P (X

ne1 = IIXp = %) = p(,y)

With respect to tne probability space ({2,%,P.),

the sequence X = (Xn;n > 0) 1is a Markov chain, with
stationary transition function p. We will be chiefly
interested in this chain over the probability space
(KQ,fQ,PO). we assume that E 1is the minimal state-space

for th£§ chain, i.e., for each x€E, there is a non-negative

integer n such that PO(Xn = x) > 0.



1.4 Blackwell's characterization of 3

1"

In [1] Blackwell derived a characterization of the
invariant field @lI, and it is a generalization of
this result that is the main contribution of this thesis.
In this section, we will outline Blackwell's characterization.
We will express it in a manner that is somewhat different
from the original, and will follow more along tne lines of
Chung's exposition of blackwell's results, found in [3].

In addition, our version is slightly stronger.

A subset A of E 1is recurrent if P, (X € A i.o0.) > 0,
otherwise, A is transient. A recurrent set A 1is almost

closed if

PO(Xné A all large nlxne A i.o.)

u
[

We point out that for any set ACE, XnéA for all

large n implies that Xne A i.o.. Therefore, the condition
that the set A be almost closed amounts to requiring that
the conversé implication hold, Po—a.s.. Let G. denote the
class of subsets of E which are either almost closed

or transient. It is easy to verify that @ is a field

under the usual containment relation. It is also easy to
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construct examples in which (L is not a ¢ -field.

On (. we define a measure A« by setting

m(h) = Py(X €A i.0.)

That a is in fact a (finitely additive) measure requires
some proving, but it is not difficult, and we omit it.

We consider the Boolean algebra of equivalence classes,
L[], the construction of which was explained in
Section 1.2. Two sets are contained in the same element

of cx[4] 1if they differ by a transient set.

We also consider the Boolean ¢ -algebra Q-I[Po].
Two sets of 91 are contained in the same element of

QI[PO] if they are P,-a.s. equal.

Using these definitions, Blackwell's characterization

can be stated in the following way:

l.41 Theorem.

O~ [m] 1is a Boolean 6 -algebra, and is isomorphic
to 9I[PO].
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Blackwell proved that ¢A[s] is a Boolean algebra,
isomorphic to gi[PO]' Our version is stronger to the
extent that we apply 1.22 to obtain that AA[ml is

in fact a ¢ -algebra.

We will derive 1l.41 as a corollary to our main

result, in Section 2.4.
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1.5 The tail field.

In this section we will outline the main result

of the thesis.

Let n be a non-negative integer, and let @;n
denote the smallest & -field of subsets of {) with respect

to which the functions XD,X . . are measurable.

n+l*’
The tail field % _ is the 6-field defined by

2 =N 2,
n>0

If F is any subset of £ , then the set OF is

defined by the relation
OF = (w |There is a v e F, and 68Y =« ).

The action of © on subsets of Sl is of special interest
when it is restricted to the tail field. We state our

first theorem.
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1.51 Theorem.

© maps 2 _ one-to-one and onto itself.

Furthermore, % = (Fe 7,16F = F}.

In other words, if %, _ is regarded as a set of
"points", then © acts as a permutation operator on
this set, and 91 is the set of "fixed points"™ under
this permutation. The proof of this theorem will be

given in Section 2.1.

Since %, is a 6-field contained in . which
is characterized by the set of almost closed sets in
the sense of Theorem l.41, it seems reasonable to
expect that some set of objects characterizes %9, in a

similar way. Just such a characterization will be dis-

cussed next.

In what follows, the symbols A and B will denote .
sequences of subsets of E: A = {A 5n 2 0}, B = {B 5n > O},
with AnSE and an-E for each non-negative integer n.

Such a sequence A will be called a transient sequence

if for each integer Kk,
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PO(XnE An+k i.o.) = 0

Tne sequence A 1s a tall sequence if it is not a

transient sequence, and for each integer k such that

PO(Xne ALk i.o.) > 0, we have the relation

]
[

PO(XDG ALk all large anne ALk i.o.)

For any sequence A, we have

. k .
(Xné An+k i.o.} = © (XnE.An i.o.}

Therefore, A 1is transient if and only if for each integer

k, Py(e¥(X_ €A  i.0.}) = O. We also have for any

sequence A,

{Xne A all large n} € (X € A i.o.}
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Hence, A 1is a tail sequence if it is not a transient

sequence, and for each integer k

K . c ok
9 (X € Ay i.o.}) € o {X €A all large n)

Po—a L] So

If A is the sequence (D,D,D,. . .} where D
is some subset of K, then A 1is a transient sequence

or a tail sequence if and only if D is a transient seil

or an almost closed set.

Let X denote the class of sequences of subsets of
E which are either transient sequences or tail sequences.

If A =1{A 3sn >0} and B = (B sn > 0} are elements of

A we write:

&
A® = (Agsn > 0)

Ao B

{A oB sn 2> 0]

@A = (A ;50 2 0}
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In the second expression, "o" 1is meant to represent any
set-theoretic connective, e.g. v or n . We will say

that A € B if A, € B, for each n 2 0.

1.52 Lemma.

If A and B are elements of AL , then so

Cc

are A, 8A, AvB, and A~nB. The pair

(X ,&) 1is a Boolean algebra.

The proof of this assertion will be given in
Section 2.3%. We point out that X is not necessarily
a Boolean ©6-algebra. For example, let A = {An;n > 0}
be a sequence of subsets of E which is neither a
transient sequence nor a tail sequence. (It is easy to
construct a Markov chain in which such a sequence exists.)

For each pair of non-negative integers n and k, set

and let A¥X = {Ai;n > 0}. Each A% is a transient
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i X ko _
sequence, so each is an element of . But v A A,

o

which is not in A .

Two sequences A and B in A will be said to be
equivalent if the sequence AAB 1is a transient sequence.
Let AL * denote the family of equivalen;:e classes.

The elements of A * will be denoted by symbols A~*,
B*, etc. We write A* < B* if for some element A€A*,
and Bé€ B*, A-B 1is a transient sequence. This ‘c{efines
a partial ordering of the elements of A*, and we will

see that the pair ( A *,<) 1is a Boolean algebra.

A set F in 900 will be called a null set if
Po(ekF) = 0 for every integer k. This is stronger
than the usual definition of a null set. We see from the
above definitions thut the sequence A = (An;n > 0} 1is
a transient sequence if and only if the set {Xné An i.o.})

is a null set in Z..

Two sets F and G are equivalent if FaG 1is
a null set. This is indeed an equivalence relation, so
we let 903 denote the family of equivalence classes.
The elements of 92 will be denoted by F*, G*, etc.
We say that F* < G* if there is an element Fé€F*
and an element GEG* such that F-G 1is a null set.

The pair (%2,<) 1is a Boolean ¢ -algebra.
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A shift function © can be defined over both XL*
and 3. We will show for A and B elements of X,
chat 4 1is eauivalent to B if and only if ©A 1is
‘squivalent to ©B. Given tals, if A* 1is an element
of A*, chocse A€a*, ani define ©A* to be the element

T+ which coutains 9i. Similarly, for F* an

¢i-ment of 70, let Felk¥*, and let ©F* be the element

of A* wnich contains OF.

We are now in a pusition to state our main result.

-t
N
o

Tneorem.

I * is a Boolean ¢-algebra and 1s isomorphic

to ~-1*. © commutes with the isomorphism.

The proof of tnis assertion wili be found in

Jectiorn 2.5%.

in lection 2.4, we will snow tnat Blackwell's result,
Theorem 1.41, can be obtained from 1.55., We will
4150 investigzte furtner relations between the objects

defined in this section and those in Section 1.4.



CHAPTER II

THE MAIN RESULTS

2.1 Proof of Theorem 1.51.

For convenience, we restate this theorem.

2.11 Theorem.

a) © maps 7. one-to-one onto itself.

) D, = (Fe|6F =P}

Proof. For m > 0, k>0, 1let C De the cylinder

C = {w Ixm(w)e Co""’xm+k(“’)€ Ck]

where CO""’ck are subsets of E. Then

18
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=1 !
o7lc = {a 1X ()€ Co, e Xy ()€ C )

Therefore, if € _ denotes the ring of subsets of iQ]

. . -1
induced by the cylinders in 9m’ then © ~ C n = c el

Since ©~Y is a countably additive map from 2 into %@ ,
- -1
we see that © 19m = 3 n+l® For any set A, ©6(0 "A) = A,

hence “me = 6‘9m+1.

For each m > O, 9“‘g?m+l’ and s0o O% < 9m, hence
89, %, . This shows that © maps 7w into itself.

A similar argument shows that 6-1‘-25 € % . Therefore,

1, is in 9. too, and since

9(6'1A) = A, this shows that © maps %c onto itself.

if A€9, , it follows that O~

We pow show that © is one-to-one. Suppose A and
B are sets in 9, , and ©A = 6B. Let we€ A. Then Ow € 8B.
Hence there is a v € B, such that Bw = BV, Let
w = (xo,xl,. . «) and Vv = (yo,yl,...). The fact that
8w = 6v implies that m:;i =73y for j 2> 1. Since B \is
in 9, , it is in ‘Qm for each m > 1, hence, the point
v' = (x5,¥7+. - .) 1is in B. But now V' =w , hence

we have shown that A ¢ B. The symmetry of the argument

proves that A = B, and this completes the proof of part a)



20

of the theorem.

To prove part b), if Ae€ 5}1, then in particular
A< 7 , apd for each integer n, A = B € oY . @n’
nence A€ 9. Furthermore, since ™14 - A, 6(6°1A) = BA.

Since G(G'lA) = A for any set, we see that

(2.12) 91 c (A€ 9. |6A = A},

On the other hand, if A 1is an element of the
right-hand side of (2.12), ther A = ©A, and 80
o1y - e~1(ea). Since A€o, part a) of the theorem
implies that 6~1(ea) = A, hence Aé")I, and this proves
part b). ||
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2.2 Quasi-regular functions.

A regular function is a non-negative function ¢

on E which satisfies the relation

£(x) = 7  plx,7E(¥)
yeE

for each x€ E. Such functions play an important role in
Blackwell's proof of Theorem 1l.41. The corresponding
concept in the present work is that of a quasi-regular

function, which we will define shortly.

2.21 Lemma.
For any set Fe€ 9., and for each pair of
points b,c in E, and for any integer
n >0 such that P (X, = b) > 0, we have

the relation

P(FIX, = b) = Py(6"F)

Proof. let n be any non-negative integer, and let
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integer m be chosen larger than n. ILet C be a

cylinder set in % o’

Cc = {u’lxm(w)é CO,...,Xm+kGO)E Ck}

where CO,...,Ck are subsets of E. Then

n - w

and so we obtain the following relations:

P (CIX, = b) P_(X € Cgyee X

mek € CxlXp = ®)

= Pb(xm_né CO, TR ’xm+k_n€ Ck>

Pb(GnC)

Hence, for fixed integer n, and for any m 2 n, the

assertion of the lemme holds for every cylinder in f?m,
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and therefore the assertion holds for every set in §*m.

Since 0q,ef?m, the lemma follows. |}
2.22 lLemma.

For any set Fe¢ 3, , for any integer n,

P (8%F) = 7 p(x,3)Py (6" 'F)
yeE

Proof. Select any integer n, and let m be a
positive integer greater tham n. Let C be a cylinder

set in.f}m, say the one defined above in the proof of

2.21. Then

n+l
gPtls . {wlxm-(n+1)(w)ﬁ CO""‘Xm+k—(n+l)(w)E Cy )

and so we have the relation

Py(emlC) - 2 rpr-(ard) © 22 S0)-1C SNT SSRATTI1C ORI L MWW

where the summation 5 ' is tuken over X € Chyenns €C
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From this, it follows that

S p(x,3)R, (e 10)
y€E

= jE;.pm-n(x’xm)p(xm’xm+l)'°'p(xm+k-l’xm+k)

= Px(GnC) -

Hence, the assertion of the lemma holds for all sets in

2 ps and since 9.¢%9, for each m, the lemma follows. ||

We call a non-negative function £ of two variables
n and x, notated fn(x), where n is any integer, and

x €E, a quasi-regular function if

£ (x) = Z P(xa¥)1, 1 (3)
YEE

for each integer n and each x E. Lemma 2.22 asserts
that for each set F € 9., the function fn(x) = Px(GFF)

is a quasi-regular function. This is the only kind of
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quasi-regular function that will be encountered in this chapter.
We now demonstrate a limit theorem for such functions.

2.2% lemma.

Let FeJ., and let fn(x) = Px(GnF). Then

for each integer k,

lim fmk(xn) = X K

P -8.8.
n- e e F ©

Proof. From 2.21, it follows that
£ (x) = P.(65F|X. = x)
n+k 0 n
and therefore,
£ . (X.) = P (65FIX ) P, -a.s.
n+k‘“n 0 n 0

Since ekx ¢ Y% , by the Markov property the left-hand

~

side of this equation is equal to
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P (8¥F|X_,X X ) P.-a.s
0 n¥p-1v+ %o o~a-8.

and by a martingale theorem ([4], Cor. 1, p. 332) it

converges P.-a.s. to P (GkFI 2 )= X P.-a.s. ||
0 0 ekF )

A relation between quasi-regular functions and tail

sequences can now be given.

2.24 Lemma.

let F € 9,, and let fn(x) = Px(enF). For
each n > 0, let A = (x|fn(x) > 1/2} Then

A= {An;n > 0} 1is a tail sequence or a transient

sequence.
Proof. For any integer k,

{Xne An+k i.0.} = {fn+k(xn) > 1/2 i.0.)

€ (limsup £, (X)) > 1/2)

n-uco
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From 2.23 we know that limsup fn+k(xn) = liminf fn+k(xn)

n-—rw n —-o
= X P.-a.s. Hence, the above set is P -a.s. equal to
ekF Q 0
o%f = (liminf £__ (X ) = 1)
n+k*"n

n—a ]

e

(X €A . all large n).

Thus for each integer k, (X €A i.0.} is P,-a.s.
a subset of (X € A . all large n). Hence, if

PO(Xné An+k i.o.) > 0, we have

Po(X € & ., 8ll large n|X €A ., i.o.)

= PO(Xné A, large nn X €A i.o.)/Po(an'An+k i.o.)

and s0 A = {An;n > 0} 1ie a tail sequence. ||
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2.3 Tail sequences and Theorem 1.55.

In this section we will give a proof of Theorem
1.55. Some of the steps are of separate interest, so
we will present the proof in a series of lemmas. We
will also review most of the definitions as we go along.

We begin by restating Lemma 1.52.

2.%1 Lemma.

Let A = {A 50 >0} and B = {Bj;n 2 O}
be elements of A . Then Av B, ANB,
and+ A€ are also elements of X . Hence,

(L£,£) 1is a Boolean algebra.

Proof. Let D = (D sn 2 0} be any sequence of
subsets of E. An alternative to the definition given
in Section 1.5 that D be a tail sequence or a
transient sequence is that for each integer k, the

limit of the sequence of functions
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exist, Po-a.s. We have the relations:

Y ) I . X
{xne (An+k Bn+k)) he (X, e An+k} (X € Bn+k}
/K c l - /X .
(Xné An+k} {Xné An+k}

1t therefore follows from the standard theory of limits
that if A and B are elements of A, then so are AN B
and AC. Therefore, AvB is an element of A as well,

and this proves the lemma. ||

We review the definition of r*. For A,B in I,
AsB = (A-B)v(B-A) is in A too. A 1is equivalent

to B if AAaB is a trunsient sequence. Then L *

is the family of equivalence classes. For A*,B* in A*,
we write A®* < B* if there is an A€ A* and a B € B*
such that A-B is a transient sequence. This is clearly
a well-defined partial ordering of < *, and therefore,

Lemma 2.31 implies that (ZX*,<) 1is a Boolean algebra.

A set FeJ i8 a null set if Po(enF) = 0 for every

integer n. Two sets F and G in %o are said to be

equivalent if F& G is a null set. Let 9. denote

oC
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the family of equivalence classes. If F* and G* are
in 92, we write F* < G* if there is an element F ¢F*
and an element Geé G* such that PF-G is a null set.
Again, this is a well-defined partial ordering of 3%, and

( 9.2,<) 1is a Boolean c¢-algebra.

When 4 = {A 3n 2 0}, let S(A) be the subset

of 9. defined by the relation

S(A) = (w|X («»)ehy i.0.).

It is clear from the definitions that S(A) 1is a null
set of 2, if and only if A 1is a tranaient sequence.

e will presently show that S induces the isomorphism

between I * and 4J.

The main properties of the correspondence

S are given in the following lemma.
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2.%2 Lemma.

The correspondence A —> S(A) Dbetween elements
of £ and elements of %, preserves set-theoretic
relations and is 1:1, modulo transient ‘sets in X
and null sets in 9, . More precisely, if A and
B are elements of A , then

S(A v B) is equivalent to S(A) v S(B)

S(Ar B) is equivalent to S(A) ~ S(B)

s(A) is equivalent to S(A)®
and S(A) is equivalent to S(B) if and

only if A 1is equivalent to B.

Proof. For any two sequences A = {An;n > 0) and

B = {Bn;n > 0}, the following two relations always hold:

(X, € (A v B)) 1.0} = (X e ay i.0.}v (X €B) i.0.)}
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(Xné (An—Bn) all large n)

= {X €A all large n} - (X _ € B . 1i.o. )

The first relation implies that S(Awv B) = S(A) v S(B).
By definition, a sequence D = {D 3n > 0} is in £ if
the two sets (Xne D, i.o.} and (X €D all large n)
are equivalent in an. Therefore, the second relation
implies that if A and B are in A , then S(A-B) =

S(A) - S(B). The proves the assertions concerning set-

theoretic relations.

To show that S 1is essentially 1:1, we note that
for A and B in XL, S(AAB) is a null set if and only
if AAB is a transient sequence. By the first part of
the lemma, S(AAB) is equivalent to S(A)A S(B). This
completes the proof. ||

Let A* be an element of A*. Lemma 2.%2 implies
that if A and B are both in A®*, then S(A) and
S(B) belong to the same equivalence class in 32. We
let S‘(A‘). denote the equivalence c}ass of %2 which
contains S(A). 8* 1is a well-defined function from
I * into %2. In the next three lemmas, we will show

that S* is an isomorphism.
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2.%% Lemma.

S* 1is one-to-one.

Proof. Suppose for A*, B* € L*, that S*(A*) =
S*(B*). Then for A€ A* and BE€B*, S(A) 1is equivalent

to S(B). From 2.32, A is equivalent to B, hence,
A* = B*. ||

2.54 Lemma.

For A%, B* € X*, A* < B* if ‘and only if
S‘(A‘) S S‘(B'). - -

Proof. For A and B two elements of X,
A-B is transient if and only if S(A-B) is a null
set. By 2.32, S(A-B) is equivalent to S(A)-S(B),
hence, we can assert that A-B 1is transient if and

only if S(A)-S(B) 1is a null set.

Now let A* and B* be elements of X*, and choose
A€ A* and BE€ B*. Then A* < B* 1if and only if A-B

is a transient set, which is equivalent to the assertion
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that S(A)-S(B) is a null set, which is equivalent to
saying that S*(a*) < s*(B*). ||

The proofs of thre last two lemmas follow directly
from 2.32. That S* 1is also an onto function is a

little deeper, and follows from the following construction.

2.%5 lemma.

Let F €, and let £ (x) = Px(enF). For
each n > 0, let A = {x|fn(x) > 1/2)}, and
let A = {An;n > 0}. Then A is an element

of £ , and S(A) is equivalent to F.

Proof. ILemma 2.24 implies that A 1is in X.

In the proof of that assertion, we showed that

ofs(a) = (Xp€ 4, i.0.)

¢ oXF = (x_e A, all large n) € e¥s(a)
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P h 8kF is P 1 to 0%s
o-&-8., hence, is o-8.8. equa o (A),

for every integer k. This means that for each Kk,

PO(GkFaekS(A)) = Po(ek(FAS(A))) = o'

and the lemma follows. ||

Lemma 2.35 shows that S* maps X * onto 9!

(79

For let F*e€ 9, and choose FE€F*. Then if A 1is
the element of L constructed as in the statement of
2.35, and A* is the equivalence class of A*

containing A, then S(A) is equivalent to ¥, so

3%(A*) = F~.

We have thus exhibited a function S* which maps
T * one-to-one onto %%, such that A* < B* if and
only if S*(A*) < 8*(B*), so by definition 1.21, AL*
and 2 are isomorphic Boolean algebras. But 9

is a Boolean &-algebra, hence, I* 1is also a Boolean

6 -algebra, by Lemma 1.22.

To complete the proof of Theorem 1.55, we need to
show that © commutes with S*. We will review how 8

is defined over [* and 3° after the next result.
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2.36 Lemma.

If A is an element of AL , then so is
OA. If A and B are two elements of X,
then A 1is equivalent to B if and only if

OA 1is equivalent to ©B8.

Proof. If A = (A ;n > O}, then we recall that
BA = (An+1;n > 0). Now A is a transient sequence if
for each integer k, Po(X €A . i.0.) = 0. Hence,
if A 1is transient, using k+1 instead of k in this
definition, we see that PO(XnE L S— i.o.) = 0 for
every k. This implies that ©A is transient. Conversely,

i i € =

if oA is transient, we have PO(Xn A(n+l)+(k-1) i.o.) 0]
for each k, hence A 1is transient. This shows that
A is transient if and only if ©A is. The proof that
A is a tail sequence if and only if ©A 1is follows the
same line of reasoning. This establishes the first assertion

of the lemma.

Clearly ©(A4B) = GA46B. Now A 1is equivalent to
B if and o'nly if AAB is transient, and this is
equivalent to the assertion that 8(AAaB) = OAAEB is
transient, hence, the second assertion of the lemma is

obtained. ||
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For A*€ X*, if A and B are elements of A*,
Lemma 2.36 shows that ©A and 6B are in the same
equivalence class of X*. Let ©A* denote the
equivalence class of {* which contains ©BA. ©

is a well-defined operation on X*.

From the definition of the equivalence relation
on 9.2, it is clear that for F and G in %9, F
is equivalent to G if and only if ©F 1is equivalent
to ©G. © can be defined over %& similarly to the
way it was defined over X *--if F*¢ 9%, select FeF*,
and let ©F* be the equivalence class of 2. which

contains ©OF.

We can complete the proof of Theorem 1.55 after

the next lemma.

2.3%7 lemma.
Let A and B be elements of £ . Then

A is equivalent to 6B 1if and only if

S(A) 1is equivalent to ©3(B).

Proof. Let A

(Apsn 2 0} and B = {pn;n > 0).
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We note that ©S(B) = o{X, € B i.o.) = (Xné Bn+1 i.o.).
Brom 2.%2, S(A)& 6S(B) is equivalent to the set
(Xné (AnA Bn+l) ij.o.}) = S(Lo6B). Hence, S(A)aBS(B)
is a null set if and only if A4 ©B 1is a transient

sequence. ||

The proof of Theorem 1.55 can now be completed.
We assert that for A®*e X*, S*(0A*) = 8S*(A*).
F 1is an element of S*(8A*) if and only if there is
an element A€ A* such that F 1is equivalent to
S(6A). By 2.37, 8S(6A) 1is eguivalent to 8S(A), hence,
F is an element of S*(8A*) if and only if it is an

element of ©S*(A*). This finishes the proof of the

theorem.
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5.4 Almost closed sets and Theorem l.41.

Tn this section we will return %o the objects defined
by Blackwell, and see how they compare with the objects

we have defined. We will obtain a proof of Theorem l.41.

We begin by examining the relation between the class
(L of almost closed sets and transient sets, and the class
AL of tail sequences and transient sequences. Let D Dbe
a subset of E. We will write (D} as a short-hand way of
writing the sequence ({D,D,D,. . .}. We have»already pointed
out the fact that D is an element of & if and only if
(D) 1is an element of A . It is also clear from the
definitions that for D' some other subget of E,
(DvD'} = {D}v (D'}, {D-D'} = (D}-(D'} and DcD’

if and only if {D) < (D'}. We also note that ©{D) = (D).

It follows that if D and D' are equivalent elements
of O. , then (D} and (D'} are equivalent elements of 4.
Thus we can define a function from a {u] into - L*, whose
value at the class D* in C [u] we denote by the symbol
(p*)*, by setting (D*}* equal to the element of A* which
contains (D), where D 1is some element of D*. This
ig clearly a 1l:1 map which preserves the Boolean algebraic
structure of the Boolean algebras involved. It is not

necessarily onto, since 6{D*}* = (D*)* for each
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element D* of ¢ [u), and in general it is not the case
that OA* = A* for each A* € X*, We turn next to studying

the elements in Z7* which do satisfy this relation.

2.41 Lemma.

Let Ae T , and suppose ©OA 1is equivalent
to A. Then there is an element D€ such

that A is equivalent to the sequence (D,D,...]).

Proof. Let A Ve given in A , such that ©A |is
equivalent to A. Let F = S(A) = (X €A/ i.o.}, where
A = {An;n > 0). From Lemma 2.37?, F 1s equivalent to
OF. Set fn(x) = Px(enF), and for each non-negative
integer n let Bn = {xlfn(x) > 1/2). From Lemma 2.35,
if B 1is the sequence {Bn;n > 0}, then S(B) is
equivalent to F = S(4), hence from Lemma 2.%2, B is
equivalent to A. Now since F 1is equivalent to ©F,
fn(x) = fo(x) for every n, and so B = By for every
n. So if we set D = BO, them B = {D,D,. . .}, and
since B is im AL, D is in & .||

We claim that [ * ‘"contains" & [m], in the sense
that X * contains a sub-Boolean algebra which is an

isomorphic image of ci[u]). This image is the set jfi,
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defined by the relation

I} = are A *|BA* = A*].

2.42 Lemma.

L [u] and A% are isomorphic.

Proof. The isomorphism is the correspondance
D* —» (D®)*. We have already remarked that this correspond-
ence maps c¢.[u] one-to-one into l?i, and preserves the
Boolean algebraic structure, so we have only to show that
it is onto. Let A* Dbe an element of A ¥, so that if
A is an element of A*, then ©A 1is equivalent to A.
From Lemma 2.41, there is an element DéQ such that {D)
is equivalent to A. So if we let D* denote the class
in &[] containing D, then (D*)* = A*. Il

We now consider the Boolean &-algebra 9.5, and

begin by defining

91 = (F*e€ 95|6F* = F*).
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rgi is a Boolean 6-algebra which is contained in 27.
The elements of 2} can be characterized in the following
way: FPt¢ ‘f}i if F*€¢ 92, and for each FeF*, F and
OF differ by a null set.

31 is a family of classes of sets in 9. @-I[PO]
is a family of classes of sets in 91, and so if F' is

an element of 9I[PO]’ if FeF', then F 1is equal to 6F.

2.4% Lemma.

For each element F' of 9I[PO] there
exists a unique element of F* ¢ 9]‘: such
that F' < F*. Conversely, every element

F* of "}i contains one and only one element

P' of 9I[PO].

Proof. Choose F' a member of 9I[PO], and
gelect F from F'. Since F€%, by 1.51, Fe€ %.
Let F* be the element of 9% containing F.

There is only one such set F*. This establishes

the existenc.e and uniqueness of a set TF*, and we

pow show that F'< P*., Suppose GeéF'. By definition,
PO(GAF) = 0. Now F and G are elements of %9,

hence for every integer n, e%(Fa G) = FAG. From this
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we obtain that Po(en(FA G)) = PO(FAG) a 0 for every
integer n, hence F and G differ by a null set.
F and G are both elements of 9., and so they are

equivalent in 9,, hence G € F*. Hence, we see that

F'e F*,

To prove the converse, suppose F*¢ Qi. Let Fe F*,
and let fn(x) = Px(GnF). For each integer n, let
A = (xlfn(x) > 1/2}. Then letting A = {A ;n > O},
we know that S(A) is equivalent to F. Since F*€
% 1, we have by definition that 6F* = F*, hence
rn(x) = fO(x) for every integer n, and therefore A
= A, for every integer n. Hence, BS(A) = (X € A, i.o.)
is an element of 91' Let F' denote the element of
2 1[Py] containing S(4), then F' < F*, Thus
we have established the existence of F'. To prove
uniqueness, suppose G' 1is an element of QI[PO] such
that G' <« F*. Then if Ge€¢G', G is in F*, hence

G is equivalent to S(A), and so G' = F'. ||
The correspondence of Lemma 2.43% is clearly an

isomorphism. Thus, we have obtained:

2.44 Corollary.

2 1(Py) and %% are isomorphic.
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A proof of Theorem l.4]1 now follows. We notice that

93 = (F*e 93|6F* = F*)
Ly = (A*e x*|0A® = A%).

Since © commutes with the isomorphism function S*,
it follows that 9& and L1 are also isomorphic.
Theorem 1.41 follows from this fact together with Lemma
2.42 and Corollary 2.44.



CHAPTER III

ETABORATIONS

3.1 Cyclic sequences.

A tail sequence A = {A ;n > 0) is ssid to be
minimal if for any sequence B = (B ;n > 0} in X,
if B-A 1is a transient sequence, then B 1is either
a transient sequence or is equivalent to A. It turns
out that a minimal sequence, if one exists, is cyclic,

in a sense to be explained below.

A set P e¢%ois an atom of 9, if it is not a null
set, and every subset G €90 of F is either a null set
or is equivalent to F. It is easy to see that under the
correspondance of Theorem 1.51, the atoms of 9. correspond

to the minimal tail sequences, if any of either exist.

Let B be a minimal tail sequence. For each integer
J, either éjB is equivalent to B, or ejnr\B is a
transient tail sequence. Let NB be defined by the
following relation:

45



Ry = inf {§lj >0, @B is equivalent to B).

According to the usual convention, NB is infinite if
the set on the right is empty. NB will be known as the

period of the sequence B.

3.11 Theorem.

Jet B be a minimal tail sequence with period N

i) Np = . Then there exists an infinite
sequence C = {Cn;n > 0) of mutually disjoint
subsets Cn of E, which is a tail sequence
equivalent to B.

ii) Ny <. Then there exists a set of Ny
mutually disjoint sets CO" . "CNB—l’ such
that C = (C_  [mod Nglin 2 0) is a tail

sequence equivalent to B.

Proof. We will prove only assertion 1i). The

proof of ii) follows the same lines, with appropriate
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changes of indices, modulo NB‘

Let F = {Xne Bn i.o.}). For 1 # j, the sets eiF

and SJF have a null intersection. ILet G = V eip.
Then G 1s an element of "‘}I.

Define fn(x) = Px(enF), and g(x) = Px(G). Since
for i # 3, Px(en(eiu 89F)) = 0, we have

(<2

g(x) = E £,(x)

Na=co

We define the sets Cn by

c, = (xeBlalx) >0, £, (x)/g(x) > 1/2}
From the way in which f and g are related, it follows
that the sets (Cn;n > 0} are mutually disjoint.

It follows from lemms 2.23 that for any integer k,

fn+k(xn) — % ekF Po-a.s.



48

Lemma 2.23% also applies to the function g, and we have

g(xn) —> /y G’ _ _—Po—a-s.

and these two limits imply that over the set G,

b 4 (x )
B(Xy) o'F

F 4is not a null set, so neither is G. Hence, for

some integer k, rn+k(xn)/g(xn) —> 1 with positive
probability, which means that X €C_ . for all large n
with positive probability, hence, the sets {Ch;n > 0} are
not all empty. We obtain the following string of P,-a.s.

equal sets:

oF - (X €B,,, i.0.)

(£ (X )/8(X) - 1106 = (X €C , 1.0.)nG.
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Hence, Po({xne Btk 1.0)-(X € C i.o0.}|G) = O.
Since for each k, (X € B . i.o.} G, we also have

c .
PO([Xn€ Bn+k}|G ) = 0. These two equalities imply:

= PO({XnE Bp+k ~ Cn+k)) =0

Now CnE:Bn for each n, so this last expression

implies that C 1is equivalent to B, which completes

the proof. ||
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3,2 Trivial tail fields.

The tail field %, is said to be trivial if for
each Fc9., PO(F) is either zero or one. One of
Blackwell's results in [1] was that the invariant field
) I is trivial if and only if the only bounded regular

functicns are the constant functions. Analagous to this,

we obtain:

%3.21 Theorem.

2., is trivial if and only if the only bounded

solutions to

£ (x) = Z p(x,7)f,,,(¥)
yeR

on the set Eo = {(n,x)IPO(Xn = x) > 0) are

constant over this st.

Proof. osSuppose 9,is trivial. ILet f ©De a
bounded soiution to the given equation on Eo. Then
£ (X)) is a martingale, and since %20 is trivial, the
Py-a.8. limit, which is measurable with respect to %o

is some constant, say A . Now for each (n,x) € EO,
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]

£,00) = Bo(f,(X) 1%, = )

where E0 is the expectation with respect to the measure

PO. By bounded convergence, this proves that fn(x) = A

for each (n,x)E€ °,

Conversely, suppose the only bounded solutions are
constants. For Fé%w, let fn(x) = Px(GnF). By
Lemma 2.22 f is a bounded solution, and so by hypothesis
is equal to some constant A on EO. By Lemma 2.23%,
the P,-a.s. limit of the sequence £.(X,) is X ps
and clearly fn(xn)z A\ for each n, hence A is either

zero or one. In particular, fO(O) = PO(F) is either

zero or one. ||
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3.3 A theorem of Blackwell and Freedman.

A Markov chain X is recurrent if for each x¢E,
PO(Xn =X i.0.) > O. We conclude this thesis with a

new proof of a result of Blackwell and Freedman concerning

such chains [2].

3,31 Theorem.

The tail field of a recurrent chain is trivial.

Proof. Iet f Dbe a bounded solution to

£(x) = z p(x,3)f,,1(¥)
y<E

over the set EO. We will show that f 1is constant

over EO, and the theorem follows from Theorem 3.21.

Let Tn denote the index of the n-th return to

0, with T, = O. The sequence T = {T ;n >0} isa

random walk.
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The sequence rn(xn) is a Py-martingale, and

therefore 1lim fn(Xn) exists Py-a.s. Hence,

1im f

(X ) = 1lim £, (0)
n Tn Tn n Tn

exists, Po—a.s., and is equal to the same limiting

value. But this limit is measurable with respect to the
invariait field of the random walk T. The invariant field
of a random walk is trivial, therefore, this limit is

some constant ) . By bounded convergence, fn(x) assumes

this constant value on EO.I\
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