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* 1.

the TAIL FIELD OF A MARKOV CHADS

By Allan Francis Abrahamse

Let E be a subset of the integers, containing 

zero. Let SI be the space of sequences 
% g g. Le-t x : SL —> E denote the coordinate function, 
X (uu) = xn for as shown. Let n denote the6-field 

of subsets of .CL induced by the set xn»Xn+l’’*’ 
let = 70 • and is called the
tail field. Let 9:H-> denote the shift function,
eC(x0,X1,...)] = (X1,x2,...). Let denote the class
of sets F c- 9- such that 0-1F = F. 9-j is called the 

invariant field. Let p be a stochastic matrix on ExE,

and
and
%
X =

let Pq denote the measure on 9- such that Pq(Xq 3 
Po(Xn+1 = ylXn 3 %) = p(x,y)• study the fields

and 9-as they relate to the Markov chain
(X ;n > 0) over the probability space (-^,9 •

0) - 1

Blackwell defined a class CL of subsets of E, 
closed under finite unions and differences, containing 
E and the empty set. He showed that this class is 
isomorphic to 9-p modulo certain equivalence relations.

We show that 6 maps one-to-one onto itself, 

and 9- = (F^ 19F = F). We define a class of sequences



< 1

2
A = (A :n > 0} of subsets of E. Denoting this class 
of sequences by X. , we can define operations of finite 
union and difference in a natural way, and also define 
a snift function 9 mapping Z7 into itself.
We show that A is isomorphic to , modulo certain 
equivalence relations, and that 9 commutes with this 
isomorphism. We show that 61 is essentially the same 
as the subclass of sequences A in such that 0A = A. 
From this observation a proof of Blackwell's result can 

be obtained.

Finally, a zero-one law is obtained for the tail 
field in terms of solutions to the system of equations 

fn(x) 
y*E
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CHAPTER I

INTRODUCTION

1.1 Outline.

This thesis is concerned with the structure of 
certain 6 -fields which occur in the theory of Markov 
chains. The main results will be announced in this 
chapter. The proofs of the theorems will be given in 
Chapter 2, and Chapter 3 contains a few applications 

and elaborations.

We adopt the practice of placing the symbol II 

at the conclusion of a proof.

1.2 Boolean 6-algebras.

Objects known as 6—fields are familiar members of 

the probabilist1s entourage. In this thesis, however, 
it is necessary to use some of the more remote aspects 
of the theory of such objects. Therefore, we begin with 

a brief discussion of Boolean algebras.

1



2
The following definition of a Boolean algebra is 

more general than the one that is usually given. Let CL 

be a non-empty set, and let < be a partial ordering of 
the elements of CL • The pair (CL is a Boolean 
algebra if ta ? following three conditions hold:

1) For each pair of elements A and B in CC , 
the least uprer bound with respect to the ordering < 
of the pair A and B exists, as well as the greatest 
lower bound. The least upper bound of the pair A and 

B is denoted by the symbol A v B, and the greatest 

lower bound by the symbol A n B.

2) There is an element U and an element 0 in 

CL such that 0 < A < U for each element A « CL . U 
is called the maximal element of CL , and 0 is called

the minimal element.

5) For each A t CL there is an element denoted by

Ac t CL such that A AC = U and A A A - 0.

A Boolean algebra is a Boolean 6 -algebra if in
addition to these conditions, for each countable sequence

Ai, A^, of elements of a , tne least upper bound
of the sequence, denoted by the symbol A, exists.

A familiar example of a Boolean algebra (Boolean
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6 -algebra) is that for which d is a class of subsets 
of some space fl such that CL is closed under the operations 
of taking, complements and (countable) unions and intersections. 
The partial ordering is the usual containment relation Ç . 
We note, for example, that the least upper bound of two 
elements of CL with respect to the containment relation is 
the union of the two elements. It is usual to call a 
Boolean algebra (Boolean 6 -algebra) of this sort a 
field ( 6 -field) of subsets of the space S1 .

For another example of a Boolean algebra (Boolean 
6 -algebra) let X2 be some set of points, and suppose

is a field ( 6 -field) of subsets of XI . Let P 
be a probability measure defined on the elements of Q . 

We say that two sets A and B in 9 are P-a.s. equal 
if P(A△ B) = 0 (A a B denotes the symmetric difference, 
(A-B)(B-A)). The relation of being P-a.s. equal is 
an equivalence relation. Let 9[Pl denote the family 
of equivalence classes. If A* and B1 are elements of 

5^- [P], we write A1 < B1 if there is a set A in A1 
and a set B in B' such that P(A-B) = 0. It is not 
hard to see that < is a well-defined partial ordering 
of the elements of 9-[Pl , and that the pair ([Pl,<) 
is a Boolean algebra (Boolean 6 -algebra). We note, for 
example, that the least upper bound of two elements A' 
and B' of ^[P] is the element of ^[P] which contains 

the set A v B, where A e A ' and B & B' .
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This thesis is concerned 
certain Boolean 6 -algebras, 
tion of this concept.

with isomorphisms between
We now give a precise defini-

1.21 Definition.

Let (G. ,<) and (<8 ,<) be two Boolean 
algebras or two Boolean 6-algebras. If 
there exists a one-to-one map T from Cl 
onto S such that A^ < Ag if and only 
if T(A^) < T(A2), then (O. ,<) and (Æ ,<) 

are said to be isomorphic, and T is 
called an isomorphism.

It is easy to show that if T is an isomorphism 
between (^,<) and (S ,<), then it preserves least 
upper bounds and greatest lower bounds, maps the maximal 
and minimal element of Cl to the maximal and minimal element
of 03 respectively, and commutes with the operation
A —> Ac. For example, suppose ( 61 ,<) and (Æ ,<) are

6 -algebras, and T is an isomorphism between them. Let

A »Ag,. . • be a sequence of elements of CL . We have

T(A.) < T( v for each j, hence T(A.) < T( u A.).J u
On the other hand , suppose B is an element of S such

that T(A.) < B for each j. Then A. < T-1(B) for each
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j, SO U A . < hence T( « A■) < B. Thus,J "
T( u A .) is the least upper bound of the set T^A-^ ,T(A^,. 

0
that is to say, T(A .) = T( A.).

Finally, we point out that an isomorphism can be 
used to prove that a Boolean algebra is in fact a Boolean 
6 -algebra, under certain conditions.

1.22 Lemma.

Let ( cl ,<) and ,<) be isomorphic 
Boolean algebras. If in addition, (® ,<) 
is a Boolean 6 -algebra, then so is (»-,<).

Proof. Let A1,A2,. . . be a countable sequence 
in CL . Let B be the least upper bound of the 
sequence T(A1),T(A2),. . ., where T is the isomorphism. 
It is trivial to show that T-1(B) is the least upper 

bound of the sequence A^,A2,..., and this proves the 

result. ||
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1.5 Probabilistic notations.

Let E be a subset of the integers which contains 
zero, and let 11 denote the space of sequences 
w = (xQ,x1,. . .), for x.eE, j > 0. For each non­
negative integer n, let Xn: <2 —> E be the n-th 
coordinate function, where = xn for as shown.
Let > denote the smallest 6 -field with respect to which 
all of the functions X^X^. . . are measurable.

Let 0:Q ->-£1 denote the "shift" function, defined 

by setting

(x1,Xg,•••)6 C ( Xq ,X-^, • . • ) ]

Let denote the class of sets A & 9" such that

= a. is a 6-field, and is called the invariant

field.

Let p(x,y) be a stochastic matrix on ExE. For 
each b € E, there is a unique probability measure Pb on 

such that
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Pb(X0 " b) - 1

TVXn*l = ' %) =

With respect to tne probability space (C2,9,P^), 

the sequence X = (XQ;n > 0) is a Markov chain, with 
stationary transition function p. We will be chiefly 
interested in this chain over the probability space 
(£2,9- ,PQ) • We assume that E is the minimal state-space 
for this chain, i.e., for each x G E, there is a non-negative 
integer n such that ^o^n = x) > 0*
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1.4 Blackwell's characterization of 9- .

In [1] Blackwell derived a characterization of the 
invariant field 9 p and it is a generalization of 
this result that is the main contribution of this thesis. 
In this section, we will outline Blackwell's characterization. 
We will express it in a manner that is somewhat different 
from the original, and will follow more along the lines of 
Chung's exposition of Blackwell's results, found in [53. 

In addition, our version is slightly stronger.

A subset A of E is recurrent if A i.o.) > 0,

otherwise, A is transient. A recurrent set A is almost 

closed if

PQ(Xn^ A all large n|X&& A i.o.) = 1

We point out that for any set AÉE, Xn6 A for all 
large n imolies that X^£ A i.o.. Therefore, the condition 
that the set A be almost closed amounts to requiring that 
the converse implication hold, P0~a.s.. Let Cl denote the 
class of subsets of E which are either almost closed 
or transient. It is easy to verify that CL is a field 
under the usual containment relation. It is also easy to
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construct examples in which d is not a 6 -field.

On CL we define a measure by setting

/x(A) = PQ(Xne A i.o.)

That y- is in fact a (finitely additive) measure requires 
some proving, but it is not difficult, and we omit it. 
We consider the Boolean algebra of equivalence classes, 
CcÇu], the construction of which was explained in 
Section 1.2. Two sets are contained in the same element 
of if they differ by a transient set.

We also consider the Boolean 6 -algebra ^i^o^ * 

Two sets of j are contained in the same element of 
9^ if they are PQ-a.s. equal.

Using these definitions, Blackwell's characterization 
can be stated in the following way:

1.41 Theorem.

Ç/u.] is a Boolean 6 -algebra, and is isomorphic 
to ^[Pq].
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Blackwell proved that is a Boolean algebra,

isomorphic to ^[Pq] . Our version is stronger to the 
extent that we apply 1.22 to obtain that CKV.^ is 

in fact a d-algebra.

We will derive 1.41 as a corollary to our main 

result, in Section 2.4.



11

1.5 The tail field.

In this section we will outline the main result 

of the thesis.

Let n be a non-negative integer, and let 9"n 
denote the smallest 6-field of subsets of 17 with respect 

to which the functions ^n’^n+1’’ ‘ measurable.
The tail field is the 6 -field defined by

- n » 
n>0

If F is any subset of 17 , then the set GF is

defined by the relation

9F = (w |There is a v e F, and 0V = u}.

The action of 6 on subsets of 17 is of special interest 

when it is restricted to the tail field. We state our

first theorem.
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1.51 Theorem.

0 maps 9c one-to-one and onto itself.
Furthermore, 9^ = (Fe^lGF = F).

In other words, if is regarded as a set of 
"points”, then 0 acts as a permutation operator on 
this set, and 9 % is the set of "fixed points" under 
this permutation. The proof of this theorem will be 

given in Section 2.1.

Since is a 6 -field contained in which
is characterized by the set of almost closed sets in 
the sense of Theorem 1.41, it seems reasonable to 
expect that some set of objects characterizes 9co rn a 
similar way. Just such a characterization will be dis­

cussed next.

In what follows, the symbols A and B will denote 
sequences of subsets of E: A = {AQ;n > 0), B = {Bn;n > 0), 

with A^ E and B^S E for each non-negative integer n. 
Such a sequence A will be called a transient sequence 

if for each integer k,
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Tue sequence A is a tail sequence if it is not a 
transient sequence, and for each integer k such that 
P (X e A , i.o.) > 0, we have the relation u n H'Hk •

p0<V An+k AH large nlX^ An+k l.o.) = 1

For any sequence A, we have

lVAn+k A'0'1 * i’0'1

Therefore, A is transient if and only if for each integer
k, P0(6k(Xn€ An i.o.}) = 0. We also have for any

sequence A,

{Xn€ An all large n) c {Xn e An i.o.)
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Hence, A is a tail sequence if it is not a transient

sequence, and for each integer k

9k(Xne An i.o.) c ek{Xne An all large n)

Pq—a.s.

If A is the sequence (D ,0,D,. . .) where D 
is some subset of E, then A is a transient sequence 
or a tail sequence if and only if D is a transient set 

or an almost closed set.

Let 77 denote the class of sequences of subsets of 
E which are either transient sequences or tail sequences. 
If A = (An;n > 0} and B = (Bn;n > 0} are elements of 

X we write :

AC = (A£;n > 0}

A o B = (An o Bn;n > 0)

Qk = (An+1;n > 0}
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In the second expression, "o” is meant to represent any
set-theoretic connective, e.g. u or h . We will say
that A S B if A S B for each n > 0. n n —

1.52 Lemma.

If A and B are elements of X , then so 
are Ac, ÜA, A w B, and A n B. The pair 

(X ,G ) is a Boolean algebra.

The proof of this assertion will be given in 
Section 2.3. We point out that is not necessarily 
a Boolean 6-algebra. For example, let A = (An;n > 0} 
be a sequence of subsets of E which is neither a 
transient sequence nor a tail sequence. (It is easy to 
construct a Markov chain in which such a sequence exists.) 

For each pair of non-negative integers n and k, set

n < k

n > k

and let Ak = (A^;n > 0). Each Ak is a transient
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*

sequence, so each is an element of • But U A = A,

which is not in

Two sequences A and B in will be said to be 
equivalent if tne sequence A △ B is a transient sequence. 
Let X* denote the family of equivalence classes. 
The elements of X* will be denoted by symbols A*, 
B’, etc. We write A* < Be if for some element AGA*, 
and B é B* , A-B is a transient sequence. This defines 
a partial ordering of the elements of X*t and we will 
see that the pair ( X*,<) is a Boolean algebra.

A set F in %, will be called a null set if 
P0(6kF) = 0 for every integer k. This is stronger 

than the usual definition of a null set. We see from the 
above definitions that the sequence A = (An;n > 0} is 
a transient sequence if and only if the set (X^é AQ i.o.) 

is a null set in .

Two sets F and G are equivalent if Fa G is 
a null set. This is indeed an equivalence relation, so 
we let denote the family of equivalence classes.
The elements of will be denoted by F*, G*, etc. 
We say that F* < G* if there is an- element F GF* 

and an element G G G» such that F-G is a null set. 

The pair (,<) is a Boolean 6 -algebra.



17

A shift function 6 can be defined over both 72* 
and . We will show for A and B elements of 72 , 

that A is écrivaient to B if and only if ÔA is 

equivalent to 66. Given tnis, if A* is an element 

of X*, choose a & a‘, and define 9Ae to be the element 

of 7• which contains 8A. Similarly, for F" an 

element of , let FU'*, and let ÔF* be the element 

of which contains <3F.

We are now in a nosition to state our main result.

1.55 Theorem.

is a Boolean P-algebra and is isomorphic

to . 8 commutes with the isomorphism.

The proof of this assertion will be found in

Section 2.).

In Section 2.4, we will snow that Blackwell's result 

Theorem 1.41, can be obtained from 1.55. We will 

also investigate further relations between the objects 

defined in this section and those in Section 1.4.



CHAPTER II

THE MAIN RESULTS

2.1 Proof of Theorem 1.51.

For convenience, we restate this theorem.

2.11 Theorem.

a) 6 maps 5^ one-to-one onto itself.
b) 9 - {? € % IGF = F).

Proof. For m > 0, k > 0, let C be the cylinder

set

C = ( Co'''"'Xm+k^)e Ck^

where CQ,...,Ck are subsets of E. Then

18
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0 1C = {u- e C0’ ’ ’ ’ ,Xm+k+l^C Cnn-k^

Therefore, if C m denotes the ring of subsets of fl 
induced by the cylinders in 9^ then 6 1 C m « C 

Since 0”1 is a countably additive map from 9 into 9 , 
we see that Ô-19m = 9 For any set A, 0(0^) = A, 

hence 9* - 8 ^m+1'

For each m > 0, 9 and so 01^ > m, hence

0 9,0 . This shows that
A similar argument shows that 
if A e %. , it follows that 
G(0-1A) = A, this shows that

9 maps 9» into itself.
£ %» . Therefore,

9"^A is in X too, and since 

0 maps onto itself.

We now show that 0 is one-to-one. Suppose A and
B are sets in %» , and 0A = 0B. Let A. Then 9W 0B
Hence there is a v < B, such that 9U a 9 v . Let

= <xQ,xv. . and v = (yQ,y1,...). The fact that
= ev implies that %j » for j > 1. Since B is 

in , it is in 9 for each m > 1, hence, the point 
v1 « (x^y-p. . . ) is in B. But now V - w , hence 
we have shown that A £ B. The symmetry of the argument 
proves that A - B, and this completes the proof of part a)
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of the theorem.

To prove part b), if A« 9^, then in particular
At , and for each integer n, A - 9 nA 9 « ^ni
hence A 6 Furthermore, since 9 - A, 0(9 ^A) - 6A.

Since 0(0“^) = A for any set, we see that

(2.12) 9Z (A e ^|9A - A).

On the other hand, if A is an element of the 
right —hand side of (2.12), then A ■ 9A, and so 
e'^A = 8"\eA). Since A , part a) of the theorem 
implies that e-1(9A) - A, hence ie9p and this proves 

part b). ||
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2.2 Quasi-regular functions.

A regular function is a non-negative function f 
on E which satisfies the relation

f(x) = p(x»y)f(y) 
yeE

for each x < E. Such functions play an important role in 
Blackwell's proof of Theorem 1.41. The corresponding 
concept in the present work is that of a quasi-regular 
function, which we will define shortly.

2.21 Lemma.

For any set F €9», and for each pair of 
points b,c in E, and for any integer 
n > 0 such that Pc(Xn - b) > 0, we have 

the relation

Pc(F|xn - b) - P*(et)

Proof. Let n be any non-negative integer, and let 
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integer m be chosen larger than n. Let C be a 
cylinder set in 9

c - ( " 1 ïBW 6 Co....

where Cq,...,^ are subsets of E. Then

enc - <-lxm_n(")t c0.... x^k-nt")* ck)

and so we obtain the following relations:

Pc<cIXn = b) = Pc(Xm< %.... Ck|Xn - b)

= Pb(*m-nf C01 * e e*^m+k-n^ Ck)

= Pb(enc)

Hence, for fixed integer n, and for any m > n, the 
assertion of the lemma holds for every cylinder in 9^,
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and therefore the assertion holds for every set in
Since , the lemma follows. ||m

2.22 Lemma.

For any set F c % , for any integer n,

p (e^F) = Y p(x,y)P_(en+iF) 
X *——- v

yeE

Proof. Select any integer n, and let m be a 
positive integer greater than n. Let C be a cylinder 
set in say the one defined above in the proof of 

2.21. Then

^m-(n+l)^^ °O''''-^m+^-(n+l)^^

and so we have the relation

Py(6ntlC) - ^r<pm-(n+l)(y,Xa)p(Xm,Xm+i)..-P(Xm+k-l'*m+k)

where the summation 1 is taken over Cg,... 0^.
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From this, it follows that

p(K,y)Py(en^1C) 
y6E

Px(0nC) -

Hence, the assertion of the lemma holds for all sets in

, and since for each m, the lemma follows. ||

We call a non-negative function f of two variables 
n and x, notated fn(x), where n is any integer, and 

x é E, a quasi-regular function if

fn(x) - X p(=,y)fn+i(y) 
yéE

for each integer n and each x E. Lemma 2.22 asserts 
that for..each set F c , the function fn(x) = 

is a quasi-regular function. This is the only kind of 
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quasi-regular function that will be encountered in this chapter.
We now demonstrate a limit theorem for such functions.

2.25 Lemma.

Let and let f^(x) = Px(OnF). Then

for each integer k,

- % k, P0-a.a.
n-*00 o f

Proof. From 2.21, it follows that

Wx) - ro(^F|Xn -

and therefore,

■ PO^FIX») po-a.s.

Since ^F e % , by the Markov property the left-hand

side of this equation is equal to
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Pc/a^lVn-j....... V V®-3-

and by a martingale theorem ([4] , Cor. 1, p. 552) it
converges Pq-s.s. to Pq(6^F| 9 ) = X Pg-a.s. ||

A relation between quasi-regular functions and tail 

sequences can now be given.

2.24 Lemma.

Let F e , and let fn(x) = Px(0nF). For 

each n > 0, let A = (x|f (x) > 1/2} Then
A = (A :n > 0} is a tail sequence or a transient n —
sequence.

Proof. For any integer k,

(V An.k i-°-> - (fn+k(xn> > 1/2 ï-°a

e (limsup rn+k(x ) > 1/2) 
n-* »
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From 2.2? we know that limsup fn+k(xn)

X k 9kF
Pq-h.s. Hence, the above set is

= linlnl rntk(xn)
Pg-a.s. equal to

ekF = (liminf fn+k(xn) = D
n— -< ■

- ^n+k a11 n) •

Thus for each integer k, (Xn6 A-n+k i«o.) is Pg-a.s. 
a subset of (X^ An+k • Hence, if
P0(Xne An+k i.o.) > 0, we have

W An+k 811 ^8^8 ^n+k i-°')

- P0(Xn8 An.k 18rge nn XneAn+k i-o-VPo^n8 An+k i’0,)

= 1

and so A = (An;n > 0} is a tail sequence. ||
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2.3 Tail sequences and Theorem 1.55.

In this section we will give a proof of Theorem 
1.55. Some of the steps are of separate interest, so 
we will present the proof in a series of lemmas. We 
will also review most of the definitions as we go along. 
We begin by restating Lemma 1.52.

2.31 Lemma.

Let A = {An;n > 0} and B = (Bn;n > 0} 
be elements of £ . Then A B, An B, 
and- Ac are also elements of X . Hence, 

(X,£ ) is a Boolean algebra.

Proof. Let D = (Dn;n > 0} be any sequence of 
subsets of E. An alternative to the definition given 
in Section 1.5 that D be a tail sequence or a 
transient sequence is that for each integer k, the 
limit of the sequence of functions

(Xné Dn+k)* n - -k’0)
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exist, Pg-a.s. We have the relations:

An+k’ 1 ' W ‘

It therefore follows from the standard theory of limits
that if A and B are elements of X, then so are B 
and Ac. Therefore, AB is an element of as well, 
and this proves the lemma. || ,

We review the definition of Z*« For A,B in Z, 

AûB = (A-B) u (B-A) is in Z too. A is equivalent 
to B if A a B is a transient sequence. Then Z* 

is the family of equivalence classes. For A*,B* in X *, 
we write A* < B* if there is an A & A* and a B« B* 
such that A-B is a transient sequence. This is clearly 
a well-defined partial ordering of Z e, and therefore, 
Lemma 2.31 implies that ( X * ,<) is a Boolean algebra.

A set F is a null set if PQ(enF) = 0 for every

integer n. Two sets F and G in are said to be 
equivalent if FG is a null set. Let 9oc denote 
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the family of equivalence classes. If F* and G* are 
in 9^, we write F* < G" if there is an element F éF* 
and an element G 6 G* such that F-G is a null set.
Again, this is a well-defined partial ordering of %, and 
( 9^ ,<) is a Boolean d-algebra.

When A = (A^;n > 0}, let S(A) be the subset

of IL defined by the relation

8(A) - (w |Xn(~)e An i.o.).

It is clear from the definitions that S(A) is a null 

set of 3«> if and only if A is a transient sequence. 
We will presently show that S induces the isomorphism 

between Æ * and •

The main properties of the correspondence
S are given in the following lemma.
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2.52 Lemma.

The correspondence A -> S(A) between elements 
of and elements of ÎL. preserves set-theoretic 
relations and is 1:1, modulo transient sets in 
and null sets in %,. More precisely, if A and 
B are elements of XL , then

S(Ao B) is equivalent to 3(A)S(B)

SCA^ B) is equivalent to S(A)n S(B)

S(AC) is equivalent to S(A)C

and S(A) is equivalent to 3(B) if and

only if A is equivalent to B.

Proof. For any two sequences A « (An;n > 0) and
B - (B ;n > 0). the following two relations always hold: n —

(An " Bn) A-0-’ (X^ An i.o.)- (Xne Bn i.o.)
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<An-V all large n)

= (Xn€ An all large n) - (Xn^ Bn i.o. )

The first relation implies that S(A v B) = S(A)wS(B).
By definition, a sequence D = (Dn;n > 0} is in X if 

the two sets (Xqê Dn i.o.} and (Xn£ Dn all large n) 
are equivalent in . Therefore, the second relation 
implies that if A and B are in X , then S(A-B) =
S(A) - S(B). The proves the assertions concerning set- 
theoretic relations.

To show that S is essentially 1:1, we note that 
for A and B in S(A A B) is a null set if and only 
if A A B is a transient sequence. By the first part of 
the lemma, S(A A B) is equivalent to 8(A) A 8(B). This 

completes the proof. ||

Let A* be an element of X*• Lemma 2.32 implies 
that if A and B are both in A*, then 8(A) and 
S(B) belong to the same equivalence class in . We
let S*(A*) denote the equivalence class of 9-^ which 

contains 8(A). 8* is a well-defined function from
X * into la the next three lemmas, we will show
that 8* is an isomorphism.
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2.55 Lemma.

S* is one-to-one.

Proof. Suppose for A* , B* £ X*, that S* (A*) -

S*(B*) . Then for Ae A* and B € B* , S(A) is equivalent

to S(B). From 2.52, A is equivalent to B, hence,

A* = B*. ||

2.3^ Lemma.

For A*, B* € Z*, A* < B* if and only if

S*(A*) < S*(B*). '

Proof. For A and B two elements of
A-B is transient if and only if S(A-B) is a null 
set. By 2.52, S(A-B) is equivalent to S(A)-S(B), 

hence, we can assert that A-B is transient if and 

only if S(A)-S(B) is a null set.

ÿo'n let A* and B* be elements of /C*, and choose 
Ae A* and Be B*. Then A* < B* if and only if A-B 

is a transient set, which is equivalent to the assertion
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that S(A)-S(B) is a null set, which is equivalent to 
saying that S*(A*) < S*(B*). |!

The proofs of the last two lemmas follow directly 
from 2.32. That S* is also an onto function is a 
little deeper, and follows from the following construction.

2.33 Lemma.

Let F and let fn(x) = Px(©nF). For 

each n > 0, let = (x|fn(x) > 1/2) , and 
let A = (An;n > 0}. Then A is an element 
of X , and S(A) is equi-va lent to F.

Proof. Lemma 2.24 implies that A is in Z .

In the proof of that assertion, we showed that

e^CA) - i.o.)

G ekF s (Xn£ An+k all large n) £ 6kS(A)
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Pg-a.s., hence, 8 F 
for every integer k.

vIs Pq-s.s. equal to 9 S(A),
This means that for each k,

9kS(A)) = P0(8k(F^ S(A))) = 0

and the lemma follows. ||

Lemma 2.35 shows that S* maps T * onto 9^. 
For let F*e and choose F € F*. Then if A is
the element of £ constructed as in the statement of 
2.55, and A* is the equivalence class of X* 
containing A, then 8(A) is equivalent to F, so 

S*(A*) = F*.

We have thus exhibited a function S* which maps 
X * one-to-one onto such that A* < B* if and
only if S*(A*) < S*(B*), so by definition 1.21, X* 

and are isomorphic Boolean algebras. But 9co 
is a Boolean 4-algebra, hence, X* is also a Boolean 

6 -algebra, by Lemma 1.22.

To complete the proof of Theorem 1.55, we need to 
show that 8 commutes with S*. We will review how 8 

is defined over X* and after the next result.
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2.J6 Lemma.

If A is an element of X , then so is 
0A. If A and B are two elements of X,

then A is equivalent to B if and only if

©A is equivalent to 65.

©A - tAn+iln > 0). Now A is a transient sequence if

for each integer k, An+k “ °* '
if A is transient, using k+1 instead of k in this 
definition, we see that FqCX^ A^^^ i.o.) = 0 for 
every k. This implies that 0A is transient. Conversely, 
if ©A is transient, we have Po(%i/ \n+l) + (k-l) = 0
for each k, hence A is transient. This shows that 
A is transient if and only if 9A is. The proof that 
A is a tail sequence if and only if ©A is follows the 
same line of reasoning. This establishes the first assertion 

of the lemma.

Clearly 0(Aa B) - ©A*6B. Now A is equivalent to 
B if and only if AA B is transient, and this is 
equivalent to the assertion that ©(AaB) = 9A a ©B is 

transient, hence, the second assertion of the lemma is 

obtained. ||
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For A* € Z*, if A and B are elements of A*, 

Lemma 2.56 shows that 9A and 9B are in the same 
equivalence class of 7* » Let 9A* denote the 
equivalence class of 7?* which contains ÔA. 9 

is a well-defined operation on 7*.

From the definition of the equivalence relation 
on 9^, it is clear that for F and G in , F 
is equivalent to G if and only if GF is equivalent 
to 0G. 6 can be defined over similarly to the
way it was defined over 7 * — if F*£ 9«o*, select F^F , 
and let GF* be the equivalence class of which

contains GF.

We can complete the proof of Theorem 1.55 after 

the next lemma.

2.57 Lemma.

Let A and B be elements of 77 . Then

A is equivalent to GB if and only if
S(A) is equivalent to 68(B).

Proof. Let A = (An;n > 0} and B = lBn;n > 0).
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We note that 9S(B) = 9lXn€ Bn i.o.) = Bn+1
Brom 2.52, S(A)A 0S(B) is equivalent to the set 
(Xn€ (A^A Bn+1^ i*°’^ = S(A A 6B). Hence, S(A)a QS(B)

is a null set if and only if A a 9B is a transient

sequence. ||

The proof of Theorem 1.55 can now be completed.
We assert that for A*cZ”*, S * ( ©A * ) = 9S*(Ae) .
F is an element of S*(9A*) if and only if there is 
an element A £ A* such that F is equivalent to 
S(9A). By 2.57, S(9A) is equivalent to 98(A), hence
F is an element of S*(9A*) if and only if it is an 
element of 9S*(A*). This finishes the proof of the 

theorem.



59

2.4 Almost closed sets and Theorem 1.41.

In this section we will return to the objects defined 
by Blackwell, and see how they compare with the objects 
we have defined. We will obtain a proof of Theorem 1.41.

We begin by examining the relation between the class 
(j^ of almost closed sets and transient sets, and the class 
X of tail sequences and transient sequences. Let D be 
a subset of E. We will write (D) as a short-hand way of 
writing the sequence (D,D,D,. . .). We have already pointed 
out the fact that D is an element of if and only if 

(D) is an element of X . It is also clear from the 
definitions that for D’ some other subset of E, 
{DuD'l = (D)v {D*}, ID-D') = (D)-(D' ) and DÇD' 
if and only if (D) £(D'). We also note that 0(D) = {D}.

It follows that if D and D' are equivalent elements 
of CL , then (D) and (D') are equivalent elements of f. 

Thus we can define a function from cl W into X*, whose 
value at the class D» in Cl W we denote by the symbol 
(D*)», by setting (D*)* equal to the element of X * which 
contains (D), where D is some element of D*. This 
is clearly a 1:1 map which preserves the Boolean algebraic 

structure of the Boolean algebras involved. It is not 
necessarily onto, since 0{D*}* » ID’)’ for each
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element D* of O- [/0 » and in general it is not the case 
that ©A* = A* for each A* e Z*. We turn next to studying 
the elements in X* which do satisfy this relation.

2.41 Lemma.

Let A € Z" , and suppose 6A is equivalent 
to A. Then there is an element D € Ct such 
that A is equivalent to the sequence (D,D,...).

Proof. Let A be given in X , such that 0A is 
equivalent to A. Let F = 8(A) = (XnAQ i.0.), where 
A = (An;n > 0). From Lemma 2.57, F is equivalent to 
©F. Set fn(x) - P^(e^F), and for each non-negative 
integer n let Bn - (x|fn(x) > 1/2). From Lemma 2.35, 
if B is the sequence {B^;n > 0), then S(&) is 
equivalent to F = S(A), hence from Lemma 2.32, B is 
equivalent to A. Now since F is equivalent to ©F, 
fn(x) = fQ(x) for every n, and so Bn = BQ for every 
n. So if we set D = Bq, then B » (D,D,. . .), and 
since B is in X , D is in 6c . ||

We claim that X * ’’contains” [>.] , in the sense 

that X* contains a sub-Boolean algebra which is an 
isomorphic image of O-(/G • This image is the set Z"j,
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defined by the relation

j J = (A* € X *|9À* = A*).

2.42 Lemma.

Cl E^] and are isomorphic.

Proof. The isomorphism is the correspondance
D* —> (d*)*, We have already remarked that this correspond­
ence maps O- L/u.] one—to—one into Z j, and preserves the 
Boolean algebraic structure, so we have only to show that 
it is onto. Let A* be an element of X£, so that if
A is an element of A*, then ©A is equivalent to A.
From Lemma 2.41, there is an element such that (D)
is equivalent to A. So if we let 0* denote the class
in O Lu] containing D, then (D*)* = A*. ||

We now consider the Boolean 6-algebra , and 

begin by defining

9 • - (F* f as ley = F*}.
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* Is a Boolean 4-algebra which is contained in .

The elements of can be characterized in the following 
way: F» 6 9 if F*6 %, and for each F e F*, F and 
6F differ by a null set.

is a family of classes of sets in
is a family of classes of sets in 9^, and so if F’ is 
an element of ^[PqI, if F é F' , then F is equal to GF.

2.45 Lemma.

For each element F’ of 9^P^ there 
exists a unique element of F* 6 9 j such 

that F' £ F*. Conversely, every element 
F* of contains one and only one element 
F' of 9-i[Pq].

Proof. Choose F' a member of 9j[Pq], and 
select F from F' . Since Ff^, by 1.51» F e 
Let F* be the element of % containing F. 
There is only one such set F*. This establishes 
the existence and uniqueness of a set F*, and we 
now show that F' 9 F*. Suppose GéF’. By definition, 
pQ(G n F) ■ 0. Now F and G are elements of 9-j, 
hence for every integer n, Qn(Fa G) = FAG. From this
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we obtain that P0(9n(FA G)) = PQ(F a G) = 0 for every 

integer n, hence F and G differ by a null set. 
F and G are both elements of , and so they are 
equivalent in , hence G é F*. Hence, we see that 
F1 - F*.

To prove the converse, suppose F*£ 9*. Let F F* t 
and let f^(x) = Px(9nF). For each integer n, let 

An = (x|fn(x) > 1/2). Then letting A = (A^;n > 0}, 
we know that S(A) is equivalent to F. Since F*6

, we have by definition that 6F* = F*, hence 
fn(x) = fy(x) for every integer n, and therefore Aq 
= Aq for every integer n. Hence, S(A) = Aq i.o.) 
is an element of Let F' denote the element of
^^.[Pq] containing 8(A), then F* < F*. Thus 

we have established the existence of F'. To prove 
uniqueness, suppose G* is an element of 9 such

that G' F*. Then if G^G', G is in F", hence 
G is equivalent to S(A), and so G' = F1 . ||

The correspondence of Lemma 2.43 is clearly an 
isomorphism. Thus, we have obtained:

2.44 Corollary.

9 jCPq) and 9 j are isomorphic.
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A proof of Theorem 1.41 now follows. We notice that

= fF* 6 = F*}

= (A* e X*| ©A* = A*).

Since 6 commutes with the isomorphism function S*, 
it follows that and XJ are also isomorphic.
Theorem 1.41 follows from this fact together with Lemma 

2.42 and Corollary 2.44.



CHAPTER III

ELABORATIONS

3.1 Cyclic sequences»

A tail sequence A = {An;n > 0) is said to be 
minimal if for any sequence B = (Bn;n > 0) in X, 

if B-A is a transient sequence, then B is either 
a transient sequence or is equivalent to A. It turns
out that a minimal sequence, if one exists, is cyclic,
in a sense to be explained below.

A set F € 9*18 an atom of 9^ if it is not a null 
set, and every subset G € of F is either a null set 
or is equivalent to F. It is easy to see that under the 
correspondance of Theorem 1.51, the atoms of correspond 
to the minimal tail sequences, if any of either exist.

Let B be a minimal tail sequence. For each integer 
j, either @^B is equivalent to B, or e^BnB is a 

transient tail sequence. Let Ng be defined by the 

following relation:

45



46

K . inf (j|j > 0, 6aB is equivalent to B). 
B

According to the usual convention, Ng is infinite if 
the set on the right is empty. Ng will be known as the 

period of the sequence B.

5.11 Theorem.

Let B be a minimal tail sequence with period Ng.

i) Ng « w . Then there exists an infinite 
sequence C = (Cn;n > 0) of mutually disjoint 
subsets Cn of E, which is a tail sequence 

equivalent to B.

ii) Ng < *>. Then there exists a set of Ng

mutually disjoint sets Cq, . . 
that C « (Cn [mod Ng];n > 0) is a tail

sequence equivalent to B.

Proof. We will prove only assertion i). The

proof of ii) follows the same lines, with appropriate
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changes of indicest modulo Ng.

Let F « (Xn6 Bn i.o.}. For i / j, the sets exF 

and e^F have a null intersection. Let G = u 9 F. 

Then G is an element of j.

Define fn(x) - Px(0nF), and g(x) = PX(G). Since 
for i j, Px(en(0iFA e^F)) = 0, we have

ao 

. g(x) = fn(x) 
D»»oe

We define the sets Cn by

Cn - (xé Bn|g(x) > 0, fn(x)/g(x) > 1/2}

From the way in which f and g are related, it follows 
that the sets (Cn;n > 0} are mutually disjoint.

It follows from Lemma 2.25 that for any integer k,

- * Pg-a.s•
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Lemma 2.25 also applies to the function g, and we have

gup -»

and these two limits imply that over the set G,

fn+k<V _> /y 
g(xn)

Pq”a•8 e

F is not a null set, so neither is G. Hence, for 
some integer k, fn+k(*n)/8(Xn> 1 Positif*
probability, which means that Cn+k for all large n 
with positive probability, hence, the sets (Cn;n > 0} are 
not all empty. We obtain the following string of PQ-a.s. 

equal sets:

A Bink 1‘oa

O,,* l.o.)A G.
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Hence, P0((Xne Bn+k l.o)-(Xn€ Cn+k i.o.llG) - 0.
Since for each k, (X^€ we have
P ((X € B )|Gc) - 0. These two equalities imply: 
0 û k

^^n* Bn+k l-o-l-lXn6^

- f0((xne Bn+k - cn+k)) - o

DoW CQ£ Bn for each n, so this last expression 
implies that C is equivalent to B, which completes 

the proof. ||
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5.2 Trivial tail fields.

The tail field %? is said to be trivial if for 
each PQ(F) is either zero or one. One of
Blackwell's results in [1] was that the invariant field 

is trivial if and only if the only bounded regular 
functions are the constant functions. Analagous to this, 

we obtain:

5.21 Theorem.

9^ is trivial if and only if the only bounded 

solutions to

fn(x) - p(x,y)fn+1(y)
yeE

on the set E° - {(ntx)|P0(Xn - x) > 0} are 

constant over this mt.

Proof. Suppose ^is trivial. Let f be a 
0 bounded solution to the given equation on E . Then 

fn(XQ) is a martingale, and since ^is trivial, the 

Pq-s.s. limit, which is measurable with respect to 
is some constant, say A • Now for each (n,x) € E^,



51

where Eq is the expectation with respect to the measure
Pq. By bounded convergence 
for each (n,x)€ E^.

this proves that fn(x) = A

Conversely, suppose the only bounded solutions are 
constants. For , let fn(x) = Fx(® F). By
Lemma 2.22 f is a bounded solution, and so by hypothesis 
is equal to some constant A on E^. By Lemma 2.25» 

the PQ-a.s. limit of the sequence fn(xn) p»
and clearly f= X for each n, hence A is either 

zero or one. In particular, fq(O) = Pq(F) is either 

zero or one. ||
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5.5 A theorem of Blackwell and Freedman.

A Markov chain X is recurrent if for each x^E,

P0(Xn - x i.o.) > 0. We conclude this thesis with a
new proof of a result of Blackwell and Freedman concerning 

such chains [2].

5.51 Theorem.

The tail field of a recurrent chain is trivial.

Proof. Let f be a bounded solution to

fn(x) = % P(x»y)fn+1(y) 
yéE

over the set E°. We will show that f is constant
over E°, and the theorem follows from Theorem 3.21.

Let Tn denote the index of the n-th return to
0, with Tq « 0. The sequence T » (Tn;n > 0) is a

random walk.



53
The sequence fn(Xn) is a PQ-martingale, and 

therefore lim fn(Xn) exists PQ-a.s. Hence,

lim fm (Xm ) = lim fm (0)
n n n n n

exists, PQ-a.s., and is equal to the same limiting 
value. But this limit is measurable with respect to the 
invaria at field of the random walk T. The invariant field 
of a random walk is trivial, therefore, this limit is 
some constant X . By bounded convergence, fn(x) assumes 
this constant value on E^. ||



REFERENCES

[1] Blackwell, D. On transient Markov processes with 
a countable number of states and stationary transition 
probabilities. Ann. Math. Stat. 26 (1955) 654-658.

[2] Blackwell, D. and Freedman, D. The tail *-field 
of a Markov chain and a theorem of Orey. Ann. Math. Stat. 
35 (1964) 1291-1295.

[3] Chung, K. L. Markov Chains with Stationary 
Transition Probabilities. Springer, Berlin. I960.

[4] Boob, J. L. Stochastic Processes. John Wiley, 
New York. 1953*


