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Abstract

Quantum mechanics has made possible unprecedented progress in the understanding of the
underlying physics of chemical processes in the last century. In theory, the solutions to many of
the most complex problems are known; in practice, however, many of these problems remain
unsolved due to the necessity of theoretical approximation. This thesis investigates advancements
made in the methods, and applications of said methods, to complex electronic structure problems.
The first chapter includes background covering the fundamentals of quantum mechanics and
introduces some important methods which are utilized in later chapters.

Chapter 2 discusses the integration of Slater functions which are notoriously difficult to
integrate due to the absence of analytical expressions for some integral quantities associated with
the Hamiltonian. This method utilizes advancements from SlaterGPU, a library which significantly
increases the speed of grid evaluation through GPU parallelization. Hamiltonian matrix elements
are integrated over in a Slater basis on a prolate spheroidal grid with three centers, which yields a
~3 order of magnitude reduced RMSE for 2-center integrals compared to the standard Becke
Partitioning. With the use of the Resolution-of-the-Identity approximation we can apply this
method to polyatomic systems. Results using self-consistent field and full configuration interaction
wavefunctions applied to numerous 3-atom systems, as well as propanediyl, illustrate the
generality of the method.

Chapter 3 details the application of a composite Heat-Bath Configuration Interaction
method to the ScH system. Challenges with the incorporation of relativistic and semi-core
correlation contributions were explored and found to impact CBS extrapolation convergence. As
a consequence of these findings, the procedure considers semi-core and relativistic contributions
to the correlation energy as separate correction terms. The RI approximation is also found to be
insufficient when using the cc-pVQZ-RIFIT auxiliary basis, producing errors of ~20 mHa for ScH.
The ScH bond dissociation energy is found to be 54.9 kcal/mol using the method outlined in

section 3.2.4 and is within thermochemical accuracy (+/-3 kcal/mol). An alternative approach,

X1V



which directly incorporates semi-core correlation, is also applied to ScH which results in a BDE
of 54.8 kcal/mol (Expt.: 55.0 kcal/mol).

Chapter 4 reveals the Kohn-Sham (KS) potential at conical intersections (CI) using an
inversion procedure based on prior work by Khanna et al.! The dissociative nature of equilateral
H; and NH3 at a CI is analyzed using the KS potential, KS orbitals, and classical turning surfaces
at different linear combinations of the two adiabatic states (theta). The CTS is sufficient to describe
the bonding character; however, the KS orbitals provide more insight into the bonding and
antibonding character which is contributed by each orbital individually. It is concluded that the
CTS at a CI for certain values of theta is dissociative and looks similar to the CTS for a dissociating
system away from a CI. The manner in which the KS potential changes with theta can be different
between systems, where there is in-plane rotation (perpendicular to the geometric plane) of the KS
potential in the H3 system, and out-of-plane (parallel to the geometric plane) rotation of the KS

potential in the NH3 system.

XV



Chapter 1

Introduction

In the 1920s, Erwin Schrédinger introduced wavefunctions which describe the quantum
nature of reality. In modern day, Schrodinger’s formulation is routinely used and, in principle, can
exactly describe the electronic structure of chemical systems. In practice, however, an exact
description (in a finite basis) requires a combinatorially scaling number of terms growing with
system size. This thesis examines the accuracy and development of cutting-edge electronic-
structure methodologies. Chapter 2 covers advances in the accuracy of Hamiltonian integral
evaluation in a Slater basis set using a prolate spheroidal (PS) grid. Chapter 3 applies a composite
Heat-Bath Configuration Interaction (HBCI) method to transition metal (TM) systems to obtain
accurate bond dissociation energies (BDE). Chapter 4 makes use of an inverse DFT (invDFT)
procedure to obtain Kohn-Sham (KS) potentials at a conical intersection, requiring the use of full
configuration interaction (FCI) wavefunctions to obtain accurate densities. Before discussing the

aforementioned works, we first introduce elementary aspects of electronic structure theory.>?
1.1 Electronic Structure Theory

1.1.1 The Schrodinger Equation and Born-Oppenheimer Approximation
The time-independent non-relativistic Schrodinger equation, which will be referred to
henceforth as the Schrodinger equation®, is defined as
HY) =E|¥) (1.1
Where H is the Hamiltonian operator, E is the observable, and |W) is the wavefunction.
This equation can be solved via the application of the Hamiltonian operator to the wavefunction
to obtain the observable E. This is possible only because the state of a quantum mechanical system
can be completely specified by the wavefunction. The observable E corresponds to the non-

relativistic energy of a given system and can be written as the sum of kinetic and potential energies
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Where indices 1,j and A,B correspond to electrons and nuclei respectively, r is the position
of a particle (electron or nucleus), V2 corresponds to the Laplacian, Z is the nuclear charge, and M
is the ratio of the mass of nucleus A to the mass of an electron. The terms on the right-hand side
of equation 1.2 can be interpreted from left to right as the electronic kinetic energy, nuclear kinetic
energy, electron-nuclear attraction, nuclear-nuclear repulsion, and electron-electron repulsion.
Born and Oppenheimer soon after the advent of the Schrodinger equation realized that in most
cases the nuclear and electronic motion are mostly uncoupled (nuclei are ~3 orders of magnitude

more massive). This allows one to rewrite equation 1.2 under the assumption that the nuclei are

static, resulting in the electronic Hamiltonian.

1 M N 7 N N 1
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The terms which deal solely with the nuclei are removed, as the nuclear kinetic energy
becomes 0 and the nuclear potential energy is constant. All methods used in this work will make
use of the Born-Oppenheimer (BO) approximation.> In Chapter 4, conical intersections will be
probed where electronic and nuclear motion become heavily coupled causing a breakdown of the

BO approximation.

1.1.2 Basis Sets and Molecular Orbitals
The observable discussed in section 1.1.1 is obtained through integration of the operator
over the associated basis functions it is acting on. Generic one- and two-electron integral quantities

take the form

f 20z, (r)dr (1.4)

f f 22,0 ) () (1) dr dry (15)

Where O is a generic operator, r; and 7, are the positions of electrons 1 and 2, and y is a basis
function. Atom-centered basis functions are ubiquitous in electronic structure theory as electrons
are typically located in the vicinity of nuclei due to their opposing charges, with the distribution
decaying radially from a nucleus (the origin). A basis that arises as a solution to the Schrédinger

equation for the hydrogen atom is the Slater basis function®



Xnuim (1,60, 9) = Nr*=1e~$TY'™(6, ) (1.6)

Where N is a normalization factor, r is the radial component, 8 and ¢ are angular components, &

determines the diffuseness of the function, Y is a spherical harmonic function, and n, 1, m are

quantum numbers. Not all integral quantities have known analytical solutions in a Slater basis due

to the cusp, so quantities are computed on a grid.”

To remove the cusp and obtain analytical expressions for desired integral quantities, Slater
functions are usually approximated by atom-centered Gaussian functions® defined as

Xrum (1,0, $) = Nr™~1e=$7" Zm (1, 9, ¢) (1.7)

Where Z'™ are real solid harmonics. The exponential decay with 2 eliminates the cusp at the

nucleus, which, along with the Gaussian product rule, enables rapid evaluation of integral

quantities at the cost of accuracy near the cusp and at long range.’
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Figure 1.1: Comparison of Slater and Gaussian-type orbital functions, where ¢ = 1 for the STO.

Figure 1.1 illustrates that Gaussian functions underestimate the cusp and decay relative to
Slater functions. The desirable density produced by the STO will be of interest in Chapter 4, where
accurate densities are necessary to obtain accurate exchange-correlation potentials, and Chapter 2,
in which Slater functions are evaluated over a grid to assess the accuracy of the proposed

integration method.



Atomic orbitals (AO) provide a sufficient electronic description for systems composed of
one atom. In most chemical systems, electrons distribute throughout a molecule via bonding,
which necessitates a better description of electron distribution in the form of molecular orbitals

(MO). MOs can be constructed as linear combinations of AOs, providing a delocalized description.

by = z CiukXi (1.8)

1

Where y is an AO and c is an MO coefficient. MOs are widely used in electronic structure theory
and can offer physical insight into the electronic structure of polyatomics. As the number of basis
functions one uses increases (if done systematically while avoiding linear dependencies), so does

the quality of description and the accuracy of observables.

1.1.3 Pauli Exclusion and Slater Determinants

An important postulate of quantum mechanics is the Pauli Exclusion principle, which states
that a wavefunction for indistinguishable fermions must be antisymmetric with respect to exchange
of any two fermions. In other words, the sign of the wavefunction will flip with the exchange of
two spin orbitals. This is conveniently represented by the determinant of occupied spin orbitals or

the Slater determinant!®

1 d1(x1)  Paxy) -+ Py(xy)
Y = \/ﬁ ¢1(§x2) (0P (ExZ) ¢N§x2) (1.9)
d1(xy)  Pa(xy) - Pylxy)

Where x represents a spin and spatial component for a given electron in the spin orbital.
The Slater determinant defines N electrons in N spin orbitals, properly accounting for the exchange
of a particular electron configuration. When one optimizes these spin orbitals to minimize the
energy this is known as self-consistent field (SCF); optimizing the ground state configuration with
the Hamiltonian mentioned in section 1.1.1 is known as Hartree-Fock (HF). If M basis functions
exist with N electrons, there exist 2M choose N Slater determinants, which will be shown to impact

the scaling of post-HF methods.

1.1.4 Matrix Representation of the Schrodinger Equation
To solve the Schrodinger equation in practice, one can start by representing the
wavefunction as a linear combination of atomic orbitals (MOs) (although this is not the only

choice).
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Where v is an index over MOs and j is an index over AOs. These coefficients form a matrix

describing the wavefunction, so after multiplying the Hartree-Fock equation through by (y;|
. (xil
Figy) = Bul$) ™ Y Fycy = By ) Sy ¢y — FC = ESC (1.11)
J J

Where the overlap matrix S should be an identity matrix in an orthonormalized basis, making the
expression effectively FC = EC. In practice, the many-body problem cannot be solved directly,
and instead an optimization procedure is used where an electron is acted upon iteratively by a mean
field of other electrons, which is exactly what the Fock matrix, F, represents. One can solve the
Roothaan-Hall equations!!!? (equation 1.11) until a self-consistent field (SCF) is achieved, which
optimizes the orbitals in the Slater determinant, as mentioned in the previous section. A similar
expression arises if one instead uses a linear combination of Slater determinants, also known as

configuration state functions (CSFs), as a basis.

1.1.5 Variational Principle and Electron Correlation
The Schrdodinger equation can be modified by taking the inner product of both sides; since

the energy eigenvalues are scalar, we obtain the energy functional

_(w|H[Y)
EWl ="t (1.12)

If the wavefunction is perturbed by |§), and equation 1.12 is expanded in terms of this perturbation,
one will find first and second order corrections to the energy. These first-order energy corrections
disappear when an eigenstate of |Y) coincides with an eigenstate of |i)) + |§), meaning some
eigenstates correspond to stationary points on the energy surface. If we take our wavefunction as
a linear combination of normalized antisymmetric N-electron functions, and subtract from both

sides the ground state energy, an inequality results
(W|AY) - E, = Zlcnl2 (En—Eg) 2 0 (1.13)
n

This can be interpreted as the HF energy being an upper bound to the exact energy. The
HF energy can be minimized through optimization of orbitals; however, the energy can also be
minimized systematically towards the exact energy via the incorporation of other electronic

configurations. The variational principle then allows us to define the correlation energy as



Ecorr = Eexact — Enr (1.14)
Two types of correlation exist, strong (static) and weak (dynamic)'3, both arising from deficiencies
in the ability of the HF to describe electronic motion. Dynamic correlation results from electrons
being optimized in a mean field of other electrons rather than having an expression for the electron
instantaneously interacting with all others as would be the case in a real system. Static correlation
arises from the consideration of only one electron configuration, when many may be required for
an adequate description. Both types of correlation can be handled by including more configurations
in the description of the system. Static and dynamic correlation are especially important in Chapter

3 as TM systems require adequate consideration for both types of correlation.

1.1.6 Relativistic Effects
In equations 1.2 and 1.3, the non-relativistic kinetic energy operator for electrons is given
by the Laplacian, since the gradient is proportional to the momentum of an object, the classical

non-relativistic kinetic energy is given as

2

p

Tclassical = % (115)
Where p is the momentum and m is the mass. The equivalent quantum operator is
A2 2
A p h
Tquantum = % = _% V2 (116)

When electrons travel at low velocities, the p = mv approximation holds; at high velocities

though, such as a core electron in a transition metal, this approximation breaks down. (Figure 1.2)
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Figure 1.2: The relationship between relativistic and non-relativistic velocity with varying momentum. Velocity units
are a fraction of the speed of light.

In relativistic quantum chemical calculations, the Dirac Hamiltonian'#!5 is solved, which takes
into consideration positronic and electronic energy. The potential component here is V and the off-
diagonal parts of the Dirac Hamiltonian represent the kinetic coupling.
2 N
L At | i e 1 L7
Where V is the potential, mc? is the rest energy, p is the momentum, and o are the pauli matrices.
This is a 4-component matrix where W¥; and Ws both have a spin-up and spin-down component
associated with them. This increases the problem size substantially;'¢ as a result, methods have
been created to simplify obtaining relativistic corrections. In this vein is the exact-2-component
(X2C)!'72% method, which will be utilized in Chapter 3. X2C works by exactly relating the large
and small components in a finite basis, where the wavefunction is represented by C
X =CsCt (1.18)
The transformation matrix X is then used to construct a unitary transformation, which is applied

to the Dirac Hamiltonian, resulting in the relativistically corrected Hamiltonian. This allows one



to work in a smaller component space, by simply choosing the electronic quadrants (Cs and C;) of
the (2N)? Dirac eigenvector matrix (quadrants associated with positronic solutions are discarded).
The X2C method can be made to neglect spin-orbit effects if the Pauli spin matrices are not applied
to the momentum in Dyall’s modified Hamiltonian,?! in this work, only scalar relativistic effects
will be considered. The X2C method is variational as it couples the variational 4-component Dirac
Hamiltonian exactly; although this is only the case if 2-electron contributions are considered. In
Chapter 3, the X2C correction is only applied to the core Hamiltonian and problems with

variationality will be presented.
1.2 Configuration Interaction Methods

1.2.1 Natural Orbitals
Natural orbitals (NO)**->* were developed by Lowdin in 1956 specifically to solve the
issues of interpretation and efficiency of MOs in configuration interaction. MO basis functions do
not describe correlation optimally as they are constructed from a single Slater determinant. If one
wants to study a system at a dissociated geometry or a transition metal (as is done in Chapter 3)
NOs provide a better description than MOs. Natural orbitals are obtained by first constructing the
1-particle reduced density matrix (1-RDM)?® from a correlated wavefunction
yij = (¥|ala;|w) (1.19)
Where aT is the creation operator, and @ is the annihilation operator. The 1-RDM can be interpreted
as representing the electron density in the MO basis. Diagonalization of the 1-RDM results in
eigenpairs which correspond to the NOs. This new set of orbitals better describes electron
correlation as a result of the wavefunction containing correlated terms.?®2® This allows one to
perform a cheaper configuration interaction calculation to obtain NOs, which will greatly improve
the efficiency of a subsequent calculation. Multireference character can be determined, as the NO
coefficients can be non-integer since they are not composed of a single determinant. If the NO
occupation numbers are similar to orbital occupation numbers from HF, this suggests that a system
is generally well described with a single configuration where non-integer occupation numbers

indicate some degree of correlation.

1.2.2 Full Configuration Interaction



The concept of configuration interaction?-** follows from the variational principle; if more
configurations are included, the total energy approaches the exact solution in a basis. If we desire
the most accurate/quantitative description of a system, then all configurations should be
incorporated into the wavefunction, which is known as full configuration interaction (FCI). If all

possible configurations are considered, the wavefunction becomes

W= coby + Z cOpe + Z CEPpaL .. (1.20)
i,a i<j
a<b

On the right-hand side, the first term represents the reference wavefunction; this is just the ground
state configuration in HF. The second term accounts for all possible single excitations, and the
third term accounts for all possible double excitations. The problem with FCI is the scaling, where

the number of configurations to include grows combinatorially with basis size and electron number

N\ (N
FCIconfigs = <na) <n/3) (1.21)

This scaling makes the method intractable for everything besides small systems. A couple
of the largest calculations that have been achieved are 26 electrons in 23 orbitals (~1.0 x 1012
configurations) and 88 electrons in 100 2-spinor orbitals (~1.0 X 10%® configurations) with
intense computational effort.’!-*2 Post-HF methods are typically trying to recover as much of this

full Hilbert space to attain desired accuracy while keeping the method tractable.

1.2.3 Select Configuration Interaction

)34 attempts to reduce the problem space of FCI. In

Select Configuration Interaction (SCI
the first step (variational step), SCI recovers correlation by selecting configurations from the full
Hilbert space based upon “importance” and adding them to the wavefunction. It seems, and rightly
so, that a search through the full Hilbert space would result in high computational costs; however,
many of the excited configurations of interest are at relatively low excitation levels in the Hilbert
space which reduces the scale of the search significantly in practice. The SCI step recovers most
of the static correlation, while the remaining dynamic correlation is considered with perturbation

theory (SCI+PT). With SCI+PT methods usually Epstein-Nesbet PT (EN-PT)* is employed due

to the consideration it gives to the full Hamiltonian

(CiHyici)?
Egy = 3, Zitic (1.22)

Eyar—Hggk

Where E,,,, is the variational energy, k is the index over configurations external to the variational



space, | is the index over configurations contained in the variational wavefunction, and c; are
coefficients relating to the variational configurations.

Heat-Bath Configuration Interaction (HBCI)**#47 is a specific SCI+PT method and is
used throughout all the works contained here. The variational step of HBCI works by using an
energy importance metric based on the connection of an existing variational element with one
external to the space by

|Hyicil > &par (1.23)
Evar 18 a user-defined variational threshold, singly and doubly excited configurations are generated
from the existing variational space and compared to the variational threshold. Configurations
which are above the threshold are added into the wavefunction, and those which are smaller than
the threshold are discarded. The new wavefunction is then used as the existing variational space
and the process continues iteratively. In our implementation, these iterations continue until the
number of newly added configurations is less than 1% of the total variational space.

A modified version of EN-PT is then applied with another user-defined threshold &pr

(SPT) H 2
AE,, ~ Z (Zi “ Ci) (1.24)
i A Evar - Hkk .

The user-defined threshold €p should be set at least a couple orders of magnitude lower than &,,,,
to ensure the correction is in the perturbative regime (typically, 10~7 Ha or lower). The off-
diagonal external configuration couplings and their associated diagonal external elements are used
to provide a non-variational correction. In PT the corrections are known to reduce the energy below

the exact solution.*®
1.3 Density Functional Theory

1.3.1 Kohn-Sham Formalism

Wavefunction theory utilizes the wavefunction to obtain observable information, but the
wavefunction is also directly related to the density. Based on the Hohenberg-Kohn theorem (and
more general formulations) it can be proven that the wavefunction maps to a unique density, and
vice versa.*>->* This allows one to instead use the density to solve for observable information; the

Kohn-Sham (KS)! formalism exists to this end.

VZ
l—? + vgs(M) | @i = €9; (1.25)
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The terms in the bracket are kinetic and potential energy, € are the KS eigenvalues, and ¢ are KS
orbitals. The KS potential energy vgs can be expanded in terms of component potentials

Vis(1) = Vext (1) + vy (1) + vy (1) (1.26)
Vext 18 the external potential, vy is the Hartree potential, and v, is the exchange-correlation (XC)
potential. The operators in this equation are set up such that the particles in the system are treated
as non-interacting (one-body terms) and these quantities can be calculated exactly, aside from v,
which contains quantum interactions. The external potential arises from interactions between the
electrons and nuclei and the Hartree potential encodes the classical coulomb interactions. The
Hartree term is considered non-interacting because the interactions are 1-body in a mean field,
while the external potential is non-interacting due to the BO approximation (nuclei are treated as
fixed point charges). The exact form that v, takes is unknown; this is the term that functionals
seek to approximate. Hypothetically, if one knew the v, exactly, then exact solutions would result

from the KS equations, making it desirable to understand what form v, takes.>>=’

1.3.2 Inverse Density Functional Theory

Inverse density functional theory (invDFT) aims to recover the XC potential provided a
density, which is different from DFT, where the XC potential is given (approximated), and one
finds the optimal density (KS orbitals).>® An early implementation of invDFT was developed using

work from van Leeuwen and Baerends,*”!

where the KS equations are used to form an orbital
averaging expression which is solved incrementally until the KS orbitals produce a density which
matches the reference density to some threshold. This procedure approximates the potential from
a known density, meaning it is not exact. Other procedures, such as the optimized effective
potential (OEP),52-%7 have been shown to be ill-posed®® (does not have a unique solution that
depends continuously on input parameters) in finite basis sets producing non-unique XC potentials.
To this end, the Kanungo-Zimmerman-Gavini®® procedure was developed, which solves a
constrained optimization problem in a complete basis producing an exact potential. Even with
KZG, it is still desirable to obtain XC potentials from finite basis sets, as they are widely used in
electronic structure theory.

The Ryabinkin-Kohut-Staroverov (RKS)’® method aims to produce accurate XC potentials
in finite basis sets, specifically a Gaussian basis. This method works by directly taking the
wavefunction from a correlated method, constructing the 1- and 2-RDM, and iteratively solving

for the KS orbitals. Further contributions by Tribedi et al.,”! which expand upon this work, modify

11
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the procedure to accommodate a Slater basis set. Another method developed by Rask et al.”?
facilitates the determination of KS orbitals which, as will be seen in section 1.3.3, can be used as
a reference in invDFT methods. KS orbitals are obtained by minimizing the difference in the
densities while also balancing the minimization of the kinetic energy. The space of invDFT has
seen much growth in recent years, enabling further probes into the role of exchange and correlation

in progressively more complex systems, as illustrated in Chapter 4.

1.3.3 Orbital-Averaging Inversion

The following procedure is the inverse DFT engine, which will be used in Chapter 4,
adapted from Khanna et al.! and the energy balance from RKS.” It works by using the 1- and 2-
RDM from a highly correlated wavefunction calculation, such as HBCI. This density is then used

to optimize the KS density through the minimization equation formulated by Rask et al.”
@5 = arg min ([ Iowe () = pis (I dr + | Tlogs) ) (1.27)

Where n controls the optimization surface, T is the KS kinetic energy, and A is a parameter which
is chosen to balance the minimization of the density difference and KS kinetic energy’. This
minimization works without using the KS equations directly and instead optimizes the KS orbitals
via orbital rotation, maintaining orthogonality of the guess. Equation 1.27 does not solve for KS
eigenvalues, but they are a necessary parameter to specify for use in the energy balance expression.

To solve for the eigenvalues, we project the KS equation for an occupied orbital onto a

virtual orbital and substitute the OA expression.>*-¢!

X («S,-|<p,-(r)|2 + %<p}‘(r)V2<p,-(r)>
p(r)

f(pc*l(r) —EVZ + @;(r)dr =6, =0 (1.28)
Where 6 is the Dirac delta function, and i and a are indices over occupied and virtual orbitals,
respectively. Since occupied and virtual orbitals are in different sets, the Dirac delta evaluates to
0, and we can construct a linear system of equations to solve for the eigenvalues.
E=(B"B)"'B"R (1.29)
Where B is a matrix of elements obtained from equation 1.28, E are the eigenvalues, and R is the

residual. The residual is minimized by least squares from equation 1.29.
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It is well known that to get the —% decay of v,., the HOMO energy and the negative

ionization potential (IP) energy must be equivalent.”*7¢ This is enforced through the analog of
equation 1.28 by taking the inner product of the KS equation for the HOMO orbital, in this case,
the Dirac delta is 1, and one can set €400 = —IP. After obtaining the eigenvalues, one can

directly solve for v, by using the energy balance equation’®
WF(r)  KS(r)
pWE@)  p*S(r)

Where € is the average local orbital energy, and % is the kinetic energy density. Since the

Uee(1) = vgd () + () — 8 (r) +

(1.30)

orbital averaging expression is divided by density, v, can become numerically unstable when the
density becomes small. As a result of the WF and KS densities being fit, both XC potentials should

have the same decay, thus we can enforce the equality of v,, = vgLter

below a certain density
threshold.”! This procedure results in XC potentials in a Slater basis which match very nicely with

exact XC potentials. This decay equivalence is not enforced in the procedure discussed in Chapter
4.

1.4 Conclusion

The remaining chapters in this work explore developing new methodology using some of
these concepts (Chapter 2) and tweaking existing methodology to get quantitative information for
interesting/difficult chemical systems (Chapters 3 and 4). The methods/concepts described in
section 1.1.2, such as Slater basis sets and integral quantities, will be analyzed on a prolate
spheroidal grid in Chapter 2. Chapter 3 will rely heavily on configuration interaction methods to
obtain greater quantitative accuracy for TM systems than existing methods, requiring background
from sections 1.2 and 1.1.6. Finally, Chapter 4 will expand upon concepts and methodology from
section 1.3, where the near-exact KS potential at a conical intersection will be obtained and

analyzed for the first time.

13


https://threshold.71

Chapter 2

Numerical Integration of Slater Basis Functions Over Prolate Spheroidal Grids

This chapter is adapted from previously published work.”” In this chapter, a new method
of obtaining accurate integral quantities related to the Hamiltonian via numerical integration over
a prolate spheroidal (PS) grid is presented. This work builds upon SlaterGPU and uses the features
for fast and efficient grid evaluation. Analysis of the accuracy of the new grid is conducted in

relation to the Becke partitioning, which was used in the initial implementation of SlaterGPU.

2.1 Introduction

Electronic structure theory can provide insight into a countless number of chemical
systems. Practical methods for molecules most often rely on wavefunctions built upon atom-
centered, single-electron basis functions. Certain asymptotic properties of exact wavefunctions can
be captured in the single-particle basis set,’® such as cusps at the nuclei that are consistent with the
Kato conditions.”® At long distances, wavefunctions decay as simple exponentials. These two
ideas lead naturally to Slater type orbitals (STOs),”® which have the form

Xnim (7,6, $) = Nr"~1e 8TY!™ (9, ¢) (2.1)

N is a normalization factor, ¢ is the exponent defining each basis function, n, I, m are the principal
quantum numbers, and Y™ are spherical harmonics.””8! STOs are known to provide accurate
descriptions of polarizability, intermolecular interactions, and nuclear shielding, as these
properties are sensitive to cusp or decay of the wavefunction.®?3* The widespread use of Slater
functions as electronic structure basis sets, however, has been significantly hindered due to the
requirement for numerical integration.

While STOs correctly describe physical properties, their features—such as steepness near

the nucleus and long tails—make them difficult to numerically integrate. While some Slater

77 Stark, A. et al. Numerical Integration of Slater Basis Functions Over Prolate Spheroidal Grids. Journal of
Computational Chemistry 2026. https://doi.org/10.1002/jcc.70291
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integrals are available analytically,’-%7 the electronic Hamiltonian for polyatomics requires Slater
integrals which have no known analytical form. Gaussian Type Orbitals (GTOs), in contrast, are
generally analytically integrable®38°! but cannot precisely capture nuclear cusps or long-range
decays. Improved integration protocols could start to bridge the practicality gap between STOs
and GTOs, making STOs more readily usable in a wide range of electronic structure theories. This
work therefore builds upon our recent efforts®? to provide highly accurate Slater integrals,
especially for their use in wavefunction simulations.

Integration of Slater functions has often been performed using atom-centered integration

1.93-96 and more

grids, for instance as done in the Amsterdam density functional (ADF) program,
recently through the SlaterGPU library.”? These integrals use products of radial and angular grids
on each atom, where the grid weights are adjusted to avoid overcounting in regions where the grids
are overlapping. While various partitioning methods are possible,”” Becke's method of fuzzy
Voronoi cells®® is probably the most well-known, due to its widespread use in the integration of
quantities related to density functional theory (DFT).”»!% Becke partitioning (BP) in ADF has
produced integrals required for the GW approximation.!®-1%° In SlaterGPU, BP has been used in
RKS calculations to produce Kohn—Sham potentials.”!

Two of the authors recently introduced SlaterGPU,*? an algorithm for accelerating STO
integrations on graphics processing units (GPUs). This GPU library uses parallel numerical
integration with efficient vector operators based on mixed-precision arithmetic to keep execution
costs low. Equally important to the parallelized code was the use of the resolution-of-the-identity
(RI)!96-198 approximation to reduce the complexity of Coulomb integrals. Coulomb integration
with RI can be performed in three dimensions in an STO basis, saving a great amount of
computational time compared to six-dimensional integration. Altogether, the original SlaterGPU
implementation provided a practical means to perform electronic structure computations at the
Hartree-Fock (HF), Complete Active Space Self-Consistent Field (CASSCF), and full
configuration interaction (FCI) levels for double- and triple-zeta STO basis sets. The atomic
Becke/Voronoi grids of SlaterGPU, however, are insufficiently precise to treat larger basis sets
(e.g., for pentuple-zeta, polarized basis sets).

The quality of numerical integration scheme is tied closely to the coordinate system and
quadrature that together form the integration grid.”® Becke showed that an orthogonal curvilinear

coordinate system known as prolate spheroidal (PS) coordinates can be effective for integrals
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involving two centers.!?” PS coordinates have an origin between two foci and are composed of a
radial part u and two angular parts v and ¢, where u is composed of spheroids that encompass
these foci, v is composed of hyperboloids, and ¢ is a plane on the focal axis. An interesting
property of PS coordinates is that the u, v degrees of freedom are closely related to 7y, 75, the
distances to the two nuclei that define the coordinate system. Close to the nucleus, r;and r, are
quadratic in g, v, meaning that Slater functions become Gaussians (exp[—¢ér] — exp[—¢éa(u? +
v?)]). This coordinate transformation reduces the steepness of the STOs near the nuclei in the PS
coordinate space, without compromising the Slater shape expected by the Hamiltonian.

While PS coordinates are a natural generalization of spherical coordinates from atoms to
diatomics, there is no general procedure to handle cases with more than two atoms within this
coordinate system. Fortunately, under the RI approximation, only 3-center integrals are required,
so a complete generalization to many-center integration is not required. A path forward to use PS
coordinates in practical STO integrations for molecules is therefore conceivable, as long as a
careful choice of grid discretization around the third center is made.

The SlaterGPU library and its extension to PS coordinates are designed to generate all of
the terms necessary for a nonrelativistic electronic Hamiltonian expressed in atom-centered Slater
orbitals, for example, for HF, DFT, and post-self-consistent-field (SCF) methods. The goal of this
work is to show that polyatomic systems can be handled within the PS coordinate system, with
sufficient accuracy and efficiency to allow for the evaluation of larger basis sets. Not only will this
allow increased accuracy in post-SCF correlated methods, it also will be useful in deriving Kohn—

Sham orbitals and exchange-correlation potentials to high accuracy.”!’?

2.2 Theory

2.2.1 PS Coordinates

PS coordinates are an orthogonal curvilinear coordinate system in three dimensions
(4, v, ). The coordinates are defined with respect to two foci, which in this case will be positions
of two basis functions. If the two foci are defined in Cartesian coordinates at the points (0,0, a)

and (0,0, —a) then the relation between Cartesian and PS coordinates is defined by

x = asinh usinv cos ¢ (2.2)
y = asinh yusinv sin ¢ (2.3)
z = acosh ucosv (2.4)
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Any two-center integral can be performed after rotation and translation of this grid, assuming
distance 2a between the centers (integration with more than two atoms is discussed later on).
Radial distances from the foci are
r; = a(cosh u + cosv) (2.5)
r, = a(cosh u — cosv) (2.6)
As pointed out by Becke!? for small r; or r , a Taylor expansion shows that each of these distances
is quadratic in y, v. Slater functions therefore can be efficiently integrated due to the avoidance of
the cusp near the nucleus, while maintaining the correct physical cusp shape.
The v and ¢ coordinates span 0 <v < m and 0 < ¢ < 2m. The v coordinate moves
between the two foci, and the ¢ coordinate rotates around the central axis with cylindrical
symmetry. The u coordinate spans 0 < u < oo, and therefore is mapped onto a finite range in

practice (Figure 2.1).
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Figure 2.1: The Prolate Spheroidal grid on a cartesian grid with spheroids at constant u (red), hyperboloids at
constant v (blue), and planes at constant ¢ (green).

The PS grid must be discretized to perform numerical integration, as Slater functions will
be evaluated at discrete points. Uniform grids in the v and ¢ coordinates are plausible, though the
u coordinate deserves more consideration. For example, the u grid points should be more
concentrated near the nuclei, where the most rapid changes in basis functions occur. Therefore for
0 <t; <1wehave

u = C; tanh™1(¢;) 2.7)
where C; and the maximum value of t; together fix the maximum value of u. The t; coordinates,

when uniformly divided, lead to more y points near the nuclei. Here, the v and ¢ grid points are
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also spaced evenly. Related discretization methods for other coordinate systems can be found in
refs. 92,109-111.

Having introduced a method to divide PS coordinate space into discrete volume elements,
quadrature within each volume element completes the integration scheme. Due to the way the grid
is constructed—where grid discretization places nuclei only at the edges of each volume element—
quadrature points will never be evaluated at a nucleus. This can be done using Gauss-Legendre
quadrature for all dimensions, which approximates an integral over a volume element without
placing points on boundaries.!'? Gauss—Legendre quadrature is exact for polynomials of 2n — 1
order, allowing rapid convergence with size of quadrature grid.

A generic integral involving a pair of Slater functions has the form

21 T (o]
f f f 2a (v, )0, v, $) 15 (, v, ) ducdvdep 2.8)
0 0 0

Applying discretization and quadrature to this generic integral yields

ZZXa(xij)o(xij)Xb(xij)W(xij) (2.9)

i=1 i=j
where functions will be evaluated at points x;;, 0 is the operator of interest, w(x; ;) 1s the weight
function associated with the quadrature, Q is the number of quadrature points within a volume
element, and M is the number of volume elements. The weights are
w(xi) = G(ui)G (viy)G (¢ )AV (2.10)
where G (ui j), G (vl- j), G (ql)i j) are the weights from the Gaussian quadrature. The volume element
is determined by the spatial extent of the discretized cells.
AV = a® sinh y;; sinv;; (sinh? p;; + sin? v;; ) Ap;;Av; A (2.11)

This two-center integration scheme will be shown below to be highly effective.

2.2.2 Treatment of a Third Center

Two-center integration using PS coordinates is efficient since volume elements can be
naturally distributed based on the positions of the two centers. Quadrature is also facilitated around
these centers due to the grid lines at ¢ = 0 and v = 0 or m. The third center, however, will sit
somewhere in an arbitrarily sized volume element, with no particular location relative to the PS
grid lines (Figure 2.2A). To achieve accurate quadrature, the grid lines should be placed to intersect

the third nucleus, and the volume elements subdivided. Our grid lines are therefore shifted to
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accommodate the third center, specifically by moving the nearest volume element borders in ¢ and
v (the position of ¢ is trivial, as the three centers will be placed within the same plane before
generating the grid). After the grid lines are moved, the 8 volume elements surrounding the third
center are then further divided (Figure 2.2B — (). Figure 2.2 shows a single division surrounding
the third center, where 4 cells are divided in half along p and v. Including the ¢ degree of freedom,
the 8 neighboring cells become 64 cells. This division can be increased to create more cells as

necessary to achieve higher precision. The parameter Ns» defines how many cells are used to

discretize around the third center.

Figure 2.2: The process of reorienting the grid around the third center, (A) is the initial spacing of the grid with the
third center being located at one of the volume elements, (B) moves the u and v grid lines closest to the third center
so that the third center coordinates align with the grid lines, and (C) splits the grid further around the third center for
greater accuracy.

2.2.3 Implementation

The integration grid is set up by enumerating over the discrete volume elements and their
weights. First, the angular grid lines are defined for v and ¢ by dividing w and 27 by N,, and N,
respectively. The radial component that determines p (cf. Equation 2.12) is divided in the t;

transform uniformly through

1

Aty = ——
VUN+1

(2.12)

where N is the number of u grid separations. Once the initial 2-center grid is constructed, the third
center is considered in the grid. The third center is placed at ¢p = 0 for alignment within the ¢ grid
line. Next, the p and v grid lines closest to the third center are moved to intersect the third center,
as shown in Figure 2.2. Finally, each volume element defined by the above grid lines is divided

up via three-dimensional quadrature to give the full integration grid (Algorithms 2.1 and 2.2).
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Algorithm 2.1: Coordinate grid discretization: N , N , and Ny, are the number of divisions over a coordinate. p, v,

and ¢ represent a point in the center of a volume element and du, dv, and d¢ are the distance from one edge of the
volume element to the other edge of the volume element.

1 dx,dv,d¢ calculated based on user input
2 for ¢ in N, do

3 titi—1 (—dt,i

4 iy fhi—1 = Tiyti—q

5 | M A s fliea

6 for j in N, do

7 v<—dv,j

8 for k£ in N, do

9 L ¢ < do,k

10 Save to Grid|u, v, ¢, du, dv, do|

Algorithm 2.2: Quadrature grid initialization: Q,,, @Q,, and Q4 are the quadrature points of a respective coordinate
and w,, w,,, and wy are the associated weights.

1 for n in volume elements do

2 Read in volume element [y, Vy, On, Alty, AUy, doy,
3 for i in Q, points do

4 Hni < Qi;u Hons d/in

5 Read in w;,

6 for 7 in Q, points do

7 Vnj «— qununad“n

8 Read in wj,

9 for k in Q4 points do

10 ¢nk — Qkua Hon s d/ln

11 Read in wyy

12 onints[m, Y, Z] < Hni, ana ¢nk
13 weight[w] < Wiy, Wiy, Wre

2.3 Computational Details

Most results in this work utilize an all-electron triple-zeta basis set with polarization
functions (denoted TZ), while others utilize quadruple- and pentuple-zeta basis sets (denoted QZ
and 5Z, respectively). Basis sets were constructed to be even tempered (with exponents { = aff",
n=0,-1, - - -, —=N) where N depends on the angular momentum and row on the periodic table.

Auxiliary functions were generated in a combinatorial fashion from the original basis by adding
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together the angular momentum ¢ as well as the exponents of all pairs of functions on each atom.
For each channel #, the minimum and maximum summed exponents ({u.. and {..,) were selected
to define the range for the auxiliary basis. The auxiliary basis is then generated through an even-
tempered procedure with . and (i as its limits.!1>-116 Finally, all m degrees of freedom for each
£ were enumerated. The basis sets are provided in Table A.1.

Figures 2.3-2.6 and Table 2.1 all analyze integral matrices directly. Figures 2.3-2.5 and
Table 2.1 do so through analysis of the root mean square error (RMSE) which is defined by

2
L(gr - g)

RMSE = (2.13)

n
~ ix el ts in the integral matri ref | tri duced fi t
gl are matrix elements 1n c 1n egra matrices, g 1S a matrix pI‘O uce Trom an accurate

calculation with a large grid, and g is a matrix produced from some less accurate calculation.
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Figure 2.3: Overlap, kinetic energy, and 2-center Coulomb repulsion RMSE (Ha) analyzed for CIF and OF2 using

2560
3168
3840
4576
5376
6240
7168
8160
9216
10336
11520
12768
14080

the PS method in a TZ basis.

o
oo
0~
oNm

3840
4576
5376
6240
7168
8160
9216
10336
11520
12768
14080

Angular points

22

o
o o
0
oNm

3840
4576
5376
6240
7168
8160
9216
10336
11520
12768
14080



PS RMSE

Electron Nuclear

Three Center Coulomb

152 A 152
148 148
144 144 -6
140 140 10
136 136
132 132
128 128 -7
124 124 10
120 120
116 116
112 112 _g
108 108 10
n 104 - 104
2
Q PR MmN SN M= S PR MmN SN M= S 10~
Q NMNMNFINO~ODNO N T NMMNFINON0ON O N T
—_ - -
©
k=]
o4 -10
o 152 152 A 10
148 148
144 144
140 140 -1
136 136 10
132 132
128 128
124 124 12
120 120 10
116 116
112 112
108 108 _
104 104 10713
CVOVWVWONMOWWO WO
QOITRNRNTOOAMN O
NEHOLMNA—=TNMINNSO
NMMNMITNONODNO AN
e
gular points

Figure 2.4: Electron-nuclear attraction and 3-center Coulomb repulsion RMSE (Ha) analyzed for CIF and OF> using
the PS method in a TZ basis. The grid selection and legend are the same as in Figure 2.3.

Electron-nuclear RMSE Varying Nsp
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Figure 2.5: Comparison of the RMSE (Ha) of the electron-nuclear attraction elements for different divisions of the
third center within the PS integration grid. A single split (Ngp = 2) gives significant advantages over no splitting,
and Ngp > 2 gives marginal improvements.
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Figure 2.6: Six 2-center Coulomb integrals plotted along 16 vector directions®? as the two centers are separated. The
legend indicates unit vectors for all 16 directions tested, all basis functions used have the exponent { = 1, and all
basis functions were chosen to have m = 0.

Table 2.1: RMSE (Ha) of integrals for SOz using BP and PS integration with TZ, QZ, and 5Z basis sets. Basis sets
TZ, QZ, 5Z are described in the computational details.

RMSE of integrals on SO2
TZ Qz 5Z
BP PS BP PS BP PS

Overlap 1.3x10°%8 8.0x1071 7.6x10°% 5.4x10712 1.3x10°%8 8.9x1071
Kinetic 4.6x10"7 9.6x10™"! 3.1x107 3.0x1071° 3.0x10"7 2.8x1071°
Electron Nuclear 7.7%10°7 3.0x10"7 5.8x10"7 3.1x107 6.0x10"7 3.2x107
2-Center Coulomb 3.2x10% 4.9x10!" 2.0x10°8 6.8x10"! 3.1x10% 8.1x10"
3-Center Coulomb 8.7x10™ 6.6x10"% 5.6x10™ 1.3x10°%8 7.3%10°% 1.6x10°%8

Coulomb integrals take the form

- - 1 - - - -
(@bled) = || 2a 0@ - xe G xa )R 07, (214)
12
Classical and nonclassical (exchange) Coulomb integrals are computed under the RI
approximation, where 4-index integrals are determined as follows
(ablcd) ~ Z(ablP)(PQ)‘l(Qlcd) (2.15)

PQ
These two 3-index terms can be expressed as
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1
(Plab) = [[ x0() = xar ) i, (216)
12
and simplified to

(Plab) = [ VEGIxa@),(rIdr (2.17)
More information on the form of this potential is discussed in the original SlaterGPU paper,”?
while alternatives for Coulomb resolution are in principle also possible.!!”-!!® The analytical 1-
center Slater potential has been derived in a previous work,'!? this allows for direct use of the
expression V£ without fitting the density to the Coulomb operator.

All CI computations in Table 2.3 were run in a neutral state (singlet spin for all, except
doublet spin for NO, N3, and NO). The geometries for the diatomic systems in the table were
obtained from the Computational Chemistry Comparison and Benchmark DataBase
(https://cccbdb.nist.gov/). Triatomic geometries were optimized using Q-Chem version 5.2,!2°
geometries for specific species and information about methods used to obtain these geometries can
be found in Table A.2.

Heat-bath configuration interaction (HBCI), used in Tables 2.3 and 2.4, is a select-CI
approach that returns a close approximation to the full CI limit.****> The energy thresholds &,
and epr control the extent of recovery of correlation through variational (&,,,-) and perturbative
(epr) steps. These thresholds control convergence by screening electronic configurations based on
estimating how much an external configuration may contribute to the total energy and adding in
components with the highest importance. In Table 2.3 HBCI was performed using &, =
1x107* Ha and &p;y = 1 X 1077 Ha except in cases which possess greater than 15 valence
electrons (N20, NO,, OF2, SO, CS>), which used €,,- =5 X 107 Ha and &p;y = 5 X 1077 Ha.
The incremental full CI (iFCI) method, used in Figure 2.7, truncates the search for configurations
in the Hilbert space further by defining localized molecular orbitals as base units for correlation.
A many-body expansion combines these units to systematically recover correlation from a
reference state (a valence bond, perfect-pairing wave function), ensuring convergence to full CI as
the expansion level, n, is increased.!?!~123 This allows for polynomial scaling of the iFCI method
while maintaining a similar accuracy to HBCI. Here, n = 3 recovers the majority of the correlation
energy and simplifies the computation of the 24-electron in 225 orbital all electron (core + valence)
space. See refs. 121,124,125 for further details of this approach. The HBCI solver in the iFCI

calculation uses energy thresholds of €,4r goubtes = 5 X 107* Ha, £,4r singtes = 2.5 X 107*, and
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epr = 1 X 1077 Ha. The frozen core approximation has been used in all calculations, besides in
Table 2.4 and Figure 2.7, where all electrons were correlated. The CCSD(T) method!?%!?7 was also
performed in Figure 2.7, applied to the same 1,3-propanediyl system, core correlation was included

and a UHF reference was utilized.

iFCI(m=3) CCSD(T)
LUNO nyee So 0.394 -
HONO n,. S, 1.59 -
LUNO nyee Ty 0.993 -
HONO HONO nye. Ty 0.995 -

Singlet-Triplet Gap
(keal/mol) 13.4 11.8

LUNO

Figure 2.7: HONO and LUNO orbitals and occupation numbers for the singlet and triplet states of 1,3-propanediyl
as well as the singlet-triplet gap for the vertical excitation. iFCI uses the STO QZ basis while CCSD(T) uses a GTO
basis, cc-pVQZ.

For comparisons to GTOs for the methylene and 1,3-propanediyl systems, the cc-pVXZ
family was used, the cc-pVXZ-RIFIT auxiliary basis was utilized in calculations on methylene, no
auxiliary basis was used for 1,3-propanediyl. Here X is T, Q, and 5 for polarized triple-, quadruple-
, and pentuple-zeta basis sets, respectively. HBCI* was used as a representative electronic
structure method, which closely approximates the full CI energy. The Nvidia HPC SDK 25.5
compiler suite with OpenACC was used to compile SlaterGPU and HBCI. The calculations using
GTOs on the CH, system in Table 2.4 were run using Q-Chem version 5.2.'2 The CCSD(T)
calculations used in Figure 2.7 were run using ORCA 6.0.1.128-131

When discretizing the initial PS grid, the scalar C; transforms the overall grid size,

depending on the spacing between the nuclei. This is set to
C, = 2.3a%* (2.18)

The angular components are left untransformed.
There are five variables (N, N,,, Ny, quadrature points (Q), and third-center split (Nsp))
which need to be chosen to specify the grid for PS integration. To demonstrate convergence with

respect to grid size, we vary the radial grid size as well as the angular grid size but fix Q = 4 and
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Ngp = 3 unless otherwise mentioned. Table A.3 shows the choice of grid sizes for the radial and
angular grids used in Figures 2.3-2.5. For comparisons in Table 2.1 between the BP integration
(with a grid composed of 5810 angular points and 120 radial points per atom) and the similarly
sized PS grid (N,:26 N,:32 Ng: 14 Q: 4 Nsp: 3), these results are compared to a large PS grid
(Ny:80 N,:70 Ng:50 Q: 4 Ngp: 3). Table 2.2 uses the same BP grid as Table 2.1. Figure 2.6 as
well as Tables 2.2-2.4 use the same large PS grid as Table 2.1. The iFCI calculations on the 1,3-

propanediyl system in Figure 2.7 use a PS grid with the following parameters

N,:80 N,,: 60 Ny: 40 Q: 4 Ngp: 4.

Table 2.2: Convergence of Hartree-Fock SCF runs with BP integration. Each number indicates the eigenvalue
threshold needed to control numerical stability of the overlap matrix inversion. If the value is 0 (green) all threshold
values tested allow for SCF convergence. Higher values indicate instability at this step, due to lower accuracy of the
overlap matrix elements. Oscillatory cases (orange) oscillated around the energy obtained through the PS method
with a difference less than 0.1 Ha but did not converge. Energies which varied by more than 0.1 Ha are marked in
red. In comparison, PS integration converged for all cases with the smallest eigenvalue threshold.

Eigenvalue Cutoff for SCF Convergence (BP Integration)

Mol TZ QZ 572 Mol TZ QZ 572 Mol TZ QZ 572
HF CS N3

Cz Si0 N20

N2 CIF NO:

CO Clh SFH

NO H0O OF2

02 HCN SO2
HCl OFH CS:

Success Oscillatory -

2.4 Results and Discussion

As a starting point, two molecules were selected to demonstrate and benchmark the new
PS integration method: CIF and OF>. The 2- and 3-center integrals needed for the electronic
Hamiltonian under the RI approximation were computed using a range of grid sizes. By varying
the number of radial and angular discretization points, the convergence and numerical accuracy of
PS integration will be discussed and then compared to integrals from the original SlaterGPU

method.”?> The Slater basis for the initial tests is of triple-{ quality, including s, p, and d angular
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momentum functions and exponents ranging from 0.75 to 22.0. The auxiliary basis contains up to
g functions.

Figures 2.3 and 2.4 show that the PS integration technique produces low errors and smooth
convergence with respect to radial and angular discretization for all Hamiltonian elements for CIF.
The most challenging cases are the electron-nuclear attraction integrals, due to the singularity at
each nucleus. Regardless, the smallest integration grid for 2-center Coulomb (Figure 2.3) reaches
an RMSE of order 1077, and increased grid discretization lowers errors to order 10712 RMSE.
These errors are lower than those of the original SlaterGPU method (a detailed comparison is given
later on). The remaining integrals—the overlap, kinetic, electron nuclear and 3-center Coulomb
integrals—all show excellent convergence. Obtaining RMSE below 1071° does not require
especially large grids. The largest grids investigated here show RMSEs around 10713 — 10714,
which is close to what is possible with double precision arithmetic. These results confirm two-
center integrals are well matched to numerical PS integration,!3%!33

For the three atom OF> system, the Coulomb and the electron-nuclear attraction integrals
are somewhat more challenging for PS integration. This can be seen in comparison to the 2-center
integrals for CIF in Figure 2.4, revealing decreased accuracy for the 3-center integrals. Increasing
the grid sizes can systematically lower the RMSE, bringing the errors from the smallest to the
largest grid from 107° to 1078 for electron-nuclear attraction, and 107 to 10~? for the 3-center
Coulomb. As will be shown later on, these errors are sufficiently low to allow high-quality
wavefunction simulations to be performed. Since the nonrelativistic electronic Hamiltonian under
the RI approximation involves only integrals with up to three centers, these RMSE values are
expected to also apply to polyatomic systems. That is, even for a polyatomic system, the grid does
not need to be extended beyond three centers.

As discussed in Section 2.2.2 and motivated by Figure 2.4, additional discretization in the
PS grid around the third center may be helpful for numerical accuracy. The Nsp parameter controls
this discretization, so the errors in the electron-nuclear attraction integrals were analyzed for 1 <
Ngp < 4. Figure 2.5 shows that Ngp = 2 yields noticeable improvements, but Ngp > 2 has little
utility, at least for the equilibrium geometry of the OF2 molecule. Since the spacing between p grid
lines grows with u, the volume elements around the third center grow at large distances. Therefore
we expect that higher Ngp might have more utility for centers which are farther from each other.

To test this hypothesis, a nonequilibrium geometry for OF> was created by moving one fluorine
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atom to ~30 times its equilibrium bond distance. Ngp = 3 significantly improved accuracy over
Ngp = 2,but Ngp = 4 provided little additional utility. For a molecule with long distances between
atoms, the Ngp discretization scheme may therefore be useful up to about Ngp = 3. Quantities
supporting these results are given in Figure A.1.

To test the applicability of PS integration on variation in the molecular geometry, a set of
paths involving changing nuclear positions were considered. As the geometry changes, the integral
values should be smooth and lacking any artifacts from the numerical integration scheme. To do
this, two centers are defined: one at the origin and the other displaced by a unit vector in one of
the 16 directions. The second center was moved in one of these vector directions until the distance
between the centers was 6 Bohr. Figure 2.6 illustrates the value of a 2-center Coulomb integral
along this path. All integral profiles are smooth, even for difficult cases with high angular
momentum, for instance a pair with f and h functions (£ = 3 and £ = 5) on the bottom right corner
of Figure 2.6. A larger list of basis combinations can be found in Figure A.2 that show related
results with similar accuracy.

The analysis so far suggests that the PS integration scheme is able to accurately integrate
2- and 3-center quantities of the electronic Hamiltonian. Now, we compare the PS method with
the original BP method of the SlaterGPU code. This comparison was performed with relatively
similar grid sizes of ~700,000 points. The RMSE obtained for the electron-nuclear and 3-center
Coulomb integrals when comparing BP and PS methods is within the same order of magnitude
(Table 2.1). The overlap, kinetic, and 2-center Coulomb integrals have improvements in the error
of up to three orders of magnitude for PS over BP integration. The improved accuracy of the PS
method for 2-center integrals will now be shown to be important for SCF calculations.

The ability to precisely compute integrals with the PS integration method will be a
significant advantage to practical electronic structure simulations. Therefore, a variety of
polyatomic 2- and 3-atom molecules were examined to analyze the ability of the PS and BP
methods to handle larger basis sets, including basis sets with relatively high angular momentum
functions. The TZ, QZ, and 5Z basis sets include two d functions (TZ), three d and one f (QZ),
and four d and two f (5Z), respectively. As integral accuracy is lower for BP compared to PS
integration, there may be noticeable differences in practical electronic structure computations. As
a simple test, self-consistent field (SCF) computations at the Hartree—Fock (HF) level were

performed. The PS method allows for SCF convergence of all systems in all basis sets explored in
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Table 2.2. The BP method, however, performs well for the TZ basis set but is less reliable for the
larger basis sets.

To understand why the larger basis sets are much more challenging, we considered the
smallest eigenvalues of the overlap matrix for the SO; system. For the TZ, QZ, and 5Z basis sets,
these values are 1.3 X 107>, 9.8 x 1078 and 7.1 X 1078, respectively. The latter two values
are close to the limit of the BP integration accuracy, meaning one or more degrees of freedom in
the basis may be poorly behaved. The mixed precision used in the evaluation of BP integrals is
believed to contribute to the degradation in performance.”? PS integration, having accuracies of
around 10712 RMSE, experiences no difficulty through 5Z basis sets.

Further tests of the utility of the PS integrals were done for the same molecules in Table
2.2, this time using a correlated post-HF method. High-quality wavefunctions were computed
using TZ, QZ, and 5Z basis sets at the HBCI level of theory.*** HBCI provides a close
approximation to full CI, recovering all static and dynamic correlation available to the basis. Given
that all degrees of orbital freedom are accessed by HBCI, errors in the integrals can cause serious
problems in the reliability of the CI procedure. The HBCI calculations in Table 2.3 illustrate the
accuracy of the integrals and reference orbitals generated using the PS method. In particular, from
TZ to QZ, additional correlation energies of —4.22 mHa/electron on average were found, and from
QZ to 5Z, —1.29 mHa/electron, suggesting the relevance of high-quality basis sets for converging
these wavefunctions. PS integrals, therefore, were instrumental in achieving accurate results from
large Slater basis sets at a correlated level.

Table 2.3: Heat-Bath configuration interaction (HBCI) correlation energies (Ha) for various molecules in TZ, QZ,
and 5Z basis sets.

Ecorr (Ha) using PS integrals with increasing basis
Mol TZ QzZ 572
HF -0.2558 -0.2821 -0.3005

C2 -0.3629 -0.3861 -0.3895
N2 -0.3646 -0.3960 -0.4091
CcO -0.3477 -0.3829 -0.3935
NO -0.6962 -0.7309 -0.7487
0O -0.4641 -0.5138 -0.5299
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HCl -0.1910 -0.2373 -0.2417
CS -0.3041 -0.3485 -0.3526
Si0 -0.3247 -0.3646 -0.3738
CIF -0.4191 -0.4750 -0.4948
Cl -0.3490 -0.4399 -0.4482
H>O -0.2517 -0.2821 -0.2912
HCN -0.3402 -0.3730 -0.3811
OFH -0.4834 -0.5374 -0.5632
N; -0.9796 -1.0304 -1.0537
N20 -0.6043 -0.6643 -0.6875
NO; -1.1706 -1.2314 -1.2607
SFH -0.4117 -0.4731 -0.4940
OF; -0.7200 -0.7955 -0.8395
SO2 -0.6140 -0.6965 -0.7196
CS2 -0.4646 -0.5419 -0.5503

Having found that large Slater basis sets can be used in correlated wavefunction
computations, we test the PS integration method further on two statically correlated systems. The
first case is a well-studied benchmark'**14° for electronic structure methods: the singlet-triplet
spin gap of methylene (CH.). The CH> transition between 'A; and °B; states were obtained via
extrapolation of a series of HBCI computations to the FCI limit with the following HBCI
convergence parameters &,q, = 2 X 107%,1x107%,0.5 x 10™* Ha and &pr =5 X% 1077 Ha.
Further details are available in Figures A.3 and A.4. The HBCI-STO results obtained are close to
Diffusion Monte Carlo (DMC) and internally contracted multireference configuration interaction
(CMRCI + Q). Both the HBCI-STO and HBCI-GTO calculations behave well and come within
0.36-0.72 and 0.15-0.51 kcal/mol of the experimental spin gap (Table 2.4).

Table 2.4: Two states of CHz (‘A1 and *B1), at various correlated levels of theory. Geometries for 'A; and *Bi CH:
were obtained from ref. 141 The bases used for the GTO calculations are the cc-pVXZ basis sets, while the STO

bases are the same as referenced in Table 2.2. The energy reported under CBS was obtained in the complete basis
set limit. Units are in kcal/mol.

Method TZ Qz 57 CBSt Expt. Basis
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HBCI-PS 11.1 9.93 9.72 Slater

HBCI-GTO 10.5 9.71 9.51 Slater
Expt.? 9.0
Expt. 9.36
SF-CIS¢ 20.4 Gaussian
SF-CIS(D)° 14.1 Gaussian
EOM-SF-CCSD(dT)¢ 9.7 Gaussian
VMCe 9.92 Slater
DMC¢ 9.36 Slater
CMRCI+Qf 8.97 Gaussian
FCI# 11.1 Gaussian
2 Ref. 134.
b Ref. 135.

¢ cc-pVTZ, all-electrons correlated.!3®

4 aug-cc-pVQZ, all-electrons correlated. '3’

¢ TZ2P/Jastrow, all-electrons correlated.!3®

f Complete basis set limit, all-electrons correlated.'*
& TZ2P frozen-core.'*

PS integrals via SlaterGPU are applicable to molecular systems with more than three
atoms, as the electronic Hamiltonian can be constructed by computing integrals over subsets of
three centers at a time. As an example, incremental FCI (iFCI)!?! computations were run on 1,3-
propanediyl to obtain the vertical singlet—triplet gap. iFCI is able to recover impressive amounts
of correlation energy at polynomial scaling: all core and valence electrons were correlated within
a 225 orbital active space (full CI). When comparing the singlet—triplet gap energies of the iFCI
method with CCSD(T), we observe that the predicted energies for the vertical excitation differ by
more than 1kcal/mol. The predicted energy difference can be explained by the use of an
unrestricted reference for CCSD(T), as spin contamination can be a problem for open-shell

142,143 in this case likely causing a cancelation of errors. Based on the natural orbitals

systems,
obtained from the iFCI calculation, the 1,3-propanediyl system has two radical centers located on
carbons 1 and 3. Simultaneously, the natural orbital occupation numbers in the ground singlet state

indicate the system has significant biradicaloid character (Figure 2.7).
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2.5 Conclusion

Leveraging the advancements made in the original SlaterGPU paper,”? this work reports an
efficient numerical integration scheme to allow for high-accuracy construction of electronic
structure matrix elements. The two-center PS integrals are around three orders of magnitude more
accurate than the prior integration scheme (see Table 2.1), with the 3-center integrals being of
similar accuracy. The increased accuracy of the overlap integrals in particular allows for the use
of larger basis sets in practical electronic structure simulations, since the integrals generated via
BP are inadequate for the convergence of QZ and 5Z basis SCF simulations (cf. Table 2.2).
Examples of high precision CI computations demonstrate the practical utility of the new scheme
(Tables 2.3 and 2.4, Figure 2.7).

The method presented excels in calculations which require an accurate description of the
cusp and exponential wavefunction tails. This is notably beneficial in inverse DFT applications
where the cusp conditions can greatly impact the exchange-correlation potential.”!-’> The PS
scheme should allow for less numerical artifacts and improve the output obtained from the inverse

Kohn—Sham problem.!-144-150
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Chapter 3
Efficient Configuration Interaction Composite Scheme for Quantitative Thermochemistry

of Transition Metal Containing Diatomics

Transition metal systems are notoriously difficult to study due to high static and dynamic
correlation. This chapter focuses on developing a composite method using heat-bath configuration
interaction (HBCI). Considerations which effect accuracy when making a composite procedure
are discussed as well as factors which are specific to the HBCI method. The composite method is
tested on the ScH system and is found to achieve TM thermochemical accuracy (+/- 3 kcal/mol of
experiment). Two composite procedures are compared here, one which adds semi-core correlation
as a correction (valence/cc-pVTZ) and one which directly incorporates semi-core correlation
directly in all calculations (semi-core/cc-pwCVTZ). Differences between the corrections (CBS,
relativistic, and semi-core) of the valence and semi-core composite methods are found to be similar

in magnitude (~0.1-0.5 kcal/mol).

3.1 Introduction

First principles modeling can provide deep physical insight into species composed of main
group and transition metal (TM) elements.!>! For thermochemical properties, wavefunction
theories can approach or exceed chemical accuracy—defined as being within 1 kcal/mol of the
experimental value—but only for main group elements.!>*!5% For TMs, the difficulty in making
accurate predictions is significantly greater, leading to the suggestion that chemical accuracy for
TMs should be redefined as +/- 3 kcal/mol.!>> The challenges with quantum chemical predictions
for TMs are multifold: the greater number of electrons concentrated in a small space, the wider
possibilities for multiple low-lying charge and spin states, the higher likelihood for mixed-valence
configurations to be relevant, and the more diverse bonding patterns that appear with valence d
orbitals. Electronic structure methodologies that excel for closed-shell, single-configurational
states'>*15% do not necessarily work across a diverse set of TM-containing species. Modeling

techniques that take into account interactions between many electrons—including those in near-
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degenerate configurations—are needed to make meaningful predictions with uniformly high
accuracy.

Full configuration interaction (FCI) gives exact results in a given basis set, but is not
feasible in most cases due to its exponentially scaling costs.?!-3%1597163 Practical electronic structure
computations therefore truncate this wavefunction; for instance, coupled cluster (CC) methods use
an exponential ansatz and excitation level limits to reduce complexity. When the wavefunction is
well described with a single reference configuration, chemical accuracy is attainable with lower-
excitation single reference methods such as CCSD(T).!** Since many chemical species involving
transition metals require multiple electron configurations to adequately describe the wavefunction,
standard methods like CCSD(T) tend to break down in this limit.!*%!®* Using higher-excitation-
level approximations is a path forward, at substantially increased costs.!>®

In studies of TM diatomics, CC calculations have been performed up to CCSDTQ(P),!®
providing treatment of static correlation beyond simpler CC methods. Due to the severe
computational cost (O(N!?) for CCSDTQ(P)) of high-excitation-level CC models,'®> composite
methods have been developed to approximate large basis, full excitation level computations with
a series of simpler computations. The correlation consistent composite approach (ccCA)!>>1%6 and

related methods!63-167-174

are examples that work well for weakly correlated chemical species.
Related approaches, such as super-ccCA!” (s-ccCA), include higher-excitation-level coupled
cluster models, such as CCSDTQP. The test set for the ccCA-TM method includes 17 TM
species!® (3 with strong multireference character) and reports a mean absolute deviation (MAD)
that falls outside of TM chemical accuracy at 5.6 kcal/mol. The test set for the s-ccCA method
includes 9 TM diatomics (7 with strong multireference character) and predicts BDEs to within TM
chemical accuracy (0.56 kcal/mol MAD).!>>!7> These studies noted that VC has strong
multireference character; the MAD for this system is 1.35 kcal/mol, which leaves room for some
improvement in the description of severely multireference TM systems.!6%-176-17

In addition to the above examples, Cr> has been a notoriously difficult system to describe
with correlated wavefunction methods.'®® Work from Umrigar'®! has substantially improved the
description of the chromium dimer potential energy curve through the use of a heat-bath
configuration interaction (HBCI) and density matrix renormalization group (DMRG)!8%183

composite method. The composite method applied to the chromium dimer closely approached the

experimental bond dissociation energy (to within 0.02 eV) and significantly refined the predicted
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potential energy profile.!3!:184 Many other examples used to tackle the chromium dimer problem
are conveniently listed in refs. 181,185,186.

HBCI and DMRG can systematically approach the FCI limit by tightening their
convergence parameters without enforced limits to excitation level. The former technique, HBCI,
is a select CI method which combines a variational CI space selection with perturbation theory
(SCI+PT)**3* and closely approximates the FCI result. Earlier SCI techniques such as

191" which was

configuration interaction by perturbatively selecting iteratively (CIPST)*435-38.187-
the first SCI+PT method, inspired later algorithms such as HBCI***47 and adaptive sampling
configuration interaction (ASCI)**#1:192-19 These techniques in recent years have become more
mature, making use of high-performance, parallel computing architectures. In this neighborhood
of FCI-like approximations, Quantum Monte Carlo-FCI'*71%® (QMC-FCI) also strives to approach
FCI results.

This work will employ a modern implementation of HBCI,** 347

particularly a recent
highly parallel algorithm created by our group.** HBCI includes electronic configurations that are
important to describe static correlation at a variational level, including higher-excitation-level
configurations that are necessary to quantitatively describe the wavefunction accurately in the case
of TMs (~2% of configurations in the wavefunction go beyond 6+ excitations for ScH). The
parallel implementation of HBCI developed by our group now permits larger CI calculations than
previously attainable, providing an avenue to investigate small TM species to higher accuracy than
before.* This is achieved by making effective use of distributed memory in modern
supercomputing architectures through an optimized code that can scale to thousands of compute
cores.

In the present study, the TM diatomic ScH will be examined. The insights emerging from
this work will inform a composite HBCI method which targets TM systems that have severe
multireference character based on the Ty, D1, and %TDA diagnostics.!36:167:199.200 The accurate
wavefunctions from HBCI provide insight into the characteristics of electronic states, which are
important for determining the stability and subsequently the catalytic activity among other
properties of interest for a material.?°! The densities of these systems are also computed and may
make for an interesting exploration into accurate exchange-correlation potentials of TM-

containing systems using methods developed in the Zimmerman group.!-’!72

36


https://before.45
https://group.45

3.2 Theory

HBCI operates by using a variational step to capture the dominant contributors to the
wavefunction, followed by a perturbative step to recover dynamic correlation. Since HBCI has
been introduced and developed in prior works, refs. 42-45 provide additional details for the
interested reader. The key components of HBCI are nonetheless described here to give an overview

of the method.

3.2.1 Variational Step
The variational step begins with a relatively small set of reference determinants (in our
case via complete active space CI (CAS-CI)) to define the initial wavefunction and Hamiltonian.
Upon diagonalization of this reference Hamiltonian, the initial set of CI coefficients (c;) are
available, and the determinant space is expanded iteratively. The threshold ¢,,, allows for
adjustable accuracy through a user-defined threshold that determines which configurations are
included, via
|Hyicil > &par (3.1
where Hy; is the Hamiltonian element connecting the determinant with index k (outside of the
current configuration space) to the variational space’s determinant of index i, and c; is the CI
coefficient associated with the latter determinant. Any configurations that satisfy equation 3.1 are
added to the wavefunction, which is then diagonalized to give c; in the current variational space.
The process of diagonalization followed by adding determinants is repeated until a satisfactory
variational wavefunction is assembled.*?> Usually, &,,, is chosen to produce a relatively refined

wavefunction, such that the remaining configurations fall into a perturbative regime.

3.2.2 Perturbative Step
A perturbative correction to the variational energy is then performed using a modified

Epstein-Nesbet (EN-PT)*6:292 gtep,

2
A Evar - Hkk .

Where Hy;, is a Hamiltonian element located outside of the variational space and E,,, is the
variational energy. Compared to standard EN-PT, equation 3.2 only considers variational-external

couplings that exceed threshold €py, which is chosen to be a few orders of magnitude smaller than
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Evar- This is denoted by the restriction on the sum, ZESP 7) ..., which indicates that each term is

added only if |Hy;c;| > epr. Given the much tighter threshold compared to the variational step,
many more determinants are included in the PT step. The tight threshold, along with the
requirement that the sums in the numerator are stored, makes the PT step the memory-limiting step

of the HBCI algorithm.

3.2.3 Parallelization

Parallelization of our group’s HBCI algorithm uses a combination of MPI and OpenMP
techniques to distribute the variational and perturbative workloads across nodes. In particular, a
2D hash table over alpha and beta strings®* allows for even distribution of pieces of the
wavefunction and Hamiltonian. For the perturbative step, assigning hash ranges of the PT
determinants to specific processes ensures that the sums in equation 3.2 do not require
communication operators across nodes. This makes the PT step, which is the most memory and
compute-expensive step, highly parallel. An additional advantage of using the hash table is the
ability to store and work on segments of the PT space asynchronously, greatly reducing the
memory requirements. During the variational step, communication between nodes is required to
ensure duplicate determinants do not enter the wavefunction, and that the CI diagonalization
procedure results in the same wavefunction on all nodes. This is achieved through periodic
merging, sorting, and duplicate deletion across all MPI processes. With the combined
MPI+OpenMP parallel setup, only one copy of the variational wavefunction is needed on each
compute node. See ref. 45 for more detailed information on the inner workings of this HBCI

algorithm.

3.2.4 Bond Dissociation Energy Procedure

Since HBCI spans the entire Hilbert space, it follows that as one reduces the &4, cutoff
values, one converges to the FCI energy. It has been assumed that given an ¢,,,- which is small
enough, the FCI energy is approached linearly with respect to the variational vs. perturbative
energy. This extrapolation procedure is utilized in determining the BDE of the TM diatomics
studied in this work. For the interested reader, a rationale for this extrapolation, as well as an
alternative extrapolation function are discussed by Burton and Loos.?%

While HBCI is significantly cheaper than FCI, it is still computationally intensive if one

desires quantitative results. As such, the semi-core, complete basis set extrapolation, and
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relativistic effects are treated as a correction through the procedure detailed in Figure 3.1.
Relativistic effects are considered with a single HBCI calculation in the cc-pVTZ-DK basis using

the 1eX2C method, and the correction is added to the reference TZ energy.

Erzvairc +AEcps

A Y

+AEsemicore EOOZ,semicore,FCI,XZC

Figure 3.1: Process for correcting BDEs in valence calculations in a finite basis, through addition of independent
semi-core and complete basis set limit corrections.

The complete basis set (CBS) limit correction is calculated using double through
quadruple-zeta valence basis sets. Further, each system in each basis is extrapolated to the FCI
limit at three ¢,,, values; these FCI extrapolated energies are used in the CBS extrapolation. CBS
Extrapolation was performed using the X~ method defined by Helgaker:204293

Ex; = Ez + AX73 (3.3)
Where X is a cardinal number based on the zeta value of a given basis set (DZ =2, TZ =3, ...)
and A is a fitting parameter where calculations in an array of basis sets can be run to approximate
E,7.2°%297 The difference between the oZ and the TZ energies is determined for both the diatomic

and single-atom ground-state systems.
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)

Obtain energy at DZ,TZ, and QZ levels for
the diatomic and both ground state atoms:

EDZ,Ual,FCIf ETZ,val,FCI' EQZ,val,FCI

Extrapolate to coZ using:
— -3
Exzvairct = Ecozpalrcr + AX)

Obtain the difference in extrapolated energy for

each system:

AECBS,sysLem = EooZ,ual,FCl - ETZ,vul,FCI

Calculate correction to add to BDE:
AEcps = AEcpsa + AEcpsp — AEcps ap

Figure 3.2: Process for obtaining the CBS correction, A, B and AB denote both single atoms and the diatomic.

While the core and semi-core electrons do not directly participate in changes to bonding,
correlation between the valence and the semi-core electrons can have a significant effect on the
energy required for dissociation; this is referred to as the semi-core correlation energy. In addition,
correlating semi-core electrons can swiftly increase the computational cost. For this reason, the
semi-core correlation energy from the variational step of HBCI (E;,; (CVTZ) — E;,:(VTZ)) is FCI
extrapolated using 5 points and loose &,4, (6 X 107™* Ha, 7 X 10™* Ha, 8 x 10™* Ha,
9 x 107* Ha, 1 x 1073 Ha) (Fig. 3.3); the configurations with leading coefficients are checked to
ensure proper state targeting. The semi-core and valence energy for the diatomic and both ground-
state single-atoms are computed at a core-correlated triple-zeta level. For ScH (Figure 3.3), the
amount of semi-core correlation energy recovered heavily depends on the number of points used

in the extrapolation.
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Figure 3.3: Semi-core correlation extrapolation for ScH with varying €,,.., all points are linearly fit.

3, 4, and 5-point extrapolations are tested for precision by extrapolating with different
sets of points from the 10 shown in Figure 3.3. The 3-point extrapolations were taken at &,
values of [1 X 1073 Ha, 9 X 107* Ha, 8 Xx 107* Ha], [9 X 10™* Ha, 8 X 10™* Ha,
7x10"* Ha],[8 x 107* Ha,7 X 10* Ha, 6 X 107* Ha], [7 X 10™* Ha, 6 X 10~* Ha,
5x107* Ha],[6 X 107* Ha,5 x 10™* Ha, 4 X 107* Ha], [5 X 107 Ha, 4 X 10~* Ha,
3x107* Ha],[4 X 10™* Ha,3 x 10™* Ha, 2 x 10"* Ha], [3 X 10"* Ha, 2 X 10™* Ha,
1.25 x 10~* Ha]. The 4-point extrapolations were taken at €,,, values of [1 X 1073 Ha,
9%x10™* Ha, 8 X 10™* Ha,7 X 107* Ha],[9 X 107* Ha, 8 X 10™* Ha, 7 X 10™* Ha,
6x107* Ha],[8 X 10™* Ha, 7 X 107* Ha, 6 X 10~* Ha, 5 X 10™* Ha], [7 X 10™* Ha,
6x107* Ha, 5x10"* Ha,4 X 10™* Ha), [6 X 107* Ha, 5 X 10™* Ha, 4 X 10™* Ha,
3x107* Ha],[5%X107* Ha,4 x 10™* Ha, 3 X 10™* Ha, 2 X 10™* Ha], [4 X 10™* Ha,
3x107* Ha, 2 x 10* Ha, 1.25 x 10~* Ha]. The 5-point extrapolations were taken at &,
values of [1 X 1073 Ha, 9 X 10™* Ha, 8 Xx 10™* Ha, 7 x 10~* Ha, 6 X 10~* Ha],
[9%X107* Ha,8 % 10™* Ha, 7 X 10™* Ha, 6 X 10™* Ha, 5 X 10™* Ha], [8 X 10™* Ha,
7x10"* Ha, 6 x 107* Ha,5 X 10™* Ha, 4 x 10~* Ha], [7 X 10~* Ha, 6 X 10~ * Ha,
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5x107* Ha,4x10"* Ha,3 x 10"* Ha],[6 X 107* Ha, 5 x 107* Ha, 4 X 10™* Ha,

3x 107" Ha,2x 107" Ha],[5x 107" Ha, 4 x 10™* Ha, 3 X 107* Ha, 2 X 10™* Ha,

1.25 X 10™* Ha]. The 3-point extrapolations varied in a range of 6.1 mHa, the 4-point
extrapolations had a range of 2.3 mHa, and the 5-point extrapolations had a range of 1.8 mHa.

The 5-point extrapolation allows for acceptable error and reasonable cost for larger TM systems.

[ AEsemicm‘e J

v

Obtain energy of the valence and semi-core

system at €,,,,- for the diatomic and both

ground state atoms:

ECVTZ,val,ew”»' ECVTZ,S@micorc,sm,-

v
Obtain the energy semi-core contribution for each system
and extrapolate against &,4,-:

N

AEs‘cmicorc,systcm = ECVTZ,S(,’?Ili(,‘(}TC,EU(“- - ECVTZ,U(I[,EU(”-

4

. N\
Calculate correction to add to BDE:
AE

semicore — AEsem[core,A + AEsemicore,B - AEsemicore,AB
J

Figure 3.4: Process for obtaining the semi-core correction, A, B and AB denote both single atoms and the diatomic.

3.3 Computational Details

The ZEST software package was used to perform HBCI calculations, including CBS,
relativistic, and semi-core corrections. Equilibrium bond distances were obtained from the
Computational Chemistry Comparison and Benchmark DataBase (https://cccbdb.nist.gov/). All

basis sets used in this work were obtained from Basis Set Exchange.2%%-210

Relativistic effects!>-211:212

such as scalar relativistic effects and spin-orbit interactions,
significantly modify the electronic structure of transition metal species. Prior works?!'* have shown
that scalar relativistic effects can influence BDEs by ~3 Ha for Scandium, and even more for other

)17.19:214-216 model will be used to account for

TMs. In this work, an exact two-component (X2C
scalar relativistic effects. 1eX2C contributes one-electron relativistic corrections based on block
diagonalization of the four-component Dirac equation, where the electronic part of the Dirac

Hamiltonian is used. Spin-orbit effects are neglected in this model, though these could be
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accounted for perturbatively through methods described in ref. 217. The &,,,- and &pr used for
correction were 1.25 X 10™* Ha and 1 X 1077 Ha, respectively.

For the semi-core correction, the cc-pwCVTZ?!8219 basis was used for adequate description
of core electrons. Semi-core correlation is necessary for these TM systems as core excitations
contribute a significant amount of correlation energy; as such, all TMs are correlated to the Neon
core, and light atoms have a frozen core extending to the previous row (S has a Neon core, O has
a Helium core). In this work, for the analysis of ScH, the chosen variational epsilon thresholds for
extrapolation are 1 X 1073 Ha,9 X 10™* Ha, 8 X 10™* Ha, 7 X 10™* Ha,and 6 X 10~* Ha.

NOs are a crucial part of the convergence process as they allow the basis to better describe
the wavefunctions response to correlation; this makes the actual HBCI calculation faster and more
efficient using the same or fewer determinants. The number of states selected for targeting in HBCI
is 2 for diatomics and 4 for single-atom TMs because diatomic systems typically have greater
splitting than single atoms. The &, threshold used to obtain NOs is 1.25 x 10™* Ha.

Basis set extrapolation was performed with only the valence space unfrozen using the cc-
pVXZ?19221 basis sets. In this work, the CBS extrapolation defined in equation 3.3 is used to obtain
the energy at coZ; this extrapolation technique requires 2 points. Other extrapolation procedures
with different benefits are available and cited for the interested reader,204-205-222

HBCI computations were extrapolated to the FCI limit using a linear fit procedure. In this
procedure, one varies the &,,, threshold of the HBCI calculation while keeping all other settings
consistent. When a sufficient amount of the Hilbert space is recovered, the trend between
variational and perturbative energy recovery is linear and can be extrapolated to the FCI energy to
high accuracy. For the basis set extrapolation calculations, the FCI limit was obtained in each basis
using three &,,, values of 1.25 X 10™* Ha, 1.5 X 10™* Ha, and 1.75 X 10™* Ha, with an &py of
1x 1077 Ha.

3.4 Results and Discussion

The results in this section detail the general (to wavefunction theory) and unique (to HBCI)
challenges which arise when applying HBCI to these difficult TM systems. This task is nontrivial
as it requires careful choice of basis, a choice of the semi-core electrons to unfreeze, whether the
Resolution-of-the-Identity (RI) approximation is appropriate, and the choice of method for

handling relativistic effects. There are also choices for HBCI specifically, such as what variational
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threshold to choose for NO generation, thresholds for the variational and perturbative steps, and
how many states are necessary to target. For the 1eX2C procedure, relativistic effects cannot be
reliably incorporated into all calculations, as variationality becomes precarious (even in the

correlation-consistent Dunning family of basis sets) (Figure 3.5).

ScH HF — 1eX2C, RI ScH HF — Non-relativistic, RI ScH HF — Non-relativistic, Exact
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Figure 3.5: Hartree-Fock energies (Ha) for the ScH system with relativistic effects and RI approximation toggled,
basis sizes ranging from DZ-QZ are evaluated.

In principle, X2C is variational so long as the electron repulsion integral (ERI) matrix is
also transformed like the core Hamiltonian; however, this process can be more expensive due to
the N* size of the ERI matrix. There are alternative methods for X2C which approximate the 2-
electron terms??217223:224 which is left for future implementation in the ZEST software package.
The results in Figure 3.5 illustrate that considering relativistic effects can increase the complexity
and hinder recovery of the CBS correction unless considered exactly, which further justifies the
use of composite methods. Figure 3.6 illustrates how the 1eX2C method can reorder the valence
space orbitals depending on the basis used. Particularly interesting is the HOMO in the DZ basis;
the d orbital interacts with the s orbital of the hydrogen; meanwhile, for the TZ and QZ basis it
becomes nonbonding. In contrast, the HOMO orbitals in the non-relativistic calculation are all
nonbonding. Another feature lies in both TZ HOMO-1 orbitals, where they differ from those of
the DZ and QZ, which will explain later the bias of CASSCF towards undesired states. In this
method, 1-electron relativistic effects cannot be considered in all calculations as they will interfere
with the CBS extrapolation, and so are considered via a single TZ calculation at &,, =

1.25x 107* Ha and epr = 1 X 107 Ha.
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Figure 3.6: Hartree-Fock MOs of the ScH system showing HOMO and HOMO-1 orbitals for 1eX2C and
nonrelativistic calculations across basis sets.
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The RI approximation was also compared to exact 4-center integrals, and the Dunning
auxiliary basis sets available for TMs were found to produce errors of ~20 mHa in the scandium
atom at the cc-pVQZ level using the cc-pVQZ-RIFIT auxiliary basis (Figure 3.5). The ScH system
is also seen to be poorly described using integrals generated by the auxiliary set, as the energy does
not reliably decrease with basis size. One might find it intuitive to recover some correlation before
generating the NOs in the HBCI step to help bias the system towards the correct state; however, it
is seen here that problems such as root flipping can occur in CASSCF and hinder state targeting
across basis sets. Even with exact 4-center integrals, differences between basis sets (DZ, TZ, QZ)
chosen for CBS extrapolation can fall into local minima in CASSCF. This can interfere with the

quality of the generated NOs and subsequently the HBCI calculation (Figure 3.7).
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Figure 3.7: Basis set extrapolation HBCI energies for ScH where one procedure uses the HF as reference orbitals
(left) and the other uses orbitals generated via CASSCF(2,1) as reference. Both calculations are correlated to the Ne
core.

If HF orbitals are directly fed into HBCI, and the NO basis is generated, these errors arising
from CASSCF are not present, suggesting it is important to consider a certain number of
configurations before producing NOs for the orbitals to be consistent across basis sets. Since the
NO basis depends upon the included configurations, the HBCI variational threshold used for NO
generation must be kept constant across all calculations to ensure consistent formation of the NO
basis. If the NOs sufficiently describe the space with a chosen threshold, they can reliably separate
states with moderate degeneracy such as the 'Z* or 3A states of ScH. If a system contains severe
degeneracy, such as CrO in which the two lowest states are separated by roughly 1 mHa, then root
flipping can occur. This problem can be corrected by running the calculation to target multiple
states, and if the ground state NOs are not that of the true ground state, one can instead select state-
specific NOs. Since the NOs are formed from determinants in only the variational space, the NO
variational threshold can be set much lower compared to a calculation which applies the
perturbative correction (the subsequent calculation in this case), resulting in a more accurate NO
basis.

In the HF to HBCI procedure (Fig. 3.7 (left)), the basis set extrapolation is not to the desired
accuracy, as the R? is 0.96 and the y-axis is plotted over >0.1 Ha. This can be explained by the
correlation of electrons to the Ne core while using the cc-pVXZ basis. The X3 extrapolation
procedure requires a basis set which is paired with the amount of core correlation present, cc-

pwCVXZ for semi-core and cc-pVXZ for valence only. An excitation analysis was also performed
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on the ScH system, which is displayed in Table 3.1, detailing the number of electrons excited in
each configuration included in the wavefunction. This shows directly that high excitation
energetically significant configurations are required to accurately describe transition metal
systems. The s-ccCA method uses CCSDTQP, but a significant percentage of configurations
which contribute to the wavefunction (at &,4, = 1.25 X 107%) are sextuple excitations or greater.
The s-ccCA method considers CBS, relativistic effects, semi-core correlation, and zero-point
vibrational energy (ZPVE), and they emphasize that what is missing from a more accurate

description is the addition of more configurations/excitations.

Table 3.1: The percentage of total configurations which contribute to the wavefunction are given for different basis
sets and numbers of frozen electrons. The ScH(val) was run in the cc-pVQZ basis with the valence electrons
unfrozen. The ScH(core) was run from cc-pVDZ through cc-pVQZ with electrons down to the Ne core correlated.
All HBCI calculations were run with €,,, = 1.25 X 10™* Ha.

Basis (ScH(core)) System(QZ)
Excitations DZ TZ Qz ScH(val) | ScH(core)

1 0.0633 0.0499 0.0454 0.338 0.0454
2 5.23 7.33 10.1 27.2 10.1
3 27.6 25.5 233 43.5 233
4 59.6 61.7 62.2 28.9 62.2
5 4.49 3.08 2.40 0 2.40
6 2.97 2.34 2.01 0 2.01
7 0.0122 0.0055 0.0032 0 0.0032
8 0.0004 0.0002 0.0001 0 0.0001
9 0 0 0 0 0

The ScH system with the valence space correlated only has up to quadruple excitations, as
the valence space is only occupied by 4 electrons. It is observed that for the ScH system, roughly
2% of energetically sufficient configurations which have 6+ excitations (above 1.25 x 10"*Ha)
contribute to the wavefunction, corroborating the interpretation of Welch et al.!”>

As a proof of concept the procedure detailed in the methods section was applied to the ScH
system due to it being the smallest possible diatomic which includes a transition metal, and because
it has relatively low correlation compared to other TM systems, as is seen in the SI of Jiang et al.!>

Hydrogen is not included in the analysis of the CBS scheme here, as it can be solved for exactly
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and included in the BDE analysis later. The FCI extrapolation of each component of this system
had an R? > 0.999, suggesting that the variational and perturbative threshold are satisfactory. The
Helgaker X ~3 basis set extrapolation procedure yielded similarly, an R? > 0.99 for ScH, indicating
that the HBCI algorithm settled on the correct states in each basis set (Fig. 3.8). Scandium has an
R? of 0.85; however, this is not an issue considering that the energies are plotted over a sub-mHa
range. The QZ calculation is lower than the extrapolated value by ~60 uHa; as such, the QZ value

is used here rather than the extrapolated value. This should not meaningfully impact the BDE

analysis.
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Figure 3.8: FCI extrapolation for Sc (top) and ScH (bottom) as well as CBS extrapolation for both systems (middle).
Energies are in Hartree.

Since ScH has only 12 electrons correlated, it is feasible to run an extrapolation in the cc-

pwCVXZ basis (where X here is T and Q), directly including semi-core contributions into every
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calculation in the composite method. The procedure to directly include the semi-core is then: FCI
extrapolate in the CVTZ and CVQZ basis sets for the TZ reference and CBS correction, then run
a semi-core relativistic calculation in the cc-pwCVTZ-DK basis at €,,, = 1.25 X 10™* for the
relativistic correction. The cc-pwCVooZ CBS extrapolation can be found in the SI (Figure B.2).
Energies are given for each contribution in the composite calculation and compared to an
experimental literature value (which accounts for the ZPVE) as well as another theoretical

prediction (Table 3.2).

Table 3.2: Total energies, TZ, and correction contributions for the Sc and ScH systems are given in Ha. BDEs are
given in the bottom half of the table (in kcal/mol), differences between the Sc and ScH corrections are also given (in
kcal/mol).

Methods Total
(ScH (Ha)) TZ CBS Semi-core | Relativistic Energy
cc-pVTZ -760.3509 -0.00250 -0.3443 -3.4111 -764.1088
cc-pwCVTZ | -760.7017 -0.0234 - -3.3485 -764.0736
Methods
(Sc (Ha))
cc-pVTZ -759.7729 -0.000739 -0.3411 -3.4104 -763.5251
cc-pwCVTZ | -760.1171 -0.0220 - -3.3471 -763.4862
Methods Sc(CBS)- Sc(Semi)- Sc(Rel)- BDE
(kcal/mol) ScH(CBS) | ScH(Semi) ScH(Rel)
cc-pVTZ 1.104 4.402 0.4393 54.9
cc-pwCVTZ 0.8785 4.142 0.8785 54.8
CCSD(T)? 523
Expt. 55.0(%3)

2 CBS, semi-core, ZPVE, Relativistic and spin-orbit effects included, non-relativistic energy in
awc5z basis. 2%
bRef. 226

The energies for Sc and ScH are given in Hartree, and here we can see the relativistic
effects contribute the most in terms of magnitude to the total energies for Sc and ScH. In the lower
half of the table, the BDEs (in kcal/mol) are predicted to within TM thermochemical accuracy (+/-

3 kcal/mol) while only correlating the valence space. The differences between the Sc and ScH
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corrections for the valence/cc-pVTZ and semi-core/cc-pwCVTZ methods are also given to
estimate where the differences in the predicted BDEs arise (energies are given in kcal/mol). The
semi-core contribution to the energy was included in the TZ energy for the cc-pwCVTZ method,
and so when calculating the differences, the following expression was used to populate the semi-
core correction column.
(CVTZ(Sc) —VTZ(Sc)) — (CVTZ(ScH) — VTZ(ScH)) (3.4)
The differences between the cc-pVTZ and cc-pwCVTZ methods for each correction are
of roughly the same magnitude, in different directions. More systems will need to be studied to
determine the errors of corrections over a broad set of TM systems; however, these results provide
a framework for future testing and modifications to the HBCI composite approach. Alternative
methods for handling these corrections, such as consideration of 2-electron X2C and spin-orbit
coupling, or alternative forms of FCI or CBS extrapolation, could bring this procedure towards
reliable TM chemical accuracy (+/- 3 kcal/mol) and perhaps even chemical accuracy (+/- 1

kcal/mol).

3.5 Conclusion

This chapter presented a framework for a new composite method using HBCI. Challenges
with incorporation of CBS extrapolation, 1eX2C, the RI approximation, and semi-core correlation
were discussed with suggestions on improvement. Some possibilities include the use of X2C
methods which consider 2-electron contribution and spin-orbit effects. This work does not test the
use of larger RI basis sets; using the cc-pVQZ-RIFIT auxiliary basis, errors of ~20 mHa were
present for ScH; in principle, with a larger auxiliary basis, this error should decrease. The method
outlined in section 3.2.4 was applied to the ScH system and resulted in BDE prediction (54.9
kcal/mol) which lies within TM thermochemical accuracy (Experiment: 55.0 kcal/mol). Correction
differences between the cc-pVTZ and cc-pwCVTZ methods were found to be of similar magnitude
(~0.1-0.5 kcal/mol). Future iterations of this composite procedure will focus on finding more
effective ways to incorporate relativistic effects, CBS extrapolation, and semi-core contribution
into the BDE.

This procedure pioneers the way towards TM thermochemical accuracy (+/- 3 kcal/mol)
and beyond for 3d TM systems. There are also possibilities for unique analysis of the excitation
pattern of these TM systems compared to main group systems using the HBCI method. If more is

understood about specific excitation contributions to the wavefunction, it could inspire variations
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on the HBCI method. This work also assists in the acquisition of exchange-correlation potentials
via inversion methods, as reliable procedures for FCI methods are required to obtain accurate

densities for inverse density functional theory.
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Chapter 4

The Kohn-Sham Potential and Bonding at a Conical Intersection

This chapter gives the first view of the Kohn-Sham potential at a conical intersection (CI)
using an inverse DFT procedure, which modifies the orbital averaging procedure developed by
Khanna et al.! The Kohn-Sham potential, Kohn-Sham orbitals, and classical turning surface are all
analyzed to determine if the bonding is indicative of dissociation of the H3 and NH3 systems at a
CI. The dynamics of the H3 and NH3 systems are known to dissociate through a CI, which is helpful
to inform the analysis of the KS potential. It is determined that the KS potentials at a CI contain
dissociative features at certain linear combinations of both adiabatic wavefunctions in the H; and
NH; systems and resemble KS potentials which would be observed for dissociative geometries

which occur away from a CIL.

4.1 Introduction

In the adiabatic framework, conical intersections (CI)**” are points where two adiabatic
potential energy surfaces (PES) are energetically degenerate. At a conical intersection, the
electronic and nuclear motion are strongly coupled, resulting in a breakdown of the Born-
Oppenheimer (BO) approximation. Cls are represented as a 2D subspace of the 3N-6 coordinates
of a molecule, known as the branching plane, forming a cone-shaped PES centered at the
degeneracy. The branching plane is specifically composed of the gradient difference (DG) vector
(g9y(R) = VE;(R) — VE;(R)) and the non-adiabatic coupling (NAC) vector (fj;(R)=

(W, (r, R)|VH|¥) (r, R))
Ej-Ep

) where r is electronic position, and R is nuclear position; these vectors

couple electronic and nuclear motion and define the branching plane. The remaining N — 2
internal degrees of freedom (DOF) define the seam space orthogonal to the branching vectors.
Motion within the seam space moves a CI but does not break degeneracy, such that the seam space

DOF can be optimized to a point known as the minimum energy CI (MECI).
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As pointed out by Yarkony, Cls are not exceptional, but a normal feature of BO potential
energy surfaces.??8 Considerable effort has been made to improve the accuracy with which CIs can
be described while at the same time reducing computational costs so larger systems can be
studied.??® The accuracy of a method can be gauged by whether it is able to correctly define the
topology and topography of a CI. The term topology refers to the dimensionality of the seam space,
while the term topography refers to the shape of the PESs near a CI. CIs have significant static
correlation due to the inherent degeneracy, requiring methods which can describe both states on
an equal footing. Full configuration interaction (FCI) is conceptually simple and can handle the
degeneracy of a CI by recovering all correlation. FCI works by incorporating all possible
configurations in a basis into the wavefunction, which scales combinatorially with system size.
CASSCF is a cheaper alternative which is popular because it can directly couple both
configurations at a CI and optimizes the orbitals accordingly. While CASSCF scales the same as
FCI (if the active space is defined as all orbitals and all electrons), it gives the freedom to choose
an active space where all configurations are considered in a range of user-defined orbitals. The
Hamiltonian from these multireference methods is Hermitian, which was shown by Hittig? to be
essential for a method to correctly predict the topology and topography of a CI.

Density functional theory (DFT) methods stand out for their low cost; however, special
care must be taken at conical intersections to ensure an accurate description.?*!"23? In principle,
there is a Kohn-Sham DFT (KS-DFT) solution which exactly accounts for the exchange and
correlation and results in an exact solution; in practice, however, most DFT functionals struggle
to define the topography/topology of a CI. In the case of linear response time-dependent density
functional theory (LR-TDDFT),?** the elements which couple both states are expressed in a way
which causes negative coupling elements to appear when approaching a CI, resulting in
catastrophic surfaces.?*> TDA-TDDFT uses the Casida formulation similar to LR-TDDFT but sets
the coupling elements to 0; the intersections of a CI in these cases occur in N — 1 dimensions.
Despite not describing the topology or topography of a CI properly, TDA-TDDFT can predict the
energy gap at a MECI geometry of butadiene as 0.3 eV, which is similar to predictions with
CASSCF.%! DFT methods (and single reference methods in general) are most commonly modified
to describe CIs by considering coupling between both states in some way.?*>-240 This raises the
question of how well these functional approximations capture the exchange-correlation (XC)

contribution at a CI. In this work, we will explore the form of the exact vy to get more information
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about the effects of correlation on electronic structure near Cls and obtain reference KS potentials
for comparison of functional performance at Cls.

The Kohn-Sham (KS) formalism of DFT is widely used in electronic structure theory and
reaction path discovery due to the low dimensionality of the KS equations.*>>! A key part of the
reduction in complexity is that, as opposed to wavefunction theory where interactions between

electrons are taken into account explicitly, these interactions are instead treated with an effective

potential
1
_EVZ + vgs(M)| ¢ = &y (4.1)
With the KS potential being defined as
Vis(1) = Vext (1) + vy (1) + vy (1) (4.2)

Where the V2 term is the Laplacian, v,,, is the external potential, v, is the Hartree potential, and
Uy 18 the exchange-correlation potential. The non-interacting kinetic energy, external potential,
and Hartree potential are known exactly and represent classical interactions, whereas the XC
potential includes quantum effects. If the XC potential is known exactly, the KS solution will also
be exact.#?*1:242 The exact form that the XC potential takes is unknown, but it is defined as the

functional derivative of the XC energy.

SEc[p(r)]
Sp(r)

It is thus of great interest to study how approximations to the XC potential can be improved. One

Ve (1) = (4.3)

approach to this problem is through inverse DFT methods, where densities from wavefunction
theory are used to produce the XC potential. A sufficiently accurate wavefunction theory density
can be inverted to produce a near-exact XC potential.

Recent approaches to the inverse DFT problem are able to obtain exact XC potentials in a
complete basis.®” For general application in atom-centered basis sets, the Ryabinkin-Kohut-
Staroverov (RKS) method is able to obtain accurate XC potentials in a Gaussian basis.”® Further
work has been done to improve the robustness of finite basis inversion methods. The most recent
of these advances' expanded upon previous works>?-61-70-72.243.244 to improve the description of XC
potentials in Slater and Gaussian basis sets. The method used in this work utilizes the optimization
procedure from Rask et al.”? to find the KS orbitals, which are then applied to the orbital averaging
strategy adapted through refs. 59-61 to obtain their associated eigenvalues. The KS eigenstates are

then used to obtain the v, through an energy balance equation. Other inversion procedures which
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solve the KS equations directly would struggle here as they would attempt to iteratively find a
single Slater determinant solution to a problem requiring the description of multiple determinants.
In principle, though a single KS determinant solution exists and can yield the correct density,
which approximations fail to produce.?***® The procedure used in this work results in highly
accurate XC potentials within a finite Slater basis set and has the ability to resolve KS potentials
for degenerate states.

In this chapter, we will show the first glimpse of a KS potential at a CI and how it changes
with different linear combinations of both adiabatic wavefunctions. This information allows for
previously unavailable insight into the bonding character of systems, which will be analyzed using

the classical turning surface (CTS), KS orbitals, and KS potential for the H3 and NH3 systems.
4.2 Methods

4.2.1 Inversion Procedure
The inversion procedure used in this work builds off work by Khanna et al.! and solves for
U, Via an energy balance equation that equates KS and WF quantities. This procedure starts by

using the density fitting expression developed by Rask et al.”?

ds = argmin ([ 1pwr(r) = prsI'dr + 2| T|0s)) (44)

Where py,r and pgs are the wavefunction and KS densities with exponent n, which can be used
to modify the optimization surface. The density fitting is paired with minimization of the kinetic
energy since this procedure is not directly solving the KS equations. The A parameter is used to
balance the kinetic energy and density fitting components, where a large 4 more heavily weighs
kinetic energy minimization. In practice, A is small since the density is near-exact when a sufficient
amount of correlation is recovered. KS eigenvalues are then obtained via the method defined in
Khanna et al.!, which builds upon the orbital averaging expressions developed by Baerends et
a1 5960

and used in an inversion method.®! After obtaining the eigenvalues, one can directly solve

for v, by using the energy balance equation
TWF (r) ks (r)

pWF(r)  pKS(r)

Where € are the averaged orbital eigenvalues and % is the kinetic energy density. To emphasize the

Ve (1) = vRE(@) + E5@) — eWF(r) + (4.5)

point, this procedure can obtain v,., and therefore the KS potential, for strongly
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correlated/degenerate systems so long as the wavefunction theory is capable of handling the
correlation. This is because the densities for both states can be obtained via configuration
interaction and separately fit using the density fitting expression (Equation 4.5). Since both sets of
KS orbitals are obtained separately and every subsequent step in the procedure is non-iterative, the

root flipping problem is avoided.

4.2.2 Theta

One can represent the geometry of a system around a CI as a linear combination of the
NAC and DG vectors which compose a CI. This can be described by some rotation 8 between
vectors, where if one takes any circle enclosing a CI, one can describe the mixing of the vectors
composing the branching plane by

f(R,0) =g(R)sin6 + h(R) cos 6 (4.6)

Figure 4.1 illustrates the Branching plane vectors for H; and shows energies for different fixed
radii R around a CI for Hs. If g and h reach 0 (at a CI), the wavefunction can be represented as any
linear combination of states composing a CI.

Hj

-9

Lo

— NAC DG

Energy (Ha)

Eneray (Ha)

Energy (Ha)
)

Figure 4.1: Unit vectors with the directionality of the non-adiabatic coupling and difference gradient vectors for Hs
(top-left). Conical intersection constructed using standard model equation with three circles indicating geometries
around the CI (top). Plots showing energies for Hs geometries around a CI obtained by using equation 4.6 and
setting a desired radius for the circle, here the radii are 0.1, 0.05, and 0.01A (top-right and bottom).
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This is achieved by obtaining two wavefunctions for both states involved in a CI, which
allows us to make a new wavefunction composed of some linear combination of both states varying
by 6.

W) = sin O |¥,) + cos 8 |¥,) (4.7)
Where 0 and 1 indicate both states present at a CI. A density for any value of 8 can then be
constructed, and the inversion procedure outlined above can be used for any 6 state. It is important
to note that the density (and thus the KS potential) is unlike the wavefunction and does not
accumulate geometric phase. Since a 2w rotation about a CI has the result of multiplying the
wavefunction by -1, it is trivially seen that the same will not be true for density, which is
proportional to |¢|2. For the rest of this chapter, the linear combination in equation 4.7 which
varies the KS potential with 8 will be referred to as theta and can be thought of as rotating the

electronic description at a CI, similar to the rotation around the red circles in Figure 4.1.

4.2.3 Methodology
Bonding character information at a conical intersection can be especially useful to compare
the differences in the KS potential away from, and at a CI. To analyze the bonding, the classical

247,248

KS turning surface will be utilized, which is defined as the surface where

Vks = €nomo (4.8)
The classical turning surface (CTS) is named as such since a classically acting electron in the
system will not have sufficient energy to escape this surface and will be pulled back. The classical
turning surface has been shown to be a robust description for the bonding character between 2
atoms. The analysis of bonding character in previous works?*’-24 has been conducted using

dAB
B =—=" 4.9
R, + Rjp (4.9)

Where d,p is the internuclear distance between atoms A and B, and R, p are the radii of the
classical turning surface for A and B individually. This § value is unable to describe bonding at a
conical intersection, as it will remain constant with varying 8. A qualitative description, which
was also given in refs. 247-249, will be used in this work to analyze the changes in bonding with
0.

To facilitate analysis of the CTS for Hs; and NH3, the H system is used to show features of
the CTS for a covalently bound equilibrium geometry and for a dissociating geometry. At

equilibrium, the CTS is some relatively smooth spheroid; when the system starts to dissociate a
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neck (where the volume of the classically allowed region (CAR) between nuclei decreases) starts
to form between both nuclei, giving both nuclei a more spherical and individual character than
when covalently bound. Examples of this and other processes and types of bonds can be explored

in ref. 247, but for the purposes of this work, the covalent and dissociative models are sufficient.

0.74A 1.48A

Figure 4.2: The classical turning surface of the H: system as equilibrium bond distance (0.74A) and 2 times
equilibrium bond distance (1.48A).

4.2.4 Computational Details

In this work, the H3 and NH3 systems will be analyzed in a custom 5Z Slater basis which
is specified in Table C.1. The Prolate Spheroidal method discussed in Chapter 2 is used to compute
integral quantities, and the HBCI method is used to obtain an accurate wavefunction and energies
for the neutral and ionized systems. The HBCI method works by starting with a reference
wavefunction and incrementally adding singly and doubly excited configurations. Configurations
are added to the wavefunction if they exceed an energy threshold ¢,,,,- set by the user; in this work,
£yar = 1 X 107° Ha for H3 and &,,, = 1 X 10~* Ha for NH3. Details about the HBCI procedure
can be found in refs. 42,44,45. For the density fitting step, 4 is 0.00003 for H3 and 0.00002 for

NHs. 11 values of 8 from 0 to g were used; for compactness only 4 values will be shown in the

main text; the full scan will be available in Figures C.1-C.8.
4.3 Results and Discussion

4.3.1 H;
The H3 system was chosen since it is the simplest molecule which has a conical intersection

and as such is well studied.>*>* The geometry analyzed here has an H-H bond length of 1.20A
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and has CIs due to the D3n symmetry of the system. The dynamics of the H3 system have been
studied where a dissociation process occurs through a CI resulting in H+H,.25325* Since the KS
potential changes with theta at a CI, different potentials are important based upon the angle of
approach to a CI. The work presented here does not discuss any findings related to the dynamics
of the systems analyzed; rather, the existing literature about the dynamics of H; and NH3 is used
to justify observations made at a CI. The KS potential with varying 6 is shown, where a valley can
be observed along the red lines in Figure 4.3. This observation is directly related to the KS orbitals
(KSO) of the system, where the KS potential has valleys overlapping with the nodes in the singly
occupied KSOs (SOKSO) (Figure 4.4). These valleys rotate with 8 and make a full 90° rotation

between the node in the 8 = 120—; and 8 = 2—2 SOKSO.
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Figure 4.3: The Kohn-Sham potential for Hs at 6 = om In 3m om along the YZ plane in which the geometry also

20 20’20 20
exists. The coorinates are in a.u. and the Hs geometry can be found in the SI (Table C.2).

A decrease in the KS potential at a node is expected, as the kinetic energy density for the
SOKSO will tend towards infinity at regions of low density, such as a node. The density, however,
is constructed as a sum of all orbital contributions, so it is minimized at nodes which have
significant amplitude contributions from other KSOs. In the H3 system, only two KSOs and 3
electrons are contributing to the KS potential, so the minimization of the KS potential is more
pronounced in contrast to a system with more core orbitals. It is important to also note that this KS
potential is constructed from points purely on the YZ plane of the grid, which also happens to be
the plane on which the geometry lies. Since the node is perpendicular to the geometric plane the

analysis is fairly straightforward, and changes with 8 can easily be observed.
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Figure 4.4: The first 2 Kohn-Sham orbitals obtained from the inversion procedure for the 8 = 0 and 8 = g states of
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Hs. Isovalue of 0.05 was used and occupation numbers are given.

The H3 system contains both covalent and dissociative character depending on 8, where at

0 = 120—0” in Figure 4.5 the CTS for all three of the hydrogens has distinct spheres, and the turning

surface volume is mostly concentrated around two of the nuclei. When 6 = 2_7;9 a covalent type of
bond is observed between two of the hydrogens, while the third hydrogen has dissociative
character. 8 = 2—7; and 6 = ;—Z look to be analogs to the 120—: and (Z)—Z cases, although this cannot be
definitively shown due to the CTS becoming unstable at the node at moderate distances from the
centers.

The surface is seen to be unstable along nodes due to the pronounced decrease in KS

potential for Hz along a node. This is believed to occur due to the energy balance terms which, for

kinetic energy density will have zero contribution from the SOKSO at the node, meaning only



KSOl is contributing to the density. When the density from KSO1 drops below a certain threshold,

the kinetic energy density terms will become large, increasing in error, and tending towards
positive or negative infinity. This is the reason why, in the case of 8 = 2_7;’ the CTS is closed, but

at other 8 values the node causes the surface to open. In the Hs system, the density decreases faster
than the KS potential surpasses the HOMO orbital energy, resulting in the open surfaces seen in
the CTS. To visualize the movement of the node, the SOKSO orbital in the H; system is plotted

with varying theta and can be found in the SI (Figure C.3). Figure C.3 also offers more evidence
to the claim that 6 = z—z and 0 = Z—Z are analogs to 120—: and Z—Z, respectively, as each theta has an

associated node which look to be similar for the analogs.

Figure 4.5: Classical turning surface for Hs, points which do not exceed a tolerance of 0.015 Ha of the ionization
potential (-0.275 Ha) and points which have density greater than 1 X 10~* are included. The coordinates are in a.u.

Since at a CI the states are not uniquely defined and any linear combination of said states

is an eigenstate, the electron density can move with 8 to locations where previously there was a
node. 8 = 120—; shows a state with dissociative character between all three hydrogens, while 8 = 0

resembles a covalent bond between two hydrogens and the dissociation of the third. The CTS
produced gives evidence that for Hz at a CI, KS potentials which are indicative of dissociative

bonding exist at certain 6.

4.3.2 NH;

The NH3 geometry, which dissociates through a CI and has Coy symmetry, was chosen here
and has been studied previously experimentally and theoretically.?>>2%° This geometry is
particularly interesting as the 6 internal modes are composed of 5 in-plane modes and 1 out-of-

plane mode; the branching plane is composed of 1 in-plane and 1 out-of-plane mode. This will be

o

emphasized in the CTS analysis but can be seen in the KS potential surface as well; from 120—; to—
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the KS potential surface is decreasing around the NH; substituent and increasing perpendicular to
the dissociating N-H bond (Figure 4.6). In contrast to the Hs dissociation, the regions of potential
which increase and decrease are not perpendicular to the plane. Where you see smooth rotation of
the valley in Hs, in NH; two distinct regions are increasing and decreasing (the N-H dissociating

bond and the NHo> substituent, respectively).

Figure 4.6: The Kohn-Sham potential for NH; at 8 = 120—:, ;—Z, z—g , (2)—7; along the YZ plane in which the geometry also
exists. The coordinates are in a.u. and the NH3 geometry can be found in the SI (Table C.2).

The NOs of the NH3 system emphasize the highly multireference nature of this CI as one
of the states at the CI (W) has natural orbital occupation numbers (NOON) of 1.716 and 0.275 for
its two highest occupied orbitals as opposed to the other state (V) with NOONSs around 1 for the

highest occupied orbitals (Figure C.10). KSO1-KSO3 for both 6 :2_7; and 6 =120—: are

qualitatively similar (Figure 4.7), however, special attention must be brought to KSO4 where for

0 = Z—Z the orbital looks to be o bonding between the dissociating hydrogen and NH3, and for 8 =

120—81 the o bond is becoming weaker as the nitrogen p orbital rotates away from the dissociating

hydrogen. The KSOS5 and KSO6 orbitals look to be bonding/nonbonding and antibonding,
respectively. The KSOS5 of 8 = 0 is nonbonding and localized on the NH,, while at 6 = 120—; the

dissociating hydrogen and NH; become bound. KSO6 at both 8 = 0 and 8 = %’T is antibonding,

although at 6 = 0 it seems that more of the amplitude of the orbital lies on the dissociating

hydrogen, and less on the NH; substituent than in 6 = 120—:.

62



KSO3 KS04 KSO5 KSO06

1.0

O
T2
6=0

1.0

1.0

Figure 4.7: Kohn-Sham orbitals 3-6 obtained from the inversion procedure for the 8 = 0 and 6 = g states of NHs.

2.0 2.0

The coordinates are in a.u., an isovalue of 0.05 was used and occupation numbers are given.

It is immediately obvious from Figure 4.8 that the CTS of the NH3 system does not suffer
from the same nodal defects which are present on the Hs surface. This is consistent with the earlier
hypothesis that, as more core orbitals are contributing to the density, the KS potential surpasses

the HOMO orbital energy faster than the density becomes error prone. The CTS gives a clear
visualization of the out-of-plane region from 6 = 120—0” tod = Z—Z, in which a reduction in the length
of the surface along the x-axis by ~2 Bohr is observed. The dissociating hydrogen in the N-H bond

. o
also has a more pronounced spherical character as 6 evolves towards 20"

-4 -2 0 2 4 6
z

Figure 4.8: Classical turning surface for NHs, points which do not exceed a tolerance of 0.015 Ha of the ionization
potential (-0.328 Ha) and points which have density greater than 1 X 107> are included. The coordinates are in a.u.
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Comparing these CTSs to the KSOs it appears that most of the out-of-plane orbital
contribution at 6 = 120—0n is due to greater amplitude on the nitrogen from KSO6 and the p orbitals

which are rotated out of the bonding axis on nitrogen in KSO4 and KSOS. The only out-of-plane
orbital contribution associated with 8 = 0 is the KSO5 nonbonding orbital. The CTS of the

dissociating hydrogen has weaker bonding character at & = 0 since both KSO4 and KSOS5 are

bound at 8 = 120—:, while KSOS5 is nonbonding at & = 0. This is not a trivial conclusion though, as
KSO6 is also less antibonding at & = 0 compared to at 8 = 120—:. The CTS is able to inform us then
that the relatively stronger bonding of KSO4 and KSOS5 at 0 = 120—: contribute more to the bonding

than the antibonding disrupts, at least compared to 6 = Z—Z. Similar to Hs, the electronic structure

of NH3 provides evidence of the KS potential at a CI having dissociative bonding at certain 6

similar to the KS potential of dissociating systems which are not at a CI.

4.4 Conclusion

This work provides the first look into accurate Kohn-Sham potentials at conical
intersections. The H3 and NH3 systems, which dissociate through a conical intersection, are
analyzed; the KS potential, KS orbitals, and classical turning surfaces are utilized for analysis. It
was determined that there are KS potentials at certain theta values at a CI which look to be
dissociative; these resemble KS potentials for dissociating systems away from a CI. The current
metrics that exist to characterize bonding using CTSs are insufficient to quantitatively analyze the
bonding characteristics of these KS potentials.?*” Fluctuation of the KS potential is observed to
occur both in and out-of-plane depending on the system, making the KS orbitals and CTS useful
tools to fully describe the electronic structure at a CI. The openings in the CTS of the H3 system
due to nodes warrants further investigation into the inversion procedure; it is predicted that this
will only be a problem for small systems.

Many improvements can be made in this area, notably a new scheme is currently in the
works to quantitatively describe the bonding nature of the CTS using topographical data analysis.
The inversion method used in this work is limited by the size of the system, as the HBCI method
scales exponentially; a basis of at least quadruple zeta quality is suggested to obtain accurate KS
potentials. It could be interesting to analyze non-dissociative processes which occur at Cls, such

as in PSB3, which truncates the retinal chromophore of rhodopsins and is a well-studied CI which
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260-262 This and future inversion studies will be

induces isomerization rather than dissociation.
useful in gaining more information towards developing an accurate density functional which can

account for exotic states.
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Chapter 5

Final Remarks

5.1 Conclusion

This work has outlined to the reader the complexities of electronic structure theory, in
which approximation is weighed against accuracy to gain greater insight into the description of
chemical systems. This thesis addressed the development and application of cutting-edge methods
which will facilitate future theoretical development and description of the chemical world.

Chapter 2 discussed the development of a novel integration scheme which can accurately
integrate Slater functions over a prolate spheroidal (PS) grid with a third center incorporated.
Building off the GPU-accelerated integral evaluation library SlaterGPU, which has the ability to
use Becke partitioning for Slater integral analysis. We reduce the RMSE of 2-center integral
evaluation by ~3 orders of magnitude relative to Becke partitioning. The Becke Partitioning
accuracy caused SCF convergence issues due to the RMSE being around the same order of
magnitude as the smallest overlap matrix eigenvalue in large basis sets. The increase in 2-center
integration accuracy allowed for the use of larger basis sets, as the smallest eigenvalues had greater
resolution. Through the use of the RI approximation, only 3 centers are necessary, which allows
this procedure to be general for polyatomics. To demonstrate the generality, SCF and FCI methods
are applied to the propanediyl system using integrals generated via the prolate spheroidal method.

Chapter 3 detailed a composite method which uses the HBCI algorithm to compute the
BDE for the ScH system. The method considers semi-core correlation, scalar relativistic effects,
and is extrapolated to the CBS limit. Relativistic and semi-core contributions were tested when
incorporated directly with the basis set extrapolation calculations. Both relativistic and semi-core
considerations, when incorporated directly, disturbed the basis set extrapolation fit, which
motivated the semi-core and relativistic effects to be added as a correction instead. For the ScH
system, transition metal (TM) thermochemical accuracy (within 3 kcal/mol of experiment) was
achieved. Comparison to a modified composite HBCI method which includes semi-core

correlation directly (semi-core) rather than adding a correction for the semi-core correlation
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(valence), showed that all corrections (CBS, relativistic, and semi-core) differed between the
valence and semi-core implementations by ~0.1-0.5 kcal/mol.

Chapter 4 explored the form a KS potential takes at a conical intersection using an inversion
procedure based on work by Khanna et al.! The H; and NH3 systems were studied, which both
dissociate through a CI based upon earlier dynamics work.?%2% This allows for comparison of
KS potentials formed at a CI to KS potentials of dissociating systems away from a CI. The KS
potential, KS orbitals, and CTS were all used to probe the electronic/bonding characteristics at a
CI with varying linear combinations of the two states (theta). The CTS was qualitatively analyzed
since no adequate metric has yet been produced to quantitatively describe the bonding at a CI. The
KS potential varies with theta for H3 and NH3 in two different ways; it fluctuates perpendicular to
the geometric plane of Hs (in-plane) while it fluctuates parallel to the geometric plane of NH3 (out-
of-plane). The KS orbitals give insight into the bonding and antibonding the system experiences

with varying theta. For NH3, the KSOs increase antibonding, decrease bonding, or a mixture of
both, as the wavefunction tends towards 8 = Z—Z. It was observed that the CTS of both systems at

specific theta values are indicative of dissociative bonding, with similar characteristics to that of a

CTS for a dissociating system away from a CI.

5.2 Future Directions

The conclusions outlined above have illustrated the progress that has been contributed to
developing and applying precision quantum chemistry. There are many directions to take these
projects; this section will address future directions geared towards the goals of the Zimmerman
group and otherwise.

The overarching goal of the Zimmerman group is to leverage accurate electronic structure
theory methods to probe the physical principles which govern chemistry, as well as to improve
these methods, to unlock more interesting problems. A large project being undertaken is the
development of an accurate density functional. Much of the work here can be tied to this goal; for
example, the prolate spheroidal integration scheme allows for accurate integration over larger
Slater basis sets than were previously achievable with SlaterGPU. The PS method allows for the
use of a QZ (or greater) basis when obtaining exchange-correlation (XC) potentials through
inversion, and larger basis sets result in more accurate densities. The composite HBCI method,

while it cannot be directly applied to inversion, has given insight into the methodology which must
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be used to calculate these large, highly correlated systems, which will be useful for future inversion
studies on TMs. The KS potential at a CI is also directly tied to this goal; the form of the KS
potential at a CI gives insight into the bonding at a CI, which has the potential to change our
understanding of the description of the XC potential itself.

A problem which may become interesting when applying inversion to TM systems is that,
in Chapter 3, it was found that the QZ auxiliary basis produced an error of ~20 mHa. The prolate
spheroidal method relies on the RI approximation to evaluate the integral quantities for general
polyatomic systems. It would be useful to ascertain whether this issue appears using a Slater basis
or with the auxiliary basis generation present in SlaterGPU.

In Chapter 4, the CTS for certain theta values at a CI is consistent with the CTS description
of a dissociating system away from a CI, for both H; and NH3. There are other interesting processes
where the KS potential should be explored at CIs. An example of this is PSB3, which truncates
the retinal chromophore of rhodopsins, where isomerization takes place through a CI.260-262

The HBCI composite method can serve as a starting point for many further studies. First
are improvements which provide greater accuracy for corrections such as 2-electron X2C methods
and alternative extrapolation procedures for CBS and semi-core. The cost of directly incorporating,
for example, semi-core correlation is not a problem for ScH, but is not feasible for larger systems.
A large calculation which tested the limits of HBCI scaling was performed on an iron complex
(22e-,1680) over 32 nodes (4096 cores)* by Dang et al. For larger TM diatomics of interest such
as semi-core correlated CrO in a cc-pwCVQZ basis (20e-,1590), the composite procedure can
become expensive. A more thorough look at the impact of the corrections obtained in the HBCI
composite procedure for other, more strongly correlated, systems can be conducted to inform an
accurate and reliable correction procedure. Second, an excitation analysis of the HBCI method
past tracking what level of excitation is occurring, and towards which orbitals are becoming
occupied and unoccupied for different configurations which contribute to the wavefunction is
desirable. Also, considering how these distributions change with respect to each variational
iteration could be useful for informing an HBCI implementation which more effectively searches

the Hilbert space for TMs.
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Appendices

Appendix A:
Supporting Information for Chapter 2

A.1 Slater Basis sets

Appendix Table A.1: Slater basis exponents for TZ, QZ, and 5Z basis functions applied to molecules in Figures 2.3,
2.4,2.5,2.7and A.1 and Tables 2.1, 2.2, 2.3, and 2.4.

TZ Qz 52
H
Is 2.280 s 4.000 Is 4.100
Is 1.520 s 2.500 s 2.929
Is 1.013 Is | 15625 | Is 2.092
2p | 2.100 s 0.977 s 1.494
2p 1,500 | 2p | 3.200 s 1.067
2p | 2286 | 2p| 4.000
2p 1633 | 2p | 2353
3d | 2200 | 2p 1.384

2p | 0814
3d | 3.400
3d 1.700

Is 8.689 Is | 11271 | 1s| 15.000
Is 5.323 Is | 7.653 Is | 10.714
Is | 3.261 Is 5.196 Is | 7.653
Is 1.998 Is | 3.528 Is 5.466
Is 1.224 Is | 239 Is | 3.905
Is | 0.750 Is 1.627 Is | 2.789
2p | 4.000 Is 1.105 Is 1.992
2p | 2051 Is | 0.750 s 1.423
2p 1052 | 2p| 7.667 Is 1.016
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3d | 3400 [2p| 3932 [2p]| 11.667
3d 1900 |2p| 2016 |2p| 6.306
2p 1.034 | 2p | 3.409

3d | 5000 | 2p 1.843

3d| 3125 [ 2p| 0996

3d 1953 [ 3d| 5.900

af | 2600 |3d]| 4214

3d | 3.010

3d | 2150

af | 3.600

af | 1.800

N

Is | 10820 | I1s | 14453 [ 1s]| 12.393
Is 6.345 Is 9.471 Is 8.728
Is 3.720 Is 6.206 Is 6.147
Is | 2.181 Is | 4.067 Is | 4329
Is 1279 Is | 2.665 Is 3.049
Is 0.750 Is 1.747 Is | 2147
2p | 4.400 Is 1.145 Is 1.512
2p | 2588 Is 0.750 Is 1.065
2p 1522 | 2p| 6533 s 0.750
3d | 4000 |2p| 3960 |2p| 4933
3d | 2000 |2p| 2400 |2p| 3524
2p 1454 | 2p | 2517

3d | 5500 | 2p 1.798

3d | 3235 | 2p 1.284

3d 1903 | 3d| 5.800

af | 2200 |3d]| 4.143

3d | 2959

3d | 2114

af | 4200

af | 2.100

0

Is [ 13351 [ 1s| 18.099 [ Is| 14.948
Is 7.506 Is | 11485 | 1s| 10.283
Is | 4.220 Is 7.288 s 7.075
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Is | 2373 Is | 4625 Is | 4867
Is 1.334 Is | 2935 Is | 3.348
Is | 0.750 Is 1.862 Is | 2303
2p | 5.700 Is 1.182 Is 1.585
2p | 2850 Is | 0.750 Is 1.090
2p 1425 | 2p | 7.000 Is | 0.750
3d | 4000 [2p| 4000 |2p| 8.667
3d| 2000 [2p| 228 |2p| 5417
2p 1306 | 2p | 32385

3d| 6000 |2p| 2116

3d | 3529 | 2p 1322

3d| 2076 [3d| 5.600

af | 2600 |[3d]| 4.000

3d | 2.857

3d | 2.041

af | 4.400

af | 2.200

F

Is | 15520 | 1s | 21908 | Is]| 17.972
Is 8.466 Is | 13528 | Is | 12.082
Is | 4619 Is 8.354 Is 8.123
Is | 2520 Is 5.158 Is 5.461
Is 1.375 Is | 3.185 Is | 3.671
Is | 0.750 Is 1.967 Is | 2.468
2p | 5.667 Is 1215 Is 1.659
2p | 3.063 Is | 0.750 Is 1.116
2p 1656 | 2p | 5.667 Is | 0.750
3d| 4000 |2p| 3542 |[2p]| 7.000
3d | 2000 |2p| 2214 |2p| 4828
2p 1383 | 2p| 3329

3d| 5000 |2p| 229

3d | 3226 | 2p 1.584

3d | 2.081 3d | 6500

4 | 2300 |3d] 4333

3d | 2.889

3d | 1.926
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af | 5.400
afr | 2700
Si

Is | 19317 | 1s| 31922 | 1s]| 31.922
Is | 12870 | Is | 22699 | Is | 22.699
Is 8.575 Is | 16140 | Is | 16.140
Is 5.713 Is | 11477 | Is | 11477
Is 3.806 Is 8.161 Is 8.161
Is | 2536 Is 5.803 Is 5.803
Is 1.690 Is | 4.126 Is | 4.126
Is 1.126 Is | 2934 Is | 2934
Is 0.750 Is | 2.086 Is | 2.086
2p | 11333 | Is 1.483 s 1.483
2p | 6.869 Is 1.055 Is 1.055
2p | 4.163 Is 0.750 Is 0.750
2p | 2523 |2p| 10667 | 2p| 13.600
2p 1529 |2p| 7619 |2p| 9714
2p | 0927 |2p| 5442 [2p| 6939
3d| 3400 |2p| 3887 |2p| 4956
3d| 2000 |2p| 2777 |2p]| 3540
2p 1983 | 2p | 2529

2p 1417 | 2p 1.806

2p 1012 | 2p 1.290

3d| 3500 |2p| 00922

3d | 2500 | 2p| 0658

3d 1786 | 3d | 5.400

4 | 2200 | 3d| 3.857

3d | 2755

3d 1.968

af | 4.400

afr | 2200

S

Is | 23379 [ 1s| 31547 [ 1Is]| 31547
Is | 15209 | 1s | 22456 | Is| 22.456
Is 9.894 Is | 15985 | Is | 15.985
Is 6.437 Is | 11380 | Is | 11.378
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Is | 4.187 Is 8.099 Is 8.099
Is | 2724 Is 5.765 Is 5.765
Is 1.772 Is | 4.104 Is | 4.104
Is 1.153 Is | 2921 Is | 2921
Is | 0.750 Is | 2.079 Is | 2.079
2p | 12800 | Is 1.480 Is 1.480
2p | 8.000 Is 1.054 Is 1.054
2p | 5.000 Is | 0.750 Is | 0.750
2p | 3125 |2p| 13067 |2p| 17.067
2p 1953 | 2p| 9333 |2p| 1219
2p 1.221 2p | 6667 |2p| 8.707
3d| 3700 [2p| 4762 |2p| 6220
3d | 2000 [2p| 3401 |2p| 4443
2p | 2430 |2p| 3173

2p 1735 | 2p | 2267

2p 1240 | 2p 1.619

3d | 3500 | 2p 1.156

3d| 2500 |2p| 0826

3d| 178 | 3d| 4.600

af | 2300 |3d| 3286

3d | 2347

3d | 1.676

af | 2.800

af | 1.400

cl

Is | 21825 | Is| 31403 | Is| 31.747
Is | 15156 | 1s | 22363 | Is | 22.585
Is | 10525 | 1s| 15925 | Is| 16.068
Is | 7309 Is | 11341 | Is | 11431
Is 5.076 Is 8.076 Is 8.132
Is | 3.525 Is 5.751 Is 5.785
Is | 2448 Is | 4.095 Is | 4.116
Is 1.700 Is | 2916 Is | 2928
Is 1.180 Is | 2077 Is | 2.083
2p | 22000 | Is 1.479 Is 1.482
2p | 12571 | Is 1.053 Is 1.054
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A.2 Geometries

2p | 7.184 Is 0.750 s 0.750
2p | 4105 |2p| 14667 | 2p| 18.600
2p | 2346 | 2p| 10476 | 2p| 13.286
2p 1340 | 2p| 7483 |2p| 949
3d 37 2p | 5345 [ 2p| 6.778
3d 2.0 2p | 3818 | 2p| 4842
2p | 2727 [ 2p| 3458

2p 1948 | 2p | 2470

2p 1.391 2p 1.764

3d | 4000 | 2p 1.260

3d| 2857 |2p| 0900

3d | 2.041 3d | 5.100

4 | 2200 [3d] 3.643

3d | 2.602

3d 1.859

af | 2.400

af | 1200

Appendix Table A.2: Geometries in Angstrom for systems used in Figures 2.3, 2.4, 2.5, 2.7 and Tables 2.1, 2.2, and
2.3 as well as the large bond distance OF> structure used to obtain Figure A.1. Geometries with 3 or greater atoms
were optimized using DFT with a wB97X functional in a cc-pVQZ basis, unless specified elsewhere. The 1,3
propanediyl system was optimized with the B3LYP functional in a 6-31G* basis.

Molecule Atom X Y V4
HF
H 0.0 0.0 0.0
F 0.0 0.0 0.9170
C2
C 0.0 0.0 0.0
C 0.0 0.0 1.147
N2
N 0.0 0.0 0.0
N 0.0 0.0 1.098
CO
C 0.0 0.0 0.0
0) 0.0 0.0 1.128
NO
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N 0.0 0.0 0.0
o 0.0 0.0 1.054
0))
o 0.0 0.0 0.0
o 0.0 0.0 1.208
HCl
H 0.0 0.0 0.0
Cl 0.0 0.0 1.275
CS
C 0.0 0.0 0.0
S 0.0 0.0 1.535
SiO
Si 0.0 0.0 0.0
o 0.0 0.0 1.510
CIF
Cl 0.0 0.0 1.628
F 0.0 0.0 0.0
CL
Cl 0.0 0.0 0.0
Cl 0.0 0.0 1.988
H20
H 0.03662 0.2867 -0.7420
H 0.006501 1.1120 0.5315
o -0.003118 0.2113 0.2105
HCN
H -0.008949 0.01992 1.092
C 0.01279 0.05594 0.02497
N 0.03616 0.09413 -1.117
OFH
-0.004260 0.02793 0.1246
F 0.005461 1.316 0.6854
H 0.03880 0.2657 -0.8100
N3
N 0.01331 0.5362 0.0003591
N -0.005540 1.255 0.9236
N 0.03223 -0.1809 -0.9239
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N20

N 0.03390 -0.1616 -1.002
N 0.01371 0.3602 -0.01847
0) -0.007608 09114 1.020
NO2
N -0.008446 -0.02460 0.1907
0) 0.003103 1.029 0.8568
0) 0.04534 0.1060 -1.0475
SFH
-0.01224 -0.07200 0.2630
F 0.005247 1.462 0.7820
H 0.04700 0.2196 -1.045
OF:
0) -0.01081 0.06083 0.3100
F 0.004032 1.367 0.7531
F 0.04678 0.1819 -1.063
SO
S -0.01091 -0.06565 0.2156
0) 0.001496 1.134 0.9929
0] 0.04941 0.04196 -1.208
CS:
C 0.01333 0.5366 0.00005083
S -0.01564 1.410 1.275
S 0.04231 -0.3368 -1.275
OF: (long bond)
0) 0.0 0.0 0.0
0.0 0.0 1.380
F 0.0 40.23 -9.810
1,3 Propanediyl
C 1.278 0.0 0.2597
C 0.0 0.0 -0.5852
C -1.278 0.0 0.2597
H 1.325 -0.8846 0.9073
H 1.325 0.8846 0.9073
H 0.0 0.8776 -1.246
H 0.0 -0.8776 -1.246
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H -1.325 -0.8846 0.9073

H -1.325 0.8846 0.9073

A.3 PS Grid Sizes

Appendix Table A.3: Grid sizes used for Figures 2.3 and 2.4 (left) and Figure 2.5 (right). All combinations of radial
and angular number of points were considered (left). Each row of values represents parameters for a single
calculation in the generation of Figure 2.5 (right).

N, [N, | N, N, | N, | Ng

13 [ 20 | 8
26 | 20 | 8

14 [ 20 | 8

15 221 9
27 | 22 ] 9

16 [ 22 ] 9

17 | 24 | 10
28 | 24 | 10

18 [ 24 | 10

19 [ 26 | 11
29 | 26 | 11

20 [ 26 | 11

21 [ 28 | 12
30 | 28 | 12

2 [ 28 | 12

23 [ 30 | 13
31 | 30 | 13

24 [ 30 | 13

25 [ 32| 14
32 | 32 | 14

26 | 32 | 14

27 | 34 | 15
33 | 34 | 15

28 [ 34 | 15

29 [ 36 | 16
34 | 36 | 16

30 | 36 | 16

31 | 38 | 17
35 | 38 | 17

32 |38 | 17

33 | 40 | 18
36 | 40 | 18

34 [ 40 | 18

35 [ 42 | 19
37 | 42 | 19

36 | 42 | 19

37 | 44 | 20
38 | 44 | 20

38 | 44 | 20
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A.4 Long Bond Distance Nsp

Electron-nuclear RMSE Varying Nsp

4.0x 1074

3.5x 1074 1

3.0x 1074

2.5% 1074 1

2.0x 1074+

RMSE

1.5 % 1074 A

1.0 x 1074 1

5.0 x 107>

0

T T T T
0.25 0.5 0.75 1 1.25 15 1.75 2
# of Grid Points (Millions)

Appendix Figure A.1: Comparison of the RMSE (Ha) of the electron-nuclear attraction elements for different
divisions of the third center within the PS integration grid. Calculations performed on the OF2 system with one OF
bond as a 41.41A distance.

The RMSE of the electron-nuclear attraction integral for OF, with an OF bond at ~30
times equilibrium bond length confirms the error is reduced at large grid discretization up to
Ngp = 3. At smaller grid sizes when Ngp > 1 the RMSE of the electron-nuclear attraction
integral increases, this phenomenon is believed to be caused by a cancellation of error when the

grid around the third center is coarser.
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A.5 Full 2-Center Coulomb Displacement

—— (1.000,0.000,0.000)
(0.000,1.000,0.000)
—— (0.000,0.000,1.000)
(0.577,0.577,0.577)

(15]15)

—— (0.370,0.370,0.853)
(0.370,0.853,0.370)
— (0.853,0.370,0.370)
(0.694,0.694,0.189)

Displacement Vector

(1S|2P)

—— (0.694,0.189,0.694)

(0.189,0.694,0.694)
— (0.374,0.927,0.000)
—— (0.927,0.374,0.000)

—— (0.374,0.000,0.927)
(0.927,0.000,0.374)
—— (0.000,0.374,0.927)
(0.000,0.927,0.374)

(15|3D)

10 4

04

-2 4

Appendix Figure A.2: All combinations of 2-center Coulomb integrals plotted along 16 vector directions® as the
two centers are separated. The legend indicates unit vectors for all 16 directions tested, all basis functions used have

Displacement (Bohr)

the exponent { = 1, and all basis functions were chosen to have m = 0.
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A.6 FCI Extrapolation for CH; in GTO and STO Basis Sets

FCI Extrapolation of CH; in STO basis
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Appendix Figure A.3: FCI Extrapolation energies for methylene in the TZ, QZ, and 5Z basis for both the 'A; and

3B\ states using STOs.
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FCI Extrapolation of CH; in GTO basis
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Appendix Figure A.4: FCI Extrapolation energies for methylene in the cc-pVTZ (TZ), cc-pVQZ (QZ), and cc-pV5Z
(5Z) basis for both the !A1 and 3B states using GTOs.

To obtain singlet-triplet gap energies for methylene with basis XZ (where X =T, Q, 5)

three calculations are performed with varying ,,,, values (&, = 2 X 107%,1 x 107%,0.5 x 107*

Ha and epr = 5 X 1077 Ha) for the singlet and the triplet systems. The energies obtained from the

extrapolations are then subtracted to find the singlet-triplet gap.
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Appendix B:

Supplemental Information for Chapter 3

B.1 FCI Extrapolation cc-pwCVTZ
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Appendix Figure B.1: FCI Extrapolation for neutral Sc (top) and ScH (bottom) in the cc-pwCVTZ (left) and cc-
pwCVQZ (right) basis sets, energies are in Hartree.
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B.2 CBS Extrapolation cc-pwCVTZ
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Appendix Figure B.2: CBS Extrapolation for neutral Sc (left) and ScH (right) using the cc-pwCVXZ basis (X=T,Q),
energies are in Hartree.
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Appendix C:

Supplemental Information for Chapter 4

C.1 Basis Sets

Appendix Table C.1: Slater basis set exponents and associated functions for Hs and NHa.

H; NH;

H N
Is 2.74 Is 12.85
Is 1.96 Is 7.65
Is 1.40 Is 5.75
Is 1.00 2s 6.85
Is 0.71 2s 3.20
2p 2.70 2s 2.05
2p 1.80 2s 1.40
2p 1.20 2s 0.70
2p 0.80 2p 6.00
3d 3.20 2p 3.60
3d 2.00 2p 2.40
3d 1.33 2p 1.60
2p 0.90
3d 2.50
3d 1.50

H
Is 3.50
Is 2.30
Is 1.50
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C.2 Geometries

Is 1.00
Is 0.70
2p 2.30
2p 1.60
2p 1.00

Appendix Table C.2: Geometries for the H3 and NH3 systems in A.

Atom X Y Z
H3

H 0.520 0.0 0.0

H -0.520 0.600 0.0

H -0.520 -0.600 0.0
NH3

N 0.0 0.0 0.0

H -0.512 0.886 0.0

H -0.512 -0.886 0.0

H 2.06 0.0 0.0
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C.3 Full Scan KS Potentials
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Appendix Figure C.1: The Kohn-Sham potential for H; at different theta along the YZ plane in which the geometry

also exists. The coorinates are in a.u.
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Appendix Figure C.2: The Kohn-Sham potential for NHj3 at different theta along the YZ plane in which the
geometry also exists. The coordinates are in a.u.
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C.4 Full Scan KS Orbitals
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Appendix Figure C.3: KSO2 for the H3 system with varying theta.
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Appendix Figure C.4: KSO4 for the NH3 system with varying theta.
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Appendix Figure C.5: KSOS5 for the NH3 system with varying theta.
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Appendix Figure C.6: KSO6 for the NH3 system with varying theta.
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C.5 Full Scan Classical Turning Surfaces
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Appendix Figure C.7: Classical turning surface for Hs, the points are at a tolerance of 0.015 Ha of the ionization
potential (-0.275 Ha) and points which density greater than 1 x 10™* are included. The coordinates are in a.u.
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Appendix Figure C.8: Classical turning surface for NHs, the points are at a tolerance of 0.015 Ha of the ionization
potential (-0.328 Ha) and points which density greater than 1 X 10~ are included. The coordinates are in a.u.
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C.6 Natural Orbitals

NO1 NO2 NO3
1.919 0.990 0.060

i -

Yo ' .
O ‘

1.922 0.983 0.064

Appendix Figure C.9: The first 3 natural orbitals obtained from HBCI for the ¥, and ¥; states of Hs. An isovalue of
0.05 was used and occupancies are given.

1.958 1.953 1.009 0.979 0.028

Appendix Figure C.10: Natural orbitals 3-7 obtained from HBCI for the ¥, and ¥, states of NHs. An isovalue of
0.05 was used and occupancies are given.
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