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INTRODUCTION

Let U(X, X,; k) be the (Green’s) function defined by the equations
A+-RAU=8X X)), X Xeé;
U=0, Xed, X,e¢6;
lim R[@U/@[Xl—ikUFlXmzO,

R-x x|

where & is the (2-dimensional) region exterior to a piecewise smooth star-
shaped curve #. We obtain a rigorous asymptotic approximation of
U(X, X,; k) in the shadow S(X,) of # under the assumption that # coincides
with a circle %, near the points of diffraction.

In Part I, using a priori estimates obtained by Morawetz and Ludwig [3),
we establish that if # coincides with 4, in the shadow, then

U(X, Xy; k) = Uy(X, Xo; k) [1 + O(exp{— k*?a})]

as k— oo, uniformly on every closed bounded subset of S(X,). Here
Uy X, Xy; k) is Green’s function for the case # =%, , and o is a positive
number independent of % and X.

Using this result, we prove in Part II that if # coincides with %, only near
the points of diffraction, then

U(X, Xo; k) = Up(X, Xo; &) [1 + Oexp{— £'/%y})]

as & — co, uniformly on every closed bounded subset S(Xj) sufficiently far
from %, where y is a positive number independent of k and X.

The asymptotic approximations obtained in this study are believed to be
the first ones established for solutions of diffraction problems with nonconvex
boundaries. They were announced in [1]. These results generalize those
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obtained by Bloom and Matkowsky [2]; they considered diffraction by infinite
cylinders of convex cross section. A reasonably complete account of other

literature on this subject is given in [2].

Part 1

Let Uy(X, X,; k) be the solution of the scattering problem P;:
(1) [4+ KU =58LX, X,), X, X,€ &, (=exterior of closed curve %,);
(i) U =0, X €%, (=piecewise smooth and star-shaped);

(iii) lim f|x1=R |oUo| X | — kU 2| dX | = 0.

Assume: (1) 4%, is obtained by deforming the portion of the circle
By (=4{X :| X | = a}) “illuminated” by the *‘source” X, into a piecewise
smooth arc 4, (see Fig. 1).

(2) A, has no points on the tangents to %, that pass through X, .

(3) A4, cuts %, at a finite number of points.

o<e

Ficure 1

TuarorEM 1. As k— o0,

Ur(X, Xo; k) = Ug(X, Xo; k) - [1 + O(exp{—&*7a})],

uniformly in X for X e §;<(X,).
Here o is a positive number independent of X and k. The function
Uy(X, Xo; k) is the solution of the scattering problem Py:

@ M+RIU=98X Xy, | X]|,|X,|>a;
(@) U=0|X|=a
(iii)  Jim fmdlaU/a[X] — kU2 |dX|=0.
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S1(X,) is the “shadow” of &, : X € §)(X,) if and only if Xe&, UH,,

and the straight line through X and X, cuts 4%, at 2 distinct points S; <(.X,)
is any closed, bounded subset of Sy(X,) (see Fig. 2).

~—

~
~
—

FiGure 2

Applying Green’s second identity to Uy(X’, X,; k) and Uy(X, X'; k), and

then integrating over the region
Einéy, (Ey={X:|X|>a})
we get the integral equation
UlX, Xo; k) = Uy(X, X3 k) + L(X, Xo; k) — I(X, X; k),
where

’ oU, 7 st
II(X,XO;k)—-:f _ UO(X,X;k)'—a—l(X,XO;k)Id)i |
#1116y n
and
av,
> on

I(X, Xy k) = f (X, X'; ) - U(X', X B) | dX 1.

In the last integral
S =B,NE —B,NAB, .

To prove Theorem 1 we show that as & — o0,
I(X, Xy3 ) — (X, Xy &) = Uy(X, Xy5 B) - Ofexp{— KPa}),

uniformly in X for X €., <(X,). Setting

UL(X', Xo; ) = UP(X', X3 B) + o H(k | X' — X, 1),
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(H{P(=) = Hankel function of first kind of order zero), we get the integral
equation

L(X, Xoj k) = (X, Xos k) + Tp(X, X5 k),

where
i ) 3H(1) ! ’
(X, X R =g [ UK X582 (kI X — Xy ) 14X,
Ly(X, X3 k) = f UoX, X3 K)o U‘s’(X’ X k) | X',
104’0

and the integral equation
Iy(X, Xo; k) = Iny(X, Xo; k) + Inn(X, X3 &),
where

In(X, X)) = [ 220 (X X5 ) - HOk | X — X, ) 4|

aU 7 3, I4 ’
o (X X5 B) - UP(X, X B) | dX7 ).

In(X, Xy By = |

Using Schwarz’ inequality, we derive the estimate
g q Y,

II(X7 Xo3 k) < maX_ | UO(X) X,; k)l
#,Nn&,

[ | e e

+1. 173

where L, is the length of %, , and the estimate

P H(I)

k1 X — X, |1ax 1],

1

k)‘

I(X, X,; k) < (2ma)l/2
o 03 k) < (2ma) ﬂonz’lfimf,r\ @,

. [(zﬂa)w max | U9(X', X,; k)|

NG — BBy

[ 1w x - x, e axe ]

By
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Morawetz and Ludwig [3] have obtained the following a priori estimates,
as k— oo:

0 . U e, xg )

172
on 2

() v+ -k g In[ka/p] 21/2
ﬂonggonﬂl l Ul (X ’ Xo, )l/ ka

—o(|f 17-vaPE I x - X ax

+ k- max [HYR | X' — X, f)l)
— o),

uniformly in X, X, € (any closed subset of &,) where T is the unit tangent
to %, at X',

(1)
G) [, |5 @1x XD |-14x | = Ogar) X, pr)

and

see l
(iit) f%’Hé"(kJX'—XoDlz-IdX'f=0( I;}Tg'fl)‘Fo(kﬁXol)’

uniformly in X, (] X, | > p > 0).
Consequently, as & — oo,

I(X, X,; k) = max | Uy(X, X'; k)| - O(R'2),
1 1)

(X, Xy; k) = max 8Uy
BN\E~-BNF, on

(X, X5 &) | - O({In[kafp]}'?),

uniformly in X, for X, € (any closed subset of &,).
As kB — o0,

U (X, Xo3 k) = O(k'" - exp{k**(Im 7)) a™*"A (X, X,)}),
uniformly in X for X € S,<(Xy) (= 81 <(Xy));
2
Uy(X, X' ) = Y. Ok - exp{— K(Im ) a2, (X, X)),
1

aU,
on

(X, X5 k) = Z Ok - exp{— k'3(Im ry) a~*/3)\,(X, X")}),

409/40/1-8
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uniformly in X’ and X for X' e [#, N &)V [B,NE — B, HB,] and
X & $,5(X') (C $,7(X,).

Here 21/3¢%7i/37, is that zero of the Airy function closest to zero, and
)‘<(X1 Xo) = n;}flz ’\m(X) Xo)
MX, X')=aq[| 0 — & | — arc cos[af] X |] — arc cos[a/| X" |]],
MX, XY=a[27 — |8 — ' | — arc cos[af| X |] — arc cos[e/| X []],
0 = arg X, and ¢ = arg X'
Let X,, be the point on

T, =B E) U [ByNE, — By B
such that
A(X, X)) = min A (X, X'), X € S; <(X,).
X'eTy

Ho<LoLm, and0<0—él,then
() A<(X, Xo) = M(X, Xo), 0 =0,
() XX, X)) = MX, Xg) + m(X), m(X) >0, and
(i) (D)= min u(X)>4>0.
Statements (i)—(iii) imply the inequality

—N(X, X)) < -AX, X)) — 4 (see Fig. 3).

AxX)

[}

Ficure 3
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If0<0<mand 0 >0 — 0, , then
(1) A, Xo) = M(X, Xy), 6, = 0,

(ii) Az(X’ Xo) = I\I(X’ Xo)’ 90 =0,

(i.ii) A(X, Xo)|eo=o = N(X, X0)|60=21r s

(iv) AKX, X)) = MK, Xo)lggmzn 1+ pa(X), pa(X) > 0,
() mlX) > min p(X)>4>0.

Statements (i)~(v) imply the inequality
—A(X, X)) < —A(X, X)) — 4 (see Fig. 4).

A (X, Xo)= A\ (X, Xo)
‘("_\-‘II

//l\—/J\ \\
,/ XZ(X,Xo) \ .
,/\—/ \
xR

Fi1GuRe 4

Ifr<0<2rand 0>6—6,, then
(i) Ac(X, X)) = A(X, X), 6, =0,
(ii) Az(X’ Xo)lao=o = /\1(X, XO)I60=21r »
(i) A(X, Xy) = M(X, Xo)lgpmon + #a(X), 15(X) >0,
(iv) pa(X) > min py(X') >4>0.
8 <(Xy)

Statements (i)~(iv) imply the inequality
(X, X)) <A (X, X)) — 4 (see Fig. 5).

Ifr <0 <2mand 0 < 6 — §,, then
(D) A(X, Xp) = (X, X), 0, = 0,
(i) WX, Xp) < M(X, Xo), 8, =0,
(i) A(X, Xy) = M(X, Xo)lgyeo + 14(X), 1a(X) >0,
(iv) m(X) = Srgi& )m(X N=4>0.
1 0.

113
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/
AKX X XY L b
S
A XK

FI1GURE 5

Statements (i}~(iv) imply the inequality

~0(X, X)) < —AX, X)) — 4 (see Fig. 6).

xR
AXXo) |, Y
\,/_"—7 /
/.L

\

MK X o) = My Xo)

Ficure 6

It follows from the above series of inequalities that for all X e S; <(X,)
—MX, X)) < =2 (X, X)) — 4,

where 4 is positive and independent of X.
Similarly,
(X, X)) < —2X, X)) — 4

for all X e S;(X,)-
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Since
— min A, (X, X')
B,1&,
— min An(X, X7

B8~ BB,

< *_)‘m(X; Xm))

it follows from the above estimates for Uy(X, X'; k), 2Uy(X, X'; k)/on, and
UMX, X,; k), that as k& — oo,

max | Uy(X, X'; k)|
BiN&,

= | Uy(X, Xy; )| - O(exp{— R'3(Im 7,) a~2/34}),
and

max | 2% (x, x7; B)
BynE~F B, on

= | Uy(X, Xy3 B)] - O(k® exp{— kt3(Im ;) a~24}),

uniformly in X for X € §; <(X,).
We therefore conclude that as & — oo,

L(X, X5 B) = max | Uy(X, X's B)] - O(k)
1 o

= | Uy(X, Xo; k)| - O(exp{— k'730}),
and

LX Xo B = max | 290 x, x; k)| - O(ftnfkalp)

BE~T B, | On

= | Up(X, Xg; k)| - O(exp{— k/30}),

uniformly in X for X e S, <(X,).

Part 11

Let Uy(X, X,; k) be the solution of the scattering problem P,:

(i) [4d+ kU =38X, X,), X, X, € &, (= exterior of closed curve %,);
(i) U =0, X, (= star-shaped deformation of %,);
(i) }zl_rg |Xl=R‘ U@ | X | —ikU2-|dX | =0.

Assume: (1) 4, is obtained by deforming the “‘dark” portion of %,
into a piecewise smooth arc A,; see Fig. 7. (2) A, cuts &, at a finite number
of points.
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X,

ple
o
~

Ficure 7

THEOREM 2. If %, is obtained by deforming the ‘‘dark” portion of the
boundary of Theorem 1 into a piecewise smooth arc A, , then as k — o

U(X, Xo; k) = Uy(X, Xo; &) - [1 + O(exp{— k*7a})],

uniformly in X, for X € S;5(X;) — Z.

Here S;5(X,) is any bounded closed subset of the shadow S,(X,) of %, ,
and Z is the “region of influence” of 4, defined as follows. Let ¢ be the end
of 4, closest to the illuminated side of %, , and let f be a point on %, between
e, and the shadow boundary at g. Let f be a point on %, between the other
end of 4, and the shadow boundary, that is as far from the illuminated side
of #, as f. Assume f is so located that the tangents to %, at f and f’ have no
points on 4, . & is that part of Sy(X,) bounded by %,, and the tangents
from f and f’ (see Fig. 8).

Applying Green’s second identity to Uy(X, X'; &) and Uy(X’, X; &), and
then integrating over the region &, N &, , we get the integral equation

UyX, Xy £) = UyX, Xy k) — (X, Xo; R) + Ii(X, X k),
where

I(X, Xos k) = _ UyX0, Xy k) 19-Z—]?-(X', X5 k) -1dX" |
Z, on

talisl

and
ol

glﬁée—ng’-’gl on

L&x X B = | (X, Xoi B) + Ug(X, X5 B) - | X |-

To prove Theorem 2 we show that as k — o0,

Iy(X, Xo; k) — Iy(X, Xo; k) = Uy(X, Xo; k) - O(exp{—~ Kp}),



GEOMETRICAL THEORY OF DIFFRACTION

(e

Ficure 8

uniformly in X for X € S,<(X,) — #. Set

UyX, X' k) = UP(X, X', k) + — H(l)(k[X X))

117

in the above integrals and use Schwarz’ inequality to make the estimates

(X, Xo; B)l < < fhax | Uy(X', Xo; &)

AT

L J_ P H(1)

X X R <" max |5

e max U;S’(X, X5 K)
BNE—F NB,

+ [ 1EPw X = paxe ]

U(s)

(k1X—X'7)|1ax"1],

and

X B)|

where L, is the length of &, .

X, X’; k)l | dX’ | 2 :
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By essentially the same argument used to prove Theorem 1 we get the
result that as £ — oo

aU , aU 1 b
(X, X By = 2 (X, X B) - 1 + Ofexp{— R3a}),

uniformly in X’ for X' € .S,<(X,) (C S;<(Xyp))-
It follows from this result, Theorem I, the estimates of Morawetz and
Ludwig [3], and the above inequalities that, as & — oo,

I(X, Xyi ) = max | UyX', Xo; R) - O(2),
2/ 1

« by = Uy ' . . 1/2
LXK h)y= | max | (X X )| Oflinfkalpl}),

uniformly in X for X € 8,<(Xy) — Z.
It follows from Theorem 1 that, as & — oo,

UTY(X, Xy; k) = O(FY? exp{+ k*(Im ;) a 232 (X, X,)})

uniformly in X for X € S,<(Xy) — Z (C S;<(X,))-
Furthermore, as 2 — o

max | Uy(X'", X; k)|

#,né,
2
= ¥ Ok exp{— F/¥(Im ;) a 2P0, (X, , X)),
m=1
and
oU,
20 (X, Xy
.er\g;glngz on ( 0 )
2
=Y O(k'/? exp{— k*/(Im 7,) a3, (X, X)),
1
where
)‘m(Xm » Xo) =XI'Ié.ifn, (X', Xo),
with

Ty =[B, N &)V [B,NE, — By N By).
To complete the proof of Theorem 2 we show that if X € S;5(X,) —& then

=2 Eom s Xo) < =X, Xo) — 4,
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where A is positive and independent of X. It then follows from the above
estimates that, as k& — o0,
Iy(X, Xo; k) = max | Uy(X', Xy; k)| - O(k'/?)
BynEy
= | Uy(X, Xo; )| - Oexp{— k'/3}),

. — an 4 . . 1/2
L& Xy b= max |5 (X X )| Ol(inkalpl} )

= | Un(X, Xq; k)| - O(exp{— k'7%}),

uniformly in X, X € S,<(X,) — Z.
Now, if 0 < 0 < m, and X € §,<(X,) — %, then

(i) )\<(X, Xo) = )‘1(X, Xo), 90 =0,
(i1) /\I(Xl » Xo) = M(X, Xo) + n(X), n(X) >0,
(i) »(X) = Sf%iﬁ-ge W(X')=>4>0.

Statements (i)—(iii) imply the inequality

—X(X,, X)) < A (X, X,) — A (see Fig. 9).

If w <0 < 27, and X € S,<(X;) — £, then
(1) 2(X, Xp) = M(X, X), 6, =0,
(ll) I\I(X*’ XO)]00=0 = A2(‘Xv*’ XO)[90=217 >
(i)  A(Xy, Xo) = A(X*, Xo)lg=o + varva >0,
(iv) A(X™, Xo)logan = A(X, Xo)loy=0 »

\/)\l(ihxo)\‘
1

!
\ !
. AdXXo)

FIGURE 9
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Statements (i)—(iv) imply the inequality
MK, X)) < A(X, X)) — A (see Fig. 10).

It follows from the above series of inequalities that, for all
Xe8,<(X,) — 4,

—M(&y, X)) < —A(X, X,) — 4,
and similarly that
—N(&y, Xp) < —A(X, Xp) — A

X Xo)

S$Xo)-R

.,/A‘)«(x.xoh)\z(x,xo)
AN A
ALK TKo)

Ficure 10

CONCLUSION

In Theorems 1 and 2 we could just as well let Z, be any convex curve such
that UyX, X; k) behaves asymptotically as predicted by the geometrical
theory of diffraction.

Furthermore, asymptotic approximations similar to the above can be
obtained in 3-dimensions for perturbed spheres or for star-shaped perturba-
tions of any convex surface S for which the geometrical theory of diffraction is
known to be valid.
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