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ABSTRACT

AN APPROACH TO MOTION PLANNING AND MOTION CONTROL

OF TWO ROBOTS IN A COMMON WORKSPACE
by
Bum Hee Lee

Chairman: C. S. George Lee

This thesis focuses on motion planning and motion control for two robots in a
common workspace, which involves the iﬁvestigation and development of an off-line
discrete-time trajectory planning scheme of straight line paths in Cartesian space;
off-line collision-free path planning algorithms for two robots; and an on-line

resolved motion adaptive perturbation control method.

A discrete-time trajectory planning scheme for a straight line path has been
developed to determine the trajectory set points in Cartesian coordinates which
satisfy both smoothness and torque constraints. An iterative forward and backward
search algorithm coupled with 2 modified forward search algorithm is developed to
determine the joint values at each servo interval on the given straight line path.
Relaxation points are needed in planning the trajectory to meet the boundary condi-
tions at the final location of the straight line path. The resultant straight line tra-
jectory is composed of three segments: an acceleration, a deceleration, and a relaxa-

tion portion.

Using a sphere model for the wrist of a manipulator, planning collisicn-free

paths of two time-scheduled robots is considered. For planning a collision-free path






of a moving robot in the presence of a stationary robot, several performance meas-
ures are considered, from which two performance measures are selected and used fqr
planning a collision-free path. For planning collision-free paths of two moving
robots, various collision situations are identified. Notions of a collision map and
time scheduling are introduced, which are used to develop two procedures for plan-

ning collision-free paths of the two moving robots.

An adaptive control in Cartesian space, which adopts the idea of resolved
motion rate and acceleration control, has been developed to track the collision-free
trajectory faithfully over a wide range of manipulator motion and payloads. The
control scheme is based on the linearized perturbation equations along a desired
hand trajectory. The control system is characterized by feedforward and feedback
components which can be computed separately and simultaneously. A feasibility
study of implementing the adaptive control for a six-joint PUMA manipulator is

explored using present-day low-cost microprocessors.

Finally, the proposed straight line trajectory planning scheme is simulated on a

VAX-11/780 computer to evaluate its performance.
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CHAPTER 1

INTRODUCTION

1.1. Introduction

An industrial robot is a general purpose manipulator which consists of several
rigid bodies (or links) connected in series by revolute or prismatic joints (see Figure
1.1 [24]). Onme end of the chain is attached to a supporting base while the other end

is free and attached with a tool to manipulate objects or perform assembly tasks.

Mechanically a robot is composed of an arm (or main frame) and a wrist
subassembly plus a tool. It is designed to reach a workpiece located within its work
volume. The work volume is the sphere of influence such that the arm can deliver
the wrist subassembly unit to any point within the sphere. The arm subassembly
typically consists of three degrees of freedom movement. The combination of the
movements of the arm subassembly will place or position the wrist unit at the work-
piece. The wrist subassembly unit usually consists of three rotary motions. The
combination of these motions will orient the tool according to the configuration of
the object t'o.ease pickup. Hence for a six-joint robot, the arm subassembly is the

positioning mechanism, while the wrist subassembly is the orientation mechanism.
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Figure 1.1 Configurations of Robots



Presently there are many commercially available industrial robots which are
widely used in simple material-handling, spot/arc welding, and loading and unload-
ing numerically-controlled machines. These robots exhibit their characteristics in
motion and geometry. Mechanically they fall into one of the four basic motion-

defining categories according to the motion of the arm subassembly (see Figure 1.1):

e Cartesian robot (three linear axes)
e Cylindrical robot (two linear and one rotary axes)
e Spherical robot (one linear and two rotary axes)

e Revolute or Articulated robot (three rotary axes)

Most automated manufacturing tasks are done by special purpose machines
which are designed to perform their prespecified functions in a manufacturing pro-
cess. The inflexibility of these machines makes the computer-controlled manipula-
tors more attractive and cost effective in various manufacturing and assembly tasks.
These include cost savings, reliability, tolerance of working environments unaccept-
able to humans, and an adaptability to both structured and unstructured environ-
ments through simple reprogramming. The end results are improved productivity,

efficiency, and flexibility in industrial manufacturing and automation.

Due to the recent development of sophisticated sensors, advanced programming
languages, and efficient visual recognition methods, the application domain of robots
is being expanded to more sophisticated tasks and in particular assembly tasks
[4,55,60]. Undoubtably, more robots will be put to use in assembly tasks in
manufacturing cells which, as described by Whitney [81], are small size manufactur-
ing systems in which there are sequences of coordinated operations among various

manufacturing devices. These operations require the robot arms to move their end-



effectors from one location in the Cartesian space to another in coordinated motion

without any collisions with other objects.

Current industrial practice employs simple time-space coordination which does
pot allow more than one robot working in a common worhpme. Such coordination
and control result in nnd;r-nt;ilization of robot arm capabilities. Any improvements
in the performance of controlling two robot arms in a common workspace will
require further investigation of sophisticated straight line trajectory planniﬁg, colli-

sion avoidance strategies, and Cartesian space control strategies. This initiates and

motivates the research efforts that constitute this thesis.

1.2. The Problem and The Approach

Undoubtably, the use of two robots in a common workspace will increase pro-
ductivity. In this system configuration, given the locations of workpieces, the robot
arms have to sense the workpieces, manipulate them and transfer the assembled
workpieces to designated locations. However, with two robots working in a common
workspace, problems are created that were not anticipated in a single stand-alone

robot system.

While one robot tries to assist the other robot, it may become an ‘“‘obstacle” to
the other robot. Thus, before each robot executes its motioxi'command, it is impor-
tant for the motion planning system to detect the possibilitj_ of 'pot,ential collisions
between the wrists of the robots.! If the wrist of a robot is found to be on the path
of the other robot, then paths must be replanned or the traveling time on the paths

must be modified to avoid the potential collisions. Thus, the main task of this

'We assume in this system configuration that there are no collisions between the first three links
of the robots.



thesis is to develop motion planning and motion control algorithms and methodolo-
gies so that two robots ‘can work safely in a common workspace. This objective
leads naturally to the investigation of the following three separate but coherent

areas:

(1) Off-line planning of straight line manipulator trajectory
(2) Off-line planning of wrist collision-free path, and
(3) On-line Cartesian space control for tracking the wrist collision-free straight

line trajectory

That is, we are concerned with the formalism of describing the desired manipulator
motion as a sequence of set points in the Cartesian space (position and orientation
of the manipulator hand) through which the manipulator hand must pass in
straight line motion, must avoid any possible wrist collisions, and must be controlled

with high accuracy.

It has been well recognized that optimum control of a manipulator is very diffi-
cult due to its inherent nonlinearity and compiexity in the equations of motion, in
addition to the nonlinear trigonometric function relationship between the joint coor-
dinates and the Cartesian coordinates [24,30,38,46]. Thus, optimum control of a
manipulator can be conveniently decomposed into an off-line trajectory planning
(motion planning) followed by an on-line path tracking control scheme (motion con-
trol) [22]. This decomposition reduces the real time computational burden of the
optimal controller and transfers the computational burden fo the off-line trajectory
planning phase. This thesis rests on a similar decomposition concept of manipulator

control.



The motion planning phase focuses on the investigation of a straight line tra-

jectory planning scheme in Cartesian space followed by wrist collision detection

along the trajectory, and replanning the path or time-scheduling of the original tra-

jectory if necessary. Several advantages exist for designing a straight line trajectory

for controlling the manipulator:

(1)

(2)

(3)

(4)

(5)

Visibility concept: If one of the manipulators cannot “see’ its destination posi-
tion, then obstacle(s) exists on the path.?

Motion correctness: It is easier for the user to specify straight line Cartesian

motion and the correctness of motion can be verified from the motion of the
manipulator hand.

Shortest path: The straight line path is the shortest path between two assem-

bly locations even if the required traveling time may not be minimum.

Time-varying obstacles: If two robots are not moving in straight line motion, it
may be extremely difficult to handle the time-varying environments for mutual

wrist collision avoidance.

Path Information: After detecting that potential collisions exist on the path,
we can utilize the path information of one robot to decide the path or trajec-

tory of the other robot for collision-free motion.

Since the location of each robot on the straight line path must be available at

all servo instant to detect the existence of potential collisions and to obtain a

collision-free path in the two moving robot environment, a servo time based trajec-

tory planner and a collision-free path generator will be the immediate problems to

The reverse is not true. That is, if the manipulator can see the destination position, it still does

not guarantee the path to be colliston free.



be solved. An accurate Cartesian space control scheme must be used to follow the
collision-free trajectories faithfully. Each of these areas will be covered in detail in

Chapters 3, 4, and 5, respectively.

1.3. Literature Survey

In this section, a brief review of previous work on multirobot control systems,

trajectory planning, collision avoidance, and adaptive control strategies is presented.

There are only a féw research institutions working on multirobot control prob-
lems. Conventional techniques involve careful off-line trajectory planning such that
the robot arms do not collide with known obstacles in fixed locations. This tech-
nique involves “interpolation” of intermediate Cartesian knot points that the mani-
pulator hand must travel by a class of polynominal functions. Others are involved
in the development of efficient sensory interactive hierarchical control system for the

“factory of the future” (2,4,45,54,56,61].

At the National Bureau of Standards, a hierarchical control system with sen-
sory feedback at various levels/stages coupled with the CMAC ( Cerebellar Model
Articulation Control ) éoncept [2] has been proposed for manufacturing systems.
The focus is mainly on the global control of “loosely-coupled” robots in a manufac-
turing environment. The two robot system in a common workspace is a “‘tightly-
coupled” system which requires much more intensive computations and coordina-
tions. Although, significant theoretical results about the multiple robot control
problems were not obtain?d, it was found that, for controlling multiple robots, an
exchange of information among various robots in real time is necessary to achieve

collision avoidance.



Saridis [51] proposed an intelligent control concept for controlling multiple
robots in an “optimized’” manner using both artificial intelligence and control discip-

line ideas. This presents a desirable research direction for multiple robot systems.

An interesting modular system approach [54] with computer communication
network between a supervisory computer and functional module computers is being
investigated by researchers at SRI. Their approach is based on sensory feedback
signals to actuate control strategies. The& employed very simple algorithms to cal-
culate hand positions to avoid potential collisions and emphasized vision feedback

signal processing in global coordinate system for two robot arms.

Recently, Freund [16,17] exploited table look-up and hierarchical decisions to
manage collision avoidance for two robot arms in a common workspace. His
approach is based on the hierarchical kinematic decisions for positioning the mani-
pulator links to avoid potential collisions. This technique focuses more on gross

motion control of two robot arms than the fine motion control of two robot arms.

Although, the above approaches solved the problems in the multiple robot sys-
tem with various degrees of success, they do not address the problems of the two
robot system adequately for the following reasons: (1) most of the aﬁproacha are
based on kipematié information, (2) most of the obstacles are fixed in location, (3)
no collision avoidance is considered for the wrists ( last three linh of the robot ) of
the two mbdys. In view of this, the approach employed in this thesis is based on
the off-line planning of a straight line path and trajectory with an on-line path
tracking control strategy. This involves planning of the straight line trajectory in
Cartesian space, appropriate geometric modeling of the wrists which will be used in

detecting the potential wrist collisions along the path, replanning the path or time-



scheduling of the original trajectories if collisions exist, and finally controlling the
robots to track the desired collision-free trajectories faithfully. We shall now review
the previous work in the above areas, namely, trajectory planning, obstacle

avoidance of robot hand, and Cartesian space control strategies.

Trajectory planning involves interpolation and/or approximation of the desired
Cartesian path by a class of polynomial functions of degree n or less. For the past
several years, there has been a sﬁrge of efforts in the planning of manipulator trajec-
tories which concern more sophisticated and efficient movements of the manipulator
hand (or tool) along a straight line path or a joint-interpolated smooth trajectory

which approximates the given path closely [8,33,34,37,42,46,47].

In general, trajectory planning in the joint-variable space is simpler than that
in the Cartesian space because of problems caused by degeneracies and dﬁamic
constraints [8]. The degenerate case happens when a set point on the manipulator
hand trajectory in the Cartesian space results in a singular Jacobian matrix for the
mappings between joint space and Cartesian space. The dynamic constraints are
composed of maximum allowable velocity and acceleration of each joint and torque
constraints depending on instantaneous joint position and velocity. In addition to
the dynamic constraints, each joint trajectory must maintain a smooth transition
which yields velocity and acceleration continuity from one set point to the next set

point [8,486].

The trajectory planning of a manipulator path made up of straight line seg-
ments was discussed by Paul [48], using a homogeneous transformation matrix to
represent target positions for the manipulator hand to traverse. Movement between

two consecutive target positions is accomplished by two sequential operations: a
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translation and a rotation to align the approach vector of the manipulator hand and
a final rotation about the tool axis to align the gripper orientation. A quadratic
polynomial interpolation routine in the joint-variable space' is then used to guaran-

tee smooth transition between two connected path segments.

Taylor [58] improved Paul's technique by using quaternions to represent the
rotational operation. He also developed a bounded deviation Vjoint. control scheme
which involved selecting more intermediate interpolation points when the joint poly-
nomial approximation deviates too much from the desired straight line path. In
order to achieve a real-time trajectory planning objective, both approaches neglect

the physical manipulator dynamics.

Other existing trajectory planning schemes satisfy the continuity and the
torque constraints simultaneously. To assure the torque constraint in the trajectory
planning stage, it is assumed that the maximum allowable torque is known and
independent of position and velocity. For example, instead of using a v.arying
torque constraint, Lin et al. [34] use velocity, acceleration, and jerk® bounds which
are assumed constant for each joint. They select several knot points on the desired
Cartesian path, solve the inverse kinematics and obtain set points in joint space,
and find cubic splines for the joint variables which guarantee continuity conditions
and a fit through the set points in the joint-variable space. Then, by relaxing the
normalized time to real time, the dynamic constraints on velocity, acceleration, and

jerk are included.

However, due to the joint interpolation function, the exact location of the

manipulator hand at every servo instant is not exactly on the desired path, but on a

3jerk is defined as the rate of change of acceleration.
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related smooth function. This results in inaccurate straight line trajectory planning.
Recently, Bobrow, et al. [7] and Shin, et al. [53] utilized a parameterized joint inper-
polation function to find the optimal trajectory on a given geometric path. ‘Here we
follow a similar approach but focus on very accurate implementation of a straight
line trajectory which allows the detection of potential wrist collisions along the tra-
jectory. This constitutes a part of the thesis and will be discnssed in detail in

Chapter 3.

Most of the existing off-line path planning schemes which concern obstacle
avoidance concern the problem of avoiding fixed and stationary obstacles in a
workspace. Ahuja, et al. [1] discussed two methods for detecting intersections of
three dimensional objects that are based on the projection checking and the octree
traversing of the stationary obstacles. Chien, et al.[11] adopted the concepts of
state space and developed rotation mapping graph to describe the relationship
between the positions and the corresponding collision-free orientations of a robot

among obstacles.

To simplify the collision avoidance problem, Udupa [59] used a polyhedra
model for the obstacles and minimﬁm bounding cylinders in detecting the interfer
ence and avoiding collisions among three dimensional stationary objects. He discre-
tized the three-dimensional space into sectoroids and pascs which were designated
free if not occupied by obstacles and robots. A collision-free path is then obtained
as lists of free pascs joined together. Lozano-Pere: [35,36] and Brooks [9,10]
extended the polyhedra models and obtained linear intersection functions for colli-

sion avoidance. Their schemes require special planning for the orientation problem.
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Luh et al. [30-41] used the concept of pseudo-obstacles by expanding the real
obstacles’ edges and faces and letting the robot be viewed as a point location in
space. They formulated the forbidden region for the Stanford arm as t-he union set
of polygonal obstacles and pseudo-obstacles. An algorithm is developed to deter-
mine the shortest collision-free'path for stationary obstacles given a sequence of

edges to be traversed.

Pennington et al. [49] employed a geometric modeling approach to model a
PUMA robot as a sphere model, where the collision is detected based on the swept
volume of the robot. However, the collision detection was found quite involved in
its mathematical computation. Petrov|50] proposed a learning algorithp: to avoid
the obstacles by considering the obstacles in joint space and in Cartesian space
simultaneously, and showed a hybrid computer implementation of the algorithm for

the collision avoidance.

Recently, Gilbert et al. [19] described a procedure where a collision-free optimal
path for a robot is obtained by solving an optimal control problem where the dis-
tances between the potentially colliding parts of the robot and the obstacles impose
a state space constraint; The state constraints and actuator constraints are handled

numerically by a penalty function approach.

All the above collision avoidance schemes emphasize a single robot with a fixed
environment of stationary obstacles and achieved various degrees of success. In this
research, our concerns focus mainly on the wrist collision avoidance of the two mov-

ing robots in a common workspace.

Given the wrist collision-free path and trajectory, the purpose of manipulator

control is to control the manipulator hand to track the desired trajectory as closely



13

as possible under various payload conditions. Most of the existing control schemes
[5,13,21-23,25,26,44,57,85] control the arm at the joint level and emphasize nonlinear
compensations of the interaction forces among the various joints. For most applica-
tions, resolved motion control, which commands the manipulator hand to move in a
desired Cartesian direction in a coordinated position and rate control, may be more
appropriate.

The resolved motion control algorithms [18,43,62-64] control the arm at the
hand level with or without external sensory feedback information. Whitney
developed a resolved motion rate control [62] in which motions of various joint
motors are combined and resolved into separately controllable hand motions along
the world coordinate axes. His method indicates that several joint motors must run
simultaneously at different time-varying rates in order to achieve desired coordi-
nated hand motion along the world coordinate axes. The method enables the user
to specify the direction and speed along any arbitrarily oriented path. This motion
control greatly simplifies the specification of the sequeﬁce of motion for completing a
task because users are usually more adapted to the Cartesian coordinate system

than to the joint coordinate system.

Luh et al. [43] extended the concept of resolved motion rate control to include
acceleration control. It presents an alternative position control which deals directly
with the position and orientation of the manipulator hand, and it assumes that the
desired accelerations of a preplanned hand motion are specified by the user. The

paper by Gilbert et al. [18] can be thought of as a generalization of this ideas.

The resolved motion control algorithms discussed may be inadequate for accu-

rate path tracking control purposes because they neglect the changes of the load in
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a task cycle. They may result in reduced servo response speed and damping, and
limiting the precision and speed of the end-effector. As a result, the manipulator
hand may deviate too much from the specified collision-free path, causing unex-
pected wrist collisions. A significant performance gain in this can be considered by

adaptive control techniques in Cartesian space [28].

Recently, various adaptive control algorithms [3,13,21,23,25] have been pro-
posed. Dubowsky et al. [13] proposed a model referenced adaptive control which
uses a linear_second-order time invariant differential equation as the referenced
model for each degree of freedom of the robot arm. The manipulator is controlled
by adjusting the position and velocity feedback gains to follow the model. A
steepest descent method is used to update the feedback gains. Koivo et al. [23] pro-
posed an adapth;e self-tuning controller using an autoregressive model to fit the
input-output davt:a from the manipulator. Both control algorithms assume that the
interaction forces among the joints are negligible. Lee et al. [25] proposed an adap-
tive perturbation control with feedforward compensation for robot manipulators in

the joint-variable space.

A part of this research is devoted to extend the adaptive perturbation control
to the Cartesian space so that the manipulator hand can be controlled to follow the

desired collision-free trajectory faithfully in the Cartesian space.

1.4. Contribution and Organisation of the Thesis

This thesis focuses on motion planning and motion control for two robots so
that they can work safely in a common workspace. It involves the investigation of
an off-line straight line trajectory planning scheme in Cartesian space, off-line

collision-free path planning algorithms for two robots, and an on-line adaptive
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perturbation control method in Cartesian space. Research results from these three
areas consti‘tute the major contribution of the thesis. They are now described
briefly.

A discrete time trajectory planning scheme for a given straight line path has
been developed to determine the trajectory set points which satisfy both smoothness
and torque constraints. A real time servo interval instead of a normalized time
interval is used for planning all the joint trajectories. The planning of the straight
line trajectory is performed in the Cartesian space and requires maximization of the
speed between two consecutive Cartesian set points on the straight line path. An
iterative forward and backward search algorithm coupled with a modified forward
search algorithm is developed to determine the joint values at each servo interval
such that they are within the bounds imposed by the smoothness and torque con-

straints and satisfy the straight line requirement with high accuracy.

The resultant straight line trajectory is composed of three segments: an
acceleration portion, a deceleration portion, and a relaxation portion. The control
set points on the acceleration and deceleration portions of the trajectory satisfy the
straight line requirement while those on the relaxation portion do not. These sets of
joint position, velocity and acceleration can be used as reference inputs to the mani-
pulator controller for the joint-variable space control [25,26] or can be used to deter-
mine the corresponding Cartesian position, velocity, and acceleration for the pro-

posed Cartesian space adaptive control [28].

After obtaining the Cartesian trajectory set points from the trajectory planner,
the potential wrist collisions between two robots can be detected easily by using a

sphere model to represent the manipulator wrist. The detection of the potential
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wrist collisions can be done by checking the distance between the center of the two
spheres wiﬁh respect to a global coordinate system. A collision-free path of a mov-
ing robot in the presence of a stationary robot is found from connected straight line
segments selected subject to a performance measure. Various collision situations for
two moving robots are identified. Notions of collision map, which provides the loca-
tion and corresponding servo time information of the robots simu]tanec;usly, and
time scheduling are introduced and utilized. Collision-free paths of two moving

robots are obtained by considering the paths and trajectories of the two robots.

When the path modification is not allowed for collision avoidance, re-
scheduling the traveling time on the existing path is performed to realize collision-
free motion planning. When the path modification is allowed for collision

avoidance, a collision-free path is obtained subject to a performance measure.

An adaptive control in Cartesian space, which adopts the ideas of resolved
motion rate control and resolved motion acceleration control, is proposed to control
the manipulator hand to track the collision-free trajectory as closely as possible.
Equations of motion of the manipulator hand are developed in Cartesian coordinates
from which an adaptive control scheme is derived. The adaptive control scheme is

based on the linearized perturbation equations along a desired hand trajectory.

The controlled system is characterized 'by feedforward and feedback com-
ponents which can be computed separately and simultaneously. The feedforward
component computes the nominal torques from the Newton-Euler equations of
motion using the joint trajectory information from the trajectory planner. The
feedback component, consisting of a recursive least square identification scheme and

an optimal adaptive self-tuning controller for the linearized system, computes the
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perturbation torques which reduce the manipulator hand position and velocity
errors along the nominal hand trajectory. A feasibility study of implementing the
adaptive control for a six-joint PUMA manipulator is explored using present-day

low-cost microprocessors.

This thesis is organized in seven chapters. The problem of motion planning
and motion control of two robots in a common workspace is formulated in three
separate but coherént subproblems: trajectory planning, wrist modeling and
collision-free path planning, and adaptive control in the Cartesian space. The
hierarchical robot arm control structure is briefly discussed in Chapter 2 together
with a discussion and problem formulation for each of the three areas of the pro-

posed research.

In Chapter 3, the trajectory planning scheme in discrete time is presented for a
straight line path. The objective of the trajectory planner is to obtain the control
set points which are exactly on the specified straight line path and within the

smoothness and torque constraints of the manipulator.

In Chapter 4, planning of a collision-free path is discussed for the two robot
system. A collision-free path is found for a moving robot in the presence of a sta-
tionary robot, which consists of connected straight line segments selected subject to
a performance measure. Various collision situations are identified and discussed for
the case of two moving robots. Notion; of collision map and time scheduling are
intmducéd and two procedures are defeloped to obtain collision-free paths for the

two moving robots.

In Chapter 5, an adaptive perturbation control is developed in Cartesian space

to control the manipulator to track a collision-free trajectory faithfully. Equations
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of motion of the manipulator hand are developed in Cartesian coordinates. A least
square identification scheme together with an optimal adaptive self-tuning control is
discussed. Computational complexity of the proposed adaptive perturbation control

scheme is tabulated for future implementation.

In Chapter 6, computer simulation results of the proposed straight line trajec-
tory planning scheme are presented. Sampling effects and the existence of a straight
line trajectory are investigated. Also, the time scheduling of a straight line trajec-
tory is performed and utilized in the collision map to obtain a collision-free trajec-

tory for the case of two moving robots.

In Chapter 7, conclusions and summaries are presented. Extensions with future

research issues are also discussed.



CHAPTER 2

PROBLEM FORMULATION

2.1. Introduction

This chapter addresses problem formulation for motion planning and motion
control of a two robot system. The motion planning and motion control are investi-
gated by focusing on three separate but coherent areas: planning of a straight line
trajectory in Cartesian space, planning of a collision-free path gf; two robots, and

manipulator control in Cartesian space.

The functional operation and characteristics of the hierarchical robot control
structure are discussed in Section 2.2. Planning of a straight line trajectory in
Cartesian space is discussed in Section 2.3. Several geometric models for the mani-
pulator wrist used in planning a collision-free path are discussed with their advan-
tages and disadvantages in Section 2.4. In Section 2.5, various collision situations
are identified and discussed to obtain collision-free paths of the two robots. A
Cartesian space control method is proposed in Section 2.8. Finally, summaries are

presented in Section 2.7.

2.2. Hierarchical Robot Control Structure

In this section, the overall control structure of the robot system is discussed

within the context of this thesis. In general, a task is performed in three phases of

19
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execution: task planuing, motion planning, and motion control of the manipulator.
[65]

By the nature of the robot system, the overall control structure can be
arranged hierarchically into three levels as shown in Figure 2.1. The highest system
level performs task planning. The task planning system is composed of a human
operator and a task planner. The human operator interacts with the task planner
vand initiates the task specification for the robot system to accomplish. The task
planner decomposes the given task into sequences of operations for the robot to

implement.

The intermediate system level consists of path planning and trajectory plan-
ning. The path planning system receives information about the locations of the
- various workpieces from the task planning system and generates the Cartesian path
to be followed by the manipulator to accomplish the specified task. Then the tra-

jectory planning system generates the time dependent control set points.

The lowest system level implements motion control. The motion control system
receives control set points from the trajectory planning system and sensory feedback
information to generate error actuating signals to servo the joint motors so that the

manipulator will track the trajectory as closely as possible.

One way to control the two robots is to supervise and coordinate the motion of
each robot by a supervisory computer [31]. Figure 2.2 shows the hierarchical struc-
ture of a two robot system with a supervisory computer. To control the two robots
without collision in a common workspace, sharing and exchanging of sensory feed-
back information between the two robots must be performed in real time. A

method of sharing and exchanging of sensory information is to design a real time
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“interactive coniroller for each robot using visual, force and touch sensory informa-
tion as feedback signals. However, for a present-day robot system, many practical

difficulties occur in designing such a sensor-based interactive controller.

As an approach to realizing appropriate interaction between the two robots, we
plan the path and trajectory for both robots interactively. Due to the geometry of
the wrist of a robot, potential wrist collisions along the pre-planned path may occur.
Thus, a suitable geometric model of the wrist of the robot is needed. Furthermore,
algorithms must be developed to replan the paths or trajectories if the potential

wrist collisions occur along the paths.

2.3. A Scheme for Straight Line Trajectory Planning

Trajectory planning is part of motion planning, which converts the desired
path inférmation into-a ‘sequence of time-based intermediate configurations of the
manipulator starting at the initial location and ending at the final location. Two
currently available approaches to trajectory planning are briefly described. A
scheme using discrete time approximation is proposed for straight line trajectory

planning later.

The first approach requires the user to explicitly specify a set of constraints on
position, velocity, and acceleration of the manipulator’s joint coordinates at selected
locations (called knot points) along the trajectory. Then a parameterized trajectory
is selected from a certain class of functions (usually the class of piecewise polynomial
functions of degree n or less, for some n, in the time interval [, ¢, ]) that
“interpolates’ and satisfies the constraints at the interpolation points. The second
approach requires the user to explicitly specify the path that the manipulator hand

has to traverse, such as a straight line path in Cartesian coordinates; and requires
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the trajectory planner to determine a desired trajectory that closely ‘‘approximates”
the desired path in Cartesian coordinates. These two approaches result in simple
trajectories which are efficient, smooth, and accurate with a fast computation time

(near real time).

For the purpose of controlling the manipulator, the joint trajectory function
must be evaluated at each servo instant of time. In obtaining the control set points
from the joint interpolation function, the resultant control set points are assumed to
be within the torque constraints of the manipulator. However, due to the approxi-
mation of the specified path .by the joint interpolation function, the control set
points on the joint interpolation function do not satisfy exactly the specified path in
the Cartesian space.

For example, a desired straight line path with several knot points
A,B,C, +-- is shown in Figure 2.3. If we obtain an appropriate joint interpola-

tion function through these knot points and evaluate the function for the control set

points, the resultant control set points will be the points a,, a5, a5, - - - in the
joint-variable space, which corresponds to the points A,, A,, A3, -+ - in the
Cartesian space, respectively. It is obvious that these points A, A,, A5, -+ may

not be on the desired straight line path.

We now describe the relationships which exist between joint variables and
Cartesian va.xriables, These are necessary for us to describe our scheme of trajectory
planning. The location of the manipulator hand with respect to a glo‘bal coordinate
system (X,,Y¥o,%,) can be realized by establishing an orthonormal coordinate
frame at the manipulator hand which can be represented by a 4X4 hand coordinate

transformation matrix [24,46],
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R(t) p(t)]  [n(t) s(¢) a(t) p(t)
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n(t) o,(t) a,(t) p,(t)] (2.1)
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n,(¢) o,(¢) a,(t) p:(¢) |’
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where p(t) is the position vector of the manipulator hand; and n(t),s(¢), a(t) are
the unit normal vectors along the axes of the coordinate frame fixed to the manipu-
lator hand. The dependence of the elements of the hand transformation matrix on

joint variables is shown in the Appendix B.

Instead of using the rotation submatrix [n(t),s(¢), a(t)] to describe the
orientation, Euler angles ( yaw (a(t)), pitch (A(¢t)), and roll (+{t)) ) can be used to

describe the rotation of the manipulator hand. The relationship between

[n(),s(t),a(t)] and [a(t), A(t), At) ] is:

n,(t) o, () a,(t) cy-8S+v0][cposs]t o o
R(t)= |n,(t) 8,(t) ay(t)]=|S~y C~y 0] 0O 1 O []0 Ca-Sea
n,(t) &,(t) a,(t) 0 0 1] |-SA0CB] |0 Sa Ca
(2.2)

(CyC B -S7Ca+CA5B8Sa SySa+CS8Ca

= |S4CpF CH4Ca+S4858Sa -CASa+S5SvS8C a

L-57 CBS a CphC a

where sma=S a,cosa=C a, sinfd=S5S8,cos=C 3,

siny=S v,cos7y=C 1.

In fact, [a(t), A(t),~(t)] are the functions of joint variables as indicated in
Appendices B and C. Define the position p(t), orientation ®(¢), linear velocity
v(¢t), and angular velocity {2(¢) vectors of the manipulator hand with respect to the

global coordinate frame, respectively, as:
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A
B(t) = (pa(t), py(t), 2a(1))T 5 ()= (alt), B(t), 1)) T ;

A A (23)
v(t) = (0, (1), vy(1), 0:(6)) T 5 () = (wet), wy(t) (1)) 7.

where the superscript T denotes the transpose operation. When we denote the
joint position vector as q(¢), the relationship between ( p(t), #(t)) and q(¢) can

be represented as:

(pT(t), #7(£))T = N(q(t)) (2.4a)

or

q(t) =N7(p(t), &(t)) (2.4b)
where N{(-) is the function describing the kinematics routine and N7}(-) is the func-

tion describing the inverse kinematics routine.

The linear and angular velocity of the manipulator hand can be obtained from

the lower joint velocities based on the moving coordinate frame concept [38],

[:2((?)} = [J(Q)]i(‘ )= [JI(Q)yJ2(Q)’ <, Jg(q) ] q(t) (2.5)

where g; (t) = 0; (t) if joint ¢ is rotary, and ¢; (¢t) = d; (¢) if joint ¢ is prismatic;
a(t) = (q1(t), - - - , q6(t))T is the joint velocity vector of the robot; and J(q) is a

88 matrix whose i** column vector J; (q) can be found from

(3,1 X (P - Pit) e :
; if joint + 18 rotational
L 81
Ji (q) = (2.6)
p
’s‘—l] ; il joint ¢ ds translational
0

where X indicates vector cross product, p;_; is the position of the origin of the

(1-1)* coordinate frame with respect to the reference frame, s;_, is the unit vector



along the axis of motion of joint +, and p is the position of the manipulator hand

with respect to the reference coordinate frame.

The linear and angular acceleration of the manipulator hand can be obtained
by taking the time derivative of the velocity vector in Eq. (2.5),

[:,((t,;} = [3(a, d)Ja(t) + [ I(@) Ja(t) (2.7)

where ;(t) = (ql(t) y Tt ;].s(t ))T is the joint acceleration vector of the robot.

Now, the equation of a straight line path is described. An initial location
( p(to), ®(to) ) and a final location ( p(t; ), ®(¢; ) ) are given to the manipulator.
The manipulator hand is required to move from the initial location to the desired
final location along the straight line specified by these two end points. The straight

line equation that passes through these two points can be described as:

p(t) = p(to) + Mt) - (p(t; ) - P(to) ) (2.8a)

where 0 < A(t) < 1. It is worth noting that ¢; is not a fixed final traveling time
but something we will find. Also, since ®(t,) and (¢, ) are specified, it is desirable
that the manipulator hand reaches its final orientation angles when p(t¢) approaches
p(¢; ). This can be easily done by interpolating the Euler angles between &(t;) and

®(t; ) linearly along the given straight line:
(t) = ®(to) + M¢) - ((ty) - ¥(to) ) (2.8b)
where A\(t) is the same as in Eq. (2.8a).

As previously discussed, currently available trajectory planning schemes are
based on underlying joint interpolation function, which must be evaluated at every

servo time instant for an input to the manipulator control system. For the control



system which we will consider, it is required that
[p(t), ®(t), v(t),n(t), v(l) , f.l(t) ] be known at every servo time instant. Since
the detection of potential wrist collisions must be performed at each servo instant, it
is desirable to have the control servo points ( or set points ) precisely on the straight
line path given by Egs. (2.8a) and (2.8b). To do this, a discrete time approach will

be used.

In addition to the straight line requirement, the discretized control set points
in the joint-variable space must be within certain limits to maintain and guarantee
the smoothness of the trajectory. Also, due to the physical limitations of the joint
motors, the required joint torques to move the robot from the current set point to
the next set point must be within the torque constraint of the joint motors. Thus,
the resultant control set points must satisfy the straight line requirement and must
be within the smoothness and torque constraints of the robot so that these set

points can be tracked by the manipulator hand faithfully.

A real time servo interval instead of a normalized time interval will be used in
obtaining the control set points. Let us denote T as the servo time interval. Then
we consider p(kT) when k is integer. Similarly, we consider ®(kT) and A(kT).
Ideally, we want to obtain the minimum time trajectory of the robot for the given
path. There are many difficulties in obtaining the minimum time trajectory. Thus,
instead we maximize the local traveling speed, which is identical to maximize
A(kT ) - MkT-T). More precisely, the trajectory planning problem is formulated as

follows:
mazimize | | M,T)-NkT-T) || (2.9)

subject to the conditions that every p(kT) must be on the straight line and the
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corresponding joint values from ( p(kT ), ®(kT) ) must be within the smoothness
and torque constraints. A detailed derivation of the straight line trajectory plan-

ning scheme is presented in Chapter 3.

2.4. Geometric Modeling of the Wrist of a Robot

The detection of potential wrist collisions cannot be handled easily due to their
complex geometry. A simplified and appropriate geometric model of the wrist is
necessary to detect any potential collisions along the preplanned trajectory [49]. We

shall concentrate on investigating a suitable wrist model for a PUMA robot.

Figure 2.4 shows a cylindrical model and a truncated cone model for the wrist
which is composed of the upper three links of the robot. For the detection of poten-
tial wrist collisions between two robots, all geometric models should be viewed with
respect to the global coordinate frame (xg,y,,%). The mathematical expression of
these models in the global coordinate frame become time dependent and very com-
plicated, thus causing the detection of potential wrist collisions to be computation-

ally intensive.

A sphere model, shown in Figure 2.5, is proposed in this thesis. The sphere
contains links 4,5, and 6, including the workpiece grasped by the manipulator hand.
The origin of the sphere, which coincides with the origin of the hand coordinate
frame, is uniquely determined from displacement of the joints in the arm. The
radius of the sphere is determined depending on the workpiece and the wrist
geometry. The main advantage of this model is that the sphere is rotationally
invariant. This reduces the complexity of the detection of potential wrist collisions

to calculating the distance between the origins of the two spheres.
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In modeling the wrist geometry as a sphere, a large unnecessary space is
included into the sphere so that computational efficiency in detecting the potential
collisions is achieved at the expense of the modeling accuracy. The use of sphere

model in obtaining a collision-free path is described in Chapter 4.

2.56. Various Collision Situations for Two Robot System

In this section, an investigation of various collision situations is presented. The
terminology of “potential collision” is confined to the wrist collision between the

two robots. The sphere model is used to model the wrists of each manipulator.

Two major classes of the potential collision are identified: (1) potential collision
between a stationary robot and a moving robot; (2) potential collision between two
moving robots. When two robots are working together in a common workspace, one
robot may stop temporarily at one position, which corresponds to the class (1). On
the other hand, two robots may work together in a common workspace, changing

position and orientation simultaneously, which corresponds to the class (2).

Planning a collision-free path for class (1) is investigated in an assumed colli-
sion situation, where the sphere of a stationary robot wrist with radius r, (we label
this robot as Robot 1) collides with the sphere of a m;)ving robot wrist with radius
r, (we label this robot as Robot 2) as shown in Figure 2.6. It is assumed that
potential collisions occur between the two robots dur'ing‘the time interval from
t =mT tot = nT, where T is the servo sampling périod for both robots. Vari-
ous performance measures can be considered for obtaihling a collision-free path in

class (1). A collision-free path in this class will be found in Section 4.2.

Planning of a collision-free path for class (2) is investigated by considering the

paths and trajectories of two robots simultaneously. It is important to note that
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even if the original robot paths intersect, a potential collision may not occur because
of the differences in the traveling time of the two robots along each path. Thus, the
planning of a collision-free path in class (2) is viewed differently from that in class
(1).

Assume that a straight line path and its trajectory information are given for
robot 2 with the initial time ¢, and the final time_ t; . Also, assume that a potential
collision is detected and robot 2 has the lower priqrity such that it must change its
path or trajectory information to avoid collision with robot 1. Here, we classify the
collision situation into 4 cases on the assumption that the straight line trajectories

of two robots are planned as discussed in Section 2.3.

Case 1: The final arrival time t; of robot 2 can be relaxed but its original path
cannot be changed because the modification of path may induce another collision

with other obstacles.

Case 2: The final arrival time ¢; of robot 2 can be relaxed and its original path

can be changed.

Case 3: The final arrival time ¢; of robot 2 cannot be relaxed but its original path

can be changed.

Case 4: The final arrival time ¢; of robot 2 and its original path cannot be

relaxed.

In case 1, since only the final arrival time ¢; of robot 2 can be changed, a
method to obtain a different trajectory, which can eliminate the potential collision
with robot 1, must be developed for the same path. We call this time scheduling of
a straight line trajectory. In case 2, except for the initial and the final locations, the

original path and trajectory information can be changed freely in order to avoid
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potential collisions. There are a number of ways to obtain a collision-free path of

robot 2. A collision-free path of robot 2 in this case will be found in Section 4.4.

In case 3, the final arrival time ¢, is fixed while t._he original path can be
changed. Due to the fixed final arrival time t, thexfe is no guarantee that there
exists a collision-free path of robt;t. 2 Aatisfying the final arrival time ¢, . In case 4,
the original path and trajectory cannot be changed. That is, the collision avoidance

must be realized by changing the path and/or trajectory of the other moving robot.

Only cases 1 and 2 are considered in this thesis; cases 3 and 4 are more diffi-
cult. Detailed derivations in planning a collision-free path are presented in Chapter

4.

2.8. A Cartesian Space Control

Most of the existing control schemes control the robot arm at the joint level
and emphasize nonlinear compensation of the interaction forces among the various
joints. One of the main reasons for performing control in the Cartesian space is
that, in the joint-variable space control, a small joint error may cause a fairly large
error in the Cartesian position of the manipulator hand. The error may be crucial in

achieving the collision-free motion control for the two robots.

In general, it is easier to specify the desired motion of the robot in terms of a
manipulator hand trajectory in Cartesian coordinates. However, the robot control
system requires the reference inputs specified in joint coordinates. The mathemati-
cal relationship between these two coordinate systems is important in deriving a
resolved motion control scheme. Hence, it is necessary to examine the kinematic
relationships of position, velocity and acceleration between the joint and the Carte-

sian coordinate systems.
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The location of the manipulator hand with respect to the global coordinate
system can be realized by establishing an orthonormal hand coordinate frame at the
gripping point of the manipulator hand as shown in Figure 2.7. The problem of
finding the locatién of the manipulator hand is reduced to finding the position and
orientation of the hand coordinate frame with respect to the global coordinate

frame. This can be conveniently achieved by the 4X4 hand transformation matrix
as in Eq. (2.1).
Using the same definition of linear and angular position, and velocity as in Eq.

(2.3), the linear velocity of the manipulator hand with respect to the global coordi-

nate frame is equal to the time derivative of the position of the manipulator hand,

v(t)= i%(‘i) = p(t) (2.10)

Since the inverse of a direction cosine matrix is equivalent to its transpose, the
instantaneous angular velocity of the hand coordinate frame about the axes of the

global coordinate frame can be obtained from Eq. (2.2) as [15],

r 0 -w, w,
dR" _ _dRpr _ _
R m m R w, 0 Wy
—w, W, 0
(2.11)
0o -SBa+r -S+4CARa-C1B
= SBa-1 ‘ 0 . C~C fha-SA8
S4Cfa+C~yB -CCfha+S18 0

From Eq. (2.11), the relation between the (w,(t),w,(t),w,(t)) T and
(&(t),;é(t),:y(t)) T can be found by equating the non-zero elements in the

matrices,
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w; (¢) CyC B -S~0] |at)
wy(t)|=|S~¥CB CHx O ﬂ(t) (2.12)
w,(¢) -54 0 1 ()

Then, its inverse relation can be found easily,

‘-S'(.‘) C A S ~ 0 we(t)
ﬂ.(t) =gecf |-S4yC B CyCH8 O wy(t) ] . (2.13)
At) CrSB S458 CABl |uwl(t)

Using our vector notation, this becomes

(t) = [M (0)] a(t) (2.14)

Based on the moving coordinate frame concept [38], the linear and angular velocities
of the manipulator hand can be obtained from the velocities of the lower joints, as

in Eq. (2.5).

If J is invertible at q(¢), then the joint velocity q(l ) can be computed from the

manipulator hand velocity using Eq. (2.5),

at) = (T(a)] [};((‘,;} (2.15)

Given the desired linear and angular velocities of the manipulator hand, Eq. (2.15)
computes the corresponding joint velocity and indicates the rates at which the joint
motors must be maintained in order to achieve a steady hand motion along the

desired Cartesian direction.

Using Egs. (2.7) and (2.15), we have,
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Then the joint acceleration ti(t) can be computed from the manipulator hand velo-

city and its derivative as,

i) = [7(@)] [;',i',))] - [F@] (3, 91 [7@)] [;‘(‘,’)] (2.17)

The Eqs. (2.4b), (2.15), and (2.17) constitute the governing equations which

transform the Cartesian coordinates to the joint coordinates.

Our objective is to utilize the resolved motion control concept to develop an
adaptive control in the Cartesian space. Hence, it is necessary to develop an equa-
tions of motion of the mapipulator in Cartesian coordinates. The above kinematic
relations between the joint and Cartesian coordinates will be used to derive the
equations of motion of the manipulator in Cartesian coordinates. Detailed deriva-

tion of the resolved motion adaptive control scheme is presented in Chapter 5.

2.7. Summary

The overall control structure of the robot system is arranged in three hierarchi-
cal levels: task planning, motion planning, and motion control. The servo-time-
based trajectory planning scheme is proposed and the problems associated 'with the
trajectory planning scheme are also discussed. Using a sphere model for the wrist of
a robot, the detection of potential wrist collision is found to be computationazlly effi-
cient at the expense of modeling accuracy. Various collision situations are identified
and classified for obtaining the collision-free paths of two robots. Finally, an adap-
tive control in the Cartesian space which extends the resolved motion control con-

cept has been suggested.



CHAPTER 3

PLANNING OF STRAIGHT LINE MANIPULATOR TRAJECTORY

3.1. Introduction

In this chapter, we develop a discrete time trajectory planning scheme to
obtain the straight line trajectorj set points which are applicable to avoiding colli-
sions of the wrists t;etween two moving robots, or between one stationary and one
moving robot. Using the kinematic equations described in Section 2.3, the local
speed optimization of the robot hand between two consecutive Cartesian set points
is formulated along with a discussion of the various constraints in Section 3.2. Sec-
tion 3.3 describes a binary search algorithm to find the servo control set points sub-
ject to the various constraints. The binary search technique generates servo control
set points which result in an acceleration portion and a deceleration portion of the
given straight line. Break point and relaxation points which are needed to construct
the overall trajectories are discussed in Section 3.4. In Section 3.5, the trajectory
planning of connected straight line segments is presented. Finally, summaries are

given in Section 3.6.

3.2. Formulation for Local Speed Optimization

In this section, the optimization of local traveling speed along the given

straight line is described subject to the straight line requirement, and smoothness

41
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and torque constraints. It is based on the discretized joint velocity, acceleration, and
jerk approximations. |

Straight Line Constraint. In the straight line trajectory planning, the initial loca-
tion [ p(t,), ¥(ty) ] and the final location [ p(t st), ®(t; ) ] are given for the manipu-
lator, where p(t) and ®(¢) specify the Cartesian position %md the Euler angles of
the manipulator hand at time ¢, respectively. The manipulator hand is required to
move from an initial location (position and orientation) to a desired final location in
the Cartesian space along the straight line specified by these two end points. Using
p(t)=(p.(t), py(t), p:(2) )T, the straight line equation that passes through these
two points is described by

ps (t) = Nt)-(ps (t7¢) - ps (t0)) + ps (20)

py (¢) = Mt)-(py (tye) - py (to)) + py (to) - (3.1)
P: (t) X(t)'(p, (tlt) - Dz (‘o)) + p; (to)

where 0 < X(¢t) < 1, and ¢, and ¢;,; are the initial and final time respectively.
The time ¢;, is not fixed, but will be determined for the robot by the overall trajec-
tory planning algorithm. Thus we use the subscript f¢ to denote the final time to
be tried or determined. Also, since ®(¢,) and ®(t;;) are specified, it is desirable
that the manipulator hand reaches the final orientation angle when p(¢) approaches
p(tye). Using &(t) = (a(t), A(t), A(¢t) )T, this can be achieved by interpolating
the Euler angles between &(¢y) and ®(¢;,) linearly using the ratio of the traveled
length to the total length of the given straight line as described in the following

equation,
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oft)
Alt)
At)

At) - (elty) - alt)) ) + alto)
Me) - (Atye) - B(te)) + Alto) (3.2)
Me) - (Atre) - Alto)) + ~Ato)

The position p(t) and the Euler angles ®(¢) can be augmented into a 8 X1 vector

and described by:

[3&:;] = N(q(t)) = (Ny(a(t)), . . ., Ne(a(t)))T (3.3)

where N(.) is a X1 nonlinear vector function depending on the manipulator confi-

guration.

Currently available trajectory planning schemes are based on underlying joint
interpolation functions. The joint interpolation function must be evaluated at every
servo time instant and the joint values must be stored in the computer memory as
an input to the manipulator control system. For our control scheme, it is required
that [ p(t), ®(¢), v(t), Q(¢), ;(t) , f.l(t) ] be known at every instant of sampling
period for the Cartesian space control [28] and that these control set points be pre-
cisely on a straight line. The algorithm which we present uses a discrete time

approach to find these data directly at every sampling instant.

To initiate the discretized trajectory analysis, let us denote the sampling period
for the servo control of the robot as T (usually 3ms < T < 20 ms) and q(k)

to represent angular displacement q(kT ):

a(kT) = q(k) ; k =0,1, - (3.4)

Then we will approximate the velocity, the acceleration, and the jerk, respectively,

at time T by:
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QkT) = L (§(k) - alk-1)) = (k) (3.5)
q(kT) = ?‘2 (@k) - 2k -1) + q(k-2)) = q(k) (3.6)
w(kT) = ‘%‘3 (@(k) - 3a(k-1) + 3q(k-2) - G(k-3)) = W(k) (3.7)

where w(kT ) denotes the jerk at time ¢ == kT . For simplicity and brevity, we

shall abuse notation and drop the super bar from the rest of the equations. That is,

a(k) = q(k) (3.8a)
a(k) = q(k) (3.8b)
a(k) = q(k) (3.8¢)
w(k) = w(k) (3.8d)

Finally, we let to = kT, where k is assumed to be zero, and t;, = k;, T.

Smoothness Constraint. Since we will obtain the control set points not from a joint

interpolation polynomial function but from the discrete time approximation, all
discretized control set points in the joint variable space must be within certain lim-
its to maintain and guarantee the smoothness of the trajectory. The smoothness
constraint on the joint trajectory set points can be stipulated iﬁ three possible ways
by a velocity bound (VB), an acceleration bound (AB), and a jerk bound (JB). They

are given respectively as:

| (k)| S ¢ ; ¢>0andi=1 -8 (3.9)
| ; (k)] <€ ; ¢>0and i =1, -6 (3.10)
| w; (k) | < ¢ ; ¢/>0and i=1,---8 (3.11)

where ¢, ¢, and ¢;/ are the i"* element of 6-dimensional bound vectors for the
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manipulator. The velocity bound (VB) and acceleration bound (AB) constrain the
joint actuators from exceeding the maximum limits of the velocity and acceleration.
The jerk bound (JB) reduces wear of joint actuators, reduces excitation of vibra-
tions, and constrains the smoothness. Hence, we impose VB, AB, and JB on the
entire trajectory from one trajectory set point to another. Combining Eqs. (3.10)

and (3.11), we have:

G (E) < () < Gmalk) 3 i=1,2 -6 (3.12)

where
;Io.',m'.(k) = max {-ﬁ': g(k-1)-¢’- T } (3.13)
G mas (k) = min { ¢ Gk-1)+e’ T } (3.14)

Similarly, we have the following equation from Egs. (3.9) and (3.12) for the joint

velocity constraint.

Gimin(k) € (k) < @i mes(k) 5 i=1,2, ---,86 (3.15)
w here

é{,mia (k) = max { "‘t": T - .q.i,m'u (k) + q.i (k_l) } (3'16)

i mer (£ = min { €8, T+ G mar () + 5Ck-) | (3.17)

Then, we can obtain the joint position constraint as:

Qi,min(k)sqi(k)sqi,nu(k) ;90=12 ---,6 (3'18)

where
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Gimin(8) =T * ¢ min(k) + i (k-1)

. (3.19)
Qi,mu(k)= T - %,mu(k) + qi(k-1)

Torque Constraint. Due to the physical limitations of the joint motors, the robot is
limited on how far it can move from current set point to the next set point on the
straight line path. The required joint torques to move the robot are described by its
dynamic equations of motion and depend on the instan;.aneous joint position, velo-
city, acceleration, and the load that it is carrying. In general, the dynamical
behavior of a robot can be described i)y the Lagrange-Euler equations of motion as

[24,30,46]

n(kT) = [k) = [D(a(k)) a(k) + h(a(k), a(k)) + e(a(k))  (3:20)
where Tk ) is an 86X 1 applied torque vector for joint motors, c(q(k )) is an 6X1
gravitational force vector, htq(k ) q(k )) is an 6X1 Coriolis and centrifuéal force
vector, and [D(q(k))] is an 6XB8 acceleration-related matrix. The approximate
equality results from the discrete-time approximation of q, q and q Hereafter we
omit the super bar from Tk ).
If q(k), é(k) and H(k) are given, the required piecewise joint torques can be
computed by treating the equations of motion as an inverse dynamics problem. In a

simplified notation,
k) =[D; la(k) + b + ¢ (3.21)

where D; = D(q(k)), h; =h(q(k), q(k)) and ¢, = c(q(k)). At ko =0, we

assume:
q0) =0 ; q0)=0 ; Ww(0)=0 (3.22)

Let us further assume that the torques generated from Eq. (3.21) are constrained by
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limits that are dependent on the joint position ( due to the manipulator actuator
geometry ) and on the joint velocity ( due to the back electromotive force terms or

other actuator effects ) as,

Timin (QE),Q(K)) € 7 (k) € Times (a(k), q(k)) ; § =1, -+ ,6(3.23)

or in a simplified notation as,

T min (I‘) < 7 (k) < Ti mas (k) ;=1 .6 (3-24)

Since the joint torque is represented by Eq. (3.21), the Eq. (3.24) can be written as,

r7a(k) < D; ak) < 7y (k) (3.25)

th

where D; , represents the i" row of the matrix D;, and 7 ,(k) and r;7,(k) are

written as:

7 a(k) =1, min (k) =h;; —¢;; (3.26)

77 a(k) =T mes (F) - h;; —¢;; (3.27)

where h; ; and ¢;; are the ¢ 4 element of the vectors h; and c;, respectively.
Therefore, the joint values at each servo time instant must ﬁatisfy the straight line
requirement given by Egs. (3.1)-(3.2), the smoothness constraint given by Eq. (3.18),
and the torque constraint given by Eq. (3.25).

Formulation for Optimization. The Egs. (3.1)}(3.2) for the straight line require-

ment, Eq. (3.18) for the smoothness constraints, and Eq. (3.25) for the torque con-
straints will be used as constraints for finding the set points on the straight line

path in an optimization process. We define

(k) = p(kT) = ( p, (kT), p, (KT), p, (kT ))T (3.28)

®(k) = ®(kT) == ( a(kT), A(kT), AkT) )T (3.29)
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Again we drop the super bar from p(k ) and €(k ) for notational consistency. Let us
assume that at the time ¢ = (k¥-1)T, p(k-1) and $(k-1) are given and that they
are within the physical bounds from the straight line requirements, the smoothness
and torque constraints at ¢ = (k-1)T. Then, we would like to find the next set
point, | p(k ),. ®(k )], such that it is again within the smoothness and torque con-

straints and must lie on the specified straight line path exactly.

It is desirable to obtain the minimum time trajectory of the straight line path.
However, there are many arising difﬁcultié in obtaining the minimum time trajec-
tory of the straight line path due to the discrete time approximation. Here, we
would like to minimize the local traveling time fduring one servo time period, which

does not yield the minimum time trajectory for the given straight line path. We

maximize the Cartesian distance between two consecutive set points

| | p(k)-p(k-1) | | (3.30)

subject to the smoothness constraint, torque constraint, and the straight line

requirements of p(k). We introduce A\(k ) which satisfies the following equation,

k [8kse) - plko) (ko)
[gsk;] - )‘(k),' [g(k;:) - g(lco)] + [g(ko)] (3.31)
where 0 < A\(k) < 1. From Eq. (3.3),

[254)] = ton(a(k )] - Aqk) (3:32)

where Ap(k) = p(k) - p(k-1), A®(k) = (k) - &(k-1), Aq(k) = q(k) - q(k-1),

and the elements of [\7N(q(k ))] are found to be

__ ON;(q(k))

[VN(q(k)));; = 30.(F) ;6,0 =1,2 --,6 (3.33)
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Utilizing Eq. (3.31) at time ¢ = (k-1)T and ¢ = kT and-their difference yields,
Ap(k — P(klt) - p(ko)
[2563] = &) [«b(k, ) - (ko) (3549

where ANk ) = X\(k) - A(k-1). Combining Egs. (3.32) and (3.34), we have:

[ONa(k))] - Aak) = AM(K) [g}’,:;; )" g‘(ig))] (5.35)
If [YN(q(k))] is non-singular at time ¢ = kT, then
Aqk) S ANK)[TN(a(k ) [f’,,ﬁ',:jj - f;((';‘;),] (330
We can rewrite Eq. (3.38) as:
Bq(k) = ANK)Q(K) (3.37)
where
Qk) = [oN(alk )" [gé:;; )" 2‘{,‘;))]
(3.38)

=[Q(k), -+, Qk)]T

Physically, Q(k) is the vector which relates the angular displacement of each joint
with AX(k) of a given straight line. Since the servo time interval T is very small,

let us assume that, for the joint position at ¢t = kT,
q(k) = q(k-1) + Aq(k) (3.39)
Then using Eq. (3.37), we have,
a(k) = q(k-1) + ANK)Q(K) (3.40)

Combining Egs. (3.18), (3.19) and (3.40), we have:
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T - ¢ min(k)

0:.(k) i =12 , 8 (3.41)

< AME) < 0.(F) ;

Another constraint on ANk ) is included from the torque constraint given by

Eq. (3.25). Combining Egs. (3.25) and (3.40), we have:
Axi,m'n (k) S Ak(k) S Aki,ma: (k) ’ § = , --- .6 (3°42)
where

Tr74(k) + D; s q(k-1) - D; ; q(k-2)
D; : Q(k)

T, (k) + D; 1 q(k-1) - D; ; q(k-2)
D; ; Q(k)

AX; min (k) =
(3.43)
Axi,mas (k ) =

AXN; min (k) and AN, o, (k) are the maximum and minimum constraints for A\(k )
from the ¢** joint torque constraint..
Since the maximum AM(k) results in the maximum local speed at t = kT, it
is desirable to formulate the problem as:
maximize ANK) ; k=12, ..

subject to the smoothness constraint

T - 9i , min (k) T - qi,ma:(k)

Qi (k) < AME) < Qi(k) (344)
and the torque constraint
AXi min (k) < ANME) < AN mas (F) (3.45)
where ¢ = 1,2, - - - 8. If we rewrite equation (3.44) as
AN(k) < ANK) < AXN(k) (3.46)

where
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+ — T qi,ma(k)
ANTk) = —2® o
.. (k )
Ar;(h) = Tl

fors =1, -+ - ,6, then the problem can be formulated as follows:

maximize AMk) ;; k=12, ..
subject to

Axi,vm'n (k) S. Ak(k) S Axi,mas (k)

and
ANA(K) < ANE) < AN(K)
wheres =1, --- 8.

Since the constraints on AMN(k) may not be consistent, the existence of the
maximum of AX(k) is not always guaranteed. The existence of the straight line tra-
jectory is discussed in Section 3.4. In fact, ANF(k), AN(K), AN nin(k) and
AXN; mas (k) are obtained and derived by approximations. Hence, it is very difficult
to satisfy inequalities (3.45) and (3.48) exactly. Computational aspects of (3.45) and
(3.46) are considered in the following discussion.

Computational Aspects The computations of AN;"(k) and AN (k) require the com-
putations of [7N(q(k))] and its inverse, if it exists. Also, the computations of
AN, min and AN; o, require the actual torque constraints in Eq. (3.23) which are
dependent on q(k) and c.g(k ). The elements of the nonlinear vector function
N(q(k)) = (Ny(q(k)), * - * ,Ng(a(k)))T for the PUMA robot (Appendix C) are as

follows:
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Ny(q(k)) = Cy[de(C2C S5 + S23C5) + Sp3dy + a3Coq

(3.48)
+ 8,C,) - S1(dgS4Ss + dy)
Noq(k)) = §[de(Cy3C 4S5 + S23C5) + Sg3dy + a3C 3 (3.49)
+ a3C5) + C{dgS,Ss + dy) '
Ny(q(k)) = dg(C23C5~ S23C4Ss) + Cosdy - a3Sos - “252 (3.50)
a, (k Jsin(tan™! e ill: ;) + a,(k )cos(tzm'l ly—i:—; )
N(q(k)) = tan™ % ) () (3.51)
-8, (k )sin(tan™! —L— ’(k)) + 8, (k Jeos(tan™ L y(k)) -
-1 - z(k)
Ny(q(k)) = tan =
1 Py(k) .1y (k) (3.52)
(k)cos(taq 1 :(k))+ sin(tan™ Z(l‘))
[ n, (k
Ny(a(k)) = tan™ ——E,-‘-; ] (359
where
n (k)= C[Co(C,CsCs~ S5,S¢) ~ 59355C4] (3.54)
-5(5,C5Cg+ C,Cs) .
"y(")=51[023(040505‘3455)‘52355061 (3.55)
+ Cy(8,C5Cs + C,Cy) '
n (k) =-S555(C4C5Cs - 545¢) - Cp3S5Cs (3.56)

8, (k) = Cx(CpC S5+ S53C5) - §,5,5;

8y (k) = S,(C23C 4S5 + S23C5) + C25,5;s (3.57)
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3, (k) =C[-Cs(C4C5Cq + S4S6) + S23555)

(3.58)
-51(-84C35Sg + C4C)

and

8,(k) = S,[-C5(C4C35Ss + S,Cs) + S235554]

(3.59)
+ Cy(-8,C5Sqs + C,C4)

where C; = cosq;, S; ==sing;, C;; =cos(q; + ¢;) and S; = sin(q; + ¢;)

The computations of [yN(q(k));, ¢, =1, - -+ ,8, require intensive
mathematical operations especially for the orientation part of N(q(k)), that is,
N,(q(k¥)),Ns(q(k)), and Ngq(k)). In addition, the computation of arc tangent
values may generate errors due to the table look-up method or the power series
expansion in actual computations. The inverse of [yN(q(k))] will also require a
.moderate computational effort. In addition to the mathematical complexity, all the
computation involved is based on a first order approximation, thus it is very diffi-
cult to obtain the exact constraint on Ak(k ). The inequalities (3.48) from the

torque constraints are also based on an approximation.

Due to the computational difficulties and the errors from the first order
approximation, we resort to a search algorithm to find the maximum of AN% ). Let
p(k) be the reachable hand position of the robot from p(k-1) and ®(k) be the
corresponding Euler angles at time ¢ = kT . If the inverse kinematics solution of
[ p(k), ¥(k)] is within the smoothness and torque constraints, then finding the

maximum of AX(k ) corresponds to finding the maximum of | | p(k) - p(k-1) | |.

‘We define |, as:

ko= 11 pk)-p(e=1) | | = aNE)- | | plere)-p(ko) || (360)

In the next section, we utilize a search algorithm to get the approximated maximum



54
value of AN(k).

3.3. Search Algorithm

The method to get the approximated maximum value of AX(% ) involves three
stages of development and utilizes a binary search technique to determine the larg-
est value of path length ratio AN(k) at time ¢ = kT within all the physical con-

straints.

a

Let us use a ‘hat” notation as f to denote the estimated value of the
corresponding function f . Then, three stages of development are as follows. First,
using the directional information of the straight line, i(l) is determined. Recall that
):(1) = A)i(l). The initial estimate, A)A\t(l), is then used in an iterative binary
search algorithm to obtain the largest value of AX(1). Here, we use the superscript
1 to denote the initial estimated value of the Ai(l). Second, using AX(k-1) and
the projection of the estimate of linear velocity v(k ) on to the straight line, the ini-
tial estimate of Axl(k ), for k = 2,3, - - -, can be obtained. Third, the initial
estimate A‘il(k) is used in the same iterative binary search algorithm to find the

corresponding largest value of AN(k) for k = 2,3, - - - .

From Figure 3.1, AB indicates the straight line path that the robot has to
travel. At point A, é(ko) , ®(kg) , v(ko) , (k) are specified and satisfy the all
constraints. We would like to find the control set points
p(k), ®(k), v(k), Qk), v(k), ﬂ(k) on the straight line together with the
corresponding q(k ), &(Ic) and q(k) fork =1, --- guch that the robot hand will
traverse the straight line. Passing the (p(k,), (ko)) values into the inverse
kinematics solution routine, the corresponding joint angles,

q(ko) = NY(p(k,), ®(ko)) are obtained. We assume, without loss of generality,



plko) ®(k,) v(kre) (k)
v(ko) D(ko)
viko) Q(ko) %4

X9

Figure 3.1 Straight Line Path
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that v(ko) = 0(k,) == v(ko ) = R{k,) = 0 which lead to q(k,) = q(k,) = 0. We
further assume that w(kg) = 0. With these assumptions, a method to obtain

A)A‘(k ) is discussed in the next section.

3.3.1. Method to Find Initial Estimated Length Ratio

A(1) can be estimated by evaluating the directional information of the given

straight line. From the joint position constraint at time ¢t = T (Eq. (3.18)), ¢; (1)

must be bounded by ¢; gis(1) and g; pes(1). Depending on the straight line equa-

tion, the linear velocity of the robot hand, v(1), must be constrained.

Let us denote the ij* element of the Jacobian matrix which is defined in Eq.

(2.8) as J;;. From Eq. (2.5),

v, (1) = J3(1)ge(1) + -+ + Jys(1)g4(1)
v, (1) = Jpy(1)g:(1) + - -+ + Jag(1)ge(1)
v, (1) = Ju()q:() + -+ + Jss(1)qe(1)
we(1) = Ju(D)g: () + -+ + Jug(1)g6(1)
wy(1) = J5i(1)qs(1) + -+ + Jse(1)ge(1)
wy(1) = Jgy(1)gy(1) + - -+ + Jgs(1)ge(1)

(3.61)

Since the robot motion is expected to be very slow at the first servo time instant,

we assume that Jj;(1) =~ J;;(0). If v;(1) > O from the given straight line, then

e}j(l) can be selected positively whenever J,,(1) > 0, otherwise it can be selected

negatively. That is, if v,(1) > 0, then

. qj,ma:(l) if Jlj(o) 2 0 .
(1) = {q,-,,...-.(l) it ;0 <0 Fi=L2 .8 (362

Similarly, if v, (1) < O, then
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j mas (1) it J1;(0) <O

b0 =g it sy@ 20 P i=bE s (@9

From the chosen values of (},- (1), we can obtain p, (1) from the kinematic equations.
Let us use a notation 5\, (1) to represent the estimated value of (1) from the x
directional requirement. Using Eq. (3.1), we can determine i,(l‘) from the direc-

tional constraint along the x-axis of the reference frame,

l;s (1) - p, (ko)

M= 0 ko)

(3.64a)

where if p,(k;;) = p,(ko), then there is no constraint on i,(l). Similarly, along

the y axis and s axis of the reference frame, we have, respectively,

Py (1) - py (ko)
py (kre) - py (ko)

Ap(1) = (3.84b)

I;z (1) =P (kO)

M) = = ko)

(3.64c)

where if p,(k;¢i) = p,(ko), then there is no constraint on iy(l), and if
p;(kse) = p,(ko), then there is no comstraint on ):,(1). Similarly, the signs of
w;, wy and w, can be determined from the given Euler angle information and Eq.

(2.12). That is, if w, (1) > O, then

. 9.mes(1) if J4;(0)20
w0 = (g it sy <o Pi=bE s 099

and if w, (1) < 0, then

qj,ma(l) if J{;(O) <0

%)= {q,-,,..-.(l) it J020 FI=hB (3.00)

(=2

Thus we have another set of constraints on M(1) from the Euler angle information.
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That is, we have 5«,,(1), )Asﬁ(l) and i,,(l) as in Egs. (3.64a)-(3.64c). Then we can

choose i(l) as:
A1) =min {7 (1),5(1),51), (1), A1), A (1)} (3.67)

Recall that A):(l) = i(l) by the definition of A(k). Physically the choice of the
value of 5‘(1) as in Eq. (3.67) means that the robot motion at ¢ = T is constrained

critically by the corresponding position or Euler angle information.

3.3.2. The Ratio of Initial Estimated Path Length

Once S\(l) is found from Eq. (3.67), it can be used in Egs. (3.1)(3.2) to find
p(1) and <i>(1). It should be noted that the [ p(1), (i>(_1) ] is on the given straight line
exactly. However, the inverse kinematics solution from p(1) and d‘;(l) may not be
within the smoothness and torque constraints due to the fact that the value A):l(l)
is determined by one directional constraint in Eq. (3.67). In order to find the largest
value of AX(1) within the smoothness and torque constraints, the A):’(l) is used in
the steps FW4 to FW8 in the iterative binary forward search algorithm (Algorithm
FW) in the next section. Once AX(1) is found, we need to determine the initial esti-
mate of A):l(k) , for k = 2,3, - -- on the straight line and the corresponding

largest value of AXN(k ) from the same binary search algorithm.

Since we utilize the binary search algorithm to find AN k), it is reasonable to
‘have an initial estimated value of Ail(k ) satisfying the smoothness and torque con-
straints to guarantee the existence of the solution. The torque constraint can be
verified in the iterative search algdfithm by checking whether the computed torques
satisfy the torque constraints ( Eq (3.25) ) or not. For the smoothness constraint,

the best initial estimate of g; (k), which corresponds to Ail(k ), is chosen to be the
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mid-point of the allowable position bounds as:
Gi(k) =3 (Gimin (B) + Gimas (k) 5§ =1,2,..,8 (3.8)
Using ¢; (k) and ¢; (k-1), the initial estimate of joint velocity is found as:

dik)~ (@) - q(k-1) 5 =120 (3.69)

The initial estimate of linear velocity, v(k ), can be obtained by using Eq. (2.5) as:

v(k) = J.(a(k)) a(k) (3.70)
where J,(q(k)) is the upper 3 X6 submatrix of the Jacobian matrix in Eq. (2.8). To
obtain the estimated value of Ail(k ), let 5,, (k) be the projection of v(k) onto the
given straight line specified by the initial position p(k;) and the final position
p(ks¢). Then

(pkse) - P(ko) ) - (k)
| | p(kse) - p(ko) | |

o, (k) = (3.71)

Let us denote the total length of the given straight line path as [/, . Then, the

projection of the linear velocity v(k) onto the given straight line approximately

AX(IE) ' ltotal
T

corresponds to the value of at t = kT because the linear velocity is

obtained at the point on the straight line path and the projection of the velocity is

just a component of the velocity in the straight line direction. That is,

a

vp (k) * T ~ Ak(k) ° Igo‘d (3-72)
Thus, we use the following approximation at ¢ = kT .

6 (k)" T

total

ANk ) = (3.73)
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which leads to the initial estimate of AN'(k) as,

(p(kse) - plko)) - v(k)
l I p(kﬂ)'p(k()) I l * iotat

ANYk)=T - sk =29,3 --- (3.74)

The estimate A&l(k) will be used to obtain the value of AN(k) from which the
Cartesian position and the Euler angles can be obtained and converted into the con-
trol set point at ¢ = 4T on the straight line path. However, we have to mention
that even if it is rational to take the initial estimate as in Eq. (3.74), the inverse
kinematics solution from Ail(k ) may not always satisfy the smoothness and torque

constraints.

3.3.3. Forward Search Algorithm

After finding the initial estimate of Ail(k ), our objective is to find the largest
value of A&(k) on the straight line subject to the smoothness and torque con-
straints. This is solved by an itérative forward binary search algorithm which is
used to determine all the control set points for the ‘‘acceleration’ portion of the

given straight line. The algorithm FW is outlined below.

Algorithm FW: Given the initial estimates of A&l(k ), this algorithm performs an
iterative forward search of the largest value of AA(¥) on the given straight line.

FW1. [Initialize and loop] For each k = 1,2, - - - , perform steps FW2 to FWS8.

FW2. [Compute the desired set of constraint limits] Compute the constraint limits
for each joint:
(1) Smoothness constraint as in Eq. (3.18): ¢; min (K), i mas (k)
(2) Torque constraint as in Eq. (3.25): 7 ,(k), r7,(k) '

FW3. [Initial estimate] Find A\'(k) (Eq. (3.67) and (3.74)) and set m = 0. Also,
set AN" (k) = p, - AN'(k) and ANM9* (k) = p, - AN!(k), where p, and p, are
designated constants.

(when k = m =1, A\P"(1) = 0)
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then the bisection process between AN“®(k) and AA*%* (k) will continue until
m = 14. Simulation results with the failure of the search algorithm will be shown

in Chapter 6.
3.4. Determination of Break Point and Relaxation Points

3.4.1. The Break Point and The Modified Search Algorithm

The forward search algorithm (Algorithm FW) generates the trajectory set
points which constitute the acceleration portion of the straightv line. '-Thus, a point
must be determined on the straight line so that the decelerafion portion starts from
the point’to meet the boundary conditions at the final location. A break point is
deﬁﬁed as a point on the given straight line at which the acceleration portion of the
straight line ends and the deceleration portion of the straight line starts. ( Later,
we will expand the definition of the break point to include a transition point from a

deceleration portion to an acceleration portion also. )

Based on the initial position/orientation and linear/angular velocity informa-

tion, [ p(ky), ®(ko), v(k,), Q(k,) ], the forward search algorithm generates the larg-

est values of AMN1), AN2), --- ,ANs), - -+ which in turn generate the
corresponding trajectory set points,
[p(l) y ‘b(l)] ’ [p(z) ’ Q(2)] y STy [p(‘) ’ ¢(‘ )l , *** ,on the straight line and at

the same time the inverse kinematics solution of these locations satisfy the smooth-
ness and torque constraints. Similarly, based on the final position/orientation and
linea.r/axigular velocity information, [ p(ky,), ®(k;,), v(kse), Q(kse) ],lthe backward
search algorithm (Algorithm BW), which is identical to the algorithm FW but starts

from the final location, generates:  the largest values of
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ANy (1), ANy(2), - -+ , ANy(r), - -+ which corresponds to the trajectory set
points, [py(1), @4 ()], [Ps(2), ®s(2)], -+, [Ps(r), ®4(r)], - -+, satisfying
the smoothness and torque constraints also. We use the subscript b in A\, (k),
ps (k) and &,(k), where k = 1,2, - - -, to clarify that they are obtained from the

backward search algorithm.

In generating the backward trajectory set points, we really do not know the
time k;;, but we can re-index the time from zero. In our estimation of the break
point, we must then translate the backward trajectory set points in time so as to
obtain a good fit of the forward and backward trajectories. The forward and back-
ward binary search algorithms provide us the information about the position of a
break point. The backward search algorithm generates the set points which do not
constitute the control set points in the correct traveling direction of the robot.
Also, the jerk bound may be violated at the break point if the backward search
points are used from the break point. Thus, a modified forward search algorithm
(Algorithm 'MFW) is used to find the set points from the break point to the final

location.

This break point can be determined from the following procedure BR:

Procedure BR: Given the forward trajectory set points
[p(1), #(1)], [P(2), ®(2)], -~ , [p(s),®(s)], -~ and the backward trajec-
tory set points [ p,(1), ®,(1) ], [ P (2), ®4(2) ] -+, [ Po(r), &,(r)], -,

this procedure determines a suitable break point on the straight line where decelera-
tion motion starts in order to meet the boundary conditions of the final location.

BR1. [Determine a possible break point]
Determine a set point p(s) on the straight line from the forward and backward
search points such that
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1 p(e)-pale) |1 + 4 - | | Rexlopte) RlD)=Rml)

is minimum over s and r. The number k; is a weighting factor that measures
the slope error between the forward and backward motions. Also, set the loop
counter ¢ = 0.

BR2. [Apply the MFW algorithm from the set point found in BR1.] Update the loop
counter ¢ .
Treating the set point p(s) as an initial position, apply the modified forward
search algorithm for the deceleration motion and check whether the algorithm
MFW is stopped by the global stopping criterion §;.

BR3. [Adjust the location of the break point.]

If the algorithm MFW is stopped by the global stopping constant §,,
then decrease s by 1 and go to step BR2,
otherwise go to step BR4.

BR4. [Determine the best break poi.nt.]

If the loop counter ¢ > 2,
then p(s +1) is the best break point, and compute the final joint position,
velocity, and acceleration.

otherwise reset the loop counter ¢ to 0, increase s by 1, and go to step
BR2.

Step BR1 indicates that the approximated location of the break point is ini-
tially selected at a point where each two consecutive set points from the forward
and backward search algorithm are vei"y close and the linear velocities between them
are very close to each other. The_ rexhaining steps are used to correct the approxi-
mated location of the break point.‘ Thus we obtain the earliest break point which

yields the smallest error at the final search pbint.

The modified forward binary search algorithm is identical to the algorithm FW
except the step FW7 which is modified to accommodate the deceleration motion.

The step FW7 is modified in the algorithm MFW as follows:
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Algorithm MFW: Given the initial estimate of AN'(k), this algorithm performs
a modified iterative forward search of the largest value of AN(k) on the given
straight line from the break point to the vicinity of the final position. Steps MFW1
through MFW6 and MFW8 are identical to the steps FW1 through FW6 and FW8
in the Algorithm FW, respectively, except that step MFW3 do not need Eq. (3.67),
and p, and p, are different from those of the algorithm FW.

MFW7. [Check estimate’s constraints and adjust AN™ (k) ]

If the joint inverse kinematics solution satisfies the bounds zomputed inbeFW2,
. ) a ° 11
then set AN (k) = AN™ (k) and AA™ (k) = 2X " (K) t AN (k)
go to step MFWS, .
otherwise set AN (k) = AN™ (k) and

R low high
AN k) = AT (k) '; AA (k), and go to step MFW4.

, and

In algorithm MFW, the p;, and p, must be chosen such that the former gen-
erates the inverse kinematics solution which does not satisfies the constraint limits
in MFW2, while the latter generates the inverse kinematics solution which satisfies
the constraint limits in MFW?2. The forward search algorithm (Algorithm FW) gives
us all the control set points on the straight line from the initial position to the break
point. This portion of the trajectory constitutes the ‘“acceleration’ portion of the
given straight line. Tréating the chosen break point as an initial position and tak-
ing the same final position as before, the remaining control set points of ‘the trajec-
tory are determined using the modified forward binary search algérithm (Algorithm
MFW). This portion of the trajectory constitutes the ‘‘deceleration” portion of the

given straight line.

3.4.2. Existence of Straight Line Trajectory

For the given straight line path, there is no general rule to guarantee the

existence of the straight line trajectory with a acceleration portion followed by a



deceleration portion. As discussed in [20], the straight line trajectory between two
specified end points may not exist if the average speed of the robot is beyond a cer-
tain limit.

In fact, if the constraints on AX(k) from Egs. (3.18) and (3.24) are not con-
sistent ( i.e. ¢; win(k) > i mas (k) or rg._;. (k).> Ti mes (k) ), then the set point on
the straight line path, which is based on the smoothness and torque constraints,
does not exist at tiﬁxe t = kT. In other words, any joint value satisfying the Eqgs.
(3.18) and (3.24) cannot accommodate the hand position and orientation on the
straight line path at time ¢ = kT . Then, the algorithm FW or algorithm BW may

stop before arriving at the final and initial locations, respectively.

The failure of the algorithm FW or BW can happen for the following cases: (1)
when the initial estimate vA)A\’(k) generates the inverse kinematics solution which
does not satisfy the smoothﬁess and torque constraints; (2) when the algorithm FW
or BW is not complet‘ed' by the global stopping criterion 8;. Since either case will
generate a large number in the loop counter m, the failure of the algorithm can be
detected if the loop counter exceeds a prespecified number of the bisection process.
Then a different planning must be used for a given straight line path. Here a pro-
cedure (Procedure ESLT) is presented to check the existence of straight line trajec-

tory and to obtain a different trajectory for a given straight line.

Procedure ESLT: Given a straight line path, this procedure addresses the
existence of the straight line trajectory and proposes an alternative trajectory plan-
ning scheme.

ESLT1. [Check whether the FW algorithm is completed or not.] Identify the failure
of the algorithm FW.
(When the loop counter m exceeds a specified number, apply this procedure to
a given straight line path.)
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If FW search points are completed and stopped by 4,
then go to step ESLT?2.
otherwise go to step ESLT3.

ESLT2. [Find a break point and apply the MFW algorithm.] Apply the procedure
BR and the algorithm MFW, and stop.
(Straight line trajectory planning is completed except for the relaxation por-
tion.)

ESLT3. [Apply the algorithm MFW from the final search point.] Apply the algo-
rithm MFW from the final search point of the algorithm FW to the desired
final point.

If the algorithm MFW is completed and stopped by §,,
. then apply the procedure BR. ( from step BR2 to BR4 )
(Straight line trajectory planning is completed except for the relaxation
portion. But it may not be a near-minimum time trajectory.)
otherwise go to step ESLT4.

ESLT4 [From the final search point of the MFW algorithm, start to apply the FW
~ algorithm.] Take the final search point from the algorithm MFW as the initial
point and go to step ESLT1. .
( Take the (initial estimated AX(k) of the final search point as the initial
estimated AN(k) of the forthcoming algorithm FW in step ESLT1. )

The procedure ESLT generates trajectory set points with a combination of
several acceleration and deceleration portions for a given straight line path. As indi-
cated in the procedure ESLT, the resultant trajectory may require a longer traveling
time than that of the trajectory with one break point for the given straight line
path. The reason is that the procedure is performed several times by the algorithm
FW, which is followed by the algorithm MFW from the final search point of the
algorithm FW, or vice versa. The application of the procedure ESLT will be shown

in Section 6.2.



3.4.3. Relaxation Points

After finding and utilizing the break point in the MFW algorithm, the remain-
ing control set points are obtained from the break point to the final point. We use
a subscript g to indicate the information at the final search point. Then, the final
séarch point, [ p(k,), ®(k,) ] from the algorithm MFW does not reach exactly the
desired final position and orientation, [ p(k, ), o(k s¢) | because of the discrete time
approximation, the iterative search algorithm and the user-designed stopping con-
stant §,. Also, errors exist in the velocity and acceleration between the final search
point and the desired final point. If this occurs, then intermediate set points called
relaxation points, which satisfy the torque and the smoothness constraints, must be

inserted between these two points.

The velocity of the robot in the joint-variable or Cartesian space should be
very small at the final search point because of the way in which the break point is

computed. If
| qi(k))-qi(kpe) | ST -¢;i=1,---28 (3.75)

where ;I..‘(kg) and ;i;(k,,) are the joint acceleration values at the final search point
and the desired final location, respectively, then the time required to meet the
acceleration conditions at the fingl location will be T with position and velocity
errors. However, if the above inequalities are not satisfied, then the time required for
the robot to meet any of the final conditions must be relaxed to satisfy the smooth-
ness and torque constraints. Two approaches are discussed in the following:

Discrete Tsme Approach. Since the final search point from the algorithm MFW is
within the torque constraint, and the velocity at the final search point is close to

zero, we consider the jerk bound only for the relaxation points. It is obvious that



one would like to obtain the smallest value of ¢ that is greater than T while gen-

erating the set points satisfying the smoothness constraint.

If q;(k )= 21',-(1:,) + w;, where w; is the acceleration difference between the
final search point and the desired final point for joint ¢, then the required time t

for the relaxation process is:

A

T — max {r Iwil ]'T =1 - ,n } m T (3.76)

where [ z ] is the least integer greater than or equal to z and ¢, is the jerk bound
for joint ¢. Once the required time t is obtained, the relaxation points between
p(k,) and p(k;,) can Be generated to satisfy the smoothness constraint. The aver-
age change of acceleration in time t of joint ¢ can be obtained as:

w; w;

max { [I_::!.T_I]T L i=1, - ,n } (3.77)

and the average acceleration for each sampling period T is:

w-

G(F) T=—=-T

-

max { [_'__'i"_.l_1 =1 - m }(3.78)

For convenience, we denote the traveling time from the initial location to the break
point as FT and from the break point to the final search point as fT. Restarting

the time index from the final search point, the acceleration of joint + at ¢ = ;T is:

w;

max{ [—!—tl:;?l—], §=172 - ,"} (3.79)

() =q(k)+ 5 -

where j =1, -+ , m. During the relaxation period, q,( J) can be used to deter-
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mine a(5) and q(s) and the corresponding values of
p(7), ®(5), v(5), 0(5), v(;), and Q(;). However, we will obtain an erroneous
position/orientation, and linear and angular velocity /acceleration at the vicinity of

the desired final location because of the relaxation process.

From the above analysis, the total time required to travel the straight line with

the specified end points is:
Total traveling time (k;y - T)=FT + fT + t=(F +f +m)T(3.80)

vThis total traveling time, which will be denoted as &k, hereafter, is obtained based
on all thé physical constraints along the straight line with one break point. If more
break points are used in planning the straight line path, the average speed of the
manipulator in one servo time period will become smaller, which directly requires
more servo time intervals to traverse the given straight line. While the discrete time
approach generates the error between the actual final point and the desired final
point, the joint interpolated trajectory planning scheme, which is now described, can
eliminate this error by interpolating the final search point and the desired final
point.

Cubsc Spline Function Approach, We discuss a joint interpolated trajectory plan-
ning scheme by using cubic splihe functions. The trajectory planning scheme using
cubic spline functions subject to the maximum allowable joint velocity, acceleration
and jerk can be found in the literature [34]. Some of the findings in [34] are

presented here briefly.

Since the cubic spline function fit is a joint interpolation technique, the con-
tinuous time index ¢ instead of the discrete time index ¥ will be used. Let

t <ty << - Kty o< t,; <t, be an ordered time sequence. We set
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t,=k,T and t, = k;; T, respectively. For the present development, the argu-
ment of q is the actual time ¢, that is, q(k, T') is q(k, ) in our notation. Then, from

the final search point information and the desired final conditions, we have:

a(t) =alk, T) ; a(t,) =aq(k, T) ; a(t,) = q(k, T) (3.81)
and
a(ta) = a(ke T) 5 alta) = a(ki T) 5 a(ta) = a(kye T) (3.82)

In addition, joint positions q(¢,), q(t,), - - - ,q(¢,_;) must be specified for the joint

trajectory to pass through. Thus, we can assign the joint position values as:
-1
a(t;) = L= (alky) - alk,) ) + alk,) (3.83)

where j =3, - -- , n-2. But q(t,) and q(¢,_;) must be free as extra knots for

obtaining the cubic polynomial functions.

Let C; ;(t) be a cubic polynomial function defined on the time interval
(¢;, t;+1] for joint ¢. The problem of trajectory interpolation is to spline C; ;(¢)
for y =1,2, - -+ , n-1, together such that the required joint position, velocity,
and acceleration are satisfied, and the joint position, velocity, and acceleration tra-
jectories are continuous on the entire interval [t;, ¢,]. Because C; ;(¢) is cubic, the

second time derivative C f,(t) can be expressed as

t, . - ¢ t -¢;
Cli(t)= “;:. CHi(t;) + —T—’ C/i(tin) (3.84)
J b

where § =1,2, --- 6,5 =1,2, -+ ,n-1,and h; = ¢;,, - t;. By intergrat-
ing Eq. (3.84) twice and utilizing the joint position values, C; ;(¢;) can be derived.

Since the cubic polynomial functions must be constrained by the maximum

velocity, acceleration, and jerk limits for each joint, we have:
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| Cli(t) | < ¢

| CFi(t) | < ¢ (3.85)

| Cli(t) | <€,
where C ﬁ,-(t) denotes the third time derivative of the cubic polynomial function.
We denote the total traveling time as h,, where b =h, + --- + h,. By
developing an optimizing algorithm, the total traveling time A; for the relaxation
portion has been optimized under the constraints of maximum velocity, acceleration,

and jerk limits.

Due to the cubic spline function fit, there are no errors in joint position, velo-
city and acceleration between the actual final point and the desired final point.
However, We must calculate the coefficients of the cubic spline functions for the
relaxation portion of the straight line trajectory. The resultant trajectory set
points, obtained by evaluating the cubic spline functions, yield joint values, which
satisfy the smoothness constraints but are not on the desired straight line path.
Also, the total number of servo time intervals for the relaxation portion can be
determined from dividing the total time A, by the servo time interval T. Usually,
more servo time intervals than m will be required at the expense of fitting the
boundary conditions at the final location. A more detailed derivation can be found

with related simulation results in the reference [34].

After getting q(k ), p(k), and ®(k) from the search algorithm followed by the
relaxation process, they can be used to determine v(k) and (k) using the
kinematic equation in Eq. (2.5). In summary, the whole procedure to obtain the

straight line trajectory can be stated as follows:
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Overall Trajectory Planning Procedure

Step 1: Given a straight line path specified by two end points, apply the algo-
rithms FW and BW.
If the algorithms FW and BW are completed successfully,
then go to step 2, '
otherwise, go to step 3.

Step 2: Apply the procedure BR to obtain the servo control points of the accelera-
tion portion and the deceleration portion, and go to step 4.

Step 3: Apply the procedure ESLT to the given straight line and go to step 4.

Step 4: Obtain the relaxation points from the discrete time approach or the cubic
spline function approach.
(Trajectory planning has been completed.)

A block digram showing the generation of Cartesian control set points of a

given straight line is shown in Figure 3.2.
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3.5. Summary

This chapter presents a scheme in straight line trajectory planning subject to
the various constraints. The scheme is based on the discrete time trajectory
analysis. A real time servo interval instead of a normalized time interval is used for
planning the manipulator trajectory. Because of split constraints in joint and
Cartesian coordinate systems, the set points are determined by maximizing the path
length ratio between two consecutive Cartesian control set points subject to the

smoothness and torque constraints and the straight line requirement.

An iterative forward search algorithm is developed to determine the control set
points from the initial position to the break point on the straight line. A modified
forward search algorithm is then developed to determine the control set points from
the break point to the vicinity of the final point. The final search point is found to
be very close to the desired final point. However, relaxation points, which do not
satisfy the straight line requirement, may be necessary if these two points exhibit a
large acceleration difference. Thus, the straight line trajectory is composed of three
segments: the acceleration portion, the deceleration portion, and the relaxation por-

tion. The existence of the straight line trajectory is also discussed.

Computationally, the proposed trajectory planning scheme provides a simple
method of determining the control set points, which is different from conventional
methods that require the determination of the joint interpolation function followed
by the evaluation process. Simulation results for planning a straight line trajectory
are presented in Chapter 8. Finally, Chapter 5 describes how the resultant trajec-

tory set points are used for the Cartesian space control.



CHAPTER 4

PLANNING OF COLLISION-FREE MANIPULATOR PATH

4.1. Introduction

In this chapter, we discuss a method for obtaining collision-free paths of two
robots in a common workspace. The planning of collision-free paths of two robots is
considered in two classes: one robot is stat,iona.ry and the other robot is moving; and
two robots are moving simultaneously. The original pre-planned paths of two
robots are composed of straight line paths. It is assumed that no collisions occur at
the initial and final locations of the straight line paths between the robots. It is also
assumed that the straight line trajectories of two robots are planned by the trajec-

tory planner discussed in Chapter 3.

Notations for geometric analysis are presented and several performance meas-
ures are discussed in Section 4.2. Using a sphere model to represent the wrists of
each robot, a collision-free path for a moving robot in the presence of a stationary
robot is found which consists of connected straight line segments. For the class of
two moving robots, various collision situations are identified and discussed in Sec-
tion 4.3, where notions of collision map and time scheduling are introduced. Two
procedures are developed to obtain collision-free paths and/or trajectories in Section

4.4. Finally, summaries are presented in Section 4.5.

76



77

4.2. Collision-Free Path for the Case of a Stationary Robot

4.2.1. Overviews and Notations

In this section, the collision situation between a stationary robot and a moving
robot is investigated using a geometric analysis technique. The analysis assumes
that a straight line trajectory is known for the moving robot and that the wrist of
each robot is modeled by a single sphere. Several performance measures are con-

sidered and necessary notations are presented.

In Figure 4.1, a moving robot ( say robot 2 ) having a wrist of radius r, col-
lides with the wrist of radius r, of a stationary robot ( say robot 1 ) during the time
intérval from ¢t = mT tot = nT. That is, no collision occurs before ¢t = mT
and after ¢ = nT. The original straight line path WZ of robot 2 must be re-
planned to avoid wrist collision with robot 1. The curve from point X to point Y
is a curve, which robot 2 must follow for the collision avoidance with minimum
deviation from the original path WZ. We call this a collision-free curve. Let us
denote @ as the origin of the sphere of robot 1 with respect to a fixed global coordi-
nate frame. Then, the distance from @ to the origin of the sphere of robot 2 must
be at least r, + r, for the wrist collision avoidance. The locus of the distance of
r, + r, can be realized as a curve ( or an arc ) of the “pseudo-sphere” ( or colliding

sphere ) surface of radius r, + r,.

Depending on the performance measure selected, this curve wii_l be approxi-
mated by finding and connecting via points, which can be determined subject to the
allowable deviation error from the collision-free curve. Straight line segments will
be used to approximate the curve. Several performance measures can be considered

for measuring the deviation of proposed paths from the path WX, XY ( along the
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robot 2 ‘ robot 1

0

fixed global coordinate frame

Figure 4.1 Stationary Robot Avoidance
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collision-free curve ), and YZ.

They are:

(1)

(2)

(3)

(5)

(6)

Minimum Deviation from the Collision-Free Curve : Minimization of the max-
imum deviation error from the collision-free curve XY while constraining the

path to lie on the portion of original path between WX and YZ

Minimum Deviation from the Original Path: Minimization of the maximum
deviation error from the path composed of the straight line segments WX, YZ

and the curve segment XY

Minimum Spanned Area: Minimization of the area enclosed by a collision-free

path and the original path

Least Squared Distance Error: Least squared distance error calculated at each

servo interval between the original path and a collision-free path

Minimum Energy: Minimization of energy for traveling along a collision-free
path

Minimum Time: Minimization of traveling time for a collision-free path

Among the various possible measures, the first two measures ( we call them

Measure (1) and Measure (2) ), are utilized to obtain a collision-free path in later

sections. The application of some other measures can be found in the literature

(8,19,34,38]. In order to carry out the geometric analysis for collision-free path plan-

ning, necessary notations of a plane, a line, and the direction number of a straight

line are presented in the following.

A plane in a 3 dimensional space is described as:

8,2 +by +c,z =4, (4.1)
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In general, a line is generated by two intersecting planes in the 3 dimensional space.

Since a plane is represented by Eq. (4.1), a line can be represented as:

2,2 + bly + €12 == dl (4 2)
8,2 + bay + €z = d, )

The direction number of the line described in Eq. (4.2) can be written as ( see

Appendix E ):
[bica—ciby cr82-a1¢y a1by-bia,] (4.3)

The direction number of the line will be used in the next section to analyze the

geometry of the collision situation.

A point Q, is represented with its coordinates as Q,(zq,,¥q:,2g:)
throughout this chapter, where the subscript @1 denotes the point @,. The dis-
tance d between the points @, and @, is obtained from the norm of the vector

subtraction and represented as:
d=110Q,-0Q,| | (4.4)

where the point O is the origin of the global coordinate frame.

4.2.2. Planning of Collision-Free Path by Measure (1)

In this section, the notations in Section 4.2.1 are utilized to plan a collision-free
path for a moving robot in the presence of a stationary robot. From the measure
(1), via points around the curve are selected so that a path that passes through
these via points will approximate closely the collision-free curve XY in Figure 4.1.

Tangential cut planes around the pseudo sphere are derived to determine these via

*We use the notation @ l(zq 15> %91, 2Q 1) to represent a point @, in the Cartesian space ex-
pressed with respect to the global coordinate system with the coordinate (qu y¥Q1 1 2Q 1).
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points. As a result of connecting these via points, the collision-free curve XY is

approximated by connected straight line segments.

In Figure 4.2, a collision situation is shown, where the point M is a point on
the original path of the moving robot ( robot 2 ) at time ¢ = mT, the point N is a
point on the original path of the moving robot at time ¢ = nT, the point @ is the
origin of the wrist model of the stationary robot and the point O is the ox;igin of
the global coordinate frame. We assume that the time ¢ = mT is the time at
which a potential collision would first occur and the time ¢ = nT is the time at
which a potential collision would last occur. Since the potential collision would
occur at time between ¢t = (m-1)T and ¢t = mT, it is desirable to find a potential
collision starting‘location. Similarly, a potential collision ending location must be
found. Let us denote the path of robot 2 as:

hiz + hzy +h32 =h4

(4.5)

and the equation of the pseudo-sphere with radius r, + r, discussed in Section 4.2.1

as:
(2 -2qP (Y -yl + (2 - 2gf = (ry + 1) (4.6)

where @ (zq, y@ , 29 ) is the origin of the stationary robot 1. Then, the actual colli-
sion startingrpoint. A and the actual collision ending point B can be obtained by
solving Egs. (4.9) and: (4.6) simultaneously. The point A can be inte‘rpreted as the
point at which robot .2 must deviate from its original path for collision avoidance
and the point B as the point after which robot 2 must continue to move on the ori-
ginal path. We obtain the tangential plane to the pseudo-sphere at the point

A(z4, Y4, 24), called TP, , which is represented as:



(z-24 N24-2qQ) + (y-ya Nya-¥q) + (2-24 24 -29) =0 (4.7)
Similarly, the tangential plane to the pseudo-sphere at the point B(zg, yg, z5),

called TPg, is obtained as:

(z-2p N2p-2q) + (y-ys Nyp-yq) + (2-25 N2p-29) =0 (4.8)
The intersection line between these two tangential planes is obtained by Eqgs. (4.7)
and (4.8). That is, the intersection line is described by:

(-2 N2a-2q) + (y-va Xya-yq) + (2-24 24 -2¢) =0

9
(z-25 X25-2q) + (y-y5 Nyp-9q) + (2-28 (28-2¢) = O 49

Let us use C, to denote the point from A to the intersection line and C, to denote
the point from B to the intersection line, which are all in the perpendicular direc-
tion to the intersection line. That is, if we use the notation SS' to indicate the
intersection line, then A-bl is perpendicuiar to the line SS' and B?Jz is also per-
pendicular to the line SS' . It can be shown that the points C, and C, are the

same points if two planes are the tangential planes of a sphere.

By definition, the vector Q—;i is perpendicular to the tangential plane TP, and
the vector Q—b is perpendicular to the tangential plane TPy. Since the intersection
line SS' is on the planes TP, and TPg, it is also perpendicular to the vectors Q—;i
and QB. This results from the fact that the line SS' is in the same direction as
the norina.l vector to the plane which is uniquely determined from the point Q, and
vectors -Q_f.i and Q—b. We denote this plané as TPq. Then any lines from the
points A aﬁd B, which are perpendicular to the line SS' and meet the line SS' ,
exist on the plane TPy. Therefore, the points vCI and C, will coincide at a point

C, which is the intersection point between the line SS' and the plane TPg. From
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now on, we will utilize the tangential lines instead of the tangential planes due to

the fact that all the via points are on the plane TPj.

Since the direction number [as, A5, ¥s] of the line SS' is obtained from Egs.
(4.3) and (4.9) as:
as = (!Iq ~Ya )(ZQ -2p) - (20 =24 )(yq -Yp)

Bs = (29-24 N2q-25) - (2924 X2¢-2p) (4.10)
g = (‘Q"A )(yq -yg) - (!IQ -Ya sz'zB)

the plane TPy is described as:

as(z —29)+ As(y —yg) +1s(z - 29) =0 (4.11)

The point C can be determined by solving the line SS' equation (Eq. (4.9)) and
the plane TPy equation (Eq. (4.11)) together. However, since the point C is on the

plane TPy, a simpler method will be utilized to find the point.

In fact, the collision-free curve, which is the intersected curve of the pseudo-
sphere and the plane TPy, can be obtained by solving Egs. (4.9) and (4.11) simul-
taneously. If the patix of robot 2 described by Eq. (4.5) becomes closer to the origin
of the pseudo-sphere, then the deviation of the via point C from the collision-free
curve will increase. Then the approximation of the path ( A to B via C ) to the
collision-free curve ( on the pseudo-sphere ) will be difficult to justify. In the ulti-
mate case, if the path of robot 2 passes through the origin of the sphere of robot 1,
then the two tangential planes TP, and TPy will not intersect each other. Thus,
additional via points will be required to avoid these sitluations and to get a better
approximation. Two via points can be obtained by inserting an intermediate

tangential plane at a point P; as in Figure 4.2.
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The determination of via points requires finding tangent points on the
collision-free curve, where tangential planes or tangential lines to the pseudo-sphere
can be found. Since one intermediate tangential line will generate t‘wo via points,
two intermediate tangential lines will generate three via points, and so on, the ;elec-
tion of ¢ intermediate via points (the number of the via points is determined from
the allowable deviation error. of the path) to approximate the collision-free curve will
require ¢ - 1 intermediate tangential lines. The points on the collision-free curve,
where the tangential lines to the curve will be found, are denoted as P;, where
t =1,2,..,¢c -1 asin Figure 4.3. The points P; can be obtained by rotating the

¢

point A around the normal vector of the plane TPy by an angle of '—c , where the

angle ¢ is the angle between Q—;% and Q-b and ¢ = 1,2, ..., ¢ - 1. Notice that the

points P; when s+ = 0 and ¢ = ¢ correspond to the points A and B respectively.
Let us denote the normal unit vector of the plane TPg as OTVQ . The vector

07\/Q = (n,, ny, n,)T is obtained as:

ON. — __QA X QB
T Tea x @B |

(4.12)

where X denotes the vector cross product. Then, the tangent points can be found

as [7,42):
- Ry® . -
OP, =e¢ " * QA + 0Q
: - - . : - (4.13)
= {Icos(-'—cé)-i- 0N, ONJ(1 -cos(-‘-:.‘ ) + RNsin(Lc‘?)} QA + 00

where [ is a 3 X3 identity matrix, § = 1,2, ..., ¢ - 1, O is the origin of the global

coordinate frame and



0 -n; ny
RN = In; 0 -fig
-ny ne 0

(4.14)

To find the via points, we first find the tangential lines at P; to the collision-

free curve, and then determine the intersection points. Since every via point is on

the same plane TPg,, they can be obtained by adding two consecutive Q_i’; vectors

and scaling appropriately. A via point V; is obtained by adding two vectors Q_I.’;

and Q?’,- _; and taking the magnitude as:
11QVi 11 =(rs+ 1) sec(2)

wheres =1, 2, ..., ¢ = 1. That is, the vector Q—.V,- is represented as:

Q—.V,- .y QP; + QP;_,
Il @P; + @QP;_, | |

) (ry# rg) - sec( 2 )

where s =1, 2, ..., ¢ — 1. Therefore, the vector O_.V,- is:

OV, = QV, + 0@

and the deviation error of the via point V; from the collision-free curve is:

d =(r+ro) (sec(L)-1)
2¢
If the maximum allowable deviation error is d,, then we have:

(ro+r2) (see(£)-1 < 4,

(4.15)

(4.18)

(4.17)

(4.18)

(4.19)

Thus, the required number of via points ¢ for the maximum allowable error d, is

obtained as:
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ri + ra + dl
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cos™}(

From Eq. (4.20), it is found that if the maximum allowable deviation error d,
approaches to 0, then the required number of via points, ¢, will approach infinity,
which results in the collision-free path the same as the collision-free curve on the
pseudo sphere. The decision of how many via points must be used to approximate
the pseudo-sphere curve is up to the allowable deviation error and the path accu-

racy for the collision avoidance purpose, and the user has the freedom to decide it.

4.2.3. Planning of Collision-Free Path by Measure (2)

From the Measure (2) in Section 4.2.1, a collision-free path is derived and
obtained around the original path and the collision-free curve by approximating the
path and the curve within the allowable deviation error. Given the allowable devia-
tion error from the curve, the number of necessary via points are calculated to

derive the collision-free path.

In Figure 4.4, assume that d, is the allowable deviation error of the collision-
free path from the collision-free curve and ¢ is the required number of via points
corresponding to the deviation error d,. Also, point C is the intersection point
between the tangential plane to the pseudo-sphere at point P, and the original
robot 2 pa;th. Similarly, point D is the intersection point between the tangential
plane to the pseudo-sphere at point P, ,, and the original robot 2 path. The angle
betwegn Q—;l and Q_b -is'denoted by ¢ as before. Since the angle between Q} and

Q_i’l is denoted by & and the radius of the pseudo-sphere is r, + r,, we have:

dy=(ry + r,y) (1 - cosé) (4.21)



which leads to

fl+fz—d2

§ = cos™}(
ry+ro

). (4.22)

Once the maximum allowable deviation error, d,, is given, the angle § can be
obtained and used to find the points P, and P, by using Eq. (4.13) with replace-
ment of the angle of the trigonometric function by § and ¢ - §, respectively. Thus
tangential planes at points P, and P, ., can be derived and used to find the points

C and D. The angle between Qi’.l and QP—;_,., is denoted by ¢' and can be

obtained as:
o =0-26 (4.23)

Recall that the deviation error from ¢ intermediate via points is obtained from Eq.
(4.18). Since the maximum deviation error must be equal to or less than d,, we

have:
(r1+ra) - secl($-) - 1) < d, (424

Combining Egs. (4.22)-(4.24), we have:

c > 2’- . 1
2 cos”)( ry+ro ) (4.25)
ry + fo + d2

From Eq. (4.25), it is found that if d, approaches to 0, then, the number of required
via points ¢ will approach infinity, which results in the collision-free path the same

as the collision-free curve on the pseudo-sphere.
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4.2.4. Comparisons and Discussions

Methods for obtaining collision-free paths for a stationary robot and a moving
robot have been discussed by approximating the collision-free curve with connected
straight line segments. Depending on the selected measure, the number of required
via points are derived in Egs. (4.20) and (4.25) for the given allowable deviation
errors. For a specified maximum deviation error, it is found that the Measure (2)
requires fewer via poin];s for the approximated collision-free path. Ultimately, if the
path of robot 2 passes through the origin of the pseudo-sphere, then the difference
of the required number of via points will be the maximum for the specified allowable

deviation error.

Another aspect is the total required traveling time of the collision-free path.
Since the Measure (2) requires fewer via points for the specified allowable deviation
error than the Measure (1) does, the total traveling time for the path from the
Measure (2) is likely to be shorter than that from the Measure (1). Since the robot
must stop and go at each of the intersection points of ¢ connected straight line seg-
ments, the traveling time in both Measures will be longer when a more accurate

approximation to the collision-free curve is obtained.

4.3. Time Scheduling and Collision Map

In this section, we discuss notions of time scheduling and collision map for
finding the collision-free trajectory for two moving robots. The time scheduling is a
procedure to modify and reschedule the traveling speed along the pre-planned tra-
jectory for the purpose of collision avoidance. In a broader sense, time scheduling
also implies time delaying the motion of one of the robots. Thus, the robot motion

may slow down or be delayed as a result of the time scheduling of the trajectory.



The collision map is a two dimensional figure, in which we can incorporate
both the path and trajectory information of two moving robots simultaneously.
The time scheduling procedure is used with the collision map in obtaining collision-

free trajectories for two moving robots.

4.3.1. Case 1 and Case 2 Collision Situations

As described in Section 2.5, methods in obtaining the collision-free path may
vary depending on the various collision situations when two robots are moving on
the straight line paths simultaneously. Since trajectory information from Chapter 3
is utilized, the discrete time index is used here instead of the continuous time index.
For example, we use k; and & instead of ¢, and ¢, to denote the final arrival time
and the initial starting time of the robot, respectively. Only cases 1 and 2 as dis-

cussed in Section 2.5 are considered in this section.

In case 1, the final arrival time &, of robot 2 can be relaxed but the original
straight line path cannot be altered for the collision avoidance purpése. Thus, we
can only change the speed or delay the motion of robot 2 along the original path to
avoid the collision. Since the change of the robot speed can only be accomplished by
modifying the tr’ajectory information, the time scheduling procedure will be applied
to obtain the collision-free trajectory of robot 2. The trajectory set points from the
trajectory planner are obtained based on the physical constraints of the robot, thus
the time scheduled trajectory is obtained with the smoothness and torque con-
straints taken into consideration. Details about the time scheduling for case 1 colli-

sion situation are discussed in Section 4.4.1.

In case 2, we discuss a collision-free path of robot 2 in the following categories:

(1) when time scheduling is applied without any path modification; (2) when only
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path modification is applied without considering the trajectory information of two
robots; (3) when path modification and time scheduling are applied simultaneously.
In category (1), a collision-free path can be found exactly in the same way as in case
1. If a solution from category (1) is not adequate because a fairly large time delay is
required and speed reduction is not appropriate for the collision avoidance (we will
show this later), then we can consider a solution in categories (2) and (3). In
category (2), a collision-free path can be found through a geometric analysis. To
reduce the unnecessary path deviation from category (2), path modification and
time scheduling can be applied simultaneously. In category (3), we apply path
modification and time scheduling at the same time. There exists an infinite number
of collision-free paths and trajectories in this category. A method is presented for
planning a collision-free path with path modification and time scheduling of the tra-
jectory subject to the performance measures selected. Detailed derivation will be

presented in Section 4.4.2.

In the next section, the general concepts of time scheduling of a straight line
trajectory are described. These concepts are then used to obtain the collision-free

trajectory for cases 1 and 2.

4.3.2. Time Scheduling of Straight Line Trajectory

In Figure 4.5, assuming that a straight line path whose trajectory set points
are obtained from the trajectory planner discussed in Chapter 3, A is the initial
location, C .is the final location, k is the initial time and k; is the final time of the
robot. We further assume that the given path can be planned with a break point.
By applying the algorithms FW and MFW together with the procedure BR to the

given straight line path, we obtain the trajectory set points along the path with an
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acceleration portion and a deceleration portion. We denote this break point B at
time kg on the path. Then, during the time interval [k, kg ], the manipulator hand
is in the accelerating motion and during the time interval [kg, k; ], the manipulator
hand is in the decelerating motion. Since the set points in the relaxation portion of
the trajectory are not on the given straight line path, we shall plan the trajectory

without the relaxation portion of the trajectory.

From the procedure BR, the break point B can be selected uniquely such that
the position and Euler angle errors between the final search point and the desired
final point are the smallest. In order to reduce the speed of the robot or increase
the traveling time along the path, additional break points are used at appropriate
locations on the path. Thus, referring to Figure 4.5, if the robot starts the
decelerating motion from a point D, which is located in the acceleration portion of
the straight line AC, then the decelerating motion will end up at some point E
after applying the algorithm MFW with modified stopping criterion and a different
starting point D, which results in longer traveling time of the robot from point A
to point £ than that from the original trajectory information. As a result, the
robot will be in the accelerating motion on the portion AD and in the decelerating

motion on the portion DE .

From point E in Figure 4.5, we can determine another break point F for an
acceleration portion EF and a deceleration portion FC. That is, if we use 3 break
points ( points D, E, and F ) for the trajectory planning of the straight line path,
then the location of the first break point D will determine the whole time schedul-

ing with the locations of the break points E and F .
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Figure 4.5 Initial Path and Trajectory Planning



If the point E is taken as a break point, then the segment AE in Figure 4.5
can be regarded as a single segment and the trajectory planning of the segment
corresponds' to the time schedulin;g of the original trajectory. Thus, an immediate
‘objective of time scheduling is to find segments such that the whole trajectories of
the segments can avoid the potential collisions. Also, the final portion of the
straight line must be in the decelerating motion to reduce the final position and
Euler angle errors. Thus, the total number of break points on a straight line path

must be odd.

The trajectory planning of a straight line path with one break point results in
near-minimum time for traversing the path as discussed in'C.hapter 3. Thus, if we
have more segments for a path, then the total traveling time will be greater than
that with a break point because the average traveling speed of the manipulator
hand will be much slower than before. However, we must also note that the
number of all the possible combinations of the acceleration portion and the decelera-
tion portion may be very large. In the limiting case, we can apply the algorithm
FW and the algorithm MFW to every two trajectory set points. Hence, the time
scheduling of a straight line trajectory is a procedure in achieving the required ‘‘time

delay” or “‘speed reduction” of the robot motion for the collision avoidance purpose.

In the next section, we shall present a collision map which incorporates the
location and the corresponding servo time information of the robot into a two
dimensional figure. This will be used in obtaining the collision-free path or collision-

free time scheduling of the robot in Section 4.4.
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4.3.3. Collision Map

Since the collision-free paths of two moving robots are related not only to the
path, but to the trajectory information, a notion of a collision map is introduced in
this section. It is useful in obtaining the collision-free paths or the collision-free tra-

jectories of the two moving robots.

The collision map is obtained from the path and trajectory information of two
moving robots. From the trajectory planner in Chapter 3, the traveled length
A(k) * l,ss and the corresponding servo time instant ¢ == kT of robot 2 can be
obtained along a straight line path. Using this information, a curve, which relates
the traveled length with corresponding servo time instant of robot 2, can be drawn.
See Figure 4.8, where the vertical axis is the traveled length and the horizontal axis

is the servo time.

Two moving robots have the potential for colliding with each other under the
original trajectory information, if there is a range of collision lengths where the path
of robot 2 is within the colliding range of a point on the path of robot 1. The union
of these collision lengths at the colléction of servo time instants determining the
points on the path of robot 1 can be drawn as a connected region. See Figure 4.6.
More precisely, the collision length at_.Atime k corresponds to all points on the path
for robot 2 that are within r; + r, of the point that lies on the path of robot 1 at
time k. If the traveled length versus servo time curve touches or crosses the region,

it indicates that a potential collision of the wrists of robot 1 and robot 2 exists.

Now, we present a method to obtain the collision region in more detail.
Assume that two robots are moving in a straight line fashion as shown in Figure

4.7, where robot 1 has to move from point A, to point B, and robot 2 has to move
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from point A, to point B,. Note that paths of A B; and A,B, are generally not

on a common plane.

Since robot 2 moves on the straight line path A,B,, a potential collision
between the robots may occur if the sphere of the the wrist of robot 1 intersects the
sphere of the wrist of robot 2 during their motions. The distance between two tra-
jectory set points on the robot 1 and the robot 2 paths must be greater than
ry + ry for the collision avoidance. The portion that must be avoided by robot 2 at
time ¥ can be determined from the intersection of the sphere of radius of r, + r,,
centered at the point on the path of robot 1 at time k, and the original robot 2
path. The intersected length, however, must be computed for all the servo time

instants of potential collisions.

"With reference to Figure 4.7, point p,(k ) is a point on the robot 1 path at time

k. The equation of the robot 2 path is denoted as:

Pz = Poko) + N - ( PRy ) - Pol ko) ). (4.26)
Since the potential collisions between the robots occur at time k¥ when the distance
between point p,(k) on the robot 1 path and the robot 2 path in Eq. (4.26) is less
than or equal to r, + r,; we solve the following equation:

(ry+rf=1] py(k)-p; | |? : (4.27)

Using Eq. (4.26) for p,, we have:

(ry + £2)* = { ps(k) - Po(ko) - M - (palky ) - pz(ko‘)) M (4.28)

“{ Pu(k) - paAko) -\ - (Pz(k/ ) - Pa(ko)) }

More explicitly,



100

qied 10QO0Yy OM ], L'} oanBiyg

(*y)rd

(/y)d

‘g




101

(ro+ 2= || pulk)-polko) | 172N - (Pilk) - Pol ko)) (py(k )’—_ P2(ko))
\ , (4.29)
+ 3 || (poky) - pa(ko)) | ]

Eq. (4.29) is a second order equation for A, which can be solved easily. There
are three possible solution cases: (1) Real roots of A do not exist, (2) Two real foots
M\(k) and Ay(k) exist ( A\j(k) > Ay(k). ), and (3) Only one real double root X\(k)
exists. When no real root exists, we know that there is no collision between robot 1
and robot 2 at time k. When two real roots exist, we know that the collision
lengths range from I; - A\ (k) to I; ‘- Ay(k). When only one real double root exists,
it marks the beginning or ending times for the collision region. Since the Cartesian
trajectory planner discussed in Chapter 3 yields the trajectory information for robot
1 based on the servo time interval, the collision reéion in the collision map can be
obtained by calculating the intersected lengths of the path A,B, for all the servo
time instants of potential collisions. It is worth noting that the same analysis applies

if the path of robot 1 is a series of straight line segments.

Several boundary points are interpreted in the collision region in Figure 4.8.
The points A’ , B' , a,' and b,' in Figure 4.8 correspond to the points 4 , B, a,
and b, in the collision map respectively. For example, we can interpret that the
portion a,b, of the collision region is the intersected length or the intersected por-

tion of the robot 2 path, which must be avoided by robot 2 at time t = k; T .

The collision region is drawn in Figure 4.9 as a shaded region. The curve of
traveled length versus servo time for robot 2 cannot enter the region if collision is to
be avoided. Since it is difficult to describe the geometric shape of the collision
region exactly and analytically, a bounding box or a “window” which encloses the

whole collision region is established to ‘“approximate’ the collision region as shown
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in Figure 4.9. From now on, we will denote the potential collision starting and end-
ing time as k, and k,, respectively, and the initial and final time as k, and &/,
respectively. Also, we denote the traveled length from point A, to the collision
starting point and to the collision ending point as /, and /,, respectively, and the

total traveling length of the path of robot 2 as [, .

Various collision maps can be identified depending on the collision situations.
Figure 4.10 shows the collision maps which could happen in various collision situa-
tions. In Figure 4.10-(a), the collision occurs for most of the path of robot 2 for a
long time interval and in Figure 4.10-(b), the collision occurs for most of the path of
robot 2 for a short time interval. In Figure 4.10-(c), the collision occurs for a small
portion of the robot 2 path for a long time interval and in Figure 4.10-(d), the colli-
sion occurs for a small portion of the path of robot 2 for a short time interval. If
[, =0, then this corresponds to a special case of Figures from 4.10-(a) to (d). In
this case, a different solution to avoid the collision regio‘n will be discussed in the

next section.

In fact, the traveled length versus servo time curve and the collision region are
obtained from the path and trajectory information of two robots, which result from
the application of the iterative binary search algorithms in Section 3.3. Thus, the
shape of the collision region varies depending on the collision situation. We
assumed only a simple collision situation in this section to illustrate the collision
map. Multiple collision regions may occur in some collision situations. It is antici-
pated that a bounding box enclosing the whole scattered collision region may result
in rough approximation. However, the discussions presented here can be applied to

the case of multiple collision regions also. In the next section, we will utilize the col-
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lision map to analyze and design the collision-free trajectories for two moving

robots.
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4.4. Collision-Free Path for Two Moving Robots

Using the collision map and the time scheduling concept, this section presents
a method to realize a collision-free motion planning of two moving robots. The colli-

sion situations of case 1 and case 2 are discussed separately.

4.4.1. Collision-Free Path Planning for Case 1

In case 1, one robot ( robot 2 ) cannot change its original path but can change
its arrival time k, for collision avoidance with the other moving robot ( robot 1 ).
The collision map is utilized in obtaining the collision-free time scheduling of the

straight line trajectory.

From the collision map of a collision situation as shown in Figure 4.9, the final
arrival time k; of robot 2 can be altered for the purpose of collision avoidance with
robot 1. Since the potential collision starts at time k, from the collision map, the
time for robot 2 to travel the length /, must be modified so that robot 2 reaches the
location of length [, at a different time. Thus, to find the collision-free time
scheduling of the trajectory, we need to find a traveled length versus servo time
curve of robot 2 which does not cross or touch the collision region in the collision
map.

In Figure 4.11, it is assumed that the traveled length versus servo time curve
OM crosses the collision-box, which indicates a potential collision. Since the objec-
tive is to find a curve like OM' which avoids the collision region, it is necessary to
make robot 2 slow down or delay its motion. The arising problems in time schedul-

ing of the original trajectory are then identified as follows:

e Is either a time delay or speed reduction of the robot 2 motion necessary



- e e o - -y

I’-

1

|

|

'

|

|

m

|

1
~®

Figure 4.11 A Collision Map with Potential Collisions



109

for avoiding potential collisions?

e How much must the robot 2 motion be delayed and where must the time
delay must be incurred?

e How much must the speed of robot 2 be reduced and where should it
occur?

o What are the effects of the time delay and speed reduction on the final

arrival time?

These problems can be addressed easily by using the collision map from the
collision situation. We assume that a collision map with potential collision between
two robots is given, in which the traveled length versus servo time curve of robot 2
crosses the collision region. Depending on the task scheduling requirements and the
envirpnment of collision situation, various approa.tl:hes are discussed in obtaining the
traveled length versus servo time curve of robot 2 which can avoid the collision

region.

In Figure 4.12, it is assumed that the collision region starts at the location of
length /, at time k, and ends at the location of length I, at time k,, respectively.
Also, we denote the final arrival time of robot 2 as k; from the original trajectory
information. Figure 4.12-(a) shows the traveled length versus servo time curve OM,
which can avoid the collision region by purely delaying the starting time at the ini-
tial location. Figure 4.12-(b) shows the traveled length versus servo time curve
OM which can avoid the collision region by delaying the starting time at the initial
location and reducing the speed of the robot 2 motion. Figure 4.12-(c) shows the
traveled length versus servo time curve OM 3 which can avoid the collision region by

delaying the robot 2 motion at the location of length I, and reducing the speed of
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the robot 2 motion. Figure 4.12-(d) shows the traveled length versus servo time
curves OM, and OM which can avoid the collision region by reducing the speed of

the robot 2 motion.

In the above discussion, we assumed that the collision region is such that
I, #£0. If |, =0, then the only possible solution to avoid the collision region is to
delay the robot 2 motion so that robot 2 starts to move after any potential collisions

are cleared out on its path.

In Figure 4.12-(a), the curve OM, is a curve which avoids the collision region
and can be obtained by purely delaying the starting time at the initial location.
The time, when robot 2 arrives at the location of length !/, from the original trajec-
tory information, is denoted as k,. Then, the required time delay at the initial loca-
tion will be k, - k,. The arrival time k' of robot 2 for the cux;ve OM, will be
k; + k, - k,. However, if robot 2 has any constraints to leave the initial location
as scheduled, then this curve OM, cannot be used for collision avoidance with robot
1 and a different method, which utilizes speed reduction of the robot 2 mqtion, will

be required.

In Figure 4.12-(b), the curve OM, is a curve which avoids the collision region
and can be obtained by slowing down the robot 2 motion and delaying the starting
time at the initial location. The speed reduction of robot 2 is performed on thé
path of length /, from the initial location. The time, when robot 2 arrives at the
location of length I, after speed reduction, is denoted as k,. If we allow the robot
to accelerate and decelerate again, the corresponding traveled length versus servo
time curve for the segment of length I; - [, may touch or cross the collision region

again. In this case, the time delay strategy can be realized at the initial location to
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avoid the collision region. The required time delay at the initial location will be
k. - ko The arrival time k/ of robot 2 for the curve OM, will be k! + k, - k,,
where k] is the arrival time of robot 2 for ihe curve OM,' only after speed reduc-
tion. If k, < .kz, then the speed reduction on the path of length [, is sufﬁcien£ to

avoid the collision region.

In Figure 4.12-(c), the curve OM; is a curve which avoids the collision region
and can be pbtained by slowing down the robot 2 motion and stopping the move-
ment temporarily at the location of length /, to cause the required time delay. The-
time, when robot 2 arrives at the location of length [/, after speed reduction, is
denoted as k;. Then, the required time delay at the location of length I, will be
k, - k3. The arrival time k,’ of robot 2 for the curve OM; will be kf + k, - k;,
where k[ is the arrival time of robot 2 for the curve OMy' only after speed reduc-
tion. Again, if k, < k;, then the time delay at the location of length [, is not
necessary, which corresponds to the case that pure speed reduction is sufficient to

avoid the collision region.

In Figure 4.12-(d), the curve OM, is a curve which avoids the collision region
and can be obtained by slowing down the robot 2 motion adequately. There are 5
number of ways to reduce the robot 2 speed so that the curve OM, can avoid the
collision region. Since the curve must avoid the corner point X, speed reduction
will be applied to the robot 2 motion on the path of length /, as an approach to the
solution. The curve from the speed reduction of the robot 2 motion can be obtained
by applying the time scheduling concept discussed in Section 4.3.2. Since it is
assumed that the traveled length versus seﬁo tiﬁxe curve OM exists for the given

straight line path, the speed. reduction can be realized only on the acceleration por-
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tion of the straight line trajectory of robot 2 by selecting an appropriate break
point. This corresponds to the explanation that point D is selected on the accelera-

tion portion AB in Figure 4.5 to realize the speed reduction.

If one is only interested in pure speed reduction, the speed reduction will be
pex:formed initially on the segments of length /, and {; - I,. The traveled length
versus servo time curve from planning the two segments may still touch or cross the
collision region. Then, further speed reduction must be applied to the segment of
length /,. This can be accomplished by dividing this segment of length /, into two,
three, or four, etc. segments so that each segment can be planned with a break
point until the combined traveled leng'th versus servo time curve does not touch or

cross the collision region. As an example, the curve OM; is drawn from the com-

l

: l
bined trajectory information for three segments of length —23 , —; ,and {; -1, in

Figure 4.12-(d). Recall that if we use more break points in the trajectory planning
of a path, the total traveling time will be much longer. Thus the final arrival time

for the curve OM; will be much longer than that of the curve OM.

The effects on the final arrival time due to the time scheduling (i.e. time delay
and/or speed reduction) of a trajectory are considered in more detail. Hereafter,
discussions are based on the assumption that the servo time interval is very small
and the effects from discretization are negligible. Later, the results will be verified

from a computer simulation.

We consider the collision situations shown in Figure 4.13, where the curve
OM,, is a traveled length versus servo time curve from the original trajectory infor-
mation of robot 2 and the curve OM is a time scheduled traveled length versus

servo time curve with a final arrival time &, . The curve OM can be obtained by
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reducing the robot 2 speed on the path of length /, from the initial location. The
time k, is the time when the original curve OM, reaches the location of length I, .
The time k, is the time when the curve OM reaches the location of length I, after

speed reduction.

If the robot is allowed to delay its starting time by k, - k,, then the original
curve OM, is shifted to avoid the collision region in the collision map, which
corresponds to the curve OM, in Figure 4.13. By the speed reduction of the robot 2
motion, a curve OM can be obtained also. Here, it is possible that k, > k,, or
k, < k, to occur in Figure 4.13. When k, 2> k,, the speed reduction on the path
of length !, will be sufficient to obtain a curve for avoiding the collision region.
When k, < k., speed reduction is not sufficient for collision avoidance and pure
time delay at an 'a.ppropriate location can be used for collision avoidance, which
corresponds to the curve OM,' in Figure 4.12-(b). In Figure 4.12-(b), the curve
OM, shows a time delay at the initial location with speed reduction, while in Figure
4.12-(c), the curve OM; shows a time delay at an intermediate location with speed

reduction to avoid the collision region.

If we assume that time delay is not allowed for the robot 2 motion, then &,
must be equal to or greater than k, for avoiding the collision region. Also, for the
speed reduction on the acceleration portion, we have k; < k,. That is, the average
speed of the robot for the curve OM is equal to or smaller than that for the curve
OM, on the path of length {,, which results in the fact that the traveling time
corresponding to the curve OM is longer than that to the curve OM,;. Thus the
following inequality from speed reduction must be satisfied for the collision

avoidance with robot 1.
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ky <k <k, (4.30)

The curve OM, is obtained from the trajectory information constituting an
acceleration portion and a deceleration portion of the straight line trajectory. It is

notable that the traveling time k; -k, is the -l_ower bound for all those motions
going from the location of length /, to that of length ! ,’ , ﬁhere the velocity at I, is
less than the velocity of OMO' at l,. Thus, considéring the traveling time on the
path of length I, -/, when the robot follows the cﬁrve OM (where the velocity at
ko is equal to zero.), we have:

ky ~ky < kj -k, | (4.31)

or
kp > ky +ky-ky (4.32)
where time k. / is the final arrival time of curve OM.

When the speed reduction is performed on the segment of length [, for avoid-
ing the collision box, we waht to show that the final arrival time.frot‘n the speed

reduction is longer than that from the time delay of the robot 2 motion. Since

k, - k; < k,- k,, we have:
ky > ky +ko—ky 2 ky +k -k (4.33)
Therefore,
k; > k; + ko -k, (4.34)

The time k, - k, is the required time delay for the curve to avoid the collision
region ( the curve OM, in Figure 4.13 ). The above equation indicates that the final
arrival time from the speed reduction on the path of length /, is greater than that

from the time delay. However, if speed reduction occurs at an arbitrary location of
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the straight line path, the final arrival time after time delay may not always give
rise to shorter traveling time than that after speed reduction of the robot motion.

These aspects will be discussed with a simulation in Section 6.4.

A procedure is outlined below for the time scheduling of a straight line trajec-
tory. From the discussion of Section 4.3.2, a segmentation process for th§ path of
collision starting length [, is described for speed reduction instead of specifying the'
locations of the break points. The procedure utilize a user-designated integer §, for
specifying the maximum nﬁmber of the segments on the path of length /,. If a
potential collision still occurs even after the path is segmented by §,, then time

delay of the robot 2 motion will be used for the purpose of collision avoidance.

Procedure TS ( Time Scheduling ): This procedure addresses the iterative
steps in obtaining the time scheduling of the straight line trajectory for the collision
avoidance of two moving robots.

TS1. [Initialize the index ¢.] Set ¢ == 1.

TS2. [Construct a collision map from the collision situation.] Obtain a collision
map from the path and trajectory information of robots 1 and 2.

TS3. [Obtain the traveled length versus servo time curve.| Identify the collision
starting length {,. Then apply the algorithm FW, the procedure BR, and the
algorithm MFW to the segments of length /, and /; -/, and draw the com-
bined traveled length versus servo time curve from the resultant trajectory
information in the collision map of step TS2.

TS4. [Check the collision map and divide the segment of length /, if necessary.]
If the curve in step TS3 still touches the collision box,
then increase ¢ by 1, and divide the segment of length /, by ¢, and go to
step TS5.
otherwise, stop. ( Planning of collision-free path by time scheduling of the
trajectory is successful.) '

TS5. [Obtain the combined traveled length versus servo time curve.] Apply the
search algorithm FW, the procedure BR, and the algorithm MFW to each of
the segments, draw the combined traveled length versus servo time curve in the
collision map, and go to step TS8.
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TSe. [Check the stoppmg variable.]
If ¢ > 6,, where §, is a designated integer that specifies the maximum allow-
able number of segments on the path of length I, ,
then time delay of the robot 2 motion will be used for the collision
avoidance purpose.
otherwise, go to step TS4.

4.4.2. Collision-Free Path Planning for Case 2

A collision-free path of robot 2 is considered in the following categories: (1)
when time scheduling is applied without any path modification, (2) when only path
modification is applied without considering the trajectory information of two robots,

and (3) when path modification and time scheduling are applied simultaneously.

Since the arrival time can be changed in case 2, the time scheduling on the ori-
ginal robot 2 path, which is similar to the solution in case 1, is considered first. As
indicated in Eq. (4.34), if speed reduction is performed on the path of length /,, time
delay yields the smaller final arrival time than speed reduction for avoiding a poten-
tial collision. Thus, time delay is considered in this section for the time scheduling
of a trajectory. If we denote the final arrival time of robot 2 as &k, for the original

trajectory, then the total traveling time after a time delay will be:
krs = k; + Ok (4.35)

where Ak; is a required time delay for avoiding a potential collision. If Ak, is
very small compared to k;, then time delay of the original trajectory provides us a

good solution for the purpose of collision avoidance.

When Ak, is fairly large and /, = 0 (See Figure 4.15), we can consider a solu-
tion in categories (2) and (3). If a path deviates from the robot 1 path for at ieast a

distance of r, + r,, then the path can be a collision-free path and constitute a solu-.
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tion in category (2). It is notable that the total traveling time of this path can be
smaller, equal to; or larger than kg in Eq. (4.35). The deviation of this path can be
reduced by considéring a solution in category (3), where path modification and time
delay are used at,- the same time. If path modification and time delay are applied
simultaneously for planning a collision-free path, there exists an infinite number of
collision-free paths of the two robots. Since two robots are working simultaneously
in a common workspace, and their movements are coordinated in a time sequenée,
there is likely to be a constraint on the time delay of the robot 2 motion. Also, it is
desirable to plan a collision-free path with the smallest deviation from the original
path. Thus, planning of a collision;free path is considered with respect to an allow-

able time delay at the initial location and the minimum deviation.

First, we find a collision-free path which deviates from the robot 1 path for at
lea.sﬁ a distance of r, + r, through a geometric analysis. The path is then
guaranteed for the collision avoidance with robot 1. A collision situation is shown in
Figure 4.14, where robot 1 movés from A, to B;, while robot 2 moves from A, to
B,. We assume that a potential collision exists between the two moving robots
with a corresponding collision map. See Figure 4.15 for the collision map, where P
and @ are the corner points of the collision region at which the potential collision is

assumed to start at time k, and end at time k., respectively. The length I, p_is the
total length of the path from A, to B,. The following analysis indicates how to

choose a point C, such that the path from A, to B, via C, deviates from the robot

1 path for at least a distance of r; + r,.

With reference to Figure 4.14, the distance between the robot 1 path and the

robot 2 path and corresponding nearest points on each path will be found. The
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straight line path A;B, is a line which passes through a point A,(z4,, ¥41, 241)
with the direction number of (25, - 2,1, Y51 = Ya1» 281 — 241)- Thus, the general
form of an arbitrary point G, 5, on the path A;B, can be represented by a vector

notation as:

0G4181 = { M(281 - 241) + 2a1, M(¥B1 =~ Y1) + Yar, M(2B1 - 241) + 241 }
(4.36)
where ), is a parameter for representing the straight line path A ;B,. Similarly, the

general form of an arbitrary point G, 5, on the path A ,B, can be represented by a

vector notation as:

0Ga252 = { M(2p2— Za2) + 242 Mol¥p2 — Ya2) + Ya2s Mo(2p2 - 242) + 242 }
(4.37)
where )\, is a parameter for representing the straight line path A ;B,. Let us denote

the distance between G,,g5, and G,,g, as DS;. Then the square of the distance

DS, can be obtained as:
DS{ = || 0Gy181- 0Gp282 | |? (4.38)
To find the nearest two points on each path, the partial derivatives of DS 2

with respect to A\, and A, are obtained. Since the partial derivatives are zeros at the

nearest two points of the two straight line paths, we have:

aDS } P aDs } —0 (4.39)
a, N '

Solving Eq. (4.39) simultaneously, we can find A\; and \,, which correspond to the
nearest two points between the two straight line paths. We denote these two points
on the robot 1 and robot 2 path as K(zx, ¥x1, 2x1) and Ko(Zxa, Yko 2k2) »

respectively, as shown in Figure 4.14. It is notable that points A ,, B,, K,, and K,

are on the same plane which can be constructed by 4 ,B, and K ,K,.
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It is notable that the swept volume of a sphere in the direction of a straight
line forms a cylinder capped with two semi-spheres at both ends. Thus, for consid-
ering the distance of r, + r, between the two robots, we view theﬂ collision _situatién
between the cylinder surfacé of :adius r,+ ry in the direction of A 131 and the
robot 2 path. There are ‘two intersection péints on the cylinder surface, we call
them A and B, at which the cylinder surface is perforated by the robot 2 path. To
maintainv the distance of r, + r, between the robots, we consider the intersecting
curve between the cylinder surface and the plane which is constructed by 2-2—5_2- and
R’TI?;. We call the intersécting curve on the cylinder surface a collision-free locus.
The collision-free locus connecting A and B forms a part of an ellipse, which is cen-
téred at K, (See Figure 4.14). Since K, and K, are the nearest two points between
the two straight line paths, it is easy to show that axes of the ellipse are in the

directions of A,B, and K ;K,. Thus, the maximum deviation of the collision-free

locus from K| occurs in the direction of KK ,.

In order to obtain straight line segments which approximate the collision-free
locus, we construct lines !, and I, which lead separately from A, aﬁd B, and are
tangent to the ellipse. Consider two points @, and Q, in the direction of K K.
We denote their deviations from K, as d' and d?, respectively. First, we obtain the
location of @, and @, in terms of d' and d?, respectively. Then, we find con-
straints on d! and d? to guarantee that the distances between two straight line

paths A K, and A,Q,, and B,K, and B,Q, are equal to r; + r,.

The location of @,(zq;, ¥q1, 2q;) is obtained in terms of 4! as:

- - OK, - OK
OK 2 !

0Q, = 1t — — - d?
| | OK;- OK, ||

(4.40)
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Since the value of d, specifies the location of @, we can represent the distance
between two straight line paths A K, and A,Q, in terms of the deviation d! [8].
If we denote this distance as DS, then:

DSy = [ \(d") (4.41)

where f ; relates the distance between the paths of A K, and A,Q, with the devi-
ation d!. To maintain the distance between the paths A K, and A,Q, for at least

r, + r, we must have:
DSy = f,(d') 2 ri+1, (4.42)

Here, we will consider the equality only to avoid an unnecessary large deviation

from K,. Then, we can obtain a constraint on the deviation d! as:

d'= [ (ry 4 1)) (4.43)

Similarly, for the paths of B;K | and B,Q,, we have a constraint on the devia-

tion d? as:
d?=f3'(ri+ 1)) (4.44)
where f , relates the distance between the paths of B,;K; and B,Q, with the devia-
tion d2. The location of @, can be obtained from Eq. (4.40) by using d! of Eq.

(4.43). Also, the location of Q, can be obtained from Eq. (4.40) by substituting d?

of Eq. (4.44) for d*.

Using the locations of @, and Q,, the two straight lines {, and /, in the direc-

tions of A,Q; and B,Q, (See Figure 4.14.) can be identified easily. It is notable
that !, and [, are on the same plane which is constructed by A,B, and K,K,.

Now, we consider the intersection point of these two straight lines I, and I,.
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Apparently, the path from A, to B, via the intersection point, which is denoted as
C,, is a collision-free path in category (2). To find the deviation of this path from
the original robot 2 path, the nearest point on .7&_23: from C,, which we call C,, is
found from a vector projection and addition as: |

32-6'2‘( 0]2“0..32)
|| 0A;- 0B, | |?

0C, = OB, +( OA,- 0B, ) - (4.45)

Then the actual deviation of the collision-free path from the original robot 2 path is

found as:
d* = | | 0C,-0C, | | ' (4.48)

Note that no time delay of the robot 2 motion is required for the path from A, to
B, via C, for the purpose of collision avoidance, while Ak; in Eq. (4.35) is required
for the original robot 2 path. Of course the time of travel from A, to B, via C,

will exceed K .

We now consider a collision-free path by both path modification and time
delay. A path, which deviates from C, for a distance of Ad, is considered. A point

C4 can be found for the deviation of Ad from C, as:.

~ - 0C,- 0C
0C4 = 0C, + == -2
| 10C,-0C,| |

- Ad (4.47)

The point Cj specifies the lengths of A,C; and CJB, as [! and ', respec-
tively, with the corresponding collision map as shown in Figure 4.16, where the trav-

eled length versus servo time curve OM! is assumed to cross the collision region for

the path A, — C 21 —> B,. The required time delay for avoiding the collision

region can be found from the trajectory information. The traveled length versus



128

servo time curve OM? is a curve, which is obtained from OM' with the required
time delay for the path A, — C} — B,.

As mentioned earlier, the two robots are moving simultaneously in a time-
coordinated sequence. Other objects may heed to move close to ihe' initial location
of robot 2. Thus, there is likely to be a constraint on the time delay at the initial
location for avoiding the potential collision. If the allowable time delay at the initial
location is denoted as Ak, We want to obtain a collision-free path which does
not violate this constraint. It is notable that the paﬁh from A, to B, via C, does
not need any time delay for the purpose of collision avoidance. Thus, this path
always meets the constraint on the time delay at the expense of the deviation d*.
If Ak; in Eq. (4.35) is smaller than or equal to Ak,g,0, then the solution in
category (1) will be enough for the purpose of collision avoidance. However, if Ak,
is bigger than Ak,y,, , then time delay on the original robot 2 path cannot be used
for the purpose of collision avoidance. Recall that speed reduction on the original
robot 2 path is not appropriate since we are considering the case that I, = 0 (See
Figure 4.15). In this aspect, we want to ﬁnd a collision-free path by both path
modification and time delay of the robot 2 motion. Note, however, that although
the time delay we determine will be less than Ak,y,, , the total traveling time may

be larger than kpg.

If the required time delay for a path between A_zgz- and the path from A, to
B, via C & exceeds Ak,g,, , then we can increase the path deviation from the origi-
nal robot 2 path. Otherwise, wé can decrease the path deviation from the original
robot 2 i:ath. A bisection method between C, and C, is suggested to increase or to

decrease the path deviation depending on whether the required time delay exceeds
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the allowable time delay Ak,y, or not. Using the bisection method, we develop an
iterative procedure for obtaining a gollision-free path of robot 2 subject to the per-
formance measure (2) (Refer 'Séction 4.2.1) and a constraint on the time
delay(Ak,z,0 ). Note thaf._, since the path from A, to B, via C'; does not need any
time delay for the purpose of collision avoidali'ce, the existence of a collision-free

path from the bisection process is always guaranteed.

A procedure is outlined next for planning a collision-free path in category (3)
subject to the performance measure (2) and a constraint on the time delay of the

robot 2 motion.

Procedure PM ( Path Modification ): This procedure addresses the iterative
steps for obtaining a collision-free path in category (3) subject to the performance
measure (2) and a constraint on the time delay of the robot motion. The §; in step
PM?7 specifies the maximum iteration number of the bisection process for stopping
the procedure. This procedure is referred to the collision situation shown in Figure
4.14 and the collision map in Figure 4.15.

PML1. [Initialize the index ¢.] Initialize § = 1.

PM2. [Compute the necessary information.] Obtam C, (Eqgs. (4.38)-(4.44)), C, (Eq.
(4.45)), and d°* (Eq. (4.46)), set Ad(l) d2 and obtain C;} corresponding
to Ad(1) (Eq. (4.47)).

PM3. [Draw the collision map.] Obtain the collision map corresponding to the
robot 2 path from A, to B, via C3.
If a potential collision exists,
then go to step PM4.
otherwise go to step PM6.

PM4. [Compute the required time delay.] Using the collision map and trajectory
information, obtain the required time delay for the path from A, to B, via C})
for the purpose of collision avoidance.

PMS5. [Increase the deviation from the original path.]
If the required time delay on the path from A, to C} 2 exceeds the constraint on
time delay,

then compute Ad(s+1) such that Ad(f+1) = Ad(s) + find 3™

2+17



128

la

e
omM? |
...... ! |
- e
’. —————— ' : :
| i ! 1
l ! : !
| ' 1 !
I ! ! !

' : : : S

0 ka ke kf ' k/ ? k

Figure 4.16 Collision Map with Path Modification



129

corresponding to Ad(s+1) (Eq. (4.47)), and go to step PM3 with the
updated value of s .
otherwise, go to step PMeé.

PM6. [Decrease the deviation from the original path.] Compute Ad(s+1) such
l
that Ad(i+1) = Ad(o)— P , find C§*! corresponding to Ad(i+1) (Eq.

(4.47)), and go to step PM7 w,lt.h the updated value of ¢.

PM7. [Check the stopping variable.]
If ¢+ > 65, where §5 is a user-designated integer that specifies the global stop-
ping of the bisection process,
then stop. ( The path from A, to B, via C} is a collision-free path sub-
ject to the performance measure (2) and the constraint on time delay
with &5 for stopping the bisection process. )
- otherwise, go to step PM3.

4.5. Summary

Collision-free path planning problem of two robots is investigated systemati-
cally by using a sphere model for the wrist of the robot, straight line path planning,
and the notions of collision map and time scheduling. Using geometric analysis,
connected straight line segments have been obt_.a.ix;ed subject to the performance
measure to obtain a collision-free path for a moving robot in the presence of a sta-
tionary robot. Discussions of the relationship between the number of via pcints and
the allowable deviation error of the collision-free path are aiso presented. Several
collision situations are identified for obtaining collision-free paths of two moving
robots. Depending on the collision Qituation, the time scheduling of the original tra-
jectory and/or path modification have been used to obtain the collision-free paths.
The resultant collision-free trajectory will be used in an adaptive perturbation con-

trol in Cartesian space, which will be discussed in the next chapter.



CHAPTER b6

CONTROL OF MANIPULATOR IN CARTESIAN SPACE

5.1. Introduction

The purpose of manipulator control is to maintain a prescribed motion for the
manipulator along a desired time-based trﬁjectory by applying corrective compensa-
tion torques to the actuators to adjust for any deviations of the manipulator from
the trajectory. In this Chapter, we present a Cartesian space adaptive perturbation
control strategy [28] which controls the bmanipula.tor hand to follow a collision-free

straight line trajectory as closely as possible under various loading conditions.

In the Cartesian space control, 1ive want small position and velocity errors
along the desired hand trajectory. Thus, the control feedback should be performed
at the hand level. Also, the changes of the load in a task cycle should be taken into
account so that the accuracy of the controller is not significantly effected by them.

This suggests an adaptive control approach.

We will utilize the Cartesian trajectory planner developed in Chapter 3, and
concentrate on developing a Cartesian spaée control method which is based on
resolved motion and adaptation. The necessary kinematic relationships between the
Cartesian coordinates and joint. coordinates are presented again in Section 5.2 to

develop equations of motion of the manipulator hand. In Section 5.3, the equations
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of motion of the manipulator are derived for formulating the adaptive control
scheme. The resolved motion adaptive control, which is based on the perturbation
theory and parameter identification scheme, is presented in Section 5.4. In Section
5.5, the computational complexity of the resolved motion adaptive control scheme is

“discussed. Finally, summaries and discussions are presented in Section 5.6

'5.2. Kinematics of the Manipulator Hand

" The kinematic relationships of position, velocity and acceleration between the
joint space and the Cartesian space are required to obtain the equations of motion
of the manipulator in the Cartesian space. The location of the manipulator hand
with ’respect, to a fixed reference coordinate system can be realized by establishing
an orthonormal hand coordinate frame at the gripping point of the hand. Figure
2.7 is shown again in Figure 5.1. Let us define the position, orientation, linear velo-
-city, and angular velocity vectors of the manipulator hand with respect to the refer-
ence frame respectively as in Eq. (2.3),

- A A
p(t) = (p:(t),py(t), p:(£))T 5 ®(t)=1(a(t),At), )T
A A (5.1)
v(t) = (v, (), 0,(t),0.(6)) T 5 Q) =(w,(t),w,(t),w(t)) T
where the superscript "T” denotes transpose operation on vectors and matrices.

The time derivative of the position of the hand with respect to the reference frame

is equal to the linear velocity of the hand, as derived in Eq. (2.10),

p(t) = 4B) — () (5.2)

t
dt
From Eq. (2.13), the relationship between the (aft), ﬂ(t) , '7(t)) T and

(“/z(t)’wy(t)rwz(t)) T is,
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a(t) C 4 Sy 0] [wl(®)
At) | ~=secp |-S4CB CACH 0 wy(t) (5.3)
~t) Ch1SB S4S58 CBl |uwlt)
or
(1) = [M((b)] a(e) (5.4)

The linear and angular acceleration of the manipulator hand can be found from the

Eq. (2.18) as,

[;((:))]= [Ja,a)][T()] [:1((‘,))] +[3(q)] q(t) (5.5)

The Eqgs.(5.2)-(5.5) are the equations required to obtain hand information from joint

information.

5.3. Equations of Motion of the Manipulator

To formulate the resolved motion control method, we obtain the manipulator

equations of motion by using the formulas developed in Section 5.2.

The dynamics of a six-joint manipulator can be derived either by Lagrange-
Euler [5,24,46] or Newton-Euler formulations [24,38]. The resulting equations of
motion are highly nonlinear and consist of inertia Ioading, coupling reaction forces
(Coriolis and centrifugal) among the various joints, and gravity loading effects. In
general, the Lagrange-Euler equations of motion of a six-joint manipulator, exclud-
ing the actuator dynamics, gear friction and backlash, can be expressed in vector

matrix notation as,

D(q)q(t)+h(q,q)+c(q) = t) (5.6)
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where #(t) is a 6 X1 applied torque vector for joint actuators, q is the angular posi-
tions, q is the angular velocities, ;(t) is a 6X1 joint acceleration vector, ¢(q) is a
6X1 gravitational force vector, h(q, :j) is a 6 X1 Coriolis and centrifugal ‘fprcé vec-

tor, and D(q) is a 6)X6 acceleration-related matrix.

Since D(q) is always nonsingular, ;(t) can be obtained from (5.6) and substi-
tuted into (5.5) to obtain the accelerations of the manipulator hand,
v(t)
0(¢)

CARTENY A Y

(5.7)
where q and :1 can be obtained from Eq. (2.4b) and Eq. (2.15), respectively.

For convenience, let us partition J(q), J"(q), and D7)(q) into 3X3 subma-

trices and h(q, ;1), <{q), and r(t) into 3X1 submatrices,

A Ju(‘l) | J12(‘1) A A Ku(‘l) l sz(‘l)
pa]=| - 1 — | [F@]=[a]=| - 1 -
Jalq) | JxAq) | Ku(q) | Kpylq)
(5.8)
N 5 [Eu(@ | Exfq) . |maia)
Pa]=[ea]=| - 1 — |: [paa)=]| - |9
sz(Q) I E22(Q) hz( q,9)
e(a) n(t)
[@]=|-1|: [w]=]- (5.10)
elq)| rt)

Combining Egs. (5.2), (5.4) and (5.7), and using Eqs. (5.8)-(5.10), we can obtain the

equations of motion of the manipulator in Cartesian coordinates:
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w)] [o ol L I 0 ] o)
1) 00 : ) : M(e) 1)
W| o o | dula.aKule)+ e, Kale) | Tula, K@) + dula, IKa) | | ¥(0)
0] o 0 | Jula.QKu(@)+Izda. DKnld) | Inla, K@) + Iula, IKela)| LK)
(5.11)
0 | 0 .
0 | 0 -hy{a,q)-cfq) + rt)
+ | o
InlQEw(Q) + dUER(Q) | I(@EWQ) + IddEHQ) | | - hiq, @) - eda) + rot)

In(QEn(q) + IZUE(Q) | In(QEda) + J(dExq)

where I; is a 3X3 identity matrix. The Eq. (5.11) shows that the equations of
motion of the manipulator in Cartesian coordinates are extremely complex and
shows the nonlinearly coupled dynamics of the manipulator. Design of an appropri-
ate control law based on the Eq. (5.11) may be very difficult. Instead a linearized
perturbation model about the nominal hand trajectory may provide a better

approach.

5.4. Resolved Motion Adaptive Control

Defining the state vector for the manipulator hand as:

x(t) = (23(t), 2a(t), ~*+ , 21sft))T

A ‘
= (2, (t), py (), . (t), a(t), At), At), v, (¢), v, (¢), v, (), w, (t), wy(t), w, (¢ )T

A (5.12)
=(pT(t),@T(t),vT(t),aT(e)) T
and the input torque vector as:
“(t)=A(ul(‘)y tee ’”B(t)) T =A(rl(‘)’ v :rs(t)) T (513)

the Eq. (5.11) can be expressed in state space representation as,
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x(t) = f{ x(t),u(t)) (5.14)
where x(t) € R*®, u(t) € R"™, f() is defined and continuously differentiable on
R?™ X R™ except at certain critical points of R?® X R™, and n is the number of
degree of freedom of the manipulator. The critical points may come from the par-
ticular configuration of the manipulator and the singularity of the Euler angle for-

mulation of the hand orientation. From Eq. (3.3), we have:

(pT(t), ®T(t))T =(zy, - -+ , 26T =N(q(t)) (5.15)

The Eq. (5.14) can be expressed explicitly as,

zy(t) = fo(x(t),u(t)) = zt)

zo(t) = f A x(t), u(t)) = z4(t)

zo(t) = f o x(t),u(t)) = z4(t)

zt)=f(x(t),u(t)) =sec z4 2,9 Czg+ 2, Sz¢) (5.16)
z5{t) = fs(x(t),u(t)) = -sec z4 2,9 Cz5 Sz~ 24, Cz5 Czg)

zo(t) = fo( x(t),u(t)) =sec zg( 2,9 Sz5 Czg + 2, Sz5 Sz4+ 2,5 Cz5)
Zivo(t) = five( (1), u(t) ) = g;s(@, Q) x(t) + b;s (@) Ma, @) + bigQ)u(t)

where ¢+ =1, --- |6 and g;.4(q, q) is the (i 46 )* row of the matrix,

[0 0 | I, 0

0 0 | 0 M ()

_ — I . —_— —_—

0 ,, 0 | Ju(q Q)Ku(Q) + J12(q Q)K'zx(Q) Ju(q Q)sz(Q)'*' le(q q}K-zz(Q)
i 0 0 | ng(q Q)Kn(Q) + Jzz(q Q)sz(‘l) ng(q Q)sz(Q) + J22(‘1 Q)Kzz(Q)

b; +6(q) is the ( 7 +6 )" row of the matrix:
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0
0

[ 0
| 0
S —
Ji(a)En(a) + J12(q)Ex(q) | sz(Q)Exé(Q) + J12(q)E;(q)
1(Q)Bn(Q) + J{q)Exn(a) | Ju(a)Eix(q) + Jzz(q)Ezz(Q)-

Moreover,

] - hy(q, q) - &(q)
Mg, q)= - ,
~ hy(q, q) - &(q)

q= Nz, - ,zg), and from Eq. (2.15)

q=‘rl(N-l(zl’ ,36))‘(37’ 7312)1"

The variables z,, - - - , z, must be restricted to a set on which the inverse func-

tions N! and J™! are defined and Eq. (5.18) is defined.

5.4.1. Perturbation Equations of Motion

Since the Eq. (5.18) describes the complete robot arm dynamics, the desired
joint torques for each band trajectory set point
(p? (t),®¢ (t),v? (t), Q9 (), v (¢), I’l" (t)) can be computed in open-loop
fashion quite accurately as follows: (i) The hand trajectory set points are resolved
into a set of values of desired joint positions, velocities and accelerations using Egs.
(2.4b), (2.15), (2.17), and inverse kinematics equations at each sampling instant ( In
fact, these joint values are obtained from the trajectory planner developed in
Chapter 3. ), (ii) thg desired joint torques along the hand trajectory are computed

from the Newton-Euler equations of motion [38] using the computed sets of values
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of joint positions, velocities and accelerations. These computed torques constitute
the nominal torque values.

Using the Taylor .Se:igs éxpansion"‘bﬁ tixe Eq. (5.18) about the nominal hand
trajgct.ory and assuminé the higimr order terms are negligible, the associated linear-
izedb perturbation model for this control system can be obtained,

x(t) = A(t) éx(t) + B(t) su(t) + et) (5.17)
where A(t )=v,f|, and B(¢t)=v,f|, are the s&stem parameters and are
equivalent to the Jacobians of f{ x(¢), u(¢) ) evaluated at the nominal states, x_ (¢),
and inputs, u,(t), respectively, e{t) is the error generated from the higher order
terms of the Tayler series expansion and the inaccurate perturbation model,
ox(t) =x(t)-x,(t), and su(t) =u(t)-u,(t). A(t) and B(¢) are functionally
defined by:

An(t) | Aplt) o | o

Alt)y=] — | — ; Bit)=| — | — (5.18)
An(t) | Axl(t) Bx(t) | By(t)

where the submatrices are found explicitly as,

0000 0 O 100 0 o o
0000 0 O 010 0 0 0
Aul) 0000 0 O AE) 001 0 0 0
utt) = af, af,| M= af 4 3/,
0000 —— — 000 — —* o
dzy Oz, d0z,y 0z,
0000?_{_5%5 ()OOE."".?.L5 0
dz; Oz, dz,, 0Jz,
0000 2fe /s 000 s 2s 3,
dzg OJz,4 0z, 0z, O0Jz,
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ofr 31y 3] ofy oty
3:, 332 3:, 837 823 3212
o o1,
0z, dz,
Aj(t) = . c e ; Ap(t) =
12 - . Oy 82 9y
dz, dz¢ | | 9z, 0z |
(5.20)
(af, af, df;] [af, 3f, df,]
du, Odu, Ouy du, OJduy OJug
By(t) = . . . ; Bogt) = . . .
0f12 0f12 0f 2 0f12 012 Of 12
3u1 802 803,J 3u4 3u5 3u5
(5.21)

Relative to the closed-loop dynamics, the matrices A(t) and B(t¢) are slowly
time-varying and depend on the instantaneous manipulator hand position and velo-
city. The design of a feedback control law for the perturbation equations requires
that the system parameters of the Eq. (5.17) be known at all times. Thus parame-

ter identification techniques must be used to identify the unknown elements in A(t)

and B(t).

As a result of this formulation, the control problem is reduced to determining
du(t) which drives éx(t) to zero at all times along the nominal hand trajectory. In
other words, the position/orientation and velocity errors of the hand along the pre-

planned hand trajectory are minimized. The overall controlled system is
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characterized by feedforward and feedback components. The feedforward com-
ponent computes the nominal joint torques u,(¢) from the Newton-Euler equations
of motion and the feedback component computes the perfurbation torques Su(t).
The main advantages of this formulation are twofold. Firstly it reduces a nonlinear
control problem to a linear control problem about a nominal hand trajectory, and
secondly the computations of the nominal and perturbation torques can be per-

formed separately and simultaneously.

5.4.2. Parameter Identification and Perturbation Control

Hereafter, we denote n as the degree of freedom of the robot. For implemen-
tation on digital computer, the Eq. (5.17) needs to be discretized to obtain the fol-

lowing discrete-time linear equations appropriate for parameter identification:

ox({ (k+1)T )=F( kT ) ox( kT )+ G( kT )6u( kT )+ E(kT ) ; k =0,1, - -
(5.22)

where T is the sampling period, u( kT ) € R" is a piecewise constant control input

vector of u(¢) over the time interval between any two consecutive sampling instants

for kT <t < (k +1)T, and éx( kT ) € R*® is a perturbed state vector which is

given by:
kT .
5x(kT )= O( kT ,ty)bx(te) + [ O(KT ,t XB(t )éu(t)+e(t))dt
to (5.23)

where ©( kT ,t,) is the state-transition matrix of the system (5.17). F( kT )b,
G( kT ), and E( kT ) are respectively 2n X2n, 2n Xn, and 2n X1 matrices and

are given by:

F(kT ) = ©( (k +1)T kT ) (5.24)
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(#+1)T
G(kT )= [ ©((k+1)T,t)B(t)dt (5.25)
&T
and
(k+1)T
E(kT )= [ o(t)adt (5.26)
kT

With this model, 3 maximum of 6n? parameters need to be identified. Without
confusion, the sampling period T will be dropped from the above equations for clar-
| ity. Specifically, we abuse notations and let éx(kT ) = x(k), éu(kT ) = u(k), and

E(kT ) = E{(k). Then we obtain the following equation from Eq. (5.22).

x(k+1) =F(k)x(k) + G(k)u(k) +E(k) ; k=0,1, ---  (5.27)

In order to simplify the identification algorithm for real-time applications, a
recursive least square parameter identification scheme is used. In the parameter
identification scheme, we make the following assumptions: 1) The parameters of the
system are slowly time-varying but the variation speed is slower than the adapta-
tion speed, 2) Measurement noise is negligible, and 3) The state variables x(k) of

Eq. (5.27) are- measurable.

The first assumption was justified from the simulation in the joint variable
space control [25] and the same findings were reported in a recent publication [23].
The second assumption was made to simplify the identification scheme and it needs
to be verified experimentally. The third assumption was based on the fact that the
state variable x(k ) can be computed from the measured values of q(t) and :;(t) and

the desired hand position and velocity from the hand trajectory.

Defining and putting the i** row of the unknown system parameters in the Eq.

(5.27) at the k** instant of time in a 3n +1-dimensional vector as,
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‘i(k)=(fil(k):'":fip(k)rgil(k)r”'!gii(k)rei(k))r | (528)

where p = 2n, and the outputs and inputs at the k® instant of time in a vector

as,

¢(k) == ( zy(k) - Zp (k), uy(k), - - - ug(k), 1')T : (5.29)

and the state vector at the k‘* instant of time as,

x(k) = (2,(k), -, 2 (k)T | (5.30)
Then, tixe Eq. (5.27) can be rewritten as follow,

z;(k+1) = ¢T (k)0 (k) s §=1,2--2n. (5.31)
where z;(k +1) is the i state variable at the (k +1)" sampling instant.

Based on the input-output relation in Eq. {5.31), a recursive least squares

parameter identification algorithm can be found [14,52]:

B (k+1) = 0;(k) + P(k)$(k) [#T (F JP(E (k) + oI [z; (k+1) - #7 ()2, ((«5)13 )
P(k +1) = [P(k) - P(k)g(k ) [ (K )Pk )o() + o™ 67 (K)P(K)] '

fors =1,2, --- 2n,where0 < p <1 and_ "hat” is used to indicate the estimate
~of the parameters 0;(k) and P(k) is a (3n +1)X(3n +1) symmetric positive definite
matrix. P(k)=p[¥(k) ¥T(k)]" and ¥(k)=[#1),4(2), - - , (k)] is the
measurement matrix up to the k‘* sampling instant. The P(k ) matrix has the simi-
lar effect as the error covariance matrix in stochastic identification with zero mean

modeling error.

The above recursive equations indicate that the estimate of the parameters

-

3,-(1: +1) at the k+1* sampling period is equal to the previous estimate #;(k)

corrected by the term proportional to | z; (k +1)- ¢T(k )3,-(/: )]. The T (k )3,-(1:) is
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thé prediction of the value z;(k +1) based on the estimate of the parameters #, (k)
and the measurement vector (k). The components of the vector
P(k)p(k)[¢T (k)P(k)p(k) + o] are weighting factors which indicate how the
corrections and the previous estimate should be weighted to obtain the new estimate

8;(k +1).

The parameter p is a weighting factor which is commonly used for tracking
slowly time-varying parameters by exponentially forgetting the ‘“‘aged’” measure-
ments. If p << 1, a large weighting factor is placed on the more recent sampled
data by rapidly weighing out previous samples. If p = 1, accuracy in tracking the
the time-varying parameters will be lost due to the truncation of measured data
sequence. We can compromise between fast é.daptation capabilities and loss of accu-
racy in parameter identification by adjusting the weighting factor p. In most appli-

cations for tracking slowly time-varying parameters, p is usually chosen to be

0.90 < p < 1.0.

'Finally the above identification scheme can be started by choosing the initial

values of P(0) to be
P(0) = 0 Iyqy (5.33)

where o is a large positive scalar. The initial estimate of the unknown parameters

F(k ) and G(k) can be approximated by the following equations: -

of

ot ‘e
FO) =1, + [3;‘ (xn(o)r“n(o))] T + [5; (xi(o),“n(o))] - (5.34a)
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G(0) =~ [‘QE (xn(O),un(o))] T + [‘g;: (xn(o)’un(o))] [—gl{ (xn(o):un(o))} T?
(5.34b)

2
+ [g,{ (x,.(o),u..(o»] [—;{{ (xn(o)’““(o))]g;

where T is the sampling period.

With the determination of F(k) and G(k) from the parameter identification
scheme, proper control laws can be designed to obtain the required correction
torques to reduce the position/orientation and velocity errors of the manipulator
handA along a nominal hand trajectory. This can be done by finding an optimal con-
trol, w’(k ), which minimizes the performance index, J(k ), while satisfying the con-

straints of the Eq. (5.27):

J(k) = -é [xT(k +1)Qx(k +1) + uT (k)Ru(k) ] (5.35)

where Q is a 2n X2n semi-positive definite weighting matrix and R is an n Xn
positive definite weighting matrix. We can use the diagonal matrix for Q which can
be compromised between the tracking accuracy and the allowable magnitude of per-
turbed inputs. Also, we can constrain the perturbed torque by increasing the ele-
ments of the weighting lﬁatrix R. The one-stage performance index in the Eq.
(5.35) indicates that the objective of the optimal control is to drive the
position/orientation and veldcit.j errors of the manipulator hand to zero along the
nominal hand trajectory in a coordinated position and rate control per interval step,
while at the same time, a cost is attachéd to the use of control efforts. The optimal
control solution which minimizes the f@ctional in the Eq. (5.35) subject to the con-

straints of the Eq. (5.27) is well-known and is found to be [52]:
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~ T

k) =-lr+e ®)Qaw) | ¢ kQFk)xk)  (638)

where F(k) and G(k) are the system parameters obtained from the identification

algorithm at the & » sampling instant.

From the simulation of the adaptive perturbation control in the joint variable
space [25], given the F(0) and G(0) matrices in the Eqgs. (5.34a) and (5.34b), it was
found that the performance of the adaptive controller is quite sensitive to the initial
values in the P(0) matrix and less sensitive to the Q and R weighting matrices.
This result is expected as the P(k) matrix has the same effect as the error covari-
ance matrix in stochastic identification with, zero mean modeling error, if the

weighting factor p is chosen appropriately.

In general, the convergence of the parameter identification is not guaranteed
and hence the performance of the adaptive controller depends on the proper selec-
tion of the P(0) m;atrix. The initial large values of the P(0) matrix usually give
better convergence. The values of the Q matrix did not affect the performance of
the controller very much, however, a small value of the R matrix did give a better

tracking result. These results agree with the findings in [23].

The above identification and control algorithms in the Egs. (5.32) and (5.36) do
not require complex computations. In the Eq. (5.32), [¢7 (k )JP(k )é(k ) + p] gives a
scalar value which simplifies its inversion. Although the weighting factor p can be
adjusted for each i state variable as desired, this requires excessive computations
in the P(k+1) matrix. For real-time robot arm control, such adjustment is not
desirable. P(k+1) is computed only once at each sampling time using the same
weighting factor p. Moreover, since P(k) is a symmetric positive definite matrix,

only the upper diagonal matrix of P(k ) needs to be computed.
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The combined identification and control algorithm can be computed in O(n?)
time as shown in the next section, where the computational requirements of the
identification and control algorithms for a n -joint manipulator is tabulated in Table
5.1. The proposed resolved motion adaptive control block diagram is shown in Fig-

ure 5.2.

It is notable that the feedback state x(t) is calculated from the measurements
of q(t) and (.l(t) in the control block diagram. The kinematics routine and J(q) are
stored in the computer, thus the control method can be viewed as a control method
in the joint variable-space. An alternative way of doing control in the joint-variable
space has been discussed in [25]. It eliminates the computational complexity of the
kinematics routine and J(q)._ The disadvantage of doing this is that the error is
measured in the joint-variable space and small error in the joint variables may give
fairly large error in Cartesian space. By suitable choice of Q and R, it may be pos-
sible to correct this disadvantage. However, the choice of the weighting matrices

will require more investigation.
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5.5. Computationa! Complexity of Resolved Motion Adaptive Control

The overall resolved motion adaptive control system is characterized by feed-
forward and feedback components which can be computed separately and simul-
taneously. Assuming that multi-processors are available for parallel computations, a
feasibility study of implementing the adaptive controller using present day low-cost
microprocessors can be conducted by lookiﬁg at the computational requirements in

terms of required mathematical multiplication and addition operations.

The feedforward component which computes the nominal joint torques along a
desired hand trajectory can be computed directly from the trajectory planner infor-
mation because the Cartesian trajectory planner in Chapter 3 provides the trajec-
tory information both in the joint and the Cartesian space simultaneously. The
nominal joint torques can be computed along the desired hand trajectory using the
Newton-Euler equations of motion [24]. It requires a total of 678 multiplications

and 597 additions for a PUMA manipulator.

The feedback control component which computes the perturbation torques can
be conveniently computed serially in three separate stages. The first stage computes
the actual manipulator hand position and velocity from the measured values of joint
position and velocity. The second stage involves the computations of the least
square identification scheme (Eq. (5.32)) for the linearized perturbation system. The
third stage involves the computation of the optimal adaptive self-tuning controller
(Eq. (5.36)) for the linearized system. It requires about 3348 multiplications and

3118 additions for the PUMA manipulator;

Since the feedforward and feedback components can be computed in parallel,

the proposed adaptive controller requires a total of 3348 multiplications and 3118
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additions in each sampling period for the PUMA manipulator. Computational
requirements in terms of multiplication and addition operations for the feedforward

and feedback components for a n -joint manipulator are tabulated in Table 5.1.

Based on the specification sheet of an INTEL 8087, a Motorola MC88000
microprocessor, and a PDP 11/45 computer, and assuming that for each integer
multiply and addition operation, it requires two memory fetches, the required time
to compute the proposed adaptive controller is tabulated in Table 5.2. Both INTEL
and Motorola microprocessors are not fast enough for closing the servo loop. The
PDP 11/45 can compute the controller in about 17.8 msec which translates to
approximately a sampling frequency of 56 Hz. However, the PDP 11/45 is a unipro-
cessor machine and parallel computation assumption is not valid. But it does give

us an indication of the required processing speed of the microprocessors.

In the above computations, we neglect the time to compute the trigonometric
function values, the time required to sample the joint position and velocity and the
time required to perform rescaling of the joint values. However, we ant'icipate that
faster microprocessors will be just around the corner that will be able to compute

the proposed resolved inotion adaptive controller in 10 msec within a year or two.
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Adaptive Number of Number of
Controller Mulitiplications Additions
stage 1 Compute 7 117n - 24 103n - 21
(673) (597)
Total Feedforward Computations 117n - 24 103n - 21
. (678) (597)
Compute (p 7Y (48) (22)
stage 1 Compute (vQ7) n? +27n - 21 n? + 18n - 18
177) (129)
Compute Hand Errors (x(k) - Xna{k)) o 2n
(o) (12)
stage 2 and : * +
Identification Scheme 33n% + 9n + 2 34 ¥n2 -1 ¥%n
(1244) (1233)
stage 3 Compute Adaptive Controller 8n® +4n2 +n + 1 8n® -n
(1879) (1722)

Total Feedback Computations

8n® + 38n2 + 37n + 30
(3348)

8n3 + 35k +17%n+ 7
(3118)

Total
Mathematical Operations

8n® + 38n% + 37n + 30
(3348)

8n3 + 35¥n2 + 17 ¥n+ 7
(3118)

{Number inside the parenthesis indicates computaﬂqns for n=86)

Table 5.1 Parallel Computations of the Proposed Adaptive Controller




161

[o43u0) eajydepy uojjopy PoAjosay jo uoyvjuewojduwg

£°9 9oqu],
(zH 21°95) sw 0g°4} SU oGy SU 00¢g s g'¢ sv/1L-dad
(12012 zHW g°21)
(zH v9'gE) sw gg'gz | s 2€'0 | s 960 s g'g 000890W
(12012 zHW g)
(zH 62'V) sw loggz sn g s 21 sn g} 1808 T3LNI
owj) 6upyndwon yoyay suolppy suopes|dpinpy wajsAg Bupindwoy
peJdinbay Asowapy Jabaju 18b63jug




152

5.6. Summary

A resolved motion adaptive control based on the perturbation theory has been
presented. The adaptive control system is characterized by feedforward and feed-
back components. The feedforward component computes the nominal joint torques
u, (t) from the Newton-Euler equations of motion using the joint information from
the trajectory planner, and the feedback component conmsisting of recursive least
square identification and control algorithms for the linearized system computes the

perturbation torques Su(¢).

The analysis presented is based on the ideal system study because it neglected
such nonlinear effects as gear friction and backlash. The physical impiementation of
the proposed adaptive control may require further investigation on the effects of
gear friction, backlash, control device dynamics, and flexible link structure to the
controller. Also, since the computations of the nominal and perturbation torques
can be performed in parallel, the computations of the resolved motion adaptive con-
trol for a six-joint robot arm may be implemented in low-cost microprocessors.
Tables 5.1 and 5.2 show the feasibility study of implementing the resolved motion

adaptive control scheme.



CHAPTER 8

COMPUTER SIMULATION

8.1. Straight Line Trajectory Planning

8.1.1. Simulation and Results

A “C" language program was written on a VAX-11/780 computer to evaluate

the performance of the trajectory planning scheme discussed in Chapter 3.

The: trajectory planner reads in the given initial and final locations of a
straight line path with the stopping variables é, and 4,, and outputs the control set
points in joint variable coordinates. The control set points consist of joint position,
velocity and acceleration along the given straight line path. The corresponding
Cartesian control set points can be obtained also directly from the trajectory

planner. The servo control period in this simulation was assumed to be 10 msec .

Numerical values which are tabulated in Table 8.1 were inputed into the tra-
jectory planner. The torque constraints which depend upon the instantaneous joint
position and velocity were not available from the manufacturer’s spéci_fication sheet
for the PUMA robot. Thus we implemented only the smoothness constraint into
the simulation package. The jerk, acceleration and velocity bounds are tabulated in
Table 6.2. The acceleration and velocity bounds are from the reference [34] and the

jerk bound are the somewhat arbitrary set of values shown in Table 6.2.

153
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Recall that the p, and p, must be chosen fqr AN%® (k) and ANM9% (k) such
that the former satisfies the constraint limits in step FW2 while the latter does not.
In fact, the choice of p, and p, is closely related to the existence of straight line tra-
jectory for a given path as discussed in Section 3.4.2. The p, and p, were selected
to be 1 and 2, respectively, as a choice in the algorithm FW. Also, the p; and p,

were selected to be 0 and 1, respectively, as a choice in the algorithm MFW.

The number of forward and backward search points was found to be 121.
From the procedure BR, the best break point, which yields the smallest position and

4*% control set

Euler angle errors among all possible break points, occurred at the 8
point. Depending on the choice of the break point, the Cartesian and angular posi-
tion, velocity and acceleration errors between the final search point and the final
| desired point vary appreciately. Table 6.3 indicates the final position and Euler
angle errors from several possible break points for the given straight line path. The
linear velocity and acceleration of the robot are also shown with the required
nuthber of relaxation points when the discrete time relaxation process is applied. It

clearly indicates that there is a trade-off between the final position and Euler angle

errors and the total traveling time for the given path.

From the simulation, the acceleration difference between the final search point
[ p(k, ), ®(k,) ] and the final desired point [ p(k;;), ®(k,;)] for the possibie break
points were found to exceed the jerk bounds of the jéi_nt motors. Thus, relaxation
points are inserted between these two points. The resultant Cartesian position error
due to the relaxation process was found to be less than 1 mm while the maximum

Euler angle error was found to be less than 0.1 degree.
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Table 6.4 shows more details about the effects of various break points on the
final search point. Depending on the location of a break point, the Cartesian posi-
tion, Euler angles, joint velocity, and joint acceleration values at the final search
point are shown. From Table 6.4, if the trajectory planner starts the deceleration
portion from the 84 point of the trajectory set points, it produces the smallest
position and Euler angle errors at the final search point among the all possible break
points. Hence, the 84* point from the procedure BR is the best break point foi' this

trajectory planning.

In the output data of the simulation, all the control set points are within the
smoothness constraints. Figures 6.1 - 6.6 show the joint position, velocity, and
acceleration for the given straight line trajectory with relaxation points ihcluded,
where markers are used for every 50 msec . For the figures of joint trajectories from
the simulation, the integer parts of the time and joint angles are spaced from their
fractional parts on the axis label. Most of joint trajectories are found to be con-
strained by the limits fr6m the jerk bound and the given straight line requirement.
Figure 6.4 shows that the acceleration of joint 4 reaches the maximum allowable
limit for the acceleration and deceleration portion of the straight line trajectory.
Although the resultant joint acceleration trajectory shows rapid changes near the
break point, the acceleration set points are still within the allowable jerk bound for

the smoothness of the joint trajectory.

Using Egs. (3.1) and (3.60), the traveled length at each servo time interval can
be computed. Then the traveled length versus servo time curve can be plotted for
this straight line trajectory as shown in Figure 6.7. This curve will be used in the

collision map to determine the collision-free path and/or trajectory in Section 8.4.
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Initial Cartesian Point (m)

(-0.140000, 0.560000, 0.390000)

Initial Orientation (deg.)

(0.00000, 90.00000, $0.00000)

Initial Joint Vel. & Acc.
( deg/ sec and deg/ sec?)

Final Cartesian Point (m)

(0.000000, 0.440000, 0.480000)

Final Orientation (deg.)

(30.00000, 60.00000, 60.00000)

Final Joint Vel. & Acc.
( deg/ sec and deg/ sec?)

Sampling Period 10 msec

Stopping Variables 6, = 0.000001, &, = 0.0001
Number of Forward Search Points 121

Number of Backward Search Points 121

Possible Break Point

at the 85th sampling point

Actual Break Point

at the 84th sampling point

Table 8.1 Data Used in Computer Simulation
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6.1.2. Sampling Effects on Trajectory Planning

The effects of discrete time approximation in Eqgs. (3.5)-(3.7) are investigated in
this section. Different servo time intervals are used for trajectory planning of the
same straight line path as in Section 6.1.1. The smoothness constraints in Table 6.2
are used. It is expected that a large servo time interval may induce erroneous
results due to the discretized approximation of the joint velocity, acceleration and

jerk.

In Section 3.4.2, the existence of a straight line trajectory for a given path
requires that the inverse kinematic solution from p, - Ail(k) be bounded by the
smoothness constraints and that from p, - Ai'(k) not be bounded by the smooth-
ness constraints in the algorithm FW. The use of a large servo time interval may
initially rml.xlt in large approximated error in Ail(l: ), which in turn induces a
failure in satisfying the requirements for the existence of straight line trajectory
from the search algorithms. Thus, the existence of the solution from the search algo-
rithms is questionable if a large servo time interval is used to approximate the joint

velocity, acceleration, and jerk.

In this simulation, the same values of p; and p, as in Section 6.1.1 were used
for the algorithms FW and MFW, respectivelf Figures 6.8 - 6.13 show the joint
position, velocity, and acceleration trajectory for the given straight line path with a
servo time period, 20 msec, where markers are used on the trajectory for every
60 mesec. Again, most of joint trajectories are found to be constrained by the limits
from the jerk bound and the given straight line requirement. Figure 6.11 shows
that the acceleration of joint 4 reaches the maximum allowable limit for the

acceleration and deceleration portion of the straight line trajectory.
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For the same straight line path as simulated in Section 6.1.1, the following
effects from using a different sampling period ( 20 msec ) are found: (1) the total
traveling time is reduced to 1.62 sec from 1.71 sec of Section 6.1.1. (2) the break
point exists at 42'* sampling instant. (3) the Cartesian distance error at the final
search point is found to be 0.242 mm with the maximum Euler angle error of
0.038 degrees ( before relaxation ). (4) the Cartesian distance error at the final
search point is found to be 1.749 mm with the maximum Euler angle error of
0.258 degrees ( after relaxation ). (5) the required number of relaxation points is

found to be 3. These can be compared with the contents in Table 6.3.

By increasing the servo time interval to 30 msec, it was found that the
discrete time approximation results in a failure of applying the search algorithms.

As a remedy of this case, the procedure ESLT in Section 3.4.2 can be applied.
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6.2. Existence of Straight Line ‘Tra.jectory

This section describes the simulation results on the existence of the straight
line trajectory. The procedure ESLT discussed in Section 3.4.2 is applied to a dif-

ferent path from Section 8.1, which must be planned by the procedure ESLT.

The path is shown schematically in Figure 6.14. The points A and F are the
initial and the final point, resﬁectively. The application of the algorithms FW and
MFW to the path is found to be a failure. The initial estimate p, - Ai‘(k) did not
satisfy the smoothness constraints during the execution of the algorithm FW. Thus‘
we apply the procedure ESLT to the path. The point B is the final search point of
the algorithm FW. From pbint B, the algorithm MFW is applied with point B as
an initial location and F as a final target location. The algorithm MFW is stopped
at a point C on the path. Hence, AB is an acceleration portion and BC is a
deceleration portion of the straight line segment AC.

From point C, the FW algorithm is applied again with point C as an initial
location and F as a final target location. It is found that the algorithm FW is
stopped by the stopping vanable §,. Since the application of the algorithm is com-
pleted and stopped by 4,, the algorithm BW and the procedure BR are applied to
find a break point on the segment CF. The break point is denoted by a point D .
From the break point D, the algorithm MFW is applied until it is stopped at point
E by the stopping variable §,. Thus, CD is the second acceleration portion and
DE is the second deceleration portion of the straight line trajectory.

As a result of the application of the procedure ESLT to the given straight line

path, the resultant trajectory is composed of two acceleration portions and two

deceleration portions. The points B, C and D are the break points in this simula-
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tion. The detailed data for these points are shown in Table 6.5. Also, the traveled
length versus servo time curve is drawn in Figure 6.15 without the relaxation pro-
cess. The joint position, velocity and acceleration trajectories are shown in Figures

6.16-6.21, where markers are used for every 50masec .
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Figure 8.14 Straight Line Path for the Procedure ESLT
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8.3. Trajectory Planning of Connected Straight Line Segments

The simulation of two connected straight line segments is described in this sec-
tion. To follow the connected straight line segment faitkfully, the robot must stop
near the intersection point of the ;:onnected straight line segment for changing the
traveling direction to the final desired point. As discussed in Section 3.4.3, if we
adopt the cubic splined relaxation process, the relaxation portion of the straight line
trajectory can meet the desired boundary conditions at the final location [34]. That
is, the intersection point can be reached exactly and the trajectory planning of a
connected straight line segment can be performed as two independent straight line

paths.

Here, we present a simulation result from the discrete time relaxation process
and show that there is an error near the intersection point of the connected straight
line segments. In Figure 6.22, the connected straight line segments are shown
schematically. The locations of various points are listed in Table 6.8, where break
points, final points from the relaxation proc%ess, and initial and final points for the
deviated straight line path are tabulated with corresponding servo time instants.
The second straight line segment must be modified slightly because of the error in
vplanning the first segment. The Cartesian distance error between the desired corner
point and the actual cornerv point was found to be 0.274 mm with 0.04 degrees for
the maximum Euler angle error. The collision-free path must tolerate this deviation

for the collision-free motion planning.

The joint position, velocity, and acceleration trajectories are shown in Figures
6.23 - 6.28, where markers are used on the trajectory for every 50 msec and arrows

are shown at 1.71 sec for stopping instant at the corner point. Most of joint trajec-



187

tories are found to be constrained by the limits from the jerk bound and the given
straight line requirement. However, Figure 6.26 shows that the acceleration of joint |
4 reaches the maximum allowable limit for the acceleration and deceleration portion

of the connected straight line segments.
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6.4. Time Scheduling of a Straight Line Trajectory

The time scheduling of a straight line trajectory is performed in this section.
The simulation was done by applying the procedure TS to the straight‘ line trajec-
tory.

We assume that a collision map is given as shown in Figure 6.29, where the
collision box covers the lengﬁh from 4.9 em to 10.8 em during the time interval
from 0.42 sec. to 0.74 sec. . That is, I, the collision starting length, is assumed to
be 4.9 em and [, , the collision ending length, is assumed to be 10.8 em. From the
collision map, we have two straight line segments; one ranges from the initial point
to the collision starting point, while the other ranges from the collision starting
point to the desired final point. The first segment was planned to constitute an
acceleration portion and a deceleration portion and was found able to avoid the col-
lision box. The second segment was planned by applying the algorithms FW and
MFW with the initial estimate Ail(lc ), which can be obtained from the last trajec-

tory set point information of the first straight line segment.

Figure 6.30 shows the collision map, where the traveled length versus servo
time curve avoids the collision box. Figure 6.31 and Table 6.7 show the details of
the simulation results for the time scheduling of the straight line trajectory. The
total traveling time without the relaxation process was found to be 1.68 sec. from
Section 6.1.1, while the total traveling time after time scheduling was found to be
1.97 sec. Detailed joint position, velocity, and acceleration trajectories are shown in

Figures 6.32 - 6.37, where markers are used on the trajectory for every 50 msec .

We investigate the effect on the final arrival time when speed reduction of the

robot motion is performed for avoiding the collision region in the collision map. As
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discussed in Section 4.4.1, when the speed reduction is performed on the segment of
length [,, the traveling time of the segment of length !, from speed reduction must
be equal to or greater than the traveling time frém the original trajectory plus the
required time delay for avoiding the collision region.  From the location of length 1-,
to the final location, the traveling time from the original trajectory is shorter than
that from the trajectory afﬁer speed reduction because the robot on the original tra-

jectory follows a maximum accelerating and decelerating trajectory.

If we assume that the robot motion can be delayed at the initial location, then
the required time delay can be computed from the collision map and the trajectory
information. In Figure 6.29, the time k, was found to be 0.860 sec from the original
trajectory information, thus the required time delay at the initial location will be
(0.7,4 - k) sec or 0.14 sec. Then, the final arrival time will be 1.80 sec which is

shorter than that of the curve by speed reduction (1.97 sec).

Now, we investigate the effects on the final arﬁval time when the speed reduc-
‘tion of the robot motion is performed well before the robot reaches the collision
sta.fting location. Figure 6.38 is the same figure as for the previous example ( Fig-
ures 8.29 and 6.30 ), where we denote the original traveled length versus servo time
curve as OM and the time scheduled traveled length versus servo time curve as
| OMCP . If we consider two possible collision regions C and D as shown in Figure
8.38, the curve OM P can be regarded as a curve which can be obtained by per-
forming‘the time scheduling of the original trajectory well before the robot reaches

the collision starting location for the collision regions C' and D, respectively.

When we consider the collision region C, which the curve OM“? can avoid,

time k,° was found to be 0.70 sec and time k° to be 0.97 sec with corresponding
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lengths of 6.69 ¢m and 9.11 ¢m, respectively. These times and lengths can be
obtained from the trajectory information ( trajectory set points printed out from
simulation ) corresponding to curve OM. If the time delay is allowed for robot 2 to
avoid the collision region C, the required time delay will be 0.27 sec; which yiei‘ds
1.93 sec as the final arrival time. We notice that this final arrival time.(1.93 sec)
from the time delay is shorter than that from the speed reduction (1.97 sec). This

corresponds to the curve OM# as shown in Figure 4.13.

When we consider anotheri collision region D, which the curve OM“? can
avoid, time k” was found to be 0.99 sec and time k2 to be 1.36 sec with correspond-
ing lengths of 13.29 ¢m and 15.32 ¢m, respectively. These times and lengths can
be obtained from the trajectory information corresponding to curve OM P . If the
time delay is allowed for robot 2 to avoid the collision region D, the required time
delay will be 0.37 sec, which yields 2.03 sec as the final arrival time. We notice that
this final arrival time (2.03 sec) from the time delay is longer than that from the
speed reduction (1.97 sec). Therefore, we conclude the followings from discussions in

Section 4.4.1. and this simulation:

(1) If speed reduction of the robot 2 motion is performed on the segment of length
I, for avoiding the collision region, then the final arrival time from pure time
delay of the robot 2 motion can be shorter than that from speed reduction of

the robot 2 motion. ( See the collision maps in Figures 6.29-30. )

(2) If speed reduction of the robot 2 motion is performed well before robot 2
reaches the collision starting length /, for avoiding the collision region, then
the final arrival time from pure time delay of the robot 2 motion can be

shorter ( See the collision map with collision region C' in Figure 6.38. ) or
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longer ( See the collision map with collision region D in Figure 6.38. ) than

that from speed reduction of the robot 2 motion.
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8.5. Summary

In this chapter, the proposed trajectory planning scheme of a straight line path
was simulateti on a VAX-11/780 computer. The error between the final location of
the trajectory set point and the desired final location was found to be dependent on
the location of the break point. Several servo time intervals were used in the simu-
lation to investigate the effects of discrete time approximation of joint velocity,
acceleration, and jerk. It was found that the servo time intervals, 10 msec and
20 msec , were successful in generating the control set points subject to the smooth-
ness constraints while the 30 msec servo time interval leads to the breakdown of

the search algorithms.

The existence of the straight line trajectory was investigated by using the pro-
cedure ESLT. Connected straight line segments were also simulated and the Carte-
sian deviation error at the intersection point was found to be less than 1 mm . The
time scheduling of the trajectory was performed in an assumed collision situation.
The traveled length versus servo time curve after time scheduling was found able to

avoid the collision region in the collision map.



CHAPTER 7

DISCUSSION

7.1. Summary and Conclusion

In this thesis, we discussed an approach to the motion planning and motion
control of two robots in a common workspace. The approach involves an investiga-
tion of straight line trajectory planning, collision-free path planning, and an adap-
tive control strategy in Cartesian space for tracking the collision-free trajectory
faithfully under various payloads. Research results from these three areas constitute

the major contribution of the thesis and they are briefly summarized below.

A discrete time trajectory planning scheme was developed for the straight line
path. A real time servo interval instead of a normalized time interval is used for
planning the joint trajectory. The planning of straight line trajectory is performed
in Cartesian space and requires maximization of the local speed between two con-
secutive Cartesian set points. All the Cartesian set points are found on the straight

line path subject to the torque and smoothness constraints.

An iterative forward and backward search algorithm was developed to deter-
mine the joint values at each servo interval. Break point and relaxation points are
introduced to satisfly the boundary conditions at the final location of the straight

line path. The resultant straight line trajectory is composed of three segments: an

212
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acceleration portion, a deceleration portion, and a relaxation portion. The control
set points on the acceleration and decelération portions satisfy the straight line
requirement while those on the relaxation portién do not. The existence of a
straight line trajectory was also discussed and a procedure was developed to plan a

straight line trajectory when the application of the search algorithms FW and MFW

was not successful.

The sets of joint position, velocity and acceleration'can be used as reference
inputs to the manipulator controller in the joint-variable space. Also, the
corresponding sets of Cartesian position, velocity, and acceleration can be used as
reference input.s to the manipulator controller in the Cartesian space. The proposed
straight line trajectory planning scheme was simulated on a VAX-11/780 computer

to verify its performance.

Using the straight line trajectory and a sphere model for the manipulator
wrist, potential collisions can be detected easily by checking the distance between
the origins of the two spheres. For the collision avoidance of a moving robot in the
presence of a stationary robot, a collision-free path was found subject to a perfor-
mance xﬁeasure. For the collision avoidance of two moving robots, a notion of a col-
lision map is introduced which incorporates the location and the corresponding servo

time information of the robots simultaneously.

Several collision situations have been identified when two robots are moving
simultaneously. When the path modification was not allowed for collision
avoidance, the collision map was utilized to plan a collision-free time sche_duling of
the trajectory on the same straight line path. When the path _modiﬁcation was

allowed for collision avoidance, a procedure was developed to replan a collision-free

-
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path subject to a performance measure and a constraint on time scheduling. The
time scheduling of a straight line trajectory was performed on a VAX-11/780 com-

puter to show its application.

For real time tracking of the desired c;)llision-free trajectory, an adaptive per-
turbation control was developed in the Cartesian space. The control method adopts
the ideas of resolved motion rate control and resolved motion acceleratioq control.
Equations of motion of the manipulator were developed in Cartesian coordinates
from which the linearized perturbation equations were derived along the desired

hand trajectory.

The control system is characterized by feedforward and feedback components
which can be computed separately and simultaneously. The feedforward component
computes the nominal torques from the Newton-Euler equations of motion using the
joint trajectory information froﬁl the trajectory planner. The feedback component,
consisting of a recursive least square identification scheme and an optimal adaptive
self-tuning controller for the linearized system, computes the perturbation torques
which reduce the manipulator hand position and velocity errors along the nominal
hand trajectory. A feasibility study of implementing the adaptive control for a six-

joint PUMA manipulator was explored using present-day low-cost microprocessors.

7.2. Future Research

We discuss future research issues with possible extensions of this thesis. The

future research issues are not difficult to think of. These include the following:

(a) Simulation of the proposed straight line trajectory planning scheme with

actual torque constraints, which depends on the instantaneous joint position and
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velocity.

(b) Investigation of a collision-free path for a moving robot in the presence of a

stationary robot subject to different performance measures.

(c) Investigation of a collision-free path for two moving robots subject to dif-

ferent performance measures.

(d) Simulation and implementation of the proposed Cartesian space control

method.

(e) Investigation of collision-free path and trajectory planning scheme in multiple

robot system ( robotic system with three or more robots ).

(f) Investigation of other wrist modeling of various robots and investigation of

the resultant computational complexity for the detection of potential collisions.

(g) Investigation of the time scheduling effects on the performance of multiple

robot system.

(h) Investigation of a collision-free path of the two moving robots considering the

whole arm of a manipulator.
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APPENDIX A

A PUMA Robot Arm Configuration

Ys (s)

fg
Vg l<:6(a

xg (M)
|
PUMA Robot Arm Link Coordinate Parameters i
Joint| | g, ‘ a a dy Rangs

1 s0 | -g0 0 0 =180 to +160 |
2 0 | o | 432mm | 148.5mm | -225 to +as |

3 0 | s0 |-2032mm o -45 to +225 |

4 | ol -0 o [ 4320 <110 to +170 |
s | ol s0o] o | o  J-100 to +100 |
8 | oi o]l o | ses -286 to +268 |
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APPENDIX B

Homogeneous Transformation Matrix of a PUMA Robot

From equation (2.1), the 4X4 hand transformation matrix H(t) for the PUMA

robot in Appendix A can be written as the following:

’“:(t) ‘s(t‘) a,(t) p,(t) ]
“y(‘) ‘y(‘) "y(‘) Py(‘)
HE= 1 () 0.(0) a(t) ple)
0 0 0 1

o

where

ng(t) = Cy[Crs(C4C5Cs~ S, Sg) - §2355C] - $1(S4C5C¢ + CSe)
ny(t) = 5,[Cp(C4CsCg~ S, Sg) ~ S3355Ce] + C1(S4C5Cs + C,Ss)
n,(t) = - 553(C4C5Cq~ 545¢) - C2355C%

8:(t) == Cy[ - Cos(C4CsSs + 54C6) + S235556] - Si( - §4C5Ss + C4Cy)
8,(t)=S,[- 023"(0?0555 + 5,C¢) + 5.235555] + Oy( - 5403555+ CC)
2.(t) == S55(C4CsSs+ 5,C¢) + 0233;56

a,(t) = C(Cy3C 4S5 + S43C5) - 515,455

a,(t) = 5,(Cp3C S5+ §53C5) + C15,5;

8,(t) = - 5,3C S5+ CpCs
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Ps(t) = C1[dg(CssC 4S5 + Sy3C5) + So3dy + a3C o3 + a,C,)
- 5(deSSs + dy)

py(t) = 5,[de(CssC S5 + S35C5) + Sygdy + a3C 5 + 6,0,
+ C(dgS,Ss + dy)

P:(t) = dg(Cy3C5 — S23C4S;5) + Cody - 83555 — 8,5,

where C; = cosf; ; S; = siné; ; Cij = cos(0; + 0)' )

S,'j = sin(&,- + 0’)
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APPENDIX C

Kinematic Equations for Euler Angles

Using the elements of the homogeneous transformation matrix in Appendix B, we

can obtain:
e, S+ a,Co
t) =tan! | — !
olt) an [—J,S‘7+Oy0‘7]
-n
t) = tan™ o
At) an [n,07+n,57]

n

At) = tan™ [——y ]



221

APPENDIX D

Inverse Kinematic Equations for a PUMA Robot

Given the Euler Angles ( a, 8, 7 ), we have the following equations from equa-

tion (2.2):

n,(t)=C~CpB

n,(t)=S~C4
n,(t)= -S58
a {4\ Qa2 MA@ AC .
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where -7 <0 <~

Joint 2 Solution

From the geometry of the first three links, we have

R = \/ps2 + P} + p22 - d22

Then,
sind, = sinu cosv + (ARM-ELBOW) cosu sinv
cosd, = cosu cosv — (ARM -ELBOW ) sinu sinv

and
ind.
8, = tan™! [sm 2 }
00302
t olut

Again, from the geometry of the first three Iinks, we have
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ol +(df +af)-R?

cCosw ==
232\/ d4 + as

sinw = ARM -ELBOW V1 - cos’w

. d,
SINZ = —————————
\/ d4 + a3
|as]
C08Z2 ==

\/d4 + as

Then,
sind; == sinw cosz - cosw sinz
cosf; = cosw cosz + sinw sinz
and
_y | sind;
03 = tan
cosds

Joint 4 Solution

9, = tan! [ Cray - 51, ]
) =

Co3(Cra; + S108y) - Spsa,

oint Solutio

05=

tan-! (C1C23Cy~ §184)8;, +(5,Co3Cy + C1C)ay - Sy5Ca,
(C18; + S18y)S53 + Coza,

Joint 6 Solution

06 — tan-l [( = 5104 = 0102354)71, + (0104 - 51C2354)ﬂ’ +-323S4"8 ]

(-81C4-CCyS)8, +(C,C 4~ 5,C55,)8, + 5935 ,9,
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APPENDIX E

Direction Number of a Line

For the definition of the direction number of a line, we define the direction
cosines of the line first. The direction cosines of a line are deﬁnéd as the cosines of
its direction angles which range between 0 and 7 from the positive. directions of the
global coordinate frame axes, x,y, and s, to the positive direction of a given
directed line in space. Then, the direction number of a line is defined as any triple
c;f numbers except [0, 0, 0 ] which is proportional to the direction cosines of the

line.

If we denote a plane equation as,

812 + by +c¢,2 =d,

then [ a; b; ¢, ] will be the direction number of any lines which are perpendicular

to the plane. Let us denote two plane equations as,

6,z +bly +CIZ gdl

8,2 + boy + ¢z = d,

Then, the direction number of the intersection line of two planes must be perpendic-
ularto [ay b, ¢,]and [a, by ¢, ]. If weuse [ a, B, 7. |tostand for the direc-

tion number of the intersection line, they must satisfy the following equations.

sa, + 6,8, + ¢y7, =0
aa, + b8, + ¢y, =0

Therefore, the direction number [ @, 8, <4, ] must be a proportional set of
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81€y
as¢q |

a,b,
0262

which is equal to

[bxcz“'cxbzycxdz"alczy0152“'5102]
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