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CHAPTER 1
INTRODUCTION

The revival of holography by Leith and Upatnieks (1-3) has gen-
erated a host of interesting new phenomenon in optics. In Leith-
Upatnieks off-axis holography, the total scalar information of an ar-
bitrary object waveform is encoded by interferring it with a known
reference wave. The information is encoded as the amplitude and
phase modulation of a basic periodic fringe structure - the spatial
carrier. This interference pattern is recorded on a photo-sensitive
emulsion. The developed photographic plate is a hologram, which,
when illuminated by a wave identical to the reference, produces a
diffracted wave identical in all respects to the original object

waveform.

The simplest hologram, indeed so simple that many would not
call it a hologram, is formed when both the object and reference
waves are uniform plane waves. In this case, the recorded '""holo-
gram'' is simply the basic grating which is a spatial sinusoidal
variation with period determined by the angle between the incident
waves and the recording wavelength. This thesis is a theoretical
and experimental study of optical propagation in holographically

constructed gratings.

The properties of holographic gratings are strongly dependent
upon the recording material. Those recorded in silver-based
films are characterized by a spatially varying absorptivity and are
called amplitude or absorption gratings. Such gratings are very
lossy. Gratings recorded in materials in which, after development,
only the index of refraction varies, are called pure phase or

dielectric gratings. Dichromated gelatin (4-6), photopolymers (7-9)



and lithium niobate (10) are examples. In addition, there are mixed
gratings in which both the absorptivity and index of refraction vary
periodically. These result from recording in a silver-based
material and then using a bleaching process after normal develop-
ment. Bleaching converts the silver (but only partially) into a
transparent silver compound, thus transforming the spatial modu-
lation from absorptivity to index of refraction (11). Because they
are essentially lossless, pure phase materials offer the greatest

advantage in light usage and they will be our primary concern.

The relative emulsion thickness is also an important grating
parameter. Gratings can be roughly divided into three classes:
thin, intermediate, and thick, based upon the ratio of their thick-
ness to spatial period. Thin gratings are well understood. When
recorded in phase materials, they generate multiple-diffracted
orders whose intensity is essentially independent of the angle of
the incident wave (12). Gratings of intermediate thickness are per-
haps the most difficult to understand and the least studied. They
have several strong orders and moderate angular dependence. Thick
or volume gratings are very interesting because of their ability (when
recorded in phase materials) to diffract all of the incident light into a
single first-diffracted order (13). In addition, they demonstrate
strong angular selectivity in that significant diffraction occurs only
when the incident wave is near the Bragg angle. (The first-order
Bragg angles are identical to the angles of the construction beams
if the readout wavelength is equal to the construction wavelength.)
Thick gratings will be our primary concern. But we will also exam-
ine the transition from the thin to thick regimes to gain a better un-
derstanding of gratings that are just marginally thick. Such gratings
are important in applications where a high diffraction efficiency

over a broad region of incident angles is desired.



To analyze optical propagation in holographic gratings theoret-
ically, we have developed a new approximate theory known as the
method of thin-grating decomposition (14). The method views inter-
mediate and thick gratings as simply a system of many thin gratings.
The well-known properties of thin gratings can then be used to
quantitatively predict the effects of their thicker counterparts. The
principle advantages of this method are its intuitive simplicity - it
is based upon the concepts of the amplitude transmittance and trans-
fer functions that are common to other areas of coherent optics and

holography; its general applicability; and its ease of implementation.

A great deal of work has previously been done on wave propa-
gation in thick holographic gratings and in other periodic structures.
However, in this thesis, we use the method of thin grating decom-
position to derive new and rather interesting results concerning
second-order readout (incident wave near second Bragg angle) of
thick gratings, the properties of strongly-coupled multiple gratings
and the effects of nonuniform modulation upon tailoring the angular
selectivity of thick gratings. We examine in some detail double
diffraction phenomenon in thick holographic gratings. We perform
a general three-wave analysis (in the Appendix) to derive closed-
form solutions for the difiraction efficiencies of three strongly-
coupled waves in a thick grating structure. These results are very
broadly applicable. They are applied to second-order readout of
single gratings and to extending the resuits of first-order readout.
They are also used in the study of multiple gratings. The derived
analytical results are verified by numerous experiments performed
with gratings constructed holographically in dichromated gelatin

film.

This thesis is organized by chapter as follows. Chapter 2

gives a brief review of past work on holographic gratings. The



method of thin-grating decomposition (TGD) is developed for a sin-
gle phase grating. The concept of spatial dispersion is discussed

and the thickness criterion is examined.

In Chapter 3, the method of TGD is used to derive algebraic
expressions for the diffraction efficiency (DE) of the first and sec-
ond orders of a thick grating for readout angles near the second
Bragg angle. Experimental results that support the theory are pre-
sented. The importance of double diffraction is shown both theo-

retically and experimentally.

Chapter 4 is a comprehensive investigation of the properties
of strongly-coupled multiple gratings recorded in the same thick
emulsion. The basic coupling mechanisms are examined. Two
types of incoherently superimposed double gratings as well as the
three grating structure made by simultaneously interferring three
plane waves are studied. The general expressions derived in the
Appendix are applied to predict the DE for arbitrary degrees of
coupling and readout angles. Again, experimental results are pre-
sented that are in good agreement with the theoretical reéults. The
possibility of 1009, cross coupling of energy between two gratings,
which I predicted (14), is demonstrated experimentally (15).

In Chapter 5, propagation in thick gratings that have a nonuni-
form modulation in depth is studied with the aim of increasing the
width and the uniformity of the angular response of such structures.
Methods are described for making gratings with desired index pro-
~ files. Experimental results that demonstrate the latter are given.
A general summary and suggestions for further research are given

in Chapter 6.

In the Appendix, the general algebraic expressions for the dif-

fraction efficiencies of three strongly coupled waves are derived.



The analysis is general so that the results can be used directly in
Chapters 3 and 4.



CHAPTER 2
THE THEORY OF THIN-GRATING DECOMPOSITION

In this chapter we begin by giving a brief background of previous
work done with holographic gratings recorded in thick materials.
The theory of thin-grating decomposition (TGD) is developed. The im-
portant concept of spatial dispersion is then discussed and used to re-
view and clarify the classification of gratings according to their effec-
tive thickness. We then use TGD to demonstrate the transition from
the thin to thick regimes for readout at the first Bragg angle. Finally,
for readout near the first Bragg angle of a thick grating, we show that
the expression for first-order diffraction efficiency determined by
TGD is equivalent to Kogelnik's coupled-wave solution of Maxwell's

equations.

2.1 Review of Prior Work

The theory of optical propagation in thick holographic gratings
has previously been studied by several people (13, 16-20). Leith
et al. used the scalar Kirchhoff diffraction integral to calculate the
relative intensity of the strong diffracted order (16). Although it was
a first-order analysis, limited to cases where the readout wave is not
severely depleted, the analysis did predict such properties as strong
angular and wavelength dependence (selectivity) of the diffraction effi-
ciency. That is, in thick gratings the diffraction efficiency (DE) de-
creases rapidly to zero for readout angles or wavelengths different
from their construction values. They also presented experimental
angular selectivity results. Further, they made use of the angular
selectivity property to store multiple superimposed but independently
reconstructible holograms on the same plate by using different refer-

ence angles - a technique known as Bragg-angle multiplexing. Using



very thick materials, Friesem recorded more than 100 holograms by
this method (21).

Burckhardt developed the rigorous solution of Maxwell's equations
for the pure-phase sinusoidal grating (17). The method is strictly
numerical and requires using a digital computer to find the eigen-
values and eigenvectors of an infinite matrix. The rigorous electro-
magnetic boundary conditions are applied. In practice the matrix is
truncated with negligible error introduced. He considered only first-
order readout for gratings whose fringe planes are perpendicular to
the plane of the emulsion. However, the theory includes the energy ex~
change amongst higher orders so that no assumption of strong Bragg
suppression of higher orders is required. The method can thus be used
for gratings of arbitrary thickness. Kaspar extended this method to in-
clude gratings with an arbitrary periodic variation of both refractive
index and absorptivity (20). Again the method was limited to single
gratings and only first-order readout was considered. Despite its
rigor this approach has not found widespread usage amongst the holog-
raphy community perhaps because it is not so easily implemented on a

digital computer.

Kogelnik has used a coupled-wave analysis to obtain analytic ex~
pressions for the first-order diffraction efficiency for a pure sinu-
soidal grating (13). The analysis is quite comprehensive in that it in-
cludes both transmission and reflection holograms that are recorded in
phase, absorption or mixed materials. However, his solution is re~
stricted to readout angles near the first Bragg angle and is valid only
for gratings sufficiently thick such that a single diffracted order is
signiﬁc;tnt. Using results from the theory of acoustic gratings, he uses
Q= 2n{

parameter. He assumes that gratings with Q > 10 satisfy the above

7\D/no (the parameters will be defined below), as a thickness

thickness criterion and are covered by his theory. When valid, this is
the most useful theory for first-order readout. His results predict the

possibility of 1009, diffraction into the first order.



Bergstein and Kermisch have derived similar results for pure
phase gratings (18). They also noted that the assumption of a single
significant diffracted order requires a low fndex modulation in addition
to a large Q factor.

Propagation in holographic gratings closely parallels that in other
periodic structures such as crystals (22, 23) and acoustic gratings
(24). The application of the dynamic theory of x ray diffraction in
crystals to holographic gratings has been discussed (21, 25). A per-
turbation method has been used to analyze thick, weakly modulated
acoustic gratings (24). An extensive bibliography on acoustic gratings
is given in Ref. 13, Compared to crystals or acoustic gratings, the
holographic gratings we investigate in this thesis are typically much
more strongly modulated and comparatively thin.

2.2 Thin-Grating Decomposition

The method of thin-grating decomposition is a new, intuitively
physical method for analyzing optical propagation in holographic grat-
ings of arbitrary thickness. The approach is particularly appealing to
workers in holography because it uses only well-known thin grating
theory and is based upon the same principles commonly used to
analyze systems of discrete holographic gratings as, for example, the
grating interferometer (26, 27). The approach is also weil suited and
was originally developed to treat structures comprised of several
strongly coupled gratings (14, 15) which is described in Chapter 4.
Indeed, the conceptual simplicity, general applicability and ease of
implementation of this approach offer advantage over the theory given
by Burckhardt (17) and Kaspar (20) for the single grating case. Despite
its nonrigorous origin, we shall see that the method of TGD gives
accurate results. Very general applicability can be obtained because
all that need be specified are the properties of the thin grating slabs

which may be phase, absorption or mixed. The effects of higher



diffracted orders are included so gratings of arbitrary thickness can
be considered. Multiple fringe structures can be considered by
allowing each thin grating to have several basic spatial frequencies.
It is a scalar theory and thus is valid for polarization along the

grating fringes (14).

2.2.1 Single Phase Sinusoidal Grating

For simplicity, we describe the method for a single, pure-
phase sinusoidal grating. The extension to gratings with higher
order harmonic refractive index components (that result in holo-
graphically produced gratings because of a nonlinear film re-

sponse) is then straightforward and will be discussed.

The grating is constructed interferometrically as shown in
Fig. 2-1, The film emulsion of thickness D is perpendicular to the
z axis and is assumed to be of infinite extent in the x and y direc-
tions. (Of course, in practice this is never the case. Zech (28) has
experimentally found that the condition W/D > 5, where W is the ac-
tual lateral extent, is sufficient for the above assumption to be
valid.) We limit the analysis to one lateral dimension. Monochro-
matic plane waves R of amplitude ay incident at angle 91 (angles
measured inside the emulsion relative to the z axis) and S of ampli-
tude a9 at 82 interfere to produce fringes throughout the volume of
the emulsion (Fig. 2-1b). The two beams are derived from the
same laser source (Fig. 2-1a) and are assumed to be completely
coherent. The interference pattern recorded by the emulsion (an

intensity detector) can be written as

2mn

I(x, z) = a, exp [1 hco(sin 6,% + coS elz):]

2
‘21m0 . 91
+ 3, exp |1 }\c (sin Bzx + COS Gzz) .
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where hc is the free space wavelength of the construction beams and
n, is the bulk index of the emulsion, (Becal{se we consider monochro-
matic waves the common time dependence eth, w = 2r¢e/ hc is unim-
portant and is suppressed.) The film responds to the total exposure,
E = I1, where 7 is the exposure time. Using a trigonometric identity,

the exposure becomes

E(x, z) = Eo{l +r cos [27f(x - xo(z))]} 2.2

where f= no/hc |(sin 0, - sin 92)i

1

xo(z) =z tan ¢

¢ = (91 + 62)/ 2 is the slant of the fringe planes
2 2\ .
Eo =T{ay + a2 is the average exposure, and

_ 2 2\ . .
r = 2a1a2/<a1 + az> is the modulation.

The fringe planes bisect the angles of the two construction beams.
For any plane z = constant, the fringes are sinusoidal with spatial
frequency (inverse of spatial period) f. However, because of fringe
slant (when the construction beam directions are not symmetric about
the z axis), the fringes at z are laterally shifted by xo(z) relative to
those at z = 0. The exposed plate is then processed to convert the
latent image of the interference pattern to a periodic variation in ab-

sorptivity or refractive index.

Here we consider pure-phase recording materials because of
their capacity for high diffraction efficiency. We also assume for the
moment that the film responds linearly to exposure, An = KE, where
An is the exposure induced refractive index change. The refractive
index can be written as

n(x, z) = n  +ny cos [2rf(x - xo(z))], 2.3
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where n, is the constant average index, ny is the index modulation and

typically Dy <<n..

We analyze the propagation of plane waves in the grating by math-
ematically decomposing the emulsion into a series of thin slabs of
thickness Az, (¥ig. 2-2). The magnitude of Az is assumed to be suffi-
ciently small so that each slab acts simply as a thin grating. We will
consider later the restriction on Az for this to be the case. We also
assume that the actual diffraction process takes place discretely at

the planes z =mAz, m=1,2 ... .

Before proceeding, we digress momentarily to discuss the concept
of spatial frequency as used to describe plane waves because it is cen-
tral to the method of TGD. An infinite plane wave of wavelength A,
propagating at an angle Gi with respect to the z axis in a medium of
average index n, has a spatial frequency (x component)fi = no/ A sin Gi
(29). The inverse of fi is the distance between constant phase planes
measured along the X axis. At a z = constant plane the field can be
written as Ai(z) elznfix, where Ai is the total complex amplitude. The
concept is useful because the spatial frequencies of an incident plane
wave and a spatially modulated thin slab are additive as described by

the thin grating equation fo = fi + f.

The effect of the mth thin slab upon an incident plane wave of ar-
bitrary spatial frequency fi can be divided into two parts. First, the
propagation of the wave over the slab thickness Az. We assume this
to be described by the propagator or transfer function of a material

of uniform index n which is (30)

o11/2

27rno 27rn0 Mi
exp \L——Az cos 6, | = exp |1— Azl-—ﬁ; . 2.4

Second, the separation of the incident wave into various orders which

is determined by the amplitude transmittance function at z = mAz.
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For the single, pure phase sinusoidal grating the amplitude transmit-
tance function can be found as follows. The spatial phase shift intro-

duced by the slab upon an incident plane wave at angle Oi is

2mn(x)AZ
A cos 0, 2.5
i
The amplitude transmittance of the mth slab is thus
T, (x, m) =exp {i—-—Z-T—T—A—Z[n + n, cos 27f(x - x (m))]} 2.6
AV ACOS Hi o 1 o )
where z has been replaced by the slab index m, z = mAz. Using a
familiar expansion, this can be written as
TA(x, m) = exp (12nn0Az/h cos 91)
o0 q 21m1Az
X Z (i) Jq X_c—dg—é; exp {127rqf[x - xo(m)]}, 2.7
Q==

where Jq is the qth order Bessel function. The mth thin grating can
therefore be represented by an infinite superposition of amplitude
gratings of spatial frequency qf with diffraction amplitudes given by
the Bessel function of order q. The exponential outside the summation
in Eq. 2.7 represents an unimportant common phase factor and will be
dropped. Note that the diffraction amplitudes depend upon the thick-
ness of the thin slab and the wavelength and direction of the incident
plane wave as well as upon the index modulation n,. Also the qth fre-
quency component is shifted in phase by -27q fm Az tan ¢ because of

fringe slant.

The effect of the mth slab upon an incident plane wave of spatial
frequency fi and total (complex) amplitude Ai is the product of the
input amplitude, the propagator function and the amplitude transmit-
tance. Therefore, the field at z = mAz (out of the mth thin slab) due

to a single plane wave incident upon the slab is
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5 1/2
27m0Az M.
A(x, mAZ) = Ai exp < i 1 -2
%
0 a 2Tn{AZ
X Z (i) Jq W exp [-i2nqfx (m)]
q=-c0
X exp [121r(fi + qf)x]. 2.8

The output field contains plane waves of spatial frequencies fout =

f. + qf. These plane waves propagate at angles 9q= gin~1 (qu/ no).
Suppose that we illuminate the thick grating at z = 0 with a plane

wave of spatial frequency fo and amplitude Ao' We write the total am-

plitudes of each of the possible plane waves that exit from the mth

thin slab by

Am)=|A_ |, 2.9

. -

where Aq is the total amplitude of the plane wave of spatial frequency

f qQ Because Eq. 2.8 is valid for an arbitrary incident plane wave, we

can write

A(m) =m§é(m - 1) 2.10

where the matrix of coupling coefficients mij , determined from

Eq. 2.8 describe the amplitude and phase shift effected by the mth thin
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grating in diffracting the j'* wave into the k' one. The matrix ele-
ment ij is nonzero only if the thin grating has an amplitude fre-
quency component equal to the difference between fj and fk. The
functional form of the coupling coefficients can always be found from
the thin grating amplitude transmittance which depends upon the type
of recording material, number of exposures recorded, linearity of
the film response, etc. The subscript m on the coupling matrix em-
phasizes the longitudinal dependence caused by fringe slant. We
shall discuss later how to modify the coupling mairix to avoid this

dependence.

The coupling matrix for the pure-phase sinusoidal grating case

can be written from Eq. 2.8 as

- =(i)j'kJ ZnnlAz
m Kj -k A cos 9].
27n
X expii— 9 Az cos 9]. exp {—i27ff(j - k)mAz tan ¢}, 2.11
9 1/2
where again, cos Gq = [1 - (qu/no) ] . For convenience, we factor

the propagation factor for the zero order outside the matrix. If one
is only interested in the intensity of the diffracted waves (as is gener-
ally the case) this common phase factor can be dropped. Because we
make Az arbitrarily small, we can use the first order approximations
of the Bessel functions and keep only terms of first order in

AZ, Jo(y) =1, Jl(Y) =y/2 and Jq(y) = 0 for q 2 2. The coupling matrix
of Eq. 2.11 can then be written as
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6
! . . .
lsos g &XP 4[1(01:i - ao)} exp {1271(1{ - j¥mAz tan ¢>}
k #j
ia
H.=e ° { 2.12
m" Kj )
exp {i(ozj - ozo)} k=j

where aj = 27rn0Az/A cos 9]. and 61 = nnlAz/)\.

The output field from the mth thin grating is incident upon the
m + 1, thus the amplitude vector at z = mAz is

Am)= H...... H (), 2.13

where A(o) is given by the initial condition at z = 0

Ao) = ; 2.14

SCOROOC

L .
where we assume a unit amplitude incident wave. The amplitudes of
each of the plane waves at the exit plane z = D is given by Eq. 2.13
with m = N = D/Az. The spatial field dependence at z = D is then
given by

i2nf x
A(x, D) = ZAq(D) e ¢ 2.15
q
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In practice one is usually interested in the far field some dis-
tance removed from the exit plane. In this case, because of the dif-
ferent angles of propagation (Fig. 2-3) and the finite lateral extent of
the beams, the various orders are spatially separated and their in-
tensities can be measured individually. The primary quantity of in-
terest is the diffraction efficiency of the qth order which is defined
as (13)

DE_ =(cos 8_/cos 9 )|A |2. 2.16
q q o q

The matrix multiplication in Eq. 2.13 can be easily performed by
a digital computer. In practice no more than nine orders need be
considered because higher orders are of negligible magnitude. In
cases where only several orders are significant, the multiplication
can, in fact, be performed analytically to give closed-form solutions.

Fortunately this is possible in several interesting cases.

For a pure-phase recording material there is no absorption.
All the energy incident upon the front surface of the grating (minus
reflection losses) must appear in the various propagating orders.
This condition is met because the coupling matrix is unitary, or at
least approximately so.

Note that it is not necessary that the index modulation of each
slab be the same. Therefore, we can treat gratings with nonuniform
modulation in depth. A depth dependent index modulation may result
naturally due to attenuation of the construction waves (16), or may be
intentional to produce a desired angular selectivity response. We

will consider the latter in Chapter 5.

2.2.2 Inclusion of Film Nonlinearities
Generally the functional relationship between the index modula-

tion and exposure is not linear (20, 31, 32). In such cases, despite
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the fact that the exposure is a cosine function of a single frequency f,
the resulting index modulation has harmonic components. We can
write

n(x, z) = n + nj cos 2rf[x - xo(z)], 2.17

e

i=1

where in practice terms beyond J = 3 are insignificant for reasonable

exposures. The amplitude transmittance function of Eq. 2.7 becomes

N .
T, (x, m) = Z (1) Jql(bl) exp {127rq1f[x - xo(m)]}
qq=-

©  dg . }
X Z (i) qu(bz) exp {121rq2f[x - xo(m)]
q2='°°

Xoo.n 2.18

where b]. = 27rn].Az/ A cos 6. Because the grating frequency components
introduced by the nonlinearity are integer multiples of the fundamental,
no new wave components are generated. However, the distribution of

energy amongst the orders can be expected to be altered.

Using the first-order approximations to the Bessel functions and
dropping terms in Az of order greater than one, the coupling matrix
in the nonlinear single grating case becomes

riL”nlk-jl Az
N COS 9]' exp {i(a]. —ao)} exp {iznf(k -j)mAztan ¢},
to k #]
H.=e 0<
m kj
- fie; - a)f, k=i 2.19
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Again, the coupling matrix is approximately unitary and the energy

flow from one thin slab to the next is conserved. In practice, the ma-
trix must be truncated. To insure energy conservation, the amplitude
of the diagonal terms must be adjusted slightly so that the sum of the

moduli squared along a column is unity.

2.2.3 Slanted Fringes
For slanted fringes (¢ # 0) the general coupling matrix of
Eq. 2.19 has the longitudinally dependent phase term

exp {iZ?Tf(k - j)mAz tan ¢} 2.20

which is the phase shift that results because of the lateral shift of the
m?h thin grating relative to the first. Clearly, we could rotate the z
axis to measure the phase shift along the direction of the fringe
planes. The above phase term will then be zero (¢' = 0) but the prop-

agation factors will become

ZnnOAz
exp <1 S cos (Gj - @) 2.21

where Az is still measured normal to the plane of the emulsion. Thus,

the propagation factors depend upon the angles with respect to the
fringe planes. The general coupling matrix (Eq. 2.19) can be written

as

7~
if_ril_k:_j_I_Az ex j_(a' - a') k ,-é i
A cos QJ. P i o)’ ]

H, = e Oﬁ 9.22

\ exp {i(a]! - aé)}, k=j

where oz]! = 2nnoAz/h cos (93' - ¢) and cos 9]. is determined as usual.

The matrix multiplication of Eq. 2.13 becomes
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A(m) = H™A(o) 2.23

2.2.4 Differential Spatial Dispersion

Fundamental to the problem of propagation in holographic grat-
ings is the concept of spatial dispersion. Simply stated, the optical
pathlength of a plane wave depends upon its inclination angle. Be-
cause the spatial frequency of a wave is a measure of its inclination
angle, we say that propagation is dispersive with respect to spatial
frequency. This is expressed by its explicit dependence in the prop-
agation factor (Eq. 2.4).

A great deal of insight about the dependence of the DE upon the
grating frequency and readout angle can be gained by analyzing the
spatial dispersion curves. Without loss of generality, we consider
the case of unslanted fringes, ¢ = 0. Each element of the jth column

of the coupling matrix has the term

2'rrn0 AZ
exp  i————{cos Qj - cos 90] 2.24

which is the difference‘in the propagation factors of the zero and jth
orders over the thin slab measured relative to the z axis (or, in
general, the fringe planes). The total for N slabs (N = D/Az) is
ZnnOD/h[cos 9]. - COS 90]. From simple intuitive arguments about
constructive interference between wave components diffracted at
sequential planes, we expect that the coupling of energy into the qth
order will be strong when this differential dispersion term is small.
(We vx}ill frequently drop the adjective differential.) The qth order
dispersion term is zero when the zero and qth orders propagate
symmetrically about the fringe planes. The readout angle for which
this is true is, of course, the qth order Bragg angle (BA). This can

be shown as follows. The qth diffracted order has spatial frequency
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fo + qf. For symmetric propagation about the fringe planes (z axis
here), we require
fo +qf = -fo 2.25

=) 2sin 9, =—— 2.26
q

th

where 6 _ is the g order BA. There are other terms used to

qB
describe what we call differential spatial dispersion, including de-
phasing (13), phase mismatch and in non-linear optics, wave-vector

mismatch that results from temporal dispersion (33).

In Fig. 2-4, we plot cos 9 q” cos 90 (the total qth order differ-
ential dispersion/ (21rnOD/ A) versus the normalized spatial fre-
quency (2fo/ f) of the readout wave for grating frequencies f = 375
and 1000 lines/mm. (We use n =1.52and x = .488 um.) Integer
values of the abscissa correspond to Bragg angles. The curves are
invariant under change of sign of both f0 and q. In the lower fre-
quency case, the differential dispersion is uniformly small for low
values of q. Thus, for a given value of 27moD/7L not too large (we
will make the criterion more definite shortly), light will be coupled
easily into several orders with only moderate dependence upon the
readout angle. Indeed, for sufficiently low £, the dispersion terms
are negligibly small for all readout angles. Such a grating is
called thin and the amplitude of the qth order is given as in Eq. 2.8
by Jq(ZnnlD/h cos 90) (12). In this case, there is essentially no de-
pendence upon the grating frequency or readout angle. For acoustic

gratings, this is referred to as the Raman-Nath regime (24).

In the case of the higher grating frequency, on the other hand,
cos Gq - COSs 90 varies dramatically with tt}llle readout angle, being
rather large except for angles near the g~ BA. This large differ-
ential dispersion will suppress diffracted orders other than the qth.
In particular, near the first BA, significant light will be diffracted
into only a single first order. This is the criterion generally used

to define a thick grating (13).
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From a very intuitive point of view, a thin grating is one with
large enough grating spacing and small D so that the incident wave
intercepts only a single fringe plane. A grating is thick if both the

incident and diffracted orders intercept many fringe planes.

Using the method of TGD, we have calculated numerically the
diffraction efficiencies of the significant orders for sinusoidal gfatings
of frequency f = 375 and 1000 1/mm. The other parameters used
(typical values): n, = 1.52, X = .488 pm, D =16 umand n, =.015. The
results are plotted versus the normalized readout spatial frequency
in Fig. 2-5. The computed results demonstrate the qualitative com-

ments made above.

2.3 Transition Between the Thin and Thick Regimes

If we restrict ourselves to readout at the first BA, the transition
between gratings that can be considered thin to those that are thick
can be specified by a single dimensionless parameter. Gratings of
intermediate thickness are perhaps the least understood and most
difficult to analyze in any way other than numerical. Although we are
generally interested in thick gratings because of the higher diffrac-
tion into a single order, the associated sharper angular selectivity
is sometimes detrimental. In such cases, we might be willing to

yield maximum DE to obtain a larger angular readout region.

We consider the pure sinusoidal grating with unslanted fringes.
For readout at the first BA, the dispersion between the zero and
first orders is, of course, zero. The dispersion terms for the conju-
gate first and the second orders, which are the lowest nonzero terms,
are equal (Fig. 2-4). This total dispersion can be written as

27rnOD 27rn0D 90 + 91
———A——(cos 6, - cos 60) = ——X—(sin 6, - sin 90) tan 5 2.27

2
- oo MD

—— 2.28
n0 cos 90
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where we have used the grating equation and the first Bragg condition.
Except for the geometric factor cos 90, this is just the Q factor used
by Kogelnik (13). The dispersion associated with higher orders can
be shown to be integer multiples of the above value. For a sinusoidal
grating there is also only a single grating strength parameter,
nnlAz/h cos §_. For a total thickness D, this becomes y =

7rn1D/ A cos 90. Therefore, at the first BA, the DE of the propagating
waves depends only upon the two dimensionless parameters  and
Q/cos 90 and will be the same for equal values of these parameters

regardless of the individual values of n,, A, f and D.

1’
Figure 2-6a is a plot of the computed maximum first order DE
for readout at the first BA versus Q/cos 90. Included are the cor-
responding values of the DE of the other orders. For Q/cos 90 <1
(primary dispersion <1/6 wavelength), a grating can be considered
thin; there is no dispersion dependence and the maximum value of
DE1 = 349% agrees very well with the first maximum of J%. For in-
termediate Q there is a strong Q dependence and a rapid monotonic
increase in DE1 max &5 the other orders are suppressed. However,
a Q of 15 to 20 (primary dispersion of 3 wavelengths) is really neces-
sary before all the other orders are truly suppressed. A plot similar
to Fig. 2-6 was calculated by Fillmore and Tynan (31) using the
theory of Burckhardt (17). However, they failed to realize the signif-
icance of the parameters Q and y. They calculated the transition as
a function of f for a specific D with A as a parameter. The Q factor
is commonly used as the thickness parameter. Although it is clear
that the grating frequency is more important than thickness, we will
abide by common nomenclature and speak of thin or thick gratings.
In Fig. 2-8b, we plot the value y required to obtain DE1 max again,
versus Q/cos 90. As the other orders are suppressed, the necessary
grating strength to achieve maximum first-order diffraction, de-

creases and becomes constant.
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The value of DIE‘.1 max

al, DE1 is periodic in v, We shall see that the thickness criterion also

in Fig. 2-6 is the first maximum. In gener-

depends upon the modulation level. Thus, to suppress all but the first
order at its second maximum, requires a larger Q factor. Also, be-
cause the dispersion of the +1 or -2 orders decreases as the readout
angle moves off the BA (Fig. 2-4), a larger Q is necessary for sup-
pression of these orders for readout angles off the BA. We shall also
see in the next chapter that the transition from the thin to the thick

regimes is quite different at higher order Bragg angles.

Calculated results indicate that the effect of strong film nonlin-
earity is important for low and moderate Q gratings. The effect for
high Q gratings is, however, quite minimal (for first-order readout).
This is expected because in the former case, the low dispersion
allows the harmonic grating components to be effective while in the
latter, higher-order diffraction is small because of strong Bragg

suppression.

2.4 Analytical Results for a Thick, Sinusoidal Grating

We have seen that for a sufficiently large Q factor, only a single
diffracted order is significant for readout near the first BA. Using
this assumption, Kogelnik has derived analytical res:lits for the
first order DE of a sinusoidal grating by an approximate coupled-
wave solution of Maxwell's equations. We show here that an equiva-
lent result is obtained using TGD (34).

Assuming that only a single first diffracted order is significant,
the general coupling matrix of Eq. 2.22 can be truncated toa 2 X 2

matrix
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=
Fl id ei<I>
CcoSs 01
H= 2.29
id ei<I>
cos 4
e O i

where we have dropped the common phase factor outside the matrix,
6 = nnlAz/h and & = 217110/)\. Az(cos §; - cos 60). (We suppress the
minus sign associated with the subscript 1.) We assume a sinusoidal
grating with no slope. The corresponding amplitude vector is also

truncated to

A
0

é(m) = 2.30

Aq
m

The value of é after the Nth thin slab is

A(N) = HVA(0) 2.31

We will analytically perform the above matrix multiplication in the
limit N = o, Az -~ 0 such that NAz = D.

- Before doing that, we wish to simplify and examine the dispersion
term ®. The direction cosines are related through the grating equa-
tion f1 = f0 - f. Significant diffraction occurs only for readout near

the Bragg angle. Therefore, we write

90 = 9B + A0, 2.32

A =g + AN, 2.33

where A6 << 1 and AN/A << 1. The angle 9B is the Bragg angle for
readout wavelength AB. From the grating equation and trigonometric
expansions, we find
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cos 90 =C0S 0, - A9 sin 0 2.34

B B

cos 91 =¢0S O, + Af sin 0

B B tan QB(AM/no) 2.35

We have dropped terms of second order in A6 and AM/X. The situa-
tion is depicted in Fig. 2-7. For an incident wave of wavelength AB at

the diffracted wave propagates at an angle -0 The propagation

6 .
B’ B
cosines are equal and there is no dispersion between the two waves.

However, for angles other than 6, the two waves no longer propa-

| B’
gate symmetrically about the fringe planes (z axis) and the disper-

sion term is nonzero. The expression for & can be written as

B ) AN
® = 2rfAzZ <A0 Zno oS 9B> 2.36

Note that near the BA, ® is proportional to f and A9. The term in
parenthesis in Eq. 2.36 shows the relative effect of readout angle
change compared to wavelength change from the construction values

in causing the dispersion.

The matrix multiplication of Eq. 2.31 is greatly simplified when
H is represented in a basis such that it is diagonal. The diagonal
elements are just the eigenvalues of H and the basis vectors are the
associated eigenvectors. The eigenvalues of H can easily be shown
to be

13 [e2 52 12
01,2=e exp | +i| 7 + o5 ’
o1l

where we have used the limit Az — 0 to set sin2 ¢ = <I>2. Also,
c, = Cos 90 and ¢y = cos 91. The associated eigenvectors 1:31, EZ are
then
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E 1 a A, ' 2.38

c .
where a; =i—%(1 - 0].) e®. From Eq. 2.38 and the initial condition on
A, we find the initial condition in the E basis, E(o) = [ﬂ Therefore,

in the diagonal representation,

— .
N W [N
01 1 01
];I(N) = = . 2.39
N N
- O-Z.J L.l_J L..Gz J

We next use the inverse of the transformation of Eq. 2.39 to transform
back to the original representation to find the amplitude of the dif-

fracted order,

1 (N N
A].(N) = a’z—_—a—I(O'z - O'1>. 2.40

The intensity of the diffracted order is therefore,

ol (62 52 /2
: 2 sin N T + c C
2 [ & o1l
A, ()] —( >
¢1

47 Ce
ol

Therefore, we find from the thin grating decomposition abproach that

2.41

the diffraction efficiency is,

DE(N) =

. 252 252 1/2
9.42

sin2 [N +
2 4 cc
[1 . ¢7<45 ﬂ o1
cc
o'l _

To compare this result with the coupled-wave solution of

Maxwell's equations for the thick grating, we make the correspondence
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between the parameters above and those of Kogelnik's expression.
Because NAz = D,

9.2 7°D%n
N“6 1 _ 2
= =y 2.43
cc 2 :
ol MNec.e
. ol
which is v2 in Kogelnik's notation. Furthermore because cos 91 =
cos 9B we can write,
5.2 (27Dn_sin 6 2
N7e"™ _ o B AG - AN >}
4 KB 2n0 cos QB
kDAG cos 0 2 2
B K DAM )
- 2cos §,  8mn_cos 0 2.44
1 My 1
where k = 2rf. Therefore, N2<I>2/ 4 is &2 in Kogelnik's notation.
Thus, Eq. 2.43 is
DE = 12 5 sin (o2 + £2)1/2 2.45
(1 + £°/v7)

which is identical to that obtained by Kogelnik (Eq. 43, Ref. 13).

The results of Eq. 2.45 are plotted in Fig. 2-8 for future refer-
ence. Note that for £ = 0 (readout at the BA) the results do not depend
on the grating frequency, and for values of y = nn/2, 1009, of the in-
cident light is diffracted into the first order. For A) =0, Fig. 2-8 is
a plot of the angular selectivity (AS) reépdnsé of the grating - the DE
as a function of the angular difference of the readout wave from
the BA. Kaspar has shown that under the restrictions for which the
theory is valid (such that there is only a single diffracted order) this
result agrees well with the more rigorous theory (20). Experimental

results are also in good agreement with Eq. 2.45 (35).



For low DE, so that the zero order is not strongly depleted, the
DE relative to its value at the BA is given approximately by
(sin2 £)/ gz, which is independent of the modulation level (16). How-
ever, in general the AS is very dependent upon the modulation level.
The width of the mainlobe of the AS curve for-a given modulation
level is inversely proportional to the grating frequency and thick-
ness. As the grating is overmodulated, ¥ > 7/2, the DE at the BA
decreases but significant diffraction occurs at readout angles farther
off the BA. The validity of Eq. 2.45 breaks down for angles far off
the first BA because other orders may become important.

The analysis ignores losses due to surface reflections and film
scattering. Thus, 100% DE means experimentally that all of the
light transmitted by the grating is in the first diffracted order.
Thick phase gratings that have 1009 efficient first orders for read-

out at the first BA are routinely constructed holographically (28).

2.5 Summary

In this chapter, we have developed the method of thin-grating
decomposition for a holographically constructed phase grating of
arbitrary thickness. We have shown that useful insight into the
properties of gratings can be gained by examining the differential
dispersion curves of the diffracted orders. These curves are sim-
ply determined by the grating frequency, readout angle and wave-
length. We have used TGD to clarify the thickness criterion and to
demonstrate the transition from the thin to thick regimes. We have
also shown that for a thick, phase grating, we obtain an equivalent
expression for the first-order DE as that obtained by a coupled-

wave solution of Maxwell's equations.

In subsequent chapters, we will use this method to determine

the DE for readout near the second BA of a thick grating; to
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investigate the properties of strongly-coupled multiple gratings; and
to study the possibility of shaping the AS response of a thick grating.



CHAPTER 3
SECOND-ORDER READQUT OF A SINGLE,
THICK HOLOGRAPHIC GRATING

In this chapter we investigate, both theoretically and experi-
mentally, second-order readout of a thick, holographic grating.
We begin by using the TGD theory to derive algebraic expressions
for the DE of the first and second orders for readout near the
second-order Bragg angle. The effect of film nonlinearity is in-
cluded. The results demonstrate the importance of double dif-
fraction by the fundamental grating as well as diffraction by the
harmonic component in producing the second order. Using the
numerical approach to allow including many orders, we calculate
the transition from the thin to the thick regimes for second-
order readout and find the transition to be quite difﬁerent from
that at the first BA. We then describe experiments on second-
order readout performed with thick phase gratings constructed
in dichromated gelatin. The experimental data are in good
agreement with the derived analytical results. Much of the work
described in this chapter has been published (36).

The analytical results for second-order readout are derived
following the procedure of the last chapter. For a thick grating
the coupling matrix can be truncated and the matrix multiplication
performed analytically. Before proceeding, it is useful to exam-
ine the spatial differential dispersion curves for readout angles
near the second BA. For convenience we show again in Fig. 3-1
the curve for a grating with £ = 1000 1/mm. Figure 3-1 demon-
strates several interesting qualitative features for readout angles
near the second BA (normalized input spatial frequency of 2).
First, the dispersion for the second order increases in magnitude

about twice as rapidly for angles off the second BA as does the

317
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first order near the first BA. This is expected and results in the
second-order angular selectivity being twice as sharp as that of the
first order. Second, and more important, the lowest nonzero dis-
persion term, which is that of the first order, is only half as large
as the lowest nonzero term at the first BA. Therefore, for a
given ), f and D, there will be greater suppression of the non-
Bragg orders at the first BA than at the second. Also, as we shall
see, to obtain significant second-order diffraction requires a
rather high index modulation that tends to make the first order
strong in spite of Bragg suppression. For these reasons, it is
necessary to perform a three-wave analysis including the zero,
first and second orders. Our experimental results will verify this

assumption.

The film nonlinearity is important for second-order readout
because the generated first harmonic provides a grating compo-
nent that directly couples the readout wave (zero order) into the
second order. The index of refraction inside the emulsion can be

written as

n(x) = n_ +1ny coS 2rfx + n, cos 4nfx, 3.1

2

where again, n, is the average index and ny and n, are the index

modulations of the fundamental grating of spatial fzrequency fand
the film generated first harmonic 2f, respectively. In general,

higher order nonlinearities may be present, but for readout near
the second BA and for the three-wave analysis given here, their

effect is negligible. We assume unslanted fringes.

The general coupling matrix derived in the last chapter is
truncated to the 3 X 3 submatrix that describes the coupling be-
tween the three significant orders of spatial frequency fo,
fo - f and fo - 2f.
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H=|i-2 e ! i-te 2, 3.2
~ c c
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where
wnjAz
6]. =—5> i=1,2 3.3
ZnnoAz
<I>j = —X—{cos Gj - cos 60), ji=1, 2 3.4
cj = cos 9]., j=0,1, 2. 3.5

We have again supressed the negative signs of the subscripts and
have dropped the unimportant common phase factor outside the

matrix.

The elements of the coupling matrix in Eq. 3.2 can be inter-
preted as follows. The 1, 2 and 2, 1 elements couple the zero and
first orders due to the fundamental grating while the 1, 3 and 3, 1
elements describe the coupling between the zero and second orders
due to the nonlinearity produced harmonic grating. In addition,
energy is coupled between the first and second orders by the funda-
mental grating via elements 2, 3 and 3, 2. We refer to this latter
process as double diffraction because energy is transferred from
the zero order to the second by two successive interactions with
the fundamental grating. We shall see that in interferometrically
produced gratings, double diffraction plays a major role in the gen-

eration of the second order. A diagram of the propagation directions
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for second-order readout is given in Fig. 3-2 for the case of inci-

dence exactly at the second BA.
The procedure is again to analytically compute

1
A(N) =HY| 0 3.6

in the limit N - o0, Az - 0 such that NAz = D. This is done by
transforming to the diagonal representation. While we can and will
do that in general, it is illustrative to consider first the special
case of incidence exactly at the second BA. The algebra simpli-

fies somewhat in this case, and the physics is less obscured.

3.1 Readout at the Second-Order Bragg Angle

The second-order Bragg condition is 2 sin 6, = 2hf/n0. A

2B
readout wave at this angle has spatial frequency

fo =n_ sin QZB/A = f 3.7

and the resulting second order, -f. Therefore cos 92 = COS 00; the
two orders propagate symmetrically about the fringe planes;

<I>2 = 0. Furthermore, it can be shown that

_ 2 -1
cos 6; - cos §_ = (hf/no) (1 + cos QZB) 3.8
so that the dispersion between the zero and first orders over a thin
slab is (dropping the unnecessary subscript)
2mn_Az 1

2
d=-——2 _(cos f, - COS 0 )=—2l7\—f—A-E(1+cos(9 ) 3.9
X 1 o n, 2B

With the above simplification for Bragg-angle incidence we
diagonalize the coupling matrix in Eq. 3.2 by finding its eigenvalues.

The eigenvalues 0]. of H satisfy the matrix equation
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det (H - ojI) =0 3.10

where I is the identity matrix. It is convenient to make the substi-

tution t,l/]. =i(1 - oj). The solutions of Eq. 3.10 are

"bo = 52/00 3.11
9 1/2
0 20 6,
_ 1 1i( 2 1 2
1,[/1,2——5(52/00+‘I)):t§ -c—(;+<1> + 4 cocl——c—; . 3.12

Because we make Az arbitrarily small, we have dropped terms of

second order in Az. The eigenvalues are 0‘j =1 - 'nl/j = exp (—ix,l/j).

The associated eigenvectors E, that are the basis vectors in

the diagonal representation, satisfy the matrix equation

(H - 0)E; =0 3.13

and can be found in terms of the original basis vectors to be

Bl [1 0 1A
0] (o]
e,
E;|l =11 Fl_[d/l + 62/c0] 1Ay 3.14
e,
BT I e b R A 1A

From the initial condition on é and from the transformation of

Eq. 3.14, the initial condition in the E basis is

1
E(0) =1 3.15
1

Therefore, in the diagonal representation, the total amplitude after

the Nth thin grating is
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- OAN{ D) r -
- -iINY,
e o) o 1 e
E(N)=|o e 0 1] =1]e 3.16
-itl/z —iNt,l/z
| O 0 e ] Ll__ e ~

To find the amplitude of the first and second orders after the
Nth thin grating, we transform back to the original basis via the in-

verse of the transformation in Eq. 3.14. The result is

04

oy )l

A,(N) = E,(N) - E;(N)] 3.17

(Y, + 6,/c ) (Y + 6,/c_)
_1} 2 "2 7o 1 "2"70

We now note that NAz = D and define

61N nnlD
170 170
0, N mn,D
20 2
Y27 ¢C e 3.20
0 0
N A2 -1
£ =—=-—1"D(1 + co8 6,4) 3.21
2 n0 2B
p=£§&- ')/2/2 3.22
1/2
y = (,,2 N 27%) 3.23

Physically, 71 and Vo are the total grating strengths of the funda-

mental and harmonic gratings, respectively; and & is 1/2 the total
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dispersion (difference in propagation factors) between the zero and
first orders. Note, as suggested earlier, that £ = Q/4, and £ is

strongly dependent upon the grating frequency.

The diffraction efficiency, DE, = cj/co |AJ. 12, of the first and
second orders after grating thickness D can be found from
Eqgs. 3.17 and 3.18 using the definitions of Egs. 3.19-3.23 and the
expressions for a,l/]. (Eqgs. 3.11 and 3.12),

2
y
DE, = L sin® x 3.24
173

DE, = %{[cos X - cos (3y2/2 + E)]Z

2
+ [9)-(- sin X - sin (3y,/2 + g)] } 3.25
The value of DEo = |A0|2 can also be found and it is easy to

show that

+DE_, =1 3.26

DEo + DE1 2

Energy flow in the z direction is therefore conserved. The fact that

H is unitary also requires that its eigenvalues have unit magnitude.

The results of Eqs. 3.24 and 3.25 are completely general, al-
though perhaps not sufficiently simple to be easily interpreted. We

now examine some interesting implications of these results.

3.1.1 Pure Sinusoidal Grating, n, = 0
It is interesting and informative to examine the general results
for the pure sinusoidal case. In this case, all the energy in the

second order results from double diffraction by the fundamental



grating, there is no coupling directly from the readout wave to the

second order. For n, =0, Eqs. 3.24 and 3.25 become

2
72
DE =L sin? X 3.27
1 .2
X
DE =1 [cos X - cos £]2+ g—sinx-sin 5]2 3.28
2 4 X )

1/2
)

der for the pure sinusoidal grating is that its maximum value is

where X = (52 + 2y . An interesting property of the second or-

periodic with §. Suppose £ = m7m, m a positive integer. Then, the
DE of the second order becomes

(. 22

1 m% .2 . 4 %

= sin” X + sin” &, m even

4 2 2’
X

DE2=< 3.29

2 2

lmw sin2 X + cos4—)$, m odd

L4 X2 2

22 . 2\/2 e
where x(m) = (m T + 2y1> . The diffraction efficiency of the
second order will be 1009 whenever X(m) = (2n + 1)r, for m even
or X(m) = 2n7, m odd, where n is also a positive integer and n > m.
Although it is perhaps not so obvious from Eq. 3.29, the second
order can become 1009 only for £ = mw, regardless of the value of
n,. Therefore, we find that, in addition to the second-order Bragg

condition, we have the auxilliary condition

(hfz/ n0>D(1 + COS HZB) =m, m positive integer 3.30
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which must be satisfied if the second order is to be 1009, efficient
in a pure sinusoidal grating. This is a necessary condition that is
completely independent of the index modulation. For a given thick-
ness and readout wavelength, the above condition implies that the
second order can be made 1009, efficient only for discrete grating
frequencies. Physically, the condition of Eq. 3.30 is that the total
dispersion between the zero and first order be an integer multiple
of 2.

In a pure sinusoidal grating, diffraction into the second order
is totally a second order process through the first order. The
dispersion between the zero and first orders is 2£ and between the
first and second is -2£. Thus, while the total is zero (at the sec-
ond BA), that of the intermediate step is not. The zero and first
orders do not propagate symmetrically about the fringe planes (z
axis, Fig. 3-2), and have much different propagation factors. The
condition of Eq. 3.30 is a higher-order phase condition imposed
on the intermediate step of the total double diffraction process.

It states that double diffraction will be most strong if the disper-
sion of the intermediate step is an integer number of wavelengths.
We shall see in the next chapter that in specially constructed
double gratings, it is possible to have a double diffraction process
in which the dispersion associated with both the total process and
the intermediate step can be zero. In single thick gratings, this

is not possible.

In Fig. 3-3, we plot DE2 VS ¥4 for several values of £. The

periodicity of the maximum value of DE_ with £ is clearly evident.

2
For & = mm, DE2 is 1009, for vy = ngzi-ln Thus, for m = 2, a
fundamental grating strength about three times that necessary to
make the first order 1009, efficient for readout at the first BA
(yl = 1/2), is needed to make the second order 1009, at its BA.
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For very large values of m, we can show that this effect becomes
much less pronounced in that even for half-integer values of m, the
maximum value of DE2 can be made nearly 1009% for proper 71
We shall see that for the same limit (£ very large) only the zero
and second orders are important. The condition imposed by

Eq. 3-30 is a result of the presence of 3 significant waves. In

Fig. 3-4, we plot the diffraction efficiency of the first order, DEl’
for readout at the second BA. In general, DE1 increases more

slowly with 2] for larger é&.

3.1.2 The General Case, n, £0

In most cases of interferometrically constructed gratings in a
material such as dichromated gelatin, the film response is non-
linear and we must include the effects of both n, and n,. This is
especially true for the high exposures required to obtain a signif-
icantly strong second order (32). Several general conclusions can
be made concerning the general results of Eqs. 3.24 and 3.25. Be-
cause of the amplitude term, y%, the DE of the first order depends
primarily upon n,. The diffraction efficiency of the second order
depends quite strongly on both n, and ny; however, the relative
effect of double diffraction (n1 dependence) decreases as £ in-
creases. We shall see, though, that just as in the pure sinusoidal

case, this dependence is not monotonic in &.

A condition similar to Eq. 3.30 applies also in the general
case if DE2
¥q and £ and is that 33/2/ 2 + £ = mm, m an integer. In this case,

is to be made 100%. The condition is now between

the expression for DE2 becomes



r

1p2 2 4 x

-=——= SIn X + sin ) m even

i 9 P

X
DE2=§ 3.31

lp—z 12 cos4—>S m odd

2.z 50 2’ ’

1/2

2, 27/%) and p(m) = mr - 2y2. The necessary

where X(m) = (p
and sufficient conditions for the second order to be 1009 efficient

are therefore by inspection of Eq. 3.31

3)/2
—5 ¢ =mm, m integer 3.32
and
(
(2n + 1)7, m even
x(m) = ﬂ
LG"’ m odd. 3.33

Note that for a small nonlinearity, 3/2 12 << &, the condition of

Eq. 3.32 indicates a small shift in the grating frequencies for which
maximum second order occurs. Because the condition on &

(Eq. 3.32) includes or DE2

and wavelength for arbitrary grating spatial frequencies by proper

can be made 1009, for a given thickness

choice of n, and ng. However, for interferometrically constructed
gratings, we generally do not have rigid control over the relative

strength of ny and n,. Thus, by merely varying the exposure level,

we can not be assured of obtaining the correct combination of n; and

n, to obtain a 1009, efficient second order. Because the require-

2

ments between ny, n and £ for a highly efficient second order re-

2
sult from the competing effects of double diffraction and diffraction

by the harmonic grating, as £ increases and double diffraction
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becomes less important, DE, is determined primarily by n, (we

2
shall show this more clearly in the next section). In this case, if n,
is a reasonably monotonically increasing function of exposure, an

exposure can be found such that DE2 is 1009 (provided the film has

a sufficiently nonlinear response).

An interesting feature of the expression for DE2 (Eq. 3.24) is
that the effect of double diffraction (n1 dependence) opposes that of
diffraction by the harmonic grating (n2 dependence) if n, is posi-

tive. This effect is shown in Fig. 3-5 where we plot DE, versus

79 for several values of £ and for a fixed value of Yy = 2?5. The
value of DE2 for Vg =0 is due entirely to double diffraction by the
fundamental grating. As Y9 is increased positively, DE2 de-
creases. Then, as Vo is increased even more, and the opposing
effect of double diffraction is completely overcome, DE2 in-
creases to a relatively large value., This opposition between
double diffraction and harmonic diffraction will be more readily
apparent in the approximate expression for DE2 which will be

derived in the next section.

In a real material, we vary the exposure and the values of n,
and n, for any exposure are determined by the nonlinear response
of the film. In a material like dichromated gelatin, n, increases
initially much more rapidly with exposure than does n, (32).

(This is probably true of most phase materials.) If n, were posi-
tive relative to ny, then as a function of exposure, DE2 would ini-
tially increase due to the dominant effect of the n, dependence.

As the exposure was increased so that n, became comparable to
ny, DE2
maximum value which might be rather small depending on the

would begin to decrease after having reached a relative

relative generation of n, and n, with exposure. As the exposure

2
was increased further, DE2 would decrease to some low value
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and then increase again just as in Fig. 3-5. In fact, this behavior
is not observed experimentally. Instead, DE2 increases monotoni-
cally with exposure to a rather large value (although not necessar-
ily 1009, for reasons mentioned earlier) before peaking and then
decreasing. (We will show experimental results later.) Indeed,
the fact that the above situation is not observed, is one of several
reasons for concluding that n

is negative with respect to n, i.e.,

the harmonic component is sl?ifted by 7 radians relative to }:he
fundamental for typical nonlinear generation in dichromated gela-
tin (32), and probably for other phase materials. (This fact has
been shown previously by Fillmore and Tynan (31), who used a
numerical approach to invert diffraction efficiency data. A sim-
ilar 7 phase shift between the first and second order absorptivity
modulations occurs in silver-based photographic emulsions (37).)

Therefore, the nonlinear generation of n, and the propagation prop-

erties of the second order nicely complezment each other to give
a strong second order that increases with exposure to a relatively
large value. These two properties are, of course, completely in-
dependent of each other. In Fig. 3-6, we plot DE2 versus -y, for
several values of £ and for a fixed value of Y1 = 2.5. These curves
clearly demonstrate that for n, negative, the two mechanisms pro-
ducing the second order act together to produce a large DEZ‘
3.1.3 Simplified Results for v/, yo/& <<1
The general results of Eqs. 3.24 and 3.25 can be greatly sim-
plified under the assumption of low index modulation relative to
the square of A, 'yl/ £ 'yz/ ¢ <<1. Physically, this assumption re-
quires the total grating strength to be much smaller than the total
dispersion between the zero and first orders. While the simplified
results are informative and illustrate more readily some of the im-

plications of the general results, we stress again, as mentioned
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earlier, that for typical gratings with a moderate Q factor, the
above assumptions are not met under exposure conditions required
to produce a strong second order and the general results must be
used. Nevertheless, the simplified results are instructive and are
valid for gratings of very high spatial frequency or for materials
in which the nonlinearity is very strong such that n, ¥ mn, or the
thickness is large so that the modulation can be kept very low and

still have a significant second order produced.
We define

2non1
t, = =22 3.34
171/t D)2

2non2
ty, =y = — 3.35
2 2/ & (M)Z
After some tedious manipulations and using the assumptions tl,

t, << 1, DE

9 from Eq. 3.25 is

2

o . 218(.2
DE2 = sin [—i(tl - 2t2>]
2
t t 3t
+ —2—1- sin [‘;(1 - t% ——%—)j, sin [&(1 +—§?->]
9 b\l
- sin §1+t1--2— . 3.36

Then dropping the second term in Eq. 3.36, because of the factor
2
t

1 << 1, we have simply

o i 2] 2
DE2 = sin ‘[yl/zg - 72] 3.37

In this same approximation, I)E-1 = t% = (0, so that only the zero and

second orders are significant. For n, = 0 ('yz = 0) and with the
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same restriction on yl/ ¢ so that only the zero and second orders
are assumed important, Bergstein and Kermisch (18) and Baugh (38)
have found similar results. Also, this result should agree with that
of Su and Gaylord, who have recently performed a general mth
Bragg angle analysis, again in the approximation that only two or-
ders are important (39). As suggested earlier, in this limit, the
periodic dependence upon £ of the maximum value of DE2 for

can be 1009, for arbitrary grating frequen-

n, = 0 is gone and DE

2 2
cies. For y% /25 << Yo the result reduces to the form of that for
the first order for readout at its BA except, of course, that the

grating strength is determined by ng.

Equation 3.37 shows quite clearly the opposing effect of the

ny and n, dependence of DE2 if n, is positive. Also readily ap-

parent is2 that the relative importance of double diffraction de-
creases as & increases. Again, the degree of the film nonlinear-
ity is important because, if for a given exposure level, the har-
monic generation is low (n2 small relative to ny ), the effect of
the fundamental grating will be important even for large £ This
is typically the case for dichromated gelatin. As mentioned in
the previous section, both of the above properties are also true

for the general expression for DE2.

3.2 Readout Angles Near the Second Bragg Angle

When the readout wave is not incident exactly at the second-
order BA, the general coupling matrix in Eq. 3.2 must be used
where <I>2 is no longer zero. The mathematical procedure is the
same, but the algebra of diagonalizing the matrix and doing the
multiplication, is more complicated. We shall find, in the next
chapter on double gratings, the need to diagonalize the most gen-

eral form of the 3 X 3 coupling matrix. To eliminate mathematical
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duplication, we therefore diagonalize and do the necessary matrix
multiplication for the most general 3 X 3 coupling matrix in the
Appendix. The matrix of Eq. 3.2, for second-order readout of sin-
gle gratings, is a special case of that considered in the Appendix
(A. 2) with Gi = 61, 6,'2 = 62 and 6:'3 = 61. The results for the first
and second order diffraction efficiencies for readout near the sec-

ond BA are thus given by Eq. A.25 and A.26 respectively with

1
Yy = nnlD/h(cocl) /2; Vg = 1rn1D/7L(clc2)1/2 3.38
Vg = rrnzD/k(cocz)l/ 2 3.39
.§j = (nnoD/h)(cos ej - oS 90), ji=1,2 3.40
0 1/2
_ A . .
cos Bj =<1- [H;(fo - ]f):l ,1=0,1,2 3.41

Because we do not require second Bragg angle incidence, there are

two dispersion terms.

The general angular selectivity results above depend on four
parameters. The two dispersion terms are not independent, but
are related through the readout angle. For purposes of illustration,
representative results have been evaluated and are plotted in
Fig. 3-7 (f = 850 1/mm, ny = .027) and Fig. 3-8 (f = 1000 1/mm,
ny = .0285). In both cases, D = 16 ym, X = .488 ym and n = 1.52.
Although the film nonlinearity, in fact, depends upon the level of
modulation (32), we assume a ratio nz/ n, = -.33 in both cases.

The value of A9 is 60 - the angular difference of the readout

0
2B’
angle from the second BA. The presence of the first order in the

lower frequency case (Fig. 3-7) is very prominent, especially for
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readout angles toward the first BA. This results, because, with re-
spect to first-order readout, the grating is strongly overmodulated
which tends to overcome Bragg suppression, even far off the first
BA. Also, the second-order sidelobes are very evident. An inter-
esting conclusion that can be made from examining the angular
selectivity results for various levels of nonlinearity is that the
shape of the second order AS is not very dependent upon the gener-
ation mechanism. That is, whether the second order is produced
entirely by double diffraction (n2 = 0) or primarily by the harmonic

grating (n2 =n1), the value of DEzversus 90 - 8, is essentially the

2B

same, given the same value at 4., in the two cases. This is in

2B
spite of the fact that, in the former case, there is a significant
first order in this angular region, while in the latter, there .s none.
The AS is just slightly broader for total generation by double dif-

fraction, but the sidelobes are equally strong in either case.

3.3 Transition Between the Thin and Thick Regimes at the
Second Bragg Angle

An argument, like that used in the last chapter, can be given to
show that for a pure sinusoidal grating and for readout at the sec-
ond BA, the diffraction efficiency of the propagating orders depends
only upon the dimensionless differential dispersion parameters
£=Q/4 cos 82B and the fundamental grating strength. This is true
even for gratings that are thin or of intermediate thickness. Doing
the necessary matrix multiplication numerically and including nine
orders, we have calculated the first maximum of DE2 versus
Q/cos 92B' The results, computed for the pure sinusoidal case,
are shown in Fig. 3-9. These results are in striking contrast to
the transition at the first BA. In particular, the peaks in DE2 max
for £ = m7 and minima for half integer values, indicated in the

derived analytical results for thick gratings, extend into the
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intermediate regime. Thus, the transition is very oscillatory.

This is a result of the phase condition on the intermediate step of
the double diffraction process. For low Q, the peaks do not occur
exactly for & = mm, probably because higher order processes are
also important. For Q > 20, only the zero, first, and second orders
are significant, while Q > 200 is necessary to also suppress the
first order. Thus, by doing a three-wave analysis, we consider-
ably increase the range of validity of our analytical results. This
is especially true for readout angles between the first and second

Bragg angles.

The effect of the film generated n, on the results of Fig. 3-9,
is to shift the curve (to the left for n, < 0) as suggested by
Eq. 3.32. Also, the oscillations are smoothed out as lnzl is in-
creased because the relative importance of double diffraction is de-
creased. As lnzl becomes comparable to n,, the effect of double dif-
fraction will become negligible except for very low Q and the transi-

tion will become more like that at the first BA.

3.4 Experimental Verification

Several experiments were performed with gratings holograph-
ically constructed in dichromated gelatin film to verify the results
derived above. Dichromated gelatin film is a pure-phase material
that can be exposed to yield a very high index modulation (4-6, 31,
32, 40). It is less sensitive than standard silver-based holographic
films and is not sensitive to radiation in longer wavelength region
of the visible spectrum. The preparation and development of this
material is discussed in the literature. The dichromated gelatin
plates were prepared from standard Kodak 649-F plates using the
procedure described by Chang (41). The silver is first removed

by a fixing process. The remaining gelatin is sensitized by being
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soaked in a solution of ammonium dichromate. Except where
noted, a 1 1/29% solution of ammonium dichromate was used. The
mechanism responsible for the generation of index modulation in
dichromated gelatin is adversely affected by excessive humidity.
The dichromated gelatin plates were exposed, processed, readout
and stored in an environment of a relative humidity less than 409%
(40).

There is some controversy (5, 6) about the actual mechanism
of hologram formation in dichromated gelatin. However, recent
experimental data (31, 32) agrees with the assumption that the
index modulation is a true volume effect rather than a large scale
gelatin-air surface relief effect (5). Thus, the theory that we

have used is applicable to this material.

A schematic of the experimental arrangement is the same as
in Fig. 2-1. A continuous wave argon laser operating at A =
.488 um was used to construct and readout the gratings. Beam
expanders (microscope objective), spatial filters (small pinhole)
and collimating lenses were used to produce beams of plane wave-
fronts and approximately uniform amplitude. The lowest mode
output from the laser has a transverse Gaussian amplitude profile
(33). By expanding the beam and then using only a small center
section of the expanded beam, we obtain a beam of nearly uniform
amplitude. Because of the short coherence length (the laser does
not have a cavity etalon), the pathlengths were adjusted to within
1 cm of each other. The plate holder was rotated so that the per-
pendicular to the plate bisected the angle between the two beams.
The recorded fringe planes were thus perpendicular to the plate.
The intensity of the diffracted orders was measured with a stan-
dard photometer that uses a photo-voltaic cell. Because only rel-

ative values are required, absolute calibration is not necessary.



61

Because the analysis ignores surface reflections, the experimental
diffraction efficiencies are corrected for surface reflections by
normalizing the measured intensity of each order by the total trans-
mitted intensity. The grating frequency was changed by varying
the angle between the two construction beams. The recording
beams were made approximately equal in amplitude to give maxi-
mum fringe contrast. The emulsion thickness, D, was approxi-
mately 16 um as determined by measuring the angular deviation
from the first BA at which DE1 goes to zero (Eq. 2.45). Varia-
tions of as much as 109 for the same plate were noted and there
was some dependence upon the exposure level. The axis of polar-
ization of the readout beam was along the direction of the fringes

(perpendicular to the plane of incidence).

3.4.1 Readout at the Second Bragg Angle

Experiments were performed to make both qualitative and
quantitative comparison with the theory. To make quantitative
comparison, single gratings were made with spatial frequencies of
850 and 1200 1/mm. Various exposures were used, but the same
exposures were used for gratings of each frequency. Different
grating frequencies result in different dispersion terms, &, in the
two cases. By using the same exposure, we hope to obtain the

same values of ny and n, for each of the two gratings. Because of

2
the dependence of DE2 upon grating frequency, the same values of

index modulation in the two cases should not produce the same

values of DE2. We therefore verify the theoretical results by

using the theory to invert the diffraction efficiency data for one

grating frequency to find n, and n, for that exposure level. Those

2

values were then used in Eq. 3.24 to predict the value of DE, for

2
the other grating for the same exposure level. After development,

the gratings were returned to the plate holder mounted on the
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rotation table (Fig. 2-1). They were readout at their first~order
Bragg angles and the measured first order diffraction efficiencies
were inverted to find ny (Eqg. 2.45) (42). At the first BA, the
first order DE does not depend upon the grating frequency. We
found that the same exposure gave essentially the same n, for
each spatial frequency so that the film displayed a uniform spa-
tial frequency response. (Fillmore and Tynan (31) have found
that dichromated gelatin has a flat spatial frequency response
over the range from 100 1/mm to 2500 1/mm.) The diffraction
efficiencies of the first and second orders for readout at the
second Bragg angles were then measured. Using the value of

ny determined above, and the expression for DE2 (Eq. 3.24),

the measured DE, for the higher frequency grating (f = 1200

2
1/mm) was inverted to find n,. The values of n, were found to

be negative. These values of ny and n, were thjn used in
Eq. 3.24 to predict DE2 for the lower frequency grating for the
same exposure. In Fig. 3-10, we plot the experimentally
measured DE, for each of the two grating frequencies versus

the determinezd value of n;. The theoretically predicted values
for the lower frequency grating are also shown. The difference
in DE2 for the same values of ny and n, for the two different
grating frequencies is quite evident. The agreement between ex-
periment and theory, as shown in Fig. 3-10 is quite good. The

largest difference is 79%.

Experiments also clearly demonstrate that the first order is
not negligible for readout at the second-order Bragg angle for the
high exposures needed to produce significant second order. To
demonstrate this fact, we plot in Fig, 3-11 the experimentally
measured DE1 for readout at the second-order Bragg angle versus
the determined value of n; for gratings with f = 850 1/mm and
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f =700 1/mm. Included in Fig. 3-11 are the theoretical curves for
n, = 0 (as suggested earlier, n, is relatively unimportant in deter-
mining DEI)' Again, the agreement with theory is good. The ex-
perimentally measured 149, in the first order is clearly not

ignorable.

Finally, in Fig. 3-12, we show experimentally measured val-
ues of DE2
1/mm) versus the determined value of n,. (Note that n, is non-

2
zero.) This data clearly demonstrates that both the rate of in-

for three grating frequencies (f = 700, 925 and 1200

crease with index modulation, as well as the maximum of DE2 de-
pends upon the grating frequency. Generally, for lower frequencies
the rate of increase with index modulation is greater, but the max-
imum value is lower because a larger fraction of the total energy
is in the first order. As suggested in the analytical results, this
effect is not monotonic with the grating frequency. The maximum
value of DE2 is about the same for f =700 1/mm and f = 925 1/mm.
The data of Fig. 3-12 was taken from a plate sensitized at a higher
level (5% solution of ammonium dichromate; this is generally the
standard solution used) so that the nonlinear generation is lower
than for the 1 1/29% case (32). As a result, the importance of
double diffraction is even greater than in the data of Fig. 3-10 as
is indicated by the stronger dependence upon grating frequency.

That is, for given values of ny and n,, there is a larger difference

’
in DE2 for the different frequencies. 2We also note that the exper-
iments demonstrated that for the grating frequencies considered

(Q S 15) and for the index modulation achievable in dichromated
gelatin (which is quite large), only the zero, first and second or-
ders are significant for readout at the second Bragg angle. By

way of reference, the first-order DE for readout at the first BA,
reaches its first maximum for ny = .015, independent of the grating

frequency.
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3.4.2 Determination of the Film Nonlinearity

The derived second-order results have been used to invert dif-
fraction data to determine the nonlinear response of dichromated
gelatin. The procedure is to make gratings at incremental exposure
levels; measure the first-order DE at the first BA; then measure
the second-order DE at the second BA. This data can be inverted
using Eqs. 2.45 and 3.24 to find n, and Ny, and an experimentally
determined plot of the first and second-order index modulations
versus exposure can be made. An example of such results for a
plate sensitized with a 1 1/29% solution of ammonium dichromate
is shown in Fig. 3-13 (32). Note that the values of n, are negative.
The first-order index modulation achievable is quite large. The
nonlinearity is actually rather small except for high exposures.
This fact makes the effects of double diffraction very important

in dichromated gelatin.

3.4.3 Angular Selectivity

A representative plot of the experimentally measured angular
selectivity for second-order readout is shown in Fig. 3-14, The
readout angle is varied by simply rotating the plate. The grating
has a fundamental grating frequency of approximately 925 1/mm.
The readout angles are internal. The theoretical results are also
given, where n, and n, were determined by inverting the DE at the
BA. The value of D was varied to fit to the second-order AS. As
Fig. 3-14 shows, the same parameters predict a first-order DE

that agrees with experiment.

3.5 Extension of Analytical Results for First-Order Readout
We can increase the accuracy of the analytical results for
readout near the first BA by including more orders. This is es-

pecially true for gratings of moderate Q factor or very high index
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modulation. Unfortunately, at the first BA, the dispersion associ-
ated with the conjugate first (Fig. 3-1) is the same as that for the
second order, and in general, these orders can be of comparable
importance. However, from the dispersion curves, we expect that
in the angular region between 90 = 0 and the first Bragg angle, the
conjugate first order (+1) is more important, while between the
first and second Bragg angles, the second is more important.
Numerical results verify these conclusions. Thus, we can per-
form a three-wave analysis near the first BA including the appro-
priate extra order. The coupling matrix will be a 3 X 3 matrix
and we can use directly the general results derived in the

_Appendix.

For example, suppose we include the zero, first and conjugate
first orders of spatial frequencies fo, fo - f and fo + f, respec-
tively. Then, from the general coupling matrix derived in Chap-

ter 2 (Eq. 2.22) we have the truncated form

. o 1<I>_1 _61 i<I>1
1— e l‘c— e
1 2
0 i® o} id
H=|itL e "1 2 1 3.42
~ C C
0 2
61 .62 ic]}_1 i<I>1
i— i— e e
co ¢4
L )
where
¢, = (21rnoAz/7\)(cos 6 _4 - cos 00) 3.43

¢ = (ZnnoAz/h)(cos 6, - cos 90) 3.44
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r‘Aﬁ
0]

and the amplitude vector is | A As a special case, consider

-11"

A
L1
readout at 00 = 0 (equal angular distance from each of the first BA)

with n, = 0. Then, cos 6y =cos §_;,s0% _, = <I>1 (see Fig. 3-1) and
we have the special case (from the Appendix, A. 36)

2
DE =DE1=—2——”——-§sm [£2 + 2,2
£ + 2y

1/2

1/2 3.45

where v = 7n D/A(cos 91)

and £ = 2rn_D/A(cos 6, - cos g )=
2 ° °
-m Df /2n .

We can use the above result to show that the thickness cri-
terion is, in fact, dependent upon the level of modulation, as well
as upon the Q factor. For the two first orders to have no angular
region of overlap (i.e., to have a thick grating), it is necessary

thax the DE of each ordpr be zero at 9 = 0 by virtue of g + 272

being large. Suppose [5 + 2 2] 1/2 =z 31r (no overlap before the
third sidelobe minima). Note that [¢]= Q/2. Therefore, we

require

2

Q%/4 + 22 = 972 3.46

If we restrict ¢ to values required to reach the first maximum at
the first BA,y = /2, then
2
Q%/4 + T 2 o7
Q =67

which is comparable to the criterion found in Chaptér 2 by includ-

ing many orders. Note, however, that the thickness criterion in
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~ general depends upon the level of modulation (Eq. 3.46) as shown by
others (18). This is because high modulation tends to overcome
dispei‘sive effects and diffraction occurs even for large angles off
the BA.

3.6 Summary and Conclusions

Using the method of TGD, we have derived analytical expres-
sions for the DE of the first and second orders for readout angles
near the second BA of a thick, holographic grating. The results
demonstrate the importance of double diffraction by the fundamental
grating in addition to diffraction by the harmonic component in pro-
ducing the second order. For a pure-sinusoidal grating, we find
that an auxilliary phase condition between the zero and first orders
must be satisfied if the second order is to be made 1009 efficient.
This condition is independent of index modulation. For a given
thickness and readout wavelength, it places a restriction on the
grating frequencies for which the second order can be made 1009
efficient. Because of the 7 phase shift between the first and
second-order index modulations in a material like dichromated
gelatin, the effects of double diffraction and diffraction by the har-

monic grating combine to give a strong second order. If n, is posi-

tive with respect to ny, the two mechanisms oppose each ogher.
The AS of the second order is about twice as narrow as that of
the first order near the first BA and is broadened somewhat in the
case where the second order is produced primarily by double
diffraction. The transition between the thin and thick regimes for
readout at the second BA of a sinusoidal grating is very oscillatory
because of the periodic dependence of double diffraction upon the Q
factor. While a Q factor of >20 is sufficient to suppress all but the

zero, first and second orders, a value more than 10 times that is
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necessary to also suppress the first order. We might use the cri-
terion that a grating can be considered thick with respect to readout
near its mth BA if only the zero and mth orders are important (39).
But this criterion is overly restrictive for typical gratings with
moderate Q factors. That is, for sinusoidal gratings with given A
and D, the fundamental grating frequency must be V10 times larger
for the grating to be considered thick for second order readout
than that necessary for first order readout, on the basis of the
above criterion. As the nonlinearity increases, this difference
decreases somewhat, but for typical nonlinearities, it is still
rather large. The significance of including three waves is that it
allows the analytical results to treat, at modulations levels re-
quired to make the second order strong, the same gratings (i.e.,
same f and D) that are considered thick with respect to first order
readout. It is generally true that highly modulated, nearly sinu-
soidal gratings act less "thick," in terms of Bragg suppression, at
higher-order BAs. For example, when the constructed gratings
were readout at the third BA, there was small but measurable

diffraction into the first, second and third orders.

The experimental results from gratings constructed in dichro-
mated gelatin film are in good agreement with the analytical re-
sults. In particular, the strong grating frequency dependence of
the second order DE for readout at its BA has been demonstrated.
We have also shown that for moderate Q factors and exposures
‘sufficient to produce a strong second order, DE1 is not negligibly
small for readout near the second BA. The derived results have
been used to invert diffraction efficiency data to measure the non-

linear film response of dichromated gelatin film.



CHAPTER 4
PROPAGATION IN STRONGLY-COUPLED
MULTIPLE THICK GRATINGS

A problem of considerable interest for various applications of
holography, including optical data storage and optical elements, is
that of the properties of strongly-coupled multiple gratings recorded
in the same thick emulsion. Such gratings are strongly coupled be-
cause they share a common or almost common construction angle.
In this chapter we use the method of thin-grating decomposition to
analyze propagation in such structures. The basic coupling mecha-
nisms of multiple thick gratings are investigated. Analytic results
are derived for the efficiency of the diffracted orders of two super-
imposed gratings with arbitrary relative slope and for arbitrary
readout angles. We examine the necessary difference in the almost
common construction angles to effectively decouple the two gratings.
An interesting property of double gratings which we predicted is
the possibility of 1009 cross coupling of energy between the two
gratings (14). We show that this phenomenon can be understood
as second-order readout of the two-grating combination and is thus
similar to second-order readout of single gratings (36). We also
examine the properties of the three grating structure made by si-
multaneously interferring three plane waves. The derived results
are verified by extensive experimental results from double gratings
constructed in dichromated gelatin. In particular, the predicted
1009 cross-coupled order has been measured. Some of the theo-
retical and experimental work discussed here has been published (14,
15), although we previously calculated the diffraction efficiencies

numerically.
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4.1 Background

The angular selectivity of a thick grating is frequently used to
Bragg-angle multiplex several holograms in the same thick emul-
sion (16). Each hologram is stored as a modulated grating struc-
ture whose Bragg angle is sufficiently different from the others so
that a particular hologram can be readout with high DE with little
or no effect from the other holographic structures. This technique
is of particular importance for optical data storage (43, 28). It has
also been used to make multicolor holograms (44) and multiply-

exposed optical elements (45, 11, 46).

Despite the frequent use of multiply-exposed thick gratings,
there has been no general analysis of their properties. Baugh has
used a perturbation approach to analyze diffraction by a thick holo-
gram made by interferring a plane reference wave with multiple
signal waves (38). He used this approach to model thick holograms
of general objects and assumed that the gratings constructed by any
two signal waves were ignorable. He analyzed only the case of
readout exactly at the same angle as the reference beam. This

angle is the common Bragg angle for each of the gratings.

A thick grating constructed with two fringe structures of arbi-
trary spatial frequency and orientation (slant) is more complicated
than the single grating. If two gratings recorded in the same emul-
sion have a common or nearly common Bragg angle, then for a
readout wave in that angular region, light will be diffracted by both
gratings. Because of the thickness of the emulsion, depletion of
the incident wave by one grating leaves less energy in the zero or-
der to be diffracted by the other grating. Furthermore, for certain
readout angles, there is the possibility that light diffracted by one
structure will subsequently be diffracted by the other. In both -

cases, it is necessary to consider the combined effects of both
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gratings, including the coupling between them to determine the total
field that exits from the emulsion. In the case of Bragg-angle mul-
tiplexing, the intention is to make the Bragg angles sufficiently dif-
ferent so that the structures are decoupled; i.e., there is no overlap
in the angular regions for which significant diffraction occurs for
each of the holograms. While we analyze for simplicity, the case
of plane gratings, the results derived are applicable qualitatively

to holograms of arbitrary objects as is typically the case in Bragg-

angle multiplexing.

4.2 Incoherent Superposition Construction I
We consider the double grating that is constructed holograph-
ically as shown in Fig. 4-1. Plane waves R1 and 81 and subse-
quently Rz and S2 interfere to create two sets of fringes (referred
to as grating 1 (Gl) and grating 2 (G2), respectively) throughout
the volume of the emulsion. There is no interference between S

1
and S2 or R1 and R,; thus, the result is an incoherent superposi-

tion of two gratingsz(Fig. 4-1b). Because we assume a readout
wavelength equal to the construction wavelength, the Bragg angles
for each of the gratings correspond to the angles of either of the
construction beams for that grating. The construction waves are
assumed to be infinite plane waves, with propagation vectors in
the xz plane. Therefore, there is no variation along the y direc-

tion of the emulsion. R1 and R, are separated in angle by A¢

(A¢ is positive for the case degicted in Fig. 4-1), which is the dif-
ference in the nearly equal Bragg angles for the two gratings. For
A¢ small, we expect effective diffraction directly from the readout
beam by each grating for an incident wave in the angular region of
the nearly equal Bragg angles. We refer to this coupling between
the two gratings through the zero-order wave as direct coupling.

In addition, for readout angles approximately equal to 92, for
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example, the diffracted wave from G1 is near the Bragg angle of G2
and may be subsequently diffracted by it before emerging from the
emulsion. The result is a diffracted wave that emerges at about 9 4
This coupling between the two gratings via a diffracted wave is re-
ferred to as cross coupling. We shall see that this double-diffraction
process is very similar to that for second-order readout of a pure-
sinusoidal single grating., However, it is much stronger because

the differential dispersion of the intermediate step can be made

zero for A¢ = 0. In both the direct and cross-coupling readout modes,
there are two diffracted orders because we assume that the Q fac-
tors for the individual gratings are large enough that the conjugate
and higher orders of the individual gratings, as well as other mul-
tiply-diffracted orders, are negligible. Also, in both cases, the
effect of G2

either depleting the zero-order wave directly (direct coupling) or

is generally to decrease the diffraction due to G1 by

the first-order diffracted wave (cross coupling). Although most of
the discussion deals with the case where the readout and construc-
tion wavelengths are the same, the general results derived are

valid for arbitrary readout wavelengths.

For the two-grating incoherent superposition, the total expo-

sure can be written as

E(x, z) = {1 + Iy COS [27rf X - xl(z))]}
+ Ez{(l + T, COS anz(x - xz(z))} 4.1

where Ej and rj are the average exposure and modulation, respec-
tively; f] is the spatial frequency in any z = constant plane, and

X. (z) = 2 tan ¢ is the lateral shift of the fringes at z relative to

z = 0 due to fr1nge slope, all for the j th thick grating (j =1, 2).

The fringe slopes are 1 = (91 + 62)/2 and by = (93 + 94)/2. For the

recording material, we consider a pure-phase material and assume
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a linear relationship between exposure and An, An = KE. For only
two superpositions and low exposures, this has been shown to be a
good assumption for dichromated gelatin (32). Because we are
only interested in first-order readout and consider thick gratings,
nonlinearities will be unimportant anyway. (We must be careful to
avoid a construction geometry, in which one of the construction

angles corresponds to a second BA of another grating.)

The spatially modulated refractive index can therefore be

written as

n(x, z) = n_ +1n; €os 27rf1(x - x—l(z.)) + n, cos 2uf

9 2(x - xz(z)) 4.2

where nj is the first-order index modulation of grating G].. We
stress that throughout this chapter, n, is the first order index

modulation of G, and not a film generated second-order modulation

2
as in Chapter 3. The amplitude transmittance of the mth thin slab®

2mn(x, m
TA(x, m) = exp l~—os - 91

2, AZ
Z (i ) Ly (ﬁm) exp {127rq1f1[x - Xl(m)]}

is

q 2mn
Z (i) ZJq2<X—EC‘?—S—§—> exp {12nq2 2[x X (m)]}

q2 =00
n, Az
TA(X, m) =1+ IXEEEE;{GXP (i anl[x - xl(m)])

+ exp (~i 21rf1[x - xl(m)])}

(Eq. 4.3 concluded on following page)
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™, AZ
+ lic_os_@i—{exl) (i anz[x - xz(m)])

+ exp (-1 271f2[x - x2(m)] )} 4.3

where we have retained only first-order terms in Az.

Following the method of TGD developed in Chapter 2, we now
derive the coupling matrix for the significant propagating waves in
the two grating structure described above. For readout in either
the direct or cross-coupling modes, there are three significant or-
ders. The coupling matrix is 3 X 3 and we can use the general re-
sults derived in the Appendix for diagonalizing the matrix and doing
the necessary matrix multiplication. The angular regions of read-
out for the two modes are different, so we can examine the effects

of direct coupling and cross coupling separately.

4.2.1 Direct Coupling

A diagram of the propagation directions for readout in the
direct-coupling mode is shown in Fig. 4-2. An incident wave, P o’
in the angular region of the nearly common Bragg angles is
strongly diffracted by each of the two gratings generating the dif-
fracted waves P1 and P2. For an incident plane wave of spatial
frequency (x component) fo’ the diffracted waves have spatial fre-

quencies F, = fo + £, and F2 = f0 - fz.'—Other orders can be included,
but for the case where each grating has a large Q factor, their
effect was found to be negligible. This fact is verified in the exper-
imental results. The matrix elements ij that describe the coupling
between these three orders can be found from the amplitude trans-
mittance function in Eq. 4.3 by simply invoking the thin grating
equation F]. = Fk + f1’2 and including the propagation factor over

the thin slab thickness, Az. That is, the matrix element mij is

the product of the propagation factor of the plane wave of spatial
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Figure 4-2. Direct-Coupling Readout

Differential Dispersion

Figure 4-3. Differential Dispersion for Direct-Coupling Readout
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frequency Fk and the coefficient of the amplitude transmittance term

of spatial frequency fi, where fi = Fj - Fk' The coupling matrix is

i 5, ia, iB(m) 6, ic, -if(m)|
e © iE1 e 1 e 1 i-é—z- e 2 e 2
1 2
6, ia  ~if.(m) io
11 7o 1 1
mE= |ige e e 0 4.4
0
o, ia_ iB,(m) i
ic—2 e %e 2 0 e 2
L ° J
where
Bj(m) = wa].m Az tan ¢j i=1,2
TrnjAz
6]. =—3 j=1,2 4,5
ano
a = cos @ .
q” X a 6
Fo=fo, F1=f0+f1, F2=f0-f2 4.7
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A
The corresponding amplitude vector is A = A: , Where Aq is the
AZ
total amplitude of the plane wave of spatial frequency Fq. In gener-
al, the coupling matrix depends upon the slab index m because of
fringe slope. However, just as in the single grating case, this de-~
pendence can be removed by calculating the difference in the prop-
agation factors between the zero order and the diffracted order of
Gj relative to the direction of the corresponding fringe planes
rather than relative to the z direction. Thus, the coupling matrix

for each slab can be written as

~ 0, id 0. id ]
1 iE—l—e 1 ic—ze 2
1 2
6 i®
H=|i-l e 1 0 4.9
)
) id
16—2— 0 e 2
L o y
where
ZnnOAz
&y =—-—A——[cos (91 - ¢1) - cos (90 - ¢1)], 4,10
27rn0Az
<I>2 = ——T—[cos (92 - <p2) - COS (00 - ¢2)], 4.11

and the values of Gq are given by sin 4 q = th/ n. Thet l;bj are the
differences in the propagation factors of the zero and j  diffracted
orders measured relative to the direction of the jth set of fringe
planes. There is no grating component that connects P, and P

Hyg =Hgy = 0.

1 92’

therefore,
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The difference in cosine factors included in the brackets in <I>1
and <I>2 is sketched in Fig. 4-3a (A¢ = 0) and Fig. 4-3b (A¢ # 0) for
two gratings with different spatial frequencies. The abscissa is
the readout angle 60. For A¢ = 0, the differential spatial dispersion
associated with each first order is zero for readout at the common
construction angle, 91 = 93, because the zero order and each of the
diffracted orders propagate symmetrically about its respective
fringe planes (Fig. 4-2). The coupling between the two gratings is
therefore very strong. As A¢ is made nonzero, the differential
dispersion terms are no longer simultaneously small for any read-
out angle and the coupling between the two gratings decreases be-
cause the angular regions over which effective diffraction occurs
for each grating no longer overlap. Thus, the coupling between the
two gratings results from the dependence of @1 and & 9 upon the
readout angle 6 o We shall see that the angular selectivity and de-
coupling of double gratings depends very strongly upon the rela-
tionship between <I>1 and <I>2 as a function of 00. The dispersion
terms for higher or multiply-diffracted orders are very large for
the readout angles shown in Fig. 4-3. That is the reason these

other orders are not important.

The coupling matrix of Eq. 4.9 is a special case of the general
3 X 3 matrix in the Appendix with 8} = 4., 6! = 6,, 6 =0 and &

1 1’ 72 2”3 1
and <I>2 as given in Egs. 4.10 and 4.11. The expressions for the DE
of the first orders of G1 and G2 are therefore given by Egs. A.25
and A.26, respectively with
N<I>1 7mOD
- = r - - -
4‘;1 =—5- =y lcos (61 ¢>1) cos (90 qbl)] 4,12
N<I>2 nnOD
— — F - - -
62 =—5— =— —lcos (92 ¢2) cos (90 ¢2)] 4,13
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N 61 7m1D . N62 7rn2D

Y = Y 4.14
1 (cocl)lf2 AMc 01)1/2 2" (c 02)1/2 e 02) 1/2

For the special case of A¢ = 0 and readout at the common BA, §
&, =&, =0, and the results reduce to (Eq. A.37)

1’

1 2
i g g2
DE]. = —5 9 sin <’}/1 + ')/2) 4.15
')’1 + '}’2
va 2/ a. 2\V/2
DE2 = 5 g sin ('}/1 + ')’2> 4.16
"1 + ')’2

in agreement with those obtained by Baugh (38) and others (28, 47)

(for this special case only). For Y1 =Yg = V2. . DE, = DE,, = 50%.

27’ 1

To examine the more general case of arbitrary readout angles
and A¢ # 0, we evaluate and plot the results of the general expres-
sions for the DE using a computer. As a typical example for
illustration, we use the following parameters (Fig. 4-1): 0y =
6y = 0°, 6y = 200, 6, = -16°, x = .488 um, n =1.52 and D =16 pm.
As A¢ is varied, both 93 and 6 4 2Te changed to keep the angle be-
tween them constant. The grating spatial frequencies are f1 =
1065 1/mm and fy = 860 1/mm. To allow comparison with the sin-
gle grating case, we use as the grating strength unit 7’(1)’ which is
that necessary to obtain 1009 DE by G1 for readout at its BA in the
absence of GZ' For the angular selectivity results, we normalize
the angular distance from the BA by the angular half-width at cutoff
of G1 for the single grating case, at a modulation of 'yg (found from

Eq. 2.45, =2.7). The offset angle is also normalized by this value.

In Fig. 4-4, we plot the computed AS of the diffracted order of
G1 for several levels of modulation with the two grating strengths
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No& m™m.D Nb& m™m,D
v, = 1 1 . 2 _ 2 414
1 1/2 ~ 1/2° 72 = 1/2 ~ 1/2 ’
(c cl) Ac cl) (e cz) (cocz)
For the special case of A¢ = 0 and readout at the common BA, 61,
Oy =0y = 0, and the results reduce to (Eq. A.37)
2
i a2 2\l/2
DE]. = 5 9 sin ('}/1 + ’}/2) 4.15
Y1 + '}’2
, 2
Ya a2 V2
DE2 = —5— 5 sin (71 + 7’2) 4.16
Y1t Y9

in agreement with those obtained by Baugh (38) and others (28, 47)
| Ve . _ -
*57; DE, = DE, = 50%.

To examine the more general case of arbitrary readout angles

(for this special case only). For Y1 =7g =

and A¢ # 0, we evaluate and plot the results of the general expres-
sions for the DE using a computer. As a typical example for
illustration, we use the following parameters (Fig. 4-1): 4, =

1

0q = 0°, 0y = 20°, 6, = -16°, X = .488 pm, n, =1.52 and D = 16 pm.

As A¢ is varied, both 83 and 6 4 AT€ changed to keep the angle be-
tween them constant. The grating spatial frequencies are f1 =

1065 1/mm and fz = 860 1/mm. To allow comparison with the sin-
gle grating case, we use as the grating strength unit 'ycl’, which is
that necessary to obtain 1009% DE by G1 for readout at its BA in the
absence of G2. For the angular selectivity results, we normalize
the angular distance from the BA by the angular half-width at cutoff
of G1 for the single grating case, at a modulation of 7(1) (found from

Eq. 2.45, =2.7). The offset angle is also normalized by this value.

In Fig. 4-4, we plot the computed AS of the diffracted order of
G1 for several levels of modulation with the two grating strengths
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equal (yl = 'yz), and A¢ = 0. The results for the diffracted order of
Gy
frequency of GZ' Perhaps the most striking feature of the AS is

are of similar form, but of different width because of the lower

that the double gratings tend to overmodulate easily; the angles of
maximum DE move symmetrically off the BA. This can be shown
to be due to the fact that the sum of the dispersion terms for G1
and G2 remain small as the readout angle moves off the common
construction angle because of the different signs of the dispersion
terms (Fig. 4-3a). The width of the AS curve is slightly greater
than for the single grating case, due to the perturbation of G2.
The sidelobe level increases with the modulation level as in the
single grating case. The AS that results as Y9 is decreased, are
given in Ref. 15. A ratio of 72/71 = .1, is sufficient to extinguish

the effect of G2.

Of particular interest is the angular decoupling of the two
gratings that results from making A¢ nonzero. This is the ques-
tion when determining the necessary angle of separation for Bragg-
angle multiplexing. In Fig. 4-5, we plot the computed AS for each
of the diffracted orders for 71 =79 'y(IJ and for a normalized off-
set, A¢ = 0(a), .5(b) and 1.5(c). For A¢ = 0 (this is the same case
shown in Fig. 4-4, except here we show the DE of each of the two
orders); note that the increase in DE off the common BA is
greater for the lower frequency grating (Gz). This difference be-
comes even more pronounced as the difference in the grating fre-
quencies is increased. For a normalized offset of .5, there is sub-
stantial decoupling. Note that the diffracted order of the lower
frequency grating (G2) tends to return to a higher maximum DE
more rapidly with offset than that of the higher grating frequency
(Gl)' A very interesting aspect of the decoupling process is that

the maximum DE of each grating is not achieved for readout exactly
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at its respective BA (A8 = 0 for G1 and A8 = -A¢ for GZ)’ because
of the perturbation of the other grating. The angular difference be-
tween the diffraction maxima is greater than the BA difference.
However, as the offset is increased and the coupling is reduced,
the readout angles of maximum DE approach the respective BAs
as expected. For A¢ = 1.5, there is no overlap in the mainlobes of
the two AS curves. Each grating is nearly 1009, efficient for a
readout angle very near its BA. The difference in width results
from the different grating frequencies. For two gratings with the
same grating frequency, an offset of A¢ = 1 is sufficient to make
each grating nearly 1009, efficient. The offset here (normalized
by the half-width of Gl) is larger because the half-width of G2 is
greater. Thus, we find that one can have sufficient decoupling for
an angular separation somewhat smaller than what one might ex-
pect from single grating theory. This is because the mainlobes
in the interaction region are somewhat narrower than in the
single-grating case. Based on intuitive arguments, one might ex-
pect a necessary normalized offset of 2 or greater. Computed
results indicate that for this level of modulation <y1 = ycl) , and a
given offset A¢, we can not significantly increase the DE by in-
creasing the modulation.

The necessary offset to decouple the two gratings depends
upon the level of modulation, as well as upon the grating frequen-
cies and thickness. Intuitively, this is expected. For very low
modulation, there is very little depietion of the incident wave and
therefore effectively no coupling between the two gratings. For
readout at the BA of Gl’ El =0, 52, which depends upon the offset
A¢ and the frequency of Gr2 (for A¢p << 1, 52 = TA} f2 cos ¢, D,
for no offset), is the only dispersion
1’ the DE of G1 is independent of

its grating frequency. However, it does depend upon the frequency

where ¢>2 is the slope of (}2

parameter. Thus, at the BA of G
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of G2 and the offset between the BAs. The extent to which the max-
imum DE of G1 occurs off its BA does depend on f1 as well as fz
and A¢. In Fig. 4-6, we plot the calculated DE of G1 for readout at
its BA as a function of 252. The results are computed for several
levels of modulation 7’1/7(1) with Y1 =Yg For lower modulations,
a smaller total differential dispersion (i.e., smaller offset and/or
lower f2) is needed to suppress the effect of G2 and return the DE
of G1 to its single grating value. The DE of G1 in Fig. 4-6 does
not correspond to its maximum except for large 252, because as
mentioned, until the gratings are completely decoupled, the DE are
not maximized at the BAs. The decoupling for Y1 = y<1) is initially

quite rapid, then proceeds more slowly.

For vy = 7(1)’ the curve in Fig. 4-6 is very similar to that of
Fig. 2-6 which shows the maximum first-order DE in the transi-
tion from the thin to thick regimes of a single grating. This is
interesting but really not too surprising. In the double grating
case, the first order of G2 is the only other important diffracted
order and its dispersion term is increased (and its importance at
the BA of G‘r1 reduced) by making the offset between the two grat-
ings nonzero. In the single grating case, the conjugate first and
higher orders are important. The spatial dispersion of these or-
ders, which is proportional to Q/cos 9B’ is increased by increas-
ing the grating frequency (for fixed A and D). This, of course, has
the effect of increasing the angular separation between the Bragg
angles, just as increasing A¢ does for double gratings. The de-
coupling is somewhat more rapid in Fig. 4-6 than in Fig. 2-6 be-
cause in the former case, only one order must be suppressed.
Again, the Q factor of G1 is sufficiently large that its higher or-

ders are suppressed.
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We can also examine the modulation dependence of decoupling
by considering readout at an angle between the two BAs. For a
readout angle such that 51 = 62 (see Fig. 4-3b; this corresponds to
the readout angle where the two dispersion curves intersect), the
expressions for the DEs simplify considerably (A.36).
Note that the results of Eqs. 4-15 and 4-16 are a special case of
these expressions where 51 = 52 = 0. For gratings of equal index
modulation, the two gratings are equally efficient at this readout
angle. If the gratings are to be completely decoupled, the DEs
must be zero. One can then use the same procedure used in
Chapter 3.5 to determine the necessary value of 51 (and therefore

offset A¢) to achieve decoupling for a desired modulation level.

4.2.2 Cross Coupling

Cross coupling of energy from one grating to the other is im-
portant for readout about one of the noncommon construction
angles (92 or 0 4 in Fig. 4-1), because the diffracted wave of one
grating is at, or near the BA of the other grating. A diagram of
the propagation directions is shown in Fig. 4-7, where the readout
wave is at or near the BA of Gl' The first order of G1 (Pl) and
the cross-coupled order (P2) have spatial frequencies, F1 =f -

0
f1 and F2 = fO - £, - f,, respectively, where fo is the spatial fre-

)
quency of the reatliout %vave. Note that for the incoherent addition,
there is no grating component that directly couples PO to P2.
Energy reaches the cross-coupled order only by double diffraction,
once by G1 and then by Gz.
From the amplitude transmittance function of Eq. 4.3, the dia-
gram in Fig. 4-7 and the general method of TGD as used in the
direct-coupling case, we can simply write down the coupling ma-

trix for the three significant waves
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The spatial dispersion term associated with the cross-coupled order,

<I>2,

is the sum of that between P0 and P1 with respect to the fringe

planes of G1 and that between P1 and Pz with respect to the fringe

planes of GZ' This is also true for the case of the doubly diffracted

order for single gratings, except that in the latter case, G1 and G2

are identical and there is only a single slope angle.

o

2

The geometric part of the differential dispersion terms <I>1 and
are sketched in Fig. 4-8a (A¢ = 0) and Fig. 4-8b (A¢ # 0) versus
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the readout angle, 90. For A¢ = 0, both <I>1 and <I>2 are zero for read-
out at 8,. For A¢ #0, @, is still zero at the BA of Gy (92), but &

is nonzero at that angle. There is, however, still a readout angle

2

for which <I>2 is zero. Note that the slope of the dispersion curve
for the cross-coupled order is greater than that of the first order.
This results because the difference in spatial frequency of this or-
der relative to the readout wave is the sum of the frequencies of
each of the gratings. The dispersion curve of Fig. 4-8b is very
similar to that for second-order readout of a single grating

(Fig. 3-1). The coupling matrices are also of the same form (for
the pure-sinusoidal single grating, Eq. 3.2 with n, = 0), except in
the double grating case, there are two different gratings with pos-

sibly different first-order index modulations.

The angle at which <I>2 is zero is essentially the second BA of
the two grating combination. For A¢ # 0, the spatial dispersion
associated with the intermediate first order is not zero at that
angle. This is the same situation as in second-order readout of
single gratings. However, for A¢ = 0, both the differential disper-
sion of the double diffraction process (<I)2) and that of the interme-
diate step (@1) are zero. The result is that double diffraction in

double gratings can be very strong.

The coupling matrix of Eq. 4.17 is a special case of that in
the Appendix with Gi = 61, Gé =0 and Gé = 62. Therefore, the gen-
eral expressions for the DE of the first and cross-coupled orders

are given by A.25 and A.26, respectively, with

N 61 nnlD NO6 m™m,D

_ o 2 )
172~ 1720 V3~ 1732~ 1/2

4.23

Y1

) (cocl) )\(cocl) (cocl) )t(cocz)
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Né&
£ = —2-1 o (nnop/h)[cos (61 - ¢4) - cos (8, - ¢;)] 4.24

N<I>2
§2 =—— = (nnOD/h)[cos (02 - ¢>1) - COS (01 - qbl)

+ COS (01 - ¢2) - cos (60 - ¢2)] 4,25

Note that 73 is the total grating strength of G2. This somewhat awk-
ward notation is necessary to allow using a single general analysis

for both readout modes.

For the special case of readout at the effective second-order
BA, n =n, (so the double diffraction is by gratings of equal
strength) and for arbitrary offset, the general results reduce to
those found in Chapter 3 for second-order readout at the second BA
of a single sinusoidal grating (no nonlinearity), Eq. 3.20, with £
given by £1 (Eq. 4.24). (Actually the cosine factors in the grating
strength terms are slightly different depending upon the construc-
tion geometry; the results are exactly equivalent if cos 90 = COS 92
and cos 61 =1.) For the more special case of A¢ = 0, so that ‘51 =
52 = 0 and for arbitrary n, and n,, the general results reduce to
(A.40 and A.41)

v .2(2 2)1/2

DE1= 5 5y Sin 'y1+'y3
Y1t 73

4.26

2 2
DE ~-——————4y173 sin4 l( 2 + 2>1/2
9 = o\2 o\¥1* 73

2
(7’1 + 73)

4.27

For this special case, similar results have been derived by a

coupled-wave approach (47). Because 61 = 0, the general condition,
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§1 = mn (m = 0), is satisfied and as Eq. 4.27 shows, all the incident
energy can be coupled through the diffracted order of G1 into the
diffracted order of GZ' Indeed, the 1009, conversion can be accom-
plished with a relatively low modulation because the intermediate
dispersion term is zero. A plot of the DE of the first and cross-
coupled orders versus the normalized grating strength is given in
Fig. 4-9 for ny =n,. A grating strength, Vﬁ-yg, is needed to place
1009%, of the incident energy into the doubly-diffracted order. For
a sequential arrangement of single gratings, of course, 2y(1)

would be required.

Because of the similarity with second-order readout, the gen-
eral comments made in Chapter 3 are valid here also. In partic-
ular, the periodic dependence of the maximum value of DE2 with
£1 is very important. Here, 51 increases with the offset, A¢.

But as we have seen, the doubly-diffracted order can be very

large at the second BA, even for a large first-order dispersion
term. Thus, the cross-coupled order can still be significant for
large offset, although generally higher modulations are necessary.
In fact, the maximum value of DE2 will be periodic in A¢. However,
for large A¢ the second BA of the two grating combination is well
separated from the first BA of G, (Fig. 4-8b). The two orders will
be angularly decoupled. Nevertheless, even for large offset be-
tween the two gratings, one must be aware of the possibility of this

extraneous diffracted order.

The AS results for the cross-coupling case are found by eval-
uating the general expressions, A.25 and A.26, with the grating
strength and dispersion terms given by Eqs. 4.23-4.25. As a repre-
sentative example, we use the same parameters used in the last
section. Again, we normalize 0, - 0, (02 is the BA of Gl) and A¢
by the single grating angular half-width of Gl' In Fig. 4-10 is a
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plot of the AS of the cross-coupled order for several levels of
modulation (Vl /y? ) with n; =n,. The curves for the first order are
very similar to those in the direct-coupling case and are excluded
for clarity. A very striking feature of the angular selectivity of

the cross-coupled order is the lack of any significant sidelobes.
The maximum sidelobe level is = 19, compared to 129 for a sin-
gle grating modulated to give 1009, DE at its BA. Thus, the
phenomenon of cross coupling in double gratings may find useful
application in filtering devices (angular or wavelength), where

suppression of sidelobes is important.

The effect that offset, A¢, plays in decoupling the two grat-
ings is shown in Fig. 4-11. The calculated DE of the first order
of G1
ized offset A¢ = 0 (a), .5 (b), and 1.5 (c). The two gratings have

(Pl) and the cross-coupled order (P2) is shown for normal-

equal index modulation and vy = ycl). Because the dispersion of

the cross-coupled order for readout angles off 4, is greater than

that of the first order (see Fig. 4-8a), it has a sl?arper angular
selectivity. As the offset is increased, the AS of the cross-
coupled order remains symmetrical about an angle that can be
shown to be the second BA of the double-grating combination. The
first order, on the other hand, maximizes at an angle other than
its BA (A8 =0), just as in the direct-coupling case, until the off-
set is rather large. For an offset of 1.5, the first order of G1
has essentially returned to the single grating result except in the
sidelobe region overlapped by the cross-coupled order. Note,
however, that the latter is still quite strong. The curve showing
the modulation dependence of decoupling that corresponds to

Fig. 4-6 for direct coupling is essentially identical to that result

and is not shown.
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It is interesting to compare the results for the direct and cross
coupling readout modes. Here, because of our choice of the angular
readout region, the first order in the cross-coupling case is that dif-
fracted by Gl' Therefore, we consider this first order in the two
cases. We might expect that because the cross-coupled order is a
doubly diffracted wave, its effect in taking energy from the first
order may be less than that of the other first order in the case of
direct coupling. However, this is obviously not true. If we compare
Fig. 4-5 and 4-11, we see that as A¢ is increased, the increase of
the DE of G1 is no more rapid for direct coupling than for cross
coupling. Indeed, the angular selectivity of G1 is essentially the
same in the two cases. Cross coupling is, therefore, a very strong
effect in multiple thick gratings, and must be considered whenever
such structures are made. This is an interesting and rather unex-

pected result.

4.2.3 The Two Extremes of Double Diffraction

The difference between double diffraction in single gratings and
in double gratings made with a common construction angle, for read-
out at the effective second-order BA in either case, is that in the
latter case, the intermediate differential dispersion term is zero.
The expressions for the DE of the doubly diffracted order for the

two limiting cases are

DE2 = sin2 (y%/Z&)

for the intermediate dispersion, &, very large (Eq. 3.37 with no non-
linearity); and

= sin4 (\—/—gy1>

DE 5

2

for £ =0 for two gratings with the same index modulation (Eq. 4.27).

The latter case is, of course, much stronger.
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4.3 Incoherent Superposition Construction II

Another possible geometry for a double (or, in general, multi-
ple) grating incoherent addition is shown in Fig. 4-12, Plane waves
R1 and 81 and subsequently, R2 and S2 are interferred to construct
G1 and GZ’ respectively. Again, there are two gratings superim-
posed throughout the volume of the emulsion. This is a typical
configuration for optical data storage systems (28), with a single
reference beam (R) and multiple signal beams (Sj)‘ The difference
from the geometry of Fig. 4-1 is that the common or almost com-~
mon construction beams (R1 and Rz) are no longer the center
beams. We again assume that the Q factors of G1 and G2 are suf-
ficiently large for the modulation level required so that each grat-
ing produces only a single diffracted order for readout near its
BA. In addition, we assume that the angle between S1 and 82 is
large enough so that during readout, a wave propagating near the
angle 92, for example, has a large enough dispersion with respect
to G2 that it is effectively diffracted only by Gl‘ If this is not the
case, multiple diffracted orders will appear as in the case of a thin
grating. We could include these orders and do the matrix multipli-
cation numerically. By making the above assumption, we limit the
number of diffracted orders to two. The general analytical results
derived in the Appendix can, therefore, be applied. In general, the
above assumption will be satisfied if the angle between S1 and S2 is
such that the effective Q factor corresponding to that angle is
larger than 15. There is, however, no grating recorded between S1

and Sz.

While one might initially assume that the results for this
geometry would be identical to those found for the previous inco-
herent geometry, there are, in fact, some very interesting differ-
ences. The diagrams of the propagation directions for the two read-

out modes are shown in Fig. 4-13. For a readout wave, Po’ in the
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Figure 4-12. Geometry for Incoherent Superposition II
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angular region of the nearly common construction waves (R1 and
RZ)’ there is direct coupling into the first orders of G1 and Gz. The
‘diffracted orders P1 and P2 have spatial frequencies F1 = fo - f1
and F2 = fo - f2,

out near one of the noncommon BA's, 6

respectively. Cross coupling is important for read-
92 for example. The first
diffracted order (of Gl) has a spatial frequency F1 = fo + f1 and the

doubly diffracted order, F, = f0 + f1 - f..

2 2

The important difference betwecen this geometry and the one
considered previously can be seen in the angular dependence of the
differential dispersion terms that are sketched in Fig. 4-14 for the
case, A¢ = 0. In the case of direct coupling (Fig. 4-14a), the dis-
persion terms for each first order have the same sign, although
different slopes because of the different grating frequencies. This
results because of the common negative sign in determining their
spatial frequencies with respect to the incident frequency. This, in
turn, is a result of the fringe slopes for the two gratings being of
the same sign (see Fig. 4-13). The result is that the sum of the
two dispersion terms, which is important in the analytical expres-
sions for the DE's (see the Appendix, A.5), does not remain small
for readout angles off the common BA as it does in the case of the
previous geometry (see Fig. 4-3a). This fact has important con-
sequences upon the shape of the AS curves. The doubly diffracted
order (F2 = fo + fl - fz) has a spatial frequency relative to the
9° Its dis-

persion term is the sum of that due to each of the individual diffrac-

readout wave that is increased by G1 but decreased by G

tions. Because of the difference in sign of the two terms, the spa-
tial dispersion for the cross-coupled order is less than that of
either first order (Fig. 4-14b). This is to be contrasted to the case
for the previous geometry, where the cross-coupled order has a

differential dispersion term that is a positive sum (see Fig. 4-8a).
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We shall see that this fact results in a much broader angular

selectivity.

The form of the coupling matrices for the two cases of readout
are exactly the same as previously, Eq. 4.9 for direct coupling and
Eq. 4.17 for cross coupling. The only difference is that the spatial
frequencies of the diffracted orders are as given above with the
resulting different angular dependence of the dispersion terms
which are calculated as before. For no offset between the two
gratings (A¢ = 0) and readout at any of the construction angles, both
the dispersion terms are zero. Thus, for this case, we must ob-
tain the same expressions for the diffraction efficiencies as before,
Eqs. 4.15 and 4.16 and Eqs. 4.26 and 4.27 for readout at the com-
mon BA or one of the noncommon BAs, respectively. The angular
dependence of the DE will not be the same, however. The general

expressions derived in the Appendix can again be applied.

To illustrate the general properties of double gratings con-

- structed in this geometry, we calculate and plot representative re-
sults for the following example: 6, = 0, = 259, by = 09, 0, = -79,
A =.488 pm, n_ = 1.52 and D = 48 um. The larger thickness is
required because of the small angle between 02 and 6 4 The result-
ing grating frequencies are f; = 1300 1/mm and f, = 1700 1/mm.
Note that G1 is the lower frequency grating. The two frequencies
can not be made equal in this geometry. We again use 'y? as the
grating strength unit. The difference in readout angle from the BA
of G1 and the offset angle, A¢, are normalized by Gl's single grat-
ing half-width (~.8%). We consider separately the two modes of

readout.
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4.3.1 Direct Coupling

In Fig. 4-15, we plot the computed AS (about the angle 91) of
the diffracted order of G1 for several levels of modulation. The
two grating strengths are equal. Again, the results for the first
order of G2 are of similar form and are deleted for clarity. We
find the interesting result, that for this geometry the maximum DE
tends to remain at the BA even for the higher modulation levels.
This is to be contrasted with the results of Fig. 4-4 where the
maximum occurs at angles symmetrically off the common BA
(compare at the modulation level, ';;1 %/(1’ =1). As discus:sed above,
this difference results from the different angular dependence of
the dispersion terms in the two cases. For very high modulation,
such that the DE has become zero at the BA, the maxima occur
off the BA.

The ramifications of the altered dispersion curves for this
geometry show up most significantly as the two gratings are off-
set relative to each other. In Fig. 4-16, we plot the computed AS
of the first orders of each of the gratings for Y1 =Yg = 'ycl), and the
normalized offset angle, A¢ = 0 (a), .5 (b) and 1.5 (c). The BA of
9 to A6 = -A¢p. We see

from Fig. 4-16 that as the gratings are separated, the maximum

G1 corresponds to A6 = 0 and that of G

DE for each grating occurs for readout at its BA. This is in strik-
ing contrast to the results for the other geometry. As a result,
the gratings seem to decouple more slowly with offset than pre-
viously. However, if one looks at the DE for readout at either of
the BAs, the decoupling is the same as for the previous geometry.
That is, for readout at the BA of Gr1 so that 51 = (0, the curves of
the DE of G1 versus the differential dispersion of the diffracted
order of GZ’ which is proportional to the offset, are the same as

that found previously (Fig. 4-6). It is just that in the other
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geometry, the maximum DE occurs for an angle other than the BA,
except for very large offset. If we are only going to readout at the
construction angles, there will be no differences between the two
geometries as far as the necessary relative offset to decouple the

gratings is concerned.

4.3.2 Cross Coupling
We consider cross coupling through the first order of Gl'
9° The computed AS

of the cross-coupled order is plotted in Fig. 4-17 for several

Therefore, we consider readout angles about 9

levels of modulation. The gratings strengths are equal. The re-
sults are again quite different from those of the previous geometry
(Fig. 4-10). The most obvious difference is the appearance of

plateau regions where the DE remains rather uniform.

Figure 4-18 is a plot of the computed AS of the first order of
Gy (Pl) and the cross-coupled order (Pz) for n, =n,
The normalized offset angle is A¢ = 0 (a), .5 (b) and 1.5 (c). The
AS of the cross-coupled order is clearly broader than that of the

and Y1 = 'y?.

first order. Thus, the mechanism of double diffraction does not in-
herently lead to a narrow angular response. As the gratings are
offset, the DE of P2 maximizes af the éecond BA of the two-grating
combination and ]’?1 at its BA. For an offset of 1.5 (Fig. 4-18c),
the first order has returned to its single grating result. The gen-
eral comments made for the previous incoherent geometry with
respect to the relative effect the two readout modes have upon

decreasing the DE of Gl’ are true here also.

4.4 Coherent. Superposition Construction
We now consider the construction shown in Fig. 4-19 in which

three plane waves are allowed to interfere simultaneously. The
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developed plate contains three fringe structures that are strongly
coupled. The grating due to R1 and S1 is Gl’ R1 and S
S
f, = fl + f2 and ¢3 = ¢y + qsz. There are still only two significant

3
diffracted orders. The distinction between the two incoherent con-

9 18 G2, and

1 and S2 is G3. The grating G]. has index modulation n].. Note that:

structions is lost, however, because of the addition of the sum
grating, f3. We again assume that the Q factors of the individual
gratings are large. This coherent superposition has the advantage
that there is less bias buildup of the film during construction than
in the incoherent case. Thus, one should be able to achieve higher

index modulation in this case before the film sensitivity saturates.

There are still two distinct readout modes: readout angles
near the center construction angle and readout near either of the
outer construction angles. The former corresponds to the direct-
coupling readout mode of the first incoherent construction geom-
etry and the latter to the cross-coupling mode. Of course, this
terminology is no longer meaningful. The sum grating component
means that each of the orders is coupled to the other two. Never-
theless, this nomenclature allows clear identification of the read-
out modes and will be used. The diagrams for readout in the two
cases are shown in Fig. 4-20. The corresponding differential dis-
persion curves are qualitatively the same as in the first incoherent
addition geometry for A¢ = 0 (Figs. 4-3a and 4-8a). Note that in
this geometry, there is no means for angularly decoupling the

gratings.

Because of the third grating component, the coupling matrix has
no nonzero elements. In the direct-coupling case, the diffracted
waves P1 and P2 (generated by gratings G1 and G2’ respectively)
are coupled by the sum grating G3 (Fig. 4-20a). Therefore, the

matrix elements that connect these waves are no longer zero. For
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the direct-coupling case, we must add to the coupling matrix of
Eq. 4.9 the elements

.3 2
H23 = 1c—- e 4,28
2
6, id
. 3 1
H32 = 1-—C1 e 4,29

where 63 =, AzZ/\ and the <I)j are given in Eqgs. 4.10 and 4.11.

In the cross-coupling mode (Fig. 4-20b), the sum grating di-
rectly diffracts P o into P2‘ The coupling matrix of Eq. 4-17 is

modified for the coherent superposition by

0, id
H,=i-Se ! 4.30
12 c
2
6
21 c
o)

with 63 as above and <I>1 given by Eq. 4.20. Note that in both cases,
the sum frequency grating has the same effect as the nonlinearity
generated component in the single grating case. However, here it
can be much stronger because we are not relying upon the nonlinear
response of the film.

Again, we can immediately use the general results from the
Appendix for diagonalizing the coupling matrix and doing the neces-
sary matrix multiplication. (Indeed, this multiple grating structure
requires the most general 3 X 3 coupling matrix considered in the
Appendix.) The DE of the diffracted orders P1 and P2 for the two
readout modes are given by Eqs. A.25 and A.26 with the grating
strength and differential dispersion parameters given by Egs. 4.12 -
4.15 and Eqgs. 4.23 - 4.25 for the direct and cross-coupling modes,
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1)1/2 for the former

respectively. In addition, y3 = mn, D/h(coc
case and y, = g D/k(c:ocz)l/2 for the latter.

In the special case of readout at any of the construction angles,
<I>1 = <I>2 = ( and for equal grating strengths, the expressions reduce
to

42
DE; = DE, g sin (31rn1D/2kco) 4.32

where the approximate equality results from the simplifying as-
sumption, C,=Cq = Co» in the grating strength terms. The above
result applies to either readout mode. For equal index modulation,
each of the diffracted orders must be equal because there is no
distinction between the modes of coupling because of the sum grat-
ing component. Note, that in this case, approximately 129 of the
light is not diffracted, regardless of the strength of modulation,
Another interesting result is that adding a grating frequency com-
ponent that directly diffracts energy into an order which would
otherwise receive energy only by double diffraction, drastically re-
duces the maximum obtainable DE of that order from 1009,

(Eq. 4.27) to 44% (Eq. 4.32). This order can be made 1009 efficient

in the coherent case only by having unequal index modulations.

The angular selectivity curves for the two readout modes are
quite different because of the different angular dependence of the
dispersion terms in the two cases. To show representative resuits,
we evaluate and plot the DE of the two diffracted orders for the
parameters used in the example of the first incoherent construction
geometry. In Fig. 4-21, we plot the angular selectivity of P1 and
P, for the direct-coupling (a) and cross-coupling (b) modes. In
Fig. 4-21a, A6 = 0 corresponds to 01 and in Fig. 4-21b A6 =0 is 92.
We use YL =Yg = Vg = T 'y;’. The most striking feature of the AS

for readout about the center angle is that the maxima for each of the
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diffracted orders occur for readout angles off the common construc-
tion angle. However, each curve is single peaked so that the two
maxima do not overlap as in the incoherent case (for no offset).
Thus, the individual gratings can each be more than 509, for a par-
ticular angular readout region. The result is that the gratings tend
to be somewhat angularly decoupled by the extra sum grating com-
ponent. This is true even for low modulation. If one is only inter-
ested in reading out at the construction angle, there is no gain.

But for other angles, one diffracted order can be made rather
strong. The curves are also typically narrower than in the case

of the incoherent superposition. The maxima of each grating are

pushed (in angle) away from the other BA of that grating.

The order that corresponds to the cross-coupled wave in the
first incoherent geometry still has its maximum DE for readout at
the BA (Fig. 4-21b). It also has noticeable sidelobes and slight
asymmetry. At this modulation, this order is much less significant
than for the incoherent construction. However, the first order of
G1 maximizes off the BA as in the direct-coupling case. Again,
the first order AS of G1 for each of the two readout modes is essen-
tially the same. Computed results indicate that for ny =gy a ratio
of n3/n1 less than .1 is necessary to make the coherent results go
over to the incoherent ones. This is a useful result because one
might expose with a coherent superposition for convenience, but
want the system to act like an incoherent addition (38). This can be

done by controlling the relative amplitude of the construction beams.

4.5 Experiments
We have performed several experiments with gratings holo-
graphically constructed in dichromated gelatin film to verify the re-

sults of the above analysis. A schematic drawing of the three-beam
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experimental set-up is shown in Fig. 4-22. The components and
their functions are the same as described for the two-beam set-up
in Chapter 3. As usual, when making holograms, the entire appar-
atus was placed on a granite slab that floats on air, to isolate the
system from ground vibrations. In addition, the apparatus was en-
closed in a cabinet during exposure to eliminate air currents. These
steps are necessary to eliminate motion during the exposure that
would wash out the fringes and reduce or destroy the resulting in-
dex modulation. (These steps were also taken in the construction

of the single gratings in the last chapter.) Again the pathlengths

were made equal to within 1 cm.

4.5.1 Incoherent Superposition

Extensive experiments were performed to verify quantitatively
the analytical results predicted for the first incoherent construc-
tion geometry discussed. The procedure (see Fig. 4-22) was to
block one beam, say SZ’ and expose the film plate (sensitized in a
5% solution of ammonium dichromate) to the interference pattern
of R1 and Sl' Then, S1 was blocked and the grating constructed by
R1 and S2 was recorded on the same area of the plate. The result,
after the standard development, was two (approximately) sinu-
soidal gratings superimposed throughout the depth of the emulsion.
The beam diameters were less than 2 cm, so several sets of
double gratings could be made on the same 4' X 5" plate by simply
translating the plate after the double exposure was made. For the
case where an offset A¢ between the two gratings was desired, the
plate was rotated + A¢/2 between the two exposures.

For the incoherent superposition, there is the question of how
the film responds to the double exposure, independent of the subse-

quent question of propagation in the coupled-grating system. For
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the analysis we have assumed two sinusoidal gratings of arbitrary
index modulation. To gain insight into the response of dichromated
gelatin film under double exposure conditions, double gratings at
various exposure levels were made with A¢ sufficiently large that
there was no coupling between the two gratings. With respect to
propagation, each grating acts like a single grating. However, be-
cause of the film response, a different exposure per grating was
required to produce a particular index modulation than would be
necessary if only a single exposure was made. The gratings were
independently readout at their first BAs and Eq. 2.45 was used to
determine the index modulation of each grating from its measured
DE. There was essentially no dependence upon the order of ex-
posure; the film responds to the total integrated exposure without
distinction to which grating was recorded first. This is true for
typical exposures. For extremely high exposures, exposure-
induced absorption changes during construction decreases the effec-
tive intensity of the second set of construction beams relative to
the first, which results in the second grating being somewhat
weaker than the first. Even for lower exposures, one grating (Gz)
was typically slightly weaker, independent of the order of exposure.
This apparently resulted because of the reduced fringe contrast
due to small pathlength differences between R1 and 81 (Fig. 4-22).
These effects could be adequately compensated for by adjusting the
exposure times to produce gratings of approximately equal index

modulation.

We also found that to obtain the same index modulation as for
the single exposure case, the exposure per grating had to be approx-
imately doubled. This is due to bias buildup of the film. In general,
the necessary compensation for bias buildup depends upon the num-
ber of exposures, level of modulation desired and the sensitizer

concentration (32). The number of incoherent additions that can be



121

made with given individual index modulations is limited by film

saturation.

For the high exposures required to obtain significant index
modulation under double exposure conditions, film saturation
causes the film to respond nonlinearly. As mentioned earlier, the
higher harmonic grating components created are unimportant for
first-order readout as long as the individual gratings are thick and
no construction angle corresponds to a second BA of the other
grating. However, the nonlinearity does cause the first order in-
dex modulations of each grating to increase much more slowly
with exposure (see the single grating case, Fig. 3-13). Thus, long
exposure times are required and extra caution must be taken to

avoid movement due to ground vibrations.

A problem encountered in attempting to make gratings with no
offset is that emulsion swelling due to the development process,
tilts the fringe planes. Because of the opposite sign of the slope
angles for the two gratings, this tilt introduces an effective offset
between the BAs of the two gratings even if they were made with a
common construction beam. This same fringe tilt occurs for single
grating construction also (although it is minimal if the fringes are
perpendicular to the plate), but the only consequence is that the BA
is slightly different from the construction angle. The effect can be
reduced by baking the developed plate to eliminate the absorbed
moisture that causes swelling. However, this also reduces the in-
dex modulation (48). Instead, the effect of fringe tilt was compen-
sated for by offsetting the gratings in the opposite sense before ex-
posing. Because the degree of tilt depends upon the exposure level,
some experimentation was required to determine the correct com-
pensation.
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17 %=

The internal angles of the construction beams were: @
-2.9, 6y = 19.6° and 6, = -18.6%. Again, n_=1.52, X =.488 um and
D = 16 um. The grating spatial frequencies were, therefore, f1 =
11501 /mm and fy = 890 1/mm (Q = 45 and 25, respectively). The
readout angles for the experimental angular selectivity curves

have been converted to their internal values.

To verify the possibility of 1009 cross coupling, double grat-

ings were constructed with n, =n and in such a way that after

processing A¢ = 0. Several sets (;Zf double gratings were con-
structed sequentially on the plate at increasing exposure levels.
After development, the plate was returned to the plate holder
(Fig. 4-22) and readout at 0, (beams R, and S,

Figure 4-23 is a plot of the experimentally measured DE of the

were blocked).

zero, first (of Gl) and cross-coupled orders versus the exposure
per grating. Reflection losses are eliminated by normalizing the
intensity of each order by the total transmitted intensity. The re-
sults clearly demonstrate that for proper modulation, 1009 of the
transmitted light is diffracted into the cross-coupled order. Be-
cause of the nonlinear response, ny and n, are not linearly propor-
tional to the total exposure. Therefore, the experimental curves are

of somewhat different shape than the theoretical results in Fig. 4-9.

The AS curves for this incoherent construction were deter-
mincd experimentally for varying degrees of offset. Quantitative
comparison with the theoretical results were made. The readout
angle was varied by simply rotating the plate slightly from its con-
struction position. For the direct-coupling readout mode, beam R1
was used; S1 was used for the cross-coupling case. Experimentally
measured angular selectivity results for three double gratings with
similar index modulation but varying offset are shown in Figs. 4-24

and 4-25 for the direct and cross-coupling readout modes,
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respectively. The same letter for each figure corresponds to the
same double-grating structure. In all cases, the symbols represent
the experimental data points and the solid line the corresponding

theoretically predicted values.

We could not independently measure the parameters ny, 0,
and A¢. For the theoretical curves, these parameters were esti-
mated from knowledge of the film index modulation properties un-
der double exposure conditions. The parameters were then varied
slightly to give a good fit to the direct-coupling results for each of
the three structures. The same values were then, of course, used
for the theoretical curves for the cross-coupling results that cor-
responded to the same structure. No extensive curve fitting was
attempted. The values of the parameters used are given on the
curves. The values given are actual, not normalized values. The
single grating index modulation required to make either grating
1009, efficient at its BA is = .015. The single grating half-width
of Gf1 is =2.6°. The value of A9 on the plots does not correspond
to either BA. It is a convenient angle of reference, approximately
half way between the two BAs. The modulation level is such that
the first orders are maximized; the cross-coupled order is rather

low at this level (see Fig. 4-23).

In Fig. 4-24a, the offset between the two gratings is quite
small; the coupling is strong and each grating is limited to a maxi-
mum of 509, In Fig. 4-24b, the offset is increased (and changed
in sign) and the gratings begin to decouple; the lower frequency
grating doing so more rapidly even though it has a slightly lower
index modulation. Note that the slight asymmetry of the DE of G2
as well as the larger asymmetry of that of G1 are both predicted
by the theoretical results. The results of Fig. 4-24c are for an
offset such that the gratings are essentially decoupled. The
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difference in the grating frequencies is evident in the different
widths of the curves. The individual index modulations are some-
what less than .015, so the gratings are not 1009, efficient at their
BAs in spite of the fact that they are decoupled. Because of fringe
tilt, due to emulsion swelling, it is not possible to state directly
that the maximum DE of each grating does not occur at its BA (con-
struction angle). However, for small offset, the difference in the
angles for which each grating has maximum DE is clearly larger
than the determined value of A¢.

The decoupling for the cross-coupling readout mode (Fig. 4-25)
is very similar. The angular selectivity of the cross-coupled order
is clearly sharper than that of the first. Note, that the AS of the
first order of G1 is essentially the same for the two readout modes
despite the large differences of the DE of the other diffracted order
in the two cases. As suggested, therefore, the decoupling is no
more rapid for this readout mode. For large offset (Fig. 4-25c),

the cross-coupled order is negligibly small.

In general, the comparison between experiment and theory as
demonstrated in Figs. 4-24 and 4-25 is quite good. The agreement
is especially good in the case of direct coupling, of course, because
this is the case that was used to determine exactly the parameters
ng, n, and A¢. However, the values of these parameters used in
the theoretical curves to give good fit were well within the experi-
mental uncertainty of their values estimated from our knowledge of
the index modulation versus exposure and fringe tilt due to develop-
ment. Also, considering the coupling between the gratings, it is
significant that these parameters give good agreement with the DE
of both of the diffracted waves in the direct-coupling case. The
small discrepancies in the cross-coupled order are probably due to

a slightly incorrect choice of the index modulation, because as
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Fig. 4-23 shows, the DE of the cross-coupled order changes rapidly
with modulation in the region of index modulation used in the exper-
iments. The first order changes much more slowly. The measured
sidelobes are typically slightly lower than predicted. This results
because the index modulation is not constant but decreases some-
what with depth because of attenuation of the exposing beams dur-

ing construction (16). Nevertheless, the agreement is quite good.

The experimental AS for a double grating made at a higher
level of modulation (higher exposure) is shown in Fig. 4-26. The
index modulation of G1 is =.017, which is greater than the neces-
sary single grating modulation to achieve 1009% DE. The double
grating was constructed so as to have no offset after developmént;
however, there is a small residual offset. In the direct-coupling
case (Fig. 4-26a), the AS of each of the diffracted orders is a
double peaked curve with the maximum DE occurring off the com-
mon construction angle, The asymmetry is due to the residual
offset. At this higher modulation level, the cross-coupled order
(Fig. 4-26b) is stronger than the first order. Also, the former

displays no sidelobes, as predicted.

4.5.2 Coherent Superposition

Three-grating structures made by simultaneously interferring
the three beams of the apparatus in Fig. 4-22 were also con-
structed. Unfortunately, the fringe tilt induced by swelling can not
be compensated for in this case and baking the developed plates
did not completely return the fringe planes to their pre-development
positions. However, most of the tilt was eliminated which allows
qualitative comparison with the theory. The construction param-
eters were the same as in the previous section. Representative
plots of the experimentally measured AS for readout about the center

construction angle (91) and about one of the outer angles (92), are
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shown in Figs. 4-27a and 4-27b, respectively. Each of the three
gratings has approximately the same index modulation, =.01. The
addition of the sum frequency grating does, indeed, tend to decouple
the gratings as each first order DE maximizes in opposite direc-
tions off the center construction angle (Fig. 4-27a). The sign of
the angular difference from the common construction angle for
which this occurs is as predicted (see Fig. 4-21). The AS curves

are somewhat sharper than for the case of incoherent addition.

For readout about 92, the diffracted order that is only the re-
sult of double diffractioninthe incoherentgeometry (Pz) is rather

weak here even though there is a grating component (G3) that con-
nects it directly to the readout wave. Also, this order maximizes

at the construction angle and displays measurable sidelobes.

The advantage of the coherent addition over the incoherent
addition, with respect to bias buildup of the film, was demon-
strated by the experiments. A lower total exposure (by a factor of
=2) was required to produce three coherently added gratings at a
particular index modulation then was necessary to make two in-
coherently added gratings of similar modulation. Because the
film response ultimately saturates (see Fig. 3-13), we can achieve
a higher maximum index modulation of the gratings by a coherent

superposition.

Thus, the experimental results verify the predicted differences
between the incoherent and coherent additions. In particular, the
interesting fact that the sum frequency grating acts to partially de-
couple the gratings for readout near the center construction angle
has been demonstrated. Also interesting is the suppression of the
order that is referred to as the cross-coupled order in the incoher-
ent case. Other experiments also confirm the differences between
the properties of incoherently and coherently added gratings as
predicted by the analytical results derived here (49).



DIFFRACTION EFFICIENCY (%)

DIFFRACTION EFFICIENCY (%)

131

(a) Readout about center construction angle

100
80 .
a o]
- A A (0] O Le
(o]
60 ety -
a ° -1
B ) o
40 |- A o a -
A o
= o
20 a (o) A o .y
-~ a (o] -
oYo A 0
Opo,a. O Ap, 894, o©
(0] T T T T T T T T T T

NS,

(b) Readout about outer construction angle

100

- 015t G, -
o1°t G
80 - ’ .
O
- QO -1
60} ° o -
(o) o _
40 | ° o -
= O o .
20+ © o O -
m)
R o o P -
o~r—T""r—7"+rT—7T9""rT1TTT7

A©

Figure 4-27. Experimental Angular S‘electivity for Coherent

Superposition, ny =0, =ng = .01



132

4.6 Summary and Conclusions

The method of thin-grating decomposition has been used to
analyze the basic coupling mechanisms between multiple gratings
recorded with an equal or almost equal construction angle in the
same thick phase material. A general three-wave analysis has been
performed (Appendix) to derive analytical expressions for the effi-
ciency of the diffracted orders of two incoherently added gratings
of arbitrary relative offset and of the three-grating coherent super-
position. The results are valid for arbitrary readout angles near
the BAs. We predicted and experimentally verified the possibility
of 1009, cross-coupling of light between two incoherently added
gratings for readout at the noncommon BA. We further showed that
this phenomenon can be understood as second-order readout of the
two-grating system where the differential dispersion of the inter-
mediate step can be made zero by using a common construction
beam. Therefore, cross-coupling is a very strong mechanism
despite the fact that it is a second-order process. In one of the
incoherent geometries, the cross-coupled order has negligible

sidelobes.

We have shown that a great deal of insight into the AS proper-
ties of strongly-coupled double gratings can be gained by examining
the angular dependence of the differential dispersion of the diffracted
orders. The two gratings are coupled by virtue of the dependence
of the dispersion terms, &1 and 52, upon the readout angle. The in-
dividual dispersion terms, as well as their sums and relative
values are important in determining the angular selectivity for vary-
ing degrees of coupling. These, in turn, depend upon the relative
grating frequencies, the offset angle and the type of incoherent con-
struction geometry used. There are interesting and rather unex-

pected differences in the AS results for the two incoherent addition
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geometries. We have also shown that the mechanism of cross-
coupling is as important as direct-coupling. For readout at one of
the BAs (and equal index modulation of the two gratings), we have
shown that the decoupling that results from offset depends only upon
the magnitude of the differential dispersion of the non-Bragg order
and the modulation level. It is independent of the type of incoherent
addition and the readout mode. The necessary offset to achieve
decoupling depends upon the modulation level. Decoupling proceeds
initially quite rapidly with offset but the approach to a completely
decoupled system is asymptotic. For moderately coupled gratings,
the first order DE may or may not maximize at the BAs, depending
upon the type of incoherent addition. The cross-coupled order max-
imizes at the second-order BA of the two-grating system in both
cases. An interesting result with respect to Bragg-angle multi-
plexing applications is that nearly decoupled double gratings have
AS mainlobes that are narrowed in the angular region of interaction,
The consequence is that less angular offset is required to decouple
the gratings than would be expected on the basis of single grating
theory. This results in a higher possible packing density.

The results for coherently superimposed gratings show that the
addition of the sum frequency grating acts to partially decouple the
two lower frequency gratings. The readout angles of maximum DE
do not correspond to the common construction angle. Thus, at the
construction angle, there is no real gain, In fact, for equal modula-
tions, a minimum of 129, of the transmitted light remains

undiffracted.

Extensive experiments with multiple gratings interferometri-
cally constructed in dichromated gelatin film have been performed.

The results are in good agreement with the theoretical results,
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We have analyzed the eoupling between two gratings (and three
in the coherent case). For this case, we can obtain analytical re-
sults that are reasonable to interpret. These results provide in-
sight into the basic coupling phenomena. The method of TGD can
be used to analyze an arbitrary number of strongly coupled gratings;
however, because more orders are important, the results must, in
general, be obtained by numerically performing the matrix multipli-
cation. For example, we can show that in triple incoherent addi-
tions, the triple diffraction process can also be 1009 efficient.

For most applications, although several incoherent additions are
made, the construction is such that only nearest neighbor coupling
is important. The results derived here can be applied in such
cases. Also, although we have treated plane wave gratings, the re-
sults can be qualitatively applied to incoherent additions of more

complicated holograms.



CHAPTER 5
PROPAGATION IN NONUNIFORMLY MODULATED
THICK GRATINGS

We have seen that the DE of a thick grating is strongly depen-
dent upon the readout angle. In applications such as Bragg-angle
multiplexing, a very narrow AS is desirable. However, there are
applications, for example, the construction of holographic optical
elements, where a more uniform, broad response is required. In
this chapter, we use the method of TGD to investigate the effect of
a nonuniform index modulation upon the AS response of a thick
grating with the aim of shaping or apodizing the response in a de-
sired way. A review of previous work is given. For low DE,
such that the zero order is not strongly depleted, we show that the
DE at angles off the BA is related to the depth dependent index
modulation by a Fourier transform (FT) relation. This relation-
ship breaks down at high DE levels, but serves as a guide to useful
apodization functions. Because we want to broaden and increase
the uniformity of the response, we consider an index modulation
that varies as a sinc function in depth. We also analyze the case of
" a lateral fringe shift at some intermediate distance in the grating
and show that it gives considerable broadening. Although, for prac-
tical reasons, we have not constructed any apodized gratings, we
present experimental results to show that the grating interferometer
(27) can be used to construct gratings with the desired index modula-

tion profiles.
5.1 Background

We consider a single thick phase grating with unslanted fringes

in which the index modulation is depth dependent, nl(z). Leith, et al.,

135
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have shown that the relative amplitude of the first order for readout
angles off the BA is related to nl(z) by a FT relation. This is valid
provided that the zero order is essentially unchanged as it propa-
gates through the grating, which implies low DE (16). We will give
a derivation of this result using TGD. Cohen and Gorden have
found similar results for acoustic gratings with nonuniform modula-
tion (50). They also performed some interesting experiments to
demonstrate this result. Kermisch has derived the expression for
the DE of a thick grating with a slowly decreasing exponential index
modulation (51). His analysis includes the effect of depletion of the
zero order. The most likely nonuniform case, an exponential decay
of ny results from attenuation of the recording beams during con-
struction. The most noticeable effect upon the AS for this case is
that the zeros are washed out. Kermisch also showed that for a
thick grating with arbitrary index profile, the DE for readout at the
BA is given by (51)

2( 7 D
DE (HB) = sin (XC—OL nl(z)dz> . 5.1

In this case, the only difference from the uniform grating {Eq. 2.45)

D
is that nlD is replaced by J nl(z)dz. For arbitrary readout angles,
o

however, the functional form of n,, and not just its integral, is im-
portant. Uchida has also analyzed the case of an exponentially vary-
ing index modulation using a coupled-wave analysis (52). Unfor-
tunately, although it is amenable to solution and commonly encount-

ered, the exponential profile does not give useful apodization.

Recently, Kogelnik has analyzed the wavelength selectivity of
reflection gratings that have a slowly varying modulation or fringe

spacing (53). His intent was to determine profiles that cause
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suppression of the high sidelobes characteristic of reflection grat-
ings (309 for modulation such that the DE is 1009 af the BA). Such
suppression is important in applications of wavelength rejection
filters for optical waveguides (54). He shows that the coupled-wave
equations can be:written as a single nonlinear Riccati equation
which must be evaluated numerically for an arbitrary index profile.
He also points out useful scaling laws. He finds that a quadratic
convex index profile reduces the sidelobe level considerably. As
shown in the last chapter, the double diffraction process can also

be useful for suppressing sidelobes.

5.2 Application of TGD to Nonuniform Gratings

The method of TGD can be used to numerically calculate the
DE for gratings with arbitrary longitudinal index modulation by
assuming the modulation to be constant over a thin grating slab.
We are interested in broadening and making more uniform the
angular response while maintaining the DE at a high level. We,
therefore, generally want to consider gratings that are only mar-
ginally thick. Because the same means by which the angular re-
sponse of the first order is increased, also reduces the Bragg sup-
pression of other orders, it is often necessary to include at least
the conjugate first and second orders in the numerical calculations.
Since there is no known solution to the inverse problem (except for
low DE) and in general, we must calculate the response numeri-
cally, we make no attempt to determine the optimum index profile.
Our intention is to demonstrate the possibility of usefully apodizing
the response of thick gratings and to describe an experimental
method by which the required index can be realized.
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5.2.1 Fourier Transform Relation for Low DE
The FT relation between the angular dependence of DE and nl(z)
for low DE can be shown as follows. We assume that only the 0 and

-1 orders are important. The coupling matrix for the mth thin

grating is
= -. ,T
o id i(‘SE:m)
1
m~ 5.2
 (m) _ .

L <,

.

where & = 21m0/7x Az(cos 6, - cos 90) and 8(m) = nnl(m AZ) AZ/X.
We assume unslanted fringes and the common phase factor outside
the coupling matrix is dropped. We now assume that the depletion
of the zero order is negligible and the amplitude of the first order
is thus small. In this case, the amplitude of the first order after

the Nth slab can be written as

AI(N) 1—5—(-1\—Q e + Al(N - 1)

Cc
(o)

%
N .
i Z &(m) e—1m<I’ 5.3

m=1

where AO(O) =1, If we now let N - 0, Az - 0, NAz =D, Eq. 5.3

becomes
im D -i127f A0z

We have used the approximation of & for small angular deviation

from the Bragg angle corresponding to wavelength A (Eq. 2.36).
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Equation 5.4 demonstrates the simple FT relation between the angu-
lar dependence of the first-order DE and the depth dependence of
the index modulation scaled by the grating frequency. For a uni-
form index over finite thickness D, the result is a sinc function
angular dependence. Note that when the results of Eq. 5.4 are

valid, the inverse problem is also solved.

The above results can be anticipated by intuitive arguments.
If the zero order remains essentially constant in amplitude, the
diffracted component from each plane is proportional to nl(z). The
relative phase of the contribution from the z plane depends upon
the dispersion between this component and those from other
planes, which depends upon the readout angle and grating fre-
quency, as well as upon z. The total effect is found by simply sum-
ming the contributions as indicated in Eq. 5.4. Note that this FT
relation implies that the AS will be symmetrié about the BA for
any real index profile. As the DE is increased, the zero order is
no longer constant and the contribution from each plane depends
upon the magnitude of A0 as well as upon n,. The FT relation
is no longer valid. The problem becomes considerably more diffi-
cult and for arbitrary index profiles, the matrix multiplication

must be performed numerically.

5.2.2 Sinc Function Modulation Profile

For low DE, Eq. 5.4 indicates that an index modulation profile

nl(z) = sinc [a(z - D/2)] 5.5

where sinc (y) = sin (ry)/my, should increase the uniformity of the
angular response. The FT of sinc(y) is
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1 lfyl £1/2
FT{sinc(y)} = 5.6

(o} otherwise

where fy is the transform variable. However, a completely uniform
response would require an infinitely thick emulsion. A sketch of a
truncated sinc function is shown in Fig. 5-1. Note that negative
values of ny correspond physically to a 1/2 period shift in the grat-

ing fringes.

To determine whether a sinc function index profile gives ap-
preciable gain in angular response uniformity at high DE also, we
calculate the results numerically for some illustrative examples.
Before discussing the results, several comments must be made.
To assess the improvement that results from apodization, we com-
pare the AS to that of a uniform grating. For a uniform grating,
the width of the AS curve is inversely proportional to D and f and
the DE at the BA depends upon nlD. If we can achieve a higher n,,
we can decrease D and thereby achieve a broader response while
maintaining the same level of DE. This remains valid provided
that the grating can still be considered thick. In fact, we can also
increase the width by about 509,, by modulating to the second DE
peak (y = 31/2 in Eq. 2.45). Thus, as a practical matter, the width
(to the first cutoff) is limited by the maximum achievable n,. We
compare the angular response of an apodized grating to that of a
uniform grating with the condition that the maximum index modula-
tion of the former be no greater than the constant modulation for
the latter. The comparison must also be made at the same level of
DE. Because the DE at the BA depends upon the integrated index,
the total thickness of the apodized grating (for example, for the
sinc function case where n, becomes negative) must be much

greater than that of the uniform case. This, in turn, can be
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expected to cause a narrowing of the AS. Nevertheless, this is the
only realistic way to assess the gain of apodization over what could
be achieved for the same maximum index modulation with a uniform

grating.

The calculated AS results for a grating with a sinc function
modulation dependence are shown in Fig. 5-2. As a reasonable
maximum n, (for dichromated gelatin, see Fig. 3-13), we use
n < .03. For the uniform case, we take D = 8 pym. The grating
frequency used was f = 1400 1/mm giving Q = 32, The results were
calculated for truncated sinc functions with three and five nodes on
either side of the center peak. The thicknesses required in these

cases were 45 pym and 76 ym, respectively. The results are given

D
for three levels of modulation, 57 = m J nl(z) dz. The AS is
n o°170
symmetrical in A9 = 0, - GB' (We would not expect drastic depar-

ture from the symmetric response predicted for low DE by the FT

relation.)

The results show that considerable gain over the uniform case
can be obtained for given DE levels in each of the three cases. For
example, for v = 1/2 (Fig. 5-2c¢), the angular width for which the
DE exceeds 909 is about a factor of 2 greater for the grating
apodized with 3 nodes. Note that in this case, the more truncated
sinc function gives the better result. Also, the sidelobe for the sinc
function with 5 nodes is quite high. For the lowest modulation level
(Fig. 5-2a), the approximate FT relation is partially evident. As
more nodes of the sinc function are included, the response becomes
more uniform by having more ripples with less variation. In all
cases, however, the angle for which the first-order DE becomes
zero is significantly smaller than for the uniform grating. This oc-

curs because to obtain the correct integrated index, the mainlobe of
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the sinc function must be about twice as wide as the uniform grating
thickness. Thus, a decrease in the angular width for lower DE is
sacrificed to achieve an increase in width and uniformity at the
higher DE levels (for a given modulation level). This is usually a

reasonable tradeoff.

5.2.3 Fringe Shift

Much of the gain from the sinc function profile results from
the fringe shift that corresponds to negative values of n,. The case
of an abrupt shift in the fringes at some intermediate thickness can
be treated analytically. The situation is depicted in Fig. 5-3,
where the fringes are shifted by d' after thickness Dl' The relative
phase shift of the fringes is, A = 2rd'/d, where d = 1/f. Although
such an abrupt shift would be difficult to realize, useful insight into
the effect of apodization can be gained by analyzing this, perhaps,

rather idealized case.

We can find the first-order DE for readout near the first BA
for the grating shown in Fig. 5-3 by a straightforward, but tedious,
extension of the results of the last section of Chapter 2. We as-
sume that only the zero and first orders are important. The ampli-
tude vector of the light field that exists from the grating is

1
N, N

0

where N, = D2/Az and Ny = Dl/Az. The matrix H, is identical to
that given in Eq. 2.29. In Ijz, 0 is replaced by 6 eld, we ignore
possible back reflections caused by the shift. The effect that the
shift has upon the suppression of the other orders can be examined

by including them and doing the matrix multiplication numerically.
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We have determined the result for an arbitrary shift. How-
ever, the expression simplifies considerably for A = m, and we pre-
sent only this result. For a m fringe shift after thickness Dl’ the
first order DE for total thickness D is

D, -D 9
1+ (/) ' (2 +,2)

D D
sin2 [——51(3;2 + yz)l/zj} s-;in2 [—T)g(é'z + 72)1/2] 5.8

1/2

where y = nnlD/(cocl) and &= 2”:0 D(cos 91 - €coSs 00), are the

grating strength and dispersion terms that correspond to the total
thickness D. At the BA, the DE depends upon the integrated index,
nl(D2 - Dl)' The second term of Eq. 5.8 contributes only for non-
Bragg angles. If maximizes for y = § and for D1 and D2 such that
the argument of the two sine terms are n7/2. For D, =D

2 1’
Eq. 5.8 becomes (for A6 = 0, - g << 1, £=DEAG)

B

2,2
DE = 28 gint 1,2 $B)1/2 -
2 2,2 2
(&7 +97)
which is zero at the BA. However, for readout angles (there will be
one on either side of the BA) such that £ = 7/V2 and y = n/V2, the DE
is 1009,. The shift moves the maximum DE off the BA. This case

is shown in Fig. 5-4. With respect to A9, results are symmetrical.

5.9

A similar peaking for symmetric angles off the BA occurs for over-
modulated uniform gratings, although not with 1009, DE.

We generally want to maintain the DE at the BA; therefore, a
shift half way through the grating is not desirable. To compare
Eq. 5.8 with the uniform result (with the same DE at the BA and
same index), it is convenient to express the grating strength and dif-

ferential dispersion in terms of the difference thickness. This is
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the thickness required of a uniform grating to obtain the same BA

efficiency. We define

D4 = Dy - Dy (D, > D) 5.10
r= Dl/(D2 + Dl) 5.11
v' =yD4y/D 5.12
§' = £D /D 5.13

Then Eq. 5.8 becomes

_ 2.2
DE = 1 5 sin2 (§'2 + y,2)1/2 + 4%’ § 55
1+ (&/y") (8" + ')

an? (2] s Lo E s ]

5.14

Expressed in this form, Eq. 5.14 shows very clearly that there is
real broadening of the AS over what could be obtained from a uni-
form grating with the same ny and DE at the BA. Indeed, the first
term above is just that result (compare with Eq. 2.45) for a uniform
grating of thickness D q° The second term shows the gain that is
obtained for angles off the BA. This is a true gain at no cost in
maximum index required and with no loss at the lower DE levels

as in the case of the sinc function profile.

In Fig. 5-5, we plot the results of Eq. 5.14 for several modula-
tion levels, y'. Note, as mentioned, that the result for the uniform
grating (r = 0) is always the lower bound for the apodized cases.
There is considerable broadening. In particular, for ' = 7/2,
there is a factor of about 2 gain in width above the 609, DE level
for r = .3. Unfortunately, there is not a good gain in uniformity.
This could possibly be achieved by using multiple shifts.
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We might expect that the perturbation introduced by fringe shift
that causes broadening of the first-order response will also de-
crease the suppression of other orders. This effect has been exam-
ined briefly by including higher and conjugate orders and doing the
matrix multiplication numerically. We found that it is necessary
that both the Q factor of the smaller of D1 and DZ’ as well as that

corresponding to the difference thickness D, be large (520) to sup-

press other orders. The suppression is notdas good as the uniform
grating with the same Q (for D d), especially at angles off the BA
where the apodized grating has a much greater response than the
uniform grating. Thus, any analysis to optimize the enhancement
of apodization must include higher orders. Of course, if higher
orders are not undesirable for other reasons, there may still be
gain over the uniform case if the generation of these orders is at

the expense of the zero rather than the first order.

5.3 Construction of Gratings with Required Index Profiles

The above analysis would be rather fruitless if there was no
possible method for making gratings with such unusual index modu-
lation variations. Fortunately, in the case of a sinc function, the
grating interferometer (27, 55) under spatially incoherent illumina-

tion can, in principle, perform this task.

5.3.1 Grating Interferometer

The grating interferometer (GI) is configured much like the
Mach-Zehnder except that it uses gratings as the beam splitter and
beam combiner elements. A schematic drawing of a typical arrange-
ment is shown in Fig. 5-6. All the gratings have the same spatial
frequency f along the x direction. For simplicity, we can assume
that the gratings are thin. We assume that their grating lines are

perfectly aligned and the gratings are parallel. Furthermore, we
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consider only one lateral dimension. The incoherent light source
(Fig. 5-6) is in the front focal plane of the collimating lens. The
light incident upon G1 is split into several orders. The zero order
propagates to G2 whose -1 order is diffracted toward the area of
interest. The -1 of G, is diffracted toward G, ; the +1 order of this

1 3’
grating is allowed to interfere with the beam from G, to form

fringes with spatial frequency f. All other orders arze unimportant
and are not shown. The perfectly aligned GI, even when illuminated
with completely incoherent light, produces arbitrarily many fringes
of perfect contrast in the z plane where L1 = L2' This is called
the plane of localization. Perfect white light fringes can be formed
in this plane with a flashlight. This is, of course, not possible

with a Mach-Zehnder. Indeed, we can show that this useful feature
of the GI results from the unique manner with which a grating de-
flects a beam. At planes off the plane of localization, the contrast

of the fringes is reduced.

To use the GI to construct apodized gratings, it is only neces-
sary that the source be spatially incoherent. A standard method
for obtaining such a source is to pass a laser beam, expanded by
an objective lens, through a spinning diffuser. There is no fixed
pliase relationship between the light transmitted by different points
of the diffuser, so the light is spatially incoherent. The degree of
spatial coherence is decreased by making the effective source (dif-
fuser area illuminated) larger. For a spatially incoherent source
distribution of intensity S(xS), we can show that the intensity of the
interference at the plane z' (measured relative to the plane of
localization) is (27, 55)

I(x, z') = 10(1 + M(2') cos 2rfx) 5.15

where



152

1 [® anz’xS
n_o 1 y
M(z') = Io J;ooS(xS) exp |-i 7 dxs 5.16

and F is the focal length of the collimating lens. The fringe con-
trast M(z') in depth is given by the FT of the source intensity pro-
file. A physical explanation of the GI's role in generating the above
result can be made in the following way. According to the

van Cittert-Zernike theorem (56), the mutual coherence function in
a plane parallel to an incoherent source is given by the FT of the
source intensity distribution, scaled by the distance between

the planes. The mutual coherence between two laterally separated
points is a measure of the contrast of the fringes that would be
formed if light from these two points were allowed to interfere.
The GI essentially transforms the lateral dependence of the mutual
coherence of the light incident upon G1 into the longitudinal con-
trast modulation of the fringes formed by the interferometer.
There is a one-to-one relation between z' and the lateral separa-
tion between two points on the entrance plane (Gl) from which light
arrives at z' via the two paths of the interferometer. In the plane
z' = 0, at every x point the interference is between two light waves

that have been derived from the same point on G,. Therefore, the

fringes formed have unity contrast. (We assumelthat the inter-
ferred beams are equal in amplitude.) For z' # 0, the {ringe con-
trast is reduced because the fringes in this plane result from the
interference between light that originated at points on G1 laterally
separated proportionately to z'. The proportionality depends upon

the grating frequency.

For S(xs), uniform over the lateral extent W and zero

elsewhere,

M(z') = sinc (fWz'/F) 5.17
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If we center the photo-sensitive emulsion at z' = 0, the depth depen-
dence of the exposure will be given by the sinc function, including
laterally shifted fringes for negative values of M. If we further as-
sume that the film response is linear, then a thick grating with the

desired index modulation profile can be achieved

The FT relation between S(xs) and nl(z') for gratings con-
structed by this method together with that between nl(z') and
DE( 0, - 9B) for low DE readout, suggests an interesting new method
for making holograms of self-luminous incoherent objects. A thick
grating made by the above method for an arbitrary source distribu-
tion is essentially a hologram of the source in which the informa-
tion (the FT of the intensity distribution) is encoded as the longi-
tudinal rather than lateral modulation of the fringes. The readout
process is linear, so rather than readout sequentially with the plane
waves at different angles, we could simply illuminate the developed
modulated grating with a bundle of plane waves (spherical wave).
The angular and thus spatial distribution of the diffracted light (for
low DE) will be the FT of nl(z'). Because the FT is its own in-
verse except for inversion of coordinates, the diffracted amplitude

distribution will reconstruct the source distribution S(xs).

5.3.2 Experiments

We now present experimental results to demonstrate that the
GI can be used to realize a sinc function modulation of the fringe
contrast. It was not practical to obtain sufficient localization to
make apodized gratings in the relatively thin emulsions with which
the previous experiments were performed. However, the feasibil-
ity of the technique is verified. The GI configuration shown in
Fig. 5-6 was used where the incoherent sour-e was a slit, aligned

parallel to the grating lines, that was illuminated by an expanded
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He-Ne laser beam whose spatial coherence was destroyed by a ro-
tating diffuser. The gratings were thin, bleached gratings. The
focal length of the collimating lens was 39 cm and L1 = 70 cm. The
system was roughly aligned under coherent illumination and the
source coherence gradually reduced (by increasing the source

size) to find the plane of localization. The frequency of the fringes |
formed is the same as that of the gratings of the interferometer.
To make the fringes viewable, a fourth grating with the same fre-
guency was placed in the observation plane to produce Moire
fringes (beat fringes caused by slight misalighment of this grating
with respect to the fringes formed by the GI). The Moire fringes

have a much lower frequency.

The fringe contrast was measured using a 50 um probe con-
nected by fiber optic 1link to a photomultiplier tube. The probe was
mounted inside a microscope eyepiece that was attached to a pre-
cision lateral translator. The fringe contrast or visibility is deter-
mined by measuring the maximum and minimum intensities of the

interference pattern

I -1 .
max ‘min
I

FV = 5.18

+1 . °
max min

The final grating and the detector were placed on a translation
mount to vary z'. It is difficult to make the two beams equal in am-
plitude. Thus, the measured FV was normalized by its value in the

plane of localization.

A typical plot of the measured FV versus z' is shown in
Fig. 5-7. Note that the FV is defined as the magnitude of the con-
trast (Eq. 5.18). In fact, the fringes do experience the required con-

trast reversal (1/2 fringe shift) when the FV zeroes and increases.
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Figure 5-7. Fringe Visibility Versus z', W =1 mm, f = 330 1/mm
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Figure 5-8. HWHM of Fringe Visibility Curves: vs f(o) for
W =2 mm; vs W(x) for f = 330 1/mm
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The scaling of the fringe localization with f and W as predicted
by Eq. 5.17, was also verified experimentally. For a fixed W, the
FV versus z' curves were determined for GIs with different grating
frequencies f. The half-width at half-maximum (HWHM) for each
case was determined. Also, for a GI with fixed f, the HWHM of the
FV versus z' that results for various slit widths, W, was found. In
both cases, the focal length (F) of the collimating lens was fixed.
The results, plotted in Fig. 5-8, demonstrate the linear dependence
of the fringe localization upon both f and W as predicted by Eq. 5.17.

The degree of localization for the above results was not very
great due to the relatively low grating frequencies and slit widths
used. However, according to the scaling of the localization with f
and W as indicated in Eq. 5.17 and shown by the experimental re-
sults, the width of the mainlobe should be able to be decreased con-

siderably for reasonable values of f, F and W.

5.4 Summary and Conclusions

In this chapter, we have investigated the effect of a depth depen-
dent index modulation upon the AS of a thick grating. The method of
TGD can be used to calculate the angular response of the DE for an
arbitrary index modulation profile. For low DE, the angular depen-
dence of the DE is given simply by the FT of nl(z). We have exam-
ined the apodization achieved by a sinc profile and by an abrupt fringe
shift. The former causes significant increase in the uniformity and
angular width of the response at high DE levels. The width at cutoff
is significantly less than for the comparable uniform grating. A 1/2
period fringe shift gives an increase in the DE over the uniform
case for all levels. It does not increase the uniformity of the re-

sponse, however.
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We have proposed that the GI be used to construct apodized
gratings. Any symmetrical index modulation profile can be gener-
ated, although there are practical problems encountered in achiev-
ing localization in relatively thin emulsions. We have also shown
that the complementary FT relations for grating construction by the
GI and subsequent readout, suggest an interesting new method of
doing incoherent holography. We have performed experiments to

demonstrate the feasibility of making apodized grating with the GI.

Othér work on the GI, including an analysis and experiments of
the effects of rotation misalignment upon the fringe contrast, has
been performed (27) but is not included here. We have also holo-
graphically constructed gratings that are free from the inherent
phase error due to substrate irregularities (57, 58). The procedure
is to include the unique correction factor in the constructed fringe
pattern so that the grating is self-correcting. Using these methods,
high-quality gratings for the GI can be made with inexpensive

substrates.



CHAPTER 6
SUMMARY AND CONCLUSIONS

In this thesis, we have developed the theory of thin-grating de-
composition to investigate several topics of optical propagation in
holographic gratings including secord-order readout of thick grat-
ings, the properties of strongly-coupled multiple gratings and the
effect of a nonuniform index modulation profile upon apodizing the
angular response. For the first two topics, a general three-wave
analysis has been performed to derive expressions for the effi-
ciency of the two diffracted orders. Experimental results from
gratings constructed in dichromated gelatin have generally been in
very good agreement with the derived results. Specific concluding
remarks are given at the end of each chapter. Here we comment
on some of our more interesting results, point out areas of appli-

cations and suggest areas of further research.

For second-order readout, we discovered a higher-order
phase condition between the intermediate waves of the double-
diffraction process. As a consequence, the transition between the
thin and the thick regimes is oscillatory. Although we have not
examined higher order readout, we expect this effect to become
even more pronounced in such cases. In practical applications and
for materials that are not strongly nonlinear, this phase condition
indicates the preferred grating parameters to produce a strong sec-
ond order. For readout at the second BA, the predicted strong

grating frequency dependence of DE,, has been verified

2’
experimentally.

The study of strongly-coupled gratings has yielded many inter-
esting discoveries including: the importance of cross coupling,

158
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unexpected differences between the AS results for the different in-
coherent construction geometries, the DEs may maximize at read-
out angles different from their BAs, the necessary offset angle to
decouple two gratings is almost a factor of two smaller than would
be expected and the sum grating in the coherent addition acts to
partially decouple the other two gratings. We have shown that the
strong cross-coupling in double gratings is a special case of
second-order readout where the intermediate dispersion is also
zero. For double gratings, the sum and rciative values, as well as
the individual values, of the diffracted orders' dispersion terms
are important. We have determined the angular offset between BAs
to decouple the two gratings. At the BA, the decoupling that results
from offset is independent of construction type or readout mode.

Again, experimental results agree well with the theory.

The analysis of coupled double gratings should be useful in the
design of systems for optical data storage in thick materials.
Though generally undesired, the phenomenon of cross coupling may
be useful for sidelobe suppression. The coherent addition is not
weakened by film bias buildup and has an AS that could be useful in

beam deflection applications.

The results of the analysis of nonuniformly modulated gratings
have shown that significant improvement in the width and uniformity
of the angular response can be obtained. In particular, a sinc func-
tion modulation profile yields very useful apodization even at high
DE levels. We have also noted that one must recognize that apodiza-
tion may also diminish Bragg suppression of other orders. The ™
grating interferometer offers an interesting method of making grat-

ings with a sinc function profile.

In addition to the new results that we have obtained, we believe

that the method of TGD is a useful, physical approach to
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understanding optical propagation in periodic holographic struc-
tures. Indeed, TGD has been successfully used by others in our
laboratory to study guiding in thick gratings (59, 60).

For areas of further research, we recommend construction of
apodized gratings in very thick (1 mm) materials , including an at-
tempt to demonstrate the method of incoherent holography men-
tioned; studies of multiple diffraction phenomenon in reflection
gratings and an extended study (most likely numerical) of interme-
diately thick gratings to determine the tradeoffs between maximum
DE and width of the AS.



APPENDIX
GENERAL THREE-WAVE ANALYSIS

In Chapters 3 and 4, we are required to perform

1
AN) =H| 0 Al

0

in the limit N - o, Az ~ 0 such that NAz = D, where His a 3X3 uni-
tary matrix that describes the coupling between three plane waves
over a thin slab of thickness Az. The form of the coupling matrix
depends upon the grating construction and the coupling mechanism
that is important for the readout mode of interest. The functional
dependence of the phase terms (differential dispersion) also depend
upon these factors. To avoid needless mathematical duplication,
we perform the above matrix multiplication for the most general

3 X 3 coupling matrix to find the diffraction efficiency of the two
diffracted orders. The results can then be direcily applied to
second-order readout of single gratings in Chapter 3 and to the in-
coherently and coherently superimposed gratings described in
Chapter 4, by making the appropriate correspondence of terms.

We follow the procedure discussed in Chapter 3.

The most general 3 X 3 coupling matrix can be written as

g Y s t N
.51 1<I>1 .62 1<I>2
1 1-(':—- e 1'6— e
1 2
6! id 0! id
H=|ilt e 1 i3e 2 A.2
~ c c
o) 2
1 1 o
) 05 1%y 12,
1‘&—- 1'6-— e e
0 1
- e

161



162

The matrix must be symmetric in amplitude; <I’1 and <I>2 are the dif-
ferential dispersion terms associated with the two diffracted orders.
They depend upon the grating frequencies, construction geometry
and readout angle. The GJI and <I>j are proportional to Az, the thin

grating thickness. The cj are the direction cosines of the waves.

To raise the coupling matrix to the Nth power, we transform
to the diagonal representation. The diagonal elements of the H in

this basis are its eigenvalues aj that satisfy the matrix equation

det (H - o].IN) =0 A.3

We define yl/j = -i(1 - oj). The eigenvalues are then oj =1 - ix,b]. =
-iy,

e ). The eigenvalue problem becomes that of finding z,l/]. such
that

l,l/;3 + p'llsz + q",bj +r'=0 A4
where
p'=2, + 2, A5

6'2 6‘2 512

2 1 3
q'::(I) (ﬁ - - - A.6
172 coc2 coc1 clc2
2 2
261 6'6! 5! q) 6' q)
r'zcti3-c2c1~clc2 AT
0172 o2 o'l

-id,
We have made a first order expansion of e J and have kept only

first-order terms in Az.
The solutions of A.4 are

1/2

a! p!
| S ad LIRS .
1!/0—2( 3 ) cos 3 A.8
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Yl = 2(-%—) cos (ﬂ' + gg—) - %l A9

vy = 2(%—')1/2 cos (9 + f‘-,}) -B A.10
where

ot =%(3q, p'2) Al

b' = 517(2p'3 - 9p'q' + 27r") A.12

3 1/2
Q' = cos ™1 (—b'/Z/(-%L,Y—) . A.13

The associated eigenvectors that are the basis vectors in the
diagonal representation satisfy the matrix equation

(Ij - onEj = 0. A.14
They can be written in terms of the original basis vectors as
7 r i TN
E 1 v v A
o o o} o
E1 =11 My vy A1 A.15
E2 1 Ho Vo A2
L ... - L -

where the form of the p and v will be given shortly. In the diagonal
repiresentation, the matrix multiplication of A.1 is

SNy
e (8]
-iNY}

}E(N)= e A.16

-iNY

e
. -
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because from A.15, the initial condition in the E representation is

1
E(o)=11]|. A.17
1

To find é(N), we invert A.15. Keeping in mind that NAz = D,
the emulsion thickness, we define the total grating strengths and

differential dispersion terms

Néi
Y17 — A.18
o1
N62 A.19
')/ _ S ———— .
2
VeoSs
N(S:'3
Yg = A.20
1%
N<I>j
.{;j =5 i=1,2 A.21
It is tedious but necessary to also define
p=Np'=2(§ + &) A.22
_ 3 o2 2 2
q=Nq"'=48,&, - v{ - vy -~ 73 A.23
r =Nr'=2 -225-225 A.24
Y1Y9¥3 T Y951 T “¥1°2 .

Unprimed values of a, b,  and the zpj are then defined in terms of
the unprimed p, q and r as before. We then invert A.15 to find
A(N) in terms of E(N). The second and third components of A cor-
respond to the amplitudes of the diffracted orders. The diffraction

efficiencies of these orders can be written as



165

DE1=%{%2+VQV*%1
+ 2vpgv4 cos (¥, - ¥)
.+ 21/121101 ces (IPO - 1//2)
+ 2v20v01 cos (z,b1 - z,lzz)}
DE2 = same as A.25 with Vij - p’ij
where
Vij = Vg " Y
Bij = By = By

R=p,vig + HyVag * ko

and

= - (73"1’/] - 7172)

e

_1-. o (ll/] + 2&1)(734/] - 71')’2)
1 717’3 - 72(4/] + 2‘51)

73 73r40

Y9
RCZERIN v3=0

9
\.

Special Cases

A.25

A.26

A.27

A.28

A.29

A.30

A.31

A.32

There are several cases for which the general results above

can be considerably simplified.
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Incoherent Direct Coupling, with <I>1 = <I>2

This case corresponds to the readout angle for which the dis-
persion between the zero and each of the first orders is the same
(see differential dispersion curves, Figs. 3-1 and 4-3). In this

special case, the eigenvalues are simply

v - .
\Do— o A.33

_ 2 2 ,z/ ))
tI>¢<<I> +4(6'1/coc1+52 coc2

1/1'1,2 = 5 A.34

1/2

where <I>1 = @2 = &, Note, in fact, that for this special case, there is
a singularity in the general expressions for “j and VJ.. This is really
not a problem. When evaluating the general expressions, we simply
avoid this one readout angle. However, we also avoid the problem

by expressing the eigenvectors as

— -1 — 5! c " r ’1
Es 0 1 B 3%" c_2 Ao
21
E | = 1 My vy A1 A.35
E 1 L 1 A
! -0
where [J.] = W’ Vj = Co :; ) j= 1, 2. Note that the initial
o
condition in the E basis is E(o) =| 1 |. The expressions for the
1

DEs of the two first orders become
2
Y 1/2
DE. = ] sin? ('}/2 2y gz) . j=1,2 A.36
j 2 2 2 1 2
YI + ')/2 + é_‘; :
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The terms are given by Eqgs. A.18, A.19 and A.21., In the special
case where <I>1 =& 9 = 0 (this corresponds to readout at the common

BA of two gratings made with no offset) this reduces to

2
Y

DE] = —(—Q—L—z* Sii.l‘l2 ('y% + ')/3) , j= 1, 2 A.37
"t 72)

f

Incoherent Cross Coupling with <I>1 = <I>2 =0
This special case corresponds to readout at the noncommon
BA for two incoherently added gratings with no offset. The eigen-

values become

| J—
1,1/0 =0 A.38
9 9 1/2
1 — t
1,1/1,2 =4 (63 C{Coy + 61 cocl) A.39
The general results of Egqs. A.23 and A.24 then reduce to
2
i a2 2\/2
DE1 =75 g\ Sin (7/1 + '}/3) A.40
Y1 + ')’3
4y 1/2 A.41
DE, = st sin4—(2+ 2)
2°72 2 2\"1 7 73
Y1 + Y3

Coherent, Equal Grating Strengths, <I>1 =d 9 = 0

This special case corresponds to readout at any of the construc-
tion angles of a three grating structure in which each grating has the
same modulation (which we could expect to be the case if the con-
struction beams are of equal amplitude). The general results reduce

to
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:::.é i —
DE, = DE =g sin 5y A.42

where y = nnl/ A cos 00 and we assume for simplification that, with

respect to the grating strength parameters, cos 90 = COS 61 = COS 02.
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