Negative microfilm 65-5315
received from university

HANNE, John Ridge, 1936—
FORMANT ANALYSIS,

The University of Michigan, Ph.D,, 1964
Engineering, electrical

University Microfilms, Inc., Ann Arbor, Michigan



FORMANT ANALYSIS

by

John Ridge Hanne

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy in The
University of Michigan

1964

Doctoral Committee:

Professor Gordon E. Peterson, Chairman
Doctor Hugh K. Dunn

Professor Harvey L. Garner

Assoclate Professor Henry H. Swain

“
;
G




Acknowledgements

I wish to express my appreciation to Professor G. E. Peterson for
his help in all phases of the research reported herein. He was the
teacher who introduced me to the topie¢, taught me to understand the
full nature of the problem, and guided me toward the solution. 1In
addition, it was his laboratory which provided the facilities for
this research. His guidance ranged all the wa," from editoriel com-
ments to highly techniecal discussions.

T would like to thank Doctor H. K. Dunn for the many discussions
we have had fegarding the problem of formant analysis. In addition,

I am indebted to him for & very careful perusal of the final manu-
script. I would also like to acknowledge the many discussions which

I have had with Professor H. L. Garner regarding some of the elecfrical
englineering problems associated with the devélopment of the systems
used in this research. Professor H. H. Swain made a number of very
helpful suggestions to improve the clarity of presentation of the
dissertation. ’

The final copy of the manusecript is the result of the efforts of
several members of the staff of the Ccmmunicatipn Sciences Laboratory.
Miss Sharon Bauerle typed the entire manuscript, Miss Mary Morey proof-
read the final version of the dissertation, and Mr. Carter Rose served
as draftsman for the figures.

Speclal sppreciation 1s extended to Patricia Hanne for her encour-
agement and understanding throughout the duration of my graduate study.

I am also indebted to her for proofreading several versions of the

11




dissertation.

I should like to thank the Bendix Corporation for their assistance
with tuition duringithe period of my graduate work in which I was
employed by the Bendix Systems Division. I am also grateful to the
General Electric Foundation for a tuition scholarship which was
awarded to me through the Program in COmmunication Sciences for the
academic year 1961-62. I owe special thanks to Mr. Richard Wilcox
and to Mr. Gordon Goldstein of the Information Systems Branch of the
Office of Naval Research. Without their support under Contract

Nonr 1224(22), NR O49-122, this research could not have been conducted.

i1




Acknowledgementscuessesoatorerecocresssesersssssosacoscsssennses
List Of TAbleB.cseeceserecsosancacososossoossnssrssocscnsonsoses
List of Tllustrations..ccveecesecceeccercrssoccncacsoroncenanes
List of Appendices..............,..............................
The Formant Tracking ProblemM...coeeccceesccoccoconsnseoossces

Representation and Analysis of Speech Signals.....
Information Content of Speech.eecveeereereceerccecerone
Techniques Used 1n Speech Analysis...eeveierescanceoans

8. Spectrographic an8lysis.cceeecveceesccocrorsocnceoses
Fllter DANKS«cveceersesvsssarcasosscssonsssssascases
Zero crossing megsurementS ... ceocesccsrscssccccranns
Diversity approachesS..cceescocesssccscscnsccocssocoss
Spectral moment caleulation..ceeesecsonceccncecnnsns
High energy harmonic trackerS..ccesscessceconncenses
Phase techniqueS.ccseeesceesescccaarscssscssansnnnons
Anslysls by synthesig..iveerscncicscrosssscencccones
Pitch synchronous techniques...cceeeeeerscsscecncaaes
Inverse filtering..cceeenceccsncoasne

b.
c.
d.
e.
f.
g.
h.
1.

3.

Diseussion..ceveces.

Formant Theory..eveeecea..
The Resonator Output in the Periodie Case..ceceeeecroces

Exponentlal Input pulBeS.eccecrecececrecccorsonconss
Critically damped input PuUlBeES...evecsveasssenacess

The Simple Resonator and SpeeChe.cceeccecessessssasscns

al
bl

Zero Crossing Frequency as a Measure of Formant.
Freq_uency..‘....ﬂl!.00‘.‘.......O....Q“..U..CU!"I.O!I'

Highest Energy Harmonic as & Forment Frequency
Estj.mator.-.lll.IIIl.l.“..‘l.".OO..‘.....Q....I....'.

Comparison of Errors in the Two Harmonle Trackers......
8. Magnitude errOt8..ccecresceserecosscsnvarocsssacsens
b. Percent error of the input formant frequeney........
A Formant Estimation Technique.seescsosocscecsccasveoscanns
Isolation TechniQUe..eeeecscecorenvcroossaosscccsaseces
Processing TechniquUe. .. sceesevsercoscccassssasssorceses

Summary.-.--..---..-....----.-.-.-----.......-.....----

Teble of Contents

ee s s 0P

® e o0 s e s P00 s eI

Page

i1

vii

viii

13
1k
15
17
19
20
21
22
22
2k

25
26
28

31
35

39
b7

57
61
61
62
68
70
Th
76




Table of Contents (Continued)

Equipment Used to Implement the Formant Tracking Method....

l‘
2.
3.

\O 00 3 O\

IntroQuetion..cceeeerereeerroocesosvorvesesconnonnennss
Audio Tape ReCOTAer.ccvsrstrsraveressosorccssnsnnnsnnconss
Filter BanK....cococeereesonssasesnsorasoscccsscsosnnsons
MUl tipleXereeeoeoococasscaossssacarconvassosesasenssnss
Annlog-to-Digital Converter..ceceeecoreencoesossosnsoes
TEPE COMETOL ot e e eneneeeennnnnnonesssscososossonnnnnsess
Digital Tape Unlteececeeeeooeoerooccssccocsvenrssansnes
Digital Camputer...ceecsiesserisessscensesocncsacncnsns

Summary-.........----o.o;.--..---o.-..----.---.-‘..--.-

Computer Program for First Formant Frequency Estimation....

'l.
2.

3.
.,
5.
6.
7.

Basic Machine Operation.ececieeececeeeecessvonrssncnsces
Initialization of Machine for Current ReCOTd.......os...
Compute Filter Output Parameter TaDleS..coeeeooennnses.
Determination of Period BoundarieB..cecececocccscocsass
Compute Accurate Zero Crossings and Mske Estimetes.....
Record'Estimates.......................................
Formant Estimate Based on All Filters...eeeesceconaenns

Experimental Study of System Accuracy.....;................

1.
2.
3.
L.

Introduction....l...'lll...l....l'.......‘....l...l‘l..
Variation as & Function of Fundsmental Frequenty.......
Accuracy of Formant Frequency Measurements....eceeoee.

S\m&ry..--o--o---..-.-......-..-o.-...........----....

Results of Speech Formant Tracking..eeeseeecececconcancenns

1.
2.
3.
L.

Anglysis of Isolated VowelS.eeceeseoeororoscosocansnonse
Analysls of an Isolated Diphthong.......eeceevcesesecons
Analysis Of CNC WOIdS.:.cicoesososecsssesasoanassncasnnns
Analysis of Speech Recorded in Normsl Leborstory Noise.

Page

T8
T8
79
81
82
86
86
87
87
88

89
89

9l
102
106
108
111

120
120
120
124
132
133
13k
136
139
143




e
=

Table of Contents (Continued)

Page

9- Slmaz’yand.Discussiﬁnocoooon.o-o'.c.oo..ooo.l-c-.-lolooovoo lhs
A-Ppendicesoioib*OQOUCQOCCcOD-.-ocn.O.61.d.-coo-oaeo..oodco-vu-c-lo 150

Bibliog;‘aphyloiloso.laontoloc’oooo..0.0.ao.-o.oo-o..oov...o‘nc- 188

vi




Table
3-1

3.2

3-3

List of Tables

Value of 27kT as a function of f_ and K/2T ovvvnnnnne

Meximum error in ¢ps for each particular harmonic for

the zero crossing and the highest harmoniec estimstes

of the input formant frequenCy...cceeceeeescecssaccese

Maximum percent error in estimeting the formant fre-
quency as & function of harmonic number for the zero
crossing counter and the highest energy harmonic

tracker.o.oo-'oa.'lcu'ooooo-c.-o-‘-.o-o.o-.oo-.oo-ou--

ETAB values as a function of the preceding and

FOllowing VBlUES.vevrcrerrorsocsvroasacarsassosnocsssnaas

Conditions associated with each technique for

estimating period boundarieB..cceesecesocccccsccccncss

Formant frequency estimates as a funetion of funda-

mental frequency for a fixed formant frequency of

h‘60 CPS...».....-....--..-...-.-..-..-..--....-o..-.-..

Formant frequency cellbration........cces.a

vii

Page

&

63

67
100
105

123

127




Flgure

6-1
6-2
6-3

List of Illustrations

Page
SmleResonator.ll...I‘ll'.ll...ll..'..lll....'..... 27
Periodically Recurring Sequences of PulBe€S.:seeeeccees 30
Vowel Formant Frequency-Bandwidth Data,..........0.... 41
Graph of e—m.....ll"..ll"..ll..".'l.ﬁﬁ’....'.." lI'9
Steady State Waveform as a Function of T for v = 500
ePs 8NA K = 50 CPBverevreersssocoscaorsossccsaccsossnnes 535
Steady State Zero Crossing Frequency of a Single
Formant as a Function of Perio@.ceceeeeceerercnccocns 56
Formant Frequency Estimated by a Highest Energy
Harmonlc Tracker as a Function of Fundamental
Frequencyl..'l..‘l".........I...C.O"0.000I' IIIIII LN 60
A Single Formant from Actual Speech Isolated by a
Band-pass Filter.l.Dll.....‘..0.0..'Ol'.I..l.’.l lllll 75
System Diagram for the FOrmant TracKeT..s.sseecesssn. 80
Amplitude Spectrum of & Krohn-Hite Filter..ceeeeeee.. 83
Amplitude Response of FLlter 2eeeeecevevasovosscacess 84
Amplitude Response Of Filter B.ieeeececceecnscccncosee 8k
Amplitude Response of Filter beeeeeieveneevoeeeenansen 85
Amplitude Response of Filter S5.cceeeeccsccrcccrnncesn 85
Basic Program Flow Chart...veeecesenecvacsssncencooss 90
Graph of the Six Tnput ChBNnels..cceeveecvnsenneesnse 95
Speech Formant (Human) Showing ETAB Table Values at
AXis CrosSsingsS..iccecierorsionssncasnsanscscsvsesssoness 99
Computer Output Corresponding to the Analysis of a
Sirlgle Filterl!.l.l".'...'.‘..l..l..l'..l.........l. 109
Summary Printout of Analysis of Each Individual
Filterl-'.......l..'.ll.'.'.."l..l"....l’..l..l.l‘. 112
List of First Formant Frequency Estimates...eeeeceees 116

viii




Figure

7-3
-4

7-6
8-1
8-2

8-4
8-5
8-6
8-7
A-1

A-2

A-3

A-L

A-5

List of Illustrations (Continued)

Page
-Graph of the First Formant Frequency [31]...:........ 118
Graph of the Fundamental Frequency [ZI]....cvvv.... .. 119
System Disgram of Method Used to Measure Fundamental
FreqUenCY .o cecesocrasscscasasasnsasns seeene veosersonas 121
Estimated First Formant Frequency as a Function of
Fundamental FrequedCy..cesseesestorerocsorssosssscsons 125
Formant Frequency Calibration: 225-375 CPS.ecvseeese 128
Formant Frequency Calibration: 375-525 CDPSeeesescsoss 129
Formant Frequency Calibration: 525-675 CDPSceeecevcen. 130
Formant Frequency Calibration: 675-825 €PS.ceceevse.. 131
Graph and Spectrogram for an Isoleted [1].......... .. 135
Graph and Spectrogram for an Isolated [U].......v.... 137
Graph and Spectrogram for an Isolated [I]..veeeevons. 138
Graph and Spectrogram for the Diﬁhthong [ ¥ 3 [ 140
Graph and Spectrogram for the Word Jug.eeceeoeeesnso. 14
Graph and Spectrogrem for the Word Togd......:seeees. 1h2
Graph and Spectrogram for the Word Weil.............. 14k
Simple Resonant Circult.c.eeceevesierecncracanncennns 151
Geometric Representation of the Relationships Between
the Frequencies of a Simple Resonator when x > oke, ., 154
Resonator Amplitude Response for Fixed Resonance Fre-
quency and Three Different Conditions of Damping..... 156
Basic Input Pulses Investigated......cvceveveecnnes. 159
Recurrent Sequences of PulseS......... teteceeteennans 165




List of Appendices

Appendix : Page

A A Simple ReBONAEOr s ceecarseccetanrsoscaceaasnnocncrocses 150
1. Frequencies Associated with a Simple Resonator. 150
2. Response of a Simple Resonator to Three

Different Types Of PuUlSeBrseecveceoecccsscsanes 158
3. Response of a Simple Resonator to a Recurrent
Sequence ofPl]].ses...lllO..ll...l‘...r.l.lO...l 161;'
B Mathematical Representations of Periodically Recurring

Pulsest..IODI....0.0I.'..'..'-."."ll...'.....l.lll.. 169
1. Interval Represent8tions....ceeeeeecservocanncss 169
a. Periodicelly recurring exponential pulses... 170

b. Periodically recurring ceritically damped
plﬂ-ses'..".....‘..l.‘l...I.ll'............l 171
c. Perlodically recurring damped sinusoids..... 173
2. Intervel Steady-State Representation........... 178
a. Perlodically recurring exponential pulses... 179

b. Periodically recurring critically damped
P]ﬂ-ses.lll‘..‘..'..‘-..‘Ol...‘...lll‘..’.... 179
c¢. Periodically recurring damped sinusoids..... 180
5. Representations on the Interval (0,@)..cc..... 182
a. Perlodically recurring exponential pulses... 183

b. Periodically recurring eritically damped
p‘llses.'...ll.........’l..-..0.......0.....- 18)4'
¢. Periodically recurring damped sinusoids..... 185
L. Summery of RepresentBtions...c.eeeeeeeeseeees.. 187




Chapter 1
The Formant Tracking Problem
In 1895, Hermann [53] defined a formant as a natural mode of

resonance of the acoustical cavity assoclated with the vocal tract.

By 1906 Scripture [100] published his Researches EE.Experimental

Phonetics which, among other things, included a description of the
speech wave in terms of damped sinusoids. Scripture not only included
equations for describing the speech wave in terms of damped sinusoids,
but also presented. and illustrated a graphical technique which he used
forAderiving the formant frequencies independently of the Fourier com-
ponents. Scripture's emphasis on time domein analysis and his obvious
use of stored information in the anslysis has an interesting precedence
over the present study. More recently, great advances in un@erstanding

the physics of speech have been made by Fant [30]. 1In his book, The

Acoustic Theory of Speech Production, the relation between the physio-
logical formations and the resulting acoustical signals 1is excellently
portrayed.

Briefly, the physiological basls for a voiced oral vowel is that
the glottis acts as & high impedance source and the vocal tract acts as
an acoustical cavity. The main scientific advantages of discussing a
voiced oral vowel is that the natural modes of resonance of the vocal

tract are not modified by anti-resonances [33, 115]. In other types of




speech it 1s quite common to find anti-resonances as well as resonances.
In an acoustical system, such as the average male vocal tract, there
are infinitely many natural modes of resonance. Each of these has a
bandwidth and resonance frequency associsted with it. The frequency is
the formant frequency and the bandwidth is the forment bandwidth.

There is & natural ordering placed on the formants by their resonance
frequency: the natural mode of resonance with the lowest frequency is
called the first formant, the natural mode of resonance with the

second lowest frequency 1s called tﬁe second formant, ete.

In analyzing voiced speech there is a gtrong temptation to use
electronic equipment to resolve the harmonics assoclated with the rate
of laryngeal excitation. The use of the harmonic structure of speech
is quite convenient for some purposes: say, for estimating the funda-
mental laryngeal frequency. The line spectrum is not, however, the
easlest representation to use in determining the formant frequencies.
The reason 1s, of course, that the resonance frequencles associated
with the voecal cavities are generally inharmonic to the fundamental
frequency at which the true vocal folds are vibrating.

The problem in analyzing the formants is that speech 1s a transient
phencmenon: during épeech the fundamental laryngeal frequency and the
acoustiecal configuration of the voecal traect are both undergoing consid-
erable change. This creates a major analysis problem when one is trying
to estimaste the natural modes of resonance associated with the voeal
cavities. For most adults in a normal speech situation, the
fundamental laryngeal frequency is lower than the first formant

frequency. In addition, the formants, beilng assoclated with the vocal



cavity, tend to move fairly slowly compared to the fundamental laryngeal
frequency. Many different techniques of formant frequency analysis have
been investigated by the use of filters, digital computers, or some com-
bination of the two. The problem of formant frequency analysis for
quasi-periodic speech waves continues to be & problem of major impor-
tance in speech research. Various techniques have now been developed,
but certain problems or limitations are associated with all of them.
Because of these problems, many of the schemes for formant frequency
analysls do not provide particularly accurﬁte measurements.

The ultimate accuracy required in formant frequency measurement,
of course, depends upon the intended use of the data. Formant frequency
analysis is currently one of the major problems in speech research.
For instance, high quality formant tracking is needed for work on:

l. acoustic phonetics,

2. automatic speech recognition, and

5. formant encoded vocoders.
It seems clear that with better formant frequency anaiysis one will be
able to obtain better acoustic phonetic specifications of spoken lahguage
and also be @ble to determine better the phonetic value of the input
signals. The problem of poor formant tracking in formasnt encoded
vocoders is sufficiently well documented in the literature that there
is no need to belabor the point further.

This paper is concerned with the basic properties and with the
analysis of formants in speech. The paper is organized according to
three main areas: over-all perspective, theoretical considerations, and

a scheme for measuring voiced speech formants.




Human speech 1s & very complex subject. Restricted models are
employed to investigate speech, as in &8l1 studies of natural systems.
The model used here is very much a function of the particular aspect
of speech being investigated. To provide a broad perspective of the
problem of speech analysis, a genersal discussion of some of the models
used to study/speech is presented iIn Chapter 2. To show the nature
of the models, a discussion of the informetion content of the signals
resulting from some of the models is included. This provides a
numerical measure which shows the nature of the restrictions placed
‘upon speech by the various models. Thereafter a survey is made of
the previous techniques used 1n analyuing and/or representing speech
formants.

In the frequency domasin, the theoretical model for a single
formant is a paif of conjugate poles. The model commonly used in
studylng a single formant is a simple R-L-C resonator where the out-
put is across the capacitance. Appendix A of this study is a summary
of the main properties of R-L-C resonators. In addition, seversal
general equations are derived relsting to simple resonétors. The
material 1in Appendix A 1s brief and is compiled in one place for
convenient reference. Appendix B is & consideration of several equa-
tions which &are used 1n the study of resonators. The material in
Appendix B 1is 1included because 1t does not seem to be in the literature
and because it is very necessary to the particular form of analysis
which is discussed in this paﬁer.

The actuzl analysis of the output of a simple resonator is treated



in Chapter 3. The analysis presented here differs from most speech
a;alyseé in that it is synchronous with the laryngesl pulses. Atten-
tion is then centered upon the parameter valués assoclated with
speech and with the resulting implications for the simplification of
the previous analysis. Next, two forms of speech analysis are dis-
cussed in terms of the model. A theoretical comparison of the
errors Introduced by each of the systems is included.

Finally, & feasibility study is included for a fixed filter,
pitch synchronous form of formant estimation. Chspter 4 consists
of a heuristic description of the physical basis for the estimation
technique. The fleasibility study reported herein examined the possi-
bility of automatically detecting the fundamental period and tracking
the first formant frequency. The technigue employed was based on the
agsumption that a formant estimete derived from a portion of a pericd
would provide sufficient formant informstion for most uses. Thus, the
sampling frequency for the formant measurements is the fundsmental fre-
quency. The approach employs a cambination of anslog snd digital tech-
niques. BSpeech is first processed by wide-band, overlspping filters,
which are spaced so that all frequencies sbove 300 cycles occur in the
pass-band of two different filters. Thus the analog part of the process
is a form of frequency domasin analysis. The formant estimation tech-
nique is a pitch synchronous technique in which successive samples of
the gpeech wave sre analyzed in the digltal computer at the spacing of
the fundamental volce frequency. Chapter 5 describes the equipment used

in the feasibility study and Chapter 6 describes the general form of the




computer processing used in the formant estimation technique. Iﬁ
Chapter 7 two celibration runs on the system are described: one is to”
determine the results of varying fundamental laryngesl frequency and
the other is to determine the error in asctual forment frequency esti-
mation at a given fundamental laryngeasl frequency. The results of
analyzing various speech'inputs is presented in Chapter 8.

It is a conclusion of thé study that a complete formant tracker
could operate in the following manner. The speech wave would first be
analyzed by a set of wide bandwidth overlepping filters. The outputs
of the filters would then be multiplexed and quantized. Next, in a
digital computer, the outputs of all of the filters which are in the
range of the first formant would be processed to determine the approx-
imate period boundaries and thereafter the first formant frequency.

On the basis of the period boundaries and the Ffirst formant frequency,
the higher formant frequencies could be determined. The knowledge of
the period boundaries makes it possible to adjust the measurements to
the wide variation in the excitation of the higher order forments. It
also eliminstes the problem created by the fact that there is no
boundary below which only one particular formant occurs and above which
only higher order formaents occur. This present report is not concerned
with the implementation of a complete system according to the abaove
description; rather it thoroughly demonstrates the feasibility of deter-

mining the period boundaries and of tracking the first formant.



Chapter 2

Representation and Analysis of Speech Signals

The purpose of this chapter is to provide a perspective for the
remainder of the report. Msny different mathematical models are used
to investigate speech, and they are necessarily restricted models.

The general nature of some of the models which have been used to study
speech are described in this chapter. In addition, the informstion
content 1s given for the signals associated with some of the models.
Finally, a survey of the research relating to formant measurement is
presented.

Speech signals may be represented and/or analyzed at many different
levels. While a general model of speech will include a specification of
the relations asmong the different levels, a restricted model may be con-
strueted for any particular level. Esch such model describes a some-
what different set of constraints on the signal. For instance, one
could model speech signals using only crude observations about them,
or one could apply the results of the acousticel theory of speech pro-
duction and consider the classes of functions implied by this theory.
Similarly, there exlst models of speech which are used in linguistics;
utterances can be represented by strings of phones, phone types, or
phonemes. These sequences can be further restricted to strings of

syllables, morphemes, words, or phrases. Perhsps the day will come



when one can talk about meaningful strings assoclated with strings of

morphemes, thus accounting for the semantiec function of speech signals.

1. Informstion Content of Speech

One of the outstanding formalisms—if not the outstanding form-
alism—~in communicsation theory 1is that by Shannon. Shannon's basic
theory defines a concept, channel capacity, which can be used to
determine the effectiveness of the utilization of a channel.

For instance, one may consider a speech wave as an acousticsal
signal with & bandwidth of 10,000 cps &nd a 50 db signal-to-noise
ratio [52]. An increase in either the signal-to-noise ratio or the
bandwidth fails to increasse the intelligibility further. If the
inherent redundancy in speech 1s ignored, then, according to Shannon's
formula, the entropy assoclated with a 10,000 cyecle bandwidth and a 50
db signal-to-noise ratio is 166,000 bits per second. Shannon's form-
ula, of course, 1s based upon a white Gaussian signal and white Gaus-
slan nolse. As is well known, however, 1n the case of speech neither
the signsl nor the nolse 1s white QGmussian noise.

One c&n also conslder a volced speech signal as consisting of g
number of modulsted carriers, where the carrier frequencies are har-
monicelly relsted to a slowly varying fundsmental frequency [27].
Fano cbtained values from 3680 to 1560 bits/second as the channel
capacity necessary for transmitting such signals.

The faet that the scoustic waves are produced by & particular
mechanism provides the basis for another level of encoding speech. The

physiologieal basis of speech has been known for some time, but 1t has



only been within the last few years that an Acoustic Theory of Speech
Production [30] has been in existence. Flanagan [39] found that a
channel capacity of 500 bits/second would be sufficient to transmit
speech using a coding scheme based on the acoustic theory of speech
production.

The phonetic sequences of speech form another level at which
encoding may be andlyzed; that is, the information contained in the
phonetic representation of utterances may be used as & baasis for’
determining the information rate of speech. For most purposes, how-
ever, a phonemic symbolization 1s used in representing speech. There
are many types of encodings which could be used to reduce the band-
width necessary for transmitting phonemic sequences. For instance,
one could conslider speech to be g k-stage Markov process. A single-
state Markov model for phoneme sequences is one in which each phoneme
1s assumed to occur independently of the preceding phoneme and with a
fixed probabllity. A Markov process 1s a possible model for this level
in speech and one can use published data [112] to estimate the associated
bit rate. With the assumption of a rate of 10 phonemes/second, the
average rate for such a souree is about 50 bits/second. If only a
syllabic representation (various length strinés of phonemes) is desired,
ratés of 23 bits/second [83] are possible for speech.

With either of the above representations, phonemes or syllables,
one preserves only part of the lingulstic informatlon of the message:
one loses the prosodies (or suprasegmentals) and part of the soeial-

linguistic or personal information about the spesker [67].
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By considering higher level linguistic information, one can con-
struct an encoding which requires that messages correspond to a par-
ticular grammar. One experiment which showed that grammsr provides
& constraint on the perception of speech was performed by George
Miller [77]. He used five sets of five words and sequences of words
were then formed by selecting a word from ecach set. These sets of
words were arranged In various orders. One way of ordering the sets
resulted in "gremmatical" sentences when a word was selected fram
each set in turn. The other orders for the sets of words formed un-
grammatical sentences. A grammatical restriction on the speech source
is inferred from the fact that the "grammatical” sentences were more
intelligible. As another illustratioﬁ, conglder an acoustical signal
corresponding to "I do not know." If one were only interested in se-
quences of words, there would be at least 16 possible strings of words
corresponding to the same acoustical wave, for instance, "Eye due knot
no." In this case, it should be clear that a grammar does reduce the
number of possibilities for interpreting the acoustical signal. Since
a complete gremmar of English has not yet been constructed, it is not
possible to state & bit rate for signals on which the constraints of
English grammar have been imposed.

Finally, it may be observed that semantics, too, places a con-
straint upon the bit rate of signals. The semantic restrictions are
exceedingly difficult to specify, and certainly no data on bit rates

under this additional constraint are yet known.



Whatever fhe constraints, there appears to be an upper limit to
the bit rate at which the human can interpret the information received.
It has been stated that: "For sustained communication beyond a few
seconds, the practicable'rates for most human activities have been
closer to 10 bits/second than to 4O bits/seco.d."[61]. Since speech
1s generally produced by, and intended for, humans, it would seem
that 10 bits/second might well represeﬁt an average rate at which
information can be interpreted in speech communication.

As indicated above, if the speech signal is considered to be
totally unstructured (white Gaussian noise) it involves bit rates of
the order of 166,000 bits/second. This is the informational capacity
required of a channel to transmit such a signal. The ear performs
both an analysis of the acoustical waves and a conversion of the
results to neural impulses. The auditory branch of the eighth cranial
nerve is undoubtedly capable of a relatively high information rate. It
must be, then, that a large part of the information reduction of the
signal occurs at higher levels in the central nervous system. At this
stage of knowledge about the processing of information by the central
nervous system, 1t 1s difficult even to speculate on the way in which
the decoding and message interpretation takes place. Apparently there
is an information reduction in the interpretation of such complex sig-
nels as speech. It seems reasonable to assume that the signal is re-
duced to its information-bearing parsmeters, and that interpretations
are then performed on these parameters. It is presumsbly in these lat-
ter stages of the signal processing that phonemic, grammstical, etc.

constraints are imposed. It would appear, however, that if the concept



of message destination can be defined in this process, an information
rate of the order of 10 bits per second is a reasonable estimate.

It seems reasongblz to conclude that it should be possible to
encode speech for transmission or for human interpretation at s
relatively low information rate. Clearly, there is a wide range of
effective encodings which might be employed for speech. Equipment
complexity and time delays introduced by the equipment are of con-
siderable econcern in the process of such encoding. It is thus
Important to consider the relation between these factors and the
expected reduction in bit rate. In addition, there is the problem
of determining the properties of the signal to be communicated, i.e.
of defining the message. In some cases it 1s desirasble to include
speaker information, such as ldentity, mood, etec. 1In other cases
the written equivalent of the message is sufficient. In many speech
compression schemes an attempt is made to preserve all of the infor-
mation which may be relevant. Accordingly, an attempt is made to

implement substantial compression without affecting the signal in =

way that 1s noticeable to a listener.

2. Technlques Used 1n Speech Analysis

The purpogse of this section 1s to present & brief review of some
of the acoustic analysis technigues which have been applied to speech
formant analysis. An identifying name has not been well established
for certain of the forms of analysis. In an attempt to catalog some
of the major techniques, however, particular terms have been used in

the followlng pages. These terms do not apply to disjoint techniques:
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sometimes several of the terms can be espplied to a single technique.
It is not practical to discuss each techrique in detail in the present
report. Also, the examples given of each technique ‘are certainly not
meant to be exhsustive; they are intended only to show some of the

!
diversity which has been achieved in the analysis of speech.

a. Spectrographic analysis

The sound spectrograph wes the first analyzer developed which
provided both a convenient and a meaningful graphic display for re-
search studies on speech. The instrument was designed at the Bell
Telephone Laboratories by Koenig, Dunn, and Lacy [63]. The spectro-
graph analyzes waves and produces permsnent visuel recordings showing
the relations between time, frequency, and energy. The spectrograph
1s still the most commonly used device for speech analysis [72]. It
is especlally valuable because of the effectiveness with which it dis-
Plays the continuity of forment movements. The accuracy of measurements
from this device has been investigated. Lindblom found that there is
a mean error of 40 cps in formant estimation from spectrogrems using
normal techniques [73]. One type of spectrographic output, an ampli-
tude section, allows a simple measuring technique which is generally
felt to improve the estimation accuracy. This messuring technique uses
pre-caleulated formant envelopes. Using templates containing such
envelopes, Dunn made a large number of measurements of forment band-
width [25]. His article conteins an excellent figure which shows the
general tendency to underestimste the position in frequency of the true

forment pesk when & template is not used.
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b. Filter banks

Filter banks provide a very common and convenient mesns of spectral
processing. Flanagan [39] has shown two different techniques for esti-
mating formant frequency from the output of a filter bank. One of
these methods employs successive time samples which consist of the
short-time speetrum of speech. Flanasgan designed circuits which
operate on each of these samples to deterﬁine the spectral maxima.

This technique is called spectrum sampling. The second technique

vhich Flansgan used is called a spectrum-segmentation formant extractor.

4
/

The essence of this technique is to pre-divide the audio range into a
first, second, and third formant range and then to use the previous
technique within each of the ranges. In a companion paper [L4LO] 1t was
reported that the spectrum segmentation technique is the better of the
two. With the latter technique the results were within 150 cps of the
first formant 93% of the time and within 200 cps of the second formant
91% of the time. The measurements were also simultaneously within 150
cps of the first formant and 200 cps of the second formant 85% of the
time,
A filter bank is the basic iniut unit for the work on speech recog-
nition conducted by Forgie and Forgie [44] at Lincoln Laboratories. |
They use the pesks in the output of a filter bank as an estimator of
formant frequency and only use higher resolution when necessary to
reduce ambiguity.
Houde, Larkin, and Stewart [55] have made an attempt to use a g
local spectrum-matching technique in order to achieve an estimate of i
|

the formant frequencies without employing a detailed analysis by
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synthesis.

Harris and Waite [49] have determined the response of several
types of filter banks to vowels. They considered the use of sin-
gle tuned, double tuned, Butterworth, and Gaussian filters. They
investigated the implications for vowel analysis of using both

constant bandwidth and constant mell-bandwidth filters with and

without frequency equalization.

¢. Zero-crossing measurements

Fant [30] has observed that
Fram an engineering polnt of view it seems rationsl to
measure and to define the formant from the time function.
Given a high speed oscillogram of the speech wave, with a

prefiltering arranged to 1solate the formant of interest,
the formant frequency can be measured from the time of a

full period of oscillation.

Thus, one zero crossing (synonymously, axis crossing) technique
is to isolate the formant of interest and to measure its period. At
least one system of this sort has been designed [5, 6] and a descrip-
tion of the equipment employed has been presented. The first of the
two preceding references is to & paper presented at a meeting of the
Acoustical Sociéty of America. In the system described, there is =

filter with cut-off points which can be varied to some extent.

lThe Mel scale is a perceptual scale based on observer res-
ponses to frequeney relationships. Constant mel-bandwidth f1l1-
ters are of equal width along the mel seale, but differ in width
on & linear frequency scale.

(i"
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One %zero c¢rossing scheme has been described on which work was
started at the Bell Telephone Laboratories before World War II [79].
With this technique the speech was filltered into three bands: 300 e¢ps
to 1100 e¢ps, 900 cps to 3000 eps, and 3000 cps to 8000 cps. The axis
crossing rates of the outputs 6f these filters were then used to
specify the acoustical signal.

In 1951, E. Peterson, of the Bell Telephone Laboratories, used
an axis crossing counter as a means of obtaining frequency information
about speech [86]. His goal was to obtain an asutomatic formant
tracker. He showed the operation of the cireuit on speech which had
been prefiltered into two bands. Results were also plotted for two
sine waves as input and an appendix shows the theoretical operation
for two sine waves. Peterson found that usling the signal to modulate
a carrier and then counting axls crossings improved the measurements
during the transfer in a particular filter from one sine wave fre-
quency to the other. Modulation has also been discussed as an aid to
formant tracking by Cherry and Phillips [10] in their paper on the
possible application of single side-band techniques to formant tracking.

The axis crossing method was also the main spectral estimator
used in a digit recognizer completed in 1952 [19] at the Bell Telephone
Laboratories. The input speech was divided into two frequency bands,
one above and one below 900 cps. The axis crossing rates of these
bands were made into two-dimensional patterns and the recognizer picked
the digit which had the closest match to the input pattern. The system

achieved a recognition rate of approximastely 97 to 99% for a speaker
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that it “"knew," although it had difficulties with new gpeskers.

Axis crossing information was used in a speech compression system
designed at Northeastern University. The investigators designed s P
meter which determines one-half of the input axis crossing rate [8,
56] and uses this information to rosition a moveable filter [23].

Then the output of the moveable filter is used as the input to a
second Po meter which is used to determine the frequency of the for-
mant.

Zero crossing rates are also used in a Japanese speech recog-
nizer [96, 97, 98] as a means of obtaining spectral information about

speech waves.

d. Diversity approaches

The term "diversity approaches" comes from a paper by David [16],
and provides an excellent description of a class of analysls schemes.
These schemes are grouped together because they attempt to operate on
the gross structure rather than the fine structure of the input signal.
The fact that the techniques are concerned with the gross structure of
the signal does not imply inaccuracies in the results; it simply
specifies another approach to the analysis of signals. Some of the
techniques chardcterized as diversity approaches will next be deseribed.

Sebestyen [102] has presented a particular approach to the general
problem of the recognition of membership in classes where the only
known description of each class is by several examples of its elements.
The theory which he developed was applied to the partieular problem of

recognizing spoken mumerals. Sebestyen [101] has also applied his
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theory to the problem of speaker recognition. Such classification may
be employed in the use of adaptive procedures for speech recognition.
Talbert, Groner, and Koford [110] have simulated an adaptive speech
recognition scheme using "Adaline" threshold logic devieces. A
differént adaptive system employing "Adaline" elements for sutomstic
speech recognition has also been investigated by Dammann [1L4].

Olsen [82, 83, 84] and his co-workers at the RCA Laboratories
have developed a series of phonetic typewriters which employ a filter
bank for the analysis of the speech wave. They use the syllable as
the input unit to their systems. The analysis uses an adaptive time
encoding of the spec¢tral patterns. Thus the interpretation is not
based upon spectra derived at fixed time intervals. Each input sylla-
ble is transformed intoc an 8 x 5 binary matrix. There are eight fixed
filters which span the frequency range of interest and five time sam-
ples are taken &s the spectral pattern changes. Each matrix element
is "on" or "off" according to & threshold level on the amplitude of
the filter output. Recognition is achieved by comparison with ternary
matrices: must be on, must be off, and don't care.

Davis [18] has built a recognizer in which reference spectra are
correlated with input spectra in order to determine which phonetic
element is present.

Wiren and Stubbs [118] built an automatic system for phoneme
classification. The system represented an attempt to implement the
distinctive features phonemic theory for recognition of spoken Ameri-
can English. The instrumentation involved weighted band-pass filters

to complete the classificsastion.
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Kersta [16, 62] has done work on several types of recognition
problems using the diversity approasch. In 19&7, he devised & binary
matiching scheme for digit recognition. He divided the spectrogram

into time-frequency sections, 200 cps by 67 milliseconds. He then

made esch sectlon black or white, according to whether the average
darkness of the section was greater than one-half of the average
darkness of the darkest section. This study has historical sig-
nificance as well, since it appears to be the first speech study to
have used data processing equipment. Another technique used by
Kersta 1s contour spectrographic analysis which he employs for voice-
print identification. The first use of contour analysis was made by

Koenig and Ruppel [64].

e. Spectral moment galculation

Moment calculétions have been proposed as a means of extracting
formant frequencies [80, 109]. One motivation for such a procedure
is to achieve a campromise between the accuracy and the time required
for measurements with the very complex and the very simple techniques
which have been used for formant frequency extraction. In order to
obtain greater accuracy, some moment calculation systems have used s
filter bark as an input to a computer. The computer was used to
procéss the lnput to determine spectral regions in which the formants
were isclated. Then the computer found the moment of the energy in

the isolated region.
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f. High energy harmonic trackers

There are at least two techniques that could be used to track the
highest energy harmonic. One would be to teake a time sequence of har-
monic spectra and operate upon each successive element of the time
sequence to obtain a trace of the high :energy harmonics. Alternatively,
one could bulld a device which developed a voltage proportional to the
frequency of the highest energy harmonic within a specified frequency
region.

Hellwarth [52] has described s feedback system in which a modu-
lated signal is moved across a filter to produce a voltage which is
proportional to the highest energy harmonic in the signal. The carrier
of the modulator is continually adjusted so that the highest energy
harmonic is passed through the filter for the single sideband modulator.
The voltage obtailned from measuring the frequency of the output of the
filter not only specifies the harmonic frequency but also is used to
control the carrier. One use of this system, other than for formant
frequency estimetion, is for psychoacoustical studies of band-passed
speech in which the frequency band is continuously adjusted according
to the location of a particular formant. Filters may be placed at
the input to the system so that the device will usually track the
highest harmonic in the region of elther a first, second, or third
formant. The output of a set of such heterodyne filters could also be
used to implement a speech compression system. In this case a loglcal
constraint mey be imposed on the location of the filters so that at
any given time each filter %s assigned to the approprlate frequency

reglon for a particular formant.
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Hughes [59] used a bank of 35 Pilters as input to his speech
recognition system. He employed a computer to determine which filter
had the highest energy as well as to locate the various forments; he
used the center frequency of the filter as the estimste of the for-
mant frequency. The bandwidths of the filters were relatively nar-
row: 50 cpe at the lowest frequency, 50 eps at 493 eps, 100 cps at
940 eps, 200 e¢ps at 1800 eps, with increasing bandwidths to 1000 ¢ps

at 4500 eps.

g. Phase techniques

A few years ago Huggins [58] developed a phase technique for
analyzing various types of simple resonance phenomena. The scheme
is dependent upon the phase properties of a resonator as a resonance
frequency 1n the signal is swept past the resonance frequency of the
analyzer. Using this phase technique Huggins was sble to develop a
visible speech displsy, called a resnogram, which is considerably
less sensitive to the nature of either the source or the amplitude of
the input wave than 1s the spectrograph. The display has the property
that the representations of the resonances are not as broad as those
on a broad band spectrum.

Krokstad [65], at the Royal Institute of Technology, evaluated
three different phase techniques as means of tracking formants. In
one of these techniques the input and output of a filter were com-

pared to obtain & measure of the phase relstion between them. The

other two techniques involved a measure of the phase difference. between

the outputs of two distinet filters; omne set was separated by 250 ¢ps
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and the other was separated by 100 cps. 'The general conclusion was
that the use of a set of two filters offered the better possibility

of development for automatic formant tracking.

h. Anaslysis by synthesis

Anslysis by synthesis is a technique for speech analysis pro-
posed by Stevens [1, 48, 85, 106]. It is & method for reducing the
speech wave to certain of its essentisl parameters. The technique
involves the comparison of sampled speech spectra with synthetic
spectra which are generated according to rules based on an acoustic
theory of speech production. The input to the system is a 36 element
filter bank spanning a 7000 cycle range. Samples are taken every 8.3
milliseconds in the current system [85]. A computer has now been
programmed to use automatic matching strategies in the implementation

of this technique.

1. Pitch synchronous techniques

A few years ago Mathews, Miller, and David [75] performed a pitch
synchronous anslysis of voiced sounds. They used visusl inspection of
an oscillogrem as & means of determining the period. The actusl sam-
pPles analyzed consisted of the wave fram the first axis crossing
before a major peak to the first zero before the major peak in the
following period. The line spectra of these samples were then-com-
puted and compared with known spectra in order to determine the spec-
tral description of the sample.

Pinson [92] has developed a weighted-least-squares fitting pro-

cedure on fundamental periods for determining formant frequencies. ¢
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He obtains a best fit for a function of the form

n
_ -1B,t .
£(t) = a + '__'; e i (aicos 27F,;t + b, sin ETTFit).
i=1
The f£it is evaluated as a function of the variables a,y 84y Bi’

bi’ and F His estimates are based only on those portions of

g
the agoustic waveform which are produced when the glottis 1is closed
and the lower tract is decoupled from the system. In this way Pinson .
avolds averaging over bhoth open and closed glottis conditions.

Since bandwidth is another parameter which Pinson estimated with this
technique, it was important that he restrict his measures to the
closed vocal tract configuration.

Manley [Th] has obtained pitech synchronous representations in
terms of fixed orthogonalized exponentially damped sinusolds. This
procedure avoids the difficulty of determining the angular frequency
agsoclated with each formant at each successive period of the speech
wave. The sampled speech wave, as well as period markers, are used
by Manley as the input for a computer progrem which calculates the
coefficients in terms of the basis funetions.

The possible use of orthogonalized exponentials has been well
deseribed by Huggins [57]. Dolansky [22] has also considered this
set of functions. Since the pressure wave associated with a voiced
non-oral vowel is a square summable function for each period, it is

possible to use any of the mathematically complete sets of orthogonal

functions to represent a single period. The study reported above

s
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used one such set. There are many other sets of functions which could
be used. A general introduction to this type of approximastion has been
given by Clement [11], who shows several sets of functions which have
realizable filters for the basis set. Square summable representations
are described in detail in many mathematical texts [12, 60].

Most of the analysils schemes which use an error criterion are
based on a mean square error; that is, the mean of the error squared
is minimized. One alternative is to minimize the maximm error.
This criterion leads to Chebyshev approximations. As the result of a
paper, "Synthesis of R-L-C Networks by Discrete Tschebyscheff Approxi-
mations in the Time Domain,™ [95], it is clear that this form of
analysils could be applied to speech. Swigert, at the Communication
Sclences Laboratory, attempted to implement such a system and found
that a great deal of machine time and input accuracy was necessary
for the analysis. One major problem was a large matrix inversion.
It was estimated that with the particular program used, an isolated
piteh perlod would require at leé;;wone minute to analyze on an IBM
T090 computer. 1In the work by Swigert the approximation was made
using exponentials. This type of approximation is described in the
mathematical literature [21, 94], and possibly it should be reconsidered

as a means of analyzing speech signals.

J. Inverse filtering

The general basis for inverse filtering is that it is possible to
perform an operation which is the inverse of that performed by the

vocal tract. This operation can be accomplished either by analog
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circuits or by a digital camputer. Miller [78] was the first to use
the technique. His primary interest in the experiment was in the
vocal cord wave shape. If the proper settings of inverse filters

are obtained, however, one can infer the formant frequencies. In-
versge filtering'has been studied in many lasboratories. Lawrence

[68] has worked on this approach, as has Fant. Fant's Quarterly
Progress Reports contain a great deal of informstion about particular
inverse filters. Also David [15] has shown how a computer can be
used to remove the poles and leave the spectrum assoclated with the

glottal function.

5. Discussion

The previous pages 1llustrate some of the numerous approaches
which have been used in the analysis of the speech wave. In general,
the chief problem is to derive the fundsmental period and the formant
frequencies from the quasi-periodic waveforms of speech. As indicated
earlier, many of the techniques which have been investigated are in
some manner related. The fact that so many different methods of
apnalysis have been tried, however, suggests that there are basic
problems in formant frequency analysis which have not yet been resolved.
In fact, there continues to be a need for an accurate and dependable
formant analyzer. Such an analyzer must operate on a large variety of
waveforms, and must function under a considerable range of harmonic

and formant amplitudes.



Chapter 3

Formant Theory

Electrical analogs have long been of great value in the analyéis of
mechanical and acoustical systems. In the case of speech it has been
found very convenient to simulate the passive part of the human vocal
tract with an electrical ladder network in which each section of the
network represents an acoustical section of constant length. It is
gsometimes overlocked that the dissipation in the acoustical sectioﬁs
is actually a function of frequency, whereas the dissipative elements
normally inserted in the electrical networks are not a function of
frequency. Nevertheless, rather good approximations have been achieved
by electrical analogs. An analysis of the transfer function of the
passive part of the human vocal tract shows that it can also be approxi-
mated by & series of 1solated electrical resonators. Much can be
learned about the properties of the individual formants in speech by a
detailed consideration of their electrical simulation. Figure 3-1
shows a single electrical resonator circuit for simulating a formant.
This 1s the basic model used by Fant in his book, and it is generally
considered to have the characteristics of the formants ¢of speeth.

In this chapter the properties of such a circuit will be analyzed.
The response of the circult to various inputs will be derived, and these

results will be related to certaln properties of speech formants. The
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response of the circuit will be determined when it is excited by pulses
whose epochs are equally spaced in time; such sequences of pulses will
be referred to as periodically recurring sequences of pulses. Actually,
the pulses sre not strictly periodic since periodic implies for all
time, not for some arbitrary interval of time. By starting the pulses
at a particular point in time, however, it will be possible to consider
the representation of the output of the circult and to ascertaln its
convergence properties. The representation of the output will be used
later in thils chapter to show some of the formal imp .ications of certain

formant frequency measuring schemes.

1. The Resopator Output in the Periodic Case

The purpose of this section is to obtain an expression for the
output of the simple resonator corresponding to two different recurring
sequences of input pulses.

Previous anslyses have considered this same problem. Gandhi,
Peterson, and Yu [46] determined the representation of the output of
the resonator for a periodicélly recurring sequence of rectangular pulses
and & periodically recurring sequence of exponential pulses. The out-
put was described with standard Fourier series techniques, and was repre-
sented by a transient term and a periodic term, where the periodic term
was & Fourler serles. In the above-mentioned study it was noted that
the equations for the éteady—state portion "did not contain the reso-
nator frequencies" and that "in speech analysis these frequencies can
be recovere@ only by some nonlinear analysis of the wave." It seemed

desirable to obtaln representations of the output of the resonator which
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Include the resonator frequency. The representations which will be
derived have the advantage of being realizasble by one form of nonlinear
analysls as well as being simple enough to be heuristically informative
about the nature of the process which is taking pilace.

The mathematical representations which will be developed contain
damped sinusoids with the formant frequencies; this allows an exact
formulation of some of the operations which were mentioned in the last
chapter. The previous report [L46] suggested that one very promising
technique would be an analysis which 1s synchronous with the fundamental
volce frequency. For this type of analysis, simple representations of
the individual Periods of the speech wave are particularly valuable.

In this section two different periodic sequences of pulses will be
considered. These are shown in Figure 3-2. The first set of pulses was
used by Dudley, et al. [2L] as early as 1939. The current feeling, how-
ever, 1s that the second set of pulses gives & much better representation
of a real glottal source [30].

Since considerable computation is involved in anslyzing the response
of the resonator to such pulses, most of the details have been relegated
to appendices. Appendix A contalns a derivation of the output of the
resonator corresponding to a recurring input, and Appendix B contains
a derivation of the interval representation of the three sums which occur
in the output. The remainder of this section is devoted to obtaining
closed form interval representations for the output of the resonstor

when excited by each of the above sequences of pulses.
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a. Exponential input pulses

In Appendix A (Equation A.49) a representation of the output of a

simple resonator corresponding to an arbitrary recurrent sequence of
exponential pulses 1s derived. For the special case where the pulses

are perlodic the equation becames:

eg(t) = iu(t-nm)[Ele"‘(t’nT) - Eze'k(t'ﬂ)sin[v(t—rﬂ‘)+q>e]],
n=0
where
R -i)z + 1
£ - x

2 T 0Fr o o022’

v
tan P, = [k — k] R
R
k = 5,
1l
15
v = [x_k211/2
T is the period, U(t) is the unit step function, and the input pulse
e(t) = e M

3.2

3.3

3.4

55

3.6

3.7

is:

The output of a single resonator corresponding to a recurring se-

quence of exponentiasl pulses applied at the input can be expressed for

any glven period of the input pulse train. The following expression

is based on Equations B.9 and B.4l of Appendix B.
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eE(T+[m-l]T) = E; gmg'kTAEzahe'kTsin[v7+¢é+ﬁl-ﬁm] 3.8

where m is the period for which the repreéentation is valid, '

t = 7+ [m-1]T, | 3.9
AT
£ = -1 ], 3,10

n [1 - ™)

o - L1- Ee-k?TQOS‘wnP + e-zknﬂl]l/2 3.11
= = - ———— £} .
n [1 - 2 eos VT + e 2lel/2
end
- sin vmT . 3,12

tan B
n ekmm - ¢os vl

The other terms are as previously defined. The variable T is introduced
to make time (i.e. T) zero at the start of the mﬁh Interval. This allows
a direct comparison of the representation on various intervals. Equa-
tion 3.8 is a representation which shows the effects of the "filter-
pulse"” constants E,» E,, and P, a8 well as the effects of the recurrence
constants, gm, am, and Bm' That is, the sbove equation shows the inter-
action between the constants determined by the pulse and the filter and
the constants determined from the fact that there had been [m-1] pulses
previously.

Steady-state behavior would mean that on each interval the repre-
sentation would be the same as a function of t. An easy means of deter-

mining the steady-state solution is to consider the limit of Equation
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3.8 as a function of m. Letting PE(T) be the steady-state output on

an interval, it follows that

P.(7) = lim {(t+[m-1]T)
E °E
= ;’;E]_s.e'>""r - Eeae.kTsin[v1+¢e+Bl] 3.13

where £ and @ are the limits of the sequences gm and s respectively:

that is:

N .
oz e, 3.1k
1 -eM

1
(04 = 3-1
[1- L v + e-sz]l/2 ’ °

and the other terms are as previously defined. The above simple repre-
gentation 1s an exact representation of the output in the steady-state,
Just as Equation 3.8 is a simple representation of the output which is
exact during the mﬁh period. Tt allows one to appreciate easily the
nature of the waveform during a period, whereas the nature of the wave-
form is not easily grasped when the representation contains an infinite
sum.

Clearly, the input to this resonator i1s not periodic. However, the

output can be represented as the sum of a periodic and a transient term.

On the first period the periodiec term is given dby:

_ At -kt
0<t<T Py(t) = Ete™ -Ee sin(vt+p 4B, ). 3,16




3k

From Equations B.53 and B.62 it follows that the transient term, 'fE(t)

is given by

_ I . Eze-kt

'I'eE(t) = -e "EE.e - = sin [vt+(pe—7l] 3.17

1
vhere
Wy = [1 - EekT cos VT + eEkT]l/Q 3.18

and

ten 7, = sin vI 3.19

e-kT - ¢cos VT

A krowledge of the transient form with respect to the periodic
form is quite useful in determining how soon the transient contribution
can be ignored as a function of time. This condition can also be
deduced from the interval representation of Equstion 3.8.

Using Equations 3.16 and 3.17, the output of a resonator corres-
ponding to periodically recurring exponential input pulses can ﬁe

written:
0<t<ow eE(t) = 'fE(t) + fE(t). 3.20

Three exact closed form representations have been found for the
output of the simple resonator when the input is a periodically recur-
ring sequence of exponential pulses: a representation valid for any
period, a steady-state representation on each period, and a form which

shows the output as & periodic and a transient term.
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b. Critiecally damped input pulses

The next case to be considered ls the representation of the output
when the input is a periodically recurring sequence of critically
damped pulses. The output of the resonator corresponding to a recurrent
sequence of critically damped pulses is glven by Equation A-50. For
the speclal case of recurring critically damped pulses which are also

periodic, the equation can be written as:

0
Ec(t) = Z U(t-rﬂ')[Cle')‘(t°m')+c2(t_nT)e‘K(t-nT)
n=

-k (t-nT)

+ C3e sin[v(t-nT) + q)c]], 3.21
whqre
QX[}\ - k]
c, = 3,20
S RO WS Ly
c, = z 3,23
2 In-x2 v
X
c, = 3,2}
L N
and
tan @ = 2v(k - ») — 3.25

[(n - K)° - 7]

Using the representations for such sums as are derived in Appendix B
(Equetions B.9, B.1lh, and B.U4l), the ebove expression can be written

for the mth period in the following manner:




_ AT AT AT

Ec('r+[m-l]'I') = Cj Ee + Cz[gm're +pe ]
+ c.o kT sin [vr+p 48, -B ]
3 ¢l ™m

-AT =AT
[ Cl§m+C2pm] e + C2 nge

+ CBame'kT sin[w+q>c+sl-am] 3.26
where
-\T [l-me—k[m'l]T+[m—1]e-m
p, = Te ke ] 3.27
[1 -]

and where the other terms have been previously defined.

The sbove expression has the same possible interpretation as did
the interval representation found for the case of periodically recur-
ring exponentisl pulses; namely, it shows the interaction of the
effects of the pulse, the filter, and the pulse recurrence. That is,
Equation 3.26 shows the output of the resonator for the mth period
in such a way that the effects of the basic pulse-filter coefficilents,
Cl’CE’C3’ and ¢, are separated from the recurrence components, gm, Py
and Bm. '

As indicated previously, steady-state behavior means that there
is a limiting behavior on each period. An easy means of determining
the steady-state behavior is to consider the 1limit of Equation 3.26 as
a function of m. Letting ISG,(T) be the steady-state output on such an

interval, it follows that
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lim ,  e,(v+[m-1]T)

P_(7)
c m-00 b

AT

]

-AT
[Clg + Czp]e + Cot Te

+ C3ae'kT sin[vr+¢h+ﬁl] 3.28

where

Te

- T, 3.29
[l-e-m]

and all other terms are as previously defined.

The gbove equation shows that during each period the steady-state
output of a resgonator, resulting from a recurrent sequence of critically
demped input pulses, consists of an exponentisl pulse, a critically
damped pulse and a damped sinusoid. It also exhibits the amplitude
coefficients of each as the product of a term associsted with the
basic pulse-filter configuration and a term associated with the nature
of the recurrence. The phase angle is expressed by a sum consisting of
a term which reflects the basic pulse-filter configuration and a term
which reflects the nature of the recurrence.

An input of periodically recurring critically damped pulses is not
a perlodic input. However, the output can be written as the sum of a

periodic and a transient term. On the first period the periodic term,

fc(t), is given by:
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= _ At -zt
0<t<T Pc(t) = [clg +C, ple + C,E te

+ CBae-kt sin[vt+p_+p, ] 3.30

Using Equations B.53, B.58, and B.62, it follows that the tran-

sient term, ﬁc(t) is given by

T'ec(t) = - [cle"‘-Tg + c2p]e"‘t - cee"'Tgte'“’
CBe'kt
e vt + 9, - 7,] 3.31

where all terms have been previously defined.

It is not surprising that the transient term also consists of the
sum of an exponential pulse, a critically damped pulse, and an expo-
nentially smplitude modulated sinusoid. In the sbove, it is easily
seen that the terms can be separated into those which result from the
pulse-filter configuration and those which result from the pulse recur-
rence. Using Equations 3.30 and 5.31, the output of a resonator corres-

ponding to periodically recurring critically damped pulses is given by

I A\ 5
O<t<wm ec(t) = Tc(t, + Pc(t). 3.32

The same three types of representations have been derived for the
periodically recurring critically damped pulses as were obtained for

the exponential pulses.
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2. The Simple Resonator and Speech

The theory of recurrently impulsed resonators has now been developed
and simple representations have been determined for the output corres-
ponding to two different periodically recurring sequences of input
pulses. Iﬁ”all cases the representations were exsct and there was no
attempt to make approximations. The remsinder of this section is
devoted to applying some of fhe previous results to speech.

In order to consider speech we shall first mske use of some of
the measurements which have been reported by Dumnn [25]. He has re-
cently determined the formasnt frequency and bandwidth for 400 of the
vowels that were used in the Peterson-Barney study [91] at the Bell
Telephone Laborstories. In Dunn's article the data were presented in
several forms, including the average bandwidth (for each of the first
three formants) as a function of aversge formant frequency for each of
the vowels. Since the current interest 1s in the signal structure of
the formants, an alternate form has been adopted for presentation.
Figure 3-3 shows one-half the bandwidth, B/2, plotted as a function of
the frequency of the spectral aqplitude density maximm, wmax’ for each
formant measured by Dunn. That'is, the graph in Figure 3-35 shows all
those points (B/2, whax) which were observed at least once in Dunn's
work. As was mentioned in Appendix A, the damping coefficient, k, is
frequently (and closely) spproximated by B/2 when the bandwidth is
expressed 1n radians per second.

For the simple resonator discussed in Appendix A the following

conventions were used: k is the damping coefficient, xl/2 is the natural



frequency, v is the resonance frequency, and ® is the spectral maxl-
mm. The basic relations smong these varisbles are shown graphically

in Figure A-2. The baslc equatlons relating the varisbles were shown

to be:
v2 + k2 = X 3.33
and
mﬁax? + 2k2 = X. 3.34

There is a line on the graph of Figure 3-3 labeled Qo = 10k
and for any point which is on or below this line, one may use the

approximation

aﬁmx Ny 3.35

which results in a maximum error of less than one percent. The
approximation

v A xl/2 3.3%6
holds with the same error limitatlion for those polnts which are below

the line. If one were to meske the approximstion

ahax s xl‘/2 5.37

for those points which lie below the line, the maximum error is only
two percent. The above remarks, although obvious in a mathematical
sense, are of considerable significance in work on speech. This is
especially true since most of the points in Figure 3-3 lie below the

line Doy = 10k. It should be noted, however, that the remarks are

conditional; nemely, if
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@ > 10k 3.28

then an error of less than the magnitude stated ebove would be made

by the approximations. In Dunn's data it was the case that for all

second and third formants the relation of Inequality 3.38 was satis-
Tied.

In the case of the first formant the situation is a little
more camplex. Out of 400 first formant points which were messured
only 11 were not on or under the line O oy = 10k; that is, over 97
percent of the first formant points alsc satisfied Inequality 3.38.

It is interesting to note that of the 11 points which were above the
line, 4 were for the same speaker, and 6 for the same vowel. At
present there 18 no way to explein the fact that one speaker frequently
exceeded the line and that one vowel frequently exceeded the line; it
would be interesting to consider physiologically and psychoacoustically
the vowels for these points. In Dunn's data the first formant is the
only formant for which the Inequality 3.38 is not satisfied. Even in
the case of the first formant, however, the error which would have

been involved by assuming either Equation 3.35 or 3.36 would have been
less than two percent in 99.5 percent of the cases; and in the worst
case, the error would have been only four percent.

Using Dunn's deta it has been confirmed that there are two very
good approximastions which can be made in the case of speech: first,
the resonance frequency is approximstely the frequency of the spectral
maximum, and second, the natural frequency is approximately the fre-

quency of resonance. Since Flanagan [42] has shown that the difference
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limen for formant frequencies is dbout three percent, it would seem that
there would be no loss of perceptusl informetion in msking the above
approximstions. Lindblom [73] found in his experiments that the mean
error in the standard spectrographic determination of the spectral peak
is sbout 40 cps. Therefore anyone using stendard gspectrographic tech-
niques could use the spectral amplitude density maximm as an estimator
of the formant frequency. This does not mean that the spectral sampli-
tude density maximum is the formant frequency, but only that it is a
reliable estimator of the formant frequency when accuracies of the
above-mentioned magnitudes are satisfactory. The only mesningful defini-
tion of formant frequency is the frequency of a pole in the transfer
function of the vocal tract. This point is adequately discussed by
Fant [30], Lindblom [73], Flanagan [38], and Stevens and House [108]
to name but a few. Lindblom's reply [73] to a statement that some con-
slder the formant frequency to be the spectrasl meximum is especially
worthy of serious consideration.

In Appendix A it is shown that the maximum point on the amplitude
density spectrum for the transfer function of & simple resonstor is

given by
B, ) | = e 3.39

Since it has been shown that the approximation v2 ™ x is a good approx-
imation for the natural vowel resonances, the following approximation to
the amplitude of the spectral maximum can be used for the case of

natural vowel resonances:
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| EQe, ) | = 5 3.40

which shows that the maximum formant amplitude is approximately propor-
tional to the formant frequency and inversely proportionsal to the for-
mant bandwidth.

It is believed by many [U45], [69] that intensity is one physical
correlate of linguistic stress. Generally, one thinks of the vowel
spectrum as fixed and of variations in intensity as achiéved by modi-
fication of the voeal pulse. When the glottal input spectrum is held
constant, there is a relation between the various forment frequencies
and the speech output spectrum which has already been deseribed by
Fant. The sbove relatlions, however, show that another possible means
of obtaining an increase in output level would be to decrease the
bandwidth. The equations show that if the bandwidth is halved, the
spectral maximum shifts upward less than 1/2 percent in frequency, but
the amplitude of the formant pesk 1s doubled. This would seem to open
a posslble area of further investigation; namely, the interaction
between the vocal tract and the glottal pulse used to vary the ocutput
intensity.

Another interesting observation which can be made from Equation
3.40 is that if the bandwidth is fixed, then the maximm amplitude of
the spectral envelope increases with frequency st a rate of 6 db/octave.

Critically damped pulses are often used in synthesis to obtain
spproprlate spectral characteristics for‘the glottal source in speech.

From time domain considerations, however, they do not really form a
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natural type of pulse. One type of phonation is that in which the vocal
folds remain closed during an apprecisble intervel of each period. This
type of pulse has frequently been shown in the litersture. Holmes [54]
has observed this type of pﬁlse as has David [15], Fant [30], Flanagan
[35], Mathews, et al. [75], Timke, von Leden and Moore [111], and
Miller [78]. It has been reported by Miller and later by Holmes [5k4]
that the first formant is mainly excited at the closing of the glottis.
Holmes observed that the second formant seems to be excited by both

the opening and the closing of the glottis; that is, the second formant
is excited twice per pitch period. He noted that the third formant is
excited at botﬁ the opening and closing of the glottis, but much less

at the opening than at the closing. Therefore, the following eqﬁation
can be used as a time domain model of a first formant excited at a

constant fundamental frequency:

@
Sq)(t) = Z U(t-nzr)e'k(t"ﬂ')sin[v(t-n:n)+q>] 3.4
n=0
where @ is a parameter. 1In our applications it will be qg, qg, Qr or O.
It is known that sctual vocal pulses do not just begin and remain the
seme. None the less, the above is a reasonasble time domain model for
consideration. The agbove equation can be exactly represented on any

interval of the form
[m-1]T < ¢ < mT 3.h2
and with a change of variable

T+ [m-1]T = t 3.43



the equation becomes

T

Bo(t+m-111) = ae™ sin(vergts, -B,) 3.k

Where am and am have been defined previcusly. It is easily verified

that:
_ =kutT' -2kmT,1/2
a(l-e'knﬂ') <o - [1-2e -ﬁcos voT' + e_ :]L < a[l+e'm] 3,15
[1-ee cos VI + e ] /
where
1
a = — - 5.)"'6
[1 - 2e-kT cos VT + e 2k£[']1/2

and, as is shown by Equation B.k2,

-1 1
'ejs.‘—;ﬂ-r—-—z<tan ﬁm <;ﬁ‘—:° B.ll-"(

Since, for small z, tan z ® z, as is evident from

3 5
ten z = z+5-5—+%+..., , 3.48

it follows that the rate of convergence of the amplitude and the rate of
convergence of the phase angle are bounded by convergent series which
are independent of the resonant frequency v. This would also follow
heuristiecally from the fact that the sum can be represented as a
transient term and a periodic term. The envelope of the transient term
is of the form Ae-kt which shows that there i1s a bound on the rate of
convergence which is not a function of frequency (only the value of A

is dependent upon frequency). Thus, the two parsmeters which are needed
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for determinihg the rates of convergence are the damping coefficient, k,
and the period, T. In general, the convergence to steady-state is within
one percent in the first 3 to 5 perliods; of course, the wider the bahd-
width, the faster the convergence.

Table 3-1 gives some values for the product 2akT. One can refer
to Table 3-1, and the abscissa of Figure 3-4 to determine the per-
centage error in the convergence of 0%;*1. The table and figure

together show the speed of convergence for particular values of k, T,

and m.

5. Zero Crossing Frequency as & Measure of Formant Frequency

In 1951, E. Peterson [86] of the Bell Telephone Lsboratories
experimentally evaluated a zero crossing technique as a means of obtain-
ing spectral information about signals. In the following year an auto-
matiec digit recognizer was built at the Bell Telephone Laboratories
[19] which used zero crossing information to obtain spectral information.
The inputs to this device consisted of the ten digits; the device had
to be retrained for new speakers. One modern speech recognizer, that
of Sakai [97], uses the zero crossing technique as an estimate of the
spectral information. It must be noted that in this recognizer the
formant frequency is quantized into intervals of 100 cycles. Thus, the
fact that the zero crossing technique is used for recognition is not to
be construed as proof that it measures the formant frequency.

For several years the main problem with the zero crossing technigue
as an estimator of formant frequency was considered to be the disturbances

introduced into the measure by other formants and by the vocal pulse.



Bandwidth Fundsmental Frequency (¢ps)
k;§; 50 100 200 400
15 1.88 .9l R hyg 24
20 2.51 1.25 .63 W31
25 3.1k 1.57 -T9 .39
30 3.77 1.88 .94 A7
35 k.40 2.20 1.10 .55
4o 5.02 2.51 1.26 .63
L5 5.65 2.83 1.h1 sl
50 6.28 3.14 1.57 .79
60 6.54 3.77 1.88 .9k
70 8.79 4. 40 2.20 1.10
80 10.05 5.0 2.51 1.26
90 11.30 5.65 2.83 1.4
100 12.56 6.28 3.14 1.57
120. 13.07 6.54 3.77 1.88
150 18.84 9.h42 h.71 2.35

Value of 2MkT as a Function of £, and k/2T .

Table 3-1
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Scme of the zero crossing meéters which have been built have had dynami -
cally tuned filters in order better to isolate each formsnt frequency
from the other formants and to filter out as much of the vocal pulse
as possible, e.f. [9], [56].

Recently, [29], Fant wrote that if zero frequency counting is to
be used as an estimate of formant frequency, then formant oscillations
must be isolated from each other by some kind of adjustable filter.
Fant states that even then the estimated value of the formant fre-
quency will follow the frequency of the strongest harmonic.

It is & rather simple matter to show that a harmonic frequency
is obtained when a zero crossing frequency is derived from the output
of a single periodicelly exeited resonator if the output has reached
the steady-state condition. Let N(t) denote the mumber of zero cross-
ings for a formant and let A(Z) be the time average of the mumber of
crossings. Then

A(Z) = 1im E%El 3.49
T-co

and if the formant is in the steady-state condition (periodic with

period TO), it follows that

A(Z) = o . 3.50

Since N(To) is the number of zero crossings in any period, it is an

integer. Thus

A(Z) = N(To)fo 3.51
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is a harmonic. This demonstrates Fant's statement that s zero crossing
frequency is a harmoniec.
In order to investigate the zero crossings of a single formant in

greater detail one may consider the zero crossings of

oo
5() = > Ult-rm)e T gialy(om)). 3.52

n=0
A consideration of the zero crossings of the above expression implies
that all of the other formants have been filtered out as well as the
effects of the vocal pulse. All that is left then, is the time domain
representation of a single forment. It is necessary to consider only
the steady-state part of the equation; accordingly, the zero crossing
frequeney for the periodiec portion of S(t), will be determined. Thus,
the average number of zero crossings per second will be determined for

periodic functions of the form

0<t<T Py(t) = e sin[vt+p, ] 3.53
where
a = [1 -2 cog vT+e-2kT]-l/2 3.54
and f
tan B, = —pemth . 3.55 :
e - cos vl '

In order both to simplify the analysis and to maintain a continuous

output, the additional phase angle ¢ has been omitted from Equation 3.53.
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Since all of the terms in the sum are continuous, we know that S(t) is
continuous for all finite values of t. The periodic solution is also

continuous: that is

PS(O) = PS(T) 3,56

vhich can be shown by evaluation.

Figure 3-5 shows Ps(t), where v and k are held constant, but
where T tekes on the values .002, .0025, .003, .0035, .00k. In the
curves the resonant frequency is 500 cps and the damping factor is
50 cps. In figures (a) and (b) there are two zero crossings per
period; in figure (¢) there is a possibility of various imterpretations
(2, 3, or 4 crossings), and in (d) and (e) there are four zero cross-
ings per period. One major observation is clear: the number of zero
crossings is comstant for limited sets of values of T. Ps(t) is a
continuous function. Therefore, except for those cases where the
initial value is zero, there will be an even number of crossings..
This follows from the fact that at the start and the end of every
period the value will be the same (Equation 3.56).

The frequency which is estimated by the number of zero crossings
Pper second is obviously twice the resonant frequency. If one prefers
to count only the positive going crossings or to divide by two, it
1s posslble to have a zero crossing counter estimate the formant fre-
quency rather than twice the formant frequency. For the present
analysis it 1s Just as easy to work with all of the zero crossings and

estimate twice the formant frequency.
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Clearly, for 0 <t < T, the function

-kt

Pg(t) = ae sin[vt+p, ] 3.57

will have the same number of zero crossings as the function

The zeros of f£(t) are spaced T\'/ v seconds apsart. Sinée there are an
even mmber of zero crossings, it shou;l.d be clear that for
0<T<T/v 3.59
there will be no zero crossings (since there could not be two); for
A/v<T<3M/v . 3.60
there will be two zero crossings ,‘ énd for
[en-1]T/v <7 < [2n+;l.] /v 3.61

there will be 2n zero crossings. The number of zero crossings/ second

will be denoted by N(t), thus for n > 1 and for
[2n-1] T/v <T < [2n+1] v
it follows that
N(t) = 2n/T. 3,62

An easy way to visualize N(t) is to comsider it as & series of sections

on the family of rectangular hyperbolas which are defined by

It has been previously noted that there is an element of ambiguity
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about the number of zero crossings for the speclal cases where

T, =Tl2n+ll/v 3.64

At these points there is s discontinuity in N(Tn) of magnitude %T—.
The values of N(t) have been plotted as a function of + in F?gure
3-6. The discontinuities at the points [2n+1] T/v are shown by the
dotted lines. The envelopes Passing through the points of maximum
error are shown on the figure by the dashed lines. The envelopes

are given by

3.65

Hi-

E(T) = %i

These envelopes show that there is always an uncertainty in this tech-
nique which is equal to the fundamental volecing frequency, or in the
case where the formant frequency is estimated, one half the fundsmental
frequency. The magnitude of this error shows why this technique has
been sufficient for speech recognition schemes based upon elther limited
vocabularies or crudely quantized spectral information. Tt also shows
why it has been difficult to measure formant frequencies exaetly with
the technique, even when moveable filters are employed.

In [29] it was stated that zero crossing equipment would follow
the strongest harmonic. Since the amplitude density spectrum of a
simple filter i1s not symmetric sbout the resonant frequency, there is
a distinction between the highest energy harmonic and the harmonic
nearest the formant frequency, although they are frequently the same.
Consider the points nfo and [n+l]fo where the nth harmonic and the

t

n+1° harmonic of a fundamental frequency fo are equally distant from
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These points are related by

the formant Fl'
Fi - nfo = [n+'l]fo - Fl 3.66
which means that
2Fl
fo = TemwT 3.67

Accordingly, nfo and [n-l]fo ere polnts of discontinuity as 1llus-
trated in the graph drawn in Figure 3-6. Thus, 1t has been shown
that for the simple model which was investigated, the zero crossing
frequency follows the nearest, not necessarily the strongest, har-
monic. This fact does appear to be known by some [5].

It has been shown here.that for the common model of a formant
the zero crossing frequency will be the same as the zero crossing
frequency of the nearest, not the strongest, harmonic. Since the
zero crossing measure has the property that it is alwsys s harmonic,
it has an inherent uncertainty with respect to the formant frequency
of one-half of the fundamental frequency. According to Flanagan's
[42] three percent difference limen, this measure is generally unaccep-
table for a first formant. ‘It 1s marginal for a second formant of a
msle spesker, and probably sufficient for many third formants in

vowels produced by male speakers.

4. Highest Energy Harmonic as a Formant Frequency Estimator

It is possible to determine the formant frequency that would be
estimated by a highest energy harmonic tracker ss a function of the

ratio between the input formant frequency and the fundamental frequency.
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For the case of the highest energy harmonie, the result is a function
of the formant bandwidth. In some cases this result is different from
that for a zero crossing counter which has been shown to estimate the

nearest harmonic. We shall use the assumption that

v>10k - 3.68

as a justification for the approximstion
v [+ - k2]1/2‘ 3,69

In this way the resuits are independent of bandwidth, and yet, still
applicable to speech.

The spectrum of a single steady-state formant 1s nonsymmetric:
it falls off faster above the spectral maximum than it does below it.
In order to determine the point at which the highest energy harmonic
. swltehes from the nth to the n+lth harmonic, we need only equate the

amplitude density spectrum for the harmonies: namely,

| B(gm ) | = |H(J(n+l)cno) | . 3.70

Substituting into Equation A.9 we find:

X _ X
[x-Low 1907 4 o P12 [ (e[ (m) P12 + T (med ) J2172
3.71
which is equivalent to:
[(n&l)g-n?]woi[(n+l)2+n?]mo - 2[x-2k2]} = 0. 3.72

The root of interest is:
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2[x-2k?]
(n+l)” + n

2[ve - ka] ]

2 3‘75
(p+1)” + n

Equatilon 3.75 can be simplified by using the approximation

v & w
max

[\r2 - ke]l/% 3.7h

~
"~

Thus, we have

2

— 3.75
(n.+l)2 + n

as the relation between the formant frequency and the fundsmental fre-

quency when the nth and n+lth harmonics are equal in intensity. The

n#h harmonic is therefore

i 2
~ 2n
m_ o~ v 1’———————-—75 3,76
© V(n.-l'l)2 + n

at the point where the highest energy harmonic shifts from the nth to
the n+1th harmonic.

The formant frequency estimated by the highest energy harmonic has
been plotted as a relative function of fundamental frequency in Figure

3-7. The estimates are always harmonies, these appear as the solid
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straight lines. The dﬁshed lines correspond to where the straight
lines would end if we had made the plot for the nearest harmonic
rather than the highest energy harmonic. It can be seen from the
graph that most of the time a zero crossing counter and & highest
energy harmonle tracker would give the same result. The numbers

by the harmonlcs show which hanﬁonics have been represented. The
first harmonic was omitted sinece there is no cut-off when the funda-

mental is higher than the input formant.

5. Comparison of Errors in the Two Harmonic Trackers

We shall determine two measures of the errors inherent in the
two harmonie trackers previously discussed as a function of the har-
monic number: the maxlmum magnitude of the error and the maximum per-~
centage error in estimating the input formant frequency. The inter-
esting result is that the highest energy harmonic tracker makes the
maximum megnitude error and the zero crossing counter (nearest har-
monic tracker) meskes the largest percent error. The difference is

due to the manner in which the errors are made.

a. Magnitude errors

The meximm magnitude of error associated with any harmonic in a
zero crossing (nearest harmonic tracker) is fo/2 for all harmonics.

The maximum megnitude error in a highest energy harmonic tracker
octurs when the formant changes from the nth to the n+lth harmonic.
At this point the nth harmonic is less than the formant frequency and

the maximum magnitude of the error for the nth harmonie, MH(n), is
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and thus, for large n, the magnitude of the maximum error for a
highest energy harmonic tracker approaches the maximum magnitude
of error for a zero crossing (closest harmonic) tracker.

The two methods of formant frequency estimation are compared
in Table 5-2. The magnitude of the maximum error as a function of
the fundamental frequency is given for several of the harmonies.
No entry is made for the first harmonic, since the tracker can

follow it until an error of fo is magde.

b. Percent error of the input formant freguency

One would intuitively expeet that the system which made the
smallest maximm maegnitude error would also meke the smallest
maximum percent of input frequency error. In this case, however,

one's intuition is wrong.

3.78
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monie | WSHSRETO  Srvor mighest
Energy Harmonic
2 0.5 £, 0.550 £_
3 0.5 £_ 0.536 £
4 0.5 £ 0.528 £,
5 0.5 £ 0.525 £
6 0.5 £ 0.519 f_
7 0.5 £ 0.517 £
8 0.5 £, 0.515 £_

Maximm error in c¢ps for each particulser harmonic
for the zero crossing and the highest energy har-
monic estimates of the input formant frequency.

Table 5-2
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Before proceeding let us consider a simple example. If we assume
& fundamental frequency of 100 eps, then the highest energy harmonic
tracker switches from the first to the second hermonic for a formant
frequency of 157 cps, and it switches from the second to the third
harmonic at & formant frequency of 255 cps. The nearest harmonic
tracker would switch from the first to the second harmonic at a for-
mant frequency of 150 cps and would switch from the second to the
third harmonie at & formant frequency of 250 cps. Thus, for the see-
ond harmoniec, the maximum error for the nearest harmonic tracker is
50 ¢ps whereas the maximum error for the highest energy harmonie is
55 eps. At this point our intuition is still content since the nearest
harmonic tracker turned out to be nearest. the formant. The pereent
errors are different however. The maximum percent error for each of
the systems occurs when the formant frequency is the lowest estimated
by the harmonic. In the case of the nearest harmonie tracker we find
& maximum error of 50/150 = 33%, whereas for the highest energy har-
monic we f£ind & maximum error of 43/157 = 27%. This is the crux: of
the mattery the highest energy harmonic tracker makes a bigger error
when the formant is sbove the harmonic and a smaller error when the
formant is below the harmonic: the percent errors are meximum for the
case where the formant frequency is below the harmonic, and thus the
highest energy harmonic is a better percent estimator than the nearest
harmonic.

The percent error is maximum for the nﬁh harmonic in the nearest

harmonie tracker when the input formant 1g the lowest tracked by the
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harmoniec. In this case the formant is related to the harmonic by the

equation
F, = nof - fEfO/E]. 3.81

The maximum percent error for the nth harmonice in a zero crossing

conunter, %Z(n) , 1s given by:

2
(n) =
%, ¥
£
0
T
) o
-z
. |
R 3-8

The maximum percent error for the highest energy harmoniec tracker

occurs at the point where the input formant frequency is the lowest

tracked as the nth harmonic. This is the case where the tracker switches

from the n-lSt to the nth harmoni¢ and the relastionship between the

harmonie and the formant is given by:

2112

"‘"—_"""-‘—'2' . 3083
(n»l)2 + n

JIEO = Fl

The percent error of the input Pormant frequency for a highest energy

harmonic tracker for the nth formant, %H(n) s 1s given by:



i

iy (m) > F =

: 1

2

2n
————y - 1. 3.84
V(n—l) +n

The values for these functions have been tgsbulated in Table 3-3,
Agein there is wo entry for the first harmonic since the error

becomes essentially infinite in this case.
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Maximum

I ERAIT g e
2 33.% 26.5%
3 20.0% 17.7%
4 14.% 13.1%
5 11.1% 10.4%
6 9.1% 8.6%
7 T.T% 7.4%
8 6.7% R

Maximum percent error in estimating the
formant frequency as a function of har-
monic number for the zero crossing
counter and the highest energy harmonic
tracker.

Table 3-3




Chapter 4

A Formant Estimation Technique

The remainder of the present study is an inquiry into the possi-
bility of the relatively accurate derivation of the formant frequen-
cies at a rate approaching real time. In order to achieve a rela-
tively fast rate, analog equipment was used to obtain the required
linear transformations of the input signal. In order easily to
achieve the nonlinear portions of the analysis, a digital computer
was used to process the individual filter outputs.

The formants appear in the time domain as damped sinusoids.

The formant frequency is physically realized as one-half of the recip-
rocal of the time between zero crossings within a laryngeal period.

If the effect of the laryngeal frequency is not eliminated, that is,
if the average zero crossing rate is used to determine the formant
frequency, then the estimate approaches a harmonic frequency. Thus,
it is necessary to perform a selective type of zero crossing measure.

Several formants are characteristically present simultaneously
in fhe quasi-periodic waveforms of vowels and consonants. The measure-
ment of these formants is a problem of considerable magnitude. There
are practical as well as theoretical considerations which are relevant
to the develqpment of an effective system for formant frequency

analysis. The excitation of the vocal cavities is not always simple
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and uniform, and the excitation warles in rate over a considerable
raﬁge. The higher frequencies from the laryngeal source may be low
in amplitude and noise may be associated with the excitation as in
the case of laryngealized (irregular) or breathy laryngeal action.
Further, the frequencies of the formants may be relatively close
together, so that the measure of either 1s disturbed by the presence
of the other.

In the system to be investigated the formants are first isolated
by frequency domain techniques, then time domain techniques are used
to measure the actual formant frequenciles. An analog system seems
particularly suited to the analysis in the frequency domain. First,
it is relatively easy to adjust filter characteristics. Second, a
scanning filter or a filter bank can be used to process speech in
real time for such analysis. Equivalent processing in currently
available digital computers is exceedingly time consuming, and, at
least at present, is not applicable to the real time systems of inter -
est in speech analysis. Under the present circumstances 1t appears
that a combination of digital and analog techniques is by far the
best approach to the problem of speech formant analysis.

The system investigated first isolates the formant by means of a
set of fixed filters. Then relatively c¢rude boundaries for the funda-
mental laryngeal period are identified. Finally, the formant frequexncy
is determined from the zero crossing rate of the time function within

&8 single periogd.
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1. Isolation Technique

Most systems employ filter banks for the frequency domain analysis
of speech. It is also possible to isolate the frequency region within
vhich a formant lies by using & movable filter or possibly a set of
movable filters. Equivalently, the speech spectrum may be shifted
across a fixed filter or a set of fixed filters to isolate a particu-
lar formant. In the sound spectrograph of Koenig, Dunn, and Lacy
[63] the speech spectrum is slowly shifted across a single analyzing
filter to produce the visual display. The formant tracker developed
by Hellwarth [ 2] shifts the speech spectrum in real time to Follow
a particular formant. Howard's [8, 56] Po meter positions a filter of
the type designed by Dolansky [22] in the frequency reglon indicated
by the axls crossing rate. For the purpose of laboratory observation
it is possible to employ an adjustable filter and an oscilloscope
(especially a memory scope) to observe a formantiwaveform. The for-
mant frequency can then be estimated from the display on the oscillo-
scope.

It is also possible, as in fact was done in the present study, to
employ fixed filters for the énalysis and then to determine automati-
cally which of the filters presents the most suitable output for
measuring a particular formant. If the actual formant frequency is of
interest, then that part of the time domain function which corresponds
to a single laryngeal period must first be identified. Thereafter the
formant frequency may be estimated from the zero crossing rate within
a single period. With this type of isolation of both the formant and

the period, one can obtain very good measurements of the formant
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frequency.

The above procedures cannot be carried out with what is custo-
marily used as a speech processing filter bank. The bandwidths of the
filters in most speech processing filter banks are chosen to be small
enough that the filter center frequency provides a sufficiently good
estimate of the frequency of the wave at the filter output. For
instance, Hughes [59] employed bandwidths of 50 eycles for the low
frequencies in his filter bank. Such filter banks normally have rela-
tively small overlap in the frequency domein. Specifically, in such
filter banks the upper frequency which is three decibels helow the
maximum for one filter normally corresponds to the lower frequency
which 1s three decibels below the maximum for the filter with the
next highest center frequency.

The sound spectrograph was one of the first instruments to make
use of extensive Ffilter overlap in speech analysis. The continuity of
the formants is typlcally well displayed in a broad-band spectrogram.
A continuous analyzer with the same properties as the sound spectrograph
originally developed at the Bell Telephone Laboratorles would require
a bank of 200 filters. Bach filter would have a bandwidth of 300 cps.
If the first filter had a center frequency located at 150 cps; then the
second filter would have the center frequency located at 167.5 cps,
and the nth filter would have a center frequency located at 150 + 17.5
(n-1) eps. Any single frequency in the central portion of the filter
bank would be within the pass-band of approximately 17 filters simul-
taneously. The effectiveness of the display achieved with the sound

spectrograph strongly suggests that filters which have very considerable 4 |
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overlap are desirable in the analysls of the speech wave.

The bandwidth of a filter is assoclasted with its time constant.
Small bandwidth filters have longer‘time constants than wide bandwidth
filters. The speech lnput to these filters which is of interest to
the present investigation is a quasi-periodic waveform. The normal
manner of evaluating the operation of a filter upon a waveform of
this type is to consider the product of the spectrum associated with
the input and the spectrum associated with the filter. Thus, since
the input is a line spectrum the filter output would be considered
as a line spectrum. There is another manner for evaluating the f£il-
tering operation which allows a better inéight into the result for
the case in which we are interested. Consider the ilmpulse regponse
reversed 1ln time to be a time window. If the time constant,as shown
by the impulse response, 1s long enough to ineclude several periods of
the input, then the resultant spectrum approximates a line spectrum.
If the time constant is short with respect to the input period, then
the output approximates a continuous spectrum. In both cases, the
result is very much dependent upon the relation between the fundamental
frequency and the time constant. Therefore, in order to obtain &
damped sinusold as the output of a filter, it is necessary that the
filter have a wide bandwidth relative to the harmonic spacing of the
input fundamental frequency. Koenig, Dunn, and Lacy [63] have dis-
cussed the fact that various types of time-frequency patterns result
from different filters. They point out that regardless of which of
the two filter widths one employed "the spectrograph does no£ glve a

false plcture; it is simply a matter of cholce which interpretation of
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the signal 1s more convenient." One further observation should be
made about the filter used in the sound spectrograph. The filter has
approximately a 25 db drop in 265 cycles, which is independent of the
speech frequency belng analyzed. This filter thus has the property
of a very sharp cut-off which, in db/octave, gets sharper as the
speech frequencies increase.

In our problem, that of estimating the formant frequency, the
convenient signal representation is the damped sinusoid; therefore,
we shall use & wide bandwidth. In fact, we shall employ a 300 cps
bandwidth just as in the spectrograph. In this way a signal repre-
sentation is obteined which 1s approximately as good as that from a
spectrograph for determining formant frequencies. The system has
the same: problems as the spectrograph, however, when the fundamental
frequency 1s increased beyond the low range of female speskers. Over-
lapping filters were employed in the present system, but the extent
of the overlap is much less than in the sound spectrograph. By the
ugse of overlapplng filters 1t is possible to examine the output of
adjoining filters to determine which filter best isolates any partic-
ular forment. In brlef, we shall use a small set of overlapping fil-
ters to 1solate the first formant. The filters employed provide
enough isolatlon, including most cases where the first two formants
appear near each other in back vowels. It appears that it would be
difficult, however, to use a system of passive filters to isolate the
second and third formants in certain cases due to their relative close-
ness in octaves. The lnereasing sharpness of the filter skirts as a

funetion of the frequency being analyzed iz the reason this is so well
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achieved by the sound spectrograph.

2. Processing Technique

The standard technique for processing the output of a filter
bank is to rectify and smooth the ocutput of each individual filter.
It is quite proper, for example, that a speectrograph should process
the output of the filter in this menner to give an amplitude den-
gity spectrum. However, we shall not have the equivalent of 200 f1il-
ters, nor are we lnterested in spectral maxima. Rather, we shall
attempt to determine the actual formant frequencies as & function of
the zero crossings of the filter outputs.

Figure 4-1 shows an output of a filter corresponding to one
human manifestation of a phone type which would be classified as the
phoneme /r/. The output of this filter will be processed in the fol-
lowing menner. First, an automatic "period detector" will be used in
order to determine the beginning anﬁ ending of each period. The method
of measuring the perlod is somewhat unususl, yet is simple and has no
more (or less) error associated with it than most period measuring
technigues. The theoretical aspects of the accuracy of this method
of meaguring the period of the fundamental frequency are discussed
later. The main object of this procedure, however, is not to achieve
accuracy in estimating fundamental period: rather it is to determine
the fundamental period sufficilently well that the formant frequency
¢an be estimated by the zero crossings within the fundamental period.

The processing scheme can be described easlily in terms of the

graph shown in Figure 4-1. First the period boundsries are determined.



5

=1 ean3dtg

103174 ssed-pusg ® £q pe3wTosI yoeeds TBNGOY wWodJ juswrod oTIUTS Y

°

etk POTISd TBAUSUEPUN]

t—— SPOTIOJ QUBUIOSL 2 — 4
T
4

opng TTdury




76

In the figure these are marked by the lines for the "Fundamental
Period". The period is always assumed to begin and end at the value
zero, and the reciprocal of the length of the interval can be used as
an estimator of the fundamental frequency. The formant frequency is
obtained by determining the number of half formsnt periods (not
counting the first whole formant period) in the fundamental period,
and then by dividing by twice the time interval of the fundamental
period minus the first whole formant period. For example, in Figure
k-1 there are four half formant periods which occur in time T,; thus

the formant frequency is given by
T = -—E— = -2— . )-l».l

If the outputs of the other filters can be ignored automatically,
then only the filters near the formant frequency need have accurate
answers. Therefore, it is only important that the estimation tech-
nique for fundamental period and formant frequency be effective in

the case of filters near a formant in frequency.

3. Summary

The estimstion technique to be used has been described as follows.
An initial f;¥m of spectral analysis and isolation is performed by the
use of a filter bank, consisting of overlapping wide-bandwidth filters.
The output of each filter is then processed in a computer to attempt
to determine the period and the formant frequency. By methods to be

deseribed subsequently, a selection is next made of the filter output
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which has the most acpurate representation of the formant frequency.




Chapter 5

Equipment Used to Implement the Formant Tracking Method

The purpose of this chapter 1s to describe the equipment used
to study the approach to formant analysis suggested in the preceding
chapter. While the indlvidual components of the system are all well-
known devices, thelr combination into an analysis system differs in
certain major aspects from previous approaches described in the 1it-
erature. The detalls of the instrumentation are described in the

present chapter in order to show the nature of the system more

specifically.

1. Introduction

The system input consists of two channels from a l-channel Ampex
300 tape recorder. One of the channels provides the recorded audio
speech signal; the other channel provides a pulse source which is used
logically by various parts of the system, as will be described later.
The audio input is processed by an adjustable filter bank which consists
of five Krohn-Hite Variable Band Pass Filters. The output of these
filters 1s fed into a Texas Instrument Multiplexer which converts the
parallel filter outputs into & serial form. Generally the total speech
wave and 8 constant voltage are also used as inputs to the multiplexer.

The serisl output of the multiplexer 1s used as the input to a Texas
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Instrument Analog-to-Digital Converter. The output of the converter is
controlled by a tape control unit and is used as the input to an Ampex
digital tape recorder. The digital tapes are hand carried to the
Computing Center where they are processed. The Computing Center has
an IBM 1410 which is used for I/O (input-output) and an IBM 7090 which
ig used as the main computer. The digital tape of the filter outputs
is processed by programs on the IBM T7090. A system disgram of the

formant tracker is shown in Figure 5-1.

2. Audio Tape Recorder

The audio'tape recorder used as the input to the Formant Tracker
is & L-channel Ampex 300 with associated Ampex electronics. The
recorder is operated at 15 i.p.s.; at this speed its rated frequency’
response 1s + 2 db from 50 to 15,000 c.p.s. Only two channels of the
tape recorder are currently being used. One is used for the speech
signai; the other is used for logical pulses which start and stop the
digital tape recorder. The pulses also switch on and off the digital
pulse input to the digital tape unit. A third channel would be used if
the speech signals came from a microphone instead of another audio tape.
In this case, a 7500 c.p.s. sine wave would be recorded on the channel
concurrently with the speech. The sine wave would then be multiplied
by a factor of 6 and used as the clock for the multiplexer and analog-
to-digital converter. The advantage of using the sine wave 1s two-fold.
It eliminates errors due to instability in either the multiplexef clock
or the sudio tape speed. Although the multiplexer clock is relatively

stable, it 1s limited by the fact that it is capacitor controlled. The
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capacitor control makes it posdible, of course, easily to change the

internal cloeck rate on the multiplexer.

3, ¥Filter Bank
The filter bank consisted of Krohn-Hite Variable Band-Pass Filters:
3 Model 310AB filters, a model 310ABR filter, and a Model 330M filter.

The above filters have a voltage transfer function [66] which is

approximately:
aﬁTi
H(w) = 5.1
[(1+230m. «719)° 11 (1423801, 0°T5)°]
where the lower cut-off frequency is
1
L = amp 2.2
the upper cut-off frequency is
1
Ty = anT,? 243

and the value of the "pesking factor," A, is approximately 0.6. The
value reduces the attenuation at the corner frequencies by approximately
9 db from that which would be achieved by s filter composed of inde-
pendent resistive-capacitive elements (for such a filter A=l). The
filters have a slope of approximately 12 db/octave st the cut-off fre-
quencies, and by the 12 db down points have essentially reached their
asymptotic values of 24 db/octave. The difference between an independent

Lh-gection filter and the Krohn-Hite filters can be seen from the
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frequency response curve shown in Figure 5-2.

The filters have a pattern like that shown in Figure 5-2 when the
bandwidth 1s greaster than one octave. In the formant tracker the £il-
ters are generally set to & bandwidth of less than an octave. The
frequency response of the filter settings used for the calibration

runs sre shown in Figures 5-3 to 5-6.

L, Multiplexer
The multiplexer used in the formant tracker is & Texas Instrument

Series 8L5B time-division unit. The multiplexer has a possible semp-
ling rate of 50,000 samples per second; it is being operated at about
L) ;000 ssmples per .second. The computer program which measures the
formants can be run in either of two ways: with a constant sampling
rate or with the sctusl sampling rate at the time the speech record

is converted to digital tape. In the second case, the sampling rate

is measured by a Hewlett-Packard Model 522B Electronie Counter, recorded

by hand near the time the record is taken, manuslly put on punched
cards, and read into the ecomputer as data. -

The switch impedance of the multiplexer is 50 + 20 ohms when on
and 2000 Megohms when off. The multiplexer provides both an analog
(signal) line and a digitel (convert ensble) line to the analog-to-
digital converter. The multiplexer has & capability of 160 channels,
but at present, there are only digital cards aveilable for 32 channels.
Only six channels were used singe the sampling rate is a limitation in

‘the present work.
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5. Analggfto—Dgg;tal Converter

The formant tracker also uses a Texas Instrument Series 834 Analog-
to-Digital Converter. The input impedance is 100 Kilohmg. There sre
three possible input voltage scales, 2.5, 5 and 10 volts maximum; the
instrument 1s protected for inputs greater than 12 volts on any sceale.
We use the 2.5 volt scalevto have maximum overloed capebility, since
the peak clipping which ocecurs for smsll overloads does not effect the
estimation technique. Thereiare, however, levels of clipping which
would affect the technique.

The conversion accuracy is + 0.05% of full scale plus and minus
one-half the least significant bit. Although the equipment has a 12
bit conversion, the formant tracker only uses the sign and 5 most
significant bits. The limitation is caused by tape speed and sampling

requirements.

6. Tape Control

The tape control unit was built in the Communication Sciences
Laboratory by Norris McKinney. It has two main functions. - Tt alter-
nately starts and stops the digital tape unit on pulse command from
the audio tape unit. It also gates the digital input to the tape unit.
The digital input to the digital tape unit starts approximately 10
milliseconds after the tape unit starts; the digital tape runs at full
speed for L4 millisecondss the control unit turns off the digital input
when the digital tape is turned off. The tape control also has the
capabllity of converting a sine wave at 7500 cps into a series of pulses

at hS,OOO eps which can be used as an externsl clock for the multiplexer
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and snalog-to-digital converter.

T. Digital Tape Unit

The formant tracker is currently using an Ampex FR4L0O 8-track
digital tape transport. Only seven channels are being employed, since
the tape units of the camputer only use seven channels. The Ampex
FRLOO in the laboratory has speeds of 37-1/2 and 75 i.p.s. It is

currently being operated at 75 i.p.s.

8. Digital Computer

The computing facilities at The University of Michigan's Computing
Center were used fof processing the digital tapes. The Camputing Center
hes an IBM 1410 which is used for genersl I/O vork. Programs, in the
form of cards, are converted to tape and then read into an TBM 7090 for
processing. The output of the TO90 is put on tape and converted to
print or punched cards by the IBM 1410. The tapes at the Computing Cen-
ter are normally "read" at 125 i.p.s., 556 bits/inch. This tape reading
mode is used by the program for the formant tracker.

The 7090 used in the formant tracker has two asctive I/O channels
(potentially there are eight data channels on such a machine, but only
two are available on the machine which was used). In theory one could
be computing, loading date, and writing output tapes, all in parsllel.
All output tapes for printing or punching are under system control and
do not allow parasllel operations. Therefore, the highest level of par- j
allel operation possible was reading an input data tape and either com- |

puting or writing one of the system output tapes. This level of parallel :
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operation was used for all acoustic inputs to the formant tracker.
The digital computer had two main tasks to perform in formant

tracking: to process the outputs of the filters individually and to

estimate the formant frequency from the processed filter outputs.

The details of these two operations are discussed at same length in

Chapter 6.

9. Summary

It should be recalled that one purpose of this study was to
investigate the possibility of developing a formant tracking system
based upon the principles outlined in Chapter 4. However, such a
feasibility study must consider both the appropriateness of the
mathematical model formulated to solve the problem and the possibili-
ties for implementing that model using currently available hardware.
The only way to prove implementation of the model was, s0 to spesak,
by an "existence proof." The current chapter has outlined the hard-
ware which was used for implementation of the essential process of a

complete system based on the model.




Chapter 6

Computer Program for First Formant Frequency Estimsation

The purpose of this chapter is to describe the basic computer
program used for estimating the formant frequencies from the digital
tape input to the computer. That is, this chapter is a description
of how the multiplexed digitized filter outputs are analyzed to
determine the first formant frequency of the speech input as a func-

tion of time.

1. Basic Machine Operation

The basic machine flow chart is given in Figure 6-1. The program
begins by initializing the machine and bringing in the first record to
be processed. The machine is then set to process the fifst record.
Then the loop used to process each filter 1is started. The main filter
output parsmeters are determined next; these parameters include the
following:

a) time (in sample points) between successive axis crossings.

This time defines the interval referred to below.

b) time of axis crossing or time lmmedistely preceding the axis
crogsing if there is not an exact time of crossing (i.e. if
the sample point does not coineide with the axis crossing).

¢) the formant properties on the interval (between successive

axis crossings); that is, whether the formant was positive or
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negstive and whether the last value on the interval was zero.
d) the maximum amplitude for each interval, and
e) a string over the alphabet {A,B,C,D} which encodes the rela-
tions between the amplitude of each set of four consecutive
intervals.
The sbove 1s only a brief statement of the filter output parameters
which ere computed. A more detailed description of these parasmeters,
their computation and their use occurs in section 3 of this chapter.
Within the loop indexed by the filters there is a loop which
operates upon the previously mentioned parameters as well as on the
input data table. This interval loop determines the period boundaries
and estimates the formant frequencies associated with the output of
each filter. The period boundaries are determined solely from the sign
of the filter outputs on the intervals and from the string over the
alphabet {A,B,C,D}. As mentioned sbove, this string encodes a relation
between formant amplitudes on consecutive intervals. The exact rela-
tion used to define the string will be discussed in detail later, as
will the technique used to detérmine the period boundaries.

Based upon the knowledge of the period boundaries, more exact

estimates (using linear interpolastion between sample points) are made

of the fundamental periocd and the interval from which the formant fre-
quency is to be estimated. Then the estimates of fundamental and first
formant frequency are made and the pertiment information 1s stored.

This process is repeated for each perlod until the output for the filter
has been entirely proecessed. When the output of the filter has been

processed the program repeats the anslysis for the next filter, or if




there are no more filters, proceeds to the determination of the ffequenéy
of the formant based upon all of the filter outputs.

When all filter outputs have been processed the computer starts

a parallel data loading operation &s long as another record remains to
be analyzed. The tape is rewound after the last record is read. The
formant frequency is then estimated making use of the redundant form
of the input. The criteria used for the final estimation are:

a) any estimate must lie within the center 1/2 of the pass-band
of the filter,

b) 1if there are several such estimates, then each must agree in
time (+ 7%)-3 sec) and frequency (+ 50 cps) with either the fil-
ter immediately above or below the estimating filter, and

c) the filter lowest in frequency must elther be chosen or must
confirm (as in b) the filter chosen.

The above conditions are deécribed In detail in section 7 of this

chapter. After the formants have been determined, then the machine
elther proceeds to the next record or, in the case of no more records

to be processed, returns control to the executive system.

2. Initialization of Machine for Current Record

There are many miscellaneous operations which must be performed
with each new input record. Some of these are of major importance,
some are not essential but avold confusion.

A data card 1s read with each new record. This is an identification
card punched in such a way as to describe the data belng processed. This

card is used as a lsbel on all outputs assocliated with the particular




93

record from the digital input tape. The sole purpose of this label is
to dvold confusion in the output records.

The program then transfers to subroutine PUNC, which is mnemonic
for PUNCtuation. The subroutine is so-named because its main purpose
1s to find the constant input channel which 1s used to punctuate
(separdte) the other five data channels. When this channel is found
g check 1s made to determine whether any characters were dropped from
the input tape. There is a real need for this operation since the
tape is written without check sums and is read with the redundancy
traps off. In this case, the constant input channel is used as a
check for synchronization. If synchronization is present for the
entire length of the record, then the program proceeds. Otherwise,
the length of the input record (duration of the speech sample being
processed) is reduced to that initial segment on which synchronization
1s present. It should be pointed out that this synchronization failure
occurs very infrequently; much less than five percent of the records
have the problem, but the failure must be detected because of the
result when the condition is not detected. There are procedures which
can be used in the recording process to detect the condition when it
occurs in the tape writing process.

Once the punectuation marks have been found it is possible to deter-
mine the relative positions of the input chamnels within the computer
words. Since there are 6 channels with 6 bits/channel, and since there
are 36 bits/word in the computer, the position of the input characters
are asslgned a fixed position in the computer words for the input table.

A teble is then computed in which the location of the character for the
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nﬁh filter is coded in the n#h entry.

The program then transfers to a subroutine which will print a
graph corresponding to the input data. The letters A,B,C,D,E, and F
‘are used for the 6 channels. If the same point on the page ceccurs for
two different chamnels, only the higher occurring channel symbol occurs.
A page of this type of output is shown in Figure 6-2. The label along
the left margin is from the identification card for the record. The
last two numbers are added by the machine. The next to the last number
on the identification line corresponds to the number of the record on
the input tape and the last number corresponds to the number of sample
points in the record being processed. The six lines of periods are
the respective time axes for the graphs, and the sample point number
for each point is given across the top of the page. The current pro-
gram plots the same number of graphs for each record, but it is a
trivial change to read an additlonsl card which would specify the num-
ber of graphs to be printed. This card could also be used to specify
the sampling rate for each record. Currently the sampling rate is one
of the inputs with the first record and is assumed constant for each
run. After plotting the requested number of graphs the computer pro-

ceeds to start the analysis of the input, filter by filter.

3. Compute Filter Qutput Parameter Tables

The filter output parsmeter tebles are computed by two subroutines:
subroutine ZCC and subroutine ESUB, neither of which are especially

mnemonic. Subroutine ZCC computes:

a) the length of the interval between successive zero crossings,
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b) the time at which each zero crossing occurs,

¢) the nature (direction) of the crossing, and

d) the maximm smplitude and sign of the function on the interval.
The results of a), b), and ¢) are stored in a table called CF and the
results of d) are stored in a table called CFO. The tables have one
entry per zero crossing. The results of table CFO are then used by
subroutine ESUB to compute a table called ETAB which encodes each set
of four consecutive crossings as either A,B,C, or D according to the
scheme which 1s described in detail below.

The Cf table is encoded in the following manner. The length of
the interval is stored in the address of the word, the nature of the
zero crossing 1s stored in the tag of the word, and the time of the
zero crossing is stored 1n the decrement of the word.

The length of a zero crossing interval is defined as the number of
non-zero points of the interval if the interval does not end with zero,
and is defined as the number of non-zero points plus one when the inter-
val ends with zero. The interval is always assumed to begin with the
Tirst non-zero point. This definition has the property that successive
lengths may be added to obtain the total length when there are not con-
secutive zeros.

The nature of the crossing is used to encode two aspects of the
zero crossing: whether the value of the filter output on the interval
was positive or negative and whether the interval did or did not end
exactly on zero. The four entries made in the tag of the word are:

28 - positive, did not end with zero

3g - positive, ended with zero
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h8 - negative, did not end with zero

58 - negative, ended with zero.

The advantage of the code is that the tag always includes a 1 if the
interval ended with zZero and has different bits corresponding to plus
and minus. (blearly, the above information could have been encoded
with 2 bits, but there were 3 bits available and it was easier to per-
form the required logical checks used elsewhere in the program using
the three bit code described above.)

The time, stored in the decrement, is stored relative to the end
of the record. Whenever times are printed, however, they are given
relative to the start of the record.

The CFO table contains an estimate of the maximum amplitude on
each interval. It 1s a simple task to compute the maximum value of
the sample points on a given interval exactly. However, such a
detailed computation did not seem necessary and an approximation was
used. In particular, the amplitude of the sample polnt which was the
integer part of one-half the length of the interval from the zero cross-
ing end of the interval was used as an estimator of the maximum amplitude.
The nature of the type of error introduced by this estimation will not
be belsbored here. It should be pointed 6ut that no difficulties seem
to arise from the approximation, although trouble would be expected
with frequencies in the second formant range at the current ssmpling
rate.

The ETAB table computed by subroutine ESUB also has one entry per

zero crossing. Its values are uged in determining the fundamental
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period, within which the formant is to be measured. There are four
possible values for entries in the ETAB table. Let us denote the
maximum value on the interval preceding the 1th crossing zero by
CFO,. Then the ith value of the E table is defined by the follow-

i
ing ineqﬁalities.

ETAB Teable Conditions on CFO Table
F.:'].‘ABi =A iff CFOi > CFOi+2 and CF01+1 > CF01_3
ETAB, =B iff CFO; > CFO, ., and CFO, , < CFO, »
E'I'ABi =C 1iff CFO1 < CFOi+2 and CF01+1'2 C'.Foi_5
E’I‘ABi =D iff CFOi < CFOi+2 and CFOi*l < CFOi_3

Clearly, the conditions of the CFO entries are mutually exclusive and
exhaustive, that 1s, all conditions are covered by one and only one of
the conditions. The ETAB table was motivated by the consideration of a
formant in the time domain. Figure 6-3 shows a human speech formant in
which the zero crossings are labelled. The letters corresponding to
the ETAB table values are included under the axis crossing number.
(There is not sufficient information on the graph to determine elther
the first E table entry or the last two entries. There was, of course,
 more information available in the computer.)

In case anycne should desire to replicate this segtion of the
program it should be pointed out that if one computes the alternate
values of ETAB, then the other values can be uniquely determined with-
out reference to the CFO table. In particuler, Table 6-1 could be
used for the computation of alternate values.

In the time domain a formant, over the interval when the glottis
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ETABy.,
T T
ETaBy| A | B C|D
AlA|JA|B|B
B|C|C|D|D
ETAB,-,

| C/I|A[A | B|B
DjC|]C|D|D

ETAB values as a function of the

preceeding and following values

TABLE 6-I
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is closed, can be exactly represented by a function of the form

£(t) = pe7XE sin(vt+o) . 6.1

In the case of many first formants the above equation is & reasonsble
gpproximation throughout the entire period. For instance, it would
be a falrly good representation of the "isolated" formant in Figure
6-3 1f the effect of the filter transient could be removed. Thus,
during each period there is a waveform which has the property that
its envelope goes down, then up fairly quickly at the start of the
next perlod, after which i1t sgain goes down. This is the property
which was abstracted for the ETAB table.

The ETAB table 1s isomorphic to a string over the alphabet
{a,B,C,D]}. Letting the individusl entries be denoted e, and denot-

i
ing concatenation byTT s the entire table can be denoted

ZCCT
ETAB = ; l. E'I‘ABi 6.2
i=1

where ZCCT is the number of zero crossings in the output of the f£il-
ter being processed. There is never .a valid means of determining

ETAB,, ETAB, . ., s or ETAB

1’ ZCCT ZCCT”’
to determline the period boundsries is:

Therefore, the string that is processed

Z00T -2
ETAB = TT ETAB, 6.3
1=0

“
4
E
|
:
|
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4, Determination of Period Boundaries

The purpose of this section of the computer program is to select
automatically the axis crossings that will be considered as the period
boundaries. As has been previously mentioned, this decision is based
solely upon the entries in the ETAB table and the signs of the function
on the intervals. In fact, it is the case that the current algorithm
used to determine period boundaries is based upon treating A,B, and C
as one symbol and D as another symbol. That is, the algorithm is a
statement about occurrences of D's and not D's in the ETAB table.

The initialization of the subroutine sets NFD (mnemonic for "next
first D") to the value of the entry which is the first D in the ETAB
teble. Before describing the algorithm formally, it is necessary to
consider a few very basic properties of recurring damped sinpsoids.

The formant shown in Figure 6-3 has & period (as determined by the
machine) beginning at axis crossing 5 and ending at axis crossing 11.
The point to be noticed is that the funetion has the same sign on inter-
vals ending with the fifth and eleventh zero crossings. The property
that the formant waveform has the same sign on two intervals will be
called parity; non-parity will be used when the function has different
values on two intervals. Thus, parity is a relation defined on pairs
of intervals. It should be clear that adjacent intervaels have non-
parity for a damped sinusoid. Of course, if a zero is also a "tangent”
at a period boundary, then the adjacent periods have parity.

The algorithm used for computing the axis crossing based upon the

ETAB and CFO tsble is as follows. Set FD (mnemonically "first D of the
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period") to the value in NFD. Anytime that there are three or more
consecutive D's beginning with FD, the value of FD 1s increased by two
until there is either one or two D's beginning with the value FD. Once
the FD has been computed 1n the above manner, NFD is set to the axis
crossing number corresponding to the first D after the first non-D
after the D at FD. (In the case of Figure C-1, if FD = 5, then NFD = 11).
In the case where NFD 1s over 20 greater than FD, the value of NFD is
set equal to FD+20 and a formant estimation is made based upon those
period boundaries. (This usually occurs in a filter not being used to
messure the formant.) In this case, the technique used is ealled L.

In the case that NFD 1s greater than the total number of zero crossings
the program determines whether to process the next filter or to proceed
to load the next record.

There are four speclal cases to be considered, depending upon
whether there are one or two initial and one or two final D's starting
at FD and NFD, respectively. These cases will be described briefly.

a) If there 1s one initial D and one finsl D, then the technique

is labelled A.
b) If there are one initial D and two final D's, and if there is

parity for the FD-th and NFDth intervals, then the case 1is

labelled C; if not and 1f there 1s parity for the FDth and

NFD+lth intervals, the case is labelled E; otherwise it is

labelled J.

c) If there are two initial D's and one final D, and if there is

parity for the FDth and NFDth intervals, then the case is
labelled G; if not and if there is parity for the FDH-lth and
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NFDth intervals, the case is labelled D; otherwise it is

labelled K.
d) If there are two initial D's and two final D's, and 1if
there is parity for the FDth and NFDth intervals, then

the case 1s labelled B; if not and there is parity for
h th

the FD+1t and NFD+1 " intervals, the case 1s labelled
F; if not and if there is a parity for the FD+lth and

NFDth interval, the case 1s lasbelled H; otherwise it

is lsbelled I.

The conditions associéted with each of the above-mentioned tech-
niques for the period boundaries are summarized in Tsble 6-2. FEach of
the techniques was given a lsbel (which is carried along throughout
the remainder of the program). This procedure permits later study to
determine whether any of the techniques should be changed. The output
grephs at the end of the program use the letter, corresponding to the
technique used for estimating the formant frequency, as the symbol for
the point which is plotted.

In each case where parity 1s obtained the parity values are put
into location CTIR2 and CTIR22. In the case of techniques A and J the
values of FD and NFD are used. Thus, periods are assumed to begin with
the C'I‘IREth axls crossing and end with the C‘I'IR22th zero crossing.

Sometimes the interval determined by the preceding algorithm is
modified before computing the formant frequency. After the above
’algorithm has been carried out the program checks the filter output to
determine whether any two sucgessive intervals within the period have

parity. If so, FD is set to the axis crossing number in NFD and the

i
N
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PARTTY "ETAB(¥D) | BTAB(FD-1) | BTAB(IFD) | BTAB(WFD-1)
A D ~D D ~D
B | ¥D,N¥D D D D D
c FD,NFD D ~D D D
D FD+1,NFD D D D ~D
E | ¥D,NFD+1 D ~D D D
F FD+1,KRFD+1 D D D D
G | Fp,NFD D D D ~D
H FD+1,NFD D D D D
~ FD,NFD
D D D D
~ FD+1,NFD+1
~ FD,NFD
D ~D D D
~ F‘D’N.FD"'].
~ FD,N-FD
D D D ~D
~ F'D'*'l,N-FD
1 "
FD + 20 < NFD - FD + 20 = ©NFD

Conditions associlated with each technique
for estimating period boundaries

Table 6-2
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algorithm is repeated. If there is a series of two or more consecutive
zero sample points within the period as determined sbove, then a switch
labelled GO is set to MAYBE. Otherwise, GO is set to YES. The current
program only sccepts YES values of GO when considering the finsl formant
frequencies. The MAYBE values seem to be too marginal for inclusion,
sometimes they are good, sometimes they are bad. The program then

proceeds to the next section which is described below.

5. Compute Accurate Zero Crossings and Make Estimates

The computation described in this section is done by subroutine
PSUB (which is not mmemonic). The purpose of this subroutine is to
compute the fundamental frequency and the formant frequency based upon
the period boundaries (a&s given by CTIR2 and CTIR22), the CF teble, and
the basic input dats.

The non-zero axis crossings are computed to five place (binary)
accuracy, that is, to 52nds of a sample time unit. This is computed by
linear interpolation between the preceding and following value. The
computation is carried out for the beginning and the ending of the
interval from which the formant is to be estimated and for the beginning
and ending of the interval from which the fundamental is to be estimated.
The four parameters are called NSUBFO, NSUBFl, NADD and NADDF, where the
first of each pair is for the fundamental and the second is for the
formant.

The fundsmental period in 52nds of a éample periocd (NFO) is computed
as the increment to be added (NADD) at the final zero crossing, minus the

increment to be subtracted at the first zero crossing (NSUBFO), plus 32
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times the number of sample points between the first and last zero cross-
ings. The fundemental frequency is obtained by dividing 32 times the
sampling frequency (SFLSS; mnemonically the sampling frequency left-
shifted 5) by the period (NFO).

The interval used to estimate the formﬁnt frequeney 1s determined
in the following manner. The number of zero crossings in the period
(NzC, mnemonicelly the number of zero crossings) is computed as
NZC = CTIR22 - CTIR2. Then, based upon the number of zero c¢rossings
within the period, a preseribed number of zero crossings are removed
from the beginning and end of the period. The new zero crossing num-
bers are kept in CST (mnemonically start) and CFN (mnemonically finish).
The period from which the formant is to be estimated (NF1) in %2°%° of
a sample point is computed as the increment to be added (NADDF), minus
the increment to be subtracted, plus 32 times the interval from the
CSTth zero crossing to the CFNth zero crossing.

The number of 1/2 periods (recomputed and stored in NZC) 1s deter-
mined as CFN-CST. The number of 1/2 periods (NZC) times 16 times the
sampling frequency (SFLSh, mnemonically, the sampling frequency left
shifted 4) 1is divided by the interval (NF1l) in order to obtain the
formant frequency.

If the whole period had GO set to MAYBE, then the interval from
which the formant is to be estimated is checked to see whether the func-
tion is zero &t any consecutive sample points. If it is not, the program
proceeds to the record estimates section described below. Otherwise, éo
is set to YES and an X 1s inserted in front of the technique to show a

last-minute reversal. Then the program proceeds to the record estimates
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section described below.

6. Record Estimates

The computation deseribed in this section is all done in subroutine
QSUB (not mnemonic). The subroutine serves two main functions:’it
stores the data needed for later computation and it can, by external
request, print the key information computed in the section deseribed
above.

The following data are slways stored for all periods and filters
where GO is YES:

1) the fundasmental frequency,

2) the formaent frequency,

3) the time, and

4) the technique.

An example of the printed output from this subroutine is shown in
Figure 6-4. The top iine on the page is the label for the record. The
second line shows the current ETAB table parameters, CET is the current
filter and ZCCT is the length of the table. The next several lines are
the current ETAB teble concatenated into a string.

The results printed by subroutine QSUB begin with the header line.

The items on the header will be briefly redescribed.

PER - the period number

TIME - the number of sample points from the beginning of the record to
the start of the current period

TECH - the technique used to estimate the period

FO -

the fundamental frequency (cps)
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the total length of the fundamental period (in Bends of

a sample period)

the increment to be added to estimate better the end of

the period (in 52nds of a sample period)

the increment to be subtracted to estimate better the

start of the period (in 32nds of a smmple period)

the formant frequency (cps)

the Interval from which the fo;mant frequency will be deter-
mined (in 32nd5 of a sample period)

number of i/2 periods in the formant interval of a sample
period

the increment to be added to estimate better the end of the
fbfmant interval (in 52nds of a sample period)

the increment to be subtracted to estimate better the start
of the formant interval (in 32nds of a sample period)

zerc crossing for the start of the fundamehtal period

zero crossing for the start of the interval used for esti-
mating the formant

zero crossing for the end of the interval used for esti-
mating the formant

zero crossing for the end of the fundamental period

used to show whether or not there were consecutive zeros in
the formant interval

the input channel (on the multiplexer) to which this output

corresponds
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Figures 6-2 and 6-4 correspond to the same set of data; thus, it is
possible to check the previously described section in great detail with

the graph from which it was determined.

7. Formant Estimate Based on All Filters

The purpose of this section of the program is to determine the
final estimate of the formant frequency based upon all of the estimates
from the individual filters. The particular inputs which are used in
this section are printed by subroutine WPR, one output of WPR is shbwn
in Figure 6-5. This is from the same computer run as that displayed
by Figures 6-2 and 6-L4.

The reason that there are no entries under the heading "£ilter 1"
in Figure 6-5 1s that the channel for the filter consisted of the raw |
speech wave for this run, and therefore, was not analyzed. In the
brocedures described in Chapter 7, the channel for filter 1 is the
output of the speech synthesizer and 1s used as a standard for the
calibration.

The following information is presented in Figure 6-5 as a function
of filter mmber:

1) fundemental frequency,

2) first formant frequency,

3) time at the start of the period, and

L) technique used to determine the period.

The end of each of the outputs from subroutine WPR also contains
a teble with the following columns:

FIL - the filter number,
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LOW - the lowest estimate of the formant frequency
CTR - the center value of the estimates of formant frequency

UP - the highest estimate of the formant frequency

E(F1l) - the mean of the estimates of the formant frequency

V(Fl) - a measure of the variance of the estimates of the

formant frequency
N - the number of periocds measured

E(FO) - the mean of the fundamental frequency, and

g measure of the variance of the estimates of the

V(F0)
fundamental frequency.

The above items are computed acecording to the following formulas:

it
=)
r\/1z
b
[N
-

E(F1)
i=1
where Fi 15 the estimate of the first formant frequency on the 1th
period,
N
1 2
V(F1) = = (Fi - E(F1)°,
i=1
N
1
E(FO) = ﬁz fi,

6.4

6.5

6.6

6.7

where £, is the estimate of the fundamental frequency on the ith period,

i

and
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V(FO) = 1%—1 (fi —E(FO))2. 6.8

M=

i=1

It should be clear that the entries in the above tsble are not of
great interest when the input consists of normal speech. For steady-
state inputs, however, the above items demonstrate the steadiness of
the system as an estimation device. Some of the above parameters of
the output are used in the calibration results.

Only the formant frequency and the time at the start of the period
are needed as inputs to the section of the program which mskes the
first formant estimation. Actually, only the formant frequency and
time at the start of the period are used to determine the final esti-
mate; the other two items are carried along as superfluous but inter-
esting informstion.

The'following definitions allow a simple statement of the algorithm
used to mske the final formant estimation. A formant frequency esti-
mate from a single filter will be called accegtable if it ldies 1in the
center half of that filter's pass-band. A given formant frequency will
be called confirmed if it is acceptable, if there exists another filter
which has a formant frequency estimation within 50 eps of the given
formant frequency estimation, and if the other filter has an epoch
within 10 sample points of the given epoch. The algorithm used for
final selection is:

1. If any acceptsble estimate does not lie within 30 sample points

of another acceptable estimate, then use the acceptable esti-

mate as the final estimate of the formant frequency.
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p
2. If an acceptable estimate lies within 30 sample points

3.

of another acceptable estimate, then:

a.

b.

C.

if there are no confirmed estimates, disregard all
of the above values;

if there is only one confirmed estimate, use it

if there are two or more confirmed estimstes, take
the lowest In frequency unless it confirms the out-
put of the filter used for the last estimation; in
which case use the output of the filter employed

in the last estimastion.

Proceed until all acceptable estimates have been processed

according to the above rules.

An example of the printed output of the above subroutine is shown

in Figure 6-6. It corresponds to the same run as all of the other fig-

ures in this chapter. The columns are relatively stralghtforward:

FO
Fl
TIME

TECH

-

the fundamental frequency

the first forment frequency

the beginning of the period (in terms of sample points)

the technique used for estimating the period plus

codes corresponding to the following:

a. & slash under the "E" in "TECH" signifies the
value was acceptable,

b. an X under the "T" in "TECH" signifies that the
value was confirmed, and

¢. an X in the column preceding the "T" in "TECH"

signifles the existence of two confirmed values
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near the epoch of this period.

FIL - the filter from which the estimation was taken

PER - the eonsecutive period nuﬁbef assigned to this estimate.

In addition to the table output, the output estimates of the
formant frequency are graphed as a function of the period showing the
technique as‘the symbol used to plot the point. The fundamental
frequency is also plotted as a function of the period.showing the
technique used by the symbol employed to plot the point. The graphs
for the formant frequency and fundemental frequency for the data
previously presented 1n this chapter are shown in Figure 6-7 and 6-8.

After the final graph 1s printed, control is returned to the
executive system if all input data have been processed; otherwise,

the program processes the next record.
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Chapter T

Experimental Study of System Accursacy

l. Introduction

The study of system accurscy was divided into two parts. One
study was designed to determine the effect of the fundamentsl fre-
quency upon the formant measurement; the other was designed to
determine the exactness with which the filters measured the formant

frequency.

2. Variation as a Function of Fundsmental Frequency

In order to determine the variation as a function of fundamental
frequency, & single form;nt vas analyzed for eleven different funda-
mentsl frequencies. A single formant was obtained from the speech
synthesizer being developed at the Comiunication Sciences Laboratory
by Giles Peterson. Using the formant tracking system (without a £11-
ter) the formant frequency was found to be 460 cps.' The syntheslzer
has two alternate control systems, manual (by setting knobs) or auto-
matie (where the control signsls are demiltiplexed from a digitsl
tape). The manual control was used.

The gystem diagram used for determining the fundamental frequency
is shown in Figure 7-1. The output of the synthesizer was fed to the

vertical plates of an oseilloseope and to & recorder. The output of an

osclllator was fed to the hnrizontal plates of the osellloscope and to

120
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an electronic counter. The oscillator frequency was shifted to the
desired value, then the synthesizer was shifted until the pattern on
the oscllloscope showed that the synthesizer was at the desired funda-
mental frequency. The formant was then recorded while a stabie pattern
on the oscilloscope was noted. Eleven values of fundemental frequency
were used in the study ranging from 70 cps to 170 cps. Approximately
36 periods were analyzed for each fundsmental frequency. The exact
values of fundamental frequency are given in Tsble T-1.

The following statistics were obtained for each fundamental fre-~
quency:

1) the highest estimate of formant frequency,

2) the lowest estimate of formant frequenéy,

3) the average estimate of formant frequency, and

4) the variance of the forment frequency.

The varlance was computed by

1]

VE) < )y - Ery)? 7.1
where

7.2

il
= o
M=
bxf
e

E(Fi)

and Fi was the estimate of the formant frequency on the 1th period.

The mean and variance are included in Table T-1 as a function of the

fundsmental frequency.
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Fﬁﬁﬂﬁﬁiﬁﬁil LOW E(F1) UP V(F1) N
70 458 459 462 1 18
80 hsé 458 462 2 25
90 458 460 L62 1 33

100 450 451 456 5 >
110 450 456 462 4 39
120 450 Lsh k5T 2 38
130 439 4k9 458 37 ko
140 Lhs5 450 L56 6 51
150 457 463 471 13 52
160 455 460 L6l 3 59
170 hs2 L55 L6l L 54

Formant frequency estimates as a function of
fundamental frequency for a fixed formant frequency of 460 cps

Table T7-1
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Figure 7-2 1s a graph showing the range and mean of the estimates
obtained for each value of the fundamental frequency. The solid lines
passing through the graph are the harmonic frequencies. The estimate
of the formant frequency sppears to be slightly influenced by the har-
monics. It can be seen that the average values tend toward the har-
monics. It should be clear, however, that the amount of variation is
not so large as one might first infer without consideration for the
size of the secale used in the graph. TFor instance, in the Bell Tele-
phone Laboratories Spectrograph the spacing between lines is 17 cps.

If one line of a spectrograph were at the input forment frequency, 460
cps, then the first line above the formant frequency would be at 477 cps
and the first line below the formant .frequency would be at L443 cps.
These are the dashed lines drawn on the figure. Only two of the 390
points measured lay on or outslide these lines.

Therefore, if a maximum individusl error of about 4.5% (the worst
error in the 390 periods measured) can be tolerated, then this system
can be assumed free of influence of fhe fundamental frequency for funda-
mental frequencles between 7O cps and 170 e¢ps. If one excludes the
worst single estimate, then the maximum error is only 3.8%, which is

close to Flanagan's difference limen for formant Pfrequency.

5. Accuracy of Forment Frequency Measurements

The synthesizer was also used as the input to determine the accuracy
of the response of each of the filters to various formant frequencies.
For determining the accuracy of the formant frequency the fundamental

was held constant &t 77 cps.
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The program was again used to check itself. The formant input
(unfiltered) was analyzed by the camputer, and the sverage value of
this result was used as a measure of the input formant frequency.
The output of each filter was analyzed for each input and the means
and variances of the results are presented in Table 7-2. In some
cases, the variance is zero. This is generally the result of only
using one period for estimation. Only the results which would be
used for final estimates are presented. Thus, there are not generally
as many periods analyzed for a filter which is not near the formant.

The average measurements for each of the filters is presented in
tabular form in Table T-2 and graphically in Figures 7-3 to T7-6.

The frequency calibration is shown in four graphs, one for the
acceptable region of each of the four filters used in this study.
Figure 7-3 shows the calibration in the acceptable region for filter
two, Figure 7-4 for filter three, Figure 7-5 for filter four, and
Figure 7-6 for filter five. The circles on the graphs correspond to
the acceptable filter for the given region.

The dashed lines correspond to + 3% from the center line, the

difference limen for formants determined by Flanagan. It can easily be

seen that the average output from the acceptable filter always falls
within the + 3 lines. It can also easily be seen that in all cases
where the input formant was 306 cycles or above there were at least
two filters which had average values within the + 3% lines; in fact,
many points have three filters within the + 3% lines. It is this

feature of "confirming" (discussed in Chapter 6) which is used as a

form of redundancy for determining the final estimate of the formant
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375

365

345

W
]
A%,

305

285

265

Mean Estimated Formant Frequency

&

225
225

265

Input Formant Frequency

o fllter 2

285

+ filter 3

305

325

345

Formant Frequency Calibration: 225-375 cps

Figure 7-3
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L35

Mean Eastimated Formant Frequency
&

395

375

129

375 395 las L35 455 L75 495 515 525

Input Formant Frequency

1 filter § o filter 3
+ filter | - filter 2

Formant Frequency Calibration: 375-525 ops

Figure 7-l
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Input Formant Frequency
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+ filter 5
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Mean Estimated Formant Frequency

725

705

675

675

131 -

o filter 5

Input Formant Frequency

filter 3

Formant Frequency Calibration: 675-825 cps

Figure 7-6
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frequency.

k. Sumary

The above results show that the fixed filter scheme of tracking
formants is reasonably accurate and reasonably independent of funda-
mental frequenc& over & limited range. The range of application
could be increased either by changing the type of filter used or
by lncreaslng the bandwidths of the filters which are used. It is
felt that a scheme of the sort being investigated can achieve sccur-
acies within the difference limen for vowel formants by the judiciogs

selection of a filter bank.




Chapter 8

Results of Speech Formant Tracking

The purpose of é formant tracker i&, after all, to track formants
in humsn speech. A considerable number of speech samples have been
processed by the system deseribed in the preceding pages in order to
study its performance. The purpose of this chapter is to present some
of the results of tracking first formant frequencies in actual speech.

Three different types of speech inputs were used for the illustrations

presented.

a) isolmted vowele and diphthongs,

b) isolated GNCl words, and

¢) isolated words recorded in mormal room noise.

The 1solated vowels and diphthongs were taken from the tapes used
by Lehiste and Peterson [69] which were recorded by G. E. Peterson.
The isolated CNC words were from a& commercially available2 tape of CNC
words. The final set of isolated words was recorded in a laboratory
with blower noise from various ingtruments in the background. The

recordings were made to determine whether the system would be as

%Norﬂs.with a syllabic structure which consists of a consonant
Phoneme, followed by one or more syllable nucleus phonemes, followed
by & consonant phoneme.

2CNC word lists one through five, Recording Hi-Fi Studio, Ann
Arbor, Michigsn.
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Insensitive to such a noise background as one would heuristicélly expect
it to be.

In order to show the results of same of the analyses by the formant
tracker, a series of figures will be presented for each speech input
discussed in the chapter. These flgures Ilnclude the following:

1) the graph drawn by the computer to represent the first formant,
and

2) a spectrogram of the speech signal.

The pulses used to activate the digital processing equipment have been
mixed with the speech wave and can be seen on the spectrograms. There

is a8 slight delay from the first pulse until the digital tape is started.

1. Analysis of Isolated Vowels

One of the most easily isolated first formants occurs in the phone
type, [1]. Figure 8-1 shows a spectrogram of an [i] and the results of
estimsting the first formant for this phone type. The spectrogram was
made with a 300 cps anslyzing filter. A slow sweep was employed so that
3400 cps are displayed in four inches. The graph drawn by the computer
has a very unusual scale, namely, one cycle per line. Close inspection
of Figure 8-1 will show that the average estimate of formant frequency
is 267 cps and that all estimates fall within + 10 cps of the average.
The range of the estimate is only 18 ecps, which 1s, of course, only one
cycle per second more than the spacing between successive lines on a
standard two-inch spectrogram. Because of the crudeness of the scale
on the sound spectrogram relative to such calculations, there is obviously

little to be gained from plotting the formant estimates on the spectrogram.
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The second vowel to be considered is [U], for which analyses are
presented in Figure 8-2. A rather marked rise can be seen on the graph
drawn by the computery again at one ¢ps per line. One is tempted to
conslder the rise to be attributeble to & natural frequency character-
istic of the filter; that is, to the fact that the center frequency
of the filter is 450 cycles. There is ecertainly nothing one can say,
using only Figure 8-2, to refute this possibility. The variation, how-
ever, 1s most likely not due to the filter and will be further dis-
cussed when the results of processing [I] are presented. The two "Z's"
at the top of the graph signify points that were off seale; they corres-
pond to frequencies of 554 and 530 cps, respectively.

The results of processing the vowel [I] are shown in Figure 8-3.
The formant tracking program was instructed to accept all frequencies
from filter 3 in the range of 300 to 525 c¢ps, which is a shift from its
normal range of 375 to 525 eps. This shift in range was used to show
that a first formant transition very much like the transition in [U]
also occurred in [T]. The analysis was made using the same filter with
the same settings used for analyzing the [U]. However, in this case,
the transition is not fram the center frequency of 450 eps; it is more
nearly from a frequency of 350 cps. It seems reasonsble to conclude
that this type of transition is not due to a natural resonance of the

Tilter.

2. Analysis of an Isolated Diphthong

The graph of the first formsnt of the diphthong [0I] is presented
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as Figure 6-7 in Chapter 6.

A spectrogram and anslysis of [aI] are presented in Figure 8-k4.
The final "Z" entries correspond to periods 35 to 45 in the output
table and thelr respective frequencies go from 508 down to 405 cps.
Some of the final periods of the [aI] were not analyzed due to the

falling intensity.

5. Analysis of CNC words

Figure 8-5 shows the spectrogram and first formant estimates
for the CNC word jug. The level of the first formant dropped low
enough to cause a problem, even for the AVC on the spectrograph,
immediately after the peask of the first formant transition, as can
be observed on the spectrogram. The listing of the formant had the
"tenth" pulse at time 1350 and the "eleventh" pulse at time 1639.
Thus, the formant tracker missed several periods at this point.
(The tenth pulse is at the top of the graph drawn by the computer.)
This occasional pulse omission 1s a recurring event and occurs for
many reasons. It does not seem to be a major problem if formant
continuity is assumed. The omission would, of course, be empha-
sized 1f a linear time scale were used for drawing the computer
graphs; since a gap would be present in the plotted values.

The spectrogrem and analysis of the CNC word toad is shown
in Figure 8-6. The scale on the graph drawn by the computer is

4 eps per line.
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4. Analysis of Speech Recorded in Normal Leboratory Noise

The spectrogram and analysis presented in Figure 8-T are for the
word well recorded in the presence of conventional laboratory blowers.
Enough of the spectrogram has been presented in Figure 8-7 to show
the background noise. It will be noted that small perturbations of
the spectrum do not create large errors with this type.of formant
tracking system. This would be expected since only the spectral
areas in the region of local maxima are of interest, and these areas
are relatively unchanged by low level background ncise. Background
noise has a stronger effect, of course, upon spectral areas in the
region of local minima. One advantage of the system described here,
however, is that the formant frequency measure is relatively insen-

sitive to the magnitude and perturbation of the spectral minima.
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Chapter 9

Summary and Discussion

This investigation has been an inquiry into the nature of vowel
formants in speech and into some of the problems involved in their
measurement. Although vowel formants have been a subject of research
for many years, it is hoped that the present study represents a contri-
- bution to the deseription of their basie properties. The application
of various types of glottal input waveforms to formant generating net-
works has been considered in some detail in the study. The various
components of the output of a formant generating network resulting
from various types of inputs have been represented analytically.

Expressions are derived for the output of a resonator when the in-
put is a recurrent sequence of exponential pulses and when the input is
a recurrent sequence of critically demped pulses. Interval representa-
tions are derived for the output associated with successive pulses at
the input. The output of the resonator resulting from an input of
Periodically recurring exponentially damped pulses was deseribed by a
periodie term and a transient term. When the Input is a perlodic series
of critically damped pulses, the output om any particular interval con-
sists of an exponentially damped pulse, a critically damped pulse, and
& demped sinusoid. As the mumber of input pulses increases the limiting

steady-state condition is approached. The behavior of the output of the
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resonator in the limiting case is also deseribed in terms of an interval
representation.

The problem of deriving the formants from the speech wave has also
been considered in detail. Numerous approaches to forment analysis have
been investigated in the past, and these are reviewed in this study.
From an examination of the previous work, the author coneluded that a
combination of analog end digital processing would be effective for
formant analysis. Anslog filters are employed for the initial formant
separation, and thereafter digital techniques are used to accomplish
the formant frequency estimation. This procedure made it possible to
utilize the convenience and speed of analog filters, as well as the power
of a digital computer to perform logical operations on the output wave-
forms of the filters.

A method of deriving the frequency of the first formant was imple-
mented in the experimental part of the investigation. The method has
two main distinctions which separate it from all previous formant
tracking schemes:

a) wide bandwidth overlapping filters are used redundantly, and

b) an envelope characteristic which corresponds to the pulsed

time domein realization of a pair of conjugate poles is used
for determining period boundaries.

In a study recently reported by Crystal [13], logical operations
were performed on consecutive intervals in the output of a simulated
basilar membrane model. The current investigation differs from that
study in several ways, including the use of pitch synchronous techniques

to determine the intervals upon which the logical operations are to be
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performed.

In the formant tracker [5, 6] developed at Melpar, piteh syn-
chronous tracking of the first formant is employed. In that system
repeated differentiation is used to determine the period boundaries,
after which the formant frequency is determined by axis crossing
rates. The pitch detection circuiltry used in the formant tracker
discussed in this present study is different in that the formant
envelope, not the discontinuity, is used for period determination.

Thus, the Melpar formant tracker should determine more exactly the

real period boundsries of the fundamental laryngeal excitation. While
detailed investigations of combined analog and digital techniques for
deriving successive periods of the fundamental voice frequency are in
progress in the Communication.Sciences Laboratory, the period boundary
determination employed in the present study seemed entirely adequate

to investigate the effectiveness of the proposed method of formant
frequency measurement. It is the opinion of the author that better
formant 1solation can be achieved by the fixed filter technique des-
cribed in this report than by positioning a single filter by counting
axlis crossing rates. If a formant isolating filter is positioned accord-
ing to previous measurements, then an error in measurement may consider-
ably affeet the formant isolation. It must be recognized, however, that
when a bank of fixed filters is employed, more digital computer process-
ing 1s required than for a single (variable) filter.

In the calibration tests made on the formant tracker used in the
study, no attempt was made to determine the accuracy of the system

when the second formant is close to the first. This would require a
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study of the interactions among the first and second formant frequencies,
amplitudes, and bandwidths as observed in the filter outputs. The
results would depend considerably upon the particular set of filters
used. It 1s anticipated that a diffgrent get of filters will be used
to implement a more complete formant-tracker based on this present
research, and formant interaction will be investigated in that system.
The following results indicate, however, that the present system has
considerable ability to isolate first and second formants. The Pfirst
formant in the /u/ which was used in testing the system showed no
indjication of second formant contamination. When only a single filter
for the range 600-900 cps was used there was wild variation in the
estimation of the first formant frequency of fa/. After two cascaded

" filters (each with slopes of 12 db/octave) were used to isolate the
range of 600-900 cps, the variance in the first formant frequency of
ja/ dropped to 311 (o ™ 17 cps) with a mean formant frequency of T25
¢ps. In the above cases the first formant frequency estimate was in
good agreement with human measurements of the corresponding spectrogram.
The variation is expected for the first formant frequency since two
filters do not provide the same degree of isolation that are achieved
by the standard Bell Telephone Laboratories wide-band spectrograph
filter. Thus, in future models of the formant tracker, even sharper
filter slopes will be used. As would be expected from the formant
locations, /o/ is one of the worst vowels for analysis with this system;
(recall the filter slopes are 12 db/octave for the range 450-750 cps).

Ageain, a far superior filter bank would be needed in a real system.
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The current system used a multiplexer with a 50 Kc rate. This rate,
which also was limited by the A/D converter and the tape unit, would have
to be increased considerably to track all formants effectively. In
addition, the tape unit only allowed six bits/sample of accuracy at the
current operating speeds. The six bits/sample could be tolerated if
very high quality equalization circuits were used in connection with
good AGC (automatic gain control) circuits. It is more likely, however,
that more bits/sample, high quality equalization, and AGC would all be
needed for a highly reliable formant tracker.

Smoothing functions would need to be used on the output for certain
applications. The particular smoothing functions to be used would, how-
ever, be strongly dependent upon the purpose of the measurements. None
of the data presented in this report were smoothed by any such functions.
It would also be expected that the normal output would be expressed as
a function of time rather than by a period number. Since the time
associated with each period is carried along in the output, such a pre-
sentation would only require a trivial change.

This study has shown the feasibility of an autcmatic pitch s&nchro—
nous formant tracking scheme using fixed, wide bandwidth overlapping fil-
ters. Highly accurate formant measurements are possible with the system.
While there were several practical constraints on the system developed,
it appears that these can be surmounted in a more general system. Such
a system should provide repeated and precise measurements of the first
few formants under most speaking conditions of interest in speech
analysis. One major interest of the author is to implement a full for-

mant tracking system based upon the techniques described in this study.



Appendix A

A Simple Resonsator

The purpose of this appendix is to summarize previously known
results about the standard model of a single speech formsnt. In
addition, the response of the model is determined for single pulses
as well as for recurrent sequences of pulses. The resulté for the
recurrent sequences of pulses are presented as infinite sums: this
is necessary since there are no further restrictions placed upon

the nature of the recurrence.

1. Frequencies Associlated with a Simple Resonator

The voltage transfer function of the simple electrical resonant
circuit shown in Figure A-1 corresponds to a pair of conjugate poles
in the volume velocity transfer function of the voeal tract: that is,
to a single formant.

The remainder of this section is devoted to a brief discussion
of the resonator shown in Figure A-l, as well as to a derivation of
the simple facts regarding its frequency characteristics. The Laplace

transformation of the voltage transfer function of the resonator is

glven by
L
LC
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Letting
R
k = T A.2
1
X - r‘C-o A'3
Equation A.l can be rewritten as:
8 + 2ks + x
If it is the case that
2
x>k, A.5
then H(s) has poles given by:
8 = -k+ j[x-—ke]l/g. A.6

Inequality A.5 is assumed, since Figure 3-3 shows that this inequality

is valid for vowels. The following equation defines v:

v = [x - k?]l/g. AT

Thus, the poles of H(s) can be written as
8 = -k+Jv. A.8

Letting s = jo in Equation A.L4 and then using the standard tech-
niques for determining the absolute value of & complex function, the
amplitude density spectrum of H(s) on the imaginary axis is found to be:
2 1/2

2 2
[x + 2k - 0" ][x -~ 2)k» - "]

[ B(3m) |

= X . Ao9
[(x - D)2 + Wl 2
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By taking the derivative with respect to w and equating it to zero, the

roots of the equation for the derivative are found to be:

o = x - o A1l

It can be shown that in the case where

x < 2k2 A.12

the spectral amplitude density meximum occurs at
w = 0, A.l13

vhereas in the case where

x> 21:2 A1k

the spectral amplitude density maximum occurs at

I = + [x - 2k2]1/2
max -
= + [v° - kall/z, A.15

and the root w=0 corresponds to a local minimum.

The symbols of the sbove equation are generally identified as
follows: xl/2 is called the natural frequency, v is called the resonance
frequency (and in the case of speech is defined as the formant fre-
quency), ® gy 18 called the spectral amplitude density maximum, and k
is called the damping coefficilent.

The relationships between the natural frequency, xl/e, the resonance

frequency, v, the spectral smplitude density meximm frequency, I

and the demping coefficient, k, are shown in Figure A-2. It is clear,
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both from the figure and the sassociated equations that

1/2
Qe SVSXTT, _A.16

It is an easy matter to determine the amplitude at the spectrsl

amplitude density maximum. One needs only to evaluate Equation A.9

at the frequency given by A.l5:

H(Jo )| = X
I max I [HH + bk®x - g 1/ 2
x
- A.1T7

A graph of the amplitude density spectrum of the transfer function
of the resonator has been given in Figure A-3 for three cases: the case
where v = k, the case where v = 2k, and the case where v = 10k. The
figure shows that if the frequency v is held constant and the damping
factor k is decreased, then the maximum value of the asmplitude density
spectrum increases. The case for v = k is the point at which the

amplitude maximum changes from

® = [x - 2k2]l/2
max ‘
- VP - 1:211/2 A.18
to
[{3] = - O.
max

This transition can be seen in the graph which illustrates the case
v = k.

The inequality
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[H(Jw) | > 1 A.19

1s satisfiled for some values of w. Thus, if a sinusoid of frequency
w 1s passed through the filter, and if o is such that Inequality A.20
is satisfied, then the output sinusoid will have a larger amplitude
than the input sinusoid. Accordingly, for sinusoids in this frequency
range the filter acts as a voltage amplifier.

Equating Equation A.9 to unity and solving for w, one finds that

Inequality A.19 is satisfied when w meets the conditions of the follow-

ing inequalities:

O<w<VZo, . A.20

The above equations show that the resonator acts as a voltage smplifier
for all frequencies greater than d.c. and less than \ﬁ?tgmax.
It has been shown in the literature that k, the damping coefficienﬁ,
1s 1/2 the bandwidth in radians per second if one either
a) observes the output aeross the resistor, or
b) allows a 6 db/octave rise as an approximation to the
radiation resistance at the output of the vocal tract.

If B is the bandwidth in radians per second, then:

2k = B. Aogl

In summary, we note that there are 4 basic frequencies associated
with the simple resonstor investigated:
(1) the natural frequency, xl/g,

(2) the resonant frequency, v,
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(3) the spectral amplitude density maximum frequency, ®ox? and

(4) the demping coefficient, k.

2. Response of a Simple Resonator to Three Different Types of Pulses

A pulse which has often been used in speech synthesis is an expo-
nential pulse: here specified as e(t). This pulse can be formed as
the output of a circuit with a single pole. Its time domain repre-

sentation is

e(t) = U(t)e ™ A.22

where A 1s a constant and U(t) is the unit step function.

A second pulse which is commonly used in speech synthesis is a
critically damped pulse: denoted c¢(t). This pulse cen be formed by
a critically demped resonator and has a frequency domasin charscteri-

zation given by & double real pole. TIts time domain representation

is given by
c(t) = U(t)te™F, A.23

vhere U(t) is the Heavyside unit step function, e is the base of the

naperian logarithms and A\ 1s & constant.
A third pulse, which is of interest for other reasons, is the

rectangular pulse, r(t). In the time domain, it is characterized by
r(t) = u(t)uw-t) A.24

where W 1s the duration of the pulse.

The time domain representation of these pulses are shown in

Figure A-L.
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Since a simple (ideal) resonstor is s linear device, there is no
need to add an arbitrary amplitude coefficient to each of the pulses
described above. The output corresponding to one pulse with amplitude
coefficient A 1s simply A timeé the output corresponding to the pulse.

The Laplace transforms of the sbove pulses are:

éZ?[e(t)] = 3 i % | A.25

f[c(t)] = ___1___5 s A.26
[s +al

Lirt)] = -, A.27

The Laplace transformastion of the voltage output of the simple
resonator corresponding to a particular input is givgn by the produc?
of the Laplace transformation of the voltage transfer function of the
resonator and the Laplace transformation of the input. In the follow-
ing development & subscript is used with the voltages to identify the
type of input pulse involved. The Laplace transformation of the
voltage output corresponding to an exponential pulse,(gf[ee(t)], is

given by:

L le ()]

i

1(s) L [e(t)]

1 be
[s + Al [8° + oks + x]

x [ 1 _Is + k] + [k -l . A.08
[s + Al

[x? + x - 2k\] [s + k]2 + v2
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According to the essential uniqueness of the transformation, the output

of a simple filter corresponding to a single exponential input pulse is

given by:
e (t) = “”ét) . [ e M _ X oos vt o+ 555 sin vt] | . A.29
[(A-k)T + v°]
Using a simple trigonometric identity, the above equation can be
revwritten as:
_ At -kt
ee(t) = U(t)[Ele - Ege sin(vt+¢é)], A.30
where
X
E o A.3l
2
-0 50
b'd
E = A032
2
2 WP+ (n - 6)212
_ -1 v
9, = tan [k = h]' A.33
The Laplace transform of the voltage output corresponding to a
single critically damped pulse is given by:
Lle )] - 5L le(t)]
- 1 X
[s + >\]2 [52 + 2ks + x]
2x[n - k] 1 x 1

+

[+ x - 2002 [s + Al

olk - a][s + k] + [n - k]° - v

2+ x - 2ka] [s + x]z

2
. A.34

[7\.2 + X - 2k>\]2[52 + 2ks + x]
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The time domsin representation of ec(t) is thus:

2x[a - k] U(t) SN x U(t) te M
[(n - k)% + ¥°1° [(n - K)Z + +°]

e (t)

2
v

& 2 2
+ Xe tUE(E) 5 [2(k-h)005 vt + _[L)._:]_&_)_:V__ sin Vt] . A.35
[(n - )+ v7]

This time domain representation of the output of the resonator corres-

ponding to a single critically damped input pulse can be rewritten as:

e (t) = U(t) [cle"‘t + Cpte™ 4 c3e'kts1n(vt+q>c)] ) A.36
where
2x[n - k]
c. = AT
Lo -x)R v
c = : X A.38
e [(n - k)2 + ] ’
c. = X A.39
5 vi(n - k)2 + vo)? ’
9, - tan~t 2v[k2- >\]2 . A.L0
[(N - k)T - v7]

The Laplace transfarm of the voltage output corresponding to a

single rectangular input pulse is given by:

Lle ()] = H(s) Llr(t)]
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L e (+)] 7 i] (1 - oW

[ _[s + k] -k + 1 -sW
= = | [1 - 1. A1
| [(s + k)% + v°] 9] ©

_ The time domain representation of r(t) is given by:
er(t) = U(t) [l - e.kt(cos vt + % sin vt]]

-U(t-w) [1 - e'k(t'w){cos[v(tJW)] + %-sin[v(tAW)]}]. Ak2

From the above, it follows that the output of the simple resonsator

corresponding to a single rectanguler input pulse can be written:

e.(t) = Ut) [1 - Rle'kt sin[vt+q)r] ]
- U(t-W) [1 - Rle-k(t-w)‘ sin[v(t-H)+p_] ] , AL3
where
R, = [1- ©21Y2 A.b
9, = tan-l% A.b5

Expressions have now been derived which represent the output of a
simple resonator as a function of time for each of the three input
pulses of interest. The next section is devoted to a representation

of the output corresponding to a recurréent input train of each of these
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three different types of pulses.

3. Response of a Simple Resonator to a Recurrent Sequence of Pulses

The pulses in a recurrent series of pulses will be considered to

occur &t times t Figure A-5 shows three different recurrent series

i.
of pulses, all of which have the same pulse initiation times. Capital
letters will be used to designate pulse trains which correspond to

the recurrence of the pulses designated sbove with small letters,

that is

@

Z U(t-ti)e(t-ti)

n=0

E(t)

<o

Z U(t-ti)e"‘(t'ti) A6

n=0

is a recurring sequence of exponential pulses;

[0.¢]
z U(t-ti)c(t-ti)

n=0

c(t)

I

U(t-ti)[t-ti]e"‘(t‘ti) AMT

M8

n=0

is a recurring sequence of critically damped pulses; and

(0 0)
R(t) Z' £t ) (t-t,)
n=0
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R(t) = [U(t—ti) -U(t-ti-w)] A48

[

i
o

is a recurring sequence of rectangular pulses.

By knowing the output corresponding to the individual pulses and
by using the linearity and time invariant properties qf the simple
resonator, one can easily obtain a representation for the output of
the resonator corresponding to each of the above recurrent sequences
of pulses. Each output voltage will again be subscripted to denote
its corresponding input. |

The output of the simple resonator resulting from each of the

recurrent inputs is gilven by:

M

eE(t) ee(t—ti)
1=0
L “k(t-t 3
_ U(t-ti) [Ele-}‘(t-ti) - Eje ( i)sin[v(t—ti)+q)e] J;
i= ALY
m .
ec(t) = :E: ec(t—ti)
i=0
oo »
- U(t-t,) l.cle"‘(t'ti) + c2(t-ti)e"‘(t't1)
1=0

+ Cae-k(t-ti) stnlv(t-t, )+p_] ] ; A.50
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U(t-ti)r(t—ti)

of°
~
ct
S’
it

i=0

© k(t-t
EE: U(t-ti) [l-Rle ( i) sin[v(t-ti)+¢r]]
i=0

ad “k(t=t, W)
- Z U(t-ti—w) 1-R,e sin[v(t-ti—W)+q)r] . A.51
i=0
Expressions have now been exhibited which correspond exactly to
the output of the simple filter for the three different types of

recuwrrent input pulses. Three sums play a major role in each of the

above representations, namely the sums:

2 A(t-t,)

c(t) = U(t-ti)[t-ti]e , A.52
i=0
= A(t-t,)

E(t) = Ut-t,)e Y, A.53

and a sum which shall be denoted by SQ(t):

2 k(t-t,)
Sy(t) = Z U(t-t,)e 1 stnlv(t-t,)+p, 1. A.5h

i=0
. It is possible to obtain closed form representations for the above
sums by making a further restriction on the recurring sequences. If the

sequences have the additionsl property that for all i > O
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ti ‘ti+1 = T A.55

where T is a constant, then the sums can be gimplified. When Equation
A.55 is satisfied the sequences will be called periodic, even though
they are not periodic in the strict mathematical sense. Various

coefficients for the periodic case are determined in Appendix B.



Appendix B

Mathematical Representations of Periodically Recurring Pulses

The purpose of this appendix is to obtain several representations

for the following functions:

o o]
Z U(t-nr)e ME-ET), B.1

n=0

0<t <o E(t)

z U(t-nT) (t-rﬂ:)e"'(t"ﬂ')’ B.2

n=0

0<t<ow c(t)

-k(t-nT)

U(t-nT)e sin[v(t-nT)+p]. B.3

n=0

0<t< t
< @ 8,(t)

The function, E(t), is & periodically recurring exponential pulse, the
funection, C(t), is a periodically recurring critically damped pulse,
and the function Sm(t), is a periodically recurring damped sinusoid.
The various representations for these pulses are needed for the discus-
sion in the body of the text. Since the representations do not seem to
exist in the literature, they are included for reference in this paper.

Since they are long, they have been relegated to this appendix.

1. Interval Representations

For the remalnder of this section it 1s assumed that the variable t

169
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satisfies the following inequality:
[m-1]T <t < mT. B.4

wh
The intervel from [m-1]T to mf will be called the m“~ period. Thus,
this section will be devoted to deriving the representations of the

three functions for the mth period.

a. Perilodically recurring exponential pulses

Assuming that t is in the mth period, Equation B.1l can be

rewritten as

m-1
E(t) = Z e~ M(t-1T) B.5
n=0
where
[m-1]7 <t <mT.
Since

m-1
2t = I____]_[l-zm B.6
= T .

n=0

Equation B.5 may be rewritten as

[1 - MT] s
E(t) = =& 1 At B.7
( [x - ]

The above equation shows that a sum of exponential pulses can be exactly
represented during the mth period by a single exponential pulse with the
seme decay as the originsl exponentiasl pulse. The amplitude coefficient

for the pulse is determined for the representation on the mth perioq.



171

Equation B.T expresses the coefficients of the pulses as a function of
the period.
The next step 1s to transform the equation so that one can meke

comparisons of the function according to period number. Recalling that:
t = 1+ [m-1]T, B.8
Equation B.T7 may be rewritten as:

[1-e
[1-e

E(t+[{m-1]T)

[1 - e-hﬂP]
[1-e™M)

where

-AmT
Em = 2;:_E:if_ . B.10
1l -e

The above type of representation will be useful when we consider

the behavior of the function according to the period number.

b. Periodically recurring critically damped pulses

For values of t defined by Equation B.lh, it is possible to rewrite

Equation B.2 as follows:

m-1
N -A(t-noT)
c(t) = % ' (t-nT)e
ya
n=0
m-1 m-1
te At ; e - Te At Z ne ’ B.11

ész \ n=0

4
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The first term in the above sum can be simplified by the use of Equation

B.6, and the second term can be simplified by use of the following:

m-1 m-1
nzn -z JL n
- dz z
n=0 n=
. ., 4 [1 - zm]
- z |1 -2
z[1 - mzm'l + [m-112™]
= 2 o Bola
[1 - z]
Letting
zZ = eAT
Equation B.1ll can be rewritten as:
PN Lk
o(t) = Lis - ] poat
[1-¢eM]
e T N R 5.13

The sbove equation shows that a periodically recurring sum of critically
damped pulses can be exactly represented on any period as a sum of &
critically damped and an exponential pulse. In addition the coefficients
can be evaluated as functions of A, T, and m. The time shift defined by
Equation B.8 will now be made so that we may leter consider the repre-

sentation as a function of period number. Thus:
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T
C(t+[m-1]T) .[i.:_eTT_.]_ (v + [m-1]T) e-h(‘t’+[m-l]'1‘)

[1-¢e

- Te}‘T[l - me"[m-l]l]3 + [m-l]ew] e—)\('r+[m-l]'I‘)
[1 - M2

+

AT AT B.1k

where

me ™M1 - me"k[m-l]lIl + [m-l]e-m]

- B.15
m [1 - e-),T]E ’

and where gm is defined by Equation B.1lO.

¢. Perilodically recurring damped sinusolds

The sum of two damped sinusoids with the same frequency and damping
factor is a damped sinusoid which in turn has the same frequency and
damping factor. For any interval of the form given by Equation B.lL,
the sum, Sq,(t) » (which becomes a finite sum of damped sinusoids), can
be expressed as a single damped sinusold. That is, when t satisfies

Equation B.l4t we can write Equation B.3 as:

3
=

Sq)(t) = e'k(t-ﬂ)sin[v(t-nT)ﬂ)] . B.16

]

B
[

In addition, we know there exist both a coefficient Am and s phase

angle Bm such that

-kt
S¢(t) = A e sin(vt+p:B ).
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We shall now evaluate the coefficients Am and Bm as functions of v, k,

m, and T.

By using the identity

Jz ~Jz
e'” - e
gsin z = —'—ej—-_ B.17
Equation B.16 can be rewritten as
= J(vt-vir+g) | _-3(vt-viT+p)
S (t) - Z e-ktek.rﬂ:'[e - e ]
P 2]
n=0
B.18
T Kkt-Jvt-jo 2%
TR szz_&qﬂm' e Kt-J ﬂ¢§; (k+3v)ur
= e - e
23 23
n=0 n=0
Recelling that
m-1
n [1 - 2"
Z R i 8.9
n=0

it is possible to eliminate the finite sums which occur in Equation
B.18 and express the relation as follows:

ot I (Vi) (k-gv)ury kb -3 (virq) [y (kdvium)

Sl = T T D

231 -

okt J (vi+o) [l_e(k-:jv)mm [ 1-e (k+Jv)T]
23 [1-eKHIVIT][1 o (K-3V)T)

oKt -d (vEre), l_e(k+3v)nﬂ'] [1-e (k-JV)T]

. E,j[l-e(k+‘jv)T][l-e(k-'jv)T] ’ B.20

+




175

Multiplying the terms in the numerator and then grouping them according

to Equation B.17 allows the numerator to be written as a sum of sinu-

soidal terms. Using the fact that

allows the denominastor of B.20 to be simplified. Thus

ok (t-mT) [ KT

s (t) =
9 1- 2ekmcos vI' + e
+ o7kt [ekmsin[v(t+T)+¢] - siqALyt+¢]]
kT 2kT o

1 -2 cos v + e

One may define two variables Ky and 7, 80 that for all z:

ulsin(z-yl) = ekTsin(z+vT)- sin(z),

in which case 1t may be easily verified that:

ui = [1 - 2ekT cos VT + esz]
and
_ sin T
tan 7, = 5T .
e - ¢cos VI

Using the ebove, Equation B.22 can be simplified to:

-kt
e

s(p(t) =

It 1s easlly seen that if:

sin[v(t-[m-l]T)+¢]-sin[vﬁgemm)+¢]1_
T

[ekmmsin[vt+¢-7l—va] - sin [Yt+m—7l]] .

B.21

B.22

B.23

B.2h

B.25

B.26
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umsin(z+7m) = e  sin[z-vmT] - sin[z], B.27

then
pi = [1- 2ekmmcos vo' + eEka] B.28

and
tan Tn — sin vl . B.29

- cos vmT

It should be noted that although Equation B.27 is different in form
from Equation B.23, the equation for Ky and 71 given by Equations B.24
and B.25 are compatible with the values of Ry and "n that are obtained
by substituting m=1 into Equations B.28 and B.29. Substituting the
above results into Equation B.26 gives:

u -
m okt sin[vt+¢-7l+7m]. B.30

Sq,(t) = —1

Equation B.30 is an equation for the sum of the displaced sinusoids

during the mﬁh pericd; that is, for

(m-1]T < ¢t < mT, B.31
we have shown that
" oo}
EE e-ktsin[vt+¢-7l+7m] = :E: U(t-nT)e-k(t'nT)sin(v(t-nT)+¢]. B.32
1
n=0

The above equation shows the coefficients on the th period. A

more enlightening representation i1s possible i1f one lets T be defined as
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T+ [m-1lT = ¢, B.35

in order to achleve a representation which has the property that 7=0 at

the start of the period. Thus;
“ - -
-“2 e k(v+[m l]T)sin[v('t+[m-l]T)+q)-7l+7m]. B.34

S¢(T+[m-l]T) "

It 1s convenient to define:

"o x[m-1]r
"1

[1 - 2e ™ Toog vmr + e‘zklﬂ']l/2
KTz

B.35
[l-EechosvT+e

It should be clear that am is the amplitude coefficient of the represen-

tation on the m'> period with the shifted time base. Defining

-By = W+ 7 B.36

and recalling that

a tan z + tan y
ten (z4y) = 1 - (tan z)(tan y) B.5T

the tangent of Bm can be written as follows:

tan voT + tan Ym
1 - (tan vofl') (tan Ty

-tan ﬂm =
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sin voT sin T

T —— +-
cos vmT e-km![' - cos yuff

]

-tan B
n sin® vuT

1- ——
cos viT[e -cos vmT]

e sin vmT
e cos vaT - 1

- gin vmT : B.38
e - ¢os val

It then follows that:

ten p_ = _Sin vuT . B.39
e - cos vl
Noticing that
By = -7, -V B.kO
Equation B.34 can be rewritten as follows
kT
Scp(T + [m-1]T) = o e sin[v1’+qﬂﬁl-am]. B.h1

This latter representation is particularly useful when camparing

the form of the sum on different periods.

2. Interval Steady-State Representation

There are simple arguments which show heuristically that one might
expect the three functions which have been considered to have an interval

steady-state representation. We shall simply investigate the exiatence
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of a limit (for increasing m) for the three interval representations

vhich have been found. The limits are relatively easy to evaluate.

a. Periodically recurring exponentisl pulses

In Equation B.3%3 it was found that

E(t+[m-1]T) = e e ™M,
The 1limit of the coefficients 1s given by
g = Mmg
m—0
1 - e™NE
= lm AT
msao 1 - e
1
= B.k2
1 -eM

from which 1t follows Immediately that

1im E(t+[m-1]T)
m-00

il

P ()

£ e, B.43

b. Periodically recurring critically damped pulses

In Equation B.1l4 1t was found that:

¢(t+[m-1]T) = gm're"}“‘r +p e

where the limit of £ is defined by Equation B.42 and the limit of Py

is:
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m->Q0

Te—m[l - me-)‘[m'lir{;[m-l]e-m]

= lim

m-co0 [1-eM ]2
B i _—
[1-e™M]
It follows that:
PC('r) = lim C(t+[m-1]T)
m-m
= & Te-kT + pe-)‘r. B-h5
c. Periodlcally recurring damped sinusoids
In Equstion B.41 it was shown that a periodically recurring
damped sinusoild could be written as
S_(t+[m-1]T7) = « ¢ 5T sin(vr+p+B, B_)
P m 1% m’"*
Consider, for a moment, the 1imit of the amplitude coefficients o
a = lim Gm
m->a
- 1m [l-2e-kacos Vol + e T]l/2
100 [12¢ T cos vo + e "2KT1/2
1
= —— — g Boh’6
[1 - 2275 cog v + e =KT]
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Noticing that

al1-e""] <o <ol1 4 ™), B.47

one can see that the convergence of the sequence am is quite rapid as
g function of m. A more detailed discusaion of the convergence for
speech is shown in Chapter 3, section 2, using typical values for
natural vowels.

Recalling from Equation B.39 that:

gin‘ vl

tan B =
n ek"ﬂ‘ - cos vmT

it 1s easy to see that

-1 1
o < ten B, <% B.43
e -1 moe -1

fram which i1t follows that

lim tenp = O B.49
m—o0
and thus
p = lim B
m-C0
— O. B'50
Heurdstically it follows that:
Py = lim S (t+[m-1]T)
P m—-Q0 ?

ae X7 sin[vr+e, 1. B.51

1]
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The easlest formal justification of Equation B.51 is to use Eqﬁation B.26
after time translation. The purpose of the above was to derive the limit
for use in the next section and to have the form available for a later
discussion of the rate of convergence in the case of speech. It should
be mentioned that the gbove expression is an exact mathematical repre-
sentation of the steady-state for a sum of periodically recurring

damped sinusoids. Clearly, the damping factor and the resonance fre-

quency of the decaying sinusoid both occur in this representation.

3. Representations on the Interval (0, )

Looking at Equations B.l, B.2, and B.3, it is not clear that one
should expect to be able to determine a representation which is valid
for the interval (0, o) as the sum of a periodic and transient term.

A moment's reflection, however, shows that it would be possible, since
B.1l is the output of an R-C circuit which has been impulsed with a se-
quence of delta functions. B.2 is the output of a critically damped
R-L-C network which has been pulsed with a periodic sequence of delta
functions, and B.3 1is the output of a simple underdamped resonator which
has been pulsed with a periodic sequence of Dirac delta functions. In
each case we know that the output can be represented in terms of a
transient solution and a periodic solution, although the periodic solu-
tion is generally expressed as & Fourier series. The limiting behavior
of each of the three equations has been found on each period. Since
the limiting behavior and the périodic solution are one and the same it
1s possible to find closed form representations for each of the three

equations on the interval (0, ).
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&. Periodically recurring exponentisl pulses

In order to obtain the decomposition of Equation B.2, we shall

begin with Equation B.T:

E(t) =

= TE(t) + PE(t), B.52

where

T.

(+) Z e

= e M g™ B.53

i
i

P (t) L oA AT B.5k

Translating time to the mth period

PE('r+[m-l]T) ——-—-—'lm, e”"(ﬂ[m'l]T) MT

]
e
0]

which is the limiting behavior determined in Equation B.43. It has been

T

shown that

O<t<wm E(t) = TE(t) + PE(t) B.55

where TE(t) is a transient term and PE'(t) is a periodic term. The
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periodic term is the limiting behavior which was found previously.

b. Periodicelly recurring critically damped pulses

In order to determine the decomposition of C(t) we shall begin with

Equstion B.lh4 and rearrange its terms in the following manner:

[1 - M)
M

A(T+[m-1]T)

c(t+[m-1]T) = (t+[m-1]T) e

[1-¢e

i T ) O P IR N CH R
[1 - MI°

+

_ (r+[m-l]T)e->‘(T+[m-l]T) e M7-T) [m-l]Te-)"(T'T)
i T ) T 1-eM

l-e)‘III 1-e

NI -Mr+(m-11T)  p NT e A[m-LIT, P g g de N (74 [m-1]T)

[1 - e—Ai]2 i (1 - emla

-Te

MM (7+[m-1]T)

A(7+[m-1]T) -

_ (v+[n-1]T)e

B 1 - M [1 - M2
Te}"Il -AT em3 -AT
+ ——_—-}-:T—_E- e - mﬁ- Te . B-56
[1-e™] [1 - e&™]

Letting

A(v+[m-1]T)

_ (t+[m-1]lT)e
- AT

1l -e

TC( +[m-1]T)

reMe - r+£_m-1]'r)

[1-e
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we find
Tc(t) = M gte_ht - pe-lt. B.58
Let
Te M At M At
[1-e™] [1 -eM]
= pe-)‘t + gte'“'T. B.59

Thus Pc(t) is the limiting interval representation defined in Equation
B.45. Extending Pc(t) so that it is périodic for the positive real

numbers we can then write:

0<t<o c(t) = Tc(t) + Pc,(t) B.60
where Tc(t) is the transient term and Pc(t) is the periodic term.

c. Periodically recurring damped sinusoids

To determine the periodic and transient components of the first

equation, B.1l, we shall decompose Equation B.26 as follows:

o kL kmf?
s, (t) = (e sin[vt+o-y, -vmT] - sin[vt+e-y.])
P Hy 1 1
e-ktekmw e‘kt
= sin[vt+p-y, -vmT] - sin[vt+e-y, ]
1
= T, (t) + P, (t), B.61
S
SCP ?

where
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kt
Ty (t) = _eul sin[vt+p-y, 1, B.62
v}

-kt knf?
P, (t) = = sin[vt+p-y, -vor] . B.63
S¢ Hy 1

Clearly

ko' -k (T+[m~1]T)
128 (v+[m-1]T) £ °
P '

sin[v(r+[m-l]T)+m-7l-va]

ekm -kt
—_— sin[vr+¢,71-vT]

Hy

ae 7 sin[vw+q»sl]

I

P, ()
P

which was the periodic solution determined in Equation B.5l. Thus we

have found & periodic and a transient term such that:

o0
0t Py (t) + Tg (t) = zu(t-nm)e'k(t’nT)sin[v(t-rrr)w]. B.6L

¢ ? n=0
The two main uses of this equation are:
a) to consider the physical variables, k, v, T and how they affect
the steady-state, and

b) to obeerve the convergence to the steady-state condition.
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4, Summary of Representations

This sppendix has glven a mathematical derivaetion of some close&
form representations which are useful in discussing simple resonators.
Even in the non-periodic case, there exist exact closed form (not in-
finite series) interval representations. The reason for assuming
periodicity was to make 1t possible to study anslytically the con-
vergence to steady-state and other properties of the output of a

simple resonator.
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