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ABSTRACT

Reactive mixing can be accomplished by any nonlinear, or time-varying, ener-
gy storage element. In double-sideband reactive mixing, interactions take place between in-
formation carrying signals at only three frequencies. Such interactions require the presence
of pumping or local oscillator signals at appropriate frequencies. The basic mixing spectrum
treated in this study employs W W and w, as information carrying signals, and wp and

1

pumping frequencies are shown to provide all possible first-order interactions between W .

2w as pumping frequencies; where w_=w_+ w_andw, =w_ - w_. Inthe text, these
p u p r p r

w, and W, Also, the interactions in the latter set are shown to occur in an infinite number
of other signal sets. Therefore, the double-sideband reactive mixers problem is generic to
many reactive mixer configurations of practical interest. The purpose of this study is to ex-
tend the understanding of reactive mixers through an analysis of the double-sideband configura-
tion.

Two basic cases are treated, one with a single pump at wp and the other with
double pumping at wp and 2wp . The useful engineering properties of each system are evalu-
ated, and compared with the better known properties of single-sideband reactive mixers.
Consideration is given to such circuit properties as conversion gain, stability, bandwidth,
and noise figure. In many cases, significant improvements are noted, which are explained by
a new technique of reactive mixer modeling.

In the single-pump case, single-sideband conversion between w. and w, offers

the greatest gain-bandwidth product, but conversion between w. and w , offers the greatest

L

gain. When combining these cases, it is shown that the presence of w , can produce a finite

¢
increase in gain between W and w without reducing the original gain-bandwidth product.
Alternately, an arbitrary increase in gain is possible with a 30 percent reduction in gain-

bandwidth product. By the same technique, improvements are also noted in the conversion

noise figure between w. and W, particularly in the down-conversion mode.

Xvi



In the double-pumping case, an interesting class of unilateral conversions are
obtained. One of these offers arbitrarily large conversion gains between w. and W with
gain-independent input and output terminal impedances. This mode of operation is capable of
yielding larger gain-bandwidth products, greater circuit stability, and significant improve-
ments in down-conversion noise figure.

Perhaps the most significant practical outcome of this study is the develop-
ment of a stable, ultra-wideband, video amplifier by double-sideband reactive mixing. Gains
of 20 db and bandwidth from dc to 100 Mc are predicted for a single mixer element. Experi-
mental realizations of this system are shown and discussed. It is also demonstrated that this
is a form of parametric amplification by phase modulation.

Another theoretical problem that has been closely related to this study is the
stability of periodically-varying networks. The interrelation of these problems has led to a
new method of predicting the stability of linear systems with periodically varying parameters.
This method requires a knowledge of sinusoidal steady-state response, but it does not entail
a solution of the system differential equations. Therefore, this method of determining
stability is less tedious than the normal method of calculating characteristic roots. It also
provides a new approach for approximating the characteristic roots of a periodically-varying

system.

xvii



CHAPTER 1

INTRODUCTION

The general properties of reactive mixers have been illustrated in classical
problems dating back 100 years or more to the work of Faraday, Melde, and Lord Rayleigh
(Ref. 1). Although these early illustrations of reactive mixing were nonelectrical by nature,
they demonstrate a principle that can be readily depicted by a simple electrical example.
Consider the parallel plate capacitor in Fig. 1. 1. When charge exists on the plates, work
will be done when the plate separation is increased, but if the charge is then removed, the
plates can be returned to their original position without involving further work. This process
can be made continuous by adding an inductor to form an oscillating circuit. The capacitor is
then alternately charged and discharged twice each cycle, so by separating the capacitor
plates suddenly when it is charged and returning them when it is discharged, energy will be
continually added to the oscillating system.

If a resistor is now added that exactly dissipates the supplied mechanical
energy, steady ac power will be delivered to the resistor at half the frequency of the moving
capacitor plates. But if the resistor is further reduced until the oscillation stops, it can then
be established that an applied signal will be amplified if its frequency is near the oscillation
frequency. In this case, the signal mixes with the time-varying capacitor and produces a
difference frequency or lower sideband near the oscillation frequency, as depicted in Fig. 1. 2.
The added presence of a lower sideband allows the applied signal to be amplified regardless
of the timing (or phase) of the mechanical work. A more comprehensive explanation of this
effect will follow from a general study of reactive mixing.

Mixing is a general phenomena that arises whenever there is coupling between
sinusoidal variations with different frequencies. In the most common instance, mixing is

caused by nonlinear couplings; but it can also be associated with linear, time-varying
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Fig. 1. 1. Energy conversion by a time-varying capacitor.

couplings if the coupling element itself constitutes one of the two required variations. The
previous example is illustrative of the latter case. Only in linear time-invariant couplings
does mixing fail to occur, but -such couplings exist only as an idealization, so it can be con-
cluded that frequency mixing is prevalent in all physical systems.

The basic process of frequency mixing can be described as follows. If two
signals with angular frequencies w. and wp are coupled by a mixing element, the resultant

steady-state signal will tend to contain all positive frequencies in the set
w = mw_ + nw_ ; m,n =0, + 1, + 2, ..., (1.1)

which set is fundamental to all steady-state mixing processes. An additional characteristic
of mixing is the Fourier distribution of signal among (1. 1), but this distribution is strongly
dependent upon the type of mixing element.

There are two extreme element types that are useful for characterizing mixing
distributions. One is the storage element, which is commonly called a reactance, and the
other is the dissipative element, which can be characterized by a resistor. A marked differ-
ence in mixing properties is noted when resistive and reactive elements are compared. This
difference arises even though it is always a nonlinear or time-varying coupling that produces
mixing in any element type. Since the mixing properties of resistive elements are well-known,
the contrasting properties of reactive mixers seem quite unusual. In fact, when compared
with the resistive mixer, the reactive mixer is an intriguing physical system. Therefore, an
investigation of the unusual properties of reactive mixers has been chosen as the general pur-

pose of this analysis.
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Fig. 1.2. Amplification by mixing with a time-
varying capacitor at period n/wo .

Once the mixing element itself is restricted to a certain class, either resistive
or reactive, the auxiliary circuitry surrounding this element gives rise to the next order of
influence on its mixing properties. Such external circuitry will be assumed to be linear and
time-invariant, so it can be represented at the terminals of the mixing element by a Norton
equivalent admittance, Y(w).

For the present, let it be considered that mixing is due to nonlinearity. The
basic signals at wo1 and wig (i.e., at w. and wp) can then be applied by current generators
with complex amplitudes ]IO1 and “10’ respectively. However, the tendency for currents to
flow through the mixing element at all frequencies in (1. 1) is unchanged when external genera-
tors are applied at any, or all, of the W o Therefore, a general model for the nonlinear re-
active mixer is provided by the circuit in Fig. 1. 3. Later, it will be shown that linear reac-
tive mixers can also be treated by Fig. 1.3, as a special case.

The components Imn in the general source waveform I(t) can exist at each fre-
quency in the set w o Soa great variety of source waveforms are possible. The procedure
of this investigation will be to determine the steady-state v(t) and i(t) that result from speci-
fic I(t) waveforms. In particular, source waveforms will be considered that are made up of
certain combinations of sinusoidal signals in the set nmn' In each case, the discrete set “oin

will include all involved frequencies, so it will be convenient to define

~

mn (1.2)

- SN{(wmn)
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Fig. 1.3. The basic representation of a reactive mixer.

Although v(t) and i(t) tend to contain all positive R the steady-state power
flow will be restricted to a finite band in all cases of interest here. The filter characteristic
?mn will thus be chosen to short circuit, or otherwise suppress, all but a finite set of fre-
quencies. This step calls for unrealizable ?(w), but realizable SN{(w) will be shown to yield
satisfactory approximations in many cases, partly because w. and wp will be assigned differ-
ent roles in the mixing process.

The frequency W will be treated as the reference frequency for a signal being
processed by the mixer, while wp and its harmonics mwp will be considered local oscillators,
or "pumps, " for supplying RF power to the mixer. In some configurations, the signal will
actually be applied at W in which case w  can be properly termed the signal frequency. In
other cases, the applied signal will have one of the '"sideband" frequencies mwp +nw (n £ 0),
which explains why w is given the more general term, the signal reference frequency. When
n £ 0, the set mwp +nw will be termed the set of signal frequencies. The latter set is to
be contrasted with the set of pump frequencies which are characterized by n = 0.

When reactive mixers of higher complexity are employed in a system, it should
be noted that a higher over-all system complexity does not necessarily result. For example,
the reactive mixer configurations in common usage today frequently require auxiliary equip-
ment, such as circulators, to yield useful characteristics. Also, the broadbanding techniques

that have been developed for simple reactive mixers call for a higher complexity of nonmixing

(i. e., linear) circuitry. This analysis will show, however, that high spectral complexity can
yield the same improvements. In addition, reactive mixers offer circuit effects that are not
easily duplicated with ordinary circuit components. Therefore, multiple-sideband reactive

mixers are of practical engineering interest.



1.1 Statement of the Problem

The main interest in reactive mixers to date has been in cases where the signal
components are linearly related. This situation tends to prevail when the applied signal ampli-
tude is small when compared to the pump amplitudes, and in this case several important cir-
cuit effects have been successfully realized. Foremost of these is conversion gain between
two or more signal frequencies. In addition, such conversion gain is frequently accompanied
by low noise figures and by gain-bandwidth products that tend to be proportional to pump fre-
quency. These attributes are readily demonstrated in reactive mixers employing simple
spectral configurations, which immediately prompts such questions as, "What benefits can be
derived from reactive mixers employing more complicated sideband configurations?', and
"What analytical procedures are required to explain and to evaluate these higher-order sys-
tems?" This analysis will attempt to answer these questions.

Particular attention will be given to the spectral configurations that occur when
?(w) suppresses all but three frequencies in the signal frequency set, and all but two of the
pump frequencies. These double-sideband cases will be termed symmetrical or unsymmetri-
cal according to the symmetry of the signal frequencies, exclusive of WL with respect to wp.
For example, a case of symmetrical, double-sideband mixing occurs when the mixing products
of wp and w,.are restricted to the pair wp . However, the term symmetrical, as used
here, does not distinguish the frequency at which signal is applied. For instance, in the
symmetrical example just cited, the applied signal may be at W wp - w, or wp .

Two reasons can be given for restricting the emphasis in this analysis to three-
signal frequency (or double-sideband) cases. These are:

(1) In concentrating on single-sideband resistive mixers,

previous treatments have shown that individual cases
yield distinctive circuit properties. Therefore, circuit
properties of greater scope can be anticipated when the
effects of two individual sidebands are combined.

(2) The increased complexity of multiple-sideband mixers

greatly incumbers detailed analysis. Therefore, when
consideration is limited to double-sideband circuits, a

reasonable compromise is made between preserving
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Fig. 1.4. A basic double-sideband spectrum. Since this analysis will be
primarily concerned with such a spectrum, the special notation above
will frequently be substituted for the general
notation defined in (1. 1).

analytical simplicity and obtaining an increased percep-
tion of the inherent properties of reactive mixers.

Whenever interest is restricted to a particular set of frequencies, it becomes
convenient to introduce an alternate frequency notation. The special set of frequencies in
Fig. 1.4 will receive considerable attention here, so much of the formulation to follow will
be based on the special notation in this figure.

The assumption that all power flow is restricted to a few frequencies is an
obvious idealization. It can always be employed heuristically, but for practical reasons an
immediate appraisal of this assumption is required. Certainly real filtering techniques can-
not prevent some power flow outside a desired set of frequencies. However, a peculiar as-
pect of reactive mixers influences this tendency. It will be shown that power flow between
two frequencies chosen at random can occur in either direction. Therefore, with a large num-
ber of extraneous couplings, cancellation will tend to occur. On the other hand, a large num-
ber of extraneous couplings of approximately the same magnitude is unlikely, since multiple
mixing is generally required for coupling to frequencies well removed from the desired signal
set. Multiple mixing tends to produce weak coupling, particularly when small signal ampli-
tudes are involved. Therefore, in any given circuit, it can be expected that only a few extran-
eous couplings will create problems. In this case, unrealizable SN((w), that are assumed to

suppress all but a certain set of sidebands, can be successfully approximated. One technique
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Fig. 1.5. An equivalent circuit for Fig. 1.3. It is equivalent to Fig. 1.3 when
none of the wyp are suppressed, and is a convenient idealization when
Y(w) is assumed to suppress all but a finite number of the wyp.
is to design SNZ(w) that support the desired sidebands and suppress any unwanted sidebands with
large couplings. The asymptotic behavior of such ?(w) would then be relied upon to suppress
the more weakly coupled sidebands.

Filter networks of the type just described tend to yield relatively narrow band-
widths for the desired sidebands. It will be convenient to idealize this effect, by postulating
a set of ideal filters with the following property: each filter is an open circuit in one narrow
band of frequencies, centered at amn’ 1 and a short circuit elsewhere. The modification made
by introducing these ideal filters is shown in Fig. 1.5, where each filter is represented by a
box and is labeled with its open circuit center frequency. This equivalent of Fig. 1.3 is non-
realizable, but because of its computational value it will be the basis of much of the analysis
to follow. Now, for example, the circuit admittance influencing each frequency band appears
at a separate terminal pair, and hence can be independently varied.

In practical design problems, an optimum set of terminal admittances ?mn can
be obtained more easily from the model in Fig. 1.5, than from Fig. 1.3. So to realize this
design in an actual circuit (e.g., Fig. 1.3), the linear network Y(w) would have to be chosen to
approximate the desired ?mn when won = amn , and to become a short circuit elsewhere.
This suggests that each SN(-mn must resemble a parallel resonant circuit with fairly high Q.

When this is the case, a good first approximation to Fig. 1.3 will result if the ideal filters in

Lrhe symbol w will be used to denote a midband value. For example, wyy, denotes the mid-
band value of those frequencies generally identified as wy,p-



Fig. 1.5 are simply removed.

In dealing with Fig. 1.5, it will be demonstrated that conversion gain is possible
between a variety of terminal pairs. Reactive mixer conversion gain also occurs with far more
extensive characteristics than are possible in linear, bilateral, multiport networks. To aid in
cataloging these effects, the following basic circuit quantities will be of interest:

(1) Transducer conversion gain from @ o to W o

(2) Conversion bandwidth

(3) Noise figure

(4) Sensitivity to parameter variation
Each of these quantities will depend on

(1) the number and character of the unsuppressed signal

sidebands,

(2) the terminal admittances ?mn at each unsuppressed signal

frequency, and

(3) degrading influences, such as incidental loss in the mixing

element.

The basic techniques for making these circuit evaluations will be reviewed in Chapter IL

1.2 Review of the Literature

One of the first practical applications of reactive mixers was by E. F. W.
Alexanderson (Ref. 2), who, in 1916, used a saturable inductor to modulate a high-power
alternator for a carrier telephone system. In this way, Alexanderson demonstrated how a
nonlinear reactance can implement the control of high-level carrier power by low-level signal
power. In turn, this suggested to Alexanderson, and to others, that immediate detection of
the carrier could recover an amplified version of the applied signal. However, due to the
rapid advance of other means of amplification, principally vacuum tubes, the latter step
appears to have been postponed for many years.

Both the Alexanderson modulator and the simple circuit in Fig. 1.2 illustrate
how the energy of an oscillating system (i. e., a signal) can be increased by supplying energy
at another frequency (i. e., the carrier), which can be alternately viewed as frequency mixing.

Hence the term reactive mixing could have been appropriately applied long before it was



actually introduced. In fact, the general topic of reactive mixers was obscure in technical
literature for the next thirty years. Then, mainly by accident, certain diodes that were de-
veloped for mixers in radar receivers were found to yield gain. Being foreign to resistive
mixers, this phenomenon was attributed to a voltage-dependent capacitance in the barrier
junction. Shortly afterward, H. C. Torry (Ref. 3) developed a basic description of nonlinear
capacitance converters, and showed theoretically how these effects were possible.

The next five or ten years saw parallel developments in theory (Refs. 4, 5, and
6) and in experimental verifications (Ref. 7), although certain experimental deficiencies were
yet to be overcome. Theory was predicting low-noise conversion with gain, but the measured
noise figures were not particularly impressive.

Then, in 1954, the work of Uhler (Ref. 8) and Bakanowski (Ref. 9) at Bell
Telephone Laboratories led to the development of low-loss silicon diodes now known as
varactors or vericaps. The quality of these components prompted more extensive theoretical
studies (Refs. 10, 11, 12, 13, and 14) which by 1958 led to the realization of low-noise micro-
wave mixers with gain (Ref. 15).

Only one mixing mode was seriously investigated at this time. It was a case
of single-sideband mixing that manifested negative resistance, and it relied only on conver-
sion to the lower sideband, but this technique made possible such improvement in microwave
amplification that all efforts suddenly concentrated on this configuration. Intime, however,
some academic interest was shown in the less spectacular upper-sideband converter (Ref. 16).

The first specific suggestions regarding multiple-sideband reactive mixing
appeared in qualitative papers by Hogan, Jepsen, and Vartanian (Ref. 17) and by Hsiung
(Ref. 18). However, the first detailed discussion was by the present writer while speaking at
the 1959 PGMTT National Symposium. This material was later published (Refs. 19 and 20).

The author's first efforts in multiple-sideband reactive mixing tacitly assumed
that each sideband was independently loaded. Later, prompted by the interesting experimental
work of Mr. H. Brett of the U. S. Army Signal Corps (Ref. 21), the author treated double-
sideband mixing under the constraint of dependent sideband loading (Ref. 22). The result has
been a uniting of the modern theory of multiple-sideband reactive mixers with earlier work,

such as the Alexanderson modulator. The constraint of dependent sideband loading is dis-
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cussed in Chapter IX, and it appears at the present time to be the most promising practical

application of this study.

1.3 Topics of Investigation

As previously stated, the goal of this analysis is to extend our understanding
of the circuit properties of reactive mixers through a study of the double-sideband configura-

tion. In pursuing this goal, progress has been made in the following areas.

1. A detailed analysis has been made of two symmetrical
double-sideband reactive mixers. One employs a single
pumping frequency wp and involves the complete set w
wp, W, and W, - The other employs double pumping,
at wp and wzp, and so involves the set W wp, pr’ w,
and W,

2. The cases in (1) have been treated under each of the
following circumstances.

a. When the sidebands are widely spaced in
frequency so they can be easily separated
and individually processed.

b. When the sidebands are closely spaced in
frequency so that individual processing is
impractical.

3. The useful engineering properties of each system in (1) and
(2) have been evaluated and compared with the better known
properties of single-sideband reactive mixers. This com-
parison has demonstrated that double-sideband reactive
mixers offer advantages with respect to gain, bandwidth, and
noise figure.

4. Experimental observations have been made in support of the
conclusions in (3). In particular, an ultra-wideband, low-
noise video amplifier has been developed from the analysis in

category (2b) above.
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5. A fundamental relationship has been obtained between sym-
metrical double-sideband mixers and a class of unsymmetri-
cal double-sideband mixers. Since this relationship enables
the properties of the latter to be derived from the former, it
adds to the generality of the results cited above.

6. A new representation has been discovered for single-sideband,
reactive mixers which displays their properties through easily
interpreted equivalent circuits. This representation can also
be applied to double-sideband configurations, so it should aid
even the mature investigator to more fully understand the sur-
prising properties of double-sideband reactive mixers.

7. A new method for predicting the stability of a linear system
with periodically-varying components has been derived. This
method requires a knowledge of sinusoidal steady-state re-
sponse, but it does not entail a solution of the system differen-
tial equations. Therefore, this method yields a determination
of stability that is less tedious than the normal method of cal-
culating characteristic roots. In addition, however, it pro-
vides a new approach for approximating the characteristic

roots of a periodically varying system.

The results cited above will be described in detail in subsequent chapters.
Chapter III discusses the general principles of reactive mixers and outlines methods for cal-
culating their basic circuit properties. Chapters IV and V treat the two fundamental single-
sideband cases, whose properties are well-known, but whose study serves as a useful basis
for later comparisons. Chapter VI, which treats stability, stands somewhat alone in this
discussion, but the results there support the main contributions of the remaining chapters.
Chapters VII, VIII, and IX discuss the single-pump, double-sideband cases, and Chapter X
discusses the double-pump case. The final chapter reviews the experimental program that
has accompanied the preparation of this dissertation, and also summarizes the conclusions

of this study.






CHAPTER 1II

MATHEMATICAL FORMULATION

The basic circuit model in Fig. 1.3 depicts a nonlinear system of arbitrary
order, and hence its complete analysis is impossible with present mathematical methods.
While encouraging progress continues to be made in obtaining such a general analysis (see
Ref. 23, for example), the treatments of reactive mixers that have borne the greatest engi-
neering fruits to date have been of the Fourier type. Hence they have dealt exclusively with
steady-state behavior. But a shortcoming arises when steady-state methods are applied to
the circuits represented by Fig. 1. 3, because the latter are potentially unstable. Neverthe-
less, it will be shown (in Chapter VI) that steady-state analysis alone can be used to accu-
rately predict regions of instability in many practical cases. Hence, these steady-state

methods are capable of determining their own region of validity.

2.1 Selection of Variables

When v(t) and i(t) have steady-state waveforms, they can be expressed by

© © .
i) =3 =z v imxrm) (2. 1a)
m=-¢c n=-o¢
. 1 ® ® j(mx + ny)
i) =3 =z L e (2. 1b)
ms=-c¢ n=-c¢
where
X = wt y = wt
\% = V* I = I* (2. 1¢)
mn -m, -n mn -m, -n

The assumption will be made that the mixing element in Fig. 1.3 is capacitative, and that it is

characterized by a charge-voltage curve of the form

13
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q = q(v) (2.2)

Of course, to be consistent with the assumption that the mixing element is lossless, q(v)
must be single valued (e. g., free of hysteresis), but in any case the charge waveform will

have the following form,

® * j(mx + ny)
a) = = zoQy e Y (2.3)
m=-« N=-o
and then
Imn = j(mwp + nwr) an (2.4)

In principle, I can also be related to the set of V by using (2. 2) to eliminate Q__ .

mn mn mn
However, this step can rarely be accomplished exactly. An alternate technique is to approxi-
mate (2. 2) by the first few terms of a Taylor series, which is particularly useful when formu-
lating a small signal analysis. In fact, this approach will be the basis of the analysis to follow,

but first an important general consequence of (2. 4) will be derived.

2.2 General Energy Relations

The average power entering the mixing element in Fig. 1.3 at frequency W

is expressed by 1

W= (%) Re(V_ T% ) (2. 52)

where by (2. 1c)

W =W (2. 5b)

But the lossless character of this element dictates that
oC oC

z z W =0 (2.6)
mn
m=-o¢ n=-w

1Rea.d Re as "the real part of ..."



15

The previous sum can be written equivalently

mw + nw
- n=-¢ P r

e o W

z Y (mw_ +nw.) <~ mn >: 0
p r

m=

which, with the aid of (2. 5b), can be separated into the following two terms

oc oc nWmn o o nWm
2w 5 0r — + 2w b y ——B0 -0 (2.7
mw_ + nw r mw_ + nw
m=0 n=-o p r n=0 m=-oc p by

Now, by substituting (2. 4b) into (2. 5a), it can also be noted that

W
mn _ (1 .
mo o+ nw, (@ R Ving Q) (2.8)

It was first observed by J. M. Manley and H. E. Rowe (Ref. 24) that (2. 8) is
independent of w_and w. if an and an are associated with a pure (but nonlinear) capaci-
tor. That is, if wp and w  are changed at will the tuning of Y(w) can always be altered so
that (2. 8) remains constant. Consequently, each term in (2.7) must vanish independently,

which yields

o« o men
2 z —— = (2.9a)
mw _ + nw
m=0 n=-
o o0 nWrrm
z z —_— =0 (2.9b)
mw_ + nw

These equations are referred to as the Manley-Rowe general energy relations because they
describe the equilibrium energy flow in an arbitrary reactive mixer. Although Manley and
Rowe originally derived (2. 9a) and (2. 9b) by direct calculation (Ref. 25), their alternate

proof which was quoted above shows the physical significance of these relations more clearly.
It will be demonstrated that the generality of the Manley-Rowe relations occurs at the ex-

pense of information content, and for this reason a more detailed analysis of Fig. 1.3 re-

mains to be made.
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2.3 Formulation for First-Order Mixing

Only two facets of input information were used in the derivation of the general
energy relations:
(a) the mixing element is lossless

(b) the mixing element is capacitative2

Because of the lack of detail in these assumptions, the Manley-Rowe relations provide only
a limited description of reactive mixers. To make further progress, such as finding the
actual voltage and current waveforms in Fig. 1.3, would require a further specification of
q(v).

In practice, the q(v) characteristic can be obtained either empirically or by
applying basic physical principles to a model of the particular reactive element. However,
even with q(v) and v(t) specified, mathematical limitations often hinder ones attaining useful
expressions for the an and hence for i(t). For example, Sensiper and Weglein (Ref. 26)
derived the pump coefficients Qmo for the typical q(v) characteristic of a reverse-biased

semiconductor diode, namely
1-
av) = Q(1-v/A) " (2. 10)
0<o< 1

They assumed a single pump generator for which v(t) = V + Vp cos wpt, where V is the dc
bias, and then obtained the Fourier coefficients Qmo in closed form. However, the resulting
expressions involved gamma functions of Vp/V that were quite complex.

A more general (but less exact) approach has been to represent q(v) by a

Taylor series
alv) = Q+a1(v-V)+%a2(v—V)2 .. (2. 11)

which has a twofold advantage.

2An inductive mixing element is also characterized by (2.9), but (2. 8) would be replaced by
its dual in this case.
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a. The coefficients, aj, can be derived from any
differentiable q(v) characteristic.

b. The series can be truncated after a finite num-
ber of terms to permit a compromise between

ease of analysis and accuracy.

Although a disadvantage arises when (2. 11) converges slowly, the flexibility of the Taylor
series representation warrants its use in determining the first-order mixing properties of
Fig. 1.3. To this end, (2. 11) will now be applied to a significant special case.

As outlined in Section 1. 1, the situation that will receive primary attention in
this analysis is the one where real power flow is limited to two pump frequencies, wp and
pr’ and three signal frequencies Wi Wy and W, The spectrum of these frequencies was
depicted in Fig. 1.4 and its occurrence can be insured if §mn is either a short or an open

circuit to all other frequencies (i. e. , SN(mn =« or 0, respectively). Choosing the case where

?mn shorts all unwanted frequencies, the voltage waveform will be

t) - V
v(t) b 2%

1 Ver+V*e_jX + (VX ezJX+V E—ij Fuvenn (2. 12b)
2 p p 2p 2p

The current waveform contains the same frequencies, and short circuited components in

Re [V Xy (21X Ve vy Vue](x+Y) + VﬁeJ(x_Y)} (2. 12a)

1}

addition, so if the latter are collectively termed the short circuit current isc(t), the total

current waveform can be written

i(t) =i (t)+Re |I PR Eij +1 ejy +1 ej(X+Y) +1 ej(x_Y) . (2. 12¢)
sc p 2p by u g

The advantage of Fourier representation now appears.because the unshorted components of
i(t) and v(t) are related by the equations below, which have been obtained from (2. 4), (2. 11),

and (2. 12).
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= jwp ay v, - iz% (V2p Ve eV VEs Vﬁvr)}
= 2jw |a, V2p + ? (% Vf) + VQVU)]
= a,
= Jwr al Vr+—2— (V; Vu+Vp V’EEI
L .
= o, !:al Vu t 5 (Vp VS + V2p V’E)}
T )
= Jw, 211V£+—2—(Vp V;+Vsz$)}

(2. 13a)

(2. 13b)

(2.13c)

(2.13d)

(2. 13e)

The special case described above is representative of first-order interaction

in all reactive mixers.

of the set (2. 13), and can be applied to reactive mixers in general.

(1)

(3)

= J(mwp + nwr) a

If all voltages except one, say an, were short
circuited, then a single sinusoidal voltage will
appear across the mixing element and (2. 13) will

reduce to I =jw _a,V_ . Thus, an isolated
mn mn 1 mn

signal will experience an effective capacity

All first-order interaction (or mixing) is assoicated
with the coefficient a,.

Given any set of allowed voltage components, the
expression for Imn can be written by inspection, be-
cause Imn depends only upon frequency pairs that add
algebraically to mwp +nw . For example, the con-

tribution to Imn due to first-order mixing will be

given by )
I 6](mx + ny)
mn

m'. -n' m'n m-m',n-n'

© i ' i ' 1
s v 'E](m X +1'y) Al(m-m")x + (n-n")y]
©

For example, the following observations can be made on the basis

(2.14)

(2. 15)
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where V_ = V’rknn' Typically only a few terms

m, -n

in (2. 15) will be nonvanishing.

2.4 Methods of Solving the Set (2. 13)

The source waveform in Fig. 1.3 is expressed by the Fourier series
o o

It) =Re > 3 ]Imnej(mX+HY) (2. 16a)
ms=-¢c n=-o

so I(t) can be related to i(t), component by component, through the Thevenin-Norton theorem

I =1 + \% (2. 16b)
mn mn mn mn

which was previously illustrated in Fig. 1.5. However, the mixer current Irrm contains a
component due to the average capacity C, which can be conveniently lumped with SN{mn to
yield an effective terminal admittance ?mn' In fact, this procedure can be generalized by
introducing the notation

Y =Y _ _+Y (2. 17a)
mn mn mn

while Y' denotes all parasitic
mn

where ¥ denotes all useful external admittance at w___,
mn mn

or generally unwanted admittance. Up to this point, only one contribution to Y;nn has been
noted, and this is the static susceptance of the mixer element, so using the modified fre-

quency notation in Fig. 1.4, (2. 17a) becomes in this case
Y =Y + jw_ C
r r

Yg = Yg +jw, C. (2. 17b)

The influence of the mixing element upon the components of source current may now be
formulated by substituting (2. 16) and (2. 17) into (2. 13), which yields
jw_a

I =Y V +—22 (v yxiv visv
p P D 2 2p 'p u'r

0 Vr) (2. 18a)
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jw_a

_ p2 1,2
Hzp = Y2pV2p * (2 Vp + Vﬂ Vu) (2. 18b)
jwraZ
- =l * *
IIr Yr Vr + (Vp Vu + Vp Vg) (2. 18¢)
jwuaZ
= *
]Iu Yu Vu + (Vp Vr + V2p Vﬁ) (2. 18d)
Jwga,
]IQ = Yﬂ Vﬁ + = 3 (Vp V)Ik‘+V2p Vl"l‘) (2. 18¢e)

Because the IImn are known, the most general application of the set (2. 18) [and hence of the
set (2. 13)] will be to require a solution for the an. However, the inversion of (2. 18) is
complicated by its nonlinear nature.

There are several alternate representations of Fig. 1.3 that help to organize
the mathematical steps involved in the inversion of (2. 18). They also facilitate the physical
interpretation of reactive mixer properties. If the nonlinear element is replaced by a time-
varying element with a waveform that follows only a portion of the applied signals, the re-
maining signals can be related entirely by linear mixing action. To demonstrate, let a non-
linear capacitor have the charge-voltage characteristic in (2. 11), and let its voltage wave-

form be separated into two components, namely
vit) - V. = v'(t) + v"'(t) (2.19)

If it is assumed that the instantaneous capacity follows only the portion v'(t), then

c'(t) = a, +a, v'(t) (2. 20)

1 2

and if the remaining voltage v''(t) is now applied across this time-varying capacitance, the

resulting current will be

it) = & [e'(t) v'(t)] (2. 21)

The relevance of this approach to the inversion or solution of the set (2. 18) will now be

demonstrated in two separate cases.
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2. 4.1 Mixing by Time-Varying Capacitance at wp and wzp. To formulate

the first case, the voltage waveform in (2. 2) will be partitioned in the following manner. 3

x .y, 2% (2. 22a)

1 _
vp t) = Re[Vpe 2

u

v'{;(t) = Re[Vrejy +V ej(X+Y) + Vﬂej(X_Y)] (2.22b)

Now, to follow the procedure outline in the previous section, vi)(t) will be assumed to control

the nonlinear capacitance. The resulting capacitance waveform will then be

\ B jx 2jx
cp(t) = C+2 Re[ype + yzpe ] (2.23)
where, by (2. 20),
c = a, (2. 24a)
= vV /2 2. 24b
1 a, p/ ( )
Yop = anzp/z (2. 24c)

Next, the voltage v'[;(t) in (2. 22b) will be applied across this capacitance, so the resulting

current waveform will be

R iy i(x+y) i(x-y)
1p(t) = 1scp(t) + Re[Ire + Iue + Iﬂe ] (2.25)

When (2. 21) is applied, the voltage coefficients in (2. 25) are found to be related to the

current coefficients in (2. 22) by the following linea,r4 matrix equation.

3The subscript (p) is introduced here to distinguish this voltage partitioning from a similar

one in the next section.

4Equation 2. 26 is linear unless w, = wp/ 2.
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Ir ]wrC Jwryp ]wryp Vr
Iu = ]wuyp ]qu quyzp Vu
* -1 * -3 * -1 *
LIﬂ ]wﬁyp ]wﬂyzp ]wQC V_g (2. 26)

It can now be observed that (2. 26) is equivalent to (2. 13c) through (2. 13e), if the identifica-
tion in (2. 24) is made.

By employing the ideal filters introduced in Section 1. 1, the set (2. 26) can be
associated with the linear equivalent circuit in Fig. 2. 1. Incidentally, this figure also
illustrates how the average capacity of a mixing element can be lumped with each terminal

admittance, as expressed by the modified terminal admittances relation in (2.17)

When the sources in Fig. 2.1 are included with (2. 26), the equivalent of (2. 18c)

through (2. 18e) results, namely:

T B . " . 7] Mo ]
h[r Yr ]wryp ]wryp Vr
IIu - quyp Yu quYZp Vu
* .3 * i * * *
IIQ ]wﬂyp ]wQYZp Y!Z Vg (2.27)

Therefore, one method of solution for (2. 18) is to invert (2. 27) and to substitute the results
into (2. 18a) and (2. 18b). In this way, the relations between Vp and IIp, and between VZp and
Ilzp are established, so yp and y2p in (2. 24) can be eliminated. This establishes that the
analysis in Fig. 1.3, subject to the frequency constraint in Fig. 1.4, can be accomplished
directly from an analysis of the linear model in Fig. 2. 1.

It should be noted that Fig. 2.1 has been the basis of previous reactive mixer

analyses, but that this model is normally arrived at by direct small signal argument. In
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Fig. 2.1. An equivalent circuit for equations (2. 18¢)--(2. 18e).
Each filter is an open circuit near the labeled
frequency and a short circuit elsewhere.

such an argument, all signal voltages an (n #0) are assumed small in comparison with the
pump voltages VmO; and then, simply by virtue of size, it is assumed that the reactive ele-
ment follows the pump waveform entirely, and that small signals will experience a linear

reactance element varying harmonically at the pumping frequencies.

These small-signal assertions are shown to be valid (for first-order inter-
actions) by observing the relationship between (2. 27) and the last three equations in (2, 18).
Thus, small signal arguments view all interactions as pump acting on signal. In fact, (2. 18a)
and (2. 18b), which describe the first-order influence of the signal frequencies on the pump,
were omitted in deriving (2. 27). In the next section, an alternate model for small signal
analysis will be formulated that emphasizes the converse case. In fact, the effect of signal
on pump will be shown to be equally as basic as that described by (2. 27).

2. 4.2 Mixing by Time-Varying Capacitance at W and w In the previous

2p°

section a symmetrical, double-sideband reactive mixer was represented in terms of time-

varying capacitance at wp and w This model provided a linear representation for Fig.

2p°
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1. 3. In addition, it was demonstrated that the signal frequencies voltages, Vr’ Vu, and Vﬂ
are related entirely by the mixing action of the linear capacitance waveform in (2.23). A
second model will now be derived that describes the mixing in (2. 27) through a different set
of voltage components. It is equivalent to the first model in the sense that it leads to an
equivalent mathematical solution of (2. 13) by a similar method. However, this alternate
representation has distinguishing characteristics that offer new physical interpretation of the
same mixing process.

To formulate this case, the voltage waveform in (2. 2) will be reapportioned

as follows:

. - iy 2jx
Vr(t) = Re I:Vre +V2pe il (2.28a)

v!'(t) = Re l:V XLy &)Ly e](x_Y)J (2. 28Db)
t p u {

Again, following the method in Section 2. 3, the nonlinear capacitor is assumed to follow

V'r(t). The resulting capacitance waveform is

. _ iy 2jx
cr(t) = C+ 2Re {yre + yzpe jl (2.29)
where
c = a, (2. 30a)
Yy = anr/z (2. 30b)
y2p = a2V2p/2 (2. 30c)
If the remaining voltage v'lj(t) is applied across c'r(t), the resulting current will be
it _ i jX ](X + Y) ](X - Y)
1r(t) = 1scr(t) + Re line + Iue + Iﬁe (2.31)

Applying (2. 20) again, the unshorted current and voltage components are found to be related

as follows:
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Ig ijC jwﬂy; 0 0 0 jwﬁYZp V’E
Ip = 1] wpyr jpr jwpy; + 10 jwpyzp 0 VI*)
Iu 0 o 7, ]qu jwu72p 0 0 Vl*; (2. 32a)
This rather unusual matrix equation has the form
[ = [Y,][V] + [Yg] [V¥] (2. 32)

which will be termed semi-linear, because it fails to pass one of the two basic tests for

linearity: superposition and scaling. The relation above is linear with respect to super-
position, but nonlinear with respect to scaling, which can be demonstrated if [V] is multi-
plied by a nonreal, diagonal matrix [P]. The result is not equivalent to multiplying [I] by

[P], since

Of course it is only the second term (2. 32) that violates this test for linearity, so when y2p
is zero (2. 32) will be linear. Later it will be demonstrated that semi-linearity arises in
this case because the frequency of yzp is precisely twice that of Vp.

In (2. 32), the surviving linear quality of superposition simplifies the direct
solution of this equation. The equivalent circuit in Fig. 2.2 can be formed from (2. 32), if

the semi-linear term is lumped into controlled sources at each terminal and if 7y is taken

to be real. g When the external sources in Fig. 2.2 are included with (2. 32), the latter

equation becomes

5Choosing the phase of one component, say yr, is not an added restriction because it is
equivalent to choosing the time origin.
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Fig. 2.2. An equivalent circuit for equations (2. 18a), (2. 18c), and (2. 18d).
The ideal filters have the same significance as in Fig. 2. 1.

lIﬁ Yg jw,7. 0 Vg 0 0

I = | jw Y jw \% + |0 jw

p pTy p ¥p?r| | Y p72p
lIu 0 jw yr Yu Vu ]wuy2p 0
L 4 L J L .

which has the form

jw

¢Y2p

*
Vu (2.33a)

(2. 33b)

When the identification in (2. 30) is made, it will be recognized that (2. 33) is identical to

(2. 18a), (2. 18d), and (2. 18¢). Thus, the set (2. 18) can be solved by substituting the solution

of (2. 33) into the remaining two equations (2. 18b) and (2. 18c).

The most significant feature of this second formulation is that the linear time-

varying element follows the waveform that is normally of smallest amplitude, but this model

leads to the same solution as that in Section 2. 4. Thus, the intuitive notion of basing an

analysis on the apparently dominant influence of large pump waveforms is valid, but not
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fundamental. The significance of this fact is best emphasized by suppressing the pump
harmonic Vzp, which causes yzp to vanish. In this case, (2. 18b) can be dropped and the
production of sideband frequencies by mixing becomes limited to the terms a2Ver/2 or

a,v Vlf,ﬂ 2, which appear in (2. 18d) and (2. 18e) respectively. Because of the symmetry of

2'p

these terms, it is equally valid to view mixing as a capacitance anp/z interacting with a

voltage Vr (or V;); or as a capacitance anr (or azv;) interacting with the voltage Vp' So
although small signal considerations suggest mixing by pump acting on signal, the reverse
mixing effect of signal affecting pump has identical characteristics. Also, either of these

viewpoints is sufficient to solve the set in (2. 18). In later chapters, these formulations will

be used to provide separate explanations of certain basic reactive mixer properties.






CHAPTER III

INTRODUCTION TO SINGLE-SIDEBAND
REACTIVE MIXERS

Reactive mixing generally involves a multitude of sidebands, but in the past
single-sideband cases have received the greatest attention. The term single-sideband will
be applied when the signal set is restricted to two frequencies coupled by first-order inter-
actions. It is soon apparent that an infinite number of such single-sideband pairs exist.
However, they are all typified by two representative cases which involve w . as one frequency,
and either w , =w_-w

0 P r’

To prove the latter statement let the general signal frequency pair won and

or w_=w_+ w_, for the other.
u p r

W be coupled by a pump frequency wo When this coupling occurs by first-order inter-

action, the frequency indices must be related on the basis of (2. 15), which yields
m' = m-m
n' =n (3. 1)

The single-sideband cases involving W, W, and wp tw, have the following values: m' =0,

p
m" =m =1, andn' =n =+ 1; but all other cases can now be reduced to these by defining new

pump and signal reference frequencies as follows:

— 1 —_ 1
“mo T Y10 T Yy
_ 1 — 1
W o T EW g ' (3.2)
Then, by (3. 1)
w
w = w., xw = w' +rw = v
mn 10 01 p r w

29
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which shows that mixing within the pairs (wr, wﬂ) and (wr, wu) is representative of all
single-sideband mixing.

For most of this chapter, and for the next two chapters, Y(w) will be chosen to
short circuit all frequencies except w . wp, and either Wy, OT W . The basic mixing proper-
ties of these sets are well known, but they will be reviewed in preparation for later chapters.
Also in the course of this review, several novel approaches to reactive mixer analysis will be

introduced, as well as some previously unpublished aspects of single-sideband conversion.

3.1 Application of the General Energy Relations

For the restricted set of frequencies just specified, the general energy rela-

tions in (2. 9) reduce to

w Y W!Z
D A ) (3.2a)
w w w

p u {
Wr W Wﬂ
_r, v __* _9 (3. 2b)
w w w

r u {

These equations will be applied to the two typical single-sideband configurations, which will
be distinguished as Case 3. 1.1, when Wﬁ =0, and Case 3. 1. 2 when Wu = 0. In applying the
general energy relations to these cases, it should be noted that Wmn has been defined as the
average power entering the reactive mixing element at frequency W Therefore, when
signal power is converted from one frequency to another, the associated conversion gain will
be the negative ratio of the corresponding Wmn‘
3.1.1 Wg = 0. Inthis case, (3.2b) predicts the following power gain for con-

version form w_to w_.
r u
u wu
__u.__u (3.3)

It is certainly noteworthy that this gain is greater than one. As a partial explanation of this

result, the quotient of the two relations in (3. 2) yields

W w

b _ P
W o (3.4)
r r
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which shows, in this special case, that the pump and signal sources contribute power to the
mixing process in proportion to their frequency. Therefore, if wp > W the pump will con-
tribute more power to the converted output at w, than the signal. On the other hand, if the
signal is applied at W, and down-converted (demodulated) to W the corresponding gain will
be the reciprocal of (3.3), which is less than unity. Nevertheless, signal power that appears
to be lost during down-conversion is not dissipated by the mixing element, which is lossless.
Instead, it is reflected at the pump frequency. This point will become clearer after con-
sidering the lower-sideband converter.

3.1.3 Wu = 0. Conversion from w. to w, has several intriguing aspects.
First, becausewthe frequencies w. and w, both cover the range from zero to wp, they are
indistinguishable in the following sense: when two frequencies sum to wp it is immaterial
which is termed w. and which W - In either case, the conversion gain from one to the other
is numerically equal to the ratio of output to input frequency, just as in the previous case.

But by contrast, the conversion gain for lower-sideband reactive mixing is shown in (3. 2b) to

be the negative of the frequency ratio, namely
(3.5)

This aspect of reactive mixers is unheard of in resistive mixers, and so it requires further
interpretation. Note that Wg cannot be positive in the absence of a source at W, and also
that Wr must be nonpositive by (3. 5). Therefore, an applied signal at W must experience
power reflections exceeding 100 percent, which further implies that the lower-sideband con-
verter is potentially unstable. In support of the latter statement, steady-state analysis (in
Chapter V) will show how this form of single-sideband converter is characterized by input

and output admittances with negative real parts. Further support can be found by applying

(3. 2a) to the present case, which yields

-5 = (3.6)

0 In accord with the

statements made about (3. 5), pump power, in excess of that converted to W, must be con-

Therefore Wp is positive and exceeds the converted output power at w
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verted to w. and become radiated as a reflected signal.
Returning now to the case in 3. 1. 1 that involved an applied signal at W the

following variable changes show why signal power was absorbed by the pump:

w_ = w
u p
wp = W)
— [ '
W, —wp W (3.7)

Hence, as far as w, is concerned, the pump “p is a lower-sideband frequency. Large signals

at W, could conceivably cause the circuit to oscillate at wp.

3.2 An Alternate Viewpoint (Ref. 27)

Let us recall that the general energy relations are based on two properties of
lossless mixing elements: (a) that energy is conserved, and (b) that the average power flow
at won is proportional to this frequency. These relations were derived by circuit analysis.
Speaking in more general terms, however, the general energy relations deal with sinusoidal
electromagnetic waves at each of the W and wave motion is subject to a far greater varie-
ty of descriptions than is provided by circuit theory. For example, the quantum theory pre-
dicts that wave motion can be regarded as a flow of photons of energy H W o 1 Therefore,
conversion from w. to the upper sideband w, can be regarded as signal photons mixing with
pump photons to produce upper-sideband photons. This situation is depicted in Fig. 3.1a. If

there are N such events per second, the average output power will be
-W_ = Nhow (3.8)
u u

but the average signal input power will be

W = Nhw (3.9)
r r
The conversion gain will now be
Wu “u
W OT o (3.10)
r r

1The symbolh denotes h/27, where h is the Planck constant.
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’hwr 2)ﬁw,,
hw

(a) (b)
hw

Fig. 3.1. Single sideband conversion on a quantum basis:
(a) upper-sideband case;
(b) lower sideband case.

which is precisely the ratio predicted by the Manley-Rowe relations in (3. 3).

It is instructive to also consider lower-sideband conversion on a quantum basis.
As depicted in Fig. 3. 1b, the mixing of one signal photon with one pump photon must produce
one difference frequency photon and two reflected signal photons. Therefore, the net input

signal power will be

W = Nhow_-2Nhw_ = -Nho (3.11)
r r r r
The output power is
W, = N‘hwg (3. 12)
so the power gain will be
W w
4 _ 1
WS "o (3.13)
r r

which is in agreement with (3. 5).

Evidently, the reactive mixer can serve as a model for certain quantum pro-
cesses. Hence, Fig. 1.3 could be regarded as an equivalent circuit for quantum devices that
employ conversion between discrete energy levels. A good example of such a device would
be the solid-state maser. It is suggested, therefore, that the basic conclusions of this analy-
sis are pertinent to masers and other devices that are normally considered to be beyond the

scope of circuit analysis.
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3.3 Circuit Effects Due to First-Order Interactions

Several interesting properties of single-sideband reactive mixers have been
described by the general energy relations. These properties have shown a sharp contrast
between the two typical cases, where only the upper or the lower sideband is present.
However, numerous questions remain to be answered, such as: '"What must be done to inject
signal power into a reactive mixer, in order to realize the potential gain?' and "When will
reactive mixer conversion gain be stable?' etc. It will be shown that these further details de-
pend upon the actual law of the nonlinear element. For this reason, the mathematical formula-
tion in Section 2. 2 will be the medium employed for further analysis, so let us now consider
some typical single-sideband circuits.

The circuit in Fig. 3.2a is a simple realization of the basic single-sideband
mixer, and it has the general form of Fig. 1.3. The nonlinear capacitor is assumed to be
biased with average capacity C, according to (2. 14), while the linear portion is made up of
three parallel tanks in series. These tanks are assumed to be tuned so that when a fixed
capacitor of value C is placed between terminals a-b, it will resonate the resulting linear net-
work at Gr, Gp, and Zx; where ax denotes either 52 or Bu'

Normally, a different tank will dominate in each of these resonances, so the
voltage v(t) will appear primarily across one tank at each resonance frequency, which ex-
plains why the applied sources in Fig. 3.2a have been associated with individual tank circuits.
This type of filtering is common in mixers, and motivates the use of idealized models like
Fig. 1.5. For example, an ideal form of this type is shown in Fig. 3.2b. The latter will be
equivalent to Fig. 3.2a, in the bands of interest, if the network associated with each filter in
Fig. 3.2b is chosen to be the appropriate Norton equivalent of Fig. 3.2a. For example, SNKr
must be the Norton equivalent admittance at terminals a-b, exclusive of C, for frequencies
near Gr, etc. Once again, the advantage provided by ideal filters is to separate the circuit
admittances influencing each frequency band so they can be independently varied. The one
main approximation incurred by these ideal filters, is that circuit effects originating beyond
the desired bands are ignored.

Figure 3. 2b will now be analyzed to determine the first order interactions be-

tween W and w, orw. Following the method of Section 2.4, the pump and nonlinear capaci-
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Fig. 3.2. Circuits for single sideband conversion: (a) is a practical
realization and (b) is an idealized form of (a) having the form of
Fig. 1.5. In (a), each frequency appears in varying degrees
at all terminals. In (b), the ideal filters cause each
frequency to appear at only one terminal.
tor will be replaced by the time-varying capacitor at wp, which produces a second equivalent
circuit, namely the linear model in Fig. 3.3. This final linear model will be recognized as a
special case of Fig. 2.2. It is obtained when 72p is set equal to zero, and when one of the two
sidebands is shorted. When similarly modified, the matrix equation in (2. 27) describes Fig.

3.3, and the two basic single-sideband cases can be treated separately by alternately setting

V and V__to zero.
0 u

The two basic steps that have been taken in obtaining the single~sideband linear
model in Fig. 3.3 can be summarized as follows. First, all extraneous mixing products have

been suppressed by assuming ideal filters. Secondly, the mixing element has been linearized
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Fig. 3.3. A further reduction of Fig. 3.2b into a linear, time-varying
model. The ideal filters allow C to be shown at both terminals.

by substituting a time-varying capacitor. To be valid, these steps require small applied
signals, and that the individual resonances in Fig. 3. 2a have fairly high Q's. Further evi-

dence on the accuracy of these assumptions is given in Chapter VI.

3.4 Derivation of Circuit Quantities

The relationships established in the preceding sections are a convenient
basis for systematic calculation of the fundamental circuit quantities listed in Section 1. 1.
Consider first the conversion gain between two members of the signal set, say wy and Wo-
As far as these two frequencies are concerned, the entire mixer reduces tothe two terminal

network in Fig. 3.4, which will be convenient for introducing those external or parasitic
parameters with important influence on the circuit properties of reactive mixers. The note-

worthy parts of Fig. 3.4 are:

1. A source at wl with short circuit current IIS and

internal conductance 8g which is normally the only
contributor to 51.

2. A load conductance g1, at W, which is normally
the only contributor to 52.

3. Tuning susceptances 31 and 52 at wy and Woe

4, Parasitic admittances Y'1 = g'l + jb'1 and Y‘2 =

g'2 + jb'2 which may arise from cables, filters, or

from parasitic losses in the mixer itself.
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Fig. 3.4. A two terminal pair representation for conversion from wq to wg
showing certain critical external parameters.

The practical evaluation of mixer properties is simplified by lumping all admittances into

general terminal admittances as
— Ry 1 - 3
Y, = Y, +Y, = gyt ]b1

Y, = Y.+ Y! = gy + iby (3. 14)

Once done, a particular mixer can be evaluated first as a function of Y1 and Y2' Then the
external parameters can be separated out, so their influence on a particular circuit property
can be determined. This procedure will be outlined next.

3.4.1 Conversion Gain. The most convenient measure of conversion gain is

transducer gain, which is defined as follows:

average power delivered to YL (at wz)

GIZ = average power available from the source (at wl) (3. 152)
In the notation in Fig. 3.4,
4g g v, |?
S°L 2
G = = - (3. 15b
12 ‘Yl ' 2 V1 )
in

S 1

terminals. Both Y1~ and V2/V1 can be calculated directly from appropriate mixer relations.
in

where Y, denotes the total input admittance experienced by the ideal source I, at the w
in



38

Comparing reactive mixers on the basis of transducer gain, rather than on pure
power gain, has merit because different reactive mixers operate at radically different imped-
ance levels. Hence the full realization of a potential power gain may call for unrealistic
source impedances, but the optimum gain for a given source impedance is the maximum trans-
ducer gain.

The effect of parasitic loss on transducer gain can be easily introduced.

Calling 512 the modified transducer gain obtained by considering Y1 and Y2 the source and
load admittances, respectively, then G12 can be expressed in terms of 612, by the following

rewording of (3. 15a):

available source powerT

from I, and (g, + g') power to g
S S 1 L
G = - X
12 available source power power to (gL + g'z)
from IIS and gg

power to (gL + g'2)

available source power
Lfrom I[S and (gs + gl)

g g N ga\ /81\ -
Gig = (g o +Lg' G = (& g—L Gio (3. 16b)
s*t&1/\8L " &y €1/ \ 82

is independent of how the terminal admittances are

(3. 16a)

Therefore

The latter equation is useful because 612
partitioned between desired and parasitic components. Hence, (3. 16b) is a fundamental form
that tends to remain fixed during various optimization procedures.

3.4.2 Noise Figure. In reactive mixers, as with most systems, both internal

and external noise sources must be considered. For the mixers treated here, the external
noise will be assumed to be of thermal origin, being due to resistance at the mixer terminals. 2
The internal sources of noise will tend to be more varied, but the predominant internal noise
in most reactive mixers is the thermal noise associated with parasitic losses. Therefore,

two basic assumptions will be made for this noise analysis: (1) that all noise is thermal, and

(2) that all noise sources are uncorrelated.

zOther nonthermal noise sources can often be included by appropriately raising the thermal
noise temperature T. This step is useful when conversion bandwidths are narrow.
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The conversion noise figure of the network in Fig. 3.4 can be expressed in
terms of the thermal noise of a conductance at standard temperature TO = 290°K. The avail-
able noise power from such a conductance is kToBIZ’ where k is the Boltzman constant and
B12 is the noise bandwidth in cps for conversion from w, to w,. The latter is normally de-

1 2

fined by the expression

o
B --1 [ Gdo (3.17)
21G g
where G(w) is the system gain and G its midband value. For a mixer, however, this defini-
tion must be modified because the range of each sideband is limited by the pump frequency.

Therefore, if the conversion gain G12 is assumed to diminish rapidly outside its conversion

pass band (of width 3., rad/sec), the following definition can be adopted:
12

w1+n}3 12

By = 211G 12
wiThe gy

;n > 1 (3.18)

A tacit assumption in (3. 18) is that ,’312 will be essentially independent of n, if n is somewhat

larger than one.

As a practical example, let G(w)/ G correspond to a simple resonant circuit
with 3 db bandwidth 3. Then (3. 17) yields a noise bandwidth 73/2 rad/sec or 3/4 cps. In
the corresponding case for a mixer, the pass band of Glz(w) would resemble a tuned circuit

with bandwidth 3 122 and (3. 18) will yield B12 very nearly equal to 3 12/4 cps.

It will be convenient to assign the noise temperature TO to the source conduct-

ance gg in Fig. 3.4. Then the definition of noise figure can be stated as follows

total noise power at Wy

Fio = Toise power at w, due to gg alone (3.19)

Since the output noise power at Wy is composed of excess noise contributions as well as un-

correlated noise from gg alone, (3.21) can also be written in the form
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excess noise power at wg

F12 =1+ noise power at wo due to gg alone (3. 20a)

The quantity F12—1 is often termed the excess noise figure.
A second alternate measure of excess noise can be introduced by writing (3. 20a)

as

(3. 20b)

The quantity T, is called the effective input noise temperature. If gg had the noise tempera-

12
ture le it alone would yield the same excess output noise as all the actual noise sources put
together. One advantage of measuring excess noise in terms of noise temperature is the
elimination of the arbitrary reference temperature To'

As a simple illustration of (3. 20), excess noise due to a parasitic input con-
dﬁctance g'l will be considered, so g'l will be assigned the noise temperature T'1 as noted in

Fig. 3.5. The presence of g'l reduces the reference noise power available to the converter

to the value

kKT B..g.
BN (3.21)
g " 81
Similarly, the excess noise power available to the converter due to g'l is
kT B, g!
1 +12' 1 (3. 22)
Es " 81

So if these are the only noise sources available to the output load, the noise figure becomes

81Ty

1+
gSTo

(3.23)

There are several other forms of excess noise that will arise in this analysis,
and these are depicted in Fig. 3.6. It is again assumed that conversion from wq to Wy is
desired, but now an auxiliary sideband is introduced at wage This might be done for example
to enhance the desired conversion in some way. The auxiliary sideband is terminated by a

conductance g3 with a noise temperature T,: and the midband transducer gain and noise band-

32
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Fig. 3.5. The input noise sources associated with gg and g'l.
width for conversion between wg and w,y are denoted by 632 and B32, respectively. The con-

tribution by g3 to the excess noise figure F12-1 is then

Q

3283973 (3. 24)

G19B19T,

A third source of excess noise illustrated by Fig. 3.6 is load noise. Normally
load noise is not counted as excess noise, but in systems with negative output conductance it
must be included. Let the load conductance 81, and the parasitic conductance g'2 in Fig. 3.6
have noise temperatures TL and T., respectively, and then their available noise powers will

then be kT. B, and kT B 9 respectively, where B, is the noise bandwidth of the transducer

L7722 272 22

gain by reflection at w The latter quantity is defined as follows:

9

power delivered to g1, at Wy

G22 - power available from a source at (Bj' 25)

We with internal conductance g1,

Therefore the contribution to excess noise figure by the external noise sources at wo is
- 1 Al
Bo2 <G22 1> L, Ca2Ta% (3. 26)
Bis |\ G2 Ty GiaTogL

The factor 622—1 is incorporated in the first term in (3. 26), instead of 622, SO TL will not be

held against a converter with a matched output.
If 612 is large, (3.26) will often be negligible in comparison with other noise

figure contributions, unless 622, TL’ or T'2 are also particularly large. The latter circum-
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Fig. 3.6. A general set of noise sources that may contribute to the
noise figure for conversion from wq to Wo-

stance occurs in certain reactive mixers, however, as later chapters will indicate. A final
expression for the noise figure of Fig. 3.6 can now be formed by combining (3. 23), (3. 24),

and (3. 26) which yields

(3.27)

g'T" G, B, T B G,,-1\ T G, Tig!
F:1+11+32323+22<_2_2> 227283

L
= —_ + =
12 8T,  GygByyT, By Ty GiaTesL

3.4.3 The Varactor as a Mixer Element. An often used reactive mixer com-

ponent is the reverse biased semiconductor diode, which is customarily termed a varactor.
Varactors have had their greatest success at microwave frequencies, where the only serious
degrading influence is their series resistance. For this reason, Fig. 3.7(a) is a useful var-
actor equivalent circuit. Only the varactor capacity C varies with bias. The alternate
representation in Fig. 3.7b is more convenient for the present analysis, even though it varies
with frequency. The parasitic loss gd(w) can be included directly with the parasitic admit-

tance Y'. It is convenient to express gd(w) in terms of the Q of the varactor. In Fig. 3.7a
Q ~ 1/wCrd (3.28)

and if de >> 1, the effective shunt capacity in Fig. 3.7b is constant and equal to C, the

series capacity, while the effective shunt conductance becomes
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(a) (b)

The equivalent circuit of a varactor in (a) series form,

Fig. 3.17.
and (b) in shunt form.

QZ
d _wC (3. 29)

where Wy is the frequency at which Qd =
When varactors are used, g4 and C are the most fundamental contributors to

the parasitic admittances Y'1 and Y'2 . In this analysis, varactors will be used to model the

relations derived, and no other forms of parasitic loss will be considered. However, it is

important to note that g4 varies with frequency, so a different parasitic loss will appear at

each mixer terminal.

w12C

At (.u'll gd = —w—d—— = gdl (3. 303)
w22C

At Wg! 84 = —w—d— = 849 (3. 30b)

Therefore, when varactor loss is the only parasitic loss considered

§17 841
g8y = 849 (3.31)

3.4.4 Comments on Notation. The general properties of Fig. 3.4 will be

applied to a number of reactive mixer configurations by identifying the frequencies wy and

wo with various signal frequencies such as Wiy Wy Wy etc. The total admittance at these
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frequencies has been expressed by

Y =Y +Y! (3. 32a)
T r r

YQ = YQ+Y’12 (3.32b)
--etc--

where Y‘r is the parasitic admittance at w. and ?r is the chosen terminal admittance. 3

Considering all parasitic loss to be due to a varactor, then

wrZC

1 — ] i — 3

Yr = gy ]bdr = oy + ]wrC (3.33a)
wQZC

Y'ﬁ :gd£+]bdﬁ :—w—d—+]w£C (3. 33b)

The basic contributions to useful terminal admittance will be source, load,
and tuning admittances. When a source of internal conductance g5 and a tuning inductance

L=1/ arZC are applied at w_, then

JwrZC
Yr =8y T (3. 34a)
d
and
— “r Y%
Yr = 8g*t 8qp t ]wrC i; - :0; (3. 34b)

which is the admittance function of a simple resonant circuit. It is typical of the admittance

functions that will be employed throughout this analysis.

3 S . . .
The preferable term for Yy is chosen terminal admittance rather than the desired terminal
admittance, because Y will often contain components that compensate for Y'. In the ab-
sence of Y', these added components would also be undesirable.



CHAPTER IV

THE UPPER-SIDEBAND CONVERTER

Conversioén between w. and w s for the case where other signal frequencies
are not present, will now be treated. An appropriate linear model for this problem is Fig.

3. 3, with W =W In turn it is described by (2. 27), with V =0, which leads to the following

0
basic relation.
. - - R,
i *
Hr Yr ]wryp Vr
IIu ]wuyp Yu | Vu (4. 1)

While a resemblance will be noted between (4. 1) and the admittance characterization of a
passive, two-node, linear, bilateral circuit, there are two important differences that should
be observed: (1) the node voltages in (4. 1) are at different frequencies, and (2) its matrix is
nonreciprocal. It can now be anticipated that the upper sideband converter will have some of
the same properties as a passive, two-node, linear, bilateral network; but contrasting pro-
perties as well. Fortunately, these two property categories can be isolated in a manner
having definite pedagogical value by converting (4. 1) into the so-called ABCD representation

given below:

45
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Before converting (4. 1) to (4. 2), it is convenient to separate the internal and

external current components as follows

I 0 Y v I I jw v jqu v (4. 3)

One additional modification in (4. 3) is that yp has been made real, which in no way restricts
the validity of this relation, since the phase of one Fourier coefficient is always arbitrary.
In fact, choosing yp real is equivalent to choosing a particular time origin.

When the individual relations in (4. 3) are transformed into ABCD notation,

they yield
\"% 1 0 \%
r r
I Y 1 I (4. 4a)
L I‘d L r r
v, -C/ "o -i/ A vV
. 2 2 /
Ir —Jwr(yp C )/yp wrC/ wuyp Iu (4. 4b)
L L
\% 1 0 A%
u u
I Y1 I (4. 4c)
u_J u u

The (b) relation above contains all mixing effects. It can be further factored as follows.

r , 1 7
\% -C/)/p -]/wr}p 1 0 u

-jwr(v/pz - C?)
Ir — C/)/p 0 wr/wu Iu (4. 5)

P L J L

The significance of the first term in (4. 5) is easily recognized by comparing

with the ABCD representation of the symmetrical transformer. For the transformer in
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--— —
-— <
-—< —

<

=

-
N

(a) (b)

Fig. 4.1. A symmetrical transformer (a) and its dual
(b) in 7 equivalent form.

Fig. 4. 1la, one can write
111 -L/M -j/ wM 12

-jw(M? - L?) .
v, e L/M v, (4. 6)

— - -

which is the dual of the first factor in (4. 5). Therefore, the latter must represent two
coupled capacitors with self-capacity C and mutual capacity yp. Admittedly, mutually
coupled capacitors are seldom encountered in practice, but their properties are easily

visualized from the well-known properties of their dual, the inductive transformer; or

from their 7 equivalent, which is shown in Fig. 4. 1b.

The second factor in (4. 5) represents a broadband frequency converter oper-

ating between w. and w It has unity voltage gain, nonreciprocal current gain, and nonre-

ciprocal power gain. The latter two gains equal the output to input frequency ratio, so this
converter has exactly the power gain predicted by the general energy relations of Manley and

Rowe (see Eq. 3.3). Therefore, it is appropriately termed an ideal, upper-sideband,

Manley-Rowe converter.

A further property of this ideal converter is admittance transformation, in

which it obeys the relation
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Fig. 4.2. A functional equivalent circuit for upper
sideband conversion.

where Y(wu) is the reflected admittance at W and ‘)N(u(wu) is the external admittance at the

wu terminals.

From the interpretation of (4. 4b) just given, the set of relations in (4. 4) can
be collectively represented by the circuit in Fig. 4.2, which is equivalent to Fig. 3.3. The
advantage of Fig. 4.2 is its clear comparison of a first-order mixer operating between w.
and W and a passive, two-node linear, bilateral network. Effects in the latter category
will arise only from the external admittances and the mutually-coupled capacitor. The re-
maining effects, of mixing and nonreciprocal power gain, all take place in the Manley-Rowe
converter. Therefore, the presence of the latter in Fig. 4.2 can be attributed entirely to

asymmetry in (4. 1).

Since the maximum power gain of a transformer is unity, the maximum power
gain in Fig. 4.2 must be wu/wr, the gain of the Manley-Rowe converter. To actually achieve
this gain, the capacitive transformer must match the load and source admittances. This
matching process can be traced out by first noting that the load admittance at Wy is trans-
formed to w, by the converter, which reflects the load (4. 7) into the secondary of the capaci-
tive transformer. In turn, the transformer reflects loads between primary and secondary

according to the rule:

2 2

w Y
admittance reflected = LD (4. 8)
. . total admittance
into primary .
in secondary

Therefore, maximum power gain between W, and w  oceurs for



N wrz },2
¥* - jwucCc = —X P (4.9a)
r r wI‘N
— Y + jw C
w u r
u
2
w w Yy
- _Lup (4. 9b)
Y +jw C

The technique of analyzing the upper-sideband converter by dissection has
successfully illustrated the origin of its basic mixing properties. However, this procedure
could hardly be called an expedient analytical tool. A more direct analysis would treat the
circuit properties of (4. 1) as it stands. If the real parts of SN(r and ')N{u are regarded as the
source and load conductance respectively, then the transducer gain defined in (3. 15) can be

found directly from (4. 1). Setting llu =0, the voltage gain is

= P (4. 10a)

W, 0,7
Yo " YorTy o (4. 100)
in u
Therefore, by (3. 15b),
4g g w ?y?
= ruu p (4.11)

ru 2| 2
Y, Y+ wp 0y % ,
which can be shown to be maximum under the condition (4.9b). The maximum transducer

gain then equals the maximum power gain, as it obviously should since (4. 9b) is the condi-

tion for admittance matching. Without the representation in Fig. 4.2 to serve as a guide,
the significance of (4. 11) would be more obscure. Therefore, Fig. 4.2, and other dissected
circuits that will be introduced in later chapters, will continue to be convenient for interpre-

tation, but direct matrix analysis will be the primary method followed henceforth.
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4.1 Bandwidth of the Upper-Sideband Converter

The bandwidth of the converter under discussion can be attribtued to the
capacitive transformer in Fig. 4.2. Being a transformer, its properties depend upon the
"coefficient of coupling" yp/C, which can be more appropriately termed the coefficient of
pumping. Remember that 7o is proportional to pump voltage, according to (2. 23b). By
transformer analogy, conversion pass bands that are either under, critical, or over-coupled
can be anticipated for appropriate choices of pump level. Several other well known results
from transformer theory will also be drawn upon (Ref. 28).

A given transformer bandwidth will require the least coefficient of coupling
if its primary and secondary are synchronously tuned. In applying this result to the present
discussion, maximum conversion bandwidth can be anticipated, for a given yp/C ratio, if §u
and SNKI_ resonate C at Gu and Gr respectively. If SNKu = Eu + jgu and ?r = gr + jgr’ resonance

corresponds to

b +wC =0
r r
b +oC =0 (4. 12)
u u
The condition for maximum power gain (4. 9b) then becomes
- T 2
N W oW Y
g, - —r—gu——P— (4. 13)
u
It can also be written
B.. B y 2
r u _ P _ 2
— i ole) —kp (4. 14)
W w u
r u

where ﬁr and Bu are the individual bandwidths (in rad./sec) at W, and W, (in the absence of
pumping), and where Cr and Cu are the total shunt capacities affecting the w. and w, reso-
nances. Generally, Cr and Cu exceed C due to stray or filter capacity in Yr and Yu’ and
since bandwidth and conductance level are more easily measured that total shunt capacity,

Cr and Cu will be defined by the relations Cr = gr/Br, and Cu = gu/Bu, where g, and g, are
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the individual conductance levels in the absence of pumping. It is now evident that
B (4. 15)

should be considered the pumping coefficient rather than yp/C. This substitution will be

introduced henceforth by assuming

Returning now to (4. 14), the latter can be seen to predict the smallest pumping coefficient
for obtaining a given terminal bandwidth with maximum conversion gain.

A second result from transformer theory can now be applied directly to the
upper-sideband mixer. For a given coefficient of coupling, maximum transformer band-
width results if the primary and secondary bandwidths are equal (Ref. 28). In the present
analysis the bandwidth of the secondary depends upon the secondary admittance, which is

given by

€
€

r < . r
a“ (Yu + quC) = (.L)— Yu (4~ 16)

c
o

Over reasonably small bandwidths, wr/u)u can be considered constant, and then the secondary
bandwidth equals Bu, the bandwidth of Yu' The condition for optimum conversion bandwidth
is now Br = Bu’ but this condition can be satisfied with a variety of pass bands. As an exam-
ple, Table 4. 1 gives specifications for both the equal ripple and the maximally flat cases,
which can be obtained directly from the corresponding transformer relations. A conclusion
to be noted in Table 4. 1 is that a given pumping coefficient will yield the greatest bandwidth
in a maximally flat characteristic. For example, the ratio of bandwidth to pumping coeffici-
ent is 1/12 smaller for the equal ripple pass band, than for the maximally flat conversion
pass band, with the same pumping coefficient. A comparison of the latter two cases is also

shown in Fig. 4.3.
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Pass Band Bandwidth Pum_pilng / Gru &)
B Coefficient
k
p
Maximally Flat 2(B. W) (B. W) o 2 kpZu
(critically coupled) WpWy
. 1 11 —
Equal Ripple 2.2[2(B.W)] | 2.4 (B.W) [E = } TILLN
r-u

Table 4. 1. Realizable pass band characteristics for upper-sideband
conversion. (B.W) denotes the bandwidth of the individual
terminal admittance, which are assumed to be equal.

Although these conclusions were obtained from simple transformer theory, by
identifying yp/” m with the coefficient of coupling, a practical difference must be noted.
Pumping is a dynamic quantity, and any increase in the coefficient of pumping will generally
call for more pump oscillator power. However, coupling is a static quantity, which can
usually be incrased by a geometrical adjustment. Therefore, one should remember that
conversion pass bands other than maximally flat demand premium pump power, and this
must be paid for continually.

An alternate way of summarizing the performance of mixers is through gain-

1

bandwidth product, which will be defined as (transducer gain)?x (bandwidth). This quantity

appears in Table 4. 1 for the case of upper-sideband conversion. Sometimes gain-bandwidth
evaluation is made on the basis of voltage gain, but since (voltage gain) > (transducer ga.in)iz
the latter yields a more conservative estimate of gain-bandwidth product. In reactive mixers
it is important to observe that gain-bandwidth product is proportional to pump frequency (at

least for ideal cases), while in conventional mixers it is independent of frequency.

4. 2 Degrading Influences on Upper-Sideband Conversion

The most fundamental limitation on reactive mixer performance is loss in the
mixer element. It has been previously mentioned that the varactors are the most commonly
used reactive mixer components, and their losses have been represented by series resist-
ance in Fig. 3.7a, or by equivalent shunt conductance in Fig. 3.7b. The latter representa-
tion can be used with the circuit in Fig. 3.4 to appropriately describe an upper-sideband con-

verter with a nonideal varactor. In this case, Wy and Wy will be identified with w. and W,
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FREQUENCY

w

Fig. 4.3. A comparison of maximally flat and equal ripple
pass bands for equal pumping coefficients.

I
1w
[~ ]
~ = Wr Wy T ~
9s b, 9ar c I I ¢ 9du by
i v Y Y! K
in Y, . u Y

Fig. 4.4. A special case of Fig. 3.4 appropriate for

upper-sideband conversion.
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respectively, which yields the circuit in Fig. 4.4. Using the approximation in (3. 29), the

parasitic conductances in Fig. 4.4 have values

w 2C
_.r
Car = "o (4. 17a)
d
wu2C
8au = —wd (4. 17b)

4. 2.1 Effects of Varactor Loss in Gain. With the source at w, and the load

at w,» as shown, the effect of parasitic loss on gain can be evaluated by (3. 16). In making
this calculation, the condition that each terminal is independently tuned will be assumed,

since it has been previously shown to yield optimum conversion bandwidths. The modified

midband gain Eru in (3. 16) is equivalent to (4. 11), which with all susceptance tuned out can

be written
~ w g.8,w,.@ 7 °
G, = 4=" { Lrup 2} (4. 18a)
ro Legy, e 7,®)
w 4p
B [*u Z} (4. 18b)
Wr (1 +py)
where
2
w Wy
o = _rup (4. 18c)
u &8y

Now, using (4. 18b) in (3. 16), yields the true midband gain

G - cu(EL) My (4.19)
e G \8.8 ) (1+py)? '

Of course, in the limit of zero varactor loss, (4. 19) reduces to (4. 18b) which is a maximum
when Py = 1, corresponding to (4. 13).
An interesting aspect of reactive mixer analysis now arises. When the var-

actor is ideal, conversion gain for a fixed W increases indefinitely with wp, as shown by
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CONVERSION GAIN //

IDEAL VARACTOR 7
LOSSY VARACTOR—

(SCALE ON LEFT) ,

NOISE TEMPERATURE
(SCALE ON RIGHT)

.00! L L
ol 0.1 = 1.0 10

Fig. 4.5. Plots of conversion gain and noise temperature vs. frequency
ratio showing the influence of varactor loss.

the dotted curve in Fig. 4.5. In the presence of degrading series resistance, the effective
shunt loss at w, increases as the square of the pump frequency. Therefore, for a given w
(signal frequency), wyq (varactor cut-off frequency), and pumping coefficient, ever diminish-

ing returns will accompany increases in pump frequency.

For a fixed W, and @ it has been shown by Jones and Honda (Ref. 29) and

also by Kurokawa and Uenohara (Ref. 30) that (4. 19) has a maximum value given by



= K-1)(%
<Gru> - <k‘:‘1> <w_u> (4.20
max r

subject to the condition

g g .
__S_ = .L = K, or p = 5—% (4.21)
€ar  Bdu uo R
where
© oy 2
K2 =14+ -2 4P (4. 22)
gdrgdu

The influence of frequencies variations can now be determined by substituting (4. 17) into

(4. 21), which yields

2 2
w7
K2 = 14 =L P (4. 23a)
wypw,C
w'?
=14 -9 (4. 23b)
Wrly

where1 wa = wdyp/C. Therefore, parasitic varactor loss causes K and oy to fall off mono-

tonically with wp (or with wu), such that the maximum realizable gain of the up converter is

. w' 2
lim = d
w - o Gpy = <~—2wr> (4. 24)

The plot of optimum gain vs. pump frequency, shown in Fig. 4.5, suggests that pump fre-
quencies higher than (wa)z/wr offer little added advantage.
It is interesting to now interpret the conditions for maximum gain, as stated

in (4. 22). The reflected input conductance at W, is

g = pgc+te,) = ==1)g
pur u'°s dr K+1/°S

= 8q - 8an (4. 25a)

1 . / .
The quantity pQ/we = ¥p wd/Cw is often called the dynamic figure of merit for a varactor,
SO wy is the frequency where this figure of merit becomes unity.
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Similarly, the refiected input conductance at wy is

P8, = 8L " 84y (4. 25b)
Therefore, when the parasitic losses 8ar and By are included, the total input and output con-
ductance seen by the source and load are g and 81, respectively. Hence optimum gain again
corresponds to a matched condition, but now the source and load are matched to the degraded
mixer terminals.

4.2.2 Noise Figure. A second measure of the degradation induced by var-

actors loss is noise figure. Varactor loss makes a contribution to the up converter noise
figure in both the w. and the Wy bands, but these contributions can be conveniently associated
with the parasitic conductances 4r and 4u in Fig. 4.4. Since these conductances are
assumed to originate solely in varactor loss, as expressed by (4. 17), they can be assigned a
common noise temperature Td' Therefore, applying the noise figure formula in (3. 27) (with-

out the T3 term), yields

T g G -1 G g
F =1+ Tg {_ﬁi{ + (_uu ) L + = du} (4. 26)
o)

r gS Gru Td Eru gL

where Euu is the transducer gain by reflection at w - By way of review, Euu is the midband
power delivered to 81, relative to the power available from a source at wy with internal con-
ductance gy, [see (3.25)] . Guu depends on the input admittance at @ and by a calculation

similar to that yielding (3. 15b), the total input admittance at Wy is

wrwuyp
Yu' = Yu + —T—‘V (4. 273)
n r
At midband
Yo =8, =g,l+p) (4. 27b)

and using the source ]Iu shown in Fig. 4.4, the gain Guu is easily shown to be

_ 4g, * 2
Gy = 5 G5 (4.28)
gu u



Therefore
w /g g
:w::z<Lr>,L (4. 29)
ru wy \8ufs / Pu
and
Td gdr wrgr 1 TL
F = 1+T— — + | = "G— T—“ (4.30)
ru o €s WugSPu ru d
When (3. 27) is satisfied, so Gru is a maximum, (3.32a) yields
T
., T 1\ 1
(FrdMax Gain = 1+ T, <1 *ar > K (4.31)
u

which agrees with the results previously obtained in Ref. 29 and Ref. 30. An interesting
property of (4.31) is its lack of dependence on T2 which arises because the load ey, is
matched. A generalization of this result is treated in Section 9. 1.

Since K is a monotonically decreasing function of pump frequency, according

to (4. 23b), Fru increases monotonically with pump frequency and approaches the value

T4
1+ T (4 Rr +1) (4. 32a)
o}
where
— 1)2
R = (wr/wd) (4. 32b)
More convenient for plotting, however, is the equivalent noise temperature Tru = (Fru - 1)Td,

which is shown in the lower portion of Fig. 4.5. The curves of Tru show that it can be less
than Td’ if Rr < 0.1 approximately. The minimum noise temperature occurs when wu/wr =1,
but this is an unlikely operating point because then Gru < 1. Therefore to obtain high gains

with low noise figures, Rr must be much less than 1, and 0.1 < Rr Gu/Zr < 1.

The parameter Rr is a convenient basis for normalization because it only
depends on input frequency, varactor quality, and the degree of pumping. Each of these

quantities is usually specified in the early phases of a design problem. Also, the dynamic
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figure of merit2 is equal to 1/Rr.

4.2.3 Efficiency Factors. The degradation due to varactor loss can be

alternately expressed in terms of input and output efficiency factors. These will be intro-

duced at this time because they will be more convenient than the parameter K in later ana-

lysis. Let
e
x = =~ (4.33a)
&y
by the efficiency factor at W and
e
y = -2 (4.33b)
Su
by the similar quantity at w e Then, for the case of conversion from w. to w,
g g
x =-5 ¢k (4. 34)
&y Su
which yields the following restatements of the conditions for optimum Gru
- _K_
X =y " 13K (4. 35a)
5u
Gru == Py (4. 35b)
r
[0} w
u r
Py :2x—1:1+2:Rr|:1— 1+ = :\ (4. 35¢)
“r w Ry
W 2
_u - _2(;1_3))*_ (4. 35d)
W, r
T R
B ~d o |1-x r
(Fru)max gain 1+ TO {x * x(l-x)} (4.351)
The minimum of the latter expression occurs for
_ (1 -x)°*
Rr*2x—1 s (4. 36)

2See footnote, Page 56.
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which calls for c—ou/—&r =1, as previously discussed.

4.3 Down-Conversion From w, to W,

The Manley-Rowe converter in Fig. 4.2 is nearly unilateral, because its gain
is less than unity for down-conversion from wy to W . While this case is of less practical
interest than the up-converter, an analysis of the down-converter follows directly from the
preceding analysis, simply by interchanging the subscripts r and u everywhere. This ob-
servation follows directly from the symmetry of (4. 1), when yp is real. In other words, the
response to IIu is the same mathematical form as that to ]Ir’ if r and u are interchanged.

Therefore, by (4. 20)

K-1 Zl—)r ar
( ) = ( ) = = P = (4. 37)
ur’'max K+1 Wy, u Wy
since K and p, are symmetric in r and u. As expected, (Eur)max is less than unity.

The curves in Fig. 4.5 can also be applied to this case by interchanging r and

u. This includes replacing R | = (wr/wa)2 by

w \? w \?
R :<—“> :<_—“> R (4.38)
u o' Py r
d by
so the abcissa in Fig. 4.5 becomes (Zr/u_)u) R . A numerical comparison of up- and down-

conversion is shown in Table 4. 2.

R Abcissa in Gain Noise
Fig. 4.5 Temperature
“u
Up-Conversion Rr = 0.01 Rr w—r = 0.1 5.5 0.35 Td
“r
Down-Conversion R =1 R — =0.1 0.055 5.8 T
u u wu d

Table 4.2. A comparison of up- and down-
conversion for Uu/cUr = 10.
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In summary, the ratio of down-conversion gain to up-conversion gain is
approximately (cur/cuu)2 , which rarely exceeds 0.1. The corresponding ratio of noise
temperatures is approximately w, @ which generally exceeds three. Therefore, the

down-conversion mode offers low gains and high noise figures, making it rather unat-

tractive.

4,4 Conclusion

In describing the basic properties of upper sideband conversion, the purpose
of the present chapter has been fourfold: (1) to illustrate the variety of effects that rela-
tively simple relations, such as (4. 1), can yield; (2) to note how the basic circuit quantities
outlined in Section 3. 4 can be derived in a particular case; (3) to show a physical significance

for the major results derived; and (4) to prepare for comparison with other systems that will

be analyzed later.






CHAPTER V

THE LOWER-SIDEBAND CONVERTER

Perhaps the most fascinating aspect of reactive mixing is the radical differ-
ence that occurs between upper and lower sidebands. Having just studied the properties of
the upper sideband, the contrasting properties of the lower sideband will now be developed.

Following the procedure of Chapter IV, a basic relation for lower-sideband

mixing can be derived from (2. 27) by setting Vu = 0, which yields

* 3 * * *
I Jwﬁyp Yg Vﬁ (5.1)

The similarity between (4. 1) and (5. 1) is quite apparent, if yp is again made real. In fact,
by taking the conjugate of the second line of (4. 1), and by replacing the subscript uby ¢,

one obtains (5. 1) directly. The value of this resemblance is that many results from the
study of (4. 1) can be carried over directly to the solution of (5.1). For example, by making
the substitution noted above, (5.1) can immediately be written in the informative ABCD nota-

tion of (4. 4) and (4.5). This step yields the following interpretive relation.

s *

v, 1 0 C/yp ]/wryp 1 0 1 0 A 2

-j(.U (')/ 2 _ C 2 ) -Ww
I Y | | —FEB ¢y o —=| |- 1 I*
T r v p w [
p y/
“ J o ) \ /) J
A Y Yo Y
terminal capacitive ideal terminal
admittance transformer converter admittance

(5.2)

63



64

a b c
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Fig. 5.1. A functional equivalent circuit for lower sideband conversion.

Since each factor above can be ascribed to one stage in a cascade, they to-
gether produce the equivalent circuit in Fig. 5.1. In resemblance to Fig. 4.2, Fig. 5.1
contains a capacitive transformer and an ideal frequency converter with unity voltage gain
and nonreciprocal current and power gain. In contrast, however, the current and power
gains of the latter are the negative of the output to input frequency ratio. Therefore, on the

basis of (3. 5), this converter should be termed an ideal, lower-sideband, Manley-Rowe

converter.
A peculiar aspect of Fig. 5.1 is that all currents and voltages to the right of
the line cc' are complex conjugates of the corresponding currents and voltages in an actual

lower-sideband mixer. The effect of this alteration can be discovered by applying a load

Yﬂ :g£+jbﬂ (5.3)

at the w, terminals. If Yﬂ is assumed to be passively realizable, it will satisfy the condi-

tions

abﬁ
gy 20 55 > 0 (5. 4a)
L
which the conjugate of Yﬂ would fail to pass. For it,
abg
o < 0 (5. 4b)
¥

* *
and hence Yﬁ is unrealizable. However, being in an equivalent circuit, the effect of Yﬁ at
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the w, terminals of Fig. 5.1 will be the same as the effect of Y2 in the actual mixer.
*
When the load Yﬁ is transformed through the Manley-Rowe converter in
Fig. 5.1, it appears in the secondary of the capacitive transformer in the form

cUI"
Y = _—(_gﬁ + Jbﬂ) (5' 5)

_r

w, { w,

which is illustrated in Fig. 5.2. A significant feature of the admittance (5. 5) is its negative
real part and its nonmonotonic susceptance. Hence, some rather unusual circuit effects can
be expected from lower-sideband mixing, but with the aid of the equivalent circuit just gen-
erated these effects can by systematically determined. The approach will be no more com-
plicated than extending the known properties of the simple capacitive transformer to include
unrealizable loads, like (5.5). For example, combining (5. 5) and (4. 8) shows the total input

admittance at w . to be
2
Y
Yr =Y - _I‘__ﬁ_p (5. 6)

Other results of this type will now be developed.

One unusual feature of the circuit in Fig. 5.2 is power gain (by reflection) in
the primary, which occurs in addition to the transmission power gain from primary to
secondary. To demonstrate these effects, let L and C in Fig. 5.2 be resonant at Gr, and
let the primary conductance g, be partitioned into a load and a source conductance, 81, and

8y respectively. The available source power is then

2

o 5.7
A T 4gS ’

The load power depends on the reflected primary admittance, which at midband is

2, 2 —w,yz
. rp _ _r2’p _ . 5.8
g g, P8, (5.8)

Here, Py is analogous to Py in (4. 18c). The power delivered to g1, is
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Fig. 5.2. The equivalent circuit of a lower-sideband

converter after Y!Z is transformed to wr.

2
L gr(l'Pﬂ) L grz(l-pﬂ)2

so it is evident that P, can greatly exceed the available source power. In fact, PL becomes

L

infinitely large as

p, ~ 1 (5. 10)

The power amplification in this case can be attributed to an enhancement of the input voltage
by negative conductance reflected into the primary.
The power converted from W to w, can also greatly exceed the available

source power, but then the load g; will be coupled to w , instead of to W (i.e., gy = gL).

ﬂ}
In Fig. 5.2, the power reaching the secondary of the capacitive transformer is
2
0 | TP @0\ (8 Py
Po Al e ) e e, = "o \e, ) 1,2 Ta (5. 11)
r r 2 r r/) (1-py)
so the midband transducer gain from w . to w, becomes
. 4p w g
G, = —% (1) .5 (5.12)
(1‘02) r gI‘

Similarly, from (5.9), the midband transducer gain by reflection is

G = 4_gs_gI_-' _1 ¢ (5. 13)
rr grz l-pﬁ
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which reduces to

— 1 2
Grr = <—1T£> (5. 14)

if the first factor is optimized by letting go = g; = 1/2 g.. Both Err and Grﬁ can be arbi-
trarily large, by allowing Py to approach one.

Considering (5. 8) further, it is seen that the condition Py = 1 produces a
cancellation of the external terminal conductance at Br (or at Eﬂ) by the reflected conduct-
ance at ar (and at Gﬁ). So as p, passes through one, the total input conductance passes
from positive to negative, which raises the question of stability. A rigorous treatment of

stability is made in Chapter VI, where it is demonstrated that the circuit under discussion

is stable, to first approximation, if

Py <1 (5. 15)

This agrees with the intuitive prediction based on (5. 10).

Both arﬁ and arr depend upon p , in the same way, but g and g, will differ
in these two cases because only one contains the load 8r,- Also, a slight distinction is to be
noted between the various reflection gains that have been introduced so far. For Euu in
(4. 28) the source and load conductance are identical, but for Err in (5. 13) the source and
load conductance are separate components at the same terminal pair. Since a simple modi-
fication [based on (3. 16)] can reverse the sense of either of these quantities, context will

henceforth be relied upon for making these cases distinct.

5. 1 Bandwidth and Sensitivity of the Lower-Sideband Converter

There are several auxiliary parameters that shed further light on the circuit
properties of the lower-sideband converter. One is bandwidth, and here again the trans-
former rule applies: the greatest conversion bandwidth occurs when the individual circuit
bandwidths are equal. For large gains, where pﬁ-l = 0, the conversion bandwidth is

(Ref. 31)

.,
_ P ; _rad./sec.
Bro = 3¢ J@r@y (1) (5. 16)
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Thus for high gains the gain-bandwidth product is
—P - uk (5. 17)

where kp is the pumping coefficient.

In comparing with Table 4. 1, which gives the gain-bandwidth product for
upper-sideband conversion with the same wp and kp’ Table 4.1 is seen to exceed (5. 17)
by a factor of more than ¥2. So in spite of the fact that lower-sideband conversion offers
much larger gains, its gain-bandwidth product is less, which speaks for the superior band-
width of the upper-sideband converter. For the latter, Wy increases when w. increases
and both circuits become detuned in the same direction. However, transformer action
tends to cancel these two detuning effects. The result can be critical or over-coupled
characteristics that are extremely broadband. For the lower-sideband converter, w, de-
creases as w increases and the detuning effects are additive. Hence, narrow, under-
coupled pass bands result, whose width decreases with increasing gain.

A detailed study of the bandwidth of lower-sideband converters has been made
by Lombardo and Sard (Ref. 32 ). By direct analysis, they confirm the rule of equal terminal
bandwidths which was introduced here by equivalent circuit arguments. They also confirm
the optimum gain-bandwidth product in (5. 17) for the case where parasitic loss is negligible.
However, they predict an important correction when the effective shunt capacity at w. and w,
exceeds the varactor capacity C. In this case, C in (5. 17) should be replaced by JTCQ ,

respectively. A

where Cr and C, equal C plus the stray or filter capacity at w,orw

{ L
similar observation was made regarding the pumping coefficient in Section 4. 1.

A second parameter of interest in lower-sideband conversion is sensitivity,
which can be explained as follows. If a circuit characteristic Z depends on a variable X,
the sensitivity of Z to X is defined as
~ dlog Z  XdZ

X ~ Pelog X = ZoX (5.18)

In the case of lower-sideband conversion, the transucer gain is sensitive to variations in
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the load or source conductance. According to (Ref. 31)

1+pﬂ
S = - (5.19)
g 1-p,

while the sensitivity to pumping (yp) is

S = -28 (5. 20)
g

Therefore, one serious drawback to lower-sideband conversion is the high sensitivity that
accompanies large gains. Particularly disturbing is the large sensitivity to external source
and load admittance variations since these admittances are not well stabilized in many appli-
cations. In the ensuing analysis, however, multiple-sideband schemes will be considered
which offer considerably reduced sensitivities to the external admittance, as well as other

benefits.

5.2 Degrading Influences on Lower-Sideband Conversion

The basic form of degradation to be considered is varactor loss, which influ-
ences both gain and noise figure. For upper-sideband converters, varactor loss not only re-
duces the gain from its frequency dependent value, but it also limits the usefulness of raising
pamp frequency. For lower-sideband converters, which offer infinite gain, varactor loss will
be seen to increase gain sensitivity and to have a more pronounced effect on noise figure.

The evaluation of these quantities will now be reviewed.

5.2.1 Effect of Varactor Loss on Gain. Using the basic form in (3. 16) to-

gether with the lossless gain relation in (5. 12), lower-sideband conversion gain in the pre-

sence of varactor loss becomes

4p w g8

= 2 0 S°
Grﬂ = — 2<—><gg> (5.21a)

(1-pg)” \ wp re g

where

m
|

r 8 " 8

g, =8 *+ 8y (5. 21b)
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and where

- 2 _ 2y
8ar = @ C/wd Bap T Yy C/wd (5.22)

Therefore, for finite gains, some increase in Py is required to overcome the loss factor

(gSgL/grgﬂ)’ but losses also influence p ;. Following the procedure outlined above, we find

that

2
8185 [ 7 _ 88 . (5.9
€98y \8LEs g8, L

Py =

where pNﬁ is Py in the absence of loss. Therefore, due to varactor loss, two increments of

increase in Hﬁ are required to restore Grﬂ’ As a result, the sensitivity in (5. 19) increases

g8, .
s = gr L3 (5. 24)
g £ 8

where gg is the sensitivity due to gg and 8, alone.

by

5.2.2 Noise Figure. There are two basic contributions to excess noise

figure in lower-sideband converters. The first is thermal noise from the parasitic input

and output losses 8ar and PR which will be assumed to have noise temperature T The

a
second is thermal noise from the output load 81, which will again be assigned the noise
temperature TL' The effect of these two contributions can be determined from the general
noise figure relation in (3. 27), but first the gain ratio (Eﬂ Q/arﬂ) and the noise bandwidth

ratio (Bg ﬂ/Brﬁ) must be calculated. Here G denotes the midband transducer gain by

22

reflection at w, which is defined in (3. 25). However, the proper expression for GQ IE
corrected for varactor loss, can be obtained from (5. 13) by a derivation similar to that

yielding Erlz in (5.21). The result is

_ 2 2 gL 2
Cgp = (m) ('g‘;) (5. 25)



so the gain ratio is

For large gains, where Py =

given by (5. 16), so (3. 27) beomes

where

is the effective noise temperature of all conductance at the w , terminals.

r{
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Seo 1 Y &EL (5. 26)
Grg Py wy 868y
1, the bandwidths of G and G_, are both
24 r{
CarTa  “r |8qeTa*8LTL| &
1+ - + = — (5.27a)
gsTy Wy g,T, s
g, T w_ gT
1+ df; d, * rsz (5. 27b)
8s'o wy 8g%,
g, T +¢g. T
__CM—+L_I: (5. 27¢)
€40 * EL

0 Because the

parasitic conductances are frequency sensitive, further study of Frﬁ becomes an optimiza-

tion problem, which can be summarized as follows.

First it is desirable for 8y, to be much larger than 840 to efficiently utilize

the large conversion gains that are possible when Py = 1. Or, stated in other words, the

efficiency factors

eL
zZ = —
LY
s
X = —
gI‘

o1 (5. 28a)

= —_— (5. 28b)

should be close to unity. Since w. and the varactor are often specified, x depends basically

on the source conductance g However, z depends basically on w

0 and falls off at 12 db per
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octave when w, > wdgL/C. Below the latter frequency, Fr!Z tends to decrease with w, due
to the factor ar/aﬂ’in the second term. So extremely large -Jﬁ/ar ratios will be useful if
g1 in (5. 28a) is large. On the other hand, the pumping coefficient (yp/C) should be con-
sidered a constant, so gg must decrease as 81, increases to keep Py = 1. This decreases
the input efficiency and raises the first term in (5. 27). Therefore, the second term in

(5. 27) will dominate for small aﬂ, while the first term is dominant for large w This

0
suggests optimum values for Zr/ﬁﬁ and x, for a given pumping coefficient (kp), varactor
cut-off frequency (wd), signal center frequency (Zu'r), and output efficiency (z). In Appendix

A, these optimum values are shown to be
Yy Rr { 1-z }
— — 1+\/1+—————:-— (5.29a)
< wﬂ>opt 1-z Rr[1+z (t-1)]
/ Rr Rr
*N @) 0 ¢ o1 <5t (5. 29b)

Z

1l

and
x) . =1 - 1 (5. 30a)
opt )
1+ 1+ 1z
R _[1+z (t-1)]
T
1 Rr
= 1 -—  ; if —= <1 (5. 30b)
1-z
1-z
[ R [1+ (t-1)]
Where1

5 2 C 2 '(; 2
R = ?f v w—r (5.31a)
d p d

T
L
t = T (5.31b)

1See footnote on p. 56 for a discussion of Rr and wa.
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The optimum noise figure in this case is

_ 1+2(t-1) 1-z
(Frﬁ)opt =1+ 2RI‘ {?} '\]/1 + R_r[—lmfti)—] (50323)

R
tz . . r
1+ 2 /Rr(l+ﬁ)’ if 1=z << 1 (5. 32b)

The corresponding source and load conductances that must accompany this optimum noise

figure are given by

gq w
<_°> -t J1 . —la‘ (5. 33a)
w.CJopt

r 1-z
g w

<__L> , <_1£E><w_ﬁ> (5. 33b)
wQC opt d

A universal plot of (Frﬁ) is found in Appendix A.

opt

Now to illustrate these noise figure relations, consider the following example.

(1) A signal at 3 kMc is to be converted to w, with
maximum gain and minimum noise figure.

(2) An output efficiency z = 0.5 will be tolerated.

(3) A varactor with cut-off frequency wy = 27 (100 kMc)

is available, and it can be pumped so yp/C =0.3.
(4) T =T =T_.
Thent =1, z = 0.5, and Rr = 0. 01, which yields:

w
by (5. 29) <—r—> = 0.02 <1 + J§T>= 1/6.1 (5. 34a)
opt

wy

by (5. 32) (Frﬂ>opt = 1+0.04 J51 = 1.29 (5. 34b)
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g
by (5. 33) <§SE> (.03) J51 = .21 (5. 34c)
™ /opt

it 0
wﬁC opt

The last two values correspond to a terminal Q of 5 at each terminal, but

1
o

.18 (5. 34d)

840 = 8L in this case, so Qg is actually 2. 5. (The input loss 8ar = gs/ﬁ does not affect
Qr appreciably.) However, for optimum gain-bandwidth product the terminal bandwidths
must be equal, which corresponds to wrQﬂ = wﬂQr when both terminal capacities are
assumed equal. Hence, if Qr = 5, then an optimum gain-bandwidth product occurs for
Qﬁ = 30, but an optimum noise figure requires Qg = 2.5. A proportionately narrower
input bandwidth is required for optimum noise figures because input noise receives more

amplification than output noise, if w_ < w,, according to (5. 26).
r

ﬁ )
A brief comparison with upper-sideband noise figure will now be constructive.

Using the same varactor, the same signal frequency and Rr =0.01, Fig. 4.5 yields

Fru = 1. 38 for the same pump frequency which is a somewhat larger value. However, if

wp is reduced until w  occurs at the frequency where w, was previously, then Fru =1.28

L

which is essentially the same as (5. 34b).

5.3 Parametric Amplification

The application of lower-sideband conversion that has receivedthe greatest prior
attention is power gain by reflection. It provides a means for one-port amplification that is
commonly termed parametric amplification. Therefore, the portion of Fig. 5.1 extending
to the right of the line aa' constitutes a parametric amplifier, and has the driving point
characteristic shown in Fig. 5.3a. The basic circuit configuration for parametric amplifi-
cation is shown in Fig. 5. 3b, and a typical gain characteristic of this circuit appears in

Fig. 5. 3c.

One of the drawbacks to the configuration in Fig. 5. 3b is that both the source
and the load intercept the reflected power. A common technique for overcoming this limita-
tion, at least at microwave frequencies, is by using a circulator to isolate the source, the
load, and the negative conductance port. Basically a circulator is a lossless device that

permits nonreciprocal coupling between each pair of its three or more ports. In Fig. 5.4
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Fig. 5.3. Power gain by reflection through parametric amplification.
(a) shows the negative conductance generated by lower-sideband
mixing, (b) shows a simple circuit for realizing reflector
gain, and (c) shows a typical gain response.

a three-port circulator is shown which operates as follows: an incident signal at port A is
coupled only to port B, where it impinges upon a parametric amplifier. The latter in turn
reflects an amplified version of the signal back into port B, where it now passes entirely to
port C. If 81, matches the circulator at port C, none of the reflected power will reach the
source at port A, and the desired separation of source and load is achieved.

Usually the characteristic admittance is the same for each circulator port.
Call this YO. Then if 8g =8y, = YO the conductance seen by the parametric amplifier is no
longer gg+ 8y = 2YO, but now g, = Yo' Therefore, in the presence of a circulator, the
critical parameter Py in (5. 13) doubles its value. Alternately, a 30 percent reduction in yp
can be achieved through the use of a circulator. 2 In addition, for equal values of Py the
circulator provides up to 3 db more gain (because the amplified signal is isolated from the

source). A circulator also reduces the sensitivity of power gain to 81, and 8g

2Parasitic losses are neglected in these comparisons.
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Fig. 5.4. A parametric amplifier with a circulator
for improved performance.

In the high gain condition (pQ = 1), it can be shown that the noise figure of a
parametric amplifier with a circulator is also given by (5. 27). Hence, the subscripts r and

¢ on Fr in (5. 27) can be ignored for the present. For parametric amplification, the load

L

g1, at w, can be zero since the actual load is attached the circulator at W At one time it

was felt that additional loading at w , could reduce the noise figure by being cooled, since

14
this would reduce the effective lower-sideband noise temperature appearing in (5. 27c).
However, to keep Py = 1, an added conductance at wﬂ calls for a reduction in the source
conductance ggs which in turn causes an unfavorable increase in gdr/'gs in (5.27). This
conclusion can also be noted from (5. 32a) where variations in gQ are equivalent to variations

in z, and (5. 32) is actually a minimum when z equals zero. 3 Therefore, the optimum noise

figure of a parametric amplifier with circulator is

F - 1+2R J1+L (5.35a)
rr opt T R

and it occurs for

(5. 35b)

/\\8
7
S
=4

1

o)

—

+

—

+

=
[I—

3This is true even if Ty, < Tp. Further discussion of this point is found in Appendix A.
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Fig. 5.5. Parametric amplifier noise temperature vs. frequency
ratio, showing the optimum predicted by (5. 35b).

Consider now an example similar to the one in the previous section, where
wy = 100 kMc, Br = 3 kMec, yp/C =0.3, and Td = To' In this case, a parametric amplifier
at 3 kMc has a minimum noise figure of 1.2, which is smaller than the corresponding value

in (5.34b). The smaller loading at w , in the parametric amplifier accounts for its lower

i
noise figure. A sketch of parametric amplifier noise temperature for arbitrary wr/w!Z
ratios is shown in Fig. 5.5. It illustrates the existence of an optimum pumping frequency,

but it can be noted that a rather broad minimum occurs.

5.4 The Degenerate Parametric Amplifier

A special case of parametric amplification occurs when w.=w, = wp/z. In
this case, the basic analytical form in (5. 1) reduces to a single equation

— j *
Hr = Yr Vr + ]wr)/er (5.36a)

whose solution is

Y *I - jo y IL*
= L T Ppr (5. 36b)
R P
r r''p

Again, very large gains can occur, but now they are sensitive to the relative phase of the
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pump Tp and the source ]Ir. At midband, with Yr =8 maximum gain occurs for:

g, = w. |yp| (5. 37a)

phase Vo " 2(phase IIr) =7/2 (5. 37b)
However zero gain occurs is

phase 1% 2(phase ]Ir) =-7/2 (5. 38)

Thérefore, if a degenerate parametric amplifier breaks into oscillation, the phase relation
in (5. 37b) can be anticipated.
To date, this form of parametric amplification has been regarded mainly as

a novelty. However, a practical application of this principle will be discussed in Chapter X.

5.5 Conclusions

All effects in this chapter have been the result of a regenerative coupling
between w. and the lower sideband, which has manifested itself as negative resistence.
This effect has given rise to large conversion gains, but with small bandwidths and high
sensitivities to parameter variations. In succeeding chapters, other frequency components
will be introduced that will greatly extend the potentialities of single-sideband reactive
mixing. Henceforth, Chapters IV and V will serve as convenient bases for comparing the

newly found properties of double-sideband reactive mixers.



CHAPTER VI

STABILITY OF NETWORKS WITH PERIODICALLY
VARYING REACTIVE ELEMENTS

It has been demonstrated in Chapter II that an analysis of the general reactive
mixer in Fig. 1.3 can be accomplished by treating an alternate network; one that is linear,
but time-varying. For example, the time-varying network in Fig. 2.1 was shown to be
appropriate for treating the spectrum in Fig. 1.4. It thereby illustrated a linearizing pro-
cedure in which the pump and nonlinear element are replaced by a linear element that varies
periodically at the fundamental pump frequency. Since this substitution has been shown to be
valid for all first-order mixing, the circuit in Fig. 6. 1 constitutes a first-order linear model
for all reactive mixers.

The sinusoidal steady-state properties of two special cases of Fig. 6.1 were
evaluated in Chapters IV and V. Several of these properties were suggestive of instability,
which is discomforting since rigorous statements about stability normally originate outside
the steady-state realm. The present chapter will consider, more rigorously, the stability
of the circuit in Fig. 6. 1. In particular, the relationship between true instability and that
predicted by sinusoidal steady-state analysis will be considered, and it will be shown that
knowledge of the sinusoidal steady-state response is sufficient to distinguish between stable
and unstable solutions.

In Fig. 6.1, the time-varying capacitance is assumed to have period Zn/wp,
and the source is assumed to be sinusoidal with period 27/w. Since the admittance of the

time-varying portion of Fig. 6.1 can be written in the form

N
nZ*:O “n ve
Y(jw) = 30— (6. 1)
. m
z b (jw)
m=0

)n

79
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Fig. 6. 1. An appropriate linear model for first-order interactions
in reactive mixers. C denotes average value of C(t).

the entire circuit is described by the following linear differential equation:

M m N n M-1 .
>p 9o {[C(t) -] v(t)} voza T Ty o) re*t (62)

m=1 dt n=0 " at" m=0

However, (6.2) can also be written as a set of M first-order differential equations, of the
form:

dx.l N
— + Z ¢..t)x, = @, i=1,2,..., M (6. 3)

dt i
In this set, the X; are functions of v(t) or its derivatives, the ¢'1j are periodic coefficients
with period Zﬂ,/wp, and the Qi have the period 27/ w.

Given a typical circuit of the type shown in Fig. 6. 1, there are several alter-
nate methods by which sets in the form of (6. 1) can be obtained. These all take the form of
(6. 3), but in each case the individual Q)ij depend upon how the X; are chosen with respect to
the circuit variables. In any case, the same stability characteristics will be predicted, so
it is immaterial for now just how the set (6. 3) is chosen. In Section 6.2, an example is

given that shows how the set (6. 3) can be obtained in a particular case.

6.1 Solutions of the Set (6. 3)

From the well-known theory of linear differential equations with periodic co-

efficients (Ref. 33), the homogeneous portion of the set (6. 3) has solutions of the form

X, = e“t y. (6. 4)
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where the y; are periodic in t with period 2n/wp. In general, there are M values of u (al-

though they need not all be distinct) that characterize (6.4), namely
H :“k’ (k=1, 2:""M) (6.5)

Since the y, are periodic, the My must determine the stability of this system and a necessary

and sufficient condition for stable solutions is that
Re(uk) <0 k =1,2,..., M (6. 6)

If the by are distinct, there are M linearly independent solutions of the form (6. 4) and the
general solution of the homogeneous portion of (6. 3) is

M ukt
X, = Ze yik(t) My (6.7)
1

i

where the My are, for the moment, arbitrary constants.
The solution of the inhomogeneous set (6. 3) can now be found by the method of
variation of parameters, which regards (6. 6) as a transformation of the set X, to the set M

When (6. 7) is substituted into (6. 3), the 1, are found to satisfy the relation

ko t dn
k k _
Ze Vi @@ = 04 (6. 8)
k
Therefore, the solution of the inhomogeneous set (6. 3) can be obtained by replacing the con-

stant M in (6. 7) by functions of time that satisfy (6.8). Solving this latter set for the deriva-

tives of Ngs yields
— = = (s = 1,2, ..., M) (6.9)
where A is the determinant of the coefficients of dns/dt,

A= lyikleE e (6. 10)
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and AS is the determinant A with its sth column replaced by the 01. Therefore

Vi1 - 91 o Yim
Vo1 ==+ U9 =0 Youm
-ust
e
dn y cee B0 a0l Y
M M (6. 11a)
[Vik |
D -ut
_ s s
- 2 (6. 11b)

Since the y,, all have period 277/wp, and the 0, have period 27/6, the ratio Ds/D will contain

only those frequencies in the set

m =0, +1, £2, ...
w = mw_ + nw
mn p n =20,+1, +2,.
Therefore,
D jw_ t
s _ s mn
= =2 N e (6. 12)
mn
and
t Ds -ust
ng = Bs + fo 5 € dt (6.13a)

- B_ + > NS | — - +1.w (6. 13b)
mn IJS J mn “. J mn
_“St
= BS + Ps(t) e - PS(O) (6. 13c)

where Bs is the initial condition and Ps(t) varies at the frequencies o The final solution

of the set (6. 3) is now found to be
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uo t
X = 2e Kyt [B - P(O)] + S 3yt Py (6. 14)

i

The second term in (6. 14) is the steady-state response. The first term is the
transient response, and hence it is the part of the solution that is normally used to determine
stability. A question of interest, however, is whether the interrelation between these two
solutions is such that either can predict stability. To pursue this question, consider a typical
set of characteristic roots for the circuit in Fig. 6.1, as shown in Fig. 6.2. In the absence
of pumping (i. e., when C(t) - C is 0), these roots are simply the poles of impedance of the
static network in Fig. 6. 1. However, when the pump is applied, each root tends to move and
may cross the imaginary axis. Assume that no root crosses the imaginary axis prior to Kgs
which will be assumed to cross at jws. Also, let w in (6. 11) be selected so that one of the
w o has the value W Then, by writing Mg = -6 + ij, 0 =0 will mark the boundary between

stability and instability. In this case, the component of Ps(t) [in (6. 13)] at W becomes

S eét
[P,(t)] e = 5 (6. 15)

which approaches infinity as 6 approaches 0. However,

S
Hmp 1) o s p )] = Som (6. 16)
65—~ 0 S T2n ’

which is the familiar form of solution at resonance. Thus, when 6 = 0, the total solution re-
mains bounded for all finite time, but its growth marks an instability threshold. However,
the steady-state term in (6. 14) itself becomes infinite when a characteristic root crosses the
imaginary axis. Therefore, if one can obtain an accurate estimate of the sinusoidal steady-
state response of a periodically varying system (hopefully even without solving the differential

equations), the singular points of this estimate will determine the thresholds of instability.

This result is well known in constant parameter linear systems, where the characteristic
roots themselves can be calculated by a direct and simple algebraic method. In systems
with time varying parameters, however, or even in those with periodically varying parameters,

approximate (and often tedius) methods are required to locate the characteristic roots (see
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Fig. 6.2. A typical root locus for the circuit in Fig. 6. 1 showing
how the characteristic roots may shift when C(t) is applied.

Section 6. 2 for a typical calculation). Therefore, the use of sinusoidal steady-state solutions
to determine stability promises to be a significant aid to the study of systems with periodi-
cally varying parameters.

In Chapter II, the steady-state performance of several periodically varying
networks were represented by characteristic matrix equations [i.e., (2.27) and (2. 33)], so
the singular points of these representations occur when the inverse fails to exist. For linear
equations such as (2. 27), the vanishing of the system determinant marks the threshold of
instability. For semilinear equations, such as (2. 23b), the same principle can be applied.

For example, by rewriting (2. 33b) in the form

the vanishing of the determinant of the real matrix [Y is seen to mark

the threshold of instability.

6. 2 Illustrative Calculation of Stability from Sinusoidal Steady-State Response

A steady-state analysis of the elementary lower-sideband reactive mixer was
formulated in Chapter V. The basic assumption in this analysis, as depicted by the ideal

circuit in Fig. 3.3, is that all frequencies except W, and w , are short circuited. The re-

L

maining steady-state voltages, Vr and V ,, can then be determined by (5. 1). According to

ﬁ)

the rule established in the previous section, instability can be expected when Vr or Vg be-
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come unbounded, which occurs when the system determinant of (5. 1) vanishes,
YY -w,wy? =0 (6.17)

An important special case occurs when the w. and w , loads are synchronously tuned, so

£

Zr = wp - 52. Then (6. 17) will vanish for the smallest possible value of yp, namely that

given by:
g g - w,w.y =0 (6. 18)

This condition was previously noted in (5. 10) to yield infinite conversion gain. An important
question that we now ask is, "How well does (6. 18) predict instability in a practical circuit?"
To answer this question, a practical circuit will be tested by this method.

6. 2.1 Synthesis of a Prototype Circuit. The simplest type of circuit for

approximating a lower-sideband converter is the four-pole network (and attached time-
varying capacitor) shown in Fig. 6.3. For convenience, the frequency of the time-varying
capacitor has been normalized to two rad/sec, so the basic period of this system is 7 seconds.

The poles and zeros of impedance of the static portion of this network are shown in Fig. 6. 4,

where the pole locations are denoted by

el
I

-0+ jQ P, = -0, +jQ

r r r { !l L
* _ o * - - - i
Pr = -0, JQr P!Z 7, ]QQ (6. 19a)
and the zero locations are denoted by
Zy = -k, Zy = ky+]
% _ I
Z1 = kl j (6. 19b)

The choice (j) for the imaginary component of ay is arbitrary and is made only for conveni-

ence. If it is assumed that
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Fig. 6.3. A canonical realization of the lower-sideband mixer
using a time-varying capacitor.
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Fig. 6.4. The poles and zeros of the circuit in Fig. 6. 3.

%
9

>> 1,

>> 1 (6.20)

r

the resonant frequencies of the static network will be very nearly equal to Qr and Qﬂ, and

the condition for synchronous tuning will become simply

(6.21)

Figure 6. 3 will then be viewed as a mixer from w, to w, = Z-wr, with midband frequencies
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Br and w , that equal Q. and @, respectively.

2 £’

In view of the assumiption in (6. 20), the reactive portions of Fig. 6.3 will be

synthesized first, and the resistors R1 and R2 will be added by perturbation. The synthesis

yields the following element values

LC = o 2; - (6. 22a)
r J
LC = o 2)(19 T (6. 22b)
ALY
! v 2
& = ae8@,- (6. 22¢)

When losses are introduced, by adding R1 and R2 as shown in Fig. 6.3, the
poles and zeros move off the jw axis. The real parts of the zero locations are then related

to R1 and R2 by

ki = ky = 7 (6. 23)

while the real parts of the pole locations satsify the relations

kl eor + foﬁ
T T e (6. 24a)
k eoc_ + fo
2 r 4
2 et (8. 240)
where
Qﬁz Qr2
e = f = — (6. 24c)
2 2
1"Qﬂ I‘Qr

The principle relating Fig. 6.3 and Fig. 3.3 can be stated as follows: Fig. 6.3
has been designed to support frequencies in the vicinity of w = Qr and w = Qg’ and to suppress
(as effectively as possible) other mixing products. For approximate steady-state analysis,
Fig. 3.3 would then be chosen to duplicate Fig. 6. 3 in the vicinity of Gr = Qr andw, =Q

¢ ¢’
and to give perfect suppression elsewhere. Therefore, if Y(w) is the admittance of the static
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= Y(wr) and Y, = Y(wﬁ).

portion of Fig. 6.3, then Fig. 3.3 would use the quantities Yr 0

In the present calculation, in which (6. 18) is being tested, only the real part

¢ Y(w) is needed which can be written

(09
k (1-Q 2)(Q 2-1) k.Q %Q 2
€ (w) = L2 —£ —, 20 1t (6. 250)
1«:12 +(w—5)‘a 1«:22 + w?
k (1-Q_2)Q, %-1) k.Q 2qQ @
T e (6. 25b)
(w___)z wz
w

The approximation above is valid if the poles and zeros are reasonably well separated. This

will normally be the case in a practical converter. Within the w. and w, bands, (6.25b) will

be considered to have the constant values g, = g(Qr) and g, = g(Qﬁ). Using these relations

in (6. 18) yields the following steady-state prediction for the instability threshold.

I o 2.. 2_ - -
yp 2 (Qr 1)(QQ 1)(k1f k2e)(k1e sz) 6. 96
</ - an (6. 262)
r (
which can be simplified to read
2
Vp 2 -4(e-f) OrOQQrQQ 6. 26
T, = o (6. 26Db)

It will now be shown that (6. 26) accurately predicts the pump level for which the characteris-

tic roots of Fig. 6.3 cross the imaginary axis.

6. 2.2 Analysis of Fig. 6.3. By writing the mesh equations, the differential

equations for the circuit in Fig. 6.3 can be obtained as shown below.

.. Q1+Q2
Q1 + lel + Q1 + Llc_ (1-acos2t) =0

Q) +Qy

Q2 + leZ + —LZC— (1-acos2t) =0 (6.27a)

where
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Here the assumption has been made that

1
C+2 lypl cos 2t

~ 1 _
i (1-a cos 2t)

(6. 27b)

Now let us consider a change in (6. 27a) which will be explained later; namely to replace k1

and k, by the quantities sak, and sak

2

stores the original set of equations in (6. 25).

1 2’

form [i. e., that of (6. 3)] by making the following substitutions.

which yields

where

X179 X3 = Q

Xg = Q Xy 7 Q
1 0 1 0 0 Xy
291 -sozk1 293 0 Xy
3 i 0 0 0 1 Xq
a1 0 a3 —sak2 Xy

_ 2 2 _ 2 2 _ 2 2 _
(Qr +Qﬁ Qr Qﬁ )+a(l-Q )(Qﬂ 1) cos 2t
2% +aal
21 21
-(1 - Qrz)(szﬂ‘2 - 1)(1 - a cos 2t)
al. +aal
23 23
- - 2 2 - - 0 '
Qr Qg (1 - a cos 2t) Ayt @ ay
- 2 2 _ — o] ]
Qr Qﬁ (1 - a cos 2t) Ayq+ @ Ayq

respectively. We note that the condition s = a_l re-

These equations can now be put into normal

(6.27c)

(6.28)
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Equation (6. 28) can be abbreviated as follows,

o , .
X, = i a,. X = E (aik+aaik)xk i=1,...,4 (6. 30)

To test the stability condition predicted in (6. 18), the characteristic roots of
the system in (6. 28) will be determined by perturbation methods. Realizing the form of the

solution stated in (6. 4) the substitution will be made
X, = e“ty. (6.31)
where it can be asserted that vy is a function with period n. Equation (6. 30) now becomes

yi+ /J'yl = E alkyk (1 = 1} 2) 3: 4) (6~ 32)

6. 2.3 The Perturbation Method. In the present problem there are four char-

acteristic roots, so u = My where k =1, 2, 3, 4. To obtain these roots by perturbation

methods, let
0 1 2
P = Bt @ Bt atpp (6. 33a)

Corresponding to each root there will occur a periodic function Y.lk satisfying (6. 31). There-

fore, let

o ' 2 n
Vik Vit AV @ Vet (6. 33b)

where each term in (6. 33b) is required to be periodic. Substituting (6. 33a) and (6. 33b) into

(6. 37), and collecting powers of @, yields the following schedule:

(¢) o . .0 O

[¢]
Vik ¥ MYik - V A%k = 0 (6. 34a)
1 O - o - ! ) v 0
Yik * MYk f 3¥ vk MeYik +§ a0k (6. 34b)
1" O 1 _ o _ 1,0 vt 1
Yik * Mk f Yk “kyik+§ (@, ¥ i (6. 34c)

Since the first equation above (6. 33a) pertains to an analysis of Fig. 6.3 with R1 :R2 =y =0,
p

. 0 . :
the solutions Vi are readily found. This unperturbed solution can then be applied as a forcing
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function in (6. 33b). The latter equation has constant coefficients, so it can be readily solved
for y!lk. However, only those terms in yik with period 7 are of interest, so it will be found
that such terms exist only for certain values of “k Thus the desired quantities: u}'{ and
periodic y;k are obtained. In turn, these can be applied to (6. 34c) to yield still higher approxi-
mations. A noteworthy feature of this method is that any one root can be approximated to an
arbitrary degree, without carrying along any approximations to the other roots.

6.2.3.1 The Unperturbed Solution. Since the unperturbed solution is used to

calculate higher approximations to the desired solution, it is expedient for y!lk to be as simple
as possible. Therefore, the resistors R1 and R2 will be added as perturbations, and the un-
perturbed roots will be located in the simplest possible position, namely on the imaginary

axis. Therefore, the uﬁ will be assigned as follows.

o _ _. o _ . o _ _.
s Mg = IR Hg = R, by = 5iR, (6. 35)

o .
/“Ll - JQ[.
It may be imagined that introducing two perturbing effects simultaneously would reduce the
rate of convergence of the entire perturbation process. However, just the opposite is true
in the present case, because the effect of yp is to move the characteristic roots into the un-

stable half-plane [as defined in (6. 6)] , while R1 and R, tend to displace each root into the

2
stable half-plane. Thus, for a given value of yp, there exists some value of s [in (6. 28)]
that causes the least change in the characteristic roots. When s is in this neighborhood, the
most rapid convergence of (6. 33a) will occur.

In the present analysis, the case of interest occurs when the characteristic
roots in Fig. 6.3 have just crossed the imaginary axis. When the corresponding situation
occurs in (6. 28), the real part of the perturbed characteristic roots will vanish. This situa-

tion must occur for a certain value of s, say Se Therefore the threshold of instability in

Fig. 6.3 will be marked by

p °c
- =7 (6. 36)
Because synchronous tuning has been assumed, it can be anticipated that there will be little

root motion in the imaginary direction. Therefore, the value of Se should lead to rapid con-

vergence of (6. 33a).
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In the special case of constant coefficients, the Yik in the general solution (6. 7)

are constants, so the unperturbed solution of (6. 28) becomes

o)
o} ”ut
X, = X cC, e (6.37)
i iv
v
However, one of the constants associated with each root is arbitrary, so let c = 1 for

1¢

¢ =1, 2, 3, and 4. The remaining ¢;, can be found by substituting (6. 37) into the unper-

0
turbed portion of (6.28), which yields

]Qr —]Qr ]Qﬂ 'JQg
‘c. | = e e f f
iv
]Qre -]Qre ]Qﬁf -]Qﬁf (6.38)

To simplify the perturbation method of solution, the dependent variable will now be trans-
formed from X, to Vi according to (6. 31). This transformation is made separately for each

root s which yields

¢} [¢]
o . o (m, =t
2 C,

Yig = y iv'luk © (6. 39)

_ where the ¢, areas defined in (6. 38) and the nzk are undetermined constants that will be
used to distinguish those parts of (6. 39) with period 7.
Since this perturbation allows each My root locus to be separately evaluated,

the root Hy (with unperturbed value jQr) will be considered first. In this case

) o_ o _ .. 0O _ 0 _ .o _
v = 1: B, o Hy 0 v = 3 By, = My ](QV Qr)
— . 0 - o — =93 = . o - 0 = =i
v o= 2: B, = By o= ZJQr v 4. B, - By ](QV+\Qr) (6. 40)

so two terms in (6. 39) have period 7. Therefore, letting ”(1)2 = n(1)3 = 0, the unperturbed

solution becomes

o _ o] o -2jt
Vit 7 %1 M1 * Ci4"41 © (6. 41)
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where M1 and N41 remain to be determined.

6.2.3.2 First-Order Perturbations. The unperturbed solutions in (6. 40) can

now be substituted into (6. 34b) to obtain the first-order solutions yfll. Note that the forms of
the y!ll, and of all higher order solutions, are quite similar because the homogeneous part of
each equation in (6. 34) has the characteristic roots given in (6.40). Therefore, the general

solution of the unforced portion of (6. 34b) is

O...

(1,

e

(6]
. It

ik €k

When the forcing function in (6. 34b) is considered, solution by the method of

variation of parameters yields the following first-order differential equation for the n'ﬂk

. _(,0_ 0
dnvlf Duk (“V “k)t

—= = e (6.42)
dt |Ciﬁ\
Here, Duk is the determinant of iy with the vth column replaced by the column
— Al Y Al Y
Yk T (@5, ¥, * MiVik (6. 43)

Therefore, DV has period 7.

k

The solution of (6. 42) has the same form as (6. 13a), with the index n absent.

Therefore,

. o) o)
e(4ﬂm1 TRt
vkm . 0

4mmj - u,

5 (6. 44)
* Hy

However, as previously illustrated in (6. 16), T’;;k exhibits a resonance type solution if

exp(—ug - uﬁ)t has period n. Therefore, two forms of (6. 44) must be distinguished

(6] (0] .
a) -k = 2nj:

M = Bt Plt)e -p ,(0) (6. 45a)
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N;/knt
+ —7_”— + Vk(t) (6- 45b)

Tk = Puk
where ka is constant and Puk(t) and Quk(t) have period 7. Once the solutions for N are
obtained, they are to be substituted into (6. 41) to obtain the yik, but the latter are required
to have period 7. Therefore, the following conditions are necessary to insure that the ik

have this period

[in (6. 45a)] B!, - P (0) =0 (6. 46a)
[in (6. 45b)] 5 - (6. 46b)

The condition in (6. 46a) can always be met because B;} is simply a constant of integration.

k
However, (6.46b) requires that (6.42) have no constant terms when v and k are such that
(“3 - uﬁ) is an integral multiple of 2j. This constraint will determine ui{.

When k = 1, the values of “8 - “12 are given in (6. 40). There are two values
of v for which the resonance solution in (6. 45b) can occur, namely, v =1 and v = 4. There-
fore, from (6. 42), “1'( must be chosen so D11 and DLMe-2jt have no constant terms.

Setting these constant terms equal to zero yields two simultaneous equations

in p} and 7721/77(1)1‘ Eliminating nzl/’n?l yields the following expression for u'l as a function

of s.

f
v stky -G ky v stky -5 k)
1 21 - &y 1 21 - 9)
_ 1 ; . (6. 47)
16 Qrﬁﬁ(l 'E)(l -f—)

The effect of pumping on M, can now be found by setting s = a_l, as noted on
p. 89 . In general, values of Hy with both positive and negative real parts will result, but

the case of interest is for s = S [see (6. 36)] , where the real part of Iy vanishes. Assuming
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that the imaginary part of My also vanishes when s = Ses then s, oceurs for Iy = 0 in (6. 47)
which yields

s 2 = -ef (6. 48)

¢ 16(e-f)*0,.0,2.2,

where (6. 24) has been used to simplify this result. The fact that sc2 above is positive and
real, shows the validity of the assumption that Im (ui) =0. Now, using (6. 36), the stability

condition becomes

Y \2 -4(e-f)%0 0,0 Q
(g) < rfx ¢ (6. 49)

ef

which agrees exactly with (6. 26). Therefore, direct calculation of the characteristic roots
of Fig. 6.3 has verified the much simpler stability prediction in (6. 18), although the latter
was derived from an idealized representation of Fig. 4. 3 by steady-state analysis.

The main approximations that have been obtained in this first-order verifica-
tion are these in (6. 20) and (6. 25b). If they were not satisfied a new formulation of the

steady-state analysis could be made to account for these cases.

4.3 Conclusion
In this chapter the following theorem has been proven: The formal steady

state response of a periodically varying system becomes unbounded if and only if one or

more of the characteristic roots of the system is purely imaginary. The purpose of sub-

sequent analysis has then been shown how approximate steady-state solutions can be used
with this theorem to yield useful and accurate stability predictions. A secondary purpose
has also been accomplished in showing the laborous procedure involved in obtaining the
characteristic roots of a periodically varying system. In this way the practicality of the

above stated theorem has been demonstrated.






CHAPTER VII

GENERAL CONSIDERATIONS OF REACTIVE MIXING INVOLVING
SYMMETRICAL SIDEBAND PAIRS

The preceding chapters, summarizing single-sideband reactive mixers, have
demonstrated two extremes in circuit properties. In the first case considered, only the
upper sideband was present. A completely stable conversion gain was demonstrated, which
was limited in magnitude to the ratio of output to input frequency. Lower-sideband mixing,
on the other hand, demonstrated arbitrarily large conversion gains, but at the expense of an
ever increasing threat of instability. Large, lower-sideband conversion gains are also ac-
companied by large input reflections. While the latter are useful, as a means of one-port
(parametric) amplification, they are difficult to control and to exploit fully. Furthermore,
single-sideband parametric amplification is limited to frequencies below the pump frequency.

In view of the striking differences between these two single-sideband cases
(both with respect to their useful features and their limitations), the presence of sideband
pairs causes the anticipation of interesting effects. The main effects that will be discussed
are enumerated below:

1. Parametric amplification at frequencies higher than pump frequency, with-

out relying upon effects from pump harmonics.

2. Conversion gains between W, and W, well in excess of the output to input

frequency ratio, and either with or without negative input resistance.

3. Amplification by phase modulation and detection.

In each of these cases, the added influence of the pump harmonic 2wp will be considered.

In most instances, it will be shown to provide still further improvement in mixer perform-
ance. The detailed realization of these effects will be the subject of later chapters, but the
present chapter will discuss them from the point of view of the general energy relations. It

will be shown that the latter predict each of the effects noted above.

97
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7.1 Application of the General Energy Relations to Double-Sideband Reactive Mixers

When applied to double-sideband reactive mixers, the Manley-Rowe general
energy equations in (2.9) reduce to the set in (3.2). But when the pump harmonic is added,

they become

w +W2 Wu W(
p p ., 4 . Y _9 (7.1a)
w w w
p u ¢
Wr Wu WQ
- 4+ — - — =0 (7.1b)
w w w
r u 0

Before going on, it is important to consider the artifice of restricting the Manley-Rowe re-
lations to a particular set of frequencies. We note that the realization of a predicted energy
distribution, without the influence of certain of the eliminated frequencies, is not guaranteed.
For example, if the external circuitry reactively terminated a particular frequency, it would
be eliminated from (7.1), but this frequency may still contribute internally to the conversion
process. It may be a hidden mechanism behind effects that seem from (7.1) to be independ-
ent of this frequency. In other words, the Manley-Rowe equations only relate frequencies
where real power flows.

Situations of this nature will be illustrated herein, particularly in connection
with the first pump harmonic. For example, (7.1a) suggests nothing about the relative im-
portance of the pump and its harmonic. It even suggests that they are interchangeable, which
is rarely true. A further distinction between these two frequencies must come through a
knowledge of their reactive power components. Therefore, the term sz in (7.1a) can be
ignored for the present, if it is realized that reactive power at Zoup (or other suppressed fre-
quencies) may still be required to realize the effects predicted by (7.1).

Further study of (7.1) will be divided into two parts. Consider first the ap-
plication of signals at w. and wp, with W, and Wy experiencing passively realizable loads
only (in particular, loads whose resistive components are positive). Thus, W!Z and Wu are
nonpositive and (7. 1b) yields the following expressions for the up-conversion power gain

fromw_tow,, ortow .
r { u
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Wu “y 1
Pro = w7 @) i) (7. 22)
r r fu
W w X
_ 0 [ {u
Prﬂ__W-_(w_)(l—X ) (7. 2b)
r r Ju

Similarly, the ratio of pump power to signal power is given by

Wp wp 1+ Xfu
w = @D G (7.2¢)
r {u

]

where X, = WQ wu/Wuw

‘u To illustrate the remarks to follow, sketches of (7. 2) are

e

shown in Fig. 7.1. In the limit where w, is short circuited (W, =0), P

¢ 0 u has the previous-

Tr

ly discussed value wu/wr. However, Pru increases as X u is increased, and arbitrarily-

I
large positive values of Pru can be achieved in the vicinity of Xﬂu < 1. This suggests that
large conversion gain is possible without reflecting negative input conductance at W For
Xﬁu > 1, Pru and Prﬁ are negative. Hence, this condition defines a general region of po-
tential instability in which parametric amplification is possible at W It is important to
note that negative conversion gains do not necessarily imply the reflection of negative con-
ductance at the input frequency terminals, although this was the case in the circuits dis-
cussed previously. The Manley-Rowe equations would also predict negative conversion gains
if the input signal were completely absorbed at one terminal pair, amplified, and then ex-
pelled at the same frequency (along with other conversion frequencies) at another terminal

pair. The realization of this effect (without using circulators) is one goal of this analysis.

The second case of interest is with signals applied at o.)p and W, and where

w_ and w, are terminated only in passive loads. In this case, withX, =W w /W w,,
r ¢ {r 7r r 4
(7.1) yields the following expressions, which are also plotted in Fig. 7. 2.
Wr “r 1
Pur:-@—:@*(l—x ) (7. 3a)
u u Ir
Wp wp 2 X“ -1
W_ = (.U_ (—1 X ) (7. 30)

u u l{r
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Fig. 7.1. Sketches of (7.2) showing the regions of positive and negative
conversion gains from wy to w,; and wy vs. the ratio of output
powers at wy and w,;. Pump power is applied at w_ and
Wp/wr is the ratio of pump to signal power.

For Xﬂr < 1/2, Pur and Puﬁ are positive, but Wp/Wu is negative. Therefore, the pump

circuit is unstable in this region and the signal at W, will act as the power source. 1 For

wp/wu < (Xﬂr) <1, Pur is greater than unity, so this is a region of arbitrary down-con-

version gain with positive input conductance. For (X

“‘) > 1; P and Wp/wu are negative.

Thus, a region of potential instability exists at w which suggests that parametric ampli-

fication is possible at this frequency.

1See Section 3.1. 2.
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Fig. 7.2. Sketches of (7.3) showing the regions of positive and negative
conversion gains from wy to w, and wy vs. the ratio of output
powers at wy and w,;. Pump power is applied at w , and
Wp/wr is the ratio of pump to signal power.

Again, it should be noted that the Manley-Rowe equations do not guarantee
that just any reactive element will yield the results above. For a particular element, only
the trivial solution, Wmn = 0, may be possible. For example, it can be noted from Fig. 7.2
that parametric amplification at Wy, is predicted even in the limit where w. is short circuited
(Wr = 0). But, applying the time-varying reactance model in Fig. 2.1, as described by

(2. 27) [ a model that satisfies the Manley-Rowe equations in (7.1)], it can be shown that @,

is completely decoupled when W, is suppressed, unless the pump harmonic yzp-is present.
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Fig. 7.3. An illustration of phase modulation by reactive mixing.

7.2 Application of the General Energy Relations to Phase Modulation

An important characteristic of reactive mixers is their tendency, under cer-
tain circumstances, to produce phase modulation. This effect is illustrated in Fig. 7.3,
where a signal at w . varies the tuning of a resonant circuit and hence varies its phase shift.
A true phase modulation spectrum, as shown in Fig. 7.4, is symmetrical in the sense in
which the term is used here. (That is, the distribution of sidebands by frequency is sym-
metrical with respect to wp.) However, the spectrum in Fig. 7.4 has still a higher degree

of symmetry, since W =W .
mn m, -n

It will now be of interest to apply the Manley-Rowe equations to this config-

uration. This step is facilitated if (2. 9Db) is first written in the form

Wr o© 0 nWmn nW_m n
— + Z z + : =0 (7.4)
w mw_ + nw -mw_ + nw

r n=0 m-=1 p r p r

If (2. 5b) is applied to the last term, (2.9b) can be further modified to read:

W, 0 0 W nwoo

— + Z b - ’ =0 (7.5)
w mw _ + nw mw _ - nw

r n=0 m=1

But, in Fig. 7.4, m=1 and W =W , so in this case
mn m, -n

onfw W
r "mn

r n=1 w %+ (nw )?
p r

Each sideband in Fig. 7.4 is passively terminated, so the right hand side of (7. 6) must be

negative, and hence Wr must also be negative. Therefore, the phenomenon of phase modu-

lation by reactive elements is potentially unstable. Instability in this spectrum arises be-
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Fig. 7.4. A typical phase modulation spectrum and the associated
stability criterion based on (7. 7).

cause the lower sideband is dominant in each sideband pair in (7. 5).

Further inspection of (7.5) shows that Wr is negative as long as

This relation defines the line shown dotted in Fig. 7.4, which is an envelope that separates
stable and unstable spectral distributions. For example, if a line is drawn through the peaks
of the power spectral components of any symmetrical pair of sidebands, then its slope, rela-
tive to the dotted line in Fig. 7.4, determines the influence of this pair on stability. If the
slope is greater than the reference line, the pair will contribute positively to Wr and to
stability. With lesser slope, the same sidebands contribute negatively to Wr and hence con-
tribute to instability.

It will be of interest to now consider pump power. If the decomposition em-

ployed in (7. 4) and (7. 5) is applied to (2.9a), the following relation for pump power is obtained

w 0 0 Wmn Wm -n

p + > 5 m + 2 =0 (7. 8)
w mw _ + nw mw_ - nw

p n=1 m=1 p r p r

Applying this relation to the spectrum in Fig. 7.4, where m=1, yields

Wp 0 2w Wln
p n=1 u)p + (nwr)

If this result is now compared with (7.6), a given sideband pair will be seen to receive pump
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and signal power in the ratio

- p (7.10)

Therefore, nearly all sideband power is contributed by the pump, in the ratio of pump to

signal frequency squared. This will be an important result later on.

7.3 A Generalization of the Double-Sideband Mixer

The reader will eventually see that the remainder of this study is essentially
an investigation of the 3 X 3 matrix in (2. 27). While this matrix was derived for the sym-
metrical mixing scheme in Fig. 1.4, it is of interest to note that an infinity of unsymmetri-
cal mixer schemes are equally well described by (2. 26) or (2. 27). As proof, consider a
general time-varying capacitor with components Ymp at all pump harmonics nwp, and con-

sider further that the signal set includes any of the frequencies mwp W It can be shown

that the relation corresponding to (2. 26) in this case is the following:

* ) * * * * *
Ty /10y g - C Yy Yep V3p ap -0 Ve
. TR TR "
Iy y/i0g g "¢ Yopl ap Yap = = 7| | Vs, -1

o ) | |___T | ¥ * * ) *

Iy 1/19g 4 - y2piyp 1€ 7o |72p|"3p Tap T Vo 1
I*/' I | * | * * * *
9y - y3p| 7/2p| "p C _!yp |y2p Y3p Yap ~ vy
) ~ | * * *
I/jw, = | g y3p|7/2p v © va Yop Y3p " v,
] * *
I/iw, - Y4 Vap|Tp Y C |7p Top 7| | Vu
.
Iy1/iwgy - Yap "3p Y2p p © p 7| | Va1
Igy/iwsy T T Y Yap Yap Yy © | | Ve

It can be observed that the center 3 X 3 submatrix in (7.11) is identical to

(2.26). Also, all other 3 X 3 submatrices along the main diagonal are equivalent to (2. 26),
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although each involves a different set of signal frequencies. Therefore, all signal frequen-

cy subsets that are defined by

w + nw (7.12)

are identical. Consequently, all properties in later chapters that are attributed to WL @y,

and w, can also be realized with the mixing spectra in the table below, providing the indicated

correspondence is followed.

Reference Set W, w w
¢ T u

20 - w w_ -w W
All lower p b r r
sideband 3w_-~w 20 - w w_ -w
equivalents p r p r b r

w W +w 20+ w
All upper r r p
sideband W+ w 2w+ w 3w +w
equivalents p r P r p r

Table of equivalent signal spectra.

7.4 Conclusion
The general energy relations have suggested some interesting effects associ-
ated with double-sideband reactive mixing. In particular, it has been seen that extracting

power at the lower sideband, w, ,will increase the power transfer between w. and W, Also,

ﬁ )
these same interactions can be attained with an infinite number of sets of three signal fre-
quencies. The following chapters will now treat these individual cases by means of appropri-

ate small signal analysis. In this way, the many improved circuit effects associated with

double-sideband reactive mixing will be discovered.






CHAPTER VIII

DOUBLE-SIDEBAND, SINGLE-PUMP MIXING WITH
INDEPENDENT SIDEBAND LOADING

A convenient first step towards investigating the advantages of double-side-
band reactive mixers is provided by a simple combination of the two typical single-sideband
cases. The single-pump frequency wp will be retained, but the signal frequency set will be
extended to include W Wos and w, simultaneously. The formulation for first-order mixing
in this case is essentially in (2. 27). The only modification required to make (2. 27) appli-

cable now is to set YZp to zero which yields:

~ B | — * = [~ =
I Y, 19r7p 197 Ve
IIu = ]wuyp Yu 0 Vu
s * * *
_Hﬁ ] L jw yp 0 Yg | Vg_ (8.1)

Again, yp will be assumed real. The effects incurred by neglecting y2p will be explained in
Chapter 10.

An appropriate equivalent circuit for (8. 1) is Fig. 2.1 (with Vop = 0), but in
employing this figure w, and W, will be assumed to be widely spaced in frequency. Ideal
filtering can then be approximated reasonably well, and the sidebands can then be independ-

ently loaded. Hence Y, and Yu can be regarded as arbitrary, positive-real admittances.

I
An alternate equivalent circuit can be formed by combining the equivalent
circuits in Figs. 4.2 and 5.1, as shown in Fig. 8.1. Here, the w, terminals are simul-

taneously coupled to the w , and the Wy terminals, but the latter two frequencies have no

L
direct coupling. By recalling the separate functions of the individual sidebands, the follow-

ing operation of Fig. 8.1 can be visualized. The load at Wy reflects positive conductance
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Fig. 8.1. A functional equivalent circuit of double-sideband
conversion with a single pumping frequency.

into the w. terminals, while the load at w, reflects negative conductance. The latter tends
to enhance the input signal by parametric amplification. Therefore, any signal power that
is convertedto Wy will be amplified before conversion. As a result, the transducer gain
from W to w  can greatly exceed the ratio of these frequencies. Ironically then, the

extraction of power at w , increases the power conversion to w

{
Figure 8.1 also suggests enhanced down-conversion gain from W, to W be-

cause the down-converted signal will receive parametric amplification before emerging from

the W terminals. However, this action at w., radically changes the input admittance at W

even to the extent of reflecting negative conductance at this frequency. When this is the case,

direct parametric amplification will occur at w, -2 frequency higher than the true pump

frequency. Note that this accomplishment is quite different from '"parametric amplification
by low frequency pumping," as reported by Bloom and Chang (Refs. 34, 35, 36), who used
harmonic generation to make a low frequency pump produce capacitance variations at the
normal pumping frequency. Basically their system is a conventional lower-sideband con-
verter.

The question arises as to what benefits W, might bestow on conversion from

W to w In short, this case appears to offer no advantage because the single-sideband

0
case has already demonstrated arbitrary conversion gain between w. and wﬂ and the pre-
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sence of w, simply introduces excess loading. Of course, in certain applications this

loading may be useful for controlling stability, but the effect. of w, onw appears to be less

¢

deserving of attention than the previously noted effects of w, onw,. Therefore, the exploit

of the present chapter will be limited to effects that can be derived at the w. and w, terminals.
Using the results of Chapters IV and V, the input admittances at each terminal

in Fig. 8.1 can be written by inspection. At ) the two reflected admittances appear in

parallel, so by (4. 10b) and (5. 6) one obtains

_ u’p r {'p
Y, =Y.+ 7 = (8.2)
n u

To perform a similar calculation at w s the load at w , will first be reflected to w. according

2

to (5. 6) and then the parallel combination thus formed with Yr will be reflected to W, Upon

adding this reflected admittance to Yu’ one obtains

W w Y 2
v oy eo—rfalp (5.9)

Similarly, at W,

¥ _gx _ __r L'p
Y, =Y, (8. 4)

It is generally desirable to have all frequencies synchronously tuned. In this case, (8.2)

through (8. 4) reduce to

2 2
w w Y w w, v
g. = 8.7 r; p__rt’p (8. 5a)
in u &y
wrwuyz
g =g +—2 2P (8. 5b)
u. u 2
in ww, vy
g - r {'p
r gﬂ
2
w w, v
4
g, =g - ———— (8. 5¢)
in . _&wﬂyp
r gu

which are plotted, vs. yp, in Fig. 8. 2.
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Fig. 8.2. The input conductance at resonance vs. Yps
showing regions of apparent instability.

The important question of stability arises again in connection with Fig. 8. 2.
It can be seen that regions of negative input conductance appear at each of the individual
terminals, but for different values of yp. For example, guin becomes negative for a smaller
value of yp than gﬂin or grin’ and so the stable regions of Fig. 8.2 are a matter of concern.
In a preliminary study of this problem by the author (Ref. 19), the range of
stable operation was assumed to be determined by the negative conductance region that first
appeared as yp increases. However, this assertion is inconsistent with the more rigorous

criterion outlined in Chapter VI. For example, further examination of Fig. 8.2 shows that
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the input conductance at the individual terminal pairs can become negative in two ways,
either by going through zero or through infinity. According to the criterion just mentioned,
only the latter instance is actually unstable. Thus the possible range of stable loadings in
Fig. 8.2 is greater than once expected.

A more specific statement about the stability of double-sideband, single-pump
mixers can be made directly from (8. 1). It has been established that a sinusoidal, steady-
state response must become infinite at thresholds of instability. Therefore, to the extent
that (8. 1) predicts the steady-state response in an actual mixer, the vanishing of a system

determinant (A) will mark the instability thresholds. From (8. 1),

— * , 2 *
A = Yr Y'Q Yu W }p (quQ wﬁYu) (8. 6)
or, by (8.2),
_ *
A= YLY Y (8.17)
in

which vanishes only when Yrin vanishes. The fact that the input admittance at w,. can be
used to predict stability is important because there the influence of the individual sidebands
can easily be distinguished through the representation in Fig. 5. 2. In essence, the lower-
sideband is the source of all instability, so it can be said that w, is always regeneratively
coupled to W . By contrast, the upper-sideband is degeneratively coupled to w and a pro-
per balance of these two feedback mechanisms will produce an interesting variety of circuit
effects.

8.1 Gain and Bandwidth for Double-Sideband Conversion from W to wu

It has been noted that the transducer gain from w. to w, increases significant-

ly with the dissipation of power at w To quantitatively evaluate this effect, the transducer

0

gain from w to w, can be calculated from (8. 1) and (3. 15b) which yields

ru | w
r

(8.8)
2 _ 2 *
er Yu + wrwuyp wrwﬁyp Yu/YQ

. 2
wu< 4gSngrwuyp >

The most fundamental application of (8. 8) occurs when the individual terminals are syn-
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chronously tuned. Then, if each terminal admittance is equivalent to a simple resonant

circuit, the latter can be approximated by

Yr ] gr(1+%%) (8.9a)
- 2j0

Yu = gu(l + Bu) (8. 9b)
_2j8

Y, =g, Bﬂ) (8.9c¢)

where w, = ar + 0, and Br’ B 0 and Bu are the bandwidths in angular frequency of the w
W, and w, terminals, respectively. The approximations in (8. 11) are useful because the
most significant circuit behavior occurs for values of 26 that are less than the individual
bandwidths. In this case, the terminal admittances are well represented by (8. 9).

Substituting (8.9) in (8. 8) yields the following expression for first-order de-

pendence of transducer gain upon 9.

4 CL)u><§SgL> o
(5 g8 u
G (5) ~ T r-u

ru 2i5 2i6 1+ 2jd Bu 2
<1+B_r> <1+ Bu>+pu_p£ Wﬁ—ﬁ (8.10)

Two additional approximations made in writing (8. 10) are that

w w Yy W w
rup . _fup _, (8. 11a)
Sy gu gr gu u
2 —_— 2
wrwgyp wrwﬂyp )
= =Py (8. 11b)
Er &g &r 8¢

The midband value of (8. 10) is

4 “u) (8s8L )
= wr gr gu v
G, = (8. 12)

T ru (1+pu_pﬂ)2

which becomes arbitrarily large as Py 1+ Py
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In (8. 11) Py depends on the input and output conductance, while Py is rather
arbitrary. Therefore it is instructive to regard (8. 12) as a function of Py with p,asa
parameter. It is apparent from (8. 12), that an optimum value of Py exists. To further

evaluate (8. 12), it will be rewritten as follows

©
G . _u Nxy(1-x)(1-y) _ (8.13)
ru “po [1-pg + N(1-x)(1-y)]
—_— 2
@) Y P
N = _rup (l—X)(lll- ) (8. 14a)
arfau y
g g
N . ¢ (8. 14b)
g g
r u

The quantities in (8. 14b) are the same input and output efficiency factors that were previ-

ously introduced in Section 4. 2. 3.

For a given varactor, a given Py and for fixed frequencies, N will be con-
stant in (8. 13) so Eru can be optimized with respect to x and y. The result is expressed

below in several alternate forms

. . . w o)
o, = b G ) =|=] — (8. 15)
W opt @y) (1-pg)
which occurs for
X =y (8.16a)
P, = (2x-1)(1-p ,) (8. 16b)
—_— ru
opt

which occurs for

p. = pﬂ-l (8.18)
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Therefore, the optimum gain depends on Py If Py is varied, aru increases monotonically
until (8. 18) is satisfied. But if Py is varied, the optimum gain can be either finite or in-
finite depending on Py

To interpret the optimum gains above, note that (8. 16) reduces to the previous
result [in (4. 35)] when Py = 0. But in the latter case, optimum gain corresponded to a
matched source and load. Therefore, it will be of interest to see if (8. 16) retains this
special significance in its more general application.

By (8. 5a)

grin = 8g * Bqp T 8y (b, = Py) (8.19a)

p. -p, +1-x
i
gg + g [u - } (8. 19b)

but the first term denotes the source itself. Therefore, the source will be matched when

pu—pﬁ =2x -1 (8.19c¢)

Similarly, by (8. 5b), the load will be matched when

Py
Tp, g, * 84y T 8L (8.20a)
or
Py
__u = 2y-1 (8. 20b)
l-pﬁ

Since (8. 20b) is identical to (8. 16), it is evident that (8. 19b) and (8. 20b) cannot be satisfied
simultaneously unless Py = 0. Therefore, in the presence of the lower sideband, but with
Py < 1, optimum gain from w, to W, corresponds to the output load being matched, but not
the source. Under these conditions the source is mismatched according to (8. 19b), which
yields

grm = gg+ 8g(1-20)) (8.20c)

The second term here is the conductance seen by the source, which cannot exceed gge Thus
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the relationship between Py and Py in (8. 15) yields arbitrarily large gains with: (1) a matched
output, and (2) an optimum compensation for varactor loss. However, as the gain becomes
infinite in this case, Py must become vanishingly small, which puts a severe restriction on
the output load. When P, >> 1, alternate advantages accure because infinite gain can result
for nonzero values of Py No optimization with respect to x or y occurs in this case because

infinite gain is theoretically possible for any x or y.

8.1.1 Gain Improvement When Py 1. The optimum gain in (8. 15) can be

regarded as the simplest extension of the pure upper-sideband converter, Therefore, to

obtain a better feeling for the influence of the lower sideband, the dependence of (Er )

Wopt

upon frequency will be calculated for this case. Combining the relations in (4. 18¢), (5. 8),

and (8. 14 through 8. 16), the following normalized gain expression can be obtained

= “r - 2x-1 6u “r\*
Gy o) - (s & (8.21)
opt d u/ “r d

“u <&> oo (1-x)® (8. 22)
0] w' (2x-1)(1-p£) :

where

Eliminating x from these two relations yields the curves in Fig. 8.3. These curves show
that gain increases with p, even in the presence of varactor loss. However, a further
limitation arises because Py depends on the varactor loss 840 at W The maximum value
of p, occurs when 8y =84y> which yields

w W,y
{'p £
®,) R = (1-x) N =— (8. 23a)
£’max 8. 840 w,
Or, by (8. 14) and (8. 16),
w
[ 2x-1 _ L
(pﬁ)max N < 1-x> 1 (pﬁ)max] <Bu> (8. 23b)
Therefore
2x - 1
(pﬁ)max % (8.24a)
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Fig. 8.3. Curves showing improved upper sideband up-conversion due to the
introduction of the lower sideband. The parameter py is a measure of the
amount of parametric amplification due to the lower sideband.
When py =1, the lower sideband is coupled just as it would
be in a simple lower-sideband converter with infinite gain.
vshich is less than
o
_ 2x-1 u
(pﬂ_)max Rl if B——Q = 1 (8. 24b)

Substituting the latter value into (8. 21) yields

1\ 2 1\ 2 2
([ %a [ %d 1
“\&T. ) * T\T. 35,

r r pﬂ

which means that the limiting case of Py = 1 yields a maximum gain that is only four times

(Gm)max (8. 25)

larger than the maximum gain possible when Py = 0. However, the larger gain occurs at a

lower pump frequency, which offers additional advantages.



117

Therefore, for a given Zu/ Br ratio, varactor loss will limit P, in (8. 16b) to
some value less than one. This limit is such that (8. 15) can be improved by a factor of at
most 4 (6 do) over the optimum value for P, = 0. The maximum gain for a given Py based
on (8.24b), is also shown in Fig. 8.3. It should be noted that the error of approximation in
(8. 24c) is such that the curves in Fig. 8.3 are a slight overestimate of éru'

8. 1.2 Gain Improvement When Py > 1. When Py > 1, the condition in (8. 18)

will yield infinite gain. In this case, the double-sideband converter has essentially the same
gain and bandwidth properties as the simple lower-sideband converter. The lower sideband
now completely dominates in the circuit, so only the output frequency is different, being w,
instead of w,. The gain-bandwidth product is given by (8. 37), which differs from (5. 17)
only by the factor wu/wﬂ. Not to be overlooked, however, is that now nearly identical out-

puts are available at two separate frequencies.

8. 1.3 Bandwidth of Gru' For a further description of double-sideband con-

version, the bandwidth of (8. 12) will be calculated. First, it will be noted that the input and
output bandwidths must be equal to obtain maximum conversion bandwidth. Then it will be
reasoned that if an additional signal frequency produces desirable effects, its presence will

be desired over the entire conversion band. Therefore, a case of general interest occurs

when the terminal bandwidths are equal, namely when Br B I Bu =B . Inthis case,

(8. 10) reduces to

G (6) = l) 4xy§§ 55 (8. 26)
r “r [1+pu-pﬂ+(?)2]2+4(—2

The bandwidth of (8. 21) is found to be

|~

1

[(A-Z) v 4 - 4A 4 2A2:‘ : (8. 28)

=~ = if A<<1 (8.29)
where:

A=1+pu-p£. (8.30)
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Thus, as A - 0, Gru —~ o, while 6, — 0. The significance of these limits can be conven-
2

iently demonstrated in terms of the gain-bandwidth product, which has the value

w 2
20, [5n -2 /H [<A-2>+ e ;LMA} oo

It appears from (8. 31) that Py should be large, but Py is not independent of

3. By rewriting p, s follows

wrmu yp2
pu = m (8. 32)
r ar u

and using ,Sr = ,su =3, then

Y,
3 /pu - /wrwu <—\/—Cir?_> (8.33)
u

which is a constant for fixed frequencies. Therefore, (8. 31) is not proportional to /,ou as

it appears. Using (8.33) in (8.31), the latter becomes

- 2
oL - m, /xy [A—2+ Ja-4a + 2A } (8. 34)

ru Crcu A2

201
2
The expression in square brackets in (8. 31) has maximum value —} which occurs for A = 2.
For this value, a maximally flat bandpass results with a bandwidth m The same result
was noted for the pure upper-sideband converter (pﬂ =0), in Table 3. 1.

When the lower sideband is introduced, so Py increases from zero, the opti-
mum bandwidth associated with A = 2 can be retained if Py also increases. Therefore, one
provision offered by introducing the lower sideband is the means of trading gain for band-
width, while retaining an optimum gain-bandwidth product. The latter quantity can be found

by setting

Py = 1Hpy
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which makes A =2. Then by (8. 34)

(8.35)

which is optimum for a given pair of input and output efficiency factors x and y.
Comparing (8. 34) with (8. 16) shows that optimum gain-bandwidth and the

(finite) optimum gain occur simultaneously only if P,y = 0. When (8. 16) is satisfied
A = 2x(1-p,) < 2 (8. 36)

which approaches zero for large gains. However, as A - 0, the gain-bandwidth product

in (8. 34) approaches

G =uw vy 2y _ (8.37)

which is 30 percent less than the optimum value in (8. 35). The complete dependence of gain-
bandwidth on A is shown in Fig. 8.4. Also shown in this figure is a plot, vs. Pys of the gain
relative to that at optimum gain-bandwidth. Since the minimum value of this curve corre-
sponds to A =1 + Py this minimum value will be greater than zero db if Py < 1. The opti-

mum gain-bandwidth product could not be realized in this case.

Of the two optimum gain cases cited in (8. 16) and (8. 18), the latter still
seems preferable. Both yield slightly less than optimum gain-bandwidth product, but (8. 18)

yields infinite gain with more flexible conditions.

8.2 Noise Figure for Conversion From W to W,

The up-conversion noise figure in the presence of w, can be calculated and
optimized directly from (3. 27). However, two basic cases should be distinguished. The
first is with the load matched, which has been shown to yield only finite gains in practical

application. The second is with infinite gain, where both the source and load experience

negative reflected conductance. In these two cases, (3.27) becomes
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Fig. 8.4. Gain improvement and corresponding gain-bandwidth product
for upper-sideband conversion in the presence of the lower sideband.
Guu Td Sdu with output
g Td —Gﬁu , Gru T, &1, matched
Fru =1+ T s tY G T (8.38)
&g ) Gru To _uu "u &y with infinite
G ain
ru To €L &
The evaluation of Fru will be simplified by employing the efficiency factors
gq g g
x =5 ¢-L 5 _ 2t (8. 39)
&r gy Y
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and the noise temperature ratios

t = L s = L (8. 40)

Here gz denotes an external load at w , with noise temperature T Since gﬁ is a dummy

4

load, it will be adjusted to optimize Fru'

0

The various factors in (8. 38) can be expressed in terms of the normalized
quantities in (8. 39) and (8. 40). For example, the gain ratios can be found by calculations

similar to those leading to (8. 12). This yields

G p,w
fu _ Xﬂar (8.41a)
ru L
Guu y mr(l-po)‘2
. r "o (8. 41b)
Gry X Pu Wy

Perhaps it should be noted that z does not appear in (8. 41a) because, at a dummy terminal
like Wy 8y is considered to be the source conductance, and not gﬁ . The noise temperature

ratios are given by

Ty e Tqar8, Ty

~

= = = 1+ z(s-1) (8. 42a)

Ta €40 +81) Tq

T g, T +g, T

- _(du_fi_)_LT_L = 1+ y(t-1) (8. 42b)
d gau T 8L/ "d

which can be used to evaluate the bracketed terms in (8. 38). For the two cases, it follows

that
Td Edu _ Td 1-y matched output
Tg. ~ T \y case (8. 43a)
o®L o y
Tugu N ii 1-y it infinite gain (8. 43b)
T 81 - T, y case :

Therefore, the same form of (8. 38) is appropriate for the infinite gain case and for the
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matched output case. Setting t = 0, one obtains the second from the first. The following

single expression for Fru now results.

F =1+ +
X

ru T \ -
X wy XpuWy

T _ w p,[l+z(s-1)] w_(1-p )2 [1+y(t-1)
d {Q L L I T 0 [ ]} (8. 44)
(o]

This expression will now be minimized subject to the various gain conditions previously
cited.

8.2.1 Noise Figure for Infinite Gain. For the infinite gain case, the ap-

propriate condition is
1+pu-pﬁ =0 (8. 45)
which can be expressed in terms of the same fundamental quantities that appear in (8. 44j.
With the aid of the identity in (8. 14a), together with (3. 29), Py and p, are given by
@ _(1-%) (1-y)
p = — (8. 463)

u —
wyRyp

Er(l—x) (1-2) s6h
Py = T (8. 46b)

The quantity Rr in (8. 46) appeared previously in (4. 32b). It has the value
w \2 2
Rr i <w_r> <—C—> (8. 47)
d 7/p

The high gain condition in (8. 45) now becomes

) R %)
r o r { 1-y
o = 0x(i2) +<Tu_> <1—z> (8. 48)

but w Ew, Zwr. Therefore, letting wr/wﬂ =a, (8.48) becomes

- i () (2m) (849
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Before attempting to solve this equation exactly it should be noted that w, and w, must be
much larger than W if small noise figures are to be obtained. Also, if the noise figures
are not small, their optimization will not be of critical interest. Therefore, asserting that

(a) is small, the following approximate solution for (8. 49) is obtained

R
ar if a <<1 (8. 50)

(1-x)(y-z) ’
Since the denominator of (8. 50) must be positive and cannot exceed one, two conditions are
necessary for (8. 50) to be valid, namely Rr << landz < y. However only the first is an
approximation in this case, since z < y is necessary for Py > 1.

By (8.46b), an alternate form for (8. 50) is

pﬁ Rr
&7 Ax)(1-2)

and therefore

1-2z
Py — (8.51a)
w
_ 2 (1-y) _ 1-y
Py = w, (1-z) = y-z (8.51b)

The importance of (8. 50) and (8. 51) is that P, does not depend explicitly on x

when (a) is small. Therefore the noise figure in (8. 44) can be written

-1 Td 1-x a (8. 52a)
Fru =T T—O x T x(1-x) :
where
Lo g JMlryEDI0-y) r1+z<s-1>12<1—z)} (8. 520)
d (y-z)* (y-2)

Since (8. 52a) has the form of (A-5), its optimum value will be given by (A-7a) whenever Pys

and hence a, are independent of x.

It is evident from Fig. A-1, that ¢ should be as small as possible. Consider-

ing first the factor



1+2z(s-1)
1-z
its minimum value occurs for z = 0, which means 8y = 0. Hence any excess loading at w,
is harmful. When P, is given by (8. 51), as it will be in most cases of interest, z =0 also
minimizes this factor. Therefore, the minimum value of the second term in (8. 52b) is
(1/y)? which occurs for z = 0. In this case,
¢« =R [ﬂ(t-l) N L} (8. 53)
by 1-y 2
y
The latter quantity will be minimum with respect to y if
3
S A (8. 54)
(1-y) t
The solution of this equation is shown in Fig. 8.5. Also shown is the corresponding value
of a/Rr. These values can be used in (A-Tb) to find the effective noise temperature of the
converter.
Tru 1
= = 2a|l+ ,/1+= (8.55)
T a
d
However, it is convenient to relate this optimum noise temperature to the frequency ratio
w
o241 (8. 56)
Wr
Or, by (8. 50)
wu
R, = = [ZRr + y(1-x):| (8. 57)

Eliminating ¢ and Rr between (8. 57), (8.55), and Fig. 8.5 yields the minimum noise tem-
perature and optimum frequency ratio curves in Fig. 8.6. For Zu/ Er > 2, the accuracy
of the approximation in Fig. 8.6 increases rapidly.

As an illustration in the use of these curves, when u)u/cor is large
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Fig. 8.5. Solutions of (8. 54).

T
<T—r“> ~ 2 Ja (8. 58)
d /opt

Whent = 1, Fig. 8.5yieldsy = 0.67and o = 5Rr’ S0

T

ru
o ~ 2 [5R (8. 59)
(Td >opt r

This result can be compared with the corresponding lower sideband converter. For the

same output efficiency factor, z = 0. 67, (5. 32b) yields
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Fig. 8.6. Optimum noise temperatures corresponding
to infinite conversion gain between w, and W

T
r{ _
<T >opt =2 /3Rr (8.60)

u
which is some 20 percent less for equal values of Rr‘

On the other hand, comparing with the pure upper-sideband converter, Fig.

4.5 shows

Tru

',I—‘—-‘ = .34 U

d forR_ = 0.01, == = 10
r w

G = 6 r

ru

For the same Rr’ (8. 59) yields
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but here Gru is infinite. So this particular technique for adding the lower sideband greatly
enhances Gru with only a small increase in noise temperature.

There is another interesting difference that can be noted between the pure
lower-sideband converter and the present case. The noise figure of the former decreases
uniformly with the output efficiency factor, while the latter calls for a particular output
efficiency according to Fig. 8.5. In practice, however, this distinction would probably

disappear. In discussion conversion between w, and w, in Chapter V, no effect from W,

¢
was assumed but with a real varactor, pure lower-sideband conversion is impossible.
Considering only the varactor loss 8qu a0 increase in noise temperature would occur that
would require a specific choice of output efficiency for minimization. Of course, it may be
found that reactive detuning at W reduces the effect of 8ru’ but in any case Wy will make

some contribution to Tr such that the final comparison of lower and upper sideband con-

L
version will yield nearly identical noise temperatures. Therefore, the most outstanding
difference between these two cases is not their noise temperature, but rather their ease of
realization. A precise adjustment at w, is required to yield infinite gain from w to w

while that from w to Wy is relatively insensitive to the suppression of W

8.2.2 The Noise Figure, Subject to (8.16). The noise figure relation in

(8. 44) can be optimized only when some constraint relates Py and Py - In (8. 16b), a con-

straint is given yielding optimum gain with a matched output, namely
pu = (2X - 1) (1 -pﬂ)

In this case, it has already been noted that the noise figure is given by (8. 44) if t = 0.

Therefore,
T _ @ _p,[1+z(s-1)] )
o -1 gt {0 2L A oo
o wpX Py Yy
But
wr Rr
Xp W ) (8. 62a)
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w_p ) Ie}
ST A (e | Sat) VAN (8. 62b)
(UﬂX (.L)u X (.Uu

1_2_—

which facilitates the evaluation of (8. 61). Curves of Tru are shown in Fig. 8.7. These

and

were obtained by eliminating x between (8. 61) and (8. 62). An interesting aspect of these
curves is that x increases with Py for fixed CNPRICRY and w'd. In (8. 61) this causes the first
term to decrease with Py and the second two terms to increase with Py - As a result, im-
proved noise figures occur over certain ranges of the abcissa. For example, if R =0.01
and wu/wr =16, Tru =, 66 for Py = 0 but Tru =.57 for Py = 0.5. Yet, in the latter case,
Gru is some three times larger.

The noise temperature curves have been superimposed in the gain curves to

show their correspondence. Because a maximum value of (wu/wr) Rr exists whenever
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Py #0, the range of Rr is limited. For Py = 0.5, Rr < 0.2 is necessary. However, for
some range below this value of R, an optimum noise temperature exists, that depends on
Py -

8.3 Down-Conversion from w, to w.

In an earlier discussion, in Section 4.3, down-conversion from o to w,. was
shown to be impractical, but the lower sideband was absent in that treatment. The lower
sideband will now be introduced and it will be shown to greatly enhance down-conversion gain.

The first step is to calculate Gur from (8. 1). With the aid of (3. 15b), one obtains

o 2
G - or e Uy (8. 63)
ur Wu | YpYy + wp p “wy - wg Yy/Y %)
By comparison with (8. 8), it is interesting to observe that
(.L)r 2
G = <__> G (8. 64)
ur w, ru

The proportionality just noted means that both up-and down-conversion have
the same bandwidth [see (8. 27)] . Consequently, the down-conversion gain-bandwidth pro-
duct is wr/wu smaller than that for up-conversion. Being less than one, this ratio is one
of the disadvantages plagueing the down-conversion mode.

The result in (8. 64) applies even with w, shorted, and it was obtained for

¢
this case earlier. However, a point of interest arises because the derivation in Section 4. 3
made use of a symmetry that does not exist when w, is present. Without W, the basic
equation for relating w. and W, is (4. 1), which is symmetrical in these variables, but the
more general expression is (8. 1), which is not generally symmetrical in w. and W

Therefore, though conversion gain obeys the scaling relationship in (8. 64), other properties

of up-and down-conversion may be found to differ by more than a simple scaling.

Using the notation of (8. 11), (8. 63) can be written

w 4 xyp

r u

= — | — .6

ur - w I:(l +py - P )2:| (8. 65a)
u u /i
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where again

and z = —— (8. 65b)

5
(4)°]
~

r u

However, the source and load are now interchanged (relative to their positions for up con-

version) so it follows that g and g =g, while g is a dummy load.
r u S’ y

=g,

As anticipated, Gur is no longer limited to the frequency ratio wr/wu, but
can be arbitrarily large if Py = 1+ Py- Therefore, by introducing the lower sideband, one
limitation of simple down-conversion is overcome, namely that of gain being less than unity.
However, high gain again occurs at the expense of negative reflected conductance at each
terminal, so no improvement in gain-bandwidth product results.

Another problem that previously characterized down-conversion was a high
noise figure, so let us now consider the influence of w, on the down-conversion noise

figure. It will be sufficient to consider the noise figure associated with infinite gain, which

(using the form of 2.48) can be expressed as follows:

- 1+gdqu+G£rTﬁ +GrrTr
= G T

ur gg TO

r
L

(8. 66)

g | 0Q

ur o ur o

Here Tr is the effective noise temperature of the w. terminals, and by (8. 40) it follows that

T, = [1+x(t-1)] Ty
T, = [1+ z(s-1)] Ty (8.67)
Again using (8. 1) it can be shown that
w Xp
G, -4t —f (8. 68a)
r @o [(L+py-pg)
2
_ 4x _ (8. 68b)
rr (1+ Py - ,Dﬂ)
Therefore (8. 66) becomes
) Td 1-y wupﬁTﬂl qur 1
Fr:1+T———+w T o T. Gpo (8. 69)
v o LY Purdy rd YPu
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Two important aspects of (8. 69) are the frequency ratios wu/wﬂ and wu/wr,
which both exceed one. Because of these ratios, it will be shown that Fur is invariably
larger than F__ .

ru

Further examination of Fur is aided by the following identities, which are ob-

tained from (8. 46)

P L, W
_ﬁ = (_1___2 _u (8.703)
Io} 1-y w

u £
“u Ru
= 11- z (8.70Db)
pwr  (1-x)(1-y)

The quantity Ru is the same as previously defined in (4. 38), namely

wu 2 wu 2
R =|—| R, =|—7 (8.70c¢)
u w r w
r d

Ru is useful for normalizing down-conversion noise figures because it only depends on:
(1) input frequency, (2) the varactor, and (3) the pump level.

Using the identities in (8. 70), Fur in (8. 69) now becomes

P 1t [ 8.71
ar ~ - F TIZ v Ty (8.71a)
where
wu 2 Ru
“T G, (1-2)[1+2(s-1)] + 77 [1+x(t-1)] (8. 71b)

As written, (8.71a) has the form treated in Appendix A (with the variable y substituted for
x), but there ¢ is assumed to be independent of y. Now, o depends on y, because z, y,

and cuu/wr are related by the high gain constraint 1 + Py~ Py = 0, which [by (8. 46)] can be

L

written in the following form:

w w R
(1-2) a% = <q‘;> <1 _“X> + (1-y) (8.72)

Therefore, the optimization of (8. 71a) will differ from that of other noise figures, because

the variation of ¢ with y must be accounted for.

It will be expedient to assume that Ru’ X, and t are specified, so the second
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term in (8. 71b) will be constant, that is

R

To% _“X [1+x(t-1)] = N (8.73)

First consideration will then be given to the case where all noise sources are at room tem-

perature. Using (8.72) in (8. 71b), the latter becomes:

s=t=1
wu Ru wp
a :T(l-y)+1_x '(;- (8.748.)
[ [
and R w
U \(_B
Td 2w 1-x w!Z
F_ = 1+== P95 (8. 74b)
ur T yw y(l -y
o) 0
which is minimum for
1
v _ _ (8. 75)
opt 2(1-x)
1+ 1+ '—R'—
u

It is interesting to note that yopt is independent of frequency ratio in this case, and there-
fore the optimum Fur decreases with wp/wﬂ. Hence, for a given W the lowest noise
figures will result if wr/wu << 1. Inthis case, the effective noise temperature depends
on Ru/(l-x) as shown in Fig. 8. 8.

An interesting difference now arises over the previous noise figures con-
sidered, in that idler cooling can reduce the noise figure. To demonstrate, consider an
extreme case where the external load at w , is cooled to absolute zero (i. e., s = 0), and then

¢
s=0, t=1

@ = (a+1-y)2 + N; a = (8.76a)

from which

2
F =1+—d[:§(1+a)-2+N+a} (8.76b)
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Fig. 8.8. Optimum noise temperatures for down-conversion from wy to wp,
with and without idler load cooling (at wy), and with a room
temperature load. The basic requirement for these opti-
mum noise temperatures is wy << wy.

The latter is minimum for
_ 1
opt
1+ /1 + —29:1?2—
N+ a

Again the optimum noise figure increases monotonically with wr/wu, through the factor a.

(8.77)

If a << 1, then

s=0:

N

Td 2
F ) =1+=9 |2 -2+~ (8.78)
ur-opt T, l:yopt yopt(1 - yopt):l

which is plotted in Fig. 8. 8.
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For other values of s and t, curves similar to those in Fig. 8.8 can be de-
rived. In general, raising t moves all curves to the right, while s influences the lower
portions of each curve,

Lower sideband cooling can improve the down-conversion noise figure be-
cause lower sideband noise is less amplified than output noise (at wr). The ratio of these
two contributions is pﬁwr/wu, which is less then one if wr/’wu is small. Therefore, the
optimization obtained here requires relatively heavy loading at w, and W but light loading
at the output frequency w .. Cooling the load at W will then reduce the noise figure. In
practice, the input and idler frequency loadings are adjusted for high gain, while the output
is loosely coupled to keep the noise figure down. This procedure would require that the
output be followed by a power amplifier with high input impedance.

It is interesting to compare the optimum down-conversion noise figures with

and without w ,, the latter being taken from Fig. 4.5. For the case where Ru =0.1 and

ﬁ’

wu/cur = 10 are specified, the results are shown in the following table:

wy W, unshorted; x =0.1
shorted o
(Fig. 4.5) g, at room temp. gy cooled to 0 K
T =1.1 T = 2.2 T =12
ur ur ur

The noise figures that accompany the introduction of w, are somewhat larger than those
without W, but it should be remembered that the former are accompanied by huge gains
while the gain is less than one with w, absent. In addition, cooling the w, termination
can reduce the difference between these two noise figures to something quite negligible.

Only one other technique has been considered in which infinite down-conver-
sion gains are possible. This would be in the pure lower-sideband converter where W, > W -
The noise figure in this case is given by (5. 27a) which has the optimum value in (5. 32a).
However, the latter optimum calls for the particular wr/coﬂ ratio in (5. 29a). This ratio
exceeds one only if Rr/(l—z) > 0.2. Therefore, the optimization leading to (5. 32a) is not

too practical for down conversion, since the latter often involves specified input and output

frequencies. In this case, a definite minimum noise figure exists, which is
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(8.79)

Therefore, if the input frequency (wr) to output frequency (“’g) ratio is 10 to 1, as in the
previous illustration, Fr will equal 11. It can be noted then that double sideband operation
offers significant improvements in the down-conversion mode.

It is an interesting aspect of this down-conversion analysis that high wu/wr
ratios, are required, which means that W @y and wp will become very closely spaced.
Consequently, all three frequencies may fall within the same resonance. This would be a
practical mode of operation, since it has been shown that w, and w, require approximately
the same loading when minimum noise figures are obtained. Further discussion of depend-

ent sideband loading will be found in Chapter IX.

8.4 Conclusions

It has been shown that double-sideband reactive mixers have some advantages
over single-sideband reactive mixers, two forms of up-conversion gain increase are possi-
ble, but both are accompanied by negative reflected conductance at the input. One form
offers infinite gain and negative output conductance, while the other offers finite gains with
a matched output. In the second case, an improvement in noise figure is possible, but in
the first case a slight noise figure degradation occurs. In both cases, the gain-bandwidth
product may reduce by about 30 percent with the gain increase, but it is possible to increase
the gain by about 6 db without reducing gain-bandwidth product. One general advantage that
can be cited is the opportunity to control gain between W, and W, by varying the loading at a
dummy frequency W -

A significant improvement in down-conversion noise figure has been noted.
Noise figures of slightly over 3 db are possible, with essentially infinite down-conversion

gain, and for a wide selection of operating frequencies.






CHAPTER IX

DOUBLE-SIDEBAND MIXING WITH DEPENDENT
SIDEBAND LOADING

In the configurations considered in previous chapters, up-conversion was
found to be the most useful reactive mixer mode. An optimum sideband-to-signal frequency
ratio was found to characterize this mode, but it varied according to varactor loss. For low
signal frequencies or high varactor quality, the optimum frequency ratio is very large, with
the result that the pump and sideband frequencies become very closely spaced. But an alter-
nate limitation on frequency ratio then arises due to the difficulty in filtering. As an extreme
case, the sidebands may fall within the pump resonance as illustrated in Fig. 9. 1. When this
occeurs, Yﬂ and Yu are no longer independent quantities, and the character of double-sideband
conversion changes radically.

At first glance, the configuration in Fig. 9. 1 appears useless since sideband
power would tend to be absorbed in pump internal conductance. However, as shown in Fig.

9. 2a, the sidebands and the reflected pump signal can be separated from the pump generator
with the aid of a circulator. The total reflected energy that emerges from the circulator thus
constitutes a modulated signal. The useful properties of this signal will now be investigated.

For frequencies near wp, Fig. 9. 2a is equivalent to the tuned circuit in Fig.

9. 2b, which will be assumed resonant at wp for the case of basic interest. Then w , and W,

L
will be equally detuned so that

Y, = Y’E (9. 1a)
(i3
P Bp

where

137



138
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Fig. 9. 1. A limiting case of double-sideband mixing
that occurs for wr/ wp << 1.

It is assumed in writing (9. 1) that g is the characteristic admittance of the circulator, so
the varactor will see ng at the circulator terminals.

The first step in evaluating this special case will be to determine the type of
modulation produced by the Wy and W, sidebands. In general, the total modulated waveform

can be written in the form
jwpt Vu jwrt Vﬂ —jwrt
Vm(t) = Re Vpe 1+ v e + e (9.2)

where the sideband voltages can now be found from (8. 1) and (9. 1). By direct calculation, the

latter yields

-jw v V
v, - +pl (9. 3a)
u
jw, ¥y V
v, = ——ﬁ# (9. 3b)
u

But, recalling from (2. 24b) that yp = a2Vp/2, the sideband voltages can be alternately ex-

pressed in the form

Vu Vﬁ
L I *
v quM v - ]wﬁM (9. 4a)
p p
where
a,Vv 1]
M=-2%_.|Me M, (9. 4b)
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Fig. 9.2. (a) A basic technique for isolating the sidebands
from the pump in Fig. 9. 1; (b) the high and low
frequency equivalent circuits of (a).

Substituting (9. 4) in (9. 2) now yields

— : 2 2
Vm(t) = |Vp| [(1+ ZerM[sm 0)% + (2wp|M|cos 0)%] cos(wpt + 0+ Qﬁp) (9. 5a)

where 0 = wrt + HM (9. 5b)
-1 2wpIM|cos 0
= | T ow Msin ¢ (9. 5e)
J¢p
Vv =1V . 9. 5d
. | p] e ( )

Since M is proportional tothe signal voltage, a small signal assumption can be used to make
|M| arbitrarily small. Also, wp >> w. will be assumed, and together these assumptions
render the fundamental nature of (9. 5a) and (9. 5¢) observable by reducing them to the follow-

ing simplified expressions:

h=S
Q

—2wp|M‘cos(wrt + 0y (9. 6a)

u

v () 'Vp|cos[wpt + ¢p - 2wp|M|cos(wrt + o)) - (9. 6b)



140
Three observations can now be made:

(1) The first-order effect of the signal at w. is to phase or angle
modulate the pump voltage.

(2) The angular deviation of this modulation is

M| - o[22
2w M| = 2w (9.7a)
p p 2Yu
27 -1
w |y w
- Bplcrl 1+4§r—2 (9. o)
pp P

where 2yr = anr is the amplitude of equivalent time varying
capacity at w . [See (2. 30b).]

(3) The maximum angular deviation occurs as W approaches zero.

Returning to the expressions for the sideband voltages in (9. 3), the origin of
phase modulation can be attributed to the common factor j. However, the fact that angular
deviation is proportional to the signal voltage through the term Yy suggests a physical explana-
tion for this effect. The signal voltage, however small, will vary the capacity of the nonlinear
element; and if this element is part of a resonant circuit tuned to wp, these capacity variations
will phase modulate the pump voltage. It would seem perhaps that this effect should be masked
by nonlinear effects from the larger pump signal, but the analysis in Chapter II refutes this
notion. As stated in Section 2. 4, first-order mixing can be alternately regarded as pump
acting on signal, or signal acting on pump. For double-sideband configurations, the latter
case is depicted by (2. 33a) with y2p =0, and since the pump is the only source in this case,

(2. 33a) becomes

2 r {
I = Y \%
p pTr p Ty p
0 0 jw v, Yu Vu (9.8)

which attributes all modulation to time-varying capacitance at w.
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The formulations in (9. 8) and (8. 1) are effectively equivalent because

Y

Vr r
r_r (9.9)
v
p p

but they express the mixing process in different terms. The relative advantage of these two
methods depends upon how the sidebands are used to form the output. For example, in the
analysis in Chapter VIII, the output signal was a single-sideband filtered from the pump, so
no advantage would result from retaining the pump in electrical form in this case. However,
when the pump and sidebands together form the useful output, as in the present chapter, the
formulation in Section 2. 4 is more convenient.
When the constraint in (9. 1) is included in (9. 8), the sideband voltages are

identical to those in (9. 4) as expected. In addition, however, (9. 8) yields the effect of signal

on pump directly, through the relation

w
P 2 . r
Y == =g 1+ 2w “{M|® (1 -] ) (9. 10)
VvV .
pm p p l l wpﬁp
The corresponding relation from (8. 1) is
2w Zly IZ
_ pI'p
Y, =Y+ 7 (9.11)
in u

which is a special case of (8.2). It indicates the effect of pump on signal under the conditions

in (9.1). In (9. 10), the term

2w 2 MIF g = (g) (9. 12a)
pl l p P refl

is the reflected conductance at wp due to the modulating signal at W while the corresponding
reflected conductance in (9. 11) is

20, " ol Vol
= —= 1Pl =9 b
(gr)refl |Yulz gp wr VI‘

‘ Ml* g . (9. 12b)

Therefore, in this mixing process the relative power contributions by the pump and signal are

given by the ratio
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2 2
(gp)refl _ “Up

pump power _
(gr)refl wrz

signal power

. (9.13)

\

_P

\%
r

In view of this enormous potential gain, it can be anticipated that immediate phase detection
of the waveform in (9. 6b) will recover a well-amplified version of the original signal. This
point will be discussed further in Section 9. 1, but first another curious aspect of this phase-
modulation process should be noted.

In (9. 4), the two sidebands have slightly different amplitudes such that

\%
u
Vﬁ

@y Zwr

= — = 1+ —= . (9. 14)
w w
L p

Since this asymmetry vanishes as w. approaches zero, it is apparently responsible for the
terms in (9. 5) that involve w.- One such term appears as incidental AM and the other appear:
as phase distortion. Both of these distortions are negligible when w << w

The sideband asymmetry noted in (9. 14) has its greatest influence at W .. In
Section 7.2, the Manley-Rowe equations were applied to phase-like modulation and there the
tendency toward instability was found to be very sensitive to sideband asymmetry. In the

present case, the ratio of the two sideband powers is

Wu <wu>2
L (9. 15)
Wﬂ cuﬂ

which satisfies the stability condition in (7.7). In fact, using (7. 5) and (9. 15) together, one
obtains the following sideband-to-signal power ratio
3\ 2 2 2
i (Wu + Wg) w ®+w w

P ~ _DP
= x 9.16
Wr wr?® Wp ( :

which is just the negative of the unstable ratio corresponding to pure phase modulation.
Therefore, while the sideband asymmetry noted in (9. 14) has a more or less negligible influ-
ence on distortion, it has a useful influence on stability. Further evidence of this appears in
the derivation of Yrin in (9. 11), where the sideband asymmetry is seen to be just sufficient
for the positive reflected conductance from the upper sideband to just overcome the negative
conductance from the lower sideband. The net reflected conductance in (9. 11) is positive,

but small.
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Fig. 9.3. A detection system for recovering an amplified
version of the modulating signal.

9.1 Circuit Properties

It is now evident that a phase-modulated signal emerges from the circulator in
Fig. 9.2. Hopefully, an amplified version of the modulating signal can be recovered by
placing a phase detector at its output port, which is illustrated in Fig. 9.3. Since (9. 16)
suggests power gains in proportion to pump frequency squared for this case, it differs con-
siderably from the cases previously studied, where power gain was proportional to only the
first power of pump frequency. In deriving (9. 16), the sideband powers were added as if they
were incoherent signals. This step is satisfactory for merely estimating the power gain, but
once it is recognized that the sidebands add coherently to form a phase-modulated signal, a

more precise measure of gain is required.

Helpful in this respect is the classical view that the two sideband voltages can
be regarded as vectors rotating with respect of Vp at angular frequency w .. The phase envel-

ope is then formed by the total projection of Vu and V, in quadrature with Vp so the peak of

¢
the phase envelope will occur whenever the sidebands are in phase. Hence, a transducer gain

for phase modulation can be defined by

<Maximum quadrature component> 2
1

of V. +V_ with respectto V
G -1 A" u P g (9. 17a)
PM 2 Available source power p '
at w
r
Or, in the manner of (3. 15b),
g g |V |2 . . . 2
__r°p|'p Maximum imaginary component (9. 17b)
PM v |2 |V of (V. +V,)/V ’ '
in r u 2 p
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The phase of (Vu + Vg )/ Vp’ as found from (9. 4), is somewhat arbitrary since the phase of Vr

is arbitrary. However its maximum possible imaginary component is
(wu+wﬁ)|M| = 2wp |M| (9.18)

which occurs when the instantaneous phases of Vr and Yu are equal. As could be expected,
(9. 18) equals the angular deviation in (9. 7a).
Using (9. 4b), (9.9), and (9. 11) in (9. 17b), the conversion gain by phase modula-
tion becomes
16g g w? |y

2
) 1%p %" |7l
Spm ~ YpYy + 20p” [ ? (919

Of course this gain will be useful only if the phase modulation sidebands can be converted back
tow, efficiently, which calls for a good phase detector. But it will be shown that phase detec-
tion invariably introduces loss, so if n? is the fraction of phase envelope power that is actually

converted back to W the over-all transducer gain will then be

G = nZGPM (9. 20)

The numerical value of 2 will be discussed later, but for now it can be stated that
0.1< n? < .5. A more detailed discussion of phase detection efficiency will be taken up in
Section 9. 3.

For a given source and load conductance, both (9. 19) and (9. 20) are maximum

for w, = 0. Therefore, an untuned input will be assumed having the form

“r
Yr =8, <1+]B—r> (9.21)

where Br = gr/Cr is the bandwidth and Cr is the total input capacity at W, (i.e., Cr =C +
stray). A low pass amplifier characteristic now results with the following amplifier charac-

teristic

G (w) = p (9. 22)
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where kp2 is the pumping coefficient and in this case

k? =y?2/CccC_ .
o 7% /G
There is a resemblance between the transducer gains in (9. 19) and (9. 22) and
the power gain in (9. 16), since both are proportional to wp?‘ , but the former two remain finite
as w, approaches zero. This difference occurs because the reflected input conductance at W,
vanishes with w ., SO NO signal power can enter the converter when w, = 0. Still, the maximum
transducer gain occurs when w, = 0 and has the value
8n® k 2w ?
K p p

Gr = —ﬂ—rgr . (9. 23)

9.1.1 Bandwidth and Gain-Bandwidth Product. To calculate the bandwidth (8)

of the gain in (9. 20) it will be assumed that w is much less than wp within the pass band 3

(i.e., B << u)p). Direct calculation then yields

1/2
3Ry [“D—+~———— “D”} (9. 24a)

B = 2
l—kp
where
B B\ 2
D=1 7o) -l (9. 24b)
2(1-kp”) p r
Inspection of these relations shows that
-1
B = i + ﬁi (9. 25a)
B D
if
l;sp - Br| >>0 (9. 25b)

The maximum error in (9. 25a) is less than 30 percent, and it occurs when ’Br = Bp and kp‘2 = 0.

» B

2

Exact solution of (9. 26) are plotted in Fig. 9. 4 for kp‘2 =0 and 1. For other values of kp

lies between the two curves plotted.

Since the two curves in Fig. 9. 4 are separated by no more than 30 percent, it

can be concluded that the conversion bandwidth is roughly equal to the lesser of the two termin-
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.70 -

Fig. 9.4. The bandwidth of Gy vs. the sum of the circuit bandwidths, normalized
to Br'Bp' The two curves shown are upper and lower bounds.

al bandwidths. 1 This result can be explained by considering the input and output admittances.
The former was given in (9. 11) and the latter can be found by substituting (9. 1) into (8. 3) and

(8.4), which yields
w_w Iy Iz Y
r ul’p u

Y = + (9. 263.)
u u 2
in YrYy - wr“’ﬂl?’pl
2
w_w, |y Y
Y, =Y, - *rﬁ|p| .-, (9. 26b)
in YrYy + wrwul}’pl

From the point of view of bandwidth,the importance of these admittance rela-
tions is the ratio of the second term to the first, which shows the ratio of reflected to fixed

admittance. In (9. 11), the reflected admittance at W has the components:

wrz kp2 By
ib = j{=—1Db 9.27
(gr *] r)refl Ber (1 + wrz/sz) |igr i <Bp> r:l : ( )

Note that g is actually half the bandwidth of the pump tank, but it is referred to here as the
pump bandwidth.

1
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The key factor here is kp2 which, in Section 9. 1. 3, will be shown to be much less than one.
Therefore (g_) and (b_) are much smaller than g_and b_ respectively, and the band-
T'refl T'refl r r
width of the W, terminals (gr/ Cr) changes very little when the pump is applied.
Investigation of the sideband admittance in (9. 26a) and (9. 269) shows the same
general trend, that
Yu = Y (9. 28a)
in
(9. 28b)

4.
in

However, it should be noted that Yu # YE even though Yu = YE‘ . Infact (9. 26) shows
in in

Y (w) = YE. (—wr) . (9.29)

Some confusion may arise about the significance of Y . and YQ K when they are
part of the same resonance, but they apply on different sides of resorignce, SO 1trllley can be re-
garded as separate quantities. As one consequence of (9. 29), frequencies above w_ experience
positive reflected conductance while those below see negative conductance. Nevertheless,
these reflected conductances are numerically small compared to gp , SO their asymmetry is
relatively unimportant.

Now that the bandwidth has been determined, a related quantity of basic import-
ance is gain-bandwidth product. By (9. 23)

Jor B =2 YRk —;—B— : (9. 30)
rep
It is of interest to optimize (9. 30) but a number of practical factors can influence the result.
For example, if the varactor is lossless, Bp can be chosen independently of wp. Then by

Fig. 9.4, 3/ /Ber is maximum when '3r = Bp which leads to the relation

/Gr B = 1.83 wpkpn(1-0.283 kp+... );kp < 1. (9.31)

Since this gain-bandwidth product is proportional to wp, the lossless case emphasizes the
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value of a high pump frequency. However, varactor loss eventually limits the usefulness of
raising the pump frequency, as will be shown in Section 9. 1. 4.

9.1.2 A Numerical Example. To illustrate the great promise afforded by this

double-sideband configuration, a numerical example will now be considered. Since the gain-
bandwidth product in (9. 29) is proportional to pump frequency, this suggests that the highest
possible pump frequency should be selected. Today, it is well within the state-of-the-art for
varactors to be pumped at 10 kMc, which means that a gain-bandwidth product of 1000 Mc is
possible if nkp can be made made as large as 0. 1/1. 83 =0.055. Later it will be shown that
nkp = 0.055 is easily realized, so let us continue the present example by designing an ampli-

fier with the following characteristics:

Midband Gain, Er = 20db (9. 32a)
Banf;;idth , 5% - 100 Mc (de to 100 Mc) (9. 32b)

Together these correspond to a gain-bandwidth product of 1000 Mc, which in the present case

requires

mk, = 0.055 . (9. 33)

Now, assuming Br = Bp as suggested above, and kpz << 1 as will be justified

in the next section, Fig. 9. 4 yields

- S -
Bs = B, = Giga - 1968 = 2 (156 Mc) (9. 34)

for the pump and signal bandwidths. As expected, neither the pump nor signal terminal ad-
mittances are much affected by pumping. For example, applying (9. 27) to the present case
gives

k ® 2 Y

p _ ,0.0565 r _
(Yr)refl < 5 Yr = (————n ) 5 = 0.012 Yr (9. 35)

where n° = 1/8 has been assumed. Therefore, the input admittance is essentially that of the

varactor itself, which is purely capacitive for frequencies in the w. band.
It is evident that double-sideband reactive mixing provides a technique for dc

amplification with extremely wide bandwidths, from dc to UHF. Although no standard termi-
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1000

Fig. 9.5. Gain characteristic of the example amplifier
in Section 9. 1. 2.

nology exists for this broad range of frequencies, it will be termed an extended video range
and the configuration under discussion will henceforth be termed an ultra-wideband video

amplifier. The frequency response of the amplifier in this example is shown in Fig. 9. 5.

9. 1.3 Physical Limitations on kpz. By (9. 31), the gain-bandwidth product is

proportional to kp, So it is important to consider possible limitations on this quantity.

According to the definition in (9. 32)

k2 = 2/c C 9.36
. lyp/rp ( )

where Cr and Cp are the total circuit capacities at W, and wp respectively. Therefore, in the

notation of the general Taylor expansion in (2. 11),

Cp =a;+ stray or filter capacity
a2V
and y_ = P , for which
2
P a, v |2
2 2'p
kp < %a . (9.37)
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However, this relation is valid only over a range where the varactor capacity varies linearly
about the bias point, and typically this is true only when Vp -— V< % , where V is the bias
voltage.

As previously noted in (2. 10), varactors are characterized by relations in the

form

av) = Q1 -v/A)7, 0< o<1 . (9. 38)

In this case, (9. 37) becomes
o (0 (3 ()
2 it S v ~ et .
kp < (2) A 1 N (2) 5 (9. 39)
where the latter approximation is valid when A, the contact potential, is small compared to
\V land V.
p

An upper limit on IVpl also arises because a varactor is basically a diode and
excessive conduction takes place when val = V + A= V. Therefore, the upper limit on l«:p2 s
as predicted by (9. 39), is (0/2)®. Ina typical case, o = 1/2, and then kpz < 0. 06.

However, for |Vp| =~ V, the accuracy of (9. 39) deteriorates because the formula-
tion behind this relation is only concerned with first-order interactions. When leI is large,
higher-order interactions also contribute to the circuit effects being observed, but this can be

partially accounted for by replacing yp by the Fourier component of time-varying capacity at

w .
p

d jw t
vy =7 J g% e P d(wpt) (9. 40a)
° o}
where:

_ . P
v, -V+Re(Vph ) .

This expression for yp is proportional to Vp for small Vp/V, but deviates from proportionality
as the latter increases. Similarly, with large pumping signals the average varactor capacity
deviates from the bias value, and is given by the relation

2m
1 dq
C =5 S/ [(a;>vo d(wpt)jl . (9. 40b)

[0}
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Fig. 9.6. Estimates of C, yp, and kp2 by Fourier analysis.

The integrals in (9. 40) have been evaluated in Ref. 37 and the results are shown in Fig. 9.6

for o = 1/2. Also plotted is the upper limit on kp2 , namely (yp/2C)2. Based on Fig. 9.6,

the value 0. 1 will be taken as a practical upper limit on kh2 , in the sense that kp2 =0.1
|34

should be approachable with large pump signals and minimum stray or auxiliary capacity

across the varactor.

Of course, filter of bypass capacity that may shunt the varactor at one or more
of the operating frequencies will reduce both kp2 and the circuit bandwidth, and these reduc-
tions produce opposite effects on the gain Er . To illustrate this point, consider a case where
the input signal is available from a 100 ohm source and the effective varactor capacitance (C)
is 1 pf, so (neglecting any bypass capacity) Br/2n = 1600 Mc. If the desired amplifier band-
width is significantly smaller than 1600 Mc, the extra input circuit bandwidth in this case

would unnecessarily reduce Gr; but if Br is reduced by adding extra capacity in the video
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circuit, kpz would reduce simultaneously to nullify the possible advantage to be derived from
this Br reduction. Therefore, to make optimum use of a varactor for phase modulation, the
video bandwidths must be controlled by inductive source transformations.

To continue the illustrations above, a stray capacity of 1 pf will be allowed for,
making Cr = 2 pf, and a broadband 2:1 step-up transformer will be assumed to change the
source impedance to 400 ohms. Then ,Sr/217 is reduced to 200 Mc, with an accompanying trans-
ducer gain improvement of 6 db. (Note: the reduction in ;Sr accounts for 9 db, while the reduc-
tion in k_? accounts for -3 db.) In this case, the importance of a high source impedance arises
because the video input impedance is large, as a result of w. being much less than wp. Thus,
phase modulation is particularly useful for wideband amplification with high impedance sources
such as solid-state particle detectors or various photoelectric devices.

9.1.4 The Effect of Varactor Loss. As shown in (3. 30), varactor loss can be

represented by a frequency-sensitive shunt conductance. At wp it has the value

wp“C
gdp ~ wg (9.41)
and therefore
=g+ 9. 42
8, = 8, * &g, (9. 42)

where Ep is the sum of all external conductance. As previously noted Ep would typically be
the characteristic admittance of the circulator.

The half-bandwidth of the pump tank now becomes

Bp = —EC—— = Bp + de (9.43&)
where
e g
) D - _dp
Bp 50 de =5 . (9. 43b)
Therefore, the minimum possible value of Bp is
w 2
(B) =By = (9. 44)
P min dp 2wd

which occurs in the absence of external loading.
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The expression in (9. 23) for midband gain can be similarly modified to exclude

sideband power lost in the varactor, which yields

8n°k ‘w 2 Ng ¢
. = 3% P | P (9. 45a)
Prfp &p * Bdp
or by (9. 43)
160k 2w BB
G - p_dy b do (9. 45b)
r Br (BpJr }3dp)2

Since the last expression is maximum for 5p = ﬁdp’ varactor loss is best compensated for by

choosing = which matches the varactor to the circulator and yields
gdp g

P
40’k *w
G - BP d (9. 46)
s r
Without a circulator,
gp = gs + gL (9. 47)

and then (9. 46) must be reduced by the fraction of Ep that constitutes the output load, namely
gL/gp. However, this step will not alter the significance of (9. 46).

A final step in optimizing Gr is to minimize Br in (9. 46). Using the approxima-

tion in (9. 25a),

1 1 1 1
L, 1 (9. 48)
By By Ps Tp+Bap

~
~

| =

it suggests that cup be increased until de, and hence ﬁp, are much greater than Br. Then Br

will have the minimum value 3 and the corresponding optimum dc gain will be

4n’k 2w
— d
G =02 ¢ 9. 49
< 1”)max B ( )

which occurs for wpz > > de. The maximum gain-bandwidth product is now

/Er B = 2nkp wb (9. 50)
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By comparing (9. 50) with (9. 31), the effect of varactor loss is quite evident.
For example, if wp =N de, then nkp must be at least N times larger with varactor loss
then without to yield the same gain-bandwidth product. Considering again the example in

Section 9. 1.2, a varactor with w , = 2m(10° Mc) will be assumed. To retain 100 Mc bandwidth

d

with minimum pumping, let

wp = 3 /dwd = 27(10° Mc) . (9. 51)
Then by (9. 44)
ﬁdp = 27(500 Mc) (9. 52)
and if Bp = de, then
Bp = 2de = 2m(1000 Mc) ., (9. 53)
By (9. 48)
2r 1 1 1
B, ~ 100Mc - 1000 Mc - 110 Mc (9. 54)
So by (9. 46)

& 4.2p 2 E)
G, = 4"k, (110

= 50 (17 db) for
n? = 1/8 . (9. 55)

Therefore, a gain-bandwidth product of 700 Mc seems to be the upper limit when varactor
loss is considered in this case. Still, it must be noted that the optimum gain-bandwidth
product in (9. 50) is proportional to [3. Therefore, if the bandwidth is extended to 200 Mc,
JE; B will equal 1000 Mc for the same W g n?, and kp2 , but the gain in this case is
Er =25 =14 db. Also, it will be shown that n® can be as large as 1/2, which would add 6 db
to (9. 55).

A summary of how optimum gain varies with pump frequency is shown in Fig.
9.7. It assumes the case where a definite bandwidth 8 is required. When the pump frequency

is low, the condition 3, = E yields insufficient pump bandwidth, so E must be increased.
dp "p p
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Fig. 9.7. A comparison of optimum ./ Gy and voltage gain for fixed band-
width and varactor resistance vs. pump frequency. Gy is normalized to
4kp*7wd and the voltage gain is normalized to Z(yp/C) Jwa/1.56 .

The optimum choice in this case is
p) = ;3 + ;3 0 = 1.56 ;3 (9. 56)

as noted in (9. 34). However, as wp increases, ’3dp increases in proportion to wpz and
reaches the value (1. 563/2) when wp = /1. 56,3wd. The latter is the highest pump frequency
at which equal pump and signal bandwidths are optimum. For still higher pump frequencies,
/jdp = ’Ep must be satisfied for optimum efficiency, but then ﬁp increases in proportion to

w 2.
P
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By (9. 18), the midband voltage gain is

pr‘ s ]
voltage gain = — D (9. 57)
BpC

which is an increasing function of wp as long as ﬁp is constant. However, for wp > /1. 565wd,

Bp increases faster than wp which reduces the voltage gain. At the same time, g_increases

in proportion of pr , so the output power remains constant for wp > Weven though
the voltage falls off. Therefore, the main advantage to be gained from increasing u)p beyond
the point where varactor loss can account for half the pump bandwidth is that b, can be reduced
from 1. 563 to 3. In this region Er increases asymptotically toward the value 4kpnwd.

9. 1.5 Noise Figure. A calculation of the noise figure associated with the

phase modulation gain G or the detected gain Gr’ follows the general procedure outlined

PM’
in Section 3. 4. 2, which requires the specification of each external noise source. The main
type of noise source that can be anticipated is that due to parasitic loss, which would be
thermal in origin. In the W band, excess noise will originate primarily in cables and trans-
formers, etc., since varactor loss can be neglected in the video range (e.g., below 100 Mc,
microwave varactors have Q's greater than 1000). It is actually in the pump tank that the
varactor makes a fundamental noise contribution particularly when varactor loss is a signifi-
cant fraction of the total pump tank loss. Therefore excess noise figures due to thermal noise
sources in the pump tank will now be calculated, and the result used as a guide for determining

when other, more arbitrary noise contributions, are significant.

The effective noise temperature in the pump tank is

~

T = PP P (9. 58)

where Td and "f“p are the noise temperatures of the varactor and the auxiliary pump circuitry,

respectively. Therefore, considering the pump pass band as drawn in Fig. 9.8, each incre-

ment dw will experience an (incoherent) noise source

4kTpgpdw

diy =4/ —5E— . (9. 59)
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Fig. 9.8. Noise contributions from pump circuit conductance.

Consider first the increment lying between w, and w, dw. Two output noise contributions
will arise in this band; one due to noise reflected from diN and the other due to noise converted
from the image band which lies between w, and w, - dw. To evaluate these two noise contri-

butions let

Yu = total tank admittance at w,
in
YQ = total tank admittance at w 0
in
Y = transfer admittance from w , to w
u/l I u
Y = transfer admittance from w_to w,.
fu u /i

The total output noise power in the original increment now becomes

- lle‘zgp . \dilegp

- - . (9.60)
| [¥uic|

P(wr) dw

2
uinl

which expresses the output noise power distribution over the right half of Fig. 9.8. But, as

previously noted in (9. 29)

— * -
Yu. (wr) = YQ' ( wr) . (9.61)
in in
Similarly, it can be shown that
Y (w) = Y (-w) (9.62)
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so (9. 55) is equally valid over the left half of Fig. 9.8 by letting W, be negative.
The total noise power delivered to gp, which will be called Pp, is found by
integrating (9. 60) over the complete range -« < W, < o, I W, << wp and kp2 << 1, it

is shown in Appendix B that Pp can be expressed approximately by

2

1<kp2wrwp>
@ 4k 2T 2\ f T
P = dw l: P pjl 1 Brﬁp

p r

1+
(Y N e 1Y
5, .o, T \B B,

The effects of pumping on load noise are now evident through the term in P_ containing kp2

. (9.63)

)

which vanishes in the absence of pumping. Hence this excess noise must be held against the
amplifier even though it is partly due to the output load.

The quantitative evaluation of (9. 63) is carried out in Appendix B for the condi-
tion Bp > Br,because it includes each of the optimum gain cases that have been treated so far.

Denoting the total noise power reaching the external conductance Ep by lN)p’ then

N s 23 kK *w ?
- ey <7£> @ <1 . —p_L> (.54
o 45, [BoP,

and the excess noise power reaching gp is

~ Ep kpz Gr Bp
<Pp>excess = —g; <4kTpon> 32 )\ 07, B—r (9. 65a)
where
B
— P
Bpn = @ <7> (9. 65b)

is the noise bandwidth of the pump circuit in cps.
The noise figure due to varactor loss can now be found by referring (9. 65a) to

the input in the manner of (2. 39), which yields
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(Pp) excess
F =1+ G (9. 66a)
&T B | —
O pni\p
k2 /3
T
:1+% ?B T - (9. 66b)
Pr o

Therefore, for the high gain case wherek ? =0.1, 3_=3_andT_ =T ,
% p T p o]

F = 1.003 = 0.01db

which is negligably small. It can therefore be concluded that sources of noise other than the
varactor itself will determine the noise figure of the configuration under study.

Measured noise figures will undoubtedly exceed the numerical values predicted
above, so experiments will have to determine the source of additional noise contributions, al-
though several can be anticipated. For example, the varactor can be assumed to be at room
temperature (T

d

oscillator noise contributes to Tp' If this effect is large, pump oscillator padding will be re-

= TO), but the load temperature ¥p may be much larger, particularly if pump

quired to reduce %p' Other forms of load noise should be small if a circulator is employed.
Finally, the magnitude of input circuit noise must be estimated in an actual circuit, so it can
be included in (9. 66). However, these extraneous effects are largely under the control of the

circuit designer so very low noise figures can generally be expected.

9.2 Design Considerations

The principle of amplification by phase modulation is quite simple, but the opti-
mum usage of this principle will involve a number of further considerations. As depicted in

Fig. 9.3 this process contains three basic steps:

1. phase modulation (PM)

2.  PM to AM conversion

3. AM detection .
The last two steps together constitute phase detection but they have been separated to indicate
the important fact that all phase detectors are really amplitude detectors preceded by phase

to amplitude conversion networks.
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So far, only step 1 has been treated in detail, but the factor n has been re-
served for the gain reductions due to steps 2 and 3. The fact that loss must be incurred in
steps 2 and 3 is fundamentally true, even though detectors can be built employing either non-
linear reactive or nonlinear resistive elements. Reactive demodulators must be ruled out
because they incur losses proportional to the ratio of output to input frequency squared, or
just the inverse of the modulation gain [see (7.6)] . Resistive demodulators also incur loss,
but more or less independently of frequency. Therefore, demodulation must be by resistive
elements, with care being taken to minimize loss.

The statement that reactive mixer demodulators have high loss does not con-
tradict the conclusions of Chapters V and VIII. There, high-gain down-converters were de-
scribed, but because they employed indpendently loaded sidebands they would be unsuitable
for video demodulation. Nevertheless, such converters could be used for secondary amplifi-
cation prior to demodulation.

Phase detectors operate by adding a second signal to a phase modulated signal
in such a way that phase variations become at least partially converted to amplitude variations.
The second signal may be generated actively or passively through filter action, but in either
case a conventional AM detector does the final demodulation.

For small angular deviations, the added signal will properly contain a quadra-
ture carrier component. Therefore, taking the case of (9.6a), where pr M is small, the

general signal
B sin(wpt + ¢B) (9.867)

will be added to (9. 6b) to yield the sum

N(t) cos [wpt + ()] (9.68a)
where
N% = IVplz +B? + 2B]Vp|sin[¢B-¢p-6(t)] (9. 68Db)
V_sin[6(t) + ¢_] - B cos ¢
IS | P p B
Y(t) = -tan {Vp coa00 + 5,] ~ B sin ¢B} . (9. 68c)
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Two significant cases can be isolated from (9. 68) and these are illustrated in
Fig. 9.9. The first is where the two carriers are precisely in quadrature, which yields an
enhanced carrier and corresponds to (¢B—¢p) = 0. The second is for (¢B—¢p) > 0, which
yields a partially suppressed carrier.

However, each detection system will be further characterized by the degree of
isolation that can be achieved between the varactor, the pump, and the detector. Isolation
between the pump and detector is particularly desirable when the reference signal for phase
detection is also taken from the pump generator, since the reference signal needs to be pure
in frequency (and phase). There are two basic isolation techniques that can be considered.
One is isolation by active circuitry through secondary amplification. The other is isolation
by passive circuitry such as circulators. Of course the former gives an added advantage of
increased gain, but it calls for an extra active stage which will be considered undesirable for
the present analysis. Instead, our interest will be restricted to techniques in which the pump
oscillator is the only active component, and secondary amplification will be regarded only as
a potential means for extending each method discussed.

9. 2.1 Quadrature or Slope Detection (¢B = gbp). For this case, (9.68b) yields

1/2
2w B|V.M 6 (t)
N(t) = |Vp\2 + B2 L1 + “p ‘Vl |2p+ IBZOS (9. 69a)
D
TR . ©, B|VpM| cos 6(t) (9. 690)
Vol * Li Vo[ * B :
while by (9. 68c),
W) = tan ! [ﬁ - zeplm‘ cos 9(t)jl (9. 70)
p

so the modulation now appears partly in the envelope and partly in the phase is depicted in
Fig. 9.9a. Since (2wp| Ml ) is the original angular deviation, the index for amplitude varia-
tions in (9. 69b) is

B|V,|
<—|;——’-311—B;> (angular deviation) (9.71)
p
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Fig. 9.9. Two examples of adding a carrier for phase detection.
Case (a) corresponds to slope detection, while Case (b) is
basically a suppressed carrier system.

Hence the maximum AM index occurs for B = IVpI and equals half the angular deviation,
which means that only one-fourth of the coherent sideband power is made available for de-
tection.

Of course the latter fraction can be increased to unity if B > > ‘Vp , but this

would represent an extravagant usage of pump power. It follows from (9. 69b) that the greatest
efficiency from the standpoint of pump power also occurs for B = ’Vpl , and thus just doubles
the original pump power requirement. Hence, for quadrature detection systems, the maxi-
mum available AM sideband power is 1/8 (-9 db) that possible as pure PM, for a given pump
power. However, other detection systems will be shown to give better performance when they
are usable.

There are several ways in which the quadrature signal in Fig. 9.9a can be

generated, but each of these methods are equivalent to splitting the original pump signal and
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Fig. 9.10. A means for direct quadrature detection using the slope of the
pump tank: (a) shows the basic pump tank; (b) is the same tank at
resonance; (c) the same tank at its half power point, and
(d) shows the corresponding pump phasors.

applying part to the varactor and part to the detector. To this end, let us consider the cir-
cuits in Fig. 9. 10. It is evident that adding a susceptance jgp to the conductance gp introduces

a quadrature component of voltage. However, this configuration is equivalent to operating a

tuned circuit at its half power point. Thus, phase detection by the addition of a quadrature
pump signal is equivalent to the well-known technique of slope detection.

Slope detection can be accomplished directly if the pump circuit is tuned as
shown in Fig. 9.10c. This appears to be the most effective detection method whenever de-
tector isolation is impractical. However, detuning the pump tank does cause a small reaction
at the video input, which will be discussed in Section 9. 2. 4.

Figure 9. 10 further illustrates the 9 do PM to AM conversion efficiency previ-

ously cited. Tuning to the half power point reduces ’Vp| by 1/[2_, but the sidebands are
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doubly effected; first because they are proportional to

Vp‘ and second because they are de-
tuned, which yields a net sideband reduction of (1/1/5)‘2 or -6 db. Finally, only half the side-
band power appears in the AM envelope which introduces another -3 db loss, making (-9 db)

in all.

Some improvement in the above system can be obtained using the balanced
modulator configuration shown in Fig. 9. 11, since it gives a better utilization of the extra
pump power demanded by slope or quadrature detection. Two varactors are used and they
are tuned so the upper half-power point of one coincides with the lower half-power point of
the other. Hence, the pump sees a purely resistive load to which it can be matched, but it
produces a dc envelope on each varactor equal to val /2. When a modulating signal is applied
simultaneously in each circuit, a balanced output results from the two detectors, and the re-
sulting AM envelope in each detector is the same as that for a single detector in an unbalanced
system. Therefore, for a given pump power, the maximum AM sideband power from a bal-
anced modulator is 1/4 (-6 db) that possible as pure PM. Note, however, that the 3 db im-
provement in going from an unbalanced to a balanced system is due to pump matching and not
to better handling of the sidebands. Hence n? is the same for both cases.

9. 2.2 Detection of Double-Sideband, Suppressed Carrier Signals (¢B—¢p > 0).

A still more efficient detection method is depicted in Fig. 9. 12, which shows the sidebands
being completely converted to AM by employing a second signal with both quadrature and out-
of-phase components. The out-of-phase component will just cancel the carrier if

cos
¢p

B
‘Vpl = - s ¢B . (9.72)

Hence this will be termed a suppressed carrier method. For convenience, ¢p will be set

equal to zero and then (9. 69) and (9. 72) yield

z
I

V| ctn 9p [1 + 26() tan 4] 1/2 (9. 73a)

ZZ

‘Vpl ctn q)p [1+6(t) tan ¢B] . (9. 73b)

In this case, the AM index equals (tan ¢B) times the angular deviation, which gives 100 per-

cent PM to AM efficiency for ¢B = 71/4.



165

DETECTOR
»l

g _l_ A
VARACTOR \
AMPLIFIED

= SIGNAL OUT

T '/ (BALANCED)

-0

TUNING TANK

Fig. 9.11. A balanced modulator configuration, (a) for improving the pump
power efficiency in the case of slope detection. The effect of a signal, as
shown in (b), is to detune both tanks in the same direction. Figure(c)

compares the individual tank voltages to the total pump voltage.

A suppressed carrier modulation is easily obtained when the varactor is
matched to the pump, since the sidebands are all that emerge from the varactor in ithis
case and a circulator can be used to isolate the sidebands from the pump generator. Since
this is just the case depicted in Fig. 9. 3, the latter with the circulator ng matched to the

varactor loss gdp is equivalent to Fig. 9.9b with B = - |Vpl .

Efficient detection can now be accomplished by adding a second carrier at the
output port that is in quadrature with the original pump signal. However, this added signal
can now be relatively small, perhaps an order of magnitude greater than the sidebands them-
selves, since it only needs to be large enough for linear detection. Figure 9. 12 summarized
this detection process, which for the same pump power yields nearly the same AM sideband
power as can be obtained in pure PM. To illustrate this conclusion, consider a case where
100 milliwatts of pump power yields a phase modulation gain of 100. Then 10 microwatts of
available signal power would produce 0. 25 milliwatts in each sideband and a total coherent

PM power of 1 milliwatt. But with a circulator this modulation can be completely converted
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Fig. 9.12. A realization of the detection scheme in Fig. 9. 9b.

to AM if a second signal, at about a 10-milliwatt level, is supplied.

9.2.3 Upper Limits on n°. Returning now to the factor 52, it should be noted

that only the sideband power losses incurred during detection are included in % and not pump
power demands. The factor n® expresses the product (PM to AM efficiency) times (AM de-
tection efficiency) and the preceding discussion has shown that the first factor varies from
1/8 to 1, depending on technique.

The second factor n?, the detection efficiency, is even less tangible because
it depends upon detector diode quality. In fact, one is suprised to find that detection efficiency
is relatively undiscussed in standard engineering texts. Although matched detectors are easily
made at microwave frequencies, they can be relatively inefficient unless care is taken. At
lower frequencies 50 percent efficiencies can be easily obtained, so there is reason to expect
efficiencies of this order at microwave frequencies too, but further study of this question is
still in progress. Therefore, by using a circulator, so the sole contribution to n? will be from
envelope detection, and using efficient diodes, n° can be as large as 1/2 in this case. Without

a circulator, or other means of isolation, direct slope detection should be used which yields

n* =(1/4) (1/2) = 1/8.
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9.2.3 The Effect of Direct Slope Detection on Circuit Properties. The pump

tank can be tuned for direct amplitude modulation by placing wp at one of the half-power fre-
quencies, but then a new constraint must replace (9. 1). Using upper and lower signs (+) to

denote tuning to the upper and lower half-power points respectively, then

il

Y, g dise )

Y, = gp[lij(liwr/;ﬁp)] . (9.74)

12

The approximations above are excellent for W, < Qp,ﬁp, which will be an ample range if

Qp 3.

The effect of slope detection is demonstrated most clearly by the input ad-

mittance at W In this case, (8. 2) yields

W (J.)2
FEFg(1- =
w W ]V ‘2 3 23,2 w
Yy =y +-fBRLPL D —2 N (9.75)
r. r g w w
n P 1+ r P
23 2
p

which has several interesting properties. Considering first the case where w. is small, the
main effect of pumping is the reflection of an input capacity

“p 17|
g

2

. (9.176)

F
r
Therefore, when the pump is tuned to the upper half-power point, the reflected input suscept-
ance tends to cancel the nominal input susceptance wrCr. Just the reverse occurs at the
lower sideband. One other effect is a reflected conductance
w 2w |V
p

¥ ~r——*£"— (9.77)

®p

which is negative when tuning is to the upper half-power point. Together these effects yield a

useful variety of circuit properties.
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To study the input circuit properties in this case it is convenient to rewrite

(9. 37) as follows:

_ - puA® N Y
Yrg TE O TTLOEE Y <1 1. <5)2> .
2 2
wpkp”
A o= ¢ = 3 = . 9.78b
wr/ﬁp vo= B/ . i g ( )

Perhaps the most interesting situation occurs at the upper half-power point, where increased

bandwidth is possible. Study of this relation shows how input capacity is cancelled in propor-
tion to the product pr. However, when A = 1, a peak negative conductance appears which
threatens stability. Therefore, to insure stability, a compromise must be made between
suppressing capacity and introducing negative conductance.

The normal input bandwidth in the absence of pumping is A =v. Therefore,

1/2
it v < 1/2, the input bandwidth could be doubled and still the sidebands would remain in a
region of linear slope on the pump resonance. By some experimentation with (9. 18), it can be
shown that pv = 1/2 approximately doubles the input bandwidth if v < 1/2, with a fairly safe
stability margin.

In contrast, if uv =1, the input susceptance is nearly zero over the entire
linear slope of the pump tank (0 < x < 1), but negative reflected conductance will produce
instability for 1/u4 < X < 1. Therefore, operating at the upper half-power point provides a
safe increase in bandwidth, up to a factor of about two, such that

(8.) =23 . (9.79)

r’effective r

The asymmetry demonstrated in (9. 78), with respect to the side ol resonance
being used, can be attributed to sideband distortion. At the upper half-power point, the lower
sideband is enhanced at the expense of the upper sideband, so the negative conductance from
the lower sideband is no longer balanced out by positive conductance reflected by the upper
sideband. Just the reverse situation occurs on the lower side of resonance.

It is interesting to also examine the effect of sideband asymmetry on conver-

sion gain. The gain relation corresponding to (9. 17) in the case of direct slope detection is
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\
P

v—
r

G - 4_gr gp
AM ’Y
Tin

(9. 80)

2

maximum real com-
ponent of (Vu + Vﬁ )/Vp

where voltage ratios needed above can be found by repeating the derivation of (9. 3), but using

(9. 74) instead of (9.1). Now

*
X‘i 00y . Y_ﬂ - ___—.Jioiyr___ (9. 81)
Vp g [T£i(1xx)] Vp gp[li](1+)\)]
and hence
maximum real component 1 wp P/rl
of (V. +V )/V gl ) FW) (9.83)
u { p p
where
1 1
F(a) = + (9. 83)
l:1+(1:t)\)2 1+(11)\)2}

Since F(1) is symmetrical in A, it is independent of the choice of operating
slope, and so the only asymmetry in GAM with respect to side-of-resonance will be that due

to Y., . F()) is plotted in Fig. 9. 13 showing that it is essentially constant for x < 2. 2.
in

Therefore, the effective half-bandwidth of the pump tank is

(8.)

p’etfective 2.2 Bp :

Because F(A) is essentially < F(0) always, the midband gain can be taken at
A =0, which yields

_ 4 wpz 1yp|2 kazwpa
Gy = = (9. 84)
AM g8, Frhy

By comparison with (9.23), G, is 1/4 as large as GPM for the same Vo and hence 1/8 as
large for the same pump power.
While these conclusions regarding gain reduction are consistent with the ob-

servations in Section 9. 2. 1, the latter suggest nothing about the bandwidth improvement.

Because both /Sr and 'Bp are effectively doubled with direct slope detection, Br and Bp need
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be only half as large in (9. 84) as in (9.23). Therefore, for a given bandwidth and pumping
coefficient, GAM , and EPM can be equally large, but for different circuit adjustments.
However, in spite of this theoretical conclusion, direct slope detection will be
less preferable in practice because of its greater sensitivity to adjustment. Without good de-
tector isolation, such as that achieved with a circulator, the tuning adjustments for gain and
detection are dependent on one another, which makes them more critical. Also, with the

appearance of negative resistance at the input terminals, stability will be more critically de-

pendent on pump tuning with direct slope detection.

9.3 Conclusions

The form of double-sideband reactive mixing that has been treated in this
chapter yields an immediate practical application, namely the construction of an ultra-wide-
band video amplifier. This technique uses a form of reactive mixing to phase modulate a
pump or carrier. The, when the latter is detected, an amplified video signal will result.
The treatment of this problem has considered first the modulation process, and secondly the
detection process. The optimization of both has been discussed, with the result that gain-
bandwidth products of the order of 1000 Mc are possible. Much experimental work has been

done in connection with this principle, which the reader will find discussed in Chapter XI.
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The application of varactors to wideband video amplifiers is original with the
present writer, as far as he knows, but the principle used here can be traced back several
decades (Ref. 2). Nearly all prior attention to this concept can be found in the field of mag-
netic amplifiers, but there, little attention is given to ultra-wideband systems, mainly due
to the type of material used. It can be said that the advent of microwave varactors has lead
to wideband generalizations of basic magnetic amplifier principles. However, the customary
form of analysis in reactive mixer circuits tends to obscure these relationships. Hopefully,

the present analysis has bridged this gap.






CHAPTER X

DOUBLE-SIDEBAND MIXING WITH HARMONIC PUMPING

Several improvements have been demonstrated by the comparison of double—
sideband reactive mixing in Chapter VIII with single-sideband conversion. The most note-
worthy improvements were with respect to the upper sideband, and were due to negative
resistance being reflected from W Such negative resistance increased the conversion gain
and also made possible parametric amplification at W, However, the scope of these im-
provements was limited because the negative resistance increased the sensitivity to external
circuitry at the input and output terminals. It will now be shown that the above limitations
can be further relaxed by adding the pump harmonic.

One characteristic of the configuration treated in Chapter VIII is the lack of
a direct coupling between W, and W, However this limitation can be overcome by adding
the pump harmonic. With this added coupling, each pair of signal frequencies interacts in two
ways. For example, a signal at W, is coupled directly to w., by the pump fundamental. It is

also indirectly coupled to w, through w,, by first mixing with the pump harmonic to yield

0
W which in turn mixes with wp to yield w ..

The scope of the present chapter will be to study the properties associated
with this greater coupling flexibility. These properties can be divided into two categories
according to whether the sidebands are independently or dependently loaded. In the former
category, the following properties will be noted:

(1) Unilateral up- or down-conversion between any two of the three signal fre-

quencies WL, Wy and W

(2) Simultaneous unilateral conversion from w, to w, and from Wy to W

and vice versa.

(3) Arbitrarily large conversion gains between w. and @, with gain independ-

ent matching at the input and output terminals.

173
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(4) Gain-bandwidth products and noise figures that compare favorably with

those in conventional reactive mixers.

In the case of dependent sideband loading it will be shown that considerable
improvement in gain-bandwidth product can result from harmonic pumping. It therefore
provides a means for cascading phase modulation amplifiers, as described in Chapter IX,
without using interstage phase detection. This point will be further expounded in Section
10. 4, but since the case of independent sideband loading is the more general of the two, it will

be treated first, and than dependent loading taken as a special case.

10.1 Basic Analysis of Harmonic Pumping

Mathematically, the first-order coupling of W W W, wp, and pr is de-
scribed by (2. 27), which is already familiar through the special cases treated in previous
chapters. In fact, relative to the treatment in Chapter VIII, all that is necessary to restore
(2. 27) to its most general form is to account for the pump harmonic by adding 72p' The
formal solution of (2. 27) is straightforward, but there are ten or more independent param-
eters in this equation, so more than a formal solution is required to understand all of the
effects involved. The equivalent circuit for this configuration is Fig. 1. 2.

In analyzing (2. 27), no assumptions will be made regarding the relative phases
of yp and 7/2p’ so a phase parameter { will be introduced. It is convenient to define ¢ by the
relation

" T ik
2 I

(10.1a)

Another helpful variable change is to introduce the following set of normalized admittances

Y iy
S ) M (10. 1b)
r w | V2 r r
r‘yp'
Yu
T = —_— = 7' 4 jT!! (IOIC)
u i | u u
“utop!
v
v (10.1d)
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They are proportional to the actual terminal admittances for constant pump level. In the
present application of (10.1), no restrictions on sideband loading are imposed, so Tr Tw
and T, are independent parameters.

As an illustration of their usefulness, the normalized admittances reduce the
system determinant of (2. 27) to the following expression:

~

A = ww

i 2 !
r .(wu‘yZp Vop. A (10. 2a)

where

A =TT 4T, -7 - 7, + 2jcost (10. 2b)

This determinant is particularly important in applying the stability criterion of Chapter VI.
The latter predicts that the region of validity of all steady-state solutions can be determined
by the vanishing of A, and all solutions must eventually be tested in this way. For example,
if a set of terminal admittances and pump levels are chosen to yield a certain circuit effect,
then A must not vanish even as the pumps are brought up to the required level. In the ab-

sence of pumping

*
A = YrYuY_Q (10. 2¢)

The formal solution of (2. 27) is achieved through the inversion of its admit-

tance matrix [Y]. Using the notation in (10. 2), it becomes

DT it -jE]
y2p‘('u'f 1 Tyt e T, " e
H 2 ]w ’)/ 3
w17yl u’p jw, v
-jé LS
T, + j€ 71, -1 T - J€
- { [
(v17t -2 ; r r (10.3)
A 19r7p “u'Yop! 19 Y9p
Ty T J€+J£ =T+ je_Jg 77 +1
u r ru
jw ¥ jo v |
r'p u’2p W, Yo |
| 2 "2p N
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The diagonal terms in (10. 3) are of particular interest because they are the input impedance
as experienced by an ideal source at each terminal in Fig. 2.1. In the cases treated pre-

viously, with 3, = 0, the various network effects have often been strongly dependent on

/7 2p
negative terminal resistance, so it is important to see if this would again be the case. How-
ever, more convenient expressions result from considering the input admittance as given

by the reciprocal of each diagonal element in (10.3). The result is

w iy 2 T, - 7.+ 2jcosé
y -t .. L, L v (10. 4a)
r‘n L . rin I‘in r Iul( -
7( - + 2jcosé
Y = w iy b7 ; T = 7+ —— (10. 4b)
u, u'2p u, u, u r7, -1
in in in rf
Tt TL T 2jcosé
Yo =@y T T T Tt T (10-40)
in in in ru

Again the normalized notation of (10. 2) has been used, but the first term in each expression
above can be identified with the terminal admittance in the absence of pumping, while the
second term denotes the admittance reflected by pumping. The appearance of both the
terminal and the reflected admittance in one expression makes this definition of input ad-

mittance particularly convenient for comparisons.

10. 2 General Physical Interpretations

The physical significance of (10. 4) can be seen by calculating the normalized
image admittance relating each pair of frequencies. If wy and W denote a general pair of

frequencies, then the image admittance is

Y = Y (10. 5)

12 1(s)

where Yl(s) and Yl(o) denotes the reflected admittance at wy due to a short or open respec-

tively at w By applying this concept to (10. 4), the following image admittances result:

9°
W !,}/ :2
between v __r'p - : v = w |y |7
w_and w_: ru . ; ru ur ui’2pi ur
r u ;')/2p|

(10. 6a)
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T, + 2j cos &
_ _ ¢
ru T F Ty T T
{
Wty |2
between v . _r'p T YX o= w, ly 15
w_and w, : r( . . Tl (r (" "2p° (r
r { Yo .
2p
(10. 6b)
Tr( =
between *
Y =
w, and w_: (u
( u
(10. 6¢)
Tgw T % Tuf -

Since the expressions above are somewhat foreign looking, a useful interpre-
tation is provided by transmission line theory, where image admittance is equivalent to
characteristic admittance. This identification is convenient in the present case because the
magnitudes of the normalized image admittances are independent of direction, and therefore
the set (10. 6) gives rise to the informative representations in Fig. 10.1.

The second transmission line characteristic of interest is the propagation
constant 6, which is generally defined by

v Y
0y, = In <_% #) (10.7)
1 21

To make the propagation constant more informative, it will be applied only to the transmis-

sion line portions of Fig. 10.1, which yields

i . -ié iy . J&
Qru ) ]Vp T, e . I przp[ T+ e
€ = e (a); € — (b)
lyg ! u ¢ [y {2 r'¢
P p
6 iy -7 +j€j§ 0 Siv o lve 1T —je_jg
r{ )
<= pl e TR P M @ 0.9
u'e [ v’
yZp I'}’p. r u
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In studying these relations, we first note that

6 # B

and hence the transmission lines in Fig. 10.1 are nonreciprocal.

unilateral.

ue _ 7 e
l T 71, -1

-7 +E
rd

l'yzp r'g

(i, j=r, £, v

-3¢

(f) (10. 8)

(10.9)

In fact, they can even be

To illustrate the latter point, the numerator of (10. 8a) can be written

Ty

and therefore if

T, =

Isin &] - j cos &;

+ (sin & + j cos &)

< & <2r

(10.10)

(10.11)
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(10.10) will vanish. There is no transmission from W to Wy, in this case.

In contrast, the numerator of (10. 8b) can be written

7, + (-sin & + j cos &) (10.12)

¢

which does not vanish but equals 2{sin £{ when (10.11) is satisfied. However, the vanish-
) 6
ing of e ur and e 'Y reverses when 0 < ¢ < m. Hence, between each terminal pair in

Fig. 2.1, a state of unilateral conversion can be set up, whose conversion direction depends

only on the relative phase of the pump and its harmonic.

Further inspection of (10.9) yields the following general conditions under

which unilateral conversion is possible:

between W and W if 7+ = T (10.13a)
between w_ and w, ; ifr =71 (10. 13b)
r ¢ u 0
between W, and W, if T T T, (10.13¢)
where
Ty T sin &] + j cos & (10.14a)

Hence, unilateral conversion between each pair of frequencies depends only on the termina-

tion at the third frequency. The direction of unilateral conversion depends on the sign of

sin £.
The characteristic admittances also take on interesting values under (10.13).

These are noted below:

1f TQ - To . Tru = —TO = Tur (10. 15&)
if Tu = TO : Trﬂ = 7'0 = -Tﬂr (10. 15b)
if Tr - TO : TuQ = TO = -Tﬂu (10 15C)

The sign of each characteristic admittance cannot be determined directly from (10. 6), but it
must be found from the corresponding input admittance in (10. 4). For example, setting

T = ‘r; in (10. 4a) yields

¢
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(10. 16a)

*

which seems to depend on Ty However, by (10. 14Db), Ty T 1/70, so (10.15) reduces to

-7 (10.16b)

=\
I
|

which agrees with (10.15a). It is reasonable that each input admittance would be independent
of the output load in the unilateral condition, since unilatarity depends only on the loading at
the third frequency in each case. Therefore, a result similar to (10.16b) is found for the

other input admittances as summarized in Table 10.1.

Direction of Zero s Image Admittance
Conversion Gain Conditions (Normalized)
Critical .
Load Sin £
W - w <0 -7
r u = o}
T =
W - w >0 -7
u r o
*
w. =~ w, <0 s
T =T
u o)
w, - w >0 -*
{ r o
*
w, =@ ) <0 T
v 7o
w, - w >0 -T
[ u
Table 10.1. A summary of conditions associated with

unilateral conversion gains.
It is important to observe that the critical parameter LA is real when
¢ =+ n/2, which corresponds to 72p being 90° out of phase with yp. Therefore, the original
assumption of arbitrary pump phase is crucial to the main conclusions of this chapter. It is

noteworthy that the least rewarding case occurs when the pumps are in phase, although this

case might have been chosen initially for analytical reasons.

Had this case been assumed, the
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Fig. 10.2. The three basic configurations for unilateral conversion.
Key: 7 < 5 <2m; 0< ‘g' < 7; —> nonvanishing conversxon

————5———> unilateral conversions, vanishing for & = ij

unique features of harmonic pumping would have been missed. Further consequences of the
choice of ¢ will become evident later, but in general the more £ differs from m/2, the harder
it is, for practical reasons, to achieve unilateral conversion.

Continuing our evaluation by transmission line terminology, two important

facts can now be noted about (10. 8) and (10.15).

(1) The transfer functions in (10. 8) dealing with conversions that originate at

either W, orw, have singular points when T = 1/7u or 1/'rr, respectively,

and hence large conversion gains can occur in these cases.

(2) The transmission lines in Fig. 10.1 can have negative as well as positive

characteristic admittances so reflection gains can be obtained at any frequency.
These remarks are depicted in Fig. 10.2, where three-port networks are used to illustrate

the three conditions of unilateral conversion.
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It is interesting to note the similarity between the (b) and (c¢) parts of Fig.

10. 2. In fact, the symmetry with respect to w. and W, has been apparent in each expression
derived so far, particularly where the normalized factors are concerned. Therefore, uni-
lateral conversion can be treated in two cases rather than three. The first is depicted by
Fig. 10.2a, which corresponds to (10.13a). In this case, the coupling between W, and W,
resemble a conventional lower-sideband converter, but in addition w, and w, are regenera-
tively coupled so amplification by reflection can take place at Wy However, the most un-
usual feature of this configuration is the nonreciprocal conversion between w., and W which
provides a means for unilateral conversion with large forward gain. Also, the forward di-
rection can be changed by varying the relative phase of the two pumps.

The second case that will be separated from Fig. 10.2 is a combination of the
configurations in (b) and (c). If Tp =T 88 depicted in (b), then T, = Ty Produces a conju-
gate match at W, which corresponds to (c). Therefore, both (b) and (c) can exist simul-
taneously, and the resulting configuration is shown in Fig. 10.3. It yields two unilateral
couplings, so the only transmission between w., and Wy in this case is by the direct path.
Coupling through w, goes only one way. As a result, the conjugate match at W, and W, is
independent of Tyo the normalized load at wp - Since this second case (in Fig. 10.3) is more
novel than the first (in Fig. 10. 2a), it will receive the major attention of the remainder of

this chapter.

10.3 Circuit Properties of Fig. 10.3

The basic properties that distinguish Fig. 10. 3 from other circuits are gain,
bandwidth, stability, parameter sensitivity, and noise figure. These can all be obtained
systematically from (10. 3), which will now be done in such a way that the results can be
easily compared with those of the other configurations previously treated.

10.3.1 Gain and Bandwidth. The first circuit property of interest will be the

conversion gain between each pair of terminals. Although the general gain definition in

(3.15a) will again be used, in the present analysis it is convenient to note that

-1 ..
Gij = 4gSgL \[Y ] i,j=r, ¢, u (10.17)

ji

where [Y-l] ' denotes the diagonal element of (10. 3), and where gg and gy, are the source
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and load conductance at either terminal. Therefore, when the constraint T T o is in-
troduced, the gain expressions in Table 10. 2 result. It is particularly interesting to note,
due to the signs in Table 10. 2, that only the denominators vanish. In addition, the following

basic properties can also be observed for this case.

Gain . .
Function Sin & >0 Sin &£ <0
_ wu[(r}z+sin £)2 + (TE + cos £)?] ﬁ
ru wr[(r}z -sin £)? + (T'é + cos &)%) “p
_ & wr[('r'ﬁ - sin £)% + (’T'ﬁ' + cos §)?)
ur “u wr[(T'Q + sin £)% + (r'ﬁ' + cos £)?]
4w, 7" siné
EM L ¢ 0
(.Ur[(T'Q -sin £)% + (T'é + cos £)?]
4w 7' sin &
G, 0 r {
r wﬂ[('r'ﬁ + sin &)% + (TE + cos §)?]
4w 1" sin &
agu u (¢ 0
i 1 : %3 2
wﬁ[(rg - sin £)2 + (Ti + cos £)?]
4w, 7" sin &
u wu[(T'Q + sin £)%+ (TE + cos £)?]

Table 10. 2. Conversion gains when YL =Yg T Yy

1. With 'r'Q' = cos 6, arbitrarily large gains can be obtained between each
frequency pair as T'ﬁ -~ sin 6. (Note: Ty = T‘Q + jT'g')

2. With sources at w.orw., the input terminals are conjugately matched
independently of gain, and therefore input circulators are never needed.

3. Unilateral gain is possible between W, and W and between Wy and W s

for any value of forward gain.
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/ ‘w_l \
w * W,
i d T, pac Y
* *
ur K - To i nu

Fig. 10.3. Matched-up conversion from wy to wy, for 74 = 7y = 74.
Solid arrows depict the direction and relative magnitude of
conversion gain for 0 < ¢ < 7. All arrows
reverse for 7 < & < 27.

4. Although conversion between w. and w, is not unilateral, the ratio of
forward to backward gain is proportional to forward gain, and hence can
be made arbitrarily large.

The variable gain functions in Table 10. 2 are large only when their denomi-

nators are small, and hence when A ~ 0. Therefore, the bandwidths of each conversion de-

pend solely on Z, which is proportional to A. By (10. 2b) and (10. 4c)

~

A = (TrTu +1) Tﬁin
(10.18a)

which in the present case becomes

A = (27, +1) Tﬂin (10.18Db)

where the first factor is a constant. Therefore, the conversion bandwidth depends only on

the bandwidth at the lower sideband terminals.

To calculate this large-gain bandwidth, let T'ﬂ' = - cos ¢ at midband (Jﬂ) and
let w, = 52(1 + 6), where [6] << 1. Then by (10. 4c)
2C, Iyzpl
TE = - 5o Cos ¢ (10.19)
vy | {
2p

where Cﬂ is the total fixed capacity at W - The bandwidth 8 can then be determined from

the value of o that yields
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() + cos £)?2 = (r}, - sin £)? (10. 20)
The result is
w, vy, [(t" - |sin £])
g = L2 (L (10. 21)
Cc, - 1 [y, cos &
I 2 2p
For large gains, T'ﬂ ~ |sin &], and therefore the gain-bandwidth product for

conversion between w and W, is given by (i,j = r or u)

_ _—
:Zwﬂ [yzp sin &

G. B (10.22)
1 c, - 1 vy, cos &f
0 2 2p
It is evident that £ = =+ ZTZ— is optimum in this case, which can be explained by noting, in the
basic condition T = Tu = Ty that detuned terminals are required whenever & # % . That

is, in the absence of pumping, each terminal must be detuned in proportion to cos £, so
when the pumps are applied the reflected susceptance yields the required tuning. But, in
addition to being inconvenient from a practical point of view, ¢ = + % yields reduced band-
width. In the limit of in-phase pumps (¢ = 0), the gain-bandwidth product vanishes.

It is interesting to compare the gain-bandwidth product in (10. 22) with that of
a conventional upper-sideband up-converter. Assuming the optimum case, where & = + % ,

and defining the coefficient of harmonic pumping as

P
- p
k2p = (10. 23)
i
then (10. 22) yields
w, 2w w 3/2
— _ u ~ p 3
[Gru 6 = 2k2p “—wr 2k2p ;’T—z (10.243)
p
while from Table 3.1, in the conventional case,
G B = kw = 2kw (10. 24b)
ru pu pp

Therefore, by adding the pump harmonic, the gain-bandwidth product can increase by
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20 /P (10. 24c)

When & = ¢ —g— ) 8, = wrlyplz/ lyzpl while g, = wulyzpl. Therefore, (10. 24c) calls for
g, >> g This is quite different from the simple upper-sideband converter described by
(10. 24b), which calls for g, ~ 8. An important advantage in the double-pump case is that
B is independent of the bandwidths at the w. and w, terminals, which means greater flexi-
bility in realizing the gain-bandwidth product in (10. 24a).

10. 3. 2 Stability. Since it has been noted that the high gains in Table 10. 2

are associated with A approaching zero, the question of stability arises. For = Ta " T

A can be regarded as a function of Tgs and it vanishes only when Ty = T;. Therefore, a
sufficient condition for stability is T}Z > |sin ¢£|. However, the normalization that has been
introduced in the 7 parameters somewhat obscures the effect of pump variation on stability.
Therefore let us consider the case where ¢ = :t% , such that T =Tu=To = 1 are appropriate
conditions for realizing Fig. 10.3. By (10.2), Te= Ty S 1 yields
w ly 12
__r'p . _
g, = = 5 € w I"/zpl (10. 25)
sz
where ;p and ;2p denote the final operating values of yp and 72p’ respectively. That is, yp

and Y9p equal ?p and ?Zp when the pumps are warmed up. Then at midband

o g _ g, [‘)’zpf
A = wrwgwu[yzpl I'}’2p|2 <:-I—T - > + l')’p[ : | - <[_ [>
“y 7/p “y 7/Zp yZp

(10. 26)

which is positive for T, = 8 Iag !yzpl > as long as ly2pl does not exceed its specified
value WZp[' Of course the latter condition only arises because the entire gain is due to a
negative conductance proportional to lyzpl , which is reflected at the W, terminals. There-

fore, the basic configuration in Fig. 10. 3 yields arbitrarily large conversion gains, but

10. 3.3 Sensitivity. Sensitivity is another circuit property that is closely re-

lated to stability. Referring to the discussion in Section 5.1, the sensitivity of a circuit
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property Z to a parameter X is defined as the ratio of the percentage change in Z to the per-
centage change in X, when the latter is small. In the negative resistance amplifiers and
converters treated prior to the present chapter, gain was very sensitive to important ex-
ternal parameters, such as load conductance, source conductance, and pump level.

In the cases of present interest, however, the gain sensitivity vanishes both
with respect to the load and to the source conductance. These and all other gain sensitivi-
ties are recorded in Table 10. 3 for the circuit configuration in Fig. 10.3. The entries in
Table 10. 3 have been found from the general gain formula in (10. 17) by using the following

expression for the gain sensitivity from W to wj,

4XO , a(gigi) < * az].i>
SX(Gij) = EIJTX—O—) lei! =X + 2gigiRe Zji —_ X = XO (10. 27)

where X denotes a parameter with normal value XO.

It is evident from Table 10.3 that & = + is optimum from the standpoint of

T
2
sensitivity, which is interesting because this same condition yields optimum gain-bandwidth
product. For this optimum case, the only nonvanishing gain sensitivities are those with

respect to ) and yp; but this is consistent with the gain formulas themselves, which de-

pend explicitly on the gain control parameter

8¢
o= (10. 29)
w, Iyzp[
It is interesting to note that circuit properties other than gain can also have
high sensitivities. However, these other properties may be sensitive to a different set of

parameters than the gain. For example, the reflected input admittance is sensitive to the

output load according to the relation

T aT)/in 1+ T
s (v, -Y) = (= — - 7 12 | 7= (10. 30)
u 7in Y in v u {

T =T
u o

Also, the sensitivity of the output admittance to the source obeys the same relation. How-
ever, the sensitivity of the reflected admittance at W, to the source and load admittance is

zero.
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Parameter Normal Value Gain Sensitivity
. X X w, to w,
o} i i
SX( Gij)
lyp] arbitrary ctn £
“4
Iyzp[ arbitrary w_] Gij
* wi
¢ arbitrary ctn £ o Gij
]
g arbitrary
w ly |
g |siné| r P 0
')’ v,y 12
1 Zp|
| | !
g, [sinélw lyzp, 0
br’ bu’ and bﬁ cos & 0

*Since ¢ is an angle, the sensitivity to £ is measured with
respect to absolute changes in ¢ (say A¢) rather than to
relative changes in &£(AE1¢&).

Table 10.3. Gain sensitivities for the circuit depicted by Fig. 10. 3.

In the ideal case, where T = Tor the input admittance is independent of Tys
and hence of gain. But, if T # T the input admittance becomes quite sensitive to gain, as
™

5

mittance variations at either the input or the output have no first-order effects on gain.

was shown in Fig. 10. 4 for the case where £ = + Yet, the circuit action is such that ad-
Nevertheless, it can be anticipated that admittance variations can have an influence on noise
figure. If the input is improperly coupled, negative resistance will appear at the output and
will amplify the output noise. Further discussion of this point will appear in the next section.

Therefore, as far as sensitivity is concerned, the main advantage of double

pumping is that no gain takes place at the input or output terminals. Consequently, the gain
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CONVERTER
30—

2.0

(or Ty, )
Uin
o
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INSTABILITY
o ) |

0 | 2 3

Fig. 10. 4. Variation of the normalized input (or output)
admittance with the gain parameter T'g , for various
output (or input) loads. The ideal

case is for T'Q = 1.

is not sensitive to imperfections in termination, even though some negative resistance may
result from such. To illustrate these observations, consider up-conversion from w, to W, and
let us assume that a 10 percent variation in source conductance is possible, but that the out-
put load is constant. Thus, assuming & = % , the proper output load will correspond to

7' =1, so
u
w
2
G, = {;—_—1} (10.31)
r

But when T;‘ =1 + 0.1, the reflected output conductance at w,, can go negative if T'ﬁ < 1.1.

Therefore, by arbitrarily choosing T'ﬁ = 1.1, Gru will equal (26 db + 10 log wu/wr) with

negligible fluctuation. However, from Fig. 10. 4, the output conductance will fluctuate be-

tween an open circuit and about twice the load conductance. As a result, one obtains a high-
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gain circuit that remains very stable in spite of mismatch fluctuation.

10. 3.5 The Effects of Varactor Loss. According to the method outlined in

Section 3. 4. 3, varactor loss can be introduced as frequency-dependent shunt conductance at

each sideband terminal. As a result, the normalized terminal conductances have two com-

ponents; one due to loss and one due to the externally applied conductance. For example,
g | N

' o p

+Tg — (g, + 8.4 (10. 32)

| r

12
.')’p.

where g, is the external source or load conductance at WL and 8.4 is the loss conductance.
Several interesting consequences of varactor loss will now be examined with the aid of this
notation.

Perhaps the most outstanding feature introduced by double pumping is uni-
lateral conversion, but the latter requires a critical value for each normalized admittance,
according to Table 10.1. Therefore, when loss is introduced, unilateral conversion can on-
ly be retained by reducing the external conductances until Table 10. 1 is again satisfied, but
then varactor loss appears as a mismatch. One can compensate for this mismatch by devi-
ating somewhat from perfect unilateral conversion.

For example, in the presence of loss, Fig. 10.3 can yield a match at w., and
w,» or can yield perfect isolation between the pairs (wr, wﬂ) or (wﬁ , wu), but not both.
Also, the conditions for isolation are still gain independent, but not those for match. It will
be shown, however, that the conditions for match approach those for isolation as the gain in-
creases, and therefore the imperfections due to loss are not serious.

To examine the conditions for simultaneous match with loss, consider the

circuit in Fig. 10. 3, and let us assume all terminals synchronously tuned with ¢ = /2. If x

is the efficiency factor at w . (x = ’TVr/Tr) then match will occur if

v ¢ u
Th o= Thy t T (10.33)
{2 u
or
T'Q -‘rl'1
_ LA
(2x - 1) L = R | (10. 34a)
¢ 'u
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Similarly, if y is the efficiency factor at W match will occur at @y if

(2y - 1) = —— (10. 34b)

—1
7
u T

Although it is rather tedious to solve equations (10.34) simultaneously, a significant special

case can easily be treated. If T;‘ and 71'1 are approximately unity when the w. and wy termi-

nals are matched, then (10.34) can be approximated by

1+ T'ﬂ
(2x - 1) (T;‘— 1) = I"Tg (T{l— 1) + 2(1 - x) (10. 35a)
1+ T'g
(2y— 1) (Tu- 1) = 1_'_7TQ (Tr— 1)+2(1—y) (1035b)
Therefore, with high gain (i.e., with T'ﬂ = 1)
(1-7)
Tr -1 = 2(y - 1) —1—'*'.'1:; (10.36&)
1- T'Q
T(x -1 = 20x-1) <—_1 +T'ﬁ> (10. 36b)

which both approach zero as T'ﬂ goes to one. Therefore, varactor loss causes very little
mismatch in the unilateral conversion mode, if the gain is high.

The process described by (10. 35) can be visualized with the aid of Fig. 10. 4.
If we start with ?1'1 = 1, and then introduce loss at W, the resulting increase in Tl'1 reflects
a small negative conductance at w . which reduces T;‘ . But at high gain, the latter reduc-

in
tion actually overcompensates for the loss conductance at w., SO 7{1 can be reduced until 7!

is only slightly greater than 1. Similarly, NT; is reduced until the loss at W is cancelled,
which occurs for ?’} 1. In this case, the worst mismatch occurs at low gain,
and then the input reflection coefficient is (1 - x). However, the latter vanishes as the gain

increases.

10.3. 4.1 Up-Conversion Noise Figure. The most significant effect of

varactor loss in multiply-pumped circuits will undoubtedly be the influence on noise figure.

However, it will be of interest to see what noise figure benefits accompany the rather unique
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circuit properties that have come to light through double pumping. The basic circuit that
will be treated for noise figure is Fig. 10. 3, so let us first consider the noise figure for up
conversion from w  to W, The general noise figure expression in (3. 27) can again be ap-
plied, but it takes on a simpler form in this case. The third term in (3. 27) is the noise
figure contribution by the output load, which would be due to an output mismatch. This term
will be negligible if the output mismatch is small, which is the case in Fig. 10.3. Ideally,
the output of Fig. 10. 3 is perfectly matched, so mismatch only arises as a result of varac-
tor loss. However, the influence of varactor loss has been shown to diminish when con-
version gain increases. Therefore, a case of basic interest will be the noise figure for high
gain under the conditions of unilateral conversion, namely T e To

u (6]

By (3. 27), the up-conversion noise figure can be written

Ta | G Ty
ru X T
o) ru o

(10. 37)

+

where x is again the input efficiency factor (at w. in this case). Also, in writing (10.37), the
bandwidths of Gﬂu and Gruehave been assumed equal according to the argument of Section 10. 1.
By (10. 17) and (10. 3), the gain ratio in (10. 37) becomes

s 2
T - jelg

) | (10. 38)

ru [ roT, je_Jg

which depends on £. Since optimum up-conversion bandwidth and sensitivity occurs under the

following conditions

& = 1/2 (10. 39a)
T =71 =1 (10. 39b)
r u

T, = T'Q (i.e., real) (10.39¢)

the latter will be assumed in calculating the noise'figure. Now (10. 38) becomes
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in which case

. Ta[1-x 2
Fru = 1+T—(; — + (;(6;) [1+2z(s-1)] (10. 40)
where
T!Z = Td[l +2z(s-1)] (10. 41a)
z = gQ/gﬁ; s = TQ/Td (10. 41b)
4T'g
a o= (10. 41c¢)
(7}2 +1)?

The noise temperature expression in (10. 41a) is equivalent to (5. 27c), but it has been writ-
ten in the form used in Appendix A. Further evaluation of (10. 40) is possible by using the
constraints in (10. 37a). In particular, if varactor loss is the only parasitic noise source,

then by (3. 30)

Y
r p
g = Xg + = — ° (10.42)
r r W, T y2p
Hence
X =1- Rrp (10. 43a)
where
Y
p = 729 (10. 43b)
P
wrC 2
Rr = < > . (10. 43¢)
wclypl
Similarly
waC
gy = 28, + —5 wazp (10. 44)
and therefore
w 2
r 1 1-x
o = G . (10. 45)
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A final observation before calculating the noise figure is that a = 1 in (10. 41c) when 7}2 = 1,
and therefore choosing a = 1 corresponds to high gain. The noise figure for unilateral con-

version with high gain now becomes

T /R P

g = 1t T_d <_L._> l:l + iz <1LZ(~S;1_)>:1 (10. 46)
0 1- /Rrp P

The three parameters in (10. 46) have important physical significance, so

they will be reviewed below:

R the dynamic quality factor of the varactor. It is a measure of
/R
r varactor quality and the degree of pumping, and is the same
factor that appeared in (4. 32b).

p = the ratio of the two pump components.

Z = a measure of the external loading at the dummy terminal W, -

Therefore p and z are parameters that can be varied to optimize the noise figure. However,
Rr is an independent parameter that all reactive mixers, using the same varactor and pump,
will have in common.

One other constraint that must be considered in optimizing (10. 46) is the out-
put condition T 1. When considered together with the high gain condition T = 1, one ob-

tains the relation

1oy (10. 47)

where y is the output efficiency factor. Now it is clear that y must be less than z, so z can-
not equal zero in this case.

Now, to proceed with the minimization of (10. 46), let

_1+az(s-1)
;- Lyzs (10. 48)

and then

_ z
(p)opt = -f /Rr + /er + f (10. 49)
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from which

2T, [R.I
F ) =144V [Rf+ J1+R_f (10. 50a)
ruopt T, r r ’

or

n

Tru)Opt 2[R . Td/(p)opt . (10. 50b)

The smallest value of (10. 50) occurs when f has its minimum value of one. However, (f)
must exceed one in all practical cases because (z) must exceed zero to satisfy (10. 47). There-
fore to obtain low noise figures, the output efficiency (y) must be low so (z) can be small,
which in turn makes (f) small in (10. 50). An additional help in this case would be idler cool-
ing to reduce f by reducing s.

It is interesting to observe that (10. 50) is identical to the formula for optimum
noiise figure of a lower-sideband converter, as given by (A-10) in Appendix A. Therefore,
Fig. A.1 witha = er is a plot of the equivalent noise temperature in (10. 50b). Actually, it
is not unreasonable to find that these two converters have identical optimum noise figures,
since they have the same noise sources--namely loss at the W, and w, terminals. However,
the value of harmonic pumping is not reduced by this conclusion. The point of interest is
that multiple pumping offers such circuit advantages as increased stability and increased
gain-bandwidth product, without an increased noise figure.

A further comparison of double-pumping noise figure can be based on the con-
ventional upper-sideband converter (which also operates between w. and wu). By (4. 35f), the
optimum noise figure of the latter is given by (10. 50) with f = 1, but the conversion gain is
less than one in this case. Therefore, to obtain gain in the conventional upper—sideband up-
converter, one must operate with less than optimum noise figure and hence must trade gain
for noise figure. The corresponding result for the doubly-pumped converter is the necessity
for trading output efficiency for noise figure. This point is summarized in Fig. 10.5, which
shows the absolutely minimum noise temperature of a double-pump converter and the cor-
responding noise temperature of a single-pump converter operating at the same frequency.
Also shown is a curve of idler efficiency (z) for which both converters have the same noise

figure. Therefore, by accepting a low output efficiency, one can obtain lower noise figures
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Fig. 10.5. A comparison of upper-sideband noise temperatures for
single- and double-pump up-converters. Curve A is a theoretical lim-
it for two cases: (1) single pump with zero gain, and (2) double pump
with zero efficiency (i.e., z = 0 at [wy/w,] opt). Curve B is the

noise temperature for: (1) the single-pump converter operating at the
[wy/@y] opt for the double-pump case, or (2) the double-pump convert-
er with the z indicated. Therefore, with Curve B both converters have
the same frequencies, the same noise temperature, and the same ex-
ternal stability, but the one with two pumps has essentially infinite
gain.

in a double-pump, rather than in the single-pump, upper-sideband converter.

10. 3. 4. 2 Down-Conversion Noise Temperatures. In the previous discus-

sions of down-conversion, in Sections 4.3 and 8.3, the gain-bandwidth products and noise

figures were considerably inferior to those of up-conversion. This result is basic to all

reactive mixer configurations, but down-conversion is still of practical interest. There are
many applications where even modest down-conversion gain-bandwidth products are useful,
if their noise figures are reasonably low. Therefore, any method for reducing down-con-
version noise figures is of interest, even if the same configuration yields better noise fig-

ures as an up-converter. One technique that falls in this category is harmonic pumping.
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Following the procedure of the last section, the down-conversion noise figure

becomes

T G T
. 1-y d r ~ ¢
Fur =1 +( v ) —,Tr— + G T - (10.51)
o) ur o
By (10. 17) and (10. 3)
e
G T -je w T
{r u u {
- = [ (=) (=) (10.52)
Gur 7 +jeJ£ Yoo YTy

so again ¢ must be selected. In comparison with (10.39), optimum down-conversion occurs

for
¢ = -1/2 (10. 53a)
r.o=71 =1 (10. 53b)
r u
T real (= T'ﬁ) . (10. 53¢)
In this case, (10.52) becomes
G w 2 T
{r u 2 [
- = — 0 — 10. 54
o "o G §) (10. 54)

d 1-y avy
Fur =1 + o 5 + m [1+2z(s-1)] . (10. 55)

For high gain, a -1, and

Therefore, the minimum noise figure occurs for y = 1, which yields

€
=

—
o

. (10. 56)

c
R
2.
=
€
~
—
o
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Thus the minimum noise temperature equals the lower-sideband noise temperature TQ , and
this occurs for w. << W In this case (10. 55) requires z = y * 1, which means heavy idler
loading.

However, the condition y = 1 is not always possible. By (10. 43a)

X = 1 - /Rr p (10. 57a)

¢

and by a similar derivation
y =1- |/R./p (10. 57b)

where1

wu C\? wy 2
Ru =13 =\ Rr . (10. 57c)
dyp r

Therefore, eliminating p yields

/R_R w_ R
y S A L S (10. 58)

1-x wu(l-x)

In a typical down-converter application, Wy and Ru would be specified. There-
fore y will depend on the possible choices for w. and x. The smaller the latter are, the
greater y can be. This point is illustrated in Fig. 10.6, which shows the conversion noise
figures that accompany harmonic pumping.

It is apparent that the greater parameter flexibility offered by harmonic pump-
ing is advantageous. For example, even if the figure of merit at wy (i.e., 1/ m) is small,
y can approximate one if p = Iyzp/ypl is large. Therefore, the pump harmonic (yzp) is use-
ful for reducing the down-conversion noise figure, particularly if Ru is large. This result is
also illustrated in Fig. 10.6, which shows the high-gain down-conversion noise figure for

both the double and single pump cases. The latter is taken from Fig. 8. 8.

10. 4 Harmonic Pumping with Dependent Sideband Loading

A simple case of harmonic pumping occurs when w, and w, are dependently

1See (4. 38) and the footnote on page for further discussion of Ru‘
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Fig. 10.6. A comparison of double- and single-pump, down-conversion,
noise temperatures. In both cases the lower-sideband is present
to yield high gains. Its load is assumed to be at
diode temperature.

loaded; for example, by being closely spaced in the same resonance. This basic configura-
tion was treated in Chapter IX for the case of a single pump, and was found to be a means of
very wideband video amplification. The question that now arises is, '""What further benefits
could be obtained by adding the pump harmonic in this case?"

A simple qualitative viewpoint of this system is suggested in Fig. 10.7. All
frequencies in the normal pump pass band are in a degenerate parametric amplifier config-
uration with respect to the pump harmonic. Therefore, when w, and w, are created by the
mixing of W, and wp, they will receive further amplification from w2p‘ However, w, and w,
are phase coherent with respect to both wp and w2p' ‘Therefore, it may be anticipated that an
optimum gain improvement will require a proper phase between wp and wzp.

There are two ways in which this problem can be treated analytically. The

most convenient, at this point, would be to use the formulation in (10.3), which is based on

a model that treats pumping signals as time-varying capacitors. But the equivalent model,
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based on (2.33a), considers instead the pump harmonic and the modulating signal as time-
varying capacitors. The latter is a more descriptive model, because it yields directly the
output waveform consisting of wp, W and Wy However, the further pursuit of this second
method will be postponed for a later study. While not as elegant, the original formulation
gives the desired answers, and hence the second model will be used only as a means of sup-
plementary interpretation.

To proceed with the analysis of phase modulation gain with harmonic pumping,
(10. 3) will first be solved for the sideband voltages due to a modulating current IIr. This

step yields

v, Tyt (e %)
= (10. 59a)
I[r jo Y [r.r, T 471, -1 -(T. - 2j cos &)]

r'ptrfu { u r

v, Ty~ (jelg)
L (10. 59b)
I . * .

r Jwryp [Tr’Tﬁ Wt T T -(Tr - 2j cos &)]

where the terms in parenthesis vanish as Iyzpl — 0. Therefore, when these terms are de-
leted, the resulting expressions in (10. 59) must describe the phase modulation configuration
of Chapter IX.

Referring to (9. 17b), maximum phase modulation gain occurs when Vu and Vﬂ
are in quadrature with yp, the pump fundamental. Maximum gain also occurs when Wy and
w, are nearly centered in the pump tank, which means w, 0. Then, all the 7's are real,
and the optimum value of £ can be seen to be n/2. It is of interest that this value of £ cor-
responds to (5. 38), which places yp and 7/2p in the phase relationship for minimum gain by
degenerate parametric amplification. Therefore, when the pump harmonic has maximum
effectiveness with respect to WL Wos and W, it also has maximum stability with respect

to the degenerate frequency wp. Now using £ = 7/2, the remaining quantities in (9. 17b) can

be calculated, which results in the following expression for phase modulation gain:

w k2 /B 2
2, 2 1+ p.p p
8w %k 1+jw /B
Gpyp = ,Bpﬁp r"p
2 2 2 .
rp w Wy ko “(1+jw /B)

9 w w
1+(kp2-1)BrB - D +j<l+—£>
r'p B (e /B br Py (10. 60a)
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Fig. 10.7. Harmonic pumping in a phase modulation amplifier;
(a) shows the spectral configuration, and (b) pictures the
normal pump pass band as a degenerate
parametric amplifier.

where

= v* = - 10. 60b
Y, = Yy = g (1+jo /B ( )
= ~ 10. 60
Y. = g l+jw /B ) ( c)

ly |2 vo [?
k?= o2 PRyt = 2, (10. 60d)

p r Cp p Cpa

This expression differs from (9. 22) only by the terms in k2p' But, as the latter quantity in-
creases, the gain increases and becomes essentially infinite as w k2p - Bp' To explore this

case, let

w k2 2
% = 1-6 (10. 61)
p

and then if 0 is small, the midband gain becomes
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16 wpz kp2
G = —3—= (5 . (10.62)
PM 'BI‘ ,Bp [

Now, the bandwidth will be quite small (i.e., B << Bp or Br). Therefore, assuming ,Bp :Br

for illustration, the bandwidth becomes

J
3 (10. 63)

from which the gain-bandwidth product can be found to be

G = 2.82wk . (10. 64)
pp

PMB

It is of interest that the latter is 60 percent larger than the corresponding result for the
single-pump case [see (9.31)].

This improvement in gain-bandwidth product is due to the factor

14+ B2 (10. 65)

in the numerator of (10. 60a), which doubles as k., increases from zero to the high gain

2p
value in (10.61). This factor of two is precisely the improvement that would result in the
single-pump case if the pump fundamental were increased to 2wp. Therefore, the main ad-
vantage of harmonic pumping in this application is as a convenient way of trading gain for
bandwidth. Harmonic pumping produces a narrowing down of the output pass band at wp,
which increases the apparent varactor Q: This multiplies the gain, but it decreases the
bandwidth proportionately.

It is interesting to also inquire about the effect of harmonic pumping on the in-

put admittance. From (10. 4a)

20, %k * - . 7
Y =Y J1+ - - 10. 66
T T g8, (1+IB(1+iB) w *k, ? . (10.66)
{-__Db "2
W 2
B 2(1+]+~)
P N

~ - -

But, in the high gain case w. will be much less than Br or Bp in the overall pass band; so if
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w %k, ? 2 =1-5, th
p/Bp , then

p 2
Zwrz kpz 1
Y —= Y 1+ )1 .
in r e Bp 0
At the half power point, w = o Bp/z, SO

6k 2

Y, Y, 4 2p — Y,

in 60

which shows that the reflected admittance is insignificant over the conversion pass band with
double pumping, just as it is with single pumping.

Therefore the main advantage of double pumping in this case is greater circuit
flexibility. While a single-pump converter can yield the same gain-bandwidth product, the

circuit bandwidths, Br and Bp’ must then be controlled by passive design, or by varactor fab-

rication. Often, these designs will call for unsuitable impedance levels and hence will re-
quire transformers. With double pumping, one can use natural impedance levels and then
rely on the pump harmonic to sharpen the bandwidth and yield the optimum gain-bandwidth

product. This could be an important advantage in many cases.

10.5 Conclusion

The introduction of harmonic pumping has been shown to yield an interesting
set of circuit properties. Due to the phase coherence of the pump and its harmonic, unilater-
al conversions are possible. Also, a pseudo-circulation effect arises that improves circuit
stability with respect to external parameter variations.

One interesting configuration has shown arbitrarily large conversion gains

between w and w . with matched input and output terminals. The gain depends on the load
r

o’
at W s but the match is essentially independent of this load. The noise figure of this con-
verter is as good as a conventional lower-sideband converter with infinite gain; yet, it is
more stable than the latter. Also, it offers larger gain-bandwidth products.

The application of harmonic pumping to down-conversion has also been suc-

cessful, particularly from the point of view of noise figure. Noise figures that are signifi-

cantly improved over those by other down-conversion methods have been calculated.






CHAPTER XI

EXPERIMENTAL WORK AND CONCLUSIONS

Throughout the course of this research considerable experimental work has
been performed, but it has been exploratory in nature. While it is difficult to summarize
this work precisely, two important experimental functions have been served, which are noted
below:

(1) Inthe course of each experiment, a number of more or

less unexpected effects were observed. Often these
effects called for critical circuit adjustments, particu-
larly those dealing with stability, so precise data were
difficult to take. Nevertheless, these effects were
clear enough so that appropriate problems for theoreti-
cal study could be defined. As such, they served to
show the importance of certain parameters that may
otherwise have been neglected in analysis.

(2) In one case, the preceding theory was used to design a
working circuit. Using the principle discussed in
Chapter IX, an ultra-wideband video amplifier was de-
signed and constructed--with 20 db gain from dc to
100 Mc. A laboratory version of this amplifier is

pictured in Fig. 11. 1.
The results of these experimental programs will be the subject of the next two sections of
this chapter.

11.1 An Ultra-Wideband Video Amplifier

The configuration of Fig. 11.1 is a realization of the schematic shown in

Fig. 9.12. The circuit pictured is unnecessarily.large, since it contains several nonessential
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SIGNAL DETECTOR
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CARRIER

3-DB COUPLER

Fig. 11.1. A "breadboard' model of the phase modulation
amplifier. Pump frequency 9. 4 kMec.
Signal bandwidth 100 Mc.

components that were added to simplify instrumentation, so a working amplifier could have
been realized in a much smaller package. The essentials of this circuit are the varactor
mount and the circulator, which are shown more clearly in Fig. 11.2. In the operation of
Fig. 11.1, the applied pump signal is split in a 3 db coupler and one part applied to the var-
actor. This part should experience a matched resonant circuit at the varactor. The other
part, which is available to the detector through a phase shifter and attenuator, is used for
carrier insertion.

Regarding the varactor, it was found that a commercially available varactor in
shunt across an X-band waveguide just happened to exhibit a matched resistance over approxi-
mately a 10 percent frequency range. The optimum frequency for this effect was about 9. 4
kMc, but it varied somewhat with pump level. This matching effect can be attributed to para-
sidic lead inductance, which reduces the effective shunt resistance of the varactor. Therefore,
by choosing a frequency where the shunt resistance equals the characteristic impedance of the
waveguide, and by tuning the remaining varactor susceptance by means of a sliding short, the

varactor will behave like a matched load at this frequency. Since pump power will be reflected
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CAPACITOR
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SIGNAL TRANSMISSION LINE i TRANSFORMER

Fig. 11.2. A close up of the varactor mount in Fig. 11. 1.
(a) shows the varactor mount and circulator.
(b) shows the varactor mount disassembled.

only when a modulating signal is applied, the circulator acts like a balanced modulator in this
case. A similar form of balanced modulator, although not as a gain-producing device, has

been described recently by Mackey (Ref. 43).
K the varactor in Fig. 11.1 is matched and tuned in the absence of modulation,

the reflection coefficient due to a modulation of the varactor capacity (AC) will be

jw_AC jw_AC
= D ~ (11. 1)
-/(2Y0)2 + ((.upAC)2 )
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If this reflected voltage can be converted entirely into useful output, the voltage gain will be

A%
pp
\%
by

\%
oC
i <a_v ~CE> (11.2)

where the quantity in parenthesis can be of the order of 1/2 for a typical varactor. Therefore,
the voltage gain can be as large as 1/4 the varactor Q. Similarly, the voltage gain times

bandwidth will be

w A%
- _p{2€ 'p
B =3 <§\7 T) (11.3)

which shows the value of a high pump frequency. By pumping at 10,000 Mc for example, one
can obtain gain-bandwidth products in excess of 1000 Mc,

Returning now to Fig. 11. 1, the reflected signal is passed through the circula-
tor to the detector, where it adds to the second (inserted-carrier) component. The latter is
adjusted in phase so the resultant signal across the detector is amplitude modulated. Detec-
tion then recovers the original modulating signal in an amplified form.

It is of interest that (11. 2) is consistent with the sideband voltage expression
in (9. 3). However, one factor not accounted for in Chapter IX is the parasitic series induct-
ance of the varactor, which produces a series resonance at about 3 kMc in the varactors that
we tested. Above series resonance, the varactor Q will increase with frequency, as indicated
in Fig. 11.3. Also, shown in Fig. 11.3 are gain and bandwidth [based on (11. 2)] both above
and below the frequency where the parasitic inductance is dominant. It can be seen, in spite
of parasitic inductance, that the maximum gain-bandwidth product remains proportional to
pump frequency even though the voltage gain itself falls off with pump frequency below self-
resonance. The maximum bandwidth is limited by the R/L ratio of the varactor parasitics.

Some typical experimental results are shown in Figs. 11. 4 through 11.6. The
first of these shows the response to a low-frequency triangular input signal. The detector
output in the absence of the inserted carrier is the typical folded response of a balanced mod-
ulator. However, when the second carrier is inserted, the ac envelope '"blooms, " giving the
response shown in Fig. 11.4. Therefore, the inserted carrier performs two important roles.

One is to restore fidelity to the detected output waveform and the other is to provide coherent
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Fig. 11.3. Theoretical circuit properties of a phase shift amplifier
vs. pump frequency. At each frequency the varactor is
assumed to be matched to a circulator.
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CARRIER
SIGNAL

WITHOUT INSERTED
CARRIER

Fig. 11.4. Signal waveforms from phase
modulation amplifier in Fig. 11. 1.

RF bias for the detector. The latter greatly enhances the sensitivity of the detector.

Figure 11. 5 shows the voltage gain vs. pump power. For each change in pump
power it is appropriate to readjust both the short behind the varactor and detector tuning.
The gain shown in Fig. 11.5 is essentially GPM’ because the output detector was not loaded.
Undoubtedly, the greatest weakness in this amplifier system is the output detector. To date,
a IN23B has been the most successful diode used, but it has a rather high output impedance.

Also, its output impedance depends rather strongly on the RF matching used in the waveguide.



20

DETECTOR PEAKED
w AT EACH POINT ~_
- DETECTOR PEAKED
AT 100 mw
5_
- //

| 2 3 5 7 IO 20 30 50 70 100

VOLTAGE GAIN
&
T

PUMP POWER (mw)

Fig. 11.5. Voltage gain vs. pump power for 9.5 kMc pump.

It has been found that the voltage gain can be enhanced by matching the detector diode, but it
also raises the impedance. Because the detector output impedance is high, it is hard to
couple this output efficiently into a receiver or other measuring device. For example, a
typical output impedance is 1000 ohms. In this case the output capacity should not exceed

1 ppf if 100 Mc bandwidth is required. It is anticipated that future work will concentrate on
improving the characteristics of the output detector. One possible approach is to pump at
S-band, so a IN21B diode could be used for detection. Experiments show a much lower out-
put impedance for this diode.

The data in Fig. 11.5 was taken with a 10 kc signal. The X-band bandwidth of
the varactor and detector mounts are shown in Fig. 11.6 which shows that a video bandwidth
of 300 Mc is possible if appropriate video input and output networks can be constructed. One
possible solution to this problem is to use a high gain traveling wave tube for further X-band

amplification prior to detection. The detector could be heavily loaded to yield the desired
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Fig. 11.6. Measured pass bands of the varactor mount and the detector.
The latter curve is taken from an oscilloscope trace and is for a
1IN23B diode in a triple-tuned mount.
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video bandwidth, even though its efficiency is low. The net result would be a wideband video
amplifier system, with noise figure determined by the varactor stage, and a net gain that is
essentially that of the traveling wave tube.

These observations illustrate that much work remains to be done on this princi-
ple of amplification. Therefore, plans have been made to extend this study in the following

directions:

1. To further evaluate the practical limitations on the basic
version of this amplifier, by trying to improve detection
efficiency and by comparing the performance obtained with
different varactor types.

2. To consider multiple varactor structures for the purpose
of greatly extending bandwidth.

3. To consider the use of predetection amplifiers, of a more
conventional type, to obtain very wideband amplifier sys-

tems with low over-all noise figures.

11. 2 Experiments with Double-Pump Circuits

The earliest experimental efforts were with the double-pump circuit described
in Section 10.3. A low frequency version of this circuit was built, which is shown in Fig. 11.7.
It has the schematic shown in Fig. 11.8, which is basically a three-pole network containing
two time-varying capacitors; one pumped at wp and one at 2cup . Each pump circuit is balanced
so pump tuning can be done independently of signal tuning. The signal circuit was then designed
to be simultaneously resonant at 2.4 Mc (= wr/21r), 5.4 Mc (= w, /2m), and 10. 2 Mc (= wu/21r).
Appropriately tuned networks were then coupled to the signal network to allow for independent
sideband loading.

This circuit did show the predicted gain improvement due to harmonic pumping.
It also showed the predicted phase criticality between wp and pr . However, it was hard to
keep the three signal frequencies aligned well enough to obtain useful data. The alignment
difficulty was further enhanced by the generation of negative resistance, which greatly narrows
the conversion bandwidth. Therefore, it became apparent that a low-frequency version of this

circuit was probably not a simplification. In fact, Y. Kaito of the Nippon Electric Company in
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Fig. 11.7. A low frequency version of the
double-pump reactive mixer.

Japan has recently employed this double-pumping technique at microwave frequencies (Ref. 39).
He converted from 190 Mc to 1220 Mc with 13 db gain and 500 kc bandwidth. His pumping sig-
nals were 0. 5 Mw at 1030 Mc and 4 Mw at 2060 Mc, and to further support the theory in
Section 10. 3, Kaito measured an input VSWR of two and an output VSWR of three, which shows
a fair condition of match.

The circuit in Fig. 11.7 has had its greatest success in studying stability. In
the initial experiments, only the pump fundamental was applied and then the loading at w 0 and

w,, was varied independently. In following this procedure, the regenerative and degenerative

effects of the lower and upper sideband respectively were clearly seen. A typical result is
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Fig. 11.8. Schematic for Fig. 11.7.

shown in Fig. 11.9, which shows the effect of a swept signal applied to the w. coupling net-
work. In the absence of pumping, the latter experiences a suck-out (curve A) due to the re-
sonance of the secondary three-pole network. When the pump was applied, the suck-out was
modified according to the relative loading at wy and w,, as shown in curves B and C. The

influence of w , was to reflect negative resistance that greatly sharpened the effect of the

4
secondary. In fact, the primary current could be reduced to zero by loading the lower side-
band lightly with respect to the upper sideband. This case corresponds to a net resistance of
zero in the secondary. Further, pumping was found to reflect large negative resistances into
the primary, but these were expected to cause instability according to the criterion adopted
in the early investigations of this problem (Ref. 19).

But this experiment made it apparent that some distinction had to be made be-

tween short and open circuit stability, which lead to the analysis in Chapter VI. From the
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Fig. 11.9. The response to a swept signal at wy terminals in Fig. 11.8.
The regenerative effects of the lower sideband are clearly distinguish-
able from the regenerative effects of the upper sideband.

latter, it could be concluded that the net series resistance in the primary of Fig. 11.9 must
go through zero, rather than infinity, to produce instability. This criterion is supported by
the stable response curves shown in Fig. 11. 10, which show the net primary resistance going
negative, first through infinity, and then through zero. Only the latter was found to be un-

stable.

RSO
S //\\ <
,—R=® R<<0
—

Fig. 11.10. Stable response curves for Fig. 11.8, similar to those in
Fig. 11.9. Instability occurs when R = 0, where R is the net
primary resistance (initial plus reflected).
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Although the added complexity of double-pump circuits with independent side-
band loading make their application more tedious, they do offer greater flexibility. Still their
use may have to wait for more demanding applications that will undoubtedly accompany future
advances in the state-of-the-art. However, the relative simplicity of double pumping with
dependent sideband loading, as depicted in Fig. 10.7, may lead to an immediate application
of double pumping. To date, no experiments have been conducted on this effect, but the theory

offered in Section 10. 4 motivates such an effort.

11. 3 Conclusions

The advent of time-varying circuit elements at microwave frequencies has
added exciting new degrees of freedom to circuit theory. In this study, a thorough examina-
tion has been made of a representative system of this new work area. In particular, the cir-
cuit properties of a nonreciprocal three-port network have been analyzed. It is defined by
the admittance matrix in (2. 27). The active elements in this network are two time-varying
capacitors (i. e., pumps) at harmonically-related frequencies.

In addition to the general case, several special cases have been treated. They

have been obtained by restricting the original network to: one pump frequency, and two or

three signal frequencies. The simplest case of reactive mixing occurs with one pump and two
signal frequencies. Since the properties of the latter were well known prior to this study, they
have been used as a basis of comparison for the more complex cases that are introduced in this
study. The latter have shown advantages in the form of higher gain-bandwidth products, lower
noise figures, and greater stability, but by incurring greater system complexity. While the
above advantages do not occur simultaneously, it is encouraging that some configurations
have shown improvements in one property, without being seriously degraded in others.

A number of original contributions have been made in this study, which include
the following:

1. Improvements have been made in the conversion between

w. and W by introducing w ,, but by retaining a single

ﬁ )
pump frequency. These include:
(a) A 6 db improvement in up-conversion gain, while

retaining an optimum gain-bandwidth product.
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(b) Infinite gain improvement, with a 30 percent re-
duction in gain-bandwidth product.
(c) A small reduction in up-conversion noise figure
that is further enhanced by cooling the lower
sideband load.
(d) A significant reduction in down-conversion noise
figures.
When the pump harmonic is added, further improvements
in conversion between w, and W, have been noted. These
include:
(a) Infinite nonreciprocal gains, with matched in-
puts and outputs.
(b) Less sensitivity to external parameter variations.
(c) Increased gain-bandwidth products.
(d) Optimum noise figures, which are the same as
those for conventional infinite gain converters,
but that can be improved by cooling the lower
sideband load.
(e) Greatly improved down-conversion noise figures
with an asymptotic limit of 3 db. The latter is
nearly realizable over a wide parameter range.
A new method of parametric video amplification has been
treated that offers very wide bandwidths (dc to 100 Mc) and
low noise figures. When realized with modern reactive
mixer components (i. e., varactors), it yields an extremely
useful amplifier that can operate in several ways. The
method corresponding to phase modulation has been shown
to be the most successful.
A simple method of estimating the stability of a periodically

varying network has been derived. It depends only on a
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knowledge of the steady-state response, and it is consider-
ably easier than the conventional method of calculating
characteristic roots.

5. Experimental observations have been made on all of the
effects cited above, and each has been confirmed at least

qualitatively.

Regarding areas for further study, it should be noted that much work remains
to be done in the analysis of time-varying systems. Even in relatively simple systems the
number of sensitive parameters tends to be large, so many useful effects remain undiscovered.
Hopefully, by building system complexity one layer at a time, the basic properties of time-
varying networks will become more evident. Perhaps this will aid the development of a more
complete theory.

Also, much work remains in practical applications. It takes considerable time
to learn techniques for working with nonlinear reactance elements, but once mastered these
elements can often be used in relatively simple circuit configurations. Then, as each circuit

is reduced to its simplest form, it becomes ready for the next level of sophistication.



APPENDIX A

THE DERIVATION OF OPTIMUM
NOISE FIGURE FORMULAS

The basic noise figure formula for lower-sideband reactive mixers has been

given in (5. 27). This formula can be written more simply as
g. T w g T
F =14+ L,rd + i<_—r><—r—Ti> (A-1)
&5 To P \@g/\Es'0o

where T , is the effective noise temperature of the total conductance at w , [see (5. 27¢c)] .

2

Considerably study has been given to this relation, which applies both to conversion gain

ol

and to parametric amplification. Perhaps the earliest of these studies was by Knechtli and
Weglein (Ref. 40), although it was followed closely by Kotzebue (Ref. 41). A more elegant,
but somewhat later treatment, was by Greene and Sard (Ref. 42) who studied (A-1) as it
applies to a one-port parametric amplifier with circulator (see Section 5.3). Their approach
is followed here.

Using the notation

then

219
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and (A-1) becomes

T [
- _d 1 1 r . - -
F = 1+TO L‘{1+p¢ w£[1+z(t 1)]} 1} (A-2)

An added constraint on (A-2) is that for large gains

Pe —<Z"_E>[ R, - (4%

Eliminating Br/ Bﬁ from the last two relations yields
oL Ta[nf,, Rl -
- T X (1-z)(1-x)

Two basic observations can now be made regarding (A-4):

(1) Because this relation increases monotonically with z,
any external loading at wﬂ(i. e., z #0) will raise the
noise figure unless this extra loading has a zero de-

gree noise temperature (t = 0).

(2) There is an optimum input efficiency x for any R, t,
and output efficiency z. Each optimum x corresponds
to a unique Eﬁ/ar ratio, so F will improve with in-
creasing wp only up to a point. This point depends

basically on varactor quality.

The noise figure relation in (A-4) has a general form that appears frequently

in reactive mixer analysis, which is

Td 1 a
F = 1+T—O[§(1+T:)—(') —1] (A"S)
The parameter a depends basically upon properties of the varactor, but other effects may

be included. When (A-5) is minimized with respect to x, the optimum input efficient is

found to be
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X - 1+a-+Jara? =1-—21 (A-6)

opt
P 1+ /1+2
a

which is plotted in Fig. A.1. The corresponding optimum noise figure is

T
(F)Opt = 1+ 2a T—q [1 + /1+21¥—] (A-Ta)

o

so the optimum noise temperature is
(T) =2 T. |1+ J1+1 (A-Tb)
opt d a

which is also plotted in Fig. A.1l. From this figure it is evident that small «o's are desirable.
For example, T is less than Td if @ is less than 0. 1.
For lower-sideband mixers, whose noise figures are given by (A-4), the

parameter o has the value

R [1+2(t-1)]
a = 1<z (A—8)

Therefore, by (A-3), the optimum choice of frequencies is

<wr> ; (A9
—_—— = —— — a
w, opt (1-xopt)(1—z)

R 1-

and by (A-Ta)

2R [1+2(t-1)] —
(F)lower sideband = 1 * T 1z {1 + /1 + R—rm} (A-10)

The previous studies cited (Refs. 40, 41, and 42) have considered (A-10) as
it applies to the one-part parametric amplifier. A later study, by Karokawa and Uenohara
(Ref. 30), has shown that (A-1) through (A-4) also apply to conversion from w_ to w,, SO
(A-10) is the optimized value of (A-4) in this case too. The latter optimization is further

discussed in Section 5. 2. 2.
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Fig. A.1. Optimum noise temperatures for (A-5) vs. the
general parameter « .

The main difference that arises between the amplifier and the converter is
that z is proportional to the output load in the converter and hence cannot be zero. However,
for a given z, the optimum noise figure of the converter can be found as above, which yields
the result in (5. 32). Therefore, the optimum converter noise figure exceeds that of an ampli-
fier with the same input frequency Br. This fact should serve to correct some misleading
statements in the literature. For example, on p. 721, Ref. 30 says that "... the amplifier
and converter give the same noise figure ..." A more accurate statement would be that they
give the same noise figure formula (for high gains) but not with the same minimum obtain-
able value.

The more general optimum noise figure relations in (A-7) will be shown to
apply to many reactive mixer configurations. Therefore, they provide a convenient basis

for comparing various reactive mixers, which is the purpose of this study.



APPENDIX B

THE DERIVATION OF PHASE MODULATION
NOISE FIGURE

The derivation of (9. 63) and (9. 64) proceeds as follows. Letting

p = ;a4 = ;omo= [— o+ [ -
JBr By 6.5, g, V6,

then (9. 61) and (9. 62) become

, , B, ) 1—p‘2+1«:p2 p? + jpu 2 (5-2)
Y =g 1+=—p B-2
Yin P o 1-p®-1/2p(q-pk,” + jpu
2 2 2 . 2
. ) BS ) 1-p° + kp p° + jpu
Yuﬁ = gp 1 +B— P 2 (B-3)
0 1/2 p(q + p)k,

When these equations are combined to form (9. 60), terms of odd symmetry in w  can be
dropped, since the integral of (9. 60) is desired. The noise power delivered to Ep now be-
comes

- © 4kTp © Ber dp
Pp = _foc P(u)r)dcur = 5 _f

k 2 k 2
oo b o b ooy,
[1-p%(1- kpz)]2 + (pu)?

and if kp2 << 1landp? << ¢?, this relation can be reduced to

(B-5)

2 2
. 4kTp fw /Ber dp [“ 1/2 (kp pa) 2}

(1-p%)% + (pu)
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which is equivalent to (9. 63).

When (B-5) is integrated term by term, the first term yields (Dwight 120. 01)

4kTp o /Br Bp dp 4kTp
2 _f B "\ o7 <n Bp) (B-6)
" )
p

In the second term,

(1-p2)% + (pu)? =~ (p +ui2) (p? +u? - 2)

if u? > 4. Therefore, for the case where Bp >> Bp’ so that u? = ?p >> 1, the second
r

™

term in (B-6) becomes approximately (Dwight 120. 2).

. k %q
4KT © 1/2 pT 2 dp 4T\ -
57 ) Prfp Ofc = k*a® (zp) BB

[1+ &322 2m /) 7p rp

(B-7)

However, at the other extreme, if Bp = Br sou =2

4T 1/2(1{10201)%2 dp 4kTp\ . o
2 8, o = ) B @, (B

which is the same as (B-7) with u = 2. Therefore (B-7) is valid for u > 2.

Equation (9. 64) can now be obtained directly from (B-6) and (B-7). It should

be noted that the approximations made in obtaining (B-7) introduce positive errors, so (9. 64)

is a slightly conservative estimate of output noise power.
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