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ABSTRACT

Mathematical models are developed for the statistic
variance/mean of the number of neutrons detected in an interval
of time in a point, unloaded reactor. An experiment which measured
variance/mean for counting times between one millisecond and ten
seconds was performed. Comparisons between the mathematical model
and the experiment are made.

The experiment was performed by tape recording impulses
from neutrons detected and transcribing the data to IBM cards using
an automatic counting and card punching system. An IBM 704 was used
for data reduction and for fitting the model to the experimental
data in order to compare the measured parameters with parameters

measured using other techniques.

The results show that the delayed neutron contribution to the
measured variance/mean is significant, that these delayed neutron
effects should be accounted for when using this method for determina-
tion of prompt neutron lifetime, and that these techniques may be used
to measure dynamic reactor parameters without an external perturba-
tion,

This experiment measured the prompt neutron lifetime of
the Ford Reactor. It was found that the value agreed with measure-
ments made using other techniques on similar reactors. This experi-
ment is the first reactor noise experiment to be performed in such a
way that delayed neutrons mske a significant contribution to the

measured quantities.

viii



I. INTRODUCTION

A, Introductory Remarks

When a nuclear reactor 1s operating in steady-state its
neutron population 1is not constant. When observed with a sensitive
instrument, the neutron population 1s seen to fluctuate about some
average value., These fluctuatlons reflect some of the characteristics
of the reactor. In particular, the dynamic characteristics of the
reactor are reflected in these fluctuations., This 1is as it should
be since fluctuations are I1ndeed dynamic phenamena.

Careful measurements of quantities which describe these
fluctuations irn neutron population should yield information about
the dynamlc reactor paremeters which control the fluctuations,
Obviously one must first formulate some mathematical model for
fluctuations in terms of reactor parasmeters so that one can know
what to expect from his measurements, over what regions to measure,
and what 1s the required reactor configuration to yleld optimum
results.

One must also be sure to know how to distinguish "signal"
from "noise.”" That 1s, when one is measuring in s reactor, the
counting system may produce electrical impulses which are not caused
by the detection of reactor neutrons and are not distinguishable
from reactor neutrons. Possilble sources of these Impulses are
source neutrons, gamma rays and electrical translents, It therefore
becames necessary for the theory to take the noise into account since

1t may well be a substantiel part of the measured fluctuations.

s
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Since flucuations in neutron population are by no means
reguleyr fluctuations such as a sine wave, 1t 1s necessary to take
é large amount of data In order to distinguish the contribution of
dynamic paremeters wilth any accuracy. This dictates that a
statistic which is amenable to data collection and data processing
by automatic techniques should be measured.

In the following, mathematical models will be developed
which describe neutron population fluctuations, the difference between
"signal” and "noise" will be delineated, and an experiment which
measures these fluctuations, and thus dynamic parameters, will be
described.

One might ask, "Why measure dynamic parameters by stochastic
process techniques?”

The answers to thls gquestion are many. Some of the most
important reasons for making stochastic process measurements of
nuclear reactor dynamic parameters are the disadvantages of making
the measurements by other techniques., Oither techniques employ some
method of introducing a perturbation into the reactor and observing
the resultant respomnse of the mean neutron population. Disadvantages
of these techniques are that a perturbation must be introduced which
inevitably alters the dynamic parameters, the perturbation may have
t0 be large so that the mean neutron population is easily observed
over the fluctuations and may thereby drive the reactor beyond the
applicabllity of the mathematical model, it mey be very difficult to
insert into the reactor the required perturbing mechanism, or it may
be dangerous to drive the reactor through transients because of thermal

shock or other possible damage.



Of course other, and more direct, reasons for making
stochastic process measurements exist, One of these is to compare
mathematical models with experiment, This is important since only
a few stochastic process measurements have been made to date and
the theoretical-experimental comparisons are as yet imcomplete. To
the author'!s knowledge no experiments have, as yet, been performed
for correlation times such that delayed neutrons are important.

In the following, delayed neutrons will be included in the
mathematical model, measurements will be made over times for which
delayed neutrons are Important, and comparisons will be made between
the observed and predicted effect of delayed neutrons.

Investigators who have preceded the author in this area have
made fundamental contributions to the theory and experimental techni-
ques of stochastic processes, Feynman, DeHoffman, and Serber(ll)
used these technigues to measure the distributions of the number of
neutrons from fission.. Luckow(l6) measured prompt neutron lifetimes
by measuring fluctuations as did Cohn.(8) Velez(23’2h) developed an
equation for the autocorrelation function and attempted measurements
on the Ford Nuclear Reactor. Theoretical work in this area was done
by Feynman, DeHoffman, and Serber(ll), Brownrigg and Littler(7),
18,19)

Frisch and Littler(lg), Feiner; Frost and Hurwitz(lo), Moore(l7’

Bennett(l), Courant and Wallace(9), and several others.

B. Organlzation of Text

Chapters II and IIT deal with the development of the mathemati-

cal model for the statistic of interest here; the ratio of the variance
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to mean number of neutron counts over an interval of time. Chapter
IIT applies this theory to determining the mathematical model for
stochastic processes in a nuclear reactor. .

Chapters IV and V describe the experiment which was performed
+0 test the models. Chapter IV describes the equipment which was used.
Chapter V describes the experimental technique used to make the measure-
ments. |

Chapter VI describes the techniques employed to process and
analyze the data.

Chapter VII discusses the results of the experiment with respect
to the mathematical model. V

Chapter VIII discusses the results and formulates conclusions
based on these results.

The origlinal contributions in this dissertation are contalined
mainly in the experiment, Here, the effects of delayed neutrons on '
the stochastlc process measurements are shown clearly for the first
time,

Samne credit is also claimed for deriving the mathematical
model in a way which 1s, ir the author's opinion, more illuminating
than those derivatlons which appear In the literature.

The techniques of nonlinear estimation developed for application
+o thls problem represent a more powerful method of analyzing the re-

sults than has been used before.,



II. STOCHASTIC PROCESS THEORY

This chapter will be devoted to illuminating the concepts
of stochastic process theory. Several statistical functions will
be defined, Notation will be adopted for these statistical functions
which will be used consistently hereafter. The fundamentsl relation-~
ships between these statistical functions will be demonstrated. These
relationships will be exploited to show the connection between sto-
chastic processes and general system equations, For a more detailed
description of this material see Laning and Battin(ls) or Newton

et a1, (20)

A, Definition and Notation

In the following, consider x(t) and y(t) to be fluctuating func-
tions of time and x4(t) and y4(t) to be the i-th member of an ensemble
of fluctuating functions of time.

1. Mean of x(t)

The time average of x(t) = x(t)
T

_Tl'm?T x|+)dt (2.1)
x(t)

The ensemble average of x(t) = x

N
=/im NLZ xi(f) (2.2)

N—>oo /
i=
2, Mean Square Value of x(t)

The time average mean square value of x(t) = xe(t)

T2
=Ilim -% X (f)d‘f' (2.3)
T—=o00 e T

5=
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Ensemble average mean square value of x(t) = x2(t)

, / el
=1 x:\t .
/\Ilr—rz—oo N o / ( ) (2.1)

Variance of x(t)

The time average variance of x(t) = var(x(t))

2
= x%#) —x[#] (2.5)
The ensemble average.variance of x(t) = var(x(t))

= x2(f)._}_(7)2 (2.6)

Autocorrelation Function of x(t)

The time averaged autocorrelation fumction of x(t) = ¥ (1)

=x(t]x(++7) —Ilm —[x(f)X(-f--i-T)df (2.7)

The ensemble average autocorrelation function of x(t) = ¥, (t1,7)

—X(f)X(f'+T) //m —-Z((r) ,(f+T) (2.8)

=1/
Cross Correlation Function of x(t) and y(t)

The time averaged cross correlation function of x(t) and y{t)

= V(1)
T

—x(f)y(r+1') -Ifm 27_ x(f-)y(f-*T)df (2.9)
-T

The ensemble average cross correlation function of x(t) and y(t)

By (tl:'r)

=x(t )g(f-...—r)-//m ——Z A T) (2.10)

=/




6. Power Density Spectrum

It is useful to introduce a frequency function which is defined
as 1/2n times the Fourler transform of the time-average correlation
function in order to ultimately deal with transfer functions in the
frequency domain, It can be shown(l5-'2°) that this frequency function
will be the power density spectrum. That is, 1t will be a function which
will measure the power density of the signal as a function of frequency.
The integreal of this power density spectrum over all frequencies will
then be the total power 1n the signal,

The power density spectrum corresponding to the time-averaged
correlation function is denoted. Yoo ny’ or YY.V depending on which
correlation function V.., mlrxy, or WW 1s belng considered.

For example, the power density spectrum corresponding to the

cross correlation function defined in (2.9) is
o0
__ —iWJT, .
‘I&y(‘d’?ﬁ‘f W, jrleTar (2-11)
-00

B. Relationships Between Stochastic Signals in Linear Systems

Conslder a linear system which 1s described by e Gresn’s function
g(t), and has a driving function x(t) and a response y(t). This system

can be represented by the block diagram of Figure 2. 1.

Input x(t) Output y(+t)
- LINEAR SYSTEM —-—
g(t)

Flgure 2.1 Block Diagram of Llinesr System
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We seek the relationship between the autocorrelation function
of the input and the autocorrelation function of the output. The

relation between the input and the output is given by the convolution

integral as - |

i) = [ gl x e t)a (232
and similarly, -

e[ drdereraion 213

These two expresslons can be substituted into the definition of the

autocorrelation function to obtain

',Lgy{T}ﬂi}n =& Ty(r)y(r+T)d7‘

L=
-7 . (2.1k)
Him erdt[dfg[f)x{f 7)|dt. 9l x |7+7-7%)
-7 T—eo i '

By interchanging the order of the limit process and the other integra-

- tions so that we integrate with respect to t first, we get -

, a0 w© T .
'ﬁ’,’y(T):ﬁ’” gl7; )|otgl7) T/imm 2—;_- dtx{t-titTr (2.15)

-0 —ey -T
Recalling the definition of autocorrelation function, Eguation {(2.15) is

written

iy [ 190 Yoo - @

This is the relation between the autocorrelation function of the output

and the autocorrelation function of the input.



In a similar way, an expression for the cross correlation
functlion between Inpul and output signals may be derived,~ Substitute

the equation
[ o]

IteT)= [dto glfe)x [1+T-2) . x

-0
into the definition of cross correlation function,

-
%(y(f):.#g:,w 55 [ dt X #)Y[#+T) | (2.18;
=7
o obtain
¥ (7’)*=/lﬂ_r__370o 27_ d'fx fdfag(;g}x(nf«r) (2.19)

Again interchange integration and the limit process to get

)=tz ol

The relation between the input and outpu* power densithy spechra

Lanty
Y
]
o
)

may be found by Fourisr transforming both 51des of the relationship be- -

tween inpuﬁ and ourpa* autocorrelation furnctions, This leads *+o

, - T T .
[y.;yy{'rle d"T-i/'e aé’jg(;y)dt g(z) st)/(x(ﬁf;_faqrg (2.21)
Lo —eo >co et

The order of integration may be changed and the arguments of the expon-

=ntials adjusted to give

fo
\

w” oy
§t |e W - )J

ction is defined as +the Fouriler +ransw

form of the Green's function and denoted T{im). Substituting this into
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Eyustion {2.22) and recalling the definition of the power density

spectrum, Equation (2.22) may be written

Yyylw) = TV T 7Y, ) (2.23)

C. White Nolse

A random process, x(t), possessing a constent power density spec-
trum 1s referred to as white nolse. The physical origin of this term is
in the concept of white light: & light that bossesses all frequézicies'
in equal amowmts.

If x(%) 1s such that |
x[#)=0 5 ‘}L,’(x(,{)zo, A>>A, (2.24)

then, the process x(t) can be considered to be white noise in a range of

1
frequencies C < o << X -
(] )
In this case; the autocorrelation function for white noise can

be approximated by a delta function,
W)= Cé(l_) - (2.25)

so that the power density spectrum can be found by Fourier transforming

to be

V) =¢ (2.26)

It should be noted that, in a strict sense, white nolse is a

physically wmrealizeble phenomenon since it 1s a random process having



an infinite average power. Thls follows from the fact that the total
power 1s given by
o (e o
= ' d —. 2.2
f\yxx )du \yxx(O) W (2.27)
o

(o]
In splte of this fact, white noise is a useful concept both for

certalin theoreticél purposes and as a practical approximation to noise of
a very broad bandwidth. In many problems a noise spectrum may be known
to be.substantially constant over the frequency range of interest. When
this 1s true, the use of a constant power deﬁsity spectrum for all fre-
quencles often simplifies mathematical manipulation without introducing

significant inaccuracy in the result.

D. System Driven by White Noise

A system driven by white noise has a constant input power density
spectrum, C, so that the output povwer density spectrum will be proportion-
al to the square of the modulus of the transfer function. This follows

from substituting C for ¥, (m) in Equation (2.23) to get

}Pyy(u) =CT|ru|T[-7w)  (2.28)

E. Relatlionship Between Variance to Mean Ratio Over an Interval and
Autocorrelation Function

In certain systems, of which a nuclear reactor is an example;
it may be more feasible experimentally to measure the accumulated value
of y(t), the output noise, over sn interval than to measure elther the
autocorrelation function or power density spectrum directly. The ratio

of the variance to mean of this acecumulated random process for intervals
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of length T 1s related t¢ the aubtocorrslation functiqn and thus the
powsr density spectrm of y(t). |

To derive this relatiomship, consider y{t) to be a stationary
stochastlc signal. The variance of the integral of y(t) over an
intervel of length v will be related to 1ts autocorrelatlion function,
Iet x(7) be the integral of y(t) over the interval T, The relationship

between x{r) and y{t) is
T

x|r)= | Y[t)at ~ (2,29)
(o) .

According to relation {2.7) the autocorrelation function of

\M]

v{t) 1s written

Hyleen) <dloE o

Integrals of this autocorrelation function are investigated over
the triangle 0 < t; < tpy 0 < tpx < 7.

Integrating once,

fs{;(f-a)qﬂ - ylr) [l

{2.31)

=Y %] x(¢]
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Integrating again (by pawts)

7%
[ y@y(r %)dtdt= y() (#)d7

o
= x3(7) - —22‘7) (2,32)
- X3(7,
2

The watio of +he varilance to the mean of x{~v) is the gquantity
which is measured In the experiment to follow., This quantity can be

formad from Equation {2,32) ylelding

var (7f X (7()“?({7f)__ )((1f)+

(TdTa’Tra 33
Mean X(T) ffyj / >

% is +t0 be notzd that tha variance/msan over an interval measurss
accumulated corwelation, That is, 1% Is »=lated to the double integral of
. the autocorwraliation function and hence to the system equations through

Equasion 2,16

P



III, MATHEMATICAL MCDEL

The mathematical model used here for stochastic processes in
nuclear reactors operating at steady state 1s based upon e point re-
actor model. Two approaches to the derivation of this mathematical .
model are presented here, One spproach will be termed the "system
approach” which will use the results of thé previous section to dérive
the power spectral density, auwtocorrelation function, and count-rate
variance for a nuclear reactor by operations upon the square of the
modulius of the sub-critical reactor transfer function, The other
approé.ch to be discussed will be the "physical approach” in which
details of the multiplying processes in- the reactor are foliowed show-
ing the mechanisms which give rise to corvelation,

| The valldity of thlis model w:!.ll be examined In relation to an

experiment in Chapter VII.

A; System APproa.éh

' in Chapfer IT it was shown that a linear system being driven
by a white noise source has an ou'bpﬁt power density spectrum prdpor‘bional
to the squa.ré of the modulus of the system ‘bra.ﬁsfer fuinction. In the
gystem approach to the problem of prsdicting the characteristies of
r;-:acfor noilse we assume that a reactor opera‘ting in steady state is
.a linear system drivén by a white nolse source,

. l. White Nolse Source

According to definition (2.2%) a white noise driving force

must be such that 1f x(t) is the white noise source, then x(t) = 0

-1l
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and ¥, (2) = x(£)x(t+2) = 0 for As greater then some A, Which is
<< To the correlation time of Interest in the system.

The assumption of white noise 1s used in the noise analysis
of many systems when it can be argued that the possible origins of
the nolse are characterized by the conditions above.

In a reactor, a possible origin of the noise 15 in the fluec-
tuation of source neutrons from both external sources and the sources
Inherently existing in a reactor. Another possible sowrce is in the
fluctuations of the reactor para.me'l';ei's themselves. (17’ 18) |

| In the following, white noise will be assumed as the source -
noise fcbf the derivafion of thé mathematical mociel by the sysfem
approach. The characteristics of the possible noise. sources mentioned
above are such that this assumption seéms to be warranted.

It may be possiblé to investigate the character of the noise
source by an experimenta; technique., . By applying a known perturbation
to the i'eactozf ‘and 'obs,erving the output with» and without ‘this perturba-
tion we may be able to gain ixiférmafién as to the charasecteristics of
;bhe inherent é.riving férce, | | |

| For example, if Y?‘.Y (w) 1s the output power density spectrum due
to the inerént noise alone and Wys;(mj is the output power density
spectrum due to signal plus noise (where signal is denoted Y}s(x(a,) and
the noise is Y}I:x(m). An experimént mey be performed to measure
Y;ly(zn) and ‘1’;;(&). Consider the sys‘l';ems depicted in Figure 3.1.

If the signal and the noise are uncorrelated, then



e @) |?

...16_...

PRI i

Nolse Sowrce Only Signal and Noilse

Figure 3,1

7] ¥k

%r; )

v, 1)

AR S

|7

so that, eliminating the transfex functlon

.S
sn n Y. (W) '
Wy, (W) = ¥, ()] 1+ D @)
Yy Yy T (w) _

- | xx (%7 | -

Y;;(m) a.nd Ef.;y(m) are measured quantities a.nd'?!}sm(m) is a
known perturbation., Thus by performing the two experiments outlined
above, one may be sble to infer from the results the shape of the input
noise power density spectrm, E’nn(m) , and establish the shape of the
unknown drliving force,

2« Output Nolse

- A point, unloaded, nuclear reactor 1s now to be characterized
by a linear systaﬁ with a white noise driving force such that the Input
power density spectrum is a constant, Yn.n&n) = C, ‘We can normalize +the

problem by assigning the value 1 to C,
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In a measurement of the output noise from a reactor
some of the neutrons which we measure may be source neutrons or other
neutrons which have been previously characterized as part of the assumed
white noise input. This effect is taken into account by assuming that
some of the noise which is measured has not been operated on by the
reactor transfer function. .The system under consideration 1s shown
in Figure 3.2 where n(t) is the assumed noise source, G(t) is the reactor's
Green's Function, y_ (t) is that portion of the noise which has been opera-
ted on by G(t), portions of n(t) are shown driving both output and input

and y(t) is the measured output which includes both ys(t) and n,(t).

: —

na(?
) [ | | |
n (9| 6(r) EAC)) y(t)

Figure 3.2 Nolse Measurement Block Diagram.

It has been shown in Chapter II that the power density spectrum
of the output nolse of a linear system 1s propoftiohal to the squafe of

the modulus of the transfer function so that, in this case,
’ 2

\Eysgs (W) = | T)|¥yn(w) | | (3.3)

=1 [ (w)

since we have assumed n;(t) is white noise and Ynlann) = 1,




oy

The measured output, y(t), 1s equal to the sum ys(t) + ny(t).
It 1s then necessary to f£ind the power density spectrum of y(t).

The autocorrelation function of y(t) may be written
T

Vg (1) =lim L] (1) 9(7+7)dt
r

, T
i 5] (g5 (g 47+ 1f P+ 7))t

s :
N (3.4)
, T T T)Jf
=;j;n@——f ys(f)ys(f+T)dT+7lim Erg i i

T . =r

T o
+/iim é—j;r(f)%(f+T}df +fim J'%{f}%/f*ﬁdf |
A | F""’ T

=

7 B *’Léf/ 7) *Ygn )

The above equation shows that the autocorrelation function of
y(t) 1is equal to the autocorrelation function of y_(t) plus the auto-
correlation function of nyt) plus the sum of the cross-correlation

functions qrneys(-r) and “’ysn 2(1’).
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If 1t is assumed thatny(t) and y (t) are uncorrelated then

E

Vi () = tim <L f ngt) 9e (++7)

=

'7__/;27 ﬁ—'fﬂ(f).%/f)c# (3.5)
. 2r

=) Y%d(t)

Since we have already assumed that Igti = 0, we see that

\lfniys(T) = 0. Likewise, ¥ ,(r) = 0. Now Equation (3.%4) becomes
Yoy (7). = %;ys (7) +4l/é/72(77 N OB
'Téking the Fourier Transform, we see that | | |
Yoy (W) =Y, )+ Yy . en
And suﬁstituting for ‘Ingl 2(ao) and &-,ysys:(w) , we get B
\l’% (W)= 1/ +l T(L:))IZ | | | (3.8)

where we have normalized ‘l’nlnl(w) and Ynznz(m) to 1..

The suberitical, point, unloaded reactor transfer function may

be written
” . ) R
/d%éi[ o n+f :
/=2 ,w+AJ A; .
1 = ~/‘/ = A R 3.9
T(/&J) : | T -’j (3.9)
j [Z EZ: /a)+-)g' /D J=1
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where -m-j are the roots of the inhour equation, B 3 and )\J are the

fraction and decay constant respectlvely for each delayed neutron pre-

cursor, p is the reactivity, and n is the mumber of delayed neutron

groups.

Using the above, the power density spectrum 1is glven by

N+l _n+ AN : /
\ oV amY N\
\ljyg (W) = / +Z Z (/'a)-ku)_,')(—iu)*-h)k) (3.10)
=t K=/ '

We have not, as yet, taken into account the average neutron

level - in the reactor. To do this, we define k to be the average neutron

level and introduce the term kzs(a,) into the power density spectrum .

Us'ing this,' the measured power density spectrum is written

' N+l N+l :
A; A,
\l’gg (W) =/ + k 5(w) +ZZ () wm)h) (3.11)

,Tmrerse Fo'urier +ransforming ’ t.he autoco*rela.tion function be-

comes

stl k \ a/a)f
7)=0(T)+K + f W (3, 12)
J=t A=t -
The form of thls autocorrelation function agrees with Velez. (2h)
The inversion indicated a'bove is st'r'a.igh'b forward 1f care :Ls
taken in choosing 'the path of :Ln‘begration In the cq:nplex plane so that’

no positive exponential occurs.  The result is
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urrarn S A &
Uj=4 h-l J

n+l . :

2 \ —LT (3-lé&)
=6(TM;ZAJ%'8 J |

n+/ :
where }gi:zZE: z:;ﬁé%%7—-'A
' g=] J R

The count rate variance tg mean ratio is related to the auto-
correlation function by Equation (2.33) repeated below with X replaced

by k.

T-T | o
Warrikre | [Yrrarar o

o “o v~ ' ‘
Performing the‘indicéted operations the equation for variance-to méanA

rétio:becqmes

N+ :
C2N G e (5.1
B (ke
J - n+/ ' -
_1, ZZAJB,L' o 1=e”Y T
/( ﬁ( L Lt9. .L19.1'
J=l

This 1s the quantity of inierest in the experimental work.to be
detalled iater. The abgve‘derivation; aithougb-straight—}orWard, doesA
~ not make explicit the chafacteris#ics of thelmuitipiicationAprocesses .
which contribﬁte to the form of the final equation. The derivation té'
follow will deal with thése multiplication procesées ﬁnd also will show

. how the detecting system affects the result.



B. Physlecal Approach

The count-rate variance +0 mean ratio mey be derilved by conelder-
- ation of the multiplieation processes 1n a nuclear reactor w;Lthout refer-
ence to the stochastic process functions defined earlier. Here, no white
ﬁoise source 1ls hypotheslzed; the argument foilcws from basic probablli-
ties to be defined. This derivation takes j..nto account the efficiency
of the detector which 1s used to measure the output noise. |

1. Definitions

Consider two time intervals, Aty and Ats. An equation for.‘bhe
exfpected number of neutrons detected in these two non-cverlapping
‘Intervals will be developed by following the fissioﬁ ché.ins.

Define: p(m;At;) = probability of m detections in Aty |
p(n,At,) = probability of n detections in Atg
p(myAt,3n,At,) B joint probability of m aeteéti_ons in At; and
n detections in Aty |
p(n,Atp |m,Aty) = conditional probsbility of n detections in |
| At, on the hy;pothes_is of in detectioné iﬁ A:ti
| <c.(t1)c('b2)Atj_A'b2> ® expected mmber of counts in Aty a.nd. Aty

2. ljgsical Derivation

In order to compute the couni-rate variance to mea.ﬁ ratio, the
expected number of counts in a pair of iIntervals of time 1s first com- -
puted, This is done by observihg 'bhat-for gmall intervals the expectéd-

number of counts is epproximated by the probabllity of a count, thus: -

Wz (3.15)
=e(n)c(rn)dldt> = plhdh 51, dlz)

Clim )A7 =i | t; 1AL
lim_Cinematany=lin Y mnplmati/, )
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This probability cen be separated into two terms, one term
representing those events for which the probability of a count in.AxE
1s independent of whether or not a neutron was detected in AL,, the
second term representing those events'for which the probabllity of a
count in.été depende upon whether or not a neutron was detected in Aty

PChdtssdb) =R (Lt db)vR (41 5, dE) 5169
4 : (3.1

=Pl )pls )+ Pl )Pl [ndh)

The first term 1ls 1ldentifled as the probability of an "accidental"
palr of counts and the second term l1s identified as the probability.of.a
"coupled" pair of counts.
| Accidental pairs of‘counts arise from the detection of a pair of

'heufrons which have no common fissioﬁ as an ancestor; coupled pairs
a:ise fram the detectlion of two neutrons having a common sncestor fission.

This will becbme more evident in the following development.

&) Accidental Pairs
- Accldental pairs of counts arlse from deﬁectiqn of neutrons which
.do hot belong to a common fission éhain@ Figure 3.3 illustrates possible

events leading to an accildental palr of counts

| | L | \
: X _
//////X 1. . X ' Ci\-wDetection

Photdx<3ﬁ__;——__9§§:\ '

in dtg
- Fiesion . -
~— Detection |
in dtl aime

Souxn .\4éé:l______ﬁ.
Neut? e

dtq

dto

Figure 3.3 Possible Chains for an Accidental Pair of Counts.
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To derive an expression for the probability of an aceidental
palr of counts, define:

F = average fisslon rate

gffzf(f,[)ﬂ(s,r)vdi'JE (3.17).
E ¥

where n(E,_x:)d3rdE » the expected number of neutrons in a3r about r with
energy 1n dE about E. _ |

Z%(E,E) = the probability per unit path for small paths that a
né'trbron with energy E at space point_ r suffer a collision which induces
é. fission.

v E neutron speed corresponding to energy E

€ E average counter efficiency

_[ f L (5r)n(E, r)a-df—dE

ffz (Er)ﬂ(Er) o rdE

where ZD ] the probability per wmit path for sma.ll pa'bhs 'that a neutron
Wi'l;h energy E at space point r suffers a collision _which results in a
detection. | | ”

» Using these definitions, the_ probability of a detection in an

Interval of time dt is.

pldtl=Fedt o ea)

Thus, the probability of an accidental palr of cownts in dty

and dt, is gilven by

plrdt)plydt) = Fedtdh (3.19)
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b) Coupled Pailrs

Figure 3.4 i1llustrates the possible ancestry of a coupled pair

of counts,

q fissions occur ON
between t & 15 Detection
in 4t
2
Common
fission
at t
p fissions Defe,ction : —_—
occur between in dtl . Time
t &t _ -
+ dtl . d‘bg

Figure 3.4 Possible Events Leading Up tc a Coupled Palr of Counts.

As indicated in Equation (3.16), the quantity
PUTL) PO A |1, )
must be computed. '

First, p(l,dt1) can be written as (see Equation-(3.18-))
pPl4dl) = Fedl . (3.20)

To coxﬁpute p(l,dtgll,dtl) s the follqwiné quantities are defined:
v = +the number of neutrons femitfed in a fiséion
N; #& +the probability per wmmit ;bime fof small’ times that a .
| neutron born at time t have a progeny (inclﬁding itself)
in the system at time %,. | .
N é the probability per unit time for smell times that a
neutron born at time t have a progeny (including ifsel'f)

in the system at time t..
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Ueing the above, the probabllity of one count in dtl from a
progeny of a fission which emits ¥ neutrons at time t is

VoM edr

The probability of a count in dt; from a progeny of the same
fission at time t which produced a detection in dt, is |

P-1)ENs a7z
So, the probability of a pair of counts in dt; and dt, due to the progeny
neutrons of a common figsion at time t which emitted v neutrons is

2(W-1) FE“ NN, ot o

A fissplon at time t may emit any of several numbexrs of newubrons;
B8O, considering the average common ancesfor fission we average over the
»!s. The probablility of one detection in dt, and one detection in dtg
due to any common ancestor fissioﬁ is given by integrafing over all past '

time so that the probability of a coupled pair of counts is written
_ _ .

PlLH)plhelts ycl)=Fe WE-D)dtd| iy ot 3B

e¢) Probabllity of a Pair of Counts.

Equations (3.15), (3.16), (3.19) and (3.21) may be combined to
give the expected number of pairs of counts in intervals dt; and dt,

due to both accldental and coupled palrs, ylelding:

Leth)en)atdn)=plidhs )

(3.22)

- )
= FE ol olts + FE™ (73 T)cth o [ NiNe o
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I+ remains to determine I\Tl and N2. From the reactor kinetic

equations, let us suppose that

fn+/ : n+/
/VZA ey tt) /V‘ZA -w,(f, )' (3.23)

J=/ ' A r=/ ,
where the Ai are the numerator terms of the reactor transfer function in

the form of Equation (3.9) and -w; are roots of the inhour equation.

At this point, it is not obvious that the expressions (3.23)
truly define the required probabilities per wnit time, These identifi-
cations, however, lead fo the same result as the system spproach, thus
we will conclude that the quantitles N; and N, are properly defined anxi
identified here. |

Now, the expected mumber of counts in dt; and dt, may be written

| 57,
<C(7‘)C/f)o’fo’é> /—‘ezo/fofzz +fe (ﬂ-//ZF//'a/f A, LA )

t=m@  p) (3.24)

Dolng the intégral,_ we get

. | —wrllt,
Cetctt)altay-Fe Yttt e (mp)a/fa/f AfAJ' c4tt) e
4+
hj=/ 7
Now we do the sum over Js identifying
' '+I o . .
.26
w+ o =5 S )
S/
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The equatlon now becomes

S (4%) (3.27)

L lr)clt)dhdt)= Fé‘c/fa/f +FEW -ﬂ)a/fa#zlﬁ

/=/

In the experiment; we measure over an interval of length T which
includes t; and tp. If we have ¢ counts in an Interval, the number of

palrs of counts 1n the Interval is c(c:-l)/2 and the expected number of

pairs of counts is e{e-1)/2,
The expected mmiber of palrs of counts 1n an Interval of length

T is related to the expected mumber of pairs of counts in dt; and dt, by

@ [ (c (t)clr)dbdhD (5.28)

=0 I =o
Applying this relation to Equetion (3.27) and doing the integrals,

we get _ .
2 724/ -7
clc-1) _ : ] e
. 2/ F; +/=é (,} ”)TZA 5/[ /03-7 ] . (3029)
/=/ :

The texm Fet can be ldentified as ¢ so that the above equation

may be written

— =2 ' %/ -7
ct-c C ~ T3] A; By /I—-e ’
= £ +C€ - (3.30)

Rearranging terms, the equation becomes:

A— —= - T
—C (77- \/ar (77 /+26{V ”)f IBI /chjT ] (3.31)
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3_52

where the identification of S——-= (1) with —== (7) has been made from
c

the definition of variance to mean ratio, '

The introduction of the detector into this derivation has intro-
duced the counter effieclency, €, into the equatién for va.ria.née to mean, |
Also, the study of the fission chaiﬁs has introduced the constant v_g»- v
which does not appear in Equation (3.14). |

The normalization implicitly assumed in this derivation is not
neéessari]gr the seme as that assumed in the derivation leading to (3.1M4)
so 1t may be expected that the two results would differ by a constant

factor, which they do.



IV. EQUIPMENT

A, Ezgerimental Setgg

Two experimental configuratiéns were used 1n the experiment.
One conflguration was used to récord data on the tape recorder and the
other configuration was used to count pulses over a gate time and
recofd the count on IBM cards. These two configurations are shown
in Figures 4.1 and 4,2 The figures are self-eiplanatory,

Each pieéé of equipment used is discussed below.. Those pileces
of»equipment which are standard items are discussed brilefly with
reference to méﬁufacturer's data while the speclal pleces of eguipment

are discussed in more detail.

B. Description of Equipment

l. Reactor
The Ford Nuclear Reactor is a one megawatt swimming pool reactor
uéing-go$ enriched U235 MIR type fuel elements. The_critical mass, with
a cérbon reflector on the vertical faces is approxiﬁateky 3kg. The
reactor is light water modérated and cooled, It is used primarily as
avneutrén source and as a training reactor. |
. The detector was placed at the core-face, in the reflector, for
eéch of the experiménts, The core configurations during the experiments
are shown in Figures 4.3.ana-h.he |
2. Deteetofs

Manufacturer's specifications for the two detectors used are

listed below:

~30-
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Figure 4,4 Core Configuration .
for Fission Chamber

Experiments.,
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a) Fission Chamber

Manufacturer Westinghouse Electriec Co.
Model No. ' ' WL-6376
Mechanical data '

overall length 11-7/8

diameter (mex, ) 2-3/32"

net weight 1-3/4% 1b.

insulating mattls polystyrene and alumina

sensitive length e"

body mat'l aluminum

neutron sensitive mat'l 2 mg/em? U30g fully enrichg%5in

U

filling A-Ng at 1 atm.
Operational ratings

operating voltage (app.) 300 volts

sensitivity 0.7 count/neutron/cm®

neutron flux range 2.5 to 2.5x105 neutrons/cme/sec

operating plateau 200 to 800 volts

output 200u volts, rise time 0.2y sec

b) BF3 Tube

Manufacturer N. Wood Counter Lab.
Model No. G-10-12
Mechanical data ) '

overall length i

diameter i
" net weight not specified

insulating mat'ls glass '

sensitive length - 12"

body mat'l aluminum

neutron sensitive mat'l  enriched BF3 (96% B0)

filling BF3 and quenching gas at 4o em Hg
Operational ratings o '

operating voltage (app.) 2000 volts

sensitivity , not specified

neutron flux range - not specified

operating plateau ' length of plateau = 300 volts

output " not specified

The detectors were.mppnted in waterproof cans, The BF3 tube
had its pre-amplifier in its can. The pfe-amplifier for the fission
chamber was outside of the pool. The BF3 tube had aAlead gamma ray
shield, 1/ thick, wrapped around its water-proof can. The high

voltage leads were enclosed in a one inch diameter "Tygon" tube.



3. Pre-Amplifiers

The pre-amplifier used with the EF3 tube was a transistorized
cathode follower with a 15 volt battery as a power supply. This pre-
ampliflier was used for impedance ﬁatch; the galin from its input to
the end of the twenty foot cable leading to the de-coupler was approx-
imately O.3. The pre-emplifier was built in a 1" diameter, 6" long
aluminum tube with a cénnector of the HF3 tube at i1ts input ana a con-
pector to the signal cable at its output. No'provision was made to
turn the pré-amplifier pover supply on and off, Operating contihuously,
the battery life was approximately two weeks.

| The pre-amplifier used with the fission chamber was the standard

pre-amplifier used with a model 218 linear amplifier. The manufacturer's

'specifications are given below:

Menufacturer ‘ Baird Atomic TInc.
Model No. . : ' 219A
Operating characteristics
Maximum gain : 30
Bandwidth ‘ 2me ,
Rise time _ B 0.25u sec max.
Fall time 10u sec min.
- Imput polarity _ . pesitlve or negative
Input impedance 1000 megohm
Lirearity - ' 2% '

-4, Amplifier
The amplifier was used on the delsy line bandwidth with the
output of the pulse height selector. = Therefore, only the specifications

~corresponding to this operating condition are given:

Marnufacturexr _ Baird Atomic Inc.
Model . o 218
Operating characteristies

Bandwidth ' ' 2me

Rise time . ' 0.2y sec

Decay time _ 0.8u sec
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Maximm gain 1600
Input polarity negative
Input impedance 2000 ohms
Output imedance (PHS) 4700 ohms
Linearity - 1%

Amplitude (PHS)

60 volts negative

. 5. Pulse Shaper

To tape record pulses successfully it was necessary té match
the ocutput Impedance of the amplifier,to' the input impedance of the tape
recorder and to supply the tape recorder with pulses of optimum shape
and'rsize° In order to investigate pulse shape and size a combination
ohe-shot multivibrator; cathode follower circuilt with variable height
and width output pulses was built. The pulse used to drive the tape
recorder was optimized on this pulse shaper with the optimum pulse being

a 20 volt, 8u sec nearly square pulse, The circult diagram of the pﬁlse'

shaper 1s shown in Figure k4. 5,

6. Tape Recorder
Manufacturer Ampex Corp.
Model No. 307
Operating charascteristics
No. of channels 1
Tape speed 60" /sec
Drilve Capstan, friction drive
Wow and flutter Q.1% rms
Tape width 1/4m
Maximum size reel 10 1/2" : '
Maximum length of tape 3600', 1mil thickness
Bandwidth 80 ke
T. Gate Scaler
Manufecturer Dymeec Corp.
- Model No. 2500

Operating characteristics
Range

1 cps to 100 ke

Accuracy t]l count,tstability of

' crystal
Stebility 1 part in 10°
Reglstration 5 places, colimnar display,

to 99,999
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Input reguirement 0.2 volts rms min.
Output bed (4-1line) & single
line "stalrcase"

Input impedance ' 1 megohm, 50upf shunt

Gate times : 1 millisec to 9.999 sec
) in ms increments

Display time variable 0.1 to 10 sec

Self check counts time base

Pover supply 260 watts

Time base frequency 100 ke

Since the gate scaler is a central-piece of equipment in this
experiment a description of its operation is given here. At the upper
right of Figure 4.6 is the &igital display counter. This counts and
displays in décimal form on 5 registers the number of pulses applied
to its input. These pulées come from the tape recorder connected to
input A and pass through the sigﬁal gate before they_reach the input
of the display éounter°

: The opening and closihg of the signal gate is controlled by the
~pfes¢t counter. This counter counts the number of pulses applied to its
input. The four multiplier rotary switches on the front of the instru-
ment are connected to ﬁhe present counter in such a manner that the
preset céuhter holds the signal gate circuit ciosed until it has counted
a number of pulses equal to the number set on the multiplier switches,
Then the presét countei opens the signal gatebciréuit, cutting of'f the
flow of pulses to the display gounter, The preset counter stays at
this "preset couﬁtﬁ with the signal gate circuit open until iﬁ is reset.

During the experiment, the.preset.counter counted the interndl
time base.

The display time circuit showp on the block diagram allows the

count on the digital display counter to remain visible for a time after
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the preset counter has reached its preset count and the signal gate

has .-been closed. After this “display time" it reéets both the dis-

play and present counters baék to zero and a new count cycle begins.
8. Converter

In order to punch the-numbers displayed on thé gate scaler
onto IBM cards using an IBM-024 card puncher, it was necessér& to
build a machine to convert the "parallel staircase" output of the
gate scaier to the "serial digital" input required by the card puncher.
This machine is called the "converter” and ité circuit diagrams are
shown in Figures 4.7 and 4.8. The operation of the converter is as
follows:

a) Initially, the stépping relay 1s in the no signal posi=
tion while the gate circuit of the gate scaier is closed and the
‘display écaler is'counting..

b) When the scaler displays its couﬁt, a signal is séﬁt to
the converter which simultaneouély-resets the stepping relay to_posi-
vtibn 1 and opens the circuit of the Steppingrfelay wiper so that no
signals ére admitted to the_convértér.

| c) Thé signal circuit of the convexter ié closed and a signal
represeﬁting Zero (140 volts) is~admitted,. The bank of ten relays
:conﬁerts this vo;tage.ipto a closed circuit'corresponding to the-
activation of ﬁhe.zero key in the card puncher and a zero is punched.
When the card puncher punches the zero, a signal is féd back from it
to the converter which makeé the stepping relay simultaneously open -

its signal circuit and step to position 2.
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d) The signal circuit on the stepping relay closes, admitting
a voltage corresponding to the i-th digit on the display counter (50v
to 140v representing 9 to zero in 10 volt steps). The bank of ten
relays translates this voltage into an'appropriate closed circuit and
the corresponding number is punched. Punching of the number gives a
feedback which opens the stepping relay signal cilrcult and steps 1t
to the next position. |

e) Step d) is repeated for 1 = 1 to 5.

~f£) When the stepping relay reaches the no-signal position

the scaler reéets and a new count is begun.

The sequence of events a through £ above takes about one second.
Every slxth digit punched on an IBM card is a zero. This helps in
editing the cards and checking for errors.

9, IBM 024 Card Puncher

The IEM 024 card puncher is designed to be a hand operated key
punch with a typewriter keyboard. This typewriter was modified so that
the closing of relays could be controlled by the converter instead of by
the depressing of keys. This was accomplished by wiring the converter
relay contacts in parallel with the keyboard contacts (see Figure 4.7),

Another modification of the card puncher was required to make
it release the card after it had punched T2 columns and go on to the
next card. This modification consisted of a cam which was mounted on
the control drmm shaft and used to trip a microswitch which controlled
the automatic feed mechanism. When Qolumn T2 was punched the micro-
switeh released the present card and entered the.next cérd by means

of the IBM 024 card feed mechanism.
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C. Operating Characteristies

The operation of the above experimental equipment was routine
after several bugs had -béen workéd out., Some trouble was incurred in
the stabllity of the D. C. voltages in the system but this was
minimized by using a regulated power supply anrd occasionally checking

blas adjustments. .

No relay fallure was encowntered é.lthough some of the relays

iIn the comverter operated over two million times.



V. EXPERTMENT

Two significant exper}mental runs were accomplished on the
Ford Nuclear Reactor at the Uﬁiversity of Michigan. Data was taken
in run #1 using a fission chamber and the data in run #2 was taken
using a EF3 tube. In each of these experiments several tape recordings
wefe made at different reactivities. In Appendix A the reactor parame-
eters and data pbints for these experiments can be found., This section
discﬁsses the experimental conditions which must be met to insure

success and the steps which were taken to meet these conditions.

A, Experimental Conditions

In order to perform an experiment to measure nuclear reactor
parameters by methods of stochastic processes on a reactor such»as
the Ford Reactor it is necessary to 6ptimize the experiméntal technique
on several considerations. The competing factors which lead to an
optimization are the need for a high efficiency detector with small
sensitivity to gamma radiation, the need for éutting the detector in
a region of low néutron entropy while being limited in count rate by
the fesolving time of the eqﬁipment,'and the need to apply point
reactor theory to the analysis while locating the detector as close
to the reactor as possible,

‘Recall that the form of the equation for count-rate-variance

t0 mean ratio is

V() =1+ ¢ (correlated terms) (5.1)

The first term on the right hand side of Equation (5.1) arises from

the accidental pairs of counts as shown in Chapter III. The second

U5
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term arises fram.the coupled pairs. The problems mentioned above

arise primerily from the need for the correlated part to be signifi-
cant compared to one; indicating that e€ should be as large as possihle
and that the correlated terms should also be as large as possible. The
discussion of experimental conditions‘leading to large values of € will
be discussed under "counter efficlency" and those leading to high

values of correlation will be discussed under "correlated terms."

1. Counter Efficilency

In the theoretical development, counter efficlency €, has been
defined as the average number of neutrons detected per fission in the
reactor. To obtain a ratio of V/M significantly different from one,
we need this efflciency to be at least 10'8 and preferably of order
10'4. This need for high efficlency immediately suggests using a
large counter which will intercept many neutrons, a sensitive detector
which will count a large proportion of the neutrons which it interecepts,
and placing the counter in a position of high neutron density. Each of
these toples 1s discussed below.

a) 8Size of Counter

The slze of the counter used 1s limited by the practical

. dimensions of ¢ounters,'the available space in which to put a counter,
and the requirements for resolving time put upon the instrument. In
this experiment, a N. Wood Lab G-10-12 EF3 tube and a Westinghouse-WL
6376 fission chamber were used. Each of these counters, when enclosed
in a watefbroof container, was of such a size as to fit Into a fuel‘

element channel in the Ford Nuclear Reactor. The size of the counters
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was found to be satlsfactory in all respects; the dimensions are given
under "equipment."

b) Counter Sensitivity

Tn a reactor which has been operated at high power, high
detector sensitivity is especially hard to obtain since, In genefal,
a detector that is senéitive to neutrons 1s also sensitive to gamma
radiation. Thus, the problem of achleving high detector sensitivity
is intimately related to the problem of eliminating the gamma back-
ground. |

The BF3 tube used was considerably more sensitive to both
neutron and gamme radiation than was the fission chamber. For this

reason, the BF, tube could not be used in the initial experiments in

3
which severe precautions to eliminate gamma ray background were not
taken, Using the flission chamber for these experiments, € was small,
and fhus the correlated parts were not as'large as in the later exper-

iments using the EBF tube.

3
To achieve a higher éensitivity, it was necessary to use the
BF3 tube and to take ﬁrecautions against detecting gamma radiation.
This was accomplished by first determining what the effects of a
gamma Iray background were on the characteristics of the counter,
and then taking steps to eliminate these effects. Qﬁalitative
mgasurements of the effect of gamma ray background on the BF3 tube
were made., The effect on the voltage traverse of increased gamme,
background‘is tb both shortén the iength of the plateau and to shift
the location of the plateau'to g higher voltage. The corresponding

effect on the discriminator traverse 1s to shorten the length of the

discriminator "plateau" and to make the slope more steep.



The experimental set-up used to make these measurements is
shown in Figure 5.1. The BF3 tube was kept at a constant distance
from the neutron source but moved relative to the gamma-ray source
(in this case the shut down reactor).

Observatlions of pulse-height on the oscilloscope were made
similtaneously with fhe voltage and discriminator traverses. It was
observed thet with increasing gamme rey intensity the pulse height
of the newtron pulses decreased while the pulse height of the gemme
pulses appeared to remsin approximately constant;

The decrease 1n pulse height of the neutron pulses is
attributed to the lowerling of the effective interelectrode voltage
by the gemma ray field. This is caused by the fact that the ions
produced ﬁy the ggmma rays provide'a space charge opposed to the
interelectrode voltage which has the effect of lowering the effective
interelectrode.voltage resulting In smeller pulses since the gas
mnltiplication of the proportional counter is a strong function of
the voltage. | | '

| The behavior of the pulses due to gammas appearé to be due
to competing effects. ‘One would expect the gamme ray pulse height
to decrease due té the lowering of the gas multiplication in‘the
‘prOPQrtional regilon In the same way as the neutron pulse heilghts
decrease, However, an increase in the gamma ray field alsp glves
rise to an Inerease in simultaneous gamﬁa ray pulses, Apparently
iIn thié case, the effectlve increaée In gamms ray pulse helght due
to simulbaneous events 1s of the same order of magnitude as the de-

crease 1ln size of gamme ray'pulses due to less gas multiplication;
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One way to minimize this gamma ray effect is to minimize
the probability of simultaneops events., This indicates a need for
the shortest possible resolving time in the equipment. Again, how=-
ever, thére are competing considerations. To make the resolving
time as short as possible one would use the smallest instrument
possible. . This cannot be done because of the regquirement for a
large size counter for high efficiency. Thus, the minimum resolving
time is determined by the minimum detector size consonant with
efficiency considerations. Of coﬁrse, one may also optimize the
detector configuration by placing the electrodes as close together
as possible,.

In making this type measurement one should always optimize
the performance of the EF3 tube by operating at proper voltagé and
discriminator‘values. The foregoing discussion indicates that
special attention must be paid to the level of the gamma ray back.-
ground in determining optimum voltage and pulse height selection
since this optimum is strongly effectedvby the maghitude of the
gamma. ray background.

The fission chamber used had a low operating voltage, lower
sensitivity, and small gas mutiplication and was therefore able to
- operate in cons;derably larger gamme-ray f£ields than the BF3.tube.

c) Location of Counter

From the standpoint of achieving high counter efficiency it
is apparent that with a thermal neutron detector it is most desirable

to place the detector in a position of high thermal neutron flux.
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2, Correlated Terms

The magnitude of the correlated terms depends strongly upon
the mumber of correlated events., The relative mmber of correlated
events depends upon the operating configuration of the reactor.and
the location of the detector.

If the reactor 1s operating at a very large negative reac-
tivity, the multiplication is small. Since the pairs of detections
traceéble to a common fission are the ones responsible for correlated
terms, one would suspect that small multiplication would yield smell
correlation. This is born out both by the point reactor theory and
the relative magnitude of the variance/mean curves taken at different
reactivitlies with the BF3 tube. Therefore, to achleve a high degree
of correlation 1t i1s necessary to operate the reactor at very nearly
critical,

Although no space dependent model for stochastic processes
has yet been found one may'make some Intultive guesses about the
magnitude of the correlated terms as a function of space. Since the
core of the reactor is the source of correlated events, one would
expect that the relative number of correlated events detected would
decréase as the detector is mbved away from the core. Msking an
analogy to entropy, this is tantamount to saying that the entropy
of the neutrons Increases with increasing distance from their sourde,
This implies that there 1s some point of minimum neutron entropy in
the core and that_entropy increases as we move away from that point,

According to the qbove argunents; the optimum operating éon:
filguration for the experiment is with the reactor nearly critical and

the detector close to the core.
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B. Equipment Limitations

One must operate within the confines of equipment limitetions
when meeting the above experimental conditions. The most serious
limitations on the expe:éiment are the resolving time and the time
base stability. In this experiment, the performance of the system
with respect to these two consliderations is limited by the tape
record‘er; The effective resolving time of the tape recorder is
approximately 15u secs and its time base stability (wow and flutter)
is such that 0.2% inaccuracies may be expected.

1. Resolving Time

The effects upon the mean mumber of counts per interval and
the varlance of the number of counts per interval dune to finlte re-~

solving time are not the same. The differences are discussed below.

a) Mean Number of Counts Per Interval

The mumber of events reglstered in an interval of time must
be less than or equal to the true mumber of events occurring in that
interval of time. This is due to the finite resolving time of any
phyéical system. o extreme cases may be considered with the ex-
pectation that real life is represented by some Intermediate case.
The two cases consldered are that of the paralyzable counter and
the nonparalyzable counter. For a comparison of these two comnditions

see Flgure 5.2.
The notation _used is:

o

~ dead time following occurrence of an event
n - mean observed count rate
N -

mean true count rate
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Figure 5,2 Relatlonship of True Events to Reglstrated Events
ip Paralyzable and Non~paralyzable Counters.
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1) Paralyzsble Counter -~ The paralyzable situation is

defined by & system which 1s unable to provide a second output pulse

unless there is a time interval of at least p between two suecessive

true events.

For thls case the expected mean oObserved count rate is

7 =/\7¢,’N/° | (5.2)

2) Nomparalyzable Counter - The nonparalyzable situation

is defined by a system which is unaffected by events occurring during

the recovery time; p. For this case, the expected mean observed count

rate 1s given approximately by

7o WV (5.3)

!+ Np

for large N and small p. A curve showing these effects is shown in

Figure 5. 3.
b)
The

under a).
2

V=

g2

Bl E? H

Variance of Number of Counts Per Interval

following notation is employed in addition to that used

=

variance of measured number of counts in interval
variance of true number of counts in interval
length of interval

mean number of true e#ents in interval of length T

mean number of measured events in interval of length T

1) Paralyzable Counter - Making the assumption that N is

large, the distribution 1s normal, and p is small; the measured vari- .

ance is given approximately by
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Figure 5.4 Ratilio of Observed to True Varlance Verses Np
for Paralyzable and Non~Paralyzable Counter.
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2 2 -2N0
V=o'e (5.4)

2) DNonparalyzable Counter - Making the same assumptions as

in the paralyzable case; the measured variance is given approximately by
2
2
}U =~ U—____s | (5.5)
(1+7p)
A curve showing these effects is shown in Figure 5. L4,

c¢) Variance toc Mean

Using the above results; the measured ratio of variance to mean

for the two cases is:

1) Paralyzable

S _ g e”V/" (5.6)
RT  NT

2) Nonparalyzable

. |
Vo o / (5.7)

———a

77T T NT (o)

A curve showing these effects is shown in Figure 5.5.

Using these results, it is found that the counting losses to
the variance to mean ratio limit the counting rate to about 2000 counts
per second for a 5% loss in variance to mean. (Paralyzable predicts 3%
loss, nonparalyzable predicts 5.5% loss. ) in accordance with these
results, the average count rate was kept below 2500 CPS whenever

possible.
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2. Time Base Stability

The stability of the time base used in these measurements was
determined by the stability of the tape transport system since it was
by far the most unstable factor in the overall time base, The crystal
oscillator in the scaler was much more stable., Figure 5.6 shows a
sample measurement of the wow and flutter characteristics of the tape
recorder. These effects can be analyzed as follows:

If n; are the number of observed events in a time interval T,
then 1f the time interval varies by an amount €T around T, the experi-

mental variance to mean ratio can be written

” » r 2
‘KDE;E/(?b’tégﬁ&)z-(E;Z% tE:éifz)

var _ Lle—7) (5.8)
Mea / P s 5.
expt B ) I TEFZY I
i=/ =/

where p is the number of intervals measured.

The theoretical variance to mean ratio (taking into account the

resolving time but not the tlme base 1nsiab111ty) is

Var - /O(P-/.)
/Mea R (5.9)
Theory ~ 2[;¥;7?

var .
Thus expanding (mean)expt and collecting terms
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\ar =/ [var | + € [var) € |var )
Meas ex o /T E Meaﬂ’f heory /* Ejl‘feaﬂ]ﬂ’eoy /€ \Meaﬂlfbeory
(5.10)
[ 1+2€+E%| var )
/+& Iean theoryl s/gn =+

2
[-CE +E (Var l
The rms wow and flutter of the tape recorder was meagured to be

about 0.2%. The corresponding =srwor from the abowe is

(

-6
/+ .00 + &x /0 ~ __

¢ (5.11)

[=. 004 +4x )56 ~
295 ~ 978 => 02z

s .V
Thus, the expected variation in (zzz)

.

due to time base
expt.
inaccuracies is approximately 0.2%. Note that second order terms begin

to enter the picture when = becomes large,

C. Experimental Procedure

To insure that the reactor was operating in a suitable manner
for data taking, the following experimental procedure was adophted.
The objects of the procedure are to establish the reactivity during
the experiment, obtain an optimum count rate; and make prelimiria.ry
investigations into the character of the data.

The first step in the procedure 1is to eliminate the gamma

ray background as much as possible, Since the Ford Nuclear Reactor
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has been operated at high power for several years, this background

can be very large. The major contribution to eliminating the gamma
ray background was the unloading of the fuel elements which had been
operated at high power and the reloading of the core with fusl elements
which had never operated at above approximately ten watts. Further
raduction in gamma ray background was achieved by moving the r=actor
core to the thermal column position where the activity from the
structure is much lower since the reactor is seldom operafed there

and the maximum Operating power at the thermal column position had
been 100KW.

Not only was the maximum amount of gamma ray background
removed, but, in the case of the BF3 tube, the detector was also
shielded with 1/4 inch of lead. The optimum operating'voltages were
dstermined as outlined in (5-A).

When the above conditions were met, the control rod Waé
calibrated by the period method. The control rod calibration curves
~are shown in Figures 5.7 and 5.8. Appendix B contains the data for
+the control rod calibration in the BF3 tube experiment. -During con-
trol rod calibration, care was taken to assure that the reactor power
did not rise to extreme levels.

Having the control rod calibrated, criticality was established
by establishing a steady state with 20 {external) source pressnt and
at a fairly high level (~ 10 watts). This steady state was achieved
by manipulating shim rods with the control rod at the upper limit.
This enabled the control rod to determine the degree of subcritical-

1ty at which the measurements were to be taken.
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Having established criticaiity, the control rod was driven
into the core an amount determined by the initial experimental re-
activity which was selected at 50% insertion. The power level of
‘the reactor was dllowed t0o decrease until the detecting instrument
wag recording at approximately its optimmm count rate. ‘At this time,
the neutron socurce was moved closer to the reactor until the count-
rate leveled off. (Due to the fact that the source was hung into the
pool from a crane, this operation had to be adjusted several times
until the proper steady state was reached,) The count rate was
monitered for more than thirty minutes in every instance to be certain
that a steady state was achieved before any data was taken. At this
point, the reactivity was determined, the optimum count rate was
achieved, and a suberitical steady state was obtained.

As a final check on the operating condition, a series of fifty
gates of 1/2 second duration were counted directly from the scaler,
The ratio of variance to mean for this sample was determined using a
desk caleculator., If this ratio was significantly greater than one,
the tape recorder was prepared for recording and a tape z=cording of
reactor noisz was then made.

The mechanical dvive on the tape recorder tape transport
system was warmed up prior to taking data so that the expansion of
the friction drive from heating would not shift the time base at
playback., 'The recording heads and drive were cleaned prior to re-
cording,

During recording, the output of the pulse shaper driven by

the nonoverlpading amplifier was supplying signal to the tape recorder.
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The output of the tape recorder was connected to the gate scaler

and the gate was set at ten seconds. The number of counts over each
of these ten second intervals was recorded by hand for later analysis
to be sure that steady state hed been achieved and that the distribu-
tion of these .counts was as expected. Care was taken to be sure that
spurlous electrical transients weré kept to & minimum during the
experiment by avolding use of light switches and not recording during
the time when the IEM clocks reset., (The clock setting Impulse 1in the
building was suspected of introducing en impulse. )

After the recording was made, the control rod was moved to a
new position and the procedure repeated.

The playback of the recorded pulses and subsequent data handling

are discussed in Chapter VI.



VI. DATA ANALYSIS

The analysis of the data obtained in the experiment had to be
made as efficient as possible since there was a large bulk of data to
process. The transcription of data from the tape recording to IBM cards
was accomplished in a semi-automatic fashion by mbdifying an IBM 024
card punch as described in Chapter IV. In this section, the procedure

for obtaining the data on IBM cards is discussed under Data Handling and

the processing of these cards is discussed under Estimation, theory and

practice.

A. Data Handling

The tape recorder functions as a simulated Ford Nuclear Reactor.
The tape record is considered to be a representative sample of reactor
steady state. The transcription of deta from the tape to IBM cards is
accomplished by playing the tape recorder to the gate-scaler with the
gate set at various gate times. When the gate scaler‘displays its count,
this count is punched on an IBM card as described in Chapter IV. This
process is continued until either a group of 600 gates for that gate time
are punched or the tape has been run through four ﬁimes whichever comes

(13)

first. Harris has shown that this number of measurements leads o
satisfactory estimates of variance to mean ratio. For short gate times,
the group of 600 gates was punched and for long gate times the tape was
run four times and the number of gates punched was less than 600. The
reasons for the above criterion were that Harris(l3) showed that samples

of this size led to an unbiased estimate of variance/mean and it was

observed experimentally that larger samples did not significantly reduce

-6 5=
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the spread in the data. Increasing the number of gates per data point
would not have e large effect on the quality of the data, but would
greatly increase the time required to transcribe dsata.

For the longest gate times, approximately 75 nonoverlapping
gates per traverse of the tape could be measured. This number of gates
leads to an unbiased estimate of the variance to mean ratio. By re-
running the tape some new information is obtained for counts recorded
in the gaps where counts were not previously recorded. In this way, a
second traverse of the tape adds to the accuracy of the measurement.

As the tape is traversed again somewhat more new information is added{
however, the returns become less and less significant as the tape is
re-run more times for the same gate time. The above criterion balances
the small gains from further tape runs against the time required to make
these runs.

When a quantity of data was punched, fepresenting a spectrum
of gate times and a total number of gates of about 4@,000, the cards
were edited for double pﬁnches and omitted punches on the IBM-10l card
sorter. It was found that the average number of cards having such a
defect was approximately one.per 500 which represents an average number
of defects per gate of one per 6,000 since there are twelve pieces of
data per card.

After editing, the cards were arranged according to the input
format of the calculational program, and the mean, variance, and variance
to mean ratio was computed for each gate. These computations are listed

in Appendix A.
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B. Estimation

1. Estimation of Parameters - Theory

Since the parameters which enter the mathematical model for
nuclear reactor stochastic processes enter in a nonlinear fashion,
the estimation of these parameters must be accomplished by methods
different from standard multiple linear regression. No direct tech-
nique exists for handling nonlinear estimation; thus, it is necessary
to modify linear regression to deal with the problem. In this section,
the method of nonlinear estimastion will be developed by a geometrical
argument which will then be translated to the analytical development.
Having made an estimate of the parameters, it is necessary to assess
the validity of these estimates. These procedures are also discussed
in this section.

a) Geometrical Development

For identically distributed, independent, Gaussian random
variables the '"least squares" criterion provides maximum likelihood
estimates of parameters. This is the criterion used in the nonlinear
estimation procedure to be discussed. Geometrically, the least squares
criterion estimates the point on a sub-space generated by the function
of interest which is closest to the point in observation space deter-
mined by an experiment. This geometrical development is based on work
by Box(6).

To illﬁstrate this, consider an experiment for which there are
three observations of the dependent variable corresponding to three
observations of the éingle independent vériable. This makes the “Observa-

tion space a three space. Consider the function of interest to be one
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which has two parameters so that the function sub-space is a sub-surface

in this three-dimensional space. (See Figure 6.1)

Observation
Point

° (Yl:YQ:Ys)

Figure 6.1. Observation Space

The following notation is used:

Function

(15::f()q(9 )6&;)

Observed values of independent variable

X =5 ,% %
= X
12”3

Observed values of dependent variable

Y=Y,9,Y,

(6.1)

(6.2)

'(6-3)
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Maximum liklihood estimate of parameters

(6.4)

A AN

69=é%)é£> ' (6.5)

Sum of squares

3
2
S=) (¥.-b;) (6.6)
! /
i=/
In order to generate the function subsurface, the parameters

el and ©p are varied over their possible ranges in parameter space

(see Figure 6.2).
s}

2 Range of Definition
//”/______Afii::::_?f Parameters :
[ J

éf/lParameter Space

Point o1

Figure 6.2. Parameter Space

Note that a particular point @1' in parameter space maps into

a particular point ¢l in the function sub-surface of observation space.
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For identically normally distributed random varisbles, the least-
squares criterion minimizes the distance between the observation point y
and the function sub-surface @. Thus, a point ‘8 is determined cor-

A
responding to © which are the maximum likelihood estimates of the para- .

meters.

- Minimum Distance
to Surface

. // ' ¢ Surface
— .

Figure 6.3. Observation Space

The algorithm used to find the points ?3 and 6\ is as follows:

l. Select initial parémeters e° which determines an initial
point ¢° in the function subsurface (see Figure 6.5). -

2. Construct a tangent plane to the function suﬁsurface at the

point ¢°.' (This corresponds to a linearization of the function about

the point @°) (see. Figure 6.4).
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Minimization of
Distance to @°T Plane

Tangent (%)
Plane - @°T 2

//// ‘\\——Function

Sub~surface

Figure 6.4. Observation Space Figure 6.5. Parameter Space

3. Perform a.multiple linear regression in the tangent plane ¢°T

to find the point aﬁm in the tangent plane which is a minimum distance
)

from y. This determines new values of parameters GOT in parameter

space (see Figure 6.4).

1
l, find the corresponding @ in

AoT
4, Using values of @ =0
the subsurface. Now repeat setps 2, 3 and 4 replacing all superscripts
(i) by (i + 1). Continue this until a convergent 6 is determined.

5; 'Plotting the sum of squares s against ol we see that a

minimum S is being approached. (see Figure 6.6)
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Figure 6.6. Sum of Squares vs. 6

Since the function subsurface may be in general nonlinear, the
only claim that may be made for the parameters 6\ which are computed
by the above procedure is that they satisfy a local minimum for the length
of the line STT_¢. Cértain questions concerning the confidence one may
have in the parameters 1; determined by the above method must be answered.
These are:

1. For a certain degree of confildence, over what raﬁge may the
pParameter estimates vary?

2. What is the relative confidence that can be piaced in the
determination of several parameters?

3. Is the local minimum sum of squares found by this method
the true absolute minimum?

4, How successfully may one use linear methods for answering
questions 1, 2 and 37

The questions raised are énswerable by applying methods of statis-

tical analysis discussed below.
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1. A confidence region can be determined which defines a contour
surrounding the least squares estimates of the parameters. The formula-
tion is based on an approximation to the function ¢ denoted ¢T which
is linear in the parameters. If the approximation were correct and the
errors were independently and identically normally distributed, the con-
fidence region would include the true values of the parameﬁers with a
confidence coefficient of (1 - «) where « is the-significance level of
the Fisher F-distribution at the appropriate degrees of freedom.

The sum of squares on the confidernce contour is generated from

S‘S (/+ PN- (o()) (5.7)

where - S = contour sum of squares
S, = minimum sum of squares
P = number of parameters
N = number of observations
F = Fisher's F-distribution value

Q = significance level

The geometrical significance of this confidence contour is as
follows:

A :

Consider the observation space. The value of ¢ determined
by least squares lies in the function subsurface.  Construct a tangent
plane to this subsurface ¢T. Now, any ¢T in the tangent plane will
be a greater distance from y than QT. Applying the F-test, the con-

tours at fixed distances from y in the ¢T plane are swept out. Call

these contours FT. (see Figure 6.7)



Figure 6.7. Observation Space

This contour also sweeps out a contour in the linearized
parameter space GT which will be an ellipse. In general, however,
the projection of F! on the function subsurface @, called F, will
not be an ellipse, but will be some non-ellipsoidal contour. Likewise,

the contour in the linearized parameter space GT

will be an ellipse,
while the contour in parameter space will be non-elllpsoidal (see

Figures 6.8 and 6.9).



O

Non-ellipse

Figure 6.8. Parameter Space Figure 6.9. Linearized Para-
meter Space

The contours found in the ¢T tangent plane are used to es-
tablish the region over which the parameters may be varied for a
specified confidence in their estimation.

2. The relative éonfidence which one can place in the estima-
tion of parameters can be Jjudged by the elongation of the ellipse in
normalized, linearized parameter space. That is, all of the para-
meters are given the same dimension by a normalizing factor so that
if the two parameters o7 and 0O, are equally ﬁell determined, the
confidence contour in linearized parameter space will be a circle. If
One parameter of one linear combination of parameters is better deter-
mined than another, the contour in parameter space will become ellip-
tical with the poorest determined parameter or liﬁear combination of .

Parameters having the largest projection of the ellipse and the most
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well determined parsmeter or linear combination of parameters having
the smallest projeétion of the ellipse.

3. Determining whether the distance\fgg_ from y to a' is
the true absolute minimum distance from y +to the ¢ subsurface is
in principle only possible by calculating the sum of squares corré—
sponding to each point on the surface. This task is a near impossi-
bility in most cases, thus alternative methods are employed.

One method of gaining information about other possible minima
is to re-do the problem several times, each time starting from a dif-
ferent inifial guess of parameters and seeing if we always return to
the same minimum; or, if another locel minimum is found, the values
of the sums of squares are compared to ascertain which is better.

Another method of attacking this problem is to generate larger
and larger contours in the tangent ¢T plane about the point ‘aT and
calculate thevsum of squares slong the projections, F, of these con-
tours on the @ subsurface, looking for a sum of squares smaller than
s. |

If by several applications of the above tests there is a con-
"sistent preference for one minimum, one may infer witﬁ some degree of
certainty that that is the true minimum.

4, Information may be gained concerning the applicability of
linear methods to question 1, 2 and 3 by cbmparing the contour in para-
meter space to the elliptical contour in linearized parameter space.

If the two contours Are fairly similar, one may infer that the function
is approximately linear in the parameters in the region of 'a and thus

these linear methods are (to some approximation) applicable. If the
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two contours are highly dissimilar, one is suspect of the linear methods
for dealing with questions 1, 2 and 3.

b) Analytical Development

The following will be a fairly terse anslytical development of
the same problem dealt with in the geometrical development with the
exception that now generslizations to k independent varisbles, n
observations and p parameters will be made. In this section, little
descriptive material will be included with the thought that the preceding
geometrical development sufficiently illuminates the concepts.

Mathematical Model

¢=f(x,,...xk;9/,_,,gp) | (6.8)

Experimental Data

VObserved values of dependent variable

7

Y=1: (6.9)
Yn

Corresponding values of independent variables

Xppeee X

S

K

X
]

(6.10)
xn’ocoan

Computed Values

P\ [ s 3ot
¢= e |l=1: ' (6.11)
fn f(x,"’ooc nK;Q/,... OP) -




Algorithm

Linearization by first—order Taylor's expan51on

f) tooot (0 QF)( )
T (0 9)(31‘")1_-‘_. (9 )(

0765

/L
Definitions

o (6]

6=\
Or

o5

f=(s )
f;’o
43

[:L=: be dfn
| ) ( ae,,)
ft fo=Do (9—90)

OR

- ="

Multiple Regression
- F 1% to (- £]
D07 =0/ |y-£]
0.0B" =D, w*
B =) nw
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3fn °

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)
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Tteration Formula

.. IV
0=+ |D'D;) DI’ (6.19)

2, Estimation of Parameters - Practice

The application of the theory of nonlinear estimation to the
problem of estimating the 2n+2 parameters appearing in the point reactor
stochastic process model is accomplished with the use of the IBM TOk4
computer (where n is the number of delayed groups). The program used
to perform the indicated operations is a modification of a program
written fof nonlinear estimation by the mathematics and applications
department of International Business Machines Corporation (2, 3, 4, 5).

The function required to be fit to the data is

nes -, T
Blr)=) Ki|I= 5557 (€2
. =/ /

Here, the parameters «4 enter nonlinearly and the range of
T 1is over four decades in time (0.001 sec - 10 sec). The magnitude
of the ¢4 varies by a factor of th.

To aid convergence it is best to make the original parameter
estimates as close as possible to the "true valueé" of the least-squares

parameters. To do this, parametric curves function

—XT

) = = =€ - (6.21)
P )= /- = 5
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were generated on the '7O4.' These are plotted on 4-cycle semi-log
paper for small ‘r and large « in Figure (6.10) and on linear paper
for large v and small «a in Figure (6.11).

Comparing these curves to the experimental points, the approxi-
mate values of the parameters @; may be estimated along with the
approximate valuesrof the Kis. This estimation procedure is accom-
plished with the theoretical values of «@; and K;j corresponding to
the experimental conditions. That is, for Particular Lk, l, €, i
and B3, Dparticular values of K; and @3 are determined. Since
A;'s and PBy's are well known, it is certainly most desirable to
have the initial estimates of parameters in the range given by theo-
retical considerations. Using these considerations, a best "eye-fit"
to the data can be made for the original parameter estimates.

The algorithm discussed in section VI-B will successfully con-
verge upon the "least squares" parameters as long as the D'D matrix
(Equation 5.18) is well conditioned. The conditioning of the matrix
is a measure of how.near the matrix is to being a singular matrix. ITf
there are approximate lineaf dependencies existiﬁg, the matrix will be
nearly singular and the digital computer will have difficulty in matrix
inversion. This difficulty was encountered several times, and the re-
gression sum of squares'diverged instead of converged for cases where
poor conditioning was indicated.' To test the conditioning of the moment
matrix, D'D, the eigenvalues of the‘moment>matfix were calculated prior.
to entering the iteration stages of the program. A large ratio of the

largest to the smallest eigenvalue was indicative of poor conditioning.

The conditioning can be changed by adjusting the parameter estimates,
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adjusting the size of increments used in finding partial derivatives,

and reformulating the functional expression.

Interpolation

A modification of the estimation procedure is termed inter-
polatioﬁ. If it is foﬁnd that iteration is successful in reducing
the sum of squares so that the slope ié greater than €, we suspect
that it will be profitable to continue investigating the function in
this direction so we activate "interpolation." The algorithm for in-
terpolation is as follows:

1l) Let 8o and 87 Dbe the vector values of the parameters
before and after iteration respectively. Call the corresponding sums
of squares SO and S1. Divide the distance between 90 and ©1 by
two and call this point 9% with a sum of squares S%.

2) S% is compared to S;. a) If S% 1s less than or equal to Sy,
the interval g% - 8 1is divided by two and S% calculated for _g%.

b) If S1 is greater than S1, 82 is calculated along with So.

3) Either procedure a) or b) is followed until the sum of
SqQuares increases, in which case a Lagrangian fit to the last three
points is made or until it is determined (by the program) that the gain
by interpolation is too smali, in which case the last 8 1s kept along
with the last S.

The non-linear estimation bprogram follows the general outline
given for the theory of nonlinear estimation. The results obtained are
listed for each experimental run in the "Results” section showing the
barameters estimated, the minimum sum of squares obtained, the confidence
regions, the relative confidence in parameters, and the degree of non-

linearity in which the parameters enter.



VII. RESULTS

A. Experimental Results

The experimental points obtained for the three runs with the
BF3 tube (designated BF3-1, BF3-2, BF3-3) are shown in Figures (7.1),
(7.2) and (7.3). The data from which these points are plotted is
tabulated in Appendix A. Figure (7.4) shows the experimental points
for the fission chamber ruﬁ. The data for this run is also tabulated
in Appendix A. |

The fitted curves which are the least sguares fit to the da£a
are shown along with the contribution to these curves from egch term of
an equivalent two-delﬁy group mathematical model. Note that the con-
tributions of each term are not shown for the fission chamber experiment
since theory and experiment were in considerable disagreement on this
experiment.

The data and curve for the fission chamber experiment are in-
.cluded here for illustretive purposes. The effect of having & less-
sensitive detector is shown clearly by comparing the value of the
ordinates for the fission chamber experiment to those for the BF3 tube
experiments. The maximum value of V/M for the fission chamber experi-
ment was not enough different from one to adequately show the effect of
correlation. That is, in this experiment, the accidental terms con-
tributed a significantly large amount to the result and thus the esti-
mation of reactor parameters, which are a function of the correlated
terms, was insufficiently accurate.

Obviously, a detector which is only slightly less efficilent

than the fission chamber used would show no correlation at all. Thus,

-85 -
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the comparison of the results of the fission chamber experiment with
the BF3 tube experiments illustrates the need for a high efficiency

detector. The problems associated with using a high efficiency de-

tector aré discussed in Chapter V.

The three.BFB— tube runs shown were all accomplished with the
reactor operating in the same operating configuration with the exception
that the reactivity was changed from run to run. Run # BF3-1 had the
greatest multiplication, BF3-2 had a somewhat lower multiplication and
BF3-3 had a still lower multiplication.

Figure (7.5) shows a comparison between the fitted surves for
these three experiments which illustrates clearly the effect of multi-
plication on the magnitude of the correlated terms. As the multiplica-
tion increases the correlation increases. This is in accordance with
the mathematical model.

Note also that as multiplication is increased the curve be;
cémes less flat in the region between where the statistic V/M is being
controlled by prompt neutrons and the region where it is being controlled
by prompt and delayed neutrons. That is, as multiplication is increased,
the prompt and delayed neutron contributions become less distinguishable.
This is also in accord with the mathematical model-which predicts this

behavior.

B. Mathematical Model (general)

The mathematical model developed in Chapter'III is rewritten

here for convenience (Equation T7.1).

n+/

oGT.

XGlr)= /+ZK,- [/—’C’x—‘?r—] (7.1)
/
/=/
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In attempting to estimate the parameters in this model which
aré best least square estimates it is necessary to employ the techniques
of nonlinear estimation whiéh are outlined in Chapter VI. One of the
impor%ant points which_must be decided is what value of n to use.

It was at first decided to use n = 6- which is the number
of physicdal delay groups measured by Keepin and Wimett(lu) for example.
However, when n =6 was used in the mathematical model it was found
that either the computation would not converge, or, if it did converge,
that the values of the parameters Kj 'and.CKi obtained bore no re-
semblence to the theoretical parameters. It was found that one of the
primary reasons for divérgence was that the moﬁent matrix, D'D, used in
the regression anslysis was poorly conditibned and the algorithm no
longer was valid. Erroneous results were produced even when the anal-
ysis converged because the data was insufficient to correctlybpredict
fourteen parameters.

Several other values of n wére tried. It was found that
n =3, 4 or 5 gave the same result as n = 6 -ana were therefore un-
satisfactory.

On the other hand, it was found that n =1 converged but
that the parameter estimates for the one equivalent deiay group were
not at all in correspondence with the parametefs uséd in the .usual one
delay group model. This result is obtained because the one delay group
model is not a'gbod approximation to the many group model. Firstly,
the one delay group model is not capable of preserving some of the

characteristic sums of the six group model. That is, for the usual
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one group model

6 6
B :Z/B' AS *Z ABr

.
§=Z% | )@ ZAE | (7.2

where B is the equivalent one group fraction and ;k i1s the equivalent

one group decay constant, B; 1s the fraction of the iEE precursor

and 2y is the decay COnstént of the iﬁg percursor. Thus, we see that
the mathematics of the one group model are somewhat inadéquate.

Also, the one-group model is especially poor in describing
reactor behavior in the high freéuenéy (short time) region which is the
region in which the measurementé were made. We éee then, that the one
delay group model is incapable of predicting fhé experimental results,
so we are left with only the two group model (n'= 2). |

| All comparisons between theory and expériment which will be

given here will use the two group model. For this reason a discussion

of this model follows.

C. Mathematical Model (2-group)

The two group modél discussed here is based on the work of

(21) (22)

Skinner and Hetrick and Sklnner and Cohen These authors

showed that reduced group'constants Ai and Ai which satisfy the
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asymptotic behavior of the transfer function must satisfy the relation-

ships

7=/ f=/ 7={ 7=/

Vi é ‘

ZA/ =Z§4 ZA:E_ ES

= A; 7= A S ey A, yay A7 (7.3)

where Ai éﬁd Al are the relative abundance and decay constant for
the i reduced group; Q4 and Ai are the relative abundance and
decay constant for the :’L-E—11 ph&sical delay group.

| " Obviously Equations(7.3) can be uniquely satisfied by equiva-

lent two group constants since we have four equations and four group

constants, If

6
7=) 2
' F=1
&6
Z: / al'A/ )
/=1 (7.4)
7 =§i i
7=1 !



-95~

then the two group constants are given by

(7.5)

where

D= [ 7:7'2;2
AR

For the physical constants of Keepin and Wimett(lu), table
(7.1), the group constants shown in Table (7.2) were calculated. These
group constants lead to values of Ky and @y in the mathematical
model, Equation (7.1), which may be compared with-the Ki's and a;'s

obtained from the least squares fit to the experimental points.

o

D. Presentation of Results

Tables (7.3), (7.4) and (7.5) show the comparisons between
the experimental results and the theoretiéal model. Confidence contours
as described in Chapter Vi are shown for the projections onto the K;-0y
and Ko-ap planes in Figures (7.6), (7.7) and (7.8) for the three BF g
ﬁube experiménts whose experimental points and fitted curves are shown
in Figures (7.1), (7.2) and (7.3) respectively.

| In Tables (7.3), (7.4) and (7.5) the theoretical parameters

are shown for two different types of computation. In the first line
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TABLE 7.1

PHYSICAL GROUP CONSTANTS (KEEPIN & WIMMETT)

i (sec-1)

1.27x10-2
3.17x10-2
1.15x10-1
3.11x10-1
1.4
3.87

Bi

L7x10-4
.385x10-3
.222x10-3
646x10-3
.32x10-4
.69x10-4

MDD

 TABIE 7.2

REDUCED GROUP CONSTANTS -

_ Aigsec'l)

0.207
0.0209

0.663
0.337

.

.038
.213
.188
LLo7
.128
.026



experiment number
reactivity

detector

curve of data and fit

minimum sum of squares

=100~

TABLE 7.3

standard deviation of residuals

theoretical delay group constants

mathematical model

£

theoretical -
parameters 19.92
£ =91.6 u sec
theoretical
parameters 19.92
£ =80.2 p sec )
experimental S
parameters 19.92
experimental : _
parameter - 18.3

" ranges, 99% 21.5
confidence
experimental
parameter 17.45

ranges, 99.9% 22.4
confidence

% diff. expt.-
and theory 0%
£ = 91,6 4 sec

% Aiff. expt.
and theory 0%
£ =80.2 4 sec

PAR AMETERS
X K>
83.42 96.5
96.3 99
83.91 73.87
60 62
110 . 86
46 55.5
122 92.5
0% 23.4%
13.4% 25.3%

-1
B€3

-.172 dollars

BF3

Figur
376
2.03

Table

e 7.1

7.2

Equation (7.1); n=2

240

.240

172
.138

.204

.120
.223

28.4%

28.4%

2h30

2400

> 400

.000126
.000126

<.002
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TABIE 7.k

experiment number BF3-2

reactivity -.2400 dollars
detector BF3

curve of date and fit ' Figure 7.2

minimum sum of squares - ‘ 315

stendard deviation of residuals o . 1.88
" theoretical delay group constants ' Table 7.2
mathematical model : = Equation(7.); n = 2

PARAMETERS
e -~ B = e

theoretical ' ' : _
parameters 17.19 102.76 70.2 .256 1050 ~.00013k
£ = T78.6 pu sec. o _
theoretical : : . ' N o
parameters 17.19 101.9 70.6 ~ .256 1048 .000134%
£ = 80.2 u sec. ' : ‘

experimental ' . _

parameters -17.19  102.5 k7.19 .173 . > koo, < .002
experimental _ : o )
parameter 15.7 72 37 .130 . - -
ranges, 99% -18.7 135 57 .215 - -
confidence -

experimental

parameter 14.6 52 31.5 .100 - -
ranges, 99.9% 19.5 154 64,5 240 - : -
confidence :

% diff. expt.
and theory 0% 0% 32.6% 32.4% - -
£ = T8.6 u sec

% diff. expt.
and theory 0% 1% 33.1% 32.4% - -
£ =80.2 u sec



experiment number
reactivity
detector

curve of data'and fit

minimum sum of squares

TABLE 7.5

standard deviation of residuals

‘theoretical delay group constants

‘mathematical model

et
_theoreti¢ai _ »
~ parameters R g
. £ =T1.5 u sec
theoreticél :
parameters 1hk.17
£ =80.2 A sec
experimenﬁal‘
parameters 14,17
experimental
parameter 12.85
ranges, 99% 15.4
confidence
experimental
pParameter 12.15

ranges, 99.9% 16.1

- confidence

% diff. expt.
and theory O%
£ = T71.5 u sec

% diff. expt.
and theory 0%
4 = 80.2 u sec

BF3-3

-.3400 dollars

BF3

Figure 7.2

231

1.61

Table 7.2

Equation (7.1); n = 2

24.3% 3.62%

PARAMETERS -
o Ko Qo K3
. 122.08 - bs .7 .277 k25
110.1 46.8 | 277 409
122.4 35.43 267 > 400
88 31 .228 -
161 40 _.309 -
64 28 .203 -
182 43 .332 -
0% 22.5% 3.62% -

a3
.000148
.000148

< .002
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under "parameters" the theoretical parameters were computed by normalizing
the value of K, to ﬁhe experimental value and choosing a lifetime, J?,
which would make Q; ‘theoretical agree with «; experimental. In the
second line under "parameters" K; was again normalized as above, but

the value 6f a; was computed using the average value of prompt life-
time obtained in. the expériments.

The material above the "parameter“ tables is self-explanatory;
it gives reference to the pertinent operating data, e#perimental data, |
and sgatistical‘data_for that experiment.
| Note that dnly qualitative estimates are shown for parameters -
K3 and as. Note also that no confidence is stated for these eétimates.
The reéson'for'this becomeé appareﬁt by looking at the contriﬁutioh of
the thifd term to the tétal V/M curve. Since the contribution of'thesé

'termé.is small, no significant estimates.of the parameteréfcould be made. -
The éniy édnélusion that could be made was that fhe contribution of this
tefm was only at long times, and the con£ribution was not large. ~The
parﬁmeters.gdverning this third term could be’estiméted if data was taken

for gate times longer than ten seconds.

E, Theory vs. Experiment;

The pertinent points concerning the comparison of the model
with experimental results can be obtained from the tables and figufes
mentioned in the previous section. | |

It is apparent that experiment and theory agree in a quglita—
tive way. Howe#er, we see that the model and the experiment may differ
by as much as 30% in some parameters and that the differences appear to

be more severe in experiments BF3-1 and BF3—2 than in BF3-3.
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The reasons for the disagreements observed could be either
that more experimental errors occur as the multiplication of the reactor
is increased or that the model is less accurate as the multiplication is

increased or both. It can be argued that "both" is the correct statement.

1. Experimental Errors

' As multiplication increases the % ratio increases (Fig-

ure T7.5). It is also true that as % increases the wvariance of % increases
so that to get results with the same certainty at large % as those with
smaller'%‘we need more data. In the experiments shown the amount of data
per experiment is constant so we would expect less experimental accuracy

for large multiplication.

2. Model Inaccuracies

It has_alrgady been observed thatithe effects of prompt
-rnéutfons and delayed neutrons become less distiﬁguishable as criticality'
.is approached. Indeed, the model'prediéts % — o for all gate times, T,
when K= O. Obviously, if XK is very close to zero and %.is Qery large
'ejerywhere the estimation_of individual parameters would be nearly imf
possible sipce many possible combinations of parameters would yield the
same result, Thué, we expect thét the estiﬁation of parameters becomes
less accurate as Criticality is approached.

It is also true that the model is only a point reactor model
and it is suspected that spatial effects become more important as criti-
cality is approached. The reason for this hypothesis is that a larger

portion of the events detected are correlated events as the reactor

approaches criticality. Correlated events arise from common fissions



=105~

(Chapter III) which are spatially distributed in the core. It is apparent
that the spatial distribution of the ancestors of accidental events is
unimportant since no matter where they originate they are defined to be
uncoupled events and give rise to s % of 1. It is not at all apparent,
however, that the effect of correlated events is independent of the loca-
tion of the common ancestor fissions. In fact, it is most likely that the
spaﬁial distribution of ancestors will make itself felt in the shape of
the ﬁ curve for correlated events. So, since we have more correlation

at higher multiplication we might expect stronger spatial effects and

thus larger inaccuracies in the point reactor model.
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VIII CONCLUSIONS

A. Introduction

Some of the conclusions which may be drawn froﬁ the pre-
ceding are in disagreement with conclusions made by other investiga-
tors in this area. 1In this section some of the points of agreement
and disagreement will be discuss<d and resqlved.

Other conclusions arise from the work reported here and have
not been discussed by other authors. These conclusions will Be dis-
cussed here along with the possible relevance of this experiment to

future experiments in this field.

B. Comparison of Conclusions with Preceding Authors

Bennett(l) having derived essentially the same mathematical
model that is used here, plotted the model as a function of prompt neutron’
lifetime. This plot illustrated the effect of delayed neutrons on the
shape ef ﬁhe curve. Bennett.pointed out that one cehnof use-thé measure-
ment of variance teAmeah ratioufo infer the pfompt rieutron lifetime of 3
& resctor without taking into account the- effect of. the del.aye-d neutrons.
This measurement supports the above conclusion. It is not in general
possible to measure the term controlled by prompt neutrons without also
having some contribution from delayed neutrons; Other authors have used

prompt neutron theories to find prompt neutron lifetimes by this method

8,
without taking delayed neutrons into account( 11,16) Obviously their

measurements are in error by an amount controlled by the delayed neutron
contribution. For reactors with very short lifetimes, one may be able to

neglect delayed neutrons with only small errors occurring.
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Velez{®*) concludes that "theoretical derivation and experi-
mental measurement of the correlation functions can be two independent
lines of research, but regarding applications, in the author's opinion,
the most urgent need is for experiments to check the formulas already
obtained".

The research presented here has been directed toward fulfilling
part of this urgent need. With respect to the equations derived by Velez,
the work done here has revealed some impdrtant information.

l). In fhe derivation of the autocorrelation function Velez
introduced the term "mean time‘to fission" and defined Ny as thg ex-
pected.numbér_Qf‘neutrons in the-system'at ﬁime- tq - from one ancestor
'neutfon at ﬁ; This definition would be safiéfactqry éo léng.aé thefe is
only one class of neuﬁrons (promp£ neutrons for example). HOwever; the
proper Qay‘tb defigé terms.in the case where delayed neutfons are iméor?
tant is to include g charécteristic time in eaéh~groupAby~defining .Nl
to be a frequency functioﬁ as was ‘done here. |

Velez's formulatloﬁ leads to a discrepancy with experlment of
a factor of lOlo at long gate times using the six delayed group model.

2) Velez illustrates the relative magnitudes of the prompt
and delayed terms using a lumped one-group model; This work shows that
the one lumped delay group model is quite grossly inaccurate in predict-
ing the results.

Luckow(l6) made measurementslof the variance to mean ratio for.
gate times € 1 sec in ZPR IV'and ZPR V at Argonne National Laboratory;
Data points which did not follow the prompt neutron model were termed

"wild points" and the following comment was made concerning them. 'These
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points have the disconcerting feature of not appearing in every series.
Any physical explanation is therefore open to question. ...1t is thought
that these wild values reflect the contributions of the delayed neutrons
for long measuring (not gate) times."

The measurement discussed in this document shows clearly that
the "wild points'" observed by Luckow were contributions of delayed neu-
trons. However, the contributions were for long gate times and not measur-
ing times as Luckow suggested. Also, a physical explanatibn is not very
open.to question since Luckow's data shows that more "wild points" were
seen for experiments performed closer to critical. Usihg'parameters
characteristié of ZPR IV and ZPR V it can be shown that the model used
here predicts that fhe delayed neutron effect should be less-signifiéant
as:multiplication is reduced. Thus, the-model which includes delayed.

neutrons is in agreement with Luckow's experiment.

C. 'indepehdent ConéluSions

| This work has‘ corrdborated a point reactor mafhematical model
describing‘the-ekperimentally observable stochastié procésses in nuclear
reactors in measrements in which delayed neutrons are important. In
Chapter VII comparisons between the model and the experimgntal resﬁlts
are made whiéh leéd to the conclusion that the two-delayed group model
is more accurate for more sub-critical situations.

It has been demonstrated that the use of a tape recorder to
simulate reactor fluctuations is a desirable al*ernative to either pro-
longed reactor operation or a more sophisticated measuring systeﬁ.'

It has been shown that the contributions to the measured vari-
ance to mean ratio from all physical delay groups can not be determined

by this type of measurement unless a great deal more data is taken.
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This experiment has demonstrated the feasibility of measuring
nuclear reactor dynamic parameters by stochastic process techniques.

The prompt neutron lifetime of the Ford reactor was found to be 8Oi10u sec.

D. Relevance to Future Experiments

In order to significantly extend the amount of information
which the experiment will yield it is necessary to have a considerably
more sophisticated data taking technique. -The extension of the data
taking technique to a system with shorter resolving time could be accom-
plished by using a video tape recorder instead of the audio tape recorder
used here. The resolving time of the scaler and other circuitry would
also have to be improved, but the tape recorder is the most critical
since it is the limiting plece of equipment in the present set-up.
Obviously a shorter resolving time leads to higher permissible count
rates and better statistics.

A many channel recording and transcription system would also
lead to improved measurements.

In order to analyze data at times greater than 10 seconds it
would be advisable to eliminate the operation of punching data on IBM
cards and arrange for the tape recorded information to be entered into
a computer directlyl

Future experiments may well be directed at many of the problems
reised by this experiment.

One line of investigation would be to refine the measurements
in the delayed neutron region and achieve more accurate comparison be-

tween the model and the experiment.
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Another direction which may be profitable is to investigate
further the effect of reactivity on the comparison between theory and
experiment. Perhaps further information concerning this phenomenon would
yield information which would be valuable in improving the description
of the process.

Spatial effects are open for investigation both theoretically
and experimentally as are energy dependencies.

Both theoretical and experimental investigation of the assumed

white noise source used in the model could be pursued.



Fission Chamber

Number
Of Gates

600
600
600
600
600
600
600
600
600
588
600
600
576
600
600
600
600
600
588
600
600
600
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600
600
600
600
600
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600
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338

63
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.13
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D

ATA

Mean

566.
620.

760.
831.
895.
969.
1059.
1145,
1265.
1367.

.2567
. 7850
.3150
.2317

.892
.083

Variance/Mean
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-1

.030
.235
.161
234
.000
.195
273
.2h1
.352
.379
RISpN
.502
.358
675
.513
.403
.625
.512
557
.572
.632
.T755
.832
.909
.692
.751

. 769
.758
.893
.083
.078
.084
NellYyd
.038
. 458
542
.895
.184
.758
.860
.200
.070
.033
.170

Gate Length

(sec)

.001
.002
.003
.00k
.005
.006
.007
.008
.010
.013
017
.020
.023
.025
.027
.030
.035
.040.
.0L5
- .050
.060
.070
.080
.090
.100"
.110
.120
.130
.140
.160
.180
.200
.220
.250
.270
.300
.310
.330
.360
.390
k2o
. 460
.500
.550
.600



Number Variance Mean Variance/Mean Gate Length
Of Gates -1 (sec)
600 313L4.6 1497.7 1.093 .650
600 3147.1 1602.6 0.964 .700
600 3510.8 1732.9 1.026 .750
600 3910.3 1830.2 1.136 .800
600 Lhe6.5 2052.3 1.176 .900
600 L4684 .0 2282.8 1.052 1.000
600 5598.9 2531.8 1.211 1.100
600 5752.6 2745 .4 1.095 1.200
600 6078.8 2991.9 1.032 1.300
588 6657.0 3223.3 1.065 1.400
600 7508.6 3423.3 1.193 1.500
600 - 8532.4 3685.9 1.315 1.600
600 9173.6 3877.6 1.366 1.700
600 9350.8 4i1i1k4.0 1.273 1.800
- 588 9735.8 4370.9 1.227 1.900
600 10271. , 4s561.1 1.252 2.0C0
552 10516. L832.4 1.176 2.100
600 12287. 5068.7 1.424 2.200
504 13206. 5285.3 1.499 2.300
600 14280. . 5525.3 1.584 2.400
540 -13488. 5742.8 1.349 2.500
600 .15620. _ 5987.8 1.609 2.600
588 : 15788. 6210.7 . 1.542 2.700
600 15015. 6447.3 1.329 2.800
576 16852. 666L4.6 1.529 2.900
600 17102. 6842.6 - 1.499 3.000
588 18199. 7129.3 1.553 3.100
600 19672. 7362.2 1.621 3.200
576 21599. 8064.7 1.678 3.500
552 _ 23196. 8743.9 1.653 3.800
420 2704k, 9436.2 1.866 4,100
432 " 29551, 10359.0 0 1.853 4.500
L20 36993. 12208.0 2.030 5.300
384 40839. . 13127.0 2.111 5.700
432 48433, 14278.0 2.392 6.200
Lo8 46535. 15409.0 2.020 6.700
324 54L27. 16581.0 2.282 7.200
336 61749. 17715.0 2.486 7.700
300 69394 . 19333.0 2.589 8.400
288 77055. 20947.0 2.678 9.100
324 86785. 22995.0 2.774 9.999
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BF3 1
Number Variance Mean Variance/Mean Gate Length

Of Gates -1 (sec)
588 4.0011 2.5068 0.955 .001
600 12.533 L.8883 1.564 .002
600 45 120 10.147 3.447 .00k
600 86.058 14.825 4.805 .006
600 134.77 19.715 5.836 .008
600 189.67 24 022 6.896 .010
600 301.96 34,132 7.847 .01k
600 480.88 43.310 10.10 .018
600 659.67 53.867 11.25 .022
588 760 .84 66.364 10.46 .028
600 1389.1 87.670 14.84 . .035
576 1508.6 105.87 13.25 .0k43
600 2169.0 125.06 16.34 .051
588 2353.2 146. 44 15.07 .060
576 3253.3 176.28 17.46 071
600 - 4418.0 211.80 19.86 .085
564 4869.8 239.17 19.36 .100
588 5473.2 295.09 17.55 .120
600 8091.3 366.82 21.06 .150
588 9093.4 441 .59 19.59 .180
588 10367. 507.79 19.42 .210
600 12206. 577.50 20.14 .240
600 15013, . 663.22 21.64 .270
600 15568. 727.82 20.39 . 300
588 18786. 854,58 20.98 ' .350
600 22247, 971.07 21.91 . 400
588 : 23901. l1lok.2 20.65 .450
600 28821. 1217.9 22.67 .500
600 32336 1386.6 22.32 , .570
600 36428. 1580.5 22.05 .650
600 43152, 1769.7 23.38 .730
600 57275. 2009.5 27.50 .820
600 57696. 2219.0 25.00 .910
588 65869. 2452.9 25.85 1.000
600 75979. 2701.2 27.13 1.100
600 79018. 2948 .9 25.80 1.200
600 87347. 3181.0 26.46 1.300
600 103392, 34434 29.02 1.400
588 - 113116. 3686.2 29.69 1.500
600 129516. 3935.3 31.91 1.600
588 126016. 4165.6 29.25 1.700
600 138212. Lhi19.1 30.28 1.800
600 144516. Leu8.9 30.09 1.900
588 157357. L919.4 30.99 2.000
600 162904, 5184 .1 30.42 2.100
600 163083. 5415.2 29.12 2.200
600 173056 5655.9 29.60 2.300
516 188159, 5912.2 30.83 2.400
564 201228. 6131.8 31.82 2.500
600 239031. 6381.5 36.46 2.600
600 308080. 6643. 4 45.37 2.700
600 243236. 6887.1 34.32 2.800
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Number Variance Mean Variance/Mean Gate Length
Of Gates -1 (sec)
600 25691k 7116.5 35.10 2.900
564 263306. 7328.8 34.93 3.000
552 255058. 7597. 4 32.57 3.100
540 308993. 7854.2 38.34 3.200
504 288741, 8081.4 34.73 3.300
528 302654 . 8372.8 35.15 3.400"
516 348975. 8594.0 39.61 3.500
516 411817. 8909.1 45 22 3.600
LE8 360856. 9120.0 38.57 3.700
504 392816. 9335.3 41 .08 3.800
528 Lo6665 . 9616.5 41 .29 3.900
L68 L20116. 9883.0 41 .51 4,000
g2 423017. 10089. 40.93 4,100
Lhoo 41 L498Y . 10322. 39.21 L .200.
468 LE£1338. 10542, ho.77. L, 300
432 L74205, 10880. 42 .59 4,400
468 LL84Lh3 11089. 39.44 4,500
480 477901, 11300. 41.29 4,600
456 L72160. © 11547. . 39.89 "~ 4,700
Ly 521301. 11767. 43.30 . 4.800
Ll 523476. 12038. Yo, 48 - 4,900
456 542311. . 12288. 43.13 5.000
Lo8 569815. 1254%0. by oWl 5.100
432 ~ 572401. 12760. 43.86 5.200
420 620139. . 13042, 46.55 5.300
396 633293. 13265. 46 . 7h 5. 400
396 632115. 13562. 45.61 5.500
396 664113. 13783. 47.18 5.610
384 708852, 14070. 49.38 5.730
372 “TL42006. 14437. 50.40 5.860
372 TL3248. 14720. 49 .49 6.000
372 726245 . 15123. h7.02 6.150
360 804746, 15500. 50.91 6.310
348 812204, 15889, 50.11 6. 480
336 T79075. 16363. 46.61 6.660
336 831676. 16815. 48.46 6.850
324 878255. 17322. 49,70 7.050
312 949975. 17908. 52.05 7.300
312 978582. 18682, 51.38 7.600
288 1028044 . 19515. 51.68 T7.950
288 1105216. 20494, 52.93 8.350
276 1254602. 21606. 57.07 8.800
264 1377585. 22853. 59.38 9.300
228 1447419, 24506. 58.06 9.999
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BF3 2
Number Variance Mean Variance/Mean Gate Length
Of Gates -1 (sec)
600 3.3148 1.7900 0.852 .001
600 10.611 3.7167 1.855 .002
600 34.793 7.3083 3.573 .00k
600 o 55.046 10.548 L.,218 .006
588 89.388 13.995 5.387 .008
600 137.06 18.288 6. 4ok .010
600 . 242,75 24,138 9.057 .01k
588 436.58 38.660 10.298 .022
576 683.82 ' 50.384 12.57 .028
396 T47.29 61.192 11.21 .035
600 1129.2 75.733 13.91 .043
588 © 1295.8 . 91.535 13.16 .051
564 . 1845.1 109.99 15.77 .060
600 1850.5 128.23 13.43 071
600 2400.6 150.22 14.98 .085
600 C 2944, 6 176.70 15.66 .100
" 600 . 3806.3 212.31 16.93 _ .120
600 hhso 4 " 269.86 . 15.50 .150
600 5213.0 | 315.02 15.55 .180
600 : . 6952.6 374%.90 17.55 .210
600 . 7377.5 Li17.20 16.68 : .2L0
600 © 9263.8 . 486.55 - 18.04 .270
600 10304. . ©.534.98 18.26 .300°
600 . 13573. - 620.16 . 20.89 : .350
588 15655. 715.36 - 20.88 Wele)
600 1700k : 802.08 20.20 " 450
600 : 19195. 889.00 20.59 .500
600 20660 . 1015.6 19.34 .570
552 25468. 1170.0 20.77 . .650
564 23948, 1289.7 17.57 . 730
600 31296. 1458.1 20.46 .820
600 39549, 1785.1 21.16 1.000
600 43228, 1961.0 21.04 1.100
600 Loy, 2136.6 20.73 1.200
600 53864. 2300.7 22.41 1.300
- 600 60738. 2h86.2 23.43 1.400
600 59089. 2678.1 21.06 1.500
600 69003. 2860.2 23.12 1.600
600 - T3716. 3027.4 23.35 1.700
600 80749. 3215.2 24,11 1.800
576 84L76. . 3398.5 23.86 1.900
576 89383. 3557.1 24,13 2.000
540 93176. 3739.9 23.91 2.100
576 93526. - 3910.9 22.91 2.200
540 102877. 4105.0 24,06 2.300
564 109487. 4281 .4 24,57 2.400
600 114406. Gull 4 24 .76 2.500
600 112030. 4636.9 23.16 2.600
600 125097. 4814.9 24,98 2.700
576 135841, 4977.3 26.29 2.800
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Number Variance Mean Variance/Mean Gate Length
Of Gates _ -1 (sec)
564 142163. 5159.3 26.56 2.900
564 149663. 5334.4 27.06 3.000
600 187881. 5545.8 32.88 3.100
600 162620. 5701.3 27.52 3.200
600 166985 5880.9 27.39 3.300
588 165495, 6073.0 26.25 3.400
576 176659. 6228.8 27.36 3.500
564 200534, 6410.9 30.28 3.600
564 216027. 6580.8 31.83 3.700
552 208740. 6768 .8 29.84 3.800
528 2L2743, 6963.9 33.86 3.900
528 206264 7106.8 28.02 L ,000
Le8 292097. 7300.5 39.01 L.100
480 234248, 7475.3 30.34 L.200
Luy 234228. 7637.7 29.67 4.300
L20o » 228560. 7841 .9 28.15 4.400
Lo8 : 260018. 8017.4 31.43 4.500.
Le8 254538, 8179.5 30.12 4,600
432 279849, 8382.9 32.38 k.00
Lyh 266729. 8537.3 30.24 4.800
408 290489. 8719.4 32.32 4.900
420 331803. 8929.3 36.16 5.000
Lih 320039. 9084.5 34.23 5.100
420 32090k, 9272.0 '33.61 5.200
L20 303987. 9450.0 31.17 5.300-
Lo8 341436. : 9633 .4 34,44 5.400
384 356519. 9806.0 35.36 5.500
360 351485, 9976.6 34.23 5.610
360 341815. 10191.0 32.54 5.730
384 349885, 1o445.0 32.50 5.860
324 L21929. 10678.0 38.51 6.000
348 L10246. 11253.0 35.46 6.310
348 436353. 11552.0 36.77 6.480
336 452038. 11864.0 37.10 6.660
336 L9225, 12200.0 37.46 6.850
324 459810. : 12563.0 35.60 7.050
324 L7646, 13003.0 37.27 T7.300
300 529836. 13548.0 38.11 7.600
288 574%739. 14175.0 39.55 7.950
264 611611. 14903.0 Lo.05 8.350
264 668T07. 15682.0 L1.64 8.800
252 741850. 16583.0 43,73 9.300
228 658282, 17794.0 35.99 9.999
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BF3 3
Number Variance Mean Variance/Mean Gate Length
Of Gates -1 (sec)
600 Ly 2748 2.1750 0.965 .001
600 10.543 L.0817 1.583 .002
600 29.470 8.5467 2.448 .00L4
588 59.195 - 13.162 3.498 Neolel2
600 95.520 16.978 L.636 .008
600 141.10 21.083 5.693 .010
600 277.09 30.397 8.116 .014
600 365.18 38.120 8.578 .018
600 506.71 L6.545 9.886 _ .022
600 718.80 61.168 10.75 .028
600 897.33 73.052 11.28 .035
600 1233.2 90.205 12.67 .043
600 12244 105.89 10.56 .051
588 1852.5 127.76 13.50 .060
600 . 2216.6 147.68 1%.01 . .071
600 2458 .9 175.81 12.99 .085
600 2879.9 211.21 21.64 . .100
600 3416.8 254 .22 12.44 - .120
600 Lh86.9 319.33 13.05 .150
600 5707.2 374.30 14.25 ' .180
600 7224 4 L4k .05 15.27 .210
600 - ' 7557.7 506.87 13.91 » .240
576 8554.0 565.98 14,11 .270
576 9603.9 " 633.73. 14.15 © .300
588 12416, . 733.43 15.93 ".350
600 16240. 845.53 . 18.21 .hoo
600 16126. 949.06 15.99 450
600 - 18782. . 1052.1. 16.85 .500
600 _ 2114k, 1206.6 16.52 "~ .570
600 25991. . 1359.8 . 18.11 .650
564 - 27626. 1536.9 16.98 .730
588 32119. 1723.9 17.63 .820
600 39106. 2104.6 17.58 1.000
600 5314, 2313.3 18.59 1.100
600 47028, 2521.2 17.65 1.200
600 57538. o 27h1.5 19.99 1.300
588 63610. 2940.1 20.64 1.400
600 69048, 3163.7 20.83 1.500
600 80198. 3565.6 21.49 1.700
600 87746, 3788.7 22.16 1.800
600 9Lk826. 3999.1 22.71 1.900
588 99989. 4205.8 22.77 2.000
600 101119. hhat.3 21.89 2.100
564 99916 4620 .4 20.63 2.200
564 120631. 4848 .5 23.88 2.300
600 125558. 5044.3 23.89 2.400
600 133882. 5270.8 24 .40 2.500
600 146853. 5470.0 25.85 2.600
600 140980. 5698.8 23.74 2.700
600 143798, 5888.8 23.42 2.800
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Number Variance Mean Variance/Mean Gate Length
Of Gates -1 (sec)
600 169132. 6081.5 26.81 2.900
564 162910. 6326.5 24,75 3.000
600 161667. 6526.4 23.77 3.100
600 173704, 6727.0 24.82 3.200
564 180121. 6958.2 24 .89 3.300
552 187628. 71547 25.22 3.400
516 197352. 7363.6 25.80 3.500
540 192995. 7583.1 24 .45 3.600
528 224183. T7773.6 27.84 3.700
468 210592. 8015.8 25.27 3.800
456 236398. 8212.2 27.79 3.900
480 237680. 8618.1 26.58 4.100
Ll 248552, - 8848.0 27.09 L4.200
456 272048, 9072.6 28.99 4.300
468 269963. 9281.9 28.08 4,400
480 - 288333. 9k75.7 29.43 4.500
456 353850. : 9729.8 35.37 4. 600
432 332909. 9933.0 32.52 4.700
b2o 382351. 10151.0 36.67 4.800
4s6 . 303159. 10314.0 28.39 4.900 -
432 " 305533. " 10532.0 28.01 5..000
432 358595. 10757.0 " 32.34 5.100
408 - 334156. 10948.0 . 29.52 5.200
b2o . © 350528. 11153.0 30.43 5.300
h2o .327887. . 11349.0- 27.89 5.400
396. . 372725. 11580.0 31.19 5.500
384 354685. ‘ 11803.0 29.05 5.610
396 . 359175. . - 12060.0 28,78 5.730
372 . Loz66e8. . 12332.,0 31.65 " 5.860
384 - 433353. 12624.0 33.33 6.000
372 LUoB65. 12940.0 33.07 6.150
360. 43654L, 13289.0 31.85 6.310
360 Lhgshl . 13631.0 31.98 6.480
- 312 . 505731. 14000.0 35.12 6.660
324 L4L61988. 14412.0 31.05 6.850
324 LohTh8 . 14836.0 32.35 7.050
-324 589045 . 15380.0 37.30 7.300 -
312 542913. 15950.0 . 33.04 7.600
300 609144 . 16758.0 35.35 7.950
288 641285, 17575.0 35.49 8.350
276 727448, 18513.0 38.29 8.800
264 ~ 703853. 19592.0° 34.93 .9.300
252 795052. 21055.0 36.76 9.999
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