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ABSTRACT

TIE COMPRECSIBLE FLOW ADOUPT A POINTRD BODY CP RRVOLUTIONR
QF CURVED PROFILE WITH ATTACHLD SHUCK HWaVi
by Guilford L. Spencer IT

Tho wain problem considered is the constructive
solution of the equations for the steady flow between tho
surface of a pointed body of revolution immersed in & uni-
form flow without yaw, and its attached shock wave, in a
»lane through the axis of revolution. The dotermination of
the shock wave is an intezral Part of tnis prodlem.

In the plane through the axis of revolution, polar
coordinates (r,@) are introduced; Pole at the point of the
body, and initial ray coincident with the bdody axis. Con-
sideration of the (r,@) coordinates as Cartesian coordinates
has the elfect of separating the shock and body curves, and

of removing the singularity cauzsed by the difference between

" the velocity on the back of thie shock mnd the velocity on

the body at the tip, The boundary conditions and oquations
for r = 0 lead to two point boundary value probloms for
ordinary equations. The solutions of these problems yleld
functions of € which can %s used as coefflcients in power
gerles in r, which express the flow variubles as functions
of r and €. These soi:tions also yield a power mories in r
for the shock curve. if these power series conver:;e, it 1is

proved that they represent a solutione.

The major results obtained ares




(A} a new proof of the existence of solutions of
the Taylor-=Haccoll equaticns for conlcal flow
and asasociated inequalities.

(B) a procedure for the calculation of a non=yaw
flow about "cone-like' bodles. (A body 1s
"cone=-like" 1f 1ts profile curve in polar
coordinates has all derivatives of odd order
with respect to p equal to zerc for r = Q)

(C) =& procedure for the calculation of shack=body
curvature ratliogs at the nose.

(D) a method of solution of singular boundary value
problems for guasi-linear hyperbollc syatoma of
partial dirferential equaticne.

The sclutions of the two point boundary value probe
lens are obtulined in terms of auxlliary functions which
depend only on the Mach number of the urdisturbdes [low and
the body nose angle. i'or practical use, those [unotions
could be tadulated. The determination of the coefficlents

of the series cculd tien be made Tairly sasily.
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INTRODUCTION

A problem which has attracted considerable interest 1n
recent years 1s that of determining the supersonic flow
about a pointed'body of revolution with attached shock wave o
A solution for a right circular cone without yaw has been
known for some timel. However, a solution for a curved
body proflle is not known and the latter problem has been
the key motivation for this researche The problem .ig not
completely solved, but some ideas of intrinsic mathematical
interest and of practical application are developed. The
"cone-like"™ (defined on Pe 78) body profiles without vaw
are treated in detail, and the ideas developed for these
profiles can be extended to other problems.

The ma jor results obtained are:

(A) a proof of the exlstence of soclutions of the Taylor-
laccoll equations for conical flow and assoclated inequali-
tles. (A _proof by a different method has been announced

by Shﬁz.)

(B) a new procedure for the calculation of a non-yaw flow
about "cone-like" bodies. This procedure consists of two

steps: (1) the calculation of certain auxiliary functions

m——

lG. I. Taylor and J. We Maccoll, "The Alr Pressure on

2 Cone Moving at High Speeds," Proc. Roy. Soce. A139(1939),

23.s. Shil, "On the Solution in the Large of a Cauchy
Problem (With Special References to the Compressible Flow

After a Statlonary Shock)," Proceedings of ‘the International
Congress of Mathematicians, TII§55).3§7.
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of body nose angle. Since only the nose angle is involved
here, tables similar to those of Kopal5 may be constructed.
(2) the determination of the coefficients of a power seriles
from the body shape and the auxiliary functions. If this
power serles converges, it is shown to be a solution of the
flow probleme
(C) a method of solution of singular boundary value pProblems
for quasi-linear hyperbolic systems of partial differential
equations in two independent  variables. The types o6f singu=
larity which can be treated occur frequently in the field or'
fluid dynamics.
(D) a procedure for the caleculation of shock=-body curvature
ratio at the nose. (C. C. Lin4 has computed such ratios
from a linearization of the flow equations; comparison of
results would be interesting and informative,)

The central mathematical problem of this research is the
solution of a singular boundary value problem for a quasi-
linear hyperbolic system of partial differential equations in
two independent varlables. This is discussed in Chapter I,
where a method of solution is pPresented together with an il-
lustration. The particular flow problem i1s then stated precisely
in Chapter II, followed by its solution in Chapters III and IV,
(In Chapter III the assumption of irrotationality is made, but

3Zdenek Kopal, Tables of Supersonic Flow Around Cones
(Cambridge, Massachusetts, 1946 ).

4c. c. Lin, "Some Problems of Flow Behind Shocks of
Varying Strength," Symposium on Shock-Wave Phenomena, Naval

Ordn%nce Laboratory Report NOLR 1135 (White Oak, Maryland,
le4e),




this restriction is removed in Chapter IV,) Chapter V con-
tains subsidiary results, comments on other applications of
the method of solution, and supplementary remarks. In addi-
tion, some of the more cumbersome details are collected in

four appendicese.




CHAPTER I

THE SOLUTION OF A CLASS OF SINGULAR BOUNDARY VALUE PROBLEMS
OF QUASI=-LINEAR HYPERBOLIC SYSTEMS OF PARTIAL DIFHERENTIAL
EQUATIONS IN TWO INDEPENDENT VARIABLES

Section 1l: Introduction to the Singular Problem.

A quasi-linear system of partial differential equations

in two independent variables x and y is of the form:

n
l.1 ?Ei(aijui + bijug) + 01 =0 - 1=1, n

where the uJ are the dependent variables, the subscripts
X and y denote partial differentiation, and the quantities

aij, b_ij and ci depend upon x, y and the vector 1 whose

components are uj. The expression:
13 3 & 133
l.2 =a uy b uy fixed 1 and }

can be ihterpbeted as a directional derivative of uj. The
system l.1 is termed hyperbolic if there exists a linearly
equivalent system such that for each equation all the ex-

pressions 1.2 can be interpreted as derivatives in the s ame

real direction. These directions are called the character-

istic directions of the system.

Courant and Lax5 have glven an elegant treatment of
quasi-linear hyperbolic systems in two Independent variablese.

Among the problems which they consider is the following:

5Richard Courant and Peter Lax, "On Non-Linear‘Partial
Differentlal Equations in Two Independent Variables,”

Communications on Applied Mathematics, II(1949) 2 and 3,
255-27%.
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Find u satisfying l.l in a wedge-shaped neighborhood D,
formed by two intersecting curves, 1 and 2. See Figure 1.
Curve 1 is given, u is known on curve 1, and relations in-
volving U are known on curve 2. The number and form of these
relations are not arbitrary. Curve 2 itself may be glven,
or, if an additional relation of a certain kind is given,
its determination may be included as part of the problem,

2
Y

Figure 1,

Courant and Lax's solution depends upon the assumption
that the relations involving u on curve 2 are consistent with
the data on curve 1 at P, the point of intersection of curves
1l and 2. In the case that the relations and data are not con-
sistent, the problem is termed singular. The singular problem
is treated here in a generalized form; on curve 1 knowledge

of U is replaced by knowledge of relations involving u.

Section 2 Method of Solution of the Singular Problem.

The point P is assumed to lie on the origin of the

(x,y)-plane. The system 1.1 may be stated in polar coordinates

as follows:

2.1 gﬁiL(-aijsinO + bijcosg) ug + r(alicose + bijsine) uﬁ]

+ I'ci =0 1i=1,
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A solution, u(r,6), of 2.1 becomes a solution,u(x,y), of 1.1

upon change of variables.

If the new coordinates r and @ are regarded as Cartesian

coordinates, the analog of Figure 1 is shown in Figure 2,

N
\ e |

(eblo) (OSDO)

2

Flgure 2 .

The tangents of Ob and Os are the slopes of curves 1 and 2

respectively in (x,y)-coordinates at P. If the coefficients

aij,biJ and c1 are reasonably well behaved in the sense that

13 _ 13
22 r%ﬁyoa = a

13 _ . 1]
r%E?o b = Db

o
lim rci = ci R
r-3jo o)

then 2.1 reduces to

l, LR ) n

n
—alld 1] J 1 _
2¢3 g;&( a " sine + bo cose) ug + c, = 0 i

on the interval Ib,s'

2.4 Ib.s=[(9,r)|9b£ @e=e_,r=20].

sl
The boundary conditions assoclated with the system 2.3
of ordinary differential equations are derived from the

relations on curves 1 and 2 by taking their limits as r—> O

along the curves. This limit process gives conditions at




(e, ,0) and at (98,0). The problem of determining u on Ib,s
is a two point boundary value problem for a system of ordinary
differentlal equationse. If curve 2 is not known, the point
(GS.O) 1s to be determined as a part of the solutione.

The solution of the two polint boundary value problem
on Ib.s vyields u(0,8) and (QS.O). It does not give any in=-
formation about r-derivatives of u on Ib,s' In this sense
Ib,s ls a characteristic curve of multiplicity n. Indeed,
the conditions 2.2 imply that Ib,s ls a limiting member of
each famlly of characteristic curves.,

The differentiation of 2.1 with respect to r gives:
2.5 géi{ (-aijsing +Vbijcose)(ug)e+ (atdcose + bijsine)ui

+ (-aijsine + bijcose)r ug + r[(aijcose + bijsine)uj]r }

+ c1 + rci = 0 1' =1, eee , n

where it 1s assumed not only that the functions involved are
differentiable, but that the order of differentiation can be
interchanged. If the limiting values of the coefficients

exist as r >0, the system 2.5 on 1 1s written as 3

b,s
. n
" 13 1] Iy + (a1 1] b
246 ?Ei[( a_ 'siné + b cosO)(ur)e (a° c0sé + b_vsiné)u;
—atd 13 J 1 4.1 -
+( 2 ' sine + bo‘rcose)ug.] + cy co,r = 0

1‘--1, see , I
where the limiting values are denoted by the subscript o.
The coefficients in this system are functions of @ alone

since U has been determined as a function of ©, the solution

of 2.3 on Ib g Therefore, 2.6 is a linear system of ordin-
»

ary differential equations in.Tir on I, _e
»




———

The boundary conditions associated with the system 2.6
are derived from the relations on curves 1 and 2 by differen=-

tlation with respect to r along the curve on which each holds,

'followed by evaluation of the limit of each as r—» 0. These

limits are linear relations in the components of G} at (Ob.O)
and (QS,O). In the case that curve 2 is not known, the rela-
tions at (OS,O) also involve the unknown slope of curve 2.

The solution of this two point boundary value problem yields

u, on Ib,s and the slope of curve 2 at (OS,O).

In similar fashion, a second differentiation and a limit
operation yleld a two point boundary value problem for a
linear first order system of ordinary differential equations.
Its solution gives ng on Ib,s and the second derivative.of
curve 2 at (OS.O). Inductively, the process gives Ern (the
nth partial derivative of U with respect to r) provided that,
at each stage, the two polnt boundary value problem 1s well-
defined and has a unique solution. It also gives the nth
derivative of curve 2 at (OS,O). O the basis of this induc-
tion, it may be possible to express the desired solution u
of 2.1 in the form:

2.7 W(r,8) = W(0,6) + [_(0,8) r + q,2(0,6) re/21 + ...,
and the curve 2 as a power series in r. This pqssibility

is the basis of the proposed method of solution, which con-
sists of two major steps. The first of these 1s the inductive
definition of the coefficients of the series 2¢7, on a suit-
able intervaliof the ©-axis. The second is the proof that

the serlies represents a solution in D.
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Section 3: An Example of the Method of Solution.

The following example illustrates the method of solu~
tion which has been presented. It is closely related to the
problem of determining the supersonic flow about a right
circular cone without yaw with attached shock wave. The
details of this relationship may be found in Chapter III.
Justification of the steps in this outline of the solution
may also be found there. - This example is simple in that the
serles 2,7 developed for the solutlon terminates after the
first terme In spite of this degeneracy, the example illus-
trates very well the ideas outlined in the preceding sectione.
Consider the system:

Sel v* - uy = 0
3e2 (02 - uz)u - uv(u_ + v_ ) + (02 - vg)v + oy O.
x vy X y

¥

Curve 1 is:
Oed Y = kx, k is a glven positive constant.
Curve 2 1s unknown, passes through the origin and 1s denoted by:
3ed v = g(x)e.
On curve 1 the relation
J¢5 Vv = ku
is given. On curve 2, the relations:
S¢6 q, = u = vg'(x)
3.7 v2(b - u) "'(% - )3 - a)
are givene. The quantities ca, b. and 4 are given by:
5.8 o2 =5k (1 - u® - ),
b = m-ao*'mqo. and

g4 =¥11
=¥ s .
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where:

(1) ¥ is a given constant such that 1 < ¥ <. 1.76

(11) qQ, 1s a given constant such that ql i <q,< 1l.

The problem is to find u =(u,v) and curve 2, such that u
satisfies 3.1 and 3.2 in D (see Fig. 1, Sec. 1) and relations

5¢5 = 347 on curves 1 and 2.

In polar coordinates r and ©, with the convenlent change
of variable
U= u cos® + v sine
V = =u 3in® + v cose,

Sel and 3.2 may be written as:

3.9 Ug = rVr +2V 2 ,
5.10 Vg = r(- ig—f—gé U, +;§%§E— Vr) - U - c (U :ZYVgOtO) .
Curve 1 becomes:
3«11 © = arctan k = Gb .
Curve 2 becomes:
3.12 € = S(r).
The relation on curve 1 becomes:
513 V=0,
The relations on curve 2 become:
3eld U 4 rS'V = q, (cos® - r3' 51ne@) o
- '
3¢15 U cosé - V sine = 4 + 2q°7(;:§?(1 i:;?gﬁ .

The quantity caubecomes:

s.16 c® = XL (1 L p2 _ 2

and the quantities b, d, ¥ and q, remain as in 3.8

When r = 0 1n 3.9 through 3.15, the following system results:




1l

Sel? UQ =V
5.18 Vg = -U - ¢®(U + V coto)
cz—Vz
519 V = 0 at (e_., 0)
3420 U = qocoses at (GS,O) o
5.21 U cos®, = V sine_ =d + 29 °°® % . 0)
Se cose ne, = ~ ¥+T g20).
For suitable given values of @, = arctan k, 1t 1s shown in

b
Chapter III that a solution (U, V) to 3.17 and 3.18 exists,

and that a value Gs = S(0) can be determined so that Sel7=~
5.21 are satisfied, |

The next step, as outlined in Section 2, 1s the deter-
mination of Uf. Vr. on Ib’s‘and S'(0). Differentiation of
5.9 and 3.10 with respect to r gives, for r = 0O:
Se22 (U’r)e = 2V

r
3623 (vr)9 = Dl’OUP + El’OVr .
where:
2 U2 2
- U + Vecoteo c
324 D = -1 - & + (¥ - 1)U -
1,0 c? - ve o2 _ 2 o2 - v2

R
(e™ - v*)

2
2UV LU + Veote ¢ coté
= + - . - 22
Se5 El,O ;2—:—~2 (¥=1)V o2 Ve c® <V

2,,U + Vcote
-(¥+ 1)c“v - VZ)E .

Differentiation of the boundary conditions with respect to r

along curves 1 and 2 gives, for r = O

3426 V_ = O at (8_,0),
327 U, = =(2V + 2U tan@)3'(0) at (o »0)
r o o s
S.28 V, = (Egz—f—sz (U + Vcoto) + TTgHI S'(0) at (&,,0).
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Elimination of S'(0) betwesen 3.27 and 3.28 gives:
329 V; = K q; at (GS.O)
where:

5.30 K = [ - 205 = 0% cote _ 4U cot® ]
) - 2 _ye 2 (¥+ 1)(0 + V cote) "e=e_

The unlque solution (see Chapter III) of the two point
boundary value problem 3.22, 3.23, 326, 3.29 is

U, =0, Vr=—_". 0 on Ib_,s’ Since U, and Vr are zero at (GS.O),
S'(0) = 0.

In general, to find the nth partial derivatives of (U, V)
wlth respect to r, the nth r derivatives of 3.9 and 3.10 must
be taken. For r = 0O, this gives:

Se3L (Urn)e = (n + l)vI‘

2
_ c” - U
Sed2 (Vrn)e = ( -(n - l) -c—z--:—‘;-z + Dl,O )Urn
2uvV
+ ( +(n - 1lcz - V2 + E1,0 )Vrn *

The boundary conditlions for 3.3l and 3.32 are obtained by
differentiation of the relations n times along the curves
1 and 2. This yields:

Sedd Vrn = 0 at (6_, 0),

S¢34 U, +r8'W , = Nn’os(n)(o) at (8., 0),
— (n)
3035 U.n cosGs - VI.n sinGs = Pn,Os (0) at (Os, 0),
where, for n = 1, 2, e¢ee
_ (n)
Nn,O = = (n + 1)(V + Q, sinOs)S (0)

Pn,O = - (sinGS) ( ~;2—%E;2(U + V cotOs) - ?;%qu cosGs)S(n)(Q).

Elimination of s(n)(o) between 3.34 and 3.35 gives:
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2
~ V=cot o n
3636 —2——_2__5; - cot e
CC-V)(n‘*l) n+ 1 s

8+ 4(n - 1) U )U + V
+ ¥ +1 (n + 1)(v + qosinO;j ri rf

o at (Os. 0).
The unique solution to the two point boundary value problem,
Se3l, 3432, 3.33 and Se36, 1is UrnE o, Vrn; O on Ib,s .
Since U}n and an are zero at (Os. 0), s(n)(o) = 0 « The
system 3,31 - 3,35, as expressed above, has been simplified
by dropping all terms which contain Ufj, ij, or S(J)(O)
for J =1, ¢eo , N -1 23as a factor.,

The power series for this example are:
8.37 U(r, €)= U(0, @)
338 V(r, ©)

v(o, @)

Se39 S(r) aOs . | ‘

The functions U(0, 6), V(O, ©), and S(0) = 6, satisfy 3.17 =
S«21 and 1t is easily verified that 3,37 - 3,39 represent a

solution to the original problem.




CHAPTER II

FORMULATION OF THE FLOW PROBLEM

Section l: Notation and Assumptions.

The assumptions which lead to the mathematical formula-
tion of the aerodynamic problem of determining the flow about
a polnted body with attached shock wave are presented in this
sectione The theory which leads to the formulation may be
found in the work of Courant and Friedrichss, to which the
reader 1is referred.

The body 1s assumed to be in Cartesian (X,Y,2)-space,
with nose at the origine. It is immersed in a gas which is
moving at uniform speed in the direction of the Z axis, in
such a manner that an attached shock wave 1s formed at the
nose. The shock wave and the flow between the shock wave
and the body must be determined. The following notation is
adopted:

1.1 P--pressure
T-~-temperaturs
T-=specific volume
R--density (PT = 1)
E--specific entropy
é--specific 1lnternal energy
l--specific enthalpy (defined by 1 = e +p?)
c--sound speed

Cv-specific heat at constant volume o

6Richard Courant and K.O. Friedrichs, Supersonic Flow
and Shock Waves (New York,1948).

14
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and the following assumptions are made:

l.2 1. The gas 1s perfect; i1.e. pT = RT where R is

the gas constante.

2. The gas 1s polytropic; i.e. the internal energy

1s proportional to T;v Therefore:
¥

P = Af

where:

_ -1
¥ =1+ RC,

Eo is a constant

A = (¥ -1)exp(¥

- 1
R

(E - E_)]
and:

o® = ¥ap¥ = ¥pT = yrr - ) = (r- 101,

O« The gas upstream from the shock surface has con-
stant supersonic speed q, in the direction of the
Z-axis,

4e The flow 1s steady; 1.e. the velocity U at each
point 1s independent of time.

S5« The flow satisfies the Euler equation of motion:

JD%% = = grad p .
Friction._gravity, and other external forces are
neglectede.

6e The flow satisfies the egquation of continuity:

div)o'a = 0 .
7« Changes of state are adiabatic: i

Uégrad E = O.

7
Ibid., p. 6.
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8e If W is the normal component of veloelty, T 1is
the tangential component of veloclty, q 1s the
magnitude of veloclity, and the subscripts o and 1

refer to the front and back of the shock respec-

tively:
(a) No/% = le&

(b) oﬂg + Py =/piN§ + Py

(c) to = Il
1 2 _ 12
(d) -éqo + 10 = 2ql + 11 .
1l 2

9. The quantity~§q + 1 is constant throughout the

flow. It may be expressed as % 42, where ? is

the Bernoulli 1limit speed,
10. The flow is tangential to the bodye.
1ll., The shock 1s attached to the nose.,.
Courant and Friedrichs discuss the physical basis for these
assumptions, and their interrelations, It 1s sufficient to
sSay here that air, at moderate temperatures, can be considered

to be polytropic. For air, ¥ is approximately l.4.,

Section 2: Formulation of the Problem in Cylindrical

Coordinates,

The determination of the flow between s pointed body of
revolution without yaw in a uniform flow, and its attached
shock wave is the problem to be studied. The symmetry about
the axis of the body immedlately suggests using the assump-

tions l.2 to describe the flow in cylindrical coordinates.
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The flow problem consists in finding functions which satis-
fy this description. The general form of the description,
which provides the basis for some remarks in Chapter V, is
worked out. It is then simplified by use of the symmetry
assumptlions, and the problem is stated precisely.

For cylindrical coordinates, y, © and x, where:
2.1 X = y cose@
= ¥y sine

= X

fl N K

11v + 12w + 13u (11, 12, and 13 are unit vectors
in the y,@, and x directions respectively, with
the usual right-handed orientation),

the equations 5-7 of 1.2 may be wrlitten as five scalar
equatlions:

2.2 vvy+uvx+v9-§-.-!§2=-pﬁ
P
vw + uw_ +w .§~+ %% = _.353
vuy+uux+ue!§=-;‘-
w
§+VY+?9+“:==""§?'§%‘“%

w
+ - + =
vE EO uk 0 .

These involve the six dependent variables v, w, U P, O and E.
From assumption 2 of 1.2:

2.3 p= (U-l)/a”exp[%i(E-Eo)]. ¢C= !(‘a’-lg)/ox'lexp[ITn—l(E-Eo)] .

Therefore:

2.4 p - -h;;

2 2
R c/oEy-l- c/<>y

y ¥

= 3=1 2 2
e T YR ©PEg + o'
Px Y8 CPEX * c/ox ¢

Elimination of p from the system 2.2 by use of 2.4 yilelds:




-
®
4V

2.5 (a) vvy+uvx+v9;;_.-%_ =__:_§ic2Ey_02;x
(b) va+uwx+we§+v§ =-‘6P-t1°2£y" 2_;_;
(@) vy +u +04 3 =-v//_‘;z_.§/;.9_u4':5
(e) VE_ + uE_ +-% Eg =0 .

The linear combination of equations, v[2.5(a)] + wi2.5(b)]
+ uf2.5(c)] - ¢ [2 5(d)], is: o

2 2 2
2 w vw w w
v v uvv VVG'- — t WYwW uww wG + v
2 w
2 uw c™v 2 2 e
+ + + —_— - _—" - v - — - Uy
uvu uu ue c c

_ _J_ ¥ .
= (vEy-i-yEG-i-uEx)

Application of 2.5 (e) gives:

2
2 2 2 2 c-v
6 - - uv(u <+ v + (¢ + =Y
2 (c v)vy (y x) ( u)ux 5
2 2 u v
CT - w e . ®)
y o ~ uwlw, +==) (wy +37)
Vvg + wwg + uug
The subtraction of uu <+ wWw o+ yv » s and
J N vy y

v+ ww_ + uu . from both sides of equations 2.5 (a), (b)

and (c) respectively yields:

' w ws ¥-1 2 °2/°x

2.7 u(vx-uy)-“y+§v9-'§_=-ﬁ_°Ey- = -uuy
- = vy .
2
vvg uug w _ _ ¥-1 c“Bg _ c%g
¥ Y +v“"y'*m'"x"""y' ¥R T 7P
“Ulg = wWwg - Vvg
Yy
w = 3= 2o _ 2‘Fk _
viu, = v ) ~ww,  + 3 ug = Tgg- By - ¢ vV,
- WwW = uu *

X X
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With the introduction of a new quantity H,
28 H=expl - & -E) )

and the use of assumptions 2 and 9 of 1.2 to obtain:
2.9 ¢ = l%l( 8% - v2 _w® . uz)
the system 2.7 may be written in the form

w w2 2 ¥T-1, 2 %
2.10 u(vx - uy) - wwy +-§ Vo - 7~ v &5

- 2.v
— e -_94 + +v¥ _ _c - H c
Y ] Ty T TV S Y(¥-1 y{'a'é[l“/oﬂz-lg 1}

2 ¥-1, 2,\¥
w - c ) H
viug = v ) - ww, 2 ug = ¥-1) {ax[l“/oxh 1§ 11 .

The argument of the logarithm occurring in 2.10 is intro-

1
o)
T
—
[
o
oK
of|
¢]
L
[—-—

duced now as a convenlent fanction, h,

2
_ n¥%=1, ¢ 4
2411 h =H (—-f:-i') .

ﬂ

From assumption 2 of 1l.2:

212 h = [¥(5-1)F expl e -1 .

Thus, h 1s seen to be a function of entropy alone, and it
follows from 2.5 (e) that:

w
+ - = .
2.13 vh h9 + uh 0

The equations of the system 2.2 may now be rewritten in
terms of four dependent variables Vv, W, u and h, The four

resulting independent equations are:

2 2 h
- - ¥y X _ o c A
2.14 (a) u(Vx uy) Wwy +y Ve 3 m-)- Y
2
, v ) - W .= ¢S Dy
(®) v(uy vx) WW.x + y Yo T(¥-1 h
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(c) (c® - VB)Vy - uvlug 4 v, )+ (c® u2)ux +.%Y
+ c® - w? w_ - uw(w +-EQ) - vwiw_ +=2) = o0
Yy e x ¥ v
(a) vh + % hg +uh =0,
where:
R £ N AR P

The body surface may be represented by:
2.15 y = B(e, x) .

The unit normal to this surface is

and therefore, the condition that the flow be tangential,
assumptlion 9 of 1l.2, 1s:

2,17 v -2B -uB =0 .
Yy € x

The shock surface may be represented by:
2.18 y:S(Q, X) .

The unit normal to this surface is:

SO s
1 —_— - i
s2 )
1+ =2 4+ 5%
2 x

and two mutually orthogonal unit vectors tangent to 1t are:
' Sg 2 S

1.5, + 1, 1, 3 * 1,01 +8%) - 13-—353
262 and J —

2
1+ S ]’ ' 2
‘J + 4_.. + Sx
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Therefore, the vectors 'N'o, 'ﬁo, ﬁl and T'..l » as defined in

assumption 8 of 1.2, are:

s
¥ = 9054 it F mts Sy
; . oo
1+ -2 +3s2 1+78+52
b as y
T a, i.8_ + 1

S
S e 2 S
e 1, =2+ 1_(1 +52) -1_ S5
_ qox- Sx ly 2 x 3 ¥
s? s2 !
1+szl+-—9-+sz‘ 'Jl+521+_9+32
b 4 2 x 2
N vy -
v-2s _us i1’1:—:5"--"’-"1:5S
ﬁl= y Je x y x
2
iil-ﬁ-g'i's S
;2 x l"‘-ie-‘.'sa
+ o+
zl= vsS u 115 13

S S S S .S
2 o —9 2y 3 —6&%x
Vo= tw(l+57) - ul S_ 5 + 1p(1+s)) s
2

1+58 1+ 29457 Vl+82./1+s'°+52'
? x x ;2 x

The conditions 8 and 9 of 1.2 can be written:

2422 . — - ¥ -
(a) "%5xR = (v y Se usx)/ol ’

(b) f =aS_ 2
i LR
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..'= «"l'"
(c) 1 q, = V8_ +u

S S S S
2. “%o%e%x _ e | 2 e
_—_y_._._ = v = + w(l + sx) - u—-'-y.sx R

2 ' 2
ce .
___]_._2 Cc 2
(@) FaZ +g2, TR T ey _=']§a .
It is possible to express the above condltions, 2.22,
in terms of v, w, u, and h alone. The next few pages are

devoted to doing just thate If the notation

-q S
2.23 Ny = . 4
l+§g +32
X
Y
w

is introduced, 2.22 can be written as:

2e24 (a) NOPO = Nlpl

(b) 2 -
No/?)+po -N1P1+pl

(c) %™

v = Sx
(d) -2 =59
y .
(&) pag + (1 -p >° =p%5 + @ -pPef = pP 4R
where?i
/vilz a':l.
Division of (b) by (a) and multiplication by NoN, gives:

Pi_ P
°A 1

Assumption 2 of 1.2 implies:

225 N Nl(N - Nl) =N
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2
2.26 —£- =S.
~ 4
Use of 224 (e) and 2.26 in 2.25 yields:

2
227 1l - 2 2 2
N (N - N,) = (N -N)c.+—L-——EN(q - q7)
1 1 1 +p o 1% 1+ o' %o 17 *
The equalities:
2 2 r2
2 e
2 _ =
qo - No to
Ll =‘I'.'o
imply that
2 2 _ w2 _ 2
229 qo-ql—No Nl °

The result
2 2
w y!] 2
2.0 { oy I _u(%-q)'*l]*-p—a—-uls

Q2

_ 2 2
= =N "a-;-(l-ﬂ Jg, + u

1s obtained from 227 by use of 2,29 to cancel the factor

(N - Nl) from both sides of the equation; from definition

o]

2.23; and finally from 2.24 (c¢) and (d) which eliminate

S

e
— and Ve
Yy

From 2.12 and assumption 2 of 1.2, it follows that

2
h= [wr-1)1"0 <20

-
Use of 2.24(a) and (e) gives:
= ¥-1 ¥-1 (a2 2 2 2\ Nofo 1=¥
h, = [¥({¥-1)] == (@° = v° - w° - u°) (2P0,
1 2 Ny
and

1-¥%
h = (B0 EL @7 - @B o
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Therefore,

2 2 2 2
2e32 b §" vV - w =u ( =q,5, )l--b’
h ~ 2 2 wsS .
o q° - q - —9 _
o v ¥ qu

To summarize, the flow may be described in cylindricgl
coordinates with v, w, u and h as the dependent variables,
For convenience, the equations and boundary conditions are

collected belowe The equations (2.14) are:

2 2 h

- - ! - v = c "-x

2.8 (a) ulvg =ug) -wwo + 3 vy -2 = o B
(b) vi(u - v ) - ww  + w u - 02 B.x.
v b4 X y e -~ Ui!-l) h

2
(c) (c2 - vz) v = uvi{u_ + vx) + (32 - u2) u + cv

o v N
u
cE_-—w_ - o) . Ve =
+ 5 we uw(wx 5 ) vw(wy + = ) o .
w _
(a) Vh.y + ? hC + uhx = 0

where

- W -

c? = I%l (3% - ¢ 2 2)

The boundary condition (2.17) on y = B(e,x) is:

w
2034 V = '_§ Bg

- qu = 0,

and the boundary conditions (2.30, 2.32, 2.24 (c) and (4) )

on y = S(@, x) are:
2 2 2 A2

2035 Q 22 2

{q.:-u [qo-u ( go ") 1] +p s ~ ul sy

2
=‘/’2_§; - (1 -ﬂa)qo +u

h. = (§2_ 'V_z - W_%__".- u ) ( qOSx ) ‘h
1 2 2 wSg o
8" - qg v - - us
-y x
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qo - u
v _Sx
y v °

In the particular case that the body 1s one of revolu-
tion without yaw, the description of the flow can be con-
siderably simplified. The shock surface i1s then a surface
of revolution about the Z-axis, the flow is independent of e,

and w = O. The equations 2.33 become:
) ¢ By
2,36 (a) l.l(vx - uy = m h

2 2 2 2 Sy _
(b) (% = v )Vy uV(uy + Vx) + (¢¥ = u )ux + 5 = o]

. + =
(c) vh.y uhx 0

where
c2 3'351 (32 - v2- u2)
and 2.33(b) for w = O is dependent on 2.36 (a) and (c) .
The boundary condition 234 on ¥ = B(x) becomes:
2037 v - qu = 0 »

and the boundary conditions 2.35 on Y = S(x) become:
2 2 _
2.38 [pzj__ulsz=[u_,”2_§_ - (1 - pZ)q ]
% x , 9

( 32 - V2 - u2) ( -qosx*)l-)'h
i ag - q2 V - qu o
(o]

a g
)

q, ~ 4
v =Sx .

The equations and conditions can be put in dimension-

less form by setting
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, q
u=§.v =%,w“=%, q:: agandh*=

ob"b‘

3

This change of form can be accomplished by réplacing q by 1
ho by 1, and interpreting u, v, W, q and h as the same as
the gquantitles starred. This form is used throughout Chap-
ters III and IV. However, the stars are omitted for con-
venlence in notation.

The flow problem is now stated in this dimensionless
forme The quantities q,»% » and the curve y = B(x) are
given; the problem is to find a solution (u(x,y), v(x,y), h(x,y))

of the equations:
_ c2 h
2409 (a) u(vx - uy) - m HI
(b)

2 2 2 2 c v _
(c® = v )vy Auv(uy + vx) + (¢ =« u )ux + 5 = o}
(c) vh.y + uhx = 0,
where:

oS = i‘;—]—'(l -uw® - vz).

such that, on y = B(x):

2440 v = uB,
and to find a curve y = 8(x) such that on this curve:
¥-1 1 2 _ £ -1 1 _ 2 q 1
q, = u
2.43 —;‘—— — Sx .

The solution 1s to be valid in a region D:

2e44 D= [ (x.y)l04x2 + yzé 8, B(x)E y=s(x) 1] .
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Because of the physical background of the problem,
certain additional assumptions can reasonably be made,
Those which concern the glven data: X , C and ¥ = B(x)
are listed belowe
2.45 (a) 1<«¥ «1.76. Theoretically, ¥ = 1 -,t-% for an

idesnl gasa, where n 1s the number of degrees of
I'reedom of the molecules of the gas. For a
monatomic gas, n = 33 diatomic, n = 53 tri-
atomic, n = 7; etc. For air under normal
conditions ¥ is approximately 1.4 .,

(b) The Bernoulli limit speed, §, is never attained.
Therefore, all velocities in the dimensionless
form have magnitude less than l.

(c) 1 q, > -g—i% e The first inequality 1is a
consequence of (b) above. The second is due to
the fact that qQ, is supersonic. The sqQuare of
the sound speed in the uniform flow is
éél (1 - qg).. Therefore, qg >h§§l(l - qg) is
the condition that q, be supersonic and this is
equlvalent to qo>4—::—5_j_- .

(d) The following assumptions are made on the body

curve, y = B(x):

le y = B(x) is analytic,

8 .
Me Y. Colby, Sound Waves and Acoustics (New York, 1934),

Pe 133,
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2. The first derivative of B(x) is positive at
x =0 . The next non-zero derivative of B(x)
at x = 0 1s negative,. Essentlally, this says
the body 1s concave.
3¢ B(0O) = 0 and B(x) > 0 for O x =% §.
It should be noted that the assumption 2.45 (b) not only i
concerns the given data, but places a requirement on (u,v)
as well. There are other requirements which must be placed
on the solution to insure its being a physically reasonable

solution as well as a mathematical one. These are listed

below.,

246 (a) 1 >u2 + v2 - 02 > 0O in De This includes

2¢45 (b), and requires the solution to be
supersonice [ It 1s not strictly necessary

that the solution be supersonic but it is con-

venient that it be so.]

(b) u>0 in D. |

(c) v>0 in D. The requirements (b) and (c) cause
the velocity vector to lie in the first quadrant.

(a) S(0) = B(0) and S(x) > B(x) for 8 & x n O,
These require that the shock profile lie outside
the body and be attached,

The flow problem is singular because

1lim u(x, B(x)) # 1im u(x, S(x))

x-0 x20
1lim v(x, B(x)) # 1lim v(x, S(x)) .
x+0 x20

This is not readily apparent from the formulation 2.39=2.43




29

and the assumptions. However, it is easily seen when the

system 1s formulated in polar coordinates, which is done in

the followling section.

Section 3: Formulation of the Problem in Spherical Coordinates.

To carry out the procedure of Chapter I in solving the
flow problem, it is necessary to reformulate it in polar co-
ordinates. This is accomplished in this section by describing
the flow in spherical coordinates and then specialiiing the
description by use of the symmetry assumptione.

For spherical coordinates r, © and ¥

Sel X=1r sin @ cosy
Y =r sin © sin¥
Z =1r cos @
u=1; u + iv + 13w (11, 12, and 1, are unit
vectors in the r, @, and ¢ directions re-
spectively, with the usual right-handed
orientation),
2 2 jo)
% Y - -y k __2r
SeR uu, * x ug + ooins Up - 7 r e
v w 1ouv W _cote __ Qe .
We Y ¥ Ve ¥ v sine Yot 1w r Ry i
v w , Uw, VW cot®e _ P
uwr‘.'?we*rsinﬁ W + - + r --rpsiné
v v £ A
] 4 2u+tVoote=-uwt_ylo__w_ 5
Wt Ytrsms Y T r °° P r P rsine R

v W -
uE, + x Eg * ¢ sin® E¢'— O. o
These involve the six dependent variables u, v, w, p, p and E.

From the assumption 2 of 1.2




S0

Sed P, = % c?"p Er + c?‘/or
Pg = % °2/°Ee * °2/°e
Py =57 <% Egt o°Qy .
BElimination of p from the system 3.2 by use of 3.3 yield;:
RS RS E ot RS - SN
(c) uw,, +-v-:— + ;(;T‘L +u+ v cotg) = r-:fne (% E? +-,@)
@ st et Rt e ulrx e _w gy
(e) uE, + -:7 Bo * 1 :inO Ef= *
As in the previous section, these may be combined to give:
+ :—2(u + Vv cot@) - uvv,, - ;—Ei-n-é (uvyd- vur) + uww + %'- w, = 0.

Addition of the proper quantities to both sides of 3.4(a), (b)

and (c) gives:

2 2 2 (¥-1)% _
A —_— - .Y... - o - = L - E
5.6 % g * 7 sine iy r Ve = W, Y(-1) L R r
' uw, + Vv, + ww
“¥(y-1) =X Lr - Y¥-1) X 21' ]
P c2
2 uu ww
w o+ MV_ W cot® _ _ @ - -9
wy * 51n YT v r S r

2 2 - A~ uug + vvg + ww
= b'(bcl) [ - -(!g_]:l_ E, ~¥(¥-1) =2 ¥ ¥-1) —2 2 —2
- r ]
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+ W , VW cote _ uuy, + vV
e r r r sin@

02 2 U+ VV,p YWW
- _ - !x-l! - _ - _ ¢ 7 ¢
- ¥@-I)7 r sine L " - —Le-¥(¥ 1)/:2! -¥(¥-1) =z

v
w +=w
u r r

]o

If h, as defined by 2.11, is introduced, the four resulting

independent equations in the dependent variables u, v, w and h

are.;

2 2 e hr
. v w v w _ c
3.7 (a) - ue + T sin U,,- T - er- WWI. = m ——

W uv _ - ' e c e
(b) Wr Y+ sine Y% * 5 r T XE-Ilr "
2 2 2 .2

2 2 c -V C - w u, 2
() (o% =M, + S5 vy + Z5Tre e + 2(c” - vug)

2
e w
+ ;.-(u + v cotO) - U.VVP - m(uv? -+ VU..')

vw
<+ 4+ — =
uww., T "o o)

(d) un, + 3 hg + oTreg hyp = 0
where:

&2 E182 - 42 . 2 | 42

The body surface may be represented by
Se8 e = B(I’.tp) .

The unit normal to this surface 1is

) B N
ilBr' ;2 r + 13 r sine !

Se9 r— ——

B
2 1 Yy
.J By *.;ﬁ +HEsme

>2‘

and therefore: the conditlion that the flow be tangential,
assumption 9 of l.2, is :

5e10 uB. = X 4+ WB = 0 .
r r r sin®
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The shock surface may be represented by
3.11 @ =S(r,p) .
The unit normal to this surface is:
1 Sy
5,12 1181:' i2 r + 13 r sin®
S
2 1 k4 2
Vet oot

and two mutually orthogonal unit vectors tangent to it are:

1.1 41 5 -—i—-éss —z-——st’ -1.(8% +3,)
5.13 'lr 2.r and lr s-n E_sini=73 r P

1 2 2, 1 2 )
+ S
V:Z r ;2+sr Vsr‘t;z'.‘(rsin)

Therefore:

o qosinO s 1 +
Qg Si"e‘059+———r ilr - 12; 13 TEns

Se o =
2 1 2
Vsr + 2 *s<ins’ -llsx- + o2 * G=ne

1, cose _ 9 Srsine 1
T = r

— -l 2j
1 2" —\J-—-O-S
VE"’SI‘ I‘2 r
SS S.S S

r Yy 0-1 r L 4 - 2,1
qo r sine cose + ” i1 r sin © 1‘.‘3 rzsine 15(Sr r2)

o]
H
n
<
v
(V)




us_S vS S_S 2. 1
r Y —E_Ji' - 2, 1 __E_I% _M_Jﬂ_ S =5
. r 8iné 28106 w(sr ;,-2> jl r sin 2 r2s1ne 13( ro. )

[ ]

M 2' ]2 1 S 2 ’ S N
= +8 S 4+ = + ( ) 1 4, g2 2 1 . , 4 2
_urz r Vr P2 r sipO o2 Se Sr + :2 ¥ (r sine )

The conditions 8 and 9 of l.2 can be written:

q sine@
Po = (uS, - 2+ nfzr;'@)/ol

q.o sine us _ x - WS, \2
r r sinG

o) r r - )
(b) h S ﬂFo*-po— Mr /fl+p1
: J52+ 2 + ot

3¢15 (a) (q cos® S +

32+3'.2+(__L)2 2,3
r r 2ine r
q _cose a
- :-+
(c¢) 1. = q sine@ Sr = vS
S S q. S

r 0
2+ 9, FsIap 080 + —pL-
S S S
=uy sine v W(Sr + r2)

r siné
2
2, % _1 2 °32.__1_az
s —_— =

@ ¥-1- 2 U T yd

1
2 4

It is possible to express the abovs conditions, 3.15,
in terms of u, v, w and h alone. A procedure similar to
that used in the preceding section yields:

3416 u cos8s® - v sinéd

(11ﬂ2) [(cos® - rS sin0)2+ w2 ]
RalaT r (v + q_sin@)2

:pz

F%
+

2.2 o we

1+ r™8° +
r (v + q, sine )2

and
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: 1-¥
q_.sine
8% - u® - v 2 q cose S + =2 ho .
5417 hy = > % ° z L o

v
W, -3t 3 sin®
To summarize, the flow may be described in spherical
coordinates with u, v, w and h as the dependent variables.

For convenlence, the equations and boundary conditions are

collected below. The eqyétions (3e7) aré:

5«18 (a) v(ug- v) +'§¥H§ u,- w2 - r(vv
(b) u( - V) - =X v+ w2 te + - ruv_ = -‘3TQE—T'E§
ulug sine ¥ co e r - ¥-1) h

(c) (02 - v2)vg = r[-(cz- uz)ur + Buvv —sziﬁﬁ—_]
: -c (u + v cote) - (c -w ) —Tzé + uw

2
+ 1o Up- vwwg = (¢” - v %)

(a) ruh, + vhg +~§¥_5 hg= 0

wherae

o2 - 851(62 o - v2 2

-V -w) |,

and 5.18 (c¢c) is a linear combination of 3.7 (a) and (c¢)

The boundary condition (3.10) on 6 = B(r, ¢ ) is:

Oel® v = ]F'uBr + s156 *

and the boundary condltions (3.15 (c), 3.16, 3.17) on

8 = S(r, @) are:

5e20 u+ rs v = qo(oose - s, sineg)
S = - w sineée
¥y v + q_sine
242
u cose® - v siné ='£a§—
o 2
- - 2, w
+ (1 p Ja ((cose-rs sinG) (vtgpsine z ]
1 + I'2$2

+ r-:--srne)z
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a, siné\ 1=
§E _ u2 - v2 - w2 qocosG Sh t — N .
qg_qg uS—I+ws" (o)

r r r 3inée

In the particular case that the body is of revolution
without yaw, the description of the flow can be simplifiede.
The shock surface 1s then a surface of revolution about the
Z-axlis, the flow 1s independent of Y, and w = 0. The

equations 3.18 become:

| - c2 hO
2
Ua)kz - vz)vg = r[-(cz - uz)ur + 2uvvr + & E??H ]

- (02 - vz)u - 02(u + v cote)

(c) ruh + vhy = 0

wherse

and 3418 (a) for w 2 O is dependent on 3.21 (a) and (c).
The boundary condition 3.19 on & = B(r) becomses:

3.22 v = r"llBr »

and the boundary condltions 3.20 on @ = S(r) become:
Se23 u +'r8:v = q _(cos@ - rS_ sind)
i ° 22r(1p2)( 6 S._s1ne)?
- cos® - rS_sin
8ine = pq- + ‘ do 5 Lz
9 1+ r°s?

b oo §2 - u° - v2 rq cos® 5 + q_ siné\l-¥
8° - & TuS - v o

u cos® - v

The equations and conditlons can be put in dimension-

less form by setting:
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2,

% _ u ¥ _ v # _ 0w # _ 9 # _ h
u —ﬁ.v —ﬁ"' —ﬁ.qo— T’h --1-1-;.
This change of form 1s accomplished by replacing § by 1,
ho by 1, and interpreting the u, v, W, Q, and h as the same
quantities starred. This form is used throughout Chapters
ITI and IV. However, the stars are omitted for convenience
in notatione. |

The flow problem may now be stated in dimensionless
form 1n polar coordinates. The quantities qg ¥ and the
curve © = B(r) are given; the problem is to find a solution
(u(r,e), v(r,0), h(r,0)) of the equations:
Se2¢ (a) ulug = v = rv ) = ;ﬁﬁgij-EQ

2
2 _ .2y _ .2 2 ¢2uhp
(b) (C -V )VQ = P[ (c u )ur + 2uvvr 4+ m—)—ﬁ ]

-(02 -vz)u - 02(u + v cot®)

(c) ruhr + vhe = 0
where:
c2 - 8;1(1 - u2 _ vz)’

such that on @ = B(r)
and to find a curve © = S(r) such that on this curve

Se26 u+ rS v = qo(cosG - rS, siné)

2
3627 0s@ - v sine = 8= 1. . 2q°(0086 - rsrsine)
e ees sin® = ¥31 3 -
o (¥+1)(1 + r Sr)

<
l - Qg

2 2
- - + -¥
5.28 h = 1 u v (rqosrcose qosine) 1l .

ruSr- v
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The solutlon is to be valid in a region D(§ ):
3.20 D(8)=[ (r,0)|B(r)=6=S(r), 0OSr=s, §=0].
The following assumptions, which were discussed 1in 2,45 and
<16, are mades Those which concern ¥, G, and 8 = B(r) are:
3.30 (a) le<=¥e<l.?s .
(b) All velocities in dimensionless form have magnl-
tude less than 1.
(c¢) 1 >-q°>-~§i% .
(d) The following assumptions are made on the body
curve © = B(r):

le © = B(r) is analytic.

2« The first non-zero derivative of B(r) at

r = 0 1s negativee.

R 1) —
3.—2—->9b—B(0)>0.
4. 6 =2 B(r) ™0 when $r =20 .

b
The other assumptions are:

331 (a) 13u®+v® .- ce®x01nD(§).
(b) u cos® - v sin6 > 0 in D( § )
(c) usin®@ + v cos® > 0 in D( 8 ).

(d) ’g-> 6, =5(0) > >0 .

(e) S(r)>B(r) for 0=r =§ .
(£) ¢ - v¥s o0 in D(8 ) « The analog of this assump-
tion was not discussed in Section 2. It is intro-

duced as a mathematical convenience.

The problem ls easily seen to be singular. Elimination
of q, between equations 3.26 and 3.27 for r = O gives:
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2
Se 2 = —-———u -l -l
Ded v o %‘:I COtos .

Since 1 » u = 0, the quantity v above is non-zero at (&_,0).
s

On the other hand 3.25 gives:

533 v=20

at (6 , O). 1In the (x,y)-plane of Section 2, both (8,,0)

and (Gb.O) lie at the origin,

Section 4% The Simplified Flow Problem.

The flow problem, .24-3.31, is treated in Chapter IV.
Its solution 1s based on that of a simplified problem,
obtalned from 3.24-3.31, which is developed in Chapter III.
The simplified flow 1is assumed to be irrotational, l.e.
ug = v + TV, and the condition 3.28 on h is omitted.
The quantities qo,x and the curve © = B(r) are given; the

problem is to find a solution (u(r,®), v(r,o)) of the equations:

4.1 ug = v + rv,

4.2 (c2 - vz)ue = r([- (02 - u2)ur + 2uvvr] - (c2 - vz)u
- cz(u + v cot@)

where:
c2=1_5_1(1_u2_v2) »

such that on € = B(r)

4.5 v = ruBr H

and to find a curve © = S(r) such that on it:

444 u + r8 v-= qo(cosG - rSrsinG)

2q°(cosO - rsrﬁing)z

_ ¥-11
4.5 u cos@® - v s8ind® —-%;I a, + (¥ + 1)(1 + rzsﬁ) .




o9

The solutlon 1s to be valid in a region D(§ ):

46 D(8) = [(r,0)|B(r)=< 06 =5(r), 0=r=§, § >0] .

The conditions 3.30 and 3.31 are also assumed to be valid,
The assumption of irrotationality implies that h is

constant between the body and the shock profiles, @ = B(r)

and & = S(r) respectively. Thus, a solution to 4.1 - 4.5

is a solution to 3.24 - 3.28 except that the condition

1-%
1 -2 o2 (qo(sine + rsrcose))

4477 h = 1_qg

ruSr -V
on ® = 5(r) may not be fulfilled. Therefore, 4.7 may be
regarded as a condition that the shock profile be physically
admissible. It is shown in this section that the only
physically admissible shock profiles associated with the
simplified flow problem are those for which S(r) 1s identically
constant. The body is then a right circular cone. 1In spite
of the fact that the simplified problem is Physically signifi-
cant only in a trivial case, its solution for general curves
® = B(r) provides the mathematical groundwork on which a
solution of the physical problem 3.24 = S¢28 can be based.

It 1s shown now that i1f (u,v) and S(r) are a solution
of the.simplified flow problem, S(r) must be identically con-
stant to be physically admissible. The equations 4.4 and 4.5
glve:

1 e 2
4.8 u = qo(81n5‘+ I,§rm”97~[qc:.sine(c:osO-rSrs:LnO)-f‘p rs,

2, 2 - 2

R (1-p )qe(cose rS.sin @) s ]

232 r
r

l +nr




4.9

v =

1

40

qo(sin9+rsrcose)

An angle, A, is introduced:

sin A

cos A

sine + rsrcose
q1.+-r§;§

COSO = rsrsino

“ﬂl + r

2,2"°
Sp

From 4.8 and 4.9 the expressions:

4,10 1 = u2 - v2 =

are formed.

-V
rusr

l-qfcos

%

qosinO + rSrcosG

2

qs(l-cosgA)

2
[ 9,088 (cosO - r5.81in@) -p

(lﬁﬂz)qi(coso - rSrSinO)2

2

1l + rzsf

[a2- pt-(1-p)q2c0s2a]

yz ( l'q§° os?y )

¥-1

(1-9%)(q %)

qi(l - cosgA)

Use of 4.10 in 4.7 yields:

2
2-(1-pﬁ)q§coszA] (ljggcos

l-cosgA

If h i1s to be constant on @ = S(r) then

4.12

dh

d(c;;?ﬂ)

Therefore, either

4413

or

4.14

dh

d(cosEA)

d coszA

ar

dgcos?Az

dr

[l
o
.

o

Y
2f)

]
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The expression 4.13 in terms of coszA is:

2 2.1
4.15 _(1 q cos A} Y

l-cos“s |/ (l-coszA)z

(1147 )qPc0s% 12

2
- 2102 ) [(1-0%)qBc0s2 ] + (a2 - p%)% ) =0
For O=Sr=g , coseA # 1. There are two possible cases,
Either

4.16 l-qscoseA =0

or

417 [(1-p%)q%c0s%)? - 2(1-p°a2) [ (1-p®)q%00s%n] + (a2-p%)2=0

The case 4,16 1is impossible since 1 >q§. The case 4,17
reduces to —
4,18 coszA — 1 -ﬂaqi :V(l ')’4)(1 - qi)ﬁ

- (1 -,Uz)q?,

from which it follows that cos?A 1s constant. Hence 4.13
implies 4.14.,

The expression 4.14 in terms of r and S(r) is:
4,19 <—2(cosé - rSPsinG)(sa_nO + rS_cos@)

2.2,2
(l+rSr)

242
{Sr(l +r Sr)

+ (SI' + Psrz) } =0 .

For O=r«=§, the factors (cos® - rSrsinG) and
(sine + rS,cos86) do not vanish. The curvature of @ = S(r)

in polar coordinates is

2.3 '
I‘Sr+2sr+rsr2

= g .
2.2.3/2 r2
r)

4620
(1L + r“s

Thus, the factor {Sr(l + rzsf) + (Sr +'rSr2)} vanlshes 1denti-

cally if and only if S(r) = constant.
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The fact that S(r) = constant implies that the body 1is
a right circular conee This is a consequence of the
relatlions which exist between the derivatives of S(r) at
r = O and the derivatives of B (r) at r = 0. The relations

are developed in Chapter III.




CHAPTER III
SOLUTION OF THE SIMPLIFIED FLOW PROBLEM

Section 1l: Detailed Plan of Attack.

dhapter IIT i1s devoted to the simplified singular
boundary value problem which was stated in Section 4 of
Chapter II1. The problem is studied in detall, and a
formal solution is obtained in a constructive mannere. For
convenience the problem is now restated. The quantities
qo,x and the curve © = B(r) are given; the problem is to

find a solution (u(r,®),v(r,8)) of the equations:

l.1 u0 = v + rvr

2

1.2 (e - vz)ve =r[ - (c® - uz)ur + 2uvv ] - (e - vZ )u

-cz(u + v cote),

where:

T+

2 _¥-1 2 2 2 _
c” = == (1 - u° - v©) and//l =

o4
]

=

such that on @ = B(r),
1.3 v = ruB(r);
and to find a curve © = S(r) such that on it:

1.4 u + rs.v= qo(cose - rSrsinG)

2 ’ 2
2 (l=4")q . (cos® - rS_sine)
1.5 u cosé - v sime =4— + Za -2 2 2 —£ .
%o 1+ r°sZ

The solution is to be valid in a region D( §):
1.6 D(S)=1[ (r,0) | B(r) 20 %5s(r), 02r =5, $>07 .

The assumptions ¢9ncerning the given data: q_, ¥ and & = B(r)

43
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are listed below.
l.7 (a) 1<¥W < 1.76.

(b) All velocities have magnitude less than 1.

¥ -1
¥+l °

(¢) 1> q>
(d) The following assumptions are made on the body
curve, @ = B(r):
(1) & = B(r) is analytic.
(2) The first non-zero derivative of B(r) is

negative at » = O,

(3) 127->eb=B(o)>o .

(4) Oba B(r) =0 when > r =0 ,

The other assumptions are now listed below,

2 e e®=01inD(S).

1.8 (a) l>u2+v
(b) u cos® - v 81n® >0 in D(S)e.

(c) u sin® + v cose@ >0 in D( § ).

LS =
(d) 2>OS—S(O)>Ob>O o

(e) S(r)> B(r) for O=r<§ .

(£) 02-v2>OinD(S) .

In accord with the general description of the method,
as outlined in Chapter I, the first step in the development

of a formal solution 1is the determination of Os and (u,v)
on Ib-e,s+e (the interval 9, - € <= e ses + €, € > 0). For

this purpose, it 1s necessary to find a solution of the system
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1.9 ug = v and
02 (
~u - —m—s (u+ v coto)
c¥= v

Ve

such that at ¢ = Ob :

i

1.10 v

0
and at & = Gs ]

l.11 u = qocosOs

N

‘ - A _ e 2
u cosOs v sian = + (1 -p )qocos Qs .

P

The solution of this problem is the solution of the
flow about an infinite right circular cone which is Studied
by Ge I. Taylor and J. W. Maccoll9 + They do not, nor does
Kopallo, discuss the existence of a solution, although the
latter provides extensive computational data. A proof that
there does actually exist a solution to the problem is given
in Appendix I. The existence theorem stated there not only
guarantees a solution which meets the end conditions, but
also a sclution which meets the physical restrictions, 1.7
and l.8, Only a short description of the technique involved

is given here; the bulk of detail is left to Appendix I,

¥-1
Briefly, a value U, 1s assumed, such that 1 > u, > ¥l
and this value assigned to u at € = ¢, . It is then noted

b
that 1.9 satisfies a Lipschitz condition in (u,v) in a neigh-

borhood of Ob; therefore a unique solution, (u,v), exists

9Taylor and Maccoll, op. cite.

lOKopal, Ope. cit.
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in this neighborhood such that u = u and v = O at € = @, .
The argument then shows that there are values u, for which

the neighborhood of e (containing the unique solution (u v))
includes a value of © such that:

1.12 s> ¢

2 b

and

2

_ 1 = u” ¥l
1.13 v = — ) cote .

This © 1s denoted by Os. The last equation 1s derived from
1.11 by elimination of q,° From the equation:

1.14  _ u(es)

° cosé, *
q, is computed. The value of q, 1s dependent upon u, . It is
further shown that if the pair (u .0 ) lies in a certain set,
the q, defined by 1l.14 satisfies 1.7 (e) and throughout I, b,s °
all the conditions are met. For these values (u,,€,) the
problem is solved. The inequalities established in Appendix I,
however, are very obviously rough, and therefore the set of
pairs (qo,Gb) allowed there does not include all the possible
palirs as indicated by Kepal11 for the supersonic case. The

following theorem is proved in Appendix I:

Theorem 1l: There is 2 non-empty subset, D#(Y¥ ), of

(qo.Ob )-space defined for all ¥, 1< ¥ < 1l.76, such that if

(qo.Ob) belongs to D#( ¥ ) then there exists & solution (u,v)

(78 )
of 1.9 = 1,11 of class C* on Ib-e,s+€ for suitable € > 0.

This solution is such that on I

Ibid.
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(a) 1> u2+v2-02> 0,

(b) 02 - v2> o)

(c) u cos® - v sine> 0
(d) u siné + v cos®@> 0O
and such that:

-1
1> q, >3]

_.......” @ =
2 > s‘$ e

b > O.
The second step in the developrent of the formal solu-
tion is the inductive proof of the unique exlstence of

(@ n, v.unla n =1, 2, «..u. on I,-¢,s+¢ Which satisfy the

systems obtained from l.1 - 1.5 by differentiation with
respect to r the appropriate number of times. The proof
depends upon certain inequalities which are established in
Appendix IIl. The remainder of the proof and discussion are
found in the following section. The argument also yields

the Srn(O), n=1, 2, +....., and shows them to be unique.

The formal series which follow are now well defined

2
1.15 u(r,e) = u(e) + ru,(0) *'%T u.2(8) + .....
v(ir,0) = v(e) + rvr(G) +~§% vr2(9) + ceecee

2
- P il
S(r) = 6, + r5_(0) + 51 S,.2(0) + ce0a,. ,

and the third step in the development of the formal solution
1s the proof that if they converge in D( S ) then they repre=-
sent a solution to the problem. This Justifies the term

"formal solutlion™ in connection with the series.
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Section 2:
Spn(0).
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Existence and Uniqueness of W.n(®), v n(e),

The differentiation of l.1l - 1.2 with respect to r yields:

(urn )9

(v

r

)

6 =

u + K

D
n prn n

= + v +
An uPn Bn pn Cn

v + R
r n

L]

differentiation of 1.3 with respect to r along the curve
B(r) yields:

+ v
Hn ri n

G u
n

differentiation of le4 and 1

rIl

=1

curve €@ = S(r) yields:

Unn * S nlrdvy = M, + N S n(r)

U.n €088 - v ;85iné = Oy, *+ P .S n(r).

quantitiesﬁh..."fhused in 2.1 -~ 2.5 are defined for

1,

1

as follows:

o

n+l

2

2
C =V )

-‘—53——2 cote + (¥-1)v X
2,2 c®= v

(¥=1) u(u + vcote)

2
- (X+1%;§—:2;§7§ (W + v cote)

r[-

02-
C =

2

2uv

2 2 vrr

C = v

+v cot@
c - v

«5 wWith respect to r along

2
v
(02_ vi:)2



2

= -A.. _3__ ™ —.é.. c =1

Frel S %n 35 Pp ¥ wn 537 B, * 3t Tn * coe ¢2 Ypntl
- 2uv v
2 (s} pnt+l
ca v
Gn = -rBr(r)
H =1
n

_ . 2
I, VB, + uB, + ruB . + ruO(Br) + ru,B

_ d
I = urnBr + rurnBrr + s In

A 2
N r(Sr) (vg + q, sin@) - rsrz(v + q sine)

o4y 2
M = 35 Mn + (v + qosinO)Srn- vrn(Sr+ rsrz) - rvrne(sr)

d x

- - n—
u S Srn = Y,

rig “pr

N = =(ug + nv + (n+tl)q_ sine)
e o

2
4q_co 2
0. = -ps (4qo.gose sin®) - 35°98 © P§n2_2
1 r2 ‘¥+1 T+r033% ¥ +1 1 + r%sZ

4q°sin9 rSr

(- 25_3in® - rS sine - Szc (2]

!

4a_ ps2 + r% s
] I LI (cosO—rSrsing)2

2.2,2
(L + »r Sr)

0

o) S
n+l dr On + Srn é% Pn - (urng cose - W.n sine) Sr

+ (Vrne sine + V.n cos®) S,

4q

a o ¢c0s® sine

-r 5= [ S, .n+l (x;i N 4§*§) ]
+r Sr

Ph = (-ug cos@ +v cos6 +iv cos@ + u siné + Vo siné

n
.. 81n® cosée
4(n-1) 9o ).

rem—

-+
¥ +1 1 + rzsﬁ

8
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Let An,o’ vees Pn,o denote An. eee s Pn for » = O

on Ib-E,s+e + The equations and conditions 2.1 - 25 then

opecome, for r = O,

2.8 (vrn)9 = Dn,o Uon ¥ E Von +F

n,o
where for @ = &, ¢

29 Vrn =TI

and for & = @ ¢

: = +
2e10 wu,n = My,o ¥ N oSpn(0)

- = + 3
2.11 wu_p cose V.n Sine On,o Pn,o Srn(O).

In Appendix II it is established that:
212 N~ < OQat €= 6 .
o s

»
Therefore Srn(O) may be eliminated between 2,10 and 2.11.
The existence and uniqueness of a solution of 2,7 = 2.11 is

then equivalent to the existence and uniqueness of a solution

of the system:

2413 (urn)g‘= (n + 1) V.n
where,for @ = Gb:
2.15 Von = In.o
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The quantity Srn(O) is determined as follows:

r n,o
T e 22 2
2,17 8 ,(0) 5

n,o = @

s
The unique existence of solutions of these systems is

asserted in the following theorems

Theorem 2. Let (u,v) be a solution to 1.9 - l 11 as

described in Theorem 1 _and let 1n<'X < l.5. If © = B(r)

meets the requirements of 1,7 (d), then there exist unique

functions Uns Veons, n = 1, 2, ..... of class C®on T

b=-€ ,s+€
for suitable €>0 and S (0), n =1, 2, ..... such that the
W.ns V.n, and Srn(O) satisfy 2.7 - 2.11.

Proof: PFor n = 1 the coefficients in 2.7 - 2.11 are
w .
of class C in © on Ib-e,s+€ Since u and v are of this class
and the inequalities given in Theorem 1 are valid on the
interval. Hence, if w,» v, and SP(O) exlst and are the

unique selution of 2.7 - 2411 for n = l, then u, and v, are

w .
of class C* on Ib-e,s+€ e Similarly, if U.ns V.n and Srn(O)

. ' w
exist, are unique, and are of class C* on Ib-e,s+€ for
n =1, «.., k, then the coerficients in 2.7 - 2.11 for
w . i
n =%k + 1 are of class C in © on Ib*e,s+€ e Moreover, if

Ul s Vyek+l and Srk+l(0) exist and form the unique solution
of 247 - 2.11 on Ib-e,s+e for n = k + 1, then they are of
class C* in @ on the interval.

It remains to show that a unique solution of 2.7 = 2.11
exists for n = 1, and bhat 1f unique solutions of ‘2,7 «.2,11:

exlst for n =1, ..., k, then one will exist for n = k + 1.
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L % 3%
It U.s V., Sr(o) and U,s V., sr(o) are assumed to be two

solutions to 2,7 - 2,11, then x = u, - uﬁ and y = V. = v:

satist'y the equations:
2.18 —3X = 2y

219 L =D x +E

de 1, 1,07
and the conditions:
220 y = 0 at @ = Ob
Pl
2021 [~——=22 _ _ c0t@ ] x +y=0at 0= ¢ .
N, , sine S
»

I'ne coefficients depend only on u, v, and €., The inequalities:
[»]
2.22 Dl,o > O-on I

b-e ’S+€
and
Pl
2,23 2 O - cot® > O for © = @
N, , sine S
2

are established in Appendix II. From 2e18 and 2.19 it follows

that x satisfies the second order equation:

a®x _ E 94X _op. x = o
d92 1,0 de 1,007 —

on Ib-e,s+€ « This may be written in the form:

%)

e
d dax - = - t
2.24 g5 ( 36 ©Xp J\e El‘o(t)dt )-2xD1’o expj.Gb El’o(t)d -

b
At @ = GS, X and %% = 2y are of opposite sign unless x = O,

from 2,21 and 2.23. If, at © = 6_, x > 0 and %—’gﬁ < 0, then

from 2.22 and 2,24 as © decreases from 6 = Qs the quantity

dx l'
30 °Xp El,o( Jat
Gb
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decreases and x increases. This leads to the conclusion that
If x> 0at 6=6,, then at © = 6,,x > 0 and 32 = 2y < 0. On
theotherhand,ifx<0at9=9.thenatQ:G s X KO

s b

and %J-ec- = 2y > 0. Both of these cases are incompatible with
2.20. Therefore, 2,18 = 2.21 admits only the ldentically
zero soiutione This implies the unliqueness of the solution
u,» v, and Sr(O) for n = 1,

The assumption that the solutions of 2.7 - 2.11 exist
for n = 1, see , k,k +1 and are unique for n =1, ... , k
implies that the solution for n= k + 1 is unique. The

argument 1s essentially the same as that given far the case

n = 1 aboves. The key inequalities

2.25 Dn,o > 0 on Ib-e,s+€ n =1, 2, ceeeoe
and
Pn 0
226 Nno Sine - cote > O for 9=GS n = l. 2, eveee
F

are established in Appendix II.

The existence proof is based on the propertises of

% 3
certain auxiliary functions, “j' ﬂj' “j and p:; e The

functions “j and pj satisfy the system:

de
227 WJ:-ngoﬁj

d
2.28 —-fi::-(j+1)o< - E Oﬁ

N

2
de J Js J
and the conditions at €& = Gb :
2.29 “j = 0
ﬁj = 1 o -

This system is_well defined for j =1, ..... On Ib-e,s+€
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since DJ o and Ej o depend only on u, v and @ , Furthermore,
» ]

the coefflclients are of class Cu’on Ib « Since the

-€ ,3+€
system is linear with a one point boundary condition, it has

a unique solution of class C* on I The functions

be=€ ,s+¢°
nq and ﬁ? satisfy the system:
2450 ﬁj = - Dj,opj
dg;
—1 -_— - i ’ - *

and the conditions at € = @

s
P
o5 = 3 Jao -
2e0R °‘j = Nj olsine cot ©
2
%
ﬁj-——l .

This system is well defined for j = 1, ..... On Ip-€,s+¢
- 9

j,o’Ej,o’ Pj,o and Nj o depend only upon u, v and € .

»

since D
Furthermore, the coefficients are of class C“’on I

b-€ ,s+€ °
Since the system 1s linear with a one point boundary condition,

w
i1t has a unique solution of class C on Ib—e,s+E .

The following argument shows that otj p“; -025 ,@J # O on

Ib-e s+e® This fact will be important in later work. From
2.27, 2628, 230 and 2.31 1t follows that:
d 4 3¢ | m 3 '
— u _-“ _—- - - “ a E. [
o (% By - %y By) =~(ey 85 -y B;) By
Therefore:
” | e
% ¥ .
2.33 - = - ol (0 - .
; .jpj ot 6J j( b) exp Seb Ej'o(t)dt

*(O) satisfles:

From 2.25, 230 and 2,31, °‘j
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i,0 Jso0 ]
Hence:
dod* )

B S - 4D

2.35 35—z exp Seb(Ej’o Dj,o d )at]
% [+ 1 dD ., o
= (j+l)°(j Dj,o exp Sg (Ej,o --ﬁ-?]-—;—'—l‘—-dg Jat .
b L

From 2. 26 .and 2.32, o¢ (e ) > 0; and from 2.25, 2.26 and
“(8)
2.32, ——fi———-s- < 0. It then follows as in the uniqueness

proof that e(j (8) > 0 on Ib-E s+e ° This fact, combined
»

with 2.33, gives the inequality:

2,36 «j(e)'ﬂ;(e) - ec?(o)pj(e) <0 on I

b-€,s+e °
If fl’ f2’ f:5 and f4 are functions of class Cw in €
on Ib-e.s+€’ it 1s formally true that:

6 e ar
2 437 — e 1
jeb 1{unglgdt = fyu, g ]eb = Sgb“rj 3o 4t

(4] o e daf, .
SO £o(vaylgdt = vy ]eb - SG V. 35 a4t
© | % s
Se £o(u,5)gdt = LUn g ]G - S u.y 3 4t

() OS s df4
SG 4(V j) thij] -je vrj'a-e—dt .

Addition of these ldentitlies and use of 2,13 and 2.14 ylelds:

< afy arf, . . )
2438 [ w335 + Dj’ofz) + v 3lge- + (31 E;,of2 + 5 foldt

9 df
3 [urj( T3 + Dj L)+ v 3(—-—— +(J+1l)fz+ 3.304)*' FJ f,ldt
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= (fﬁurj + f4vr3)]9=93 + (fl-fs)urJ]G=G + (fz— f4)vrj]G:Q

- (fu g+ fzvr.‘i)]e.—.eb .

If fl’ f2. f3 and f4 are chosen so that:

1 J
£, = 28,
£, = k°t§
£, = k;ﬁ

where £ and k are constants, 238 reduces, with the aid of

2.15, 2.16, 2.27-2.32, and 2.39, to the following:

2.40 2 F dat + kSOSF * 4
. ,’eb 5.0 Py o J.0P;
K ELQ ]
o an  ews—e——— [ O. - P. - 1[1, ]
sinég j,o Nj,o J,o"€=8 Js0"6=0,

2 4
+ (Iqj - ko'g;) u gleug * (ij - kﬂj)vr3]9=9 .

The constants, ¥ and k, may be chosen to satlsfy

2.41 2 cxj(e) -k «*;

z g,(8) - k,a*;(e)

(e) = 1

o

that 1is: _ _
2.42 Z =,d’5(9)AJ(G)
k = ,9:](0)43(9)

where:

2443 Aj(e) = (Nj p"; - °<'§ ﬁj)'l .
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Then:

e e
= s 3
2.44 w5(0) = A (0) {ig(o)_[ngj.o Ayae + o) [ or; g a

B.(e) M
*oine 9,0 " TP o o
sineg J.,o i,0 J» = 64
% v
and:

A o) (o) [ “ap 4
>, ) = = e o (e j. P, dt + e ‘s P, at
2445 v, 3(8) ] { = (0) ng’o,ej %, (e) o 5,0P

o, (©) Mi

+ sin® - Lo, o XN = P ]G = @

s s jgo j'o - S

3

+ (e

QS( ) [ IJ,Q ]e = eb } .

For j = 1, the expressions 2.44 and 2.45 are well defined
w
and are the unique soclutlons of class C - on Ib-e.s+€ of the

system 2415 - 2416 for n = 1. That they are solutions can be
verified by direct substitution in 2.13 - 2.16. If the

expressions 2.44 and 2.45 for j =1, ..., k are the unique
solutions of the system 2.13 - 2.16 for n=1, ..., k of

W -
Class C on Ib—e,s+€’ then 2.44 and 2.45 for j =k + 1 are,
as may be verified by direct substitution, the unique solu-
tions of the system 2.13 -~ 2,16 for n = k + 1 of class ¢%
on Ib—€,8+€ [ The quantity er(O), j = l, s eso00 s is

defined by the egquation:




u
2.46 S_1(0)= 2 .
rJ ]e:e

Thus, the unique solutions of the system 2.7 - 2.11 for

_ w
n =1, esses of class C* on Ib-e,s+e are given by 2.44 - 2.46,.

The auxiliary functions “j’ Pj ,u‘;, and ﬂ’; are of great
interest because of the following corollaries to Theorem 24

Corollary 1 to Theorem 2: Jet (u,v) be a solution to

1.9 - 1.11 as described in Theorem 1 and 1 € ¥ <& 1.5.

The auxiliarx Functions °‘j 'ﬁj‘ q‘; and p’; deflined for

J =1, ec¢c. as solutions of the Systems 2427 = 2,29 and

w
2+30 = 2,32, are unigqua and of class C“ on Ib-E,s+€ and

depend only on (u,v).

This corollary shows that it is possible to construct
tables of the auxiliary functions for J =1, eceee, k
similar to those that exist for the Taylor-Maccoll solutions.
Such tables, together with the formulse 2.44 - 2.46, would

make 1t possible to compute by hand the quantities w.jy »
= 1’ e oo f L)
v, j and SrJ(O)’ J k for any desired case

Corollary 2 to Theorem 2: Let (u,v) be a solution to

1.9 = 1.11 as described in Theorem 1 and 1 < ¥ < 1.,5. If

KS and K‘b are the curvatures of the shock and body profiles

respectlvely at the nose then

K -Su(Ob)Al(Os) co’t'.Os

2447 == =

K, 2(u(Gs) + v(e, )cotG:)

Furthermore this ratio 1s positive and depends only on (u,v).
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Proof: It is apparent that:

K S _(0)
2.48 -ﬁ!'- = L .
b Br(O)

From 2.6 and 2.46:

() = ur(gs)
2e49 Sy - -2(v(0,) + u(e_)tan @)

From 2.6, 2.32 and 2.44¢
2450 ur(os) = Su(ob)Br(O)ASJfOS) .

Substitution of 2.50 in 2.49 yields 2.47 . From Theorem 1
and condltion 2.36, it follows that the ratio is positive.

The dependence of the ratio on (u,v) alone 1is a conseguence

of Corollary 1l.

The following 1s an immediate consequence of Theorem 2.

Theorem 3. Let (u,v) be a solution to 1.9 - 1,11 as

described in Theorem 1 and let 1 <« ¥ <£ 1,5, Let © = B(r)

meet the regquirements of 1.7 (d). The power series:

2

2451 u(O) + %(9) r + ura(e) Fz—r + cocee
2

252 V(@) + v (&) r + vr2(9)~§T S

| (0) E2
2053 GS + Sr(O) r + Srg 21 + ceeee

are well defined on I, _. ., ¥here u.n, Vv, and Spn(0)

= 1, eccee are the unique solutions of 2.7 - 2,11 of class

n
w
C™7 on this interval.,
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Section 3: The Series Representation as & Solution,

This section 1s devoted to a proof of the followlng

theorem:

Theorem 4. Let (u,v) be a .solution to 1.9 - 1.11, as

described in Theorem 1, on Ib-G,S‘i'G. and let 1 < ¥ < 1l.5.

Let © = B(r) meet the requirements of 1.7 (d) for O < 581.
§ >o0. 1If

(a) the formal power series 2.51 - 2¢55 of Theorem 3

represent analytic functions of r and 6 denoted by u(r,e),

v(r,®) and S(r) respectively in the region D*(82.€2):

3.1 D*(gz.ez) = [(r,0)l 0<o,. - ¢

b = o =g +

| Tr
2 s ¥ €< 5

O =p 552. 82>0,e > 0]

2

(b) the derivatives of u(r,®), v(r,0) and S(r) can be

found by termwise differentiation of the series 2.46 - 2.48

respectively 1in D*( 52. 62). and
(c) Br(O) # 0 implies Brg(O) is such that:

c2 ' :
Se2 [(3v, + u, —g—p coté) a 31:%-!- v ¥
c -V (s)

>0,

el (o,0) = (0],0)

then u(r,®), v(r,0) and S(r) are solutions of l.l - 1.5 in

D(& ) for suitable &>0 and the conditions of 1.7 and 1.8
are met .in D(&).

Proof: The theorem 1s proved in a sequence of five
lemmase The first lemma makes use of the continuity of the

functions u(r,®), v(r,8) and S(r) and their properties on
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Ib-i.s+€ to show that the conditions 1.7 and 1.8 are met.

The second lemma makes use of the Schauder Fixed Point
Theorem to establish that there is a curve on which condi=-
tion l.4 is mets This curve is then shown to coincide with
@ = S(r)s The third lemma uses the Implicit Function Theorem
and the result of the second lemma to establish the analogous
result for condition l.5. The last two lemmas use certain
auxiliary functioné to show that u(r,e) and v(r,e) satisfy

equations lel - 1.2 and also to prove that condlition 1.3 is

mat on € = B(I").

Lemma 1: There exist & > 0 and € > O such that u(r,e),

v(r,8) and S(r) satisfy the conditions 1.7 and 1.8 in D*(§ ,¢)

and such that [(r,B(r)) | O0O=r=§ ] and [(r,S(r))|o=%rs§ ]
lie in D*(§ ,€).

Proof: Condition 1.7 (a) is met since 1 < ¥ < 1.5 by
hypothesise. Condition 1.7 (c) 1s met since (u,v) is =a
solution of 1.9 - 1,11 as described in Theorem 1. Condition
1.7 (d) is met by hypothesls for O < § = 51' The quantity
OS is such that --g-- > Gs = S(0) > Qb » for it was obtained
with (u,v) from Theorem 1. By hypothesis, B(r) and S(r) are
contlnuous in r; therefore there exists 83 > O such that
83-‘- min'(Sl,Sz) and the conditions 1.8 (d) and (e) are
satisfied.

It €, = % min(e,ez). then on the closed interval

I_
b-e3, S+€3




62

(1) 1 >1.12-0-v“2 - 02> 0
(11) u cos® - v sin6 > 0O
(111) u siné + v cose > O
(1v) c® - v° >0
(v) us>o0o .
The set D%(SS.ES) i1s compact; therefore u(r,@) and v{r,e)
are uniformly continuous on it. Thus, there exists 543-0,

5; = 83 such that the inequalities (i) - (v) are satisfied
on D*(84.63). Therefore conditions 1.8 (a), (b), (c) and (£)
are satisfied,

The functions B(r) and S(r) are continuous on O = 1:'-‘-84
Hence, there existss > 0, 8 = S such that

[(r B(r))‘ O=pr = S ] ana [(r, S(r))]Oér - 3 ] lie in

p¥ (85,63). The quantities 8~55 and € = €. are those

required,

Throughout the remainder of the proof of Theorem 4, it
is to be understood that each new choice of § and € is made
so that the new set D*(S »€) 1s contained in the old set
D*(S »€) which just precedes it. This fact will not always
be indicated explicitlye.

Lemma 2: There exists & >0 such that for 0= p = § the

equation:
1]

q,c0s(s,(r)) - u(r.S (r))
v(r, S (r)) + q sin(S (r))

has a unigue solution © = Sl(r) for which S (O) = &4 and

S, 1(0) = 8,(0). Further, S;(r) =S(r) for O=2r=§ .,




63

Proof: The function 4, 5in® + v(r,8) is continuous

over D*(S +€)e Theorem 1 and Lemma 1 imply that, at the

point (OS,O),

1l

3.4 q sine  + v(O,GS) = S555
s

(u.(Qs) sine, + v(e, )coses) # O.

Thus, there exist Sl > 0, 82 # 0 and a closed set B( 81, 82)
defined by: |

= [ = - + s
e85 B(8.8,) = [(r0)|oer =8,,06 -§,= e=o + 3]
such that the inequalitys:
Q, sine + v a€l>0

is valid in B(§ 12 82). Therefore, the function W(r,e),

qncosO - u(r,e)
q,51né + v(r,e) ’

3.6 W(r,e) =
is well defined and analytic over B( 81, 82). At the
point (GS,O) direct calculation gives:

Se'l %‘we' = =1 .

By continuity, there exist 83 > 0 and 84 > 0 such that the

inequality
5.8 %%40

is valid over B( 85. 8'4). Application of the Implicit
Function Theorem to W(r,®) = O in B( 83, 84) shows that

there exists to(r) = © of class C%®4in r for which

Wlr,t (r))=0 O=r =§, .

Calculation of té(O) yields:
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- e
39 tc',(O) = %( 8)

= 2SI'(O) °
q,8in6_  + v(e,)

From hypothesis 1.7 (d) on ® = B(r) and Corollary 2 to

Theorem 2,

3410 Sr(O)-‘-O .

The subset F of B(SS‘ S ) 1s defined:
3.11 F = [(r.e)l 0= r < s » 8§>0, t (r)=o=oe_]

where & >0 1s so chosen that & = 85. L(r,t_(r)) lo=r=<§)

lies in B(S.$4). and to(r)é rSr(O)-l-O O for 0 = réso

It 1s not trivial to show that such a & > 0O can be chosen
when Sr(O) = Oe The details of the argument may be found in
Appendix III. The key fact established there 1s that the
first non-zero derivative of to(r) evaluated for r=0 1is
negative,

The inequality
3.2 02X W(r,0) 2L wir,e )
¢ r ’ T *"s
is valid over F for O=< pr = § since 3.8 holds in F.
By direct calculation:

1 _ |
3.13 | Piiia o = W(r.Gs) = 2sr(o) o

The function %- W(r.Gs) 1s continuous for O € r = § when its

value at r = 0 is defined to be this limit, The set 0 = rs$$

is compact. Therefore, lub 3-1- W(r, 9)| exists, It 1s

_ DEp L
denoted by N.
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3.14 N = lub l-}: W(r,e )l .
Osreg 8

A set of functions, G 1is defined:

3e15 G: all functions © = t(r) of class C° defined for
O=Xr € § such that:

(a) (r, t(r)) lies in F for O==pr < §

(b) 't(rl) - t(rz)' lerl - r2I for © ériss.

i = l, 2 [ ]
This set may be topologized by the metric,_d. defined by
Sel6 dA(t.,, t.) = lub t.(r) - ¢ (r)'.
1" "2 Oér.f.sl 1 2

It is apparent that G is a subset of’ the Banach space J, of
continuous functions on (0,8 1. The space G is non-empty

since € = rsr(o) + Os lies in G. It is convex; for if
t,(r) and t,(r) belong to G, then the function )\tl(r)

+ (1 -A)tz(r) for each A, 0 =\ =1, is continuous and
satisfles 3415 (a) and (b). The Space ' 1s separable metric
and compact, and 3.15 (a) and (b) imply that G 1is a uniformly
bounded equicontinuous class of functions.,. Therefore, by
Ascoll's theorem every 1Infinite subset of G contalns a
Sequence of functions converging unlformly to a function, t,
of J. Clearly, this limit function must satisfy 3.15 (a)

and (b). Therefore G is compact

A map f: G 23, f(t) = t¥ 14 defined by the equation:

: % T |
3.17 t7(r) = o, + jo 3 wiE .t (% Day .
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Slnce

r
se1e | t¥(ry) - t*(ry)| = ” * %W(i. t(%))af) € N|r - vy,
r
2

then t¥(r) 1s not only continuous but also satisfles 3.15 (b)
for O=r =& , To show that t*(r) also satisfies 3.15 (a),
the curve tz(r) defined by:

r
3.19 ty(r) = o + I 1 w(E,0_)dE os=r=§

o

is considerede. From 3.8, 1t follows that

3.20  ty(r)=mth(r) =0 O<fr=§ .
ir |

3.21 té(r) - t‘;(r)éo OC=Z=Er=9§ |,
then

3e22 to(r)ﬁtz(r) O==r=<§
and consequently

5.2 t_(r)=s t¥(r)= o O=r=§ .

The argument leading to a proof of inequality 3.21 may be
found 1n Appendix III. It is thus concluded that £(G) ¢ G.

It 1s shown now that the map f: G -» G is continuous.
ir tl and t2 belcng to G,

3e24 !t’{(r) - tg(r)

= {7 & ws . e v afa

O

O=nr 58 .
With € > O given, 1t 1s required to find $, > 0 such that

4% 3% - .
a(t;.t,) < & implies d(pl. )< €,+ The quantity 2N

bounds the 1lntegrand in 3.24; hence there exists rj, O<r,=§
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€
such that 2Nr1 < -2—9- e Thus:

3.25 |t}(r) - t¥(r)] .‘.f:j]wmtl_(;)) - W(Fto(9)|ag + .

The function~% W(r,©) is uniformly continuous over the closed
subset of F for which r,=r=§ . Therefore there exists

® (r.) > 0 such that l‘mr e,) - Ww(r,e )l4€° for
o' T =] *¥2 23

[6, - 6,] < §,(ry)e This 1s the required §_.

The Schauder 'l‘heox'eml2 asserts that a continuous map
of a compact convex non-empﬁy sﬁ'bset of a Banach space into
itself has a fixed pointe. These hypotheses are satisfied by
the set G and the map, f, definec_i above. If € = Sl(r') is a
fixed point of the map f, then

r , .
_ 1

3.26 S (r) = o + Io § WE. s (Bag .

It is clear that Sl(r) 1s continuously differentiable on

O<r=§ . Application of L'Hospital's rulse gives:

3e27 1im Si(r') = 1im (W, (r.Sl(r)) + We(r,Sl(r))Si(r)],

r—>» -+ 0O r—>+ QO
and hence

_ W (r,s,(r)) |
3.28 lim  S4(r) = 1lim L1 =8,(0) .
r—>+ 0 r—»+0 1-w/(r,s (r))

Thus Sl(r) is continuously differentiable on O r=§ and
is a solution of 3.3.

This solution, Sl(r), is unique. If it is assumed that
two distinct solutions t (r) and t (r) exist, then there

12Solomon Lefschetz, Topics in Topology (Princeton
University, 1942) .
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exists 83 , 0 < 83 <28 such that

3eR9 ts(r)< t6(r) O <r = 83
(where the subscripts 5 and 6 are chosen appropriately).
From 3.3 and 3.8,

3e30 té(r)>té(r) OLr = 83

and

62(0) = t3(0) .

Hence, 7
3.31  tl(r) = t(r) O=r = S:5 .
Integration of the above ylelds:

3032 t5(r)at6(r) Ompres § 2

which contradicts 3.29 for O < r = § ;. Thus, the two solu=-
tions coincide for O = p = 83’. The function -3‘-; W(r,e) 1s
analytic on F for O < § S.é' r < 8 + Therefore, the solutions
which agree at r = 8.3 agree for Sse r=§ , and the solu-
tion Sl(r) is unique,

The function % W(r,®8) is analytic for O< r £ § ; hence
S,(r) is analytic for 0< r=§ . The second derivative of

Sl(r) for r = O is evaluated using L'Hospltal's rule as follows:

s, Pr) = wir,s (»))
.70 + 28, e = W (s (00) + W, 340000 8, P

W (2,8, (r)) +(Wg- )3, (3)(p)

31(2)(1,) - -
« (2) _ v ' (1)
rav ol FIE S M Bg 5 )

+ ooy M e )2 (wg-1)8, @) (r))
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« (1) @) 2
W__+ 2w w_.(3
Se33 1im '31(2)(1') =  1lim =EE re 1 (r) + ee '3 (r)) .

r=>+ O r=>+ O 2 = WG

th

In general, the n"* derivative of 8,(r) at r = 0 may be com-

puted in the same way, since the denominator on the right will
be n - We which equals n + 1 at (GS,O). This n°B derivative
is Srn(O) by condition 2.,17. The series 2,53 has as coeffice
lents Srn(O) and has a positive radius of convergence greater
than or equal to § . Thus S,(r) is analytic on 0 = r=8 and
coincides with S (r).

Lemma 3. There exists § > O such that the implicit
equation

| . ¥-1 1
3¢34 ulr,®)cosé - v(r,e) sine - y+I Ec;

q6 cos® - u(r,®) )2 2

+2 cob® - sin~e
%o vir,e) + q, sin®

1
(@)

(3-#)% . ‘éo cos® - u(r,e) )2)

v(r,e) + q,sine

has a unique solution 6 = S,(r) for O=S r=§ of class c¢*

in r, such that €4= Sz(O). Also, Sy(r) = 8(r) for 0<pr=f,

Proof: If z(r,0) denotes the left hand side of
equation 3.34 then Z(r,@) is a well-defined and analytic
function over the set B( §,, 82). (S8ee 3.5). By direct

calculation: |
3e35 o 2Z _ c? (u + v cote) sinO] . >0 .
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Therefore, SS > 0 and ‘6 >0 exist such that

-YA

336 $g > O over B(SS’ 86) .

Since Z(O.Gs) = O, the Implicit Function Theoren asserts the
existence of a unique analytic solution € = Sz(r) for O= re§

for some § > 0 such that 6, = 82(0) .

To verify that_Szxn)(O) = Srn(O), n =1, 2, eesee, it
i1s noted that condition 2.5 upon S.n(0) can be written in

the following manner:

n

337 %r—ﬁ [ u(r;S(r)) cos(S(r)) - v(r,s(r)) sin(S(r))
_ X1 _ _2q, (cos:(s (e} r3(r)sin(s (r))
e, @e1)a -l-rﬁsré-.(r)) ] r=o0 0

From Lemma 2,

) q,c0s6 - u(r,o) ]
S¢38 rS (r) =
r qa, sin® + v(r,o) on 6 S(r)

and substitution of this value for rS (r) in the above (3.37)
shows that S (n)(o) =S n(O) for n =1, 2, eceee o It then
follows from the Identity Theorem that Sz(r) = S(r).

Lerma 4. There is a §>0 such that over D¥( § .€)

o. o w
there exists & unique solution ( Q. vr) of class C of
the system of equations: ’

+ov

o -
Se 9 ( 'ur)g = I'Vr2 + vr r




o -2 2.
5,40 (° - &5 - 2u
R el e e A
o2 _ L2 A e e
. r["(c -V )(-(8—1)(uur + vvt)- 2uurl
(c? - v2)2
L - e @, 4 vw) - Bew) .
S (02 - v2)2 .
c? - #2 ‘ 2uv 2uv
S e i e

, (0% v¥)teu )+ 2uv(s (@-1) (wnt vv )e v ) gy
| (2 - v2)2 r

)

+1L1 *—z——z + @-Lhutu + v cote)—pl 1, \&-

(c™= v©)

+ [-(¥-1)v g_lr’V_/ggt_O +-—2—-—2° — cot®
c”= v" o efe v

2
. ( 2 2)2 (f#l)v(u + v cote) 1 °v
C =V

+ v cotG 2c
+ [ -2+ 2(¥-l)u L A
02- V2 ‘32- V2 ‘

- ——-—-72? (X—l)u(u + v cot@®) ] u,

(c™= ¥
U+ v cotO  2e2
+ [ 20-1) B L0988 B0 o510
c“= v c“= v©
P
-2 - )2 (¥+1) V(pvf;v:cptﬁe)“l A
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Sedl ovr + I'Br our = Br[ rBr(rvr + v) + u

2 2
(S u o+ SBW oy 4y

C = Vv r cC = Vv r

2
+ :z—fTé (u + v cote)] + ruBrg + 2rurBr

and on 6 = S(r) :

N o C - u o) 2uv
. + .
3442 u, (cose rSr m) + vr(sinO + rSrcosO + r cz_vz Sx-)

2
= zvr sine - 2vSrcoaG - 2usrsin9 - —c——-sl:(u + v cote)sine

2 2
¢ =-v
q cos(S(r)) - u(r,s(r)) ;
(cos(s(r))- 0 sin(S(r)))
+2qo 3 v(r,S(r))-i-qosin(S(r))
¥+1 dr qocos(s(r)) - u(r,S(r)) 2 )
1
L * (v(r.S(r))-i-qosin(S(r)) ) _

Furthermore, on D*( $ .¢)

Bed3 °ur(r.9) =u,(r,e)

OVP(I’,Q) VP(P’G)

Proof: From Lemma 1, the coefficient of our in 340 is
positive on D' (§ ,€). There is a §3 O such that for O = r€g
the coefficients of our and Ovr in 3.42 are positive., For
r = O, the method of proof of Theorem 2 applies directly.

For fixed r 2 0O, the quantity

& (r,8)8" (r,8) - o (r,0)8(r,0)
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may vanish. The 8, .P* and oc* are the auxiliary
functions for the system. However, at (8,,0) it does not
vanishe Hence, there exists & >0 such that it does not

vanish for 0= r € § , ¢ = Ob' For this § , the method of

proof of Theorem 2 assures the unique existence of an analytic solu-

tion of 3,39~ 3.42 over D*(S 2€)e On Ib-e s+ it is clear that:
»

3e44. . °ur(o,o) =u,(0,6)

°v,(0,6) = v,(0,6)

since both satisfy 3.39 - 3.42 and the solution is unique.
The system 339 = 3,42 may be regarded as formed from the
system 2.1 - 2.5 by adding and subtracting equal quantities--
and then labeling some of the quantities with superscripts.,
Differentiation of 3.39 - Se42 with respect to r and the use
of 3¢44 ylelds a system that could be formed from the system

2¢7 = 2,11 for n = 2 by a similar processe. Since the solution

is unique,

o |
3.45 u,0(0,0) u,2(0,6)

o]

If the identities
oer(0,0) = "rJ(O'o)

are valid for j =1, s.., k, then the same argument ‘shows
that they are valid for j = k + 1. Therefore the identities
Se46 hold for j = 1, see.e and 3.43 holds on D¥(§ ,€).
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Lemma 5. There is a & > O such that there exists a

#
unique solution (u",v") of class C* over D*(§ »€) of the

system:
® _ 3¢
Sed" u.g = rvr_ + v

2
S¢48 Ve r(.- ur-i- Tu_v.z‘.:’)-zu - 2c¢ n v cot@®

+ *
tu +gs—an (U + v cote)
c

such that:

r
5449 u(r,B(r)) = u(0.0b)'l'j [ue(E.B(E))Br(f)*our(g.B(s))]dg
o

3¢50 v*(r,B(r)) = rBr(r) u*(r,B(r)) .

Furthermore, on D*(S o€ )2

3.51 u¥(r,0) u(r,e)

v*(r,e)

v(r,e)

352 vir,B(r)) = ru(r.B(r))BP(r) .

Proof: For r = 0 it 1s clear that u*_-—_- u, V*E v is a
solutione The one point boundary conditions 3.49 = 3.50
(r regarded as a parameter) are analytlec in r. Therefore,
there exists § > O such that 3.47 - 3.50 have a unique |
solution of class c® on D*(S »€)e Differentiation of 3.49

with respect to r yields:
5.55  ug(r,B(r))B,(r) + wi(r,B(r)) = uglr,B(r))B,(x)

+ %u, (2,B(r)) .
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Since u”(0,8) = u(0,8), it follows that ug(0,8) = ug(0,8).
Hence, for r = O, equation 353 and Lemma 4 give:

3054 u.(0,8,) = %y (0,6,) = u,(0,6, ).

Differentiation of 3.50 with respect to r ylelds:

$% 3t
3¢85  v.(r,B(r)) + vg(r,B(r))B (r) = B_(r ¥ (r,B(r))
+ rBrg(r)u*(r.B(r))
' %%
+ rB,(r)[u,(r,3 (r))
%
+ ue(r'-B(r))BP(r) ] [
The result
) %, . _ o —
3456 vr(0.0b) = vr(o,eb) = vr(o,eb)
is obtalned from 3.41l, 3454 and 355 for r = O. Differentia-
tion of the equations 3.47 and 3.48 with respect to r yields

3 &
3657 (“r)e =TV v, +v,
2 2
3% C = u 2uv
358 (V. ), = = u,_ + == v
r’e c“=v® T c®a y® T

-bz- vz)(-(b’-l)(uur +vv,) - 2uur)

2 r
(02- v2) '

+>r

(%= u®)(-(¥-1)(uu, + vv ) - 2vv )

- U,
(c? - v%)2
P> 2
- 2uv
-gg_.l‘l.zurz-f—c?—-;zvrz
C - Vv -

(c2- v2)(2urv + 2uv ) - 2uv(-(3-l)(uurivvr)-2vvr)vf
r

(c2- v2)2
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32 va %
+1l+—p—a+t (¥<1) u (u + v cote) —s—3z=5]lu
C -V (c = v") o
2
+ [ -Q-1) v 220 0080 e cote
c -V C - v '
02 *
+ (F41) v (u + v cot®) ] v
(¢c"= v¥) | r
2
c”e v c®= v
202 (¥-1) ﬁ (u + v cotO).]
-T2 2.8 -
(c®= v©) r
u+ v cot® 2c2
+ [ 2(0-1) v & - cot®
' c2- v2 c =~V
2c2'
- 553 (Y1) v (u + v cot®) ] V. e
(c™= v7¥)
From 3.39, Se40, 557 and 3.53. it 1is apparent that on
Lo o8 o * o - , .
Ib-e:§+e"“r w, and v. v. satisfy the equations:
: a*
3.59 (un = u )y = (V3 = %y )
o 2
360 (v: - ovr)er= [ 1+ 5ty
c - v
| : ‘ o2 s o -
+ (F-l)u(u + v cotO)-Fjg———g;g Ja, = "u.)
c = ¥
u + v cote 02
+ [ = (¥-1)v ——— +—§——? cotd
c' - v c=- v
o . o
+ e . (F+l)v(u + v cot®)] (v, - “v.)
(¢"=v

From 3.54 and 3.56:




7

0

!
s
i

]
<
n

0 at (o.eb) .

The system 3.59 - 3.60 is linear and homogeneous. Thereforoc,
# o __ # 0 =
it has the unique solution W, - o, = 0 and Vo V.= O.

Lerma 4 together with this result glves:
3462 ¥(0,0) = °u_(0,8) = u_(0,0)
® ur » — \«lr .7 _ ur »
ve(0,0) =%v (0,0) =v_(0,0)
r » —1 s r » —1 r ) L 4
If the identities

3465 uin(0,8) =% pn(0,0) = u_0,8)

von(0,0) = °v 1(0,0) = v_(0,0)

are valid for n = 1, ..., k, then}the same argﬁment shows}
that they are valid for n = k + 1. Thug. 3¢51 holds on
D*(S 2€)e ‘Lemm‘a 4 and the identities 3.51 combined with

349 and 3.50 imply Seb2,.

The proof of Theorem 4 is now complete. The existence
: %
of §>0 and € > O have been established such that in D (8§ ,€)
and therefore in D(9 ):

(a) the conditions 1.7 and 1.8 are satisfied (Lemma 1)
(b) u(r,®) and v(r,0) satisfy 1.1 = 1.3 (Lemma 5)

(¢) u(r,8), v(r,8) and S(r) satisfy 1.4 (Lemma 2)

(d) u(r,e), v(r,9) and S{r) satisfy 1.5 (Lemma 3) .




CHAPTER 1V

SOLUTION OF THE FLOW PROBLEM

Section 1l: Introductione.

Chapter IV is devoted to the singular boundary value
problem which was stated in Section 3 of Chapter II. This
problem 1s studied in detail, and, with the technlique
developed in Chapter II; a formal solution is obtained in a

constructive manner for the class of "cone-1like" bodiles.,

Definition: A body profile © = B(r) is cone-like if
and only if it is analytic and '

1.1 Br2n_l(0) = O n = l. 2. ccoee o

The reason for the restriction of the'argument to cone-like

bodies 1s given in the next section,

The dimensionless form of the problem is used. The
quantities qo.l and the curve ©® = B(r) are given; the problem

1s to find a solution (u(r,e), v(r,0), h(r,e)) of the equations:

2
_ -C
1.2 u(ue-- v - rvr) = YO5-10n he

c2 u2 2uv c2u 1 h
1.3 Vo, = rf- = u, 4'-2—-——2 v "'—2-—-2
i c”= v r c”= v r c“= v* ¥(¥-1)n T

2
c
-u - :E:f;? (u + v coto)

1.4 ruhr"'Vhe:O
where:
1.5 czz%]-‘(l-uz-vz) andﬂ2=§f"—,}: »

78
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such that on @ = B(r):
1.6 v = ruBr.
and to find a curve © = S(r) such that on it:

17 u + rS_ v = qo(cose -rS., sine)

2.q _ 2
1.8 u cos® - v sind = %’2— + _&_L)_&g(cose rSp 8ine)
2.2
o

l+r S.
2 _ v2)(q (sin@ + rs cosG))l_x

2 - ¢
o ruSr v

1.9 h= (==X
l -qg

The solutlion is to be valid in a region D(§ ):
1.10 D(§) = [(r,0)]|B(r)=6=5sS(r), 0O=r=§ , § > 0]

The physical stipulations of Chapter II, 3.30 and 3.3l are

also made.

The first step in the development of a formal soclution

is the determination of e, and (u,v,h) on Ib-e,s+e « For
this purpose, it is necessary to find a solution of
c2

l.11 u(ue -V) = = hO

¥(¥-1)n

2
1.12 V, = =u = c u + v cot®

o 5 2( )

1,13 vh_=0 ,
such that at © = Ob :
l.14 v=20
whiie at @ = 08: H

le15 u = qocose

S 2 :
l.16 u cos® - v 8inéd =ﬁ-— + (1 -/uz)qo cos?e
o
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- w2 o 42 9, s1né :
1,17 h = (—1__!2_'1_ i~ .
l-q°
The Taylor-Maccoll4solution, (u,v), together with a constant,

h, determlned by le17, form a solution of this system,

Therefore, from Theorem 1l:

Theorem 5. There exists & non-empty sSubset D*( ¥), of
(a, LN )-space defined for all ¥ , L < ¥ < 1.76 such that if
(q .0 ) belongs to p¥ (¥ ), there exists a solution (u,v,h)

)
of class C™ of 1.11 - 1.17 on Ib-E.s+€ for suitable € > 0 ,
This solution is such that on Ib-e,s-!-e H
(a) 1>u2+v2-02>0

(b) 02-v2>0

(¢) u cos® - v sine > 0
(d) u sin@ + v cos® > 0
(e) h >0,

and also such that

¥-1
1>a,> V733

2 s b
The second step in the development of the formal
solution is the inductive proof of the unique existence

of (W.ps Yens Bop) B =1, 2, cevvs on I satisfying

the systems obtained from le.2 = 1.9 by differentiation with
respect to r the appropriate number of timeses This induction

is carried out only for cone-like bodies. The determination
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of (“r’ A hr) is carried out without the restriction to

cone-like bodles, since these quantitles are needed to
determine the shock-body curvature ratio at the nose and to
make clear the reason for the discussion of cone-like bodies,

The determinatlon of (u,,. Vone hon) on I

involves the determination of S.n(0).

b=€ ,s+€ also

The third step in the development is the proof that if

the series

l.18 u(x‘.O) = u(G) + r%(O) + urg(O) + cecee

1.19 v(r,9) = v(9) + rvr(O) + vrg(O) + ceeee

2% 2% %

1,20 h(r,@) - h(O) + rhr(O) + hrg(e) 4+ cecee

| 2
1.21 S(r) = o, + rs_(0) +'§T S,2(0)+ «e.e

converge 1in D( § ), they represent a solution to the problem.

Section 2: Existence and Uniqueness of w,,(8), v, (),
h,,(®) and S_n(0). |

The equations l.2 = l.4 are differentiated n times with

respect to r to obtain the system:

= <+
2.1 (urn)e Anurn + anrn + thrne Rn

2.2 (vrn)e Dunp+E Vv +Th,+W

r

2e5 v(nga)g=Xhn,+Y .

The differentiation of 1.6 with respect to r along the curve
© = B(r) ylelds:

2.4 G-nn!,,n + anrn = In °
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The differentiation of 1.7 - 1.9 with respect to r along
the curve © = S(r) yields:

245 U + rSrvrn = Mn + anrn

26 u,, cosé - Von 81né = On + Pnsrn

— + .
247 hrn Znsrn + Jnurn Knvx_n + Ln
The quantities:

2.8 An. Bn, Cn’ Dn' En, Fn, Gh' Hn’ In. Mn, Nn, On and Pn used

in 2,1-2,7 are as defined in Chapter 1II, 2.6 The additional

definitions:

2
Q - - ——-——ci—-——
2+9 "n ¥ (¥-1)hu

= , D
Rl = TVnn + hO dr (Ql)

- v + -
Rn+1 - e% [Anurn + B, Ven thrna ] Anurn"’l
- anrn"'l = hrn"'lo
T = nczg——

N (c? - v2)¥(¥-1)n

= r 3
_ : . x
Wn+1 = Fn+l + gk(ﬂn - Fn) - Tlhrn+1 * Bon 37 Tn
X = nu
n

= - - +
Yl Vrh0 rurhr L'lhrz

=9
Yn+l . ( - nuhr *Yn) + (n + 1) uhrn+l

are also made. This leaves Zn’ Jn’ Kn andnLn still undefined.

The use of 1,7 to eliminate rSr in 1.9 ylelds:

2,10 h = 2=
l-q

2 _ .2 qo(u cos® - v sin@) - u? - v2 ¥-1
2 _
o

2
Qg qa(u cos® -~ v sine)
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Differentiation of h as expressed in 2.10 with respect to r
along ® = S(r) gives:

2,11 h, = Z].Sr + Jlur + Klvr + Ll o

where:

V q,(u cos®- v sine) -ul- v?-\x-l
2.l2 zl - ?5[ -h
W

qo - o(u cos® - v sine) I ©

1 2

- 1R o yo \¥-1
5 = _ _2u q (u cos® = v 81né) = u v \
1l - q,

2]
q, - qo(u cos® - v sind) 7

+ (¥-1)|d =
1-q

2
o

2_ v qo(u cOoS® - v 3ine) - u®- v2)b’-2
q?- qo(u cos® - v sine®)

2 2 2
qo(qo -u=-yv) cosé

[qg- "":qo(u cos®=-v 31ne)]°

ov qo(u cos © - v 31n®) - u°- v2) ¥ -1
q

K, = =

2

2
1l - q, 5

- qo(u cos@ - v 8ino)

2
- -1 u= v

2 qo(u c0s® = v 3ind) - ue v° ¥-2
1l - qo

2
Q, - qo(u cos® v 8ine)

2 2 2 |
qo(qo -u v®) sine@ )

(@2 - g (u cos6 - v 31ne)]2
o o
Ll = 0 a

The above expressions deflne Zl' Jl. Kl and Ll e« From the

n®® derivative of h along © = S(r) the definitions:

2.13 Zn = Zl

J

Jn 1




Lo+ EF[Zn rn ¥ Iptn Y K Vo Y L - 2 58

- J - K

are obtalned.

If Au;o’ coe ’;Zn,o denote An’ see o Zn respectively on
I » the equations and conditions 2.1 - 2.7 then become
b-€ ,s+€ -

for r = 0O:

2.1¢ (uplg = (n+l) v ., + Q.0 Bpne * R

n,o
. . =D 1 +
2415 (vrn)e Dn.ourn En,o Von * Tn.ohrn + wn.o
2.16 V(hrn)e = xn’ohrn + Yn’o L
where at 0 = Gb H
and at @ = Os:
= 0
2,18 w,p =My +N o S .n(0)
219 W.n cose - V.n sine = on,o + Pn,osrn(o)
= + + L .
220 hrn = zn’osrn(o) + Jn.ourn Kn,ovrn n,o
Since

2.21 N ]o=o £ 0 ,
- ]

the system 2.14 - 2.20 1is equivalent to the system :

+ R

2.22 (‘-lrn)e = (n+1)vr + Q Q rnG n,o

+ E v + T h + W

2._23 (vrn)o =D n,o rh n,o i n,o

u
n,o rA

2.24 '(%‘n‘)o ='xn.°%n + Yn.o »




where at @ = Ob H

and at @ = @ ¢

P
O
2426 (;——E;m - cotO) W + Vo
n,o

M P
8in® | 'n,o N
n,o

Z . Z M
. - [ =128 - = e N0 n,o
2.27 h.n (Nn,o + Jn,o W.n Kn,ovrn Ln.o _.*__:._ R

n,o

A solution of 2.,22 - 2.27 1s a solution of 2.14 = 2.20 where
S.n(0) is defined as:
u .. =M

2.28 srn(o) = _J"I‘r_.!!ﬁ] .

n,o e =20

s
The study of the system 2.22 - 2,27 depends upon the

fact that equation 2.24 involves the single unknown hen

1r (.4, V.j» h.j) are known for J =1, «ee, n = 1. For n = 1,
thls equation is:

2.29 v(hr)e = - uhr .

Iheorem 6. Let (u,v,h) be a solution of 1.11 - 1.17
*
as described in Theorem $S. The function %(O) :

0-0 n Os
# e - I u 1
2,30 h,n(0) =(3——5—_ ) exp[n‘[ (= + ~ )dt]
" s b e Vv 2(t eb) ,
is of class C¥ on Ib—e,s+e if n 1s even and it is of class C*

on Ib.s+€ » oxcept at © = & where it is continuous, if n is

odd. In thé case that n is even, 1t 1is the unigue solution

of class C” of the reduced equation 2.24 on Ib-e ,B+E such that
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#
h.n(6,) = 1. 1In the case that n is odd, it is the unigue

solution of the reduced egquation 2,24 on Ib s+€ such that
»

. ;
hrn(Os) - 1.

Proof: The function

u 1
2631 ;+T—-T’—2°- "

w u
i1s of class C™ on Ib-é,s+€ since v has a pole of order one

at @ = Ob with residue - % ¢ Therefore, the function

3

h n(@) is of class c“ on Iy-e,s+e 1T N 18 even and is of
class C.’on Ib,s+e’ except at ? = Gb where it is continuous,
if n 1s odde. By direct calculation, h:n(O) is a solution of
the reduced_equation 224, which 1is

2.32 V(hrn)o = =- nu%n »

such that h:n(Os) = 1l In every open interval of Ib-e.s+€

contalning € = Os but not @ = Ob. the solution of 2.32 1is
unique for given value at @ = °s e The difference of two
solutions having the value one at © = Gs is identically zero
in an open interval containing @ = OB. Therefore, these

solutions coincide on Ib-e.s+€ if n is even and coincide

. _ *
on Ib.s+€ if n 1s odd. Thus the solution hrn(e) is unique.

By Theorem 6, any solution of 2.29 on Ib,s+€ can be
expressed in the form:
%
2633 klhr(O)
where k1 is a constant. If this expression is used for hr

in the system 2.22 - 2,26 (for the case n = 1), the auxiliary
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functions %y: B> u;‘: and ﬁ;‘: introduced in Chapter III may
be used to express a solution of this system, dependent on
the parameter kl. The condition 2,27 may then be used to deter-
mine kl and thus to obtain a solution of 2.224-.2.27, or, equiva-
lently, a solution of the system 2.14 - 2.20 for n = 1.

In the following discussion the abbreviation $® . where

Z P
n,o - 0
254 I n o + Jn.o Kn,o (Nn osin3‘
»

- cotO)] An(O )S rnO ﬁn I'n n,o )de

is convenient, because the quantity occurs frequently.

Theorem 7. Let (u,v,h) be a solution of 1.11 - 1.17

as described in Theorem 5 and 1< ¥ £ 1.5. Let © = B(r)

meot the requirements 3.30 (d) of Chapter III. If the

inequality

2635 51#1

is valid, the system 2.14 - 2.20 has a unique solution

(ur’ V. hr) on I g+ 2L class c?, except possibly at
»

® = 8, where 1t 1s at least continuous.

Proof: If (ur, A hr)l and (ur. A h.r)2 are two

solutions of the system 2.22 - 2,27 for n =1 on I

b,s+€ *
thelr respective differences (x, y, z) satisfy the system:

2.36 xg = 2y + Q) 2

2.57 3g=D) x+E} J+ T

Z
20

2438 vzg = Xy Z
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where at 0

"
o,o
[ 1]

239 y=0
e

and at @ =
s

P
2.40 (—L&.Q._ - cot®) x + y=0

Nl’osine

2.41 z--(--5L---)+Jl )X+ K, y=0 .
1,0 l,0

The general solution of 2.38 is
2.42 Z = mlll‘*(e)

where m 1s a constante The use of the auxiliary functions

#* *
., pl. dl and {31 » 88 in Chapter III, yields:

-- o
_ # * #
2.43 x =ma, (0) [BE(e) fo (o) Byg @y o+ @ BE T ) a
b

[~
s
XU NEWE R S E NP

: . - e & %
2.4¢ y = - mA () [ o (e)Se QR Q) o+ @ by Ty )at
b

e
s % % * %
+ “1(9) SG (e<; he Q'Il..o * Gy by Ll,o) at ] .

The lintegrals involved in 2.43 and 2.44 exist since their

integrands are continuous on I » With the possible

b,s+€
exception of the point @ = Gb near which they may behave as

badly as the function (@ - 6 ) '2 » The functions x, y and =
defined in Z2.42 - 2.44 satisfy the system 2.36 - 2,40 . From

2642 = 2.44 it follows that:
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Z
1,0
- ——L b~ -
2 .45 z (N + Jl.o)x + Kl.oy] = m(1l §1) °

Thus, condition 2,41 1s met if and only if m = O,

Therefore,
if a solution (u_,, A~ h‘r) Of 2,22 - 2.27 exists, it is unique.

If 2.35 1s valid, the unique solution of 2,14 = 2,20

does exist for n = 1 on Ib,s+e . It 1is

. e
_ 3 #* : %%
2446 ur - Al(o) [ k1 ﬁl(O) SO (xlhréa'l.o +ﬂ1hr— Tl.o)dt

b

+ kB (8) S s(or.l red1 o h Tl.o)dt
%

+3,(0) ( Il".o)9=9b ]

247 = -A_(0) [ k, x¥ Ic (g"* + 83 ¥ p )dt
. Vp T 1 1%, () o 186?41 o 1% T1,0

+ )k, o (O)SG’( b N~ + )at
ey ¢ (8) ] Sloyhagdy o *+ BINT

+ej(0) (1) Joca, ]
2.48 hl‘ 1:
Up
2e49 81{0) -ﬁ-;—;]e:e »
’ s

where kl is the constant given by the equation:

[;ﬁ +J ,o]O:O 31(0 )

2.50 k

1,= L Il.olo=0 L (0.)
(K3 ,0)6=0g 1(°s)
- 1-%, .

1
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It is clear that this solution has the required properties

on 1 )

b,s4+€ |
Corollary 1 to Theorem 7. Let (u, v,h) be a solution of
1l.11 - 1.17 as described in Theorem Sand 1 < ¥ < 1.5. If
the lnequality 2.35 is valid, the ratio of K, and K, the

curvatures of the shock and body profiles respectively at
the nose, is:

2.1 .I_i_s.= -.‘.’:u.(OjlliAl(Os)0:301:0s 1

K, 2(u(e§) + v(6,)coto) 1 - &,

Furthermore, this ratio depends only on (u,v, h) .

Theorem 7 would be strengthened if it could be estab-
lished without having to make the assumption 2.35 . The
following inequalities are established in Appendix IV :

Z . P ‘
252 F]u& +J - K ( —-_—1,0 - cote)] £ 0
»

[«
s * + * 6 »>o .
2e55 S (“1hroql,o ﬁlhrTl,o) °
%
These, together with the result:

2.54 Al(os) £0

from Chapter 1II, imply that

2,85 @, > o,

This is the only result obtained in this work in the
attempt to establ:lgh the ass_uinption. However, not only is

it probable that 2.35 holds, but it is alsc probable that %

stronger inequality
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2,56 o<§l<1

is valid; for the above is equivalent (from 2.50) to the

reasonable supposition :

K’ >0
2457 .
L

In considering the system 2.14 = 2,20 for n > 1, it is
important to notice that In ‘6 will contain multiple

»

6-derivatives of u, and vx;. Thus; if txz‘% o, In;o is unde-
fined, in general, for n > 1. Indeed, if r&,ji O, J odd,
this situation will arise for some n >» j. For this reason
it 1s natural to consider those body profiles for which
h.n = 0 for odd index ne The next theorem reveals the con-

sequences of this consideratione.

Theorem 8. Let (u,v,h) be a solution of 1.11 - 1.17
as described in Theorem § and 1 < ¥ <€ 1.5. If the functions

W.ns Vano h;n and srn(o) form a unique family of solutions

of the system 2.14 - 2.20 on I of class CY such that:
— ,S+e — ————

2.58 hl.zn-l = 0 n= l‘ 2, secsesn

then '

0

269 B_2n.1(0)
u.on-1(0) =0
vrzn_l(e) =0

0 n=l’ 2. L X 3L N J ®

Srgn-l(o)

Proof: The prooflis inductive.
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Case n = 1. From 2.26 and 227

- P
2,60 (=——haQ. - cot0) u, + v,

= 0
Nl.osine
Z :
l,0 . -
(ﬁ;f:'+ Jloo) Y *'Kl.ovr =0

at @ = Os' Therefore, with use of 2.52:

2.61 u,(6 ) = v.(e) =0 .

The system of equations 222 = 2.23 is homogeneous, hence:
2.62 u (6) =v_(0) =0 .0

on I,,s+¢ © From 2.25,‘2.?8. and the above :

2.63 Br(O) = Sr(O) =0 .

It 1s assumed that_2.59 i1s valid for n = 1, ecece, Xk o
Case n = k + 1. From 1.7,

2.64 u+rs\v= qo(cose - rsrsine)

on © = S(r)e The (2k + l)th derivative of 2,64 with respect
to r along @ = S(r) evaluated for r = O will involve only
the der;vatives w,ok+1 or Sr2k+1 since 2.59 1s valid for

n =1, ees , ke For instance, in the expansion of
gok+l

(u(r,S(r))) every term involves r derivatives of u
d,.2k+1

on S(r), and the sum of the orders of differentiation in r
1n~ea¢h term is odd. Hence, the induction assumption
implies every term 1ls zero for r = O except those which

involve w,.ok+1 OF sr3k+1 e The same argument applies to

the ®ther terms of 2.64 with the modification that if the s
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of the orders of differentiation in r is even, then the
term contains r as a factor. The same type of reasoning
leads to the general conclusions:

2465 R

2k+1,0 =Wope1,0 = Youey,0 =0

on Ib,s+€ »

2.66 12k+1.° = - veBr2k+1 + (2k+l)uBr2k+1_]G=

%

and at @ = Os:

2e67 Ook+l,0 = Moxel,0 = Lokel,o = O -

It is established in Appendix IV that

Z P
Nn o n,o n,o N sineé
’ n,o e = 08

for all n. Therefore, from 2.26, 2.27, 267, and 2.68:
2.69 ur2k+1(98) = V.2k+l '(Qs) =0 .

From 2:.65, the system of equations 2.22 - 2.23 is homogeneous ;

hence:

2670 ., 2k+1 = Va2k+l = 0]
on Ib,s*é' From 2025. 2.28. 2.66. 2.67 and 2.70,
2.71 Br2k+1(0) = Srgk.g.l(Q) =0 .

This completes the induction.

The reason for the consideration of cone-like body
profiles (see l.1l) is evident from Theorem 8 and the
remarks which precede it. The next theorem establishes the

énalog of Theorem 2 for cone=like bodies,
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Lheorem 9. Let (u,v,h) be a solution of 1.11 - 1,17

as described in Theorem Sand 1 < ¥ < 1.56. If @ = B(r)

meets the requirements 3.30 (d) of Chapter III and is cone~
like, then there exist un unigque functions Q.ns Vons Buns and

rn(O)' n =1, eeeee Oof class c¥ on Ib-e,s+€ which satisfy
the system 2,14 - 2.20, provided that for all n the inequality:

2,72 §n #1
and the egualitx:

. Y (e, ) ,
-X (e) o D + ¥ ()

- 2?_ 2n,o J(.%J&(e]8 2n,o - o
d n 8
‘o—-r’ TG, °xP ﬂzﬂ] w * aﬁp’d“ o=0,

are valid., Further. the functions u pn* Vans l%n and srn(o)

are such that for odd index n

2.74 S =0

on Ib-e.s+e e Also, the series

+ LN N N )

2,75 u(e) + ur(o)r + u.2(0)

.76 v(Q) + v (8)r + v..2(8) + eeeee

+.....

2% 2% J%

2'.7'7 h(e) + h_ (e)r + h . 2(8)

2
r

————
2.78 o  + sr(o) + S 2(0) 51

* oo 00

e well defined

o8 Iy ¢,s4¢ °
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Proof: The proof is inductive. The general scheme

of the induction at the nth stage consists in using the
technique of Theorem 7 to show that the solution is unique.
If n is odd, the method of Theorem 8 shows the system is
homogeneous ; therefore a solution exists and is identically
zero. If n is even and the system is not homogeneous, con-
dition 2.73 i1s used to show the existence of a particular

solution hgn(e) of 2.16 of class C%on I such that

b=€ ,3+€

h;n(es) = O, The general solution of 2,16 is then written

in the form:

3 (o)
2.79 k b (8) + r_x‘.n(O) ,

where kn is a parameter. The auxiliary functionscxn. ggn.
°<: and ﬂ: and the technique of Theorem 7 are then used to
establish the existence of a solutione. _

In the case n = 1, the system 2,22 - 2.27 is homogene -
ous since Br(O) = Q. From Theorem 7, the solution is
unique on Ib,s+e and 1s ldentically zero,. Hence, the unique
solution of class C* on Ib-e,s+€ is as given by 2.74 for
n= 1l ‘

In the case n = 2, the system 2.22 = 2.27 is homogeneous
with the possible exception of condition 2¢25. The homo-
geneity 1s a consequence of 2474. The argument applied to
the system 2.36 = 2.41 in the proof of Theorem 7 (adapted
by change of indgx from 1 to'2). the use of Theorem 6, and
the hypothesis 2,72 prove the uhidueness. A similar ﬁdapta-
tion of the method of Theorem 7 gives the existence of a
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solution and the formulas:

2.80 u,p = 42(9)E:2 ﬂ;(O)S. CN n* r2e%2,0 * 32%2 Ty, o) at

+ Xk ,Gz(o)f Y hrgeQ ﬁ;h:Z Tg,o) At

LB (1 000 ]

2.1 v.oz= -8 (6)] x *(9)59 (o¢.h¥ L +8.n¥, T, )adt
. r2 = 2 2 %2 ¢, "e"r2e W .o a2 T2,0

e
+k(0) § Stefufog qp , + B3nlz Tp o) at

4%
rxy(0) (1, )e=ob]
4%
282 hl‘2 - kzhrz
. u
2.83 S _5(0) = —3—2—]
N2.0 =0
s
where:

2.8¢ kg, = (I, | e=eb A (e, ){( a2 + Iy o)9=g [Bo(6,)
S

- (x, ) *(o)]_ . .
2,0'e=0, %X2'%’ | 1-3,

In the case n = 3, the equations 2,74 for n = 1 énd
the argument of Theorem 8 with B 3(0) = 0 éhow the system
2422 = 2,27 to be homogeneous. The inequality 2.72 shows
the identically zero solution to be unique as in the case
n =1, Thus 2,74 1s valid for n = 3.

In the case n = 4, the equation 2,24 1is




o7
2¢85 V(b g4)g = - 4uh 4 - 12uoh,2 - 6V oh.og

The first step is to find a particular solution of class C ¥
on Ib-e.s-l-e « The homogeneous solution is known from
Theorem 6. Adaptation of the method of variation of

parameters leads to the consideration of:

2086 hyg4 = - 5'@‘%’%?5‘_%’
4u(9b

where '54(9) 1s to be determined so that 2.86 satisfies 2.85.

+ 34(0)1¢4(0)

Substitution in 2.85 yields:

& 4% 6v 2(eb)hr2°(0b)
287 V%4 Ta* = 4( L 4u(ab)4 )u - 12\11.21‘)1‘2 -‘svrghrzo °

The function vh:4 can be written 1n the form
2.88 (@ - )S Y. S’(“ + —d2 . atl .
% Tese 1o, -6, 12 xp[ (2(t-0.)

The coefflcient of (9(— Qb) 15, non-zero and of class C‘_" on

I, E‘ « Equation 2.87 may now be written in the form:
- .S+€

2.89
(6vr2(°b)hr29(ob) )
4 4u(19b ) u =

Z A 1__)at
(e-6,)(6_=-6, )(6_-8, ) xp[ S a(t-eb) J

The right-hdnd member of the above equation 1s analytic and

d"4 2ur2hr2 - Gvr2hr20

(6- 9)3

<|S

can be expressed in the form:

| )2
2,90 a,(0 - 6) + a, .Le_.g‘_?h). + (@ - %)3 £(e)
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where a, and a, are its first and second derivatives

evaluated at € = Ob. Thus,

a a
- - 1 2 ,
2.21 54— W—-b?lnlo - Qb‘ + ff(e) ae .
Condition 24,73 implies that a2 = Oe Thus, formla 2.91
combined with 2.86 represents a solution of 2.85 of class ¢%¥

on Ib -€,3+€ ° From Theorem 6, there is a unique solution

h;4 such that h;4(es) = O« The general solution of 2.16 is

now written in the form
2.92 k,h 4(0) + hS ~4(0) .

The technique of Theorem 7 uslng 2,22 shows that the

unique solution of the system 2.14 - 2,20 exists and can be

expressed as:

—A(O)kﬁ*(e)jg(' ol + @,hogT, ) at

295 u 4= 4, 4"q e %nagly o * Bylg 4,0
*/94(°)j (¢4 (hRagRy ,o*Ry o) * By (B0 Ty 0% Wy o))
+k ﬁ(o)j" SloghleeR, o * ByheaTy o) at

. +ﬁ4(0)j~:"(b¢:‘(}§4oq4'°+ R4;o)+ﬁ:(*‘x‘°4T4.o+ W,,0)) dt

34(0.)' _ ug.o P

— . +43,(9) I, ]
* sine, L Og,0 Ny o 4s0 lo.—_os Bg(®) [ o"0=0,
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2.94 v‘z;4 = -44(0)[ (O)S h 4°Q4 . ‘641'1:4’1' o) at
-o-or*(o)jo(oc'( o R o .. -
470 )g s Mgy, o*By o) * B, (0T, v W, ) at

#
* k% (O) S s( 4GQ4 o p4hr4T4.o) at

L]

o< (0) | 8 (o™ (n°
v 4(0)‘5: e (hraqly 0% Ry o) *6, (BT, * W, o)) at

oc4(0) M o o )
* 3inc, (04,0 - "N'%"f L .o]e:ea+ AL I4,o]9=0b]

2.95 h.q = khyy + hO4

u 4 = M
2,96 S_4(0) = =& 2 °]
r N
4,0 0=0s

where:
Z ll4 Z
4 4.0 N 4 400
4,0 o°

o |
S ¢ (o] ! + (0]
(Igb( 4 (hhaglQy o + Ry ) +Pu (T,  +W, L)) ae

B.(e_) M
4 s 4,0 ) :
sinO' 4,0 N4,o 4,0 G:Os 4,0 O:Os

oA, (e )(x (o, )L:(«( 4% 0% Ry o)

o “4(08) M Fe) .
+ B (hpaly  + W, ) at + sin6, LO4,0" ﬁ':"‘; P4.o]o=os
. . |

+ 1 I4.o]e=ea )]1_}';:'
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The induction continues as described. For odd n, the
solutions are given by 2.74. For even n, the solutions are

given by 2.93 - 2.97 with suitable change of indexe.

It would be desirable to establish the results of
Theorem 9 without having to make the assumptions 2.72 and
2,73 In Appendix IV it is shown that‘

2,98 ¢ >o n=1,2, eeoue

This is the best result obtained in this work in the attempt
to prove the vallidity of 2.72. The assumption is, however,
fairly credible. The equality 2473 enters the argument
essentially only for even n & 4. The next theorem establishes
it for n = 4 and thus makes it also fairly credible, although
no further result in this direction is obtained in this worke

Theorem 10. If the inequality 2,72 of Theorem 9 1s

valid for n = 1, 2,and 3, then the equality 2.73 of Theorem

9 holds for n = 2,

Proof: Since the inequality 2.72 of Theorem 9 is

valid for n = 1, 2, and 3, the quantities involved in 2,73
. w ,
for n -_2 are well defined and of class C on Ib-e.s+€ .
The validity of 2.73 for n = 2 (see 2.89) is equivalent to
showing that:

' te SN B
2.99 WZ - 20 Z ]O=Ob

where:
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o
S, 2u 1
exp [ 2 SO ( >+ - ) at

=

#®
63208, ),24(0,)

L
Z = 4 u - 12 ¥ -6 v

By direct calculation:

e
2,101 W(Ob) = - 2u(9b) exp [ 2 S 3¢ 3—3‘ +-9-%9—-) de ]
b

e,

W'(eb) = - u(Ob)coth exp [2.[08('33 +'5—%;) de ]

gb v

z2' (a,) -12ur2(9b)h:29(9b) - 6v,.26(8, )y (6,)

- 6v_2(8, Jnian (6)

2''(8y) = - 12v_(8, Jnfzg(e,) - 24u,25(, Jfizg (6, )
-12u, (6 Rfog2(8,) - 6 v, 052(8, Iniag(8, )
~12v,,26 (8, iy 2g2(9,) = 6v,.2(8, iiag5(6y)

hnog2(8,) = ygge(eb) cote,

+* _ 2u° ) #
h2¢3(8,) = - (3 ""_:2%%:)" ) hy2g(6)
0% (S)

b n¥%, (@
¥(¥-1)nu(o,) r20(%)

urge(éb) = 5vr2(9b) -




102

2
2u%(0y
vr20‘(9b) = (=4 + S (QS) ) urz(eb) - Vrg(Ob) coth
2
v,262(9,) = csczeb + -2-‘12—(&—; - 12 + cotzob ] v.2(8,)
c (Ob
+ 4 cz(%)kz n¥ (6, )
AF-1)ma(e,) *o°
2
2u” (8p)
-(=- 4A*-—§§?§§3 ) cot®, urz(eb)
S
Ved = = 6u cot®e - -z-‘-z"— .

and therefore, 2.99 holds .

Section 3: The Series Representation as a Solution for
& Cone-Like Body.

The proof that the series 2,756 = 2,78 of Theorem 9
represent a solution of the flow problem for a cone-like
body follows both the conditions and proof of Theorem 4
so closely that only a sketch of the proof will be given.

'I:he theorem is formulated as follows:

Theorem 1ll. Let (u,v,h) be a solution of 1.1l - 1.17 as

described in Theorem § and 1 < ¥ < 1,5, Let 6 = B(r) meet

the requirements 3.30 (d) of Chapter III and be cone-like
for O‘_Ers_‘sl,’81> O, If:

(a) the inequality 2.72 and the equality 2.73 are
valid for all n ’
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(b) the formal power seories 2.75 - 2,78 of Theorem 9
represent analytic functions of r and 6 denoted by u(r,e),

v(r,@), h(r,8) and s(r) respectively in the region D*(82.€2)=

S.1 D*(Szpéz) - [(roe)\O-‘ugb- €

== "L
2_0_%+e-<

2 2 *

osrssz. 82>o, €E,>01 ,

2

(c) the derivatives of u(r,e), v(r,8), h(r,®) and S(r)
can be found by termwise differentiation of the series 2.75 -

4 .
2.78 1in D'( $,.€,), and

‘d) the inequality

2 1 -@® >
321:§no

is valid for thq least integer n such that

then u(r,@), v(r,e), h(r,0) and S(r) are solutions of the
system 1.2 - 1.9 in D(& ) for suitable $§>o0, €‘> O and the
conditions 3.30 and 3.31 of Chapter III are met in D(§ ).

-

Sketch of Proofe. The proof is parallel to that given
for Theorem 4. From continuity consliderations and Theorem 5,
the functions may be shown to satisfy 3.30 and 3.31 of
Chapter III in D''(§ ,€) for sultable § > O and € > 0. The
details are simllar to those given in the proof of Lemma 1.
Lemma 2 is established in exactly the same way, in this
1ﬁstance.‘as in the proof of Theorem 4, after 1t 1s noted

that the first non-zero quantity srn(o) 1s negative. This
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S_..(0)
rn
by use
B.n(0) * 77
of the hypothesis 3.2 to prove that it is positive, and

i1s established by formation of the ratio

finally, by use of the hypothesis that B.n(0) < Os Lemma 3

is also established in the same manner as in the "proof of
Theorem 4. It may be shown directly that the series satlisfy
le4. The analog of Lemmas 4 and 5 follows if the systems of
these lemmas are slightly modified to include h(r,®) as a
known functione. At this stage of the argument, the functions
u(r,e), v(r,8), h(r,e) and S(r) are known to satisfy 1.2 -
1.8 in D*(é »€) for some & >0,6 > 0. The function h(r,o)
satisflies condition 1.8 along © = S(r) since it and all its

derlvatives are the same at (GS.O) as those of function:

2
(1"\1

_-vg) <q°(sin0 - rS,cos9) )l-b' ] . .
e =S (r

1-_.q0 I"I.J.Sr v

Therefore, the twd functions coinclde along © = S(r)., Since
the results which have been established held in D*(S +€),
they hold in D(§ ) and the theorem is proved.




CHAPTER V

APPLICATIONS AND REMARKS

Section 1: Computation of Flows and Shock~Body
Curvature Ratios.

Some comments were made in Chapter III concerning the
computation of solutions of.tha simplified flow problem.
Those remarks also apply to the computation of flow about
cone-like bodles, using the procedure and formulas of
'Chapter IVe For given values of r, Qb and g » the

functions:r (a) the Taylor-iaccoll solutions, (u,v), for

3%
n

and B » and (c) the homogeneous solutions, %n; could be

conical flow, (b) the auxlliary functions, X2 B s o

computed. The resulting data could be tabulated in a
manner similar to that used by Kopalls. The determination
of the first few terms of the series 2.75 - 2,78 for a
particular body could then be made by hand computation,
using the tabulated data and formulas 2.93 - 2.97 for
suitable index n.

The first few terms of the series would only be
expected to yleld accurate information near the nose, but
this 1s precisely the information needed to start numerical
procedures for continuing the flow downstream. Since errors

propogate downstream in supersonic flow, the data should be

13
Kopal, op. cit.

105
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as accurate as possible. The use of the series has the advan-
tage of avoiding the practice of fitting the body with a
small conical tip in order to obtain Initial data to start
a pumerica1 procedure. The latter practice 1s of dubious
merit because as the conical tip approaches zero in sige
wlth vertex fixed, the approximations do not approach the
actual solution uniformly. ,This may be seen since, if uni-
form, the order of lihit processes could be interchanged and
1t would follow that the radial derivatives vanish at the
nose. The theory developed in this work shows that the
radial derivatives vanish only 1f the body is a cones,
For non=-cone-like bodies of revolution, Theorem 6 may

be of use in obtaining better‘initial data than that
obtained by fitting a conical tip. The functions:
1.1 u(r,9) = u(e) + rur(g)

vir,0) = v(Q) + rvr(e)

h(r,Q) = n(@) + rn (9)
are defined on Ib.s+€ e If it is assumed that these functions

describe the flow in the region G:

1.2 G(&) = [(r,0)]| ozr < s, 6, £0=5(r), 6§>0 ] ,

then it may be possible to extehd the description to include
the: regidh D(}S) -G(&)e. There are difficulties in extending
h(r,®) as given in 1.l since equation 2.29 of Chapter 4 1is
singular at @ = @, , However, it may be possible to find an
approximate solution in D(& ) - G( &) by the method of
Courant and Lax, using the values of the functions 1.1 on thg&
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line 9,"-’-"“5'“ initial data. |
' K
Two rormulae for the ehock-body curvature ratio,q »
have been derived. That ot Chapter 111, equation 2447,
neglecte rotation. while that or Chapter IV, equation 2,51,

takes it into eccount:. !heee ratios differ by a factor of

—1%;-; e Since § >0 and preeume,bly i < l. the ratio

including the rotational efrect is larger then the other.

Deternination or —-T and comparieon ehould be interesting.

as ehould also a comparison of both reeulte with those or
Li .vl‘*.”ih'o has computed ehock-body curva.ture retios on the
basis of a linearization of the rlow problem. Preliminary
computations for a particular caee indicete that §1 1e less

than one and that the ratio neglﬁcting rotation ie cloee to
the reeult of Lin.

Section 2: Comments on the Th'e‘orx.

In Chapter l the general class of singular boundary
value probleme wae described, The simplified rlow problem
of chapter III ie one of thie~type. As fe.r as the mathe-

matice is concerned. thie part"

‘cular problem 'ie eolved

:except ror the queetion oi‘ 'oomrergence of the series. | In

th

‘ general. each n- ooerficient depends upon the ea,rlier co=

]efriciente or all the aeries. e go. %n(e) dependﬂ upon K
o i _--;;j’--;, n=1, ‘I‘he '
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is therefore very complicated. In the case that the body ls
a cone, the coefficients are simple (see Chapter I, Section
3) and the series do converge. The solution obtained in
this case is the well-known Taylor-Maccoll flow. The fact
that the Taylor-llaccoll flow is recovered, ,together with the
physical background of the simplified flow problem, makes
plausible the convergence of the series in general, The
convergence of the series for the conical case depends on
certain inequalities, which are sub-results of the exlistence
proof in Appendix I. These sub-results are also vital in the
fprmation of the series in generale. A proof independent of

that announced by Shii15 is given, 1n order to obtain the sube-

results,

The singular boundary value problem considered in ‘
Chapter IV also admits the Taylor-Maccoll solution. However,
in genefal, not only the convergence, but also the validity
of conditlons 2.72 and 2.73 1s unsettled. The convergence
1s of the same complicated nature as that in the simplified
flow. With respect to condition 2.72 on §n' it 1s suspected
that Qn < §1. If this could be shown, it would indicate,
at least for the particular case mentioned in the preceding
section, that the condition is valid. With respect to the
equality 2,73, the class of cone-like bodies for which it
1s valld is non-empty, since it holds for a cone. Theorem

10 provides some basis for Believing that there are other

183 nii, op. cit.
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such cone=like bodies. These indications, together with
the physical background of the problem, make the assump-
tions 2.72, 2.73 and the convergence plausible.

The method used in solving the singular boundary
value problems considered, may also be applied to other
hydrodynamic problems. In view of this, the next two

sections outline initial procedures for two such problems,

Section 3: An Introduction td*quw'abbuﬁ:g Yawed

Pointed Body of Revolution with Attached Shock Wave.

The flow for a yawed body of revolution with attached
shock wave was described by the system of equations and
conditions 3.18 - 3¢20 of Chapter II. It differs from the
flow in the non-yaw case by the dependence on ¢ and the
appearance of the third velocity component we For r = O,
the equatioﬁs and conditions in dimensionless form are:

w 2 _
Sel V(ue- v) *m-e- ™ w =0

2
w 2 - —-c
32 ulug- v) - o355 Ve * Wicot® + wg = SyoTR Mo

3.3 (c2 - Vz)!e = =(c® = v®)u = c®(u + v cote)
= (el-wh) == 3ine Yy T VWi
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the boundary condition on @ = B(0, ¢ ) is:

_ w
and those on @ = S(O,l{) are:

7 u = q, cose

- o w _sine
S8 S¢ = v + q 8ine

2
2 2 w
(2=pL)q _(c0s®0 +
2 q — )
549 u c086 - v sine =4 4 /" 1% (v + qosine)
4 1 -
1+ L
(v + q 31ine )2
2_ 2 2  q. sine -
3410 h:(i"u-g-w)( o (v+q°s1ne))1r .
1- i) - - v(v+qosin6)

The first step in the development of a solution to the
flow problem 1s the finding of a solution to the above
system of equatlons, 3.1 - 3.5, and a curve @ = S(0, ¢ )
such that all the equatlons and conditions, 3.1 - 3.10, are
met in the region R:

R=([(e,9)] 0s y=2m, B(O,p)20<S(0,¢) ] .

This solution would then play the same role in the develop=
ment as the Taylore-Maccoll solution for the problems of
Chapters III and IV. Since the region R corresponds to a
point in physical space, it is reasonable to require that

h is cohstant on Re Thus, all derivatives of h appearing in
the system 3¢l = 3410 are zeroe. It should also be noted

w

that i1t would be convenient to replace Sino by a 51nglo

variable.
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Section 4: An Introduction to the Extension of the

Flow Past the Shoulder of a8 Cone-Cylinder,.

Another aerodynamic problem of interest is that of
extending the flow past the shoulder of a cone-cylinder,
It is assumed that the body is without yaw and has an

attached shock wave. In Figure 3, the curve obec is the

Yy

Figure 3,

profile of the cone-cylindgr, oa 1s the known portion of

the shock profile, ad is the unknown portion of the shock
profile, and 8ab is a characteristic curve. The solution is
known in the region A since it 1s the Taylor-Maccoll solution.
The problem is to determine a solution in B, and to determine
the unknown portion of the shock profile, ad, such that these
Join the Taylor-Maccoll flow smoothly. The velocity compone
ents are known on the curve ab, the slope of the shock is
given at a, and the boundary conditions on the curves ad

and bg are specified,
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At the point b there is a singularity which appears
to be of the same type as that at the point o. This
suggests the transformation to polar coordinates, r and 6,
with pole at the point b and initilal ray along the line
segméent bc. The transformed region B in the (r,®) - plane

is 1ndicated in Figure 4, with the corresponding points
labeled as in Figure 3.

Figure 4 .

The segment bb of Filgure 4 should yield two point
boundary value problems determining the normal derivatives
of the velocity components, among other quantities, at the
point b on ab. Since gb is a characteristic curve, these
will determine the normal derivatives along abe These, in
turn, will determine the curvature of the shock profile
extension, ad, at a « By breaking B into sub-regions
bounded by sultable characteristics, the sclution throughout
B should be obtainable.

The problems 1n the last two sections have been intro-

duced to illustrate possible applications of the technique.
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Although this technique was developed for the main problems

of thls research, it may be useful in many other situations,

The ideas presented in the last two sections indicate, in

part, how such applications might be made.




APPENDIX I

EXISTENCE OF TAYLOR=MACCOLL FLOW
AND RELATED INEQUALITIES

The existence of Taylor-Maccoll Flow for certain
given values of 4 and Ob is the contéent of Theorem 1 of
the text. In the course of the proof presented here
several useful inequalities are obtained. Their use is

explained after a restatement of Theorem 1.

Iheorem: There is a non-empty subset, D*( ¥), of

(qo,Ob)-gpace defined for all ¥, 1 < ¥ < 1.76, such that

if (qo.Gb) belongs to D¥(¥) then there exists a solution

(u,v) of:

2
- - c
1.2 Vg = u :2?_\;2 (u + v cot@)

where:
1.3 % =L;:-l- (1 - w® - v,
such that at © = Ob:
l.4 v=20
and at @ = °s=
= cos @
}.5 o= q,° 11 2q:ocoszo
1.6 u cos@ - v 3in@ = &= -a;-+—-7-_i_-r——— »
of class c¥ on I_c _s+€ for suitable € » O. This solution
is such that on I, . . ,.c *

114
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1.7 (a) l>u2+v2-c2>0
(b) ¢ - ve > 0
(¢) u cos@ - v sine » 0
(d) u siné + v cos® >0
and such that:

1.8. (a) 1>q > J%:‘i

(b) -"-‘,1,'—>oEI >6 >0 .

It would suffice from the abstract point of view and
be very natural to define D*( ¥), 1 L ¥<& 1,76, to consist
of all pairs (qo. Ob) which satisfy the inequalities:

1.9 (a) l>q°>§_-r%
(b) -T?r-—>ob>o

and for which a solution (u,v) of class Cw‘of the system l.1 =
l.6 exists and satisfies the inequalities 1.7 - 1.8 on I

b,s
The proof could then be made by exhiblting one pair (qo.Ob)

(and some ¥ , 1 <« ¥ <& 1.76) for which such a solution
exists. As a practical matter, this result would be almost
useless, for there would be now way of knowling whether or
not such a solution existed for given e Ob and ¥ , unless
the given set of values happened to be the particular set
used in the proof. By contrast, the definition of DV (X ),
1< ¥< 1.76, given 1n the proof below, is of practical
use. Corresponding to each palr (qo, Gb) there 1s a pair

(4,5 ©,) for which u(®y) = u, and conversely. Advantage of

(o)
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this correspondence is taken to define D*( 33 in terms of
a subset D( ¥ ) of (uo. Ob)-space. This subset, D(¥Y ), is
explicitly defined in terms of inequalities. If these
inequalities are satisfied by a pair (u,» ©,), 1 « ¥< 1.5,
then a solution exists and the theory developed in Chapters
IITI and IV is applicable, Since Kopal's ’I'ables16 for

¥ = 1.405 (the most wildely used value in practice) permit
easy determination of (uo. b)' this mode of definition is
practical. To make the inequalities easier to use, a tabu-
lation 1s provided, from which the curves defining the set
D(l.4) can easily be constructed. It should be noted, how-
ever, that the inequalities produced are not as sharp as
possible. WNevertheless, the set D(Y¥) is fairly large.

Proof: 1In (u,v,@) - space, the equation c® - ve = o)

represents the right elliptical cylinder,

¥-1 2 ¥+l 2 X¥-1
1.9 —‘-2 u +-—2—v =<3 o

whose axis of symmetry is the 6-axis. The seml-ma jor axis

of the ellipse 1s of length 1 and is parallel to the u-axis.

1

The semi-minor axis is of length ‘§ii and 1s parallel to

the v~axis,

. The subset K(€1)=

1.10 X(e;) = [ (u,v,0)} - vB ¢ , ¢ cos-IL _

1* €1 » €,>01]

1l 1

for_el sufficiently small represents a section of an ellip-

tlcal cylinder which is contained in and similar to the

16Kopal. op. clte.
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2 2
cylinder ¢ - v¥ = 0. On K(el). the functions:
o2
v, - U - =5 (u + v coto)
C = v

which appear in 1,1 = 1.2 are continuously differentiable
in u and ve The set K(el) is convex and compact; thus,
these functlons satisfy a uniform Lipschitz condition in
(u,v) on K(el). Through a given interior point of K(El).
there is therefore a unique solution of le1 -.1l,2 which
can be extended to the boundary of K(el). This holds far

all el> O. Since the functions are analytic in u, v

and ©, the solutions (u,v) are of class ¢c¥ in @ on K(el)-

Ir (uo.O.Gb) is a point in (u,v,@)-space such that:

l.11 (a) 1>u, > ¥-1

3

mw

then there exists 61:> 0 such that (uo.0,0b) is interior to

K(El). Therefore, there is o¢ > 6, such that on Ib’o(&

il.12 . I

= < =
b [o]ob_ e o<<—12:]

2

there exists a unique integral curve of 1.1 - 1.2 which

1s contained 1n>K(El) and passes through the point.

Further, from continulty considerations, it is apparent

that &« > Gb may be chosen so that on Ib .‘the solution
N -, » » - .

satisfles the conditions:

1.13 (a) (u,v) = (uo.O) at @ = Gb
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(d) u + v cote > O,

In the remainder of the proof, the only integral curves

considered are those which satisfy the conditions 1.13

on Ib.o(. (although this may not always be mentioned explic-

itly). The o depends, of course, on the particular inte-
gral curve considered. The next ma jor step consists of

| proving that the e associated with certain integral curves

may be taken large enough, so that there exists a value

@ = Os € o< such that at @ = Gs:

2
_u"-1 ¥Y-1
1l.14 v = ———--u Y_."'l coto.

The equation above 1s obtained by elimination of Q%
between l.5 and 1.6,

An integral curve on Ib.xsatisfying lel3 also satig=-
fies l.4, 1.;7 (b) and (d). From 1.13 and 1.2 it is

apparent that on Ib’“ H
l.15 (a) Vg < 0

(b) v £0

(c) ue-é O.

Hence, l.7(c) holds on I e At @ =90,

b,e¢ b

2 o 2 - 2 )

3

Now,
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117 =% (u3 2 2y = Y ¢? >
. T vio-ce¢ _-(+1):2-:7r-2—(u+vcot9)__0

on Ib,e&' Thus :
1.18 w® +v2 - %5 0
on Ib'“ e« In addition,
1>u®>u® - (<=2-v2)=1.12-l-v2 - o2
on Ib.*,. Therefore, 1.7 (a) holds on Ib’o‘.
The equations u2 + v2 - c2 = O and u2 + v2 - c2 =1

are equlvalently:

1.19 u2 + v2 = %ﬁ

u2+v2=l °

They represent right circular cylinders with axes of
symmetry colincident with the ©-axis and of radii ‘}%:—%
and 1 respectively. Since 1.7 (a) and (b) and 1.15 (b)

hold on Ib,u » the integral curves on Ib.o‘ lie interior
to the quarter elliptical cylinder and exterior to the

circular cylinder, as shown in Figure 5.

-V

(Oo - ‘%',':%oo
(0,0,5-)

(1,0,0)
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The information obtained abové on the location of
the integral curves is now made more precise. Initially
(Le®0e at © = Ob):

2 2 2 2 2

1le20 u + v = ¢ = uo - c°
where:

2 2
1021 [+ = C

o ]e=eb *

From 1.16 and 1.17, it follows that each integral curve

lies exterior to the right circular cylinder

2 2 2 _ 2 o 2
le22 U™ 4+ v© « ™ = u, co

of radius u, e It follows from 1.15 that u is monontone
decreasinge. Therefore, each integral curve considered has

its projection in the region B (dependent upon the curve)

plane @ =
constant

of Figure 6. 'Thaicogrdinates of P, 1in this plane are:
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2
1.23 P, = ('vuzo -2, . "ci ) .
It is then seen that the inequalities:

-l’ 2 2
- -
l.24 uo S u > uo co

z -
8] v > o

hold on Ib.o( .

To study the shock conditions 1l¢5 - l.6, it is con-

veninet to eliminate Q, between them, which gives:

2

l.25 v = ‘—1—;—; g—}i-' cot® ,

and to regard this as a surface in (u,v,0)-space, The
trace of this surface in the @ = @ plane, B a constant

and O < p < —-g-- » 1s a hyperbola. The branch which pass es

through the point (1,0) in the plane © = (@ has the v-axis
as an asymptote and 1s concave downward. The point of
intersection, P2. of the hyperbola with the trace of the

elliptical cylinder cg-vzzo has as coordinates:

1.26 P, '\l% ‘\,J’ cot ‘3 tang ).
1+jl cot ﬂ
Tv

In the plane e = == the hyperbola degenerates, becoming

the two axes.

The surface u*v cot@=0 has as its trace in the O = =8
pla.ne. the straight line tiarough the origin of slope -tang@.
From 1,26, it i1s seen that P2 also lies on this line. As &
increases from & = 6y » the slope of this line in the 0-plan9
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decreases; hence, P2 moves toward the v-axis. These

curves and the curves of Figure 6 are combined in Figure 7.

- v
P ¥-1
P - ER————
Y+1
e = Gb plane
Ps
e U+ WV cotebz (6]
- ]
! +*
0
1 uo o co ¢
Figure 7 ,

In Figure 7, the point P2 has been placed to the right
of Pl' This 1s not necessarily the case., However, if 32
is to the right of Pl or coincident with it in the @ = GB
Plane for an integral curve, then it is always to the right
in the © = @ plane, ﬁ) Gb- Thus, the integral curve can
be extended to intersect the surface l.25. The value of @

for the point of intersection 1s denoted by Os. On the

interval Ib.s H

127 I, =10} =0 =0 ],

such an integral curve satisfies the conditions 1,13.
Analytically, the condition that P, 1s to the right of ar
cbincident with P2 in the 6 = Ob Plane may be expressed
ih‘terms of the slopes of the lines OP1 and OPg ¢
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1,28 - ®€ - tan 6. .
ute ¢ b

This 1s equivalent to the inequality:

1429 2> ¥=1 L

u ®

If an integral curve on Ib o satisfles the above inequality,
»
then the interval Ib o 28y be extended to include a value
]
e = Gs for which 1l.14 and 1.8 (b) hold. At @ = 65, the
value q, is assigned by the equation:
u(e_)
uis,)

1.30 q'O = coses

For this value, Q- the conditions 1.5 and 1.6 are met at
e - © o
s

For integral curves satisfying 1.29, the inequality

1.8 (a) 1is now considered. Since

d u Vv cos® + u sin & _ siné (
36 5550 = = == u + v cot®) > 0
dé cos 00329 cos &
on I, o » the function —S—= 1s increasing in & on this
f

intervales Therefore, using l.1l3 (c):

u(e_) u - -
s’y o .>~’ ¥ =1 1 S ; 1 .
cosO' cosOb _B fi-l _cosob +1

That is:

| =1
1.31 QB > YysL °




124

To establish the other half of 1.8 (a), namely l>qo

requires an additional restriction on (uo.eb)o From 1.2

and 1024.

." 2 2
l.32 —ve > “o - cO

e Hence,

on Ib'_‘ e From Figure 7, if -v for an integral curve on

Ib xexceeds Or equals the height of the point P,, then
. ,

S
the value @ = Os has already been attainede The -v

coordinate of P:5 in the e-plane is:

02
> ° cot @ ,
-
u co
Thus, if
2
2 2 - cO
le34 u’ = cg (e - Gb) > — cot®
2
Yy = S5

for some €, Ob-‘-" ® =o, then Gs lies in the interval
8 < Gs< © . If this @ <« arccosu_ then:
cosOs> cosé > u, e

which implies that:

1,35 E‘.Ql.l_ < - ) < 2.(_6.2_). < le
cos® cos@ Uy

Therefore, 1f 1,35 holds with © = arccos u, s

it follows that 1> q_ »
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Explicitly, this condition is:

o \
2 2 ] u
- - >
uo co (a.I'OOOI uo eb) - ﬁ [ :
u, = ¢4 i l - ug
that 1s:
2
co u
1,36 arccos u_ = —p—=p = eb .
‘JO- co 1" uo

If an integral curve on Ib o satisfies both inequalities
]

1l.29 and that above, then there exist 6, and q, such that

on Ib,s the equations and conditions 1.1 - 1.8 are satisfied.

In order to apply the theory of the text, it is

1mportantr7to know that the inequality
2 2 2 ve
1.37 u +v = 3¢ = (¥-1l) u (u + v cote) —5—p >0

c -V
holds along integral curves of the system l.l1l - 1.8 in

the interwval Ib s ° Conditions on (uo.Ob) are now derived
»

to insure the validity of this inequality. By differentie-

ation and use of the precedling results, it follows that

u2 + v2 - Scz is an increasing function of @ on I

b,s
Therefore,

u? 4 v® o ze®> u® - 302 = B 4B 8(0=l)

o o 2 o 2
on I 3 thus the inequality:

-1 2 2 yo 3 (¥=1
1,38 5 u; - (¥=1) u, -c?—_-—vg -—%——l > 0

on Ib

»

17he inequality 1s used to establish that D > O
for all n. See the proof of Theorem 2 . ’

is sufficient to>guarantee that l.37 holds,
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2
Bounda on -21——-2 are now considered. Certainly ,
C =V

2
v >O

c -V
on Ib,s’ The surfaces c2 - v2 = constant form a family

of similar rightelliptical cylinders. The equation of the
member of the family which passes through the point P

<
(see Figure 7) is:

4
2 2 _¥+41 2 _ y+l o 2
1.39. C = vy = - co ) ';E:—:E cot Gb °
0 (o]

The trace of this cylinder intersects the trace of the
surface le25 1n the plane € = Gb. in points whose coordi-
nates satlsfy the systems:

' 4
¥+l 2 _K-1 _¥-1 .2 ¥+l .2 . ¥+l

¢ 2
2 2 % Z 2B oot
uO 00 ’
, 2
#1 8 _ K1 -1 2 y-1,2 2
%,vz——g-(u ) (';ﬁ) cot“e, .

Elimination of v2 leads to a quadratic equation in u2,

which is easlly factored since the root u2 = ui - ci is

—

already knowne. The result is:
2
¥-1) ;St % L — )
¥-1) cot e, + ¥+ 1 u = o

2 2 2 <:2 _
(u® - [ Y, ®o NQE™ - ( =
The first factor is non negative in the region B. (See
Figure 7.) If it is true that

2

(¥-1) cot”e
(¥«1l)cot®e, + ¥+ 1 u, = cg

o




127

then the trace of the cylinder 1.39 is above that of the

shock surface l.25 in B in Flgure 7. Therefore, if l.41
is satisfied,

4
2 2 +l 2 x+1 o 2
led2 ¢ =« v¥ > 31— co —2—-—-—-5 cot Ob

Yo
on Ib s? since the integral curve is interior to the
[ ]

cylinder l.39. The condition le4l can be written in the

form: ,
2
X- (¥-1)cot“g
©  (¥-1)cot 6, *+U+ 1

or, equivalently, as:

1as W= l¥1. ‘V(L_2 — 2@ @-1)
2 W31 (¥-1) + (s+1)tan’e,

The function v2 cannot exceed the square of the ordinate

of P3 on Ib,,s .

Hence, 4
1,44 vo<s —2——-2% cot®e, .
. L}
uO- cO °

Upon assumdhg that 1l.43 1s valid and combining 1.39 and
2
v

l.44 to obtain an upper bound for 'zg:—;z on Ib,s’ the
condition 1l.38 becomes:
cg o
| 55 cot
3¥-1 2 3(¥-1) 2 “2' ®o %
l.45 = uo - = > (¥-1) u, .

4 o5 2

This inequality can be written in the form:

t
ugc“‘b
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1.46 [ 2(%%1)%an%e + (¥°1)(3¢% + b~ 5)] u?
= [ (38-1) (¥ -1)tan®e, - (r-1)(6x® + 6% = 8) ] uZ

+ [ 3-1)(¥-1)tan®e, + -1)(3% - 3) | > o.

If both 1.43 and 1.46 hold, the condition 1.37 is valid

on Ib,s .

The set D( ¥ ) 1s defined for 1 <« ¥ « 1.76 to consist

of all pairs (uo.Ob), (0] ‘uo-'- 1, © 40b <-%r- » Such that :

(a) 1f 1 < ¥ < 1,76, they satisfy the inequalities
le29 and 1,36, and

(b) i1f 1 <« ¥ < 1.5, they satisfy the inequalitles
1le43 and le46 o

To show that D(¥ ) is non-empty, the inequality signs in

1e29, 1436, le43 and 1.46 are replaced by equality signs,

and the resultant curves in the (uo.Gb)-plane are cone
siderede. The point (1,0) lies on each. On the curve for 1.29:

2
duo

l.47 —_— = : E e Y
8, J(1,0) 6§ J(1,0) -1

On the curve for 1l.3%6:

2 .
du d“u
1.48 °] = 0 ____g.o_] R S
48, J(1,0) % J1,00 (¥

On the curve for l.43:

2
Lo  —o o o u°] = - —2(41)
**%4 a,0) a6 Jd(1,0) (¥-1)(g+2)
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On the curve for 1l.46:

2
1.50 :2 0 il = - —20n)
2 - 2

(1, o) aey 1y ,0) (¥-1)(3%-1)

For the ranges of ' 4 specified, the following
inequalities hold:

2 2(¥+1 2(X+1 4 1.
15l g3 m’ry > Ty-aym ¢ L e TS

2 ‘ | e
7o (_é.g)_z, 145’41.76.

These lnequalities, together with 1.47 - 1.50 show that
the curves associated with the inequalities 1.29, 1,36,
| 1.43 and 1l.46 spread apart in such a manner that the set
D( b,/) as defined is non-empty. For each (uo.Gb) in D( X)),
there corresponds an integral curve of 1,1 - 1.2 and a
pair'(qo.Os) such that on Ib,s’ the system 1,1 - 1.8 is
satisfied. Thils curve can be extended in both directions.
Then, by a continuity argument, thére exists € > 0O such
that not only 1.1 - 1.6 and 1.8 are satisfied on Ib-e.s+€’
but l.7 as well. Corresponding to a point (uo,eb) in D),
there is a point (qo.Ob) where q_ 1s determined by the
curve associated with the point (go.Ob). The set of such
points (qo.Os) corresponding to points in D(¥ ) form, by
definition, the set D*( ¥)e It is non-empty since D( ¥ )

is non-empty.

The reglion D (l.4) may easily be graphecd, or pairs
(uo.eb). tested by use of the following table. To test
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a pair (uo.Ob). enter the table using the argumnent Ob; then:

l.52 (a) u, > u, means 1.28 1s satisfiled by the pair
(b) u, > u, means 1l.46 is satisfied by the palr
(c) u, & u, means 1.43 1s satisfied by the pair

(a) u, & u, means 1.30 is satisfied by the pair ;

;
hence, to belong to D (l1.4) all the above inequalities

must be satisfied. The points (Ob.ul). (Gb.uz), (Ob,us)
and (Ob,u4) lie op the curves associated with the inequali-
tles 1.28, 1.46, 1.43 and 1.30 respectively, as indicated
in 1.52. The 1inequalities derived in the previous proof
are not the best possible; therefore..failure of a palr

(uo,Ob) to belong to D(l.4) does not necessarily mean that
the general theory does not apply.




131

TABIE 1
DATA FOR DETERMINATION OF D (l.4)

e h | Uz Uz Yy
o° 1,0000 1.000 1.000 1.000
5 .9815 .986 e993 cos
8.78 cee cee e .9815
10 .9322 <948 <963 ces
15 +8655 .896 926 ceo
16.63 cee cee ... .9322
20 07943 <839 .882 cee
22,95 coe coe cee 8665
25 .7268 . .785 835 coo
27448 oee ceo iee c7943
30 .6667 739 .788 .ee
30.20 .ee cee cee 7268
31.11 cee ces .o <6667
35 «6149 701 e745 cee




APPENDIX II

INEQUALITIES FOR THE QUANTITIES Dn o °* Nn o AND
] 2
N,aO0 - cote
N siné
n,o

In Chapters III and IV, the inequalities:

1.1 D >0 on I

n,o b=€ ,84+€

102 NH.O < 0 at @ = Gs

le3 N0 - cot® >0 at € = ©
N sing 8
n,o

for all n are used., These are now established. The
inequalities are used in the theory only when the func-
tions (u,v) are as described in Theorem 1 and 1 €& ¥ < l.5e
These limitations are assumed here; consequently, the
inequalities derived in the proof of Theorem 1 may be used
in the arguments,

The quantity Dn o Was defined in Section 2 of Chapter
L4
I11 to be:

c2 2 c2
1.4 D = =n -J - - l - r'-?
n,o c2- v2 C -V
v2
- (¥-1) u(u + v cot®) .
o 2
(c®= v7)
- Therefore:
. o o2
;.o cC =V 02- v

2
- (r-l) u'(u + v cot®) (—§-Y-——T)—2
C =V

132
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that 1s:

= -1 2 2 2
1.6 Dl'o—"e‘g-—v-g[u + v' = 3e° .

2
-(Y-l)u(u-l-vcote)—z—v—-z] .
C - v

The first factor of the above is positive. 1In Appendix I,

the second factor was shown to be positive. (See Appendix

I, 1.37 et seg.) Therefore, Dl,o=’ 0 on Ib-e,s+€' Hence,
c2_ e 02
107 - "-2'--'E 2" > 1 <+ '_2—_2
c= v c = v
V2
+ (¥-1) u (u + v cote) > 0.
T2 2.3
(c= v*)
Since
| 2. ,2
-— - - —_ <+
1.8 D (n-1) :Ez—gg Dl o »

the inequality 1.1 1s established,

The quantity Nn o Was defined in Section 2 of Chapter

III to be:

1.9 N, o, = = (ug + nv +(n*l)q sine ) ,

Since ug = Vv and u(Gs) = q sinOs »

1.10 N = =(n+l)(v + u taneé)]

n.o]9=9s e=e, °
Since
v + u tan® = (u 8in® + v cos®) secH,

and since both factors on the right are shown in Theorem 1
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to be positive, the lnequality 1.2 is established.

The quantity Pn o Was defined in Section 2 of
2
Chapter 111 to be:

l1.11 Pn,o = - uogose + Vv cose + u sine + vosinO
€ + 4(n-1
—7&1—-2 q, 8in@ cose .
Since
ug = v
02
Ve = - u -':g—:—zg (u + v cote)
u(Gs) = q  cose, ,
it follows that at € = Os:
P o) v2 4+4+4n
l.12 ——H2=. . cot0 = | ~—=5 (u + v cote) + Prr U
N sing c -V
n,o
-n{u + v cote)] cote
‘ (n+l) (udw cotd)
2

= [ —gx——g(u + v cot®) f'(ég%gi-n) u
¢ = v

cote
(n+l)(u + v cot®)

= nu cot® ]

From 1l.13 and l.15 of Appendix I, this 1s positive 1if

120 &40 oo (eWnes

o .

Therefore, inequality l.3 is established , since the above
holds for 1 ¢ ¥ < 1.5,




APPENDIX III

SUPPLEMENT TO LEMMA 2, CHAPTER III:
PROOF THAT F IS NON-EMPTY AND £f(G) ¢ G

In Lemma 2, the subset F of B(83.84) was defined to be:

l1 F=[(r,0)|0=r=s§ , §>o0, t(r)=o0=0_ 1,
where § > O 1s so chosen that § = 8., [ (r, to(r))l
O=<r=8§ ] lies in B(S, 84). and to(r) :.‘-..es for“Oé r=¢§ .
The curve @ = t_(r) is the unique curve for which:
1.2 qgeos(t (r)) - ulr,t_(r)) =0

t,(0) =96 .
(This is equivalent to W(r, to(r))"=' 0.)

The argument showing that such a § can be chosen is
based on the hypothesis that the first non-zero derivative
Brn(O) is negative., If B,(0) < O, then from Corollary 2
of Theorem 2, Sr(O) < 0. Consequently t;(0)< 0. If
B I‘(0) = 0, then from 2.44 - 2.46 of Chapter IIX:

w,(0) =0, v,(6) = 0 ana S_(0) = 0. If
1.3 B,3(0) = o,

urJ(o)zo,

vrj(e)-_=.d and

sﬁ(o) = 0 3=1, ecupn,

then the equations 2.13 - 2,14 and the condition 2.16 of

Chapter III are homogeneous for j = n + 1, and
In+l,o(°b) = (n+3) u (ob) Brn+l(o)o Hence, from 2.36, 2.44 -

2.46 of Chéptar III, it is evident that if Brn...l(o) < 0,
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then w.n43(8,) > 0. Further, if Bon+1(0) = 0, then 1.3
holds for j = n + 1. Therefore, if B,n,(0) = 0 for all n,
it is established that

u(r,8)= u(e), v(r,8) =v(e), s(r)= e,

(1e2e, the Taylor-Maccoll solution is obtained); hence

t (r) = s and a § > 0 can be chosen. If B.n(0) # 0

for some n, let k denote the least integer such that
Brk(O) £ O If k = 1, then as previously shown, t;(O) < 0,
If k > 1, then by implicit differentiation of 1.2 and use
of le3 for j =1, .. s ¥ = 1, 1t follows that:

to(J)(O)=0 J::l. eee ok = 1

=upk (95 )

a, sinOs + v(Osj

o “l0) =

It may then be concluded that to(k)(o)" O. Thus, in
general, the first non-zero derivative to(k)(o) is nega=-
tive. ¥From the continuity of to (k)(r), there exists S#) O,
S* 4{5. such that té(k)(r) <0, 0O0=p «$§ *; hence,
to(k-l)(r) =OonO<r = §% gna by induction, to(l)(r)f o
on 0= r =8% onis implies that t (r) = @, for O=p ss*.
From the continulty of t (r), there then exists § > o, S <S*

such that [ (r.to(r))[O:ﬁ r< 3§ ] lies in B(S .84). There-

fore the set F 1is non-empty.

In Lemma 2, the argument that f(G) ¢ G is complete
except for the proof that:
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l.4 té(r) - t;(r.) 20 0= rsS
where:

. r 1 ’ '
1.5 ty(r) =9 + So g WE, o,) ag .

1]
The difference tz(r) - t;(r) can be written as:

1.6 t;(r) -~t;(r) = %

q, cos@ - u(r, o, )
v(r,O T-l- a, sinG

u (r.to(r))
a, sin(to(r)) + ue(r.to(r)) ¢

+

By use of theseries 2,51 and 2.52 of Chapter III, this

may be expressed in the form:

1.7 to(r) -t (r)

Z U nlt,(r)) o ( _1“

n=1

n
49100 *q, (£, (#)=0 N (t_ (=) )v(t, (r))+§1vln (b (rI-E7 (n+1)

n-l
Zun(G)

q, sind_ + v(e_) + £, i) = r
n=1
where N(®) is defined by:
8in® - s:ans

l.8 N(@) = —
- &

.N(Gsk) = ccsv.__es o

If Brn(O) = O for all n, thenurn(e) = 0, v, .n(®) =2 0, and

r

t,(r) =0, « Therefore, from 1.7
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1.9 ¢ (r) - t'(r) =0 .
ir B n(0) #0 for some n, let k denote the least

such 1nteger ne Then, -

1.10 t_ro(.”(O_) =0 =1, .. k -1

2+ (@ )
t (k)(O)_ = - - ‘f;:k‘(_is v '
° q, 51inQ  + v.(G)

w,j()=0  for j =1, ee Lk =1
vrj(e)zo for j = lgv, ooio » k' 1
'urk(o‘)>'0

vrk(9,) < © .

If k >1,

1.11 1120 rk 1 (t (r) ty(r)) ._-..7.....3__1)+OA
(n+1)1}

sinO + a, (t (r)-O )I(t ()+v(t (r))-l-z v (to(r))—-r(m-l)i:.“
n=k

o Eu (t())...l_‘.rf.f_»
_n=k
{qo

3 otne, + V(e e % r?‘_‘éi" ar ]

k=1 ’&sgﬁ

kl (qosinO + v(O ))

Svinc'é 'q“ 3in@ + #(é ) > o, urk(o ) >o and k> 1. 1t rouows L

that this l:lmit is positive. Therefore. o
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to(r) = t (r) >0

for O <rp éS* for some S*> 0, S* <83 e In this

case, & > 0 is chosen equal to S*
If k = 1,

L2 _1ym o 2 (b5(r) - £ (r))

1 . AD - BC
= _1dm —_———
2 +Q r
(qo sinOs + V(OS)) -2
where:
1013 A =

% w.n(t, (I'))'—(E-m

B =q_  sine  + qo(to(r) - 8,) N(t _(r)) + v(t_(r))

xR
+ 2. Vonlt, (r)) £T (n+1)
=1

oo »rn-l
¢ = = urn(gs) nl

n=1

n
D = qo sines + V(Os) + i. Vrn(es) ';‘.—1‘ .

n=1

Now,

1.14 l_i$’+0 u = +O(A ; CD‘I' P_.;._E C)
and

A =-C _ u_(t (r)) = (@
1.15 rl_j_.;n‘..o S—— = rl-i-gl-lv-O[—L o - Yy, 'g)
eé
. n—2 L nu n(t (r)) = u (e )1

r
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600,080 (0) + u, (6,)

1im D = sine + v(e@
r—» 40 %o S (%)
r}$?+0 c = ur(Os)

v(e_ ) = v(t_(r))q (t (r)=e_)N(t_(r))
r}g“+o—x'--=r]ﬁ§+o[ 2 —2— 10'0 .0

+ "r-(°s) - Zur(to(r))

od n-1 = n=1
r r
* nz-:‘zv"(es) B n%zvrn(%(r)) ni (nﬂ)]

] [}
= -ve(Gs)to(O) - a cosOs to(O) - vr(Os) .
Hence, by use of 1.9, l.1l, 2.13, and 3.9 of Chapter III,
r

AD - BC _ [ _
l1.16 r%£9+0 = ( 2vrur + (qosinO + v) W,

2
c
+ (= -
( ~:§:—;§ cot® ur Vr)ur Jeneg

(g, sine  + v(OS)) [ (Evr +

2
-un

C
M - cotO)q TRy
) O

¥ W )Ghos ¢

»

Thus, by hypothesis 3.2 of Theorem 3, it follows that
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Jdam o265 By og iy

1s positive in this case. Therefore,
6, M) -t Pz o o= p=8§¥
* #*
for some § > 0, & > SS e In this case § > 0 is

%
chosen equal to &§ . The condition l.4 is therefore

established,




APPENDIX IV

THE CONDITION §n > O AND RELATED INEQUALITIES

s J and K

In Chapter IV, the quantities Zn,o n,o n,o

were introduced. It is shown first that these satisfy the

condition:

P

N0 L 40 -

1.1 r— + Jn.o Kn.o (m cotd) ]e—..e <o
n,o n,o S

for all n. From the definitions 2,12 = 2.13 of Chapter

IV and 246 of Chapter III and some manipulation,

1.2 Z = 2‘32(1_4;0' v cot®) ( -y )x-g
) n,o 2 q_ sine
’ q 8ine( 1 - q°) %,
o (o)
= 2u - &-2 1 _ 2
Jn,c> - l=q (qosine ) (W)(qu sin® c”)
o
2 2 -
K — 2(0 - V ) ( v )K 2

n,o (l_qa )q, siné q, siné

"N = -(n-l-l)(qo sine + v)

2
hnd —— -
P , N , cos@® = [ -T——-zc (u + v cot®)

+ nv cot® - ——il——)—‘l ;.‘_S'K B 3w ] sine

at @ = Os. Hence,

Z | P
1.5 =22 4 g -k _( DO o c0ot0)
Nn.o n,eQ n,o Nn,o sine
= 2 — -:me)x-z [A + (n-1)B]
a2 . q
(1 q_o)qo Nn,o 8in® o
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where:
A= [(cz-' vg)(u + v cot@)

2u
qo sine

(qu Sing = cz)(qo 3in@ + v)

- ;—:IX (c- veu + (e~ v° Jv coté@ ]O__:Gs

= -—_2u _ 2
B=| o eine (vq, sin® - c®)(q, siné + v)

e 2 3= 2 2
+ (¢”= vT)v cote + (c®= v“)u |
S+ ]O:Gs

From l.14 of Appendix I,

2
_u =1 ¥-l
l.5 V(OS) = = ¥+1 cot@ ] es .

Therefore,

2 _ ¥+l

le6 ¢° - v2]9=0 = - =5 v(v + u tane) )e=9 .
s s

By use of the above, A and B may be expressed as:

1.7 A= (u+v cotG)z(-z v tanO)]&:g
s

B = (u tane + v)( - 9—;xu\r + -]Lz,a:‘-xv2 cot@) Je:g
s

Since vL 0 at € = Os, it is clear that A > O. The

second factor in the expressicn for B may be written as:

3¥-1 %" + 8Y+ 17
1.8 =S 2(3%-1)

u + -g’-g:-]*(u + v cot®)) .
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Since -gf + 8¥+ 17> 0 for -1 < ¥< %1 s W+ Vv cote >0

and v £ O at Gs; 1t 1s apparent that not only this
factor, but B itself, is positive. From these results

and the fact that Nn o] —o < 0O, the condition 1.1 is
R =
s

established,

. The argument used in the proof of Theorem 2 in
Chapter III to esteblish
1.9 oli(8) >0

A () <0 n=11, 2,
n

on Ib-e,s+€ may also be used to establish
1.10 £ (0)=0

1. 2’ ® e o000

o)

ﬁn(O) > n

on I, ge The function rﬁn(e) defined in Theorem 6 is
L4

such that

1.11 ni,(e) >0

¥
l'l‘.ne(e) > 0 n = l. 2, sesee
for Gb‘- e 5.08. From the definitions 2.9 of Chapter 1V,

2
C .
1012 er.o - - m)__ hu

|

T R ncau

no - (B P r-1)n

) n=1,2, ccsese o
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Thus ,
1e13 =<0
Q0
Tn’o>o n-—-l’ 2, ecese

on Ib;s e Combination of 1l.10, 1l.11 and 1.13 yields

the inequality:
Os *
1.14 S%(ahneqn’o Bon T, o) 40 >0 n =1, 2,.....
is established.
The results l.1l, 1,2 and 1l.14 imply the inequality:

1.15 §n>o n=1, 2,
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