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ABSTRACT

THE C OK PRESS I BUS FLOW ABOUT A POINTED BODY OF REVOLUTION 

OF CURVED PROFILE % I TH ATTACHED SHOCK WAVE

by Gullford L. Spencer H

The main problem considered le the constructive 

solution of the equations for the steady flow between the 

surface of a pointed body of revolution ismrsed in a uni­
form flow without yaw, and its attached shock wave, in a 

plane through the axis of revolution. The determination of 

the shock wave is an integral part of this problem.

In the plane through the axis of revolution, polar 

coordinates (r,9) are introduced; pole at the point of the 

body, and initial ray coincident with the body axis. Con­

sideration of the (r,e) coordinates as Cartesian coordinates 

has the effect of separating the shock and body curves, and 

of removing the singularity caused by the difference between 

the velocity on the back of the shock and the velocity on 

the body at the tip. The boundary conditions and equations 

for r = 0 lead to two point boundary value problems for 

ordinary equations. The solutions of these problems yield 

functions of « which can be used as coefficients in power 

series in r. which express the flow variables as functions 

of r and 9. These solutions also yield a power series in r 

for the shock curve. If these power series converge, it is 

proved that they represent a solution.

The major results obtained are;



a

(A ) a new proof of the existence of solutions of 

tlie Taylor-Mac co ll equations for conical flow 

and associated inequalities.

(B) a procedure for the calculation of a non—yaw 

flow about ’’cone-like” bodies• (A body is 

"cone-like" If its profile curve in polar 

coordinates has all derivatives of odd order 

with respect to y equal to aero for r = d)

(C) a procedure for the calculation of shock-body 

curvature ratios at the nose»

(D ) a %%othod of solution of singular boundary value 

problems Ieor quasi-line ar hyperbolic ays tense of 

partial differential equations.

The solutions of the two point boundary value prob— 

lens are obtained in terms of auxiliary functions which 

depend only on the KacH number of the undisturbed flow and 

the body nose an^le. Per practical use, these functions 

could be tabulated. Tlie determination of the coefficients 
of the series could tnen be made fairly easily.
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INTRODUCTION

A problem which has attracted considerable Interest In 

recent years is that of determining the supersonic flow 

about a pointed body of revolution with attached shock wave 

A solution for a right circular cone without yaw has been 
known for some time1. However, a solution for a curved 

body profile is not known and the latter problem has been 

the key motivation for this research. The problem is not 

completely solved, but some ideas of intrinsic mathematical 

interest and of practical application are developed. The 

cone-like" (defined on p. 78) body profiles without yaw 

are treated in detail, and the ideas developed for these 

can be extended to other problems.

The major results obtained are :

(A) a proof of the existence of solutions of the Taylor- 

Maccoll equations for conical flow and associated inequali­

ties. (A,proof by a different method has been announced 
by Shu2.)

(B) a new procedure for the calculation of a non-yaw flow 

about "cone-like" bodies. This procedure consists of two 

steps: (1) the calculation of certain auxiliary functions

1
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of body nose angle « Since only the nose angle is involved 

here, tables similar to those of Kopal5 may be constructed. 

(2) the determination of the coefficients of a power series 

from the body shape and the auxiliary functions. If this 

power series converges, it is shown to be a solution of the 
flow problem.

(C) a method of solution of singular boundary value problems 

for quasi-linear hyperbolic systems of partial differential 

equations in two independent variables. The types 6f singu­

larity which can be treated occur frequently in the field of 

fluid dynamics.

(D) a procedure for the calculation of shock-body curvature 

ratio at the nose. (C• C. Lin4 has computed such ratios 

from a linearization of the flow equations ; comparison of 

results would be interesting and informative.)

The central mathematical problem of this research is the 

solution of a singular boundary value problem for a quasi- 

linear hyperbolic system of partial differential equations in 

two independent variables. This is discussed in Chapter 1, 

where a method of solution is presented together with an il­

lustration. The particular flow problem is then stated precisely 

in Chapter 11, followed by its solution in Chapters III and IV.

(In Chapter III the assumption of irrotationality is made, but
3 "" " - " - - — _ _ - _

(Cambrfdge^Ss^uB  ̂ Plow Around Cones

L1^ Problems of Flow Behind Shocks of 
oæ/œ^ry5^^
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this restriction is removed in Chapter IV.) Chapter V con­

tains subsidiary results, comments on other applications of 

the method of solution, and supplementary remarks. In addi­

tion, some of the more cumbersome details are collected in 

four appendices•



CHAPTER I

THE SOLUTION OF A CLASS OF SINGULAR BOUNDARY VALUE PROBLEMS 

OF QUAS I -LINEAR HYPERBOLIC SYSTEMS OF PARTIAL DIFFERENTIAL

EQUATIONS IN TWO INDEPENDENT VARIABLES

Section 1: Introduction to the Singular Problem.

A quasi-linear system of partial differential equations 

in two independent variables x and y is of the form:

1.1 + blju^) * c1 = o - 1 = 1, ... , n ,

where the u^ are the dependent variables, the subscripts 

x and y denote partial differentiation, and the quantities 
a13, b1^ and c1 depend upon x, y and the vector û whose 

components are u^. The expression:

1.2 a1Ju^ * blju^ fixed 1 and j

can be interpreted as a directional derivative of ù^- The 

system 1.1 is termed hyperbolic if there exists a linearly 

equivalent system such that for each equation all the ex­

pressions 1.2 can be interpreted as derivatives in the same 

real direction. These directions are called the character— 

istic directions of the system. -
Courant and Lax$ have given an elegant treatment of 

quasi-linear hyperbolic systems in two Independent variables 

Among the problems which they consider is the following:

Richard Courant and Peter Lax, "On Non-Linear Partial 
Differential Equations in Two Independent Variables," 
Communications on Applied Mathematics, 11(1949) 2 and 3, 255—273* ———————

4
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Find u satisfying 1*1 in a wedge —shaped neighborhood D, 

formed by two intersecting curves, 1 and 2* See Figure 1. 

Curve 1 is given, û is known on curve 1, and relations in­

volving u are known on curve 2. The number and form of these 

relations are not arbitrary. Curve 2 itself may be given, 

or* an additional relation of a certain kind is given,

its determination may be included as part of the problem.

Figure 1

1

Courant and Lax * s solution depends upon the assumption 

that the relations involving u on curve 2 are consistent with 

the data on curve 1 at P, the point of intersection of curves 

1 and 2. In the case that the relations and data are not con­

sistent , the problem is termed singular. The singular problem 

is treated here in a generalized form; on curve 1 knowledge 

of u is replaced by knowledge of relations involving u.

Section _2. Method of Solution of the Singular Problem.

The point P is assumed to lie on the origin of the 

(x,y)-plane. The system 1.1 may be stated in polar coordinates 

as follows :
2,1 U-a^sin© + b^cosG) u^ + r(a^cosG + b^sinG) u^]

+ rc1 =0 1=1, ... ,n.
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A solution, u(r ,6), of 2.1 becomes a solution, u(x,y ), of 1.1 

upon change of variables.

If the new coordinates r and @ are regarded as Cartesian 

coordinates, the analog of Figure 1 is shown in Figure 2.

2

(G^.O)
G

Figure 2

The tangents of G& and Gg are the slopes of curves 1 and 2 

respectively in (x,y)-coordinates at P. If the coefficients 
and °1 are reasonably well behaved in the sense that

2.8

rüfo

= % '

then 2.1 reduces to 
tl

2,5 ^(-%j blbG + cose) + o^ = 0 1 = 1...................

on the interval I, •
D । S

^b,s = HG,r)| g @ 2 y = O] •

The boundary conditions associated with the system 2.3 

of ordinary differential equations are derived from the 

relations on curves 1 and 2 by taking their limits as r-> 0 

along the curves. This limit process gives conditions at
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(6,0) and at (0,0)» The problem of determining u on _ 

is a two point boundary value problem for a system of ordinary 

differential equations. If curve 2 is not known, the point 

(,0) is to be determined as a part of the solution.

The solution of the two point boundary value problem 

on s yields u(0,©) and (eg,0). It does not give any in­

formation about r-derivatives of u on I, . In this sense o ,s
1^ s is a characteristic curve of multiplicity n. Indeed, 

the conditions 2.2 imply that I, is a limiting member of 

each family of characteristic curves.

The differentiation of 2.1 with respect to r gives :
2.5 (-a^sin6 + b^ ^cos6 ) (u^ )^ (a^cos© + b^^sin©)u^

* (-a^^sin0 + b^cos©)^ u^ + r[ (a^cose + bi^sin©)u^]r } 

+ c^ + rc^ = 0 i=l, ... ,n

where it is assumed not only that the functions involved are 

differentiable, but that the order of differentiation can be 

interchanged. If the limiting values of the coefficients 

exist as r —» 0, the system 2.5 on I. is written as :o > s
2.6 zL [ (-a^sin© + b^^cos0)(u^)_ + (a^cos© + b^sinG)u^

j_2 ° o r 6 o o r
+ (-a^ sin© + b^ cos©)u^ ] + c^ + c^ = 0 

o ,r o ,r © o o ,r
i— 1, ... , n

where the limiting values are denoted by the subscript o.

The coefficients in this system are functions of © alone 

since u has been determined as a function of ©, the solution 

of 2.5 on 1^ s. Therefore, 2.6 is a linear system of ordin­

ary differential equations in up on I& g.
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The boundary conditions associated with the system 2.6 

are derived from the relations on curves 1 and 2 by differen­

tiation with respect to r along the curve on which each holds, 

followed by evaluation of the limit of each as r-> 0. These

limits are linear relations in the components of u^ 

and (Gg,0). In the case that curve 2 is not known, 
at (©b,0) 

the rela­
tions at (6g,0) also involve the unknown slope of curve 2.

The solution of this two point boundary value problem yields 

U? on Ib g and the slope of curve 2 at (@g,0).

In similar fashion, a second differentiation and a limit 

operation yield a two point boundary value problem for a 

linear first order system of ordinary differential, equations. 

Its solution gives up2 on and the second derivative of 

curve 2 at (Gg,0). Inductively, the process gives u^n (the 

nth partial derivative of u with respect to r ) provided that, 

at each stage, the two point boundary value problem is well- 

defined and has a unique solution. It also gives the nth 

derivative of curve 2 at ( @g , 0 ) . On the basis of this indue- 

tion, it may be possible to express the desired solution u 

of 2.1 in the form:

2.7 u(r,©) = u(0,6) + up (0,9) r + ^2(0,9) r2/21 + ... ,

and the curve 2 as a power series in r. This possibility 

is the basis of the proposed method of solution, which con­

sists of two major steps. The first of these is the inductive 

definition of the coefficients of the series 2.7, on a suit­

able interval of the ©-axis. The second is the proof that 

the series represents a solution in D.
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Section 3Î An Example of the Method of Solution.

The following example illustrates the method of solu­

tion which has been presented. It is closely related to the 

problem of determining the supersonic flow about a right 

circular cone without yaw with attached shock wave. The 

details of this relationship may be found in Chapter III. 

Justification of the steps in this outline of the solution 

may also be found there. This example is simple in that the 

series 2.7 developed for the solution terminates after the 

first term. In spite of this degeneracy, the example Illus­

trates very well the ideas outlined in the preceding section. 

Consider the system: 

3.1 v — u = 0 
x y

3.2 (c2 - u2)ux - uv(Uy + v%) + (c2 - v2)vy * c2v = 0.

Curve 1 is :

3.3 y = kx, k is a given positive constant.

Curve 2 is unknown, passes through the origin and is denoted by 

3.4 y = g(x ).

On curve 1 the relation : 

3.5 v = ku

is given. On curve 2, the relations : 

3*6 qQ - u = vg’(x)
3.7 v2(b - u) =(qQ - u)2(u - d)

2 are given. The quantities c , b and d are given by: 
3.8 c2 = (1 - u2 - v2),

b = A + -^2 % » and
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where :

(i) y is a given constant such that 1 < Y < 1.76

( Qq 1s a given constant such that < qQ < 1.

The problem is to find u = (u,v ) and curve 2, such that u 

satisfies 5.1 and 5.2 in D (see Fig. 1, Sec. 1) and relations 

5.5 - 5.7 on curves 1 and 2. ■

In polar coordinates r and e, with the convenient change 
of variable

U = u cos© + v sin©

V = -u sin© + v cos©, 

5.1 and 5.2 may be written as :

5.9 Uâ = rV + V 
* r 2 2

vp) - u - .

Curve 1 becomes• 

5.11 © - arc tan k = ©, •b
Curve 2 becomes :

5.12 © = S(r).

The relation on curve 1 becomes :

5.15 V = 0 .

The relations on curve 2 become :

5.14 U + rS’V = qQ(cos© - rS' sin©)
3.15 U cose - V sine = a + 85°<°°^ - ^.sme^

The quantity o■ becomes :
5.16 c2 = (1 - U2 - V2)

and the quantities b, d, Y and qQ remain as in 5.8.

When r = 0 in 5.9 through 5.15, the following system results :
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3.17 Ug = V

3.18 V= -U - c2fU + V cot©
6 --- ?3“vS

3.19 V = 0 at (0^, 0)

3.20 U = qQCos0a at (6g,0)

3.21 U cos© — V sin© = d + c ° * 
s s y +1"" at (©g,0).

For suitable given values of ©b = arctan k, it is shown in

Chapter III that a solution (U, V) to 3.17 and 3.18 exists, 

and that a value 6g — S(0) can be determined so that 3,17- 

3.21 are satisfied.

The next step, as outlined in Section 2, is the deter­

mination of Uy, Vp, on Ib#s and S • (0). Differentiation of 

3.9 and 3.10 with respect to r gives, for r = 0: 

3.22 (Ujg = 2Vy 

3.S3 (Vp)e = D1>0Up * Eli0Vp .

where :
„2 tt2

s.84 d1i0 = -i * car- Du U + Vcot© 
c2 - V2

3.25 1,0

2u( y -1)

2UV

U + Vcot©
(c2 - V2)2

(y-i)v--i vcot© _ çjcot©
CgK _ y2

—c

the boundary conditions with respect to r

2 elves. for r = Oî 

— ( y +

Differentiation of 

along curves 1 and

3.26 Vp = 0 at (©b,0), 

3.27 U = -(2V + 2U tan©)S’(0) at (© ,0) 
" 2 2 ®

s.28 vp = ~ °3 (u * vcote) + (o) at (ea.o).
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Elimination of S *(0) between 3.27 and 3.28 gives:

3.29 Vy = K n, at (Gg.0) 

where : 
2 .2

3.5° k = [ - ]G=ea •

The unique solution (see Chapter III) of the two point 

boundary value problem 3.22, 3.23, 3.26, 3.29 is 

ur = °» V? a 0 °n a. Since Up and Vp are zero at (Gg,0), 

S’(0) = 0.

In general, to find the nth partial derivatives of (U, V) 

with respect to r, the nth r derivatives of 3.9 and 3.10 must 

be taken. For r = 0, this gives : 

3-31 (Vrn>e = (n + l)Vrn 

„2 tt3
<Vrn)e = < Hn - 1) * D1<0 )U^n

* < * E1.0 •

The boundary conditions for 3.31 and 3.32 are obtained by 

d-lfferentiation of the relations n times along the curves 

1 and 2. This yields : 

3.33 Vpn = 0 at (©b, 0), 

3.34 Urn + rS'Vpn = at («a, 0).

3.35 Urn cosea - Vpn slnCa = at (%. 0),
where, for n = 1, 2, ...

Nne0 = - (n + 1)(V * qQ sin©g )S (0) 
(2 .- c^^V5^ + V c°8®s)s(n)(0) 

Elimination of S^n\o) between 3.34 and 3.35 gives :
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3» 56 V^COt Qq________ _

-^7(7733 " ÎTT-T

। 8 + 4(n — 1) y |
Tn + 1 ) (v + q sin© )/pn * 

o a;
=0 at (Ga, 0).

The unique solution to the two point boundary value problem 

3.31, 3.32, 3.33 and 3.36, is = 0, a 0 on Ib g . 
Sinee Upn and Vpn are zero at (©g, 0), s(n)(0) = 0 . ^The 

system 3.31 - 3.35, as expressed above, has been simplified 

by dropping all terms which contain Upj, Vp j, or S^^(o) 

for j = 1, ... , n - 1 as a factor.

The power series for this example are:

3.37 U(r, ©) s U(0, ©)

3.38 V(r, ©) = V(0, ©)

3.39 S (r ) se © e s
The functions tT(O. e), V(0, ®), and 3(0) = e, satisfy 3.17 

3.21 and it is easily verified that 3.37 - 3.39 represent a 

solution to the original problem.



CHAPTER II

formulation of THE FLOW PROBLEM

ion 1 : Notation and Assumptions •

The assumptions which lead to the mathematical formula­

tion of the aerodynamic problem of determining the flow about 

a pointed body with attached shock wave are presented in this 

section. The theory which leads to the formulation may be 

found in the work of Courant and Friedrichs6, to which the 

reader is referred.

The body is assumed to be in Cartesian (X,Y,Z)-space, 

with nose at the origin. It is immersed in a gas which is 

moving at uniform speed in the direction of the Z axis, in 

such a manner that an attached shock wave is formed at the 

nose. The shock wave and the flow between the shock wave 

and the body must be determined. The following notation is 

adopted : 

1»1 p—pressure

T--temperature

T—specific volume

^--density (yo T =1) 

E—specific entropy 

©--specific internal energy 

i—specific enthalpy (defined by i = e + pt) 

c—sound speed

Oy-specific heat at constant volume ,

14
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and the following assumptions are made:

1.2 1. The gas Is perfect; l.e. pV = hj where R is 

the gas constant.

2. The gas is polytropic ; l.e. the internal energy
is proportional to T.7 Therefore :

P = A/> *

where :
y = i + rcç1

Eq is a constant

A = (Y -l)exp[ V 1 (E - Eq )] 

and :

c2 = = ^p^ = YRT = -^-(Ayoy) = ( y - i)

3. The gas upstream from the shock surface has con­

stant supersonic speed qQ in the direction of the 

Z-axis .

4. The flow is steady; i.e. the velocity u at each 

point is independent of time.

5• The flow satisfies the Euler equation of motion: 

= - grad p .

friction# gravity, and other external forces are 

neglected.

®• The flow satisfies the equation of continuity: 

divyo u = 0 .

7. Changes of state are adiabatic :

u*grad E = 0.

7
Ibid., p. 6.
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8. If N is the normal component of velocity, T Is 

the tangential component of velocity, q is the 

magnitude of velocity, and the subscripts o and 1 

refer to the front and back of the shock respec­

tive ly :

(a ) Xa =
(b ) + Po = A”1 * Pl

(c) r = o 1

(d) •

9. The quantity -iq2 + 1 is constant throughout the 

flow. It may be expressed as ~ where $ is 

the Bernoulli limit speed.

10. The flow is tangential to the body.

11. The shock is attached to the nose.

Courant and Friedrichs discuss the physical basis for these 

assumptions, and their interrelations. It is sufficient to 

say here that air, at moderate temperatures, can be considered 

to be polytropic. For air, Y is approximately 1.4.

Section 2: Formulation of the Problem in Cylindrical 
Coordinates.

The determination of the flow between a pointed body of 

revolution without yaw in a uniform flow, and its attached 

shock wave is the problem to be studied. The symmetry about 

the axis of the body immediately suggests using the assump­

tions 1.2 to describe the flow in cylindrical coordinates.
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The flow problem consists in finding functions which satis­
fy this description. The general form of the description, 
which provides the basis for some remarks in Chapter V, is 
worked out. It is then simplified by use of the symnetry 
assumptions, and the problem is stated precisely.

For cylindrical coordinates, y, Q and x, where :
2.1 X = y cos®

Y = y sin©
Z = x

11V * ^2* * di/ 1g» and 1$ are unit vectors

in the y,e, and x directions respectively, with 
the usual right-handed orientation).

the equations 5-7 of 1.2 may be written as five scalar
equations :

2.2 vv + uv + 
Y x

VW + uw + 
y x

vuy

z + 
y

vE
y

+ uu + X

23 = 
y 

_ px

pe

These involve the six dependent variables v, w, u, p,yo and E 
From assumption 2 of 1.2:

2.5 p- (Ï-1 )yOVexp[^(E-Eo )] , c2= ^-^-lexp^^^-E^ )) .

Therefore :
2.4 p = Ae + c/o 

y / y / y

" TT c/»Be + O2»g

Px = °^EX * =% •

Elimination of p from the system 2.2 by use of 2.4 yields :
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2.5 vvy uv w w2 3-1 
YR

(b) VWy uw w w =a
y
Eq

c2

c

(d)

The

vuy

vE
y

uu ue
w X —1 

XR =2 E.

u w Q
y

w

linear

w
Be 0

combination of
* u[2.5(c )] - c2[2.5(d ) ]

equations, v[2.5(a)] + w[2.5(b)]

s uvv X

is
VW2

wvw uww
2 2

+ uvu 2 2
c2 c2 e

we

c2

y

= c2(vBy + I Bg *

Application of 2.5 (e) gives

2.6 (o2 2 uv(u 2 2

The

vv

and

2.7

c2 - 
y

2
- uw (w^ y5) " +r 0

subtraction of uu

+ ww X . from

. + ww + vv
y y y
both sides of

Wq + WWq + UUg

equations 2.5 (a)

and

(b)
(c ) respectively

x u ) - WW 
y y

yields : 
. w 2

e
2.

2
uu

ww. vvy
VVQ UUq

uw w y-i c2Eq c2/°e

UUg - WWg — VVq

y ww y uo X ■ ° vv
ww - uu.
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With the introduction of a new quantity H

2.8

and

H — exp [ — — E )n o
the use of assumptions 2

2.9 2 - w2
and 9 of 1.2 to obtain 

2 .

the system 2.7 may be written

2.10 ww + — 
y y

in the
w2

form
o2

vv uu
vw 

y
o2

ww ? u«
The argument of the logarithm occurring in 2.10 is intro-

x G y TÔCTJ

w 3
y X YC^TTyt^G

duced now as a convenient function, h, 

2.11 h = .
^0 “X

From assumption 2 of 1.2:
2.12 h = [^(X-DJ^expt ^(E - E )]

it o

Thus, h is seen to be a function of entropy alone, and it 

follows from 2.5 (e) that :

2.13 vhy + h^ + uh^ = 0.

The equations of the system 2.2 may now be rewritten in 

terms of four dependent variables v, w, u and h. The four 

resulting Independent equations are:
2 2

2.14 (a) u(vx - Y - ™y + ï ve -X. =

) v (u - V ) - ww + — u _. = y x x y G
c2 ^x 

y()f—i ) h
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(c) (c2 - V2)v - uv(u * v ) * (c2 - u2)u + 
v v x y

(d) vhy + hQ + uhx = 0 , 

where :

= - u2)

The body surface may be represented by :

2.15 y = B(ô, x ) •

The unit normal to this surface is

2.16
±ZBx.2-7

and therefore, the condition that the flow be tangential.

assumption 9 of 1.2, is :

2.17 v - — B - uB = 0 .
y © x

The shock surface may be represented by:

2.18 y = S(6, x) •

The unit normal to this surface is :
S©

2.19 % " 18 y ~

and two mutually

1lSx + 
2.80 - *

i1 *®F

orthogonal unit vectors tangent to it are

and
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Therefore, the vectors HQ, Tq, and I , as defined in 

assumption 8 of 1.2, are :

2 
e
2

2 
x

- u S

+ sf

2 r - ^3 3x

y

;sx * » 1^243 
fl + 3^ fit SB' ’ A ’ X

p S - Sq _ sQSy -S 4 ,(1 a8) - IjJ + i8(l«2) -l^

The conditions 8 and 9 of 1.2 can be written

2(b7>\
P1 * Sx
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% = vSx u

(d)

It

2.

1„2 _ °?

is possible

se

c2

to express the above conditions, 2.22

-M
2 u^S

in terms of v, w, u, and h alone. The next few pages are 

devoted to doing just that• If the notation

2.25 No

is introduced, 2.22 can be written as

2.24

(b)

So"*

where

(d)

%.

se

2,2

2

2 
x

N L" 7 se 
1 Êe

2

2 
o

o

S

x

2

2

2)c® 2 2 2 5s

Division of (b) by (a) and multiplication by NQN- gives 
P, p

Nt ) = N ~ - N-,—-2 .2.25 N„N,(N OX o o
Assumption 2 of 1.2 implies
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2.26 .
/° y

Use of 2.24 (e) and 2.26 in 2.25 yields :

2,87 Mi". - -i» - rÿ("o - ”=<%  -2

The equalities î 
o _2 2

2.28 qj = + Xx

imply that
2.29 q® - »! = No " ”1 • 

The result
2

2.30 { ---

ns 
%

is obtained from 2.27 by use of 2.29 to cancel the factor 

(No - Nx) from both sides of the equation; from definition 

2.23; and finally from 2.24 (c) and (d) which eliminate 
s* , 
~ and v.

From 2.12 and assumption 2 of 1.2, it follows that 
g 

h = £y(y-i)]y -^Li •

Use of 2.24(a) and (e) gives $

hi = _ v2 - w2 -

and
ho = (3s - i2) a'*.

* O ' o
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Therefore, 

2.32 ~ ~ ~ -%sx ?-»
1 wSe ;

v — — 1 ' ■ uS 
y x

To summarize, the flow may be described in cylindrical

coordinates with v, w. u and h as the dependent variables•
For convenience, the equations and boundary conditions are
collected

2.33 (a)

(b)

(c)

(d)

below. The equations (2.14) arei

U(VX - Uy

vhy

- ww
y

v - 2- = c . ■■ -I
G y ÿ(y-i) h

ue * 77kl) TT
2

+ VT) + (c2 - U2) U + i-ï
X x y

+ ~ ) - vw(w + 2^) = 0
J y y

where
c2 = Ï=1 (^ _ v2 _ w2 _ u8 .

The boundary condition (2.17) on y = B(@,x) is ;

2.34 v — — B — uB = 0. y @ x •

o

A c
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qo * u

w _ % 
y y

In the particular case that the body is one of revolu­

tion without yaw, the description of the flow can be con­

siderably simplified. The shock surface is then a surface 

of revolution about the Z-axis, the flow is independent of © 

and w s 0. The equations 2.33 become :

2.36 (a) u(vx - U?) =7^^

(b) (c8 - v8)v - uv(u + v ) + (o2 - u2)u + 2-K =
* y " X y

( c ) vh * uh = o y x
where

= 8 = Y - V2- u2)

and 2.33(b) for w S 0 is dependent on 2.36 (a) and (c) .

The boundary condition 2.34 on y = B(x) becomes:

2 o 37 v — uB = 0

and the boundary conditions 2.35 on y = S(x) become:

The equations and conditions can be put in dimension­

less form by setting
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"* = % ' ?" = 9' = <• % = «nd h* = g- .

O

This change of form can be accomplished by replacing $ by 1 

hQ by 1, and interpreting u, v, w, qQ and h as the same as 

the quantities starred. This form is used throughout Chap­

ters III and IV. However, the stars are omitted for con 

venience in notation.

The flow problem is now stated in this dimensionless

form. The quantities qQ » Y , and the curve y = B (x ) are 

given; the problem is to find a solution (u(x,y), v(x,y), h(x,y)) 

of the equations :
2 h

2.39 (a) u(vx - U?) =7^
(b ) ,2 2 x , x 2 2 «2(c - v )v - uv(u * v ) * (c2 - u2)u *-2-2 = 0 

J j x y
(c ) vh + uh = 0, y x •

where ;

C2 = -^^(1 - u2 - v2),

such that, on y = B(x):

2.40 v = uB^

and to

2.41

2.42

2.43

find a curve y

%

q

— S(x) such that on this curve î

sx = tu ■ "T7I - TïI % J
h = À -u8 - y2 ° .qoS 1- V

u
V

The solution is to be valid in a region D:

D = L (x>y)| 0 x2 * y2^ S, B(x)^ y ^S(x) J ,
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Because of the physical background of the problem, 

certain additional assumptions can reasonably be made. 

Those which concern the given data: X , qQ and y = b(x) 

are listed below.

2.45 (a ) 1 if 1.76 . Theoretically, y = 1 * an
8ideal gas , where n is the number of degrees of 

freedom of the molecules of the gas. For a 

monatomic gas, n = 5; diatomic, n = 5 ; tri­

ât omic , n = 7; etc. For air under normal 

conditions K is approximately 1.4 .

(b ) The Bernoulli limit speed, is never attained. 

Therefore, all velocities in the dimensionless 

form have magnitude less than 1.

"y+T • The first inequality is a 

consequence of (b) above. The second is due to 

the fact that qQ is supersonic. The square of 

the sound speed in the uniform flow is

(1 - Therefore, q^ ^-^(1 - q^ ) ls

the condition that qQ be supersonic and this is 

equivalent to q •

(d) The following assumptions are made on the body 

curve, y = B (x ) :

1. y = B(x) is analytic.

8 .
M. Y. Colby, Sound Waves and Acoustics (New York, 1934), 

P • 133 •
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2. The first derivative of B(x) is positive at 

* = 0 » The next non—zero derivative of B(x ) 

at x = 0 is negative. Essentially, this says 

the body is concave•

3. B ( 0 ) = 0 and B(x) >0 for O x < £•

It should be noted that the assumption 2.45 (b ) not only 

concerns the given data, but places a requirement on (u,v) 

as well. There are other requirements which must be placed 

on the solution to insure its being a physically reasonable 

solution as well as a mathematical one. These are listed 

below. 
2 2 22.46 (a ) 1 u * v - c > 0 in D. This includes

2.45 (b ), and requires the solution to be 

supersonic• [ It is not strictly necessary

that the solution be supersonic but it is con­

venient that it be so.]

(b ) u > 0 in D.

(c ) v > 0 in D. The requirements (b) and (c) cause 

the velocity vector to lie in the first quadrant.

(d) S(0) = B(0) and S(x) > B(x ) for S à x 0.

These require that the shock profile lie outside 

the body and be attached.

The flow problem is singular because

Um u(x, B(x ) ) llm u(x, S (x ) ) 
x-tO x+0

llm v(x, B(x ) ) llm v (x, S(x) ) •
x+0 x-»0

This is not readily apparent from the formulation 2.39-2.43
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and the assumptions. However, it is easily seen when the 

system is formulated in polar coordinates, which is done in 

the following section.

Section 3: Formulation of the Problem in Spherical Coordinates 

To carry out the procedure of Chapter I in solving the 

flow problem, it is necessary to reformulate it in polar co­

ordinates. This is accomplished in this section by describing 

the flow in spherical coordinates and then specializing the 

description by use of the symmetry assumption.

For spherical coordinates r, 9 and if

3*1 X = r sin 9 cos /
Y = r sin 9 sin/

Z = r cos 9

U = 1^ u + igV + i3w i2» and i$ are unit

vectors in the r, 9, and directions re­

spectively, with the usual right-handed 

orientation ),

E9 * r sin9 Ey - °*

n + -----"© r sin9

V© * r sln9 

we * FVi'nè

r 
o

w cot9
r 

vw cot9 
r

These involve the six dependent variables u, v, w, p, p and E.
From the assumption 2 of 1.2
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°%E + c2/O 
r r r r

pe = * c%

“V = VI °V V ®8/Jy .
Elimination

3.4 (a) uu r

(b ) uv r

(c) uwp

(d) up+

(e ) uE

of p from the system 3.2 by use of 3.3 yields :

vv 
"r

r

- w2qos6 
r sin© ~

As in the

3.5 (c2-

previous section, these may be combined to give: 

u2) u+ T ■ y + _c2- w2 + u, 2 .
r © r sin© r(c "

(u + v cote) - uvvp - (uv^ vuf) + uwwp. Œ 0

Addition of the proper 

and (c) gives:
quantities to both sides of 3.4(a), (b)

3.6 v * 2 2 2
" r sin© ur r- - — - vvr - wr = ~T^
-r^l) j

P e2 J

uvr

c2 
lr(à-i)r apt a, -w-i) J 

1 c



51

UWr
* V UW . VW cote

r © “ r-----
UUy + VVy 
r aine

c2
“ y(y-i) r sine

C^

If h, as defined by 2e2.1, is introduced, the four resulting 

independent equations in the dependent variables u> ve w and h

are :

0.7 (a)

(b)

(c)

v . w V2 w2 c2 h
r u6 HÎH5 'V- — - Ï- ■ "r =

* u*wp * — WQ = 0

(d) uh, * he * --Wfn6 hy= 0

where :
2 = - u2 - V2 - „2) .

The body surface may be represented by:

3.8 e = B(r, ) .

unit normal to this surface is

0.9

and therefore, the condition that the flow be tangential.

assumption 9 of 1.2, is :

5.10 uBr
v + wB
r r sin5

O .
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The shock surface may be represented by 

3.11 © = S (r, y ) .

The unit normal to this surface is

1-.S
3.12 2 r

sy
3 F s i n©

and two

s? S 2
r sin©

mutually orthogonal unit vectors tangent to it are

2

Therefore

N
S
3

N

3 eos©

*
r^sin©1 and 13.13
2

i_S

O

2

S
3 r s? 5

r sin© r sin©

q cos©

Sp2-^

^,^2

sy \2 
sin©2

wsM 
r sin©

r s^in©

2 S

2

s2

âo r sin©

^sin©

%S
—5 1 r sin © 2

r sin©'
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u
? * vSr

The conditions 8 and 9 of 1*2 can be writtenî

S2 + A 
r r

r s in© + ------------

q ain© ws
3.15 (a) (qo==s« Sp *

V wSg \ 2 
r r sin© \ . 

( sy JT/ 
: r sin^ /

q cos© 
(o) 11 ---------

r

(d)

-^- 

r sine *<3r +pP 

a2 .
It is possible to express the above conditions, 3.15, 

in terms of u, v, w and h alone• A procedure similar to 
that used in the preceding section yields:

3.16 u cos© - v sin©

p 2
(1-/C )q [ (cos© - rS^sin©)2* —------- %----------- — i

= ^2^+ ? (v + qosin©)2 J

q° i * ^2^2 A w2 ____ ’
P (v * qQ sin©)2 

and
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h.
2 - u2 - ,2 -w2

52 - q2
qocosÔ S

qQsinG

uS
WSy 

r sine

o

To summarize, the flow may be described in spherical
coordinates with u. w and h as the dependent variables.
For convenience

collected below

the equations and boundary conditions are 

The equations (3.7) are :

3.18 e
w 2

^Tn5 uy~ w - r (vv + ww ) =

(b) e '
2 - v2)ve

w 2
Hnë V w + ruv.

2 2

2
-c (u + v cote)

2uvv
/ 2

. rc2 hr 
■ rly-1 ) h

- - . he
r " W-l) h"
_ 2 ,

vw
VWWg (=2

■ ”2)

- v2)u

(d) ru w
e

where

=2 = ^<^2 - u2 2 - w2)

and 3.18 (c) is a linear combination of 3.7 (a) and (c)
The boundary condition (3.10) on 6 = B(r,y) 

wB.
is :

ruB sinô •

nd the boundary conditions (3.15 (c), 5.16 3.17) on
6 = S (r , ) are :

3.20 u + rS^v = qQ(oose

S = - w sine 
y v + q sine o

- rS sine)

,2*2
u cos6 - v sine

%
1

(v "+■ q "STHe )2
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h
- - «2 - y2 - wa

- £
/ q sin©
%°°3 8 Sr + -°- —

us - X + —T av r r r s in©

In the particular case that the body is of revolution 

without yaw, the description of the flow can be simplified. 

The shock surface is then a surface of revolution about the 

Z-axis, the flow is independent of y, and w S 0. The 

equations 3,18 become :

3.21 (a) v(ug - v - rvp ) = - } -2

(b ) )vû = r [ - (c^ - u^ )u + 2uvv + ° ]
6 r r ^-l^

2 2 2— (c - v )u - c (u + v cot©)

(c ) ruhy + vhQ = 0 

where
C2 = - u2 - v2) ,

and 3.18 (a) for w 3 0 is dependent on 3.21 (a) and (c).

The boundary condition 3.19 on © = B(r) becomes :

3.22 ruB.

and the boundary conditions 3.20 on © = S(r ) become :

3.23 u 

u

h

+ rSyV = qQ (cos© - rS^, sin©)
»2q2 (l-/)qo(cos@ - rS sin©)^

cos© - v sin© = M—ft x
qo 1 + r^S^

= * u2 - v2 /rqoco3© Sr + qp sin©

- Qq ruS^- v

The equations and conditions can be put in dimension­

less form by setting:
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u* = v* = w* = % = T' h* = %- •
o

Thia change of form is accomplished by replacing by 1, 

interpreting the u, v, w, and h as the same 

quantities starred » This form is used throughout Chapters 

III and IV. However, the stars are omitted for convenience 

in notation.

The flow problem may now be stated in dimensionless 

form in polar coordinates. The quantities qQ, K and the 

curve 6 = B(r) are given; the problem is to find a solution 

®)» v(r, h(r,G)) of the equations :

(b) (c — v^ )v _ r [ - (c^—)u + 2uvv + — .
9 r r Y(r-l)h

2 2 2-(c -V )u - c (u + v cot©)

(c ) ruhp * vh^ = 0

where :

such that on G = B(r)

3.25 v = ruB_ r
and to find a curve G = S(r) such that on this curve

3.26 u + rSpv = qQ(cosG - rSp sinG)

3.27

3.28

u cosG - v sinG
2qo(cos6 - r8psinG^ 

% (r+l)(l + r%p)

rqoSrC°SG + qQsinG 

ruS_- v1 ’ %
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The solution is to be valid in a region D(£ ):

3.29 D(S)= [ (r,e)| B(r) é9iS(r), O S r g , S^O],

The following assumptions, which were discussed in 2.45 and 

2.46, are made. Those which concern qQ and G = B(r) are: 

3.30 (a) 1 Y c 1.76 .

(b ) All velocities in dimensionless form have magni­

tude less than 1.
(c ) 1 > q0>V^ •

(d) The following assumptions are made on the body 

curve 0 = B(r):

1. 0 = B(r) is analytic.

2. The first non—zero derivative of B(r) at 

r = 0 is negative.
3-^>6b = B(0)>0.

4. @b — B(r ) 2k 0 when SSt r 0 •

The other assumptions are :
3.31 (a) l u^ + v^ - c^ O in D( S ).

(b ) u cos9 - v sin© i 0 in D(S ).

(c ) u sin© + v cos© ^0 in D(S ).

(d) Ç_>© = 3(0) ^6, 0 .

(e ) S (r ) B(r ) for 0 r £ g . 
2 2(f ) c — v 0 in D( S ) • The analog of this assump­

tion was not discussed in Section 2. It is intro­

duced as a mathematical convenience.

The problem is easily seen to be singular. Elimination 

of qQ between equations 3.26 and 3.27 for r = 0 gives:
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2
3.32 v = Jzl cot©g .

Since 1 x u 0, the quantity v above is non-zero at (© ,0).

On the other hand 3.25 gives : 

3.33 v = 0

at (©b> 0). In the (x,y)-plane of Section 2, both (©s,0) 

and (©b,0 ) lie at the origin*

Section 4: The Simplified Flow Problem.

The flow problem, 3.24-3.31, is treated in Chapter IV. 

Its solution is based on that of a simplified problem, 

obtained from 3*24-3.31, which is developed in Chapter III. 

The simplified flow is assumed to be irrotational, i^.e. 

uQ = v + rvp, and the condition 3.28 on h is omitted. 

The quantities qQ , and the curve © = B(r ) are given; the 

problem is to find a solution (u(r,©), v(r,©)) of the equations : 

4.1 Ug = v + rvp

4.2 (c - v2 )uq = r[- (

- c2( 

where :
C2 = ^^(1 - U2 - M 

such that on © = B (r ) 

4.3 v = ruBp » 

and to find a curve © = 

4.4 u + rS v = q (cos© r o

4.5 u cos© - v sin© = J

C2 - u2)up + 2uvvp] - (c2 - V2)u 

u + v cot©)

2) ,

S(r) such that on it %

- rSpsin©)

, 2. 2qQ(cos© - rSpsln©)2

% (r + 1)(1 + r^Sp) •



39

The solution is to be valid in a region D(§ ) ;

4.6 D( S ) = [(r,9) | B(r) 0 SS(r), 0 - r <S , S > 0] . 

The conditions 3.30 and 3.31 are also assumed to be valid.

The assumption of irrotationality implies that h is 

constant between the body and the shock profiles, 9 = B(r) 

and 9 = S(r) respectively. Thus, a solution to 4.1 - 4.5 

is a solution to 3.24 - 3.28 except that the condition 

4 7 h _ 1 - u2 - V2 / % (sine + rs cose) \ 
4-7 " - ------ 1 - qS I—------------------- - --------- I

\ ruSp - v /

on 9 = S(r) may not be fulfilled. Therefore, 4.7 may be 

regarded as a condition that the shock profile be physically 

admissible. It is shown in this section that the only 

physically admissible shock profiles associated with the 

simplified flow problem are those for which S(r ) is identically 

constant. The body is then a right circular cone. In spite 

of the fact that the simplified problem is physically signifi — 

uant only in a trivial case, its solution for general curves 

© = B(r ) provides the mathematical groundwork on which a 

solution of the physical problem 3.24 - 3.28 can be based.

It is shown now that if (u,v) and S(r) are a solution 

of the simplified flow problem, S(r) must be identically con­

stant to be physically admissible. The equations 4.4 and 4.5 

give :

4,8 u = ^T^IEG^Fl^cosTr t %oS I** ( cos 9-rS^s inG J+Z^rSy 

(l^2)qg(0Q3G-rSysin e)2
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qo(sine+rs^coaG)
2 o

[ QocosG(cosÔ - rSpSinG)

2

ICT

An angle, A. is introduced

4.9 sin© + r8 cos© 
sin A = ---- n - S — 

il + r%8

cos© - rS sin© 
cos A = ----  । ------ r

2^2

From 4.8 and 4.9 the expressions

4.10 1 - u2
2 2

q^(lZos2A)^o-

Q sinG + rS cos© o r
------CT cos A )

are formed. Use of 4.10 in 4.7 yields

2

(1-q^c os )
? 
d

h
2 ^-l 2 p1-QqCos A

1-cos A >

2 2

o

If h is to be constant on G = S(r ) then

4.12 dh
d(cos A)

d(cos2A )
= 0

Therefore, either

4.13 ------ -—3— 
d(cos^A)

= 0

or

4.14
d cos^A

= 0
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The expression 4.13 in terms of cos2A is:
4.15 /l-q2cos2Al* y

(1-cos2A / ~(1-cos2A)2 t 1*^2^o^os A]2

. (q« .^,8)8 J -0 .

For 0 — r — 8 , cos A / 1. There are two possible oases.

Either

4.16 l-q2cos2A 2 0

or

4.17 [(l-/)q^os^A^ - 2(l-/<^)[(l-/)q2oos2A] + (q8-/)2=0

The case 4.16 is impossible since 1 » q®. The case 4.17 

reduces to
4.18 cos2A .... 1 2"/(ï ~^)(l - q*/

^7^ '
from which it follows that cos2A is constant• Hence 4.13 

implies 4.14.

The expression 4.14 in terms of r and s(r) is:
4.19 "2(cos0 - rS^sin©)(sin© + rS^cos©) 

(1 + r2s2)2 - -----------  {Sp(l + r^)

+ (Sr + rsr2) } =0 .

°r 0 — r S • the factors (cosG - rS^sinG) and

(sinG + rSpcosG) do not vanish. The curvature of G = S(r) 

in polar coordinates is
r2S® + 2S + rS p

4.20  £----------E---------X± 3 g
(1 * r2S2)^ 1-8 ’

Thus, the factor (S/l + r8S®) + (Sr*rSp2)} vanishes identi­

cally if and only if S(r ) a constant.
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The fact that S(r ) = constant implies that the body is 

a right circular cone » This is a consequence of the 

relations which exist between the derivatives of S(r) at 

r = 0 and the derivatives of B (r ) at r = 0. The relations 

are developed in Chapter III.



CHAPTER III

SOLUTION OF THE SIMPLIFIED FLOW PROBLEM

Section 1: Detailed Plan of Attack,

Chapter III is devoted to the simplified singular 

boundary value problem which was stated in Section 4 of 

Chapter II, The problem is studied in detail, and a 

formal solution is obtained in a constructive manner* For 

convenience the problem is now restated, The quantities 
% * * ^<3 the curve @ »B(r) are given; the problem is to 

find a solution (u(r,G),v(r,G) ) of the equations : 

1.1 u^ = v ♦ rvp

1,2 (c - v )Vy = r[ - (c2 - u2)^ + 2uWp ] - (c2 - v2 )u 

2
-c (u + v cotG), 

where :

°2 = (1 - u2 - v2) and /f2 =

such that on G = B(r), 

1,3 v = ruB(r ) ;

and to find a curve G = S(r ) such that on it :

1.4 u + rSpv = qQ(cosG - rSpslnG)
1.5 U cose - V sine + (i-^)qo(c°.e - rs^me)8

qo 1 + r^s2 •

The solution is to be valid in a region D( §);
D( S) = I (r ,G) | B(r ) — G S(r ), 0 r - S >0 ] 

The assumptions concerning the given data : qQ> X and G = B(r) 

43



44

are listed below.

1.7 (a) 1< K < 1.76.

(b) All velocities have magnitude less than 1.

(° ) i > •

(d) The following assumptions are made on the body 

curve, G = B(r):

(1) G = B(r) is analytic.

(2) The first non-zero derivative of B(r) is 

negative at r = 0.

(3) > Gb = B(0) > 0 •

(4 ) G^ B(r ) =5 0 when r 0 •

The other assumptions are now listed below.

1.8 (a) 1 > u2 + v2 - c2 > 0 in D( S ).

(b) u cosG - v sinG > 0 in D( £ ).

(c ) u sinG + v cosG > 0 in D( § ).

(d) >G = 8(0) > G > 0 .
» 8 D

(e) S(r ) > B(r ) for 0 6 r 6 £ • 
2 2

(f ) c - V > 0 in D( s ) .

In accord with the general description of the method, 

as outlined in Chapter I, the first step in the development 

of a formal solution is the determination of G and (u,v) s
on Ib-€ ,s+€ (th® interval G^-€^G^Gg + €, € > O). For 

this purpose, it is necessary to find a solution of the system
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1.9 Ug = v and
2 

v© “ " u • —g-----g (u + v cote)
c — v

such that at © = ©. :b

1.10 v = 0 

and at © = © •s

1.11 u = q cos© o s
. g

U cose3 - v sine = £- + (1 -p8)q cos2e .
H© ° 3

The solution of this problem is the solution of the 

flow about an infinite right circular cone which is studied 
by G. I. Taylor and J. W. Maccoll9 . They do not, nor does 

Kopal , discuss the existence of a solution, although the 

latter provides extensive computational data. A proof that 

there does actually exist a solution to the problem is given 

in Appendix I. The existence theorem stated there not only 

guarantees a solution which meets the end conditions, but 

also a solution which meets the physical restrictions, 1.7 

and 1.8. Only a short description of the technique involved 

is given here; the bulk of detail is left to Appendix I.

Briefly, a value u is assumed, such that I > u > T3ET 
° o | y+i

and this value assigned to u at © = ©b» It is then noted 

that 1.9 satisfies a Lipschitz condition in (u,v) in a neigh­

borhood of ©b; therefore a unique solution, (u,v), exists

Q
Taylor and Maccoll, og. cit.

^■°Kopal, o£. cit.
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In this neighborhood such that u = uQ and v = o at e = e . 

The argument then shows that there are values uQ for which 

the neighborhood of ^(containing the unique solution (u.v)) 

includes a value of 6 such that: *

1.12 > e > eb

and
2

1.13 v = cote .

This 6 Is denoted by 6^ The last equation is derived from

1.11 by elimination of qQ. From the equation: 

1'14 _ u (G@ )
° cos© •

q0 is computed. The value of q° is dependent upon uQ. It is 

further shown that if the pair (u^) lies in a certain set, 

the qo defined by 1.14 satisfies 1.7 (c) and throughout I , 

all the conditions are met. For these values the

problem is solved. The inequalities established in Appendix I, 

however, are very obviously rough, and therefore the set of 

pairs (qQ,eb) allowed there does not include all the possible 

pairs as indicated by KopalU for the supersonic case. The 

following theorem is proved in Appendix I :

Theorem 1: There is. a non-empty subset, D#( y ), of 

(qo.eb)-s2ace deflngd for all X, IC Xc 1.76. such that If 

belongs to D«( X ) then there exists a solution (u.v) 

— " 1'11 2L Si?ss C on_Ibfor suitable € > 0.

2his solution is such that on I. •----------------------------- b-€,s+(
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(a) 1 > o,

(b ) c2 - > O

(c) u cos© - v sin© > 0

(d) u sin© + v cos© > 0 

and such that :

eb > °*

The second step in the development of the formal solu­

tion is the inductive proof of the unique existence of

* vrn)» n = 1, 2, ..... on ,s+e which satisfy the 

systems obtained from 1.1 - 1.5 by differentiation with 

respect to r the appropriate number of times. The proof 

depends upon certain inequalities which are established in 

Appendix II. The remainder of the proof and discussion are 

found in the following section. The argument also yields 

the Srn(0), n = 1, 2, ...... and shows them to be unique.

The formal series which follow are now well defined 

1,15 u(r,©) = u(©) + rup(©) + upg(©) + ...........

2 
v(r,©) = v(©) + rv (©) + — V q(©) + ...........r 2! r^ •

2
S(r) = ©s + rSr(0) + Sp2(0) *................

and the third step in the development of the formal solution 

is the proof that if they converge in D(£ ) then they repre­

sent a solution to the problem. This justifies the term 

"formal solution" in connection with the series.
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Action 2: Existence and Uniqueness of ^(e) 

and Spn(O).
vpn(G),

The differentiation of 1.1 - l.g with respect to r yields

2,1 = An "r" * n vm * °nB

2,2 = Dn urn + En vrn + .

Sn = n+1

The differentiation of 1.3 with respect to r along the curve

© = B(r) yields :

2-3 Gnum + Vm = In '

The differentiation of 1.4 and 1.6 with respect to r along

the curve 6 = S(r) yields:

a** urn * ^^(r)v^ = + NS^r)

2,5 urn cos© - vrnsin© = 0^ + PnSpn(r ) .

The quantities^, ....loused in 2.1 - 2.5 are defined for 

n = 1, as follows :

2.6 A = 0 n

Dn “ 11 2 " 2 ” 1 2 ”—g - (S-l) u(u + voote)__ /2
° - v c - Vs (c2- V2)2

2
En = "g-7 S - V S + (X-l)v C - V C - v c -

■ (y+1 )—ô—y (u + v cot© ) 
(c^ - v2)2

Ç - u . 2uv 
c2- Vs rr V

« /C -

c —
V 6 / 2uv 

c2-v2 )]
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X X x 2 2^n+1 = «rn & \ \ \

2uv
?T7 ^n+l

% = -rB/r)

Hn = 1

8 + 4(n-l) 
y +i

I1 = " * ubr * ruBpr * ™e(Br)2 +

In+1 = "r"br * ™rnBrr * In

K1 = “ (Bp)2 (vQ + qQ sin9) - rSyg(? * qQ sine)

Kn+1 " & "n + (v * %=ine)S^_ vrn(Sp+ rSpg) - rvrne(Sr )2 

”urne SP + srn Nn

= -(ug + nv + (n+l)qQ sin®)

0
4q^cos^@ r§ê

4q sin© rS o______ r_____
(«+!)(! + r^)

- 2Srsin© - rS^sin© - rS%os©)

(1 + r^)2 r

°n+l dr °n + ^r^ Pn - (%n@ °os© - upn sin©) Sr

+ (^r"© + vrn oos©) Sp

L sp^i J
br

- (-Ug cos© 4^-v cos© +&v cos© + u sin© + Vg sin©

sin© cos©



so

n,o* ' * pn>o denote .... for r = 0

On Ib-C,s+6 e The equations and conditions 2.1 - 2.5 then 

become, for r = 0, .

2-7 (%n)@ = (n+1) vpn

2-8 = Dn.o Sn * B„,o

where for Q = Q ; b
2,9 vr« = In,o '

and for © = © : s
2.10 urn = MntO + NniOSpn(0)

2.11 upn cose - vpn sine = 0^ * .

In Appendix II it is established that :

2.12 N < 0 at © = © .n ,o a

iherefore Srn(0) may be eliminated between 2.10 and 2.11.

The existence and uniqueness of a solution of 2.7 - 2.11 is 

then equivalent to the existence and uniqueness of a solution 

of the system:

2,13 <%n)© = (n + 1) vrn

2114 = Dn.o Sn + ^n.o

where,for Q = ©^:

2.15 vrn = ^.o

and for © = © ;
3

2.16 ‘ COte) ^rn " (%.o - Pn,0)
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The quantity Spn(0) is determined as follows:

2.17 Syn(O) = ^7 \.o 

n,o e = q s
The unique existence of solutions of these systems is

asserted in the following theorem.

Theorom 2. Let (u,v) be a solution to 1.9 - 1.11 as 

described in Theorem 1, and let 1<Ï<I,5, if e = Bfr ) 

meets the requirements of 1.7 (d). then there exist unique 

functions u^, vpn. n = 1. 2................of class c“ on I 
- ---- b-€,s+€

for astable OOæà 3rn<0>. » = 1. 2................such that the 

vpn, and Spn(0) satisfy 2.7 - 2.11.

ProoT: For n - 1 the coefficients in 2.7 - 2.11 are 
of class c" In 6 on Ib_e-s+6 since u and v are of this class 

and the inequalities given in Theorem 1 are valid on the 

interval. Hence. If ur. vp and Sp(0) exist and are the 

unique solution of 2.7 - 2.11 for n = 1, then u^ and v are 

of class Cw on . Similarly. If u.n, vpn and Spn(0)

exist, are unique, and are of class Con I for
b-6,s+€ 

n = ..., k, then the coefficients in 2.7 - 2,11 for

n - k + 1 are of class C in © on l^^ . Moreover, if

uPk+l» vrk+l srk+l(°) exist and form the unique solution 

of 2.7 - 2.11 on ,s-^ n = k + 1, then they are of 

class 0e*1 in 0 on the interval.

It remains to show that a unique solution of 2.7 - 2.11 

exists for n = 1, and that if unique solutions of 2^7 -2.11 

exist for n = 1, ..., k, then one will exist for n
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If "r' vr* '°) ur’ vr• Sr<°) are assumed to be two 

solutions to 2.7 - 2.11. then x = up - u* and y = v. - v* 

satisly the equations : 

2,18 —= 2y

2119 = Dl,o= * BliOy

and the conditions :

2.20 y = 0 at 6 = o 
b

P,
2.21 [ *°---- — cot©

N, sin© 1,0
x + y= 0at©=© . s

The coefficients depend only on u, 

2.22 D1>o > 0 on Ib.e>3+€ 

and
P,

2.25 ■ ---- - cot© > 0 for © =
N-. sin©X > o

v, and ©• The inequalities :

®s

are established in Appendix II. From 2.18 and 2.19 it follows
that x satisfies the second order equation :

d©'
Ei,o is — 2D x = 1,0 0

on Ib-€,s+€ ’ ma? be written in the form:

2,24 d© ( il ) =2xD1#q exp J "Elo(t)dt

At © = ©a, x and = 2y are of opposite sign unless x = 0, 

from 2.21 and 2.23. If, at © = ©g, x > O and < 0, then 

from 2.22 and 2.24 as © decreases from © — © the quantity 
dx p®d© J - " 

%
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and

2.26

decreases and x Increases. This leads to the conclusion that 

if x > 0 at Q = ©s * then at 0 = x > 0 and = 2y < 0. On 

the other hand, if x < 0 at 0 = 0 , then at 0 = 0» , x < 0
dx 3 °
^0 " Both of these cases are incompatible with

2.20. Therefore, 2.18 - 2.21 admits only the identically 

zero solution. This implies the uniqueness of the solution 

ur * Vy and Sp(0) for n = 1.

The assumption that the solutions of 2.7 - 2.11 exist

for n = 1, ... , k,k +1 and are unique for n = 1, ... , k 

implies that the solution for n = k + 1 is unique. The 

argument is essentially the same as that given for the case 

n = 1 above• The key inequalities

Dn,o 3» 0 on Ib_€,s+€ n = 1, 2, ...........

P
N sln0 ~ >Ofor 0=0 n = 1, 2, ...........  n ,o

are established in Appendix II.

The existence proof is based on the properties of

certain auxiliary functions
a n j

functions oc and a satisfy the system:
and The

2-27 -55 D

dA
2'38 = - (j + 1)«< . E Æ

J J »u J

and the conditions at 0 = 0^

2.29 oc = o
^ = 1 .

This system is well defined for j = 1, on Ib-e,s+e
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v and 0

the coefficients are of class Gwon .
o~€,s+€

Furthermore,

Since the

system is linear with a one point boundary condition, it has

a unique solution of class c" on I, . The functions
□ , S T t

* , c, and I, satisfy the system

2.30

2.31 - - <j *

and the conditions at © = 0 :3

2.52 <X* = —1x2^ - cot 0
J

D,

This system is well defined for j = 1, On ^b-€,s+€
since D, ,E, ,

J » o J > ° depend only upon u, v and 0 •and N .

Furthermore, the coefficients are 

Since the system is linear with a 

it has a unique solution of class 

The following argument shows

of class C on I, , „ . , . D-€,S*€
one point boundary condition

° On ^b-e,s+6 *
that of /9* -o^ / 0 on

^b-€,s+€ * fact will be important in later work. From 

2.27, 2.28, 2.30 and 2.31 it follows that:

Therefore :

2'^ «j pg - "% 4j = - «%(%) exp S® - BJ>o(t)dt . 

b
From 2.25, 2.30 and 2.31, <X*(0) satisfies :
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S-S* * (Bd.= * "DT- "^2-) °i.o^

J »°

Hence •

^"35 ”P Si ^j.o * DT- 

% J »°

r® 1 dD. _
= (J * 15 *3 Dj.o exP Je 'Ej.o - D77 •

From 2.26 and 2.32, oc(ë ) > 0; and 
d«^(e)s 3 3

2,32, ---- --------- < 0. It then follows

from 2,25, 2,26 and 

as in the uniqueness

proof that (*) > 0 °n This fact, combined

with 2,33, gives the inequalityî

2.36 <0 on Ib.€>s+€

If f2» f2» fy and fare functions of class CW in ©

on I. , _.,, it is formally true D—C,S+t "

8-37 Jl^rjV^lM 

b
SI ]®b

b

SI^3^r^^ ]eS

that :

f« df, 
- jg Urd dë~ dt

- jg vrJ dt

dt

Îq Ô f 0 df.
=^pj - Je vrJ dë-

Addition of these identities and use of 2,13 and 2,14 yields :
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= + * (fi-f3)ur^e=e * 'V

- .

If f i» f 2* 3 f are chosen so that :

2.39

f2 =

rs = k<^

f4 =

where Ï and k are constants, 2,38 reduces, with the aid of 

2,15, 2•16, 2,27-2,32, and 2,39, to the following :

■ sine3 1 °j,o " NjiO pj,o]e=ea "

* + ■ Mj)vr^e=e ‘

The constants, Ï and k, may be chosen to satisfy

2.41 $ « (©) - k oc(G) = 1
J J

$ fj(e) - k^te) = o ;

that is :

2.42 Z =/^(@)Æ(@) 
J J 

k = /^(e) ^(e)

where :

2^ •
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Then :

2.44 =^(6) <^<®) dt

A(e) m

* slnGa [ °j,o " N^o P3,o1q = eg

^V6Ï

and :

2.45 vrj(e) = (*j(e) J^j.o^jdt +o^(e) at

«J©) M .
*^67 t °j.o -N^ ^,0^= 9S

+ :j.o ]@ = } .

For j = 1, the expressions 2.44 and 2.45 are well defined 

and are the unique solutions of class C*on I of the
b-C,s+€

system 2.13 - 2.16 for n = 1. That they are solutions can be 

verified by direct substitution in 2.15 - 2.16. If the 

expressions 2.44 and 2.45 for j = 1, ...» k are the unique 

solutions of the system 2.13 - 2.16 for n = 1, .... k of 
class Cv on then 2.44 and 2.45 for j = k + 1 are,

as may be verified by direct substitution, the unique solu­

tions of the system 2.13 - 2.16 for n = k + 1 of class Cw 

on Ib-e,s+€ e Tbe quantity S^, j ( 0 ), j = 1, ........... , is

defined by the equation:
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u 4 — M. 1
2.46 S j (0) = -------- 112 .

«j.o

Thus, the unique solutions of the system 2.7 - 2.11 for

n = !» ........... class Cw on Ib-6 a+€ are given by 2.44 - 2.46.

The auxiliary functions 

interest because of the following corollaries to Theorem 2.

Corollary 1 to Theorem 2: ^et (u,v) be a solution to

1.9 - 1.11 as described in Theorem 1 and 1 <. X < 1.5.

The auxiliary functions and fl4 defined for r J---------------------
as solutions of the systems 2.27 - 2.29 and

2.30 - 2.32, are unique, and of class °" 22 Ib _e,s+< and

depend only on (u,v).

This corollary shows that it is possible to construct 

tables of the auxiliary functions for j = 1, ........... .. k

similar to those that exist for the Taylor —Maccoll solutions. 

Such tables, together with the formulae 2.44 - 2.46, would 

make it possible to compute by hand the quantities u^ j , 

Vpj and Srj(0), j = 1, ... k for any desired case.

Corollary 2 to Theorem 2: Let (u,v) be a solution to 

1.9 - 1.11 as described in Theorem 1 and 1 < Y < 1.5. If 

Kg and are the curvatures of the shock and body profiles 

respectively at the nose then 

-3u(9. (9 ) cote
D X S S

2(u(© ) + v(9 )cot© ) 0 0 0

this ratio is positive and depends only on (u,v ).

2.47

Furthermore
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Proof : It Is apparent that :

K S (0)
2.48 -5 = .

o Bp(0)

From 2.6 and 2.46 î

u (9 )
2.49 S ( 0 ) = ------ ---------E----2----------------------- .

r -2(v(eg) + u(9g)tan 9g)

From 2.6, 2.32 and 2.44:

2.50 iL,(0 ) = 3u(9 )B (0)21 (9 ) .
* o D r 1 S

Substitution of 2.50 in 2.49 yields 2.47 • From Theorem 1 

and condition 2.36. it follows that the ratio is positive• 

The dependence of the ratio on (u.v) alone is a consequence 

of Corollary 1.

The following is an immediate consequence of Theorem 2

Theorem 3. Let (u,v) be a solution to 1.9 - 1.11 as 

described in Theorem 1 and let 1 f 1.5* Let 9 = B(r) 

the requirements of 1.7 (d ) • The power series•

2.51 u(9) + Up ( 9 ) r + u^(9) ♦ .....

2.52 v(9) + vp(9) r + vp2(9) +............

2.53 9g ♦ Sp(0) r * Sp2(0) *...........

AES oq Ib.€>s+€ where upn, vpn and Spn(0)

n = 1. ........... are the unique solutions of 2.7 - 2.11 of clas 

C on this interval.
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Section 32 The Series Representation as a Solution.

This section is devoted to a proof of the following 
theorems

Theorem 4. Let (u,v) be a solution to 1.9 - 1.11, as

described in Theorem 1, on Ib-€>s+€ and let l < 1.5.
Let, 6 = B(r ) meet the requirements of 1.7 (d) for 0 £ r
S3 > 0. If 1 —

la) the formal power series 2.51 - 2.53 of Theorem 3 

represent analytic functions of r and © denoted by u(r,6), 

v(r,©) and S (r ) respectively in the region D^( g :

311 d*(SS‘*2> = o < eb - e Sea + e2 .

0 — r S 8 g» 8 g > 0, € g 0]

(b) the derivatives of u(r,©), v(r,e) and S(r) can be 

b% termwise differentiation of the series 2.46 - 2.48 
respectively in D*(8 g» 6g). and

(°) (0) / 0 implies By2(0) such that :
2

5,2 COt0) + U”3(6.r) = (ea,0)

then u(r,6), v(r,0) and S(r) are solutions of 1.1 - 1.5 in 

D(8 ) for suitable S>0 and the conditions of 1.7 and 1.8 
are met in D(8).

Proof : The theorem is proved in a sequence of five 

lemmas. The first lemma makes use of the continuity of the 

functions u (r , 0 ), v(r,0) and S (r ) and their properties on



^b-€ ,s+€ to that the conditions 1.7 and 1.8 are met. 

The second lemma makes use of the Schauder Fixed Point 

Theorem to establish that there is a curve on which condi­

tion 1.4 is met. This curve is then shown to coincide with 

G = S(r ). The third lemma uses the Implicit Function Theorem 

and the result of the second lemma to establish the analogous 

result for condition 1.5. The last two lemmas use certain 

auxiliary functions to show that u(r,9) and v(r,9) satisfy 

equations 1.1 - 1.2 and also to prove that condition 1.5 is 

met on 9 = B(r).

Lemma 1: There exist £ > 0 and € > 0 such that u(r,9), 

v(r,G) and S (r ) satisfy the conditions 1.7 and 1.8 in D*(§ ,€) 

and such that [(r,B(r)) | 0 r J and [ (r ,S (r ) ) 10< r Sg ] 
là in D*(g ,€).

.Proof ; Condition 1.7 (a ) is met since 1 y 1.5 by

hypothesis. Condition 1.7 (c ) is met since (u,v) is a 

solution of 1.9 - 1.11 as described in Theorem 1. Condition 

1.7 (d) is met by hypothesis for 0 < g The quantity
es is such that JL > ea = S(0) > , for it was obtained

with (u,v) from Theorem 1. By hypothesis, B(r ) and S (r ) are 

continuous in r; therefore there exists Sg > 0 such that 
^3 — min( ^2'^2^ conditions 1.8 (d) and (e ) are

satisfied.

Li* € g — *g min ( 6, . then on the closed interval
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(i ) 1 > > 0

(ii) u cos© - v sin© > 0

(ill) u sin© + v cos © >- 0
(iv ) c2 - v2 > 0

(v ) u > 0 •

The set D(S3»€3) is compact ; therefore u(r ,©) and v(r,©) 

are uniformly continuous on it. Thus, there exists S^O, 
^4 that the inequalities (i) - (v) are satisfied

on D (S 4.e3). Therefore conditions 1.8 (a), (b), (c) and (f ) 

are satisfied.

The functions B (r ) and S (r ) are continuous on 0 ds r — 

Hence, there exists $5 > 0, dS such that 

[ (r,B(r ) ) | 0 r S ] and [ (r ,S (r ) )| 0 sS r S ] lie in 

D ^3^3^ The quantities & = and € = e„ are those 
o o

required.

Throughout the remainder of the proof of Theorem 4, it 

is to be understood that each new choice of £ and € is made 

so that the new set D*(£ ,e) is contained in the old set 

D *€) which just precedes it. This fact will not always 

be indicated explicitly.

^JBia There exists £ >0 such that for 0 r ^ £ the 

equation :
3.5 wip,! - - u(r.S^(r))

1 v(r, S1(r)) + qosin(S1(r))

has a unique solution © = Sn (r ) for which S, (0) = © and

S1(0) = Sr ( 0 ). Further, S1(r ) = 8 (r ) for .
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Proof: The function qQ sin© + v(r,©) is continuous 

over D (S ,€). Theorem 1 and Lemma 1 imply that, at the 

point (©s,0),

3.4 qo sme3 + v(o.es) = (u(ea ) sines + v(es)cose3) / o.

Thus, there exist > O. g g > o and a closed set B( 8^ 8 ) 
defined by:

3.5 B( 81# S2) = Ur,e)| Oér ± S , © - S © 6 © + S_] 
A 3 « S 2

such that the inequality:

qQ sin© * v £ €1 >• O

is valid in B(S 82^* Therefore , the function W (r ,© ) ,

3.6 wtr.e) =
qosin© + v(r,©)

is well defined and analytic over B( Si> At the^2^
Point (©s , 0 ) direct calculation gives:

3.7

By continuity, there exist S 5 > O and S4 > 0 such that the 

inequality

3.8 C 0

is valid over B(S3» . Application of the Implicit

Function Theorem to W(r,6) = 0 in B( 8^. 8^ shows that 

there exists t^(r) = © of class C^ln r for which

M r ,tt (r )) = 0.< o

Calculation of t•(0) yields :

0 Â r ^8, . o
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-U (G )
3.9 t» (0) = -------- 3

%Sin% * v<%)
= 2Sp(0) .

From hypothesis 1.7 (d) on 6 = B(r) and Corollary 2 to

Theorem 2,

3.10 (0 ) O e

The subset F of B( S5. $4 ) la defined:

3.11 F = [(r.O) | OS r £ g , g >o, t (r) £ e £ e ] 
o s

where > 0 is so chosen that 6 S 5g. £ (r .tQ (r ) ) | 0 * r S ] 

lies in B( 8 » 54), and tQ(r) rSr (0) + % — % for 0 r 8. 

It is not trivial to show that such a 8 > 0 can be chosen 

when Sp(0) = 0. The details of the argument may be found in 

Appendix III. The key fact established there is that the 

first non-zero derivative of tQ(r ) evaluated for r=0 is 

negative.

The inequality

3.12 O B 2 W(r,G) à 2 W(r,Gs) 

is valid over F for O* r « S since 3.8 holds in F.

By direct calculation :

The function 2 W(r,6 ) is continuous 
for 0 £ r S when its

value at r = 0 is defined to be this limit. The set 0 & r«$ 
is compact. Therefore, lub U W(r,G)| exists. It is

©— r jéS
denoted by N.



65

3.14 N = lub |A W(r,@ )| .
I r 8 I

A set of functions, G is defined:

3.15 G: all functions G = t(r) of class C° defined for 

° r ~ S such that :

(a) (r # t(r ) ) lies in F for 0 r S Ç

(b) I t(rx) - t(r2)| N|r^ - r2| for 0 £

1 = 1, 2 . 
This set may be topologlzed by the metric, d, defined by 

6,16 |t (r) - tg(r ) I .
o £r 6g' ® •

It Is apparent that G Is a subset of the Banach space J, of 

continuous functions on [0,$]. The space G Is non-empty 

since 6 — (0) + lies in G. It is convex; for if

tx(r) and tg(r ) belong to G, then the function Xt,(r) 

+ (1 " A)tg(r) for each A, 0 ^1, is continuous and

satisfies 3.15 (a) and (b). The space F is separable metric 

and compact, and 3.15 (a) and (b) imply that G is a uniformly 

bounded equicontinuous class of functions. Therefore, by 

Ascoll's theorem every infinite subset of G contains a 

sequence of functions converging uniformly to a function, t, 

of J. Clearly, this limit function must satisfy 3.15 (a) 

and (b)» Therefore G is compact e

A map f : G ->J, f (t) = t* is defined by the equation: 

3.17 t*(r) = 9, + W(* ,t( X ))d$ .
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Since
3.18 h*^) - t*(r2)| = | | W(Ç, t(< ))dçj S N|ri- r2| ,

then t*(r ) is not only continuous but also satisfies 3.15 (b) 

for O g r . To show that t*(r ) also satisfies 3.15 (a ), 

the curve tg(r) defined by:

3.19 t2(r) = ©s + r lW(5,%)dJ O^r^S 
^o J

is considered. From 3.8, it follows that

3.20 t2(r ) S t*(r ) S 9S 0 M r -E g .

If

3.21 t^(r ) - t Hr ) *& 0 0 S r ^6 g ,

then

3.22 . tQ(r)^t2(r) O r g

and consequently
3.23 tQ(r)^ t*(r)^ eg 0 S r S S .

The argument leading to a proof of inequality 3.21 may be 

found in Appendix III. It is thus concluded that f(G) c G.

It is shown now that the map f : G -> G is continuous.
If t^ and tg belong to G,

3.24 |t*(r) - t*(r)| S ? ~ jw(ÿ , tJJ)) -W( J,t2 (f ) )|d f

* o
0 Sr Sg .

With €o > 0 given, it is required to find go > 0 such that 
d (t^,tg ) <- Implies d (t*, tg ) < €1 . The quantity 2N 

bounds the integrand in 3.24; hence there exists ri, 0<r!^^
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such that • Thus :

3.25 |t*(r) - t*(r)| 6 - W(J.t2())[dÇ ♦ .

The function ~ W(r,6) is uniformly continuous over the closed 

subset of F for which r g g . Therefore there exists 
^o^l^ > 0 s™*1 that j^WCr,©^ - W(r,®2)| for

" ®2 I So • This is the required SQ»

The Schauder Theorem12 asserts that a continuous map 

of a compact convex non-empty subset of a Banach space into 

itself has a fixed point. These hypotheses are satisfied by 

the set G and the map, f, defined above. If G = S,(r ) is a 

fixed point of the map f, then

12Solomon Lefschetz, Topics in Topology (Princeton 
University, 1942 ) •

3.26 S^r) = Gs ♦ 1 W(£, Sjfmj .
J o 5

It is clear that S^r) is continuously differentiable on 

0 r S 5 • Application of L*Hospital's rule gives»

3.27 Tim S£(r) = 11m LW (r,S,(r ) ) + W (r ,Sq (r ) )S*(r ) ],
r —> + O r —> +0 x w x X

and hence

3.28 Um SJ (r ) = 11m — p . = S (0) .
r O x r->+ 0 1 - W0(r,S1(r)) r

Thus S^(r ) is continuously differentiable on 0 S r sS S* and 

is a solution of 3.3.

This solution, S^r ), is unique. If it is assumed that 

two distinct solutions t$(r) and tg(r) exist, then there
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exists S2 • 0 < Sj £? such that

3.29 t $ (r ) t6 (r ) 0 4r £ S3

(where the subscripts 5 and 6 are chosen appropriately). 
From 3.3 and 3.8,

3.30 t£(r) > (r ) O r §5
and

t^(0) = t£(0) .
Hence,

3.31 tg(r)^t£(r) 0éréS3 .

Integration of the above yields:

t^ (r ) tg (r ) 0 r «S $ $

which contradicts 3.29 forO<rS Sj. Thus, the two solu­

tions coincide for 0 « r sS S&. The function A W(r.e) is 

analytic on F for 0 < S r £ S . Therefore. the solutions 

which agree at r = fc g agree for r . and the solu­
tion S^(r) is unique.

The function W(r,e) is analytic for ; hence
Sl^r^ is analytic for 0 r S . The second derivative of 

S1(r) for r = 0 is evaluated using L'Hospital's rule as follows :

rs/^Cr) = WCr^er))

^1^^') * rS^^tr ) = Wr(r,S1(r)) + »e(r. S^r)) S^^\r)

s (2). ) = Wr^'^(r)) t(we- l)3i^'(r)

r = r^1” 0 (W" * S1U)(H

+ Weg((S^(^)(r))^+ (Wg-l)s^(g)(r))
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3.33 11m S <2>(r) = Um W .
r-»+ 0 1 r-»+ O 2 - Wg

In general, the n derivative of (r ) at r = O may be com­

puted in the same way, since the denominator on the right will 

b0 n ■ »e which equals n + 1 at (©s,0). This n^ derivative 

is ^pn(0condition 2.17, The series 2.53 has as coeffic­

ients Spn(0) and has a positive radius of convergence greater 

than or equal to 5 . Thus S^r) is analytic on O£rs$ and 
coincides with S(r)«

i^mma 3, There exists g > O such that the implicit 
equation

3*34 u(r ,9)cos© - v(r ,9) sin9 - -i-ar+1 qQ

/ % cos0 - u(r ,9) \2 o
+ 2q (cote 9----- 2------ ------------------ — Y s in^9

° * v(r ,9) + q sin9 '
- ------- -—------ ;----------- ;------------ 2------------------ -------- » O

L v(r,9) + qQsin9 * J

has a unique solution 9 = Sg(r ) f^r 0 S r g g of class

in r, such that 9g= Sg(O). Also, Sg(r) = S (r) for O ^r

Proof : If Z(r,9) denotes the left hand side of

equation 3,34 then Z(r,9) is a well-defined and analytic 

function over the set B( £g). (See 3.5 ). By direct 
calculation:
3.35 = c8 (u + v cot©) sin©| >0 .

Ç2 - v A©,r)=(© ,0)
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Therefore, S 5 > 0 and >0 exist such that

3.36 > 0 over B( ^5» $6 ) •

Since Z(O,Og) - 0, the Implicit Function Theorem asserts the 
existence of a

for some S > 0
unique analytic solution @ = Sg(r) for Of r£$ 
such that © = So(0) .

S 2

To verify that s/n)(0) = Spn(0), n = 1, 2.....................it

is noted that condition 2.5 upon Srn(0) can be written in 
the following manners

5,57 [ u(r,S(r)) cos (S (r ) ) - v(r,S(r)) sin(S(r))

_ y-i 2qQ (cos (S (r>rS^(r)sin(S(r)))^ "

] r = o

From Lemma 2,

0 .

3.38 rs (r) = ~ |
r qo sln6 + v(r,e) Jon e = s(r) 

and substitution of this value for rSr(r ) in the above (3.57) 
shows that SgW(O) = Spn(0) for n = 1, 2.................... It then 

follows from the Identity Theorem that S^(r) s S(r ).

—I. There is a g>0 such that over D*( g ,€ ) 
a unique solution (Qup> oVp ) of class of 

the system of equations : 

3.39 o
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+ vv^ - 2uu^)
L (c2 - V2)2

(o2 - u2)(-

2 2 x2

e2 - u2 
?"?

2uv 
2 C - '

2uv
2c

2 p
(c - v ) (2upv)* 2uv( + (if-1 ) (uu^* vv )

_2
* I 1 *—g a ♦ (V-l)u(u ♦ v cote)—gX

c - v (c2-

cote

----r----5—« ()f*l)v(u + v cote) 
(c2- v2)2

2c 2 
2 ”275

/ - - p

* [ 2W-1) H Y cote _ 20 eofce
- c2- v2 c - v -

2c2 
-----(Ï+1) v(u + V cote)] v_ (c^ - r

such that on e = B(r):
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3.41 Ovp + rBp - BrL rBr(rvr + v) + u

(u + v cot©)] + ruBr2 + 2rurBp

and on © = S(r ) : 

2 2
3.42 up (cos© + rSp ) + °v (sin© + rS cos© + r —s )

c - v r r c2-v2 r

2o
= 2vp sin© - 2vSpcoa© - 2uSpsin© - -|-=§(u + v cot©)sin©

C -V

cos (S (r ) ) - sin (S (r ) )J2

Furthermore , on D^( g ) 

3.43 %(r,©) = up(r,©)

°vp(r ,©) = vp(r,©)

Proof : From Lemma 1, the coefficient of in 3.40 is 

positive on D ($ ,€). There is a S > 0 such that for Oi rSg 

the coefficients of up and vp in 3.42 are positive• For 

r = 0, the method of proof of Theorem 2 applies directly. 

For fixed r 0, the quantity

(r,©) - of(r,©)|9(r,©) 
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may vanish. The f * ,0* and ** are the auxiliary 

functions for the system. However, at (©b,0) it does not 

vanish. Hence, there exists 6 >0 such that it does not 

vanish for OS r For this 6 , the method of

proof of Theorem 2 assures the unique existence of an analytic solu­

tion of 3.39- 3.42 over D*(8 ,€). On it is clear that:

3.44.. °ur(0,©) si up(0,6)

°vr(o,e) = vp(o,g)

since both satisfy 3.39 - 3.42 and the solution is unique.

The system 3.39 - 3.42 may be regarded as formed from the 

system 2.1 - 2.5 by adding and subtracting equal quantities — 

and then labeling some of the quantities with superscripts.

Differentiation of 3.39 - 3.42 with respect to r and the use 

of 3.44 yields a system that could be formed from the system 

2.7 - 2.11 for n = 2 by a similar process. Since the solution 

is unique,

5,45 \.g(o,e) = up2(o,e)

%2(0'*) = vp2(0,@) •

If the identities

3.46 = upj(O,@)

= vpj(O,@)

are valid for j = 1, * «, k, then the same argument vshows 

that they are valid for j = k + 1. Therefore the identities 

3.46 hold for j = 1, ........... and 3.43 holds on D*( 8 »*)•
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Lemna 5. There is a J>0 such that there exists a 

solution (u ,v*) of, class Cw over D*( 8 »€ ) of the 

system:

3.47 Un = rv + v* w r
* 2 25.48 v* = r<—u + - 20a ay cote

C - V C - V c^-

# c*2
+ + SS----- «2 (u + v cot©)

c — v

such that :
3.49 u*(r.B(r)) = u(O,efe ) + f'J) )B (f ) ♦ % ( J ,B(J) )]dj

Jo r
3.50 v*(r,B(r) ) = rBp (r ) u*(r,B(r)) .

Furthermore , on D*( $ ,€):

3.51 u*(r,©) = u(r,©) 

v*(r,6) = v(r,©)

and

3.52 v(r,B(r ) ) = ru(r,B(r ) )Bp(r ) .

Proof : For r — 0 it is clear that u* = u, v is a 

solution. The one point boundary conditions 3.49 - 3.50 

(r regarded as a parameter ) are analytic in r. Therefore, 

there exists S > 0 such that 3.47 — 3.50 have a unique 

solution of class Cw on D*(g ,€ ). Differentiation of 3.49 

with respect to r yields :

3.53 u*(r,B(r))Bp(r ) + u*(r,B(r ) ) = u@(r,B(r ) )Bp(r)

+ °up(r,B(r ) ) .
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Since u*(0,9) = u(O,ô), it follows that u*(O,G) S ua(O,0). 
v y

Hence, for r = 0, equation 3.53 and Lemma 4 give :

3.54 u"(o.eb) = %(0.eb) = ur(0.eb).

Differentiation of 3.50 with respect to r yields ;

3.55 v*(r »B(r ) ) + v*(r,B(r ) )Bp(r ) = Bp(r)u*(r,B(r))

+ )u*(r,B(r))

+ rBp(r)[up(r,3r (r ))
+ u*(r,B(r) )Bp(r ) ] .

The result .

3.56 v*(0.eb) = %(o.*b) = vr(o,eb) 

is obtained from 3.41, 3.54 and 3.55 for r = 0. Differentia­

tion of the equations 3.47 and 3.48 with respect to r yields

3.57

3.58 o2- u2 
^5 
r,2 p

v ) (- (y-1)(uu + vv ) - 2uu ) 
. j? r

, 2 2,2

(c2- u2)(-(f-l)(uUp + vvp) — 2vVp ) 

(02 - V2)2

c2
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* t 1 * "g C g + (^-1) u (u + V cote)  K * A M ] U* 
c - V (c - V2)2 r

O
* f -QT-iJ » ==te

c- v c-

+ [ - 2 + 2(y-l) u B* V cote - - 2=1, 
C • C2- v2

1 "r

* I 2(y-i) V a-t v cote _ 2c cote 
c - v2 C - V

2c8
-  Ô' ' A § (y^l) v (u * V cote) 1 V(c - v2)2 r

From 3.39* 3*40, 3*57 and 3*58, it is apparent that on 
^b-€ S» * Ouy v* * °vr satisfy the equations:

3.59 .(«£ - \)# = (V* - °Tp)

- 2
3.60 (v* - °Vr )- = [ 1 + -g0- --g

C - V

♦ (y-l)u(u + V cote) ----r--- 5-5 ] (u* - °U ) 
(c - v2)2 r

2
* I -O'-Dv * -gS— cote

c2- v2 c2- v2

(y^i)v(u * v cote)](v* - °vp) •

From 3.54 and 3.56 :
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3*61 u* -°u = 0 
r r 

v* "% = 0 (o,eb) .

The system 3.59 - 3.60 is linear and homogeneous. Therefore, 
it has the unique solution u* - °u s 0 and v* - °v = 0. -

r r r *
Lemma 4 together with this result gives t .

3.62 u*(0,0) = ^(O,©) = up(o,e)

= °vr(o,o) =vp(o,e) .

If the identities

^'63 =OUpn(0,e) s u^O.6)

v*n<0.«)3°vI.n(0,e) s V^o.e)

are valid for n = 1, • • • > ke then the same argument shows 

that they are valid for n = k + 1. Thus, 3.51 holds on 

D <8 »€). Lemma 4 and the identities 3.51 combined with 

3.49 and 3.50 imply 3.52.

The proof of Theorem 4 is now complete. The existence 

of S>0 and € > 0 have been established such that in D*( g ) 
and therefore in D(S ):

(a) the conditions 1.7 and 1.8 are satisfied (Lemma 1)

(b) u(r,9) and v(r,9) satisfy 1.1 - 1,3 (Lemma 5)

(c) u(r,9), v(r,9) and S(r) satisfy 1.4 (Lemma 2)

(d) u(r,9), v(r,9) and S(r) satisfy 1.5 (Lemma 3) •



CHAPTER IV

SOLUTION OF THE FLOW PROBLEM

Section 2* Introduction*

Chapter IV is devoted to the singular boundary value 

problem which was stated in Section 3 of Chapter 11. This 

problem is studied in detail, and, with the technique 

developed in Chapter 11, a formal solution la obtained in a 

constructive manner for the class of "cone-like" bodies.

Definition 1 A body profile Q = B(r) is, cone-like if 
and only if it is analytic and '

I-' By2n-l(0) = Q n = 1, 2, .................

The reason for the restriction of the argument to cone-like 
bodies is given in the next section*

The dimensionless form of the problem is used. The 

quantities qQ»H and the curve 0 = B(r ) are given; the problem 

is to find a solution (u(r,0), v(r,O), h(r,0))of the equations :

v(y-i )h 0
2

1.8 ye = r[- up

c2 ,- u - —g A (
c- v2

1*4 ruhp + vhg = 0

where :
1.5 c2 = (1 - u2 -

p

u + v cot©)

V2) and ^2 .

78



79

such that on 9 = B(r):

1.6 v = ruBp,

and to find a curve 9 = S(r) such that on its

1.7 u + rSrv = ^(cos9 -rSp sln9)

1.8 u cos9 - v sin9 = sin9)2
% 1 * r2S=

1.9 h =
1 - q® ruSp - v ‘

The solution is to be valid in a region D(8 ):

1.10 D(f ) = [(r,9) | B(r) S 9 S S(r ), OS r S $ , X > 0] . 

The physical stipulations of Chapter II, 3.30 and 3.31 are
also made.

The first step in the development of a formal solution
is the determination of 9e and (u,v,h) on r . For3 b-€,s+€
this purpose, it is necessary to find a solution of

2
1.11 u(u„ - v) -- ------------ ----- h„

6 Y<y-i)h 6
o

1.12 va = — u - —2-—-( u + v cot9)6 c2- V2

1.15 vh0 =0 ,

such that at 9 = 9^ :

1.14 v — O

while at 9 = 9 : ' s

u = ^00391.15

1.16 Ua , pu cos9 - v sin9 = c— + (1 -cos29 
%
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i.i7 h = (-A^-r-xî, (2e_^ A-x 
1-q -v } •

The Taylor-Maccoll solution, (u,v), together with a constant, 

h, determined by 1*17, form a solution of this system. 
Therefore, from Theorem 1:

Theorem 5, There exists a non-empty subset D*( V ), of 

^o^b^^^ defied for all f , 1 < y le76 such that if 

^2 D ( Y )» there exists a solution (u,v,h) 
of class Cw of 1.11 - I,17 on I. for suitable € > 0 •

This solution is such that on L , ., :   — b-€,s*€ 
(a ) 1 > u^ +------- c^ > 0

(b ) c2 — v2 > 0 

(c ) u cosO - v sin6 > 0 

(d) u sin© + v cos© >■ 0 

(e ) h > 0, 

and also such that :

The second step in the development of the formal 

solution is the inductive proof of the unique existence 

of (^rn* ) n = 1» 2, ..... on satisfying

the systems obtained from 1.2 - 1.9 by differentiation with 

respect to r the appropriate number of times♦ This induction 

is carried out only for cone-like bodies. The determination 
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of (u^, vp, hp) is carried out without the restriction to 

cone-like bodies, since these quantities are needed to 

determine the shock-body curvature ratio at the nose and to 

make clear the reason for the discussion of cone-like bodies. 

The determination of (u^, h*n) on Ib.€>a+6 also 
involves the determination of Spn(0), 

The third step in the development is the proof that if 
the series

2
1.18 u(r,8) = u(8) + rup(6) + ur2(®* •••••

1,19 v(r,9) = v(9) + rv (9) + — v o(9) + ...........
r 21 r

1.20 h(r,9) = h(9) + rh (9) ♦ li *............
> 21

1.21 S(r) = 9a ♦ rSp(0) ♦ Sp2(0)+..........

converge in D( 8 ), they represent a solution to the problem.

Section 2: Existence and Uniqueness of u^^), vpn(9), 

^(9) and Spn(0) .

The equations 1.2 - 1.4 are differentiated n times with 

respect to r to obtain the system: 

2-1 )e = AnupB ♦ BnVpn + * Rn

2-2 <vrn)e = * Bnvr” *

2.3 v(hpB)e = ♦ Yn .

The differentiation of 1.6 with respect to r along the curve
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The differentiation of 1*7 - 1*9 with respect to r along 
the curve 9 = S(r) yields :

2.5 Upn + rSrVrD = Mn ♦ NnSpn

2.6 cos9 - Vpn sine = 0n + P^n

2.7 hpn = ZnSpn + JQupn + Knvpn + .

The quantities ;

2,8 An* Bn* Cn' Dn* En’ Fn' Gn' Hn* V V V °n Pn 

in 2.1-2.7 are as defined in Chapter III, 2.6. The additional 
definitions :

2,9 y(r-i)hu
R1 = rvrr + he Â

Rn+1 = À " \>1

- ' Vrn+le

cp = nc^u_______
n (c2 - v2)y(¥-l)h

W1 = F1 *r

Wn+1 = Fn+1 * ^(Wn " Fn) “ TAn-H »

X = nu n
Y1 = - vrhe - rut.hr * uhr2
Yn+1 = Â ( ■ nuhr * Yn^ * uhrn+l

are also made. This leaves Z > J » K and L still undefined* n n n n
Thé. use of 1.7 to eliminate rSp in 1.9 yields :

, ,2 2 / q (u cos© - v sin©) - u^ - v2
2.10 h = I -2----- §-----------------------------------------

1 - aa \ q - q (u cos© - v sin©) ^o \ o ’Q



83

Differentiation of h as 

along e = S(r) gives :
expressed In 2*10 with respect to

where

2 _ v2 /%(u cose - v sine) - u2- v

2 2 2 'q (q~ - u - v ) sin© o o _
- %(u cose - v slne)]2

= 0 e %

The above expressions define Z^» and • From the

n derivative of h along e = S(r) the definitions :

2.13 Z = Z_

S ( 2 :--------------------- :-------------
% \ % - cose - V sine)

2 \K-f
-h

qQ(u cose - v sine) - u2 - v2W"1

- qQ(u cos® - v sln9)

q (u cose - v sine) - u2- v2\^*2
2 - - -
Q - qQ(u cose - v sine)

f o 2 2 i
- u - v ) cose IQ □ I

[q2- qQ(u cose-v sine)]2

2v /%<u cos © - v sine) - u2- v
° _ 21 q ' ...

1 * % ” %(u - v sine)

Of-1)
2 2

IT
q (u cose - v sine) - u2

2Qo - qQ(u cose - v sine)

1 • %
-5 
%

2 
? 
o

2

K
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Ln+1 - æ[Sn3rn * 'n"rn * KnVF” * - Zn+1Spn+1

are obtained*

If A , ••• * Z denote A , • • • * Z_ respectively on w>u n # o n n v

Ib-G,s+€* equations and conditions 2*1 - 2*7 then become 

for r = 0:

2-14 ("rn)« = (n+D hme + »n,o

2-15 <’rB)e = Dn,oV * Bn,o * æn.oV ♦ «n.o

2.16 v(hpn)6 = + Yn>o .

where at G = 9. : b
2-17 ’r» = ^.o

and at G = G_ : 3
2.16 = Mn<o + Nn>o Spn(0)

2.19 Upg eos6 - vpn sine = 0^ + pn,osrn<°)

2.20 hpB = Zn<o3pn(O) ♦ Jn>oupn * Kn,ovrn * Ln,o '

Since

NmL/° •
the system 2*14 - 2.20 Is equivalent to the system :

2.22 = (n+l)vpn * Qn>ohrne * R„,o

2*23 (Vpn)® = °n*o^r^ + ^n.o^r^ * ^«.o^r^ * Wn,o

2*24 ” ^«o^fn * Yn,o •
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where at Q = A b
2-35 V = =n.o

and at 6 = 6 :s
2.26 (---- $U2—

VN___ sin©

sin© L n#o
[ P 
n*o n.o

Nn.o

n

/Z 
2-27 hpn -

' n,o %“ ' Kn,oVpn = Ln,o
Z M n»o n.o 

%.o

A solution of 2.22 - 2.27 is a solution of 2.14 - 2.20 where
srn(0) is defined as : 

u _ - M 1 
2.88 S (0) - ° .

r "n,o J© = ©a

The study of the system 2.22 - 2.27 depends upon the 

fact that equation 2.24 involves the single unknown hpn
If (Upj, Vpj, h^j) are known for j = 1 

this equation is :
For n = 1

2.29 e

Theorem 6 1.11 1.17
as described in Theorem 5

2.30 2?t

is of class Cw on I- - „ ., if n is even and it is of 

on s+g , except at © = ©b where it is continuous.
class C

if n is,
odd. In the case that n is even, it is the unique solution 
of class Cw of the reduced equation 2.24 jon g+€ such that

3

e
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) - !• In the case that n is odd, it is the unique 

solution of the reduced equation 2.24 on I. B_ such that. _ D > S ' ——
^n ) — 1 •

Proof: The function

is of class C on I^„^,s*€ has a pole of order one

at 8 = 0^ with residue - ~ • Therefore, the function 

h^n(0) is of class Cw on if n is even and is of
class C* on IbeS+e» except at « = where it is continuous, 

if n is odd. By direct calculation, h£n(0) is a solution of 

the reduced equation 2.24, which is

2.32 v(hpQ= — nuh^n .

such that ) =1. In every open interval of Ib_£ a+€

containing Ô = © but not © = © , the solution of 2.32 is S D
unique for given value at © = ©s . The difference of two 

solutions having the value one at © = ©^ is identically zero 

in an open interval containing © = ©a« Therefore, these 

solutions coincide on 1. . ., if n is even and coincide*otç

on Ib>s+€ if n is odd. Thus the solution l^n(©) is unique.

By Theorem 6, any solution of 2.29 on I, _ can be D
expressed in the form: 

2.33 

where is a constant. If this expression is used for h^ 

in the system 2.22 - 2.26 (for the case n = 1), the auxiliary
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functions V °* i and (3 * introduced in Chapter III may

be used to express a solution of this system, dependent on 

the parameter The condition 2.27 may then be used to deter­

mine and thus to obtain a solution of 2.22 - 2.27, or, equiva 

lently, a solution of the system 2.14 - 2.20 for n = 1.

In the following discussion the abbreviation 3 , where * n
X FZn » P

= •« * Jn,o * Kn,o
i- n , o n, o

1 ne,
- cote)Je=6Ai(e.)Je^*n6»h<o+/9nh«nTn#o)d6 

a b
is convenient, because the quantity occurs frequently.

Theorem 7. Let (u,v,h) be a solution of 1.11 - 1.17 

as described in Theorem 5 and 1 < y 1.5. Let © = B(r) 

meet the requirements 3.30 (d) of Chapter III. If the 
inequality 

2.35 / 1

.is valid, the system 2.14 - 2.20 has a unique solution 

vp, h^) on class C^ , except possibly at

6=6^ where it is at least continuous•

Proof : If (up, vp, hp)1 and (up, vp, hp)g are two 

solutions of the system 2.22 - 2.27 for n = 1 on I. , b,s+€ 
their respective differences (x, y, z) satisfy the system: 

2.36 xe = 2y + qz

2.37 je = D1>ox + BleOy ♦ TliOz

2.38 vzg = Q»
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where at © = ©. : D
2 #39 y = O

and at © = © : 
' 8

2.4 ° ( ^1,0------- cote) X * y = O
N1>o»in«

Z, „
2.41 z - ♦ J1#o>x + Kl oy = O .

The general solution of 2.38 is
2.42 z = mh£(©)

where m is a constant• The use of the auxiliary functions 
_ * *

*1» # i * as in Chapter III, yields :

2.43 X = m^ce) [ P*W y® <«! ^e *1,0 * h* T11O) dt 

b

2.44 y = - mA1(«) [ <«)y® t^hpe^.o * T1-O)dt

b

* ^i161 j”S 1 *i.o *P* h* «i,o< dt J •

The integrals involved in 2.43 and 2.44 exist since their 

integrands are continuous on I. . , with the possible 

exception of the point © = ©^ near which they may behave as 

badly as the function (© - ©&)* % • The functions x, y and z 

defined in 2.42 - 2.44 satisfy the system 2.36 - 2.40 • From 

2.42 - 2.44 it follows that:
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2.45 = - ÿ-S * J1<o)x * K1>oy \ = «(1 - .

i,o Je=e8

Thus, condition 2,41 is met if and only if m = 0» Therefore, 

if a solution (u^, vp, of 2.22 - 2.27 exists, it la unique.

If 2.35 is valid, the unique solution of 2.14 - 2.20
does exist for n = 1 on I. • It is D

2.46 ur = 2^(6) [ kx/?«(.) 5® T1<o)dt

2.47 v, = - J® * 0^ T )dt

%

* * ^>i.o

( 4.0 j

2.48 h = knh* 
r x r

where is the constant given by the equation:



It is clear that this solution has the required properties 

on Ib,s+€ *

foliar? 1 Io Theorem 7. Let (u, v,h) be a solution of 
1,11 " 1,17 described in Theorem 5 and 1 < X < i,5e 

.the Inequality 2.35 .is valid, the ratio of Kg and the 

curvatures of the shock and body profiles respectively at 
the nose, is :

2.51 S. = l
2(u(© ) ♦ v(0 )cot© ) 1 - *

B S s ”1

Furthermore. this ratio depends only on (u,v, h) •

Theorem 7 would be strengthened if it could be estab­

lished without having to make the assumption 2.35 . The 

following inequalities are established in Appendix IV :

Z- p "I
2.52 + j - R (   l.o— - cot©) < 0

”l,o NleQSin© J e=6g

3.53 >0 •

These, together with the result :

2.54 A1(©a) < 0

from Chapter III, imply that
2.55 S x > 0.

This is the only result obtained in this work in the 

attempt to establish the assumption. However, not only is

it probable that 2.35 holds, but it is also probable that 

stronger inequality



91

2.56 0 < lx < 1

is valid; for the above is equivalent (from 2.50) to the 

reasonable supposition :

Ka ’
2.57 > 0 .

In considering the system 2.14 - 2.20 for n > 1, it is 

important to notice that I will contain multiple n > o 
©-derivatives of u and v . Thus, if h» 0, I is unde­

fined, in general, for n > 1. Indeed, if h^j0, j odd, 

this situation will arise for some n > j. For this reason 

it is natural to consider those body profiles for which 

hpn - 0 for odd index n. The next theorem reveals the con­

sequences of this consideration.

Theorem 6. Let (u,v,h) be a solution of 1.11 - 1.17 

as described in Theorem 5 and 1 < Y 1.5. If the functions 

u^, v^, h^n and (0) form a unique family of solutions

of the system 2.14 - 2.20 on I. „ ., of class such that : 

2.58 h^gn—1 — ® n=l,2, ••••• ,
then 

2.59 Bygn-lfO) = 0 

ur2n-l(«) 50 

vp2n-l<®) SO 

^^2n—l= 0 n = 1, 2, ••••• •

Proof : The proof is inductive.
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Case n = 1. From 2.26 and 2.27 :

Pn
2.60 ( - ■L‘° — cot©) xi + v = 0

* Jl,o) % ♦«l.o’r = ° 
1|V

at 9 = ©a. Therefore, with use of 2.52:

2.61 u (©) = v (0 ) = 0 .r s r s

The system of equations 2.22 — 2.23 is homogeneous, hence :

2.62 ig©) = vp(©) = 0 - *

on Ib>a+€ • From 2.25, 2.28, and the above :

2.63 Bp(0) = Sp(0) = 0 .

It is assumed that 2.59 is valid for n = 1, ...» k .
Case n = k + 1. From 1.7,

2.64 u * rSpv = qQ(cos© - rSpsln@)

on © = S (r ). The (2k + 1) derivative of 2.64 with respect 

to r along © = S (r ) evaluated for r = 0 will involve only 

the derivatives u^sk+l or Sp2k+1 since 2.59 is valid for 

n = 1, ••• , k. For Instance, in the expansion of 
d2k+l 
--------- (u(r,S(r))) every term involves r derivatives of u 
dy2k+l

on S (r ), and the sum of the orders of differentiation in r

in each term is odd. Hence, the induction assumption

implies every term is zero for r = 0 except those which

involve tÇgk+l or Sp2k+i . The same argument applies to 

the at her terms of 2.64 with the modification that if the su^.
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of the orders of differentiation in r is even, then the 

term contains r as a factor* The same type of reasoning 

leads to the general conclusions:

*2k+l,o «*«1,0 = Y2k+l,o =°

on Ib,s+€ '

2'66 Igk+l.o = - veBr2k*l + (2k+l)uBp2k+l ] ,

and at 9 = @ : s

2,67 °2k+l,o " “2k+l,o - ^k+l.o ~ 0 *

It is established in Appendix IV that

2.68
”n.o

+ J n,o
P

K (------- DiP- 
n»° N sin© n,o

- cot©) 0

for all n. Therefore, from 2.26, 2.27, 2.67, and 2.68: 

2.69 u^k+l^g) = Vp2k+i (*3) = ° •

From 2665, the system of equations 2.22 - 2.23 is homogeneous; 
hence : 

2'70 up2k+l = vp2k*l = 0 

on Ib#s+e« From 2.25, 2.28, 2.66, 2.67 and 2.70, 

2.71 Bpgk+1 ( 0 ) = Sp2k*l ( 0 ) = 0 •

This completes the induction.

The reason for the consideration of cone-like body 

profiles (see 1.1) is evident from Theorem 8 and the 

remarks which precede it. The next theorem establishes the

analog of Theorem 2 for cone-like bodies*
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Theorem 9» Let (u»v,h) be a solution of 1.11 - 1.17 

as described in Theorem 5 and 1 < y < 1.5. if e = B(r) 

meets the requirements 5.50 (d) of Chapter HI and is cone­

like, then there exist unique functions u^, vpn, h^n, and 

Sm(0)» n = 1,.......... of class C^on Ib.€>a+€ which satisfy 

the system 2.14 - 2.20, provided that for all n the inequality: 

2.72 $n 1 

and the equality:

an 
2.75 

de” 0

are valid Further, the functions u^, vpn, h^ and Spn(0) 
are such that for odd index n

2.74 S - = 0 ru

urn = 0 

vpn SO 

h^n =0

on ,s+€ e Also, the series
2

2.75 u(9) + u^(9)r * u^C©) ♦............

2.76 v(0) + vp(G)r + vp2(©) +...........
o

2.77 h(6) + hy(e)r + hra(e) Z- +...........
21

22.78 6S + sr(0) * Sp8(0) +..........

are well defined on Ib-4,s+€
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Proofs The proof is inductive. The general scheme 
of the induction at the n*^ stage consists in using the 

technique of Theorem 7 to show that the solution is unique. 

If n is odd, the method of Theorem 8 shows the system is 

homogeneous ; therefore a solution exists and is identically 

zero# If n is even and the system is not homogeneous, con­

dition 2.73 is used to show the existence of a particular 
solution h£n(.) or 2.16 of class on I. , „ such that 

D—t»S+t
^n^g) = °» The general solution of 2.16 is then written 

in the form:

where kR is a parameter. The auxiliary functions <x , ,
»<n and @ and the technique of Theorem 7 are then used to 

establish the existence of a solution.

In the case n = 1, the system 2.22 - 2.27 is homogene­

ous since Bp(0) = 0. From Theorem 7, the solution is 

unique on and is identically zero. Hence, the Unique

solution of class on I^_^ s+^ is as given by 2.74 for 
n — l. •

In the case n = 2, the system 2.22 — 2.27 is homogeneous 

with the possible exception of condition 2*25. The homo­

geneity is a consequence of 2.74. The argument applied to 

the system 2.36 - 2.41 in the proof of Theorem 7 (adapted 

by change of index from 1 to 2), the use of Theorem 6, and 

the hypothesis 2.72 prove the uniqueness. A similar adapta­

tion of the method of Theorem 7 gives the existence of a
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solution and the formulas 8

2,80 •—
* kg 3aW *paM Ta.o) dt

( Ig.o^J

2.81 vp2 = - ^2(»)[k2 «*(») %.o +^g Tg „) dt

* W9) (%« «2.0 T2.o> at

♦«2(e) ( I

2.82

2.83

^.2 = k2h*2

Ur2
N2,o

^y2^) -

^^s

where :

2.84 kg = ( Ig.^Agt^-^ * Jg.o^g

~ ^K2.o^®=e ^2^. ] i - a • 
s J

In the case n = 3» the equations 2.74 for n = 1 and 

the argument of Theorem 8 with Bp3(0) = 0 show the system 

2.22 - 2.27 to be homogeneous. The inequality 2.72 shows 

the identically zero solution to be unique as in the case 

n = 1. Thus 2.74 is valid for n = 3.

In the case n = 4, the equation 2.24 is
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2.85 -------------------4uhr4 “ “ ^^2^2^ *

The first step is to find a particular solution of class C 

on ^b-€»s+€ * Th* homogeneous solution is known from 

Theorem 6. Adaptation of the method of variation of 

parameters leads to the consideration of :

2.86 1^4 = - —+ 5 (®)h*4(«)
4u(9& )

where ^(9) is to be determined so that 2.86 satisfies 2.85.

Substitution in 2.85 yields :

2.87 4
4u(@^)

- GVpgh^g^

The function vh^^ can be written in the form

The coefficient of (6 - 9^is non-zero and of class on 

^b-e.s+e* Equation 2.87 may now be written in the form:

2.89 x x

,Q a ,3 <% 4 «------- 4CT5P---------/ u "
(e-^j âë--------------------------------- ----------------------- ---------------------—

- T  ....... exp I 4 | *( S + ——--—j ) dtl

The right-hand member of the above equation is analytic and 

can be expressed in the form:

2.90 ^(9 - 9b) + »8 + (9 - f (9)
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where and ag are its first and second derivatives 
evaluated at © = ©b* Thus,

2,91 = " I 6 - %| ♦ {f (©) d© .

Condition 2.73 implies that ag = 0. Thus, formula 2.91 

combined with 2.86 represents a solution of 2.85 of class C** 

on ^b-€ ,s+€ * Theorem 6, there is a unique solution

^4 such that h^4 (©s ) = 0. The general solution of 2.16 is 

now written in the form 

2.92 k4h*4(e) + l£4(6) .

The technique of Theorem 7 using 2.92 shows that the 

unique solution of the system 2.14 - 2.20 exists and can be 
expressed as :

2.93

+ ^4 ^4æ4.o+ W4.o» dt

+ *^4T4,o) dt

R4.o>*/îî<^4T4,o* *4,o )) dt

Ate) r m. „ _ "
* Sine, 1 °4.o~ N4 g P4,o ^.^^4^ 1 I4,o]e=9b 

■ . .
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3.94 M

+^(<4l4,o+ *4,o )) «

* Sy^^4,o + <hr4æ4.0 ) at

+ ^<«^"(<(<4^4.0+ Vo’ ^^Vo* W4<o)) dt 

*4(e) , m -,
* »in«, t04.o " N^ ^4.o VV ^4,o VeH

2.95 1^4 = k4h^4 ♦ ^4
2.96 Sy4 (0) ' ^'=1 ,

"4.0 Je=e.
where
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The induction continues as described* For odd n® the 

solutions are given by 2*74* For even n, the solutions are 

given by 2*93 - 2.97 with suitable change of index*

It would be desirable to establish the results of 

Theorem 9 without having to make the assumptions 2*72 and 

2.73* In Appendix IV it is shown that 

2*96 0 n = 1® 2, •••••

This is the best result obtained in this work in the attempt 

to prove the validity of 2*72* The assumption is® however, 

fairly crediblee The equality 2*73 enters the argument 

essentially only for even n sh 4* The next theorem establishes 

it for n = 4 and thus makes it also fairly credible® although 

no further result in this direction is obtained in this work*

quantities involved in 2*73 

of class CUon Ib-€(8+€ •

(see 2.89) is equivalent to

Theorem 10* If the inequality 2*72 of Theorem 9 is 

valid for n = 1® 2®and 3® then the equality 2*73 of Theorem 

9 holds for n = 2•

Proof : Since the inequality 2*72 of Theorem 9 is 

valid for n = 1, 2, and 3® the 

for n = 2 are well defined and 

The validity of 2*73 for n = 2 

showing that : 

2*99 WZ” - 2W’Z* kg = 0®

where :
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2.100 W = -Z- exp [ 2 f •( + -i- ) dt

Z = 4
4u ( ©b )

u - 12 S2^2 ~ 6 ^2^2©

By direct calculation:

2.101 W(eb) = - aut^) exp [ 2 r a( + ^-) de ] 
" b

w' (%) = - u(«y)coteb exp [2 f s( ) de ]

z'%) = ^^(Ob^teb) - 6^2@(%)h^(%)

- ^r2(%)^2e2

" ^2«'b^2^«'b^ * S4ur2e(eb^26«»b)

-:^r2<«b)<2e2(*b) - 6 \.2e2<Vh%(eb)

~^^2e^ ^2e2^■ ^rS^^ses^^

Me2(eb) = \.2@(%) cote.

^2e^(^> = - (s + ^%4" ) ^2e(%) 
V % /

^2© (%) = Svr2^%^ hr2e(%^
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Vp2@ (%) = ( - 4 + > %2(%) - vr2(%) cot^

^2*2<%) = 1 O’O8^ + - 12 ♦ eot2^ ] vp8(%)
° (%'

4 c2(eb)kg 

My-1 )hu(@y )
hr2e^*b )

2u2(2b ) 
c2<%> ) ooteb ^2(^1

o fin®Vq3 = - 6u cot 9 - — ,
c“

and therefore, 2«99 holds •

Section 3: The Series Representation as a Solution for
a Cone-Like Body.

The proof that the series 2*75 - 2.78 of Theorem 9 

represent a solution of the flow problem for a cone-like 

body follows both the conditions and proof of Theorem 4 

so closely that only a sketch of the proof will be given. 

The theorem is formulated as follows t

Theorem 11* Let (u,v,h) be a solution of 1.11 - 1.17 as 

described in Theorem 5 and 1 < / < 1.5. Let 9 = B(r ) meet 

the requirements 3.30 (d) of Chapter III and be cone-like 

for Qgr^S,»L > 0. If: ----- M 1 1 —

the inequality 2.72 and the equality 2*73 are

valid for all n ,
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Hl the formal P°>er aeries 2.75 - 2.78 of Theorem 9 

represent analytic functions of r and 9 denoted by u(r,9), 
v(rt0), h(r,e) and S(r) respectively in the region D*(SO»€O):

3.1 = C(r,O)lO^Qb- €2S0Ses* €2<-E- ,

O^r S2, S2>0, €2>0 ] ,

Iç} the derivatives of u(r,6), v(r,9), h(r,9) and S(r) 

can be found b% termwise differentiation of the series 2.75 - 
2.78 in D*( 52,€2), and 

(d) the inequality

3.2 1 - $ >0n

12 valid for the least integer n such that
3.3 Bpn(0) / 0,

then u(r,9), v(r,9), h(r,6) and S (r ) ^e solutions of the 

system 1.2 - 1.9 In D(S ) for suitable £ > € > 0 and the

conditions 3.30 and 3.31 of Chapter III are met in D($ ).

Sketch of Proof. The proof is parallel to that given 

for Theorem 4. From continuity considerations and Theorem 5, 

the functions may be shown to satisfy 3.30 and 3.31 of 

Chapter III in D*(& ,€) for suitable $ > 0 and € > 0. The 

details are similar to those given in the proof of Lenina 1. 

Lemma 2 is established in exactly the same way, in this 

instance, as in the proof of Theorem 4, after it is noted 

that the first non-zero quantity Spn(0) is negative. This
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is established by formation of the ratio °. bv U9e 
®rn

of the hypothesis 3.2 to prove that it is positive, and 

finally, by use of the hypothesis that Bpn(0) < 0» Lemma 3 

is also established in the same manner as in the proof of 

Theorem 4. It may be shown directly that the series satisfy 

1.4. The analog of Lemmas 4 and 5 follows if the systems of 

these lemmas are slightly modified to include h(r.G) as a 

known function. At this stage of the argument, the functions 

u(r,G), v(r,G), h(r,G) and 8 (r ) are known to satisfy 1.2 - 
1.8 in D*(£ ,€) for some é >0,€ > 0. The function h(r,G) 

satisfies condition 1.8 along G = S(r) since it and all its 

derivatives are the same at (Gg,0) as those of functions

,1 - u2 ~ v2a / qo(ainG - rS^cosG) y 1
1^ ruSp- v JG=S (r )

Therefore, the two functions coincide along G = S(r )., Since 

the results which have been established hold in D*(S ,<), 

they hold in D(S ) and the theorem is proved.



CHAPTER V

APPLICATIONS AND REMARKS

Section Iz Computation of Flows and Shock-Body 
Curvature Ratios,

Some comments were made in Chapter III concerning the 

computation of solutions of the simplified flow problem. 

Those remarks also apply to the computation of flow about 

cone-like bodies, using the procedure and formulas of 

Chapter IV, For given values of Jr , and qQ , the 

functions : (a) the Taylor—Maccoll solutions » (u>v), for 

conical flow, (b ) the auxiliary functions, c< . S » -, ** n ^n n
and ^n* (° ) the homogeneous solutions, h^n; could be

computed. The resulting data could be tabulated in a 
manner similar to that used by Kopal^^, The determination 

of the first few terms of the series 2,75 - 2,78 for a 

particular body could then be made by hand computation, 

using the tabulated data and formulas 2.93 - 2.97 for 

suitable index n.

The first few terms of the series would only be 

expected to yield accurate information near the nose, but 

this is precisely the information needed to start numerical 

procedures for continuing the flow downstream. Since errors 

propogate downstream in supersonic flow, the data should be

13
Kopal, og, cit,

105
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as accurate as possible. The use of the series has the advan­
tage of avoiding the practice of fitting the body with a ' 

small conical tip in order to obtain initial data to start 

a numerical procedure. The latter practice is of dubious 

mdrit because as the conical tip approaches zero in sise 

with vertex fixed, the approximations do not approach the 

actual solution uniformly. This may be seen since, if uni­

form, the order of limit processes could be interchanged and 

it would follow that the radial derivatives vanish at the 

nose. The theory developed in this work shows that the 

radial derivatives vanish only if the body is a cone.

For non-cone-like bodies of revolution, Theorem 6 may 

be of use in obtaining better initial data than that 

obtained by fitting a conical tip. The functions : 
1.1 u(r,6) = u(©) + ru^(@)

v|r ,0) = v(e) + rvp(G) 

h(r,ô) = h(G) + rhp(O)

are defined on 1&• If it is assumed that these functions 

describe the flow in the region G:

1.2 G( 6 ) = [ (r,©) | ©^ ©6s(r), f >0 ] ,

then it may be possible to extend the description to include 

the region D(8 ) — G( f). There are difficulties in extending 

h(r,©) as given in 1.1 since equation 2.29 of Chapter 4 is 

singular at © = ©&. However, it may be possible to find an 

approximate solution in D(f ) - G( f ) by the method of 

Courant and Lax, using the values of the functions 1.1 on the

Kg
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line e = % as initial data.

Two formulas for the shock-body curvature ratio. 0^ , 
% 

have been derived. That of Chapter III, equation 2.47, 

neglects rotation; while that of Chapter IV» equation 2.51, 

takes it into account. These ratios differ by a factor of 

/ Since 0 and presumably t x < 1» the ratio 

including the rotational effect is larger than the other. 

Determination of j- and comparison should be interesting; 

as should also a comparison of both results with those of
14 ... ■ - • . .

"lb • wh° bas computed shock-body curvature ratios on the 

basis of a linearization of the flow problem. Preliminary 

computations for a particular case Indicate that is less 

than one and that the ratio neglecting rotation is close to 
the result of Lin.

Section 2: Comments on the Theory.

In Chapter 1, the general class of singular boundary 

value problems was described* The simplified flow problem 

of Chapter III is one of this -type. As far as the mathe­

matics is concerned» this parMçular problem is solved 

except for the question of convergence of the series. In 

general, each n coefficient depends upon the earlier co­

efficients of all the series ; e. g., u^^(6) depends upon 

SpJ(0) and Brj(0). j»l..................n - 1. The 

growth of the magnitude of the coefficients with respect todN 

14Lin, og. cit..................................................... ' . AN
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18 therefore very complicated. In the case that the body is 
a cone, the coefficients are simple (see Chapter 1, Section 

5) and the series do converge. The solution obtained in 

this case is the well-known Taylor-Maccoll flow. The fact 

that the Taylor-Maccoll flow is recovered,,together with the 

physical background of the simplified flow problem, makes 

plausible the convergence of the series in general. The 

convergence of the series for the conical case depends on 

certain inequalities, which are sub-results of the existence 

proof in Appendix I. These sub—results are also vital in the 

formation of the series in general. A proof independent of 
that announced by Shii15 is given, in order to obtain the sub­

results .

The singular boundary value problem considered in 

Chapter IV also admits the Taylor-Maccoll solution. However, 

in general, not only the convergence, but also the validity 

of conditions 2.72 and 2.73 is unsettled. The convergence 

is of the same complicated nature as that in the simplified 

flow. With respect to condition 2.72 on $n> it is suspected 

that If this could be shown, it would indicate,

at least for the particular case mentioned in the preceding 

section, that the condition is valid. With respect to the 

equality 2.73, the class of cone—like bodies for which it 

is valid is non-empty, since it holds for a cone. Theorem 

10 provides some basis for believing that there are other

^Shü, O#- cit.
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such cone-like bodies• These indications, together with 

the physical background of the problem, make the assump­

tions 2.72, 2.73 and the convergence plausible.

The method used in solving the singular boundary 

value problems considered, may also be applied to other 

hydrodynamic problems. In view of this, the next two 

sections outline initial procedures for two such problems.

Section 3: An Introduction to Flow about» a Yawed

Pointed Body of Revolution with Attached Shock Wave.

The flow for a yawed body of revolution with attached 

shock wave was described by the system of equations and 

conditions 3.18 - 3.20 of Chapter 11. It differs from the

flow in the non-yaw case by the dependence on <f and the

appearance of the third velocity component w. For r = 0,

the equations and conditions in dimensionless form are :

3.1 v(u6- v) + U, - w2 = 0 

— o 2
3.2 u(ue- v) - + w cote * we = -ÿfrjïja hg

3.3 (c2 - v2)y@ = - (c2 - v2 )u - c2(u + v cote)

(c2- w2

3.4 vh9 * sine hY = o

where :
3.5 c2 = (1 -u2 - v2 - w2 ) ;
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the boundary condition on @ = B(0, if ) is

3,6 ruB. slnG B

and

3.7
those on G = S(0, if ) are 

u = q_ cos© o

3,8 q - w slnG
* ~”q einOo

3.9 u cosG - v sinG = 
qo

w2 .
(v + qQslnG)^ *2

2

3.10
2

h = u -
1 - 4.

(v * qQ sin®)2 

v^2_w^\ / * a slneJd-K
33 ' x 2---------------- --------- —7o -w - v(v+q slnG)

The first step in the development of a solution to the
flow problem is the finding of a solution to the above
system of equations, 3.1 - 3.5

such that all the equations and
and a curve G = S(O,if) 

conditions, 3.1 - 3.10, are
met in the region R:

B(0, If G6.S(0, ip ) ]

This solution would then play the same role in the develop­

ment as the Taylor-Macco11 solution for the problems of
Chapters III and IV. Since the region R corresponds to a
point in physical space, it is reasonable to require that
h is constant on R. Thus, all derivatives of h appearing in
the system 3.1 - 3.10 are zero. It should also be noted
that it would be convenient to replace —, 'x

SlUv

variable

a single
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Section 4: An Introduction to the Extension of the
Flow Past the Shoulder of a Cone-Cylinder.

Another aerodynamic problem of interest is that of 

extending the flow past the shoulder of a cone-cylinder. 

It is assumed that the body is without yaw and has an 

attached shock wave. In Figure 3, the curve obc is the

Figure 3.

of the cone-cylinder, oa is the known portion of 

the shock profile, ad is the unknown portion of the shock 

profile, and ab is a characteristic curve. The solution is 

known in the region A since it is the Taylor—Maccoll solution. 

The problem is to determine a solution in B, and to determine 

the unknown portion of the shock profile, ad, such that these 

join the Taylor-Maccoll flow smoothly. The velocity compon­

ents are known on the curve ab, the slope of the shock is 

given at a, and the boundary conditions on the curves ad 
and .bc are specified.
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At the point b there is a singularity which appears 

to be of the same type as that at the point o. This 

suggests the transformation to polar coordinates, r and G, 
with pole at the point b and initial ray along the line 

segment bc. The transformed region B in the (r,G) - plane 

is indicated in Figure 4, with the corresponding points 
labeled as in Figure 3.

Figure 4 •

r

a

The segment bb of Figure 4 should yield two point 

boundary value problems determining the normal derivatives 

of the velocity components, among other quantities, at the 

point b on ab. Since ab is a characteristic curve, these 

will determine the normal derivatives along ab. These, in 

turn, will determine the curvature of the shock profile 

extension, ad, at a . By breaking B into sub-regions 

bounded by suitable characteristics, the solution throughout 

B should be obtainable.

The problems in the last two sections have been intro­

duced to illustrate possible applications of the technique.
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Although this technique was developed for the main problems 

of this research, it may be useful in many other situations 

The ideas presented in the last two sections indicate, in 

part, how such applications might be made.



APPENDIX I

EXISTENCE OF TAYLOR-MACCOLL FLOW

AND RELATED INEQUALITIES

The existence of Taylor-Maccoll Flow for certain 

given values of qQ and is the content of Theorem l of 

the text. In the course of the proof presented here 

several useful inequalities are obtained. Their use is 

explained after a restatement of Theorem l.

Theorem: There is a non-empty subset, D*( % ), of 

(%»%)-space defined for all f, 1 < Y < 1.76, such that 
— (*o'*bbelongs to D*(X) then there exists a solution 

(u,v) of :

1.1 = V

2
1.2 ve=-u-—g (u + v cote)

where :
1.3 c2 = (1 - u2 - v2) ,

such that at e = e. :— D
1.4 v = 0

and at e = ea:

1.5 u = q cos e 
® 2y-1 1 2qcos e

1.6 u cose - v sine = err —— + —g .  , r+1 qo T+l *
of class C^ on I. , ., for suitable € > 0. This solution

is such that on I, , „ ., :— 1 ' ...... . - — b—€ , s+t

114
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1.7 (a) 1 >u2 + v2 - c2> 0
(b ) c2 — v2 "> 0

(c) u cos© - v sine > 0 

(d.) u sine + v cose o 
and such that :

1.8 (a) 1>%>-®

(b) T>Cs •

It would suffice from the abstract point of view and 

be very natural to define D*( f), 1 *. 1.76, to consist

of all pairs (qQ, which satisfy the inequalities : 

1.9 (a) 1 > qo>^

(b ) > 0

and for which a solution (u,v) of class C^of the system 1.1 

1*6 exists and satisfies the inequalities 1.7 - 1.8 on I . 
b ,s

The proof could then be made by exhibiting one pair (,e^ ) 
(and some V » 1 1.76) for which such a solution

exists. As a practical matter, this result would be almost 

useless, for there would be now way of knowing whether or 

not such a solution existed for given ©b and Y , unless 

the given set of values happened to be the particular set 

used in the proof. By contrast, the definition of D* ( % ), 

1 < * < 1.76, given in the proof below, is of practical 

use. Corresponding to each pair (q . G. ) there is a pair

%) for which u(Gb) = uQ and conversely. Advantage of
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this correspondence is taken to define D*( f) in terms of 

a subset D( X ) of (uq, ©b)-space. This subset, D(Z), is 

explicitly defined in terms of inequalities. If these 

inequalities are satisfied by a pair (uQ, @b ), 1 <. V < 

then a solution exists and the theory developed in Chapters

III and IV is applicable. Since Nepal's Tables16 for

- 1*405 (the most widely used value in practice) permit

easy determination of (uq, ) » this mode of definition is 

practical. To make the inequalities easier to use, a tabu­
lation is provided, from which the curves defining the set 

D(1.4) can easily be constructed. It should be noted, how­

ever, that the inequalities produced are not as sharp as 

possible. Nevertheless, the set D( Y) is fairly large.

Proof; In (u,v,ô) - space, the equation c2 - v2 = 0 

represents the right elliptical cylinder, 

1.9 , 

whose axis of symmetry is the ©-axis. The semi-major axis 

of the ellipse is of length 1 and is parallel to the u-axis. 

The semi-minor axis is of length and is parallel to
the v-axise

The subset K(€^):

1.10 K(€1) = [ (u>v,©) | c2- v2 , c - e , € > 0 ]
-LA 2 1 1

for sufficiently small represents a section of an ellip­

tical cylinder which is contained in and similar to the

16Kopal, 02* cit.
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2 2cylinder c - v = 0* On K(€^), the functions :
-2

v» - u - — y ' x (u + v cotO) 
O ■

which appear in 1*1 - 1,2 are continuously differentiable 

in u and v. The set K(€^) is convex and compact ; thus, 

these functions satisfy a uniform Lipschitz condition in 

(u,v) on K(€^)e Through a given interior point of K(€1), 

there is therefore a unique solution of 1.1 -.1.2 which 

can be extended to the boundary of K(€^). This holds for 

all 0* Since the functions are analytic in u. v

and 9, the solutions (u,v) are of class in G on Kt^).

If (uq.0,6^) is a point in (u.v.G)-space such that :

1.11 (a) 1 > uQ

(b) 0 < -g" •

then there exists > 0 such that (u ,0,0^) is interior x o b
K(€, ). Therefore, there is o< > G. such that on I, : x b b ,o<

there exists a unique integral curve of 1.1 - 1.2 which 

is contained in K(€^) and passes through the point. 

Further, from continuity considerations, it is apparent 

that o( > G. may be chosen so that on I, _ the solution D D > OC
satisfies the conditions :

1*13 (a) (u,v) = (u ,0) at G = G.o b

to
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(b) o2 - v2 > O

(d) U + V cote > Oe

In the remainder of the proof, the only integral curves 

considered are those which satisfy the conditions 1.13 

on ,oc (although this may not always be mentioned explic­

itly). The ©c depends, of course, on the particular inte­

gral curve considered. The next major step consists of 

proving that the et associated with certain integral curves 

may be taken large enough, so that there exists a value 

G = G & such that at 6 = 6 : B S

1*14 v = - cote.

The equation above is obtained by elimination of 
between 1.5 and 1.6.

An integral curve on Ib satisfying 1.13 also satis­

fies 1.4, 1.7 (b) and (d). From 1.13 and 1.2 it is 

apparent that on I, _ : 

1.15 (a ) Vg * 0

(b) V 0

(c ) — °*

Hence, 1.7(c) holds on I, _ • At 0=0, D □

1.16 u2+ v2-
) > 0 .

Now
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3,0 p o 2
1,17 de” * v - c ) = - (Y+i) —S(u * v cote) i o 

C^—V
on I- • Thus : O I Wi
1.18 u2 + v2 - c2 > 0

on I, • In addition*D । OÇ

1 > u2 > u2 - (c2 - V2) = U2 + V2 - O2

on Ih . Therefore, 1.7 (a) holds on I. .

The equations u2 + v2 - c2 = 0 and u2 + v2 - c2 = 1

are equivalentlyî

They represent right circular cylinders with axes of

symmetry coincident with the e-axis and of radii Tf " o*l
and 1 respectively. Since 1.7 (a) and (b) and 1.15 (b )

hold on Ib w » the integral curves on lie interior

to the quarter elliptical cylinder and exterior to the

circular cylinder, as shown in Figure 5.

Figure 5 .
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The information obtained above on the location of 

the integral curves is now made more precise. Initially 
(i.e. at 0= );

1.20 u2 * v2 - c2 = u2 - c2 
o o

where :
1.21 c2 = c2 ] .

° b
From 1.16 and 1.17» it follows that each integral curve 

lies exterior to the right circular cylinder 
1.22 u2 + v2 - c2 = u2 - c2 

o o
of radius uQ• It follows from 1.15 that u is monontone 

decreasing. Therefore, each integral curve considered has 

its projection in the region B (dependent upon the curve )

u
u

-V

plane 0 = 
constant

Figure 6 .

of Figure 6. The coordinates of in this plane are :
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1,23 fi = (fT-? • - "R* > •
It is then seen that the inequalities î

1.24 u 91 u o ro o
0 v > - i/c2 '

hold on I. , . d .ec

To study the shock conditions 1.5 - 1.6, it is con- 

veninet to eliminate qQ between them, which gives :
2

1.25 v = — ~ 1 cot© ,

and to regard this as a surface in (u,v,6)-space. The 

trace of this surface in the © = 0 plane, (3 a constant 

and 0 < p < » is a hyperbola. The branch which passes 

through the point (1,0) in the plane © = ^ has the v-axis 

as an asymptote and is concave downward. The point of 

intersection. Pg, of the hyperbola with the trace of the
2 2slliptlcal cylinder c ■w = 0 has as coordinates• 

l-“ ’■ ■ >•

In the plane © = « the hyperbola degenerates, becoming

the two axes•

The surface u+v cot©=G has as its trace in the © =p 
plane, the straight line through the origin of slope -tan/3 . 

From 1.26, it is seen that Pg also lies on this line. As © 

increases from © = ©^. the slope of this line in the ©-plane
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decreases ; hence, Pg moves toward the v-axls. These 

curves and the curves of Figure 6 are combined in Figure 7.

u

Figure 7

u

6 — plane

uo

v cot^= 0

In Figure 7, the point Pg has been placed to the right
of

is
#1* This is not necessarily the case, However, if Pg
to the right of P^ or coincident with it in the Q =

plane for an integral curve, then it is always to the right
in the G = fl plane, Thus, the integral curve can

be extended to Intersect the surface 1.25. The value of 6
for the point of intersection is denoted by Q • On the s
Interval 1. „ : b , s

1*27 ib.a = I »| « sea ] ,
such an integral curve satisfies the conditions 1,13. 

Analytically, the condition that Pg is to the right of or 

coincident with Pg in the 6=0^ plane may be expressed 

in terms of the slopes of the lines OP^ and 0P2 :
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tan Q, D

This is equivalent to the inequality:

1.29 ______ 1 
+ sin2©^

If an integral curve on satisfies the above inequality, 

then the interval * may be extended to include a value 

© = ©a for which 1.14 and 1.8 (b) hold. At © = ©g, the 

value qQ is assigned by the equation: 

u(© )
1.30 q — ® e

° cos© s

For this value, qQ. the conditions 1.5 and 1.6 are met at 
© = © .s

For integral curves satisfying 1.29, the inequality 

1.8 (a) is now considered. Since

à ^5 = —- V *1" * = (u * V cot.) > 0 
cos © cos ©

on a » the function is increasing in © on this 

interval. Therefore, using 1.13 (c):

cos
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To establish the other half of 1.8 (a), namely l>q 

requires an additional restriction on (u »G, ). From 1.2 
O D 

and 1.24,

1.32 -V- > 11 u2 — c *
v I O O

on . Hence,

%8
on * From Figure 7, if -v for an integral curve on

Ib.oispeeds or equals the height of the point P_, then 
o

the value © = has already been attained. The -v 

coordinate of in the ©-plane is ;

c2 
o

Thus, if

1.34
.  2

1FT? (* - %) ==te

for some ©, ~ ® — o< * then © lies in the interval

If this © < arccosu » then: o
cos © > cos© > u s o

which implies that :

*121) 
cos©a

< -% (^.2 < u(_©s) 
cos© uQ < 1.

Therefore, if 1.35 holds with © = arccos u o
it follows that 1 qQ
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Explicitly, this condition is :

A 

o- co

2 , c (arcoos uO 1

1*36 arccos u o

%c8
F° 2- 
o - Go

If an integral curve on Ib satisfies both inequalities 

1.29 and that above, then there exist 6g and qQ such that 

on Ib g the equations and conditions 1.1 - 1.8 are satisfied.

In order to apply the theory of the text, it is 
17 important to know that the inequality

2 2 p 2
1.37 u + v - 3c - (y-1 ) u (u + v cot©) -bY h > 0 

c - v^

holds along integral curves of the system 1.1 - 1.8 in

the interval I, • Conditions on (u ) are now derived D ,3 Ob

to insure the validity of this inequality. By differenti­

ation and use of the preceding results, it follows that
2 2 2u + v — 3c is an increasing function of ® on I. . b,s

Therefore,

u8 + v8_3.^u:-=.:=^u:_^

on I, ; thus the inequality: 0,3
1.88 4=1 u8 - (y-1) u8 V-5 - > o

C — V
on I. is sufficient to guarantee that 1.37 holds. D ,S

^The inequality is used to establish that Dn 
for all n. See the proof of Theorem 2 . '

> 0
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Bounds on ——g are now considered. Certainly ,

on ,s * surfaces c^ - = constant form a family

of similar right elliptical cylinders • The equation of tl» 

member of the family which passes through the point P_ 

(see Figure 7) is 1

1.39 c2 - v2 = c2 - •

The trace of this cylinder intersects the trace of the

surface 1.25 in the plane G = G^» in points whose coordi­
nates satisfy the system

1.40 y2 cot%b

2Elimination of ▼ leads to a quadratic equation
2 2which is easily factored since the root u = u o

in u2,

- c2 is 
o

2
A u b

already known The result is

2 - I % ■ c2 
o

2
? “S-----  u - c o o

0

The first factor is non negative in the region B (See
Figure 7. ) If it is true that

1.41
wr-1) cot8eb 2

(T-i)oot2eb + y+ i u2 - C2
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then the trace of the cylinder 1*39 is above that of the 

shock surface 1.26 in B in Figure 7. Therefore, if 1*41 
is satisfied,
i.42 =«. -gsLg o,^.

uo ~ co

on ^h,s* the integral curve is interior to the

cylinder 1*39* The condition 1*41 can be written in the 
form:

K*1 4 K-l 2 (if-l)cot^©.~ • V % - .V I ■

or, equivalently, as :

1*43 1 
F+Ï

(^)2 + —.
2 (y-l) + Qr+Dtan2©.b

The function v cannot exceed the square of the ordinate

Of P3 On Jb.S

Hence, 
1.44 v2 —n ° a cot2©. • 

uo‘ %8 b

Upon assundhg that 1*43 is valid 

1*44 to obtain an upper bound for 

condition 1*38 becomes :

1.45 u2 _ 3(^12 > (y-i) u2 
6 0 6 O

and combining 1.39 and 
v2—5 « on I. „, thec®— v~ b , s

the form:This inequality can be written in
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1.46 [ 2(*%l)^tan^ + (^-1)01^ * 6^- 5)]

- [ (sK-i)(y2-!)tan2e. - (y'-iXey2 + eif- a) ] u2 
° o

+ [ 3(y-l)(/-l)tan\ + Of-lXs»8 - 3) ] > o.

If both 1.43 and 1.46 hold, the condition 1.37 is valid 

on :b,s •

The set D( is defined for 1 < y< 1.76 to consist
of all pairs (uq ) » O uq *- 1, 0 * 6^ < —, such that ;

(a) if 1 -c 1.76, they satisfy the inequalities 

1.29 and 1.36, and

(b ) if 1 1.5, they satisfy the inequalities
1.43 and 1.46 •

To show that D( X*) is non-empty, the inequality signs in 

1.29, 1.36, 1.43 and 1.46 are replaced by equality signs, 

and the resultant curves in the (uQ >©b)-plane are con­

sidered. The point (1,0) lies on each. On the curve for 1.29:

1-47 = ° = "À *
On the curve for 1.36 :

du d2u "I _ ‘ .
aS J(i.o) Ai.o)

On the curve for 1.43:
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On the curve for 1.46 :

1*50
d6b (1,0)

2W+1) 
OT-Doy-i)"S J(1,O) = 0

For the ranges of V specified, the following
inequalities hold :

1,61 Hi > ) > 7^372 ’ 1 “ 1,5

ÿ=I Tirs ' 1 1,76 •

These inequalities, together with 1.47 - 1.50 show that 

the curves associated with the inequalities 1.29, 1.36, 

1.43 and 1.46 spread apart in such a manner that the set 
D( 2Ô as defined is non-empty. For each (^,9%) ln D( #), 

there corresponds an integral curve of 1.1 - 1.2 and a 

pair (qo»0a) such that on Ib . the system 1.1 - 1.8 is 

satisfied. This curve can be extended in both directions. 

Then, by a continuity argument, there exists € > 0 such 

that not only 1.1 - 1.6 and 1.8 are satisfied on I ,
b-e,s+e 

but 1.7 as well. Corresponding to a point (uQ,9b) in D(éO, 

there is a point (%*%) where qQ is determined by the 

curve associated with the point (u,,9^ ). The set of such 

points (qQ»9b ) corresponding to points in D(f) form, by 

definition, the set D ( y). It is non-empty since D( y) 
is non-empty.

The region D (1.4) may easily be graphed, or pairs

tested by use of the following table. To test 
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a pair (uq, enter the table using the argument ; then: 

1*52 (a) UQ > u^ means 1.28 is satisfied by the pair

(b) uo > u2 means 1.46 is satisfied by the pair

(c) % < u3 means 1.43 is satisfied by the pair

(d) u^ z. u4 means 1.30 is satisfied by the pair ;

hence, to belong to D (1.4 ) all the above inequalities 

must be satisfied. The points (& ,u_ ), (0 ,uo), (@. ,u_) 

and (0^,u4) lie on the curves associated with the inequali­

ties 1.28, 1.46, 1.43 and 1.30 respectively, as indicated 

in 1.52. The inequalities derived in the previous proof 

are not the best possible ; therefore, failure of a pair 

(uq,G^) to belong to D(1.4) does not necessarily mean that 

the general theory does not apply.
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TABIE 1

DATA FOR DETERMINATION OF D (1.4)

% U1 U2 U3 U4

0° 1.0000 1.000 1.000 1.000
5 • 9815 .986 .993
8.78 • • • • • • • • • • .9815

10 .9322 .948 .963 • • e
15 .8655 .896 .926 • • e
16.63 • • • • ♦ • • • • .9322
20 .7943 • 839 .882 • • •
22.95 • • • • • • • • • .8665
25 .7268 .785 .835 • • •
27.48 • • • • • • .7943
30 .6667 .739 • 788
30.20 • • • • • • .7268
31.11 • • • • • • • • ♦ .6667
35 .6149 .701 .745



APPENDIX II

INEQUALITIES FOR THE QUANTITIES D , N AND n > o n > o
p 

------- , - cot© 
N sin© n»o

In Chapters III and IV, the inequalities•

1.1 D > 0 n,o on Ib-€,s*€

1.2

1.3

n,o at © = ©s

P n.o
N sin© n,o

- cot© >* 0 at © = © s

< 0

for all n are used. These are now established. The

inequalities are used in the theory only when the func­

tions (u,v) are as described in Theorem 1 and 1 < y

These limitations are assumed here ; consequently, 

inequalities derived in the proof of Theorem 1 may 

in the arguments•

the

be used

The quantity D was defined in Section 2 of n, o Chapter
III to be

c2
c2

1-‘ Dn.o - n
2 2c - u

2

(f-1) u(u + v cot©) Vs____
2 2,2

Therefore :

1.5 D oB 

Üf-1) u (u + v cot©) v2____
2 Z5T2

132
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that is :

1.6 Dl,o “ 2 [ u2 + v2 - 3c2
C — v

* O'-!) u ( u + V cote) —- V . J e

The first factor of the above is positive. In Appendix I, 

the second factor was shown to be positive. (See Appendix 

I, 1.37 et seq.) Therefore, D > 0 on I . Hence
' ■*■1° b-€ ,s+€ *

♦ (K-l) u (u + v cote) ——5-3 > 0 . 
(c - v2)2

Since 

1.8 Dn,o

the inequality 1.1 is established.

The quantity was defined in Section 2 of Chapter 

III to be :

1,9 Nn,o = " + nv +(n*l)qQsine ) . r

Since uâ = v and u(e_l = q sine ,

1,10 Nn.o]e=e = -(n+l)(v + u tane)]g=e . 
s s

Since

v + u tane = (u sine + v cose) sece, 

and since both factors on the right are shown in Theorem 1
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to be positive, the inequality 1.2 is established.

The quantity P was defined in Section 2 of n > o
Chapter III to be :

^n,o ~ * UqCos© + v cos© + u sine ♦ v^sine

" Qo sine cose •

Since

*e = ? 
_2 

- - u - —g g (u * V cote)

u(e ) = q cose_ , SOS

it follows that at e = e : s
P _ 2

1.12 ------- ------- - cote = [ —--- * (u + V cote ) + U
N -Sine c - v2 ^1U ÿU

-n(u + v cote)] --------- cote----------  
(n+1 ) (u*v cote )

= l —g(u + v cote) ♦ (y^n -n) u

- nu cote _______cote______
(n+l)(u + v cote)

From 1.15 and 1.15 of Appendix I, this is positive if

1.13 - n = <3-%/ 4 > 0 .

Therefore, inequality 1.3 is established * since the above 
holds for 1 < % < 1.5.



APPENDIX III

SUPPL T TO IEMMA 2, CHAPTER III:
PROOF THAT F IS NON-EMPTY AND f(G) c G

In Lemma 2, the subset F of B( was defined to be :

1.1 F = L (r,e)|o^rsS a S> 0, tQ(r) - e s©s ], 

where £ > 0 is so chosen that S & J [ (r, t (r ) ) | 

0 — r — & ] lies in B( S » S/)» and t (r ) 6 0 for r • 

The curve 6 = tQ(r ) is the unique curve for which:

1.2 qocos(tQ(r)) -u(r»t (r))S0

tQ(0) = Gg •

(This is equivalent to W(r, t (r))3o.)

The argument showing that such a Ç can be chosen is 

based on the hypothesis'that the first non-zero derivative 

Brn(0) is negative. If Bp(0) c 0, then from Corollary 2 

of Theorem 2, S (0) < 0. Consequently t (0)< 0. If * o
B p (0) = 0, then from 2.44. - 2.46 of Chapter III:

up(G) = 0, vp(G) = 0 and 3^(0) = 0. If

1.3 Bpj(O) = 0,

vp j (G) = 0 and

Sp j (° ) = 0 J = 1, . .., n,

then the equations 2.13 - 2.14 and the condition 2.16 of

Chapter III are homogeneous for j = n * 1, and

^n+1.0^%) = (n+3) u (G^) Bpn+i(0). Hence, from 2.36, 2.44 - 

2.46 of Chapter III, it is evident that if Bpn+i(0)0,

135
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th*" “1.11*1 («a > > °. Further, if Bpn+1(0) = 0, then 1.3 

holds for j = n * 1. Therefore, if Bpn(0) = 0 for all n, 
it is established that

u(r,e)= u(e), v(r,e) s v(e), s(r) ? e 

(i.e., the Taylor-Maccoll solution is obtained); hence 

to(r) a Og, and a S > 0 can be chosen. If B^(0) / 0 

for some n, let k denote the least integer such that 
Brk(°) / °* If k = 1, then as previously shown, t^(0) < o. 

If k > 1, then by implicit differentiation of 1.2 and use 

of 1.3 for j = 1, ... , k - 1, it follows that:

= 0 J = 1............... ....  - i

t (k)rm „ —

0. Thus, in

Is nega­
tive. From the continuity of t/k>(z.), there exists S%0, 

^£3' su°h that tQ'k\r) < 0, O-rsS*j hence, 

^o (r)^OonO^r *8 and by induction, t (r ) 0

on 0 S r — S . This implies that tQ(r) sf 6g for oar 

From the continuity of tQ(r), there then exists S > 0, S <S* 
such that [ (r,tQ(r)) | OS r S S ] lies in B(S ,S4). There­
fore the set F is non-empty.

It may then be concluded that tQ (0) 

general, the first non-zero derivative

In Lemma 2, the argument that f(G) c G is complete 
except for the proof that :
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1.4 tg(r ) - t^(r ) 0 0 S

where :

i.5 ta(r) = ea + j' | W(ç, eg) a§ .

The difference tg(r) — (r) can be written ass 

1.6 )

% sln(to(r)) * u6(r,to(r))

By use of th® series 2.51 and 2.52 of Chapter III, this
may be expressed in the forms

where N (©) is defined bys 
sin© - sin©

i.8 n(.) = —5-7-5—a 
. s

N(© ) = cos©a •
3 S

If Bpn(O) = ° for all n, then ^(©J 3= 0, vpn(e) £ 0, and 

tQ(r) S ©s • Therefore, from 1.7
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1.9 ta(r) ~ t (r) SO . ». o . . '

Byn(O) 0 some n, let k denote the least 
such integer n. Then,

1.1° to^)(0) = 0 j = 1. ... , k - 1 

to<k)(0) = -  ----------------------——
° % al“% * ’<%)

Uyj(G) = 0 for j = 1, , k - 1

vpj(e) = 0 for j = 1, ... , k - 1

?rk(% ) < 0 .
i ■ , .

ir k »i, .

r
n=k 1

%

&

a^=*é + v(es) +

(k-DUyk^ 
kl (qosin9a* v(ea>)

Since qQ sine ♦ v(«a) > 0, u^»k(9* ) >0 and k > 1, it follows 

that this limit is positive. Therefore,
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case, S > 0 is

If k

1.12

where

1.13 A
n=l

B

C

D

Now

1.14

and

1.15

*
for some 8 > 0

chosen equal to 8

s 
*

„ • In this

2 o

lim

n—1

AD - BC

q sin©^o s o o s o o

Si rn °

□ sin9Ho s

AD - BC

s

rn 
nl

_n
rn^s nl

C D — B

Wr))

o

n—1 
urn(«s)]^HT"
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= WVO0) * "r/V

11m
—> +0 % + v(eg)D

C a

D-B r(^s) - V (t (r))-q (t (r )-e )N (t (r ) )
— = ry§+0 I— ------------ - ---------2-2-------- a—_o--------

3 O

n-1 :

= - % t jo) - vr(ea) .

Hence, by use of 1,9, 1.11, 2.13, and 3.9 of Chapter III, 

i.16 / -C = ( -2vpur + (qoslne + v)

2* (" C°te - Vr)ur ^9a

= (% sin9a + v(«g)) [ (3vp +

2
+ Up —g °----5 cote) ----- --------------

C2 - 7 % * V

* ^r Je=e •

Thus., by hypothesis 3.2 of Theorem 3, it follows that
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riy+O

Is positive in this case• Therefore,

tg^\r) - » 0 OSriS*

for some & * > 0, S* > Sg • In this case £ > 0 is 

chosen equal to S *• The condition 1.4 is therefore 

established»



APPENDIX IV

THE CONDITION $n > 0 AND RELATED INEQUALITIES

In Chapter IV, the quantities Z , J and K n,o n,o n,o
were introduced. It is shown first that these satisfy the 

condition:

1>X * Jn.= " Kn,= (iT-^TnS " * °

n,o n‘° 3

for all n. From the definitions 2.12 - 2.13 of Chapter

IV and 2.6 of Chapter III and some manipulation.

1.2
p

2 - 2c (u + v cot@) , -v ”2
n-° “ qo Binet 1 - q2)

- "2(c2- v2) -v J y-2
n»° (l-q2)qo sin© % sin©

N = -(n+1)(q sin© + v) n > o o

2
- N cos© = [-----—x (u + v cot©)n,o n,o

* nv cot© - — u ] sin©

at © = ©a • Hence ,

1.3 T^ao + j - k (----^2—
Nn,o n-° n»° Nn<o sin©

- cot©)

------------------------2_-------------------------- [a + (n-l)BJ 
(1-4®)qo Nn<0 ®me %
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where :

A = [ (c2- v2) (u + v cote)

- ——------- (vq sine - c2 ) (q sine * v )

d sine ° °

- (c2- v2 )u + (c2- v2 )v cote 3^^

B = F - --------- (vq sine - c2)(q sinO + v )

1 q sine o o
^o

* (c2- v2)v cote + (c2- V2 )u e

From 1.14 of Appendix I,
2

1-5 v(ea) cote ] .

3

Therefore,

1*6 c2 — v2 j g__g = ~ v (v + u tane ) •

s s

By use of the above, A and B may be expressed as :

1.7 A = (u + v cote)2(-2 v tanejj^g

B = (u tane + v ) ( - uv + v2 cote)

Since v < 0 at 6 = e . it is clear that A > 0. The

second factor in the expression for B may be written as :

1.8 - ^1 U + ^(u * V oote)) .

2 2(30-I ) «
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Since —9^ + 8 K* 17 > 0 for —1 AZ , u + v cot© 0

and v 0 at ©g ; it is apparent that not only this 

factor, but B itself, is positive• From these results 

and the fact that ^n,o^G=© °* the condition 1.1 is
s 

established.

The argument used in the proof of Theorem 2 in

Chapter IHto establish

1.9 o4*(e) > o n
An(O) 40 n = 1, 2, ..........

on a+€ may also be used to establish 

i.io o< (e) o n

> 0 n = 1, 2,...........

on Ib>s* The function h^n(©) defined in Theorem 6 is 

such that

1.11 h£n(©) > 0

\.n©0 n — 1 > 2. . * * . .

for ©^ © SE. ©s. From the definitions 2*9 of Chapter IV,

e2
1,18 ^,0 - - TTPDhS

. 2 .... ■ -
Tr*° = (cô- v^r-Dh .................
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Thus e

%,o^û

Tn.o> 0 n = 1* 2, ...........

on Ib#g . Combination of 1.10, 1.11 and 1.13 yields 

the inequality:

1.14 ^ >° n = l. »

is established.

The results 1.1, 1.9 and 1.14 imply the inequality:

1.15 $ n> 0 n = 1, 2, ........... .
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