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CHAPTER 1
INTRODUCTICN

Choice, defined in general terms as a differential or selective
response to the environment, may be regarded as a distinguishing
characteristic of higher organisms!' behavior. Speaking somewhat
loosely for the present, two components of choice may be distin-
guished: a discrimination component and a preference component.
Choice can be determined largely by either component. Discrimin-
ative choices occur, for example, when a subject judges lengths
6f lines in a psychophysical experiment; while a preferential choice
occurs in buying commodity x rather than y.

Preference and discrimination are, of course, intimately re-
lated. One cannot ryrefer x to y unless one can discriminate them,
In practice the converse is frejuently true although it is not as
obvious. An animal psycholcgist investigates an animal's discrim-
inatory capacity by using a positive or rewarded stimulus and a
negative or unrewarded stimulus. The experimenter uses, in effect,
the animal's preferences to determine what discriminctions the
animal can make. Preferences are also utilized in a psychophysical
experiment with humemn subjects. The observer in a psychophysical
experiment presumably will not attempt to discriminate un-
less some reinforcement, either psychological or monetary, or both,
is attached to "being right".

This interrelationship of preferences and discriminations

makes the problem of measurement difficult. The usual procedure has
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been to wmake some simplifying assumptions which would permit treating
these two processes independently. Attitude measurements, for example,
ere frequently made by a two step process, The attitude items sre
first scaled by a discrimination procedure requiring the subject te

ect as an impartial Jjudge and indicate, for each pair of attitude
statements, which statement is mere 'pro (segratiocn, for exzmple).

The subject is next asked to indicate the item he endorses, that is,
prefers. If one subject enderses item A while another subject endorses
item B, it is then sssumed that, in some sense, the amount of disagreement
between the tvo subjects can be measured by the number of discriminetion
ucits between A and B.

The reverse procedure is eften used in a modified ferm ip animsl
experiments. Instead of messuring discrimination capacity first, and
preferences second, the experimenter first determines the oanimel's
Preference for, say, feod to weter when hungry and then uses thie fact
to determine his discriminstions. Such experiments de net permit testing
whether the discriminations an snimal makes to receive cne type of
revard will egree with his Qiscriminstions under different reward
cenditiens. If, fer example, 2n animel exhibits certain celer
discriminstions to obtain feed, it need net exhibit these same celer
discriminetions te obtain water.

The assumption thtv thg discriminatery capacity of an animsl is

independent ef the meture of the reinfercements will be termed the

independence sssumptien. In general terss, the uéopondenco assumption
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refers tc the sssumption thet preferences and discriminetions may
be trested independently. (In s later section the independsnce
sssumption will be identified more cencrstely with the stability
of & discriminstion scale under different choices.)
This independence assumption mey be tenuous under certain

conditions. The choices one might meke in selecting & color
fer a car could be based on color discriminations vhich differsd
from the discriminations mede in a celer discrimination experiment.
It is possible for two colors only & few jnd's apart, as indicated
by s psychephysical measurement, to be seen as quite dissimiler
in terss of their desirability as a color for a car. Guilford
(1940), werking vith the color preferences of humen subjects
suggests the following:

It may be thst affective reactiens are more

discriminating vith regard to the spsctral

ceupositicn of chrometic stimuli than are

cognitive reactions, that wave lengths as

such have s more direct and unique influence

upon eur feelings thsn upon avareness of
color as such (1940, p. ¥57).

If "affective reactiens’ can be uterm'eted as yreferential
choices, then Guilford's remarks may slse be viewed as Qquestiening
the wvalidity of the independence sssumptien.

One alternstive approach which avoids the independence sgsumption
is to assume samething about the seture of the relationship between -

discriminations snd preferences. If soms relaticnship is postulated,
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that is, if one assumes a model, it may be péssible analytically

to separate these two processes while varying both experimentally.

One could assume, for example, that if an individual most preferred

A, then if he were presented with twc other items, he would prefer

to endorse the item closer to 4. This seemingly innocuocus
sssusption permits, as will be seen, the anslytical separation
between the discriminative component and ths preferential
component of an individual's choices. This model 18 the

basis of the unfolding technique developed by Coombs (1950).

wuadrant 1 model

Although a precise axiomatic treatment of the unfolding tech-
nigue has been givern (Coomstl952) the underlying model (called
by Coombs a yuadrant I moael and denoted here as « model) will be
described in general terms, This model postulctes a space consis-
ting of points representing stimuli or items (denoted hereafter by
stimulus points or q points) and points representing individuals
(denoted by ideal points or ¢ points). Coombs refers to this
space as a joint or J space to denote the fact that it contains
toth classes of points. A one dimensiocnal J space is caelled a J
scele.,

It is further stated that an individual with an ideal
point at ¢, will prefer stimulus J, (Sj), to stimulus k, (S,), if,
and only if a3 is nearer to ¢y in the J space than q,- More
formally, j>k (read stimulus J 1s preferred to stimulus k) if

and only if
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which is further abbreviated as

813 <Sik |,
If certain assumptions are made concerning the stability and dis-
criminability of the c; and 9 for all i and j =-——these
assumptions are discussed more fully below--=-the unfolding tech-
nique provides a calculus for determining both the stimulus points
and the ideal points.

Before descriting this calculus it would be well to define
more clearly the two interrelated concepts: preference and dis-

crimination. This can be done most simply in terms of the para-

meters of the Q model.

Preference and discrimination

A scale of the q values of a set of stimuli will be called
a discrimination scale or a stimulus attribute scale. The difference
between qj and q will indicate the discriminability between Sj
and Sy in terms of some attribtute, such as size or color. A pre-
ference scale for an individual (denoted by Coombs as an I scale)
will consist of the s values of the set of stimuli. The differ-

ence between sij and 83x will indicate how different S; and S

J k
are to individual i 4in terms of their preferability. It should
be noted that this scale consists of positive values only, the

larger values denoting the less desirable stimuli.
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It remains to distinguish a preferential judgment from a dis-
criminative judgment. Preferential judgwents are judgments that satisfy
the Q model. The unrolding technique then is an anayltical pro=
cedure for analyzing preferential judgmen£§ and separating out the
creference scale and the stimulus attribute or discrimination scele.

A discriminative judgnent can be defined as cne which gives
rise only to a discrimination scale, The observer in a psycho-
physical experiment i:s asked essentially to compare the q values
of the stimuli only and to ignore hic preferences; that is, his
ideal point is irrelevant. A discriminative judiment, then,
theoretically lacks the preferential component. It remains, how-
ever, a moot point whether a discrimination scale cf a given set of
stimuli obtained through preference judzments givec the same ¢
values as one obtained through discrimination judgments. The inde-

pendence assunption referred to earlier, irn essence, asserts that the

g values will zzree.

The unfoldineg technique

The genersl cheracter of the unfolding enalysis will
be i1llustrated with an srtifical example consisting of five stimuli
Ayeieo, B, and 100 subjects. The stimuli are presented pairwise
to the subjects—--there will be 10 pairs-~-and for each pair, the
subjects indicate their preferences. A typical subject's response
may be tabulzted as shown in Table 1.

The sum of 8 rov imdicates the muaber of times the stimulus was
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TABIE 1

PREFERENCE DATA F(R A EYPOTHETICAL SUBJECT

A B c D E 3
A 0 ) 0 1 1
B 1 1 1 1 4
c 1 0 1l 1 3
P 1 0 0 S 2
| 0 0 0 0

Note: "1" in each cell indicates that the
rov stimulus vas preferred <o ths
coluan stimulus when ths two stimuli
vere paired.

TABLX 2
DATA F(R ARTIFICIAL EXAMPIX

I Scales QOrder of
Midpoints
l. ABCDEB
AB
2. BACDRZB
AC
3. BCADZR®
AD
4., BCDAZR )
BC
5. CBDAR
BD
6. CDBAZR
]
7. DCBAR
) AR
8. DCBEXRA
BE
9. DCEBA
CE
10. DECBA
DE

1. RDCBA
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prreferred. The order of these row sums gives the order of the 81J
values for the hypothetical individual, that is, the order of the
stimuli on his I scale. For the subject tabulated in Table 1 the
I scale (the order of the stimuli from smallest 83 value
to largest) {s
B CD AR,
By tabulsting esch subject's responses as indicated 1in
Table. 1, it is possible to cbtain thé I scales for each of the
- 120 subjects.
hssume now thet,of the 100 1 scales,only eleven are distinct;
thut is, have a different order of stimuli. These eleven I scales
are presented in Table 2.
The following step-wise procedure is then used to determine
whether the conditions for a J scale are met by these data,
1) The number of distinct I scales should not exceed (g) +1
where n equals the number of stimuli.
2) The least preferred stimulus in cach 1 scale must be one

of twoc stimuli,

LS
~

It must be possible to order the 1 scales, Il: 12,...

Ik! such that the following condition is met for eesch
stimulus: if R; denotes the rank of a given stimulus in
the i-th I scale (higher numbers dencting less preferred

stimuli), then for this stimulus

= N

for all h2i.
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An examination of Table 2 in which the 1 scales have been
correctly ordered indicates that the three conditions are satisfied
by the data,

Since the present data satisfy these conditions it is possible
to proceed with the determination of the stimulus attribute scale.
The order of the q values is given by I scale (1) or I scale
(11), the two 1 scales which are mirror imsges of each other.

The direction of the stimulus attribute scale is not important here
so that either 4 B C D E or &€ D C B A may be used. The
metric information is obtained by determining the order of the mid-
roints between pairs of stimuli on the J scale. The order is
given in the right hand column of Table 2 and can be obtained by
observing which puir of stimuli have reversed orders in adjacent

I scales. The order of the midpoints Ay and BC imply, for

exampl=, that'qA - qB‘:>

_ From the remaining midpoints
G - 9| . P

the followins metric rel-tions may bte concluded;
iQD - QE’:> !QA - qu
and

|9p - qj|>|qA -a|

Limitations of the unfolding technique

Unfortunately, as may be seen in the preceding exampie, the
unfolding technique has severe limitations. The limitations stem
from the highly restrictive set of assumptions which the data must

meet---assumptions rarely met in practice---and the relatively low
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lavel of measurement obtained from the analysis. The J scale
values are measured at an ordered metric level. This means that
the ¢ and q values can be ordered or ranked on the J sczle
and that certain intervsls between the g's and c's can aleo be
ordered.

The assumptions which must be made in order for the unfolding
technigue to provide a sclution consiét of at least the following:

1) The ideal points of each person are fixed---at least for
the duration of the experiment.

2) The stimuli are completely discriminable; they are never
confused with one another. This assumption is implied in 3).

3) The distances between the stimull and the ideal points cre
also compietely discriminsted. If s;, = sij+-€’ wnere€ >0 and i3
small, individual i nevertheless consistently profers Sj to Sk'

4) No other random elements which would tend to produce "errors"
in judgment are present.

Since these assumptions are rarely met, and since the umfuidimg tech-
nique is s highly vulnerable method--it is extremely sensitive to error--
it therefore has a hizh likelihood of not yielding a solution.

In recent work Coombs (1958) has attempted to relax these
assumptions. Instead of requiring Sij to be consistently discrim-

inated from s;, he has only required that the subject prefer Sj

to Sy more than half the time--assuming still that sjy = sij+€
or 8344 85, - The unfolding analysis is then carried out in the

usual manner using only the ordinal information (that 513 is



.ll-

less than sik) and ignoring further the actual proportion of times
that SJ was preferred to S,., One might be lead to suspect, however,
that the size of this proportion could give some information of the
magnitude of the difference between 8ij and Sjxe It would seem
to follow then that what is needed is a model, a probabilistic model,

which relates the preference proportions to the magnitude of the

parameters s;j; or c¢; and qye The development of such a model

and its testinz is the basic probvlem of this study.

In Chapter I1l the eguations of this probabilistic model are
developed, their character described and a solution indicated. Here
the general nature of this probabilistic extension of the model will

be described.

A probabilistic Q modsl

The probabilistic extension proposed here assumes,for the
single dimensional case, that the point corresgonding to a stimulus
can have different positions at different moments. However, the
distribution of these successive positions will be normal, The
discrimination of stimuli is asswmed, therefore, to be imperfect,
and the degrce of overlap of two stimulus distributions is related
to their degree'of confusion. oSimilarly, it is also assumed that
the ideal point of an individual veries over time, and that the
distribution of its successive positions is normal. This assumption
implies that a person is not absolutely or consistently certain which
item he most prefers, even if the stimulus distributions has zero
variance. He vacilates, first wishing to endorse this'stimgius, then

that,
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The probability that a person on any given moment will prefer
35 to Sk will be determined by the probability that c¢; (now
a random variable) will be nearer to qj than to q, (both random
®
variables), i.e.
Prob >k) = P i o= Q- -
(J>k) rob ( |ej a3 < Ic1 qkl )

or

Pjk = Prob (sij<‘sik)
This extension of the ¢ model appears natural in the light of the
uéual psychophysical assumptions. The equations which result, how-
ever, are distinctly unnatural, and therein lies onc source of
difficulty.

Before embarking on the purely mathemaitical aspects of the model,
let us summarize what may be expected from this model. Firstly, the
vrobabilistic model places less restrictive demands on data. +hereas
tne unfolding technigque required assumptions which were rarely met
and was a highly vulnerable model, the present model reguires,
in principle, only a set of preference proportions and, if necessary,
& statistical procedure for ol:itaining a Wbest fit" to the proportions.
In general, a ""best fit" will always exist so that the model is in-
vulnerable, that is to say, always capzble of yieldimg a solution.
Secondly, with this model a stimulus discrimination scale can be ob-
tained at the interval scale ievel, rather than at the ordered metric
level. This means that a rigorous comparison can be made between the
stimulus discrimination scale obtained under preferential judgments

and one obtained under the discriminative judgments used in psycho-
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paysice. It should be possible then to test the
independence assuaption. This assumption will be tested in the
experimental part of this study. Tnere is another aspect to this

experiment, but this requires some ireliminary discussion.

Theories of cholice and strong atochastic transitivity

For the purpose of illustrating another characteristic of the
proposed probabilistic model of choice, let us take the liberty of
imazining an argument submitted by an econometrician, one stron;:ly
devoted to one of thc now familar theories of choice. He asserts
as follows:

mwhile I can appreciete your attempt at a more parsimonious

and picturesjue theory of shoice---and this seems to be at

best what you have accomplictiied by treating prefercnce and
discrimination simultaneously---1 am not altogether convinced
that 1 should therefore abandon my own probabilistic theory.

After all, I am interested in the preferavility (in my lan-

guase, the utility) of commodities, not their discriminability

along certain dimensions of, 1ct us say, size and color. 1

believe that my particular theory Lermits me to account for the

relationship between the preference proportions-~though not
necessarily the diseriminations--involving a set of commodities.

To put the matter differently, my theory acccunts for the ob-

served proportions of preferences. If your theory will also

describe these data, then the issue between us is merely that



-1l

of convenience and certainly you have yet to demonstrate the

superior convenience of your theory."

As the reader will no doubt suspect, the concliision drawn by
the, shall we say, straw man, is entirely erroncous. The issue is
not simply one of convenience. The two theories are incompatible,
A set of proportioms generated by the present probabilistic theory
carnot, in general---there are certain trivial cases which must be
excluded---be generated by the existing thooriea.l The issue
then is: which theory is correct, or at least more correct? It is
this issue tnat will be examined experimentally in this study.

Although the theories of choice are comjared in Cuezpter IV and
their basic incompatitilities demonstrated there, the basis for the
above conclusions will be indicated here. The fact that the present
theory is not an equivalent formulsiion of one of the classical
theories can be made plausible with the introduction of the concept

of strong stochastic transitivity (SST). The pairwise

preference probabilities between stimuli bJ, Sk and Sl are said
to satisfy SST if the following constraint on the three probabil-
2

ities is satisfied.

1. This statement is too strong. Any theory can be made to fit
a given pj jk matrix if a sufficicntly large number of parameters are
estlmated from the data (so called free parameters). The Thurstone
Case 3 Law of Comparative Judgment is a case in point. The theories
of choice that are referred to here, and discussed more fully in
Chaprter 1I use approximately the same number of free parameters and
these theories of choice may be said to be incompatible with the
probabilistic Q theory.

2. An equlvalent formulation, stated by Davidson and Marschak
(1958, p. 13), is as follows. Ir :

J\. . .



If 2} end pyZ 4,

then psy 2 p.  and p,

jk 1 Z P,

Present day theoriess of choice require the entire metrix of
proportions to satisfy o53T. The probabilistic Q model developed
here does not require oST and, in fact some non-sST probavilities
are usu:lly expected. A matrix of prebabilities therefore, which
does not satisfy S3T (aside from sempling errors) cannot be gen-
erated by the classical theories. The present theory and the current

theories are therefore incompatitle,

Pros;ectus

The experimental and tpeoretical issue of SST is considered
in Chapter Il. Chepter III consists of the mathematical develo;uent
of a probabiiitistic Q theory, and in Chapter IV thLis theory is
compared theoretically witn two other probabilistic theories of
c.oice., Chepter V introduces the experimental part o1 this study which
focuses on two questions:

1) Does the probatilistic § theory fit preferential data
betier than other probatilistic theories of choice?

2) Is the discrimination scale obtained from preferential judg-
ments equal to the scale obtzined from discriminative judgments?

In Chapters VI, VII, and VIII the procedure, results, and con-

clusions of the experiment are discussed.



CHAPTER IIX
PROBABILISTIC THECHIws OF CHOICL AND STRONG STOCHASTIC TRANSITIVITY

Estes (1958) has suggested that there are three major approaches
to a theory of choice: the axiomatic approach of the economists,
the scaling theory approach of the psychometricians or statisticians,
and finally the behavior theory approach of experimental psycholo-
gists. This chapter reviews and compares these major approaches,
showing the similarities betwesen them.

hs suggested in the previous chapter, the transitivity proper-
ties .11l be important in comparing these theories to the.prOposed
extension of the Quadraamt I theory. Therzfore the transitivity proper-
ties implied b, each theory will be indicated and, in the concluding
secticn of this chepter, the exgerimental evidence for strong stochas-

tic transitivity will be discussed.

The economic approach

barly history of the utility concept . - The concept of utility

has been the cerntral term in the theories ol choice developed by
economists. Zdwards (195&) has succinctly reviewed the history of
the utility concept up to 1953. In 1653, however, the utility concept
was drastically altered---drastic, at least, for economists. It be-
came probabilistic. To provide the historical context for this
recent. conceptualization of utility, the history of the utility con-
cept is outlined briefly in this section; the post 1953 developments

will be discussed in greater detail in the section following.
16
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The utility concept, in the writings of economists (and philoso-
phers) has passed through what may be distinguished as four stages.
8tage 4 begins in 1953 with the probabilistic treatment of utility.

The issue in each stage is: can cardinal utilities be obtained?
A cardinal utility is a measurement of utility unique up to a positive
linear transformation; it is utility measured on an interval scale.
If it is asserted that utility can be measured on an interval scale
then the next question to be answered is: how?

Stage 1 can be associated with the names of Jevons and Marshall
about the turn of this century. In this stage it was assumed that
utilities could be attached to objects such that ore invariably chose
the object with the larger utility. It was also assumed without
question that, in principle at least, one could measure utility on
an interval scale and that, in fact, it was meaningful to discuss
the derivative of utility (called marginal utility).

The definitive writing of Stage 2 was the paper by Hicks and
Allen in 1934, In this stage the assumption of cardinal utility was
abandoned. It was shown that the utility scale was strikingly non-
unique, that any monotonic transformation of the utility scale was
permissable. Utility, therefore, was only measured on an ordinal
scale; it was not meaningful then to use the concept of cardinal
utiiity.

Stage 3 begins with the Von Neumann and Morgemstern work of 1944,
although it had its precursors in the works of Ramsey (1931) and
perhaps D. Bernoulli (1738). The concept of cardinal utility was

reasserted in this stage by considering risky choices, a risky choice
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being one in which there is some uncertainty as to the outcome of
one's acts or choices. By assuming that individuals' choices maxi-
mize the expected utility of alternative actions, they were able to
show, with certain additional assumptions, that one could measure
utility up to a linear transformation. Although it was now meeningful
to use the term cardinal utility in the context of a risky choice,
it was not permissable to apply the concept to exclusively riskless
choice, choices involvin. no uncertainty. It should be noted that
probabilities do appear in the Von Neumann-tiorgenstern formulations,
but these probatilities pertain to the likelihood that certain out-
comes will follow from certain acts by an individual. The utility
of the outcome, however, does not have a probability attached to it.
Stage L appears to have begun about 1953 with the writing of
Vail (1953). In this stage the protabilistic notion of utility was
introduced and, as a consequence, riskless choices were once again
considered. Debreu (1958) has shown that the introduction of the
probabilistic version of utility will permit thc measurement of
cardinal utility for riskless choices. It is clear that whzt was
lacking in the early formulation of utility were sufficient contraints
to obtain a relatively unique solution or measurement of utility.
The Von Neuma:.n-Morgenstern approach introduced these contraints by
the use of chance events in the form of probability mixtures. How-
ever, the constraints may be more directly introduced by permitting
probabilistic concepts of utility. Indeed, it is interesting to
observe that the economists, in their attempt to simplify the problem

of utility measurement, made the problem overly difficult. Psychologists
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have known since Fechner of the usefulness of inconsistency for

establishing a unit of subjective measurement.

Probabilistic formulztions of utility. - Before describing
the probabilistic development of utility since 1954, the probabilistic

discussions which appear in the 1936 writings of the economist Georgescu-
Hoegen (1936) should be noted. Georgescu-hoegen assumed that the

utility of two commodities can not be perfectly distinguished or dis-
criminated if their difference is less than some fixed number, ZS.

If the difference is greater than [S then the probability of choosing
the commodity with the larger utility is equal to one. He shows,

with some additional assumptions, that while preferences will be
trensitive the indifference relation will be intransitive.

The initial discussions of Vail (1953) and Davidson (1956) of
probabilistic utilities were cautious. The concept of utility was
formulated in general terms, and the problem posed by the writer in
each case was that of selecting the precise constraints to impose
on the probabilities associated with the utilities. Vail assumes

merely that the utilities u,, u,, "'un of a set of commodities

515 85,445 are distributed according to the density function

(1) ¢(“1’ uz,...un)

=0 that the probability that S; will be preferred to Sj is equal

to the probatility that u; will be greater than “j’ that is,

(2) Prob(Si? S.) = ¢du.
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With this general definition of utility, Vail asks: what
restrictions must be placed on the function qb such that the proba-
bilities of choice will satisfy weak stochastic transitivity (WST)?
wezk stochastic transitivity, a term evidently first used ty Vail, is
defined as follows

if Frp 231, and pBCZ% then pACZé'

Vail asserts that WST will be satisfied if the function QD:is such as
to satisfy the inequality
Prob(ul 7u, >u3)+ Px'ob(u1 7ug 7u2) +Prob(u2> u; ¥ u3) >

(3)

Prob
°(U2>u 1>u2)+Prob(u3>u 7u1) .

3

>u1)+Prob(u3>u 5

The second and third term on the left hand side of the inequality
refer to the protability of one inversion occuring in the order 1,
2, 3. The first and second terms on the right hand side give the
probability of two inversions and the last term the probability of three
inversions.

Further, continues Vail, if it is assumed that the utilities

are independently distributed, that is,

(k) (u1:u2:---un) = (ul) (02)--- (Un),

then "iptuition demands" that the probabilities satisfy SS5T. The
proof is not given.
Davidson (1956} suggested two probabilistic modifications of

of utility that are directly related to the WST and SST conditions



<21~

of Vail. One theory, called by Davidson a wezk stochastic theory,

postulates a utility function having the property that
>
(5) If py 2 % then u, 2 u .

It is clear that this utility function will satisfy the WST condition.
The strong stochastic theory, the second one proposed by Davidson,
requires the utility function to have the following property:

(6) gb chd<$ “a"ubZ uc—ud-

This version of probabilistic utilities, which will hereafter be
referred to as theory or model U, will appear freguently in one form
or another in the remaiming discussion. As one would expect, this
strong stochastic utility theory will satisfy the SST condition and,
in addition it will satisfy a somewhat stronger condition, called by
Davidson and Marschak (1958), the guadruple condition. The quadruple

condition states that
(7) Ppi2 Pjk =>ph,jZ Pik.

This condition, according to Davidson and Marschak (1958), is stronger tham

the SST condition since it i.plies the latter, but not conversely.

One of the purposes in introducing the probabilistic concept of
utility was, it will be recalled, to reintroduce the notion of cardinal
utility. If the utility theory is stated in the form of theory U,
the problem is reduced to determining the conditicns on the probabil-

jties which lead to a utility function that is unijue up to a linear
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transformation. Davidson and Marschak (1958) and Debreu (1958) have
shown that essentially the quadruple condition on the probabilities
is sufficient. bMore precisely, it is zlso necessary to assume that

the set of alternatives or commodities is stochasticelly continuous.

Debreu defines this condition as follows
If py,4 94 p__ then tacre exists an alter-
- ca

(8) nztive d in the set of alternatives such thnat

Pga = Q-

This condition seems fairly mild and need not concern us. Ussentially
then, it can be said that the utility function in theory U implies
the quadruple condition (and therefore SST) and the quadruple condi-
tion specifies the utility function in U up to an increasing linear
transformation. It will be noted that SST however, is not sufficient
to specify & cardinal utility function.

Recerntly Luce (Luce and Rai:fa, 1957) has provided an alternative
although more tortuous route for arriving at theory U. He assumes
essentially a weak siochastic defimdtion of the utility function,
adds eleven axioms and then succeeds in proving that the probacvility
of choice between two alternatives is a function of the difference
Letween the utilities of the two alternatives. Furthermore, he
shows that the utility is defined up to a posi.ive linear transfor=-
mation. This is precisely the property of theory U, but as has been
discussed, theory U can be defived from two axioms.

Under certain conditions, Luce asserts that the utility can be

determined directly from the probabilities of choice as follows



(9) u(e) =] Peb* - Pprg
Poupx "Ppran

( a>0b 1in the SST sense)

(Y[

where € = a constant and a¥ and b¥ are any pair of alternztives such

that pa*b‘o't ? %o

Theory V. - 4nother probabilistic model hes recently come into
prominence as a result of Luce's more recent (1959) axiomatic wriiings.
Luce postulates a single axiom which relates the choice probabilities
invelving sets of alternatives of different sizes. From this axiom
he derives a theory of choice between two alternatives.,

The axiom states:

If pxy £ O or 1 for all x and y in the

(10) set T, tnen for ReScT

Pr(R) = P4(R) Pr(S),

PT(R) is defined as the probability of choosing an element
from the set R when the set T is available or is presented. This
axiom also considers probabilitiss which are equal to zero or one
but this will not be relevant here. If (10) is satisfied then a
function v can be specified which is unique up to multiplication by

a positive constant, such that

(12) Py = 4

v1+vj
A theory of this form will be denoted a V theory. It will be

noted that whereas in the U theory the choice between the two
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alternatives depemnds om the differemce between the utilities of the two
alternatives, in the V theory it depends on the ratio.
Luce demonstrates further that the V theory will satisfy the
SST condition and a somewhat stronger condition on the probabilities,

namely,

(12) Pij = _Pkj Piic

or equivalently

ka _ pik

P
(13) . 1J
Py Py Pyy

Since this condition holds for any three alternatives 5, SJ: and
Sk’ using the terminology of Davidson and Marschak, this condition

will be called the triple condition. In fact, the triple condition

bears the same relationship to the V theory as the quadruple condition
does to the U theory. It can be shown that the triple condition is
sufficient to guarantee the existence of the ¥y function and that
furthermore the function is uniquely specified up to & positive
multiplicative constant. In other words, if choices are confined

to pairs of alternatives, it is only necessary to assume the triple
condition instead of the axiom postulated by Luce. As has already
been noted, both the triple cundition and the quadruple condition

imply the SST condition.

Psychometric approach

Scaling theorists and statisticians have not been‘'directly con-

cerned with formulating theories of choice. Their problem has been
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to interpret or concisely describe actual data, However, in the
process of solving this problem, a model is generally assumed (im-
plicitly or explicitly) and this model, it will be seen, may be termed
a theory of choice.

Thurstone's Lzw of Comparative Judgment (LCJ). - According to
Thurstone (1927), a random vari.ble, uj, which is normally distributed
over time, is associated with euch stiiulus (or alternative or

commodity). For Sj the distribution of uj.is then

(14) NGug, 0

The probability of choosing Sj in preference to S, when both
are available, is ejuzl to the probability of uj being greater than
uge If it is further assumed that the variance of uy is equal for

all SJ and the corrclation between u.

3 and u is constant (or zero

for siuplicity) for all Sj and 5., ——-these assumptions are termed
the Case 5 assumptions and ere the omes ususlly euployed---then the

probability of choice may be expressed as

o0
(15) Py = | MU, /()’J+o’ 2 ax.

0
By a substitution of variable this may be written as
-U )‘ \/d:ﬁ-dk
(16). pjk = N(0,1) ax
Z6o

or more simply as

. - ’ e 2
(17) UJ-UR = xjk‘ GJ+dk

where Xjk is the normal deviate corresponding to Pjke It is customary
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to set the sum of the variances of uy and w, equal to one for all

S; and Sk (this defines the unit of measurement) so that

Equation (18) is termed the Case 5 Law of Comparative Judgment.
Equation (18) asserts, in effect, that the probabilities of
choice are determined entirely by the difference in scale values

between the two alternatives. Furthermore, it is clear that if

(19) Us =V 2 Uy -0
then

X > X
(20) J¢ = 1m

and this implies that
(21) Psk 2 Pip

Dut this is precisely the property of theory U. The Thurstone theory
therefore is, in essence, theory U. It cen be immediately concluded,
therefore, that the LCJ scale implies probabilities which satisfy SST

and, of course, also implies the quadruple condition.1

1case 3, vhich dces not assume that the variance of u ., is
constant for all 8, will probably not imply the SST condition

This is because in Case 3 the probability of choice is not completely
specified by the difference betweesn two scale values The varignce-

or the ratio of the variance must be also specified.
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Several difficulties arise in the application of the Law of
Comparative Judgment. First, actual data do not fit the theory
exactly, so that a fitting procedure must be used. The usual proce-
dure is to average the xjk values of each column in the xjk matrix,
the matrix of normal deviates formed from 21l the possible pairings
of a given set of stimuli. (The diagonal entries are left blank. )
This fitting procedure has been shown by Mosteller (1951) to satisfy
a least sguares criterion.

i second difficulty in practice relates to the interpretation
of the random variable u,. If only one subject is used this variable
is interpreted as the various momentary values of sensation which
are norially distributed over time. Generally, however, the theory
is applied to a group of subjects. Two interpretations are
possitle. It may be assumed that ine value of U is tixed for each
subject and that u heas a noimal distribution over subjects. One
may also assume, however, that euch subject has a normal distribution
(over time) and thst the meens ol the normal distributions are also
normally distributed. The LCJ ejustions in both cases are formally
iderticial. i difference does zrise, however, in determining the

goodness cf fit of the theory. Tals is 44 scussed more fully in
Chapter 6.

Bradley-Terry todel. = In tueir initial paper (1952b) Bradley
and Terry are concerned with the problem of testing the hypothesis
thet a set of treatments (or stimuli) presented pairwise are perceived
as significantly different. In a typical experiment (1952t) pork

roasts were presented in pairs to a competent panel ol judges each
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of whom Was zsked to indicate their preference. The roasts were
obtcined from three groups of hogs which had been fed on a different
diet. The object of the experiment wes to determine whetner the diet
had a noticeable effect on the tlavor of the roast..

Using a maximum likelihood procedure, they assume tnal the pro-

bability of treatment Jj being preferred to trectuent 1 is Vi/Vin
30 that the likelihood function can be written as

v niJ v

(22) L= T0[ 4 1 3
1 niJ v1+"3 'v1+'J

nji

where nj j is the number of times i was preferred to j and mjj

=mjjtmy. The values of v which maximize L 1in general can
only be obtained through an iteration procedure. Bradley and Terry
no not give the iteration procedure, but Ford (1957), working inde-

pendently, states the following iteration scheme:

v§n+1) . oy 1-1,2,...n
n miJ cyclically
(23) I e +v(o) )
'fjn +1) , 'Sn) 141

where ny = z ny ;- .
J

Dykstra (1956) has suggested a procedure for obtaining the

starting values of v; 1in this iterstion scheme,
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(2k4) '(0) - EE Pig

1
(n-1)2 - (n-2) ¥ »
[ 5

and Bradley (1952b, 1954b) has published tables giving the values

of V; when the number of stimuli does not exceed five and the
number of repetitions on a pair is less than 10. The test statistic
indicating the probability of the v's being equzl is also tabled.
Since it is clear that the model underlying the Bradley-Terry
anzlysis is the V model of Luce, the Bradley-Terry procedure may
be viewed as providing a procedure for obtaining a best fit of the
V theory to actuzl data. The goodness of fit of the model has
also been discussed by Bradley (1954s) although for large m his
statistic is substantially the same as the usual)(etest based on

the squared difference between observed and theoretical frequencies.

Other pzir comparison analyses. - Other methods for analysing
chicices among pairs of stimuli are proposed from time to time, but
in most cases the model underlyinz the analysis is not clearly stated
or it does not seem to :ave direct implication for understanding the
basis of an individuzl's choice. Guttman (1946), utilizing & discrimi-
nant function analysis, attempts to determine scale values by minimiz-
ing the sum of squares within an individual as compared with the sum
of squares between individuals. Tae method is equivalent to maximine
ing correlation ratios and, as Guttman shows, will generally not yield
the same solution as the Thurstone Law of Comparative Judgment solu-

tion. The relationship between the probability of cinoice for an
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individual and certain parameters of the analysis do not seem to be
indicated in Guttman's trezstment so thct a probabilistic theory of
choice is not easily extracted from his method.

Kendall's method (1955) invclves powering an (nij) or D matrix
where nij gives the number of times i was chosen over Jj. (The

1.) The scale value of an alternztive is obtained

L3

diagonal entry is
by summing the approrrizte row. Kendell shows thet if the matrix is
suared and the row sums ccmputed, the values computed for SJ’ for
example, will refer to the number of two step transitivities. Am
step transitivity is defined as a preference relation between n stimuli
having the form Sy 3, 53...Sm. A matrix that is reised to the

nth power will give the number of .n step transitivity relations

for each stimulus. Kendzll asserts tuat there will exist some finite

value of n such that the rank of the row sums (scale velues) will

not change. Thompson (1958) has propcsed a modification of the Ken-
dall Method. He suggests the matrix D be po.ered and summed as
follows:

2 23
(25) D4rD4+ rD+ cocevee,

where r is a positive number for which the sum converges. In

fact, the series will converge if and only if

0< r< l/k
where k is the principal characteristic root of D. The two
methods will agree if r = 1/k.
The choice theory implicit in the Kendall and Thompson methods

would seem to inply that an individual attempts to maximize his
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transitivities. However, transitivities are maximized when the
choices are compietely consistent, so that a probabilistic theory

of choice is not implied by these methods.

Behavorial theory approach

Theories of behavior, containing implications for a theory
of choice, abound in the psychological literaturs., host theories,
however, do not explicitly relate a choice probability to the para-
meters of the theory. The theories usually state only that the
response with the larger performance vector (Tolemesn, 1955), or
behavorial potential (Rotter, 1954), or resultant motivation
(Atkinsom, 1957), or force (lewim, 1951) will occur. A few
theories are more axplicit amd these will be discussed

below.

Model V. - Lstes (1958) assumes that an individual confronted
with two stimuli, orients succe::ively towards these stinuli, first
one then the other. #hen the individual is oriented toward one
stimulus he is in a position foF choosing it. If he does not choose
it, he orients then to the other stimulus. It is assumed that a
stimulus can be chosen only when one is oriented toward it. If
p; 1is the conditional probability of choosing Si when the indivi-
dual is orienting toward Si’ bstes shows that in the limit the proba-
bility of choosing Si winen the individual is initially oriented to

Si is:

(26) | . Pi
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The probability of choosing Sj when initially oriented to Sj is:

Pi (1-pj)
Pj+ Pj = PiPj

(27)

If it is also assumed that initizlly the individual is equally

likely to orient to Si as to Sj then

p, ( 1-25_)

(28) P4 Py + P1(4-P3)] =
1J P +P; PPy | Pi4 p;'Pip,;J Py +PyPyP,

Furthermore since

(29) Pi.1 i P(1- -p_J)
C[C=r))

we have, 2

(30) Pig\[ 2 - [ Pax

which is exactly the triple condition. Since the choice probatilities
must satisfy the triple condition, it can be concluded that the V
scale will exist, that its values will be determined up to a multi-
plicative constant, and that the values of ¥ will precisely generate

the choice probabilities Pij according to the V theory, namely:

(31) pij = vi/(vi.q.vj) .
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Thus starting from certain behavorial considerations Lstes has shown
that the choice probabilities will be constrained according to the
V  theory.
L learning theory developed by Thurstone (1930) and extended
by Guilksen (1953) employs as a response strength a term which has
the property of a V scale. Luce (1959) hes also shown that the
lecrning theories of Bush and Mosteller (1953) and Zstes (1950)
will, under certzin conditions, have the properties of the V model.
Model U. =~ Cartwright and Festinger (1943}, using the concepts
of Lewin, propose a theory that assumes that choice between a pair
of alternatives is the r:sultant of three forces: a force directed
toward Si’ one directed toward Sj and one called the restraining
force. .ach force is assumed to be normally distrituted with ejual
variance. The protaiility of preferring 55 to Sj is equal to
the probatility thit the force toward S5 will exceed the sum of
the otner two forces. The uss ol restraining forces in this theory
presents some dirfficulties in interpreting the theory. The concept
of a restraining force produces a correlation between the two resultent
i

forces, one toward S. and one toward Sj’ and prevents tne two

probabilities and p,. from summing to ons. If the restrain-

Pij ji

ing force term is ncgl:cted the tlieory rouires

(32) 3= 05 > 5 - 5 ey py

vhere fi denotes the mean value ol the force toward Si' This rela-

tionship is, of course, the basis of theory U.
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The learning theory of hull (1943) assumes thet a response is
determined by the momentary cffective reaction potential, ;i;
i
which in turn is a function of S!R , @& constant for & given

i

state of learning, and an oscillation function SQR s, 1e2.,

(33) SgRi = é!hi - SQRi

The oscillation function is noimelly and indejpendently distriluted
for different res.onses, with a [ixed variance, © , end a mean

C——

30 1less than Sﬂki . If for simpiicity we let vy = é!Ri s

and Uy =z ;i;: - 3, the density function of uj is then NMU; /).
A threshold concept is also introduced in the theory. o rasponse

can occur only if uj exceeds some fixed number L. The probability
that Ry will occur rather Rj, i.e., that S; will be chosen instead
of Sj, is equal to the probai ility that uy exceeds u'j and also
that uj exceeds the threshold velue L. If the threshold term is

ignored, the familar iCJ equation occurs so that the U model is

certainly i. plied in the learning theory, that is,
P = - - .
(34) 13 PP U, -Uy >U, - U

However (34) will not result if the threshold concept is employed
so that in this case theory U will not be implied.
Theery U -seems to be implicitly used in meny learning theories.

However, to be certain that theory U is the basis of a theory of
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behavior, it should be evident in the behavior theory (1) that the
probability of choice depends only on the difference between two
values, U; and Uj’ wnere U, 1is associated with S;, and (2)
that the larger the value of Ui in comparison to Uj the more
probatle the choice of S;. If the u's are random variables the proba-
bility must be shown to depend only on the mean values ol distritutions
having equal vériances. mMany theories of learning postulate a diff-
erence between two variables as the determincr of the response, but

it is not always clear whether the above condiiions are also present.

Lummary

On the basis of this limited review, the following generaliza-
tions would seem appropriate:

1) The U and V theories are perhaps basic to most tneories
of choice. Certainly in view of the estimation procedures and good-
ness of fit tests which have been devised for the U and V theories,
these theories are the ones mo8t thoroughly developed. In view of
the axiomatic treatments, by economists and mathematicians, these
models also appear to be the cnss most thoroughly understood.

2) The U and V models have been applied both to what have
been called preferential choices and to discriminative choices. The
applicability of the models to either type of chioice has not been
questioned.

3) SST is implied by both models.

4) Although not inplied in the above discussion, it should be

mentioned that there have beer few, if any, attempts to test the
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quadruple condition or the triple condition directly. Scaling studies
in the past, using a least squares criterion to fit a model to their
data, frequently report merely the absolute deviations of predicted
rrcbabilities and outained proportions (Guilford, 1936), or they
report their correlation (Shepard, 1957), or in scme cases, merely
their graph with the comment "how well the theoretical curves fit
the empirical data may be judged by the reuder for himself" (Cartwright
and Festirger, 1943, p. 615). In 21l cases the experimenter has
neglected to consider the number of parameters he has had to fit to
obtzin the predictions, but, as the saying goes, a few parameters
will fit an elephant.

More recent studies have used a X' © goodness oi fit technique.
The test however must be exceedingly weak, since the fit, as indicated
by'tlm:)(zgalue, is frequently better than one would expect if the
model were in fact correct. Apparently only one puvlished study
(Guilksen and Tukey, 1958) found a significant X2 (i.e. reyected the
model) using the LCJ mectiod. Bradley (1$52b, 1554a) reports the
results of a series of sm:1l experiments using the V model and
firds only one)(zapproaching the 5 per cent level of significance.
This X 2va1ue is attributed to the poor approximation resulting from
low expected frequencies. (The X2goodness of fit test will be dis-
cussed more fully in Chapter VI.)

An indirect and somewhat weaker test of the U and V model
would involve testing the SST condition. These experiments are dis-

cussed next.



Experimental tests of SST
Papandreou et al (1957) attempted to test the SST condition by

using 18 subjects in one experiment (El), 5 in another (EZ) and using
as stimuli admission tickets to theatrical or sports events. In

Ei, 135 pairs were presented five times to each subject and in Ez,
63 pairs eight times. Of the 805 triples in El’ 704 fit the SST
condition and ZE,, 89 out of 102 satisfied S5T., Papandreou concludes
that "the evidence provided by the data (in support of SST) is ...
overwhelming by any criterion " (1957, p. 7).

May (1954) had each of 65 students make three pair comparison
judgments involving three different (but related) descriptions of womenm.
Seventeen out of the 65 (27#) gave responses which were not transitive.
tdwards (1G54) has criticized the experiment on the grounds that the
St's were not allowed an indifferent judgment, suggesting that such
subjects would be expected to have intransitive judgments 25% of the
time. May suggests that intransitives can occur when more than one
dimension underlies the stimuli.

fdwards (1953) reports in an experiment using bets with equal
expected valus as stimuli that intransitive triads regularly occured
in about 20% of the triads.

Davidson and Marschak (1958) also employed bets as stimuli but
with several modifications. The expegted value of the two bets were
not necessarily equal although the difference was at most h% cents; the
two events which comprise each bet had a probability of occurrence

equal to 4; and no pair of bets was replicated. There were 17
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subjects, 75 triples, 26 of which were presented in the last experi-
mental session. According to Davidson and Marschak, if certain
rectangular assumptions are made, one would expect 19 of the 26
triples to be intransitive; if the rectangular distribution is con-
fined to a space consistent with WST, the expectaed number of intransi-
tive triples is 14.25; under SST the number is 10.45. The average
nunber of intransitives for all subjects is 10.4 and only twoc subjects
exceeded 14.25. It is therefore corngluded that all but two of the
subjects confirm the validity of the SST condition.

Davidson (1959) observed in another experiment, utilizing eleven
gambles to form 55 pairs, each of which was presented 6 times in 6
sessions, that the number of intransitivities decrezsed uniformly
from the first session to the last, However, in all sessions he
found fewer than 41 intransitivities which, according to Landau (1951),
is less than the number expected on the basis of random re.ponses.

Davidson and Suppes (1$57) use a linear programing model which
requires determining a utility gt)such that inequalities of the

form:

(35) O @+P» 2P () +P(v)

are satisfied.' If the preference judgments are not completely transi-

tive, it is necessary to introduce an additional term &, (called the

threshold preference) whose value is to be minimized. The six stimuli,

LP phonograph records, were presented in 15 non-replicated pairs. In

most cases, the © was non zero, indicating a lack of transitivity.
Coombs (1958) anslyzed the judgments obtained from L subjects

and 12 gray chips by first distinguishing between'unilaterai
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and bilaterzl triples. Assuming a ¢ model, a unilateral triyle is
defined as one consisting of stimuli all located on the same side of
the individual's ideal. A.bilateral triple has one stimulus on one
side of the ideal and the other two stimuli on the other side. Coombs
suggests that the SST condition should not necessarily hold for bi-
lateral triples, although it may be expected to hold for unilateral
triples. (This is discussed more fully in Chupter III.) The stimuli,
which varied in grayness, were presented in groups of four, each
pair being replicated the equiv.lent of 66 times. The anclysis gives
)(E;alues at the .0l level indicating the expected relstionship be-
tween the SST-non35T dimension and bilateral-unileteral dimension.
Luce (1959) has guestioned whether SST has besn tested in this experi-
ment since it required estimating Fij from trizdic judgments by

metinods walch do not alwoys give correct estim.tes of Pij.

cxcerimental comoarison of U and V  theories

The test of SST will not distinguish between the U and V
theories since bota are consistsnt with the SST ceondition. Thare are
apparently only two ex,eriments that empirically att:=mpt to compare
the two th=ories., The customary procedure in sczlin; theories, as
hes been mentioned, is to sinow that the fit is better than an alter-
native (non-rszndem) theory.

Bliss et_al (1955) performed scparate U and V analyses of
the preference judgments involving 4 stimuli (sprays used on apples)
presented pairwise to 25 tasters (human subjects). The six pairs

were repliczted over 6 da. s, The U analysis, for example, consists



40—

of obtaining u values for each day---u therefore is assumed to be
normally distributed over subjects---and the u value for a given
stimulus is then avercged over diys. Tne scale values in Table

3 wers obtained by normaliuing the averages so that the u value of

82 equalled 1.

TABLE 3

CAMPARISUN OF U AND V SCALZES

U Theory .108 1.000 -.409 -.699

They conclude thct "the scale rankings on a preference scale were
substantially the same" (1956, p. 401;, altuough the goodness of
fit of neither model 18 rcported. (The scale values of the Ken-
dzll and the Liankit method of Bliss also gave the same ranking of
the stimuli.)

Jackson and Fleckenstein (1957) used 12 colored slides of the
seme scene developed tiarough different colored filters. wach subject's
sreferences were replicated twice for eich pair. The experimenters
conclude that "in terms of goodness of Iit only tae Bradley—Terny[V’]
model predicted the original dota sufficiently well " (1957, p. 62) .
However no probability levels are reported so it is difficult to know
what sufficientl; well means, nor is it clear wiat test statistic

they used.



The prasent study

The experimental issue of SST is approached somevhat indirectly

in the present study. The difficulties with the previous exjerimental
~

tests of SST are cithar their lack of a clear criterion defining
wiat constitutes a significant number of intrunsitive triples, or
their use of 2 criterion involvin: arbitrary wcsumptions (for example,
the Davidson and Marschak cssum,tion of a uniorm distribution).
This study will attempt to fit the parsmeters of the ¢ model as
well as the U and V models. If the « miodel reproduces or
describes more of the data than the U and V models it will be
ar;ued that tuere is good evidence thzt some of the triples do not
satisfy 03T. The study will tiiercefore determine wrich one of tlie
three models (U, V, or i) best accounts for the data, rather than
test wihstaer there arce enough observalions to reject o model at some
siven l:vel of significince, or to test what Mosteller (1958) bas called

the "nullest of null uypotieses" (1958, ;. 224).



CHAPTER 111
DEVELOPMENT OF A FPRGBABILISTIC QUADRANT 1 MODEL

In this chapter, the equations for & probabilistic Q

theory are developed and their properties explored.

Assunptions of the theory
The basic assumptions of the theory are as follows.
1) The stimulus point q, snd the ideal point c,
associated vith stiaulus S 3 and individual i, respectively,
are random varisbles. It is further assumed that the variables
are indspendently distributed so that the correlation between
and QY is zero, as well as the correlation between ¢y
and q 3
2) Both variables, g 3 and c,, are distributed normelly
with equal and constant variances, for all i and J. The

corresponding density functions are
(1) '(QJ’ ag) and n(ci) O ) .

3) The probebility of individual i preferring S 3

to S, 1is equal to the probability that his idesl point will be

nesrer to the stimulus point of SJ than to Sk.l That is,

1l
It is assumed here that when the individual Jjudges SJ and 8y,
¢4 has the same value for both stimuli.

<h2-
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Assumption 2) is perhaps the least tenadble ome. To
sssert that the ideal point of each perscn has the same variance
is tc sssume that each person locates his ideal point eor regiom
with the seme precision. If the variancé of the ideal point
cen be essocisted inversely with the strength of preference, 2 mot too
implausible interpretation, then we are assuming in effect that the
members of the populstion [refer their idesl stimulus with equal
strength. If a homogeneous poguhtim is selected there vill be
soms grounds for accepting this sssumption as, at least, a first
apprczimetion. To introduce a separate variance term for each
individual would drastically increase the number of parameters
that wvould have to be estimated.

The inunytion of equality between the stimulus varisnce
and the ideal variance is more severe. This assumption may be
assumed valid {n the limit, however, when an individusl's preferences
havo'opu-l precision. It cen be expacted thet a person can do
po better theam to discriminate his ideal stimulus from other
stimuli es vell as he can discriainste other stimuli froms them-
selves. However, he may 40 vorse, if he has less certainty or
conviction ebout his preferences. In psychological terms this
sssumption probadly requires subjects in en experimsnt to be

optimally motivated towerd, or sensitive to, the stimuli to
be Judged.



Development of equatiocus

Two distinct forms of the p 3k equation, called equation
A and B, are developed in this sectiom.

Equation A.- 8ince the joint density fumction of the
variables (ci - qJ) and (ci - qk) vill be needed it will be
necessary first to determine their correlatiom.

Let us define

(3) end

btk %1%

In the following discussion, 1 1s comstant since only one
individusl is involved; the

| [

subscript of t is therefore
generally suppressed. Under the conditions of the independence
of the variables cy4, q'j and qk, the correlation between t“
and t;, is es follows:

042

c4

rt s
) ‘;;Cfci-rO'qJ ;;d"ﬁqu

(&)

2 2 2

HUQJ = o’qkzo’q then

(&) Ty v . S
x  g2+gi

2 2
end finally, it 0 o, = g, tes
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(""‘) rtjtk - %

lqﬁtim (W" )1 gives the required correlation term wmder the
assumptions of the theory. However, in the discussion of group
results it will be necessary tc use (&').

The proof of equation (4) may be indicated es follows.
By definiticn

z B [‘tj - TJ)(tk - Tkﬂ;
dtd oS

(5)

) o
tytx

Vhere T 3 and ‘1'k denote the mean values of tJ and 1;k s
respectively. Using primes to denote deviations from the meean,

(5) may be rewritten as

(6) rt ¢ -

The numerator term is equal to
(7) | z[(ci)e] - E (q:, c;) - E (c; qp)+ T (a3 )

but from the assumption of independence, the last three terms sbove

are 3ero. Since

(8) fd = 0%,

1gnis result is due to Professor Coombs.



(9) r z _gf.i_._ ’
ek Tty Oty
or, as in (&)
2l
(10) rtJ tk = . de1
°1+d 3 O/c;"d k

Since t 3 is normally distributed (it is the difference
between two normelly and independently distributed variables),
‘the joint density, f(tj,tk), is assumed to be: biverieste normal.
Prom (4") end setting O ty Je = 1 1t cen be expressed

as
(11) '(TJ’ ,k’ 1,1, %) ’

or more explicitly as

(12) 2ty ty) :( ) S
VENRLS

The probebility of individual 1 preferring S 3 to Sk

) 3 [(‘J . TJ)Z‘(‘J‘TJ)"x"’k)m“q")z]

is then

(13) Prob | [tg] <[t ]

-

or

(14) Pk - f Ltd|< |*'tlf(t"’ ty) dtgity
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Since (13) may be expressed as
(15) proa] -| 1, | <ty <[4] -

equation (14) may be written as

o0

|| |
(16) P ;[ t(tJ’tk) at, at .
- |"k|

— 00

This equation is simplified as follows.

0 ~%

pm‘:ff £(ty,%) at, dtk+[j f(ty,ty) dty at,
0 'tk - 50

Yy

oo bty 0 %
.f f f(ty,ty) dty daty -[ f £(ty,ty) avyat,
0 -tk - oo

"t

(17)

which is ebbreviated as
ka - rl - r2 .

Equation (17), also called equaticn A, can be written as

. tk o tk
(18) pyy = 2[ f £(ty,ty) dt, dty -[ f £(ty,t) aty dty
0 " -0 -t'k

or by definition as

ka = 2’1 - ’3 .
The second peir of integrals in (18), F3, may be reduced to a

single integral by a tedious substitution of variables. To
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Justify the effort involved in ﬁroducing this simplification, it
should be remsrked, first, that numerical intesgration vill eventually
be necessary, since it is well known that integrals of normel
distributions cannot be evaluated in terms of & finite number of
elementery functions; and secondly that the time required to
evaluate a double integrel is approximately equal to the square
of the time necesssry to evaluate a corresponding single integral.
Reduction of F3.- It vill be necessary to reverse the order
of integration and this requires having fixed limits of integratiom.

This is accomplished by substituting

(19) xdz% and x, z ty
into F3. Thus
o 1
(20) 1'3 :f f x, f(‘.)‘k"k) de ax,
-0 T -1
By coapleting the square, the expoment in the integrand msy be
written as
(21) —QED/’J"J'”' x A+ B ] +B2]+T
3 f,;:_,;f 1 x,+1
vhere
A:zty- _‘%_ ,
(22) Bzt - _‘g_
- -



Set

LER X /xi-xj+1 - _*Pp+8
(23) -xJ+1
vy x,

substitute into (20), and cbtain

1
2 2
r - | 3T " 2 (vA +B) .
375 ° [ P[3ua-ud+1
-1

(21‘) 1 2

f J vy :k '\,—'(\'JA-O-B)Q‘f Ju du.
2(v§-ud+ 1) -\["('2_' P/ S i
“oo

| )

Consider the integration in (24) with respect to v, - The integral

of the first term in brackets is zero and the second term is
(25) -\/ v,A+B N
. [ 3 , (\vﬁ--;l.1 +1)372 m

BEquation (2k) therefore reduces to

1

(26) Ty :V_l_ﬂ_T‘_ 3Tf lr-(" ViA+B %[%%i’t_fiﬂ av,

vhich gives the required reduction of 1'3 to a single integral.

RBquation A refers to (17) where f£(t J,tk) is given
in (12); Equation A' refers to (18) with F; given in (26).
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Apmrozimate and numerical solutioms to equation A are discussed in
a later sectiom.

Equation B.- An alternative formulation of the present
theory is obtained by partitioning the regiom in the cy, qa, qk
sample space having |c1-q3| < ‘ci-qq into four regions. The
probability of individual i preferring S 3 to S5y wvill be

exJressed as the sum of four probabilities,

In region 1, °1<‘13< 9 - The probability of Rl is then

o0 0O o<
(28) B, :f N(cg,1) dcifn(QJ,l) dq.,fn(qk.l) aqy
-0 ¢y QJ

Frobability of Be is
o0 ci o]
(29) P2 :f l(ci,l) dey f N(QJ,I) dq"j N(Ql,l) d“x
-0 - o0 zci-q'j

In region 3, Qqx<c,< 4 and (°1'qk)>(q3'°1) . The
probability of R3 is

oo oo 2c1-q4
(30) P3 s f ’(ciyl) dcifn(QJ’l) dq"f N(Qk:l) qu
"o c1 - 00

And in region &, q,< qJ< c,- The probability of R, is

OQ ci qJ

(30 B = f N(cy,1) dc{ %(Qy,1) g, f MQy,1) &g .

- 00 - o0 iy o



. -51-
Each ocne of the triple integrals im (28), (29), (30) end (31) cem
be reduced to & double integral by performing the integration over
Cys after suitable changes in the qJ and qk variables. However,
this tour de force vill not be performed since our interest in
equation B will be confined to obtaining certain asymptotic properties
of the Q theory. The P terms in (27) will then be negligible

b
or easily simplified.

Special conditions
Although it has been assumed that the variance of c; is

equal to the variance of q,, it is of some interest to examine

the properties of the Q t:eory under two special cases: in

case (1) c; 1s constent and dqd>0 snd in case (2) qy 1s
constant and ey is a random variable. The equations for these
tvo cases are given in this section and discussed more fully im a

later section.

Case 1: (J, - Oand Uy >0 for all J.- Under these
i J
assumptions the correlation between ¢ 3 and tk is zero so that

the Joint distributiom of t 3 and tk is

1An alternative approach to obtaining the ka equation is
suggested by the relation

(32) Prob(ltJl< I‘kl) z Prob(t§< t2) .

It would seem that by obtaining the joint distribution of t% and
ti s the ka equation could be written with at most one peir of

integrals. This approach is deceptive. The joint distribution of
t% and tﬁ, when obtained from e change of variable in the bivariate

normal distribution f(ty,ty), seperates into four terms. The result
is an equation very similar to equation B.
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(33) 2(t,t,) = M1y, Q) N, O) -

If (33) instead of (12) 1s substituted into equation A, equetiom A
will be valid umder these conditions. It may be noted, however,
that equation A does not reduce to the ICJ equation in this case.
The essential character of the probabilistic Q theory is msintained.

Equation B is wodified in cese (1) by eliminating the
integration over cj 1in each term, leaving tvo integrals in each
term. No term vanishes since there remains a finite probability
associated with each of the four regions.

Case 2: dq. =0 for all J and dci>0.- Under these
conditions equatioanA and B are not applicable. Instead, the ka
equation is expressed, for QP >1 'L as

U+ 9

(33) Py “(ci’d°1) ac, -

— 00

Equation (33) is simplified by a change of variable to

Qe+ qf201
(34) Py - 20:,  §(0,1) ax
- OQ
or simply as
(35) 1, ‘k;qd'aci
e,

Equation (35) bears a direct similarity to the ICJ equation and,

as will be shown, to equations A and B under certain asymptotic
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conditions, conditions in which the distributions of c4, q 3 apd

U do not overlsy.

Asymptotic properties

It Ci, Q and Q, approach plus or minus infinity,

’
equations A and B :p;roach a8 certain asymptotic sxmressian. Two
cases may be distinguished: (1) Q 3 and Q, approach plue and
minus infinity end C, remains fixed at soms finite value, and
(2) QJ and Qk remain finite and C, approaches plus or minus
infinity. Coombs (1958) has termed the first condition bilateral
and the second unil=teral. A bilateral condition may be loosely
described as ome in which the three distributioms, q Y I and ¢y
do not overlap---or at least, not significantly---end C N lies

between Q, and Qk A unilateral condition is described by saying

J

that C; 1lies to the left of Q. amd Q (€, <Q; end Q) or

J
to the right of Q and Q (01>QJ and Qk) and that the c,
distribution does not overlap either of the other two distributioms.

Unilateral condition.- Since the c¢; distribution does not

overlap the stimulus distributions it can be expected that the
preference probability will not be influenced by the perticular

form of the ¢4 distribution. In fact it is ressomable to expect
that if Cy 1s far enough to the left of QJ end Qy that ka
vwill depend only on the discrimination between S 3 and Sk, or,

that is, betveen the sepsration of QJ and Q. The wmomentary
positions of the individual's ideal should not effect his preferences.

He should prefer S, to Sy vhenever qJ< Qe -

J
The probability of qd being less than 9 should then be equal to

pjk’ These consideration suggest that the Pjk equation ‘under the
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unilateral conditiong can be written as
0

ka = IN(QJ-Qk,l) ax for C, < cz'1 and Q
(36) =00 oo

ka s fN(QJQk,l) dx for ci> QJ and Qk
0

After the usual change of variables equations (36) cen ealso be vritten

(37) x,jk Qk - QJ for (.71<Q‘1 and Q
:Jk

Qy - Q  for C; >Qy and Q

Rquation (37) bears a formal similarity to the ICJ equation---
the equations are not quite squivalent---and for this reason (37)
has been termed the "unilateral law of Comparative Judgment"
(Coombs, Greenberg, Zinnes, 1959).

The argument used in the preceeding peragraph to derive
(37) is more heuristic than rigorous. It would be desirable to
check our intuitions by deriving (37) from equations A or B. A
derivation from equation B readily follows so that it will be
briefly described.

Derivation of unilateral equation from equation B.- Iet

c N approach minus infinity without limit and Q 3

fixed. It should be evident on inspection that P,, p3 and P

vill be zero since each cue refers to a regicn which has a negligible

and Qk remain

probability under this assumption. P,, for example, refers to the
region in which c4 >qJ and this inequality should heve a negligible

probability if C; apmroaches negative infinity and Q 3 remains finite.
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A wore rigorous argument would consist of manipulating directly
the expression for P2. This would involve first changing the
verisbles of integration to produce constant limits of integratiom,
integrating over c1 , and then shoving that the expression goes
to gero as 01 approaches minus infinity.

The l"1 expression can be simplified by performing the
integration over €4 - This integration can be performed independently
of the remsining tvo integrals, since these integrals do not contain
ci' This integrstion is, of course, equal to ome. P1 may then
be written as

(o0 ] o0

(39) Py : fu(qj,l) dq, f"qvl) dq, .

- ad

Performing a change of variable (qk-qJ z g end qy = yd) and
reversing the order of integration in (39) yields

o0l O

0 Feo

ayy

A 4

[Tha notation in (¥0) should show that N(Qy,l) 1is a functiom of
¥+ yJ.] The integration indicated in brackets in (h0) can be

carried out. It is equal to

(hl) '(Qk - QJ’V—é)’

80 that

o

(42) P = f (@ - Qg:V2) agy .
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Bquation (42) can also be written as
0

(43) Pl -'-'f (QJ - Qk;\,?) d}'k;

- O

which egrees with the unilateral left equation in (36), except for
the variance ters. The difference in variance, however, is only a
difference in the unit of meesurement and this is arbitrary.

The unilatersl equations vill be useful in obtaining an
approximate solution to the scale values of the stimull Q 3 and
Qk' To determine QJ'Qk’ it i{s only necessary to locate a subject
vho is far to the right or left of this pair. This procedure is
discussed in more detail in a later section.

Bilateral condition.- In the bilatersl condition, the three

distributions q 5’ Qs send c¢; are assumed to be nom-overlapping.

Ir QJ is to the left of C1 ,end Qk to the right of ci, then

at all times
(44) lci-qﬂ - |c1-qk‘ = (Ci'QJ) - (qk’ci) 2 201 - QJ - qk

Since the sum ar difference of normally distributed variadbles is
norwal, pgx cen immediately be written es
0
(45) Py = ll(2ci-QJ-Qk,\/'§) ax for QJ< Cy< Qk
o<
vhere the varisnce of c1-q4 is set equal to cne. Equation (b5)

can also be writtena in the usual foram a31

l'l'hil result due to Professor Coombs.
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(46) V2 2 Qu4Q - 25 for Q< Gy< Qy -

Bquation (L46) can slso be derived from equation B by showing
first that 1’1 - P3 = Pb = O and then simplifying the expression
for P,. This will not be carried out.

¢ 4 (QJ-Qk) hes been determined from the unilateral equatim
and 1if QJ and Qg are far enough apart and on opposite sides of
Cq, than it would seem tbat (k6) could be used to locate C;- This

approximete method of solution is discussed in the next sectiom.

Appraximate solution
The simplicity of the unilateral and bilateral equations

suggests that solutions of Ci, QJ, and Q.k could easily be obtained
from the Pyx values of & group of subjects. The procedure would
be as follows.

1) Determine the I scale for each subject as indicated
in Table 1, Chapter I. Assuming that some of ths stimulus and ideal
distributions overlap---the non-overlapping case is trival since
it is treated by the unfolding technique---then it can be expected
that the I scale of a subject will not give a simple order of the
s, 3 values. However, one would expect that even a very rough cr
veak order of the stimuli would be adequate.

2) Determine the order of the stimuli on the J scale,
that is, the 9 values of the stimuli. Again it cannot be expected
that the number of I scales will be less than (3)+1 (n equsls the
ausber of stimuli) or that the I scales will be ordered as required
by condition 3 (see Chapter I). In brief, the I scales will not
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necessarily fit a perfect J scale. However, one could adopt _
the criterion of selecting the J scale comsistent with the largest
nusber of I scales. BHesre too, only & rough order of the stimuli
would seem to be required sc that the above criterion need not
specify a- unique J scele.

3) With a weak order of the stimuli determined ocn the J
scale and vith the subjects eppraximately located on th_u scale,
K’ to select
subjects who sre far to the left or right of Q 3 snd Qk These

it should be possible, for a particulsr s‘1 and §

subjects would then determine a Pix» which could be used in the
unilateral equations to give QJ'Qk' To obtain the scale values

of every peir of stimuli it would be necessary to bhave a distridbution
of subJjects tl;at was widely dispersed over the J scale.

&) Determine C, from the bilatersl equation. This

i
requires selecting for each subject a pair of stimull satisfying
the bilateral conditions. It would be necessary to replicste this
pair of stimull quite often to obtain a stable P 1% for each individual.
(The unilateral equation required only a Psk for a group, not for
a single subject.)
There are obviously many loopholes in these four steps vhich
mke ope question the feasibility of the method. Is it feasible,
for example, to determine a J scale for a large number of distinct
I sceles? How non-unique & J scele will the method tolerate?
Can umilateral subjects far to the right or left be selected from
& population having only weak order I scales? Amd precisely how
far to the right or left do the subjects have to be located in order

to permit solutions with s given degree of accuracy? Concerning
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the bilatersl equation, is it feasible to replicate a single pair

of stimuli for an individusl? There is also the question of determining
the goodness of fit of the model. The estimate of goodness of fit

is complicated by the fact that the method only uses part of the
data---only certain unilateral anmd dilatersl jJudgments---to obtain

a solution.

The plan of this stuly is to ansver some of these questions
experimentally, using the method with actusl data and obtaining a
solutiocn; other questioms will be discussed more theoretically.

The basic procedure in the experimental application is ome of making
certain tentative assumptions and then checking beck, after a solutim
is obtained, to see whether these assumptions were met. If the
assunptions were met at each stage in the anslysis then the application
is at least internally comsistent. Furthermare, if a J scale is, in
fact, ocbtained, then it may be argued that the method is feasible.

Some of the thearetical issues of this spproximete method

are discussed in the following sections of this cheapter.

Accuracy of the unilateral equations

The approximate method of solution described in the previous
section requires selecting subjects who are far to the right or left
of a given pair of stimuli. The question to be answered in this
section is: how fer from the given pair of stimuli should the
subjects be located to justify the use of the unilateral equations
at some prescribed level of accuracy? This question can be answered
by computing the value of p 3k for different values of Cy,
keeping Qj-Qx constant. (The method of computation and its accuracy
are described in Appendices 1 and 2.) The results of three such series
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of calculations are given in Tabls 6, and in Figure 1 the values

of sre plotted tphct' T Positive values of '!J in this

Pix )

figure indicate how far to the right of Q, the subject is located.

Except for the couputing mccmjus in series I (Q J-ka'c’),
it can be seen that the three curves in Figure 1 uniformly apyrosch
asymptotes which agree with ths estimtes from the coarresponding
unilsteral equation. For subjects located approximately two units

to the right of Q Teble 7a gives the deviations between their

L
’Jk valus and the asymptotic value. (The location of Tj in

series I 1s given at 1.5 units because of the computational errors

in ka for T; = 2.0.) Considering the ineccuracies of computatiom,
that the pjk values are [robadbly underestimated by at least .001,
it is reasomeble to conclude from Teble Ta that the selectiom of
subjects 20 units to the right or left of a given stimulus pair
will give nearly three digit estimetes of the asymptotic ka

values. Egtimetes of QJ'Qk obtained from the unilatersl equations
based on these subjects should therefore be accurate to appraximately
three digits.

Table Ta gives the deviation of ka from asyuptotic values
for subjects located 1.5 units to the right of Q 3 Except for
series I the ij values based oo these subjects have approximately
two digit accuracy. The fact that the accuracy of ka is better in
series I suggests that the unilateral equations will approximste large
Qy-Qy intervals better than small cmes.

Alternative estimates of each Q J-Qk interval can be
obtained by taking the difference between two cther intervals, for

example (Q,-Qy) - (Ql-QJ). The usual procedure in obtaining em ICJ



TABIE &4
ACCURACY OF NUMERICAL INTEGRATION FR pyx = .5

Series QJ - Qk P Ik h
I 2.0 4985 40
1I 1.0 4986 .35
111 0.h 4986 .32
TABIE 5

ACCURACY OF NUMERICAL INTEGRATION FOR ASYMPTOTIC VALUES OF Psx

Series P & Asyaptotic p 1k Deviation h
1 .9763 9773 .0010 .65
11 .83% .8413 .002k .70

111 .6552 .6554 .0002 .60



TABIE 6
VALUES OF p, F®R DIFFERENT VALUES OF C,

Series I1: Series II: Series 1II:
Qy =1,Q.=-1 QJ=%,Q,=-§ QJ:.2,Qk:-.2

TJ ka h iJ Py b !T P h
-1.0 .48 .boO - .5 .4986 .35 - .2 W86 .32
- .8 .586 .42 - .3 .5610 .37 - .1 .5130 .33
- .6 .6682 .Mb - .1 .6200 .39 0 .s5212 3%
- b LTS 46 1 6731 .M .1 .5k10 .35
- .2 .8058 .48 .3 .T183 .43 2 9582 .36
o .87 .50 5 TN 85 3 .5667 .37
2 .863 .52 .7 -7830 M7 b 5784 .38
A L9251 .54 .9 .8034k .9 .5 .5892 .39
6 .9450 .56 1.1 .8175 .51 6 .5990 .bO
.8 .958 .58 1.3 .8266 .53 .8 .6157 .W2
1.0 .9670 .60 1.5 .8321 .55 1.0 .628% .hk
1.5 .9763 -65 2.0 .8370 .60 1.2 .6376 .k6
2.0 .9750 .70 2.5 .8373 .65 1.k .64k0 .M8
2.5 .9653 - 15 3.0 .8389 .70 1.6 .6482 .50
3.0 .9502 .80 2.1 .6531 .55
2.6 .6552 .60

Asyaptote: .9773 Asymptote : .8413 Asyaptote : .655%
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TABIR 7

ACCURACY OF THE UNILATERAL EQUATIONS

Series Q, - R C, - Q, Deviation of p,, from
J k 1 J asymptotic 'gllh

I 2.0 1.5 .001

I 1.0 2.0 .00k

III N Y 2.1 .002

(a)

I 2.0 .001

11 1.0 .009

I11 R 011
11X b .007)

(v)

I 2.0 .010

11 1.0 .02k

II 1.0 .038

I1X M .027

(c)
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scale is to average the separats estimates of Q,-Q vhere 8 3

J
and sk are adjacent on the scale. If this method is to be used in
conjunction with the unilateral equations (to obtain the Q velues

on the J scale), then it should be sscertained first whether the

average of the seperate estimates is, in fact, a better estimate of

the QJ-Qk interval than the estimate based on th only. The
accuracy of the separate estimstes of a given interval can be gauged
from the following numerical example.

Table 8 consists of & Pyx matrix vhich is compatible with
the Q theory. The probabilities in this table were generated by
numericslly integrating F; and F, in equation A, using es
values of Qd’ Qk, and ci those given in Figure 2. Consider the
stimuli: A,B,C,D, which are to the left of C, on the hypothetical
J scale. Using the unilateral equation and the probabilities associated
with the four stimuli, A,B,C,D, three estimestes of the intervals

QuRps» 9=}, and Q= are possible. Consider the three estimates

of QA'QB'

Pap: QB - Q4 = -2637

(Qe=<c) - (<)

-.1611 - (-.4207) = .2596
(Qg=Rp) - (Q,4]p)

z (-.4070) - (-.6557) = .2487.

Ppcs Ppci Qg - Q

Prp» PaD: S -~ QY

Since the correct value of Q,-Qp, a8 given by the hypothetical J
scale in Figure 2, is equel to 0.3, the best ¢stimete of this interval
is given by Ppp* This example suggests that only ons estimate

of adjacent intervals should be used. However, the generality of this
conclusion mey be suspect, since the alternative estimates of Qp-Q,



Fig. 2 - Hypothetical J scale.

TABIE 8

Py, MATRIX GRNERATED FROK HYFOTEETICAL J SCALE

x y D G c B H A
£ 5218 .5565 .6137 .64T3 .69TT .TOMS 7706
r 5311 .6053 .6126 .6573 .7123 .7228
D 5586 .6007 .6563 .6MT2 .7MM1
g 5211 .5659 .6239 .6331
c 5635 .5672 .6627
B .5229 .6038
B .5456
A

c, = 1.5

9 33 5 133 19 2x 28
A B % S % Sp S Qg
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vere based on stimuli closer to C;, tham B or A. Another
example should therefore be considered which dces not have this
property.
Consider the interval QD-Qc and the three estimates of
this interval based on A,B,C, and D. Two of the estimsetes will be
based on A and stimuli further from C, than C and D. The three

estimates are as follows

Poe: Qp - = -2559
Poas Roat Sp - Q¢ = (pQ,) - (QpR,)
= .6%57 - 4207 = .2350
Ppps Fop: Sp - ¢ = (QpRp) - (Qc-QB)
= 4070 - .1611 = .2459.

The correct value of Qp-Q: in this example is .4. The best estimate
therefore is provided by Ppes indicating, it wvould seem, that the
direct estimate of & given interval is probably more accurate
than the estimates based on differences between two larger intervals.
When estimates of an interval are based on stimuli quite
far removed from the ideal, far enough, that is, for the unilatersl
equations to yield considerable accuracy, then it would seem appromiate
to average the several estimates based on these stimuli. However, when
the accuracy of the unilateral equaticns are somewvhat less than
desired, then it vould seem appropriate to maximize this accuracy by
using only the direct estimete. Of course, in using only the direct
estimate of an interval, one may be throwing away data already
collected.

Strong stochastic tramsitivity

In Chapter I it was asserted that the present probabilistic
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Q theory 4id not imply the SST condition and, therefore, that this
theory was incompatible with what has been called in Chapter II the
U and V theories. In this section the non-SST properties of the
general theory will be demomstrated. First, however, certain special
conditions will be cansidered, comditions which one might expect
would satisfy SST.

The SST property for fized stimulus points and a variable
ideal point.- This special conditiom, ch >o0, 6, - 0, vas
| J

previcusly labelled case 2; the relevant equation is therefore
(34) or (35). Rquation (35) can be written as

1l
€y

- (tJ+tk).

Jk

Jet us consider an &anple in which q.1< qk’ Qk< ql’

apd
(47) Py > %
Py >3
Adding (“1’2"1) to each side of the inequality
< qko
gives (94+9)-2C4). <(ay+ q;-2C,)

which by equation (35) and essumption (47) implies that

or

(49) Pn< P

But (49) contrsdicts SST. It must be concluded, therefore, that
SST is not implied by case 2.
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SST for nam-overlapping distributions.- The assumption of
non-overlapping distributions implies that the distributiom of ¢ {
does not significantly overlap the q 3 or q distribution,
elthough the two stimulus distributions may overlap each other.
This is the assumption basic to the unilateral and bilateral conditims.
The region in which non-SST mrobabilities are obtained under this
condition can be indicated with the following example.

Let Q< Q<Cy<Q;, anmd dqd = Og, - d‘ll = 0,
(see Pigure 3). Assums that

of

g ©

P, >}
(59) K
le >z .
SST will be contradicted 1if
(51) Py < Pyy’

and (51) will occur, according to the unilateral and bilateral

equations, if

xk1< ka
or
(52) (ql_ci) - (ci_qk).< Qk < QJ
Ve o Va'g

Inequality (52) can be written as

(53) (Q3-C5) < (V3-1)(Q ) +(cyqy).

However, from (50) and the unilateral equation for le’

‘Jl = ‘Ql-cig &‘CI.Q_JZ >0

or
(%) (Qc,) > (cyRy).
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Coubining (53) and (54) gives
(55) (°1‘QJ’<(Q1'°1)<[(V? -1)(Qk-aa)+(c1-q‘,)] .

Equation (55) gives the range of values of Q, o vhich SST
will not be setisfied.
It is also possible to show by using

P >3

(56)
ka >4,

insteed of (50), that another non-SST region exists, namely

(57) [(1-‘/'3’><%-°,,)+(°14k)]< (8,-¢,)< €y - Q.

Both regiomns (55) and (57), can be represented grarhically in terms
of a "folded" scale. If the J scale contsining QJ, Qs Cy end
Q) 1is folded at Cy, then the shaded regions in Figure 3 indicate
locations of the folded Ql point in which non-SST probabilities
will be obtained. It should be noted that for the conditiom of mom-
overlapping distributions, non-SST probabilities can only occur
when a bilateral peir of stimuli is involved.

SST for the general case.- The general case refers to the
condition in which both stimulus point and ideal point vary and in
which the ¢ distribution is allowed to overlap the stimulus
distributions. Since the theory in this case is described by the
cumbersoms A or B equations, investigating the SST properties of the
theory is difficult. However, the non-SST character of the theory
cen be illustrated by using the hypothetical data in Table 8,
gensrated from the Q end C values given in Figure 2. The intervals

betuween the Q values in this example were made relatively small
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8o that appreciable overlep of the stimulus distributions would occur.
Also (::l was placed spproximately in the center of the scale so
the distribution of the ideal point would appreciably overlap meny
of the stimulus distributions. The variance of ¢ 3 vas set
equal to ams.

Inspection of Table 8 indicates two non-SST triples: (B,D,H)
end (D,F,A). The first of these has

Ppg - 5229 >3%
but, contrery to SST, )
Ppr < Fpp
8ince
PpgE = .6427.
The second triple has
Ppp = -5311>3%
Bp, = -T411 >3
and
pFA = .7228 .

Clearly both triples do not satisfy SST. It may be observed that
while the (B,D,H) triple satisfies the requirements of & non-SST
triple described in Figure 3 for non-overlapping distributioms, the
(D,F,H) triple does not satisfy these requirements. The regions
indicated in Figure 3 therefore, do not apply in the general case.

Case 1: fixed ideal point and varying stimulus points.-

Equation A with the distribution function described in (33) is

appropriate to this case. Equation A with this function is still
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unvieldy so that numerical methods ere necessary. Although these
evaluations have not been carried out, it is reasonable to surmise,
in view of the results for the three conditions described above,

that non-SST triples would occur in this conditiomn slso.

Estimation of I scales

The initial step in the approximate method of solution using
the unilateral equations is to estimate the 1 scale for each subject,
estimate, that is, the order of l“ for all :1_ If each pair of
stimull is replicated a few times---to obtain more stable estimates
of the I scele---the question arises as to how tho several judgments
for each peir can be amalgameted to give the best estimate of the
I scale. The problem is complicated somewhat by the non-SST triples
vhich are predicted by the theoary. If the theory satisfied SST,
then a reasonable procedure would be to use a vote count method.

The number of "votes' a stimulus receives 1is the total number of
tines the stimulus is preferred to all other stimuli; this corresponds
to the row sum in an ("Jk) matrix. The vote count method simply

ranks the stimuli according to the total number of votes each receives.
However, this method is not applicable with the present theory,

since pyy (or an) is not monotonically related to the difference
betvogn '1.1 and 8k’ This means that for three stimuli SJ ’ Sk,
Sl, not satisfying SST, that if § 3 receives more votes than Sk

it does not follow that '1J>'1k'

An alternative method 1s to use what Coombs (1958) has
called the individusl's stochastic prefersnce. If the propaortion

of choices in favor of S 3 over Sk exceeds one half, then S 3 is
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said to be stochastically preferred to S An I scale can then

'
be estimated by ranking the stimuli according to the number of pairs
in which they are stochastically preferred. The validity of this
method depends on WST, so that its application to the present

theory requires first s demonstration that the theory satisfies WST.
A proof of WST easily follows from the special cages---for example,
the case involving non-overlapping distridbutions. It is also apperent
from the hypothetical data matrix in Teble 8 that WST is satisfied.
(That WST is implied in the matrix is indicated by the fact that all
the values of p & in the upper half of the matrix are greater than
one half.) However, a general proof from equatiom A or B has not been
obtained. It will be assumed, nevertheless, that the theory may
satisfy WST so that the method of stochastic preference outlined

above can be used.

Group results

The discussion of the approximate method of solution has
largely been confined to considerations of the unilateral equatioms.
The bilateral equations were not dealt with because the preliminary
experimental results indicated that its application was not feasible.
For ressons to be discussed in Chapter VI it vas not practical to
replicate a single stimulus pair the reqiaired number of times.

There are also some theoretical considerations for not using the
bilateral equations. Since the plan of this study is to compare
the fit of the Q theory to the U and V theory, the number of free
paremeters in each theory should be approximately equal and further-
more they should be estimated from the same dats. Using & large

number of replications to estimate C; for each subject in the Q
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theory would give this theory an unfair advantage.

The procedure employed in this study is to assume that C "
is normelly distributed over subjects. The effect of this assumption
is to reduce consideradly the. number of parameters to be estimated.
Instead of having to estimete C; for each subjJect, only the average
C; (Qenoted by C') and the variance of C, (O’c?i) have to be
estimated. However, it should be observed that the Q theory will
still have two free parameters more than the U and V theory.

(For n stimuli, the U and V theory have n-1 free parsmeters.)

Estimtes of C' and (, can be made after the unilateral
equations have been applied and thaiq values obtained. It is only
necessary to fit a normel curve to the histogram of subjects on
this J scale.

There remains the problem of "postdicting’ the p Ix
values---to determine the degree of fit of the theory---from
the values of Ql. Q‘n end C' and Gci. Although equation A
vags developed for s single individual, it has the remarkable property
of being directly applicable to a group when the normel distribution
assumption of Ci is made. The only modifications necessary in
equation A sre modifications of the paresmeters appearing in the
bivariate normal distribution. The jJustification for these remarks
lies in the well known theorem that if ¢y 1s normally distributed
for fixed 1,

Nc,, O"’i"
ad C g 1s normally distributed over 1,
®c',d c,
then the distribution of c---the subscript 1 can be dropped---in the
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superpapulation composed of within subjects and between subjects

- , 21
N(c’, d§1+6c1)-

This theorem follows from the fact that the density function of ¢,

variability is

vritten as
(o]
(58) 2 | exp (ci‘C) (°i'°i) aci
2 7Ttﬂ:1€fc1 ]
- O

can be reduced, performing the integration over C;, to

(59) 1 (cy-C')°

exp| -
VT, [02+07%, AGE,+0%0)

The verisbles of the bivariate normel function aprropriate

for group data are

%

t

c - qJ

¢ - 9x»

vhere ¢ refers to the momentary locstion of an ideal point selected

from the "superpopulation". The corresponding meen values are then

T  =C' - QJ

(60) o - o
k:C 'Qk.

There are two more parameters to determine before the function

f(tj,t'), appearing in equation A, is completely specified:

andd.-.
tth

tth
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The variance of ts is

2 2 _2
o :o'q+o’ci+o'§1 for ell J
J

2 2
or since 6q3+d°1 =1
(61) 0’2. z | +o‘2 for sll j.
tJ Ci

The correlation term, which was previously equal to one half, requires
modification. The previous result vas based on (4") which assumed

2 2
that O’c1 - O'qd. For the group result

(62) 0t +0%, 404

80 that (4') must be used instead of (4"). Equation (4') gives

2 2
(63) Feigr 3 Jc,+0
3k dgi+dgi*aq

vhich under the present sssumptions is equel to

(6) . Ocg+.5

Tese!
3k _175’@:

Ir f(t&,tl") is used in equation A with the bivariate
peremeters given in (60), (61) and (64), then equetion A will
[redict the group results and it will be competible with the unilateral
squstions. This means that if the Q valuss have been estimated
from the unilateral equations, then equation A will reproduce the
ka values for the entir: group.

Since the above group results appear ;simpler then would have
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been hoped for, it seems desireble to check on these results by
deriving them more directly from the theory. This can be dome by
perforning the following integration

I (e,~¢")
(65) 1 exp _-Ae——- (ry-7,) aCy.

The integration over C . can be performed after the ususl change
of variable procedure. The results, after comsidersbly rearranging
of terms, is compatible with ths comclusions arrived at above.

That is, (65) reduces to equetion A with the persmeters given in

(60), (61) ana (6M).



CHAPTER IV
THE SIMILARITY OF FROBABILISTIC THEGRIES OF CHOICE

In Chapter III it wes shown thet the probabilistic Q
theory does not imply SST and in Chapter II thst the Uand V
theories 49 imply SST. The remsrks mede in Chapter I, concerning
the incompatidbility of the Q theory with curreat theories, are
therefore Justified. However, one can ask how incompatidle these
theories sre. Can the U or V theory be msde to give a close,
although necessarily imperfect, fit to s ka matrixz gemerated
from the Q theory?! Or will the deviatioms be large emough to
reject the U and V theories for s given number of replications?

The enswers to these questions are considered in thilv
Chapter. A related question concerns the difference between the
U end V theories. While both theories imply SST, the two theories
are not equivalent. How different they are, perticularly in terms
of fitting a ka matrix genersted from the Q theory, vill slso
be discussed in this Chapter.

Uand V 8
The fact that the U and V theories are aot equivaleat is
easily demonstrated, for, as Luce (1959) points cut, if the two
theories vere equivalent then the integral of the normsl functicn
could be expressed in terms of a finite number of elementary
-19-
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functions. It is well known, however, that the integral of the norsal
does ngt have this property. Although not equivalent, the U amd V
theories can be msde to have & certain forml similarity.

The p“ equation of the V theory can be writtem in the
following form.

log;llk-

(1) Pyy = & f sech?2— &y
- 00
vhere sech? g s ‘f
o+ e ’+ 2 .

Equation (1) 1s directly anelogous to the ICJ equetion, where the
norma)] function has been replaced by the squared hyperbolic secant
function and where ".1"’». has been replaced by 1log Vv J-log 'k'
However, the similerity is more tham formsl. According to Torgersom (1958)
the two functions---the normal and squared hyperbolic secant---are
“"virtually linearly releted over the range of proportions ordinarily
used " (1958, p. 202), A plot between UJ'Uk end log ;i given
in Torgerson confirus this assertion. The curve is quite linesr
between +2(J, the range of Uj'uk values given in the figure.
Numerical velues presented in Luce (1959, p.56) slso
indicete close equivalence of the U and V theories. Luce gives the
values of p.’1 as computed from verious values of ’Jk and )
using both the U and V theories. The average discrepancy in these
computations is .0082. The largest discrepsncy between the p"1
values as deteruined by the U end V theories occurs when

ka ] pkl e -80
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The pn value for the U and V theories are then

Py = 941 for the V theory,
Py = 954 for the U theory,

vhich is s discrepency of .013. Somewhat larger discrepencies

can be obtained if more extrems velues are used for Py T Pyl
(Luce used values between .6 and .9.) PFor exsmple: 1f Py : .3085,
Ppy = .9332, then

P
snd a

Py ¢ 8813 for the U theory.

.8618 for the V theory,

The discrepancy betveen U and V theories in this example is .0205.

It would appear from ths above exemples that, for probebilities
mot too extreme, the predictions from the U and V theory would
agree to two digits. In ectual practice, however, the agreement
1s much closer to three digits. This greater similarity results
from using & fitting procedure which minimizes deviations by placing
predicted ka values somewhat bDetween the obtained p

J
This effect can be illustrated with the ka matriz in Table 9.

K values.

This table consists of Pyx values vhich vere gensrated from the V

theory by using the folloving scale values.

'1 '2 '3 '~ V5 '6
100 93 ™ 7 32 20 .

The P’k terss in Table 10 are the velues predicted from
the U theory. These values were obtained by fitting the ICJ scels,
using the least squares method described by Mosteller (1951), to the



TABIE 9
HYPOTHETICAL DATA GENERATED FROM V THEGRY

(1) (@ @3 W (5 (6)

(1) .518 .53 588 .758 .833
(2) 525  .5T1 .7k .823
(3) 545 .72k .808
(%) .686 .778
(5) .615
(6)

TABIE 10

SIMILARITY OF U AND V THEQRIES

(1) (@ (3) (&) (5 (6)

p* .515 52 586 .757 .836
(1) p .51 543 588 .7158 .833
a -.001 -.001 -.002 -.001 .003
p* 525 569 .Th3  .825
(2) p 525 .571 .Tsk 823
a .000 -,002 -.001 .002
il 585 .723 .808
(3) p 585 .72k 808
d .000 -.001 .000
p* 684 .TT6
() p .686 .T18
a -.002 -.002
p* .610
A5) p .615
d -.005
(6)

Note: dv' denotes a probability roproduced by the
tL ? enotes a probabil 1t1ty erated
from theory, denotes ( ”?
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Pyy matrixz in Teble 9. The ICJ scale is then used to "reproduce’’

the pairwise probebilities. The differences between the probabilities

derived from the V theory, Pyx: and the probebilities predicted

from the U tbheory, p’k’ are also given in Teble 10. These differences,

1t vill de seen, ere all smaller than the average deviatioms obtained

in the Luce examples. The average deviation in Table 10 is .0018,

suggesting that, in fact, the agreement between the two theories

18 generally even closer than the two digit accuracy imdicated by Lace .
The degree of similarity between the U and V theories can

be expressed alternatively by perforaing the goodmess of fit

test described by Mosteller (1951). This test involves computing

the sngles @, and °3k (in degrees) from Py end P}, by

°Jk - arcou-\[;;' and
M -

end then determining the residual sum of squares, SS;, expressed

g
E
=

in terms of °Jk and °3k3 that is

= ) pon)”
T

If 5S;, is divided by ..3%°.~_L vhere m is the number of replicaticms
of each stimulus pair, the resulting expreseiocn has e X2 aistridution
with ~1){n-2 degrees of freedom. Simce the data im Table §
are hypothetical, = does not have a specific value. However, it

18 of interest to determinme the valus of = which would produce a

X2 term equal to 23.21, the value of X at the .01 level for

21 dsgrees of freedoms. This value of m, in. the resent example, is
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= (820.7)(23.21) T 100,000.
88p

This result can be interpreted as followe. If the hypothetical data
in Table 9 were based on at least cne bundred thousand replicstions
per pair, the U theory could be rejected et the .01 level.

Not only do the U and V theories have similer predictioms,
but since they have the saume character---both imply SST---it cen be
expected that if one theory overestimates en obtained ka value
the other theory will slso tend to overestimate it. This means that
 both theories will tend to respond similarly to s given ka matrix,
so that distinguishing the two theories experimentally will be a
difficult task. This conjecture is confirmed in the next section using

a pdk metrix generated from the Q theory.

The fit of U and V theories to Q theory data

An indication of the similserity of the U end V theories
to the Q theory cen be obtained by fitting the two theories to the
Pix matrix given in Table 8. This matrix, it will be recalled,
consists of ka values generated from the Q theory. These pji'
valuee can therefore be completely described or accounted for by the
Q theory.

Teble 11 gives the results of fitting the U theory to the
patriz in Table 8. The values reproduced frow the U theory, psk,
are obtained froa the ICJ scaele vhich mroduces a least squares fit
(as defined by Mosteller, 1951) tc the data metrix. The fact that tie
U theory does not rwecisely predict these P3x values---the deviatims
in this matrix are all greater thsn ‘sero---is xims facie evidence

once agein for the incompetibility of the Q and the U theory. The



TABIE 11

SIMIIARITY OF U AND Q THEGRIES AS INDICATED BY REPRQDUCTION METHOD

E r D G C B H A
* 52T 592 .62 .6M1  .692 .716 .766
Bp S22 557 .6l .67 .698 .705 .TT1
a .005 -.005 .008 -.006 -.006 .011 -.005
bl 525 .597 .616 .668 .693 .7ThS
rp .531 .605 .613 .657 .712 .723
a -.006 -.008 .003 .QA1 -.019 .022
p* S5T2 .591 .68k 670 T2k
Dp 559 .601 .658 .6MT .Mk
d .013 -.010 -.014 .023 .020
p* 520 575 .602 .660
Gp .521 .566 .624  ,633
d -.001 .009 -.022 .027
p* 555 .583 .6k2
cp 56k 56T .663
a -.009 .016 -.021
p* .528 .58
Bp .523  .604
a .005 -.015
p* -561
Hp .546
a .015
A

Note: p* denotes a value reproduced by the U theory
P denoctes a value generatéed by the Q theory.
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average absolute devnttm between pjk and Pjx in Table 11 is .0121, witk
six deviations at least as large as .020. The largest deviation

is .027. These deviatioms, it vwill be observed, occur with ka

values that are not extreme, the values lying between .766 anmd.23k.

Most of the large deviestions occur in the meighborhood of the two
pon-SST triples: (D,B,N) and (F,D,A). The Mosteller goodness of fit

test performed om the O and °3k corresponding to the ka and

Jk
psk in Table 9 gives & residusl sum of squeres equel to 19.39.
This residusl would dbe significant at the .01 level if there were
1648 replications on esach Py That 1s, it wvould take 1648 replicatdons
to reject the U theary at the .01 level.
Table 12 presents predictions of the U theory to the
ka matrix im Table 8 based om am altermative, less efficiemt,
ritting procedure. The ICJ scale valuss vere obtaimed Dby
using only the seven pairs along the disgomal of Table 8. The predicted
values, p’k, for the entire matrix are then obtained from this scale.
It will be seen in Table 12 that the ka and pjk values along the
diagonsl sre equal, which is as expected. The reason for using this
less efficient fitting procedure is to obtain somwe indication of the
actual predictability of the theory to "nevw" ka values. The least
square yrocedure based on the entire pjk matrix indicetes the degree
to vhich the theory can postdict or remroduce the probabilities and
this, as vas shown in the Jrevious section, can be appreciably higher
than actusl predictions. The elternstive fitting procedure is also
of some interest becasuse of its use in the experimentsl part of this
study. The less efficient procedure will be denoted by [redictiom

method; the least squares rrocedure by reproduction method.
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TABIE 12

SIMILARITY OF U AND Q THECRIRS AS INDICATED BY PREDICTION METHOD

E | 5 D G c B H A
E p* 522 .553 .611 .631 .690 .710 .TM8
P 522 557 .61k .67 698 .705 .TT1
F p* 531 .58 .610 .670 .691 .730
P 531 .605 .613 .657T .T12 .723
D p* 559 .580 .64l .663 .TOM
P 559 .601 .658 .67 Tk
G p* 521 .58 .607 .651
P 521 566 .62k  .633
C p* 56k .58T .631
P .56k .567 .663
B p* 523 569
P 523 .60%
R p» .5k6
P .56

Note: p* denotes a value predicted by the U theory
P denotes a value generated by the Q theory
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Teble 13 indicates ths fit of the V thecry to the date
mtriz in Teble 8. The jrediction method was also used in Table 13
s0 that the dlegonal entries show perfect agreement. (The equations
for obtnﬁ!ng the scale values of the V theory vith the prediction
method are given in Appendixz 3.) The deviations of the U and V
theories, implied in Table 12 snd 13, are given explicitly in Table .
It will be noted that in every case the sign of corresponding deviations
in both thecries agree. This confirms the revicus conjecture, thet
the U and V theories have a similer character, at least with respect
to data generated from the Q theory.

The aversge sbsolute deviations of ths U and V theories according
to Teble 14 are .0126 and .0128 respectively. The value of SS,
for the U theory equals 29.41, wvhich indicates that the number of
replications required to reject the U theory at the .01 level is
1,086; 88, for the V theory is 30.93 and m equasls 1,033.

The discussion in this section suggests the following
conclusions:

1) The U and V theories vwill be extremely difficult, if
not impossible, to distinguish experimentally.

2) It appesars more fessible to compare the Q theory with
the U and V theory. This does not mean that it will be possible,
vith a limited number of replications, to cbtain s probadility level
of .01 for the U al V theories and a probadbility level of .99 for the
Q theory. However, it should be possible to detect substantial
differences in the degree of fit of the U and V theories compared to
the Q theory. This optimistic statement is based on the fact that the
8Sp of the U or V theory in the mmweviocusly cited example, vhile not
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TABIE 13

SIMILARITY OF V AND Q THECGRIES AS INDICATED BY FREDICTION METH(D

r D G c B H A
E p* .522 .553 .610 .630 .688 .70T .MM
522 .557 .61k .67 .698 .705 .7T1
r m» 531 .58 .609 .669 .689 .TeT
P 531 .605 .613 .657T .712 .T23
D p* .559 .580 .6kl .662 .T02
P 559 .601 .658 .67 .Thh
G p* 521 .585 .60T .650
P .521 .566 .62k  .633
c .56k 587 .631
P 564 56T .663
B p* 523 .569
P .523 .60h4
H p» 546
P - 546
A

Note: p* denotes & value mredicted by the V theory
P denctes & value generated by the Q theory



TABIE 1k

THE SIMILARITY OF THE U AND V THECRIES WITH RESPECT
TO DATA GENERATED FROM THE Q THECRY

Note:

r D G c B
.000 -.004 -.008 -.017 -.010
.000 -.004 -.003 -.016 -.008
.000 -.016 -.004 .012

.000 -.016 -.003 .013

.000 -.021 -.017

.000 -.021 -.017

.000 .019

.000 .019

.000

.000

H
.002
-.023
-.021

.015
.016

-.017
-.016

.020
.020

A

.023

.007

-.0k2

017
.018

.032
.032

-035
.035

upper number in each cell denotes the deviatioms
of the V theory; lower number, the U theory.
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lerge encugh to permit a relatively easy rejection of the two theories---
about 1000 replications were needed---was nsvertheless considerably
greator than the S5, of the Q thecry. The latter value vas, of
course, 3ero.

1t should also be wortlwhile to comsider the degree of fit
in terms other then the megnitude of the deviatioms. Two curves fitted
- to the same set of points my bave equally large deviations but
nevertheless have different "rofiles”, one of vhich is similar
to the profile described by the data. If, for example, a date metrix
contained several triples mot satisfying SST, then it should be possible
to observe whether the Q theory tends to "follow” the non-SST pattern
of these triples as compared to the U or V theory. The latter thecries,
fitting a monotonjc function to these triples, cennot follow the non-65T
yattern, although they may do as vell as the Q theory in sinimizing

the deviatiocns.



CHAPTER V
REVIEW OF THE EXPERIMENTAL LITERATURE ON COLOR FREFERENCES

With this chapter the experimental sspects of the study
begin. It will be recalled that one purpose of the experiment is
to test the probabilistic Q theory. For this resson the approximate
method of solving for the Q theory parameters vas discussed in the
preceeding two chapters. The second aim of the experiment 1s to
test the independence assumption as described in Chapter I.

The preferential choices studied in the experimental pert of
this study involve choices of color. It is pertinent, therefore,
to revievw in this chapter certain features of the previous studies of

color preferences.

Early studies of color preference

Early experimental studies of color prefersnces were largely
concerned with establishisg the "true' order of aesthetic values for
each colar or in some cases establishing the "golden' colors. The
results of these experiments, as revieved by Pressey (1921) end
later by Chandler (1934), were essentially negative or inconsistent.
Not only did subjects disagree amongst each other, concerning the
true value of each color, but their own preferences changed from time
to time.

To some extent the negative findings of the early studies, as

indicated by Normen and Scott (1952), can be attributed to their

failure to control or specify the exact character of the colors dsed
-%-
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and their neglect to treat the data statisticslly. The former defect

would explain to some extent why one experimenter reports a predominant

number of subjects whose most preferred color ves red, and another

experimenter reports only few rreferences for red. The two experimenters

may of course be using different reds, one highly saturated and the

other unsaturated. The second defect, the lack of statistical

methods, tended to obscure subtle regularity or consistency of the

data that might not be apparent to the experimenters on inspection.
There is still another major defect with these early studies

and to some extent with the recent ones as well; they ignored

individual differences. In their attempt to study color preferences

scientifically, the early experimenters apperently felt it necessary

to assume that all persons had the same or very similar color

preferences. To assume that people differed from one another and

that they changed over times was, in effect, to invite chaos. The

lavs of color preference, like the lew of gravity, had to be umiversal.

The negative and inconsistent findings of the early expesrimsnters were

therefore looked upon with dispair.

Recent studies of color preference

One of the first series of color preference studies to control
the experimental stimuli and obtain systematic results were the
Guilford experiments (1934, 1939, 1940). The 316 colors used by
Guilford were specified in terms of the three Munsell dimensions,
hue, chroma (saturstion) and value (brightness). Each subject rated
each color on & ten point scale of preferability, and the average
rating of each color was used to plot isohedon lines in the Munsell

color space. The ischedon lines, defined by Guilford as lines of equal
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Preferability or equal average rating, were found to be approximately
concentric circles in a value-chroma plane; circles of larger radii
denoted more preferred colors.

The preference behavior of the aversge subject, as indicated
by the ischedon lines, stands in direct opposition to that expected
from the Q theory. The average subject in thege experiments acts as
though he had a non-ideal point. His criterion of preference is that
a color be meximally dissimilar to the non-ideal color, but all colors
equally dissimilar to the non-ideal color are equally acceptable. It
1s as 1f the aversge subject knew what color he disliked most but was
relatively unconcerned sbout his first choice. If the prefersntial
choices of the average subject are typical choices of individuels,
then the application of the Q theory to color preferences would be
inappropriate. However, tlie choice psttern of the average subject may
result from certain artifacts and does not necessarily reflect individusl
choice behavior.

Consider the following example. Assume that there are two types
of individuals, those preferring bright, highly ssturated colors and
those preferring shaded, unsaturated colors. If the relationship between
saturation and ratings of preferability produced a concave, monotonic
curve for each type of subject (as illustrated in Figure k), the
average ratings of these subjects would exhibit the same pattern of
choices as the average subject in the Guilford experiments. In this
case, the preference pattern of the average subject does not reflect
the preference pattern of either type of subject. In fact, in terms
of the Q theory, the average subject will be a typical subject only if

the distribution of ideal points is unimodsl. It is pertinent then to
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ask wvhether there are in fact two types of subjecis, or, more
generally, whether the distribution of ideals is unimodal. The
experimental results of Eysenck (1941la) have some bearing on this
question.

The study of Eysenck employs a factor amalytic method known as
the Q technique. Each subject in this experiment ranked the set of
colors with respsct to their preferability and the correlatiocms vhich
were factored, were obtained by correlatiﬁg the rankings of pairs of
subjects. (A high positive carrelation indicates thst the two
rankings are quite similar.) A factor snalysis of these correlations
Presumably uncovers the attributes or dimensions vhich determine the
color preferences of the observers.

The first factor of Eysenck's snalysis is, as custowsry, a
general factor; it accounts for whatever agreenent exists between
subjects. It slso carrelates wvith a general sesthetic ability factor
found in a previous study (1541b). The second factor is more interesting.
It 18 a bivolar factor which divides the subjects into those who
preferred pure saturated colors and those who preferred unsaturated
colors. The existence of this factor suggests that the distribution
of subjects in Guilford's experiments may very vell have been bimodal,
and this distribution, it was shown, could explain the snomolous
behavior of the average subject.

Eysenck has also re-examined some of the older studies
reporting negative findings. By using factor analytical methods,

Eysenck finds comsiderable regularity in their data and rather close

agreemont with his own findings.



-97..

Unfortunately the trend started by Eysenck's studies (the
use of more sophisticated statistical methods and qxplicit treatment
of individual differences) does not seem to have persisted. The
recent extensive reseerch of Granger (1955) carried out in Eysenck's
laboratory is in the tradition of the older studies. In these
studies the experimenter attempts to demonstrate once agsin that
individuals have substantially the same colar preferences. The
rankings of the subjects are enslyzed by Kendall's w, the coefficient
of concordance, and the conclusion is drawn that the rankings of the
50 observers are more compatible or consistent with each other than
one would expect if the observers had acted entirely randoaly.
Kendall's w however, 18 a very weak test of consistency. If, for
example, the subjects divided neatly into two classes as suggested
by Eysenck, Eendall's v would nevertheless indicate large agreement
between subjects, that is, significant departure from randomness.

The average rankings reported by Granger are at variance
with Guilford's results. Granger finds that the preferences of
chroma with other variables held constant, are ordered as follows.

Increasing chroma: /2 /b /6 /8 /10

Rank 5 3 2 1 Y
These results can be interpreted in terms of the Q theory if chroma
8 1s identified as the ideal. The non-ideal color and bimodal ‘
distribution, introduced to intefpret Guilford's data are not called

for with these data.

Implications for the Q theory
In Chapter III it was shown that group dats could easily be
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treated by equation A if the distributiomn of Ci over individuals
was assumed to be normal. However, even if the histogram of subjects

on the J scale indicates that the C, distribution is bimodal,

i
equation A cam be employed. In this case, it is necessary to fit the
bimodal histogram with two normsl distributions and apply equatiomn A
to each distribution seperately. The final p 3k values will then be a
veighted average of corresponding peirs of ka terms. There is, of
course, the question of whether the bimodal distribution cen be fitted
by two normel curves, but this can be tested, by the usual goodness
of it procedures, before the analysis involving equation Q is carried
out.

Unfortunately, the U and V theories are not as flexible as the
Q theory in treating group data. Although in principle the ICJ method
could be carried out in two parts if the distribution of U ) over
individuals vere bimodal, there are practical difficulties. Unlike
the C { varisble in the Q theory, s histogram of the U J variable
cannot be plotted before the application of the ICJ equations. The
parameters of the two normel distributions composing the bimodal
distribution, therefore, cennot be determined.

In order to carry out the ICJ analysis of the experimental
data in the subsequent chapters, it will be mecessary to assume, without
access to confirming evidence, that U 3 is normally distributed over
subjects for all SJ.

The assumptioms which gust be made for the V theory to be

applicable to group data are discussed further in the following chapter.



CHAFTsR VI

EXP<RIMENTAL METHOD

Stimuli

The stimuli used in the experiment were Munsell standard colors
(Munsell, 1945). The Munsell desiznations of the stimuli and their
tristimulus values are given in Table 15.

It will be noted that the colors lie on a diameter perpendicular
to the brightness axis in the Munsell space. The line lies in the
brightness 4 plane and contains the two complementary hues, 5BG and
58 (a blue-grecn and a red hue), Since the line passes through the
origin in the constant brightness plane, a neutral gray is also in-
cluded. It was necessary to employ a one dimensional continuum of
colors to test the Q theory, since the mathematical development in
Chapter III pertains exclusively to the onc dimensional case.

There wera two criteria for selecting the colors on this line.

It was, first of all, necessary to select colors which were not eusily
distinguishable. oSince the Q theory being tested is a probabilistic
theory, some inconsistent judgments must be obtained and this reguires
having somewhat indiscriminable stimuli.

The second criterion concerns the range of stimuli. If most
persons are unilateral to all the stimuli, then the distinction between
the @ theory and the U theory is minimized. In order to provide

an adequate test of the Q theory, the difference between the two
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TABIX 15

DESIGNATIONS OF TEE STIMULI

mmtiﬂ. ;:3{;::?: T:istim;ua Val:es
SR 4/8.3 RS .1591 .1060 .0660
R 4/6.2 R6 JA752  .1280 .0969
R k.2 Rb .1420 .1139 .0989
SR 8/2.0 R2 1328 .1217 .1250
SR b/1.0 Rl .1268 .1218 .136h4
s/ x 1201 .1232 .1437
5BG 4/6.0 66 0775 .1140 .1645
SBG 4/4.0 Gh 0979 .1263 .1731
5BG 4/2.0 G2 1122 .1293 .1633
5BG 4/1.0 Gl .1099 .1180 .1430

S™he saturation values vere obtained by interpolation
from the tables given in Newhall, Nickerson, and Judd, 19k3.
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theories should be maximized and this can be accomplished by selecting
a range of stimuli wide enough to include the ideal color (the most
preferred color) of most subjects. For the red colors, preliminary
experimental results indicated that a saturation of 8 was high enough
to satisfy the second criterion; the ideal red color on this line
for most persons was between a zero saturated red (a neutral gray)
and a red of saturation 8. Unfortunately, the highest saturation
obtainable for the blue-green colors is 6 ani preliminary experimental
results su;gested that this saturation was not sufficiently high to
fully meet the second criterion. althouch most ideal pointé in the
preliminary expariment clustered about a saturation of L4, tnere were,
nevertheless, a significant number of prefercnces for a saturation of
6.

Two hues were selectzd inste.d ol one (as is customary in recent
scaling studies) to jrovide a more stringent zni interesting test
of both the independence assumption and the w theory. Assume for
example, that a subject selects as his most preferied ccior on the
53i-RK line a lue-green hue with a saturation of 6. According to
the « theory and assuming the validity of the independence
assumption-—-in tuic case, thet the Munsell space is the eppropriate
discrimination space for preferential choices---this subject should
prefer all blue-green hues on this line to any red on the line.
Howéver, from a priori considerations this seems unrezsonable., It
seems unreasonable to assume that the subject would prefer the most
unsaturated, washed out blue-green (in the limit, a meutral zray)

to any red, in perticuler to a moderately saturated red.
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Two clternative explanations uppear possible, One could reject
the @ theory or perhaps modify the Q theory to include separate
idezl points for different hues. This explantion, azide from being
cumberscme to deal with, does not readily account for choices besiween
different hues., 4 second alternative explanztion is to assume that
the Munsell space iz inappropriate for preferential choices involving
more than onc color, th:t is, to reject the independence assumption.
This means that the subject's behavior could be explained by maintain-
ing the Q theory in its simple form (cne ideal point for all colors)
but drastically revi.ing the color space. If, for example, the subject
chose saturated colors in preference to unsaturated colors, irrespective
of the hue, then the appropriate color space would be obtainad by
merely folding the Munsell line at the origin onto itself. The folded
line would then represent the J scale upon which the subject would be
located.

If only one hue were used in the experiment the independence
assumption and the & theory would be more easily verified since the

complications described above could not occur.

Subjects

The subjects were 64 undergraduate women. Those recruited from
the elementary psycnology courss were unpaid subjects; others, re-
cruited at large, were paid. [Fourteen of the subjects participated
in the pretest and of the 50 who participated in the main experiment
one was rejected because of inadequate color vision as indicsted by

the Farnsworth-tiunsell 100 Hue Test (Farnsworth, 1657).
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Apparatus and viewing conditions

The stimuli were presented pairwise using the display board
illustrated in Figures 5 and 6. This display board consists of two
pairs of openings, one pair on the movable panel which is in front
of the display board and one pair directly behind the panel on the
board itself. The openings on the board are > by 5 inches while the
openings on the sliding panel are 1% by 5 inches. The display board
was painted a light gray having a reflectance, according to a Macbeta

illuminometer, of .43 .

A pair of colors inserted from behind the display board are viewed
Ly the subject when the panel slides across the face of the board.
The motion of the panel is controlled by sliding a knob which is behind
the display board. As the experimenter moves the knob to the right
or left the panel moves in the corresponding direction with the same
spced as the knob. wien the penel, for example, moves continuously
from left to right, the stimuli appear in rapid succession, first the
right stimulus and then the left. When the sliding panel moves in
the reverse direction, right to left, the stimuli are presented in
reverse order also. uach stimulus appears when the opening on the
sliding panel coincides with the opening on the board. The approximate
time of exposure of each stimulus was .30 seconds.

The experimental room was windowless and had black walls and
ceiling. The illumination was provided by three jiacbeth :ixamolite

fixtures, which provide light approximatimg mcrtl skylight (7300 K), placed
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Fig. 5 - The display board.
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directly above the display board. The board was set at approximately
45 degcrees and received an illumination of 69 ft. candles. The
subjects sat between 8% to 10 feet from the colors prescnted on the
board so that ihe angle subtended by each color was about .8 degrees
in the horizontal direction and 2.7 degrees in the verticzl direction.
The reason for using a relatively small viewing angle and rapid expo-
sure was to increase the number of inconsistent judgments. Prelimin-
ary tests indicated thet the subjects were generally remarkably consis-
tent when the viewing angle and exposure were somewhat greater,

The Munsell papers were cut to 4 by 5+3/L inches and mounted on
illustration board. Since openings of the display board were 3 by 5
inches, there was sufficient margin to permit easy handling of the
non-viewed portion of the stimulus. sasy handling of the stimulus
cards was also facilitated by the use of a box having separate com-
partments for each stimulus card. The edges of euch compartment were
covered with velvet to minimize scratching the surface of the stimulus
cards wnen the cards were put in or taken out of the compartment.

To minimize the possibility of identifying a stimulus by certain
distinguishing marks which might appear on the stimulus cards, each
stimulus was represented by more than one card. Also any card which
had inadvertently bccome marred or defective through handling was

replaced.

Procedure

Between threc and seven subjects participated in each experimental

session. The initial task given each subject wes a color vision test
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known as the Farnsworth-Munsell 100 hue test for the axamination of
color discrimination (Farnsworth, 1957), This test consists of
four sets ci eolor clips varying primarily in hue. The subject's
task is to arrange the colors in each set so that they form a grad-
uated series. The score on the test is determined by the number of
errors the subject makes, an error being defined as the number of
pairs which are incorrectly ordered by the subjecp. The correct
order of the colors is easily determined by the numbers written on
the reverse side of the color chips.

The subjects were told that the purpose of the test was to
determine how well they could see colors. They were told to take
their time and when finished to turn over the color chips and deter-
mine their own score. After a subject had recorded her own score,
the set of colors was returned to the experimenter who, after randomiz-
ing the order of the colors, presented the set to another subject. In
this manner it was possible to test all subjects in each ses:zion in
about a half hour.

In the color preference part of the experiment the ten pairs
of stimuli were presented randomly, each pair re,.iicated three times.
There were, in addition, five practice trials in which all of the
colors appeared in at least one pair. After the 140 pairs were
presented at the rapid rate of expssure, elevem additiomal pairs were
presented with lemger exposure times of about 3 secomds. The eleven

pairs were: Gl G2, G2 G4, Gk G6, R1 R2, R2 Ré, R4 R6, R6 R8, Gl R1, GeR2,
Gh Rk, G&-RG. The Teason for presenting these eleven pairs vas to determine

whether preferemtial choices at tha rapid rate of exposure is competible
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with choices made under more usual exposure times.

Since the order of presentation of the colors was random, the
three replications of each color were randomly dispersed over the
trials so that in fact certain replications appeared consecutively
to the subject. The position of each stimulus was also randomized,
being on the left or right an equal number of times. Also, the
three replications of each pair involved different positions of the
two stimuli comprising the pair.

The trizl number which was called out about a second before the
colors were exposed, acted as a ready signal for the subject. The
subjects indicated their choices on a data sheet containing the trial
numbers and the letter L and i (for the left and right colors) adja-
cent to each number.

4 five minute rest period was introduced after about half of the
pairs were presented. The exact point at which the rest period began
waes varied in different experimental sessions. This was done because
it was observed that subjects tended to have difficulty witn the first
few trials after the rest period. A few trizls were needed to warm
up again. Verying the location of the rest period, therefore, had
the effect of varying tne stimuli which cccurred during the brief

warm up period.

Instructions to the subjects’

The instructions given to the subjects after the color vision
test was completed were stated as follows.
In this next part of the experiment I am going to present

a pair of colors on this board in front of you. For each pair
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of colors.l want you to imagine that you are in a paint store
selecting a color of paint to be used for your entire dormitory
room (or living room, if you live at home). Select the color
in each pair which you would prefer for your room. Be sure

to keep in mind that you are selecting a color for your room,
not a color which you may prefer for other reasons. Remember
"also that the color you select is to be used to paint the
entire room, not merely one wall or two. Also, the color is
not to be part of a pattern or combination of colors.

Indicate your seclection by placing an 'x' over the 'E' or
‘L' which appears on the sheet before you. In some instances
you will probably dislike both colors, or perhaps, you will like
both colors; however, for each pair you should try to select
the color which appears the more preferable.

When this panel is moved across the board the colors will
appear in rapid succession, one under the letter 'L' and one
under the letter 'At., If the panel moves to the left like this
(panel is moved to the left) then the first color you will see
will appear under the 'L' and the second color shortly tnere-
after will appear under the 'R*. The colors will appear rather
rapidly, somewhat less than a second, so that you will have to
look very quickly from one side to the other. You will have
some difficulty in the beginning seeing the colors, but after
a while it will protably be quite easy. In any case, please be
sure to indicate a choice for every pair. If necessary, guess.

Do not worry about being inconsistent from one pair to anotuer,
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The presentations are rzpid enough so that you are bound to make
some mistakes.

Alt:sough the colors will appear for less than a second, it
will take about 10 seconds to change the colors. During this
time feel free to talk to your neighbor or study. Please refrain,
however, from talking about the experiment. Let me emphasize
that we are interested in your color preferences no matter how
different they may be. In fact, we expect people to differ.

The first five trials will be practice trials. Indicate
your choices on these trials with the appropriate Ix', Aifter
tnese trials, 1 will answer any questions that you may have

and we will proceed with the exjperiment.

After the first five trials, questions were answered, and the
subjects were told thet there would be about 150 trials and that it
would tske about a half hour, including a five minute rest eriod.

On trial 141 the subjects were told that the following few pairs
would be presented quite slowly and, without additional pause, they
were begun. After the 151 trials were complete, the subjects were
instructed to turn over their paper and to Jescribe on the back of it

what system, if any, they had used in maxing their choices.

Tr=atment of the data

The U theory.- The LCJ solution is applied to a pjk matrix
which is obtained from the combined replicated judgments of all

subjects, that is,
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(1) n]-k
Nm
where D is the total number of judgments of all subjects in which
Sj is preferred to Sk’ In the experiment, N = 49 andm =3
so that (1) reduces to

2) Sk
147 .

There are two properties of (2) which require some further
discussion: its expected value end its sampling varience. If (2)
is to be analyzed by the LCJ equation, its expected value should
equal & preference probavility that satisfies the U theory. This
remains to be established. It is also necessary to know the sampling
variance of (2) in order to perform a goodness of fit test. Both
properties of (2) will be considered after the relevant eassumptions
have been stated for the group iCJ analysis.

The assumptions for an LCJ analysis of group data are analogous
to those stated for the J§ theory in Chapter I1I. However, it will

be well to state them explicitly here. It is assumed that for each

individual 1 and stimulus Sj the distribution of us is
b4
(3) N(U3,1, O,
and the distribution of Uj i is
»

(&) N(U'.,O;).
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Since these two distributions are independent, the distribution of

Uj is therefore

(U 2 2
(5) I\(Uj)\60+0'u ).

If the usual correlations are set ejual to zero,

r
: . = 0
i'j, i%,1
r - 0,
u, ,u
J’l k,l
which implies tnat
(6) r,, =0
k7j

and if

(7) \/ UU2’ 0,0’2

"
—

then the LCJ ejuation results for the group data:

8 X, = u!-u
(8) Jk = 5 K

The normal deviate in (8) corresponds to the Pjk based on the entire
group.

If Pjk,i is defined as the preference probability for a single
individual, then the group pjk is merely the expected value, over

subjects, of p that is,

jk,i?
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(9) - Py = by )

Equation (9) indicates that if the subjects are selected randomly,

thgn the proportion of preferences of Sj to Sk for m = l-=-=that
is, njk/N-—-will be an unbiased estimate of pjk' Furthermore,
equation (8) asserts that this pJk will satisfy the conditions of
the U theory.

Consider now the case oi replicated jud.ments. The question is
whether (1) is an unbiased estimate of the group Pjc as defined in
(9), that is, whether

s Dy -
(10) s ( #Nﬁ ) = Pk

To prove (10) it is simpler to assume, without loss of generality,
that the populetion from which the subjects are drawn is large but

finite. The group pjk can then be defined as

N3t

(11 I § o
(11) P g 9. Piod
1=1

where N is the size of the population. In a sample of size N,
the probability of selecting a given subject is N/N%, For m replica-
tions per subject, the expected number of preferences of Sj to Sk

for individual i 1is mp‘jk i° Therefore, the expected number of
3

preferences of S, to S for a sample of size N 1is

3 k

-3 y o N N
(12) E(njk) = N*(mpjk,l) + N*(mpjk’z) + e "+ﬁ*(mp e N-)(-)
JKy

which can be simplified to
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N
(13) E(n, ) = MNm
(an N Z pjk,i.
i=
Using (11), (13) reduces to

Dividing (14) by Nm, to obtain the expected proportion, (10) is obtained,
which was to be proved, It is ajpropriate, therefore, to use (2)
as the basis for the LCJ analysis.

The second property of (2) to be discussed is ite sampling variance.
The problem is to determine whether the éémpling variance of (2) is
consistent with the error term in the Mosteller goodness of fit test
described in Chapter V. This test assumes that the error variance

of the estimate of pjk is the usual binomial variance

(15) pjk(l'ij)

Pk + T

and that the estimate of pjk is independent of the estimate of Pj1.
However, both assumptions can be juestioned if the LCJ analysis is
based on (2). Bock (1958) has shown that even when m=l for group
data and the correlation indicated in (6) is zero, the normal deviates
xjk and le will, nevertheless, have a non-zero correlation. (The
correlation between deviztes not sharing s common stimulus is zerc.)
This non-zero correlation contradicts the assumption of independence
in the hosteller tests, althougl. the first assumption described above

i1s satisfied for non-replicated group data; that is,
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the sempling variance of “jk/N for group data is equal to (15)
(see Crzmer, 1951, p. 192). Wwhen m 1is greater than one, however,
(15) is not the correct sampling variance of (2).

It is well known that a two stage sampling procedure---and this
is what is involved in using replicsted judgments---results in a
higher sampling variance than that obtained from simple rendom sampling
(see Cochran, 1953). This means that the binomial variance (15) is

an underestimate of the sampling variance of (2). The correct estimate

in a two stage sampling procedure involves estimating the variance

of pjk,i between sutjects as well as within subjects, gnd in the
cresent case, these variances sre difficult to determine. Thc analysis
by Bock however, indicates that the binomial variance is an over-
estimzte of the sampling variance, and unfortunately the correct value
is not realily estimeted from his results. OSince both types of biases
are involved in using (15) as the sampling variance of (2, it is

not clear whether (15) is an overestimate or underestimale of the correct
expression. However, since the primsry purpose of the experiment is to
compare the fit of various thieories, rather than to reject or accegt

a null nypothesis, it will probably be sufficient to use the hosteller
test without fufther modifications to obtain a measure, ulbeit an

approximste one, of the degres of fit of each theory.

V tneory analysis. - The assunptions which must be made for

the V theory to be applicable to group data are not as easily deter-
mined as the corresponding assumptions for the U theory. The problem

is as ifollows. Given that the preference probabilities for each subject
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saetisfy the V theory, what additional constraints must be placed on
these probabilitics so that the preference probatilities for the group
will also satisfy the V theory. For the U thneory it is sufficient
to assume, in addition to the equal correlation and egual variances
assumption, that the distribution of the scale vzlues of each stimulus
is normally distributcd over subjects.

The analogous assumption for the V theory restricts the funciion ¢(y;z)

as followss
0 0

O
(16) f(b(y;z) dy sechg(x;y) dx = sech®g(x;z) ax.

- 00 - 00

If such a function exists and if it has the properties of a frequency
function, then it would be sufficient to assume that vj,i/vk,i was
distributed over subjects with the Iunction ¢ as its density function.
This assumption would guarantee that if the p'k,i of ezch subject
satisfied the V thneory, ‘then tne group probability, Pk would
also satisfy the V theoary. Since it is not known whether
the functian ¢ exists, the experiment wvill merely test
vhether the group ka satisfies the V theory.

The Q theory. - The normal distribution assumptions which make
the Q theory epplicable to group data have been discussed
in Chapter III aend Chapter V. It remains to discuss here
the problem of comparing the Q theory results to the
U end V theories.
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This compzrison is compiicated by the fact that the Q theory
has two more free parameters than either the U or the V theory.
Consequently, if all the data were used in the <« theory analysis,
then one would expect the .Q theory to predict better than the other
two theories purely on the basis of the additional parameters. However,
the approximate method of sclution does not use 211 the data. Under
certzin circumstances it may use only the pairs zdjzcent on the J
scals to determine the & values of the stimuli, and even these pairs
will not; in general, involve the judgments of all the subjects.

Since the Q theory analysis does not use all the data to fit
the parameters in the theory, it cannot be argued a priori that the
"% theory has an adventage over the other two theories. In fact,
it appears quite likely that the Q theory is ai a disadvantage to
the U and V theories when tne analysis oI these two theories is
based on the reproduction imethod, that is, when these t@o theories
use all the data. One is tempted to put the three theories on an
equal footing by using the prediction method for analyzing the U
and V theories, but it cannot be said that this is an equitable solu-
tion either. hile the stimulus values of the « theory may be ob-
tzined from adjacent pairs only, the values of the mean and variance
of the distribution of idezls is estimated by obtaining the I scale
of each subject, and this entzils using all the judgments from each
subject. However, since the 1 scale involves only ordinal relations,
little of the information in the data is actually used. It cannot be
said, therefore, that a . theory anzlysis using adjzcent pairs to

determine the stimulus values, is at the same level as the prediction
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method of U and V theories. However, it also cannou be said that
the Q theory analysis uses as much data as the reproduction method.
Very likely the J theory znalysis lies somewhat beiween the prediction
method znd the reproduction metiiod of the U and V theoriss. For
this reason, both the reproduction and prediction method arc used in

the analysis. It will be assumed that a residual sum of squares (SSD)
of the <& theory which is equal to or less than the 33p obtained

from analyzinz the U or V theory by the reproduction metho: is

evidence for the superiority of the Q theory. If the So; of the
< titheory exceeds the SSD of the U or V theory analyzed by the
rediction method, the « theory will be considered inferior to the
U or V theory. The tnird pussibility is indeterminate; in this
case the 355y of the « theory would lie between tne residual sum
of squares computed by the reproduction method and the prediction

method.



CHAPTER VII
BXPERIMENTAL RESULIS

Color vision test

The results of the Parnsworth-Munsell Test indicated that the
color discriminations of most subjects were exceedingly precise.
According to the manual for this test (Parnsworth, 1957) about 16§ of
the population (exclusive of color defectives) have been found to make
four or less reversals on this test. About 76% of the 50 subjects in
the experiment did this well. (ne subject, however, 414 considerably
worse thln this. Although her score did not indicate seriously defective
oolor vision, this subject was excluded from further analyses. The
average acore for the remaining 49 subjects was 2,85 and the largest

error score in this group was 10.

Inconsistency of prefetences

The mumber of inconsistent stimulus pairs (an inconsistent
stimulus pair defined as one judged inconsistently on the three
replications of the pair) was used to determine whether the subjects
were respomding in & purely random ﬁahion. If a subject vere behaving
randonly, the probability of giviag three consistent responses to a
particular stimulus pair would be cue-fourth. Of 45 pairs, the expected
aumber of incousistent pairs for random behavior, is therefore 33.75; &
two sigma inmterval sbout this expected value is 28.2-39.4. For three
subjects the number of inconsistent pairs was large enough to fall inm

this interval; they hed 29, 30 and 33 inconsistent pairs. These
-119-
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subjeets, however, were not onitted in the subsequent analyses because

it was clear from inspecting their I seales that they were not responding
repdomly. All three subjects hsd 1 sceles vwhich wvere perfectly
compatible with the obtained J scale described in the
subsequent analyses; the I scales could be conceived as

8 folded J scale.

Pigure 7 gives the histogram of inconsistent stimulus pairs fer
all subjects. The most consistent subject had 4 inconsistent pairs; the
average for the 49 subjects is 18.2, In Figure 8 the number of
inconsistent stimulus pairs is presented separately for unilateral nd
bilateral subjects, In this ocase, unilateral subjects refer to those
subjects located mear either end of the J scale and bilateral subjects
those located mear the middle of the J scale, The I scales and the J
seale which were used to make this dichotomy between subjects are
described in a later section. Here it will suffice to indicate that the
most preferred stimulus of the unilateral subjects was one of the
following:

N, Rl, Gl, G6, R6, or BB
and the most preferred stimulus of the bilateral subjects was either

R2, R4, G2, or G4.

One subject is not indicated im Figure 8 because the response pattern
of this subject deviated oxceslj.nly from the J scale.

The reason for separating the unilateral and bilateral subjects
was to test certain implications of the Q theory. According to the Q
theory, bilateral subjects should be more inconsistent than unilateral
ones. This is a consequence of the fact that a bilateral person has teo
discriminate betweea stimuli om & folded J scale, and this scale will
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necessarily have smaller intervals between the stimuli than a non=folded
scale. The unilateral person does mot fold the scale———or at least, mot
very mach-——and therefore has larger intervals to discrimimate. The
discrinination judgments of the umilateral subject should also tend to
be less influsnced by the variability of their ideal poimt, and this too
should tend to make the unilatersl subject more comsistent than the
bilateral subject. The data im Pigure 8 imdicate that the mean mumber
of imconsistent pairs for bilateral subjects (DB) is 19.21 and for
unilateral subjects DU is 16,92; the correspomding standard deviatioms
are 6,90 and 5.25, respectively. DB is larger than DU as expected, but
their difference is not significant at the 55 level. The statistic y
(see Pearson and Hartly, 1954, pp. 26-27) is equal to .70 while the
value of this statistic at the 5% level (using a one tailed test) is
approximately 1,68, (This test of the difference between means does

not assume equal variances.)

One of the assumptions implicit in the Q theory is the

assumption _that the variance of 9y and o4 1s equal for all subjects.
This assumption implies, among other things, that the subjects have
essentially the same color discrimimations. This can be tested by
comparing the scores on the color vision test with the number of
Wimm preference judgments, If the subjects had, in reality,
different color discriminations, and if the color vision test was
effective in measuring these individual differences, then ome would
expect a correlation between the color vision score and the number of
inconsistent stimulus pairs. To be more precise, it must be added that
it 1s neocessary to control for the different poists at which subjects
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may fold the J scale, since the diseriminability of the stimull is a
function of Gy . The degres of fold was controlled to some extent by
conuc_lori.ng unilateral and bihton; subjects separately.

The correlations between the color vision score and the number

of inconsistent stimulus pairs for unilateral and bilateral subjects

are as follows:

Tunilateral = 36, p = .08

Tpilateral = -28, p = .18
(The probability valuss were determined by using Fisher's 3
transformation and a two tailed test.) Neither correlation is
significently different from sero at the 5% level and only ome
correlation, the unilateral correlation, has the expected sign, The
homogeneity of the group and the assumptiom of equal variance therefore
cannot be rejected.

1CJ analvsis of the coubined set of stimuli’

Reoroduction method (Ul).-Teble 16 gives the py, matrix based
on all the judgments of all subjects. Im prinmeciple, each proportion in
this matrix should be based on 147 judgments but since ocertaia subjects
did not respoad om some trials, six proportions are based om 146 judgments
end two on 145. However, in performing the goodness of fit test it will
be assumed that all proportioms are based om 147. The error comnitted
in making this assumption will be seem to be negligible,

Table 17 contains the ph values reproduced froa Table 16
using the 1CJ solution. (This procedure is called the Ul analysis.)
Table 20 contains the Mosteller goodmess of fit test and, in additiom,
analyses dsveloped byGulliksen and Tukey (1958), which are described im

11, genersl, in this end the subsequent chapters the terms Piks> 4
Te (7 Qg otc. Tefer to estimates of the carresponding population values.
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TABIE 16

CBTAINED ka MATRIX

Gh G6 G2 R2 Rl RA al R6
5h&® 578 .619 .626 .653 .6M1° .71k
51T .599 .619 .692° .578 .T55

578 619 .66 .T26° .626

529 M56 599 .565

76 .500% .5k

503 .531

.503

® proportion based on 146
P ropartion besed on N5

R8

-69%
Tk

435

518
-558
ST

.728

721
728
707

.538°
578
52k
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TABLE 17

REFRODUCED p%  MATRIX FROM LCJ SCALE (ul)

Jk

Gh @6 G2 R2 Rl

532 .536 .632 .652
5k8% 578 .619 .626

503 .601 .621
517 599 .619

598 .618
518 .619

521
-592

SProportion based on 146
b!ropcrtion based on 145

Rb

657
-653

.627
.6928

624
646

-927
56

506
M76

Gl

-654
.578

651
. 7268

556
599

335

.528
503

R6

683 .
T

.668
<155

-665

.626

ST1

-565

o %

Shb
531

516

503

576
.578

58
.558

532

STl

.61 A

J
38
L] 516
578

2o
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Table 19. In Table 19 it will be seen that the total sum of squares of
the angular measure © have been separated into two components, a
residual coapoment (SSD) which is the basis of the Mosteller test and a
linsar component (SSL) which indicates the variance attributable to the
16J scale, The X % tera in Table 19 associated with SSy , the totel
sum of squares indicates the extext to which the obtaimed Pix values
deviste from ome half, In Table 20 xi is sigmificant (beyoad the .00l
level) so that ome can reject the hypothesis that the preference
proportions in Table 16 are mere random deviatioms about ome half,
According to Table 20 x: , associated with the limear
component SSL » 1s also sigaificant beyomd the .001 level so that ome
may reject the hypothesis that the p;k values im Table 17, the
preference proportions reproduced from the LCJ scale, are random
deviatioas about oms half, The third X2 term, Xf, described in
Table 191.hndcnthnmidm1moflquroa,ssn',mdthhunh
precisely the X2 term of the Mosteller test. In Table 20 X2 term
1s sigaificant st the ,001 level imdicating that the py matrix in
Table 16 canmet be assumed to have been generated bty am LGCJ scale,
However, although the LCJ scale car be rejested at ths .001 level the
scale may nevertheless acoount for a comsiderable amount of the date,
A X2 test does mot give this kind of informatiom. To provide some
indication of how much is accounted for by the theory, Gullikeen amd
Tukey (1958) have developed am expressioa which may be interpreted as a
reliability term; the true score variance im this case refers to the
variance sccounted for ty the ICJ scale. Two formulas are givea Ly
Gullikeen and Tukey for calculating the reliability: r asd r__ .

s ss
Both formulas are preseated im Table 19, The formulas do mot, im
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TABIX 18

FREDICTED psk MATRIX FROM ICJ SCALE (U2)

Gh G6 G2 R2 Rl Bb Gl R6 R8 )|

™ 502 .533 .586 [.5e8)[.578] .603 .636 .787 .813
P 653 .Tib 619 |.548!]|.578| .769 .626 .641 .728
™ .531] [.54%4] .546 .576 .601 .63% .785 .813
) 531) |.584] .308 .35k .578 .52k .503 .6kb
) o ud 513 .515 .55 [.571] .605 .763 .79l
P 435 285 .37h |57 W56 9T 578
p* 502 .532 .558 |.592] .752 .781
P L0122 435 |.592| 599 .T728
) o 530 .55 590 .751 .780
P 517 .69% .619 .5T8 .66k
o 526 .560 |.726] .7157
P Ik 619 [.726) T2
oo .53k .TOk  .T736
P 395 Ahh2 .52k
o 673 [.707
P 500 |.707
) [.538
P .538
) o

P

Note: Brackets indicate the nine pairs which were used to
deteruine the ICJ scale.
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TABIE 20
VARIANCE-COMFONENTS ARALYSIS F(R Ul

— T

Source | 4f s8 ] X2 P

Total a5 | 2899.722 | 64.438 | s519.38 |[<< .00
Linesr 9 | 2541.814 | 282.423 455.27 < .001

Residual | 36 | 363.407 | 10.095 65.091 -001
( .986)'\
é
Ty = S5 l'.. = .B43

‘m- valus was computed without essuming that
BEm 3 1M7 for all stimulus pairs. Couparing the two
values in this cell indicates that the assumption
produces a negligible error.

TABIE 21

VARIANCE COMPONENTS ARALYSIS FCOR U2

Source ar 38 M X2 P
Total b5 2895.8 64.35 518.68 ¢< .001
Linear 9 4413.9 490.43 790.59 < .001

Residual 36 3313.0 92.03 593.81 << .001
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general, give identical values because the residual sum of squares
expressed in terms of © 4is mot minimised by the usual fitting
proooduro.l The comsequence of this is that the compoments SS; amd
SSL , are not quite orthogonal,

The values of r, and Tes based on Table 17 are given in
Table 20, It will be seen that wherces the X 2 test indicates that
the LCJ scals can be rejected, the reliability of the LCJ scale as
given Yty Ty, oF T, indicates that the 3 theory accounts for a

considerable amount of the data in Table 16,
The Ul scale, the 1LGCJ scale which was used to generate the p’k
values in Table 17, is as follows,
(U1 scale)

§ B R G R R R & @ G
0 1117 .1929 .2321 .3042 3190 .3718 .6197 .6284 .7093

It will be moted that the R stimuli oa this scale have the order of a
folded Munsell lime. The G stimuli om the LCJ scale may also be
oonceived as a folded Munsell lime, but the coabimatiom of the R and
G stimuli oa the LCJ scale does not have am order which is compatible
with the eatire Munsell lims folded at any poimt, This suggests that
the lnsell 11-.; G6-R8, will probably mot agree with the J scale oa
which the subjects are located, amd therefore that the Mmsell spece is
not an appropriate space for the emtire set ef preferential choioces,
This will be eoumgrod in greater detail whea the proocedure for
constructing the J scale is described.

lrn fact, expressed in terms of p, is genera 11;not
nininized either. Ler (1951) has shown thd€ a least square
criterion is involved in averaging the columas of the mﬁ! ntux,
this criterioa is clxztugom'.hm related to ths res

squares 7 (pop-rli
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Prediction method (U2).-Using the prediction method and the
Pyx values of the mime pairs of stimuli adjecent onm the Munsell line,

the following LCJ scale resulted:
(U2 scale)

N G Rl R8 G2 Gb R R6 R4 G4
0 0954 5446 .6311 6962 ,TT24 .T773 .8100 8878 .8930

While this scale does mot give the same order of stimuli as the previous
scale (Ul) it does give an order which is consistent with a folded
Munsell scale for the R and G stimulil considered seperstely.

Table 18 contains the predicted p& values based upon the
above 1LCJ scale, and Table 21 gives the corresponding snalysis of the
sun of squares. The three X 2 terms in Table 21 are each statistically
significant so that it may be concluded that both the Pyx values and
the ph are not rendom deviations about one half--this property of the
Pjk values was already shown in the previocus analysis—and that the
LCJ scale does not adequately account for the obtained p 1k values,
Comparing the residual sum of squares between the prediction and
reproduction analyses, U2 and Ul, indicates that the former gives a
considerably inferior fit to the data than the latter; the SSD based
on the prediction method is about nine times larger than the SSD
based on the reproduction method. The reliabilities, r, and Tga?
cannot be determined from Table 21 because the prediction methed which
is used in the U2 analysis gives a residual and linear sum of squares
which is larger than the total sum of squares, Of course, this is the
consequence of using such an inefficient fitting procedure,

16J analysis of the R gtimull
Tables 22 and 23 give the results of an LCJ analysis of the R
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TABLIE 22

FEFRODUCED p;'k MATRIX (R STIMULI ONLY) FROM ICJ SCALE (U3)

;Y R2 Rl R6 RS ) §

o S06 512 552 581 .
Bb skk .52k 531 .578 ﬁ
R2 p* 50T  5M7 576 .652

P 592 565 AN35  .T28
R ) - od Sh0 569 .66

P ‘5"“ 0&5 0107

r 0529 om
R6 p S57T1 578

)l 979
RS p 52k
g

TABLE 23
VARIANCE -COMPOHENTS ANALYSIS PR U3
2
Source ar 8s M X P
Total 15 571.37 | 38.091 | 102.3% |<<.001
Linear 5 37785 | 75.090 67.68 |<<.001
Residual 10 157.80 | 15.780 | 28.19.| .001
o H -587
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stimuli only using the reproduction method (denoted by U3) and Tables 24
and 25 using the prediction method (dencted by Ui). The residual sum of
squares are significant in both analyses indicating that the LCJ theory
does not adequately account for the preference wWim of the R
stimuli, This comclusion should be tempered simce, as it was pointed
out in Chapter VI, the Mosteller analysis is oaly approximate. The two
reliability values im Table 23, r, = .523 ad r . = .587, while mot
as high as the reliabilities for the combimed stimuli in the Ul analysis,
indicate mevertheless that the LCJ scale does account for at least ome
half of the variance.

Unforﬁmtoly, due to the difference in degrees of freedom it is
difficult to tell from the X2 values whether the LCJ theory fits the
R stismuli better than it does the combimatiom of R and G stimuldl. The
reliability values also do not accurately indicate the relative difference
in fit when the degrees of freedom are not equal or, as it is more
usually described, when the range of talent is restricted. This
characteristic of the reliability coefficient could explaim why rg,
for Ul 1is greater than r,, for U3 (.845 compared to .587), However,
it appears reasonable to conclude that the prediction method gives a
better fit to the R stimuli tham it does to the combined stimuli, This
conclusion is borme out by the fact that the SSD for the U4 analysis
is approximately three times the SS for the U3 analysis while the
corresponding residual sumsof squares for the U2 and Ul analyses are
related by a factor of nime,

The similar residual sum of squares for the U3 and U4 analyses
suggest that the corresponding scales would agree. However, the two
scales, which are given below, do not appeer particularly compatible,
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TABIZ 2k
PREDICTED %, MATRIX (R STIMULL OMLY) FROK ICJ SCALE (Uh)
RA B K R

" 531 601 .62% 634
BV 531] [ ] 578 .6k .52

P. ‘513 0595 0605
) 435 [511] 578 56

» 582 [.592
B2 o 3 728 [.592]

p* B2k 53k
R [Jeh] 395
- »™ 510

P .293
n »

P

Note: Bracket indicates the pairs which determined the
ICJ scale.

TABLE 25

VARIANCE-COMPONENTS ANALYSIS FCR U4

Source ar 88 M X2 p
Total 15 571.37  38.091 102.34 <<.001
Linear 5 308.20 61.640  55.20 << .001

Residual 10 ok .23 k9.h23 88.52 «<.001
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(U3 scale)
R R8 R6 Rl Rz R4
0 .1996 2733 3741 3908 L4051
(U4 scale)
Rl N R8 R2 R6 R4

0 .0263 .0865 ,2327 .2654 .3432 .
It will be noted that except for the positions of N im U4, both scales
are folded Munsell lines.

To compare the Ul and U2 scales with the U3 and U4 scales, the
Ul and U2 scales are reproduced below for the R stimuli omly.

(U1 scale)
| | R8 R6 R4 Rl R2
0 .1117 .1929 3042 3190 .378
(U2 scale).
N Rl R8 R2 R6 | B4

0 .5446 .6312 7773 .8100 .8878
Except for the order of stimulus R4, the order of the stimuli om the
scales in Ul and U3 agree; U2 and U4 agree in order except for the
stimulus pair, N, Rl, In terms of the metric relations on these scales,
only the N, Rl reversal is serious since the N, Rl interval in the W2
scale is the largest adjacent interval on this scale,

Y theory asalvgip
The analysis of the V theory proceeds analogously to the U

theory analysis so that it will suffice to summarize the results without
further discussion of the procedure, The predicted or reproduced ph
values corresponding to the V1, V2, V3, and V) analyses are given in
Tables 26, 27, 28, and 29, respectively. There is no need to present im
detail the Gulliksen and Tukey variance-components analysis for the V
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TABIXZ 26

REFRODUCED psk MATRIX FROM V SCAIE (V1)

Gé G2 R2 Rl Rb Gl R6 R8 N

535 538 .636 .655 .660 .685 .700 .75 .760
.548 3 6

578 .619 .626 .653 .6h1 .T1h .769 .728

503 .603 .623 .628 .65 .66T .700 .73%
S17T 599 .619 .692 .5T8 .755 .69% .664

.600 .620 .62k .651 .664 .69% .731
S5T8 .619 .66 .T726 .626 .Tik .T21

521 525 558 568 .602 .6hb
529 56 599 565 435 .28

505 533 .548 .581 .625
A76 .500 .5k 605 .TOT

528 .543 577 .621
503 .531 .5T8 .6k

515 549 .59
.503 .558 .538

S3% 579
ST1 578
545
524
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TABLE 27
PREDICTED p;k MATRIX FJROM V SCALE (V2)
ch R4 R6 Rl Gl N

653 .71k 619 578 .169 626 .6h1 .T28
502 .533 55 .636 .78 .808
531] [.5M4] .308 .35 578 528 503 .6k
5311 1.544] 545 .576 .63 .782 .807
&35 .2k5 .37h A56 A97 578
Sl 515 .5k6 571 605 760 .7187
A01  b22  b35 [.592] .599 .728
501 532 .558 ] JI51 .T78
P 517 .69% .619 .5T8 .66h
P 531 557 .591 .49 .TTT
™ T 619 [.T726] .T21
P 526 .561 |.726| 195
™ 395 .42 .524
P 535 .T0%  .T35
.500 [.T07
675 |.707
.538
.538

% <%

Note: Bracket denotes a pair wvhich was used to determine
the V scale.
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TABIZ 28

REPRODUCED ysk MATRIX (R STIMULI ONLY) FROM V SCAIE (V3)

Rk R2 Rl R6 RS N
M 0 2N 3R % e
R} 3% 26 % e
Rl g' :222 :ggg ;233
134 i
B8 ‘; 223
"3

TABIE 29

PREDICTED psk MATRIX (R STIMULI ONLY) PROM V SCAIE (Vh)

R& R6 R2 R8 N Rl

r* 531 [.skh| 601 .62% .634
Ré p .531) |.5kh] 578 .6Mk .524
'l Sie [511] 595 .605
R6 p 435 .571] 578 456
p* 558 .582 |.592
R2 p .335 .T28 .592]
p* S52k] .53k
R8 p skl .395
) o 511
§F p 293
p*
Rl p

Nota: Bracket denotes a ir which vas
used to deteruine V scale.
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theory, simoe the results are essentially identical to the U theory
analysis. This may be seen im Table 30 im which the residual sum of
squares, SSD , are compared. In each case, corresponding SSD terns
between U and V theories are quite close, although there appears to be
a slight temdency for the V theory to fit the combimed set of stimuld
better than the U theory, while the opposite tendency holds for the
analyses based om the R stimuli only. However, these tendencies should
probably mot be taken seriously simce they could have easily arisen ty
"rounding off® errors. In any case the difference between the two
theories is, as was shown in Chapter IV, essentially triviel,
TABLE 30
COMPARISON OF SS, BETWEEN U AND V THECRIES

Analysis U Theory V Theory
1. 363.41 354.12
2, 3313.03 3247.43
3. 157.40 157.49
he 494.23 495.12

There is also no meed to repeat the four V scales in the four V
analyses simce the order of the stimuli on these scales completely agree
with the corresponding U scales. The numerical values of the stimuli
differ, as is to be expected, sinoce the fumctioms which map the scale
values of a pa:lr of stimuli into a preference probability differ.

Q theory analysis of R stimll
Qs apalysis.-The I scales for the R stimuli, given in Table 31,

are obtained by the method of stochastic preference. If R2 is higher
than Rl in a given I scale, it means that R2 was stochastically
preferred by the subject more often than was Rl, It should be mextiomed,
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however, that the prefereace judgments used in determiminmg these I scales
do not imclude judgments involving the G stimuli; had these Judgments
been used, fewer ties would have been obtaimed, but the analysis would
have comnfounded the two hues.

It is evidext on inspsction of the I scales in Table 31 that the
J scale which is compatible with the predominant number of I scales is
equal to the Munsell order, that is, the arder

N, Rl, R2, R4, R6, RS,

The order of the stimuli im forty of the forty-mime I scales is
compatible with this scale, except for at most a single adjacent pair of
stimli, which are reversed in order. Of the remaining mime I scales,
only ome, the I scale of subject 8, is clearly imcompetible with a
folded Mumsell scale. This subject acted as though R4, the middle
stimulus, and the extremes, N and R8, were mearly equally acoeptable,
The analysis will, however, include this subject since his I scale
could have resulted by chance from preferences which are compatible with
the above scale,

The mumerical values of the J scale were obtained by using the
pjk matrix givea im Table 32, The emtries in this table were obtained
ty using the umilateral judgments only. Frecisely how this is accomplished
in the present case cam be illustrated by the following example.
According to the I scale of subject 2 in Table 31, the ideal stimulus for
this subject is im the vicinity of R2. The unilateral judgwents for
this subject will thea consist of the pairs

(v, 11), (R4, R6), (R4, R8), and (R6, RBB).

It will be noted that only the stimulus R2 is omitted from the four
pairs above. For the pair N, R1 the mumber of times (out of three)
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this subject preferred Rl to N was tabulated and formed the basis of the
Psx value in the Rl, N cell of Table 32, For the remeining pairs,
(R4, R6), (R4, R8), and (R6, R8), the preference for the less saturated
stimlus was tabulated. The general procedure for each subject,
therefore, was to use all pairs unilateral to the most preferred
stimulus (not including the ideal stimulus) and to tabulate for each
peir the munber of preferences for the stimulus which was nearer to the
ideal stimulus., When two or more stimuli were tied amd had the highest
rank ia the I scale, a corresponding number of stimmli was deleted from
the above analysis, Subject 4, for example, has Rl, R2, and N tied so
that only the judgments of pairs (R4, R8), (R6, R8), and (R4, R6) were
tabulated., It will be seen that the matrix in Table 31 based on the
above tabulation scheme does not represent a preference matrix, but
rather a discrimination matrix. The proportiom in the N, Rl cell
essentially indicates the mumber of times Rl was greater than N, the
positive direction being defined as the direction of greater saturation,

The matrix of normal deviates corresponding to Table 32 1s given
in Table 33. The separate estimates of each adjacent interval were
obtained by takimg the difference between the entries in adjacent
columns of Table 33, These differences are presented in Table 34 along
with the appropriate weightinmg factors. The weighting factors were
necessary to take account of the different reliabilities of each
estimate which resulted from the differences in the number of judgments
used to determine each proportion in Table 32 (Thurstone, 1928), The
weights are determined by

Z_lll;ﬂa
B #h
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TABLE 32

ka MATRIX (R STIMULI ONLY) FROM UNILATERAL JUDGMENTS (Qe)

N Rl R2 Rb R6 RS

150 .787 .868 .Gk8 -~

N (108) (15) (53) (33)
.690 .88 .T18 .750
n . (87) (66) (Ms) (12)
.01 .758 .813
R2 (87) (66) (33)
«T11 .711&
Rb - (96) (63)
.656
B6 (93)

Note: Uppor pumber in each cell is a proportion; lower
pumber 18 the total mumber of judguents on which
proportion is based.

Rl

R2

Rb

R6

RS

TABIE 33
z x MATRIX (R STIMOLI ONLY) FROM UNILATERAL JUDGMENTS (Qa)
N R1 R2 Rh R6 RS
L6785  ..7961 1.1170 1.0279 --
(108) (75) (53) (33)
- ,6Th5 B 1.0279 7655 .-
(108) (%2? (66) (4s)
- 7063 - N 5273 6999 .9078
s oy @ 6y
-1.1170 -1.027 .. Th21  .5651
Gn s E (%) 163)
-1.0279 - .T655 -.6999 -,7h21 4016
(33) (85) (66) (96) (93)
.- - =078 ..5651 -.4016
.(33) (63) (93)
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where N, and N, are the number of judgments involved in the two
proportions which determine a given estimate. For the direct estimate
of an interval by a single Pix value-—these terms lie adjacent to the
diagonal in the matrix in Table 33 ,-—32 may be considered infinite, so
the weight is equal to 2N, If )11 = N2 , then the weight reduces to N,
The direct estimate is, therefore, generally weighted at least twice as
muich as the indirect estimates of a given interval, The scale
determined by the average estimates in Table 3/ is as follows:

(Qa scale)

N Rl R2 R4 R6 R3
0 .4521 .7850 1,748 1,5187 1.7486

With the numerical values onm this J scale determimed, it is
possible to determine the validity of the procedure used in deriving
this scale, It was assumed im this procedure that a subject whose most
preferred stimulus was R2 could be used in determining the R4, R6
interval. In general, it was assumed that the unilateral equation
would give sufficient accuracy if a subject were separated from a given
pair by only ome adjacent interval. However, the average distance
between adjacent stimuli in the Qa scale ibon is only .35, and from the
considerations of Chapter III little accuracy can be expected from the
unilateral equations under these conditions, It will be recalled that
the accuracy can be improved by using only the direct estimate of each
adjacent intervel; the indirect estimates tend to underestimate the
actual value. In fact, inspection of Table 34 shows that the direct
estimate 1s ocne of the largest estimates of each interval., It would
appear, therefore, that the separation between adjacent stimli could
be increased by using only the direct estimate of each interval, and
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TABIE 34

SEPARATE ESTIMATES OF EACH ADJACENT INTERVAL ON THE Qs SCALR

NRl

Separate 4

r a
6T85(216)
.2160(80.6)

Estimates )| .0891(58.8)

~

Average {.ksel
Estimates

.2624(38.1)

..0318(88.5)

Adjacent Intervals

Rl R2

.959(174)°
.5006(75.1)
.0656(53.5)

3329

R2 Rb

- .4107(62.1)

-5320(75.1)
.5273(17%)"
-.0422(78.2)
3827(45.8)

-3808

a
The direct estimete of the interval.

e

p*
R2y,

p

»
R6},

e’

) 4

TABLE 35

Rb R6
-.0891(%0.7)
-.2628(53.5)

1726(75.1)
h21(192)"
.1635(75.1)
.3439

p;k MATRIX FROM THE Qb ANALYSIS

RY4

R2 Rl
.522 0581
Sk .52k

S72
+592

R6
-569
531

S5h2
-565

£

RS

L] 632
.578

596
435
.538

584
571

.682
.Gl

.698
. 728

657
707

L &5
.578

552
.52k

R6 R8
-2079( k)
<1770(76.1)
.4016(186)*®

.22”
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this modification would increase the accuracy of the unilateral
equations, This analysis is carried out in the next section.
gb analvais.-Using only the direct estimates of each adjacent
interval the following scale was obtained.
(Qb scale)

N Rl R R, R6 R8
0 L6745 1.1704 1.6977 2.4398 2.84

The average separation om this scale, .57, while larger than the
separation on the Qa scale, is not nearly as large as would be desirable,
However, the altermative procedure of selecting subjects who are at
least two adjacent imtervals from each stimulus pair would drastically
reduce the number of judgments which would form the basis of the analysis,
Since it ie difficult to weigh these two factors (the accuracy of the
unilateral equations versus the amount of data to be used) both analyses
will be carried out., In this section the analysis of the Qb scale will
be continued,

Figure 9 contains the histogram of subjects or, more precisely,
ideals on the Qb scale, The width of each bar in this histogran is
determined by the midpoints between adjacemt intervals, The ideal poinmt
of each subject canmot be located more accurately than this, (When the
nost preferred stimulus in an I scale is tied, the average of the scale
values of the tied stimuli was plotted.) A mormal curve was fitted to
the histogram in the following mammer, The mean of the mormal
distribution was determimed by the median of the histogram., The mean of
the histogram could mot be used to determine this parameter because the
two end intervals of the histogram are opem or unbounded intervals,
Determining the value of the standard deviation was somewhat more
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complicated, The general ;Srpcodm was to select the O which
minimized the value of the goodmess~of-fit- X % . Three interval
estimates of (J were used to determime the fimal estimate. Ome
estimate of (J was obtaimed by averagimg the two values of (f which
would accurately predict the mumber of subjects in the end intervals of
the histogran, These two values of 0 are .9148 and 1,3578 amd their
average is 1.1363, The x 2 based on this average U is 2.3785. The
two other estimates of (J which were used and their corresponding x2

values are:
0, = 1.1987, x2 = 2.6036
63 [ 100000, x; - 3.1881

The fimal estimate of ' was obtaimed by fitting the three values of
O emd X? to a quadratic curve, a10’2+a20‘+.3 = X2, and then
solving the quadratic equatiom for the mimimum value of X , The value
of the quadratic coefficiemts obtaimed were

83 = 48.0502

a, = -108,5896,
and using as the mimimum poist

gs " 2

2&1

the fimal estimate of 1,1300 was obtaimed. The X ° value of this
£imal estimate is 2.3603 which, im fact, is less than the previous X 2
values, (The probebility level of the fimal X2 for three degrees of
freedom is approximately equal to .50.)

The mean and variamce of the mormal distributiom fitted to the
histogram im Figure 9 is assumed to be an estimate of the mean and



varisnce of ci in the population from which the subjects are dravn.l
- Consequently the values of the bivariate normsl peramesters, as
described in equatioms (60), (61), and (6b) in Chapter III, are
as follows.
2

. = 1+02 - 2.2769
dt.1 c,

T, ,:O’Eﬁ.z: .T8040 | .
I%x 1+Q’Si

V
"
[
(o)

TJ - 1.6104 - QJ

The values of Qj are given im the Qb scale, -

Using the above parameter values in equation A, the p sic
values predicted by the Q theory (using the Qb analysis) were obtaimed.
These predicted values are contained in Table 35. The residual sum of
squares, SS; , implied by this table is 163.79. Since the SSD values
for the 113 and U4 anslyses were 157.40 and 494.23, respectively, it
is clear that the Qb scale is far superior in accounting for the data

tham the U4 scale, but it is not quite as good as the U3 scale. (The

]‘rhia is not strictly accurate. The variance of the histogranm
is the result not onmly of the variability of Cj over subjects but also
of the variability of c; withim subjects. The total observed variance
is therefore an estimate of

22 ot - &, (5

where n, in this case, is the mumber of observatioms of each subject's
ideel point., The mumber is difficult to estimate, however., At most it
is equal to 135, the mumber of judgments made by each subject. Simce
Oc 1s spproximately equal tol, O o to}, & value of m greater tham
50 would make the (J o/n term negligifle coapared to @ 2 . It appears
reasonable them to assume in the followimg analysis that this term is

negligible, Since N equals &9, it is also reasonadble to assume that
the coefficient (N-1)/N can be ignored.
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conclusioms, of course, are similar for the V3 and V) scales.) It is
difficult to say, however, oa the basis of these error terms that the Q
theory is more or less adequate than the U or V theories, Nor is the Q
theory made more plausible after a consideration of the non-SST triples
in the matrix of Table 35. Of the two triples predicted by the Qb
analysis which do not satisfy SST only ome of these triples failed to
satisfy SST in the obtaimed pjk matrix, The obtaimed pjk matrix,
however, contains eleven triples (out of twenty) which do mot satisfy SST,

Qc gmalveip.~The J scale im this amalysis was obtained by
deleting for each subject three stimuli, ome om each side of the most
preferred stimulus, This means that if a subject's most preferred
stimulus was R2, then only umilateral stimmlus pairs not contaiming
either Rl, R2, or R} were considered for this subject, In this case,
only the subject's judgmeats of the pair R6, R8 would be used, If the
subject'!s most preferred atinuluﬁ was an extreme stimlus—-that is,
either N or RB——-generally only two stimuli were deleted. The pjk
matrix based om this analysis is given in Table 36,

It is obvious from this table that a comsiderable amount of the
origimal data has been meglected im the amalysis, In fact, of the 2205
judgments ( 3 x 45 x 15) im the data, only 282 judgmeats (or 12.8%) are
used im the Qc amalysis, (The Qb method used 471 judgments or 21.3% of
the data.)

The Q scale determimed by Teble 36 is as follows:

(Qo scale)

N mn R2 R4 R6 R8
0 .5388 1.0205 1.6424 1.9982 2.4687

The average separation between stimuli om this scale is .,9, and simoce
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TABIE 36
ka MATRIX (R STIMULI ONLY) FROM UNILATERAL JUDGMENTS (Qc)

N Rl R2 Rb R6 R8
N +T05
(78)
Rl .685
(54)
R2 .T33
(85)
R~ ) 0639
. (36)
R6 .681
(69)
RS

Note: Numbers in parentheses denote the number of umilateral
Judgments.

TABIE 37

psk MATRIX (R STIMULI ONLY) FROM THE Qc ANALYSIS

Rs R2 Rl R6 R8 N

Rb on 521 ..583  .532 .60 .671
P Sk 52k 531 578 .6kb
R2 p» 576 .509 571 .687
P SR 565 M3 728
R1 p» M9 509  .633
P Sk 605 .T707
R6 p# 582 .63k
P S5T1 578
RO pm <570
P .52k
p*
P
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the stimilus on each side of the most preferred stimulus was deleted im
the Qc analysis, each subject was therefore about .98 units from a
unilateral pair of stimuli, This distance im the Qb scale was .57 so
that the unilateral equatioms im the Qc amalysis should be considerably
more accurate,

The histogram of subjects, plotted in Pigure 10, was fitted with
a normel curve using the same procedure described in the Qb amalysis,
The mean was set at the median (1.4672) and the three estimates of (
with their X 2 values were:

J, = .9352, x3 = .26
2
d, = 90 , X, = 8319

The interpolated (J , obtained by minimizing a quadratic function, was
.9476. Since the X2 value of this sigma was ,7540 (.80< p < ,90),
which is slightly higher than X § , the interpolated estimate

was reduced slightly to .9470.

Oa the basis of these estimates, the parameters of the bivariate
normal fumction were determined, and equatioh\A- was used to predict each
preference probability. These p;k terns are presented im Table 37,
The residual sum of squares determined from this table is 196.44. The
Qc scale, therefore, acoounts for less of the data than the Qb scale
(SSp = 163.79) and the U3 scale (SSp = 157.40). However, the Qc scals
is considerably better tham the U4 scale (SS, = 494.23), and takinmg into
aceount the fact the U, analysis uses 2.6 times as much data as the Qo

analysis, the results are somewhat surprisimg,
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Q _theory analvels of the conbined set of stimull

The major source of difficulty in analyzing the combined set of
stimull 1s to determine the order of the stimuli om the J scale from the
1 scales given in Table 38, While the order of the R stimli or the G
stimli separately is easily obtaimed from the I scales—-the order is
the Munsell order—-it is not immediately clear what the combined order
is, This order was derived from the following step-wise procedure.

Determination of the J gcale.~ 1) To determime the extreme
stimuld of the J secale, the mumber of times each stimulus was least
preferred was tabulated as follows,

Gl G G, G6 Rl R2 R4 R6 R8 N

7-5/6 1 0 4 7 3 3 6 81/3 12-5/6
These results suggest that Gl, Rl, R8, and N are mear the extremes of the
scale, but the tabulation does mot indicate which stimli are near the
same end of the scale,

2) In Table 39 the murber of times a stimulus ranked second in
the I scale, when a given stimulus was ranked first, 1is tabulated. The
purpose of this tabulation is to determine which pairs of stimuli are
juxteposed on the J scale, The results of this tabulation, however, are
clearly disappointing. According to these results, if a subject most
prefers a G stimulus then his second choice is generally also a G
stimmlus, Similarly for the R stimuli, This enalysis suggests that the
G stimuli and the R stimli are grouped separately on the J scale, which
is, of course, characteristic of the Mansell dimension, However, from
other consideratioms, enumerated below, the Mumsell lime does not seem
to be appropriate for the combined set of stimull,

3) An alternative but similar tabulation to Table 39 is presented
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TABIE 39

THE RELATIONSHIP BEIWEEN FIRST AND SECOND
CHOICES AS INDICATED 1IN THE I SCALRS

G6 G G2 G1 Rl BR2 =R R6 R8 N

a6 |2.5% |1 -5

Gh | O 2.0% 1 S5

62| 2 ~1.3 2* 115

Gl 3 |1 ‘

Rl 2 1#
R2 .51 2.5% on

R4 S 1 S5)1 1 1#

R6 5 | 1

R8

N 3

Note: Entries demote the nunber of I scales in which colum
stimilus was ranked first and the rovw stimulus secomd.
Asterisks denote the modal value in each columm.
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im Table 40, This table shows, for example, the number of times a given
R stimulus was the most preferred R stimlus wher the subject's first
choice was a particular G stimulus, The purpose of this tabulation was
to discover what imteraction or correlation existed between the
different hues,

The relationship betwees the R and G hues indicated in Table 40
is striking, If a subject's first cholce is a highly saturated R
stimlus, then his first choice among the G stimuli tends to be a highly
saturated G stimulus., These results suggest that the R and G stimll
are order on the J scale approximately as follows,

R8, G6, R6, G4, R4, G2, R2, R1, Gl
This order was used as a first approximetiom for the remainimg part of
the analysis,

4) The order of the peir Gl, Rl, as given im the tentative J
scale shown above, was verified as follows. Subjects were selected
whose ideal stimulus was not im the region of Gl, Rl; these subjects
have as a first choice R8, G6, R6, G4, or R4, In the I scales of these
subjects Gl is ranked over Rl nimeteen times; Rl over Gl twenty-four
times, and there were three ties. These results confirm the tentative
order of the stimli indicated above, namely that Gl is more extreme on
the J scé.le than R1,

5) It would appear that atimmlus N, the neutral gray, would be
located near the desaturated end of the scale, neer, that is, Gl and Rl,
‘This was confirmed by tabulating, for subjects located near the highly
saturated emd of the tentative J scale, the mumber of times Gl, R1l, amd

t

R2 were ranked over N, The results were as follows,
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TABLE MO

THE RELATIONSHIP BRIWEEN THE R AND G
STIMULI AS INDICATED IN THE I SCALES

Gé Gh G2 Gl Rl R2 Rb R6 RS
Rl S5 2 1.5 1 a1 2 1 3
R2 O 25 1.25 1.5% | g2 2.5% 1?5 on 0o
Rk 3 1.75 1..25 > Gh 2 S D 3
R6 1.5 2?5 0 o 66 0 S S 1.3%
R8 5. 1 15 O

Note: Eutries demote the mumber of I scales ia which the
colum stimulus was first and the row stimulus was

Gl

Rl

R2

Rb

G2

& £

R6

the most preferred stimulus vhich differed im hue
from the first choice. Asterisks demote the apmrox-

imate locatiom of the medism value in each columm.

TABLE M1

Gl Rl R2 Rb
S5h8 .07 .T36 .T97
(128) (99) (87) (Th)
408 481 .%560

(98) (81 (75)

609 .ThT

(87) (15)

s705
(78)

G2

b2
(39)

MATRIX FROM UNILATERAL JUDGMENRTS (J1)

G G6

.Th5 .800
513 (89)
: <719

(57

R6

.Gl
(85)

579
(57)
.681
(69)

R8

.688
(b5)
.683
(57)
s609
(69)

(120)
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N >Gl - 8 N>Rl - 9 N>R - 4
GL >N -16 RL?N =17 R>N =20
Tied =~ 4 Tied = 2 Tied = 4

Simce N is the less preferred stimulus im each case, it is evident that
N is, in fact, the extreme stimulus at the desaturated end of the scale,
This confirms the conclusioms reached im section 1) above,

6) The order of the stimuli mear the seturated end of the J
scale was verified by using the I scale of subjects located at the
opposite extreme of the J scale, The tabulation was as follows,

G6 > R8 = 20 G6 > R6 = 19 R6 > RS = 16
R >G6 = 9 R6 >G6 = 9 R8>R6 - 8
Tied = 2 TMed =~ 4 Tied = 7

These results imdicate that the order of the stimuli from the saturated
end of the J scale is R8, Ré, G6, which is a modification of the
tentative J scale order given above,

7) Using the subjects located mear the extremes of the J scale,
the order of the middle stimulus was determimed by the usual schemc.

The results of this tabulatiom were:

ch > R - 18 Gt 7 G2 - 16 Gt > R2 - 20
Rb> G4 - 9 G27 Gk - 5 R2 7G4 - 1
Tied - 1 Tied - 3 Tied - 3
Rk-jce-lo Rk > R2 - 17 G2 » R2 - 17
G2 >Rk - 15 R2 >Rk - 3 R2>G2 - 5
Tied - O Tied - &4 Tied - 2
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The order of the middle stimuli from the saturated emd of the J scale
as given by this tabulation is G4, G2, R4, R2.

The order of the stimuli om the J scale as given in the seven
step procedure thus far 1s

(J 1scale)
N GlL R1 R R4 G G4 G6 R6 R8
This order of the stimuli, a modificatiom of the original tentative J
scale given in step 3) will be demoted by J1.

8) Using the J scale in step 7) (J1) and the unilateral

judgments, the Pyx metrix in Table 41 was constructed. The unilateral
judgments that were used in this table did not imclude at least three
stimld for each subject, usually the three stimuli that were ranked
highest in the subject's I scale, Some of the exceptiomal cases cam be
11lustrated with the followimg examples. The first three choices of
subject 2 as indicated by his I scele in Table 38 are R2, G4, G6. For
this subject the three stimuli omitted were R2, R4, G2, so that for this
subject the umilateral judgments involved only the pairs (R8, R6),
(RS, G6), (RS, G4), (R6, G6), (R6, GL), (G6, GL), (R1, G1), (R1, K) amd
(Gl, N). Subject 10 has three stimuli tied im first positiom in his I
scale, R1, R2, G2, and for this subject the stimuli Rl, R2, and R, were
deleted,

Table 41 can be used as the basis for deternining the muserical
values of the stimli on the J1 scale, but it leads to difficulties.
The average of the estimates of the interval (Gl, Rl), for example, is
negative, imdicating that the order of Gl, Rl on the J1 scale should be
reversed, However, if the order of Gl, Rl is reversed them the matrix
in Table 41 is mo lonmger valid and must be retabulated,
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9) In this step the order of Gl, Rl was reversed, giving as

the J2 scale

(J2 scale)

N R1L GL R2 R, G2 G4, Gb R6 RB

The pjk matrix based on the unilasteral judgments corresponding to the
J2 scale is giver in Table 42, and the mumerical values which result
from Table 42 (usimg the weighting scheme discussed previously) is as
follows,

(J2 scale)

N Rl Gl R R, G2 G4 G6 R6 R8
0 .3580 4999 5429 JOLL 9409 1,329 1.5437 1.6407 1.78L4

The average separation betweer adjacemt stimull on this scale is .19,
and therefore the distance between a subject's location and a unilateral
pair of stimuli is approximately .38, This separation between subject
and unilateral stimulus peir is, of course, entirely too low to obtaim
appreciable accuracy from the unilateral equations,

10) Greater accuracy can be obtained with the umilateral equations
if the direct estimate of each adjacent imterval is used instead of the
average of the indirect eatimtés. However, if the direct estimates are
used in i‘able 42 the stimulus pair Gl, R2 will have to be reversed since
the proportion in the Gl, R2 cell is less than one half, Reversing this
pair of stimuli means, of course,retabulating the entire matrix, The
revised Pyx matrix based on the J scale im which Gl and R2 are
reversed (called the J3 scale) is given in Table 43. The J scale values
corresponding to Table 43 are as follows,

(33 scale)

N Rl R2 Gl ):A G2 G G6 R6 R8
0 5044 8549 .8975 1.0181 1.,0432 1.4748 2.1619 2.6324 2.8857
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TABIE 42

ka MATRIX FROM UNILATERAL JUDGMENTS (J2)

Rl Gl R2 Rb a2 Gh G6 R6 R8

.693 .526 .736 .T97
(11%) (99) (87) (78s)

592 .609 .7
(98) (871) (75)
81 560
(871) (75)

.95
(78)
510 .666 .733 .800 ,733
(51) (36) (30) (30) (30)
745 .800 .6k .688
(51) (b5) (B5) (5)

719 .579 .683
(571) (57) (5T)

.681 .609
(69) (69)
.600

(120)

TABLE 43

ka MATRIX FROM UNIIATERAL JUDGMENTS (J3)

Rl R2 Gl R G2 ¢4 66 BR6 RS

.693
(11k)
.637
(102)

.517
(87)
.548
(8n)
.510
(51)

(48)
754

(57)
.681

(69)

(120)
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The average scale separation on this J scale is .32 and therefore the
average separation between a subject and a umilateral stimulus pair is
.64. While this separation is not as high as would be desired, this
scale will be used in the remaining analysis of the combined set of
stimli,

Q3 analysis.-The histogram of subjects plotted on the J3 scale
in Pigure 11 does not appear to have a normal distribution. The
histogram can, however, be fitted rather well with two normal distributions,
The procedure employed in fitting two normal distributions to this
histogram was as follows,

The mean of one normal curve, My, was set at .9034, which is
approximately in the center of the modal bar, the ber containing 13.47
subjects. Since there are 13 subjects to the left of LY the first
normal curve will consist of 26 subjects. This leaves 22 subjects for
the second normal curve or 11 subjects to the right of N, Using this
fact, M, was located at 2.0288, The standard deviation of the first
normal curve d 1 Wvas determined by the two extreme bars on the left im
Figure 11, This was done by computing for each of the two bars ad
which would accurately predict the number of subjects in each interval
and then averaging the two standard deviations, A similar procedure was
used for the second normal curve, employing instead the two extreme
intervals on the right, The values of the six parameters of the two
noml distributions are summerized in Figure 11,

The xz based on the values of the six parameters of the two
normal curves is equal to .6661, which for four degrees of freedom has a
probability level between .95 and .98, The fit of the two normal curves

to the histogram is therefore reasonably good.
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In Teble 44 the pix values predicted from equation A using the
values determined in Figure 11 are presented for each of the two normal
curves, The combined pfk valuee, obtained by a weighted average of
the two Pik values in Table 44, are presented in Table 45. The
residual sum of squares (SSD) derived from this table is equal to
1378,80, This value is notably larger than the S5, value for the N1
analysis (363.407) but it is less than the S‘.‘»D of the U2 analysis
(3313.03). In fact, in terms of the goodness of fit, it would eppear
that the Qd scale in the present analysis lies midway between the ul
and U2 scale, having an SSD three times larger than the former scals
and one third as large as the latter.

In comparing the residual sum of squares that are summarized ia
Table 46, it would appear that the Qd amalysis of the conmbined set of
stimuli is somewhat inferior to the Qb.amlya:ls of the R stimuli, This
conclusion 18 based on the observation that the 3S; of the Qb analysis
is more similar to the 35) of the U3 amalysis than is the SSp of the
Q2 enalysis to the SSD of the Ul amalysis, It should also be moted that
the superiority of the Qd analysis to the U2 amalysis cannot be directly
attributed to ‘the amount of data which each theory used simoce, in fact,
the Qd analysis uses only about half as auch dats in determining the

stimulus parameters.

Comparison of discrimization scales

In Figure 12 the ;iiaainimtion scales, J2 and J3, are plotted
along with the Mmsell scale. Simce the R and G stimli are interwovea
on the J scales while kept separate on the Mumsell scale, it is obvious
that the J scales and Munsell scales are mot compatible. It appears
that if the Mumeell scale wers folded omto itself at the meutral gray
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TABIE Mk
PREDICTED Py VALUES FROM NCRMAL CURVES (1) AMD (2) IN THE Qd ANALYSIS
G« G6 G2 BR2 Rl R« Gl BR6 R8 N
Gh il) 671 L9 Mu8 b75 M8 M4T 793 847 .560
2) .h55 597 .67 .680 .608 .635 .507 .551 .851
a6 (1) .300 .306 .341 .300 .30h .661 .72 .27
(2) 625 .665 .738 .631 .656 .555 .605 .826
ce (1) A95 476 W97 493 .802 .8h6 .611
(2) 556 .665 .508 .53 .k31 .M76 .808
g2 (1) 528 .50k .b97 .791 .83% ,618
(2) 615 .M51 886 .393 .k38 .773
Rl (1) A75 b2 152 795 .600
(2) 340 .373 .323 .367 .679
rh (1) 495 .801 .85 .613
(2) 536 426 .71 .80h
(1) 9%  .837 .618
61 (2) 02 .Uao? .782
() 595 .331
R6 (2) 557 .7167
(1) .283
R8 (2) 127

Note: Upper eamtry in each cell demotes predictiom from curve (1);
lower mumber from curve (2).
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TABIE &5

OF CURVES (1) AND (2) IN THE Qd ARALYSIS

G6 G2 R2

572 517 539
588 .578 .619

M9 AT1
'517 0599

523
578

U

363.41 v, =
3313.03 V, =
157.80 Vé 4

hok .23 Vh

Rl Rb

569 .519
626 .653

. 523 oh,l
.619 .692

563 502
.619 .646
592 k56

M3
M76

TABIE 46

v

35h.12
3247.43
157.49
495.12

Gl

-333
.61

465
578

.516
.T26
Ch%
27

514
«303

P
}Qb
Qe

R6

.%2
<Tih

612
155

.632
.626
.565
.556
5k
.531

615
-503

R8

.72
.769

679
694
677

Tk

.652
.35

«599
.605

.6Th
578

.658
.558

1T
STl

1378.80

163.79
196.:b

-693
.728

610
06&'

.702
721

.728

636
707

.701

693
.538

531
578

AT
52k

V, AND Q ANALYSES
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J2 gcale
|
Rl @ 3:2 Rk G2 Gh a6 RE, 58
o . +358 .500 9k | 1.303 1.5 ;| 1.781
.53 -9kl 1.6
WP sele Ll ke g2 G 6 R6 RS
G
| L mame o . s »g
0 <50k .85%,1.018 ; 1.M75 2.162 2.632 2.886
.898 1.043
Munsell Scale
Gh G2 Gl N Rl R2 Rb R6 RS
6.0 k.0 2.0 1.0 0 1.0 2.0 b2 6.2 8.3
Fig. 12 - Comparison of J scales with Mumsell scale.
Qa Scale
N Rl R2 Rh R6
eee—————— '
o | M52 185 1.17% 1.519 1.749
Qb Scale
N Rl 5 RY E RS
0 | 675 1.170 1.698 2440  2.8M1
Qci Scale
N Rl R2 Rb 56 BP
0 539 1.021 1.642 1.998 2.469
Je Scale
| 1 R Y 6 R
0 .358 543 91k 1.641 1.781
J3 Scale
L Rl B2 R4 N6 _BP
(1) 504 .855 1.018 2,632 2.886
M Scale
N Rl R2 n} nj6 RP
0 1.0 2.0 h.2 6.2 8.3

Pig. 13 - Comparisom of J scales with Munsell scale (R stimuli)



-170-

stimlus, N, the Munssll scale would agree more closely with the J
scales, This folded Munsell order is presented below,

N, (Rl G1) (R2 G2) G4, R4, G6, R8
It will be seen that the folded Munsell scale does mot quite agree with
the two J scales. In J2 the rank of R4 differs by two and, ia additiom,
in J3 the pair Gl, R2 are reversed. However, the conclusion that the
folded Mumsell scale is imcompatible with the discrimimatiom scale
obtaimed with preference judgmeamts must be viewed as highly tentative,
considering the fact that the Qd amalysis based oa the J3 scale did mot
£it the data particularly well, Furthermcre, the following analysis of
the R stimuli suggests the reverse comclusion.

In Figure 13 the five J scales of the R stimuli are plotted;
three of these scales are btased om the analysis of the R stimli omly
and two are derived from the J scale of the conmbimed set of stimli,
The squared correlations betweem each of these scales aad the Munsell
scale of the R stimuli are as follows,

‘2.72,11 = 976
"2.13,1 = 9346
;-2%. = 9496
rqu’u = .9685
rz .9623

These correlatioas are strikimgly related to the predictability of each
scale., It will be recalled that the goodmess of fit of the Qb amalysis
monporiortothagoodnuotﬁtorthemmhua-—tho SD of
the former beimg less than the SD of the latter——and correspoadingly
theeomhtionotthodbmhwiththomuscahishighcthn
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the correlation of the Qc scale with the Mumsell scale. Also it will
be recalled that the (b amalysis appeared to be superior to the Qd
analysis, simce the amalysis of the former was more similar to the
corresponding U theory amalysis employing the reproduction method.
Correspomdingly, the correlatiom of the Qb scale to the Mumsell scale is
higher tham the correlatiom of the Qd (33) scale to the Mumsell scale,

The implicationm of the results based oa the R stimuli confirms
the validity of the Mumsell scale as a description of the discrimimation
scale obtaimed from discrimimative judgments as well as the discrimination
scale obtaimed from preferential judgmemts. Im other words, for a single
hue these results suggest that the imdepemdence assumption is tenable,

Although some of the J scales correlate better with the Munsell
scale than others, there are nevertheless some consistent discropancio;
ip the metric relations between the Munsell and the J scales. The
interval between stimilus N and stimulus Rl, for example, is one of the
smallest on the Mummsell scale, while it is ome of the largest adjacent
intervals on the J scale. The actual rank of the N, Rl distance om each
of the J scales is as follows. (Rank 1, denotes the largest distance,
rank 5 the smallest.)

Scale

J2

J3

Qe

QP

Qe
mmtﬁodtml,mmmlmtm:ouhumbeuphindu

DNV NDW E

the result of a perceived qualitative difference between these two

. stimld, While logically the N stimmlus is the matural limit of the R
stimuli as the stimili decrease im saturatiom, most subjects reacted to
the N stimulus as a neutral gray, not as a desaturated red. A subject,



-172-

for example, who preferred desaturated reds tended to avoid the neutral
gray.

Thmuulloaouducnmhthemgntudodthohuﬂll
R6, R8 on the J scales and this interval om the Munsell scale, The
R6, RS interval om the Mumsell scale is one of the largest intervals
while on the J scales it is ame of the smallest. The ramk of the R6, R8
interval on each of the J scales is as follows,

Scale  Rank

J2
J3
Q
Qd
Qe

Apparently subjects do not have stroag preferences between R6 and R8,

F VU P AV |

both of which are seen as bright red colors.

The discrepancy between the Mumsell and the J scales can also be
cphimd\vthenpidcpomofthonmn. The rapid exposures of
the stimuli might have distorted the usual perosption of the colors.

Some slight confirmatioa of this conclusion is afforded by comparing

the preferences obtaimed in the slow and rapid exposures. Of the elevea
judgments made under the slow presentations, on the average 1.45 disagreed
with the judgments made umder the repid exposure, A disagreenent between
the judgments for a given stimlus pair x, y presemted umder slow and
rapld exposures was defimed as follows: if the mmber of stochastio
choices for x under the rapid presemtations exceeded the mumber of
cholces for y bty more tham one, and if y was preferred to x im the slow
presentations, then the judgments between the slow and rapid exposures
were said to disagree. Although the aversge discrepancy of 1l.45 appears
relatively small, it is high emough to make ome suspect that some
distortion of the perceived character of the colors may have resulted
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from the rapid exposurs,

There is, however, another explanstiom for the discrepancies
boM slow and repid presentatioms. The discrepency could be cphhod
ly the confounding of the exposure time with inter-stimulus presemtation
time. This confoundimg could have resulted from the fact that the panel
was moved mechanically by the experimeater. For rapid exposures the
panel was moved contimuously and swiftly across the display board, so
that the two stimuli appeared successively with essentially mo pause
between presentatioms.

For the slow presentatioms the experimenter moved the pamel first
to & position im which ome stimulus was visible then, after a few secomds
he moved the pamel slowly to the secomd positiom, to display the secomd
stimulus., In this case the time between stimulus presenmtations was
quite perceptible. The subject's task under the slow preseatatioa may
therefore have bsem more difficult tham was origimally supposed,
difficult emough perhaps to produce imconsistest judgmeats. If this
were the case, the discrepancy betweem slow and fast preseatatioms would
mot mecessarily result from a distortiom factor but from the imcomsistency
or errors of judgmemts which ocowrred uader both sets of conditionms,



CHAPTER VIII

DISCUSSION

The rrobabilistic Q theory vas applied to the experiment
reported in Chapters VI end VII in order to test thes adequacy of
the theory end the validity of the independence assunption, the
assunption that the discrimination scale obtained from preferential
Judgments is equal to the discriminstion scale obtained frow
discriminative juigments. In the present chapter the results and

further implications of this experiment will be discussed.

Test of the Q theory

The Q theory cannot easily be assessed because the method of
solution employed does not satisfy a least squares criterion. To
eveluste the Q theory, a procedure wes described in Chapter VI which
consisted of compering the residusl sum of squares of the @ tﬁeory
to two different residusl sum of squares of the U theory, ome ocbtained
by a method vhich satisfies a least squares criterion (the reproduction
method) and one obtained by a method which does not (the prediction
method). The rule adopted in Chapter VI was the following: If the

residual sum of squares of the U theory based on the revroduction

method exceeded the residual sum of squares of the Q theory, the Q
theory would be considered superior to the U theory; if the reverse relatiom
held betweem the Q theory emalysis amd the U theory emalysis with the residual

sum of squares of the U theory based om the predictiom method, them the
J theory would be considered superior.
-17h-
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The results of the revicus chapter imdicated
thot the wagaituds of the residual term of the
Q thepry was beotween- the magaitudes of the two
residual terms of the U theory; the SSp of the Q theory vas greater
than the SSD of the U tho.ory besed on the reproduction method and
less than the SSD of the U theory besed on the prediction method.

In one cese involving the Qb anslysis of the R stimuli, the residuel
term of the Q theory wes nearly equal to the SSD of the reproduction
method. It thus appears reasonable to conclude that, with respact

to the R stimuli, the Q theory is essentially equivalent to the U
(and V) theories in accounting for the data.

’ A consideration of the non-SST cheracteristics of the data dia
not lend further support for the Q theory. The Q4 snalysis, which best
accounted for the data, did not account for the non-SST triples which
existed in the data. If the Q theory is assumed to be an essentially
correct representation of the data, then one has to conclude that
the SST triples which vere present in the data resulted from randomn or
chance factors only. In other words, ane cannot conclude from the Q
theory snalysis thet preferential choices give rise to non-SST
probabilities. However, since the 01 analysis end the U and V analyses
as well, did not completely account for the data, as indicated by the
Mosteller test, there exists the possibility that the obtained non-SST
triples were significant.

The discrepency between the predictions of the Q theory and the
dats has two possible sources. One arises from the fitting procedure
and does not necessarily reflect a basic inadequacy of the Q theory.
The second lies in the essential nature of the Q theory. These two

sources will be considered seperately.
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Inadequacy of the fitiing procedure. - The effectiveness of
the fitting procedure was limited by the approximate nature of the

unilateral equations. The anslysis in Chapter III indicated that

three digit accurdcy could only be expected from the unilateral
equations when unilateral subjects were at least two standard deviations
from & given pair of stimuli. The separation between unilateral
subjects and stimulus peirs in the experiment was always considerably
Jess thar this. It would seem, therefore, that the limitations of the
Q theory amalyses could be attributed to the inaccuracy of the unilateral
equations. However, the results suggest othervise. The Qb analysis
predicted better than the Qd or Qc analyses despite the fact that the
unilateral equations were less aécurate in the Qb anelysis. It
appears, therefore, that while the unilateral equations limited the
predictability of the Q theory, they were not the mejor cause of the
discrepancy between the Q theory predictions and the data.

The discrepency mey also have arisen from the normal distribution
assunption which vas mede in order to treat ths group data. The
assumption that C4 1s norually distributed over the group of subjects
was made merely because the fitting mrocedure did not permit determining
the parameters of the Q theory for each subject. In principle, however,
it would have been possible to estimate Cj for each subject in the
experiment, despite the small number of replications which were
obtained. The group predictions could then have been c.:btainod by
averaging the predictions for each subject, and in this manner, the
normal distribution assumption could have been dispensed with. The
normal distribution assumption, therefore, is not considered en essential

part of the Q theory but only as an assumption necessary for the fititing
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procedure described in Chapter III.

Although the nornal curve which wvas fitted to each of the
histograms in the ¢, anslyses did not perfectly fit these histograms,
the discrepancy between the Q theory predicticns and the data cammot
readily be attributed to their lack of normelity. This conclusiom
is based on the finding that the Qb analysis, involving & histogram
that deviatedt most from normality, gave the best predictions. |

it is interesting to examine further the claracter of the
histograms. Inspection of Figure 11 reveals that the bimodsl aspects
of the Qd histogram is the result of the difference between subjects
whose most preferred stimulus was a G stimulus and those whose most
preferred stimulus was an R stimulus. According to this figure, most
subjects wvho preferred a G stimulus preferred a high-saturated G
stimulus; those preferring an R stimulus selected a low-saturated
stimulus. The bimodal character of this histogram arises, therefore,
not merely from a distinction between subjects preferring high-saturated
stimuli and those preferring low-saturated stimuli, as indicated in
Eysenck's study (1941b), but from a difference between the hue prefereaces
of the subjects.

According to Table LO, subjects who prefer higaly saturated G
stimull tend to prefer highly saturated R stimuli. Oune would thus
expect tha't the histogram of subjects on the J scale of R stimuli only
would have a bimodal character to it also. One mode, occurring at the
low-saturated end of the scale, would reflect those subjects whose
most preferred stimulus was an R stimulus, vhile the second modse,
occurring at the high-saturated end of the scale, ivould reflsct those

subjects whose most preferred stimilus was a G stimulus. Close
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inspection of the histogram on the J scale of the R stimuli (Qb and Q)
reveals that, in fact, these distributions do have a slight bimodal
character to them. This would explain, in part, the reason why these
histograms did mot perfectly fit & normel curve.

Amnother limitation of the fitting procedwre .fens from the sm1ll
amount of data used. The greater the amount of data used
in the Q unalysis the betier vas 2he predictability of the
Q theery. The pescenteges of date used by s=ach Q aunalysis
wvas as follows:

Qb Qe Q
21.3% 12.8 11.1% .
According to this tabulat.ion, Qb used the largest relative smount of
data, and from the results in the previous chapter, Qb predicted best.
It would seem, therefore, that any improvement in the amount of data
which the fitting procedure employs would materially improve the
predictability of the Q theory. Improving the fitting procedure,
therefore, should be the object of further study.

It should be mentioned once agaim that vhile the predictioa
method of the U theory was based om more data then the corresponding
Q theory analysis, the U theory in this case did not account for as
mich data as the corresponding Q theory emalyses. (The U2 analysis used
20 percent of the data; UL used 33.3 percent.)

Inadequacy of the Q theory. - Tebles 39 and 40 takem together
are essentially imcompetible with the single dimemsiomal Q theory.
Table 39 indicates that the first and second choices of subjects temd
to consist of stimuli that have the same hue, and this fact implies

that the R and G stimuli are dichotomized and located st different ends
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of the J scale. Hovovor,"l‘able 4O indicates that the most preferred
R stimulus temds to have the same saturation as the most preferred G
stimilus. This finding suggests that the R and G stimuli are intervoven
together om the J scale and mot at opposite ends of the scale. The
single dimensional Q theory used im this study camnot explain both of
these results. A multidimensiomal versiom of the Q theory, however,
may explain the results. For example, ome could plot the R and G
stimulli on separate orthogomal exes and locate the subjects at a poimt
in the plame of these two axes. A subject located at a given poiat
could base his preferences on the distemces between the stimuli
located on the axzes and his ideal poimt located in the plane; the
smaller the distance the greater the mreference.

This model could explain the implicatioms of Table 40 (the
correlation of the differemt hues in terms of their saturation) by
assuning that the ideal poimts in the plane were colimear. The
implications of Table 39 could also be explained by this multidimemsional
model if a differeat metric were postulated om each of the two axes.
This would permit loceting a subject at a point that was closer to,
let us say, R6 end Rk than to G6, with G6 amd R6 being the 1deal G
and R stimuli, respectively. Itcould be worthwhile, therefore, to attempt
to develop the equations for a ‘multidimemsional amd probabilistic Q

model, equations analogous to A or B of Chapter III.

The independemce assumption
In gemeral, the results tended to confirm the assumptiom that

the Munsell scale represeamts tha discrimination scale for both

preferential amd discriminative judgments iavolving s single hue.

This conclusion is implied by the finding that the degree of gorrelatiom
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betveen the J scale of the R stimuli and the Munsell scale was directly
related to the predictability of the J scale. There were, however,
certain consisteat differences between the J scales and the Mumsell

scale vhich suggest that the Munsell scele is not a perfect represeatatiom
of the discrimination scale for prefereatial juldgmemts imvolving a simgle
bhue. This could be tested directly by usimg the Munsell scale to

predict the preferentiel choices. One could fit the histogram of
subjects plotted om the Munsell scale, instead of the J scales derived
from the umilateral equatioms.

Por preferemtial choices involving more them one hue there was
evidence that the Munsell scele vas not en adequate reprecentation
of the discrimination scale. Hdvever, it also appears that the Q
theory did mot adequately accoumt for the data involviag more than
one hue. What is apperently required is some multidimensional versim
of the Q theory as indicated im the previous sectiom.

Part of the discrepamncy between the J scale aad the Munsell
gcale may have been due to & distortiomn of the hues produced by the
rapid exposure of the stimuli. Simce there was some evidence for this
distortiom factor, as indicated ia Chptor VII, it would be desirable
to study choices of stimuli that vere more indiscriminable tham vas
employed im this study. This would permit slow presemtatioms of the
stimuli.

It would also be desirable to imvestigate the effects of
context on the stimulus scale. Ia the present study thes subjects
vere imstructed to judge the stimuli with respect to their desiradility
as a color of paint for a living room. There is good evidence to
indicate that preferemtial choices chamge drastically as the comtext

changes from a living room, let us say, to a clothing ariticle, or a car.
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However, it would be interesting to determine whether the metric
relations on the discrimimation scale also changed as the context
changed.

Concluding remarks .

In general it would appear that the usefulmess of the probabilistic
Q theory as it is applied in the present study is confimed to situatioas
in which (1) the ideal stimuli of the subjects are kmown, (2) the
order of the stimuli om the J scale is knowa, and (3) a minimal mumber
of preferential judgments is desired to comstruct a numerical J scale.
It is clear certeinly that under these comditions the Q theory
parameters could be determined from a relatively small number of
prefereatial choices. Im fact, since the order of the stimuli qnd
the ideal stimuli are assumed to be kmown im advamce of the scaihg
procedure, no preferentisl judgment need be asked of a subject which
is mot to be used im the anaslysis. The predictability of the Q scale
based om the small number of Jjudgmemts should be comsiderably better
than the predictability of the U or V theories based om the same

aumber of Judgments.



CHAPTER IX

SUMARY

Unlike most theories of preferential choice, in the Coombs
Quadrant I (or Q) theory the stimuli cen be scaled either in terms
of their preferadility or in terms of their discriminsbility. However,
the Q theory has %wo severe limitations. It is difficult or impossible
to obtain a solutian if there is inconsistency or error in the data
and at best it can only yield a2 relatively low level of measurement.
This study developed and tested a probabilistic Q theory designed to
overcome these two difficulties.

In the first part of the study, the equations for ths probabilistic
theory were developed and an approximste method of solution vas
indicated. This approximete method estimates the perameters of the
theory from the preference probabilities based on Judgments satisfying
certein conditions. In general, mot all of the judgments in a given
set of data would satisfy these conditions, so that only part of
the data wvould be used in arriving at a solution. To test the
edequacy of the theory im predicting the preference probabilities
besed on 211 judgments present in a given set of data, numerical
methods for evaluating the integrals appearing in the equations of
the Q theory vere described.

The transitivity implications of the probabilistic Q theory
were also discussed. It was shown that the Q theory does mot

necessarily imply strong stochastic transitivity (SST), which is in
-182-
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contfalt vith the Thurstone and Bradley-Luce theories, both of which
imply SST.

In the experimental part of the study, subjects were required
to indicate their preferences for Munsell colored chips presented
peirvise. The ten stimuli ranged over tvwo hues (red snd blue-green)
that formed s single dimensiou in the Munsell space. The dats vere
analyzed by the probabilistic Q theory, the Thurstone theory and the
Bradley-~Luce theory.

The results indicated that for the stimuli employed in the
experiment the Bradley-Luce and Thurstone theories wvere essentially
equivalent For & single hue, the Q theory wes apmwoximetely equal to
these theories, but vhen two hues vere involved the Bradley-Luce
and Thurstone theories better accounted for the dats. However,
in all cases When the parameters of the Bredley - Luce and Thurstone
theories vere evalusted from only pert of the data, tke Q theory
better accounted for the entire data. There vas some evidence
that s swo dimensicel extension of the Q theory vas required for
two hues.

The results also had implicstions for the Munsell scale. When
a single hue vas involved the Nunsell scsle represented, to s first
sprroximetion, @ discriminstion scele valid for botk disriminative
and preferentisl judgments. This, however, ves not the case when
more than onevhne ves involved.

One of the msjor fectors limiting the degree tovhich the Q theory
cen reproduce dsta is the relatively smell smount of date which
cen be incorporated into the method of solution. In particulsr,
1t vas shown that the refroducibility of the Q theary wes directly

relatad to tbe amount of data used in the analysis.



AFPENDIX 1
WOMERICAL INTEGRATION

Although the aprroximate method employing the uniletersl
equations sre used to obtain a solution im the Q theory, it is
pecessary to employ numerical integration techmiques. This is
necessary for two ressons. It is desirebdle, first of all, to
escertain how accurate the unilateral equations ere for given values

of Ci, Q, &nd Qk' Secondly, im order to determine how good the

J
fit of the model is to the data, it is necessary to reproduce or
postdict each ka value---not merely the ka valus of certain
unilateral persons---from the perameters of the model. In each
case evaluation of the integrsls in equation A or B are mecessary
and these integrals cen only be evaluated by numerical methods.
One of the simpler numerical methods is called Simpscn's
method, and comsidering its simplicity, it is probebly ons of the
most accurate. It is the method used in this study. PFor & single

integral,

Xn

y:f £(x) ax

x
o
the method essentislly consists of (1) evaluating f(x) for

discrete values, L P xl, L PYERS S evenly spaced from x, ‘o )

-18k -
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(2) fitting to each triple, x;, X; 4, X, 8 quadratic curve, and
(3) then determining the area umder each quadratic curve. All this
is embodied in the rather simple equation

(1) 7= lf’.ﬁf_el.[%«r hyy+2Tp+ byg4 2T+ - 447 -1+7]
3

for n even, and
yi - t(xi)'

The accuracy of this equation for fixed limits of imtegratico
depends only ot 1n, the number of subdivisions in the Ixn-x °
interval; the larger the n, the better the accuracy. A simple
estimte of the error, E, in Simpson's method, given by Scarborough
(1958, p.178) involves computing y for two different values of B,

n, end np, vhere nj I 2n,. The error in the calculstion involving

n21'

(2) - R2 - Rl »
vhere R, and R, ere the estimtes of 7 besed on n, smd n,,
respectively.

Simpson's mwethod can be gemeralized to the double integral

Im 3n
z = [ f £(x,y) ax dy
Yo~ ¥p

as follows. lLet

= f(xi,xa) for 3.

0,1,...n

z
13 o’l,...n
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For fixed ¥y (1) can be applied to the X varisble to obtain
vwhat will be called AJ; that is,

(2) A, = *n %o
3 35 (zJo+ hJ_1+ 2z32+kzd3+...zh)
If (M7) is applied cmce again, this time to A 5 the approximation
to g 1is cbtained. Thus
. b , -’
(&) z 3 J.;_';_°_| (Aot ¥A 4 20+ BAs+ .. A).

The evaluation of 3, therefore, vill require evaluating the
integral (n+1)(m+1) times, or for n = m, (n+1)2 times.

For n = nm = 10, the integrand vill have to be evaluated 121 times,
snd if the integrand is a bivariate normsl distribution, it becomes
necessary to use a high speed digital computer.

An estimate of the error term for a double integral does
not seem to be readily available in the msthematical literature.
The wothod employed in this studyvwas to check the numrical-
integration against certain known integrals before proceeding to
the wnknown integrals. This is done in Appendix 2.



APPENDIX 2
EVALUATION OF EQUATION A

Equation A rather thsn A' was evaluated despite the fact
thet the latter involves a single integral (and ane double integrel).
Equation A comnsists of two doudble integrals, !'1 and 1'2 , but because
of the similerity between l'l and  F,---they heve the ssme integrand---
progremming the IBM 650 is simpler for equatiom A.

sﬁ;-«;'- method is more easily used vhen the limits of
integration are fixed. This can be accomplised for both rl and

F, by setting

Equation A cen then be written as

o0 ) 1l
(1) Pyy = [ka ‘(’fk”k) de dxk‘ -]9 fx.k f(xjx.k,xk:) le ht .
0 “-1 %o e
Before (3) and (M) in Appendix 1 can be applied to obtain p

"
values of n and m wmust be chosen, (see Appendix 1) es wvell as a

finite number (denoted by a) to replace the infinite limits of
integration appearing in !'1 and 1'2. These are two related
problems. Writing (1) as

-187_
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a l o 1
(2) Py = j’ ka f(‘fk”k) dx’ ax, - [ [’J t(’fk’xk) dx, ax,
°o°-1 -a Z-1

it is clear that as a approaches positive infinity (2) will epproach
(1). However, for fixed n, the larger ths value of a the less
accurate is the numerical integrstion. This 1is due to the fact

that the accuracy of the numerical integration is directly related

to the size of ths subdivisions a/n (denoted by h); and for fixed
n, b incresses as & increeses. It is possible, of course, to
increese n to compensate for a large value of 8, but increases

in n are paid for by increases in the time of calculation.

The criterion used to determine a is based cn the knowledge
that the variables in the integrand of n snd F, have marginal
distrivutions vhich are normal. The probability that tk will
exceed & value of 3(J t is therefore equal to .00135. However,
in general not all of the region lying beyowd 3¢ in the tk
distribution will have Itkl >|t Jl‘ the error,therefore, in setting
a = 30’,} should not exceed .00135 and gemerally should be less.

This criterion for determining 8 can be illustrated with the following
example: If Qy= .2, Q = -.2,end C : .8, then 'I'J z .6 and
Ty = 1.0 and the limits of integration in equatiom A would be

b1 o 1
Py = f : f £(x g%, ,x,) dxy dxy - [ f £z, ,x,) dxg dxy
S | -8 7.1

In short, the criterion for determining .2 specifies that

(3) & =z 3+the larger of (T,,T,) for d*g, = d‘x - 1.
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Since it is assumed that tJ and t. have eQual variances,

k
n was set equal to m in the evaluations of equation A, and the
value of n was selected which gave approximately three digit
accuracy. Initial computations indiceted that values of h not
exceeding o'td/z would give three digit sccurscy. Since 8
did not usually exceed 5dtJ in the evaluation of A, m wvas
set equal to 10.

The accuracy of the numerical integration msthod obtained
from the above values of & end n can be deteramined from Table 6.
Table 6 contains three series of evaluations of p % each series
consisting of fixed QJ amd Q. and verying values of C,. The
initial ka value of ofch series refers to a condition in which
ci is exactly midway between QJ
symmetry require these ka values to equal one half. The three

and Qk’ and considerations of

initial values of Py, fcr eech series are given in ‘l‘ab'la k.
These values of ka suggest that the numerical integration method
underestimates ka, but that the results are approximately accurste
to three digits.

The final sets of values of D

Jk
to estimate the accuracy of the computation for relatively large

in each series may be used

valuss of a. If, for example, QJ £1,Q =z -1, and Cj = 3,then

a will equal 7, and for n = 10, h - .7. It might be expected

that for values of h this large, the accuracy of the ka estimates
would be reduced comsideradbly. The accuracy of these p.,k values
can be assessed by comparing the asymptotic values of p 3k obtained
from the unilateral equations.

The meximum value of p Ik in each series and the corresponding
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asymptotic ka value are given in Table 5.

Inspection of Table 5 indicates that three digit accuracy
is approximate ly maintained for h - .65 (or a - 6.5). This
conclusion may be open to soms criticism, however. If the pumerical
evaluatians of p.’k are overestimeting p Ik instead of underestimeating
this term, then the asymptotic value for each series would merely
be reached at lower values of C T Since no estimate exceeds the
asymptotic values, then one could argue that the series was terminated
too soon, that large enough values of C 4 Were not taken. However,
all indications are that the evaluations of p & are underestimates,
particularly since large values of c1 in series I produce smaller
values of P 3k (see Table 6). Perhaps, a conservative conclusion
would limit h to at moet 0.6 for three digit accuracy.



APFENDIX 3

SOLUTION TO THE SCALE VALUES IN THE
V THECRY USING THE PREDICTION METE(D

When the mumber of terns which are used in determiming

Pdk
the V scale values exceeds n-1, the iteratiom scheme described in
Chapter II must be used. In tis prediction method employed in this
study, =n-1l ka terus are used to determime the scale values, and
in this case the scale values im the V theory cam be solved directly

by a recursion method. The mocedure is as follows. The p tarms

Jk
are asrramged in the order

Pyos P239 P3u:--- PJ_I,J-H Pn_l’n )

and correspomdingly, the scale values im the order

'1, '2, e 'J-l, 'J, e o0 vn-l’ 'n *

The value of v ig arbitrarily set equal to some number, say 100,

and the scale value of Y5 is then determined by

) '1("‘12‘“1)

Va_

)
o |
where n:l denotes the number of times stimulus 1 was preferred and n12’
tho number of times the pair (1,2) was presented. The remeining scale °

values are obtained from

)

1
23- 1(—j§’=}+ “.1 17 B5-2,5-1
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Appemdix k

GLOSSARY OF SYMBOLS

A - usually used im commectiom with equatiom A, a basic equatiom

ci

Ci
cl
rl,re,F3

I scale

J scale

J1 scale

J2 scale

J3 scale

ICJ scale

in the probabilistic Q theory. It slso demotes ty - ty/2.
(Chap. III, p. #8)

usually used in commectiom with equatiom B, & basic equatiom
in the probabilistic Q theory. It also demotes t, - tJ/2.
(Chap. III, p. 48 )

the location of the i1deal poimt or stimulus for imdividusl
i at each moment.

the momentary value of am ideal poimt without regard to
a specific imdividual.

the mean locetion of the ideal poimt of individual 1.
the expected value of Ci over imdividuals.

terms im equatioms A amd A'. (Chap. III, p. 47)

the order of the 8;4 values of the stimuli for imdividual i.
The stimuli are ordered om this scale accordimg to their
preferability to the imdividual.

a Jjoimt scale of stimuli amd imdividuals im the Q thoory.
The stimulus values om this scale are demoted by Q

the imdividuals' lecatioms by Cy. J scale occauo‘ally
refers to the stimulus values oaly om this scale.

a J scale of the combined set of stimuli derived from
certain imitial comsideratioms but subsequently rejected.
(Chap. VII, p.161)

ald acalo of the combined set of stimuli; the numprical values
of the stimuli were cbtaimed by (1) deleting three stimuli
from all unilaterasl judgments, amd (2) using the direct amd
indirect estimates of each Q J'Qk interval.

the scale used in the Q4 amalysis.

a scale derived from Thurstome's law of Comparative Judgmeat
usually with the Case 5 assumptioms; the law of Comparative
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'Jk -

Pik,1

Q theory -

Qb -

193~

Juigment is also referred te as the ICJ theory. (Chap. 1I,p. 25)
the number of replicatioas of stimuli J amd k.

vher ms. 1s equal for all j amd k, the subscripts are

dro . ® usually demotes mumber of replicatioms of the
stimuld feor a simgle imdividual, although eccasiomally it
denotes the total mumber of repligatioms within amd between
subjects.

the mumber of stimuli. Ia Appemdices 2 amd 3 it refers tothe
number of subdivisioms used im the mumerical imtegratiom.

the mnumber of subjects
the size of the populatiom from which the subjects are drawa.

the total mumber of times stimulus J is preferred to stimulus
k. Thais tera ususlly imcludes all the Judgments of all subjects.

the number of times stimulus j is preferred over all ether
stimull.

denotes a frequency fumctiom of & mormal distributioa havimg
s meam of C4 and o stamderd deviatiom of (J .

the rrobebility that stimulus J will be preferred to stimulus
k. This probebility is termed a preferemce probability. It
also demotes the proportiom of times ] was preferred te k
in a givea set of data.

the Ireferemce probability which is predicted or pestdicte
by a theory. ‘

when it is mecessary to distimguish the Pk values of
differeat individusls the 1 subscript is added. Ia this
case, ka would represeat the expescted valus of P.jk,i‘

refers te the Coombs Quedramt I theory. (Chap. I, p.11)
Usually the Q theory im this study refers te the prebabilistic
versiea of the theory.

the mean value of stimulus J im the Q theory. This alse
refors teo the scale value of the stimulus om the J scale.

the nomentary value of stimulus J in the Q theory

denotes & Q theory amalysis or scale of the R stimull ia which
(1) ome stimulus was deleted from all umilateral julgments,
and (2) the imdirect amd direct estimate of each Qj-Q, imterval
were used.

denotes & Q theory amalysis or scale of the R stimuli im which
(1) ome stimulus wes deleted from all umilateral judgments, amd
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(2) omly the direct estimste of each Q;Qy imterval was used.

Qc - demotes a Q theory amslysis er scale of the R stimuli im whkich
(1) three stimuli were deleted from all umilateral Judgmesmts,
and (2) omly the direct estimate ef each Q J'Q'k interval was
used.

Q4 - a Q theery amalysis er scale of the combimed set of stimuli im
which (1) three stimuli were deleted frem all umilateral
Judgments, amd (2) only the direct estimate of each QyQx imterval
was used.

SST - stremg stochastic tramsitivity. This is a comstraiat impesed
en the preferemce probabilities associated with three stimull.
(Chap. I, p. 1MW)

stimulus J

wn
(Y
L]

L
-
S
L)

|°i - a3

|4 - Q4]

2
8Sp = Z (OJk - O‘;k) ; called the residusl sum of squares,
5k

(/2]
[*4
[ ¥

1]

tij -cy -QJ :td
ty=c - 22 ; Im Chapter III, p.k5 it demetes deviatioms about

the uvalmoftd.
T:Uz CL'Q.‘):TJ
T . Ti"ﬁ;”i
TJ-C -QJ

U theory - a theory implied by the quadrupie comditien. The ICJ theo
is used imterchamgabily with the U theory. (Chap. II, p. 2

ujy - the momentary values of stimulus J im the U or ICJ theery.
uj,4 - Vhen the mean stimulus value U, depends on the imdividual,
the subscript 1 1is added te 83 amd UJ.
U

J-thuuvalmcrua

3,4 when the value of UJ depends o» the imdividual, the 1 subscript

’ is added.

Ul - a U theery analysis ¢r scale of ths combimed set of stimuli
based om the repreductiomn msthed.

U2 - a U theory analysis or scale of the combined set of stimuli
based em the predictien methed.
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U3 - a U theery amalysis or scele of the R stimuli based omn the

reyreductieon methed.

U4 - 2 U thery analysis or scale of the R stimuli besed om the
prediction method.

V theory - a theory implied by the triple cemditiom. A scale derived
from this theory is called a V scale. (Chap. II, p. 23)

vy - the scale valie of stimulus j on the V scele.

V1l - a V theory analysis or scale ef the combined set of stimuli
besed on the repreductiom methed.

V2 - a V theory amelysis or scale of the combimed sot of stimuli
based om the predictiom methed.

V3 - a V theeryanalysis or scale of the R stimuli based om the
reproduction method.

Vh - a V theory anslysis or scale of the R stimuli based om the
Prediction methed.

WST - weak stochastic tramsitivity. This refers to a comstraiat
imposed on the rreferemce probabilities associated with three
stimuli. (Chsp. II, p. 20)

xgz tJ/tk
I4x = the mormal deviate correspomding to Pyx*
Ou = arcsia pj’.1 , measured im degrees.

© = 18 preferred to
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