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CHAPTER I

INTRODUCTION

Choice, defined in general terms as a differential or selective 

response to the environment, may be regarded as a distinguishing 

characteristic of higher organisms’ behavior. Speaking somewhat 

loosely for the present, two components of choice may be distin­

guished : a discrimination component and a preference component. 

Choice can be determined largely by either component. Discrimin­

ative choices occur, for example, when a subject judges lengths 

of lines in a psychophysical experiment; while a preferential choice 

occurs in buying commodity x rather than y.

Preference and discrimination are, of course, intimately re­

lated. One cannot prefer x to y unless one can discriminate them. 

In practice the converse is frequently true although it is not as 

obvious. An animal psychologist investigates an animal’s discrim­

inatory capacity by using a positive or rewarded stimulus and a 

negative or unrewarded stimulus. The experimenter uses, in effect, 

the animal’s preferences to determine what discriminations the 

animal can make. Preferences are also utilized in a psychophysical 

experiment with human subjects . The observer in a psychophysical 

experiment presumably will not attempt to discriminate un­

less some reinforcement, either psychological or monetary, or both, 

is attached to "being right".

This interrelationship of preferences and discriminations 

makes the problem of measurement difficult. The usual procedure has 
1
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been to make some simplifying assumptions which would permit treating 

these two processes independently. Attitude measurements, for example, 

ere frequently made by a two step process. The attitude items are 

first scaled by a discrimination procedure requiring the subject to 

act as an impartial judge and indicate, for each pair of attitude 

statements, which statement is more "pro (segration, for example). 

The subject is next asked to indicate the item he endorses, that is, 

prefers. If one subject endorses item A while another subject endorses 

item B, it is then assumed that, in some sense, the amount of disagreement 

between the two subjects can be measured by the number of discrimination 

units between A and B.

The reverse procedure is often used in a modified form in animal 

experiments. Instead of measuring discrimination capacity first, and 

preferences second, the experimenter first determines the animal's 

preference for, say, food to water when hungry and then uses this fact 

to determine his discriminations. Such experiments do net permit testing 

whether the discriminations an animal makes to receive one type of 

reward will agree with his discriminations under different reward 

conditions. If, for example, an animal exhibits certain color 

discriminations to obtain food, it need not exhibit these same color 

discriminations to obtain water.

The assumption that the discriminatory capacity of an animal is 

independent of the nature of the reinforcements will be termed the 

independence assumption. In general terms, the independence assumption
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refer» te tiw •••ueption that preference» and discrimination# nay 

be treated independently. (In a later section the independence 

assumption will be identified were concretely with the stability 

of a discrimination scale under different choices.)

This independence assumption may be tenuous under certain 

conditions. The choices one might make in selecting a color 

fer a car could be based on color discriminations which differed 

from the discriminations made in a color discrimination experiment. 

It is possible for two colors only a fem jnd s apart, as indicated 

by a psychophysical measurement, to be seen as quite dissimilar 

in terms of their desirability as a color for a car. Guilford 

(19^0), working with the color preferences of human subjects 

suggests the following:

It may be that affective reactions are more 
discriminating with regard to the spectral 
composition of chromatic stimuli than are 
cognitive reactions, that wave lengths as 
such have a more direct and unique influence 
upon our feelings than upon awareness of 
color as such (19^0, p. 45?).

If affective reactions" can be interpreted as preferential 

choices, then Guilford's remarks may also be viewed as questioning 

the validity of the independence assumption.

tat alternative approach which avoids the independence assumption 

to assume something about the nature of the relationship between ' 

discriminations and preferences. If some relationship is postulated,
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that is, if one assumes a model, it may be possible analytically 

to separate these two processes while varying both experimentally. 

One could assume, for example, that if an individual most preferred 

A, then if he were presented with two other items, he would prefer 

to endorse the item closer to A. This seemingly innocuous

assumption permits, as will be seen, the analytical separation 

between the discriminative component and the preferential 

component of an individual's choices. This model is the 

basis of the unfolding technique developed by Coombs (1950)•

quadrant I model

Although a precise axiomatic treatment of the unfolding tech­

nique has been given (Coombs,1952) the underlying model (called 

by Coombs a Quadrant I moael and denoted here as < model) will be 

described in general terms. This model postulates a space consis­

ting of points representing stimuli or items (denoted hereafter by 

stimulus points or q points) and points representing individuals 

(denoted by ideal points or c points). Coombs refers to this 

space as a joint or J space to denote the fact that it contains 

both classes of points. A one dimensional J space is called a J 

scale.

It is further stated that an individual with an ideal 

point at will prefer stimulus j, (Sj), to stimulus k, (S^), if, 

and only if q^ is nearer to c^ in the J space than More 

formally, j>k (read stimulus j is preferred to stimulus k) if 

and only if
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I ci - «J < 1=1 - <lkl

which is further abbreviated as

Si j < ^ik ,

If certain assumptions are made concerning the stability and dis­

criminability of the and qj for all i and j —-these 

assumptions are discussed more fully below-- the unfolding tech­

nique provides a calculus for determining both the stimulus points 

and the ideal points.

Before describing this calculus it would be well to define 

more clearly the two interrelated concepts: preference and dis­

crimination. This can be done most simply in terms of the para­

meters of the Q model.

Preference and discrimination

A scale of the q_ values of a set of stimuli will be called 

a discrimination scale or a stimulus attribute scale. The difference 

between qj and q^ will indicate the discriminability between Sj 

and Sk in terms of some attribute, such as size or color. A pre­

ference scale for an individual (denoted by Coombs as an I scale) 

will consist of the s values of the set of stimuli. The differ­

ence between and s^k will indicate how different Sj and 

are to individual i in, terms of their preferability. It should 

be noted that this scale consists of positive values only, the 

larger values denoting the less desirable stimuli.



It remains to distinguish a preferential judgnent from a dis­

criminative judgment. Preferential judgments are judgments that satisfy 

the Q model. The unfolding technique then is an anayltical pro­

cedure for analyzing preferential judgments and separating out the 

preference scale and the stimulus attribute or discrimination scale.

A discriminative judgment can be defined as one which gives 

rise only to a discrimination scale. The observer in a psycho­

physical experiment is asked essentially to compare the q values 

of the stimuli only and to ignore his preferences; that is, his 

ideal point is irrelevant. A discriminative judgment, then, 

theoretically lacks the preferential component. It remains, how­

ever, a moot point whether a discrimination scale of a given set of 

stimuli obtained through preference judgments gives the same 

values as one obtained through discrimination judgments. The inde­

pendence assumption referred to earlier, in essence, asserts that the 

q values will agree.

The unfolding technique

The general character of the unfolding analysis will 

be illustrated with an artifice 1 example consisting of five stimuli 

A,...., E, and 100 subjects. The stimuli are presented pairwise 

to the subjects-- there will be 10 pairs——and for each pair, the 

subjects indicate their preferences. A typical subject's response 

may be tabulated as shown in Table 1.

The sum of a row indicates the number of times the stimulus was
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TABI8 1

HIXFERXMCX DATA FŒ A HYPOTHETICAL SUBJECT

A B C D 1 z

A 0 0 0 1 1

B 1 1 1 1 4

C 1 0 1 1 3

D 1 0 0 1 2

K 0 0 0 0 0

Mote J "1" in each cell 
row stimulus vas

indicates 
preferred

that the 
to the

column stimulus when the two stimuli 
were paired.

TABU 2

DATA TCR ARTIFICIAL XIAMPU

I Scales Order of
Midpoints

1. ABODE
AB

2. B A C D 1
AC

3- B C A D 1
AD

4. B C D A E
BC

5- C B D A 1
BD

6. C D B A I
CD

7 • D C B A E
AX

8. D C B E A
BE

9- D C E B A
CE

10. D E C B A
DE

11. X D C B A
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preferred. The order of these row sums gives the order of the s1J
values for the hypothetical individual, that is, the order of the 

stimuli on his I scale. For the subject tabulated in Table 1 the

I scale (the order of the et leu 11 from smallest 8g value 

to largest) is

B C D À I .
By tabulating each subject's responses as indicated in

Table 1, it is possible to obtain the I scales for each of the

TOO subjects.

Assume now that, of the 100 I scales, only eleven are distinct*,  

that is, have a different order of stimuli. These eleven I scales 

are presented in Table 2.

The following step-wise procedure is then used to determine 

whether the conditions for a J scale are met by these data.

1) The number of distinct 1 scales should not exceed (§) 4 1 

where n equals the number of stimuli.

2) The least preferred stimulus in each I scale must be one 

of two stimuli.

3) It must be possible to order the I scales, ,

1%, such that the following condition is met for each 

stimulus: if denotes the rank of a given stimulus in 

the i-th l scale (higher numbers denoting less preferred 

stimuli), then for this stimulus

for all h>i.
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An examination of Table 2 in which the I scales have been 

correctly ordered indicates that the three conditions are satisfied 

by the data.

Since the present data satisfy these conditions it is possible 

to proceed with the determination of the stimulus attribute scale. 

The order of the q values is given by I scale (1) or I scale 

(11), the two I scales which are mirror images of each other. 

The direction of the stimulus attribute scale is not important here 

so that either ABODE or E D C B A may be used. The 

metric information is obtained by determining the order of the mid­

points between pairs of stimuli on the J scale. The order is 

given in the right hand column of Table 2 and can be obtained by 

observing which pair of stimuli have reversed orders in adjacent 

I scales. The order of the midpoints Al) and BC imply, for

example, that| qA - qQ | qQ - qQ

the following metric relations may

From the remaining midpoints 

be concluded;

and

%
Limitations of the unfolding technique

Unfortunately, as may be seen in the preceding example, the 

unfolding technique has severe limitations. The limitations stem 

from the highly restrictive set of assumptions which the data must 

meet—-assumptions rarely met in practice---and the relatively low 
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level of measurement obtained from the analysis. The J scale

values are measured at an ordered metric level. This means that 

the c. and q values can be ordered or ranked on the J scale 

and that certain intervals between the q’s and c’s can also be 

ordered.

The assumptions which must be made in order for the unfolding 

technique to provide a solution consist of at least the following;

1) The ideal points of each person are fixed---at least for 

the duration of the experiment.

2) The stimuli are completely discrimination they are never 

confused with one another. This amaumption is implied in 3).

3) The distances between the stimuli and the ideal points are

also completely discriminated. If sik = sij+ € where £ > G and is

small, individual i nevertheless consistently prefers 5j to 3k.

4) No other random elements which would tend to produce "errors" 

in judgment are present.

Since these assumptions are rarely met, and since the unfolding tech­

nique i« a highly vulnerable method—it i« extremely sensitive to error— 

it therefore has a high likelihood of not yielding a solution.

In recent work Coombs (1958) has attempted to relax these 

assumptions. Instead of requiring s^ to be consistently discrim­

inated from s.. he has only required that the subject prefer S 

to Sk more than half the time—assuming still that s^ = s^ 

or sij<3*̂  The unfolding analysis is then carried out in the 

usual manner using only the ordinal information (that s.. is 



less than s^) and ignoring further the actual proportion of times 

that Sj was preferred to S^, One might be lead to suspect, however, 

that the size of this proportion could give some information of the 

magnitude of the difference between and 3^. It would seem 

to follow then that what is needed is a model, a probabilistic model,

which relates the preference proportions to the magnitude of the 

parameters s^j or c^ and qJ* The development of such a model

and its testing is the basic problem of this study.

In Chapter III the equations of this probabilistic model are 

developed, their character described and a solution indicated. Here 

the general nature of this probabilistic extension of the model will 

be described.

A probabilistic Q model

The probabilistic extension proposed here assumes,for the 

single dimensional case, that the point corresponding to a stimulus 

can have different positions at different moments. However, the 

distribution of these successive positions will be normal. The 

discrimination of stimuli is assumed, therefore, to be imperfect, 

and the degree of overlap of two stimulus distributions is related 

to their degree of confusion, similarly, it is also assumed that 

the ideal point of an individual varies over time, and that the 

distribution of its successive positions is normal. This assumption 

implies that a person is not absolutely or consistently certain which 

item he most prefers, even if the stimulus distributions has zero 

variance. He vacilates, first wishing to endorse this stimulus, then 

that.
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The probability that a person on any given moment will prefer 

Sj to 3 will be determined by the probability that (now

a random variable) will be nearer to than to q, (both random 

variables), i.e.

Prob (j->k) = Prob ( |ci - q J < I c. - q. I ) 
JI I a k I

or

Pjk = Prob (sijCsik)

This extension of the model appears natural in the light of the 

usual psychophysical assumptions. The equations which result, how­

ever, are distinctly unnatural, and therein lies one source of 

difficulty.

Before embarking on the purely mathematical aspects of the model, 

let us summarize what may be expected from this model. Firstly, the 

probabilistic model places less restrictive demands on data, whereas 

tne unfolding technique required assumptions which were rarely met 

and was a highly vulnerable model, the present model requires, 

in principle, only a set of preference proportions and, if necessary, 

a statistical procedure for obtaining a "best fit” to the proportions. 

In general, a "best fit11 will always exist so that the model is in­

vulnerable , that is to say, always capable of yielding a solution. 

Secondly, with this model a stimulus discrimination scale can be ob­

tained at the interval scale level, rather than at the ordered metric 

level. This means that a rigorous comparison can be made between the 

stimulus discrimination scale obtained under preferential judgments 

and one obtained under the discriminative judgments used in psycho-
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phyaica. It should be possible then to teat the 

independence assumption. This assumption will be tested in the 

experimental part of this study. There is another aspect to this 

experiment, but this requires some preliminary discussion.

Theories of choice and strong stochastic transitivity

For the purpose of illustrating another characteristic of the 

proposed probabilistic model of choice, let us take the liberty of 

imagining an argument submitted by an econometrician, one strongly 

devoted to one of the now familar theories of choice. He asserts 

as follows :
"While I can appreciate your attanpt at a more parsimonious 

and picturesque theory of choice---and this seems to be at 

best what you have accomplished by treating preference and

. discrimination simultaneously---I am not altogether convinced 

that I should therefore abandon my own probabilistic theory. 

After all, I am interested in the preferability (in my lan­

guage, the utility) of commodities, not their discrnninaoility 

along certain dimensions of, let us say, size and color. I 

believe that my particular theory permits me to account for the 

relationship between the preference proportions—though not 

necessarily the discriminations—involving a set of commodities. 

To put the matter differently, my theory accounts for the ob­

served proportions of preferences. If your theory will also 

describe these data, then the issue between us is merely that 
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of convenience and certainly you have yet to demonstrate the 

superior convenience of your theory."

As the reader will no doubt suspect, the conclusion drawn by 

the, shall we say, straw man, is entirely erroneous. The issue is 

not simply one of convenience. The two theories are incompatible. 

A set of proportions generated by the present probabilistic theory 

cannot, in general—there are certain trivial cases which must be 

excluded-- be generated by the existing theories.The issue 

then is : which theory is correct, or at least more correct? It is 

this issue that will be examined experimentally in this study.

Although the theories of choice are comj ared in Chapter IV and

their basic incompatibilities demonstrated there, the basis for the 

above conclusions will be indicated here. The fact that the present 

theory is not an equivalent formulation of one of the classical 

theories can be made plausible with the introduction of the concept 

of strong stochastic transitivity (SST). The pairwise 

preference probabilities between stimuli 3 and 3 are said K 1
to satisfy SST if the following constraint on the three probabil- 

2
ities is satisfied:

1. This statement is too strong. Any theory can be made to fit 
a given pj% matrix if a sufficiently large number of parameters are 
estimated from the data (so called free parameters). The Thurstone 
Case 3 Law of Comparative Judgment is a case in point. The theories 
of choice that are referred to here, and discussed more fully in 
Chapter 11 use approximately the same number of free parameters and 
these theories of choice may be said to be incompatible with the 
probabilistic Q theory.

2. An equivalent formulation, stated by Davidson and Marschak 
(195®, p. 13), is as follows. If

t- zi then
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If Pjk- 2 and p^>

then Pjl> pjk andp.12pki_

Present day theories of choice require the entire matrix of 

proportions to satisfy 55T. The probabilistic Q, model developed 

here does not require JST and, in fact some non-oST probabilities 

are usuelly expected. A matrix of probabilities therefore, which 

does not satisfy SST (aside from sampling errors) cannot be gen­

erated by the classical theories. The present theory and the current 

theories are therefore incompatible.

Prospectus

The experimental and theoretical issue of SST is considered 

in Chapter II. Chapter III consists of the mathematical development 

of a probabilistic Q. theory, and in Chapter IV this theory is 

compared theoretically with two other probabilistic theories of 

c.oice. Chapter V introduces the experimental part of this study which 

focuses on two questions :

1) Does the probabilistic theory fit preferential data 

better than other probabilistic theories of choice?

2) Is the discrimination scale obtained from preferential judg­

ments equal to the scale obtained from discriminative judgments?

In Chapters VI, VII, and VIII the procedure, results, and con­

clusions of the experiment are discussed.



CHAPTER II

probabilistic theories of choice and strong stochastic transitivity

Estes (1958) has suggested that there are three major approaches 

to a theory of choice: the axiomatic approach of the economists, 

the scaling theory approach of the psychometricians or statisticians, 

and finally the behavior theory approach of experimental psycholo­

gists. This chapter reviews and compares these major approaches, 

showing the similarities between them.

As suggested in the previous chapter, the transitivity proper­

ties will be important in comparing these theories to the proposed 

extension of the Quadrant I theory. Therefore the transitivity proper­

ties implied b> each theory will be indicated and, in the concluding 

section of this chapter, the experimental evidence for strong stochas­

tic transitivity will be discussed.

The economic approach

Early history of the utility concept . - The concept of utility 

has been the central term in the theories of choice developed by 

economists. Edwards (195A) has succinctly reviewed the history of 

the utility concept up to 1953. In 1953, however, the utility concept 

was drastically altered-- drastic, at least, for economists. It be­

came probabilistic. To provide the historical context for this 

recent conceptualization of utility, the history of the utility con­

cept is outlined briefly in this section; the post 1953 developments 

will be discussed in greater detail in the section following.
16
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The utility concept, in the writings of economists (and philoso­

phers) has passed through what may be distinguished as four stages. 

Stage 4 begins in 1953 with the probabilistic treatment of utility.

The. issue in each stage is : can cardinal utilities be obtained? 

A cardinal utility is a measurement of utility unique up to a positive 

linear transformation; it is utility measured on an interval scale. 

If it is asserted that utility can be measured on an interval scale 

then the next question to be answered is: how?

Stage 1 can be associated with the names of Jevons and Marshall 

about the turn of this century. In this stage it was assumed that 

utilities could be attached to objects such that one invariably chose 

the object with the larger utility. It was also assumed without 

question that, in principle at least, one could measure utility on 

an interval scale and that, in fact, it was meaningful to discuss 

the derivative of utility (called marginal utility).

The definitive writing of Stage 2 was the paper by Hicks and 

Allen in 1934. In this stage the assumption of cardinal utility was 

abandoned. It was shown that the utility scale was strikingly non­

unique, that any monotonic transformation of the utility scale was 

permissable. Utility, therefore, was only measured on an ordinal 

scale; it was not meaningful then to use the concept of cardinal 

utility.

Stage 3 begins with the Von Neumann and Morgenstern work of 1944, 

although it had its precursors in the works of Ramsey (1931) and 

perhaps D. Bernoulli (1738). The concept of cardinal utility was 

reasserted in this stage by considering risky choices, a risky choice 
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being one in which there is some uncertainty as to the outcome of 

one's acts or choices. By assuming that individuals' choices maxi­

mize the expected utility of alternative actions, they were able to 

show, with certain additional assumptions, that one could measure 

utility up to a linear transformation. Although it was now meaningful 

to use the term cardinal utility in the context of a risky choice, 

it was not permissable to apply the concept to exclusively riskless 

choice, choices involving no uncertainty. It should be noted that 

probabilities do appear in the Von Neumann-Morgenstern formulations, 

but these probabilities pertain to the likelihood that certain out­

comes will follow from certain acts by an individual. The utility 

of the outcome, however, does not have a probability attached to it.

Stage 4 appears to have begun about 1953 with the writing of 

Vail (1953). In this stage the probabilistic notion of utility was 

introduced and, as a consequence, riskless choices were once again 

considered. Debreu (1958) has shown that the introduction of the 

probabilistic version of utility will permit the measurement of 

cardinal utility for riskless choices. It is clear that what was 

lacking in the early formulation of utility were sufficient contraints 

to obtain a relatively unique solution or measurement of utility. 

The Von Neumajn-Morgenstern approach introduced these contraints by 

the use of chance events in the form of probability mixtures. How­

ever, the constraints may be more directly introduced by permitting 

probabilistic concepts of utility. Indeed, it is interesting to 

observe that the economists, in their attempt to simplify the problem 

of utility measurement, made the problem overly difficult. Psychologists 
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have known since Fechner of the usefulness of inconsistency for 

establishing a unit of subjective measurement.

Probabilistic formulations of utility. — Before describing 

the probabilistic development of utility since 1954, the probabilistic 

discussions which appear in the 1936 writings of the economist Georgescu- 

Hoegen (1936) should be noted. Georgescu-Roegen assumed that the 

utility of two commodities can not be perfectly distinguished or dis­
criminated if their difference is less than some fixed number, △. 

If the difference is greater than A then the probability of choosing 

the commodity with the larger utility is equal to one. He shows, 

with some additional assumptions, that while preferences will be 

transitive the indifference relation will be intransitive.

The initial discussions of Vail (1953) and Gavinson (1956) of 

probabilistic utilities were cautious. The concept of utility was 

formulated in general terms, and the problem posed by the writer in 

each case was that of selecting the precise constraints to impose 

on the probabilities associated with the utilities. Vail assumes 

merely that the utilities u^, u2, •••u of a set of commodities 

Si, S2,...Sn are distributed according to the density function 

(1) 0(ul' V’V

so that the probability that S± will be preferred to is equal 

to the probability that ui will be greater than u., that is, 

( 2 ) Prob(S.?S.) = / 0du.

J JUj>Ui
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With this general definition of utility, Vail asks: what 

restrictions must be placed on the function (jf) such that the proba­

bilities of choice will satisfy weak stochastic transitivity (WST)? 

Weak stochastic transitivity, a term evidently first used ty Vail, is 

defined as follows

U 2 1. Md i then

Vail asserts that WST will be satisfied if the function 0 is such as 

to satisfy the inequality

Prob(u1 7Ug >Ug) + Prob(u1 >u^ 7Ug) + Prob(Ug > u^) >

Prob( Ug > u^ >Uj) +- Prob( u^ > u^ > u^) + Prob( u^ > u^ 7 u^) .

The second and third term on the left hand side of the inequality 

refer to the probability of one inversion cecuring in the order 1, 

2, 3. The first and second terms on the right hand side give the 

probability of two inversions and the last term the probability of three 

inversions.

Further, continues Vail, if it is assumed that the utilities 

are independently distributed, that is,

(^) ( Uj ,Ug, . • -U^) s ( Uj) ( Ug) ... ( Ujj) ,

then "intuition demands" that the probabilities satisfy SST. The 

proof is not given.

Davidson (1956) suggested two probabilistic modifications of 

of utility that are directly related to the WST and SST conditions 
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of Vail. One theory, called by Davidson a weak stochastic theory, 

postulates a utility function having the property that

(5) If Pab- i thenua>ub.

It is clear that this utility function will satisfy the WST condition. 

The strong stochastic theory, the second one proposed by Davidson, 

requires the utility function to have the following property:

(6) - pcd <=^> a  - b-  c  ~ ud’* * *

This version of probabilistic utilities, which will hereafter be 

referred to as theory or model U, will appear frequently in one form 

or another in the remaining discussion. As one would expect, this 

strong stochastic utility theory will satisfy the SST condition and, 

in addition it will satisfy a somewhat stronger condition, called by 

Davidson and karschak (1958), the quadruple condition. The quadruple 

condition states that

(7) phi> Pjk =>Phj>pik.

This condition, according to Davidson and Marschak (1958), is stronger than 

the SST condition since it implies the latter, but not conversely.

One of the purposes in introducing the probabilistic concept of 

utility was, it will be recalled, to reintroduce the notion of cardinal 

utility. If the utility theory is stated in the form of theory U, 

the problem is reduced to determining the conditions on the probabil­

ities which lead to a utility function that is unique up to a linear 
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transfomation. Davidson and Flarschak (1958) and Debreu (1958) have 

shown that essentially the quadruple condition on the probabilities 

is sufficient. More precisely, it is also necessary to assume that 

the set of alternatives or commodities is stochastically continuous. 

Debreu defines this condition as follows

If Pbaé q z p then there exists an alter- 

( 8) native d in the set of alternatives such that

Pda =

This condition seems fairly mild and need not concern us. Essentially 

then, it can be said that the utility function in theory U implies 

the quadruple condition (and therefore SET) and the quadruple condi­

tion specifies the utility function in U up to an increasing linear 

transformation. It will be noted that EET however, is not sufficient 

to specify a cardinal utility function.

Recently Luce (Luce and Railfa, 1957) has provided an alternative 

although more tortuous route for arriving at theory U. He assumes 

essentially a weak stochastic definition of the utility function, 

adds eleven axioms and then succeeds in proving that the probability 

of choice between two alternatives is a function of the difference 

between the utilities of the two alternatives. Furthermore, he 

shows that the utility is defined up to a positive linear transfor­

mation. This is precisely the property of theory U, but as has been 

discussed, theory U can be derived from two axioms.

Under certain conditions, Luce asserts that the utility can be 

determined directly from the probabilities of choice as follows
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1
(9) u(b) = Pab*  - Pb»a 

Pa*b* -pb»a«
( a •> b in the SST sense)

where £ » a constant and a*  and are any pair of alternatives such 

that pa^ >

Theory V. - Another probabilistic model has recently come into 

prominence as a result of Luce’s more recent (1959) axiomatic writings. 

Luce postulates a single axiom which relates the choice probabilities 

involving sets of alternatives of different sizes. From this axiom 

he derives a theory of choice between two alternatives.

The axiom states;

If p 4 0 or 1 for all x and y in the xy f
( 10) set T, then for RcScT

PtW = F3(R) pt(S),

P<y(R) is defined as the probability of choosing an element 

from the set R when the set T is available or is presented. This 

axiom also considers probabilities which are equal to zero or one 

but this will not be relevant here. If (10) is satisfied then a 

function v can be specified which is unique up to multiplication by 

a positive constant, such that

(n) Pij =___ h___ •

A theory of this form will be denoted a V theory. It will be 

noted that whereas in the U theory the choice between the two
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alternatives depends ob the difference between the utilities of the two 

alternatives, in the V theory it depends on the ratio.

Luce demonstrates further that the V theory will satisfy the 

SST condition and a somewhat stronger condition on the probabilities, 

namely,

(12) plJ = Pik__________
Pki PJk + PkJ pik 

or equivalently 

(13) i pu\ pm - 
\ pj J \ pkj I

Since this condition holds for any three alternatives S^, Sj, and

using the terminology of Davidson and Marschak, this condition

will be called the triple condition. In fact, the triple condition 

bears the same relationship to the V theory as the quadruple condition 

does to the U theory. It can be shown that the triple condition is 

sufficient to guarantee the existence of the v function and that 

furthermore the function is uniquely specified up to a positive 

multiplicative constant. In other words, if choices are confined 

to pairs of alternatives, it is only necessary to assume the triple 

condition instead of the axiom postulated by Luce. As has already 

been noted, both the triple condition and the quadruple condition 

imply the SST condition.

Psychometric approach

Scaling theorists and statisticians have not been’directly con­

cerned with formulating theories of choice. Their problem has been
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to interpret or concisely describe actual data. However, in the 

process of solving this problem, a model is generally assumed (im­

plicitly or explicitly) and this model, it will be seen, may be termed 

a theory of choice.

Thurstone's Law of Comparative Judgment (LCJ). - According to 

Thurstone (1927), a random variable, Uj, which is normally distributed 

over time, is associated with each stimulus (or alternative or 

commodity). For 3. the distribution of u. is then 
J J

(14) N(uj,CTu).

The probability of choosing Sj in preference to Sk, when both

j and u, xs constant (or zero

are available, is equal to the probability of Uj being greater than 

ui<. If it is further assumed that the variance of Uj is equal for 

all Sj and the correlation between u '

for simplicity) for all Sj and —these assumptions are termed 

the Case 5 assumptions and are the ernes usually employed—then the

probability of choice may be expressed as

By a substitution of variable this may be written as
r <UJ-V

N(O,1) dx

dx

(16) *Jk

or more simply as

(17)
2 
k

where Xj^ is the normal deviate corresponding to Pj^, It is customary



to set the sum of the variances of Uj and uk equal to one for all 

Sj and S% (this defines the unit of measurement) so that

(18) uj - uk - *jk

Equation (18) is termed the Case 5 Law of Comparative Judgment.

Equation (18) asserts, in effect, that the probabilities of 

choice are determined entirely by the difference in scale values 

between the two alternatives. Furthermore, it is clear that if 

(19) uj-uk > U. - U -Im

then

(20) jk  - Xlm*

and this implies that

(21) Pjk z Pu,

But this is precisely the property of theory U. The Thurstone theory 

therefore ie, in essence, theory U. It can be immediately concluded, 

therefore, that the LCJ scale implies probabilities which satisfy SST 

and, of course, also implies the quadruple condition.

^eee 3, which does not assume that the variance of u., is 
constant for all will probably not imply the SST condition 
This is because in Case 3 the probability of choice is not completely 
specified by the difference between two scale values The variances 
or the ratio of the variance must be also specified.
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Several difficulties arise in the application of the Law of 

Comparative Judgment. First, actual data do not fit the theory 

exactly, so that a fitting procedure must be used. The usual proce­

dure is to average the values of each column in the X^ matrix,

the matrix of normal deviates formed from all the possible pairings 

of a given set of stimuli. (The diagonal entries are left blank.) 

This fitting procedure has been shown by Hosteller (1951) to satisfy 

a least squares criterion.

A second difficulty in practice relates to the interpretation 

of the random variable u^. If only one subject is used this variable 

is interpreted as the various momentary values of sensation which 

are normally distributed over time. Generally, however, the theory 

is applied to a group of subjects. Two interpretations are 

possible. It may be assumed that tae value of u is fixed for each 

subject and that u has a normal distribution over subjects. One 

may also assume, however, t-hat each subject has a normal distribution 

(over time) and that the means of the normal distributions are also 

normally distributed. The LGJ equations in both cases aie formally 

identical, à difference does arise, nowever, in determining the 

goodness of fit of the theory. Thus is di scussed moie fully in 

Chapter 6.
Bradley-Terry Model. - In tueir initial paper (1952b) Bradley 

apri Terry are concerned with the problem of testing the hypothesis 

that a set of treatments (or stimuli) presented pairwise are perceived 

as significantly different. In a typical experiment (1952b) pork 

roasts were presented in pairs to a competent panel oi judges each 
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of whom was asked to indicate their preference. The roasts were 

obtained from three groups of hogs which had been fed on a different 

diet. The object of the experiment was to determine whether the diet 

had a noticeable effect on the flavor of the roast..

Using a maximum likelihood procedure, they assume that the pro­

bability of treatment j_ being preferred to treatment i is Vj/vi+Vj 

so that the likelihood function can be written as

where is the number of times i was preferred to and m^j

— The values of v^ which maximize L in general can

only be obtained through an iteration procedure. Bradley and Terry 

no not give the iteration procedure, but Ford (1957)> working inde­

pendently, states the following iteration scheme :

i - 1, 2,...n 
cyclically

(n +1) 
j J / 1

where n± = £ n

Dykstra (1956) has suggested a procedure for obtaining the 

starting values of v^ in this iteration scheme,
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(24)
(0) 
1

Y 
_____  

(n-l)^ - (n-2) 51 
j

and Bradley (1952b, 1954b) has published tables giving the values 

of vi jhen the number of stimuli does not exceed five and the 

number of repetitions on a pair is less than 10. The test statistic 

indicating the probability of the v*s  being equal is also tabled.

Since it is clear that the model underlying the Bradley-Terry 

analysis is the V model of Luce, the Bradley-Terry procedure may 

be viewed as providing a procedure for obtaining a best fit of the 

V theory to actual data. The goodness of fit of the model has 

also been discussed by Bradley (1954a) although for large m his
2

statistic is substantially the same as the usual X test based on 

the squared difference between observed and theoretical frequencies.

Other pair comparison analyses. - Other methods for analyzing 

choices among pairs of stimuli are proposed from time to time, but 

in most cases the model underlying the analysis is not clearly stated 

or it does not seem to lave direct implication for understanding the 

basis of an individual’s choice. Guttman (1946), utilizing a discrimi­

nant function analysis, attempts to determine scale values by minimiz­

ing the sum of squares within an individual as compared with the sum 

of squares between individuals. The method is equivalent to maximin­

ing correlation ratios and, as Guttman shows, will generally not yield 

the same solution as the Thurstone Law of Comparative Judgment solu­

tion. The relationship between the probability of choice for an 
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individual and certain parameters of the analysis do not seem to be 

indicated in Guttman1s treatment so that a probabilistic theory of 

choice is not easily extracted from his method.

Kendall’s method (1955) involves powering an (njj) or D matrix 

where ni j gives the number of times i, was chosen over (The 

diagonal entry is £.) The scale value of an alternative is obtained 

by summing the appropriate row. Kendall shows that if the matrix is 

squared and the row sums computed, the values computed for S, for 

example, will refer to the number of two step transitivities. An m 

step transitivity is defined as a preference relation between n stimuli 

having the form S..., a matrix that is raised to the 

nth power will give the number of .n step transitivity relations 

for each stimulus. Kendall asserts tnat there will exist some finite 

value of n such that the rank of the row sums (scale values) will 

not change. Thompson (1958) has proposed a modification of the Ken— 

dall hethod. He suggests the matrix D be powered and summed as 

follows :

2 2 3
(25) D + rD + r D+ ....... .

where r is a positive number for which the sum converges. In 

fact, the series will converge if and only if

0 < r < l/k 

where k is the principal characteristic root of D. The two 

methods will agree if r = 1/k.

The choice theory implicit in the Kendall and Thompson methods 

would seem to imply that an individual attempts to maximize his 
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transitivities. However, transitivities are maximized when the 

choices are completely consistent, so that a probabilistic theory 

of choice is not implied by these methods.

Behavorial theory approach

Theories of behavior, containing implications for a theory 

of choice, abound in the psychological literature, host theories, 

however, do not explicitly relate a choice probability to the para­

meters of the theory. The theories usually state only that the 

response with the larger performance vector (Toleman, 1955), or 

behavorial potential (Rotter, 1954), or resultant motivation 

(AtklMQB, 1957)» or force (Lewin, 1951) will occur. A few 

theories are more explicit and these will be discussed 

below.

Model V. - Estes (1958) assumes that an individual confronted 

with two stimuli, orients successively towards these stimuli, first 

one then the other. When the individual is oriented toward one 

stimulus he is in a position for choosing it. If he does not choose 

it, he orients then to the other stimulus. It is assumed that a 

stimulus can be chosen only when one is oriented toward it. If 

Pi is the conditional probability of choosing 3^ when the indivi­

dual is orienting toward S^, Estes shows that in the limit the proba­

bility of choosing 3^ wnen the individual is initially oriented to 

3^ is:

(26) Pi
pi * pj " PiPj
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The probability of choosing S± when initially oriented to Sj is

if it is also assumed that initially the individual is equally

likely to orient to 5^ as to 5 then

%U'Pp(28) Pld = 4
Pf+Pj-Ptpj Pi+Pj-PiPj

Pid-f-)

Furthermore since

(29) ”1(1- fj)

Pji

we have

which is exactly the triple condition. Since the choice probabilities 

must satisfy the triple condition, it can be concluded that the V 

scale will exist, that its values will be determined up to a multi­

plicative constant, and that the values of v will precisely generate 

the choice probabilities according to the V theory, namely:

(3D Pij = vi/(vi + vj) •
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Thus starting from certain behavorial considerations Estes has shown 

that the choice probabilities will be constrained according to the 

V theory.

A learning theory developed by Thurstone (1930) and extended 

by GuiIksen (1953) employs as a response strength a term which has 

the property of a V scale. Luce (1959) has also shown that the 

learning theories of Bush and Hosteller (1953) and Estes (1950) 

will, under certain conditions, have the properties of the V model.

Model U. - Cartwright and Festinger (1943), using the concepts 

of Lewin, propose a theory that assumes that choice between a pair 

of alternatives is the resultant of three forces : a force directed 

toward one directed toward Sj and one called the restraining

force. Each force is assumed to be normally distributed with e^ual 

variance. The probability of preferring to is equal to 

the probability that the force toward will exceed the sum of 

the other two forces. The use of restraining forces in this theory 

presents some difficulties in interpreting the theory. The concept

of a restraining force produces a correlation between the two resultant 

forces, one toward 3. and one toward and prevents the two

probabilities p^j and Pji from summing to one. If the restrain­

ing force term is neglected the theory requires

(32) B - h >1 -

where f^ denotes the mean value of the force toward S^. This rela­

tionship is, of course, the basis of theory U.
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The learning theory” of null (1943) assumes that a response io

determined by the momentary effective reaction potential, ^1

which in turn is a function of a constant for a given

state of learning, and an oscillation function gO^ , i.e.,

(33)

The oscillation function is normally and independently distributed 

for different responses, with a fixed variance,^ , and a mean

3d less than If for simplicity we let up

and the density function of up is then

À threshold concept is also introduced in the theory À response

can occur only if exceeds some fixed number L The probability

that Rp will occur rather Rj, i.e., that will be chosen instead 

of Sj, is equal to the probability that u± exceeds and also

that Up exceeds the threshold value L. If the threshold term is 

ignored, the familar LCJ equation occurs so that the U model is

certainly i. plied in the learning theory, that is,

(34) Fg > ^"1 ’ >"k " °. •

However (34) will not revolt if the threahold concept la employed 

ao that in thia case theory U will not be implied.

Theory U neems to be implicitly used in many learning theories. 

However, to be certain that theory U la the basis of a theory of 
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behavior, it should be evident in the behavior theory (1) that the

probability of choice depends only on the difference between two 

values, and U where

that the larger the value of

is associated with 5^, and (2) 

in comparison to U. the more

probable the choice of 3.. If the u’s are random variables the proba­

bility must be shown to depend only on the mean values of distributions 

having equal variances. Many theories of learning postulate a diff­

erence between two variables as the determiner of the response, but 

it is not always clear whether the above conditions are also present.

summary

On the basis of this limited review, the following generaliza­

tions would seem appropriate:

1) The U and V theories are perhaps basic to most theories 

of choice. Certainly in view of the estimation procedures and good­

ness of fit tests which have been devised for the U and V theories, 

these theories are the ones most thoroughly developed. In view of 

the axiomatic treatments, by economists and mathematicians, these 

models also appear to be the ones most thoroughly understood.

2) The U and V models have been applied, both to what have 

been called preferential choices and to discriminative choices. The 

applicability of the models to either type of choice has not been 

questioned.

3) SST is implied by both models.

4) Although not implied in the above discussion, it should be 

mentioned that there have been few, if any, attempts to test the 
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quadruple condition or the triple condition directly, Scaling studies 

in the past, using a least squares criterion to fit a model to their 

data, frequently report merely the absolute deviations of predicted 

probabilities and obtained proportions (Guilford, 1936), or they 

report their correlation (bhepard, 1957), or in some cases, merely 

their graph with the comment "how well the theoretical curves fit 

the empirical data may be judged by the reader for himself" (Cartwright 

and Festinger, 1943, p. 615). In all cases the experimenter has 

neglected to consider the number of parameters he has had to fit to 

obtain the predictions, but, as the saying goes, a few parameters 

will fit an elephant.
x 2 . .More recent studies have used a X goodness of fit technique.

The test however must be exceedingly weak, since the fit, as indicated
2 .by the value, is frequently better than one would expect if the 

model were in fact correct. Apparently only one published study
2(Guilksen and Tukey, 1958) found a significant X (i.e. rejected the 

model) using the LCJ mcti.od. Bradley (1952b, 1954a) reports the 

results of a series of small experiments using the V model and 

finds only one approaching the 5 per cent level of significance. 
ThisX^value is attributed to the poor approximation resulting from 

low expected frequencies. (The X^goodness of fit test will be dis­

cussed more fully in Chapter VI.)

An indirect and somewhat weaker test of the U and V model 

would involve testing the SST condition. These experiments are dis­

cussed next.
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Experimental tests of SST

Papandreou et al (1957) attempted to test the SST condition by 

using 18 subjects in one experiment , 5 in another (E..^ and using 

as stimuli admission tickets to theatrical or sports events. In 

$1, 135 pairs were presented five times to each subject and in Eg, 

63 pairs eight times. Of the 805 triples in E^, 704 fit the SST 

condition and Eg, 89 out of 102 satisfied SST. Papandreou concludes 

that "the evidence provided by the data (in support of SST; is ... 

overwhelming by any criterion " (1957, p. 7).

May (1954) had each of 65 students make three pair comparison 

judgments involving three different (but related) descriptions of women. 

Seventeen out of the 65 (27#) gave responses which were not transitive. 

Edwards (1954) has criticized the experiment on the grounds that the 

S’s were not allowed an indifferent judgment, suggesting that such 

subjects would be expected to have intransitive judgments 25# of the 

time. May suggests that intransitives can occur when more than one 

dimension underlies the stimuli.

Edwards (1953) reports in an experiment using bets with equal 

expected value as stimuli that intransitive triads regularly occured 

in about 20# of the triads.

Davidson and Marschak (1958) also employed bets as stimuli but 

with several modifications. The expected value of the two bets were 

not necessarily equal although the difference was at most 4^ costs; the 

two events which comprise each bet had a probability of occurrence 

equal to and no pair of bets was replicated. There were 17 



subjects, 76 triples, 26 of which were presented in the last experi­

mental session. According to Davidson and Marschak, if certain 

rectangular assumptions are made, one would expect 19 of the 26 

triples to be intransitive; if the rectangular distribution is con­

fined to a space consistent with WST, the expected number of intransi­

tive triples is 14.25; under SST the number is 10.45. The average 

number of intransitives for all subjects is 10.4 and only two subjects 

exceeded 14.25. It is therefore concluded that all but two of the 

subjects confirm the validity of the SST condition.

Davidson (1959) observed in another experiment, utilizing eleven 

gambles to form 55 pairs, each of which was presented 6 times in 6 

sessions, that the number of intransitivities decreased uniformly 

from the first session to the last. However, in all sessions he 

found fewer than 41 intransitivities which, according to Landau (1951), 

is less than the number expected on the basis of random responses.

Davidson and Suppes (1957) use a linear programing model which 

requires determining a utility 0 such that inequalities of the 

form:

(35) (f) (x) + 0(y) (f> (u) + <^>(v)

are satisfied. If the preference judgnents are not completely transi­

tive, it is necessary to introduce an additional tenu @, (called the 

threshold preference) whose value is to be minimized. The six stimuli, 

LP phonograph records, were presented in 15 non-replicated pairs. In 

most cases, the G was non zero, indicating a lack of transitivity.

Coombs (1958) analyzed the judgments obtained from 4 subjects 

and 12 gray chips by first distinguishing between unilateral 
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and bilateral triples. Assuming a model, a unilateral triple is 

defined as one consisting of stimuli all located on the same side of 

the individual’s ideal. A bilateral triple has one stimulus on one 

side of the ideal and the other two stimuli on the other side. Coombs 

suggests that the SST condition should not necessarily hold for bi­

lateral triples, although it may be expected to hold for unilateral 

triples. (This is discussed more fully in Chapter III. ) The stimuli, 

which varied in grayness, were presented in groups of four, each 

pair being replicated the equivalent of 66 times. The analysis gives 

values at the .01 level indicating the expected relationship be­

tween the SST-nonS5T dimension and bilateral-unilateral dimension. 

Luce (1959) has questioned whether SST has been tested in this experi­

ment ince it required estimating from triadic judgments by 

methods which do not always give correct estimates of

Experimental comparison of U and V theories

The test of SST will not distinguish between the U and V 

theories since both are consistent with the EST condition. There are 

apparently only two experiments that empirically attempt to compare 

the two theories. The customary procedure in scaling theories, as 

has been mentioned, is to show that the fit is better than an alter­

native (non-random) theory.

Bliss et al (1956) performed separate U and V analyses of 

the preference judgments involving 4 stimuli (sprays used on apples) 

presented pairwise to 25 tasters (human subjects). The six pairs 

were replicated over 6 days. The U analysis, for example, consists 
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of obtaining u values for each day—-u therefore is assumed to be 

normally distributed over subjects—and the u value for a given 

stimulus is then averaged over days. The scale values in Table

3 were obtained by normalizing the averages so that the u value of 

$2 equalled 1.

TABLE 3

COMPARISON OF U AND V SCALES

51 s2 S3 s4

U Theory .108 1.000 -.409 -.699

V Theory .039 1.000 -.399 —. o40

They conclude that "the scale rankings on a preference scale were 

substantially the same" (ly$6, p. 401;, although the goodness of 

fit of neither model is reported. (The scale values of the Ken­

dall and the Rankit method of Bliss also gave the same ranking of 

the stimuli.)

Jackson and Fleckenstein (1957) used 12 colored slides of the 

same scene developed tnrough different colored filters » dach subject's 

preferences were replicated twice for each pair. The experimenters 
conclude that **in terms of goodness of fit only tae Bradley—Terry j

model predicted the original data sufficiently well " (1957, p. 62)e

However no probability levels are reported so it is difficult to know 

what sufficiently well means, nor is it clear wnat test statistic 

they used.
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The present study

The experimental issue of S3T is approached somewhat indirectly 

in the present study. The difficulties with the previous experimental 

tests of S3T are either their lack of a clear criterion defining 

what constitutes a significant number of intransitive triples, or 

their use of a criterion involving arbitrary assumptions (for example, 

the Davidson and Larschak assumption of a uniform distribution). 

This study will attempt to fit the parameters of the model as 

well as the U and V models. If the « model reproduces or 

describes more of the data than the U and V models it will be 

argues that t^ere is good evidence that some of the triples do not 

satisfy 33T. The study will therefore determine wnich one of the 

three models (U, V, or 4) best accounts for the data, rather than 

test whetner there are enough observations to reject e model at some 

given level of significance, or to test what Moateller (195®) has called 

the "nullest of null hypotheses" (1953, p. 234).



CHAPTER III

DiviLOPierr or a probabilistic qdadrakt i model

in this chapter, the equations for a probabilistic Q 

theory are developed and their properties explored.

Assumptions of the theory

The basic assumptions of the theory are as follows.

1) The stimulus point and the ideal point ci

associated with stimulus S, and individual 1, respectively,

are random variables. It is further assumed that the variables

are independently distributed so that the correlation between 

“d «k

and q.. 
J

2)

is zero, as well as the correlation between c^

Both variables, q. and Cp are distributed normally

with equal and constant variances, for all 1 and j. The 

corresponding density functions are

(1) HQj, O' ) and "(Op O' ) .

3) The probability of individual 1 preferring 

to Sk la equal to the probability that his ideal point will be 
nearer to the atimulus point of Sj than to Sk? That la,

\t la assumed here that when the individual judges Sj and 8%, 
ci has the asms value for both stimuli.



(2) Pdk - Iob  I Cl - qd|<|ci - qk| •*

Aseueptioo 2) le perhepe the least tenable one. To 

assert that the Ideal point of each person has the sane variance 

la to assume that each person locates his ideal point or region 

with the same precision. If the variance of the ideal point 

can be associated inversely with the strength of preference, a not too 

implausible interpretation, then we are assuming in effect that the 

members of the population prefer their ideal stimulus with equal 

strength. If a homogeneous population is selected there will be 

some grounds for accepting this assumption as, at least, a first 

approximation. To introduce a separate variance term for each 

individual would drastically increase the number of parameters 

that would have to be estimated.

The assumption of equality between the stimulus variance 

and the ideal variance is more severe. This assteption may be 

assusmd valid in the limit, however, when an individual's preferences 

have optimal precision. It can be expected that a person can do 

no better than to discriminate his ideal stimulus from other 

stimuli as well as he can discriminate other stimuli from them­

eelves . However, he may do worse, if he has less certainty or 

conviction about his preferences. In psychological terms this 

assumption probably requires subjects in an experiment to be 

optimally motivated toward, or sensitive to, the stimuli to 

be judged.



Develop—nt of equations

Two distinct forms of the p.. equation, called equation JK
A and B, are developed in this section.

Equation A. - Since the joint density function of the 

variables - q^) and (c^ - q^) will be needed it will be 

necessary first to determine their correlation.

Let us define

(3) and

\k= '1 "k •

in the following discussion, I is constant since only one 

individual is Involved; the 1 subscript of t is therefore 

generally suppressed. Under the conditions of the independence 

of the variables cv q^ and q*,  the correlation between t^j 

and t^ is as follows :

w 8 v

“ Qk = ^q

(4') ri

^c^^q^ 

then

2
and finally, If d Ci

2 
then

q



equition (4") gives the required correlation term under the 

assumptions of the theory. However, in the discussion of group 

results it will be necessary to use (V).

The proof of equation (U) may be indicated as follows.

By definition

(5) r t = 1 ,
** a t, o' t.

where T^ and T*  denote the mean values of tand t^ , 

respectively. Using primes to denote deviations from the mean, 

(5) may be rewritten as

(6) r. . : 1 h0! ~ SlX"! ~ M .

The numerator term is equal to

(7) E [(c^)2] - E (qj c^) - E (c^ q^)+ E (qj q^) ,

but from the assumption of independence, the last three terms above 

are aero. Since

(8) .

Ifhis result is due to Professor Coombs.
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-46“

'"A '

or, ai in (N)

<*>  'tj

Since t la ncmally distributed (it la the difference

between two normally and independently distributed variables),

ithe joint density> f(t ,t ), is assumed to
J

iron (4”) and setting G*  : CT*  :

bei bivariate normal.

I it can be expressed

as

(11) »(Tj, Tk, 1> 1> i) ,

or more explicitly as

(12) f(t«, tjj) -1 1 I • '
V?7T

The probability of individual 1 preferring Sj to

is then

(13) ** NI<N
or

Pjk = J J| 1 tk) ^/^k
- rd| < I *k|



Since (13) nay be exyreseed as

(15)

equation (14) may be written as

(16) r<*A> “j ■

This equation is simplified as follows.

*Jk

(17)

which is abbreviated as

pjk = *1  *2  ’

Equation (17), also called equation A, can be written as

(18)

00 tj^
Jk = 2f J dtj

0

or by definition as

Pjk = 2,1 " r3 •

The second pair of integrals in (18), T^, may be reduced to a 

single integral by a tedious substitution of variables. To
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justify the effort involved in producing this simplification, it 

should be remarked, first, that numerical integration will eventually 

be necessary, since it is well known that integrals of normal 

distributions cannot be evaluated in terms of a finite number of 

elementary functions; and secondly that the time required to 

evaluate a double integral is approximately equal to the square 

of the time necessary to evaluate a corresponding single integral 

Reduction of F? It will be necessary to reverse the order 

of integration and this requires having fixed limits of integration. 

This is accomplished by substituting

(19) Xj = and x% = t%

into Fy Thus

By completing the square, the exponent in the integrand may be

written as

2
.2

A = ‘J ■ -f ’ 

B = \ -

T - T^ - TjTk -
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Set

(23)

*j = *j »

substitute into (20), and obtain

(24)

1

Consider the integration in (24) with respect to w*.  The integral 

of the first term in brackets is sero and the second term is 

(25)

Equation (24) therefore reduces to

2

which gives the required reduction of to a single integral.

Equation A refers to (1?) where f(t.,t.) is given 
V *

in (12); Equation A' refers to (18) with given in (26).



Approximate and numerical solutions to equation A are discussed, in 

a later section.

Equation B.- An alternative formulation of the present 

theory is obtained by partitioning the region in the Cp Qj, q^ 

sample space having j^-q^ <; |c^-qJ into four regions. The 

probability of individual I preferring Sj to will be 

expressed as the sum of four probabilities,

(27B) pJfc = Pi 4

In region 1, cA<qj<qk .

ox
(28) P1 =J M(Cpl) dCj

— ex

In region 2, qj<c±< qk 

probability of is

OO
(29) Pg : J" (Cpl)  dc± 

— ox —

*

In region 3» qk< c1< q^ 

probability of is

oo
(30) P3 = 1 M(C1#1) dci

And in region h, qk<[

oo

(31) PM = I(Ci,l) dci

H Pg + Pg 4" P^ •

, The probability of Bj is then 

ox OX
L / N(Qpl) dqj j*(Q k,l) dqk

and (qk-cx) > (c1-qj) . The

C£ CX

WQyl) dqd *(^,1)  dqk

oo 
and (c^-qk) > (9j-c^) . The

f N(Qpl) dqj 1(^,1) dqk

C1 — ox
Cp The probability of B^ is 

%

*(91,1) dqj 1 H(Qk,l) dqk .
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Each one of the triple integral*  in (28), (29), (30) and (31) can 

be reduced to a double integral by performing the integration over 

c., after suitable change*  in the q. and q variables. However, 

this tour de force will not be performed since our interest in 

equation B will be confined to obtaining certain asymptotic properties 

of the Q theory. The P terms in (27) will then be negligible 

or easily simplified.

Special conditions

Although it has been assumed that the variance of c*  is

Vequal to the variance of it is of some interest to examine

the properties of the Q theory under two special cases: in 

case (1) ct is constant and 0^ > 0 and in case (2) q^ is 

constant and c^ is a random variable. The equations for these 

two cases are given in this section and discussed more fully in a 

later section.

Case 1: (J - 0 and (5 > 0 for all J.- Under these 
ci ' qJ

assumptions the correlation between t. and tu is zero so that 

the joint distribution of t. and t is

An alternative approach to obtaining the Pjk equation is 
suggested by the relation

(32) Prob

andit would seem that by obtaining the joint distribution of tj 
t^ « the Pjk equation could be written with at most one pair of 

integrals. This approach la deceptive. The joint distribution of 
tj and t|, when obtained from a change of variable in the bivariate 
normal distribution f(tj,t^), separates into four terms. The result
is an equation very similar to equation B.
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(33) = N(T,, (5j N(T , (Y) .
J * V 1 B H

If (33) Instead of (12) is substituted into equation A, equation A 

will be valid under these conditions. It may be noted, however, 

that equation A does not reduce to the LCJ equation in this case. 

The essential character of the probabilistic Q theory is maintained.

Equation B is modified in cose (1) by eliminating the

integration over c^ in each term, leaving two integrals in each

term. No term vanishes since there remains 

associated with each of the four regions.

Case 2: 0^ = 0 for all J and

conditions equations A and B are not applicable. Instead, the 

equation is expressed, for qk >qy as

a finite probability

d_ >0.- Under these

(33)

— oo

Equation (33) is simplified by a change of variable to

(34) 8(0,1) dx

or simply as 

(35)

Equation (35) bears a direct similarity to the LCJ equation and, 

as will be shown, to equations A and B under certain asymptotic 
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conditione, ccnàlticn» in which the distributions of qj, and 

Qk do not overlap.

Asymptotic properties

equations A and B approach a certain asymptotic expression. Two

(1) Q.
V

cases may be distinguished: and Qk approach plus and

minus infinity and remains fixed at some finite value, and

(2) Q. 
u

and Q remain finite and approaches plus or minus 

infinity. Coombs (1958) has termed the first condition bilateral 

and the second unilateral. A bilateral condition may be loosely 

described as one in which the three distributions, qj, q^, and 

do not overlap—or at least, not significantly—and lies

between Q. and Q^. A unilateral condition is described by saying

that lies to the left of and 

to the right of Qj and Qk (C^ 

Qk(Cx<Qj and Qk) or 

and CL) and that the c^

distribution does not overlap either of the other two distributions.

Unilateral condition- Since the c^ distribution does not 

overlap the stimulus distributions it can be expected that the 

preference probability will not be influenced by the particular 

form of the c^ distribution. In fact it is reasonable to expect 

that if Ci is far enough to the left of Qj and Qk that p^k 

will depend only on the discrimination between Sj and Sk, or, 

that is, between the separation of Qj and Qk. The momentary 

positions of the individual's ideal should not effect his preferences.

Be should prefer S

The probability of Qj being less than qk should then be equal to

These consideration suggest that the pj^ equation under the



unilateral conditions can be written as

(36)

r°

P = H(Q.-Qk,l) dx 
ÿt J J k

- e*  oo
Pjk • I

-*o
for Qj and

After the usual change of variables equations (36) can also be written 

as

(37) XJk:^’QJ

*jk = «j - % f” Ci >*j  *k '

Equation (37) bears a formal similarity to the LCJ equation— 

the equations are not quite equivalent—and for this reason (37) 

has been termed the "unilateral Law of Comparative Judgment” 

(Coombs, Greenberg, Zinnes, 1959)•

The argument used in the proceeding paragraph to derive 

(37) is more heuristic than rigorous. It would be desirable to 

check our intuitions by deriving (37) from equations A or B. A 

derivation from equation B readily follows so that it will be 

briefly described.

Derivation of unilateral equation from equation B.- let

C^ approach minus infinity without limit and Qj and Qk remain 

fixed. It should be evident on inspection that Pg, P$ and P^ 

will be zero since each one refers to a region which has a negligible 

probability under this assumption. Pg, for example, refers to the 

region in which c^ > qj and this inequality should have a negligible 

probability if C^ approaches negative infinity and Qj remains finite.
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A more rigorous argument would consist of manipulating directly

the expression for This would involve first changing the 

variables of integration to produce constant limits of integration, 

integrating over c^, and then showing that the expression goes 

to xero as approaches minus infinity.

The expression can be simplified by performing the 

integration over c& . This integration can be performed independently 

of the remaining two integrals, since these integrals do not contain 

c^. This integration is, of course, equal to one. may then 

be written as

(39)

oo
/ *(Qk,l) dqk.

Performing a change of variable (qk-qj : yk and qj : yj) and

reversing the order of integration in (39) yields 

'I(40)

[The notation in (40) should show that N(Qk,l) is a function of

y^f yj.1 The integration indicated in brackets in (40) can be

carried out. It is equal to

(41)

so that

(42)

K«k - Qj.Vz),

oo
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Equation (42) can also be written as

(43)
f°

Pj = 1 (Qj - «Xk»
— co

which agrees with the unilateral left equation in (36), except for 

the variance tem. The difference in variance, however, is only a 

difference in the unit of measurement and this is arbitrary.

The unilateral equations will be useful in obtaining an 

approximate solution to the scale values of the stimuli Qj and 

0^. To determine it is only necessary to locate a subject

who la far to the right or left of thia pair. This procedure is 

discussed in more detail in a later section.

Bilateral condition.- In the bilateral condition, the three

distributions Qy qk, and cx are assumed to be non-overlapping.

If Qj is to the left of sand Qk to the right of Cp then 

at all times

(44) [c^l - |c^-qk| = (c1-qJ) - (q^i) : 2cA - qj - qk

Since the sum or difference of normally distributed variables is 

normal, Pj*  can immediately be written as 

r°
(45) Pjk t / I(2Ci-QJ-Qk,V^) for Qj< 

— 00

where the variance of c^-qj is set equal to one. Equation (45) 

can also be written in the usual form as1

a result due to Professor Coombs.
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(U) x^Vs1 = Qj+Qk ’ al for Qj< C4< Qk .

Equation (46) can also be derived from equation B by showing 

first that Pj x = ^ = 0 and then simplifying the expression 

for P2. This will not be carried out.

If (Qj-Qk) has been determined from the unilateral equation 

and if Qj and Qk are far enough apart and on opposite sides of 

Cp than it would seen that (46) could be used to locate C^. This 

approximate method of solution is discussed in the next section.

Approximate solution

The simplicity of the unilateral and bilateral equations 

suggests that solutions of Ct, Q., and Q. could easily be obtained1 J X
from the p^ values of a group of subjects. The procedure would 

be as follows.

1) Determine the I scale for each subject as indicated 

in Table 1, Chapter 1. Assuming that some of the stimulus and ideal 

distributions overlap—the non- overlapping case is trival since 

it is trusted by the unfolding technique—then it can be expected 

that the I scale of a subject will not give a simple order of the 

su values. However, one would expect that even a very rough or 

weak order of the stimuli would be adequate.

2) Determine the order of the stimuli on the J scale, 

that is, the Qj values of the stimuli. Again it cannot be expected 

that the number of I scales will be less than (J|) + 1 (n equals the 

number of stimuli) or that the I scales will be ordered as required 

by condition 3 (see Chapter 1). In brief, the I scales will not
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necesearily fit a perfect J scale. However, one could adopt w 

the criterion of selecting the J scale consistent with the largest 

number of I scales. Here too, only a rough order of the stimuli 

would seen to be required so that the above criterion need not 

specify a unique J scale.

3) With a weak order of the stimuli determined on the J 

scale and with the subjects approximately located on this scale, 

it should be possible, for a particular 8 and S. , to select 
j  

subjects who are far to the left or right of Qj and Q^. These 

subjects would then determine a Pjk, which could be used in the 

unilateral equations to give Q^-Qk. To obtain the scale values 

of every pair of stimuli it would be necessary to have a distribution 

of subjects that was widely dispersed over the J scale.

*

k) Determine from the bilateral equation. This 

requires selecting for each subject a pair of stimuli satisfying 

the bilateral conditions. It would be necessary to replicate this 

pair of stimuli quite often to obtain a stable p^k for each individual. 

(The unilateral equation required only a Pjk for a group, not for 

a single subject.)

There are obviously many loopholes in these four steps which 

make one question the feasibility of the method. Is it feasible, 

for example, to determine a J scale for a large number of distinct 

I scales? Eos non-unique a J scale will the method tolerate?

Can unilateral subjects far to the right or left be selected from 

a population having only weak order I scales? And precisely how 

far to the right or left do the subjects have to be located in order 

to permit solutions with a given degree of accuracy? Concerning
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the bilateral equation, is it feasible to replicate a single pair 

of stimuli for an individual? There is also the question of determining 

the goodness of fit of the model. The estimate of goodness of fit 

is complicated by the fact that the method only uses part of the 

data—-only certain unilateral and bilateral judgments—-to obtain 

a solution.

The plan of this study is to answer some of these questions 

experimentally, using the method with actual data and obtaining a 

solution; other questions will be discussed more theoretically. 

The basic procedure in the experimental application is one of making 

certain tentative assumptions and then checking back, after a solution 

is obtained, to see whether these assumptions were met. If the 

assumptions were met at each stage in the analysis then the application 

is at least internally consistent. Furthermore, if a J scale is, in 

fact, obtained, then it may be argued that the method is feasible.

Some of the theoretical issues of this approximate method 

are discussed in the following sections of this chapter.

Accuracy of the unilateral equations

The approximate method of solution described in the previous 

section requires selecting subjects who are far to the right or left 

of a given pair of stimuli. The question to be answered in this 

section is: how far from the given pair of stimuli should the 

subjects be located to justify the use of the unilateral equations 

at some prescribed level of accuracy! This question can be answered 

by computing the value of p^ for different values of Cp 

keeping Qj-Q^ constant. (The method of computation and its accuracy 

are described in Appendices 1 and 2.) The results of three such series
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•f calculations ere given in Table 6, and in Figure 1 the values

of p,. are plotted against T . Positive values of T. in this 
jfc J v

figure indicate how far to the right of Q. the subject is located.V
Except for the computing inaccuracies in series I (Q^-Q^sP), 

it can be seen that the three curves in Figure 1 uniformly approach 

asymptotes which agree with the estimates from the corresponding 

unilateral equation. For subjects located approximately two units

to the right of Q., Table 7a gives the deviations between their

value and the asymptotic value. (The location of Tj in

series I is given at 1.5 unite because of the computational errors

* »» fer T- - 2.0.) Considering the inaccuracies of computation,

that the values are probably underestimated by at least .001, 

it is reasonable to conclude from Table 7a that the selection of 

subjects 2d units to the right or loft of a given stimulus pair 

will give nearly three digit estimates of the asymptotic p^ 

values. Estimates of Qj-^ obtained from the unilateral equations 

based on these subjects should therefore be accurate to approximately 

three digits.

Table 7a gives the deviation of p1k from asymptotic valued

for subjects located 1.5 units to the right of Qj. Except for

series I the values based on these subjects have approximately

two digit accuracy. The fact that the accuracy of p^k is better in 

series I suggests that the unilateral equations will approximate large

Qj-Qk intervale better than small ones.

Alternative estimates of each Q^-Qk interval can be 

obtained by taking the difference between two other intervals, for

example (Qj-Q^) - (Q^-Qj)* The usual procedure in obtaining an ICJ
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TABU 4

ACCURACY CT NUMERICAL INTEGRATION NCR pjk = 5

Series % -% *jk h

I 2.0 .498? .40

II 1.0 .4986 • 35

III 0.4 .4986 •32

TABU 5

ACCURACY OF NUMERICAL INTEGRATION FOR ASYMPTOTIC VALUES OF Pjk

Series *jk Asymptotic FJ* Deviation h

1 .9763 • 9773 .0010

II .8389 .8413 .0024 .70

III .6552 .6554 .0002 .60



TABU 6

VALUES OF p FOR DIFFERENT VALUES OF CJK 1

Series 1: Series II: Series III:
Qj = 1, \ -1

T
 

II 11T> 
or 

-

cu1 II* 
C
M 11 oP

’j h *jk h Tj PJk h

-1.0 A985 .NO - .5 .4986 .35 - .2 .4986 .32

- .8 .5856 .N2 - .3 .5610 .37 - .1 .5130 .33

- .6 . 6682 -NN - .1 .6200 .39 0 .5272 .34

- .N .7N25 .46 .1 .6731 Al .1 .5410 .35

- .2 .8058 48 .3 7183 .43 .2 .5542 .36

0 .8570 .50 .5 -7549 A5 •3 .5667 37

.2 .8963 -52 .7 7830 .47 .4 -5784 .38

.4 .9251 -54 .9 .8034 .49 5 5892 39

.6 .9450 -56 1.1 .8175 .51 .6 .5990 .40

.8 .9585 .58 1.3 .8266 .53 .8 .6157 .42

1.0 . 9670 .60 1.5 .8321 -55 1.0 .6284 .44

1.5 .9763 65 2.0 .8370 .60 1.2 .6376 46

2.0 .9750 .70 2.5 .8373 0 1.4 .6440 .48

2.5 .9653 -75 3.0 .8389 -70 1.6 .6482 .50

3.0 .9502 80 2.1 .6531 55

2.6 .6552 .60

Asymptote : .9773 Asymptote:.8413 Asymptote : 6554
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TABIX 7

ACCURACT Of THE UNILATERAL EQUATIONS

(a)

Series %-% Q
 

• Deviation of ] 
asymptotic irelu.

I 2.0 1.5 .001

II 1.0 2.0 .004

III .4 2.1 .002

(c)

I 2.0 .001

II 1.0 .009

/ III .4 .012 \

\m .4 .007 1

(b)

i 2.0 .010

/ii 1.0 .024\

\n 1.0 .038/

in .4 .027
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icale le to average the separate estimates of Qj-Q*  where Sj 

and are adjacent on the scale. If this method is to be used in 

conjunction with the unilateral equations (to obtain the Q values 

on the J scale), then it should be ascertained first whether the 

average of the separate estimates is, in fact, a better estimate of 

the Qj-Q^ Interval than the estimate based on p^ only. The 

accuracy of the separate estimates of a given interval can be gauged 

from the following numerical example.

Table 8 consists of a p.. matrix which is compatible with 

the Q theory. The probabilities in this table were generated by 

numerically integrating Tj and Fg in equation A, using as 

values of Q^, and C& those given in Figure 2. Consider the 

stimuli: A,B,C,D, which are to the left of on the hypothetical 

J scale. Using the unilateral equation and the probabilities associated 

with the four stimuli, A,B,C,D, three estimates of the intervals 

Qa-Qb, Qg-Qç and possible. Consider the three estimates

of Q^.

PAB: Q& " ^A = ‘2637

Pbc> Pac: “ ^a : “ ^a"%^

: -.1611 - (-.4207) : .2596

PBD*  PAD*  % “ $A = (%"^D) * 

: (-.4070) - (-.6557) = .248?.

Since the correct value of QA-QB, as given by the hypothetical J 

scale in Figure 2, is equal to 0.3, the best estimate of thia interval 

is given by p^. This example suggests that only one estimate 

of adjacent intervals should be used. However, the generality of this 

conclusion may be suspect, since the alternative estimates of Qg-Q^
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TABIX 8

*jk MATRIX GDŒRATXD IRON HTFOTHKTICAL J SCAIg

I F D G C B H A

I .5218 .5565 .6137 .6473 .6977 .7*5 .7706

F 5311 .6053 .6126 .6573 7123 .7228

D 5586 .6007 .6583 .6472 .7441

0 .5211 .5659 .6239 .6331

C .5635 .5672

B .5229 .6038

H .5456

A

ct = 1.5

0 .3 5 .9 1.3 ' 1.9 2.4 2.8
1----- 1

% % % % «1 qf % *H

Fig. 2 - Hypothetical J scale.
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were based on stimuli closer to than B or A. Another 

example should therefore be considered which does not have this 

property.

Consider the Interval and the three estimates of

this interval based on A,B,C, and D. Two of the estimates will be 

based on A and stimuli further from than C and D. The three 

estimates are as follows

PDc: % ’ Qc : *2559 

PDA> %A: % " QC « (%* Qa) " 

: .6557 - .420? = .2350 

% ~ Qc * (%"%) " 

: .4070 - .1611 = .2459.

The correct value of in this example is .4. The best estimate

therefore is provided by p^, Indicating, it would seem, that the 

direct estimate of a given interval is probably more accurate 

than the estimates based on differences between two larger intervals.

When estimates of an interval are based on stimuli quite 

far removed from the ideal, far enough, that is, for the unilateral 

equations to yield considerable accuracy, then it would seem appropriate 

to average the several estimates based on these stimuli. However, when 

the accuracy of the unilateral equations are somewhat less than 

desired, then it would seem appropriate to maximize this accuracy by 

using only the direct estimate. Of course, in using only the direct 

estimate of an interval, one may be throwing away data already 

collected.

Strong stochastic transitivity

In Chapter I it was asserted that the present probabilistic
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Q theory did not imply the SST condition and, therefore, that this 

theory was incompatible with what has been called in Chapter II the 

U and V theories. In this section the non-SST properties of the 

general theory will be demonstrated. First, however, certain special 

conditions will be considered, conditions which one might expect 

would satisfy SST.

The SST property for fined stimulus points and a variable

ideal point.- This special condition, cf >0, (5 : 0, was 
Cl

previously labelled case 2; the relevant equation is therefore

(34) or (35). Equation (35) can be written as

1

Let us consider an example in which

and

(47) > i
J*

Pki >i-

Adding (q^-2C^) to each aide of the Inequality

»1< V

gives (qj+qj’2c^). < (^+ q^^j^)

which by equation (35) and assumption (4?) implies that

*jl< =kl 
or
(49) Pji< Pki*

But (49) contradicts SST. It must be concluded, therefore, that

SST is not implied by case 2.
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SST for non -overlapping distribution* . - The assumption of 

non-overlapping distributions implies that the distribution of 

does not significantly overlap the q. or qk distribution, 
v •

although the two stimulus distributions may overlap each other. 

This is the assumption basic to the unilateral and bilateral conditions. 

Ihe region in which non-SST probabilities are obtained under this 

condition can be indicated with the following example.

l .t .nd =0"
(see Figure 3) • Assume that 

Pk<>i 
(50) 

PJ1>*  *

SST will be contradicted if

(51) Fkl< «kJ*

and (51) will occur, according to the unilateral and bilateral 

equations, if

or
(52) Qw - Q

Inequality (52) can be written as

(53) (Qj-Ci)< (V?-l)(Qk-Qj)+(C1-Qj).

However, from (50) and the unilateral equation for p

or 
(5*0

> (Ci-Qj).
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Combining (53) and (5*0  gives 

(55) (Cj-QjX («!<!)< (VT-D^-QjJ + ^-Qj) •

Equation (55) gives the range of values of in which SST 

will not be satisfied.

It is also possible to show by using

(56) 

instead of (50), that another non-SST region exists, namely

(57) + < (Q1-C1)<Ci - Qk.

Both regions (55) and (57) > can be represented gravieslly in terms 

of a "folded" scale. If the J scale containing Qj, Qk> C± and 

Q1 18 folded at C^, then the shaded regions in Figure 3 Indicate 

locations of the folded point in which non-SST probabilities 

will be obtained. It should be noted that for the condition of non­

overlapping distributions, non-SST probabilities can only occur 

when a bilateral pair of stimuli is involved.

SST for the general case.- The general case refers to the 

condition in which both stimulus point and ideal point vary and in 

which the c distribution is allowed to overlap the stimulus 

distributions. Since the theory in this case is described by the 

cumbersome A or B equations, investigating the SST properties of the 

theory is difficult. However, the non-SST character of the theory 

can be illustrated by using the hypothetical data in Table 8, 

generated from the Q and C values given in Figure 2. The intervals 

between the Q values in this example were made relatively small
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80 that appreciable overlap of the atimulus distributions would occur. 

Also was placed approximately in the center of the scale so 

the distribution of the ideal point would appreciably overlap many 

of the stimulus distributions. The variance of t was set 
g 

equal to one.

inspection of Table 8 indicates two non-SST triples : 

and (D,F,A). The first of these has

%B = 6)83

Pgg z .5229

but, contrary to SST, 

since

Pdh - * 6^27•

The second triple has

PH) = 5311 >i

Ha = .7tii >4 
and

Pg*  = .7228 .

Clearly both triples do not satisfy SST. It may be observed that 

while the (B,D,H) triple satisfies the requirements of a non-SST 

triple described in Figure 3 for non-overlapping distributions, the 

(D,F,B) triple does not satisfy these requirements. The regions 

indicated in Figure 3 therefore, do not apply in the general case.

Case 1: fixed ideal point and varying stimulus points.- 

Equation A with the distribution function described in (33) is 

appropriate to this case. Equation A with this function is still
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unwleldy so that numerical methode ere necessary. Although these 

evaluations have not been carried out, it is reasonable to surmise, 

in view of the results for the three conditions described above, 

that non-SST triples would occur in this condition also.

Estimation of I scales

The initial step in the approximate method of solution using 

the unilateral equations is to estimate the I scale for each subject, 

estimate, that is, the order of e^j for all j. If each pair of 

stimuli is replicated a few times—to obtain more stable estimates 

of the I scale—the question arises as to how the several judgments 

for each pair can be amalgamated to give the beat estimate of the 

I scale. The problem is complicated somewhat by the non-SST triples 

which are predicted by the theory. If the theory satisfied SST, 

then a reasonable procedure would be to use a vote count method. 

The number of "votes" a stimulus receives is the total number of 

times the stimulus is preferred to all other stimuli; this corresponds 

to the row sum in an (n^) matrix. The vote count method simply 

ranks the stimuli according to the total number of votes each receives. 

However, this method is not applicable with the present theory, 

since pj% (or n^k) is not monotonically related to the difference 

between s^j and s^. This means that for three stimuli Sj, 8%, 

Sp not satisfying SST, that if receives more votes than 8*  

it does not follow that s^ ^>s^.

An alternative method la to use what Coombs (1958) has 

called the individual's stochastic preference. If the proportion 

of choices in favor of S. over S. exceeds one half, then S. is 
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said to be stochastically preferred to S^. An I scale can then 

be estimated by ranking the stimuli according to the number of pairs 

in which they are stochastically preferred. The validity of this 

method depends on WST, so that its application to the present 

theory requires first a demonstration that the theory satisfies WST. 

A proof of WST easily follows from the special cases—for example, 

the case involving non-overlapping distributions. It is also apparent 

from the hypothetical data matrix in Table 8 that WST is satisfied. 

(That WST is implied in the matrix is indicated by the fact that all

the values of 'jk in the upper half of the matrix are greater than 

one half.) However, a general proof from equation A or B has not bean 

obtained. It will be assumed, nevertheless, that the theory may 

satisfy WST so that the method of stochastic preference outlined 

above can be used.

Group results

Tm discussion of the approximate method of solution has 

largely been confined to considerations of the unilateral equations. 

The bilateral equations were not dealt with because the preliminary 

experimental results indicated that its application was not feasible. 

For reasons to be discussed in Chapter VI it was not practical to 

replicate a single stimulus pair the required number of times. 

There are also some theoretical considerations for not using the 

bilateral equations. Since the plan of this study is to compare 

the fit of the Q theory to the U and V theory, the number of free 

parameters in each theory should be approximately equal and further­

more they should be estimated from the same data. Using a large 

number of replications to estimate Cj, for each subject in the Q
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theory would give this theory an unfair advantage.

The procedure employed in this study la to assume that 

is normally distributed over subjects. The effect of this assumption 

is to reduce considerably the. number of parameters to be estimated. 

Instead of having to estimate C& for each subject, only the average 
(denoted by C) and the variance of ( 0^ ) have to be 

estimated. However, it should be observed that the Q theory will 

etill have two free parameters more than the U and V theory. 

(For n stimuli, the U and V theory have n-1 free parameters.)

Estimates of C ’ and O' can be made after the unilateral 
ci 

equations have been applied and the Q values obtained. It is only 

necessary to fit a normal curve to the histogram of subjects on 

this J scale.

There remains the problem of "postdicting" the pJk

values—to determine the degree of fit of the theory—from 

the values of Q^.. .Q^ and C1 and 0^, • Although equation A 

was developed for a single individual, it has the remarkable property 

of being directly applicable to a group when the normal distribution 

assumption of is made. The only modifications necessary in 

equation A are modifications of the parameters appearing in the 

bivariate normal distribution. The justification for these remarks 

lies in the well known theorem that if c^ is normally distributed 

for fixed 1,

K(Cp

and C± is normally distributed over 1, 

XCSCL ) 
ci 

then the distribution of c—-the subscript 1 can be dropped—in the 
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superpopulation composed of within subjects and between subjects 

variability is

/—2------- F»
w(cwcr +</ ).

V «1

This theorem follows from the fact that the density function of c, 

written as

co
^5^ p" 

— co

2
dCi

can be reduced, performing the integration over to

(59) exp

The variables of the bivariate normal function appropriate

for group data are

t^ = c - qk, 

where c refers to the momentary location of an ideal point selected 

from the “superpopulation". The corresponding mean values are then

(60)
TJ -C -Qj

T' : C - Qk .

There are two more parameters to determine before the function 

f(tj,t£), appearing in equation A, is completely specified : r^^ 

and •



The variance of tj is

p p 2 90-t .11 4

J

2 2
or since +(T = 1

J * 
p p

(61) crt, = | +^c for «H 1­
J

The correlation term, which was previously equal to one half, requires

modification. The previous result was based on (4") which assumed
_2 .2

that Q - O n . For the group result
1 qJ

(62) O'ci+d'el idX

so that (4") must be used instead of (4"). Equation (4’) gives

(63)

which under the present assumptions is equal to

(64) . 0ct+ .5

used in equation A with the bivariate" f<»j> 

parameters given in (60), (61) and (64), then equation A will 

predict the group results and it will be compatible with the unilateral 

equations. This means that if the Q values have been estimated 

from the unilateral equations, then equation A will reproduce the 

Pjk values for the entire group.

Since the above group results appear simpler than would have
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been hoped far, it seems desirable to check on these results by 

deriving then note directly free the theory. This can be done by 

performing the following integration

(65) (f^) dcr

The integration over can be performed after the usual change 

of variable procedure. The recuits, after ceneiderebly rearranging 

of terms, is compatible with the conclusions arrived at above, 

mat ls, (65) reduces to equation A with the parameters given In 

(60), (61) and (6b).



CHA FOR IV

THE SIMILAR ITT Of BOBABIUSTIC THEORIES 07 CHOICE

In Chapter III it was shown that the probabilistic Q 

theory does not imply SST and in Chapter II that the Ü and V 

theories do imply SST. The remarks made in Chapter 1, concerning 

the incompatibility of the Q theory with current theories, are 

therefore justified. However, one can ask how incompatible these 

theories are. Can the U or V theory be made to give a close, 

although necessarily imperfect, fit to a p^k matrix generated 

from the Q theory! Or will the deviations be large enough to 

reject the U and V theories for a given number of replications T

The answers to these questions are considered in this 

Chapter. A related question concerns the difference between the 

U and V theories. While both theories imply SST, the two theories 

are not equivalent. How different they ere, particularly in terms 

of fitting a Pjk matrix generated from the Q theory, will also 

be discussed in this Chapter.

U and V theories

The fact that the U and V theories are not equivalent is 

easily demonstrated, for, es Luce (1959) points out, if the two 

theories were equivalent then the integral of the normal fonction 

could be expressed in terms of a finite number of elementary

-79-
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functions. It is well known, however, that the integral of the normal 

does not have this property. Although not equivalent, the U and V 

theories can be made to have a certain formal similarity.

The p^ equation of the V theory can be written in the 

following farm.

where sech? Z s -.... . 
6

Equation (1) la directly analogous to the IC J equation, where the 

normal function has been replaced by the squared hyperbolic Meant 

function and where Uj-U*  has been replaced by log v^-log v^.

However, the similarity la more than formal. According to Torgerson (1958) 

the two functions—the normal and squared hyperbolic secant—are 

"virtually linearly related over the range of proportions ordinarily 

used " (1958, p. 202). A plot between U.-Uk and log 11 given
J k

in Torgerson confirms this assertion. The curve la quite linear 

between + 2 (f, the range of Uj-U^ values given in the figure.

numerical values presented in Luce (1959, P-56) also 

indicate close equivalence of the U and V theories. Ince gives the 

values of p^ as computed from various values of p^k and p^ 

using both the U and V theories. The average discrepancy in these 

computations ie .0092. The largest discrepancy between the p# 

values as determined by the U end ▼ theories occurs when
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The p.. value for the U and V theories are then

Pjl : -941 for the V theory,

Pjl : .954 for the U theory,

which is a discrepancy of .013. Somewhat larger discrepancies 

cen be obtained if more extreme values are used for p^ or p^. 

(Luce used values between .6 and .9 ) For example: If p^ : 308), 

P^ : -9332, then

and
p : .8618 for the ▼ theory, 

Pjl : .8413 for the U theory.

The discrepancy between U and V theories in this example is .020).

It would appear from the above examples that, for probabilities 

mot too extreme, the predictions from the U and V theory would 

agree to two digits. In actual practice, however, the agreement 

is much closer to three digits. This greater similarity results 

from using a fitting procedure which minimises deviations by placing 

predicted p.. values somewhat between the obtained p values.
J*  w*

*1 *2 *3 *4 *5 *6

100 93 84 70 32 20 .

The ptv terms in Table 10 are the velues predicted from

the U theory. These values were obtained by fitting the XCJ scale, 

using the least squares method described by Hosteller ( 1951) > to the

This effect cen be illustrated with the p^k matrix in Table 9. 

This table consists of Pjk values which were generated from the V 

theory by using the following scale values.
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TABIJ6 9 

HIPOŒKTICAL DATA GEKERATED ROM V THE CRT

(1) (2) (3) W (5) (6)

(1) .518 5^3 .588 .758 .833

(2) 525 .571 .744 .823

(3) 545 .724 .808

(M .686 -778

(5) .615

(6)

TABIE 10

SIMILAR ITT OIT U AMD V THE CRIES

(1) (2) (3) (4) (5) (6)

, , P* .542 .586 .757 .836
(1) p •518 .543 .588 .758 .833

d -.001 -.001 -.002 -.001 .003

P* 525 .569 743 .825
(2) p .525 • 571 .744 .823

d .000 -.002 -.001 .002

P» .545 .723 .808
(3) P 545 .724 .808

d .000 -.001 .000

P» .684 .776
(4) p .686 778

d -.002 -.002

P» .610
(5) P .615

d -.005

Mate: j*  denotes a probability reproduced by the 
u theory, p denotes a probabilitlty generated 

from tne V theory, d denotes (p*  - p).
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Pjk matrix in Table 9. The LCJ scale is then used to "reproduce" 

the pairwise probabilities. The differences between the probabilities 

derived from the V theory, Pjk, and the probabilities predicted 

from the V theory, pjk, are also given in Table 10. These differences, 

it will be seen, are all smaller than the average deviations obtained 

in the Luce examples. The average deviation in Table 10 is .0018, 

suggesting that, in fact, the agreement between the two theories 

is generally even closer than the two digit accuracy indicated by Luce.

The degree of similarity between the U and V theories can 

be expressed alternatively by performing the goodness of fit 

test described by Hosteller (1951). This test involves computing 

the angles 9Jk and (in degrees) from pJk and pjk by

vtk; that is
end then determining the residual sum of squares, SSD, expressed 

in terms of 0jk and

n(n-ll 
2 

j k

If SSp is divided by -9^1 where m is the number of replications 

of each stimulus pair, the resulting expression has a X distribution 

with (n~l)|n-2) degrees of freedom. Since the data in Table 9 

are hypothetical, m does not have a specific value. Hwever, it 

is of interest to determine the value of m which wcmld produce a
P o

X term equal to 23.21, the value of X et the .01 level for 

21 degrees of freedom. This value of m, in the present example, is



» = (820.7K23.21) ? 100,000.

Thia result can be Interpreted •• follow. If the hypothetical data 

in Table 9 were based on at least cos hundred thousand replications 

per pair» the U theory could be rejected at the .01 level.

lot only do the ü a^ V theories have similar predictions, 

but since they have the sane character—both imply SST-—it can be 

expected that if one theory overestimates an obtained Pj^ value 

the other theory will also tend to overestimate it. This means that 

both theories will tend to respond similarly to a given Pjk matrix, 

so that distinguishing the two theories experimentally will be a 

difficult task. This conjecture is confirmed in the next section using 

a Pjk matrix generated from the Q theory.

%e fit of U and V theories to Q theory data

An indication of the similarity of the U and V theories

to the Q theory can be obtained by fitting the two theories to the 

Pjk matrix given in Table 8. This matrix, it will be recalled, 

consists of p„ values generated from the Q theory. These p -jk J1
values can therefore be completely described or accounted for by the

Q theory.

Table 11 gives the results of fitting the U theory to the 

matrix in Table 8. The values reproduced from the U theory, P* k, 

are obtained from the ICJ scale which produces a least squares fit 

(as defined by Hosteller, 1951) to the data matrix. The fact that the 

U theory does not precisely predict these Pjk values-—the deviations 

in this matrix are all greater then aero—is prima facie evidence 

once again for the incompatibility of the Q and the U theory. The



TABU 11

THKCBHS AS INDICATED BT REIBCDUCTION METHODSINHABIT! OF Ü AID Q

E y d 0 c B H A

P* .527 •552 .622 .641 .692 .716 .766
IP .522 •557 .614 .647 .698 .705 -771a .005 -.005 .006 -.006 -.006 .011 -.005

p* .525 .597 .616 .668 693 • 745
rp 531 .605 .613 .657 .712 .723a -.006 -.008 .003 .Oil -.019 .022

p* •572 •591 .644 .670 .724
Dp •559 .601 .658 .647 .744

a .013 -.010 -.014 .023 .020

.520 575 .602 .660
op .521 .566 .624 .633a -.001 .009 -.022 .027

p* •555 .583 .642
CP .564 .567 .663

a -.009 .016 -.021

p* .528 .589
Bp • 523 .604

a .005 -.015

p* .561
HP .546

a .015

Note: p*  denotes a value reproduced by the U theory 
P denotes a value generated by the Q theory.
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average absolute deviation between and pj^ in Table 11 la .0121, with 

six deviations at least as large as .020. The largest deviation 

is .027. These deviations, it will be observed, occur with Pjk 

values that are not extreme, the values lying between .766 and.2)4.

Most of the large deviations occur in the neighborhood of the two 

non-SST triplee : (D»B,I) and (F,D,A). The Hosteller goodness of fit 

test performed on the O . and 0*  corresponding to the p.b and

in Table 9 gives a residual sum of squares equal to 19 39.

This residual would be significant at the .01 level if there were 

1648 replications on each p1v. That is, it would take 1648 replications 

to reject the U theory at the .01 level.

Table 12 presents predictions of the U theory to the

p matrix in Table 8 based on an alternative, less efficient, 

fitting procedure. The LC J scale values were obtained by

using only the seven pairs along the diagonal of Table 8. The predicted 

values, p^, for the entire matrix are then obtained from this scale. 

It will be seen in Table 12 that the Pjk and pjk values along the 

diagonal are equal, which is as expected. The reason for using this 

less efficient fitting procedure is to obtain some indication of the 

actual predictability of the theory to "new" p^k values. The least 

square procedure based on the entire Pjk matrix indicates the degree 

to which the theory can postdict or reproduce the probabilities and 

this, as was shown in the previous section, can be appreciably higher 

than actual predictions. The alternative fitting procedure is also 

of some interest because of its use in the experimental part of this 

study. The less efficient procedure will be denoted by prédictif 

method; the least squares procedure by reproduction method.
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SIMILAR ITT OF U AND Q THEORIES AS INDICATED BT IHEDICTION METHOD

E r D G c B H A

E P* 522 • 553 .611 .631 .690 .710 .748
P .522 •557 .61* .647 .698 .705 771

• 531 58? .610 .670 .691 .730
P • 531 60$ .613 .657 • 712 723

D p* 559 .580 .641 .663 •704
P •559 .601 .658 .647 .744

G P* .521 585 .607 .651
P .521 .566 .624 .633

C P* .564 587 .631
P .564 567 .663

B P» .523 .569
P .523 .604

H P*
P .5*6

Note: p*  denotes a value predicted by the U theory 
p denotes a value generated by the Q theory
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Table 13 indicates the fit of the V theory to the date 

matrix in Table 8. The prediction method was also used in Table 13 

so that the diagonal entries shoe perfect agreement. (The equations 

for obtaining the scale values of the V theory with the prediction 

method are given in Appendix 3 • ) The deviations of the U and V 

theories, implied in Table 12 and 13, are given explicitly in Table 14. 

It will be noted that in every case the sign of corresponding deviations 

in both theories agree. This confirms the previous conjecture, that 

the Ü and ▼ theories have a similar character, at least with respect 

to data generated from the Q theory.

The average absolute deviations of the U and V theories according 

to Table 14 are .0126 and .0128 respectively. The value of 38^ 

for the U theory equals 29.41, which indicates that the number of 

replications required to reject the U theory st the .01 level is 

1,086; top for the V theory is 30.93 and m equals 1,033*

The discussion in this section suggests the following 

conclusions:

1) The U and V theories will be extremely difficult, if 

not impossible, to distinguish experimentally.

2) It appears more feasible to compare the Q theory with 

the Ü and V theory. This does not mean that it will be possible, 

with a limited number of replications, to obtain a probability level 

of .01 for the U adV theories and a probability level of .99 for ths 

Q theory. However, it should be possible to detect substantial 

differences in the degree of fit of the U and V theories compared to 

the Q theory. This optimistic statement is based on the fact that the 

88» of the U or V theory in the previously cited example, while not
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TABU 13

SIMILABITT QI V AID Q THS CR BS AS IHDICATKD BT BRIDICTIOR MMHCD

l F D G c B H A

I P* .522 •553 .610 .630 .688 .707 .744
P .522 557 .614 647 .698 .705 .771

r • 531 .589 .609 .689 .727
P 531 .60$ .613 .657 .712 .723

D • 559 .580 .641 .662 .702
p .559 .601 .658 .647 .744

G .521 .585 .607 .650
p 521 .566 .624 .633

C P» 564 .587 .631
p •564 567 .663

B p* .523 .569
p .523 .604

H P»
p

Note: p» denotes a value predicted by the V theory 
p denotes a value generated by the Q theory
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TABIZ 14

TB SIMILAR ITT OF TB Ü AID V THKCRIXS WITH RHSBCT 
TO DATA GKKERATKD FROM THE Q THECRT

of the V theory; lower number, the U theory.

1 F D G C B H A

I .000 
.000

-.004
-.004

-.004
-.003

-.01?
-.016

-.010
-.008

.002 

.005
-.027
-.023

F .000 
.000

- .016
-.016

-.004
-.003

.012 - 

.013 -
.023 
.021

.004

.007

D .000 
.000

-.021
-.021

-.017
-.017

.015 

.016
-.042
-.040

G .000 
.000

.019 - 

.019 -
.017 
.016

.017 

.018

C .000 
.000

.020 

.020
-.032
-.032

B .000 
.000

-.035
-.035

H .000 
.000

A

Mote: upper number in each cell denote» the deviation»
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large to permit a relatively easy rejection of the two theorise --­

about 1000 replications were needed---was nevertheless considerably 

greater than the 88$ of the Q theory. The latter value was, of 

course, zero.

It should also be worthwhile to consider the degree of fit 

in terms other than the magnitude of the deviations. ho curves fitted 

to the same set of points may have equally large deviations but 

nevertheless have different "profilesone of which is similar 

to the profile described by the data. If, for example, a data matrix 

contained several triples not satisfying SST, then it should be possible 

to observe whether the Q theory tends to "follow" the non-SST pattern 

of these triples as compared to the U or V theory. The latter theories, 

fitting a monotonic function to these triples, cannot follow the non-SST 

pattern, although they may do as well as the Q theory in minimising 

the deviations.



CHAPTER V

REVIEW OF THE EXPERIMENTAL LITERATURE ON COL® PREFERENCES

With this chapter the experimental aspects at the study 

begin. It will be recalled that one purpose of the experiment is 

to test the probabilistic Q theory. For this reason the approximate 

method of solving for the Q theory parameters was discussed in the 

proceeding two chapters. The second aim of the experiment is to 

test the independence assumption as described in Chapter 1.

The preferential choices studied in the experimental part of 

this study involve choices of color. It is pertinent, therefore, 

to review in this chapter certain features of the previous studies of 

color preferences.

Early studies of color preference

Early experimental studies of color preferences were largely 

concerned with establishing the "true" order of aesthetic values for 

each color or in some cases establishing the "golden" colors. The 

results of these experiments, as reviewed by Pressey (1921) and 

later by Chandler (1934), were essentially negative or inconsistent. 

Not only did subjects disagree amongst each other, concerning the 

true value of each color, but their <*n  preferences changed from time 

to time.

To some extent the negative findings of the early studies, as 

indicated by Norman and Scott (1952), can be attributed to their 

failure to control or specify the exact character of the colors "tised 

*92”
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and their neglect to treat the data statistically. The former defect 

would explain to some extent why one experimenter reports a predominant 

number of subjects whose most preferred color was red, and another 

experimenter reports only few preferences for red. The two experimenters 

may of course be using different reds, one highly saturated and the 

other unsaturated. The second defect, the lack of statistical 

methods, tended to obscure subtle regularity or consistency of the 

data that might not be apparent to the experimenters on inspection.

There is still another major defect with these early studies 

and to some extent with the recent ones as well; they ignored 

individual differences. In their attempt to study color preferences 

scientifically, the early experimenters apparently felt it necessary 

to assume that all persons had the same or very similar color 

preferences. To assume that people differed from one another and 

that they changed over times was, in effect, to invite chaos. The 

laws of color preference, like the law of gravity, had to be universal. 

The negative and inconsistent findings of the early experimenters were 

therefore looked upon with dispair.

Reçent_studles_of__colgr_H®5®r^

One of the first series of color preference studies to control 

the experimental stimuli and obtain systematic results were the 

Gullford experiments (193%, 1939, W). The 316 colors used by 

Gullford were specified in terms of the three Munsell dimensions, 

hue, chroma (saturation) and value (brightness). Each subject rated 

each color on a ten point scale of preferability, and the average 

rating of each color was used to plot Isohedcn lines in the Jtansell 

color space. The isohedon lines, defined by Guilford as lines of equal 



preferability or equal average rating, were found to be approximately 

concentric circles in a va lue-chroma plane; circles of larger radii 

denoted more preferred colors.

The preference behavior of the average subject, as indicated 

by the isohedon lines, stands in direct opposition to that expected 

from the Q theory. The average subject in these experiments acts as 

though he had a non-ideal point. His criterion of preference is that 

a color be maximally dissimilar to the non-ideal color, but all colors 

equally dissimilar to the non-ideal color are equally acceptable. It 

is as if the average subject knew what color he disliked most but was 

relatively unconcerned about bis first choice if the preferential 

choices of the average subject are typical choices of individuals, 

then the application of the Q theory to color preferences would be 

inappropriate. However, the choice pattern of the average subject may 

result from certain artifacts and does not necessarily reflect individual 

choice behavior.

Consider the following example. Assume that there are two types 

of individuals, those preferring bright, highly saturated colors and 

those preferring shaded, unsaturated colors. If the relationship betwon 

saturation and ratings of preferability produced a concave, monotonic 

curve for each type of subject (as illustrated in Figure 4), the 

average ratings of these subjects would exhibit the same pattern of 

choices as the average subject in the Gullford experiments. In this 

case, the preference pattern of the average subject does not reflect 

the preference pattern of either type of subject. In fact, in terms 

of the Q theory, the average subject will be a typical subject only if 

the distribution of ideal points is unimode 1. It is pertinent then to
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ask whether there are in fact two types of subjects, or, more 

generally, whether the distribution of ideals is unimodel. The 

experimental results of Eysenck (1941a) have some bearing on this 

question.

The study of Eysenck employs a factor analytic method known as 

the Q technique. Each subject in this experiment ranked the set of 

colors with respect to their preferability and the correlations which 

were factored, were obtained by correlating the rankings of pairs of 

subjects. (A high positive correlation indicates that the two 

rankings are quite similar.) A factor analysis of these correlations 

presumably uncovers the attributes or dimensions which determine the 

color preferences of the observers.

The first factor of Eysenck's analysis is, as customary, a 

general factor; it accounts for whatever agreement exists between 

subjects. It also correlates with a general aesthetic ability factor 

found in a previous study (1941b). The second factor is more interesting. 

It is a bipolar factor which divides the subjects into those who 

preferred pure saturated colors and those who preferred unsaturated 

colors. The existence of this factor suggests that the distribution 

of subjects in Guilford's experiments may very well have been bimodal, 

and this distribution, it was shown, could explain the anomolous 

behavior of the average subject.

Eysenck has also re-examined some of the older studies 

reporting negative findings. By using factor analytical methods,

Eysenck finds considerable regularity in their data and rather close 

agreement with his own findings.
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Unfortunately the trend started by Eysenck's studies (the 

use of more sophisticated statistical methods and explicit treatment 

of individie 1 differences) does not seem to have persisted. The 

recent extensive research of Granger (1955) carried out in Eysenck's 

laboratory is in the tradition of the older studies. In these 

studies the experimenter attempts to demonstrate once again that 

individuals have substantially the same color preferences. The 

rankings of the subjects are analysed by Kendall's w, the coefficient 

of concordance, and the conclusion is drawn that the rankings of the 

50 observers are more compatible or consistent with each other then 

one would expect if the observers had acted entirely randomly. 

Kendall's w however, is a very weak test of consistency. If, for 

example, the subjects divided neatly into two classes as suggested 

by Eysenck, Kendall's w would nevertheless indicate large agreement 

between subjects, that is, significant departure from randomness.

The average rankings reported by Granger are at variance 

with Guilford's results. Granger finds that the preferences of 

chrone with other variables held constant, are ordered as follows.

Increasing chroma : /2 A A A A0
Rank 5 3 2 1 U

These results can be interpreted in terms of the Q theory if chroma 

8 is identified as the ideal. The non-ideal color and bimodal 

distribution, introduced to interpret Guilford's dataware not called 

for with these data.

Implications for the Q theory

In Chapter III it was shown that group data could easily be



treated by equation A if the distribution of over individuals 

was assumed to be normal. However, even if the histogram of subjects 

on the J scale indicates that the distribution is bimodal, 

equation A can be employed. In this case, it is necessary to fit the 

bimodal histogram with two normal distributions and apply equation A 

to each distribution separately. The final p values will then be a 
J*

weighted average of corresponding pairs of p^ terms. There is, of 

course, the question of whether the bimodal distribution can be fitted 

by two normal curves, but this can be tested, by the usual goodness 

of fit procedures, before the analysis involving equation Q is carried 

out.

Unfortunately, the U and V theories are not as flexible as the 

Q theory in treating group data. Although in principle the ICJ method 

could be carried out in two parts if the distribution of over 

individuals were bimodal, there are practical difficulties. Unlike

the C variable in the Q theory, a histogram of the U variable 
I V

cannot be plotted before the application of the IC J equations. The 

parameters of the two normal distributions composing the bimodal 

distribution, therefore, cannot be determined.

In order to carry out the IC J analysis of the experimental 

data in the subsequent chapters, it will be necessary to assume, without 

access to confirming evidence, that Ü is normally distributed over
J 

subjects for all Sj.

The assumptions which must be made for the V theory to be 

applicable to group data are discussed further in the following chapter.



CHAHüR VI

EXPiSIMaiTAL METHOD

Stimuli

The stimuli used in the experiment were Munsell standard colors 

(Munsell, 1945). The Munsell designations of the stimuli and their 

tristimulus values are given in Table 15.

It will be noted that the colors lie on a diameter perpendicular 

to the brightness axis in the Munsell space. The line lies in the 

brightness 4 plane and contains the two complementary hues, 5BG and 

5R (a blue-green and a red hue). Since the line passes through the 

origin in the constant brightness plane, a neutral gray is also in­

cluded. It was necessary to employ a one dimensional continuum of 

colors to test the Q theory, since the mathematical development in 

Chapter III pertains exclusively to the one dimensional case.

There were two criteria for selecting the colors on this line.

It was, first of all, necessary to select colors which were not easily 

distinguishable. Since the theory being tested is a probabilistic 

theory, some inconsistent judgments must be obtained and this requires 

having somewhat indiscriminable stimuli.

The second criterion concerns the range of stimuli. If most 

persons are unilateral to all the stimuli, then the distinction between 

the Q theory and the U theory is minimized. In order to provide 

an adequate test of the Q theory, the difference between the two
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TAB1X 

DESIGNATIONS OF THE STIMULI

Munsell a Abbreviated Tristimulus Values
Designations Designation » y *

5» 4/8.3 B8 .1591 .1060 .0660

5» 4/6.2 B6 .1752 .1260 .0969

5B 4A-2 B4 .1420 .1139 .0989

5R 4/2.0 B2 .1326 .1217 .1250

5» 4/1.0 Bl .1268 .1218 .1364

1 V N .1201 .1232 .1437

5BG 4/6.0 G6 .0775 .1140 .1645

5BG 4A-0 g4 .0979 .1263 .1731

5BG 4/2.0 G2 .1122 .1293 .1633

5BG 4/1.0 G1 .1099 .1180 .1430

"The saturation values were obtained by interpolation 
from the tables given in Nev ha 11, Nickerson, and Judd, 19^3 •
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theories should be maximized and this can be accomplished by selecting 

a range of stimuli wide enough to include the ideal color (the most 

preferred color) of most subjects. For the red colors, preliminary 

experimental results indicated that a saturation of 8 was high enough 

to satisfy the second criterion; the ideal red color on this line 

for most persons was between a zero saturated red (a neutral gray) 

and a red of saturation 8. Unfortunately, the highest saturation 

obtainable for the blue-green colors is 6 and preliminary experimental 

results suggested that this saturation was not sufficiently high to 

fully meet the second criterion, although most ideal points in the 

preliminary experiment clustered about a saturation of 4, there were, 

nevertheless, a significant number of preferences for a saturation of 

6.

Two hues were selected instead of one (as is customary in recent 

scaling studies) to provide a more stringent and interesting test 

of both the independence assumption and the w theory. Assume for 

example, that a subject selects as his most preferred color on the 

53d-R line a '2ue-green hue with a saturation of 6. According to 

the i theory and assuming the validity of the independence 

assumption-- in tais case, that the Munsell space is the appropriate 

discrimination space for preferential choices---this subject should 

prefer all blue-green hues on this line to any red on the line. 

However, from a priori considerations this seems unreasonable. It 

seems unreasonable to assume that the subject would prefer the most 

unsaturated, washed out blue-green (in the limit, a Meuttral gray) 

to any red, in particular to a moderately saturated red. -
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Two alternative explanations appear possible, One could reject 

the 4 theory or perhaps modify the Q theory to include separate 

ideal points for different hues. This explantion, aside from being 

cumbersome to deal with, does not readily account for choices between 

different hues. A second alternative explanation is to assume that 

the Munsell space is inappropriate for preferential choices involving 

more than one color, thas is, to reject the independence assumption. 

This means that the subject's behavior could be explained by maintain­

ing the Q theory in its simple form (one ideal point for all colors) 

but drastically revising the color space. If, for example, the subject 

chose saturated colors in preference to unsaturated colors, irrespective 

of the hue, then the appropriate color space would be obtained by 

merely folding the Munsell line at the origin onto itself. The folded 

line would then represent the J scale upon which the subject would be 

located.

If only one hue were used in the experiment the independence 

assumption and the Q. theory would be more easily verified since the 

complications described above could not occur.

Subjects

The subjects were 64 undergraduate women. Those recruited from 

the elementary psychology course were unpaid subjects; others, re­

cruited at large, were paid. Fourteen of the subjects participated 

in the pretest and of the 50 who participated in the main experiment 

one was rejected because of inadequate color vision as indicated by 

the Farnsworth-Munsell 100 Hue Test (Farnsworth, 1957)»
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Apparatus and viewing conditions

The stimuli were presented pairwise using the display board 

illustrated in Figures 5 and 6. This display board consists of two 

pairs of openings, one pair on the movable panel which is in front 

of the display board and one pair directly behind the panel on the 

board itself. The openings on the board are 3 by 5 inches while the 

openings on the sliding panel are 1^ by 5 inches. The display board 

was painted a light gray having a reflectance, according to a Macbeth 

illuminometer, of .48 .

A pair of colors inserted from behind the display board are viewed 

by the subject when the panel slides across the face of the board. 

The motion of the panel is controlled by sliding a knob which is behind 

the display board. As the experimenter moves the knob to the right 

or left the panel moves in the corresponding direction with the same 

speed as the knob, ri hen the panel, for example, moves continuously 

from left to right, the stimuli appear in rapid succession, first the 

right stimulus and then the left, rihen the sliding panel moves in 

the reverse direction, right to left, the stimuli are presented in 

reverse order also. aach stimulus appears when the opening on the 

sliding panel coincides with the opening on the board. The approximate 

time of exposure of each stimulus was .30 seconds.

The experimental room was windowless and had black walls and 

ceiling. The illumination was provided by three Macbeth dxamolite 

fixtures, which provide light approximating Berth skylight (7300 placed
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Fig. 5 - The display board.
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directly above the display board. The board was set at approximately 

45 degrees and received an illumination of 69 ft. candles. The 

subjects sat between 8^ to 10 feet from the colors presented on the 

board so that the angle subtended by each color was about .8 degrees 

in the horizontal direction and 2.7 degrees in the vertical direction. 

The reason for using a relatively small viewing angle and rapid expo­

sure was to increase the number of inconsistent judgments. Prelimin­

ary tests indicated that the subjects were generally remarkably consis­

tent when the viewing angle and exposure were somewhat greater.

The Munsell papers were cut to 4 by 5*3/4  inches and mounted on 

illustration board. Since openings of the display board were 3 by 5 

inches,there was sufficient margin to permit easy handling of the 

non-viewed portion of the stimulus, dasy handling of the stimulus 

cards was also facilitated by the use of a box having separate com­

partments for each stimulus card. The edges of each compartment were 

covered with velvet to minimize scratching the surface of the stimulus 

cards when the cards were put in or taken out of the compartment. 

To minimize the possibility of identifying a stimulus by certain 

distinguishing marks which might appear on the stimulus cards, each 

stimulus was represented by more than one card. Also any card which 

had inadvertently become marred or defective through handling was 

replaced.

Procedure

Between three and seven subjects participated in each experimental 

session. The initial task given each subject was a color vision test 
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known as the Farnsworth-Munsell 100 hue test for the examination of 

color discrimination (Farnsworth, 1957). This test consists of 

four sets of color chips varying primarily in hue. The subject’s 

task is to arrange the colors in each set so that they form a grad­

uated series. The score on the test is determined by the number of 

errors the subject makes, an error being defined as the number of 

pairs which are incorrectly ordered by the subject. The correct 

order of the colors is easily determined by the numbers written on 

the reverse side of the color chips.

The subjects were told that the purpose of the test was to 

determine how well they could see colors. They were told to take 

their time and when finished to turn over the color chips and deter­

mine their own score. After a subject had recorded her own score, 

the set of colors was returned to the experimenter who, after randomiz­

ing the order of the colors, presented the set to another subject. In 

this manner it was possible to test all subjects in each session in 

about a half hour.

In the color preference part of the experiment the ten pairs 

of stimuli were presented randomly, each pair replicated three times. 

There were, in addition, five practice trials in which all of the 

colors appeared in at least one pair. After the 140 pairs were 

presented at the rapid rate of exposure, eleven additional pairs were 

presented with longer exposure times of about 3 seconds. The eleven 

pairs were: G1 G2, G2 Gt, Gt G6, B1 B2, B2 R4, Bt B6, R6 R8, G1 RI, G2R2, 

Gt Rt, G&R&. The reason for presenting these eleven pairs was to determine 

whether preferential choices at the rapid rate of exposure is compatible
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with choices made under more usual exposure times.

Since the order of presentation of the colors was random, the 

three replications of each color were randomly dispersed over the 

trials so that in fact certain replications appeared consecutively 

to the subject. The position of each stimulus was also randomized, 

being on the left or right an equal number of times. Also, the 

three replications of each pair involved different positions of the 

two stimuli comprising the pair.

The trial number which was called out about a second before the 

colors were exposed, acted as a ready signal for the subject. The 

subjects indicated their choices on a data sheet containing the trial 

numbers and the letter L and a (for the left and right colors) adja­

cent to each number.

A five minute rest period was introduced after about half of the 

pairs were presented. The exact point at which the rest period began 

was varied in different experimental sessions. This was done because 

it was observed that subjects tended to have difficulty with the first 

few trials after the rest period. A few trials were needed to warm 

up again. Varying the location of the rest period, therefore, had 

the effect of varying the stimuli which occurred during the brief 

warm up period.

Instructions to the subjects

The instructions given to the subjects after the color vision 

test was completed were stated as follows.

In this next part of the experiment I am going to present 

a pair of colors on this board in front of you. For each pair 
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of colors. I want you to imagine that you are in a paint store 

selecting a color of paint to be used for your entire dormitory 

room (or living room, if you live at home). Select the color 

in each pair which you would prefer for your room. Be sure 

to keep in mind that you are selecting a color for your room, 

not a color which you may prefer for other reasons. Remember 

also that the color you select is to be used to paint the 

entire room, not merely one wall or two. Also, the color is 

not to be part of a pattern or combination of colors.

Indicate your selection by placing an 'x' over the 'E' or 

•L*  which appears on the sheet before you. In some instances 

you will probably dislike both colors, or perhaps, you will like 

both colors; however, for each pair you should try to select 

the color which appears the more preferable.

When this panel is moved across the board the colors will 

appear in rapid succession, one under the letter 'L' and one 

under the letter "R". If the panel moves to the left like this 

(panel is moved to the left) then the first color you will see 

will appear under the 'L' and the second color shortly there­

after will appear under the 'R'. The colors will appear rather 

rapidly, somewhat less than a second, so that you will have to 

look very quickly from one side to the other. You will have 

some difficulty in the beginning seeing the colora, but after 

a while it will probably be quite easy. In any case, please be

sure to indicate a choice for every pair. If necessary, guess.

Do not worry about being inconsistent from one pair to another.
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The presentations are rapid enough so that you are bound to make 

some mistakes.

Although the colors will appear for less than a second, it 

will take about 10 seconds to change the colors. During this 

time feel free to talk to your neighbor or study. Please refrain 

however, from talking about the experiment. Let me emphasize 

that we are interested in your color preferences, no matter how 

different they may be. In fact, we expect people to differ.

The first five trials will be practice trials. Indicate 

your choices on these trials with the appropriate 'x'. After 

these trials, I will answer any questions that you may have 

and we will proceed with the experiment.

After the first five trials, questions were answered, and the 

subjects were told that there would be about 150 trials and that it 

would take about a half hour, including a five minute rest period.

On trial 141 the subjects were told that the following few pairs 

would be presented quite slowly and, without additional pause, they 

were begun. After the 151 trials were complete, the subjects were 

instructed to turn over their paper and to describe on the back of it 

what system, if any, they had used in making their choices.

Treatment of the data

The U theory.» The LCJ solution is applied to a Pj% matrix 

which is obtained from the combined replicated judgments of all 

subjects, that is,
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(1) "ik
Na

where is the total number of judgments of all subjects in which 

Sj is preferred to In .the experiment, N = 49 and m = 3 

so that (1) reduces to

(%)

U7 ■

There are two properties of (2) which require some further 

discussion : its expected value and its sampling variance. If (2) 

is to be analyzed by the LCJ equation, its expected value should 

equal a preference probability that satisfies the U theory. This 

remains to be established. It is also necessary to know the sampling 

variance of (2) in order to perform a goodness of fit test. Both 

properties of (2) will be considered after the relevant assumptions 

nave been stated for the group LCJ analysis.

The assumptions for an LCJ analysis of group data are analogous 

to those stated for the Q theory in Chapter III. However, it will 

be well to state them explicitly here. It is assumed that for each 

individual i and stimulus the distribution of u^ is 

(3) «KUj.l, du),

and the distribution of U. . is J J1

(4) N(upd).
J u
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Since these two distributions are independent, the distribution of

Uj is therefore

If the usual correlations are set equal to zero,

iUj, iUk,i - 0

0u. .u,

which implies taat

(6) ru u = 0»
k j

and if

(7) V^ÔlP = 1 

then the LCJ equation results for the group data:

(8) Xjk " Uj " "k"

The normal deviate in (8) corresponds to the p^ based on the entire

group.

If p.. , is defined as the preference probability for a single JKjX
individual, then the group p is merely the expected value, over JK
subjects, of p^ that is,
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(9) pdk =

Equation (9) indicates that if the subjects are selected randomly, 

then the proportion of preferences of to for in - 1—that 

is, njk/N——will be an unbiased estimate of p^» Furthermore, 

equation (8) asserts that this will satisfy the conditions of 

the U theory. '
Consider now the case of replicated jud^ents. The question is 

whether (1) is an unbiased estimate of the group Pjk as defined in 

(9), that is, whether

U.) =Pjk-

To prove (10) it is simpler to assume, without loss of generality, 

that the population from which the subjects are drawn is large but 

finite. The group Pjk can then be defined as

N*
(11) Pjk = n  Z*

1=1

where N*  is the size of the population. In a sample of size N, 

the probability of selecting a given subject is N/N*.  For m replica'

tions per subject, the expected number of preferences of 5^ to

for individual i 1S mpjk,i Therefore, the expected number of

preferences of 3 to S for a sample of size N is 
J K

(12) Z N̂ mpjk,i)  N̂ m^jk,2^ * * *

which can be simplified to
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N*
I Pjk.l.

1=1

Using (11), (13) reduces to

(14) 2(njk) z Nmpjk.

Dividing (14) by Nm, to obtain the expected proportion, (10) is obtained 

which was to be proved. It is appropriate, therefore, to use (2) 

as the basis for the LCJ analysis.

The second property of (2) to be discussed is its sampling variance 

The problem is to determine whether the sampling variance of (2) is 

consistent with the error term in the Hosteller goodness of fit test 

described in Chapter V. This test assumes that the error variance 

of the estimate of p^k is the usual binomial variance

(15) Pjk(Wjk)

njk + nkj

and that the estimate of Pjk is independent of the estimate of Pj^. 

However, both assumptions can be questioned if the LCJ analysis is 

based on (2). Bock (1953) has shown that even when m-1 for group 

data and the correlation indicated in (6) is zero, the normal deviates

X.. and jk
will, nevertheless, have a non-zero correlation. (The

correlation between deviates not sharing a common stimulus is zero.)

This non-zero correlation contradicts the assumption of independence 

in the hosteller tests, although the first assumption described above 

is satisfied for non-replicated group data; that is, 
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the sampling variance of n^/N for group data is equal to (15) 

(see Cramer, 1951, p. 192). When m is greater than one, however, 

(15) is not the correct sampling variance of (2).

It is well known that a two stage sampling procedure---and this 

is what is involved in using replicated judgments---results in a 

higher sampling variance than that obtained irom simple random sampling 

(see Cochran, 1953). This means that the binomial variance (15) is 

an underestimate of ohe sampling variance of (2). The correct estimate 

in a two stage sampling procedure involves estimating the variance 

of i between subjects as well as within subjects, and in the 

present case, these variances are difficult to determine. Tae analysis 

by Bock however, indicates that the binomial variance is an over­

estimate of the sampling variance, and unfortunately the correct value 

is not readily estimated from his results, dince ooth types of biases 

are involved in using (15) as the sampling variance of (2;, it is 

not clear whether (15) is an overestimate or underestimate of the correct 

expression. However, since the primary purpose of the experiment is to 

compare the fit of various theories, rather than to reject or accept 

a. null hypothesis, it will probably be sufficient to use tne hosteller 

test without further modifications to obtain a measure, albeit an 

approximate one, of the degree of fit of each theory.

V theory analysis. - The assumptions which must be made for 

the V theory to be applicable to group data are not as easily deter­

mined as the corresponding assumptions for the U theory. The problem 

is as follows. Given that the preference probabilities for each subject 
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satisfy the V theory, what additional constraints must be placed on 

these probabilities so that the preference probabilities for the group 

will also satisfy the V theory. For the U theory it is sufficient 

to assume, in addition to the equal correlation and equal variances 

assumption, that the distribution of the scale values of each stimulus 

is normally distributed over subjects.

The analogous assumption for the V theory restricts the function

as follows:

If such a function exists and if it has the properties of a frequency

function, then it would be sufficient to assume that Vj^/v^ i was 

distributed over subjects with the function 0 as its density function 

This assumption would guarantee that if the p. of each subject 

satisfied the V theory, then the group probability, p^, would 

also satisfy the V theory. Since it is not known whether 

the function exists, the experiment will merely test 

whether the group p^k satisfies the V theory.

The Q theory. - The normal distribution assumptions which make 

the Q theory applicable to group data have been discussed 

in Chapter III and Chapter V. It remains to discuss here 

the problem of comparing the Q theory results to the

U and V theories.
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This comparison is complicated by the fact that the Q theory 

has two more free parameters than either the U or the V theory• 

Consequently, if all the data were used in the theory analysis, 

then one would expect the Q theory to predict better than the other 

two theories purely on the basis of the additional parameters. However, 

the approximate method of solution does not use all the data. Under 

certain circumstances it may use only the pairs adjacent on the J 

scale to determine the Q values of the stimuli, and even these pairs 

will not, in general, involve the judgments of all the subjects.

Since the Q theory analysis does not use all the data to fit 

the parameters in the theory, it cannot be argued a priori that the 

5 theory has an advantage over the other two theories. In fact, 

it appears quite likely that the Q theory is at a disadvantage to 

the U and V theories when the analysis of these two theories is 

based on the reproduction method, that is, when these two theories 

use all the data. One is tempted to put the three theories on an 

equal footing by using the prediction method for analyzing the U 

and V theories, but it cannot be said that this is an equitable solu­

tion either. While the stimulus values of the q theory may be ob­

tained from adjacent pairs only, the values of the mean and variance 

of the distribution of ideals is estimated by obtaining the I scale 

of each subject, and this entails using all the judgments from each 

subject. However, since the I scale involves only ordinal relations, 

little of the information in the data is actually used. It cannot be 

said, therefore, that a « theory analysis using adjacent pairs to 

determine the stimulus values, is at the same level as the prediction 
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method of U and V theories. However, it also cannot be said that 

the Q theory analysis uses as much data as the reproduction method. 

Very likely the Q theory analysis lies somewhat between the prediction 

method and the reproduction method of the U and V theories. For 

this reason, both the reproduction and prediction method are used in 

the analysis. It will be assumed that a residual sum of squares (SSq) 

of the Q theory which is equal to or less than the S5p obtained 

from analyzing the U or V theory by the reproduction methoi is 

evidence for the superiority of the Q theory. If the of the 

Q theory exceeds the 88$ of the U or V theory analyzed by the 

prediction method, the theory will be considered inferior to the 

U or V theory. The tnird possibility is indeterminate; in this 

case the SSq of the theory would lie between the residual sum 

of squares computed by the reproduction method and the prediction 

method.



CHAPTER VII

BXPKRIMKMAL RESULTS

Color vision test

The results of the Farnsworth-Munsell Test indicated that the 

color discriminations of mogt subjects were exceedingly precise.

to the manual for this test (Farnsworth, 1957) about 16% of 

the population (exclusive of color defectives) have been found to make 

four or less reversals on this test. About 76% of the 50 subjects in 

the experiment did this well. One subject, however, did considerably 

worse *>»"  this. Although her score did not indicate seriously defective 

color vision, this subject was excluded from further analyses. The 

average score for the remaining 49 subjects was 2.85 and the largest 

error score in this group was 10.

Inconsistency of preferences

The number of inconsistent stimulus pairs (an inconsistent 

stimulus pair defined as one judged inconsistently on the three 

replications of the pair) was used to determine whether the subjects 

were responding in a purely random fashion. If a subject were behaving 

randomly, the probability of giving three consistent responses to a 

particular stimulus pair would bo one—fourth. Of 45 pairs, the expected 

of inconsistent pairs for random behavior, is therefore 33.75$ • 

two sigma interval about this expected value is 28.2-39.4. For three 

subjects the number of inconsistent pairs was large enough to fall in 

this interval; they had 29, 30 and 33 inconsistent pairs. Those

-119- 
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nbjeetS) however, were not omitted in the subsequent enalysee because 

it was clear from inspecting their I scales that they were not responding 

randomly. All three subjects had I scales which were perfectly

compatible with the obtained J scale described in the 

subsequent analyses; the I scales could be conceived as

a folded J scale.

Figure 7 gives the histogram of inconsistent stimulus pairs for 

all subjects. The most consistent subject had 4 inconsistent pairs; the 

average for the 49 subjects is 18.2. In Figure 8 the number of 

inconsistent stimulus pairs is presented separately for unilateral and 

bilateral subjects. In this case, unilateral subjects refer to those 

subjects located near either end of the J scale and bilateral subjects 

those located near the middle of the J scale. The I scales and the J 

scale which were used to make this dichotomy between subjects are 

described in a later section. Here it will suffice to indicate that the 

west preferred stimulus of the unilateral subjects was one of the 

following:

H, B1, G1, 06, B6, or R8 

and the most preferred stimulus of the bilateral subjects was either

B2, B4, G2, or 04. 

One subject is not indicated in Figure 8 because the response pattern 

of this subject deviated excessively from the J scale.

The reason for separating the unilateral and bilateral subjects 

was to test certain implications of the Q theory. According to the Q 

theory, bilateral subjects should be more inconsistent than unilateral 

owes. This is a consequence of the fact that a bilateral person has to 

discriminate between stimuli on a folded J scale, and this scale will
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MCUMrilf have aaaller intervals between the stimuli than a non—folded 

ecalee The unilateral person does not fold the scale—or at least, not 

very fifth—ar*  therefore has larger intervale to discriminate. The 

discrimination judgments of the unilateral subject should also tend to 

be less influenced by the variability of their ideal point, and this too 

should tend to make the unilateral subject more consistent than the 

bilateral subject. The data in Figure 8 Indicate that the mean number 

of inconsistent pairs for bilateral subjects (DB) is 19.21 and for 

unilateral subjects DU is 16.92; the corresponding standard deviations 

are 6.90 and 5.25, respectively. DB is larger than DU as expected, but 

their difference is not significant at the 5% level. The statistic y 

(see Pearson and Hartly, 1954, pp. 26-27) is equal to .70 while the 

value of this statistic at the 5% level (using a one tailed test) is 

approximately 1.68. (This test of the difference between moans does 

not assume equal variances.)

Eolation between color vision and inconsistency of Preference 
One of the assumptions implicit in the Q theory is the 

assumption that the variance of qj and o^ is equal for all subjects. 

This assumption implies, among other things, that the subjects have 

essentially the same color discriminations. This can be tested by 

comparing the scores on the color vision test with the number of 

inconsistent preference judgments. If the subjects had, in reality, 

different color discriminations, and if the color vision test was 

effective in measuring these individual differences, then one would 

expect a correlation between the color vision score and the number of 

inconsistent stimulus pairs. To be more precise, it must be added that 

it is neoosoaiy to control for the different points at which subjects
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—y fold the J scale, since the discriminability of the stisnli is a 

function of C& . The degree of fold was controlled to sone extent by 

considering unilateral and bilateral subjects separately.

The correlations between the color vision score and the number 

of inconsistent stimulus pairs for unilateral and bilateral subjects 

are as follows:

rbilat**l  ■ '•28' r =

1In general, in this and the subsequent chapters the terms Pj%, c^, 
dc^, qj, etc. refer to estimates of the corresponding population values.

(The probability values were determined by using Fisher's * 

transformation and a two tailed test.) Neither correlation is 

significantly different from sero at the 5$ level and only one 

correlation, the unilateral correlation, has the expected sign. The 

homogeneity of the group and the assumption of equal variance therefore 

cannot be rejected.

UH analysis of the combined set of stimuli1

Banreduction method (U1) .-Table 16 gives the Pjmatrix based 

on all the judgments of all subjects. In principle, each proportion in 

matrix should be based on 147 judgments but since certain subjects 

did not respond on some trials, six proportions are based on 146 jud^ents 

and two on 145. However, in performing the goodness of fit test it will 

be assumed that all proportions are based on 147. The error committed 

in making this assumption will be seen to be negligible.

Table 17 contains the p& values reproduced from Table 16 

using the LCJ solution. (This procedure is called the U1 analysis.) 

Table 20 contains the Hosteller goodness of fit test and, in addition, 

analyses developed byGulliksen and Tukey (1958), which are described in
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TABU 16

CBTAUXD p MASH

* 06 02 B2 Bl Bit 01 B6 B8 I
(* .578 .619 .626 .653 .6¥? Jlk .769 .728

06 •517 •599 .619 .692® .578 755 .69ft .66*®

02 .578 .619 .6b6 .726^ .626 .7 lit .721

B2 •529 .lt56 .599 .565 .*35 .728

Bl A76 .500® .5**  .605 •707

Bit .503 •531 578 .6**®

01 .503 .558 .538*

B6 •571 •578

B8 .52*

B

"proportion based on 1U6

^Proportion based on 1^5
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TABtt 17

BIHtODUCKD M. MATRIX IRON LCJ SCAB (Ul)

04 06 02 B2 RI R4 01 B6 B8 I

G4
P

-532, .536
.548“ .578

.632 
.619

.652 .657 
.626 .653

.681 .697 . 725 .761 
.641® .714 .769 .728

G6
p*
P

.503 
.517

.601
•599

.621 .627 

.619 .692®
.654 .668 .697 .735 
.578 .755 .694 .664*

G2 P
.598 
.578

.618 .624 

.619 .646
.651 .665 .694 .732 
.726® .626 .714 .721

R2 P»
P

.521 .527 

.592 .456
.556 .571 .603 .645 
.599 .565 .435 .728

Bl P
.506 
.476

.535 .550 .582 .625 

.500® .544 .605 .707

R4 P*  
P

.528 .544 .576 .619 

.503 .531 .578 .644®

86 ;
.516 .5*8  .592L 
.503 .558 .538®

•532 .576
•571 .578

«8 f

M P

Proportion tweed on 146

Proportion based on 14$
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Table 19. In Table 19 it will be seen that the total bum of squares of 

the anpiiw Measure 9 have been separated into two components, a 

residual component (SS^) which is the basis of the Hosteller test and a 

linear component (S3 ) which indicates the variance attributable to the 

LCJ scale. The x| term in Table 19 associated with SS^ , the total 

sun of squares indicates the extent to which the obtained p^ values 

deviate from one half. In Table 20 X2 i# significant (beyond the .001 

level) so that one can reject the hypothesis that the preference 

proportions in Table 16 are mere random deviations about one half.

According to Table 20 X J » associated with the linear 

component SA , is also significant beyond the .001 level so that one 

nay reject the hypothesis that the pj^ values in Table 17, the 

preference proportions reproduced from the IÆJ scale, are random 

deviations about one half. The third X^ term, Xp described in 

Table 19 is based on the residual sun of squares, SSp , and this tern is 

precisely the X2 term of the Hosteller test. In Table 20 Xterm 

is significant at the .001 level indicating that the matrix in 

Table 16 cannot be assumed to have been generated ly an LCJ scale. 

However, although the LCJ scale can be rejected at the .001 level the 

scale nay nevertheless account for a considerable anount of the data. 

A X2 test does not give this kind of information. To provide sone 

indication of how much is accounted for by the theory, Gullikson and 

Tukey (1958) have developed an expression which nay be interpreted as a 

reliability term; the true score variance in this case refers to the 

variance accounted for by the LCJ scale. Two formulas are given by 

Gullikson and Tukey for calculating the reliability: r*  and rM . 

Both formulas are presented in Table 19. The formulas do not, in
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TABEK 18

HUKD1CTED p*. MATRIX IRON IC J SCAIX (U2)

Gk G6 G2 R2 RI Bk G1 R6 Rd N

P» .502 .533 .546 [•548 .578 .6% .636 .787 .813
G4

P .653 .714 .619 [.54a .578 .769 .626 .641 .728

p* .531] f-544] .546 .576 .601 .634 .785 .813
06 P •531J 1 .^41 .308 .354 .578 •524 .503 .6kk

P* .513 .515 .545 [•571 .605 .763 •791
G2

P .435 .245 .374 [.571 .456 .497 578

P* •502 •532 .558 [.592] .752 •781
B2 P .401 .422 .435 [.592j 599 .728

P* •530 .556 •590 .751 .780
RI P .517 .694 .619 •578 .664

.526 .560 [.726] .757
R4 P .714 .619 [.726] .721

P* .534 .70k .736
G1 P •395 M2 .524

p* 673 [.707
R6 P .500 [.707

P* [-538
R8 P

[.538

1 P*

Note : Brackets indicate the nine pairs which were used to 
determine the I£J scale.
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TABIX 20

VABIABCX-C CMPOHKHTS ANALYSIS ICB UI

Source df S8 MB X2 P

Total 45 2899.722 64.438 519.38 z< .001

Linear 9 2J41.814 282.423 455.27 < .001

Residual 36 363.407 10.095 65.091 
(64.986)»

.001

.8^3

This value vas computed, without assuming that 
Bi s 147 for all stimulus pairs. Comparing the two 
values in this cell indicates that the assumption 
produces a negligible error.

TABIX 21

VABIAICE COMPŒŒHTS AHALYSIS FCR U2

Source df ss MS x2 P

Total 45 2895.8 64.35 518.68 .001

Linear 9 4413.9 490.43 790.59 « .001

Residual 36 3313.0 92.03 593.41 « .001
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general, give identical value» because the residual sun of squares 

expressed in teres of 0 is not minimised by the usual fitting 

procedure.1 The consequence of this is that the components 33g and 

S3 , are not quite orthogonal.Is
The values of r and r based on Table 17 are given in 

s
Table 20. It will be seen that whereas the X2 test indicates that 

the LGJ scale can be rejected, the reliability of the UJ scale as 

given ly re or rM indicates that the a theory accounts for a 

considerable amount of the data in Table 16.

The U1 scale, the LCJ scale which was used to generate the 

values in Table 17, is as follows.

(UI scale)

■ RBR6G1B*R1R2G2G6G*  
0 .1117 .1929 .2321 .30*2  .3190 .3718 .6197 .628*  .7093

It will be noted that the R stimuli on this scale have the order of a 

folded Mansell line. The G stimuli on the LC J scale may also be 

conceived as a folded Mansell line, but the combination of the R and 

G stimuli on the LCJ scale does not have an order which is compatible 

with the entire Mansell line folded at any point. This suggests that
\

the Mansell limo, 06-38, will probably not agree with the J scale en 

which the subjects are located, and therefore that the Mansell space is 

not an appropriate space for the entire set of preferential choices. 

This will be considered in greater detail when the procedure for 

constructing the J scale is described.

^In fact, S3- expressed in terms of p.. is generally not 
-4-4-4—a either. MSBtellor (1951) has shown thtt a least squares 
criterion is involved in averaging the columns of the Xu matrix, 
this criterion is only tangentially related to the residual sum of
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method (ü2K-C«lng the prediction method and the

'jk jilmg of the nine pairs of stimuli adjacent on the Ihinsell lime, 

the following DCJ scale resulted $

(U2 scale)
M G1 RI RB G2 06 R2 R6 84 G4 
0 .0954 .5446 .6311 .6962 .7724 .7773 .8100 .8878 .8930

While this scale does not give the sane order of stimuli as the previous 

scale (UI) it does give an order which is consistent with a folded 

Munsell scale for the R and G stimuli considered separately.

Table 18 contains the predicted p& values based upon the 

above DCJ scale, and Table 21 gives the corresponding analysis of the 

sum of squares. The three X % terms in Table 21 are each statistically

significant so that it may be concluded that both the Pj^ values and 

the pj^ are not random deviations about one half—this property of the 

values was already shown in the previous analysis—and that the

LCJ scale does not adequately account for the obtained values.

Comparing the residual sum of squares between the prediction and 

reproduction analyses, U2 and U1, indicates that the former gives a 

considerably inferior fit to the data than the latter; the SS^ based 

on the prediction method is about nine times larger than the SSD 

based on the reproduction method. The reliabilities, r*  and r^, 

cannot be determined from Table 21 because the prediction method which 

is used in the U2 analysis gives a residual and linear sum of squares 

which is larger than the total sun of squares. Of course, this is the 

consequence of using such an inefficient fitting procedure.

MJ analysis of the R stimuli

Tables 22 and 23 give the results of an MJ analysis of the R
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TABIX 22

EIHICDÜCXD p» NATSIX (B STIMULI OBLl) IRON ICJ SCAIX (U3)

B2 B1 B6 B8 I

.506 -512 •552 •581 -657

.51* .52*» •531 .578 .6U

.507 .^7 .576 .652
•592 A35 .728

.5N0 .569 .6^6
•5** .605 .707

B6

B 8

.529 .608
•571 .578

•579 
.52U

TABIX 23

VABIABCX -C 0BŒPH81TS AIALTSI8 PCB U3

r, » .523 = .587

Source df SS MS x2
P

Total 15 571.37 38.091 102.3* 44.001

Linear 5 377 *5 75*90 67.61 « .001

Besidual 10 157*0 15.7*0 28.19. .001
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stimuli only using the reproduction method (denoted by U3) and Tables 24 

and 25 the prediction method (denoted by 04) • The residual sum of 

squares are significant in both analyses indicating that the LCJ theory 

does not adequately account for the preference proportions of the R 

stimuli. This conclusion should be tempered since, as it was pointed 

out in Chapter VI, the Hosteller analysis is only approximate. The two 

reliability values in Table 23, r# ; .523 and rH = .587, while not 

as high as the reliabilities for the combined stimuli in the U1 analysis, 

indicate nevertheless that the LCJ scale does account for at least one 

half of the variance.

Unfartumtely, due to the difference in degrees of freedom it is 

difficult to tell from the %2 values whether the LCJ theory fits the 

R stimuli better than it does the combination of R and G stimuli. The 

reliability values also do not accurately Indicate the relative difference 

in fit when the degrees of freedom are not equal or, as it is more 

»anally described, when the range of talent is restricted. This 

characteristic of the reliability coefficient could explain why rgB 

for UI is greater than rge for U3 (.845 covered to .587). However, 

it appears reasonable to conclude that the prediction method gives a 

better fit to the R stimuli than it does to the combined stimuli. This 

conclusion is borne out by the fact that the SS^ for the U4 analysis 

is approximately three times the SSp for the U3 analysis while the 

corresponding residual sums of squares for the U2 and UI analyses are 

related by a factor of nine.

The residual sum of squares for the U3 and U4 analyses

suggest that the corresponding scales would agree. However, the two 

scales, which are given below, do not appear particularly compatible.
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TABIX 24

IMDICttD p*.  MATRIX (B 8TZMJ1I ONLY) IRON ICJ SCAI1 (*)

B4 16 B2 B8 I Bl

Bt *
P

B6 +
P

B2 
P

RS *
p

B 
P

531
531

.634
•524

.605 

.456

.592]

.592]

.534

.395

.510

.293

Bl

Note : Bracket indicate» the pairs which determined the
ICJ scale.

TABU 25

VAR IABCX -C OMPOKKHTS AHALTSIS FCBUk

Source df SS MS X P

Total 15 571.37 36.091 102.34 z<.001

Linear 5 308.20 61.640 55.20 « .001

Residual 10 494.23 49.423 88.52 « .001
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(U3 scale)

N RS R6 RI R2 RA
0 .1996 .2733 .37A1 .3908 .A051

(UA scale)

RI N RS R2 R6 BA
0 .0263 .0865 .2327 .265A .3432

It will be noted that except for the positions of N in U4, both scales 

are folded Munsell lines.

To compare the UI and U2 scales with the U3 and U4 scales, the 

U1 and U2 scales are reproduced below for the R stimuli only.

(UI scale)

N RS R6 RA RI R2

0 .1117 .1929 .3042 .3190 .3718

(U2 scale)

H RI RS R2 R6 RA
0 .5446 .6311 .7773 .8100 .8878

Except for the order of stimulus RA, the order of the stimuli on the 

scales in UI and U3 agree; U2 and UA agree in order except for the 

stimulus pair, N, RI. In terms of the metric relations on these scales, 

only the N, RI reversal is serious since the N, RI interval in the U2 

scale is the largest adjacent interval on this scale.

V th?prv awCMip

The analysis of the V theory proceeds analogously to the U 

theory analysis so that it will suffice to summarise the results without 

further discussion of the procedure. The predicted or reproduced p& 

values corresponding to the V1, V2, V3, and VA analyses are given in 

Tables 26, 27, 28, and 29, respectively. There is no need to present in 

detail the Qulliksen and Tukey variance-components analysis for the V
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TABIX 26

HXIHCDÜCXD p» MATRIX ROM V SCAIX (Vl) 
J*

G* 06 G2 R2 RI Rl» Cl R6 R8 M

Ml P» .535 .538 .636 .655 .660 .685 .700 .725 .760U# P .548 .578 .619 .626 .653 .641 .714 .769 .728

G6 P* .503 .603 .623 .628 .654 .667 .700 .734
P .517 .599 .619 .692 .578 .755 .694 .664

P* .600 .620 .624 .651 .664 .694 .731
02 P .578 .619 .646 .726 .626 .714 .721

P* .521 .525 .554 .568 .602 .644
R2 P .529 .456 .599 .565 435 .728

P* .505 -533 .548 .581
RI P .476 .500 .544 .605 .707

P* .528 .543 .577 .621
R4 P .503 .531 •578 .644

P* .515 .549 .594
01 P .503 .558 .538

P* .534 •579
R6 P •571 .578

P* .545
R8 P .524

p»



-138-

TABU 27

IMDICBD * MATRIX IRON V SCAU (V2) 
3

G4 B6 B2 G6 G2 B8 Bl G1 I
nk P* .653 .714 .619 1-5481 [•5781 .769 .626 .641 .728r .502 .533 .547 1-548] 1-578] .604 .636 .784 .808

_ » p» [•5311 [.5441 .308 •354 .578 .524 .503 .644
bu p [.531] .545 •576 .601 .634 .782 •807

p* .435 .245 •374 [•57Ï] .456 .497 •578bs r •514 •515 •546 I.571] .605 .760 .787

p* AOI .422 -435 [-5921 .599 .728“ r
.501 .532 •558 [.592] .751 •778

, p*
I

•517 .694 .619 .578 .664
°6 r •531 •557 -591 .749 •777

p. -714 .619 (.726* .72102 r .526 .561 1.726 •755

•395 -442 •524
88 ; •535 -704 .735

P» .500 [.707
81 r •675 [.707

P» [.538
°1 r [-538

■ r

Mote: Bracket denotes a pair which was used to determine 
the V scale.
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TABU 28

MHIŒXJCKD p». MATRIX (R STIMULI OBLl) IRON V SCAIX (T3)

R^ R2 RI R6 R8 M

P*  .508 .51*  .552 .582 .665
p .5**  .52*  .531 .578 .6*4

p» .506 .5*5  .57*  .658
82 p .592 .565 .*35  .728

p» .539 .569 .653
RI p .5**  .605 .707

p» -533 .617
86 p .571 .578

p» .588
88 p .524

8 P*
P

TARIS 29

FRKDICTXD p*  MATRIX (R STIMULI OSLT) 1ROM V SCAIX (V*)

R4 R6 R2 R8 R RI

R*

R6

R2

R8

r.531] r.5**
1.531J [.5**

.582 [ 592]

.728 [.592J

.53*

.395

.511 

.293

p» 
81 P

Mott: Bracket denotes a pair which was 
used to determine the V scale.
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theory, since the results ere essentially identical to the U theory 

analysis. This may be seen in Table 30 in which the residual sum of 

squares, SSp , are compared. In each case, corresponding SSp teres 

between U and V theories are quite close, although there appears to be 

a alight tendency for the V theory to fit the combined set of stimuli 

better than the U theory, while the opposite tendency holds for the 

analyses based on the R stimuli only. However, these tendencies should 

probably not be taken seriously since they could have easily arisen by 

"rounding off" errors. In any case the difference between the two 

theories is, as was shown in Chapter IT, essentially trivial.

TABLE 30

COMPARISON (F SSp BETWEEN U AND V THEORIES

Analysis U Theory T Theory

1. 363.41 354.12
2. 3313.03 3247.43
3. 157.40 157.49
4. 494.23 495.12

There is also no need to repeat the four V scales in the four T 

analyses since the order of the stimuli on these scales completely agree 

with the corresponding U scales. The numerical values of the stimuli 

differ, as is to be expected, since the functions which map the scale 

values of a pair of stimuli into a preference probability differ.

Q theory of R stimuli

Oa analysis.-The I scales for the R stimuli, given in Table 31, 

are obtained by the method of stochastic preference. If R2 is higher 

than Ri in a given I scale, it means that R2 was stochastically 

preferred by the subject more often than was Ri. It should be mentioned, 
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however, that the preference judgments used in determining these I scales 

do not include judgments involving the G stimuli^ had these judgments 

been used, fewer ties would have been obtained, but the analysis would 

have confounded the two hues.

It is evident on inspection of the I scales in Table 31 that the 

j scale which is compatible with the predominant number of I scales is 

equal to the Munsell order, that is, the order

N, RI, B2, R4, 86, R8.

The order of the stimuli in forty of the forty-nine I scales is 

compatible with this scale, except for at most a single adjacent pair of 

stimuli, which are reversed in order. Of the remaining nine I scales, 

only one, the I scale of subject 8, is clearly incompatible with a 

folded Mansell scale. This subject acted as though Ri, the middle 

stimulus, and the extremes, I and R8, were nearly equally acceptable. 

The analysis will, however, include this subject since his I scale 

could have resulted by chance from preferences which are compatible with 

the above scale.

The numerical values of the J scale were obtained by using the

Pjk matrix given in Table 32 The entries in this table were obtained

by using the unilateral judgments only. Precisely how this is accomplished

in the present case can be illustrated by the following example.

According to the I scale of subject 2 in Table 31, the ideal stimulus for

this subject is in the vicinity of R2. The unilateral judgments for

this subject will then consist of the pairs

(1, RI), (R4, 86), (»4, 88), and (86, 88), 

It will be noted that only the stimulus R2 is omitted from the four 

pairs above. For the pair N, RI the number of times (out of three)
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thie subject preferred RI to H was tabulated and formed the basis of the 

Pjk value la the RI, N cell of Table 32. For the remaining pairs, 

(B4, R6), (RA, B8), and (R6, RB), the preference for the less saturated 

stimulus was tabulated. The general procedure for each subject, 

therefore, was to use all pairs unilateral to the most preferred 

stimulus (not including the ideal stimulus) and to tabulate for each 

pair the number of preferences for the stimulus which was nearer to the 

ideal stimulus. When two or more stimuli were tied and had the highest 

rank in the I scale, a corresponding number of stimuli was deleted from 

the above analysis. Subject 4» for example, has RI, R2, and N tied so 

that only the judgments of pairs (B4, B8), (R6, R8), and (R4, R6) were 

tabulated. It will be seen that the matrix in Table 31 based on the 

above tabulation scheme does not represent a preference matrix, but 

rather a discrimination matrix. The proportion in the N, RI cell 

essentially indicates the number of times RI was greater than N, the 

positive direction being defined as the direction of greater saturation.

The matrix of normal deviates corresponding to Table 32 is given 

in Table 33. The separate estimates of each adjacent interval were 

obtained by taking the difference between the entries in adjacent 

columns of Table 33. These differences are presented in Table 34 along 

with the appropriate weighting factors. The weighting factors were 

necessary to take account of the different reliabilities of each 

estimate which resulted from the differences in the number of judgments 

used to determine each proportion in Table 32 (Thurstons, 1928). The 

weights are determined by

% 

«1*2
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msix 32

p.. MATRIX (B STIMULI ONLl) IRON UNILATERAL JUDGMINTS (Q«) 
V*

M Bl B2 B4 B6 B8

N
.750 .787 
(108) (75)

.868 
(53)

.848 - 
(33)

11
.690 
(87)

.848
(66)

.778 .750
(45) (12)

B2
.701 
(67)

.758 .813
(66) (33)

BN
.771 .714
(96) (63)

B6
.656
(93)

Note : Upper number in each. cell 1c 
number le the total number 
proportion la based -

a proportion; lower 
of Judgments’ on which

TABU 33

x MATRIX (B STIMULI ONLl) FROM UNILATERAL JUDGMENTS (Qa)

N Bl B2 b4 B6 B8

I .6745 
(108)

.7961 
(75)

1.1170 
(53)

1.0279 —
(33)

BI
- ,67*5  

(108)
1.0279 

(66)
.7655 —
(45)

B2 - .7063 
(75)

-% '(87) .6999 .9078
(66) (33)

B4 -1.1170 
(53)

-a .7421 .5651
(96) (63)

B6 -1.0279
(33)

- .7655 
(45)

-.6999 
(66)

-.7421 
(96)

.4016 
(93)

R8 —— —— -.9078 
(33)

a -.4016
(93)



where and Ng are the number of judgments involved in the two 

proportions which determine a given estimate. For the direct estimate 

of an interval by a single pj% value——these terms lie adjacent to,the 

diagonal in the matrix in Table 33,—may be considered infinite, so 

the weight is equal to 2N. If » then the weight reduces to N.

The direct estimate is, therefore, generally weighted at least twice as 

much as the indirect estimates of a given interval. The scale 

determined by the average estimates in Table 34 is as follows.

(Qa scale)

N BI R2 R4 B6 R8 
0 .4521 .7850 1.1748 1.5187 1.7486

With the numerical values on this J scale determined, it is 

possible to determine the validity of the procedure used in deriving 

this scale. It was assumed in this procedure that a subject whose most 

preferred stimulus was B2 could be used in determining the B4, R6 

interval. In general, it was assumed that the unilateral equation 

would give sufficient accuracy if a subject were separated from a given 

pair by only one adjacent interval. However, the average distance 

between adjacent stimuli in the Qa scale above is only .35, and from the 

considerations of Chapter III little accuracy can be expected from the 

unilateral equations under these conditions. It will be recalled that 

the accuracy can be improved by using only the direct estimate of each 

adjacent interval; the indirect estimates tend to underestimate the 

actual value. In fact, inspection of Table 34 shows that the direct 

estimate is one of the largest estimates of each interval. It would 

appear, therefore, that the separation between adjacent stimuli could 

be increased by using only the direct estimate of each interval, and
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TABIX 34

SBIMRAB ESTIMATES OF EACH ADJACENT INTERVAL ON THE Qa SCALE

Batlastea

Adjacent Intervals

N Bl Bl B2 B2 R4 B4 b6 B6 B8

.6745(216)® .0318(88.5) .4107(62.1) -.0891(40.7) .2079(44)

Separate t 
Eat Inatea

.2160(80.6)

.0891(58.8)

•4959(174)®

.5006(75.1)

•5320(75.1)

.5273(174)*

-.2624(53.5)

.1726(75.1)

.1770(76.1)

.4016(186)®

.2624(38.1) .0656(53.5) -.0422(78.2) .7421(192)®

.3427(45.4) .1635(75.1)

Average \ .4521 •3329 .3898 .3439 .2299

The direct eatlaste of the interval.

TABUS 35 

p*  NABU FROM THE Qb ANALYSIS

B2 RI 86 Rd N

LP» .522 .581 .569 .632 .682
Btp .$44 .524 .531 .578 .644

p» .572 .542 .596 .698
B2p .592 .565 .435 .728

D1P» .489 .538 .657
Bip .544 .605 .707

.58I» .605 

.571 .578

.552

.524
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this modification would increase the accuracy of the unilateral 

equations. This analysis is carried out in the next section.

Qb analysis.-Using only the direct estimates of each adjacent 

interval the following scale was obtained.

(Qb scale)

N RI E2 R4 R6 R8 

0 .6745 1.1704 1.6977 2.4398 2.8414

The average separation on this scale, .57, while larger than the 

separation on the Qa scale, is not nearly as large as would be desirable. 

However, the alternative procedure of selecting subjects who are at 

least two adjacent intervals from each stimulus pair would drastically 

reduce the number of judgments which would form the basis of the analysis. 

Since it is difficult to weigh these two factors (the accuracy of the 

unilateral equations versus the amount of data to be used) both analyses 

will be carried out. In this section the analysis of the Qb scale will 

be continued.

Figure 9 contains the histogram of subjects or, more precisely, 

ideals on the Qb scale. The width of each bar in this histogram is 

determined by the midpoints between adjacent intervals. The ideal point 

of each subject cannot be located more accurately than this, (When the 

most preferred stimulus in an I scale is tied, the average of the scale 

values of the tied stimuli was plotted.) A normal curve was fitted to 

the histogram in the following manner. The mean of the normal 

distribution was determined by the median of the histogram. The mean of 

the histogram could not be used to determine this parameter because the 

two end intervals of the histogram are open or unbounded intervals. 

Determining the value of the standard deviation was somewhat more
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comp Heated. The general procedure was to select the d which 

minimised the value of the goodwess-of-fit— X 2 . Three interval 

estimates of were used to determine the final estimate. One 

estimate of d was obtained by overaging the two values of d which 

would accurately predict the number of subjects in the end intervals of 

the histogram. These two values of O' are .9148 and 1,3578 and their 

average is 1.1363. The based on this average d is 2.3785. The 

two other estimates of O' which were used and their corresponding X2 

values are:

: 1.1987, X2 : 2.6036

= 1.0000, x? : 3.1881

The final estimate of was obtained by fitting the three values of 
d and X% to a quadratic curve, a^O^f *3  Z X2 » then 

solving the quadratic equation for the minimum value of X . The value 

of the quadratic coefficients obtained were

a1 = 48.0502 

Sg “ —108.5896, 

and using as the minimum point

d- ~ *a. 
2ai 

the final estimate of 1.1300 was obtained. The X2 value of this 

final estimate is 2.3603 which, in fact, is less than the previous X2 

values. (The probability level of the final X2 for three degrees of 

freedom is approximately equal to .50.)

The mean and variance of the normal distribution fitted to ths 

histogram in figure 9 is assumed to be an estimate of the mean and
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variance of in the population from which the subjects are drawn.1 

Consequently the values of the bivariate normal parameters, as

described in equations (60), (61), ead (64) in Chapter 111, are

as follows.

2.2769

.78040 J = 1 ... 6

T' : 1.6104 - Q. 
J J

The values of Qj are given in the Qb seals.

Using the above parameter values in equation A, the Pjk

values predicted by the Q theory (using the Qb analysis) were obtained.

These predicted values are contained in Table 35. The residual sum of 

squares, SS^ , implied by this table is 163.79. Since the SS^ values 

for the U, and U, analyses were 157.40 and 494.23, respectively, it 
3 4

is clear that the Qb scale is far superior in accounting for the data 

than the U4 scale, but it is not quite as good as the U3 scale. (The

^This is not strictly accurate. The variance of the histogram 
is the result not only of the variability of Cj. over subjects but also 
of the variability of c^ within subjects. The total observed variance 
is therefore an estimate of 

j^) + pr

where n, in this case, is the number of observations of each subject's 
ideal point. The is difficult to estimate, however. At most it 
is equal to 135, the number of judgments made by each subject. Since 
0c is approximately equal to 1 , O'- to|, a value of a greater than 
50 would make the Q yn term negligible compared to Oq • I*  appears 
reasonable then to assume in the following analysis that this term is 
negligible. Since M equals 49, it is also reasonable to assume that 
the coefficient (I-l)/l can be ignored.
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ooaclusions, of course, are similar for the V3 and V4 scales.) It is 

difficult to any, however, on the basis of these error terms that the Q 

theory is more or less adequate than the U or V theories. Nor is the Q 

theory made more plausible after a consideration of the non-SST triples 

in the matrix of Table 35. Of the two triples predicted by the Qb 

analysis which do not satisfy SST only one of these triples failed to 

satisfy SST in the obtained matrix. The obtained p^ matrix, 

however, contains eleven triples (out of twenty) which do not satisfy SST 

Qc analysis.-The J scale in this analysis was obtained by 

deleting for each subject three stimuli, one on each side of the most 

preferred stimulus. This means that if a subject’s most preferred 

stimulus was B2, then only unilateral stimulus pairs not containing 

either RI, R2, or R4 were considered for this subject. In this case, 

only the subject’s judgments of the pair R6, RB would be used. If the 

subject’s most preferred stimulus was an extreme stimulus—that is, 

either N or RB—generally only two stimuli were deleted. The p^ 

matrix based on this analysis is given in Table 36.

It is obvious from this table that a considerable amount of the 

original data has been neglected in the analysis. In fact, of the 2205 

judgments ( 3 x 45 x 15) in the data, only 282 judgments (or 12.8%) are 

used in the Qc analysis. (The Qb method used 471 judgments or 21.3% of 

the data.)

The Q scale determined by Table 36 is as follows: 

(Qo scale)

N RI R2 R4 R6 RB 

0 .5388 1.0205 1.6424 1.9982 2.4687

The average separation between stimuli on this scale is .49, and since
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TABIX 36

Pjk MATRIX (R STIHJLI OUT) ROM UNILABRAL JUDGMENTS (Qc)

M RI R2 R6 Rd

N

RI

R2

BN

R6

RÔ

(5N)

.639
(36)

.681
(69)

Note: Number*  in perenthese*  denote the number of unilateral 
Judgment*.

TABU 37

% MARU (B STIMULI ONLT) ROM THE Qc A KALIS IS

BN R2 Bl B6 r8 N

BN
P

•521 
.5NN

.5% 

.52N
•532 
.531

.60N 

.578
.671 
.6NN

R2 P*  
P

.576
•592

5O9 
.565

.571 

.N35
.687 
.728

Bl
P

.NN9 

.5NN
.509 
.605

.633 

.707

B6
P

.582

.571
.63N 
.578

B8 P*
P

•570 
.52N

N P*
P
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tbt stimulus on each side of the most preferred stimulus was deleted in 

the Qc analysis, each subject was therefore about .98 units from a 

unilateral pair of stimuli. This distance in the Qb scale was .57 so 

that the unilateral equations in the Qc analysis should be considerably 

more accurate.

The histogram of subjects, plotted in Figure 10, was fitted with

a normal curve using the same procedure described in the Qb analysis. 

The mean was set at the median (1.4672) and the three estimates of d 

with their X2 values were:

<lx = -9352 , Xi = -7626

d2 - .920 , X; : .8319

z. .945 , Xj : .7458

The interpolated d , obtained by minimizing a quadratic function, was 

.9476. Since the X2 value of this sigma was .7540 (.80 < p < .90), 

which is slightly higher than Xj , the interpolated estimate 

was reduced slightly to .9470.

On the basis of these estimates, the parameters of the bivariate

normal function were determined, and equation A was used to predict each

preference probability. These p# 
Jk

terms are presented in Table 37.

The residual sum of squares determined from this table is 196.44. The

Qc scale, therefore, accounts for less of the data than the Qb scale 

(SSp % 163.79) and the U3 scale (SS^ = 157.40). However, the Qc scale 

is considerably better than the U4 scale (SS^ - 494.23)» and taking into 

account the fact the U4 analysis uses 2.6 times as much data as the Qc 

analysis, the results are somewhat surprising.
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Q theory avivais of the combined get of stimuli

The wijor source of difficulty in analyzing the combined set of 

stimuli is to determine the order of the stimuli on the J scale from the 

I scales given in Table 38. While the order of the R stimuli or the G 

stimuli separately is easily obtained from the I scales—the order is 

the Munsell order-----it is not immediately clear what the combined order 

is. This order was derived from the following step-wise procedure.

Determination of the J scale.- 1) To determine the extreme 

stimuli of the J scale, the number of times each stimulus was least 

preferred was tabulated as follows.

G1G>G4G6R1R2R4R6R8N

7-5/6 If 0 4 7 i i 8-1/3 12-5/6

These results suggest that G1, RI, R8, and N are near the extremes of the 

scale, but the tabulation does not Indicate which stimuli are near the 

same end of the scale,

2) In Table 39 the number of times a stimulus ranked second in 

the I scale, when a given stimulus was ranked first, is tabulated. The 

purpose of this tabulation is to determine which pairs of stimuli are 

juxtaposed on the J scale. The results of this tabulation, however, are 

clearly disappointing. According to these results, if a subject most 

prefers a G stimulus then his second choice is generally also a G 

stimulus. Similarly for the R stimuli. This analysis suggests that the 

G stimuli and the R stimuli are grouped separately on the J scale, which 

is, of course, characteristic of the Munsell dimension. However, from 

other considerations, enumerated below, the Munsell line does not seem 

to be appropriate for the combined set of stimuli.

3) An alternative but similar tabulation to Table 39 is presented
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TABIX 39

TEE B1LATI01EHIP BXTWBN FIRST AUD SECORD 
CHOICES AS INDICATED IN THE I SC A UES

G6 (* G2 G1 B1 B2 BH R6 BÔ N

06 2.5* 1 •5

(* 9* 2.5* 1 •5

02 2 1.3 2» 1.5

G1 .3 1

Bl 2* 1»

R2 .5 2.5* 2*

BU .5 .5 1 1 1*

B6 .5 1*

Rd

N •3

Note: Entries denote the number of I scales in which column 
stimulus was ranked first and the row stimulus second. 
Asterisks denote the modal value in each column
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I*  Table 40. This table shows, for example, the number of times a give*  

R stimulus was the most preferred R stimulus whew the subject's first 

choice was a particular G stimulus. The purpose of this tabulation was 

to discover what interaction or correlation existed between the 

different hues.

The relationship between the R and G hues indicated in Table 40 

is striking. If a subject's first choice is a highly saturated R 

stimulus, then his first choice among the G stimuli tends to be a highly 

saturated G stimulus. These results suggest that the R and G stimili 

are order on the J scale approximately as follows.

R8, G6, R6, Gt, R4, G2, R2, RI, G1 . 

This order was used as a first approximation for the remaining part of 

the analysis.

4) The order of the pair GI, Ri, as given in the tentative J 

scale shown above, was verified as follows. Subjects were selected 

whose ideal stimulus was not in the region of GI, RI; these subjects 

have as a first choice R8, G6, R6, Gt, or R4. In the I scales of these 

subjects GI is ranked over RI nineteen times; RI over GI twenty-four 

times, and there were three ties. These results confirm the tentative 

order of the stimuli indicated above, namely that GI is more extreme on 

the J scale than RI.

5) It would appear that stimulus N, the neutral gray, would be 

located near the desaturated end of the scale, near, that is, GI and RI, 

This was confirmed by tabulating, for subjects located near the highly 

saturated end of the tentative J scale, the number of times GI, RI, and 

B2 were ranked over N. The results were as follows.
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TABIX WO

THE RXLATiœSHIP BETWEEN THE R AID O 
STIMULI AS INDICATED IN THE I SCAIXS

Note: Retries denote the number of I ecelee in which the 
column stimulus was first and the nçw stimulus was 
the most preferred stimulus which differed in hue 
from the first choice. Asterisks denote the approx 
inate location of the median value in each column.

06 04 02 01 RI R2 R4 R6 Rd

RI -5 2 1.5 1 01 2 2
»

1 0 .3

R2 0 .25 125 
«

1.5* 02 2.5* 1.5 0» 1 
♦

0

R4 3 1.75 
♦

1.25 .5 04 2 1 .5 .5 .3

R6

Rd

1.5 
«

5

2.5

1

0

1.5

0

0

06 0 0 •5 .5 1.3*

TAB IX 41

PJk MATRIX JR CH UNILATERAL JUDGMINTS ( J1)

01

RI

R2

01

.548
(124)

02RI R2 R4

.697 .736 .797
(99) (#) (74)

.40d .461 •560 
(75)(98) (87)

.609 .747
(87) (75)

^705 
(78)

G6 R6 RdI
N

R4
.462
(39)

02

06

R6

.doo 
(45)

.644
(45)

.688 
(45)

.719 579 .683
(57) (57) (57)

;6dl 1609
(69) (69)

1 .600
(120)
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N ^Gl - 8 N > RI - 9 N > R2 - 4

G1 -> N - 16 RI 7 N - 17 R2 > N - 20
Tied - 4 Tied - 2 Tied - 4

Si*ce  N is the less preferred stimulus lx each case, it is evident that 

N is, in fact, the extreme stimulus at the desaturated end of the scale. 

This confirms the conclusions reached in section 1) above.

6) The order of the stimuli near the saturated end of the J 

scale was verified by using the I scale of subjects located at the 

opposite extreme of the J scale. The tabulation was as follows,

G6 > R8 - 20 G6 > R6 - 19 R6 > RB - 16
H8 >Q6 - 9 R6 > 06 - 9 RB -> R6 - 8
Tied - 2 Tied - 4 Tied - 7

These results indicate that the order of the stimuli from the saturated 

end of the J scale is R8, 86, 06, which is a modification of the 

tentative J scale order given above.

7) Using the subjects located near the extremes of the J scale, 

the order of the middle stimulus was determined by the usual scheme.

The results of this tabulation were:

Gt 7 Rt - 18 Gt -7 02 - 16 Gt 7 R2 - 20

Rt-7 Gt - 9 G2 7 Gt - 5 R2 > Gt - 1

Tied - 1 Tied - 3 Tied - 3

Bt =7 02 - 10 Rt > R2 - 17 G2 > R2 - 17

02 » Rt - 15 R2 •> Rt - 3 R2 > 02 - 5

Tied - 0 Tied - t Tied - 2
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The order of the middle stimuli from the saturated ead of the J scale 

as given by this tabulation is G4, 02, R4, ®2.

The order of the stimuli on the J scale as given in the seven 

step procedure thus far is

(J 1 scale)

HG1R1R2R4G2G4G6R6R8

This order of the stimuli, a modification of the original tentative J 

scale given in step 3) will be denoted by Jie

8) Using the J scale in step 7) (J1) and the unilateral 

judgments, the pJk matrix in Table 41 was constructed. The unilateral 

judgments that were used in this table did not include at least three 

stimuli for each subject, usually the three stimuli that were ranked 

highest in the subject's l scale. Some of the exceptional cases can be 

illustrated with the following examples. The first three choices of 

subject 2 as indicated by his I scale in Table 38 are R2, G4, G6. For 

this subject the three stimuli omitted were R2, R4, 02, so that for this 

subject the unilateral judgments involved only the pairs (R8, R6), 

(RS, G6), (RB, G4), (R6, 06), (R6, G4), (06, G4), (RI, 01), (RI, H) and 

(Gl, N). Subject 10 has three stimuli tied in first position in his I 

scale, RI, R2, 02, and for this subject the stimuli RI, B2, and R4 were 

deleted.
Table 41 can be used as the basis for determining the numerical 

values of the stimuli on the JI scale, but it leads to difficulties. 

The average of the estimates of the interval (Gl, RI), for «ample, is 

negative, indicating that the order of Gl, RI on the JI scale should be 

reversed. However, if the order of Gl, Ri is reversed then the matrix 

in Table 41 is no longer valid and oust be retabulated.
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9) In this step the order of GI, Ri was reversed, giving as

the J2 scale

(J2 scale)

NR1G1R2R4G2G4G6R6R8

The Pjk matrix based on the unilateral judgments corresponding to the

J2 scale is given in Table 42, and the numerical values which result 

from Table 42 (using the weighting scheme discussed previously) is as 

follows.

(J2 scale)

N RI G1 R2 R4 G2 04 G6 R6 R8

0 .3580 .4999 .5429 .9141 .9409 1.3029 1.5437 1.6407 1.7814

The average separation between adjacent stimuli on this scale is .19, 

and therefore the distance between a subject's location and a unilateral 

pair of stimuli is approximately .38. This separation between subject 

and unilateral stimulus pair is, of course, entirely too low to obtain 

appreciable accuracy from the unilateral equations,

10) Greater accuracy can be obtained with the unilateral equations 

if the direct estimate of each adjacent interval is used instead of the 

average of the indirect estimates. However, if the direct estimates are 

used in Table 42 the stimulus pair G1, R2 will have to be reversed since

the proportion in the GI, R2 cell is less than one half. Reversing this 

pair of stimuli means,of course,re tabulating the entire matrix. The

revised matrix based on the J scale in which GI

reversed (called the J3 scale) is given in Table 43.

and R2 are

The J scale values

corresponding to Table 43 are as follows, 

(J3 scale)

N RI R2 G1 B4 G2 G4 (% R6 R8
0 .5044 .8549 .8975 1.0181 1.0432 1.4748 2.1619 2.6324 2.8857
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TABIZ 42

p MATRIX MOM UHIIATXRAL JUDGMENTS ( J2)

N RI G1 R2 R4 02 G4 06 R6 R8

g .693 • 526 •736 .797
(114) (99) (8?) (74)

•592 .609 .747
RI (98) (87) (75)

.481 .560
G1 (#) (75)

.705R2 (78)
•510 .666 .733 .800 .733

R4 (51) (36) (30) (30) (30)
.745 .800 .644 .688

G2 (51) (45) (45) (45)
.719 •579 .683

G4 (57) (57) (57)
.681 .609

g6 (69) (69)
.600

R6 (120)

TAB IN 43

p MATRIX FROM UNILATERAL JUDGMENTS ( J3)

RI R2 G1 R4 G2 G4 g6 R6 R8

N

RI

R2

G1

R4

G2

G4

G6
R6

(114)
.637 
(102)

(87)
.548
(84)

•510
(51)

.667 
(48)

.754
(57)

.681
(69)

(120)
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The average scale separation on this J scale is .32 and therefore the 

average separation between a subject and a unilateral stimulus pair is 

.64. While this separation is not as high as would be desired, this 

scale will be used in the remaining analysis of the combined set of 

stimuli.

Qd analysis.«The histogram of subjects plotted on the J3 scale 

in Figure 11 does not appear to have a normal distribution. The 

histogram can, however, be fitted rather well with two normal distributions. 

The procedure employed in fitting two normal distributions to this 

histogram was as follows.

The mean of one normal curve, 1^, was set at .9034, which is 

approximately in the center of the modal bar, the bar containing 13.47 

subjects. Since there are 13 subjects to the left of Mp the first 

normal curve will consist of 26 subjects. This leaves 22 subjects for 

the second normal curve or 11 subjects to the right of Mg. Using this 

fact, Mg was located at 2.0288. The standard deviation of the first 

normal curve was determined by the two extreme bars on the left In 

Figure 11. This was done by computing for each of the two bars a Cf 

which would accurately predict the number of subjects in each interval 

and then averaging the two standard deviations. A similar procedure was 

used for the second normal curve, employing instead the two extreme 

intervals on the right. The values of the six parameters of the two 

normal distributions are summarized in Figure 11.

The X2 based on the values of the six parameters of the taro 

normal curves is equal to .6661, which for four degrees of freedom has a 

probability level between .95 and .98. The fit of the two normal curves 

to the histogram is therefore reasonably good.
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In Table 44 the p^k values predicted from equation A using the 

values determined in Figure 11 are presented for each of the two normal 

curves. The combined pjk values, obtained by a weighted average of 

the two pjk values in Table 44, are presented in Table 45. The 

residual sum of squares (SS^) derived from this table is equal to 

1378.80. This value is notably larger than the SS^ value for the U1 

analysis (363.407) but it is less than the SSD of the U2 analysis 

(3313.03). In fact, in terms of the goodness of fit, it would appear 

that the Qd scale in the present analysis lies midway between the UI 

and U2 scale, giving an SSD three times larger than the former scale 

and one third as large as the latter.

In comparing the residual sum of squares that are summarised in 

Table 46, it would appear that the Qd analysis of the combined set of 

stimuli is somewhat inferior to the Qb analysis of the R stimuli. This 

conclusion is based on the observation that the SSq of the Qb analysis 

is more similar to the SSp of the U3 analysis than is the SSq of the 

Q1 analysis to the SSD of the UI analysis. It should also be noted that 

the superiority of the Qd analysis to the U2 analysis cannot be directly 

attributed to the amount of data which each theory used since, in fact, 

the Qd analysis uses only about half as such data in determining the 

stimulus parameters.

Camrariaan of diearimitation scales

Tn Figure 12 the discrimination scales, J2 and J3, are plotted 

with the Munsell scale. Since the R and G stimuli are interwoven 

on the J scales while kept separate on the Munsell scale, it is obvious 

that the J scales and Munsell scales are not compatible. It appears 

that if the Munsell scale were folded onto itself at the neutral gray
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TABI2 44

HŒDICŒD p VALUES MON NCR MAL CURVES (1) AND (2) IN THE Qà ANALYSIS

"42)

G4 06 02 B2 Bl B4 01 R6 B8 N

G4 (1) .671 .449 .448 *75 .448 *47 .793 .847 .560
(2) *55 .597 .647 .680 .604 .635 .507 .551 .851

G6 (1) .300 .306 .3^1 .300 .304 .661 .7*2 *27
(2) .625 .665 .738 .631 .656 .555 .605 .826

G2 (1) .495 *76 .497 *93 .802 .846 .611
(2) •556 .665 .508 .543 *31 *76 .808

R2 (1) .528 .504 *97 .791 .834 .618
(2) .615 .451 *86 .393 *38 •773

Bl (1) *75 *72 .752 .795 .600
(2) .340 .373 .323 .367 .679

B4 (1) *95 .801 .845 .613
(2) .536 *26 *71 .804

G1 (1) .794 .837 .618
(2) .402 .447 .782

r6 (1) •595 .331
(2) •557 .767

.283 

.727

Note: Upper emtry la each cell demote*  prediction from curve (1); 
lower mumber from curve (2).
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TABIX *5

p* k MATRIX IRON THE COWINED HŒDICTIONB 

OF CURVES (1) AND (2) IN THE Qd ANALISIS

04 G6 G2 R2 Rl Rt G1 R6 Rd N

G4
p*  
P

^8
•578

.539 

.619
.569 .519 .533
.626 .653 -641

.662 .712 .693 

.7lt .769 .728

G6 P»
P

.tt9 

.517
-t71 
.599

.523 .t51 -t65 

.619 .692 .578
.612 .679 .610
.755 .69t .664

G2 P»
P

.523
•578

.563 .502 .516 

.619 .646 .726
.632 .677 .702 
.626 .71t .721

R2 P»
P

.568 .480 .492

.592 .456 .599
.609 .652 .689 
.565 A35 .728

RI P»
P

.413 .t27 

.476 .JOO
.5% .599 .636 
.544 .605 .707

R4 P*
P

•51t 
.503

.629 ,67t .701
•531 .578 .644

G1 P
.615 .658 ,693
.503 .558 .538

R6 P»
P

•577 .531 
.571 .578

R8 P*
P

.487 

.52t

TABIX 46 

COMPARISON OF RESIDUAL SUM OF SQUARES FOR U, V, AED Q ANA LISES

U V Q

U = 363 Al V. : 35t.12
1

j Qd = 1378.80

U2 = 3313.03 V2 = 32t7.t3

U3 = 157.to V3 : 157 A9 Qb = 163.79

u4 = t9t,23 v¥ = 495.12 , Qc = 196.44
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J2 Scale
1 Bl 01 B2 1 1 Bt 02 ft 0^ B^ J
0 .358 .500 !

.5*3

B2 G1 BH-.G2

.914 1 1.303 1.544 । 1.781

Qd~J3 Scale 
11& Bl

.941

G4
•

06

1.641

B6 B8 
» J

0 .y* .855Î 1.018’J 1.475 2.162 2.632 2.886

Mansell 
ft

Scale 
(*1

.898 1.043

02 01 B Bl B2 1 1 Bt & B6

6.0 N.O 2.0 1.0 0 1.0 2.0 4.2 6.2 8.3

Fig. 12 - Comparison of J scales with Mansell scale.

Qa Scale
B Bl B2 b4 B6 ______ÿ

0 .452 .785 1.175 1.519 1.749

Qb Scale
B ft Bl a ft __SL
0 .675 1.170 1.698 2.440 2.841

Qc Scale
B Bl ft ft ,____ÿ
0 .539 1.021 1.642 1.998 2.469

J2 Scale
B ¥ R? ft 96 B3

0 .358 .543 .914 1.641 1.781

J3 Scale
1___________ Si B2 @4 jn____ bp
0 .504 . 855 1.018 2.632 2.886

M Scale
B Bl B2 B4 B6 B8

1 i 1 __________L.
0 1.0 2.0 4.2 6.2 8.3

Fig. 13 - Comparison of J scales with Munsell scale (B stimuli )
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stlmlua, N, the Munsell scale would agree more closely with the J 

scales. This folded Munsell order is presented below.

N, (Bl Gl) (R2 G2) G4, R4, 06, R8

It will be seen that the folded Munsell scale does not quite agree with 

the two J scales. In J2 the rank of R4 differs by two and, in addition, 

in J3 the pair G1, R2 are reversed. However, the conclusion that the 

folded Munsell scale is incompatible with the discrimination scale 

obtained with preference judgments must be viewed as highly tentative, 

considering the fact that the Qd analysis baaed on the J3 scale did not 

fit the data particularly well. Furthermore, the following analysis of 

the R stimuli suggests the reverse conclusion.

In Figure 13 the five J scales of the R stimuli are plotted; 

three of these scales are based on the analysis of the R stimuli only 

and two are derived from the J scale of the combined set of stimuli. 

The squared correlations between each of these scales and the Minaell 

scale of the R stimuli are as follows.

9716 

9346

9496

Qb,M

_2 
r Qc,M

9685

9623

These correlations are strikingly related to the predictability of each 

scale. It will be recalled that the goodness of fit of the Qb analysis 

was superior to the goodness of fit of the Qc analysis—the SSp of 

the former being less than the SSD of the latter—end correspondingly 

the correlation of the Qb scale with the Munsell scale is higher than 
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the correlation of the Qc scale with the Mansell scale. Also it will 

be recalled that the Qb analysis appeared to be superior to the Qd 

analysis, since the analysis of the former was note similar to the 

corresponding U theory analysis employing the reproduction method. 

Correspondingly, the correlation of the Qb scale to the Bussell scale is 

higher than the correlation of the Q1 (J3) scale to the Mansell scale.

The indication of the results based on the R stimali confirms 

the validity of the Mansell scale as a description of the discrimination 

obtained from discriminative judgments as well as the discrimination 

scale obtained from preferential judgments. In other words, for a single 

hue these results suggest that the independence assumption is tenable.

Although some of the J scales correlate better with the Minsell 

#4*1 % than others, there ere nevertheless some consistent discrepancies 

in the metric relations between the Mansell and the J scales. The 

interval between stimulus N and stimulus RI, for example, is one of the 

smallest on the Mansell scale, while it is one of the largest adjacent 

intervals on the J scale. The actual rank of the N, RI distance on each 

of the J scales is as follows. (Rank 1, denotes the largest distance, 

rank 5 the smallest.)

Seale Rank

J2 3
J3 2
Qa 2
Qb 2
Qe 2

The mgnitudo of the M, RI interval on the J scales can be explained as 

the result of a perceived qualitative difference between these two 

stimuli. While logically the N stimulus is the natural limit of the R 

stimuli as the stimuli decrease in saturation, most subjects reacted to 

the N stimulus as a neutral gray, not as a desaturated red. A subject, 
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for example, who preferred desaturated rods tended to avoid the neutral 

gray.
There is also somma discrepancy in the magnitude of the interval 

R6, RB on the J scales and this interval on the Itansell scale. The 

B6, RB interval on the Munsell scale in one of the largest intervals 

while on the J scales it is one of the smallest. The rank of the R6, RS 

interval on each of the J scales is as follows.

Scale Rank
J2 5
J3 4
Qa 5
Qb 5
Qe 4

Apparently subjects do not have strong preferences between R6 and RB, 

both of which are seen as bright red colors.

The discrepancy between the Munsell and the J scales can also be 

explained by the rapid exposure of the stimuli. The rapid exposures of 

the stimuli might have distorted the usual perception of the colors. 

Some slight confirmation of this conclusion is afforded by comparing 

the preferences obtained in the slow and rapid exposures, of the eleven 

judgments —under the slow presentations, on the average 1.45 disagreed 

with the judgments *de  under the rapid exposure. A disagreement between 

the judgments for a given stimulus pair x, y presented under slow and 

rapid exposures was defined as follows: if the number of stochastic 

choices for x under the rapid presentations exceeded the number of 

choices for y by more than one, and if y was preferred to x in the slow 

presentations, then the judgments between the slow and rapid exposures 

were said to disagree. Although the average discrepancy of 1.45 appears 

relatively small, it is high enough to make one suspect that some 

distortion of the perceived character of the colors may have resulted
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fro*  the rapid exposure.

There is, however, another explanation for the discrepancies 

between slow and rapid presentations. The discrepancy could be explained 

ly the confounding of the exposure tine with inter-«timlus presentation 

tins. This confounding could have resulted from the fact that the panel 

was mowed mechanically by the experimenter. For rapid exposures the 

panel was moved continuously and swiftly across the display board, so 

that the two stimuli appeared successively with essentially no pause 

between presentations.

For the slow presentations the experimenter moved the panel first 

to a position in which one stimulus was visible then, after a few seconds 

he moved the panel slowly to the second position, to display the second 

stimulus. In this case the time between stimulus presentations was 

quite perceptible. The subject's task under the slow presentation asy 

therefore have been more difficult than was originally supposed, 

difficult enough perhaps to produce inconsistent judgments. If this 

were the case, the discrepancy between slow and fast presentations would 

not necessarily result from a distortion factor but from the inconsistency 

or errors of judgments which occurred under both sets of conditions.



CHAPTER VIII

DISCUSSION

The probabilistic Q theory was applied to the experiment 

reported in Chapters VI and VII in order to test the adequacy of 

the theory and the validity of the independence assumption, the 

assumption that the discrimination scale obtained from preferential 

judgments is equal to the discrimination scale obtained from 

discriminative judgments. In the present chapter the results and 

further implications of this experiment will be discussed.

Test of the Q theory

The Q theory cannot easily be assessed because the method of 

solution employed does not satisfy a least squares criterion. To 

evaluate the Q theory, a procedure was described in Chapter VI which 

consisted of compering the residual sum of squares of the Q theory 

to two different residual sum of squares of the U theory, one obtained 

by a method which satisfies a least squares criterion (the reproduction 

method) one obtained by a method which does not (the prediction 

method). The rule adopted in Chapter VI was the following: If the 

residual sum of squares of the U theory based on the reproduction 

method exceeded the residual sum of squares of the Q theory, the Q 

theory would be considered superior to the U theory; if the reverse relation 

held between the Q theory analysis and the U theory analysis with the residual 

sum of squares of the U theory based on the prediction method, then the 

J theory would be considered superior.

-l?k-
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The results of tM previous chapter indicated 

that the magnitude of the residual term of the 

Q theory was between the magnitudes of the two 

residual terms of the U theory; the 58$ of the Q theory was greater 

than the S3 of the U theory based on the reproduction method and 
D 

less than the SS^ of the U theory based on the prediction method. 

Tn one case involving the Qb analysis of the R stimuli, the residual 

term of the Q theory was nearly equal to the SS^ of the reproduction 

method. It thus appears reasonable to conclude that, with respect 

to the R stimuli, the Q theory is essentially equivalent to the U 

(and V) theories in accounting for the data.

A consideration of the non-SST characteristics of the data did 

not lend further support for the Q theory. The Qd analysis, which best 

accounted for the data, did not account for the non-SST triples which 

existed in the data. If the Q theory is assumed to be an essentially 

correct representation of the data, then one has to conclude that 

the SST triples which were present in the data resulted from random or 

chance factors only. In other words, one cannot conclude from the Q 

theory analysis that preferential choices give rise to non-SST 

probabilities. However, since the Qd analysis and the U and V analyses 

as well, did not completely account for the data, as indicated by the 

Hosteller test, there exists the possibility that the obtained non-SST 

triples were significant.

The discrepancy between the predictions of the Q theory and the 

data has two possible sources. One arises from the fitting procedure 

and does not necessarily reflect a basic inadequacy of the Q theory. 

The second lies in the essential nature of the Q theory. These two 

sources will be considered separately.
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inadeauacy of the fitting procedure. - The effectiveness of 

the fitting procedure was limited by the approximate nature of the 

unilateral equations. The analysis in Chapter III indicated that 

three digit accuracy could only be expected from the unilateral 

equations when unilateral subjects were at least two standard deviations 

from a given pair of stimuli. The separation between unilateral 

subjects and stimulus pairs in the experiment was always considerably 

less than this. It would seem, therefore, that the limitations of the 

q theory analyses could be attributed to the inaccuracy of the unilateral 

equations. However, the results suggest otherwise. The Qb analysis 

predicted better than the Qd or Qc analyses despite the fact that the 

unilateral equations were less accurate in the Qb analysis. It 

appears, therefore, that while the unilateral equations limited the 

predictability of the Q theory, they were not the major cause of the 

discrepancy between the Q theory predictions and the data.

The discrepancy may also have arisen from the normal distribution 

assumption which was made in order to treat the group data. The 

assumption that C*  is normally distributed over the group of subjects 

was made merely because the fitting procedure did not permit determining 

the parameters of the Q theory for each subject. In principle, however, 

it would have been possible to estimate for each subject in the 

experiment, despite the small number of replications which were 

obtained, i**  group predictions could then have been obtained by 

averaging the predictions for each subject, and in this manner, the 

normal distribution assumption could have been dispensed with. The 

normal distribution assumption, therefore, is not considered an essential 

part of the Q theory but only as an assumption necessary for the fitting
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procedure described in Chapter III.

Although the normal curve which was fitted to each of the 

histograms in the Q analyses did not perfectly fit these histograms, 

the discrepancy between the Q theory predictions and the data cannot 

readily be attributed to their lack of normality. This conclusion 

is based on the finding that the Qb analysis, involving a histogram 

that deviated most from normality, gave the best predictions.

It is interesting to examine further the character of the 

histograms. Inspection of Figure II reveals that the bimodal aspects 

of the Qd histogram is the result of the difference between subjects 

whose most preferred stimulus was a G stimulus and those whose moot 

preferred stimulus was an R stimulus. According to this figure, most 

subjects who preferred a G stimulus preferred a high-saturated G 

stimulus; those preferring an R stimulus selected a lew-saturated 

stimulus. The bimodal character of this histogram arises, therefore, 

not merely from a distinction between subjects preferring high-saturated 

stimuli and those preferring low-saturated stimuli, as indicated in 

Eysenck's study (1941b), but from a difference between the hue preferences 

of the subjects.

According to Table 40, subjects who prefer highly saturated G 

stimuli tend to prefer highly saturated R stimuli. Che would thus 

expect that the histogram of subjects on the J scale of R stimuli only 

would have a bimodal character to it also. One mode, occurring at the 

low-saturated end of the scale, would reflect those subjects whose 

most preferred stimulus was an R stimulus, while the second mode, 

occurring at the high-saturated end of the scale, would reflect those 

subjects whose most preferred stimulus was a G stimulus. Close
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inspection of the histogram on the J scale of the R stimuli (Qb and Qc ) 

reveals that, in fact, these distributions do have a slight bimodal 

character to them. This would explain, in part, the reason why these 

histograms did not perfectly fit a normal curve.

Another limitation of the fitting procedure stems from the small 

amount of data used. The greater the amount of data used 

in the Q analysis the better was the predictability of the 

Q theory The peeeemtege of data used by each Q analysis 

was as follows :

Qb Qc Qd
21.3% 12.% 11.1% *

According to this tabulation, Qb used the largest relative amount of 

data, and from the results in the previous chapter, Qb predicted best. 

It would seem, therefore, that any improvement in the amount of data 

which the fitting procedure employs would materially improve the 

predictability of the Q theory. Improving the fitting procedure, 

therefore, should be the object of further study.

It should be mentioned once again that while the prediction 

method of the U theory was based on more data than the corresponding 

Q theory analysis, the U theory in this case did not account for as 

meh data as the corresponding Q theory analyses. (The U2 analysis used 

20 percent of the data; UU used 33 «3 percent.)

laadsiuacy of the Q theory. - Tables 39 and 40 taken together 

are essentially incompatible with the single dimensional Q theory. 

Table 39 indicates that the first and second choices of subjects tend 

to consist of stimuli that have the same hue, and this fact implies 

that the B and G stimuli are dichotomized and located at different ends
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of the J scale. However, Table UO indicates that the most preferred 

B stimulus tends to have the same saturation as the most preferred G 

stimulus. This finding suggests that the B and G stimuli are internoren 

together on the J scale and not at opposite ends of the scale. The 

single dimensional Q theory used in this study cannot explain both of 

these results. A multidimensional version of the Q theory, however, 

may explain the results. For example, one could plot the B and G 

stimuli on separate orthogonal exes and locate the subjects at a point 

in the plane of these two axes. A subject located at a. given point 

could base his preferences on the distances between the stimuli 

located on the axes and his ideal point located in the plane; the 

smaller the distance the greater the preference.

This model could explain the implications of Table 40 (the 

correlation of the different hues in terms of their saturation) by 

assuming that the ideal points in the plane were colinear. The 

implications of Table 39 could also be explained by this multidimensional 

model if a different metric were postulated on each of the two axes. 

This would permit locating a subject at a polit that was closer to, 

let us say, B6 and B4 than to G6, with G6 and B6 being the ideal G 

and B stimuli, respectively. It could be worthwhile, therefore, to attempt 

to develop the equations for a multidimensional and probabilistic Q 

model, equations analogous to A or B of Chapter III.

The Independence assumption

in general, the results tended to confirm the assumption that 

the Minsell scale represents the discrimination scale for both 

preferential and discriminative judgments involving a single hue.

This conclusion is implied by the finding that the degree of correlation 
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between the J scale of the R stimuli and the Munsell scale was directly 

related to the predictability of the J scale. There were, however, 

certain consistent differences between the J scales and the Nunsell 

scale which suggest that the Munsell scale is not a perfect representation 

of the discrimination scale for preferential judgments involving a single 

hue. This could be tested directly by using the Munsell scale to 

predict the preferential choices. One could fit the histogram of 

subjects plotted on the Munsell scale, instead of the J scales derived 

from the unilateral equations.

For preferential choices involving more than one hue there was 

evidence that the Munsell scale was not an adequate representation 

of the discrimination scale. However, it also appears that the Q 

theory did not adequately account fbr the data involving more than 

one hue. What is apparently required is some multidimensional version 

of the Q theory as indicated in the previous section.

Part of the discrepancy between the J scale and the Munsell 

scale may have been due to a distortion of the hues produced by the 

rapid exposure of the stimuli. Since there was some evidence for this 

distortion factor, as indicated in Chapter VII, it would be desirable 

to study choices of stimuli that were more indlscrlminable than was 

employed in this study. This would permit slow presentations of the 

stimuli.

It would also be desirable to investigate the effects of 

context on the stimulus scale. In the present study the subjects 

were instructed to judge the stimuli with respect to their desirability 

as a color of paint for a living room. There is good evidence to 

indicate that preferential choices change drastically as the context, 

changes from a living room, let us say, to a clothing arltlcle, or a car.
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However, it would be interesting to determine whether the metric 

relations on the discrimination scale also changed as the context 

changed.

Concluding remarks

in general it would appear that the usefulness of the probabilistic 

Q theory as it is applied in the present study is confined to situations 

in which (1) the ideal stimuli of the subjects are known, (2) the 

order of the stimuli on the J scale is known, and (3) a minimal number 

of preferential judgments is desired to construct a numerical J scale. 

It is clear certainly that under these conditions the Q theory 

parameters could be determined from a relatively small number of 

preferential choices. In fact, since the order of the stimuli and 

the ideal stimuli are assumed to be known in advance of the scaling 

procedure, no preferential judgment need be asked of a subject which 

is not to be used in the analysis. The predictability of the Q scale 

based on the small number of judgments should be considerably better 

than the predictability of the U or V theories based on the same 

number of judgments.



CHAFTXR U

SOWABT

Unlike most theories of preferential choice, in the Coombe 

Quadrant I (or Q) theory the stimuli can be scaled either in terms 

of their preferability or in terms of their discriminability. Iwever, 

the Q theory has two severe limitations. It is difficult or impossible 

to obtain a solution if there is inconsistency or error in the data 

and at best it can only yield a relatively low level of measurement. 

This study developed and tested a probabilistic Q theory designed to 

overcome these two difficulties.

In the first part of the study, the equations for the probabilistic 

theory were developed and an approximate method of solution was 

indicated. This approximate method estimates the parameters of the 

theory from the preference probabilities based on judgments satisfying 

certain conditions. In general, not all of the judgments in a given 

set of data would satisfy these conditions, so that only part of 

the data would be used in arriving at a solution. To test the 

adequacy of the theory in predicting the preference probabilities 

based on all judgments present in a given set of data, numerical 

methods for evaluating the integrals appearing in the equations of 

the Q theory were described.

The transitivity implications of the probabilistic Q theory 

were also discussed. It was shown that the Q theory does not 

necessarily imply strong stochastic transitivity (SST), which is in 
-182-
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c outra et with the Thuretone and. Bradley-Luce theories, both of which 

imply SST.

In the experimental part of the study, subjects were required 

to indicate their preferences for Munsell colored chips presented 

pairwise. The ten stimuli ranged over two hues (red and blue-green) 

that formed a single dimension in the Munsell space. The data were 

analysed by the probabilistic Q theory, the Thurstone theory and the 

Bradley-Luce theory.

The results indicated that for the stimuli employed in the 

experiment the Bradley-Luce and Thuretone theories were essentially 

equivalent for a single hue, the Q theory was approximately equal to 

these theories, but when two hues were involved the Bradley-Luce 

and Thuretone theories better accounted for the data. However, 

in all cases when the parameters of the Bradley - Luce and Thuretone 

theories were evaluated from only part of the data, the Q theory 

better accounted for the entire data. There was some evidence 

that a two dismnsiosl extension of the Q theory was required for 

two hues.

The results also had implications for the Munsell scale. When 

a single hue was involved the Munsell scale represented, to a first 

approximation, a discrimination scale valid for both. dieriminative 

and preferential judgments. This, however, was not the case when 

more than one hue was involved.

One of the major factors limiting the degree to which the Q theory 

can reproduce data is the relatively small amount of data which 

can be incorporated into the method of solution. In particular, 

it was shewn that the reproducibility of the Q theory was directly 

related to the amount of data used in the analysis.



APPEMDIX 1

BUMKBICAL INTEGRATION

Although the approximate method employing the unilateral 

equations are need to obtain a solution in the Q theory, it in 

necessary to employ numerical integration techniques. This is 

necessary for two reasons. It la desirable, first of all, to 

ascertain how accurate the unilateral equations are for given values

of Cp Qj .M %- Secondly, in order to determine how good the

fit of the model is to the data, It is necessary to reproduce or

postdlct each p value-—not merely the p value of certain
Jh JI

unilateral persons—from the parameters of the model. In each

case evaluation of the integrals in equation A or B are necessary 

and these integrals can only be evaluated by numerical methods.

- One of the simpler numerical methods is called Simpson's 

method, and considering its simplicity, it is probably one of the 

most accurate. It is the method used in this study. For a single

integral.

the method essentially consists of (1) evaluating f(x) for

discrete values, xQ, Xp x^. ..x^, evenly spaced from xo to x^,
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(2) fitting to oech triple, ip xi4 v g a quadratic curve, and 

(3) then determining the area under each quadratic curve • All this 

is embodied in the rather simple equation

for n even, and

yi = ^(*i)'

The accuracy of this equation for fixed limits of integration 

depends only on n, the number of subdivisions in the |xg-x^| 

interval; the larger the n, the better the accuracy. A simple 

estimate of the error, 1, in Simpson's method, given by Scarborough 

(1958, p.178) involves computing % for two different values of n, 

n^ and ng, where ng = 2np The error in the calculation involving 

ng is

(2) «2 : 2  : B1 .*
15 

where Rj and Eg are the estimates of % based on n1 and ng, 

respectively.

Simpson's method can be generalised to the double Integral

as follows. Let

z. . ■ f(x.,xJ for 1 = 0,1,...n
1 3 j = 0,1,...m
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For fixed y., (1) can be applied to the z variable to obtain 
V —

what will be called A.; that la,

(3)

If (M) is applied once again, this ties to A , the approximation 
J

to s is obtained. Thue

The evaluation of s, therefore, will require evaluating the 

integral (n + l)(n+l) times, or for n = m, (n + 1)2 times.

For n % m = 10, the integrand will have to be evaluated 121 times, 

and if the integrand is a bivariate normal distribution, it becomes 

necessary to use^ a high speed digital computer.

An estimate of the error term for a double integral does 

not seem to be readily available in the mathematical literature. 

The method employed in this study was to check the numerical 

integration against certain known integrals before proceeding to 

the unknown integrals. This is dome in Appendix 2.



APPKKDU 2

XVALUATIOe (JT 1Q9ATIŒI A

Squation A rather than A' was evaluated despite the fact 

that the latter involves a single Integral (and one double integral).

Squation A consists of two double integrals, and Fg, but because 

of the similarity beWeen F^ and F2—they have the same Integrand-— 

programming the IBM 650 is simpler for equation A.

Simpson's method is more easily need when the limits of

integration are fixed. This can be accomplised for both '1 and

Fg by setting

Before (3) and (M in Appendix I can be applied to obtain

values of n and m must be choeen, (see Appendix 1) as well as a 

finite number (denoted by a) to replace the infinite limits of 

integration appearing in F^ and Fg. These are two related 

problems. Writing (1) as
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a 1 0 1

it la clear that as a approaches positive infinity (2) will approach 

(1). However, for fixed n, the larger the value of a the less 

accurate is the numerical integration. This is due to the fact 

that the accuracy of the numerical integration is directly related 

to the size of the subdivisions a^i (denoted by h); and for fixed 

n, h increases as a increases. It is possible, of course, to 

increase n to compensate for a large value of a, but increases 

in n are paid for by increases in the time of calculation.

The criterion used to determine a is based on the knowledge 

that the variables in the integrand of Fj and Fg have marginal 

distributions which are normal. The probability that t^ will 

exceed a value of 30^ therefore equal to .00135• However, 

in general not all of the region lying beyond 3# in the t^ 

distribution will have |t.| > 11J ; the error, therefore, in setting 

a s 3O'*  should not exceed .00135 and generally should be less,
k

This criterion for determining a can be illustrated with the following 

example : If Qj = .2, : -.2, and C ; .8, then Tj = .6 and

Tk ; 1.0 and tbs limits of integration in equation A would be

4 1 o 1

In short, the criterion for determining ..a specifies that

(3) a s 3 +the larger of (Tj,T^) for 0% = Ot^ -
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value of

Since it is assumed that t. and t have equal variances u K
it equal to m in the evaluations of equation A, and the

n was selected which gave approximately three digit

accuracy. initial computations indicated that values of h not

exceeding 02 /2 would give three digit accuracy. Since e 
J ,

did not usually exceed 50^ in the evaluation of A, n was

set equal to 10.

The accuracy of the numerical integration method obtained

from the above values of a and n can be determined from Table 6

Table 6 contains three series of evaluations of p , each series

consisting of fixed Qj and Qk and varying values of C^. The 

initial p.. value of each series refers to a condition in which

C is exactly midway between Q* V and considerations of

symmetry require these Pj^ values to equal one half. The three 

initial values of Pjk for each series are given in Table 4.

These values of p# 

underestimates Pj^, 

to three digits.

suggest that the numerical integration method

but that the results are approximately accurate

The final sets of values of p„ in each series may be used 
J*

to estimate the accuracy of the computation for relatively large

values of a. If, for example, Qj : 1, Qj. : -1, and = 3,then 

a will equal 7, and for n = 10, h = 7» It might be expected

that for values of h this large, the accuracy of the Pjk estimates 

would be reduced considerably. The accuracy of these p# values 

can be assessed by comparing the asymptotic values of p^ obtained

from the unilateral equations.

The maximum value of p^ in each series and the corresponding



-190-

asymptotlc p^k value are given in Table

Inspection of Table 5 indicates that three digit accuracy 

la approximateJy maintained for h - .65 (or a : 6.5)• Thia 

concluaicn may be open to aoma criticiam» however. If the numerical

evaluations of Pj% are overeatimeting p instead of underestimating 
J*

this term, then the asymptotic value for each series would merely 

be reached at lower values of Since no estimate exceeds the 

asymptotic values, then one could argue that the series was terminated

too soon, that large enough values of were not taken. However,

all indications are that the evaluations of 'jk are underestimates,

particularly since large values of in series I produce smaller

values of *jk (see Table 6). Perhaps, a conservative conclusion

would limit h to at most 0.6 for three digit accuracy.



APPMDH 3

SOLUTION TO THE SCAIJC VALUES IN THE

V THE  CRT USING THE PREDICTION WTHCD

When the number of 

the V scale value» exceeds

"jk term» which are used in determining

n-1, the iteration scheme described in

Chapter 11 must be used. In ths prediction method employed in this

study. "jk terms are used

in this case the scale values in

to determine the scale values, and

the V theory can be solved directly

by a recursion method. The procedure is as follows. The p . terms 

are arranged in the order

p12> p23. Pj-iy ’

and correspondingly, the scale values in the order

*1' V ^j-1' V Vn *

The value of v^ is arbitrarily set equal to some number, say 100, 

and the scale value of v? is then determined by

2 " '

where n^ denotes the number of times stimulus 1 was preferred and m^, 

ths number of times the pair (1,2) was presented. The remaining scale

values are obtained from

- TJ-1 '
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Appendix 4

GLOSSART OF STHBOLS

A - usually used la connection with aquatics A, a basic aquatics 
is the probabilistic Q theory. It also denotes tj - tk/2. 
(Chap. III, p. 48)

B - usually used la connection with aquatics B, a basic aquatics 
in the probabilistic Q theory. It also denotes tk - t ./2. 
(Chap. III, p. 48 ) J

ci - the location of the ideal point or stimulus for individual 
1 at each moment.

c - the momentary value of an ideal point without regard to 
a specific individual.

Ci - the mean location of the ideal point of individual 1.

C' - the expected value of C^ over individuals.

Flf Fg'^3 ” %*™"  i*  equations A and A'. (Chap. Ill, p. 47)

I scale - the order of the s^j values of the stimuli for individual 1. 
The stimuli are ordered on this scale according to their 
preferability to the individual.

J scale - a joint scale of stimuli and individuals in the Q theory. 
The stimulus values on this scale are denoted by Q. and 
the individuals' locations by CA. J scale occasionally 
refers to the stimulus values only on this scale.

Jl scale - a J scale of the combined set of stimuli derived from 
certain initial considerations but subsequently rejected. 
(Chap. VH, p.161)

J2 scale - a J scale of the combined set of stimuli; the numerical values 
of the stimuli were obtained by (1) deleting three stimuli 
from all unilateral judgments, and (2) using the direct and 
indirect estimates of each Qj-Qk interval.

J3 scale - the scale used in the Qd analysis.

IC J scale - a scale derived from Thurstons's Law of Comparative Judgment 
usually with the Case 5 assumptions; the Law of Comparative
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Judgment la also referred te as the DCJ theory. (Chap. II,p. 25)

■1k - the number of replications of stimuli j aad k.

m - when is equal for all j aad k, the subscripts are 
droppea. ■ usually denotes amber of replications of the 
stimuli for a single individual, althou^t occaslomally it
denotes the total number of replications within and between 
subjects.

a - the aumber of stimuli. la Appendices 2 and 3 it refers to its 
number of subdivisions used la the numerical integration.

H - the number of subjects

W*  - the sise of the population from which the subjects are drawn, 

ait - the total number of times stimulus j ls preferred to stimulus 
k. This term usually includes all the judgments of all subjects.

n. - the aumber of times stimulus j is preferred over all other 
J stimuli.

I(C1#CD - denotes a frequency function of a normal distribution having 
a mean of and a standard deviation of O' .

pJk - the probability that stimulus j will be preferred to stimulus 
u k. This probability is termed a preference probability. It 

also denotes the proportion of times j was preferred to k 
la a given set of data.

p% - the preference probability which is predicted or pestdicted 
J by a theory.

pjk,l - when it is necessary to distinguish the p^ values of 
different individuals the I subscript is added. In this
case, p would represent the expected value of Pjk

Q theory - refera to the Coombs Quadrant I theory. (Chap. 1, p. 11 ) 
Usually the Q theory in this study refers to the probabilistic 
version of the theory.

Q - the moan value of stimulus j la the Q theory. This also 
J refers to the scale value of the stimulus on the J scale.

qj - the momentary value of stimulus j in the Q theory

Qa - denotes a Q theory analysis or scale of the B stimuli in which 
(1) one stimulus was deleted from all unilateral judgments, 
aad (2) the indirect and direct estimate of each Qj-Q^ Interval 
were used.

Qb - denotes a Q theory analysis or scale of the B stimuli in which 
(1) one stimulus was deleted from all unilateral judgments, and
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(2) oaly th*  direct estimate of each Q^-Qk interval was used.

Qc - demotes a Q theory analysis er scale of the B stimuli in which 
(1) three stimuli were deleted from all unilateral judgments, 
and (2) only the direct estimate of each Qj-Q^ interval was 
used.

Qd - a Q theory analysis or scale of the combined set of stimuli in 
which (1) three stimuli wore deleted from all unilateral 
judgments, and (2) only the direct estimate of each Qj-Qk interval 
was used.

8ST - strong stochastic transitivity. This is a constraint inposod 
on the preference probabilities associated with three stimuli. 
(Chap. I, p. 14)

Sj - stimulus j

•ij • | ci - qj|

= IC1 " QJ I

«D = E (**  
j>k J*

2
9*  ) ; called the residual sum of squares, 

J*

hj " «1 "

tj » c - q, ; In Chapter III, p.4$ it denotes deviations about 
* the mean value of tj.

T1J = ci-’j=’j

T.

T*  - C*  - Q 
« j

U theory - a theory implied by the quadruple condition. The IC J theory 
is used interchangabily with the U theory. (Chap. II, p. 21)

Uj - the momentary values of stimulus j in the U or ICJ theory.

u« £ - when the mean stimulus value U. depends on the individual, 
the subscript i is added to Uj and Uj.

U. - the mean value of u
J I

uj,l - when the value of U. depends on the 
is added. J

individual, the 1 subscript

U1 - a U theory analysis or scale of the 
based on the reproduction method.

combined set of stimuli

U2 - a U theory analysis or scale of the combined set of stimuli 
based on the prediction method.
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U3 - a U the ary analysis or scale of the B stimuli based cat the 
reproduction method.

U4 - a U thery analysis or scale of the B stimuli based on the 
prediction method.

theory - a theory implied by the triple condition. A scale derived 
from this theory is called a V scale. (Chap. II, p. 23)

Vj - the scale vahe of stimulus j on the V scale.

VI - a V theory analysis or scale of the combined set of stimuli 
based on the reproduction method.

V 2 - a V theory analysis or scale of the combined set of stimuli 
based on the prediction method.

V 3 - a V theory analysis or scale of the B stimuli based on the 
reproduction method.

V 4 - a V theory analysis or scale of the B stimuli based on the 
prediction method.

WST - weak stochastic transitivity. This refers to a constraint 
imposed on the preference probabilities associated with three 
stimuli. (Chap. II, p. 20)

Zjk z the normal deviate corresponding to p^.

arcsin measured in degrees.

is preferred to
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