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Abstract

We study a stochastic outpatient appointment scheduling problem (SOASP) in which
we need to design a schedule and an adaptive rescheduling (i.e., resequencing or
declining) policy for a set of patients. Each patient has a known type and associ-
ated probability distributions of random service duration and random arrival time.
Finding a provably optimal solution to this problem requires solving a multistage
stochastic mixed-integer program (MSMIP) with a schedule optimization problem
solved at each stage, determining the optimal rescheduling policy over the vari-
ous random service durations and arrival times. In recognition that this MSMIP is
intractable, we first consider a two-stage model (TSM) that relaxes the nonanticipa-
tivity constraints of MSMIP and so yields a lower bound. Second, we derive a set
of valid inequalities to strengthen and improve the solvability of the TSM formula-
tion. Third, we obtain an upper bound for the MSMIP by solving the TSM under the
feasible (and easily implementable) appointment order (AO) policy, which requires
that patients are served in the order of their scheduled appointments, independent
of their actual arrival times. Fourth, we propose a Monte Carlo approach to eval-
uate the relative gap between the MSMIP upper and lower bounds. Finally, in a
series of numerical experiments, we show that these two bounds are very close in a
wide range of SOASP instances, demonstrating the near-optimality of the AO pol-
icy. We also identify parameter settings that result in a large gap in between these two
bounds. Accordingly, we propose an alternative policy based on neighbor-swapping.
We demonstrate that this alternative policy leads to a much tighter upper bound and
significantly shrinks the gap.

KEYWORDS
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Even patients of the same type may vary in the required ser-
vice time, and such variation is hard to predict in advance,

Outpatient clinics (OPCs) are quickly growing as a cen-
tral component of the health care system. OPCs offer a
variety of medical services and benefits such as avoid-
ing inpatient hospitalization, high patient safety, and low
costs of care (Ahmadi-Javid, Jalali, & Klassen, 2017). How-
ever, they also introduce new challenges for appointment
planning and scheduling primarily due to the heterogeneity
and variability in patient characteristics. Multiple (hetero-
geneous) patient types may require different service times.

which may contribute to patient delay and provider overtime
(Ahmadi-Javid et al., 2017; Cayirli, Veral, & Rosen, 2008;
Cayirli & Yang, 2014; Gupta & Denton, 2008).

Another common phenomenon among OPC patients (as
well as the customers in many other service industries with
an appointment scheduling system) is the lack of punctuality,
which introduces additional complexity into clinical
operations and increases operational costs (Alexopoulos,
Goldsman, Fontanesi, Kopald, & Wilson, 2008; Cayirli,
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Veral, & Rosen, 2006; Deceuninck, Fiems, & De Vuyst, 2018;
Fetter & Thompson, 1966; Glowacka et al., 2017; Jiang,
Tang, & Yan, 2019; Klassen & Yoogalingam, 2014; Williams,
Chambers, Dada, McLeod, & Ulatowski, 2014). Late arrivals
often create provider idling (and thus poor utilization of
the clinic resources) and, along with the random service
durations, may increase the waiting time of the subsequent
appointments and provider overtime through the propagation
of the delay, if there is no buffer in the schedule to absorb
it. Very early arrivals, on the other hand, may require the
provider to make challenging queuing decisions as whether
to serve them ahead of the scheduled time. For example, serv-
ing early arrivals (arriving outside their scheduled turn and
time) can result in service delay of the next on-time patient
(Deceuninck et al., 2018; Glowacka et al., 2017; Samorani &
Ganguly, 2016).

Accounting for uncertainty and the possibility of rese-
quencing (and/or rescheduling a late patient to another day)
in the scheduling decision process has the potential of mit-
igating these adverse outcomes. Most of the existing lit-
erature on stochastic appointment scheduling (since Welch
& Bailey, 1952), however, focuses on addressing the vari-
ability in service duration only. Within the limited litera-
ture accounting for the stochastic arrival time, most studies
ignore the sequencing decision and only consider homoge-
neous patients (i.e., all service durations follow the same
distribution) or heterogeneous patients in a sequence found
by heuristic approaches (Deceuninck et al., 2018; Klassen
& Yoogalingam, 2014; Zacharias & Yunes, 2018). In addi-
tion, most studies adopt the appointment order (AO) policy,
that is, the provider will serve the patients in their scheduled
AO (as opposed to the actual arriving order) and decline a
patient if he/she arrives later than the scheduled time by a
certain amount of time (termed the grace period). Although
this policy is easy to implement and effective under many cir-
cumstances, to the best of our knowledge, no literature has
investigated its optimality (or suboptimality) in a rigorous
manner.

In this paper, we study a stochastic outpatient appoint-
ment scheduling problem (SOASP) for OPC scheduling under
stochastic arrival times and service durations. We consider for
an OPC manager who needs to design an appointment sched-
ule and a rescheduling policy for a single provider and a set of
patients, where each patient has a known type and associated
probability distributions of service duration and arrival time
deviation (the difference between the scheduled and the actual
arrival times). The objective is to minimize the expected total
cost of patient waiting time, provider idle time, and provider
overtime.

In theory, SOASP could be formulated as a multistage
stochastic mixed-integer program (MSMIP). The first stage
of the MSMIP pertains to deciding the initial sequence and
schedule (i.e., a sequence of scheduled arrival times) of
the patients, which are communicated to the patients before
the start of the day. In each stage (the arrival of one of

the scheduled patients) after the first stage, and for every
branch in the scenario tree, the MSMIP optimizes a policy
that reschedules (resequences or declines) the appointments
according to the service durations and stochastic arrival times
realized up to each new arrival. That is in each stage, a new
appointment sequence is determined by solving a MSMIP
from “now until the end” conditional on information revealed
up to the current stage.

As we discuss in Section 3.1 formulating and solving
SOASP in the form of MSMIP is challenging, primarily
because of the enormous size of the scenario tree, random-
ness and ambiguity of the number of the MSMIP stages, and
the mixed-integer recourse variables (see Shapiro, Dentcheva,
& Ruszezynski, 2009; Birge & Louveaux, 2011 and refer-
ences therein for a thorough discussion on the difficulty of
formulating and solving MSMIP). Even if one could solve this
MSMIP, the resulting rescheduling policy may not be imple-
mentable in practice. In recognition of these challenges, we
first present two approximations based on fwo-stage stochas-
tic mixed-integer models (TSM). The first TSM relaxes the
nonanticipativity constraints of MSMIP (i.e., the OPC man-
ager has the perfect information of all uncertain parameters
when making rescheduling decisions) and so yields a lower
bound of the optimal value of MSMIP. We derive a set of
valid inequalities to strengthen and improve the solvability
of this TSM formulation. The second approximation imple-
ments the (feasible) AO policy, enforcing nonanticipativity,
and yielding an upper bound of the optimal value of MSMIP.

Second, we propose a Monte Carlo approach to evaluate
the relative gap between the MSMIP upper and lower bounds.
Finally, in a series of numerical experiments, we show that
these two bounds are very close in a wide range of realistic
SOASP instances, demonstrating the near-optimality of the
AO policy. We also identify parameter settings that result in a
large gap in between these two bounds. Accordingly, we pro-
pose an alternative policy based on neighbor-swapping (NS).
We demonstrate that this alternative policy leads to a much
tighter upper bound and significantly shrinks the gap (i.e.,
improves the solution of such instances). By doing so, we
show the art and power of TSM approximation in evaluating
the optimality of feasible (and implementable) solutions to
challenging real-world MSMIP problems.

To the best of our knowledge, and according to the recent
review of outpatient appointment systems by Ahmadi-Javid
et al. (2017) and the literature review in Section 2, our
paper contributes to the existing literature on single-server
stochastic appointment sequencing and scheduling (SASS)
with the first stochastic programming approach that consid-
ers: (1) random (and heterogeneous) service and arrival times,
(2) optimizing both the initial appointment sequencing and
scheduling decisions, and (3) the possibility of reschedul-
ing (i.e., resequencing or declining) and investigating the
optimality of the AO policy.

The remainder of the paper is structured as follows. In
Section 2, we review the relevant literature. In Section 3, we
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formally define SOASP as a MSMIP and present the two
TSM approximations. In Section 4, we propose a Monte Carlo
approach to evaluate the relative gap between the MSMIP
upper and lower bounds. In Section 5, we report numerical
results on (1) the optimality and suboptimality of the AO pol-
icy, (2) sequencing and scheduling patterns with stochastic
service and arrival times, and (3) the value of incorporat-
ing the stochastic arrival times and service durations in the
appointment scheduling problem. Finally, we draw conclu-
sions in Section 6.

2 | LITERATURE REVIEW

Outpatient appointment scheduling problems have been an
area of intense investigation in the field of operations
research since the seminal work of Welch and Bailey (1952).
Comprehensive surveys of the studies since then include
Ahmadi-Javid et al. (2017), Cayirli and Veral (2003), and
Gupta and Denton (2008). Within this literature, most stud-
ies assume patient punctuality and focus on homogeneous
patients. In the following, we review the papers that consider
patient heterogeneity and stochastic arrival times.

Cayirli et al. (2006, 2008), Klassen and Rohleder (1996),
and Rohleder and Klassen (2000) demonstrated how using
patient characteristics, either for appointment sequencing or
scheduling, can improve the clinic performance and reduce
the operational costs. More recent studies (see, eg, Ahmed,
Chou, & Shehadeh, 2014; Berg, Denton, Erdogan, Rohleder,
& Huschka, 2014; Chen & Robinson, 2014; Salzarulo, Mabhar,
& Modi, 2016; Shehadeh, Cohn, & Epelman, 2019 and refer-
ences therein) also demonstrated the relevance of recognizing
different patient types in appointment sequencing. Salzarulo
et al. (2016), for example, described how data on patient char-
acteristics and past appointments could be used to predict
patient service durations and illustrated how to incorporate
this information into effective scheduling decisions.

Patient stochastic arrival (often called patient unpunctual-
ity) is a common phenomenon in OPC and introduces com-
plexity to the design and analysis of appointment scheduling.
Several studies have shown that both early and late arrivals
disrupt clinic service operations (Alexopoulos et al., 2008;
Fetter & Thompson, 1966; Glowacka et al., 2017), increase
inefficiencies and delays (Deceuninck et al., 2018; Okotie,
Patel, & Gonzalez, 2008), decrease the service quality for
punctual patients (Glowacka et al., 2017), and increase clinic
operational costs (eg, the provider overtime cost) and implicit
costs related to the perceived quality of service (eg, decreased
patient satisfaction) and hence the reputability of the clinic
(Cayirli & Veral, 2003; Deceuninck et al., 2018; Glowacka
et al., 2017; Kocas, 2015; Osuna, 1985). Stochastic arrival
times can also lead to adverse operational outcomes and
challenging queueing issues (Cayirli & Veral, 2003; Dece-
uninck et al.,, 2018; Jiang et al.,, 2019; Klassen & Yoo-
galingam, 2014). For example, not serving an early arrival
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(or waiting for a chronically late patient) can result in service
delay of the next on-time patient (Deceuninck et al., 2018;
Glowacka et al., 2017; Samorani & Ganguly, 2016). There-
fore, it is worthwhile to design appointment schedules and
resequencing policies that mitigate the impacts of both early
and late arrivals.

Most empirical studies on stochastic arrival times suggest
that patients tend to arrive early instead of being late (Brahimi
& Worthington, 1991; Cox, Birchall, & Wong, 1985; Fetter
& Thompson, 1966; Klassen & Rohleder, 1996; Klassen &
Yoogalingam, 2014; Williams et al., 2014). Several studies
used the normal, uniform, and exponential (for late patients)
distributions to model stochastic arrival deviation (see Alex-
opoulos et al., 2008; Cheong, Bitmead, & Fontanesi, 2013;
Cox et al., 1985; Tai & Williams, 2012; White & Pike, 1964
and references therein for a thorough discussion on the dis-
tribution of stochastic arrivals). It is worth noting that all of
these studies observe that the stochastic arrival time deviation
is independent of appointment time. In addition, Williams
et al. (2014) and Gneezy, Meier, and Rey-Biel (2011) stud-
ied the impacts of strategies that intend to motivate patient
punctuality and discussed when and why some strategies
might fail. Interventions to reduce tardiness, for example,
might potentially lead to increasing patient earliness. There-
fore, as pointed out by Deceuninck et al. (2018), it is better
to incorporate the uncertainty of patient arrival time in the
schedule optimization process and develop policies to rese-
quence appointments instead of trying to change the patients’
arrival behavior.

Most of the existing literature on stochastic appointment
scheduling focuses on the uncertainty pertaining to ser-
vice durations and/or patient no-shows. Within the few
papers accounting for stochastic arrival times, there are
three primary approaches. The first approach employs heuris-
tics (often in conjunction with simulation approaches) to
develop and adjust the scheduling pattern (see, eg, Cayirli
& Yang, 2014; Cayirli et al., 2006; Cox et al., 1985; Fet-
ter & Thompson, 1966; Glowacka et al., 2017; Klassen
& Yoogalingam, 2014; White & Pike, 1964). Although
these pioneering studies provide easy-to-implement schedul-
ing rules, they lack performance guarantee and often ignore
the possibility of rescheduling (resequencing and declining).
In this paper, we incorporate rescheduling into our SOASP
model and provide computable performance guarantees.

The second approach employs predetermined resequenc-
ing and rescheduling policies. For example, Deceuninck
et al. (2018) adopted the AO policy with 15- and 30-minute
grace periods (i.e., the provider will serve patients arriving
within the grace period in the scheduled order, and decline or
deem as a no-show any late patient coming after the expiration
of his/her grace period past the scheduled time). In addition,
Deceuninck et al. (2018) proposed a local search algorithm
based on the Lindley recursion (Lindley, 1952) to find an
appointment schedule based on a sequence found by a heuris-
tic. Differently, Zhu, Chen, Leung, and Liu (2018) assumed
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that the provider would serve a waiting patient regardless approximation relaxes the nonanticipativity constraints of
of the actual appointment time, and when multiple patients SOASP and yields a lower bound on the optimal value
are waiting, the provider will serve them by the order of = of SOASP. The second approximation applies a (feasible)
their appointment times. Samorani and Ganguly (2016) stud- rescheduling policy and yields an upper bound.

ied the problem of whether an available provider should see
an early patient right away (preempt) or wait for the next
scheduled patient. Based on simulation results, Samorani
and Ganguly (2016) reported the conditions under which
the AO policy outperforms the always-preempt policy (eg,
high-service-level clinics with low variability in patient late-
ness, long service durations, and when patients tend to arrive
early rather than late).

First-come-first-serve is another policy which designates
that the provider serves the patients according to their actual
arriving order, regardless of their initial scheduled order of
arrival. This policy often raises the concern that it (partially)
conflicts with the goal of appointment scheduling and can
encourage the patients to arrive early and beat the appoint-
ment system (Cayirli & Veral, 2003; Deceuninck et al., 2018;
Jiang et al., 2019). In this paper, we adopt the AO policy to
obtain an upper bound on the optimal value of MSMIP. How-
ever, we do not assume homogeneous patients as in Samorani
and Ganguly (2016) or a fixed appointment sequence as in
Deceuninck et al. (2018). Furthermore, we rigorously demon-
strate the near-optimality of this policy in a wide range
of parameter configurations and propose an alternative and
near-optimal policy where this policy is suboptimal.

The third approach employs stochastic mixed-integer pro-
gramming (SMIP) but, to the best of our knowledge, only
involves very few papers (Ahmadi-Javid et al., 2017). Jiang
et al. (2019) proposed a stochastic linear program that con-
siders stochastic arrival and adopts the AO policy. Assum-
ing patient homogeneity, they demonstrated how the opti-
mal appointment intervals change under different stochastic
arrivals scenarios. Our paper aims to contribute to this line
of research. In contrast to Jiang et al. (2019), our SMIP
approach considers (1) patient heterogeneity, (2) optimiz-
ing both the initial appointment sequencing and scheduling
decisions, and (3) the possibility of rescheduling (i.e., rese-
quencing or declining).

3.1 | Formal statement of the problem

We consider the problem of sequencing a set of patients
(appointments) for a single provider and determining the asso-
ciated scheduled appointment time for each appointment and
an adaptive rescheduling (i.e., resequencing or declining) pol-
icy. Each patient has a known type and a random service
duration that follows a known probability distribution asso-
ciated with the patient type. The actual arrival time of each
patient is random relative to their scheduled arrival time,
and the arrival time deviation follows a known probability
distribution that is independent of the scheduled arrival time.

The provider’s response to a patient’s arrival depends on
three periods (parameters): a grace period past the sched-
uled time, a rescheduling period past the grace period, and
a decline period past the rescheduling period (denoted by
intervals G, R, and DE respectively in Figure 1). Patients
arriving early (i.e., within interval E) or within the grace
period (i.e., within interval G) are granted to be served either
in the initial scheduled order or maybe resequenced to an ear-
lier (and not to a later) position than their initial scheduled
position. Additionally, if a patient arrives within interval E
or G, then any patients initially scheduled after him/her can-
not be resequenced to an appointment before him/her. Patients
arriving within the rescheduling period (i.e., within interval
R) are subject to either resequencing to a later position than
the initial scheduled position (i.e., the provider will try to
fit him/her within the remaining sequence of appointments if
possible) or declining (rescheduled to another day). Patients
arriving within the decline period (i.e., within interval DE)
are automatically declined.

The performance metric of scheduling is the weighted sum
of three components: (i) patient waiting time (the time from
the later of the patient scheduled arrival time and actual
arrive time to the actual start time of his/her appointment),
(ii) provider idle time (the time from the end of one appoint-
ment to the start of the next), and (iii) provider overtime (time
3 | FORMULATIONS OF SOASP worked beyond the scheduled working hours). Note that we

do not incorporate the part of the waiting time due to the
In this section, we formally define SOASP as a MSMIP early arrival of a patient. That is, if a patient arrives early
and present two approximations based on TSMs. The first (i.e., within interval E), his/her waiting time is measured from

..
T
—
-

[ \f W \ 1

t t+G t+G+R end of day

FIGURE1 An illustration of the provider’s response to patient’s arrival. If a patient with scheduled arrival time ¢ arrives any time before ¢ 4+ G, then s/he
may be resequenced to an earlier position than their initial scheduled position and will not be resequenced to a later position. If s/he arrives in between t + G
and 7+ G + R, then s/he is subject to resequencing to a later position than the initial scheduled position or declining. If s/he arrives after 1+ G + R, then s/he
will be declined. Notation: ¢ is scheduled arrival time, E is early arrival period, G is grace period, R is rescheduling period, and DE is decline period
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his/her scheduled time. This is consistent with the prior liter-
ature (see, eg, Gupta & Wang, 2012; Cayirli & Veral, 2003).
Although declining a very late patient may be mathematically
optimal in terms of collectively minimizing metrics (i)-(iii), it
may impact patients’ health and lead to patient dissatisfaction.
While it is interesting to incorporate patient health outcomes
and satisfaction, it is out of the scope of this paper, and we
leave it as future work.

Table 1 summarizes the provider’s rescheduling decisions
and the corresponding waiting time calculations. We make the
following assumptions:

Al. The set of patients (i.e., the total number of
appointments and their types) are exogenously
determined (a standard assumption in the offline
appointment scheduling literature that mimics the
OPC practice; see, eg, Ahmadi-Javid et al., 2017;
Berg et al., 2014; Shehadeh, Cohn, & Jiang, 2020;
Shehadeh, 2019; Zhu et al., 2018 and the references
therein).

A2. The provider is always available at the start of the
day, and immediately after the completion of each
appointment (a common assumption in the
appointment scheduling literature with random
arrivals; see, eg, Berg et al., 2014; Cayirli
et al., 2008; Deceuninck et al., 2018; Jiang
et al., 2019; Shehadeh et al., 2019, 2020).

A3. The stochastic service duration and arrival time
deviation (the difference between the scheduled and
the actual arrival times) are independent of the
scheduled time (a standard assumption in the
appointment scheduling literature with random
service and arrival times; see Cayirli et al., 2008;
Cox et al., 1985; Berg et al., 2014; Deceuninck
et al., 2018; Jiang et al., 2019; Klassen &
Yoogalingam, 2014; Mancilla & Storer, 2012;
Shehadeh et al., 2019). For the stochastic arrival
time deviation, if a patient initially scheduled at
8 AM arrives at 8:20 AM (respectively, 7:40 AM)
then the stochastic arrival time deviation equals
20 minutes (respectively, —20 minutes).

A4. The degree of the stochastic arrival time deviation
of patient p, u,, has a bounded support [gp, up],
where u and u, respectively are the lower and
upper bounds on the stochastic arrival time
deviation of patient p.

TABLE 1
Arrival Interval
Early or punctual E u<0
Late but within the grace period G 0<u<G
Late but within the rescheduling period R G<u<G+R
Late but within the decline period DE u>G+R

Arrival time deviation

AS5. The grace period and the rescheduling period are
nonnegative, that is, G >0 and R > 0. Note that the
grace period represents the provider’s tolerance for
patient lateness (Deceuninck et al., 2018; Jiang
et al., 2019), and so provider’s response to those
arriving within interval G (see Table 1) must be
incorporated in any rescheduling policy.

In theory, SOASP could be formulated as a MSMIP. The
first stage of the MSMIP pertains to deciding the initial
sequence and schedule (i.e., a sequence of scheduled arrival
times) of the patients, which are communicated to the patients
before the start of the day. In each stage after the first stage,
and for every branch in the scenario tree, the MSMIP opti-
mizes a policy that reschedules (resequences or declines) the
appointments according to the service durations and stochas-
tic arrival times realized up to each new arrival. That is in each
stage, a new appointment sequence is determined by solving
a MSMIP for “from now until the end.”

Unfortunately, formulating and solving this MSMIP is chal-
lenging for two reasons. First, even in a simplified setting in
which all random variables are discretized, the scenario tree
of the MSMIP can be enormous and grow exponentially in
size with the number of patients. For example, suppose that
each stage of the MSMIP represents a new patient arrival,
then we need multiple random variables to describe the sys-
tem status at this stage, including which patient the new
arrival pertains to, whether this patient arrives in intervals
E/G/R/DE, how many existing patients have entered/finished
the service, if the provider is currently busy/idle, and so on.
Second, each stage after the first stage involves a set of binary
and continuous decision variables pertaining to the reschedul-
ing (resequencing or declining) of appointments (see Birge &
Louveaux, 2011; Shapiro et al., 2009 and references therein
for a thorough discussion on the difficulty of formulating and
solving MSMIP).

In recognition of the challenges of formulating and solving
the MSMIP, we propose two approximations based on TSMs.
Given the grace period, the first TSM in Section 3.2 relaxes
the nonanticipativity constraints of MSMIP (i.e., determine
the rescheduling decisions under perfect information of all
uncertain parameters) and so yields a lower bound of the opti-
mal value of MSMIP. Given the grace period, the second TSM
in Section 3.3 implements the AO policy, enforcing nonantic-
ipativity and yielding an upper bound of the optimal value of
MSMIP. In Section 5, we show that the MSMIP bounds are

The provider’s response to patient’s arrival within the intervals defined in Figure 1 and waiting time calculations

Provider’s response Waiting time

KEEP or RES-E s—t
KEEP or RES-E s—a
RES or DECL s—a (RES) or 0 (DECL)

DECL 0

Note: KEEP is keeping the initial scheduled position, RES is resequencing, RES-E is resequencing to an earlier position, DECL is declining, 7 is scheduled
arrival time, a is actual arrival time, u is arrival time deviation, that is, u = a — ¢, and s is actual start time.
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very close in many SOASP parameter settings, demonstrating
the near-optimality of the AO policy. We also identify param-
eter settings that result in a large gap. Accordingly, we propose
an alternative swap-based policy that improves the solution of
such instances.

3.2 | TSM under perfect information

The first TSM relaxes the nonanticipativity constraints of the
MSMIP. That is, the TSM assumes that we possess perfect
information (i.e., the realizations of all service durations and
stochastic arrival times) after deciding the initial sequence
and schedule in the first stage. In this case, the TSM resched-
ules (i.e., resequences or declines) all appointments based on
the perfect information in the second stage. Throughout this
subsection, we use the term “appointment” and “position”
interchangeably to refer to a position in the sequence, and
for notational convenience, we suppress the scenario index &
from the scenario-dependent variables and parameters.

Let binary decision variable x,, ; represent the initial assign-
ment of patient p to appointment i (equivalently, position i in
the sequence), for all i, p =1, ..., P, where P is the number
of patients (and appointments). Let #; represent the scheduled
arrival time of appointment i foralli=1, ..., P.Forallp=1,

., P, let continuous parameters d,, and u,, respectively rep-
resent the realized service duration and arrival time deviation
of patient p. For all p = 1, , P, let binary parameters ep,
T, 0p, and m, respectively indicate the arrival of patient p
before or at the scheduled time (i.e., u, <0 or u, = 0), within
interval E or G (i.e., , <G), within the rescheduling period
(i.e., G<u, <G+R), and within the declined period (i.e.,
u, >R +G).

Let binary decision variable y; ; represent the resequencing
of appointment  to appointment j, forall i, j =1, ..., P. Let
binary decision variable z; represent the decline of appoint-
mentj, forallj=1, ..., P.Forallj=1, ..., P, let continuous
variables a;, 671-, s;, and w; respectively represent the actual
arrival time, actual service duration, actual start time, and
waiting time of appointment j. Let continuous variables g; rep-
resent the provider idle time before the start of appointment
J,forallj=1, , P. Let continuous variable wp | repre-
sent provider overtime. Let nonnegative parameters c]‘.”, ct
and c° respectively represent the unit penalty costs of waiting,
idling, and overtime, for allj =1, ..., P. Table 2 summarizes
the notation that we use in the following TSM under perfect
information (TSM-PI).

v = minimize E:[Q"(x,1,&)] (la)
X,

P
Subject to : pr,,- =1,

i=1

P
25 =1y
p=1

for p=1,...,P, (1b)

fori=1,...,P, (I¢c)

0<t<L, fori=1,... P, (1d)
x,i €{0,1}, for p,i=1, ... ,P, (le)
where for each &, QPl(x, ¢, &) is defined as
P
O"(x, t, £) = minimize Z(c w; +c gj) + c®wpyy, (23)
SW,8, V2
P
Subject t0: ;> Y\ mpx,5 for j=1,...,P, (2b)
p=1
P
5 < Y (=1, for j=1,.. P, (2¢)
p=1
P
ZyiJ=1—zj, for j=1, ... ,P, d)
i=1
Y oyij=1-z fori=1, .. P, (2e)
=1

2 yij < 2(1 )X for i=1,...,(P—1), (2

Jj=i+l

J
Z <2(1—Tp)xp, yij+1, for 1 <j<i<P,

=1 p=1

k=i+1,..,P, (29

P P
=Y Y dpxpiyij, forj=1,...,P, (2h)

p=1 i=

P
a=), <tl~ +) upxp,i>y,~‘,-, for j=1,..,P, (2i)

=1

sj>aj, for j=1, .. P, 2)

s5;>si1+d_y, for j=2,....P, (2K)

P P
wizsi—ai =M 5+ ) Y exi ),
fn

| =1
for j=1,...,P, (2D

>S] Ztlyt] < —(1—21)—Zzepxpzyzx/>

p=1 i=1

for j=1,...,P, (2m)
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TABLE 2 Notation of the TSM formulations

Indices
p Patient index
ij Appointment indices
Parameters
P Number of patients
c!‘.” Unit waiting time cost of appointment j
cjg Unit provider idle time cost after appointment j
c® Unit provider overtime cost
G Grace period
R Rescheduling period
L Planned length of provider working hours

Scenario-dependent parameters

d, Realized service duration of patient p
u, Realized arrival time deviation of patient p
1 if patient p arrives early (ie, within interval E) or at the scheduled time,
K {0, otherwise.
1 if patient p arrives within interval E or G,
o {0, otherwise.
5 1 if patient p arrives within the rescheduling period (ie, interval R),
’ {0, otherwise.
1 if patient p arrives within the decline period (ie, interval DE),
" {0, otherwise.
K Number of all patients who can be resequenced or declined, K = 2521 (6, + m,)
I3 Random vector containing scenario-dependent parameters,

E=(d, ....dp,uy, ...,up,e, ..

Scenario-independent (first stage) variables

..€p, Ty, oo Tp, 01,y oo, 0p, T, ..., 7p, K)

1 if patient p is initially assigned to appointment i,
X
m 0, otherwise.
t; Scheduled arrival time of appointment i

Scenario-dependent (second-stage) variables

1 if appointment i is resequenced to appointment j,
Vi {0, otherwise.
1 if appointment j is declined,
4 {0, otherwise.
a; Actual arrival time of appointment j
s Actual start time of appointment j
z?j Actual service duration of appointment j
w; Waiting time of appointment j
g Provider idle time before the start of appointment j
Wpi1 Provider overtime
g1 =51, (2n) Objective (1a) minimizes the expected total costs of patient

g =5;— (sj_1 +3i_1), for j=2,...,P, (20)
wpi1 > sp+dp — L, (Zp)
vij €{0,1}, for i,j=1, ... ,P, 2q)

(gj» 8> wj, wpy1) 20, for j=1,...,P. (2r)

waiting, provider idle time, and provider overtime. Con-
straints (1b) and (Ic) ensure that initially each patient
is assigned to one appointment and each appointment is
assigned one patient, respectively.

Recall that in TSM-PI, we assume that we possess perfect
information about the stochastic arrival time deviations and
service durations. For modeling convenience, we choose to
treat any patient with appointment declined (whether he/she
arrives in interval DE, and thus is automatically declined, or
in interval R and the model declines him/her) as a “ghost”
patient arriving at time O (this ensures that the provider does
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not wait for his/her grace period to expire before moving on
to the next patient), and with zero service duration. We also
force the waiting time of the “ghost” patient to be zero, as
explained below.

Constraints (2b)—(2g) determine the new sequence. Specif-
ically, constraint (2b) specifies that if a patient p initially
assigned to position j (i.e., x, ; = 1) arrives within the decline
period (within interval DE and so 7, = 1) then this patient
(and the corresponding appointment j) must be declined. Con-
straint (2c) specifies that if a patient p initially assigned to
position j arrives any time before the end of the grace period
(i.e., within interval E or G and so 7, = 1), then this patient
(and the corresponding appointment) must not be declined.
Constraint (2d) specifies that if a patient initially assigned to
appointment j is declined, then no appointment can be rese-
quenced to appointment j, that is, y; ; = 0 Vi (recall that we
still “treat” patient j, as a “ghost” with zero service duration).
Constraint (2e) specifies that if the initial appointment i is
declined, then this appointment cannot be resequenced to any
other appointment.

Constraint (2f) specifies that if a patient p initially assigned
to appointment i arrives early or within the grace period (i.e.,
within interval E or G and so 7, = 1 by definition), then
he/she cannot be resequenced to an appointment later than
i. Constraint (2g) specifies that if a patient initially assigned
to appointment i arrives early or within the grace period,
then any patients initially scheduled after him/her cannot be
resequenced to an appointment before him/her. Note that,
under this global resequencing rule, if the patient initially
assigned to appointment i arrives within rescheduling period
(i.e., interval R) and does not get declined, then he/she can still
be resequenced to a position before i. For example, suppose
that patients 1 and 2 arrive within interval E or G and patients
3 and 4 arrive within interval R. We are allowed to resequence
them as 1-2-4-3 in this case. However, neither 3 nor 4 can
be resequenced before 1 or 2. This is reflected in constraint
(2g). Note that constraints (2d)—(2g) allow for the initial and
the new positions to be the same. In this case, j = i and
SOy i = 1.

Constraint (2h) determines the actual service duration of
appointment j based on the new sequence: if appointment j
is declined (i.e., if z; = 1 and so y; ; = O for all i by con-
straint (2d)) then Zj = 0; and if appointment j is not declined
(ie., if z = 0 and so y; ; = 1 for some i) then Ej = d, if
patient p is initially assigned to appointment i and then rese-
quenced to appointmentj (i.e., x, ; = 1 and y; ; = 1). Note that
constraint (2h) and some of the remaining constraints of this
TSM are nonlinear because of the interaction terms x,,,;y;"]. (see
constraints (2h)—(2i) and (21)-(2m)) and bilinear terms tiyz;
(see constraint (21)). In Section 4.2, we propose strategies to
linearize these constraints.

Constraint (2i) determines the actual arrival time. Specif-
ically, if patient p is initially assigned to position i (i.e.,
Xp, i = 1) and resequenced to positionj (i.e., y; ;=1 and z;=0)
then the actual arrival time of appointment j is a; = t; + u,. In

contrast, if appointment j is declined (i.e., z;j =1 andsoy; ; =0
foralli=1, ..., P by (2d)) then a; = O (recall that this is a
“ghost” patient arriving at time zero by design). Constraints
(2))—(2k) specify that the actual start time of appointment j,
s, is no smaller than the actual arrival time, a;, and no smaller
than the completion time of the preceding appointment, that
is, sji-1 + Ej_l. Note that if appointment j is declined then
the corresponding “ghost” patient will start and complete at
the completion time of the preceding appointment s;_; + Ej_l
because a; = 0 and EJ = 0 for all declined appointments by
(2i) and (2h).

Constraints (21)-(2m) compute the waiting time based on
the following four arrival time scenarios (see the first and last
columns of Table 1) with M; representing a sufficiently large
constant. First, if patient p is initially assigned to appointment
i, arrives early or at the scheduled time (i.e., within interval E),
and is resequenced to appointment j (i.e., x, ; = y; ; = 1), then
7, = 1 by definition and so z; = 0 by (2¢), e, = 1 by definition,
and 2,1;1 > epxyivi; = 1.1t follows that constraint (21) is
relaxed and w; = max{s; —#;,0} by (2m) and (2r), that is, the
waiting time of this patient is the difference between his/her
actual start time and the scheduled arrival time. Recall from
Section 3.1 that, consistent with the prior literature, we do
not incorporate the part of the waiting time due to the early
arrival of a patient (see, eg, Gupta & Wang, 2012; Cayirli &
Veral, 2003).

Second, if patient p is initially assigned to appointment i
arrives late but within the grace period (i.e., interval G), and
is resequenced to appointment j, then 7, = 1 by definition and
so zj = 0by (2¢), ¢, = 0 by definition, 2,1;1 Zf:] epXpyij =0,
and a; = t;+u, by (2i). It follows that constraint (2 m) is
relaxed and w; = s; —a; by (21), that is, the waiting time of
this late patient is computed from his/her actual arrival time.
Third, if patient p is initially assigned to appointment i arrives
late but within the rescheduling period (i.e., interval R) but
does not get declined, and resequenced to appointment j, then
z;=0, a; =t; + u, by (21), e, = 0 by definition, constraint (2m)
isrelaxed, and w; = s; — a; by (21). Fourth, if patient p initially
assigned to appointment j arrives within the decline period
(i.e., interval DE), then 7z, = 1 by definition and so z; = 1 by
(2b). y;; =0 Viby (2d), and ¥, 37| epx,3i; = 0. It fol-
lows that both (2)—(2m) are relaxed and w; = 0 by (2r), that
is, declined appointments yield zero waiting time.

Constraint (2n) computes the idle time before the first
patient. Constraint (20) compute the idle time between two
consecutive appointments. Constraints (2p) and (2r) com-
pute the provider overtime (if any) beyond the planned
length of working hours. Finally, constraints (2q)—(2r) spec-
ify binary and nonnegative restrictions on the decision
variables.

Proposition 1  For afixed grace period G and
cost vectors ¢", ¢, and c°, we have v <v,
where v is the optimal value of the MSMIP.
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Proof Formulation (2) relaxes the nonanti-
captivity constraints in the MSMIP. It follows
that v > V1, "

3.3 | TSM under the appointment order policy

The second TSM implements a fixed (feasible) rescheduling
policy termed AO policy, which designates that (i) any patient
arriving after his/her grace period (i.e., within interval R or
DE) gets declined and (ii) the remaining patients are served
in the order of their initial sequence regardless of their actual
arrival times. Using the same notation in Table 2, we present
the TSM under the appointment order policy (TSM-AO) as
follows.

VA0 = minil;nize E:[0*°(x,1,8)] (32)

Subject to: (1b)—(le) (3b)
where for each &, Q2O(x, 1, &) is defined as
0%9(x, t, £) = minimize
SW,8

P
Z(C;'Wj + Cfgj) + c®wpy1, (o)

J=1

P
Subject to: a; =1; + Z(upr + G = 7p))xp,,

p=1
forj=1,...,P, (3d)
si>a, for j=1,....,P, (3e)
P
5> 81+ )yt for j=2, . P, (3f)
p=1

P
wj 2 s —a; — M; <1 + 2 (e — Tp)pr) ;
p=1

for j=1,...,P, (3g)
P
wj 2 5j =1 = M, (2 - 2@t Tp)xm/‘) :
p=1
forj=1,...,P, (3h)
g1 =51, (31)
P
8=~ <Sj—l + defpxp,/‘—1>, for j=2,....P, (3))
p=1
P
Wpi1 Z Sp + Z depxp,P - Lv (3k)
p=1

(gj» 8> wj, wpy1) 20, for j=1,...,P. (€Y
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Note that under the AO policy, the provider must wait for a
patient till the end of his/her grace period before becoming eli-
gible to treat a subsequent patient (Deceuninck et al., 2018).
For modeling convenience, we choose to treat any patient
arriving after the end of the grace period (i.e., within inter-
val R or DE) as a “ghost” patient arriving at # + G with zero
service duration.

Objective (3a) minimizes the expected total costs of patient
waiting, provider idle time, and provider overtime. Constraint
(3d) determines the actual arrival time. Specifically, if patient
p assigned to appointment j (i.e., x, ; = 1) arrives early or
within the grace period (i.e., within interval E or G) and so
7, = 1 by definition, then a; = #; + u,,. In contrast, if this patient
arrives after the end of the grace period (i.e., within inter-
val R or DE) and so 7, = 0 by definition, then this patient is
declined and a; = t;+ G, that is, this patients is treated as a
“ghost” patient arriving at #; + G with zero service time, that
is, Z;’:l dptpx,j = 0. Constraints (3e)—(3f) ensure that the
actual start time is at least the arrival time of the patient and
at least the completion time of the previous patient. Note that
if appointment j is declined then the corresponding “ghost”
patient p will start and complete at s; + Z§=1 dytpX,; =

max {aj =14+G,sj-1 + Z,f:l dyTpxpji } +0 because 7, =0

and so le;l dytyxp; = 0. Collectively, constraints (3d)—(3f)
enforce the AO policy mathematically. For example, if patient
4 arrives earlier than 3 + G (i.e., the expiration time of patient
3’s grace period), the provider whenever becomes available
will remain idle until one of the following two cases takes
place: (1) patient 3 arrives before t3 + G and the provider
starts serving patient 3, or (2) 3 + G expires, and the provider
declines patient 3 and starts serving patient 4.

Constraints (3g)—-(3h) compute the waiting time based on
the following three arrival time scenarios with M; represent-
ing a sufficiently large constant. First, if patient p is assigned
to appointment j (i.€., x, ; = 1) and arrives early or at the
scheduled time (i.e., within interval E), then e, = 1 and
7, = 1 by definition, and thus ¥ _ (e, — 7,)x,; = 0, and
21[;1 (ep+1p)xp; = 2. It follows that constraint (3g) is relaxed
and w; = max{s; —t;, 0} by constraints (3h) and (31). Second,
if patient p is assigned to appointment j (i.e., x, ; = 1) and
arrives within the grace period (i.e., within interval G), then
e, =0and 7, = 1 by definition, and so 2;):1 (ep—1p)xp; = —1
and Z[f:l(e,, + 7,)x,; = 1. It follows that constraint (3h) is
relaxed and w; = 5; — a; by constraint (3g). Third, if patient
p assigned to appointment j arrives after the end of the grace
period (i.e., within interval R or DE), then e, = 7, = 0 by
definition and so Z;):l(e,, -1, = Z;::l(e,, + 7p)x,; = 0.1t
follows that both (3g) and (3h) are relaxed and w; = 0 by (31),
that is, declined appointments yield zero waiting time.

Constraint (3i) computes the idle time before the first
patient. Constraint (3j) computes the idle time between two
consecutive appointments. Constraints (3k) and (31) com-
pute the provider overtime beyond the planned length of



SHEHADEH ET AL.

» | WILEY

working hours. Finally, constraint (31) specifies nonnegative
restrictions on the decision variables.

Proposition 2  For a fixed grace period G and
cost vectors ¢*, c8, and ¢°, we have v <v0.
Furthermore, vV <v <40,

Proof The AO policy is a feasible reschedul-
ing policy to the MSMIP. It follows that v < A0,
and so "' <v <vA9 by Proposition 1. u

4 | SOLUTION APPROACH

There are two well-known difficulties in obtaining an
(exact) optimal solution to the TSM-PI in (1) and TSM-AO
in (3). First, evaluating the values of E:[Q(x,1,&)] and
Eg[QAO(x, t,&)] involves taking multidimensional integrals.
Second, formulation (2) of Q"'(x, ¢, &) involves mixed-integer
recourse variables, which makes OQF1(x, ¢, &) non-convex and
even discontinuous. In view of these two difficulties, we
resort to approximation solution approaches.

In Section 4.1, we present a Monte Carlo approach to obtain
near-optimal solutions to (1) and (3). In Section 4.2, we
propose several strategies to linearize and strengthen the for-
mulation (1), which helps improve the solution efficacy of the
TSM-PIL.

4.1 | Monte Carlo optimization

In the Monte Carlo approach, we replace the distribution of &
with a (discrete) empirical distribution based on N indepen-
dent and identically distributed (i.i.d.) samples of the service
durations and arrival time deviations, and then we solve the
sample average approximation (SAA) formulations of (1) and
(3), which are denoted formulations (4) and (5), respectively,
and presented below. Note that, in the SAA formulations (4)
and (5), we associate all scenario-dependent parameters, vari-
ables, and constraints with a scenarioindex nforalln=1, ...,
N. For example, parameters d, are replaced by d, to represent
the service durations realized in scenario n, and variables y; ;
are replaced by yl’.‘J to represent the resequencing decisions in
scenario 7. In addition, constraints (2b)—(2r) and (3d)—(31) are
incorporated in each scenario.

(SAA-PI) V! = minimize f}'

X,1,8,W,8,9,2
; X[
= 21 ' 1(cj“’vw;’ + cfg]'f) +cwpy, (4a)
n= Jj=
Subject to: (1b)—(le) (4b)
(2b)-(2r), for n=1, ... ,N, (4¢c)

(SAA-AO) vA® = minimize f,°
X,1,8,W,8

N P

1 y

D DR TAR
n=1 | j=1

Subject to: (1b)—(1e) (5b)

(3d)-@3l), for n=1,...,N. (5

FPIL TAO ;
Note that the sample averages f," and f/~ are unbiased

estimators of the expected values f*! := E:[QP(x, 1, &)] and
A0 = Ee[QO(x, 1, &)]in (1) and (3), respectively (Mak, Mor-
ton, & Wood, 1999; Shapiro, 2003). By the Law of Large
Numbers and Shapiro (2003), we have /;51 — fP andfjco -
FA9 with probability one (w.p. 1) as N — co (Homem-de
Mello & Bayraksan, 2014; Kleywegt, Shapiro, & Homem-de
Mello, 2002; Linderoth, Shapiro, & Wright, 2006). It follows
that Vi1 — V" and v4° — vA9 w.p. 1 as N — oo, that is, the
optimal values of the SAA formulations (4) and (5) converge
to those of TSM-PI and TSM-AOQ, respectively, as the sam-
ple size N grows to infinity. However, for a fixed sample of N
scenarios, formulation (4) and (5) reduce to a mixed-integer
nonlinear program (MINLP) and a mixed-integer linear pro-
gram (MILP), respectively. Hence, one would expect the
computational effort and solution time of solving the SAA
formulations to increase as the sample size increases.

Algorithm 1 summarizes the Monte Carlo optimization
(MCO) algorithm that determines an appropriate sample size
N and obtain near-optimal solutions to the TSM-PI model
based on SAA formulations, and the algorithm for solving
the TSM-AO model is similar. This algorithm is based on
the vanilla SAA method in Homem-de Mello and Bayrak-
san (2014), Kleywegt et al. (2002), and Molina-Pariente,
Hans, and Framinan (2018) with some adaptations to
our TSMs.

Starting with an initial candidate value of N, the MCO
algorithm proceeds as follows. First, for k = 1, ..., K, we
repeat the following steps. In step 1.1, we generate a sam-
ple of N i.i.d. scenarios of service durations and arrival time
deviations. In step 1.2, we solve the SAA formulation of the
TSM-PI with the scenarios generated in step 1.1 and record
the corresponding optimal objective value va and optimal
schedule (%, ?)f\, In step 1.3, we evaluate the objective function
value v’;,, via Monte Carlo simulation of the schedule (f,?)fv
with a sample of N i.i.d. scenarios of service durations and
arrival time deviations.

In step 2, we compute the average of vk and vk, among
(1/K) Y v and Wy =
(1/K) ZkK:I?fV,, respectively. The statistical results in Mak
et al. (1999) and Linderoth et al. (2006) infer that vy and vy
are respectively statistical lower and upper bounds of the opti-
mal value of the TSM. In step 3, we compute the approximate

the K replications as vy =
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Algorithm 1: Monte Carlo Optimization (MCO) Method

Input: N, is an initial sample size, K is number of replicates, N is number of scenarios in the Monte Carlo

Simulation step, and € is a termination tolerance.

Output: N is sample size, v and Uy are respectively statistical lower and upper bounds on the optimal

value of the TSM, and AOIy is approximate optimality index.

Initialization: N := N,

Step 1. MCO Procedure

for k=1,..,K, do
Step 1.1 Scenario Generation

Step 1.2 Solving the SAA formulation

.. r 1
deviations uj, = (uy, ...

n/=1j=1

end

d, = (d},....,d)) " and arrival time deviations u, = (uj, ...

- Generate N’ i.i.d scenarios of service durations d;,
,uIJ,\]/)T forallp=1,..., P.
- Use the schedule (£,%)% and parameters (d), u},) to compute w;‘/, g}”/, and wﬁ/ﬂ for all

n' =1,...,N’, and evaluate the objective function .

A
Oy = — Al + g ) + Cwp
N’ — N’ J Wi jgj P+1

- Generate N independent and identical distributed (i.i.d.) scenarios of service durations

,ué,V)T forallp=1,.., P.

- Solve the SAA formulation in (4) with the scenarios generated in step 1.1 and record the

corresponding optimal objective value v% and optimal schedule (Z,%)%.

Step 1.3 Cost Evaluation using Monte Carlo Simulation

(d)yy ey d}z)v’)'r and arrival time

k., as follows:

Step 2. Compute the average of o% and ¢¥, among the K replications

Step 3. Compute the Approximate Optimality Index

AOIy = N T UN

UVN/

Step 4. If AOI satisfies a predetermined termination tolerance (i.e., |AOIn| < €), terminate and output N,

UnN, Unr, and AOIy. Otherwise, update N < 2N, and go to stepl.

optimality index | AOIy = (vyr—vy)/vy | as a point estimate
of the relative optimality gap between these two statistical
bounds, and so AOIy serves as an approximate estimate of
the optimality gap. Finally, if AOI) satisfies a predetermined
termination tolerance (i.e., |AOIy | <€), the algorithm ter-
minates and outputs N, vy, vy, and AOIy. Otherwise, we
increase the sample size (i.e., N < 2N), and go to step 1.
Note that N can be either fixed to a very large number (eg,
10 000-50000) or updated dynamically in step 4 such that
N >>N.

Finally, we can “warm start” Algorithm 1 from solved
instances. That is, we can store the output sample size N in a
solved instance (i.e., N leads to a near-optimal solution to the
TSM via its SAA formulation) and set the initial sample size
N, = N when solving similar instances. This can significantly
speed up Algorithm 1.

We evaluate the gap between the two TSM approxima-

AO_ PI

tions of SOASP, that is, Gap = ~—"

——, where v and vA°
Vv

represent the optimal values of TSM-PI and TSM-AO, respec-
tively. As Vy is a statistical lower bound of V*! and Vi, is
a statistical upper bound of VA9, we conservatively approxi-
mate Gap by using the approximate (statistical) relative gap

4.2 | Strengthening the TSM-PI

As compared to the TSM-AO, the SAA formulation (4) of
the TSM-PI is significantly more difficult to solve for three
main reasons. First, formulation (4) is a MINLP because
of the interaction terms x,,,,-yz]. (see constraints (2h)—(2i) and
(21)-(2m)) and bilinear terms t,-yzi (see constraints (2i) and
(2m)). Second, as we consider rescheduling (resequencing
and declining) in the TSM-PI, formulation (4) involves inte-
ger recourse variables yl’.’J and 7. Third, the search space of the
rescheduling variables increases with the sample size (i.e., the
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number of binary variables yzl and zj’f grows linearly with the
sample size N). In the following subsections, we strengthen
the formulation (4) by linearization and valid inequalities.

4.2.1 |

Let N'EC be the set of all scenarios in which all patients arrive
early or within the grace period (i.e., within interval E or G
andso 7, = land §; = 0, forallp = 1,... ,Pandn €
NEG) In this set of scenarios, the provider must follow the
initial AO and not resequence any patient. Accordingly, we
have y?. = land z/ = Oforallj=1, ..., Pandn € NEG,
Therefore, the nonlinear constraints (2h)—(2p) reduce to linear
constraints (3d)—(3k) for all n € N'EC,

To linearize formulation (4) for all other scenarios n &
NEG we define af, = 1y, Vij € [Pland f . =
xp,,yl Y(p, i, j) €[P] (where [H :={heN: 1<h<H} for
all H € N). We also incorporate the following McCormick
inequalities (6a)—(6b) and (6¢)—(6d) for variables a cand f" . .,

Py’
respectively.

SMILP reformulation

ol = > 0, @t (=) >0, (6a)

ol =y <0, ey — 6+ 11— y)) <0, (6b)

ﬁ;’u >0, ﬂ;u u —Xxp;+12>0, (6¢c)
ﬁ;,l,ii]‘ — Xp,i < 0, ﬂ;,l’iJ - yz, < 07 (6d)

where tl'.“i“ = 0 and tﬁna" = L are the minimum and maxi-
mum possible values of the scheduled time of appointment i,
respectively (see constraint (1d)).

4.2.2
We derive two families of valid inequalities to strengthen
formulation (4). We summarize these inequalities in the fol-
lowing proposition.

| Valid inequalities

Proposition 3
YZ; > Z T, X0, Vn€[N], Vie[P], (7a)

Jj=max{i—K",1} p=1

i P
Y2 1= (1=, Vn€IN], Vi€[Pl. (Tb)
k=1 p=1
where K" = ¥, (5 + 7).

Proof Inequalities (7a) specify thatif a patient
p initially assigned to appointment i arrives
early or within the grace period in scenario n
(i.e., within interval E or G and so z; = 1 by
definition), then he/she can only be resequenced

to an appointment j among max{i — K", 1},

i. This is because in each scenario n there are
at most K" many appointments before i that can
either be declined or be resequenced to be after
i. Inequalities (7b) specify that if all patients in
the first i appointments arrive early or within the
grace period, then appointment / must stay as i.
This is because (1) the patient in appointment i
cannot swap with any patients before him/her as
none of them arrive after the grace period, and
(2) he/she cannot swap with any patients after
him/her as he/she arrives before the start of the
rescheduling period. n

423 |
We derive a tight estimation of the Big-M coefficients
involved in constraints (21)-(2m) and (3g)-(3h) in the fol-
lowing proposition, whose proof is relegated to Appendix A

(Supporting information). The tight estimation strengthens
the SAA formulations of both TSM-PI and TSM-AO.

Tight estimation of Big-M coefficients

Proposition 4 M" L+ max,- . pluy} +
(G — Dmax,—, . p{d”} for j =1, , P and
n € [N] is a valid value for the Big-M constant
in constraints (21)-(2m) and (3g)—(3h).

4.2.4 | Symmetry breaking inequalities

We apply symmetry breaking inequalities (see Berg
et al., 2014; Denton, Miller, Balasubramanian, &
Huschka, 2010; Ostrowski, Linderoth, Rossi, &

Smriglio, 2011; Shehadeh et al., 2019) to further strengthen
the TSM formulations. Specifically, we aggregate the patients
into classes, each consisting of patients with a common
patient type and a common distribution of arrival time devi-
ations. Suppose that we have Q classes and P, be the set of
patients in class ¢, g = 1, ..., Q. Without loss of generality,
we can assume that patients within each P, are numbered
sequentially. Accordingly, we add the following symmetry
breaking constraints to the TSM-PI and TSM-AO (and their
SAA formulations):

P
Xpi= Y %1 <0, Vi=1,..,P, Vp:ipp+1€P,
j=i+l
qu 1""7Qs (8)

indicating that, if patients p and p + 1 are of the same class
then p is scheduled before p + 1.

5 | COMPUTATIONAL RESULTS

In this section, we numerically study the statistical relative
—AO —PI

gap ARG := N petween SOASP statistical upper v,/?,/ and
VN

lower V,E:,l bounds and the optimality of the AO policy under
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a range of parameter settings. In Section 5.1, we describe the
set of SOASP instances that we use in our experiments and
discuss other experimental setups. In Section 5.2, we obtain
a near-optimal solution to the TSM-PI and TSM-AO via their
SAA formulations (specifically, tight statistical lower VIPVI and
upper Vf?,,o bounds on the optimal values of these TSMs). In
Section 5.3, we discuss the computation time of TSM-AO and
TSM-PI. In Section 5.4, we evaluate ARG between the sta-
tistical bounds on the optimal values of these TSMs, demon-
strating the near-optimality of the AP policy in a wide range
of SOASP parameter settings. We also identify parameter set-
tings that result in a large gap and accordingly propose an
alternative rescheduling policy that significantly shrinks the
gap in Section 5.5. In Section 5.6, we provide an analysis
of the optimal scheduling patterns. Finally, in Section 5.7,
we demonstrate the benefits of incorporating uncertainty in
outpatient appointment scheduling.

5.1 | Description of experiments

We use assumptions and parameter settings made in prior
outpatient appointment scheduling literature to construct 60
SOASP instances characterized by four patient mixes, five
distributions of stochastic arrival time deviation, and three
choices of the grace period. Each instance consists of 12
patients based on a typical outpatient scheduling problem
studied in Deceuninck et al. (2018). Table 3 summarizes the
characteristics and parameters of these instances.

Heterogeneous instances (Heterol and Hetero2) consist of
two types of patients; newly referred (“new”) patients and
follow-up (“return”) patients (a typical patient mix in OPCs;
see Deceuninck et al., 2018; Zhu et al., 2018 and references
therein). Heterol is based on the problem studied in Deceun-
inck et al. (2018), where 75% of the patients are return, and
the remaining 25% are new. Hetero2 represents clinics where
50% of the patients are return, and the remaining 50% are
new. Homogeneous instances (Homol and Homo2) represent
clinics where patients are identical (i.e., of the same type).

The distributions for stochastic service duration of each
patient type follow a lognormal distribution, d(type) ~
LogN(yd,aj) with mean p; and standard deviation o, as
in Deceuninck et al. (2018). The lognormal distribution is
a typical distribution for service duration in the appoint-
ment scheduling literature, and several empirical studies show
how it accurately describes the shape of service duration
distributions in a variety of service systems (see Cayirli
et al., 2006; Gul, Denton, Fowler, & Huschka, 2011; Klassen
& Rohleder, 1996; Klassen & Yoogalingam, 2014 and refer-
ences therein).

Consistent with the literature, we model the stochas-
tic arrival time deviation u by: (1) normal distribution,
u ~ N(u, o02), with mean u, = — 15 minutes (Cayirli
et al., 2006), 0 minutes and standard deviation ¢, = 10 min-
utes, 20 minutes (see, eg, Deceuninck et al., 2018; Klassen
& Yoogalingam, 2014); and (2) uniform distribution U[u, u]
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with two intervals u ~ U[—40, 20] and u ~ U[—40, 40] (uni-
form as in Deceuninck et al., 2018). We select the value of the
grace period, G, from the set {10,15,20} (eg, G = 15 minutes
in Deceuninck et al., 2018) and, unless stated otherwise, we
consider a rescheduling period of 60 minutes in the TSM-PI
(i.e., the model automatically decline a late patient arriving
after G + 60 minutes past his/her scheduled time).

Finally, we consider two different cost structures for the
objective function: (1) Costl: ¢V = ¢® = ¢°; and (2) Cost2:
cV=1,c&E =35, =7.5. For the first cost structure, each
of the three objectives is equally important (this is a clas-
sical assumption in the domain of outpatient appointment
scheduling, see, eg, Berg et al., 2014; Deceuninck et al., 2018;
Shehadeh et al., 2019). The second cost structure fixes the
c®/c8 ratio to 1.5 as in Deceuninck et al. (2018), based on OPC
practice (see Cayirli et al., 2006; Deceuninck et al., 2018 for
detailed discussions). We also adopt the classical assumption
of identical waiting and idle time costs, that is, ¢¥ = ch and
& = c]g forallj=1, ..., P (see Ahmadi-Javid et al., 2017;
Deceuninck et al., 2018; Shehadeh et al., 2019 and the refer-
ences therein).

We implemented our TSMs and the MCO approach
using the AMPL2016 Programming language calling CPLEX
V12.6.2 as a solver with default settings (our experiments
showed no consistent benefits in any parameter tuning). We
ran all experiments on an HP workstation running Windows
Server 2012 with two Intel E5-2620-v4 processor, each with
8-Cores (16 total), 2.10 GHz CPUs, and 128 GB shared RAM.

5.2 | Obtaining near-optimal solutions to the TSMs

For each SOASP instance and cost structure, we implemented
the MCO algorithm in Section 4.1 with N, = 5, N’ =10 000,
K =20, and € = 0.1 (i.e., Algorithm 1 terminates with N, vy,
and vy whenever |AOIy | <0.1, see step 4).

Tables B.1 and B.2 in Supporting information present the
approximate optimality index (AOly = =) and the 95%
confidence intervals (95% CI) of the statlivstical lower and
upper bounds (vy and vy, receptively) on the objective val-
ues of TSM-PI and TSM-AO for each SOASP instance under
Costl and Cost2, respectively, at the termination of Algorithm
1. In Section 5.3, we present and analyze the ranges of solu-
tion time of the TSM-PI and TSM-AO formulations for each
SOASP instance. Herein we summarize the key findings of
the MCO algorithm.

Clearly, N = 100 and N = 200 scenarios of service dura-
tions and arrival time deviations are sufficient to obtain a
near-optimal solution to the TSM-PI and TSM-AO via their
SAA formulations. First, AOIy at N = 100,200 ranges from
0.00 to 0.09 and from 0.00 to 0.07 for the TSM-PI and
TSM-AO, respectively. In fact, only 2 and 6 of the 60 SOASP
instances terminated with AOI = 0.09 and AOI = 0.07,
respectively, and the majority of AOILy at N = 100,200 are less

than or equal to 0.05. Second, the 95%CI of ﬁf\’,l’Ao and VZI:,I,’AO
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TABLE 3 Characteristics and parameters of the SOASP instances

Parameter Value/distribution

Number of patients, P 12 patients
Patient mix

Planned provider service hours, [0, L]
Service time distributions

Arrival time deviation distributions
Grace periods, G 10, 15, 20

Rescheduling period, R 60 min

with N = 100, 200 are very tight (i.e., have a small variance).
These results qualify \7113,1 and \7;\,,0 as tight statistical estimates
for the lower and upper bounds on the optimal value of each
SOASP instance, respectively. In Section 5.4, we compute and

A0 _PI
analyze the statistical relative gap (ARG = v w

N

) between

these two bounds.

Recall that during this experiment, we use K = 20 as the
number of replication in the MCO Algorithm (see step 1). The
tightness of the 95% CI of vy and vy suggests that K = 20
replications are sufficient to get a tight confidence interval for
both bounds. In other words, the standard error estimates are
small enough so that (statistically) we have high confidence
in our conclusions about these bounds.

5.3 | Computation time of the TSM-AO and TSM-PI

Table C.1 in Supporting information presents the range of
the average solution time for the TSM-AO and TSM-PI
(reported as average solution time with N = 5 scenarios-200
scenarios) across 20 random instances for each combina-
tion of patient mix, stochastic arrival distribution, and grace
period. First, we note that the TSM-AO enjoys an outstanding
computational behavior independent of patient mix (equiv-
alently, distributions of service durations), distribution of
arrival time deviations, length of the grace period, and the
cost structure. Solution time of the TSM-AO ranges from
0.01 seconds (with N = 5 scenarios) to 66seconds (with
N =200 scenarios), demonstrating its implementability (i.e.,
can be easily translated into standard optimization software
packages, not requiring customized algorithmic development
or tuning). Note that larger sample sizes than N = 200
increased the solution times of this TSM without consistent
and significant improvement in the AOIy and the approxi-
mate relative gap that we evaluate in Section 5.4. We refer
interested readers to Appendix D (Supporting information)
for an example on the scalability of the TSM-AO with larger
Pand N.

Second, the computational behavior of the TSM-PI depends
on patient mix, distribution of arrival time deviations, and
length of the grace period. For example, the TSM-PI takes
longer times to solve the heterogeneous (Hetero) instances
than homogeneous (Homo) instances. The TSM-PI solution

Heterol: (9 return, 3 new), Hetero2: (6 return, 6 new), Homol: (12 return), Homo2: (12 new)
[0, expected duration for the patient mix]

d(return) ~ Log N(20, 16%), d(new) ~ Log N(30, 24%)

N(0, 10%), N(—15, 10%), N(—15, 20%), U[-40, 20], U[—40, 40]

time (in seconds) ranges from 0.01 (with N = 5 scenar-
ios) to 7200 (with N = 200 scenarios) and from 0.01 (with
N = 5 scenarios) to 3700 (with N = 200 scenarios) for
the Hetero and Homo instances, respectively. Moreover, the
TSM-PI solution time increases as the variability of arrival
time deviation increases and as the grace period shortens.
For example, for Heterol and a grace period of 10 minutes,
increasing the variability from u ~ N(=15, 10%) to u ~ N(~15,
20%) widens the range of the TSM-PI solution time from
0.2-13 to 15-5312 seconds, respectively. In contrast, increas-
ing the grace period from 10 to 20 minutes under u ~ N(—15,
20?) narrowed the range of the TSM-PI solution time from
15-5312 to 0.2-17 seconds.

We attribute the longer solution time of the TSM-PI for
the instances with heterogeneous patient types, higher vari-
ability in arrival time deviations, and shorter grace periods to
the following. First, heterogeneous instances require a larger
number of binary decision variables representing the initial
appointment sequencing, which leads to larger MIP models.
Second, under higher variability in arrival time deviation,
a larger portion needs to be rescheduled (i.e., arrive within
interval R or DE). This results in a larger search space of the
rescheduling decisions in the second-stage formulation of the
TSM-PL

Finally, we note that, without strengthening the TSM-PI
(see Section 4.2), we were unable to solve any of the
60 TSM-PI instances or even smaller instances with 3
patients and 10 scenarios. As we solve the TSM-PI only
to obtain a statistical lower bound for SOASP and evaluate
the (sub-)optimality of the AO policy, we did not attempt
to further improve the solution efficacy of TSM-PI under
challenging parameter settings.

5.4 | Evaluating ARG and the optimality of the AO
policy

—AO _—PI

Table 4 presents ARG% = "% x 100%. Recall that ARG

;P
N

is a conservative approximation of the Gap = % between
the two TSM approximations of SOASP. Hence, small ARG%
indicates that the AO policy is near-optimal. We observe the
following about ARG% and the optimality of the AO policy.
First, the AO policy is near-optimal in a wide range of
parameter settings. Specifically, the ARG% is small if (i) the
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TABLE 4 ARG% for each SOASP instance under two cost structures: (1) Costl: ¢ = ¢& = ¢°; and (2) Cost2: ¢¥ =1,¢8 =5,c°=7.5

N(0,10%) N(—15,10%) N(—15,20%) U[—40,20] U[—40,40]
G Costl Cost2 Costl Cost2 Costl Cost2 Costl Cost2 Costl Cost2
Heterol
10 15% 16% 3% 1% 15% 12% 14% 28% 42% 65%
15 0.3% 2% 3% 0.1% 2% 4% 7% 7% 35% 43%
20 1% 2% 2% 0.4% 3% 2% 1% 6% 23% 29%
Hetero2
10 16% 15% 3% 1% 10% 11% 22% 28% 25% 64%
15 6% 2% 3% 1% 3% 4% 7% 5% 28% 47%
20 5% 3% 3% 0.9% 3% 0.7% 7% 5% 25% 17%
Homol
10 10% 20% 6% 2% 14% 19% 14% 21% 29% 59%
15 2% 5% 4% 3% 6% 8% 3% 6% 26% 37%
20 0.3% 1% 3% 0.3% 1% 6% 1% 1% 16% 31%
Homo2
10 12% 18% 4% 3% 13% 18% 13% 20% 20% 73%
15 4% 7% 4% 3% 6% 7% 7% 8% 29% 54%
20 1% 3% 4% 3% 4% 4% 5% 1% 25% 35%

Note: Results are based on the average across 20 random instances for each combination of patient mix, stochastic arrival distribution, grace period and
cost structures. ARG% values greater than or equal to 10% are marked in bold.

patients arrive on time or early on average with a small vari-
ability in arrival time or (ii) the grace period is relatively
long. For example, ARG% ranges from 0.1% to 6% when
u~N(=15, 10%) and a majority of ARG% are less than 7%
when G = 15, 20. This makes sense because, under these
parameter settings, the majority of the patients are on-time
or early (i.e., arrive within interval E or G) and so should be
served in their scheduled order (i.e., according to AO pol-
icy). Indeed resequencing may seem meaningless under these
conditions, but we are able to mathematically model it and
rigorously prove the near-optimality of AO.

Second, the AO policy becomes suboptimal under high
variability in arrival time and short grace periods. For
example, with G = 10 minutes, increasing the variability from
u~N(=15, 10%) to u~N(-15, 20?) increased the range of
ARG% from 1%-6% to 10%-19%. In addition, ARG% is sig-
nificantly larger when the patients are likely to arrive after
their grace periods (eg, with G = 10 and u ~ U[—-40, 40],
P(u> G)~0.38; see columns 10 and 11 in Table 4). This is
because, in this case, the AO policy declines all patients arriv-
ing in interval R or DE, which yields unnecessary provider
idling. In contrast, TSM-PI may reschedule some of the late
patients arriving within interval R.

Third, in all parameter settings, the AO policy becomes
closer to optimal (i.e., ARG% decreases) as the grace period
lengthens. This is particularly significant when there is a high
degree in patient lateness (eg, when u~ U[—40, 40]) and
when idling is costly (see, eg, the last column of Table 4). Intu-
itively, the longer the grace period, the lower the probability
of arriving beyond the grace period (i.e., within interval R or
DE) and thus the less the number of patients to be resched-
uled. For example, with u ~ U[—40, 40] and as G increases

from 10 to 20, the probabilities of arriving beyond the grace
period decreases from P(u > 10) = 0.38 to P(u > 20) = 0.25.
Finally, it is interesting to note that we obtain similar results
on the (sub)optimality of the AO policy with a larger num-
ber of patients in each mix. For example, when we increase
the number of patients from P = 12 to 16 and 20 in Hetero2
(0.5P return, 0.5P new), the AO policy remains near-optimal
under u ~N(—15, 10?) and Cost2 with ARG% ranges from
0.3% to 4% and from 1% to 2%, respectively (see Appendix
D in Supporting information for the sample size and solu-
tion times). Additionally, we obtain similar results on the
(sub)optimality AO-policy when we relax assumption A3,
that is, when arrival deviations depend on the scheduled time
or patient type. For example, when return patients (who are
familiar with the clinic policy) are punctual and the arrival
time deviations of new patients (who are less familiar with
the clinic policy) follow N(—15, 10%) and U[—40, 40], ARG%
for a mix of Hetero2 with P = 12 ranges from 0.07% to 1%
and from 10% to 32%, respectively. Note that to test such
instances of the problem, we do not need to modify TSM-AO
or TSM-PL. Instead, we adjust parameter u based on patient
type. When the arrival deviations depend on the scheduled
time, we adjust u based on the order of the scheduled time.

5.5 | Alternative rescheduling policy

We propose and evaluate the performance of an alterna-
tive rescheduling policy, which we call Neighbor Swap-
ping (NS), for those parameter settings under which
the AO policy is suboptimal. The NS policy has two
schemes; a priority queueing scheme (in Algorithm 2)
and a serving scheme (in Algorithm 3). Given the ini-
tial schedule, a patient receptionist can implement the
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Algorithm 2: Neighbor Swapping Policy—Priority Queueing Scheme

Input: scheduled arrival times {t;}7_,, grace period (G), rescheduling period (R)

1 for (all patients arriving at the clinic) do

2 Denote the set of the initial positions of patients currently waiting as W.

3 Denote the initial position of the current arrival (patient) as i.

4 if a; > t; + G + R then

/* if the patient ¢ arrives in interval DE. x*/

5 Decline this patient.

6 else

7 if a; <t; + G then /* if the patient ¢ arrives in interval E or G. */
8 This patient ¢ has a lower priority than all patients in {j € W: j <i— 1}, and a higher

of on-time patients. */

priority than all patients in {j € W :j > i+ 1}. /* respects the appointment order

9 end
10 ift,+G<a;<t;+G+ R and a; < a;4+1 then /* if the patient ¢ arrives in
interval R and earlier than patient (¢4 1). */
11 This patient 7 has a lower priority than all patients in {j € W: j <i— 1}, and a higher
priority than all patients in {j € W:j > i+ 1}./* keep the order of i and i+1. */
12 end
13 ift,+G<a; <t;+G+ R and a; > a;4+1 then /* if the patient ¢ arrives in
interval R and later than patient (¢4 1). %/
14 This patient ¢ has a lower priority than all patients in {j e W:j <i—1}U{i+ 1}, and a
higher priority than all patients in {j € W:j >1i+2}.  /* swap the order of i and
i+1. x/
15 end
16 end
17 end

NS policy as follows: (i) using the priority queueing scheme,
s/he maintains a priority queue of patients waiting for service
and updates the priority whenever a patient arrives, and (ii)
using the serving scheme, s/he decides whether the provider,
whenever idle, should stay idle or start serving the patient with
the highest priority in the queue.

Note that the NS policy respects the AO of early and punc-
tual arrivals and de-prioritizes or even declines late patients.
These two properties are particularly demanded in both the
OPC practice and the appointment scheduling literature (see,
eg, Deceuninck et al., 2018; Glowacka et al., 2017, and the
references therein).

We evaluate the performance of the NS policy for those
parameters settings under which the AO policy is sub-optimal
(i.e., SOASP instances with large ARG% values, as marked in
bold in Table 4). We did not formulate another TSM to find the
initial schedule required to implement the NS policy. Instead,
we first fix the initial appointment sequence and the corre-
sponding scheduled arrival time to the optimal ones to the
TSM-AO for two reasons. First, to guarantee a fair compari-
son between the performance of the NS and AO policy (given
that the actual arrival time equals the scheduled time plus the
arrival time deviation). Second, in contrast to the TSM-AO,

which is easy to solve, implementing the two schemes of the
NS policy in a third TSM is challenging and would result
in a complex TSM to solve (due to the need for new binary
second-stage variables and constraints to employ the priority
queueing, swapping, and serving rules). While it is interesting
to study the optimality of the NS policy rigorously, we leave
it as future work.

Second, for each R € {5,10,0.5G, G, 2G, 3G} we simu-
late appointment system under the NS policy for Nyg = 10
000 scenarios of service durations and arrival time devia-
tions (dj,uy) forallp =1, ..., Pand n =1, ..., Nxs. For
eachn =1, ..., Nxs, we compute w", g", wh, , and V5 =
NLNS Zivisl Z]il(c]“”w;? + cfg}’) + c¢®w}, . We repeat this sim-
ulation for 20 times, each time with a new sample of Nys
scenarios. Finally, we take the average of the 20 objective
function values to obtain ¥

Note that the NS policy is a feasible rescheduling policy
to SOASP. Therefore, 7 serves as a statistical upper bound
on the optimal value of SOASP. Accordingly, we compute

=NS _—PI
vV =V

ARG% under NS as —%.
For those parameter sNettings under which the AO policy is

suboptimal (i.e., SOASP instances with large ARG% values,
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Algorithm 3: Neighbor Swapping Policy—Serving Scheme

Input: scheduled arrival times {t;}7_,, grace period (G), rescheduling period (R)

1 while (provider is idle) do

2 Denote the set of the initial positions of patients currently waiting as W.

3 Denote i* as the initial position of the patient with the highest priority in W.

4 Denote the current clock time as 7.

5 if W =0 then

¢ | |

The provider should wait.

7 else

ifW#0and T >t;+ G forallj=1,...,(:* — 1) then
7 <i*—1, either are late or have been served.
‘ The provider should start serving patient i*. BREAK.

*/

/* no patients waiting for service. x*/

/* all patients j, with

10 else

11 ‘ The provide should wait.
12 end

13 end

14 end

as marked in bold in Table 4), Figure 2 compares ARG%
under the AO and NS policies for the Hetero and Homo
instances. In addition, Table E.1 in Supporting information
reports the best selection of rescheduling period R* from
{5,10,0.5G, G, 2G, 3G} associated with the minimum (i.e.,
tightest) 7 in each parameter setting.

We observe from Figure 2 that the NS policy significantly
and consistently shrinks the ARG% in all challenging param-
eter settings (i.e., those with high variability in arrival time
and short grace periods). For example, the performance of the
NS policy is very close to the optimal policy when G = 10
and u ~ {N(0, 10%), N(=15, 20%), U[—40, 20]} with ARG%
ranging from 2% to 15% as compared to 10%—28% under the
AO policy. In addition, when u ~ U[—40, 40], NS cuts the
ARG% by half on average from those obtained under AO.
This indicates that the NS policy can effectively reschedule
the appointments and avoid unnecessary idling under these
settings. As shown in Table F.1 in Supporting information,
the average number of declined appointments per day under
NS is approximately zero when G = 10 and u ~ {N(0, 10?),
N(-15,20%), U[-40,20]}, and is significantly less than under
the AO policy when u ~ U[—40, 40]. This is another impor-
tant property of the NS policy because a declined patient will
have to be rescheduled for another day, which is inconvenient
to the patient and has a cost to the system.

Finally, we note that we repeat the same simulation using
the optimal schedule to the TSM-PI as the initial sched-
ule. The obtained results on the NS policy are similar. We
also obtained similar results on the NS policy when arrival
time deviations depend on patient type. For example, when
return patients are punctual and the arrival time deviations
of new patients follow U[—40, 40], the NS policy shrinks
the ranges of ARG% for a mix of Hetero2 from 10%-32%

(under AO policy) to 5%-11%. Additionally, we use the same
simulation steps to evaluate the performance of the NS pol-
icy for those parameter settings under which AO policy is
near-optimal (i.e., SOASP instances with small ARG% val-
ues in Table 4). The obtained ARG% values under NS are
very similar to ARG% values obtained under AO policy,
demonstrating the near-optimality of NS under those param-
eter settings. This makes sense because under these settings
the majority of patients are punctual or early, and so should be
served in the AO according to both the priority queuing and
serving schemes. These results motivate using NS as a global
rescheduling policy. Practitioners should thus decide whether
it is more appropriate to adopt the AO policy or NS policy in
their particular OPC and can implement the TSM-AO to find
the initial appointment schedule.

5.6 | Analysis of the optimal scheduling patterns

In this section, we study the sensitivity of the optimal sched-
ule of the TSM-AO to SOASP parameters. First, we compare
the optimal scheduling patterns of the TSM-AO with punc-
tual (i.e., u, =0 forall p =1, ..., P,) and random arrivals.
For presentation brevity and illustration purposes, we present
results for Hetero2 (6 return, 6 new). Figures 3 and 4 present
the optimal schedules under Costl and Cost2, respectively.
The point (x, y) = (i, alloted time;) of every schedule in each
subfigure corresponds to the optimal time assigned for each
appointment i = 1, ..., 12. We observed the following about
these optimal schedules.

Under all combinations of cost structures, distributions
of arrival time deviations, and grace periods the opti-
mal sequence always starts with a block of consecutive
return patients (appointments 1-6) followed by a block of
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FIGURE 2 Comparisons of the ARG% values under appointment order and neighbor swapping policies

consecutive new patients (appointments 7-12). In addition,
more time is assigned to new patients than return patients.
Intuitively, by scheduling return patients first and assigning
more time for new patients, the TSM-AO attempt to miti-
gate delays that may accumulate due to the longer service
time of new patients. Under Costl and punctual arrivals, the
optimal time allowances in each block form a “dome-shape”
(i.e., time allowances between appointments first increase
then decrease) with the last appointment scheduled at the end
of the day.

As compared to the optimal schedules of punctual arrivals,
the optimal time allowances between random arrivals form a
“zigzag-shape,” that is, time allowances increase and decrease
alternatively between successive appointments in each block.
When u~ N(—15, 10?) and G = 15 and 20, however, the
optimal scheduled times are very close to those when u = 0
because the majority of patients arrives before the end of the
grace period under these settings. Under higher variability in
arrival times, the optimal scheduled times in each block are
very different. For example, increasing the variability from
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FIGURE4 Optimal appointment schedules under Cost2. Appointments 1-6 are return, and 7-12 are new

u~N(=15, 10%) to u~N(-15, 20%) with G = 20 changes
the time allocated for appointments 1-4 from 22-24-23-23
to 18-26-22-27. When u ~ U[—40, 40], the TSM-AO allo-
cates shorter time for each appointment and a longer time for
the last appointment than with other distributions of u. This
makes sense because when u ~ U[—40, 40], patients are likely
to arrive after the grace period, and so scheduling a long time
between appointments may lead to provider idling.

The optimal scheduling patterns under Cost2, in which
provider time is more important than patient time, are similar
to those under Costl. However, a shorter time is assigned per
appointment and a longer time is assigned for the last appoint-
ment than under Costl. Additionally, to minimize the risk of

Allotted Time (minutes)

6 7 8 9 10 11 12
Appointment (i)

(A) N(-15,20?%)

60 —-Punc -0-G=10 -0-G=15 4 G=20
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Optimal appointment schedules under Costl. Appointments 1-6 are return, and 7-12 are new
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a

6 7 8
Appointment (i)

(D) U[-40, 40]

idling, the first two appointments are scheduled very close to
each other when there is high variability in arrival times and
patients are likely to arrive late, that is, under u ~ {N(—15,
20?), N(0, 10%), U[—40, 40]}. Finally, under this cost struc-
ture, the last patient is not scheduled at the end of the day (i.e.,
at L) as under Costl.

Second, we investigate the effect of heterogeneous distri-
butions of arrival time deviations on the optimal sequencing
decisions. For this analysis, we assume that all patients are
of the same type but have different arrival behavior. Specifi-
cally, we consider a class of Homol instances (i.e., 12 return
patients with d, ~ (20, 162) for all p=1, ..., 12) in which
half of the patients have a “low variance” arrival distribution
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TABLE 5 Optimal sequencing patterns with heterogenous random arrivals

Costl: ¢V =8 =¢°

Appointment
Dist of H 1 2 3 4 5 6 7 8 9 10 11 12
N(, 10%) 10 L L L H H H H L H H L L
20 L H H H H L H H L L L L
N(, 20%) 10 L L L L H H H H H H L L
20 L L H H L L H H H H L L
N(, 30%) 10 L L H H L H H L H H L L
20 L L H H H L L H H H L L
N(-15,20?) 10 L L L H H H H H L L L H
20 L L L L H H H H H H L L
U[—40, 40] 10 L L H H H H H H L L L L
20 L L H H H H H H L L L L
Cost2: ¢V =1,c8=5,c°=17.5
Appointment
Dist of H G 1 2 3 4 5 6 7 8 9 10 11 12
N(0, 10%) 10 L L H H H H H L L L H L
20 L L H H H H L H L L L L
N(0, 20%) 10 L L H H L L H H H H L L
20 L L H H L L H H H H L L
N(0, 30%) 10 L L L H H H H L H H L L
20 L L H H H H L L H H L L
N(=15,20%) 10 L L L H H L H H H H L L
20 L L L H H L H H H H L L
U[-40, 40] 10 L L L H H H H H H L L L
20 L L L H H H H H H L L L

Note: L is low variance and H is high variance.

(u~ N(=15, 10%)) and the other half have the following “high
variance” arrival distributions: N(0, 10%), N(0, 20%), N(O,
30%), N(—15, 20?), and U[—40, 20]. The optimal sequencing
decisions in Table 5 show that to minimize costs it is better to
schedule patients who are early on average and have low vari-
ability in arrival time at the beginning of the day to reduce the
risk of idling and at the end of the day to reduce the risk of
overtime.

Finally, we note that when return and new patients have dif-
ferent distributions of u and when arrival deviations depend
on the time of the day, the optimal sequence is similar to when
the distribution of u is the same for all patients and is indepen-
dent of the scheduled time, that is, return appointments are
scheduled first.

5.7 | Value of modeling stochastic arrivals

In this section, we demonstrate the benefit of modeling
stochastic arrivals in outpatient appointment scheduling. For
each SOASP instance, we solve the TSM-AO twice, with
one assuming punctual arrivals (i.e., zero arrival time devia-
tions) and the other considering stochastic arrivals. We denote
the obtained schedules as S” and SY, respectively. We then

evaluate the cost E[QC(x, t, &)] of S, denoted as C?, by
reevaluating the schedule S° under a set of 10 000 scenarios
with stochastic arrivals, while C* denotes the corresponding
cost of S*. We compute the relative increase in cost RCP*" :=
=< % 100%.

Cu

We also compare S" with the well-known and widely
employed deterministic schedule S™ that assigns appointment
slot to each patient by the mean service duration of his/her
type. For all heterogeneous instances, we use the optimal
sequence to the TSM-AO to assign patient types to appoint-
ments in S™ and fix the length of each appointment slot to
the mean service duration of the assigned type to it. We then
obtain the cost C™ of ignoring uncertainty by reevaluating S™
under a set of 10 000 scenarios with stochastic arrivals and
service durations. We compute the relative increase in cost
RCme := = % 100%.

Table 6 presents RC®""©) and RC™ea including the aver-
age and maximum among all combinations of patient mix
and distribution of stochastic arrival time deviation. From
this table, we observe that the cost of S" (i.e., consider-
ing stochastic arrivals) is significantly lower than that of S°
(i.e., ignoring stochastic arrivals). Overall, the average and
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TABLE 6 The (average, maximum)% relative cost gaps RC®'" and RC™**" as functions of patient mix and stochastic arrival distributions

N(0,10%) N(—15,10%) N(—15,20%) U[—40,20] U[—40,40]
Costl Cost2 Costl Cost2 Costl Cost2 Costl Cost2 Costl Cost2
Heterol
RC®Pu) 9, 24)% 16,23)%  (7,22)% (8,22)% (10,26)%  (8,22)% (10,22)%  (5,13)% (28,32)%  (45,52)%
RCOea (27 44)%  (12,28)%  (33,51)%  (9,23)% (29,56)%  (17,32)%  (27,41%  (21,32)%  (29,39%  (32,43)%
Hetero2
RC®Pun) (11,200%  (13,2600%  (7,26)% 6, 18)% 9, 24)% 9,26)% 8,16)% (10,200% (21,27)%  (64,70)%
RC™e  (21,300% (24,43)%  (26,55%  (9,24)% 22,449)%  (13,3D%  (22,299% (17,32)% (24,33)% (70, 80)%
Homol
RCPUe) (8,23)% 8,21)% (7,23)% (8,24)% 8, 1% 0, 26)% (7, 18)% 8,21)% (19, 24) (31, 36)%
RC™e  (13,36)%  (8,21)% (23,53)%  (9,25)% (18,3H%  (29,36)%  (16,31)%  (15,26)%  (10,15)%  (48,57)%
Homo2
RCPunc) (10,200%  (13,29%  (6,21)% 12,28% (71, 11% (10,22)% (8, 19)% (11,26)%  (24,29% (58, 63)%
RC™D  (19,24)%  (21,42)%  (19,40)%  (9,26)% (18,35%  (13,32)%  (18,35%  (18,41)% (26,37)%  (81,92)%

Note: Results are based on 20 random instances for each parameter setting.

maximum RC®"® range in 7%-64% and 13%-70%, respec-
tively (see Tables G.1-G.2 in Supporting information for the
improvement in scheduling metric). In addition, we observe
that the cost of S" (i.e., considering stochasticity) is signif-
icantly lower than that of S™ (i.e., ignoring stochasticity).
The average and maximum RC™*" range in 8%-81% and
15%-92%.

6 | CONCLUSION

In this paper, we studied SOASP for OPC scheduling under
stochastic arrival times and service durations. We consider
for an OPC manager who needs to design an appointment
schedule and a rescheduling policy for a single provider and
a set of patients, where each patient has a known probability
distribution of arrival time deviations and service durations.
The objective is to minimize the expected total cost of patient
waiting time, provider idle time, and provider overtime.

By deriving two-stage approximations of SOASP and test-
ing them in extensive numerical experiments, we show that
the AO policy is near-optimal in a wide range of realistic
parameter settings. Specifically AO is near-optimal when (i)
the patients arrive on time or early on average with a small
variability in arrival time or (ii) the grace period is rela-
tively long. We also identify parameter settings that result in
sub-optimality of the AO policy. The AO policy becomes sub-
optimal under high variability in arrival time and short grace
periods. Accordingly, we propose an alternative policy based
on NS that leads to a significantly better performance.

Our NS policy respects the AO of early and punctual
arrivals and de-prioritizes or even declines late patients.
These two properties are particularly demanded in the OPC
practice and the appointment scheduling literature. Addition-
ally, the average number of declined appointments per day
under NS is significantly less than under the AO policy. This
is another important property of the NS policy because a

declined patient will have to be rescheduled for another day,
which is inconvenient to the patient and incurs a cost to the
system.

We suggest following areas for future research. First, our
results give insights on when to use the AO or the NS pol-
icy under different distributions of arrival time deviations,
grace, rescheduling, and declining periods as reported in
the literature. Although practitioners can use these results to
decide which policy to use, it may be interesting to opti-
mize the value of these parameters in a more data-driven
and tractable approach. Second, we would like to extend
our approach to include additional sources of uncertainty,
particularly variability in patient no-show behavior. Third,
we are interested in studying trade-offs between scheduling
metrics such as provider work load (i.e., number of sched-
uled appointments), patient access delays (i.e., the length
of time a patient has to wait from the appointment request
until a scheduled appointment become available to them), and
impact on patient outcomes when declining (rescheduling) an
appointment.

Fourth, our current approach assumes that the probability
distributions of service durations and arrival times are known.
We are interested in extending this work for the settings where
such probability distributions are ambiguous. Fifth, we are
interested in studying the (sub)optimality of the NS policy
rigorously both for single-server and more complicated set-
tings (eg, multiple servers). Sixth, our approach assumes a
fixed number of patients with known types. We seek to use
the results of this research to develop templates and poli-
cies for scheduling patients dynamically as they randomly
request future appointments considering patient and provider
preferences and random service duration, arrival time, and
no-show. Finally, a major limitation of our TSM approach is
that the TSM-PI is very challenging to solve when there is
high variability in arrival time deviations, specifically when
the majority of the patients arrive late and are reschedula-
ble. And so, it may be interesting to investigate exact and
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heuristic methods to improve the solvability of this TSM for
large and challenging instances of SOASP that may appear in
reality.
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