


Gaskinetic Theory is an introductory text on the molecular theory of gases and on
modern transport theory. It is suitable for upper division undergraduates in physics
and first year graduate students in aerospace engineering, upper atmospheric
science and space research. The first part introduces basic concepts, including the
distribution function, classical theory of specific heats, binary collisions, mean
free path, and reaction rates. Elementary transport theory is used to express co-
efficients such as viscosity and heat conductivity in terms of molecular properties.
The second part of the book covers advanced transport theory. Generalized trans-
port equations are derived from the Boltzmann equation. The Chapman-Enskog
and the Grad methods are discussed to obtain higher order transport equations for
low density gases. The aerodynamics of solid bodies in rarefied gases is explored
and the book concludes with the kinetic description of shock waves. Tamas
Gombosi pursued a distinguished research career in Hungary, and moved to the
University of Michigan in 1987. He is a corresponding Member of the
International Academy of Astronautics. His papers in plasma physics and gas-
kinetic theory have been published widely in European and North American jour-
nals. His interests have encompassed astrophysics, geophysics and space research.
He has edited four monographs in these fields.
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Preface

This book provides a comprehensive introduction to the kinetic theory of gases for
graduate students and interested researchers. The book is based on graduate level
courses I taught in the Department of Aerospace Engineering and in the
Department of Atmospheric, Oceanic and Space Sciences of the University of
Michigan College of Engineering. These courses were intended to provide a broad
introduction to the kinetic theory of gases.

The course on gaskinetic theory and real gas effects has been taught for a long
period of time by Professors Thomas C. Adamson, Vi-Cheng Liu, Paul B. Hays,
Martin Sichel and others before I was fortunate enough to teach it. I greatly bene-
fited from their experience and lecture notes. The first part of the course
(Phasespace distributions, Binary collisions and Elementary transport theory) gen-
erally follows the way this course was organized for the last decade or so. The sec-
ond part is significantly revised and concentrates on the fundamentals of advanced
transport theory. Although the course starts at a very elementary level, Chapters 5
and 6 are quite advanced.

This course was intended to provide a comprehensive background for students
who eventually intend to carry out independent research in computational fluid
dynamics, aerodynamics of high altitude flight, upper atmospheric science, plane-
tary atmospheres and space physics. The reader is expected to have some familiar-
ity with integral calculus, vector and tensor algebra, statistics and classical
mechanics. It was my intent to produce a 'self contained' text and introduce all
important concepts and definitions used in the book.

In the preparation of these lecture notes I have consulted other textbooks,
monographs, review articles and research papers. As can be seen from the bibli-
ographies most of the available textbooks are older than the students who take the
course and therefore, throughout the text I tried to emphasize those aspects and
techniques which are used by state of the art theories (especially in the fields of
upper atmospheric research and space science).

xin
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I would like to express my thanks to Ms Lori Kwiecinski for typing the core of
the manuscript and Dr Steven M. Guiter for finding a number of typos and some
algebraic errors in the original manuscript. Special thanks are due to Mr Nathan
Schwadron for his constructive comments and his help in preparing the manu-
script.

Tamas I. Gombosi
Ann Arbor, Michigan
January, 1993
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1
Introduction

The objective of gaskinetic theory is to explain and predict the macroscopic prop-
erties of gases from the properties of their microscopic constituents. Macroscopic
properties include the equation of state, specific heats, transport coefficients (such
as viscosity, diffusion coefficient, thermal conductivity), etc. The fundamental
hypothesis of kinetic theory is that solids, liquids and gases are composed of finite
particles (molecules) which are in various states of motion. The term molecule is
taken generally to mean a regular arrangement of atoms, or it may refer to a free,
atom, an electron or an ion.

Statistical mechanics, like kinetic theory, also aims to explain and predict the
macroscopic properties of matter in terms of the microscopic particles of which it
is composed. The main difference between gaskinetic theory and statistical
mechanics is the manner in which particle interactions are treated. In gaskinetic
theory the details of the molecular interactions are taken into account. Statistical
mechanics avoids these complicated and sometimes poorly known details and
replaces them with certain powerful and general statistical ideas.

1.1 Brief history of gaskinetic theory

The history of the kinetic theory of gases can be traced back to ancient Greece,
where around 400 B.C. Democritus hypothesized that matter is composed of small
indivisible particles which he called atoms. The atoms of different materials were
assumed to have different sizes and shapes, so that atoms represent the smallest
quantity of a substance that retains its properties. Until about two hundred years
ago the theory remained just one of several alternative speculations, essentially
unsubstantiated by experiments.

The molecular hypothesis entered modern physical science in the eighteenth
century. In 1738 Daniel Bernoulli (1700-1782) of Basel explained Boyle's law1

(the observation that in an isothermal gas the product of the pressure and the vol-

1
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2 1 Introduction

ume remains constant) by assuming that at constant temperature the mean velocity
of the gas particles remains constant. In this fundamental work Bernoulli derived a
formula equivalent to p=pu2/3, where p is the gas pressure, p is the gas mass den-
sity and u2 is the mean square velocity of the gas molecules. The work of Bernoulli
can be regarded as the beginning of the modern kinetic theory of gases.

It was not until the general acceptance of the mechanical theory of heat that the
kinetic theory of gases was admitted into the mainstream of physical theory.
Kinetic theorists also had to explain the specific heats, adiabatic change, and the
velocity of sound in gases and provide an alternative theory of matter to replace
the Newtonian static, corpuscular theory of gases.

Kinetic theory entered a new phase in 1858 when Rudolf Julius Emanuel
Clausius (1822-1888) introduced the concept of mean free path.2 Clausius' work
greatly influenced James Clerk Maxwell (1831-1879) who is considered to be the
founder of the modern kinetic theory of gases.

In 1859, Maxwell introduced the concept of the velocity distribution function of
molecules for a gas in equilibrium and recognized the equipartition principle of
the mean molecular energy for molecules of different mass in a gas mixture.3

Combining the mean free path and his own concept of velocity distribution func-
tion, Maxwell also derived formulae for the transport coefficients of the gas (vis-
cosity, thermal conductivity and diffusion coefficient).4 Today these papers are
regarded as one of the cornerstones of gaskinetic theory.

Another cornerstone is the fundamental integro-differential equation of particle
transport derived in 1872 by Ludwig Boltzmann (1844-1906). In his classic paper
Boltzmann5 established the H-theorem, which shows that molecular collisions cause
any initial distribution function to relax to a Maxwellian velocity distribution as long
as the gas is not influenced by external effects. In the same paper Boltzmann studied
non-uniform gases and derived his famous equation for the spatial and temporal evo-
lution of the distribution function which must be satisfied under all conditions.

In 1905 Hendrik Antoon Lorentz (1853-1928), professor of theoretical physics
at the University of Leiden, applied Boltzmann's transport theory to the problem
of electrical conduction in an electron gas.6 In fact, this treatment described the
electron component of gaseous plasmas, although the significance of the theory
was not recognized for a long time.

In 1917 David Enskog (1887-1947) published his Ph.D. dissertation,7 in which
he developed the detailed mathematical theory of non-equilibrium gases. Very
similar results were independently published by Sydney Chapman (1888-1970) in
a series of papers.89 This highly successful method is the basis of contemporary
gaskinetic theory.

In 1949 Harold Grad (1923-1986) developed a new method of solving the
Boltzmann equation by expanding the solution into a series of orthogonal polyno-
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1.2 The road to gaskinetic theory in science and engineering 3

mials.10 This method leads to Grad's 13 moment approximation which was widely
used from the late 1950s. More recently with the improvement of computer tech-
nology the 20 moment approximation is being used for several applications. It can
also be shown that the Chapman-Enskog and the Grad methods are mathemati-
cally equivalent.

The history of the kinetic theory of gases is full of fascinating discoveries,
understandings and misunderstandings. We refer the interested reader to science
history books specifically dealing with the emergence of kinetic theory.1112

Today, gaskinetic theory is a widely used tool in various areas of science and
engineering. This book concentrates on the kinetic description of transport phe-
nomena with special emphasis on applications in aerospace engineering and space
science.

1.2 The road to gaskinetic theory in science and engineering

1.2.1 Hydrostatics

The practical study of fluid behavior (here the term 'fluid' means both gases and
liquids) started a very long time ago with hydrostatics. Hydrostatics is the science
of crude engineering approximations to simple fluid phenomena, which was pri-
marily used to solve problems, such as the discharge rate of rivers, hydrostatic
pressure on a dam, or wind pressure on a wall, etc. These problems were usually
treated with very primitive analysis, which generally goes little beyond very sim-
ple principles, such as Bernoulli's law:

p = p o + p g ( z o - z ) (1.1)

where p is pressure, p is the constant mass density, g is the gravitational accelera-
tion, and z is altitude (or depth). Problems involving more complicated flows were
usually circumvented by the introduction of empirical constants after some form
of dimensional analysis.

A typical example for such empirical constants is the discharge coefficient used
to describe the discharge rate through an orifice. For instance, consider a reservoir
filled with fluid (see Figure 1.1). There is a small orifice with area A at the bottom
of the reservoir. The fluid discharges through the orifice with a flow velocity of
v=(2gh)1/2. The discharge rate of the fluid is Q=CAv, where C is the discharge
coefficient of the reservoir. This discharge coefficient, C, has to be determined as
an empirical constant from experimental calibration of the orifice. The functional
dependence of Q on A, h, etc., can be formulated by applying either physical intu-
ition or dimensional analysis.
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1 Introduction

Tube cross
section = A

Discharge

Figure 1.1

In different problems we need different empirical coefficients, i.e., we need drag
coefficients to calculate drag, lift coefficients to calculate lift, etc. Things would
not be too bad if the empirical coefficients were really constant over a wide range
of experimental conditions and for various fluids. This is not the case because in
using a coefficient we are taking gross averages of quantities characterizing physi-
cal phenomena. The physical process is usually too complicated to be represented
by such a simple parameter.

1.2.2 Hydrodynamics (fluid mechanics)

Hydrodynamics represents a more sophisticated approach to the description of
fluids than hydrostatics. The main difference is the much more rigorous and
refined use of physical and mathematical principles. The basic idea of hydrody-
namics is to take a small fluid element in the flow field and consider the forces act-
ing on it and to calculate the resulting velocities and the changes of the element as
a function of space and time. The basic relations are appropriately formulated con-
servation laws of mechanics, such as the conservation of mass, momentum and
energy.

The internal state of the fluid element is determined by laws of thermodynamics
and the equation of state. The ensuing relations combined with initial and bound-
ary conditions define the mathematical problem which is usually a set of differen-
tial equations. The solutions 'almost' describe the flow field: almost, because
some empirical coefficients are still needed. In hydrodynamics one still needs a
few basic empirical coefficients or relations describing some internal properties of
the fluid. These empirical coefficients include: (i) the viscosity coefficient, which
relates the viscous stress to the rate of strain of the fluid element (velocity gradi-
ent); (ii) the heat conduction coefficient, which relates the heat flow to the temper-
ature gradient; (iii) the diffusion coefficient, which relates the mass transfer rate to
the gradients of concentration, temperature and pressure.
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1.2 The road to gaskinetic theory in science and engineering 5

These fundamental coefficients and the equation of state depend on the internal
structure of the fluid: their values can be determined through experimental calibra-
tions of different fluids and have a wide range of validity.

Compared with hydrostatics, fluid dynamics is a big step forward. Instead of
empirical coefficients for each individual flow problem we need only a few basic
coefficients which apply to a large family of problems. Hydrodynamics also pro-
vides much more information about the flow field. This is an advantage only if we
can solve the hydrodynamic equations for a given flow problem.

Hydrodynamics is not a new science. It had been in existence for a long time
before physicists and engineers discovered it. In the 18th century it was a favorite
field for mathematicians since it involved interesting aspects of the theory of dif-
ferential equations. A number of fundamental differential equations were solved
for flow problems.

In the 19th century, hydrodynamics played with paradoxes, such as the interpre-
tation of drag force on a body in a stream of perfect fluid. Hydrodynamics was not
considered physically realistic until Ludwig Prandtl13 worked out the boundary
layer theory and resolved many paradoxes. His contribution transformed hydrody-
namics from a subject of pure academic interest to a discipline of enormous physi-
cal and engineering significance.

Compressible fluid dynamics deals with gases and concentrates on the descrip-
tion of subsonic, transonic, supersonic and hypersonic flows. This is generally
called gas dynamics. As more and more problems are created by science and tech-
nology, new physical phenomena and problems are encountered. These new chal-
lenges include the increasing speed and energy range in flows, flows at very low
density (such as high altitude flight, spacecraft re-entry, interplanetary flight, space
science), regions of very large gradients (shock waves), flows with chemical reac-
tions, flows of ionized species (plasma physics), and non-equilibrium flows.

In these cases we repeatedly encounter the problem that the classical gas trans-
port coefficients (viscosity, heat conduction) lose their meaning, because the inter-
nal state of the gas becomes too complicated and the coefficients cease to be con-
stant. In addressing these new problems, it is not sufficient to consider the
continuum model generally used by gas dynamics. We must build the flow theory
from a more basic point of view. This new approach is the molecular approxima-
tion, which leads to gaskinetic theory.

1.2.3 Gaskinetic theory

The next step in the description of the fluid phenomena is kinetic theory which is
capable of deriving transport coefficients from the fundamental properties of the
gas molecules. Gaskinetic theory is based on the concept that a 'gas' is a collection
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6 1 Introduction

of very many particles which are acted upon by their surroundings and by mutual
encounters. The molecules are too small to be seen, but they obey the classical
laws of matter (possibly modified to describe some quantum effects, too).

The classical kinetic theory of gases emerged from a combination of mechanics
and statistics. The motions of the molecules are described by probability and not
by their individual paths. This approach is the kinetic theory of gases, which is
based on first principles and has led to an improved description of the pressure,
temperature and equation of state, as well as the description of transport properties
(viscosity, thermal conductivity, diffusion coefficients).

This book is an introduction to the theory of kinetic theory of gases, that is the
molecular theory of compressible fluids. The foundations of molecular theory will
be used to interpret those flow quantities which cannot be determined from the
continuum theory of fluids.

1.3 Basic assumptions of gaskinetic theory

The kinetic theory of gases is based on three fundamental approximations. These
are the molecular hypothesis, the assumption that classical conservation laws can
be applied, and the application of statistical methods.

1.3.1 Molecular hypothesis

The fundamental assumption that all matter is composed of small elementary
building blocks can be traced to ancient Greek philosophers. The molecular
hypothesis assumes that (i) matter is composed of small discrete units (called mol-
ecules), (ii) the molecules are the smallest quantity of a substance that retains its
chemical properties, (iii) all molecules of a given substance are alike, and (iv) the
states of matter (solids, liquid, gas) differ essentially in the arrangement and state
of motion of the molecules.

Gases differ from liquids and solids by completely filling any container in
which they are placed, by being extraordinarily compressible, by rapidly diffusing
into one another, and by having very low densities. These facts suggest that the
molecules in a gas are widely separated from one another (meaning that the aver-
age distance between molecules is much greater than the size of the molecules)
and that the molecules move about throughout the entire space occupied by the
gas.

In a gas, the molecules move about freely and most of the time are separated by
distances that are large compared to their dimensions. They move in straight lines
until two (or more) happen to come so close together that they act strongly upon
each other and something like a collision occurs, after which they separate and
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1.3 Basic assumptions of gaskinetic theory 7

move off in new directions, generally with different velocities.
This book will primarily apply kinetic theory to ideal (perfect) gases. We define

a perfect gas using the following assumptions:

(i) molecules are point-like with no internal structure or internal degrees of freedom
(perfect gases are monatomic);

(ii) molecules exert forces on each other only when their centers are within a distance
which is very small compared to their average separation (the region in which the par-
ticles interact is called the sphere of influence);

(iii) outside each other's sphere of influence molecules obey the laws of classical mechan-
ics (their motion is described by a non-relativistic equation of motion).

In perfect gases heat energy is interpreted as random translational energy of the
molecules. However, molecules which possess internal structure may store energy
in their internal degrees of freedom (kinetic energy of rotation and vibration or
potential energy of vibration). Although classical kinetic theory makes specific
predictions of how the kinetic energy is partitioned among all degrees of freedom,
the results do not agree with observations except in the cases of the simplest mole-
cules. This failure clearly shows the limits of classical gaskinetic theory.

Friction is entirely absent in molecular interactions. In kinetic theory the con-
version of mechanical work into heat by friction is interpreted as a conversion of
bulk translational energy into random molecular motion. After the body has been
brought to rest by friction, there may be as much motion as before, only the for-
merly organized motion now becomes part of the completely disorganized heat
motion.

1.3.2 Classical conservation laws

It should be repeatedly emphasized that relativistic corrections, quantum mechani-
cal and non-perfect gas effects are usually not considered in the classical kinetic
theory of gases. The notable exceptions are the calculation of specific heats and
collision cross sections, where quantum mechanical effects usually must be taken
into consideration.

The internal structure of atoms and molecules enters into kinetic theory in two
essentially different ways. Quantum mechanical effects are relatively unimportant
in those parts of gaskinetic theory which treat only the translational motion of mol-
ecules (such as viscosity and diffusion). In these problems the internal molecular
structure (which is governed by quantum mechanics) matters only so far as it deter-
mines the exact nature of the intermolecular forces. On the other hand it should be
recognized that the intermolecular force laws in gaskinetic theory are taken as
semi-empirical expressions. Quantum mechanical theory of atomic and molecular
structure provides a method for obtaining these semi-empirical force laws.

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:33:28 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.002
Cambridge Books Online © Cambridge University Press, 2013



8 1 Introduction

Quantum mechanical effects must be taken into account in any gaskinetic prob-
lem in which the energy stored in internal degrees of freedom is considered. The
molecular rotation and vibration and the motion of electrons must all be treated by
methods of quantum theory, and the classical methods are correct only for suffi-
ciently high temperatures.

1.3.3 Statistical nature of the theory

The kinetic theory of gases is a statistical theory: in addition to dynamical methods
it also uses a statistical approach. The dynamical description of the motion of a
single particle is given by the non-relativistic equation of motion, which is a sec-
ond order differential equation with two integration constants for each transla-
tional degree of freedom. If the values of these integration constants are specified
(by the initial conditions) and all the forces acting on the particle are known at all
spatial locations and at all times, its entire future dynamical behavior is fully
described by the equation of motion.

Regarding a gas as a system of N particles (each with three translational degrees
of freedom), there would be altogether N vector equations of motion with 6N inte-
gration constants. The problem is that for typical gases N is a prohibitively large
number. There are a very large number of molecules in every 'macroscopically
infinitesimal' sample.

In order to illustrate this point Figure 1.2 shows the gas concentration as a func-
tion of altitude14 in the atmosphere of Earth between the surface and 1000 km.
It can be seen that there are about 1025 molecules in a cubic meter at the surface.
To solve >1025 equations is not easy. Besides, it is not needed. Complete knowl-
edge of the history of each molecule in the gas is not what we are seeking. We
need to know only so much about the molecular motions as is necessary to under-
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1.4 Notations 9

stand and predict the observable, macroscopic properties of the gas. The measure-
ment of these quantities involves taking a time average over the instantaneous
states of motion of the individual particles in 'macroscopically infinitesimal'
volumes.

These average quantities might be the density, bulk velocity, pressure, etc.
Gaskinetic theory involves the description of a very large number of individual
molecules by statistical methods. This description is meaningful, because we have
a large number of molecules in any macroscopically infinitesimal volume.

1.4 Notations

Throughout this book vectorial quantities either are denoted by coordinate sub-
scripts (such as xi9 where i=l, 2, 3) or are printed in boldface type (x). Throughout
the book coordinate indices are denoted by i,j,k,l,m and n. When using Cartesian
coordinates this notation means xt=x, x2=y, and x3=z. In expressions written in
component notation, summation must be applied with respect to coordinate
indices which occur twice in one term. This means that the dot product of vectors
x and v can be denoted either as x v or as XA .̂

The differential operator vector, V, is sometimes also written in component
notation, V=(3/3xp d/dxv d/dx3). The velocity space del operator is denoted by Vv,
and it can be written in component notation as Vv=(3/3vp d/dvv d/d\3).

The subscripts s and t refer to different particle species. Summation with respect
to these subscripts is always indicated explicitly (i.e. Etft).

The Kronecker symbol, 8r, is equal to +1 when the two indices are equal, and it
is equal to zero when the two indices are different. For instance, 5n=l and 512=0.

The permutation tensor, eijk, is equal to zero when at least two indices are equal,
it has the value of +1 when the three subscripts are all different and form an even
permutation of 1,2 and 3, and finally it takes the value of -1 when the three sub-
scripts are all different and form an odd permutation. For instance, £312

:=1> en3=0>
and 8213=-1. The permutation tensor is necessary to express vector products in
component notation. For instance the i-th component of the vector product of vec-
tors x and v can be denoted either as (xxv). or as 8... x.v,.

1 1JK J K

Using our index notation the trace of tensor A can be written as Ah. The i,j ele-
ment of the unit tensor is obviously I..=8... The trace of the unit tensor is 8U=3.
Tensors with two or more indices can be contracted to obtain lower order tensors.
For instance, by contracting the two indices of a regular matrix we get a scalar
quantity, a=Au. By contracting two indices of a three index tensor we get a vector,
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10 1 Introduction

1.5 Solid angles and curvilinear coordinates

1.5.1 Spherical coordinates and solid angles

In gaskinetic theory one usually has to deal with problems involving seven inde-
pendent variables: time, three components of the position vector and three compo-
nents of the velocity vector. Every symmetry of the problem can help us to reduce
the number of independent variables and thus make the problem somewhat more
tractable. The most commonly used symmetry assumptions in gaskinetic theory
are those of spherical and cylindrical geometries, therefore the use of spherical or
cylindrical coordinates can result in significant mathematical simplifications. In
this section we briefly outline the basic concepts of solid angles, spherical and
cylindrical coordinate systems.

The spherical coordinates (r,9,(|)) of a point, P, denote the distance of the point
from the origin of the coordinate system, the polar angle measured between the +z
axis and the radius vector, and the azimuth angle measured between the +x axis
and the projection of the radius vector onto the (x,y) plane. The spherical coordi-
nates, r, 0, and (|), vary from 0 to °o, from 0 to TC, and from 0 to 271, respectively (the
range of the angle, 9, is constrained to avoid redundancy). This coordinate system
is shown in Figure 1.3. Figure 1.3 also shows the new orthogonal unit vectors, er,
ee, and e^ The relation between the spherical and Cartesian coordinates can be
expressed as

x = rsin9cos(|)

y = rsin9sin(j)

z = rcos9

(1.2)

If r and 9 are fixed and § is varied, P moves along a parallel of latitude, which
maps out a circle of radius rsin9. If the azimuth angle changes by d<|), the arc length

Figure 1.3
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7.5 Solid angles and curvilinear coordinates 11

along this circle changes by rsin0d(|). If r and (|) are fixed and 6 is varied, P moves
along a meridian. If the polar angle changes by d0, the arc length along the merid-
ian changes by rd0. If r is fixed and 9 and <|> are varied, the point, P, moves on the
surface of a sphere of radius r. If the azimuth angle changes by d(|) and the polar
angle changes by dG, the corresponding area element on the surface of the sphere is

dS = r2sin9d9d<|) (1.3)

If the radius vector is also allowed to change, i.e. the radius changes by dr, the
azimuth angle changes by d(|) and the polar angle changes by d9, the corresponding
volume element can be expressed as

dV = d3r = r2 sin9d9d(|)dr (1.4)

Here and throughout this book three dimensional volume elements will be denoted
by d3r. It is obvious that in Cartesian coordinates d3r=dxdydz.

The solid angle is a generalization to three dimensions of the radian definition
of angle in a plane. If s is the length of arc along a circle of radius r, then the cen-
tral angle, a, is defined as oc=s/r. In three dimensions the circle is replaced by a
sphere of radius r, and the arc is replaced by a surface area on the sphere, S,
bounded by an arbitrary closed curve C. The definition of the solid angle covered
by the surface area, S, as seen from the center of the sphere, is Q=S/r2. Since the
largest value of S is 47ir2, one can immediately see that Q can vary from 0 to a
maximum value of 4TC. In analogy to plane angles the solid angle is measured in
units of steradian.

Using the above definition of solid angle one can obtain the infinitesimal solid
angle element occupied by the surface element dS=r2sin9 d9d(|):

dft = — = sin9d9d(|) (1.5)
r2

Sometimes it is more convenient to replace the polar angle, 9, by its cosine,
|H=cos9. In this case the spherical coordinates are r, [i and ()), with |LI changing from
1 (9=0) to |i=-l (9=7i). In this case the infinitesimal surface element can be
expressed as dS=-r2d|Lid(|). The negative sign can be eliminated by interchanging
the integration boundaries: in this case the integral over (I goes from -1 to +1.
When one integrates over the entire solid angle the integrals go from M=-l to
|H=+1 and from (|)=0 to <|>=27C.

Some fundamental differential operators in spherical coordinates are given in
the Appendix.
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12 1 Introduction

1.5.2 Cylindrical coordinates

In some cases problems show rotational symmetry about a specific axis. In such
cases the use of cylindrical coordinates might offer great mathematical simplifica-
tions.

The cylindrical coordinates (p,<|),z) of a point P denote the projection of the
radius vector to the (x,y) plane, the azimuth angle in the (x,y) plane measured
counterclockwise from the x axis, and the z coordinate, respectively. This coordi-
nate system is shown in Figure 1.4 together with the curvilinear orthogonal unit
vectors, e , e,,,, and ez. It can be seen from Figure 1.4 that the cylindrical coordi-
nates, p, 0, and z vary from 0 to «>, from 0 to 2TC, and from -°o to +<*>, respectively.
Using elementary geometric considerations one can readily express the relation
between the cylindrical and Cartesian coordinates in the following form:

x = pcos(|)

y = psinc|)

z = z

(1.6)

The three dimensional infinitesimal volume element can be expressed in cylin-
drical coordinates as

d3r = pd(()drdz (1.7)

Some fundamental differential operators in cylindrical coordinates are given in the
Appendix.

Figure 1.4
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1.6 Problems 13

1.6 Problems

1.1 Using index notation show that V(VxB)=0, where the vector, B, is a function

of location, r.

1.2 In a vacuum the vector form of Maxwell's equations is the following:

e0 3

eono —

where E and B are the electric and magnetic field vectors, p is the electric charge

density, j is the electric current density, and |LIO and e0 are the magnetic permeabil-

ity and electric permittivity of free space, respectively. Write these equations using

index notation.

1.3 Comet Halley has a total surface area of 500 km2. According to the images

made by the Giotto spacecraft, cometary activity was concentrated in a 50 km2

area on the sunlit side. Approximate the nucleus by a sphere and calculate the solid

angle covered by the active area.
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Equilibrium kinetic theory

Maxwell's velocity distribution function12 was the key element which made it
possible to develop connections between the motions of microscopic molecules
and the macroscopic properties of gases (observable by the methods of classical
physics).

In this chapter we introduce the concept of phase space velocity distribution
functions and derive a specific functional form for the distribution of molecular
velocities for gases in equilibrium. Using this statistical law for the velocity distri-
bution we derive some simple relations between molecular statistics and thermo-
dynamics. For additional reading we refer the reader to a series of articles and
books on classical kinetic theory.3"12

2.1 Distribution functions

First we briefly summarize the elementary ideas involved in the calculation of
average values. As a very simple example, let us calculate the average number
of children per family in a particular community. Let Nk denote the number of
families in the community having k children (k=0, 1, 2, ...). The total number of
families is N=ZNk, so the average number of children, <k>, will be equal to the
total number of children divided by the total number of families:

<k>=— [0xN0+lxN,+2xN2 +....] = *& (2.1)
N l N

k=0

One may also define the 'normalized' distribution numbers, fk=Nk/N, which
specify the fraction of families having k children. It should be noted that fk is nor-
malized to unity, i.e. £fk=l. Using this definition equation (2.1) can be written as

15
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16 2 Equilibrium kinetic theory
oo

<k>=Xk fk (2.2)
k=0

In this example the quantity to be averaged (the number of children) can take only
discrete values. As a matter of fact possible values of k are only positive integers
or zero.

The problem is somewhat more complicated in the case when k can take on a
continuous range of values. Suppose we wish to know the average weight of cars
owned by the people of our community. In this case we cannot use the distribution
of integers as we did in the previous problem, because the number of cars with the
exact weight of w (for example exactly 1000 kg) is certainly zero.

However, if we ask for the number of cars whose weights lie within a certain
interval (such as cars with weights between 950 kg and 1000 kg), a definite and
meaningful answer can be given. Information about the distribution of car weights
in the city can then be obtained by dividing the weight range into equal intervals
and determining the number of cars whose weights fall into each interval, Aw. Let
ANk denote the number of cars with weights between wk=kAw and wk+1=(k+l)Aw.
This way the problem is converted into a discrete distribution.

It is obvious that the number of cars with weights between wk and wk+1 is pro-
portional to Aw. The smaller the value chosen for Aw, the more details we know
about the distribution. The most meaningful information about the distribution is
given by the fraction of cars per unit interval of weight,

AN,

As we choose Aw to be smaller and smaller the statistical information contained
by fk becomes more and more detailed. When Aw becomes infinitesimally small,
fk becomes a continuous function:

AN,
f(w) = lim f, = lim ±- (2.4)

Aw->0 K Aw->ONAW

This point is illustrated by Figure 2.1, which shows histograms of fk as the weight
interval, Aw, decreases.

The function f(w) is referred to as the normalized distribution of car weights.
From equation (2.4) it is obvious that f(w) is normalized to unity:

fdwf(w)= lim Y f Aw = lim Y - ^ - ^ A w = lim Y ^ - ^ = l (2.5)
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2.1 Distribution functions 17

weight

weight

weight

Figure 2.1

The distribution function can be interpreted as a probability density function:
f(w)dw is the probability that a randomly selected car will have its weight between
w and w+dw.

With the help of the weight distribution, fk, one can calculate the average weight
of a car in the community. First we multiply the average weight in each interval by
the number of cars in that particular weight interval over the total number of cars.
In the second step we sum these quantities over all intervals. This procedure can
be mathematically written in the following form:

< w> =

k=0

> W . H .k=0

wk+wk A N k

N

A

kk=0

(2.6)

As Aw becomes smaller and smaller, more and more accurate values are obtained
for <w>. As Aw-»0, equation (2.6) becomes the following:
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18 2 Equilibrium kinetic theory

00 /" A \ °°

< w>= lim Y w, + If. Aw = fdwwf(w) (2 7)
Aw^O^V k 2 J k J

n

Equation (2.7) tells us that the average weight can be obtained by multiplying the
weight by the normalized weight distribution function (probability density func-
tion) and integrating over all possible values of car weights.

In general, the average value of a quantity, Q(w) (where Q is a function of car
weights), can be obtained by

<Q>=JdwQ(w)f(w) (2.8)

In what follows we apply the same principle to a gas, where the number of mole-
cules is much larger than the car population of any city, therefore statistical meth-
ods yield an even more accurate description of the average quantities.

2.2 Phase space distributions and macroscopic averages

2.2.1 Phase space

Let us start with a very simple case: consider a single particle moving in one
dimension under the influence of a well defined force field. This system can be
completely described in terms of the particle's spatial coordinate, x, and its veloc-
ity, vx. This description is complete, because the laws of classical mechanics are
such that the knowledge of x and vx at any instant permits prediction of the values
of x and vx at any other time. The particle can be represented by a single point in
the Cartesian coordinate system (x,vx). Specification of location and velocity is
equivalent to specifying a point in this two dimensional space, called phase space
(Figure 2.2). As the location and the velocity of the particle change in time, the
point representing the particle moves around this two dimensional phase space.

In gaskinetic theory the three dimensional motion of individual particles
between collisions is governed by the equation of motion which is a set of three
second order differential equations. In each dimension we have two integration
constants. These six constants are independent of each other and they determine
the particle orbit between collisions. Between collisions each particle can be rep-
resented by a single point in the six dimensional phase space (x,y,z,vx,v ,vz). In
vector form the six dimensional phase space (sometimes called |i-space) can be
denoted by (r,v), where r refers to the configuration space location, while v is the
three dimensional velocity space location. Just as in our previous example, the
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vxA

19

Figure 2.2

particle is represented by a single point in this six dimensional phase space. The

vectors r and v are the Eulerian coordinates of the phase space. As the location and

the velocity of the particle change in time, the point representing the particle

moves around this six dimensional phase space.

2.2.2 Phase space distribution

Let us consider a gas which is non-uniformly distributed in a container. Let A3N be

the number of molecules contained in the small configuration space volume ele-

ment, AV=A3r, located between x and x+Ax, y and y+Ay, z and z+Az. The super-

script 3 refers to the three dimensional nature of the small volume element. The

mean density of the gas in the small volume element is A3N/A3r. Next we take the

limit where the volume element becomes macroscopically infinitesimal (in other

words A3r approaches zero but it remains large on the scale of intermolecular dis-

tances). In this way we define the particle number density (or particle concentra-

tion):

n ( r ) = lim
A3N

A3r
(2.9)

The local number density, n(r), gives the number of molecules per unit volume

in the infinitesimal vicinity of location r. It is thus the measure of the distribution

of molecules in configuration space, in short it is the configuration space distribution

function. If the configuration space distribution function is known at a particular

location, r, the number of molecules, d3N, in the macroscopically infinitesimal

volume element, d3r, is given by

d3N = n(r )dxdy dz= n(r)d3r (2.10)
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20 2 Equilibrium kinetic theory

It should be noted that the configuration space distribution function characterizes
the distribution of particles in space, regardless of their velocity.

At any instant, each of the gas molecules will have a velocity, which can be
specified by a velocity space point, v. One could define the velocity space concen-
tration function of all molecules in a macroscopic container. The velocity space
concentration defines the number of molecules in an infinitesimal velocity space
volume element around a given velocity vector independently of their spatial loca-
tion in the container. However, such a velocity space concentration is not a partic-
ularly useful physical quantity. A statistically useful physical quantity should
characterize the distribution of molecular velocities at any given configuration
space location.

One can generalize the concept of configuration space particle distribution func-
tion to the six dimensional phase space. The phase space distribution function,
F(r,v), characterizes the number of particles in a six dimensional infinitesimal vol-
ume element, d3rd3v. If the phase space distribution function, F, is known at a par-
ticular phase space location, (r,v), the number of molecules, d6N, to be found in
the configuration space volume element between x and x+dx, y and y+dy, z and
z+dz with velocity components between vY and v+dvv, vv and v+dvv, v and
vz+dvz is given by

d6N = F(r, v) dx dy dz dvx dvy dvz = F(r, v) d3r d3 v (2.11)

Equation (2.11) shows that the phase space distribution function, F(r,v), is the
density of particles in the d3rd3v phase space volume element around the phase
space point (r,v).

F(r,v) and n(r) are closely related. The configuration space distribution func-
tion, n(r), describes the number of particles in a small volume element, d3r, around
r, regardless of their velocity. This means that if we integrate the phase space dis-
tribution function, F(r,v), over all possible velocity values, we must get the config-
uration space distribution function, n(r):

oo oo oo

n(r) = Jdvx Jdvy JdvzF(r,v) = JJJd3vF(r,v) (2.12)

Equation (2.12) shows that the phase space distribution function, F(r,v), is nor-
malized to the particle number density, n. One can also introduce the normalized
phase space distribution function, f(r,v):
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2.2 Phase space distributions and macroscopic averages 21

f(r,v) = ^ J ^ (2.13)
n(r)

This definition means that f(r,v)d3rd3v is the fraction of all particles in the spa-
tial volume element d3r around r which have their velocity vectors between v and
v+d3v. In other words f(r,v)d3v is the conditional probability of finding a particle
in the velocity space volume element d3v around v, provided that the particle is
located in the configuration space volume element d3r around r. The normalized
phase space distribution function, f(r,v), is the probability density of finding a par-
ticle at the velocity space point v at the configuration space location r. It is easy to
see that f(r,v) is normalized to 1:

JJJd3v f(r, v) = - ! - JJJd3vF(r, v) = 1 (2.14)
OO V ' DO

2.2.3 Macroscopic averages

In gaskinetic theory macroscopic physical quantities usually characterize the gas
at a given location. Such quantities are the concentration of molecules, mass den-
sity, temperature, pressure, flow velocity, etc. These macroscopic quantities might
vary with time or configuration space location, but they do not reflect the distribu-
tion of molecular velocities at the given time and location. These macroscopic
parameters are averages of quantities that depend on molecular velocities. These
velocity space averages can be defined in a way which is analogous to the method
we used to calculate the average weight of cars.

Let Q(v) be any molecular quantity that is only a function of the velocity of the
given molecule. Examples of such quantities include the molecular mass (which is
independent of the molecular velocity in our non-relativistic approximation),
momentum, or energy. The average value of Q for molecules in a macroscopically
infinitesimal configuration space volume element, d3r, located at position r is
given by

Q(r)=< Q >= JJJd3v Q(v) f(r,v) (2.15)

This definition is analogous to equation (2.7), deduced for the average weight of
cars in our simple example.

In order to demonstrate the use of this definition let us consider the following
example. Assume that the gas is uniformly distributed in a container of volume V,
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22 2 Equilibrium kinetic theory

that there are N molecules in the container and all molecules are alike and have
mass m. In this case the gas concentration is uniformly n=N/^ everywhere in the
container. Let us also assume that the distribution of molecular velocities is the
same at every location inside the container, and that this velocity distribution can
be described as follows. The velocity components of each molecule (vx, v , vz) are
independent of each other and they can assume any value between -v0 and +v0

with equal probability. There are no particles with velocity components outside of
the (-vo,+vo) range. Mathematically such a velocity distribution can be described

as

= G(vx)G(vy)G(vz) (2.16)

since vx, v , and vz are independent. In expression (2.16) the function, G, is defined
as

G(v.) = AH(v0 - v. )H(v0 + v.) (2.17)

where A is a constant value and H(x) is Heaviside's step function (H(x)=l if x>0
and H(x)=0 if x<0, see Appendix 9.5.2). This distribution is shown in Figure 2.3
(the Figure shows dimensionless coordinates vx/v0, v /v0, and vz/v0).

The value of A can be obtained from the normalization of the distribution func-
tion:

>=T7 (2.18)

Substituting the distribution function given by (2.16) into this equation yields the
following relation:

vo vp vp
JdvxA JdvyA JdvzA = 8v3A3 =— (2.19)

- v 0 - v 0 - v 0

This means that A3=N/(8^ v3). Using this value of the normalization constant one
can readily derive the normalized phase space distribution function:

f(v) =
H(v0 - vx )H(v0 + vx )H(v0 - vy )H(v0 + vy )H(v0 - vz )H(v0 + vz)

8v3

(2.20)
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Figure 2.3

Using the normalized phase space distribution function we can calculate aver-
aged molecular quantities for the gas in the container. For instance, one can use
equation (2.15) to calculate the average translational energy of molecules:

>=
7 7 v0

J d V x J d v y J d

- v 0 - v 0 - v 0

m vo

(2.21)

2.3 The Maxwell-Boltzmann distribution

In this chapter we follow James Clerk Maxwell's original derivation of the veloc-
ity distribution function1 which was carried out in 1859. In retrospect we know
that Maxwell's original derivation is only valid for gases in equilibrium (so is his
second attempt to derive the distribution function2). In the 1859 paper, however,
he used his distribution of molecular velocities to obtain transport coefficients for
spatially non-uniform gases.1 It can be shown that the mathematical assumptions
Maxwell used in the derivation of the distribution function exclude all spatial non-
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24 2 Equilibrium kinetic theory

uniformity in the gas (however, this fact did not became clear until much later). In
1877 Ludwig Boltzmann published a more rigorous derivation of the same distrib-
ution function using the condition of dynamical equilibrium3. Boltzmann's deriva-
tion will be presented in Chapter 5 of this book. In appreciation of Maxwell's and
Boltzmann's fundamental work the distribution of molecular velocities under
equilibrium conditions is called the Maxwell-Boltzmann distribution. This section
presents a derivation of the Maxwell-Boltzmann distribution function.

Maxwell's velocity distribution function was the key to developing connections
between the motions of microscopic molecules and macroscopic, measurable
physical quantities. In the middle of the 19th century statistical methods had
already been widely used in physical sciences, and Maxwell's distribution law
turned out to have a mathematically identical form to the normal distribution intro-
duced earlier by Laplace and Gauss. However, the idea that physical processes
themselves should be described by a statistical function was a novel one.

2.3.1 Maxwell's assumptions

In this section we follow the outline of Maxwell's original derivation of the mathe-
matical form of the velocity distribution function.1 Maxwell's basic assumptions
could be summarized as follows.

(i) The gas is composed of an indefinite number of small, hard, and perfectly elastic
spheres acting on one another only during impact.

(ii) When two spheres collide, their direction after the collision is distributed with equal
probability over all solid angles. This means that the probability of finding a particle
moving within a solid angle element dQ, after its last collision can be expressed as
dQJ4n.

(iii) At any spatial location the distribution of molecular velocities is independent of time.
(iv) After a large number of collisions the orthogonal components of the molecular veloci-

ties are statistically independent. In Cartesian coordinates the probability of a mole-
cule having a velocity component in the vx direction with a magnitude between vx and
v +dv is f (r,v )dv . Similarly, the probability that the same molecule has a velocity

X X X X X

component in the v direction with a magnitude between v and v +dv is f (r,v )dv .
Finally, the probability that the same molecule has a velocity component in the vz

direction with a magnitude between vz and vz+dvz is fz(r,vz)dvz. Thus, the average
number of particles to be found with velocities between v and v+d3v is given by

d3N = n f x (r, vx) f y (r, vy) f z (r, vz) dvx dvy dvz (2.22)

where n is the particle concentration,
(v) The distribution function is isotropic. This means that there is no preferred direction
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2.3 The Maxwell-Boltzmann distribution 25

and that the distribution function is independent of the orientation of the coordinate
system. Mathematically this assumption means that the normalized distribution func-
tion of molecular velocities, f(r,v), must be constant on all v2=constant surfaces, or
f(r,v)=f(r,v2). This condition can also be written as

df(r,v) = 0 (2.23)

on a surface where (v 2+v 2+v 2)=constant.
x y z

It should be noted that assumption (v) is only valid for spatially homogeneous
(i.e. constant density) gases where the distribution of molecular velocities does not
change with location. This point can be illustrated with a very simple example. Let
us consider a one dimensional gas composed of molecules with mass m moving
with a given speed, u, in either the +x or the -x direction. When two of these mole-
cules collide their velocities reverse, but their speeds remain the same. In this one
dimensional example local isotropy means that at that particular location the aver-
age numbers of molecules moving in the +x and -x directions are the same. Figure
2.4 shows three nearby locations along the x axis, so that the distances between
points A, B and C are much smaller than the average distance traveled by the mol-
ecules between two consecutive collisions. At a given location the fluxes of mole-
cules moving in the +x and -x directions are given by uN+(x) and uN~(x), respec-
tively. Here N*(x) is the number density of the left or right moving population.
Isotropy at A and C means that N+(A)=N"(A) and N+(C)=N"(C).

The distances AB and BC are very short compared to the average distance
between collisions, therefore there is very little change in the flux moving left
between points C and B. Similarly, there is very little change in the flux moving
right between points A and B. This can be summarized as N+(B)=N+(A) and
N"(B)=N"(C). Isotropy at point B requires that the condition, N+(B)=N"(C), must be
satisfied. Isotropy at all three points requires N=N+(A)=N"(A) and N=N+(C)=N"(C).

This simple example shows that velocity space isotropy is physically equivalent
to requiring spatial homogeneity in the macroscopic gas parameters. This means
that in gases that satisfy Maxwell's assumptions the macroscopic parameters
(interpreted as velocity space statistical averages over macroscopically infinitesi-
mal samples of molecules) do not change with time or spatial location. Our kine-

N"(A) N+(A) N"(B) N+(B) N"(C) N+(C)

O > < O

Figure 2.4
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26 2 Equilibrium kinetic theory

matic definition of equilibrium is based on this result: in equilibrium the distribu-
tion of molecular velocities is independent of time and configuration space loca-
tion, consequently f=f(v). Later in this book we shall present a dynamical defini-
tion of equilibrium. It should be mentioned that particle transport is intimately
related to spatial variations of macroscopic quantities, therefore strictly speaking
Maxwell's assumptions exclude all transport phenomena. This paradox will be
resolved later in this book.

2.3.2 The distribution of molecular velocities under equilibrium conditions

Equations (2.22) and (2.23) represent a well defined mathematical problem which
can be solved. Here we present a solution by using the method of Lagrange multi-
pliers. First let us calculate the change of the distribution function, f, when vx, v
and vz are changed by dvx, dv , and dvz, respectively:

df = | L d v + *L d v + i L dvz (2.24)
d\ x d\ y d\ z

In the next step we make use of the fact that the velocity components are statis-
tically independent and therefore the normalized velocity distribution function can
be written as f(v)=fx(vx)fy(vy)fz(vz):

f^dvz] (2.25)

The condition for the existence of a non-trivial solution of equation (2.25) is
that the terms in the parenthesis should cancel, i.e.

(2.26)

Next we recall that according to our physical considerations equation (2.26)
must be satisfied on the surface of all velocity space spheres centered at v=0. This
means that both velocity space points, v and v+d3v, must be on the surface of the
same velocity space sphere, i.e.

Vx + Vy + Vz = (Vx + dVx ) 2 + (Vy + dVy ̂  + (Vz + dVz ̂  (2-27)
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2.3 The Maxwell-Boltzmann distribution 27

Neglecting the second order terms in the infinitesimal quantities, dvx, dv , and
dvz, equation (2.27) can also be written in a much simpler form:

vx dvx + vy dvy + vz dvz = 0 (2.28)

This result means that on the surface of any given velocity space sphere cen-
tered at v=0 the velocity differentials are not independent. They cannot be given
any arbitrary values, but must satisfy equation (2.28), a so-called condition equa-
tion. Equation (2.26) has to be solved while taking into account the condition
equation, (2.28).

Using a method invented by Lagrange, known as the method of undetermined
multipliers, one can combine equation (2.26) and the condition equation, (2.28),
and obtain a single equation in which dvx, dvy, and dvz can be considered to be
independent. Let us multiply the condition equation, (2.28), by a constant, 2(3,
whose value we shall determine later (P is the undetermined Lagrange multiplier)
and add the resulting equation to equation (2.26). The result is the following:

Idv +U^-+2Pv Idv =0

(2.29)

In this equation all three infinitesimal quantities are independent, so the condi-
tion for non-trivial solution is that the multipliers of dvx, dv , and dvz must be iden-
tically zero. This means that

d[ln(fx)] = -2(3vxdvx =» fx(vx) = A x e - ^ (2.30a)

d[ln(fy)] = -2Pvydvy => fy(vy) = Aye"Pv' (2.30b)

Aze"Pv' (2.30c)

These solutions can be combined to obtain the mathematical form of the distrib-
ution function:

f(v) = A A Aze ^ " ' i = Ae-PvZ (2.31)
x y z
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28 2 Equilibrium kinetic theory

where A=AxA Az. Equation (2.31) is the Maxwell-Boltzmann distribution which
is one of the fundamental tools of gaskinetic theory.

The distribution function that we have just derived has two unknown constants,
A and p. Next we find an expression for the normalization constant, A. The deter-
mination of the other parameter, (3, is more complicated and it involves some con-
siderations of basic thermodynamics. For the time being we treat (3 as an unknown
constant and will determine its physical meaning later.

First we recall that the normalized velocity distribution function, f(v), can also
be interpreted as the probability density of finding a randomly selected particle
with velocity v. We know that probability density functions must be normalized to
1, therefore

JJJd3vf(v) = l (2.32)

The Maxwell-Boltzmann distribution function is spherically symmetric (it
depends only on the magnitude of the velocity, v), therefore equation (2.32) can
most easily be evaluated using spherical coordinates:

JJJ d3vf(v) = A Jdv v2 e"^2 Jd0 sin0 Jdcp = 4TI A Jdv v2 e~^2 (2.33)

The remaining definite integral can be integrated by parts:

Jdvv2e^ = _[jL e-Pv
2] + J j d v e-^2 4 | (2.34)

L2P o 2P

Substituting expressions (2.33) and (2.34) into the normalization relation given by
equation (2.32) yields the following value for the normalization constant, A:

JiT
<2-35>

This value for the normalization constant results in the following form of the nor-
malized distribution of molecular velocities under equilibrium conditions:

*>• ( ! )

3/2

e"Pv2 (2.36)
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2.4 Determination of the Lagrange multiplier 29

The unknown parameter, (3, has the dimensions of 1/v2. The distribution given
by expression (2.36) has the mathematical form of the well known normal distribu-
tion (or Gaussian distribution) with a half width of (2/(3)1/2. Figure 2.5 shows a one
dimensional cut (along the vx axis) of the dimensionless form of the normalized
Maxwell-Boltzmann distribution function, f/fmax, in terms of the dimensionless
variable (31/2vx (for v =0 and vz=0 values). Inspection of Figure 2.5 reveals that this
distribution is symmetric around its maximum value at vx=0 with an exponential
decrease in both directions.

/

/

/

0.75

0.5

0.25

- 1 0 1 2
normalized velocity

Figure 2.5

Next we examine the physical interpretation of the remaining free parameter, (3.
This can be obtained by calculating the average translational kinetic energy of the
molecules in a gas in equilibrium. The average translational kinetic energy of the
molecules can be obtained by

>=JJJd3v^mv2f(v) = 2ran(£] Jdv 3m

4p
(2.37)

where m is the molecular mass. Equation (2.37) shows that (3 is directly related to
the average kinetic energy of the molecules. In the next section we examine how
the average kinetic energy of the molecules can be expressed in terms of macro-
scopic parameters.

2.4 Determination of the Lagrange multiplier

In this section we will relate the unknown Lagrange multiplier, (3, to known thermo-
dynamic quantities. This will be done in two steps. First we express the gas pressure
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30 2 Equilibrium kinetic theory

on a wall with the help of the newly derived Maxwell-Boltzmann distribution of
molecular velocities. In the second step we express the same pressure with the help
of the thermodynamic equation of state for perfect gases. Finally, the two results will
be compared and thus an expression will be obtained for the P parameter.

2.4.1 Gas pressure on a wall

We start with the kinetic determination of the gas pressure on a wall. It is assumed
that the gas is in kinematic equilibrium and therefore the velocity distribution of
gas molecules is given by the Maxwell-Boltzmann distribution function. For the
sake of simplicity the hard sphere (or 'billiard ball') model of molecular collisions
will be used. This means that in the following derivation the molecules are consid-
ered to be very small, perfectly spherical, rigidly elastic bodies. Naturally this is an
oversimplified picture, but it is sufficient to gain the necessary physical insight.

Let us consider a container filled with a perfect gas composed of our hard
sphere molecules. It is also assumed that the gas concentration is constant every-
where in the container (the gas is in equilibrium) and that the walls of the con-
tainer are rough on a macroscopic scale, but can be considered to be smooth sur-
faces from the point of view of the molecules colliding with the wall.

The gas pressure on the wall is defined as the total momentum transferred from
the gas molecules to a unit wall area in unit time. In what follows we will calculate
this physical quantity.

We first consider a small, locally planar surface area, dS. We define a coordinate
system with the z axis normal to this surface element and pointing inward to the
container (see Figure 2.6). The mass of the wall is so much larger than the mass of
the individual molecules that the colliding hard sphere molecules are reflected
elastically from the surface. In this elastic collision the perpendicular velocity
component (perpendicular to the surface element) of the reflected particle is
reversed, while the parallel component remains unchanged (see Figure 2.6).

One can readily calculate the change of the particle velocity vector due to the
collision with the wall. If the Cartesian velocity components of a molecule before
the collision with the wall were v=(v ,v ,-v ), then after the collision the velocity

x y z

can be expressed as v =(vx,v ,vz). The change of the velocity vector due to the col-
lision is

Av = v ' -v = (0,0,2v ) (2.38)
z

In the next step we calculate the number of particles with a given velocity vec-
tor which collide with the wall surface element in unit time and change their
momentum. Consider the group of molecules with velocity vectors in an infinitesi-
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2.4 Determination of the Lagrange multiplier 31

)L ^ ^

Figure 2.6

mal neighborhood of v which hit the surface element, dS, during the infinitesimal
time interval, dt. These molecules would all be contained at the beginning of the
infinitesimal time interval, dt, in an oblique cylinder with base dS and altitude vzdt
(see Figure 2.7 for a schematic representation of this situation). The volume of this
'impact' cylinder is vzdt dS (called impact cylinder because it contains all particles
with velocities between v and v+d3v which impact the surface element dS during
the time interval dt). At the same time we know that the number of molecules per
unit configuration space volume in an infinitesimal velocity space volume ele-
ment, d3v, around velocity v is nf(v)d3v. Combining these two results one can
obtain the number of particles with initial velocity between v and v+d3v which hit
dS in dt time:

= nf(v)v d3vdtdS (2.39)

The momentum transferred to the wall surface element, dS, during the time
interval, dt, can be calculated by multiplying d6N by the momentum change of
particles with pre-collision velocities, v, and integrating over the entire velocity
space. However, it is obvious from Figure 2.7 that only molecules with vz<0 are
able to hit the wall (molecules with vz>0 are moving away from the wall), there-
fore we only integrate over these velocities. With these considerations one obtains
the following expression for the perpendicular momentum component transferred
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32 2 Equilibrium kinetic theory

Figure 2.7

\

to the surface element, dS, during the short time period, dt (the present model
takes into account only elastic collisions, therefore there is no change in the paral-
lel momentum of the colliding molecules):

d3P = fdv fdv fdv (2mv )nv f(v)dSdt
z j x j y j z z z

(2.40)

Under equilibrium conditions the distribution of molecular velocities is given
by the Maxwell-Boltzmann distribution function. Substituting expression (2.36)
into equation (2.40) yields the following:

d3Pz = 2mn dSdt

(2.41)

It can be easily seen that the values of the first and second brackets are 1 (because of
the normalization of the distribution function), while the definite integral in the
third bracket gives l/4p. Using these values equation (2.41) becomes the following:

d3p = ™
z 2p

(2.42)

At this point we must recall that the gas pressure is defined as the total perpen-
dicular momentum transferred from the gas molecules to unit wall area in unit
time. This means that the pressure can be written as p = d3Pz/(dS dt), therefore we
obtain the following expression for the gas pressure:
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2.4 Determination of the Lagrange multiplier 33

p = i r (2-43)
Equation (2.43) expresses the gas pressure in terms of the molecular mass density,
mn, and the still unknown Lagrange multiplier, p.

2.4.2 Equation of state

Next we want to express the gas pressure on the container's wall in terms of ther-
modynamic quantities. We start from Boyle's law for perfect gases:

p1/ = vRT (2.44)

where ^ i s the volume of the container, R is the universal gas constant (R=8.3145
joule mole"1 K"1), v is the number of moles in the container (1 mole is the amount
of gas which weighs m/m0 grams, where m0 is the atomic mass unit) and T is the
gas temperature. It should be emphasized that this is an experimental law which
has fundamental significance. It relates universal constants to theoretical quanti-
ties introduced by gaskinetics. One can combine equations (2.43) and (2.44) to
obtain an expression for the Lagrange multiplier:

(2.45)

On the other hand we know that the number of molecules in a mole of gas is
always the same. This universal constant, NA, is called Avogadro's number and its
value is NA=6.0221xl023 molecules. The number of moles in the container can
also be expressed as v=n1/7NA. With the help of this relation equation (2.45) can be
rewritten as

^ (2.46)

where we have denoted the ratio of the universal gas constant and Avogadro's
number by k. This ratio, k=R/NA, is also a universal constant. This quantity was
first introduced by Ludwig Boltzmann and it is called Boltzmann's constant
(k=1.3807xlO"23jouleK-1).

Equation (2.46) is our desired relation between the unknown Lagrange multi-
plier and macroscopic gas properties. The final form of the Maxwell-Boltzmann
distribution is obtained by substituting the recently derived value of (3 into expres-
sion (2.36):
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34 2 Equilibrium kinetic theory

( m \3/2 mv2

f(v)= — - e"2kx (2.47)

Finally, one can substitute the newly derived expression for the Lagrange multi-
plier into equation (2.43) to obtain the following equation of state for perfect gases
in kinematic equilibrium:

p = n k T (2.48)

2.5 Elementary properties of the Maxwell-Boltzmann distribution

2.5.1 Distribution of molecular speeds

In some problems we are not interested in the distribution of molecular velocity
vectors. Under certain symmetry conditions the distribution of molecular speeds
(the magnitude of molecular velocity is called speed) gives a perfectly adequate
description of the gas.

Let f (v)dv denote the probability of finding a particle with speed between v and
v+dv. Here f* is the distribution function of molecular speeds. One can readily find
an expression for f* if the distribution of molecular velocity vectors is given by the
Maxwell-Boltzmann distribution function, f(v). We start by using the fact that f is
a probability density function, therefore it is normalized to unity:

Jdvf*(v) = l (2.49)

The Maxwell-Boltzmann distribution function of molecular velocity vectors not
only contains statistical information about the distribution of molecular speeds,
but also specifies the probability that a given particle with speed v moves in the
direction defined by the infinitesimal solid angle element, d£2=sin9d9d<|). Using
velocity space spherical coordinates one can write the normalization condition of
the Maxwell-Boltzmann distribution in the following form:

3/2 mv2
 2TC 7C / \ 3 / 2 mv2f \ 3 / 2 mv2
 2TC 7C /

fffd3v - 5 1 - e"2kx= fd(|)fdesinefdvv2

o o o
/2 mv2

e~2kT=i (2.50)
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2.5 Maxwell-Boltzmann distribution: Elementary properties 35

The last remaining integral in equation (2.50) can be compared with expression
(2.49). This comparison immediately yields the following functional form for the
speed distribution of molecules under equilibrium conditions:

f*(v)=47tv2 m
2nkT

\ 3 / 2 _mv2
e 2kT (2.51)

The function f* is plotted in Figure 2.8. Inspection of Figure 2.8 reveals that the
speed distribution function starts from f*=0 at zero speed, reaches its only maxi-
mum at a speed vm and then decreases with increasing speed. The most probable
speed, vm, can be obtained by recognizing that f* has its only extremum at this
point, therefore the condition df*(v )/dv=0 must be satisfied. This means that

(2.52)
kT

I
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Figure 2.8

Equation (2.52) yields the solution vm=(2kT/m)1/2 for the most probable particle
speed (the maximum of f*). As we shall see later the most probable particle speed
is different than the average particle speed.

2.5.2 Mixture of gases

So far we have considered only the simplest case when all molecules in the con-
tainer were identical. When the gas is in equilibrium and more than one molecular

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:33:51 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.003
Cambridge Books Online © Cambridge University Press, 2013



36 2 Equilibrium kinetic theory

species occupies the same volume (each species is characterized by a different
type of molecule), there is no reason for the molecular velocities to depart from the
Maxwell-Boltzmann distribution. As we discussed before, under kinematic equi-
librium conditions all macroscopic parameters are time independent and homoge-
neous (there are no spatial gradients). One specific macroscopic property of the
gas is its temperature. A natural consequence of the kinematic equilibrium condi-
tion is that the temperatures of all gas components are independent of time and
location and that the temperatures of all gas components are the same.

One of the fundamental assumptions of gaskinetic theory is that the spheres of
influence of the individual molecules are much smaller than the average inter-
molecular distance. This assumption means that the presence of more than one
molecular species only negligibly reduces the volume available for a given gas
component, consequently the concentrations of the individual species remain
unmodified. The gas mixture is in equilibrium, therefore the velocity distribution
of each molecular component is a Maxwell-Boltzmann velocity distribution with
a common temperature, T. The total (unnormalized) velocity distribution function
of the gas mixture can be written in the following form:

Here the subscript, s, refers to the different molecular species present in the gas
mixture. The distribution function given by equation (2.53) is normalized to the
total gas concentration, n=Ens.

It is interesting to note that this result can readily yield the well known Dalton's
law (which states that the pressure of a gas mixture is the sum of partial pressures
of the gas components). Using equation (2.48) the total pressure of the gas mixture
can be written

(2.54)

Equation (2.54) is the well known Dalton's law. It should be emphasized again
that we were able to explain this empirical law by using first principles and the
basic assumptions of equilibrium gaskinetic theory.

The normalized distribution function of molecular velocities in the gas mixture
is obtained by dividing the total distribution function (given by equation (2.53)) by
the total particle concentration:
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2.5 Maxwell-Boltzmann distribution: Elementary properties 37

( m

2.5.3 Moments of the Maxwell-Boltzmann distribution

Next we examine some of the fundamental macroscopic properties of the
Maxwell-Boltzmann function which describes the equilibrium distribution of
molecular velocities in a gas containing a single molecular species. The results to
be determined below can readily be extended to multispecies gases with the help
of the distribution function discussed in Subsection 2.5.2.

Let us start by calculating the average molecular velocity vector, u. According
to our earlier results the average of the molecular velocity vector, v, is given by the
following integral (see equation (2.8)):

< v >= u = JJJ d3 v v f (v) (2.56)

Equation (2.56) is a vector equation with three components. Let us first examine
one of the components in detail. The other components can be obtained in an analo-
gous manner. The vx component of the average molecular velocity is the following:

(2.57)

The values of the second and the third integrals are 1 (remember, this is the way
we determined the normalization of the Maxwell-Boltzmann distribution), there-
fore equation (2.57) simplifies to

(2.58)

There is an important remark to be made in connection with equation (2.58).
Equation (2.58) can be solved immediately by examining the nature of the
integrand. The results can be used to trivially evaluate a number of molecular
integrals.

Let us consider an arbitrary odd function of x, g(x). We know that odd functions
satisfy the following relation:
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38 2 Equilibrium kinetic theory

g(x) = -g( -x) (2.59)

In other words, if we replace the argument of an odd function with its negative, the
value of the function also changes its sign. Some simple examples for odd func-
tions are g(x)=x or g(x)=sin x.

Even functions retain the same value when the argument is replaced by its nega-
tive:

h(x) = h(-x) (2.60)

Next we take the integrals of an even function, h(x) and an odd function, g(x),
from -oo to +oo. Let us start with the even function, h(x). In this case we get

J dxh(x) = Jdxh(x)+Jdxh(x) = - Jdxh(x) +Jdxh(x)
-oo -oo 0 0 0

= -Jd(-x)h(-x) + Jdxh(x) = 2jdxh(x) (2.61)
0 0 0

In the case when the integrand is an odd function, g(x), the integration yields the
following result:

J dxg(x) = Jdxg(x) + Jdxg(x) = - Jdxg(x) +Jdxg(x)
-oo -oo 0 0 0

oo oo

= - J d(-x) g(-x) + j dx g(x) = 0 (2.62)

This is a very important and frequently used result in kinetic theory. Therefore,
if one takes the integral of an odd function on a symmetric domain around zero
(for instance from x=-a to x=+a) then the value of the integral is identically zero.

Let us apply our result to the remaining integral in equation (2.58). The inte-
grand is an odd function of the integration variable, vx, because the even function
exp(-(3vx

2) is multiplied by an odd function, vx. The integration boundaries are
symmetric, (-°° and +<*>), therefore we conclude that the integral in equation (2.58)
vanishes:

< vx > = ux = 0 (2.63)
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2.5 Maxwell-Boltzmann distribution: Elementary properties 39

The average values of the vy and vz velocity components can be calculated in a
similar manner, yielding <v >=0 and <vz>=0. These results can be summarized by
the following vector equation:

< v > = u = 0 (2.64)

This result tells us that a gas in equilibrium has no organized (bulk) motion in
any direction (remember, we assumed that there was no preferred direction in the
system, therefore we are absolutely free to choose the vx axis to be in any direc-
tion). However, the particle speed (magnitude of velocity) is a positive semidefi-
nite scalar quantity (v>0), and its average value is not zero:

(2.65)v=< v>= JJJd3vvf (v) = 4ic[ ̂  ) jdvv3e-Pv2 =

In our non-relativistic case the same volume of gas can be observed from differ-
ent coordinate systems. Equation (2.64) was obtained in a frame of reference
where the container was stationary. The physical meaning of equation (2.64) is
that under equilibrium conditions the gas as a whole does not move with respect to
the container. However, the same volume of gas can also be described in a coordi-
nate system moving with a constant non-relativistic velocity, u0, with respect to
the container. In this case an elementary Galilean transformation has to be carried
out, i.e. the particle velocity vector, v, has to be replaced by the velocity relative to
the container, v-u0. In this case the Maxwell-Boltzmann distribution becomes the
following:

f(v) = (I) exp{-p[(vx -uO x)2
 +(vy -uO y)2 +(vz -u 0 z ) 2 ]} (2.66)

One can calculate the components of the average molecular velocity vector in
this moving frame of reference using the so-called 'drifting' distribution function
given by expression (2.66). In this case the vx component of the average velocity is
the following:

a-|3(vz-uOz)

(2.67)
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40 2 Equilibrium kinetic theory

In order to evaluate expression (2.67) we introduce a new variable, c = v - u0.
With the help of this new variable the vx component of the average molecular
velocity can be written as

*/*,••** US/*••
-Pc2

One can calculate the values of the other components of the average molecular
velocity vector. This exercise results in uy = u0 and uz = uOz, so finally we conclude
that in a frame of reference moving with velocity u0 with respect to the container
the average molecular velocity of a gas in equilibrium is

(2.69)

Finally let us calculate the mean translational kinetic energy of the molecules in
the volume of gas (in the frame of reference of the container). This can be obtained
by averaging the translational energy of a molecule, Ekin=mv2/2:

v3/2 1 2rc

- l
4 p

(2.70)

This is a very important result which will be extensively used later in this book.
Equation (2.70) explicitly relates a macroscopic quantity, the gas temperature, to
an average property of the molecules in the gas, namely the average translational
energy of the molecules.

2.6 Specific heats of gases

The classical equilibrium gaskinetic theory is capable of predicting some funda-
mental thermodynamic properties of gases, including specific heats at constant
volume, Cv, and at constant pressure, C . However, these predictions are accurate
only for the simplest molecules. Classical gaskinetic theory clearly fails to predict
the specific heats of gases composed of complicated molecules. In this case quan-
tum mechanical effects are important and classical mechanics loses validity.
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2.6 Specific heats of gases 41

In this section we will outline the basic concepts behind the derivation of spe-
cific heats in equilibrium gases. In discussing the specific heats of diatomic mole-
cules we will refer to some basic quantum mechanical concepts without going into
specific details. The interested reader is referred to textbooks on atomic and mole-
cular physics.13

2.6.1 Equipartition of translational energy

We start by calculating the average kinetic energy of the motion of the particle in
the vx, v and vz directions. It is again assumed that the gas is in kinematic equilib-
rium and therefore the Maxwell-Boltzmann distribution function can be used to
describe the distribution of molecular velocities. First let us calculate the average
translational energy in the v direction:

(2.71)

The second and third integrals in equation (2.71) yield 1, therefore the equation
simplifies to the following expression:

f =ip = 2 k T <2'72>

Similar derivations can be carried out for the mean energy in v and vz direc-
tions as well. The results are

(2.73)

= -kT
2

(2.74)

Equations (2.72) through (2.74) show that under equilibrium conditions the
average translational energy is the same in the vx, v and vz directions. At the same
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42 2 Equilibrium kinetic theory

time we recall that there are no preferred directions in the entire phase space when
the gas is in equilibrium, consequently we conclude that the average translational
energy is the same in every direction.

It can be easily seen that the sum of the average translational kinetic energies in
the orthogonal directions, vx, v and vz, is the previously calculated mean transla-
tional energy (see equation (2.70)):

(2.75)

The three orthogonal velocity space directions, vx, v , and vz, represent three
translational degrees of freedom of the molecule. Our results have shown that a
monatomic gas in equilibrium has translational energy which is equally shared
between these three degrees of freedom. This result is called the equipartition of
energy between the translational degrees of freedom.

This is a very interesting result that has important consequences for the thermo-
dynamic properties of gases. First we examine the consequences of the equiparti-
tion of translational energy in the case of perfect gases which have no internal
degrees of freedom.

2.6.2 Specific heats of monatomic gases

As indicated previously, perfect gases are assumed to be composed of monatomic
molecules with no internal structure (and consequently they have no internal
degrees of freedom). As mentioned above, the total mean translational kinetic
energy of a monatomic molecule is <Ekin>=3kT/2. This mean energy is closely
related to a macroscopic thermodynamic quantity, the internal energy of perfect
gases. Here the word 'internal' refers to a macroscopically infinitesimal volume of
gas containing a very large number of particles and not to a single molecule. The
internal energy per unit mass of the perfect gas, e, can be expressed in the follow-
ing form:

T

m 2 m 2 mNA 2 M
K J

where M is the mass of 1 mole of gas, M = mNA.
The specific heat of a gas at constant volume, Cv, is the heat per unit mass

which is needed to raise the gas temperature by 1 K, while the volume occupied by
the gas is kept constant:
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2.6 Specific heats of gases 43

5Q|v = C v dT (2.77)

Here 8QIV is the heat added per unit mass to raise the gas temperature by dT, while
the volume occupied by the gas is kept constant.

Next we want to express 8QIV in terms of molecular quantities and compare the
result with expression (2.77). This goal can be achieved by using equation (2.76)
to calculate the change of internal energy per unit mass when the temperature of a
monatomic perfect gas is increased by 1 K. In this process the volume of the con-
tainer remains constant, therefore the change of internal energy is identical to
5QIV:

(2.78,

Comparing equations (2.77) and (2.78) yields the following expression for the
specific heat at constant volume, Cv:

Expression (2.79) is a fundamentally important result, because it directly relates
the specific heat of a perfect gas to molecular quantities. This result tells us that the
specific heat of a perfect gas at constant volume depends only on the mass of the
gas molecules and the universal constant, k.

Next we turn our attention to the derivation of the specific heat at constant pres-
sure. It is well known in elementary thermodynamics that the gas has to be
allowed to expand if the pressure is kept constant while the gas is heated. This
means that some of the heat energy is used to expand the gas (to increase the vol-
ume) and only the rest of the heat energy is available to increase the internal
energy of the gas:

8Q| =de + pd#| =C dT (2.80)

In equation (2.80) #=l/p is the specific volume of the gas (p being the mass den-
sity, p=mn). From the kinetic equation of state one can readily obtain an expres-
sion for the product of the pressure and the specific volume:

- T (2.81)
mn m
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44 2 Equilibrium kinetic theory

With the help of this definition one can express the work done by the expanding
gas while the pressure is kept constant:

( | d T p f | dT
dTlmnkTi m dTlpJ m

v ' I v r ' I

( 2 . 8 2 )

Next we substitute this result into equation (2.80). This step leads to the following
result:

5Q| = de+ — d T = - — dT+ — d T = - — dT=C dT (2.83)
lp m 2 m m 2 m p

Comparing the sides of equation (2.83) yields the final expression for the spe-
cific heat of monatomic gases at constant pressure:

<"•>

Expression (2.84) directly relates the specific heat of a monatomic perfect gas to
the mass of the molecules. Using equations (2.79) and (2.84) one can readily cal-
culate the specific heat ratio for monatomic gases:

Y = £ - = | (2.85)

Equations (2.79), (2.84) and (2.85) represent a very important result. In classi-
cal thermodynamics the specific heats of various gases are empirical quantities
which have to be determined experimentally. Here specific expressions were
derived for these parameters from first principles using the basic assumptions of
kinetic theory and assuming that the gas was in equilibrium.

The agreement of this prediction with room temperature measurements on all
the noble gases is remarkably good. For instance, C /Cv=1.67 for argon and 1.64
for neon, and the variation with temperature is slight. Figure 2.9 shows the
observed values of Cv for argon gas, which is close to the predicted value of 3/2.

On the other hand it should also be noted that the specific heats of polyatomic
gases are not in agreement with the values derived above, indicating that the
energy associated with internal degrees of freedom of the molecules cannot be
neglected.
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2.6.3 Specific heats of diatomic gases

In the previous section we were able to express the specific heats of perfect (there-
fore monatomic) gases with the help of the universal Boltzmann constant, k, and
the mass of the molecules. In this section we examine the specific heats of the
somewhat more complicated but still quite simple diatomic molecules. As can be
seen from the schematics shown in Figures 2.10 and 2.11 these molecules are
capable of storing energy in forms of motion other than the translational motion of
the center of mass of the entire molecule.

In addition to its translational energy, part of the energy of a diatomic molecule
is stored in the internal degrees of freedom of rotation and vibration. This is a dif-
ferent situation from that of the monatomic perfect gas in which only the three
translational kinetic energies were considered. Monatomic molecules were con-
sidered to be point-like hard spheres without any internal degrees of freedom.

Now consider a diatomic molecule. A diatomic molecule possesses six degrees
of freedom, meaning that six coordinates are needed to specify the positions of the
two atoms in the molecule. One can choose three of these coordinates to specify
the location of the center of mass of the diatomic molecule. The velocity compo-
nents corresponding to these three coordinates specify the translational motion of
the molecule as a whole, therefore they correspond to the translational degrees of
freedom. The internal degrees of freedom are associated with the relative motion
of the molecules.

The line joining the nuclei of the diatomic molecule is called the longitudinal
axis of the molecule. The orientation of this longitudinal axis in the three dimen-
sional space can be described by two independent coordinates. The simplest
model of the diatomic molecule assumes that the distance between the two nuclei
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Figure 2.10

Restoring spring

-H

Figure 2.11

in the molecule remains constant at all times. This model (shown in Figure 2.10) is
referred to as the 'rigid rotator' or 'dumbbell' model. In the case of a rigid rotator
diatomic molecule the rotation of the molecule is fully described by the two inde-
pendent coordinates (such as the polar and the azimuth angles) characterizing the
orientation of the longitudinal axis of the molecule.

Since in gaskinetic theory the nuclei are treated as point masses, the energy
associated with the rotation around the longitudinal axis is negligible (the moment
of inertia with respect to the longitudinal axis is zero). Rotation around any two
orthogonal axes in the plane perpendicular to the longitudinal axis (for instance
around the x and y axes in Figure 2.10) is associated with finite energy.

The origin of the coordinate system shown in Figure 2.10 is at the center of
mass of the molecule. The longitudinal axis is chosen to be in the z direction. Let
Zj and z2 denote the distances from the center of mass to each nucleus. In the rigid
rotator model the two nuclei are separated by a fixed distance, d=Zj+z2. The dis-
tances, Zj and z2 can be easily expressed in terms of the nuclear masses, m{ and m2,
and the distance, d:
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m0 % m,
z1 = 2 _ d z2 = 1— d (2.86)

nij + m2 nij + m2

Using these expressions for the distances zx and z2, one can easily obtain the
moments of inertia with respect to the x, y, and z axes:

Ix = nijZ2 + m2z2 = m*d2

Iy = nijZ2 + m2z2 = m*d2 (2.87)

where we have introduced the reduced mass of the molecule, m*=m1m2/(m1+m2).
The total rotational energy of the molecule is

Erot = \

where cox, co , and coz are the angular velocity components and I=m*d2 is the
moment of inertia around any axis in the (x, y) plane.

This result means that the diatomic molecule has two rotational degrees of free-
dom. Such a molecule has a total of five degrees of freedom: three due to the trans-
lational motion of the center of mass and two due to the rotation of the longitudi-
nal axis of the molecule.

Inspection of equation (2.88) reveals that the rotational energy of a rigid rotator
molecule depends only on the two perpendicular (to the longitudinal axis) compo-
nents of the angular velocity and it is independent of the location or velocity of the
center of mass (in other words it is independent of the translational coordinates
and velocities). It is also obvious that the rigid rotator model of diatomic mole-
cules exhibits rotational symmetry around the longitudinal axis, therefore there is
no preferred direction in the (x,y) plane.

Following Maxwell assumptions (made for the translational degrees of free-
dom) we assume that in kinematic equilibrium the angular velocity components
are statistically independent of each other. This means that the normalized distrib-
ution function of angular velocities, g(cox,coy), must be a separable function, i.e.
g(cox,co )=gx(cox)g (co ). Also, the rotational symmetry means that the distribution of
angular velocities depends only on the magnitude of the perpendicular angular veloc-
ity, co=(co 2+co 2)1/2. The specific mathematical form of the distribution function, g,

x y

can be obtained by applying the previously used method of Lagrange multipliers:
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48 2 Equilibrium kinetic theory

g(co) = f ̂ 1 e"Pr»2 (2.89)

where (3r is the Lagrange multiplier for the rotational motion. It should be noted
that equation (2.89) describes a two dimensional distribution. Instead of the
Lagrange multiplier one can formally introduce the rotational temperature, Tr, by
analogy to the distribution of translational velocities:

T = -L- = ^ (2.90)
r 2kp 2kp

Using this rotational temperature the distribution of angular velocities can be writ-
ten in the following form:

Under general conditions the translational temperature, T, and the rotational
temperature, Tr, can be different. However, under kinematic equilibrium condi-
tions the gas is characterized by a single temperature, therefore all temperatures
must be the same, i.e. Tr=T. This means that the average rotational energy of the
molecules in the gas is the following:

>= H d b ) J d t O x ^df0y(t°2x+(*2y} e x p [ " S ] = k T (2-92)

One can also calculate the average energy of rotation around the x and y axes.
This calculation leads to the following results:

(2.93)

These results mean that under equilibrium conditions the average energy per rota-
tional degree of freedom is kT/2, the same as the average energy per translational
degree of freedom. This indicates that the principle of energy equipartition holds
for the rotational degrees of freedom, which contribute to the total average energy
of a rigid rotator molecule. Hence, the total average energy of a rigid rotator mole-
cule is:

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:33:51 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.003
Cambridge Books Online © Cambridge University Press, 2013



2.6 Specific heats of gases 49

< Etotal > = < Etranslational > + < Erotational > = f k T (2-94)

If the distance, d, between the two nuclei in the diatomic molecule does not
remain constant at all times, then they may vibrate along the longitudinal axis.
This vibrational motion introduces new degrees of freedom into the system. The
vibrational coordinate is the variable distance between the nuclei, d. The vibra-
tional motion is described by putting the origin of the coordinate system at the
center of mass and keeping the orientation of the longitudinal axis fixed (see
Figure 2.11). The distances to the center of mass from each of the nuclei are again
denoted by zx and z2 (with d=zx+z2) while the time derivatives of the distances z p

z2 and d are denoted by q r q2 and q, respectively (zx =qv z2 =q2, d =q). Equation
(2.86) relates the distances zx and z2 to d. The vibrational velocities of the nuclei
can be similarly expressed in terms of q:

(2-95)

Here m* is again the reduced mass of the molecule.
The vibrational motion of the nuclei can be approximated as harmonic oscilla-

tion around the equilibrium distance between the two nuclei, d0. The governing
equation of this harmonic oscillation is the following:

d27
m*^-f = -Kz (2.96)

dt2

where z=d-d0 is the deviation from the equilibrium distance and K is the so-called
spring coefficient which characterizes the attracting or repelling force between the
molecules. The solution of this second order harmonic differential equation is the
following:

z=8cos(covt + *F0) (2.97)

where 8 is the amplitude of vibration, *F0 is the initial phase of the oscillation, and
the natural frequency of the oscillator (the frequency of vibration), cov, is related to
the restoring force constant, K, and the reduced mass, m*, and is given by
cov=(K/m*)1/2. The velocity of the relative motion of the two nuclei can be obtained
by taking the time derivative of z:
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) (2.98)

It should be noted that the governing equation of the molecular vibration is a sec-
ond order differential equation (equation (2.96)), consequently the solution has
two integration constants which fully specify the vibrational motion. In the present
solution (equations (2.97) and (2.98)) these independent parameters were chosen
to be 8 and *F0; however, one could use other independent variables.

The kinetic energy of the vibrational motion can be obtained by substituting
equation (2.98) into (2.95):

i ( ) (2.99)

The relative motion of the two nuclei in the diatomic molecule takes place in the
potential field of the restoring force, consequently the vibrating molecules possess
potential as well as kinetic energy. This means that the vibrational motion of the
molecule introduces two degrees of freedom, corresponding to the potential and
kinetic energies of vibration.

The restoring force (given in equation (2.96)) is the negative gradient of the
potential, therefore the potential energy of vibration can be written in the follow-
ing form:

| | ( ) (2.100)

In the next step we calculate the vibration averaged values of the kinetic and
potential energies of a single molecule. These averages refer to a single molecule
and are denoted by <Ekin>vib and <E t>vib, respectively. Taking the vibration
period averages of equations (2.99) and (2.100), one obtains the following result:

<EU n > v i b ^ E ^ >v i b=±m*CD^ (2.101)

Equation (2.101) reveals that the average values of the kinetic and potential ener-
gies of a given molecule are identical.

Using our earlier results one can derive the normalized distribution function of
the independent quantities describing molecular vibration, z and q. Let us denote
the normalized distribution function by h(z,q). The two parameters are indepen-
dent of each other; therefore the distribution function can be separated:
h=hj(z)h2(q). One can express the total particle energy in terms of these variables:
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1 1 1
E =Ek. +E =-m*q2+-Kz2=-m*co282

tot kin pot 9 9 9 v

51

(2.102)

which means that in the absence of external excitations q2+cov
2z2=a>v

282 is constant
for every individual particle. One can use our well proven method of Lagrange
multipliers to obtain the normalized distribution function, h:

h(z,q) = ^^exp[-pv(q2+CQ2z2)] (2.103)

where (3v is the Lagrange multiplier for the vibrational motion. One can again
replace the Lagrange multiplier by a formally defined vibrational temperature, T :

T = m (2.104)

In kinematic equilibrium the gas is characterized by a single temperature, there-
fore all temperatures must be the same, i.e. Tv=T. The distribution can also be
expressed in terms of 8 and *FQ:

27ikT
exp

2kT
(2.105)

Equation (2.102) expresses the vibration averaged potential and kinetic energies
of a single molecule in terms of the vibration amplitude, 8. One can use the distrib-
ution function given in equation (2.105) to calculate the mean value of kinetic and
potential vibrational energies for the entire gas:

>= kin >
vib0 0

m
2kT J

co21 * 2- m co2

4 v kT
Jd553

exp -
m*co2S2

2kT
(2.106a)

0 Jd8 <Epot >vjb

0 0 2kT

—m co2

4 v kT
(2.106b)
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52 2 Equilibrium kinetic theory

This result means that under equilibrium conditions the average energy per vibra-
tional degree of freedom is kT/2, the same as the average energy per translational
or rotational degree of freedom. This implies that the principle of energy equiparti-
tion holds for all degrees of freedom, translational and internal.

We conclude that the total average energy of a diatomic molecule is

< ^ total > = < ^translational > + < ^rotational > + < "^kinetic > + < "^potential > = ~Z ^

(2.107)

The mean energy associated with each degree of freedom in the diatomic molecule
is kT/2. It should be noted that vibration along the longitudinal axis of the mole-
cule represents two degrees of freedom, because there is a potential energy term
(associated with the restoring potential) with the same mean value as the kinetic
energy of vibration.

One can generalize the results discussed above as the energy equipartition theo-
rem. Let the total energy of the system (e.g. one polyatomic molecule) be
expressed in terms of the position coordinates and velocity components for all
degrees of freedom. Under equilibrium conditions the system (molecule) pos-
sesses a mean energy of kT/2 for each quadratic term appearing in this energy
equation.

This theorem can be used to obtain the specific heat of any molecule. The inter-
nal energy per unit mass, e, is kT/2m per degree of freedom (see equation (2.76))
and the specific heat at constant volume is given by Cv=de/dT. If the number of
internal degrees of freedom of a molecule is n, then Cv is the following:

For instance, perfect gases have n=0, and Cv=3k/2m. A rigid rotator diatomic mol-
ecule has n=2 and Cv=5k/2m. A rotating and vibrating diatomic molecule has n=4
and Cv=7k/2m.

We showed earlier that the specific heat at constant pressure was C =Cv+k/m
(see equation (2.83)), therefore

Equations (2.108) and (2.109) can be used to obtain the specific heat ratio for a gas
composed of molecules with n internal degrees of freedom:
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2.6 Specific heats of gases

1 CCv n + 3

53

(2.110)

Conversely, if one knows the specific heat ratio of a gas the number of internal
degrees of freedom can be expressed as

Y - l
(2.111)

Our results, based on the classical kinetic theory of gases, make a very specific
prediction for the specific heats of vibrating diatomic gases. We derived a specific
expression for Cv, which is constant at all temperatures and depends only on the
molecular mass. This result is clearly contradicted by experiments.

Figure 2.12 shows the measured values of the specific heat at constant volume,
Cv, as a function of gas temperature, T, for hydrogen molecules. The specific heats
of other diatomic molecules exhibit similar behavior. The main feature of the
observed temperature dependence of Cv is its step-like behavior. At the lowest
temperatures Cv is 3k/2m, then the curve rises to 5k/2m and stays nearly constant
at this value over a limited temperature range (which includes room temperature
for many gases). Finally, there is a second rise toward the predicted value of
7k/2m. This transition takes place at different temperatures for different gases.

This plot clearly shows that classical kinetic theory and statistical mechanics
fail to account for the energy associated with the internal degrees of freedom of the
molecules. This failure is the consequence of the quantum mechanical nature of
molecular rotation and vibration.

3

2

s—

2 3
Log [Temperature]

Figure 2.12
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54 2 Equilibrium kinetic theory

According to classical mechanics, a rigid body can rotate with any value of
angular momentum. On a molecular scale, however, angular momentum can have
only discrete values, i.e.,

L = n r ^ - (2.112)

where h is the Planck constant, h = 6.6261xl0"34 Joules, and nr=l,2,3,.... Planck's
constant, h, represents a very small amount of angular momentum. For instance, a
bicycle wheel rotating at 3 r.p.s. has an angular momentum of around 1 Joules,
some 34 orders of magnitude larger. The kinetic energy of rotation is

The smallest possible rotational kinetic energy is clearly Erotmin=h2/87t2I. This
minimum energy is needed to start rotation, i.e. to excite the molecule to its first
rotational energy level. At temperatures so low that

the chance of rotational excitation in a collision is very small and only a negligible
fraction of molecules will possess rotational energy. This means that at very low
temperatures molecular rotation does not contribute to the internal energy of the
molecules and consequently to the specific heat of the gas.

When kT is comparable to the energy of the lowest rotational level a significant
fraction of the molecules become rotationally excited and the specific heat of the
gas starts to increase. At temperatures where kT»Er o t m i n, the discreteness of the
rotational energy states becomes unimportant and classical kinetic theory gives the
correct result.

A similar explanation can be given for the vibrational degrees of freedom. The
only difference is that the molecule possesses vibrational energy even in the low-
est energy state. The possible quantum mechanical values of vibrational energy
are

,+£jhcov (2.115)
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2.7 Problems 55

where cov is the natural vibrational frequency of the molecule and nv=0,1,2,3,....
The minimum vibrational energy of the molecule is obviously

Evib.min = 7: h cov (2.116)

This residual 'zero point energy' does not vanish even at the lowest temperatures.
If kT is much less than the separation between consecutive vibrational energy lev-
els, the chance of vibrational excitation in a collision is very small and nearly all
molecules are in the lowest vibrational state. At these temperatures vibration does
not make any significant contribution to the specific heat of the gas. When the tem-
perature is so high that kT»Ev i b min, the quantization is unimportant and the vibra-
tional specific heat is given correctly by the equipartition theorem. At intermediate
temperatures the contribution of molecular vibration to the specific heat increases
with increasing temperature.

The vibrational energy level spacing is always greater than the minimum energy
needed to excite rotation, the vibrational transition takes place at higher tempera-
tures than the rotational one. Therefore the first rise in Figure 2.12 is attributed to
rotation and the second one to vibration.

Except in the high temperature limit, classical kinetic theory gives incorrect
results when applied to internal degrees of freedom. This difficulty does not occur
when classical kinetic theory is applied to translational degrees of freedom. Since
gaskinetic theory is mainly concerned with translation (perfect gases are assumed
to be monatomic molecules with no internal degrees of freedom), it is practically
unaffected by quantum mechanical effects.

2.7 Problems

2.1 All molecules in a volume have their velocity vectors uniformly distributed
inside a velocity space sphere with radius vQ. What is the normalized velocity dis-
tribution function? Calculate the average velocity, <v>, the mean speed, <lvl>, and
the mean energy, <mv2/2>.
2.2 All molecules in a volume have their velocity vectors uniformly distributed
on the surface of a negligibly thin velocity space spherical shell with radius vQ.
What is the normalized velocity distribution function? Calculate the average
velocity, <v>, the mean speed, <lvl>, and the mean energy, <mv2/2>. [Hint: use the
Dirac delta function, 8(x). The main features of the Dirac delta function are dis-
cussed in Appendix 9.5.1].
2.3 A volume of gas is in equilibrium at temperature T. Determine < m v v > and
<mvx

3/2>.

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:33:51 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.003
Cambridge Books Online © Cambridge University Press, 2013



56 2 Equilibrium kinetic theory

2.4 A volume of gas is in equilibrium at temperature T. Calculate the average
value of the reciprocal of the particle speed, <l/v>, and the average value of the
reciprocal of the particle energy, <2/mv2>.
2.5 For a gas in equilibrium find the ratio between the characteristic speeds of
molecules, <v>:<v2>1/2:vm, where vm is the most probable speed.
2.6 The spatial density of air molecules (average molecular weight = 28.7 amu,
1 amu = 1.67xlO"27 kg) at room temperature (T=300 K) is nQ=2.6xl025

molecules/m3. How many molecules in a m3 of gas are moving within a cone of
half angle 5 degrees toward the ceiling with speeds between 200 m/s and 250 m/s?
(There are at least two ways to solve this problem. One of them will lead to a
special function, called the error function. The error function is discussed in
Appendix 9.5.3 of this book.)
2.7 For a gas in equilibrium derive the distribution function of translational kinetic
energy, fE(E), where fE(E)dE is the fraction of molecules whose kinetic energy lies
in the range between E and E+dE. Calculate the most probable energy, Em.
2.8 All molecules in a polyatomic gas are capable of independently rotating
around the x, y and z axes, and vibrating along the x and y axes. What is the
specific heat ratio of the gas?
2.9 The distribution function of molecular velocities of a flowing single species
gas (composed of molecules with mass m) is given by

/2

where T is the gas temperature, u=(ux,u ,uz) is the average flow velocity, while vx,
v , and vz represent molecular velocity components in a stationary coordinate sys-
tem. Find <mvx

2/2>, <mv2/2>.
2.10 The normalized velocity distribution in a low density anisotropic gas is
given by

( m Y'Y m ) ( mv2 mv2 mv2 "\
f(v) = exp -

V / r\ i_nn r\ i_rri ^ 2kT2 2kT2

Calculate <mv 2/2>, <mv 2/2>, <mv 2/2>, and <mv2/2>.
x y z

2.11 Consider the following normalized velocity distribution function:

x3/2
1 ^-Rv2

x y
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2.8 References 57

where A, B, and (3 are constants. Calculate <v>, <mvx
2/2>, <mv 2/2>, <mvz

2/2>,
and <mv2v/2>.

2.12 A cylinder contains gas in equilibrium at temperature T. In a reversible, adia-
batic expansion of the gas, a piston moves out slowly with velocity u, where u is
much smaller than the average thermal speed (see Figure 2.13). What is the gas
pressure on the piston? What is the energy loss of a molecule (with angle of inci-
dence G) rebounding from the piston?

2.13 What specific heat is predicted by the classical theory of specific heats for
the linear triatomic molecule CO2 and the nonlinear triatomic molecule H2O?

Figure 2.13
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Binary collisions

So far our discussion of the kinetic theory of gases has been limited to kinematic
equilibrium properties. We shall see later that molecular collisions are responsible
for establishing the equilibrium condition (see Chapter 5). In the absence of equi-
librium, intermolecular interactions result in transport of macroscopic gas quanti-
ties, such as mass, momentum and energy. Under equilibrium conditions the distri-
bution of molecular velocities is the same Maxwell-Boltzmann distribution at
every configuration space location. In other words the effects of molecular colli-
sions cancel each other (the distribution function is constant in time and configura-
tion space) and therefore the details of individual collisions do not play a role in
determining the distribution of molecular velocities.

The situation is entirely different if we allow even the slightest deviation from
equilibrium. In this case molecular collisions result in the transport of macro-
scopic quantities (such as mass, momentum and energy) accompanied by a
gradual approach to the equilibrium velocity distribution. The details of the
macroscopic transport and change of the distribution function are controlled by the
specific nature of the molecular collision process. Molecular collisions represent
the microscopic process governing all macroscopic transport phenomena.

This chapter lays part of the necessary groundwork for the dynamical descrip-
tion of transport phenomena in gases by examining the details of the most funda-
mental physical process in the gas: molecular collisions. We begin the discussion
of collisional effects by considering in detail the process of two particle (or binary)
collisions. For the sake of simplicity it will be assumed throughout this chapter
that the gas is composed of monatomic molecules which do not possess any inter-
nal degrees of freedom (or if the molecules are not monatomic their states of inter-
nal motion are assumed to be unaffected by the collisions).

58
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3.1 Kinematics of two particle collisions

3.1 Kinematics of two particle collisions

59

3.1.1 Center of mass and relative position coordinates

This subsection reviews the classical dynamics of two particle central force
encounters and the basic dynamical formulae to be used in this and later chapters
of this book. Detailed discussion of this problem can be found in almost all ele-
mentary textbooks on classical mechanics12 and in most books on kinetic the-
ory.3"9

It will be assumed that the molecules can be represented as point centers of
force and they interact via conservative forces directed along the line connecting
the two molecules.

Let us consider two molecules with masses nij and m2, position vectors rx and
r2, and velocities vx and v2. It can be shown that the interaction between these two
molecules depends only on their relative position and velocity. We introduce the
radius vector of center of mass, rc:

(3.1)

The other quantity of physical interest is the relative position vector of the two
particles, r:

r = r , - r 2 (3.2)

The two molecules move under each other's influence and the two equations of
motion can be written in the following form:

d2r.
11 AT 12

d2r2
m, —f- = F2 dt2 21 (3.3)

Here F12 and F21 are forces acting on molecules 1 and 2 due to the presence of the
other molecule, respectively. These forces depend only on the relative position of
the molecules, r, and the fact that the forces acting on the two particles are of equal
magnitude and point in opposite directions, F12(r)=-F21(r). It can be easily seen
that there is no force acting on the center of mass and consequently it does not
accelerate (moves with constant velocity):

d ^

dt2
+ m2

m i
1

d2i\

dt2

d2r9
T

dt2

_F 1 2 ( r ) + F 2 1 ( r )_
= 0 (3.4)
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60 3 Binary collisions

One can also readily calculate the relative acceleration of the two molecules with
respect to each other:

(3'5)

Equation (3.5) can be written as an equation of motion for a single particle with
mass m* (where m* is the reduced mass of the two molecules) in a central field of
force:

=F11(r)_Fai(r) _ n O
f12l)

dt2 dt2 dt2 m

where er represents the unit vector along the relative position vector of the two
molecules and U(r) is the potential of the conservative intermolecular force, F12:

(3.7,

These results show that one may introduce a new set of independent variables
which simplify the description of the collision. These new variables refer to the
center of mass of the two molecules and to their relative position, velocity and
acceleration. It was shown that the center of mass velocity remains constant
during the interaction of the two molecules, while the relative motion of the
molecules can be described as the motion of a single particle with mass m* under
the influence of a conservative central field of force characterized by potential
U(r).

Next we examine the motion of a single point-like particle under the influence
of a conservative central field of force.

3.1.2 Particle motion in a central field of force

A central force is always directed toward a fixed point. A conservative central
force can be derived from a scalar potential that is only a function of the distance
between the particle and the center of force. We choose the center of force as the
origin of the coordinate system. In this case the force acting on the particle is
always parallel (or antiparallel) to the radius vector.

At any instant the radius vector and the velocity vector of the particle are
included in a plane. Since the force vector lies in this plane the particle has no
acceleration normal to this plane. This means that the particle velocity and the
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3.1 Kinematics of two particle collisions 61

force vector will always remain in the same plane and the particle trajectory will
also be confined to this plane. In other words a particle moving under the influence
of a central field of force exhibits a planar motion.

Let r and (|) be polar coordinates of the particle in the plane of motion. As is
obvious from Figure 3.1 the Cartesian coordinates can simply be written as

= rcos(|) y = r sine)) (3.8)

y i i

Figure 3.1

As the particle moves along its trajectory, the polar coordinates specifying its loca-
tion in the plane vary with time. This means that the particle's motion is fully
described by the pair of time dependent functions, r(t) and (|)(t).

The Cartesian velocity components can be obtained by taking the time deriva-
tive of equation (3.8):

x = f cos(|) - r (j) sin(|) y = f sin(|) + r <j) cos(|) (3.9)

In equation (3.9) we have introduced a simple notation for the time derivative,
x =dx/dt. The second time derivatives of the Cartesian coordinates of the particle
can also be readily calculated:

x = r cos(j) - 2 r (j) sin<|) - r <j)2 cos(|) — r <|> sincj) (3.10a)

y = r sincj) + 2 f (j) cos(|) - r (j)2 sine)) + r (j> cos(|) (3.10b)

In equations (3.10) we have introduced a simple notation for the second time
derivatives for the particle coordinates, x =d2x/dt2.

In Cartesian coordinates the relative velocity vector of the particles, g=v1-v2,
can be expressed as g=gxex+g e , where ex and e represent the orthonormal vec-
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62 3 Binary collisions

tors (orthogonal unit vectors) in the x and y directions. The velocity vector can
also be expressed as a linear combination of the orthonormal vectors, er and e.,
g=grer+g.e(j) (see Figure 3.1). The velocity components, gr and g,, can readily be
expressed in terms of the time derivatives of the Cartesian coordinates of the
particle:

gr = x cos(|) + y sincj) g. = - x sine)) + y cos(|) (3.11)

Similarly, one can express the radial and azimuthal components of the particle
acceleration, a, in terms of the second time derivatives of the Cartesian compo-
nents:

ar = xcos(|) + y sine)) â  = - x sine)) + ycos(|) (3.12)

Earlier in this section we expressed the time derivatives of the x and y coordi-
nates of the particle in terms of the radial distance and azimuth angle. In the next
step we substitute these results (equations (3.9) and (3.10)) into equations (3.11)
and (3.12). After some manipulation we obtain the following results expressing
the radial and azimuthal velocity components in terms of r and 0:

g r = r g*=r<J> (3.13)

a r = ? - r ( j > 2 a0=2r<j> + r(|> (3.14)

The physical interpretation of the extra terms in equation (3.14) is well known
from classical mechanics: r<j)2 and 2f<j) correspond to the centrifugal and Coriolis
accelerations, respectively.12

Substituting the newly derived radial and azimuthal acceleration components
into the governing equation of the relative motion of the two particles (equation
(3.6)), the equation of motion can be written in the following form:

m*a =m*(r-nj)2) = - ^ ^ (3.15a)
dr

j ^ 0 (3.15b)

This result shows that in a central field of force the acceleration of the particle is
always in the radial direction and the azimuthal acceleration is identically zero
everywhere.
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3.1 Kinematics of two particle collisions 63

The fact that there is no azimuthal acceleration implies that angular momentum
is conserved. The angular momentum vector of the relative motion, L, can be
expressed as follows:

L = rxm*g (3.16)

Both r and g are in the plane of motion, therefore the angular momentum vector is
perpendicular to this plane. We showed above that the plane of motion does not
change with the relative motion of the two particles, therefore the direction of the
angular momentum vector is independent of time. This means that L can be
expressed as L=Len, where en is the time independent normal vector of the plane
of relative motion. The scalar coefficient of the angular momentum, L, can be
obtained as

L = m*r2<j) (3.17)

It is easy to see that the time derivative of L is identically zero:

L = 2m*rf(j) + mV(|) = m*ra(() =0 (3.18)

At the same time we know that en remains constant, so we finally conclude that

L = 0 (3.19)

Equation (3.19) is a fundamentally important result with very important implica-
tions for gaskinetic theory. It says that in a binary collision there are no external
torques applied to the system and therefore the angular momentum vector of the
relative motion is conserved.

Next we turn our attention to the radial component of the equation of motion.
We start by writing equation (3.15a) in the following form:

m*a + — = 0 (3.20)
r dr

Equation (3.20) can be rewritten by using the definition of the magnitude of the
angular momentum vector, L, and by recalling that L is a conserved quantity
throughout the motion of the particles:

m (r-r<|)2) + — = m r — + — = m r + —
dr m V dr dr 2 m*r2
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64 3 Binary collisions

This result yields the following equation of motion for the distance between the
two particles:

m* r = - A (U + -^r-A (3.22)
dr I 2m r2 i

This equation leads to another conservation law. This can be seen by multiplying
equation (3.22) by dr/dt and integrating the resulting relation with respect to time:

fdtf

(3.23)

The two integrals can be easily evaluated and one can use equation (3.17) to
express L in terms of the polar coordinates. This manipulation yields the following
conservation law:

- m * f2 + - m * r2(j)2 + U = constant (3.24)
2 2 V

This equation expresses the conservation of energy for the relative motion of
the two particles. It is no surprise that the sum of radial and tangential kinetic ener-
gies and the potential energy is constant.

3.1.3 Angle of deflection

In this subsection we will investigate the angle of deflection of the relative veloc-
ity vector, g, during an intermolecular collision.

As discussed previously the relative motion of two interacting particles is con-
fined to a plane. In the absence of any interaction the relative velocity vector of the
molecules, g, would retain its initial value, g0, at all times during the motion. This
means that the trajectory of the relative motion would be a straight line, as shown
in Figure 3.2.

In this section we consider a coordinate system which has its origin at molecule 2
and the x axis antiparallel to the initial relative velocity vector, go (see Figure 3.2).
The radius vector pointing to particle 1 naturally varies with time as the particles
move with respect to each other. The trajectory is fully described by the potential of
the interparticle force, U(r), the initial relative velocity vector, g^ and by the impact
parameter, b, characterizing the 'miss distance' between the particles.
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m 2
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Figure 3.2

The impact parameter, b, is the smallest distance between the trajectories of the
molecules if there were no interaction between them (see Figure 3.2). For a given
particle trajectory the angle of deflection will be determined by the magnitude of
the relative velocity at infinity (before collision), g^ and by the newly defined
impact parameter, b.

It is obvious that when the two molecules are very far apart their influence on
each other is negligible and the relative motion is practically a straight line as
shown in Figure 3.2. In this case the angular momentum of the relative motion
(with respect to molecule 2) can be expressed as follows (see equation (3.16)):

= m*gorsin(|)=m*gob (3.25)

We know from our earlier discussions that the angular momentum is conserved
throughout the trajectory, therefore equation (3.25) expresses the conserved quantity,
L, in terms of the magnitude of the initial velocity, g0, and the impact parameter, b.
One can also express the total energy of the relative motion, E, in the limiting case of

limJ
r->~ 2

U + U(r)U±i
2m r2 (3.26)

When evaluating the r—><*> limit in equation (3.26) we used equation (3.17)
expressing the azimuthal velocity in terms of the conserved quantity, L, and used
the fact that the intermolecular potential describes a short range force, which
rapidly vanishes for large values of the intermolecular distance, r. Now the relative
motion of the particles is described by the following two equations:

m*r2<j)=m*g0b (3.27a)

(3.27b)
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66 3 Binary collisions

These two equations describe the radial and angular velocities, f and <j>, as a
function of polar coordinates, r and <|>. In other words, equations (3.27a) and
(3.27b) fully describe the trajectory of the relative motion of the two molecules.
The parameters of the trajectory are the interparticle potential, U(r), and two inde-
pendent initial values of the motion, g0 and b.

Equations (3.27) provide a complete but fairly cumbersome description of the
trajectory of the relative motion. A much simpler way to describe the trajectory is
to give the radial distance as a function of azimuth angle, r((|)). This can be done by
eliminating the time dependence and combining the two equations into one single
differential equation.

First we rewrite equations (3.27) in the following form:

gj^ ( 3 2 8 a )

2 , 2 2r2U(r)
r 2 - b 2 -

™sl
(dt)2 (3.28b)

These two equations can now be combined to yield the differential equation
describing the function r((()):

(3.29)
**g§

Equation (3.29) describes a double valued function, meaning that two ty values
correspond to each value of r. The (-) sign corresponds to the first portion of the
trajectory in which particle 1 approaches particle 2 and the interparticle distance
decreases with increasing azimuth angle. The (+) sign corresponds to the second
portion of the trajectory in which particle 1 moves away from particle 2 and r
increases with increasing <|>.

Equation (3.29) can be formally integrated to yield an implicit equation for the
function r((()):

^ r 2 - b 2 -

-1/2

2r2U(r) (3.30)

The integration constants in equation (3.30), rm and <|>m, refer to the radial distance
and azimuth angle of closest approach, respectively. The solution is schematically
shown in Figure 3.3 for a repelling force (positive interparticle potential).
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Figure 3.3

It can be seen from equation (3.30) (and also in Figure 3.3) that the trajectory of
the relative motion has two asymptotes, one along the initial direction as the parti-
cles approach each other from infinite distance and the other along the final, post-
encounter direction of motion, when the particles leave each other. The angle of
deflection, %, is defined as the angle between these two asymptotes measured from
the initial to the final direction of motion.

Equation (3.30) has two unknown parameters, the radial distance of closest
approach and the azimuth angle of closest approach. These parameters must be
expressed in terms of b and g0 if we want to get a full description of the trajectory
of the relative motion.

Let us start with rm. It is obvious from the definition of closest distance that, for
(|)<(|)m, r is decreasing with increasing (|), dr/d(|)<0, while, for <j»<|)m, r is increasing
with increasing <|), dr/d(|)>0. This means that at closest approach dr/d(|)=O, therefore
from equation (3.29),

(331)
m

Equation (3.31) is a complicated equation for rm, but it can be solved for every
specific intermolecular potential. This solution can be used to obtain the azimuth
angle of closest approach, <|)m. We know that, well before the collision, the parti-
cles are infinitely far apart. At this point the azimuth angle is 0 (see Figure 3.2),
therefore we conclude that r((|)=0)=°o. Substituting this condition into equation
(3.30) yields the following expression for (|)m:

n-1/2

m§o
(3.32)
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68 3 Binary collisions

It is obvious from equation (3.29) and from Figure 3.3 that the trajectory of the
relative motion is symmetric around closest approach. This means that the
azimuth angle of the outgoing asymptote is <|>out=2<|>m (see Figure 3.3). The angle of
deflection, %, is defined as X=n~^Ouv therefore we get the following expression for
the total deflection during the two particle collision:

^ r 2 - b 2 -

-1-1/2

2r2U(r) (3.33)

This is a very important result which shows that the impact parameter, b, and
the deflection angle, %, are physically equivalent quantities. Equation (3.33) pro-
vides a unique transformation between these two parameters for a given intermol-
ecular potential and initial relative velocity. This result will play a major role later
in this chapter, when we discuss collision cross sections.

It is very interesting to note that the deflection angle described by equation (3.33)
depends on the ratio of the potential energy and the kinetic energy of the relative
motion, 2U/m*g0

2. This means that a fast relative motion in the same potential field
will result in small deflection. This point can be seen by considering a very fast
relative motion, so fast that the term 2U/m*g0

2 can be neglected everywhere along
the relative trajectory. In this case equation (3.31) becomes rm=b (the relative motion
is a straight line and the impact parameter is the closest distance) and therefore

=n-2 A f
LArccosf-LWr2-b2

In other words very fast moving particles pass each other without any noticeable
change in their trajectories. Slow moving particles, on the other hand, have plenty
of time to interact while in the vicinity of the other particle, therefore their trajec-
tory is more significantly influenced.

In order to illustrate the physical process behind equation (3.33) let us evaluate
it in the simplest possible case. Let us consider the collision of two hard, elastic
spheres. These spheres are perfectly impenetrable with diameters of d{ and d2,
respectively. Figure 3.4 shows a schematic representation of this collision. It is
assumed that the spheres have no influence on one another unless their surfaces
are in direct contact. When the spheres collide the distance between their centers is
d12=(d1+d2)/2. It is obvious from Figure 3.4 that the interparticle potential is zero
when the distance between the molecular centers is larger than d12. The particles
cannot penetrate into each other, therefore U=°° for r<d12 (corresponding to infi-
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3.1 Kinematics of two particle collisions 69

\

Figure 3.4

nite repelling force at contact). In the case of a collision the distance of closest
approach is d12, therefore in the case of hard sphere collisions equation (3.33)
becomes the following:

- 2
dl2

Arc cos (3.35)

This means that in the case of hard sphere collisions the relation between the
impact parameter, b, and the deflection angle, %, is given by

12 (3.36)

Note that this result is independent of the initial relative speed, g0. This should be
intuitively reasonable, because we know that in hard sphere collisions the geome-
try determines the deflection angle. By the way, this result can be seen immedi-
ately in Figure 3.4. In this simple case our general result given by equation (3.33)
seems to be trivial. However, for more complicated molecular interaction models
equation (3.33) becomes a fundamental tool of gaskinetic theory.

3.1.4 Inverse power interactions

The expression for the angle of deflection, %, can be greatly simplified for a special
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70 3 Binary collisions

class of interparticle potentials. Let us assume that the intermolecular force can be
written as

(3.37)

where Ka and a are constants (a>l) characterizing the molecular interaction.
Positive Ka values correspond to repulsive forces, while negative values describe
attractive interactions. The interaction potential is U(r)=Kar

(a~1)/(a-l). The a=l
case leads to a logarithmic potential and therefore it cannot be treated with the
method to be described below. Using the general expression for U(r), equation
(3.33) becomes the following:

= 7 C _ 2 f d r - r 2 - b 2

1 r ( a -

2K

(a-l)m*g2r
2ra-3

-1/2

(3.38)

The evaluation of this integral can be made somewhat simpler after expressing it
in terms of dimensionless variables, therefore we introduce the following new
quantities:

b
x = —

r

1

(3.39)

It should be noted that for attracting potentials (when Ka is negative) one has to
take the absolute value of Ka when calculating these dimensionless quantities.
Using these quantities equation (3.38) can be written in the following form:

X = 7i-2jdx
0

1-1/2

-w-Z

( l ) U
(3.40)

The upper integration boundary, xm, can be obtained by solving the following
equation:

(3.41)
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3.1 Kinematics of two particle collisions 71

It can be seen that the deflection angle is only a function of the dimensionless
impact parameter, x0, and the power of the intermolecular force, a.

The integral in equation (3.40) can be evaluated in some specific cases. Let us
start with the lowest order case, when a=2. This corresponds to gravitational or
electrostatic interactions, when the force decreases as the square of the distance
between the particles.

In the a=2 case the integration boundary, xm, can be obtained as the positive root
of a quadratic equation:

(3.42)

The integral specifying the relation between the deflection angle and the dimen-
sionless impact parameter can now be carried out:

= 71 - 2 Arc sin
XQX + 1

-2 Arc sin
1

Finally, one can rewrite this result in terms of the impact parameter, b:

tan| — I = —
b

(3.43)

(3.44)

where bo=K2/m*go
2. Expression (3.44) also helps us to understand the physical

meaning of the parameter bQ. It is obvious that %=TC/2 for b=b0, therefore b0 is the
impact parameter value separating forward and backward scattering.

Equation (3.44) reveals another fundamental result. It is obvious that ^(b=0)=7i
and %(b=°°)=0. Clearly, b=0 describes a 'head on' collision in which the colliding
particle simply reverses direction after impact. The other extreme, b=°°, describes
the situation in which the particles experience no collision whatsoever: the two
particles pass at a very large distance moving along straight lines without influenc-
ing each other.

In the case where a=3, the integral becomes even more simple. First of all, the
maximum value of x becomes

(3.45)
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72 3 Binary collisions

and the integral itself does not yield inverse trigonometric functions:

X = 7 T - 2 X J d x - T = U =

1-x2 1 + -

= 7 1 - Arcsin = 71-
/l + x 2 - x Q

(3.46)

The relation between % and b in the case where a=3 can be given as

(3.47)

where bo=(K3/m*go
2)1/2.

The case a=5 is of particular interest, because for this special inverse power
interaction the transport coefficients can be evaluated analytically. Molecules
interacting with this interparticle potential are called Maxwell molecules (this
molecular interaction will be extensively discussed in Chapter 6). For a=5 the
parameter x can be expressed in the following form:

(3.48)

The integral expressing the deflection angle becomes quite complicated and can-
not be evaluated in terms of simple functions:

23/2x.
(3.49)

The function %(x
0) for a=5 is shown in Figure 3.5. Inspection of Figure 3.5 reveals

that for xo=O (which corresponds to b=0) the particle is backscattered (%=7i), while
there is very little deflection when the normalized impact parameter exceeds 2. It
can also be seen that for small impact parameters the %(x0) function is almost lin-
ear. In this limit the function can be approximated with a very simple expression:
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lim ,=n-xjc
25/4

(3.50)

One could evaluate integral (3.40) for some higher order inverse power interac-
tions, as well. These three examples have given us some insight into the delicate
relationship between the impact parameter and the inverse power potential. These
insights (and many more) will be needed later in the book when we calculate
transport coefficients for different kinds of molecules.

3.1.5 Particle motion in laboratory and center of mass frames

The dynamics of two particle collisions are described in two frames of reference.
The reference frame at rest with respect to the container is referred to as the rest
frame (or laboratory frame) and our results ultimately have to be expressed in this
coordinate system. The center of mass frame (or C system) moves along with the
center of mass of the two colliding molecules. This system is particularly simple
kinematically and most convenient for formulating conservation laws. It has been
shown in subsection 3.1.1 that the two particle collision in the C system reduces to
the even simpler case of a single particle deflected in a central field of force. In this
subsection we derive the dynamical properties of the colliding particles in the rest
frame using the results of the previous subsections of this section.

Let us start by expressing the particle velocities in the center of mass system.
Here and throughout this book the subscript 'c' refers to the C system. Before the
collision the particle velocities in the C system are
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mt v, + m9 v9 nx, / v m*
vic = vi "vc = vi — — = — vi - V2 = —§ (3.51a)

ni + m m + m v m

+ m9 v9 nx, / v m
— = — vi - V2 = — § (3.5

+ m2 mj + m2
 v mi

ic = v i vc = v i

ni + m m + m m i

m, v, + m~ v9 m,
m , + m ;

where v^diydt and v2=dr2/dt are the velocity vectors of particles 1 and 2, respec-
tively, in the laboratory frame. It is obvious from equations (3.51) that the total
momentum of the two particles in the C system is zero:

m i v l c + m 2 v 2 c = 0 (3.52)

Next we calculate the total kinetic energy in the laboratory frame and express it
in terms of the center of mass energy and the energy in the C system:

_ 1 9 1 9 1

= 2 m 0 Vc + miV?c + j m2V2c + ( m i V l c + m 2 V 2c ) Vc

where m0 is the total mass of the two particles, mo=m1+m2. On the other hand we
know that m1vlc+m2v2c=0 because of the conservation of momentum in the C sys-
tem (see equation (3.52)), therefore we obtain the following expression for the
total kinetic energy in the rest frame:

( 3 5 4 )

Equation (3.54) expresses a well known result: the total kinetic energy in the
rest frame is equal to the sum of kinetic energies of the two particles in the C sys-
tem plus the kinetic energy of the center of mass (the kinetic energy of a particle
with mass mo=m1+m2 moving with the center of mass velocity).

Based on our earlier results one can readily express the total kinetic energy in
the C system, Ec, with the help of the relative velocity vector, g:

T3 1 2 1 2 1 m * 2 2 1 m * 2 2 * * 2 /? e n
E c = ^ m i V c + ^ m 2 V c = ^ — S + o — § = ~ m g (3-55)

2 2 2 ml 2 m2 2
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3.1 Kinematics of two particle collisions 75

which says that the total kinetic energy of the two particles in the C system is equal
to the kinetic energy of the relative motion.

Another conserved quantity of our two particle system is the angular momen-
tum vector, L. The angular momentum of the two particles in the laboratory frame
can be calculated in the following way:

L = rt xml V l +r2 xm2v2 = r{ xmx(\c +vl c) + r2 xm2(vc + v2c)

= (m1r1+m2r2)xvc +r1xm1vl c + r2 xm2v2c

= r c x m o v c + r 1 x m * g - r 2 x m * g = r c x m 0 vc + rxm*g (3.56)

The first term describes the angular momentum of the center of mass, while the
second term corresponds to the angular momentum in the C system, Lc. Using the
results obtained in the previous subsections of this section it is obvious that the
magnitude of the angular momentum in the C system can also be expressed in
terms of the impact parameter, b:

Lc=|rxm*g|=m*gob (3.57)

where g0 denotes the magnitude of the relative velocity before the collision.
So far in this subsection we have expressed the fundamental conserved quanti-

ties (momentum, energy and angular momentum) in the laboratory and center of
mass systems. Next we consider the relations between physical quantities before
and after the collision. Unprimed quantities will refer to initial values and primed
quantities to final values after the encounter.

We showed at the beginning of this chapter that the velocity of the center of
mass remains constant during the two particle collision (we showed in equation
(3.4) that the center of mass does not accelerate), therefore vc '=vc. The conserva-
tion of total energy simplifies to the following expression, taking into account the
conservation of the center of mass velocity:

(3.58)

Equation (3.58) means that the magnitude of the relative velocity remains
unchanged during the collision, g-g .

Next we consider the consequences of the conservation of momentum.
Equations (3.51) express the particle velocities in the C system in terms of the
relative velocity vector, g. This means that vlc=m*g/m1 and v'lc=m*g7m1 and
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76 3 Binary collisions

therefore vlc=v'lc (because g-g). Similarly, v2c=-m*g/m
2

 a n d vf
2c=-m*gym2 and

therefore v2c=v'2c.
These results are schematically shown in Figure 3.6 and they can be summa-

rized as follows. In the C system, the particles approach each other with equal and
opposite momenta along parallel paths. The velocity of each particle is changed in
direction but not in magnitude by the encounter in the C system.

m2v2c

Figure 3.6

We summarize our results by calculating the change of momentum of each par-
ticle during the collision in the laboratory frame. The change of momentum of par-
ticle 1 during the collision is the following:

5(m1v1)= mxv; - m1v1 = m ^ - m1vc
(3.59)

On the other hand we know that the center of mass velocity is conserved during
the collision, therefore

(3.60)

Obviously, 8(m1v1)=-8(m2v2).
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3.2 Statistical description of collisional effects 11

Finally, one can calculate the components of the momentum transfer parallel
and perpendicular to the relative velocity (these quantities will play very important
roles in calculating transport coefficients):

5(m1v1 )|( = m* (g cos % - g) = -m*g(l - cos %) (3.61a)

5(m1v1)i = m*gsin% (3.61b)

3.2 Statistical description of collisional effects

In this section we introduce several new statistical quantities such as the mean free
time, mean free path, collision frequency, collision rate, collision cross section and
differential cross section. We shall also see that these quantities are closely related
to each other and to other fundamental molecular quantities. In this section we use
very simple physical models to emphasize the basic concepts of these new statisti-
cal quantities.

The concept of mean free path was introduced in 1858 by Rudolf Clausius.10

This revolutionary new idea opened the road to the development of gaskinetic
theory.

For the sake of simplicity we consider a single species gas composed of hard
sphere molecules. In this simple model all molecules have the same diameter, d. A
given molecule will suffer a collision whenever the distance between the centers of
this molecule and any other molecule approaches the diameter, d (see Figure 3.4).
We may thus imagine each molecule as having a sphere of influence of radius d.

3.2.1 Mean free time

The free time is the travel time of a molecule between two successive collisions.
The mean free time is the average time between two successive collisions of a
single molecule. Consider a molecule with velocity v. Assume that this particle
suffers a collision with another molecule at t=0. Let Ptime(t) denote the probability
that this molecule survives a time period t without suffering a second collision.
Obviously, Ptime(0)=l, because we have neglected multiple collisions (if
Ptime(0)^l, the particle could collide with two separate molecules at the same time:
such collisions are not considered in classical gaskinetic theory).

Let vdt denote the probability that a given molecule suffers a collision between
time t and t+dt. The quantity v is now the collision probability per unit time (also
called the 'collision frequency') of a particle. It is assumed that the collisional
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78 3 Binary collisions

probability density, v, is independent of the past collisional history of the molecule
(in other words it does not matter when the molecule suffered its last collision). In
general, however, v may depend on the speed of the particle (faster particles travel
larger distances and therefore encounter more molecules in the same time inter-
val), so it is written v(v).

With the help of the collision frequency, v, it is possible to derive the functional
form of the survival probability, Ptime. The probability that the particle survives a
time interval t+dt without suffering a collision must be equal to the product of the
probabilities of no collision in the subsequent time intervals from 0 to t and from t
to t+dt:

Ptime (* + d t ) = Ptime (*) Ptime ( d t ) (3.62)

On the other hand we know that vdt is the probability that a collision occurs during
the infinitesimal time interval, dt, therefore the probability that no collision occurs
during the same short time period must be Ptime(dt)=(l-vdt). This means that

Ptime ̂  + d t ) = Ptime (*)(! ~ V<^t) (3.63)

The left hand side of equation (3.63) can be expanded into a Taylor series and one
can stop after the linear term because dt is a very small quantity. This linear expan-
sion yields the following differential equation for Ptime:

dP.
—^se_ = - v P . (3 64)

j * time \-J.\JTJ

The solution of this differential equation (taking into account the Ptime(0)=l condi-
tion) is the following:

Ptime(t) = e-Vt (3.65)

Equation (3.65) gives the probability that no collision occurs during the time
interval t. Based on this probability one can readily derive the probability that the
free time between two successive collisions of a given molecule is between t and
t+dt. Let us denote this probability by ftime(t)dt. ftime(t)dt must be equal to the prod-
uct of the probability that no collision occurs in the time interval from 0 to
t, Ptime(t), and the probability that a collision occurs between t and t+dt, vdt:

fri ft)dt = e-vtvdt (3.66)
time
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3.2 Statistical description of collisional effects 79

It should be recognized that ftime(t) is the distribution of free times. Using this dis-
tribution function one can readily derive the mean free time, T:

(3.67)

The mean free time is the average time between collisions for particles with a
given speed (the mean free time is also called the collision time). It should be
noted that at this point the collision time (or collision rate) is a formally defined
quantity which must be related to known molecular properties (such as size, mass,
speed, etc.).

3.2.2 Mean free path

The free path is the distance traveled by a molecule between two successive colli-
sions. The mean free path is the average distance between two successive colli-
sions of a single molecule. The distribution of free paths can be derived in the
same way as we derived the distribution of free times.

Consider a molecule with velocity, v. Assume that this particle suffers a colli-
sion with another molecule at s=0. Let P ath(s) denote the probability that this mol-
ecule survives a distance, s, without suffering a second collision. Obviously,
Ppath(0)=l, because we neglected multiple collisions. Let ads denote the probabil-
ity that a given molecule suffers a collision between distance s and s+ds. The
quantity a is now the collision probability per unit distance for an individual parti-
cle. It is assumed that the collisional probability density, a, is independent of the
past collisional history of the molecule. In general, however, a may depend on the
speed of the particle (faster particles travel larger distances and therefore
encounter more molecules in the same time interval), so it is written oc(v).

With the help of the parameter, a, it is possible to derive the functional form of
the survival probability, P ath. The probability that the particle survives an interval
s+ds without suffering a collision must be equal to the product of the probabilities
that no collision occurs in the subsequent intervals from 0 to s and from s to s+ds:

(3-68)

where we have made use of the fact that P ath(ds)=(l-ads). The left hand side of
equation (3.68) can be expanded into a Taylor series and one can stop after the lin-
ear term because dt is a very small quantity. This linear expansion yields the fol-
lowing differential equation for P ath:

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:33:56 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.004
Cambridge Books Online © Cambridge University Press, 2013



80 3 Binary collisions

dP ^
(3-69)

The solution of this differential equation (taking into account the P ath(0)=l condi-
tion) is the following:

Ppath(s) = e-as (3.70)

Equation (3.70) gives the probability that no collision occurs on the distance
interval, s. Based on this probability one can readily derive the probability that the
free path between two successive collisions of a given molecule is between s and
s+ds. Let us denote this probability by f h(s)ds. It is obvious that f h(s)ds must be
equal to the product of the probabilities that no collision occurs in the interval
from 0 to s, P ath(s), and a collision does occur between s to s+ds, ads:

fpath(s)ds = e"a sads (3.71)

It should be recognized that f ath(s) is the distribution of free paths. Using this dis-
tribution function one can readily derive the mean free path, X:

oo oo

X = Jdssf path(s) = Jdssae-a t = - (3.72)
a

The mean free path is the average distance between collisions for particles (with
a given speed). It is obvious that the mean free time, x, and the mean free path, X,
are not independent quantities. On the average a particle travels a distance of X
between two consecutive collisions in time x, therefore the ratio of the two, A/x,
must represent the average speed of the particle:

- = v (3.73)
x

3.2.3 Collision cross section

Collisions between molecules can be described in terms of the scattering cross
section, o, which is determined by the interaction potential between the particles.
In the case of a single species gas composed of hard sphere molecules the cross
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3.2 Statistical description of collisional effects 81

section is simply the projected area of the sphere of influence onto a plane perpen-
dicular to the relative velocity vector of the particles, o=7cdm

2 (dm is the diameter
of the hard sphere molecule).

A more general definition can be given in the following way. Consider a beam
of particles moving with a fixed velocity, \ v incident upon a single target molecule
(moving with velocity v2) that deflects the beam molecules. In the frame of refer-
ence of the target molecule the beam is moving with the relative velocity, g=v1-v2.
In this frame of reference the beam intensity (number of particles intersecting in
unit time a unit area perpendicular to the beam) is denoted by IQ. As a result of col-
lisions with the target molecule a fraction of the beam, dl, will be scattered so that
the direction of the scattered molecules is in a small solid angle element, d£2' (see
Figure 3.7). The number of particles scattered into the solid angle element in unit
time is proportional to the intensity of the incident beam, Io, and to the solid angle
element, dQ'. One can then write

(3.74)

Figure 3.7

where d2N is the scattering rate into the small solid angle element, and S is a factor
of proportionality. This proportionality factor, S, is called differential cross sec-
tion. In general the differential cross section is a function of the relative velocity
vectors before and after the collision, S=S(g,gr). If the interaction potential
between the molecules is known, the differential cross section can be calculated by
using classical or quantum mechanical methods. It can be easily seen from equa-
tion (3.74) that the differential cross section has the dimensions of an area. The
physical interpretation is that S(g,gr) is the perpendicular area of the molecule (in a
plane perpendicular to the pre-collision relative velocity vector, g) which scatters
incident molecules with relative velocity g to an infinitesimal velocity space solid
angle around the relative velocity vector g'.

The total rate of particles scattered in all directions, N, can be obtained by inte-
grating equation (3.74) over all directions of the scattered relative velocity vector, g':

N = I0JJdffS(g,gf)=oI0 (3.75)
4TC
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82 3 Binary collisions

where a is called the total scattering cross section and is defined by the following
integral:

:') (3.76)
4TC

In general the total scattering cross section depends on the incident relative
velocity vector, g, and on the magnitude of the scattered relative velocity, g'.

The intermolecular force field is generally considered to be spherically symmet-
ric. This assumption is approximately valid in many cases. Without this assump-
tion gaskinetic theory becomes almost prohibitively complicated (we have enough
difficulties even with this simplifying assumption), therefore spherically symmet-
ric force fields will be assumed throughout this book. At the same time one must
realize that this assumption represents a potentially important limitation of gas-
kinetic theory.

As was discussed in Section 3.1 the relative motion of two molecules interact-
ing with a spherically symmetric central field of force is a planar motion and there
is a one-to-one correspondence between the impact parameter, b, and the deflec-
tion angle, %. In this case the scattering process has an axis of symmetry which is
parallel to the initial relative velocity vector, g, and goes through the center of the
target molecule. Both the impact parameter, b, and the deflection angle, %, are
measured in the plane of motion. This situation is shown schematically in Figure
3.8. The plane of relative motion is defined by the azimuth angle, 8, measured
from an arbitrary reference plane in the counter-clockwise direction. Due to the

Figure 3.8
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3.2 Statistical description of collisional effects 83

spherical symmetry of the central field of force, the differential cross section, S,
must be independent of the azimuth angle, 8, and the direction of the initial rela-
tive velocity, g. This means that S=S(g,%)-

In the case of a spherically symmetric central field of force the differential cross
section can also be expressed in terms of the impact parameter, b, and the azimuth
angle, 8. The differential cross section is the infinitesimal area which scatters inci-
dent molecules with relative velocity g to an infinitesimal velocity space solid angle
element, dQ', around the scattered relative velocity vector g' (see Figure 3.9). We
know that there is a one-to-one correspondence between b and %, therefore particles
approaching the center of force along a very thin cylinder with radius b centered at
the axis of symmetry will have the same deflection angle, %. The azimuth angle of
the plane of relative motion, 8, can vary from 0 to 2n without having any effect on
the deflection angle. The direction of motion of the scattered particle is fully charac-
terized by % and 8, and the infinitesimal solid angle element around this direction can
be written as dQ -sin % d% de. The area element of the target molecule which scatters
particles with deflection angles between % and %+d% can be written as -27cbdb, and
the area which scatters particles with deflection angles between % and %+d% and with
azimuth angles between 8 and 8+d8 is -b db de (the - sign is needed because %
decreases with increasing values of b, therefore db and d% have opposite signs). This
area element is exactly the differential cross section, therefore one can write

S(g, %) sin x d% de = - b db de (3.77)

idb

Figure 3.9
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84 3 Binary collisions

This equation can be solved for the differential cross section

(3.78)

This result can be illustrated by considering the case of hard sphere molecular
collisions. Figure 3.10 illustrates the collision of two identical molecules with
diameters, dm, initial relative velocity vector, g, and impact parameter, b. It is obvi-
ous from the schematics that the relation between the impact parameter and the
deflection angle can be expressed as

> = d m S i n ( l>m= d
n

= d m c o s | ^ (3.79)

Figure 3.10

or in differential form

(3.80)
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3.2 Statistical description of collisional effects 85

Substituting equations (3.79) and (3.80) into equation (3.78) yields the following
expression for the differential cross section of the hard sphere molecule:

^ (3.81)
4

The total scattering cross section can be obtained by integrating over the entire
solid angle space:

n In 71 2% *2

^ (3.82)

This result simply tells us that the cross section of a hard sphere molecule is the
cross section of the sphere of influence. This result is not surprising and is com-
pletely consistent with physical intuition.

Equation (3.78) can be used to obtain the differential cross section for molecular
interactions characterized by an arbitrary potential, U(r). In this case the relation
between the deflection angle and the impact parameter was found to be the follow-
ing (see equation (3.33)):

= 7 t - 2 — fdx (3.83)
r mi , L b2 2x2U(x)2x2U(x)

m*g2

Here the distance of closest approach, rm, is given by equation (3.31). In equation
(3.83) we have also introduced a new dimensionless integration variable, x=r/rm.
Equation (3.83) can be used to prove that x(b) is a monotonically decreasing func-
tion. This can be seen by taking the derivative of the deflection angle, %, with
respect to the impact parameter, b, and using the definition of the closest approach
(equation (3.31)):

x 2U(x)

2
db d b r 13/2

(3.84)

The integral in equation (3.84) is positive semidefinite because the expression in
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86 3 Binary collisions

the denominator is positive for x>l and consequently the numerator in the integral
is also positive (it should be noted that this integral is improper, because the inte-
grand is singular at x=l). The derivative in equation (3.84) can also be written in
the following form:

(3.85)

Equation (3.85) is positive if the increase of the distance of closest approach is
slower than the increase of the impact parameter, b. This condition is satisfied by
all physically meaningful interparticle potentials. It is interesting to note that if the
potential is constant, U=U0, then rm can be expressed as

and consequently

H ( h ^
(3.87)

which means that d%/db=0.
In addition to the differential and total scattering cross sections several other

cross sections appear in non-equilibrium transport theory. These general transport
cross sections are defined in the following way:

2TI n

on(g)= JdeJdjcsinx(l-cosnx)S(g,5c) (3.88)
0 0

where n is a positive integer (n=l,2,...). For instance ax (called the momentum
transfer cross section) plays an important role in the study of diffusion, while vis-
cosity and heat conductivity depend on the next higher order cross section, a2. The
physical meaning of the transport cross sections will be discussed in detail later (in
Chapter 6). Here we only mention that these cross sections are closely related to
the transport of various macroscopic gas quantities. For instance, the transfer of
the parallel component of the particle momentum is proportional to 1-cos % (see
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3.2 Statistical description of collisional effects 87

equation (3.61a)), therefore ox will be related to the transport of momentum (we
will see that the momentum component perpendicular to the ambient relative
velocity does not contribute to the macroscopic momentum transport).

For hard sphere molecules the differential cross section is S(g,%)=dm
2/4 and the

CFj and a2 quantities can be easily evaluated:

^ ^ (3.89a)
0 0

a2(g) = ^f Jde}dxsinx(l-cos2
 X) = \K*1 (3.89b)

4 o o •*

3.2.4 Collision cross sections for inverse power interactions

It is of particular interest to examine the differential cross section for inverse
power interactions. We start with the x(b) function which can be expressed in the
following form (see equation (3.40)):

-1/2

v L I (3.90)

where x0 is the normalized impact parameter:

(3.91)

It should be mentioned again that for a given value of the exponent, a, the upper
integration boundary, xm, is only a function of x0 and is given by equation (3.39).

The differential cross section can be easily calculated for some special inverse
power interactions. The lowest order case, a=2, describes electrostatic or gravita-
tional interactions. In the previous subsection we derived the b(x) function for this
interparticle potential (see equation (3.44)) and one obtains:

b ^ ( 3 92)
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88 3 Binary collisions

Using equations (3.78) and (3.92) one can derive the differential cross section for
this particular inverse power potential field:

Equation (3.93) can be used to obtain the well known Rutherford formula describ-
ing the differential cross section of electron scattering on atomic nuclei. In this
case K2=e2/47ce0 (where e is the electron charge, e= 1.602 2x10~19 coulomb, and e0

is the permittivity of vacuum, eo=8.854 187xlO~12 faradnr1). With these values
equation (3.93) becomes the Rutherford formula:

The differential cross section for the a=3 inverse power potential can be
obtained by using equation (3.47) relating the deflection angle and the impact
parameter. Using equation (3.44) one can express b in terms of %:

(3.95)

where b^K^n^g2)172. Substituting this expression into equation (3.78) yields the
differential cross section for the a=3 inverse power potential:

(3.96)
sin%

Next we will examine the total cross section for inverse power interaction
potentials. We start this process by investigating the x(b) function in the small
angle scattering (large impact parameter) limit. For an arbitrary inverse power
potential equation (3.90) can be rewritten in the following form:
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3.2 Statistical description of collisional effects 89

where we have introduced a new integration variable and the following dimen-
sionless quantity:

V 1

a-l^x

When deriving equation (3.97) we also used the relationship xm
2=l-8a (see equa-

tion (3.39)). It can be immediately seen that for a given exponent value, a, 8a is
only a function of the dimensionless impact parameter, x0. For large impact para-
meters x0 becomes large and consequently 8a approaches zero. On the other hand
when 8a approaches zero, xm goes to 1 (which means that for large impact parame-
ter collisions the closest distance is practically the impact parameter itself).

In the 8a—>0 limit one can expand the integrand in equation (3.97) in powers of
8a and drop the higher order terms (keep only the zeroth and first order terms):

lim x = 7C- X —a- l * „„ = 8 f
~^ 2 (1-X2)3 / 2J aJ

Q

dx
(1-X2)2 ) 3 / 2 (3.99)

The integral in equation (3.99) is a pure number which depends only on the
inverse power exponent, a. For integer values of a this integral can be evaluated.
Let us introduce

1 _!. 1 _
B = Idx

a J ( 1 _
(1_x2)3/2

(3.100)

It is easy to see that B2=l, while for a>2, Ba assumes values given by

fl-3-5-...-(a-2)jc „ _ , < „

B =
2-4-...(a-3) 2

2 4 6 - . . . ( a - 2 )
1 3 . . . ( a - 3 )

(3.101)

For large impact parameters, xm can be replaced by 1 and therefore the deflec-
tion angle can be expressed in the following form:

lim % =
ba - 1 a - l ^ m g2 (3.102)

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:33:56 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.004
Cambridge Books Online © Cambridge University Press, 2013



90 3 Binary collisions

Substituting this into the expression for the differential cross section yields the
following formula:

4 J_

lim S(g,X) = - — ^ = X ~ ^ ^ f ^ V r (3-103)
b->« smxdx a - l v a - l m y

where we have used the well known small angle approximation for the sine func-
tion, sin x~X-

It can be seen that as the impact parameter goes to infinity (%—»0) the differen-
tial cross section becomes singular (because l/x2a/(al)->oo as X~>0). The physical
meaning of this singularity is that collisions with large impact parameters result in
highly focused forward scattering (extremely small deflection angles). Inspection
of equation (3.103) reveals that the deflection angle dependence of the differential
cross section changes from X'4to %~2 as the inverse power exponent increases from
a=2 to a=°o.

The total cross section of molecules interacting via inverse power potentials can
be divided into two parts. The first part describes the molecular 'area' resulting in
collisions with deflection angles larger than an arbitrary (but small) angle, x0 ( « 1 ) ,
while the second integral describes the contribution of small angle collisions (X<%o):

2TC 7C In XO

a - JdeJdxsinxS(g,x)+ JdeJdxsinxS(g,x) (3.104)

In the next step we use our earlier results to simplify the first integral and equation
(3.103) to evaluate the second integral

^-Kg-^^nx-l (3.105)

In equation (3.105) the first integral is finite, but the second term is infinite for any
value a>2. Equation (3.105) indicates that the total scattering cross section of mol-
ecules interacting via an r a potential is infinite, because the integral becomes infi-
nite at the lower boundary (x=0). The singularity arises because of the large con-
tribution of small deflection angles (large impact parameters). For large impact
parameters the differential cross section grows faster than sin x decreases.

The classical cross section for inverse power potentials is infinite indicating the
limits of applicability of classical physics. This problem can be resolved by using
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3.2 Statistical description of collisional effects 91

quantum mechanics1112 or by taking into account the shielding of electrical
charges in plasma physics1314 (for the a=2 case). In plasma physics the impact
parameter is limited by the shielding effect of other charged particles, therefore
there is a minimum deflection angle for particle collisions, %min. In this case the
total cross section becomes

cos%
7C/2 , . 2

2TI
3 , . . . . , (3-106)

sin3 '

Small angle collisions result in only a very small transfer of momentum and
energy between the colliding molecules, therefore the total collision cross section
is not very important in gaskinetic theory. More important are the cross sections
characterizing the transfer of momentum (cx) and energy (G2) which are weighted
by collisions resulting in more significant deflections.

For inverse power interactions the general cross section can be written in the
following form:

271 71 7C , ,

on (g) = J de j dx sin x (1 - cos" x) S(g, x) = -2n J d% b (1 - cos" %)—
oo o 5C

(3.107)

The impact parameter, b, can be replaced by the dimensionless quantity, x0 (see
equation (3.39)). This operation leads to the following expression:

(3-108)

It is easy to express the integral in equation (3.108) in terms of x0 instead of the
deflection angle, %:

2
—7 4- l —

(3.109)

where An(a) is a pure number determined only by the exponent of the inverse
power potential, a:
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92 3 Binary collisions

oo

An(a) = Jdx0x0[l-cosn3c(x0)] (3.110)

Most of the higher order classical cross sections are finite even for small angle
collisions. This can be seen by calculating the contribution of small angle colli-
sions to (Tn(g). This can be done by substituting the small angle collision limit of
the differential cross section (equation (3.103)) into equation (3.107) and using the
series expansion of the sin % and cos % functions:

0 0

The integral can easily be evaluated to yield the following relation:

XO

(3.112)

It can be seen that the contribution of small angle scattering (and consequently the
transport cross section itself) is finite for a>2 values. As previously indicated the
still singular a=2 case has to be treated with quantum mechanical or plasmaphysi-
cal methods. Tabulated values of An(a) are given in Table 3.1 for exponents a>2.

Inverse power interaction potentials are widely used in kinetic theory. On the
other hand it was shown above that the classical interpretation of molecular trajec-
tories in inverse power potential fields leads to infinite values of the total cross
section, a. As we shall see in the following sections the total scattering cross sec-
tion plays an important role in interpreting statistical quantities such as the mean
free path or the collision frequency. This problem can be sidestepped by using the
momentum transfer cross section, av in the calculation of transport coefficients
and in the classical interpretation of the mean free path and the collision fre-
quency. The use of the momentum transfer cross section is motivated not only by
mathematical necessity, but also by the physical argument that in the calculation of
mean free path only those collisions should be taken into account which result in
appreciable change in the momentum vector.

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:33:56 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.004
Cambridge Books Online © Cambridge University Press, 2013



3.3 Relations between statistical and molecular quantities

Table 3.1

93

a

3
4
5
6
7
8
9
10
11
12
13
14
15
20
25
30
40
50
75
100
oo

0.79495
0.49044
0.42194
0.39592
0.38544
0.38154
0.38080
0.38168
0.38343
0.38562
0.38804
0.39054
0.39306
0.40477
0.41440
0.42220
0.43395
0.44235
0.45573
0.46370
0.50000

A2

1.05519
0.56081
0.43619
0.38401
0.35675
0.34066
0.33040
0.32352
0.31873
0.315 30
0.31282
0.31099
0.30964
0.30674
0.30655
0.30723
0.30919
0.31113
0.31497
0.31762
0.33333

A3

1.42450
0.74940
0.58520
0.51886
0.485 63
0.46698
0.45578
0.448 80
0.44437
0.44157
0.43984
0.438 84
0.43834
0.43957
0.44287
0.44637
0.45259
0.45756
0.46618
0.47167
0.50000

3.3 Relations between statistical and molecular quantities

3.3.1 Collision frequency

In this section we shall find quantitative relationships between statistical quantities
characterizing molecular collisions (such as mean free path or collision frequency)
and basic physical properties of the gas (such as concentration, temperature, etc.).
We start with a simplified discussion to introduce the physical concept, and then
present a more rigorous method of calculating these relationships.

Consider a gas consisting of only a single kind of molecule. Let us take one sin-
gle molecule (molecule 1) and calculate the number of its collisions per unit time.
We denote the average concentration of molecules (the average number of mole-
cules per unit volume) by n and assume that all other molecules move with the
same speed, v, and their relative speed with respect to our molecule 1 is g
(where v and g denote the average speed of the molecules and their mean rel-
ative speed, respectively). The fixed molecule represents an effective target area of
a. This cross section is the total scattering cross section of the molecule: in the
case of inverse power interaction potentials one can approximate it by the momen-
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94 3 Binary collisions

turn transfer cross section, or by the total cross section obtained by plasmaphysical
or quantum mechanical methods. Consider the number of collisions with molecule
1 in time dt. At t=0 those molecules which collide with molecule 1 in time dt have
their centers within a circular cylinder of length g dt and volume a g dt. Now the
number of collisions of molecule 1 in time dt is the volume of the impact cylinder
times the number density of the impinging molecules, no g dt.

Earlier we defined the collision frequency, v, as the number of collisions of a
single molecule per unit time. We conclude that

v = nog (3.113)

Next we calculate the average relative speed, g. Let us consider the relative
velocity between our molecule 1 and another arbitrary molecule, molecule 2. It
was assumed that all molecules move with the same speed, v, therefore the
square of the relative speed can be written as

g 2 2 = v 2 + v 2 _ 2 V i v 2 c o s 0 = v2 + v 2 - 2 v 2 c o s e (3.114)

where we have denoted the angle between the two velocity vectors by 9. The aver-
age relative speed can be obtained by taking the angular average of equation (3.114):

g2 = < g22 > Q Z = 2v2 - 2v2 < cosG >0= 2v2 (3.115)

This result can be substituted into equation (3.113) and so we can express the col-
lision frequency (number of collisions of a single molecule in unit time) in terms
of well understood fundamental parameters of the gas:

v = V2nov (3.116)

If we assume that the gas is in kinematic equilibrium one can use equation
(2.65) to express the average molecular speed in terms of the gas temperature and
the molecular mass, m. This substitution results in the following expression for the
collision frequency:

(3.117)

We were able to express the collision frequency in terms of fundamental gas
parameters. This result can be used to obtain specific expressions for the mean free
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3.3 Relations between statistical and molecular quantities 95

time and the mean free path of the molecules as well. Substituting equation (3.116)
into equation (3.67) which directly relates the collision frequency to the mean free
time yields the following:

x (3.H8)
V2nav

We also know that the ratio of the mean free path and mean free time is the aver-
age particle speed (see equation (3.73)), therefore one immediately obtains

* (3.H9)
V2no

This is a very important result which tells us that the mean free path of the mole-
cules depends only on the gas density and the scattering cross section of the mole-
cules and is independent of the average molecular speed (or equivalently, the
temperature).

3.3.2 Collision rate

Next we calculate the collision rate in a gas mixture. This calculation will be car-
ried out in a rigorous way assuming only that the velocity distribution function is
known for all molecular species.

Let us consider two groups of molecules. Molecules in the first group have
velocities in the range from Vj to v1+d3v1 and the other between v2 and v2+d3v2.
The number densities of the two groups of molecules are nx and n2, respectively.

The rate at which a single molecule of group 2 encounters molecules of group 1
is the same as if the molecule of group 2 was at rest and the molecules of group 1
were approaching it with velocities between g and g+d3g, where g=Vj-v2 is the rel-
ative velocity of the two groups of molecules. The flux of molecules 1 impinging
on molecule 2 is

d3l = gd3nj = giij f l(vl)d
3vl (3.120)

where f/Vj) is the normalized velocity distribution function of molecules 1.
As has been discussed in the previous sections each collision between a mole-

cule 1 and a molecule 2 is characterized by the relative speed, g, and by the direc-
tion of the relative velocity vector after the collision, denoted by the angles % and 8
(or equivalently, by the azimuth angle and the impact parameter). The number of
encounters per unit time between a single molecule of group 2 and molecules of
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96 3 Binary collisions

group 1 resulting in a final relative velocity vector within the solid angle element,
d£2, around direction (%,e) is

d5l = S(g,3c)sinxd3cded3I = gSCg,*)^ f^v^s inxd^ded 3 ^ (3.121)

Since there are d3n2=n2f2(v2)d
3v2 molecules of group 2 per unit volume, the

number of encounters per unit time between the two groups which scatter into the
solid element d£2 is

d8I = gS(g,x)n1n2f1(v1)f2(v2)sin%dxd8d3v1d3v2 (3.122)

At this point we must recognize the potential problem of double counting. If
molecules 1 and 2 are identical, equation (3.122) describes the differential colli-
sion rate (number of collisions between two groups of molecules with specific
velocity vectors and deflection properties in unit time and unit volume) between
molecules of the same species. Obviously, by integrating over all eight variables
(six velocity components, impact azimuth and deflection angle) one obtains the
total collision rate of these molecules (total number of collisions between two
groups of molecules in unit time and unit volume). In the case of identical mole-
cules such integration counts each collision twice, because both colliding mole-
cules are denoted once as particle 1 and once as particle 2. In this case both nx and
n2 are identical to the number density of all colliding particles.

If molecules 1 and 2 are different, such a double counting cannot occur, because
when the integrals are carried out Vj always denotes molecules 1 and it cannot
refer to a molecule 2. In this case the total number density of colliding particles is
n i + n r

In order to avoid double counting we introduce a symmetry factor, K12, which
corrects for the potential double counting:

K 1 2 = - ^ 2 - (3.123)
n + n

where n12 is the total number density of molecules 1 and 2. For identical molecules
(also called like molecules) K12=l/2, while for different molecules (unlike mole-
cules) K12=l. With this correction the differential collision rate becomes the fol-
lowing:

d8I = K12gS(g,%)n1n2f1(v1)f2(v2)sinxdxd8d3v1d3v2 (3.124)
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3.3 Relations between statistical and molecular quantities 97

The total collision rate, N12, is the number of collisions between molecules 1
and 2 in unit time and in unit volume. This can be obtained by integrating expres-
sion (3.124) over all variables:

In n

N12=K12n1nJJJd3vJJJd3v2JdeJdxsiiixS(g,x)gf1(v1)f2(v2) (3.125)
0 0

The two integrals over the scattering angles define the total scattering cross section
(we use a finite scattering cross section obtained by quantum mechanical, plasma-
physical or some other approximation), a. It was shown earlier in this chapter that
for spherically symmetric interaction force fields (and our consideration is limited
to such forces) the total cross section is only a function of the relative speed, there-
fore o=c(g). Now equation (3.125) can be written in the following form:

N12=K12n1nJJjd3vJJJd3v2a(g)gf1(v1)f2(v2) (3.126)

The integration with respect to the particle velocities is quite difficult, because
the relative speed, g, is a transcendental function of the velocity components. To
circumvent this difficulty we transform the integration variables from \x and v2 to
the center of mass and relative velocities, vc and g. One can express \{ and v2 in
terms of v and g (see equations (3.51)):

_ m

f\ — V g

m,

m (3.127)

The differential quantities can be transferred in the following way:

(3.128)

where the Jacobian of the transformation is given by
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(3.129)
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98 3 Binary collisions

Using these results one can express the collision rate in terms of integrals over the
center of mass and relative velocities:

^ g l (3.130)

Next we evaluate this result for a gas mixture in kinematic equilibrium. Under
equilibrium conditions each species individually follows a Maxwell-Boltzmann
distribution at the common equilibrium temperature, T. This means that the prod-
uct of the normalized velocity distribution functions can be written as follows:

m )3/2
(m m )

f ( V )f (v ) = ^m2> e 2kT e 2kT
1 l 2 2 (27ikT)3

( * \2 / * \2

l
(27tkT)3

* V_ m + m
 e

2nkT

Substituting this result into equation (3.130) yields the following expression for
the collision rate:

jm*(m.+m, )n ^ 2

(3.132)

The three integrals over the center of mass velocity components can be easily car-
ried out. One can use spherical coordinates for the relative velocity space and inte-
grate over the solid angle (the integrand is only a function of the relative speed, g).
In this way we can work out all but one of the integrals in equation (3.132) and
obtain

( m* V mg
N12 = 4j tK1 2n i n^—J Jdgg3 c(g)e~ ™ (3.133)

This integral can be evaluated for any specific cross section function. In the sim-
plest case when the cross section can be considered to be constant, a(g)=a12, then
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3.3 Relations between statistical and molecular quantities 99

we can work out the last integral and obtain the following simple expression for
the collision rate, N12:

8kT 8kT
+ 7im2

(3.134)

Here we have used the definition of the mean particle speed, v, which was given
by equation (2.65).

The collision rate (collisions per unit volume and unit time) and the collision
frequency (number of collisions of a single molecule per unit time) are closely
related quantities. The collision rate, N12, is the product of the collision frequency
and the number density of target molecules (corrected for potential double count-
ing):

N12=K12niV12=K12n2V21 (3-135)

where v12 is the number of collisions per unit time of a single molecule of type 1
with molecules of type 2. Similarly, v21 is the number of collisions per unit time of
a single molecule of type 2 with molecules of type 1. This means that in a gas
under equilibrium conditions the collision frequency can be expressed as

18kT
v12 =a 1 2 n 2 J =o12n2^v1

2 + v2
2 (3.136)

This result is the rigorous derivation of the collision frequency for a gas mixture in
kinematic equilibrium. In the case of a single species gas equation (3.136) simpli-
fies to the equation (3.116).

In a mixture of many gases the collision frequency of a single molecule of
species s can be expressed as

=vsl+vs2+vs3+...=
t = l

where K is the total number of species and the summation also includes collisions
with molecules of the same species.

The mean free time of a molecule of species s is TS=1/VS, SO the mean free path
can be written in the following form:
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100 3 Binary collisions

< 3 1 3 8 )

t=l

This is a very important result which expresses the mean free path of a given mol-
ecular species in terms of fundamental gas parameters (assuming equilibrium con-
ditions and a constant scattering cross section). It should be emphasized that in a
multicomponent gas there is a mass factor in the expression which is sometimes
incorrectly replaced by a factor of V2 .

3.3.3 Chemical reactions

In the previous subsection we assumed that the gas mixture was composed of
chemically inert (non-reacting) molecules, so that the molecules did not suffer any
change during collisions. In this subsection we briefly consider a chemically react-
ing mixture of gases and express the chemical reaction rate constant with the help
of fundamental molecular and gas parameters.

We use the simple reaction of hydrogen iodide formation and decomposition to
introduce the fundamental concepts of kinetic description of gas phase chemical
reactions: H2+I2^->2HI. A forward reaction takes place when an H2 and an I2

molecule encounter each other and the energy of the relative motion satisfies
certain conditions. In this case the two molecules briefly unite to form a compound
molecule that spontaneously decomposes to two hydrogen iodide molecules.
Conversely, the reverse reaction occurs when two HI molecules collide, temporar-
ily form a compound molecule and then decompose to an H2 and an I2 molecule.

We use a very simple model to illustrate the formation of the unstable com-
pound molecule. Figure 3.11 schematically shows the intermolecular potential for
these collisions. It can be seen that when the centers of the colliding molecules are
relatively far from each other the potential is weakly attracting (negative), while it
becomes strongly repulsive as the molecules get close to each other. The transient
molecular compound is formed when the centers of the colliding molecules
approach each other within a distance of d0 (reaction distance). In order to do so
the molecules have to overcome a potential energy barrier, Uo (activation energy).
In this model a chemical reaction is interpreted as a simple collision with the fol-
lowing relative velocity dependent cross section:

= a 0 H ( g - g 0 ) (3.139)

where H(g) is the Heaviside step function and the velocity threshold, g0, is the
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Figure 3.11

velocity of relative motion which is sufficient to overcome the potential energy
barrier:

(3.140)

We now calculate the number of reactive collisions per unit volume per unit
time, Z12. This can be done by substituting the cross section of the chemical reac-
tion (equation (3.139)) into equation (3.133):

Zn=4KKl2c0nln2

3/2

(3.141)

Equation (3.141) is valid for both the forward and the reverse reaction. The main
difference is that the forward reaction involves the collision of different (unlike)
molecules, therefore Kf=l, while the reverse reaction involves the collision of two
like molecules (HI), therefore Kr=l/2. The integral in equation (3.141) can be read-
ily carried out to yield

Z 12 = 2kT
(3.142)

The threshold velocity can be expressed in terms of the barrier potential, Uo:

(3.143)
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102 3 Binary collisions

Bimolecular reactions (like the ones discussed here) are characterized by reac-
tion rate constants defined by the following equation:

(3,44,

The reaction rate constant, k12, is independent of the particle densities but it is usu-
ally a strong function of the temperature and the physical properties of the reacting
molecules.

It is clear that the rate constant is a function of the dimensionless quantity,
a=U0/kT, which is close to the ratio of the barrier potential and the average molec-
ular kinetic energy. If this ratio is large (the threshold potential is much larger than
the average molecular kinetic energy) the reaction rate can be approximated as

(3.145)

For instance, in the case of our reverse reaction the threshold potential of the
2HI->H2+I2 reaction is U0=3.0xl0"19 joule (1.9 eV) and therefore oc=2.2xl04/T. It
is apparent that at ordinary temperatures very few molecules will have high
enough thermal energies and there will be only a small number of reactive colli-
sions. It is also interesting to note that the reaction rate for this collision is
extremely sensitive to the gas temperature: a temperature increase from 300 K to
310 K results in a factor of 10 increase in the rate coefficient.

The other extreme case is when the threshold potential is small compared to the
average molecular kinetic energy, oc«l . The reaction rate can be approximated
by

/ Q\c
rr

(3146)

In this case most molecules can penetrate the potential barrier and the reaction rate
coefficient only weakly depends on the gas temperature, k12 oc V T .

3.4 Problems

3.1 The statement is often made that binary encounters between molecules of
masses mx and m2 result in very little relative change in the energy of the heavier
molecule if mx « m2. Verify that this statement is correct (calculate AE/E).
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3.4 Problems 103

3.2 Consider two weakly attracting rigid elastic sphere molecules (Sutherland
model) and neglect those collisions when the two molecules do not come into con-
tact. The interparticle potential is shown in Figure 3.12. Both colliding particles
have the same mass, m, and diameter, dQ. The relative velocity of the particles
before collision is g0. What is the maximum impact parameter, bm, resulting in a
collision? What is the total cross section of the interaction? (Assume that
2U0/m*g0

2«l at all times.)

U J .

Figure 3.12

3.3 At room temperature (T=300 K) the total scattering cross section for electrons
on air molecules is about 10~19 m2. At what gas pressure will 90 percent of the
electrons emitted from a point-like cathode reach a point-like anode 0.2 m away?
(Assume that scattered electrons cannot reach the anode.)
3.4 Consider two electrically oppositely charged but otherwise identical Maxwell
molecules. The molecular mass is m and the charges of the molecules are ±e
(e=1.6022xl0~19 coulomb is the electron charge). When the molecules are not
charged, they interact via a repulsive potential with a momentum transfer cross
section of 10~20 m2. Assume that the gas temperature is 300 K and all particles
move with the average speed. Plot the interparticle potential for these charged
Maxwell molecules as a function of intermolecular distance.
3.5 Calculate the total cross section, a, and the momentum transfer cross section,
Gj, for the differential scattering cross section S(%) = ^a0|3cos2 % - 1 | , where o0

is a constant.
3.6 Two different gases (molecules A with mass mA, temperature TA and number
density nA, and molecules B with mass mB, temperature TB and number density nB)
move through each other with a relative bulk velocity, u0, where uo»(kTA/mA)1/2

and uo»(kTB/mB)1/2. Find the (A,B) collision rate (assuming that the collision cross
section, a ^ , is independent of the relative velocity). Find the mean free path of the
(A,B) collisions. Compare these results to the uo=O case and explain the difference.
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4
Elementary transport theory

So far we have considered gases which were in kinematic equilibrium. It was
always assumed that the molecules did not have any organized motion (bulk
motion), and that the gas temperature and the number density of the molecules
were constant everywhere. Under such conditions there is no net particle transport
from one place to another.

In this chapter we relax our earlier assumptions and let the macroscopic quanti-
ties (gas bulk velocity, temperature, pressure, concentration, etc.) have slow spa-
tial variations. These configuration space gradients result in macroscopic transport
phenomena, such as diffusion or heat flow. Fluid dynamics describes these trans-
port phenomena using empirical transport coefficients, such as viscosity, diffusion
coefficient or heat conductivity.12

In this chapter we shall use the elementary mean free path method to describe
macroscopic transport phenomena and to calculate approximate values for the
transport coefficients. This simple and remarkably successful method is quite
general because it does not depend on the form of the distribution function and,
therefore, does not assume equilibrium.3"7

The mean free path method is based on the assumption that the gas is not in
equilibrium, but the deviation from equilibrium is so small that locally the distrib-
ution of molecular velocities can be approximated by Maxwellians. However, the
macroscopic parameters of the local Maxwellians slowly vary with configuration
space location. Mathematically this assumption can be translated into two basic
conditions.

The first condition is that the variation of all macroscopic quantities is small
within a mean free path. In other words the mean free path, X, must be much
smaller than the characteristic scale length, L, of the fastest varying macroscopic
quantity, G:

X«L (4.1)
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106 4 Elementary transport theory

where L is defined by the following equation:

VG

G (4.2)

The second condition to be satisfied is related to the Taylor series of the fastest
varying macroscopic quantity, G. The Taylor series expansion of G about an arbi-
trary point in the gas, r0, must rapidly converge for distances comparable to the
mean free path, X. This condition can be written as

|G(r0 ) | » X | VG(r0 ) | » X2 | V VG(r0 ) | » X31VV VG(r0 ) | » . . . (4.3)

The mean free path method can be used as long as conditions (4.1) and (4.3) are
satisfied. When these conditions are violated different physical processes domi-
nate the gas transport. Some of these processes will be discussed in this chapter in
connection to molecular flow in an infinitely long tube. It will be shown that the
results of the mean free path method can be used with some modification even
when X and L are comparable (but X<L). However, when the mean free path
becomes much larger than the smallest characteristic scale size of the problem the
mean free path method entirely loses its usefulness and quite different methods
have to be applied.

Elementary transport theory is a very powerful way to gain physical insight into
the basic processes of molecular transport. In most cases this simple theory leads
to the correct dependence of transport coefficients on the gas parameters, and the
numerical values are typically within a factor of 2 of the result of more rigorous
(and much more complicated) calculations.

4.1 Molecular effusion

First we consider a very simple case of particle transport, where empirical trans-
port coefficients do not play a role. We shall examine the problem of molecular
effusion (escape from a container through a small orifice) using continuum gas
dynamics and gaskinetic methods. It will be no real surprise to see that the two
methods lead to different results.

One of the very important questions that we are interested in is the rate at which
gases can leak into vacuum through very small holes. This problem has consider-
able importance in several applications, such as the design of space vehicles.
For other important applications, one must calculate the thrust (net loss of momen-
tum through the hole in unit time) caused by molecular effusion. Among other
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4.1 Molecular effusion 107

things this effect can result in spacecraft rotation, which can lead to loss of stabi-
lization.

This problem is very simple, it does not involve macroscopic transport coeffi-
cients. We consider two adjacent gas reservoirs with a small orifice connecting
them. The thickness of the wall is assumed to be negligible compared to the diam-
eter of the orifice.

4.1.1 Hydrodynamic escape

We consider two reservoirs filled with a frictionless compressible perfect gas char-
acterized by molecular mass, m, and specific heat ratio, y. The gas pressure and
number density in reservoir 1 are px and n p and in reservoir 2, p2 and n2. The pres-
sure in reservoir 2 is smaller than that in reservoir 1, i.e. Pj>p2. There is an orifice
in the wall between the two reservoirs (this situation is shown schematically in
Figure 4.1).

Reservoir 1

ni>Pi

Reservoir 2

n2, P2

Figure 4.1

If the orifice is sufficiently large (its diameter is much larger than the mean free
path of the molecules), the flow problem may be treated by hydrodynamic meth-
ods.12 The linear dimensions of the reservoirs are assumed to be very large com-
pared to the size of the orifice and therefore the gas velocity can be taken to be near
zero everywhere except in the immediate vicinity of the orifice. We approximate this
effusion process by a steady-state adiabatic outflow with no external work. For this
flow the specific energy of the fluid is constant along each streamline:1

+ u

y - l m n 2 y ~ 1 m n i
(4.4)

where the quantities n, u, and p refer to the gas number density, outflow velocity
and pressure at the orifice. The outflow is an adiabatic process, therefore the fol-
lowing relation must hold:
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108 4 Elementary transport theory

(4.5)

Combining equations (4.4) and (4.5) we obtain the following expression for the
outflow velocity, u:

U= I^-^L
y - 1

Y - l

T

2a|_

Y - l

Y-l

1 - (4.6)

where a1
2=yp1/mn1 is the speed of sound in reservoir 1. It is interesting to calculate

the sound speed at the orifice. This can be directly obtained by using the adiabatic
relation, equation (4.5):

1=1

(4.7)

Using equations (4.5) and (4.6) one can readily obtain the particle flux through
the orifice:

n,a,|i
r |_2_

P i ; u v - 1

Y-l

(4.8)

It is easy to see that the particle flux is zero both for p/pj=l and for p/p^O and that
it reaches its maximum value at a critical pressure given by

V
Pc=Pl (4.9)

It can be shown that the outflow velocity at this critical pressure is the same as the
speed of sound at the orifice:

1 H — (4.10)
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4.1 Molecular effusion 109

These results have a very important physical meaning. The flux of molecules
through the orifice increases with decreasing outside pressure until the pressure in
reservoir 2 decreases below the critical value, pc. At this point the outflow velocity
equals the local sonic velocity and the effusing flux reaches its maximum value.
The pressure at the orifice cannot decrease any further, because that would violate
basic conservation laws (it would involve an 'unprovoked' subsonic to supersonic
flow transition). The flow is sonic at the orifice; therefore no information can prop-
agate back to reservoir 1 about the conditions beyond the orifice (the gas in reser-
voir 1 has no way of 'knowing' how low the pressure is in the other reservoir). The
gas pressure eventually decreases from pc to p2, but this decrease takes place inside
reservoir 2 (near the orifice).

Our results show that for large pressure drops the effusing flux is the maximum
hydrodynamic outflow flux, given by

Equation (4.11) is the hydrodynamic escape flux for large pressure differences.
This result will be compared to the prediction of the kinetic description, to be
obtained in the next section.

4.1.2 Kinetic effusion

Next we consider the same problem with the difference that the orifice is assumed
to be much smaller than it was in the hydrodynamic case. It is now assumed that
the mean free path of the gas molecules is much larger than the diameter of the ori-
fice, which is still much larger than the molecular size. In the first step we neglect
the flow of molecules from reservoir 2 to reservoir 1; these molecules will be
taken into account later.

Molecules leave reservoir 1 in the form of a molecular beam. Each molecule
leaves the container with the velocity it had as it came up to the hole. The loss of a
single molecule now and then through the hole only slightly disturbs their distribu-
tion inside the container. A trace of mean motion towards the hole must develop in
the reservoir because of the absence of those collisions that the lost molecule
would have had with others on its return from the wall. However, this effect will
be wiped out promptly by the molecular collisions which always tend to set up and
preserve the equilibrium state.

Let us examine the velocity distribution function of escaping molecules. Only
those molecules can leave reservoir 1 through the orifice which have an outward
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110 4 Elementary transport theory

pointing velocity component in the direction perpendicular to the orifice. This
requirement is schematically illustrated in Figure 4.2. The vz axis is directed out-
ward (from reservoir 1 to reservoir 2) and therefore all escaping molecules must
have positive vz velocities (in reservoir 1, vz<0 characterizes molecules coming
from the orifice).

Figure 4.2

In the present approximation all particles which cross the orifice satisfy the con-
dition vz>0, because we assumed that there is vacuum outside. Consequently, the
velocity distribution right outside the orifice can be characterized by a truncated
Maxwell-Boltzmann distribution function:

Fesc =

\3/2
m 2kT '

2rckT
if vz > 0

ifv < 0

(4.12)

where n is the number density in reservoir 1. Note that the truncated distribution
function, Fesc, is normalized to n/2.

Using the distribution function of escaping molecules, Fesc, we can calculate the
escape flux from reservoir 1. Let us denote the orifice area by dS and consider a
group of molecules with velocity vectors in an infinitesimal neighborhood of v
which hit dS during the time interval dt (it is clear that v must have a positive vz

component, otherwise these molecules cannot leave reservoir 1). These molecules
are all contained at the beginning of the time interval, dt, in an oblique cylinder
with base dS and altitude vzdt (this oblique cylinder is shown schematically in
Figure 4.3). The volume of the impact cylinder is
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4.1 Molecular effusion 111

Figure 4.3

^ i impact (4.13)

The name 'impact cylinder' refers to the fact that at the beginning of the time
interval, dt, this cylinder contains all particles with velocity v which impact the
orifice element, dS, during this time interval. The number of particles with veloci-
ties between v and v+d3v which pass through the orifice element, dS, in time , dt, is
given by the following expression:

(4.14)

The flux escaping from reservoir 1 through the orifice is defined as the number
of particles leaving the reservoir per unit orifice area per unit time. The escape flux
can be expressed with the help of the distribution function of escaping particles:

oo oo oo

j = |dv idv |dv v F (v)
J esc J x J y J z z escv '

(4.15)

The velocity distribution of escaping particles is given by equation (4.12).
Substituting this distribution function into equation (4.15) and recognizing that
particles with vz<0 cannot leave reservoir 1 through the orifice leads to the follow-
ing expression for the escape flux:

Jesc=n
m

2nkT) j
jdvx Jdvjdvzvze

_ _J5_ (V2 + V2 + V2
2 kT I x y z

= n

(4.16)
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112 4 Elementary transport theory

It is important to mention that the boundaries of the vz integral in equation (4.16)
are 0 and ©° (and not -oo and +°°), therefore the integral of the odd function is not
zero. The mean speed of molecules in reservoir 1 is

(4.17)

(see equation (2.65)). Using this result the escape flux from reservoir 1 through the
small orifice can be written as

It is instructive to compare the escape fluxes derived by hydrodynamic and
kinetic methods. The kinetic derivation was carried out with the assumption that
reservoir 2 was empty, therefore the maximum hydrodynamic escape flux (given
by equation (4.11)) must be compared to the kinetic result given by equation
(4.16). The ratio of the two results is the following:

2nm

It can be shown that in the specific heat ratio interval l<y<2 (most gases have spe-
cific heats in this range), the j h d/j^n ratio increases from 1.5 to 1.93. This means
that the flux of escaping molecules is about 1.5 to 1.9 times larger under hydrody-
namic conditions (when the characteristic size of the orifice is much larger than
the mean free path of the molecules) than that under kinetic outflow conditions
(when the orifice is small compared to the mean free path).

Our kinetic description of molecular effusion through a small orifice can easily
be extended to the situation when the outside reservoir (reservoir 2) is not empty.
If the kinetic outflow conditions are satisfied in both reservoirs (i.e. the mean free
path of molecular collisions is much larger than the size of the orifice) then the
effects of molecular scattering can be neglected in the immediate vicinity of the
orifice. This means that molecules leave reservoir 1 through the orifice without
noticing the molecules in reservoir 2. By the time a molecule which just escaped
from reservoir 1 to reservoir 2 has its next collision (this time inside reservoir 2) it
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4.1 Molecular effusion 113

is sufficiently far from the orifice that local effects can be neglected. This molecule
will undergo many collisions in reservoir 2 (and accommodate to the gas in reser-
voir 2) before it reaches the orifice again. The same argument applies to particles
leaving reservoir 2. One can conclude that the escape fluxes from reservoirs 1 and
2 do not influence each other and therefore the net particle flux from reservoir 1 to
reservoir 2 can be calculated as

J = Ji - h = ^ (n i v i - n2V2)

4.1.3 Transport of macroscopic quantities through the orifice

Escaping molecules carry a flux of macroscopic quantities through the orifice. One
can calculate, for instance, the escaping mass flux, or the momentum flux carried
through the orifice by the escaping molecules. In general, a molecular quantity,
Q(v), is the microscopic aspect of some macroscopic parameter (note that Q is
only a function of the velocity vector and it is independent of time or configuration
space location). The average value of this molecular quantity, Q, multiplied by
the average number of molecules in a macroscopically infinitesimal volume ele-
ment, n, is the density of the macroscopic quantity associated with Q. A simple
example is the case Q=m, when the microscopic physical quantity is the mass of
the molecules. The related macroscopic quantity is the mass density of the gas, p,
which can be obtained as p=n Q =nm. Another example is the case Q=mv2/2,
when the microscopic physical quantity is the kinetic energy of the molecule. The
corresponding macroscopic quantity is the internal energy density of the gas,
h=nm<v2>/2. Using our earlier results (see equation (2.70)) we obtain h=3nkT/2,
where T is the gas temperature.

The flux of macroscopic quantities through the orifice can be calculated by tak-
ing the velocity space averages of the escape fluxes of the corresponding micro-
scopic quantities. The differential escape flux of molecules with velocity vectors
in an infinitesimal neighborhood of v can be obtained from equation (4.14):

The differential flux of the molecular quantity, Q, through the orifice can be writ-
ten as

d3jQ=Q(v)vzFesc(v)d3v (4.22)
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114 4 Elementary transport theory

Finally, the flux of the macroscopic quantity corresponding to the molecular quan-
tity, Q, is

( m
= n

7 j 7 j ^ / x ( m v 2 \dv dv dv v Q(v) exp
L XL yJ

0
 z z I 2kTJ

/ \ 3/2 oo 2TC TC/2 /- 2\

n - ^ - fdv fdcp fd0 v3sin9 cosG Q(v) exp - — (4.23)
K2nkTj I I I { 2kTj

It should be noted that the truncated nature of the distribution function of escap-
ing particles is taken into account by modifying the integration boundaries. In
Cartesian coordinates this means that the vz integral goes from 0 to oo, while in
polar coordinates the polar angle varies only from 0 to 7i/2, corresponding to posi-
tive vz values only (vz =v cos 9).

Next we consider two examples for escape fluxes. The three components of the
momentum flux through the orifice can be obtained by substituting the molecular
momentum for the Q quantity, Q=mv:

( m V / 2 °° °° °° / rx\\r^ \
JMX

 = I l m ^ZT^ JdVx j d V yJ d V z V z VxeXP ~ ^ f = 0 ( 4-2 4 a )
V y - o o - o o 0 V ^

,3/2

With the help of this result one can calculate the thrust created by the gas escaping
through a microscopic hole with area AQ. Thrust is the net transfer of momentum
through the hole in unit time. It is easy to see from equations (4.24) that the net
thrust is perpendicular to the hole and its magnitude is Aop/2, where p is the gas
pressure inside the container.

In the second example we calculate the energy flux through the orifice. The cor-
responding molecular quantity is Q = mv2/2 and the differential energy flux can be
written as

/ \ 3/2 oo oo oo f 2\

j M =nm —— fdv [dv [dv v v e x p \ - ^ - =0 (4.24b)jMy V2nkT) £ x}^ y[ z z y \ 2kTy

/ \ 3/2 oo oo oo / 2 \ 1

j M =nm — 5 - [dv [dv [dv v2exp - ^ ^ - U - n k T (4.24c)

2
d3jE=^mv2vzFe s c (v)d3v (4.25)
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4.2 Hydrodynamic transport coefficients 115

The energy flux can be obtained by integrating expression (4.25) for all velocities
with positive vz components:

x3/2oo 2n nil
i f m

J E =^ m n

\ 3/2 °° In TC/2 / 2 \

I dv I d(p f d© v5 sin© cos© exp
y n n o V ^iv± yVZ7lKly 0 0

1 f m "\ "r , f , f . c ( rnv2^) K _
_ mn I dv I n(h I ril I 11 v-5 p.m = mn v= — mn J dvjdcpl d|i | i v 5 exp = — m n v 3 (4.26)
2 V27ikT^ o o o v 2 k T ^ 1 6

When evaluating the integral we have introduced a new variable, |i=cos 0.
It is instructive to calculate the average kinetic energy carried by the escaping

particles. A first careless guess would be that the average energy of the particles
leaving the reservoir through the small orifice is the same as the average energy of
the gas molecules in the container, 3kT/2. One has to think a little more carefully
because in this case simple intuition is misleading.

The average energy of the escaping molecules can be obtained by dividing the
energy flux (given by equation (4.26)) by the number flux of the outflowing mole-
cules (given by equation (4.18)):

^ = - m v 2 = 2 k T (4.27)
Jesc

This is a very interesting result. The average energy of those particles which
leave the container through the orifice is larger than the average energy of all parti-
cles in the reservoir. The physical explanation is that the volume of the escape
cylinder (which contains all particles with velocity v which leave the container
through the orifice during a given time interval) is proportional to the vz velocity
of the particles (see equation (4.13)). On the average, faster particles have larger vz

velocity components than slower particles. This means that during the same time
interval fast particles can escape from a larger volume than slower particles, con-
sequently the average energy of escaping particles must be higher than the average
molecular energy in the container.

4.2 Hydrodynamic transport coefficients

4.2.1 Viscosity

Moving fluids exhibit evidence of internal friction, called viscosity. This point can
be illustrated by the following simple example. Consider a moving fluid between
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116 4 Elementary transport theory

two infinite parallel planes (we choose a coordinate system where the (x, y) plane
is parallel to the infinite planes). The lower plane (characterized by z=0) is at rest
and the upper one (located at z=h) moves in the positive x direction with a con-
stant velocity, u0. This situation is shown schematically in Figure 4.4.

= 0-

Figure 4.4

Imagine that the moving fluid is subdivided into many thin layers parallel to the
two planes. In our case all these layers are parallel to the (x,y) plane and are char-
acterized by their z coordinates. Assume that the top layer adheres to the moving
upper plane and the bottom layer to the fixed plane (boundary layers).

The motion of the individual layers is approximated as that of a solid body. This
means that the motion of the i-th layer is characterized by a single velocity,
ui=u(zi), where z{ is the z coordinate of the layer. The individual layers move with
different velocities, therefore there is friction between the layers. Each layer will
experience a forward drag from the layer above (and will exert a backward drag on
the layer above) and a backward drag from below (and will exert a forward drag
on the layer below). This process creates a velocity gradient in the fluid. Under
steady-state conditions the layer at height z will have a velocity of u(z) with
u(0)=0 and u(h)=u0. It is interesting to note that the velocity of the layers points in
the x direction, but the velocity gradient is in the z direction.

The frictional forces acting on the two surfaces of a given layer (due to the inter-
action with the layers above and below) are parallel to the surfaces and they are
referred to as shearing forces (these forces are trying to shear the layer). The shear-
ing force per unit surface area of the surface over which the force is acting is called
shearing stress. The shearing stress is defined by its magnitude and by two direc-
tions: (i) the direction of the force and (ii) the normal vector of the surface. In our
case, the shearing stress will be denoted by -Pzx. The convention is that the first
subscript gives the direction of the normal vector and the second refers to the
direction of the force. Using this convention Pzz measures the normal force per
unit area acting on the surface, i.e. Pzz is the pressure on the surface, p.
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4.2 Hydrodynamic transport coefficients 111

Figure 4.5 illustrates the forces acting along the two interfaces of a given layer.
The flow velocity increases upward, therefore the i-th layer exerts a backward
shearing stress, Pzx(+), on the faster moving fluid layer above it. Conversely,
according to Newton's third law the fluid above the i-th layer exerts a stress of
-Pzx(+) on the layer in the middle. Similarly, the i-th layer exerts a forward stress,
-Pz x ( } , on the layer below, and therefore the stress acting on the lower surface of
layer T is Pzx(_}. In general, the shearing forces generated by the velocity differ-
ences between adjoining layers of fluid are trying to reduce the velocity difference.
Empirically, the velocity gradient, du/dz, is found to be directly proportional to the
decelerating shearing stress, Pzx:

< 4 2 8 )

Figure 4.5

Here the proportionality factor, T|, is called the coefficient of viscosity of the fluid.
The negative sign expresses the fact that the shearing force (generated by the
velocity gradient) is trying to reduce the physical effect which generated it. Our
example shows that force must be applied to the lower wall to keep it at rest and to
the upper wall to maintain its uniform motion. These forces are proportional to the
viscosity of the fluid, r|.

Kinetic theory is not only able to explain this result qualitatively, but it also
gives a theoretical expression for the coefficient of viscosity. This derivation will
be carried out later, in connection with the mean free path method. The qualitative
explanation of our previous result follows from microscopic considerations of
kinetic theory.

In the gas the motion of molecules in the y and z directions is totally random,
but in the x direction their average velocity is equal to the velocity of the bulk
motion. This average velocity, ux, slowly varies with the altitude, z. Molecules
cross the interface between two adjoining thin gas layers in both directions with
equal frequency. Each molecule that crosses from above carries with it momentum
and energy which are transferred from the layer above to the layer below via colli-
sions. Molecules that cross from below transfer momentum and energy from the
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118 4 Elementary transport theory

lower to the upper layer. Because of the velocity gradient the molecules above the
interface have a somewhat larger average x-momentum than the molecules below.
As a result of this microscopic process macroscopic momentum is being slowly
transferred from the upper layer to the lower one. The effect is the same as if the
upper layer exerted a frictional drag in the x direction on the lower layer.

According to Newton's second law the rate of change in the x-momentum of
the lower layer is equal to the force exerted on it. The net transfer of x-momentum
per unit time per unit area is equal to the shearing stress. This is the qualitative
interpretation of equation (4.28). The coefficient of viscosity will be derived quan-
titatively in Section 4.3.

4.2.2 Heat conductivity

Heat flow takes place in any medium in which a temperature difference exists. In
simple cases (like heat flow through a wall) the transport of heat per unit area per
unit time is found to be directly proportional to the temperature gradient.

The heat flow vector, q, is defined as the quantity of heat flowing per unit time
through a unit area perpendicular to the direction of the flow. Experiments show
that the direction of heat flow at any point of a heat conducting medium is opposite
to the direction of the temperature gradient at that point. Assuming a one dimen-
sional heat flow along the z axis, the empirical heat conduction is

q = - K V T (4.29)

where K is the coefficient of thermal conduction (sometimes it is also called
thermal conductivity) of the medium.

The mechanism of heat conductivity can again be understood in terms of gas-
kinetic theory. Consider a gas confined between two infinite parallel planes (a
similar situation to the one discussed in connection to viscosity). The lower and
upper planes (located at z=0 and z=h) are kept at a temperatures To and Th>T0,
respectively. This situation is shown schematically in Figure 4.6.

Imagine that the gas is again subdivided into many thin layers parallel to the
two planes. In our case all these layers are parallel to the (x,y) plane and are char-
acterized by their z coordinates. Assume that the top layer has the same tempera-
ture as the upper plane, Th, and the temperature of the bottom layer is identical to
that of the lower plane, TQ. The temperatures of the thin gas layers are increasing
with increasing z. The molecules cross the interfaces between the thin gas layers
from above and below with equal frequency. In our case dT/dz>0, therefore mole-
cules coming from above have a larger mean kinetic energy than the molecules
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4.2 Hydrodynamic transport coefficients 119

z = 0-

Figure 4.6

coming from below. Thus there is a net flow of energy from the upper layer to the
one below.

4.2.3 Diffusion coefficient

Next we consider a very simple example for molecular diffusion, the so-called self
diffusion. Consider a gas containing two kinds of molecules with very similar
molecular weights and practically identical collision cross sections. For example,
consider a situation when a single species gas contains two isotopes of the same
molecule. The concentrations of the two isotopes are denoted by n0 and nv where
n0 is the concentration of the regular molecules and n 1 « n 0 is the concentration of
a trace isotope. We assume that n0 is constant everywhere, as is the temperature, T.
This means that the total concentration and pressure are constant and therefore
there is no mass motion in the system (the contribution of the tracer molecules is
neglected).

Suppose that the concentration of tracer molecules, n1? is not uniform, and it is a
function of the z coordinate, n^n^z) . In this case the gas can again be subdivided
into many thin layers parallel to the (x,y) plane. The tracer molecules cross the
interfaces between the thin gas layers from above and below. If dn1/dz>0, more
molecules are crossing the interface from above than from below. Thus there is a
net flow from the higher density layer to the lower density one.

The net particle flux in the z direction, j z , is the difference between the numbers
of upward and downward moving tracer molecules crossing unit interface area per
unit time. To a good approximation this flux is proportional to the concentration
gradient of tracer molecules:

^ (4.30)
dz
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120 4 Elementary transport theory

The constant of proportionality, D, is called the coefficient of self diffusion of the
gas. The negative sign in equation (4.30) indicates that diffusion is trying to elimi-
nate the concentration gradient of the tracer component.

4.3 Mean free path method

From the previous discussion of self diffusion, viscosity and heat conduction it is
clear that the three are closely related. In all three cases there is a gradient of some
macroscopic property of the gas which results in the transport of some molecular
quantity. This transport is directly proportional to the negative of the gradient of
the macroscopic quantity.

In this section we will work out an elementary treatment of these transport phe-
nomena using the mean free path method.

4.3.1 Mean free path treatment of transport phenomena

First let us consider a gas in which the distribution function of molecular velocities
varies along the z direction, but does not change in the x or y directions. This one
dimensional situation will be used to introduce the fundamental concepts of the
mean free path method. At the end the results will be generalized to three dimen-
sional problems.

We assume near-equilibrium conditions, i.e. at every spatial point the velocity
distribution function of the molecules is close to the Maxwell-Boltzmann distribu-
tion. However, the macroscopic parameters of the distribution function (such as
temperature or particle number density) can slowly vary from point to point. The
slow variation means that all characteristic scale lengths of these variations are
much larger than the mean free path, X.

The mean free path method is based on the idea that the collisional process can
be discretized. It is assumed that all collisions take place simultaneously at dis-
crete instants, t=0, x, 2x, 3x,... (where x is the mean free time), and at discrete val-
ues of the z coordinate, z=0, Az, 2Az, 3Az, ... (where Az is the average distance
traveled by a particle in the z direction in a mean free time).

The discretization must be done in such a way that the average properties of the
molecular motion be preserved. This can be achieved by the appropriate choice of
the discretization distance, Az.

Consider those molecules which suffer a collision between t=0 and t=x at a
small surface element of the plane z=0, dS, and after the collision have their veloc-
ity vectors in the infinitesimal vicinity of v which has a positive component in the
z direction, vz>0. At t=x all these particles will be contained inside an oblique
cylinder with base area of dS and altitude v x. The volume of this small cylinder is
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4.3 Mean free path method 121

^scattered =V<*S (4.31)

The selected particles travel a distance of vzx in the z direction during the time
interval, T. The distance, Az, can be obtained as the average distance traveled in
the z direction during a mean free time, x:

2TI nil

Jdv Jdcp Jd0v2sin0v2T2F(t = O,z = O,v,0,cp)dS
0 0 0
oo 2n nil

Jdv Jdcp Jd0v2sin0vzxF(t = O,z = O,v,0,cp)dS

Here F(t,z,v,9,(p) is the phase space distribution function of the molecules. Note
that the integral in the polar angle, 0, goes only from 0 to 7i/2, therefore only posi-
tive vz components are taken into account.

The average distance traveled by the particles between two consecutive colli-
sions is the mean free path, X. On the average molecules travel a distance of X in
time x, therefore the average particle speed can be approximated by v =X/x and
the velocity component in the z direction can be written as VZ=(A/T)COS 0. Using
this approximation and assuming a locally Maxwellian velocity distribution one
can evaluate expression (4.32) to obtain

oo in nil / \ \

Jdv Jdcp Jd0 v2 sin0cos2 0F t = 0,z = O, v = -,0,cp dS

Jdv Jdcp Jd0 v2 sin0cos0F t = O,z = 0, v = -,0,cp dS
0 0 0 ^ 1 J

(4.33)

Using this result one can define the mean free path method as follows. The
velocity distribution functions at all discrete 'collision planes' are assumed to be
locally Maxwellian at each time step (right after the collisions). The macroscopic
parameters of these Maxwellian distributions may slowly vary from one colli-
sional plane to another. This means that all particles which at time t (just before
collision) are located at the plane z=z0 had their last intermolecular collision at
time t-T either at the z=zQ-2A/3 or at the z=zo+2A/3 planes. This situation is shown
schematically in Figure 4.7.

At time t particles arrive from two directions at the plane z=zQ. Upward moving
particles (those with vz>0) arrive from below, while downward moving molecules
(with v <0) arrive from above. This means that just before the collision the distrib-
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122 4 Elementary transport theory

Figure 4.7

ution of molecular velocities is discontinuous at z=zQ: it is identical to
Q:

F(t-T,zo-2A/3,v) for particles with positive vz, while for downward moving mole-
cules it is F(t-T,zo+2A/3,v). Therefore at time t the distribution function at z=zQ can
be written as

F(t,zo,v) =

if vz > 0

if v z < 0

(4.34)

Using equation (4.34) one can now calculate the net flux of the molecular quan-
tity, Q(v), through the plane z=zQ. The volume of the infinitesimal 'impact' cylin-
der is proportional to the vertical velocity component, vz (see equation (4.31));
therefore flux of Q is

(4.35)

Substituting the mean free path method approximation of the distribution function
(given by equation 4.34) into equation (4.35) yields:
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4.3 Mean free path method 123

o
jQ(t,z0)= Jdvx Jdvy JdvzvzQ(v)F(t-x,z0 +1 A,,v)

+ J dvx J dvy J dvz vz Q( v) F(t - x, z0 - |X , v) (4.36)

One of our fundamental assumptions at the beginning of this Chapter was that
all macroscopic quantities are slowly varying functions of spatial locations. In
other words it is explicitly assumed that the scale length of any macroscopic varia-
tion is always much larger than the mean free path. This means that the distribu-
tion functions in equation (4.36) can be expanded into Taylor series around the
location z=z0 and one can stop after the linear term:

(4.37a)

Substituting expressions (4.37) into equation (4.36) yields the following approxi-
mation for the net flux of molecular quantity, Q(v), through the plane: z=z0

J Q ^ o h | d V x | d V y JdvzVzQ(v)F(t-T,Z0,v)
— oo —oo —oo

+ J dvx J dvy J dvzvz Q(v) F(t - x, z0, v)
o

- . 0 0 00 0

+ ! ^ Jdvx jdvy JdvzvzQ(v)F(t-x,z0,v)
— 00 —00 —00

-V OO OO OO

- f X— Jdvx JdvJdvzvzQ(v)F(t-x,z0,v) (4.38)

The first two integrals add up to an integral over the entire velocity space. The
third and fourth integrals can be combined if Q(v)F(t,z,v) is an even function of
the velocity coordinate, v :
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124 4 Elementary transport theory

j q ^ o h Jdvx Jdv
y JdvzvzQ(v)F(t-x,z0,v)

— oo —oo —oo

- s OO OO OO

"3 ^ jdvx JdvJdvzvzQ(v)F(t-x,z0,v) (4.39)

The two terms in equation (4.39) describe two very different physical processes.
The first term corresponds to macroscopic, organized transport of physical quanti-
ties in the z direction. Such transport can be due to the bulk motion of the gas as a
whole. The second term describes the flux of physical quantities in the z direction
due to the random (thermal) motion of the gas molecules. This term describes the
flux difference carried by particles which cross the plane z=z0 upward and down-
ward due to their thermal motion.

Equation (4.39) is the fundamental equation of the mean free path method. With
the help of this equation we are able to obtain specific expressions for the hydro-
dynamic transport coefficients, r|, K and D. In the following subsections we will
consider the physical problems qualitatively discussed in section 4.2 and express
the hydrodynamic transport coefficients with the help of the fundamental equation
of the mean free path method, equation (4.39).

4.3.2 Diffusion

Let us consider the simplest specific case of equation (4.39), when the situation is
steady-state and Q=l. For the flux of molecules through the plane z=z0 the mean
free path method yields

- f ^ Jdvx JdvJdvzvzF(z0,v) (4.40)

The first integral in equation (4.40) is zero because we integrate the odd function, vJF,
from -oo to +00. The second integral is the same as the escape flux was through the
microscopic orifice (see equation (4.15)) and its value is n(z0) v(zo)/4. Using these
considerations one can evaluate equation (4.40) and obtain the following result:

In the case of self diffusion the temperature remains constant throughout the
container, while the concentration of the tracer component is a slowly varying
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4.3 Mean free path method 125

function of z (see Subsection 4.2.3). Constant temperature corresponds to constant
mean particle velocity and therefore equation (4.41) simplifies to

(4-42)

This result has to be compared to the empirical expression for the density gradient
generated self diffusion used in fluid dynamics (this expression was given in equa-
tion 4.30). The comparison yields the following expression for the coefficient of
self diffusion:

D= -X\ (4.43)

Another expression can be obtained for the diffusion coefficient by using our ear-
lier results to express the mean free path and the mean thermal velocity. In this way
one can directly relate the diffusion coefficient to fundamental molecular properties:

(4.44)

where a is the total cross section of molecular collisions. Equation (4.44) predicts
that the diffusion coefficient is directly proportional to T1/2 and inversely propor-
tional to the particle density, n. The predicted dependence on the temperature and
density is well supported by observations. In most cases the numerical factor in the
diffusion coefficient is not better than a factor of three or so. However, considering
all the simplifications involved in the mean free path method it is quite remarkable
that the dependence on the macroscopic gas parameters is correct for perfect gases.

4.3.3 Heat conduction

In the next example we examine the steady-state energy flux through the plane
z=z0. In this case the corresponding molecular quantity is the kinetic energy, there-
fore we choose Q(v)=mv2/2. Substituting this function into the fundamental equa-
tion of the mean free path method (equation (4.39)) yields the following:

(4.45)
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126 4 Elementary transport theory

The first integral is again zero, because we integrate an odd function (vzv
2) from

-oo to +00. The {} term in the second integral is the same as the one evaluated in
connection with the escaping energy flux through the microscopic orifice (see
equation (4.26)) and its value is 7unn v3 /16, therefore one obtains

(4.46)

In the case of pure heat conduction it is assumed that the particle concentration is
constant everywhere, n=constant, and the gas temperature varies with altitude, z.
In this case equation (4.46) simplifies to the following:

k{zo)=-^mnX W^ = ~ n ^ k ~ a T ~ (4*47)

Comparing equation (4.47) to the empirical relation between the temperature gra-
dient and the heat flow (given by equation (4.29)) yields the following expression
for the heat conductivity, K:

K = n v U (4.48)

The heat conductivity can also be expressed in terms of molecular parameters:

(4.49)

Equation (4.49) tells us that the heat conductivity is independent of the particle
density and it varies with the gas temperature as T1/2. This is a quite remarkable
result which is well supported by observations. Again, the numerical factor in
equation (4.49) cannot be taken too seriously, but the general dependence on the
macroscopic gas parameters is true for perfect gases. It should be noted that for
some molecules the average cross section is temperature dependent. This fact
must be taken into account when calculating transport coefficients.

4.3.4 Viscosity

In this section we apply the mean free path method to calculate the coefficient of
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4.3 Mean free path method 127

viscosity. We consider the same example as was discussed in Subsection 4.2.1. In
this example the gas moves between two infinite parallel planes. The lower plane
is at rest and the upper one moves in the positive x direction with a constant veloc-
ity, uQ. The distance between the two planes is denoted by h. It is assumed that the
temperature and concentration are constant everywhere between the two infinite
planes, but the bulk flow velocity in the x direction is a slowly varying function of z.

Using the fundamental equation of the mean free path method (equation (4.39))
the steady-state flux of the x component of the momentum through the plane z=z0

can be written as

,v) ~\ ^ 4 K JdvJdvzvxvzF(z0,v)
oo —oo — oo 0

(4.50)

The first integral is again zero, because we are integrating an odd function (vxvz)
from -oo to +°o. The second term can be written in the following form:

• ( \ 4 . a f
JM,. zo = - T m / - ^ i

n m " m(v"-u)

3 dz 2;ckT
j d v x v x e " 2kT

When deriving equation (4.51) we substituted the local Maxwellian for the distrib-
ution function and the integration over the variable vy has already been carried out.
The integrals in equation (4.51) can be evaluated to obtain

(4-52)

In this particular case the temperature and the density are constant throughout the
gas, while the horizontal velocity, u, is a function of the altitude, z. This means that
equation (4.52) can be written as

Equation (4.53) can be directly compared to the empirical formula discussed in
Subsection 4.2.1 (see equation (4.28)); one obtains the following expression for
the viscosity, T|:
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128 4 Elementary transport theory

1
nm^v (4.54)

The coefficient of viscosity can also be expressed in terms of molecular parame-
ters:

Equation (4.55) represents a very interesting result which indicates that for per-
fect gases the hydrodynamic viscosity is independent of the density and depends
only on the gas temperature. This result contradicts our physical intuition: one
would expect the momentum transfer (in this case characterized by the coefficient
of viscosity) to be proportional to the number density of molecules. This paradox
is resolved by equation (4.53) which shows that the momentum flux is propor-
tional to the product of the density and the mean free path. If the density is
increased by a factor of two the mean free path decreases by the same factor and
the product of the two remains constant. In other words, when the density is higher
more molecules carry the momentum flux but this transport is less efficient
because the molecules collide more frequently.

Our result predicts that for perfect gases the viscosity is proportional to T1/2. This
is quite different than the temperature dependence of the viscosity of liquids, which
typically decreases with increasing temperatures. The reason is that in a liquid the
molecules are close to each other and the momentum transfer occurs by direct inter-
molecular forces which become weaker as the temperature increases. On the other
hand, in dilute gases the momentum transfer occurs via the translational motion of
the particles: this motion increases with increasing gas temperature.

4.3.5 Some general remarks about the mean free path method

In the previous subsections we examined the transport of mass, momentum and
energy due to the random motion of the molecules. It was shown that slow varia-
tions in the macroscopic parameters of the velocity distribution function give rise to
diffusive type transport of molecular quantities. These small fluxes are proportional
to the negative gradient of the varying macroscopic parameter of the velocity distri-
bution function. The factors of proportionality are the hydrodynamic transport
parameters: diffusion coefficient, heat conductivity and viscosity. With the help of
the mean free path method we were able to find specific expressions for the hydro-
dynamic transport coefficients in terms of fundamental molecular quantities.
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4.3 Mean free path method 129

All of the specific cases examined so far involved situations where bulk trans-
port of the gas vanished (the first integral in expression (4.39) was always zero).
Next we consider a simple example when the bulk transport does not vanish. Let
us consider a steady-state gas with constant density and temperature, but with a
bulk velocity vector, u, which slowly varies in the z direction. Let us consider the
transport of the z component of the momentum of the molecules, Q(v)=mvz. In
this case Q(v)F(z,v) is not an even function of vz, therefore one has to start the
derivation by using equation (4.38):

-JdvxJdvJdvzv^F(z0,v)
— oo —oo —oo

oo oo

dvx|dvJdvzv
2F(z0,v)

(4.56)

The distribution function is locally a drifting Maxwellian with varying bulk veloc-
ity components, so

9 2 ?
/ \3 /2 °° mcj oo m c

v °° met

j M z z =mn J d v
x

e 2kT J d v y e

_Y/2Ajdve"S
dz J x

— oo —oo —oo

2 2 2

— Jdvxe"2kt Jdvye~2kT Jdvzv2 e~™ (4.57)

where we have introduced the random velocity, c(z)=v-u(z). In equation (4.57) all
components of u and their derivatives have to be taken at z=zQ. Transforming the
integration variables from the components of the full velocity, v, to the compo-
nents of the random velocity, c, yields the following expression:
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( m V 7 ^ 7 ^ 7
j M = m n [dc e 2kT [dc e 2kT [dc (c + u ) 2 e

zz \2nkT J J x J y J z

^ ' oo oo oo

~ x x 3/2

3

2 f m ^3/2

A
2 f m ^3 5 7 - ^ 7 - ^ 7

— A,mn — [dc e 2kT [dc e 2kT [dc (c + u ) 2 e
3 U n k T V 3z J x J y J z z z3

- u z

(4.58)

Note that the integration boundaries of the cx and c integrals remain —©o to +<*>,
but in the second term the lower integration boundary of the cz integral is -uz. The
integrals from -00 to +°° can be readily carried out and the remaining integral can
be rewritten in the following form:

4 ,
3

+ „„,„>>-

UrckT.

t m i

a
dz

\2

U z

m ^
.KkTj

fdcz

1/2

C z

a
dz

r

jdcz
" u z

.kT . t\ JdCzC

" u z

)e"

z e "

mc2

2 ~

2kT (4.59)

After some manipulation equation (4.59) can be written as follows:

2 ) _ 4 , , „ , a r 2
z 3

(4.60)

where we have introduced a new integration variable, wz=cz/(2kT/m)1/2. In equa-
tion (4.60) we have also introduced the dimensionless bulk flow velocity vector, s,
which is defined as s=u/(2kT/m)1/2. It is interesting to note that the magnitude of s
is very close to the Mach number, M, defined as the ratio of the bulk flow speed
and the speed of sound, s=(y/2)1/2M.

Now all the integrals can be carried out to yield the following result:

zz
j M =(p + nmu 2 )-^p^-f[ l + 2s2]erf(sz) + - ^ s 7 e - s 0 (4.61)
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4.3 Mean free path method 131

Where erf(x) is the error function (the error function is described in Appendix
9.5.3).

Inspection of equation (4.61) reveals some very interesting results. It can be
immediately seen that the slow variation in uz will not make any significant contri-
bution to the transport of the z momentum in the z direction: as a result of assump-
tion (4.3) the (2'k/3)dz operator represents a negligible contribution to the momen-
tum flux. Our result shows that the hydrodynamic momentum flux, p+mnuz

2, is a
very good approximation of the momentum transport for slowly varying flows.

Let us return to the transport coefficients derived in the previous subsections. At
this point one can ask an interesting question: are the transport coefficients inde-
pendent? It can be immediately seen that the ratios of the transport coefficients are
closely related to fundamental parameters. For instance the ratio of the heat con-
ductivity and viscosity is

K n v X k 3 k (
(

r\ | n m ^ v m

In the case of perfect gases (assumed to be composed of monatomic molecules)
the specific heat at constant volume is Cv=3k/2m, therefore equation (4.62) can
also be written as

- = 2CV (4.63)

The ratio of the viscosity and the diffusion coefficient can also be calculated:

- m n ^ v
^ • = • ^ 1
D -XV

= mn (4.64)

Measurements of D using tracer molecules combined with viscosity measure-
ments at the same temperature yield values of (mnD)/r| between 1.3 and 1.5. The
measured values of K/(CVT|) range from 1.3 to 2.5. This means that even though
the mean free path method is not very accurate, it still provides a surprisingly good
first guess for the hydrodynamic transport coefficients.

A widely used dimensionless quantity characterizing the relation between vari-
ous transport coefficients is the so-called Prandtl number. The Prandtl number is
defined as
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132 4 Elementary transport theory

Pr = — L (4.65)

Experiments show that the Prandtl number for a monatomic gas is Pr=2/3. Our
elementary mean free path method yields the following value for the Prandtl
number:

K knvA, 2m 6

This result shows the limitations of the elementary mean free method: it is not per-
fect, but a good first approximation. In Chapter 5 we will discuss more sophisti-
cated approximations which yield the correct value for the Prandtl number.

4.3.6 The mean free path method in three dimensions

Finally we briefly show how to generalize the mean free path for three dimen-
sional problems.

We again assume near-equilibrium conditions, i.e. at every spatial point the
velocity distribution function of the molecules is approximated by a
Maxwell-Boltzmann distribution. The macroscopic parameters of the distribution
function (such as temperature or particle number density) can slowly vary from
point to point. The slow variation means that all characteristic scale lengths of
these variations are much larger than the mean free path, X (see assumption (4.3) at
the beginning of this chapter).

The generalized mean free path method is also based on the idea that the colli-
sional process can be discretized. It is assumed that all collisions take place simul-
taneously at discrete instants, t=0, x, 2x, 3x,... (where x is the mean free time), and
at discrete values of all three Cartesian coordinates, x=0, A, 2A, 3A,..., y=0, A, 2A,
3A, ..., and z=0, A, 2A, 3A, ... (where A=2A/3 is some kind of an average distance
traveled by the particles in the x, y and z directions in a mean free time).

The generalized mean free path method can be described as follows. The veloc-
ity distribution functions at all discrete 'collision points' are assumed to be locally
Maxwellian at each time step (right after the collisions). The macroscopic parame-
ters of these Maxwellian distributions may slowly vary from point to point. This
means that all particles which at time t (just before collision) are located at the
point P0=(x=x0, y=y0, z=z0) had their last intermolecular collision at time t-x at one
of the following eight points: P+++=(x0+2A/3, yo+2A/3, zo+2A/3), P++_=(x0+2A/3,

zo-2A/3), P+)_)+=(x0+2^/3,y0-2A/3, zo+2Ay3), P+_,_=(x0+2A/3, yo-2A/3,
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4.3 Mean free path method 133

zo-2X/3), P_++=(x0-2X/3, yo+2A/3, zo+2A;3), P_+_=(x0-2A/3, yo+2X/3, zo-2A/3),
P_,_,+=(x0-2X/3, yo-2A/3, zo+2A/3), P__5_=(x0-2A?3', yo-2A/3, zo-2A/3).

At time t particles arrive from eight other points at the point PQ. For instance
upward moving particles (those with vz>0) arrive from below, while downward
moving molecules (with vz<0) arrive from above. At time t the distribution func-
tion at PA can be written as

F ( t ' X ° ' y o ' Z o ' V ) =

F(t-x,xo-A,yo-A,zo-A,v) vx >0,vy >0,vz >0
F(t-T,xo-A,yo-A,zo+A,v) vx >0,vy >0,vz <0
F(t-T,xo-A,yo+A,zo-A,v) vx >0,vy <0,vz >0
F(t-x,xo-A,yo+A,zo+A,v) vx >0,vy <0,vz <0
F(t-x,xo+A,yo-A,zo-A,v) vx <0,vy >0,vz >0 '
F(t-x,xo+A,yo-A,zo+A,v) vx <0,vy >0,vz <0
F(t-T,xo+A,yo+A,zo-A,v) vx <0,vy <0,vz >0
F(t-x,xo+A,yo+A,zo+A,v) vx <0,vy <0,vz <0

(4.67)

Equation (4.35) specifies the net flux of an arbitrary molecular quantity, Q(v), in
the z direction. Similar results can be obtained for the net flux in the x and y direc-
tions as well. The net flux of the molecular quantity Q(v) through the point Po can
now be written in the following form:

(4.68)

Substituting the distribution function given by equation (4.67) we get the follow-
ing expression for the net flux:
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0 0 0

jQ(t,xo,yo,zo)= Jdvx Jdvy JdvzvQ(v)F(t-x,x0 + A,y0 + A,z0 + A,v)
— oo —oo —oo

0 0

+ Jdvx JdvyJdvzvQ(v)F(t-x,x0+A,y0+A,z0-A,v)
o

0 oo 0

+ JdvJdvy JdvzvQ(v)F(t-x,x0+A,y0-A,z0+A,v)
- o o 0 - o o

0 oo oo

+ JdvJdvyJdvzvQ(v)F(t-x,x0+A,y0-A,z0-A,v)
- o o 0 0

oo 0 0

+Jdvx Jdvy JdvzvQ(v)F(t-x,x0-A,y0+A,z0+A,v)
0 - o o - o o

oo 0 oo

+J dvx J dvy J dvz v Q(v) F(t - x, x0 - A, y0 + A, z0 - A, v)
0 - o o 0

oo oo 0

+J dvx j dvy J dvz v Q(v) F(t - x, x0 - A, y0 - A, z0 + A, v)
0 0 -oo

oo oo oo

+JdvJdvyJdvzvQ(v)F(t-x,x0-A,y0-A,z0-A,v)
0 0 0

(4.69)

It is assumed throughout this chapter that the distribution function is locally
Maxwellian and that the macroscopic parameters of the distribution function are
slowly varying functions of spatial location. This means that the distribution func-
tion can be expanded into a Taylor series around the point, Po, and the series can be
truncated after the linear terms:

F(t,x0 ± A,y0 ± A,z0 ± A,v) = F(t,xo,yo,zo,v)

^ ^ ^
" 3 dx ~3 dy ~3 dz

(4.70)

Here we have used the numerical value of A, A=2^/3. Substituting this expression
into equation (4.69) results in the following fundamental equation for the three
dimensional mean free path method:
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jQ(t,xo,yo,zo) = jJJd3vvQ(v)F

-v / 0

•$X-±-\ Jdvx Jdvy JdvzvQ(v)F-Jdvx Jdvy JdvzvQ(v)F
d X ^ - o o -oo -oo 0 - ~ — )

~ /oo 0 oo o o o o o o \

•&f-\ Jdvx | d v
y jdvzvQ(v)F- Jdvjdvy JdvzvQ(v)F

^ / o o o o O •*> = = o» \

| X — Jdvx Jdvy jdvzvQ(v)F- Jdvx Jdvy JdvzvQ(v)F (4.71)

where F denotes F(t-x,xo,yo,zo,v).
Let us examine the problem of diffusion as a simple demonstration of the three

dimensional mean free path method. We again assume that the gas is in steady
state and that only the gas density varies with location (more specifically it is
assumed that the bulk velocity is zero everywhere and the temperature is con-
stant). In this case Q(v)=l and equation (4.71) simplifies to the following:

,yo,zo) = — A — dv dv
3 3x •» y

0 -oo

r 4 J r
v vF A — dv

z ^ ^ v J }

The integrals vanish for all velocity components except the one which has the
incomplete integration region (from 0 to oo). This leads to the following result:

Jdiff (xo > y 0 ' z o) = - [ 3 *-vJ V n ( x o ' yo > z o) (4-73)

Equation (4.73) is the general form of the diffusive particle flux predicted by the
mean free path method. Note that the diffusion coefficient is the same as it was in
the simple one dimensional case, D=X v /3.

4.4 Flow in a tube

In this section we consider three examples of viscous gas flow at different pres-
sures (densities): collision dominated, collisionless and intermediate flows. The
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136 4 Elementary transport theory

different regimes are characterized by several dimensionless parameters. First we
introduce these parameters and then we discuss the various flow regimes.

There are three fundamental dimensionless parameters which determine the
flow regime, i.e., the type of applicable approximation. The first of these parame-
ters is the Mach number which was already briefly mentioned above. The Mach
number, M, is the ratio of the bulk flow speed, u, and the speed of sound,
a=(7p/mn)1/2:

M = - (4.74)

The Knudsen number, Kn, is defined as the ratio of the mean free path of inter-
molecular collisions (collisions between two molecules), A,, and the characteristic
linear size of the problem, L:

(4.75)

The Reynolds number, Re, is the ratio of the bulk momentum flux, nmu2, and
the viscous momentum transfer over the characteristic scale length, r|u/L:

Re = ^ ^ (4.76)

These three dimensionless parameters are not independent of each other. Using
the expression for the coefficient of viscosity obtained by the mean free path
method (equation (4.54)) one can write the Reynolds number in the following
form:

Kn Kn

Let us examine the numerical values of these dimensionless quantities under
ordinary circumstances. In air at sea level the number density of molecules, n, is
about 3xlO25 molecules/m3. The cross section of intermolecular collisions, a, can
be well approximated by a typical value of 10~19 m2, therefore one obtains a typi-
cal value of about 3x10~7 m for the molecular mean free path, X. This mean free
path is so small that for typical size problems L»A, and therefore K n « l . The
sound speed in ordinary air, a , is about 3xlO2 m/s and most flow problems of com-
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4.4 Flow in a tube 137

pressible fluid dynamics are in the Mach number range of M=0.001-10. These
Mach number values are still much larger than the Knudsen number and therefore
the Reynolds number is much larger than unity, R e » l .

The Knudsen number is a very good measure of the collisional regime of
a given problem. When K n « l the flow is collision dominated, meaning that
the molecules undergo a very large number of collisions before traveling a
distance comparable to the scale of the problem. In this case diffusion type
processes are responsible for transporting mass, momentum and energy inside the
gas (in the absence of macroscopic bulk motion of the gas as a whole). This
regime can be very successfully described with the methods of compressible fluid
dynamics.

The other extreme case is when the Knudsen number is very large and the
effects of intermolecular collisions are negligible. In the case of very large scale
problems this regime is called coUisionless flow (for instance the motion of the
upper atmosphere at very high altitudes is often called coUisionless). In the case
when we consider the interaction of coUisionless gases with finite size objects
(such as a long vacuum tube or a spacecraft) this flow is called free molecular
flow. In the free molecular regime molecules collide with the wall of the object but
their collisions with each other are either neglected or grossly simplified. The
description of free molecular flows is conceptually fairly straightforward but
mathematically difficult.

The transitional regime, when the Knudsen number is about unity, is the most
unexplored parameter regime. There are no well developed standard techniques to
handle these problems in general: one has to be innovative to describe flows with
Kn~l.

In this section we consider three different regimes of gas flow in an infinite tube.
These regimes include a hydrodynamic case (Poiseuille flow), a transition regime
situation (slip flow) and finally a free molecular scenario.

4.4.1 Poiseuille flow

Let us first consider the flow of gas through a long straight tube of circular cross
section. At room temperature and pressure the molecular mean free path, X, is neg-
ligibly small compared to the radius of the tube, a. Assuming that the flow velocity
is not too large and consequently the flow is not turbulent, the steady-state motion
of the gas is laminar and is primarily controlled by the viscosity.

This flow problem is axially symmetric around the longitudinal axis of the tube;
therefore the bulk velocity of the fluid, u, is a function of the radial distance from
the axis of the tube (z-axis). The flow can be subdivided into coaxial cylindrical
shells of thickness dr around the z axis (the radial distance in a cross-sectional
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138 4 Elementary transport theory

plane, r, is measured from the axis of symmetry). The velocity, u(r), increases from
zero at the wall to a maximum on the axis. The outermost layer of gas adjacent to
the wall might be expected to have a negligible flow velocity because of surface
irregularities. Translated into a boundary condition, this means u(a)=0. Also, the
tube is considered to be long enough so that end effects can be neglected.

Let us consider a short cylinder with radius r and length Az (see Figure 4.8). In
general this cylinder consists of a number of coaxial shells. There are two forces
acting on this short cylinder: an accelerating force due to the pressure difference
between the two bases of the cylinder, Ap=p(z+Az)-p(z), and a retarding viscous
force acting on the outside surface of the cylinder. The pressure difference force is
the base area times the pressure difference, (r27t)xAp, and the viscous force is the
surface area times the viscous stress, (27irAz)x(r|du/dr). Under steady-state condi-
tions the pressure gradient and viscous forces balance each other:

(27trAz)x[ r\ — j - 7cr2Ap = 0 (4.78)

Az

Viscous
force

Viscous
force

Figure 4.8

Pressure
gradient

force

It is important to note that the short cylinder is treated as a solid body and there-
fore the pressure gradient force accelerates all the gas inside the cylinder. Equation
(4.78) can be rearranged to express the radial velocity gradient:

du
dr

r Ap
2r| Az

(4.79)
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4.4 Flow in a tube 139

This differential equation can be solved for u(r). The boundary condition is
u(a)=0, therefore the solution is the following:

4r| Az
(4.80)

Equation (4.80) describes the well known parabolic cross-sectional profile of
the radial dependence of the flow velocity in a long tube. The negative sign means
that the gas will flow toward the lower pressure region (where Ap is negative).
Using equation (4.80) one can also calculate the total flux of molecules in the tube.
This can be done by integrating the flux in cylindrical shells with radius r over the
cross section of the tube:

where n is the particle number density inside the short cylinder with length Az.

4.4.2 Slip flow

Next we consider the case Kn~l, when the shortest characteristic scale of the prob-
lem is comparable to the mean free path of intermolecular collisions. In this case
the mathematical description of the flow is quite complicated, because the funda-
mental assumptions of fluid dynamics are no longer valid. Here we discuss a spe-
cific case, when the mean free path, X, is smaller than the radius of the tube, a, but it
is not negligibly small. In this particular situation a modified Poiseuille formula can
be obtained, corrected for the 'slippage' of the gas at the walls of tube. By slippage
we mean that the gas velocity at the wall is different than the wall velocity.

First we introduce the concept of slippage by considering the interaction of gas
molecules with two moving infinite parallel planes. The two planes are separated
by a distance, h, and they move with velocities u=0 and u=uQ. This situation is illus-
trated by Figure 4.9. It is assumed that the mean free path of molecular collisions,
X, is somewhat smaller than the distance between the two parallel planes, X<h.
Specifically, it is assumed that after colliding with a wall each molecule undergoes
several (but not many) molecular collisions before it collides with the other wall.

First we discuss the collisions with the moving wall at z=h. Let us denote the y
components of the average velocity of molecules right before and right after their
collision with the upper wall by qx and q2, respectively. Observations indicate that
there are two types of collisions between the moving walls and the gas molecules.
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140 4 Elementary transport theory

"U = U 0

| u = 0

Figure 4.9

The first type is the elastic (or specular) collision, when the tangential velocity of
the colliding molecule is conserved, therefore for elastic collisions q2=qr The sec-
ond type of collision is the diffuse reflection, when a molecule is temporarily
absorbed and then re-emitted. The average tangential velocity of diffusely
reflected particles is the same as the velocity of the wall, therefore for these parti-
cles q2=u0. The relative importance of the two types of reflections is characterized
by the accommodation coefficient, a', which is defined as the fraction of mole-
cules undergoing diffuse reflection.

With the help of the accommodation coefficient we can express the average tan-
gential velocity right after collision. The tangential velocities of diffusely and
specularly reflected molecules are u0 and qp respectively, therefore we can write

(4.82)

The average gas tangential velocity at the upper wall, uh, is the mean of the aver-
age pre- and post-collision velocities, uh=(q1+q2)/2. Substituting equation (4.82)
for q2 yields the following expression for uh:

2-a' (4.83)

Equation (4.83) still contains two unknown quantities, qx and uh. One more
equation is needed to fully specify these quantities. This equation can be obtained
by applying the mean free path method to the slip flow problem. According to the
mean free path method, qx reflects the average tangential flow velocity at a dis-
tance of 2A/3 from the wall (where the last collision occurred). Expanding the tan-
gential velocity function, u(z), to first order yields the following relation:

2 . fdu
u, A —

h 3 Ldz
(4.84)

z=h
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4.4 Flow in a tube 141

One can combine equations (4.83) and (4.84) to obtain the following equation for uh:

L
The difference between the velocity of the wall, u0, and the average gas velocity

at the wall, uh, is called the slip velocity, usli . This can be expressed as follows:

(4.86)
lz=h

There are two limiting cases to be considered. In the case when all molecules
are reflected diffusely, i.e. if a - 1 , equation (4.86) simplifies to the following:

This expression is well defined mathematically and it describes a finite slip veloc-
ity. However, the other limiting case, when all molecules are reflected specularly,
is mathematically undefined. In this case c'=0 (perfect slip), and therefore
usiip~->°°- In most practical cases G'>0, therefore the slip velocity remains finite.

Next we apply this result for a low density gas flow in a long circular tube. The
physical problem is identical to the one discussed with respect to Poiseuille flow
with the exception of 'slippage' at the walls. For the sake of simplicity we assume
diffuse reflection (G'=1), which is a pretty good approximation in most cases.6 The
radial gradient of the flow is given by equation (4.79) and the slip velocity is

- * • * (4-88)
3 Ti Az

because the gas flows in the direction of smaller pressure (Ap<0). It should also be
mentioned that in equation (4.88) the coordinate z denotes the distance along the
longitudinal axis of the tube (and not the coordinate between the two parallel
planes). The cross-sectional velocity profile of the flow can be obtained by solving
differential equation (4.80) with the slip flow boundary condition, i.e. with
u(a)=usli . This solution is the following:

u ( r ) = u _»iziiAE=_ra2+iaa_r2)J_AP ( 4 8 9 )
shp 4TI A Z I 3 ) 4TI A Z K }
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142 4 Elementary transport theory

It is important to note the correction term, proportional to the mean free path, due
to the slippage of the gas flow at the wall. One can use this slip flow cross-sec-
tional velocity profile to calculate a modified Poiseuille formula for the total flux
through the tube:

(4.90,

When compared to the original Poiseuille formula (equation (4.81)) equation
(4.90) exhibits a correction factor of 8A/3a. This means that 'slippage' decreases
wall friction and therefore the gas responds more readily to the pressure gradient.
The net result is an increase in the gas flux.

4.4.3 Free molecular flow in a tube

Next we consider the flow in a very long tube of circular cross section (with radius
a) at a very low pressure. In this case the condition Kn=A/a > >1 is satisfied and the
basic assumptions for viscous flow are not valid any more. In this case the gas is
described as in the free molecular approximation (this regime is also called
Knudsen flow).

In this section we describe the free molecular flow in a long circular cylinder of
radius a. The two ends are kept at different pressures, and the temperature is uni-
form throughout the tube. When K n » l , a gas molecule collides with the wall
many times before it encounters another molecule. The flow of gas is determined
almost entirely by wall-molecule collisions and is practically unaffected by inter-
molecular collisions.

The free molecular approximation assumes that the effects of intermolecular
collisions on molecular trajectories are statistically insignificant and, therefore,
these collisions are neglected altogether. In this approximation the flow problem is
reduced to determination of the effects of molecular collisions with the wall.

We again distinguish two limiting types of collisions between the tube and the
gas molecules. The first type is the elastic (or specular) collision, when the tangen-
tial velocity of the colliding molecule is conserved. The second type of collision is
the diffuse reflection, when a molecule is temporarily absorbed and then re-emit-
ted. Experiments show that the reflection is almost 100% diffusive, as if reflected
molecules were first absorbed by the wall and later evaporated.

For the sake of simplicity we adopt the following simple model of diffuse
reflection. Imagine that the irregular wall structure is replaced by a smooth mathe-
matical surface. The reflected molecules are envisioned as particles escaping from
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4.4 Flow in a tube 143

Figure 4.10

a hypothetical equilibrium gas layer on the other side of the surface (assumed to be
in thermal equilibrium with the wall) through a very small orifice (see Figure 4.10).

In this model the number of molecules reflected in a particular direction from
unit wall area per unit time is equal to the escape flux from the reservoir in the
given direction. The differential escape flux is (see equation (4.14)):

d3jref = v3 cos0'Fesc dQ'dv (4.91)

where 0' is the angle between the direction of motion of the molecules and normal
to the surface element, and dQ' is the solid angle element around our given direc-
tion. The flux of reflected molecules in a given direction can be obtained by inte-
grating over all speeds, v:

d2jref = cos0'dft'n( -5L_ j J d v v 3 e ~ ^ - nvcos0' — (4.92)

where n is the gas number density in the hypothetical gas layer.
Let us denote an area element of the wall and the tube cross section by dS' and dS,

respectively. The normal vectors of dS' and dS are perpendicular (see Fig.4.11). Let
d£2' be the solid angle covered by dS as seen from the center of the surface element,
dS'. Similarly, dQ is the solid angle covered by the infinitesimal area, dS', as seen
from the center of dS. By definition d£2=sin 0 d0 d(p (and dQ =sin 0'd0'd(p% It should
be noted that 0 varies from 0 to n (particles can cross the cross-sectional area in
either direction) but 0' varies from 0 to n/2 (reflected particles can only come from
the wall). The distance between the centers of dS and dS' is denoted by r.

From these definitions it is obvious that 0+0-71/2 (see Figure 4.11), because the
normal vectors of dS and dS' are perpendicular to each other (one is a wall surface
element and the other is a tube cross-sectional surface element). It can be seen
from Figure 4.12 that the following relation holds between the various quantities:

r2dQ = dSf sin 0 = dS' sinf- - 0' J = dS' cos 9' (4.93)
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144 4 Elementary transport theory

Figure 4.11

Figure 4.12

and similarly

= dSsin0'=dS sin| —-0 || = dS IcosGI (4.94)

Here the absolute value of cos 6 appears because 0 can vary from 0 to n and the
function cos 0 is negative in the second quadrant.

Consider those molecules which leave the wall element, dS', and pass directly
through the cross-sectional element, dS. The number of these molecules per unit
time is given by

d4O= d2jref dS' =n vcos6 '—dS' (4.95)

Equation (4.95) can be rewritten by using equations (4.93) and (4.94) express-
ing the solid angle elements, dQ and dQ':
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4.4 Flow in a tube 145

d4O=n v cos 9 ' — d S ' = n v — r 2dQ =—Icos 01 dQ dS (4.96)
An An An

It should be noted that all variables related to the wall of the tube are eliminated
from equation (4.96) and the differential particle flux is expressed in terms of the
cross-sectional parameters only.

We choose a coordinate system with the z axis parallel to the longitudinal axis
of the tube. Let q denote the projection of r onto the cross-sectional plane contain-
ing the surface element dS (this plane is chosen to be the (x,y) plane of our coordi-
nate system): q=r sinG and z=r cosG. One can also express the z coordinate in
terms of q and G by combining these two relations:

z = qcotG (4.97)

In a very long tube with a finite density difference between the two ends the gas
concentration, n(z), is a slowly varying function of the longitudinal coordinate, z
(molecular collisions are neglected; therefore the number density is constant in
every cross-sectional area). This means that the characteristic scale length of n(z),
L, is much larger than the tube radius, a. In other words the following condition
must hold:

L
j _ dn
n dz

(4.98)

Those particles which cross the surface element, dS, in the -z direction must be
reflected from wall elements with z>0. Assuming a very long tube the total flux of
these molecules can be obtained by integrating the differential flux from 0 to nl2:

nil

d2<j, = ™£ fd(p fd9n(z)cos9sine (4.99)
A.TT " *

H ; t o o

Similarly, one can calculate the total flux of particles crossing dS in the +z direction:

d2O = - - — [d(p fdGn(z)cosGsinG (4.100)
A n J J

0 «/2

The negative sign appears because cos 0 is negative between JI/2 and n, and d4<I>
contains Icos 91. The net flux through the cross-sectional surface element, dS, is
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146 4 Elementary transport theory

d2O=d2O -d2O_=-—fd(pfde n(z) cose sine (4.101)
471 J J0

It should be noted that n(z) cannot be taken out of the integrals, because for a
given surface element, dS, z is a function of q (see equation (4.97)). On the other
hand n(z) is a slowly varying function of z, so one can expand it into a Taylor
series and stop after the first order term:

(4.102)
dz

where we have substituted expression (4.97) for z. Substituting equation (4.102)
into (4.101) yields the following equation for the net particle flux going through
the cross-sectional surface element, dS:

^S f r ^ ^ c o s e l (4.103)
dz J

The first term in the integral makes no contribution, while the integral of cos26
from 0 to 71 yields n/2. This means that equation (4.103) can be written as follows:

dz

It is important to note that the distance from the center of the cross-sectional
element to the wall, q, is a function of the azimuth angle, cp, because the surface
element is not necessarily at the center of the circular cross section (see Figure
4.13).

Next we want to evaluate the last remaining integral in equation (4.104). In
order to do this we introduce a new variable. Let u denote the distance from the
axis of the tube to the cross-sectional surface element, dS (see Figure 4.13). Using
the schematics shown in Figure 4.13 one can see that the following relation holds
between q, u and the angle, cp:

a2 = q2 +u2 + 2qucoscp (4.105)
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4.4 Flow in a tube 147

Figure 4.13

One can solve equation (4.105) for q as a function of u and cp:

q = ̂ /a2 - u 2 sin2 (p -ucoscp (4.106)

Here we have kept only the positive root of the quadratic equation, because the
distance, q, must be positive. Substituting this expression into equation (4.104)
yields the following result:

^ ) (4.107)d S

8 dz 0

The second term in the integral is zero and the remaining term can be written in the
following form:

adS
8 dz o

fd<p<v/l-w2sin2cp (4.108)
J

where w=u/a (it is obvious that 0<w<l). The remaining integral is periodic and its
value can be expressed in terms of a well known special function:

2K TC/2

Jdq>A/l-w2sin2<p=4 Jdq>A/l-w2sin2(p=4E(w) (4.109)

where the function, E(w), is the complete elliptic integral of the second kind. This
function is given by
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nil

E(w)= jdcpVi-w2^1 1^ (4.110)
o

The fundamental properties of the complete elliptic integral of the second kind are
discussed in Appendix 9.5.5. Here we just mention that E(w) is defined for values
of w between w=0 and w=l. It monotonically decreases from nil at w=0 to a value
of 1 at w=l.

The differential cross-sectional area element is a thin ring with a normalized
radius of w, dS=27ia2wdw. Using this value for dS we can express the total net flow
through the entire cross section of the tube in the following form:

1 nil

Jdw J dcpw^l —w2 sin2 cp (4.111)
0 0

First we carry out the integration with respect to w:

7C_ .dn(0) 7 C r J l -cos3cp / / ) i n ,
) = " T v a , |d(p . y (4.112)

3 dz J sin2cp

The remaining integral can also be evaluated and its value turns out to be 2. In this
way equation (4.112) can be simplified to the following expression:

- 2n 3_dn(0) / y l i n .
O = a 3 v — — (4.113)

3 dz

Equation (4.113) is the total net flow through the tube in the free molecular
approximation.

Using equation (4.113) one can readily calculate the average flux density (net
flow per unit cross-sectional area):

2 _dn(0) ,A 1 l / i xJ = - - a v - y - 1 (4.114)
3 dz

This result can be compared to the hydrodynamic flux density calculated with the
mean free path method (equation (4.42)). This comparison indicates that in the
free molecular flow regime the tube diameter behaves as an 'effective' mean free
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4.5 Problems 149

path, X=2a. This result is quite plausible, because in the free molecular case the
molecules interact only with the wall.

In the present model v is the average velocity in the hypothetical gas reservoir
to be evaluated with the wall temperature. Substituting this expression into the
free molecular flow formula one obtains the following expression for the total flux
through the tube:

(4.115)

This result can be compared with the Poiseuille formula (using the mean free path
approximation to obtain the coefficient of viscosity and assuming constant temper-
ature):

The ratio of the fluxes is close to 1/6:

This result means that the throughput (total flux) carried by the density gradient
driven flow decreases with increasing mean free path (assuming the same density
gradient). The numerical factor in the expression for the throughput, however, is
larger by about a factor of 6.5 in the free molecular regime.

4.5 Problems

4.1 A cylinder contains gas in equilibrium at temperature T. In a reversible, adia-
batic expansion of the gas, a piston moves out slowly with velocity u, where u is
much smaller than the average thermal speed (see Figure 4.14). What is the aver-
age energy loss per molecule rebounding from the piston? Show that the total
energy loss of particles rebounding from the piston is equal to the work done by
the expanding gas in accordance with the law of energy conservation. (See also
Problem 2.12.)
4.2 Consider a very large gas reservoir divided by a thin wall with a tiny hole in
the middle. Both sides are filled with the same single species gas and both sides
are in equilibrium at different temperatures. The diameter of the hole is much
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150 4 Elementary transport theory

Figure 4.14

smaller than the mean free path of molecular collisions. The number densities are
identical in the two parts of the reservoir, nx=n2, but the temperature in one parti-
tion is four times larger than in the other, Tj=4T2. What is the average energy of all
the molecules passing through the hole?
4.3 A perfect gas (mass m) fills two compartments of a vessel. The compartments
are connected through a very small opening of diameter d, where d is much larger
than a molecular diameter, but much smaller than the mean free path of the
enclosed gas. The initial temperature in each compartment is T, and the number
densities are nx and n2, respectively, with nj>n2. Calculate the net mass of gas
which flows from compartment 1 to 2 in unit time. Calculate the corresponding net
rate of energy transport. Calculate the average energy per molecule transported
through the hole. Why is the average energy of outflowing molecules different
from3kT/2?
4.4 An apparatus for measuring viscosity consists of two coaxial cylinders, both
0.25 m in length, the outer one rotating at the rate of 1.10 revolutions/min and the
inner one attached to a wire suspension whose twist measures the torque on the
stationary inner cylinder. The radius of the outer cylinder is 0.06 m and the gap
between the cylinders, containing the gas, is 0.002 m wide. If the torque is mea-
sured as 4.40xl0~7 Nm, what is the viscosity of the gas? (Make the approximation
that the gap is of negligible width compared to the circumference of the cylinders.)
4.5 An infinitely long tube with radius a=0.01 m is filled with gas (containing
only one molecular species) in thermodynamic equilibrium (number density
n=2.6xlO25 molecules/m3, temperature T=300 K, collision cross section a=10~19

m2). Determine the ratio of the number of collisions between molecules in the gas
to collisions with the wall.
4.6 Assume that both the particle number density and the temperature are slowly
varying functions of the z coordinate and the characteristic scale lengths are much
larger than the mean free path, X. Use the mean free path method and derive the
first order approximation of the particle flux and the energy flux.
4.7 Consider an isothermal (T=137 K) pure oxygen (m=2.67xlO~26 kg) atmos-
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phere, where the variation of the gas number density is described by the baromet-
ric altitude formula:

mg(z-z0;
n = noexP rzr3-

where k is the Boltzmann constant (k=1.38xlO~23 joule K"1), g is the gravitational
acceleration (g=9.81 m s~2), and the reference density is n0 = 2.6xlO19 m~3 at an
altitude of z0 = 100 km. Using transport coefficients derived by the mean free path
method show that the upward diffusing particle flux (due to the density gradient) is
independent of altitude. Show that at z=100 km the magnitude of the diffusive flux
is much smaller than n v , where v is the average thermal speed (the collisional
cross section is G=10~19 m2).
4.8 Assume that the particle number density is a slowly varying function of the z
coordinate (the bulk velocity, u=(0,0,u), and the temperature, T, are constant) and
the characteristic scale lengths are much larger than the mean free path, X. Use the
mean free path method and derive the first order approximation of the momentum
flux in the z direction.
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5
The Boltzmann equation

In the preceding chapter a highly simplified discussion of molecular transport in
non-equilibrium dilute gases was presented. Even though this discussion was
highly simplified, it helped us to illuminate the basic physical processes resulting
in the transport of macroscopic physical quantities.

In this chapter the theory of macroscopic transport will be treated in a more rig-
orous way. Our discussion will be based on the Boltzmann equation, a non-linear
seven dimensional partial differential equation which describes the evolution of
the phase space distribution function in non-equilibrium gases.1 Conservation
equations for macroscopic physical quantities will be obtained in the next chapter
as the velocity moments of the Boltzmann equation.

In this chapter our discussions will be based on the following fundamental
assumptions:

(i) We assume that the gas density is low enough to ensure that the mean free path is
large compared to the effective range of the intermolecular forces. This assumption
makes it possible to apply the principle of molecular chaos in the treatment of binary
encounters. Molecular chaos means that the velocities of the colliding particles are
uncorrelated, i.e. particles which have already collided with each other will have
many encounters with other molecules before they meet again. A direct consequence
of this assumption is the time irreversibility of the Boltzmann equation.

(ii) The mean free path is short compared to the dimensions of the problem. This assump-
tion eliminates consideration of wall effects and other edge-related problems.

(iii) Time, location and particle velocity (t, r, and v) are independent variables of the
phase space distribution function.

5.1 Derivation of the Boltzmann equation

5.1.1 The evolution of the phase space distribution function

The state of a gas or a gas mixture at a particular instant is completely specified for

152
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5.7 Derivation of the Boltzmann equation 153

the purposes of kinetic theory if the distribution function of the molecular veloci-
ties and positions is known throughout the gas. Observable properties of the gas
are obtained as appropriate averages over the phase space distribution function.

The gas may be non-uniform (and consequently non-equilibrium), the distribu-
tion function may depend explicitly on time, and external fields of force may also
be present (such as gravity). These externally imposed force fields result in accel-
eration of the individual molecules. This acceleration, a, is a function of the seven
independent variables, t, r, and v, as well as of some intrinsic properties of the
molecules themselves (such as mass). In gaskinetic theory it is usually assumed
that the acceleration of a molecule, a(t,r,v), is divergence free in velocity space,
Vva=0. Most external force fields satisfy this condition (all velocity independent
forces, such as gravity, automatically satisfy it, as does the Lorentz force acting on
moving charged particles in electromagnetic fields).

Consider first the case of a gas composed of a single molecular species. Let the
phase space distribution function be denoted by F(t,r,v), so that the number of
molecules in a d3r volume element around the configuration space location r with
velocity vectors between v and v+d3v is given by

= F(t,r,v)d3rd3v (5.1)

At time t these particles are located very close to each other and they move with
nearly identical velocities. If there were no collisions, then time dt later all these
particles would be found in a volume element dV near the spatial location
r'=r+vdt with velocities between v'=v+a(t,r,v)dt and v'+d3v'. The number of parti-
cles in the modified phase space element around r',v' at time t+dt is given by

d6N' = F(t + dt, r + vdt, v + adt) d V d3 v' (5.2)

The relation between the modified phase space volume element, dVdV, and
the initial one, d3v d3r, is given by the Jacobian of the transformation:

(5.3)d V = |J|d3rd3v

where the Jacobian matrix, J, is given by

T _
3(r,v)

dw. dv.

(5.4)
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154 5 The Boltzmann equation

Substituting our expressions for r ' and v' yields the following 6x6 Jacobian
matrix:

1 0 0 p-dt ^ d t £*-<

0 1

0 0

dt 0

0 dt 0

0 0 dt

0

1

0
IT*

(5.5)

The determinant of the Jacobian can be evaluated as a power series of the infini-
tesimal time interval, dt. The time interval is very small, therefore one can stop
after the linear term:

dv;
(5.6)

At this point we recall our earlier assumption that the particle acceleration is diver-
gencefree in the velocity coordinates, therefore we conclude that in the first order
approximation IJI=1. This means that d3r'd3v =d3rd3v.

If there was no scattering, all particles which were located inside the phase
space volume element d3rd3v at the initial time, t, would be found inside d V d V at
the later time, t+dt. In other words in the absence of particle scattering
d6N'-d6N=0. However, gas molecules do interact with each other. The scattering
process changes the velocities of the colliding particles, therefore the total number
of molecules inside our infinitesimal phase-space volume element may change
during the short time interval, dt:

d6N'-d6N = coll (5.7)

where d6Ncoll denotes the net rate of change (change per unit time) of the number
of particles in the phase space volume element due to collisions. Equation (5.7)
can be rewritten with the help of equations (5.1) and (5.2):

,r + vdt,v + adt)-F(t,r,v)]d3rd3v = ̂ % ^ d 3 r d 3 v d t (5.8)
ot
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5.7 Derivation of the Boltzmann equation 155

where 5F/8t is the rate of change of the phase space distribution function. At this
point 8F/8t is only formally introduced, a detailed discussion of this so called 'col-
lision term' will be presented later in this chapter.

In the next step we apply a linear Taylor expansion in the small time interval, dt,
to evaluate the change in the total number of particles inside our phase space vol-
ume element. The Taylor expansion is centered around time t:

5F(t,r,v) 3
+ v + a d r d

at i dx{
 ! dw{ J &

(5.9)

The expression in the bracket is the total time derivative of the phase space distribu-
tion function, dF/dt. Equation (5.9) is valid for arbitrary phase space volume ele-
ments and for arbitrary time intervals, therefore one obtains the following equation:

aF(t,r,v) | ^ 9F(t1r1v)+a 3F(t,r,v) = SF(t,r,v)
3t * dx{ * 3vi 8t

This is the Boltzmann equation which describes the evolution of the phase space
distribution function, F(t,r,v). It should be emphasized that in the derivation of the
Boltzmann equation we never assumed equilibrium conditions, therefore this
equation is equally valid for equilibrium and non-equilibrium gases. It is also
important to note again that t, r, and v are assumed to be independent variables.

The Boltzmann equation can also be expressed in terms of the random velocity
(sometimes called peculiar velocity or thermal velocity). The random velocity of a
particle is its velocity with respect of the bulk gas flow at time, t, and location, r:

c(t,r) = v-u( t , r ) (5.11)

Here the average bulk velocity, u(t,r), is a function of time and configuration space
location and is defined as

JjJd3vvF(t,r,v)
u(t,r) = -frf- (5.12)

JJJd3vF(t,r,v)

It is important to note, that unlike v, the random velocity, c, is not independent of t
andr.
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156 5 The Boltzmann equation

In some cases it is more convenient to express the evolution of the phase space
distribution, F, in terms of t, r, and c, instead of the independent variables t, r, and
v. This means that one has to introduce a 'mixed' phase space, where the configu-
ration space coordinate system is inertial, but the velocity space coordinate system
is an accelerating system because it is tied to the instantaneous local bulk velocity
of the gas. In spite of the inherent difficulty of dealing with accelerating systems, it
is often advantageous to use this mixed phase space.

If we want to transfer the Boltzmann equation into our mixed phase space coor-
dinate system we have to use the following substitutions due to the accelerating
nature of the velocity space coordinate system (when replacing the independent
variable, v, with the random velocity, c, one has to take into account the t and r
dependence of the new variable):

3F(t, r, v) ^ 8F(t, r, c) | 3c, (t, r) 3F(t, r, c) = 3F(t, r, c) du, (t, r) d¥(t, r, c)

dt dt dt dc{ 3t 3t dc{

(5.13)

3F(t,r,v) 3F(t,r,c) dc{ (t, r) 3F(t, r, c) _ 3F(t, r, c) du. (t, r) 3F(t, r, c)

(5.14)

dx. dx. dx. dc{ dx. dx. dc.

3F(t,r,v) 3F(t,r,c)

Using relations (5.13) through (5.15) one can obtain the Boltzmann equation in
the mixed phase space coordinate system:

at
3 ^ 3ut

5t
(5.16)

where F=F(t,r,c), u=u(t,r), a=a(t,r,v).

5.7.2 The Boltzmann collision integral

In the previous section the net change per unit time in the number of molecules in
the phase space volume element d3r d3v around the point r,v as a result of colli-
sions was denoted by (8F/8t)d3r d3v. In order to calculate the collision term, 8F/8t,
we shall make the following simplifying assumptions.
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5.7 Derivation of the Boltzmann equation 157

(i) The gas is assumed to be sufficiently dilute that only binary collisions are taken into
account.

(ii) The velocities of the colliding molecules are assumed to be statistically independent.
Any possible correlations between the velocity and position of any single molecule
are also neglected. These approximations are also called the assumption of molecular
chaos.

(iii) The molecules and their intermolecular forces are assumed to be spherically symmet-
ric. This assumption is highly questionable for most real gases, but it makes the math-
ematical derivation considerably simpler. It is possible to carry out this derivation
with a much relaxed form of this assumption. Such a treatment leads to a significant
increase of mathematical complexity and adds very little to our physical insight. In
this book we base our derivation on this assumption, with the caveat that it can be
relaxed at the expense of increased mathematical difficulty.

(iv) Laws of non-relativistic classical mechanics are applicable (except cross section,
which can be taken from quantum physics).

(v) Scale length of the distribution function is much larger than the range of intermolecu-
lar forces.

(vi) Effects of the external forces on the magnitude of the collision cross section are
neglected.

(vii) The phase space distribution function, F(t,r,v), does not vary appreciably during the
brief time interval of a molecular collision, nor does it change significantly over spa-
tial scales comparable to the range of intermolecular forces.

Let us focus our attention on molecules located inside the macroscopically
infinitesimal configuration space volume element, d3r, located at the point r and
consider the effects of binary collisions which take place between times t and t+dt.
Our goal is to calculate the net change in the number of molecules inside d3r with
velocity vectors between v and v+d3v. The net change is a result of two competing
processes. First, the molecules in d3r can be 'scattered out' of this velocity range
as a result of collisions with other molecules. This effect will decrease the number
of molecules in the specified velocity range: we denote the rate of this decrease by
(8F/8t)(~). Second, molecules in d3r whose velocity is originally not between v and
v+d3v can be scattered into our specified velocity range: the rate of this increase is
denoted by (8F/8t)(+). Finally, the collision term can be expressed as the difference
of these two terms:

8 F ( 8 F Y (8F

Let us start by calculating the loss term. We consider encounters taking place in
the configuration space volume element, d3r, between a molecule in the velocity
range of [\v v1+d3v1] and all other molecules. (Since d3vt is infinitesimally small
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158 5 The Boltzmann equation

one can neglect collisions between two molecules in this specified range.) For
convenience, we shall use the subscript 1 for molecules in our specific velocity
range and the subscript 2 for the velocity of the collision partner.

The number of molecules deflected out of our velocity range is equal to the total
number of collisions of molecules 1 in time dt (remember that d3Vj is infinitesi-
mally small, therefore practically all collisions will result in a post-collision veloc-
ity, Vj', which is outside the range of [\v v1+d3v1]).

Consider collisions between particles with velocities in the range of YX and
v1+d3v1 (molecule 1) and v2 and v2+d3v2 (molecule 2). The number of encounters
between these two groups of molecules taking place for the deflection angle in the
range % to %+d% and impact azimuths between 8 and 8+de per unit configuration
space volume per unit time is given by (see equation (3.122))

d8l = gS(g,%)F(t,r, v ^ F ^ r , v2)sin%dxd8d3v1 d
3v2 (5.18)

where g is again the magnitude of the relative velocity. The total number of colli-
sions per unit volume per unit time can be obtained by integrating over all possible
velocities of the target molecules, all the deflection and azimuth angles:

? ) =JjJd3v2/de}dxsinZS(g,x)gF(t,r,v1)F(t,r,v2) (5.19)

Next we evaluate the second part of the collision term. In order to do this we
need to know how many encounters terminate with one molecule in the specified
infinitesimal range of velocities about v r

Let us consider an encounter between two molecules of initial velocities \x' and
v2' and with deflection angle, %', and impact azimuth, 8'. Since the conservation
equations are invariant against an interchange of initial and final velocities, the
final velocities now will be \x and v2. This is an inverse encounter which is also
called a replenishing collision (see Figure 5.1).

There is a simple relation between depleting (forward) and replenishing (inverse)
collisions. In a depleting collision the initial velocities are \x and v2, and the final
velocities are \x' and v2'. The conservation of momentum and energy together with
the values of the deflection angle, %, and the impact azimuth, 8, completely deter-
mines the trajectory of the particles and their final velocities, vx' and v2'.

From the conservation of angular momentum we know that the impact parame-
ters before and after the collision are the same (see equation (3.25)), consequently
the deflection angles of the forward and inverse collisions must be identical, % '=%.
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5.1 Derivation of the Boltzmann equation 159

Figure 5.1

It was also shown that the relative motion of the two particles is confined to a
plane (see subsection 3.1.2), therefore the impact azimuth angles for the forward
and inverse collisions must be the same, 8-8.

It has also been shown that the magnitude of the relative velocity remains con-
stant in the collision process (see equation (3.58)), g'=g and the velocity of
center of mass does not change during the collision proc ss (see equation (3.4)),

In general, it can be shown that for spherically symmetric intermolecular
force fields for every depleting collision, (v1,v2)-^(v1',v2

f), there exists a replen-
ishing encounter, (v1',v2')^(v1,v2). Similarly, for every inverse collision,
(v1',v2')^(v1,v2), there exists a forward encounter, (v^)—>(v1',v2').

The number of replenishing collisions in volume d3r during the time interval dt
with deflection angle, %', and impact azimuth, 8', can be expressed as

d 8 r = g/S(g/,x/)F(t,r, v / )F( t , r , v . O s i n ^ d ^ d e ^ 3 v / d3v2' (5-20)

On the other hand we just concluded that %'=%, 8'=8, g'=g, therefore equation
(5.20) can be written as

d 8 I / -gS(g ,x)F( t , r ,v / )F( t , r ,v / ) s inxdxd8d 3 v /d 3 v 2
/ <5-21)

The next question is how can one express d3vt 'd
3v2' in terms of unprimed quan-

tities. We know that d3v1'd
3v2'=d3vc'd

3g' (see equation (3.129)) and that the center
of mass velocity and the magnitude of the relative velocity are conserved, vc'=vc

and g'=g. This means that

d3v/d3v2' = d3v/d3g ' = d3vc'g
/2dg'dQ ' = d \ g2dgdQ ' (5.22)
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160 5 The Boltzmann equation

where d£2 =sin%d%de is the solid angle element around the relative velocity vec-
tor (see equation (3.77)). Because %'=% and £'=£, one can conclude that dQ =d£2 ,
and therefore we obtain

d3
Vl'd

3v2' = d3vc g
2dgdQg = d \ d3v2 (5.23)

The total number of replenishing collisions into our small velocity space vol-
ume, d3vx, per unit volume per unit time can be obtained by integrating over all
possible velocities of the target molecules, and over all the deflection and azimuth
angles:

v2 JdeJdxsinxS(g,x)gF(t,r,v1')F(t,r,v2') (5.24)
0 0

Finally, one can substitute expressions (5.19) and (5.24) into equation (5.17) to
obtain the following form of the Boltzmann collision integral:

V2 Jdejdxsin -S(g,x)g[F'F2'-FF2] (5.25)
St .

where F=F(t,r,v), F =F(t,r,v'), F2=F(t,r,v2), and F2'=F(t,r,v2
l). It should be noted

that in equation (5.25) we have changed notation in order to be consistent with the
left hand side of the Boltzmann equation: YX and \x

f are now called v and v',
respectively. This form of the collision term makes the Boltzmann equation a non-
linear integro-differential equation with seven independent variables. It should be
kept in mind that this integro-differential equation is already a tremendous simpli-
fication (we started with 6N equations describing the motion of N particles in the
six dimensional phase space). However, the Boltzmann equation is still not a sim-
ple equation to solve. With the help of equation (5.25), the Boltzmann equation
can be written in the following form:

+ f + f (5.26)

This form of the Boltzmann equation is a non-linear integro-differential equation
depending on seven variables: time, t, location, r, and velocity, v. The non-linear-
ity is explicit in the collision integral which explicitly contains products of the dis-
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5.7 Derivation of the Boltzmann equation 161

tribution function, F. The acceleration, a, may also depend on the distribution
function and result in additional non-linear effects.

The Boltzmann equation can also be written in terms of the random velocity, c:

3F , , 3F \du. 3u. ]3F
— + (u.+c.)- - r i + u . + c ;)^—a. —-
3t * l 3xi (̂  3t J J dx. l )dc{

In n

= JJJd3c2 JdeJdxsinxS(g,X)g[F F 2 ' -FF 2 | (5.27)
0 0 L J

where F=F(t,r,c), F '=F(t,r,c% F9=F(t,r,c9), and F'=F(t,r,cA

5.1.3 Multispecies gases

For a system composed of different molecular species there is one Boltzmann
equation for each molecular species. Let Fs denote the phase space distribution
function of particles of type ' s \ The velocity vectors referring to particles V will
be denoted by vs (total velocity) or cs (random velocity). In this case the
Boltzmann collision integral can be written as

2n n -

fdefdYsinYS(g,Y)g F ' F / - F Ft I (5.28)
I J A/ A» VO'A»/O s t S t | v 7

0 0 L

where Fg=Fs(t,r,v8), Fs'=Fs(t,r,vg'), F=Ft(t,r,vt), and F/riF^r,^1). Each term in the
summation refers to encounters between V particles and 't' particles. The sum-
mation with respect to 't' must run over all types of particles present in the gas,
including the t=s case, because V molecules also collide with other V particles. It
should be emphasized again that the velocities, vs' and vt', are functions of the pre-
collision velocities, vs and vt.

With this collision term the Boltzmann equation can be written in the following
form:

at si

2n n

= 1 |J!d3vt jdejdxsinxS(g,x)g[Fs'Ft'-FsFt] (5.29)
0 0
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162 5 The Boltzmann equation

In terms of the random velocity the Boltzmann equation for composite gases
becomes

3F (du, . 3u; W

, JdejdxsinxS(g,x)g[F'Ft'-FFt] (5.30)
0 0

where F=F (t,r,cs), Fs'=Fs(t,r,cs% F=Ft(t,r,ct), and Ft'=Ft(t,r,ct% The random
velocity of species V , cs, is defined as cs(t,r)=vs-us(t,r).

5.2 The H-theorem and equilibrium distributions

5.2.1 The H-theorem

Next, we explore several important consequences of the Boltzmann integral repre-
sentation of the collision term. For the sake of simplicity we will consider a gas
composed of a single molecular species. In this case the full Boltzmann equation is
given by equation (5.26). It will be shown below that an important consequence of
this form of the Boltzmann equation is that collisions drive the distribution func-
tion towards equilibrium state in an irreversible way. The irreversible character of
the Boltzmann collision integral is a consequence of the assumption of molecular
chaos (which neglects the correlation effects between colliding particles).

Let us start by introducing the so-called Boltzmann function, H(t):

H(t) = JJJd3r JJJd3vF(t,r,v) lnF(t,r,v) (5.31)

where O îs the volume of the gas. It can be shown that the function H(t) is closely
related to the total entropy of the gas2, S(t):

S(t) = -kH(t) (5.32)

Boltzmann's H-theorem states that if F satisfies the Boltzmann equation (with
the Boltzmann collision integral on the right hand side) then H(t) is a monotoni-
cally decreasing function, i.e.

0 (5.33)
dt
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5.2 The H-theorem and equilibrium distributions 163

This theorem is fully consistent with the fundamental laws of thermodynamics,
because it means that the total entropy of a closed system is a monotonically
increasing function of time. To prove the H-theorem let us consider the time deriv-
ative of the H(t) function:

= JJJcPr (l + lnF(t,r,v)) ^ ^ (5.34)

The term dF/dt in the integrand is the left hand side of the Boltzmann equation,
therefore it can be replaced by the right hand side, which is the Boltzmann colli-
sion integral. Now equation (5.34) becomes the following:

***- v oo oo

(5.35)

where S=S(g,%), F=F(t,r,v), F =F(t,r,v% F2=F(t,r,v2), and F2'=F(t,r,v2'). We inte-
grate over both v and v2, therefore the two particles can be interchanged in the
integrand (mathematically, both v and v2 are 'dummy' variables). The magnitude
of the relative velocity, g = Iv - v2l, is invariant for this interchange, therefore one
can write

o o
(5.36)

In the next step we add equations (5.35) and (5.36) and divide the result by 2.
This operation yields the following equation:

^ l <V oo oo 0 0

(5.37)

For every collision there exists an inverse collision with g'=g, %'=%, 8-8, and
d3v'd3v2'=d3vd3v2 (see the derivation of the Boltzmann collision integral in the pre-
vious section), therefore in equation (5.37) one can replace v and v2 by v' and v2',
without altering the value of the integral. Consequently, dH/dt can be rewritten as
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164 5 The Boltzmann equation

at l v oo

(5.38)

Finally, we add equations (5.37) and (5.38) and divide the result by 2. This opera-
tion leads to the following expression:

(5.39)

Next we examine the sign of the integrand in equation (5.39). The magnitude of
the relative velocity, g, and the differential cross section, S, are always positive,
therefore they do not need particular attention. We focus on the remaining part of
the integrand which can be written in the following form:

A = F 'F 2 ' ln (x) ( l -x) (5.40)

where x=(F F2/F'F2'). It is obvious that the distribution function is positive semi-
definite, therefore 0<x<°o. The sign of the integrand is determined by the sign of
the expression, ln(x) (1-x). The two elements of this expression are plotted in
Figure 5.2. Inspection of Figure 5.2 reveals that for x>0 values the signs of ln(x)
and (1-x) are always opposite, therefore their product is always negative, except
for x=l, when the product is zero. The conclusion is that the integrand of equation
(5.39) is negative for all values F F2^F'F2' and zero only when F F2=F'F2', there-
fore the integral itself is negative semidefinite, dH/dt<0.

This proves the H-theorem and shows that when F satisfies the Boltzmann equa-
tion, the Boltzmann function, H(t), decreases monotonically until it reaches a lim-
iting value, which occurs when there is no further change in the system. This limit-
ing value is reached only when F F2=F'F2', and is a necessary condition for
dH/dt=0, and consequently it is also a necessary condition for equilibrium.

Next, we show that the F F2=F'F2' condition is not only necessary for equilib-
rium, but also is sufficient. Under equilibrium conditions the total time derivative
of the phase space distribution function vanishes, i.e.,

^ = o (5.41)
dt
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5.2 The H-theorem and equilibrium distributions 165

lnx

Figure 5.2

Equation (5.41) tells us that under equilibrium conditions the left hand side of the
Boltzmann equation vanishes. This naturally means that the Boltzmann collision
integral has to vanish as well:

(5.42)
o o

A sufficient condition to satisfy this equation is F F2=F V2'. At the same time we
already showed that the same relation is necessary to ensure the equilibrium con-
dition, dH/dt=0. The condition F F2=F F2 ' is therefore both necessary and suffi-
cient to ensure equilibrium.

A consequence of the H-theorem is that the entropy of the system increases with
time until equilibrium is reached. This irreversible behavior is consistent with the
laws of thermodynamics, and it is a consequence of the molecular chaos assump-
tion.

5.2.2 Equilibrium distribution

We showed that in equilibrium the conditional probability density of finding two
particles with velocities v and v2, is the same as that of finding two particles with
v'andv2':

F(t, r, v') F(t, r, v ') = F(t, r, v) F(t, r, v2) (5.43)

Taking the natural logarithm of both sides of equation (5.43) gives
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166 5 The Boltzmann equation

lnF(t,r,vO + lnF(t,r,v2
f) = lnF(t,r,v) + lnF(t,r,v2) (5.44)

which shows that In F is a summation invariant (or conserved) quantity in the col-
lision process. In other words, the sum of the logarithms of the distribution func-
tions, lnF+lnF2, is conserved during the collision.

On the other hand, we know that in the case of molecules without internal
degrees of freedom there are four, and only four, independent, velocity dependent,
summation invariant, quantities. These quantities are the momentum vector and
the kinetic energy of the particles. A fifth summation invariant quantity, the mole-
cular mass, is independent of the molecular velocities. Any other summation
invariant, such as lnF, can be expressed as a linear combination of the five inde-
pendent summation invariants:

In F(t, r, v)=a0 (t, r) + ax (t, r) mvx + a2 (t, r) mvy + a3 (t, r) mvz + a4 (t, r) - mv2

(5.45)

Here a0 through a4 are velocity independent coefficients. A more familiar form
can be obtained for the distribution function by introducing another set of five
independent coefficients:

o 1 moL m a . m a ,
B = — m a , u = u = - u = - lnA = a n +Bu 2

H 2 4 x 2(3 y 2p z 2(3 °
(5.46)

Using these coefficients the distribution function, F, can be written in the follow-
ing form:

F(t,r,v) = Aexp{-(3[(vx-ux)2+(vy-uy)2+(vz-uz)
2]} (5.47)

which is the well known Maxwell-Boltzmann distribution. It should be noted that
the parameter, (3, is not determined by this derivation. As has been shown earlier,
this parameter characterizes the width of the distribution and it is closely related to
the average kinetic energy of the molecules in the gas.

This is a tremendously important and far reaching result. It tells us that in equi-
librium the distribution of molecular velocities is always Maxwellian. It also tells
us that there is a one-to-one correspondence between equilibrium and Maxwellian
velocity distributions: if and only if the distribution is Maxwellian, the gas is in
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5.3 Approximate collision terms 167

equilibrium. This result also gives us a powerful tool to describe near equilibrium
conditions, because these distributions must be close to Maxwellian.

5.3 Approximate collision terms

In most cases it is almost impossible to evaluate the Boltzmann collision integral
analytically. Several approaches were introduced in order to obtain approximate
expressions of varying sophistication (see the detailed monograph of Chapman
and Cowling3). Here we outline some of the simplest and most widely used
approximations.

5.3./ Relaxation time approximation (BGK approximation)4'6

The relaxation time approximation was first suggested by Bhatnagar, Gross, and
Krook in 1954 and it is often referred to as the BGK approximation.4 Boltzmann's
H-theorem tells us that collisions randomize the distribution of molecular veloci-
ties and bring all gases towards local equilibrium, which is characterized by
Maxwellian velocity distributions.

For the sake of mathematical simplicity let us start with a single species gas and
evaluate the collision term in the relaxation time approximation. The relaxation
time approximation assumes that the velocity distribution of those particles which
participate in replenishing collisions is an equilibrium distribution, Fo (it should be
noted that FQ is always Maxwellian). In this approximation the contribution of
replenishing collisions to the collision term can be written in the following form
(see equation (5.24)):

lfJ JJdeJdxsinxS(g,x)gF0(t,r,v')F0(t,r,v2') (5.48)

On the other hand we know that in equilibrium the distribution function satisfies
equation (5.43), therefore equation (5.48) can be written as

I T ) =JlJd3v2JdeJdxsinxS(g,x)gFo(t,r,v)Fo(t,r,v2) (5.49)
o o

Using this approximation the Boltzmann collision integral (equation (5.25)) sim-
plifies to the following:
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168 5 The Boltzmann equation

o-p 27C 71

— = Fo (t, r, v) JJJ d3v2 J de J dx sin % S(g, X) g Fo (t, r, v2)
O t 0 0

2JC n

-F(t,r,v)JJJd3v2 jdeJdxsinxS(g,x)gF(t,r,v2) (5.50)
0 0

It can be seen that the integrals in the first and second terms represent an aver-
age collision frequency (the average number of collisions of a single molecule per
unit time, see equation (3.113)). The characteristic times can be denoted by x0 and
xF, respectively:

2n n 1

JJJd3v2 JdeJdxsinxS(g,x)gF0(t,r,v2) = n0 a0 g = — (5.51a)
0 0 T0

271 7C 1

JJJd3v2 JdeJdxsinxS(g,x)gF(t,r, v2) = n0 c0 g = — (5.51b)
0 0 ~F

In the relaxation time approximation the characteristic time scales, x0 and xF, are
treated as free parameters, which can be chosen using considerations outside the
scope of gaskinetic theory (such as quantum mechanical effects). In this approxi-
mation the collision term can be written in the following form:

SF(t , r ,v)= F(t,r,v) F0(t,r,v)

5t x x
Ol LF Lo

The physical meaning of this collision term is the following. Particles obeying
the actual distribution function, F(t,r,v), are removed exponentially (due to colli-
sions) with a time scale of xF (the minus sign in the collision term represents loss).
The 'removed' particles are 'replaced' with an exponential time scale of x0 by
another population of particles following the equilibrium phase space distribution
function, F0(t,r,v).

It is obvious that collisions do not create or destroy particles (our simple collision
model does not take into account chemical reactions or other physical processes
which alter the identity of the colliding particles, such as ionization or recombina-
tion). This means that the normalization of the actual distribution function, F, and
that of the equilibrium (Maxwellian) distribution, Fo, must be identical:

t,r,v) (5.53)
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5.3 Approximate collision terms 169

The 'loss' and 'replacement' time scales, xF and x0, must also be identical,
because removed particles must be replaced at the same rate (otherwise one would
have a net particle gain or loss as time goes on): xF=xQ.

We showed in Chapter 3 that elastic binary collisions (the ones which are
approximated by the BGK collision term) conserve the total momentum and
kinetic energy of the colliding particles. This means that the average momentum
and energy described by the instantaneous distribution, F, and the Maxwellian, Fo,
must be the same. Therefore the Maxwellian, Fo, can be written in the following
form:

where the average velocity, u0, and temperature, To, can be obtained from the con-
servation of momentum and energy, respectively:

m JJJd3vvF0(t,r, v) = mnu0 = m JJJ d3vvF(t,r, v) (5.55a)

(5.55b)

In other words, the number density, drift velocity, and temperature of the
Maxwellian are identical to the number density, average flow velocity and kinetic
temperature of the instantaneous distribution, F. In summary, the relaxation time
approximation for a single species gas yields the following expression for the col-
lision term:

8F(t,r,v) 1 m3/2n _J m(v-u0)2 , ^ _ _ ^ ^
8t 2kT

0

where n is given by the normalization of F, while u0 and To can be obtained with
the help of equations (5.55).

The determination of the Maxwellian parameters is much more complicated in
the case of multispecies gases.7 In this case the rate of change of the distribution
function of particles 's ' can be written in the following form:
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170 5 The Boltzmann equation

i H — X s °s(st) (5.57)

where Tst is again a formally defined relaxation time, which is treated as a parame-
ter, FOs(st) is an equilibrium (Maxwellian) distribution which would be the time
asymptotic distribution function if V particles collided only with 't' particles. The
notation 's(st)' means that the given quantity would be achieved for particles 4s' if
there were only s-t collisions in the gas.

The conservation of particles again requires that FQs(st) must be normalized to the
number density of particles V , nOs(st =ns. The temperature, Ts(st), and bulk flow
velocity, us(st), must be defined in such a way that momentum and energy are con-
served in two particle collisions. In the following discussion these conditions will
be explored and expressions for us(st) and Ts(st) will be derived.

In the following treatment we consider the derivation of parameters us(st) and
Ts(st) which enter the expression for FOs(st). These parameters must be defined in
such a way that momentum and energy are conserved in binary collisions. Here we
outline a derivation which is based on a long series of tedious calculations per-
formed by several authors.4'7

Consider purely elastic binary collisions (Chapter 3) of V and 't' particles. The
conservation of momentum means that the momenta of the particles in the center
of mass system can be expressed in terms of the reduced mass, mst, and the relative
velocity vector, g (see equation (3.127)):

m s vsc = mst g m t vtc = "mst g (5.58a)

ms vsc' = mst g' mt vtc '= -ms t g' (5.58b)

where the primed quantities refer to velocities right after the collision,
m =m m./(m +m.) is the reduced mass, and g=v -v, is the relative velocity vector.

si s t s t ^̂  s t

The center of mass velocity vector, vc, is conserved in the collision (see equa-
tion (3.4)), and the magnitude of the relative speed, g, also remains the same dur-
ing binary collisions (equation (3.58)). Using these conservation relations one can
express the velocities of the two particles after the collision in the following form:

v '— v + v
s c s

t c t

i — s s — t t

ms + mt

, m s V s+ m t V t

m+m.

i ^

ms+mt

msg'
m + m ,

(5.59a)

(5.59b)
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5.3 Approximate collision terms 111

It is quite reasonable to assume that while the magnitude of the scattered rela-
tive velocity vector, g', must remain equal to g, it can have any direction in space
(because the direction is determined by the impact azimuth and impact parameter,
which are independent of the particle velocities), therefore the solid angle average
of g' is zero. This means that the average values of the particle velocities after the
collision can be written as follows:

(5.60)
m s +m t

In other words the mean flow velocities of the s and t particles after a binary colli-
sion are identical and are given by equation (5.60).

Next we calculate the average Maxwellian temperatures, Ts(st) and Tt(ts). The
random velocities after an s-t collision are the following:

m e +mfcf

(5.6,b,

The kinetic temperature of the s particles after the collision is based on random
velocity components relative to the Maxwellian flow velocity, us(st), therefore one
can write

= = ( m < c
s(st) 3k 3 k ( m s + m t )

2 V s s
m 2 < c 2 > + m 2 < c 2 > + r n 2 < g 2 >

s s ' ' ' S

(5.62)

The <csct> term vanishes, because the colliding particles are assumed to be com-
pletely independent of each other. The last two terms are also zero, because the
relative velocity vector, g', can have any direction, and it is independent of cs and
ct. The average value of g2 can be expressed in the following form:
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172 5 The Boltzmann equation

<g2 >=< (vs - vt)
2 > = <(cs - c t +us - u t )

2 >=< cs
2 > + < c2 > +(us - u t )

2

- 2 < c s - c t > + <cs > - ( u s - u t ) - < c t > - (u s -u t ) = <c2 > + <c 2 > + ( u s - u t )
2

(5.63)

Substituting this into equation (5.62) and using the definition of kinetic tempera-
ture we obtain the following expression for Ts(st):

(5.64a)vt s 7 01 / . \ stv t

3k(m s +m t )

A similar expression can be obtained for Tt •

The physical meaning of the individual terms in expressions (5.64) is quite clear.
The first term simply represents the present state of the gas: in the absence of a sec-
ond species the gas would relax to an equilibrium (Maxwellian) distribution with
temperature equal to the instantaneous kinetic temperature, Ts. The second term
describes the heat exchange between the two species: heat energy is transferred from
the 'hotter' gas (higher kinetic temperature) to the colder one. It is interesting to note
that the efficiency of the heat transfer depends on the ratio of the reduced mass to the
total mass of the colliding molecules. The heat transfer is most efficient between
molecules of nearly equal mass, and it becomes very inefficient when the masses of
the colliding particles are very different (as in the case of electrons colliding with
neutral molecules). The physical interpretation of the third term is very interesting.
This term, which is proportional to the square of the mean velocity difference
between the two gases, describes friction: kinetic energy of the organized relative
(bulk) motion of the gases is transferred into random (thermal) motion. It should be
noted that the contribution of this frictional term is positive in both expressions (it
increases both Ts(st) and Tt(ts)) and it is distributed according to the mass of the collid-
ing partner. Equations (5.64) tell us that the collisions between the two species gradu-
ally reduce the temperature difference and the relative bulk motion between the gases.

The sum of the average thermal energy of the two gases can be expressed the
following way:

fkTs(s t )+|kTt( t s )=|kTs+|kTt+imst(us-ut)
2 (5.65)
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5.3 Approximate collision terms 173

This is a mathematical formulation of the result we discussed above: the total
thermal energy of the system increases due to the frictional transformation of bulk
energy to random particle motion.

It is obvious that the two temperatures, Ts(st and Tt(ts), are not the same. This
means that the temperatures of the two gases approach equilibrium differently:
however, eventually the temperatures and flow velocities become identical.

The BGK method is very simple and attractive. First of all the collision term is
mathematically simple, which makes it possible to obtain closed analytic expres-
sions for the transport coefficients. Secondly, the approximation does not make
any specific assumption about the nature of the intermolecular forces, thus avoid-
ing detailed evaluation of the very complicated Boltzmann collision integral. A
third advantage is that the BGK approximation is not limited to two particle colli-
sions only. This is not very important in the case of neutral molecules, but when
the Boltzmann equation is used to describe charged particles this question
becomes quite relevant.

We have all learned that there are no free lunches in real life, therefore the BGK
method must have several disadvantages, as well. First of all the approximation
cannot be considered to be a rigorous theory. Secondly the relaxation times, Tst, are
treated as given parameters, which depend only on time and location, and their
values are determined empirically (and sometimes very inaccurately).

In order to demonstrate the use of the BGK approximation let us consider a sim-
ple example. Consider a volume of gas at rest (u=0), with no spatial gradients and
no external forces. Assume that the gas is composed of a single molecular species,
and that the relaxation time, x0, is constant everywhere. In this case the Boltzmann
equation simplifies to the following:

3F(t ,v)= F(t,v) | F0(t,v) ( 5 6 6 )

at x0 x0

where Fo is a drifting Maxwellian with parameters n, u0, and To, where n is the parti-
cle concentration, u0 is the average flow velocity, and To is the kinetic temperature:

n = JJJd3vF(t,r,v) (5.67a)

uo=^JJJd3vvF(t,r,v) (5.67b)
oo

To = - ^ - J J JdW F(t,r,v) (5.67c)
j n jv
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174 5 The Boltzmann equation

Let us assume that at t=0 we start with an initial distribution function, Fin(v). In
this case one can solve the simplified Boltzmann equation to obtain

[Fin(v)-F0(v)]e^ (5.68)

As a specific example we consider an initial distribution with all particles uni-
formly distributed inside a velocity space sphere of radius vQ:

1

0 otherwisej
(5.69)

In this case the concentration is n, the average velocity is zero, and the kinetic tem-
perature is the following:

m v o (5.70)

The solution is

F(t,v) =
v<v0

V> V,

(5.71)

where

A , 5 V / 2 n f 5v2

A = — — exp - -
2K v3 '

(5.72)

The temporal evolution of this solution is shown in Figure 5.3. In Figure 5.3
velocity and time are measured in dimensionless units, v/v0 and t/x0.

5.3.2 Fokker-Planck approximation

The BGK collision term is a simple approximation to the collision integral which
is independent of the actual interparticle potential. A different and more realistic
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5.3 Approximate collision terms 175

Velocity

approximation can be obtained by realizing that in a broad class of collision mod-
els most encounters produce only a small change in the particle velocities (for
instance, in the case of inverse power interaction most collisions take place with
large impact parameters and therefore result only in small velocity changes). The
assumption that collisions result only in small velocity changes leads to another
simplified form of the Boltzmann collision integral, called the Fokker-Planck
approximation.

Let us start from the Boltzmann collision integral for multispecies gases given
by equation (5.28). The distribution function of V particles after a collision,
Fs'(t,r,vs'), is only slightly different from Fs(t,r,vs), therefore one can use a second
order Taylor series expansion to approximate it:

(5.73a)

where Fs=Fs(t,r,vs). A similar approximation can be obtained for the distribution
function of scattered 't' particles:

3F, 1 d2F.

(5.73b)
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176 5 The Boltzmann equation

On the other hand one can express the changes of vs and vt as the change of the rel-
ative velocity (see equations 3.51):

v '—v =v '—v =——(2'—2) (5.74a)

(5.74b)

where mst is again the reduced mass of the colliding particles. With the help of
equations (5.73) and (5.74) we can write the integrand of the Boltzmann collision
integral in the following form (only keeping terms up to second order):

msmta
F s 3 F t

vsi 3vtj

m

1

2
K
m2 3-

- r

V s i 3 v

m s t

mt

s. '

F 3 F 's 3vd J

2 m2

32F.

(5.75)

Next, we substitute equation (5.75) into (5.28) to obtain the following expression
for the collision integral:

where

2TC n

o o
(5.76)

msmt

A

3F

st

i a v

. m s

t 1

y 2

3Fs

ms
2

t
2

Ft

a
a v s

mt

S

Fs

Ft
2

m2

m 2 '
; t

s a v t i a v t j

(5

(5

.77a)

.77b)

It should be noted that the coefficients, Ast and Bst are independent of the impact
azimuth, 8. The differential cross section, S(g,%), is also independent of 8, there-
fore equation (5.76) can be written in the following form:
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2n

177

f JdE(gi'-g.)
o o

271

-SjJJd3v.JdXsinxSgB«|d£[(gi'gj'-gigj)-gi(gj'-gj)-gj(gi'-gi)]
t oo 0 0

(5.78)

First we evaluate the integrals over the impact azimuth, 8. Let us choose three
orthogonal unit vectors in the following way: e3 is parallel to the relative velocity
vector, g, the impact azimuth, 8, is measured counter-clockwise from the vector ev

and ev e2, and e3 form a right handed coordinate system (see Figure 5.4). In this
case g=ge3, and g'=g sin% cos 8 ex + g sin % sin 8 e2 + g cos % e3 (because the quan-
tities g and 8 are conserved during the collision). Using these vectors the integrals
over the azimuth angle can be readily evaluated:

Jd8(gi'-gi) = eligsinx Jd8cos8 + e2igsinx Jdesine
0 0 0

2K

-e3i g (1 - cos x) Jde =-2^(1-cos x) (5.79)

and

In

(5.80)

e 2

Figure 5.4
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178 5 The Boltzmann equation

Substituting these results into equation (5.78) yields the following expression
for the collision integral:

^ ] = - S JJJ d3vt g [cr, gi A-
(5.81)

where Gj(g) and (T2(g) are the higher order transport cross sections introduced in
Chapter 3 (see equation (3.88)). Next we substitute equations (5.77a) and (5.77b)
into expression (5.81):

6t

(5.82)

where we have introduced the following quantities:

GI = Z^5 LJJJd 3 v«°iggiF« <5-83a>

3v ta l gg i g jF t (5.83b)

LU = X 7^T JJId3v. °2 g (g25ij-3gigj)Ft (5.83c)

The integrals in equation (5.82) still contain derivatives of the velocity distribu-
tion function, Ft, with respect to the velocity components, vti. These integrals can
be manipulated so that we end up with derivatives with respect to the velocity
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5.3 Approximate collision terms 179

components of particles V . In order to demonstrate this process we start with one
of the integrals in expression (5.82). First we integrate by parts to obtain

The first integral is zero because the distribution function vanishes for infinite
velocity. The second integral can be further manipulated using the following rela-
tion:

where f(g.) refers to any arbitrary function of the velocity components. With the
help of equation (5.85) one can rewrite equation (5.84) in the following form:

JJJd\alggi ^ = J- JJJd\aIggiFt (5.86)
ti si

With the help of these relations equation (5.82) can be rewritten in the following
form:

( 5 - 8 7 )

si sj

where

(5.88a)

U-3«i«j)}F.
' s j t " ' s • " * t ' "*

(5.88b)
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180 5 The Boltzmann equation

Finally, we evaluate the coefficient of Fs for inverse power interactions. Using
equation (3.109) the n-th order transport cross section, Gn, can be written in the
following form:

t - 5

where ast is the exponent of the interparticle force between V and 't' particles (see
Chapter 3) and a* is a coefficient independent of the relative velocity, g. It can
immediately be seen that the ratio of cross sections ax and G2 is independent of the
relative velocity; therefore one can introduce a new velocity independent parameter:

f Gs< all

Z2i=-T = =7 (
21 Of Of

Using this form of the cross section, the coefficients in the collision term can be
evaluated:

(5a. - 9 ) - ( 3 a , -5)z? 1 _ .

S St

The collision term becomes particularly simple in the case of electrically
charged particles, when ast=2. In this case Ws=0 and the collision term can be writ-
ten in the following form:

where

( 3 2 ^ ) f J j | d 3 % F (5.93a)
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5.4 Non-equiilibrium solutions of the Boltzmann equation 181

g 8
_ _ zst

4 214 21J g 2 4

Equation (5.92) is the Fokker-Planck approximation of the collision term. The
first term describes a phenomenon similar to dynamical friction in which colli-
sions gradually eliminate all velocity gradients in the gas. The second term
describes diffusion in velocity space and Df acts as a diffusion coefficient tensor.
This term results in the broadening of the velocity distribution function.

It should be mentioned that the Fokker-Planck collision term is valid for any
system in which individual collisions produce only small changes in the velocity
of particles, with large changes occurring only as a result of many small changes.

Another important point to be made is that the scattering process is not neces-
sarily constrained to intermolecular collisions. For instance small angle scattering
of charged particles by fluctuating electromagnetic fields also results in a
Fokker-Planck type collision term.

5.4 Non-equilibrium solutions of the Boltzmann equation89

In the previous sections we derived a general transport equation for the phase
space distribution function, F(t,r,v), the Boltzmann equation. It was also shown
that the only equilibrium solution of the Boltzmann equation is the
Maxwell-Boltzmann distribution. However, in most practical applications one
must find non-equilibrium solutions of the Boltzmann equation. There is no gen-
eral rule to find a solution and we are usually constrained to solutions which
assume that the distribution function is not very far from equilibrium. The near-
equilibrium solutions were independently developed in the first decades of the
20th century by Sydney Chapman of Britain and David Enskog of Sweden. It is
interesting to mention that Enskog's pioneering work, which represented the first
non-equilibrium solutions of the Boltzmann equation, was his Ph.D. thesis
defended in 1917 at the University of Uppsala, Sweden.

The Chapman-Enskog solution is based on the recognition that gases in ther-
modynamic equilibrium can be described by Maxwell-Boltzmann distributions.
The Chapman-Enskog solution is based on an equilibrium Maxwellian with num-
ber density, n, temperature, T, and flow velocity vector, u. Transport phenomena
occur only in gases which deviate from equilibrium. In reasonably dense gases
(so-called collision dominated gases) the deviation from the equilibrium distribu-
tion is small and it can be treated as a perturbation.

Based on this assumption velocity distributions of collision dominated but non-
equilibrium gases are approximated in the following form:

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:34:07 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.006
Cambridge Books Online © Cambridge University Press, 2013



182 5 The Boltzmann equation

F(t,r,c) = F0(t,r,c){l +A.(t,r)c. +B..(t,r)c. c. +Dijk(t,r)c. c. ck +...

(5.94)

where c=v-u is the random velocity, Ai? Bf, and Dik are coefficient matrices (inde-
pendent of velocity) and

v 3 / 2

Here n(t,r) is the particle concentration, therefore the normalization of F and Fo

are identical. It is assumed that the higher order terms of the expansion represent a
decreasing series of perturbations. It is also clear that the expansion coefficients
must be symmetric for the interchange of indices, therefore for instance

and so on.
The normalization of F yields the following condition for the expansion coeffi-

cients:

+B JJJd3cc.c.F0 +Dijk JJJd3ccicjckF0+- (5.97)
oo oo

The normalizations of F and Fo are the same and the Maxwellian averages of c{

and CjC.ck are zero, therefore equation (5.97) simplifies to the following condition:

BJJ + (4 th order term)+- • •= 0 (5.98)

Equation (5.98) means that the normalization condition does not represent any
constraint for coefficients of odd order. In lowest order it means that the two index
tensor describing second order perturbations must be traceless:

B i i = B 1 1 + B 2 2 + B 3 3 = 0 (5.99)
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5.4 Non-equiilibrium solutions of the Boltzmann equation 183

Another constraint can be obtained for the expansion coefficients using the fact
that the average random velocity must be identically zero:

+BjJJd'cchcicJF0+DakJJJd3cchcicjckF0+...= 0 (5.100)
oo oo

The integrals of odd order again vanish and we obtain the following relation:

F = nAi<chci>0+nDi j k<chcic jck>0+.. .= 0 (5.101)

where the symbol <>0 denotes averages with respect of the distribution function,
FQ. It can be easily verified that

kT
<ci>0=0 <clCj>0=—8fl

<ciCjck>0=0 <chciCjck>o=^j ( 8 ^ + 8 ^ + 8^8,.) (5.102)

Using equation (5.102) condition (5.101) can be written in the following form:

kT
Ah+3—Diih+-=0 (5.103)

Equation (5.103) means that the first and third order perturbations are inter-
related and the expansion series can be truncated only at zeroth order (which
is a trivial expansion) or at the third order (because the existence of a first order
coefficient requires the presence of the third order term as well).

It can be seen that the relative importance of the individual terms in the expan-
sion series can be characterized by the following series of dimensionless quantities:

1, v0Ai5 vSBfl, v3D y k , . - (5.104)

where the characteristic velocity, v0, is given by
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(5.105)

The convergence of the expansion series requires that the contribution of the
higher order terms be rapidly diminishing, therefore coefficients must satisfy the
following condition:

» • • • (5.106)

It is interesting to examine the number of independent parameters characteriz-
ing the expansion series of a given order. The expansion coefficients of the n-th
order represent a symmetric matrix with n indices. The number of independent
components of such a matrix is (n+l)(n+2)/2, where n runs from 0 to infinity. This
means that the lowest order approximation (when the distribution function is
approximated by a Maxwellian) is characterized by the four parameters of the
Maxwellian itself (vector velocity and temperature) plus the single independent
parameter of the n=0 matrix (normalization). This means that in the lowest order
limit the distribution function is characterized by five parameters.

In the most general case the next lowest order approximation must include
expansion coefficients up to third order (because the first and third order coeffi-
cients are coupled). The number of independent components of the first, second
and third order matrices are 3, 6, and 10, respectively, adding 19 additional ele-
ments to the five parameters of the lowest order expansion. However, the total
number of independent parameters is not 19+5=24, because equations (5.99) and
(5.103) must be satisfied by the matrix components. These four equations reduce
the number of independent elements by four, therefore the total number of inde-
pendent components in the third order approximation is 20.

The total number of independent parameters characterizing a given expansion is
naturally closely related to the highest order coefficient matrix included in the
approximation. If the number of indices of the highest order matrix in a given
approximation is k (k>2) then the total number of independent parameters charac-
terizing the expansion is given by (k+l)(k+2)(k+3)/6. For the third order expan-
sion this expression gives a value of 20, for fourth order it yields 35, for fifth order
it becomes 56, etc.

In the Chapman-Enskog method the solution of the Boltzmann equation is car-
ried out by solving appropriate transport equations for the parameters of the
Maxwellian and for the matrix elements of the expansion tensors. These transport
equations are obtained by taking the velocity moments of the Boltzmann equation.
This technique will be discussed in detail in the next chapter.
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5.5 Problems 185

5.5 Problems

5.1 Show that the Boltzmann equation is invariant for Galilean transformations.
5.2 Consider a steady-state, isothermal (T= constant) planar atmosphere in ther-
modynamic equilibrium. Make the assumption that the phase-space distribution
function is only a function of the altitude, z, and the particle velocity vector, v. The
gravitational acceleration vector is g = (0,0,-g), where g is constant everywhere
(this is true for a thin atmosphere). Derive the phase space distribution function
using the Boltzmann equation. The mass of the gas molecules is m, the tempera-
ture is T, and the particle number density at the surface is n0.
5.3 A container of volume 1̂ is uniformly filled with a monatomic gas in thermo-
dynamic equilibrium at temperature T. The total number of molecules in the vol-
ume is N. Calculate the total entropy of the gas and show that it satisfies the fol-
lowing thermodynamic relations:

where the total energy of the gas, E, is given as E=3NkT/2.
5.4 Consider a volume of isothermal gas under thermodynamic equilibrium con-
ditions in the presence of a conservative external force. Show that the phase space
distribution is the following:

c , x A i i m v 2 + O ( r )F(r,v) = Aexp| —2 —

where A is a normalization constant and O is the potential of the external force.
5.5 Maxwell molecules interact via an inverse power potential with a spectral
index of a=5. Consider a binary gas mixture of Maxwell molecules composed of
V and 't' particles. Show that in this case the Fokker-Planck coefficients are pro-
portional to the following quantities:

(v s i - U t i ) (v s j -u t j ) +
mtnt

+ B8flnt
mtnt
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186 5 The Boltzmann equation

where ut is the average velocity of 't' particles, while the pressure tensor, Pti. is
defined as

(here ct is the random velocity of4t' particles).
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6
Generalized transport equations

In its most general form the Boltzmann equation is a seven dimensional non-linear
integro-differential equation (see equation (5.29) or (5.30)). The solutions of the
Boltzmann equation provide a full description of the phase space distribution
function at all times. In most cases, however, it is next to impossible to solve the
full Boltzmann equation and one has to resort to various approximate methods to
describe the spatial and temporal evolution of macroscopic quantities characteriz-
ing the gas. One successful way to find approximate solutions is the
Chapman-Enskog method discussed in the previous Chapter. This method uses a
power series expansion around the equilibrium distribution function (Maxwellian)
to describe slightly non-equilibrium gases. The method assumes that coefficients
of increasing powers of random velocity components are proportional to increas-
ing powers of a smallness parameter, thus ensuring rapid convergence.

An alternative, and mathematically equivalent, method was developed by Grad
in the late 1940s.1 In this method transport equations for macroscopic molecular
averages are obtained by taking velocity moments of the Boltzmann equation.
This seemingly straightforward technique runs into considerable difficulties
because the governing equations for the components of the n-th velocity moment
also depend on components of the (n+l)-th moment. In order to get a closed trans-
port equation system one has to use closing relations (expressing a higher order
velocity moment of the distribution function in terms of the components of lower
moments) and thus make implicit assumptions about the distribution function. The
closing relation to be used in this chapter relates the fourth order velocity moments
to zeroth and second order ones: this means that one ends up with transport equa-
tions for the zeroth, first, second and third velocity moments of the distribution
function.

In this chapter we start by examining the physical interpretation of the various
velocity moments of the phase space distribution function. Next we derive a gen-
eral moment equation, the so-called equation of change. Under specific conditions

187
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188 6 Generalized transport equations

the equation of change yields the simplest set of hydrodynamic equations - the Euler
equations. Finally, we derive the 20 moment set of generalized transport equations
using Grad's method and examine this equation in various simplifying limits.

It should be emphasized again that the Chapman-Enskog method and the Grad
method are both physically and mathematically equivalent. Later in this chapter
we will discuss the detailed relation between the Chapman-Enskog coefficients
and the velocity moments of the distribution function.

6.1 Moments of the Boltzmann equation

6.1.1 Velocity moments of the phase space distribution function

Macroscopic variables, such as number density, average flow velocity, kinetic
pressure, and so on, can be considered as average values of molecular properties.
These macroscopic variables are related to the velocity moments of the phase
space distribution function.

In previous chapters we considered the lowest order velocity moments of the
phase space distribution function. Here we repeat some of the earlier results and
introduce a consistent hierarchy of velocity moments. This hierarchy is based on
the 'order' of a given velocity moment: that is the sum of the powers of velocity
components in the moment integral. For instance, the integral

A = JJJdWvjV2F(t,r,v) (6.1)

is a sixth order velocity moment of the distribution function, because this is the
sum of the velocity powers of the integrand.

Let us start with the lowest velocity moments of the phase space distribution
function. We know that the normalization of the distribution function is the parti-
cle number density:

) = Jjjd3vF(t,r,v) (6.2)

Obviously the number density is the zeroth velocity moment of the phase space
distribution function, because the distribution function is not multiplied by any
velocity components.

We know that the components of the average molecular velocity are defined in
the following way:
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6.1 Moments of the Boltzmann equation 189

u(t, r) = —I— JJJ d3 v v F(t, r, v) (6.3)
n(t,r) JJJ

In other words this is the first velocity moment of the distribution function. With
the help of the average molecular velocity one can introduce the random velocity
vector, c:

c . ^ r ^ V i - u ^ t , ! - ) (6.4)

Note that while t, r and v are independent variables, the new velocity variable,
c(t,r), is not independent of t and r. This fact has to be taken into account when
deriving transport equations for the distribution of random velocities.

The zeroth moment of the distribution of random velocities is still the particle
number density, because in our non-relativistic approximation the number of parti-
cles in a given configuration space volume is independent of the velocity of the
coordinate system. On the other hand it follows from the definition of the random
velocity that the first moment of this distribution must vanish:

JJJd3cCiF(t,r,c) = O (6.5)

The velocity moments of the distribution function can also be interpreted as net
fluxes of molecular quantities. Recall that we showed, in connection with the
mean free path method, that the average flux of a molecular quantity, W(v), can be
obtained by the following integral (see equations (4.35) and (4.68)):

jw (t,r) = JJJd3v v. W(v)F(t, r, v) = n(t,r)(v. W(v)> (6.6)

For instance, the first moment of the distribution function can be considered as the
net mass flux (W=m) at the configuration space location, r:

j?1 (t, r) = mn(t, r) (v.) = mn(t, r)uj (t, r) (6.7)

The second moment of the velocity distribution is related to the net flux of parti-
cle momentum, therefore one can use W=mv.:

jj11^ = JJJ d3vvimv.F = mn/viv.\ (6.8)
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190 6 Generalized transport equations

This quantity has two indices, i and j , and it describes the net flux of the j-th com-
ponent of translational momentum in the i-th direction. It should be immediately
noticed that equation (6.8) is invariant for the interchange of the two indices; in
other words the momentum flux (and consequently the second velocity moment of
the distribution function) is a symmetric 3x3 matrix.

The second velocity moment can also be expressed in terms of random veloci-
ties:

j p = mn (vi \. ) = mn ((u. + c.)(u. + c.))

= mn (ujU. + u. (c.) + u ̂  ( a ) + ( a a ) j = mn u ^ + mn | c x . ) (6.9)

where we have used the identity <c>=0. Here the first term describes the momen-
tum flux due to the bulk (organized) motion of the gas as a whole, while the sec-
ond term corresponds to the momentum flux resulting from the random (thermal)
motion of the gas molecules.

It has been discussed earlier (see Chapter 2) how the pressure of a gas is usually
defined as the force per unit area exerted by the gas molecules through collisions
with the wall. This force is equal to the rate of transfer of molecular momentum to
the wall. In connection with our discussions of viscosity (Subsection 4.2.1) we
also defined the shearing stress as a tensor quantity: the first index refers to the
normal vector of the surface, while the second one represents the direction of the
force. Next, we generalize and combine these definitions. Pressure is now defined
as the net rate of transport of molecular momentum per unit area, that is, the net
flux of momentum across unit area due to the random particle motion. This defini-
tion indicates that the pressure in the molecular sense can be represented by the
following:

Pij(t,r) = mJJJd3c 0 . 0 ^ = 11111(0 .̂) (6.10)

With the help of this definition the total momentum flux can be written as

,mv
j . ^mnu.u.+P.. (6.11)

With the help of the general pressure tensor, P.., one can define a kinetic 'scalar'
pressure (and temperature), as well as a stress tensor. The definition of the scalar
pressure is related to the trace of the pressure tensor:
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6.1 Moments of the Boltzmann equation 191

The temperature of the particles, T, is a measure of the mean kinetic energy of
the random particle motion. According to the thermodynamic definition of the
absolute temperature, there is an average molecular thermal energy associated
with each translational degree of freedom, so that

(6.13)

Here the repeated index does not refer to summation, P^ is simply a diagonal ele-
ment of the pressure tensor. It must be recognized that in non-equilibrium gases
the translational kinetic temperature might be different in different directions. In
the simplest (isotropic) case all diagonal elements of the pressure tensor are identi-
cal, and they are the same as the scalar pressure, p=nkT.

There is another frequently used pressure related quantity in addition to the
scalar pressure, the stress tensor. Following the definition most frequently used in
fluid dynamics we define the stress tensor, x, in the following way:

x a = 8 s p - P g (6.14)

In the case of a Maxwellian velocity distribution (with number density, n, and tem-
perature, T) the pressure tensor simply becomes Pij=nkT8ij. The stress tensor,
therefore, expresses the deviation of the pressure tensor from the equilibrium case
(characterized by a Maxwellian velocity distribution).

The general form of the third velocity moment of the distribution function is
related to the flux of the second moment, the pressure tensor. Mathematically this
can be written in the following form:

jpVk(t,r) = Jj]d3vv. (mVj vk)F(t,r,v) = mn(t,r)(vi Vj vk) (6.15)
oo

This net flux can also be expressed in terms of the random velocities:

= mn(uiujuk+ui(cjck) + uj(cick> + uk(cicj) + (cicjck}) (6.16)

-mnu i u j u k +u i P j k + u ̂  + ukPij + mn (ciCjck
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192 6 Generalized transport equations

The first term describes the bulk transport of the bulk momentum flux. The second,
third and fourth terms describe a combination of bulk and random momentum fluxes,
expressed by the presence of the pressure tensor. Finally, the last term describes the
net flux of random momentum flux due to the random motion of the particles.

The above description is quite convoluted, but it can be understood by way of
a simple example. Let us take the 133 element of the flux and assume that the
pressure is isotropic (Pi.=p8r). In this case equation (6.16) becomes the following:

(6.17)

The interpretation of these three terms is reasonably straightforward. The first
term describes the transport of the z component of the organized translational
energy in the x direction due to the bulk motion of the gas as a whole. The second
term describes the organized (bulk) transport of a translational component of the
internal (random) energy of the gas. Finally, the last term describes the transport of
the z component of the random energy in the x direction due to the random motion
of the molecules. Physically, this last term corresponds to the flow of a random
energy component due to the thermal motion of the molecules. In other words, this
term describes heat conduction in the gas.

Based on the above interpretation we introduce the generalized heat flow tensor
in the following way:

Qiik(t,r) = m rffd3cci c. ck F = mn/c-c-cj (6.18)

Using this definition the total energy flux can be expressed in the following form:

j p V k =mnuiUjuk +u.Pjk +u.Pik +ukPSj +Qijk (6.19)

The elements of the general heat flow tensor, Qik, describe the transport of ran-
dom pressure components due to the random motion of the particles. It is quite dif-
ficult to visualize the physical meaning of the individual tensor elements. On the
other hand, one can introduce the contracted quantity, fr, which is obviously
related to the 'classical' heat flow vector:

h, = nlc. | m c 2 \ = |mn( C i c k c k ) = ^Qi k k (6.20)
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6.1 Moments of the Boltzmann equation 193

This quantity, called the heat flow vector, describes the transport of total transla-
tional random energy due to the random motion of the particles.

Finally, we mention that higher order velocity moments can be introduced by
analogy to the lower order moments. For instance, the fourth moment is

R i j k i ( t ' r ) = m Jlf d 3 c c i cj ck c i F = m n ( c i c j c k c i ) (6.21)

This velocity moment is again a symmetric tensor with four indices. As has been
mentioned before the number of independent components of such a tensor is
(n+l)(n+2)/2, where n is the number of indices (or the order of the velocity
moment). The tensor, R, has 5x6/2=15 independent components.

6.1.2 Maxwell's equation of change

Generalized transport equations are obtained by taking the velocity moments of
the Boltzmann equation. In this subsection we derive a general form of the
moment equation, the so-called equation of change. This equation was first
derived by Maxwell and it is very useful in describing various transport phenom-
ena. It is also particularly suitable to introduce a hierarchy of moment equations,
which can be used as a closed set of generalized transport equations.

Let us consider a W(c) molecular quantity, where c is the random velocity. It is
assumed that W(c) is independent of time and spatial location. Multiply both sides
of the single species Boltzmann equation (we use equation (5.27), expressed in
terms of the random velocity) by W(c) and integrate over all potential values of
the random velocity, c:

= JJJd'cW(c)JJJdJc2 JdcJdxsinxSCg.xJglF'Fj'-FF,] (6.22)
0 0

The average of quantity W over the velocity distribution is again defined in the
following way:

n < W > = JJJ d3c W(c) F (6.23)
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194 6 Generalized transport equations

because the phase space distribution function, F, is normalized to the particle num-
ber density, n.

Using this definition we can rewrite the various terms in equation (6.22). Let us
start with the term containing the partial time derivative. We know that variables t,
r, and c can be treated as independent quantities, therefore the sequence of the
integral over c and the partial time derivative operator can be interchanged (Recall
that c=c(t,r) was so defined when the independent variables were t, r, and v.
However, equation (6.22) was derived by changing the independent variables
from t,r,v to t,r,c. Therefore, when working with equation (6.22) c must be seen as
an independent variable and v=v(t,r).):

) ^ = |-JJJd3cW(c)F =^(n<W» (6.24)

Similarly, one can evaluate the two terms related to the spatial gradient of the dis-
tribution function:

jjj d3cW(c)u{— =ui— JJJd3cW(c)F = u ;—(n(W)) (6.25)
C/X • C/X • C/X •

oo 1 1 oo 1

;iF=/-(n(ciW» (6.26)
1 1

Terms containing velocity derivatives are somewhat more complicated to evalu-
ate; however, integration by parts usually leads to relatively straightforward
results. In particular, we obtain the following:

a w \ , *™) (6.27)

3F rrr

n/
1 oo 1 \ 1

3(Wc.F) , , , d(c.W)

3c;

After integration by parts the first integral is an integral of a full differential, there-
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6.1 Moments of the Boltzmann equation 195

fore its value is given by the integrand evaluated at the integration boundaries. On
the other hand we know that the phase space distribution function vanishes for
c; = ±°o, therefore this term is simply zero. This immediately leads to the simple
results given by (6.27) and (6.28).

The last integral on the left hand side contains the acceleration:

rrr-3 w / ^ 3 F fff^3 ^ W a i F >JjJd'cWCOa,— =JJJd 3 c—^— -
oo i

= -*U^r-) (6-29)

Here we have assumed that the acceleration is divergence free in velocity space:
this assumption is justified for most external force fields, including gravitational
and electromagnetic forces:

3a. 3a.
^ = ^ = 0 (6.30)
dv da

Using equations (6.24) through (6.30) one can rewrite the left hand side of the
general moment equation (equation (6.22)) in the following form:

3(n(W)) 3 ( ( c , ) ) 3 U i

+ ui - + - + n\ w ; -
dt dx{ dxi dxi

2TC

= JJJd3cW(c)JJJd3c2 Jd£jdxsinxS(g,x)g[FT2'-FF2] (6.31)

Next we examine the right hand side of this equation. We start by repeating some
of the tricks we applied when proving the H-theorem. We integrate over both c and
c2, therefore the two particles can be interchanged in the integrand without changing
the value of the integral (mathematically speaking, both c and c2 are 'dummy' vari-
ables). We showed earlier that the impact azimuth, 8, the deflection angle, %, and the
magnitude of the relative velocity, g = Ic - c2l, are invariant for this interchange,
therefore the collision term in equation (6.31) can be written in the following form:
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196 6 Generalized transport equations

5W
= jjjd^2jjj^c

0 0

= JJJd3c2 jjjd
3c JdeJdxsinxS(g,x)gW2[F'F2'-FF2] (6.32)

where W2=W(c2). Next one can add the two expressions obtained for the same col-
lision term and divide the result by two. This procedure yields the following result:

g w , in K

oo

Jjjd3c2 JdeJdxsinxS(g,x)g(W + W2)FF2 (6.33)
0 0

In this equation one can replace the velocities before collision , c and c2, by the
velocities immediately after the collision, c' and c2', without altering the value of
the integral. The reason is that for every collision there exists an inverse collision
with % '=%, 8 '=£, g'=g and dVd3c2'=d3cd3c2 (see the derivation of the Boltzmann
collision integral). In the first term of equation (6.33) we interchange the primed
and unprimed quantities, while leaving the second term unchanged. This proce-
dure leads to the following form of the collision term:

Jd8jdxsinxS(g,x)g(W'+W2'-W-W2)FF2
oo oo 0 0

(6.34)

It is important to recognize that equation (6.34) represents a weighted average
of the change of molecular quantity, W, due to binary collisions. The quantity

AW = W '+W2 - W - W2 (6.35)

is the difference of the total value of molecular quantity, W, before and after a col-
lision. For instance, if W represents the random kinetic energy of the particles,
W=mc2/2, the quantity AW represents the change of the total kinetic energy during
the collision (for elastic collisions this change is naturally zero). One can intro-
duce the following notation for the weighted average of the change in the total
value of W:
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6.2 The Euler equations 197

= -j]Jd3cJJJd3c2 JdeJdxsinxS(g,x)g(W'+W2'-W-W2)FF2
2 oo oo 0 0

(6.36)

Substituting this expression into the general moment equation we obtain
Maxwell's equation of change:

3(n(W)Ui) | a(n(c.W))

dt j j

j ( j -4[W1 (637)

It is worth while to note that an alternative form of Maxwell's equation of
change can be obtained by using the other form of the Boltzmann equation, when
the distribution function is expressed in terms of the total velocity, v. In this case
one starts from the alternative form of the Boltzmann equation given by equation
(5.26). Taking the general moment of this equation leads to the following:

3(n(W» ( ( i ) )

dt 9x;

This is the so-called conservative form of Maxwell's equation of change. The
two forms of Maxwell's equation of change are physically identical and one has to
decide which form is more convenient to use for a given problem.

6.2 The Euler equations

Maxwell's equation of change can be used to obtain closed transport equation sys-
tems of varying levels of sophistication. These equations will be discussed in con-
siderable detail later in this chapter. In this section we consider the simplest set of
transport equations resulting from Maxwell's equation of change: the well known
set of Euler's equations for perfect gases.

The following derivation is based on the recognition that the equation of change
becomes particularly simple for summation invariants: in this case the right hand
side of the general moment equation simply vanishes. It has been mentioned ear-
lier (Subsection 5.2.2.) that in the case of molecules without internal degrees of
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198 6 Generalized transport equations

freedom there are four, and only four, independent summations which depend on
the particle velocities (the fifth is the particle mass, which is independent of the
velocity). This means that five simple transport equations (with vanishing right
hand sides) can be obtained by taking W=m, W=mc, and W=mc2/2, respectively.

In order to get a closed set of transport equations, one has to make additional
assumptions (the mathematical reason will be discussed later in the chapter). It is
assumed that there are enough collisions to insure that the gas is near equilibrium,
i.e. at every spatial location the distribution function can be approximated with a
Maxwell-Boltzmann distribution function. However, the parameters of the
Maxwellian, such as the density or temperature, do vary with time and spatial
location. Similar assumptions were used in Chapter 4, when we discussed the
mean free path method. This assumption is also called the assumption of local
thermodynamic equilibrium (LTE).

Using the assumption of local thermodynamic equilibrium one can evaluate
Maxwell's equation of change for the five summation invariant quantities. Let us
start with the simplest equation for which W=m. Substituting this function into
equation (6.37) yields the transport equation

dt

because most of the terms fall out since <c>=0 and dW/Bc^O. Equation (6.39) is
the well known continuity equation which describes the conservation of mass. It is
interesting to note that the conservative form of Maxwell's equation of change
(equation (6.38)) also leads to equation (6.39).

Next we derive the transport equation obtained by considering the temporal
variation of the particle momentum, i.e. W=mck. Substituting this function into
equation (6.37) results in the following transport equation:

3(mn(ck)) | a j m n ^ u j | a(mn(Cick))
dt |

/ a c k \ a U i / a c k \ n (t..n.
+mn c . - ^ —L-mn a j - i =0 (6.40)

We know that <ck>=0 and 3ck/3c=5k., therefore one obtains the following:
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(6.41)
d(mn(c.ck)) / \V ,X 1 k/> - m n ( a k ) =

dx x k /

This equation expresses the conservation of momentum. It was assumed that the
gas is in local thermodynamic equilibrium, therefore one can use a
Maxwell-Boltzmann distribution to evaluate the term mn<cick>. It has been
shown earlier that for Maxwell-Boltzmann distributions mn<cick>=p8ik (equation
(5.102)), so equation (6.41) becomes

3u, du,
m n ât -t^-t;-™^0 (6A2)

In these equations <ak> is the macroscopic average of the acceleration caused by
external fields (such as gravity, electric and magnetic fields, etc.). Equation (6.42)
expresses the conservation of momentum and it is the non-conservative form of
the well known momentum equation for perfect fluids. If one uses the alternative
form of Maxwell's equation of change (equation (6.38)) and substitutes W=mvk,
the so-called conservative form of the momentum equation is obtained:

a(n^ + a(mnu i U k + 5 i k p)
dt dx{

 x k/

The next equation is obtained by substituting W=mc2/2 into equation (6.37).
This results in the following equation:

3(mn(c2)) 3(mn(c2) u.) a(mn(ciC
2))

dt

+mi — - i + u . - ^ +mn c — U - m n 3 i - =0 (6.44)
\ 3 c . / I a t J d x I \ j a c i / a x \ i d c . /I \ a c i / a x

In the present LTE approximation mn<c2>=3p, <cic
2>=0, <3c2/3c>=2<ci>=0.

Using these relations one can simplify equation (6.44) to the following form:

3
2 at 2 aX:

 p a X ;
p a X

 v • i l
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200 6 Generalized transport equations

For most external forces, such as gravity or electromagnetic fields, the <aic> term
vanishes. In this case equation (6.45) becomes

2 3t 2 dxi

This is the well known energy equation for perfect gases. An alternative form of
the energy equation can be obtained by starting from equation (6.38) and substitut-
ing W=mv2/2. This leads to the conservative form of the energy equation:

+
dt dx.

_ 2 m n u . / , ) = 0 ( 6 . 4 7 )
1X l/

Equations (6.39), (6.42) and (6.46) constitute the Euler equations for a perfect
gas. Equation (6.39) expresses the conservation of mass, (6.42) is the equation of
motion, and (6.46) describes the evolution of internal energy. Equations (6.39),
(6.43) and (6.47) represent the conservative form of the Euler equations, express-
ing the conservation of total mass, momentum and energy.

The Euler equations represent the simplest form of fluid equations and they are
only valid in gases where the assumption of local thermodynamic equilibrium is
justified. One has to be careful when applying these equations for low density
or non-equilibrium gases and make sure that the fundamental assumptions are sat-
isfied.

6.3 The 20 moment equations

The Euler equations represent a particularly simple set of transport equations
which describe the transport of summation invariant molecular quantities under
local thermodynamic equilibrium conditions. However, Maxwell's equation of
change can also be used to obtain much more general sets of transport equations
describing the transport of molecular quantities which are not summation invari-
ants. Furthermore, the assumption of local thermodynamic equilibrium can also be
relaxed and one has to assume only that the velocity distribution is not far from
local thermodynamic equilibrium.

A major problem with all moment equation systems is that of closure.
Inspection of either form of Maxwell's equation of change (equation (6.37) or
(6.38)) reveals that the time derivative of an arbitrary macroscopic quantity, <W>,
depends on the divergence of the next higher velocity moment, <cW>. This means
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6.3 The 20 moment equations 201

that the evolution of the mass density depends on the bulk velocity, the equation of
motion contains the pressure tensor, the pressure equation contains the heat flow
tensor and so on. Unless we truncate the series somewhere, we will end up with an
infinite number of transport equations. In order to close the system of equations, it
is necessary to adopt an approximate expression for the velocity distribution func-
tion or assume some kind of mathematical symmetry.

There are two ways to truncate the infinite series of transport equations. The
first technique is based on the Chapman-Enskog method,23 while the second was
introduced by an American, Harold Grad.1 As we shall show below these two
methods are both physically and mathematically equivalent.

6.3.1 The Chapman-Enskog distribution function

We start by deriving moment equations using the Chapman-Enskog method. Let
us consider the simplest non-trivial truncation of the Chapman-Enskog expansion
series. It has been shown that the first and third order expansion elements are inter-
related (equation 5.103), therefore the lowest order non-trivial Chapman-Enskog
solution is truncated after the third order term:

F(t, r, c) = Fo (t, r, c) [l + A. (t, r)c. + B.. (t, r)Cic. + Dijk (t, r)c.c .ck ] (6.48)

where FQ is a Maxwellian (with parameters n0, u0, and To) and A, B, and D are
velocity independent coefficient matrices. As has been discussed in Section 5.4,
both the B and D matrices are symmetric and they satisfy the following condi-
tions: B^O and Ai+(3kT/m)Dr=0. Using these conditions the lowest moments of
the distribution function are the following:

mJJJd3cF = mn0 (6.49a)
oo

mJJJd3ccaF = O (6.49b)

mJlfd3ccacpF = <* I m J «P
(6.49c)

mJJJd3ccacpcY F = 6p0f ^ T D a p Y (6.49d)
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202 6 Generalized transport equations

°)2(
L J \ X «X Y 7 «X X «Y 7X

(6.49e)

These relations represent explicit one-to-one correspondence between the coeffi-
cient matrices and macroscopic physical quantities. For instance, it immediately fol-
lows from equations (6.49) and the definitions of the stress and heat flow tensors that

(6.50a)

f
=6p

It is important to note that in addition to the parameters of the Maxwellian, n0, and
p0, the fourth moment of the present distribution function (given by equation
(6.48)) contains only elements of the second order tensor, Br (or the stress tensor,
x..). This is a direct consequence of our truncation. The distribution function itself
does not contain fourth or higher order elements, therefore it is no surprise that the
matrix elements of the fourth order velocity moments can be expressed in terms of
lower order quantities. The interesting result is that Rikl is only composed of the
Maxwellian parameters and the elements of the stress tensor.

Using these relations the velocity distribution function, F, can also be expressed
in terms of the macroscopic quantities:

(6.51)

This expression contains 20 free parameters: 5 parameters of the Maxwellian, Fo

(nQ, u0, and p0), 5 elements of the traceless symmetric stress tensor, x, and 10 ele-
ments of the symmetric heat flux matrix, Q. With the help of Maxwell's equation of
change one can derive transport equations for these 20 quantities. Not surprisingly,
this set of equations is usually referred to as the 20 moment approximation.

It should be emphasized again that the Chapman-Enskog form of the velocity
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6.3 The 20 moment equations 203

distribution function explicitly assumes that the terms containing elements of the x
and Q matrices represent a rapidly decreasing series of contributions to the distrib-
ution function (see discussion in Section 5.4). Higher order terms are neglected, as
well as any contribution containing higher order combinations of these coefficient
matrices. Specifically, it is assumed that x is second order and Q is third order in
the smallness parameter of the expansion. The distribution function, F, does not
contain fourth and higher order terms, and the resulting transport equations also
neglect them (such as quadratic terms in the stress tensor, x).

6.3.2 Transport equations for the Chapman-Enskog coefficients

Next we evaluate Maxwell's equation of change for the lowest velocity moments
using the Chapman-Enskog distribution function given by (6.51). Let us start with
the zeroth order moment equation obtained using equation (6.37) and setting
W=m. In this case we obtain

3(mn0) | a(mn0u0i) = 5(mn0)
( 6 > 5 2 )

where 5(mno)/5t=A[m]. This is the well known continuity equation, which
expresses the conservation of mass. The three components of the first moment can
be obtained by choosing the multiplier W = mck:

where mno8(uOk)/8t=A[mck]. Equation (6.53) is the equation of motion (or the non-
conservative form of the momentum equation) for the gas. The second moment of
the Boltzmann equation can be obtained by using the multiplier W=mckcr This
multiplier yields six independent equations, because ckCj is a symmetric tensor.
The equations are the following:

" ^ f - m no(akci +ai ck) = A[mckCl]

(6.54)
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204 6 Generalized transport equations

The six equations of (6.54) can be separated into an equation for the scalar pres-
sure and five equations for the stress tensor. First we take the trace of equation
(6.54) by contracting the indices k and 1:

2 3u0>1 2 3uo,h 2 ah; _ 5p0

3Po"3T"3Xih^r+3^:"ir (6-55)

where 5po/8t=A[mc2]/3, and the heat flow vector, fr, was defined by equation
(6.20). When deriving equation (6.55) we have again applied the condition
<aic>=0. The equations for the stress tensor components can be obtained by mul-
tiplying equation (6.55) by the unit tensor, 8^, and subtracting the result from
equation (6.54):

(6.56)

where 8Tkl/5t=5kl8p0/8t-A[mckc1]. The final equation can be obtained by substitut-
ing W=mckCjCh into Maxwell's equation of change:

o ( w : h + a i c k c h + a h c k c i ) = ^ f L (6-57>
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6.3 The 20 moment equations 205

where 8Qklh/5t=A[mckc1ch]. One can express the convective derivative of the bulk
velocity from the equation of motion (equation (6.53)) and substitute it into (6.57):

auo,i
1 ax. "ild dx.

i \ i i i

(Po8ih-<cih)d(po8ik-'cik) ( P o 8 ^ - ^
mn0 dxi mn0

+(ai [(Po5kh - tkh) - ^ o ^ t ]) + (ah[(Po6ki - Tki) ~

(6.58)

Finally, with the help of equation (6.49) one can express the divergence of the ten-
sor R in terms of lower order velocity moments:

P0(P08ih-Tih) I , 3 |Po(PoSkh-Tkh)
8xk ^ mn0 J dx^ y mn0

• d fPo(Poki-^)l a ( Po 8 .
3xh[ mn0 J dx^nuio u ih

™ 0
(6.59)

Equation (6.59) can be substituted into equation (6.58) to get the final form of the
generalized heat flow equation:
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206 6 Generalized transport equations

Otl

ik + V i h + 6 k h T i i ) ^ - ^ - +(ak[(Po8m -ox{ ^ mn0 y

i [(Po5kh " Tkh ) " !™0CkCh ]) + (ah [(Po5kl - Tkl

(6.60)

When deriving equation (6.60) the fourth order terms (quadratic in the compo-
nents of the stress tensor) were neglected.

Equations (6.52), (6.53), and (6.55) represent transport equations for the five
parameters of the Maxwellian distribution function, Fo. It should be noted that in
addition to the five parameters independent of the smallness parameter, n0, u0, and
p0, these equations also depend on the second order quantity, T, and the third order
quantity, h. Equations (6.52), (6.53) and (6.54) define the evolution of the funda-
mental quantities describing the gas. The evolution of the five components of the
second order stress tensor is described by equation (6.56), while the governing
equations for the ten components of the third order heat flow tensor are given by
equation (6.60). It is important to note that the equations describing the evolution
of the components of the stress and heat flow tensors do contain several zeroth
order terms in the smallness parameter (terms not containing elements of T or Q).
These zeroth order terms compensate each other up to second (or third) order: this
high degree of compensation automatically occurs in analytic solutions, but can
result in considerable difficulties in numerical solutions of the generalized trans-
port equations.

6.3.3 Grad's closing relation and the 20 moment approximation

In this subsection we derive the 20 moment approximation using an alternative
approach proposed by Grad1 in the late 1940s. This method does not make a spe-
cific assumption for the form of the distribution function, instead it assumes a spe-
cific relation between the second and fourth order velocity moments. It will be
shown that the Chapman-Enskog and Grad methods are equivalent.
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6.3 The 20 moment equations 207

We again start by substituting an increasing series of random velocity moments
into Maxwell's equation of change, but this time we do not make any specific
assumption about the form of the velocity distribution function. In the lowest
order we again use W=m and obtain the continuity equation:

a(mn) , 9(mnu.)_8(mn)
dt dx{ 5t

where n and u are related to the zeroth and first moments of the distribution function
and are given by equations (6.2) and (6.3). The equation of motion can be obtained
by substituting W=mck into Maxwell's equation of change (equation (6.37)):

I au, du, 1 dP., i \ ou,
mn —jL + u .—^ + — A - m n ( a , ) = mn—^ (6.62)

3t l dx, dx, x K/ 5t

where the pressure tensor, Pik, is defined by (6.10). The second moment of the
Boltzmann equation can be obtained by substituting W=mckCj into equation
(6.37):

dQM , , 6P,. .,^_.

where the heat flow tensor is defined by equation (6.18). The third moment of the
Boltzmann equation is obtained by using the multiplier W=mckc1ch:

( }

where the fourth velocity moment of the distribution function, R, is defined by
equation (6.21). This series could be continued indefinitely, always introducing
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208 6 Generalized transport equations

the divergence of higher velocity moments. The series of equations is truncated by
making the following specific assumption about the relation between the compo-
nents of R and lower order moments of the distribution function:1

— — C P P + P P + P P - x x - x x - I T ) ( 6 6 5 )
m n U ^ a "" ih u * tt " •* ih u ;

The detailed physical meaning (and all the consequences) of this assumption is not
easy to visualize. Originally Grad obtained this relation by requiring that the coef-
ficient of the fourth order term of an Hermite polynomial expansion be identically
zero. The simple physical meaning of Grad's relation is that it is satisfied by rela-
tively smooth distribution functions and it does not allow for 'spiky' distribution
functions. We will see shortly that this closing relation leads to the same set of
equations as the third order Chapman-Enskog distribution function given by equa-
tion (6.51).

It is interesting to note that the last three terms in expression (6.65) are of fourth
order in the smallness parameter. In his book4 Burgers neglected these terms and
obtained a very simple, symmetric closing relation. This implicit simplification
has only recently been called to my attention by Dr A. Barakat (private communi-
cation, 1992).

Using Grad's closing relationship one obtains the following transport equation
for the heat flow tensor:

lh8Xilmn

£ [ ] + (ak lPih " mncich ]) + (ai [pkh "

5Q
-p ih-^-pkh-^-pk l 8 t

(6.66)

It should be kept in mind that when deriving equations (6.61), (6.62), (6.63) and
(6.65) we did not explicitly assume that the stress and heat flow tensors are second
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6.4 The 13 moment qpproximation and the Navier-Stokes equations 209

and third order quantities in a smallness parameter. In this closed set of transport
equations the only assumption is Grad's closing relation, given by equation (6.65).

We have just derived two seemingly different sets of governing equations for the
velocity moments of the distribution function. One set of equations ((6.52), (6.53),
(6.55), (6.56), and (6.60)) was obtained with the Chapman-Enskog method assum-
ing that the elements of the matrices x and Q are of second and third order in the
smallness parameter of the expansion. The other set of equations ((6.61), (6.62),
(6.63), and (6.66)) was obtained using Grad's closure relation and they do not con-
tain explicit assumptions for the form of the velocity distribution function. It should
be immediately noted that the continuity equations, (equations (6.52) and (6.61))
are identical, and that the two equations of motion (equations (6.53) and (6.62))
become identical if one uses the decomposition of the pressure tensor given by
equation (6.14). The apparent difference is in the energy and heat flow equations.

The two sets of energy and heat flow equations are also identical to third order
accuracy (neglecting terms containing x2). This can be seen by comparing equa-
tions (6.54) and (6.63), and (6.60) and (6.66), respectively. It can easily be seen
that these equations become the same if we again use the decomposition of the
pressure tensor, P (equation (6.14)). On the other hand we recall that only equation
(6.54) was used to obtain the governing equations for the scalar pressure, p, and
the stress tensor, T, therefore we conclude that equations (6.55) and (6.56) are
equivalent to equation (6.63).

The conclusion is that the Chapman-Enskog and the Grad forms of the 20
moment equations are identical to third order accuracy. The equivalence of the two
approaches was not obvious for quite some time and this fact had resulted in some
confusion in generalized transport theory. Today the two approaches are both
used: in a particular application it might be more convenient to use one form or the
other, but we understand that the result is independent of the method.

6.4 The 13 moment approximation and the Navier-Stokes equations

The 20 moment approximation resulted in a set of 20 partial differential equations
for 20 macroscopic quantities, each of which depends on time and spatial location.
In other words we traded a single seven dimensional partial differential equation
for 20 four dimensional equations. In this trade we also gave up detailed knowl-
edge of the velocity distribution function for 'simplicity'. However, one can
hardly call a set of 20 partial differential equations 'simple'. Additional simplifica-
tion is desirable, and in most physical cases achievable. The most obvious simpli-
fication leads to the 13 moment approximation and to the well known
Navier-Stokes equation.
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210 6 Generalized transport equations

6.4A The 13 moment equations

In the 20 moment approximation 10 out of the 20 governing equations describe the
evolution of various heat flow components. We showed that these quantities repre-
sent only small corrections to the velocity distribution function. In most physical
problems we do not need the detailed knowledge of all the heat flow components:
it is usually sufficient to know the evolution of the heat flow vector, h. It is obvious
from the definition of the heat flow vector (equation (6.20)) that it describes the
transport of the total translational random energy of the particles due to the ran-
dom motion of the gas molecules. If we are not interested in the transport of the
energy components we can reduce the number of independent functions (and
therefore the number of governing equations) by seven.

Specifically, it is assumed that the elements of the heat flow tensor, Q, can be
approximated by the following expression:

(6-67)

Note that the matrix elements of the tensor, Q, vanish unless at least two indices
are the same. This means that 'cross terms' are neglected in this approximation.
Equation (6.67) indicated that the heat flow tensor is composed of only three inde-
pendent physical quantities, therefore the number of unknown functions is
reduced by seven (the general form of Q had 10 independent matrix elements).
The total number of independent quantities reduces to 13: density, bulk velocity
vector, scalar pressure, stress tensor (which is symmetric and traceless, therefore
has five independent components) and heat flux vector. Substituting equation
(6.67) into the 20 moment system of equations ((6.52), (6.53), (6.55), (6.56), and
(6.60)) leads to the following set of 13 transport equations:

3(mnouO i)_5(mnQ)

aX [

dt 3x. 3 ° dx 3 lh ax 3dx. 5t
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6.4 The 13 moment approximation and the Navier-Stokes equations 211

Vk 2

_D + 5 V f
3x, 8xk 3 * dx{ ) {5 3xk

— — 8 ^
15 u aXj

(6.68d)

3t ax. 5 5 • 3xk 5 3x; 2 °dxk^mn

5 8uOk 5uOh

(6.68e)

These equations constitute the governing equations of the 13 moment approxima-
tion.

6.4.2 Collision terms for a single species gas

In the 13 moment approximation the Chapman-Enskog distribution function can
be written in the following form:

x
 m n o

X..CC +
(mn0)2 ( 1

— c 2 --PJL
mnrt

hscs (6.69)

We will use this form of the distribution function to evaluate the collision terms for
a single species gas. For the sake of mathematical simplicity we will use the relax-
ation time approximation in this derivation. Later in this chapter a more accurate
(and more complicated) approach will be used to calculate the collision terms for
multispecies gases.

In the relaxation time approximation (equation (5.52)) the collision term for the
Chapman-Enskog distribution function (6.69) can be written in the following
form:
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_ F o mn0

mn
h;c; (6.70)

where t0 is the formally defined relaxation time. Note that the distribution func-
tion, F, locally relaxes to Fo, the equilibrium distribution function. The right hand
side of Maxwell's equation of change is the appropriate velocity moment of the
collision term, therefore one can write

= JJJd3cW-2- (6.71)

Next we evaluate equation (6.71) for the 13 moment approximation. The sim-
plest case is when we take W=m. Substituting this into equation (6.71) immedi-
ately yields the collision term for the particle mass density:

= 0(6.72)
8(mn0) r.

5t JJ
CK

T d 3 c i n F o mn0

2Po
xijcicj

(mn0)2

Po

fiI* c 2 -
P » l h c

mnj ' '

Here we have used the fact that Jd3cTijcicjF0=0 since x{. is traceless (1^=0). In the
equation of motion the collision term is A[mck]. In this case the relaxation time
approximation of the collision term leads to the following result:

5u, mn.

mFA--in**™
(mnn)2

- c z -
_EP_
mnn

h;c:ci k

mn.

= 0

(6.73)

Note that the final result is achieved by direct integration.
The collision term for the scalar pressure equation can be evaluated with W=mc2/3:

8t
mn0 2 (mn0

2 p 2V C i C J p3

) 2 I
(
V5

c 4 - Po
mn0

c2 } i c i - 0

(6.74)
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6.4 The 13 moment qpproximation and the Navier-Stokes equations 213

where \=0 was used again. Equations (6.72) through (6.74) express the conserva-
tion of mass, momentum and energy during the collisional process.

The collision term for the stress tensor can be obtained by taking the multiplier
W=mckch:

5t

8t
kh __. mn.

2 P ^ U 1
T;iC;C:C,C - -

(mnn)2

T 2 p 2 'JJJJ ' J k h o
"0 "ro

(6.75)

Note that for T ^ only non-diagonal terms of the tensor are considered, therefore
we have explicitly assumed that k?4i. Finally, the collision term of the heat flow
vector is

8t
mn. ( m n o ) 2 f l p 0 2 | ,— I — c 4 — c2 hex

' J Po I 5 mno
icick

2tn
m

(mnn)2

(6.76)

Substituting these collision terms into the 13 moment equations yield the follow-
ing system of transport equations for single species gases:

3(mnQ)

dt | dx.
(6.77a)

(6.77b)

- + TPo-^-T^^fA + T ^ = 0 (6-V7C)at ax. 3 P o ax. 3 ih ax. 3 aX;
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214 6 Generalized transport equations

* a " a 3 u ij
at aX i aXj ' aX i 3 u aX j

n I 5uo,k duo,i 2 3u

(6.77d)
xo

(6.77e)

This is a full set of transport equations for the density, bulk flow velocity vector,
scalar pressure, stress tensor and heat flow vector.

6.4.3 The Navier-Stokes equation

Equations (6.77) represent a set of 13 simplified equations for the macroscopic
flow parameters of a single species gas. However, it is still quite complicated to
solve these equations and further physical simplification can be achieved. This
physical simplification is based on the relative importance of the coefficients in the
Chapman-Enskog form of the distribution function (6.69). It was discussed before
how n0, u0 and p0 represent zeroth order quantities in the smallness parameter,
while the components of the stress tensor are of second order, and the components
of the heat flow vector are of third order. This means that terms containing ele-
ments of x and h are usually negligibly small, except when they are multiplied by
very large factors. In equations (6.77) this large factor is l/x0, the inverse of the
relaxation time (or collision frequency) of the molecules.

It has been discussed before how the Chapman-Enskog method can only be
applied to gases which are not far from equilibrium. This means that very frequent
molecular collisions must nearly eradicate all deviations from equilibrium so that
the resulting velocity distribution could satisfy the basic condition of the
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6.4 The 13 moment qpproximation and the Navier-Stokes equations 215

Chapman-Enskog solution. In other words the relaxation time (or the mean free
time between collisions) must be extremely short, and therefore the coefficient,
1/T0, must be a very large factor.

Based on this argument we apply the following approximation to the stress and
heat flow equations, (6.77d) and (6.77e). All terms containing the stress tensor and
the heat flow vector are neglected except the right hand sides of the equations
which contain X^/TQ, and ty%0, respectively. This way we only neglect terms which
give small corrections to small quantities. For the sake of mathematical simplicity
we also neglect all external forces, i.e. a=0. In this limit the last two equations
become the following:

h 3

h = _ 5 A.U)=_ 5 JL ^ (6J9)
k 2 o F o a x k ^ m n o l 2 m °P° 3xk

This is a fascinating result. The stress and heat flow equations have suddenly sim-
plified to something quite familiar: the stress is proportional to the velocity gradi-
ent and the heat flux is proportional to the temperature gradient. These are exactly
the well known relations for regular fluids at normal densities. We know that the
coefficient between the velocity gradient and the stress tensor is the coefficient of
viscosity, r|,

il = Topo (6.80)

while the coefficient between the negative temperature gradient and the heat flux
vector is the thermal conductivity, K:

2 m

Equations (6.78) and (6.79) make a small but important contribution to the con-
tinuity, momentum and energy equations. We do not neglect these corrections
because they represent small contributions to zeroth order quantities in the small-
ness parameter. Substituting these expressions into equation (6.77a) through
(6.77c) we obtain the well known Navier-Stokes equations:
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3(mnn) d(mnoun.)

3t dx:

dx. 3x, dx.

(6.82b)

(6.82c)

The Navier-Stokes equations represent a more realistic description of the
macroscopic gas parameters than the simple Euler equations. The reason is that in
the derivation of the Euler equations we assumed strict local thermodynamic equi-
librium, while the Navier-Stokes equations do allow for small deviations from
LTE. These deviations are accounted for by the viscous and the heat conduction
terms.

6.5 Collision terms for multispecies gases

In this section we examine the moments of the Boltzmann collision integral for
multispecies gases (see equation (5.28)). We will concentrate on the 13 moment
approximation, but the results are directly applicable to other approximations as
well.

The general moment of the Boltzmann collision term can be written in the fol-
lowing form:

8W 2n n

t JdeJd%Ws(cs)sinXS(g,x)g[Fs'Ft'-FsFt]
0 0

(6.83)

where Ws(cs) is a molecular quantity of the species 's ' . Next we repeat a trick used
when proving the H-theorem and when deriving Maxwell's equation of change.
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6.5 Collision terms for multispecies gases 217

The point is that one can interchange primed and unprimed quantities in the multi-
ple integral. Using this trick expression (6.83) can be written as

JJJd3ct JdeJd5c(Ws'-Ws)sinXS(g,x)gFsFt (6.84)
0 0

In the 13 moment approximation one substitutes the molecular quantities,
W =m, m e , me c ., and m c 2c ./2, respectively. In the simplest case, when

S S S SI S SI SJ S S SI

Ws=ms, the particle mass is conserved in the collision, therefore

Ams=m ' - m s = 0 (6.85)

This immediately means that the zeroth moment of the Boltzmann collision inte-
gral vanishes:

(6.86)
5t

6.5.1 Collision term for the momentum equation

The momentum exchange term of the momentum equation is much more compli-
cated. In this case the change of the quantity, Ws, can be written as

A(mscsi) = ms(cs i '-cs i) (6.87)

On the other hand we know that cs'-c=vs -vs and therefore one can use equation
(5.74a) to write expression (6.87) in the following form:

(6.88)

It has to be recognized that in the integrand of expression (6.84) the only term
which depends on the impact azimuth, e, is A(mscsi). The integral over £ can be
evaluated with the help of equation (5.79):

271 27C

) (6.89)
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Substituting this expression into equation (6.84) yields the following:

JJfd3c

(6.90)

Finally, one can use the definition of the momentum transfer cross section (given
by equation (3.107)) to obtain a general form of the collision term:

(6.91)

For general inverse power interactions the momentum transfer cross section is
given by equation (3.109). Substituting this expression into equation (6.91) we
obtain the following:

"A % - "I 2-". £ f" A,(a)JJJd=c JJJd'c, g, g S F,F,
t v st y oo oo

(6.92)

where a is the spectral index of the intermolecular force and A^a) is a pure num-
ber given in Table 3.1. In general it is very difficult to evaluate the six remaining
integrals in expression (6.92), due to the fractional power of the magnitude of the
relative velocity, g. However, in the case of Maxwell molecular interaction, when
a=5, the integrals can be readily evaluated. In order to demonstrate the fundamen-
tal physics and retain mathematical simplicity we consider the case of Maxwell
molecules. It should be noted, however, that Maxwell molecules do not exist in
reality, so our results should be treated with caution. At the same time these results
represent a physically meaningful, good approximation to a wide range of molecu-
lar collisions (when the particles are not electrically charged).

For Maxwell molecules a=5 and equation (6.92) simplifies to the following:

A,(5)msl \\\d\ \\\d\ g, FsFt (6.93)
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6.5 Collision terms for multispecies gases 219

On the other hand we know that &=v .-vH=c .+u .-c..-u.., therefore one obtains
^^\ SI 11 SI SI 11 11

= " I 2 ^ ] 2 Al(5)mst JJJd'c. JJJd'c, (csi -cti)FsFt

The first term in equation (6.94) vanishes because the averages of both csi and cti

are zero. The remaining term can be readily evaluated to obtain

(6.95)

Finally one can introduce the momentum transfer collision frequency between
species 's' and ' t \ vst,

(6.96)

Using this definition we obtain the final form of the collision term for the momen-
tum equation:

8u. x-,
msns "gp = L ms ns Vst (Uti - Usi) (6.97)

Equation (6.97) is a truly fascinating result. The physical meaning is that colli-
sions between the molecules of the various gas components create a macroscopic
friction which tries to decrease the velocity difference between the species.

6.5.2 Collision term for the pressure tensor

In the case of the energy equation the molecular quantity, Ws, is chosen to be
Ws=mscsics.. With the help of equation (5.74a) the change of this quantity due to a
collision can be written as
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(6.98)

The integral of this quantity over the impact azimuth angle, e, can be written in the
following form:

In

-27cmJ crig. +gicsj - 2 ^ . g i g j j(l-cosx) (6-99)

When deriving equation (6.99) we made use of equations (5.79) and (5.80). In the
next step one can substitute equation (6.99) into the collision integral, (6.84).
Using the definition of the higher order transport cross sections given by equation
(3.107) we obtain the following integral for the collision term of the pressure ten-
sor:

(6.100)

For the sake of mathematical simplicity we again consider an inverse power
interaction between the molecules with a spectral index of a=5 (Maxwell mole-
cules). For Maxwell molecular collisions this expression greatly simplifies and
one obtains:

oo oo5t r n t 2 stA,

[ ^ ] (6.101)
t t

where we have used the definition of the momentum transfer collision frequency
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6.5 Collision terms for multispecies gases 221

given by equation (6.96). The next step is to evaluate the velocity integrals. We
again use the fact that gi=(usi—uti)-h(csi—cti) and obtain the following:

S P s i j y 3 v s t m s t A 2 ( 5 )

5t , 2ms Ax(5)

(6.102)

This collision term can be readily decomposed into two expressions: one describ-
ing the effects of collisions on the scalar pressure, while the other accounts for col-
lisional effects on the stress tensor:

3
(6.103a)

5t

3mt A2(5)

2ms A,(5)
(6.103b)

This result tells us that collisions affect the pressure in two ways. First of all col-
lisions try to eliminate temperature differences between the various gas compo-
nents. This effect is described by the first term in equation (6.103a). Second, the
energy of the relative bulk motion of the various components which is dissipated
via friction (see equation (6.97)) is heating the gas components. This effect is
accounted for by the second term in equation (6.103a).

6.5.3 Collision term for the heat flow vector

In the case of the heat flow vector the molecular quantity to be considered is
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Ws=mscs
2csi/2. The change of this quantity as a result of a collision between an V

and a 't' particle can be written in the following form:

(6-104)

This expression can be substituted into equation (6.84) to obtain the collision term
for the heat flow. The derivation is tedious but straightforward: one has to evaluate
a large number of integrals similar to those we evaluated in Subsections 6.5.1 and
6.5.2. Without boring the reader with unnecessary details (students should be
encouraged to carry out the detailed calculation) the collision term for Maxwell
molecules is given by the following expression:5

- s s a ( 4 )h + fu - u ) - a ( 2 ) P + s s a ( 4 ) P
si U s t n t i + V U s i U t i n U s t

 r s i j + ast rtij
c» S J ' o t I w c t " c i ^ c t ti v si ti / /-* st sii st Hi

g t 7 ^ st st S1 m t n t
 st u S1 il [2 st S1J m t n t

 st tlJ

(6.105)

where

3 m + m ? m , (6.106a)

(m s +m t )
2 l s ' s ' A ( 5 ) J

+ m t ( 3 m s + m t ) t i ) (6-106c)
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— ^ (6.106d)

A1(5)J

Equations (6.86), (6.97), (6.103) and (6.105) represent the complete set of colli-
sion integrals for composite gases in the 13 moment approximation assuming
Maxwell molecular interactions between the molecules. The complete set of 13
moment equations with these collision terms gives a good description of the trans-
port of rarefied neutral gases.

6.6 Simplified sets of transport equations

The 13 moment system of equations (equations (6.68)) gives a good approxima-
tion to the transport of neutral gases. In several cases the particle density (and con-
sequently the collision frequency) is high enough to justify additional simplifica-
tion of the transport equation. One such simplification has already been discussed
in Subsection 6.4.3, where the Navier-Stokes equations were derived from the 13
moment transport equation in the case of a single species gas. The derivation of
the Navier-Stokes equation was based on the assumption that the physical quanti-
ties describing the deviation of the distribution function from local thermody-
namic equilibrium (the stress tensor, x, and the heat flow vector, h) are small and
can be neglected except when they are multiplied by the large collision frequency.

In this section we consider several additional simplified sets of transport equa-
tions.

6.6.1 The 10 moment approximation

The 10 moment approximation neglects the heat flow altogether, but assumes that
the stress tensor cannot be neglected. In this limit we keep 10 moments of the dis-
tribution function: density, three components of the velocity vector, scalar pres-
sure, and five elements of the stress tensor. In the 10 moment approximation the
transport equations simplify to the following:

dt dx; 8t

mn —jL + u i—± + — - - — ^ - m n ( a k ) = mn—^ (6.107b)
I dt l dx. I 3x, dx. x k / 8t
V l y K l
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3 F a 3 I h a & vat ax. 3 F a x . 3 I h a x . &

at + aXi
 + T i k a X i

+ X i l a x i 3 6 l d X y ax^

<6107d>

These equations refer to a single species. The effects of other gas components are
included in the collision term (see Section 6.5).

At first glance this approximation seems to be very reasonable, because it
neglects the third order term, while it keeps the second and higher order ones.
However, in realistic physical situations the heat flow term is quite often more
important than the stress tensor, therefore the application of the 10 moment
approximation has to be handled with great care.

6.6.2 The 8 moment approximation

A physically more useful approximation is obtained when one neglects the stress
tensor altogether, but keeps the heat flow vector. This is the very widely used 8
moment approximation (sometimes also called Euler equations with heat flow). In
this case the 13 moment set of transport equations simplifies to the following 8
equations:

at ax. &

dt l dx. 3x, N k / 8t
( 6 . 1 0 8b)

( 6 . 1 0 8 c )
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dhv dhv 7 , 3u. 2 , du, 7 , 3uv . 5 d [ p '

(6.108d)

h , + h . +
5 k a X i 5 13xk 5

6.6.3 The 5 moment approximation

In the simplest case we neglect all higher order terms and thus obtain five transport
equations for the macroscopic parameters of the local Maxwell-Boltzmann distri-
bution. In the case of a single species gas these equations are the Euler equations
discussed earlier. In the case of a multicomponent gas the right hand sides of the
equations do not vanish and we obtain the following set of five transport equations
(for the sake of mathematical simplicity we assume Maxwell molecular interac-
tions and neglect all external accelerations):

n ) 3(mn u . )g ' + V ! s a ; = 0 (6.109a)
39t

m

m s + m t l k ( l t l s ) + 3Q S t

(6.109c)

This set of equations is the most frequently used approximation in kinetic theory.
One should, however, keep in mind the simplifying assumptions we made along
the road and be very careful when applying it to low density gases.

6.7 Problems

6.1 Show that for a charged particle moving in an electromagnetic field the accel-
eration is divergence free in velocity space.
6.2 Show that for electromagnetic forces <a.c.>=0.
6.3 Evaluate the 20 moment equations (equations (6.52), (6.53), (6.55), (6.56),
and (6.60)) for charged particles moving under the influence of gravity, electric
and magnetic fields.
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226 6 Generalized transport equations

6.4 Evaluate the 13 moment collision terms for Maxwell molecules in the case of
a single species gas. Compare the results to the collision terms obtained using the
relaxation time approximation.
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7

Free molecular aerodynamics

In free molecular flows, occurring at very low gas densities, the interaction
between gas molecules is neglected and only the interaction between the gas mole-
cules and the solid surface is taken into account. In Chapter 4 we discussed the
flow of highly rarefied gases in the case of 'internal' flows which are typically
associated with vacuum installations. There is, however, a much more interesting
situation which arises with respect to high altitude flights at hypersonic velocities.
This situation involves the aerodynamics of high speed rarefied gas flow past sub-
merged bodies.

In this chapter we consider the interaction of solid bodies with rarefied gas flows
with Knudsen numbers (the ratio of the molecular mean free path and
the characteristic size of the body) larger than unity. This regime, which is called
free molecular interaction, is quite different from normal gasdynamic flows around
solid bodies and therefore very different mathematical methods must be applied.

Typical mean free path values in the terrestrial upper atmosphere are shown in
Figure 7.1 (when calculating the mean free path an average cross section value of
a = 10~19 m2was used). Inspection of Figure 7.1 reveals that above approximately
150 km the condition Kn » 1 is satisfied (at this altitude X-100 m, which is large
compared to typical space vehicles). In the h > 150 km region the interaction is
free molecular but the number density is still high enough to make macroscopic
averages meaningful (the atmospheric density profile is shown in Figure 1.2).

In the free molecular interaction regime the molecules which hit the body and
are reflected usually travel very far before colliding with other molecules.
Consequently, one can neglect the interaction of reflected particles with the inci-
dent stream, at least so far as effects on the body itself are concerned. The free
molecular interaction of a solid body with rarefied gas is mainly governed by the
interaction of individual gas molecules with the surface of the solid body.

The basic assumptions of free molecular flow theory can be summarized as
follows.

227
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7.5

(i) In the free molecular interaction regime the mean free path of the molecules is much
larger than the largest characteristic dimension of the body which is assumed to be in a
gas flow of infinite extent.

(ii) The molecules which hit the surface of the body and are reflected (or re-emitted) usu-
ally travel very far from the body before colliding with other molecules. The reflected
molecules therefore 'forget' their previous interaction with the body before they hit
again. Also, the effect of the reflected molecules on the particle streams incident on the
body is assumed to be negligible. In other words the incident flow is assumed to be
entirely undisturbed by the presence of the body.

It is an immediate consequence of these basic assumptions that no shock wave
is expected to form in the free molecular interaction regime. The 'boundary layer'
will be very thick and diffuse. Therefore it has no effect on the incident flow.

From the practical point of view the main assumptions mean that in the free
molecular flow approximation the incident and reflected (or re-emitted) molecules
can be treated separately. The incoming gas particles are assumed to be in a local
thermodynamic equilibrium (LTE), characterized by a Maxwell-Boltzmann
velocity distribution. The usual justification is that when Kn » 1, there is only a
small probability that one of the scattered molecules will interact with the incom-
ing beam in such a way that it will be scattered back to the body, and there is an
even smaller probability that it will strike the body before it reaches equilibrium
with the incoming beam after many collisions.

The assumption that reflected molecules play only a negligible role in the for-
mation of the incident flux is not always true. Figure 7.2 shows two surface ele-
ments: one is concave, the other is convex. It is obvious that our fundamental
assumptions are only valid for convex surfaces for which there is no possibility for
a reflected particle to immediately hit another surface element. However, in the
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7.1 Transfer of mass, momentum, and translational energy 229

Figure 7.2

case of concave surfaces reflected particles can directly reach another surface ele-
ment of the body without colliding with other molecules first. It should be remem-
bered that the free molecular interaction of bodies with large concave surfaces is
very complicated and the proper incident streams must be taken into account. In
this textbook we do not deal with concave bodies; rather we will concentrate on
the much simpler case of convex surface bodies and will demonstrate the methods
of describing the interaction between the gas flow and the solid body.

A good summary of the basic principles of free molecular aerodynamics was
given by Schaaf and Chambre,1 with an extensive list of the relevant literature.
The interested reader is referred to this work.

7.1 Transfer of mass, momentum, and translational energy

7.1.1 Reflection coefficients

The determination of the flux of mass, momentum or energy carried by gas mole-
cules reflected or reemitted from the surface of the body requires a specification of
the interaction between the impinging particles and the surface. For a detailed
description of this interaction one also has to determine the velocity distribution
function of the re-emitted (reflected) molecules as a function of their incident
velocity. However, in the free-molecular approximation this detailed knowledge is
not necessary; it is sufficient to know certain average parameters characterizing
the interaction process. These average quantities are the thermal accommodation
and reflection coefficients.

As has been discussed earlier in connection with slip flow (see Subsection
4.4.2) there are two basic types of interaction between a wall and gas molecules:
diffuse and elastic. In an elastic collision the molecules are reflected specularly
from the wall, while in the case of diffuse reflection they are temporarily absorbed
and later re-emitted. The direction of the re-emitted molecules is randomly distrib-
uted in 2TC solid angle (particles must leave the wall), and their velocity distribu-
tion is Maxwellian. In other words diffusely reflected molecules completely forget
their pre-collision velocity.
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230 7 Free molecular aerodynamics

The thermal accommodation coefficient, a, was originally introduced by
Smoluchowski2 and Knudsen.3 This coefficient is defined in the following way:

- o ( E )

where O/E) is the incident energy flux (energy per unit surface area per unit time)
of the gas molecules reaching a surface element, while Or

(E) is the reflected (re-
emitted) energy flux carried by the gas molecules leaving the surface element. The
quantity Ow

(E) is the energy flux that would have been carried away by the
reflected (re-emitted) gas molecules if all incident molecules were fully accommo-
dated (if they were all re-emitted with a Maxwellian distribution corresponding to
the surface temperature, Tw).

The coefficient, a, is thus a measure of the degree of accommodation of the
mean energy of the molecules to the temperature of the wall with which they are
interacting. It is obvious that oc=l corresponds to perfect accommodation
(Or

(E)=<J>w
(E), i.e. all molecules are re-emitted with the appropriate Maxwellian

velocity distribution), while oc=0 corresponds to no accommodation at all. In the
oc=0 case Or

(E)=Oi
(E), meaning that all molecules undergo perfect elastic reflec-

tions. It should be noted that perfect accommodation is identical to the diffuse
reflection mechanism discussed in Section 4.4 in connection with slip flow (the
slip flow approximation applies to the Kn~l regime, while the free molecular
interaction assumes K n » l ) .

It is implicitly assumed that all forms of energy (translational and internal) asso-
ciated with those molecular degrees of freedom which participate in the energy
exchange with the surface are accommodated to the same degree. Experimental
evidence indicates that this implicit assumption is true for translational and rota-
tional energies, while the vibrational energy is affected to a much smaller degree.
In principle, one could introduce a different accommodation coefficient for each
degree of freedom. In this introductory treatment, however, we use a single value
for each material.

Experimental evidence indicates that the thermal accommodation coefficient of
many materials is quite close to unity (0.87<oc<0.97).

In Chapter 4 we briefly discussed the traditional treatment of momentum trans-
fer between the impinging molecules and the surface of a solid body and assumed
that a fraction, a', of the incident particles is reflected 'diffusely', while the rest is
reflected specularly. The diffusely reflected fraction contributes to the tangential
momentum transfer between the molecules and the wall. The remaining fraction
(l-tf') is reflected 'specularly' (mirror-like), with a reversal of the normal momen-
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7.1 Transfer of mass, momentum, and translational energy 231

turn component. This fraction contributes only to the transfer of the normal
momentum component to the wall.

There is some experimental evidence that the situation is more complicated and
a single parameter a ' is not sufficient to characterize both the normal and tangen-
tial momentum transfer in an adequate manner. In order to adequately specify both
the tangential and normal components of the aerodynamic forces acting on the
body we introduce two reflection coefficients in the following way:

O (mv t )_ o (mv t ) ^C
i w i

(7 '2a)

where <fr(myt) and <&(mw0 represent the magnitudes of the incident and reflected tan-
gential momentum fluxes. Ow

(mvt} would be the magnitude of the re-emitted tan-
gential momentum flux if all incident particles were re-emitted with a Maxwellian
velocity distribution corresponding to the surface temperature, Tw. From this defi-
nition it is obvious that Ow

(mvt)=0, because the directional distribution is symmetric
around the normal vector of the surface element (the tangential momentum com-
ponents of the released particles cancel each other). Similarly, the fluxes in the
expression for the normal reflection coefficient represent the magnitude of the nor-
mal component of the incident momentum flux, &(mwn)9 the magnitude of the nor-
mal component of the reflected momentum flux, &<&"*)9 and the magnitude of the
normal component of the hypothetical reflected flux, Ow

(mvn).
It can be easily seen that in the case of specular reflection ®(mv0=®(my0 and

(̂mvn)=(j)_(mvn)9 consequently Or
(E)=Oi

(E) and therefore oc=0, ot=0, and an=0. In the
case of diffuse reflection Or

(mvt>=Ow
(mvt)=0 and Or

(mvn>=Ow
(mvn), consequently

Or
(E)=Ow

(E) and therefore oc=l, at=l, and on=l.
Experiments show that most materials have tangential reflection coefficients

close to unity, at~l. The normal reflection coefficient is relatively poorly known,
but observations are consistent with on~l.

It should be emphasized that the quantities a, at, and Gn are average phenome-
nological parameters. Additional interaction parameters can be specified as
needed. However, for the purpose of this introductory description, these three
parameters provide an adequate description of the free molecular interaction
between gas molecules and a solid surface.

In this section we will investigate the transfer of mass, momentum and transla-
tional energy by gas molecules to and from a surface element, dS, at a tempera-
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232 7 Free molecular aerodynamics

ture, Tw. It is assumed that the incoming molecules follow a Maxwell-Boltzmann
velocity distribution in the frame of reference of the gas. For the sake of simplicity
it is postulated that molecules are reflected diffusely with a Maxwell-Boltzmann
velocity distribution, characterized by a reflection temperature, Tr, which is in
general different from the wall temperature and from the temperature of the inci-
dent population, T..

Since the motions of incident and emergent molecules are assumed to be inde-
pendent, the transfer of mass, momentum and energy by the incoming and
reflected molecules might be considered separately.

The interaction will be described using the following local coordinate system.
Let us choose a system of rectangular coordinates (xv x2, x3) fixed relative to the
surface with the x3 axis perpendicular to the surface and pointing inward (see
Figure 7.3). The velocity components of a gas molecule, \ v v2, v3, arise partly
from the motion of the surface relative to the gas (uv u2, u3) and partly from the
random motion of the gas molecule (cp c2, c3): v=u+c.

Figure 7.3

7.1.2 Transfer of mass

We start by calculating the mass flux absorbed (or released) by the surface ele-
ment, dS. This net flux is the difference of the absorbed and re-emitted mass
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7.1 Transfer of mass, momentum, and translational energy 233

fluxes. Our model assumes that all particles reaching the surface element are tem-
porarily absorbed and then reemitted with a Maxwellian velocity distribution in a
random direction. In this model absorbed particle flux is the mass flux (number of
molecules per unit time per unit area) reaching the surface:

3/2

/ 3 v 3 e (7.3)

where Pi=m/(2kTi). It is important to note that we integrate over the entire velocity
space in the horizontal (tangential) direction, but only over the positive velocities in
the x3 direction. The reason is that only particles with v3>0 are moving towards the
surface element, therefore only these particles are able to reach it. In the exponen-
tial factors, random velocity components are present, because the velocity distribu-
tion is a Maxwellian in the frame of reference of the gas. The first two integrals can
easily be worked out and equation (7.3) can be written in the following form:

1/2

+cje" (7.4)
- u 3

Here a variable transformation has been carried out: the old integration variable,
v3, was replaced by the normal random velocity component, c3. This variable
transformation is reflected in the fact that the lower integration boundary is now
-u3, because when the total normal velocity is zero, the random particle velocity
must be -u3. The physical meaning of this new integration boundary is that parti-
cles with random velocities -u3 are still swept to the surface by the moving gas.

The integrals in equation (7.4) can be evaluated. This process leads to the fol-
lowing expression:

O[m) = — miij
8kT.

Tim
(7.5)

where we have introduced the following dimensionless velocity:

(7.6)
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234 7 Free molecular aerodynamics

The remaining integral in equation (7.5) cannot be evaluated analytically, but is a
well known special function, the so-called error function, erf. The basic properties
of the error function are discussed in Appendix 9.5.3. We also recognize that the
square root in equation (7.5) is the average thermal speed of the incident mole-
cules, Vj. With the introduction of the error function the incident mass flux can be
written in the following form:

(7.7)

This expression means that the incident flux absorbed by the surface element is the
thermal flux of particles going through the surface element multiplied by a correc-
tion factor due to the relative motion of the gas and the body.

The correction factor, Ci
(m)=4Oi

(m)/mni \{, is shown in Figure 7.4 as a function
of the normal component of the dimensionless gas flow velocity, s3. It can be seen
that for large negative values the correction factor approaches zero, meaning that
only the fastest few particles can reach the surface. For positive values of s3, how-
ever, particles are swept to the wall and the correction factor rapidly increases.

3

I- 2
U

1

n . — — - ~

/

-0.5 0.5

Figure 7.4

The reflected molecules can be regarded as particles coming from a hypotheti-
cal gas reservoir on the reverse side of the surface. This gas reservoir is at rest rela-
tive to the surface; its molecules follow a Maxwell-Boltzmann velocity distribu-
tion at a temperature Tr (it should be emphasized that in general Tr is not equal to
the wall temperature). This is the same as the previously studied problem of mole-
cular effusion into vacuum through an orifice (see Section 4.1.2), therefore, by
direct analogy, the escaping particle flux is
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7.1 Transfer of mass, momentum, and translational energy 235

1
_

Under equilibrium conditions it is reasonable to assume that the absorbed and
re-emitted particle fluxes are identical, <&(m)=<S>(m\ This relation can immediately
be used to obtain a relation between the incident particle density and the density of
the reflected particle population:

(7.9)

It should be noted that nr is the particle density in the hypothetical leaky particle
reservoir behind the surface element, but nr is not the physical number density of
reflected particles.

7.1.3 Transfer of perpendicular momentum

The pressure on the surface is defined as the perpendicular momentum transfer
flux from the gas to the surface. In our particular model the pressure arises from
two independent components. The first component is due to the flux of perpendic-
ular momentum carried to the wall by the absorbed incident gas molecules. The
second component arises from the perpendicular momentum flux carried away by
the re-emitted molecules. In the present model the two components are indepen-
dent of each other and therefore one can treat them separately.

We start by calculating the flux of perpendicular momentum carried by the inci-
dent particles to the wall. We calculated these types of fluxes repeatedly in Chapter
4 (see equation (4.23)), therefore we can write

f ft \3 /2 oo oo oo

O|mVn) = m n . U Jdvje"PiC? Jdv2e~PiC2 Jdv3\\e~PiC3 (7.10)
v y —oo —oo o

The integrals in the Vj and v2 directions can easily be carried out and the remaining
integral can be transformed to get the following:

fa V/2 °°
^ Jdc3(u3 +c3)2e"PiC3 (7.11)
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236 7 Free molecular aerodynamics

The integral can be evaluated to obtain the following expression for the incident
flux of perpendicular momentum:

(7.12)

Equation (7.12) tells us that the contribution of the incident molecules to the
transfer of perpendicular momentum to the wall can be obtained by multiplying
the external gas pressure by a correction factor. This correction factor, given by
C.(mvn)=Oi

(mvnVp., is plotted in Figure 7.5. Inspection of Figure 7.5 shows that when
there is no relative motion in the perpendicular direction the incident momentum
flux on the surface is identical to half the gas pressure. This is of course not a sur-
prising result, because in the classical case the momentum change of specularly
reflected molecules is twice the perpendicular incident momentum of the incident
particles. This question has been discussed in considerable detail in Subsection
2.4.1.

-0.5 0
S3

0.5

Figure 7.5

The flux of perpendicular momentum carried away by the reflected (re-emitted)
molecules can be calculated fairly readily. Our assumption of perfect accommoda-
tion means that reflected particles can be approximated by a population of parti-
cles escaping from a hypothetical gas reservoir attached to the back of the wall. In
this approximation we obtain

OK)=mn
3/2 OO \J

Jdc2e-p'cl|dc 3 c 3 . (7.13)
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7.1 Transfer of mass, momentum, and translational energy 237

The three integrals can be worked out to obtain

( 7 1 4 )

This result indicates that the flux of perpendicular momentum carried away by the
re-emitted particles is half the pressure in the hypothetical gas reservoir.
Substituting expression (7.9) for the reservoir density, nr, we obtain the following:

(7.15)

The total gas pressure acting on the surface element is the sum of the incident
and reflected fluxes of perpendicular momentum:

where p^n^T. is the pressure of the incident gas and

(7.17)

In the simplest case when s3 = 0 (u3=0) and T^Tj. expression (7.16) reduces to the
classical result, p=pr The dependence of the pressure correction factor (the
expression in the curly bracket in equation (7.16)) is plotted in Figure 7.6 for iden-
tical incident and reflection temperatures, T^T..

It is important to mention that Tr is still an unknown quantity which can be
determined by making appropriate assumptions about the reflection parameters.
This issue will be addressed in detail in Section 7.2.

7.1.4 Transfer of tangential momentum

Next we calculate the transfer of parallel or tangential momentum from the dilute
gas to the surface of a solid body. Since in our model the incident molecules are
temporarily trapped by the surface they lose all their tangential momentum on
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2

1

n

/

-0.5 0 0.5
S3

Figure 7.6

contact, so the incident flux of parallel momentum is given by the following inte-
gral:

/ Q \3 /2 oo oo oo

*[mv«) = m n i HL Jdv, Jdv2(vte-^e-M)Jdv3v3e"P i C3 (7.18)

where vt denotes the projection of the particle velocity to the (xpx2) plane (which
is tangential to the surface element). The integrals over the variables vt and v2 can
be readily evaluated:

O(mVt) -= mn.
71

1/2 0

(7.19)

It should be recognized that the remaining integral is related to the incident
mass flux given by equation (7.4). Using this result one can obtain the following
expression for the magnitude of the incident flux of parallel momentum:

O(mVt) =u O(m)

i u t i
(7.20)

Substituting expression (7.7) into equation (7.20) yields the following for the inci-
dent flux of parallel momentum:

(7.21)
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7.1 Transfer of mass, momentum, and translational energy 239

where we have introduced the dimensionless tangential gas velocity:

(7.22)

In the limit s3—»0 equation (7.21) becomes the following:

l i m O ^ (7.23)
s3->0 V

The reflected molecules are re-emitted isotropically, therefore the reflected flux
of tangential momentum must vanish:

x3/2 oo oo
1 = m n - dc, d c J c t e

 Pr *e Pr 2 dcx^e Pr 3 =0 (7.24)

The shearing stress acting on the surface is the difference of the incident and
reflected fluxes of tangential momentum. In this particular case the reflected flux is
zero; therefore one can conclude that

(7.25)

7.1.5 Transfer of translational energy

Finally we calculate the transfer of translational energy from the gas to the wall.
As before, the flux of translational energy can be considered as the sum of the inci-
dent and reflected fluxes, which in turn can be calculated independently of each
other. We start with the incident translational energy flux, which can be written as

<D^mv ' = - m n t I Hi. I JdV l jdv 2 Jdv3v3 v
2 e"^2 (7.26)

V / —oo —oo 0

By expanding v2 into its components the integral can be separated into three terms:
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- - m n l ^ l |dv,v2e-
piC2 | d v , v , e - p i C 3 + - m n . | ^ | |dv,™3"-fBc2 i fB.V/27

Pl3+-mni -L Jdv
z \ n J o

(7.27)

The integrals can be evaluated in a straightforward but somewhat tedious way.
This process leads to the following result:

( W ) = ^ . r i m u 2 + 1 k T w n _ kT e-si
m U 2 V 8 ' l l

In the limit s3—>0 this expression becomes

limO(^mv2)=-n.vf-mu2+2kT.l (7.29)

This is a very interesting result which tells us that the translational energy flux
incident on the surface has two components: one is due to the organized (bulk)
motion of the gas with respect of the solid body, while the other is due to the ran-
dom (thermal) motion of the gas molecules. An interesting aspect of the result is
that in the case of no relative bulk motion (u=0), the average thermal energy of the
molecules hitting the surface element is 2kTi9 which is larger that the average ther-
mal energy of the gas molecules, SkT/2. The physical reason is the same as it was
in the case of molecular effusion through an orifice (see Subsection 4.1.3 and
equation (4.27)), namely, that in unit time faster particles can reach the surface ele-
ment from a larger distance, therefore the distribution of particles hitting the wall
is biased towards faster molecules.

Next we calculate the reflected energy flux. The re-emitted molecules transport
the following translational energy flux away from the surface:

/ 2 °° °° 0

J J j ^ C 2 e - P r c 2 (7.30)

The minus sign in this expression reflects the fact that the value of the integral is
negative, because the flux is in the -x3 direction. Recall that <E> is defined as the
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7.1 Transfer of mass, momentum, and translational energy 241

magnitude of the flux, therefore one has to compensate for the negative sign. The
integrals can be evaluated to obtain

m

This result means that the average energy carried away by re-emitted molecules is
2kTr. The explanation of this result is the same as was given above (see the discus-
sion about the incident energy flux). Under steady-state conditions the incident
and reflected mass fluxes are identical, therefore one obtains

= 2 k T - ^ - (7.32)
m

7.1.6 Limiting cases

Next we examine the free molecular transfer of mass, momentum and energy to a
surface element in two limits. The first is the low speed limit, when u—>0, but the
temperature remains finite. The second limit is the so-called hypersonic limit,
when the Mach number of the free molecular flow (with respect to the body) is
much larger than unity, M » l . The Mach number is closely related to our dimen-
sionless velocity, s, because

(7.33)

First we consider the limit s—>0. In this case we obtain the following expres-
sions for the various free molecular fluxes:

= - m n . v. (7.34)
4

(7.35)

limOf^-n.kT. (7.36)

mu2 y mu2 y
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lim<D(mVn)=-n.kT\ & (7.37)
ŝ o r 2 ' M T.

p. 1 + , N (7.38)

limx =O(mVt)=0 (7.39)

limOj nivi(2kTi) (7.40)

limO(2mv2)=in.v.(2kT ) (7.41)
s->o 4

These results do not differ from the hydrodynamic results, because there is no
relative motion between the gas and the solid body. In the hypersonic limit (when
s—>°° and all components of the normalized relative velocity, st, and s3, approach
infinity, as well) the same quantities become very different:

lim O(m) = m n{ u3 (7.42)

\imnT=2^fKs3ni (7.43)

i? (7-44)

.u3 (7.45)

l imp = O ( m V n ) +O ( m V n ) = mn. u^ (7.46)

i ,u t (7.47)
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mv2) 2m n u 2 u , (7.48)
2 l

lim<D(2mv2)=2rnn.u,kT (7.49)

It is interesting to note that in the hypersonic case even the reflected fluxes depend
on the normal component of the dimensionless relative velocity, s3. The reason is
that the density in the hypothetical reservoir of reflected particles, nr, is a function
of s3. This density is directly related to the reflected fluxes.

7.2 Free molecular heat transfer

Next, we consider the convective heat transfer to (and from) a surface element in a
steady, uniform, free molecular flow. The results obtained in the previous section
will be extensively used in the following derivations. In this discussion we will
take into account the energy stored in and transferred from internal degrees of
freedom of the gas molecules.

Let us first consider the contribution of the internal energy of the gas molecules
to their total energy. It has been discussed in Chapter 2 how the relation between
the specific heat ratio of the gas, y, and the total number of internal degrees of free-
dom of the gas molecules, v, is the following (see equation (2. Ill)):

(7.50)
Y - l

We also recall the equipartition theorem and realize that each internal degree of
freedom carries an average energy of kT72 per molecule. Assuming equilibrium
between the translational and internal degrees of freedom the total incident and
reflected energy fluxes can be written as

i<m) d>(m) ( \ v i 1 2
- m u 2 + J - k T . — n v . kT.e"s31 1 1m m ^2 y - 1

(7.51)

(2mv } + - k T -^— = T kT -=-*— (7.52)
2 r m 2 ( y - l ) r m
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244 7 Free molecular aerodynamics

The net energy transfer rate to unit wall area is the difference of the incident and
reflected energy fluxes:

f
m \2 ( y ) )

(7.53)

This is a very nice result which has only one problem: we have no idea of the value
of the reflected temperature, Tr. This problem can be circumvented by making use
of the thermal accommodation coefficient, a, introduced by equation (7.1). If a is
not zero (i.e. the free molecular interaction is not entirely specular) the energy
transfer rate can also be expressed as

AO(E) = a ( $ ! E ) -O(E>) (7.54)
\ 1 W /

It should be noted that the mathematical form of Ow
(E) is the same as that of the

reflected flux, Or
(E), with the difference that Tf must be replaced by the known wall

temperature, Tw. This means that the total energy transfer rate can be expressed in
terms of the empirical parameter, a, and known quantities, such as the gas and
wall temperatures, and the magnitude of the dimensionless relative velocity
between the gas and the body, s:

: - n . v . kT. ^e a3 s2+-
4 ' ' 'I ^ 2(y-l) 2(7-1) T j

(7-1) 2(7-1) T J I

7.2.1 Recovery temperature, Stanton number and thermal recovery factor

In this section we introduce three functions, which are instrumental in describing
the free molecular heat transfer between a solid body and the surrounding low
density gas.

Equation (7.55) describes the net energy transfer rate between the gas and a sur-
face element. When the gas and the surface reach equilibrium there is no net heat
transfer between them and AO(E)=0 (assuming that heat conduction effects can be
neglected). The wall temperature under equilibrium conditions is called the recov-
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72 Free molecular heat transfer 245

ery temperature, Trec, (this is the temperature the surface element would reach if it
was left in the gas for an infinitely long time). The recovery temperature can be
obtained by solving the equation, AO(E)=0. The solution is the following:

T =T.
rec

 '

Y - l (7.56)

The stagnation state of a gas is defined as the state in which the gas flow veloc-
ity is zero. The stagnation energy is the energy of the gas when it is decelerated to
zero speed by an adiabatic process (one with no external work). It follows from
this definition that the stagnation temperature of the gas is defined in the following
way:

Y - l Y-
(7.57)

Using equation (7.57) one can easily obtain the ratio of the gas temperature to the
stagnation temperature:

T.
- s 2 + l (7.58)

Substituting this result into equation (7.56) yields the following:

T = T
i

Y - l
(7.59)

It is important to note that the local recovery temperature is independent of the
current temperature of the surface element, Tw: it is only a function of gas parame-
ters. It is interesting to explore the limiting values of the recovery temperature. In
the low speed limit, when s—»0, the stagnation temperature, T , approaches the
gas temperature, T, and the recovery temperature becomes the gas temperature:

limTr e c=Ti
s->0 rec '

(7.60)
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In the other limiting case, when s » l , the recovery temperature becomes

Y + l k
(7.61)

These two limiting cases are achieved by different physical processes: in the
hypersonic case ( s » l ) the recovery temperature reflects the 'ram' energy of the
incident gas, while in the low speed case the recovery temperature results from
thermal equilibrium between the random energies of the gas molecules and the
body.

With the help of the stagnation and recovery temperatures one can define the
modified thermal recovery factor, r', in the following way:

(7.62)

The modified thermal recovery factor characterizes the difference between the
steady-state wall temperature and the stagnation temperature of the gas. The modi-
fied Stanton number, St', characterizes the ratio of the free molecular heat transfer
rate (to the surface element) to the hydrodynamic heat transfer rate:

1 Y AO(E)

St'= - - 1 — (7.63)
a y + l C f T T J

where C is the specific heat of the gas at constant pressure.
The recovery (equilibrium) temperature and the heat transfer rate can be readily

calculated for a surface element if one knows the gas parameters and has a specific
expression for the modified thermal recovery factor, r', and the modified Stanton
number, St'. In general, the heat transfer properties of the body itself are character-
ized by these two parameters. In the case of real bodies the components of the rela-
tive velocity vector, u, vary with surface location (because the normal vector of
the surface elements changes) and the calculation of the recovery temperature and
free molecular heat transfer rate becomes much more complicated. In the case of
bodies with large heat conductivities it is still possible to find a single recovery
temperature and an average heat transfer rate, but the solution of the problem
becomes much more complicated. Some simple cases will be discussed in the fol-
lowing section.
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7.2 Free molecular heat transfer 247

7.2.2 Free molecular heat transfer to specific bodies

Let us start with the simplest possible body shape and consider a flat conducting
plate with a perfect insulator covering its back side. This means that the flow
velocity vector, u, is the same for all surface elements. We will calculate r' and St'
characterizing the heat transfer properties of the front side of the body.

In this case the recovery temperature is given by equation (7.59). The modified
thermal recovery factor, r', can now be obtained using expression (7.62):

r'= 2 s 2 + l - - (7.64)

The modified Stanton number, St', can also be calculated using equations (7.55),
(7.59) and (7.63):

S t ' = — ^ ( e ~ s 3 + V i i s J l + erf(s0l) (7.65)
4-y/Ttsv L -v

Once we know the functions r' and St', the recovery temperature and heat trans-
fer rate can be easily obtained by the following relations:

T r e c = T i [ 1 + 7TT s 2 r ' 1 a66a)

(7.66b)

In general the functions r' and St' can be derived by integration for any body
shape. In order to get the recovery temperature one has to solve the following inte-
gral equation:

Ti,Trec) = O (7.67)
surface

With the help of the recovery temperature one can calculate the modified recovery
factor, rf, for the given body shape. Similarly, the heat transfer rate can be obtained
by evaluating the following integral:
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Ti,Tw) (7.68)
surface

Once we know the total heat transfer rate, we can calculate the modified Stanton
number, St'.

Below we present functional forms of the modified recovery factor and the
modified Stanton number for several simple body shapes.

In the case of aflat conducting plate with front and rear surfaces in perfect ther-
mal contact we obtain the following:

2s2 + l - - (7.69a)
e S5 +V7ts3erf(s3)

St'=—^=He~s3+Vrcs,erf(s,)) (7.69b)

In the two limiting cases these quantities become (assuming a perpendicular inci-
dent flow, s3=s)

limr'=4 l i m S t ' = — ~ (7.70a)

limr'=2 l imSt '= - (7.70b)
S->oo S—>°° 4

In the case of a right circular cylinder with its axis perpendicular to the flow
direction we obtain

) + 2 )

where I0(x) and I2(x) are modified Bessel function of integer order (see Appendix
9.5.4). In the two limiting cases these expressions become
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7.2 Free molecular heat transfer 249

limr'=3 limSt'=—j=- (7.72a)
s-»0 s->0 4 V

lim r'= 2 lim St'= — (7.72b)

In the case of a sphere we get the following expression:

f l W s 2 ( 1 "\
2s + - V + 2s2+2--V erf(s)

e"s2 1 (, 1
St'= ,= + - 1 + erf(s) (7.73b)

8Vn 9\ 2s2.1

In the two limiting cases these quantities become

l i m r ' = - limSt'=—\=^- (7.74a)
s->o 3 s^o 4V^

limr'=2 l imSt '=- (7.74b)

The functions, r'(s) and St'(s), are shown in Figures 7.7 and 7.8 for the various
simple body shapes discussed in the text (assuming perpendicular flow, i.e. s3=s).
Inspection of these figures reveals that the thermal properties of an insulated plate
are very different than those for other body shapes. The reason is that for body
shapes other than the insulated plate the angle between the normal vector of a sur-
face element and the incident flow varies over a wide range and therefore the heat
transfer is 'averaged' over these incident angles. In the case of the insulated plate
the impact angle is the same for all surface elements.

7.2.3 Heat transfer between two plates

Let us consider two infinite plates (with front and back faces thermally insulated)
facing each other and calculate the free molecular heat exchange between them. It
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is assumed that the distance between the plates is much smaller than the mean free
path of interparticle collisions, therefore the flow between the two planes is free
molecular.

We assume that each plate emits particles with equilibrium velocity distribu-
tions characterized by the plate temperatures, Tx and T2. It is obvious from Figure
7.9 that all particles emitted from plate 1 have v3<0, while all particles emitted
from plate 2 have v3>0. In this approximation the emitted velocity distribution
functions are half Maxwellians:

0

2n, m
1
 2TI kT,

exp -
mvz

2kT\

for v3 > 0

for v3 < 0
(7.75a)
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Plate 1

X3

Plate 2

Figure 7.9

IT,

251

20,1

0

m exp -
mvz

2kT\
for v3 > 0

for v3 < 0

(7.75b)

where n{ and n2 represent the number densities of the particles leaving plate 1 and
plate 2, respectively. The factor of 2 in the normalization comes from the fact that
Fj and F2 are normalized to n{ and n2, respectively.

It is important to note that from the point of view of the absorbing surfaces,
plate 2 and plate 1, the incident particles behave as full Maxwellian velocity distri-
butions with spatial densities of 2nt and 2n2, respectively. The reason the densities
appear doubled is that the absorbing surface would never 'see' the missing part of
the velocity distribution (these are the molecules which move away from the
absorbing surface). This means that the absorption takes place as if the incident
particles had zero flow velocity in the x3 direction, so Uj=u2=0.

In this zero flow velocity limit the recovery temperatures are identical to the
temperatures of the other plate, Trec

(1)=T2 and Trec
(2)=Tr One can substitute this

result into equation (7.55) to obtain the heat transfer rate from plate 2 to plate 1:

(Y-1)
(7.76)

Under equilibrium conditions the absorbed and re-emitted particle fluxes are
identical for each plate, therefore the following relation must be satisfied:

(7.77)

The particle density between the two plates is n, which is the sum of the number
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252 7 Free molecular aerodynamics

densities of the two populations (originating from the two plates), therefore
n=n1+n2. One can combine these two relations to obtain the following:

/
n =n , jy * (7.78)2 V^V^

Substituting this result into equation (7.76) yields the following expression for the
heat transfer rate to plate 1:

(7.79)

Finally, let us compare this result with the hydrodynamic ( K n « l ) case. In the
Navier—Stokes approximation the heat flux was found to be the following (see
equation (6.79)):

where we have approximated the average collision time as the ratio of the colli-
sional mean free path and the average thermal velocity. If a high density gas fills
the gap between the two infinite plates this expression yields the following heat
transfer rate to plate 1:

where we have assumed that the temperature gradient was constant between the
two plates separated by a distance L. Also, the temperature dependent heat con-
ductivity coefficient was approximated by its average value.

The ratio of the hydrodynamic and free molecular heat transfer rates is the fol-
lowing:

8 a Y + 1
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7.3 Free molecular aerodynamic forces 253

where X is the mean free path of molecular collisions. In the free molecular limit
A»L, therefore the improper use of hydrodynamic formulas in free molecular
situations might lead to gross overestimations of the heat transfer rate.

7.3 Free molecular aerodynamic forces

Aerodynamic forces act upon solid objects moving in fluids. In this section we will
consider two types of forces: drag and lift. The drag force is parallel to the relative
velocity vector between the body and the gas, u, and it represents the 'resistance'
of the medium, which tends to eliminate the relative motion. The lift force is
perpendicular to the velocity vector, and tends to change the 'course' of the body.
Both of these aerodynamic forces depend on the reflection characteristics and the
shape of the solid body. These dependencies will be explored in this section.

7.3.1 Pressure and shearing stress

Figure 7.10 shows a schematic representation of the interaction geometry and the
coordinate system for a simple rectangular body. The x3 axis is perpendicular to
the surface and points inward to the body. The angle between the surface normal
vector and the direction of the incident flow is denoted by 0, which is identical to
the polar angle in our coordinate system. The angle between the surface and the
incident flow velocity, u, is denoted by a{. It is obvious from the schematics that
0+a=7i/2. Using these angles one can express the normal and tangential compo-
nents of the normalized velocity vector:

s3 = ssinai st = scosai (7.83)

Figure 7.10

where st represents the tangential component of the normalized relative velocity
vector.
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254 7 Free molecular aerodynamics

Next we calculate the pressure and shearing stress acting on a surface element
using the results of the previous section. Here, however, we do not assume perfect
accommodation, but will make use of the reflection coefficients, at and an, given
by equations (7.2a) and (7.2b). Using these two equations one can express the con-
tribution of reflected molecules to the pressure and shearing stress:

p r = ( l - a n ) P i + c n P w (7.84)

x^a-a^Xi (7.85)

where we have made use of the fact that the pressure (and shearing stress) is
defined as the momentum transfer rate per unit surface area. With the help of these
two expressions one can easily obtain the total pressure and shearing stress acting
on the surface element:

p = p. + pr = (2 - c n ) P i + o n P w (7.86)

x = Ti-xT=ctxi (7.87)

The negative sign for Tr comes from the fact that only specularly reflected mole-
cules contribute to xr, and they represent a shear with opposite sign to xr

Next we substitute expressions (7.12), (7.15) and (7.21) into equations (7.86)
and (7.87). After some elementary manipulations one obtains the following results
for the total pressure and shearing stress acting on the surface:

(7.88)

(7.89)

The total force acting on a particular body can be obtained by integrating the
appropriate projections of the local pressures and shearing stresses over the entire
surface. In general, the net force components depend on the ambient gas pressure,
pA, the angle of attack, ai? the normalized relative speed, s, and the surface temper-
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7.3 Free molecular aerodynamic forces 255

ature, Tw (and hence the accommodation coefficient a), as well as the reflection
coefficients, ot and Gn.

7.3.2 Lift and drag forces

Figure 7.11 shows a schematic representation of the lift and drag forces (FL and
FD, respectively) acting on a surface element. The lift and drag force per unit sur-
face area (dFL/dA and dFD/dA) can be expressed with the help of the pressure and
shearing stress (these represent the normal and tangential force components) in the
following way:

dFT

— - = p cos a{ - x sin a{ (7.90)

(7.91)

Figure 7.11

The total aerodynamic forces can be obtained by integrating dFL/dA and
dFD/dA over the entire surface. After we obtain the total lift and drag force, FL and
FD, the results can be expressed in terms of lift and drag coefficients, CL and CD,
which characterize the particular body shape:

C L = , F L
2 . (7.92)

C D = , F p
2 A (7.93)
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256 7 Free molecular aerodynamics

where A is the reference area of the body which must be specified in each case.

7.3.3 Free molecular aerodynamic coefficients for specific bodies

Finally, we summarize some aerodynamic coefficient functions for simple body
shapes.

First we consider a flat plate at an angle of attack ct and surface area A (here A
is the area of one side of the plate). We present the aerodynamic coefficients for
the two limiting cases (diffuse and specular reflections). In the case of diffuse
reflection (at=l and cJn=l) these coefficients become

"D.diff
n

7isinai erf(s3)
ZS

sin2 a.
(7.94)

erf(sj
^ (7.95)

where we have introduced the notation

s = (7.96)

In the case of specular reflection (ot=0 and C7n=0) the aerodynamic coefficients
become the following:

D,sPec
n 2s2 i n 2 ^ erf(s3) (7.97)

C L . . p C c = C O t a i C L . d i ]diff (7.98)

Next let us consider the behavior of these coefficients in limiting cases. In the
case of low speed flow (when T remains finite but u—>0, and consequently s—>0)
the aerodynamic lift and drag coefficients for a flat plate become the following:
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!™cD i d i f f = l + s i n 2 a : | l + i c j - * - (7.99)

8 sin2<x;
(7.100)

lim CL'dlf 2 + rc (7.101)

(7.102)

It is interesting to note that equations (7.99) through (7.102) all have an s"1 type

singularity as s-»0. This does not mean that the drag or lift forces become infinite

in the low speed limit. For instance, the limiting value of the drag force is the fol-

lowing:

l imF n = l i m - m n . u 2 A C n = l imps 2 AC n °c lims = 0 (7.103)
u+o D

 u ^ o 2 x D u > o F D u->o

The second limiting case is that of the hypersonic flow, in which both s and s3

are much larger than unity, s » l , and s 3 » l . In this limit the aerodynamic coeffi-

cients become the following:

lim CDdiff =2s ina i
SS3>>1 '

(7.104)

(7.105)

sinajcosaj
lim C, .„ = ! - , / T C — S L

S,S3»1 L'dlff S A T :

(7.106)

(7.107)
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258 7 Free molecular aerodynamics

The hypersonic behavior of the drag and lift forces can be obtained using the limit-
ing values derived above:

lim F n = lim - m n u 2 A C n lim p s 2 A C ~ s 2 (7.108)
s,s3»l D s,s3»l2 l Ds ,s3»lF D

lim FT = lim - m n . u2ACT lim ps2ACT °cS (7.109)
s,s3»l ^ s,s3»l 2 s,s3»l

Next, we consider a right circular cylinder with its axis normal to the flow and
with projected area A=2ah (where a and h are the radius and height of the cylinder,
respectively). In this case the lift force (and consequently the lift coefficient) is
zero because of the symmetric geometry. The drag coefficients are the following:

(7.110)

c D , s p e c =^ e x pf -Yj( s 2 +f ) io (±» 2 ) + (* 2 4)^ s 2 ) I (7-m)

where Io and \ refer to the modified Bessel functions.
In the case of low speed flow (when T remains finite but u—>0, and conse-

quently s—»0) the aerodynamic drag coefficients for the right circular cylinder
become the following:

2 4 — ' ( 7 - H 2 )

In the case of hypersonic flow ( s » l , and s 3 » l ) the drag coefficients become
the following:

limCDdiff = 2 (7.114)
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Finally, we consider a sphere with projected area A=r2TC (where r is the radius of
the sphere). In this case there is no lift and the drag coefficients are the following:

l + 2s2
 s2 4 s 4 + 4 s 2 - l

_ l + 2s2
 s2 , 4 s 4 + 4 s 2 - l

CD,spee=T?J^e + ^ C r f ( S ) ( 7 - U 7 )

In the low speed limit the aerodynamic drag coefficients for the sphere become
the following:

r r* 16 1 2VS [ T ^ n i 1 o ,
hmC n , . f f = 7=— + —— (7.118)
s-*> D'dlff 3 VTTS 3S i T. V ^

When deriving these limits we had to use a fifth order expansion for the error
function to account for all first order terms (because there is an s4 term in the
denominator). The hypersonic limit of the drag coefficients gives the following
result:

l imC D d i f f =2 (7.120)

(7.121)

Figure 7.12 shows the free molecular drag coefficients (assuming specular
reflection) as a function of the dimensionless speed, s, for a plate (with 45° angle
of attack), a cylinder, and a sphere.
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7.4 Problems

7.1 Two infinite plates are set at a distance d apart in a gas at very low pressure
with mean free path A»d. The temperatures of the plates are T2 and T2, respec-
tively. The temperature of the surrounding gas is equal to T2, while n is the number
density of the gas. Find the force of repulsion per unit area between the plates.
Assume that edge effects can be neglected and that diffuse reflection with
oc=at=Gn=l occurs at the plates.
7.2 A small spherical chamber is immersed in a low density stream, where the
mean free path is long compared to the sphere diameter. Derive the steady-state
density of the gas within the chamber. The temperature of the sphere is To, the
incident gas density, bulk velocity and temperature are n, u, and T, respectively.
The angle between the flow direction and the normal vector of the orifice (pointing
into the spherical chamber) is 0°.
7.3 A very thin plate with a radius of 0.1m and mass 0.01kg levitates 100m
above the surface in the atmosphere of an earth size planet of unknown mass. The
plate consists of two well conducting metals separated by an insulating layer. The
lower part of the plate is kept at a temperature Tj=10 000 K, while the upper part is
in thermal equilibrium with the atmosphere at T0=200 K. Assume perfect accom-
modation and calculate the mass ratio between the unknown planet and earth if the
atmospheric density is n=1019 m~3 and the collision cross section of the molecules
isa=10-20m2.
7.4 A spherical spacecraft orbits the earth along a circular trajectory with an
orbital velocity of 7.8 km/s. The number density in the high altitude atmosphere
can be approximated by a barometric formula:
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z - z 0
n(z) = n0 exp -

H

where zQ=200 km, nQ=8xl015 nr3 and the scale height, H, is H=15 km. Assume
that the temperature of the upper atmosphere is T=1000 K at all altitudes, the mean
molecular mass and the specific heat ratio are 22 amu (m=3.67xlO~26 kg) and 7/5,
respectively, (a) Assume that the wall temperature of the spacecraft is uniform and
calculate the heat transfer rate to the satellite. Show that to a very good approxima-
tion the heat transfer rate is independent of the spacecraft temperature, (b) Assume
that the only energy loss of the spacecraft is the black body radiation (black body
energy loss per unit time per unit spacecraft area = CJSBTsc

4, where aSB is the
Stefan-Boltzmann constant, aSB=5.67xl0~8 joule m~2 K"4 s-1)- Calculate the equi-
librium spacecraft temperature at z=100 km and at z=200 km. Can a spacecraft
survive at these altitudes?
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8
Shock waves

It has been observed under certain conditions that a compressible fluid can experi-
ence an abrupt change of macroscopic parameters. Examples are detonation
waves, explosions, wave systems formed at the nose of projectiles moving with
supersonic speeds, etc. In all these cases the wave front is very steep and there is a
large pressure rise in traversing the wave, which is called a shock wave.

In the perfect gas approximation shock waves are discontinuity surfaces sepa-
rating two distinct gas states. In higher order approximations (such as the
Navier-Stokes equation) the shock wave is a region where physical quantities
change smoothly but rapidly. In this case the shock has a finite thickness, generally
of the order of the mean free path.

Since the shock wave is a more or less instantaneous compression of the gas, it
cannot be a reversible process. The energy for compressing the gas flowing
through the shock wave is derived from the kinetic energy of the bulk flow
upstream of the shock wave. It can be shown that a shock wave is not an isentropic
phenomenon: the gas experiences an increase in its entropy.

The simplest case for studying shock waves is a normal plane shock wave,
when the gas flows parallel to the x axis and all physical quantities depend only on
the x coordinate. In this case the normal vector of the shock surface is parallel to
the flow direction. In this chapter we compare hydrodynamic and simple kinetic
descriptions of a steady normal plane shock wave.

8.1 Hydrodynamic description

8.1.1 Normal shock waves in perfect gases12

First we consider the hydrodynamic description of shock waves in perfect gases.
For the sake of mathematical simplicity let us consider a steady-state one dimen-
sional flow in the x direction with constant flow area and neglect the effects of

262
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8.1 Hydrodynamic description 263

external forces. Such a flow occurs for instance in a very long tube. Also, we
assume that the shock wave is perpendicular to the flow direction. The direction of
shock waves is usually characterized by the shock normal vector. Shock waves
with normal vectors parallel to the flow direction are usually referred to as normal
shock waves (sometimes they are also called parallel shocks).

It is assumed that far upstream and downstream of the shock the gas is very
close to thermodynamic equilibrium. This means that in these two regions the
macroscopic conservation equations can be obtained using the five moment
approximation (Euler equations). In the present one dimensional, steady-state
(time independent) case these equations simplify to the following:

(8.1)
dx

^ . + d P = 0 (8.2)
dx dx

^u^p^O (8.3)
2 dx 2 dx

where n(x), u(x) and p(x) represent the particle number density, flow velocity and
pressure, respectively.

The first two equations can immediately be integrated to yield

nx \xx = n 2 u 2 (8.4)

mnt uj* + Pj = mn2 \x\ + p2 (8.5)

where the subscripts 1 and 2 refer to far upstream and far downstream conditions,
respectively. The energy equation can be rewritten into a total derivative using the
momentum equation:

3 dp 5 du 5d(up) dp d (5 1 ^
- u — + - p — = ^ - ^ - u — = — - u p + -mnu 3 (8.6)
2 dx 2 F d x 2 dx dx d x U 2 )

This form of the energy equation can easily be integrated to yield the following
conservation relation:
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y _L l 3 y
-u, p, +— rmrur =_ j Ul Pi + 2

where yis the specific heat ratio (in our case naturally 7^5/3).
Next we want to rewrite the conservation equations (8.4), (8.5) and (8.7) in

terms of a single characteristic parameter, the upstream Mach number, M r The
Mach number is the ratio of the flow speed to the local sound speed and it can be
expressed as

(8.8)
yp

With the help of this expression the integral form of the momentum and energy
equations (equations (8.5) and (8.7)) can be rewritten as

(8.9)

(8.10)

With the help of the continuity and energy equations one can immediately
express the ratio of the upstream and downstream temperatures:

(8.11)
Tl =

 n lu l T l = Plul =

T 2 n 2 u 2 T 2 p 2 u 2 ^ . v , V ' " ,2

It follows from the definition of the Mach number (equation (8.8)) that the gas
velocity, u, is proportional to the Mach number times the square root of the tem-
perature, u<*=MT1/2. With the help of this relation and of equation (8.11) one
obtains the following expression for the velocity ratio:

(8.12)

The same velocity ratio can also be expressed independently with the help of
equations (8.4), (8.9) and (8.11):
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8.1 Hydrodynamic description

Uj _ l + y M 2

265

(8.13)

Equations (8.12) and (8.13) can be combined to obtain an algebraic equation con-
necting the upstream and downstream Mach numbers:

1 + yMj _ M , 2 + (y - l )M*
(8.14)

This equation has two solutions. The first solution describes no change in the
gas parameters, M2=Mr This trivial solution, of course, is not a shock. The second
solution is non-trivial: it relates the upstream and downstream Mach numbers for a
normal shock wave:

M -
2 (8.15)

It is important to note that this solution has a singularity at M1
2=(y-1)/2Y. Also, the

limiting value of M2
2 as Mx goes to infinity turns out to be the same value, (Y-l)/2y.

This function is shown in Figure 8.1. Inspection of Figure 8.1 reveals that for super-
sonic upstream flows, Mt>l, the downstream Mach number is subsonic. This is a
physically meaningful solution describing a normal shock wave. For subsonic
upstream Mach numbers, however, the solution becomes unphysical with super-
sonic downstream Mach numbers. This result essentially means that normal shocks
can only be formed in supersonic flows, where the condition M J > 1 is fulfilled.

V

Figure 8.1
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266 8 Shock waves

The normal shock wave is a sharp (infinitely thin) discontinuity in the gas para-
meters. Equation (8.15) gives a unique relation between the upstream and down-
stream Mach numbers. With the help of this equation one can express the change
of macroscopic physical quantities through a normal shock wave:

T 2 _ ( 2 + (Y-1 )M?) (2YM?- (Y-D)

n, u2

p? 2 Y M ? - ( Y - 1 )
^- = ' ' ' (8.18)
Pi Y + l

Equations (8.16) through (8.18) are the well known Rankine-Hugoniot rela-
tions for normal shock waves in perfect gases.

8.1.2 The structure of shock waves in viscous gases

So far in this chapter, shock waves were regarded as surfaces of zero thickness. Next
we consider the thickness of these discontinuities and we shall see that shock waves
in reality are transition layers with finite thickness. In perfect gases shock waves are
idealized discontinuities with no internal structure. In order to obtain shocks with
finite thickness one has to introduce some kind of localized dissipation mechanism
(such as viscosity) near the shock. This dissipation converts bulk energy to random
energy and thus initiates the shock transition. The upstream gas parameters must still
satisfy the Rankine-Hugoniot jump conditions, but the transition will take place
over a region of finite thickness. In this section we will use the Navier-Stokes trans-
port equation set (corresponding to the 13 moment approximation) which is capable
of describing dissipation due to viscosity and heat conduction.

It is assumed that far upstream and downstream of the shock region, the gas is in
thermodynamic equilibrium, therefore the Euler equations can be used to describe
the conservation equations. These equations result in the Rankine-Hugoniot jump
conditions. However, in the vicinity of the shock the gas can deviate from local
thermodynamic equilibrium, therefore in this region we use the Navier-Stokes
equations. Consider the Navier-Stokes equations for a steady-state gas flow of a
monatomic perfect gas along the x direction. Neglecting mass addition, the conti-
nuity equation is the same as it was before, therefore equations (8.1) and (8.4) are
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8.1 Hydrodynamic description 267

valid throughout the shock region. This means that the particle flux is conserved
everywhere:

J1=n1u1=n(x)u(x) (8.19)

where the subscripts 1 and 2 again refer to far upstream and downstream condi-
tions, respectively.

The steady-state, one dimensional momentum equation in the Navier-Stokes
approximation can be written as

du dp d (A &x\\ -
mnu — + — - r | — =0 (8.20)

dx dx d x U dxj

This equation can readily be integrated to yield the following algebraic conserva-
tion relation:

m n u H p — r|— = mn, u? + p, (8.21)
3 dx

Here quantities without subscripts refer to conditions inside the dissipation region.
This form of the momentum conservation equation reflects the fact that dissipation
processes are neglected in the far upstream region.

The energy equation in the steady-state, one dimensional Navier-Stokes
approximation can be written in the following form:

3 dp 5 du 4 fduV d f dTA n

- u — + - p TI — K — =0 (8.22)
2 dx 2 F d x 3 \ d x j dx{ dx)

Multiplying the momentum equation by u and adding the result to the energy
equation yields

5 d(up) 1 d(mnu3) ~ , ~ — , ~ , _ ,

2 dx 2 dx dx v 3 dx y dx V dx

This form of the energy equation can easily be integrated:

5 1 , 2 du2 dT 5 1 , . . . . .
— up + —mnu3 — r i K — = - u , p, + —mn, u3 (8.24)
2 F 2 3 dx dx 2 ' F l 2 l '
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268 8 Shock waves

This form of the energy equation can be further manipulated to yield the follow-
ing result:

£ ] (,25)
where C =5k/2m is the specific heat of a monatomic gas (considered here) at con-
stant pressure, and Pr is the Prandtl number (given by equation (4.65)).

There is no known general analytic solution to this differential equation system.
However, the conservation equations can be integrated for Pr=3/4, which is a good
approximation of the actual value over a wide temperature range. Assuming
Pr=3/4 the energy conservation equation becomes the following:

(8.26)

The solution of this equation is the following.3

where C{ is an integration constant. It can be seen that the only physical solution is
the case Cj=O, otherwise the total energy density of the gas would change expo-
nentially with location. In this case the energy conservation equation reduces to

(8.28)

With the help of the continuity equation the momentum equation can be
expressed as follows:

p1) = - r | — (8.29)
3 dx

With the help of equation (8.28) this can be rewritten as
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8.1 Hydrodynamic description 269

( ) ( a ) = O (8.30)
dx

where V=u/Uj and the dimensionless constant, a, is defined as

(8.31)

In general the viscosity is a temperature dependent physical quantity. Equation
(8.30) can be solved analytically for an arbitrary power law dependence.3

However, for the sake of mathematical simplicity (and without loss of physical
generality) we consider the simplest problem, when the approximation r|=rj1 can
be applied. In this case one can use the simple expression obtained for the coeffi-
cient of viscosity with the help of the mean free path method (equation (4.54)) to
obtain

( 8 3 2 )
3mj x

With the help of this expression the differential equation (8.30) can be written in
the following form:

dV = - J— M, dX (8.33)
(V- l ) (V-oc) 2V30 l

where the dimensionless variable, X, is defined as X=x/Xv Equation (8.33) can be
immediately integrated to yield the following implicit equation for V:

1 V = C9 exp - J— (1 - a)M, X I (8.34)
( V - a ) a 2 *\2V30 ' > J

where C2 is an integration constant.
The boundary condition far upstream is that u=up therefore V=l as X

approaches -<». This condition can be satisfied only if a<l , because otherwise the
exponential term becomes infinite as X^-°o . It can be immediately seen from
equation (8.31) that this condition, in turn, implies that the upstream Mach number

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:34:23 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.009
Cambridge Books Online © Cambridge University Press, 2013



270 8 Shock waves

must be supersonic, M J > 1 . Thus we again conclude that the only physical solution
for a shock transition involves supersonic upstream flow.

For values of C2<0, equation (8.34) describes a monotonically increasing veloc-
ity with V->°o as X—>°o. This is again an unphysical case. We conclude that physi-
cally meaningful solutions are constrained to supersonic upstream flows and posi-
tive values of C r

The asymptotic values of the normalized velocity, V, are V=l for x-> -°o and
V=oc for x-^ +°o. It can also be shown that the V(X) function has an inflection
point (characterized by d2V/dX2=0) at V=oc1/2. The actual value of C2 determines
the physical location of the shock. We choose its value in a way that the inflection
point may be found at the origin of our coordinate system, V(X=0)=oc1/2. With this
condition equation (8.34) becomes the following:

1-V 1 -Va (9 YK „ XA>r v
= —7= exp - J—(1-oOlVLX

(V-a)a (Va-a)a I 2 V30 l

(8.35)

This implicit equation describes the change of velocity through the shock wave.
The function V(X) is plotted in Figure 8.2 for the case of Mj=2. Inspection of
Figure 8.2 reveals that most of the velocity change takes place in the immediate
vicinity of the inflection point. This means that the shock wave thickness is of the
order of magnitude of the mean free path of the gas molecules. It can also be
shown that the shock thickness decreases with increasing upstream Mach number.
The important point to remember is that the thickness of the shock wave is very
small, and most of the shock transition takes place within a region with the extent
of a couple of mean free paths.
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8.1 Hydrodynamic description 271

Once we know the normalized velocity, V, as a function of location we can eas-
ily calculate the remaining gas parameters. From equations (8.19) and (8.28) we
get the density and the temperature as a function of V:

n,

T M2

- ^ = 1 + -L (1 -V 2 ) (8.37)

The pressure can be obtained by combining these two expressions:

P 1 (. M? „
l + ( l V ) (8.38)

Pi Vt 3 ')

Finally, it is instructive to examine the change of entropy through the shock
wave. For a perfect gas the change of entropy is defined in the following way:12

! JZUfc JL (8.39)
3 \jx) 3 [pj

where S is the dimensionless entropy change. With the help of expressions (8.37)
and (8.38) one can express S in terms of the normalized velocity, V:

S = ln| V2/3| 1 + ̂ ( 1 - V 2 ) ] (8.40)

The entropy profile for an upstream Mach number of 2 is shown in Figure 8.3.
This profile is very interesting and it warrants a brief discussion. Inspection of
Figure 8.3 reveals that the entropy profile has a maximum at the inflection point,
X=0. This means that the gas recovers some bulk energy from the randomized
motion on the downstream side of the shock wave. At first glance this result seems
to violate the second law of thermodynamics. However, one should remember that
the second law only applies to the entire system and it permits energy recovery
(decrease of entropy) in localized regions. The negative entropy gradient means
that an important physical assumption is violated inside the shock: the gas is not
near thermodynamic equilibrium in this transition region.
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If we compare the physical solutions far upstream and far downstream from the
shock we can conclude that the gas parameters satisfy the Rankine-Hugoniot
jump conditions and that the entropy of the gas is larger in the downstream region
than far upstream. The transition takes place within a region with spatial extent
-X: within this shock layer the gas is not in equilibrium.

8.2 Kinetic description of shocks: the Mott-Smith model4

The structure of shock waves can also be investigated with the help of kinetic the-
ory. An intuitive approximate solution of the shock structure was proposed by
Mott-Smith in 1951. This intuitive solution is based on the fundamental assump-
tion that far upstream and far downstream of the shock the velocity distributions
are Maxwell-Boltzmann distributions:

lim F(x,v) = n1f1(v) = m
\ 2nkTl

\3/2

exp^- m
2 k T [K-u,)2 + Vj+V2

(8.41)

lim F(x, v) = n, f, (v) = m
• 2nkT ,

3/2

exp^-
2kT,

+ vz +v2

(8.42)

Mott-Smith's idea was to approximate the distribution function inside the shock
as a linear combination of the upstream and downstream solutions:
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8.2 Kinetic description of shocks: the Mott-Smith model 273

F(x, v) = ax (x) n i f x (v) + a2 (x) n2 f 2 (v) (8.43)

where at and a2 are to be determined by suitable moment equations. It is assumed
that the far upstream and far downstream gas parameters satisfy the
Rankine-Hugoniot jump conditions given by equations (8.16) through (8.18). It is
assumed that the mass flux is constant everywhere, therefore we immediately con-
clude that

a i (x) + a2(x) = l (8.44)

This means that it is enough to determine the function a^x). Far upstream the dis-
tribution is the upstream Maxwellian, therefore we know that at(-°°)=1. Similarly,
we know that far downstream the distribution approaches the downstream
Maxwellian, therefore a^+o^O.

In order to determine the function a^x) one needs a suitable moment equation
which is independent of the basic conservation laws resulting in the
Rankine-Hugoniot jump conditions. Basic conservation laws (equivalent to those
obtained from the Euler equations) cannot describe a smooth transition from the
upstream to the downstream distribution function, therefore one has to use a dif-
ferent moment equation to obtain the function ax(x).

We shall make use of Maxwell's equation of change (given by equation (6.38))
to determine the function a^x). In our steady-state one dimensional case this equa-
tion becomes

(8.45)

We have considerable freedom in selecting the molecular quantity W(v). It should
be noted that the resulting function a2(x) is slightly different for different choices
of the function W; however, the difference is quantitatively unimportant. We
choose the simplest meaningful function, the momentum flux in the x direction. In
this case W=mv 2. Substituting this expression into equation (8.45) we obtain

(8.46)

Substituting our distribution function yields the following expression for the left
hand side of the equation:
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dada
-3kT 2 +mu* - m u | ) ^ = mA[v2] (8.47)

QX

One can use equation (8.5) to obtain the following differential equation for a^x):

daL = mA[v*]

dx 2k j 1 (T 2 -T 1 )

Next we evaluate the right hand side of Maxwell's equation of change. The inte-
gral on the right hand side can be written as

7
Z oo co 0 0

(8.49)

where the subscripts a and b refer to two colliding gas molecules. Substituting the
Mott-Smith distribution function yields the following:

471

An

oo oo 47C

(8.50)

The last term is a combination of two integrals, because the colliding particles can
be interchanged in the collision integral. It is obvious that the first two integrals
vanish, because both particles belong to the same Maxwellian population. The
only non-vanishing term comes from the third integral which describes the inter-
action between the upstream and downstream particle populations. This means
that equation (8.50) can be rewritten in the following form:

A[vx] = a i ( x ) ( l - a i ( x ) )p (8.51)

where the location independent quantity P is defined as
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8.2 Kinetic description of shocks: the Mott-Smith model 275

^ + v^ x -v^-v^)F l a F 2 b (8.52)

Substituting expression (8.51) into equation (8.48) yields the following differen-
tial equation for the function a^x):

da,
—l = - a a 1 ( l - a 1 ) (8.53)

where a is defined as

a = ^ P (8.54)
2k j 1 (T 2 -T 1 )

Equation (8.53) can be readily integrated to obtain the following solution for the
function a,(x):

For the sake of convenience we set an integration constant (which controls the
location of the shock) to zero.5 It is obvious that this solution satisfies the neces-
sary boundary limiting conditions at ±©o.

With the help of the function a^x), we can obtain the gas number density, veloc-
ity and temperature profiles:

n(x)= fffd3vF(x,v)^a1n1+(l-a1)n7= ^ 1+ 4 M l eax (8.56)
J J J l l l 2 l + e a x 3 + M?

(8.57)
n(x)

1 m
3 n(x)k

JJJd3v(v-u)2F(x,v)

(8.58)

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:34:23 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.009
Cambridge Books Online © Cambridge University Press, 2013



276 8 Shock waves

Finally, we evaluate the quantity p. First of all let us examine the expression
inside the parenthesis in equation (8.52). In the present case the masses of the col-
liding particles are identical, therefore one obtains with the help of equation (5.59)
the following:

(8.59)

Substituting this into equation (8.52) yields the following integral:

, X )g Jde(g 'x
2 -g*)F u F 2 > b (8.60)= \ Jlf

The integral over the impact azimuth can be evaluated with the help of equation
(5.80). Substituting this result into our integral yields the following:

1 oo oo 0

(8.61)

The integral over the deflection angle, %, yields the second order transport cross
section, a2 (see the definition given by equation (3.88)). With the help of this cross
section the integral becomes the following:

(8-62)

The evaluation of equation (8.62) is very complicated except in the case of
Maxwell molecules. In the case of Maxwell molecules the transport cross section
is proportional to 1/g, therefore the integral can readily be evaluated. In order to
demonstrate the physical meaning of the Mott-Smith solution let us consider the
case of Maxwell molecules and evaluate p. For Maxwell molecules a2 is given by
equation (3.109) with spectral index of 5. In this case the parameter P can be
expressed as follows:

1/2

;g2-3gx)F. F (8.63)
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8.2 Kinetic description of shocks: the Mott-Smith model 277

where A2(5) is a pure number (for Maxwell molecules A2=0.436 19). On the other

hand we know that the functions F t and F2 are Maxwellian and that

g2 - g2 = va
2 + v2, - 2va • vb - v*x - vg>x + 2va_xvb>x (8.64)

Therefore we immediately obtain the following result:

1/2

A 2 ( 5 ) n . n , - ( T 1 + T , ) (8.65)
m 7 2 W l 2 m V l 2

A physically more revealing form of this result can be obtained by introducing the
mean free path and collision frequency with the help of equations (3.73) and (6.96):

P = ̂ ^ n 2 — ( T ; + T 2 ) ^ (8.66)
A, (5) m AT

where Xx is the upstream mean free path of the gas molecules. Substituting this
result into the expression for the parameter a (defined by equation (8.54)) yields
the following result:

a = ^ (8.67)

where

(8.68)

The dimensionless parameter a0 characterizes the thickness of the shock as a
function of the upstream Mach number, M r It is obvious that oc0 has a singularity
at Mj=l: this means that for sonic flow the shock is infinitely broad (i.e. there is no
shock). The function oc^Mj) is shown in Figure 8.4 for supersonic upstream flows.
Inspection of Figure 8.4 reveals that the shock rapidly narrows with increasing
upstream Mach numbers and for hypersonic flows ( M 1 » l ) its thickness is much
less than the upstream mean free path.

Now we can substitute our results and express the Mott-Smith distribution func-
tion (given by equation (8.43)) in terms of the normalized location, X=x/Xv and
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velocity, ^=v/ur After some manipulation we obtain the following expression for
the distribution function:

+\|/ eu°^ exp - (8.69)

where

256 M^
: _ i \ 5 / 2

(8.70)

The macroscopic gas parameters, n, u, and T, are given by equations (8.56)
through (8.58). Figure 8.5 shows the variation of the normalized bulk velocity,
V(X)=u(X)/u1, across the shock. It can be seen from Figure 8.5 that the velocity
profile is quantitatively very similar to that obtained with the help of
Navier-Stokes equations (see Figure 8.2). The physical reason for these similari-
ties is that the collision integral incorporated into the oc0 parameter describes the
collisional (viscous) interaction between the upstream and downstream particle
distributions.

Finally, one can also calculate the entropy density profile across the shock. As
mentioned previously (see Section 5.2), the entropy density is proportional to
-kjd3v F ln(F). This integral can be numerically evaluated with the help of equation
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(8.69) and the resulting entropy profile can be plotted as a function of location. A
much simpler way to get the entropy profile is to make use of equation (8.39)
expressing the entropy in terms of the macroscopic gas parameters, T and p.
Substituting expressions (8.56) and (8.58) into equation (8.39) also gives us the
entropy profile through the shock. This profile is shown in Figure 8.6. Inspection
of Figure 8.6 reveals that the entropy again peaks inside the shock, pretty much the
same way as it did in the case of the Navier-Stokes solution. There are some
minor differences between the two solutions, but qualitatively the results are the
same.

It should be kept in mind that the Mott-Smith solution is only an approximate
one: it satisfies the continuity, momentum and energy conservation laws and is
based on one equation of change, but it does not satisfy all moments of the

0.3

cw 0.2

0.1

n

/

J
\

-2 0
X

Figure 8.6

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:34:23 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.009
Cambridge Books Online © Cambridge University Press, 2013



280 8 Shock waves

Boltzmann equation or the full Boltzmann equation. This solution is, however, a
good approximate tool to study the fundamental physical characteristics of colli-
sion dominated shocks.

8.3 Problems

8.1 The entropy density per unit mass can be expressed in terms of the phase-
space distribution function, F:

k
s = mn

JJJd3vFln(F)

Consider a monatomic perfect gas in an infinitely long tube with constant cross
section. There is a steady-state flow through the tube with a shock wave some-
where in the tube. Far upstream from the shock the gas is Maxwellian and hyper-
sonic ( M j » l ) with density nx and temperature T r Far downstream the gas is
Maxwellian and subsonic. Show that in the upstream region the entropy is smaller
than in the downstream region.
8.2 Consider a 1 dimensional perfect gas flow with a normal shock. The upstream
Mach number is Mv the mean free path is Xv and the number density is n r Plot the
velocity profile through the shock using the Navier-Stokes and the Mott-Smith
approximations and compare the results.
8.3 Calculate the increase of entropy (s^Sj) through a hypersonic ( M j » l ) nor-
mal shock using the Navier-Stokes and Mott-Smith methods. Compare the
results.
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Appendices

9.1

Avogadro's number
Universal gas constant
Boltzmann's constant
Electron mass
Proton mass
Atomic mass unit
Gravitational constant
Gravitational acceleration
at the surface of the earth
Planck's constant
Stefan-Boltzmann constant
Speed of light in vacuum
Elementary charge

Physical

NA

R
k
m e

m p
m u
G

g
h
a
c
e

constants1

6.0221xl023

8.3145
1.3807xl0-23

9.1094X10-31

1.6726xl0-27

1.6605xl0-27

6.6726xlO-u

9.8067
6.6261xl0-34

5.6705X10"8

2.9979X108

1.6022xl0-19

mole"1

joule K"1 mole"1

joule K-1

kg
kg
kg
m3 s"1 kg"1

ms"2

Joule s
W m"2 Kr4

ms"1

coulomb

9.2 Vector and tensor identities1

Below are some vector and tensor identities resulting in scalar or vector quantities.
In these relations f represents a scalar function, f=f(r), while A(r), B(r), C(r), and
D(r) are vector quantities. The symbol V represents the configuration space differ-
ential operator.

A(BxC) = (AxB)-C = B-(CxA) = (BxC)-A = C-(AxB) = (CxA)-B

Ax(BxC) = Cx(BxA) = (A-C)B - (A-B)C

(AxB)-(CxD) = (A C)(B D) - (A D)(B C)B

(AxB)x(CxD) = [(AxB)D]C - [(AxB)C]D
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282 9 Appendices

V-(fA) = fV-A + A-Vf

Vx(fA) = fVxA + VfxA

V(AxB) = B-(VxA) - A-(VxB)

(AxB)x(CxD) = [(AxB)-D]C - [(AxB)C]D

V-(fA) = f(V-A) + (A-V)f

Vx(fA) = f(VxA) + (Vf)xA

V-(AxB) = B-(V-A) - A-(V-B)

Vx(AxB) = A(V-B) - B(V-A) + (B-V)A - (A-V)B

Ax(VxB) = (VB)-A - (A-V)B

V(A-B) = Ax(VxB) + Bx(VxA) + (A-V)B + (B-V)A

V2A = V(V-A) - Vx(VxA)

VxVf = O

V-(VxB) = 0

V-(AB) = (V-A)B + (A-V)B

9.3 Differential operators in spherical and cylindrical coordinates

9.3.1 Spherical coordinates

In spherical coordinates the vector, A, is given by three independent coordinates,
Ar, A6, and Av The vector itself is expressed as A=A]er+A(1ee+A,e,t,, where er, ee and
e,, are orthonormal unit vectors in the r, 8 and <|) directions. In these relations f rep-
resents a scalar function, f=f(r), while A(r) and B(r) are vector quantities. The
symbol, T, refers to a tensor with two indices, T.. Finally, V represents the config-
uration space differential operator.

Divergence of a vector:

3(sin9Ae)V A= l 9 ( r A r ) I l 3(sin9Ae) |
2 3 i 8 36I |

r2 3r rsin8 36 rsinG

Gradient of a scalar quantity:

3f I 3 f 1 df
= — e H e H e

3r r r a e e rsinea<|) •
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9.3 Differential operators in spherical and cylindrical coordinates

Curl of a vector:

283

VxA =
3(sin8AJ

rsine ae

1 .*rA,)l

rsinG

rsinG 3<|) r dr

na(rAe) iaAr"
[r ar r ae _

Laplacian of a scalar:

= — — r2— + — sin9— +•

Laplacian of a vector:

2 A r
r r 2

2cot9Ae

r2 39 r2sin9

9 . 2

^r A@ 2 cos6 ^A^

r2 39 r2sin2e r2sin29 d$ J '

\ 2 3Ar 2cose 3Ae

r2sin29 r2sin6 d<|> r2sin26

Components of (A-V)B:

(A-.V)B=
A * 3 r | A e

r 3r r

AeaBA a B 6 | Ae
r a

eaBe

rs ine d<\>

rs ine dty

rs ine a<))

Divergence of a tensor:
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1 3(r2Trr)

r2 3r

9 Appendices

3(sin0Ter)

rsinG
• + •

^ r Te e+T^

rsinG 39

rsinG

rsinG 3<b r

r2 3r rsinG 36 rsinG

6

P.3.2 Cylindrical coordinates

In cylindrical coordinates the vector, A, is given by three independent coordinates,
Ap, A ,̂ and Az. The vector itself is expressed as A=Apep+A^et+Azez, where ep, ê  and
ez are orthonormal unit vectors in the r, <|> and z directions. In these relations f rep-
resents a scalar function, f=f(r), while A(r) and B(r) are vector quantities. The
symbol, T, refers to a tensor with two indices, T .̂ Finally, V represents the config-
uration space differential operator.

Divergence of a vector:

I a(pAp)

p dp

3A.

dz

Gradient of a scalar quantity:

df 1 3f df

Curl of a vector:

VxA= I I p
3A 3A

9\en +\ eA

p d(|> 3z I p I 3z 3p I •

i 3 A p

p 3p

Laplacian of a scalar:

1 32f 32f
1

p23<|)2 3z2
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9.4 Some fundamental integrals 285

Laplacian of a vector:

V2A = p p 2 * p 2 3(t> p 2 z e z

Components of (A-V)B:

3B, AA 8B,

p ap P

3B

—^ + - ^ e
3z p •

^"5fP.

Divergence of a tensor:

V-T = |
LP P̂

l 3 ( P V
P ap

, 1
p ,

9.4 Some fundamental integrals

A definite integral that frequently appears in kinetic theory is the following:

p>0 , n = 0,1,2,3, •

where P>0 and n is a non-negative integer. This integral can be evaluated for even
and odd values of n:
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286 9 Appendices

P>0, . - W . 2 . 3 ,

For specific values of n one obtains

T (R^-— — T f(Vi — —

L
2 ( P ) = ^ r L3(P) =

*(P)=8ft5/2

5(P) =
16p7/2 ~ 7 v r ' p4

Lo

One can also obtain the following recursive formula for the evaluation of the
definite integral, Ln:

The function Ln(P) can also be expressed in terms of the gamma function:

if—i

Some frequently used integrals involving the error function are the following (all
these integrals are only defined for values (3>0):

Cambridge Books Online © Cambridge University Press, 2009
Downloaded from Cambridge Books Online by IP 141.212.90.66 on Fri Jan 04 20:34:29 WET 2013.

http://dx.doi.org/10.1017/CBO9780511524943.010
Cambridge Books Online © Cambridge University Press, 2013



9.5 Some special functions 287

|= ^ e r f

fdt t2 e-P'2 = —J 2P

fdt tn+2 e-P«2 = - — fdt tn

9.5 Some special functions2

9.5.1 The Dirac delta function, <5(x)

The Dirac delta function, 8(x), is a very convenient mathematical concept (strictly
speaking it is not a function) which singles out a particular value of the variable, x.
The delta function is characterized by the basic properties

8(x-xo) = -
fO for x ^ xc

for x = xr

but in such a way that the integral of the delta function satisfies the following rela-
tion:

xo+e

J dx5(x-xo) =
xo-

for any value £>0. This means that the delta function has a very sharp peak at x=x0,
but in such a way that the area under the peak is unity. It follows from the above
definition that for any smooth function, f(x),

f ff(xn) i f a < x n < b
Jdxf(x)8(x-xo) = ' oJ °
J 0 otherwise
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The derivative of the delta function, 5'(x), can be interpreted the following way:

b , b

'(x-xo) = Jdx-r[f(x)8(x-xo)]-Jdxf'(x)8(x-xo)
r

= [f(x)8(x- - f (x0) = -f' (x0)

for a<xo<b. Some other fundamental properties of the delta function are the fol-
lowing:

8(-x) = 8(x)

x8(x) =

x8'(x) = -8(x)

8(ax) = -8(x)
a

x8(x-y) = y8(x-y)

The following are various examples of analytical representations of the Dirac 8
function. In these examples the positive parameter, e, is taken in the limit e—>0.

5(x) =

1 £ £
lim — for — < x < —
^ o e 2 2

0 otherwise

8(x) = lim —
1 e

+x2

8(x) = li
(

exp 2£ 2
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9.5 Some special functions 289

8(x) = — fdke""
2TC

9.5.2 The Heaviside step function, H(x)

The Heaviside step function (named after Oliver Heaviside, who first introduced
it), H(x), is defined as

f 0 for x < 0
H ( X ) = | 1 forx>0

H(x) is piecewise continuous in -oo<x<°o with a single jump discontinuity at x=0,
where H(x) is undefined. The Heaviside step function is sometimes also called the
unit-step function, because it represents the turn-on action of an ideal switch.

The derivative of the Heaviside step function is the delta function:

H'(x) = 8(x)

The symmetry relation of the Heaviside step function is the following:

H(-x) = l -

9.5.3 The error function, erf(x)

The error function, erf(x), is defined by the following relation:

This integral can be evaluated numerically and is tabulated in Table 9.1.
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Table 9.1 Tabulated values of the error function

X

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80

erf(x)

0.000 000
0.056 372
0.112 463
0.167 996
0.222 703
0.276 326
0.328 627
0.379 382
0.428 392
0.475 482
0.520 500
0.563 323
0.603 856
0.642 029
0.677 801
0.711 156
0.742 101

X

0.85
0.90
0.95
1.00
1.05
1.10
1.15
1.20
1.25
1.30
1.35
1.40
1.45
1.50
1.55
1.60
1.65

erf(x)

0.770 668
0.796 908
0.820 891
0.842 701
0.862 436
0.880 205
0.896 124
0.910 314
0.922 900
0.934 008
0.943 762
0.952 285
0.959 695
0.966 105
0.971 623
0.976 348
0.980 376

X

1.70
1.75
1.80
1.85
1.90
1.95
2.00
2.05
2.10
2.15
2.20
2.25
2.30
2.35
2.40
2.45
2.50

erf(x)

0.983 790
0.986 672
0.989 091
0.991 111
0.992 790
0.994 179
0.995 322
0.996 258
0.997 021
0.997 639
0.998 137
0.998 537
0.998 857
0.999 111
0.999 311
0.999 469
0.999 593

The error function is a monotonically increasing function of x. Obviously
erf(0)=0, and it can be shown that

lim erf (x) = 1
X—>°o

The behavior of the error function is illustrated in Figure 9.1.

1

0.75

§0.5

0.25

/

/

* - — - — •

0.5 1 1.5
x

2.5

Figure 9.1
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9.5 Some special functions 291

It follows from its definition that the error function satisfies the following sym-
metry relation:

erf(-x)=-erf(x)

The derivative of the error function is an exponential:

— erf (x) = —j= e~x

dx Vrc

The general series expansion of the error function can be written in the follow-
ing form:

erf (x) = ̂ ^ £ ^—~x2k+l

For very large argument values ( x » l ) another, much simpler series expansion
can be found:

erf(x) = l r= 1-= M — . . .
XV7CV 2 x 2

In the other limiting case, when the argument is much smaller than unity, the series
expansion simplifies to the following:

c, , 2 ( 1 , 1 .
erf(x) = —T=\ x — x3 + — x5-. . .

VTCI 3 10

A fairly accurate numerical approximation of the error function is given for
arbitrary values of x by the following expression:

erf(x) = l-(a1t + a2t2 +a3t3 +a4t4 +a5t5)e"x2 +e(x)

where

1
t = -

1 + 0.327 5911x
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292 9 Appendices

The magnitude of the numerical error, e(x), is smaller than 1.5xlO~7, le(x)l <
1.5xlO~7, for any value of x. The values of the numerical constants are the follow-
ing: a1=0.254 829 592, a2=-0.284 496 736, a3=1.421 413 741, a4=-1.453 152 027,
anda5=1.061405 429.

9.5.4 The modified Bessel function, In(x)

The modified Bessel function of integer order, In(x), is defined by the following
differential equation:

^ + x d i l l 0 O _
dx2 dx

where n=0,l,2,3,....
The integral representation of the function, In(x), is given by

I (x) = -fdeex c o s 9cos(n8)

The function, In(x), satisfies the following symmetry relation:

A recurrence relation for the function, In(x), is the following:

forn>l.
The derivative (with respect to x) of the modified Bessel function, In(x), is given

by the following recurrence relation:

The series expansion of In(x) is the following:
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9.5 Some special functions 293

\2k

I (x )_flxYyJH

Some associated series are the following:

l = I0(x)-2I2(x) + 2I4(x)-2I6(x)+.

e-x=I0(x)-2I1(x) + 2I2(x)-2I3(x)+...

cosh(x) = I0(x) + 2I2(x) + 2I4(x) + 2I6(x)+.

sinh(x) = 21, (x) + 2I3(x) + 2I5(x)+...

excose =

k=l

9.5.5 The complete elliptic integral of the second kind, E(x)

The complete elliptic integral of the second kind, E(x), is defined in the following
way:

nil 1 [Z T~T

/l-x2t2E(x)= JdeVl-x2sin20=Jdt-

E(x) is defined for the interval - 1 < X < 1 . The limiting values of the complete elliptic
integral of the second kind are E(0)=7c/2 and E(l)=l. The function E(x) is shown
in Figure 9.2.

The derivative of E(x) is given by

An infinite series expansion of the complete elliptic integral of the second kind,
E(x), is the following:
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Index

atomic mass unit 281
average molecular thermal energy 191
Avogadro' s number 33,281

Bernouilli's law 3
Bessell function, modified 292-3, 294 (fig.)
BGK approximation 292-3, 294 (fig.)
binary collision see two particle collision
Boltzmann collision integral 156-61
Boltzmann constant 33, 281
Boltzmann equation 152-86,187

approximate collision terms 167-81
equilibrium distribution 165-7
evolution of phase space distribution function

152-6
Fokker-Planck approximation 174-81
multispecies gases 161-2
nonequilibrium solutions 181—4
random velocity (peculiar velocity; thermal

velocity) 155
relaxation time approximation (BGK

approximation) 167-74
velocity moments of phase distribution function

188-93
Boltzmann function, H(t) 162
Boyle's law for perfect gases 33

Chapman-Enskog coefficients, transport equations for
203-6

Chapman-Enskog distribution function 201-3
Chapman-Enskog solution 181-4,187
chemical reactions 100-2
coefficient of viscosity of fluid 117
collision cross section 80-7

for inverse power interactions 87-92, 93 (table)
collision frequency 77-8, 93-5
collision planes 121
collision term for:

heat flow vector 221-2
momentum equation 217-19
multispecies gases 216-17
pressure tensor 219-21
single species gas 211-14

compressible fluid dynamics 5
conservation laws, classical 7-8
cylindrical coordinates 12-13, 284-5

Dalton's law 36
decrease of entropy 271
diatomic molecule 45-7

longitudinal axis 45-6; rotation around 46
minimum vibrational energy 55
rigid rotator model 47
total average energy 52

differential operator vector 9
diffusion 124-5
diffusion coefficient 119-20
Dirac delta function 287-9
distribution functions 15-18
distribution of molecular velocities under equilibrium

conditions 26-9
drag coefficients 4

eight (8) moment approximation (Euler equations
with heat flow) 224-5

electron mass 281
elementary charge 281
empirical constant 3
energy equipartition theorem 52
equation of change 187-8
equation of state 33^4-
equilibrium distribution 165-7
equilibrium kinetic theory 15-57
equipartition of translational energy 41-2
error function 289-92
Euler equations 197-200
Eular equations with heat flow (8 moment

approximation) 224—5

flat conducting plate, free molecular heat transfer
248

free molecular aerodynamic forces 253-61
coefficients for specific bodies 256-9
lift and drag forces 255-6
pressure 253-5
shearing stress 253-5

295
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296 Index

free molecular heat transfer 243^4
to specific bodies 247-9

five (5) moment approximation 225
flow in tube 135^9

free molecular flow 142-9
Poiseuille flow 137-9
slip flow 139-42

fluid dynamics 105
Fokker-Planck approximation 174-81
free molecular flow in tube 142-9
friction 7

gas
concentration as function of altitude 8
pressure on wall 30-3, 190
specific heats 40-55; diatomic gases 45-55;

monatomic gases 42-4, 45 (fig.)
gaskinetic theory 5-6

basic assumptions 6-12
statistical nature 8

generalized heat flow tensor 192
generalized transport equations 187-226
general pressure tensor 190
Grad's closing relation 206-9
gravitational acceleration at surface of earth 281
gravitational constant 281

hard sphere ('billiard ball') model of molecular
collisions 30

harmonic oscillation 49
heat conduction 125-6
heat conductivity (thermal conductivity) 118-19
heat transfer

between two plates 249-53
free molecular, to specific bodies 247-9

Heaviside step function 289
history of kinetic theory 1-3
H-theorem 162-5
hydrodynamic escape 107-9
hydrodynamic transport coefficients 115-20

diffusion coefficient 119-20
heat conductivity 118-19
viscosity 115-18

hydrodynamics (fluid mechanics) 4-5
hydrostatics 3-4
hydrogen iodide formation/decomposition 100
hypersonic limit 241-3

impact cylinder 31, 110-11
integrals, fundamental 285-7

kinetic effusion 109-13
kinetic theory 117
Knudsen number (Kn) 136, 137, 227
Knudsenflow 142-9
Kronecker symbol 9

Lagrange multiplier 26
determination 29-34; equation of state 33—4; gas

pressure on wall 30-3
lift coefficients 4
local thermodynamic equilibrium (LTE) 228

low pressure approximation 241

Mach number (M) 130, 136, 241, 264-6
upstream 269-70,271

macroscopic averages 21-3
macroscopic quantities transport through orifice

113-15
mass transfer 232-5
Maxwell, J. C. 2

equation of change 193-7
velocity distribution function 2, 14, 24;

assumptions 24-6
Maxwell-Boltzmann distribution 23-9

distribution of molecular speeds 34-5
mixture of gases 35-7
moments 37-40

mean free path 77, 79-80, 120-35
diffusion 124-5
heat conduction 125-6
three dimensions 132-5
treatment of transport phenomena 120^4-
viscosity 126-8

mean free time 77-9
method of undetermined multipliers 27
molecular effusion 106-15

hydrodynamic escape 107-9
kinetic effusion 109-13
transport of macroscopic quantities through orifice

113-15
molecular hypothesis 6-7
molecule motion in gas 117-18
Mott-Smith model 272-80

Navier-Stokes equation 209, 214-16, 223, 266-7
notations 9

peculiar velocity (random velocity; thermal velocity)
153

permutation tensor 9
perpendicular momentum transfer 235-7
phase space 18-19

distribution 19-21
Planck's constant 281
Poiseuille flow 137-9
Prandtl number 131-2
pressure 253-5

definition of 190
proportionality factor 117
proton mass 281

quantum mechanical effects 7-8

random velocity (peculiar velocity; thermal velocity)
153

Rankine-Hugoniot jump conditions 266
recovery temperature 244-6
reflection coefficients 229-32
relaxation time approximation (BGK approximation)

167-74
Reynold' s number (Re) 136
right circular cylinder, free molecular heat transfer

248-9
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rotational temperature 48

scalar pressure 190
self diffusion 119-20
shearing stress 117, 190, 253-5
Shockwaves 262-80

Mott-Smith model 272-80
normal (parallel), imperfect gases 262-6
structure in viscous gases 266-72

slip flow 139-^2
solid angle 11
speed of light in vacuum 281
sphere, free molecular heat transfer 249
spherical coordinates 10-11, 282-4
Stanton number 246,247
Stefan-Boltzmann constant 281
stress tensor 191

tangential momentum transfer 237-9
ten (10) moment approximation 223-4
tensor identities 281-2
thermal conductivity (heat conductivity) 118-19
thermal recovery factor 244—6
thermal velocity (random velocity; peculiar velocity)

153
thirteen (13) moment approximation 209
thirteen (13) moment equations 209-11
transfer of:

mass 232-5
perpendicular momentum 235-7

tangential momentum 237-9
translational energy 239^4-0

transport theory, elementary 105-51
twenty (20) moment approximation 201-9
twenty (20) moment equations 201
two particle collisions 58-103,169, 170-1

kinematics 59-77; angle of deflection 64-9;
center of mass 59-60; center of mass frames
73-7; inverse power interactions 69-73; particle
motion in central field of force 60—4; particle
motion in laboratory 73-7; relative position
coordinates 59-60

statistical description of collisional effects 77-92,
93 (table); collision cross section 80-7 (for
inverse power interactions 87-92, 93 (table));
mean free path 77, 79-80; mean free time 77-9

statistical-molecular quantities relations 93-102;
chemical reactions 100-2; collision frequency
93-5; collision rate 95-100

two plates, heat transfer between 249-53

universal gas content 281

vector identities 281-2
velocity movements, higher order 193
velocity space isotropy 25
viscosity 115-18, 126-8

zero point energy 55
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