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CHAPTER ONE. INTRODUCTION

This study is concerned with.the problem of evaluating, i.e.,
aaaéaaing the "goodness" of, probability forecasts. In a meteor-
ological context, this problem arises at the "intersection" of two
areas of research, namely forecast evaluation and probability fore-
casting. In order to provide an appropriate setting for the material
to be found in subsequent chapters of this dissertation, brief surveys
of the relevant research in these two areas are presented #n Sections
1.1 and 1.2, respectively.

forecast evaluation and probability forecasting are, of course,
topice of concern not only to<meteorologista. Probabilists, statisti-
cians, economists, management scientists, operations researchers,
psychologists, and others are becoming increasingly interested in
problems related to forecast evaluation and/or probability forecasting,
and recent developments in these fields have important implications
for the problem of concern in this study. The most relevant develop-
ments in these areas and their implications for the evaluation of
probability forecasts in meteorology are briefly discussed in Section
1.3.

In Section l.4, we describe the problem of concern in this study
in greater detail, outline the organization and contents of the

dissertation, and present some preliminary concepts and terminology.



1.1 Forecast Evaluation in Meteorology

Forecast evaluation has had a long and controversial history in
meteorology, and the literature in this area is quife extensive., As
a result, a comprehensive survey of this literature 1s beyond the
scope of this study.. Moreover, since we are concerned with the

evaluation of probability forecasts, significant portions of this

literature (e.g., the portion concerned with the evaluation of cate-
gofical forecasts) are not directly relevant. Thus, we shall restrict
thig survey to the evaluation of probability forecasts and to the
process of evaluation itself., For general surveys and/or reviews

of the literatufe in the area of forecast evaluation, we refer the
reader to Brier and Allen (1951, 1958), Dobryshman (1972), Gringorten
(}951). and Johnson (1957). For an annotated bibliography on fore-
cast evaluation, refer to Meglis (1960).

The evaluation process has been discussed by Brier and Allen
(1951, 1958), Johnson (1957), and Murphy and Epstein (1967a) among
others. An importaent step in this process consists of identifying
the purposes of evaluation, In this regard, two general purposes
have been identified, and these purposes yleld two distinct types of
evaluation. Ig this discussion, we shall refer to these forms of
evaluation as scientific evaluation and economic evaluation. The
former is concerned with the "accuracy,” "reliability,” "skill," etc.,

of forecasts, while the latter is concerned with the "value" of

forecasts. Scientific evaluation is often referred to as forecast



verification. The purposes and types of evaluation and the attri-
butes of the forecasts of interest for each type of evaluation will
be considered in detail in Chapters 2 and 3, respectively.

In the early probability forecasting experiments (see Section
1.3), forecast evaluation consisted simply of comparing, in a quali-
tative manner, the forecast probabilities and the observed relative
frequencies, Such comparisons were made by Cooke (1906a), Hallenbeck
(1920), and Brier (1944). The first quantitative measure specifi-
cally designed to evaiuate probability forecasts was the Brier, or
probability; score (Brier; 1950) . This measure is simply the mean
square error of the forecast, where the forecast and the observation
are discrete probability distributions defined on a set of mutually
exclusive and collectively exhaustive categories, or states, of the
relevant variable. Subsequently, Sanders (1958, 1963) described a
method of partitioning the probability score into two distinctk
measures for variables with two states. This method of partitioning
the probability score has recently been extended to N-state (N>2)
situations in which the forecasts are considered to be both scalars
and vectors (Murphy, 1972a,b). In addition, Murphy (1973b) has
formulated a new vector partition of the probability score which yilelds
three distinct measures,

Evaluation measures such as the probability score are "abgolute"
measures and, as such, are concerned with me;suriﬁg the attributes

of the forecasts (e.g., "accuracy") on an absolute scale.



Meteorologists, on the other hand, are often also concerned with the
"accuracy" of their forecasts relative to the "accuracy" of forecasts
prepared by a "standard" procedure .such as climatology (e.g., in
order to compare forecasts prepared under different meteorological
conditions). These "relative" measures are generally referred to
as "gkill scores.”" A ratio skill score based upon the probability
score, together with the probability score itself in both its par-
titioned and unpartitioned forms; are currently being used by the
National Weather Service to evaluate its probability forecasts of
precipitation occurrence (e.g., Hughes, 1967, 1968; Derouin and
Cobb, 1970). The relative merits of ratio and difference skill
scores have recently been considered by Murphy (1973a, 1974).

Other evaluation measures formulated in a meteorolog;cal context
include the "matrix skill score" (Grihgorten, 1951, 1965, 1967), the
"information ratio" (Holloway and Woodbury, 1955), and the "validity
measure" (Miller, 1962)., These mea;ures, which have not been used
extensively by meteorologists, are briefly examined and compared by
Murphy and Epstein (1967a).

The probability score and the other measures mentioned hereto-
fore are based hpon the assumption that the variable of concern is
an unordered (i.e., nominal) variable or that, if the variable is
ordered (for example, on an ordinal or interval scale), that order
is not a relevant consideration in the evaluation process. On the

other hand, many meteorologists have felt that forecasts for ordered



variables which are, in some sense, “closer" to the observation should
receive a "better" score. The ranked probability score, which was
formulated by Epstein (1969) within the context of a decision aituation
(see below), was the first evaluation measure for probability fore-
casts which possessed the property of being "gensitive to distance."
Subsequently, a family of measures which is sensitive to distance

has been described by Stael von Holstein (1970b). Murphy (1970, 1971)
has compared the ranked probability score and the probability score |
and demonstrated that the ranked probability score can be expressed

in a particularly simple form.

With tﬁe exception of the discussion in the previous paragraph,
heretofore we have been concerned exclusively with the scientific
aspects of evaluation., Frameworks within which economic evaluation
could be undertaken were implicit, if not explicit, in the early
work on "meteorological decision making" by Brier (1944), Thompson
(1952), and Thompson and Brier (1955) and in the more recent work
in this area by Epstein (1962), Glahn (1964), Gringorten (1958, 1959),
and Nelson and Winter (1964) among others. 1In this regard, Gringorten
(1958) was perhaps the first meteorologist to explicitly assess the
"value" of forecasts within such a framework. Murphy (1966, 1969a)
has used such a framework to formulate measures of the '"value" of
probability forecasts in éimple decision situations. This framework
provides a means of assesaing the "value" of such forecasts in

gsituations in which knowledge of the "utilities" associated with the



consequences (by the decision maker or .decision makers) is incomplete.
In this regard, Murphy (1966) has shown that the probability score

is a measure of "value" when knowledge of the decision maker's "cost-
loss ratio" can be expressed in terms of a uniform (probability)
distribution. This approach can be extended to more complex decision
situations, and the ranked probability score (Epstein, 1969) and the
family of sensitive to distance measures described by Stael von
Holstein (1970b) are examples of evaluation measures formulated within
the context of such situations.

A difficulty which arises in connection with economic evaluation
relates to the specification of a decision maker's utilities. This
problem 18 particularly apparent in situations in which many different
decision makers are of concern. 1In sqch situations, measures have
been proposed which are assumed to consist of "representative" utili-
ties for the collection of decision makers. Such measures, which we
refer to as "psuedo-value" measures, have been formulated and/or
discussed by Glahn (1974), Gringorten (1965), and Thompson (1972)
among others.

Finally, the relationships (if any) between measures concerned
with scientific evaluation and measures concerned with economic
evaluation are of considerable interest. Gringorten (1958) is
believed to be the first meteorologist to explicitly investigate such
relationships. Murphy (1972d) recently demonstrated that ordinal

relationships exist between measures of "accuracy" and measures of



"value" in .certain special situations.’ The work of Epstein (1969),
Murphy (1966, 1969#, 1970, 1971), and Stael von Holstein (1970b) also
relates to this question.

The evaluation process and many of the measures mentioned in
this section will be cpnsidered in greater detail in subsequent

chapters,

1.2 Probability Forecasting in Meteorology

While probability forecasting in mete;rology can quite properly
be said to have received its initial impetus almost seventy years
ago (see below), most of the research in this area has been conducted
by a relatively small group of meteorologists and statisticians during
the last twenty-five years. Still, as in the case of forecast evalu-
ation, the literature in this area is quite extensive, and we can
only briefly describe some of the most significant developments in
this section. For collections of papers and/or reviews relating to
the work in this area, we refer the reader to American Meteorological
Society (1968, 1971, 1973), Glahn (1965), Murphy (1972e), and World
Meteorological Organization (1966). For a comprehensive bibliography
on probability forecasting, refer to Murphy and Allen (1970).

For the purposes of this survey, we shall distinguish between
"objective" and subjective methods of probability forecasting., "Ob-
jective" methods involve the use of probabilistic and/or statistical

proéedures either by themselves or in combination with dynamical and/



or physical models, and are "objective" in the sense that, for a
particular method and set of relevant data, the forecast produced
does not depend upon a meteorologist's judgment., Subjective
methods, on the other hand, are methods in which the formulation of
the forecasts is based at least in part upon the judgment of a par-
ticular meteorologist, According to these definitions, then, the
weather forecasts issued to the general public today are subjective
forecasts, even though they may often be based largely upon guidance
forecasts produced by "objective" procedures. 1In this section we
also briefly discuss the reasons and/or need for probability forecasts.
The need to quantify the uncertainty inherent in weather fore-
casts was first recognized by Cooke (1906a), who assigned numerical
weights, or "confidence factors,” to the statements contained in
public forecasts for Western Australia, In defense of his procedure,
Cooke. (1906b) concluded with a statement which, even today, meteor-
ologists and others would do well to heed:
'Now this is the point that I wish to make clear. Those
forecasts which were marked "doubtful" were the best I
could frame under the circumstances. I could see no way
of improving them at the time, and they would not have
been expressed differently whether I weighted them or not.
If I make no distinction between these and others, I degrade
the whole. But 1f, on the other hand, I attach a figure

which practically says "I'm sorry, but this is the best



I can do for you.today - do .not attach too much importance

to 1t," I eliminate beforehand the adverse opinion which

a great number of incorrect forecasts must produce, and

I raise the bulk of the predictions to their true value.'
von Myrbach (1913), apparently without knowledge of Cooke's proposal,
advocated that meteorologiste express the "approximate degree of
probability of succéss" of forecasts in order to increase their
reliability; and his proposal was adopted by the Signal Corps Meteor-
ological Service of the American Expeditionary Forces in France in
World War I (U.S. Army Signal Corps, 1919). Hallembeck (1920)
described the results of forecasting precipitation in "percentages
of probability"” in the Pecos Valley in New Mexico. - The subjective
forecasting procedure, which was based upon a series of composite
weather maps, was developed in response to requests by local farmers
for "the chances of rain" and provided probabilities that corresponded
quite closely to the observed relative frequencies.

The first "objective" probability forecasting procedures were
based upon simple contingency tables and scatter diagrams and involved
at most two predictors (see, for exaﬁplé, Besson, 1905; Blair, 1921,
1924; Rolf, 1917). Interestingly, in these early studies, the
"probability forecasts" provided by the techniques were immediately
translated into catego¥ical forecasts by selecting, in each case, the
event with the largest probability. The scatter diagram, or graphi-

cal regression, approach was extended to more than two variables
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within a general framewotk by Brier (1946). This paper stimulated
considerable interest among meteorologists in "objective" forecasting,
and resulted in the application of .the technique to a variety of
variables in various geographic locations (e.g., Dickey, 1949:; Gentry,
1950; Jorgenson, 1953; Penn, 1948; Schmidt, 1951; Thompson, 1950;
VErnén. 1947). While this technique yielded probability forecasts,
these forecasts weré still generally transformed into categorical
forecasts, Other studies during this period involving the formulation
of "objéctive" probability forecasting techniques included the work
of Gringorten (1950, 1952) and Lund (1955). For reviews of "ob-
jective" weather forecasting during this period; the reader is re-
ferred to Allen and Vernon (1951) and Gringorten (1955).

Several "objective" statistical procedures were developed and/or
refined at the Travelers Research Center in the period between 1959
and 1969, including multiple discriminant analysis (MDA) (Miller,
1962) and regression estimation of event probabilities (REEP) (Miller,
1964). These techniqueé, both of which involved the use of a step-

wise procedure to select predictors, were applied extenmsively to
.various meteorological variables, in particular ceiling height and/or
visibility. The results of this research indicated that the forecasts
produced by these two procedures were approximately comparable, and

the computational advantages of the REEP technique have led to its
becomipg‘the favored procedure; Another technique developed during

this period was the logit model (Brelsford and Jones, 1967; see also



-11-

Bryan, 1968), and this modé?'is presently being used by the NWS
to produce “objective" forecasts of the éonditionsl probability of
frozen precipitation (Bocchieri and Glahn, 1973).

More recently, "objective“ ﬁrobability forecasting techniques
have primarily involved the combined use of statistical and numerical
procedures. Two procedures which have received particular attention
are the "perfect prog" and "imperfect prog,” or model output sta-
tistics (MOS), techniques (Klein, 1970). The MOS procedure uses a
statistical technique; generally REEP, to relate the forecasts
produced by the numerical models to the '"surface weather” predictands
of interest. This procedure is presently being used to produce
probability forecasts of precipitation occurrence {(the probability of
precipitation, or POP, forecasts), occurrence of frozen precipitation
(see above), precipitation amount, cloud amount, ceiling and visi-
bility, and thunderstorms and severe weather (Klein and Glahn, 1§74).
These forecasts are provided to the forecasters as guidance in the

preparation of their subjective forecasts, which with the exception

of forecasts of precipitation occurrence are still expressed in cate-
gorical terms.

The "modern" era in subjective probability forecasting in meteor-
ology began with a paper by Brier (1944), in which (among other things)
he presented a set of experimental precipitation probability forecasts,
Subsequently, the use of confidence factors in connection with both

temperature and precipitation forecasts was investigated experimentally
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by Williams (1951). The results of these and other experiments
during this period (1944 to 1953) indicated that forecas.ter'a could
describe their uncertainty quantitatively, although the number of
forecasts made in these experimental studies was often such that the
forecasts were not particularly reliable for certain probability
values.

In 1954, the Travelers Weather Service began to issue precipi-
tation probability forecasts to the general public in the Hartford,
Connecticut area on a regular basis. In 1956, the U,S, Weather
Bureau Forecast Center in San Francisco, California added numerical
rain probability statements to their public weather forecasts, and
they were joined in this practice by the Forecast Center in Los
Angeles, California in 1957 (see Root, 1962). Sanders (1958, 1963)
descrifed the results of several years of experimental probability
forecasting in the Synoptic Laboratory of the Department of Meteor-
ology at the Massachusetts Institute of Technology (MIT) and con-
cluded that "forecasters are capable of skillful statements about
the probability of occurrence of a wide variety of meteorological
events over ranges up to seventy-~two hours" (Sanders, 1963, p. 200).
Root (1962), who analyzed four years of the Weather Bureau's public
precipitation probability forecasts at San Francisco, reached a
gimilar conclusion. Thus, even the results of these early experi-
mental and operational programs revealed that forecasters could

quantify the uncertainty inherent in their forecasts, During this
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period (1944~1964), the need for and importance of probability fore-
casts was emphasized by Brier (1944, 1950, 1957), Gringorten (1959),
Malone (1957), Thompson (1950, 1952), and Thompson and Brier (1955)
among others.

After several years of additional experimental precipitation
probability forecasting in several locations (see, for example,
Hughes, 1965), the Weather Bureau initiated a nationwide program in
1965 in which precipitation probabilities were appended to all public
weather forecasts on a regular basis. These forecasts have been
subject to extensive evaluation both regionally (e.g., Hughes, 1967,
1968) and nationally (e.g., Derouin and Cobb, 1972; Sadowski and
Cobb, 1973), and they have been found to be quite reliable.

More recently, the results of two experiments reveal that
forecasters can express the uncertainty inherent in their forecasts
of continuous variables such as température in terms of credible
intervals (Murphy and Winkler, | 19.'}'4b; Peterson, Snapper, and Hu;phy,
1972). Other recent subjective probabilify forecasting experiments
have involved point and area precipitation probabilities and the
effect of "objective" guidance forecasts upon the forecasters'
subjective precipitation probability forecasts (Murphy and Winkler,
1974a)., Sanders (1973) has recently summarized the results of six
years of probability forecas;ing in the Synoptic Laboratory at MIT
(minimum temperature and precipitation occurrence and amount).

These forecasts appear to be quite reliable, but the resulta indicate
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that little if any improvement in accuracy and/or skill has occurred

over the six-year period,

1.3 Related Developments in Other Fields

As previously indicated, scientists in a number of fields have
been (and are) conducting research which has important implications
for forecast evaluation and probability forecasting in meteorology.
Most of this research falls under the general heading of "subjective
probability, utility, and decision making." The literature in this
;rea is very extensive, and a general survey of the recent develop-
ments 1is beyond the scope of this study., Instead, we shall restrict
our attention primarily to two topics, probability assessment and
scoring rules, which we believe are particularly relevant to the
problem of concern in this thesis.

The subjective view of probability, the view to which we sub-
scribe in this study, prescribes that a probability represents a
(rational) "“degree of belief" (Winkler, 1972, pp; 15-18)., This
interpretation appears to be particularly appropriate in a meteor-
ological context (see Epstein, 1966; Murphy and Winkler, 1971;
Robefts, 1968). An axiomatic basis for the theory of sublective
probability has been developed by de Finetti (1937) and Savage (1954).
Until recently, however, little attention had been paid to the practi-
cal problem of assessing (i.e.;.quantifying) subjective probabilities,

Individual subjective probabilities were assessed in connection with
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oil drilling decisions (Grayson, 1960).and the ocutcomes of football
matches (de Finetti, 1962). The first extensive study of the
assessment of subjective probability distributions was conducted by
Winkler (1967a). Hia‘paper'describaa several alternative assessment
procedures and presents the'resu1t§ of an empirical study in which
subjects used these techniques to assess distributions for selected
characteristics of the student population at the University of Chicago.
More recently, experiments involving the assessment of‘subjective
probabilities have been conducted in several areas, including edu-
cational testing (e.g., Shuford, 1969; see also de Finetti, 1965),
intelligence analysie (e.g., Kelly and Peterson, 1971), sporting
events (e.g., Winkler, 1971), the stock market (e.g., Bartos, 1969;
Stael von Holstein, 1970a), and generéll"almanac-type" questions (e.g.,
Alpert and Raiffa, 1969; Brown, 1973). In addition to these studies,
psychologists have conducted many labbratory experimentg related to
the quantification of judgment and the revision of opinion, and these
experiments have frequently iﬁvolved the assessment of probabilities
or probability distributions (see, for example, Peterson and Beach,
1967; Slovic and Lichtenstein, 1971; Rapaport and Wallsten, 1972;
Tversky and Kahneman, 1973). While the results of these experiments
indicate that different assessment procedures can lead to different
probabilities (and different distributioms) and that the subjects'
probabilities and distributions often exhibit certain bilases and

inconsistencies, they also .reveal that, in general, the subjects
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are able to quantify their uncertainty in & reasonably satisfactory
manner. In this regard, many of,these.experiments (particularly
those experiments conducted by psychologists) have involved the use
of artificial laboratory si&uatiéﬁb and naive subjects, and some
evidence exists to support the belief that true experts in realistic
situations in their fields of expertise will provide more consistent
and unbiased assessments (see Winkler and Murphy, 1973). For a
recent review of subjective probability assessment, refer to Hampton,
Moore, and Thomas (1973). Finally, a forthcoming paper by Spetzler
and Stael von Holstein (1974) contains an interesting discussion
of probability assessment within the context of decision analysis.
According to the theory of subjective probability, probability
assessments should meet certain (normative) requirements (e.g.,
Winkler, 1967b, p. 1106). One such requirement is that the as-
sessments, or forecasts , should correspond with the assessor's
judgments. While the degree of correspondence between assessments
and judgments cannot be determined directly (since the latter exist
only in the assessor's mind), "methods” are available to help the
assessor make forecasts which are in accordance with his judgments.

One such method involves the use of scoring rules. A scoring rule

is simply a function of the assessor's (forecast) probabilities and
the event or state that subsequently obtains. 1In order to encourage
RULEEE

the assessor to make his forecasts correspond to his judgments, these

scoring rules should be defined in such a way that the assessor can
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maximize (or minimize, whichever is appropriate) his .subjective
expected score if and only if he makes his assessments correspond

to his judgments. Such scoring rules will be referred to as
strictly proper scoring rules in this study. A number of strictly
proper scoring rules have been identified, including the quadratic
score (de Finetti, 1962, 1965)1. ;he‘logarithmic score (Good, 1952;
van Naerssen, 1962), and the spherical score (Roby, 1965; Toda, 1963).
The nature and properties of these and other scoring rules have been
studied by a number of 1nveatigators; including Aczel and Pfanzagl
(1966), Brown (1970), de Finetti (1965), Hendrickson and Buehler
(1971), McCarthy (1956), Murphy and Winkler (1970), Raiffa (1969),
Roberts (1968), Savage (1971), Shuford, Albert, and Massengill (1966),
Stael von Holstein (1970a), and Winkler (1967b, 1969).

Strictly proper scoring rules have been used in connection with
probability assessment tasks in a variety of contexts, including
educational testing (e.g., Shuford and Massengill, 1967), intelligence
analysis (e.g., Hoffman and Peterson, 1972), sporting events (e.g.,
Winkler, 1971), the stock market (e.g., Stael von Holstein, 1970a),
and weather forecasting‘(e.g., Stael von Holstein, 1971). The
results of these experiments indicate that the use of such scoring

rules seems to lead assessors to make careful assessments. These

1The quadratic score 1s equivalent to the probability, or Brier, score

(Brier, 1950) (see Chapter 6).
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scoring rules, then, appear to play an important role in the
assessment process. In this regard, the fact that hedging is

a problem of some concern in meteorology (e.g.; Murphy and Epstein,
1967b; Murphy and Winkler, 1971) suggests that strictly proper
scoring rules, which are defined in such a way as to discourage
hedging, will be of particular interest in this context.

Finally, researchers in several fields have been concerned
with the formulation and application of models of decision making
under uncertainty, The nature and properties of alternative
models have been described by Ferguson (1967), Fishburn (1964),
and Luce and Raiffa (1957) among others. In this study we are
particularly concerned with the subjective expected-utility model,
in which the decision maker is assumed to want to select that
course of action which maximizes his expected utility with respect
to a subjective probability distribution defined on the possible
outcomes (see, for example, Edwards, 1954; Fishburn, 1964). This
model is, in essence, equivalent to the Bayesian model for de-
cision making. The nature and properties of the Bayesian model
have been described by Aitchison (1970), Lindley (1971), Raiffa

(1968), Schmitt (1969), and Winkler (1972) among others.
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1.4 The Study
In this section we identify and briefly describe the problem of
concern in this study. We also indicate the scope and content of

the thesis.

1,4,1 The Problem

As the surveys in the previous sections of this chapter indicate,
meteorologists as well as scientists in many other fields have under-
taken numercus studies of (or related to) the evaluation of proba-
bility forecasts. However; these studies have been concerned prima-
rily with the formulation and/or use of gérticular evaluation measures,
The evaluation process itself has received little attention, and the
need for a comprehensive framework for the evaluation of probability
forecasts has become increasingly apparent, The basic objectives
of this study are to formulate such a framework and to describe its
basic elements (e.g., its measures of "goodness") in detail, We
believe that such a study must necessarily include, at an early
stage, the examination of the nature and purposes of forecast evalu-
ation and the identification of désirable attributes of probability
forecasts from both scientific and economic points of view. The
framework itself should contain measures of both kinds of attributes
and should be comprehensive in the sense that the frameﬁork should
"admit" the existence of relationships between these two types of '
measures. Moreover; since the‘bpgcifiéation of the "values"

associated with the use of such forecasts involves considerable
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uncertainty from a meteorological point of view, the framework should
also provide economic measures for situations in which knowledge of

these "values" is incomplete.

1.4.2 Scope of Thesis

In this study we shall adopt the general point of view of an
individual who is concerned with the problem of assessing the
"goodness" of probability forecasts formulated by one or more meteo-
rologists. We shali refer to this individual as the evaluator.

The evaluator may be a meteorologist, a ueser or decision maker, or
simply an interested observer; We may, on occasion, implicitly
assume that the evaluator is a particular one of these individuals,
For example, economic evaluation in situations in which the evalua-
tor's knowledge of the decision maker's "values" 18 assumed to be
incomplete would appear to be of particular interest to an evaluator
who is a meteorologist.

Probability forecasts are, of course, simply probability distri-
butions. As such, these forecasts may be continuous or d screte,
depending upon the manner in which the variable of concern is defined.
In meteorology, probability forecasting has generally involved vari-
ables that have been divided into two or more mutually exclusive and
collectively exhaustive categories or states. For example, the
probability of precipitation forecasts currently issued to the

general public by the National Weathetr Service involve a dichotomous
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variable (precipitation/no precipitation)., Variables .such as
temperature have only recently been treated as continuocus variables
even on an experimental basis (Murphy and Winkler, 1974b; Petersonm,
Snapper, and Murphy, 1972), and these experiments have involved the
use of credible intervals rather than continuous distributioms.

Thus, we shall assume that the variables of concern have been divided
into N mutually exclusive and collectively exhaustive states and

that a probability forecast consists of N probabilities, one assigned
to each of the relevant states.

The evaluation frameworks to be described herein are general
frameworks in that they are applicable to forecasts of N-state (N>2)
as well as two-state (N=2) variables. However, as we shall discover,
certain practical problems arise in connection with the use of these
frameworks as N (i.e., their dimensionsality) increases.l For example,
the formulation of measures of "valuef in situations involving three
or more states is, at best, a difficult and time—consumiﬁg process.
In addition, the representation of the forecasts within the proposed
geometrical framework becomes difficult when the number of states

exceeds three., Of greater importance, difficulties encountered in

1We have no reason to believe that these problems are uniquely related
to the frameworks that we have adopted. In fact, the nature of

the evaluation problem is euch that most' (if not all) approaches to
this problem can be expected to encounter similar difficulties.



N-state situationa have prevented the author from generalizing some
of the results obtained for two-state and three-state situations.
For these reasone, and because the two-state situation is of con~-
siderable interest ffbm a meteorological point of view, this study
will focus particular attention upon the results and relationships
obtained in this special situation. Whenever possible, we shall
either extend these results to N-state situations or apeculate about
the nature of the results and relationships which may exist in such
situatiocns.

As indicated in Section 1.1, some meteorologists (and others)
have argued that the fact that the variable of concern 1is or is not
an ordered variable is a relevent consideration in the evaluation
process., Specifically, they believe that different frameworks and/
or different measures of "goodness" are appropriate for ordered and
unordered variables. As an actilve participant in this dialogue,
the author recognizes that this point of view has some merit,
However, the formulation of a general framework for the evaluation
of probability forecasts of ordered variables was beyond the scope
of this study. Thus, the frameworks to be described herein are
implicitly based upon the assumption that order is not a relevant
consideration (or that the variables of concern are unordered)., On
the other hand, the formulation of a framework for unordered vari-.
ables can be considered tc be the first step in the formulation of

a framework for ordered variables. In this regard, we consider a



measure of "goodness" for ordered variables in Chapter 6, and we
briefly describe a specific framework for the evaluation of ordered

variables in Chapter 9.

1.4.3 Content of Thesis

This work contains eight chapters in addition to the introductory
chapter, and we briefly describe the contents of these chapters in
this subsection.

Chapter 2. Forecast Evaluation: Its Nature and Purposes

The evaluation process is described, with particular reference
to the purposes of evaluation., Two forms of evaluation are identi-
fied, empirical evaluation and operational evaluation.

Chapter 3. Probability Forecasts: Their Nature and Attributes

The nature of probability forecasts is considered from both
probabilistic and meteorological points of view, and a subjective
interpretafion of probability is adopted. Desirable attributes
of probability forecasts from both normative and substantive view-
points are identified and described, and certain implications of
these attributes for evaluation measures are indicated,

Chapter 4, Evaluation Frameworks

| Frameworks for empirical and operational evaluation are described
in algebraic and geometric terms. The framework for operational
evaluation, which is based in part upon a modified version of the
suﬁjecttve. expected-utility model of a decision situation, is shown

to be a comprehensive framework for evaluation.
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Chapter 5. The Frameworks: Specification of Primitive Elements

The evaluator's state of knowledge concerning the primitive
elements which constitute the frameworks for evaluation is considered.
His knowledge of all of the primitives except the decision maker's
utilities is assumed to be complete. The evaluator's knowledge of
the utilities may be complete or incomplete and, when incomplete,
is assumed to be expressed in terms of either inequality or probability
measures.,

Chapter 6. Empirical Evaluation Measures

Measures of the attributes of concern in empirical evaluation
are formulated within the framework described in Chapter 4. The
nature and properties of these measures are investigated and the
relationships between the measures and measures‘proposed heretofore
are described.

Chapter 7. Operational Evaluation Measures

Measures of the attributes of coﬁcern in operational evaluation
are formulated within the framework presented in Chapter 4 for
situations in which the evaluator's knowledge of the decision maker's
utilities is complete and incomplete. The properties of these

measures are described.

Chapter 8. Empirical and Operational Evaluation Measures: Some

Relationships

The relationships between empirical and operational evaluation

measures are investigated within the comprehensive framework for



evaluation described in Chapter 4.

Chapter 9. Conclusion

The results of the study are summarized and a number of possible

extensions are suggested.



CHAPTER TWO. FORECAST EVALUATION: ITS NATURE AND PURPOSES

This chapter consists of two.sections in which we consider the
nature and purposes of forecast evaluation, with particular‘reference
to probability forecasts. In Section 2.1 forécast evaluation is
described as ; process which consists of three ph#sea. a formulation
phase, a comparison phase, and'a utilization phase, and several steps
in the formulation phase are identified., The primary purposes of
forecast evaluation are identified and described in some detail in

Section 2.2.

2,1 Nature of Forecast Evaluation

Evaluation is "the process of assessing the value of" (Webster's
Third New International Dictionary, 1966). Thus, forecast evalu-
ation is the process of assessing the "value" (or "goodness") of
forecasts. We consider that this process consists of three phases:
(a) a formulation phase, in which "measures of value," i.e., evalu-
ation measﬁres. are formulated; (b) a comparison phase, in which
evaluation measures are compared and the relationships between such

measures are investigated; and (c¢) a utilization phase, in which these

measures are actually used to assess the "goodness' of forecasts.
In Chapters 1, 2, and 3 of this dissertation we are concerned with
certain basic considerations relative to the formulation phase.

A framework within which evalﬁation measures can be formulated is

described in Chapters 4 and 5 and measures are formulated and
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compared within this framework in Chapters 6, 7, and 8. While we

do not consider the utilization phase in detail, certain aspects

of this phase of the evaluation process are discussed in Chapters

6, 7, 8, and 9. - .
The forqylation phase consists of several steps. Note‘that

the definition of the term "evaluation" implies that, in this phase,

" each

we are concerned with the formulation of "measures of value,
of which establishes a value scale; However, the term "value" has
meaning only with reference to an individual with an objective
(Fishburn, 1964, p. 3). Thus; we must identify (a) the individuals
who are concerned with forecast evaluation and (b) the objectives

of these individuals, Therefore, the first step in the formulation

phase 1is to identify the individuals of concern and their objectives.

We shall refer to this first step simply as the identification of
the purposes of evaluation. Each purpose defines a distinct form
of forecast evaluation (see Section 2.2),

An important consequence of this first step is the identi-
fication, in qualitiative terms, of "properties" of forecasts which
are indicative of their "value" to the relevant individuals. In
order to formulate measures of value we must, of course, describe
these "desirable" properties, or attributes, in quantitative terms.
Thus, the second step in the formulation phase is to describe, in

quantitative terms, the attributes of the forecasts. We are often

able, at this step, to establish an incomplete value scale by



identifying one or more "natural" points on the scale. We shall
refer to this second step simply as the description of the attributes
for each purpose.

The third step in the formulation phase is to formulate the

measures for a particular attribute. A measure pfovides a means of

determining the extent to which the forecasts possess a particular
attribute. 1In particular, s measure establishes a complete, but to
a certain extent arbitrary, or artificial, value scale. We shall
refer to this third step simply as the formulation of the measures

for the attributes.

2.2 Purposes of Forecast Evaluation
Meteorological forecasts are of concern to two individuals, the

meteorologist and the decision maker. Thus, at least two general

purposes for, and forms of, forecast evaluation can be identified.

The nature of the meteorologist's and the decision maker's concern

as well as the nature of the two forms of evaluation are considered
in this section, These and related specific purposes for forecast
evaluation have been discussed b§ Brier and Allen (1951, 1958),

Johnson (1957), and Murphy and Epstein (1967a) among others.

2,2.1 Empirical Evaluation
The presence of uncertainty in the forecasting process implies
that meteorological forecasts are, at present, imperfect.. In such

a situation, the meteorologist's immediate objective is to formulate
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a forecasting system that produces forecasts (or, simply, to make
forecasts) which possess a greater "degree of perfection." The
meteoroclogist's ultimate objective is, of course, to make perfect
forecasts. Thus, the degree’of perfection is the general attribute
of forecasts which i1s indicative of the "value" of the forecasts

(or of the parent forecasting system) to the meteorologist. Note
that the degree of perfection of a forecast 1s directly related to
the degree of correspondence, or association, between the forecast
and the observation. Hereafter, we shall refer to the general
attribute of concern from a meteorological point of ﬁiew as the
"degree of assoclation" (of forecasts and observations), and to the
process of determining the absolute and/or relative degree of associ-

ation of forecasts and observations as empirical, or inferential,

evaluation.

At this stage, we are able to specify (only) one point of a
degree-of~perfection scale. Note that a probability forecast is
perfect 1f and only if the forecast assigns probability one to the
"state of the atmosphere" which subsequently obtaiﬁa, i.,e., if and
only if the forecast is categorical and correct. However, precise
definitions of the term "degree of perfection" are required for the
description of attributes, as well as for the formulation of measures,
each of which provides a complete, but, to a certain extent, arbi-
trary, degree-of-perfection scale, We undertake the development

of such definitions in Chapter ‘3,
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2,2,2 Operational Evaluation

A decision maker is herein an individual in a "meteorological"
decision situation. That is, the decision maker is an individual
(1) whose activities, or operations, are affected, to some extent,
by meteorological conditions; i.e., by the state of the atmosphere,
and (2) who must select a course of action from a set of available
courses of action. The framework for decision making to which we
subscribe is a variant of the subjective expected-utility (SEU)
model of the decision situation (Fishburn, 1964, pp. 50-56),
in which selected elements of the SEU model are subject to certain
conditions. The SEU model and the conditional SEU model are
considered, in some detail, in Chapter 4, 1In this subsection we
are concerned with the fidentification of the decision maker's
objectives, which necessitates the consideration of certain elements
of the conditional SEU model.

The decision maker's objective is to select the "best" course
of action., His preferences among the consequences, which result
when he selects a particular course of action and a particular state
of the atmosphere obtains, are expressed in terms of the "operational
value," or utility, of the conse&uences to the decision maker. The
decision maker is, of course, uncertain, prior to the selection of
a course of action, whiéh state of the atmosphere will obtain. We
shall assume that the decision maker accepts, as his personal proba-

bilities, the meteorologist's probabilities, i.e., the probability
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forecast .defined on the states of the atmosphere, Then, the decision
maker selects that course of action for which fhe expected utility is

a maximum, Thus, utility is the attribute of the forecasts which is
indicative of the "vglue" of the forecasts (or of the parent fore-
casting system) to the decision maker. This form of evaluation, i.e.,
the process of determining the utility of forecasts, is referred to,

in this study, as operational, or decision-theoretic, evaluation.

We shall not attempt to specify any points on the utility scale at

this time.



CHAPTER THREE. PROBABILITY FORECASTS: THEIR NATURE AND ATTRIBUTES

This chapter consists of two sections in which we discuss the
nature and the attributes, respectively, of probability forecasts.
Certain basic considerations of a probabilistic and meteorological
nature are discussed in Section 3.1, From a probabilistic point of
view, we are primarily concerned with the interpretation of the
probabilities themselves, and we describe the subjective view of
probability, the interpretation to which we subscribe in this study.
From a meteorological point of view, we are primarily concerned
with the definition of certain terms and the nature of certain
primitive elements of the evaluation frameworks, and we define and/
or describe these terms and primitive elements in this section,

Several “desirable" properties, or attributes, of probability
forecasts are described in Section 3.2. The fact that we subscribe
to the subjective view of probability ;uggests that normative as

well as substantive attributes will be of interest. The normative

attributes relate to the assessment process, i.e., the process of
formulating the forecasts, while the substantive attributes relate
to the evaluation process. The substantive attributes such as
"accuracy" and "value" will, of course, be of primary concerm.
However, since we want a meteorologist's forecasts to meet both the
normative and substantive standards of "goodness," the normative
attributes must also be considered. The normative attribute

"honesty," in particular, has important implications for the



evaluation process.

3.1 The Nature of Probability Forecasts

3.1.1 Probabilistic Considerations

The primary consideration from a probabilistic point of view is
simply the manner in which the probabilities which constitute the
forecasts are interpreted. ©Probabilities are, of course, subject
to several different interpretations (see, for example, Fishburnm,
1964; Good, 1959; Winkler, 1972). We subscribe to the subjective, ér
personal, view of probability, a view which wéé developed by de
Finetti (1937) and Savage (1954), in which "probability measures
the confidence that an individual has in the truth of a particular
proposition, for example, the proposition that it will rain tomorrow"
(Savage, op. cit., p. 3). Subjective probabilities are not, of
course, assessed by individual whim or fancy, but rather are subject
to certain rules of consistency. We consider these rules and their
implications for probability assessment and evaluation in Section
3.2.

The subjective interpretation of probability appears to be
consistent with probability forecasting as currently practiced in
meteorology (e.g., Murphy and Winkler, 1971; Sanders, 1973). 1In
fact, we believe that the subjective view of probability is particu-
larly appropriate in meteorologic;l context (e.g. Epstein, 1966;

Murphy and Winkler, 1971; Roberts, 1968). 1In this regard, the
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subjective interpretation of probabilities places no particular
restriction on the manner in which a meteorologist formulates his
forecasts., That is, the meteorologist may utilize "objective” as
well as subjective procedures and/or information in the process of
formulating his forecasts. However, we shall assume that each
forecast expresses the judgment of some meteorologist and, as a

result, consists of subjective probabilities.
3.1.2 Meteorological Considerations

3.1.2.1 Meteorclogists
In this study the term "meteorologist” will be taken to mean
an experienced weather forecaster. We shall refer to such indi-

viduals as either meteorologists or forecasters.

3.1.2.2 Forecasting Prdcedures

The nature of the procedures, or techniques, used to formulate
the forecasts will not be of particular concern in this study. In
particular, these procedures may be either "objective" or subjective
in a meteorological sense. However, in accordance with the subjective
view of probability, we shall assume that each forecast expresses

the judgment of some meteorologist or forecaster. .

3.1.2.3 Predictands
Thg individual or composite variables for which a meteorologist
formulates probability forecasts will be referred to as predictand-

variables, or simply as variables, These variables, whether
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continuous or discrete, will be assumed to have been .subjected to
an N-fold partition, i.e., to have been divided into N mutually
exclusive and collectively exhaustive “states of the atmosphere.”
let 8 = {sl,...,aN} denote this set of N states. The manner in
which these states of the atmosphere are defined is relevant for
evaluation. That is, the results of an evaluation will, in general,
depend upon the manner in which the states are defined. However,
as Goodman and Kruskal (1954) and others have indicated, this
situation should be considered to be desirable since careful at-
tention should be given to the definition of the states in light
of the use for which the results are intended.

A discrete predictand-variable may be ordered or unordered (a
continuous predictand-variable is, by definition, ordered). The
presence or absence of order in the predictand-variable may be
relevant for evaluation whén N, the number of states, 1s greater -
than two. While we shall be primarily concerned in this study with
gituations in which the variable of concern is unordered or im which
the presence or absence of order is not considered to be relevant,
the implications of order in the predictand-variable for evaluation
in general and for the formulation of evaluation measures for ordered
predictand-variables in particular will be considered in Chapters
6, 8, and 9.

Meteorological forecasts are generally prepared for a particular

predictand-element for a particular location (i.e., a ﬁoint or an
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area) for a particular period (i.e., an interval of time). A
particular predictand-variable-location-period combination will be

referred to as a predictand.

3.1.2.4 Forecasts

In this study a forecast will be a probability veﬁf@r t, where
r=- ('1""”"!3)’
in which
rngo for alln (n=1,...,N)

and

N
L r - 1,

n=1
‘defined on the set s = {al,...,sN} of N states of the atmosphere.
Thus, r_ represents the meteorologist's (subjective) probability
that state 8 obtains (n=l,...,N). We shall denote the set of N
possible categorical forecasts by the vectors r_ (n=1,...,N), where

_t_l- (1,0,0...-,0). _1_-'_2' (0’1.0300-50). aesy and (0,0,0,.--,1)-

-EN-
As indicated in Chapter 1, we are particularly concerned in

this study with situations in which N, the number of states, equals

two. In these two-state situations r = (r,,r,), where r,= l-r,, and

1’
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0<ry, rs 1.

3.1.2.5 Observations

An observation will be a vector d, where

_t‘_l, - (dl' .o "dN)-s

defined on the set 8 = {81....,8N} of N states of the atmosphere,
where dn equals one if state 8, obtains and zero otherwise
(n=1,...,N). Ve denote the set of N possible observations by the
vectors gn (n=1,...,N), where‘gi- (1,0,0,...,0), ga- (0,1,0,...,0),
eeey and gﬂ- (0,0,0,...,1). In two-state situations d = (dl’dz)'
where d2- l- dl.

3.2 The Attributes of Probaﬁility Forecasts

3.2.1 Normative Attributés: Description and Measurement

The normative standards of "goodness" relate to the theory of
subjective probability. According to this theory, an individual's
(subjective) probabilities assessed in accordance with certain plausi-
ble postulates of coherence, or consistency, must conform (in a mathe~
matical sense) to a probability measure (e.g., Winkler, 1967a). The
theory of subjective probability, in addition, prescribes that an
individual's statements should correspond (exactly) to his true be-

liefs or judgments, since the statements represent a quantification
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of these judgments. Thus, & "perfect" assessor, in the normative
sense, issues gtatements .which (1) obey the postulates of consistency,
i.e., are consistent, and :(2) correspond to his judgments, i.e., are
"honest" (cf. Winkler and Murphy, 1968). The "desirable" properties,
or attributes, of the forecasts of c;ncern from a normative point of

view are, then, consistency and honesty.

3.2.1.1 Consistency

Consider a meteorologist who must make a probability forecast
for a predictand with N mutually exclusive and collectively exhaustive
states'{sl,...,an}. Let the vector é_- (pl;...,pN) (pn>0,2pn-1;
n=1,...,N) denote the meteorologist's true beliefs, or judgments.

Then, a meteorologist's probabilities are (completely) consisteqt if
pnz 0 for alln and Epnf 1 (o=1,...,N) (3-1)
and
rna_o for all n and Ern- 1, (n=1,...,N) (3-2)

That is, a meteorologist's judgment and forecast are consistent if
the probabilities which constitute the ju&gment and forecast: satisfy
the familiar probability axioms. An evaluator who is interested in
determining the consistency of a meteorologist's judgments and/or

forecasts will be concerned with the nature and the extent of any



violations of the comstraints in (3-1) and (3-2). However, the
evaluator will not, in general, have access to the meteorologist'a
judgments., In this stwly, we shall assume’ that the proba-

bilities which constitute a meteorologist's judgments and forecasts
are always consistent. That is, we agssume that a meteorologist who
violates these constraints realizes his viclation and revises his
judgments and/or forecasts in order to satisfy the postulates of

consistency.

3.2.1.2 Honesty and "Proper" and Improper Scoring Rules
A meteorologist's probabilities are completely honest if and

only if
=5 (3-3)

i.e., if and only if the meteorologist's forecast, or statemeat, r,
corresponds (exactly) to his judgment, p. Thus, an evaluator who
is interested in determining the honesty of a meteorologist's
statements will be concerned with the degtee_of association between
his statements and his judgments. Since the evaluator will not,
in general, have access to a meteorologist's judgments, he (i.e.,
the evaluator) cannot measure this degree of association directly.
However, he can encourage the meteorologist to make his statements
correspond to his judgments by rewarding (or penalizing) him in

accordance with a "proper" scoring rule.



A scoring rule is, in general, and function of the meteorologist's
(stated) probabilities, (rl.....rN), and the state (of the atmosphere)
that obtains, d:l (say), and, as such, is simply another name for an
evaluation measure. Let S j@ denote the score assigned by a scoring
obtains (i{.e., d,= 1). Then,

3 ]
the meteorologist's subjective expected score is S(x,p) where

rule § to the forecast r when state s

N
S(x,p) = jglpjsj(;_). (3-4)
Now, if
s(p,p) > 8(5,2) for all xr ¥ p, (3-5)

then § is a strictly proper scoring rule, while if

s(p,p) >2_8(x,p) for all x, (3~-6)

then § is (only) a proper scoring rule. Thus, a strictly proper
scoring rule encourages a meteorologist to be completely honest, 1.e.,
to make ﬁis forecast correspond exactly to his judgment, since the
meteorologist can maximize his expected score if and only if he sets

r equal to p_.l The meteorologist alsc maximizes his expected score

lIn this study we shall assume that the meteorologist's utility func-
tion 18 linearly related to the scoring rule of concern. The .
effects of non-linear utility functions in this context have been
investigated by Winkler (1969) and Winkler and Murphy (1970) among
others.
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by setting r equal to p in the presence of a proper scoring rule.
However, forecasts r ¥ p may also-realize this same maximum expected
score. We shall occasionally use the term "proper" (in quotation
marks) to describe scoring rules that are either strictly proper or
proper. A scoring rule which does not satisfy either (3-5) or

(3-6) will be referred to as an improper scoring rule.

Thus, from the point of view of probability assessment, strictly
proper and proper scoring rules are of particular interest. 1In this
study we shall assume, unless otherwise noted, that meteorologists
formulate their forecasts in the presencé of strictly proper or proper
scoring rules, and that their statements correspond (exactly) to
their judgments. The use of these scoring rules in the assessment
process has certain implications for the measures (of the attributes)
that are used in the evaluation process, and we consider these

implications in Chapter 6.

3.2.2 Substantive Attributes: Description

The substantive standards of "goodness," as indicated in Chapter
2, relate to the contexts in which the forecasts are formulated and
utilized., Specifically, an evaluator will be concerned with the
"goodness” of forecasts from two points of view: (1) a meteorological,
or inferential, point of view and (2)‘an operational, or decision
theoretic, point of view. Evaluation from a meteorological point of
view will be referred to as empirical, or inferential evaluation,

while evaluation from an operational point of view will be referred
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to as operational, or decision theoretic, evaluation. The general
attributes of concern in empirical and operational evaluation are
"accuracy” and "value," respectively, and we examine these attributes
in some detail in this subsection., The measurement of these attri-

butes is considered in Chapters 6 and 7, respectively.

3.2.2.1 Empirical Evaluation

We have heretofore used the term "accuracy" to describe the
general attribute (of the forecasts) of concern in empirical evalu-~
ation, namely the degree of association between forecasts and obser-
vations. However, in the meteorological literature, this term has
been, and still 1s, generally associated with the “goodness" of
categorical forecasts. In order to emphagize the fact that we
are concerned with the "goodness" of probability forecasts (as well
as for other reasons which will become apparent shortly), we will
hereafter use the term "validity" to describe this general attribute.

The general attribute validity appears to possess two pafticu-
larly relevant interpretations from a meteorological point of view.
These interpretations lead to the identification of two specific

attributes: (1) primary validity, an attribute concerned with the

association between forecasts and cbservations on an individual

basis and (2) secondary validity, an attribute concerned with the

association between forecasts and observations on a collective
basis. Within the context of empirical evaluation, we shall be

primarily concerned with these two attributes of the forecasts, and
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wve shall refer to these attributes as the principal attributes.

We also consider several attributes qﬁggesteﬂ heretofore by other
investigators and describe the relationships between these attributes
and the principal attributes. In addition, we discuss the relevance

of some of these supplemental attributes for empirical, or inferential,

evaluation.

(1) Principal Attributes. As indicated above, the attributes

of primary concern in this study are the principal attributes, primary
and secondary validity, and we describe these attributes in some
detail here.

(a) Primary validity. The degree of association between an
individual forecast r and the relevant observation d is complete

if and only if

'I'.'n- dn- 0 for 311 n' (n‘l, s ’N) (3"7)
i.e., 1f and only if the values assumed by the components of the
vectors r and d are identical. A forecast r for which (3-7) holds
will be referred to as a completely valid forecast in a primary sense,
Such a forecast is categorical and correct (one possibility).
Conversely, a forecast r for which

|r-d | =1 for somen, (n=1,...,N) (3-8)

will be referred to as a completely invalid forecast in a primary
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gengse. Such a forecast is categorical and incorrect (N-1 possi-
bilities). A probability forecast is, in general, neither completely

valid nor completely invalid in a primary sense, i.e., in general,
0 < |rnf dnl <1 for some n. (n=1,...,N) (3-9)

A forecast r for which (3-9) holds will be referred to as a partially
valid forecast in a primary sense,

Since one and N-1 possibilities exist, in general, for a forecast
to be completely valid and invalid, respectively, only one reference
' point can be assigned to the primsry validity scale. In two-state
(N=2) situations, however, only one possibility exists for a forecast
to be completely invalid, and, as a result, two reference points can
be assigned to the primary validity scale in such situatioms.

(b) Secondary validity. The degree of association between a
collection of forecasts and the relevant collection of observations
depends upon the "statistic" of these collections which i1s selected
as the basis for the comparison, Several such statistics can, of
course, be identified. In this sfudy we shall consider only the
mean, & familiar member of the class of statistics concerned with
location. Consideration of the mean leads to the identification of
a general attribute of the forecasts which appears to possess a
"reasonable" interpretation in a meteorological context. Thus, the

asgociation between forecasts and observations on a collective basis
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is defined in terms of the association between the average forecast
probabilities and the bbaetved'relative frequencies. Further con~-
aideration of the association between such average values leads to
the identification of two specific attributes which are, in reality,
simply two aspects of the familiar concept of bias,

(1) Bies in-the-large. Consider a collection of K forecasts

.- (rlk""’rﬂk?’ where rnkz 0 and Ernkf 1 and in which T is the

k
forecast probability associated with state s on occasion k, and
the collection of the K relevant cbservations gk- (dlk""’de)’
where dnk equals one if state 8 obtains‘on occasion k and zero
otherwise (n=1l,...,N;k=1,...,K). The degree of association between
the forecasts in such a collection and the relevant cbservations

will be considered to be complete, on a collective basis, for state

8 (n=1l,...,N) if

r-d=o0, (3-10)
where
- ‘K.
Fam /)L g (3-11)
and
K

En- (1/K) kald k. (3-12)
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That is, the association is complete if the average forecast proba-
bility, ;n' and the observed relative ftéquency, En, are equal., A
collection of forecasts for which (3-10) holds will be referred to

as a completely unbiased collection in~the-large for state LA A
collection for which (3-10) holds for all N states will be referred to
as a completely unbiased collection in-the~large, Of course, a
collgction of forecasts will seldom if ever be completely unbiased
in-the-large even for one state, siﬁce equality in (3-10) will

seldom if ever be realized for such a collection. Thus, a collection
of forecasts will be considered to be unbiased in-the-large for state

8, (n=1,...,N) if
0<|r-d|c<e, (3-13)

where € 18 & small positive number, In order to be meaningful, the
value of € should be related to the stﬁndard errof of the quantity
|;n- Enl. A collection of forecasts for which (3-13) holds for all
N states will be referred to as an unbiased collection in-the-large
(for that value of €). The smaller €, of course, the less likely
a particular collectidn of forecasts 18 to be unbiased in-the-large
for one state or for all N states. A collection of forecasts for
which (3-13) does not hold for all N states will be referred to as

a biased collection in-the-lqrge (for that value of €).

In the two-state (N=2) situation, a collection of forecasts which



is completely unbiased in-~the-larxge for one gtate is completely
unbiased in-the-large for‘both:statea and for the collection itself.
Further, a collection which; from (3-13), is unbiased (biased) in-
the-large for one state is unblased (biased) in-the-large for both
states (and for the collection itself for that value of €).

(i1) Bias in-the-small. Suppose that the probabilities r can
assume only a finite set of § distinct values ra. i.e., T r® for
all o and k and for some s (n-l,...;N;kﬂl,....K;s-l,...,S). Then,
we can identify a finite set of T distinct forecasts IF- where
!F' (r;....;r;) and for which r; = r° for all n and t and for some
8 (n=1,.,.,N;t=1,,...,T;8"1,...,58). 1If we assume that the values of
r® are equally spaced on the closed unit interval [0,1] and that they
include the end points of that interval, then

S W+e-4

T= X.(

E1Cgeg ) (55D, | (3-14)

where (;) = x!/[y:(x-y)!] for O<y<x, (;) =] for x=-1and y = 0,
and (;) = O otherwise. Thus, we can divide the collection of K
forecasts I, (k-l,...,K) into T aubcollectioﬁa. where subcollection
t contains the Kt forecasts for which.gkf EF (k-l,...,Kt;EKt- K;
tel, .. 7).

The degree of association between the forecast Ef associated with

subcollection t and the Kt relevant observations g: will be consid~-

ered to be complete, on a collective basis, for state s, (n=1,...,N)
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1€

t =t .

rn - dn =0, (3-15)
where

=t tht

dn = (1/K )kgldnk. (3-16)

in which d;k equals one if sfate 8 obtains on occasion k (actually
on the kth of the Kt occasioné for whichigkf 5?) and zero otherwise
(k=l,...,Kst=1,...,T). A subcollection of forecasts for which 
(3-15) holds will be referred to as completely unbiased in-the-gmall
for state 8. while a subcollection for which (3-15) holds for all. |
N states will be referred tec as a completely unbiased subcollection
in~the-small., A collection of forecasts for which (3-15) holds for
all T subcollections will be referred to as completely unbiased in-
the-small.

A subcollection of forecasts will seldom if ever be completely
unbiased in-~the-small even for one state, since equality in (3-15)
will seldom if ever be realized for such a subcollection. 1In this
study, a subcollection of forecasts will be considered to be unbiased

in-the-small for state 8 (n=1,...,N) 1if

’ t =t
0< e -d | < (1/2)8 (3—_17)



where A is the difference between adjacent values of r® (s=1,...,8).
A subcollection for which (3-17) holds for all N states will be
referred to as an unbiased subcollection in-the-small. A collection
of forecasts for which (3-17) holds for all T sgubcollections will be
referred to as unbiased in-the-small, A subcollection (collection)
of forecasts for which (3-17) does not hold for all N states (T
subcollections) will be referred to as a biased subcollection (col-
lection) in-the-small.

In the two-state (N=2) situation, a subcollection of forecasts
which 18 completely uubissed in-the-small for one state is completely
unbiased in-the-small for both states and for the subcollection
.1teelf. Further, a subcollection which, from (3-17), is unbiased
(biased) in-the-small for one state is unbiased (biased) in-the-small
for both states (and for the subcollection itself).

(2) Supplemental Attributes. Substantive attributes of proba-

bility forecasts have also been described by Bross (1953) and Sanders
(1958, 1963) among others. We briefly examine the relationships
between these attributes and the principal attributes and consider
the relevance of these attributes for empirical, or inferential,
evaluation.

(a) "validity." The attribute "validity," as described by
Bross (op. cit. pp. 47-48), 1s equivalent to the attribute bias in-
the-small, as described above, except that Bross treats each proba-
bility as a distinct forecast. That is, Bross considers forecasts

to be scalars, while we consider forecasts to be vectors. We shall



defer further discussion of this attribute until we discuss the
attribute reliability.

(b) Sharpness., A forecast is shairp, according to Bross (op.
eit., pp. 48-32), if the forecast "discriminates” among the relevant
states. Specifically, & forecast.é_ia congidered to be completely

sharp 1if
r - Oorl for allan, (n=1,...,N) (3-18)

i.e., if the forecast assigns a probability of unity to one of the
N states, while such a forecast is completely lacking in sharpness

if
r = 1/N for alln, (n=l,...,N) (3-19)

i.e., if the forecast assigns equal probability to each of the N
states. Equations (3~18) and (3-19) suggest that the sharpness of

a forecast may be related to the amount of information contained in
the probabilities which constitute the forecast (see, for example,
Khinchin, 1957; Shannon and Weaver, 1949). These equations also
indicate that the attribute sharpness is concerned exclusively with
the probabilities which constitute a forecast. . As a result,
sharpness (by itself) does not appear to be a particularly appropriate

attribute for empirical evaluation, the purpose of which is to
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determine the degree of assoclation between forecasts and observatiocms.
However, this attribute could be relevant for empirical evaluation
if considered in combination with other attributes. |

(c) Reliability. The attribute reliability (Sanders, 1958)
is equivalent to the attribute "validity" (Bross, op. cit.). Sanders,
who also treats each probability as a distinct forecast, divides the
collection of K vector, or NK scalar, forecasts into S subcollections,
where subcollection s consists of those (NK)8 (scalar) forecasts for
which.rnkf r® for all n and k and some s (n-l;....N;kpl,...K;g(NK)s-

NK;s=l,...,5). A subcollection s of (scalar) forecasts is con~

sidered to be completely reliable (or "valid" in Bross' terminology)

if

r°- %= o, (3~20)
where

=8 8 kK N 8
in which d:k equals one if state 5, obtains on the kth occasion that

r .= rs. Reliable and unreliable subcollections and collections

nk

of forecasts can, of course, be identified in a manner similar to
that which we have employed for the attribute bias in-the~small.
However, since different subcollections are formed if forecasts are
congidered to be scalars rather than vectors, a one-to-one relation-

ship does not exist between the attributes reliability and bias

in-the-small. In this regard, Murphy (1972a,b) has recently
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described the relationships between particular measures of these
attributes (see Chapter 6). Since we believe that forecasts should
be treated as vectors rather than scalara; we shall be concerned
in this study with the (principal) attribute bias in-the-small,

(d) Resolution., The attribute resolution (Sanders; 1958) is
concerned primarily with the observed relative frequencies. Spe-
cifically, the subcollection s of (R)® scalar forecasts 1is complete1§

regsolved 1if
d=0or1l, (3-22)

and the entire collection of KN forecasts is completely resolved if

aare -

d®°= 0 or 1 for all s, (s=1,...,8) (3-23)

Subsequently, Sanders (1963) used the term-sharpness to describe

this attribute of the forecasts. Clearly, however, this attribute
ig not equivalent (or even similar) to the attribute sharpness as
defined by Bross (gg.'ggg;). The attribute resolution can also

be defined for vector forecasts (Murphy, 1972a,b, 1973b). Specifi~
cally, a subcollection t of K" vector forecasts is completely

resolved if

Ez =0 orl for alln, (n=1,...,N) (3~24)



and the entire collection of K forecasts is completely resolved if
dE=0o0r1 forallnandt, (u=l,...,Nit=1,...,T) (3-25)

We can, of course, formulate definitions of resolved and unresolved
subcollections and collections of both scalar and vector forecasts.
As in the case of the attributes bias-in-the-small and reliability,
a one-to-one-relationship does not exist between the definition

of the attribute resolution for scalar forecasts and the definition
of thig attribute for vector forecasts. We believe that the fact
that the attribute resolution is concerned only indirectly with the
- forecasts (through the specification of the subcollections) suggests
that this attribute is not a particularly appropriate attribute for

enpirical evaluation.

3.2.2.2 Operational Evaluation and Utility

As indicated in Chapter 2, the general attribute of the forecasts
of concern in operational evaluation is their "value." Spécifically.
we are concerned wiﬁh the "value" of forecasts to decision makers,
i.e., to individuals who use these forecasts within the context of
decision situations. The framework for decision msaking to which we
subscribe in this study is the subjective expectéd-utility (SEU)
model of a decision situation (see, for example, Fishburn, 1964;
the SEU model is described in Chapter 4). Within this framewdrk,

the "values" of the consequences, each of which is associated with
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a particular course of action and a particular state of nature, to
the decision maker are expressed in terms of their utility. The
utilities, then, describe the decision maker's preferences for the
consequences, and the decision maker is assumed to want to choose
that course of action which maximizes his expected utility; where
 the expectation is taken with fespect to the probabilities defined
on the states. Since the meteorologist's forecast provides the
decision maker with this probabilistic information, utility would
appear to be a desirable aﬁtribute of the forecasts. This attribute,
in reality, describes the extent to which the meteorologist's fore-
casts satisfy the decision maker's own criteria, Im this study, |
then, the specific attribute of the forecasts of concern in oper-

ationai evaluation will be their utility.

3.2.3 The Normative and Substantive Attributes of Primary Concern
In subsections 3.2.1 and 3.2.2 we have identified and described
a number of desirable attributes of probability forecasts, Four
of these attriﬁutes appear to be particularly important within the
context of the evaluation problem as formulated in this study, and
hereafter we shall focus our attention upon these attributes,
From a normative point of view, the attribute of primary concern
is honesty. As a result, evaluation measures which are strictly
proper or proper scoring rules will be of particular interest.
From a substantive point of view, the principal attributes primary

validity and bias-in-the-small are of primary concern in empirical
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.evaluation. Hereafter, we shall refer to these attributes simply
as validity and bias (or relisbility), respectively. In operation-
al evaluation, the attribute utility is, of course, the only

relevant attribute,



CHAPTER FOUR., EVALUATION FRAMEWORKS

This chapter contains descriptions, in both algebraic and geo-
metric terms, of frameworks for the representation and evaluation of
probability forecasts. The framework for the representation of such
forecasts, which serves in part as a foundation for the evaluation
frameworks, 1s presented in Section 4,1, while frameworks for empirical
and operational evaluation are described in Sections 4.2 and 4.3,
respectively. The framework for operational evaluation, which is
also based in part upon a modified version of the subjective expected-
utility model for decision making, is shown to represent a compre-
hensive framework for evaluation, This framework, then, provides
a basis for studies of the relationships between empirical and

operational evaluation.

4.1 A Framework for the Representation of Probability Forecasts
Let K denote the set of all possible forecasts r = (rl,...,rN).

"Then,
= {(rl,....rn)lrnzo,gyn- 13n=1,...,N}. (4-1)

Hereafter, ¢ € R will denote that the forecast I is a member of the
set RF. The set RF represents a regular (N-1)-dimensional simplex,
in which each point corresponds to a particular forecast (and vice

versa). A regular simplex is & line segment in the two-state
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(N=2) situation, an equilateral triangle in the three-state (Nw3)
gsituation, and a regular tetrahedron in the four-state (N=4) situation
(see Pontryagin, 1952), The sets R2 and B? are depicted in a
rectangular coordinate system in Figure 4~1. The end points of the
line segment Rz and the vertices of the triangle R3 represent the
two and three possible categorical forecasts in the two-state and
three-state situations, respectively. In this coordinate systenm,
the (Euclidean) distance between two points (or forecasts) r and x*
is D(x,r*), where
N 2.1/2
D(x,x*) = (z-x*)(x-z*)'= [ Z,(r - 271" (4-2)
The set B can also be depicted within a "content" coordinate
system, in which the distances between the point which represents
a forecast and the "faces" of tﬁe-(N-l)-dimensional simplex are the
N components of the forecast., The sets R2 and R? are depicted in
"length" and "area" coordinate systems, respectively, in Figure
4-2, 1In this coordinate systenm, R2 is a unit line segment and R3
is an equilateral triangle with unit height. As a result, tﬁe
(Euclidean) distance between two points r and r* in this coordinate
systenm 1is [(N—l)/N]lIZD(EJEf).
The primitive elements of the framework for representation
are, then, the meteorologist; or forecaster, who formulates the fore-
casts, the set s -‘{sl....,sn} of N mutually exclusive and collective-

ly exhaustive states of the atmosphere, and the forecast vector
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(a) R2
(O,1)
ra
(0,0) (1,0)
(b) R® (0,0,1)

(0,0,0) (1,0,0)

(0,1,0)

Figure 4-1. The sets (a) R? and (b) R3 in a rectangular coordinate

system.,



(a) R?
RZ
d L 2
e R e, T
o, (1,0)
3
(b) R 0,0, 1)

(1,0,0) (0,1,0)

Figure 4-2, The sets (a) Rz and (b)'R3 in length and area coordinate

systems, respectively.



= (rl,...,rN) (rngo,grn-l;n-l.....n). In general, we shall

depict this framework in a content coordinate system.l

4.2 A Framework for Empirical Evaluation

Empirical evaluation, as deacribed.in Chapters 2 end 3, is
concerned with the degree of association between forecasts and
observations. Now, an observation is a vector é_- (d1’°"'dN)"
vhere dn equals one if state 8 obtains and zero otherwise, and the
vector gn denotes the observation for which dn- 1 (o=1,...,N).
Thus, the "vertices" of the (N-1l)-dimensional simplex, which consti-
tutes a framework for the representation of probability forecasts,
represent the N possible observations gn as well as the N possible
categorical forecasts I (n=1,...,N). This "augmented" framework,
then, is a framework for empirical evaluation and is depicted in
Figure 4-3 for the two-state (N-ﬁ) and three-state (N=3) situations
in length and area coordinate systems, respectively. Therefore,
the primitive elements of the framework for empirical evaluation are
the forecaster, the set 8 = {81"f"sN} of N mutually exclusive and
collectively exhaustive states of the atmosphere, the forecast
vector r = (rl,...,rN) (rnzo,grn-l;nﬂl,...,ﬂ), and the observation
vector d = (dl,...,dN) (vhere d = 1 1f state 8 obtains and zero

otherwise).

1
This coordinate system is often referred to as a barycentric
coordinate system (e.g., Pontryagin, 1952, p. 10).
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(a) Two-State Situation

£2,d2 " L r,  Lpd
h———-—-——.——-l-—-——-—-q
©on (1,0)

(b) Three-State Situation

!.3,§!zs
(0,0,1)

!:2::5!2:
(0,1,0)

Figure 4-3, The framework for empirical evaluation in the (a) two-
state and (b) three-state situations.



4.3 A Framework for Operational Evaluation

As indicated in Chapters 2 and 3, the decision maker, i.e., the
individual who uses the forecasts, becomes an important element in
the evaluation process when we are concerned with operational evalu-
ation. In particular, any framework for operational evaluation must
necessarily be based, at least in part, upon a model for decision
making. The decision-making model, upon which our framework for
operational evaluation is based; is described in subsection 4.3.1,

and the framework itself is presented in subsection 4.3.2,

4,3.1 A Model for Decision Making
The model for decision making, upon which the framework for

operational evaluation is based, is a modified version of thé sub-
jective expected-utility (SEU) model of a decision situation (see,
for example, Fighburn, 1964, pp. 50-56). This subsection contains
(1) a description of the basic SEU model in terms of the primitive
elements which constitute the model, (2) a brief critique of the SEU
model, and (3) a description of the modified SEU model in terms of
the assumptions which we have made relative to certain eiements in

the basic SEU model.

4,3.1.1 The SEU Model: A Description
The primitive elements of the SEU model of a decision situation
are a decision maker, a set of actions, a set of states of nature,

a set of consequences, a matrix of utilities, a vector of probabilities,
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and a decision criterion, The nature of these elements may be

described briefly as follows:

(1)

(2)

The decision maker is an individual in a decision

situation who must select an action from a set of
(available) actions in order to obtain a consequence
from a set of consequencea; The situation is such
that, prior to the selection of an action, the decision
maker is uncertain as to which action best serves

his objectives, and he wishes to select the action
which presents him with the best opportunity to

realize these objectives.

The set of actions consists of all of the courses of

action, or alternatives, available to the decision
maker in the pursuit of his objectives. We sghall
assume that the set of actions available to the

decision maker can be partitioned into two mutually
exclusive subsets, the subset a -'{al,....au} of M

admissible actions and the subset of inadmissible

actions. An available action is admissible if and
only if the decision maker believes that the action
would be selected under some conditions (a more precise
definition is provided below). An (available)

action that is not admissible is inadmissible. Here-

after, we shall refer to the subset a -'{al,...,an}



3

(4)

(S

(6)
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as the set of admissible actioms.

The set of states of nature is a set e = {e;,... e}

of N' mutually exclusive and collectively exhaustive
states of nature, or evenfs, which describe the
relevant aspects of the "environment" within which
the decision of concern is to be made.

The set of consequences is a set 0 '-{01""’°1ﬁ"""

°M1""’°MN'} of MN' consequences, or outcomes, where
Oun' is the consequence that results when the decision
maker selects action a and state e obtains (m=1,...,
M:n'=1l,...,N").

The matrix of utilities is a matrix U = (u_ ,) of MV’

utilities, or values, defined on the consequences,

where L. is the utility of consequence 0mn' n=l,...,
M:;n'=1l,...,N'). In the SEU model, the utilities express
the decision maker's preferences among the consequences.

The vector of probabilities is a vector g = (ql,...,qN.)

of N' probabilities, defined on the states of nature,
where 9 is the probability of state e (qn.go,
gqn,-l;n'-l,...,N'). In the SEU model, a probability
is a subjective, or personal, probability and, as such,
expresses the decision maker's "degree of belief"

concerning the occurrence of the state (or event) in

question.



(7) The decision criterion, in the SEU model, is the
maximization of (subjective) expected utility, and
the expected utility of action a is Uﬁ, where

N!
U - § 1qn|um' . (m.l. see ’M) (4"3)
n -

n
According to this criterion, the decision maker selects
the action a_, for which U > U for all m ¥ m*
m n¥*- m

(m’m*-lg *ee ,M) .
A precise definition of an admissible action can be formulated in
terms of the expected utility of an action [see (4-3)] and the
SEU decision criterion. Specifically, an action a is admissible

if and only 1f, for some g € RN,

U U for allm ¥ m', (mm'=l,,.,..,M,M+1,...)

The SEU model of a M-action, N'-state decision situation is depicted

in Figure 4-4,

4.3.1.2 The SEU Model: A Brief Critique

The SEU ,model is, of course, only one of several possible
models for decision making (c.f., Fishburn, 1964, pp. 36-76; Luce
and Raiffa, 1957, pp. 275-326). Although such models differ, in
géneral, in a number of respects, perhaps the ﬁost important

difference 1s that these models are based upon different decision
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Utility Matrix U

States
el e o s en' . .. eN| Expected Utilities

NI
s T £ R T UM | LN il T 5T YL S

| .. ) : T
Actions 3m uml « o umt AL umN' Um" ntglqnluml

.. ) ) T
M M1 Y " Uyt U™ 1% Yn

Probability

Vector 4 Q@ Tt 0t Gy

Figure 4~4. The SEU model of a M-action, N'-state decision

situation.
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- eriteria. The use of a particular criterion is, in turn, related
to the decision maker's interpretation of the p?obdbilities. For
example, if the decision maker subscribes to the relative frequency
interp:etation-of probability, then he may utilize a minimax or
some other classical decision criterion (at least in many situations).
On the other hand, 1f the decision meker subscribes to the subjective
or personal interpretation of probability, then he will adopt the
SEU, or maximization of expected utility, decision eriterion (see,
for example, Fishburn, 1964, p. 66). Since the subjective interpre-
tation of probability appears to be more appropriate in a meteorological
context (see Chapter 3), and since we subscribe to this interpretation,
the SEU decision criterion will be used in this study,

While the framework and measures for operational evaluationm to
be deséribed herein (see subsection 4.3.,2 and Chapter 7, respectively)
are formulated within the context of the SEU model, we believe that
many (if not all) of the results of this study are applicable in
other contexts as well. Of course, the interpretations placed upon

the results may differ from context to context.

4.,3.1.3 A Modified SEU Model

We are concerned, in this chapter, with the formulatioﬁ of a
framework for the evaluation of the probabilities which constitute
a meteorologist's forecast. 1In order to evaluate these probabilities
within a framework for operational evaluation which is based upon

the SEU (or any other) decision-making model, the meteorologist's
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probability forecast must be a primitive element of this model.
The assumptions which we will make relative to the basic SEU model
in order to obtain a suitable framework for operational evaluation
can be described as follows:

(1) the decision maker's set e -'{el,....eN.} of states
of nature and the meteorologist's set s -'{81,....3N}
of states of the atmosphere will be assumed to be
equivalent and will be referred to simply as the set
g8 = {51,...,9N} of states; and _

(2) the decision maker is assumed to accept the probabilities
which constitute the meteorologist's forecast as his
subjective probabilities on the states, 1.e., we assume
that q = in for all n (n=1,...,N), and we shall denote
these probabilities by the vector r = (rl,...,rN)

(rnzo.%Fn-l;n-l,....N).l

Thus, the primitive elements of the modified SEU model are a meteor-

ologiat, a decision maker, a set a of (admissible) actions, a set

lAlternatively, ve might assume that the decision maker assesses his

own subjective probabilities on the states and then revises these
probabilities in the light of meteorologist's forecast. However,
since we are concerned in this study with the evaluation of the
meteorologist's forecasts, we shall restrict our attention to

the hypothetical, but hopefully not irrational, decision maker who
accepts the forecaster's probabilities.
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8 of states, a set 0 of consequences, & matrix U of (the decision
maker's) utilities defined on the consequences, a vector r of (the
meteorologist's) probabilities defined on the states, and the maximum
expected-utility decision criterion., The modified SEU model, the
decision-making model upon which the framework for Operatioﬁ;nl

evaluation is based, is depicted in Figure 4-5.

4.3.2 The Framework for Operational Evaluation

The modified SEU model, in its entirety, can be depicted within
the framework of the simplex RN. The forecast x corresponds to a
point in RN and the vertices of RN represent both the N possible
categoricel forecasts X and the N possible observations gn
(n=1,...,N). Further, the observatiop -gn defines the occurrence
of the state 8 s since dn- 1 1f and only if state 8, obtains.
(n=1,...,N). Let Rg denote the set of all forecasts for which the
decision maker prefers action am to the other M-1 'act::lons. Then,

the set RN can be divided into M convex subsets R:, where

N
Rm = {(rl.a ae ’rN) 'rnzo.tztrn-l'um>uﬁ' for 511 m‘h; (4 4)

mym'=1,...,M;n=1,...,N}.

Thus, 1f £ € R:, then Um> Um' for all m'$ m (m,m'=l,...,M). The
sets R:: and R:. (m'¥m) are separated by the (N-2)-dimensional

indifference hyperplane R:Im. » where



-70~

Utility Matrix U

States
81 * s @ Bn . s .
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Actions am uml LI B ] um . v
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Figure 4-5. The modified SEU model of
situation.

Expected Utilities
N

U™ nE1nb1n

a M-action, N-state decision



Rfm.-’ {(xyse0erm) |2, 20,5r =1,U =V , for mfm' ;
(4~5)

m,m'=l,,..,M;n=1,...,N}.

This hyperplane represents the set of forecasts for which the decision
maker is indifferent between actions a and a (m,m'=1,,...,M;m¥m'),
Sets of forecasts for which the decision maker is indifferent among
three or more actions can be defined in a similar manner. If we

let ﬁg denote the set of forecasts for which none of the other M-l

actions is preferred to the action 8 » then

=N - '
R {(”1"""N)|‘n3°'§7n 1,UﬁZUm. for all m'ym

(4~6)

m'm'-l’. . ’H;n-]-. XX ’N}-

The set i: represents the closure of the set B: (R: is an open set).
For illustrative purposes, we briéfly consider the representation

of two specific decision situations within the framework of the
simplex Rg. A three-action, two-state decision situation is pre-
sented in Figure 4-6, and this situation is depicted within the
framework of the simplex R2 in a length coordinate system in Figure
4-7, The set R: (m=1,2,3) denotes the set of forecasts for which

the decision maker prefers action a to the other two actions., The

indifference hyperplanes are points in the two-state situation,
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a, 4 -2 Ul- 4:1- 2r2
Actions a2 2 0 02- 2r1
a, -2 2 qa- ~2ri+ 2r2
Probability r r
Vector - 1 2

Figure 4-6. A specific three-action, two-state decision situationm.
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Figure 4~7, The framework for operational evaluation for the
three-action, two-state decision situation described
in Figure 4-6.
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Specifically, the points Riz (rl- 1/2) and R§3 (rl- 1/3) represent
the forecasts for which the decision maker is indifferent between

actions a, and a, and a, and a4, respectively. Since U, > Um

2
(m=1,3) for 1/3 < r1< 1/2, the point Ris does not serve as a boundary
point for the sets ﬁﬁ (m=1,2,3). Note also that the end points of

the unit line segmeng R? represent the categorical forecasts X
[1.e., = (1,0) and " (0,1)] and the observatioms gn [1.e., gi-
(1,0) and ge- (0,1)] (n=1,2).

A four-action, three-state decision situation is presented in
Figure 4~8, and this situation is depicted within the f:amewbrk of
R; in an area coordinate system in Figure 4-9. As in the two-state
gituation, Ri (n=1,2,3,4) denotes the set of forecasts for which the
decision maker prefers action a to the other three actions. 1In
a three-state situation, the indifference hyperpianes are the lines
R:m. (m,m'=1,2,3,4;m">m). Since Um»(m-2,4) > Um' (m'=1,3) for all
rE Ris, the line RiB does not serve as boundary for the sets ﬁ:
(m=1,2,3,4). The points RiZ& and RgSﬁ represent forecasts for which
the decision maker is indifferent among three actions (namely, al,
a,, and a, and az,-aS, and 2, respectively). In a three-state
| situation, the vertices of the triangle represent the three categorical
forecasts x and the three observations'gn (n=1,2,3).

The primitive elements of the framework for operational evaluation

are, then, the primitive elements of the modified SEU model for

decision making (see paragraph 4,3,1,3), together with the observation
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Figure 4~8. A specific four-actiom, three-state decision situation,
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Iatgz
(1,0,0) (3/7,2/7,0) (0,1,0)
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Figure 4-9, The framework for operational evaluation for the four-
action, three-state decision situation described in

Figure 4-8.
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vector d = (dl,....dN), for which dn- 1 if state 8 obtains and

zero otherwise.

4,4 A Comprehensive Framework for Evaluation

The set of primitive elements of the framework for empirical
evaluation is a subset of the set of primitives of the framework
for operational evaluation. The latter, then, can be considered

to represent a comprehensive framework for evaluation. The existence

of such a framework provides a basis for studies of the relationships
between empirical and operational evaluation,land some results of
such studies are presented in Chapter 8., The problem of the speci-
fication (or measurement) of the primitive elements in the frame-
works for empirical and operational evaluation is considered in

Chapter 5,



CHAPTER FIVE. THE FRAMEWORKS: SPECIFICATION OF PRIMITIVE ELEMENTS

A comprehensive framework for evaluation such as that described
in Chapter 4.18 of little practical interest unless the evaluator,
who may be a meteorologist; a decision maker, or some other indi-
vidual (see Chapter 1), is able to specify the "values" of the
primitivé elements which constitute the framework, The form of
this specification will depend upon the ﬁature of the primitives
themselves as well as upon the evaluator's "state of knowledge.”" 1In
this chapter, we first classify the primitive elements, and then we
examine those primitives which, for the purposes of evaluation,
involve specification on a quantitative (i.e., numerical) scale.
Finally, we describe the evaluator's assumed state of knowledge with
.respect to these primitives and present several classes of measure
vhich we will use (as examples) in situations in which this knowledge

s incomplete or is expressed in probabilistic terms.

5.1 The Primitives: Classification

The primitive elements which constitute the comprehensive frame-
work for evaluation may be classified as either qualitative or
quantitative. The class of qualitative primitives consists, in
general, of all those primitives which involve specification on at
most a nominal scale. The meteorologist, the decision maker, the
set a of actions, the set s of states, the set 0 of consequences,

and the decision criterion are members of this set. The class of
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quantitative primitives consists, in general, of those primitives
which involve specification on at least an ordinal scale, namely
the forecast vector r, the observation vector d, and the utility
mattix‘g,l We examine the quantitative primitives in Section 5.2,
with particular reference to the number and range of the "parame-
ters" which require specification for each such primitive element.
The evaluator's assumed state of knowledge with respect to both the

qualitative and quantitative primitives is described in Section

’ 5.3.

5.2 The Quantitative Primitives: Description

5.2.1 The Forecast (or Probabilities)

The meteorologiag's forecast r = (rl,...,rN) (rnzo,grn-l;
n=1,...,N) is a probability vector defined on the set s -'{sl,...,aN}
of N states, Since the sum of the probabilities must be equal to
one, the specification of the forecast, or the probabilities, involves
specifying N-1 parameters, the range of each of which is the closed

unit interval (0,1].

1In reality, the observation d involves specification on only a
nominal scale. However, since the specification of the obser-
vation involves the use of a "numerical" scale, we consider this:
primitive element together with the other primitives involving
numerical specification.
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5.2.2 The Observation

The ébservation d= (d4,...,dp) is a vector defined on the set
g = {81.....8N} of N stafes; where dn equals.one if state s, obtains
and zero otherwise. Since dn- 1 for some n gnd dn,- 0 for all
n'¥ n (n,n'=1,...,N), the specification of the observation involves

specifying N-1 parameters, the values of at most N-1 and one of

which are zerc and one, respectively.

5.2.3 The Utilities

The decision maker's utility matrix U = (“mn)' as defined in
Chapter 4, is a matrix of MN utilities defined on the set 0 =
{011""'°1N""’°Ml""'°MN} of MN consequences. We shall assume
that the evaluator, in each situation of concern, is sble to identify
the most and least preferred consequences, oM and oL, respectively.
If we let uM and uP denote the utilities of the consequences oM and

oL, respectively, then
u .<_ u < u . (m-l,...,M;n-l,....N) (5"1)

The utilities, as defined herein, are unique only up to a positive
linear transformation, i.e., the origin and unit of measure on the
utility scale are arbitrary (see, for example, Fishburn, 1964).
Thus, from (5-1), the utility matrix U = (umn) can be transformed

into an equivalent standard utility matrix U's= (u;m), vhere
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1 1f u_= o,
nn
L
I.l' - 0 if u =u ] (m‘l,..-,“;n-l,...,ﬂ) (5—2)

(u - uL)l(uM- uL) otherwise.
mn
Note that

0 -<_ u;ns 1. (m'l....,M;n‘l.-..,N)

Thus, after the most and least preferred cbnsequences are identified,
the specification of the utilities, in general, involves specifying
MN-2 parameters, the range of each of which is the closed unit
interval [0,1]. Hereafter, we assume the utility matrix U = (umn)
is in standard form. In this regard, the standard utility matrices
corresponding to the three-action, two-state and four-action, three-
state decision situations ‘depicted in Figures 4-6 and 4-8 are pre-
sented in Figures 5-1(a) and 5-1(b), respectively.

We shall denote the MN-2 utilities requiring specification in
M-action, N-state decision situations by Xyoeers R o (0 < Xyseees
X253 1) and the complete set of relevant utilities in such
‘situations by u, where u -'{l,xl,...,xHN_z,O}. Now, recall from
Chapﬁer 1, that we are concerned in particular with two-action (M=2),
two-state (N=2) decision situations. The specification of the
utilities in such situations invoives specifying only two parameters

and, the set of relevant utilities in such situations is



Actions

Actions

Figure 5-1,

(a)
Utility Matrix U
States
8, 8,
al 1l 0
a, ' 2/3 1/3
a, 0 2/3
(b)
Utility Matrix U
States
8, s, 8,
a, 1 0 1/3
52 2/3 5/6 1/3
ay 1/3 2/3 1/2
a, 1/6 1/3 2/3

The standard utility matrices corresponding to the
decision situations depicted in (a) Figure 4-6 and
(b) Figure 4~8.
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u -lfl,xl,

distinct utility matrices which can be formulated using the members

x2,0]. In Figure 5-2, we depict the twenty-four (4!)

of the set u in terms of six key utility matrices. The three other
matrices associated with each key matrix (which together form a
group of matrices) can be obtained by interchanging the rows and/or
the columns in the key matrix. Since the other matrices in each
group can be obtained by means of operations whose effects (if any)
on decision making (and evaluation) can be readily determined, we
shall hereafter be primarily concerned with the key matrix in each
group. In this regard, since 0 < xl; xzi 1, action a, is inad~-
missible in the decision situations associated with key matrices
(a) and (c) (see Figure 5~2). Thus, these two groups of utilities
matrices will be of no further interest,

A special set of two-action, two-state decision situations of
particular interest arises when the decision maker is assumed to be
indifferent between the two conseqﬁences neither of which is the
most or least preferred consequence; i.e., when X, and x, are
assumed to be equal. 1In these situations X" Xy X (0<x<1)
and u = {1,x,x,0}. The twelﬁe (41/2!) distinct utility matrices
which can be formulated using the members of the set u are depicted
in Figure 5-3 in terms of three key utility matrices. Since
0 <x <1, action &, is inadmissible in the decision situations
associated with key matrices (a) and (b). Thus, these groups of

matrices will be of no further interest.
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(a) (b)

1 x l x
(xz 01) (0 x%)
(c) (d)

l x l x
G, o? G 2
(e) - (£)

1 0 1 0.
("1 x,) ("2 "1)

Figure 5-2. The six key utility matrices which represent the’
twenty-four possible utility matrices in the general
two-action, two~state decision situation.



Figure 5-3. The three key utility matrices which represent
the twelve possible utility matrices in the special
two~action, two-state decision situation.
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The special two-action, two-state decision situations discussed
-in the previous paragraph are of particular interest because the
situations described by the key utility matrix (c) in Figure 5-3 are
equivalen;, in a decision-making .sense, to the familiar cost-loss
ratio decision situation (see, for example, Thompson, 1952; Thompson
and Brier, 1955; Murphy, 1966). The latter situation is presented
in Figure 5-4, in which C is the cost of protection and L is the loss
if protective action is not taken and adverse weather subsequently
occurs (C<L). We can transform the cost-loss matrix in Figure 5-4
into a “standardized"_cost-loss matrix by dividing each element in
the original cost-loss matrix by L, If, in addition, we assume that
the decision maker's utility function is lineaflin expenses (i.e.,

in costs and losses), then the standard utility matrix correspopding
to the original cost-loss matrix consists of the set u of utilities,
where u = {1-(C/L),1-(C/L),0,1}. ©Pinally, if x = 1 - (C/L), then
this utility matrix is (decision) equivalent to the key utility
matrix (c) in Figure 5-3. Thus, the discussion in Chapter 7 regard-
ing operational evaluation measures associated with this key utility

matrix also applies to the cost-loss ratio decision situation.

5.3 The Primitives: Specification

In this section we describe the evaluator's assumed state of
knowledge with respect to both the qualitative and quantitative
primitivéﬁ. If the evaluator's knowledge is complete, then he is

able to specify the primitive in a certain, or categorical, mode.



Cost~Loss Matrix

Protect

(P)
Action
Do Not

Protect
(DNP)

Probabilities

State

Adverse No Adverse

Weather Weather
w) (W)
c c
L 0
Ty Txw

Expected

(e)

eP- rwc +

oNe” FwW-

Figure 5-4. The cost-loss ratio decision situation.

Expense

rNWC = C
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On the other hand, if his knowledge is incomplete, then he is only
gble to provide an incomplete specification of the primitive or to

specify the primitive in an uncertain, or probabilistic, mode.

5.3.1 Qualitative Primitives

We assume herein that the evaluator's state of knowledge with
respect to the qualitative primitives is (always) complete. In
essence, then, we are assuming that the evaluator is able to identify
and describe the relevant members of the sets of actions, states,
and consequences on each occasion., These assumptions should not be
taken to mean that the process of specification, with respect to
these primitives, is easy and devoid of uncertainty. On the contra-
ry, the specification of the actions, states, and consequences is, in
general, a difficult, time-consuming process often 1nvolviﬁg con-
siderable uncertainty. However, this assumption helps to make the
problem of concern in this thesis more tractable and, as a result,
we are able to focus our attention upon measures of knowledge of the

quantitative primitives, in particular the utilities.
5.3.2 Quantitative Primitives

5.3.2.1 The Forecast (or Probabilities)

Recall, from aubsection 5.2.1, that the Specification of the
probabilities involves specifying N-1 parameters. When we refer
to these probabilities as parameters (rather than as probabilities),

we may be led to consider the possibility that the evaluator's
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knowledge of these parameters may be incomplete. If, in additionm,

we assume that this knowledge is expressed in probabilistic terms,

we are, ln essence, concerned with second-order probabilities (i.e.,

with probabilities of probabilities). We have resisted the intro-

duction of second-order probabilities into this study for several
reasons:

(1) If an individual adopts the subjective expected-utility model
of a decision situation, then the (first-order) probabilities
are all that are required (where these probabilities are
assumed to represent expectations over any higher-order
distributions),

(2) As Savage (1954, pp. 57-60) and others (e.g., Winkler, 1972,
pp. 97-98) have indicated, when second-order probabilities
are considered fhe introduction of an endless hierarchy of
higher-order probabilities seems inescapable. Such a
hierarchy appears to be very difficult to interpret and, at
best, to mske the theory (of subjective probability) more
difficult to interpret. Further, from a practical point
of view, consideration of these second-order (and higher-
order) probabilities is unnecessary, in terms of their impact
upon the decision-making process.

(3) Since we are concerned herein with the evaluation of a meteor-

ologist's probability forecasts (rather than with decision

making per se), we believe that the assumption that these
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forecasts are available to, and adopted by, both the decision
maker and the evaluator is not unreasonable.
Thus, we shall assume herein that the evaluator's knowledge of the

probabilities is complete,

5.3.2.2 The Observation

The specification of the observation involves (at most) speci~
fying N~1 parameters. Now, observations of meteorological vari-
ables, in general, involve a degree of uncertainty (e.g., a; to
whether state sn or state Bn' actually obtained on a particular
occasion). However; we believe that these uncertainties are of
a different (considerably smaller) order of magnitude than the
uncertainties inherent in, for example, the specification of the
utilities. Thus, for the purposes of this study, we assume that
the evaluator's knowledge of the observation is complete and, as

a result, that he can specify the observation in categorical terms.

5.3.2.3 The Utilities

The specification of the utilities involves specifying (at
most) MN-2 parameters XyseeesXyn o where 0 < xl""'xMN-Zs 1
(after the most and least preferred consequences have been identi-
fied; see subsection 5.3.2). If the evaluator's knowledge is
complete, then he is able to specify the values of the relevant
ﬁtilities in a precise, or categorical, manner., On the other hand,

if the evaluator's knowledge is incomplete, he is assumed to express
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his knowledge in an imprecise and/or probabilistic manner. Specifi-
cally, we identify two general classes of measures of knowledge (or |
"knowledge measures"): (1) inequality measures (Class I) and (2) proba-
bility measures (Class IIj. " These classes of measures, together

with specific members of each class, are described below. The
specific measures will be used in Chapters 7 and 8 to illustrate

the formulation of operational evaluation measures in situations

in which the evaluator's knowledge of the utilities is incomplete.

(1) Inequality measures (Class I). Inequality measures, which

bound the values of the utilities, have been described in detail by
Fishburn (1964). In this study we consider only one such measure,
the bounded interval measure, which specifies upper and lower bounds
on the parameters of concern. If, for example, the evaluator's
knowledge consists of a bounded interval measure in the general two-
action, two-state situation, then alg xlg Bl and azf x2§ BZ' where
0<a<B,<1 (1=1,2). In this study the bounds on one parameter
are assumed to be independent of the bounds on the other parameters.
The inequality measures do not include a specificatiocn of the (proba-
bility) distribution of the utilities within these bounds.

(2) Probability measures (Class II). The probability measures

define probability distributions on the relevant utilities, . Such
digtributions can be given different interpretations depending upon
whether one decision maker or a collection of decision makers is

of concern. (a) One decision maker: The evaluator's knowledge of




the decision maker's utilities is incomplete (which may be due either
to a lack of knowledge on the part of the evaluator concerning the
decision maker's utilities even though the latter may be able to
specify his utilities precisely or to a basic lack of knowledge on
the part of the decision maker himself), and the probability measure

describes his state of knowledge. (b) A collection of decision

makers: The evaluator's knowledge may or may not be complete, but
the probability measure describes the distribution of the relevant
utilities over the collection of decision makers.

For the purposes of this study, we consider two subclasses of
this class of measures: (a) non-negative probability measures (Class
I1a) and (b) positive probability measures (Class IIb). The Class
Ila measures are assumed to define an independent, non-negative
(discrete or continuous) probability distribution f(xi) (>0) on each
utility x; (i=1,...,M8=2). The cumulative distribution functions
F(xi) corresponding to these measures are non-decreasing functions.
The Class IIb measures, on the other hand, are assumed to define an
independent, positive (discrete or continuous) probability distri-
bution f(xi) (>0) on each utility X, (i=1,...,MN=-2). The corresponding
cumulative distribution functions F(xi) are non~decreasing functions
if f(xi) is discrete and increasing functions if f(xi) is continuous.l

As examples of these probability measures, we consider two
apecifiﬁ families of distributions, the inequality-uniform measures

and the beta measures. An inequality-uniform measure on the

1Hereafter. wve shall use the terms "increasing" and "strictly in-
creasing," respectively, to describe these properties of functions
(see Chapters 7 and 8).
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utilities defines a uniform probability distribution over the region
defined by the corresponding inequality measure. Thus, when the
evaluator's knowledge in the general two-action, two-state situation
is expressed in terms of the inequality-uniform measure for which

a1< xls Bl and azf xzf B2 fo < ais Bii 1 (i=1,2)], the measure of

concern is f(xl,xz) - fl(xl)fz(xz). where

1/(B;- a) o x,< By,
fifxi) = (5-3)

0 otherwise

(i=1,2).

A beta measure on the utilities defines (independent) beta
distributions on each of the relevant utilities. Thus, whén the
evaluator's knowledge of the utilities in the general two-action,
‘two-state situation consists of a beta measure, the measure of
concern is f(xl,xz) - fl(xl)fz(xz). vhere

a,-1 b,-1

Tlagh by- D= 11, 1)!]xi:!' (1-x,) i

0<x,<1anda,bp>0,

i
fi(xi) = (5-4)
0 otherwise

(i=1,2). Ve shall assume, in general, that the parameters a, and

bi (i=1,...,MN~2) are positive integers, in which case definite
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integrals involving these beta distributions can be expressed in
terms of finite summations (see, for example, Raiffa and Schlaifer,
1961, pp. 216-220), Note that when the parameters a and b are both
equal to one, the beta distribution in (5-4) reduces to the uniform
distribution. That is, B(1l,1) = v(0,1).

Specific members of these classes of measures will be used for
illustrative purposes in Chapters 7 and 8 to provide examples of

utility and expected-utility (evaluation) measures.



CHAPTER SIX. EMPIRICAL EVALUATION MEASURES

Measures of the attributes of concern in empirical evaluation
are described and compared in this chapter, with particulér refereﬁce
to measures of the principal attributes, namely validity and bias
(see Chapter 3). Several basic concepts are considered in Section
6.1, including "scales of goodness," "proper" and improper measures,
equivalent measures, and absolute and relative measures. In Section
6.2, measures of the principal (and several supplementary) attributes
are formulated within the framework for empirical evaluation de-
scribed in Chapter 4. These “distance" measures are the basic
empirical evaluation measures of concern in this study. Other
measures, proposed heretofore, are described and compared with the

relevant distance measures in Section 6.3.

6.1 Some Basic Concepts

6.1.1 Scales of Goodness

Recall, from Chapters 2 and 3, that the processes of identifying
both the purposes for evaluation and the deéirable attributes of proba-
bility forecasts led to the consideration of ''scales of goodness."
Further, recall that these scales remain largely arbitrary in the
case of empirical evaluation, even though the meteorologist is able
to specify at least one point on most (if not all) of the relevant

scales., On the other hand, the decision maker's utilities define
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the appropriate scale of goodness (at least up to a positive linear
transformation) in the case of operhtional evaluation. Since we
are concerned with measures for empirical evaluation in this chapter,
we must recognize that, in the absence of generally acceptable scales
of goodness, the scores assigned by these measures involve a certain
degree of arbitrariness. Specifigally, each measure implicitly
specifies a particular scale of goodness and different measures
necessarily impose different scales, This arbitrariness can only
be eliminated by the generﬁl acceptance, by all meteorologists, of

a universal scale of goodness for each attribute of concérn in
empirical evaluation, an unlikely prospect at this time or in the
immediate future. 1In the absence of such a universal scale, we will
simply consider and compare the scales associated with different

measures.

6.1.2 "Proper" and Improper Measures

The concept of "proper" scoring rules was defined and described
in Chapter 3. This concept relates to the assessment of probabilities
(i.e., to the formulation of probability forecasts), and strictly
proper scoring rules reward the assessor (i.e., the forecaster) in
such a way as. to encourage honesty and discourage hedgiﬁg. Now, in
this chapter we are concerned with the evaluation of probability
forecasts, an apparently separate and distinct process. However, as
Winkler (1969) has indicated, game-~theoretic considerations can arise

if the forecaster becomes aware that he is being rewarded according
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to one function and evaluated with yet another function., This
difficulty can be overcome if the same function, or measure, is used
in both the assessment and evaluation processes. Therefore, in
formulating and comparing evaluation measures in this study, we shall
be particularly concerned with whether or not the measures are
strictly proper, proper, or improper. Specifically, the fact that

a particular scoring rule is improper will be sufficient grounds upon
which to eliminafe this function from further consideration as a

suitable evaluation measure.

6.1.3 Equivalent Measures
In this study two evaluation measures will be said to be equiva-
lent if they are linearly related. That is, the measure §'(r,d) is

equivalent to tlie measure S(r,d) if

S'(}_.‘_,i) - aS(_l‘_.é_) + b,

where a and b are constants,

Winkler and Murphy (1968) and others have shown that a scoring
rule that 1s linearly related to a strictly proper scoring rule is
itself strictly proper. Thuq, an evaluation measure that is equiva-
lent to a strictly proper measure is itself strictly proper.

We shall use the concept of equivalent measures to reduce the
degree of arbitrariness in the measures of concern and to make these

measures more readily comparable, Specifically, we shall, whenever



possible, transform each measure in such a way that its range of
values is the closed unit interval [0;1].‘ Further, we shéll define
the measures in such a way that they possess a positive rather than
a negative orientation. An evaluation measure is said to have a

positive (mnegative) orientation if a larger (smaller) score is better.

6.1.4 Absolute and Relative Measures

As indicated in Chapyer 2, an evaluator is often interested in
the relative as well as the absolute "goodness" of forecasts. For
example, the evaluator may be concerned with the relative validity
of forecasts prepared by two (oxr more) forecasters or with the
validity of a particular meteorologist's forecasts relative to the
validity of forecasts produced by some "standard" forecasting system.
In this regard, evaluators are often concerned with the gkill of
forecasts, where the term "skill" refers to the validity (or some
other attribute) of the forecasts relative to the validity of fore-
casts based upon the relevant climatological probabilities. We
shall adopt the climatological probabilities as the standard of
comparison in this study, and the relative measures considered herein
will, in general, be defined in terms of this standard. We shall
denote a climatological "forecast" by a vector T, where T =
(ﬂl,.-.,ﬂN) (nngo,gﬂnnlgn-l,...,N).

The climatological probabilities considered in the previous

paragraph are the "long~term" relative frequencies of occurrence of

the relevant events or states for a period, in general, prior to



that for which the forecasts of interest have been prepared., When

we consider a collection of forecasts, the sample relative frequencies,
d, represent "estimates" of the climatological probabilities, 7, and
the former can be used in place of the latter as the "climatological"
standard of comparison. As we shall discover in Section 6.2, the
relative frequencies, ii, are used instead of the climatological
probabilities, 7, in the formulation of the basic relative measure

of (primary) validity. For a discussion of the relative merits of
using climatological probabilities and sample relative frequencies

in this context, refer to Murphy (1974).

The relative measures considered in this work will, in general,
be formulated indirectly in terms of absolute measures rather than
directly in temms of the relevant primitive elements (the set of
primitive elements now includes the climatological probabilities).
Further, we shall consider members of two classes of relative mea-
sures: (1) difference measures and (2) ratio measures. As we shall
discover, the former are in general strictly proper while the latter
are in general improper. The relative merits of difference and
ratio skill scores are also discussed by Murphy (1974).

Finally, the relative "goodness" of forecasts is generally of
interest for a collection of forecasts (rather than for an individual
forecast). Thus, the discussion of relative méaautes in this
chapter will relate primarily to collections of forecasts. We can,

of course, formulate relative measures for an individual forecast
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using the climatological probabilities, m. On the other hand, the
sample relative frequencies, i » for an 1nd1§1dua1 forecast or for a
small collection of forecasts will not, in general, represent "good"

estimates of the climatological probabilities, 7.

6.2 Distance Measures

The basic measures of the principal attributes, as well as
measures of several supplemental attributes, are formulated in this
section. These measures are ''distance" measures formulated within
the (geometrical) framework for empirical evaluation described in

Chapter 4.

6.2.1 A Family of Distance Measures

Within the framework for empirical evaluation described in
Chapter 4, a forecast r corresponds to a point in the simplex l?.N
and the relevant observation d corresponds to a vertex of R,  Thus ’
the forecast r is completely valid, in the primary sense, if and
only if the points corresponding to r and d are coincident. Thus,
some function of the (Euclidean) distance A(r,d) (see Chapter 4)
between the points r and d, vhere

N
Mo = [ 3 (- )51V, (6-1)

is a natural measure of the validity of the forecast r. Perhaps

the simplest class of such functions is the class of power functions
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of the form Ak(g,g). where

N
25, = [, e - d ¥/, (6~2)

in which k is a positive number. We shall restrict our attention
to this class of functions in this study. In Appendix A, we show
that the only member of this class of measures which is a strictly

proper scoring rule is the squared distance measure Az(g,g) » Where

co N
ed - @-9E-9' - L0’ (6D

(a prime denotes a column vector). Hereafter, we shall refer to
the measure Az(g,g) as the primitive absolute distance measure.
The range of the measure Az(.!:_,_d_) is the closed interval [0,2] and

Az(g_,g) has a negative orientation (i.e., a smaller score is better).

6.2.2 The Absolute Distance Measure

Since the concept of distance is a fundamental concept in this
work, the primitive distance measure Az(z:_,g) defined in subsection
6.2.1 represents a basic measure of (primary) validity. However,
as indicated in subsection 6.1l.1, we would prefer (for comparative
purposes) to define evaluation measures in such a‘ way that, if
pos_s:l.ble, they possess a unit interval range and a positive orientation.
If we let D(r,d) denote a measure.that is equivelent to the primitive

distance measure Az(_:_:_,g) and that possesses these desirable properties,
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then
D(z,d) = 1 - (1/28%(z,d), (6-4)
or, from (6-3),

D(r,d) = 1 - (1/2)(z - d)(z - d)' (6-5)

The measure D(xr,d) will serve as the basic absolute validity measure

(or, more accurately, as the basic absolute measure of primary

validity) in this work. Hereafter, we shall refer to D(r,d) as

the absolute distance measure. |
When state s, obtains (i.e., when d

3

becomes D 3 (r), where

4= 1 D@D 1n (6-5) °

D@ =1 - (U2 ~d)-4d)" (6-6)
or
¥,
D, (x) = (1/2)Q + 2r,- o215, . (6-7)

Thus, the range of the measure D(x,d) is the closed unit interval
[0,1] and D(x,d) has a positive orientation (i.e., a larger score

is better). Specifically, the measure D(r,d) assumes its maximum
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value of one when the forecast r = (1.e., when the forecast is

I
categorical and correct), while D(x,d) assumes its minimum value of
zero when r = z, (1=1,...,N;i¥j) (i.e., when the forecast is cate-
gorical and incorrect). As indicated in Chapter 3, the former
"event" can occur in only one way, while the latter event can occur
in N-1 ways. | |

. The distance measure n(g,g) in the two-state (N=2) gituation is
depicted in Figure 6-1. The solid (dashed) curve represents Dj(g)

‘when J = 1(2). Note that Dj(g) is a strictly increasing function

of rj (1=1,2).

6.2.3 A Partition of the Distance Measures

In this subsection we describe a partition of the distance
measures considered in subsections 6.2.1 and 6.2.2, We shall formu-
late the partition in terms of the primitive measure Az(s,g).
However, since the measures Az(g,g) and D(x,d) are equivalent, this
partition is a partition of both of these measures. This particular
partition is of interest for two reasons: (1) the elements of the
partition are themselves measures of certain attributes of the fore-
casts; and (2) a relative distance measure (i.e., 8 relative measure
- of primary validity) can be formulated in terms of these elements.
The partition itself and the elements thereof are considered in this
subsection, while the relative distance measure is described in
subsection 6.2.4.

The partitions of concern in this study are partitions of the
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r

Figure 6~1, The absolute distance measure D(r,d) in the two-state
situation. The solid curve denotes Dl(g) and the
dashed curve denotes Dz(g).
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average score for a collection of K forecasts X, and the K relevant

observations d, (k=l,.,.,K), When the measure of concern is the

=
primitive distance measure Az(g,g), the average score is Az(gAg).

where

—_— K .
) = (B E; (- 40 (- 4" (6-8)

The measure Az(gag) is the average squared distance between the

forecasts gk

partitions are also based upon the assumption that the probabilities

and the relevant observations gk (k=l,...,K). These

which constitute the forecasts can assume only a finite set of values,
This assumptiﬁn leads to the identification of T subcollections of
the collection of K (vector) forecasts, each of which corresponds to
a distinct forecast 5} (t=1l,...,T) (see Chapter 3). Murphy (1973b)
has shown thaﬁ a partition of'zikgpg) can be formulated in terms of

theae subcollections and that this partition can be expressed as

follows:
2 oy X = . T e, t =t ., t =t.,
A%(z,d) = (1K), L, -4)d - 4)' + (/K) LK (x'~d)(x"-d)

T (6-9)

- /R LK@E- HE- D).
£1F @

The first term on the right-hand side (RHS) of (6-9) is simply the

average score, according to the measure Az(g,g), if the forecasts,

L, (
the collection of K forecasts, Ei. That is,

k=1,...,K), are replaced by the sample relative frequencies for
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—_ K
2@ = A 4IE -4 (6-10)

This term, the average squared distance between the individual
observations gk (k=1,...,K) and the average observation é, represents
the variance of the observations gk (k=1l,...,K) and, as such, is a

measure of the uncertainty inherent in the N events, or states, on

the K occasions of concern, As this measure of uncertainty
increases (i.e., as the uncertainty itself increases), the average
score ?(‘5_,_4) increases (i.e., becomes poorer).

The second term on tﬁe RHS of (6-9) is a measure of the degree
to which the T distinct forecasts EF differ from the relevant sample
relative frequencies EF (t=1,...,T). As such, this term is 2 measﬁre
of the secondary validity, or, more precisely, of the bias-in-the-
small (or reliability), of the forecasts. As this measure of bias-
in-the-small increases (i.e., as the bias-in-the-small itself in-
creases) the average score‘zi(gdg) increases (i.e., becomes poorer),
This term represents the weighted average of the squared distances
between the T distinct forecasts Ef and the respective sample
relétive frequencies EF (t=1,...,T). We shall denote this term by
225,35, Lee., |

T t

26t dh = am grtet- HE- 5. 6w

~ The measure 62Q5t4it) will serve as the basic (absolute) measure of
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the attribute bias-in-the-small in this work,

The third term on the RHS of (6-9), the weighted average of the
squared distances between the T sample relative frequencieslit and
the overall relative frequency E, is a measure of the degree to
which the sample relative frequencies corresponding to the T distinct
forecasts, EF (t=1,...,T), differ from the sample relative frequencies
for the entire collection of forecasts, E, We shall refer to this
term as a measure of the attribute resolution, although this defi-
nition of the attribute differs from the definition of this attribute
presented in Chapter 3 (see discussion in Section 6.3). As this
measure of resolution increases (i.e., as the resolution itself
increases) the average score Zikgﬁg) decreases (i.e., becomes better).
We shall denote this term by Fca't,g), i.e.,

T
22@.9 = am L@ Ha@- . (6-12)

The measure AZ(EF,E) will serve as the basic (absolute) measure of

the attribute resolution in this work,

Thus, the partition of the average (primitive) distance measure
Zikgmg) yields three terms,yéach of which is a measure of an attribute
of the forecasts (or the observations). Moreover, these measures
are themselves distance measures and, as such, are natural measures

of the respective attributes within the framework for empirical

evaluation described in Chapter 4.
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A sample collection of ten (K=10) forecasts in the three-state
(N=3) situation is presented in Table 6-1, Thé partition of the
primitive distance measure Zi(g_,_g_) for these forecasts is presented
in Table 6-2. The sample relative frequencies for this collection
of forecasts, §_, appearsg under the column headéd “Sample Relative
Frequency" in the row headed "Average." Thus, d = (0.2,0.4,0.4).
Now, the measure of uncertainty ?@,g) in (6-10) can also be

expresgsed as follows:

2*@,0) = du -

(L)

' (6-13)
where u = (1,...,1). Therefore, F@:,_c_l_) for this collection of
forecasts is equal to 0,640, - The values of the bias-in-the-small
méasure, F(Et,it), and the resolution measure, zz_@_t,i), are 0.292
and 0.440, respectively, Thus, from (6~9), ?"(E,g) = 0,640 + 0.292 -
0.440 = 0.492. The partition of F(;,g_) for a subset of this
collection of forecasts, namely the subset consisting of the sub-
collections for which t = 4, 5, 6, and 7, 18 depicted within the
framework of the simplex R® in Figure 6-2. The contributions to

each term in the partition of the measure Az(_:;,g) are indicated in

this figure (for‘ the subcollections of concern).

6.2.4 The Relative Distance Measure
Consider the partition of the primitive distance measure

Az(_g,g_) in (6-9), and recall that the first term on the RHS of (6~9)
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Forecast/
Observation Forecast Observation
Number - d
—k . — Tk
1 (0.1,0.3,0.6) (0,0,1)
2 (0.1,0.7,0.2) (0,1,0)
3 (0.3,0.5,0.2) (0,1,0)
4 (0.5,0.4,0.1) (0,1,0)
5 (0.7,0.3,0.0) (1,0,0)
6 (0.6,0.1,0.3) (0,0,1)
7 (0.5,0.4,0.1) (1,0,0)
8 (0.1,0.8,0.1) (0,1,0)
9 (0.1,0.6,0.3) (0,0,1)
10 (0.1,0.7,0.2) (0,0,1)

Table 6-1. A sample collection of forecasts and the relevant

observations in the three-state situation.



Number

Subcollection of
Rumber Forecast Forecasts

t 5} K"

1 (0.1,0.3,0.6) 1

2 (0.1,0.6,0.3) 1

3 (0.1,0.7,0.2) 2

4 (0.1,0.8,0.1) 1

5 (0.3,0.5,0.2) 1

6 (0.5,0.4,0.1) -2

7 (0.6,0.1,0.3) 1

8 (0.7,0.3,0.0) 1

Total 10

Average

Table 6-2. The partition of the distance measure Az(aﬂi) for the sample collection of forecasts

presented in Table 6-1.

Sample
Relative Subcollection Subcollection
Frequency Bias-in-the~Small Resolution
P fetath fah @D @t 3
(0.0,0.0,1.0) 0.26 0.56
(0.0,0,0,1.0) 0.86 0.56
(0.0,0.5,0.5) 0.28 0.12
(0.0,1.0,0.0) . 0.06 0.56
(0.0,1.0,0.0) 0.38 0.56
(0.5,0.5,0.0) 0.04 0.52
(0.0,0.0,1.0) 0.86 0.56
(2.0,0.0,0.0) -0.18 0.96
| 2,92 4,40
(0.2,0.4,0.4) 0.292 0.440

=0T~



d%d®

(1,0,0)

Figure 6-2,

3 o {0,1,0)

The representation of the terms in the partition of the
measure Az(_g_,g_) within the simplex R® for a subset of
the collection of ten forecasts presented in Table 6-1.
The five (K=5) forecasts in the four subcollections for
ﬁh:l.ch t=4,5, 6, and 7 are depicted (see Table 6-2).
The contributiong to the terms Az(g_:_ d), Az(i.g),
Az(a_:-_t,it), -and Az(it,g) are represented by solid ),
dashed (—— -), dashed-dotted (— « =), and dashed-long-
and-short (—4-—) lines, respectively. The numbers in
parentheses adjacent to certain lines indicate the num-
ber of times that this particular distance occurs for
this subset of forecasts (the absence of a number indi-
cates that this distance occurs only once).
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is the (average) distance measure for the sample relative frequencies,
:L.e;', Az(i.g). S:I.nc_:e the 'aaml':].e relative frequencies, _E!_'_, represent
a suitable standard of comparison (see subsection 6.1.4), we can
formulate a difference distance measure of (primary) validity in
tefms of the elements of this partition. In particular, we can

rewrite (6-9) as follows:

— — T
@9 - @ - K@ - DE - D

(6-14)
T
- ) Ex - et 3D,
or, 1f we let Az(z,s_,_c_l) - :z(i,i) - -L‘.—z(_g_,d .
2. T et = =t =
MErd = AR ERE-DE- D
' (6-15)

T
- ) I,k E- 355 3

Hereafter, we shall refer to the measure -A-f@,_g_,g) as the primitive
relative distance measure.

Since ?@,_r_,_@ = ?@,g_) - Az(_x_:_,g) and F@_,g_) is a constant
(with respect to r), the measure Az@,_z;,g) is a strictly proper
scoring rule. The range of -A—:z d,r,d) is the closed interval
[-2,(N-1)/N] and F@_,_z:_,_c_l) has a positive orientation. If we
let D(d,r,d) denote a relative distance.measure with a unit interval

range and a positive orientation which is equivalent to the measure
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Az(_g'__,_g_.g) » then

T .. ,
Pd,x,d) = [8/(3n-1)1[2 + (I/K)tglkt@t- HE- D'
(6-16)

- WK t§1x=<g. He-H.
The measure D(d,r,d) will serve as the baaic relative validity mea-
sure (or, more accurately, as the basic relative measure of primary
validity) in this work. Hereafter, we shall refer to l-)@,_r.;,g) as
the relative distance measure;

As defined in (6-16) .' the range of the measure D(d,r,d) is the
closed unit interval [0;1] and D(d,r,d) has a positive orientation.
Specifically, the measure D(d,r,d) assumes its maximum value of
one when r- gk for all k (k=l,...,K) (i.e., when the K forecasts
are all categorical anﬁ correct) and g: = (1/N,...,1/N) (i.e., when
the sample relative frequencies are all equal), while §(d,r,d)
agsumes its minimum value of zero when r ke 1 for some n for all
k and El'm- 1 for some m (m,n=1,,..,N;m¢¥n;k=1,...,K) (i.e., when the
K forecasts are all categorical and incorrect and the same event,
or state, obtains on all K occasions). Note that the measure
D(d,zr,d) will geldom attain its maximum and minimum values. In

this regard, the value of 5(3_,_1;_,_:1) for the collection of forecasts

presented in Table 6~1 is 0.8055.
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6.3 'Diafaﬁce Measures and Other Measures: Some Comparisoﬁs

In this gection we consider empirical evaluation measures pro-
posed heretofore and compare these measures with the distance measures
described in Section 6.2. We shall be primarily concerned with
measures of the principal attributes, namely (primary) validity and
bias (in-the~small),

6.3.1 Measures of Validity

In this subsection we examine several measures of validity and
compare these measures with the relevant distance measures, Absolute
measures are considered in paragraph 6.3.1.1, while relgtive measures

are considered in paragraph 6.3.1.2.

6.3.,1.1 Absolute Measures

fhe following absolute measures of primary validity are described
in this paragraph: (1) the linear score; (2) the quadratic, or proba-
bility, score; (3) the logarithmic score; (4) the spherical score;
and (5) the ranked probability score. First we examine each measure
separately and then we compare these measures with the absolute

distance measure D(r,d).

(1) The linear score. The linear, or absclute, score A(zr,d),

proposed by Woodall (1967), is defined as follows:

.. N

o d - (6-17)
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When state s, obtains (i.e., when.d

h| = 1), A(x,d) becomes AJ(.E) ,» where

3

A@ =20 - 5. (6~18)

3
The range of A(_g;,_c_i_) is the closed unit interval [0,1] and A(r,d
has a negativg orientation.

The measure A(;.g) is an improper scoring rule (e.g., Murphy
and Epstein, 1967b). Specifically, if we let p = (pl,.. ..pﬁ) denote
the forecaster's judgment and let p { denote the largest of the P
then the forecaster will minimize his (subjective) expected score
A(x,p), where

N
A(x,p) = j.z.:]_ijj (),

or
N
A(.r.lﬂ) - 2(1 = jElpjrj)’
by setting 1::L equal to one and by setting r equal to zero for all

n¢i (n=1,...,N). Thé l:l.néar measure A(r,d), then, encourages a
considerable amount of hedging, since the forecast.er will minimize

his (expected) score by making a categorical forecast on each occasion.
As a result, this measure will be of no further concern in this study.

(2) The quadratic score. The quadratic, or probebility, score
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Q(x,d), originally formulated by Brier (1950) (see also.de Finetti,

1962), is defined as follows:

N

. : 2
Ur,d) = ¢ ~DE~D'™ L(xr-d)". (6-19)
When d;]- 1, Q(z,d) becomes Qj (x), where
Y 2
Qj(_g) =1 - 2rj+ nE1%n* (6-20)

As defined in (6-19), the range of Q(g_,il_) is the closed interval [0,2]
and Q(x,d) has a negative orientation.

A comparison of (6-3) and (6-19) reveals that the quadratic
measure Q(r,d) is identical to the primitive distance measure Az(_l_:'_,g) .
Thus, the measure Q(r,d) is (1) equal to the square of the distance
between the forecast r and the relevant observation d (cf. Epstein
and Murphy, 1965); (2) equivalent to the absolute d:l.staﬁce measure

D(x,d); and (3) a strictly proper scoring rule (cf. Murphy and
Epstein, 1967b; Winkler and Murphy, 1968).

1f, for comparative purposes, we define a measure Q'(x,d) to be
equivalent to the measure Q(x,d) and to possess a unit interval range

and a positive orientation, then

N
| 2
Q' (z,d) = 1~ (1/2).Z,(r - d)". (6-21)
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The measure Q'(x,d) is, of course, identical to the absolute distance
measure D(r,d) [see (6-5)].

(3) The logarithmic s¢ore. The logarithmic score L(xr,d), pro-

posed by Good (1952) (see also van Naerssen, 1962; Winkler and Murphy,
1968), is defined as follows:

. "N
L(z,d) = In(zd") = In( E,r d) (6-22)

(In = natural logarithm). When d " 1, L(z,d) becomes L.'l (x), where

I‘j (x) = ln(rj) . (6-23)

As defined in (6-22), the range of L(x,d) is the half-open interval
(—,0] and L(x,d) has a positive orientation.
The measure L(xr,d) possesses several :l.nteresting‘ properties,

First, this measure is a strictly proper scoring rule (cf. Winkler

and Murphy, 1968). Second Lj(y = 0 when rj- 0. From the point
of view of probability assessment, this particular property of the
logarithmic score can be considered to be a desirable property, since
such a measure would encourage forecasters to be very careful in
assigning a probﬁbility of zero to any event or state. On the
other hand, from the point of view of evaluation, this property

presents certain obvious practical problems. In this regard,

Shuford, Albert, and Massengill (1966) have suggested that a truncated
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version of the logarithmic score, L*(r,d), be used in place of the
original score, where

3

1n(r§) when r < %,
b -

In(rj) otherwise.

The probability rg can be taken to be some suitably m11 value,
e.g., 0.01 or 0.001. Note that L?(Z) is not a strictly proper scoring
rule. Other properties of the measure L(r,d) will be discussed
vhen the measures of absolute validity are compared.
For comparative purposes, we shall define a measure L'(x,d
which is equivalent to L(Esi)- where

‘ N
L'(z,d) = 1+ In( Er ). (6-24)

The range of L'(r,d) is the half-open interval (-~,1] and L'(z,d
has a positive orientation.

(4) The spherical score. The spherical score S(r,d), described
by Roby (1965) (see also Winkler and Murphy, 1968), is defined as

follows:

N
5 e2)1/2, (6-25)

1 nn"’ ‘n=1"n

. 1/2 N
SEd) = @/ (Zr a )/

’

When dj' 1, s(x,d) becomes Sj (x), where
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2,1/2 .
S, (_) rj/(n-ln . (6-26)
The range of 5(r,d) is the closed unit interval [0,1] and S(x,d)

has a positive orientation.

The measure S(r,d) is also a strictly proper scoring rule (cf.

Winkler and Murphy, 1968).
(5) The ranked probability score. The ranked probability score

RPS(r,d), formulated by Epstein (1969), can be expressed as follows:

N n
RPS(z,d) = 1 - [1/(N-1)) tlgl(m}:l o 219 )2. (6~27)

(see Murphy, 1971). When dj- 1, RPS(x,d) becomes RPSj (x), where

-1 n 2 N 2
RS () = 1 - [V/O-DIE GEr)™ () GE STL

or

N n
RPS (_) -] - [1/(N-1)][(N -3+ 1) -2 EJ mglrm
(6~28)
N

n-lcmglr ) 1.

As defined in (6-27), the range of RPS(r,d) is the closed unit interval

(0,1] and RPS(xr,d) has a positive orientation.
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The measure RPS(r,d) is a strictiz proper scoring rule (Murphy,
1969b). This measure is also “"sensitive to distan#e" (Stael von
Holstein, 1970b; see also Murphy, 1970). ‘In order to illustrate this
concept, consider the forecasts Eé and é? prepared by forecasters
A and B, respectively, where Efi (0.6,0.3,0.1) and EP' (0.6;0.1,0.3).
We shall assume that d = (1,0,0). The validity.measures considered
heretofore would assign A's and B's forecasts the same score. For
example, the quadratic score for these forecasts would be Q(x,d),
where Q(r,d) = QA(_z'_.g) - QB(_:'_,Q) = 0,26. Specifically, the scores
obtains (d,=1) are invariant

h| ]
with respect to changes in the indices associated with the other N-1

assigned by these measures when state s

states By (i=1,...,N;i¥j). The ranked probability score, on the
other hand, is "sensitive" to such changes and assigns higher (i.e.,
"better'") scores to those forecasts for which the weighted sums of
the probabilities (pi;iﬁj) is smaller, where the weights are a
function of the differences in indices (see below). In particular,
the ranked probability score RPS(x,d) would assign forecaster A a
score of 0.915 and forecaster B a score of 0,875. Murphy (1970) has
‘shown that the ranked probability score assigns weights to the proba-
bilities pi'(iij) which increase linearly as the difference in indices
increases, while the.quadratic score aasigns equal weights to all
such probabilities. Since the basic distance méaaure formulated in
Section 6.2 is equivalent to the quadratic score, the'framgﬁotk for
empirical évaluation which we have adopted implicitly assumes that

such weights are equal. By analogy, the ranked probability score
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would appear to correspond to a weighted distance measure and, as
such, to a different framework for empirical evaluation. We
briefly examine this framework in Chapter 9.

In the two-state (N=2) situation RPS(g,g) in (6-27) can be

expressed as follows:
RPS(z,d) = 1 - (r - dl)z.
Thus, from.(6-21),
RPS(x,d) = Q'(x,d). (6-29)

That 1s, the ranked probability score and the quddratic, oxr pfoba—
bility, score are identical in the two-state situation.

(6) Comparison of absolute validity measures. " As indicated
in (2) above, the quadratic score Q'(x,d) is identical to the
distance measure D{(r,d). Thus, we are concerned with the relative
merite of the (absolute) distance, logarithmic, spherical, and
ranked probability mweasures. Unfortunately, very few definitive
criteria exist upon which to base the choice of a particular measure
in this situation. All of these measures are strictly proper
scoring rules. With regard to their suitability as measures of
the attribute validity, only the logarithmic score L'(é;g) appears

to possess any possible deficiency. This measure depends only
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upon the probability assigned to the event that obtains (r,) and, as

J
such, could be considered to represent a partial rather than a
complete measure of validity [see (3-7)]. However, this property
of the logarithmic score has been considered to be desirable by
other investigators (e.g., Raiffa, 1969; see also Winkler, 1969).

In any case, each of the other three measures depends upon all of
the N probabilities L (n=1l,...,N). For the purposes of this study,
we shall adopt the distance measure D(ﬁ,g) as the "standard" measure
of validity, since this measure has a natural interpretation within
the context of the framework for empirical evaluation; As we shall
discover, the relationships between empirical and operational evalu~-
ation measures to be described in Chapter 8 do not depend upon the
choice of a particular measure of validity (as long as this measure
is a strictly proper scoring rule).

For comparative purposes, we depict the measures D(r,d) [=Q'(x,d)=
RPS(x,d)]1, L'(x,d), and S(xr,d) in Figure 6-3 for the two-state (ﬁ-2)
situation. Note that D (r), L' (r), and S (r) are all strictly
increasing functions of r, (n=1,2). That is, these scores increase
as r_ increases. In N-state (N>2) situationms, ali of these measures
[including RPSn(E)] are strictly increasing functions of T along
directed line segments through the vertgx gn (n=1l,...,N). A directed
line segment is defined by the existence of a particular relationship
among the ratios of the componenﬁs of two (or more) forecasts‘g.and

r* (say). In a three-state situation in which dj- 1, this relation-

ship can be expressed as follows: tilri - rklrt = (lirj)/(l—rg)
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-1.2

-1.4}

1 |

The absolute validity measures D(r,d) [=Q'(r,d)=
RPS(x,d)], L'(2,d), and S(x,d) in the two~state situa-
tion. The solid curves denote D (r), L!(r), and S, (r)
and the dashed curves denote DZ(E}, Li(r » and 82'(3:_3‘.



~124~-

(1,),k=1,2,3;1¢k;1,kéj). All line segments are directed line
segments in the two-state s:ltuat:l.on; since ri/rfi = (1-r j)l(l-rg) =

r 1”1 (1,j=1,2;i¥3). 1In Figure 6-4, we depict the distance measure
D(x,d) whend,= 1, 1i.e., Dl(_). As indicated above, Dl(g) increases

h

as r, increases along any directed line segment through dl. The

1
other measures would be represented by lines [Li@] or by ‘curves
with different shapes [R.Psl(g_) and Sl(g_)j in such a figure, but they
would all possess this property. The measure D(_i_:_,g) is, of course,
also a strictly decreasing function of the distance An(g) [see (6-1)],

but this property is not shared by the other measures.

6.3.1.2 Relative Measures

The following relative measures of primary validity are con-
sidered in this paragraph: (1) the ratio skill score; (2) the infor-
mation ratio; and (3) the matrix skill score. These weagsures are
first descr:lbe.d. and then compared with the (basic) relative distance
measure D(d,zr,d).

(1) The ratio skill score. The ratio skill score RSS(W,r,d)

(Sanders, 1958; Glahn and Jorgenson, 1970) is defined as follows:
RSs(m,x,d) = [Q(m,d) -~ Q(z,d]1/Q(m,d),

or

RSS (E-E,,.sl_) =1-[q (E,:Q /Q (E_sé) I, (6~30)
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Figure 6-4. The validity measure D(r,d) in the three-state
situation when state 8; obtains (i{.e., when d 1- 1).
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vwhere Q(_,_) is the quadratic score for the climatological forecast
. The range of possible values of the measure RSS(m,r,d) is the
half-open interval (-=,1]. However, unless 'n = 1 for some n and
d = 1 (o~1,...,N), the actual range of RSS(E,r,_d_) will be a closed
interval determined by the climatological forecast X and the
observation d. As defined in (6-30), the measure RSS(Tm,rx,d)
represents the fractional amount by which the quadratic score for
the forecast r improves upon the quadratic score for the clima-
tological forecast ®. Thus, this measure has a positive orien-
tation.

Murphy (1973a) has shown that the measure RSS(m,r,d) is an
improper scoring rule. Specifically, the "optimal" forecast is

Thm (ri, ves ,rﬁ) » where
N
I‘; - [meQm(lT) ] In_‘-v'-l[pnlqn@ 1, (m=1,...,N) (6-31)

in which p = (pl.....pN) 1s the forecaster's judgment and Qn(lr) is
the quadratic score for the climatological forecast T when state 5,
obtains (n=1l,...,N). Note that r; ¥ Py unless L 1/N for all n
(n=1,...,N) or unless P- 0 or 1,

For a collection of K forecasts r, (k=1,...,K), the average

-1
ratio skill score RSS(m,r,d) is defined as follows:

ES_E(E,L,d -1 - IEQIQ /6(1.2)]. (6-32)
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where Q(r,d) is the average quadratic.score for the forecasts I,
(k=1,...,K) and 6(1.2) is the average quadratic score for the clima-
tological probabilities m. The (actual) range of the measure
RSS(7,r,d) will be determined by the climatological probabilities T
and the sample relative frequencies‘i. In order to determine
whether the measure RSS (1!_;.1_:_ ,d) is a "proper" or an improper scoring
rule, we shall assume that the forecaster of concern has already made
K forecasts L (k=1,...,K), that he wants to maximize his (average)
expected score after the (K+l)st forecast -EK-!-l."and that the (K+l)st
forecast is independent of the previous K forecasts. Then, the
"optimal" forecast is 5!%+1- (rf’m_l,.l..,rﬁ’m.l), where

T k™ (P e/ (KQTLD) + Q (1) 1}/

(m=1,...,N) (6-33)
N
ngl{pn,l(+1/ (KQ(m,d) + Q (m,,)1},

- L
in which Pye1 (pl JKHL?° "pN,K-l-l) is the meteorologist's judgment
on the (K+l)st occasion and Qn(lr_K_'_l) is the quadratic score for a

climatological forecast on the (K+l)st occasion if state 8 obtains

(n=1,...,N) (Murphy, 1973a). Note that r;'K+11‘ pm,K+1 in (6~-33)

unless “n,l(+1- 1/N for all n (o=1,...,N) or gnlesa pm.K-i-l- 0 or l.
Thus, the average ratio skill.score RSS(m,r,d) is also an improper
scoring rule., On the other hand, as the sample size K increases,
the term KH(E,Q) in (6-33) increases and, for K large (e.g., K>100),

Kﬁ(g,g) > > Qn(EK-PI) for all n (n=1,...,N), Then, (6-33) becomes
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_ N -
g™ o /FRED I/ Loy gy MATD],

N
or, since n-lpn,K-l-l- 1,

Tm,E+1" P K+1°

Thus, the measure RSS(m,r,d) is approximately strictly proper for
large collections of forecasts.
(2) The information ratio. The information ratio IR(m,r,d)

(Holloway and Woodbury, 1955) can be defined as follows:
IR(m,r,d) = 1n[(xd')/(nd')]/In(1/md"),
or
IR(T,r,d) = 1 - [1n(xd')/ln(md")]. (6-34)

1f dj- 1, the measure IR@,_;_;Q in (6-34) becomes IRj (m,r), where

IR, (W,r) = 1 - (In rjlln ).

] ]

The range of possible values of the measure IR(7,r,d) is the open
interval (~=,»), However, as in the case of the ratio skill score

RSS(m,r,d), the actual range of IR(T,r,d) is a closed interval with
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a maximum value of pne unless. rj- 0 or ﬂj- 1, The measure IR(m,r,d)
has a positive orientation.

The measure IR(W,r,d) is an improper scoring rule. We prove
this statement in Appendix B. Specifically, the opfimal forecast
ig rhm (r{,....rﬁ); where

. N :
rh = (pmlln n) Ingl(pnlln 1rn) . (m=l,...,N) (6-35)

Note that r; # P, in (6-35) unless L 1/N for all n (n=1,,.,,N) or
unless P 0 or 1. In Appendix B we also show that, under the same
assumptions as fhose invoked for the ratio skill score, the average
information ratio ﬁ(_‘r_r_,g_,g_) is approximately strictly proper for large
collections of forecasts.

(3) The matrix skill score. The matrix skill score MSS(m,r,d)

(Gringorten, 1965) can be defined as follows:

N
MSS(m,z,d) = ngldndb(rn,'rrn) /m)

N
+ ngl(l = dn)¢(‘"ﬂ.’rn) [1/(1 - "n)]’

(6-36)

where

1if x>y,

$(x,y) =
¢ 1f x <'y.

The range of possible values of MSS(7,r,d) is the half-open interval
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[0,2). However, unless L 0 and rn> T for some n or unless - 1
and rn< m for some n (n=l,...,N), .the actual range of MSS(7W,r,d
will be a closed interval determined by the climatological probabili-
ties T = (“1""’“ﬁ)' This measure has a positive orientatiomn.

The measure MSS(m,r,d) is a proper, but not a strictly proper,
scoring rule. We prove this statement in Appendix C.

(4) Comparison of relative val:l.ditx measures. We are concerned
with the relative merits of the distance measure ﬁ@_,g_,i), the ratio
skill score RSS(m,r,d), the information ratio IR(j_._r_,d » and the ma-
trix gkill score HSS(_T[,_:_::,Q. For individual fdrecasts, we have
shown that the measures RSS(E,_E,Q) and IR(7,r,d) are improper scoring
rules, while the measure MSS(n,r,d) is only a proper scoring rule.

As defined, the distance measure 5@_‘_ »I,d) 1s not an appropriate mea-
sure for individual forecasts or for very small collections of fore-;
casts, since _3_ would not be a "good" estimate of T in such cases (see
subsection 6.1.4). In these situations we shall replace d with T
in (6-16), and we shall denote the basic relative distance measure
by DQT_,:E_.Q). The measure D(m,r,d) is, of course, a strictly proper
scoring rule (see Murphy,' 1973a). As the only scoring rule in this
set of four measures which possesses this property, the distance
measure D(m,r,d) appears to be more appropriate than these other
relative validity measures. Moreover, the measures IR(m,r,d) and
MSS(7,r,d) both suffer from other possible deficiencies. The former
depends only upon the forecast and climatological probabilities

associated with the state that obtains, and thus represents only a



-131-

partial measure of relative validity. . The latter, as a proper and
thus discrete scoring rule, assigns only a relatively small number

of d:l.sfinct scores to individual forecasts (e.g., only three different
scores can be assigned to a forecast in the two-state situation).
Thus, the matrix skill score is often unable to distinguish bétween
quite different forecasts.

For comparative purposes, we depict the measures D(7,r,d),
Rss(w,x,d), IR(®,xr,d), and MSS(m,x,d) in Figure 6~5 for an individual
forecast in the two-state situation when (a) 171- 0.2 and (b) 11'1- 0.5.
Since these measures are all symmetric in é_, the curves and lines
corresponding to the situation in which . 0.8 are mirror images of
the curves and lines in Figure 6-5a. Note that the measures RSS (T,
r,d) and IR(T,r,d) can both assume very large negative values (in
the case of the latter measure these vaiues can actually be infinite)
for some values of Ty» while the measure MSS(n,r,d), as previously
indicated, assumes (at most) three different values in this situation,

With regard to collections of forecasts, the distance measure
T)'@_,_r_,g_) is strictly proper, while the matrix skill score MS_S(.E,;,Q)
is proper and the ratio skill score RSS(m,r,d) and the information
ratioc IR nw,x,d) are only approximately strictly proper for large
collections of forecasts (KilOO). As a result, and in view of the
comments with respect to deficiencies in thege measures in the previous

paragraphs, we believe that the distance measure D(d,r,d) is the most

appropriate relative measure of (primary) validity.
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Figure 6-5(a). The relative validity measures D(m,r,d), RSS(m,r.d),
iIrR(m,r,d), and MSS(r,r,d) in the two-state situation
when 7,= 0,2, The solid curves and lines denote _
D'(_1_r_,-1:_}, RSS, (m,x), (m;x), and MSS, (7,r) and.the
d%a‘ned curve% and lines denote Dz‘(g,!}, RSSz(_'l_r_,_a_:_),
IR,(T,x), and MSS,(T,x).
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Figure 6-5(b). The relative validity measures D(m,r,d), RSS(7m,r,d),
IR(rm,xr,d), and MSS(ﬂ.r d) in the two-state situation
when T.=:0.5. The solid .curves and lines denote
D, (n,r}; BSS, (m,x), IR (1,r), and MSS (m,r) and the

%ahed curves ‘and lines a'enote D (11',!.' " RSS (1r,r).
IR ('n r), and MSS, (1T r)
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6.3.2 Measures. of Blas
In this subsection .we examine and compare tu;o measures of the
attribute bias (in-the-small) or reliability. The (basic) distance

measure of bias, AZ(E_t,gt) [see (6-11)1; is based upon a partition
of the primitive distance measure 'F(E. »d) in which Qach forecast

in the collection of K "forecasts' is considered to be a vector
consisting of N probabilities (see' Seci::lon 6.2). This measure
represents the square of the weighted distance between these vectors
(Et) and the corresponding relative frequency vectors (it). We
shall refer to this measure as the vector measure of bias.

A scalar measure of bias can be defined in an analogous manner
if the collection of K (vector) forecasts is considered to consist
of NK scalar forecasts (each probability is considered to be a dis-
tinct forecast; see Chapter 3). This measure of biaé represents
the square of the weighted distance between these scalar forecasts
(r®) and the corresponding scalar relative frequencies (38). We
shall denote this measure by E'M:_B-(l:'s ,Es) , Where

. |
WEG:®,3%) - (/M) g, ) (B 352, (6-37)

Murphy (1972b) has investigated the relationships between these
scalar and vector measures of bias in N-state (N>2) situations and

has shown that
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22t3h > TE6E,E, (6-38)

with equality holding in (6~38) only i1f the observed relative fre-
qnencies.'éf and EB, satisfy certain very restrictive conditions
(Murphy, op. cit., p. 1186). Thus, in general, the bias of a collec-
tion of "forecasts'" will be greater (i.e., poorer) when the collection
is considered to consist of K vector forecasts than when the collec-
tion is considered to consiat of NK scalar forecasts.

Murphy (op. cit., pp. 1188-1190) has discussed the relative
merits of scalar and vector partitions and concludes that the latter
appears to be more appropriate than the former from both scientific
and economic points of view, With regard to scientific consider-
ations, evaluators are, or should be, primarily concerned with the
bias of forecasts rather than the bias of probabilities. 1In ad-
dition, the vector partition is, and the scalar partition is not,
formulated in such a way that a one~to-one correspondence exists
between the probabilities and the states for each subcollection of
forecasts. With regard to economic conasiderations, the framework °
for operational evaluation (see Chapter 4) is such that forecasts,
in order to be meaningful, must be represented as vectors rather
than as scalars. The only apparent problem with the vector approach
is that the size of the babic‘cdllection of forecasts and the rele-

vant subcollections is reduced when the forecasts are considered to
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be vectors rather than scalars (i.e., the collection consists of NK
forecasts in the case of .scalar forecasts and only K forecasts in

the case of vector forecasts). However, this problem can be "solved"
by combining subcollections of adjacent forecasts (within the vector
framework) . , In view of the fact that vector forecasts axre obviously
more appropriate than scalar forecasts in a meteorological context,
we believe that the appropriate measure of bias or reliability is

the distance measure Iz-(gt,it) (or possibly a suitable linear trans-

formation thereof).

6.3.3 Measures of Resolution

In this section we briefly examine and compare three measures
of the attribute resolution. The (basic) distance measure of
resolution, A_2(§_ .g'_t) [eee (6-12)], is based upon a new vector parti-
tion of the primitive distance measure F(Evi) (see Murphy, 1973b).
This measure represents the square of the weighted distance between
the relative frequency vector for the entire collection of forecasts,
:d_'_, and the relative frequency vectors corresponding to the T subcol-
lections of forecasts, g_t. We shall refer to this measure as the
new vector measure of resolution,

The original scalar and vector partitions of the primitive
distance measure F(_g_ »d) [or, equivalently, of the quadratic or
probability score a(x_:_,gl)].'.ft:rmnted by Murphy (1972a,b); provide

scalar and vector measures of resolution. If we denote these mea-

gures by SMR(3®) and -V}_i'ﬁ(_a_t), then
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g
SREA") = (1/M) 2, (0)°T°Q - 3, (6-39)
and
w— et I t =t
WRE") = (1/K) 23" - 34D, (6-40)

respectively, The vector u is the unity vector, i.e., u = (1,...,1).

Murphy (op. cit.) has shown that
e =t. _ == 38 '
VMR(d") < SMR(d), (6-41)

with equality holding in (6-41), as in the case of the scalar and
vector measures of bias, only under very restrictive conditions on
the relative frequencies EF and as, Thus, in general, the reso=-
lution of a collection of "forecasts" will be smaller (i.e., better)
when the collection is considered to consist of K vector forecasts
than when the collection is considered to consist of NK scalar fore-
casts, The arguments in favor of the vector partition (vis-a-vis
the scalar partition) presented in aubéec:ion 6.3.2 are equally
applicable in this situation. Thus, the (original) vector measure
of resolution appears to be more appropriate than the scalar measure
of resolution.

With regard to the relationship between the two vector measures
of resolution, Murphy (1973b) has .shown that the measure of uncer-

tainty Az(é,g) [see (6-10)] is the sum of these two measures. That
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is,
22@3,a) = WRG@E") + 42(@,35. (6-42)

Thus, these resolution measures are simply two components of the
basic uncertainty of the relevant observations. With.regard to the
relative merits of these two measures, no definitive criteria exist
upon which to base the choice of a particular measure. We prefer
the new vector measure of reeolution,‘ziﬁiéit),.because (1) this mea-
sure arises as a result of a particularly useful partition of the
basic distance measure Zikg,g) and (2) this measure can be inter~
preted directly in terms of a weighted distance [the original measure

of resclution can only be interpreted as a distance measure indirectly

via (6-42)].

6.3.4 Measures of Sharpness

A measure of the attribute sharpness was not defined in Section
6.2, in which the basic distance measures of the other attributes
were described. However, a.measure of sharpness can be readily
formulated within the framework of concern in this study if we
consider the reference points on the scale of sharpness (see Chapter
3). In this regard, if we let D(r,e) denote the basic measure of
sharpness, then

N
D(r,e) = (£- & - &' I -e), (6-43)
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where ¢ = (el,...,eN) = (1/N,...,1/N). This measure represents
the square of the distance between the meteorologist's forecast

r and the "uniform forecast" e (the latter is completely lacking in
sharpness). The choice of a measure involving the square of the
distance is, of course, largely an arbitrary decision in this situ-
ation (the concept of "proper" scoring rules is not applicable to
measures of sharpness). We have chosen this particular measure
because the basic measures of the other attributes are all squared
distance measures, The range of the measure D(r,e) is the closed
interval [0, (N-1)/N] and D(E,g) has a positive orientation. If we
let D'(z,e) denote a measure that is linearly related to D(r,e) and

that has a unit interval range, then
D'(z,e) = [N/ (N-DI(z - &)z - ©"'. (6-44)

Another possible measure of sharpness is the information mea-
sure IM(x) (see Murphy and Epstein, 1967a), where

N .
M(x) = -nglrnln T (6-45)

The range of the measure IM(x) is the closed intervael [0,1n N] and
IM(r) has a negative orientation, If we let IM'(r) denote a measure
that is linearly related to IM(x) and that has a unit interval range

and a positive orientation, then
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. N
M'() =1+ (/la K Lrinc. (6-46)

We depict the measures D'(Emé) and IM'(x) in Figure 6-6 for
the two-state situation. The scores assigned by these two mea-
gsures are obviously quite similar. Thus, while the distance measure
D'(x,e) is a "natural” measure of sharpness within the framework
adopted in this study, no definitive criteria exist upon which to

base the choice of a particular one of these measures.

6.4 Empirical Evaluation Measures: A Brief Summary

The basic distance measures of the principal attributes, (pri-
mary) validity and bias (in~the-small), and several secondary attri-
butes were defined in Sections 6.2 and 6.3. These ﬁeasurea can be
considered to be "natural" measures of the attributes within the
framework for empirical evaluation described in Chapter 4. These
distance measures were then compared with the measures of these
attributes proposed heretofore by other investigators. Unfortunate-
ly, few definitive criteria exist in most cases upon which to base
the choice of a particular measure., However, one important eri- -
terion is whether or not the measure is strictly proper; but this
criterion only applies to measures of those attributes whigh are
defined for individual forecasts and which depend upon the state
that obtains. In this regard, the relevant distance measures are

all strictly proper scoring rules.
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SHARPNESS MEASURES -SCORES

Figure 6-6. The sharpness measures D'(xr,e) and IM'(x) in the two-
state situation. The solid curve denotes D'(r,e) and
the dashed curve denotes IM'(xr).
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With regard to absolute measures of validity, several strictly
" proper scoring fules have been proposed (see paragraph 6.3.1.1), and
each measure seems to pﬁsaeas ce?tain desirable properties (and to
have its proponents). For the purposes of this study, in which we
are concerned with the relationships between measures of validity
and measures of utility and expected utility (see Chapter 8), any
of these strictly proper measures can be used as the "standard"
measure of validity. With regard to relative measures of validity,
only the distance measure is atrictly proper, although two other
measures are approximately strictly proper for large collections

of forecasts (K>100). For summary purposes, we describe the form
and properties of the absolute and relative measures of (primary)
validity considered in this study in Table 6-3a.

Scalar and vector measures of the principal attribute bias (in-
the-~small) and the supplemental attribute resolution were described.
fhe vector measures of both of these attributes are preferred,
because we believe that forecasts should be considered to be vectors
rather than scalars (see subaectioa 6.3.2), With regard to the
resolution measures, we prefer the measure of this attribute which
is obtained from the new vector partition of the basic distance
measure of validity (see subsection 6.3.3). Finally, two measures
6f gharpness were briefly described and compared (see subsection
6.3.4), although this attribute does not appear to be particularly

appropriate for empirical evaluation (see Chapter.3). To complete
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‘Key to Table 6-3(a)

1P = Pogsitive, N = Negative

23P = Strictly Proper, P = Proper, I = Improper

3The absolute measures are presented in their original form,

4'I'he relative measures are defined for individual forecasts. See
subsection 6.3.1.2 for definitions of these measures for collections

of forecasts.

5These measures are approximately strictly proper for large col-
lections of forecasts (K>100).

6¢(x.y) =1 1f x > y and ¢(x,y) =0 if x < y.

Table 6-3(a). The name, form, and properties of the absolute and
relative measures of (primary) validity considered
in this study (see subsection 6.3.1).



Name
(1) Absolute Measures

Distance
Measure

Linear
Measure

Quadratic
Measure

Logarithmic
Measure

Spherical
Measure

. Ranked
Probability
Score

(2) Relative Heasures&

Distance
Measure

Ratio

3

Table 6-3(a)

Form

D(r,d) = 1 - (1/2)(z-d) (zd)'

N
APS(z,d) = I |r —d |

Qz.d) = (z-d) (z=d)"

L(x,d) = 1n(xd')

S(£,9 = _ﬂ'/(r_t‘_')llz

n

K n 2
RPS(E,d) = Iy GE1 T ndr 4w

D(x,r,d) = (1/2)+(1/2)[D(z,d)-D(m,d)]

Score

Information
Ratio

Matrix

IR(E:E_:_d_) - 1-[111(_1_-‘5}_' ) /ln(:"_d.' ]

N

Skill . wss@rd) - oZyd dCe LT ) (1T +

Score

N

2, (-4 )6 (m,z Y1/ (1 )1°

;

0,11
[0,1]
[0,2]
(~=,0]

[0,11]

[O,N-].]

[0,1]
(~=,1]

(—==,%)

[0,®)

Orientation’ SPIPII2
P SsP
N 1
N SP
P SP
P SpP
N SP
P Sp
P 15
P 15
P P

-79T~
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this brief summary of empirical evaluation measures, we describe the
form and properties of the measures of bias (or reliability), reso-

lution, and sharpness considered in this study in Table 6-3b.



=146~

Key to Table 6-3(b)

lP = Positive, N = Negative

The vector U is the unity.vector, i.e., u = (1,...,1).

3The vector e is the "uniform" vector, i.e., € = '(llN,...,IIN).

Table 6-3(b). The name, form, and properties of the measures

of bias, resolution, and sharpness considered in

this study (see subsections 6.3.2, 6.3.3, and 6.3.4,
respectively).



Table 6-3(b)

" Name A Form

(1) Bias Measures

-2 T
Vector 2, t =t _ €, ¢ =t , t =t.,
Measure A" ,d) = (/R LK (x4 -d)
- 8

Measure WE(*,3%) = (/) I 0R)°(°3%)

2

(2) Resolution Measures

— ‘ T '
New Vector a2 @_tai) - (IIK):E]_K': (it D (.‘it 3"

Measure
Vector VMR(d ") = ‘(IIK)tEIK d (ud)’
Measure
S
Scalar — 8=8,, =8
Measure SMR(d™) = (V/NK)_Z, (KR) d"(1-d")
(3) Sharpness Measures
Distance - 3
Messure D(zx,e (z~e) (x-e)
N
Information
Measure IH(E) = -nzlrnln rn

Properties
Range ' Orientationl
[0 ] 2]_ N
[0,1) N
[0, (F-1) /N] P
[0, (R-1)/N] N
[0 » 1/4] N
{0, (N-1) /K] P
[0,1n N] p

-L9T~



CHAPTER SEVEN., OPERATIONAL EVALUATION MEASURES

In this chapter general measures of the attribute utility are
defined for situations in which the evaluator's knowledge is complete
(Section 7.1) and incomplete (Section 7.2). Specific measures
corresponding to certain special situations are considered as examples.
In formulating the specific measures described in Section 7.2, the
evaluator's knowledge is assumed to be expressed in terms of the
inequality and/or probability measures considered in Chapter 5.

Several important properties of operational evaluation measures are

discussed in Section 7.3.

7.1 FKnowledge of Utilities Complete

In this section we assume that the evaluator's knowledge of the
decision maker's utilities is complete, That is, the evaluator is
assumed to be able to specify the decision maker's utilities in a
precise, or categorical, manner (see Chapter 5).  First we define
the basic utility measure, and then‘we describe the utility measures

associated with two specific decision situations.

7.1.1 The Utility Measure: Definition
Within the framework of the modified SEU model of a decision
situation (see Chapter 4), the decision maker has been assumed to

adopt the forecasters probabilities as his subjective probabilities

-148-
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on ﬁhe relevant states. Thus, the action selected and, as a result,
the consequence subsequently obtained by the decision maker depend
upon the meteorologist's forecast, The utility of the consequence
that obtains 18, then, a reasonable measure of the "value" of the
forecast to the decision maker. Such a measure depends upon the
meteorologist's forecast, s_, the decision maker's utilities,

U= (u_), and the observation defined on the states, d. If we

denote this utility measure by U(x,d), then

M N
U.d) = mglsm(ngldnum) ’ (7-1)
where
1 ifreR,
6 m
m
0 otherwise.

Equation (7-1) defines the general utility measure of concern in
this study. Note that when r ¢ R: and dn- 1 ({.e., when the fore-
cast r is such that the decision maker selects action a and state
8 obtains), U(r,d) is s:lmpiy LI

Since the utilities of concern are standard utilities (see
Chapter 5), the range of the utility measure U(z,d) is the closed

unit interval [0,1] and U(xr,d) has a positive orientation.
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7.1.2 The Utility Measure: Examples

For illustrative purposes, the utility measure associated
with two specific decision situations are described in this sub-
section. First, consider the three-action, two-state decision
situation depicted in Figure 4-6. The standard utility matrix
corresponding to this sitqation has been presented in Figure 5~la.
The utility measure U(xr,d), a step function with two steps in this
situation, is depicted in Figure 7-1. Note, for example, that
Uy (x) = 0 for 0 < r,< 1/3, U, @ = 2/3 for 1/3 < r,< 1/2, and v, @ -

1 for 1/2 < r;< 1., We shall assume that the value of U (r) at

1
each step is defined simply as the average of the two "limiting"
values of Un(y at that step [i.e., the values of Un(l:_) as the step
is approached from the left and the right] (n=1,2), and these values
are represented by large dots in Figure 7-1, Then, ﬁl(_t_') = 1/6

for r,= 1/3 and Ul(g) = 5/6 for .~ 1/2. 1In any case, the values

of the measure U(x,d) (as well as the values of the expected-utility
measures; see Section 7.2) at these steps are not of particular
concern in this study.

Second, consider the four-action, three-state decision situation
depicted in Figure 4-8, the standard utility matrix for which is
presented in Figure 5-1b. The utility measure U{(x,d), a "plateau"
function in this situation, is depicted schematically in Figure 7-2.

Specifically, the figures in square brackets are the values of

a3 .
U, (@), Uy(x), and U (x) when r € R (m=1,2,3,4) and represent the
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r .
0.8 |- *
0.6
U(r,d) °
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P
0.2
®
O.o *—J——L—-—A—-—J
00 0.2 04 r 0.6 0.8 1.0
| |

Figure 7-1.

The utility measure U(r,d) in the decision situation
depicted in Figure 4-6 with standardized utilities
(see Figure 5-la). The solid lines denote U, (x)

while the dashed lines denote U,(r). The 1al'ge dots
denote the values of U(x,d) at €ach "step" (see text).
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R3
3
[173,273,172]

L
(1,0,0) {0,1,0)

Pigure 7-2, The utility measure U(x,d) in the decision situation
depicted in FPigure 4-8 with standardized utilities
(see Figure 5-1b), .The figures in square brackets

repregent the values of U.(xr), U,(x), and U,(x) when
re nz (w=1,2,3,4). 1= T 3
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“"heights" of the plateaus in the respective regions of the simplex
3 3 '
R”. Thus, for example, when r € Rl’ Ul(g) -], UZ(E) = 0, and
Us(g) = 1/3. As before, the value of U(r,d) at the boundaries of
two (or more) regions will be defined as the average of the limiting
values in the respective regions of concern. Thus, for r € Riz,

U (@) = 5/6, Uy(x) = 5/12, and U;(x) = 1/3,

7.2 Knowledge of Utilities Incomplete

In this section we assume that the evaluator's knowledge of the
utilities is incomplete. That is, the evaluator is assumed to be
able to specify the decision maker's utilities in either an incomplete
or a probabilistic manner (see Chapter 5). We first consider the
nature of the appropriate evaluation measures when the évaluator's
knowledge is expressed in terms of these two classes of measures.
Then, we define the basic expected~utility measure, the appropriate
measure when the evaluator's knowledge is expressed in probabilistic
terms, Finally, we describe the utility and expected-utility

measures associated with three specific decision situations.

7.2.1 Utility and Expected-Utility Measures

In Chapter 5 we identified two classes of measures in terms of
which the evaluator could express his knowledge of the decision
maker's utilities. The class of inequality measures (Class I)
corresponded to the situation in which the evaluator's knowledge

was incomplete, while the class of probability measures (Class II)
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corresponded to the situation in which the evaluator's knowledge

was expressed in probabilistic terms. Different evaluation measures
are appropriate in these two situations. 1In this regard, inequality
measures simply provide bounds on the values of the utilities U =
(umn). As we shall discover in subsection 7.2.3 (via the examples),
these "restrictions" lead to bounds on the utility of the forecasts.
However, the utility measure U(gﬁg) is (still) the appropriate
evaluation measure in this situation, and this measure has been
described in subsection 7.1.1..

On the other hand, in situations in which the evaluator's know-
ledge is expressed in terms of a probability distribution the utilities
U= (umn) are considered.to be random variables. In such situations
an appropriate measure of the "value" of the forecasts would be an

expected-utility measure, where the expectation is taken over the

utility measure U(r,d) with respect to the probability distribution
on the relevant utilities. We define and describe the basic expected-

utility measure of concern in this study in the followlng subsection.

7.2,2 The Eipected-ﬂtility Mzaaure:.Definition

A? indicated above, when the evaluator's knowledge of the
utilities is expressed in terms of a probability distribution (a
Class 1T measure), the utilities are random variables and the
appropriate measure of utility is an expected-utility measure. If

we denote this expected-utility measure by EU(r,d), then
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EU(z,d) = [U(z,d)£(U)dy, (7-2)
e
or, from (7-1),
. M N
EU(z,d) = é [ mglsm(ngldnum)]f@.dg. (7-3)

where £(U) denotes a continuous probability distributipn defined on
the elements of the utility matrix U and © is the region over which
the density function fcé) is defined. If the distribution is
discrete, then the integrals in (7-2) and (7-3) will be teplaced'bj
summations and the probability element £(U)dU will be replaced by
the probability function p(U). Equations (7~2) and (7-3) define
the general expected-utility measure of concern in this study, |
Since the utilities are standard utilities, the range of the
expected-utility measure EU(r,d) 1s the closed unit interval [0,1]

and EU(x,d) has a positive orientatiom.

7.2.3 The Utility and Expected-Utility Measures: Examples
In order to provide specifié examples of utility and expected-
utility measures in situations in which the evaluator's knawledge
is incomplete, the following decision situations are considered:
(1) the general two-action, two~state decision situation
described by one of the four admissible key utility

matfices in Figure 5-2;
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{(2) the special two-action, two-state decision situation
-described by one of the two admissible key utility
matrices in Fiéure 5-3; and

(3) a special three-action, th;ee-state decision situation.

In each of these gituations we describe the utility and/or expected-
utility measures corresponding to one or more measures of the

evaluator's knowledge.

7.2.3.1 A General Two-Action, Two-State Decision Situation
Consider the general two-action, two-state decision situation
described by the key utility matrix (e) in Figure 5-2, In this

situation, the indifference point is r*= (ri,rg), where rf -

le(l - xi+ xz) and rg =] ~ ri. and the utility measure U(x,d) is
U(x,d) = 61d1+ 61(d1x1+ dzxz). (7-4)

With regard t§ the évaluator's knowledge of the utilities x, and
X,, we shall consider the following specific measures:

(a) a bounded interval measure (a Class I measure);

(b) a bounded interval - uniform measure (a Class IIb measure) ;

and

(c) a beta measure (a Class IIb meésure).

(1) Bounded interval measure. This measure defines upper and

lower limits on the values of the utilities, namely 615 xlg Bl and
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a, x,< Bz [05“153151 (i=1,2)]. These bounds, together with the

expression for the indifference point lead to the identification
of bounds on, or specific values for, the ut:l.lﬁ:} mea:ure U(g;g).
These bounds and values are presented in Table 7-1, both for (a)
general intervals and (b) specific intervals [namely, (u.l. 81) -
{(0.1,0.6) and (az,Bz) = (0.3,0.8)]. Note that this (knowledge)
measure will provide bounds on, and/or specific values for, the
measure U(x,d) for at least some values of r, when 021! 0 and/or
Blf 1. The utility measure U(x,d) for the specific intervals is
depicted in Figure 7-3. |

(2) Bounded interval - uniform measure. This measure defines

a uniform probability distribution over the region associated with
the corresponding bounded interval measure. The expected-utility
measure EU(x,d) in this situation is

d 1 if rliazl (l-ul-l-az) ,

EU(z,d) = d,E(x,) + d,E(x,) if r,>8,/(1-B,+8,), (7-5)

[ [ 16,d.+ 8 (d.x+d,x,)]
(uape0 LT 2L 92%2

.« £(x, »X,)dx, dx, otherwise,

where E(xi) - (1/2) (u.i+ Bi) (i=1,2), £ (xl,xz) is the bounded interval
- uniform distribution on the utilities xy and X, [see (5~5)], and ©

is the region over which this distribution is defined. The specific
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Utility Measure

U(x.d)

(a) General intervals: @;< x,< B1 and a,< x,< 82 [0 < a,< Bis 1

(1=1,2)]
r, U, @ o, (@
(0,/ (1-a,+0,) B,/ (1-B,+8,)) [oy 511 [0,8,]
(B,/(1-8,+8,) ,1] 1 0

(b) Specific intervals: (al,Bl) = (0,1,0.6) and (az,ﬁz) = (0,3,0.8)

T U, (®) U, (x)
[0,1/4) [0.1,0.6] [0.3,0.8]
(1/4,2/3) [0.1,1] [0,0.8]
(2/3,1] 1 0

Table 7-1. The bounds on, or values assumed by, the utility
messure U(r,d) in the general two-action, two-
state decision situation described by the key
utility matrix (e) in Figure 5-2, when the evaluator's
knowledge of the utilities x, and x, is expressed
in terms of a bounded interv%l meaa&re. (a) General
intervals. (b) Specific intervals.
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(a) U|(L)

1.0 -

it §

04

0.2 \

oo | | | | | |
0.0 0.2 04 06 08 1.0
(b) Uz(L) 10 N

Figure 7-3. The utility measure U{x,d) in the general two-action,
two-state decision situation described by the key utili-~
ty matrix (e) in Figure 5-2, when the evaluator's know-
ledge of the utilities x. and x, is expressed in terms
of the specific bounded 1ntervai measure 0,1 < x1< 0.6
and 0.3 < x,< 0.8 (see Table 7-1b). (a) U1(£7. (b)

Uz(s) .

[
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expressions for EU(g,d) vhen &,/(l - o+ o,) < 1< B,/(1 - B+ B)
are rather lengthy and are reproduced in Appéndix F. For the
specific intervals described in Table 7-1b, the probability measure

f(xl.xz) is

1
£(x,,x,) = ' (7-6)

o otherwise,

4 0.1 < x,<0.6 and 0.3 < xzf 0.8,

and the expected-utility measure EU(r,d) in this situation is depicted
in Figure 7-4.

(3) Beta measure. This measure defines (independent) beta

distributions on the utilitfes x, and Xy That 1is, x,~ B(al,bl) and
X,~ B(az,bz). The expected-utility measure EU(xr,d) in this situ-

ation is, in general,

BU(,d) = [ [ [8,d;+ 8,(d;x+ dx,)E(x,,x,)dx dx,, (7-7)
172

where f(xl,xz) - f(xl)f(xz) and O 1s the unit square [the region

over whiéh the distribution fol.xz) is defined]. The specific

expressions for the measure EU(r,d) in this situation, in which

the f(xi) (i=1,2) are beta distributions [see (5-7)], are also

rather lengthy and are reproduced in Appendix G. We depict EU(x,d

in Pigures 7-5a, 7-5b, and 7-5c for specific values of the
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The expected-utility measure EU(x,d) in the general
two-action, two-state decision situation described by
the key utility matrix (e) in Figure 5~2, when the
evaluator's knowledge of the utilities x, and x, is
expressed in terms of the specific bound%d integval -
uniform measure £(x,,x,) = 4 for 0.1 ¢ x,< 0.6 and
0.3 <x,0.8 and £ xl,xz) = 0 otherwise. The solid
curve dénotes EUl(E) and“the dashed curve denotes

EU,(x) .
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Figure 7-5(a).

The expected-utility measure EU(x,d) in the general
two-action, two-state decision situation described
by the key utility matrix (e) in Figure 5-2, when
the evaluator's knowledge of the utilities x, and

X, 1s expressed in terms of the specific be:% mea-
sures x,~ B(a 'bl) and Xy~ B(a .bz) for which a =
b, (1=172), tla=ba?t. (B &-b=2. 3
aleb =5, The sdlialcurves denote Eﬁl(g) and

tﬁe d%shed curves denote EUz(E)'
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Figure 7-5(b).
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The expected~utility measure EU(r,d) in the.general
two-action, two-state decision situation described
by the key utility matrix (e) in Figure 5-2, when
the evaluator's knowledge of the utilities x, and
X, 18 expressed in terms of the specific betd@ mea-
siires x,~ B(a ,bl) and x,~ B(a ,bz) for which 2a =
b, (1=172). t1)'2a=b 22, t%2a=b=4. (&
24 = b= 8., The sélid*eurves denotd EUl(g) and
thi dafhed curves denote EU, (D).
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Figure 7~-5(c).
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The expected-utility measure EU(r,d) in the general
two-action, two-state decision situation described
by the key utility matrix (e) in Figure 5-2, when
the evaluator's knowledge of the utilities x, and
x, is expressed in terms of the specific betd mea-
sires x,~ B(al.bl) and Xy~ B(az,bz) for which 2a,=
b1 and a,= 2b,. (1) 2a1- b,» a,= 2b2- 2. (2) 2a1-
b= a,= Ebzﬂ z- The solid curves denote EUl(g)
and tﬁe dashed curves denote EU,(x).
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parameters a, and bi when (a) ai- b:l. [E(xl) - E(xz) -,1/2],v (b)

i

2;1- bi [E(xl) - E(xz)

1/3 and E(xz) = 2/3] (i=1,2).

= 1/3], and (¢) 2a,= b, and a,= 252 [E(xl)_ -

2

7.2,3.2 A Special Two-Action, Two-State Decision Situation
Consider the special two-action, two-state decision situation

described by the key utility matrix (c) in Figure 5-3. Note that

this situation is similar to the situation considered in 7.2,3.1

except that x,= X, X. In this regard, the indifference point is

I*= (x,1-x), and the utility measure U(xr,d) is
U(z,d) = §;d,+ §,x. (7-8)

With regard to the evaluator's knowledge of the utility x, we
shall consider the same measures as those used in the general two-

action, two-state situation.,

(1) Bounded interval measure. The bounded interval measure

in this situation specifies that o <x < B. As in the genersl
case, these bounds together with the expression for the indifference
point lead to the identification of bounds on, or specific values
for, the utility measure U(zr,d). These bounds and values are
presented in Table 7-2, both fclar (a) the general interval and (b)

a specific interval [namely, (d..B) = (0.1,0,6)]. Note that

this measure will bound, or specify values for, the measure U(r,d)

for at least some values of r, vhena # 0 or B ¥ 1. The measure
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Utility Measure

UG

(a) General interval: o <x<B (0 <ax g <1)

2 U, @ U, @
[O,G) [G:B] [G’ B]
(o, B) fa,l] [0,8]
(8,1] 1 ]

(b) Specific 1nterval; (o,8) = (0.1,0.6)

T, U, @ U, @
[0,0.1) [0.1,0.6] [0.1,0.6]
(0.1,0.6) {0.1,1] [0,0.6]
(0.6,1] 1 0

Table 7-2., The bounds on, or values assumed by, the utility
measure U(x,d) in the special two-action, two-state
decision situation described by the key utility
matrix (c) in Figure 5-3, when the evaluator's
knowledge of the utility x is expressed in terms of
a bounded interval measure. (a) General interval.
(b) Specific interval.
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U(z,d) for the specific interval is depicted in Figure 7-6.

(2) 'Bounded interval - uniform measure.' The bounded interval

- uniform measure in this situation specifies that f(x) = 1/(B - a)
for a < x < B and f(x) = O otherwise. The expected~utility measure

EU(r,d) in this situation is

dl if rlf o,

FU(z,d) = E(x) 1f 1> B, (7-9)

f (6,d.+ 6, x)f(x)dx  otherwise,
x, €0

1
where E(x) = (1/2) (d. + B), £(x) is a bounded interval ~ uniform
distribution on the utility x, and © is the interval over which this
distribution is defined. The specific expression for EU(xr,d) when

@ < r,;< B is, then,

Iy 8
EU(z,d) = [1/(B - al(d,[ dx + [ xdx), -
(8] rl
or
EU(E.d) = (1/(B - o)]l4, (5= @) + (WD B> D). (7-10)

For the specific interval described in Table 7-2b, the probability

measure f£(x) is
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Figure 7-6.
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08 1.0

The utility measure U(r,d) in the special two-actionm,

two-state decision situation described by the key utili-
ty matrix (c) in Figure 5~-3, when the evaluator's know-
ledge of the utility x is expressed in terms of the
specific bounded interval measure 0.1 < x < 0.6 (see
Table 7-2b)- (a) UI(Q. (b) UZ(_E).
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2 1f 0.1 < x < 0.6,
£(x) = (7-11)
0 otherwise,

and the measure EU(x,d) in this B:I.tultioﬁ is depicted in Figure 7-7.
(3) Beta measure. This measure specifies that the utility

x has a beta distribution with parameters a and b, That is,

x ~ B(a,b). The expected utility measure EU(x,d) in this situ-

ation is, in general,

EU(z,d) = (6.d.+ 6§, x)f(x)dx, (7-12)
x{g 11 "2

in which ©, the interval over which the distribution £ (x) 1is defined,
is the unit interval [0,1]. The specific expression for the meaaﬁre

EU(z,d) in this situation is, from (5-7),

¥ a1, b1
EU(z,d) = [(a+b-1)!/(a-1)1(b-1)!][d, [ =" (1-x)"""dx
0

1
+ [ x*Q-x"lax],
1

or, when a and b are positive integers (see Chapter 5),

atb-1
EU(z,d) = 4, 12 (&2 1)1:{(1-1?1)"""b 1= (7-13)
=g

atb

atb, 1 atb-1
+ [a/(a"'b)][]- - 1.&{,1( i )tl(l"tl) .
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Figure 7-7.
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The expected-utility measure EU(r,d) in the special
two—-action, two-gtate decision situation deacribed by
the key utility matrix (¢) in Figure 5-3, when the
evaluator's knowledge of the utility x is expressed
in terms of the specific bounded interval - uniform
meagure f£(x) = 2 for 0.1 < x < 0.6 and £(x) = 0
otherwise. The solid curve denotes EUl(g) and the
dashed curve denotes Euz(E)'
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The measure BU(x,d) is depicted in Figure 7-8 for selected values of

a and b when E(x) [=a/(a+b)] equals (a) 1/2 and (b) 1/3.

7.2.3.3 A Special Three-Action, Three-State Decision Situation

As a final example, we consider the special three-action, three-
state decision situation presented in Figure 7-9. The framework
for operational evaluation in this situation is depicted within the

simplex R3 in Figure 7-10. The utility measure U(r,d) 1is

UG,d) = §, @+ d,x) + §,(dx + dyt dx) + §,(dyx + dy).  (7-14)

The expected-utility measure EU(x,d) in this situation is, in

general,

EU(z,d) = xéelal(di+ dzx) + 62(d1x + d + de) 15y

+ 63(dzx + d3)]f(x)dx,

where © 1s the interval over which the probability distribution

£(x) ig defined, 1Imn this example, we shall assume.that the evalu-
ator's knowledge of the utility x is expressed in terms of a uniform
distribution. That 18, x ~ B(1,1). The specific expressions for
the measure EU(r,d) in this case are presented in Table 7-3. The
values of the measures EUl(E) and EUz(g) are depicted in Figures

7-1la and 7-11b, respectively, within the framework of the simplex
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The expected-utility measure EU(zr,d) in the special
two-action, two-state decision situation described
by the key utility matrix (c) in Figure 5-3, when
the evaluator's knowledge of the utility x is
expressed in terms of the specific beta measures

X ~ B(a,b) for whicha=b. (1) a=b =1, (2)
a=b=2, (3)a=b=5, (4) a=b =10, The
solid curves denote EUl(g) and the dashed curves
denote EU,(r).
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Figure 7-8(b).
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The expected-utility measure EU(r,d) in the special
two-action, two-state decision situation described
by the key utility matrix (¢) in Figure 5-3, when
the evaluator's knowledge of the utility x is
expressed in terms of the specific beta measures

x ~ B(a,b) for which 2a = b, (1) 2a=b = 2. (2)
2a=bw=4, (3) 2ab =8, The solid curves
denote EU,(r) and the dashed curves denote EU, (x) .



=174~

Utility Matrix U

States

8, 8, 5, Expected Utilitiep
ay 1 x 0 | Ul- ri+ r,x
Actions a, p 1 x Uz- r,x + r2+ rgx
a, 0 x 1 U3- X + 1,
Probability r ry r, T3

Vector

Figure 7-9. A special three-action, three-state decision
situation,
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(a) Xg1/2
(0,0,1)

(172,0,1/2) (0,172,1/2)

|-X/D,1-2X/D,1-X/D)

(1,0,0)

(172,1/2,0) (0,1,0)
D=3-4X

(b)X21/2
(0,0,)

(0,172,172)

(1,0,0)

(0,1,0)
(172,1/72,0)

Figure 7-10. The framework for operational evaluation for the

special three-action, three-state decision situation

described in Figure 7-9 when (a) 0 < x < 1/2 and
(b) 1/2<x < 1.



Conditions

on
Probabilities Ev, () EUZ 69 EU 3 ()

[

or 1-(1/2) (x, /D) WD D (g D)-(1/2) (xym)

1/2 1 12

or (£, /M- (e M WD () 1-(1/2) v, /D)

D= 1--21'2

Table 7-3. The expressions for the expected-utility measure EU(r,d) in the special three-
action, three-state decision situation described in Figure 7-9, when the
evaluator's knowledge of the utility x is expressed in terms of a uniform
distribution x - B(1,l).

-9LT~
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(1/2,0,172) (0,1/2,172)
\06\}595
o7 5 \\1’13 1/3,1/3)
\\' 0.5
09 \ \fos
\\
.0 o5 (0.1.0)

(1,0,0)

(172,1/72,0)

Figure 7-11(a). The expected-utility measure EU (5) in the specisl
three-action, three-state decision situation de-
scribed in Figure 7-9, when the evaluator's knowledge
of the utility x is expressed in terms of a uniform
probability distribution x ~ B(1,1). EUIQ:) becomes
EU3(£) when the labels on the vertices (1,0,0) and

(0,0,1) are interchanged,



=178«

(0,1,0)

(0,172,1/2)

—

-
\, 0708270
N\ \971/3,173,1/3)

(1,0,0)

(0,1,0)

Figure 7-11(b). The expected-utility measure EU,(r) in the special
three-action, three-state decision situation de-
scribed in Figure 7-9, when the evaluator's knowledge
of the utility x is expressed in terms of a uniform
probability distribution x ~ B(1,1).
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Ra. Since the utility matrix U is symmet:ic in this situation (see

Figure 7-9), the measure.gﬂs(g) can .be obtained simply by inter-
changing the labels on the vertices (1,0,0) and (0,0,1) in Figure
7-11a. The form of the isograms of expected utility (i.e., the
"lines" of equal expected utility) in Figures 7-11la and 7-11b is
indicated in Figure 7-12. Note that these isograms are curves in
one region and lines in two oﬁher regions and that the measure EU(x,d)

assumes a constant value in the remaining region.

7.3 Some Properties of Utility and.Expected-Utilitf Measures

In this section we describe some of the properties of utility
and expected-utility measures in general and specific decision sit-
uvations., These "results" are summarized in terms of various state~
ments, conjectures, and speculations. A formal proof of each
statement 1s included whenever possible. Conjectures and specula-

tions are supported by brief heuristic arguments.

7.3.1 Utility Measures '

The utility measure U(r,d) in (7-1) is a proper scdring rule,
and a general proof of this statement ia contained in Appendix D.
Thus, this measure does not offer the meteorclogist any incentive
to make his forecast r differ from his judgment p.

The measure U(r,d) is depicted in Figures 7-1 and 7-2 for two
decision situations in which the evaluator's knowledge of the utili-

ties is assumed to be complete. In the three-action, two-state
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(0,172,1/72)

%1/3,1/3,1/3)

i
I
! None
I
]
i

Y .
S

(172,172,0)

(G,1,0)

Figure 7-12, The form of the isograms of expected utility (i.e., the
"lines" of equalsexpected utility) within the framework
of the simplex R™ for the three-action, three-state
decision situation .described in Figure 7-9. .= The term
"none" means that all of the points in the region are
of equal expected utility.
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situation congidered in Figure 7-1, the simplex Rz is divided into
three intervals R; (m=1,2,3) and thé measure U(r,d) is a step function
1" 1/2. Note
and that U,(x) is an

with steps at the indifference points r,- 1/3 and r
that Ul(g) is an increasing function of r
increasing function of T, (-i-rl). That 1is, Un(g) either‘remains
constant or increases as Fn increases (n=1,2). 1In the four-action,
three-state situation considered in Figure 7-2, R3 is divided into
four convex regions Ri (n=1,2,3,4), and U(g,g) is a plateau function
with "steps" along the indifference lines separating the respective
regions. A careful examination of Figure 7-2 will reveal that

Un(g) is an increasing function of L along directed line segments

(see paragraph 6.3.1.1) through the vertex gn (n-1,2,3). That is,

the value of Un(g) either remains constant or increases as r
increﬁses along directed line segments through the veftex gn (n=1,2,3).

We extend this result to the general M-action, N-state situation

by means of CONJECTURE 7-1,

CONJECTURE 7-1
The general utility measure UnCE) in M-action, N-state
decision situations is an increasing function of L along

directed line segments through the Ve;tex gh (n=1,...,N).

While we shall not attempt to prove this conjecture, we suggest

that this result follows from the fact that the regions R: (m=1,...,M)
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are convex.

The measure U(x,d) is also the appropriate measure of "value"
in gituations in which the evaluator's knowledge is expressed in
terms of inequality measures (see Section 7.2). In this regard, the
utility measures Un(g) (n=1,2) are.&epicted iﬁ Figures 7-3 and 7~6
for general and special two-action, two-state decision situationms,
reapectively, in which the evaluator's knowledge is expressed in
terms of specific bounded interval measures. CONJECTURE 7-~1 indi-
cates that ﬁhese (utility) measures should be increasing functions
of T, (n=1,2), and an examination of Figures 7-3 and 7-6 provides
additional support for this statement. Of éourse, since this measure
of knowledge only bounds the values of the relevant utilities, the
measure U(r,d) can assume a range of values for certain values of

rl.

7.3.2 Expected-Utility Measures

The expected-utility measure EU(x,d) in (7-3) is (1) a proper

scoring rule if the probability distribution £(U) is a non-negative

function [i.e., if £(U)>0] and‘(Z) a strictly proper scoring rule if
this distribution is a positive function [i.e., £(U)>0]. In Appendix
E we show that the expected-utility measure associated with a specific
decision sitﬁation is a profer [under (1)] or strictly proper [under
(2)] scoring rule, and we offer a heuristic argument (together with
some other evidence) to support the statement that the expected-

utility measure EU(x,d) in M-action, N-state decision situations also
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possesses these properties, Thus, the measure EU(x,d) encourages
the meteorologist to make his forecast s_éorrespond (exactly) to his
Jjudgment p when £(U) is positive and offers the meteorologist no-
incentive to make his forecast r differ from his judgment p when
£(U) is non-negative.

The expected-utility méasure EU(x,d) is depicted in Figures 7-4
and 7-7 for the general and special two-action, two~state situationms,
regspectively, in which the evaluator's knowledge is expressed in
terms of specific bounded interval ~ uniform measures. In both
situations the measure EU(x,d) is a strictly increasing function of
r, for those values of rn-which correspond to the region (general
situation) or interval (special situation) over which the relevant
utilities possess a uniform distribution (n=1,2). That is, Un(g)
increases as r, increases (n=1,2). For the remaining values of
L EUn(E) is a constant. Thus, over the entire range of values
of r, (OSrnfl), EUn(E) i8 an increasing function of r (n=1,2).

The measure EU(x,d) is depicted in Figures 7-5 and 7-8 for these
same general and special situations, respectively, when the evalu-
ator's knowledge is expressed in térms of specific (independent) beta
measures. In both situations, and for all of the specific measures
of knowledge, the measure EUn(E) is a strictly increasing function
of r, (n=1,2).

In Figure 7-11 we depict the measure EU(x,d) for a special three-

action, three-state situation (see Figure 7-9) in which the evaluator's
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knowlqﬁge is expressed in.terms of a uniform distribution., In this
situation EU&(;) is a strictly increasing function of T along
directed line segments through the vertex d (n=1,2,3; n=1 and n=3
in Figure 7-lla and n=2 in Figure 7-11b). We extend the results
described in this paragraph and in the previous two paragraphs to

the general M-action, N-state situation by means of CONJECTURE 7-2.

CONJECTURE 7-2

The general expected-utility measure EUn(E) in M-action,
N-gtate decision situations is (1) an increasing function

of r along directed line segments through the vertex‘gn when
the evaluator's knowledge is expressed in terms of a non-
negative probability distribution and (2) a strictly increasing
function of L along directed line segments through the vertex
gn vhen the evaluator's knowledge is expressed in terms of

a positive probability distribution (n=1,...,N).

While we shall not present a proof of this conjecture, we suggest that
this result also follows from the fact that ﬁhe regions R: (m=1,,..,M)
are convex.

Consider the expected~-utility measures depiéted in Pigure 7-8
for the special two-action; two-state situation in which the evalu-
ator's knowledge of the utility x is expressed in terms of a beta |
distribution [i.e., x ~ B(a,b)]. Specific measures are presented

which correspond to selected pairs of values of the parameters a and
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b. In particular, ¢ = a = b [=E(x)=1/2] in Figure 7-8a and ¢ = 2a =
b [=E(x)=1/3] in Figure 7-8b. As c increases the expected-utility
measures in Figures 7-8a and 7-8b approach step functions with (single)
steps at r1— 1/2 and T, 1/3, respectively. The expected-utility
measures in the general two-action, two-state situation exhibit a
similar behavior (see Figure 7-5). These results are, of course,
consistent with the fact that; as the evaluat;r's knowledge increases
{(i.e., as ¢ increases), the expected-utility measures should approach

utility measures.

7.3.3 Utility and Expected-Utility Measures: A Summary

The general utility and expected-utility measures formulated in
Sections 7.1 and 7.2 have been shown to be proper and strictly proper
(or proper) scoring rules, respectively. Thus, these measures
encourage meteorologists to make their forecasts correspond to their
judgments (or at least offer the forecaster no incentive to hedge).
We have also shown that the utility measure Un(g) and the expected-
utility measure EUn(E) are increasing and strictly increasing (or
increasing) functions, respectively, of rn-along directed line segments
through the me.::t:exg._.n of the simplex B (n=1l,...,N). This result
will be of particular importance when we consider the relationships
between empirical and operational evaluation measures in .Chapter 8,
Finally, we have shown that expected-utility measures approach utility
measures as the evaluator's knowledge of the relevant utilities in-

creases. This result indicates that the proposed framework for
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operational evaluation 1is internally consistent.
To complete this brief summary of operational evaluation, we
describe the form and properties of the utility and expected-utility

measures in Table 7-4.



Properties

Name Form Range Orientation” §21211?
g:aiiiz U(,d) = mglﬁmcngldnumn). [0,1] d P
Expected R N 3 4
:::ii;i EU(x,d) = émglam(ngldnpmn)f(g)du {0,11 P Sp/e

Key

1P = Pogitive, N = Negative
25P = Strictly Proper, P = Proper, I = Improper
3If the probability distribution representing the evaluator's knowledge of the utilities U = (u_ )

is discrete, the integral is replaced by a summation and £(U)dU is replaced by p(U) (see
subsection 7.2.2). . _

4EU(E.,Q_) is strictly proper if £(U)>0 and proper if £(U)>0.

Table 7-4. The name, form, and properties of the operational evaluation measures considered

in this study (see subsections 7.1.1 and 7.2.2).

-lQT-



CHAPTER EIGHT., EMPIRICAL AND OPERATIONAL EVALUATION MEASURES: SOME
RELATIONSHIPS '

In this chapter we are concerned with the relationships between
the basic measures for empirical and operational evaluation described
in Chapters 6 and 7. However, relationships between measures of
attributes such as validity and utility on these scales will, of course,
differ from measure to measure as well as from decision situation to
decision situation. On the other hand, in comparative evaluation
in which the evaluator is concerned with the relative validity and
relative utility of forecasts prepare& by two (or more) forecasters
or forecasting procedures, even the existence of relationships on
an ordinal scale between measures of these attributes would be of
considerable importance., Furthermore, if the evaluator is a meteor-
ologist (as opposed to a decision maker), relationships between the
relative validity and relative utility of such forecasts would be of
particular interest in view of the difficulties inherent in any attempt
on the part of the forecaster to determine the absolute or relative
utilicy of his forecasts directly.

We shall consider both general relationships between measures of
validity and measures of-utility on an ordinal scale and specific
relationships between such measures in special decision situations.
With regerd to general relationships, the problem of concern can be
described as follows: If two forecasters, A and B say, prepare fore-

casts on the same occasions and i1f A's forecasts are more valid than

-188~
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B's forecasts, then what if any relationships exist on an ordinal
scale between the utility of A's and B's forecasts and what if any
assumptions must be satisfied for these relationships to hold? We
consider this question in Section 8.1, first for individual forecaat#
and then for collections of forecasts.

The relationships between specific validity and utility measures
in special decision situations are examined in Section 8.2. We
first consider a special two-action, two-state decision situation
and then we examine a M-action, M-state generalization of this situ-

ation.

8.1 General Decision Situations

In this section we investigate the ordinal relationships between
measures of (primaryj validity and measures of utility and expected
utility for individual forecasts (subsection 8.1.1) and collections
of forecasts (subsection 8.1.2). We then illustrate these relation-
ships using specific examples in subsection 8.1.3. In subsection
B.1.4 we offer some speculations regarding the existence of ordinal
relationships between measures of validity and measures of utility in
general situations.

We shall denote the (primary) validity of A's forecasts, as mea-
sured by D(x,d), by VA and the utility and expected utility of A's
forecésts, as measured by U(i,g_) and EU(x,d), by UA and EUA, respec-

tively. Similarly, we shall denote the validity and utility and
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~expected utility of B's forecasts by VB and UB and EUB, respectively,
Finally, we shall refer to two forecasts as comparable if they corre-
spond to points on the same directed line segment through the vertex

4_ of the simplex RY (u=1,...,N).

8.1.1 Individual Forecasts

The validity measure D_(r) is a strictly increasing function of

r, along directed line segments through the vertex 'El-n (a=1,.,.,N)
(see Chapter 6). That is, if A's and B's forecasts are comparable

and 1if rﬁ > rg, then VA > VB.]'

The utility measure Un(y » on the
other hahd, is an increasing function ‘of. T, along directed line
segments through the vertex gn (see Chapter 7). That is, if A's
and B's forecasts are comparable and if rﬁ > r:, then UA > UB, The
expected-utility measure EU(r,d) for Class Ila (i.e., non-negative
probability) measures is also an increasing function of T, for
comparable forecasts (see Chapter 7). However, for Class IIb (i.e.,
positive probability) measures, the measure EU(r,d) is a strictly
increasing function of r'n for comparable forecasts (see Chapter 7).

That is, 1f A's and B's forecasts are comparable and if rﬁ > ::

1We shall consider only the situation in which rA > rB. I1f rA < rB ’

then we can relabeél’ tke‘ foiec'a'sters. We shallnalsbnnot cons¥der n
forecasts for which rn - rn.
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then EUA > EUB, The relationships, on an ordinal scale, between

the measures of concern are summarized in RESULT 8~1.

RESULT 8-1 (N States, One Forecast)
Assumption, A's and B's forecasts are comparable.
Results. (1) Class'I: 1If VA > VB, then UA > UB.
(2a)  Class IIa: If VA > VB, then EUA > EUB,

(2b) Class IIb: If VA > VB, then EUA > EUB.

Thus, for individual, comparaﬁle forecasts, the (primary) validity
measure D(E,é) represents an ordinal measure on utility and expected
utility, i.e., the measure D(g,g) is able to order, or rank, fore-
casters according to the utility or expected utility of their fore-
casts.

Unfortunately, A's and B's forecasts will not often be compa-
rable in N-state (N>2) situations. However, on many occasions the
forecasts may be '"nearly" comparable, i.e., the forecasts may
correspond to points on two line segments which are "close" to one

-another. On such occasions the measure D(r,d) répresents an ordinal
measure  on utility and expected utility for most, but not all, deci-
aion situations and states of the evaluator's knowledge. In two-
state (N=2) situations, how!vér; all line segments are directed line

segments (see Chapter 6). Thus, all forecasts are comparable in

two-state situations. Therefore, the ordinal relationshiﬁs
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described in RESULT 8-1 ‘hold, in genéral, in two-state situations.
Since, as indicated in Chapter 6, all atrictiy proper scoring
rules are strictly increasing functions of L along directed line
segments through the'vertex.gn, RESULT 8~1 (and the other results
to be presented in this chapter) holds for all sﬁch scoring rules.
of courae; if the scoring rule of .concern 1s a strictly decreasing
function of T then certain inequalities in RESULT 8~1 must be

reversed,

8.1.2 Collections of Forecasts

For éollectiona of K (K>1) forecasts, we shall be concerned
with the relationships, on an ordinal scale, between the average
"accuracy" and average "value" of the forecasts.

Although the validitf n(g,g) represents an ordinal measure on
the utility U(x,d) and expected utility EU(x,d) for individual,
comparable forecasts, the average validity 5KEA§) is not, in general,
an ordinal measure on the average utility Tf(_g_._cl) or average expected

utility EU(x,d) for collections of individually comparable forecasts.

However, we can identify a special situation, in which, under certain
assumptions, average validity is an ordinal measure on average
utility and average expected &tility. The relationships, on an
ordinal scale, between the measures of concern in this situation are

summarized in RESULT 8-2.
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RESULT 8-2 (N States, K Forecasts)
Assumptions. (1) DAi > DBk for all k (k=1,...,K).
(2) A's and B's forecastas are individually
comparable.

Regults. The ordinal relationships described in RESULT
8-1 hold for average validity, average
utility, and average expected utility,

Thus, for collections of individually comparable forecasts, the
average validity 5}5,5) represents an ordinal measure on the average
" utility U(r,d) and average expected utility EU(r,d) in this special
gsituation, |

The assumptions that DAk? DBk for all k (k=~1,,..,K) and that A's
and B's forecasts are individually comparable, which yield RESULT
8-2 aré, of course, very restrictive assumptions., That is, col-
lections of A's and B's forecasts will not often satisfy these assump-
tions in N-state (N>2) situations. On the other hand, since all
forecasts are comparable in two-state situations, the ordinal relation~
ships described in RESULT 8-2 hold under somewhat less restrictive

assumptions in such situatioms.

8.1.3 Some Examples

In this subsection we present sample forecasts and consider
~general and special situations which illustrate the nature of the
relationships and scope of the results described in subsections 8.1.1
and 8.1.2., For the purposes of this presentation, we consider

two-state (N=2) and N-state (N>2) situations separately in paragraphs
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8.1.3.1 and 8.1.3.2, respectively.

8.1.3.1 Two-State (N=2) Situations

In Table 8-1 we preéent a sample collection of forecasts pre-
pared by forecasteras A and B for a two-state situation. Comnsider
A's and B's forecasts on the first occasion (k=1l). Note that
VA,> VB,. Thus, UA,> UB, for all.decision gituations. In parti-
cular, for the decision situation described in Figure 5-la, UA1- UBl
(=1). Now, consider A's and B's forecasts on the second occasion

(k=2). Since VA,> VB,, UA,> UB, for all decision situations. For

2 P20 TR T2

the decision situation described in Figure 5-la, UA, (=2/3) > UB2 (=0).
Thus, as RESULT 8-1 indicates, the validity measure D(zr,d) represents
an ordinal measure on utility for iﬁdividual (comparable) forecasts.
A similar relationship holds for expected utility, in which case the
decision ﬁaker's utilities are assumed to be random variables with a
joint probability distribution.(see Chapters 5 and 7). If the proba-
bility distribution of concern is (strictly) positive, then the
ordinal relationships between the expected utilities of A's and B's
forecasts will involve atrict inequalitieg.

Now, consider the forecasts presented in Table 1 as two col-
lections of forecasts. Note that'VAk? VB, for all k (k=1,2,3).
Thus, even though VA > VB, either UA > ffﬁ' or UA < UB irn general,
For the decision situation described in Figure 5-la, UA (=0.778) >
UB (=0.667). Now, consider subcollections of this collect;on-of
forecasts. First, note that VAit>‘-. VBk (k=1,2). Thus, VA > UB -

in general, and for the particular decision situation of concern,



Validity Utility
Forecasts Observation Measure Measure
Forecast '
Nunber A_r_ - (rl’rZ) B _d_ - (dl ’dz) D (E_._El_) U(EOE)
k Iy I 4 VA, VB UA, UB,
1 (0.95,0.05) (0.55,0.45) (1,0) 0.9975 0.7975 1 1
2 (0.30,0.70) (0.60,0.40) (o,1) 0.9100 0.6400 2/3 0
3 (0.45,0.55) (0.55,0.45) (1,0) 0.6975 0.7975 “2/3 1
_Ayerage 0.8683 0.7450 0.778 0.667

-G6T-

Table 8-1. A sample collection of three forecasts prepared by forecasters A and B, the relevant
observations, -and the validities and utilities of the forecasts according to the
measures D(r,d) and U(r,d), respectively, for two-state situations., The utilities
relate to the decision situation presented in Figures 4-6 and 5-la.



-196~

UA (=0.833) > UB (=0.500). On the other hand, although VA (=0.8475)
> vﬁ’(-0.7975) for the subcollection which includes the first and
third forecasts, VAkf VBk (k=1,3) and, for the decision situation

of concern, UA (=0.833) < UB (=1.000). ' Therefore, as RESULT 8-2
indicates, the average validity is, in general; an ordinal measure
on the average utility only if the validity of each of A's forecasts
exceeds the vélidity of the corresponding member of B's set of
forecasts. Similar results hold for expected-utility measures in
situations in which the evaluator's knowledge of the relevant
ut{lities is expressed in terms of a probability distribution. As
indicated in subsection 8.1.2, collections of forecasts, even in
two-state situations, will not often satisfy the assumptions which

yield RESULT 8-2,

8.1.3.2 N-State (N>2) Situations

In Table 8-2 we present sample forecasts prepared by forecasters
A and B for three-state situations, These forecasts are depicted
in Figure 8-1 within the framework of the simplex R3 and the decision
situation presented in Figures 4~8 and 5-1b. Consider A's and B's
forecasts on the first occasion (k=l). Note, in Figure 8-1, that

the points Ei and ;: do not lie on the same line segment through

d,. Thus, A's and B's forecasts on this occasion are not comparable.
Therefore, in general, either UA13 UB1 or UA1$ UBl (even though

VA1> VBl). In particular, for the decision situation described in

Figures 4-8 and 5-1b, UAl (=2/3) < Uﬁl (=5/6) even though VAl



Forecasts
Forecast )
Number N = (r),ry,r,) .
k Zx 5
1 {0.05,0.40,0.55) (0.30,0.15,0.55)
2 (0.15,0.80,0.05) (0.30,0.60,0.10)
3 (0.15,0.70,0.15) (0.20,0.50,0.30)
Average

Observation

d

(0,1,0)

(0,1,0)

(0,1,0)

Validity
Measure

D(z,d)
VA, VB,

0.6675 0.4425

0.9675 0.8700

0.9325 0.8100

0.8558 0.7075

Utility
Measure
U(z,d)
UA,  UBy
2/3 5/6
5/6 5/6-
5/6 5/6

0.778 0.833

A sample collection of forecasts prepared by forecasters A and B, the relevant
observations, and the validities and utilities of the forecasts according to the

measures D(r,d) and U(x,d), respectively, for three-state situations.
relate to the decision situation presented in Figures 4-8 and 5-1b.

The utilities

=L6T-
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(1,0,0) (E),I,O)

Figure 8-1. The representation of the forecasts preaegted in Table
8-2 within the framework of the simplex R™ and the
decision situation presented in Figures 4-8 and 5-1b.
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(=0.6675) > VBl (=0.4425), Now, consider A's and B's forecasts

on the second occasion (k=2). Note, in Figure 8-1, that the points

52 and 52 lie on the same line gegment through d,. Thus, A's and

B's forecasts on this occasion are comparable, and, since VA2> VBZ'

UA,> UB for all decision situations. For the decision situation

2 2

depicted in Figures 4-8 and 5-1b, UA = UB, (=5/6).  Thus, as indi-

2
cated in subsection 8.1.1, the validity measure D(r,d) represents
an ordinal measure on utility for individual, comparable forecasts.
A similar relationship holds for expected utility. TUnfortunately,
as indicated in subsection 8.1l.1, fofecasts are not often comparable
in N-state situations. However, if the forecasts of concern are
nearly comparable, then these ordinal relationships can be expected
to hold in most situations. For example, A's and B's forecasts on
the third occasion (k=3) correspond to points on two line segments
through d, which are close to one another. Thus, since VA3>—VB3,

2

UA32 UB3 for most, but not all, decision situations.

With regard to collections of forecasts, the sample forecasts

presented in Table 8~2 indicate that, unless the forecasts of
concern are individually comparable, average validity is not an
ordinal measure on average utility (or on average expected utility).
Note that the forecasts on the first and third occasions are not
comparable. Thub; even‘thqugh.V§k>-VBk.for all k (kn1;2;3) (and,
as a result, VA > VB), either UA 2 UB or UA < UB in general, In

partiéular, for the decision situation depicted in Figure 8-1, 7y
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(=0.778) < UB (=0.833).
As indicated in paragraph 8.1.3.1, similar results hold for
expected utility in situations in which the evaluator's knowledge

of the utilities 1is expressed in terms of a probability distribution,

8.1.4 Some Spéculations

The results and exampleq presented in the previous subsections
of this section (8.1) indicate that ordinal relationships between
measures of validity and measures of utility need exist only in very
special situations. Therefore; in the absence of specific infor-
mation concerning the utilities of the relevant decision makers, the
fact that A's forecasts are more valid than B's forecasts does not,
in general, guarantee that the utility of A's forecasts will be
greater than (or even'equai to) the utility of B's forecasts. This
result raises an important and interesting question: In the absence
of any proof of the existence of genéral ordinal relationships (at
least at the present time), what "evidence" do we have that any
increases in the validity of probability forecasts in the future
will lead to corresponding increases in their utility? While we
cannot offer any formal mathematical proof that such (ordinal)
relationships do indeed exist, we will speculate briefly regarding
the possible existence of such relationships. In this regard,
consider Figure 8-2 in which we have depicted the decision situation
described in Figures 4-8 and 5-1b within the framework of the simplex

Rs. This figure alsc contains the arcs of two circles centered at
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(1,0,0)

Figure 8-2.

{(0,1,0)

The decision situation presented in Figures 4-8 and3

 5-1b depicted within the framework of the simplex R°,

Each arc represents a set of forecasts of equal validity
according to the validity measure D, (x). gse arcs
were chosen to include the forecastS r; and r, (see
Table 8-2 and Figure 8-1).
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the vertex QQ [=(0,1,0)], each of which represents a set of forecasts
of equal validity according to the distance measure D(z,d). Each

of these arcs was chosen to include a forecast from the set of fore-
casts presented in Table 8-2 and depicted in Figure B-1, Speci-
fically, the "inner" arc (i.e., the arc closest to the vertex 92)
includes the forecast Ei’ while the "outer" arc includes the fore-
cast 5:. Now, we have already shown in the previous subsection
(8.1.3) that, although VA1> VBl according to the measure Dz(g),

UA1< UA However, consider the two arcs in their entirety rather

20
than just the two points ii and i:, and suppose that forecasters A
and B have made sets of forecasts that have fallen on the inner and
outer arcs, respectiﬁely. Almost all of A's forecasts will fall

within the region R3 for which Uz(g) is a maximum (5/6), while many

2
of B's forecasts will fall in regions (namely, Ri and Ri) for which

Uz(g) necessarily assumes a smaller value (0 and 1/3, respectively).
Thus, for most (but not all) distributions of forecasts on these

two arcs, the average utility of A's forecasts, ﬁK; will be greater
than the (average) utility of B's forecasts, UB., Note that this
statement holds for any two distinct arcs in the simplex R;. Furtﬁer,
the closer an arc is to the vertex gn the more likely the forecastg
are to achieve the maxi;um (average) utility regardless of the nature

of the decision situation. We summarize this discussion in terms

of CONJECTURE 8-1.
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CONJECTURE 8-1

If the average validity of A's forecasts is greater than
the average validity of B's forecasts, then the average

utility of A's forecasts will, in almost all situations,

be greater than the average utility of B's forecasts.

While CONJECTURE 8~1 obviocusly lacks rigorous proof, we believe that
this result also depends primarily upon the fact that the regions
R: (msl,...,u) are convex. )

We should note that CONJECTﬁRE 8-1 also applies to the expected
utility of A's and B's forecasts in situations in ﬁhich the evaluator's
knowledge of the relevant utilities 1is expressed in probabilistic

terms,

8.2 Special Decision Situations

In this section we examine the relationships between expected-
ut{lity measures and measures of (primary) validity in two special
decision situations. First, we consider a special two-action, -two-
state situation which is equivalent to the cost-loas ratio decision
situation. Then, we inwestig#te a M-action, M-state generalization
of the cost-loss situation. In both situations, we assume that the
evaluator's knowledge of the utilities of concern is expressed in
terms of a uniform probab;iity distribution. Finally, we briefly

discuss the nature of the general relationship between measures of
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validity and measures of utility and expected utility,

8.2.1 A Two-Action, Two-State Situation

Consider the special two;action, fwo-state decision situation
described by the key utility matrix (c¢) in Figure 5-~3. If we assume
that the evaluator's knowledge of the utility x is expressed in terms
of a uniform probability distribution [i.e., 1f x ~ B£(1,1)], then,

from (7-13),
BU(e,d) = dir+ (/DA - ),
or
WD) = WA+ ) - W2-dns (8D

In the two-state situation, the primitive (absolute) distance measure

A%(c,d) can be expressed as follows:
M () = 26r,- a)?
[see (6-3)]. Thus, (8-1) can be rewritten as follows:
EU(n,d) = (1/2)Q +d,) = (/68 () (8-2)

(see Murphy, 1966), Therefore, the expected-utility measure EU(z,d)
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is equivalent to the primitive distance measure Az (x,d). That is,
the expected utility of a forecast x in this special situation depends
only upon the score assigned by the primitive distance measure Az (x,d)
and the observation d. In Appendix H we show that EU(r,d) is a
linear function of Az(g_,g) in this decision situation if and only if
the evaluator's knowledge of the utility x is expressed in terms of

a uniform distribution.

In or@er to obtain an expected-utility measure for this decision
situation whose values are less dependent upon the state that obtains,
we shall consider the decision situation described by this same
utility matrix when the states (i.e., the columns) are interchanged.
If we let EU*(x,d) denote the expected-utility measure in this situ-

ation, then
B () = (/DA +dy) - W/oa’@d. (83

Further, if we let TEU(r,d) denote the sum of the measures EU(r,d

and EU*(x,d), then
TEU(r,d) = (3/2) - (L/DA%(,d). (8-4)

The range of the measure TEU(x,d) is the closed interval {1/2,3/2]
and TEU(x,d) has a positive orientation. If we let REU(r,d) demote
a "representative” expected-utility measure for this decision

situation (the special two-action, two-state situation with a uniform
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probability distribution on the utility x) which is equivalent to

TEU(x,d) in (8-4) and which possesses a unit interval range, then

REU(z,d) = 1 - (1/2)4%(z,4). (8-5)

Now, from (6-4),

REU(z,d) = D(z,d). (8-6)

That is, the representative expected-utility measure for this
situation is identical to the absolute distance measure, the basic
absolute (primary) validity measure in this study.

The special two-action, two-state decision situation considered
in this subsection is equivalent, in a decision-making sense, to the
familiar cost-loss ratio decision situation (see Chapter 5). Sfeci-
fically, x = 1 -~ (C/L), where C and L are the cost of taking pro-
tective action and the loss incurred 1f protective action is not
taken and adverse weather occurs, respectively, Thus, since the
quadratic, or probability, score Q(r,d) is identical to the primitive
distance measure Az(gﬁg) [see (6-3) anﬁ (6-19)], the former can also
be considered to be a measure of expected-utility in this special

situation (Murphy, 1966).

'8.2.2 A M=Action, M-State Situation
A M-action, M-state generalization of the cost-lcss ratio dec~-

ision situation has been described by Epstein (1969). 1In this
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situation the set a of actions {al..,...au} consists of M decreasing
levels of protection and .the set s of atates'{sl,...,su} consists of
M decreasing degrees of severity of the weather, The cost-loss
matrix in this situation when' M = 5 is presented in Figure 8-3, When
state sj.obtaina, gpe representative expecﬁed-utility measure (see
subsection 8.2.1) in this situation, when the utility x is assumed

to possess & uniform probability distribution, is REUj(E), vhere,

from Epstein (op. cit.),

N~1 n 2 N 2
REU, () = (3/2) - [1/2@-D1 5[ E )% GLopyr)”]

(8-7)

N
- [/ O-D1Z |0 - 3l . (G=lie.. )

Murphy (1970) has shown that REUj(z_') in (8-7) can be expressed as

-1 n 2 N-1 N 2
REU, () = 1 - (/DT QI )™ 2 CE e T
(8-8)
(j-l'-'t.N)

Further, Murphy (1971) has shown that REU(;,_Q "in this situation can

be expressed as

N n n 2
REU(z,d) = 1 - [L/ -1 Z (Z,7 - 2,407, (8-9)

A comparison of (8-9) and (6-27) reveals that
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States
%1 %2 °3 ®4 ®s
x - X x x x
(3x+1) /4 3x/4 3x/4 3x/4  3x/4
(2x+2) /4 (2x41) /4 x/2 x/2  x/2
/4 /6 RD/E x/h - x/h
1 3/4 1/2 1/4 0

The cost-loss matrix in the M-action, M-state

generalization of the cost-loss ratio decision
situation when M = 5,
the cost-loss ratio (i.e., x = C/L).

The variable x represents
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REU(z,d) = RES(z,d). (8-10)

Therefore, the representative expected-utility measure for this

situation is identicall to the ranked probability score.

8.2.3 General Relationships between Validity and Utility Measures:

Discussion

In subsections 8.,2.1 and 8.2.2 we have shown that two familiar
measures of validity are equivalent to the (representative) expected-
utflity measures associated with two apecial decision situations when
the evaluator's knowledge is expressed in terms of a uniform distri-
bution. Murphy (1969a) and Stael von Holstein (1970b) have discussed
and /or formulated expected-utility measures associated with these
same situations when the evaluator's knowledge was expressed in more
general terms (e.g., in terms of a beta distribution). The process
of formulating these expected-utility measures generally leads to
very complex expressions (cf. Chapter 7) which bear no obvious
relationship to known measures of validitf (or other empirical attri-

butes). Evidently, then, one desirable property of empirical

1The ranked probability ssore ia generally expressed simply as-
Res (g, = B (Ir- Id)? (see Murphy, 1971), which 1s still
equivalent to the measure REU(r,d).
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evaluation measures is simplicity. In any case, the question arises
as to the general relationship between measures of validity and
measures of utility., A definitive answer to this question has been
provided by Savage (1971), who states that "..., every proper [strictly
proper in the terminology of this thesis] scoring rule can be viewed
as a share in a business and ... every such share leads to an at

least weakly proper [proper] scoring rule ..." (p. 799). Clearly,
this result has important implications for forecast evaluation in
general and for the relationship between empirical and operational
evaluation measures in particular, and these implications are in

need of further study (see Chapter 9).



CHAPTER NINE. 'CONCLUSTON

This chapter cqnaists‘of three sections. In Section 9.1, we
briefly summarize and discuss the principal results and conclusions
forthcoming from this study. Several possible extensions to the
study are indicated in Section 9.2, and we briefly describe an alter-
native (geometrical) framework for the evaluation of probability

forecasts. The final section (9.3) contains a brief postscript.

9.1 Summary and Discussion

In this study we initially emphasized the importance of the
steps in the preliminary (or formplation) phase of the evaluation
process. These steps include the identification of the purposes
for evaluation and the description, in quantitative terms, of the
desirable attributes of the forecasts wigh respect to these purposes.
In Chapter 2 we identified two general purposes, to determine the
(absolute and relative) degree of correspondence between the forecasts
and the observations and to determine the "vglue“ of the forecgsts
to users or decision makers. Each of these purposes leads to the
identification of a distinct form of evaluation, and we have referred
to these forms as empirical evaluation and operational evaluation,
respectively. 1In general, the former is of concern to the meteor-
ologist, while the latter is of concern to the decision maker,
However, since they may often be interested in both forms of evalu-

ation, we have used the term "evaluator" to describe these and other
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individuals concerned with the problem of determiﬁating the "goodness"
of forecasts.

Normative and substantive attributes of probability forecasts
were described in Chapter 3. The normative attributes relate to
the assessment process (i.e., the process of formulating the fore-
casts), while the substantive attributes relate to the evaluation
process. With regard to the former, the subjective view of proba-
bility, the view to which we subseribe in this study, prescribes
that (subjective) probabilities should be both consistent and honest.
The latter requirement implies that a meteorologist's assessments
or forecasts should correspond to his judgments. One method of
encouraging the forecaster to make honest assessments (i.e., not to
hedge) 18 to reward him in accordance with a strictly proper scoring
rule. Improper scoring rules, on the other hand, encourage hedging.
Thus, the question of whether an evaluation measure is strictly
proper or improper became an important consideration in this study
(even though we are primarily concerned with the evaluation problem
rather than the assessment problem). With regard to substantive
attributes, desirable properties of pfobability forecasts with re-
spect to both forms of evaluation were identified. The principal
attributes with respect to empirical evaluation are validify and
bias (or reliability). These attributes refer to the correspondence
between forecasts (i.e., probabilities) and observations on an
individual and collective basis, respectively. Other secondary

attributes were also described, The principal (and only) attribute
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considered with respéct to operational evaluation was utility (in
a deéision—theoretic sense).

Frameworks for empirical and operational evaluation were de-
scribed in Chapter 4 in terms of their primitive elements, First,
a geometrical framework, the regular asimplex, was identified, within
vhich probability forecasts could be represented as "points.” When
the observations were also associated with points in this geometrical
framework, the simplex became a framework for empirical evaluation.
The framework for operational_evaluation was based upon a modified
version of the subjective, expected-utility (SEU) model of a decision
situation., The SEU model is, of course, consistent with the sub-
jective view of probability which we have adopted in this study.
The principal assumption which we have made_in applying the SEU
model to the evaluation probieﬁ was to assume that the decision
maker adopts the meteorologist's probabilities as his own subjective
probabilities., This assumption appears to be reasonable in view
of our primary concern in this study with the evaluation of the
meteorologist's forecasts, We then demonstrated that this (modified)
model could be represented within the framework of the regular
simplex and that, as a result, this "augmented" simplex represents
a framework for operational evaluation. Finally, we indicated that
the fact that the set of primitive elements for the framework for
operational evaluation subsumes the set of primitive elements for
the framework for empiricai evaluation implies that the former (and

its geometrical representation) is a comprehensive framework for
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evaluation. The existence of such a framework.is of particular
importance Qhen the question of the.relationships between empirical
and operational evaluation is considered.

In Chapter 5, the specification of the primitive elements which
constitute the evaluation frameworks was considered. The evaluator
was assumed to be able to specify all of the primitives except the
(decision maker's) utilities in a complete, i.e., precise, manner.
The evaluator's knowledge of the utilities could be complete or
incomplete, and, in the latter case;'his knowledge was assumed to
be expressed in terms of inequality or probability measures. Several
examples of such measures were considered. Further, we indicated
that the treatment of the utilities as an uncertain quantity seems
to be particularly appropriate when the evaluator is a meteorologist,
since the lattér's knowledge of tﬁe utilities is seldom if ever
complete. Two possible interpretations of the probabilistic mea-
sures of knowledge in this context were discussed.

Within the (geometrical) framework for empirical evaluation
described in Chapter 4, the distance between the forecasts and the
observations is a natural measure of their degree of correspoﬁdence,
and distance measures of the principal and supplemental attributes
were formulated in Chapter 6. These measures were then compared
with other measures proposed heretofore, uith particular emphasis

upon absolute and relative measures of the attribute validity. With
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regard to absolute measures, a number of strictly proper scoring
rules were described, and we indicated that (other) definitive
criteria upon which to base the choice of a particular measure are
lacking. In this regard.>however, all strictly proper scoring
rules are (believed to be) increasing functions of the probability
assigned ‘to the state that obtains along certain "directed" line
segments in the simplex (i.e., when the forecasts are comparable).
Since this property is of particular importance in our study of
the relationships between measures of validity and measures of
utility, any strictly proper scoring rule can be used as a standgrd
of comparison. With regard to relative measures, the distance
measure was shown to be the only strictly proper measure, although
two other relative measures were approximately strictly proper for
large collections of forecasts (K>100). Measures of the attributes
bias (or reliability), resolution, and shérpness were also described
and compared. With regard to the first two attributes, distance
measures based upon a vector partition of the primitive distance
measure were preferred, since we believe that forecasts should be
considered to be vectors rather than scalars, Two tables were
presented that summarize the form and properties of the measures
considered. In general, the members of the family of distance mea-
sures compare favorably with their "competitors."

Measures of the "value" of forecasts were formulated in Chapter

7 for situations in which the evaluator's knowledge of the utilities
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was both complete and incomplete. Examples of the expected-utility
measures associated with particular decision ai;uations and states

of the evaluator's knowledge were presented, The behavior and
properties of these measures were investigated. In particular, we
demonstrated that utility and expected-utility meaéures are proper

and strictly proper (or prﬁper) seoting rules, pespectively. Further,
on the basis of the examples and other considerations, we speculated
that these measures are increasing and étrictly increasing (or in-

creasing) functions of the probability (r, say) assigned to the state

3

that obtains (s,) for comparable forecasts. Finally, we showed (via

3
examples) that, as expected, expected-utility measures approach
utility measures as the evaluator's knowledge increases (i.e., as
his probability distribution becomes more concentrated),

The results obtained in Chapters 6 and 7 with regard to empiri-
cal and operational evaluation measures, respectively, provided the
basis for an investigation of the relationships between measures of
validity and utility in Chapter 8, We were concerned in this
chapter with both the ordinal relationships between these measures
.1n general as well as the specific relationships between such mea-
sures in special situations. With regard to the former, the fact
that both (strictly proper) validity measures and utility and
expected-utility measures are strictly in;reasing (or increasing)
functions of r, for comparable forecasts means that validity measures

]
provide an ordinal measure on utility and expected-utility for such
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forecasts. While two forecasts will seldom fall precisely on the
same line segment, they may fail on "adjacent" line segments, in
which case the ordinal relationships will hold for most decision
situations. Moreover, since all line segments are directed line
segments in the two-state (N-é) situation, this ordinal relationship
holds in general in this situation for individual forecasts. Unfortu-
nately, for collections of forecasts this relationship appears to
hold, in general, only if the individual relationship holds for each
pair of forecasts in the respective collections. 1In summary, we
were able to show that the fact that one forecast is more valid than
another forecast does not guarantee that the former will be of greater
utility than the latter unless they are comparable (except in the

_ two-gtate situation in which all forecasts are comparable), O©On the
other hand, we speculated on the basis of the properciés of the
framework for operational evaluation (i.e., convexity) that, in most
situations, the fact that one set of forecasts is more valid than
another set implies that the former set will be of greater utility
than the latter set.

With regard to specific relationships between measures of valid-
ity and measures of expected-utility, we showed that the measures of
lexpected-utility associated with two special decision situations were
equivalent (i.e., linearly related) to twe familiar strictly proper
scoring rules, namely the distance or quadratic measure D(E,é) and

the ranked probability score RPS(r,d). These results provide
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specific evidence of the statement by Savage (1971, p. 799) that
every strictly propér scoring rule corresponds to a particular
decision situation and every decision situation corresponds to a
proper or strictly proper scoring rule. As indicated in Chapter 8,
this result obviously has important implications for the evaluation

problem in meteorology and other contexts.

9.2 Some Extensions

Many possible extensions to this study suggest themselves, and
we indicate a number of such possibilities in subsection 9.2.1. . In
addition, we briefly describe an alternative geometrical framework

for the evaluation of probability forecasts in subsection 9.2.2,

9.2,1 A Potpourri of Extensions

The specific (as opposed to the general) purposes for evaluation
need further study and such an investigation could lead to the |
identification of new forms, or sub-forms, of evaluation. Further-
more, such studies might identify important new attributes and/or
lead to refined definitions of attributes proposed heretofore.

While the evaluation frameworks described in this study possess
certain attractive features (at leastrto the author),; the advantages
and disadvéntages of this "approach” to the evaluation problem are
in need of further study. In additioﬁ. thig framework should be
compared with the frameworks proposed by other investigators (Raiffa,

1969; Roberts, 1968).
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With regard to the specification of the primitive elements in
any such framework, the implications of a lack of complete knowledge
regarding primitives other than the decision maker's utilities should
be investigated. From a meteorologicéi point of view, empirical
studies of the meteorologist's state of knowledge with respect to
decision maker's utilities would be of some interest.

The need to identify additional criteria which can be used as
a basis for comparing empirical evaluation measures is apparent.

Such criteria might include the sensitivity of strictly proper scoring
rules to hedging (see, for example, Murphy and Winkler, 1970), and

the formulation of "indicators" of the degree to which scoring rules
actually "measure" the relevant attributes. Empirical studies
involving the use of strictly proper and improper scofing rules in
connection with probability assessment tasks would also be valuable

to determine the magnitude of the impact of such measures on hedging.

With regard to operational évalﬁation, the need exists to
identify representative utility and/or expected—utility measures -
which provide reasonable measures of the "value" of probability fore- _
casts to specific groups of decision makers., In addition, the
speculations regarding the properties of these measures should be
proved either true or false.

We consider the studies of the relationships between empirical
and operational evaluation measures to be a matter of the greatest

importance. In particular, a much more comprehensive study of the
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conditions under which validity measures, and measures of other
attributes, are or are not ordinal measures on utilitf and expected-
utility is needed. In addition, . the expected-utility measures
associated with a variety of decision situations and states of
knowledge should be investigated . to identify simple ﬁnd easy to use
measures such as the ranked probability score (Epstein, 1969; see
also Murphy, 1971) which are also measures of ''value" for representa-

tive decision situations.

9.,2.2 An Alternative Framework
In this subsection we briefly describe an alternative geometrical
framework for the evaluation of probabllity forecasts.

Consider the ranked probability score RPS(r,d) in (6-27), and

let
n
Rhf mglrm (-1
and
n ‘
Then,

S N ‘
RPS(r,d) = ® = D® -D'= L®-D)% (-
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mueg-mrnu%)mdi-mru;%hl msmu;&utog
and D as a cumulative forecast and a'cﬁmuiative observation, re-
spectively (see Murphy, 1971, 1972c). If we denote the set of all
possiblé cumulative forecasts by HN. then, from (9-1), HN is an

irregular (N-1)-dimensional simplex defined by
N L [Y=
= {(Rp----RN)IRiZOan?.Rj for 1<J<k<N, Ry 1} (9-4)

(Murphy and Stael von Holstein, 1975). A cumulative forecast R =
(Rl....,RN) corresponds to a point in this simplex (and vice vgraa),
and the N vertices of the simplex represent the N cumulative obser-
vations D and the N categorical forecasts R (n=1,...,N).

The simplex for three-state (N=3) situatioms, Hs, is depicted
in a cartesian coordin#te system in Figure 9-1 as a right, isosceles
triangle (heavy solid lines) on the top face of the unit cube. This
triangle 1s then a framework for the representation of cumulative
forecasts ana observations in three~state situations. The regular
two-dimensional simplex, the equilateral triangle Ra, which represents
the set of all forecasts r, is shown in dashed lines. Since a one-

to~one correspondence exists between a forecast r and a cumulative

]Ve have chosen to express the measure RPS(r,d), or RPS(R,D), in its
simplest (equivalent) form in this subsection,
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rs,d;
o ©,1,1)
= T /I\\ Rz,Dz
, \\ -t - - -
l/ \\ |
// I
_ '/ \\
(1,0,1) K (1,0
/ Blvgl \\ .
// NJrzd2
// (00,0). _ -7 (0, 1,0)
/ ,.z/
/ -
/ _-
/ -
gy |7
{1,0,0) (1,1,0)

Figure 9-1. The framework for the representation of forecasts and
cbservations in three-gtate (N=3) situations, the
equilateral triangle R° (dashed lines), depicted in
a cartesian coordinate system. The corresponding
framework for the representation of cumulative fore-
cgsts and observations, a right, isosceles triangle

(heavy solid lines) on the top face of the unit
cube (1ight solid lines), is also depicted in this
figure.
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" forecast R, a one~to~one correspondence exists between points in the
two triangles.
The (Euclidean) distance between a cumulative forecast R and

the relevant observation D in this framework is A(R,D), where

N
ARD) = [ I, (& - p)?/? (9-5)

Thus, from (9-3) and (9-5),
RPS(R,D) = Az(_g,_n_), (9-6)

i.e., the RPS is the square of the distance between R and D, The
cumulative forecast R = (0.2,0.7,1,0), corresponding to the forecast
r = (0.2,0.5,0.3), is depicted within the framework of the triangle
]'[3 in a two~dimensional cartesian coordinate system in Figure 9—2.
As previocusly indicated, the vertices of this triangle represent
the cumulative observations }_)_n and the categorical cumulative fore-
casts Bn (9-1,2.3) . The dashed lines in Figure 9-2 represent the
distances between the cumulative forecast R and the cumulative
observations 2_1- (1,1,1), 22- (0,1,1), and 23- (0,0,1). The squares
of these distances are nrsl(g), RP52®, and RPSa(B_), respectively.
Now, Murphy (1970) has demonstrated that the RPS(R,D) is a
weighted distance measure, while the measure n(;.g [or Q(g_.[,i)] is an

unweighted distance measure, More recently, Murphy and Stael von
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Figure 9-2.

~_ ! | | | ” 0,0

RPS3(R)  ~~o _ 7
R =(o.é‘5'9.7. o) 92

-10.4

-10.6

(1,1,1)°1-0

The cumulative forecast R = (0,2,0.7,1.0) depicted
within the framework for the representation of
cunulative forecasts and observations in three-gtate
(N=3) situations, a right, isosceles triangla Il

in a two~dimensional cartesian coordinate system. The
dashed lines represent the distances between the cumu-
lative forecast R and the three cumulative observations
D.= (lllll)’. -D'Z- (0,1,1), and Q, = (0,0,1). The
squares of these distances are 81(5), RPS,(R), and
RP33(§)0 respectively.
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Holstein (1974) have shown that these measures are simply two differ-

ent members of the family of quadratic scoring rules GQ(x,d), where

QD) = @ - DA - D", - 0-7)

where A is an N-by-N matrix. The forms of the matrix A for the
measures (a) D(x,d) and (b) RPS(S_,B) are presented in Figure 9-3,

At this time, we speculate that the members of this famiiy of scoring
rules will be strictly proper if é.is symmet;ic and non-singular.

In any case, the measure GQ(;,Q) appears to define a family of mea-
sures each of which is related to a different irregular simplex and
each of which assigns different weights to the probabilities, The
members of this family of scoring rules and their geometrical

representations are obviously in need of further detailed study.

9.3 A Postscript

We conclude this thesis by presenting the following "innocent"
comment by Goodman and Kruskal (1959, p. 153) which was the point
of departure for this study:

"If we attempt to construct a measure of association
between probabilistic forecasts and actual events later
cbserved, we are faced with association between an essentially
continuous distribution on a k-1 dimensional simplex (k

categories, probabilities for each that sum to one) and a
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(a) D (5-2)

o
o
o O = O O
o = O O o
o

(b) RPS (Lvi)

»>
]

(T S - I
[ ]
w

& 2 WO R
w

Figure 9-3. The forms of the matrix A in Equation (9-7) when N = §
for (a) the distance measure D(r,d) and (b) the ranked
probability score RPS(z,d).
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discrete distribution on k.points (for the actual events)."
The author hopes that some comment, speculation, or conjecture in
this thesis will stimulate further interest and studies in this

jmpoxrtant area.



APPENDIX A

THE CLASS OF DISTANCE MEASURES A*(zr,d):

"PROPER" AND IMPROPER SCORING RULES

In this appendix we show that the only member of the class of

power functions of the form Ak(_r_,g) s Where
K N 2)k/2
A (z,d) = [ngl(r ~d ) ] (A-1)

which is a strictly proper ecoring rule is the squared distance
measure A% (x,d).
When state sj obtains (i.e., when dj' 1), the measure Ak(g.g)

in (A-1) becomes A;(_g_), where

N
85 = 1@ - ©) 2 £l
n¥}
or
A% 1204 LeR¥2, A-2
j(.l_:)f( - 2, _1rn) (A-2)

If we let Ak(_x;_,g) denote the forecaster's subjective expected score

(see Chapter 3), then

x N
e = Epyty©,
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or, from (A-2),

N N

a* (x,p) = i 1pj 2rj+ z :'z)kl2

(A-3)

Now, taking the derivative of Ak(_g,g) in (A-3) with respect to r,,

1
we obtain
38%(z,p) for = (kr,),L I (1~ 2+ z %) (k/2)-1
Lp)/3rg® () Bypy @ = 2rgt Byr
N
- kpi(l - 2rj+ L i )(klz) -1
and setting this result equal to zerc yields
(r,) g (1 - 2r+ E . )“‘IZ)"1
T4’ 581Py 1
(A-4)
N
2, (k/2)-1_
- pi(l - 2rj+ Elr 0.
Let _
: (k/2) 1
aj- (1- er-l' nE1 n) (A-5)

Then, (A-4) can be rewritten as follows:

N
- (ail L1P4%4 ey (A-6)
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Now, r,- Py in (A-6) if and only if

a= jglpja;]' (A-7)
Note that (A-7) must hold for all i (i=l1,...,N), which implies that
the a, ‘must all be equal (i.e., 8= o0 = aN). From (A-5), this
coﬁdition will hold, in general, only if k = 2 [1i.e., only if aj- 1
for all j (j=1,...,N)]. If can also be shown that the function
‘Ak(ghg) in (A-3) is strictly counvex. Thus, the only member of the
class of power functions of the form Ak(g,gg which ia a strictly

proper scoring rule is the squared, or primitive, distance measure

8% (z,d).



APPENDIX B

THE INFORMATION RATIO IR(m,r,d): AN IMPROPER SCORING RULE

In this appendix we show that the information ratio IR(T,r,d)

is an improper scoring rule and determine the "optimal" forecast
1*- (ti,...,rﬁ).
When d,= 1, the measure IR(T,r,d) becomes IRj (m,r), where,

h
from (6-31),

IR, (r,z) = 1 - (In :l:jlln 'nj). , (B-1)

If we let IR(m,r,p) denote the forecaster's (subjective) expected

score, then

N
IR(T,r,p) = j,2,11:3[1 - (1n rjlln ﬁj).

or
N .

IR(n,z,p) = 1 - jglpj(ln rjlln nj). (B-2)

Now, let FP(r) denote IR(T,r,p) in (B-2), let

N
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and let
H(E) = F(2) + A6(x), (B-3)

where A 1s a Lagrange multiplier, Then, maximizing H(z) in (B-3)
is equivalent to maximizing the expected score IR(T,r,p) in (B-2).
Thus, taking the derivative of H(r) with respect to T, (say) and

getting this derivative equal to zero yields
BB(_:E)IBrm- -(pmlln 1rm) (llrm) + 2,
or

r; = (1/7) (pm/ in ﬂm) e (m=l,,,.,N) (B~4)

N
Then, since nglrn- 1,

N . :
A= l:l:l.'.ll(1:»11/11:1. 'll’n).

Thus, r; in (B-4) becomes
N

xh = (p,/1n 7)) Ik (pn/ Inm). (wl,...,N) (B-5)

Note that r; ¢ Py in (B-5) unless“lrn- 1/N for all n (n=1,...,N)
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or unless p = 0 or 1. Thus, the measure IR(W,r,d) is an improper
scoring rule for individual forecasts.

For a collection of forecasts, we shall adopt the same approach
as that used in connection with the ratio skill score (see paragraph
6.3.1.2). The expected score on the (K+l)st cccasion is IRK+1(1T_,£,
p), where

o K N K
Ry ED =1 - Ejln xp 3E1{py g1/ GeEylo T +01y ]

N K
j-l{pj g+ 10 T, K+1/[kz In 7° + 1n 7

(B-6)
k 3, gl

in which 1-1"c and 11'1: are the forecast and climatological probabilities,
respectively, associated with the state that obtains on the kth occa-~
sion (k=l1l,...,K). The method of Lagrange multipliers yields the fol-

lowing result:

K
k" Py e/ 1n Mt in T k411 zl{p ,x+1’[k§11“ L
(8-7)
+1nT ,K+1]}
Note that r* ,K+l" P, k1 unless Fn,K-I-l' 1/N for all n (n=1,...,N) or

unless Pp k41" 0 or 1. Thus, the measure IR(mW,r,d) is also improper

for a collection of forecasts. However, for large collections of
K

forecasts (K>100), E Inm? >>1nm for all n (assuming that
k n,K+1 )

¢ 0), in which case r

m,l(+1= Py, K+l and IR(7,r,d) is approxi-

ﬂn,K+1
mately strictly proper.

lThe function IR(T,r,p) is obviously strictly convex.



APPENDIX C

THE MATRIX SKILL SCORE MSS(w,x,d): A PROPER SCORING RULE

In this appendix we show that the matrix skill score MSS(w,r,d)

is a proper scoring rule.

]
from (6-36),

When d,= 1, the measure MSS(m,r,d) becomes HSS:I (1,2), where,

N
MSS,(M,x) = ¢(ry M) (/M) + Lo(m,r){1/A-m)).  (C-1)
n¥]
1f we let MSS(m,r,p) denote the forecaster's (subjective) expected

score, then

N N
MSS @1-_1;92) - jglpj{¢(r,‘] sﬂj) (llﬂj) + n§1¢ (“n.rn) [/ (1‘1'n) 1} N

n¥j

or

N
MSS(m,x,p) = I, [é (c ,7m )(p /m)

(c-2)
N N
+ ¢n (‘"n’rn) (mglpm/m-z-:lﬂm) I.

mfn m¥n

Now, eince MSS(m,r,p) in (C-2) is a discrete rather than a continu-
ous function of x, we shall proceed in the following manner.

First, note that each probability r n (n=1,...,N) appears in only two

=234~
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terms in (C-2). Thus, in determining the "optimal" forecast r;

(n=1,...,N), we need only consider these two terma.l Suppose that

p1> "nl. 1f we denote the sum of the relevant terms in (C-2) by

‘mssl(m,r,p), then

MSS'(z,£,p) = b (,m;) oy /M) |
| (c-3)

N N
+ 6(my,7y) Qo) Mk -
N N 1
Now, P> implies that lll§2pm< mgzﬂm' Thus, MMS (1,5_,2% is mal::i-
pized by setting r1> m,. Suppose that p1< Ty Then, m§2pm> mgzﬂm
and Mssl(J_r_._r_.g) is maximized by setting r1< T,. This argument can

be used to show that if pn> (<) T then the forecaster should choose
rn>(<) 1in in order to maximize his expected score Mss“(g,g P)
(n=1,...,N). Since the terms nss“(y_,_;_.p_) are "independent," the
forecaster maximizes his (total) expected score MSS(w,r,p) by maxi-
mizing eacﬁ of these individual terms., Thus, the scoring rule
Mss(m,r,d) is a proper, but not a strictly proper, scoring rule.

The forecaster will realize the maximum expected score by setting

LA for all n, but other values of the r  may also yleld this same

(maximum) expected score (n=l,...,N).

lThe r* must, of course, satisfy the usual condit:l.ona on probabilities.
That Es, r* > 0 and gr* =1 (n=1,...,N).



APPENDIX D

THE UTILITY MEASURE U(x,d): A PROPER SCORING RULE

In this appendix we show that the utility measure U(r,d) is
a proper scoring rule,

When d,= 1, the utility measure U(x,d) becomes Uj(g), where, from

3
(7‘1) »
M
. UJQE) - mglam“mj' (D-1)

The measure U(r,d) is based upon the assumption that the decision
maker selects the action a (say) that maximizes his expected
utility.l In order to emphasize this fact, we shall rewrite (D-1)

as follows:
Uy = R, | (D-2)

1f we let U(z,p) denote the forecaster's expected score, then.

IWe must also assume that the forecaster's utility function is line-
arly related to the decision maker's utility function (i.e., to the
utility matrix U). This sssumption may not be unreasonable in
many practical situations.
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TR = 4Ryl @,

or, from (D-2),

N
U(S.-E) j lpj mj (I'ER )l (D-3)

vhere p = (pl,...,pu) denotes the forecaster's judgment. Suppose
that p € R ,. Then,

N
U(p,p) = 414 0wy (peR ) . (D-4)

Now, from (D-~3) and (D-4),

N N
U(z,p) = 4= 1p 3%mg = (tER ) < U(p,p) = j§1pjuﬁ*j (P_enm*) ’ (D-5)

with equality holding in (D-5) only when r € R oae Thus, the utility

measure U(x,d) is a proper, but not a strictly proper, scoring rule,
since any r e'Rm* (not only r = p) will yield the same maximum
expected score. This result has also been obtained independently

by Raiffa (1969) and Stael von Holstein (1970&).



APPENDIX E

THE EXPECTED-UTILITY MEASURE EU(z,d): A "PROPER" SCORING RULE

In this appendix we show that.the expected-utility measure
EU(x,d) in a special two-action, two-state decision situation is
(1) a strictly proper scoring rule when the evaluator's knowledge
is expressed in terms of a positive probability distribution and (2)
a proper scoring rule when the evaluator's knowledge is expressed in
terms of a non-negative probability distribution. We also provide
a heuristic argument and some additional evidence to support
CONJECTURE 7-2 which asserte that the general expected-utility mea-
sure in the M-action, N-state decision situation possesses these
properties.

Consider the special two-action, two-state situation described
by the key utility matrix (c¢) in Figure 5-3. The utility measure

U(x,d) in this situation 18, from (7-8),

U(z,d) = 61d1+ Géx. (E-1)
The expected-utility measure EU(x,d) is, from (7-12),

EU(z,d) = x£9(61d1+ 8,%) £ (x)dx,

or, when © is the closed unit interval [0,1],
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, I 1
EU(x,d) = d1£ £(x)dx + { xf (x)dx. (E-2)
1

If we let EU(z,p) denote the forecaster's expected score, then

N
EU(z,p) = jgll’jmj@f)-

or, from (E-2),

. L3 1 1 1
EU(z,p) = P]_[I £(x)dx + [ x£(x)dx] + pzf x£(x)dx. (E-3)
0 L2 T, :

Now, differentiating (E-3) with respect to T, and setting the deriva-

tive equal to zero yields
OEU(z,p) /or,= p, [£(x)) - x £(x,)] = p,ox;£(x,)),
or
f(r’i) (pl- ri) =0, (E=-4)
1f £(x) is a positive functiom, then £(x) > 0 and, from (E-4),

re =
rl p1-
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‘Thus, the measure EU(z,d) in (E-2) is a strictly proper scoring rule
when £(x) > 0. On the other hand, if f(x) is (only) a non-negative
function, then £(x) > 0 and ri need not necessarily be set equal to
' Py to maximize the expected score EU(r,p). However, note that the
forecaster can still achieve the maximum expected score by setting

rh = Py (t.e., other values of r, may yield the same expected score

1 1
but no other value of ri will yield a greater expected score).
Thus, EU(r,d) is a proper scoring rule when f£(x) > 0. The expected-
utility measures associated with other special decision situations
and other measures of knowledge have also been shown to be either
strictly proper or proper (see Murphy, 1969a,b; Stael von Holstein,
1970b).

With regard to whether or not the expected-utility measure
associated with the general M-action, N-state situation is a strictly
proper tor'proper) scoring rule, we offer a partly heuristic argument
based largely on the work of Savage (1971). Savage (op. cit., p.
799) makes the following comments:l 7

"(E)very proper [strictly proper] scoring rule can be viewed

a8 a share in a business and ... every such share leads to
an at least weakly proper [proper] scoring rule ... . (A)

person Enowing that an act in a specified economic situation

1The words and phrases in square brackets are due to the author of
this thesis (AHM).
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is to be chosen for him in.accordance with his annocunced
system of personal probabilities will have no incentive to
announce a false one [{.e., .the "economic situation" is a
proper scoring rule].. ﬁowevér, 1f the convex function
ariging from the family of actsvhaa flat places ~ technically,
is not strictly convex - then the person has no positive
incentive to distinguish among certain systems of proba-
bilities, and the scoring rule is only weakly proper [proper]."
The last sentence in the above quotation and other comments in this
paper (Savage, op. cit.) indicate that ;‘strictix convex function
(arising from a family of acts) would lead to a strictly proper
scoring rule. In this regard, the general utility measure U(z,d)
in (7-1) 18 a convex function. Further, since the expected-utility
measure EU(x,d) in (7-3) is simply the integral of U(z,d) with |
respect to the elements of the utility matrix U, we speculate that
EU(x,d) is a strictly convex function if f(U) is positive and a
convex function if £(U) is non-negative. This specﬁlation, then,
leads to the conclusion that the measure EU(r,d) possesses the

properties described in CONJECTURE 7-2.



APPENDIX F
THE EXPECTED-UTILITY MEASURE EU(x,d) IN A GENERAL TWO-ACTION,
TWO-STATE DECISION SITUATION WITH A BOUNDEb INTERVAL - UNILFORM
MEASURE ON THE UTILITIES X, AN X,

In this appendix we describe the expectéd-utility-measure EU(x,d)
in the general two-action, two-state decision situation described
by the key utility matrix (e) in Pigure 5-2 when the evaluator's
knowledge of the utilities x, and x, is expressed in terms of a bounded
interval - uniform measure [see (5-5)].

The utility measure U(r,d) in this situation can be expressed as

follows:
Then, the expected-utility measure is EU(x,d), where

EU(z,d) = (xj xj)se[sldf §,(d x + d %)) E(x; ,x,)dx, dx,,
1252

or

BU(e,d) = {1/[(B,~a ) (B~a)1}. [ [ (6,44
. 1177272 (x{,x£)56 11
(P-2)

62(d131+ dzxz)]dxldxz,
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where © represents the two-dimensional rectangular region for.which
alﬁ xls Bl and sz 825 82 (0§q1561$1,0§G2§82§1). When the limits
of integration in (F-2) are considered, the following six cases can
be ident;fiedz

(1) Cage 1: 1 - (rzlrl)uzg oy

(2) Case 2: a,<1 - (r,/ry)a,< B, and 1 - (r,/r)B,< @)

(3) Case 3: d <

(r,/r))a,< By and 0,< 1 - (r,/r)B,< B

(5) Case 5: 815

1

(4) Case 4: B. < 1 - (rzlrl)d2 and 1 - (rzlrl)Bzf oy
l - (rzlrl)uz and u1'<' l- (rzlrl)szs Bl
1l

}(6) Case 6: B.<

-.(tzlrl)Bz

For illustrative purposes, the terms and limits of integration in

(F-2) are indicated below for Casg 2:

u v
EU(z,d) = {1/[(B -a,) (B, )1} [d, ( [dx,)ax,
v a

u Bl B2 Bl
+ [ (dyx + d,x,)dx dx, + | @,x+ dyx,)dx.dx,],
0.2 v u Gl

where u = (rllrz)(l - al) and v=l - (rzlrl)gz. The specific
expressions for the expected-utility measure EU(x,d) in all six of

these cases are presented in Table F-1.
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The expected-utility measure EU(x,d) in the general
two-action, two-state decision situation described -
by the key utility matrix (e) in Figure 5-2 when the
evaluator's knowledge of the utilities x, and x_ is
expressed in terms of a bounded interval - unifgrm
measure.

EU(z,d)

d,8y+ 4.8,

(a, /8,8,)1(0/3) (1=, ) >+ (1/607)a4E A, 8,1 [ (1/2) -0 +
(W/2)B21} + (4,/8,8,) [(-p2/6) (1-0,)°~(1/3p)a 3+ (1/2)05 (1-8, )
+(1/2)8,83)

(@ /8)){(-1/6p%) (a540,8,487)+[ (1/2)-0,+(1/2)82])

+ (4,/8,) [(1/30) (0540, B, +85)-E, (1-6,) ]

(8, /8,) 1 (E,B,=0,)+p[1-2E, +(1/3) (aJ40:,8,+821)

+ (y/B)1(-p2/2) [1-26 +(1/3) (b, B, +82) 1+(1/2) B3}

(8, /8,8,) 1(-p/3) (1-8,) - (1/607)B3-8,0,1+8, [ (1/ 2)-0,+(1/2) 11}

+ /8,8, [(2/6) (1-8,) *+(1/30)8,-(1/2) 85 (1-8)]

4

Key

Ei- (01+Bi) /2 (1‘1.2) ] Ai- Bi‘ ai (1-1!2> ] p - rllrz



APPENDIX G

THE EXPECTED-UTILITY MEASURE EU(r,d) IN A GENERAL TWO-ACTION, TWO-
STATE DECISION SITUATION WITH INDEPENDENT BETA MEASURES ON THE
UTILITIES xl AND x2

In this appendix we describe the expected-utility measure
EU(x,d) in the general two-actlon, two-state decision situation de-
seribed by the key utility matrix (e) in Figure 5-2 when the evalua-
tor's knowledge of the utilities X, and X, is expressed in terms of
a beta measure [see (5-4)].

The utility measure U(r,d) in this situation can be expressed

as follows:

U(x,d) = 61d1+ 62(d1x1+ d2x2)' (G-1)

Then, the expected-utility measure is EU(r,d), where

E(z. ) = [ [ [8,d;+ 8,(d %+ dyx,)IE, Gy £, (x,)dx dx,,  (G-2)

) (x1 ,xz)
in which
ai—l bi—l
- = - 1 - L — 1] -
fi(xi) [(ai+bi 1)./(ai 1) !(b, 1).]xi (1-x,)
(G-3)
0<xi<1 and 8i’bi>0

(i=1,2). When the limits of integration in (G-2) are considered,

two cases can be identified: (1) Case 1: 0 < r,< 1/2 and (2) Case

1

2: 172 < r.< 1l. The integral expressions for EU(x,d) in these

1

cases are presented in Table G-1.
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Table G-1, The integral expressions for the expected-utility measure
EU(r,d) in the general two-action, two-state decision
situation described by the key utility matrix (e) in Fig-
ure 5-2 with independent beta measures on the utilities

xl and xz.

Case 1: 0 < r.<1/2

T

EU(x,d) = dlzfl(xl)[Zfz(xz)de]dxl
1 u
+»d1{E(x1) - éxlfl(xl)[gfz(xZ)dXZ]dxl}
1 u
+ dz{E(xz) - gfl(xl)[gxzfz(xz)dxz]dxl}

Case 2: 1/2 <r,<1

1
1l v
EU(z,d) = dlgfz(xz)[ffl(xl)dxlldxz
)
1 v
+ dl{E(xl) - £f2(x2)[gxlfl(xl)dxlldxz}

1 v
+ dz{E(xz) - gxzfz(xz)[gfl(xl)dxlldxz}

Key
E(xi) = ai/(ai+ bi) (i=1,2)
u = (ry /1)1 - %))

ve=l]1l- (rzlrl)x2
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The specific expressions for the expected-utility measure
EU(r,d) in these two cases, when the parameters a, and bi (1=1,2)
are assumed to be positive integers (see paragraph 5.3.2.3), are

presented in Table G-2.
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Table G-2(a). The specific expression for the expected-utility mea-
sure EU(x,d) in the two-action, two-state decision
situation described by the key utility matrix (e) in
Figure 5-2 with independent beta measures on the util-
ities x, and x, assuming positive integer parameter
values.” Case I: 0 < rlf 1/2.

EU(r,d) = dIE(xl) + dzE(xz)

b
+1(e,=1) ey -1) H/(ay~1) (b ~1) 11(1/x) 1

cy-l "‘1’1 a,~1 a,-1-4
{4y 4, (D ECT G ey

c-2-j ) T O
~2H-) 1 1+1 j[1/k!(c-2-j-k)!]rk(l-r)c 2-3-k
¢.~1

2 l a

j
E (lli')jzo(j )( 1/r) (c1—1+i—j).

"(ey

c-l-j

. c—-1-j-k
k=c 1+1 3

[1/k!(c-1-j-k)! ]r (1-r)
| b a;-1 a,-1 a,;-1-]
- d,a, i=a1’23+1(1/i DL ( j )(-1/7)

c-l-j

=c, Liri- -3

c-1-j-k-

Hey=2H-) 1 [1/k!(c-1-§-K) 11e5(1-1) }

Key
E(xi) = ail(ai+ bi) (i=1,2)

cg ai+ bi (i=1,2)

c = c1+ c2

r = (rllrz)
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Table G-2(b). The specific expression for the expected-utility mea-
sure EU(r,d) in the two-action, two-state decision
situation described by the key utility matrix (e) in
Figure 5-2 with independent beta measures on the util-
ities x and x, assuming positive integer parameter

values. Case 3 1/2 < rlf 1.

EU(x,d) = dlE(xl) + dZE(xZ)

a
+[(e;1) 1e,~1) 1/ (ay=1) 1(b,-1) Hr 2
c,-1 b,-1

1 27 byml b,~1-j
Ad, By /(e =D LB CY ) )
' c-2—j , ' k c-2-J~k
«(e-3-i-3)! 2 §or j[1/k.(c-2—j—k)-](1/r) [1-(1/x)]
°1 by-1 bz -1 b,=1-] '
-da L +_1[1/(c 1) 112 )6 (c~2-i~3) !
-H [1/k!(c-1~3-k) 1] (1/x) [1-(1/r) 1€ 23K
"k=cZl-1-1 ¢=1-] r
¢yl b,-1 b2-1 b,~1-3
- dzrigal[ll(c ~1-4)! ]j L( § D
°'1"j k c-1-3-k
(e-2-1-3)1 _ L, . j{1/k:(c-1—j-k)!](1/r) [1-(1/1)] }
Key

E(xi) = ai/(ai+ bi) (i=1,2)

¢ = ai+ bi (i=1,2)

c = c1+ c2

(rllrz)

r



APPENDIX H

THE CONDITIONS UNDER WHICH THE EXPECTED-UTILITY MEASURE EU(r,d)
IS LINEARLY RELATED TO THE DISTANCE MEASURE Az(EJg) IN A SPECIAL

TWO-ACTION, TWO-STATE DECISION SITUATION

In this appendix we show that the expected-utility measure EU(x,d)
is lineafly related to the distance measure Az(g,g) in the special
two-action, two-state decision situation described by the key utility
matrix (c) in Figure 5-3 only when the utility x possesses a uniform
probability distribution.

The utility measure U(x,d) in this situation is expressed as

follows:
U(r,d) = 61d1+ ﬁzx. (H-1)

[see (7-8)]. The expected-utility measure EU(r,d) in this situation,
vhen the evaluator's knowledge of the utility x is expressed in terms

of a probability distribution f(x) (0<x<l), is, from (H-1),

EU(z,d) = | (6.d.+ 8,%)€(x)dx,
G181 5

or

b3 1 :
EU(x,d) = dlf £(x)dx + [ x£(x)dx. (8-2)
0

2]
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Now, the measure BU(E,Q) i8 a linear function of the distance measure

Az(_g,g) if and only if

EU(z,d) = aA’(r,d) + b,

where a and b are constants, Then, from (6-3) and (H-2),

1 1
a,) £Gax + [ xE()dx = 2a(r- 4 )% b, (B-3)
0 r
1

Now, differentiating (H-3) with respect to ry ylelds

dlf(rl) - rlf(rl) = loa(rl- dl),
or

f(rl) = =4a, (H=4)
Since a is a constant, (H-4) indicates that the expected-utility
measure EU(x,d) is linearly related to the distance measure Az(l:_,g_)

only when the utility x possesses a uniform probability distribution.

Further, since 0 < x < 1, f(x) = 1 and a = -1/4.
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