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ABSTRACT

SYMBOLIC COMPUTER SOLUTION OF ELLIPTIC 
BOUNDARY VALUE PROBLEMS

by

Norman Loren Schryer 

Chairman: Cleve B. Moler

We study the elliptic boundary value problem:

Lu = Au + a(x,y)ux + b(x,y)u^ + c(x,y)u = 0 with c(x,y)<0 on a 

simply connected domain D and u = f given 

on d D.

Under the assumption that the coefficients a, b, and c are 

analytic functions of x and y, and following ideas of Stefan Bergman 

and of I. N. Vekua, a system of particular solutions, p^(x,y), of 

Lu = 0 is constructed. Each pR is given by an infinite series whose 

elements are defined recursively in terms of a, b, and c. These 

solutions are independent of the domain D and represent generaliza­

tions of the harmonic polynomials Re (x + iy)k and Im (x + iy)k for 

the equation Au = 0. Let p^ ? be defined by truncating the series 

expansion of p^ after T terms. For any vector s = (s , . . . , s )
1 ' N'

let
N

u(z,s) = 5 s p (z) .
k=l * 1

Given boundary values f, a compact subset, S , of 
N

is constructed that contains the necessary coefficients for convergence 

to the solution u.
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To find these coefficients, we choose points z............. z 
1...................M

which are uniformly distributed around 9 D. Define

be a solution of the linear approximation problem 

min max | f(z.) - u(z., s)| .
seSN j=l, . . . , M J 3

Then u^ M T(z) = u(z, sN*M* T ) is a best fit to u at z^, . . . , z^.

Our principal result is that 

lim [ lim 
N~*°°  M, T—00

max | u(z) - u (z)| ] = 0
DO9D 1

The truncated solutions Pk, T may be constructed exactly,

but they are not exact solutions of Lu = 0. A computable

a posteriori error bound is given for ju - u^ in terms of

how well u satisfies the boundary conditions and the differ-N ; M I T

ential equation Lu = 0.

An algorithm similar to the above is given for solving the 

inhomogeneous equation Lu = g for analytic coefficients a, b, c, 

and g.

Several examples are given and numerical results presented 

for the special case where a, b, and c are polynomials in x 

and y.
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CHAPTER I

STATEMENT OF THE PROBLEM AND

PRELIMINARY RESULTS

Introduction

We wish to solve the elliptic boundary value problem

Lu = Au f a(x,y)u + b(x,y)u + c(x,y)u = 0 X y

(I) u = f on 9D with f given

u € ^^D w 9D) r> C^^D)

on a simply connected domain D in the plane. The coefficient 

c(x,y) is assumed to be non-positive on D.

The algorithm we shall study for solving this problem consists 

of the following three steps.

Step 1: Generate a system of functions Pk(x.y), k = 0. 1, .

which are formal solutions of Lu = 0. These functions are

generalizations of the harmonic polynomials.

{ ^ } (x + iy)k , k = 0, 1............

for the equation Au = 0. They are independent of the domain D.

Step 2: Determine coefficients in the linear combination 
N

y) so that the sum approximately satisfies the boundary 
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conditions. The classical collocation method in which the boundary 

conditions are exactly satisfied at N + 1 points is studied briefly 

but abandoned in favor of a Chebyshev approximation.

Step 3: Given the coefficients a^ produce an a posteriori 

error bound.

These three steps give an approximation to the true solution 

and a rigorous bound on the error. The approximation is defined on 

D in such a way that additional calculations are easily performed.

In the case where the coefficients a, b, and c are polynomials 

in x and y, the algorithm has been coded and run on a digital 

computer. The results of these runs are given in the last section of 

this paper.

We may, by a simple translation, assume that the origin is 

inside D. Then a classical result, see [5], states that if a, b, 

and c are real analytic functions of x and y on D and u is 

the solution of (I), then u can be extended to a complex solution, 

U(z, z ), of the complex hyperbolic problem Xu = 0. where 

(W Xu = u e +Ruz +^U * +CU = 0 .
ZZ 2

This is accomplished by setting z = x + iy, z*  = x - iy, and 

treating x and y as independent complex variables. That is, 

* - .
z = z iff x and y are real. The extension is valid on the domain 

$ 90C
DxD where D denotes the complex conjugate domain to D.
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* * * *
Then z ) = ^p-))/4,

= (a - ib)/4, and = e/4 as such complex extensions of the 

right-hand sides. We also have U(z, z) = u(x, y) if x and y are 

real. If we define u(x,y) = U(x + iy, x - iy) for real x and y, 

then Lu = 4 Xu(z, z). Thus any complex solution U of (II) yields 

two real solutions of Lu = 0, namely, Re U(z, z) and Im U(z, z).

We will use the following notation throughout.

J|f(z)|| = max |f(z)|
DO0D 

* ÿiif(z, z >n = max 1 f(z, z ) |
(DO9 D)x(D*<>0  D )

|| f(z)|| = max | f (z) |
” |z|<p

.. ÿ II I I

Il f(z, z )|| = max [ f(z, z )|
" l-|.l»*l<P

II f(z)|| = max| f(z) |
3D 9D

By combining some results of Stefan Bergman, R. S. Lehman, 

and I. N. Vekua, we will exhibit a bounded operator B which maps 

the set of functions analytic on D, with real values at the origin, 

in a 1-1 fashion onto the set of solutions of (I) with continuous 

boundary values, by the relation u = Re B(g). This operator has 

the following form:
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* 
z co ( } g

B(g) = exp(- Çf\(z. w)dw[g(z) + S —(%' z ) f (z - Ç )”'^(Ç )d§ ] .
0 n=l 2^^(n,n+l) .

where 3 is the usual beta-function. The depend only on

the coefficients a, b, and c and can be recursively defined in 

terms of them. We then have for the solution u of (I) that 

u(x,y) = Re B(g)(z, z) for some g analytic on D.

For the special case of R = IB = C = 0 we have L = A and 

we are studying Au = 0. Then all the are identically zero and

B(g) = g for all functions g. Thus for any solution u of Au = 0 

with u € C (D o SD) \d) we have an analytic g on D so 

that u(x.y) = Re g(x + iy). This is a classical theorem about 

harmonic functions and represents the basis for investigating an 

operator of the above form. In this case, the function g is continuous 

on the closure of the domain D. By a theorem of Walsh [28] we can 

find coefficients a^\ . . . , so that 
u N

N 
Um ||g(z) - S a* N)zk|| = 0 .

N—«a k=0 k

Letting a^ = - i)3^ we see that

N 
Um ||u- S Re (zk) + Im (zk»|| = 0 .

N—k=0 K
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Thus, in this case, the harmonic polynomials {^} (zk) for

k = 0, 1, ... are complete in the space of solutions to Au = 0

with continuous boundary values. We are led to suspect, in general,

that the set of particular solutions of Lu = 0 given by

} B(zk) for k = 0, 1, .

will be complete in the space of solutions to (I) with continuous 

boundary values. This is indeed true. However, since Biz^) 

involves an infinite series in general, we cannot construct it 

practically. We define to be the truncated operator

* 
Z 7
p T (n) * p _

BT(g) = exp(- I R(z,w)dw)[g(z) + S ** Z ' \ (z-g)" \(g)dg] 
0 n=l 2 n3(n,n+l)

k
When g (z) = z the integration may be carried out to obtain

*

BT(zk) = exp(- Ç H (z, w)dw)zk(l + Z ^^'.k' z.) zn)

q n=l 2^^n! (n+k)!

in "closed" form.

We will show that for any solution u of (I) there are real 

coefficients a^.............a^N), b^, . _ , b^\ so that

N
lim [ lim ||u - S (a^Re B (zk) f b^Im B_(zk))||] = 0 .
N—*°o  T—°° k=0 K 1 k 1
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Hence, we can use the closed form ) to obtain arbitrarily

accurate uniform approximations to u. The main aim of this paper 

is the construction of such coefficients in a practical manner, given 

only u on 9D.

We will take the type of approach used by J. R. Cannon (9,10] 

on the boundary value problem for Au = 0. Choose M points on 

the boundary of the domain and determine coefficients in the linear 

combination

N k k
k=0<-2kRe »

which produce a best fit to the given boundary values of u at these

points. Call that linear combination u , , „
N,M, T It will be shown

that u^ M T approaches the true solution of the problem as the 

parameters become large. The details of the algorithm are given 

below.

Let u be the solution of (I). Then we can construct a

compact coefficient space 2 (N+1 )
with elements of the

form 0* aN*  b0*  ' ' bN^* with the property that if we

define

N k k
"n ")= Z K a*  B (z ) + b Im B (z)) 

* k=0 k i

then
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lira [ Um min ||u - u (z, b)||] = 0
N—*>  T-*«  scSN

Thus the compact set contains the necessary coefficients 

for convergence to the true solution. To find these coefficients, 

choose points , z^ on 8 D with the property that

as M -*  «, the maximum distance between any two consecutive 

goes to zero. Let g^'M ,T solve the Unear 
J N

approximation problem:

min max |u(z^) - u (z!^\ s)| .
seSN J N’T 3

N M TThen set u^ j " s’ ’ ); it is the best fit to u at

the Zj e out of all possible u^ It seems reasonable, and 

it will be shown that

lim [ 
N-*«o

Um 
M , T—«>

N,M,T^ °

The uN are expUcitly computable using Unear programming 

and a digital computer. Hence, we have an expUcit method for 

constructing uniform approximations to solutions of (I).

Various examples have been run on a computer using the above 

technique, and the results have been very good, provided there are 

no corners in the domain. In the presence of a corner, or corners, 

in the domain, the convergence is very slow, too slow to be practical.
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This problem arises because the partial derivatives of the solution 

near any corner may become infinite but the partial derivatives of 

B^,(z ) are bounded.

Let the domain D have a corner of interior angle t / ct 

at a point a € dD. Then R. S. Lehman [19] has shown that u 

and its partials near a behave like polynomials in (z - a) *.  If 

there are corners a^ ...» a^ of angles , </«L on

8 D, we take advantage of that fact and use 
«1k * or k =o

I ~ al^ » . . . , - a ) )} as well as
k=0 k=0

I ^-q th® above linear approximation scheme. This

S* v®* the approximating functions the same shape, or singularities 

in their partial derivatives, as the solution may have and the con­

vergence rate is much faster.

The point to be stressed here is the fact that the functions 

) and B^,(z ) may be computed given only the 

coefficients a, b, and c. Thus, we may construct uniform 

approximations u„ to solutions of (I).
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Summary of Results

In Chapter 2 we show that B^g) — B(g) and ^BT(g) -*  0 

as T -*  *,  under suitable conditions. The main results of this 

chapter are in Theorems 2.2 and 2.3.

Chapter 3 extends the completeness properties of the operator 

V as defined by Vekua. The main results of this section are 

contained in Theorems 3. 1 and 3.5.

A bound for u in terms of ||u|| and || Lu|| is obtained

in Chapter 4. This gives an a posteriori error bound.

Chapter 5 shows how to construct the particular solutions 

^k For the special case where the coefficients a, b,

and c are polynomials in x and y, an algorithm is discussed

for the closed form computation of the and %-
A collocation result is presented in Chapter 6 for the special 

case of the equation Au + c(r2)u = 0 on the unit disk.

Chapter 7 shows that the technique outlined in the last few 

pages actually must converge. The main result here is 

Theorem 7. 13.

An algorithm is presented in Chapter 8 for the a posteriori 

calculation of error bounds. Theorem 8. I is the basic error 

bounding inequality.
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In Chapter 9, the requirement that c(x,y) be analytic is 

relaxed to the restriction that c(x,y) be merely continuous for an 

equation of the form Au f c(x,y)u = 0.

In Chapter 10, the inhomogeneous equation Lu = g is 

solved for analytic coefficients a, b, c. and g. This 

hypothesis may be weakened to the assumption that c and g are 

merely continuous, with a and b analytic as usual.

The computer technique we have used in practice is presented 

in Chapter 11. Two algorithms are discussed, one with and one 

without corners present.

The numerical results this algorithm produced for several 

examples are presented in Chapter 12.

Brief Review of the Literature

Many schemes have been developed to solve elliptic boundary 

value problems. Perhaps the foremost method, at the present time, 

is that of finite differences. It is relatively easy to program on a 

digital computer and has a wide range of applicability. The finite 

difference method has three distinct drawbacks, however. First, 

it is very expensive to run on any large scale problem, in terms both 

of time and storage. Second, even when the solution has been ob­

tained, it is known only at a finite number of points. Third, there 

is no easy way to bound the error at these points. In spite of these 
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deficiencies, finite differences is the most successful known technique 

for solving such boundary value problems. There are, at present, 

very few ways to obtain useful solutions to these problems, but finite 

difference schemes work and are easy to program.

Recently, many mathematicians have begun using a "func­

tional" approach to solve elliptic boundary value problems. They 

. *
construct functions u which almost satisfy the boundary conditions 

and almost satisfy the differential equation. These u , intuitively, 

should then be close to the true solution of the problem.

For our problem, there is a constant M so that

(in) H < ||vU8d + m||Lv||

for all v € \d ^9D) o \d). If one can generate functions

u*  such that || u - U*II 9D~*°  and || Lu*||  — 0, then by (III) we 

will have || u - u || O. Thus, any process which yields such

*
functions u will converge to the solution of the problem. This 

would give uniform convergence, over the closure of the domain, 

of known functions to the true solution. If one can find Lu

explicitly, then (III) will provide an a posteriori error bound.

Since we may easily find L(B^(g)) for any function g and 

the constant M is known, (III) provides an a posteriori error bound 

for our process. In fact, (III) states that

||u-u*||<  ||u - u*[[ 9D + M||Lu*||
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and the error over the closure of the domain may be bounded in

* .terms of how well u satisfies the boundary conditions and the 

differential equation.

J. B. Rosen [24] has used this type of idea to generate 

polynomial approximations to solutions of mildly non-linear elliptic 

boundary value problems of the form Au = g(x,y,u). His method 

is conceptually quite simple:

. N2
Find a € C C R , C compact, so that a minimizes 

the function

E(m,n,N,a) = max [ u(z^^) - u(z^\ a) [ 
j=l,...,m J J

+ max | g(w!*\ u(w!n\ a))- Au(w(“\ a)| 
j=l,...,n J J 3

*
Let a e C be a solution of the above non-linear programming 

problem and set u* = u(z, a*). Then {u - u*| and [ Lu - Lu*| 

will be small at the zî s and w^’s, hopefully. As more and 

more z^ ' s and wj s are chosen, it is reasonable to expect

N . .
where u(z, a) = S a. .x y^ , z = x + iy and z^m^ e 9 D, 

i,j = l 1J J

wj e D are uniformly distributed around 9 D and D , 

respectively. This is a non-linear programming problem to be taken 

over larger and larger compact sets C. It is intuitively obvious
N2 

that as N ” and C —» R , we will have E(m, n, N, a) —- O.
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that || u - u || will tend to zero. Although a convergence proof 

has not been given for this technique, Rosen uses an inequality like 

that in (III) to show that in practice it works quite well. ~

J. R. Cannon [9, 10] studied the equation Au = 0. He 

uses linear combinations of the harmonic polynomials { } (zk)
1 Im J " 

k = 0, 1, . . . , to approximate the solutions of Au = 0 which have 

continuous boundary values. Let

N
uN(z, s) = a0 + S (akRe (z*) + b Im (zk)), where 

k=l K

s - (aQ, .... a^, bp .... b^) e R .He shows how to construct 

a compact set C R with the property that

lim [ min ||u - u (z, s) || ] = 0 .
N—*» s^S N

N

Thus, the compact set contains the necessary coefficients for 

convergence to the true solution. To find these coefficients, choose 
(m) (m)
1 ’ • ’Zm °” 9D 80 that as m — « the greatest distance

between consecutive z^m^s goes to zero. Let s ç s solve
J N, m N

the linear programming problem:

min max |u(z^) _ u_.(z.^\ s)| ,
seSN j=l................ J N J '

and set = u^z, ^). Cannon shows that this best fit to

the boundary values of u at the z^'s obeys
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lim [ lim || u 
N—co m~*°o

Since A i _ } (z ) = 0 for k = 0, 1, . . . , we have, by the 

Maximum Principle, |] u - u II = || u - u || and we need 
> in m v O

only search 3D for the maximum error. This makes the solution 

of the boundary value problem for Au =0 a well-understood process, 

with excellent error bounds. But there is one proviso: The method 

will probably not give good results if the domain has a corner in it.

In that case we would be trying to approximate a function with 

singularities in its partial derivatives by functions which are entire. 

The method will converge, but the rate of convergence will be so slow 

that the process is not practical.

J. R. Whiteman and others [29, 30, 31] have studied, 

experimentally, the difficulties caused by corners in domains. The 

idea is to use approximating functions which have the same 

singularities in their partials as the solutions may have. It has been 

found experimentally that a great improvement in performance is 

obtained by using such functions.

Ciarlett, Schultz, Varga, Birkhoff and others [8, 11] have 

used polynomial splines in a variational procedure to approximately 

satisfy both the boundary conditions and the differential equation on 

domains which are unions of rectangles. They prove convergence of 
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their method to a solution of the problem, provided the solution is 

contained in a certain Sobolev Space. Thus, in practice, the method 

is subject to the restriction that there be no re-entrant corners in the 

domain. Since the only such domains without re-entrant corners are 

rectangles, this limits the applicability of their techniques.

George J. Fix [13] has modified these techniques by using 

local expansions, near corners in the domain, which have the proper 

singularities in their partial derivatives. These are based on an 

expansion, given by R. S. Lehman [19], for the solution of the problem 

near such corners. Away from the corners, he uses regular polynomial 

splines. However, since the number of spline coefficients to be 

manipulated goes up like 1/h^, where h is the mesh spacing, this 

results in very large storage and time requirements.

Vekua1 s Approach

Vekua [27] develops an operator we shall denote by V:

z 
V(g(z)) = Re(G(z, 0, z, z)g(z) - y g(t)H(t, 0, z, z)dt) , 

0

where G is the Riemann function for the complex hyperbolic 

problem U - 0 and

* 8 ♦ *
H(t,0,z,z ) = —G(t,0,z,z ) - D (t, 0)G(t, 0, z, z ) .
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We shall call a solution of Lu = 0 regular if it is in C^^D).

The operator V is a 1-1 map from the set of functions g(z) 

which are analytic on D with real values at the origin onto the 

space of solutions of Lu = 0 which are regular. If u = V(g) then 
- 1

V u is given by equation 12. 11 on page 56 of [27]: 

-1
V (u) = 2U(z, 0) - U(0, 0)G(0,C,z,0) ,

where U is the complex extension of u. By the definition of the 

Riemann function G we have

z
(1) V ^u) = 2U(z, 0) - U(0, 0)exp(-J(z1,0)dz') .

0

AH of this is valid for simply connected domains with piecewise smooth 

boundaries. By restricting his attention to domains with smooth 

boundaries and solutions with smooth boundary values, Vekua is able 

to prove various smoothness and completeness theorems about the operator V.

Define the class Ah to be the collection of all simply 

connected domains which contain the origin and which have Holder 

continuous tangents defined everywhere on 9D. A domain of 

class Ah cannot have a corner in its boundary.

We now state the results of Vekua which we will use.

Vekua's Theorem 3 on page 128 states that
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Theorem 1.1. If D is of class Ah and u is a regular solution 

of Lu = 0 with u Holder continuous on 9 D, then the unique 

g(z), analytic on D with g(O) real, so that u = V(g), is Holder 

continuous on D o 9 D.

Vek.ua's Theorem 1 on page 156 states that

Theorem 1.2. For any regular solution of Lu = 0 on a domain D 

of class Ah with Holder continuous boundary values, given any 

€ > 0 there are a^\ . . . , a^ so that 
U N

N
||u - V( S a* N)zk)H < e . 

k=0

The above theorems provide us with certain smoothness 

and completeness properties of the operator V. However, the 

operator V requires the Riemann function for the equation = 0; 

this is generally not known explicitly.

Bergman1 s Approach

Stefan Bergman [2, 3, 4, 5, 6, 7; especially 5] considers 

exactly the same problem as Vekua does, except that he requires the 

coefficients a, b, and c to be analytic on the larger set 

{ z l l zl < 3r} » r = max | z| . His aim is the construction of an 
9 D

operator of the same type as that of Vekua, but which can be constructed 

directly from the coefficients a, b, and c.
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Define the functions

* 
z 

D(z, z*)  4-IB. F(z, z*)  = -/=( C and

0

Q<')

* 
z

= -2 y Fdz*

0

Recursively define

* 
z

for p - 2, 3, ... . Then for any g(z) analytic on D, define 

♦ 
r 60 m

B(g) = exp(- R(z, w)dw)(g(z) + S -- -------(z-?)n’ g«)d5) .
n n=l 2 ^(n, n+1) \

In Bergman's notation, the above operator is denoted by c2(g).

Bergman shows that this operator B transforms g(z) into

a solution of X.U = 0. Also, given a regular solution of Lu = 0

there is a unique analytic function g(z) with g(0) real so that

u(x,y) - Re B(g)(z, z). This function is given by equation 16 on

page 24 of [5]:

(2) (Re B)-1(u) = 2U(z,0) - U(0,0)exp(- fB(z',0)dz’)

0
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Notice that the operator B needs only the coefficients a, 

b, and c to be completely defined. The Riemann function for the 

equation X U = 0 is not required.

We see from (1) and (2) that for any solution of Lu = 0 

which is regular

(Re B) \u) = V 1 (u) .

Hence, Re B = V and Vekua's smoothness and completeness 

results apply to the operator Bergman constructed directly from the 

coefficients.

Peter Henrici has published several papers which have 

interpreted the works of Vekua and Bergman [15, 16, 17]. The 

result that V = Re B can be inferred indirectly by comparing the 

results of [15] and [17]. It is stated explicitly in [14], but not 

proved. Henrici's assertion that Vekua and Bergman had developed 

the same operator was the motivation for studying their work and also 

provided the impetus for our looking at "symbolic" solutions to 

elliptic boundary value problems.

Some Definitions

Anticipating the use of Vekua's and Lehman’s results, we 

define the particular solutions of X U = 0

(z, z ) = B(z^) and # (z, z ) = B((z - a) for k = 0, 1, . . .
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where d D has a corner of angle T / a at the point a f 3D. 

Also define the truncated particular solutions

^k.T(z’ Z*) = ^k T(z. z*)  = Bt((z - a)^) .

We will write ^(z) = ^(z, z) and ^(z) = (z, z); the

the meaning will be clear from the context.

We now rigorously define the term "corner. " A corner

is a point a e 3D at which the tangent to the boundary fails to be 

Holder continuous and near which the boundary of D consists of 

two analytic arcs and F % so that F} F2 = { a} and the 

tangents to F and F^ at the point a are non- zero, with an 

interior angle v /a where | < *<  «.

Let AD be the class of all domains which are simply 

connected, contain the origin, and whose boundaries have Holder 

continuous tangents except at a finite number of corners.

A domain D of class AD is said to be nearly starlike 

if there are constants K < 2 and L such that: For any z c D 

there is a path, traversed by 5 , in the domain from 0 to z on which 

|z-Ç|<K|zj, and the length of which is <L[z|. These domains 

cannot differ too much from being starlike with respect to the origin.



CHAPTER 2

TRUNCATION EFFECTS

We will study the effect of truncating the series for the 

operator B at a finite number of terms. The following result is 

the basis for this section. It represents a minors but practical, 

modification of Bergman's Theorem 2. 1 on page 13 of [5]. 

Theorem 2.1. Let r = max ] z| , then there exist constants F 
dD 

and A independent of n such that

llO^lly < F (n + A - 1). . . (A + l)/(r^ % 1.3 ... (2n-l))

|F(n + A- 1). . . (A + l)/(rn~ ^1.3 ... (2n-l)) 

z

Proof.

We will use the theory of dominants. We write f << g if 

the coefficients in the MacLaurin series for g dominate those of 

of f.

Let D and F be constants chosen such that 
ft 

D(z, z ) << D/((l - z/3r)(l - z /3r)) and

Xe — age
F(z, z ) << F/((l - z/3r)(l - z /3r)). This may be done since the 

functions a, b, and c are analytic for |(x,y)| < 3r.

21
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Letting we see that = -2F and
z ,

* 
z

P^^^ = -2(p^ + DP^^ + F y P^dz*)/(2n  + 1) . 

0

Define dominants by = 2 F/((l - z/3r)(l - z*/3r))

and

(2.1) [NM +---------- ---------- - ------- N(n)
Z (l-z/3r)(l-z /3r)

* 
_  z

+ — *-------- Ç N^^dz ] for n = 1, 2, ...

(l-z/3r)(l-z /3r) Q

Write \z )/(l-z/3r) and for n = 2, 3, ... .

(2.2) = 2^^^(z^)/((l - z/3r)n1.3...(2n-l)) .

H ) ÿ — ÿ
Thus R (z ) = 2F/(1 - z /3r) and substitution of (2.2) into (2. 1)

yields the relation

(1 - z /3r)

*
_ z

+ f R(”><z*)d?

(1“z /3r) X

This last equation shows that depends only on z*  and
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Thus by defining A = 9r (D f Fr)/2 , we see that

R<n«) e< RW n+A 
3r

Now << 2 F/(l - z*/3r)  and we have

<< 2 F(n + A - 1). ..(A 4- l)/((3r)n" 1 (1 - z*/3r))  

This lets us dominate the dominants N^^

N(n) << ________ 2n"12F(n+A-l), . . (A+l)____________

(3r)n 1(l - z /3r)(l - z/3r)ni. 3. . . (2n-1)

Using the relation || P^[|^ < |[ N^J| we have the second 

inequality. The first inequality follows from the second by the 

relation

♦ 
z 

= Ç Q^dz*  . Q.E.D.

O z*

We will later need numerical values for these bounds on 

|| U . A typical case is an example given by Bergman and 

Herriot in [7]. They study the equation Au + (-4 + 2(x^ + y^))u = 0 

on the unit square with rounded corners; that is, each of the four 

corners are replaced by quadrants of circles. This domain will
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henceforth be known as the "squirkle.11 For this example we have 

— 2 —
F = 9, r = 2, D = 0. The dominance constant A from the above 

theorem is then 81. The A that Bergman and Herriot obtain is 

54 V2 (1 + 3 V"2) which is nearly 400. Since the bounds depend on 

(n + A - 1 ). . . (A + 1 ), we see that the above theorem provides a 

much smaller bound than their s.

We now study the operator defined by truncating the 

series for B at T terms, i. e. , 

* 
r T o(n\ \ r -i

B„(g) = exp(- \ R (z, w)dw)(g(z) + S ——'Z’ Z ' \ (z-Ç)” g(Ç )d? )
T Jo n=l 2^j3(n, n+1)

We then expect that as T — , || dC B^,(g) [| 0 and

Il (B - BT)(g)|| - 0. This is indeed true as we will now show. .

Theorem 2.2. Assume g is bounded and analytic on a nearly

star like domain Dq D D, then

lim || (B - B )(g)|| = 0
T-*=o  1

Proof.

Let r = max | z| . Then we have 
8Do
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|| (B - B_)(g)||

* 
z

0

CO * * , 
z )dz )[ S 

n=T+l

Q^(z,z*  

2^n B (n, n4

z

0

where K and

* 
z

z»
0

oo* * „ _
z )dz )|| S

n=T+l

starlike, and the |[g[|

l|Q,n)|lrllgll n
2Z”(n-l)!

the constants in the definition of nearly

is taken over the domain D^. Then by

Theorem 2. 1 there are constants M and A independent of T such that

II (B - BT)(g)|| < M 2 1). » . (A+l) ^n
T+l 2^(n-l)l

By the ratio test, this is the "tail" of a convergent series and thus

goes to zero as Q.E.D.

Theorem 2.3. Assume g is bounded and analytic on a nearly

starlike domain D D, then

Hm Ild^B (g)|| = 0 .
T—oo 1

Proof. A long, but straightforward, calculation shows

(2.3)

* 
z 

ï(BT(g)) = exp(~y R (z,w)dw[- 

0

C Z T-1
(T+l) J 0 g(5 )d€

St J
z 2 P(T, T+l)
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Let U(z, z ) = B (g), r = max [ z | and 
8Do

* 
z

M = }| exp(~y p( (z, w)dw)[| .

0

Then

II ||
L(Kr)T~1r ||g||

22T^(T,T + 1)z

and by Theorem 2. 1 we have

2 (T-l)l

which goes to zero as T — #. Q.E.D.

The very simple equation for ZB_(g) given in (2.3) will

be very useful later.

For any integer k

lim ||#k " # for any domain D

lim ||^ - 0. if D is nearly star like

0

0

Corollary 2.5. For any integer k

lim || || = 0 for any domain D ,
T— oo 1

lim ||^0, _|| = 0 if D is nearly starlike
T— oo



CHAPTER 3

COMPLETENESS THEOREMS

In this chapter we will study the operator V as defined 

by Vekua and extend the smoothness and completeness properties of 

V to more general domains and boundary conditions.

Theorem 3.1. Let D be a domain of class AD, u be any 

solution of (1) and { g^/z)} be any system of functions analytic 

on D, continuous on D 9D, which are dense in the space 

{gig analytic on D, continuous on D 8d} in the maximum 

norm. Then for any € > 0 there exists an integer N and real 

coefficients a^, . . . , a^, b^\ . . . , so that
i « 1 N

N
II u - S Re B(g ) + b^ Im B(g ))|| < e .

K= 1 K K K K

This result extends Vekua's theory to more general domains 

and arbitrary continuous boundary values.

The first step in the proof of the above theorem is the 

following

Lemma. For any domain D of class AD there exists a sequence

domains D of class Ah so that D CD for all n and any n n '

point in D^D, except a corner, is contained in D 8D , 
n n

for large n.

27
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Proof. We give a "proof by picture. " Using small circles, we 

round each corner in 3D in the following way: If the corner is 

re-entrant, i. e. , the angle t/a is greater than w , then we

\

/

When the corner is not re-entrant we simply use

The resulting rounded boundary has Lipschitz continuous tangents. 

As the radii of the circles go to zero, the inscribed domains of 

class Ah approach the set D 3D - { corners of d} .

Q.E.D.
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Define UD to be

domain D of class AD

the class of all solutions of Lu = 0 on a 

which satisfy the following smoothness

conditions:

(1) u Holder continuous on 8 D and analytic near any corners

of 8D, i.e., if the corner is at a point a e 9 D and the boundary

of D near a consists of the union of two analytic arcs Fand

then u = f^ and u = f^ on r2 with fj = f2 at the

corner a and £1*  f2 j, r2, respectively.

2

(2) u c C^^D) C^^(D 8D).

Theorem 3.2. Let D be a domain of class AD, u be of class

UD, then g = V * (u) is continuous on D 8D and analytic on D.

Proof. ► be as n in the above lemma. Then by Theorem 1. 1

and the uniqueness of g(z) we have i and 
n

continuous on
n n 00 we see that g(z) is

analytic on D and continuous on D 8D - {corners of 8 D } .

a be any corner with angle * / ot,

We have

z

g(z) = 2U(z, 0) - z', 0)dz’)

0

and hence g(z) is continuous at z = a iff U(z,0) is continuous

at z = a. Let w = z
* * 

w = z
* »

and V(w, w ) = U(w + a, w
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Kjw, w ) =f^(w + a, w*  + i), "Bjw, w*)  =^(w + a, w*  + â), and

Ca(w, w ) = ^(w + a, w + â). Define

Xaw = w #+Haww+TBaw t+Caw 
ww w

to find that = 0 and g(z) continuous at z = a iff V(w, -â)

continuous at w = 0.

By (5.1) of R. S. Lehman*  s article [19] we have

* * * * * *
V(w, w ) = V(w , w )R(w, w , w , w )

w
+ y { (Vw(t,t)R(w, w*,t,t  ) + V(t,t )]Ba(t,t)R(w, w*,t,t))dt  

—* 
w

+ V(t,t)(Rt -RaR)dt} .

Also, by Theorem 3. 1 of his article

_ / Fi (t» t , t, t ) + o(t), if ct irrational
(3.2) V(t,t) = I 1

] PjU. t®, tPlog(t), t, t ® , tPlog(t )) + o(t), if

’ » rational where a = p/q in reduced form .

Pj( » ) indicates a polynomial of "degree" 1 as defined by Lehman. 

* *
R(w,w , t, t ) indicates the Riemann function for the complex

hyperbolic problem £ u = 0.
a

By (3.1) we have
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V(w, -â) = V(-a, -â)R(w, -â, -a, -â)

w
+ y {(Vw(t, t )R(w, -â, t, t ) + V(t,t )6a(t» t )R(w, -â, t, t ))dt

-a

+ V(t,t)(Rt -/^aR)dt}

This shows that lim V(w, - a) exists 
w—*0

0
iff \ V (t, t )dt exists. 

J w
-a

Furthermore, by Lehman's article

। n*  Ar A — 1 — — A*P.lt, l.t , t , t, t") + 0(1) irrational ,

vw(t,t) =

T Q Q - 1 T)“ 1 — ** Ot
P1(t, 1, t , t ,r (1 + p log(t)), t,t tp log (t-)) +-O<1)

if a = p/q in reduced terms,

where (. . . ) is a polynomial of "degree" 1. Then, as t — O, 

— “ J
the worst possible singularity of V^(t, t ) is of the form t . 

Since this singularity is integrable through the origin, we have that

w

t )dtlim \ 
w—O

-a

exists and thus V(w, -â) is continuous at w = 0. Q.E.D.

The above result extends Vekua's Theorem 1.1 to domains 

of class AD with solutions in UD.
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Theorem 3.3. If D is any simply connected domain, then 

||V|| < « .

Proof. We have

z
V(g) = Re(G(z, 0, z, 2)g(z) - § g(t)H(t, 0, z, z)dt)

0

Let Mÿ= || G || and N = ||h|| as well as L = the maximum length 

of a path from 0 to z in D. Then

l|v(g)|| < ||M|| ||g|| + NL||g|| . Q.E.D.

Theorem 3.4. If D is of class AD, u of class UD, and 

is any system of functions analytic on D, continuous 

on D o 8 D, which are dense in the space { g | g analytic on D

and continuous on the closure of d} , then for any € > 0 there 

(N) (N)exists an integer N and real coefficients a^ , . . . , a^ ,

b<N>............ b<N> so that
1 N

N
|| u - S (aj^Re B(g ) + b^Im B(g ))|| < € 

k, K ax Xx XX= 1

- 1
Proof. By Theorem 3.2 we know g(z) = V (u) is analytic on D

and continuous on D 8 D. Then by the density of the gk’ there

are coefficients so that

lim || S -g|| = 0
N—<x> k=l
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Setting - ib^' we have
k k k

N .... N
|| u - Re S B(g )|| = || V(g -La g )|| 

k=l k k k=l

N
<|v|| Il g - s «^'g|| 

k=l

which goes to zero as N 00, since || V|| < °o by Theorem 3.3.

But

N N .
Re S a^B(g ) = S (a^Re B(g ) + Im B(g )) 

k=l k k k=l k k k

and we are done. Q.E.D.

We are now in a position to prove Theorem 3.1.

Proof. Let s be are-length, measured from some point on 9 D.

Since u is continuous on 9 D there are polynomials u^(s) of 

degree k so that || u - u^|| approaches 0 as k . These 

Uk may be chosen to satisfy u (0) = u (c ) 
k k

where a is the length

of the boundary of D; this follows because the function u is 

periodic on the interval [0, O’ ].

A recent result of K. Miller [20] shows that if

(a) Each point of 9D has an exterior cone touching it, and

(b) The coefficients a, b, and c are Holder continuous, and

(c) The given boundary values are continuous, 

then there is a solution to (I).
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Now notice that any domain of class AD has the exterior 

cone property mentioned above. Then, since the boundary values 

u^/s) are Lipshitz continuous, there exists a solution of (I) with 

these prescribed boundary values. Call that solution 

u (x,y) = u (z). Then, by the Maximum Principle, we have

lim || u - u || = lim [J u - u [| = 0
k—oo K k—°° K

By Theorem 3.4, we can find u^ , a linear combination of the

real and imaginary parts of B(g1), ..., B(gN ), for some Nk-

so that

- uk Nk

Then

Um || u - u 
*°o k

u - u + I 
k

Q.E.D,

k , . . @k
z and (z-a) . for k = 0, are dense in the

space W = { g(z) | g analytic on D and continuous

then by Theorem 3. 1 the ÿ and 
k 0, will have the k de sired

completeness properties.

Lemma (Walsh's Theorem). The functions z^ for

are complete in the space W.

Proof. See [28]. Q.E.D

k = 0
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Lemma. The functions (z-a) for k = 0, 1, . . . , are complete 

in the space W.

Proof. Let w = (z - a)*.  Then, under the map z to w, the 

domain D is mapped onto a simply connected domain E, with 

0 e 9E. Set G(w) = g(z). By Walsh’s Theorem there are 

(N) (N)coefficients an , , a„, so that0 N

N 
lim || G(w) - S a^^w^H = 0 ,
N— °° k=0 k

i. e. ,
N 

lim II g(z) - 2 a^(z-a)^|| = 0 . Q.E.D.

°° k=0

Corollary to Theorem 3.1. The particular solutions of Lu = 0

{ } B(z ), k = 0, 1, . . . , are dense in the solution space of (I)

for any domain of class AD. The particular solutions

{ } B((z-a) ), k = 0, 1, ..., are dense in the solution space

of (1) for any domain of class AD.

Proof. The above two lemmas. Q.E.D.

Theorem 3.5. Let D be a domain of class AD, u be any solution

of (I) and g^(z), n = 1, 2. . . . . be any system of functions bounded 

and analytic on a nearly star like domain D0DD, which are dense

in the space { g | g analytic on D, g e 0^(0 u 3D) } . Then 

for any € > 0 there exists an integer N and real coefficients
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aj \ • • • • \ bj \ . . . , \ as well as an integer T(e),

so that Tk > T(c) for k = 1,____ N implies

" S B (gJ+b^ImB (g, ))|| < €
k=l * Ik K Xk k

k+l. (N).2 lck I

1

Proof. By Theorem 3.1 there is an N and real coefficients

(N) (N) (N) (N)
a. ï • • * । ^.T * o- > • • • । d » so that1 N 1 N

N
un = s (ak° Re +bkN1 Im B<ek»

satisfies

IIu - UNI! 5 f/2

Now by Theorem 2.2 we can choose an integer T(e) so

that T^ > T(e) implies

€
it / 0

if - 0
k

(N) (N) (N)
where c^ = a^ - ib^ , for k = 1, . . . , N. We then have
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|| u-Z (a^Re B (g ) + b* N) Im B (g ))|| 
k=l k Tk k Tk K

N
5 0u-un0 + JuN- ^j(a™Re B^lg^ + b^N) Im B^lg^lH

N N
5 e/2 + 2 e/2 =(c/2)(l f S 2^^ < e . Q.E.D.

k= 1 k=1

Corollary to Theorem 3.5. The truncated particular solutions

{ jm } for k = 0, 1, ...» are complete in the solution space
* k

of (1) for any domain of class AD.

The truncated particular solutions { } 0 for
u lm k,T. k

k = 0, 1, . . . , are complete in the solution space of (I) for any 

nearly star like domain.

The above analysis shows that the closed form truncated 

particular solutions we have defined can be used to generate 

arbitrarily accurate uniform approximations to solutions of (I) over 

the closure of the domain.

The next question we consider is: How do we obtain the 

coefficients to guarantee uniform convergence to a solution of (I), 

given only the boundary values?



CHAPTER 4

AN ERROR BOUND

The following theorem will be used to generate a posteriori 

error bounds and will be necessary in proving the convergence 

theorems in later chapters. K. Nickel [22] has used similar bounds 

in obtaining bounds on eigenvalues of elliptic equations. Protter 

and Weinberger [23] give a slightly modified version of this theorem. 

Theorem 4.1. Let w(x,y) be any function so that Lw > l on D; 

then for any u € C^(D) d 3D) we have

M 5 l|ull8D + Z||w|| ||Lu|| .

Proof. Let X = || Lu|| . Then L(X w ± u) > 0. This shows that 

the maximum of X w 1 u occurs on 8 D. Thus

Xw ± u£ ||uQaD +X0w||8D ; i.e., |u| < || u|]8 D + 2X || w]| . Q.E.D.

Note. If w < 0 or w > 0 on D, then we have 

IM < |u||8d + ||w|| ||lu|| .

We now give explicit formulae for the functions w required 

in the above theorem.

CASE I. Lu = Au + c(x,y)u on a given domain D, with c(x.y) < 0 

there. Let w(x,y) = (x2-^)/2, where X = max | x|. Then

8 D
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Lw = 1 + c(x,y)(x2-X2) /2 > 1. Similarly, L((y2-Y2)/2) > 1, where

Y = max |y | . This shows that the desired function w exists and 
8 D

actually gives a bound on its norm:

|| w|j < min (X2/2, Y /2) .

CASE II. The general operator with the restriction that

q = 1 + min (xa(x,y)) >0 or q_ = 1 + min (yb(x,y)) > 0. Let
1 D^BD D^BD

v = (x2-X2)/2. Then Lv = 1 + xa + cv> qf If > 0 we may 

define w = v/q^ to see Lw > 1. Similarly, we may show

L((y2-Y2)/2q2 > 1 if q2 > 0. This yields the following bounds on w.

||w||<X2/2qi if qpO .

||w|| < Y2/2q2 if q2 > 0 .

CASE III. In the case where neither q^ or q2 are positive, we 

must resort to a more crude estimate. These are very much like those 

given on page 341 of [12].

Let v(x,y) = exp(ex), m = min c(x,y), and n = min a(x,y).
Dw9D D^BD

Then we have Lv = (o?2 + flra + c)exp(ex) > (»2 + »n + m)exp(-ttX).

This shows that w = exp(a(x f X))/(& + <rn + m) has Lw > 1 

whenever the quantity Or + orn f m is positive. Let 

a2 + en + m = 0 > 0, i.e., e = (-n + (n2 - 4(m -
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Since we require that the a be positive, we let 0 > 0 to see that 

II w|| < exp((-n + (n2 - 4(m - 3))1^2)X) .

Similarly, for p = min b(x,y) we may show
D^8D

II WH < ^exp((-p + (p2 - 4(m - P)//2)Y) .

The above formulae explicitly give the functions w which 

are required by Theorem 4. 1 and give bounds for their norms in 

terms of the operator and the domain.
:

In practice, Theorem 4. I will be applied to the error u - u

* 
of an approximate solution u .



CHAPTER 5

THE PRACTICAL COMPUTATION OF 6 AND K k

We have

^k(z) = B(zk)(z, z)

= exp(- fR(z, w)dw)(zk + S  )— Ç (z-Ç)n ^gkdg ) 

0 n=l 2 n3(n,n+l) JQ

The integration in this expression can be eliminated and the entire

sum simplified. Bergman in [5] shows

(5.1) A (z) = exp(- fH(z, w)dw)(zk)(l + 2 . (z' (2n)' f

* n=l 2 nl (n+k)!

as well as

(5.2) à (z) = exp(- f R(z,w)dw)(zk)(l + 2 k'
' * n=l 2^n' (n+k)'

We have

41
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^(z) = B«z-a)^)(z,z)

Z Z
= exp(- CH(z,w)dw)((z-a)^+ S Ç (z-a)n‘ )

□ n=12^(n,n+l)

Integrating by parts we may eliminate the integration. If we define

n! = (2n- 1). . . (3)(1) then we have

00 / \ n-1 p ak+n- p
(5.3) 0 (z) = S Q 11 (z, z) - S ----- ~ -

n=l p=0 2^(@k+n-p). . . (ek+l)pl

f n! ' ^-4'"------ + (z.a)»k
2n(ak+n). .. (ak+1)

z

The formula for 0^ = B^((z-a) ) is the same as the above with

the "*o  " replaced by T.

The above formulae give closed form expressions for the 

functions of interest. However, they presuppose that we have 

calculated the s. Since these are defined by a recursion 

relation using integration and differentiation, the actual construction 

of the Q^’s remains an impossible task in general. If the 

coefficients H, , and are polynomials in z and z , 

then all the are polynomials and the necessary integration

and differentiation may be done quite simply. Bergman and Herriot 

in [7] assume the coefficients are polynomials and give an algorithm
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for computing the coefficients of as many as are needed.

For the special case of the equation Au + c(r )u = 0, where 

r2 - | z| 2, the computation of the may be carried out very

economically. This algorithm is presented below.

Bergman in [5] gives the following result about the equation 

Au + c(r2)u = 0, where c(r2) is an analytic function of r . By 

defining R (x) = z^Q^(z, z*),  where x = r2, we see that the 

defining relations for the become

x
R^\x) = -2 y c(x)dx and 

0

(5.4) x

«UTX V A J

0

This shows that if we define

(5.5)
n=l 2 n ni (n+k) I

k 2
^k(z) = Z cl^r ).2

This relation will be very useful later and is a most practical 

simplification.

The symmetry relation

(5.6)
. , . -iSk . , i0 0 (z) = e V (z e

follows directly from the above equation.
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If c(x) = S f x is a polynomial, then we can obtain the 
k=l

in the following way: Obviously, all the will be polynomials

in x, so let

N
zAk-i 

k=i k

It is sufficient to find the coefficients r.^ .

We see that R^\x) = S (-2f /k)xk and = 0, 
k=l k 1

rV=-2£ /(k-1) for k = 2, .... N+l. Thus, N. = N + 1
k k-1 1

above recurrence relation(5.4) for the R^ shows that

and the

N = N + N. Hence N = nN + 1. n+l n n

Equation (5. 4) shows that

N 
n 

+ s 
k= 1

N 
S 
j=1

,wf ^22
k j k+j-1

Thus

= [2n/(2n+l)]r^

(n+l) 2
rp = “ 2n+l

[r^\p-l-n) +-^-
p p-1 k+j=p <“v

l<k<N — — n
l<j<N

for p = 2, .... N , and 
n
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(5.7) (n+1 ) 2
\ " 2n+l p-1

k+j=p
f.

J

l<k< N— — n 
l<j<N

1 S

for p = N + 1, . . . , N ,. . n n+1

This completely determines the coefficients of all 

recursively . Note that the recursion relation (5. 7) can very easily 

be programmed.

(1) (T)
If we want R , ...» R , then to store the coefficients 

we will need

T
S (nN + 1) = T(T + l)N/2 + T 

n=l

storage locations. This shows that even for moderately large T, 

we will not need an excessive amount of storage. For example, if 

c(r^) is a polynomial of degree 5 and T = 20, then we only need 

1070 words of storage. In the general case of polynomial coefficients,

Bergman shows that the storage needed for T terms in the expansion

of B? grows like T So special handling of the equation

Au + c(r )u = 0 results in important economies in both time and 

storage.

The only part of [7] we use is the algorithm presented for the 

-computation of the Q^; the orthonormalization process presented 

there is not used or studied in this paper.



CHAPTER 6

COLLOCATION

In this chapter we will study the process of collocation as
2 -

applied to the equation Au + c(r )u = 0 on the unit disk

D = { z [ | z| < 1} . We will assume that c(r^) is analytic for 

r < 3 and non-positive on r < 1. Then, if u is any solution of 

Lu = Au + c(r^)u = 0 which is in C^(D o 9D) o C^(D), we know 

(N) (N)by Theorem 3. 1 that there are real coefficients , . . . , 

such that

N
Hm || u - (a^ Re 4 S <4k-l^^ t + a2k> = 0 • 

N—«> 0 k=l K & k

Note that Im = 0 by equation (5. 5). We will show how to 

construct such coefficients given only the boundary values of u.

Cdlocation techniques have been used by many people to solve 

boundary value problems. However, very little is known about the 

convergence of such methods theoretically. E. B. Karpilovskaya 

[18] has used collocation to solve eigenvalue problems of the form 

2
Au + X q(x,y)u = 0 on rectangles. He is able to give a bound on the 

rate at which the process converges. A. Shindler [26] has studied 

46
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the collocation techniques used in solving integral equations and was 

able to prove they converge in certain cases. The paper of Fox, 

Henrici, and Moler [14] used collocation to obtain approximations to 

eigenvalues of the equation Au + X = 0. The paper does not prove 

that the method used actually must converge, but shows that it works

well in practice. -

The basic idea of collocation is to choose points z^, .... z^

on 9 D and solve the system of linear equations

N
a0Re *0 <zj)+k^1la2k-IRe*k (zj)+a2kIm*k ,Zj), = Ulzj) '

j = 0, . . . , 2N ,

for a^\ .... a^ . Then set

N 
u(N)(z) = a^ Re * (z) + S (a^ Re * (z) + a^ImiW) 

k=l

Since u^\z ) = u(z^) for j = 0, . . . , 2N we expect that u^^ will 

approach u as N tends to infinity.

We will show that if u is a regular solution of Lu = 0 with

O’-Holder continuous boundary values and if the z^ are equally spaced

around 9 D, then there is a constant G such that
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iiu " u^Nhi < G
InN/N* , 

(lnN)2/N if a = 1

0 < a < 1

Thus collocation converges and the bounds given above give an 

indication of the rate at which the convergence takes place.

In order to prove the above result we will need to have an 

estimate of the rate of convergence that may be obtained using

%* ' ' *N" The theorem below gives such an estimate. For

b = (b0............ b2N^ let

N .
uN<*- b> = b0 Re *o  + S (b2k-l Re *k  + b2k '

k=l

Theorem 6. 1. If u is a regular solution of Lu = 0 with Holder

continuous boundary values, then there exists a constant M and

(N)vectors b so that

|| u - uN(z, b(Nb|| < M
1/N*,  0 < a < 1

InN/N if a = 1

Proof. First note that D, being a circle, is obviously of class Ah. 

-1
Then g = V (u), by Theorem 1.1, is analytic on D, and HSlder

continuous on D 9 D .

A Maclaurin expansion of g(z) about the origin gives the 

partial sum
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1 
2* i(z)S

N

N
S 

n=-N 8 D

n=- N

K

1 
2? de

ie
where z = e . But this is simply a partial sum of the Fourier 

ie
series of g(e ) on [-w, t].

Define the average Fourier sum

_ j N
V') ■ N J. •

k=l

Then, since g is a-Holder continuous on 9D, [21],

page 161, shows that there exists a constant M such that

e _ .0 1/N *,  0 < o < 1
(6.1) Il g(e ) - S (e )|| < M

[-x ] InN/N if a = 1 .

(^0 ““ —
Define u__(z, b ) = V(S__). Then since S__ is a polynomial N N N

(N)of degree N and Im = O we see that u^(z, b' ') has the 

desired form.

We then have

II* - UNII = II v(g-s^)|| < || v|| || g - sNH = || V|| || g - sNl|^

by applying the Maximum Principle to the analytic function g -

on D 8 D. Using (6. 1) this shows that
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N - g - Miivii
1/n", 0 < c < 1

InN/N if a = 1

Q.E.D.

The following theorem is the main result of this chapter.

Theorem 6. 2. For any regular solution of Au + c(r )u = 0 with

O'-Holder continuous boundary values, we can interpolate at

z. = exp(2^ ij/(2N+l)) for j = 0, (N). , 2N, to obtain a^ , (N) 
• ’ a2N

such that for some constant M we will have

InN/N*  0 < a < 1 

(InN)^f if a = 1 .

Proof. For the equation Au + c(r )u = 0 the have the form 

(see equation (5. 5))

II u(z) - u^(z, a^)|| < M

(z) = z d (r ) where r = | z | 
k k 11 for k = 0, 1, ... .

io k 2
Let z = re and D^(r) = r d^(r ) to see that

(6.2) ^(z) = e^^D^(r) ,

where the are real-valued functions.

Let b^ be any element of get

e^\z) = u(z) - uN(z, b^)

Solve the system of linear equations
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(6.3) u(zk) = uN(zk, a) , k s 0............ 2N

for and set u^\z) = u^(z, a^^). Then, since u^(z ) = u(Zj)

for j = 0, . . . , 2N, we expect that lim || u - || = 0 .
N-*°°

For fixed N let T = 2»/(2N + 1). Then z = e^, 
j

j = 0, . . . , 2N and we see that (6. 3) is the system:

W Da* N) = u ,

W00 = 11 Wj0 = * Wj,2k-1 " CO“ <kjT). Wj 2k - sln(kjT) for

j = 1, .... 2N and k = 1, . . . , N. Also, D = diag (D^, Dp Dp

. . . , D__, D ) where D. = D. (1) for k = 0, 1, . . . , and u = M N k k

u = (u(zQ), ...» u(z2N)).

Letting e^^ = (e^(zQ)............... e^(z^^)), we have

WDa^ = u = WDb^ + e^^ and thus

(6.4)

Now Re ^^(z)

satisfies Au + c(r )u = 0 and by the Maximum Principle we then have

]| Re #k|| = || Re ^|| = 0. But V(g) is a 1-1 operator and thus

the analytic function g such that V(g) = Re 

k 
This contradicts the fact that V(z ) = Re

k

#k(z) must be g(z) = 0. 

k.
and z is definitely

not identically zero on any domain. This contradiction shows that no 

“ 1
D^ may be zero and that D exists.
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Now if we set u^\z) = u^z, a^) we then have

(6. 5) u(z) - u%) = uN(z, b^) - uN(z, a^) + e^(z) .

idBy (6. 4) we have for z = e and y = (1, cos 6 , sin 6 ,

...» cos (N6 ), sin(N0)) that

= (D^W'V^) .(Dy)

= (w'V^Hy) =

T -1Letting x = (W ) y yields

(6.6) •

Since z^ = exp(2rij/(2N+l)) we can exhibit (W^) 

explicitly. W.^ 1/(2N+1), W~T 1 - cos(2jt ij/(2N+l))/N and

(or i = 0............ 2N Md j = 1............... N.

This gives

N
(6.7) .

Combining (6. 6) and (6. 7) gives for z on d D
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(6.8) | uN(z, - uN(z b^) |

<11| a"" || [!”|»=L^-'>|tN] 

3D k=0 j=l

<-l|eMl |(l-a^^^/(l-a^-^|
N 3D k=0

The function

H(6) = S \(l-ei{N+1}(k7~e})/(l-e^ = S f.<e)
k=0 j=0 J

has period 2»/(2N+l). Using the inequalities

sin(x) > x on [0, r/2]

sin(x) > (x -x) on [x /2, x ] ,

one may show that

|| f, (« 111 = 0(N) .
[0.T]

and

"Y^ho.T] " for j = 2,...,N-l ,

' O(^N+l-j)) for j = N+2...........2N ,

[o,T] = for ■

Thus, we may bound H(# ) on the interval [0, t], and obtain the

e stimate
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(6.10) || e J|

= °(N InN) .

Thus /

" UN<Z’ b^)|| = ^-- J 3D 0(N InN)
. 9 D . •

and

Il UN<Z’ ~ uN(z. b^)|| = 0(|| || InN) .

9 D 9 D

Referring to (6. 5) we have

||u(z) - u^(z)|| = 0(|| e^ || InN) .

9D 9 D

Then by the Maximum Principle,

(&" 9) II u(z) - u^(z)|| = 0(|| e^ || InN) .

9 D

The equation (6. 9) holds for all possible coefficients

. . (N)which define e . This shows that

|| u - u^|| = 0(lnN inf || u - u (z,b)||) .
b N

Thus collocation converges at a rate which is at worst InN times 

slower than the best possible rate of convergence.

To estimate this convergence rate we use Theorem 6. 1. This 

(N) shows that the b may be chosen to satisfy

I
l/N*,  0 < a < 1

InN/N if a = 1 .
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[| u - u j| < M

for all N, for some constant G. Combing (6.9) and (6. 10) we 

see that there is a constant M such that

InN/N® 0 < a < 1 

(lnN)2/N if a = 1 . Q.E.D.

The above process of collocation is thus convergent. To use 

it in practice, just set z. = exp(2ir ij/(2N + 1)) for j = 0, . . . , 2N 

and solve the system of linear equations 

N

(N) (N) (N)j = 0, . . . , 2N for a . Then set u (z) = u^z, a ) to have

lim || u - u^|| = 0 .
N—

The above technique is very difficult, if not impossible, to 

extend to the general case of Lu = 0 on any domain of class Ah. 

For this reason a modification of the above method is needed. Such 

a modification is presented in the next two chapters.



CHAPTER 7

SOLUTION BY LINEAR CHEBYSHEV APPROXIMATION

This work was motivated in part by the work of J. R. Cannon 

in [9,10]. Cannon applied linear programming techniques to solving 

the boundary value problem for Au = 0. The following represents 

a generalization and extension of those ideas. The presentation will 

be in four stages involving progressively more complicated situations.

The basic idea is to use the particular solutions { ,
Im k 

k = 0, . . ., N, to obtain a be st fit, in the Chebyshev sense, to the 

given boundary data at M points distributed about the boundary of 

the domain. As both N and M approach infinity, we expect that 

the Chebyshev fit will approach the solution uniformly over the closure 

of the domain.

Solution of Au + c(r )u = 0 using Particular Solutions

Let D be any domain of class AD and u be any regular 

solution of Au + c(r )u = 0 with u — f on 9D, f continuous. 

We assume that c(r ) is an analytic function of r^ on the interval 

° — T 5. 3R where R = max | z| and is non-positive on 0 < r < R.
9 D ~ ~

56
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Let the boundary data f(z) = f(x,y) be known approximately

only by f (z) on 3D, with || f - f || < p . In practice, p may
9D

represent experimental or numerical error in calculating f. The

problem is to solve Lu - O on D, u = f on d D as well as

*
possible given only f on 9 D.

For this particular problem, the particular solutions

{ (z) take the form { } z^d (r^)
1 Im k L Im k where the functions

d^(r ) are real valued and never zero, as was seen in Chapter 6.

Let r = min | z |
U 9 D

Define the compact sets

SN = | S = ^a0'bl’ * * ‘ ‘ bN*  C1‘ * * * ' CN^ । a0^

Khll +D/|d0(rJ)| , 
9D le, I

1 k*

For any s of the above form let

N
u (z, s) = a Re + S (b Re + c, Im ê ) N 0 0 j k k k k

Theorem 7.1. For any 0 < e < 1 there exists an N and

(N) 
s e such that N

IIU - UN<Z’ =^)|l < €
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Proof. By the corollary to Theorem 3.1 there exists a coefficient 

(N) vector s ' such that

Ik - s^)|| < € .

We show that this s^ is in S .
N

2?

0

and thus

5 2r(|[u|| +1) .
8 D 9D

This yields the desired bound on Also

2 ir

0 {
cos(k® ) 1

> de 
sin (k^ Y )

Ib^'l

1=^
"O Vc'

and as above we have

iO
+

8 D 1^1 0
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i6j
Let z. - re be chosen in order around 3D for 

J J
j = 1, ...» M. Then set 19 = the maximum length of 3 D between

consecutive z.’s. We assume that n — 0 as M — w. 
J M

Now consider the continuous function

EN M(a) = k (zj - U (z , s) I 
* l<j<M J w J

on the compact set S^. Set

eN,M = EN,M 
SN

Since is continuous on the compact set S^ we see that

there exists an s^ € S^, not necessarily unique, so that

®N,M en,m
N,M}

Consider u^ ^(z) - u^(z, s’ ). It is a best fit, in the Chebyshev 

sense, to u of degree N in the ÿ at the points z , z .
k I M

Thus, out of the coefficient space S^ which is known to contain the 

proper coefficients for convergence to u, we pick the best coefficient 

vector at z^, ..., z^. This is simply a linear programming problem 

and can be solved in practice for some s*̂̂ .  Define 

w(f,n)= sup |f(z)-f(z)|, 

the modulus of continuity of f on 3D.
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Theorem 7.2.

Proof. By the Maximum Principle we have that 

d D

Let z be between z. and z,,. on dD. Then

hW - un<m(z)| < |u(z) - u(zj| + |u(. ) - f*(zj|

+ " WV1 + |un.m^

Since |z - z^| < 17^ we are done. Q.E.D.

For fixed N and varying M, we have s bounded

since they are in the compact set S . This means that the u 
N N, M

are e qui continuous on D w 8D for varying M and fixed N.

Thus for fixed N, as 17 — 0 we have w(u ,n ) — 0 and
M N, M M

also w(f, n ) ~- 0. This leads to 
M

Theorem 7.3. For any 0 < c < 1 there exist N(c) and M(e) so 

that M > M(e ) implies
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Proof.

< max |f (z ) - f(z )| + max jf(z.) - u (z,, s)| 
l<j<M J  l<j<M  N J3 3

< M + II f(z) - u (z, s) ||
9 D

This shows that eN < + min || f - u (z, s) || , and hence by
’ SXT * 3D

by Theorem 7.1 there is an integer N(e) SOthat

for all M.

Using the remark just preceding this theorem we may choose 

an integer M(e) so that M > M(e) implies

- C^3 311(1 e/3 '

Then by Theorem 7.2 we see that for M > M(e) we have

+ f/3 + e/3 . Q.E.D

This is an important result, since it shows that for N and 

M large, the error ||u - u^ ^|j cannot be too much larger than 

twice the error made in simply computing the boundary values. Hence 

ignoring the rounding error inherent in using linear programming in 

practice, this method is very stable with respect to perturbations in 

the given boundary values.

This method can be used in practice whenever very accurate 

expressions are known for the (r2) and truncation effects are
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negligible. For example, Bergman and Herriot [7] show that for 

the equation Au - 4u — 0 the d^(r ) have the form

= I + S £ •

n=l 2 n*  (n+k) I

This expression can be evaluated very accurately and makes the 

boundary value problem for Au - 4u = 0 very well suited for the 

above type of analysis.

From a practical standpoint, there are two special points a 

about the equation Au + c(r2)u = 0. First, the above quite simple 

method can be used to solve it. Second, the functions 

needed to calculate the can be obtained using only real 

arithmetic and real integration and differentiation, see equation (5.7). 

This results in a great saving in time and storage requirements.

In general, the d^(r ) will not be known very accurately 

and the above process is not really practical. If we truncate the 

series for d^r2), or equivalently that of the operator B, then 

we can always evaluate ÿ in closed form.
k, T

Solution of A u + c (r )u = 0 using Truncated Particular Solutions 

Since the truncated particular solutions are not exact 

solutions of the differential equation, the above analysis needs to be 

modified.

If we define
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(L (r2) = 1 + S —)k! (2n)I 
' n=l 22n ni (n+k) !

using the notation of (5.7), then we have ê = zkd (r 
k, T K, T

We will follow the same procedure as we used above.

Define the compact set

| = (*0'^1'  ' ' ’ ,bN’ Cl’ ’ * * ’ cbp । Ia0I

< 2(Hf|| + l)/|d (r2)|,
3D U

< 4(||f|| +l)/r^|d (r2)| I .

3D K u )

For any integer vector T = (TQ, .. . , and vector s 

of the above form, define

N
V 2 (b Re * +c Im< ) . 

k=l k K1

Theorem 7.4. For any 0 < e < 1 there exist integers T(e) and 

N(e) so that for any T such that T^> T(e) there is an 

s which implies

Proof. By the Corollary to Theorem 3.5 there exists a coefficient 

vector for some large integer N(c) such that for all vectors

T with large components T^> T'(e) we have
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H*  ~ "N,N < € .

We show that this vector s^ must be in S . 
N

For fixed N, the T (r^) approach d^(r^) as

goes to infinity. Pick T(e) > T’(e) so that T^> T(e) implies 

that (rj)! > I d^fr^)j /Z for k = 0, . . . , N. This allows

N
us to bound s . Q E J

Choose z , ...» z on 9D and define n as before. A M M

Consider the continuous function

on the compact set S_ . Set

eN, M, T = T *
SN

As before, there is an s^’^‘T € s so that 
N

N,M,T •

Now consider T = u^fz sN,M’ T). It is the best

fit to u of degree N in the ?.............* at the z »B.
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Theorem 7.5. Let Lw > 1 on D; then

+=N,M,T+^N.M.T' "m>

Proof. By Theorem 4. 1 we have

N"'U^N.M.T» '

Theorem 7.6. For any 0 < ç < 1 there exist integers N(e ), 

M(e), and T(e) so that M > M(e), TR > T(c) for 

k = 0, ...» N(e) implies

ll"-"Nk),M.T»^^ +< '

Proof. Let

N

Then by Theorem 7.5 we have

+ 2 IM I|L“N,M,TII

<w(t^)+A.+e^^+2||^^^u U 
o D

+ w|uN,M- ”m,+2IIwII iilun,m.tii ■

Precisely as before, we may choose N(c), M(e), and

T’(t) so that M > M(c) and TR> T'(e) for k = 0............ N(e) 

implie s
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+N +=N(e),M,T +^N(€),M' e/3 + 2p .

By Corollaries 2.4 and 2.5 and the fact that 

is bounded for fixed N(ç), we may choose T(e) > T'(€ ) so that 

^or k = 0, N(e) implies

l|L“N(e),M.Tll 5 e/3 

and

‘ UN(e),M^ - ’

Thus M > M(e), Tk> T(e) for k = 0................N(t) 

implies l|u-uN(€hM,T| < +c ...............................................................Q.E.D.

Theorem 7. 6 shows that the method of truncated particular 

solutions converges and is very stable with respect to perturbations 

in the given boundary values of u.

.^Zhition 21 Lu = 0 Using Particular and Singular Solutions

Let D be a domain of class AD. Let the coefficients 

a, b, and c be real analytic functions on the disk about the origin 

of radius 3R where R = max | z [ . We assume that u is a
SD 

regular solution of Lu = 0 with u= f on 9D continuous, and 

that c < 0 on D.

As in the previous sections, we assume that f is known 

onlyby f on 3D with || f - f*||  g D 5 • The problem is to



67

solve Lu = 0 on D with u = f on dD as well as possible given 
*

only f on 9 D.

Let V, denote either 6 or , 
k k k depending on which

family we wish to use.

We shall follow the same outline used in the previous sections.

N k k
Lemma 1. If g(z) = 2 c z then jc | < |[g|| /p .

k=0 k p

Proof. We have

ygipe^e-^de = 2, =kpk 

0

Thus, | c^| p< 2w 11 g11 Q.E.D.

Lemma 2. If the point a c dD is a corner with angle * / a,

g(z) = S c (z - a) and 0 < p < r = min j z] , then 
k=0 K 9 D

l=kl 5 B^fPlIlgllp

where the may be found recursively.

Proof. Let w = (z - a)*  - (-a)*.  Define G(w) = g(z)
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Hence for m = 0, . . . , N, we eee by Lemma 1 and the 

maximum principle that if

R (p ) = min | (z-a)*  - (-a)*|  ,
[z|=P

then

ldmi< llGllR(p)/R(P)m< llgllp/R<P)m • 

Setting m = N we have | c^| < ]| g]| /R(p )^. Proceed 

inductively: Let i cj I • j = m + 1, . . . , N, be bounded by 

B ) || g|| p for j = m + 1, ...» N . Then

N . ,

k=m+l 

N . .
f |(-a)-"" S 

k=m+l

N
5 igL/n(p)m*i.*rœ e (k:m)iaeiks<N)(P) 

P k=m+l K R

Thus we may set B^\p) = 1/R(p)^ and for m = N- 1, . . . , 0 

define

N 5*”>(P)=l/R(P)m+|a“|-m Z (VMaVB^’üO . 
k=m+l k

Q.E.D.

For any vector s = (sQ, ...» b2n+j) define
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N

For p sufficiently small, the operator B may be bounded 

below.

Theorem 7.7. There is a function ô(p ) such that

Ifv(B)|ip > a(p)I8np

for all functions g, analytic on D with g(O) real. For p 

small we have 6 (p ) > 0.

Proof. By definition

5 (n) Z
V(g) = Re{ exp(- f Adz*)(g(z)  + S C(z-gf"\(g)dg}

0 n=l 2 (n,n+l) "

taking Real and Imaginary parts of the terms in the brackets, we see 

V(g) = Re{ (e^ f ie^)(f f ih + f iP^)} ,

where g(z) = f(z) + ih(z) and f, h, e^ e^, P^ P2 are real 

functions of z. Thus

V(g) = e^ - e2h + eJP1 - e2P2 

and

> I.jf|p - !.2IpIMp - - h2UpilP2l!p

Now,

l»ip<klp .
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Il «Il P
1 P “

“ l|o'"'ll/"
2 ———K—

n=l 2 nj8(n, n+l)n
5 llg||pw(p)

1*2  II p < ll«llpW(p)

Il e! Il p 5 exp(p|!flllp)

and

11^2 H p - *=P(PllRHp)  •

Thus

llv<g)llp > lle^llp * Il e2 II p II g II p - 2 exP(PllHllp)||g||pW(P)

Now,

> »p(-p||R!lp)<i - IIRIIppz/2) - m(p)

and
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Z

Il «2 « p = max
| z|<p

Im exp(- y Adz*)i

0

z z
P ÿ P ÿ

< max exp (-Re Adz )| sin(Im \ Adz )| 
1^1-" 0 0

< exp(p ||^||^ )p HA 11 p= n(p) .

These yield

(7.1) II V(g)|| p > m(p)[[f||p - n(p)||g||p - 2exp(p|[fl ||p )II g||p W(p) .

The function h is the conjugate harmonic function to f .

Hence h(z) may be written as 

z
h(z) = Ç (-f (s,t)ds + f (s,t)dt) + h(0) .

J t s
0

But h(0) = Im g( 0) = 0 and thus

(7.2) l|h||p < 2p||grad(f)||p .

We may bound || grad(£)|j by the following lemma taken from [23] , 

page 138.

Lemma. Let 0 < p < r_ = min|z| , then 
U 8d

II grad(f) || < 21| f|| /*d(p)
P 3D

where d(p) = min dist(z, dD).
I=I<P
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By (7. 2) and the lemma we see

llhll, < 4||l||p P/N(p)) .

Now d(p ) > Tq - p and thus

l|h|!p < 4||f||p p/(r(rQ - p)) .

This shows

llslp = < i|f||p[l + (4p/(r(r0 - p)))2]^ .

This and (7.1) imply

l|v(g)|p > a(P)|g||p

(7.3) 0(p) = m(p)[l + (4p/((r 0 - p)))2)^ - n(p)*

- 2 exp(p HAIIp)W(p) .

We need a value of p for which ô (p ) > 0 . We have 
” u«/"'llp P*  

W(P) =2 and by Theorem 2. 1 we have
n=l 2 3(n, n+l)n 

co — 2
W(p)< S ^A(p)- 1). . . (A(p) + 1) where

n=l 2 2nn!

A(p) = (D + Fp) .

Let 0 < pQ < rQ be such that A(pQ)<l. That is, let 

pQ = min(r0, (-9D/2 + (81D2/4 + 18F)*)/9F)  .

Then, since A(p) is monotone increasing as a function of p, 

we see that 0 < p < p^ implies
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g— 2 «o
W(p)< Zp- Z (l/2f = 9F p2/Z 

n= 1

This and (7.3) show that for 0 < p < p® we have

(7.4) ô(p) > exp(-p|| H||p)(l - p2||R||p/2)[l + (—)2]~^

- exp( p [|^|| p)p UR]] p - 9Fp2exp(|]^||p p) . Q.E.D.

Using the method of bisection on the interval (°. p0). we

can find a value of p for which «(p) > 0. This furnishes us with 

a practical method for bounding the operator V below.

For a value of p such that Ô (p ) > 0 define the compact

sets

- <l|f|l8D+ l)B^(p)/«(p)

where B^(p) = 1/p^ if and B^(p) = B^(p) if

the V are the .
k r k

Theorem 7.8. For 0 < e < 1 there exists an integer N and

N _ 
s € S such that N

II U - UN(®*  a14)]] < € .



74

Proof. By Theorem 3. I there is a coefficient vector s such that

IIu - uN(z> ®N)H < e .

NWe show s € SN- There are two cases

N(I): If V are the , then let u (z, s ) = V(g ), where K W N

N k
g (z) = Z c z . 

k=0

By Lemma 1, we have

l=ki< llgNllp/pk ■

II gNll p = Il V"'u^llp < l|uNllp/ô(P) < (||f|leD + D/«(P) .

Hence .

|c.| <(||f|| + 1 )/(pk8(p)) for k= 0............N
3D

SinC‘ Ck = 4k ’ “"k+1 we are done.

Case (II): If the V, are the k
N 

then let u^z, s ) = V(gN),

where

g (z) = Z c (z - a)®k 

k=0

By Lemma 2 we have

l=kl<l|gNllpB'kN>(p)
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But hNllp • U V 1uNH P < I|uN||p/«(p)< (||f||gD + 1 >/ S<p ) .

Hence

l=kl < (l|i|laD+ DB^tPl/SfP) for k = 0............N.

Since ck = «2k - i .2k+1 . we are done. Q.E.D.

Define the continuous function

where the z

N.M''*  ' ".“J1* ? ‘ “n"j

z are chosen as before. M Set

eN.M = ™lnEN.M 
SN

Since is continuous on the compact set

sN’MsSn so that eNiM = ENiM(,N-M).
SN there is an

Define the solution u = u (z, s"'^). This is the best 
IN > M IN

Chebyshev approximation to u at the points z z out of M
all possible n . Again, obtaining the s”’M is a linear

programming problem and may be solved in practice.

Theorem 7. 9.

II"-"N.M^^' -V" +'N.M +-'"N.M' ”M)

Proof. Exactly as in the previous sections. Q.E.D.
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Theorem 7.10. For any 0 < < < 1

T(e) so that M > M(c) implies

N(c), M

Proof. Exactly as before.

there are integers N(e) and

Q.E.D.

in practice, most problems do not have the available 

in closed form and one must use the truncated particular solutions

which can be evaluated in closed form. What happens if we use

the truncated solutions instead of the V, ? The next section answers k

this question.

Solution of Lu = 0 Using Truncated Particular and 
Singular Solutions

Here the V, _ are used instead of the V, . This is the k, T k

problem of practical interest because generally is not available

in closed form, but ? la.

For any coefficient vector s = (sQ, ..., S2N+1) and 

T = (T^, . .., T^) define

N

Define the compact sets S^ as before.

Theorem 7.11. For any 0 < € < 1 there exist integers N(e) and 

T(c) so that for any T such that > T(c) there is an ŝ  €**
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which implies

II" • "N(€),T^< ‘""’’U e

Proof. By Theorem 7.8 of the previous section, we may choose

N(e) so that there are coefficients s^^ ç 5 such that 
N(e)

Now by Corollary 2.4 there is an integer T(e) so that

> T(e) for k = 0, .... N(<) implies

where Ck = ®2k€^ ” iS^k+r k = 0, . . . , N(e).

‘k* 0

=N,M,T 11

- . . N,M,Tthere is a vector s

ck=0 .

Then we have

’ UN(c),T^ - Hu “ "N(€)H + ^N(e) " UN(€),tI*

< e/2 + S e/2^ < « . Q.EL.D.

k=0

Choose 'r • zon 9 D as usual. Define the M

continuous functions

en,m,t (■) max , ,*.
(Zj

continuous on the compact sets

€ so that

SN’
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SN

Consider It is a best fit to

u at the Zj out of all possible It may be obtained using

linear programming.

Theorem 7. 12. Let Lw > 1 on D then

"N.M.TÜ ± V + ^ + =N.M,T

Proof. Exactly as before. Q.E.D.
>

Theorem 7. 13. If € > 0 then there are integers N(e), M(e), 

and T(e) so that M> M(e) and T^> T(e) for k = 0, . . . , N(c) 

implies

Proof. Exactly as before. Q.E.D.

Thus, even in this practical scheme, the process is convergent 

and stable with respect to perturbations in the given boundary values.

Theorem 7. 13 has a very nice corollary which can be roughly 

stated as follows: For any fixed N and T, as M increases, 

UN,M,T approches being a best fit to u from the space of 

solutions spanned by T . " ' T ' more specific:
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Let the epan of V , . . . , V be denoted by
* 0 ’ N

< v T , .... V >. Suppose that f = f , i. e. , m = 0. Let 
0 * N

eN T = t(=,b) - u(z)|| .
' SN ’

Then e is the best possible error over the space 
Wj A

< V , .... V > Fix f > 0, then by Theorem 7. 13 there
* 10 * N

exists an integer M(c) such that M > M(e ) implies

CN,T- " UN,M,T^ - eN,M,T + € ’

and thus

®N,T - ®N,M,T - ®N,T

This shows that

and thus u is, in the limit, a best fit to u on the closure of
N > M । T

the domain. Since the value e^ is automatically produced by

any linear programming scheme, and that value is very nearly the 

error |fu - . there is no need to search the boundary of

D to find the maximum error if M is very large.



CHAPTER 8

COMPUTABLE ERROR BOUNDS

Recall Theorem 4. 1, if u is any solution of Lu = 0 with

u € C^^D v SD) n C^^D), u*  € C^^D w 9D) C^fD) 
and w

is any function such that Lw >1 on D, then

(8.1) ||u-u*||<  ||u - u*|] 9d + 2|[w[| || Lu*]|

If the above u is the UN M T aS described in the previous

sections, then since and L0. are explicitly computable

from equation (2.3) we can effectively bound the error || u

To do this we will need bounds on L# _ and L# . 
k, T yk,T the following

theorem provides such bounds.

Theorem 8.1. If the domain is starlike with respect to the origin, 

then

2(T+l)!!ERT+k||Q("^

II || < ------=--------------- -------- .
* 2 (T+k).. . (k+1)

If the domain is also star like with respect to the corner a, then

2(T+1)Î ! ERT R^I|C^^|| 
l^k.TH_________ -_______ —..■*

2T(T-1)!

80
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♦ 
z

where R = max|z| , R& = max| z-a[ , and E = ||exp(- (R(z,w)dw||. 
0 D 3 D v

0
Proof. By Equation (2.3) we have 

z 
z*  y (z-S)T"\kde

X*.  T - - J A-. 

0 z 2 3 (T, T+l)

z
But y (z-S)T ^g^dg = (T-l)î zT+k/{T+k). . . (k+1) and the desired 

0

bound follows from the relation L ÿ = 4^0 .
k, T k,T 

We also have that 

z

X *k. T - Hï-----------
o z 2 3 (T, T+l)

Th»» T+l),
z 

and the result follows immediately. Q. E D

The above bounds are dominated by those given in

Theorem 2. 3 and thus approach zero as T goes to infinity.

An immediately obvious way to bound required
z

above is to use Theorem 2. 1. This yields

11 Mk TU < 9E F(2T+l)Rk^+A). . . (A+l) 
’ 2T(T+k). . . (kM)
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A typical example is that of Bergman and Herriot in [7], The 

equation is Au + (-4 + 2^ + y^u = 0 on the square with rounded 

corners, the "squirkle. " In this case F = 9, R = <2 , 5=0, 

and E - 1. Thus A = 9 F R /2 = 81. We then have the bound

Il L*  || < 81 (ZT +1) .
’T 2TT!

This bound for T = 10 is extremely large, greater than two 

billion. This shows two things. First, for an effective way to 

bound || L^k T|| we will need to use something other than 

Theorem 2.1. Second, it may be that for k "small" and T 

"large" llL^k Tll will be excessively large. It is easily seen 

that || Wg ^|| > 4. 0 if the equation is Au - 4(1 + x2 + y^u = 0 

on the "squirkle. " This is rather disquieting and seems to indicate 

that for "small" k we will actually need "large" T.

Another approach is to calculate We will have
(T+1) . .

Q * explicitly available. This would give us a smaller bound 
z

(T+1) 
f°r Q * and hence for ?. The cost of this procedure is 

additional computer storage requirements.

In the case where H, 16 , and are polynomials in 

♦ (T+1)
a and z , the Q * is also a polynomial. Let 

z



83

Q<™>=S z 
j=0 k=0 jR

(8.2) l|Q(*+1)ll < 2 S klqîy^lRj^’1 .
z j=0 k=l Jk

The dominance argument used in Theorem 2. 1 shows that 

the bound in (8. 2) is dominated by the bound given in Theorem 2. 1. 

Thus, (8.2) provides a "tighter" bound on the q(T+^ That 

this bound is actually "tighter" than those given by Theorem 2. 1 

may be seen by the following example: Let the equation be 

Au + 4(-l + f (x2 + y2))u = 0 on the squirkle. Then the bound given 

in (8.2) yields

- °-48 •

The bound which Theorem 2. 1 gave was greater than two billion.

Given

N

we can write
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Using the inequality in (8.2) we can then bound Lu*  on D.

This technique has been found to be quite practical.

In practice all we need to is generate an approximation 
*

u to a solution u of Lu = 0 and then use the inequality in 

(8. 1) with those of Theorem 8. 1 to bound the error |[u - u*[|  

in an a posteriori fashion. The norm of the function w may be 

bounded using the formulae given in Chapter 4 for w.

Since we will require "symbolic" solutions, the T cannot 
k

be too large, otherwise the solution will be too unwieldy to be truly 

symbolic or usable. Some rule of thumb is needed to give a good 

value for the T . The following argument is a step in that direction. 

The problems we will study will have a, b, and c polynomials 

in x and y, and thus A,IB, and C will be polynomials in 

z and z . Let M' be the maximum degree with respect to z 

of 7L 10 , and . Let M" be the maximum degree with 

*
respect to z of the same coefficients. Then Bergman and 

Harriot in [7] show that

M N 
J. 

j=O k=O J

where = 2pM' and N? = 2pM" + p. Let d(xPyq) = p + q 

denote the degree of a polynomial in x and y. Then

m ) = k + max (n + 2nM‘ + 2nM" + n) , 
' Tk l<n< T

— — k
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and letting m = M1 + M” + 1 we see

N 
d( 2 (a Re ÿ + b Im ^ )) = max (k f 2T, m)

k=0 k klTk k k'^k l<k<N k

This shows that given an acceptable degree d > N + 2m of our 

approximation by the ? ' " " T » any T may be as 
' 0 k

large as [(d-k)/2m] where [• ] denotes the greatest integer 

function.

2 2For example, Au + (-4+2(x +y ))u = 0 on the squirkle 

has M1 = M" = 1 and m = 3. Bergman and Herriot choose N = 24 

and T^ = 4. This shows that

24 
d( Z (a Re 4 

k=0 k \I™*k,T ))2 24 4 8-3 = 48 .

Hence T^ = [(48 - k)/6] is a perfectly acceptable choice for the 

Tk's-

The relation TR = [(d- k)/2m] allows TR to be "large" 

for "small" k. As we have already seen, this is a good thing to 

have. The relation also lets TR get smaller as k increases. 

This is also reasonable because the error bounds on L0 
k, T^ 

given in Theorem 8. I decrease very rapidly as k increases.

The above error bounding techniques have been used 

extensively and found to be quite practical.



CHAPTER 9

ELIMINATION OF ANALYTICITY REQUIREMENT

FOR Au + c(x,y)u = 0

Let u be a solution of Au + c(x, y)u = 0 on a domain D 

of class AD, with u € \d @D) C^ \d) and c(x,y) merely 

continuous and non-positive on D. Let the boundary values f be 

known only by f where || u - f || ^ ^ < . Using the techniques

of the previous sections, we can solve the boundary value problem 

for this equation.

Since c(x,y) is continuous on the closure of the domain D, 

there exist functions c^ possessing analytic extensions to the domain 

{(z, z ) | | z | , | z | < 3 rad(D)} , so that

lim || c - c [| = 0 .
p—P

An example of such c^*  be a polynomial of degree

p in x and y which fits c most closely in the maximum norm. 

Then, since the polynomials in x and y are dense in C^(D 0D), 

we must have lim || c - c || =0.
p—*oo  P

We may assume that the approximating functions c are non-
P 

positive on D. This follows since we may subtract || c - c || from

86
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Cp to obtain a function Cp - |[ c - c || which is non-positive on 

D and obeys

|c - (cp - ||c - cp||)|| < 2||c - cp|| , 

which goes to zero as p goes to infinity.

2 2 2Now set Lpu = Au + CpU and w(x,y) = (x + y - R )/4 

where R is the radius of the domain. Then L w > 1 on D for
P " 

all p.

The previous theory may be applied to solve the boundary 

value problem:

Lu =0 on D '
P

and 

* 
u = f on 3D ,

knowing only f on 3D, for an approximate solution u'; .

Theorem, lim {lim [ lim || u - u^[|J } < 2p . 
p—oo n—«> M, T—<»

Proof. We have by Theorem 4. 1 that

**U ‘ UN,M,T** - ~ ^k4^T^3D T^ '

But L u = Lu + (c - c)u = (c - c)u and hence 
PPP

+ 2|w||[||c - cp| ||u|| + *
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Fix c>0 and choose p’ so that

II w|| II c - Cpl| ||u|| < e/3 .

Then there exist integers N1, M1, and T' so that M> M',

T^> T1, for k = 0, N*  implies

" ^N\M,T^D - and RLp,UN’^ 

Using (9. 1) this yields

+e -

whenever M > M*  and T^> T' for k = 0, . . . , N’ . Q.E.D.

The inequality (9. 1) should provide a satisfactory 

a posteriori error bound.



CHAPTER 10

SOLUTION OF THE INHOMOGENEOUS EQUATION, Lu = g

For a domain D of class AD, let u c C^(D o &D) r\ C^\d) 

be a solution of the inhomogeneous equation Lu = g. We assume that 

the coefficients a, b, and c and the right hand side g are 

analytic functions of x and y on the disk about the origin of 

radius 3R, where R = max [ z| , and that c(x,y) < 0 on the 
9D 

domain D.

Given boundary values f of u, we wish to find u on

D oD. 

* * * * 
Let A(z, z ), B(z, z ), C(z, z ), and G(z, z ) be the 

usual complex extensions of (a + ib)/4, (a - ib)/4, c/4, and g/4. 

The complex form of Lu = g is then o^U = G.

For the special case where a(x,y) and b(x,y) are 

identically zero, Bergman and Herriot in [7] give a particular 

solution of ^U = G. We present a generalization of that argument 

to the full operator Lu = g.

Let

89
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= S F, „ k

represent a solution of * U = G. Then, formally, we need

40 eo
G = U|0) = S Xf = S [(F) + A(F ) + B(F ) + C(F. )]

k=0 k=0 zz K z k

■ «'O1 * + , + C(Fk) + ^ *’
zz k=0 z zz

Thus, if we let (F ) = G and for k = 0, 1, . . . ,u * 
zz

(Fk+1> * ■ -IA<Fk)z + =<Fk) , ♦ C(F >] . 
ZZ z

then we have = G. The F^ are thus recursively defined

by the relations

* 
z z

=y y ° "zdz*  

0 0

and

* 
z z

Fk+1 = - j*  y tA(Fk)z + B(Fk) , + C(Fk)]dzdz*  , 

0 0 z

k — 0, 1, . . .

Integration by parts yields the recursion relation
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* 
z z

(10.1)

* 
G dzdz and for k = 0, 1

AF. dz

0 0

B * + c)Fk dzdz*)  

z

The equations above define a formai solution U<°> of

0 J J
0 0

* 
z z

*

*
k+1 “ " U

0
z

0

To study the validity of this formal argument, truncate the

series of i.e., let

Lemma. lim II Xu'01 - g|| = o .
t—00 1

Proof. It is easy to see that

(10. 2) = G + A(Ft)z + B(Ft) * + C(Ft)
z

Now

* * 
z z z z

- (F.+P , = A(Ft)z + B(F ) , ♦ C(F ) = (A C + B Ç+ C Ç f )(FJ , 
ZZ f. “ J J J I__

0

. = (-iAa

* ♦ 
z z z z

0 0 0

(Fo) » 
zz



92

and thus, by (10.2)

* * 
z z z z

(10.3) l|ïu‘0)-G|| < H(âÇ f f j )"' || || G [J

0 0 0 0

We have

* *
% \ R R R R

ikaJ+By + cy y)t+1n < diah^ + iisiiy + lieuÇ f >t+1 

0000 0 0 00

t+i R R i R R

1=0 0 0 i=°3 o o

Thus, we have

(10.4) ||jPu^ - G||

5 II011 2 (^||G||^^-^^ S 

i=o 1 [(t+1-i)!]2 j=0 J

From Equation (10.4) we see that there is a constant P such that

||^0) - Gj < p‘ S1 —

i=0 [(t4-l-i)!r
v

j=O j j!

i . .
Thus, since Z (.) = 2 , we have 

j=0 J

||jE- G|| < P*  S (t+1)------- ------------------
t 1 — Î 7 ?i=0 1 [(tfl-iXHi/2]!
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t+l 
and since S 

i=0

9 D

UN,M, T,t ’

= g on D, u f given on 9D

( . ) 2 = 3t+^ it follows that

- G|| < pS^V[t/4]! ,

where [•] denotes the greatest integer function. Q.E.D.

Now set Uf = Re z). The above lemma then shows

that ut is nearly a particular solution of Lu = g for large t.

By the results of the previous sections, we may solve 

Lu = 0 on D 
(10.5) 

u = f - u on 

for an approximate solution 

Theorem. Let u solve Lu 

then 

lim { lim [ m jj ~
t—*°o  N-M, T~*«>  t N*  M, T, t

Theorem 4.1, there is a function w(x,y) such that

+ 2||w|| ||L(u - ut - “NiMiT t)|| 

- ll(f"Ut>-UN,M.T,tll8D

+ 21| wII [Il L(u - u )|| + Il Lu || ] .
" 11 > *V11  1 । L

€ > Q, Then by the above lemma we may choose t1 

such that t > t’ implies

lim

Proof. By

(10.6)

Fix
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2|]w|| ||L(u-ut)|| <2||w|| ||4Re$(U-U* 0,)|| < e/3 .

Let t > t* be fixed. Then using the results of the previous 

sections, we may choose N1, T', and M1 so that > T1 for 

k = 0, .... N*  and M > M*  implies

II " Ut^ " UN*,M,T,tHaD  -

and

2'1*11  II LuN' , M, T, t*l  - *

Then by Equation (10.6), for M > M*  and T^ > T*  we have

||u - ("t +aNi-M,T,t,ll - e ■ Q.E.D.

Given the boundary values of the solution u, all one need do

is construct u^ using (10.1) and solve (10.5) for u^ M T t •

Then u f u _ should be close to the solution u over the 
t N.M.T.t

closure of the domain.

The bounds given in (10.4) and (10.6) provide an 

a posteriori error bound:

(10.7) llU - tut + ^.M.T,?!! - Hf" ^t * ^N,M,T, jUsD

+ 2||w|| || Lu
N,M,T,t

tfl ... . q2(t+l)-i i
+ a|G| I|w|| s (^)||c||^-^---------- -  S ( )

i=0 1 [(t+l-i)l) j=0 J jl (i-j)!
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The inequality (10. 7) gives an explicit a posteriori error 

bound for the approximate solution u + u .
t N,M,T,t

The assumption that the coefficient c and the right hand 

side g are analytic is not needed. Using a technique similar to 

that of Chapter 9, one can solve the problem under the hypothesis 

that both c and g are merely continuous on D o 9D and that 

the coefficients a and b are analytic as usual. In that case, 

the error bound (10.7) has three additional terms in it.



CHAPTER 11

COMPUTER IMPLEMENTATION OF THE METHOD

We wish to solve

Lu = Au + au + bu + eu = 0 x y

on a domain D, with u = f given on 8 D. The coefficients are 

assumed to be polynomials in x and y. These polynomials may 

be regarded as truncated power series for coefficients analytic on 

1 (x,y)| < 3 rad(D).

The input to the computer program consists of four data 

blocks:

(1) N, M, T = (T , . . . , T ) and points z , . . . , z on 8 D; v W 1 M

(2) The coefficients of the polynomials a, b, and c ;

(3) A subroutine that computes f(x, y) for (x,y) € 8 D ;

(4) M1, the number of points to be used in a search of 8 D for

' UN,M, T^ 8D *

The steps by which the problem is solved are:

STEP (1): Given the polynomials a, b, and c in x and y, 

calculate the polynomials » and in z and z*  by the

relations

96
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* , , * * * * 
Bto. ES-)’ 6 61 6 61

» , * * * *TB U. =*)  = |(a(^. SX.) - ib^, ^))
6 61 6 61

and

C(z, *, 1 ,z+z Z-Z \z > = ï<——)

We use the term "calculate" a polynomial P(z,z*)  to

mean the computation of the array of coefficients p such that

P(z, z ) = S
j=0

Then, using the algorithm described by Bergman and Herriot 

in [7], calculate Q \ \ where {T | is the greatest

level of truncation we wish to use, i. e. , j T| = max T . If the 
l<k<N k 

equation is of the form Au + c(r2)u = 0, the calculation of the 

_ (n) 
Q may be carried out very efficiently by use of the algorithm 

given in Chapter 5, see (5.7).

(1 ) ( 1 TI )
When the Q , . . . , Q have been calculated, the 

functions and for T%< | t| can be evaluated at

any point by the expressions given in Chapter 5, see (5.2) and 

(5.3).
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The results of Step (1) are the coefficients of the truncated

series for the particular solutions ÿ “d T, 
k

STEP (II) : Given points z z on 9D with M > 2(N+1), M —

let A be the matrix (a ) given by a. = Re 
jk J » 2k and

2k+l " f lor j — 1 » . , M and k — 0, ,

Let b = (u(z.), u(z ))T.
1 M

N.

Solve the over determined system of linear equations

k

(11.1) min || AX-b|| 
x

for the minimum e^ and a minimizing vector

Then define

x.

N 
(x2kRe*k,T.  ^Zk+l^k.T > •

K.— V K R

The result of Step (II) is the approximate solution of the 

problem.

STEP (III): Using Theorem 8. 1 and the remarks following it, 

bound I|Lun m>t|| .

Search 3D for ||u - uN Mf tII9d using M‘ points on 

3D.

Using the results of the above calculations, we may bound

This step gives an a posteriori error bound.
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The above three steps compute the approximate solution 

UN M T and give an indication of how accurate this approximation 

is.

Step (1) may be carried out symbolically using FORM AC, 

SYMBAL or some other symbolic processor. This has been done on 

a small scale and may be a useful technique as such symbolic 

processors become more economical to use. The method we have 

employed can be called at best "quasi- symbolic. " It consists of 

simply manipulating arrays of coefficients which represent poly­

nomials using FORTRAN.

Obviously, Step (II) is not the same algorithm as was 

described in Chapter 7. The compact coefficient space is 

never mentioned in Step (II) above. According to the theory of the 

method, we should solve 

(11.2) min || Ax-b[| .
«SN ”

This problem is equivalent to the linear programming problem 

(11.3) minimize g(e) = e subject to the linear inequalities

-(l|f|l8D + ^/(P^^tp)) < sR< (||f|l9D + l)/(^k/216(p))

for k = 0, .... 2N+1 

j = l............ M ,
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where P < min [z| and [ ] denotes the greatest integer function. 
dD

Cannon in [8] arbitrarily weakens the inequalities in (11.3) to the 

one-sided inequalities in

-•< - j = l............ M

(1^ 4) for k = 0, .. . , ZN+1

e > 0 .

He notes that in practice a solution of (11.4) seems to be a solution 

of (11.3).

There is, at present, no fast numerical method for solving 

linear programming problems such as (11.3) and (11.4). For this 

reason, it was decided that the linear programming techniques of 

(11.3), or even of (11.4), may not be necessary, or desirable, 

in practice.

R. H. Bartels and G. H. Golub [1] have given a fast and 

very accurate algorithm for obtaining the Chebyshev solution to an 

over determined system. Thus (11. 1) may be solved practically 

using their algorithm. A FORTRAN translation of their ALGOL 

code was made and used to solve all examples given in the next 

chapter.

Step (II) does not take into account any corners, if there are 

any, in the d D. When there are corners ap ..., a on B D 

with angles . .. , f one should replace the input data
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block (1) by:

(11 ) N = (Ng, .... N^), M, a truncation array T, points

zi ’ ' - ' Xxx on @D, a = (a., .. . , a_), and * M 1 C

* = (a , ...» ct ) . 
* u

This means that for k = 0, ...» N we will use ÿ .
. k’ Tk

We will also use ip (z,a ) for k = 1, . . . , N and
’ k,p P P

P = 1» • • • . C. Note that Q = B(l) and thus there is no need

to use any of the ip (z,a ).
° P

Then replace Step (II) by:

STEP (II*):  Let

p-1 
M = 2 S N + 2N - 1

P q=l q 0

for p = 1, . . . , C. Then let A = (a(j,k)) be the matrix given by

a(j, 2k) = Re ÿ (z ), a(j, 2k+l) = Im (z.) for 
Xk J K’ ^k

j = 1.............M and k = 0, . . . , Ng, a(j. 2k+Mp) = Re ip^ T (z.,a ) 
k» p

and a(j, 2k+l+M ) = Im (z.,a ) for j = 1............ M and
p "'h.p J p

k = 1. . , N and p = 1.............C. Set b = (u(z ), ... u(z,,))*.
P 1 M

Solve the overdetermined system of linear equations

min|| Ax-b||w 
x

for the minimum e and a minimizing vector x.
IN > Al y I

Define
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No

UN, M, T = TL *k,  T + XZk+l *k,  T1 
k=O k k

C NP

\!1 k=l +x2k+I+M^,^/-V) •

This is the desired approximate solution.

Steps (1), (II1), and (III) provide an effective method for 

solving Lu = 0, u = f given on 9D, in the presence of any 

finite number of corners on 9 D.

Some discretion must be used when applying Steps (II) or 

(II1). If the equation being solved is of the form Au + c(r^)u = 0, 

k 2 
then (z) = z d. (r ) where the d are real valued

R' 1k Tk k,Tk

functions. Thus, Im ÿ. (z) = 0. This is a very uninteresting
' 10

particular solution and should not be included in the matrix A. If 

it is included in the matrix A, then the over determined linear 

system

min|| Ax - b|| w 
x

is not well posed. That is, an infinite number of solutions exist and 

they may be unbounded. As long as the above care is taken, the 

overdetermined system approach has been, in practice, well posed.

We know that the value eN M T will be, for large M, 

very nearly equal to ||u - u |L . So if M were very large 
IN i M, I O D
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we could skip the search of 8D in Step (UI) and write

~ ^LuN,M#T^ '

For numeric and economic reasons, it is not desirable to have M

very large. However, the value of e m can be useful. If
IN * 1

when the 3D is searched for ||u - UN, M, T ô D *"*  "

much larger than the value of e returned by the Bartels
IN * M । a

and Golub routine, then it would be wise to increase M and try

Step (II) or (II') again.



CHAPTER 12

NUMERICAL RESULTS

The algorithm of Bartels and Golub [1] was translated into 

FORTRAN IV making the necessary corrections as noted in [25]. 

The algorithms of Chapter 11 for the construction of the and 

0^» calculation of the coefficients and bounding of Lu were coded 

in FORTRAN IV using REAL*8  arithmetic. All computations were 

carried out on an IBM 360 Model 67. The iterative improvement 

in [1] was accomplished using extended precision arithmetic.

To test the routines we used the following problem. The 

equation is Au - 4(1 + x + y )u = 0 on the "squirkle" with 

u(x,y) = exp(x +y ) on 3D. The "squirkle" is the square with 

sides given by x = t 1, y = 11 and its corners rounded by 

quadrants of circles. See Fig. 1. a. The northeast corner of the 

square is replaced by the northeast quadrant of the circle

(% - + (y " y^ = (i - yQ)2 •

where xQ = yQ = tan(39. 0 * 0. 017453293), this is a "magic" 

number given by Bergman and Herriot in [7], The other corners 

are rounded similarly.

104
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The squirkle is a domain of class Ah and has no corners.

Thus we need only use the i* 1 solving the problem.

The exact solution of the problem is u = exp(x^ + y^) in 

the entire xy-plane and provides a check case for our routines.

Table 1 lists the results for this example. The "METHOD”

column indicates whether collocation or the Chebyshev method was

used. The "ERROR 1" column gives the error found by searching 

113the curves = — 3 D, = — 3 D, = — 3 D with 48 points on

each. ”E” is the best fit tolerance returned by the Bartels and

Golub routine. "ERROR 2” gives an estimate of the size of

|| w|| || Lu || . If the entry is ”> ? " then || w|| || Lu || > ? as 

determined by a hand calculation. If the entry is "< ?” then 

|| w|| || Lu || < ? as determined by the bounding algorithm given in 

Chapter 8. The w used here was w(x,y) = 1 + x^), i.e. ,

|| w|| = The "TIME” column gives the total running time in 

seconds for all calculations except compilations. The compilation

time for the Chebyshev routine of Bartels and Golub is 18 seconds.

The compilation time of ♦k version of the algorithm takes

18 seconds while the version which uses the # and takes
k ----- k

22 seconds to compile. Once compiled, the object modules for the 

routines were placed on disk packs and read off them for each run. 

The ”N,M, T” column gives the number of used, the number 

of boundary points used, and the truncation vector.
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The two very long rune were made using a FORTRAN 

translation of the ALGOL code given by Bergman and Herriot in 

[7] for the computation of the ÿ . In these two cases, the 

compilation time is included in the time estimate. These routines 

had two distinct drawbacks as Table 1 shows. First, the fixed 

truncation level of 4 is not sufficient to have || Lu*||  small. 

Second, they are very time consuming. After these two runs had 

been made, we decided to write our own routines for the construction 

of T any Tk* Both a general algorithm like that of 

Bergman and Herriot and the special algorithm of Chapter 5 

(see Equation 5. 7) for Au + c(r^)u = 0 were coded and used on 

this example. The first run in the table was made using the general 

purpose routines for the equation Au + au% 4- bu f cu = 0, and the 

time estimate there includes the compilation time. It may easily 

be seen that the running time is greatly reduced by recoding the 

algorithm of [7]. The rest of the runs were made using the special 

algorithm for Au + c(r )u = 0 which is even more efficient. 

One indication given by Table lis that collocation should 

not be used. It gives less accurate results than the Chebyshev 

method. The same behavior will be exhibited in other examples.

After the runs for Table 1 had been made, it was noticed 

that all the coefficients of the were nearly zero, except the
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first one which was very close to one. This led to the conjecture 

that exp(x2 + y2) = Re which, in turn, led to the following

characterization of the functions for the equation Au + c(r2)u = 0.

Theorem. All solutions of

U * = 0 • r2 = zz*

zz

which are of the form U(z, z ) - z g(r ) are constant multiples

of particular solutions specifically we have

U(z, z ) = 2g(0) 0k(z» z) .

Proof. We have

V ^Re U(z, z)) = 2zkg(0) - 0*g(0)  = 2z\(0) , 

and hence

Re U(z, z) = V(2zkg(0)) = Re B(2zkg(0))(z, z)

= 2Re(g(0)^(z, z)) .

We also have

V 1(Im U(z, z)) = 2izkg(0) - 0 *ig(0)  = 2izkg(0) .

As above, we then have Im U(z, z) = -Re(i U(z, z)), i. e. ,

Im U(z,z) = 2 Re(-ig(0)^k(zrz))

= 2 Im(g(0)^k(z, z)) . Q.E.D.
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The above theorem proves that = exp(x + y ) i£ the 

correct first particular solution of Bergman.

In [7] Bergman and Herriot assume that for T = 4 the 

approximations will satisfy the differential equation, and hence the 

Maximum Principle, fairly well. A glance at Table 1 shows that 

T = 4 does not produce such results. We have ]] L(Re ÿ )|| > 4 
U t 4 

and || Lu|| > 4 for this example. So although this 

approximation nearly satisfies the boundary conditions, it does not 

satisfy the differential at all well. We searched the 8 D for 

|| u - u. _ || - in the collocation result and also searched inside
1 w » 4 O D

D. We found that || u - u || ^ ^ = 6.7*10  while 

| (u - u )(x* , y’)| = 4.5*10  for a point (x’, y1) inside D.

Thus, in this case, we have

Hu - u*||  > 6||u - u*|| aD

and the Maximum Principle does not hold even approximately.

This shows that the error bound given in Theorem 4. I must be used, 
* .

for in general Lu will not be zero and the Maximum Principle 

will not hold.

Example 1: The equation is

Au + (-4 + 2(x^ + y2))u = 0 

on the squirkle with u(x,y) = x2 + y2 on 8D. This example is 

given by Bergman and Herriot in [7]. The exact solution of this



109

problem is unknown.

Table 2 gives the results for this example. The "ERROR 1"

column gives || u - as determined by a search of B D

using the number of points given in the "SEARCH" column.

"ERROR 2" gives a bound on the size of [|w|[ [[ Lu || . Thus, 

by Theorem 4. I we may write

ERROR 1 + ERROR 2 > || u - u*||  ,

and we have an a posteriori error bound.

The symmetry relation (5. 6) may be used to reduce the 

amount of computation needed to solve a given problem. If the 

boundary and boundary values are invariant with respect to rotation 

about the origin by an angle of 2? /s where s is an integer, 

then obviously the only that will be needed are the

d for k = 0, 1, ... . The routine takes advantage of this
ks,Tk

fact and s is passed as a parameter to it. In the present

example we have s = 4. The s used for each run is listed 

under the "s" in the "N,M,T, s" column of Table 2.

The two very long collocation runs were made with the 

FORTRAN version of Bergman and Herriot's ALGOL routines. 

The rest of the runs were made with our own FORTRAN variable 

truncation routines for Au f c(r^)u = 0.
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Example 2: The equation is

Au = 0

on the ellipse x2 + 4y2 < 1, with u(x,y) = sin(x) on 8D.

The results for this example are given in Table 3. No 

symmetry properties were used for this example; i. e. , s = 1 

was passed to the routines. No compilations were made and the 

total running time for all runs was 69 seconds.

In this case, all the are identically zero and hence

] is exactly equal to for all k. This means that we 

il * Il have {I Lu || = 0 for all our approximations. We then have

ii“ - u*n  < iu-u‘n8D

which may be estimated by the value "ERROR" in the table.

One collocation run was made with the result that

Il * ~ U4II 1 2. 1 * 10 2 using a 25 point search of 9 D. The 

Chebyshev result gave || u - u^ 1Q 5. 0*  io"4 with a 

25 point search of 9D. This is more evidence that collocation 

is not the best method for solving elliptic boundary value problems.

The first seven runs in Table 3 are especially interesting. 

There the number of terms is kept constant while the number of 

boundary points is increased. It is seen that there is very little 

to be gained by taking M very large. It should also be noted that 
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for M nearly equal to 4N; namely, for N = 6 and M = 28 we 

have the best results observed. The relation M = 4N has been 

used as a rule of thumb throughout our applications. As the results 

show, it seems to work fairly well. For more oscillatory boundary 

values we would have to use more boundary points, but for moderately 

smooth boundary values, M = 4N works well.

Example 3: The equation is

Au - 4u - O

with u — 1 on d D. The domain is the rhombus with corners 

(—1'0) and (0, t tan(r/12.5)). See Fig. 1. b. This domain has 

four corners in it, and we should use the at these corners. 

The corners at (0, ± tan(r /12. 5)) have an angle of ? /(6. 25/5.25) 

while the corners at (±1,0) have an angle of * /6.25. Since the 

solution at a corner a of angle T /a behaves like a polynomial 

in (z-a)*,  we see that the corners at (0, ^tan^/12. 5)) will 

probably be more "important" in the convergence process than the 

corners at (1 1,0).

Table 4 gives the results for this example. The parameters 

"PAR" are described in the footnotes. The last two runs in the 

table were made using no corner terms at all, i. e., just the 
k

were used.
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From Table 4 it is seen that by using 4 of the at each 

of the corners (0, ±tan(w/12. 5)) and 10 of the one may 

« ÿ
obtain an approximate solution u such that

Hu - u*||  < 1.0*10

The last two runs in Table 4 show that the process converges

quite slowly if we use only the 4 . By taking ^0’ • • • ’ ^12’ we

can only obtain || u - u |[ < 2.3*10
JL 34 ) AU " However, by using

0’ ' ' ' and 3 of the at each of the corners 

(0, ±tan(f/12.5)) we may obtain u such that [|u - u*||  <5.7*  10

Both of these runs use a total of 13 particular solutions from the set

of all # , and 
k %- Thus the necessity of using the for k

obtaining fast convergence, in the presence of corners, is quite

apparent. By simply exchanging 6 of the k for 6 of the 0^ the

aPProximation is made nearly 300 times more accurate.

The relative "importance" of the corners (±1,0) and

(0, ±tan(T /12.5)) may be weighed by comparing the second and

third runs in Table 4. Exchanging the two which were used at 

each of the corners (±1,0) in the second run for one more at 

each of the corners (0, ±tan(r/12.5)) and two more + in the 

third run, the error bound dropped slightly from 7. 3 * IO-5 to 

— 5
5.7*10  . Thus, the singularities in the partial derivatives of u 

at (±1,0) are, experimentally, much less important than those at 
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the other corners. As mentioned above, this should be the case due 

to the size of the angles at the respective corners.

Example 4: The equation is

Au - 4u = 0

with u = 1 on d D, where D is the L- shaped domain in 

Fig. l.c.

The results for this example are given in Table 5.

This domain is the classical example of a domain with a 

re-entrant corner. The corner at -j) has an angle of 3T/2 

and is thus re-entrant. The first order partial derivatives of u 

may be unbounded near this corner.

The fourth run in Table 5 shows that using only the does 
k 

not give good results. Using 25 of the we obtain the error

'mate ||u U25,88,10^ — 0*23.  This shows the very slow rate 

of convergence that a re-entrant corner produces when only the 

*k ™e two runs in the table show that using the

— the ^k etiU results in very slow convergence rates. Thus, 

the 4k or the alone are not enough to give practical rates of 

convergence. A mixture of the two must be used. The proper mix 

must be found experimentally. The first two runs illustrate this 

quite well. By exchanging five of the 4 for five of the * the 

error is nearly halved. Just what the optimal combination of 4 
k 

and should be is not at all obvious.
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Example 5: The equation is

Au + 4(- 1 + ~(x^ + y2))u = 4x

on the ellipse x2 + 4y2 < 1, with u(x,y) = x on 9 D.

The technique of Chapter 10 was coded for polynomial 

coefficients. Using the notation of that chapter and the 

a posteriori error bound (10. 7), we obtained:

11“ - (u8,32, 15.10 +u10>“ ± 1-2*10-6  + 2.5,10-15 +5.3,10-15 

using a 300 point search of the boundary of the ellipse. There is 

no need to increase the number of points M because the 

e8 32 15 10 returned by the Bartels and Golub routine was
-7

8 .910  which is only slightly smaller than the searched-for*

-6
bound of 1.2*10  . The total running time for this run was

40 seconds, including the compilation of the routine for computing 

the particular solution u.*

Example 6: The equation is

Au + xu% + yUy + (x+y)u = 0

2 2
on the ellipse x + 4y < 1, with u(x,y) = sin(x) on 9 D.

The general purpose algorithm for the construction of the 

and the ip was used to obtain: x k

llu- u8 3215|| < 9.1*10 -7 + l.o*io" 8 ,
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using a boundary search of 200 points. The e returned
8132, 15

by the Bartels and Golub routine was 6. 3 * 10 which indicates 

that 32 points is sufficient in the fitting procedure.

The total running time, including compilation of the general 

purpose algorithm, was 233 seconds.

Example 7: The equation is

2 2Au + xu^ + yUy + (x4y)u = 1 + x + y

on the ellipse x2 + 4y2 < 1, with u(x,y) = sin(x) on 0D.

Using the notation of Chapter 10 and inequality (10. 7), we 

obtained

,U" (U8,32,15.10 + “10}H - 1.5*10^+3.3*10-'

with a 200-point search of the 3D. There is no need to increase

the number of points M because the e
8,32,15,10 returned by

the Bartels and Golub routine was 9.3 * IO-7 which is only slightly 

smaller than the searched-for bound of 1.3 * 10 \ The total 

running time for this run was 266 seconds, including the compilation 

of the general purpose routine for the computation of the and 

the routine for the construction of u .
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APPENDIX I

TABLES AND FIGURE



TABLE 1

METHOD N,M,T E ERROR 1 ERROR 2 TIME

Cheby 12,48,(1)
— 5

1.3*10 1.9*10'4 1. 1 < <1.3 46

Che by 12,48,4 -42.8*10
-3 

4.0*10 2. 0 < 111

Colloc 12,23,4 —--- -3 
4.5*10 2. 0 < 152

Cheby 12,48, (2)
-7 

2.5*10 7.2*10'7 < 1.9*10"? 22

Cheby 12,48,6
-5

1.3*10
— 4

1.9*10 < 0.24 16

The truncation vectors are:

(1): T^ = (36-k)/6 for k = 0, .. . , 11

Ç 6 if k = 0, 4, 8, 12
(2): T

(20 if k = 0, 4, 8, 12
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TABLE 2

METHOD N,M,T,s E SEARCH ERROR 1 ERROR 2 TIME

Colloc 32,63,4, 1 — — * 120 4.2*10 ’4 1/8 < 241

Colloc 28,55,4, 1 — — — 120
— 3 

1.3*10 1/8 < 211

Cheby 12,48,(1),4
-5

7.2*10 320 -41.5*10 -15 <3.3*10 32

Che by 8,48, (2), 4 2.2*10" 4 320 3.l*10 -4 —14 
<2.1*10 28

Cheby 8,48,10,4 2.2*10~ 4 300 3.l*10" 4 -5
<1.6*10 18

Cheby 12,48, (3), 1
-3

2.9*10 320
-3 

4.4*10 <5. 8*io"  11 34

Cheby 24,80,(4),4 -69.0*10 300
— 5

4.9*10 <9.4*10 -11 113

The truncation vectors are:

(ZO if k< 6
(1): TH

110 if k> 7

(20 if k< 4
(2): TH

Q10 if k> 5

20 if k = 0,4,8,12 
0): T H

6 if k / 0,4,8,12

(4): Tk
(15

10

if k< 12

if k> 13
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TABLE 3

METHOD N,M, T E SEARCH ERROR

Colloc 6,11,1 — — — 100 5.8*10 -6

Cheby 6,20,1 2.5*10~  6 100 3.8*10'6

Cheby 6,28,1 3.0*10"& 100 3.0*10'6

Cheby 6,36,1
- 6 

2.8*10 100 -63.2*10

Cheby 6,44,1 -6 2.9*10 100
— 6

3.1*10

Cheby 6,52,1 2.9*10 -6 100
— 6

3.1*10

Cheby 6,60, 1 2.9*10" 6 100 -63.1*10

Cheby 4,10,1 5.0*10" 4 25 5. O*lO~ 4

Cheby 5, 12,1 4.0*10" 4 30 6.2*10~ 4

Cheby 6,20,1 -6 2.5*10 40
— 6 

3.7*10

Cheby 7,30,1 -6 2.8*10 100 -6 3.3*10

Colloc 4,7,1 • ■ *■ 25 2.1*10'2
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TABLE 4

METHOD PAR E SEARCH ERROR 1 ERROR 2 TIME

Che by (1)
-7

2.1*10 200 -51.0*10 4.1*10'10 82

Cheby (2)
-5

2.2*10 72
- 5 

7.3*10 -6 1.7*10 39

Cheby (3)
-5

1.7*10 72 -55.7*10 -6
9.2*10 34

Cheby (4)
-3

1.3*10 300
-3

6.0*10 -131.4*10 16

Cheby (5) 6.l*10" 4 300 2.3*10'2 -13
1.4*10 45

The parameters PAR are:

(1): Use 10 of the - and 4 of the at each of the
o Ki ?

corners (0, —tan(r /12,5)) and fit the boundary conditions

at 60 points.

(2): Use 5 of the jq and 2 of the ? at each of the

four corners of the domain and fit the boundary conditions at

52 points.

(3): Use 7 of the 0 and 3 of the 0 , at each of the
K, K; O

corners (0, ±tan(?/12. 5)) and fit the boundary conditions at

52 points.

(4): Use 8 of the jq and fit the boundary conditions at 

92 points. Use the two-fold symmetry of the domain.

(5): Use 13 of the jq and fit the boundary conditions at 

52 points.
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TABLE 5

METHOD PAR E SEARCH ERROR 1 ERROR 2 TIME

Cheby (1) 2.7*10" 3 200
-3 

8.5*10 1.i*io “7 148

Cheby (2) 2.2*10" 3
200 1.5*10" 2 -7

5.5*10 113

Cheby (3) 2.1*10" 2
200 6.5*10" 2 -7 

1.8*10 46

Cheby (4) 0. 13 240 0.23 1.4*10" 8 138

Cheby (5) 0. 031 160 0. 13 6.9*10 -11 36

Cheby (6) 0. 015 160 0.20 5.6*10-9 60

The parameters are:

(1): Use 16 of the 0, , 
k, 10 and 5 of the 0, 

k, 10 Fit the

boundary conditions at 80 points.

(2): Use 11 of the 0 
k, 10 and 10 of the 0^ Fit the

boundary conditions at 80 points.

(3): Use 8 of the $ and 5 of the . Fit the
kt 10

boundary conditions at 48 points.

Use 25 of the jq and fit the boundary conditions at

88 points.

(5): Use 12 of the # and just one of the 0, Fit the 
K» 1U k, 10

boundary conditions at 48 points.

(6); Use 0 g jq» « » 12, 10 and At the boundary conditions at

48 points.
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Figure 1

(a)

(b)

(c)
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