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ABSTRACT

SYMBOLIC COMPUTER SOLUTION OF ELLIPTIC
BOUNDARY VALUE PROBLEMS

by
Norman Loren Schryer
Chairman: Cleve B. Moler

We study the elliptic boundary value problem:

Lu= Au + a(x,y)ux + b(x,y)uy + c(x,y)u = 0 with c(x,y)< 0 ona
simply connected domain D and u-=f given
on 9D.

Under the assumption that the coefficients a, b, and ¢ are
analytic functions of x and y,» and following ideas of Stefan Bergman
and of I. N. Vekua, a system of particular solutions, pk(x,y), of
Lu =0 is constructed. Each P is given by an infinite series whose
elements are defined recursively in terms of a, b, and c. These
solutions are independent of the domain D and represent generaliza-
tions of the harmonic polynomials Re (x + iy)k and Im (x + iy)k for
the equation Au =0. Let pk, T be defined by truncating the series
expansion of pk after T terms. For any vector s=(s., ..., s.)

1 N

let

N

Given boundary values f, a compact subset, S of R

N’
is constructed that contains the nece ssary coefficients for convergence

to the solution u.
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To find these coefficients, we choose points Zys ceen Zpg
< . c e . N,M,T

which are uniformly distributed around 8D. Define s to
be a solution of the linear approximation problem

min max | f(zj) - u(zj. s)|

'=1 s v e .M
seSN J
N.M, T,k . .

Then uN,M,T(z) = u({z, s ) is a best fitto u at zl, s Z
Our principal result is that

limm [ lim max |u(z) - uN,M,T(z)l ]=0

N—+o© M, T—+e D\-9D

The truncated solutions may be constructed exactly,

P, T
but they are not exact solutions of Lu = 0. A computable

a posteriori error bound is given for lu -u in terms of

N,M,Tl

how well uN’ M, T satisfies the boundary conditions and the differ-
ential equation Lu = C.

An algorithm similar to the above is given for solving the
inhomogeneous equation Lu = g for analytic coefficients a, b, c,
and g.

Several examples are given and numerical results presented

for the special case where a, b, and ¢ are polynomials in x

and vy.
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CHAPTER 1

STATEMENT OF THE PROBLEM AND

PRELIMINARY RESULTS

Introduction

We wish to solve the elliptic boundary value problem

Lu= Au + a(x,y)ux + b(x,y)uy +cl(x,y)lu=0
(1) u=f on 9D with { given

u € C‘O)(D “vaD) mn C(Z)(D)
on a simply connected domain D in the plane. The coefficient
c(x,y)} is assumed to be non-positive on D.
The algorithm we shall study for solving this problem consists
of the following three steps.
Step 1: Generate a system of functions pk(x,y), k=20, 1, ...
which are formal solutions of Lu = 0. These functions are

generalizations of the harmonic polynomials.
{IRnel} (x+iY)k ? k=0: 1) v s e 8

for the equation Au = 0. They are independent of the domain D.

Step 2: Determine coefficients in the linear combination
N
by akpk(x,y) so that the sum approximately satisfies the boundary
k=0



2
conditions. The classical collocation method in which the boundary
conditions are exactly satisfied at N + 1 points is studied briefly
but abandoned in favor of a Chebyshev approximation.

Step 3: Given the coefficients ak, Produce an a posteriori
error bound.

These three steps give an approximation to the true solution
and a rigorous bound on the error. The approximation is defined on
D in such a way that additional calculations are easily performed.

In the case where the coefficients a, b, and c are polynomials
in x and y, the algorithm has been coded and run on a digital
computer. The results of these runs are given in the last section of
this paper.

We may, by a simple translation, assume that the origin is
inside D. Then a classical result, see [5), states that if a, b,
and c¢ are real analytic functions of x and y on D and u is
the solution of (I), then u can be extended to a complex solution,
Ul(z, z*), of the complex hyperbolic problem XU = 0, where

(11) Yu-u *+RUZ+BU*+CU=O
. z z

z
. %
This is accomplished by setting z = x +iy, z = x - iy, and
treating x and y as independent complex variables. That is,
*
z =2z iff x and y are real. The extensicn is valid on the domain

* %
DxD where D denotes the complex conjugate domain to D.



* ® % S

+ =z Z~ Z 42 T Z Z -z
2z ) T V4

Z

Then H(z. z*) = (af

B = {a - ib)/4, and ( = c/4 as such complex extensions of the
right-hand sides. We also have U(z, z) = u(x,y) if x and y are
real. If we define u(x,y) = U(x + iy, x - iy) for real x and v,
then Lu = 4IU(z, z). Thus any complex solution U of (II) yields
two real solutions of Lu = 0, namely, Re U(z, z) and Im U(z, z).

We will use the following notation throughout.

| £(z)]] = max [£(z)]
DwaD
| £(z, z*)n = max *]f(z, z*)l

(D8 D)x(D¥*aD")

“‘f(z)“ = max [f(z)[
lz|<p

£z 2 )] = max  |fz, z)]
N TR P LY

" f(z)” = maxlf(z)[
ab oD

By combining some results of Stefan Bergman, R. S. Lehman,
and I. N. Vekua, we will exhibit a bounded operator B which maps
the set of functions analytic on D, with real values at the origin,
ina 1-1 fashion onto the set of solutions of (I) with continuous
boundary values, by the relation u = Re B{(g). This operator has

the following form:
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( )(z z ) n-1
B(g) = exp(- fF\(z.w)dw[g(z) vz G f - 60 gt ser]
n=1 2 ﬁ(n,n-!-l)
where S is the usual beta-function. The Q(n) depend only on
the coefficients a, b, and ¢ and can be recursively defined in
terms of thém. We then have for the solution u of (I) that
u(x,y) = Re B(g)(z, z) for some g analytic on D.
For the special case of A =1B=C=0 wehave L =A and

we are studying Au = 0. Then all the Q(n) are identically zero and
B(g) = g for all functions g. Thus for any solution u of Au=0

0
( )(D “vaD) N C(z)(D) we have an analytic g on D so

with u e C
that u(x,y) = Re g(x + iy). This is a classical theorem about
harmonic functions and represents the basis for inve stigating an

operator of the above form. In this case, the function g is continuous

on the closure of the domain D. By a theorem of Walsh [28] we can

find coefficients a(()N), ..y al(qN) so that
N
lim | g(z) - = ax(cN) k[l =0 .
N— k=0

(M) _ ) ()
k

Letting a = @, we see that

N
lim ”u - Z (al((N) Re (zk) + Bl((N) Im (zk))” =0 .
N—+o0 k=0



Thus, in this case, the harmonic polynomials {?r:} (zk) for
k=0, 1, ... are complete in the space of solutions to Au =0
with continuous boundary values. We are led to suspect, in general,

that the set of particular solutions of Lu = 0 given by
{]RI:}B(zk) for k=0,1, ...,

will be complete in the space of solutions to (I) with continuous
boundary values. This is indeed true. However, since B(zk)
involves an infinite series in general, we cannot construct it

practically. We define B,_, to be the truncated operator

T
*

VA
f (-8 )" Lg(g)ae ]
0

| T Q(n) *)
B..(g) = exp(- yR(z,w)dw)[g(z) + 3 (z, z
0 n=12“"8(n, n+1)

When g(z) = zk the integration may be carried out to obtain

*
Z
T L ) *
Bl = expl- [ A (s wiawiaR( + 7 EREIQT(E 2] ooy
0 n=1 2“%"n! (n+k)!

in ""closed' form.

We will show that for any solution u of (I} there are real

(N) (N) _(N) b(N)

0 ,....aN g ' "t Py o so that

coefficients a , b

(N)

Kk
. Im B_(z))][]=0

N
lim [lim [ju- Z (al(cN)Re BT(zk) +b
N—w T-—>wo k=0
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Hence, we can use the closed form BT(zk) to obtain arbitrarily
accurate uniform approximations to u. The main aim of this paper
is the construction of such coefficients in a practical manner, given
only u on 3D.

We will take the type of approach used by J. R. Cannon [9, 10]
on the boundary value problem for Au = 0. Choose M points on
the boundary of the domain and determine coefficients in the linear

combination

N
z {

k
Im B, (z))
k=0 T

k
Re BT(z ) + s

f2k 2k+1

which produce a best fit to the given boundary values of u at these

points. Call that linear combination u It will be shown

N,M, T~

that u approaches the true solution of the problem as the

N.M,T

parametere become large. The details of the algorithm are given

below.

ILet u be the solution of (I). Then we can construct a

2 1
compact coefficient space SN CR (N+ ), with elements of the

form s = (ao, eer A bo. cees bN), with the property that if we

define

N k k
uN’T(z. 8) = k2=30 (a.k Re BT(z ) + bk Im BT(z ) .,

then



lim [ im min [ju - uy iz s)]=
N-+e0 T~=c0 BES

Thus the compact set SN contains the necessary coefficients
for convergence to the true solution. To find these coefficients,

choose points z(m ceey z(M) on 9D with the property that

as M — o, the maximum distance between any two consecutive

zj(M)'s goes to zero. Let sN'M » T € SN solve the linear

approximation problem:

min max lu(z,(M)) - uy T(sz), 8)]

seSy j=1,....Mm ’ P

_ N.M,T, . .

Then set uN,M.T = uN'T(z, s ); it is the best fit to u at
the z(m 8 out of all possible Uy It seems reasonable, and
it will be shown that

im [ lim "u-uN.M,T"]=O

N—+w M, K T-»c0
The uN' M, T are explicitly computable using linear programming
and a digital computer. Hence, we have an explicit method for
constructing uniform approximations to solutions of (I).

Various examples have been run on a computer using the above
technique, and the results have been very good, provided there are
no corners in the domain. In the presence of a corner, or corners,

in the domain, the convergence is very slow, too slow to be practical,



8

This problem arises because the partial derivatives of the solution
near any corner may become infinite but the partial derivatives of
BT(zk) are bounded.

Let the domain D have a corner of interior angle */q
at a point a € 9D. Then R. S. Lehman [19] has shown that u
and its partials near a behave like polynomials in (z - a) ®
there are corners a_,, ..., a of angles ﬂ’/al, ey T/ on

1 L L

9D, we take advantage of that fact and use

alk o aLk L
{ BT((z - al) )} ? eeuy {BT((z - aL) )} as well as
k=0 k=0
k 0
{ BT(z )} k=g Iin the above linear approximation scheme. This

gives the approximating functions the same shape, or singularities
in their partial derivatives, as the solution may have and the con-
vergence rate is much faster.
The point to be stressed here is the fact that the functions
ak k .
BT((z - a) ) and BT(z ) may be computed given only the
coefficients a, b, and c. Thus, we may construct uniform

approximations u to solutions of (I).

N,M,T
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Summary of Results

In Chapter 2 we show that BT(g) — B(g) and iBT(g) -0
as T -+, under suitable conditions. The main results of this
chapter are in Theorems 2.2 and 2. 3.

Chapter 3 extends the completeness properties of the operator
V as defined by Vekua. The main results of this section are
contained in Theorems 3.1 and 3.5.

A bound for u in terms of and ||Lu|| is obtained

lal,
in Chapter 4. This gives an a posteriori error bound.

Chapter 5 shows how to construct the particular solutions
¢k and !Ilk. For the special case where the coefficients a, b,
and ¢ are polynomials in x and y, an algorithm is discussed
for the closed form computation of the ¢k and gbk .

A collocation result is presented in Chapter 6 for the special
case of the equation Au + c(rz)u = .0 on the unit disk.

Chapter 7 shows that the technique outlined in the last few
Pages actually must converge. The main result here is
Theorem 7. 13,

An algorithm is presented in Chapter 8 for the a posteriori

calculation of error bounds. Theorem 8.1 is the basic error

bounding inequality.
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In Chapter 9, the requirement that c(x,y) be analytic is
relaxed to the restriction that c(x,y) be merely continuous for an
equation of the form Au +c(x,y)u =0,

In Chapter 10, the inhomogeneous equation Lu = g is
solved for analytic coefficients a, b, ¢, and g. This
hypothesis may be weakened to the assumption that ¢ and g are
merely continuous, with a and b analytic as usual.

The computer technique we have used in practice is presented
in Chapter 11. Two algorithms are discussed, one with and one
without corners present.

The numerical results this algorithm produced for several

examples are presented in Chapter 12.

Brief Review of the Literature

Many schemes have been developed to solve elliptic boundary
value problems. Perhaps the foremost method, at the present time,
is that of finite differences. It is relatively easy to program on a
digital computer and has a wide range of applicability. The finite
difference method has three distinct drawbacks, however. First,
it is very expensive to run on any large scale problem, in terms both
of time and storage. Second, even when the solution has been ob-
tained, it is known only at a finite number of points. Thi:_rd. there

is no easy way to bound the error at these points. In spite of these
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deficiencies, finite differences is the most successful known technique
for solving such boundary value problems. There are, at present,
very few ways to obtain useful solutions to these problems, but finite
difference schemes work and are easy to program.

Recently, many mathematicians have begun using a "func-
tional" approach to solve elliptic boundary value problems. They
construct functions u* which almost satisfy the boundary conditions
and almost satisfy the differential equation. These u*, intuitively,
should then be close to the true solution of the problem.

For our problem, there is a constant M so that

(111) vl < livlly 5 + MLyl

for all v € C(O)(D woaD) M C(z)(D). If one can generate functions
u' such that |u - “*"aD —~0 and | Lu*” — 0, then by (III) we
will have [ju - u*" =+ 0. Thus, any process which yields such
functions u* will converge to the solution of the problem. This
would give uniform convergence, over the closure of the domain,
of known functions to the true solution. If one can find Lu*
explicitly, then (III) will provide an a posteriori error bound.

Since we may easily find L(BT(g)) for any function g and
the constant M is known, (III) provides an a posteriori error bound

. for our process. In fact, (III) states that

- ol < fu- oy + ML)
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and the error over the closure of the domain may be bounded in
terms of how well u* satisfies the boundary conditions and the
differential equation.
J. B. Rosen [24] has used this type of idea to generate
polynomial approximations to solutions of mildly non-linear elliptic
boundary value problems of the form Awu = g(x,y,u). His method

is conceptually quite simple:

o

Find a€ CC R, C compact, sothat a minimizes

the function

E(m,n,N,a) = max [u(me)) - u(Z.(m), a)|
j=1,....m
+ max |gw™, u@w™ a)- auw™, a)l
j=1,...,n J J J
N i-1 j-1 (m)
where u(z,a)= Z a.i.x1 y‘] , z=x+1iy and z‘j € 3D,
i,j=1

(n)

wj € D are uniformly distributed around 8D and D,
respectively. This is a non-linear programming problem to be taken

over larger and larger compact sets C. It is intuitively obvious
2
that as N —+ % and C — RN , we will have E(m,n,N,a) — 0.

E
Let a € C be a solution of the above non-linear programming

e #* % e
problem and set u =u(z, a ). Then |u-u | and |Lu- Lu |

will be small at the z,(m)’s and wfn)'s. hopefully. As more and
J

J
more z;m)'s and wj(n)'s are chosen, it is reasonable to expect
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*
that JJu - u | will tend to zero. Although a convergence proof
has not been given for this technique, Rosen uses an inequality like
that in (III) to show that in practice it works quite well., - -
J. R. Cannon [9, 10] studied the equation Awu = 0, He

: e . . Re k
uses linear combinations of the harmonic polynomials {Im} (z),
k=0,1, ..., to approximate the solutions of Au = 0 which have

continuous boundary values. Let

N k k
u (z,s)=a + T (a Re(z)+b Im (z )). where
N 0 k k
k=1

_ ZN+1

s = (aO, Cee aN. bl, c e bN) € R . He shows how to construct
2N+1

a compact set SN C R N with the property that

lim [ min |u- uN(z,s)“] =0 .
N—+o0 sESN

Thus, the compact set SN contains the necessary coefficients for

convergence to the true solution. To find these coefficients, choose

zim), ceay 'zg’“) on 9D sothatas m — ® the greatest distance
. (m),
between consecutive z. 8§ goes to zero. let s €S solve
J N,m N

the linear programming problem:

fm), u (Zj(m), 8)|

min max lu(z")
seSN j=1l,...,m J N

and set u = uN(z. 8 ). Cannon shows that this best fit to

N.m Nlm

the boundary values of u at the zj(m)'s obeys
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lim [ lim [u-u f1=o0
N—w m-—= N,m

Since A {:::} (zk) =0 for k=0, 1, ..., we have, by the
Maximum Principle, ”u - uN,m” = [Iu = uN,m”E)D and we need

only search 9D for the maximum error. This makes the solution

of the boundary value problem for Au =0 a well-understood process,
with excellent error bounds. But there is one proviso: The method
will probably not give good results if the domain has a corner in it.

_In that case we would be trying to approximate a function wit}f
singularities in its partial derivatives by functions which are entire.
The method will converge, but the rate of convergence will be so slow
that the process is not practical.

J. R. Whiteman and others [29, 30, 31] have studied,
experimentally, the difficulties caused by corners in domains. The
idea is to use approximating functions which have the same
singularities in their partials as the solutions may have. It has been
found experimentally that a great improvement in performance is
obtained by using such functions.

Ciarlett, Schultz, Varga, Birkhoff and others [8, 11] have
used polynomial splines in a variational procedure to approximately
satisfy both the boundary conditions and the differential equation on

domains which are unions of rectangles. They prove convergence of
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their method to a solution of the problem, provided the solution is
contained in a certain Sobolev Space. Thus, in practice, the method
is subject to the restriction that there be no re-entrant corners in the
domain. Since the only such domains without re-entrant corners are
rectangles, this limits the applicability of their techniques.

George J. Fix [13] has modified these techniques by using
local expansions, near corners in the domain, which have the proper
singularities in their partial derivatives. These are based on an
expansion, given by R. S. Lehman [19], for the solution of t.:he problem
near such corners. Away from the corners, he uses regular polynomial
splines. However, since the number of spline coefficients to be
manipulated goes up like l/hz, where h is the mesh spacing, this

results in very large storage and time requirements.

Vekua's Approach

Vekua [27] develops an operator we shall denote by V:

z
V(g(z)) = Re(G(z,0, z, z)g(z) -y g(t)H(t,0,z,2)dt) ,
0

where G is the Riemann function for the complex hyperbolic

problem LU =0 and

* %*
H{t,0,z,2 )=-g—t°G(t,0,z,z )-B(t,O)G(t,O,z,z*) .
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(Z)(D).

We shall call a solution of Lu =0 regular if itisin C
The operator V isa 1-1 map from the set of functions g(z)
which are analytic on D with real values at the origin onto the
space of solutions of Lu = 0 which are regular. If u = V(g) then

-1
V u is given by equation 12.11 on page 56 of [27]:

v ) = 20(z, 0) - U(0,0)G(0,C,z,0)
where U is the complex extension of u. By the definition of the

Riemann function G we have

Z
(1) v ) = 20z, 0) - U(0,0)exp(-yB (z',0)dz")
0
All of this is valid for simply connected domains with piecewise smooth
bou.ndaries.v By restricting his attention to domains with smooth
boundaries and solutions with smooth boundary values, Vekua is able
to prove various smoathness and completeness theorems about the operator V.
Define the class Ah  to be the collection of all simply
connected domains which contain the origin and which have Hdlder
continuous tangents defined everywhere on 9D. A domain of
class Ah cannot have a corner in its boundary.
We now state the results of Vekua which we will use,

Vekua's Theorem 3 on page 128 states that
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Theorem 1.1. If D is of class Ah and u is a regular solution
of Lu=0 with u H8lder continuous on 8D, then the unique
g(z), analyticon D with g(0) real, so that u= V(g), is Hé&lder
continuous on D v 8D.
Vekua's Theorem 1 on page 156 states that
Theorem 1.2. For any regular solution of Lu=0 on a domain D

of class Ah with HSlder continuous boundary values, given any

) )

voeeen By so that

€ >0 there are a

N
lu-v(E al‘(N)zk)l[ < €
k=0

The above theorems provide us with certain smoothness
and completeness properties of the operator V. However, the
operator V requires the Riemann function for the equation XU = 0;

this is generally not known explicitly.

Bergman's Approach

Stefan Bergman [2, 3, 4, 5, 6, 7; especially 5] considers
exactly the same problem as Vekua does, except that he requires the
coefficients a, b, and c¢ to be analytic on the larger set

{z l Izl < 3r} s I = max Izl . His aim is the construction of an
aD

operator of the same type as that of Vekua, but which can be constructed

directly from the coefficients a, b, and c.
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Define the functions

*
z

D(z, z*) =-§F‘ zdz=°= +B, F(z, z*) = —Rz -H B+ C and

0
z*
Q(l) = -2 S‘ Fdz"|=
0

Recursively define

*
Z

* 2 -1), % -1 -1 -1). %
Q(p)(z,z ) = -——ZP_I[Q(: )(z,z )-C.)ip )(z,O) + S (DQLI; ) +FQ(p ))dz 1
0

for p=2, 3, ... . Then for any g(z) analytic on D, define

*

4
f (z-£)" g (8 )dE)
4]

y Q(n)( z*)
B(g) = exp(-S‘R(z,w)dw)(g(z) + 2 £,
o n=1 2°"B(n, n+1)

In Bergman's notation, the above operator is denoted by cz(g).

Bergman shows that this operator B transforms g(z) into
a solution of XU = 0. Also, given a regular solution of Lu = 0
there is a unique analytic function g(z) with g(0) real so that
u(x,y) = Re B(g)(z, z). This function is given by equation 16 on
page 24 of [5]:

Z
(2) (Re B)-l(u) = 2U(z, 0) - U(0, O)exp(- §B(Z'. 0)dz')
0
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Notice that the operator B needs only the coefficients a,
b, and c¢ to be completely; defined. The Riemann function for the
equation :E U =0 is not required.
We see from (1) and (2) that for any solution of Lu =0

which is regular

(Re B) 'tu) = v w)
Hence, Re B=V and Vekua's smoothness and completeness
results apply to the operator Bergman constructed directly from the
coefficients.

Peter Henrici has published several papers which have
interpreted the works of Vekua and Bergman [15, 16, 17]. The
result that V = Re B can be inferred indirectly by comparing the
results of [15] and [17]. It is stated explicitly in [14], but not
proved. Henrici's assertion that Vekua and Bergman had developed

the sa_.ne operator was the motivation for studying their work and also

provided the impetus for our looking at ''symbolic' solutions to

elliptic boundary value problems.

Some Definitions

Anticipating the use of Vekua's and Lehman's results, we

define the particular solutions of XU =0

¢k(z, z*) = B(zk) and wk(z. z*) = B{(z - a) ak) for k=0,1, ...
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where 9D has a corner of angle T/a at the point a € 9D.

Also define the truncated particular solutions

by oz z') = BT(zk) and ¥, (a, 2') = Bo((z - )™ .

k k,

We will write ¢k(z) = ¢k(z, z) and !//k(z) = dlk(z, z); the
the meaning will be clear from the context,

We now rigorously define the term ''corner.' A corner
is a point a € 9D at which the tangent to the boundary fails to be
Hdélder continuous and near which the boundary of D consists of
two analytic arcs I‘1 and 1"2 so that 1"1 f\I‘Z ={a} and the
tangents to l"l and l"z at the point a are non-zero, with an
interior angle 7 /@ where 1< a< o,

LLet AD be the class of all domains which are simply
connected, contain the origin, and whose boundaries have H8lder
continuous tangents except at a finite number of corners.

A domain D of class AD is said to be nearly starlike

if there are constants K< 2 and L such that: For any z € D
there is a path, traversed by £, in the domain from 0 to z on which
|z - £| < K[zl » and the length of which is < L|z|. These domains

cannot differ too much from being starlike with re spect to the origin,



CHAPTER 2
TRUNCATION EFFECTS

We will study the effect of truncating the series for the
operator B at a finite number of terms. The following result is
the basis for this section. It represents a minor, but préctical,
modification of Bergman's Theorem 2.1 on page 13 of [5].

Theorem 2.1. Let r = max |z|, then there exist constants F
oD

and A independent of n such that

IIQ(“)llr.E Fta-1...(a+1/c"%13... @-1)

[\ [Ve)

||Q";)||r5 %F(n +A-1)...(A+ 1)/(rn'11.3 ... (2n-1})) .
z

Proof.
We will use the theory of dominants. We write f << g if
the coefficients in the MacLaurin series for g dominate those of
of f1.
Let D and F be constants chosen such that
D(z, z') << D/l - z/3r)1 - " /3r)) and
F(z, z*) << -F-/((l - z/3r)(1 - z*/3r)). This may be done since the
functions a, b, and c¢ are analytic for l(x,y)[ < 3r.

21
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(n) (1)

Letting Q(I;) =P we see that P ' = -2F and

e
Z

plotl) _ Z(P( n,pp!® 4w S p™ 4% /2n + 1) .
0
Define dominants N(n+1) by N(l) = 2;/((1 - z/3r)(1 - z*/3r))
and
(n+l) 2 (n) D (n)
(2. 1) N [N N
" 20+l (l-z/3r)(l-z*/3r)
+ ‘g’N for n=1, 2,
(1- z/3r)(1 -z /3r) 0
Write N(l) = Rm(z*)/(l-z/sr) and for n =2, 3,
2.2) N® - ol R 2 ) /(L - 2/3)°1. 3. .. (20-1))
(1), * = * e .
Thus R " '(z )=2F/(1 -~ z /3r) and substitution of (2.2) into (2.1)

yields the relation

D

R(n-l-l) .
(1-2z /3r)

(n)

()= R 4

+

hy
L’)
———
,:.—
N
a
N

(l—z*/3r) 0

(n) %

This last equation shows that R depends only on z and



23

(n+1) (n), n ., D F
R <R Yem sl

Thus by defining A = 9r (D +;r)/2 , Wwe see that

n+A

R(n+1) << R(n) [__3r_] )

(1)

—_— %
Now R << 2F/(1 - z /3r) and we have

R(n) << 2F(n+A-1)...(A+ l)/((3r)n-1(1 - z*/3r))

(n)

This lets us dominate the dominants N

(n) 2" L F (nta- 1)...(A+1)

<< -1 *
G3r)" (1 -z /3r)l - 2/31)71.3. .. (2n-1)

N

Using the relation || P(n) I . <1 N(n) f . e have the second

inequality. The first inequality follows from the second by the

relation
*
2%
Q(n)=S o™ a* Q.E.D.
*
0 zZ

We will later need numerical values for these bounds on
I Q(n) I e A typical case is an example given by Bergman and
Herriot in [7]. They study the equation Au + (-4 + ?.(x2 + yz))u =0
on the unit square with rounded corners; that is, each of the four

corners are replaced by quadrants of circles. This domain will
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henceforth be known as the 'squirkle,' For this axample we have
-i‘- =9, r =2, B = 0, The dominance constant A from the above
theorem is then 8l. The A that Bergman and Herriot obtain is
54N 2 (1 + 3N 2) which is nearly 400. Since the bounds depend on
n+A-1)...(A+1), we see that the above theorem provides a
much smaller bound than theirs.

We now study the operator BT defined by truncating the

series for B at T terms, i.e.,

*
z T (n) " Z
B (g) = exp(- gR(z,w)dw)(g(z) + = ?n {z.2 ) y (z-£)" Lg(£)a8)
n=1 277 B(n, n+l)
0 0
We then expect that as T — =, i iBT(g) I} =0 and

(B - BT)(g)" — 0. This is indeed true as we will now show.

Theorem 2.2. Assume g is bounded and analytic on a nearly

starlike domain D0 > D, then

lim {[(B- B_)(g)] =0

T--ow
Proof.

Let r = max |z| . Then we have
D0
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I® - B}
*

Q(n)(z Z*L

= || exp(- S\R(z z )dz )[ Z

ycz £ 1gE)at )
n=T+1 2 B(n, n+l)

0]
* (n) 1
o Q"™ Jlell@n) K" L
< llexp(- fﬂ(z.z*)dz*)ll Z > S

n=T+1 2°%(n-1)! n!

where K and L are the constants in the definition of nearly

starlike, and the |[ gll is taken over the domain DO' Then by

Theorem 2.1 there are constants M and A independent of T such that

o0
“ (B- B )(g)” <M I (n+AI;1)...£A+l) Kn
n=T+1 2 (n-1)!

By the ratio test, this is the "tail" of a convergent series and thus

goes to zeroas T — @, Q.E.D.

Theorem 2.3. Assume g is bounded and analytic on a nearly

starlike domain DO 2 D, then

im [ £B ()] =0
T—.oo

Proof. A long, but straightforward, calculation shows

*
(z-8) " 1 g(g)at
(2.3) I(B () = exp(-j‘R(z w)dw [- 2T+ 2T+1 Q(T+1) S‘ - g |

0 z B(T T+1)
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*
Let Uz, z )= BT(g). r = max |z| and

BDO

&

M= | exp(—y R (z, w)dw)||
0

Then

T-1
1] < M?.'r+1 I Q(T+1)llr L(Kr)" “rlgl

z ZZTB(T, T+1)
and by Theorem 2.1 we have
2 (T-1)!

which goes to zero as T — %,

Q.E.D.

The very simple equation for IBT(g) given in (2.3) will

be very useful later.

Corollary 2.4. For any integer k

lim ||¢k - ¢k,T" = 0 for any domain D ,
T
Tl-i’n:o ”wk - wk, T | =0 if D is nearly starlike

Corollary 2.5. For any integer k

lim "X(bk T

T——w

lim ||.)2w ol =0 i D

is nearly starlike
T+

0 for any domain D



CHAPTER 3
COMPLETENESS THEOREMS

In this chapter we will study the operator V as defined
by Vekua and extend the smoothness and completeness properties of
V to more general domains and boundary conditions.
Theorem 3.1. Let D bea don:lain of class AD, u be any
solution of (I) and {gk(z)} 1:;1 be any system of functions analytic
on D, continuous on D\ 8D, which are dense in the space
{ g ] g analytic on D, continuous on D v BD} in the maximum

norm. Then for any € > 0 there exists an integer N and real

ML) (N)

. . (N)

coefficients a.1 JEERFRL 1 * e bN , 80 that
N

Jo- 2 @M Renig) + b 1mBE )] < €
k=1

This result extends Vekua's theory to more general domains
and arbitrary continuous boundary values.

The first step in the proof of the above theorem is the
following
Lemma. For any domain D of class AD there exists a sequence
of domains Dn of class Ah so that Dn C D for all n and any
point in D\@D, except a corner, is containgd in Dn v 8Dn,

for large n.

27
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Proof. We give a '"'proof by picture. " Using small circles, we
round each corner in 3D in the following way: If the corner is

re-entrant, i.e., the angle */a is greater than ¥, then we

use the configuration

When the corner is not re-entrant we simply use

The resulting rounded boundary has Lipschitz continuous tangents.
As the radii of the circles go to zero, the inscribed domains of
class Ah approach the set D\ 8D - { corners of D} .

Q.E.D.
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Define UD to be the class of all solutions of Lu=0 ona

domain D of class AD which satisfy the following smoothness
conditions:

(1) u HO0lder continuous on 9D and analytic near any corners

of 9D, i.e., if the corner is at a point a € 8D and the boundary
of D near a consists of the union of two analytic arcs I"1 and
I' then u=f on I. and u=£f on I"Z with f. = f_ at the

2 1 1 2 1 2

corner a and {., f, analytic on ]."1, r

1’ 5 respectively.

2'

(2)

2) ue c¥p)nc®DpuUsp).

Theorem 3.2. Let D be a domain of class AD, u be of class
UD, then g = V-l(u) is continuous on D v 3D and analytic on D,
Proof. Let Dn be as in the above lemma. Then by Theorem 1.1
and the uniqueness of g(z) we have g(z) analytic on Dn and
continuous on Dn - BDn. Letting n — ® we see that g(z) is
analytic on D and continucuson D \v 8D - {corners of 8D}.

Let a be any corner with angle 7/a, 1/2< a< o,

We have
A
g(z) = 2U(z,0) - U(0, 0)exp(- yB(z',O)dz') :
0

and hence g(z) is continuous at z = a iff U(z,0) is continuous

* % % *
at z=a. Let w=z-a, w =2z -3a and V(w,w )=U(w+a, w +3),
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Fla(w, w*) =R (w + a, w,'= + a), Ba(w, w*) =R(w + a, w* +3), and

* *
ca(wn w )=C(W +a, w +3). Define

xaw = ww* + Raww +‘8aw * +Caw

W
to find that iav =0 and g(z) continuous at z=a iff V(w, -3)
continuous at w = 0.

By (5.1) of R. S. Lehman's article [19] we have

* * % # * *
Viw, w) = V(& , w )R(w, w , W, w)
w
(3.1) + y{ (V (R w, w8, £) +V(E DB (6 DR (w, w ¢, £))dt
-

w
+ VIR, - R _Rjat }
Also, by Theorem 3.1 of his article

- Pl(t. ta, t, Ea) + o(t), if @& irrational
(3.2) V(tot) =

P (t. t% tPlogit), t, T ¥, TPlog(f)) +o(t), if
a rational where @ = p/q in reduced form
Pl(' ..) indicates a polynomial of ''degree' 1 as defined by Lehman.
R(w,w*,t,t*) indicates the Riemann function for the complex

hyperbolic problem ;EaU =0,

By (3.1) we have
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V(w, -3i) = V(-a, -a)R(w, -a, -a, -3)
w

+f {(vw(t.E)R(w, -a,t,t) + V(t,E)Ba(t,E)R(w.-5.t,€))dt

-a
+ Vv, )R, - R Rt}

0
This shows that lim V{(w,-a) exists iff va(t,g)dt exists.
w0
-a

Furthermore, by Lehman's article

a-1

P;(t,l,ta, t .t Ea) + o(l) if a irrational ,

a-1

* - - - - —
Pl(t, l,ta.t ,tp 1(1 + p log(t)), t,ta. tp log 4¢)) +-e{l)

if @ = p/q in reduced terms,
*
where Pl(. ..) is a polynomial of '"degree'" 1. Then, as t—0,
-1

the worst possible singularity of Vw(t,f) is of the form t°

Since this singularity is integrable through the origin, we have that

w

1im S\V (t,t)dt
w

w—0

~a

exists and thus V(w, -a) is continuous at w = 0. Q.E.D.
The above result extends Vekua's Theorem 1.1 to domains

of class AD with solutions in UD.,
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Theorem 3.3. If D is any simply connected domain, then
fvll <
Proof. We have

Z

V(g) = Re(G(z,0, z, z)g(z) - S‘ g(t)H(t, 0, z, z)dt)
0

Let M= "G" and N = [|H|| as well as L = the maximum length
of a path from O to z in D. Then

vl < IIM]| liell + NLigl . Q.E.D.

Theorem 3.4. If D is of class AD, u of class UD, and

o0
{ gk(z)} k=1 is any system of functions analytic on D, continuous
on D\ 3D, which are dense in the space {g I g analyticon D

and continuous on the closure of D} , then for any € > 0 there

exists an integer N and real coefficients agN), . e al(:;n,
(N) (N)
b1 ,...,bN so that
N
N N
u- Z (al(< ‘Re B(gk) + bli )Irn B(gk))" < €
k=1

Proof. By Theorem 3.2 we know g(z) = V-l(u) is analytic on D

and continuous on D\’ 8D. Then by the density of the gk, there
(N) (N)

are coefficients al s e aN , 8o that

N
im || Z allg -g| =0

N-—+c0 k=1
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N _ (N ()

Setting @, a Xk we have
N N
N N
lu-Re Z alVBig)ll = [Vig- Z af gl
k=1 k=1
N
N
<Vl lle- = o gl
k=1
which goes to zero as N-—* %, since " VII < o by Theorem 3.3.
But
N N .
Re Z Q(N)B(g )= Z (a(N)Re B(g, ) +b(N)Im B(g, ))
k=1 k k k=1 k k k k
and we are done. Q.E.D.

We are now in a position to prove Theorem 3.1.
Proof. Let s be arc-length, measured from some point on 9 D.
Since u is continuous on 98D there are polynomials uk(s) of

degree k so that approaches 0 as k =+ o, These

b - wllpp
uk may be chosen to satisfy uk(O) = uk(a ) where o is the length
of the boundary of D; this follows because the function u 1is
periodic on the interval [0, ¢ ].

A recent result of K. Miller [20] shows that if
(a) Each point of 3D has an exterior cone touching it, and
(b) The coefficients a, b, and ¢ are H8lder continuous, and

(c) The given boundary values are continuous,

then there is a solution to (I).
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Now notice that any domain of class AD has the exterior
cone property mentioned above. Then, since the boundary values
uk(s) are Lipshitz continuous, there exists a solution of (I) with
these prescribed boundary values. Call that solution

uk(x,y) = uk(z). Then, by the Maximum Principle, we have

lim "u—u": lim [Ju - u || 0
k—o0 k k—+ k

aD

By Theorem 3.4, we can find u_  , a linear combination of the

Nk
real and imaginary parts of B(gl), N B(gN ), for some Nk'
k

so that

Ju, - uy I < 1/

k

Then

lim |u - uN [l < lim "u- ukl[ + lim "uN - uk” =0 .

k—>c0 k k—=c0 k—>o0 k

Q.E.D.
If zk and (z-a) ak, for k=0,1, ..., are dense in the

space W = { g(z) l g analytic on D and continuous on D v aD} ,
then by Theorem 3.1 the ¢k and wk will have the desired
completeness properties.

Lemma (Walsh's Theorem). The functions zk for k=0,1, ...
are complete in the space W.

Proof. See [28]. Q.E.D.



35

LLemma. The functions (z-a)ak for k=0,1, ..., are complete
in the space W.

Proof. Let w = (z - a)a. Then, under the map z to w, the
domain D is mapped onto a simply connected domain E, with

0 € 3E. Set G(w) = g(z). By Walsh's Theorem there are

coefficients a(N), ey a(N) so that
0 N
N
im [ G(w)- Z af(N) k]l =0 |,
N— ®© =0
i.e.,
N
lim || glz) - Z al({N)(z-a)ak" =0 . Q.E.D.
N-—+ ¢ k=0

Corollary to Theorem 3.1. The particular solutions of Lu =0

{]I;:l } B(zk), k=0,1, ..., are dense in the solution space of (I)

for any domain of class AD. The particular solutions

{zz} B((z-a)ak), k=0, 1, ..., are dense in the solution space

of (I} for any domain of class AD.

Proof. The above two lemmas. Q.E.D,
Theorem 3.5. Let D be a domain of class AD, u be any solution
of (I) and gn(z), n=1, 2, ..., be any system of functions bounded

and analytic on a nearly starlike domain D, O D, which are dense

0

in the space {g | g analyticon D, g e€ C(O)(D v 3D) } . Then

for any € > 0 there exists an integer N and real coefficients
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(N) (N) | (N) (N) .
ay e aN » by ey bN » as well as an integer T{(e),
so that TkZT(e) for k=1, ..., N implies
N
(N) (N)
- <
[u- = (2, "ReB_ (g ) tbh ImB,, (gk))” < € .
=1 k k
Proof. By Theorem 3.1 there is an N and real coefficients
(N) (N) . (N) (N)
T EIRERE aN , b1 ) eved bN » so that
N
- (N) (N)
uy = b (a.k Re B(gk) +bk Im B(gk))
k=1
satisfies

fu-ugll<e/z .

Now by Theorem 2.2 we can choose an integer T(e€)

so
that Tsz(e) implies
( € i (N)
k1, vy, H oo #O
2 Ick |
f
- <
|l (B BTk)(gk)ll < .
1 if ck =0 ,

where cl(tN) = a(N) - ibl(:N), for k=1, ..

K .» N. We then have
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N
|u-2 (a(N)Re B_ (g) +b(N) Im B, (g )]
ko] kK T, Kk T, "k
N ) (N)
hu-ugl + luy - Z (8 Re By () +b " 1m By (g))]
N N
<ef2+ Z e/?.k+1 =(e/2)(1+ X z"k) < € . Q.E.D.
k=1 k=1

Corollary to Theorem 3.5. The truncated particular solutions

{Re} ¢ for k=0, 1, ..., are complete in the solution space
Im k, Tk

of (I) for any domain of class AD.

Re

The truncated particular solutions { } /] for
Im k, Tk
k=0, 1, ..., are complete in the solution space of (I) for any

nearly starlike domain.

The above analysis shows that the closed form truncated
particular solutione we have defined can be used to generate
arbitrarily accurate uniform approximations to solutions of (I) over
the closure of the domain.

The next question we consider is: How do we obtain the
coefficients to guarantee uniform convergence to a solution of (I),

given only the boundary values?



CHAPTER 4
AN ERROR BOUND

The following theorem will be used to generate a posteriori
error bounds and will be necessary in proving the convergence
theorems in later chapters. K. Nickel [22] has used similar bounds
in obtaining bounds on eigenvalues of elliptic equations. Protter
and Weinberger [23] give a slightly modified version of this theorem.
Theorem 4.1. Let w(x,y) be any function so that Lw>1 on D;

(2) (0)

then for any u € C' '(D) " C' ‘(D 39D) we have

lull < llullyp + 20wl I Lu]

Proof. Let = |Luf|]. Then L@Aw <t u)> 0. This shows that
the maximum of A wt u occurs on 8D. Thus

Aw t u< "uHBD +7L||w"aD ; i.e., [u] < ”u”E)D +2xflw]]. Q.E.D.

Note. If w< 0 or w> 0 on D, then we have
fall <llullyp+ Il Lu]

We now give explicit formulae for the functions w required
in the above theorem.
CASE I. Lu = Au +c(x,y)u on a given domain D, with c(x,y) <0

there. Let w(x,y) = (xz-xz)/z, where X = max |x|. Then
oD

38
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Lw=1+ c(x,y)(xz-xz) /2> 1. Similarly, L((yz-YZ)/Z) > 1, 'where

Y = max |y|. This shows that the desired function w exists and
oD

actually gives a bound on its norm:

| wll < min (x*/2, ¥*/2)

CASE II. The general operator with the restriction that

ql =1+ min (xa(x,y))>0 or q, = 1 + min (yb(x,y)) > 0. Let
DwéD DwaD

2
v = (xZ-X )/2. Then Lv=1+xa+cv> 9 If q; >0 we may
define w = v/q1 to see Lw > 1. Similarly, we may show

L((yz-Yz)/Zq2 >1 if q,>0. This yields the following bounds on w.
2 .
[wll < X"/2q; if q,>0

2 .
[wll < Y*/2q, if q, >0

CASE III. In the case where neither q; or q, are positive, we
must resort to a more crude estimate. These are very much like those
given on page 341 of [12].

Let v(x,y) = exp{ax), m = min c(x,y), and n = min a(x,y).
Duap DwoD

2
Then we have Lv = (¢1v2 + e¢a + clexp(ex) > (@ + en + m)exp(- aX)}.
This shows that w = exp(a(x + X))/(af2 +an +m) has Lw>1
whenever the quantity az + an + m is positive. Let

e tan+m=B>0, ie., a=(n+n’-4m-Bn"%%
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Since we req\iire that the a be positive, we let B > 0 to see that

1 2 1/2
lwll < g explt-n + (0" - 4(m - B)) %) .
Similarly, for p= min b(x,y) we may show
Dw8D

| wl < %exp((-p + (0" - 4(m - Bnl/zm

The above formulae explicitly give the functions w which
are required by Theorem 4. i and give bounds for their norms in

terms of the operator and the domain.

In practice, Theorem 4.1 will be applied to the error u- u

of an approximate solution u

*



CHAPTER 5

THE PRACTICAL COMPUTATION OF ¢k AND l.bk

We have

B(z")(z, 2)

¢k(2)

zZ

exp(- S'Fl(z w)dw)(z + Z
0

Q(n)

(z.2) f( g ek

The integration in this expression can be eliminated and the entire

sum simplified. Bergman in [5] shows

(n)

(5.1) ¢ (z) = exp(- S‘H(z W)dw)(z N1 + E zéz. i)znk! (2n)?! ’

n=1 2 "n! (n+k)!
as well as
z

(n) 1 1
(5.2) ¢ o(z) = e"P"yH(z w)dw)(z5) (2 + 5 9%z, 2)a" @n)t
' 0 n=1 2“"n! (n+k)!

We have

41
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u

v, (=) = Bl(z-a) ") (z,5)

z z
© Sn) )
exp(- (Riz mawz-a)* + 3 SB[ jlig g icge)
0 n=12""B(n,n+l) 0

Integrating by parts we may eliminate the integration. If we define

n!!=(2n-1)...(3)(1) then we have
00 n-1 p,__,ekin-p |
(5.3) Y (2)= Z o™i nl- = z (~a) L
n=1 p=0 2™ (ak+n-p). . . (ek+1)p!

n! ! (z-a)%E

2™ (ak+n). . . (@k+])

A
+ + (z-a2)%F exp(-S A (z, w)dw)

0 L]

The formula for ¥ = BT((z-a)ak) is the same as the above with

k,T
the ''w' replaced by T.

The above formulae give closed form expressions for the
functions of interest. However, they presuppose that we have

calculated the Q(n)

's. Since these are defined by a recursion
relation using integration and differentiation, the actual construction
of the Q(n)'s rerains an impossible task in general. If the
coefficients H , 8, and (‘3_ are polynomials in z and z*,
then all the Q(n) are polynomials and the necessary integration

and differentiation may be done quite simply. Bergman and Herriot

in [7] assume the coefficients are polynomials and give an algorithm
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for computing the coefficients of as many Q(n) as are needed.
2
For the special case of the equation Au + c(r )u = 0, where
2 (n) .
= |z|”, the computation of the Q may be carried out very
economically. This algorithm is presented bélow.

Bergman in [5] gives the following result about the equation

2 2
Au + c(rz)u = 0, where c(r ) is an analytic functionof r . By

4
defining R(n)(x) = n(.'2(11)(2. z ), where x= rz, we see that the
defining relations for the Q(n) become
x
R(l)(x) = -2 gc(x)dx and
0
(5.4) x
(n)
{(n+l) ___2 o R S' (n) ., (n)
R (x) = ntl [x ry” + \ cR"'dx - nR"]
0

This shows that if we define

R (n)

(- -]
2 (z z)k! (2n)!
(5.5) (r')=14+ Z
dk n=1 ZZn n! (n+k)!

then (z) z d.k(r ).
This relation will be very useful later and is a most practical
simplification.

The symmetry relation

_ -ibk 16
(5. 6) 6 2 =e 4 (ze)

follows directly from the above equation.
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N

k-1
If c{x)= 2 ka is a polynomial, then we can obtain the
k=1

R(n) in the following way: Obviously, all the R(n) will be polynomials

in x, so let

Nn
R(n)(x)= = r(n)xk”1
k=1 &

(n).

It is sufficient to find the coefficients rk

N+l
1
We see that R( )(x) = 2 (-2f /k)xk and r(l) =0,
k 1
k=1
(1) _ N _ _
r, =2f _,/(-1) for k=2, ..., N+l. Thus, N, =N+1 andthe

{n)

above recurrence relation(5.4) for the R shows that

N =N +N. Hence N =nN+1.
n+l n n

Equation (5.4) shows that

N N
_ n _ n N k+j-1
R(n+l) =§-;_-2'_—1 z r(n)(p-l-n)xp 1 + Z X rl(cn)f,%_j
p=1 P k=1 j=1 J x5
Thus
r(1n+1) = [2n/(2n+1)]r§n) ,
n+l 2 n 1
r( ) = 5ol [r( )(p-l-n) +—-I b rl(cn)f']
P P k+j=p J
1<k< N
= ="n
1<j<N

for p=2, ..., Nn. and
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(5.7) r(n+l) - 2 1 » r(n)f
p 2n+l p-1 K+j=p j
I<k<N
1<j<N
for p= Nn+ 1, ..., Nn+1 .

(n)

This completely determines the coefficients of all R
recursively . Note that the recursion relation (5.7) can very easily
be programmed.

(1) (T)

fwewant R %, ..., R , then to store the coefficients

we will need

T
Z(nN+1)=T(T +I)N/2+ T
n=1

storage locations. This shows that even for moderately large T,
we will not need an excessive amount of storage. For example, if
c(rz) is a polynomial of degree 5 and T =20, then we only need
1070 words of storage. In the general case of polynomial coefficients,
Bergman shows that the storage needed for T terms in the expansion
of BT grows like T3. So special handling of the equation
Au + c(rZ)u = 0 results in important economies in both time and
storage.

The only part of [7] we use is the algorithm presented for the

Q(n),

computation of the + the orthonormalization process presented

there is not used or studied in this paper.



CHAPTER 6
COLLOCATION

In this chapter we will study the process of collocation as
2
applied to the equation Au + c(r )u = 0 on the unit disk
2
D= { z | |z| < 1} . We will assume that c(r ) is analytic for

r < 3 and non-positive on r < 1. Then, if u is any solution of

2 0 2
Lu= Au + c(r Ju =0 which is in C( )(D “ aD) N C( )(D), we know
by Theorem 3.1 that there are real coefficients a(ON), ve o a.z(g)
such that
(N) N (N)
lim “u - (ao Re ¢ + b (a.Zk_lRe ¢k + a0 Im ¢k))[| =0,
N-+c0 0 k=1

Note that Im ¢0 = 0 by equation (5.5). We will show how to
construct such coefficients given only the boundary values of u.
Cdlocation techniques have been used by many people to solve
boundary value problems. However, very little is known about the
convergence of such methods theoretically. E. B. Karpilovskaya
[18] has used collocation to solve eigenvalue problems of the form
Au + lzq(x,y)u = 0 on rectangles. He is able to give a bound on the
rate at which the process converges. A. Shindler [26] has studied

46
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the collocation techniques used in solving integral equations and was
able to prove they converge in certain cases. The paper of Fox,
Henrici, and Moler [14] used collocation to obtain approximations to
eigenvalues of the equation Au + lzu = 0. The paper does not prove
that the method used actually must converge, but shows that it works
well in practice.

The basic idea of collocation is to choose points =z

0, « o sy ZN

on 9D and solve the system of linear equations

a,Re ¢0(zj) + El (a, _,Re ¢k(zj) ta, Im ¢k(zj)) = u(zj) ,
j=0, ..., 2N ,
for a.(()N), ag:: Then set
oMz = a(()N) Re ¢ (z) + El (a:(zill Re ¢ (z) + aglj)lmtﬁk(z))
Since u(N)(zj)=u(zj) for j=0, ..., 2N we expect that u' ™ will

approach u as N tends to infinity.
We will show that if u is a regular solution of Lu =0 with
a-Hdlder continuous boundary values and if the zj are equally spaced

around 8D, then there is a constant G such that
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o
"u-u(N)II<G InN/N°, 0<a<1
— 2 .
(InN)"/N if a=1

Thus collocation converges and the bounds given above give an
indication of the rate at which the convergence takes place.
In order to prove the above result we will need to have an

estimate of the rate of convergence that may be obtained using

¢0. . ¢N. The theorem below gives such an estimate. For
b = (bo, «ne bZN) let
N .
uy(z.b) = b, Re ¢, + 131 (b, Red, +b, Im¢ )

Theorem 6.1. If u is a regular solution of Lu = 0 with ea-HG&lder
continuous boundary values, then there exists a constant M and

)

vectors so that

[ 4
(N) 1/N°, 0< ax<l
e - uplen 500 < M
InN/N if a=1

Proof. First note that D, being a circle, is obviously of class Ah.
Then g = V-l(u), by Theorem 1.1, is analytic on D, and Hélder
continuous on D\ 9D .

A Maclaurin expansion of g(z) about the origin gives the

partial sum
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N
1 n t)dt
Sni=) =3 ?_N ® ) nHl
B 9D
T
N
i6 i@, -inf
= Z eln—l- (e1 )emde ,
=-N e
n -x
ié
where z =e . But this is simply a partial sum of the Fourier

i6
series of g(e1 ) on [-x, x],
Define the average Fourier sum
N

Z S (z)
k=1 &

SN(Z) =

Z |~

Then, since g is e@-H8lder continuous on 9D, [21],
page 161, shows that there exists a constant M such that

o — 16 1/N% o0<ax<1
(6.1) lete™ ) -5y le )l =M
- [-x,7] InN/N if e=1

(N)

Define uN(z, b )= V(SN). Then since SN is a polynomial

(N)

of degree N and Im ¢0 = 0 we see that uN(z. b" ') has the

desired form.

We then have

o - gl = IVie-S9l < VI -3l = VI Mg - 31

by applying the Maximum Principle to the analytic function g - EN

on D\ 3D. Using (6.1) this shows that



50

1/N%, o< a<1

la - ull < Mjv] Q.E.D.
InN/N if e=1

The following theorem is the main result of this chapter.

2
Theorem 6.2. For any regular solution of Au +c(r Ju =0 with

a-Holder continuous boundary values, we can interpolate at

(N) (N)
0

2, = exp(2Tij/(2N+1)) for j=0, ..., 2N, to obtain a' ', ..., 25N

such that for some constant M we will have

InN/N%, o0<a<1
”u(z) - uN.(z, a(N))" <M

(lnN)Z/N if e=1

Proof. For the equation Au + c(rz)u = 0 the ¢k have the form

(see equation (5. 5))

¢k(z)=zkdk(r2) where r=|z| , for k=0, 1, ... .

Let z=re and D (r)= rq (2 th
et z = re an kr--rd.k(x-) to see that

ik@
(6.2) ¢k(z) =e Dk(r) ,
where the Dk are real-valued functions.
N 2N+1
Let b( ) be any element of R N+ and set
LN ™),

(z) = u(z) - uN(z, b

Solve the system of linear equations
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(6.3) u(zk) =uN(zk. a) , k=0,...,2N ,
for a(N) and set u(N)(z) = uN(z. a(N)). Then, since u(N)(zj) = u(zj)
for j=0, ..., 2N, we expect that lim [u - u(N)" =0 .
N—=o0
For fixed N let T =2% /(2N +1). Then z =e" ',
J
j=0, ..., 2N and we see that (6.3) is the system:
w Da(N) =u '
WOO =1, Wjo=l Wj,Zk-l = cos (kjT), wj,Zk = sin(kjr) for
j=1, ..., 2N and k=1, ..., N. Also, D = diag (DO, Dl. Dl’
. DN. DN) where Dk=Dk(l) for k=0,1, ..., and u=
u = (u(zo), e u(le))'
. (N) _ , (N) {N)
Letting e = (e (zo). e € (zZN)). we have
WDa.(N) =u-= WDb(N) + e(N) and thus
(6.4) N N gl (N

This of course requires that no Dk be zero. If some Dk
were zero, then we would have ¢k(z) =0 on 9D. Now Re ¢k(z)
satisfies Au + c(rz)u = 0 and by the Maximum Principle we then have
I|Re ¢k" = | Re ¢k"8D = 0. But V(g) is a 1-1 operator and thus
the analytic function g such that V(g) = Re ¢k(z) must be g(z) = 0.
This contradicts the fact that V(zk) = Re ¢k and zk is definitely

not identically zero on any domain. This contradiction shows that no

Dk may be zero and that D-l exists.
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(N) (N)

Now if we set u' '(z) = uN(z, a ') we then have

(N) N)

(6.5) u(z) - u(N)(z) = uN(z, b ) - uN(z. a(N)) + e( (z)

i@
By (6.4) we have for 2z = e’ and y=(1, cos 8, sin 0,
.., cos (NO), sin(N@)) that

I N e

ulz.a N =(a” " - b ")e(Dy)
= (D 1y le(N)) ¢ (Dy)
= (W leM™Myay) = Mo wTylyy |
Letting x = (WT)'ly yields
(6. 6) uN(z.a(N)) - uyle, b = M),

Since zj = exp(27ij/(2N+1)) we can exhibit (WT)—1
explicitly. w'iT0= 1/(2N+1), wi'l;_j_ ) = €0s(27 ij/(2N+1))/N and

-T _ sin(2%ij/(2N+1))

wiZj- N for i=0, ..., 2N and j=1, ..., N.
This gives
N
_ ij(kr-6)
(6.7) X = Re (ji;:le +2N+1 )/N

Combining (6.6) and (6.7) gives for z on 8D
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6.8) Juylz, a™) - u iz M)
2N N ..
<l"e(N)|| [Z |Re Z elJ(kT_g)I + N]
- N
3D k=0 j=1
2N . .
<™ [z - TNETD) 0 T s
9D k=0
The function
2N ZN
i - -6
o) = 3 |(1-LMNETD) 0 JETE) L5 e
k=0 j=0

has period 2% /(2N+l). Using the inequalities
. 2
sin(x) > = x on [0, 7/2]
. 2
sin(x) > — (*-x) on [¢/2, 7] ,

one may show that

I£5(0)llpp, ;7= 00

£, @)l =0(N)
[0, 7]

Ilfj(o)“[O.,r]:O(N/j) for j=2, esey N-1 ,

II£(€) ] = O(N/(2N+1-j)) for j = N+2,...,2N ,
j [0, 7]

I fj(")ll [0,7] = 01) for j=N,N+l

Thus, we may bound H(f) on the interval [0,7], and obtain the

estimate



54

= (6) ] [0,7] = 0N 1InN) .

Thus
: (N)
” uN(z,a(N)) - uN(z, b(m)" = 'ﬂe—N—ﬂaD O(N 1InN)
: oD =
and
(N)

luy(z a™ - o (z, b(N))ﬂa =o(le™| 1am)

D 9D

Referring to (6.5) we have

u(z) - u(N)(z)" = O(He(N) [ 1nN)
oD 9D

Then by the Maximum Principle,

6.9) lu - o™ @] = o™ I, 1
D

The equation (6.9) holds for all possible coefficients b(N)

which define e(N). This shows that

fu - o™ = 0@nN inf]lu - u_(z. b))
b N

Thus collocation converges at a rate which is at worst InN times

slower than the best possible rate of convergence.

To estimate this convergence rate we use Theorem 6.1. This

shows that the b(N) may be chosen to satisfy

[1/N% o< a< 1
(6. 10) 1e™N)  <ag

3D InN/N if a=1



55
for all N, for some constant G. Combing (6.9) and (6.10) we

see that there is a constant M such that

() InN/NY 0< a< 1
[Iu -u “ <M 2
(InN)"/N if e=1 . Q.E.D.
The above process of collocation is thus convergent. To use

it in practice, just set z.j = exp(27ij/(2N + 1)) for j=0, ..., 2N

and solve the system of linear equations

N
aORe ¢0 + kZ)=l(a.2k_ lRe ¢k(zj) + 3, Im ¢k(zj)) = u(zj) ,
j=0, ..., 2N for a(N). Then set u(N)(z) = uN(z, a(m) to have
lim ||u - u(N)ll =0 .

N—=o0
The above technique is very difficult, if not impossible, to
extend to the general case of Lu =0 on any domain of class Ah.
For this reason a modification of the above method is needed. Such

a modification is presented in the next two chapters.



CHAPTER 7
SOLUTION BY LINEAR CHEBYSHEV APPROXIMATION

This work was motivated in part by the work of J. R. Cannon
in [9,10]. Cannon applied linear programming techniques to solving
the boundary value problem for Au = 0. The following represents
a generalization and extension of those ideas. The presentation will
be in four stages involving progressively more complicated situations.

The basic idea is to use the particular solutions {11::} ¢k,
k=0, ..., N, to obtain a best fit, in the Chebyshev sense, to the
given boundary data at M points distributed about the boundary of
the domain. As both N and M approach infinity, we expect that

the Chebyshev {fit will approach the solution uniformly over the closure

of the domain,

Solution of Au + c(rz)u = 0 using Particular Solutions

Let D be any domain of clase AD and u be any regular
2
solutionof Au+c(r )u=0 with u=f on 8D, f continuous.
We assume that c(rz) is an analytic function of r2 on the interval

0< r< 3R where R =max |z| andis non-positive on 0< r<R.
aD

56
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Let the boundary data f(z) = f(x,y) be known approximately

e *
only by f (z) on 3D, with [f-f ll < u. Inpractice, u may
aD

represent experimental or numerical error in calculating f. The
problem is to solve Lu=0 on D, u=f on 9D as well as
possible given only f* on 9D

For this particular problem, the particular solutions

k

Re Re 2 .
{Im } ¢k(z) take the form {Im } z dk(r ) where the functions

2
d.k(r ) are real valued and never zero, as was seen in Chapter 6.

Let r_. = min |z|. Define the compact sets
° ap

SN= is = (aopblo---oszcla---'cN) l Iaol

b, |
2
< el +0/leEpl . ]k
oD lckl
k 2
<2l +u/ry ] 4 )]
Jo I/ | 4G
For any s of the above form let
N
uN(z,s) = aoRe tbo +li1(bk Re ¢k + € Im ¢k)

Theorem 7.1. For any 0< € < 1 there exists an N and

s(N) € SN such that

lu - upgtz o™ < e
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Proof. By the corollary to Theorem 3.1 there exists a coefficient
L(N)

vector such that

o - uytz ™) <

We show that this s(N) isin S

N’

27

_ .(N) 2
uN(ro,a)de = ao 27 do(ro) M

0
and thus

2w ag V| |agci) < 2rflugll < 2x(ful  +1)

oD 9D
This yields the desired bound on Ia:)N)I . Also,
cos(kf)
S‘u (r de ,
sin (kA
P
= 4 lfrk d (rz) ’
0 k0
|t
k
and as above we have
P
k k., 2
2 (fl£]]  +1)> ‘l‘roldk(ro)[ Q.E.D.
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i@

Let zj =re ) be chosen in order around 9D for
J

j=1, ..., M, Then get 7N M = the maximum length of 8D between

consecutive zj's. We assume that ﬂM ~0 ag M -~ oo,

Now consider the continuous function

%
EN,M(B) = max [f (zj) - uN(zj, e)l

1ISj<M
on the compact set SN. Set
°N,M " ’;ﬁn Enom®)
N
S1nf:e EN,M iAs continuous on the compact set SN we see that
. N,M .
there exists an s € S .» not necessarily unique, so that

N

Consider Uy M(z) = uN(z. sN’M). It is a best fit, in the Chebyshev
]

sense, to u of degree N inthe ¢_  at the points 2z z

k lt * e+ v 3 Mo

Thus, out of the coefficient space SN which is known to contain the

proper coefficients for convergence to u, we pick the best coefficient

vector at Zyr cees Byge This is simply a linear programming problem

and can be solved in practice for some sN'M. Define
w({f,n) = sup lf(z ) - (= )l,
z,€90D 2 1
“1' %2
~-z.]<
Izz zll__n

the modulus of continuity of £ on 9D.
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Theorem 7.2.

"u - uN.Mu < w(f.nM) +u + eN,M + w(uN.M,nM) .
Proof. By the Maximum Principle we have that
- < -
CE VY R
Let z be between z, and z, on 9D. Then
j j+l

luta) - uy )] < Ju@@) - wiz)] + lue) - ()

%
+ If (zj) = uN,M(zj)I + luN, M(zj) = uN,M(Z)I *

Since |z - zjl < N, We are done. Q.E.D.
. . N, M
For fixed N and varying M, wehave s bounded
since they are in the compact set SN. This means that the uN M

are equicontinuous on D \v 9D for varying M and fixed N.

Thus for fixed N, as nM ~ 0 we have w(uN’M

also wi{f, nM) — 0, This leads to

, -0 d
nM) an

Theorem 7.3. For any 0< € < 1 there exist N(e) and M(e) so

that M > M(e€) implies

"u - uN(G),M" 2u+te
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Proof.

(s8)= max If (z.) - u (z,s)l
M I<j<M J

< max [f (z.) - £(z,)] + max ]f(z)-u (z. 8)|
1<j<M J 1<j<M

< u +|f(z) - uN(z.s)" ;

oD
This shows that e < M +min "f -u (z. 8) || » and hence by
N,M—
S 29D
N
by Theorem 7.1 there is an integer N(€) so that e <u+e€/3

N(e), M —
for all M.

Using the remark just preceding this theorem we may choose
an integer M(€) so that M > M(€) implies

w(f,ﬂM)f €/3 and w(uN(a.’M,_rn.ﬁ.)‘f e/3

Then by Theorem 7.2 we see that for M > M(€) we have

”u-uN(E)'M"£E/3+u+u +e€/3+€/3 . Q.E.D.

This is an important result, since it shows that for N and
M large, the error "u - uN.M" cannot be too much larger than
twice the error made in simply computing the boundary values. Hence,
ignoring the rounding error inherent in using linear programming in
practice, this method is very stable with respect to perturbations in
the given boundary values.

This method can be used in practice whenever very accurate

2
expressions are known for the dk(r ) and truncation effects are
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negligible. For example, Bergman and Herriot [7] show that for

the equation Au - 4u=0 the dk(rz) have the form

oo 2n
2 !
dk(r )=14+ Z Il: X
n=1 2  n! (n+k)!

This expression can be evaluated very accurately and makes the
boundary value problem for Au - 4u =0 very well suited for the
above type of analysis.

From a practical standpoint, there are two special points a
about the equation Au + c(rz)u = 0. First, the above quite simple
method can be used to solve it. Second, the functions Q(n)zn
needed to calculate the ¢k can be obtained using only real
arithmetic and real integration and differentiation, see equation (5. 7).
This results in a great saving in time and storage requirements.

In general, the d.k(rz) will not be known very accurately
and the above process is not really practical. If we truncate the

series for d.k(rz). or equivalently that of the operator B, then

we can always evaluate ¢k T in closed form.

Solution of Au + c(rz)u = 0 using Truncated Particular Solutions

Since the truncated particular solutions are not exact
solutions of the differential equation, the above analysis needs to be
modified.

If we define
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T (n), 2 '
4 et =1+ £ Bk @n)t
. n=1 2" n! (n+k)!

. . _k 2
using the notation of (5.7), then we have ¢k, T =% dk, T(r ).
We will follow the same procedure as we used above.

Define the compact set

SN= { 8 = (aO'bI""'bN'cl"”’cN) I [aol
L (i
<2(fl  + 1)/l )],
3D Ick[

k 2
<4+ 0/glae) |

For any integer vector T = (To, cees TN) and vector s
of the above form, define

N
uN,T(z,s)=aoRe¢o+ Z (b Re{bk - +c

Im ¢
k=1 k ' k k, T

k k

)

Theorem 7.4. For any 0< € < 1 there exist integers T(€) and

N(€) so that for any T such that Tkz T(€) there is an

N(e) s
8 eSN(e) which implies

P |

Proof. By the Corollary to Theorem 3.5 there exists a coefficient

sN(e)

vector for some large integer N(€) such that for all vectors

T with large components Tk > T'(e) we have
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flu - uN.T(z"N)" < €

We show that this vector aN must be in S__.

N
. 2 2
For fixed N, the d'k, Tk(ro) approach d.k(ro) as Tk

goes to infinity. Pick T(€) > T'(€) so that Tkz T(€) implies

2 2

> = i

that Idk. Tk(ro)l > [dk(ro)l/z for k=0, ..., N. This allows

N
us to bound s . Q.E.D.

Choose Zys oo z,, on oD and define nM as before.

Conesider the continuous function

*
E (s) = max [f (z.) - u (z,,s)[
on the compact set SN. Set
eN,M,T = min EN.M,T(S) .
S
N
As before, there is an sN'M’T € SN so that
_ N,M,T
°N.M,T - EN,M,T® )
. _ N.M,T . '
Now consider uN,M,T = uN’T(z 8 ). It is the best
fit to u of degree N in the ¢0,T ""’¢N,T at the z 1g,
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Theorem 7.5. Let Lw>1 on D; then

Pe - upy, g, ol € wltamy ) 40+ °NoM, T T V0N M, T T
+ 2wl Iruy ol
Proof. By Theorem 4.1 we have
- < -

"-u uN,M,T" —_— "u uN’M’T”aD + Z"W” ” LuN' M,T" Q'E'D°
Theorem 7.6. For any 0< € < 1 there exist integers N(e),
M(€), and T(€) so that M > M(e), 'I‘kz T(e) for
k=0, ..., N(e) implies

[u - uN(e)’M.T" <2u +€
Proof. Let
N,M,T N N,M,T N,M,T
- H ] b ] 4 ? »
uN,M(z) a, Re ¢0 +k2‘.=l (bk Re ¢k +c Im ¢k)
Then by Theorem 7.5 we have
- <
o = upg g, pll < wilomy) + 0+ °NoM, T T V0N M, T T
t2lwl Ly ool
Swlhmy) tu ten o, t 2oy uN,M"8D
Precisely as before, we may choose N(e), M(e), and
T'(e) sothat M > M(e€) and Tkz T'(e) for k=0, ..., N(€)

implies
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wit,n, ) tu te + w(u )< €/3 +2u .

N(e),M, T N(e), M’ Tum

By Corollaries 2.4 and 2.5 and the fact that sN(e)’M’ T
is bounded for fixed N(€), we may choose T(¢) > T'(€) so that

Tkz T(e) for k=0, ..., N(e) implies

2llwl Bl ol < €/5

and
2l m,r ™ Ongey, Ml S €73

Thus M > M(e), Tkz T(e) for k=0, ..., N(e)

implies JJu-u | <2u +€ . Q.E.D.

N(e),M, T
Theorem 7.6 shows that the method of truncated particular
solutions converges and is very stable with respect to perturbations

in the given boundary values of u.

£olution of Lu = 0 Using Particular and Singular Solutions

Let D be a domain of class AD. Let the coefficients
a, b, and c be real analytic functions on the disk about the origin
of radius 3R where R = max |z]. We assume that u is a
regular solution of Lu=0 with u=f on 9D continuous, and
that ¢< 0 on D.

As in the previous sections, we assume that f is known

* %
only by f on 3D with [f- "anf #. The problem is to
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solve Lu=0 on D with u=f on 8D as well as possible given
%
only f on 9D.
Let Vk denote either ¢k or wk. depending on which
family we wish to use.

We shall follow the same outline used in the previous sections.

N

Lemma 1. If g(z)= Z ¢ zk then |c | < [ gl /pk.
—_— k k'~ P
k=0

Proof. We have

2r

-ik6

yg(P e %0 - 2mc, p

0

k
Thus, ?.z[cklp < Zl’“g“p . Q.E.D.

Lemma 2. If the point a € 3D is a corner with angle 7 /o,

N
glz) = Z ¢::k.(z-a)a’k and 0< p < To = min |z] , then
k=0 oD

N
o < B @) sl

where the (p} may be found recursively.

(N)
"

Proof. lLet w= (z - a)a - (-a)%. Define G(w) = g(z)
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Hence for m=0, ..., N, we see by Lemma 1 and the
maximum principle that if

R(p)= min |(z-a)% - (-a)%| ,
' [z]=p

then

m m
la < IGlg ,y/ROYT < llell /R (p)

Setting m = N we have Ich < l]g[lp/R(p)N. Proceed

inductively: Let lcj[ » j=m+1, ..., N, be bounded by

E;N)(p)ﬂg"p for j=m+1, ..., N, Then
N
le_l < le + ™ = (5 ™)a)c |
k=m+1

N
+l(_a)—am b (kl-(m)(_a)akc

I
k=m+l k

N

< lell, /R(eY™ + N

k=m+1l

Thus we may set E(NN)(p) = I/R(p)N and for m = N-1, ...

define

N
B (p) = 1/R(I™ + [a%] Tz (™% KM )
k=m+1

For any vector s = (s_, ) define

0’ " BN+l
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N

uN(z, 8) = kEO (sZkRe Vk + BZkRe Vk + sZk+11m Vk)

For p sufficiently small, the operator B may be bounded
below.

Theorem 7.7. There is a function 6(p) such that

Ivel, > sw)lel,

for all functions g, analytic on D with g(0) real. For p
small we have &6(p) > 0.

Prcof. By definition

z

V(g) = Re{ exp(- yﬂdz*)(S(Z) + Z o
S n=12" (n,n+1)

Q(n) 5

_f(z £ lg(g)ag}

taking Real and Imaginary parts of the terms in the brackets, we see

Vig) = Re{ (e1 + iez)(f +ih + P_ + iPz)} ’

1

where g(z) = £(z) + ih(z) and f, h, e e, Pl' PZ are real

functions of z. Thus
Vig) = elf - ezh + eIPI - eZP‘2

and
IV, > leyell, - Neyll lnl, - eyl U2yl - eyl 02,1

Now,

Inl, < lel, .
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< o™

i» i, < ksl = |lgfl ,w(p) .
1 -1 Zan(n, n+l)n p

17,0, < lell ,wte) .
lell, < exetellRAl,) .

and

e, Il , < expte Al )

Thus

Ivied , 2 lleyfll - eyl llell , - 2 exete AN Dl el Wie)

Now,
Iel(z)| > min lReexp(- S‘Hdz )
Z <p

= min |exp(- ReS'Hdz )cos(IrnSHdz )
l=|<e 0 0

> exp(-p [N )01 - RN 6°/2) = mip)

and
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z

%

lell, = max |1m expl- { Aaz®)
z|<p A

Z z
< max exp(-Re SHdz*)l sin(Im Sﬂdz*)l
lzlfp 0 0

< exp(p IRl e IR, = nie)

These yield

@0 v@l, 2meld, - nelsl, - 2exeelRT el W

The function h is the conjugate harmonic function to f .

Hence h(z) may be written as

z
h(z) = S‘(-ft(s,t)ds + fs(s,t)dt) + h(0)
5 .

But h(0) = Im g(0) = 0 and thus

. 2
(7.2) infl < p || grad(s)|| 0

We may bound || grad(f)|| 0 by the following lemma taken from [23],
page 138.

Lemma. Let 0< p < r_  =min|z|, then
° 34

leraatall ) < 2] /xatp)
oD

where d(p)= min dist(z,dD).
|z]<p
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By (7.2) and the lemma we see
Inll, < 4li4ll ) o Axa(o))
Now d(p) > r, " p and thus
Inll, < 4llell, p/(xizg - o0
This shows
. 2.4
lell, = liewn)ll ) <l [0 + (a0 /tx(xy - 272

This and (7.1) imply

Iviel, > 8wl

_1
(7.3) 5(p) = m(p)1 + (40 /(%(xy ~ pI] % - n(p)
- 2 expio | Al ) W(p)

We need a value of p for which 6(p)> 0. We have
(n) n
= o) o
W(p)= Z - a and by Theorem 2.1 we have
n=1 27 B(n, n+l)n

W(p) < ; 9F p° (ntAlp) - 1)... (A(p) +1)

n=1 2 n!

where

9 — -
Alp) = £ (D + Fp).
Let 0< poﬁ T, be such that A(po)f 1. That is, let
—_ -2 - 1 —_
P = min(r, (-9D/2 + (81D /4 + 18F)%)/9F)

Then, since A(p) is monotone increasing as a function of P,

we see that 0< p < po implies
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9Fp> = 2
wip)< S 2 1/2)° = 9F p%/2
n=1
This and (7.3) show that for 0< p < po we have

(.41 8(6)> expl-pl Al )1 - B[Rl /2001 + (52—
0

- exp(e Al e IR, - 9F o exnllIAl, +) - Q.E.D.

Using the method of bisection on the interval {0, po), we
can find a value of p for which &(p)> 0. This furnishes us with
a practical method for bounding the operator V below.

For a value of p such that &6(p)> 0 define the compact

sets
25! N
sN={sl s < lilg o+ DB " (p)/8(p) }
2k+1
where Bl((N)(p)= 1/):)k if Vv, = ¢k and Bl((N)(P)=§I(<N)(p) if

k
the Vk are the !llk.

Theorem 7.8. For 0< € < 1 there exists an integer N and.

N

8§ ¢ SN such that

- upglz, 8™ < e
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Proof. By Theorem 3.1 thereis a coefficient vector sN such that

la - uplz, sMi < e .

We show aN € SN. There are two cases
Case (I): If V. are the ¢ then let u_ (z sN) = V(g,..), where
— k k' N N"'
g(Z) = g c zk
N k=0 k

By Lbemma 1, we have
.
el < gyl /e

-1
But gyl , = 1V “ugll, < gl /60 < tlitllyy, +1)/ (o)
Hence

k
le | < dl£l  +1)/(p"8(p)) for k=0, ..., N
oD

Since ¢, = s(N) -1 N

k 2k 182k+l. we are done.

Case (II): Ifthe V. arethe ¢ , then let uN(z. sN) = V(gN),

k k
where
N
gn(z) = Z e (z - a)?k
k=0

By Lemma 2 we have

N
el < eyl B (0)
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But gyl = IIV'IuNIIp < eyl ,78t) < (el g + 1)/ 800)

Hence
le, ] < Ufllanm + l)B(N)(p)/G(p) for k=0 N
k — aD k 2 * v e 3 .
Since ck = BZk - i sZk+1 s+ Wwe are done. ' Q.E.D.
] Define the continuous function
E. . (s) 1) - u (2., o)
8) = max z,)-u {(z, s s
M ggem 9 N
where the zl, e ey zM are chosen as before. Set
eN.M = min EN,M(S)
sN

Since EN,M is continuous on the compact set SN there is an

N,M _ N.M
8 € SN so that eN,M = EN-’M(B ).
Define the solution u =u_(z sN'M) This is the best
N, M N’ )
Chebyshev approximation to u at the points =z 17t %y out of
all possible Uy Again, obtaining the sN'M is a linear
programming problem and may be solved in practice.
Theorem 7.9.
- < ' ’
o -uy el S Wl nyd 4w tey w0 )

Proof. Exactly as in the previous sections. Q.E.D.
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Theorem 7.10. For any 0< € < 1 there are integers N{€) and

T(€) sothat M > M(€) implies

lu-u | <24 te .

N(e), M|
Proof. Exactly as before. Q.E.D.

In practice, most problems do not have the Vk available

in closed form and one must use the truncated particular solutions

Vk T which can be evaluated in closed form. What happens if we use

the truncated solutions instead of the Vk ? The next section answers

this question.

Solution of Lu =0 Using Truncated Particular and
Singular Solutions

Here the V are used instead of the V., . This is the
k, T k

problem of practical interest because generally Vk is not available
in closed form, but Vk. T is,

For any coefficient vector s = (so. ceey 82N+1) and
T = (TO, cees TN) define

N
u = X (s,, ReV :
N,T k=0 2k k, Tk + sZk+1 Ika.T ) .

k

Define the compact sets SN as before.

Theorem 7.11. For any 0< € < 1 there exist integers N(€) and

T(€) so that for any T suchthat T > T(e€) there is an sN(E)cS

k N(e)



(A

which implies
lu - u

Proof. By Theorem 7.8 of the previous section, we may choose

N(e) so that there are coefficients sN(e) € SN(E) such that

fu-u Nl < er2

N(e)\® ®
Now by Corollary 2.4 there is an integer T(€) so that

Tk->- T(e) for k=0, ..., N(e) implies

e/(2k+zlc [} if ¢ #0
k k
v, o -Vl <
'k 1 if ¢ =0 s
k
_ _N(e) N(e) _
where ck = 8,5 isZk+1' for k=0, ..., N(e). Then we have
- < - + -
v - ugeey, ol = v Uil lluN(e) Une), T
N
<e€/2+ Z e/2k+2< € . Q.E.D.
k=0
Choose zl. v ey zM on 9D as usual. Define the
continuous functions
E s) = ma
N, M, T'® 1< <"M[f (z )— un, ' . 8)]
Since EN,M,T is continuous on the compact sets SN'
there is a vector sN'M'T €S so that

N
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°N,M,T = "S“f En.m,Tl®) = E

N

N,M,T

N,M,T

Coneider u (z, ® ). It is a best fit to

N,M, T °N,T

It may be obtained using

u at the zj out of all possible uN,T'

linear programming.
Theorem 7.12. Let Lw>1 on D then

+ wiu 27 ,)

- N,M,T' ™M

"f_w(f.nM)+u+e

N,M,T N,M,T

+ 2wl [Luy yy o

Proof. Exactly as before. Q.E.D.

L

Theorem 7.13. If € >0 then there are integers N(e€), M(e),

and T(e) sothat M > M(e) and Tkz T(e) for k=0, ..., N(e)
implies
- <
| u uN(c),M,T|I—Zu+e
Proof. Exactly as before. Q.E.D.

Thus, even in this practical scheme, the process is convergent
and stable with respect to perturbations in the given boundary values.

Theorem 7.13 has a very nice corollary which can be roughiy
stated as follows: For any fixed N and T, as M increases,
uN,M, T approaches being a best fit to u from the space of

solutions spanned by V » V . To be more specific:

0. TO' * e N,TN
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Let the span of VO. Tt VN.T be denoted by
0 N
L 3
<V0,T ’ ' VN,T >. Supposethat f=f, i.e., u =0. Let
0 N
eN, T = r;un I uN’T(z, s) - u(z)]
N
Then ®N. T is the best possible error over the space
< cees >. i >0, 13
VO,TO' VN, TN Fix € >0, then by Theorem 7. 13 there

exists an integer M(€) such that M > M(€) implies

[ <e te

€ N,M, T

< -
N,T - I UN,M, T

and thus
> > -
*N,T= *N,M,T= °N, T~ €
This shows that
limm e =e

M—=00 N,M,T N,T ’

and thus u is, in the limit, a best fitto u on the closure of
N,M,T

the domain. Since the value e is automatically produced by

N,M,T

any linear programming scheme, and that value is very nearly the

error [ju-u there is no need to search the boundary of

N,M,T"'

D to find the maximum error if M is very large.



CHAPTER 8
COMPUTABLE ERROR BOUNDS

Recall Theorem 4.1,if u is any solution of Lu =0 with
u € C(o)(D “ oD) N C(Z)(D), u € C( )(D v aD) M C(Z)(D) and w

is any function such that Lw> 1 on D, then

(8.1) lu - w™l < Ju-a¥ll,, + 20wl fra®]

*
If the above u isthe u as described in the previous
N,M,T

sections, then since L¢ and Ly are explicitly computable
k, T P

k,T

*
from equation (2.3) we can effectively bound the error lu-u].

To do this we will need bounds on L¢

K, T and wk,T' the following

theorem provides such bounds.
Theorem 8.1. If the domain is starlike with re spect to the origin,

then

T+k

2(r+tERT Q! THY)

zZ

2T (T4, . . (k41

lré, Il <

If the domain is also starlike with respect to the corner a, then

T

2(T+1)!!' ER R [|Q(T+1)||

Io, Ll <

2T er-1)

80
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*

where R =max|z|, R = max|z-al, and E = I exp(-IH(z,w)dw" .
a
9D oD - 0

Proof. By Equation (2.3) we have

% ‘y(z £)T tekae

ZT+1 (T+1) O
28 o Rl
i‘ﬁk T 0 z 2TB(T,T+1)

But S (z-8)T 1858 = (T-1)! 2T /(T45). . (K41) and the desired

0

- 4i¢k T

bound follows from the relation L ¢k T

We also have that

a ‘S\(z-'s')T-1 (‘s'-a)akdE

ZT+1 (T+1) 0
] = - exp(-fﬂdz )Q
I k,T Z / z ZZTB (T, T+1)

z

and the result follows immediately. Q.E.D.
The above bounds are dominated by those given in

Theorem 2.3 and thus approach zero as T goes to infinity,

(T +1)

An 1mmed1ate1y obvious way to bound Q required

z
above is to use Theorem 2.1. This yields

k_(T+A)...(A+])
27 (T+k)...(k+l)

Iré, ol < 9EFRT+)R
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A typical example is that of Bergman and Herriot in [7]. The
equation is Au + (-4 + Z(x2 + yz))u = 0 on the square with rounded
corners, the "squirkle.! 1In this case F = 9, R=WN2Z, D = 0,
and E =1, Thus A = 9§RZ/Z = 81. We then have the bound

(T+81). .. (82)

2T

Iré, ol < 81T +1)

This bound for T = 10 is extremely large, greater than two
billion. This shows two things. First, for an effective way to
bound || L¢k, T" we will need to use something other than
Theorem 2.1. Second, it may be that for k "small" and T
"large' ” L¢k, T" will be excessively large. it is easily seen
that "L¢0’4" > 4.0 if the equationis Au - 4(1 + x2 + yz)u =0
on the ''squirkle.' This is rather disquieting and seems to indicate
that for ''small" k we will actually need 'large" T.

Another approach is to calculate Q(T+1). We will have

Q(1+1) explicitly available. This would give us a smaller bound
Z
(T+1) . .
for Q % and hence for L¢k T The cost of this procedure is
Z ?

additional computer storage requirements.
In the case where H. B » and C are polynomials in

*
z and z , the Q(£+1) is also a polynomial. Let
z
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J K k
7 %
QTH) . 5 & qf:“)sz
j=0 k=0 J
J K
T+l T+1), _j+k-1
(8.2) “Q(* )"5 Z Z qu'(k )IRJ
2 j=0 k=1 3

The dominance argument used in Theorem 2.1 shows that
the bound in (8.2) is dominated by the bound given in Theorem 2. 1.

(T+1). That

Thus, (8.2) provides a '"tighter' bound on the Q
this bound is actually "tighter' than those given by Theorem 2.1
may be seen by the following example: Let the equation be

Au +4(-1 + % (x2 + yz))u = 0 on the squirkle. Then the bound given
in (8.2) yields

lre || < 0.48

0.6l

The bound which Theorem 2.1 gave was greater than two billion.

Given
N ¢k. T ¢k, T
u*=2(a Re k-i-l:oIm k‘)
0 k k ’
[/ U/
k, Tk k, Tk
we can write
| ¢
. N k, Tk
lea®l < 2 ol + o DL (]
k=0 v
k,T
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Using the inequality in (8.2) we can then bound Lu* on D.
This technique has been found to be quite practical.

In practice all we need to is generate an approximation
u=°= to a solution u of Lu =0 and then use the inequality in
(8.1) with those of Theorem 8.1 to bound the error flu - u*"
in an a posteriori fashion. The norm of the function w may be
bounded using the formulae given in Chapter 4 for w.

Since we will require ''symbolic" solutions, the 'I'k cannot
be too large, otherwise the solution will be too unwieldy to be truly
symbolic or usable. Some rule of thumb is needed to give a good
value for the Tk' The following argument is a step in that direction.
The problems we will study will have a, b, and c polynomials
in x and y, and thus H, B , and C will be polynomials in
z and z*. Let M' be the maximum degree with respect to z
of H, B ) and C. Let M'" be the maximum degree with
respect to z’°= of the same coefficients. Then Bergman and

Harriot in [7] show that

P NP
] %
P .5 3 qflf)sz ko
j=0 k=0 7

where Mp =2pM' and N =2pM" +p. Let d(xpyq) =p+q
P
denote the degree of a polynomial in x and y. Then

d(¢ )=k+ max (n+2nM' +2nM'" +n) ,

k, T
k 1<n<T
— — k
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and letting m =M'+M" +1 we see
N

d( Z (a
k=0

kRe¢k,T +bkhn¢k,T )) = max (k+2T

k k  1<k<N

km.) .

This shows that given an acceptable degree d> N +2m of our

approximation by the ¢ any T, may be as

o.T""’¢N,T ! k

0 N
large as [(d-k)/2m] where [¢] denotes the greatest integer

function.
2 2 .
For example, Au+ (-4 +2(x +y )u=0 on the squirkle
has M'=M"=1 and m=3. Bergman and Herriot choose N = 24

and TZ4 = 4. This shows that

24

d( Z (a, Re ¢ > 02
oo ke k,Tk+karn¢k,Tk))_24+8 3 = 48

Hence Tk =[(48 - k)/6] is a perfectly acceptable choice for the

Tk's.

The relation Tk = [(d-k)/2m] allows T, to be "large"

k
for '"small" k. As we have already seen, this is a good thing to
have. The relation also lets Tk get smaller as k increases.
This is also reasonable because the error bounds on L¢k, Tk
given in Theorem 8.1 decrease very rapidly as k increases.

The above error bounding techniques have been used

extensively and found to be quite practical.



CHAPTER 9

ELIMINATION OF ANALYTICITY REQUIREMENT

FOR Au +c(x,y)u=0

Let u be a solution of Au + ¢(x,y)u =0 on a domain D
of class AD, with u e C(O)(D woD) N C(Z)(D) and c(x,y) merely
continuous and non-positive on D. Let the boundary values f be
known only by £ where [u - £ I ap S M- Using the techniques
of the previous sections, we can solve the boundary value problem
for this equation.

Since c(x,y) is continuous on the closure of the domain D,
there exist functions cp possessing analytic extensions to the domain
{(z, z*)l |z}, Iz*l <3 rad(D)}, so that

1i - =0
im fle-c |

p—=
An example of such cp: Let Cp be a polynomial of degree
P in x and y which fits ¢ most closely in the maximum norm.

Then, since the polynomials in x and y are dense in C(o)(D “w aD),

we must have lim [c - ¢ " = 0.
p-om p

We may assume that the approximating functions cp are non-

positive on D. This follows since we may subtract |c - Cp" from

86
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cp to obtain a function cp - "c - cp” which is non-positive on

D and obeys
le-tep-lle-c Dl <2lc-c I .

which goes to zero as p goes to infinity.
2 2 2
Now set Lpu = Au + cpu and w(x,y)=(x +y -R")/4
where R is the radius of the domain. Then prz 1 on D for
all p.

The previous theory may be applied to solve the boundary

value problem:
*
Lu =0 on D
P

and
%
u =f on 8D s

*
knowing only f on @D, for an approximate solution ug) )M T*
Theorem. lim {lim [ lim lu - u(I?I)M T[l]}_<_ 2u
p—® N-+o M,T-—-x P

Proof. We have by Theorem 4.1 that

lu-o® < fu-ufP

N.M,T N,M,T"BD

t2lwl o - o -

But L u=JIu+({c ~clu={ - c)u andhence
P P P

(9.1) la - “g,)M,-r" 2lu- “g).)M.'r"aD

2fwlile -l ol + a0
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Fix €>0 and choose p' so that

2wl e = e il Null < e/3

Then there exist integers N', M', and T' sothat M > M!',

T >T', for k=0, ..., N' implies

k ‘
(p') (p'
lu-wf) o < €/3 420 ana 2wl L &) < e,
Using (9.1) this yields
_ (e
"u uN'.M,TH 5 2“ + € 1)
whenever M > M' and Tkz T!' for k=0, ..., N' ., Q.E.D.

The inequality (9.1) should provide a satisfactory

a posteriori error bound.



CHAPTER 10
SOLUTION OF THE INHOMOGENEOUS EQUATION, Lu=g

(0) (2)

For a domain D of class AD, let ue C' (D\w 3D) N C" (D)
be a solution of the inhomogeneous equation Lu = g. We assume that
the coefficients a, b, and c and the right hand side g are

analytic functions of x and y on the disk about the origin of

radius 3R, where R =max |z|, andthat c(x,y) < O on the
aD

domain D,

Given boundary values f of u, we wish to find u on
D v &D.

Let Al(z, z*), B(z, z*), C(z, z*), and G(z, z*) be the
usual complex extensions of (a +ib)/4, (a - ib)/4, c/4, and g/4.
The complex form of Lu =g is then SEU = G.

For the special case where a(x,y) and b(x,y) are
identically zero, Bergman and Herriot in [7] give a particular
solution of XU = G. We present a generalization of that argument
to the full operator Lu = g.

Let

89
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- -}
) F,
k=

represent a solution of 2 U = G. Then, formally, we need

<0 @0

(0) _ _
ac=JLu"V = 3= £F = Z [(F) ,+AF, + B(F,) , + CIF,)]
k=0 k=0 ZZ 2
[ <]
=(Fy) o+ I [A(F) +B(F) ,+C(F)+(F )
zz k=0 Z ZZ

Thus, if we let (F.) *=G and for k=0, 1, ...,

0
2z
(Fig1) %= [AF) +BEF) , + CEI] .
zz z
¥y . .
then we have U =G. The F_ are thus recursively defined

k
by the relations

G dzdz

|
(=)

i
OL/)N
O%N*

*

and

%*
z

k+l

hy
O(/jN

[A(F, ), +B(F) , + C(F_ )jdzdz
0 z
k=0, 1, ...

Integration by parts yields the recursion relation
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%
z z
&
15‘0=51 S G dzdz ’ and for k=0,1, ...,
0 0
(10.1)
* e
z % z z
S az* + | BF 4 yS A - B ,+C)F, dzdz)
Fk+1—-( Asz +S‘ kz-l- ( z z* K 924z
0 0 0 O

(0)

The equations above define a formal solution U of

Lu-=-a.

To study the validity of this formal argument, truncate the
(0)

series of U ', i.,e., let
t

vz
k=0

Lemma. lim || XU:O) -G| =0.

t—co

Proof. It is easy to see that

(0) _ '
(10.2) Lu”=c+rar) + B(F) , + C(F)
Now
% *
4 Z z z
"By y = AF), B ¢ CF,) = (a{ +n(+ cf f)(rt) .
z 0 c 00 =
*® *

ZZ

n
O Cmy N

zZ Zz Z
= (-l)t(AS +B +c§ S)t“(ro) .
0 0 0



and thus, by (10.2)

*

z zZ ZZ*
(10.3) 129, - all < Jeaf + 8+ cf (1541 jay
0 0 00
We have
3 %
z z z z R R R R
taf +of vcf D r<aarfsisifeper| [
0 0 0 o 0 0 0 0
+1 R R R R

t
< Z
i=0

. I T , . . -
(t-:li-l)"C”t+l 1(5S‘)t+1 lj?o(;)”A“J(S)J”B"l j(j‘)l j
0 0 - 0 0

Thus, we have

(10.4) ||)£Ut(°) - G|
| t+l1 oy plft+l)-i i | j i-j
slel z (el E—— ¢ LAl Lzl
i=0 [(t+1-1)1]" j=o 3 3° W7k

From Equation (10.4) we see that there is a constant P such that

t+
b1 (h
"{Utm) - G|l < P> _.1_*2 z () T%_—-),—
i=0 [(t+1-i)t]° j=0J J- ©7I)

1 . .
Thus, since X (;) = 21. we have
j=0

t+l i
I€u” - 6 < B* & () —2

i=o * [(t+l—i)£]2[i/2]!
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t+l .
and since % (t:“)?.1 = 3”1 it follows that
i=o '
1I¥6? - ol < B3 /ey,
where [+] denotes the greatest integer function. Q.E.D.

(0)

t (z,z). The above lemma then shows

Now set u, = Re U
that u is nearly a particular solution of Lu=g for large t.

By the results of the previous sections, we may solve

Lu=0 on D

(10.5)
u=f- u on oD
for an approximate solution uN,M, Tt"
Theorem. Let u solve Lu = g on D, =f givenon 3D,
then
> ] L3 - = 0
lim { lim [ 1lim | (ut +uN,M,T.t)"]}

t—=© N-—+-e0 M, T-+c
Proof. By Theorem 4.1, there is a function w(x,y) such that

(10.6) - tay +uyg g, r, M S Hw - - “N,m, T, ela

t2fwl It -u, - a0

S he-u)-uy yzedep

+ 2wttt - wll + zay 0 ol

Fix € > 0. Then by the above lemma we may choose t!'

such that t> t' implies
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2]l wll | Lta-u)i <2]wll [4refu- vl < /3

Let t> t' be fixed. Then using the results of the previous
sections, we may choose N', T', and M' so that Tk_?_ T' for

k=0, ..., NN and M> M' implies

€= u) - wq p,7,ellap < €/

and

2wl [Lug, 3 g I < €/3

Then by Equation (10.6), for M > M' and Tkz T! we have

lu- (ut-!-u < € . Q.E.D.

N, M,T, t) “

Given the boundary values of the solution u, all one need do
is construct ut using (10.1) and solve (10.5) for uN,M,T,t .
Then u + uN.M Tt should be close to the solution u over the
closure of the domain,

The bounds given in (10.4) and (10.6) provide an

a posteriori error bound:

(10.7) o -ty tuyg o S - a0l
+2]wll lug \op
t+l 2(t+1)-i 1 l-j
t+1 t+1-i R Al'llB
+8lcl I« = el R sl B

i=0 [(t+1-i)]° §= 0J it -t
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The inequality (10.7) gives an explicit a posteriori error
bound for the approximate solution u + uN' M,T,t"

The assumption that the coefficient ¢ and the right hand
side g are analytic is not needed. Using a technique similar to
that of Chapter 9, one can solve the problem under the hypothesis
that both ¢ and g are merely continuous on D ‘v 38D and that

the coefficients a and b are analytic as usual. In that case,

the error bound (10.7) has three additional terme in it.



CHAPTER 11
COMPUTER IMPLEMENTATION OF THE METHOD

We wish to solve

Lu=Au+au +bu +cu=0
X Y

on a domain D, with u=f givenon 0D. The coefficients are
assumed to be polynomialsein x and y. These polynomials may
be regarded as truncated power series for coefficients analytic on
| x,y)| < 3 rad(D).

The input to the computer program consists of four data

blocks:
(1) N, M, T= (TO, e TN) and points Zysr cees Zy, OD oD;
(2) The coefficients of the polynomials a, b, and c ;

(3) A subroutine that computes f(x,y) for (x,y)€ 9D ;
(4) M!', the number of points to be used in a search of 8D for

lw- uN,M.T"BD .

The steps by which the problem is solved are:
STEP (I): Given the polynomials a, b, and ¢ in x and vy,
calculate the polynomials F‘\, B , and C in z and z* by the
relations

96



* *
= Z+2z Z-z Zt+z 2= Z
* % *

3

Cla, 2 )——c(z+z ZE .

*
We use the term ''calculate' a polynomial P{z,z ) to

mean the computation of the array of coefficients pjk such that
J K
% j
P(z,z )= X Z p,kz‘]z k .
j=0 k=0 J

Then, using the algorithm described by Bergman and Herriot

in [7], calculate Q(l), cens Q(IT“, where |T| is the greatest
level of truncation we wish to use, i.e., | T| = max Tk. If the
I<k<N

equation is of the form Au + c(rz)u = 0, the calculation of the
Q(n) may be carried out very efficiently by use of the algorithm
given in Chapter 5, see (5.7).

When the Q(l), N Q(l TI) have been calculated, the

functions ¢k, Tk and ¢

any point by the expressions given in Chapter 5, see (5.2) and

<
K, Tk for 'I'k_ [ T| can be evaluated at

(5.3).
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The results of Step (I) are the coefficients of the truncated

series for the particular solutions ¢k,T and !//k, T
k k
STEP (II): Given points Zys eees Zy ©On D with M > 2(N+1j,
. . - d
let A be the matrix (a,jk) given by aj,Zk Re ¢k, Tk(zj) an
= .=1,..., =On---l .

aj 2K+l Im ¢k, Tk(zj) for j M and k N
Let b= (u(z,) u(z ))T

e - u Zl ) LI I 3 M -

Solve the overdetermined system of linear equations

(11.1) min || AX-b| _
x
for the minimum eN, M, T d a minimizinz vector x

Then define

N
= 2

x
k=0 T 2k+1 k,T

(x,, Re ¢ + Im ¢ ) .
2k k, k K

UN,M, T

The result of Step (II) is the approximate solution of the
problem.
STEP (III): Using Theorem 8.1 and the remarks following it,
bound || Luy M, Tl] .

Search 38D for Ju - uN,M,T"GD using M' points on
oD.

Using the results of the above calculations, we may bound

=g, ag, ol < oy pllp 2wl g,

This step gives an a posteriori error bound.



99

The above three steps compute the approximate solution
uN, M, T and give an indication of how accurate this approximation
is.

Step (I) may be carried out symbolically using FORMAC,
SYMBAIL or some other symbolic processor. This ha;s been done on
a small scale and may be a useful technique as such symbolic
processors become more economical to use., The method we have
employed can be called at best ''quasi~symbolic.'" It consists of
simply manipulating arrays of coefficients which represent poly-
nomials using FORTRAN.

Obviously, Step (II) is not the same algorithm as was
described in Chapter 7. The compact coefficient space SN is
never mentioned in Step (II) above. According to the theory oi the

method, we should solve

(11.2) min [ Ax-bff
xe‘SN

This problem is equivalent to the linear programming problem

(11.3) minimize g(e) = e subject to the linear inequalities
k/2
“lly o + /0% s0n < 8, < (el + 0/ 5

for k=0, ..., 2N+l

-e < - < j =
e__u(zj) uN,M,T(zj)—e’ i=1l, ....,. M ’
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where P < min[z[ and [ ] denotes the greatest integer function.
Cannon in [8]a£-bitrarily weakens the inequalities in (11.3) to the
one-sided inequalities in

-eﬁu(zj)-u ) . i=1, ..., M

NoM, T

(11.4) -(lall 5 + 1)/18%2 s (py) < s, for k=0, ..., 2N+l

e>0
He notes that in practice a solution of (11.4) seems to be a solution
of (11.3).

There is, at present, no fast numerical method for solving
linear programming problems such as (11.3) and (11.4). For this
reason, it was decided that the linear programming techniques of
(11.3), or even of (11.4), may not be necessary, or desirable,
in practice.

R. H. Bartels and G. H. Golub [1] have given a fast and
very accurate algorithm for obtaining the Chebyshev solution to an
overdetermined system. Thus (11.1) may be solved practically
using their algorithm. A FORTRAN translation of their ALGOL
code was made and used to solve all examples given in the next
chapter.

Step (II) does not take into account any corners, if there are

a on 9D

any, inthe 9D. When there are corners S UIEEERI P

with angles «¥ /avl, .+«+s ¥/a_ one should replace the input data

C
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block (1) by:

(1Y) N = (No. cves Nc). M, a truncation array T, points

SUREEE ZM on D, a=(a1. cees aC), and

o = (al, cees ac)

This means that for k=0, ..., N0 we will use ¢k, Tk.
We will aiso use wkaTk l:’(z,ap) for k=1, ..., Np and

p=1, ..., C. Note that ¢0 = ¢0 = B(l) and thus there is no need
to use any of the wo(z,ap).

hen replace Step (II) by:
STEP (I1'): Let

p-1 -
M =2 Z N_+2N, -1
P g=1 ¢

for p=1, ..., C. Thenlet A = (a(j,k)) be the matrix given by

a(j,2k) = Re ¢k, Tk(zj), a{j, 2k+l) = Im ¢k, Tk
j=1, .... M and k=0, ..., NO’ a(j, 2k+Mp)=Re¢l

(zj) for

(z,,a_)

k, Tk, p

and a(j, 2k+1+Mp)=Im'// (zj,a ) for j=1, ..., M and
b

k, Tk, p

t
= : = ..., C. = yoeees uf .
k=1, . , Np and p=1, C. Set b (u(zl) u,zM))
Solve the overdetermined system of linear equations

min|| Ax-b||
X

for the minimum eN,M, T and a2 minimizing vector x,.

Define
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No
"Mt T 2 EaRe bt T )
C Np
¥ :;‘1 o (x2k+MpRe¢k. T, p(’"ap) +"zk+1+MpIm'/’k. Tk'p(z'ap)) '

This is the desired approximate solution.

Steps (I), (II'), and (III) provide an effective method for
solving Lu=0, u={f givenon 8D, in the presence of any
finite number of corners on 8D,

Some discretion must be used when applying Steps (II) or
(II'). If the equation being solved is of the form Au + c(rz)u =0,

then ¢ (z) = zkd.k T (rz) where the d are real valued

k K k, Tk

functions. Thus, Im ¢

kaT

(z) = 0. This is a very uninteresting

O,To

particular solution and should not be included in the matrix A. If
it is included in the matrix A, then the overdetermined linear

system

min| Ax - b]
p. <

is not well posed. That is, an infinite number of solutions exist and

they may be unbounded. As long as the above care is taken, the

overdetermined system approach has been, in practice, well posed.
We know that the value eN,M, T will be, for large M,

very nearly equal to "u - So if M were very large

uN.M,T"&D'
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we could skip the search of 8D in Step (III) and write

+2]|w| [Lu

R VR L1 RVR ol

For numeric and economic reasons, it is not desirable to have M

very large. However, the value of e can be useful. If
Np M' T

when the 9D is searched for [ju-u that value is

N,M,T"BD

much larger than the value of e returned by the Bartels

N. M, T
and Golub routine, then it would be wise to increase M and try

Step (II) or (II') again.



CHAPTER 12
NUMERICAL RESULTS

The algorithm of Bartels and Golub [1] was transiated into
FORTRAN IV making the necessary corrections as noted in [25].
The algorithms of Chapter 1l for the construction of the ¢k and
t//k. calculation of the coefficients and bounding of Lu* were coded
in FORTRAN ]V using REAL*8 arithmetic. All computations were
carried out c;n an IBM 360 Model 67. The iterative improvement
in [1] was accomplished using extended precision arithmetic,

To test the routines we used the following problem. The
equation is Au - 4(1 + xZ + yz)u = 0 on the ''squirkle" with
u(x,y) = exp(xZ +y2) on 9D, The "squirkle'' is the square with
sides given by x =% 1, y =11 andits corners rounded by
quadrants of circles. See Fig. l.a. The northeast corner of the

square is replaced by the northeast quadrant of the circle
2 2 2
- + - = l - ’
(x-x) +(y vo) = Yo

where x = tan(39.0 * 0.017453293), this is a "magic"

o Yo
number given by Bergman and Herriot in [7]. The other corners

are rounded similarly.

104
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The squirkle is a domain of class Ah and has no corners.

Thus we need only use the ¢ _  in solving the problem.

k
The exact solution of the problem is u = exp(xZ + yz) in
the entire xy-plane and provides a check case for our routines.
Table 1 lists the results for this example. The "METHOD'"
column indicates whether collocation or the Chebyshev method was
used. The "ERROR 1" column gives the error found by searching
= %8 D, L

the curves L =%8D, L =%3D with 48 points on

1 2 3

each. "E'" is the best fit tolerance returned by the Bartels and
Golub routine. "ERROR 2'" gives an estimate of the size of

Iwl Lu*“ . If the entry is '">7?'" then lwi | Lu* | >2 as
determined by a hand calculation. If the entry is "< ?'' then
Iwl | Lu*" < ? as determined by the bounding algorithm given in
Chapter 8. The w used here was w(x,y) = %(-1 + xZ), i.e.,
Iwl = % The '"TIME'" column gives the total running time in
seconds for all calculations except compilations. The compilation
time for the Chebyshev routine of Bartels and Golub is 18 seconds.
The compilation time of ¢k version of the algorithm tékes

18 seconds while the version which uses the ¢k and lllk takes
22 seconds to compile. Once compiled, the object modules for the
routines were placed on disk packs and read off them for each run.

The '"N,M,T" column gives the number of ¢k used, the number

of boundary points used, and the truncation vector.
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The two very long runs were made using a FORTRAN
translation of the ALGOL code given by Bergman and Herriot in

[7] for the computation of the ¢ In these two cases, the

k,4°
compilation time is included in the time estimate. These routines
had two distinct drawbacks as Table 1 shows. First, the fixed
truncation level of 4 is not sufficient to have || I.au."= | smal.
Second, they are very time consuming. After these two runs had
been made, we decided to write our own routines for the construction

of ¢k for any T,. Both a general algorithm like that of

» T k

k

Bergman and Herriot and the special algorithm of Chapter 5
(see Equation 5.7) for Au + c(rz)u = 0 were coded and used on
this example. The first run in the table was made using the general
purpose routines for the equation Au + au_ + bu.y + cu = 0, and the
time estimate there includes the compilation time. It may easily
be seen that the running time is greatly reduced by recoding the
algorithm of [7]. The rest of the runs were made using the special
algorithm for Au + c(rz)u = 0 which is even more efficient.

One indication given by Table 1 is that collocation should
not be used. It gives less accurate results than the Chebyshev
method. The same behavior will be exhibited in other examples.

After the runs for Table 1 had been made, it was noticed

that all the coefficients of the ¢k were nearly zerb. except the
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first one which was very close to one. This led to the conjecture
that exp(xz + yz) = Re ¢0 = ¢O, which, in turn, led to the following
characterization of the functions ¢k for the equation Au + c(rz)u = 0.
Theorem. All solutions of

1 2 2 %*
U *+Zc(r)=0 y T = zz

Zz

% k,62
which are of the form U(z, z ) = z g(r ) are constant multiples

of particular solutions ¢k ; specifically we have

Uz, 2 ) = 2g(0) ¢, (z,2)
Proof. We have

V"I(Re U(z,z)) = szg(O) - 0%g(0) = szg(O) .

and hence

Re U(z, 2) = V(2z°g(0)) = Re B(22°g(0))(z, 2)

H

zne(g(o)tbk(z. z))
We also have

v (m U(z,2)) = 2iz"g(0) - 0*ig(0) = 2i2°g(0)

As above, we then have Im U(z,Z) = -Re(iU(z,2)), i.e.,
Im U(z,z) = 2 Re(-ig(O)'ﬁk(zv z))

=2 Im(g(0)$, (z,2) . Q.E.D.
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The above theorem proves that ¢0 = exp(:n:2 + yz) is the
correct first pariicular solution of Bergman.

In [7] Bergman and Herriot assume that for T =4 the
approximations will satisfy the differential equation, and hence the
Maximum Principle, fairly well. A glance at Table 1 shows that
T = 4 does not produce such results. We have [ L(Re ¢0'4) | >4

and [[Lu | >4 for this example. So although this

12,48,4
approximation nearly satisfies the boundary conditions, it does not
satisfy the differential at all well. We searched the 8D for

"u - u12’4" 5p B the collocation result and also searched inside

% -
D. We found that [ju-u "8D =6.7%10"% while
* -
|(u - u Mx', y')l =4,5%10 3 for a point (x', y') inside D.

Thus, in this case, we have

% #*
lu - «®] > 6u - ¥,

and the Maximum Principle does not hold even approximately.

This shows that the error bound given in Theorem 4.1 must be used,
for in general Lu* will not be zero and the Maximum Principle
will not hold.

Example 1: The equation is
Au + (-4 + Z(xz + yz))u =0

on the squirkle with u(x,y) = x2 + yz on 9D. This example is

given by Bergman and Herriot in [7]. The exact solution of this
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problem is unknown.

Table 2 gives the results for this example. The "ERROR 1"
column gives [u - u*" sp 28 determined by a search of 3D
using the number of points given in the "SEARCH'" column.
"ERROR 2' gives a bound on the size of [[w] || Lu*“ . Thus,

by Theorem 4.1 we may write

ERROR1 + ERROR2 > flu-u'|
and we have an a posteriori error bound.

The symmetry relation (5.6) may be used to reduce the
amount of computation needed to solve a given problem. If the
boundary and boundary values are invariant with respect to rotation
about the origin by an angle of 2% /s where s is an integer,
then obviously the only ¢k that will be needed are the
¢ks, - for k=0, 1, ... . The routine takes advantage of this

k
fact and s 1is passed as a parameter to it. In the present
example we have 8 =4. The s used for each run is listed
under the 's'" inthe 'N,M,T,s8" column of Table 2.

The two very long collocation runs were made with the
FORTRAN version of Bergman and Herriot's ALGOL routines.

The rest of the runs were made with our own FORTRAN variable

2
truncation routines for Au + c(r )u =0,
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Example 2: The equation is

Au=0

on the ellipse x2 + t!,y2 < 1, with u(x,y)= sin(x) on 8D.

The results for this example are given in Table 3. No
symmetry properties were used for this example; i.e., 8 =1
was passed to the routines. No compilations were made and the
total running time for all runs was 69 seconds.

In this case, all the Q(n) are identically zero and hence
¢k, } 1is exactly equal to ¢k for all k. This means that we

have || Lu*" = 0 for all our approximations. We then have
* ¥
o - o < flu- ¥,

which may be estimated by the value "ERROR'' in the table.
One collocation run was made with the result that
-2
lu - u4" < 2.1%]0 using a 25 point search of 8D. The

4

Chebyshev result gave | < 5.0 100 ° with a

o= uy 10,4

25 point search of 8D. This is more evidence that collocation

is not the best method for solving elliptic boundary value problems.
The first seven runs in Table 3 are especially interesting.

There the number of terms is kept constant while the number of

boundary points is increased. It is seen that there is very little

to be gained by taking M very large. It should also be noted that
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for M nearly equal to 4N; namely, for N=6 and M= 28 we
have the best results observed. The relation M = 4N has been
used as a rule of thumb throughout our applications. As the results
show, it seems to work fairly well. For more oscillatory boundary
values we would have to use more boundary points, but for moderately
smooth boundary values, M = 4N works well.
Example 3: The equation is
Au-4u=0

with u=1 on 9D. The domain is the rhombus with corners
(11,0) and (0, *tan(x /12.5)). See Fig. 1.b. This domain has
four corners in it, and we should use the wk at these corners.
The corners at (0, * tan(r /12.5)) have an angle of 7 /(6.25/5.25)
while the corners at (#1,0) have an angle of % /6.25. Since the
solution at a corner a of angle 7 /a behaves like a polynomial
in (z-a)a. we see that the corners at (0, itan(r /12.5)) will
probably be more "important'' in the convergence process than the
corners at (% 1,0),

Table 4 gives the ‘re sults for this example. The parameters
"PAR" are described in the footnotes. The last two runs in the
table were made using no corner terms at all, i.e. » just the ¢k

were used.
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From Takle 4 it is seen that by using 4 of the ll/k at each
of the corners (0, itan(t /12.5)) and 10 of the ¢k' one may

*
obtain an approximate solution u such that

lu-u'] < 1.0%105

The last two runs in Table 4 show that the process converges

we

quite slowly if we use only the ¢ By taking ¢0, ceer O

k' 12°

can only obtain [[u I < 2.3 *10-2. However, by using

" %13,52,10
¢0' N ¢6 and 3 of the gllk at each of the corners
(0, ttan(%/12.5)) we may obtain u* such that [ju - u*" < 5. 7*10-5.
Both of these runs use a total of 13 particular solutions from the set
of all ¢k and gl/k. Thus the necessity of using the !//k for
obtaining fast convergence, in the presence of corners, is quite
apparent. By simply exchanging 6 of the ¢k for 6 of the ¢ K the
approximation is made nearly 300 times more accurate.

The relative "importance'' of the corners (£1,0) and
(0, *tan(x /12.5)) may be weighed by comparing the second and
third runs in Table 4. Exchanging the two l//k which were used at
each of the corners (11, 0) in the second run for one more q,’/k at
each of the corners (0, ftan(xr /12.5)) and two more ¢k in the
third run, the error bound dropped slightly from 7.3 % 10“5 to

-5
5.7%10 ", Thus, the singularities in the partial derivatives of u

at (£1,0) are, experimentally, much less important than those at
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the other corners. As mentioned above, this should be the case due
to the size of the angles at the respective corners.
Example 4: The equation is
Au-4u=0
with u=1 on 9D, where D isthe L-shaped domain in
Fig. l.c.

The results for this example are given in Table 5.

This domain is the classical example of a domain with a
re-entrant corner. The corner at (-;-, -%) has an angle of 3= /2
and is thus re-entrant. The first order partial derivatives of u
may be unbounded near this corner.

The fourth run in Table 5 shows that using only the ¢k does
not give good results, Using 25 of the ¢k we obtain the error

estimate [ju - u I < 0.23. This shows the very slow rate

25,88,10
of convergence that a re-entrant corner produces when only the

¢k are used. The last two runs in the table show that using the

¢k or the wk still results in very slow convergence rates. Thus,
the ¢k or the ¢ K alone are not enough to give practical rates of
convergence. A mixture of the two must be used. The proper mix
must be found experimentally. The first two runs illustrate this
quite well. By exchanging five of the ll/k for five of the ¢k the
error is nearly halved. Just what the optimal combination of ¢k
and wk should be is not at all obvious.
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Example 5: The equation is

Au + 4(-1 +':_]a-'(x2 + yz))u = 4x

2
on the ellipse x2 +4y <1, with u(x,y)=x on dD.
The technique of Chapter 10 was coded for polynomial
coefficients. Using the notation of that chapter and the

a posteriori error bound (10.7), we obtained:

6 15 15

| < 1.2%107° +2.5%10 "7 +5.3%10

o - tug, 35 15,10 20!
useing a 300 point search of the boundary of the ellipse. There is
no need to increase the number of points M because the

es' 32,15, 10 returned by the Bartels and Golub routine was

-7
8.9%*10 which is only slightly smaller than the searched-for

bound of 1.2 % 10-6. The total running time for this run was

40 seconds, including the compilation of the routine for computing

the particular solution u..

Example 6: The equation is

Au + xu_ +yuy + (x+y)u =0

2 Z
on the ellipse x +4y < 1, with u{x,y) = sin(x) on dD.

The general purpose algorithm for the construction of the

(]

. and the v,(/k was used to obtain:

7 8

lu-u | < 9.1%10° " 4+ 1.0%10" "

8.32.15l
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using a boundary search of 200 points, The es. 32, 15 returned
by the Bartels and Golub routine was 6.3 * 10-7. which indicates
that 32 points is sufficient in the fitting procedure.
The total running time, including compilation of the general

purpose algorithm, was 233 seconds.

Example 7: The equation is

2 2
Au+xux+yuy+(x+y)u= l1+x +y

2
on the ellipse x +4y2< 1, with wu(x,y) = sin(x) on 8D.
Using the notation of Chapter 10 and inequality (10.7), we

obtained

7 5

lu- _<_1.3*10'6+1.5*1o' +3.3%10

8,32,15,10 * ¥10'|
with a 200-point search of the 8D. There is no need to increasge

the number of points M because the e returned by

8,32,15,10
the Bartels and Golub routine was 9.3 * 10-7 which is only slightly
smaller than the searched-for bound of 1.3 % 10-6. The total
running time for this run was 266 seconds, including the compilation
of the general purpose routine for the computation of the ¢_  and

k

the routine for the construction of u.t
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APPENDIX 1

TABLES AND FIGURE



TABLE 1

METHOD N,M,T E ERROR1 ERROR?2 TIME
-5 -4

Cheby 12,48,(1) 1.3%10 1.9%10 1.1< <1.3 46

Cheby 12,48,4  2.8%10°% 4. 0%107> 2.0< 111

Colloc 12,23,4 --- 4.5%107°  2.0< 152
-7 -7 -9

Cheby 12,48, (2) 2.5%10 7.2%10 < 1.9%10 22

Cheby 12,48,6  1.3%10° 1.9%10°% < 0.24 16

The truncation vectors are:

(1): Tk=(36-k)/6 for k=0, ..., 11

6 if k=0, 4, 8, 12

20 if k=0, 4, 8, 12
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TABLE 2

METHOD N,M,T,s E SEARCH ERROR1 ERROR2 TIME
Colloc  32,63,4,1 --- 120 4.2%10 % 1/8 < 241
_Colloc  28,55,4,1 --- 120 1.3%10°° 1/8 < 211
-5 -4 -15
Cheby 12,48,(1),4 7.2%10 320 1.5%10 = <3.3%10 32
-4 -4 -14
Cheby 8,48,(2),4 2.2%10 320 3.1%10 = <2.1%10 28
Cheby 8,48,10,4 2.2%#10°% 300 3.1%10% <1.6%¢107° 18
-3 -3 -11
Cheby 12,48, (3),1 2.9%10 320 4,4%10 ° <5,8*10 34
-6 -5 -11
Cheby  24,80,(4),4 9.0%10 300  4.9%10 ° <9.4%10 113

The truncation vectors are:
20 if k< 6
(1);: T, =
k 1o if x> 7
20 if k< 4
(2): Tk=
10 if k> 5
20 if k=0,4,8,12
(3): Tk=
6 if k#0,4,8,12

15 if k< 12
(4): Tk=
10 if k> 13
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METHOD

Colloc
Cheby
Cheby
Cheby
Cheby
Cheby
Cheby
Cheby
Cheby
Cheby
Cheby

Colloc

N,M,T

6,11,1
6,20,1
6,28,1
6,36,1
6,44,1
6,52,1
6,60,1
4,10,1
5,12,1
6,20,1
7,30,1

4,7,1

TABLE 3

2.5%10
3.0%10°
2.8%10
2.9%10
2.9%10°
2.9%10
5.0%10
4.0%10
2.5%10

2.8%10
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6

6

6

6

6

6

4

4

6

6

SEARCH

100
100
100
100
100
100
100
25
30
40
100

25

ERROR

5,8%10
3.8%10
3, 0%10

3.2%10

3.1%10

3.1%10
3.1%10°
5.0%10°
6.2%10
3.7%10
3.3%10

2.1%10°



TABLE 4

METHOD PAR E SEARCH ERROR1 ERROR2 TIME
-7 -5 “10

Cheby (1)  2.1%10 200 1.0%10™° 4.1%10 82
-5 -5 -6

Cheby  (2)  2.2%10 72 7.3%107° 1,7%10 39
-5 _5 _6

Cheby  (3)  1.7%10 72 5.7%107° 9.2%10 34

Cheby  (4)  1.3%*107> 300  6.0%107> 1.4%10°%3 16
- - -13

Cheby  (5)  6.1%¥10°% 300  2.3%10°% 1.4%10 45

The parameters PAR are:

(1): Use 10 of the ¢k,8 and 4 of the wk,‘) at each of the

corners (0, itan(I /12.5)) and fit the boundary conditions

at 60 points.

2): 5 h £
(2): Use of the ¢k,10 and 2 of the l//k,,? at each of the

four corners of the domain and fit the boundary conditions at
52 points.

(3): Use 7 ofthe ¢k,10 and 3 of the wk,(: at each of the

corners (0, xtan(f/12.5)) and fit the boundary conditions at
52 points.

(4): Use 8 ofthe ¢ and fit the boundary conditions at

k, 10

92 points. Use the two-fold symmetry of the domain.
(5): Use 13 of the ¢k 1o 2nd fit the boundary conditions at
14

52 points.
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TABLE 5

METHOD PAR E SEARCH ERROR1 ERROR2Z TIME
-3 -3 -7

Cheby (1) 2.7%10 200  8.5%10 1.1%10 148
-3 -2 -7

Cheby (2) 2.2%x10 200  1,5%10 5.5%10 113
-2 -2 -7

Cheby (3) 2.1#%10 200  6.5%10 1.8%10 46

Cheby (4) 0.13 240 0,23 1.4%1078 138

Cheby (5) 0.031 160 0.13 6.9%10” 11 36

Cheby (6) 0.015 160  0.20 5.6%10 60

(1):

(2):

(3):

(4):

(5):

(6):

The parameters are:

Use 16 of the ¢ and 5 of the ¥

k. 10 Fit the

k,10°

boundary conditions at 80 points.

Use 11 of the ¢ and 10 of the !//k 10° Fit the

k, 10 0

boundary conditions at 80 points.

Use 8 of the ¢ and 5 of the ¢ Fit the

k, 10 k, 10°

boundary conditions at 48 points.

Use 25 of the ¢ and fit the boundary conditions at

k, 10
88 points.

Use 12 of the ¢

and just one of the ¥ Fit the

k, 10 k, 10°

boundary conditions at 48 points.

Use ¢ and fit the boundary conditions at

0,10’ "’ wlZ.lO
48 points,
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Figure 1
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