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CHAPTER 1

INTRODUCTION: THE PROBLEM OF INFORMATION REDUCTION 
AND BEAMWIDTH REDUCTION IN HOLOGRAPHY

The theory of holography was first proposed by Dennis Gabor in 
1948. He intended to use holography to improve the image in the electron 
microscope by recording the interference pattern of a specimen object 
and a reference beam on a photographic plate using a coherent light 
source. This attempt was not very successful because the reconstructed 
image could not be separated from its conjugate term. The lack of a 
suitable coherent light source at that time further restricted the 
effectiveness of his method. In 1962, E. N. Leith and J. Upatnieks 
introduced an offset reference-beam method to separate the desired image 
from its conjugate term. The advent of a highly coherent laser source 
enabled them to record an object and later to reconstruct a very im­
pressive 3-D image. The images reconstructed by their method are so 
life-like that a viewer can hardly tell whether he is looking at a real 
object or an image. Holography has now become a very popular and active 
research field. In recent years, holography has been applied to several 
scientific and industrial problems. One of them is the development of a 
3-D display system.

A hologram is a two-dimensional storage medium which records the 
wavefront of a 3-D object by recording the interference pattern of the 
object beam with a reference beam. After processing, if necessary, the 
wavefront of the object can be reconstructed by illuminating the hologram 
with a coherent light beam that is the duplicate of the reference beam. 
Viewing a hologram is like looking through a window—the observer sees a 
3-D image exhibiting parallax and the same field of view that would be 
obtained if the original object were there. The resolution of the recon­
structed image far exceeds the human eye's viewing capability so that 
the observer perceives no loss of resolution. These properties make the 
hologram an ideal recording device for a 3-D display system. There are 
engineering difficulties and system limitations, however, depending on
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the system task of a particular type of 3-D display system. In general, 
for a 3-D display system, the hologram aperture should be reasonably 
large to permit either several viewers to see the image simultaneously 
or to permit one person to see a 3-D object from different angles. For 
a movie system, thousands of holograms have to be made to provide a con­
tinuous movie scene. In a TV system, the information content recorded on 
the hologram must be transmitted from one station to another over a TV 
communication channel. Each of these two systems has its own character­
istics and limitations. The purpose of this dissertation is to study 
how these two systems might be implemented with the use of a hologram 
as a recording device.

The information content of a general hologram was first calculated 
by Leith et al. [12] and was found to be 10^ times greater than that of 
a typical TV picture. The information content of a hologram must be re­
duced before it can be transmitted through a TV channel. Several 
information-reduction methods have been proposed and studied [14-19], 
One method, called the scatter-plate method, appears to be the most 
practical technique. The method uses a transparent type of phase 
scatter plate (SP) between the object and the hologram. The SP scatters 
the wavefront of the object as it travels toward the hologram. A portion 
of the scattered light is recorded by a small hologram. In the recon­
struction process, the reconstructed wavefront propagates back through 
the SP, and a 3-D image is reconstructed at the original object position. 
To the observer, the SP appears to have the properties of a hologram; 
i.e. the image is 3-D, has parallax, and can be seen within the boundaries 
of the scatter plate. The information content which is recorded by the 
small hologram is much less than that recorded if a large hologram is 
used in place of the SP. This method was studied for several years by 
Haines and Brumm D.6,17]. Their principal goal was to determine which SP 
results in the best system performance. Unfortunately, their works do 
not specify the basic requirements necessary for the human eye to view a 
3-D object. Hence, they lacked a common criterion for comparing the 
performance of different 3-D display systems and pointing out the upper 
limits of the informâtion-reduction method.
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In this dissertation, Chapter 2 contains discussions of the concept 
of a space bandwidth plot of a hologram and the capability of a holo­
gram to provide a 3-D image space. Chapter 3 includes a comparison of 
the human eye's capability for viewing a 3-D object with the capability 
of the hologram to provide a 3-D object scene. A sampling method model 
is discussed which can specify the upper limit of the information­
reduction method. This model utilizes all the redundancy of the human 
eye in the holographic system and can thus be regarded as providing the 
optimum method for information reduction in holography.

In the scatter-plate method, the performance of which should never 
exceed the sample-method model, the problem of finding an optimum scatter 
plate was studied by means of rigorous mathematical formulation. In 
practice, this mathematical analysis is applicable to a two-dimensional 
transparent object. In the experimental study, a high-quality fly's- 
eye lens array demonstrates its superiority over other existing scatter 
plates. Chapter 4 is therefore devoted to the study of the fly's-eye 
lens array system.

In Chapter 5, a second type of 3-D display system which uses a de­
magnification process is described. This beamwidth-reduction method 
does not reduce the information content of the hologram; rather, it re­
duces the spatial extent of the wave fronts so that they can be recorded 
by a small hologram. This reduction is essential for a movie system, 
since the movie strip has to be small enough to be transported by a 
mechanical film drive. The object-beam reduction is accomplished by a 
lens system with a large diameter and low f-number (14 in. diameter and 
f/0.7). The reduced object beam is then recorded and later recon­
structed by the hologram. The reconstructed wavefront propagates back 
through the optical imaging system and forms a 3-D image at the original 
object location. The optical imaging system for this method does not 
require high-quality optical components because all the aberrations of 
the system are compensated for during the reconstruction process. Since 
information is not reduced in this method, the reconstructed images are 
excellent.
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There are other important factors which affect image quality and 
which are examined in following chapters. One of them is the aberrations 
of the reconstructed image caused by misalignment of the hologram and 
the imaging system. This problem is treated in Section 5.3 and experi­
mental verification is presented in Section 6.2. Other engineering 
problems such as film noise, system stability, movie production, and 
image inversion are studied in Section 5.4 and the solution of these 
problems are experimentally performed and reported in Chapter 6. A movie 
strip of 15 frames was experimentally made in the laboratory and used to 
demonstrate the feasibility in a 3-D movie system.



CHAPTER 2

THE SPACE BANDWIDTH PLOTS 
AND THE INFORMATION CAPACITY OF A HOLOGRAM

2.1. THE CONCEPT OF A SPACE BANDWIDTH (SB) PLOT OF A HOLOGRAM
Consider the general holographic recording configuration in Fig. 

2-1. An optical signal UQ(x,y) is propagating from the object aperture 
X toward the hologram aperture H; z is the distance between X and H. At 
the object plane, Uq(x,y) can be written as

CO QO
Uo(x, = J J Y exp[j2ir(fxx + fyy)] dfx dfy

—eo —tx>

where uQ(fx, fy) is the spatial frequency spectrum of U^x, y). This 
expression is valid for all x, y. As it is well known, the above ex­
pression can be physically interpreted as a decomposition of U^(x, y) 
into a collection of plane waves, each with the form

exp + V1!

for all x, y and each weighted by the weighting function uQ(fx, fy).

Since Uq(x, y) is zero outside the object aperture X, the physical 
interpretation of Uq(x, y) can have another form. Instead of Uq(x, y) 
being viewed as decomposed into a collection of plane waves with ex­
pression

exp [j 2n(fxx + fyy)]

for all x, y, the plane-wave expression can be such that it is non-zero 
only for |x| < X, [y] < X; Uq(x, y) then becomes

— 5 —
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Figure 2-1.
General holographic recording configuration
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co co ,
V*»  y) ■ / / "o^x- fy> "k. y. fx. fy) «x «y 

— co ■ co

where
j exp[j2n(fxx + f y)] |x| < X, |yj < X

h(x, y, fx. fy) = (
I 0 elsewhere

With this interpretation for the optical signal UQ(x, y), we can discuss 
the propagation of Uq(x, y) from the object aperture to the hologram 
aperture.

Each space-limited plane wave h(x, y, f^, f ) will propagate from 
aperture X to H according to geometrical optics. The field U(x, y) at 
any particular point (x, y) in the hologram plane can be expressed as 
the summation of all the plane-wave components that reach the point 
(x, y). For simplicity, only one small element Ay in the hologram plane 
will be considered from now on. From simple geometry, it can be seen 
that the highest frequency component and the lowest frequency components 
of the E-M field U(y, fy) at Ay have a frequency difference equal to 
sin 6/A; 6 is the angle subtended by the object aperture X at the holo­
gram H, and A is the wavelength used in the system. The angle 0 at a 
different element Ay along the hologram plane is a function of y and is 
given approximately by

X 
z

For the case where z » X and z » H, 0 is approximately a constant, 
i.e. the spatial frequency bandwidth at different small recording elements 
Ay along the y axis in the hologram is a constant. However, the absolute 
frequency in each Ay element along the y axis relative to the zero fre­
quency will not be constant. It is given by sin 0'/A = y/z as shown in 
Fig. 2-1. Using a Cartesian coordinate system, let one axis represent 
spatial frequency f and the other axis represent spatial distance y 
along the hologram, the so-called "space bandwidth plot" of a hologram 
can be plotted as shown in Fig. 2-2. At any particular coordinate point 
y, Ay 0 and the instantaneous spatial frequency is regarded as a function
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H
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Figure 2-2. The SB plot of an objet X at the hologram H
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of spatial distance y. The highest and the lowest Instantaneous spatial 
frequency at the point y is approximately

fh(y). y)

and

VD -
respectively. The bandwidth at any point y is equal to

sin 6 X 
A = Az

In order to record the E-M field U(y, fy) on the hologram, the wave­
front should be sampled so that the information content can be stored 
digitally. The number of samples per unit spatial distance y is equal 
to the bandwidth of the field U(y, fy) at any particular point y. 
Hence, the total number of sampling points in the hologram plane is equal 
to the product of the spatial bandwidth X/Az and the aperture H of the 
hologram. This is the so-called space bandwidth product and it is given 
by (SW)H - XH/Az. In Fig. 2-2, the value XH/Az corresponds to the area 
bounded by the highest and lowest instantaneous spatial frequency and 
the hologram size ±| H. In the following analysis, the concepts of the 
space bandwidth (SE) plot and the SB product (SW)H are of primary im­
portance in understanding the information capacity of a holographic 
viewing system. In the next section, the SE plot is presented for several 
cases to show the powerful analytical method which this concept makes 
available.

2.2. THE USE OF SB PLOT IN A HOLOGRAPHIC SYSTEM
2.2.1. THE SB PLOTS FOR VARIOUS HOLOGRAPHIC RECORDING CONFIGURATIONS 
In Section 2.1, the concept of SB plot for an E-M field U(y, f ) at 

a hologram H was introduced. In the practical holographic recording 
system, the intensity rather than the E-M field itself is actually re­
corded. Moreover, a reference beam is usually needed in the recording 
process. It is thus highly desirable to investigate the SE plots for
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various recording configurations. They are listed below:
A. The SB plot of the intensity of the E-M field at the 

hologram plane. The SB plot in Fig. 2-2 is for the 
, field U(y, f^) at the hologram plane. Since the inten­
sity is equal to the product of the field and its conjugate 
the spectrum of intensity at any point y is the autocorre­
lation function of the field spectrum at y. Hence, from 
Fig. 2-2, the SB plot for the intensity of U(y, f^ at 
the hologram plane is as shown in Fig. 2-3.

B. The SB plot of the intensity when a collimated reference 
beam is used. In a general holographic recording system, 
a reference beam is usually used to separate the desired 
image from its conjugate terms. If a collimated reference 
beam is perpendicular to the hologram and the object field 
(as in Fig. 2-1), the SB plot for the field is like that in 
Fig. 2-4 where the collimated beam is represented by a 
^-function along the y axis. The SB plot for the intensity 
of the above field is the autocorrelation function of the 
frequency spectrum at each y. Hence, the SB plot for the 
intensity is given by Fig. 2-5. In Fig. 2-5, Branch A is 
the SB plot of the real-image recording; Branch B is the 
SB plot of the virtual image recording; and Branch C is 
the SB plot for the autocorrelation term of the object 
itself. The autocorrelation term of the reference plane 
wave itself is an 0-function along the y axis. This plot 
illustrates that the real and virtual images cannot be 
separated because Branches A and B are inseparable by any 
simple reconstruction 6-function. If the 6-function in 
Fig. 2-4 is lowered to a negative frequency so that it 
does not overlap the object field SB plot, then complete 
separation between real image and virtual image can be 
achieved upon reconstruction. In this case, an off-axis 
collimated beam is used as reference for recording and 
reconstruction. The exact value of the off-axis angle
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H

6 - function represents 
on-axis collimated reference 
beam

6 - function represents 
I off-axis collimated 
/ reference beam

Figure 2-4,

Space bandwidth plot of a hologram with collimated 
reference beam
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Branch C

Branch A

Branch B

Az

z A

z A

6-function for the 
autocorrelation term 
of the plane wave itself

2 X 
Z A

Figure 2-5.

The SB plot of the intensity of a hologram with an on-axis
collimated reference beam
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required for the separation can be easily obtained by 
the SB plot in Fig. 2-4.

Th® SB plot of the intensity when a point—source reference 
is used. If a point-source reference is used at the center 
of the object aperture X, the SE plot of the point—source 
reference is a ô-function located at y/Xz for each y (see 
Fig. 2-6). The SB plot for the intensity of the point-source 
and the object X should be the autocorrelation between the 
d-function and the SB plot of object field in Fig. 2-6. 
The SE plot for the intensity in this case is shown in 
Fig*  2—7. The real and virtual image branches are now 
coincident with each other (Fig. 2-7), but the actual 
spectrum values for the two branches are different. With 
the point-source reference at the center of the object, 
the problem of separating the real image from the virtual 
image remains. This problem can be solved by putting the 
point reference away from the object aperture, both in 
recording and reconstruction. The exact position at which 
to locate the reference point can be determined from the 
SB plots of Figs. 2-6 and 2-7.

In summary, the SB plot of an E-M field is different from that of 
the intensity of an E-M field. The image of the object X can be recon­
structed exactly in three dimensions only if the SB plot shown in Fig. 
2-2 can be reconstructed exactly. Since the hologram can only record 
the intensity of an E—M field, a reference beam is usually needed to 
assure that the E-M field can be reconstructed after recording. A 
reference beam that is a 6-function in the SE plot is a carrier medium 
in the recording and reconstruction operation. A reference beam changes 
only the position or the shape of a SB plot, not its information content, 
i.e., the space-bandwidth product of an object field in the hologram is 
preserved although the SE plot varies in the process.

2.2.2. THE DUAL ROLE OF THE SB PLOT OF TWO APERTURES
The information content (i.e., the space-bandwidth product) of an 

SB plot is preserved when a reference beam is used to change its position 
or shape in the recording or reconstruction process. Figure 2-2 shows
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H

Branch B represents 
virtual image

<5 - function represents a 
point source reference at 
the center of the object

Figure 2-6.

The SB plot of a hologram with a point- source 

reference at the center of the object
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the SB plot on an aperture H caused by an optical signal at aperture X 
When a hologram is used to record all the information that reaches 
aperture H and to reconstruct the real image of the original signal at 
aperture X, we assume that all the space limited plane-wave components 
of the signal are reconstructed geometrically. The SB plot of the 
original signal is shown in Fig. 2-1; Fig. 2-8 shows an SB plot of the 
reconstructed signal. The signals are, of course, conjugates of each 
other, but a more detailed study reveals the following relations :

1. The area of the two SB plots are equal:

e'» the information content has been preserved with 
the above propagation assumption.

2. The frequency bandwidth of one SS plot is proportional to 
the size of the other aperture:

Frequency bandwidth on H = (BW) X 
AzX

Frequency bandwidth on X = (BW)^ = yL

3. The central frequency functions are straight lines through 
the origin with opposite slopes for two SB plots:

fy " H for “• Az for X

4. The intersections of the high-frequency boundary line and 
the low-frequency boundary line of one SB plot with y axis 
gives the size of the other aperture.

Recognizing the relationship between the two plots, we can use them 
to study the effect of increasing one aperture relative to the other or 
shifting one aperture from one plane to another. In fact, these two SB 
plots depend only on the size of the two apertures and the distance be­
tween them. The plots play a dual role in the SB plot related to infor­
mation transmission and are very important to the understanding of some 
sections in this dissertation.



tan 0 = À z I

F"

I H
X Z

SB plot on aperture H 
caused by an optical 
signal at X

SB plot on aperture X 
caused by an optical 
signal at H

Figure 2-8,

The SB plot of two apertures H and X
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2.3. THE DISTRIBUTION OF THE IMAGE RESOLUTION AND INFORMATION CAPACITY 
OF A HOLOGRAM

2.3.1. INTRODUCTION
Since the advent of holography, there has been much speculation 

about the possibility of a 3-D movie system. The hologram is superior 
to other methods for recording three-dimensional imagery if the required 
number of resolvable points in depth is sufficiently large [1,2] and if 
the object is viewed by the human eye so that the signal-to-noise ratio 
at different object planes is not a problem [2]. In a three-dimensional 
holographic viewing system, we are concerned about the image resolution 
and the number of reconstructed image points in space, as well as with 
the recording data in the hologram plane which provides such a 
reconstruction.

The resolution and the information capacity of a hologram have been 
discussed in the literature by various people [3-5]. Studies of reso­
lution have been based on either other considerations [5] or on the 
assumption that the resolution is strictly limited by the hologram 
aperture [3,4]. Based on the hologram-limited resolution, A Macovski [3] 
has calculated the maximum object extent and the number of resolvable 
object points in the object space. In this section, we intend not only 
to consider the hologram-limited resolution but also to consider all 
the object space which can be reconstructed, either by the whole aperture 
of the hologram or by only part of it. With this approach, the basic 
capability of a two-dimensional hologram plate to record a three­
dimensional object scene is revealed. When a hologram of a finite 
spatial frequency is used, the object space can be divided into different 
sections according to the specific value of the spatial frequency, the 
hologram aperture, and the location of the reference beam in use. If 
the resolution is limited by the full aperture of the hologram, that 
space section is denoted as the "H-limited" section; if it is limited 
by the spatial frequency F*  of the hologram, it is denoted as the "fx- 
limited section; and if it is limited by the hologram aperture on one 
side and the spatial frequency on the other side, it is denoted as the 
”HFx-limited” section. The number of resolvable object points at each 
section plane is calculated. Then the number of resolvable points for
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the volume of each section is calculated. Gabor's on-axis hologram is 
first considered in detail. Studies are then extended to the offset 
case in which an object space is separated from its convolution term by 
an offset reference beam. The object space separated in this way has 
much less information capacity than the on-axis object space. Both a 
point-source and a plane-wave reference beam have been used in this 
study.

Throughout the section, the hologram is assumed to be a square with 
width W. The spatial frequency of the emulsion is assumed to be the 
same in both x and y directions and is denoted by F%. Using the sampling 
theorem, we define n as the total number of definable elements in each 
dimension, corresponding to the number of lines in a television system. 
Thus, n is related to F% by n = 2wF% where each cycle defines two inde­
pendent samples.

2.3.2. THE DISTRIBUTION OF THE IMAGE RESOLUTION AND INFORMATION 
CAPACITY OF A HOLOGRAM FOR WHICH AN ON-AXIS REFERENCE 
POINT SOURCE IS USED

Consider a general object point in the object space of a holographic 
recording system. With the paraxial approximation, the field disturbance 
at the hologram plane caused by this object point is

U(x, y) = Uo exp ^j [ (x - x±)2 + (y - yp2

where (xp y±, zp are the coordinates of the object point and (x, y, 0) 
form a general point in the hologram plane. If an on—axis point source 
is used as a reference, the disturbance at point (x, y, 0) on the holo­
gram resulting from this reference point source (0, 0, z^) is

[le 9 9 1j 2^ (% + y )] 
o

The intensity at (x, y, 0) caused by the interference of those two points 
is thus

I - |R|2 + |U|2 + U*R  + R*U  - U2 + R2 + 2U R cos 6 
o o o o
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where

The instantaneous spatial frequencies are given by

xf 
X

1
^1

1

(2^~l M 
3X

where fy are functions of both object coordinates and hologram co­
ordinates. If we set the instantaneous spatial frequencies equal to the 
spatial cut-off frequency FX of the hologram emulsion, we can find an 
important relation between object coordinates *i and hologram coordinates

*i ■ -<*1  - V (2-1)

Equation (2-1) shows that at the plane - z°, the maximum extent 
of the object space is limited by the spatial frequency F and is inde­
pendent of the hologram size. In this plane, the object extent in one 
direction is denoted by X°. Hence, X, - Iz^ or F, = as shown
in Fig. 2-9. For planes with > zq, the object space has two important 
boundaries denoted by Xm and Xm is the maximum object extent 
within which the object point forms its maximum spatial frequency 
at the edge of the hologram which is less than the spatial cut-off 
frequency F% and, hence, can be reconstructed by the whole aperture 
of the hologram. If Eq. (2-1) is used, X is given by

Xm - -<zi " (SF) + 

or

Xm (2-2)
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where W is the hologram aperture. is the boundary of the object 
space beyond which no point can be reconstructed by the hologram. Between

' xm and Xb, the object point can only be reconstructed by part of the 
hologram aperture. This is so because the spatial frequencies formed by 
the object point in part of the hologram is higher than the hologram 
cut-off frequency and thus cannot be recorded by the hologram. The 
resolution of the image within this region is HFx-limited; can be 
found to be

\ - (=1 - v GF) 

' o
(2-3)

Io Fig. 2—9, we assume 2X^ < W. In this case, the object space can 
be subdivided into four sections: I, II, m, iv as shown in Fig. 2-9, 
each having boundaries X^ and X^ The values of X^ and X^ in section I 
are given by Eqs. (2-2) and (2-3). The corresponding values of X and TO

at other sections can be easily obtained with the help of Fig. 2-9.
Within each section, consider a general plane z = This plane is 
subdivided into nine pieces by the two boundaries X^ and X^ in the x 
and y directions. Because of the symmetry of the system, there are only
three different regions. They are labeled by A, B, and C in Fig. 2-10,
which shows the subdivision of the plane z = z^ In the analysis which 
follows, different space regions in each section will be referred to as
IA, IIB, and so on.

With the space regions defined and the fundamental boundary equations 
given above, the resolution distribution and information capacity in each 
section can be determined. In section I, the boundary equation X and m

is given by Eqs. (2-2) and (2-3). The resolution between ±Xm is given 
by AZj/W, which is H-limited. For points between X^ and X^, the reso­
lution aperture is limited by the hologram on one side and by the spatial 
frequency on the other. A typical point K in this region is shown in 
Fig. (2-9). The resolution aperture of this point is

where x*  is the value of x obtained from Eq. (2-1) and is given by
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2X

2X

Xi

Figure 2-10. The subdivision of the object space 
regions at a typical object plane 
for a point-source reference case
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x* XiZo ~ zixo 
zi ~ zo

The resolution at point depends on the coordinates x^î

X 2, 

X
f-x' (2-4)

This complicated expression can be simplified for a given plane z
we shift the coordinate
of this new coordinate

to a new coordinate x| 
x|, is given by

A = x
iif

- X^. In terms

^Zj(ZO - Zj) 
zoxi (2-5)

it
xi

is also advantageous 
△ to express R in terms of

- Xm, which yields
another coordinate

^i 
xV z 

W + —— ° z o

(2-6)
- z

The resolution distribution along the x± axis in section I (shown in 
Fig. 2-lla) can now be plotted with the help of Eq. (2-4) or Eq. (2-6). 
Within iX^, the resolution is H-limited; between X^ and X^, the reso­
lution is HFx-limited and is a variable given by Eq. (2-4) or (2-6)

For a typical plane z
object 
number

points in each region
of resolvable points is

in section I, the number of resolvable 
can now be calculated. Between ±X , the m

/X . m
N x

—X m

dxi 
^i 
W W

Between X and m X^, the number of resolvable points is
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\ dx.

" Z1)

(«£ - zQ)W
2Az z. o i

. The total number of resolvable points in one dimension is thus

2X W _Q_ (2-7)

The total number of resolvable object points is the same as the number 
of resolvable recording elements in the hologram. If two dimensions are 
considered^ the total number of resolvable points in two dimensions is 
given by n which is equal to the total number of resolvable recording 
elements in the hologram. This fact proves a fundamental principle: 
as the wave propagates from one plane to another, the number of re­
solvable points in space are preserved. Only the resolution distribution 
changes. In each section, the total number of resolvable points is n2, 
even though the resolution distribution for each is different. The number 
of resolvable points in each plane region is given by

2^ozi

The total number of resolvable points in plane z

Nfc - N(IA) + 4N(IB) + 4N(IC) - n

N(IA) =



3 
a
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which verifies the results of Eq. (2-7). To discuss the number of re­
solvable elements in the volume of each region in section I we use the 
same notations (IA or IIB). To find the number of resolvable points in 
volume IA, we define the resolution in depth by

This is consistent with the definition of lateral resolution, for which 
the Rayleigh resolution criterion is used [8]. The number of resolvable
points in volume IA is thus

» da,. r r dyi
V

fl w4 „
I 4 

0

With the help of the following relations

X x.5 
zo Z1 ' Wzo

x
? z? zV

0 1 O

Eq. (2-8) is found to be

, .3
, 1 /2X wv , _ _

(2-8)
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Determination of the number of resolvable points in volume IB and 
IC poses special problems. Since the resolution elements in such regions 
are not a square, it is difficult to define the resolution in depth. If 
the resolution in depth is always measured in the x direction, N (IB) is 
given by v

N/IB) =

where \ - y + x' is given in Eq. (2-4).

The above integration can be carried out by changing x to 
~ X&, which yields

In the same fashion, N^IC) is given as

i____ 
/ZA2^i

A x
^1
A y

NV(IC) dxA dy± dz

and is found to be

VIC> = I • 1 | “3 •

The total number of resolvable elements in volume I is

Nv(I) = Nv(IA) + 4Nv(IB) + 4Nv(IC) = | n3 .

A reasonable way to define the resolution in depth for rectangular reso 
lution elements with length A*  and width Ay is to define the resolution 
in depth by the largest dimension of the resolution elements, i.e.,
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2
when A > A . x y

With this criterion, and N^(IC) are given as follows:

Nv(IB) -
z o

dxi dyi
AZi Az^ 

~Â“ * ~

n3

^i
Ax

dx. dy, dz i i i__

I A 
x x

1
2

1
8

I . I . A n3 6 2 12 n

The Nv(IB) is the same as before, but N^(IC) must be treated in two 
parts and the results are slightly different. In this case, N (I) is 
found to be | n3, which is close to ~ n3. Another possible definition
of resolution in depth is to define it as

•*(4
With this definition

= I * | | h3

V^)B r r l "3
V1) ■ i * "3 Which is also close to n3.
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We thus conclude that, on the average, the criterion of the resolution
in depth in our first approach is reasonable and the total number of
resolvable points in section I is n3 

6
The derivations of the resolution distribution and the information 

capacity in sections II, III, and IV are quite similar to those of 
section I. The basic mathematical results are summaried below.

The resolution distribution on a typical object plane for sections 
II, III, and IV are given in Fig. 2-11(b), (c), and (d), respectively. 
The shape of each resolution distribution is similar, although the 
mathematical expressions for each is different. The total number of
resolvable points in any object plane z = z± is found to be n2 in all 
four sections proving that the information content is preserved in wave
propagation. The resolution distribution along the z axis in Fig.
can also be plotted.
than at the hologram.

The finest resolution occurs at the point Zg
2-12 
rather

The resolution at Zg is given by XZg/W.
The number of resolvable points in each volume region is also calcu­

lated and the results are listed in Table 1. The results in section IV 
are not the same as in the three other sections primarily because the 
infinite limit in the z^ integral prevents some of the terms from sub­
tracting out. Since Nv(IV) is smaller than n3/6 if Xq > 0, the total 
number of resolvable points in all four sections is between n3/2 and 
2n /3. This value is more than three times the value of the volume 
region IA + HA, which is the H—limited object space defined in 
Macovski's paper [3].

Thus far, only the case where 2X@ < W has been considered. If a 
high-resolution film is used, then F is large and 2X > W. In this x o
case, sections I and IV become one section (V), while sections II and 
UI remain separate. The number of resolvable points in each new region 
is defined and calculated in Table 1. As Table 1 shows, N (V) has its 
minimum value n /6 when n = W /Xz^ or 2X^ = W. Moreover, no matter how 
large n is, N^(V) < n /3. Hence, the total number of resolvable points 
in all object space is between n /2 to 2n3/3, exactly the same range as 
for the previous case.
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TABLE 1 .
NUMBER OF RESOLVABLE OBJECT POINTS IN DIFFERENT SPACE REGIONS 
FOR THE OBJECT SPACE USING AN ON-AXIS POINT-SOURCE REFERENCE.

•pace 
Metier

reg­
ion i

dlfinition of the number of resolvable points in 
volume space regions

results for eacl 
space region

total number of 
resolvable points 
in each section

A N/IA) 6

*V(M) -

rs "i 'Xi d,i
1.13 N/I)

I *
\ r

J-x.
rs ^i dXi dS

6 ' 2 n

1 . 1.1 3

- \<I*)  

♦ 4Nv(IB) 

♦ 4 H (IC)
. J x. - x •

6 2 e ° V

g %(IC) i
s r\ ( s ^i dXi d,i 1 . 1 . 1 „3
. J J ». ■ ~F"1 "x1 * 

X y x

6 2 8 °

-

A Nv(IU) à
rS r\ ^i dXi d'i 1 . 1 „3

^(li)

•-S J-s 6 2 ° - HV(IU) 

♦ 48^(118)

XI
■ HV(IIB) -

rs rs.
^i dS d’i 1.1.13 * 48^(110 

’I"3
s J s *2

6 2 8 °

c N/IIC) &
. । ^i dXl dli 1.1.13

s J S J ’2
T "'s''

6 2 8 °

* ■v(nu) -
rS rS rs d'i "i NV(HI)

J 0 4(S. - xp l(x. - x^ -. «/• ' V
- N^CIIIA)• S J S 2X. 2X. U( 2X. 1

■ i 
6 •i'

♦ 48^(1118) 

+ 4M (IIIC)

XII
■ *vCim> ■

r\ rs r ^i dXi d,i .1.1.1-3

■ •|W

k 'S
J,

Is. X(x, - x.) x
/ * 2X. 1
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TABLE 1 (continued)

A
SUVA) a fX* C*  r -, . ______________ Kr(IV) 

- Kv(IVA) 

* 4* v(m)

.1.1. [g--.ya*13
+ 4Ny(IVC)

B
N (IVB) “ P C' f > ^ "'1

.^-^3
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c
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2.3.3. THE GENERALIZATION OF THE SYSTEM MODEL AND THE USE 
OF THE OFFSET POINT-SOURCE REFERENCE BEAM

In the previous section, we have analyzed the resolution distri­
bution and calculated the information capacity in different object space 
regions of a hologram using an on—axis point—source reference. The 
analysis can be extended to a more general case in which the point­
source reference is not in the center of a hologram. In practice, an 
offset reference is usually required to separate the desired image term 
from its undesirable |u|2 term. The results obtained in the on-axis 

case can be applied equally well to the more general case, in which the 
reference is offset from the central axis. In Fig. 2-13, a point-source 
reference is located a distance s from the central axis. The field 
disturbance at the hologram plane thus becomes

Following the same derivation we used before, we get

I (Z1 - %)
z o

1
(2-9)

Considering the x direction only and setting 
have

Zi “ Zo in Eq* (2-9), we

f 1 f ± Zi
"TT + (2-10)

1 \ O '
X

If fx " ±Fx and Fx " 2xz“ when s = 0, we solve Eq. (2-10) for x : 
o 1

X o = -s ± (2-11)

Equation (2-11) indicates that the object extent in the plane z - z is 
wide but is lowered a distance s away from the central axis. The 

corresponding curve for and in Fig. 2-13 can be obtained from the 
following two equations by setting x = ±W/2:
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Xi fix zl"
"TB 

o
(2-12)

(2-13)

■(zi " T*

o % °

Equations (2-12) and (2-13) are obtained from Eq. (2-9) by setting

fx =
z _ o

2Xzo

A comparison of Eq. (2-12) to Eq. (2-1) reveals that the only difference 
between an offset reference and an on-axis reference is a z s/z shift 

ioin coordinates At a given plane z = z^, all the coordinates x^ are 
shifted by a constant z^s/z^ Hence, the resolution distribution at any 
given plane z = z^ is the same in both on—axis and off-axis cases. The 
number of resolvable points in both two-dimensional planes and volume 
regions should also remain the same. The location and the configuration 
of the space region is changed slightly according to the curves shown in 
Fig, 2-13. The curves in Fig. 2-13 can be obtained with the following 
equations for X^ and X^ when x = ±W/2 in Eq. (2-12):

u zCurve 1. Xm = -(z± " zq) ^ + — (X - s) 
o o

Curve 2. - -(^ - %) (X - s)
o o 

w z^Curve 3. X^ - + 2<>) — + -1 (X - 5)
o o

Curve 4. X. - (z^ * A (Xq - s)
o o

practice, however, these curves can be obtained by drawing lines be­
tween four corresponding points (±W/2, 0; ±Xq> zq), as shown in Fig. 
2-13. Once the curves are drawn in the space, the resolution distribution 
and the information capacity in different space regions can be readily 
understood.
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We now turn our attention to the problem of separating an object - 
space from its |u| term. Separating a plane object in a plane z = z 
from its |U[ term is different than separating a solid object from its 
|U| term. Consider a plane object with width L in the plane z = z in 
Fig. 2-14. To separate this object from its |u|2 term with the use°of 
a point-source reference at the same plane z = zq, the point-source 
reference is put at a distance 3L/2 from the center of the object. How­
ever, for a solid object, such as the one shown by the dotted line in 
Fig. 2-14, the maximum frequency f*  formed by this object depends on the 
shape and the orientation of the object space. Moreover, for any reason­
able object space, the maximum spatial frequency usually occurs at the 
edge of the hologram. Assuming that the dotted object in Fig. 2-14 is 
rectangular and is symmetrically centered on the central axis of the 
hologram, the maximum spatial frequency of the object space is contributed 
by the two points at the corner of the object and subtends a maximum 
angle at the edge of the hologram. If a point-source reference is used 
to record the object and the reconstructed image is to be separated from 
its |u[ term, the reference source has to be at the plane z = z and 
3L'/2 distance away from a new plane object L* , which is larger than L 
(see Fig. 2-14). The object space, reconstructed in this way has a reso­
lution limited only by the hologram aperture. In fact, the whole region 
bounded by the four points a, b, c, d, in Fig. 2-14 can be reconstructed 
and separated from its |ü| terms with a resolution limited only by the 
hologram aperture. Moreover, the object points outside this region can 
also be reconstructed separately from their |u|2 terms although poorer 
resolution results. In Fig. 2-14, > z^, any point above curve A can
be separated from its |ü|2 term; when z± < zq, all the points above 
curve B can be separated from their |U|2 term.

When we say those points in regions outside a, b, c, d, and above 
curve A for > zq and curve B for z^ < z^ can be separated from their 
|u| term with poorer resolution, we don’t mean that we can practically 
put the object points in such regions in the recording process. In the 
recording process, an object point in these outside regions has to have 
a poorer resolution to begin with. The object points between curve A and 
B for either z^ > zq or z^ < zq cannot be separated from their |U|2



- 39 -

tn|™

S 
«J

0 
c 
a)

U
O

O 
O 
l<

. 3 O 
\ O UV) a I O 
SS 
•h m
O 0) 
04 M

\
\
\
\\

\
\
\
\

// 

/
/

/

\ ' 
\ 
\

\ 
\
\

-7
/ 

/
/

\

\

/ 

/ 

/ 
/

/ 

/

' I
\ I 
U

L-
\ 
\ 
\
\ 
\

r;

U

N /U 

/ 

/ 

/

H 
I 

CM



— 40 —

terms (even though we can tolerate poorer resolution for these points) 
because the rays of the | U| term propagate through the aperture 2L' 
centered at the reference point and will interfere with the object point 
in this region. Clearly, for given holographic recording data in terms 
°£ Fx’ W’ zo’ "h™ a point-source reference beam is used, there is 
an object space which can be separated from its |U|2 term. This object 
space is the shaded area in Fig. 2-15 which is a duplication of Fig. 
2-14, except the reference point source is at the central axis of the 
hologram.

Now, the total number of resolvable points in such an object space, 
as well as the number of resolvable points in each section region, will 
be found. The object aperture L' is now equal to Xq/2 centered at 3X /4 
in Fig. 2-15. Curves A and B are also shown in Fig. 2-15. As we have 
just pointed out, only the shaded space region can be separated from its 
l”l reconstruction in the set-up of Fig. 2-15. Our goal
here is to calculate the number of resolvable points in each space region 
in the shaded area. Since the offset is only in the x direction, the 
space region in the y direction is still the same as the on-axis case. 
Because of the existence of two additional curves labeled A and B, the 
space region for the shaded areas in x direction has to be subdivided 
into six different regions for the calculation. These space regions are 
denoted by f, II', III', IV, V, and VI', as shown in Fig. 2-15. The 
equations for curves A and B are given by

Curve A

Curve B x;

2

X o
2

z o

z o

The curves for X, and X^ are still defined as before. At a typical plane 
Z ° 2i 1“ sectlon I' and II', the six divisions of the plane in the shaded 
area have been made as indicated in Fig. 2-16(a) and four of them have to 
be treated separately. These are denoted by B', C', D', E' In Fig. 
2-16(a). In sections III', IV, V, VI', the space has been divided into 
three regions as shown in Fig. 2-16(b); two of them, denoted by B' and C, 
have to be treated separately.
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X’

m

2X

2X

2X

2Xm

2X.
2Xm

(a) for space sections I* and II

(b) for space sections III ,IV ,V ,IV

Figure 2-16. Subdivision of the object space regions at a 
typical plane z - z± for the case of Fig. 2-15
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The detailed treatment is not given here but the results are 
listed in Table 2, where the integral expression for each space volume 
is defined. A comparison of the results is also given in Table 3. In 
Table 3, for the case 2Xq < W, the number of resolvable points decreases 
very rapidly from region I*  or II*  to III*  or V*  (about 5 times) and 
from III*  or V*  to IV*  or VI*  (about 16 times). In the space region VI*  
the integral is from to infinity, so the result does not end with a 
simple expression in terms of n3. The result is given by

which is also shown in both Tables 2 and 3.

When 2Xq > W. the value of Nv(VI*)  is negative which indicates that 
the space region VI*  does not exist when 2Xq > W. In fact, when 
2Xo > W’ space sections V*  and VI*  become one space section. The number 
of resolvable points in this case can also be found and the results are 
shown in Table 2 as section VII*  & V*  + VI*.  The total number of re­
solvable points in section VII*  is

1
2N (VII*)

2 A2 Y 

vV (2-14)

This equation gives the same value as N/V*)  when 2Xq = W, as it should, 
since in this case, N^(VI') = 0. Moreover, from Eq. (2-14), N (VII*)  
will be a negative value if Xq/2 > W. This is thé case when section 
VII’ and section I*  become one (section VIII'). The number of resolvable 
points in section VIII*  is also listed in Table 2 and the total number 
of resolvable points in section VIII*  is given by

1
2

1 
16 (2-15)

To check the validity of this expression, we let X = 2W in Eq. (2-15) 
and verify that it is equal to

v1’’ 4 4
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TABLE 2
NUMBER OF RESOLUTION OBJECT POINTS IN DIFFERENT SPACE REGIONS 

FOR THE OBJECT SPACE SEPARATING FROM ITS |u|2 TERM BY
AN OFF-SET POINT-SOURCE REFERENCE

space 
sectio

reg-| definition of the number of resolvable points in 
n ionsl volume space regions results for ee 

spsce region
ich total number of 

resolvable points 
in each section
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The results for the number of resolvable points in each section for 
three different cases are listed in Table 3. In no case, however, is 
the number of resolvable points in this offset case larger than 
(1/16 ) . (19n /3). If this case is compared with an on-axis case which 
has between n /2 and 2n /3, the total number of resolvable points in 
space for the latter is about 20 times greater. With the number of re­
solvable points defined in each space region and the results obtained 
in Table 2, we can compare various regions in various cases.

2.3.4. THE DISTRIBUTION OF THE IMAGE RESOLUTION AND INFORMATION 
CAPACITY OF A HOLOGRAM USING A NORMAL PLANE-WAVE REFERENCE 

When a plane wave is used as reference, the analysis can be carried 
out in about the same way as for a point source, except that

R = R e~3Mx 
o

where g is related to the incident angle 6 by 8 = sin 0. The intensity 
at the hologram plane caused by R and a general object point is 
I “ R + U + 2R U cos 6 where 0 o 00

6 " Qx - xp2 + (y - yp2 + 28^x^

The instantaneous spatial frequency is given by

~ (2-16)

fy * (? - Xp

If we first consider the case in which the plane—wave reference is 
normally incident on the hologram, we then have a symmetrical configur­
ation in both the x and y directions. The structure is plotted in Fig. 
2—17 and can be compared with the point-source case shown in Fig. 2—9. 
If the f% in Eq. (2-16) is set equal to the spatial cut-off frequency 
of the hologram F and if 8 ■ 0, the relation between x. and x is found * 1 to be
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nXz.
xi ■ V=1 - " - VZ1 - x - 4]^ - - (2-17)

Xm a"**  can be found from Eq. (2-17)

«.-34

From Fig. 2-17, It can be seen that we have two sections I and II 
divided by plane z - zj z^ is determined by Fx and is given by

Z1 * 2^ = 2& 
x

The resolution distribution and the information capacity in 
section I are now found. The resolution in the space region between 
±Xffl is H-limited and is given by Az^W. The resolution in the 
region between X*  and X^ is HF^-limited :

where x' .

The number of resolvable points in

2X m
Az,

the space region between ±X is 
m

N

W

The number of resolvable points in
Xb is

the space regions between X and 
m

X m

N' x Xzl 
xi + \

xl „ , W2 
dxl ■ 2X5;
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The total number of resolvable points in one dimension Is thus 

Nt - Nx + 2*T = n

and the total number of resolvable points In two dimensions is n2, the 
number of recording elements in the hologram. Thus, the information 
theory laws hold for the plane-wave case. The results for three 
different plane regions at a typical plane z = z. are found to be

N(IA)

N(IB)

N(IC)

i'
„2W2 

2Az± 
W2 

2Xz±

The number of resolvable points in the volume regions are
X m

n3

\(IA) dy± dz±
^i ^i /ZA2
"w—w- •

1.1
6 2

X

n3

3 n

^i
Ax

dx^ dy± dzNV(IC) 1____  
/w 
kAx/

dx± dy± dz±

1.1_ 
6 16

'+Xm

À . I, 
6 16
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The total number of resolvable points in section I is thus

V1’ - I*- 3 •
For section II, the resolution is F%—limited between ±X and is 

HFx-limited between and X^ X^ and X^ are given by

wXm - I - VZ1

\ = 7 +

The resolution between ±X is m

Xzl 1
Ax ' 28=1 " “Vi " 2Fx

which is independent of the coordinator z,.i , Az. 1resolution between X^ and X^ is  —1---  .-x
As in section I, the 

The number of resolvable
points in one dimension is given by theDfoilowing:

2X
'x - Ü7 - %

- 2^ ^!
J X ----i— m -x. + x

Nt " Nx + 2N^ = 2FxW = n

The number of resolvable points in three plane regions are
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N(IA) = (4FxXm)2

PN(IB) = 2F Xz • 4F X x i x m

N(IC) = (2Fx2àz±)2 .

The number of resolvable points in the volume region are:

NV(IIA> =
X m

X m

dxi dyi dzi
1

2Fx
—1— ■ /, 1 1
2Fx V\

14 3 n

0X m

n3

n3

A x

2i
A x

dx£ dy± dz±

Azi
A y

A . A. 
6 16

%
i____  
/z.\2

2l ‘ "4

i i2 * 16

The total number of resolvable points in section II is

',») - | n3

Hence 
n3.w|h

the total number of resolvable points in all object space is
which is less than for the point—source reference case
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In conclusion, the volume region IA here is similar to the volume 
region IVA for the point-source reference case; the resolution is de­
termined by the maximum aperture 2Xq in the point-source case, while 
it is determined by the hologram aperture in the plane-wave reference 
case. The geometry of both regions relative to the resolution aperture 
2Xo W are quite similar in that an angle 2a is subtended by the 
aperture. The same number of resolvable points should be obtained in 
each case. The number of resolvable points in IVA is given by

Nv(VIA) - | | •

W - 2X
Since —---- - = 2a, we

o

3(W - 2X )2X o o
Azo

have

nv(iva)
✓ \ % i i • 2“Y 

6 * 2 ‘I À ) (2-18)

The number of resolvable points in IA is

/ \ q1 /w . 2ar 
2 \ À /

This result is essentially equivalent to Eq. (2-18) when W is replaced 
by 2X(, , and verifies that equation.

2.3.5. THE GENERALIZATION OF THE SYSTEM MODEL AND THE USE OF THE 
OFFSET PLANE-WAVE REFERENCE BEAM

Figure 2-10 illustrates the general case in which the reference 
plane wave forms an incident angle 6 with the normal of the hologram. 
Again, the whole object space can also be divided into two sections by 
the plane z = Z]/ Moreover, all the analysis and the calculated results 
in the case of normal incident can be applied to this general case, ex­
cept that the geometric location and the shape of each space region are 
slightly changed. This will be true later when the expressions are 
found for the corresponding curves X^ and X£ for this general case. 
The new set of boundary equations differ from the old ones at any given
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plane z = z± only by a constant From Eq. (2-16) with g > 0, the 
maximum spatial frequency f = f occurs when x, is negative and x isx max i
positive. If we set f^ = this leads to the relation

Xi ' fxAzi " x - gz± = FxAz± - x - gz±

nXzi
» — - x - gz (2-19)4|x|

where x^ is a positive value and x is the hologram coordinate, which can 
be positive or negative. For a given hologram aperture |x|, Fx is re­
lated to n by n = 2F%|x|. With the hologram aperture given by W, Eq. 
(2-19) generates two boundary Eqs. and as

nAz± w
% " ~2W~ " 2 “ 6zi (2-20)

■ "Azi w\ " ~2W~ + 2 - ^i (2-21)

A comparison of Eqs. (2-2Q)and (2-21) with the corresponding 
equations for the normal incidence case, reveals that they differ only 
by a constant gz± for a fixed z±. The number of resolvable points in 
either plane region or volume region will be the same as the normal in­
cident case, since a shift of the integral boundary as well as the in­
tegrand itself will not change the final results.

To consider the separation of an object space with its |U[2 term, 
we must choose a suitable object space. The object space can be any 
shape and each different shape yields a different result. However, we 
want to choose an object space that can be separated from its |u|2 term 
and at the same time have the highest number of resolvable points when 
compared with another chosen object space for a given recording 
capacity.

In fact, for a plane—wave reference case, the object space which 
has the highest number of resolvable points for a given recording data 
is the object space formed by the configuration of Fig. 2-17. If we
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choose such a configuration in Fig. 2-18 by the two curves x*  and -X’ m m
and consider the object space bounded by and -X^ for > z , we can 
proceed to find the minimum offset angle @ or g necessary for the 
separation of this object space (I*)  from its | U| term. Macovski proved 
that the minimum g in this case is 3(nx/W)/8 13]. He also calculated 
that the number of resolvable points in l’A is lln3/768.

Our task here is to extend his object space so that the object 
points can also be separated from their |u| 2 term, although with poorer 
resolution. Figure 2-18 shows that the maximum spatial frequency of the 
IU] term for the object space l’A is 2^/1, while the object space l’A 
itself has a spatial frequency band 2awhich is ±0^ X from the zero 
frequency. This object space is separated from its | u| 2 term if 6 = 3^, 
Any object point outside l’A can also be separated from the | U |2 term if 
the maximum frequency formed by it is within the spatial frequency band 
2a1/X of the object space l’A itself. This can be achieved for all the 
object points above curve —X’ or X’, if they can tolerate a poorer reso­
lution so that the maximum spatial frequency formed by them is a^/X. a 
typical point k with poorer resolution is shown in Fig. 2-18. The reso­
lution of point k is the same as if it were reconstructed by a hologram 
with maximum spatial frequency a^X = w/2z X = F /4 and a normal plane­
wave reference. The object points below curve -X’ cannot be separated

I 12 ®from their |U| terms, even if a poorer resolution for them can be 
tolerated. This is true because the |u|2 term occupies a space within 
an angle 2a^ from the normal of the reference wave which makes an angle 
9 = 3a^ with the hologram normal. If we plot a curve A parallel to the 
curve -X^ in Fig. 2-18, this curve is the boundary of lui2 term. Since 
this relation holds for all the points in the hologram up to the edge 
W/2, curve A will coincide with curve -X^ for the point at the edge of 
the hologram. This makes any point below -X’ interfere with the 1U12 

m 
term.

The number of resolvable points in all the space regions above the 
curve —X^ will now be calculated. The configuration of Fig. 2-18 is in 
the x direction only and the configuration in y direction is the same as 
the normal incident case. The whole shaded object space can be divided 
into three sections, I ’, II’, and III’ ; and the number of resolvable
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points in each section region is defined in Table 4. In order to evalu­
ate the integrals in Table 4, the expressions for and X£ can be ob­
tained by substituting B = 3(nX/W)/8 into Eq. (2-20) and Eq. (2-21):

% " 4 Fx*zl “ T

S ■ I +1

The distribution of the number of resolvable points in the three 
sections indicates five-sixths of the information capacity is in section 
I*.  Region Nv(I’D*)  is the object space investigated by Macovski; the 
value is about two-thirds of the total number of resolvable points in 
the object space which can be separated from its |u| 2 term. The total 
number of resolvable points in the whole shaded object-space region is 
3n /16 , which is about half the number obtained for the shaded area in 
Fig. 2-15 by a point-source reference case. Comparing this value with 
the total number of resolvable points in the whole object space obtained 
by a collimated reference beam, it is only 1/28 of the total object 
points in space.
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NUMBER OF RESOLVABLE OBJECT POINTS IN DIFFERENT 
SPACE REGIONS FOR THE OBJECT SPACE SEPARATING 

FROM ITS |U|Z TERM BY AN OFFSET PLANE-WAVE REFERENCE
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CHAPTER 3

THE INFORMATION REDUCTION METHODS OF A 
THREE-DIMENSIONAL HOLOGRAPHIC VIEWING SYSTEM

3.1. INTRODUCTION
The use of a hologram as a recording device to provide a three­

dimensional viewing system has been studied for many years [1,12-16], 
The fundamental problem of such a system is the large amount of 
information that has to be recorded in the hologram plane to achieve 
a reasonable viewing angle [12,16]. Several methods which have been 
proposed to reduce the amount of information sacrifice other aspects 
necessary for a satisfactory, realistic 3-D viewing. Those aspects 
include resolution, signal-to-noise ratio, vertical parallax, and 
depth of field. In this chapter, the problem will be approached 
theroetically. In Section 3.2, a model for a basic three-dimensional 
viewing system is described. The fundamental requirements of a 3—D 
viewing system are given and the conditions under which these re­
quirements can be met for a holographic system which employs infor­
mation reduction are stated. Section 3.3 discusses the optimum re­
cording configuration for a holographic viewing system. In Section 
3.4, a method is proposed for further reducing the information required 
in such a system. This method maintains the aspects of a 3-D viewing 
system required for satisfactory viewing by a human observer. Section 
3.5 is devoted to the mathematical study of the scatter-plate method [16,17]. 
A mathematical formulation has been used to clarify the scatter-plate 
optimization problem and the difficulties encountered in this approach 
have been stated. Except for a very special case, this approach is not 
very fruitful. It is the author’s belief that an experimental approach 
to optimizing the scatter-plate method requires that new techniques be 
developed for fabricating high quality, sophisticated, scatter plates.
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Years of erlal-and-error experiments are necessary to improve such a 
system. Because of the limitations in the present state of the art, 
only a limited number of existing scatter plates have been employed’ln 
experimental systems by the author. These scatter plates were not 
originally designed for the scatter-plate system and their surface 
quality was usually quite poor. One of the commercially available 
scatter plates, the fly's-eye lens array, has better surface quality 
and yields better results than the other scatter plates that were tried 
The performance and the limitations of the fly's-eye lens array can be 
analyzed by geometric optics and diffraction theory. Included in 
Section 3.6 is a study of the fly's-eye lens array for which geometric 
optics is used. The treatment of the fly's-eye lens array based on 
diffraction theory is presented in Chapter 4.

3.2. THE FUNDAMENTAL REQUIREMENTS OF A THREE-DIMENSIONAL VIEWING SYSTEM 
AND THE USE OF A HOLOGRAM IN SUCH A SYSTEM

Consider the general three-dimensional viewing system shown In 
Fig. 3-1, in which the human eye is modeled as two small lenses, each 
with aperture e separated by a distance E. In a large viewing aperture 
A. The object is a distance d away from the viewing aperture and has a 
lateral dimension L and a depth D. In general, d » D and d » l. If 
a two-dimensional object is considered, the number of object points in 
the object space that can be resolved by the human eye can be calculated. 
This number is also the minimum number of object points in the object 
space required for a reconstruction that gives the human eye an unde­
graded perception of a vivid 3-D viewing. Since d » D, we assume that 
the size of each resolution element that can be resolved by the eye in 
any lateral plane in the object space is given by

Ad 
e

The number of resolvable points in one lateral plane is thus given by

Le 
Ad
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The number of resolvable planes in depth for the human eye is given by

DeE
Ad2

The deviation of this expression is shown in Appendix A. The total 
number of resolvable object points in the object space is thus

2A LDe E 
xY

If an observer views an object of size L * D from a distance d with 
d » D, d » L, the eye cannot tell whether the object is a real, solid 
object or whether it is just a set of N object points positioned in 
space in such a way that the eye can only just resolve them. This num­
ber N is thus the minimum number needed to reconstruct a 3-D object in 
space and to provide undegraded three-dimensional viewing. In this re­
construction, the eye cannot be closer to the set of N object points 
than the distance d and still enjoy the realistic 3-D viewing. When 
the eye is closer, the N point object looks granular. As long as the 
eye is more than d away from the N point object, an observer experiences 
the same comfortable 3-D viewing obtainable from looking at a solid 
object. Up to this point, no comment was made on how to record and re­
construct such a N point object in space. In fact, it is not important 
if the N point object is reconstructed in space or not. The concern is 
that there is a recording method which makes the observer see the wave­
front of such an object while viewing it through a screen. Holography 
seems to be the best recording method to provide such a 3-D viewing. 
Other methods are discussed in Ref. 1. Moreover, a hologram recording 
may require less information content than the actual reconstruction of 
N object points in space. The conditions that this is true are derived 
below.

A large hologram with a size A is put at the viewing aperture A so 
that the eye can see the object anywhere within the viewing aperture. 
The space-bandwidth of the hologram for an object with dimension L x D 
and a distance d away is approximately



' S ■
if it is assumed that d » D and d » L. The ratio of the hologram re—
cording data, (SW)„, to the N is rl

A d2 
where

A D eE , ,
“ " x ’ 18 the "umber of resolvable planes in depth

that can be resolved by the human eye, and

A0 “ — is the ratio of viewing aperture to the eye 
lens aperture.

A plot of y versus a for different 3 is shown in Fig. 3-2. It can be 
seen that if a > 3, i.e., if the number of resolvable planes in depth 
is larger than the aperture ratio, then Y < 1. This means that the re- - 
cording data for the hologram is less than N. In other words, the use 
of a hologram as a recording device is preferable to a method which 
directly records the number of resolvable points N in space if the re­
quired number of resolvable planes in depth is larger than the aperture 
ratio. Moreover, it is clear that since the aperture size of the holo­
gram is much larger than the eye aperture and the eye separation distance 
E, the number of resolvable planes in depth provided by the hologram 
should be larger than the number that can be resolved by the human eye.

In Chapter 2, we have calculated the number of resolvable object 
points in the whole object volume space to be in the range of n^/2 to 
2n /3 for a point source reference, where n is the space-bandwidth 
product in one dimension. In the configuration of Fig. 3-1, if we 
assume the object space is just the space section I + II in Chapter 2, 
the total number of resolvable object points in section I + II is n^/3. 
Since the number of resolvable points in any object plane z ■ z is a 

2 1constant and is equal to n , the number of resolvable planes in depth
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in section I + II is equal to n/3. Comparing n/3 with DeE/Ad^, wé have 

— 2-J— = JA . KU.d.A.L 
DeE 3Xd DeE 3 D E e 
Ad2

In a general viewing configuration, d » D, A > E, and L > e. Hence, 
n/3 is much larger than DeE/Ad2, i.e., the hologram provides a much 
larger number of resolvable planes in depth than required by a human 
eye. It is clear that the hologram does have the capability to provide 
the necessary 3-D viewing and, under certain condition (a > g), the re­
cording data (SW)H can be even less than that required for directly re­
cording N object points. In practice, however, because of the large 
size of the hologram aperture necessary to fit the viewing aperture, 
the hologram is placed somewhere near the object. This makes the view­
ing system practical to build and viewing the hologram is similar to 
viewing a TV screen. This subject will be discussed in the next section.

3.3. THE OPTIMUM RECORDING CONFIGURATION OF A HOLOGRAPHIC VIEWING SYSTEM
It was pointed out in the previous section that a hologram has to 

be rather close to the object for a practical three-dimensional holo­
graphic viewing system. This situation is shown in Fig. 3-3, where H 
is the size of the hologram, A is the observer's viewing aperture, and 
Do is the distance of the hologram from the viewing aperture. In gen­
eral, Dq > H. From the geometry, it is clear that for a given hologram 
aperture in Fig. 3-3, an object point has to be within the shaded area 
to be seen by an observer anywhere within the viewing aperture.

Consideration will now be given to the shaded object space in front 
of the hologram, i.e., the shaded area between A and H. An effort will 
be made to determine the space bandwidth product of the hologram and 
the object space for this space bandwidth product. The possibility of 
various locations for a point source reference beam in the practical re­
cording configuration must be made. Suppose that for given system 
parameters A, H, and Dq in Fig. 3-3, all the shaded area in front of 
the hologram is to be reconstructed by the hologram so that it can be 
viewed from anywhere in A. Then the point—source reference has to be
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at the center of A, and the space-bandwidth product in this case is 
AHADq, the optimum recording configuration for the system if all the 
shaded area is to be reconstructed. However, if the object will fit in 
a smaller object space, it might be possible to record less information. 
Consider an object aperture X in Fig. 3-3, located a distance d away 
from the aperture A and a distance z away from the hologram aperture H. 
If a reference point source is put at the center of the object aperture 
X and X is recorded by the hologram, the space bandwidth product is 
XH/xz. The object space provided in this recording configuration is 
the area bounded by four points—a, b, c, and d in Fig. 3-3. it is 
clear that XH/Az < AH/XDo only if X/z < A/Dq. In other words, if the 
angle subtended by the object aperture is smaller than the angle sub­
tended by the viewing aperture toward the hologram, the space-bandwidth 
product can be reduced by putting the reference point source at the 
center of the object aperture rather than at the center of the viewing 
aperture. When X/z = A/Dq, z = z = DH/(H + 2A). The corresponding 
object aperture is found to be X = AH/(H + 2A) . Thus, if the re­
quired object aperture in the object space in Fig. 3-3 is larger than 
Xo, the optimum recording configuration for the system can be achieved 
by putting the reference point source at the center of the viewing 
aperture. The space-bandwidth product for this case is AHAD . On the 
other hand, when the required object aperture is smaller than X in Fig. 
3-3, less information is required if the reference point is placed at 
the center of the object aperture. In this case, the space-bandwidth 
product is XH/az. In general, the maximum information for the system 
is AH/aDq if all the shaded object space in front of the hologram in 
Fig. 3-3 is used. However, further reduction of information is desirable. 
The following section describes a method for accomplishing this reduction.

3.4. THE SAMPLING METHOD FOR INFORMATION REDUCTION IN HOLOGRAPHY
In the previous investigation, the holographic viewing system 

shown in Fig. 3-3 provided an object space with a resolution better than 
the human eye requires. Since the human eye requires less resolution, 
more information reduction can be achieved by further degrading the 
resolution of the object to the standard required by the human eyes.
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The method described below is proposed to achieve this reduction by 
sampling the hologram recording plate.

In Fig. 3-4, an eye-lens aperture e is viewing an object plane re­
constructed by the hologram plate behind it. The eye cannot resolve 
any two points in the object plane if the angle subtended by those points 
at the eye is less than one minute of arc. Thus, only a finite number 
of points need be reconstructed by the hologram. The angular separation 
between adjacent points csn be one minute of arc, which suggests that 
we can sample the recording hologram plate using a sample spacing m 
which subtends one minute of an arc at the eye. The angle with arc length 
- formed at the eye cannot be larger than one minute of arc, but it can 
be smaller. We thus have

Do 3600 (3-1)

Each object point in the object plane should form a cone at the 
eye large enough to fill the whole aperture of the eye. In this way, 
the eye views the object with diffraction-limited resolution. To pro­
vide such a cone, the size of the recording hologram element I should 
satisfy the following condition

A < e
z d (3-2)

From Eqs. (3-1) and (3-2) above, the separation m between each recording 
sample and the size £ of each recording sample have the following in­
equalities:

< Do
™ " 3600 (3-3)

£ > ^ 
d (3-4)

The information can be reduced only if m > £. As a measure of the 
information reduction, an information-reduction factor a is defined as

a âÇ 
£
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With this definition and the relation of Eqs. (3-3) and (3-4), the 
following inequalities are obtained:

„ < A- d 2 < »o
- 3600e z or d - 3600eo 0-5)

The physical significance of Eq. (3-5) is very important. Given an in­
formât ion-reduction factor a, Eq. (3-5) says that the object plane should 
be close to the hologram to the extent that z/d is less than D /3600ea. 

oThe larger the information-reduction factor a is, the smaller z must be, 
and the smaller the available object space becomes. Equation (3-5), 
however, may not be satisfied in all cases. For a given a, suppose m 
is chosen to satisfy Eq. (3-3) . There is a minimum z, so Eq. (3-5) is 
satisfied. Those object planes farther away from the hologram than this 
minimum z does not conform to Eq. (3-4) . This means that the image reso­
lution at those planes is poor. On the other hand, if Z is made large 
enough to satisfy Eq. (3-4) for those object planes larger than the 
minimum, then Eq. (3-3) is not satisfied for the whole object space; 
and the whole object space will have a granular appearance. Equation 
(3-5) therefore relates the information-reduction factor a to the lo­
cation of the object plane satisfying the standard required by the human 
eye without degrading the image quality.

The curve of z versus a or the curve of the available object space 
volume against a will be plotted. First, however, the maximum value of 
a must be determined. Theoretically, a can be extremely large if z can 
be extremely small. Of course if a + », z •> 0. In practice, however, 
there is an obvious limitation for o in the recording material itself. 
As Fig. 3-3 shows, the minimum resolvable recording-element size in the 
hologram plane is given by XD^/A. Definitely, the size of the recording 
sample elements cannot be smaller than the size of the minimum resolv­
able elements which the emulsion of the hologram can record. Hence, 
& - XDo/A. Using the definition a = m/Z, it follows that

_ < mA < A A , .XD - 3600X e (5-6)o
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where the relation Ve = 1/3600 for the normal eye aperture is used.
Equation (3-6) says that the maximum information-reduction factor cannot 
be larger than the ratio of the observer’s viewing aperture to the human 
eye’s aperture. Intuitively, this conclusion seems to be true. In 
reality, when a = A/e and £ = D^/A, the size of each recording sample 
element is just equal to the size of one intensity fringe. Such a re­
cording cannot diffract a reasonable object wavefront in the recon­
struction process and make three-dimensional viewing possible. In fact, 
when the information-reduction factor is close to the value of A/e, the 
object plane distance z will be several millimeters from the hologram. 
In this case, the eye cannot perceive any depth of field when looking 
at the hologram plate. The hologram looks like a TV screen and only a 
two-dimensional image can be seen. As the information-reduction factor 
gets smaller, the viewer sees some depth of field in front of the holo­
gram screen. However, he is never able to see through the hologram 
plane, since each of the sampling elements is so small that the eye 
can just resolve them and each one of them acts like a single resolvable 
object point. For this reason, the main concern in the previous section 
was with the object space in front of the hologram. The whole situation 
can be visualized if the reader has had the experience of seeing an 
image reconstructed by the scatter-plate method with a ground glass as 
the scatter plate. Because of its fine structure, the eye cannot see 
through the ground glass, but it can see a three-dimensional image in 
front of the ground glass. ‘

To conclude this section, the relation between z and a is derived 
and a numerical example given to indicate the degree of information re­
duction that can be practically achieved with this sampling method. If 
Eq. (3-3) is used, the value of m is a constant for a constant Dq, i.e., 
m = Dq/3600. For a given a, £ can be determined from £ = m/a. With 
geometry, d/z - £/e and Dq = d + z, and z becomes

z ■ D o»o =
• m \
—-—] D - + e/ ° 
o

' ™ \
—-—) D - + a/ ° e '

Equation (3-7) is the relation between z and a; m/e in Eq. (3-7) is a 
function of Dq and X, i.e.:
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i Dm/e = -----   ~ .
(3600) A

A numerical example is now given below. The system parameters are 
chosen as follows:

A = 1 meter = 1000 mm

Dq = 3 meters = 3000 mm 

e = 2.16 mm

A = 0.6 x 10 mm

e 3600

Now,

m =

m 
e

3000
3600 0.833 mm

0.833
2.16 0.385

Equation (3-7) becomes

= " (o.385% a) ' 3000

Figure 3-5 is the plot of the above equation, where o2 instead o is used 
2as one coordinate ; a corresponds to the information-reduction factor 

in two dimensions. The maximum a - A/e = 1000/2.16 = 463 and the mini­
mum o = l. The minimum resolvable fringe in the hologram is

D = °’6 X ---— = 1.8 x io”3 mm.

3.5. THE SCATTER-PLATE METHOD FOR INFORMATION REDUCTION IN HOLOGRAPHY
One of the information-reduction methods for a holographic three­

dimensional viewing system is the "scatter-plate method" first described 
by E. N. Leith [13] and later studied by K. Haines and D. B. Brumm [17,19]. 
The fundamental goal of their experimental and theoretical studies was
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to search for a scatter plate which would yield the best performance. 
The scatter-plate method can be roughly described as follows: A trans- 
pstsnt scatter plate is placed at the location of the hologram (see 
Fig. 3-3). The scatter plate scatters the object wavefront passing 
through it in all directions. A small hologram is placed in the far 
field of the scattered light to record part of the scattered light. In 
the reconstruction process, the small hologram is put back in place. 
The wavefront reconstructed by the small hologram is traced back through 
the scatter plate and forms a real image at its original place. The in­
formation content recorded by the small hologram can be much less than 
what is required if a big hologram is used at the scatter plate's lo­
cation. However, theoretical and experimental studies of the scatter­
plate method have encountered several difficulties.

First, the mathematical formulation of the actual system is very 
complicated. Experimental results have not provided enough information 
to obtain an adequate mathematical model for the system. Information 
about the basic requirements for the system performance is also lacking. 
Second, even if a simple mathematical model is formulated for the system 
based on several simplification assumptions and a performance criterion 
is chosen, we find the problem is still too difficult to solve without 
the use of a digital computer. Third, the search for an optimum scatter 
plate is quite similar to the search for a good imaging lens in the 
early days of optics. Improvements and perfection of a scatter-plate 
method will occur through the design of the scatter plate, the innovative 
use of the scatter plate in experiments, and the development of new 
techniques for fabricating a high-quality scatter plate. Only a limited 
number of scatter plates were available to the author for an experimental 
study. One of the tested scatter plates, the fly's-eye lens array, has 
certain features which justify the further investigation presented in 
Chapter 4. In this section, a mathematical formulation of the system 
will he presented. In Subsection 5.3.1., a mathematical model for the 
system is carefully derived, assumptions for the model are clearly stated, 
and the optimization problem of the scatter plate in terms of mathematical 
operations is defined by four questions. Although the answers to these 
questions are complicated and unattainable for most cases, possible an­
swers are suggested and difficulties which exist in reaching them are



76 -

discussed in detail. In Subsection 3.5.2., the special case of a periodic 
scatter plate is considered and treated with some simplifying assumptions. 
The input signals for the system are also assumed to be periodic. De­
pending on the type of input signals, the answers to the questions 
mentioned above can be obtained using digital computers.

3.5.1. THE OPTIMIZATION OF THE SCATTER-PLATE METHOD
Figure 3-6 illustrates a scatter-plate system. In the recording 

process, a small hologram is placed in the far field behind the scatter 
plate to record part of the scattered light. In the reconstruction 
process, the small hologram is placed back at its original position. 
The wavefront reconstructed by the small hologram then propagates back 
through the scatter plate and forms a real image at the object position. 
The image is viewed within the viewing aperture A by an observer. For 
the purpose of this analysis, it is assumed that the object space is 
limited between the scatter plate and the viewing aperture. The analysis 
is carried out in one dimension throughout this presentation. The 
mathematical model for the system can be derived as follows:

Consider a wavefront U(y) of the object space just in front of the 
scatter plate. The transmitting function of the scatter plate is 
assumed to be complex and is denoted by p(y); p(y) is limited within 
the scatter-plate aperture H so that the wavefront emerging to the 
right of the scatter plate is given by U^y) - U(y)p(y) Rect(y/H). The 
E-M field disturbance at the hologram plane K, caused by the wavefront 
U^Cy) is given by

Hf2 ^(yl"y )2
U2^yP ° °i / U(y)p(y) e dy (3-8)

-H/2

where is a complex constant and the Fresnel approximation has been 
used. This wavefront ^(y) will be recorded by the hologram aperture K 
and will propagate back to the scatter plate in the reconstruction 
process. The reconstructed wavefront to the right of the scatter plate 
is obtained by again using the Fresnel approximation,
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y jA(y-y )2
4<y) =«2 f U*(yp  e XZ 1 dyi

-K/2
(3-9)

where «2 is a complex constant and where * denotes the conjugate of the 
wavefront Ug(y^)« Using Eq. (3—8) and Eq. (3—9), U^(y) can be expressed ■ 
as

j Kÿ2 H/2 K l2
U|(y) = e XZ a^g f U*(t)p*(t)  e ÀZ

-H/2

Vsine y^(t - y) dt

(3-10)
U|(y) is then passed through the scatter plate again. The reconstructed 
wavefront U*(y)  emerging to the left of the scatter plate is

U’(y) = U|(y)p(y) Rect(y/H)

j-^y2
■ p(y) Rect(y/H) e A

H/2
“la2

-j—tU*(t)p*(t) e XZ

V sine ^(t - y) dt (3-11)

Equation (3-11) is the mathematical formulation of the system where 
U’(y) is the output of the system and U*(y)  is the input of the system. 
The conjugate of the input signal indicates that the direction of propa­
gation of the signal wavefront has been reversed. The performance of 
the system is now described and four questions are posed. The answers 
to these questions are the fundamental goals of this study.

Question 1: For a given input signal U*(y) , is it possible to 
choose a scatter-plate function p(y) so that, except for a 
multiplicative constant, the reconstructed signal U’(y) will 
be exactly equal to U*(y)?
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Question 2: For a given input signal U*(y) , if the answer to Question 
1 is no, then is there a scatter-plate function p(y) so that the 
reconstructed signal Uf(u) is the best approximation to the origi­
nal signal U*(y) ?

question 3; For a given set of signals (u*(y)},  is it possible to find 
a scatter-plate function p(y) so that each of the reconstructed 
signals will be exactly equal to its original signal except for a 
multiplicative constant?

Question 4: If the answer to Question 3 is no for a given set of 
input signals ^U*(y , then is there a scatter—plate function 
p(y) so that the system performance is optimum?

The answers to these questions depend on the definitions of the 
phrases, "the reconstructed signal is the best approximation to the 
original signal," and "the system performance is optimum," and on the 
particular input signal or the set of input signals chosen. In this 
section, Question 1 is studied in detail and some comments about 
Question 2 are made. Questions 3 and 4 will be treated in Section 3.4.2.

For a given input signal U*(y) , is there a function p(y) such that

AU’(y) = U*(y)  

where A is a constant? Using Eq. (3-11), the above equation can be 
written as

_jJLy2 H/2
U*(y)  e AZ = Ap(y) f 

-H/2

for |y| < H/2. Let V(y) = 
Equation (3—12) becomes

p*(t)U*(t) e AZ sine

U*(y)  e and substitute into Eq.

(3-12)

(3-12).

V(y)
H/2

xp(y) p*(t)V(t) sine ^(t - y) dt (3-13)

for |y| < H/2 .
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Since U (y) is a given function, V(y) can also be regarded as a given 
function. If Eq. (3—13) is used, Question 1 becomes : "For a given V(y), 
is there a solution for the integral Eq. (3—13)?" A problem arises be­
cause Eq. (3-13) is not a linear integral equation. To solve Eq. (3-13), 
let us first assume p(y) is a pure phase function denoted by

p(y) - e^

where *(y)  is a real function. Equation (3-13) then becomes

V(y)e~^^y^ = X
H/2
[ V(t)e-j*<t)

-H/2
sine ^(t - y) dt (3-14)

for |y| < H/2.

Defining V(y)e~J*( y> A S(y) in Eq. (3-14), Eq. (3-14) becomes

H/2
S(y) = X r 

J ,
K IS(t) sine ^(t - y) dt (3-15)

for |y| 5 H/2.

Equation (3-15) is a well known integral equation, the solutions of 
which are prolate spheroidal wave functions. A prolate spheroidal wave 
function is denoted by ^(y) which has a corresponding eigen value 
Moreover, the set of functions^^(y)^ are the only non—zero solutions 
of integral Eq. (3-15). A linear combination of the members of the set 
{Vj/y)} is not necessarily a solution of Eq. (3-15), although in some 
special cases, it can be a solution if the eigen values are equal 
for some functions of ^(y)}. Since ^(y) is the only solution of 
Eq. (3-15)

S(y) = V(y) e~j*< y) - ^(y) for i - 0, 1, 2, ...

or
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V(y) = ^(y) for 1 = 0, 1, 2, ... (3-16)

Equation (3-16) indicates that the amplitude of V(y) should be equal to 
^(y) while the phase can be any real function since ^(y) is a real 
function for all i. Unfortunately, for general viewing system parameters, 
^(y) is a very rapidly varying function, while the practical wavefront 
of an ordinary object has an almost uniform amplitude when its wavefront 
reaches the scatter plate. This means that the mathematical solution
of Eq. (3-15) does not represent a general wavefront of an ordinary ob­
ject which is some distance away from the scatter plate. The * (y) 
function does represent some special signal when the object is planar 
and is close to the scatter plate so that the signal wavefront generated 
by the object has an amplitude approximately equal to one of the 
^(y)} functions.

When a general scatter-plate function p(y) is considered, the corn
plex valued function p(y) is denoted by

P(y) = A(y)

where A(y)
Eq. (3-13)
Eq. (3-13)

and *(y)  are real functions. If 
and the eJ 1 term moved to the

p(y) is substituted into 
right side of the equation,

becomes

H/2V(y) = *A(y)  f V(t) A(t) sine ^(t - y)l dt

-H/2 J

for |y| * H/2.
(3-17)

If *(y)  is set equal to the phase of V(y), then

V(y) = | V(y) | = R(y).

Equation (3-17) thus becomes
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H/2
R(y) - AA(y) P R(t)A(t) sine ^(t - y)] dt

-H/2 J (3-18)

for |y| < H/2,

where R(y) and A(y) are real functions. As stated before, Eq. (3-18) 
is a nonlinear integral equation. One method of solving Eq. (3-18) is 
to linearize the equation by assuming a solution containing a given dom­
inant function G(y) plus a small unknown variance function 6(y). The 
integral equation is then linearized in terms of the unknown variance 
function 6(y). The unknown variance function ô(y) can be solved by a 
general method of solving a linear integral equation with a standard 
form. The solution of the variance function 6(y) is compared to the 
given function G(y) to make sure that it is indeed much smaller than 
that function. If it is not, the given function has to be reselected 
and the whole procedure repeated. The success of this approach depends 
on the type of input signal R(y) and the choice of G(y). It is also 
dependent on experience in solving nonlinear integral equations of this 
type. A computer may be needed to solve the linearized equation. The 
procedure is complicated and success is not guaranteed for all possible 
input signals. Since this approach does not yield a satisfactory 
solution, Question 2 must be considered. Refer to Question 2 on page 
80.

In the phrase "... the reconstructed signal U*(y)  is the best 
approximation to the original signal U*(y)",  "best approximation" in­
dicates that a measure of the difference between signals U’(y) and 
U*(y)  must be established. However, information from previous experi­
mental studies is insufficient to define a suitable measure consistent 
with practical system performance. Moreover, even with the mean-square 
error criterion, the solution to such a problem still remains difficult. 
Even if the answers to Questions 1 and 2 can be obtained, they do not 
help very much for a practical viewing system since only one signal 
can be treated and it is of no interest to reconstruct only one signal 
in a holographic movie system. This analysis, however, can be applied
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to other problems, such as credit card identification. The next 
section contains a discussion of a more realistic approach in which 
a periodic scatter plate is considered. The questions proposed earlier 
are answered by means of this approach.

3.5.2. THE PERIODIC SCATTER-PLATE APPROACH
In the previous section, it was pointed out that the treatment 

of a single signal does not characterize a practical movie system. In 
a practical movie system, the input signal could contain a wide range 
of possible signals. Formulating a mathematical description of the 
possible input signals for a 3-D object scene is a difficult problem. 
There is little information on a suitable mathematical description of a 
typical movie scene. In this section, the set of all possible input 
signals is assumed to have a certain mathematical simplicity so that 
the problems are tractable. One of the difficulties encountered in the 
previous section is the treatment of a continuous function for which 
case a computer has not been found to be very useful. Moreover, the 
optimization of a continuous function in an integral expression involves 
using calculus of variations theory which is hard to implement in a 
computer program. To avoid these difficulties, a periodic scatter­
plate function is assumed. The possible input signals are also assumed 
periodic. Both the scatter-plate function and the input signal are 
assumed to be bandlimited so that they can be represented by a finite 
set of frequency coefficients. To eliminate difficulties with an inte­
gral equation, the aperture of the scatter plate is assumed to be much 
larger than the period of the scatter-plate function. The effect of 
the scatter-plate aperture on each of the frequency components of the 
input signal can therefore be neglected. With these assumptions, Eq. 
(3-11) can be written as

-I *

V(y) ■ P(y) V(y)p(y) * sinc(Wy) (3-19)

where
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2V(y) = ü(y) , v’(y) = u*  (y) e”J z)y2w = Jç_
X Z '

Functions V(y) and p(y) are assumed periodic with the same period y , 
i.e.» . o’

L
*W - E a, exp (j 

2=-L °

p(y) exp

where ±L and ±P are the highest frequency components of functions
V(y) and p(y) respectively. They correspond to the spectral bandwidth 
in the continuous function case; a% and b are the frequency co­
efficients of V(y) and p(y) respectively and are given by

ai 1 dy 
o /

ïo
j V(y) exp 
o

bp = J P(y) exP ("j dy 
o

Using Eq. (3-19), the coefficient of V’(y) can be found in terms 
of a, and b .£ p

Letting C(y) = V(y)p(y) , we have

L PCW ■ vWpM - E E a?p exP G r (» + P)y 
£=-L p=-P L o _

^L+P^ 

m—(L+P)
Cm ^P
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where

c m a£^m-£

£ =-L

The operation C(y)A sine (Wy) in Eq. (3-19) corresponds to a fre­
quency cut-off of the frequency spectrum of function C(y) if the fre­
quency bandwidth of function sine (Wy) is smaller than the frequency 
bandwidth of V(y). Let’s assume that the maximum frequency after this 
operation is ±M. Let D(y) = C(y) * sine (Wy). Then

D(y) = C(y) sine (Wy)

M

m=-M

where, in general, M < L.

Equation (3-19) can then be written as

M P .
V’(y) - D*(y)p(y)  - c*  exp b exp H

' x J n / > 1 “ x * n •m= —M p=—p

M P
' E E "p

m=-M p=-P

M+P
en exp 

n=-(M+P) o

where
M

n+m
m=-M

en
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e can also be written in terms of a and b . n £ P
M L

% - E E aX-«
m=-M £=-L

b , n-hn (3-20)

Equation (3-20) represents the basic system operation in terms of the
frequency coefficients of the input signal V(y), the output signal 
V’(y), and the system function p(y). The goal now is to determine the
choice of the frequency coefficients bp for the system function p(y) 
which yields the best system performance. In other words, the fre­
quency coefficients e^ of the output signal are compared with the fre­
quency coefficients a^ of the input signal to determine the best choice 
of bp. Several assumptions are required before this can be done. First, 
the frequency bandwidth of p(y) or the number P has to be chosen. For 
this study, P is set equal to L. It should be recognized that a 
different choice of P will affect the final results. Second, the out­
put signal V'(y) contains higher spatial frequencies than the input 
signal V(y). In order to compare these two signals, V*(y)  is defined 
as follows:

V'(y) - V1(y) + V2(y) 

where

V1W A en exp (j 
n=-L °

n=-(M+P)

Function V1(y) contains the same frequency orders as V(y) and is com­
pared with V(y) to obtain a measure of the system resolution. Function 
^(y) contains all the frequency components which are higher than those 
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in the input signal V(y) and, thus, serves as a measure of the system 
noise background. The above assumptions can be justified if the fre­
quency bandwidth of the system is limited by the scatter-plate aperture. 
No reconstructed signal can have better resolution obtained with a 
diffraction-limited aperture. The higher-order frequencies in the out­
put signal have no relevance to the system resolution at all. They only 
contribute to the noise of the system.

Comparison of V^y) with V(y), using a mean-square error criterion as 
a measure of the difference between V*(y)  and V(y), yields the following 
expression:

p[V(y), V*(y) ] = ||V(y) - V*(y)||

r L -.1/2
" E kn - e-nI2 (3-21)

n=-L _

where p(V(y), V^(y)] is the mean-square error of two functions V(y) and 
V]/y) - mean-square error criterion for two periodic functions, in 
terms of their frequency coefficients, is defined as a metric in the 
Hilbert space H, where V*(y)  and V(y) are the function elements. A de­
tailed derivation of this approach is given in Appendix B. Using Eq. 
(3-21) as a measure for the system performance, the four questions 
listed in the previous section can be answered by making use of the 
periodic structure of the system.

For Question 1, a set of system parameters bp must be found 
so that p = 0 for a given set a£ characterizes the input signal. 
In Eq. (3-21), p is zero iff each term |a^ - e*̂|^  is zero. There 
are 2L + 1 terms in Eq. (3-21). Examine Eq. (3-20), which is the 
expression of e* n> and compare it with a£. There are 2L + 1 equations 
and 2L + 1 unknowns bp. Hence, in general, there exists a solution 
for the 2L + 1 (bp) since there exists 2L + 1 independent equations. 
This answers Question 1.

If there is no solution to the above 2L + 1 equations, Question 
2 must be investigated. To answer Question 2, an optimum b 
must be found, so that Eq. (3-21) is minimum. To find the minimum
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value of p, a partial differentiation of p with respect to each unknown
bp is performed with Eq. (3-21). Then, the
to zero. Since each term in the expression 
b^, the above operation results in 2L + 1 
equations for 2L + 1 unknowns. In general, 

resulting equation is set 
for e*  is in a form of—n
simultaneous linear
there is a unique nonzero

solution for such a set of simultaneous linear equations. Question 2 
is, therefore, answered in this case. A periodic approach allows one 
to deal with a set of possible input signals and, hence, to easily 
answer Questions 3 and 4.

To answer Question 3, a set of parameters bp must be found so that, 
for each input signal in a given set of possible input signals, p is 
always equal to zero. This requires the determination of 2L + 1 un­
known b P from N(2L + 1) equations, where N is the number of possible
input signals. Because of the basic properties of simultaneous 
equations, this is usually impossible to do, except for special cases.

Question 4 can be treated in several ways, depending on whether 
the input signal is a set containing a finite number of possible signals 
or a random function with an infinite number of components. If the in­
put signal is a set containing a finite number of possible signals, 
then for each possible input signal, a corresponding p is obtained from 
Eq. (3-21). In this case, there are several possible criteria for 
describing the performance of the system, two of which are commonly 
used. One requires that the sum of all the p’s be a minimum; the other 
requires that each p is less than a minimum value p . When the input 
signal is a random function with an infinite number of components, the 
expected value of the mean-square error is used as the measure of the 
system performance. The calculation of the expected value of p is 
strongly dependent on the character of the random signal. The intention 
here is not to treat all the possible input signals (only two of them 
have been mentioned above). To demonstrate the feasibility of this 
periodic approach, a simple random input signal case is presented below.

Consider a random input signal such that each frequency coefficient 
a£ is a random variable with the following properties:
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1) E(a&) = 0 for all Z

2 22) E(ap = a for all Z

3) a^ and a^ are independent for all 1, j.

Hence,

ECa^) = E(apE(aj) = 0 if i j

2 = a if ± ■ j

For this signal, the expected value of p is

pe A E(p) = E<p[V(y), V*(y)]

E

e* -n (3-22)

where the expected value of i * .2Ian - e_n| for each n is given by

E(jan " e-nl ) * E(fan|2) + E(|<nl7 " E6a^ " E(a^)

E 2 a

-7 Yj
2
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■ “2 E b?J
n on n

where an^
i,j id

represents a sum of certain terms of a

form b^bj with i and j belonging to a space which is a function of n.
in a practical calculation, the above two expressions can be written
directly from the given data.

Equation (3-22) now becomes

2

Q

(3-23)

Jblb* 

j

t è mî 

n—L i,j

In Eq. (3—23), is a function of the 2L + 1 frequency
coefficients (b?). To find the minimum value of pe in terms of 
2L + 1 frequency coefficients, the same procedure used for Question 
2 should be followed. There, a partial differentiation and the 
solution of simultaneous equations were involved. The above oper­
ation is simple if a digital computer is used and the number L or 
P is small.
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3.6. THE FLY’S-EYE LENS ARRAY
In Section 3.4, a model for information reduction of a holographic 

viewing system has been achieved by a sampling of the recording hologram. 
The model considers the redundancy not required by the human eye. In 
Section 3.5, the scatter-plate method for information reduction is 
analysed mathematically. In the experimental study, the fly's-eye lens 
array is superior to the other available scatter plates. Further study 
of the fly's-eye lens array reveals that there is a direct analogy be­
tween the fly's-eye lens array system and the sampling method system 
proposed in Section 3.4. The fly's-eye lens array system has features 
inherent in both the sampling method and the scatter-plate method. 
Therefore, a detailed study of the fly's-eye lens array system is highly 
desirable. In this section, the study is carried out by geometric 
optics. More refined treatment of the system presented in Chapter 4 
is based on the diffraction theory and other considerations.

Consider the fly's-eye lens array system in Fig. 3-7. The system 
parameters and various assumptions are listed below:

System Parameters:
1. m - Aperture of individual lenslet
2» A - Resolution aperture of object point at lenslet
3. a - Viewing angle
4. A - Observer's aperture
5. K - Hologram size
6. H - Fly's-eye lens array aperture
7* f - Focal length of each lenslet
8. X - Object size
9. d — Distance between the object and the viewer's aperture

10. z - Distance between the object and the fly's-eye lens array
H« Z — Distance between the image and the hologram
12. s - Distance between the fly's-eye lens array and the image
13*  - Do— Distance between the fly's-eye lens array and the viewer's

aperture
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Basic Assumptions
1. The analysis is carried out by geometric optics « Each lenslet 
is assumed to be an ideal, single,thin lens. The inactive area 
between each lenslet is assumed negligible and the full aperture of 
each individual lenslet m satisfies the criterion

_ Do d + z
- 3600 = 3600 . (3-24)

The resolution aperture £ of an image point reconstructed by the 
hologram K at each lenslet satisfies

H > 36001^-
“ d . (3-25)

2. The distances DQ and Z are assumed to be much larger than the 
apertures A, H,and K. Hence, each lenslet is assumed to have the 
same viewing angle a. The images of the viewer's aperture A formed by 
each lenslet are assumed to be the same behind each lenslet. They 
are centered on the axis of each lenslet. The reconstructed resolution 
aperture i for a fixed hologram size K is assumed to be the same for 
each lenslet and it is given by

1 “ f 8 ‘ (3-26)

Now, for the first assumption, Eqs. (3-24) and (3-25) were given 
in Section 3.4, where m is the interval between two adjacent 
recording elements and £ is the size of the recording elements on 
the hologram. In the sampling method system, all the object points 
are reconstructed by a fixed array of equally spaced apertures £ in the 
hologram plane. In the fly's—eye lens array system, however, the 
aperture £ has to be at a different location within the lenslet 
aperture m to reconstruct a different object point. This is the major 
difference between the system performance of the fly's-eye lens array 
system and the sampling method system. Since the lenslet aperture m 
is less than Dq/3600, the reconstructed object will not appear 
granular because of the separation of reconstructed rays coming from the 
adjacent lenslets.
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When the second basic assumption is used, the study of the fly’s- 
eye lens array system can be carried out by consideration of a small, 
single lenslet imaging system, shown in Fig. 3-8; y is the image of 
the viewer's aperture A formed by the lenslet; g is an angle within 
which any size hologram is capable of reconstructing each point of the 
image y within the lenslet aperture m. Given a hologram K, within the 
angle g, each point of the image y can be reconstructed by the hologram 
to provide a resolution aperture £ within the lenslet aperture. At any 
particular point inside the viewer's aperture, he can see one object 
point against each lenslet aperture m. Since m and £ satisfy Eqs. 
(3-24) and (3-25), the viewer sees no degradation of the reconstructed 
object. The number of lenslets which can be illuminated by the recon­
structed wavefront during the reconstruction process depends on the size 
of g as well as the distance between the hologram and the fly's-eye lens 
array. For a given hologram K and angle g, the effective fly’s-eye lens 
array aperture H is proportional to the distance Z. Z is approximately 
equal to the distance between hologram and the fly’s-eye lens array 
since Z » s. On the other hand, the resolution aperture is inversely 
proportional to the distance, as given by Eq. (3-26). Hence, there is 
a compromise between the image resolution and the effective fly’s-eye 
lens array aperture. In the following, the relation between H and £ is 
therefore explored.

8 is a function of 8, m, and a and is given by

B - 7 - a (3-27)

s is related to the focal length f of the small lenslet and the distance 
Dq by the lens formula

f = s +F" 
o

The value of f is dependent on the practical, obtainable power of the 
small lenslet. Hence, in practice, f is fixed for a given fly’s-eye 
lens array which, in turn, determines the value of s for a given D .
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Let Y be the aperture at the hologram plane which subtends the 
angle 0 at the point P in Fig. 3—8. With the simple geometric 
relations and Eq*  £3-27), Y can be written as

2Z£m - y)q - y
2 s£m - y)a + y £3-28)

where Z is the distance between the image y and the hologram K. For 
a given fly’s-eye lens array, s is fixed and Y can be related to
H and £.

The number of effective lenslets is given by £Y - K)/m*  This 
is obtained by assuming that a hologram anywhere within the angle 9 
can reconstruct the whole image y within the lenslet aperture. The 
effective fly's-eye lens array aperture H is therefore

H = m Y ~ % = Y - K 
m

On the other hand, Y is linearly proportional to Z which is inversely 
proportional to £ by Eq. £3—26). If Eq. (3—26) is substituted into 
Eq. £3-28), H can be related to £ by

H = Y - K = K^-__- Qq + a^s

or

H - ^=4^1 - (K + y)
(3-29)

Equation (3-29) is an important function for the system which relates the 
resolution aperture to the effective fly’s-eye lens array aperture. In 
case y << K, Eq. (3-29) becomes

_ K(m - y) 
H + K (3-30)

This is the resolution aperture of the fly’s—eye lens array system.
For a given fly’s-eye lens array system, y is usually determined 

by the lenslet focal power and the distance Dq; Dq should be such that
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Eq. (3-24) is satisfied for the lenslet aperture m. The resolution 
aperture £ of the system is then determined by Eq. (3-29) for a given 
fly’s-eye lens array aperture and the hologram size. The distance Z 
can then be determined by Eq. (3-26).

In conclusion, the information-reduction factor of this system is 
given by

INF. AH/XD A/D
R - ÏNF2 = HK/XZ = K/Z = s£ = f 'y (3-31)

where INF^ = AH/XDq is the information content which has to be recorded 
if a hologram with size H is used to replace the fly’s—eye lens array 
and INF2 — HK/XZ is the information content of the fly’s—eye lens array 
system. The system resolution aperture £ is inversely proportional to 
the information-reduction factor R. In other words, the information­
reduction factor R can be increased only by sacrificing other features 
of the system—the resolution or the viewing angle. Their interaction 
relationships are given by Eqs. (3-26), (3-29), and (3-31).



CHAPTER 4

THE STUDY OF THE FLY’S-EYE LENS ARRAY SYSTEM

It was pointed out in the previous chapter that the fly’s-eye lens 
array system is the best experimentally demonstrated scatter-plate system 
and that the performance of the fly’s-eye lens array system is similar 
to the sampling-method system. Since the performance of the sampling­
method system is optimum or close to the optimum for a 3-D viewing 
system, it is worthwhile to investigate the fly’s-eye lens array system 
further. In Sections 4.1 and 4.2, the fly’s-eye lens array system’s 
resolution and the signal-to-noise ratio based on the diffraction theory 
analysis are studied. The aberrations of the small lenslet in this 
system affect its final resolution, a problem studied in Section 4.3. 
One of the practical engineering problems, the change from the record­
ing wavelength to the readout wavelength, is considered in Section 4.4. 
In Section 4.5, the fly’s-eye lens array is used to implement a 3-D 
air-traffic control display system. This application demonstrates one 
of the interesting properties of the fly’s-eye lens array in providing 
a 3-D system.

4.1. THE RESOLUTION OF THE FLY’S-EYE LENS ARRAY SYSTEM
The performance of a fly’s-eye lens array system has been studied 

in Section 3.6 from the viewpoint of geometric optics. In this section, 
the system is studied from the viewpoint of the diffraction theory in 
order to predict the resolution of the system. The signal-to-noise 
ratio of the system will be studied in the next section. The system 
model for this study is quite similar to the one shown in Fig. 3-8 and 
is plotted again in Fig. 4-1.

' In geometric optics analysis, a point object is assumed some 
distance x^ from the lens array. The rays from the object point form 
an image point behind each lenslet. These image-forming rays continue 
to the hologram plane where only some of the rays are recorded. In the
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reconstruction process, only those rays which are intercepted by the 
hologram aperture will be reconstructed to form an aperture £ in each 
small lenslet. These rays then continue on to reconstruct the original 
object point. The resolution of the constructed point is thus calcu­
lated to be Ax^/£ because of the effective ray aperture £ of each small 
lenslet. The many reconstruction rays from each lenslet only change 
the details within the envelope of the intensity pattern given by one 
single lenslet. Hence, the resolution is determined solely by a single 
lenslet. Therefore, in the analysis which follows, only a single lens- 
let is considered.

Staring from the object point, the diffraction effect of the lens­
let aperture and the hologram aperture is considered in each aperture 
plane. The wavefront at each plane has been labeled in Fig. 4-1. The 
analysis of the system is based on the assumption that both the object 
point and the hologram are on-axis. If points and the hologram shifted 
from the central position, the results would be the same.

Consider the point object 0 in Fig. 4-1. If the Fresnel integral 
approximation is used, the E-M field in front of the lens aperture m 
is given by

V(y) - C1 exp (j

where is a constant and k is the wave number. • The transmission 
function of the lenslet is assumed to be

expf-j ~ y l

where f is the focus length of the lenslet. The field emerging to the 
left of the lenslet is thus

U^Cy) - U(y) exp^j y j exp

■ C1 y2) 
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where x2 is the distance of the image point from the lens and is given 
by a single len's image forming relation

f X1 x2

If the effect of the lens aperture m is considered and the Fresnel 
approximation used, the field at any receiving plane x distance away 
to the left of the lens is

dy

" Ci exp
m/2

exp j 2 (x " J-2] y) dy

(4-1)

In Eq. (4-1), the first quadratic phase term, (j • 15
just the phase retardation in any receiving plane in reference to the 
origin of the lens aperture. It is, however, the integral part of Eq. 
(4-1) which is of major concern. If, for example, x = x£ where the image 
of the object point is sharply focused, we have

The integral part of Eq. (4-1) yields a real since function which defines 
the image resolution of a lens system as Ax2/m. For planes other than 
x = x2, the integral part of Eq. (4-1) does not yield a real sine function, 
and the intensity pattern is usually wider. The exact shape of the in­
tensity pattern given by the integral part of Eq. (4-1) can be obtained 
from a table of Fresnel integrals and a point-by-point plot of the 
curve.

In the following, the problem is approached by using one of the 
possible approximations [11] to yield a closed form for the integral
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m/2
2exp(jirBy ) exp(-j2irFy) dy

-n/2
(4-2)

where

Al
X

Al
\x

1
x2

w A yl and F = —— AxB A

Equation (4-2) is a function of F and is the Fourier transform of 
2the product of a rectangular window and exp(jirBy ) . Both transforms 

are known. In order to obtain G(F), we have to convolve the two trans­
forms by approximating one of the transforms by a Gaussian curve. The 
Fourier transform z^ of the rectangular window is z^ = £sin (mnF)] /irmF. 
The Fourier transform z_ of exp(jirBy2) is z, = C exp(-jwF2/B). To make

L z O 2the convolution of z^ with Zg, we approximate z^ = exp(-2.04 m F ).
This approximation, shown with the exact function in Fig. 4-2 is quite
good in the main lobe. For 
Eq. (4-2) becomes

the convolution, we then obtain * Zg and

0.4

0.0 ■

0.6

1.0

Broken curve:

Solid curve: Fourier transform of 
rectangular window

Gaussian approximation

mnF 
ir *

Figure 4-2. The Gaussian approximation of a since function

0.2



- 103 -

m/2 
f 2G(F) = expCj^By ) exp(-J2irFy) dy
—m/2

■ttF'
2 A0.65m + j 0.42mi B

1 + 0.42mV

irF‘
20.65m^

21 - j 0.65m B
(4-3)

where
- ■ •(—W" 

\1 - j 0.65m B'

is just a constant which does not interest us at this time. The exact 
derivation of Eq. (4-3) and some discussion on its validity will be 
given in Appendix C. The amplitude of Eq. (4-3) is a Gaussian function 

2of the form exp(-at ). If this function is approximated by a sine 
function like that in Fig. 4-2, we have the following relation: .

exp(-at^) = exp(-2.04m^t2) = (4-4)

The width of the main lobe of sine function is generally used as a 
measure of the resolution of an imaging system. If the same criterion 
is applied to the Gaussian function and Eq. (4-4) is used, the corre- 

2 spending resolution of a Guassian function exp(-at ) is

1 
m

Applying this equation to the amplitude of Eq. (4-4), we have the reso­
lution of G(F)

/ 4 2

A yq
If F « — is used and the resolution of G(F) ■ U|(y^) in terms of the 

y2 variable is desired, we have
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Equation (4-5) is the 
plane x distance away
if x ■ x2

àx9 
R = —- m

L 21 + 0.42m B
2 m

(Ax)2 m(x - x2)
X2 (4-5)

resolution of the field U^y^) 
from the lens aperture m. As

at any receiving
we predicted before,

Let x - x^ + x^ whereby Eq. (4-5) becomes

(4-6)

In Eq. (4-6), the first term is the resolution caused by diffraction 
effects, while the second term resembles the width of the beam predicted 
by geometric optics—except for the constant 0.65. The existence of a 
constant 0.65 in the second term is not surprising since the measure of 
the resolution is chosen arbitrarily and the first term cannot be neglected 
completely. Hence, Eq. (4-6) serves as a reasonable measure for the 
beamwidth in any receiving plane.

The field at the hologram plane is also given by Eq. (4-2), except 
that we now have the case of x - x2 + x3 with x^ » x^ Since x^ » x2, 
the Gaussian amplitude wavefront must be very broad. Hence, for a holo­
gram with very small aperture, the amplitude of U^y^ at the hologram 
aperture can be regarded as constant. This leaves U^y^), given by 
Eq. (4-2), rather complicated. Since the hologram aperture K is very 
small, we can assume the resolution of the image point at x = x2, given 
by lens aperture m, is much smaller than the resolution which will be 
reconstructed by hologram aperture K at image point x = Xg. Under 
this assumption, the field at the hologram aperture can be written as
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"c yl)

° C yl)
which is just the field caused by a point object. Mathematically, 
we can assume 0.65m2B » 1 in Eq. (4-3); then, Eq. (4-3) becomes

Ui(yi) - C exp(^-)

which leads to the same phase function.
This phase function is recorded by the hologram and is then recon­

structed back to the fly’s-eye lens. The field reconstructed by the 
hologram, at any receiving plane to the right of the hologram, is de­
noted by U^(y) and is given by

K/2
U (y) - I exp/-j y? ) exp 

1V2 k 3 ’ ~ ^1 (4-7)

Equation (4-7) is essentially the same expression as Eq. (4-1), except 
that the lens aperture m has been changed to the hologram aperture K 
and the role of x% becomes xy Therefore, the results we discussed 
previously for Eq. (4-4) can be applied to Eq. (4-7) as well.
According to Eq. (4—6), the resolution for U^(y) at x 1 x^ is given 
by

Ax,
R K 

while the resolution of the wave front in the lens let aperture is given 
by
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R -

It is very interesting to consider the optimum K which will 
yield minimum resolution in front of lenslet aperture m. This can be 
found by taking the derivative of R in Eq. (4-8) with respect to K and 
solving for K from dR/dK = 0. The optimum K is thus found to be

+ x3)x3-|V2 
0.65x2

With K = K - opt* the minimum R is given by

R - Rmin
0.65X(x3 + x2)x2 

X3

0.65X(x2 + x^T/2

1.3X(x2 + x3)x2 1/2

The minimum resolution occurs when the first term equals the 
second term in Eq. (4-8)> i.e., when the resolution caused by 
diffraction effect equals the resolution given by geometric optics.

To proceed further, we write down the expression of field Ur(y) 
in front of the lenslet aperture m by using Eq. (4-3) in Eq. (4-7):

vr(y) exp
________ -2.04K2
(XX4)2(1 + 0.42K*B)

_______ 0.42K*B
(Xx4)2(1 + 0.42K*B

2

where

%4 = =2 * x3*
x2

%X4X3
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If we further define
2

. A __________ 2.04k _______ .
® 2 4 2(Ax*)  (1 + 0.42KV)

Ul+------- , 
(Ax^d + 0.42KV)

then the above expression for Ur(y) can be written as

2Ur(y) = exp(-ay ) (4-9)

To find the reconstructed electrical magnetic field at the object point
after Ur(y) pass through the lenslet function again, we have

u(yp
m/2

—m/2

Vr(y) exp^j
dy

exp

exp y dy (4-10)

The integral in Eg. (4 10) has the same form as Eg. (4—3) and thus can 
be simplified to give a closed form as follows:

2.O4m^ + 0.65m2 -J

2 fr 2 =\2 
(AxJ (1 + 0.65m -) +

\ IT /

exp(j phase term)
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where
d4_^_X + _b_i_b____ L

1 *2  X f A A x^ A Xg

The resolution of U(yp is thus given by

2 9 2

I + (0.65mzd)

T") + (^P2 0.65 i +
(Axp2 0.42m2d2

2 a 1 + 0.65m it

1/2

(4-11)

Equation (4-11) is the final resolution of the reconstructed object 
point.

However, each term within Eq. (4-11) has its physical meaning. 
The first term (Ax^/m) results from the lenslet aperture m predicted 
by diffraction theory. The second term (Ax^2 0.65 can be written 
in a different form. This term results from the amplitude of U (y) 
in Eq. (4-9) where the resolution of the amplitude exp (-ay2) is 
R - (2.04/a)1/2. Hence,

a = 2.04/R2

Substituting the above equation into (Ax_)2 0.65 — , we have 
1 IF

(Axp2 0.65 = (0.65AX]/Rr)2
(4-12)

Equation (4-12) has the same form of resolution predicted by 
diffraction theory for a aperture R^, except for a constant 0.65. 
Hence, this term can be said to result from the effect of the reso­
lution of the reconstructed wavefront in front of the lenslet which, 
in turn, is determined by the hologram aperture; R is a function of K.
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The third term

, 2 2 2 •(Axpz 0.42mZd . 
2 a 1 + 0.65m - TT

represents the out-of-focus resolution. It can be written as

? 7 9(Xxpz O.42mzdz

1 +

Both Rr and d are functions of K. When K is very large, R + = and 
d ■*  0, so this term can be omitted in Eq. (4-11). When K is very
small, R^ -> oe and The above expression then becomes 

2
d

represents an out-of-focus resolution.
Hence, Eq. (4-11) can be written as

2 2
for small K

for medium K (4-13)2

where
2

Therefore, the final resolution is thus determined by m, K,
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xl» x2» xj» x^ a closed form. Curves can be plotted by using a 
computer to compare its values with those predicted by geometric optics. 
The above formula, like Eq. (4-13), is only valid in a Fresnel region, 
i.e., > m and x^ > K. Hence, in Eq. (4-13), you canf t let - 0
and expect R = R^. Anytime the Fresnel approximation integral is used, 
it is always assumed that the distance between the two planes con­
sidered is larger than the aperture of the fields.

4.2. THE SIGNAL-TO-NOISE RATIO OF THE FLY'S-EYE LENS ARRAY SYSTEM 
Consider the noise caused by the diffraction effect of a small 

hologram aperture. More precisely, a point object 0 in Fig. 4-1 
forms a point image behind a small lenslet aperture m. This point 
image is then reconstructed by a small hologram aperture K. As a re­
sult of the diffraction effect of this limited hologram aperture, the 
reconstructed wavefront ^(y) in front of the lens let aperture m has 
energy outside that aperture. Those rays which are within m will 
come to a focus to form a reconstructed object point, even though the 
focusing may not be perfect. However, there is no chance that those 
rays outside the lens let aperture m can help form the image point. 
They are scattered as a noise background and are defined as the noise 
of the system. We define those rays within m as signals, even though 
not all the rays will give the real signal brightness by focusing at 
the same point.

With the above definitions, we can proceed to derive the expression 
of the signal-to-noise ratio for the system. Refer to Eq. (4-9) , in 
which the Uf(y) in front of the lens let aperture m is given. The in­
tensity of the wavefront is thus

|Ur(y)|2 = Ur(y)Ur(y)*  = exp(-2ay2)

________ 4.08K2______ 
(àx4)2(1 + 0.42K2B2)
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The power which is incident on m is ■

m/2
A i/o f 9S - <2ahV exp(-2ay^) dy (4-14)

-m/2

where
œ

(n/2a)l/2 = | exp(-2ay^) dy

—CO
is the factor normalizing the total power of the wavefront. The 
signal-to-noise ratio is given by

m/2
(2a/ir) ' exp (-2ay ) dy

S A ____________ -m/2_______________
N " m/2

1 - (2a/v)^^ J exp(-2ay^) dy 

—m/2

Equation (4-14) can be simplified as follows :

m/2
S = (2a/%)l/2 | exp(-2ay2) dy = 2/(^)^ 

—m/2

5 erf

and Eq. (4-15) thus becomes

S erf (m(2a) X^2/2 J
M ° p 1/7 11 - erf |jn(2a) /2J

where

A 2.04K2_________
a 2 4 2(Xx^^d + 0.42KV)

(4-15)

m(2a)l/2
22 j exp(-t2) dt

0

(4-16)
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Equation (4-16) is a monotonie increasing function of m(2a)1^2/2. 
This means the signal-to-noise ratio will increase as either m or 
/2a increases, /2a is a function of K given by

----------------------—m 

(Ax4) Ç1 + O.42K*iy

It can be seen that

(2a)1/2 -> 0, as K -> 0

(2a)1^2 0, as K + ”

Hence, there must be a value of K where /2a is maximum which, in turn, 
makes the S/N maximum. To find this K, we set d/Za/dK = 0 and solve 
for K. The optimum K is

/Xx4x3K “ Kopt (o.65x2) (4-17)

Equation (4-17) is exactly the same as the optimum K, where the reso­
lution of Ur(y) in front of m is minimum. This is not surprising, 
since /2a is inversely related to the resolution and the conclusion 
satisfies our intuitive feeling; i.e., for a fixed lenslet aperture m, 
the maximum signal energy is obtained when the resolution is a minimum.

Equation (4-16) can also be written in terms of m and

S 
N

erf|m(1.02)1/2/R

1 - erf m(1.02)^2/R
erf (m/R,.)

1 - erf(m/Rr)
(4-18)

Comparing Eq. (4-18) and Eq. (4-13), we note that we cannot increase 
both the system resolution and its signal-to-noise ratio by changing
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Rr> but we can do this by increasing the lenslet aperture m. The limi­
tation of lenslet aperture is imposed by other factors.

4.3. THE EFFECT OF THE THIRD-ORDER ABERRATIONS ON THE FLY’S-EYE LENS 
ARRAY SYSTEM

In the previous two sections, the study of the performance of the 
fly's-eye lens array system assumed that each small, individual lenslet 
is a diffraction-limited single thin lens. In practice, however, the 
small lenslet will not be aberration free because of fabrication diffi­
culties. Therefore, severe aberrations which affect the resolution of 
the final image always exist on each lenslet.

In Section 4.1, the resolution of the final image is represented 
by a single, circular aperture £ in the lenslet aperture m for an 
aberration-free lenslet. When third-order aberrations exist in the 
lenslet and when the hologram only captures part of the ray for a 
single object point through the lenslet aperture, the reconstructed 
aperture for a point object will no longer be a solid circular aperture. 
The exact shape of the reconstructed aperture depends on the lenslet 
aberration and the hologram location. In this section, the effects 
of each third-order aberration term on the image resolution are 
studied. A similar system model as shown in Fig. 4-1 is used, but 
the notations are different for presentation convenience. The system 
model is plotted in Fig. 4-3.

Using the notation given by O’Neil in his book [1], and depicting 
his Fig. 4-1 as Fig. 4-4 here, we can proceed to attack our problem. 
The aberration function A(u, v, h) of a symmetrical optical system 
(a lens) is given by

4(p» h) = aQ + bQh2 + b^p2 + b^hp cos * + c^h*  + c^p^

2 2 2 2 2 3 q+ Cgh p cos * + Cgh p + c^h p cos * + c^hp3 cos # 

+ dQh6 + d^6 + ... (4-19)

where
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Figure 4-3 The singlè-lens optical system model
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Figure 4-4 The optical system for aberration study
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u = pacos ÿ, p =V (u2 + v2) /a^
° - P - l

v = pasin -1* = tan v/u a = radius of the exit pupil 
(a = m in our case)

The equation of a ray leaving the exit pupil at Q, normal to the wave
front and intersecting the receiving plane at Q* , is given by

x - u z - w
0) (4-20)

The Gaussian image point P*  is the origin of our coordinate system 
(x, y, z). Hence, the point (x = 0, y = 0, z = 0) refers, in general, 
to an off-axis image point P\ and not to the axial image point 0.
With the approximation m = R, Eq. (4-20) can be written as

X “ - f(u) + (R + z) (4-21a)

y = - f (v) + (R + z) (4-21b)

Equation (4-21) is the fundamental equation relating the coordinates 
(u, v) in the lens aperture to the coordinates (x, y) at any receiving 
plane z. When z = 0, Eq. (4-21) reduces to

riXo *

yo f c
(4-22a)

(4-22b)

Using Eq. (4-22) and considering a ring of rays p = const in the 
lens aperture, we can plot the corresponding curves traced out in the 
Gaussian receiving plane. These curves are the so-called aberration 
curves and, for different terms in A(u, v, h), they represent different
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imperfect images. The third™order Seidel aberrations result from the 
following terms in A(ù, v, h):

1) spherical aberration

2 2 2 2 22) Cgh p cos + Cgh p astigmatism and field curvature
33) c^h p cos $ distortion
34) c^hp cos coma

For each of the above Seidel aberrations, the corresponding aberration 
curves have been studied extensively [8, 25]. Here we reverse the 
order. .

Assuming a given size and shape of a hologram in any receiving 
plane away from the Gaussian image plane, the corresponding curve in 
the lens aperture is traced out for each Seidel aberration term. Direct 
investigation can be accomplished with Eq. (4-21), in which the re­
lation between (x, y, z) and (u, v) has been uniquely established for 
each term in A. Given a well-defined curve function, f(x, y) = 0, 
In a receiving plane, the corresponding curve in the lens aperture 
can be obtained by substituting Eq. (4-21) into f(x, y) = 0. Moreover, 
since the circular aperture of a hologram is commonly used in discussing 
the resolution performance of the system, we can also define a polar 
coordinate (p', *')  in the (x, y) plane; i.e.:

X - p * cos *1
y - p' sin ♦' (*-23)

With Eq. (4-23) above, the corresponding relation between p' and (u, v) 
or (p, 4») is found to be

- 2(|)(R + z) (4-24)



- 117 -

or •

"" ' $ °2p2+ <» + 2 [(iV)2 * J - «) <z + «
(4-25)

Equations (4-24) and (4-25) are very convenient if we have a circular 
hologram aperture centered at the origin, i.e., p*  - constant

A discussion of the effect of each third-order aberration on the 
system resolution follows : .

1) Spherical Aberration: A =

For this aberration, consider a circular hologram centered at the 
origin of a given receiving plane z. Equation (4-24) becomes

P ,2 2
ap - (z + R)

or

■ (r)»-<*  + to (^)

ap - (z + R) 4c1 (4-26)

where p*  is the radius of the hologram aperture and ap is the radius in 
the lens aperture. A close look at Eq. (4-26) shows that the first 
term on the right is the term predicted by Gaussian optics without 
aberrations ; hence, the effect of the spherical aberration on the 
system resolution is well represented by the second term. In the second 
term, c^ is the aberration coefficient which can be represented by

2 '1-# %- (4-27)

where 6l is the maximum deviation for the marginal rays P “ 1 at its 
Gaussian image point. With Eq. (4-27) in (4-26) , we get
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p ■ ap z _ (z + R)
R2

SLp2 (4-28)

Since z » R Eq. (4-28) becomes

(4-29)

= ap 6L 2
Tp>

It can
small, 
not be

be seen from Eq. (4-29) that unless « 1, i.e., is very 
the effect of spherical aberration on the system resolution can- 
neglected. Moreover, depending on where ÔL is positive or nega-

tive, the effect on resolution can be either 
shows the plot of p’ versus p for = ±0.1,

good or bad. Figure 4-5 
±0.2, and ±0.5.

2) Astigmatism and Field Curvature: c2h2p2 2 9 2cos * + c^h p

in

or

For this aberration, if we consider the same hologram considered
the case of spherical aberrations, Eq. (4-25) becomes

z /^2
% - (R + z)(c2 +

- '8 j

2 v
P’

2h2 
a2.

/ 2.
R ' C3« + 
- 'a <

(4-30)

This equation represents an ellipse 
axis is

on the lens aperture. The semi-major

p ’2 = u2

z 
R

R

2 u
P 1

2 3

2

2 
. 2 ■| - (R + z)

2 1

P . major
P’ (4-31a)

(’ 2'
T" a >
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6L/R

ÔL/R

0.5

6L/R

6L/R

Relation predicted 
by Gaussian 
optics

z
R * z

R ap :

: 0.1

Figure 4-5, Relation between hologran aperture p* 
and reconstructed beam aperture p at the 
lens aperture for different spherical 
aberrations deviation 6L/R
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and a semi-minor axis is

p = r-^minor
R " C3(R * Z) (4

\ a

(4-31b)

A circular hologram with radius p*  will form an elliptical beam pattern 
in the lens aperture. Thus, for the discussion on the resolution, we 
must choose the semi-minor axis as the effective aperture for the recon­
structed object resolution. Equation (4-31b) shows the relation be­
tween hologram aperture and the corresponding resolution aperture in 
the lens aperture. Equation (4-31b) can be written in the form below:

P* P minor R ’ Y* +
2

(4-32)

The first term in Eq. (4-32) is just the relation predicted by Gaussian 
optics without aberrations. Hence, the second term can well represent 
the effect of this aberration on the system resolution performance.
The choice of Eq. (4-31b) instead of Eq. (4-31a) as a measure of
system resolution is based on the assumption that both Cg and Cg are
positive. In this case, the minor axis of the ellipse is given by
Eq. (4-31b). Since Cg and c^ can be both positive and negative in­
dependently, the practical choice of the minor axis should be either 
Eq. (4-31a) or (4-31b), whichever is smaller. The effect of this 
aberration on the system resolution depends on the sign of the second 
term. A comparison of the second term between Eqs. (4-29) and (4-32) 
reveals that the deviation of the system resolution from its Gaussian 3value is nonlinear because of the p term for the spherical aberration, 
while it is linear for the astigmatism and field curvature aberration.

33) Distortion: c^h cos 0

For this term, since each object point focuses to a point image 
in the Gaussian image plane, the aberration does not change the reso­
lution aperture for each lenslet predicted by Gaussian optics. The 
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relative position of the image point behind the lens array is affected 
by this term however. The relocation of each image point in the image 
plane can be compared to the use of a different coding system and the 
final resolution of the system will not be affected in general.

□4) Coma: c^hp cos $
The results for this term are complicated because of the complexity 

of the expression for the beam pattern in the lens aperture correspond— 
ing to an on-axis, circular hologram. For such a hologram, Eq. (4-25) 
becomes

2
P* 2 - æ (u2 + V2) + C2(R + z)2 Qu4 + 8u2v2 + v4)

- 2c R + z) ^3u2 + 3uv2^ .

where c is a constant. Because this expression represents unfamiliar 
curves, we will consider another approach.

Consider a straight line x « K in a receiving plane; Eq. (4-21) 
becomes

x = K

Rearranging Eq. (4-33), we get

-1
30

v2

(4-33)

(4-34)
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This is an ellipse in the lens aperture with the center shifted to

(« w v = °,
The semi-major axis is given by

(4-35a)

while the semi-minor axis is given by

(4-35b)

Since this curve corresponds to a straight line (z = K) in the 
receiving plane and K only appears in both semi-axes, for a 
set of straight lines (x = K) in the receiving plane, the corre­
sponding curve in the lens aperture is a set of ellipses centered at 
(u " gfjj» v " °)*  In the special case, when K - 0, Eq. (4-34) becomes

2

Further investigation reveals that when K , the correspond-
z2 

7 y 12R4S 
ing ellipse shrinks to the center point ( u = , v = 0 ). Figure 4-6

\ vKp Jshows the set of ellipses corresponding to different positive and 
negative K.

Figure 4-6 shows that with a rectangular hologram with boundary 
x = K^, x = K2, and the boundaries in y coordinates are large enough 
to cover all the rays in the y direction, the corresponding aperture 
pattern in the lens aperture would be either: (1) a ring between two 
ellipses; or (2) a solid ellipse centered at (u = z/6R0, v = 0). The 

2 2pattern depends on whether or not the line x = -z /12R 6 is covered in­
side the hologram aperture. Since the shape of the hologram and the 
corresponding shape of the beam pattern in the lens aperture are not
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u

-2S

- - S

- 3S

2S

K = W2 \ \ \
y )k=o ) I k=p 

/ / K=//2 /

-J-.— v 3S

Figure 4-6. The set of ellipse curves in the lens 
aperture corresponding to different K 
where

2
S = 6R0 * P - I2R20
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relevant for this aberration, the discussion on the effect of resolution 
is limited. Only in one, simple situation can we give a reasonable dis­
cussion. We assume a rectangular hologram with x = K^ ■ - z2/12R2g;
let K„ > K1. In this case, the width of the hologram in the x direction 

1 2 2is given by Kg + z /12R g, and the corresponding beam pattern in the 
lens aperture is a solid ellipse with semi—minor axis (given by Eq.
4-35b) as a resolution aperture. We thus have

(4-36)

where p is the length of the minor axis of the solid ellipse and 
2 2t = Kg + z /12R g is the hologram aperture. Equation (4-36) is plotted 

.in Fig. 4-7; the relation between P and t, predicted by Gaussian optics, 
is also plotted for comparison. At the point where K„ = 0, or

2 2 2
t = z /12R 0, P = z/3Rg. This aperture is almost four times that pre­
dicted by Gaussian optics. The maximum deviation occurs at the point 
t = z /3R g, where the aperture difference between the two p’s is 
equal to z/3RB.

In conclusion, the effect of the Seidel aberrations on the system 
resolution can be studied by tracing the exact shape of the recon­
structed beam pattern at the lens aperture for a given hologram. How­
ever, the reconstructed beam pattern at the lens aperture yields 
simple expressions only for very simple hologram shapes at several 
special locations. These simple expressions can serve as the basis 
for discussion. The curves of the system resolution have been plotted 
to show the effect of different aperrations against the Gaussian 
predictions.

4.4. THE CHANGE OF WAVELENGTH, HOLOGRAM SCALE FACTOR, AND MAGNIFICATION 
There are several practical problems in the fly's-eye lens array 

system: changes of wavelength in the recording and reconstruction 
process; misalignment of the hologram and the readout beam in the 
reconstruction process ; and the effects of the displacement of the 
hologram and the readout beam. In this section, the effects caused by 
wavelength change will be studied.
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Wavelength changes in the reconstruction process of the fly’s-eye 
lens array system has two main results : (1) the magnification of the
reconstructed image in the image plane of the fly’s-eye lens array is 
changed; and (2) the aberrations of the reconstructed image appears. 
To cope with these results, the scale factor of the hologram size and 
the fly’s-eye lens array can be changed in relation to the change of 
wavelength to avoid severe distortion in the final image. Also, the 
reference beam and the readout beam can be arranged to eliminate some 
of the aberration terms.

The problem is approached with Meier’s [20] equations on image 
coordinates, magnification, and third—order aberrations.

-f — s \ zx o
1
Zi

1
Zc (4-37)

X c
z c

xi 
zi

uI o 
s \ z o

Zç 
zc

2 z z o
Zr

o 
zc

(4-38)

(4-39)

(4-40)

u f o 
^o

Equations (4-37), (4-38), and (4-39) express the relationship between four 
point-source coordinates. The subscripts i, o, r, and c correspond to
image, object, reference, and construction point source, respectively.
In Eq.

^c u — —A,
gram.

(4-40), M is the lateral magnification for the reconstructed image, 
is the wavelength ratio, and s is the scale factor of the holo-

The coefficients of the third-order Seidel aberration terms are
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given by spherical aberration

astigmatism

z3 
c

(4-41)

(4-42)

(4-43)
2 x

Ax

*1

field curvature

-<*o  - y») + y^ 4 + 4

zc ■ sV - —

and distortion

xc + Ve u(*o  + Vq) u(*r  + Vr> xi + %
(4-45)

Throughout this section, u / 1. The two parameters s and M pro 
vide four possible cases for coping with the change of wavelength 
u / 1:
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In the first two cases, M / 1 means that there is a magnification of 
the reconstructed image. Therefore, the fly's-eye lens array must be 
enlarged equally so that it matches the reconstructed image and intro­
duces no distortion in the final image. Discussions on each of the 
above four cases follows. Studies are made on the choice and arrange­
ment of the reference and reconstruction beam that will reduce the 
aberration as much as possible.

Case 1:

M / 1
8^1

This is the least restricted case. Since the image magnification and 
the hologram scale factor can be chosen at any specific value, all the 
aberrations can be eliminated simultaneously with the following two 
arrangements :

Ç
Z ■= Z = °° Z=Zc r r o

C
zc

u
s

u
8

zc

X c
zc

ux __ r
8Zr

u JL
8 zr

In the arrangement A, a collimated reference beam is used, both in re­
cording and in reconstruction. With z^ = z? = ”, Eq. (4-40) becomes 
M = 8. The hologram and the fly’s-eye lens array should be magnified 
or demagnified by the same amount. The conditions u/s = 1 and 
xc/zc=-(u/sXxr/zr) are sufficient to eliminate all the aberrations 
listed in Eqs. (4-41) to (4-45). As a result, M = u = s.

In arrangement B, the point-source reference beam is put at the 
same plane where the object point is located. In the reconstruction 
process, a convergent wavefront, which comes to a focus at the point sz 
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should be used. To eliminate coma and astigmatism simultaneously, 
u/s “ 1 is necessary. From Eq. (4—40), M = s = u in this arrangement.

Case 2:

|m f 1
y a - 1

The required enlargement of the hologram in Case 1 is not desirable be­
cause it involves a conventional imaging step. Case 2 is intended to 
avoid this step. Unfortunately, if s = 1, all the aberrations cannot 
be simultaneously eliminated. Arrangements can be achieved to 
eliminate or reduce some of the aberrations listed in Eq. (4-41) to 
Eq. (4-45). For example:

z = z » “ c r
f

u Xr
M z r

^c 
zc

Arrangement A can eliminate coma completely and reduce astigmatism, 
as well as eliminating some of the terms in field curvature and dis- 
tortlon. Since u s, some of the aberration terms cannot be elimi­
nated. With this arrangement, however, M = s = 1 from Eq. (4-40), 
so that neither the hologram nor the fly’s—eye lens array have to be 
scaled. Arrangement B can eliminate spherical aberration and coma 
completely. Astigmatism, field curvature, and distortion can be re­
duced by x^/z^ = — (u/aXx^/Zf). The astigmatism can be eliminated com­
pletely by using z^ = -uz^ instead of z^ = -sz^ in this arrangement, 
but the coma cannot be eliminated. From Eq. (4-46), M becomes 
M = - uzc/zq. If zc - -uzq is used, M - u2j if z^ - -sz is used, 
M - u. °
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Case 3

M = 1

8^1

This is the case in which the fly’s-eye lens array remains unchanged. 
The aberrations of Eq. (4—41) to Eq. (4—45) cannot be eliminated
simultaneously. However, some of the aberrations can be eliminated.
Examples are:

z c

X c
S zr Bz c

8Z o 9zc-----Û-----^O’ s ' U

Arrangement A is exactly the same as arrangement A is Case 2; s is 
forced to be equal to 1 by the requirement of M = 1. Arrangement B 
eliminates spherical aberration and astigmatism completely. Part of 
the aberration terms in field curvature and distortion can also be 
eliminated by x^/z^b - (u/s Xxr/zr) • The coma cannot be eliminated 
in this case by zq - -szq, since it makes M + l and s ■ u2 in this 
arrangement.

Case 4:

8 = 1

k = 1

This is the case that is practically desirable if all the aberrations 
can be eliminated or reduced. From Eq. (4-40), Case 4 requires 
zc " “(l/u)(zr). Arrangement A from both Cases 2 and 3 can be used 
here. For a second example, consider the following arrangement :
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z z O

Here, zc ~ % is obtained by z? = zq and zc = - z^. Only the
spherical aberration can be completely eliminated. Part of the 
aberration terms in astigmatism, field curvature, and distortion can be 
eliminated by

Except for the first general case, the aberrations can only be re­
duced in the remaining three cases. When the system requirements are 
precise, as in Case 4, more aberration will be present. The aberration­
balancing technique used by Latta [22] can be applied in such cases. 
Since the technique deals with only one point, the possibility of any 
practical improvement by such a technique is still questionable. The 
presence of aberration may not be too severe if only one object point 
is to be reconstructed by the system. This is the case discussed in 
the next section.

4.5. THE APPLICATION OF THE FLY’S-EYE LENS ARRAY TO A SIMPLE THREE­
DIMENSIONAL AIR-TRAFFIC CONTROL DISPLAY SYSTEM

As the last section of this chapter, a fly’s—eye lens array is 
applied to a simple three-dimensional air-traffic control display device, 
first proposed by J. Upatnieks [24]. In this device, a fly’s-eye lens 
array is used as a viewing screen, while the position of each airplane 
is represented by a dot of light behind the screen. The dot of light 
is actually recorded by a small hologram behind the fly’s-eye lens 
arrey « The position of each dot is continuously adjusted according
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to the actual motion of the aircraft. The position of each aircraft is 
supplied by ground-based information radar or other sources, such as 
on—board altimeters. This information is then processed by a computer 
in order to provide the appropriate commands for adjustments of the 
display. The adjustment of the position of each light dot in the device 
is accomplished by adjustment of the reconstruction illuminating beam 
as well as the hologram. The relation between the light-dot position 
and the required adjustments to produce the change in its position 
has not been studied analytically. In this section, this relationship 
is investigated and the basic equations between various system para­
meters are derived.

The system model for this study is sketched in Fig. 4-8. The real 
image of a point object is reconstructed to the left of the fly’s-eye 
lens array for the convenience of the analysis although, in practice, 
the virtual image behind the fly’s-eye lens array may be used. A 
description of the basic mechanism of the system device follows.

A point source 0 is recorded through the fly’s-eye lens array. 
After reconstruction, this point-source image is supposed to be able to 
move to any place within a given terrain (denoted by airport terrain) 
simply by adjustment of both the reconstruction illuminating beam and 
the hologram. The goal here is to find out if this can be done 
theoretically and further derive the basic parameter relationships for 
the adjustment. First, consider the movement of a point source along 
the optical axis. Figure 4-9 shows a section of Fig. 4-8 in which two 
points 0^ and Og, with different distances and Zg from the fly’s-eye 
lens array, are considered. Suppose point 0^ forms a set of image 
dots behind the fly’s-eye lens array—one image dot for each lenslet. 
If this set of image dots is magnified by a magnification M, can the
new set of image dots correspond to a new point object, say 0,
different distances from the fly’s-eye lens array?

•2, at
What is the re-

lationship between the magnification and the positions of two points?

Let I^Cn) denote the coordinate of the point image behind the n’th 
lenslet of the fly’s-eye lens array for the object 0^. Then, from the 
simple geometry of Fig. 4-9, I^n) is given by

I^n) - nm + n — (4-46:
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where m is the aperture of each lenslet. These image dots are equally 
spaced with spacing distance m + (z^/z^m. The coordinates for the 
other set of image dots of object point Og are

z2In(n) - nm + n — m Z2 (4-47)

Now, if Eq. (4-46) is magnified by a factor M and is set equal to Eq. 
(4-47):

Ml^n) = I2(n) (4-48)

Equation (4-48) must be true for all 
to each lenslet. We further let M = 
of the magnification. We thus have

n; n is the integer 
1 + AM, where AM is

corresponding 
the increment

“*1  «n(1 + AM)nm + (1 + Am) n — m = nm + n — m 
Z1 =2

Since the above equation has to be true for all n, it immediately
yields

(4-49)

Equation (4-49) is the basic equation which relates the magnifi-
cation and the object point position. Clearly, if z^
^ZVZ2^ " (z^/zj.) is positive.

< z^, then
This means AM is positive. We thus

need a magnification to move point 0^ to point Og. The above con­
sideration did not mention the required z—axis adjustment of the point­
image set since z^ 7*  Zg. We assume that the required adjustment has 
been made. Moreover, since z^ and z*  are related to z^ and Zg by the 
single-lens function,

I 
f

l
Z1

1
4

1 

f
1
z2

1
z2
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Equation (4-49) can be expressed in terms of z , Zg, and f

AM = —
Z1 (4-50)

where f is the focal length of the small lenslet.
In Eq. (4-50), the approximation is valid when Zg » f (which is 

usually the case ). This equation is also a very useful expression 
of the object point position and the required magnification.

We now use Eq. (4-50) to derive the optimum position for the 
point-object source 0^ that must be recorded in our system (Fig. 
4-$ . The criterion for the optimum is as follows : once a point source, 
say Op is recorded at some position 0 within the airport terrain (i.e., 
between and Dg in Fig. 4-8) the required incrementation of the magni­
fication AM to move the reconstructed point to the two extreme boundaries 
D1 and Dg should be the same in their absolute value. Let z denote the 
optimum position for the object point. Then Am at D. and D. is given 
by 2

D2

respectively. Equating the absolute value of these two expressions 
for AM and solving for z , we get

Surprisingly, the optimum position does not happen at the center of 
the terrain.

So far, we have considered the case in which the magnification of the 
set of the image dots formed by the fly’s-eye lens array for a point 
object Op' takes place when the center of magnification (denoted by 
point C in Fig. 4-9) is on the axis of the object point Op The center 
of magnification is defined as the point which does not change its 
position during the magnification process. If the center of magni­
fication does not occur at the point which has the same (x, y)
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coordinates as the object point during the magnification process, then 
the new (x, y) coordinates of the object point after the magnification 
will not be the same as the old one. In other words, the object point 
will be shifted laterally or vertically after the magnification. The 
new coordinates can be found easily, however, since the relation between 
the object point x, y coordinates and the corresponding image-point 
coordinates behind each lenslet is very simple.

In the above analysis, we have assumed that the object point is 
on the axis of one single lenslet, which is not always the case. 
However, analysis of other cases can be carried out similarly. In 
practice, however, the size of each lenslet is rather small compared 
to the size of the fly's-eye lens array aperture, the airport terrain 
and its distance from the lens array. This makes the above analysis 
rather accurate, even if we only consider discrete positions in the 
object space and its image space. As pointed out before, the extension 
of the analysis to the continuous case yields no further complications.

To illustrate this, consider a small lenslet A and its image plane 
in Fig. 4-10, where a point 0 is chosen as the center of magnification 
and point x is the coordinate of an image point formed by this lenslet 
for an object point 0^. If the coordinates axis is also chosen to be 
at 0, than a magnification M makes the x coordinate M = (1 + AM)x. 
The displacement AM of the image dot x during the magnification 
process yields a corresponding displacement

/ z2\ AMx M 
\ 22 '

in the object space from a point 02 to 0r The object point should be 
located at 02 if the center of magnification is chosen at the image­
dot position x. The vertical location of the object point after a magni­
fication process depends solely on where the center of magnification is 
chosen while the axial location of the object point is still governed 
by Eq. (4-50). If the center of magnification is chosen at one of the 
image points which is within the same aperture of the small lenslet, as 
the object point does, then we can say that the object point has been moved 
axially by a change of magnification. This situation is shown in Fig. 4-10 
by points 0^, 02, and C, where C is chosen as the center of magnification.
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So far, we have studied the basic property of the fly’s-eye lens 
array of providing the axial movement of a point object source by magni­
fying its image dots behind the fly’s-eye lens array. Now we want to 
further investigate how we can provide such a magnification by the move­
ment of the hologram and the readout beam behind the lens array. The 
system setup is sketched in Fig. 4-11 (which is the right part of 
Fig. 4-8). We first consider the case where the hologram is parallel 
to the fly's-eye lens array and is located far enough away from the 
fly’s-eye lens array so that the analysis can be carried out by using 
Meier's [20] equations on magnification and object-image relations. 
(See Section 4.4, Eqs. 4-37 to 4-40.) Coordinators of image, object, 
reference, and readout points are, respectively; (x^, y±, zp, 
(xo> yo’ V' (xr*  yr*  zr) (xc, yc, zc). M is the lateral magnifi­
cation. In our case, u - s = 1. Equations (4-37) through (4-40) can 
then be simplified to

X = _1_ _ <1____ 1>
z. z Lz z / (4-51)
i c or

z. z I z z / (4-53)

(4-54)

Refer to Fig. 4-11. The object for the hologram is the set of 
image dots a distance z^ away from the hologram. Our immediate goal now 
is to find a configuration for the reference and readout beams so that 
the reconstructed image points have a magnification M which can be con­
trolled by the movement of the hologram as well as by the readout beam. 
From Eq. (4-54), we note that we cannot let z = «, since if z - z 

r r ’ r
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has to approach - In order to have M » 1. This Is undesirable in practical 
applications. Further Investigation reveals that If z - z , then, from
Eq. (4-54)

or z = -Mz c o (4-55)

Thus, we can control the magnification by controlling , Moreover, from 
Eq. (4-51), z± = zc, which indicates that the reconstructed image dots 
will be in the same plane where the readout point is located. Hence, 
in practice, we can put the readout point at the plane where the recon­
structed image dots are desired and move the hologram along the axial
axis to provide the necessary magnification.

Our next concern is the center of magnification in the magnification 
process. To provide that information, we must refer to Eq. (4-52) and
consider the choice of x,. For practical reasons, x? is chosen to be 
" 2, where H is the aperture of the fly’s-eye lens array. With this
choice of x , Eq. (4—52) becomes

-M - 2 (4-56)

Equation (4-55) is used to determine the center of magnification. From 
Eq. (4-56), for a fixed xc, the object-point coordinate x is related to 
the image coordinate xr The center of magnification is determined when 
the two coordinates xq and x± are equal in Eq. (4-56):

H 
2 (4-57)

where x^ is the center of magnification. Equation (4-57) shows the re 
lationship between the center of magnification x and the readout co­
ordinate xc. The same approach can be applied to the y direction. 
With yr - 0, the corresponding equation of Eq. (4-57) is
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\ M/ ym -M

The above analysis has provided for moving a point object along the 
axis. Now we consider the means to move the object point vertically. 
Clearly, a vertical movement of the image dots behind the fly’s-eye lens 
array provides a corresponding vertical movement of the object point as 
long as the movement of each image dot is within the aperture of each 
lenslet. The relation between the movement of the object point and the 
corresponding image point is

x _ x*=1 = 4 (4-58)

where (x, are the object coordinates and (x', zp are the correspond­
ing image-dot coordinates behind one lenslet in which the center of 
magnification is assumed to be located. In order to move the object 
point vertically, we only need to move the whole set of image dots 
vertically, according to Eq. (4-58), in which x' is the required move­
ment of the center of magnification.

To move the center of magnification vertically by the hologram set­
up, we have to refer to Eq. (4-56) again, where x^ has to be chosen such 
that the difference between x± and xq is equal to x* , and xq is the 
center of magnification. For the purpose of illustration, refer to Fig. 
4-9, where an object point, Op is on the axis of one small lenslet 
which is also chosen as the coordinate axis. If the center of magni­
fication is also chosen to be the point on axis, then x^ = 0 in Eq. 
(4-57), and we have xc --f M. This means that if we want to move the 
object point 0^ along the axis, we need to move the hologram by the 
amount of Eq. (4-55) and, at the same time, the position of x has to be 
moved by the amount of - | M - | « from its reference position
- 2- To move the object point vertically, refer to Eq. (4-56) again 
where x° = x*  = 0, x± = xm + x' = x* ; we have

x' c H , H
-M -M ” y or = = \ + 2 M (4-59)
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With Eq. (4-58) substituted into Eq. (4-59), we have

z ( X ’ T (xc (4-60)

Equation (4-60) is the final basic relation between the object position 
x and the readout point source location, x^. The same analysis applied 
to the y direction yields

The coordinates of the object point are (x,y) and (x^, y ) are the co­
ordinates of the readout focus point.

We can derive a direct relationship between the movement of the 
hologram and the corresponding movement of the object point by using 
Eq. (4-50) and Eq. (4-55). Assume that the point object is first re­
corded at its optimum position, i.e.,

2%
Zi = D~' + D ln Eq. (4-50)."1 ^2

We then define a new variable z from this optimum position:

Az â D^+ d2 * z2 in Eq. (4-50).

Equation (4-50) then becomes
2 f(D + D y zAM------- =-1---- ----------- (4-61)

2D1D2L2D1D2 - z(Dx + D2)J

Let + Dg = p

20^2 = q .

Equation (4-61) becomes
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2 2 ’
4M - - /P 2 . —fP 2q(q - PZ) q2 _ pqz

From Eq. (4-55), we have

z = -Mz = -(1 + AM)z = - z - AMz L o o o o

The movement of the hologram from its center location, z , is AMz and
is defined by a new variable z, . Thus

AMz = z, o h

2 
zfpz

2 q - pqz (4-62)

Equation (4-62) is the final basic relation between object coordinate 
z and hologram coordinate z^. Note that z and z^ are referred to an 
origin different from that defined before. The small distance z' - z' 
between two different planes of image points for two different object 
points, 0^ and 0^, has been neglected in the above consideration, since, 
in practice, a ground glass will be put at the plane of image points.

One alternative configuration of the hologram setup for this system 
is to have the hologram not parallel to the fly's-eye lens array. This 
configuration is sketched in Fig. 4-12 where the hologram’s normal bi­
sects the angle formed by the fly’s-eye lens array axis and the ray 
from a point reference source. The analysis of this setup can be 
approached by using Champagne’s [21] equation for the image-forming 
parameters of the hologram. These equations are written below:

(4-63)

sin(ap = ^iu(up ± |sin(op- sin(a^ (4-64)

cos^p sin(gp = cos(ap 8in(6c) ± ^os(o^) ^in(Bp - cos(ap sin^

(4-65)



- 145 -

I

bO 
O

X* 
O h 
I h 
tn (0

Q u 
C 
o 
P< 
0) 

44 
o 

cd

tn 
id o Fi

gu
re

 4
-1
2.
 An

 a
lt

er
na

ti
ve

 c
on

fi
gu

ra
ti

on
 o

f 
th
e 

ai
r-

tr
af

fi
c 

co
nt

ro
l 

sy
st

em



. - 146 -

(4-66)

where we assume u = s = 1.
Since these equations only deal with point source objects and images, 

an extension to the plane object and image is necessary. We thus define 
the optical axis of the object plane and the image plane to be the 
central normal axis of the fly’s-eye lens array and its image, as shown 
in Fig. 4-12. We further assume that the size of the fly’s-eye lens 
array and the hologram are small compared to the distance between them 
so that the magnification and the displacement derived for the center 
point 0 of the fly’s-eye lens array can be applied to the whole array. 
With this assumption, we now can proceed to find the relations between 
different system parameters. We note that in our setup for point 0, 
we have

= —a = a.

From Eq. (4-63), we get R± = and from Eq. (4-66)

Mia
"cos (a )' o
_cos(a^)

If we choose = “ar = °, Eq. (4-64) yields

sin^) = sin(a) - 2 sin (a) 

- - sin(a)

or

a = -a = -a i o

The negative value of indicates the image is real.
with Eq. (4-68), we have

(4-67)

From Eq. (4-67)

a o

(4-68)
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or

“la
R c
R o

Kc - “la Ro ■ S1 (4-69)

Equation (4-69) la exactly the sane as Eq. (4-55). Indicating that the 
same movement of the hologram can be made to provide the necessary 
magnification for the fly's-eye lens array as long as we keep 
“c ” ■ “r “ “o ■ The center of magnification in this case is 0 
which can be proved with the formula for the angular magnification 
in the a direction for point 0 :

_ a 4a [cos (a ) 1angular magnification = —- = +---  °Aao |ços((Ç7J

Only when «q * a, - -a^ - a, then - 1. This means point 
0 is fixed during the magnification process. To move the object 
point vertically, the center of magnification has to be moved 
vertically. We refer to Eq. (4-64) in which we set a - a + da and 
"i * + Aa). Equation (4-64) then becomes ' °

2 Alh(a) - sln(a + 4a^) + sln(a + {4_70

Equatton (4-70) is the basic relation between the angular movement of 
the readout beam and the angular movement of the image plane. Probably 
the only advantage of this configuration is that we can move the object 
point vertically by just tilting the reconstructing mirror. The dis­
advantage of this configuration is the complexity of the hologram move­
ment, more aberration, and more sensitivity.



CHAPTER 5

THE BEAMWIDTH REDUCTION METHOD OF A 
THREE-DIMENSIONAL HOLOGRAPHIC VIEWING SYSTEM

As we have stated in the first chapter, an alternative method of 
solving the three-dimensional display problem is to reduce the beamwidth 
of the object scene. It has been experimentally demonstrated that this 
method has more potential than other three-dimensional viewing 
methods. Information-reduction methods for three-dimensional viewing 
systems have inherent basic limitations. However, for the beamwidth­
reduction method, the recording materials required to store a large 
amount of information are commercially available at a reasonable price. 
In this chapter, several aspects of the beamwidth reduction method are 
discussed. Most of the problems in using this method involve engineer­
ing considerations. A large amount of experimental work was performed 
in perfecting this type of system.

5.1. THE SINGLE-LENS MOVIE SYSTEM AND ITS SB CHARACTERISTICS
The objective of the beamwidth-reduction method for a 3-D viewing 

system is to use a lens to focus a large object scene onto a small re­
cording hologram so that the information can be recorded on small sine 
movie film (i.e., 35-mm movie film). The simplest form of such a 
system is the single-lens movie system, discussed in Ref. [10] 
by E. N. Leith. The system is briefly discussed here. Figure 5-1 
shows a schematic diagram of the system. A single lens is situated 
between the observer's aperture A and the hologram aperture K. The 
focal length f of the lens is such that the aperture A is imaged to 
the hologram aperture K. In this way, an observer positioned at any 
point in aperture A can see the image field against the background of 
the lens aperture H. A suitable object region is indicated by the 
shaded area in Fig. 5-1. In this system, tue available object region 
contains the volume behind the lens H. In the sampling method, as 
shown in Fig. 3-4, only the region in front of aperture H is useful.
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Observer's aperture

Hologram
Single tens
"-------— i

Figure 5-1 The Single—lens system

The quality of the single lens need not be very high since the aberrations 
introduced by a low-quality lens can be compensated for by the holo­
graphic recording and reconstruction process. Severe aberrations intro­
duced by the low-quality lens affects the system performance when 
the viewing aperture A gets larger and when various system parameters 
change their values.

For a given distance D and a hologram size K, the observer's 
aperture A is related to the focal length f by

f = J 
A + K

A large A requires a large f-number lens, and more aberrations will be 
present for large f-number lenses. This is the subject of the following 
two sections.
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For the present, consider the amount of data to be recorded by the 
system. The SB plot concept is used for this study. Refer to Fig. 5-1 
where the aperture K is the image of aperture A. We have 

where M is the magnification.
Assume an electromagnetic field f^Cx, y) exists at aperture A. The 

spectrum of f/x, y) is F^, fy). Since there is an image of f^(x,y) 
at K, the electromagnetic (E-M) field at K should be the same as 
fA(x, y), except for a magnification factor M. This is true if the dif­
fraction effect is neglected. The E-M field at K is denoted by f (x, y). 
The SB plot of the field f^(x, y) at the left side of lens aperture H 
is plotted in Fig. 5-2. It is designated by branch A. The SS plot of 
the field fR(x, y) at the right side of the aperture H is also plotted. 
Since the field fR(x, y) is the conjugate of f*(x,  y) and it is not 
propagating toward the lens aperture H, its SB plot represents the con­
jugate of the field f*(x,  y). If F^, fy) is the spectrum of

y)* V^x^y 18 spectrum of fR(x, y). The SB plot of 
yx*  y>' Plotted in Fig. 5-2, is designated by branch B. Branch C is 
the SB plot for fR(x, y). The space bandwidth product of branch A 
should equal the space bandwidth product of branch B.

From Fig. 5-2, we have

A HSince - = -, (SW)A = (SW)^. This number, (SW)A = (SW)B,represents the 
amount of information recorded by the system. It can be seen that the 
information content is preserved in the system.

We now investigate further how the SB plot of branch A is trans­
ferred to the SB plot of branch B by the lens in Fig. 5-2. The function 
representing a lens is given by
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H/2XD

K/2 AR

H 
7

A Hr

H 
~7 —

S function 
represents 
the SB plot 
of single 
lens

Figure 5-2. The characteristic of the SB plot of a 
single-lens system
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Since the E-M field behind the lens equals the E-M field in front 
of the lens times the lens function, the corresponding relation in the 
spatial frequency domain involves a correlation. The SB plot of branch 
B is the correlation of the SB plot of branch A with the SB plot for 
the lens function. The lens function has the same form as the field 
due to a point source a distance f away from the lens.

From Section 2.2, we note that the SB plot for a point source is a 
6-function with slope in the SB plot coordinate system. This 
6-function is also shown in Fig. 5-2. At each point y along the lens 
aperture, the spectral bandwidth for branch B should equal the corre­
lation of the spectral bandwidth A with the 6-function. At any point y 
in Fig. 5-2, the correlation yields

2AR2Af 2aD
or

This is exactly the lens imaging relation. Thus, we have proven the 
validity of the SB plot representation for the system. We have also 
demonstrated the usefulness of the SB plot in obtaining a better under­
standing of the system.

The role of a lens in the SB plot is identical to that of a 
^-function with a slope It is interesting to consider the case 
where a point object at A is imaged to a point at K by a single lens H. 
Since the SB plot for a point source is also a 6-function with a given 
slope, the SB plots for the object point, the image point, and the lens 
are three straight 6—function lines in the SB plot having the relation

2Af = 2AD + 2AR 

for each point y.

5.2. THE ABERRATIONS OF THE SINGLE-LENS MOVIE SYSTEM CAUSED BY THE 
HOLOGRAM APERTURE
In the previous section, it was shown that the aberrations in the 

single-lens movie system will not affect the reconstructed image since 
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they are eliminated because of the recording and reconstruction process. 
However, if the viewer’s aperture gets larger, a high f-number lens is 
required. The severe aberrations existing in the high f-number lens 
will affect the final image if the hologram does not capture all of the 
diffracted rays by the single lens. This situation is most noticeable 
for those points near the edge of the viewing aperture. Here, some 
of the rays are likely to miss the hologram because of aberrations. 
In this case, a viewer close to the edge of the viewing aperture sees 
very annoying background patterns on the lens aperture. A dark ellipse 
is the most commonly seen pattern. In this section, studies are made 
to identify various patterns resulting from various aberration terms. 
The hologram shape affects the pattern but in this study the shape is 
assumed to be a circle or a rectangle. The analysis is quite similar 
to Section 4.3, where a single-lens model is used to study the effect 
of the lens aberration on system resolution. In this section, the 
notation of Section 4.3 is adopted but the emphasis is on the shape 
of the reconstructed beam pattern in the big lens aperture.

Equation (4-21) is the fundamental equation which relates the co­
ordinates (u, v) on the lens aperture to the coordinates (x, y) at any 
receiving plane z. If z = 0 or if z is very small compared to R, then 
Eq. (4-22) might be useful. The presentation here is similar to that 
of Section 4.3. The shape of the reconstructed beam pattern in the 
lens aperture caused by each third-order aberration term, is studied 
for both the circular hologram and the rectangular hologram.

1) Spherical Aberration: A = c^p*

For this aberration, a circular hologram centered at the origin of 
a given receiving plane z gives a circle that is centered in the lens 
aperture. The radii of the two circles are related to Eq. (4-26). 
For z = 0, their relation is

P
4cir 3

If a rectangular hologram centered at the origin is considered, the 
corresponding curves in the lens aperture are
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±K « - f u + (R * (u2 + v2) u

±K - - | v + (u2 + v2) V

where ±K is the coordinate of the hologram boundary in both x and y 
The beam pattern of Eq. (5-1) looks like Fig. 5-3.

2) Astigmatism and Field Curvature; 2 2 2 2c^h p cos + c^h p
For this aberration, a centered circular hologram yields a 

centered ellipse on the lens aperture, a relationship described by 
Eq. (4-30). The semi-major axis and the semi-minor axis for the 
eclipse are also given in Section 4-3. For a rectangular hologram, 
Eq. (4-21) for this aberration becomes

X ’ " R + 2(c2 + =3)
(R + z)h2

“ 2~R + 2=3<* * ^2
* a *

u

**v

Figure 5-3. The beam pattern of Eq. (5-1)
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This equation indicates very clearly that a straight line in the receiving 
plane will match a straight line in the lens aperture. Hence, in general, 
a rectangular hologram in any receiving plane will match a rectangular 
beam pattern in the lens aperture. There are, however, two special re­
ceiving planes where the rays coming from the lens aperture focus 
to a straight line. In one case, where z — (2R h /a )(eg + c^), the rays 
focus to a line x = 0. In the other case, where z = (2R2h2/a2)(c3), the 
rays focus to a line y = 0. In these two planes, only the length of the 
focused line intercepted by the hologram aperture determines the 
shape of the beam pattern in the lens aperture. The hologram shape does 
not effect the beam pattern. The approximate beam pattern for these two 
cases is shown in Fig. 5-4.

- u

Figure 5-4. The beam pattern for the astigmatism 
and field curvature when the rays 
focus to a line x=0 or y=0
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Q3) Distortion: c^h p cos

For this term, since each object point will focus to a point image 
in the Gaussian image plane, the beam shape in the lens aperture will 
not be affected, as predicted from Gaussian optics. However, the shape 
of the viewer's aperture is deformed.

4) Coma: c^hp cos $

As was pointed out in Section 4.3, the beam pattern in the lens 
aperture corresponding to an on—axis circular hologram is

P* 2 = if) (u2 + v2) + c2(R + z)2(9u4 + 10u2v2 + v4)

- 2c r) (% + z)(3u3 + 3uv2)

This expression is complex and difficult to visualize. The curve can 
be plotted by a digital computer, but we will not investigate its shape 
here.

Attention is now given to a hologram having a rectangular shape. 
In Section 4.3, Eq. (4-34) represents curves in the lens aperture 
corresponding to straight lines x = K in a receiving hologram plane. 
For different K, Eq. (4-34) represents a set of ellipses in the lens 

2 oaperture. When K = -(z /12O), Eq. (4-34) becomes a point
(u = z/6Rg, v = 0). Figure 4-6 shows the set of ellipses. For a rec­
tangular hologram, we have to investigate the corresponding curves in 
the lens aperture for a straight line y - A at any receiving plane.
Using Eq. (4-21b) we have

y = £ = -~-v + 2guv

This equation can be seen more clearly by rotating the (u, v) axis 45° 
to a new axis (u1, v’). We have

2 2z 
R
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Equation (5-2) is a hyperbolic curve with a major axis rotated 45 * in
the (u, v) coordinate system and centered at As in the case
where x = K, Eq. (5—2) represents a set of hyperbolic curves correspond— 
ing to a set of straight lines y = £ in the receiving plane. Figure 5-5 
shows the set of hyperbolic curves and its corresponding Z values. For 
a given rectangular hologram, with boundaries x = K^, x = Kg, y = 
y = £g, in the receiving plane, the corresponding beam pattern in the 
lens aperture can be found by identifying the corresponding curves of 
Eq. (4-34) for x = K, and Eq. (5-2) for y = Z. Figure 5-6 is the super­
position of two sets of curves of Figs. 4-6 and 5-5. From Fig. 5-6, it 
can be seen that for a given rectangular hologram near the origin of a 
receiving plane, the corresponding beam pattern in the lens aperture can 
be different. This depends on where the hologram is located. Figure 
5—7 shows several different positions of holograms and their correspond­
ing beam patterns. In the special case where z = 0, Eq. (4-34) reduces 
to

30 30
and Eq. (5-2) reduces to

Z Z
P P

The corresponding sets of curves are plotted in Fig. 5-8. For a 
single-lens movie system, it can be seen that this aberration introduces 
the most significant deformation for the background of the lens aperture.

To conclude this section, we note that the beam pattern in the lens 
aperture, caused by the Seidel aberrations, can be studied by using 
Eq. (4-21) and tracing out the exact shape of the pattern for different 
hologram shapes. Studies included in this section are simple examples 
which are easily analyzed. For more complicated cases, a digital com­
puter is required in order to plot out the exact beam pattern.
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l
£ = P/21.5S
£

S

S 2S 3S

0
-P/2
-P

Figure 5-5. The set of hyperbolic curves in the lens 
aperture corresponding to different £ 
where

S & Z/6R0 , P A z2/12R2B
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l
1--- /K= K-0/ _

—* *v 3S

i - p
- P/2
- 0
■ P/2 . -p

Figure 5-6. The set of curves in the lens aperture 
corresponding to x = K, y = £ in the 
aberration study of coma

S A z/6RB , p A zZ/lZR^B
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'K

0

Z

K
9

Figure 5-7. Different hologram configurations and 
their corresponding beam pattern in the 
lens aperture ( The hatch area )
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K? +P/3 
K=0

K= -P/2

Figure 5-8. Special case of Figure 5-6 with 
z = 0

S = z/6RB , P = z2/12R20
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5.3. THE ABERRATIONS OF THE SINGLE-LENS MOVIE SYSTEM CAUSED BY '
OTHER SYSTEM PARAMETERS

In a single-lens movie system, we note that, ideally, no 
aberrations will appear in the reconstructed image since the aberrations 
inherent in the single-lens system cancel out during the reconstruction 
process. We do, however, have aberrations if the reconstruction pro­
cess is not perfect. Various errors in the reconstruction process can 
cause degradation in the final image. One obvious error is a relative 
shift between the hologram and the single-lens system. Other causes 
can be a change of wavelength or a misalignment between hologram and 
readout beam. The aberrations introduced by the readout beam itself 
may also cause aberrations in the final reconstructed image. In this 
section, the aberrations caused by a lateral AX shift of the hologram 
relative to the lens system are investigated, as well as aberrations 
caused by other factors.

5.3.1. ABERRATIONS CAUSED BY AX SHIFT OF THE HOLOGRAM

Referring to Fig. 5-9, let us consider an object point (X* , Y1) a 
distance D to the right of the single lens H. In the recording°process, 
this point will generate an ideal spherical wavefront G’(usually called 
a Gaussian reference sphere) in front of H. When passed through the 
lens, the wavefront emerging from the right of the lens is no longer 
a Gaussian reference sphere since the aberrations of the lens have 
been introduced. Let the wave aberration at G, caused by the single 
lens, be denoted by (X^, Y^, o, X, Y). An aberrated wavefront 
is recorded by the hologram and reconstructed during the readout 
process. If the reconstruction is perfect during the readout process,
then the same aberration function » (X* , Y’2 o’ o O, x, Y) - Y^, o, X, Y)
is retained at the wavefront G , but the propagation direction is reversed.
When this aberrated wavefront passes through the lens the two aberrations 
are exactly cancelled and result in a perfect Gaussian reference sphere 
wavefront G' which emerges from the left side of the lens to form a sharp 
point image at (X«, Y^ again. Let ^(X^, Y^, o, X, Y) denote the aberra­
tion of the lens and ^(X', Y^, o, X, Y) - -4(x;, Y^, o, X, Y) be the wave
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aberration at G reconstructed by the hologram. The total wave aberration 
at G' is $(X^, Y^, o, X, Y) = = 0. This is the case
for a perfect reconstruction. Suppose during the readout process the 
hologram is moved by a distance AX in the lateral direction relative 
to the lens system; then the total wave aberration at G’ becomes

$(X^, Y^, o, X, Y) = -^ + $2

= ^(x;, y’, o, x, y) - Yx;, °*  X - AX> Y)

. , (5-3)
where $2 = ~^l^Xo*  °*  X ^X’ is the aberration caused by a shift
AX of the hologram. It can be seen that and $2 no longer cancel each 
other.

Now, consider the kind of aberration which is introduced because 
of the AX shift of the hologram. The notation for this analysis closely 
follows Section 5.2 and 5.3 of Born and Wolf18 book [8]» We assume a 
single symmetrical lens system and consider only the Seidel aberrations. 
When we change coordinates from X^, Y^, X, Y in Eq. (5-3) to Seidel 
variables xq, y°, n^, and consider only the third-order aberrations
(the Seidel aberrations), Eq. (5-3) becomes

*total<*o'  yo*  h’ nl? " (xo’ yo’ Sv "

" (xo’ yo- 51 - 45r n? (5_4)

where $ (xo> Yo» n^) is the third-order aberration term for which 
a symmetrical system can be expressed in a form

Bp^ - Ck^ - y Dr2p2 + Er2k2 + FP2k2 (5-5)

where

2 2 2 2 2 2 2r “ XO + yo’ p = =1 + k = xoq + y^i
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Equation (5-5) is a general form of the Seidel aberrations where each 
term represents a particular type of departure of the wavefront from 
the ideal spherical form. By substituting Eq. (5-5) into Eq. (5-4), we 
can immediately see what type of aberration will occur because of the 
oliginal lens aberrations. It is advantageous to study Eq. (5—4) by 
substituting Eq. (5-5) term by term. In Eq. (5-5% term - Bp4 repre­
sents a spherical aberration in the original lens system. Substituting 
this term into Eq. (5-4), we have

= bp2ç1açjl + sr (5-6)

Since AÇ^ << 1, we can only consider the first-order term 
neglect the effect of the higher—order fAÇ^j2. Moreover,
ordinates are also introduced so 
Equation (5-6) then becomes

that - p cos 0, n1 ■ P

AÇ^ and 
polar co­
sin 6.

(4) 3$ ' = Bp cos BA^

In the coefficient of AÇ , 2 1
is independent of r (or x , y ). 
|Bp2| and is centered at -2Bp^.

p cos 0 represents coma. This coma 
For a fixed p, the circle has radius

We may conclude that if the original
lens system has spherical aberration, then a AX shift of the hologram 
will introduce a coma aberration into the final reconstructed image. 
With the same kind of manipulation, we get the following coefficient of
AÇ^ for the other types of aberration.

Aberration Terms in the 
Original Lens System

- 1 nr2p2

Er2k2

Fp2k2

Coefficient of Ag 
in Equation (5-4) 
22C(xq pcos 0 + XQyQ psin 6) 

2Dr p cos 0
2- Er x o

2 2 2-2F(xq p cos 6 + y@p cos 6 

sin 6)
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The physical interpretation of the above terms is as 
follows :

2 9 oThe expression -2Fxop cos e - Fx^A Is the astigmatism and cur 
vature term. From

2 2 7A = ~2FXQp cos 0 - FxQp

' -2F*o(l  - + nJ)

2 9= -3Fxoq - Fxon^

it can be seen that in the sagittal (q = 0) and tangential (r^ = 0) 
planes, astigmatism and curvature appear as longitudinal focal errors; 
the wavefront possesses a different curvature in these two planes. The 
total separation between two focal lines is 4n Fx°, where n is the re­
fractive index of the image space.

2Term -2Fy^p cos 6 sin 0 = -2Fy^^^^:

For this term, the ray—aberration components are 

A»'*  - x

- ?o

- X o
d» = -2FyQn^ = -2FyoP sin 6

= y 9$9^ “ -2Fy/:L = "2FyoP cos 0

following Eq. (5) in Section 5.3 of Ref. [8]. This term gives a 
spherical aberration with the radius increasing with the first power of 
p, as well as the coordinate y^. Both of the two terms above are derived 
from the original coma term Fp^k^. For a general object point (x , y ), 
both aberration terms occur because of a AX shift of the hologram. If 
we consider an object point with y° = 0, then only the astigmatism and 
curvature terms occur while for an object point with xq = 0, only the 
spherical aberration term occurs.
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2 2 2 9 •Term p cos 6(2Cxq + Dr ) = (2Cxq + Dr )

For this term, the ray-aberration components are

- 2CX2 + Dr2 
9^2 o

■ o

This is just a distortion term.

Term 2Cx y p cos 6 = 2Cx y n, o o o o 1

For this term, the ray-aberration components are

A<2>x - - 0

&")y - ■ 2CXo/o ■

This, also, is a distortion term. Hence, the original astigmatism and 
curvature type of aberration contributes to the distortion of the final 
reconstructed image. The above analysis reveals some of the details of 
the aberration problems when lateral shift Ax of hologram in our system 
occurs during the reconstruction process. The aberrations caused by 
other means are discussed briefly in the next section.

5.3.2. DISCUSSION OF ABERRATIONS CAUSED BY OTHER MEANS DURING THE 
RECONSTRUCTION PROCESS

Referring to Fig. 5-9 again, we have considered the problem of 
aberrations caused by a AX hologram shift. Disregarding aberration, 
a shift in the Z direction only moves the final image in the same 
direction. Since the hologram can be regarded as a recording of the 
object, the final image is just the image of the object recorded by 
hologram through the single-lens-imaging system. If the third-order 
Seidel aberration terms are considered, however, a AZ shift 
causes aberration in the final reconstructed image. The analysis in
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this case is not as easy as the case of AX shift. The fact is that the
two aberration terms and »2 in Eq. (5-3) are no longer derived from
the same aberration function. Nevertheless, and »2 will still be in
a form of Eq. (5-5). This means that whatever aberration terms exist
in the original lens system also appear in the final image because of 
the AZ shift.

Having considered the effect of translation along the z axis, let 
us examine the effect of a rotation of the hologram relative to the lens 
system. A rotation of the hologram about any axis can be decomposed 
into a translation plus a rotation around the center of the lens point 
0, as shown in Fig. 5-10. Since D is much larger than the displacement 
of the object point (X^, Y^) because of the rotation, this displacement 
can be considered as a shift AX^ = D tan 6 in the $ expression. We can 
study the total aberration caused by a rotation of angle 6 using the 
same kind of derivation as in the case of AX shift of the hologram. In 
this case we have

*total^xo* yo’ ^1* ” *1 ~ xo» yo» hj)

(4)• *1 (xo- V ir nP

The details of the derivation are neglected here.

Finally, consider the effect of changing the wavelength of the 
readout beam in the readout process. A straightforward analysis is very 
complicated, since a change in wavelength causes both aberrations and a 
change in magnification of the reconstructed wavefront in the lateral 
and the longitudinal directions. If an arrangement is made so that 
the sole effect of changing the wavelength is to change the size of 
the reconstructed wavefront just in front of the lens, then the analysis 
is much simpler. In this case, the variables xq, yQ, g , in 
Eq. (5-3) change to mxQ, my^, m^, mr^, where m is the magnification 
factor. From this equation, the total aberration of Eq. (5-4) is
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(- - Ck< - |Dr2p2

+ Er2k2 + Fp^2)

This means a change of wavelength would cause the same aberration as 
the original lens, but with a larger factor (m*  - 1), Since m is the 
magnification factor caused by the wavelength change, a minor change 
in wavelength causes severe aberration in the final reconstructed image.

5.4. OTHER ENGINEERING CONSIDERATIONS

Most of the work for this system involves engineering considera­
tions and experiments to improve the system performance. In this 
section, some of the engineering considerations are discussed. The 
results of the experiments are reported in Chapter 6.

5.4.1. THE PSEUDOSCOPIC IMAGE INVERSION PROBLEMS (INCLUDING THE 
USE OF THE FLY  S-EYE LENS ARRAY)*

The images which can be seen in a single-lens system are pseudo- 
scopic. In order to obtain an orthoscopic image, two methods are con­
sidered. One method is use of the single-lens system twice. In the 
first lens system, a real image is formed. In the second lens system, 
an orthoscopic image is obtained by use of the real image formed by 
the first lens system. This latter method has been discussed in 
Ref. [10] by E. N. Leith. In Ref. [10], four basic types of systems 
have been considered and the special advantages and disadvantages have 
been discussed for each type. In our experiment, the W type of system 
has been tried with unsatisfactory results. This is caused by too many 
(16) reflecting lens surfaces throughout the whole recording and recon­
struction process. The minimum number of lens surfaces for the whole 
process is eight. Hence, the surface quality of the lens for this 
method should be very good. A second method for pseudoscopic image 
inversion is the use of a fly's-eye lens array and a reflecting mirror 
behind it. This method has been studied theoretically and experimentally
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by several researchers [26-29]. The arrangement is shown in Fig..5-11, 
in which the pseudoscopic image is obtained from a real object. The 
basic principle of this setup has been described by C. B. Burckhardt, 
et al. [26]. Because of the availability of high-quality fly's-eye 
lens arrays, we did some experiments on the image quality. The results 
are reported in Section 6.4. The arrangement in Fig. 5-11 can be 
applied to any imaging system to accommodate the image inversion. An 
alternative arrangement, in which two fly's—eye lens arrays with ground 
glass between them is used has been proposed by A. H. J. DE.L. Saint 
Genies [29]. The use of a lenticular sheet manufactured by the 3M 
Company has also been tried without good results.

Fly's-eye lens array

A r
A Mirror

Observer's eye

Figure 5-11. The system setup for peeudoscopic imege inversion
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5.4.2. THE NOISE CONSIDERATION OF THE SINGLE-LENS MOVIE SYSTEM

Noise is one of the fundamental problems in any 3-D display system. 
In the fly's-eye lens array system, we have discussed the signal-to- 
noise ratio based on diffraction theory in Section 4.2. The noise 
of the holographic film has not yet been considered. In the single­
lens movie system, the noise of the hologram film is quite sensitive 
to the system performance. This is because the resolution of the system 
is usually good and the signal-to-noise ratio thus becomes a dominant 
factor of the system performance. There are two major sources of noise 
in the hologram recording and reconstruction process. One is the inter­
modulation product noise resulting from the nonlinearity of the film. 
Second is the film-grain noise caused by the random fluctuation of the 
film grains. These two kinds of noise have been studied by several 
researchers [30-32]. The methods to reduce these two kinds of noise 
depend on the choice of recording media and the techniques of film 
processing. Efforts to reduce them have been made by J. Upatnieks and 
C. Leonard during this study. Another two sources which cause the 
noise background of the reconstructed image are the film-relief image 
[33] and the variation of film-emulsion thickness [37]. The method to 
reduce these two noises is to liquid gate the movie film. The liquid 
is chosen so that the index of refraction of the liquid matches the 
index of refraction of the film emulsion. The liquid should also be 
somewhat volatile so that the movie film can be dried quickly after it 
runs through the liquid gate. The film-noise improvement resulting 
from a liquid gate is shown in Section 6.5.

5.4.3. THE PRODUCTION OF HOLOGRAPHIC MOVIE FILM AND THE FILM­
DRIVE PROBLEM

During the course of this study, a sequence of about 15 frames of 
movie strips was produced by a quite laborious method. A continuous-wave 
argon laser was used. Each frame requires about five minutes, including 
the time for exposing the film and moving the object scene by hand. A 
period of about three minutes waiting time is necessary before each 
exposure to let the object scene become stable after the disturbance of 
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the rearrangement. A pulse laser would have helped in this experiment. 
The stability of the laser power to provide equal exposure for each 
frame is also important. Our experience indicates that even with 
rather stable laser power, one or two frames will sometimes become dim. 
The stability problem of the laser power, the optical bench, the object 
scene, and the whole system is an important area which requires more 
improvement for further advancement.

Another problem for the system is the film-drive problem. As 
mentioned before, a liquid gate is necessary for the film to reduce 
the film noise. A film transport with liquid gate was therefore de­
signed and built for the system. The film moves through the gate in 
steps rather than continuously. The supply of the liquid is fed by a 
liquid pump. For this film transport, the film can be driven at a 
rate of up to five frames per second with a satisfactory reconstruction 
image. When the frame rate increases, the air gets into the gate and 
degrades part of the image. More liquid is also drained out of the gate 
when the drive speed gets higher. This limits the frame speed. We 
use xylene in our liquid gate. This xylene is volatile enough, but its 
vapor is harmful to human health. A good ventilation system is necessary 
to operate this film transport. The ultimate goal of 24 frames per 
second can be obtained by a different design of the film transport with 
much more effort. The liquid in use should also be chosen so that it 
will not be harmful to one's health.



CHAPTER 6

the experimental results and conclusions

A large number of experiments have been done throughout the 
course of this study. In some cases, an experiment preceeded a 
theoretical interpretation. In other cases, a theory was first 
derived and an experiment was then performed to verify the theory. 
In this chapter, the experimental results of the fly's-eye lens 
array system, the scatter—plate system, the single—lens movie system 
and the pseudoscopic image inversion techniques are reported. Comments 
and interpretations are included.

6.1. THE EXPERIMENTAL RESULTS OF THE SCATTER-PLATE METHODS

To perform the experiment for the information-reduction method, 
a fly's—eye lens array was used as a scatter plate. The set up for the 
experiment was similar to Fig. 3-7, and a point source at the edge of 
the fly's-eye lens array was used as reference. USAF resolution test 
target 1951 was used as the object. The system parameters for which 
the notation of Fig. 3—7 were used are:

m ■ imm

s = 3mm

Z = 247mm

z = 5cm, 10.5cm, 15cm, 20cm, 25cm, 30cm, 40cm

K = 10mm, 5mm, 2.5mm

where three hologram apertures are considered. Figure 6-1 shows the 
experimental results of the image resolution against its theoretical 
predictions. In Fig. 6-1, each solid line represents the resolution
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of the object target versus the distance between the object and the 
fly’s-eye lens array predicted by geometric optics. The experimental 
results for different hologram apertures K = 1cm, 0.5cm and 0.25cm 
at different object distances are represented by symbols x, A, o, 
respectively. The experimental results are consistent with the 
theory when the object distance is sufficiently large. The theoreti­
cal curve for K = 1cm is calculated as an example. If the system 
parameters given previously are used, the resolution aperture l at 
the single lenslet can be calculated to be

Ks& = — = 0.121mm .

The spatial frequency F of the reconstructed image is the reciprocal
of the image resolution R

zF - A = 0'121 
A X

where z is the distance between the object and the fly's-eye lens
array. When z = 20cm, F is calculated to be 1.01 lines per mm. The 
curve

= 0-121
0.6 x 10

is plotted in Fig. 6-1. The experimental results are obtained by 
examining the resolution group in the USAF resolution chart.

One practical problem of the fly's-eye lens array system is 
the presence of laser speckle in the reconstructed image. The 
laser speckle is caused by the interference of the coherent light. 
Hence it will be present in any coherently illuminated imaging system 
Figure 6-2 (a) shows a 3-D object with laser speckle. The
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laser speckle can be reduced by using incoherently or partially , 
incoherent light in the reconstruction process. This can be achieved 
by putting a rotating ground glass at the focal point of the recon­
struction beam. The rotating ground glass must be put at the place 
where it will not affect the wavefront of the reconstruction beam. 
For diverging and converging types of reconstruction beam, the focal 
point is the only place to put the rotating ground glass without 
affecting the reconstruction wavefront. In a collimated reconstruc­
tion beam, the ground glass can be located anywhere. Figure 6-2 (b) 
was obtained by putting a rotating ground glass at the focal point of 
the reconstruction beam. The laser speckle has been greatly reduced 
by this method. The picture in Fig. 6—2 (b) has some fine structures 
because of the periodic nature of the fly*  s-eye lens array. This 
structure can be smoothed out by putting a diffuser at the center 
of the reconstructed image. The depth of field for the image will 
be reduced but the fine structure can be eliminated. Figure 6-2 (c) 
shows the result obtained from using this method which can be used 
only when the required depth of field is small.

For purposes of comparison, another type of scatter plate, the 
ground glass, was tried by D. B. Brumm [16]. For this type of scatter 
plate, the resolution is not degraded very much, but the noise increases 
when the hologram aperture decreases. In the fly*s-eye  lens array 
system, the resolution degrades substantially when the hologram aper­
ture decreases. Several other scatter plates have been tried and 
found to yield poor resolution and signal-to-noise ratio. One scatter 
plate supplied by Holotron has the spatial spectrum shown in 
Fig. 6-3 (a). Figure 6-3 (b) shows a reconstructed image using this 
scatter plate. The object was diffusely illuminated with laser light. 
The information reduction factor for this picture is 62. Figure 6-3 (c) 
shows a reconstructed image of another type of object. The object 
was illuminated by a ground glass in the background. The picture was 
taken by focusing the camera on one of the two poles. A random type 
of scatter plate was also tried in the study. Figure 6-4 (a) shows the
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(a)

(b)

Figure 6-4, The reconstructed images of a random 
scatter-plate system
(a) A transparent type of object

(b) A diffusely illuminated 3-D object
(c) A silhouette object
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picture of a transparent type of object. Figure 6-4 (b) and (c) shows 
the reconstructed images of the same type of objects as Fig. 6-3 (b) 
and (c) respectively.

6.2. THE ABERRATION IN A SINGLE-LENS MOVIE SYSTEM

In this section, we present the experimental results for the 
aberrations in a single-lens movie system to verify the analysis made 
in Section 5.3. The set up of the experiment was exactly the same as 
shown in Fig. 5-7, where D = 34 inch, R = 18 inch. A single con­
densing lens 10 inches in diameter was used. This lens has severe spher­
ical aberration as will become evident later. A point object source 
was placed at the center of the object plane (i.e., Xq = 0, Yq = 0) 
and the rays from the point source were recorded on the hologram 
with a collimated reference beam. To reconstruct this point source, 
a reversed collimated beam was used to illuminate the hologram and a 
real image was formed at the original location of the point source. 
When we examined the rays which converged to the point source during 
the reconstruction, we found that the rays were not coming uniformly 
from the whole aperture of the lens. Instead, there was a black circle 
within the aperture of the lens where the reconstruction rays were 
formed. This is shown in Fig. 6-5, where the picture was taken some­
where between the lens and the real image point. As shown in Fig. 6-6, 
the lens being used has severe spherical aberration. Hence, during the 
recording process, the rays from the outer portion of the lens were 
focused closer to the lens, while the rays from the inner portion of 
the lens were focused farther away from the lens. Since the hologram 
is placed somewhere near the image point, these rays form a circle 
at the hologram plane where the edge of the circle corresponds to the 
rays coming from a ring in the lens aperture somewhere between the 
edge of the lens and the center of the lens. In the reconstruction 
process, the edge of the circle in the hologram plane cannot be recon- - 
strueted because of the interference between two continuous wavefronts 
which intersect at the edge of the circle. This observation indicates
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Figure 6-5. Picture of the black circle in the 
reconstruction beam

Lens L

Hologram

Edge of the circle 
in hologram

These rays cannot 
be reconstructed 
caused by interference

Figure 6-6. Spherical aberration causes an interference 
ring in the reconstruction beam
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one disadvantage of the single lens we used, since a black ring in 
the reconstructed image degrades the final image. We now proceed to 
investigate the effect of the displacement of the hologram during 
the reconstruction process.

First, the hologram is moved 1/8 inch perpendicular to the 
optical axis. Figure 6-7 shows the resulting images. The right 
picture shows the effect when the hologram was moved to the left 
and the left picture shows the effect when the hologram was moved to 
the right. The picture in the center is the original perfectly 
reconstructed point source. It can be seen very clearly that the 
aberrated image has a severe coma aberration. This demonstrates the 
theoretical prediction that a displacement of the hologram perpen­
dicular to the optical axis will cause a spherical aberration from 
the original lens system to appear as a coma aberration in the final 
image. Experimental verification of the other aberrations in the 
analysis is not easy to carry out since we cannot isolate any single 
aberration terms in the experiment.

Second, the effect of a displacement of the hologram along the 
optical axis is shown in Fig. 6-8, where the center picture is the 
undistorted point source; the pictures on the right and left corres­
pond to the image when the hologram was moved 1/8 inch forward and 
back along the axis. These pictures verified the statement that a 
shift of the hologram along the axis will introduce the same aberra­
tion terms that the original lens system has.

The third and last experiment was concerned with a change of 
wavelength in the read-out process. Figure 6-9 shows the results. 
In Fig. 6-9 (a), a perfect point soure image was formed with X = 5120A, 
both in recording and reconstruction. Without changing the wave­
length used for the recording (i.e., À = 5120A), Fig. 6-9 (b) shows 
the reconstructed image when the wavelength of the read-out beam is 
changed to X - 5000Â; Figs. 6-9 (c), (d) and (e) correspond to the 
wavelengths X - 4940Â, X - 4850Â, X - 4730A, respectively, in the 
read-out beam. The more the wavelength changes, the larger the



— 184 —

Figure 6-7. Aberrations caused by AX shift of the 
hologram in a single-lens movie system

Figure 6-8. Aberrations caused by AZ shift of the 
hologram in a single-lens movie 
system
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(c) À = 4940A(b) X = 5000A(a) X = 512 OA

(e) X = 4730Â(d) X = 4850Â

Figure 6-9. Aberrations caused by wavelength change 

in a single-lens movie system
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aberration pattern becomes. It should also be noted that the abetration 
patterns in Fig. 6-8 and 6-9 are not similar. This indicates that the 
details in the analysis of the two cases are completely different. 
The complexity of the pattern itself indicates that the analysis is 
difficult.

6.3. THE RESULTS OF THE PSEUDOSCOPIC IMAGE INVERSION

In this section, the experimental results of the pseudoacopic 
image inversion using a fly’s-eye lens array and a mirror are reported. 
The experimental set up and the system dimensions are shown in Fig. 6-10, 
where a real object is inverted to a pseudoacopic image. Figure 6-11 (a) 
is a picture of the real object. Figure 6-11 (b) is the pseudoscopic 
image with distance d = 3 inches between the object and the fly’s-eye 
lens array. Figures 6-11 (c) and (d) correspond to the pictures at 
distances d = 8" and d = 13” respectively. All pictures were taken 
with a 4.5/f camera. Figure 6-11 (e) is the same picture as Fig. 6-11 
(b) except that the camera was focused on the fly’s-eye lens array with 32/f 
aperture. This indicates that the pseudoscopic image, when viewed with 
human eye, has a square structure as a background. In order to elimin­
ate this structure, a diffuser can be placed at the center of the recon­
structed image, as we did in Fig. 6-2 (c). The image with a diffuser 
is shown in Fig. 6-11 (f). A retro-reflective screen manufactured by 
the 3M Company was also tried as an autocollimator to perform the image 
inversion. The result was much poorer than the fly’s-eye lens array.

6.4. THE RESULTS OF THE SINGLE-LENS MOVIE SYSTEM

With a single-lens system, a very high quality image can be 
reconstructed. Figure 6-12 (a) shows the resolution target recon­
structed obtained by use of a Fresnel lens. The Fresnel lens is made 
of plastic and has a poor surface quality. This makes the recon­
structed image somewhat noisy, especially when viewed with the human 
eye. However, the resolution is still very good because of the 
cancellation of the lens aberrations. Figure 6-12 (b) is the 
reconstructed image of the same target when a condensing lens is used.
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Observer’s eye

Figure 6-10. The. experimental setup for pseudoscopie image inversion
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(b)

(d) (f)

Figure 6-11. The experimental results of the 
pseudoscopie image inversion

is focused at the fly1s- eye lens array 
(f) Same picture as (b) except a diffuser

is put at the central plane of the 
image

(a) The original object
(b) The pseudoscopic image at d = 3"
(c) The pseudoscopic image at d = 8"
(d) The pseudoscopic image at d = 13"
(e) Same picture as (b) except the camera
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Figure 6-12 (a). The resolution chart reconstructed 
using a Fresnel lens

Hologram aperture K = 3.5 cm
Focal length : 8.5"

Figure 6-12 (b). The resolution chart reconstructed 
using a condensing lens 

Hologram aperture K = 3.5 cm 
Lens aperture: 20 cm 
F-number: 1.5
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The resolution is somewhat better than with the Fresnel lens, but the 
noise background has been reduced substantially because of better 
surface quality.

One of the difficulties with the single-lens movie system is 
the need of a liquid gate to reduce the noise background. Because of 
the liquid gate, the film cannot be driven fast enough to accommodate 
the required movie rate of 24 frames per second. The difference 
made by using a liquid gate can be seen in Figs. 6-13 (a), (b) and (c). 
Figure 6-13 (a) shows the image target reconstructed without use of a 
liquid gate in recording or reconstruction. Figure 6-13 (b) shows the 
case when a liquid gate is used in the reconstruction process; and 
Fig. 6-13 (c) shows the picture of the same image, when a liquid gate 
is used in both recording and reconstruction. It can be seen that 
the signal-to-noise ratio can be increased substantially by use of a 
liquid gate.

The single-lens movie system can provide a three-dimensional 
object scene with a very long depth of field. Figures 6-14 (a) and 
(b) are pictures of two tanks separated in depth by about one foot. 
The pictures were taken with a camera focused on one of the tanks. 
The resolution is excellent for the human eye. A condensing lens was 
used in the above system. Figure 6-14 (c) is a picture of a 3-D 
object reconstructed from a hologram made with a Fresnel lens. The 
circular structure of the Fresnel lens background can be seen in the 
picture.

For the single-lens movie system, a movie strip with 15 frames 
was made in a laboratory set up. The object scene consisted of two 
tanks (shown in Fig. 6-14) moving parallel to each other. With the 
movie strip running at 5 frames per second, we can see a 3-D movie 
three seconds long. The movie has an appearance similar to movie car­
toons, except that it is three-dimensional.

6.5. CONCLUSIONS

The information capacity and the resolution distribution of a 
general hologram system is presented. The use of a hologram as a 
3-D display system has been studied for different system task
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(a)

(b)

(c)

Figure 6-14. The reconstructed 3-D images of the 
single-lens movie system
(a) and (b) are by condensing lens
(c) is by Fresnel lens
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considerations. For an information reduction type of a system, it is 
found that the amount by which information can be reduced depends on 
the required depth of field for a general 3-D image space. The 
example in Section 3.4 is a good indication of the optimum limitations 
on the information reduction type of system. For example, for an 
information reduction factor of the order of 105, the depth of field 
is only about 4 mm (Fig. 3-5). This is barely a 3-D image. Hence, 
the limits on information reduction depend on the required depth of 
field. A mathematical formulation is employed for the study of the 
scatter-plate information reduction method. With the assumption that 
all functions in the system are periodic, the system performance can 
be calculated by a computer. Because of the periodic assumption and 
other simplifying assumptions, this approach is limited in its applica­
bility. In the fly's-eye lens array system analysis of the diffraction 
effects of the small hologram size, lenslet aberrations and wavelength 
changes are considered.

An alternate method for a 3-D display system is the beamwidth 
reduction method. This method is more practical and promising for a 
holographic movie system. The system tolerance is not very critical, 
so that much more economical components can be used. With the single­
lens movie system we built for this study, a displacement of 1/8 inch 
of the lens relative to the hologram did not degrade the image very 
much. The signal-to-noise ratio for the system can be reduced to a 
certain extent by use of a liquid gate. The pseudoscopie image 
inversion technique using two lens systems is not satisfactory. The 
fly's-eye lens array and a mirror gives better results, but is not 
perfect. The film transport problem has been improved but not to the 
required degree.

Judging from both the theoretical and experimental studies in 
this dissertation, we conclude that the techniques for building a TV 
type of 3-D display system using the information reduction methods are 
still not practical. However, for the movie type of 3-D display system, 
the difficulties can be overcome to a satisfactory level in the near 
future.



Appendix A
DERIVATION OF THE NUMBER OF RESOLVABLE 

PLANES IN DEPTH FOR THE HUMAN EYE

Consider Fig. A-1 below where two human-eye lenslets are viewing 
a distant object space. Three points (A, B and C) are shown in the object

e
Object Space

Az

* D

Human 
eye

Figure A-1 The viewing configuration for the human eye

space with Az << d and Ax << d. We say two points B and C are just 
resolved by the human eye, if the angle they subtend at the eye
is equal to one minute of arc or 1/3600. For the simple geometry in 
Fig. A-1, we have

Ax _ 1 X d = 3600 = e

The ability of the human eye to resolve two points in depth, however, 
depends on the existance of two human-eye lenslets. We say the two 
points A and B are just resolved in depth b,y the human eye if the 
difference between the two angles subtended by the two human eye 
lenslets at point A and B is one minute of arc or 1/3600. For the 
simple geometry in Fig. A-1, we have
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*A " %

or

%0 = 9A

It is thus very clear from Fig. A-l, that if points B and C are just 
resolved by one human eye, points A and B will be just resolved in 
depth by two human-eye lenslets. We thus have

Ax EAz = d

or 

Az=^ AX “ 3600E = eE

where Az is the resolution in depth for the human eye. Referring to 
Fig. 3-1 where the object space has a depth D and using Az defined 
above as the resolution in depth for the human eye, we ran give the 
number of resolvable points in depth by

D DeEA= " Ad2

This completes the derivation. From this derivation, we see that the 
resolution in depth of the human eye is closely related to the 
resolution of two object points for the human eye.



Appendix B
DEFINITION OF A MEAN-SQUARE ERROR CRITERION FOR THE TWO 

BANDLIMITED PERIODIC FUNCTIONS IN A HILBERT SPACE

Let two periodic functions V(y) and V*(y)  be the elements of a 
Hilbert space H where the inner product is defined by

<V(y), V*(y)>  ê l f ° v(y) V*(y)  dy 
° J 0

and yQ is the period for the two functions V(y) and V*(y) . Let

ak o

Then the set {o^} forms an orthonormal set in H. Since V(y) and V*(y)  
are bandlimited periodic functions with the same bandwith, we assume 
the set {afc} contains finite elements for k from -L to +L and {a } 
forms a complete orthonormal set in H. Hence, H is separable and for ' 
each V(y) or V^y) in H we have

“n
v*(y)

yo

L z 
n=-L

L z 
&—L

% P VL 7o
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The inner product of V(y) and V*(y)  is

. £ a, e*  

£=-L

The norm induced by this inner product is

I |v (y) | | =
L 
z 

£=-L

1
2

ai

The metric induced by the norm is

p [v(y), v*(y)j - I|v(y) -v*(y)||

_ n=-L

The above expression is the definition of a mean-square error criterion 
for the two bandlimited periodic functions in a Hilbert space. For 
more information about the Hilbert space concept, please refer to 
Reference [38].



Appendix C
THE DERIVATION OF EQ. (4-3) AND 
A DISCUSSION ON ITS VALIDITY

In order to derive Eq. (4-3), we first note that the integral 
formula 

2eJnbt g-j2nct a1 (C-l)
2

holds for all complex-valued parameters b and c if Im(b) > 0. 
Eq. (4-3) then follows:

m/2
G(F) “ F exp (jirBy2) exp(-j2irFy) dy

-m/2

00

;/ \ 2tectM dy
\m / 3

^00

1
= ™ * sinc(mf) * exp

1 »
" y ainc[mf] e"^^ “ df

—00

Here ? represents Fourier Transform and » represents convolution. If 
“e approximate elnc[mf] by exp[-2.04mY] in the above convolution, me 
have
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G(F) ? m exp(-2.04m2f2) exp[-j^(F^ - 2Ff + f2)] df

1 œ“ exp^-j^F2) J exp --^^Vj e-j27T^f df

Comparing the above integral with the integral formula Eq. (C-l), we 
have

—1 2.04m2
B " jir 

and

-F 
B

If Eq. (C-1) is used, G(F) then becomes
1 1
exp^F2^ ^2 exp^-j^

,2

(-1^2 ' 2/1 1 \Bbj exP ~jnF [- + —]L \B B2b/

where

4 + —= — + -M—1 .B B2b B B2^+j0.65»2^

1.1 f 1 n d I 9\-l + jO.65m^B
______ 1 ?1 - jO.65m^B



- 2C0 -

2, "j0.65in
21 - jO.65m B

and

= — 1

Bb 1 - jO.65m2B

G(F) can then be written as a function of F, m and B in the following 
form

G(F) = J------i-- —y exp f—irF2 --- ^m^--- J.
V - j0.65m B/ L I - jO.65m2B J

This completes the derivation of Eq. (4-3). We now turn our attention 
to the validity of Eq. (4-3). The exact formula for G(F) without 
approximation can be obtained in terms of Fresnel integral functions. 
It is given by

/ 1 V .nF2
G(F) = e“j B [Z(u2) - Z(ux)] 

where Z(*)  is the Fresnel integral function the value of which has been 
tabulated in the Handbook[39]. u2 and u^ are functions of F, B and m:

2B

2B f

With a computer, the exact curves of G(F) for different parameters 
B and m can be plotted. A comparsion between those plots and the
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plots of Eq. (4-3) should reveal the ranges for different parameters 
where Eq. (4-3) is valid. For our discussion here, we intend to 
investigate the problem from the integral itself . The only 
approximation which is made in the derivation of Eq. (4-3) is to use 
exp[-2.04m f ] instead of sinc[mf]. Examining the convolution integral

;6inc[mf] • exp[-j|(F - f)2] df, 

—oo

we note that the major contribution of the above integral comes from 
the interval -n/2 to ir/2 for the quadratic term r(F — f)2/B if 
the period of the exponential term is much smaller than the period 
of the Sinc[mf] function. This is so because the value of the 
integral contributed by the higher frequencies of the exponential term 
will average to zero if the envelope of the higher frequencies is slowly 
varying. We thus have the relation ÆË < 1/m, where /2B is the 
period of exp[-jn(F - f) /B] and 1/m is the period of sine[mf]. 
Under this condition, the above integral can be integrated from 
F /i/2 to F + /B/2 for f instead of from —” to +°°. The interval 
of integration is Æb. Now, when the Sine[mf] is replaced by 
exp[-2.04m f ] in the above integral and when the same interval /2B is 
the integration interval, we want to know under what condition the 
above approximation will not effect the results very much. Since 
exp[-2.04m f ] is very close to Sinc[mf] in the main lobe, it is 
clear that the wider the main lobe is the better the approximation 
will be. We thus want m to be small and /2B to be small. This 
requirement is also consistent with the requirement /2B < 1/m. Of 
course, the accuracy of the approximation also depends on the value of 
F. Fortunately, the smaller the absolute value of F is, the better 
the approximation. Since Eq. (4-3) is used to evaluate the resolution 
of the system, we are usually only interested in values of F near zero. 
We thus conclude that Eq. (4-3) is valid if both m and B are small with 
/2B < 1/m. -
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