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CHAPTER I

INTRODUCTION

In Science and Engineering, it is very desirable to be able to pre­

dict the PvT behavior of mixtures by means of an equation of state having 

the same form as that for the pure substances and whose constants may be 

determined from related constants of the equation of pure constituent 

components. This analytical PvT relation is also needed to calculate 

the thermodynamic properties-such as enthalpy, entropy, heat capacity, 

and fugacity-of mixtures. Many equations of state for pure substances 

have been proposed since van der Walls (1873); however, very few of 

these have been tested for mixtures. Those equations which have been 

applied to mixtures are not very satisfactory for the critical region 

and for higher densities.

The eight-constant Benedict-Webb-Rubin (BWR) equation (1940), one 

of the most frequently used and developed equations for mixtures, has 

been tested primarily for light hydrocarbons and for only a few non­

hydrocarbons . Other equations, like the two-constant Redlich-Kwong (RK) 

and the five-constant Beattie-Bridgeman (BB) equations, are less accu­

rate, especially near the critical region and higher densities.

The more accurate twelve-constant Martin-Hou (MH) equation (1959) 

has been successful in estimating carbon dioxide-nitrogen mixtures (1963) 

and, although mixture rules have been suggested it has not yet been 

tested with other mixtures.

In recent years, because of the availability of high-speed com­

puters, many new attempts have been made to obtain better agreement bet­

ween experimental and calculated PvT behavior by means of multi-constant 

equations, but these have not been thoroughly tested. Almost no other

-1-
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equation more accurate than the BWR equation has been thoroughly de­

veloped and tested with mixtures.

It is desirable to develop a high precision equation of state for 

mixtures in order to be able to predict the thermodynamic properties 

and phase behavior of various mixtures with a high degree of accuracy. 

Therefore, in this research an attempt was made to develop a generalized 

21-constant equation of state for mixtures that is similar in form to 

Martin's recent equation. This equation was applied first to the pure 

components, namely, argon, neon, and nitrogen, for which constants were 

not available. The constants were determined by the method of successive 

approach, then the equation was tested primarily with argon-nitrogen 

data available in the temperature range 143.15 K to 273.15 K using a 

new combining rule obtained from corresponding states theory.

Also, some new experimental PvT data for argon-neon and neon-nitro­

gen mixtures in the temperature range 90 K to 140 K were measured by 

the final expansion method; the results were then used to test the equa? 

tion.



CHAPTER II

LITERATURE SURVEY 

A. EQUATION OF STATE

1. General. Equations of state have been developed by three dif­

ferent approaches: theoretical, empirical, and generalized. In the 

theoretical approach, the equation of state is obtained by means of the 

partition function of statistical thermodynamics or the virial theorem 

of statistical mechanics. The equation can then be transformed into 

the virial form which expresses the compressibility factor as a power 

series in density. The virial coefficients (which are contributions 

from two-particle interactions, three-particle interactions, etc.) are 

functions only of temperature. There is considerable information avail­

able on the virial equation of state up to the third virial coefficient 

(6, 15, 44, 69).

However, some equations - including the four-constant Keyes equa­

tion (47), the five-constant Beattie-Bridgeman (BB) equation (5), and 

the eight-constant Benedict-Webb-Rubin (BWR) equation (11) - were de­

veloped empirically using least-squares or other mathematical procedures 

in order to obtain the constants and then were tested for a number of 

substances. As the number of constants increases the applicable den­

sity range is increased with high precision. For example, though the 

BB equation gives results of intermediate accuracy, the BWR equation 

much more accurately represents the PvT behavior of substances to about 

twice critical density (3).

The BWR equation initially was developed (1940) for light hydro­

carbons (7, 11), then it was applied and tested to other substances for 

PvT behavior and vapor-liquid equilibria (25,27,46,65,73,81,83,93,106).

-3-
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An excellent collection of the available BWR constants has been 

presented by Cooper and Goldfrank (22). Recently (1970), a new set of 

constants for the BWR equation - primarily for hydrocarbons, including 

neon - was published (68). Yendall has applied a modified BWR equation 

with 12 constants to neon (104). Strobridge used a new equation for 

nitrogen with 16 constants developed from the BWR equation (96). It is 

currently considered to be the best equation of state for nitrogen. 

McCarty and Stewart (1964) listed the constants of the Strobridge equa­

tion for neon (51). Crain and Sonntag (1965) determined the constants 

for argon and nitrogen from the new experimental PvT data in the tempera­

ture range 143.15 K to 273.15 K (24). Recently (1969), Gosman, McCarty 

and Must redetermined the constants for argon (35). At the same time 

McCarty and Stewart modified the Strobridge equation with 18 constants 

for neon (52,53). Then (1968) Gibbons and Kuebler redetermined the 18 

constants on the basis of new PvT data (34).

In the third type of approach - that of generalized equations such 

as Redlich-Kwong (RK) (74) and Martin-Hou (MH) (59, 60) - the constants 

are evaluated from the general behavior of substances. The RK equation 

is known as the best two parameter equation; however, it often gives 

poor results. Therefore, numerous modifications of the RK equation 

have appeared in recent years. Gray et al recently (1970) presented a 

summary of previous work which attempted to improve the RK equation (36).

Besides generalized equations, some investigators have generalized 

empirical equations in reduced forms. Su and Viswanath (1965) deter­

mined the generalized constants of the BWR equation for both hydro­

carbons and non-hydrocarbons using generalized compressibility charts
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based on experimental data (97). Cooper and Goldfrank (1967) listed 

two different sets of generalized constants for hydrocarbons and non­

hydrocarbons (22).

2. Equation of State for Mixtures. The eight-constant BWR equa­

tion is the best known equation of state for mixtures. Prior to this 

equation, the other, few equations such as the four-constant Keyes equa­

tion and the five-constant BB equation were developed for mixtures (12). 

In many books (4,30,76) and papers (3,12) there is adequate information 

and references about those early works.

The BWR equation, which was first applied and tested for light hy­

drocarbons (7,8,12) gives satisfactory representation of the PvT behavior 

of mixtures with the given combination rules in order to obtain mixture 

constants from the pure component constants. Then this equation was 

widely used to correlate vapor-liquid equilibrium for different mixtures 

and was discussed in many papers (9,10,27,65,72,81,93). Crain and 

Sonntag tested the equation for the PvT behavior of argon-nitrogen 

system (25).

Recently (1970), Starling and Powers developed an eleven-constant 

modified BWR equation in order to predict enthalpy behavior of mixtures 

and tested it with the methane-propane system (90).

Crain and Sonntag (1965) (24), tried to apply the more accurate 

Strobridge equation to argon-nitrogen system and others (87) have tried 

to apply the same equation to different binary systems ; it has been 

found to be impossible to find any reasonable correspondence between 

related constants as a function of composition.

Because of its simplicity, the two-constant RK equation (74) has 

been used extensively for mixtures since it was developed in 1949.
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Improvements to the RK equation for mixtures were presented in some re­

cent papers (36,99). Recently (1970, 1971), Sugie and Lu attempted to 

develop a modified RK equation for mixtures by shifting the horizontal 

inflection point to the critical point (the same modification had been 

done previously (1967) to the van der Waals equation by Martin (57)), 

and they also added a new deviation which is power series in density 

(98, 99). They tested it successfully for PvT behavior and enthalpy 

departure with a few mixtures.

Ackerman compared the RK and the BWR equation for 26 binary mix­

tures at the critical region. The presented results do not reveal a 

clear advantage of either the BWR or the RK equation in the critical 

region (1).

Smith, Sonntag, and Van Wylen (1963) suggested a combining rule for 

the MH equation and tested it only for carbon di oxide-nitrogen system 

(85).

3. Martin's Equation of State. Martin and Hou (1955) developed a 

new equation of state whose constants might be determined from the gen­

eral behavior of substances (59). Later (1959), a modified MH equation 

was proposed with 12 constants instead of 10 (60). The constants of 

the original equation were calculated for seven different gases and the 

equation was tested, with a very high degree of accuracy, up to about 

1.5 times critical density. The modified equation was applied to carbon­

dioxide (60) with even greater precision. Then, Smith, Sonntag, and 

Van Wylen (1963) investigated the accuracies of several combining rules 

for the modified MH equation for mixtures and then tested it for the 

carbon dioxide-nitrogen system (85,86). Since then, no application of 

this equation for mixtures has been found. In 1962 Martin proposed a
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sllghtly different equation (58). Martin then (1967) improved the equa­

tion of state for high densities by using new exponential terms (57). 

This equation was tested with 16 constants for chlorodi fluoromethane and 

was applied to carbon dioxide only for the critical isotherm with better 

precision.

B. PvT DATA

1. Pure Substances.

ARGON DATA: The PvT behavior of argon has been adequately studied 

experimentally and numerous papers have been published over many years. 

The data which is available in the literature has been referenced in 

detail in many works (2,21 ,23,28,40,66,67). Crain, Sonntag, and Van 

Wylen (1965) researched previous PvT data of argon and collected some 

experimental data for the isotherms 143.15, 163.15, 203.15, and 273.15 K 

in the pressure range up to about 500 atm (26). In addition to that 

data are the data collected by Michels, Levelt, and DeGraff (63) in the 

temperature range 120.65 K to 248.15 K at pressures up to 850 atm, by 

Rogovaya and Kaganer (79) in the temperature range 138.15 to 248.17 K 

at pressures up to about 200 atm, and by Michels, Wijker, and Wijker (64) 

at temperatures from 273.15 K to 423.15 K, at pressures up to 1800 atm. 

All of the preceding data (Table I) were used in this work in order to 

test the equation of state.
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TABLE II

CRITICAL CONSTANTS OF ARGON, NEON AND NITROGEN

Substance M TC.K Pcatm. vc,cc/mole

Argon 39.944 150.86 (63) 48.34 (63) 74.56 (63)

Neon 20.183 44.4 (37) 26.19 (37) 41.744(61)

li trogen 28.016 126.2 (48) 33.5 (48) 90.1 (48)

The critical constants for argon were listed by Michels, Levelt, 

and DeGraaff (1958) (63). Although different values of the critical 

constants have been published (41,48), those which were used in this 

work were considered to be the best values available (Table II).

No experimental PvT data for the critical isotherm (150.86 K) 

were found in the literature, but 20 data points were obtained by linear 

interpolation between isotherms 150.65 and 153.15 K from Michels1, et aj 

data (63) (Table III-1).

NEON DATA: Sullivan and Sonntag (1966) (101) and Scott and Sonntag 

(1967) (82) searched the literature for the available experimental PvT 

data of neon. Other reports and texts (2,21,66,67,100) also list numer­

ous references for neon data. Sullivan and Sonntag published (1966) 81 

data points at four isotherms from 70 to 120 K, pressures up to 300 atm 

(100,101) and then Scott and Sonntag measured, in 1967, 142 data points 

at temperatures 30 to 70 K, pressures up to 200 atm (82). Recently 

(1968). Gibbons obtained new data in the range from 27 to 70 K at pres­

sures v- to 200 atm (33). All those data were used to obtain the con­

stants of î equation of state for neon (Table I).
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TABLE TIT-1

CRITICAL ISOTHERM DATA OF AR^ON

DATA NO P V
—1*1— -GCTMÜLE

201 5 302,684 34,916
R025 211,054 36.815
2035 15 0. 897 38.835
2045 110,288 41.005
2055 8 6.328 43.090
2065 65.533 46.420
2 075 57.203 49.108
2085 52,757 51.822
2 0R5 5 0.2 03 55.002
2105 48,5 58 62.167

5 48,340 74.560
211 5 47.664 107.641
2I25 46,359 126.970
2135 44.1 23 150.024
?1 45 40.142 189.509
2155 3 5. 695 235.640
2165 30.760 297.371
2’75 2 5.4 51 386.536
2185 21.432 480.811
2 ’ ° 5 1 6.414 660.002
2205 11.307 995.756
2215 7.3 96 1585.804

(*) 2000 michels-lfvflt--DEGRAAFF
DATA (63)
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TA8LF ITT-?

CR TTTCAî ISOTHERM DATA OF NEON

DATA NO P V
—1*1____ ___ _££ZÜDLE

20? 5 190.119 19.256
10? 5 12 9. 1 99 20.261
2 02 F 98.227 2! .050
102 5 72.420 22.152
2035 46» R 53 24. 046
1 035 41.739 24.837
2045 31.611 27, 1.78
1045 29.FOR 28,303
105 5 27.305 30.851
2055 2 6. 6 97 39,451
2065 2 6.5 84 33.786

• 1 065 26.468 35.81?
1075 26,308 38,640
2075 26.305 39.144
1 OR 5 2 6. 2 02 40.079

5 2 6. 1 90 4?. . 7&4
20R5 2 5.3 71 66.865
20° 5 23.957 82.637
109 5 23.647 85.894
2'05 21.750 104.274
? 105 21. 3 24 107.924
1 115 16.6 51 163, 338
21? 5 12.736 233.609
1125 12.602 236.595
21 25 8.787 364. 935
2? 35 5.809 579.950

(*) 1000 SCOTT-SDNNTAG DATA (82)
2000 GIBBONS DATA (33 )
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The critical temperature and pressure for neon, which were measured 

by Gri 1 ly (37), and the critical density measured by Mathias et al (61), 

were selected as more accurate values than the others. Also, McCarty, 

Stewart, and Timmerhaus (54) and Scott and Sonntag (82) were in agree­

ment with those values (Table II).

PvT data for the critical isotherm, 44.4 K, was found in Scott and 

Sonntag's data and in Gibbon's data and some points were obtained by 

linear interpolation from the same data (Table III-2).

NITROGEN DATA: A quantity of experimental PvT data for nitrogen 

can be found in the literature; most of this reported data, however, is 

fragmentary and i n comp rehensive. Recently, more comprehensive data, 

in various ranges, has been reported. The bibliography for the earlier 

experimental PvT data of nitrogen can be located in several texts, re­

ports , and papers (21,26,29,66,67). Some of the recently collected 

data were used in this work for testing the equation of state. Crain 

and Sonntag reported data for four isotherms (143.15, 163.15, 203.15, 

and 273.15 K) at pressures up to 500 atm (24). Streett and Stavely 

measured data, in 1967, for the compressed liquid region, in the tem­

perature range 77.35 to 120.23 K, at pressures up to 680 atm (95). In 

1969 Sonntag and Ôztürk collected PvT data for the critical region in 

the temperature range 110 to 140 K for five isochors from 45 cc/mole 

to 70 cc/mole (88) (Table IV). Later (1970), Weber published data in 

the temperature range 80 to 140 K and at densities 0.85 to 2.6 times 

critical density (103). In addition to those data, Can field's (18) and 

Friedman's (31) data were used in this study for the other isotherms 

and low densities (Table I).
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The critical constants of nitrogen were chosen from Kobe and Lynn 

(48) as the most accurate values (Table II).

Some of the PvT data for the critical isotherms were found in 

Friedman's data (31) and the remainder were obtained from Sonntag and 

Oztürk data measured in the thermodynamic laboratory (Table HI-3).

2. Mixtures

In the past, extensive studies on thermodynamic properties of mix­

tures have been initiated and large numbers of papers about experimental 

work for mixtures - including PvT data for various mixtures - have 

appeared in the literature. Crain, Sonntag, and Van Wylen (26) in 1965- 

besides collecting PvT data for three different compositions of the 

argon-nitrogen system at the temperatures 143.15, 163.15, 203.15, and 

273.15 K and pressures up to 520 atm - also researched and presented 

several comprehensive references for mixtures of different substances. 

In addition to that work, Clark, Hyman and Wilson (21), in 1966, re­

ported the available data for the thermophysical properties of cryogenic * 

binary mixtures.

Because of the scope of this present work, only the literature 

for the PvT data of mixtures - either binary or ternary - of argon, neon, 

and nitrogen were surveyed. Zandbergen and Beenakker (105), in 1967, 

measured PvT behavior for three different systems - including argon­

nitrogen - at several concentrations between 170 and 292 K and at pres­

sures 3 and 100 atm in order to deter ne the volume change of the 

mixing process. Besides this, no experimental PvT data were found for 

either neon-nitrogen or argon-neon systems.
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TABLE I IT-3

CRITICAL ISOTHERM DATA OF NITROGEN

DATA NO P V
—1*1___ —AIÜ4- -CCZÜQLE

1 ?? 5 130.335 44,971
1 31 5 71.540 49.701
1225 47.127 54,805
1325 36.241 62,348

5 34.*30 65.992
2095 33.000 60,78?
1335 33.963 6°,075
IV 5 33.581 77,60*
2035 33.510 81,149

5 3 3. *00 90.100
2045 33.460 107.853
9 0*5 33,1 70 127,244
2065 33.080 130,504
9075 * ’ ’2.0 90 148.984
205 5 31.870 150,004
2 005 31.340 169.325
2105 3 0. 1 60 190.155
2115 29.110 207,776
2125 9 7.2 80 938.717
2i 35 93.130 317.418
2145 1 9. 1 60 417,721
2155 1 1.930 75&.421
216 5 8.110 1165.912
2175 6.513 1480.341

(*) 1000 SDNNTAG-OZTIJRK DATA (88
2000 EPI EDMAN DATA (31 )
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f
TABLE IV

EXPERIMENTAL PvT DATA OF NITROGEN

IN THE CRITICAL REGION

(88)

Data 
No.

T
K

P 
atm

V 
cc/mole Z

1211 110.269 20.036 44.758 0.099
1212 114.073 46.428 44.822 0.222
1213 118.022 73.885 44.872 0.342
1214 122.004 101.461 44.920 0.455
1215 126.198 130.319 44.971 0.566
1216 130.010 156.380 45.017 0.660
1217 135.037 190.442 45.072 0.775

1313 117.997 28.739 49.586 0.147
1314 122.002 49.577 49.645 0.246
1315 126.202 71.552 49.702 0.343
1316 130.003 91.499 49.746 0.427
1317 135.022 117.925 49.801 0.530
1318 140.014 143.988 49.861 0.625

1223 118.008 sat 22.415 54.786 0.127
1224 121.998 30.342 54.842 0.166
1225 126.206 47.152 54.895 0.250
1226 130.004 62.644 54.942 0.323
1227 134.999 83.195 55.014 0.413
1228 140.027 103.931 55.065 0.498

1325 126.199 36.240 62.347 0.218
1326 130.003 47.564 62.398 0.278
1327 135.004 62.834 62.469 0.354
1328 139.996 78.309 62.533 0.426

1335 126.201 33.965 69.976 0.230
1336 129.993 42.807 70.035 0.281
1337 135.011 54.943 70.099 0.348
1338 l39.995 67.258 70.160 0.411



CHAPTER III

THEORETICAL DERIVATIVES AND 

GENERAL BEHAVIOR OF SUBSTANCES 

A. EQUATIONS OF STATE

1. General. An equation of state for gas mixtures is expressed as 

an analytical relation of pressure, volume, temperature and mole numbers 

of the pure components in the mixture:

f(P,v,T,n^) = 0, i = 1,2,...,N (3-1)

where N is the number of pure components. Generally, it is desirable 

to express one of the properties, e.g. pressure, in terms of the others:

P = P(v,T,n.), i = 1,2,...,N (3-2)

It is generally considered that the equation of state for mixtures 

should have the same form as that of the pure substances and that each 

constant for the mixture, say , would be the function of corres­

ponding parameters of pure components and mole numbers:

1 = .......... N (3'3)

where K.^1s are the corresponding constants of the pure components. 

Therefore, it is necessary to know or to determine the pure component 

constants. Then, it is necessary to know a set of combining rules, re­

lations of the equation (3-3), in order to find the mixture constants.

2. Combining Rules. Several form of the combining rules have 

been proposed to determine the mixture constants. The procedure for 

obtainining combining rules, usually, starts from the theoretical rule 

given for the second, third, etc. virial coefficients of mixtures by 

Mayer (62), such as,

-16-



N N 
Sn = I (3-4)

or 
N N N

WkKijk
1 J

(3-5)

N
etc. Here y. = n./^ n. is the mole fraction 

mixture. is the parameter characterizing

of component i in the 

the interaction between

component i and component j. Early scientists proposed several rela

tions as follows:

Linear combination (13)

Square-root combination (32)

Lorentz combination (50)

K.j = l^+Kj) 0-6)

Kij • (W172 (3-7)

(3-8)

Kijk 1S the constant characterizing the interaction between components

i,j, and k.

Smith (84) discussed third order combinations such as:

Linear combination = ^(K.+Kj+KjJ (3-9)

Cubic-root combination = (K.KjK^)^^ (3-10)

1 3 1/3
Linear cubic-root combination Kj

(Lorentz combination) = (--------------3 " 1

Substituting linear combinations, equations (3-6) and (3-9), into 

equations (3-4) and (3-5), respectively, 

N 
(3-,2)

is obtained in the same manner, the linear combining rule. By square­

root combination, equation (3-7), and cubic-root combination, equation 

(3-10),
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N 2
I\r (3-W)

Km ' (3-")

linear square-root and linear cubic-root combining rules are obtained 

from equations (3-4) and (3-5) respectively. This may be generalized as 

a linear Ith root combining rule for the coefficients of Ith power of 

the density by,

(3-15)

With the others, equations (3-8) and (3-11), Lorentz combining rules may

be derived such as

and

(3-16)

N
(3-17)

K?%i/3+K;/3

3

3. Benedict-Webb-Rubin Equation (BWR). The BWR equation of state

(11) is represented by
2 -4

p = Bl + +BIb^ X)e V (3-18)

V v2 vJ vb v V

which contains eight adjustable constants. This equation gives an accu­

rate representation of PvT behavior to about twice the critical density.
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Cooper and Goldfrank (22) summarized this equation and listed the 

constants for 38 substances. They also correlated the reduced constants 

of the reduced BWR equation as follows,

o
BorTr-Aor-COr/Tr brTr-ar ar oç

where--

(3-19)

vr = RTç/Pc =Zc v and

Bor ■ B0Pc/RTc = 0.129426

A°r " Ao^c/^^^c = 0-284623

C°r = CoPc/r2tc = 0'157489 

br = bPcZR2^c = 0-027364 

ar = aP^/R^ = 0.020839 

OÇ, = oq>^R^ = 0.0019427 

cr = ^Pc/R^c = 0.023222 

and

= TP^/R^T^ = 0.052603

(3-20)

for non-hydrocarbons, (22)

A number of different investigators (12,25,27,72,93) have success­

fully applied the equation to mixtures with the combining rules given

in Table V.
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. TABLE V
* - 

THE COMBINING RULES OF THE BWR EQUATION OF STATE

Constants Combining Rule

C
T 

w
 

C
D

* 
o

n 
on

» °» v
V Œ/iO'

The argon constants given by Zudkevitch and Kaufmann (106), and 

the nitrogen constants given by Crain and Sonntag (25) were used in this 

investigation (Table VI). Although the neon constants were found in 

recent publications (68), it was found that the equation with those con­

stants deviates greatly from the experimental PvT behavior in the low 

temperature range up to about 120 K. Therefore, neon constants were 

calculated from the reduced constants, equation (3-20), and tested with 

the same data with the results much more reasonable (Table VI).

4. Strobridge Equation. The Strobridge equation (96) with 16 

adjustable constants was originally developed for nitrogen and was in­

fluenced by the modified BWR equation developed by Bloomer and Rao (14). 

The Strobridge equation has the following form,



-21 -

r RT . Y+S2+S3/T +

v V2

s16 
. Sg/T^S^/T^S^/T" - -7

S]g

<3-21 
v5 V6

where T is in K, v is in lit/mole, P is in atmospheres, R=0.0820574

1s the ggg constant and S, through Slfi are the constants of the 

Strobridge equation (Table VII). The constants S] through are de­

termined by least-squares fit and S^ by trial and error. Stewart and 

Timnerhaus (91) discussed the application of the Strobridge equation to 

the other cryogenic substances (helium, parahydrogen, argon, neon,.and 

oxygen). The equation was found to represent the PvT behavior in both 

the vapor and liquid phases very accurately. The constants for argon 

(35), neon (51), and nitrogen (96) are shown in Table VII.

The equation was modified for neon by McCarty and Stewart (52), 

adding two more constants as follows:

„ RT S)T+S2+S3/T+S4/T2 SgAs^+Sg/T+Sg/T2

+ 7 + 7 :
, Q s18

I S1QT+S-]i S12/T S13/T +S]*/T V2

v5 v3

- - ^18
s1s/t^s16/t3 - 7

Vs v6

Later, Gibbons and Kuebler (34 ) redetermined the constants of the same 

equation for Neon (Table VIII).
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TABLE VI

THE CONSTANTS OF THE BWR EQUATION

FOR ARGON, NEON AND NITROGEN

Units: P - atm., v - liters/mole, T - K

Argon (106) Neon (22)* Nitrogen (25)

Bo 0.0222825 0.0180075 0.0281066

0.823408 0.144301 0.872086

% 13141.1 157.404 7813.75

b 0.00215287 0.000529716 0.0032351

a 0.0288353 0.00147 0.0312319

a 0.0000355384 0.0000052324 0.0000709232

c 798.23b 3.22921 547.364

T 0.002338 0.0010183 0.0045

R = 0.08207 lit. - atm./mole-K

They are obtained from the reduced constants, 
equation (3-20)
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TABL e VT I

THE CONSTANTS OF THE STR OBR TDGF FQUATTON 
FOR ARGON. NEON AND NITROGEN

»EeDN1351 MEDN1511 NITROGEN L96.1

p 0,08205348 0, 08205736 0.08205736

SI 0,2597R379F-02 O,I556039RF-02 0.276665249RF-0?

S 2 -De 89-^358665 00 -0.246550565 00 -0.57719427355 00

S3 -O,67273636F 02 0,4 3101 692F 01 -0.11421080025 03

S 4 -0.264Q4175F 04 -0.1 687°3755 03 0.85226342775 03

S5 0,976312305 07 0.2656171Q5 05 0,34401 76000e 07

S6 0,7047RF49F-04 0,531805135-04 0.13542464885-03

$7 -0.467677415-07 - 0.45629055E-03 -0.1578905806F-01

SR D,22640761F

SR 0,6gi4]064F

S’O 0.64S65344F

SI1 -0,114R5?R?F

Si 2 -Oe 64R354R3F

SI? Oe 46S248C5E

S' 4 Del 0°33574F

R'5 0.6O439528F-

S1 6 0,47099093^.

05 -0,6707OQ94F-06

03 Oe5 395704 7F 0?

05 - 0» 48134141E 04

08 0,Q5157500F 05

00 - 0» R 3474R63F-01

03 -Oe 96397638F 01

05 0,51358569F 03

06 0.110348785-07

O’ 0,633999715-02

O. 41683 56 0995-05

0.32115478525 03

0.10801200005 06

-0.10666578005 08

-0.33044891365 01

0.12236936045 04

-0.56935386725 05

0.16751 6645 9F-Q5

0, 5 59999793 8E—02

P : ATM. , V : L T TEPS/MOLE , T : K
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TABLF VIT ï 

THE CONSTANTS OF THF MODI FT FO STPOBPIDGE 
EQUATION FOR NEON (34)

R O.O82O3524

SI 0.16937698E-02

S? -0.17C11500F 00

S3 -0.30Q56793E 01

S4 0.21567993E 01

S 5 —0.10347196E-06

S6 0.41318499E-05

S 7 0.27543299E-02

SR 0.8Q426696F-01

S 9 -0.R5555255E-01

S10 0.13340195E-05

Sil -0.13761700F-03

SI 2 -0.1? 055999F-O4

SI 3 0.43160170E-02

S14 —0.12671199E 03

ST 5 -0.31678896E-01

SI 6 0.14593°92E O'

SI7 0.2341219RE-07

SI 8 0.27957298E-02

p : ATM. , V : LT TEPS/MOLF , T : K
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Crain and Sonntag (24) applied the equation to argon-nitrogen sys­

tems with their new experimental PvT data for three different composi­

tions. They also determined the argon-nitrogen interaction constants 

besides determining new constants for the pure components. Then, Crain 

and Sonntag and others (87) tried to extend the Strobridge equation to 

different binary mixtures; however, no reasonable combining rules could 

be determined. Besides these studies, no other application of the 

Strobridge equation to mixtures was found.

5. Martin's Equation. The original Martin-Hou (MH) equation with 

10 constants (59) may be written as,

5 f.(T)
p = y _J------  (3-23)

1=1 (v-b)1

where

fj(T)= a, + b.T + c1.e‘kT (3-23a)

a, - C] ■ 0

b4 - °4 - 0

a5 = c5 = 0

and b-j = R is the gas constant. Then, in 1959, the constants a$ and c$ 

were added (60). Although the constants of the original equation had 

been determined for seven different gases, the constants of the modified 

equation were obtained only for carbon-dioxide (60) and nitrogen (85). 

The MH equation is capable of precisely representing the PvT behavior of 

gases up to about 1.5 times critical density.

In 1962, a slightly different equation,

f^T) = a. + ^T + c^1 (3-24a) 

instead of equation (3-23a), was proposed by Martin (58).
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Later, Martin improved the equation for the high density region by

adding two exponential terms as follows (57)

where

e

(3-25)

(3-25a)

(3-25b)

a^ = <q = 0, b1 ■ R is the gas constant and

a-, b., Ci (1 = 2.7), ot6, oty ( oly = 2 <Xg), k, and b 

are the constants of the equation. This equation may be arranged as 

follows:

P = A(v) + B(v) • T + C(v) • (3-26)

where

A(v) =

7 b-
(3-26b)

C(v) - (3-26c)

This equation was applied to chlorodi fluoromethane with 16 constants 

(c^=Cg=ay=by=Cy=O) and to carbon-dioxide only for the critical isotherm 

with better precision up to 2 times critical density. Although the Martin 

equation does not represent the PvT behavior of the pure substances as 

accurately as the Strobridge equation, because the constants of the Martin 

equation are determined by means of general behavior of substances, its
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application to mxitures may produce better results with reasonable com­

bining rules.

Smith, Sonntag, and Van Wylen tested several combining rules for 

the original equation (3-23) with 10 constants and twelve constants 

(85,86). The suggested combining rules, as shown in Table IX, were only 

tested for the carbon-dioxide-nitrogen system.

TABLE IX

THE COMBINING RULES OF THE CONSTANTS

OF THE MH EQUATION (85)

Constants Combining Rules
if

 

co
 

u
 

in
 

un
-Q

 
m

ja
co

A
 

ra

CM
 

CO
a

 
C
OCM

 
«O

<1 =

?

*■ - Ç Ç

Since that time, no application of either the former (3-23) or the 

latter (3-25) equation for mixtures has been found.

Martin has recently (1972) been investigating a new form of the 

equation as follows:

RT f;(T> f3(T) f4(T) f5(T)
(v-b)tv-t) * (v_b)3 * (v_b)4 * eaV(1+ceaV)

VD
(3-27)
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where

f.(T) = a- + + c.e"^ (3-27a)

However, the investigation is not yet complete.

6. The Modified Martin Equation. The form of Martin's recent equa­

tion (3-25) was the one considered for the prediction of the PvT behavior 

of mixtures; however, there was no application to argon, neon, and nitro­

gen. Therefore, it was necessary to determine the constants for those 

pure substances whose mixtures would be studied.

At the beginning the modification that b = 0 would always be assumed 

was considered. To use b # 0 was perhaps necessary for the original MH 

equation (3-23) in order to have an infinite series in density, but the 

two exponential terms of the recent Martin equation (3-25) might be able 

to represent the infinite series. -

Consider the expansions of l/(v-b)\ i = 1............. 5

(3-28)

where (n+^) is the binomial coefficient.

Substituting the equation (3-28) into (3-23) and the MH equation

may be written as

P =
fj(T) _ 5 ©j(T)

(v-b)1 t=1 v1
+ G(T,v) (3-29)
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where

e^n-f^n-RT

©2(7)^ tn + f2m

^(n-bZf^T) + 2bf2(T) + f3(I)

04(T)=b3f1(T) + 3b2f2(T) + 3bf3(T) + f4(T)

6^(T)=b4f^(T)+4b3f2(T) +6b2f3(T) + 4bf4(T) + f5(T) (3-30)

, , V 0i(T)
G(T,v) = 2_ --------1------- (3-31)

1=6 v1

©.(T) = (jl1]) b^^jtT), 1=6,7,... (3-32)

Consequently, instead of adding those two exponential terms to the equa­

tion (3-23) in order to obtain the equation (3-25) G(T,v) is replaced 

with them. Thus, the equation of state may be written as follows
VL -X (3-33)

1=1 
where

^(T) = A. + B.T + Y~k<Tc 1 = 1, .... 7 (3-33a)

\ v1 1=1,...,5
^^(-c) i=6.7

= 0, = R is the gas constant and A., B^, C. (1=2..........,7),

0^, k are the 21 constants of the equation. To write the equation 

in reduced form may be considered more convenient, therefore,

p = y
r 2_ ^7(^) (3-34)

1=1
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where

Pr = p/pc> vr = v/Vg, Tp = T/Tc and

Ti(Tr) = Ar. + BriTr + Crj e-WrV (3-34a)

{
vj. i=l »... ,7

OCri(vr-l) (3-34b)
6 i=6,7

Ar-| = Cr^ = 0, Br^ = 1/ZC and Zc = Pcvc/RTC Is the critical com­

pressibility.

The relation between the constants of the former equation (3-33) 

and the latter equation (3-34) may be given by

y- , Bp. - ——Tp , Cp. = —-—r i=l. ,5 (3-35a)
pcvc Pcvc Pcvc

Ap. = r- , Bp. = I - , Cp. = p^- i = 6,7 (3-35b)
1 rc 1 rc 1 rc

^6= = Vc O-35C)

This form of the equation (3-34) is first tested with carbon-dioxi de 

for the critical isotherm in order to compare this equation with equation 

(3-25). (Table X).

B. GENERAL BEHAVIOR OF SUBSTANCES ... '

1. The Critical State. The critical state of a pure substance, 

from the classical viewpoint, may be considered as the state at which, 

when the vapor of that substance is compressed at a certain minimum tem­

perature (or is cooled at a certain minimum pressure) condensation does 

not occur, but that isotherm (or that constant pressure curve) displays
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TABLE X

A COMPARISON OF THE MARTIN (3-24) AND THE MODIFIED MARTIN (3-33) 

EQUATIONS FOR THE CRITICAL ISOTHERM OF CARBON-DIOXIDE

V 

cc/mole

P 
exp 
atm.

Peal 

atm.

Dev. % 

(Eqn. 3-33)

Dev. % (57) 
(Eqn. 3-24)

37.336 1417.397 1416.830 -0.04 -4.46
39.533 942.151 955.802 1.45 -2.06
42.234 586.800 599.333 2.14 0.47

. 45.276 359.956 366.371 1.78 2.14
48.729 221.966 223.339 0.62 2.33
52.739 142.461 141.394 -0.75 -0.99
57.581 99.925 98.802 -1.12 -0.43
63.234 81.260 80.850 -0.50 -0.61
94.065 72.850 72.850 -0.00 0.00

130.659 72.326 72.284 -0.06 -0.09
144.800 71.564 71.539 -0.04 -0.10
166.844 69.795 69.792 -0.00 -0.12
198.513 66.447 66.485 0.06 -0.09
244.414 61.101 61.149 0.08 -0.04
322.024 52.734 52.763 0.06 0.00
428.934 43.725 43.732 0.01 0.02
472.579 40.784 40.787 0.01 0.03
486.623 39.912 39.916 0.01 0.03
524.934 37.704 37.705 0.00 0.04
591.884 34.353 34.352 -0.00 0.04
679.309 30.755 30.750 -0.02 0.04
790.370 27.116 27.112 -0.01 0.05
949.198 23.173 23.169 -0.02 0.05

1187.699 19.002 19.000 -0.01 0.05
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a horizontal inflection point on the P-v (or the T-v) plot (Figure 1). 

The temperature, the pressure, and the specific volume at the horizontal 

inflection point on either the P-v or the T-v diagram are called, as is 

well known, the critical constants of the pure substances. The methods 

and apparatus used for the determination of the critical constants have 

been discussed by several authors (44, 48, 76).

Figure 1. The critical state of pure substances

On the other hand, the critical state for mixtures designates more 

complex behavior. However, we may describe the critical state for mix­

tures in a similar manner as that of pure substances. When a gas mixture 

is compressed at a certain minimum temperature, condensation may start 

but cannot be completed and the isotherm passes through two dew points 

(retrograde behavior of the first kind), or, when heat is rejected from 

the same gas mixture at a certain minimum pressure the similar behavior 

may occur and the isobar passes through two bubble points (retrograde 

behavior of the second kind). This point is generally called the true 
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critical point or the critical point of the mixture whose composition 

is invariable (Figure 2). From vapor-liquid behavior, the true critical 

state of a mixture may be considered as the state that represents maxi­

mum pressure and temperature at which two phases may exist. Rowlinson (80) 

gives a very clear discussion about the true critical state of mixtures. 

Reid and Sherwood (76) give a summary of the estimation technique of the 

true critical temperatures and pressures of mixtures.

The critical state behavior of pure substances gives two well-known, 

analytical thermodynamic relations, as follows:

= 0 (3-36)

at vr=l at v

= 0 (3-37)

ai vc

The higher order, such as third and fourth, derivatives of pressure with 

respect to volume along the critical isotherm at the critical point are 

most often assumed negligible: however, it is very likely that the values 

of the third and fourth derivatives at the critical point are small nega­

tive and small positive, respectively. The first and second derivatives 

at the critical point, equations (3-36) and (3-37), imply that the value 

of the third derivative, even near the critical point, can, indeed, not 

be positive. When the third derivative is zero, the fourth derivative 

must be zero mathematically (a). In addition, for this situation, the 

second derivative must have a horizontal inflection point at the critical 

specific volume so that the critical isotherm should be flatter than the
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real behavior in the critical region (Figure 3a). When the third de­

rivative is slightly negative at the critical specific volume, three 

arguments may be deduced: that the fourth derivative is negative (b), 

zero (c), or positive (d) (Figure 3). The first argument, that the fourth 

derivative is negative implies that the third derivative must have a 

horizontal inflection point at the specific volume less than the critical. 

So, this makes the critical isotherm at the same region much flatter than 

is actual (Figure 3b). The other argument, that the fourth derivative 

is zero when the third is negative gives almost the same result, less flat 

and closer to real behavior (Figure 3c). Martin usually suggests this 

possibility and used it in his work (57,59). The last argument, that the 

third derivative is negative and that the fourth is positive may be re­

garded as a comprehensive possibility and also includes the other argu­

ments (a) and (c).

Although the numerical values of the third and fourth derivatives 

at the critical point are very small, they of course, depend on the unit 

system. The reduced derivatives (the derivatives of the reduced pressure 

with respect to reduced volume along the critical isotherm) perhaps can 

be taken into consideration as an essential outcome. Consequently, the 

values of the reduced third and fourth derivatives cannot, as shown in 

the following relations, be assumed to be negligible.

(3-38)

at y=l at vc

at vc
‘wX-1 (3-39)

at vr=l
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(b)

CP

Figure 3. The derivatives of the critical isotherms



Those values determined for argon, neon, nitrogen, and carbon-dioxide 

from their experimental PvT data of the critical isotherms with the method 

of successive approach are listed in Table XI. If the reduced isotherms 

of those substances for the higher than the critical density are plotted 

on the Py-Vp diagram, as shown in Figure 4, the agreement between the 

numerical values (Table XI) and the curves is evident. Given these cir­

cumstances, the isotherms of carbon-dioxide and nitrogen are flatter than 

the isotherms of argon and neon and so the former substances have smaller 

numerical values for Eg and than the latter.

TABLE XI

THE NUMERICAL VALUES OF THE THIRD AND FOURTH 

DERIVATIVES OF THE REDUCED PRESSURE WITH RESPECT 

TO REDUCED SPECIFIC VOLUME AT THE CRITICAL POINT

at Vp=l

=e* d'U,?' Tr.l C* 

at Vr-l

Argon -2.56 40.3

Neon -2.77 41.3

Ni trogen -1.91 27.3

Carbon-Dioxi de 
(approximately)

-1.43 20.8

2. Second Virial Coefficient. From the PvT behavior of gases it 

may be observed that, as the pressure approaches zero (for which the spec 

ific volume becomes indefinitely large) the compressibility factor 

(Z=Pv/RT) for all isotherms approaches unity. This may be expressed by

lim Z = 1

P-» 0
(3-40)



”33”

_ i 1 i • i ■ i ■ । • r

- il .
il- I © Argon (63)
Il 0 Neon (33,82)

“ % X Nitrogen(3J,8€
n △ C»rbon-dioxîde.

_ Il -----  Argon
H -------- Neon

_ jl -----Nitrogen
d  Corbon-dioxide

" H
- . i 

।
• 4 •

- 4
5 - \

। ■

» ’
(57) _

CP

“r i , J. । J, ' J/' 1 1 r 1 
A _



-39-

When this behavior, ideal gas behavior, is indicated on the Z-P or the

Z-(l/v) diagram, it is obvious that the compressibility for each isotherm

approaches unity with a different slope as shown in Figure 5. The slopes 

of the isotherms at zero pressure or infinite volume on the Z-P or the

Z-(l/v) diagram may be defined as the second virial coefficient B' or 3, 

respectively.

lim
B' = n-* 0

lim
B =

(3-41)

(3-42 )

The relation between B and B' can be determined mathematically as follows:

( ^CWT’t^rt
p__

z2rt
(4i) ](343) 

dP T

As P->0 (and v -*• cd ) the left side of the equation (3-43) approaches

B' and the first and second terms of the right side approach

^B'<0

Figure 5. Compressibility diagram at low pressure
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B/RT and zero respectively. Then,

B‘ = pY (3-44)

is obtained. Evidently, each isotherm at zero pressure (or infinite spec­

ific volume) has a different slope and, consequently, it can be concluded 

that the second virial coefficient is the function of temperature only. 

This characteristic of the second virial coefficient is also derived from 

statistical thermodynamics by correlating the intermolecular force as a 

two-particle interaction. Several texts (42,44,77,89) discuss this 

evaluation, and it is not necessary to repeat it here.

Except at high temperatures, the second virial coefficient is nega­

tive. At the temperature which is called the Boyle temperature, the 

second virial coefficient is zero, and at any temperature exceeding the 

Boyle temperature the second virial coefficient is positive (Figure 6). 

The reduced Boyle temperature is about 2.5 for most substances, about 

3.3 for hydrogen, and about 2.1 for water. Martin discussed a correla­

tion between the Boyle temperature and the critical temperature (59). 

At a temperature about 5 times the critical temperature the second virial 

coefficient has a maximum value.

The reduced second virial coefficients may be described as follows:

Br = 5- or = B'PC (3-45)

The relation between Br and may be obtained from equation 3-44, as 

Z_
$r = ^r T~ (3-46)

r -

To use the second virial coefficient in reduced form is usually more 

convenient and more rational because the curves of the reduced second
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O

~ 5^^2.5

Figure 6. The reduced second virial coefficient

virial coefficients for different substances are in point of fact near 

each other. Therefore, several investigators attempted to fit an alge­

braic relation empirically to the reduced second virial coefficients as

follows:

B. . 0J 8764 .0^758 . 0^)5 (4) (3.47)

r ?r Tr

B. -_0J88 .0^3 . ^87 e-5Tr (g6)

r V V
B = 0.430 - £5886 _ 0^694 (3.49)

r T„r
On the other hand, different correlations are used in the equations of

state to represent the second virial coefficients. The equation which

is similar to equation (3-47)

D-D Ao co
B - *0 - RT - ^3

The second virial coefficient

and is used in the BUR equation (3-18) is

(3-50)

of the Strobridge equation (3-21) is

B-R-+RT + ^2+^3 + ^ (3-51)
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and the equation which is a combination of the equations (3-47) and 

(3-49) in form is used by McCarty and Stewart in the modified Strobridge 

equation (3-22),

K RT RT2 RT3 (3-52)

The second virial coefficients calculated from the MH (3-23) and the

Martin (3-25) equations are the same:

(3-53)

In 1963 Martin suggested a slightly different form of equation,

(3-54)

and in this work an equation similar to equation (3-48) was used:

ArpZc CpoZc
Br = —— + Br2Zc f -y------ 

r 'r
e-k(Tp-l)

(3-55)

3. Third Virial Coefficient. By the same consideration as the

second virial coefficient, the third virial coefficient may be defined as

lim

lim 

v-yoo

(3-56)

(3-57)

On the Z-P or Z-(l/v) diagram, the half values of the curvatures of iso­

therms , which are the second derivatives of compressibility with respect 

to pressure or density, at zero pressure or infinite specific volume give 

the third virial coefficient as a function of temperature only. The 

correlation between C and C can be obtained algebraically as follows:
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(3-53)
Or y I 1 ।

Then, the following may be written,

]2 

àPz ? y

or, on the other hand, 
, àO/vlx _ J______ P_
‘ ZRT z2„

,5^12x11____ L(M1 + rfdZa -E— (3-6i)
T

and taking 

terms which

d2Z (T/v)

(3-59)

(3-60)

àp2 T Z2RT T Z3RT ôP T Z2RT d P 

Substituting equations (3-60) and (3-61) into equation (3-59) 

the limit as P -> 0 (or v ->oo ), Z approaches unity and the

include P become zero; then,

(RT)2
(3-62)

The third virial coefficient may also be reduced as,

Cr = CPc (3-63)

C = 4- (3-64)

vc 

and then the relation between and Cr is obtained by substituting eq­

uations (3-63) and (3-64) into (3-62)

Z 2
Cl - (C -B?) (A (3-65)

I । r • p

Although there is an abundance of experimental and theoretical stu­

dies on the second virial coefficient, much less work has been done on 

the third virial coefficient. However, it is possible to find some 

correlation in order to understand its behavior.
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Chueh and Prausnitz, in 1967, collected the experimental third virial 

coefficient data available for nonpolar gases including the quantum gases 

helium, hydrogen, and neon (19). The plot of the reduced third virial 

coefficient, Cr, against the reduced temperature, Tr, shows that the curves 

of different gases separate from each other by reaching a maximum at 

about 0.85-0.9 of reduced temperature and coincide with each other for 

reduced temperatures greater than 1.75 and then decrease through a posi­

tive value as the temperature is further increased (Figure 7). The ex­

perimental data having such a maximum value is fairly well in agreement 

with the theoretical approach (44,76). Then, Chueh and Prausnitz derived 

an equation empirically for the reduced third virial coefficient as 

follows (19),

Figure 7. The reduced third virial coefficient

C,

0

0.9 .75

+ Ac (3-66)0.232 . 0.468k n J1-1.89T
, 0.25 5 ? U ’ e
r r
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where ACr is a deviation function and approaches zero for Tr > 1.75. 

This equation is more complicated than the relations used in the equa­

tions of state to represent the third virial coefficient and those rela­

tions are listed as follows:

In the BWR equation of state (3-18),

- h a" b " RT "C C 
RT3

in the Strobridge equation of state (3-21),

_ 36 S, Sg S]o Sn 
- r"+RT+^+rt4 + rt5

(3-67)

(3-68)

in the modified Strobridge equation (by McCarty and Stewart) (3-22):

S5T . S6 . S7 . 53 V313 + S14
" T"+ R"+ RT^ ^-^3~ RT4 (3-69)

The third virial coefficient of the Martin equation (3-25) is,

c = + (b2 + + ^21 e'kT (3-70)

which is the same in form as for the second virial coefficient. Even 

for the higher order virial coefficients, the equations are obtained in

the same manner. In this work, also, similar forms of relations for the

third and higher order virial coefficients were used,

c e-k^) (3-71)
r *r 5 r

Dr.üÿ+Br4Zc + ÿ e-kdr-D (3-72)

and so forth.

4. The Nature of Isometrics. The plot of Pr against Tr along the 

lines of the constant specific volume - that is, isometric lines - shows 

the other important characteristic of substances. Early investigators 
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considered that these isometrics have a linear behavior. It is indeed 

true that the isometrics are very close to straight lines.

The behavior of the isometrics may be understood by the slope of 

isometrics which is called the thermal-pressure coefficient (80), 

OPr/ai^.Trv-and by the curvature, that is, ( d P^/ ^vr’ 

of the isometrics on the Pr vs Tr plot. These characteristics were 

thoroughly summarized by Martin (59) and Rowlinson (80).

An observation along an isotherm near the critical temperature shows 

that the curvatures of isometrics change signs twice; such that, it is 

negative below about critical density; it is positive between the critical 

density and about 1.8 or 2.0 times critical density; then it becomes 

negative again.

This is fairly consistent with the slope of the constant-volume 

specific heat with respect to specific volume at constant temperature. 

The constant volume specific heat changes with specific volume at a 

temperature near the critical such that it passes through a maximum at 

the critical density after having a minimum at about 1.8 or 2.0 times 

critical density (Figure 3). Recalling the thermodynamic relation

d2pr , 1/ZC 
AV vr = "V

from this consistency,

(&Cv/R) ) 
dvr Tr

it may be concluded that

0 for vr> 1

0 for vr = 1

0 for vrx< vr < 1

0 for vr = vrx

0 for vr < vrx

(3-73)

(3-74)
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Figure 8. The constant volume specific heat-reduced specific 

volume plot

1

R

^0.5

where v^ is between about 1/2.0 and 1/1.8. As the temperature increases, 

the value of the curvatures approaches zero; then, at about more than 

2.5 or 3 times critical temperature the curvature becomes negative (Fig­

ure 9).

It is also possible to observe directly the thermal-pressure coeffi­

cients which are fairly horizontal at the temperatures higher than the 

critical and then decrease very slowly at high temperatures. At low tem­

perature (less than critical), the thermal-pressure coefficient changes 

consistently to the behavior of the curvature of the isometrics. Then, 

it may be concluded that

{; :

where T^ is between about 2.5 and 3.

for 1 < Tr < 

for Trx < Tr
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-S3»

Figure 9. The nature of isometrics: their slopes (thermal-pressure

coefficient) and curvatures
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It should be noted also that the thermal pressure coefficient at the 

critical point (the slope of the critical isometrics) is equal to the 

slope of the vapor-pressure curve.

(
® r vr=l

dPrsatx

c.p.
(3-76)

at Tr-1
However, it is evident (Figure 9) that the curvatures of the critical 

isometrics and the vapor-pressure curve are not equal. Although the 

first one is zero, the other is clearly positive.

(^) - 0, (^p) > 0 (3-77)

^Tr Vr=l dTr at c.p<

at Tr=l

- Consequently, from the behavior of the curvature of the isometrics 

and of the thermal-pressure coefficient, it may be stated that the iso­

metrics near the saturated region are concave down below the critical 

density, then they curve up between the critical density and about 1.3 

or 2 times critical density and they are concave down again. The critical 

isometric and the isometrics in the temperature range between the critical 

and 2.5 or 3 times critical and for the large specific volumes are 

straight lines. For the higher densities, the isometrics, at higher 

temperatures than about 2.5-3 times the critical, are concave down also.

In this work it was observed that mixtures at moderate density are 

almost straight lines in the temperature range between 100 and 140 K. 

However, as a matter of fact, they have a negative curvature. Table XII 

gives the thermal pressure coefficients of the neon-nitrogen system (51.4% 

of Neon; 48.6% Nitrogen) for two isometrics.
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TABLE XII

THE THERMAL PRESSURE COEFFICIENT

OF THE NEON-NITROGEN MIXTURE

T
atm. 

K

K mole
'=403 m“e

105 0.233

115 0.434 0.229

125 0.475 0.226

135 0.467 0.224

5. Corresponding States Theory and Generalized Charts. The concept 

of the corresponding states generates from the characteristic similarity 

of the PvT behavior of the pure fluids with respect to their critical 

points. The simplest form of the corresponding states is based on the 

assumption that the reduced pressure (Pr=P/Pc), the reduced volume 

(vr=v/vc), the reduced temperature (Tr=T/Tc) surface is the same for all 

substances, which may be formulated as follows:

ÿ(Pr, vr, Tr) = 0 (for all pure fluids) (3-77)

This form, though rough, is a very simple and useful approximation to 

predict the real behavior of substances.

Generalized charts (either the reduced pressure-reduced volume chart 

or the compressibility-reduced pressure chart or others) are the repre­

sentation of the corresponding states theory with two-parameters, such 

as fVPr(vr, Tr), P/P/v;, Tr), etc.
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One of the most common generalized charts is the compressibility- 

reduced pressure chart. Several generalized compressibility charts are 

available in the literature (30,45,76); however, the recent charts which 

are based on a large amount of experimental PvT data of different gases 

are considered to be the best charts, such as Nelson-Obert (67), Viswanath- 

Su (102). The comparison of these two compressibility charts in the 

reduced temperature range from 1.0 to 15.0 and the reduced pressure up 

to 40.0 indicates that the latter chart is more reasonable than the 

former.

However, the failure of the two-parameter corresponding states 

theory, especially near the critical point, led investigators to use a 

third parameter in order to be able to have a better correlation. The 

three-parameter corresponding states correlation was thoroughly discussed 

by Reid and Sherwood (76). Any of the following may be used as a third 

parameter of the corresponding states: the critical compressibility, Z^, 

the acentric factor which is defined as (70),

eu = -1.000 - log Prsat (Tr=0.7) (3-78)

or the Riedel factor which is defined as (78),

c d(lnTf) T^1 dTr ^=1
(3-79)

As shown in the above equation, OÇ. is also the slope of the critical 

isometric. However, oÇ is usually calculated from the generalized vapor­

pressure equation developed by Riedel. The correspondence between Zc, 

oü and o<c may be found in the literature as follows (43,76):

Zc = 0.291 - 0.080 w (3-80)

CO = 0.203 ( OÇ - 7.00) + 0.242 (3-81)

and 4- = 3.72 + 0.26 (cG - 7.00) (3-82)
zc
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The acentric factor correlation is more commonly utilized than the others. 

The convenient expression to determine the compressibility is given as,

Z(Tr,Pr) = Z°(Tr,Pr) +<OZ1(Tr,Pr) (3-83)

where Z° is the compressibility factor of the simple fluids represented 

by argon, krypton, xenon and methane and Z is the compressibility factor 

correction for the deviation from simple fluids.

Under the same circumstances, Thodos and his co-workers (17,41) 

developed the generalized reduced density-reduced temperature charts 

which depend on the critical compressibility for monatomic and diatomic 

gases. It is concluded that the PvT behavior of substances having approxi­

mately the same critical compressibility (i.e. 0.291 ) shows similar char­

acteristics whether or not the substances are monatomic or diatomic un­

less the polarity effect is not present (17). Because of the excessive 

quantum effect on helium, different charts were developed for neon and 

helium even though their critical compressibilities are very close (41).

Three-parameter corresponding states for nonpolar molecules (neglect­

ing polarity and quantum effects) such as argon, krypton, nitrogen, carbon­

monoxide, etc., whose critical compressibilities are almost the same, 

0.291, may be preduced easily by applying dimensional analysis to the 

important system parameters, as follows,

With

^1(P,v,T,Pc,vc,Tc,R)=0

the convenient arrangement

(for nonpolar molecules)

of the dimensionless groups,

(3-84)

the expres-

sion »

02(Pr.vr,Tr,Zr)=O (for nonpolar molecules) (3-85)

or
03(Z.vr,Tr.Zc)=O (for nonpolar molecules) (3-86)
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may be correlated. The additional shape parameter may be required. Thus, 

four-parameter corresponding states correlation may be derived for non­

polar molecules. Martin and Hou (59) proposed the use of the slope of 

the critical isometric, Typ:] » as a fourth parameter. Hirschfelder et al 

(43) included the Reidel factor, cÇ, which is the slope of the vapor­

pressure curve at the critical point and is equal to , as a fourth 

parameter. Although the relation, equation (3-82), is given between cQ 

and Zc, some substances do not obey that relation and therefore Zc and 

Ofc may be used independently.

Then, including the polarity and quantum effects, the theorem of 

the corresponding states may be extended and therefore may be more ap­

plicable to many substances. Stiel (92) summarized thoroughly the ex­

tension of the corresponding states theory. At the present, the corres­

ponding states correlations are used exclusively for the prediction of 

the thermodynamic properties.

The concept of corresponding states may also be applicable to mix­

tures, although the PvT behavior of mixtures around the true critical 

point is evidently different than the pure comoonents behavior. How­

ever, considering the empirical pseudo-critical constants concept, ex­

tending the corresponding states theory to mixtures becomes possible. 

This method has been reviewed by several authors (75,76,92). Also, the 

statistical mechanical approach which has been used by several investi­

gators may be considered for the extension of the corresponding state 

theory to mixtures.

The other attempt to correlate the mixture properties by means of 

the corresponding state theory is to determine the interaction second 

and third virial coefficients. It is assumed that the plots of the re-
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duced second virial coefficients for all substances against the reduced 

temperature are the same curve which may be represented by an equation 

as follows,

By = G2(Tr) (for all substances) (3-87)

where Br=B/vc, Tr=T/Tc. Guggenheim and McGlasham (38) considered that 

the reduced interaction second virial coefficient would be represented 

with the same equation (3-87) as,

B. .
  - e2 (j-L) (3-88) 

ij----------------------- ij

where vc.., Tc.. are the interaction pseudo-critical constants. Sub- 
ij ij

stituting B^., and Bj which are derived from the equations (3-87) 

and (3-88) into the following equation (theoretical combining rule for 

the second virial coefficient)

Bm= Z Zy^B^ (3-89)

Then, the equation

Bm - Ç Z 02 (ÿ^) (3-90)

is written. (This expression is related with the two-parameter corres­

ponding states theory).

Later, Prausnitz and Gunn (71) extended the three-parameter corres­

ponding states theory to the interaction second virial coefficient as 

follows,

■ e2 (Tÿ @2 <T~)

■J 1J IJ

where a).j is the interaction acentric factor (the third parameter). 

02 (Tp) 15 expression representing the reduced second virial coeffi-
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ci ent for the simple fluids, is the correction function for

the deviation from the simple fluids. Thus the equation (3-89) may be 

written

Z e’ (3-92)

•J 1J 1J
From this viewpoint, considering the expressions G2^(Tr) and 

©2j^r J (in the same form but with different constants), for the re­

duced second virial coefficients of pure components i and j, respectively 

a new combining rule for the second virial coefficient of the mixture of 

these two components may be derived.

Brm(Tr) = Y, O2i(Tr) + yj O2j(Tr) (3-93)

where Tr=T/TC|n=Ti/TCi =Tj/Tcj Ti » Tj represent different temperatures.

Those two curves on the Br vs. Tr plot are almost coincident (Figure 10). 

Therefore, the most probable argument that can be considered for the 

second virial coefficient of the mixture is that the curve representing 

the mixture lies between the former curves. Assuming that the second 

virial coefficient of the mixture changes linearly with the composition 

between the two second virial coefficients of pure components at a con­

stant reduced temperature, the above equation (3-93) can be written. 

Then, equation (3-93) may be written for mixtures having more than two 

components, as follows, 

N
BrmW " X Vj e2i<Tr) (S-***)

Under the same consideration, for the reduced third, fourth, etc. virial 

coefficients for the mixtures the following simple equations may be 

written,
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B,; 
*

e2i(T,)

Figure 10. The reduced second virial coefficients of pure 

components i and j. 

N
Crm(Tr) -X ©3t<Tr) (3-94b)

N
W (3-MC)

i 
etc. If the equations (3-94a), (3-94b), and so forth are substituted 

into the equation of state in virial form by rearranging the equation, 
N N
Pi ©2i<Tr> X*i @3i(V

N
= Z fiZi(Tr'Vr) 

i=l

is derived. The assumption of the linear correlation of the mixture 

virial coefficients from the pure component virial coefficients at a 

constant reduced temperature implies that the comoressibility of the 

mixture at a given reduced temperature and reduced specific volume may 
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be determined from linear interpolation of the compressibilities of the 

pure components, which is in agreement with the generalized compressibi­

lity chart. As mentioned above, the generalized compressibility chart 

representing two-parameter corresponding state theory implies that all 

gases, including mixtures, have the same compressibility factor at a given 

reduced temperature and reduced volume (or pressure), although there is 

a slight difference between the compressibilities of any two pure fluids. 

Therefore, to correct this slight difference, the linear combination of 

the compressibilities of the pure fluids, as given in equation (3-95), 

may be considered to be the mixture compressibility as illustrated in 

Figure (11).

<0^

Figure 11. Generalized compressibility chart for two different substances.
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6. Pseudo-Critical Constants. The reduced properties of mixtures 

may be estimated by means of the theorem of corresponding states. Use 

of the true critical constants of mixtures (mentioned in part B) does 

not give satisfactory results. Therefore, it is necessary to find another 

technique so that the mixture properties might be determined accurately. 

The mixture constants that correspond with the critical constants of the 

pure components are called "pseudo-critical constants" for mixtures. The 

pseudo-critical constants of a mixture are completely different, in a 

physical sense, than the true critical constants.

The pseudo-critical constants are usually determined by means of 

the combining rules (mentioned in part A.2). The simplest combining 

rule, Kay's rule, is that the pseudo-critical temperature and pressure 

are determined by the linear combining rule - equation (3-12). There 

are several other combining rules for pseudo-critical constants which 

produce more accurate results for predicting the mixture PvT properties, 

but they are more complex than Kay's rule. Several authors have dis­

cussed and summarized some of those rules (45,76,92).

In general, it is necessary to have sufficient combining rules only 

for three of the four pseudo-critical constants (P^, vcm, Z^, and Tcm). 

The fourth one may be determined from the equation P,„v„ =Z,„RT,„.n cm cm cm cm

As simpler combining rules, several investigators adopted the linear 

combining rule for the pseudo-critical compressibility (20,49,71), volume 

(39,71) and temperature (71,92), as follows,
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N
Zcm'X <3"96a>

i

Vcm-fvci

N
Tct ■ Z Vci (3-9^'

1
Besides these, it is common to use the Lorentz combining rule (equa­

tion 3-16) for the volume (20,38) and the linear square-root combining 

rule (equation 3-13) for the temperature (38,84), as follows,

N N V3+v 1/3 3

vcm-ZZ Vj

i j
2

Tm = Œ YiTc/')



CHAPTER IV 

DETERMINATION OF THE CONSTANTS 

OF THE EQUATION OF STATE 

A. GENERAL

While the form of the equation of state was being chosen, the first 

consideration was to be able to determine the constants of the equation 

from the general behavior of pure substances. Thus, the corresponding 

constants for different substances would have the same physical meaning; 

this would allow the evaluation of the constants for mixtures by using 

suitable combining rules, which would themselves have a physical meaning. 

The second consideration was to be able to predict the thermodynamic 

properties of the pure substances and mixtures more accurately than the 

other equations, especially in the critical region. For those consid­

erations, Martin's recent equation (1967) (equation 3-25) was indeed sat­

isfactory. During the evaluation of the constants for argon, neon, and 

nitrogen, some modifications were necessary, and finally the modified 

equation (3-33) provided a satisfactory representation of the PvT be­

havior.

Although the constants would be determined by means of the general 

behavior of substances, because of the inaccuracies of the parameters 

representing the certain general behavior and also because of thé sen­

sitivity of the equation, it was not possible to directly correlate the 

constants of the equation of state from the analytical relations that 

will be mentioned in this chapter. Therefore, the method of successive 

approach was used to evaluate the constants of the pure components.

-60-
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Perhaps additional work with the numbers and with the analytical 

relations was required to get the desired accuracy. Nevertheless, the 

process was useful in understanding the character of the equation of 

state and the effect of the parameters. Actually, the expression (as 

well as the equation of state) borrowed from Martin may explain the un­

expected aspect of the equation of state: "Because of the apparent sim­

plicity of the task, it is not surprising that many have rushed in where 

more experienced workers have feared to tread." (46)

B. CONSTANTS FOR PURE COMPONENTS

1. Critical Isotherm. Most equations of state fail in the critical 

region; therefore, it may be considered that to first fit the equation 

to the critical isotherm gives a better correlation in the critical re­

gion. After rewriting equation (3-34)

, , v TUT.)
(3-34)

~where Pr=P/Pc, vr=v/vc, Tr=T/Tc and

^(Tr)-AH *BriTf + CH (3-34,)

- 1 I 1"1>••••>5 r
"I &A-1) . , 7 (3-34b)

I e 1=6,7

&F] = Cr] = 0, = 1/ZC

The equation may be written for the critical isotherm (Tr=l) as follows,

7 Tii
P/l-V = Pn(vr> ■ Z (4-1)

i=l 1 r
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where,

Tn ' vzc

Tn - T^l) - Ari + Br1 + Cri .............7 (4-1 a)

are constants, ^(v^.) are the same as in equation (3-34b). There are 

eight unknowns : ^21 * *^31 * ^41 * *^51 * *^61 * ^*71 * ^r6* ^r7* only

three relations, as

Pr(l,l) = 1 (4-2)

(4^) • 0 (3-36)
' VI

at vr=l

%2p .(Ai) = 0 (3-37)

dv‘
VI 

at vr=l

As mentioned previously (Chapter III, part B.l), the third and fourth 

derivatives at the critical point might not be assumed to be zero. If 

it is desirable to use the relations,

â3P
(—4) = - £3 (3-38)

Tri 

at vr=l

= E4 (3-39)

Tri 

at vr*l

two more unknowns ( £4) will be added. By the application of equa­

tion (4-1) to the relations (4-2) and (3-36) through (3-39) the following 

results are produced, respectively:
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pr(i.n * -1 w-3)
M

<4£> = -y -y«riTii - °
r Tri W M

at vr=l

\2 5 7
(-Vy) • E ’(Hl) T„ + £«3, Tn = 0 (4-5)

dvr Tr-1 i=l i=6

at vr=l

\3 5 7
(-A) = -£i(i+i) (1+2)^, - Ea^T^ -. e3 (4-6)

dvr Tr=l i=l i=6

at vr=l 

x4 5 7

(At-) • E^^')(^^)(^^) E f*-?)
dvr Tr=] i=l i=6

at vr=l 

Consequently, two different equation sets [(i) equations (4-3) 

through (4-5); (ii) equations (4-3) through (4-7)] are regarded as being 

able to determine the constants of the critical isotherm. Both sets 

need five more relations or the experimental PvT data with a high accuracy 

for the critical isotherm (Table 111-1,2,3) in order to determine the 

constants completely. The equation sets may be referred to as u T-equa- 

tion set" and " E -equation set" according to whether or not it includes 

Eg, €*. In the T-equation set, Tgp T31, 0^ and the ratio

of the OÇ,7 to (Xg (m= <Xr6) and in the 6-equation set, ^l' ^3’

64, o<r6, and m were chosen as parameters ; then the other constants 

were determined in this work. The preliminary values of some of those 

parameters were obtained from the theorem of corresponding states. ^21*
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31 *
are related to the reduced second, third, and so forth

virial coefficients as — from equations (3-55), (3-71), (3-72)....

% 21 ■ M”/Zc ■ Me

T31 ' M'l/Zc ■ 

(4-8a)

(4-8b)

respectively. Here, Br, Cr, ... are the reduced second, third, ... virial 

coefficients, & = B(T )-Pc/RT , Ti = C(T pP^/R^T %,..., and B, C,... 

are the second, third,...virial coefficients (Chapter III, part B.2 and 3). 

Although the values of the second and, perhaps the third virial coeffi­

cients are available in the literature ( %1.333, T|^0.04), ,

and m (for the X-set) and Eg, E^, o^g, m(for the E-set) are 

not known. T41 may be estimated, as a first approximation, from equa­

tion (4-3) vanishing , T?r Then, and m may be roughly

chosen as oÇg«8.00-10.0 and m=2.0.

At the beginning of this work, the values of £g and £4, except 

assuming them to be zero, were not known. Perhaps, more work is needed 

on the third and fourth derivatives for the pure substances in order to 

generalize the behavior of the critical isotherm by means of Eg and &4, 

or vice versa. However, the reduced pressure-reduced specific volume plot 

(Figure 4) and Table XI may be helpful in estimating the approximate 

values of Eg and

Thus, T51, T61, T71, &g, and are solved as functions of the 

parameters of T4], oÇ6 and m (from the T-equation set),

or T31, T41, T5p T61 and T?1 as functions of the parameters of 

Xgp Eg, E4, oÇ6 and m (from the E-equation set). The solutions 

of the equations may be written as follows:
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and for the *C-set ( *"^21 * ^31 * *^411 ^*6*

*67 = "5 + 4 'Cll + 3 ^21 + 2 "Si + T4 

y67 - 20-12 Tn-6 .2

x?, = « , -5 '
2 H ‘ 6’7

yTi . «^-10 <Xri » 20 J

for the E-set (Tgp ^3» ^4» ^.6' '

*67 ' Y 60 * 24 * 3 Tgi

y67 = £4 -20 £3 * '23 "24 Tjl

xXi =0^i - 15 ^ri + 60 ^ri -GO

yT1 = 0(4. -20 oC^ + 120 0(2. -240 + 12

(4-9)

(4-9a)

(4-9b)

(4-10a)

(4-10b)

After Tgp are solved, is found by the following equation

T51 * V T11 ' T21 ' T31 ’ T41 " T61 ' T71 (4-lla)

for the T-set. And , T41, and T31 are found by the following

equations

T51 * 6-3
T %r6'3 ^2 T ^r?"8 W2 T 

11 ' '■21----------- 2 61 2 L71

(4-llb)

T4) « -3 + 2 Tn + t21-2 f51-( <Xr6-3) T6]-( Otr7-3)T71 

1:31 = i - Tn " T2i" \r T51 " Si ‘ Si 
(4-12)
(4-13)
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where Pcal . PCal2

for the E-set. It should be noted that = 1/ZC is calculated from 

the critical constants (Table II).

After evaluating all of the constants, the equation of the critical 

isotherm is tested with the experimental data (Table 111-1,2,3). The 

constants used as parameters have different influences in the different 

density region and for the different equation sets (T-set or E-set). 

Therefore, it is necessary to determine the effect of each parameter for 

each equation set. These may be done by computing the change of the 

calculated pressure or compressibility, or the change of the deviation 

percentage, △(Dev. %), as only one of these parameters is changing. 

Here,

Dev. % = • 100 + . 100 (4-14)
*exp 4exp

pcal,"Pcal, ^al^cal,
△ (Dev. %) = ------ --- ---------- -  100 = ------ -------------- -  100 (4-15)

exp exp

and Zcalp ZCal2 are the calculated pressures and 

compressibilities before and after a parameter changes, respectively.

Figures 12 a through 12 j, which have been plotted with the results 

for argon, show, as a function of reduced volume, the change of the per­

centage deviation, Dev. %, when each parameter ( o^, T2] » T31, ,

m which were used in the T-equation set; cÇg, , Eg, m which 

were used in the E-equation set and Zc) changes while the remaining 

parameters are held constant. (+) and (-) signs represent an increase 

and a decrease, respectively, in the change of Dev. % when a parameter 

increases (referred to by x ) or decreases (referred to by ^) as a 

certain given amount shown in the figures. The numerical value of the 

△ (Dev. %) may vary according to the different values of the para-
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meters, but the order of magnitude and direction are always the same 

as shown in the figures. The results for neon and nitrogen are similar.

All of the parameters are highly effective in the high density re­

gion and the percentage deviation does not change very much in the low 

density region (Figures 12a,c,e,g, arid i). However, it should be noted 

that the parameters are changed in very small quantities (0.0001 for 

T21, 0.00025 for , 0.0005 for etc.)

The effect of the o^, especially in the T-equation set, was neg­

ligibly small in the low density region; therefore, the combinations of 

the other parameters with were considered in order to eliminate 

their high effectiveness in the high density region (Figures 12d,f,h, 

and j). Then, various combinations of these in either the T-set or the 

6-set were applied successively according to the preceding result of the 

percentage deviation.

Figures 12b show that a very small change on the critical compres­

sibility effects the percentage deviation considerably more than all of 

the other parameters in the very low density range. However, in this 

work, Zg, was kept constant at the values obtained with the critical con­

stants listed in Table II and with the gas constant R=32.0597 cc-atm/mole K.

The constants for the critical isotherm of argon, neon, and nitrogen, 

the experimental and calculated pressure compressibility, and the per­

centage deviation are presented in Table XIII-1,2,3 as computed with the 

co uter.

2. Overall Temperature Range. After the determination of the con­

stants of the critical isotherm, equation (4-la) gives six constraints 

among A^., , and C^'s:
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TABLE XI11-1

___ ;

TC = 150,860 
PC = 48.140
VC = 7&.560
ZC =0.291144

K
ATM.
CC/MOLF

TH 0.3&7472F 01
T?1 0.393676F 01 BET,=_ 0.333700F 00
T31 0,147270F 01 GAM1 = 0.363446F-01
T4l 0.11097 op 00 DEL1=- 0.7963275-03
T 51 0.203571F 00
T61 0, 63R672F-01 ALF6= 0.R79000E 01
T71 0.4643 95F-03 ALF7= 0.162615F 0?

p ( 1,1)= 1.000 
np(i,i)= o.ooo 

02 P(1 » 1)=-0.000 
D3P(1,1)=-?.56O 
D4P(1,l)=40.29Q

V P-FXP, P-CAL, Z-EXP Z-CAL DEV.%

3 4, Qi 6 302.684 302. 634 0.854 0» 854 -0.017
3 6.815 211.954 212.316 0.6 30 0. 631 0.171
3R.835 !9Q.897 151,063 0,473 0, &74 0, 110
41,005 11O.28R 110. 201 0, 365 0 365 0, 002
43,0Q9 86, 328 86. 206 0, 301 0, 300 -0,141
46-&20 65.533 65,470 0,246 0, 746 -0.0R3
49.108 5 7. 203 57.224 0.227 0, 227 0» 036
5 1, 822 52.757 52.830 0, 221 0, 221 0,139
55.002 50.203 50.202 0.223 0. 223 0. 176
6 2. 167 4 8. 5*8 48. 573 0. 244 0, 2^4 0, 032
74, 560 48.340 48,340 0.291 0. 7Q1 -0,000

107.641 47.664 47.634 0.414 0.414 —0.064
12 6. 070 46.3 59 46.336 0.475 0,475 -0,0&8
i 5 0. 02 4 44.123 44,137 0. 53R 0, 53 8 0, 024
18 9. 509 40.142 40.167 0.615 0. 61 5 0.061
23 5, 640 3 5. 695 35.716 0.679 0, 680 0, 057
297,371 30.760 30.777 0.739 0. 739 0, 026
386. 53 6 2 5.451 25.452 0.795 0. 795 0, 005
4R0- 81 I 21.432 21.43^ 0, 832 0, 832 0. 012
66 0. 902 1 6.414 16.4H 0. 8 76 0. 876 -0.022
995.786 11.397 11.395 0.917 0. 917 - 0. 01 8

158 5, 804 7.396 7. 393 0.947 0. 947 -0.045
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TABLE XII1-2

__BfQW___ 1

ZC =0, 300066

TC = 44.400 K
PC = 26.190 ATM.
VC = 41.744 CC/MOLE

Til = 0.333?60E 01 
T21 =-0.361175E 01
T31 = 0.113R81F 0i
T41 =-0 » 16260 RE-01
T51 = 0» 21QO6 OF 00 
T61 =-0.63719 IE-01 
T71 = 0.35591 IE-03

BET1=-O, 325200F 00 
GAMl= O.307681E-O1 
DEL1=—0»1?1827E-03

ALF6= 0.888500F 01
ALF7= 0.Ï64372F 02

P(i♦1)= 1.000
D P ( 1,1 ) = 0.000

D?P ( 1 .1 ) =- 0. 000 
03 P(l,l ) = -2.770 
D4P(1,1)=41.299

V P-EXP. P-C AL, 7 — EXP Z-CAL DEV. 7
rrzMQLP -ATMt. -AT ——— — — — —* ——

1 Q, 256 180.119 1 80. 218 0.0 52 0. 052 0. 055
2 On 261 12 9. 1©9 127, 780 0,71 8 0, 711 -1,09R
?i.050 or,227 99, 456 0.568 0. 575 1.251
2 2, 152 72, 4?0 72» 5 61 0,440 0, 441 0, 1Q4
2 A. 0^6 A6, 883 47. IPO 0, 300 0, 311 0» 71 9
74. 337 Al.730 41. 225 0.2 85 0. 281 -1,231
27. 178 31. 611 31, 683 0, 236 0.236 0, 229
28.303 29.508 20, 533 0. 2’0 0, 2? ° 0» 083
30, 351 27.305 27, 226 0.231 0, 231 -0. 289
32.451 26. 697 26. 662 0.238 0.237 -0.132
33,786 26, 58A 26, 423 0» 247 0» 245 — 0» 605
35.81 1 2 6. A6R 26» 260 0,260 0. 258 -Oi 787
38.6^0 26.308 ?6, 1 07 0,2 79 0, 27 8 -0.424
3Q, 144 26,303 ?6 » 104 0,2 83 0, 281 -0, 423
4 0. 079 26.20? 26, 191 0, 288 0. 288 -0.043
41.744 26.190 26. 190 0.300 0.3 00 -0.000
66,865 25,371 25, 3 53 0. 466 0, 465 -0, 071
82.637 23.057 23. 958 0.543 0. 543 0. 004
88,8°4 23,647 23, 632 0. 557 0, 557 —o. 061

104,274 21.780 21. 74? 0. 622 0, 62 2 -0.031
107.924 21.324 2! . 374 0.632 0. 633 0.234
163.3?8 1 6. 651 16» 630 0, 746 0, 74 6 -0»123
233,609 12. 7?6 12, 747 0. 817 0. 817 0, 086
?3 6. 505 1 2. 60 2 12. 619 . 0.8'8 0, Ri 9 0,138
364,«T 5 8,787 8, 701 O.r n 0, 881 0, 046
870,08 0 5,80° 5. R03 0. • 0. °24 -0.105



-75-

TABLE XIII-3

M1IRQGEM_1
TC = 126. 200 
PC = 33.500 
vr = 90, loo 
ZC =0.291461

K 
ATM. 
CC/MOLE

TH = 0,343099F 01
T21 =-0,305529F 01
T31 = 0.167961F 01
T41 =-0.504355F 00
T51 = 0.420449F 00
T6l =-0.71205 OF-01
T71 = 0.^044115-03

BF Tl =-0.3"* 6000F 00 
GAM1= 0.415 961 F-01 
OEL1=-0.364324F-02

ALF6= 0.908300F 01 
ALF7= O. Î544HE 02

P(1,')= 1.000
OPddJs 0.000 

D2P(1,1)=-0.000 
D3P(1, D—1,910 
04 P(1,1 1=27.300

V
£^£MQLE

P-FXP. P-C AL, Z - F XP Z-CAL DEV.?

44.971 130.335 130.706 0. 566 0. 568 0.352
40, 701 71.540 71.556 0.343 0, 343 0» 022
5 4. RO 5 &7.12? 46, 813 0.250 0. 248 —0.666
62 349 36.241 36.256 0.218 0, 21 8 0» 041
65,0^2 34.530 34, 71 o 0, 220 0, ?21 0» 568
69.782 33.000 33.007 0.228 0.770 0. 287
6°,°7 5 33.°63 33. 974 0. 22® 0, 230 0, 035
77,609 33.581 33.55? 0. 252 0, 252 -0,072
B1.1&2 33.510 33.5l? 0. 263 0.26? 0. 020
90.100 33. 500 33. 500 0. 2 91 0, 291 -0,000

10 7, 853 33.460 33.467 0, 348 0, 34 8 -0.038
127.244 33.170 33,12? 0.408 0. 407 -0.131
130.504 33.080 33.038 0.417 0, 41 6 -0, 126
14 8. oq 4 3 2. 300 32.365 0.466 0. 466 -0.076
159.034 31,R70 31.897 0. 480 0,490 0. 086
160.325 31,340 31.364 0. 512 0, 513 0. 078
190.155 70.160 30.182 0.554 0. 554 0.072
207. 7^6 27.110 29.13? 0. 586 0. 584 0. 074
73 8. 71 7 27. 280 27.296 0.629 0. 620 0, 058
31 7. 41 8 23.130 23.152 0.709 0. 71 0 0. 097
41 7. 721 ! 9. 160 19. 162 0.773 0. 773 0. 008
754.471 11.030 11.930 0.869 0. 86 9 — 0. 002

1165.91? 8.110 8.116 0.91? 0. 014 0.078
1480,341 6,513 6. 51? 0.931 0, 932 0. 065

ALL O AT A HAVE BEEN PROCESSED

STOP 0
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Ar1 + Br1 + Cri = 1 - 2....................7 (4-la)

On the other hand, * l/Z^, oç.g and 0Ç7 were determined as men­

tioned in the previous section. If k = 5.475 was assumed as proposed 

by Martin (59), twelve more relations would be needed in order to evalu­

ate all of the constants. Those relations were evaluated from several 

general aspects of behavior of substances, most of them having been 

suggested by Martin (57).

a) The Second and Third Virial Coefficients. The reduced second

and third virial coefficients for the equation of state are given by

equations (3-55) and (3-72), respectively. (Chapter III, Part B.2, 3). 

The relations between the virial coefficients and T.(Tr)'s may be 

written as follows:

T2(Tr) . Br(Tr)/Zc - p(T)/z2

T3(Tr) = cr(Tr)/zc = V(T)/Z3

where Br, Cr, ..

P(T) -

are the reduced second, third, 2
Tm ■ . ... and B.

(4-16a)

(4-16b)

virial coefficients,

.. are the second,C

third,... virial coefficients.

It is wel1-known that the second virial coefficient becomes zero at

the Boyle temperature. The value of the reduced Boyle temperature, Tgr, 

varies between 2.1 and 3.3, but for most substances it is approximately 

between 2.3 and 2.6. For the third virial coefficient, Martin (57), 

suggested to read off the value at the Boyle temperature from the gen­

eralized third virial coefficient vs. the reduced temperature plot. Thus,

the following relations may be written: 
-k(TR -1)

Ti(TBr)= TiB=Arj«riTBr+Cr1e Br 1=2,3 (4-17)



where

V° and T3B ■ W/Zc = ï(TB)/4-

Other relations for the second and third virial coefficients were 

suggested by Martin (57). The slope of one of the reduced isotherms on 

the Z-Pp plot, in other words, the value of the reduced second virial
I

coefficient Br at a reduced temperature, is equal to Zc-1. This re­

duced temperature is about 0.8. Martin and Hou (59) proposed that T^ 

is a function of Z^. The value of the third virial coefficient at this 

temperature may be read from the generalized third virial coefficient 

plot. These yield:

Tj(T;) = Tj = Ar. + B,.. T; + CH e k^r ]) i=2,3 (4-18)

where -(1-ZC) (^~) and T^= Cr(T^.)/Zc= T(T* )/Z^. However, another 

feature of general behavior of the third virial coefficient was used in 

this work. The third virial coefficient has a maximum value at the re-

duced temperature, T^, approximately between 0.8 - 0.9. From equation

(3-72), the following relation may be derived

dT

and this yields

(1 + kT")
-rut r
r

-k(T'-l) 
e (4-19)2 0

-k(T"-l)
Ar3 + Cr3 <1+ kTP e (4-19a)= 0

Recalling the equation (4-la) for the second and third virial coeffi­

cients

il = Ari ri ri i = 2,3 (4-la)

the constants of the second virial coefficient (A^, B^, Cr2) and the 

constants of the third virial coefficient (A^, C^) are solved 
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similarly to each other and independently from the other constants by 

means of equations (4-1 a), (4-17) and (4-18) or (4-19a), as follows,

Bri ■ -g-L i = 2,3 (4-20)

crt 1 1 " 2-3 (4-2D

and

*ri ' -C^ 1.2,3 (4-22)

Here, 

where

%2 = XB3 =

\ = " T21 

^3 = ^38

rB2 = T; -1 

^B3 = 

rc2 - r«Tr

I^C3 = - 1

. T: 2
^2 = ^2 ' ^21 ' " ' T21

rs- "T31 (4-24)

31 31
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After all of the constants were determined it was necessary, by 

changing the parameters, to test the equation with experimental PvT data 

in order to refine the equation. Fortunately, the effects of the para­

meters were more regular than the parameters used for the critical iso­

therm, although the entire PvT surface was considered. At low densities, 

small changes in and greatly effect the percentage deviation, 

Dev. %, equation (4-14). The effect of the T^ increases with temperature 

but T^ is more effective at low temperatures (Figures 13a, b). However, 

is more important at high temperatures than T”, but T£ is effective 

at low temperatures (Figures 14a,b).

In Figures 13a, b and 14a, b, (X) or ( ) represents an increase

or a decrease on the Dev. %, respectively. The numbers near the arrows 

in the figures show the order of the magnitude of the A(Dev. %).

b) The Slope and Curvature of the Isometrics. The equation of 

state, equation (3-34), by rearranging, may be written as follows,

Pr • Ar(vr) + Br(vr) Tr + Cr(vr) e~k(Tr-l) (4-25)

where

Mvr) = ^(v)
i=l 1 r

7 n
B/Vr) " E

i-1

= Z 0^5

(4-25a)

(4-25b)

(4-25c)
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and

By holding vp constant, equation (4-25) expresses the isometrics. The 

exponential term, e*k^Tr*1\ approaches zero as the temperature increases.

This yields the fact that isometrics are nearly a straight line at high 

temperatures. Although the behavior of the isometrics at very high tem­

perature (isometrics curve down) is not consistent with the equation of 

state, our primary attention in this work was focused near the critical 

region. Therefore, it was not necessary to add another term for this 

curvature at very high temperatures.

The first and second derivatives of the equation (4-25) with re­

temperature produce the following relationships:

Br(vr) - k Cr(vr) e-k(Tr-D (4-26)

k? Cr(Vp) e-k(Tr-D (4-27)

The properties of Cr(vr) are related to the constant volume specific 

heat (Chapter III, Part B.4). Combining equations (3-73) and (4-27) at 

the critical temperature, it may be concluded that Cr(vr) becomes zero 

at critical density and at the density prx between 1.8 and 2.0 times 

critical density (Figure 8). It is positive inside the density inter­

val (1, prx) and negative outside the interval. Martin suggested the 

use of the densities , P _ which are about 1.4 and 2.1 and their 
y T? T? .

curvatures which are approximately ïqq" and —5q”p » respectively.

spect to reduced
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Thus, the relationships

(Tc/k)2 

Vc

0

<Tc^)2

at vr = 1 

at =

(4-28)

are written in order to determine C^, Cg, Cg, and Cy. Here Cy - 100

and Cz = 50.

From the equation (4-26),

Br(vr) = mr(vr,Tr) + k Cr(vr) e-k(Tr-l) (4-29)

and may be written. Here mr(vr>Tr) is the slope of the isometrics. 

Br(vr) is actually different than the slope of the Isometrics; however, 

it approaches tne slope as the temperature increases. On the other

hand, Cr(vr) is a very small number, and is zero at the critical density

and at the density ^rx = 1.3. Therefore, for the high temperatures,

the equation

B/Vp) = mr(vr, Tr) (4-30)

may be written. The following relations are proposed by Martin in order

to determine B^, Bg, Bg, and By:

Br(vr) -

at vr = 1 

at Vrx ’

(4-31)

at = 1.5
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where mcr is the slope of the critical isometric on Pr vs. Tr plot, 

= 3.5, Cÿ = 4.0, — 1.0. After B^, Bg, Bg, By and Cg, Cg, Cy

are found by means of the fourth order linear matrices, A^, Ag, Ag and 

Ay are obtained from the equations (4-la).

Figures 15a through d and 16a through f illustrate the manner in 

which the percentage deviation, Dev. %, changes in different density 

regions when one of the parameters [used for the determination of the 

constants of the equation of state, equations (4-28) and (4-31)] is 

modified. The arrows ( f ) or ( | ) refer to an increase or a decrease, 

respectively, on the Dev. %, and the numbers give the order of magni- 

tude of the A(Dev. %).

The parameters used for the curvature (Figures 15a through d) pro­

duce small changes, especially in the low temperature and high density 

range. The other parameters (m , C‘, C', v , v* and v' ) used for 
(•I A J I A I J l fc

the slope of the different isometrics are much more effective than the 

former parameters (Figures 16a through f). Their effect increases as 

temperature increases. Their effectiveness is very large in the high 

density region.

Although it has a large effect in the moderate density region up 

to critical density and in the density region higher than the critical 

up to 1.5 times critical density (in different directions) but not at 

high temperatures, in this work the curvature constant k was kept constant 

and was assumed to be the same for all substances (k=5.475).

First, To. and T(TR) were varied in order to have a better fit at 

high temperatures and at low and moderate densities by using Figures 13a 

and 14a. Then, by using Figures 13b and 14b, the constants of the equa-
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tion of state were adjusted for low temperatures and for low and mod­

erate densities by means of and T", respectively. By using the 

effect of mcr (Figure 16a) the critical isometric coincided precisely 

with the experimental data. The effect of the and its slope co­

efficient, C^, and the effect of the pj. and its slope coefficient, C^, 

[equation (4-31)] are very important at the densities ^rx - 1.8 and

P 1 = 2.0; therefore, the high density region of the equation of state 
• ry

was fit to the experimental data by first using Figures 16c and e and 

Figures 16d and f simultaneously. Then the high density region was 

refined with the effect of the curvature parameters ( ^ry and Cy, frz 

and Cz) because their effectiveness is more important in low tempera­

ture rather than high temperature regions (Figures 15a through d). 

However, these latter parameters made some changes in the density re­

gion less than critical (1 < vr < 2); these undesirable changes were 

eliminated as much as possible by means of v^ (Figure 16b). Then, 

according to the results of the Dev. % in the overall region, the same 

procedure was applied successively in order to get better results.

The numerical values of the final parameters used in order to 

obtain the constants of the equation of state for argon, neon, and 

nitrogen are listed in Table XIV. Table XV-1 gives the reduced con­

stants which are determined by means of these parameters. The constants 

may be calculated from equations (3-35a, b, and c) using the critical 

constants listed in Table II,(Table XV-2).

In appendices 1-1,2,3, the calculated results by means of the eq­

uation of state equation (3-34), including the experimental data and 

the deviation from the experimental data whose sources and regions were 

tabulated previously in Table I, are given as computed with the computer.
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TABLE XIV

PARAMETERS FOR ARGON, NEON, AND NITROGEN

ARGON NEON NITROGEN

Pl -0.3337 -0.3252 -0.3360

£3 -2.56 -2.77 -1.91

(4 40.3 41.3 27.3

<46 8.790 8.885 9.083

<47/ °^6 1.85 1.85 1.70

k 5.475 5.475 5.475

TBr 2.620 2.620 2.500

t; 0.776 0.777 0.787

T(Tg) 0.0120 0.0115 0.0125

0.840 0.840 0.820

Crx 1.845 1.845 1.830

1.43 1.43 1.44

Prz 2.20 2.26 2.22

Cy 110.00 100.00 100.00

C2 55.00 70.00 50.00

mcr 6.05 5.85 6.20

6y 2.08 2.03 2.07

vrz 1.484 1.504 1.496

c; 3.45 3.40 3.40

c; 4.45 4.25 4.50

% . 1.00 1.00 1.00
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TABLE XV-1

THE REDUCED CONSTANTS OF THE EQUATION OF STATE

CONST. ARGON NEON NITROGEN

B 1/Z„ 0.3434722x10 0.3332603x10 0.3430992x10
rl ' c

A o -0.5971846x10 -0.5421801x10 -0.6069069x10
r2 •

B o 0.2279344x10 0.2069404x10 0.2427662x10
r2

C o -0.2442619 -0.2593550 -0.3138865
^r2 
A o 0.1813519x10 0.1311094x10 0.2208117x10
r3 

B - -0.2059304 -0.0747662 -0.3783737
r3

C o -0.1348870 -0.0975173 -0.1501337
r3 

A . -0.2065622x10 -0.4392625x10 -0.2402857x10
r4

B . 0.1582401x10 0.3318498x10 0.1294164x10
r4

C . 0.3723926 0.1057867x10 0.06038380x10
r4

A c 0.1440616x10 0.4286957x10 0.1215963x10
r5

B E -0.1308746x10 -0.3312717x10 -0.0704270x10
r5

C c 0.0717007 -0.7542806 -0.09124547
r5 

A . -0.2658315 -0.6275799 -0.1514978
r6

Brc 0.2665886 0.5118225 0.1289183
ro

CyA
-0.6462431x10-1 0.5203829x10-1 -0.4862533x10-1

l 0 
Ay?

-0.0834534x10"^ -0.6045260X10-2 -0.06598292x10-2

Br7
0.1619041x10-2 0.5154882x10-2 0.09061960x10-2

Cy?
-0.03201119X10-2 0.1246293x10'2 .0058044x10-2

d E 0.8790000x10 0.8884999x10 0.9082999x10
^r6 0.1626149x102 0.1643724x102 0.1544110x102
“t 7 

k 5.475 5.475 5.475
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TABLE XV-2

THE CONSTANTS OF THE EQUATION OF STATE

P: atm.

CONST. ARGON NEON NITROGEN

B, = R 82.0597 82.0597 82.0597
1 

Ay -0.1604821x107 -0.02474381xlO7 -0.1650502xl07
c 0.4060260x104 0.2127086xl04 0.5231461X104
£ 

Cy -0.6564075x105 -0.1183635x105 -0.8536244x105
c 

A, 0.3633675x108 0.0249776x108 0.5410546X108
g 

b3 -0.2735082x105 -0.0320804x10s -0.7346500x105

Co
-0.2702677x107 -0.0185780x1O7 -0.3678846x1O7

g
A. -0.3085892xlO1 ° -0.0349329x1O10 -0.5304828x1O1°

4 
b4 0.1567012x10s 0.0594387x108 0.2263984x108

c4 0.0556328xl010 0.0084128X1010 0.1333104x1010

Ac •
0.1604662x1012 0.01423160X1012 0.2418737x1012

g
Be

-0.0966311x1O10 -0.0247689x1010 -0.1110063x101°
g

Ce
0.0798654x1O11 -0.02504018x1011 -0.1815012x1011

g
Ag -0.1285029x102 -0.1643629x102 -0.05075177X102

B6 0.0854228 0.3019060 0.03422157

c6 -0.3123939x10 0.1362882x10 -0.1628950x10

Ay -0.0403414 -0.1583253 -0.022104

By 0.0518788x10-2 0.3040682x1O"2 0.0240551X10'2

Cy -0.1547420x1O"1 0.3264039x10-1 0.0194448x10-1

0.1178916 0.2128450 0.1008102

% 0.2180994 0.3937630 0.1713773
/ 

k 5.475 5.475 5.475

v: cc/mole, T: K
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The beauty of the equation of state and the technique used to de­

termine the constants is in its approach to better results. The re­

sults, the best obtained in this work, are not final and there is ample 

opportunity to achieve better outcomes with new constants. Perhaps 

future research in this area can be done for further improvements in the 

equation of state itself or for further calculations in order to deter­

mine other thermodynamic properties. However, the main purpose of this 

research was to apply the equation of state to mixtures.

C. THE CONSTANTS FOR THE MIXTURES

As mentioned previously (Chapter III, Part A), the form of the 

equation of state for mixtures would be the same as those of the pure 

components and the constants of the equation would be correlated with 

the corresponding constants of pure components, as functions of mole 

fractions.

Perhaps, first of all, as done previously by many investigators, 

the different combining rules (Chapter III, Part A.2) could be applied 

to each constant and the equation could be tested with the experimental 

PvT data in order to get the best agreement. However, if one of the 

three combinations (linear, square-root, and Lorentz) was tried with 

each constant, the tremendous amount (3 ) of combinations to be tested 

would indeed necessitate a vast amount of work. Therefore, in this 

work, this kind of evaluation of the mixture constants was avoided.

On the other hand, a different approach which was derived pre­

viously by assuming a linear combination between the reduced virial 

coefficients of a mixture and its pure components at a reduced tempera­

ture [equation (3-94)] might be considered. That assumption yielded 
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the result that the compressibility of the mixture at a given reduced 

temperature and reduced specific volume might be determined from the 

compressibilities of the pure components with linear interpolation 

[equation (3-95)]. Thus, a new combining rule for the reduced con­

stants, which was much simpler in application and testing than the former 

approach, was derived for the constants, A^’s, B^'s, and 0^.'s 

(i = 2,...5). Although the derivation of a similar combining rule for 

the other constants was not able to be obtained by the same procedure, 

in this work the same combining rule was used for all A^'s, B^ 's.

and C /s as follows, 
ri

Vm-ZWrl ('-"I

j=l 
where is the pseudo-critical compressibility of the mixtures.

Zcm may be determined from equation (3-95) by substituting Tr=l and 

vr=l, such that the equation derived is the same as equation (3-96a) 

N
%cm = Z % C-W

j=1
The constants CÇ6 and oÇ7 which are used in the exponential terms 

were combined by the linear combining rule,

timi = É yJ “rji ^6'7 (4-33)

j=l
It is, of course, necessary to correlate two of the pseudo-critical 

constants of the mixture (T__, v_m, Prm) in order to be able to esti­

mate the volumetric properties of the mixture.

The linear combining rule was used for the pseudo-critical volume 

[equation (3-96b)]. Then, the linear [equation (3-96c)] and the linear 

square root [equation (3-97b)] combining rules were applied to the 

pseudo-critical temperature in order to compare the results.
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The pseudo-critical pressure was determined from the equation 

Pcmvcm “ ZcmRTcm*

If the non-reduced constants are needed for equation (3-33) for 

mixtures, they may be calculated similarly to equations 3-35a, b, and 

c, by means of pseudo-critical constants.



CHAPTER V

EXPERIMENTAL METHOD AND APPARATUS

A. FINAL EXPANSION METHOD

1. General. The final expansion method consists of measuring the 

mass of the fluid in the test cell by two successive expansions into two 

evacuated expansion tanks which are of much larger volume than the cell 

(Figure 17). The volumes of the cell and the expansion tanks, V^, Vp 

Vjp respectively, are known. After the first and second expansions the 

pressures and temperatures are measured.

This method was used previously by Scott and Sonntag (82) to measure 

PvT behavior of neon at low temperature and the method was compared with 

the other methods used to measure PvT data.

2. Theory of Mass Determination. After a series of temperature 

and pressure measurements of a substance in thermodynamic equilibrium at 

an approximately known density, the following technique is used to de­

termine the mass of the fluid in the system: the fluid is first expanded 

into tank I which is evacuated, and the pressure is then measured at a 

certain temperature. After that, the second expansion is made into tank 

II, which was previously evacuated, and the pressure again measured at 

the same temperature. After the first expansion (subscript l) and the 

second expansion (subscript 2), the following relation for the mass of 

the system may be written:

" = "ci ♦ nTl + E"i1 * nC2 + "T2 * £ "i2 (5-1)

where the number of moles and subscript C, T, i are cell, tank, and vari­

ous segments along the tubes, respectively. Using the equation PV=nZRT,
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<20 i

i

#21 #22 N 4
#23

1-------  
• #19

#12

*n
! #io 
'of 
lol 
i#7j

: I !IO

Vc = 74.93 cm
Vx = 1050.3 cm2

VH = 1.45 cm
Vv = 0.02 cm3

Figure 17.

SEGMENTS H cm V cm3
J 19.35 0.8464*
2 77.4-7 0.1570
3 24.13 0.1229
4 — 0.1023
5 4.75 0.0843
6 17.78 0.0360
7 25.40 0.0515
8 20.32 0.0412
3 19.05 0.0386
10 5.08 0.0103

The test cell and the expansion

TANK 
n

EXP.

HEADER,

EXP.
TANK
I

* Valve is open. When the valve 
is closed, 0.8353 cc.

tanks location of

thermocouples and segments
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the equation (5-1) may be written as:

"-ZT%r'ci
+ PT1VT1 + y ^11*1 = PC2VC2 .

ZT1RTT1 ZilRTil ZC2R^C2

y Pi2vi 
^Z12RTi2

PT2VT2

ZT2R^T2

(5-2)

where P is the pressure, V is the volume, Z is the compressibility, T is 

the temperature and R = 82.0597 atm-cc/mole-K is the universal gas con­

stant. The pressures are subscripted differently because of the hydro­

static pressure difference at different locations due to elevation changes.

In equation (5-2), pressures, volumes, and temperatures are known 

but, in general, compressibilities are unknown. Some of these compres 

sibi 11 ties (Z^ and Z^) can be obtained from published data for pure 

substances or from the generalized compressibility chart using pseudo- 

critical constants for mixtures. This is actually satisfactory even if 

the values are not accurate because the contribution of Xn-] or ^n^ 

is very small when it is compared with other terms nr1, n or Hq2• Oj2•

respectively.

If T » Tcritical and P « ^critical" compressibility factor, 

Z, may be determined accurately by

Z = 1 + B'(T) • P (5-3)

where B'(T) = and B is the second virial coefficient. Scott and 

Sonntag (82) used equation (5-3) for the density measurement of neon. 

He er, in this work, the maximum temperatures at which the fluid is ex­

panded is not much greater than the pseudo-critical temperature of either 

the argon-neon or of the nitrogen-neon system; therefore, the compressi­

bility might be written more accurately by
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Figure 13. Compressibility approximation for low pressure

Z = 1 + B'(T) • P + C'(T) • P2 (5-4)

where B' (T) = , C (T) = and B and C are the second and third
RT (RTp

virial coefficients, respectively (Figure 18). Writing equation (4-4)

for ZC] and Z^

Zci = 1 C'(T[.|)P^ (5-5)

ZC2 = 1 + B*(TC2) • P2 + C'(Tc2) • P2 (5-6)

and eliminating B1 between equations (5-5) and (5-6) because = T^g:

C-7)
may be obtained. Substituting equation (5-7) into equation (5-2) and

solving it to obtain Z^:

ZC2 = ( 0^ - C^)1'2 (5-8)
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where
, f Paa Vpo Vp-| I

= ? PZT " C'(?c) • + y - T^J
(5-9)

P V P
(5-10)

PT1VT1 _ VT2. + , y Pil'i _ y P12Vi

Zyi^T! Zyg^TZ ZilTil Zi2Ti2
(5-11)

Then ZC1 is obtained from equation (5-7).

The equation (5-4) may be used to determine the compressibilities

in the expansion tanks as:

Zn . 1 + B'(TT1) . PT1 * C'(TT1) PP, (5-12)

= 1 + B'(TT2) PT2 + C■(TT2) PP2 (5-13)

This also makes it possible to determine the mass in the tank. If the 

expansion tanks are filled with gas or with gas mixtures at low pres­

sure (P« P . + . , ) and much higher than the critical (or the pseudo- 
critical

critical) temperature, the mass may be calculated by:

- -----------------------Yl------------------------------ (5-14)

' [1+B1(Tt)•PT+C'(TT)Py ]-R•Tt .

Thus, after measuring a series of temperatures and pressures at a constant 

mass of fluid, some of the substance is blown, at a low pressure, into 

one or two of the evacuated expansion tanks and then the mass is calcu­

lated by equation (5-14) by measuring the tank pressure and temperature.



-102-

3. The Determination of the Second and the Third Virial Coeffi­

cients for Ar-Ne and Ne-N2 Mixtures. In order to be able to use equa­

tions (5-7), (5-12), and (5-13) to calculate the mass of the system it is 

necessary to know the value of the second and third virial coefficients 

of gas mixtures at the cell and tank temperatures. Those could be de­

termined by the well-known theoretical combining rules, equations (3-4) 

and (3-5), for binary mixtures written as follows:

Bm = ylBU + 2yly2B12 + y2B22

Cm = ylClll + 3yly2C112 + 3yly2C122 + y2C222 (5-16)

where yp y^ are mole fractions of pure components, Bp, and Cpp 

Cggg are the second and third virial coefficients of pure components re­

spectively, and 6^2 is the interaction second virial and Cp2* 

the interaction third virial coefficients. The second and the third 

virial and the interaction second and third coefficients may be obtained 

in two ways: experimental or theoretical. The latter is the analytical 

integration of the virial coefficient integral for the Lennard-Jones 

(6-12) potential or for another potential function (44).

The values of the second virial and the interaction second virial 

coefficients used in this work were obtained from experimental data (16) 

(Figure 19), and then those values were compared with theoretical values 

that were derived for the Lennard-Jones (6-12) potential (44). There 

was a large difference between the two values of the interaction second 

virial coefficients (Table XVI). On the other hand, after finding 

or Zq2 it was possible to get the second virial coefficients for the 

cell temperature by



-103-

300.15 K

100

120

100

B Neon
X Nitrogen

I J L 
50 0

Figure 19. Second virial coefficients for Argon, Neon and Nitrogen, and 
interaction second virial coefficients for Argon-Neon and Neon 
Nitrogen systems (16).
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B'(TC) =
Zr”l

- C*(T) • P (5-17)

where B'(T)= 

temperature.

2
* C1 ^^S(RT)2 ’ Zc 'S compressibility at the cell 

By this way, the final PvT data were checked; it was found 

that the effect of the large difference of the interaction second virial 

coefficients at the cell temperature was negligibly small.

The values of the third and the interaction third virial coeffi­

cients were obtained only by the latter method (Table XVI).

B. EXPERIMENTAL APPARATUS:

The overall equipment used to measure the PvT behavior of the argon­

neon and neon-nitrogen systems is shown in a schematic overview in Fig­

ure 20. The same system, in 1967, was previously used for neon between 

the temperatures 30-70 K by Scott and Sonntag (82) and,after some devel­

opments in the system, was also used for nitrogen in the temperature 

range 110-140 K by Sonntag and Oztürk (88).

To briefly summarize, the apparatus consists of a two-walled (in 

order to balance the pressures within the cell) stainless steel cell 

surrounded with an evacuated test package which is in the liquid nitrogen 

cryostat and of two stainless steel expansion tanks in the constant tem­

perature oil bath. Temperature control is maintained by the electrical 

heating of several resistors at different locations around the test cell 

and by the cooling of liquid nitrogen around the evacuated test package 

in order not to have diffusive heat transfer between the liquid nitrogen 

and the test assembly. The temperatures in the cell and in the oil bath 

are measured using two platinum resistance thermometers and a Mueller 

bridge. Also many thermocouples (Figure 17) (#7 through #12 Cu-AuCo, others 

Cu-Con) are located along the stainless steel tube from the cell to the
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differential pressure indicator (DPI) to measure and to check the tempera­

tures around the cell and in the oil bath. A dead weight gage (DWG) is 

used for the measurement of the cell pressure and an air piston gage (APG) 

is used to measure the pressure in the expansion tanks.

For further reference, a quite detailed and thorough description of 

the apparatus may be found in reference 82.

C. VOLUME MEASUREMENT

The volumes of the test cell, the expansion tanks, and the header 

were measured with a device whose schematic diagram is shown in Figure 21. 

The same kind of apparatus, in principle, had been used previously (32).

The device consists of high-precision diameter glass, measuring tubes, 

an evacuation system, a gas filling and a mercury supply system, a differ­

ential pressure indicator, and a platinum resistance thermometer.

The basic principle of the device is to move the gas in the measuring 

tubes (which is initially at ambient conditions), into a tank whose volume 

is unspecified by replacing the gas with mercury and then, to bring the 

gas back to its initial state. If ambient conditions, room pressure, and 

temperature do not change during the replacement process, VM, the volume 

of mercury filled into the glass tubes, will be equal to the unknown vol­

ume, Vy.

Scott and Sonntag had used a mercury manometer with a high gain near 

zero to balance the system pressure to atmospheric pressure. The correc­

tion due to temperature differences between the ci al and the final 

temperatures of the measuring tube and the volume measured was made using a 

perfect gas relation and it was assumed that the atmospheric pressure did 

not change. Thus, the equation,
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DPI

MERCURY 
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VAC. 
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&---------
NEEDLE 
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»

Figure 21. The schematic diagram of the volume measurement apparatus.
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<5-18)

was used by Scott and Sonntag. Here Vy is the unknown volume, is the 

volume filled with mercury, VQ is the volume above the mercury, is the 

initial and T^is the final temperature of the gas in and above the mea­

suring tubes and T^y is the temperature of the gas in the unspecified 

volume tank. It is pointed out that the magnitude of the volume above 

the mercury affects the result.

In the new device, the mercury manometer was replaced with a differ 

ential pressure indicator, Ruska Instrument Corporation, model 2416.5, 

cell s/m 13727, control box s/n 13641, in order to balance the system 

pressure more accurately with the reference pressure. Then a constant 

volume reference system, which is similar to and thermally in contact 

with the measuring tubes, was used to eliminate the effect of the change

of atmospheric pressure (Figure 22). From the 

nmeas.R = P1 = P2 (Z2yT2u + Z^ 

sys 

and
nref R = P1 = P2 Z^ 

sys
may be written for the system in the measuring 

system respectively. The notation is the same

real gas relation

(5-19)

(5-20)

tubes and the reference

as in equation (5-18) and

Vref is the volume of the reference tube. Dividing equations (5-19) and 

(5-20) side-by-side and eliminating Vrep

(5-21)

can be obtained. Actually, T2U is very close to T2, therefore it may be 

assumed that Z2U = Zg. Thus, equation (5-21) gives a simple relation,
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Figure 22. The comparison of the volume measurement device with Scott 
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Vu-TF^M 

in order to determine the unknown volume. .

The unknown volume is attached to the volume measurement device 

shown in Figure 21, and is evacuated using the vacuum pump. After closing 

the connecting valve, the measuring tube is filled with ambient air and 

is balanced easily with the reference system which is also filled with am­

bient air. Then, the filling valves are closed and the connecting valve 

is opened to fill the volume being measured with the air above the mer­

cury. The pressure above the mercury is balanced with the reference pres­

sure by filling the measuring tubes with mercury. Temperature is mea­

sured with a platinum resistance thermometer attached to a copper block 

which is in thermal contact with the tubes. Several thermocouples are 

at different locations along the measuring tubes in order to check the 

thermal equilibrium of the system.

In this work the unknown volumes were the volumes of the cell, the 

expansion tanks, and the header which were at different locations in the 

cryostat and in the oil bath. Their temperatures were also measured with 

the platinum resistance thermometers which were already mounted on the 

density measurement apparatus.

The change of the mercury level in the measuring tubes was deter­

mined by a Gaertner model 911 cathetometer. During each measurement, it 

was determined, by means of the cathetometer, whether or not there was any 

displacement on each tube due to the mercury weight. Measurements for 

each volume, at room temperature, were repeated several times. The values 

of the volumes of the test cell were then changed to the temperature of 

293.15 K and of the expansion tanks to 300.15 K, which is the constant oil 

bath temperature, by using the prior results of the thermal expansion test (82).
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There is approximately 0.5% difference between the values measured 

with the volume measuring device by Scott and Sonntag and with the values 

measured with the modified apparatus in this work. The values obtained 

with the volume measurement by the method of filling water and weighing 

it has better agreement (Table XVII).

TABLE XVII

THE VOLUMES OF THE TEST CELL AND THE EXPANSION TANKS

Cell Tank I Tank II

Scott and Sonntag's values:3 (82) cc cc cc

1) Volume measuring device 75.704 1055.22 1068.60

2) Weight 75.4 1052.5 1063.0

This work with the modified 
apparatus^ 74.93 1050.3 1063.3

a) At the temperature of 299.08 K
b) The cell volume at 293.15 K and the volumes of the expansion 

tanks at 300.15 K.

On the other hand, the volumes of the expansion tanks were checked 

with the modified Burnett method by Sonntag and Oztiirk (88) using both 

helium and nitrogen. At zero pressure, the ratio of the pressures before 

and after expansion, approximately 2.0136,is in agreement with the ratio 

of volumes:

V1 h 1050.3 " 2-0138-



CHAPTER VI

EXPERIMENTAL RESULTS

A. REDUCTION OF DATA

1. General. A computer program whose flow diagram is shown in 

Figure (23) was made to obtain the corrected PvT data from the raw data 

collected during the experiment. In this section, the evaluation of all 

the quantities, corrections, and so forth will be discussed.

All of the temperatures measured with the resistance thermometers 

which are in the cell and in the oil bath were calculated by linear in­

terpolation from the calibration report supplied by NBS. The resistance 

thermometer in the oil bath was changed before the experiment of the 

argon-neon system and the new thermometer was calibrated in the Thermo­

dynamics Laboratory with the former between the temperatures 295 and 

305 K. Temperature differences measured with thermocouples were deter­

mined by means of large scale sensitivity diagrams (EMF per degree Kelvin 

against temperature) which were plotted for the copper vs. constantan and 

the copper vs. gold-cobalt thermocouples.

The compressibilities were determined from the generalized compres­

sibility chart by means of the reduced temperatures and the reduced 

pressure. The pseudo-critical constants were calculated using Kay's rule.

2. Pressure calculations. The pressures for the test cell were 

measured by means of the dead weight gage (DWG), and then the hydrostatic 

pressure correction was made. On the other hand, the tank pressures were 

measured by the air piston gage (APG).

-113-
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a) DWG. The pressures measured by the DWG were calculated using 

the method given by the Ruska Instrument Corporation, as follows,

TW x fj x fg
PDWG = PBAR + Anomx fg x f* » Poil + PDPI

where is the gage pressure measured by the DWG and P^p is the am­

bient pressure measured with the barometer. The temperature correction 

for the barometric pressure was done by means of the correction-pressure 

diagram (temperature is a parameter) obtained from the table given by 

the manufacturer. The gravity correction (g^/g$) for the barometric 

pressure was made in the computer program.

TW (Ibf.) is the total weight of the mass used for the pressure 

measurement which is calculated by means of the standard gravitational

2
acceleration, g$ = 32.174 ft/sec , as

TW(lbf) =
TM(lbm) x gs(ft/sec2)

lbm-ft
(6-2)

Ibf-sec
Therefore, it is necessary to make corrections, fj, due to the local 

gravity, as

(6-3)

where g^ is the local gravitational acceleration which has correlated 

accurately as 980.302 cm/sec2 for the laboratory's location in Ann Arbor 

by Scott and Sonntag (82) and g$ is 980.665 cm/sec2; and fg is the buoy­

ancy correction due to the air surrounding the mass which is given by

f2 = 1 - (6-4)

Thus, the true weight of the mass may be obtained.

A (in2) is the nominal area of the piston at the temperature of 
nom ' '

25c and I atm. pressure, which is given as 0.13022 in2 for the low range 
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piston or 0.0260417 in^ for the high range piston, fg and are the 

corrections due to thermal expansion and elastic distortion, respectively, 

which may be calculated by

f. = 1 + 1.6x10'® (T -25) (6-5a)
□ 9

where Tg is the gage temperature in Celsius and C* is -5.4x10'® in^/lbf 

for the low range piston and is -3.6x10“® for the high range piston; 

Pnom(lbf/in2)=TW/Anon 1S the operating pressure.

%il ’s the pressure due to the hydrostatic oil head between the 

reference planes of the DPI and the DWG. The reference planes of the 

low range and the high range pistons are different and the difference 

from the fixed reference line which is on the gage is given for each 

piston in the DWG report. The distance between the reference line on 

the gage and the reference plane of the DPI has been given as 0.681 cm 

(0.268 in) (82). Thus, the oil head for the low range and high range 

pistons are found to be 0.268 in. and 228 in., respectively. Then, P^ 

may be calculated from

Poil ■ foil x £ h W

using the density for oil of 0.85 gm/cc. So, P .is found to be 
p o

0.00831 lbf/in^ for the low range piston and to be 0.00707 lbf/in for 

the high range piston.

The DPI has a zero shift as a function of pressure, which may be 

derived as

P0Pl ■ 3.56x10'6 (6-7)

Consequently, the equation used in the computer program as derived 

from equation (6-1) is,
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where Pressures :

Weight

Temperature

9l

9$

♦ po11 ♦ 3.56xlO-6Pnom (6'8)

lbf/in2 

Ibf 

Cel si us

980.302 cm/sec2 (Thermo.Lab., Ann Arbor) 

930.665 cm/sec2

A Ca
a 

Low range piston 0.13022 -5.4x10
■ o

High range piston 0.0260417 -3.6x10

b). Hydrostatic pressure correction. In the

Poil 
(lbf/in2)

0.00831

0.00707

equipment, as shown

in Figure 17, the DPI which is in the constant temperature oil bath is 

connected to the test cell in the cryostat with a long (0.020 inch in­

side diameter) stainless steel tube. Along the tube temperature changes 

from about 300 K to about 100 or 140 K. Even though the pressure diff­

erence along the tube is not too large, it is necessary to calculate the 

cell pressure including the effect of hydrostatic pressure.

The pressure in a fluid changes with the height due to the weight of 

the fluid and this may be written as

dP =-P^dh = • zrwrg^dh <6"9)
where f, P. Z, T, and M are the density, pressure, compressibility, 

temperature and molecular weight of the fluid in the tube, while R is the 

universal gas constant, g^ is the local gravity, and g^ is the conver an
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factor. Then the equation (6-9) may be arranged as

r ' " (R/M)gc • rr (*-w)

Here, the term g^/(R/H)g^ is constant for a certain fluid and at a certain 

place. Though the compressibility, Z, is a function of the temperature 

and the pressure,Z may be assumed to be only a function of temperature 

because the pressure difference along the tube is negligible. Thus, 

equation (6-10) may be integrated along the tube as

dh 
Z-T

dP 
P (6-11)

Considering the increments, as shown in Figure 17, the integration may 

be written

in -JL * _ , gL V" A
PDWG (R/M)9Q 2_ Z\Tj

i=l

(6-12)

where h.'s are the height of the segments given in Figure 17. Let us 

define the hydrostatic pressure correction for the segment i, as

g. (-l)"h.

" (R/M)g- "ZÆ 
V 11

where n=0 for the segments on the side of the DPI and n=l for the seg­

ment on the side of the test cell. Then, the pressure in the segment j is 

j
Pj ‘ PDMG JJ fi (6-'4)

i=

and the pressure in the cell is

10
PC ° PDWG 77 fi (6-15)

1=1
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c) APG. The pressures measured by the APG were determined in the

computer program (Figure 23) with the method given by the Ruska Instru­

ment Corporation as follows,

PAPG = Pref + A^ ^fl+f2+f3^ (6-16)

where PAPG is the gage pressure measured with the APG and ""ref 1s

pressure surrounding the weights. It is the ambient pressure for the

manual weight loader or it is a vacuum if the vacuum weight loader is

used. The ambient pressure is determined by using the barometer, which 

is calibrated by means of the APG with the vacuum weight loader. Correc­

tions were made for the effects of temperature and local gravity on the 

barometric pressure readings, as mentioned above in part a (DWG pressure 

calculation). Vacuum pressure was measured by the vacuum gage which was 

calibrated using the McLeod gage.

' TW (Ibf) is the total weight of the apparent mass including the 

piston which was used for the measurement, and the weight which was cal­

culated under the effect of the standard gravitational acceleration as 

given by equation (6-2). ) is the piston area at the tempera­

ture of 20 C. Anom is 0.0130045 in^ for the high range piston and is 

0.520266 in% for the low range piston. Then, f, f^, fj are the correc­

tions due to the local gravity (as given in equation (6-3)), due to 

the buoyancy, and due to the thermal expansion of the piston, respec­

tively.

f2 = -1.0x10*5 Pref (6-17)

f3 = C3(Tg-20) (6-18)

where PrefObf/in2) is the same mentioned in equation (6-16),
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C3 = 1.0x10*5 K-1 for the high range piston or C3 = -2.0x10 5 K 1 for 

the low range piston and Tg is the gage temperature in degree Celsius.

Thus the equation (6-16) was written for the computer program as 

follows,

PAPG * Pref + Anom 

where, 

Pressures: 

Weight: 

Temperature:

9L =

9S =

High piston range: 

Low piston range:

3. Mass Calculation.

% - IO"5 X pref ♦ C3 (Tg-20) )

lbf/in2

Ibf 

Celsius 

980.302 cm/sec2 (Ann Arbor)

7 
980.665 cm/sec

^nom
(in2)

0.0130045

0.520266

Recalling equation

(6-19)

C3

DZKL
-1.0 x W5

-2.0 x 10-5

(5-1), the total number

(6-20)

of moles in the system may be found as follows,

n _ PC1 *C1
"Cl " ZC1RTC1

where P^, V^, Tc], and ZC1 are the cell pressure, volume, temperature, 

and compressibility after the first expansion. The pressure and the com­

pressibility may be determined by equations (6-15) and (5-7) respectively 

TCj is correlated as mentioned before. The corrected volume is found by 

using the following equation,

vc - (1 )3 V20 (6-2’) 
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(X= -0.00453 + 0.01545 

for temperatures higher than 

, pn vti 
"n " zt1r tr1

dives the number of moles in

where Vc and V2Q are the cell volumes at the cell temperature Tg and 

293.15 K (Table 18) and cX= (L-L2Q)/L20 Is the thermal strain.

Previously (82), the thermal strain of the cell material had been 

measured. The results were fitted empirically to the following equation

Te 
♦ 0.004 (6-22)

about 70 K. The equation

(6-23)

the expansion tank. P^ and are de­

termined by the equations (6-19) and (5-12). The isothermal expansion 

correction of the tank volumes due to pressure may be estimated from the 

diagram of the pressure vs. the volume change which is given in reference 

(82).

The number of moles in the tube, even though very small, should be 

determined by
10 10 n

...
1=1 i=l 11 11

The Pn's may be calculated by equation (6-14). The V^s are the volumes 

of the segments given in Figure 17, and the Z^'s are estimated from the 

generalized compressibility chart as mentioned above.

The same calculations may be done after the second expansion and the 

result, of course, will be the same.

It should be noted that the number of moles in the tube at each data 

condition is subtracted from the total number of moles in the system in 

order to determine the specific volume as follows,
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y . -2^1------------ (6-25)
CT,P

4, Composition Determination. Neon-Nitrogen mixtures were prepared 

in the Thermodynamics Laboratory and the composition of the mixture was 

determined in the Mass Spectrometer Laboratory of the Chemical and Met­

allurgical Engineering Department of The University of Michigan. The 

samples were taken after each expansion into the expansion tank and also 

at the end of the experiment in order to check whether the composition 

changed or not during the expansion process. The argon-neon mixture was 

purchased from the Union Carbide Corporation with the composition analy- 

si s report.

The compositions of mixtures are as follows:

1) 45.32% Ar, 53.18% Ne

2) 51.4% Ne, 43.6% Ng

B. CALCULATED EXPERIMENTAL RESULTS

The calculated experimental results, pressure in atmospheres, 

specific volume in cc/mole, temperature in Kelvin, and compressibility 

are listed for the argon-neon mixture in Table XVIII and for the neon­

nitrogen mixture in Table XIX.

One run was made for each system mentioned above. Two expansion 

processes were done during each run; in other words, the experimental data 

were obtained for three different densities. Thus, 13 experimental data 

points were obtained for the argon-neon system (46.82» Ar, 53.18» Ne) in 

the temperature range from 115 K to 145 K, at pressures between 20-120 

atmospheres, and 12 experimental data points for the neon-nitrogen system 

(51.4» Ne, 48.6» N2) in the temperature range from 100 K to 140 K, at 

pressures between 20-90 atmospheres.
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TABLE XVIII

EXPERIMENTAL PvT DATA OF THE ARGON-NEON SYSTEM

46.82% Ar; 53.18% Ne

T P V
Data No. K atm. cc/mole Z

1511 100.007 sat. 61.299 83.970 0.627
1512 109.209 sat. 69.684 84.001 0.653
1513 119.453 sat. 81.095 84.112 0.696
1514 129.984 sat. 95.585 84.223 0.755
1515 134.848 sat. 102.718 84.279 0.782
1516 140.109 111.140 84.353 0.815
1517 144.897 118.062 84.403 0.838

1523 125.314 sat. 57.257 140.916 0.785
1524 129.946 61.973 141.050 0.820
1525 134.817 65.697 141.107 0.838
1526 139.706 69.406 141.214 0.855
1527 144.888 73.281 141.296 0.871

1530 110.000 sat. 20.013 362.884 0.805
1531 114.991 23.020 363.884 0.886
1532 119.955 24.361 363.491 0.900
1533 124.971 25.637 363.684 0.909
1534 129.960 26.895 363.805 0.917
1535 134.911 28.140 364.042 0.925
1536 139.394 29.389 364.226 0.932
1537 144.862 30.622 364.427 0.939
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TABLE XIX

EXPERIMENTAL PvT DATA OF THE NEON-NITROGEN SYSTEM

51.4% Ne; 48.6% N2

T P V
Data No. K atm. cc/mole Z

1411 79.996 sat. 31.070 114.978 0.544
1412 90.002 sat. 37.215 114.950 0.579
1413 100.031 sat. 45.352 114.942 0.635
1414 109.983 sat. 55.056 115.060 0.702
1415 119.993 66.638 115.226 0.780
1416 129.999 76.738 115.374 0.830
1417 139.998 86.688 115.525 0.872

1421 79.989 sat. 17.269 210.810 0.555
1422 89.998 sat. 21.382 210.994 0.611
1423 100.000 sat. 27.778 211.276 0.715
1424 109.999 34.908 211.593 0.818
1425 119.999 39.745 211.828 0.855
1426 129.999 44.490 212.079 0.884
1427 139.994 49.174 212.325 0.909

1431 80.004 sat. 9.667 401.354 0.591
1432 90.008 sat. 12.916 401.857 0.703
1433 100.007 17.738 402.615 0.870
1444 110.004 20.069 402.989 0.896
1455 119.996 22.356 403.387 0.916
1466 130.005 24.620 403.838 0.932
1477 140.000 26.863 404.278 0.945
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The pressure-temperature and the compressibility-pressure plots are 

shown in Figures 24, 25, and 26. The dew-point line for the neon-nitrogen 

system was estimated from Streett's data (94); however, the argon-neon 

system was plotted approximately.

C. ERROR ANALYSIS

1. General. Since the same equipment was used previously (82), the 

details of the uncertainties for each gage is not given unless there is 

significant difference between the two error analyses.

It should be noted that (R) and (S) in the equations will refer to 

random and systematic errors, respectively.

2. Temperature. The temperatures of the thermometers in the cell 

and in the oil bath were read to within *0.001 K with the Mueller Bridge. 

Thermodynamic equilibrium was maintained at each data point for approxi­

mately one minute. However, an uncertainty of about -0.001 K due to 

thermal lag was assumed for the cell temperature. Thus the uncertainty 

of the cell temperature is -9.002 K (R).

The oil bath temperature was controlled at 300.15 -0.01 K by a mer­

cury thermostat. The time-period was about 6-7 minutes. Usually, during 

the first and second expansions and the expansion processes two measure­

ments were made at the maximum and the minimum values of the oil bath 

temperature. Therefore, an uncertainty of about -0.003 K was added for 

the thermal lag and for the error due to the change of the tank tempera­

ture. Thus, the uncertainty for the expansion tanks was assumed to be 

-0.004 K(R)

The temperature uncertainty for the thermocouples along the tubes is 

not really important because of the extremely small volumes of the seg­

ments.
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Figure 25. Pressure-temperature plot of the experimental data of the
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3. Pressure.

a) DWG. The uncertainty of the pressure measurement with the DWG 

may be found from the equation derived from equation (6-1), as follows,

where △ designates the uncertainty of each quantity.

The barometer has an uncertainty of ±0.001 psi (R) because of its 

reading with the vernier attachment to ±0.05 mm. of mercury level.

The resolution which is given in the test report of the DWG is less 

than 5 ppm. This gives an uncertainty for the total weight as ±5xlO"6x(TW). 

The value of the local gravitational acceleration is uncertain to about 

-0.002 cm/sec2 and this produces -2x10** percent systematic error on the 

total weight. Considering the smallest mass, 0.00013 Ibm, which was 

used during the measurement, the error in pressure due to the mass uncer

tainty may be evaluated as, 

(6.27)

where pressures are in psi, and (LRP) and (HRP) designate the low range 

and the high range pistons.

The error contributed from the piston area is

△A = ^51251 + 1.6x10*5 ^(at) + C4 • AP (6.28)
Anom Anom .

which is derived from Annm x f, x f., substituting equations (6.5) and 

(6.6). As given in the test report by MBS the piston area of the DWG has 

an uncertainty of 100 ppm, then 2^Anom/AQ= -10x10 ^(S). The gage tern- 

perature is read from a glass mercury thermometer with I K division, so 

△ (△T)=±0.5 K(R). Because 0^5x10*8 in2/lbf. is quite small, the second
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term may be neglected and then equation (6.28) yields,

-0.8x10~5(R) -10x10"^(S) (6.29)
Mnom

The uncertainties in pressure due to the oil head and due to the DPI 

shift are -0.002 psi (S) and ^xlO-5 psi (negligible), respectively.

Consequently, substituting those uncertainties (due to the barometer 

reading and the oil head correction) and equations (6.27) and (6.29) into 

equation (6.26), the total uncertainty in pressure measurements with the 

DWG is:

^DWG^'^ [±Q*006(R)(HRP)] ^.002(S)

+ (-0.8xl0*5(R) *10.7x10~5(S)) • P^(psi) (6.30a)

APDWG(atm)= [±0:00040(R)^(HRP)]

+ (±0.8xl0"\R) -10.7xl0’^(S) )• Pnom(atm) (6.30b)

b) APG. The uncertainty of the pressure measurement with the air 

piston gage may be calculated by the equation as follows,

AW Apref +

(6.31) 

which is derived from equation (6.19). Here

APref = -0.001 psi (R) (barometer reading)

.pnom (S)

AA
-T —» 0.0 (is not reported) 

nom

= ±0.2x10'5(5)
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IO-5 • ^Pref = -10"8 psi (negligible) 

C3 • ^(^T) = 2x10”5x(±0.5) = -1 xlO"5(R)

Thus, equation (6.31) produces,

4PApG(Psn w (‘^^(ilxlO-^Rjtl.ZxlO-^S)) psi)

(6.32a)

^APG^^)'[±O:OOOO7 (R) (LRpH^xIO 5(R)-1.2xlO ^SD-Pnom^m) 

(6.32b)

4. Volume. From equation (5.22), the possible uncertainty on the

volume measurement is
△Tu+ ^2

+ T2 ■ • VM

or
△VV AVm . △Tu+ ATg

“V= T2

where

△VM = AA • L + A • AL 

or
△Vr _ AA . AL
«M ' * L

The diametrical tolerance of the 

t 0.0002 in. = -0.0005 cm. Then,

(6.33)

(6.33a)

' (6.34)

(6.34a)

high precision bore tubes is

AA _ AD _ +0.0004 ,<\for 1 " diameter tube « 
"A 2 * ~D“" +0.0011 l^'for 3/8" diameter tube

The change of height of the mercury and the reference point shift 

were determined with a cathetometer with an error of *0.005 cm. at each 

reading. Because of four readings for the measurement of the tank vol­

umes, and two readings for the cell volume and other volumes,
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AL = *o.o? cm. (R) (for the tank volumes)
" to.01 cm. (R) (for the cell and other small volumes)

(6.36)

is obtained. The change of the mercury level is 15 cm. in one tube for 

the cell volume, 70 cm. in three tubes for the tank volumes, and about 

2 cm. in one tube for the header and lead tube volumes. Therefore, the 

equation (6.34a) yields,

—(TANK) = -0.0003 (R) *0.0012 (S)
VM

(CELL) = *0.0007 (R) *0.0004 (S) 
'M

(TUBES) = *0.0050 (R) *0.0004 (S) (6.37)
VM

On the other hand, the uncertainties of temperatures is mentioned 

in part C.2: AT = *0.002 K (R) for the cell and AT = *0.004 K (R) for 

the tanks. AT = *0.004 K(R) may be assumed for the uncertainty of the 

measuring tubes temperature. All volume measurements were done at room 

temperature which is approximately 300 K. Thus,

2^008 . t3xl 0'S (R) (6.38)
12 duu

which may be neglected by comparing it with the values of AV^/V^ in 

equation (6.33a); the absolute errors in volume measurement are *0.08 cc. 

for the test cell, *1.5 cc. for the tanks and *0.008 cc. for the header.
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5. Compress ibility.

a) Tank. The values of the second and third virial coefficients 

used for the mass calculation of each system are listed in Table XVI). 

The pressure in the tank during the expansion process is between about 

2 and 5 atm. Recalling equations (5-12) or (5-13), the numerical contri­

butions of each term to the compressibility factor may be calculated 

as follows;

For the argon-neon system,

P, = 5 atm. ; Z = 1 + 0.00110 + 0.000018 + ...
(6-39)

P2 = 2 atm. ; Z = 1 + 0.00044 + 0.000003 + ...

For the neon-nitrogen system,

P, - 5 atm. ; Z = 1 + 0.00180 + 0.000023 + ...
(6-40)

P2 ■ 2 atm. ; Z = 1 + 0.00072 + 0.000004 + ...

Now, considering the total differential of the equation (5-12) or (5-13), 

such as

AZ = (-^-'+ -^)B'P + 2 ^) CP2 (6-41)

the possible error may be estimated.

From the equation (6-32b) ZXP/P is found that

« -6x10*5 , » - 9x10*5
*1 *2

which may be neglected with respect toAB'/B' and equation (6-41) yields

Z « 4B' • P + AC • P2 % AB' - P (6-42)

In reference (16) an error of *0.1 cc/mole was estimated for the excess 

second virial coefficient which is defined as E=B^ - 1/2 (B^+B2). If 

the error of the second virial coefficients of the pure components are
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to be assumed -0.1 cc/mole the same order of magnitude, will be 

± 0.3 cc/mole. Then,

ABm = + 2y,y2 • AB,Z + y| • 4B22 (6-43)

gives the error of the second virial coefficient of the mixtures by 

neglecting the uncertainties of the composition which are less than

± 0.001. ABm = ±0.2 cc/mole = ±2x1 O'5 1/atm. are obtained. Sub 

stituting the latter value into equation (6-42) -10x10 ® (S) and

AZT2=*4x10”5 (S) may be concluded as the errors for the compressibility

factor of the expansion tanks.

b) Test Cell. Differentiating the equation (5-8), the error of 

the compressibility of the test cell is obtained as, 

°<1 ^2 /
^2" ° + • 2( 4 ‘

AoC> are derived from the equations (5-9) and (5-10) as

follows

where

1 ^C2

2 PC1

PC2VC2

C2

jrCl _ ^rC2
PC1 PC2

(1- ^)(-^

HC1 HC1

^C2 

VC2
C2

TC2
aS

(6-44a)

(6-44b)

△ PT1

PT1 VT1
azti

ZT1

_ y^PT2 

PT2

^T1

TT1

, ^T2

VT2

^ZT2 

ZT2
T2

T2
(6-44c)
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2 1/2
It may be calculated approximately that «0.25, - (Xg) « 0.75,

Pro/Pri *6 0.5 and Pr9 • Vr9/ S • « -l. Substituting these values
U6 w I wC UC L6

into equations (6-44), (6-44a), and (6-44b)

=1 (^- - ^.) (6—45a )

' 4 PC1 mC2

are obtained. The random and systematic errors on the pressure, tempera 

ture, volume, and compressibility at the approximate state of the expan­

sion processes are listed in the Table XX.

It is evident that the systematic errors on the properties measured 

with the same gage will cancel each other if they have different signs 

in the equations written above.

Thus, the equations (6-44c), (6-45a), and (6-45b) produce the 

following results: •

= - 7.7x10"4(R) *0.6x10"4(S) (6-46a)

= -0.8x10’4(R) *0.1x10"4(S) (6-46b)

△CÇ = -8.2x10”4(R) *2.5x10"4(S) (6-46c)

On the other hand, substituting equations (6-44c), (6-45a), and (6-45b) 

into equation (6-45) and using the values given in Table (6-3),

△ZC2 = -6.5x10"4(R) +-1.8x10’4(S) (6-47)

is estimated.
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TABLE XX

RANDOM AND SYSTEMATIC ERRORS DURING

THE MASS DETERMINATION PROCESS

TEST CELL (T»140K)

P-] « 4-5 atm. Pg » 2-2.5 atm.

Random Systematic Random Systematic

△p 
p

1.4x10"* * 0.4x10"* ± 1.8x10"* ± 0.8x10"*

AV 
V

- 7.0x10"* i 4.0x10"* ± 7.0x10"* ± 4.0x10"*

AT 
T"

* 0.2x10"* ± 0.2x10"*

EXPANSION TANKS (T «300 K)

P1 « 4-5 atm. p2«i!-2.5 atm.

Random Systematic Random Systematic

AP 
P

* 0.5x10"* * 0.1x10"* ± 0.8x10'* ± 0.1x10"*

AV 
V

* 3.0x10"* ±12.0x10"* ± 3.0x10"* ±12.0x10"*

AT 
T"

- 0.2x10"* ± 0.2x10"*

AZ 
T"

- 1.0x10"* ± 0.4x10"*

Using the following equation, which is derived from equation (5-7),

(ZC2-1) (6-48)
LI PC3 L2 Pc] PC2 ZC2

△Z^i may be calculated as -3.4x10"* (R) -1.2x10"* (S).
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6. Mass Calculation.

^nCl = / ^PC1 + ^VC1 + 

nCl PC1 VC1

^nTl = . ^Tl .

nTl PT1 VT1 

(6-49)

(6-50)

are produced from equations (6-20) and (6-21). Then

= -12.0x10”4(R) -5.6x1 0~4 (S) 
nCl

- = -3.7x1 O'4 (R) -13.1x10“4(S) 
nTl

are obtained. In the same manner

-^1 = t]5,5X]o"4 (R) -6.6xl0-4 (S) 

nC2

^51 = ±4.0xl0“4 (R) *12.5xl0"4 (S) 

nT2 .

On the other hand, from equation (5-1)

An , ÜÇ1 (^Cl.) + ?IL(_ÈÜ1).2Ç2 (_^Ç2) + ÜE. (^E) (6-51)
n n ' n^i ' n n?, ' n ' n^g n nT2

may be derived. Although the uncertainties of the number of moles in the 

cell are larger than in the tanks, the ratio of the number of moles in 

the cell to the total number of moles is smaller, as

(6-52)

Tro

VT2+ VC2

(6-53)

Then equation (6-51) yields the uncertainty of the total number of moles as
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-âü.. ±4.8x10^(R) 112.1x10'4(5) • *0.17% 
n

The uncertainty of the number of moles which are blown into the ex­

pansion tank or tanks are the same uncertainty obtained for the tank 

from equation (6-50) which is about -0.17%. This means that the error 

on the mass determination never exceeds -0.17%.

The uncertainty of the specific volume can be found now as follows,

Av _ An AVc (6-54)

“v FT " vc
The errors on the total number of moles in the system and on the cell 

volume are rather large; however, the systematic errors due to volume 

measurements, and also the random errors due to the cell volume measure­

ment cancel each other. Thus, the equation (6-54) yields,

±10.8x10"4(R) -8.2x10'4(5) = *0.19%

It is necessary to say that all of these uncertainties are maximum but 

not probable.



CHAPTER VII

CONCLUSIONS

A. GENERAL

The constants of the equation of state studied in this work, which 

was mainly concerned with mixtures, were determined for argon, neon, 

and nitrogen (Table XV-1,2) from the general behavior of substances. In 

the selection of the equation of state and the technique used for ob­

taining the constants of pure components it was essentially considered 

that, if a generalized equation and a generalized approach to determine 

the constants were utilized, the corresponding constants might have more 

consistency in the equation than in other empirical equations of state.

Under these circumstances, the equation has been applied to the 

mixtures with a new combining rule and tested primarily with the argon­

nitrogen system and partially with the argon-neon and neon-nitrogen 

systems. As known, it is difficult to represent the overall PvT surface 

of a pure substance with a single equation and more difficult with a 

single set of constants. Therefore it is evident that to represent the 

PvT behavior of a mixture is much more difficult because it not only de­

pends on the equation of state, but also depends on the combining rules 

and the constants of the pure components. On the other hand the mixtures, 

especially in the critical region, behave quite differently than the 

pure substances (Chapter III, Part B.l).

The combining rule which has been derived essentially from the 

corresponding state theory is quite simple. The pseudo-critical con­

stants have been correlated by means of basic combining rules.

In order to compare the calculated results with the experimental 

data and the other more accurate equations, the PvT surface has been

-139-
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divided into different regions, as shown in Figure 27, according to

temperatures, specific volumes, and pressures, as follows: 

I : Tr < 1 , 1 < vr

Ila : Tr > 1 , 1 < vr , Pr < 1

lib : Tr > 1 , 1 < vr , Pr > 1

Illa : Tr> 1 , T3-<»r <1

IHb: Tr>l ,

IIIc : Tr> 1 , <vr<K8

IV : Tr < 1 , vr <1

Appendices I.1,2,3 for pure components argon, neon, and nitrogen and 

Appendices 11.1,2,3 for argon-nitrogen (three different compositions), 

argon-neon, and neon-nitrogen systems show experimental PvT data in 

atmospheres* cc/mole, and Kelvin with their sources, calculated pressures 

at the same temperature and specific volume of the experimental data, 

experimental and calculated compressibility using R= 82.0597^^ and

Dev. % defined by equation (4-14) as

Dev. % = — x 100 =. -y - —100
exp exp

In the appendices, the percentage deviation of the other equations, which 

may be accepted as the best equation for that particular substance, is 

given. In each region, the average percentage deviations of both equa­

tions (Avg. Dev. %), which is the average of the absolute values of the 

individual percentage deviations, is also given for comparison.
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Figure 27. The regions of PvT surface for the comparison 
of the results

u
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B. COMPARISONS FOR PURE SUBSTANCES

I, Comparison with the Experimental Data. The calculated pressure 

and the compressibility with the equation of state by using the constants 

determined in Chapter IV have been compared with the experimental data 

whose sources are listed in Table I. Table XXI illustrates the average 

absolute percentage deviations in different regions. It can be noted 

that in the low density regions (Regions I, Ha, and partly lib), the 

results are reasonable, however, the agreement with the experimental data 

is less in the high density regions.

On the other hand, as temperature either increases from approximately 

2.5 times critical temperature or decreases from the critical tempera­

ture, the fluctuation of calculated values becomes greater. Because of 

the method used to evaluate the constants, the critical isotherm of the 

equation was first fit to the available experimental data as accurately 

as possible. Therefore, the agreement between the equation of state and 

the experimental data is excellent. However, the particular character 

of the equation which represents isometrics is such that at high tempera­

tures they approach straight lines rather than the slightly concaved line 

figuration of the experimental results. When, in this investigation, 

attempts were made by changing constants of the equation to improve the 

results of the high temperature region, it was noted that some of the 

greater accuracy of the temperature region closer to the critical iso­

therm was altered. For example, in Appendices I.1,2,3, it can be seen 

that in region lib, at a temperature approximately 1.5 times critical, 

a negative percentage deviation was obtained in order to get better 

agreement at higher temperatures, or when the percentage deviation is
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quite small at lower temperatures the deviation becomes greater at higher 

temperatures. If greater accuracy in the high temperature region (over 

2.5 times critical temperature) is to be attained, other modifications - 

such as additional curvature terms - will be necessary.

The curvature term in the equation is the result of two terms: 

Cr(vr) which is a function only of specific volume [equation (4-25c)] 

and the exponential term e^^r-!). The Cr(vr) is negative and quite 

small in the low density region and is positive and small between the 

reduced densities 1 and approximately 1.8, but is negative again at the 

densities higher than 1.8 times critical and rapidly becomes large as 

density increases. The exponential term, evidently, approaches zero as 

temperature increases and becomes large at low temperatures. Conse­

quently, it may easily be pointed out that a systematic deviation ori­

ginates from the form of the equation of state at high temperatures and 

lower than the critical temperature.

. In regions I and IV, because T <‘l, the exponential term becomes 

larger and more effective as temperature decreases. Therefore, the per­

centage deviation is quite negative in region I, although Cr(vr) is 

small. However, down to the reduced temperature of 0.8, the result is 

quite acceptable. In region IV, because the deviation increases rapidly, 

the equation of state is not satisfactory at the reduced temperatures 

lower than about 0.9.

In regions Ila, Ilb, Illa, Illb, and Ilic, because Tr > l the ex­

ponential term approaches zero as the temperature increases, the slope 

term Br(vr) [equation (4-25b)] is therefore more important. When the 

slope was decreased in order to get better results at high temperatures, 
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the deviation became negative at moderate and lower temperatures. To 

attain an optimum result was attempted in this work, but in order to 

do that it was necessary to decrease the slope of the isometrics at 

higher densities and, thereby, the curvature term became more important. 

Then, of course, the results were less reasonable.

2. Comparison with other Equations of State. The percentage de­

viation for other equations [the Strobridge equation for argon (35) and 

nitrogen (96), and the modified Strobridge equation for neon (34)], 

which may represent the PvT behavior of that particular pure substance 

better than the other equations, are given in Appendices 1.1,2,3 for each 

data point. These appendices illustrate the fact that the accuracy of 

the equation of state near the critical isotherm is much greater than any 

other equation of state.

A comparison of the average absolute percentage deviation in differ­

ent regions between this work and those equations is shown in Table XXI. 

In regions I and Ila the results are comparable. Because the high tem­

perature for argon and neon is about 3 times critical and because the 

deviation is large at high temperatures, the average absolute deviation 

in the other regions becomes worse than the other equations. It should 

be noted that it is possible to obtain better results at the tempera­

tures near the critical without testing high temperature data in region 

lib, Illa and high pressure data in regions Illb, Ilie.

In fact, this equation of state excellently represents the PvT 

behavior around the critical isotherm and in the low density regions and 

fairly represents the behavior in the moderate to high density regions
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at the temperatures up to 1.5 and 2 times critical. Therefore, the 

thermodynamic properties such as enthalpy, entropy, etc. may be deter­

mined by means of this equation with the given constants more accurately 

than the other equations around the critical isotherm and overall tem­

peratures up to moderate densities.

C. COMPARISONS FOR MIXTURES

1. General. As mentioned previously (Chapter IV, Part C) a new 

combining rule which has been derived from the theory of corresponding 

states was used to determine the reduced constants of the equation of 

state for mixtures. Simultaneously, the pseudo-critical constants of 

mixtures were needed in order to predict the mixture properties by using 

the equation of state in either the reduced or non-reduced form. The 

linear combining rule, because of its simplicity, was used in order to 

correlate the pseudo-critical compressibility, specific volume, and 

temperature. On the other hand, the pseudo-critical temperature was 

also correlated by means of the linear square root combining rule because 

it has been utilized by several investigators. Then, the results ob­

tained by means of both of the combining rules were compared.

The calculated values of the pseudo-critical constants were listed 

in Table XXII and were plotted from those values on the pressure-tem­

perature diagram (Figure 28).

The pseudo-critical temperature correlated from the linear com­

bining rule is larger than that from the linear square-root combining 

rule. Although the difference between the two calculated pseudo-critical 

temperatures for the argon-nitrogen system is small, it is large for the 

argon-neon and neon-nitrogen systems because of the critical tempera-
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tures of the pure components. The other fact is that the maximum dif­

ference for any system is at 50%-50% composition for binary systems. 

Evidently, the pseudo-critical pressure changes linearly depending on 

the pseudo-critical temperatures, when the others are held constant. 

However, the calculated pressure increases, although both the pseudo- 

critical constants (temperature and pressure) decrease with the use of 

the linear square-root combining rule.

2. Comparison with Experimental Data. The equation of state for 

mixtures was tested with the PvT properties of the argon-nitrogen system 

whose data were collected by Crain, Sonntag, and Van Wylen (26) for the 

three different compositions, and of the argon-neon and neon-nitrogen 

systems whose data were obtained as a part of this work (Table XXIII).

Appendices II.la, lb, 1c (the argon-nitrogen system), II.2 (argon­

neon system), and II.3 (neon-nitrogen system) illustrate the calculated 

values of the pressure, compressibility, and their percentage deviation 

from the experimental values at the same specific volume and tempera­

ture with the experimental data, by using the linear combining rule for 

the pseudo-critical temperature. For the argon-nitrogen system the de­

viation of the calculated values from the experimental data in the low 

to moderate density region (Regions I, Ila, and partly I lb) is negligibly 

small. In other words, the agreement with the experimental data is ex­

cellent. In the moderate density region (Regions lib and partly III) 

the deviation increases with the pressure and temperature similar to that 

for pure substances. The deviation is larger for the composition of 

approximately 50% argon and 50% nitrogen than the other compositions of 

the argon-nitrogen system. For the argon-neon and neon nitrogen systems,
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TABLE XXIII

A COMPARISON OF AVERAGE ABSOLUTE DEVIATIONS FOR MIXTURES

I Ila lib III

ARGON-NITROGEN31:

48) 79.85% - 20.15%

No. of Data 16 40 18 10
Avg. Dev. % - This Work (bl) 0.066 0.051 0.157 1.318

- This Work (b2) 0.065 0.044 0.216 1.396
- Other Eqn. (c) 0.934 0.095 0.494 1.500

45) 51.55% - 48.45%

No. of Data 55 21 14
Avg. Dev. % - This Work (bl) 0.072 0.363 2.792

- This Work (b2) 0.054 0.248 2.625
- Other Eqn..(c) 0.152 0.709 2.478

42) 20.10% - 79.90%

No. of Data 52 24 14
Avg. Dev. % - This Work (bl) 0.054 0.216 1.193

' - This Work (b2) 0.046 0.147 1.070
- Other Eqn. (c) 0.101 0.437 1.172

ARGON-NEON3^:

55) 46.82% - 53.18%

No. of Data 7 6
Avg. Dev. % - This Work (bl) 0.248 1.527

- This Work (b2) 1.637 3.818
- Other Eqn. (c) 1.303 3.360

NEON-NITROGEN32:

65) 51.40% - 48.60%

No. of Data 5 7
Avg. Dev. % - This Work (bl) 0.720 1.000

- This Work (b2) 2.075 4.328
- Other Eqn. (c) 0.187 0.471

(al) Data from Crain, Sonntag and Van Wylen (26) 
(a2) Data obtained in this research

(bl), (b2) Using linear and linear square-root combining rules 
respectively for the pseudo-critical temperature.

(c) BWR equation with the constants in Table VI and the combining 
rule listed in Table V.
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the calculated values are in less satisfactory agreement with the ex­

perimental data.

The results are summarized in Table XXIII by different systems and 

regions. In Table XXIII a comparison of the calculated values using the 

linear or linear square-root combining rules for the pseudo-critical tem­

perature is given. When the linear square-root combining rule is used 

the average absolute deviation for the argon-nitrogen system becomes 

slightly better, but for the argon-neon and neon-nitrogen systems the 

deviation increases.

The other combining rules for the pseudo-critical constants and the 

tremendous amount of combinations for the constants of the equation of 

state may be considered and may be tested. The results obtained in this 

work, at least, will be in reference to those works.

3. Comparison with Other Equations of State. For the same experi­

mental PvT data, the percentage deviation is determined for the BWR 

equation of state, which is usually supposed to give better representa­

tion of the PvT behavior of mixtures than other equations, with given 

constants (Table VI) and with the fully tested combining rules (Table V). 

These deviations for each data point are also listed in Appendices II.la, 

lb,lc,2,3 for comparison. Generally, in the low to moderate density 

regions the modified Martin equation gives more accurate representation 

than the BWR equation for the argon-nitrogen and argon-neon systems. 

However, in the high density region for the argon-nitrogen system and in 

the moderate density region for the neon-nitrogen system, with available 

data, the results are comparable.
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It should be noted that the predicted values of mixtures are depen­

dent upon the constants of pure components and the combining rules. 

These results are not final, but they are the first results for this 

equation of state. By means of the redetermination of the pure component 

constants with a better agreement with the experimental data, and with 

the different combining rules, either for the pseudo-critical constants 

or for the constants of the equation of state, better agreement for 

mixtures may be obtained.



APPENDIX 1.1

ARGON

11) Crain-Sonntag data (24)

12) Michels-Levelt-DeGraaff data (&3)

13) Mi chels-Wi jker-Wijker data (64)

14) Rogovaya-Kaganer data (79)

(*) The Strobridge Equation whose constants were determined by 
Gosman, McCarty, and Must (35).
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APPENDIX 1.2

NEON

21) Scott-Sonntag data (82)

22) Gibbons data (33)

24) Sullivan-Sonntag data (100)

(*) The modified Strobridge equation whose constants were determined 
by Gibbons and Kuebler (34).
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APPENDIX 1.3

NITROGEN

31) Sohntag-Ôztùrk data (88)

32) Friedman data (31)

33) Crain-Sonntag data (24)

34) Canfield-Leland-Kobayashi data (18)

35) Weber data (103)

36) Streett-Stavely data (95)

(*) The Strobridge equation whose constants were determined by 
Strobridge (96).
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APPENDIX II.la

ARGON-NITROGEN

79.85% Ar - 20.15% Ng

48) Crain-Sonntag-Van Wylen data (26)

(*) The Benedict-Webb-Rubin equation with the constants in Table VI 
and the combining rule listed in Table V.
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APPENDIX 11.lb

ARGON-NITROGEN

51.55% Ar * 48.45% Ng

(*) The Benedict-Webb-Rubin equation 
and the combining rule listed in

45) Crain-Sonntag-Van Wylen data (26)

with the constants in Table VI 
Table V.
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APPENDIX II.le

ARGON-NITROGEN

20.10% Ar - 79.90% Ng

42) Crain-Sonntag-Van Wylen data (26) (*)

(*) The Benedict-Webb-Rubin equation with the constants in Table VI 
and the combining rule listed in Table V.
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APPENDIX II.2

ARGON-NEON

46.82% Ar - 53.18% Ne

55) data obtained in this research

(*) The Benedict-Webb-Rubin equation with the constants in Table VI 
and the combining rule listed in Table V.
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APPENDIX II.c

NEON-NITROGEN

51.40% Ne - 48.60% Ng 

65) data obtained in this research (*)

(*) The Benedict-Webb-Rubin equation with the constants in Table VI 
and the combining rule listed in Table V.
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