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VBECTOR SEQUENCE SPACES

By David A, Gregory

A general study of scalar sequence spaces (s.s.s.).was begun
in 1934 by K8the and Toeplitz., In this dissertation, vector se-
quence spaces (v.s.s.) are studied. A v.s.s. is a linear space
S(E) of sequences of vectors chosen fram a vector space E . The
operations on S(E) are the usual componentwise ones and S(E)
is assumed to ocontain all those sequences in E that have only
a finite muber of entries not equal to the zero vector.

In Chapter 1, S(E) is provided with a topology T so that
(S(E),T) is an l.c.t.v.s. The notions of solid subset and solid
topology that occur in s.s.s. are then extended to v.s.s. For
each j=1,2,+.., an isamorphic copy of E is obtained in S(E)
by restricting attention to those sequences in S(E) with all
temms but the j-th term equal to the zero wector. The relative
topology on E 1is denoted by Tj and the topological properties
of the natural imbedding and projection maps that arise between
(E,Tj) and (S(E),T) are studied. Results on campact, countably
compact, and sequentially campact subsets of (S(E),T) are
obtained., In particular, it is shown that any two of these
classes of subsets of (S(E),T) are the same if and only if
the corresponding class of subsets of (E,Tj) are the same for
each j . Cawpact subsets and sequentially campact subsets of
(S(E),T) are characterized,



In Chapter 2, a dual pair <E,E'> of vector spaces is given
and S(E) is assumed to be a member of a dual pair <S(E),S'(E')>
of v.s.s. where the bilinear form on the latter dual pair is in-
duced by the bilinear fom on the former dual pair by summation.
The l.c.t.v.s. (S(E),T) is then considered where T is a polar
topology with respect to the dual pair <S(E),S'(E')> . Such
an l.c.t.v.s. (S(E),T) is said to be of Kdthe type. Much of
the terminology of this chapter is borrowed from s.s.s. and many
of the results are easily reduced to known properties of s,s,s,

In particular, normal topology, a-dual, and a-perfect are defined
as expected and weakly convergent sequences in S(E) are shown
to be normally convergent if S'(E') is solid. Under certain
additional assumptions, the Mackey, the strong, and the strong
dual topologies on S(E) are shown to be solid, A theorem on
matrices of linear maps is given., The chapter is concluded with
seminorm conditions which determine when certain l.c.t.v.s.

(s(E) ,T) are of Kdthe type.

In Chapter 3, necessary and sufficient conditions are given
for spaces of Kothe type to be cawplete, quasicamplete, sequentially
camplete, nuclear, barrelled, quasibarrelled (= evaluable),.
reflexive, or semireflexive. The campleteness results require
T to be solid., The result on nuclearity is given for the normal
topology anly. The remaining results are stated for the case
when T is the Mackey topology.

In Chapter 4, we study a v.s.s. that is formed in a natural
way fram a s.s.s. and an l.c.t.v.s. (E,T) . The “"generalized



perfect spaces" of Pietsch are exarples of spaces of this type
and are shown to be a-perfect. Additional results are obtained
for the case when (E,T) is a Banach space.

The theory of s.s.s. has been a fundamental tool in suma-
bility theory and has enjoyed occasional applications to the
theory of bases, analytic function theory, and distribution
theory. The theory of v.s.s. therefore shows pramise as a useful
tool in the study of the vector valued generalizations of these
theories.



Preface

A theory of scalar sequence spaces (s.S.s.), i.e, of spaces such
as 9’1" 9,2‘, c or C_ s was given in 1934 by K&the and Toeplitz [11].
It was in this paper that the "wvollkammene" or "perfect" spaces were
first introduced. The theory was later reformulated within the frame-
work of locally convex spaces in 1951 by Kothe [9]. The purpose of
the present study is to develop a theory of vector sequence spaces
(vesos.), i.e. of linear spaces of sequences of vectors chosen fram
a fixed vector space E . Examples of such spaces are the space of
all convergent sequences and the space of all bounded sequences in
a locally convex topological vector space (l.c.t.v.S.), The results
we obtain are motivated by well-known properties of scalar sequence
spaces, but the proofs we give are usually quite different., The key
to many of the results in the case of scalars is a theorem on campact-
ness due to K&the ([9], p. 418) which need not hold in the vector case.

Just as Kothe considered a dual pair <A,A\*> of s.s.s., with a
bilinear form induced by summation of camponentwise products, we
consider the v.s.s., S(E) as a member of a dual pair <S(E),S'(E')>
Of V8.5, with a bilinear form induced by sumation of a bilinear
form on a dual pair <E,E'> of vector spaces. Except for a more
general viewpoint adopted in Chapter i, we study the v.s.s. S(E)
within the framework of this duality.

In Chapter 1, we provide S(E) with a topology T to form an
l.c.toves. (S(E),T) . No use is made of the notion of dual pair
at this point, The main theorems deal with campact subsets of
(S(E) ,T) and are motivated by the useful campactness theorem of
Kothe already mentioned. The proof of Theorem 4.1 is a simple
modification of a type of proof used by Pietsch ([13], p. 34).
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An analogue of Kothe's campactness theorem is given for metrisable
spaces. Even in the scalar case; it 1is more general than the original
theorem since S(E) is not assumed to be perfect. In the succeeding
chapters, the topologies T we put on a v.s.s, S(E) arise from a
dual pair <S(E),S‘(E")> ., Such an l.c.t.v.s. (S(E) sT) 1is said to
be of KSthe type, The results we obtain, even when reduced to the
scalar case, are better than those generally known since we do not
assume that S°(E') = S(E)” (see Chapter 2, Section 2).

In Chapter 2, we develop some basic properties of spaces of
KSthe type. The results on convergence which we give are familiar
in the scalar case and actually follow quickly fram the scalar
analogues with a little manipulation, We also show in this chapter
that under certain additional assumptions the Mackey, strong, and
strong dual topologies are all solid and thus eligible for the
campleteness criteria given in Chapter 3. A theorem on matrix maps
which generalizes a result due to Kothe and Toeplitz ({11), p. 206) is
also given. The chapter is concluded with a characterization of
certain spaces of Kéthe type. Such characterizations are essential
since v.s.s. do not in practice generally occur as members of dual
pairs <S(E),S°(E’)> , The characterizations given apply in most
cases that arise; the author was unable to cbtain a complete characterization.

In Chapter 3, we investigate v.s.s. of Kothe type that are
canplete, quasicamplete, sequentially camplete, barrelled, quasi-
barrelled, reflexive, semireflexive, Montel, or nuclear. These
properties are hereditary, i.ec E with a relative topology Tj
inherits each of the above properties that (S(E),T) has, The
author was unable to determine which spaces of Kothe type are
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bound (=bormological). The problem is discussed in the scalar case
by Kamura and Koamura [8].

In Chapter 4, we consider a v.s.s, A(E,T) that is formed in a
natural way from a s.s.s. A and an l.c.t.v.s. (E,T) ., Spaces of
this type occur frequently in practice and include the spaces M(E)
of Pietsch [14] and the examples SF(E) of Cac [1] as special cases.

Gribanov ([6], [7]) and Cac ([1}, [2]) have also considered v.s.s.
fram the viewpoint of dual pairs. The few results that their papers
have in camon with this thesis are given here in greater generality.

The theory is not presented here in the most general form, Out
of convenience, we have taken sequences fraom a fixed wvector space E .
All of the results can be extended without difficulty to spaces of
vector sequences chosen fram a sequence En’ n=1,2,..., of vector
spaces. Sane of the results can be extended to spaces of directed
vector sequences chosen fram a directed family E,, o € D of vector
spaces. Examples of such spaces can be found in Pietsch [13].
Dieudonné [4] has generalized the results of scalar sequence spaces,
i.e, of spaces of scalar valued functions on the integers, to
theorems on spaces of scalar valued functions on a measure space,
The author was unable to develop a theory of vector valued functions
on a measure space which embraced both the paper of Dieudomné and
the present work as special cases.

Aside from its intrinsic interest, the scalar theory of Kothe
and Taoeplitz has proved valuable as a rich source of examples and
ocounterexamples in the theory of locally convex spaces. Moreover,
the theory has been a fundamental tool in the study of sumability

and has enjoyed occasional application to the theory of bases,
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distribution theory, and analytic function theory., Vector sequence
spaces therefore show pramise as useful tools in studying the vector
valued generalizations of these theories,

The author wishes to thank his supervisor, Professor M, S. Ramanmajan,
for drawing his attention to this topic and for five semesters of
ready assistance, warm encouragement and helpful guidance, Thanks
are also due to the second reader of the thesis, Dr. B, Allan Taylor,
for indicating an error in the original manuscript and to Professor

G.KSthe for his friendly interest and valuable suggestions.
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CHAPTER 1

VECTOR SEQUENCE SPACES

In thas chapter, we study a vector secquence space S(E) with a
locally convex topology T . In practice, S(E) is given beforehand
and T is usually determined by a class of seminorms. The treatment
we give here is more general than that in Chapter 2, and the results

we obtain can be applied there,

1. Definitians and lNotation

Iet E be a vector space over the scalar field K of xeal or

camplex numbers. By a vector sequence space (v.s.s.) S(E) over E ,

we mean a set S(E) of sequences (xn) = (xl'X2'°°') of vectors
xn fran E that forms a linear space over K under the usual com-
ponentwise operations. We also assume that S(E) contains ¢ (E) ,
the space of all sequences of vectors fram E with only a finite
nurber of entries not equal to the zero vector. The zero vectors in
E and S(E) will be denoted by 6 and (6) respectively, We let
w(E) denote the v.s.s. of all sequences of vectors fram E . Thus
¢(E) € S(E) ¢ w(E) always holds.

The spaces A of scalar sequences considered by Kéthe ([10],
pPp. 408-427) are examples of v,s.s. over E = K . In the case of
scalar seguence spéces (s.s.s.), we employ the customary notation

and usually ad not carry the K . In particular:

¢(= ¢$(K)) denotes the space of all scalar sequences

with only a finite mumber of non zero terms;

w(= w(RY) denotes the space of all scalar sequences;



¢ denotes the space of all convergent scalar sedquences;

<, denotes the space of all scalar sequences converging

to zero;

2y ¢ 1 ¢ p <=, denotes the space of all scalar

sequences (an) such that I |anip < ® ; and,
&~ denotes the space of all bounded scalar sequences.

A subset X of w(E) is called solid if (xn) € X implies
that (Cnxn) e X for all scalar sequences (cn) such that
ICM <1 for all n. |M‘={@§%)= (x) e X, c ek, h%lil}
is the smallest solid set containing X and is called the solid
hull of X . The solid hull of a singleton, {(xn)} , 1is denoted
by I(xn)i - An absolutely convex subset of w(E) need not be
solid, and a solid subset of w(E) need not be absolutely convex,
even if E =K (Cf. [10], p. 411). The solid hull of an absolutely
convex set is not necessarily absolutely convex. However, the
absolutely convex hull of a solid set is solid.

Most known results on s.s.s. require the s.s.s. considered
to be solid. The s.s.s. ¢, w, Rp . and c, are fortunately
solid but one of the most interesting s.s.s., namely c , 1is not.
It is to deal with such v.s.s. that we introduce the term "solid
in S(E)".

A subset X of S(E) is called solid in S(E) if

IX|ns@® = X . |X|~ S(E) is called the solid hull of X

in S(E) .

When we wish to state or quote results in the general theory



of locally convex spaces, we let (L,T} denote an l.c.t.v.s.; i.e.,
we let (L,T) denote a vector space L over K with a locally
convex Hausdorff topology T compatible with the linear structure
of L . 1In the particular case that L = S(E) is a v.s.s., we call

(S(E),T) an l.c.t.v.s.s. (locally convex topological vector

sequence space) .

If T 1is determined by a norm, || ||

. we often write

T=1|] || for convenience. This (SLp,|| Hp) , l<p<e=,
and (&, || |le) are examples of 1 .c.t,v.s.s. over E = K ,
| , 1
where H(an)llp=(2 ENES /p' legp<>, and H(%)Hm:S;llPIanl .
We let Bp denote the unit ball in (QP. || Hp) v 1 <P,

The topology T on S(E) 1is called solid if (S(E),T) has
a base of neighborhoods of (8) that are solid in S(E) .

We generalize the terminology of Garling ([5], p. 86) and call

a seminorm p on S(E) absolutely monotone if pl(z )] < plx)]

whenever (z ) and (x ) are in S(E) and | (Zn)i < (Xn)i .
The topology T on S(E) 1is then solid if and only if T can
be determined by a set of absolutely monotone seminorms on E .
We note that the norms, || i}p , 1 <p< > are absolutely
monotone and determine solid topologies on the s.s.S. lp ¢ L <p <y,

respectively. Note also that | } | |m determines a solid topology

on the non-solid s.s.s. ¢ .

2. Projection Maps

The maps regarded as projections here will not in general map
a vector space into itself, but for convenience ,will be assumed

to map onto another wvector space. We will be interested mainly in

the maps:



o)

S(E) » E defined by P,[(x )] = x., ; and,
J n ]

[4

H

E~> S(E) defined by I.(x) = (0,8,-+,0,%,0,°*") .
3

However, we shall first consider the following more general situation.
Iet L and M be vector spaces and let P : L+ M and
I : M~ L be linear maps such that PI is the identity map on
M. Then I is injective, P 1is onto, and IP is a projection
of L onto I(M) in the usual sense. If L 1is a Hausdorff topo-
logical vector space with topology T , we give M the relative
topology T = {17l : UeT . Bquivalently, if T is determined
by the seminorms Py, + & E D, we let TI be the topology deter-
mined by the seminorms pao‘I , @ €D,
Note that I is TI,,T.. continuous and P is T, TI open
({151, p. 19).
Also, if P is T, TI continuous then I is 'I‘I , T closed.
For if P is continuous, I(M) has a topological supplement
([15], p. 20). Thus I(M is closed since it is the kernel of a
continuous projection. Consequently, I is a closed map.

Note also that P is T, TI continuous if and only if 1IP

is T, T continuous.

In the particular case when (L,T) (S(E),T) is an

l.c.t.v.s.s.,, M=E, and I = Ij s P =Pj ’
identity mapon M. We let T_ = Tj be the relative topology

I3

then PI is the

on E .,

Proposition 2,1 Let (S(E),T) be an l.c.t.v.s.s. Then:

(1) Ijv,is Tj--" T continuous and Pj is T, Tj open.,
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(2) 1f Pj is T, Tj continuous then I:.| is Tj'T closed.

(3) If T is solid, then Pj is T, Tj continuous.

Proof. (1) and (2) are particular cases of the results just

discussed. (3) holds since T, = {Ij'l(u) :Ue ™ , and

Pj"l[Ij‘l(U)] DU if U is solid.

]

P

Let E(J) =EX EX «+« X E be the vector space formed by

taking the Cartesian product of the vector space E j times.
We shall be using the maps: P(3) : s(®) > E(J) gefined by

P(j)[(xn)] = Oxppneeixy) 1 and, 190 ED) o 5@) Gefined by
I(j)[(xl,xz,---,xj)] = (xl,xz,---,xj,e,e,---) . If.we take
&, ) = (s®,7) , M=E, and I = I(J), P= P(]), then PI

is the identity map on M , and we have the following analogue

of Proposition 2.1 for the maps P(j) ’ I(J). Let T(J) = T,_(j)
I

denote the relative topology on E (3) .

Proposition 2.2 Iet (S(E),T) be an l.c.t.v.s.s. Then for

each fixed i , the following are equivalent:

(1) Pj is T,Tj continuous for j = 1,2,*+-,i .

(2) P(J) is T,T(J) continuous for j =1,2,¢+-,i .

(3) (E(j?,,T(j)) is the product of (E,Tj) v 1 =1,2,¢°,i.

Proof. Recalling that the general projection mapping P is

T,T. continuous if and only if IP is T, T continuous, the

I

equivalence of (1) and (2) follows fram the relations
1) (1) (5)_ (3-1)_(3-1)
1.p‘=1”(, '.=IJPJ_IJ)P5
L (3),(3) )
J J = L Y . . 1 = see i
and I'Y'P = I1Pl + 12P2 + + IJPJ for j 1,2, i

P for j=2’3’~oo'i ’



The equivalence of (1) and (3) follows fram the fact that I(l)E(l)
is the topological direct sum of IjEj, j=1,2,++.,i, if and only if

Iij is continuous for each j ({15}, p. 29).

3. Sone Properties of Solid Sets and Solid Topolcgies

In this section, we collect a few simple properties of the

l.c.t.v.s.s. (S(E),T) with T solid.

For each i1 =1,2,-+-, and each (xn) in w(E) , we call
(xn) (< i) = (xl,xz,"-,xi,e,e,---) the i-th slice of (xn) . We
let (Xn) (> i) = (Xn) - (%) (< i) . Note that for each i = 1,2,+-.,
and each (xn) in w(E) , (xn) (i i) is in every v.s.s. S(E) ,
while (xn) (> i) is in a v.s.s. S(E) if and only if (xn) is
in S(E) .

If (S(E),T) is an l.c.t.v.s.s., we let (S(E) ,T)a be the set
of all (xn) in (S(E),T) for which (xn) (< 1) ~» (xn) as 1+,

In particular, (%, || ||°°)a =c .

Proposition 3.1 If (S(E),T) 1is an l.c.t.v.s.s. with T

solid, then (S(E) ,T)a is the closure of ¢(E) in (S(E),T)

In particular, (S(E) ,T)a is a closed subspace.

Proof. Clearly (S(E) ,T)a is contained in the closure of ¢(E) .
Suppose then that (xn) is in the closure of ¢(E) and U is a
solid neighborhood of (8) in (S(E),T) . We wish to show that
) (> 1) = () = (x)(< 1) isin U for all i sufficiently large.
Choose (zn) in ¢(E) such that (xn) - (zn) is in U . Since U

is solid, (xn) (> i) - (zn) (>i) is in U for all i . Thus,



(Xn) (> 1) is in U for all i sufficiently large since (zn) is in

¢ (E) .

Proposition 3.2 If T is a solid topology and |X| < S(E) ,

then the closure of [X| in (S(E),T) is sclid in S(E)

Proof. Since |[X| is solid, |x| + U is solid in S(E) for
every U in 4 , where /( is the set of all neighborhoods of (8)

that are solid in S(E) . Thus, @LHXI + U) 1is solid in S(E) ;

that is, the closure of |X| is solid in S(E) .

4, Campactness

In this section, we consider campact, countably campact, and

sequentially campact subsets of an l.c.t.v.s.s. (S(E),T) .

Assumption Throughout this section, it is assumed that (S(E),T)

is an l,.c.t.v.s.s. such that Pj is T, Tj continuous for each 3 .

Tle first list a few facts associated with the notion of campactness
(see [10], pp. 9-20). A net X 0 € D , in a Hausdorff space X is
said to have x as a cluster point if for each neighborhood U of x
and Bo in D, there is some f > B, such that XB is in U .
Convergent nets have only one cluster point. If X is camwpact, and
X 1is the only clustgr point of the net X100 E D , then x, con-
verges to x . If P : X+ Y is continuous, where Y 1is a Hausdorff
space, and if X, €D has a cluster point x in X , then P(x)
is a cluster point of P(xa) €D, in Y . X is campact (respectively,
‘countably campact) if and only if every net X, 00 €D, (respectively,
every sequence X, i=1,2,--+,) in X has a cluster point in X ;

equivalently, if and only if every family (respectively, countable family),



ch & €D, of closed subsets of X satisfying the finite intersection
property has a non-empty intersection. In terms of filters, X is
canpact if and only if every ultrafilter in X converges. If
P:X~+Y is onto, and F is an ultrafilter, then

P(F) = {P(F) : FeF} is an ultrafilter.

Given a filter # in X% , Choocse an element X(F‘) in F
for each F in J . Then X(F), F E{}f, is a net if JF is
directed by inclusion. If # converges to X , then x(F) , FeF ,
converges to x ; the converse holds when S is an ultrafilter.

X 1is called sequentially compact if every sequence in X has
a subsequence converging to an element of X . If X is a subspace
of a Hausdorff space Y , we shall call X relatively sequentially
campact if every sequence in X has a subsequence converging to an
element of Y . X will be called relatively campact in Y if its

closure X in Y is campact.

If X is a aamwpact (respectively, relatively campact) subset of
(S(),T) , then Pj (X) is a campact (respectively, relatively campact)
subset of (E 'Tj) . for each j . The converse is of course not true;
sane additional assumption extending over all of the P:.| (X)), i=1,2,---,
is needed to énsure the campactness (respectively, relative compactness)
of X . The assumption we need is stated in terms of the following
definition.

A net (xéo‘)), @ €D, in an l.c.t.v.s.s. (S(E),T) is called

TK-convergent (respectively, TK-Cauchy) if for each 3j , x;a) , o €D,
is convergent (respectively, Cauchy) in (E,Tj) . lote that if Pj
is T, Tj continuous for each j , then convergent (respectively,

Cauchy) nets in (S(E),T) are TK-convergent (respectively, TK-Cauchy) .



Theorem 4.1 A subset X of (S(E),T) is relatively campact if

and only if:
(1) For each j , Pj (X) 1is a relatively campact subset of
(E,Tj) ; and,

(2) Every TK-convergent net in X converges in  (S(E),T)

Proof.

Necessity. Since Pj is 7T, Tj continuous for each j ,; Pj X)
is relatively campact in (E,Tj) if X 1is relatively campact in

(S(E),T) .

Iet (xr(la)) s @ €D, be a TK-convergent net in X ., Then for

each j , there is an Xj such that xéa), o € D, converges to xj

in (E,Tj) . Since X is campact, (Xr(la)) ; & € D, has a cluster

point (zn) in (S(E),T) . Since Pj is T, Tj continuous, z. is

a cluster point of xjfo‘) , 0 € D . Because xga) . @ € D, converges
to xj , we must have Zj = xj . Thus, (Xn) is the only cluster
point of (xr(lo‘)) ;o €D, Since X is campact, it follows that
(xr(la)) » @ €D, converges to (x) in X.

Sufficiency. Let # be an ultrafilter in X . Then

Pj(.g) = {Pj (F) : F eSS}l is an ultrafilter in FJ-T}E) . For each F
in & , choose same member (xr(1F)) of F . Since f";T)?) is campact,
Pj(y) converges to some xj in (E,Tj) ~ Thus, the net

X, (F), r e F, converges to Xy in (E,Tj) ;e (xng)) , Fe F,
is TK-convergent. By (2), it is therefore convergent in (S(E),T) .
Since &F is an ultrafilter , &F is also convergent and the campact-

ness follows.

The following corollary is an immediate consequence of Theorem 4.1.



10

Corollary 4.2 A subset X of (S(E),T) is campact if and only if:

(1) For each 5 , Pj (X) is a campact subset of (E,Tj) ; and,
(2) Every TK-convergent net in X converges in (S(E),T)

to a mamber of X .

Theorem 4.3 A subset X of (S(E),T) 1is sequentially campact
if and only if:
(1) For each 7j , Pi(X) isa (relatively) sequentially
campact subset of (E,Tj) ; and,
(2) Every TK~-convergent sequence in X converges in

(S(E),T) to a member of X .

Proof. The necessity is proved as in Theorem 4.1 except that we

use sequences in place of nets, and limits of subsequences in place of

cluster points.

To prove the sufficiency, suppose that (xr(li)) , L =1,2,+c-, |is
a sequence in X , Since for each j , PjX is a relatively sequentially
campact subset of (E ,Tj) , by using a diagonal process, we can obtain
a TK-convergent subsequence of (Xr(li") ) ,1i=1,2,--- ., By (2), this
subsequence is convergent to a member of X . Thus X is sequentially

campact.

Proposition 4.4 The following conditions are necessary for a
subset X of (S(E),T) to be countably campact:
(1) For each j , Pj (X) is a countably campact subset
of (E,Tj) ; and,
(2) Every TK-convergent sequence in X converges in

(S(E),T) to a member of X .
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The proof is similar to the proof of the necessity in Theorem 4.1
and is amitted here.

It is always true that sequentially campact sets are countably
campact and camwpact sets are countably campact. Moreover, in several
familiar spaces, same of these types of campactness are the same. In
particular, by the theorem of Eberlein ([10], p. 316), in a complete
l.c.t.v.s., countably campact sets are compact. The following theorem
shows that if two types of compactness are the same in (E,Tj) for

each j , then the two types of compactness are the same in (S(E),T) .

Theorem 4.5 ILet "A", "B" stand for any two of the three

expressions "campact", "countably campact", “"sequentially compact".
Then the A subsets of (S(E),T) are B subsets if and only if for

each j , the A subsets of (E,Tj) are B subsets,

Proof. The statements relating countable campactness and
sequential campactness follow fram Theorem 4.3, Proposition 4.4 and
the fact that sequentially campact sets are always countably campact.
Moreover, by Corollary 4.2 and Theorem 4.3, it is clear that compact
subsets of (S(E),T) are sequentially campact if for each j compact
subsets of (E,Tj) are sequentially campact.,

We now deal with the two remaining possibilities. Suppose that
X is a sequentially campact (respectively, countably compact) subset
of (s(E),T) , and that for each j , the sequentially campact
(respectively, countably compact) subsets of (E,Tj) are campact.
Since Pj is T, Tj continuous for each j , T(j) is the product

topology on E(j) » and thus the sequentially compact (respectively,
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countably campact) subsets of (E(J) ,T(J)) are campact. To show that

X 1is campact, we give X the induced topology and consider a family

F ,oa€e D, of closed subsets of X that satisfies the finite

o
intersection property. Since P(j) (3 continuous, P(j) (X)

is T, T

and the sets P(J) (Fu) , &0 € D, are sequentially campact (respectively

countably campact) and thus campact in (E(j) ’ T(J)) . Since the

P(j) (Fa) , @« € D, are closed subsets of the campact set P(j) (X)

and satisfy the finite intersection property, there is an element

®3) of X such that PP [x¥y) isin N eI (r) . since
n n aeD a

X is sequentially campact (respectively, countably compact),

(xr(f)) ;3 =1,2,--+, has a cluster point (x) in X . We shall

show that (xn) is in Q Fa , and thus obtain the campactness of X .

Since P(j)[(xr(lj))] € P(j) (ch) for each j , we have
pW i) e pWir,) whenever 3> 1. mus, PP el e ™ ry

since P(i) is continuous and P(l) (Fu) is closed. Therefore, for

(1) [ (1), _ ofd) .
[z, =2 1)1 s

that is, there is a (Zr(xi)) such that xn = zr(ll) for n=1,2,¢¢+,i .

each i , there is a (Zr(ll)) in F, such that P

Since F, is sequentially campact (respectively, countably campact),
the TK-convergent sequence (zlgl)) , 1 =1,2,..., must converge in
(S(E),T) to an element of F, by Theorem 4,3 (respectively,
Proposition 4.4). Thus, (xn) is in F_ . Since this holds for each
oD, we have (xn) EQDFOL as required,

Fram Theorems 4.3 and 4.5, we obtain the following proposition.

Proposition 4.6 ILet (E,Tj) be metrisable for each j . Then

the following conditions on a subset X of (S(E),T) are equivalent:
(1) X is campact.
(2) X is countably campact.

(3) X is sequentially compact.
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(4) PFor each j , Pj(X) is a campact subset of (E,Tj) :
and, every TK-convergent sequence in X converges in

(S(E),T) to a member of X .

Remark. If for each j the closed bounded subsets of (E,Tj)
are campact, then condition (4) in the pfoposition above can be
replaced by:

(4') X is bounded and every TK-convergent sequence in X
converges in (S(E),T) to a member of X .
It is clear that (4) implies (4'). Moreover, since Pj (X) is
relatively sequentially campact in (E'Tj) whenever X is bounded in

(s(E),T) , (4') implies (3) by Theorem 4.3, Thus, the asserted equiv-
alence holds.

In the following theorem, we characterize those relatively campact
subsets of (S(E),T) that are solid in S(E) . This characterization
turns out in practice to be more convenient to apply than the one given
in Theorem 4.1.

Let X be a subset of an l.c.t.v.s.s. (S(E),T) and suppose
that (x ) is an element of w(E) such that x) (1) , i=1,2,--,
is a Cauchy sequence in X . If we can always conclude for such
sequences that (x) is in X and (x) (< i) > (x) as i-e,

" then we say that X is an AK-complete subset of (S(E),T) . X is

called relatively AK-camplete if its closure X in (S(E),T) is

AK-camplete.
It is clear that if X is a camwplete subset of (S(E),T) , then
X is AK-camplete. Also, if X is a relatively camplete subset of

(S(E),T) (i.e., if X is complete), then X is relatively AK-complete.
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Theorem 4.7 Iet X be a subset of (S(E),T) that is solid in

S(E) . Then X is relatively campact if and only if the following
conditions hold:
(1) For each 3j , Pj (X) 1is relatively campact in (E,Tj) H
(2) ()¢ 1), i=1,2,-++, converges to (8) in
(S(E),T) wuniformly for all (xn) in X ; and,

(3) X 1is relatively AK-camplete in (S(E),T) .

Proof,

Necessity. (1) follows fram the continuity of Pj for each j .

If X 1is relatively compact, then it is relatively complete and
thus relatively AK-camplete. 'Therefore (3) holds.

Suppose (2) did not hold. Then for some neighborhood U of (8)
in (S(E),T) , there would be a sequence (xr(xi)) , i=1,2,e.,
in X and integers jl<j2< ...<ji «++, such that
) ¢ 3) ¢ U for each i=1,2,ese . Now the sequence (M) 3.
i,=1,2,¢.-, is TK-convergent to (6) in (S(E),T) . Therefore, by
Theorem 4.1, it converges to (6) in (S(E),T) . Thus, we obtain a

contradiction.

Sufficiency. We use Theorem 4.1 to show that X is relatively

campact., lLet (xr(la)) » €D, beanet in X such that for each j ,
(o)

Xj > xj in (E ,Tj) and let U be an absolutely convex neighborhood

of (0) in (S(E),T) . By the TK-convergence, we have for each fixed
i that
i

. . o)
) (D) - @)D = I I, & - x)

m

U/i+U/i+ e +U/i=U
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for o sufficiently large, Thus, for each 1i , (xr(la)) (< i) » (xn) (< 1)
in (S(E),T) . In particular, (xn) (< i) is in X . Moreover, using

this convergence and (2), we can choose o such that

(x ) (< 1) - (x)( 9 = [(x)(< 1) - (xr(lu))(i i)] + [(xrga))(f_ i) - (xr(la))]
Ol
6™ - & 91 ™)@ 9 - s e

€ U/4+U/4+U/4+0U/4=1U

for each i, j sufficiently large. That is, (xn) (i) , 1i=1,2,---,
is a Cauchy sequence in X . By (3), we thus have (x ) (1) > (x)
in (s(E),T) as i+« , Fram the above convergences and (2), we can

choose i such that
N e N O TR I A TR R T Uty
+[(x ) (< i) - (x)]
n - n
eU/3+U/3+U/3=0U

for o sufficiently large.. Thus (xlia)) > (%) in (S®),T) and
the theorem is proved.

Remarks. 1, From (2) of Theorem 4.7, we see that if X is a
relatively compact subset of (S(E),T) that is solid in S(E) , then
X C (S(E) ,T)a « In particular, (S(E) ,T)a contains all those (xn)
in 8(E) whose solid hulls in S(E) are relatively campact. Thus,

the solid hull in S(E) of a relatively compact subset of (S(E),T)
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need not in general be relatively camwpact.

2. If (S(B),T) is AK-camplete (in particular, if it is
sequentially camplete), then every subset X of (S(E),T) is rela=-
tively AK-camplete and condition (3) in Theorem 4.7 is always satisfied.

3. If T is solid and X = |2| N S(E) for same 2 con-
tained in S(E) , then condition (2) of Theorem 4,7 need only be

satisfied for (xn) in z ,

Proposition 4.8 ILet (S(E),T) be an l.c.t.v.S.S, with T solid

and let |(xn) | € sS(E) . Then I(xn)l is campact if and anly if (x)

is in (S(E) ,T)a 0

Proof. The necessity follows fram condition (2) of Theorem 4.7,

Since Pj is T, T. oontinuous for each j , any net in

J
|(xn) | that converges in (S(E),T) is TK-convergent, and thus has
its limit in I(xn)l . Therefore, |(xn)| is closed., By the same
type of reasoning, |(xn)| is (relatively) AK-camplete, Thus,
condition (3) of Theorem 4.7 holds, Condition (1) certainly holds.
Condition (2) holds by Remark 3, since T is solid and

(x)(<i) + (x) in (S(E),T) as i+,
n = n



CHAPTER 2

VECTOR SEQUENCE SPACES OF KOTHE TVFE

In this chapter, we study v.s.s. fram a dual pair viewpoint, If
<E,E'> is a dual pair of vector spaces, we consider a dual pair
<S(E),S'(E')> of v.s.s., where the bilinear form on <S(E),S'(E')>
is induced by the bilinear form on <E,E'> by summation, S(E) is
then assigned a polar topology T of convergence on scmg class. gf
subsets of S'(E') ., Such an l.c.t.v.s.s. (S(E),T) is said to be
of Kothe type. The viewpoint we adopt in this chapter does not cover
the l.c.t.v.s.s, considered in Chapter 1. The reason for this is
that we require the second member of the dual pair to be a v.s.s. A
characterization of a certain l.c.t.v.s.s. (S(E),T) of Kdthe type

is given in Section 9.

l. Preliminaries

The results stated in this section are basic to the theory of
l.c.t.ves. and can all be found in Kéthe [10].,

We assume throughout this chapter that <E,E'> is a dual pair
of vector spaces over the field K of real or camplex scalars., We
also assume that E and E' distinguish one another by the bilinear
form < , >, Using this bilinear form, each member of E' can be
regarded as a linear functional an E , and vice-versa. If &¥ is
the class of all finite subsets of E' , by the weak topology
TS(E',E) on E we mean that topology on E having as neighborhood
basis at the origin the class of all sets of the form
A°={xeE: |<x,y>| <1 forall yeaA}l , A e T_(E',E) is
thus the coarsest topology on E for which each member of E' is

continuous. Similarly, we can define the weak topology TS(E,E') on E',

17
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More generally, we let ¢9Y be a class of weakly bounded subsets

of E' such that the linear hull of AUdA in E' is equal to E' ,
€

By the polar topology T(E',E) on E of _ef-convergence, we mean

that topology on E having as neighborhood subbasis at the origin the
cléssofall sets of the fom A° = {x € E : |<x,y>| <1 for all y € A},
where each A is in @¥ ., 1In particular, if #¥ is the set of all:
1. finite subsets of E' (respectively, of E), then we get
the weak topology TS (E',E) on E (respectively, TS (E,E")
on E')
2, absolutely convex weakly campact subsets of E° (respectively,
of E), then we get the Mackey topology T (E';E) on E
(respectively, Tk(E,E') on E')
3. weakly bounded subsets of E' (respectively, of E), then
we get the strong topology Tb(E',E) on E (respectively,
T,(E,E’) on E')
4. strongly bounded subsets of E° (respectively, of E), then
we get the strong dual topology Tb* (E',E) on E (respectively,
Tb*(E,E') on E'),
It turns out that T_(E',E) C T, (B',E) < T4 (E',E) < T, (E',E) .
Tb(E',E) is the finest polar topology that can be defined on E using
the dual pair <E,E'> ; TS(E',E) is the coarsest. If (E,T) is an
laéotovoso, we let (E,T)' be the vector space of all continuous
linear functionals on E , It turns out that Tk(E',E) is the finest
polar topology T on E with respect to the dual pair <E,E'> for
which (E,T)' = E' .,
If (E,T) is an l.c.t.v.s., then E is a member of the dual
pair <g,(E,T)'> . Moreover, T is the polar topology of .ef~convergence
where &f = {Ub : U is a neighborhood of () in (E,T) . Thus, the
viewpoint of dual pairs can be used on any l.c.t.v,s.
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2, The Dual Pair <S(E),S’(E*)>

Recall that <E,E'> is a dual pair of vector spaces over the
field K of real or complex scalars.

The B-dual X* of a subset X of w(E) is defined by
X* = {y) e wE”) s 1} < xnyyn>| <= forall (x) in X}, Y
is defined similarly for a subset Y of w(E') , Note that
w(E)* = ¢(E') and ¢(E)* = w(E') . Note also that * is an in-
clusion reversing map and thus X* = x*** for all X contained in
w(E) ., Also, X* is a v.s.s, over E' ,

A subset X of w(E) (respectively, Y of «w(E'")) is called
B-perfect if X = X** (respectively, Y = Y**) ., From the previous
paragraph, X* and X** are always R=-perfect and X** is the
smallest B-perfect subset of w(E) containing X .

If S(E) , S°(E') are v.s.s. over E, E' respectively, and if
S'(E') < S(E)* , then <S(E),S*'(E’)> is a dual pair of vector spaces
over the field K with bilinear fom <(x ),(y )> = Z<xn,yn> . S(E)
and S'(E’) distinguish one another since S(E) = ¢(E) and
S"(E’) © ¢(E') . We shall assume throughout that <S(E),S'(E‘)>

denotes a dual pair of v.s.s. with S*(E') < S(E)* and with the

bilinear form just defined,

We note that if T = T(S"(E’),S(E)} is the polar topology on

S(E) of &/-convergence, then T is determined by the seminomms:

(x) —>  sup 1} <X ¥l ¢+ A€ 7,
(y ) eA

If X is solid in S(E) , then it is easy to show that
= xXN¢(E))®, where © is taken in S*(E°) , Thus, X° is
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solid in S°(E°) if X is solid in S(E) , Using this fact and a
related one for subsets of S'(E') , we see that the polar topology
T = T(S"(E°), S(E)) of &V -—convergence is solid if and only if each
A in &’ can be chosen to be solid in S'(E'}) . Because S'(E?)
contains ¢ (E') , it follows that such a topology T is determined
by the seminorms:

) =>  sup § |<x .y, AeT,
n (y )ea non

We have definad S(E}* to be the largest v.s.s. S'(E') such
that <S(E), S°(E?)> is a dual pair with the bilinear form defined
above, To ensure that the normal topology (defined below) can be put
on S(E) , it is necessary to introduce another type of dual.,

The a-~dual X* of a subset X of w(E) is defined by
X' = {(yn) € w(EY) : E l<xn,yn>| < « for all (xn) in X} ,

Y is defined similarly for a subset Y of w(E') , The map

like the map * , is inclusion reversing and X* = X

for all
X ocontained in w(E) . We call X o-perfect if X = X,
Similarly, we call Y o-perfect if Y =Y** , where Y is a subset
of w(E') . Note that X* is a solid v.s.s., over E° , and that
X*=x* if X is solid,

Given the dual pair <S(E), S'(E')> of v.s.S., take 2V to

be the set of all solid hulls in S'(E') of elements of S'(E‘)

[=]

27 determines a polar topology if and only if each member of ¥

is weakly bounded or, equivalently, if and only if S'(E') < S(E)* .
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When it is defined, we call this topology the nommal topology and denote
it by TO(S'(E'), S(E)) . We note that whenewer S(E) or S'(E') is

solid, then S'(E') < S(E)* and T_(S'(E'), S(E)) is defined, We also
note that if T(S'(E'), S(E)) is solid, then

T(s'(E'), S(E)) D T, (S'(E'), S(E)) and S'(E')C S(E) .

The dual pair <>\,>\x> of s.s.s., was originally studied by Kdthe
and Toeplitz [11], and later, using the theory of l.c.t.v.s., by Kothe
[9]. The dual pair <iA,A*> has been considered by Chillingworth [3],
Matthews [12], and Komura and Komura [8)], We list below the a-duals

and B-duals of some s.s.s. Recall that A* = A if A is solid.

*® *
Bk, =gy
1*-2 where 1 < <°°and}'+}--l
p-q' P.g pTg-
* * x
= = = 2
c c c 1
ax=!.l,whereaisthes.s.s.spamxedby¢arﬂthe

alternating sequences (c,~c, c,~c,+«2) where c € K .

*

a* = {(an) ew s J(-1" a converges}

Since the results that we will be obtaining in the succeeding
chapters on the v.s.s. S(E) with polar topology _T('S"‘(E'). S(E))
generalize the scalar theory developed mostly by Kithe, we make the
following definition.

An l.c.t.v.s.s. (S(E),T) is said to be of Kbothe type if:

1. There is a vector space E' and a v.s.s. S'(E')
such that <E,E'> and <S(E), S'(E')> are dual

pairs with the bilinear form on the latter induced
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by that on the former by summation; and,
2, There is a class _#¥ of subsets of S'(E') such

that T is the polar topology on S(E) of .27 -convergence.

3., Projection Maps

In this chapter, we have been considering a v.s.s. S(E) which
is a member of a dual pair <S(E), 8'(E’)> of v.s,s, In addition to
the projection and injection maps Pj and Ij between S(E) and E
(defined in Section 2 of Chapter 1), we have corresponding maps P.'

J

and Ij' between S'(E') and E’ , It is easy to verify that:

pP* = I.' and I.* = D'
3 3 3 3

where * denotes the adjoint map, Since the adjoints are defined,
Pj and Ij are weakly continuous ([15], p. 128). Similarly Pj' and
I.' are weakly continuous. As in Section 2 of Chapter 1, we first

J
obtain our results for projection maps in a more general situation.
Suppose now that L and M are members of the dual pairs
<L,L'> and <M,M'> respectively, that PI is the identity map on
M and that P and I are weakly continuous with adjoints P* and
I* , Ifwelet I'=P* and P' =1I* , then P'I' = (PI)* is the
identity mapon M' . Thus P' and I'acton L' and M' as P
and T acton L and M,

Iemma 3,1 Let P and I be weakly continuous and let T be
the polar topology on L of 27 -convergence. Then:

(1) TI is the polar topology on M of P'(2¥)-convergence,
where P'(27) = {P'(A) : A ecer} .

(2) p is T, TI continuous if and anly if the class .¢¥
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determining T can be chosen so that I'P'(A) e &V
whenever A e g7 .

Proof. Since P’ is weakly continucus and onto, P*(<f) is
a class of weakly bounded sets with linear hull equal to M' , Also,
foreach & in ¢y , T = (T*®W1° = [P (A)]1° . The result (1)
follows fram this equation if we recall that the I 1(a°) generate
T, and P'(e) = {P'(A) : Acgl) .,

For each A in 27, we have P~l{p'(a)°] = (P*P'(a)]° = [I'P'(a)]°
Suppose that T is continuous, Then [I'P'(A)]° is in T since
P'(a)° is in T, by (1). Thus, I'P'(A) can be assumed to be in
. Conversely, if I'P'(A) is in &Y, then Pl[p'(a)°] is open

and P is continuous since TI is the topology of P’ (¢7)-convergence,

Remark 3.2 If ¢7 is the class of all subsets of L' that are
bounded or campact or absolutely convex and campact or precampact with
respect to any one of the weak, Mackey, or strong topologies, then
P'(2f) is the class of all subsets of M' of the same type. Thus,
in particular, if T is the weak, Mackey, or strong topology respec-
tively, then TI is the weak, Mackey, or strong topology. These
results follow from the weak (and thus strong and Mackey) continuity
§f themaps I' and P' ([15], p. 158) and from the fact that P'I!
is the identity on M®' .

Moreover, each of the above classes satisfies the condition in

(2) of Lemma 3.1, Thus, P is T, TI continuous for the corres—
ponding topologies,

If we take <L,L°> = <S(E), S*(E*)> , <M,M'> = <E,E'> ’

P=Pj, I=Ij, then Pj and Ij are weakly continuous, PjIj
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o

is the identity mapon E and P’ =Pj" ¢ I° =Ij'
From the previous lemma and remark, we get the following proposition

and corollary.

Proposition 3.3 ILet <S(E), S'(E')> be a dual pair of v.s.s.

and let T be the polar topology on S(E) of &7 —convergence. Then:
(1) Tj is the polar topology on E of Pj'(zf/)-convergence
(2) » is T, T, continuous if and only if the class sz
determining T can be chosen so that Ij'Pj'(A) ey
whenever A £ <7 .

Corollary 3.4 Let <S(E), S'(E')> be a dual pair of v,s.s,

Then for each 3j, Pj

and closed if S(E) and E both have the weak, the Mackey, the strong,

is continuous and open and Ij is continuous

or the strong dual topologies, or if S(E) has the normal topology
and E has the weak topology.

4, Convergence Properties

In this section, we shall dewvelop properties of the dual pair
<S(E), S'(E')> that are well-known for the scalar case where
E=E' =K and S'(E') = S(E)” , The key results are obtained from

correspording properties of the particular case <2_,%.> .

10

Proposition 4.1 Iet <S(E), S'(E')> be a dual pair of v.S.S.

with S'(E') solid. A sequence of elements in S(E) is weakly
convergent (respectively, weakly Cauchy) if and only if it is normally
convergent (respectively, normaflly Cauchy).

Proof, Since S'(E') is solid, the nommal topology is defined.
A normally convergent (respectively, normally Cauchy) sequence is weakly
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convergent (respectively, weakly Cauchy) since the normal topology is
finer than the weak topology.

To prove the reverse implication for convergent sequences,
suppose that (xr(xl)) > (xn) weakly in S(E) as i+« , Since

S'(E') is solid, we have for all (cn) in £ and (yn) in S'(E?)

that (cnyn) is in S'(E'} and thus that

' <(Xr(ll)) - (xn)' (cnyn)> I = |2n=l < Xr()i) - n' yn> cnl > 0

as i+« , This implies that (<xr(11)- xn,yn>) converges to (0)

weakly in 2,1 as i+« , where the weak topology on £, is defined

1
by the dual pair <£1,R,°°> > Since weak convergence implies normal

convergence in 21 ([10], p. 198), the sequence also converges

normally. Consequently,

Zn=1 | <xr(1i) - x> | 0 as i+
for each (yn) in S'(E') . That is, (xlgi)) + (xn) normally as
i+,
If there were a weakly Cauchy sequence (xxgi)) o 1=1,2,0°9,
in S(E) which was not normally Cauchy, then for same € > 0 and
(yn) in S*'(E’) , there would be a sequence of pairs ice Jy
where k = 0,1,2,-.0, such that

1) (G
) l|<xmlk~ nk v Y>> | 2e
n=

(ik) (jk)
contradicting the fact that (xn ) - (xn ) converges to (6)
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weakly and normally as k + « ,

Remark, The proposition need not hold if S'(E') is not solid,
even in the case when E =E' =K , For if we take S(E) = a = &
s!' (E') =0 , and (xn ) = (0,0'009091'1,0,0’90) in o ’ then

(xr(li)) converges weakly to (0) , but not normally,

In the remainder of this section, we investigate "slice convergence";
i.e., we examine the convergence of the "slices" (’ﬁq) (< i) ,
i=1,2,0¢., for (xn) in S() .
Given the dual pair <S(E), S'(E*)> , it is clear that for each
(Xn) in S(E) , (xn) (< i) » (x) weakly as i + = , Moreover, if
the normal topology on S(E) is defined, then S'(E') € S(E). and
thus, (xn) (< i) » (xn) nomally as i + = for each (x)) in S(E) .
We now show that if S(E) is solid, the convergence also holds in the

Mackey topology.

Lemma 4.2 Let <S(E), S'(E')> be a dual pair of v.s.s. with
S(E) solid. Then the map (xn)[ ] ¢ S*(E') » 21 defined by

(Xn)[(yn)] = (Xy > is T_(S(E), 8'(E") , Ts(lw,zl) continuous,

Proof. Since S(E) is solid, the image of (xn)[ ] 1lies in
2, . let (a) bein %, . Then {(a))° is a typical subbasic weak
neighborhood of (0) in 21 » For (Yn) in the weak neighborhood
{(ax)}° of (8') in S'(E') we have

[l ww>al=1l<xax,y>1z1.

Thus, (Xn)[ ] takes {(anxn) }° into {(an) }° , and continuity
follows.



27

Proposition 4,3 Let <S(E), S'(E")> be a dual pair of v.s.s.
with S(E!} solid. Then for each (,xn) in S(E) , (xn) (i) » (xn)

in the topology Tk(S”(E”), S(E)) as i+ o ,

Proof. Let C be an absolutely convex weakly canpact subset

of S'(E') . By Lamma 4.2, (xn) [C] is an absolutely convex weakly
canpact subset of Rl « Thus ([10], p. 284),

Leo]

sup ) | <2 ;v > | +0 ags i+,
(y)eC n=1i n-n
n
In particular,
sup | <(x) - x)(<D . y)> >0 as ise,

(y,)eC
and the proposition follows,

Remark, Proposition 4.3 need not hold if S(E) is not solid,
let S(E) =a, S'(E") =o , and (x) = (1,-1,1,=1,00¢) . Be-
cause it is orthogonal to the alternating sequences, it turns out that
C = {(c)461,C5sCpq002) 2 | le i £1} is an absolutely convex, weakly
bounded and weakly camplete (and therefore weakly campact) subset of

o . However, (xn) (< i) does not converge to (x,) wniformly on C

as i+ o ,

The following theorem asserts that "slice convergence” is a

property characteristic of spaces of KSthe type.

Theorem 4.4 ILet S(E) be a solid v.s.s. and let E' = E* be

the algebraic dual of E . Then there is a finest 1.Cot.V.S.S.

topology Ta on S(E) for which (S(E) 'Ta)a = S(E) . Moreover,



T =T (S(EY*, S(B)) .
a k

Proof, If S(E) is solid, then (S(E) ’Tk)a = S(E) by Pro-

position 4.3, where T

_ *
k-—Tk(S(E) s S(E))

Suppose (S(E),T)_ = S(E) . let £ be in (S(E),T)' , Since
(Xn) (<1i) » (xn) in (S(E),T) as i+« , we have for each (xn)

in S(E) that

1
£lix )] = ilfnm £l ) (< )] = ilimm Zn=l K ¥p> = <K ),y )>

where y = fel  is in E* . Thus, (S(E),T)'cC S(E)* . Therefore,

TCT . Thus, T, 1is defined and equals Tk(S(E)*, S(E)) .

5. Solid Topologies

In this section, we investigate the solid polar topologies on
S(E) induced by the dual pair <S(E), S°’(E")> ,

In the proof of the following proposition, we use the Banach
Boundedness Principle ([15], p.26) which asserts: "A subset X of
an l.c.t.ve.s. (L,T) is bounded if and only if for every null
sequence ¢ , n=1,2,0.-, in K and every sequence x ,

n=1,2,0.-, in X , the sequence C Xy # n=1,2,..., oonverges
]

@

to the zero vector in L as n + «

Proposition 5.1 ILet <S(E), S*(E')> be a dual pair of v.S.S.

If S(E) is solid, then the solid hull in S'(E') of a weakly
bounded subset of S'(E®’) is weakly bounded. Thus, Tb(S' (E'), sS(E))

is solid if S(E) is solid.

Proof. ILet Y be a weakly bounded subset of S°*(E') . Let
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(1) (1)
(an Y. )

n ) s+ 1i=1,2,0ce, be any sequence in |Y| N\ S'(E') , where

(y(i)) is in Y and Ia(i)|<l forall i, n=1,2,... . Let
n n =

¢, i=1,2,00., beanull sequence in K. Since Y is weakly
bounded, c(l) (yr(xl)) converges weakly to (6') as i+ = , By

(i))
Yn
converges normally and weakly to (8') . Since this convergence holds
for all null sequences c(i) and sequences (ar(li)ylil)) in

¥l s'(E') , it follows that |Y|A S'(E') is weakly bounded.

; i
Proposition 4.1, it converges normally as well, Thus, c(l) (a!: )

Corollary 5.2 If S'(E') is solid, then the solid hull of a

strongly bounded subset of S'(E') is strongly bounded. Thus,
Tb*(S'(E'), S(E)) is solid if S'(E') is solid,

Proof, Let Y be a strongly bounded subset of S'(E') and
let X be a weakly bounded subset of S(E) . Since |X| N\ S(E) is
weakly bounded, there is a positive constant M such that
| z<xn,yn> | <M for all (x) in x| Ns(E) , (yn) in Y,
Because S(E) D ¢(E) and |X] N S(E) is solid in S(B) , this
implies that } | XY | <M for all (x) in X, (y) in Y.
Since such an inequality holds for each weakly bounded X , |Y| is
strongly bounded.

Remark. Proposition 5.1 need not hold if IS(E) is not solid.

. 21 2i+
For the sequence (xr(ll)) = (0,0,¢0¢,0,1,1,0¢4,1,0,0,¢00) , i=1,2,c¢°,

is T (a,0) bounded in o but its solid hull is not.

Given a polar topology T(S'(E'), S(E)) on S(E) of 27-convergence,
we note from Section 2 that there will be a solid polar topology on S(E)
with respect to the dual pair <S(E), S'(E')> that is finer than T if each
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member of |g7| /N S'(E') = {|A| " S'(E') : A e 2V} is weakly bounded,
Moreover, the topology |T| of |&f] N\ S'(E')-convergence would then
be the coarsest solid polar topology of the dual pair <S(E), S'(E')>
finer than T ., From Proposition 5.1, we see that |T| is defined
whenever S(E) is solid, Also, S'(E') C S(E)* whenever |T| is
defined.

Remark. 1In particular, given the dual pair <S(E), S'(E')>
of v.s.s., we can form the polar topology |Ty|(S'(E'), S(E)) an
S(E) . Since the seriesoccuring in the proof of Proposition 4.3 is
absolutely convergent, for each (xn) in the solid v.s.s. S(E) ,
we can conclude that (x ) (< i) » (x) in the topology
|1, | (S*(E'), S(B)) as i+« . Using this fact, we will be able to
show that Tk(S(E)*, S(E)) is solid if S(E) is solid. We first

require a result on duals of spaces of Kithe type.

Theorem 5,3 Let <S(E), S'(E')> be a dual pair of v.s.s. with

S(E) solid and S'(E') = S(E)* , and let T be a polar topology on
S(E) . Then (S(E),T)'

S(E)* if and only if (S(E),T), = S(E)
and (E,Tj)' =E' foreach j.

Sufficiency., Since T is a polar topology, it is encugh to show
that (S(E),T)'C SE)* ., If £ is in (8(E),T)' , then since
'(xii) (<i) » (xn) in (s(E),T) as i+« , we have

£l(x)] = Lim £l(x)(<i)] = Lim }

>=<x),(y)>
i+ o i+ o IFl%'yn n'yn ’

where yn=f91n is in E' since .foIn is in (E,Tj)' . (yn) is

in S(E)* since the series converges for all (xn) in S(E) .
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Necessity. Since TCTk(S(E)*, S(E)) , the weakly bounded
subsets of S(E)* detemmining T can be assumed to be absolutely
convex and weakly campact. Since P3 is weakly continuous, it
follows that the weakly bounded subsets of E!' determining Tj can
also be assumed to be absolutely convex and weakly compact. Thus,
Tj c;Tk(E',E) ; equivalently, (E,Tj)' =E', (s(E),T)a = S(E) by
Proposition 4.3,

Proposition 5.4 'rk(s (E)* , S(E)) is solid if S(E) is solid.

Proof, By the remark above, (S(E),ITk|)a = S(E) . Clearly
Ty (E*,E) = |‘1‘k|:i for each j . Thus, lTk|C T, by Theorem 5.3,
Since |Tk| D> T, always holds, we have equality and the proposition
follows.

Corollary 5.5 If S(E) is a solid v.s.s., then the topology
T, is solid, |

Proof. Recall (Theorem 4.4) that T, =T, (S(E)*, S(E)) .

Fram the next proposition, we obtain the interesting fact that
the strong topology T, (S'(E'), S(E)) is independent of the v.s.s.
S'(E') if S(E) is solid.

Proposition 5.6 Let <S(E), S'(E')> be a dual pair of v,s.s.

with S(E) solid., Then T _(S' (E'), S(E)) =Tb(S(E)*', S(E)) .

Proof, Since ¢(E') C S'(E') C S(E)* , it is clear that the
inclusions T, (¢(E'), S(E)) C T, (s' (E'), S(E)) < T, (S(E)*, S(E))
always hold. In proving the other inclusions, we assume that polars
are always taken in S(E) . Suppose U is a neighborhood of (8) in
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T, (S(E)*, S(E)) . By Proposition 5.1, UD A° for same T_(S(E), S(E)™)
bounded set A that is solid in S{(E)* . Since A is solid in S(E)* ,
A°=[aNn¢(E"I° . Therefore, US> [ANn ¢$(E")]® , a neighborhood of
(8) in T (¢(E"), S(E)) . Thus, T (S(E}*, S(B)) T, (¢(E"), S(E))

and the desired equality follows.

6. AK-Campleteness and the Space S,,¢(E)

In this section, we study the notion of AK~campleteness in spaces
of Kothe type. The results we obtain will be particularly useful in
Section 1 of Chapter 3 where camplete spaces of Kdthe type are considered.
In the course of our investigation, we introduce a v,.s.s. Sﬂ(E) which

has been studied in the scalar case by Garling [5].

Proposition 6.1 Let (S(E),T) be of Kbthe type. If

(xn) (<i) , i=1,2,0¢+, is Cauchy in (S(E),T) and if (xn) is

in S(E) , then (x)(<i) + (x) in (SE,D as i+,

Proof, Let T be the polar topology of ¥ -convergence for scme
class &/ of weakly bounded subsets of a v.s.s. S'(E') . Since
(xn) (<i) , i=1,2,0.s, is Cauchy, we have for each € > 0 and
A in _¢7 that
3

| 2n=i+1 <y | =] <) I - ) D,y )> | <e

uniformly for (yn) in A when i,j are sufficiently large. Thus,

o0

1D, St [ = <) - D> | ce

uniformly for (y n) in A when i is sufficiently large. Therefore,

(xn) (<1 ~» (xn) in (s(®),T) as i+,
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The next two corollaries follow directly from Proposition 6.1

and the definitions of AK-campleteness and relative AK-campleteness.

Corollary 6.2 If (S(E),T) is of Kothe type, then a subset X

of (S(E),T) is AK-camplete (respectively, relatively AK-camplete) if
and only if X (respectively, S(E)) contains all those (xn) in
w(E) for which (xn) (<i) , i=1,2,:00, is a Cauchy sequence in X

(respectively, in X ) .

Corollary 6,3 Let (S(E),I) be an l.c,t.v.s.s. and let T

be a topology on S(E) finer than T such that (S(E) ,"I\') is of
Kothe type., Then the AK-complete (respectively, the relatively AK-
camplete) subsets of (S(E),T) are AK-camplete (respectively,

relatively AK-camplete) in (S(E) ,T) .

Given a dual pair <E,E'> of vector spaces, let 27 be a class
of subsets of w(E') such that:
(1) For each j =1,2,c0v , and each A in ZJ, the
set Pé(A) is weakly bounded in E'®' ; and,
(2) The linear hull of |UJ A in w(E') contains ¢(E') .

Ae A
For such a class ,ZV, we let

8 g(E) = {(xn) € w(E) : (ys;:;;A |» ) % ,¥,> | <= for all A ez?} .
n

Fram condition (1), we see that Sd(E) > ¢(B) . If we let S'd'(E')

be the linear hull of Uef A in w(E') , then fram condition (2),
Ac

we see that Sﬂ' (E') > 4(E') . Moreover, <Sﬂ(E) 1Sy (B')> is a

dual pair of v.s.s., and .27 is a class of weakly bounded subsets of
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Sgr'(E') determining a polar topology T,, on Sy (E) . T, is
determined by the seminorms:
(x) — (yrs:;pEA | T < X ¥y | , Aeeg? .,

S7(E) can be thought of as the largest v.s.s. in w(E) on which
these seminorms determine a topology.

If E=E =K and if the members of 27 are solid, then
(s ,(E),T,,) turns out to be the l.c.t.v.s.s. considered by Garling [5].

If _2¥ is the class of all finite subsets of a v.s.s. S'(E') ,
then S_,(E) = 8°(E')* , If ¥ is the class of all solid hulls in
S'(E') of elements of S'(E") , then Sey (E) = S"(E')x . Thus,
S,y (E) appears to be a general kind of dual which includes the
a-dual and B-dual as special cases, We see in Section 3 of Chapter 3
that for same dual pairs <E,E°> this new dual is o=perfect when the
sets in _&Y are solid.

If <S(E),S°(E’)> 1is a dual pair of v.s.s. and T is the polar
topology on S(E) of 27 —convergence, then &7
is an example of a class of subsets of w(E‘) that satisfies con-
ditions (1) and (2), Thus, (S_y(E),T,) is defined. We note that
S(E)c s ,(E) S"(E')* and that T is the restriction of T,
to S(E) .

In the following proposition, we use (S, (E) ,T7) to characterize
those (S(E),T) of K&the type that are AK~-camplete,

Proposition 6,4 ILet T = T(S"'(E'), S(E)) be the polar topology

on S(E) of gy-convergence, Then (S(E),T) is AK~-camplete if and
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Proof,
Necessity. If (xn) is in (Sﬁ,(E) "TJ)a then (xn) (< 1) ,

i=1,2,000, is Cauchy in (Sd(E) /Ty ) s and thus Cauchy in
(s(e),T) . If (S(E),T) is AK-camplete, it then follows that (xn)

is in S(E) .

Sufficiency. Note that (S_y(E),T,) is AK-complete, For

if (xn) i), i= 1,2,001, is Cauchy in (Sz,/(E) ,Tﬁ/) , then
for each A in &7 , | 2n=l Ky | =1 <)), > | is
bounded uniformly for (yn) in A and i =1,2,.0o o Thus, since
) <x_,y > converges,

sup | ] <x y>| <y

n
that is, (xn) is in Sd (E) . Now suppose that S(E) D> (S&(E) ,'1:z¢)a
and (xn) (i) , i=1,2;000, is Cauchy in (S(E),T) . Then it is
also Cauchy in (Sﬂ(E) vTy) - Thus, (xn) (< 1) » (xn) in (Sﬂ (E) ,Ty)
as i+, since (S > (E),T,) 1is AK-camplete. Therefore, (xn) is

in (Sﬂ(E),'Ik)a, and thus in S(E) .

Corollary 6.5 If T = T(S'(E'),S(E)) is a polar topology on

S(E) and S(E) = S*(E')* , then (S(E),T) is AK-camplete.

7., Compactness

The results in Section 4 of Chapter 1 can of course all be
applied to any l.c.t.v.s.s. (S(E),T) of KSthe type.

Because a v.s.s., S’'(E‘) always contains ¢(E') and because
the balanced hull of relatively campact set is relatively campact,

Theorem 4.7 of Chapter 1 can be restated in the following way.
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Theoram 7.1 ILet <S(E), S'(EY)> be a dual pair of v,s.s., and

let T be the polar topology on S(E}! of 27 -convergence, Then the
solid hull in S(E) of a subset X of S(E) 1is relatively campact if
and only if:
(1) For each j , Pj (X) 1is relatively camwpact in (E,Tj) :
(2) For each A in;zf/,
sup T |y | v 0
(x JeX n=i
n
(y,) en
as i > > ; and,;

(3) |X| " s(E) is relatively AK-camplete in (S(E),T) .

Remark. If S(E) = S°(E')* , then by Corollary 6.5 (S(E),T)

is AK-camplete and condition (3) is automatically satisfied,

Corollary 7.2 Let (S(E),T) be of K&the type and let |T]| be

defined. Then the solid hull in S(E) of a subset X of S(E) is
relatively campact in (S(E),T) if and only if it is relatively campact

in (s®),|T]) .

This corollary follows directly fram Theorem 7.1, Corollary 6.3,
and the fact that I’]Z‘|j = Tj for each j ,

Proposition 7.3 If <S(E), S'(E')> is a dual pair of V.S.S.

with S'(E') solid, then | (v,) | is a weakly campact subset of
S'(E') for each (yn) in S'(E°) . Thus, TO(S'(E"), S(E))CTk(S'(E'),S(E))
when S°(E') is solid.

Proof. Since S'{E’ is solid, the normal topology is defined

on S'(E') . Also, for each (y) in S'(E') , (y)(<i) ~ (y) in
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the normal topeclogy on S (EY as i =« . By Proposition 4.8 in
Chapter 1, Kyn‘;i is nommally compact, 1n particular, it is weakly
campact, Thus, the solid hull of an element of S'{E'} is absolutely

convex and weakly campact; i.e., TO::TS‘" {E"}, S(E}) Tk(sD (E"), S(E)) -

8. Matrix Representation of Linear Maps

In this section. we consider two dual pairs <E,E'> and <F,F'>

of vector spaces and two dual pairs +«S{E}, S {E'i: and

<S(Fy, S'(F")> of v.s.s, The projection mappings and the bilinear
forms for these spaces will be distinguished by subscripts.

A matrix (Zij_‘fv p 153 = 1,200, of linear maps Zij s E+>F

is said to represent the linear map Z : S{E! * S(F) if for each
oo

(xn) in S(E) , Z Zijxj is a weakly convergent sum in F for
i=1 -

(Z{x )Y = L Z..x, for all 1 .
F n i

each 1 and P
1 j=1 J ]

7

Theorem 8.1 Iet S'IE') be weakly sequentially complete and

let S°(E’) = S{(E)* . Then a linear map Z fram S(E) to S(F) is
weakly continuous if and only if it is represented by a matrix of

weakly continmous linear maps fram E to F .

Proof. The necessity follows by a straightforward application
of the weak continuity of the maps PigF and Ij,,E and the weak
oconvergence of (xn) (< i} to (xn) for each (xn) in S(E) .

To obtain the sufficiency, it is enough to show that if 2 is
represented by a matrix (Zij) ; where the Zij ¢ E+F are weakly
continuous, then 2 has an adjoint, For all (xn) in S(E) and

(y ) in S'{F"} we have
n
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<T@ ),y )> =I <I zZ;.x

n s9Y 5>
<S(F) ,S*(F*)> i=l j=1

J <F;FG>

=L " 200 <2, X.,¥.>
i=1 j=1 13 1 7 icp po>
(since the sum is weakly convergent)

=X I @ <x,,2%y.>
i=l j=1 I 1l Ee>

where 2z*. , the adjoint of %,, , is defined since Z.. is
ij ij 1j
assumed weakly continuous. In particular, this implies that (Z’i"jyi)
is in S(E)* for each i ., Therefore, it is in S*(E') = S(E)* ., Thus,

<Z(x ),y )> =1 <x),Z* y.)> ,
n' " 0 gy SUF)> =l R AN g /ST (E?)>

Since this sum converges for all (xn) in S(B) , we get that
zi=l (z’i'nyi) is a weak Cauchy sequence of partial sums of elements
of S'(E') . By the assumption of weak sequential completeness, it
converges to an element Zi:1 (Z;nyi) say, of S°’(E’) . Since the
convergence is weak, from the previous equality we have

<Z(x ),y )> =<(x) , Z (z* y.)>
n'’*n <S(F) ,S" (F") > n 7 iy intd <S(E) ,S" (E") >

Thus the adjoint of Z is defined and 2% is weakly continuous.

Remark, Fram (2) of Theorem 1.3 in Chapter 3, we see that the
conditiors of Theorem 8.1 are satisfied if E° is weakly sequentially
camplete, S(E) is solid, and S"(E°) = S(E)* ,
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9. Characterizations of Certain Spaces of K&the Type

In this section, we obtain a necessary and sufficient condition

for a special class of l.c.t.v.so.s. (S(E),T) to be of KSthe type.

Theorem 9.1 ILet (S(E}).T) be an l.c.t.v.s.5., such that

(E'Ti)' = (EgTj)D for all igj = 10290000 Ttm (S(E) UT) iS Of
Kdthe type with T solid if and only if T is determined by a family

of absolutely monotone seminomms P 0 € D ;, satisfying the following
condition:

pa[(xn)] = lm p [{x ) (< i)] for each o € D and

1+ »

OC0000D0O00OO0C0CO0D000CO00A0COI0OB0000000Q000DOO0O0 (S) o

(xn) € S(E)
Proof,
Necessity. If (S(BE),T) is of Kothe type, then T is deter-

mined by a class _€¥ of subsets of a V.s.s, S° (E’) . If in addition

T issolid,thenthesetsin,zy can be chosen to be solid in
S"(E*) . The seminorms determined by the sets in.ZVthensatisfy
the seminorm condition (S) .

Sufficiency, Iet E' =

(E,,Tj)"g j =1,2,000, Since the seminorms
are absolutely monotone, T is solidand P, is T, Tj continuocus
for each j . Thus for each y in E' and each j = 1,2,¢00, the
linear functional (xn) > <Pj[(xh)].,y> = <(xn), Ij'(y)>, (where

Ij" s S°(E°) + ¢(E°)) , is in (S(E),T)° , Thus, Ij"(y) is in
(S(E),T)* foreach y in E° and j = 1,2,000, Therefore
(S(E),T)'D ¢(E°) ., Thus TDTS(NE“), S(E)) . We now show that

T is detemmined by a class of weakly bounded subsets of ¢(E’) .
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We first note that since T (E',E)< T,C T, (E',E) for each j ,
we have T_ @ Y gW) T( ' 1 @@ EY) for each i, e
polars we use in the proof are taken either with respect to the dual
pair <€, E'@)5  or with respect to the dual pair <S(E),$(E')> .
Foreach a € D, let Uu. = {(xn) : pa“xn)] <1} and let

0, ;= () rple) el <1 = aWe) ) o since U, is

a closed absolutely convex neighborhood in (S(E),T) and since IV

is T(i), T continuous, (I (i))—l(U ) is a closed absolutely convex
neighborhood in @1 ,7) | since 1 g @@ 5, a™ ™ w)
is weakly closed and it follows that there 1saweak1yboundedsubset

A . of E'(l) such that:

a,i
o (i),-1
Aa,,i = (I7) (Ua) o
° - : _1 o -’l
mus, @y - e e wy
a,i
. o _
To€os By 3 = Ui
where B . =1'1D @ ) is a subset of $(E') ., Therefore,
a1 (s PP
=/\u (by condition (S))
i G,
=(U B
1 l

Thus the sets Li)Baoi,aeD, are weakly bounded in ¢(E') and
detemmine T . Since we have already shown that T2 T_(6(8'),S(E)) ,
it follows that T isapolar’topologycn S(E) with respect to
the dual pair <S(E),$(E')> . Thus (S(E),T) is of KSthe type and

the theorem is proved.
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Remarks, 1. If (S(E),T) is of KSthe type with T = T(S°(E’),S(E))
solid then the seminorm condition (S) of Theorem 9.1 holds for any
family of absolutely monotone seminorms P,s® €D, determining T .,
For if we let A = {(x) ¢ S(B) : p I(x)] <1} for eachoae D, then
Aao is a subset of S°(E°) that is solid in S'(E') and P, is the
seminomm associated with Aao . Thus, the seminorms p ,u € D, satisfy
condition (S),

2, Note that the condition "(E,,Ti) ¢ = (EI,Tj) * for all
i, = 1,2,000," will always hold when E =K , i.e, when S(E) = S(K) is
& sS.S.8, Note also that since ' <K,K> is the only dual pair of wvector
spaces in which K can occur, it follows that if (S(K),T) is of
Kdthe type then T is a polar topology with respect to a dual pair
<S(K), S'(K)> of scalar sequence spaces,

Let <E,E’> be a dual pair of vector spaces and let (S(E),T) be
an l.c.t.v.s.s, over E., If (S(E),T)° is a v.s.s. over E' (i.e.,
if the elements f of (S(E),T)? can be identified with the elements
(yn) of a v.s.s, over E' so that f[(xn)] = X <X 0¥, for all (xn)
in S(E)) , then it is clear that (S(E),T)*< S(E)* . Thus a
sufficient condition for (S(E),T) to be of Kdthe type is that (S(E),T)"
be g v.s.s, over E' , The following theorem detemmines those solid
l.cotovosos, (S(E),T) for which (S(E),T)° is a v.s.s. over E' ,

The proof is similar to the proof of Theorem 5.3 and is omitted.

Thebrem 9.2 Let <E,E'> be a dual pair of vector spaces and

let (S(E),T) be a solid l.c.t.v.s.s. over E ., Then (S(E),T)’ is
a V.8.8, over E’ if and only if (S(E),T)'> ¢(E®) , (S(E) ,T)a = S(E) ,
and (E,Tj) ' = E® for each j = l'zpoooo

Remark, From Theorem 9:2, we see that (2.,]] ||,)° is not a
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S.S.S, since (2_,|| Hw)a =c, 7L -

If (S(E),T) is an l.c.t.v.s.S,, and if T is determined by a
family of seminomms P, €D, we let
lp 1[(x )] = sup p (c x)
@’ R (c)e¢np @ 7R
for each (xn) in S(B) and ¢eD ., If Ipu|[(xn)] < » for each
(xn) in S(E) and a e D, then |pa|0aeD,, is a family of
absolutely monotone seminorms determining a solid topology on  S(E)
which we denote by |T| . Moreover, the seminorms Ipa|,aeD,

satisfy the seminorm condition (S) of Theorem 9,1.

Theorem 9.3 Let (S(E),T) be a solid l.c.t.v.s.s., such that

E' = (E,,Tj)fj for each j = 1,2;,.0., and suppose that

(S(E)4,T)" D ¢(E’) . Then (S(E),T) is of Kdthe type if and only if
T is determined by a family of seminorms pmly a € D such that
lpa“(xn)] <« foreach (x) e S(E) and aeD.

Proof .

Necessity. If (S(E),T) is of Kdthe type then T is a polar
topology on S(E) of _27-convergence for a class _&7 of subsets
of a vosos. S°(B') ., If Py is the seminomm associated with A in

27 , then lpAI[(xn)] < @ for each (xn) in S(B) .

Sufficiency. Fram the proof of Theorem 9.1, |T| is a polar
topology on S(E) with respect to the dual pair <S(E),$(E')> .
Since (s(E)',T)b $@E') , TDT_($(E),S(E) . Since T |T| , T
is also a polar topology of the dual pair <S(E),$(E')> , i.e.

(S(E),T) is of Kéthe type.



CHAPTER 3

HEREDITARY PROPERTIES OF VECTOR SEQUENCE SPACES

OF KOTHE TYPE

If (S(E),T) is an l.c.t.v.s.s., we might ask how the properties
of (S(E),T) are related to those of the (E,Tj) ¢ J=1,2,000 o In
particular, is (S(E),T) camplete or barrelled or reflexive when
(E,Tj) is camwplete or barrelled or reflexive for each j ? If Pj
is '1‘,Tj continuous for each j , an immediate partial answer to the
above question is that (E,Tj) inherits those properties of (S(E),T)
that are preserved under continuous open onto maps., The problem is in
going the other way. Most of this chapter is therefore devoted to
determining when (S(E),T) inherits a property that the (E,Tj) ’

j =1,2,000, all have,

We assume throughout this chapter that (S(E),T) is of K&the type.

1, Canpleteness

Recall that an l.c.t.v.s. (L,T) is camplete if every Cauchy net

in (L,T) converges. (L,T) is quasicamplete if every closed bounded

subset of L is complete; equivalently, (L,T) is quasicamplete if
every bounded Cauchy net in (L,T) converges. Finally, (L,T) is

sequentially camplete if every Cauchy sequence in (L,T) converges,

In this section, we determine when an l.c.t.v.s.s8. (S(E),T)
of Kithe type with T solid is camplete, quasicomplete, or sequentially
canplete. The results we cbtain on campleteness are stated in terms of
the l.cot.ves.s. (S,/(E),T,) . The dependence on the class &l is
only apparent; i.e., if T(S°(E'),S(E)) is a solid polar topology an
S(E) , then S_/(E) is independent of the class ¢V determining T .

43
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The following proposition is the key to most of the results in
this section,

Proposition 1.1 ILet (S(E),T) be of Kdthe type, where T is a

solid polar topology of _¢7-convergence. Then each of the following
statements implies the one below it:
(1) S(BE) =s'(EN* ,
(1') S(E) is a closed subspace of (8, (E) iToy) o
(2) Every TK-convergent Cauchy net in (S(E),T) converges,
(2') Every TK-convergent bounded Cauchy net in (S(E),T)
canverges.
(2") Every TK-convergent Cauchy sequence in (S(E),T) converges.
(3) (s(B),T) is AK-camplete,
Moreover, (1') and (2) are equivalent, Also, if T is the nomal
topology, then all the above statements are equivalent.,

Proof. If (1) holds, then S(E) = S"(E")* = S,y (E) and thus
(1') holds. |

Suppose (1') holds and (xx‘l‘*)) is a Cauchy net in (S(E),T) such

that for each j , x:gm)-»xj in (E,'Dj) . Let e>0 and A in &7
be given, Then

® )
z |<xr(1a)°xn'yn>| = 2n=1|<xn “. (B) ¥ >| + 2n=1|<xr(f - n'Yn>| °
(o)

Since (xn ) is Cauchyin (S(E) ,T) , there is same Y such that

a,8 > vy implies that 2 @ )-xr(zs) pyn>| < e/2 for all (yn) in A,
Since for each j , ( ?_ xj in the topolagy Tj of _27,-cmvergenoe,
for sufficiently la.rge B, 15 |!®x x v >l ce/2 forall (y)

=1 “n n

in A , Since the choice of Y was independent of k , we hawve that
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a > vy implies that Z;l|<xr(1“)-xn,yn>| g€ forall (y) in A, In
particular, it follows that (x) is in S,,(E) since ™) - )
and ") arein S_(E) . Also, &™)+ x) in (5,®@,5,) .
Since we are assuming (1°), this implies that (xr(xa)) + (xn) in (s(g),T) .
Thus (1°) implies (2).

The remaining implications follow immediately,

If T is the nommal topology, then (xn) (< 1) is nommally

Cauchy for each (x) in S*(E")* , Thus, (3) implies (1) if T is

the normal topology.

Remark. Recall that if S°(E°’) is solid, then weakly convergent
(respectively, weakly Cauchy) sequences are normally convergent
(respectively, nomally Cauchy) . Thus if S°(E’) is solid, (2") and
(3) are equivalent to the condition S(E) = S’(E')* when T is the
weak topology.

Suppose that Ij is Tj /T closed. (This condition is satisfied
when T is solid), Then Ij (E) is a closed subspace of (S(E),T) .
Consequently, (E,,Tj) is camplete (respectively, quasicamplete,
sequentially camplete) if (S(E),T) is complete (respectively, quasi-
camplete, sequentially camplete). From these facts and the preceding
proposition and remark, we obtain the following theorems,

Theorem 1,2 Let (S(E),T) be of Kothe type, and let T be
solid. Then
(1) (s(E),T) is complete if and only if (E,Tj) is
caplete for all j and S(E) is a closed subspace
of (s_,(E),T,) .

(2) If S(E) is a closed subspace of (S, (E),T ) then
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(S(E),T) is quasicamplete (respectively, sequentially
canplete) if and only if (E,Tj) is quasicamplete

(respectively, sequentially camplete) for all j .

Theorem 1.3 (1) S(E) is normally complete (respectively,
quasicamplete, sequentially camplete) if and only if
E is weakly camplete (respectively, quasicomplete,
sequentially complete) and S(E) = S'(E°)* ,
(2) If S°(E') is solid, then S(E) is weakly sequentially
camplete if and only if E is weakly sequentially camplete
and S(E) = S"(E")* .

Remarks. 1, If T is solid and S(E) = S'(E")* , then S(E) = S, (E)
is a closed subspace of (S#(E) ,T,) and (1) and (2) of Theorem 1.2
apply. In particular, the s.s.s. (2.p,|| Hp) , 1<p<= areall
canplete.

2, By Proposition 3.1 of Chapter 1, we see that (S (E),T, )a
is another example of a closed subspace of (S > (E) ,'1_‘d) -« In particular,
Sy = (Lwel] |1o), 1is a closed subspace of (%..|| ||lo) and thus
(c°,|| |le) is camplete, This example shows that a s.s.s. need not
beana—dualtobecanplete,evenifthei:opologyiscoarsertnanthe
Mackey topology (|| |l € T, (2,,c) since (c,|| [|)" =2, by
Theorem 5.3 in Chapter 2.)

3. There may be closed vector sequence subspaces of (S,(E),T,)
besides those mentioned above., In particular, c is a closed subspace

of (£,l] || ) which isn't even solid. (c,|| ||,) is also camplete,

Thecrem 1.4 ILet (S(E),T) be of Kdthe type with T solid and

(S (B) ,'r')‘_=ll = S(E) . Then (S(E),T) is complete if and only if (E,T)
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is camplete for all j and (S(E),T) is AK-camplete,

Proof. The necessity is immediate,

To prove the sufficiency, suppose that T is the polar topology
of &V -convergence. If (S(E),T) is AK-complete and (S(E) T, =SE ,
then S(E) = (S _,(E) ,'Ifu,/)a by Proposition 6.4 in Chapter 2, Thus, S(E)

is a closed subspace of (S Jﬂ(E) ,'I_"ﬂ) . Therefore, (S(E),T) is camplete,

Remark., By Proposition 4.3 in Chapter 2, if S(E) is solid, the
condition (S(E) 'T)a = S(E) of Theorem 1.4 holds for any polar topology

T coarser than Tk(S‘(E'),S(E))

Except for (2) of Theorem 1.3, the results of this section hawve all
been stated for an l.c.t.v.s.s. (S(E),T) of Kothe type with T solid,
If T is not necessarily solid, the condition that (S(E),T) be com~
plete can turn out to be a very strong one., The following proposition on
weak campleteness illustrates this fact, Weak sequential campleteness

has already been considered; weak quasicompleteness is characterized in
the next section.

Proposition 1.5 Let <S(E),S'(E')> be a dual pair of v.s.S.

Then S(E) is weakly camplete if and only if E is weakly camplete,
S(B) = w(E) , and S°'(E') = $(E") .

Proof. The sufficiency follows by noting that a net (xr‘la’) , e €D
is weakly convergent (respectively, weakly Cauchy) in S(E) = @(E) if
and only if for each j , x;a):, a € D, is weakly convergent (respec-
tively, weakly Cauchy) in E ,

To prove the necessity, we first note that if S(E) is weakly

caplete, then S(E) = L. , the algebraic dual of S°(E') . This
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follows because S(E) is TS(SB(E“)pL) dense in L ([15], p. 125)
and because TS(S“ (E') ,S(E)) is the restriction of TS(S0 (E®) ,L)

to S(E) . We note also that (8) is the only member of S(E) which,
when regarded as a linear functional on S*(E’) . is equal to zero on
¢$(E’) . Fram this we conclude that S°(E°) = ¢{E") ; otherwise, we
ocould construct a nop~zero linear functional in L = S(E) that is zero
o ¢(E'). Since S°(E') = ¢(E*) , the weak and normal topologies

on S(E) are the same. Thus, S(E) is normally camplete. Therefore,

by (1) of Theorem 1.3, S(E) = ¢(E*)* =w(E) and E is weakly camplete.

2, Spaces of Kothe Type that are Quasibarrelled, Barrelled,

Semireflexive, Reflexive, or Montel.

let (L,T) be an l.c.t.v.s, If we let L

(L,T)* , and
L" = (L?, '.I‘b(L,L“))B s then L is a subset of L" when considered
as a set of linear functionals on L° ,

We say that (L,T) is gquasibarrelled if the injection map of

(L,T) into (L", Tb(L‘iL")) is continuwous or, equivalently
(1201, p. 304), if T =T  (L°,L) .

We say that (L,T) is barrelled if every set of pointwise bounded
continuous linear functionals on (L,T) is equicontinuous. Since T
is the polar topology determined by the class of equicontinuous subsets
of L', (L,T) is barrelled if and only if T = Tb(L',L) o

We note that if <L,L°> is a dual pair of vector spaces and if
(L,T) is barrelled (respectively, quasibarrelled) for some polar
topology T ooarser than Tk(L’,L) , then (L, Tk(L',L)) is barrelled
(respectively, quasibarrelled). In this section, the barrelled
(respectively, quasibarrelled) spaces (S(E),T) of Kothe type that
we investigate are assumed to have the Mackey topology., The following
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proposition is a simple restatement of Theorem 5.3 in Chapter 2,

Proposition 2,1 Iet <S(E),S"(E’)> be a dual pair of solid

V.S.S, with S'(E’) = S(E)* , and let T = T(S(E)*,S(E)) be a polar
topology on S(E) . Then T« Tk(S(E)*,,S(E)) if and only if

(S(E),T), = S(E) and T, T (E',E) for each J = 1,2,00°,

Theorem 2.2 ILet <S(E),S'(E'})> be a dual pair of solid v.s.s.

with S*(E°) = S(E)* , Then (S(E), T, (S{E)*,S(E})) is quasibarrelled
(respectively, barrelled) if and only if (Eka (E° ,E)) is quasibarrelled
(respectively, barrelled) and (S{E), T, * (S(E)*DS(E)))a = S(E) (respec-

tively, (S(E), Tb(S(E)*,S(E)))a = S(E)) .

Proof, Since (S(E), T, (S (E)*,S(E))) is quasibarrelled (respec-
tively, barrelled) if and only if T, (S (EY*,S(E)) D T, (S(E)*,S(E))
(respectively, T, (S(E)*,S(E)) = Tb(s(E)*,S(E))) , the theorem follows
fram Proposition 2,1,

We recall from Proposition 5.6 in Chapter 2 that if S(E) is solid,
the strong topology Tb(S(E)) = Tb(SU(EU),,S(E)) on S(E) is independent
of the v.s.s, S*(E’) , where ¢(E°) < S"(E") <. S(E)* . This inde-
pendence allows us to give the following theorem,

Theorem 2.3 Let <S(E),S°(E')> be a dual pair of v.s.s, with

S(E) solid. Then (S(E), Tk(S“ (E°) ,S(E))) is barrelled if and only
if S'(E°) = S(E)}‘,r (Eng(E“gE)) is barrelled, and (S(E), Tb(S(E)))a = S(E) .

Proof. The sufficiency follows from Theorem 2,2,
To prove the necessity, we recall that if (S(E), T, (8° (E*) ,S(E)))
is barrelled, then Tb(S('E)) = Tk(S"‘(E“),S(E)) o Thus,
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S'(E")

(S{E), T_(S(E1V)" > (S(E), T, (SEE)*,SE)))" = S(E)* . Therefore,
S°(E') = S(E}* . The necessity of the remaining conditions now follows
fram Theoiem 2.2,

Given a dual pair <L;L'> of vector spaces, we say that L is

semireflexive in the dual pair <«L,L'> if and only if L =L* . Since

L is semireflexive in the dual pair <L,L'> 1if and only if
(L, Tk(L;L”H 1s barrelied ({10}, p- 308}, the following proposition

is an immediate oconsequence of Theorem 2.3,

Proposition 2.4 Let <S(E),S*{(E’)> be a dual pair of v.S.s.

with S°(E') solid. Then S(E) is semireflexive in the dual pair
<S(E),s° (E*)> 1if and only if E 1s semireflexive in the dual pair

<E,E°> , S(E) = S'(E")* , and (S'(E'}, T (S'(E*))), = S (E")

Since L is semireflexive in the dual pair <L,L'> if and only
if L is weakly quasicamplete ({101, p. 301}, from Proposition 2.4
we obtain the following corollary.

Corollary 2.5 1Iet <S{(E),S°(E’)> be a dual pair of v.s.s.

with S"(E') solid, Then SI(E) is weakly quasicomplete if and
only if E is weakly quasicamplete, S(E) = S"(E°}* , and

(S"{E®); T (S"(E"))) = ST(E")

Remark. From Corollary 2.5, we see that a perfect s.s.s. need

not be weakly quasicamplete  For in the dual pair <% 2> L

1° 1
is not Ts(lmgll) quasicamplete since c_ = (2051 1 H“’)a # L. .

A dual pair <L,L°> of vector spaces is called reflexive if
both L and L’ are semireflexive in the dual pair. It turns out

([10]; p. 307) that <L,L'> is reflexive if and only if (L, Tk(L“,L))
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is reflexive in the usual sense; i.2., if and only 1f L =L" and
Tk(L"ﬁL) = Tb* (L",L) . Fram this fact and Proposition 2.4, we obtain

the follow.ng proposition

Proposition 2.6 let <S(E} S5 (E'j> be a dual pair of solid v.s.s,

Then (S(E), Tk(S” (E“} ,SIEV}Y 1s veflexive if and only if (E, Tk(E',,E))
is reflexive, S(E\ = S"(E®)* . S'(E) = S(E}* ,

(s8), Tb(S(E)))a = S{EY , and (S'(E'}, Tb(S” (E‘)))a = S"(E") .

A barrelled l.c,t.v.s. (L,T? is said to be Montel if every closed
bounded subset of (L,T} is compact or, equivalently, 1f every bounded

subset of (L,T) is relatively compact.

Proposition 2.7 let <SI{E},S°(E')> be a dual pair of v.s.s., with

S(E) solid. Then (5(E), Tk

the. following conditions hold:

(S (E"};S(E})} 1is Montel if and only if

(1) (Eka(E"”,;E)) is Montel ;

{2) TFor each bounded set X in (S(E), Tb(S(E))) ’
(xn) (> 1) , 1 =1,2,-¢cv, converges to (6) in
(s®E), Tb(S(E)Y) uniformly for (xn) in X ; and,

(3) S(E} =S"(E")* and S°(E") = S(E)* .

Proof .,
Necessity, Iet T = Tk(S‘“’ (E°) ,S(E)) . If (S(BE),T) is Montel,
then it is barrelled, Thus, (E, T, {E',E)) is barrelled by Theorem 2.3.

Moreover, since P is T, Tk(EV,E) continuous and I_. is 'I‘k(E",,E) ¢

1
T continuous and closed, it follows that the closed bounded subsets of

(E, T, (E',E)) are campact., Thus, condition (1) holds.
k

If (S(E),T) is Montel, then T = T, (S(E)) and the bounded
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subsets of S(E} are the same for every polar topology on S(E!} with
respect to the dual pair <S{E}; S'{E'}> . Thus, solid hulls of
baunded subsets of S(E} are bounded by Corollary 5.2 of Chapter 2.
Therefore, 1f (S(E)},T} is Montel, then the solid hulls of bounded
subsets of S!E} are relatively cawpact with respect to T = Tb(S(E)) o
Condition (2) then follows from condition (2} of Theorem 4.7 in
Chapter 1.

Since Montel spaces are reflexive ({10], p. 372), condition (3j

follows fram Proposition 2.6.

Sufficiency. If conditions (1), {2}, and (3) hold, then (S(E},T)

is barrelled by Theorem 2.3. Thus, T = Tb{S(E)) .

(S(E) ,T) is AR-camplete since Si(E! = S'{E'})* , and that Pj (X) is

We note that

relatively campact in the Montel space (E, Tk (E",E}) if X is bounded
in (S(E),T) . From Theorem 4.7 in Chapter 1, it follows that the
solid bounded subsets of (SiE),;T! are relatively campact. By
Corollary 5.2 in Chapter 2, the solid hull of a bounded subset of

(S(E) ,T) 1is bounded, Thus, bounded subsets of (S(E),T) are

relatively cawpact. Therefore (S(E},T) is Montel,

3, Weakly Bounded and Strongly Bounded Subsets of Spaces of Kithe Type,

If <L,L'> is a dual pair of vector spaces, and if

 denotes the class of all absolutely convex weakly campact
subsets of L' ;

J denotes the class of all absolutely convex, weakly closed,
strongly bounded subsets of L' ; and,

%/ denotes the class of all absolutely convex, weakly closed,
weakly bounded subsets of L' ;
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then C c %/ . Moreover, the equality ¢ = %) is equivalent
to the condition that (L, T, (L',L)) be barrelled; and, the equality
C =4 is equivalent to the condition that (L, T, (L',L) be
quasibarrelled., We have studied the conditions C =} amd ¢ =
in Section 2, 1In this section, we consider the condition .= #/.
It follows that . =/} if and only if every weakly bounded subset
of L' is strongly bounded. Moreover, the weakly bounded subsets

of L' are strongly bounded if and only if the weakly bounded subsets
of L are strongly bounded. If L (or L') is weakly sequentially
camplete, then ,J=W by the Banach-Mackey Theorem ([10], p. 256).,
Thus, in particular, weakly bounded subsets are strongly bounded in
each member of the dual pair <A,A*> of solid s.,s.s. This result can
be generalized to the dual pair <S(E),S(E)*> of solid v.s.s. without

requiring S(E)* to be weakly sequentially complete.,

Theorem 3.1 ILet <S(E),S'(E')> be a dual pair of v.s.s. with

S(E) solid and S'(E°) = S(E)* . Then the weakly bounded subsets
of S(E) are strongly bounded if and only if the weakly bounded subsets
of E are strongly bounded,

Proof. The necessity follows fram the continuity of the maps

P. and I. .
J ]

To prove the sufficiency, we argue by contradiction. Suppose
then that the weakly bounded subsets of E are strongly bounded,
that S(E) is solid, that S'(E‘) = S(E)* , and suppose that there
is a weakly bounded subset of S(E) which is not strongly bounded.
Then there is also a weakly bounded subset of S(E)* which is not
strongly bounded. Thus by the Banach Boundedness Principle, there
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is a weakly bounded sequence (Yr(ml))” i=1,2,000, in S(E)* and a
scalar null sequence c(i), i=1,2,000, such that c(i)(yr(li)) e 1 =1,2,000,
does not converge to (6') strongly. Consequently, there is an € > 0

and a weakly bounded sequence (xr(li)) , i=1,2,000, in S(E) such

that Zn=l| <xlil), <! yr(ll)>| > € for infinitely many i = 1,2,°0¢ ,
By choosing subsequences if necessary, we assume that this inequality
holds for all i =1,2,00c , and that (/|cP|) isin 2

= | <xr(1i)p c(i)yr(‘i)> |

. 1 ° Let
a(l) . Then
n

) a(l)z_e for all i ccevcoe (%)
n=1 B

Since Pj is weakly continuous, y;l), i=12,::0, is a weakly

bounded (and therefore a strongly bounded) sequence in E' for each
j . Thus for each j , c Dy 5 g

) ]
each j , xgl),i=1,2,ooo, is a weakly bounded sequence in E , we

strongly as i+« , Since for

have for each fixed m that

Z an c— 0 as i"m cooo00 (**)

(iy)
Thus, we can choose a subsequence (ank e k=1,2,000, of

(ar(xl))' i=12,000, and integers 1 = n, <m < Ny, <My <cooy <M< seuy
such that
n, -1
k
Z (iy) < g/4 "
n=1 -
mk (lk)
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® (i)
) an <e/4 for all k = 1,2,c00,

n=mk+l

Loosely speaking, for each n we cri;ncentrate most of (*) in In--n

k
by choosing lk so large that ) is small by (**), and by
o n=1
taking m S0 large that zn 41 is small,

i /G i) (i)
Let b(l) = |c(l)| and define (Zn) by ; = b(lk y 1k

n n

n.kinimk s and z, = 8° otherwise, Since the sequence

(yn(lk)), k=1;2,000, is weakly bounded and since S(E) is solid and

o)y is in L, + it follows that (z) isin S(E)* . Since the
(iy) i

sequence (xn k )y k=1,2,000, is weakly bounded and b(l), 1=1,2,000,

(i) (ig)
b (Xn )y k=1,2,000, converges to

(6) weakly (and thus normally) ., But

is a scalar null sequence,

o (1) (i) (1) (1) (i) (1) (1)
I 1o Kx M 2] Xl KX p Ky Kslap 0 ® e
=] n=n,; en,
(i) (i)
for all k . This contradicts the fact that b (xn Yo k=1,2,000,

converges to (0) nomally.

Remark, By considering the dual pair <¢,¢> , we see that
Theorem 3.1 need not hold if S°(E’) # S(E)* . Theorem 3.1 need not
hold if S(E) is not solid. If it did, then in the remark following
Corollary 5.2 in Chapter 2, the solid hull of the sequence
6!y, 1 =1,2,00c, would be weakly bounded by Corollary 5.2.

The next proposition does not involve a hereditary property of
V.8.8., but does follow naturally from Theorem 3.1, We assume that

<E,E'> is a dual pair of vector spaces and that 27 is a class of
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subsets of ¢(E’) satisfying conditions (1) and (2) in the definition

of S JZ7(E) in Section 6 of Chapter 2.

Proposition 3,2 If the weakly bounded subsets of E are strongly
bounded, and if the members of _£¥ are solid, then S /) is

a=perfect,

Proof. Since S_, (E}* is solid, it follows from Proposition 5.6
in Chapter 2 that the strongly bounded subsets of S, (E)* are the
same for the dual pairs <S_,(E), Sy (E)"> and <8, (E)**, S, (E)*>,
By Theorem 3.1, the weakly bounded subsets of S, (E)* are strongly
bounded for each of these dual pairs. Thus, the class %4 of all
weakly bounded subsets of S, (E)* is the same for each of the dual
pairs, Therefore, Sd(E)**C SW(E) <s, (E) since ¥ }4/. Thus,

5,/(E) = SZ;,(E) **  and Sd(E) is a=perfect since it is solid,

4, Nuclearity

In this section, we obtain a necessary and sufficient condition
for a v.s.s. to be nuclear with respect to the normal topology.
If (L, TY is an l.,c.t.v.S, and B is an absolutely conwvex

©0

non~-empty bounded subset of L , we let Ly = UnB and give L

n=1 B
the norm topology induced by pB, the seminomm associated with B .
The following definitions of nuclear map and nuclear space are equiv-
alent to the usual definitions (see Schaeffer [15], p. 97-101) .

A limar I'ﬂap Z fmn an 10CotoVoSo (LET) tO an 10Cotovoso

(.M,'f‘) is nuclear if it is of the form

260 =2 all) oyt )

i=1l
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{1) ‘ (1)

where I _ |a <m .y, 1i=1,2,.c-, is an egquicontinuous

i=1
sequence in (L, T)° , and z(l)g i=1,2,902, 1is contained in an
absolutely oconvex bounded subset B of L for which MB is camplete.

An l.c.t.v.s.  (L,T) 1s nuclear if every continuous linear map
of E into any Banach space is nuclear.

It turns out ([13]}, p. 64) that an l.c.t.v.s, (L,T) is nuclear
if and only if for some (every) neighborhood base 7/ of absolutely

convex neighborhoods of zero the following property holds:

{P) "For each neighborhood U in 7Z¢ there is a neighborhood

V in 7¢ and a sequence y(i)

o0

i= P ,

pU(x) < I 1 | <x&y(l)> | holds for all x in E ",
i=

7 i= 10250000 in (L,T)u with

£ (y{1)) < ®» so that the inequality

It is actually sufficient to cbtain this inequality for neighborhoods
U in a subbase generating // by finite intersections and for V
in /¢ o

lema 4.1 A subset X of an l.c.t.ves. (L,T) is bounded if
and only if the sequence of partial sums Zizl c(i)x(i)a n=1,2,000,
is Cauchy for each sequence x(i), i=1,2,000, in X and each
sequence c(i), i=1,2,¢00, in ll o

Proof .

Necessity. Suppose X is bounded in (L,T) , x(l), i=1;2,000,

is a sequence in X and c(l),i=lazgooop is in 2,10 Given an
absolutely convex neighborhood U of zero, choose r so large that
i=m

XCrU and n so large that Zl |
o i=n

Then, since U is absolutely convex,

c(1)| <l/c vhen m>n2>n .
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m i i
. c( )x(l) € c(n)rU + coo + C
i=n

whenever m>n>n .,
-— —o

(m)

L W= ™ 4 o0 + c(m)rUCU

Sufficiency. Suppose that the condition stated in the lemma
holds for same suwbset X of L . If X is not bounded in (L,T) ,

then for same neighborhood U of zero we have X ¢ i20 for all

i=1,2,000, Thus, there is a sequence x(l), i=1,2,°°°, in X

such that xM ¢ i%U for i=1,2,0cc. Since 1/i%, i = 1,2,00¢,
. nooo20 (i) . .
is in 2_ , Zi_l(l/l x'7', n=1,2,:00, 1is Cauchy. Thus,

1l
(l/iz)x(l)

s 1 =1,2,000, converges to zero, contradicting x(i) Z izU
for all i = 1’2p°’:b
If S(E) is av.s.s, and A 1is a s.s.S., we let

A°S(E) = {(anxn) : (an) €A, (xn) € S(E)} .

Theorem 4,2 Let <S(E),S'(E’)> be a dual pair of solid v.s.s.

Then (S(E), TO(S' (E’), S(E))) is nuclear if and only if
s'(E*) C llos' E") .

Proof .

Sufficiency. A neighborhood subbasis for the normal topology

on S(E) is given by the sets l(yn)|° where (y ) isin S'(E") .
Given a subbasic neighborhood U = |(y ) 1°, let (y) = (cz) where
(c) isin &
W
1
(yn
closed, we have V° = I(zn)| « Thus,

and (z) isin S'(E') . Take V= |(z)|° and
1l n n

) = I;.(cizi) . Since |(z )| is absolutely convex and weakly

c|

= .| P (X
i=1 | 1T (=)

% (i) _ _ © -
2,=1 Polly, )]l =1t %) = zi=l le;] <= so that

v and (y!Y) satisfy the condition in (P) . Also,
© oo (1)
o <X, ,C.2Z.> | =z L | <(xn).,(yn )> |

o0
[(x)] =12 <x ,y>| =t
pU h n=1 l n' n I i=1l i=
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for all (xn) in S(E) . The nuclearity now follows from property (P).

Necessity. Let (yn) be in S'(E') . Then as in Lemma 4,2
oane can show that the map (yn) [(xn)] (<x A >) is a continuous map
fram (S(E), T (S'(E'),S(E)) to (&,|] ||;) . Since S(E) is muclear

and 2.1 is a Banach space, this map is nuclear. Thus there is a
sequence a(i)
(1)
v,

s 1=1,2,00., in 2.1, an equicontinuocus sequence

) in S'®') = (S®, T_(S'(E'),S(E)))' , and a sequence (br(li)) ,
i=1,2,0., fromabounded set B in % , with (1)) complete
such that (v, ) [()] = (x> =35~ a® <o), > o),
where the series converges in the P, topology on (9.1)B and thus in

the norm topology on Elo Taking (xn)=In(x) in the last equation

gives <x,y>=>:_ -1 (1)<xy (1) for all x in E . Thus

v =5 a [ (1) EN
n i=1 n n

being equicontinuous, are members of the absolutely convex hull I of

for each n=1,2'ooo. Note that the (y!(ll)) ’

the solid hulls of a finite nunber of points (zr(ll)), cee (z(k)) in

S'(E') . T is weakly camplete since each of the (zr(ll’) are.
We now have (v ) =>:i:1 ad (b!(‘i)yn(i)) . Indeed, the partial sums
are weakly Cauchy by Lamma 4.1 since the sequence (b!(ll) (1)) ’
i=1,2,+00, is weakly bounded and a(i), i=1,2,0¢0, is in 9,1.
Sﬁicethepartialsunsallliein xI' for same fixed r > 0 , the
series converges since I is weakly camplete,

Because (y(l)) is in T , we can write
(i), _y k (1'3) (1,3) (j) k (i,3)
v, ") = zj=l a (c, """z ") where Zj=1 |a |

i=1,2,00r, and (c{) ¢ 1B  for each i=1,2,o0¢, and for each

5_1 for each

j = 1'2'°°°'k ° Thus,
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T (), (4 (1)
(yn) = 2i=1 a (bn yn )

- .k .. C e . .
(1) a(loj) (c(l,J)b(l)y(l)
i=1 j=1 n n n

U
™
)]
e

)

k o0 . P ¢ . .
5 5 a(l)a(lo]) (c(:.,J)b(l)y(l)
j=1 i=1 n n “n

It

)

k . .
-3 (G(J)Z(J))
j=l n n

were @) = @7 4@, 0P L W),
n i=1l ] n n '
j =1,2,000k , since a¥), i =1,2,000, is in 2. , (bgl)) p

s in 2 for each

i=1,2,000p 1is a bounded sequence in 9.1 , and Ia(l'])clil”])| <1
. (3) < s

for all i,j,n . let o = max a . Then (o is in 2
+Je n j=1029°°°0£ n | n) 1

and fram the last equation

k a(j) . (3)
(y)=2 (a°-9-°z(])) (wherewesetgg- =0 if o = 0)
n iz] D@ n o] n
J n _ n
(3)
k an (

J=1 (!n

i
-
Q

(crz) forsome (z) in S'(EY) .
nn n
This campletes the proof,

Remark. Since a subspace of a nuclear space is nuclear
({15), p. 103), S(E) is nuclear with the nomal topology when
S’ (E?) CJ?.l"SB (E°) and S'(E') is solid even if we do not assume
that S(E) is solid,



CHAPTER 4

THE VECTOR SEQUENCE SPACE A (E,T)

In this chapter, we study a v.s8.s. A(E,T) that is formed in a
natural way fram a solid s.s.s. A and an l.c.t.v.s. (E,T) . These
spaces include as special cases the spaces )(E) of Pietsch [14], and
the spaces SA(E) of Cac [1].

If XA is provided with a solid topology TA , then a solid
topology T)‘oT is defined on A(E,T) in a natural way. In
Section 2, we consider the l.c.t.v.s.s. (A(E,T) ,TAoT) . In
Section 3, we examine this space in the particular case when E is
nommed

l. The Space A(E,T)

If (E,T) is an l.c.t.v.s, with topology T determined by

seminomms Pye @ €D, and if A is a solid s.s.s., we let
A(E,T) = {(xn) € w(E) s (pa(xn)) e A for each a €D},

Since )\ 1is solid, it follows that A(E,T) is a v.S.s, which is

independent of the family of seminorms chosen to determine T .
The following spaces are all examples of the v.s.s, A(E,T) :
cO(E,T) , the space of all sequences in (E,T) that converge

to 6 ;

2,(E,T) , the space of all bounded sequences in (E,T) ;

LEN D ={e) cw® : 2 lix ||P<e , wrere (&I |
is a nommed linear space and 1 <p < = ;

AK,T) = A ;

w(E,T) = w(E) ; and,

¢(E,T) = ¢(B) .

6l
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A(E,T) has only been defined for those s.s.s. A which are
solid., We can therefore define c(E,T) to be the space of all
convergent sequences in (E,T).

If E is a member of a dual pair <E,E'> of vector spaces and
if T is the polar topology on E of .2/ -convergence, it is con-
venient to express A(E,T) by the equality

A (E,T) = {(xn) e w(g) : (| <X B> |) e A for each A egv) .

m |<x,A>|=ng|<x,y>| foreach x in E and A in o .
If we take 27 to be the class of all singleton subsets of E'

and if we assume that A is a-perfect, then A (E,T) = ME,T_(E',E))
is the "generalized perfect space A(E)" introduced by Pietsch ([14],
p. 30). We cbserve that the notation A(E) is consistent in the
case when A =¢ or X =w with the notation ¢(E), w(E) introduced
in Chapter 1.

If T is the polar topology on E of &¥ -convergence with
respect to the dual pair <E,E'> , it is not in general true that
A(E,T)* = A*(E',T") for same polar topology T' = T'(E,E') on E' .
However, if we let

E(E',27) = U {(y) ew(®) :y eA foreach n=1,2,:..} ; and,
Afgy M n

A* . E(E ) = lley) : (c) er*, (v ) € E(E',27)}

then the following proposition holds,

1

Proposition 1,1 Let <E,E'> be a dual pair of vector spaces,
let T be the polar topology on E of,zf-ccnvergence, and let T*

be the polar topology on E' of convergence on the class of all
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bounded subsets of (E,T) . If A is a solid s.s.s, then:

(1) A(E,T)*c A*(E',T*) ; and,

(2) A**(E,T) = N* - E(E’,2]*

 Proof, (1) If (y) isin A(E,T)* , then I | X,y > | <o
for all (xn) in A(E,T) . In particular, I | <cnzn,yn>| <
for all (c)) in A and (z) in Z,(ET) . Tus,
> |cn| | <By > | <= for each bounded set B in (E,T) and each
sequence (cn) in A ; otherwise, there would be a sequence (zn)
in £_(E,T) such that I |cn| | <z .Y > | diverged. Thus, (| <B,y_> h
is in A* for each bounded set B in (E,T) . Therefore, (y )
is in A% (E',T) .

(2) Recalling the appropriate definitions, we have:

(x) € A" (E,T) <=> (| <x B> [) e \** forall Ace tos
<=> % |cn| | <« _,A> | <= for all A e’ and c) € A*

>3l | | =x,y>|<> forall (y) €&@®,s
and (c) € z*

<=> I | <X ,C v > | <= for all (y) € E(E',2)
and (c ) € A*

<=> (xn)-e \* - E(E',aN]1*

Corollary 1.2 If X is'a solid s.S.sS. such that A* =2

then A(E,T)* = zl(E','r*)' . Consequently,
co(E,T)* = c(E,T)* = 2,.(E,T)* = !.l(E',T*) .

1 ’

Proof, Since \* = 8, oA C =0y . Thus, A(E,T) c &_(E,T .
Therefore, A(E,T)* < 2 _(E,T)* < zl(E','r*) , where the last inclusion
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follows immediately fram the definitions, The reverse inclusion holds
by (1) of Proposition 1.1, The final equality follows fram the

inclusions ¢ (E,T) < c(E,T) < & (E,T) and the fact that c % = %," =2, .

Femarks, 1. If X is a-perfect, then A(E,T) is the B-dual
of a solid v.s.s. by (2) of Proposition 1.1, Thus, A(E,T) is

a-perfect if A is a-perfect. In particular, the "generalized perfect

spaces A(E)" of Pietsch are o-perfect. Moreover, if we take

S(E) = A(E) and S'(E') to be the linear hull of \* - E(E',2¥)
vhere 27 is the class of all singletons in E' , then the topologies
oonsidered by Pietsch ([12], p. 21) are polar topologies of the dual
pair <S(E),S'(E°)> . Note, in this case, that S(E) = S'(E")* by (2)
of Proposition 1.1, and that S(E) and S°'(E') are solid, Also,

S(E) = A(E) is of Rothe type when provided with one of the topologies

of Pietsch, Thus the results of Chapters 2 and 3 can be applied here,
2, In Proposition 1.1, we see that T*C T, (E',E) always holds,
while if T CTk(E“,E) s then T* = Tb(E',E) o

2. The space (A(E,T), T,°T)

-If (E,T) is an l.c.t.v.s. with topology T determined by the
seminorms Pye @ € D, and if O"TA) is an l.c.t.s.S.s. with solid
topology T, determined by the absolutely monotone seminorms
qB' ‘B EG, welet T)‘o'r be the topology on A(E,T) determined
by the seminoxms qBopu_, a €D, Be G, where (qBopa) [(xn)] is
the seminorm qB applied to the sequence (pa(xn)) in A,

Because T;\ is solid, it turns out that T)°T is independent of
the seminoms chosen to represent T and of the absolutely monotone

seminorms chosen to represent TA o Also, (A(E,T), TA°T) is a
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solid l.c.t.v.s.s, with T) oT solid,

A (E,T) can of course be provided with l.c.t.v.s.s. topologies
other than TA °oT , In particular, the topologies studies by Pietsch
an A (E) (see Remark 1 at the end of the previous section) are not
of this type.

Proposition 2.1 (A (E,T), TAOT) is of Kothe type if and only

if (A,T)\) is of Kothe type.

Proof.

Necessity. If (A(E,T), T)\°T) is of Kothe type then by the
remark following Theorem 9.1 in Chapter 2, the absolutely monotone
seminorms qBopa, o€ D,B e G, must satisfy the seminorm condition
(S) of Theorem 9,1, Choose a non-zero vector X in E and let

P, be such that pa(x)#oc Then for each (a)) in A and B8 € G

we have
qeopu[ (aTIX)] = ilimw qsopa[ (%X) (i i)] H ioeo I}
RlE,(ax))] = lim qlp (ax)) (1)) « Ths

i+

il

P00 lim ql(a)(c i) .

P, X) qglfa)] S
Dividing by p_(x) , we see that the seminomms qB,B € G satisfy
the seminorm condition /S) of Theorem 9.1. Since (K, (T)\)j). =K
for each j =1,2,<¢>, it follows from Theorem 9.1 that ()"TA) is
of Kothe type.

Sufficiency., Suppose (A,T)\) is of Kéthe type. Then T, is
the topology of #{—convergence with respect to a dual pair <A,A'>
of s.s.8., where A° can be assumed solid since T. is solid and A7

A
is a class of solid subsets of A' ., lLet E' = (E,T)' and let T



66

be the polar topology of 2V=convergence with respect to the dual
pair <E,E’> , where ,@7 is a class of subsets of E' such

, a L3
that 1&4{/1\=E" and such that for each pair Al,A2 of sets in 27,
there is a set A3 in ¥ such that A1+A2CA3 » Then
E(E°,27) is av.s.sc. over E' . We let A/-2¥ ={M < A : M e, A e}
where M < A = {(“hyn) : m) €M and y €A for each n=1,2,..0} .
Then it follows that T,eT is the topology of A ef~canvergence
with respect to the dual pair <A(E,T), A® -E(E',2/)> . Thus
(X(E,T), T,oT) is of K6the type.

Remark, We ocould have proved the sufficiency in Proposition 2.1
more easily by applying Theorem 9.1. The purpose of the proof we

have given is to introduce notation that will be of use later on.

Proposition 2.2 Let )‘a = (A,T Then

l)a °

(A(E,T), T)\oT)a = )\a(E,T) N

Proof. Note that Aa is solid since T)\ is solid and thus
A,(E,T) is defined, Let (x ) e (A(E,T), TA°T)a - Then
(pa(xn)) € A and qB°pa[(xn) (>1i)] > 0 as i+ = for each
aeD, Be G, Thus, qB[(pa(xn))(> i)] + 0 as i+ » for each
aeD, BeG; i.e, (pa(xn)) e)\a for eacha € D, Thus
(xn) € Aa (E,T) . The reverse inclusion follows directly by the same

type of seminorm argument.

Corollary 2.3 (A(E,T), TA°T)a = A(E,T) if and only if
()\ka)a =X,

Since TA°T is solid, Pj is T)\oT v (T;\o'l‘)j continuous

for each j . Fram this, we can conclude (as in the proof of
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Theorem 9.1 in Chapter 2) that (A (E,T), Txo'r) "> ¢(E') where
E' = (E,T)" . Using this fact, the next corollary follows fram
Corollary 2.3 and fram Theorem 9.2 in Chapter 2,

Corollary 2.4 AE,n, T}\oT)" is a v.s.s., over E' if and

only if (A,TA)" is a s.s.s. md E' = (E,T)"

Remarxk . If (AE,T, TAoT)“ is a v.s.s, over E' , then
(A (E,T), T)\°T) is of Xothe type. Using the notation in the proof
of Proposition 2.1, we thus have

At < E(EY, ) Z (AE,T), TyoT) ' < A(E,T)* ,

3. The Spaces ()\(Eill |l) 5TA°H “)

Let E be a normed linear space with norm topology denoted by
Il || and with unit ball B, Let (E', || ||*) be the nom dual
of E and let B’ denote the unit ball in E' ., In this section,

we study the class A(E, || ||) of v.s.s. where A is solid.

Proposition 3.1

(1) x(E,]|] H)=A=B=H%%H(%nx y 2 €B,
for n = 1,2,...}

4

@ M || ID*=2a*e, ||| .

Proof . (1) From the definition in Section 2, we see that
AE AL = te)allx [hex, x eE} If (@) isin A and z_,
n=1,2,¢-«, is a sequence in B , we have ||anzn|| f_lanl for
all n . Thus, Hh#a”)ishzk, and the inclusion
AE,|| |[) DA - B follows. On the other hand, if (x ) is in

AE, | 1D, 1let cn=llxn|| if IIxnllfo and c =1 if
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lx Il =0, 1et 2 =x/c . Then, (x) = (x|l - z) isin
A * B since IIan is in A ,
(2) Note that A*(E',|| ||*) = A* - B' by part (1). For all

(@az) in A *B andall (bw) in A* -B' we have
nn nn
z| <a'nzrvbnwn> | <t 'anbnl <o, Thus, A(E,|| ID*>2*@E",]|| |1Y .

The reverse inclusion holds by (2) of Proposition 1.1.

Proposition 3.2 Let Tk=Tk(A*,A) and let (E,|| ||) be
barrelled. Then (A(E,|| |D), Toll [ =2*@", || |9 .

Proof. Since (\,T)'=1)* isas.sse, ((EI| 1), Toll D)
is a v,s.s, over E' by Corollary 2.4, Since (E,|| ||) is barrelled,
|| || is determined by the subset B' of E' ., Letting
2/= {nB' : n=1,2,...} , we have by the remark following Corollary
2.4 that A" . E(E',ef) =" < B'< G, || D, Tell [D'er,l] 1D
since A* - B' = A(E,|| |D* , equality follows.

Remark. Fram the previous proposition, we see that if (E,|| ||)
is barrelled, (¢ (|| ), || Hoell 1ht =2 €11 ||") for

1
Lep<w were (| ]Il [D1&)T = @ 1x,|HYF . nso,
€@ 11 1D, 11 el 1D =2, @ 1] 119, where
(1 el 1D e = s [l 1]

We conclude this section with a few results on the dual pair
E | Dy A e D>,

Proposition 3.3 If (E,|| ||) is barrelled and Tb=-.rb(x*,x) ,

then qu|| || is the strong topology on A(E,|| ||) with respect
to the dual pair <A(E,|| |]), A*@&',|| []9)> .
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Proof. Since (E,|| ||) is barrelled, the weakly bounded
subsets of E' are strongly bounded, i.e. are || ||' bounded. Thus
we wish to show that each weakly bounded subset of A*(E',|| ||%) is

contained in M ¢ B' for some weakly bounded M in A\*

Let X be a weakly bounded subset of A*(E',|| ||*) . Each
member of X can be written as (by ) where ®) isin A*  and
HynH =1 for all n. Since X is weakly bounded, it is strongly
bounded by Theorem 3.1 in Chapter 3. In particular, it is bounded
on all sets of the form (an) ° B where (an)'isi.n A . Thus, if
M denotes the set of all (b) in A* obtained from X in the

above manner, and Y the corresponding set of all (yn) . we have

-}

b > <
b) e | n£1 @Yy | -
n
(yn) €Y
x €B
n

The absolute value can clearly be taken inside the sum. Also, for

. . 1 1
each y, there isan x in B such that an'yn>|->'5”yn”-7'
Thus

- -]
sp ] Jab| < =,

(b )eM n=l1 nn
n

Thus, M is weakly bounded and we have *x CM * B' as required.
Choose x in E and y in E' such that <, y> =1 . We let:

v AE,|| |D) > A be defined by .Py[(xn)] = (x_,y>) ; and,

x : AT AE|] [ be Gefined by I [(a)] = (apx) .

Note that Ponx is the identity mapping on A . Thus, the

o

-
(1)
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results on projection maps in Section 2 of Chapter 2 can be applied,
Maps P}"{e AYE L 1Y) > A* and I;:A*-*A*(E',ll ||") can
be defined in a similar way. It turns out that Ix* = Px" and
Py*=Iy" where * denotes the adjoint map, In particular, all
these maps are weakly continuous,

The maps Ix'Py can be used to relate the properties of
AE,|| |]) and A in the same manner that the maps Ij,Pj are used
to relate the properties of S(E) and E ., The following theorem
illustrates this technique,

Theorem 3.4 Let Tk=Tk(A*(E°,|| 11"y, AE,l] |[)) « Then
A& || []), T) is barrelled if and only if (), T (A*,A)  is
barrelled and (E, T, (E',E)) is barrelled.

Proof.

Necessity. Since P, is T, Il || continuous and open,

(E, T, (E",E)) is barrelled. To prove that (A, Tk(A*,A)) is
barrelled, we show that every absolutely convex weakly bounded subset
C of A* is weakly relatively campact, i.e. has weakly campact
closure, Since Iy‘ is weakly continuous, Iy“ (C) is an absolutely
convex weakly bounded subset of A*(E’,|| [|*) and hence is weakly
relatively campact., Since Px° is weakly continuous, we have that

C= Px"Iyﬂ (C) is weakly relatively campact, as required,

Sufficiency, Since (X, T, (\*,A)) is barrelled,

Tk(k*,)\) = Tb(x*,x) o Since (E, T, (E°,E)) is barrelled, by
Proposition 3.3 we have T, W*;A)e|| || = T (\*,A)e|| || is the
strong topology an A (E,|| ||) . But by Proposition 3.2, the dual
of A(E,|| ||) with respect to this topology is A*(E',|] ||") .
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Thus, (A(E,]] 1), T) is barrelled,

Corollary 3,5 The dual pair <A(E,|| ||, AY@',|| ||9)> is

reflexive if and only if the dual pairs <A,\*> and <E,E'> are
reflexive,



TABLE OF LOCALLY CONVEX HAUSDORFF TOPOLOGICAL

VECTOR SPACES (L,CoToV.Ss)

LchTaV.SG

T

Mackey

(T = T, (E',E))
A

|

Quasibarrelled

T—T (E' E))

/ N

(bounded I'
maps are continuous (T = Ty, (E*',E))

N / e

(T =T *(E IE)

ccmplete metrlsable)

\ i

(E,T) is an l.cot.v.s,
= (E,T)‘J
= Tb(E E'))°
Finite Dimensional

72



Bibliography

[1] Cac, N. P.: On Some Spaces of Vector Valusd Segquences.
Math, zZ, 95, 242-250 (1967),

(2} : Sur les Espaces Parfaits de Suites

Généralisés, Math, Ann, 171, 131-143 (1967).

(3] Chillingworth, H. R.: Generalised "Dual™ Sequénce Spaces,
Nederl. Akad. Proc. Ser. A, 61, 307-515 (1958).

[4] Diewdomné, J.: Sur les éspacés de Kdthe, J. Analyse Math.
1, 81-115 (1951),

[5] Garling, D. J. H.: On Symmetric Sequence Spaces. Proc. London
Math, Soc. 16, 85-106 (1966),

[6] Gribanov, Ju. I.: Abstract Spaces of Sequences. (Russian),
Izv, Vyss, Uceb, Zawd, Math, 45, 58-68 (1965),

(7] : On Abstract Spaces of Sequences and Linear

Operators. (Russian)., Izv., Vyss., Uceb., Zavd, Math, 49,
67-73 (1965),

(8] FKomra, T. and Y. Komura: Sur les éspaces parfaits de suites
et leurs généralisationg, J. Math, Soc. Japan. 15,
319-338 (1963). ‘

[9] KoSthe, G.: Neubegriindung dexr Theorie der vollkommenen Riume,
Math, Nachr, 4, 70-80 (1951),

(10} s Topologische Lineare Raume, Berlin 1960,
{11} » and O, Toeplitz: Lineare R3ume mit unendlich vielen
| Koordinaten und Ringe unendlicher Matrizen, J. reine

angew, Math, 171, 193-226 (1934),

73



(12]

(13]
(14]

[15]
(16]

74

Matthews, G.: Generalised Rings of Infinite Matrices, Nederl.

Akad., Wet. Proc, 61, 298-306 (1958).
Pietsch, A.: Lokalkonvexe Nukleare Riume, Berlin 1965.

¢ Verallgemeinerte Vollkanmmene Folgenriume.,

Berlin 1960.

Schaeffer, H, H.: Topological Vector Spaces. New York 1966.
Zeller, K,: Abschnittskonvergenz in FK-Riumen, Math. Z.
55, 55=70 (1952),



