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TRANSISTORS IN ANALOGUE COMPUTING 

Abstract 

A revised system of electronic analogue computing is outlined 

in detail in which current is used as the variable. This computing 

method is referred to as Current Computing. The current-computing 

system employs operational amplifiers which have low input 

impedances, high output impedances, and high current gains. 

Transistor amplifiers can conveniently be designed to meet these 

conditions. The thesis investigates and evaluates the use of tran­

sistors in this system of computing. 

Suitable transistor amplifiers for a demonstration of current 

computing have been built and tested. Arrangements of the 

amplifier and suitable precision passive elements to perform the 

operations of isolation, multiplication by a constant, summation, 

integration, and differentiation are presented and studied in the 

dissertation. Experimental tests with a three-stage direct-

coupled junction transistor amplifier have produced waveforms 

which demonstrate the principles of current computing in these 

operations. The development of the transistor amplifier is 

discussed, along with an outline of the method of phase and gain 



response control to assure stability with the use of 66 decibels 

of inverse feedback. The amplifier itself and the overall unit 

which performs each type of operation are considered as modified 

four -terminal networks in order to express analytically the manner 

in which they operate on the current variable. 

Errors in this computing system are similar to the errors 

in any analogue system and are due to the use of physically 

realizable elements, both active and passive. The most signi­

ficant sources of error have been resolved and their effects may 

be expressed in terms of known and measurable system quantities 

for each computing operation. 

The accuracy of the computing unit is calculated from a 

comparison of actual signal output to the ideal output when an 

appropriate ideal input signal waveform is assumed. This com­

parison yields an instantaneous fractional error which is averaged 

over a chosen period of time, usually the interval over which the 

computer solution is observed. The averaging process yields a 

single root-mean-square error figure for that interval. Typical 

numerical values are found for the particular transistor amplifier 

developed here. Other analogue systems, such as one using 

vacuum-tube amplifiers, may use this same procedure to find 



the RMS error over an interval of special interest. 

Current computing is described as an effective method of 

utilizing the advantages and peculiar impedance properties of 

transistors in the field of electronic analogue computing. 
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INTRODUCTION 

"Current Computing" is an abbreviated name for one 

system of electronic analogue computation which makes use of 

current as the analogue variable. By means of current com­

puting, it is expected that new techniques., and especially the 

use of transistor amplifiers., may be applied to extend the 

usefulness of analogue computing units. 

Potentialities for increased use of analogue computers are 

largely due to the recent advances in so-called subminiature and 

low-power components, which permit relatively complex .... 

electronic equipment to be compacted into small space and to 

have reasonable power consumption. An outstanding example of 

these advance.a is the transistor. whose low dissipation and 

physical advantages have made possible more elaborate equip­

ments with savings over vacuum tubes in power., size., etc., as 

widely reported in recent literature (l). 

(1) Superscript numbers refer to references listed in the Bibliogr~phy. 
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The method described here attempts to use transistors to 

their full advantage in the growing application of electronic 

analogue computers in scientific, military.., and commercial 

fields. Present analogue computers find .widespread use in 

scientific studi~'3. of differentially related variables, such as in 

(2.~ (3) 
aircrait design . 

Recently developed analogue techniques such as the use of 

a chopper amplifier for drift stabilization(4 ) have assured an 

effective and economical place for the analogue computer even 

3ide-by-side with the expanding use of digital machines. There 

,,tre problems which can be more efficiently solved by the 

analogue computer than by digital .. methods.,, and each of these 
(5, P. 2) (6, P. 3) 

techniques has its own favored domain of usefulness 

A vast amount of thought and technical work has gone into 

the development of mode.rn electronic analogue methods. Bibli­

ographies of pertinent literature are available (5, P. 369). It is 

cm the basis of this .accumulated art that current computing begins. 

lt is developed along a logical pattern to find ahalogue methods 

which are be s t suited specifically to the use of transistors as 

(2) (3) ..•. Superscript numbers refer to references listed in the 
Biblipgraphy. 
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active circuit elements in the computing system. 

A concise and clear picture of the principles on which 

current computing operates is obtained by a direct comparion 

between this technique and the existing methods of voltage analogue 

computing. For this reason the dissertation opens with a side­

by-side presentation of current computing in terms of the well­

developed voltage-computing practices. It is well for the reader 

already to have a general knowledge of electronic analogue 

computing techniques, as the basic principles are not reviewed 

here, but further reference is made to prominent texts in the 

field. 

When the similarities between voltage and current comput-· 

ing systems have been illustrated in ea.ch of the basic mathematical 

operations which these computers perform, the current-computing 

system is considered by itself. Certain properties of the -system, 

such as the need for precision passive elements, the need for high 

amplifier gain, and the importance of frequency response are out­

lined as they bear upon current computing. 

Since the date at which this investigation of current com­

outing was bee:-un, there have aooeared several brief descriotions - - - ... - ... 
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of similar methods of using the current analogue~ Two references 

in particular- have considered this arrangernent of circuit elements 

in a parallel vein (7, P • 419) (8). 

In order to pr-ove the main thesis, that transistors can inde,ed 

be used for analpgue comp~1ting, the specific circuits which have 

been developed, and the test results of their use. are pres.ented 

in summary form in a chapter entitled "Summary of Current­

Computing Demonstration Results". From these concrete examples 

an .appreciation is gained of the relative magnitudes of all system 

quantities, so tha.t the analytic study which follows later has a 

1.ypical numerical basis from which to resolve the .capabilities of 

this system. 

Since many of the system parameters, such as overall unit 

transfer function, depend on the active element used, that is, here, 

the oper-ational amplifier, this unit is studied in detail. Two im·­

portant results of the study have been: the evaluation of important 

• 
properties which the transistor operational amplifier must have. 

and the determination of suitable means of achieving them. A 

chapter entitled ''Operational Amplifier Design" describes the 

procedures a.i-id criteria~ whid1 a.r.·1:: u:s.~<l to obtain optimum 

effectiveness from available transistors. 

.. 
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Once an operational amplifier has been built which is as 

nearly ideal as possible, based 0-11 the properties just mentioned, 

its use in the computing system can be a.nalyzed in detail. Each 

important parameter of the amplifier, such a.s current gain or 

bandwidth, wil.l then have been measured and will be known in 

mathematical terms. By means of system relationships, the effects 

of each parameter on the accuracy of a computing unit, such as an 

adder., are predictable. The analytic relationships which express 

overall accuracy as functions of the parameters are discussed and 

developed in the "System Error Analysis" chapter and in Appendil~ 

IV. Accuracy is expressed in terms of the faithfuln~ss with 

which the operational unit delivers a step-function signal at its 

output terminals. Practical values a.re cited for the transistor 

amplifiers whose properties have been measured in this study. 

Typical decisions which a design engineer must make in the 

construction of useful hard.ware are described in the chapter of 

11Conclu.sions". Suggestions a.re made in general terms on how to 

obtain the best engineered equipment for pra.ctical applications 

having certain known or predictable characteE"istics. 
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~ystem error analysis defines how transistor amplifiers 

must be built in order to operate satisfactorily and allow suitable 

accuracy in the current-computing arrangement proposed here. 

For an amplifier meeting these requirements, a workable .system 

is described in detail, and the use of this system is shown to be 

potentially practical and effective. 

In order that a complete picture be presented of the lines 

of attack and intermediate phases of this investigation, certain 

other topics have been added as Appendices to the main body of 

the report. These additional topics provide continuity to the 

study and they illustrate why major choices and decisions were 

made as to the direction the attack would assume. One major 

decision, of course, was that the transistors themselves have 

definite limitations for voltage a.na.logue computing. and the 

reasons are discussed in Appendix II. It was also felt that some 

indication of the chronological orde.r in which these study phases 

occurred would be illuminating and of historical interest. 

The probability of greatly improved junction transistors 

soon being developed means that potential improvements and wide 

usefulness should be ahead for current-computing systems. As 

+.,...!:lncii,a+n~ -f"~o.n110....-.- .... -------- ~- ----=~~---...J-~ 
--- ------ ... - ............ _.."""'1 ___ .._..._"J ~ ---~" ...... ~-..... .Lo ·""'""'-""'"..a.iucu, for exaiuple, : an _ 
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amplifier may be built having the same or greater bandwidth 

and more degenerative feedback. Such an amplifier will pass 

the Hnalogu.e variable with improved faithfulness over present 

transistor amplifiers. Maximum signal excursions are also 

limited by present transistors. As units having higher allowable 

dissipations are developed; they may be applied to increasing 

signal power delivered to load or to the next computing operation 

or- to a transducer. as the case may be. In summary, the 

methods of current computing seem to fit and utilize effectively 

the unique circuit ·properties of transistors. 



CHAPTER ONE 

Current-Computing Fundameptals 

The basic building blocks of analogue computers are units 

which perform specific mathematical operations upon the variables. 

Typical examples of the most basic operations needed to fill a wide 

variety of applications are: 

(1) Isolation (to prevent loading one computing circuit by another) 

(2) Multiplication by a Constant (including change of sign) 

(3) Summation (including subtraction) 

(4) Integration with respect to time 

( 5) Differentiation. 

Figures 1-1 through 1-4, on the following pages, illustrate the 

circuit arrangements as they are commonly used for voltage 

analogue computing. along with the corresponding arrangement 

to perform the same operation when current is the variable. 

These four figures provide a broad descriptive picture of 

how the current-computing system functions. The operation is 

idealized here in simple.st terms in order to show the principle~. 

-8-



ISOLATION AND MULTIPLICATION BY A CONSTANT 

Arrangements or Amplifiers and Co~~onents 
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Figure 1-1 
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OPERATION OP SUMMATION 

a) Voltage Computing 

--

b) Current Computing 

Figure 1-2 
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METHODS OF PERFORMING INTEGRATION 
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Figure 1-3 
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METHODS OF PERFORMING DIFFERENTIATION 
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Figure 1-4 
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The relationships between the input and output voltages and 

currents, which are showno represent the- desired situations. 

These relationships are approximately brought about in actual 

equipment by the following design objectives. 

Ideally the gains, Ky .. and Ki, of the amplifiers are infinite 

in magnitude. The a1nplifiers I own input impedances should be: 

(1) infinite for voltage computing, and (2} zero for current 
' 

computing. The equivalent internal impedances of the signal 

generators, Zg, or of the preceding stages from which the 

operational units receive their inputs are: (.1) for voltage 

computing, relatively much lower than the input impedance of 

the operational unit., and (2) for current computing, relatively 

much higher than this input impedance. The output impedances 

of the operational units are (1) much lower than the equivalent 

loading impedance for voltage computing. and (2) much higher 

than the load for current computing. 

In Figures 1-3 and 1-4 the transform relationship~ between 

output and input variables are shown by capital letters, where 

"p" represents the differential operator. The low~r-case 

variables show the instantaneous quantities in the time domain 

where initial conditions have been neglected. 
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The exact requirements of the so-called operational 

amplifier, which is represented in these figure.a for each system 

by the triangular block, will be discussed for current computing 

in more detail later. It will be obs.erved now, however, that in 

all uses shown it is a three-terminal device, and it is the only· 

active element within these elementary operational units of any 

large analogue computer. 

It is important to note, also_. the requirements that all 

passive circuit elements shown in these figures be of precisely 

known electrical properties. They are precision components# of 

known and stable electrical values, and they determine which 

operation each unit performs upon the variable. These passive 

elements often also largely determine the accuracy with1'fhich 

the operation takes place; that is, as long as the amplifier is 

s.uitably designed so as to introduce relatively little degradation 

in its role of active element. 

It may be shown that the precision passive elements are 

capable by themselves of performing mathematical operations .. 
upon the analogue variable. ( 5 , p. ll)_ In general, however, 

unacceptable attenuation is suffered by the variable when passtve 

elements alone are used. Some means of retaining inpnt ~no: 
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output signal levels of comparable magnitude. as well as 

simultaneously performing the desired computing operation, is 

neeessary. It is often desirable to increase the output signal 

above the level of the input, so as to provide positive gain and 

to overcome circuit losses elsewhere in the system. An 

operational amplifier,, such as is shown in Figure 1-1, will per­

form the desired and necessary function of maintaining or 

increasing the signal level.. By proper design the amplifier will 

not contribute significant loss of accuracy. 

The amount of overall gain needed from input terminals to 

output is determined by the scale factors of the variables. that is 

how signal amplitude is related to the magnitude of the equation 

variable which it represents. Naturally .. the gain and scale 

factors of the system must be precisely known. as the amplitude 

of the signal contains the information which is operated upon; 

it is the basic system variable, whose value will later be 

carefully measured or used as one of the results desired from 

the whole computation process. 

Figures 1-1 through 1-4 show side-by-side comparisons 

between the conventional voltage--analogue computing system and 

the current-computing method of performing similar operations. 



-16-

These comparisons are important in that current computing owes 

rnost of its lo.re and its method of approach to the voltage-computing 

fore runner. The reason that current computing may start o.ut wLh 

a reasonably workable system and avoid arduous searching and 

study in a given problem for optimum parameters.. such as the 

impedance values and scale factors to he used, is that voltage 

computing has developed techniques of selecting these parameter~3 

for the problem. 

It is an interesting and illuminating exercise .. which will 

not be pursued here, to express the transfer equations of voltage 

computing in terms of admittance.s> and to note the close corres­

pondence with the transfer fo,rms of current computing as obtained, 

for example .. in Figure 1-2. 

One of the parents of voltage-anaipgue computing and, there­

fore .an ancestor of current computing., is the theory of feedback 

systems and feedback amplifier design. The higher the gain · of 

the amplifier in each analogue .computing system, the more 

independent the mathematical operation may be made of some 

circuit imperfections. This subject is discussed in detail in the 

"System Error Analysis" chapter of this paper. For the present, 
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circuit components may be selected or adjusted to degrees of 

precision which make ihem relatively unimportant in determining 

the accuracy of the computing operation. For example, for 

laboratory use, temperature ovens are commonly used to help 

hold precision co-mputing components, such as capacitors, at 

known constant values-; 

Amplifier gain is thus m.ade very large in design. so that 

by means of large amounts of degenerative feedback any degrading 

effects of the necessary gainful elements can be minimized. A 

voltage-computing amplifier developed by E. A. Goldberg has a 

DC gain exceeding 150 million(4 )_ When the entire amount of this 

gain is used for subduing arnplifier effects, the re.sultant gain of 

the computing operation will be of the order of unity. One benefit 

of such degeneration is the excellent isolation between operations 

which is afforded by virtue of the low output impedance which thie 

parallel or voltage feedback causes. Output impedances of . 021 oh.ms 

with this equipment are normal. 

In order to achieve with satisfactory stability such very 

large feedback. Bode has shown that some inherent requirements 

of circuit amplitude and phase control must be met (9 )_ The tern1 

"overall st.ah:ilitv" will h~ rPi::itri ""tPrl f'nl"" +hi Q -r-Ppr'"rt to the behavior ., 
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of one operational unit, that is, one computing amplifier with the 

associated passive components and load. Certain problems of 
' 

stability in large-sea.le analogue computers involve large loops 

formed by many interconnected operational units. For these larger 

systems, which could be speeilied only for" the particular problem .. ,1 

being solved, it is important that remote and so-called "hidden" 

loops be considered to prevent regeneration and instability (lO)_ 

1.t will not be the purpose of this dissertation to analyze these 

individual overalLsystems; again the safety measures for current­

analogue computing are similar in the broad sense to the pre­

cautions which are well established and used in voltage systems< 2 >. 

For current computing, no amplifiers have yet been built whic_h 

have the tremendous gains, such as the voltage g11l,in of 108 , as 

are presently used in voltage computing. It will be advantageous 

to advance the current-computing gains to large values as soon as 

the state of the art permits. 

In the meanwhile, the _frequency response of the individual 

transistor has limited the maximum forward gain for stable 

operation which could be obtained in the .amplifiers he.re. In 

general. ':'::lr:-h trAni::tistn_r h~~ hPPn assumed to a first ·approximation 

to a.ct like a minimum-phase network whose upper frequency 



response, as measured by current gain, drops asymptotically at 

six decibels per octave from the cut-off or 11break." frequency. 

Although junction transistors have been measured to have greate:~ 

than 90 degrees of phase shift at very high frequencies< 7 • P· 348 >, 
this effect usually occurs beyond the frequency at which gain is 

below unity, so that, for our purposes, the dive.rgence of a single 

stage from similarity to the asymptote of a minimum-phase network 

causes no additonal restrictions. 

An overall amplifier for many computing and resistive 

feedback applications may be designed for a net phase lag of 150° 

or less occurring within the band of frequencies. where overall 

gain exceeds unity. This 30° ';phase margin'\ from the condition 

of 180° phase shift where regeneration ,begins, is deemed good 

and necessary engineering practice to .insure stability< 9 >. 
Simila~ly, since, for a multistage amplifier, the phase response 

exceeds 180° somewhere beyond the frequencies where gain 

has gone down to unity, it is good practice to make sure that 

gain is at least ten decibels below unity gain (i.e. 10 db below 

0 db) where the 180° point is reached. The -10 db of gain here 

forms a "gain margin" at the phase reversal frequency. All 

. 
amplifiers for analogue computing applications are designed for 
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adequate ma,rgins of"'phase and gain to insure stability under all 

conditions of feedback .. 

The ''break" frequency, defined as the frequency at which the 

gain is three decibels below low-frequency gain, for single junction 

transisto.rs depends on the method of manufacture and on physical 

properties which are only to .a slight extend under the circuit 

designer's control. One exception to this .rule exists in the junction 

tetrode .described by the Bell Telephone Laboratories (ll), but of 

which no samples have be.en obtainable. Available transistors have 

upper break frequencies of the common:-emitter current-gain 

properties which are variously reported as being anywhere from 

10 kc to approximately 60 me, the latter being for Philco's surface­

barrier transistors <12>. 

Measurements made of typical break frequencies for the 

current gain (cxcb> of RCA's type 2N34 PNP transistors yielded a.n 

average of 16. 6 kc fo,r twelve samples. This type of junction tran­

sistQr has been used exclusively. in all the expe.rimental work on 

current computing which is .reported here. 

The steps which were taken to control cu.rrent-gain and phase 

behavior, and to provide the necessary stability margins 
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in the transi::,ior- au1pl.ifiei- circuits which have been built, arc 

discussed in a later section along with the design of the amplifie:'." 

itselfo 

There are a number of other considerations which bear 

upon the basic system proposed here for current computing. 

Most of these are considered in greater detail with the two broad 

topics of Amplifier Design in Chapter Three and of Error 

Analysis in Chapter Four. The .effect of the quality of the 

passive precision elements used is not, at the present time, a 

limiting factor in system accuracy. These topics just listed 

cover virtually the whole current-computing system with the 

exception of the arrangements themselves of active and passive 

elements to perform specific operations, which have been 

described here in this chapter. 



CHAPTER TWO 

Summary of Current-Computing Demonstration Results 

The purpose of this chapter is to present in brief, 

summary form an overall picture of the results which were found 

by circuit tests and by systems analysis. 

I. Circuit Models 

The specific hardware produced in the course of this 

siudy is shown in the photographs of Figures 2-1, 2-2, and 2-3 

on the following pages. These pictures show two models of the 

three-stage direct-coupled transistor circuit which was used as 

the operational amplifier for the qualitative test results which 

are shown in this chapter. The amplifier has been stabilized by 

phase-control networks for the application of approximately 60 

decibels of feedback. This amount of feedback is sufficient to 

, 

reduce the effects of the amplifier itself to a degree which allo)'Y's 

computing with an accuracy suitable for many practical applications. 

As an illustration, when it is used with signals which have 

sinusoidal component frequencies of 100 cps. and less, the 

amplifier itself will introduce a peak instantaneous error into the 

-22-
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operation of summation. for example, of less than a quarter 

of one percent. 

The schematic diagram of this amplifier is the same, 

except for stabilizing network values, as that shown in Figure 

3-1. 

Figure 2-2 shows that the layout may easily be adapted 

for printed circuit and dip- soldering techniques of manufacture. 

Figure 2-;3 shows another n~odel of the same circuit, which has 

been potted in clear resin for protection of the circuit elements 

frorn moisture and shock. 

In any final application, a large number of identical 

amplifiers will probaply be required. These two models utilize 

space and power efficiently, so that many amplifiers can be 

mounted side by side, . In such an arrangement the amplifiers 

can be individually withdrawn for test, each as a unit with its 

own transistors. A simple test jig can be provided to measure 

the performance of one amplifier at a time. 

The amplifiers in Figures 2-1, 2-2, and 2-3 have power 

gains of greater than 60 decibels. This magnitude does not re­

present the utmost capabilities of the transistors. since some 
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gain has beer .. used dege:ner-atively within the amplifier to ac-

commodate transistors of widely divergent characteristics. The 

transistors and the components withir.. each amplifier unit dis­

sipate a total of 46 milliwatts. 

The amplifiers have been designed primarily to provide 

a. large value power gain, a.nd secondarily to have the other desir­

able characteristics which are described in the chapter on 

"Operational Amplifier Design". One peculiar and important 

feature is the design for an intentionally low input resistance, 

nominally 1000 ohms, in this particular circuit. 

These operational amplifiers were designed for use in a 

whole system having a nominal impedance level of 1000 ohms. 

That is, the load and summing resistances should be of approxi­

mately this value for such operations as scale-factor change, 

isolation, and summing. Impedances used in the other operations 

of integration and differentiation will also usually be of this order 1 

of magnitude in the principal frequency rapge of interest. The 

reason for this choice of impedance level is outlined in the chapter 

on amplifier de sign. 
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The amplifier shown in Figure 2-1 has been demonstrated 

and widely tested in current computing. Although a number of 

specific criticisms can be made, this unit demonstrates 

qualitatively, and to a degree quantitatively, that current 

computing is a useful and a powerful method. 

Figures 2-4 through 2-8 show the qualitative results. 

In each figure four waveforms are shown which occur at four 

important points in that operation. These voltage waveforms 

were photographed directly form an oscilloscope located at 

the points shown, and from these voltages the currents which 

flow in the various leads may be inferred. From a calibration 

of the oscilloscope's vertical sensitivity and from measurements 

on these photographs the currents can be estimated to an accuracy 

of five to ten percent. 

The operation of integration may be performed either as 

shown in Figure 2-5 or as in Figure 2-6. For the particular 

tirt1e scales and components illustrated here it is observed that 

resistance-capacitance integration provides the expected output 

shapes more closely th?J.n does the resistance-inductance arrange­

ment. In the latter a noticeable curvature occurs in the output 
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signal's rise and fall. In each of these figures the time scales 

and components have been chosen to provide a peak-to-peak out­

put of the same order as the input signal size. 

Differentiation similarly permits a choice of methods 

which are shown in Figures 2-7 and 2-8. This operation might 

typically be used in radar applications for calculating the rate 

of change of coordinate variables. An interesting feature shown 

qualitatively by Figure 2-8 is the oscillatory ringing which occurs 

at the output's rising and falling edges. The criteria for system 

stability are discussed later. and the conditions are defined­

where computing impedances and amplifier response can interact 

to yield instability. The rate of decay of the ringing transient is 

a measure of the system stability in this particular connection. 

Figure 2-7 shows that considerable imperfection in the 

differentiation process occurs as a result of resistance within the 

reactive element. The voltage waveforms at the amplifier 

terminals should all be flat-topped~ square waves for true 

differentiation of the input triangular waveform. A measure of 

quality for the reactive element used in all these operations is 

the concept of ''Q" or. inversely, the power factor of the single 

componenL The fact that it is much easier to obtain a low power 
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factor in capacitors tr...an in inductors means that performing these 

operations by means of capacitive reactances is as a rule prefer-­

able if physical sizes and stability remain reasonable. 

The photographs and measurements of Figures 2-4 

through 2-8 show some of the necessary considerations, such as 

the importance of stability and power factor. which will be 

brought out in more detail in the following chapter. 

II. Specifying Accuracy 

The second major result of the thesis work has been the establish-

r 

ment of a useful method of measuring and specifying the computing 

accuracy of a single operational unit. For this method tl1.e systerns 

relationships are expressed analytically, and known, measured 

parameters are inserted. From such a procedure the projected 

accuracy of this computing system may be determined in each of 

the likely applications. An important effort has been directed 

toward finding an adequate definition of computing accuracy and a 

general presentation of it. The method of error analysis which 

seems best for use here and which is convenient for many practical 

uses is discussed in detail in the chapter on "System Error 

Analysis". 
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The expression of system error in terrns of the root­

mean- square value of error taken over a whole interval in which 

the computer solution is observed seems to serve these needs. 

A familiar wave for analytical purposes is chosen. The system 

input is made a- mathematical function chosen to deliver ideally 

a step output of current. The generator is assumed to have an 

infinite bandwidth. The difference between the ideal and the 

actual outputs is determined for each operation as a function 

of equipment and waveform variables, and a fractional error is 

found. The derivations are carried out in Appendix IV. Typical 

curves of this RMS error are shown in Chapter Four for the para­

meters of the circuits tested to date. The most important of the 

recognized sources of error are included in the analytic system 

relations which operate upon the input signal. The behavior of the 

system in producing nearly a step output waveform seems to show 

very well the individual effects of the various important error 

sources. 

The numerical results of error analysis shown in Chapter 

Four can be improved in the design of future equipment, partly 

because the calculations which went into these curves serve to 

point out the goals that must be sought in designing each component 
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of the computing system for improved accuracy. A prime 

example is that of amplifier input loop resistance, R1 l• which 

must be made as ·small as possible for optimum accuracy. 

Although this fact had been intuitively appreciated up to this 

point, now the exact effect of R
11 

on system errors can be 

established. The need for low input resistance is easily met 

by transistors, and their intrinsically low value may be 

accentuated by such devices as sub-loop feedback. 

It should be noted that the approach to error analysis 

used here for current computing is applicable to other analogue 

computing systems. An RMS criterion of computing error 

averaged over the interval of computation is useful generally 

in problems of complex waveshapes. The data presented in 

Chapter Four form a definite part of the results of this investi­

gation, somewhat less for the numerical values than for the 

method which they summarize. From curves such as those 

given there it is easy to select some of the parameters which 

ought to be optimized in a specific application. For example, 

if short pulses must be faithfully manipulated, some improvement 

in the bandwidth must be obtained, possibly at the expense of 

permissible feedback magnitude. Time scales for optimum 

utilization of the computing components 1nay be interpreted from 
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a plot sueh as is presented and discussed in Chapter Four. 

III. Assuring Stability 

Another important aspect of current computing has been 

investigated, namely the determination of the stability criteria 

for single operational units when the._y are used with any of the 

possible impedance combinations. This study is especially 

important for amplifiers using transistors because of the 

restrictive upper-frequency lim.it and phase shift of present_ 

samples. The Nyquist criteria have been applied to finding just 

what impedance values are permissable in conjunction with the 

amplifier frequency and phase responses. An analytical method, 

which is based on assuming a continuous function for amplifier 

response, and a graphical point-by-point method of applying these 

criteria are suggested. These methods are described in Chapter 

Three. 

IV. Using 4-Terminal Network Methods 

A device or technique which has aided greatly in defining 

the design objective_s of operational amplifiers for the current­

computing system has been the use of an equivalent 4-terminal 
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network. The amplifier itself is assumed linear and it is 

conveniently represented for small signals by this combination 

of lumped, active and passive impedances. A natural extension, 

from use with just the amplifier, is to show how the whole 

operational unit, including precision elements, may also be 

considerably simplified into an equivalent 4-terminal network. 

The methods developed, along with useful formulae and typical 

values, are given in Sections Ill and IV of Chapter Three. 

V. AC Computing Amplifier 

As a prologue to the design of direct-coupled operational 

amplifiers, some AC-coupled transistor amplifiers were 

developed and tested for current computing. The effect of the 

minimum useful low-frequency response inherent in AC 

amplifiers is to restrict the range of time-scales which may 
/ 

be used in analogue computing. Such amplifiers are far easier 

to build with transistors because of the isolation between bias 

and signal circuits, and they are recommended wherever the 

computing time scale permits. 

One of these AC amplifiers is described in Section III 

of Appendix II. 
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VI. Choppc.r Stabilizing 

Drift has been measured a.s being of secondary importance 

in the DC transistor amplifiers built here. These tests have, 

however, been at room temperatures only. The effects. of 

temperature upon the leakage currents of germanium junction 

{7 p 169) 
transistors are significant · · 

It is felt that adequate operation at elevated temper­

atures can he obtained by employing the chopper-stabilizer 

principal of Goldberg< 4>. The 400 cps. chopper and AC amplifier 

combination which is discussed in Chapter Three has maintained, 

within three decibels, its room temperature DC gain when 

elevated to 85° C. This supplementary amplifier will be highly 

effective in minimizing the effects of ternperature when used in 

conjµnction with a direct-coupled basic amplifier such as was 

used for the cur~ent-computing tests. Such a chopper-stabilized 

composite unit has been tested in principle, but it has not been 

exhaustively investigated for temperature behavior. This 

technique seems promising for critical applications. 

I 
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VII. For the Future 

The brief chapter which appears later, entitled "Conclusions,,, 

forms an uµportant part of the results of this study. It is 

largely on the points listed there that further work on current­

computing Will be based. 



CHAPTER THREE 

Operational Amplifier Design 

The discussion so far has been general in nature, and it has 

E.hown how the various elements of a current-computing system can 

be fitted together to perform a specified operation, such as sum­

mation, integration, etc. Some of the general requirements imposed 

upon the precision passive circuit elements have been listed. The 

next step will be to investigate the properties of the active .circuit 

elements in detail, in order first to note just what properties are 

important to effective analogue computation with current as vari­

able, and second to show how these are achieved in transistor 

circuit design and in reduction to practice. 

I. Basic Considerations 

Many of the properties of the computing amplifier which have 

been found important in voltage-analogue computing will be trans­

ferred directly to the current-analogue counterpart. Examples of 

the desirable properties which are common to both systems'l com­

puting amplifiers are: 

-42-
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(1) Stability of Gain, (namely Power Gain in both systems) as 

a function of time, of ambient temperature, of power supply 

variations, of vibration or acceleration, of humidity, and of 

other physical factors. 

(2) Freedom from systematic circuit noise, in that the amplifier 

must not contribute unwante.d . signal, such as hum or 

transients, to the desired signal .in significant amount. 

(3) Maximum open- loop bandwidth of frequency response, whic}'l 

is consistent with unconditional circuit stability when the 

feedback loop is closed, as prescribed by the specific 

operation being performed. 

(4) Maximum range of signal excursion .at the output of the 

operational amplifier. For DC operation this range is 

usually symmetrical about zero output voltage and current. 

A range of load resistances which the amplifier may drive 

is always specified. 

Other circuit properties which are required by the choice of 

current as analogue variable are: 

(1) Low amplifier input impedance; 

{ 2) High amplifier output impedance; 
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(3) Isolation of the amplifier and its power supplies from the 

computing system ground terminal. 

II. DC Transistor Current Amplifier 

The schematic diagram shown in Figure 3-1 <\escribes the 

most successful attempt to date to achieve all these objectives. 

It has been built and tested in the laboratory. The measured 

frequency responses of the current-gain magnitude and phase a,re 

presented in Figure 3-2. These curves are used and discus.sed 

in the Stability section of this chapter and in the Error Analysis 

chapter. In Figure 3-3 on a following page a.re tabulated the 
' ' 

important electrical properties of this particular current amplifier 

design. The circuit developed here does_ not represent the ultimate 

capabilities of transistors, as a number of practical compromises 

have been necessary. 

It will be noted that considerable degenerative fe.edback is 

used around each of the three common--emitter stages in the 

form of lo_w-valued resistors shunting between collectQr (output) 

and base (input) of each stage. Because of each stage's phase 

reversal, each shunt forms a parallel or voltage feedback path. 

This type of feedback lowers the stage power gain and lowers 
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Table of Technical Specifi~ations for 
I , 

Transistor DC Amplifier 

Schematic diagram in Figure 3-1 

Gain and Phase responses in Figure 3-2 

Number of transistors 

Type transistor 

DC current-gain., . K 1 
0 

Gain down 3 decibels 

Supply power input 

Maximum current output 

Nominal loading resistance 

Phase angle at unity gain 

Frequency of phase reversal 

Input resistance 

3 

RCA 2N34* 

- 2360. 

65. cps. 

460 milliwatts 

+ 7. 5 milliamps 

O to 2000 ohms 

142° 

> 100. kc 

3200 ohms 

This is the best transistor DC amplifier which has been 

built for use with., and tested in., the current-computing units 

to date. 

* The RCA type 2N34 transistor is a low-power., low-frequency., 
diffused-junction., ::PNP transistor. These circuits may be 
adapted with slight changes for similar types and for later versions 
of this type transistor. 

Figure 3-3 
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its input and output resistances. The principal advantage of the 

feedback is great reduction of the dep_endence e>f performance upon 

the individual transistor's properties. At the present state of the 

transistor art, it was felt that individual-stage DC feedback is 

necessary so that each transisto.r will automatically assume an 

operating point in a linear region of its characteristic.s. This 

feedback applie.s as well to all signals, a.pd so it assures stable 

stage-gains. Open-loop frequency response is also appreciably 

improved by the feedback, although overall degenerative feedback 

would be equally effective in this regard. 

The schematic diagram of Figure 3-1 is shown for battery­

supply operation. By means of some revisions this circuit may 

be operated from a single power supply of -100 volts. Circuits 

have since been designed to operate this same amplifier from a 

sip.gle and considerably lower voltage supply by means of transistor 

current and voltage regulators. 

The forms in which a similar amplifier circuit has been 

constructed are .shown in Figures 2-1, 2-2, and 2-3. The wave­

forms of Figures 2-4 through 2-8 were obtained from the amplifier 

of Figure 2-1 when battery operated. Several direct-coupled trans-· 

istor amplifiers were built, based on the results of work on the 
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AC amplifier which is discussed in Appendix ll. 

The common-emitter transistor connection has been 

chosen for all stages of the amplifiers for current computing., 

because it affords the greatest power gain per stage of the various 

possible connections. For the transistor type .used here., and 

in the particular circuit used_. this connection provides a stage 

having approximately 1000 ohms input impedance and 10., 000 ohms 

output impedance. Individual stage feedback somewhat modifies 

these values. The fact that several {here three) such stages 

are essentially iteratively cascaded means that the output 

impedance of one stage and the input impedance of the next 

are not matched., and some signal attenuation necessarily occurs. 

The impedance level at the amplifier input and between 

stages is thus of the order of 1000 ohms for low-frequencies. 

This amplifier operates satisfactorily for current computing 

when the summing and feedback impedances., Zi and Zr.. are of 

this order. Appendix IV shows the effects of impedance magnitu~les 

upon accuracy. It is on the basis of these effects that the choice 

of all unit impedances is made to compare with the magnitude 

of the input loop resistance.,, R 11 . They are made roughly one to 

several thousand ohms in this case. 
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It is to be noted that it is not this low impedance, R 11 , which 

loads the voltage signal appearing across the summing impedance. 

Zi, as. for example,.,.in Figure 2-5. Zi, here a capacitor, is 

loaded by an effective impedance of the current amplifier with 

series degenerative feedback. Such feedback greatly magnifies 

the impedance which appears between the input terminal and 

ground. This effect of the amplifier in multiplying its input 

impedan.ce is described quantitatively in Section III by Equation 

(3-9b ). 

Great care has been exe.rcised in gain and phase control for 

this circuit to provide .sufficient high-frequency stability margins 

with feedback. The shunting type of RC control networks is .us.ec;J. - . 

The effects of the networks are included in the plot of the frequency 

responses which are _shown in Figure 3-2 for the DC amplifier 

tested here. 

The method of selecting these networks is described in 

Section VI of this chapter. The design is based on measured 

analytic propertie.s of this particular amplifier circuit. It repre­

sents a reasonable approach to the optimum network design, where 

as little as possible gain and bandwidth are sacrificed for assu.red 

stability (9). 
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No visible noise has been found by oscilloscope measurement 

on the amplifier 1s output signal for the condition of essentially 

an open circuit inp.ut (which will be the condition approached in 

practical current-computing operation). At somewhat higlier 

current gains., namely.. above 80 decibels., random noise has 

been observed. Wider bandwidths would increase the noise 

problem for these pre_sent transistors, but is expected that 
, 

improvements in transistors themselves will keep the noise 

problem in the background for th.is application. 

III. Current-Computing Network Relations 

The behavior of various parts of a current-computing system 

is conveniently expressed in terms of 4-terminal network relation­

ships. Once the basic operational amplifier has been designed 

and built_. it becomes effectively a 4-terminal device (with a 

common through terminal) which is then placed in a network of 

passive computing components to perform a specific mathematical 

operation. The properties of the amplifier itself as a 4-terminal 

network are discussed in Appendix III. Basic network equations 

relating currents and voltages are given there. Since the form 
r-

of the network in which the amplifier is placed is invariant., certain 

general relationships may be developed to predict unit behavior. 
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Figure 3-4(a) shows the current-computing operational unit. 

including precision passive elements and the basic computing 

amp-~ifier. These elements may all be taken together, as shown 

in the larger dotted square, to form a consolidated idealized 

4-terminal network which operatef? upon the circuit variables 

from the equivalent generator and delivers them to the equivalent 

load. The operations which this whole network performs. then, 

for linear operating regions of the amplifier, may be expressed 

in terms of the four new equivalent network parameters. The 

new network is shown in Figure 3-4 (b). The new parameters 

are designated by primed terms, and they are expressed in 

terms of the basic equivalent circuit parameters of Appendix .ill 

and of the two precision elements by means of new loop .equations. 

= 
zi <zr + z11> 

Zi + Zf + Z11 

zi (Zf + z12) 

Zi+Zr+Z11 

See Appendix I for list of symbols used. 

(3-1) 

(3-2) 

(3-3) 

(3-4) 

. ... 
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CURRENT - COMPUTING OPERATIONAL NETWORK 
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Figure 3-4 
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zi (Zf + z21) 

zi + Zr+ z11 

( Zf + z12) (Zf + Z21> 

zi + Zr+ Z11 

(3-5) 

{3-6) 

From these new 4-terminal network parameters may be 

calculated such overall properties of the system as: 

{ 1) Forward gain or transfer, and hence the accuracy of 

analogue computing; 

(2) Input and Output impedances, to determine loading upon 

the source and attenuation in driving a prescribed load; 

(3) Stability of operation, from Equation { 12) of Appendix IIL 

Computer terminology often refers to the small residual 

signal at the computing amplifier's input as the "error" signal. 

Thus in Figure 3-4(a) the error current is represented by 

plain I, which is used here as capital iota. The instantaneous 

current at this point, in the time domain, is given by lower case 

iota. The choice of this symbol for error current seems 

appropriate, because it is always a very small quantity. 
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Utilizing the formulae of Appendix III and based upon the 

one assumption that 

' 
(3-7) 

which is entirely justified for the circuits tested, (see Section IV 

of this chapter), 

(3-8) 

This operation unit transfer function is used extensively in 

the Error Analysis and Stability portions of the dissertation. 

It may also be shown that the new effective input impedance 

to the operational unit, at point JI 111 of Figure 3-4(a). is composed 

of the parallel 'combination of Zi and 

(3-9a) 

without any assumptions. This shunting term., given by (3-9a) 

may be justly approximated by 

within the previous assw:nption of (3-7). Thus the current gain 

acts in an important way to raise the impedance which shunts Zi. 
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The net effective input impedance, zin• is closely given by 

I 

Zin ~ z. 
1 (3-10) 

The exact expression for output impedance of the oper­

ational unit depends upon Zg• and it may be found from these 

formulae. By design, however, Zg will be so much larger than 

Zi that the generator may be considered to be an ideal current 

source. Then 

(Z f + Z12) (Zr + Z21) 

Zi + Zf + Z11 

For Zi, Zr, and z 11 of the same order, 

and - K 1 >> 1: 

' rv K1 
zout - -3- (Z22 +Zr+ Z1)• 

(3-1 la) 

(3-llb) 

\,vhich.is_ maey times larger than the output impedance of the basic 

· "Jlifier, 



-57-

IV. Typic.,d Va.lues of Network Pa.rameters 

For the transistor amplifier of Figure 2-1 the following 

va1ues were found for the parameters of the basic equivalent 

network, that is~ for the amplifier alone without precision 

passive elements. 

Fifteen type 2N34 transistor samples were used in the 

tests, in 7 combinations of 3, so that none Wa<:3 used in the same 

position in the amplifier twice. The averaged parameter values 

are given. They are measured for low frequencies only. 

R 11 = 1870 . ..o... 

R21 = - 2.29 Mn. 

From these may be calculated 

o( = - 1920 

• 337 ..n. 

- 1184 . ..0... 
~ 

-2,290,000. 

This amplifier was used in the tests of current computing 

which produced the waveforms of Figures 2-4 through 2-7. Some 

circuit modifications of the phase control networks were made 

after these tests, and the resulting test circuit is shown in 

Figure 3~·1. The DC equivalent-network properties, as expressed 

by the four impedance (resistance) parameters just given are 
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similar before and after the changes. These values are 

presented as typica.1 of the orders of magnitude which have 

been found useful in design. 

V. Stability 

All circuit configurations which are used for accurate 

analogue computation and which involve active elements rely 

heavily upon degenerative feedback to produce rrBthematical 

operations which are sufficiently independent of amplifier 

imperfections. The higher the internal gain within the comput­

ing unit and, consequently, the more degeneration used, the 

( 13. p. 527) 
greater this independence can be made 

Large values of degenerative feedback, such as 60 decibels 

used here, mean that careful attention must be paid to the circuit 

control of amplifier gain and phase responses over the useful 

(14) 
frequency spectrum and beyond . Transistors, with their 

present relatively narrow frequency range., require consider­

ation of phase and gain response control at much lower frequen­

cies than vacuum tubes. When higher-frequency transistors 

become available the effects will still be present but will be less 

important for a given analogue problem and timescale. 
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In order to use the maximum bandwidth available in 

whatever type amplifier is employed., the criteria of stable 

circuit operation must be determined. For example, the effects 

of stray reactances at the edge of the useful passband or beyond 

may cause regeneration and instability. 

The transfer function of the computing unit is examined 

in terms of the Nyquist criteria to determine unit stability. The 

stability study presented here shows, in effect, methds of 

applying these criteria when we have certain specific pieces of 

known information. 

The case of so-called conditional stability is to be avoided 

in good engineering design of computing units because such 

operation does not permit the safety margins which are required 

to assure absolute stability iri, all operating circuits. For this 

reason conditional stability will be avoided in practice and in 

analysis. Further, only the stability of single operational units 

is determined in this dissertation, although the method is of 

course applicable to s:eve.ral or many interconnected units. 

The current computing unit transfer function is defined in 

Section Ill by Equation (3-8) and is: 
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i IV 
KJ 

KI 
2

11 
z 

1 + f (1 -· KI) (3-12) + z. z. 
1 l 

where 

I 

K1 is the overall unit current gain, 

K 1 is the amplifier current gain, 

Zi is the summing element impedance, 

Z11 is the input loop impedance of the amplifier, 

Zr is the feedback element impedance, 

and all of these may be functions of the complex frequency 

variable "p~ 1
• A direct parallel exists between this expression 

and a steady-state overall gain which may be expressed in terms 

of a loop gain. We shall identify the loop gain by the symbol 

I (p), which Nyquist calls "AJiv. For the computing amplifier 

with feedback, the net gain is given by: 

I 
~ 

KI (p) 
K1 

1 + I <p) 
{3-13) 

where 

I <p} 
2 11 zf 

(1 - K1) = + z. z. 
l 1 

(3-14) 

It is a simple matter to follow through Nyquist• s method 

upon f {p) to establish the relationships which are necessary 



between Z 11 , Zi, Zr, and K 1 i!1 order to assure stability. 

The familiar Nyquist dia.gram is plotted in a complex 

p!;c..ne, such as in Figure 3-~5(aiJ, for known. values of these four 

p;:,_;--··B.meters for real frequencies, her·e as l (jw). If the point 

--1 + jOlies outside the ([closed} plot for B·.11 frequencies, the 

computing unit is stable. Figure 3w5(b) shows typical plots 

eYpected for U·4e unit operations of IsolatioEp Integration, and 

Differentiation. 

E&-.ch opera.Hon deserves a separ8.te study to define the 

impedances and amplifier response necessary for stable opera­

tioL. The Isolation oper.si:'.:iori. for examp1.ep usually uses 

resistive summing a.nd_ feedback elements such a.s in Figure 2--4. 

lf Z1 1 is considt==red ~dso resistive., then the frequency dependence 

of 1 (j·~» is erJ:irely due to tli.2.t of K 1 {jw). When an analytic 

expression for K1 «j~::» can be foundp possibly by curve-matching 

t.:be measured amplifier response, as in. Appendix IV, it may be 

substituted into I {j1,i.;). The frequency a.t which ! (ji1.t1) is real and 

negative is found. There will be only one such positive frequency 

unless the amplifier contains more than six stages of the normal 

minimum~0 phase type. which is not likely. The test of whether 

~~J•,1}) at this frequency has a larger magnitude than unity tells 
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fflUlST STABILITJ ORITERI9.Ji 
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si:s;bility, where the 1ntit is unstf~ble if I ( jw) exceeds unity. 

Similc.1.r tests a.re valuahle for the other unit operationsa 

w} ere Zi and/or Zf are reactive~ such 2.s in Integration and 

Differentiation. Since 1 for these operations depends or.. more 

tha:r: one frequency-dependent term, its plot on the complex 

p1are will have one of the other forms sh.own in Figure 3-5(b). 

The frequency at which I {j '•} is real and neg2.,.tive, and the 

magnitude of! at this frequency, again defin.es stability as for 

'be case of Isola.tior.:· .. 

If an analytic expressior,:_ for K1 {jc•,.;) is not readily available, 

1:he same results may be obtc1.ined graphically. The stability of 

+:he computing UP..i:t is tested poir.:.t by point, where specific values 

of gain K 1 {j;.;;) and ph&.s~ are kn.own. At ea.ch such frequency the 

values of all circuit in1ped8nces Z 1~ z 11 , and Zr, are calculated 

for the steady-state condition. All these values with their real 

ar.;,d imaginary parts are substituted into Equation (3-14). and 

_tis found. A few points of the plot» such as Figure 3-5{a}, are 

usually sufficient to sketch in the whole frequency contour. 

Stability is obtained when all real values of 1 (jw} lie to the 

right of ( - 1, 0 } , as hef ore. 
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Either of the following reasons for applying the criteria 

may be involved: 

(1; To choose Zi a.nd /or Zf for a given amplifier's 

K 1 (jw} and its z 11 • or 

((2) to deterrnine the design criteria for K1 (jw) of the current­

computing amplifier in order to meet certain general 

co!"1ditions of anticipated use with a wide range of Zi' s 

and Zr's. 

The latter purpose was basic to the design work described 

iL the disser·tation. For ex~,:.m.p1e, it may be shown from Equation 

([3-14} that for each operatioL, when simple impedances are 

consider·ed~ there is a max.imum ph.ase shift which the computing 

amplifier can. have an_d be sure to remain stable,· for any 

fr·equency below tha.t a.t which its gc:,;,in has dropped to. approxi­

mately unity. The foHowiri.:.g are the ma...ximurn safe amplifier 

p:t,ase shifts for stability which each operation allows: 

0) For Isolation, 180 degrees 

{2) For Integration, 270 degrees 

!(3) For Differentiation, 90 degrees. 

Stability is assured by the above limits but, conversely. 

instability is not assured by exceedfr1g them. There are 



impedance values which permit stable differentiation. for 

instance. with the amplifier of Figure 3-1, which has up to 

150 degrees of phase shift before dropping below unity gain. 

The amplifiers here were designed for the Isolation 

operation, as a demonstration of current cornputing, sothat 

180 degrees was their design limit of phase shift. The steps 

taken to control this shift are outlined in the following section 

of this chapter . 

VI. Phase and Gain C.optrol h1 the Coµiputing A~plifieµ-

With the stability criteria of Nyquist and Bode in­

terpreted as in Section III. the de sign of amplifier frequency 

responses for current computing is specified. The amplitude 

and the phase responses versus frequency for the amplifier 

must be controlled so-that the criteria are at least met :within 

all anticipated operating conditions. Above this minimum 

design specification, however, suitable safety margins will 

be allowed as good engineering practice to take into account 

possible shifts and variations which cannot be included in 

the analytic design. 
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It has been determined that for stability in these 

demonstration circuits the amplifier phase shift (lag) shall not 

reach 180° as long as gain is greater than zero decibels. For 

safety. it will be further specified that phase angle shall not 

exceed even 150° (30° phase margin) in this frequency interval. 

Also for safety. the phase shift shall not reach 180° until gain 

has dropped to at least ten decibels below zero, thus providing 

a ten decibel gain margin. The degree to which these conditions 

have been met is shown in Figure 3 - 2. 

Phase control for the DC amplifier is, of couN:le, only 

necessary at higher frequencies where the transistor's low­

frequency properties degenerate. Increasing frequency acts to 

reduce gain and introduce phase lag from the input to the output 

of each stage. The frequency behavior of individual common­

emitter transistor stages is ably discussed in the "litera~ 

ture(7 '. p. 194)(1_~). 

By means of simple, shunting RC combinations ad­

ditional frequency-dependent attenuation and phase lag are 

added to the basic response of the amplifier. It will be assumed 

that sufficient isolation is afforded by each transistor stage to 
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make the action of each control network independent oi the 

other networks and of the basic amplifier response. This 

assumption. which is valid only to a first approximation. permits 

simply adding graphically the response curves of the inserted 

networks, and those of the amplifier. to obtain curves versus 

frequency of the net gain and phase responses. 

Starting with the basic amplifier. without any control 

circuits present, its gain and phase characteristics were 

measured. The three -decibel break frequency for the circuiL 

o.f Figure 3-1, without the stabilizing (reactive) networks. 

occurred at just 20 kilocycles. The low-frequency forward 

gain of 68 decibels (plus another ten decibels for gain margin) 

had to be killed below tl\e frequency at which the net phase 

shift equals 180°. Care was exercised to insure that the added 

phase lag caused by the control networks never brought net 

overall phase shift to more than 150° at any frequency below 

that at which the forward gain has dropped from 68 to zero 

decibels. 

From the amplifier schematic, such as Figure 3-1, it 

is noted that there are only three relatively isolated points 
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available at which networks may be added. These are: 

('1). across:.the input to the first transistor 

( 2) between the first and second transistors 

(3) between the second and third transistors. 

Therefore, three control networks were to be selected which 

would provide the necessary gain and phase control, but which 

consume the minimum necessary amount of precious bandwidth. 

Each control network consists of a resistor and 

capacitor in series. Each is shunted between the chosen poj.nt 

(or node) in the amplifier circuit and the common through­

terminal. The behavior of each control network is briefly as 

follows. 

At very low frequencies the capacitive reactance is very 

high and no shunting effect occurs. At frequencies at which phase 

control is desired the capacitive reactance is comparable in 

magnitude to the series resistance and/or the equivalent generator 

resistance of all the rest of the circuit. The current which is 

shunted to the common terminal (that is, to the amplifier ground) 

has a phase lead, compared to the voltage signal appearing across 

the network, of an amount depending upon resistance and reactance 
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r.11agnitudes. The remaining current, which carries the signal 

on to the rest of the amplifier, lags the voltage at this point, and 

so the apparent phase shift (lag) of the whole amplifier has been 

increased at this frequency. At much higher frequencies the 

reactance of the shunting capacitor is so small in comparison to 

circuit resistances that it causes no appreciable phase shift in 

the overall amplifier. In summary, then, the network has 

cauaed a maximum phase shift at a particular frequency without 

changing phase shift at very low or very high frequencies. It has 

caused signal attenuation at high frequencies only. 

In order to modify the:..basic responses of the amplifier. 

the effects of such RC networks were added one by one graphically 

to the basic amplifier curves. Test results of the overall 

properties of the stabilized computing amplifier are given in 

Figure 3-2. 

The RC phase control network at the amplifier input 

terminal. shown in Figure 3-1. has a pronounced effect upon 

amplifier input loop impedance, z 11 • at the upper frequencies 

of the amplifier pass band. This input impedance drops at 

approximately six decibels per octave. For the calculations of 
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Append.ix. IV, Z 
11 

has been assumed constant over the useful 

frequency range. Such an assumption should be carefully 

evaluated along with the frequency dependence of K 1 in an 

appraisal of computing capabilities. A more thorough analysis 

might consider z
11 

of the amplifier to be a compound network 

composed of the DC input resistance value shunted by the actual 

stabilizing network. 

The transistor itself has been described as having such 

a compound intrinsic network at its input at very high freque:n-

c ies(l 5). The net higher-frequency effects, of which the changing 

transistor input impedance is a part, are responsible for the 

amplifier's phase shift and so for any ultimate circuit instabili,ty 

due to regeneration. This transistor impedance-change effect is 

far ~emoved from the frequencies at which the control networks 

inserted here are made effective. 

The value of careful design of the stabilizing networks 

shows up in preserving as much useful bandwidth as is possible, 

yet establishing this assurance of stability when feedback is 

applied. The conservation of bandwidth is:e~pecially important 

with present transistors, which have little enough bandwidth even 
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before stabilizing. This situation contrasts sharpiy with 

vacuum tubes which might provide an amplifier stabilized for 

this amount of feedback with still several more decades of upper­

frequency usefulness remaining. The final bandwidth of the 

stabilized transistor amplifier shown in Figure 3-2 is adequate 

for many DC computing applications. 

VII. Recomm,enda,ions for Transistor Computi1:g , 
Amplifier De sign~ 

Based upon the de sign experience to date, there are a 

number of pertinent recommendations which are appropriate for 

consideration in the future design of current-computing transistor 

amplifiers: 

( 1) The maxim um output signal excursion of an amplifier 

is a function of the allowable dissipation in the output 

transistor stage. Until ~ingle tran~istbrs ~re avail­

able with sufficiently increased ratings. various 

combination stages can be used for. higher outputs or 

for efficiency. Complimentary symmetry in the 

operation of cascaded and push-pull DC coupled stages 

offers great advantages< 16). This operation requires 
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PNP and NPN transistors of quite similar characteristics. 

If these latter a.re not available, other push-pull and/or 

parallel arrangements can utilize power transistors in 

class A or class B amplifier output stages< 17). 

(2) Transistor upper fr·equency limitations, notably of a;,cb' 

restrict the available computer bandwidth to a serious 

degree. As higher current gain-is required for greater 

system accuracy, Bode has shown that the stabilization 

of the amplifier for feedback will consume more band­

width. If the same type transistor is used in a higher gain 

application the bandwidth left for manipulation of the com­

puting variables would be much smaller than obtained in 

the work described here. 

Higher-frequency transistors are to be desired and used 

wherever possible. In lieu of higher-frequency response, 

or for use in conjunction with it for maximum utilization 

of bandwidth, at least one other technique is available. 

Cohen, of the R.CA 'l'ube Department, has suggested that 

common-emitter stages with added emitter resistance 

yield disproportionately higher occb cutoff frequencies. 
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In spite of loss uue lo degeneration through this 

resistance, a net increase of bandwidth seems possible. 

This tecr..nique should be evaluated in new designs. 

(3) The choice of amplifier loading impedance 1has here 

been predicated upon maximum signal and on the amplifier 

output impedance. Often loading impedance will be set 

by some transducer which must be actuated or driven. 

Where a choice of loading impedance is available, however, 

it should be arranged to be of the same order as the lowest 

amplifier input impedance which can be easily obtained. 

The de sirapility of low unit input impedance is shown in 

the chapter on Error Analysis. In general, the amplifier 

input impedance, the summing impedance, the feedback 

impedance, and the load impedance are all of comparable 

magnitudes at some middle frequency of interest. 

(4) Higher current gain is synonymous with im~oved 

operational accuracy, as described in the Error Analysis 

chapter. It is de sir able for this reason. High gain must 

be balanced against reduced bandwidth after stabilization, 

for given transistors, and against the allowable noise 
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limit, in any systern and operationa.i amplifier design. 

( 5) Temperature stabilization is an important facet of using 

transistors in DC amplifiers. Because leakage current 

increases greatly with temperature, the signal swing of 

-a. DC amplifier may soon be saturated by amplified leak­

age. Any ct~ sired signal would be swamped and entirely 

lost. A good treatment of this subject, with possible 

remedies, is given by Shea< 7 , p. 169) where both linear 

subtractive compensation and non-linear element com­

pensation are employed. He reports considerable success 

in temperature-stabilizing two-stage transistor combi­

nations. It will be well to consider these methods in any 

final amplifier design, especially when the computer is 

to be used outside the laboratory. 

( 6) An effective answer to DC drift and to some degree to 

temperature effects is accomplished by chopper stabili­

za.tion< 4). Such techniques are particularly helpful in 

building a DC integrator, In normal integration any offset 

is treated by the unit as a constant input, so that when 

amplified it may swamp the signal-handling capabilities 

of the amplifier. 
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The circuit in Figure 3-6 has been de signed to provide 

the amplifier of Figure 3-1 with chopped stabilization 

against drift or offset. The connections between amplifiers 

are shown in Figure 3-7. The chopper stabilization 

technique has been proven effective in reducing such 

difficulties in a.pplications involving high-gain DC 

computing amplifiers. 

The chopper amplifier of Figure 3-6 has been built with 

an application of temperature compensation in mind. The 

D_C gain of the circuit in Figure 3-6 is 1200 at ro9m 

' 
temperature. Measurements have shown this gain to drop 

less than three, decibels when the unit is operated in an 

elevated ambient temperature of 85 degrees Centigrade. 

Thorough tests have not been made on the combination of 

amplifiers as shown in Figure 3 -7 to ascertain the net 

temperature behavior. At room temperature the chopper 

amplifier did operate successfully to remove offset which 

the direct-coupled amplifier of Figure 3-1 had otherwise 

exhibited, for exarnple, if not correctly balanced. 

The chopper itself which will be used with this technique 
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for current-computing can be much less critically de­

signed than that which is used for voltage computing. In 

the latter system, if the armature in its travel is not 

touching either contact, then capacitance between 

stationary contacts forms a direct degenerative feedback 

path from AC amplifier output to input. To prevent this 

effect elaborately shielded choppers have always been 

used with high-gain amplifiers, or else a make-before­

break chopper is necessary. For transistors the AC 

amplifier impedance levels are much lower, as is the 

gain of the AC amplifier illustrated here, so that 

capacitance between the contacts is most likely not 

sufficient to cause regeneration. Thus inexpenseive 

miniature choppers should be adequate for this application. 

It is here recommended that the use of a supplementary 

chopper amplifier be given serious and early considera­

tion in all anticipated applications of current analogue 

computing which depend upon transistors. 

(7) From the circuit engineer's viewpoint there are several 

properties of transistors which seem more important than 
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others in the de sign and fabrication of the transistor 

itself. It is realized that great credit is already due the 

developers of present transistors, in the high rate of 

advance and level of the art today. It does seem, at the 

same time, that the prospective needs of one type of 

consumer should be expressed and made a matter of 

record. 

Obviously the well-known technical limitations of the 

transistor should be overcome, as improved techniques 

become available. The foil.lowing list states the author's 

rating of the priority for improvements: 

(a) Reduce unit-to-unit variations, not stopping at 

vacuum tube standards. 

{b) Reduce temperature sensitivity so that 10% or less 

change of each parameter is expected over the 

operating range. 

(c) Provide essentially constant gains (current and 

voltage) as frequency goes up to one megacycle, 

or more. 
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(d) Iviake avaiiabie matched PNP and NPN types. 

(e) Reduce cost. 

(f) Increase power handling to approximately one 

watt while preserving linearity for large signal 

swings. 

It is also felt that very complete data could profitably 

be made available to the circuit engineer pn each 

transistor type, to include such relations as how the 

equivalent circuit parameters vary with frequency, 

temperature, and biases. 



CHAPTER FOUR 

System Error Analysis 

The purpose of this chapter is to propose in detail a 

method of expressing the accuracy with which any single 

operational unit, such as an integrator, handles the analogue 

variable. Mathematical examples of the proposed method are 

shown in Appendix IV. This chapter also serves to describe 

and explain the procedures used there. 

For the general analysis a specific waveform is chosen 

which permits practical qualitative interpretation of errors as 

well as being suitable for exact calculation of the error itself. 

It is felt that this technique-can then be used by those people 

working with these units for either rapid appraisal, in which 

gross errors become obvious, or else for subtler examination 

of the computing unit, to evaluate its exact capabilities. 

The criterion of accuracy which has been chosen is the 

faithfulness with which any unit can deliver a square wave of 

output signal (here current) for a simple input wave of appropriate 
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shape. The method will be iilustrated only for the case of 

single operational units~ although powerful results are expected 

if it were used for interconnected units, such as occur in the 

solution of a differential equation. For single units, the input 

signal to produce square-wave output varies with the type of 

operation involved. For example. a unit which performs the 

operation of integration must be supplied with an impulse 

waveform of known mathematical time·Integral for the desired 

output. The waveforms required for three basic operations are 

sketched in Figure 4-1. 

The output from a real amplifier and associated 

precision components will not be an exact square wave. The 

dotted lines of Figure 4-1 show qualitatively the outputs expected. 

The difference, or error~ from the perfect square wave may 

often be displayed visually on an oscilloscope for rough evaluation, 

or this error may be calculated more exactly from the known unit 

transfer function and other properties. This transfer function 

contains the effects of all first-order imperfections of the unit 

which are due to its being built necessarily of physically 

realizable components. 
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The error signal at the unit's output is thus, in the time 

domain, an instantaneous deviation from the ideal step. The 

error may be normalized or simply expressed in terms of 

Frational Error, FE, where a ratio is formed between the actual 

error amplitude and the ideally expected output amplitude. This 

FE is itself a function of time. It is shown for each operation 

in Figure IV -1 of Appendix IV. For practical operations the 

unit cannot be expected to follow the zero rise time of a mathe­

matical step, although this type of waveform represents the 

rrupper limit" of the response that will ever be expected of the 

unit in following a single transient. The fact that the unit does 

not perfectly follow this wave is never crucial in analogue 

operations performed on finite time scales. Some measure of 

its ability to handle such a signal, however, is to be found. The 

instantaneous FE is often not a fair test of unit accuracy in this 

case. 

Much more to the point, it seems. is an evaluation of 

cumulative error over some specified time period, which can be 

made the computing interval. A simple, practical, and meaning­

ful expression of cumulative error is obtained by finding the 

root-mean-square of the instantaneous fractional error. The 
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mean is taken over a period oi time in which the unit's output 

will be observed or used. For the general evaluation and 

appraisal of a computing unit, a plot of this RMS FE versus 

time interval of averaging, such as shown in Figure 4-2, permits 

easy interpretation. For example, the intervals in which this 

computation can be performed to a specified accuracy are shown. 

The time interval, or period of averaging, as used here, is 

considered a parameter of the operation of the whole system, 

not as a variable. The result of the analogue computation may 

in practice be viewed continuously over the interval. rather 

than at just an_ instant of it, so that a cumulative description of 

error for the whole interval is needed. The length of the 

interval necessarily enters this :description as a parameter. 

A single quantity, RMS FE, describes the composite error due 

to the computing operation. 

In general the accuracy of the unit in handling more 

complex waveshapes can be interpreted directly from its 

ability to produce the square wave, and thus from its RMS FE 

shown here, depending on the waveform and time scale which 

are involved( l8). 
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In the design of an amplifier to fit a particular computing 

tirne scale 3 as, for example~ in a fixed installation operating on 

real time, the RMS FE curve must be positioned along the time 

scale for suitable accuracy in the anticipated interval. This 

result can be achieved by preliminary calculations of RMS FE 

which invol:ve such variables as computing impedances and 

required amplifier gain. The latter are changed and designed to 

yield a satisfactory RMS FE curve for the specific problem. 

Three examples are given in Appendix IV of calculating 

the RMS FE curve for existing components. Typical curves are 

found for the operations of Isolation 3 Integration, and Differenti-

ation, based on the parameters of one transistor current 

amplifier built for the current-computing system. These examples 

do not represent the highest obtainable state of the design art in 

their numerical values of accuracy, but they are rather pursued 

for illustration of the method. 

For Appendix IV derivations, the first-order error 

sources have been considered to pe: finite amplifier gain (less 

than infinite} and the presence of amplifier input resistance 

(greater than zero). These effects are introduced via the unit 
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t1·ansfer function defined in Section Ill of Chapter Three. 

Some basic and reasonable assumptions have been made 

to provide useful results. The reactive elements in the units 

considered have been idealized to be purely reactive, and they 

are assumed to have no stored energy initially. The computing 

units themselves are loaded by essentially short circuits in 

comparison to their output impedances. Since the output 

impedances are shown to be quite high by Equation (3-111>) in 

Chapter Three. a useful range of real load impedances is 

permitted in practice. 

The procedure followed in Appendix IV to find RMS FE 

is straightforward. Into the transfer function is inserted an 

expression for the variation of amplifier gain with complex 

frequency. The actual response of any multistage amplifier is 

complicated. especially after additional networks have been 

added to control gain and phase with frequency. as is the case 

here. The complicated response can be usefully and adequately 

approxim.ated. however 9 by curve -matching with an analytic 

expression such as Equation (2) in Appendix IV. This expression 

itself is a reasonable and possibly conservative approximation 
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constructed from the amplifier's measured frequency response 

curve such as shown in Figure 3-2. 

The choices of numerical values for the constants KI 
0 

and w , for the example given there, are largely at the dis-o 

cretion of the design engineer. These two values determine how 

the experimentally-derived gain curve of Figp:;:-e 3 -2 is matched 

. by Equation ( 2) in Appendix IV. In the de sign of a particular 

system, however, the choice of these two values, which are 

involved in the accuracy calculations and 1.veigh heavily upon 

the numerical results of these calculations, should be based on 

some insight about the application of the computer. For example, 

where computer solutions will contain predominately fast 

transients and high-frequency components, and where it is 

essential that full predicted accuracy be available for these 

components, then w
0

, expressed as frequency, must be located 

well to the left of Figure 3-2. In this way the gain, KI, of the 

actual amplifier will in fact be comparable to or somewhat higher 

than, in all frequency ranges of special interest, the value of gain 

assumed for calculating accuracy. The calculated error itself 

will be somewhat higher than actually occur~ and the 

predicted accuracy will thus be conservative, although 
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reali::;lic, for such an application. 

This conservative appraisal of error may, on the other 

hand, be overly pessimistic for low-frequency signals. For 

constants chosen on the above basis. the assumed curve would 

be much below actual gain response in an important range of 

frequencies, so that calculated error would be unfairly high. 

The curve -matching constants should be differently selected for 

this second application. 

Engineering judgment is an essential ingredient in 

applying these error analysis techniques to best advantage in 

individual applications. Once the transfer and the amplifier 

response characteristics of any particular operational unit have 

been established, their effects upon the signals can be resolved. 

A suitable input signal form, of infinite bandwidth, 

and which would ideally yield the square wave of output signal 

is assumed and inserted (in transform form). The actual output 

in the time domain is derived from the preceding ingredients. 

and this signal is compared to an ideal square wave of comparable 

scale factor. RMS FE is found from the instantaneous error in 

the manner described previously. In general, the process is 
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somewhat sin1plified for a specific case by introducing known 

num_erical values early in the analysis. 

A point-by-point calculation of RMS error for various 

time intervals provides information for the error plot such as 

in Figure 4-2. 

The other unit imperfections and sources of errors are 

usually secondary in comparison to the effects which have been 

incorporated in the numerical examples of Appendix IV. Errors 

which are due to imperfections of the precision computing 

impedances, such as the finite Q of realizable reactive elements, 

may be evaluated by direct substitution of actual values into the 

derivation of the error expressions. For example Rt + pLi might be 

used for Zi in the differentiation operation described in Section IV 

of Appendix IV. Such a change considerably complicates the task 

of finding the inverse transform and of solving for error, but it 

might be warranted in some solutions. 

Throughout these analyses the amplifiers have been 

assumed to be operated in their regions of linear transfer. Loop 

feedback acts to reduce distortion greatly, but care is necessary, 

as with any analogue computer installation, that the amplifiers 
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are not driven to saturation or signal-clipping levels. As 

expected, greatly increased errors are generated when the 

amplifier is operated beyond its linear range. 

It is worth noting here that offset and drift in a DC 

a:m.plifier may be considered as forms of "noise" introduced 

by the amplifier into the passband of computation. These 

unwanted DC signals. like noise, lower the system's dynamic 

range. 

The frequency spectrUin of noise has different effects 

upon differ~nt computing operations. For example, differentiation 

accentuates the high-frequency components of any signal. If the 

incoming signal contains a large quantity of higher-frequency 

components, such as sharp transients, they will contribute 

heavily toward the net RMS output of that operation. Sim.ilarly, 

such transients generated within noisy transistors may enter and 

be similarly emphasized by the operational unit. 

Since the integration process effectively filters and 

accentuates the lower-frequency components of an input signal, 

DC offset and drift from the amplifier or from outside sources 

have important effects upon the accuracy of integration. 
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The integral of a constant offset is an error signal of growing 

magnitude with time. 

Both transistor noise and DC drift act to restrict the 

minimum discernible signal which can be used for computing. 

They form one limit of the usable dynamic range. and their 

individual effects upon accuracy can usually be estimated. 

Noise is treated as a supplement to the ideal input 

signal by referring its magnitude to the input point. Offset 

would be handled for the analysis here by assigning initial 

conditi~ns and stored energies to the _resistive and reactive 

components in the transfer function. Drift of a known 

magnitude should be referred to the input and treated as a 

slowly varying quantity added to input signal. 

"While the numerical values calculated in Appendix IV 

have not included all these error sources. it is felt that the more 

urgent ones are considered. The qualitative picture which 

Appendix IV gives of this particular method of error analysis 

illustrates just how it is applied to practical circuits. 



CHAPTER FIVE 

Conclusions 

I. Specific Results 

(1) Present transistors have been demonstrated in DC analogue 

computing circuits. By using the techniques of current 

computing.. the low impedance and current-gain properties 

of transistors can be incorporated into useful operational 

units. 

(2) As transistors themselves improve .. the usefulness of 

current computing should increase. Present transistors 

have some limitations, such as useful bandwidth and 

dissipation, which form frontie:rsfor any analogue applica­

tions. Each limitation is a matter of degree.. rather than 

being absolute, so that it is expected that each will be 

eventually improved. 

(3) · It has be~n shown that the requirements of the current-
. . . . - . 

computing system in order to obtain high computing 

accuracy, may be specified in practical terms. Other 
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properties, such as impedance levels and stability, have 

been investigated., and criteria are suggested for overall 

performance. 

(4) Qualitative tests show that current computing satisfactorily 

performs the analogue operations of Isolation., Summing, 

Scale-Factor Change. Integration, and Differentiation. 

Combinations of these operations alone are adequate for 

the solution of analogue problems and of many types of 

differential equations. 

(5) The method of determining the RMS accuracy of current­

computing performance over some interval has been 

examined in detail and tried on a sample basis for all the 

important operaiions. The choice of components and 

scale factors for optimum accuracy is a straightforward 

procedure when based on the analytic methods which have 

been developed here. 

(6) Subminiature operational amplifiers have been built and 

packaged in two forms, one for printed-circuit., dip­

soldering techniques, and the other for encapsulatio:r:i in 

protective resin. These have been constructed to follow 

a modular form. 
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(7) This study has indicated that point-contact transistors are 

unsatisfactory for use in voltage-analogue computing. 

Attempts to build linear amplifiers with the required 

high input impedance were not successful. Various trans­

istor circuit combinations and feedback methods were 

investigated, but instability and unit-to-unit variations 

precluded useful input impedance above a few thousand 

ohms. Junction transistors are only somewhat better 

for voltage-analogue computing. 

II. Discussion 

Some emphasis is warranted on the engineering judgment 

which will be required in evaluating current computing for a 

specific application. This dissertation outlines what is believed 

to be a thorough and an effective method of determining the 

ability of given physical elements to perform analogue compu­

tations. One principal conclusion of this study is that the 

method is worthwhile. Its application, however. for particular 

components and hardware, lies in the hands of the design 

engineer. The author cannot state that the circuits presented 

here are the optimum in design for use in a fire-control radar 

computer, for example. The circuits here do illustrate, though, 
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the important parameters and the method of evaluating a proposed 

specific design. Each design must be evaluated in terms of the 

dernands of one application. 

For this reason_., some of the necessary decisions, such as 

the degree of conservatism or pessimism in_., for example, curve­

matching the measured amplifier response as in Appendix IV, 

have significant effects on the numerical results. These effects, 

in turn, determine whether the results are acceptable for one 

application. Such a decision, and the one or two others required 

in predicting accuracy as listed on the following pages, mean that 

the ultimate design engineer retains his prerogative of using 

responsible engineering judgment. Now, however. he may be 

aided by a specialized tool. 

Figure 4-2 summarizes. the method of error analysis used 

in the diss,2.rtation. It plots the cumulative error, RMS FE, which 

will occur in the output of each computing operation. For the 

three different operations this RMS FE varies with the interval 

over which the answer is measured. Often the interval used will 

be the period of observation of the computing result. In that 

case an interval may be read directly from Figure 4-2 which 
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provides a predetermined maximum RMS FE for a test step 

output waveform. For the isolation and differentiation operations 

shown here the interval of averaging would be made larger than 

that which yields maximum al.lowed error. For integration some 

interval where RMS FE is below the specified maximum must 

be chosen_. and the choice of intervals is narrower than for the 

other two operations. 

For the design of new equipment or for the use of existing 

equipment the above steps are taken. Based on a test signal of 

the form necessary to yield a step function output the errors are 

found for various intervals of averaging. That interval of 

sufficiently accurate computation is identified and used. 

For new equipment the designer· has at his disposal a great 

many of the system variables~ such as the qua.ntites used in 

Appendix IV. He modifies and chooses these .and his time scales 

so that operation takes place within the desirable range of a plot 

similar to Figure 4·-2. The experimenter using existing equip­

rnent must. in a like manner, alter the variables at his disposal 

to reach the needed accuracy given by a curve such as in Figure 4-2. 

In the latter case the main parameter to bring this condition about 

will be his choice of time scale~ and so of computing interval. 
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The decisions which. an engineer must make in applying 

the accuracy predicting technique are: 

(1) Choice of representation of the amplifier's character­

istics by an analytic expression, as was done in 

Appendix. IV, Equation (2». This choice need not be 

seriously pessimistic in order to result in the best 

engineered design. Rather it should be realistic, while 

perhaps somewhat conservative., in order to use given 

equipment to its utmost capabilities. If this choice 

were always made on a pessimistic basis, for conser­

vatism., a more :::ealistic design could later be found 

which would easily outperform the conservative unit. 

On the other hand., the design engineer must know his 

equipment, and so be able to state that the predicted 

accuracy will be slightly better than he really needs 

for the majority of his applications. 

(2) The major frequency components of the signals to be 

handled. A number of design economies. such as in 

balancing the relative importance of gain versus band­

width, are possible if the signals are carefully analyzed 

beforehand. 
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(3) The te!"ms which are inserted into the transfer function, 

as in Appendix IV. In some thorough analyses. for 

example, the ~hange of amplifier input loop impedance 

with frequency must be considered. Since this move 

greatly complicates the solution for RMS FE, it should 

only be done if necessary. There are other quantities 

which might be elaborated to give more elegant 

predictions of error., such as exact generator and load­

impedance effects. 

In conclusion~ a realistic appraisal of existing transis­

tors indicates that for use in a current-computing system 

they presently have decided limitations. These include 

unit-to-u.nit variations, poor frequency response., 

temperature dependence, and low power capabilities. 

Transistors in this system thus could be used in 

rather undemanding applications where only moderate 

accuracies are needed. 

The promises of improved transistors seem to offer 

bright hope for future potentialities. 
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The error analysis procedure seems on firm foundation, 

however, and its methods are applicable in different 

forms to defining a predicted error for analogue 

computing in general and for similar transfer 

operations. 



APPENDIX I 

List of Symbols 

See references 13, 19, 20. 

I. Major Quantities 

A, B, D,- E, F, G, 

H, M, N, R, T 1 

Letters used in the derivations of 

Appendix IV to simplify the ma the -

matics; defined there. 

DC signal amplitude used for 

error analysis-in Appendix IV. 

DC gain for current signals. 

Current gain with short-circuit load. 

Transistor current gain from base 

to collector. 

Instantaneous voltage signal 

Instantaneous current signal 

Laplace transform of en(t) 
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I and ln (p) n· 

j 

p 

t 

T 

w 

FE(t) 

RMS FE 

=103-

Laplace transform of in (t) where 

"n" denotes circuit location. 

Complex frequency variable and 

operational symbol. 

Time as a continuous variable. 

Time interval over which an 

operation takes place. 

21r times frequency. 

Ohms. 

Fractional Error (instantaneous) 

Root-mean-square of FE(t) 

over a specified interval. 

G . t· h II " am, as a !_"a 10., w ere m 

denotes the quantities entering 

the ratio. 
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K 

Rll• R12' R21' R22 

(Z11' z12· z21' z22> 

Subscripts 

g 

i 

f 

L 

in 

out 

oc 
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Kilohms. 

F'our-terminal network equivalent 

lumped resistance (or impedance) 

parameters. 

Resistance (impedance) of a 

circuit element or of an equivalent 

circuit element, where "n" signifies 

circuit location. 

Loop gain. 

Is defined as. 

Of an equivalent generator 

Used as summing e1€ment 

Used as feedback element 

Of an equivalent load 

Equivalent input property 

Equivalent output property 

For an open-circuit condit:j.on 



SC 

I 

p 

R 

V 

III. Transistor Diagrams 

Point-Contact Types 

Emitter Collector 

Base 
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For a short-circuit condition 

Property involving currents 

Property involving powers 

Property involving resistances 

Property involving voltages 

Diffused-Junction Types 
Collector 

Base 

Emitter 

Other symbols which have local applications in the text are 

defined or explained when_used. 
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Early Transistor Tests 

In order to emphasize the need for the current-computing 

system and to provide a background picture of the early work done 

here, a brief outline is presented in this Appendix of important 

preliminary attempts to use transistors in analogue computing. 

Beginning in 1951 with the availability of early point­

contact transistor: samples, a number of theoretical and experi­

ment approaches were tried in the hope of applying these units 

in the design of an operational amplifier for computing along the 

normal voltage-analogue principles. Although point-contact 

transistors proved entirely unsatisfactory~for this application, a 

number of interesting circuits were .developed in the course of 

the investigation. The main ·problem was that of obtaining the 

high amplifier input impedance which is desirable for voltage­

analogue systems. Point-contact units~ in general~ exhibited 

poor stability when feedback and other means were used to raise 

the input terminal impedance of each stage or combination of 
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stages" _ 

Since even moderately high impedance could not be 

obt&.ined reliably in actual tests, and similar results had been 

indicated for junction transistors by other RCA groups., it seemed 

that no anticipated transistor could be expected to duplicate the 

relatively infinite low-frequency input impedance of the vacuum 

tube. It was., therefore, necessary to reappraise analogue 

computing in terms of the basic roles of passive and active com­

ponent units., which together perform elementary computing 

operations. This reappraisal resulted, in January, 1953., in 

the current-computing system which has been discussed and 

which seems to utilize advantageously the same transistor 

properties which are drawbacks in use for voltage-analogue 

computing. 

I. Point-contact Transistors as Linear Amplifiers 

( 1) Tests were made on all available samples of experi­

mental and early commercial point-contact units. Both 

RCA type TA-165 and General Electric type'Gll 

transistors were used. One primary interest was the 

j 

l 
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unit-to-unit variation between samples. The spread 

between samples was shown to be very large. Per­

centage-wise and for practical uses the wide 

distribution at low values of collector current was 

especially troublesome. 

(2) The distribution; of values for the important equivalent 

circuit parameters were measured, and they indicated 

again that considerable dispersion should be expected 

in these early units. 

(3) For analytic studies of linearity it was desirable to 

express the average measured transistor output 

characteristics a.s functions relating the three 

independent current and voltage variables. An 

analytic expression was found by curve-matching. 

This form for the characteristics emphasized the 

departures from linearity to be expected in the 

transfer of signal var·iables through a stage which 

uses the transistor in any of its circuit connections. 

(4) Several common-base stages were tested' in cascade 

to form a simple AC amplifier. In spite of the 
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recognized poor impedance match from the output of 

one stage to the input of the next. no transformers 

were used, because it was hoped that this AC ampli­

fier could later be revised for DC response by direct 

coupling between stages. Even though the AC ampli­

fier provided useful signal gain, due solely to the 

current gain of each stage, it was not useful. The 

very low input impedance of common-base point­

contact transistor stages could not be used in voltage 

analogue computing systems because of extreme 

attenuation. The common-base connection was the 

only one found stable, as tested, for point-contact 

units. 

(5) Attempts were made to utilize the base -input con:­

nections with point-contact transistors( 2
1). The 

common-emitter connection looked especially 

promising in overi;:!oming impedance mismatch dif­

ficulties when either cascaded in like stages or 

alternately with common-base stages. 

Experimental results with seven point-contact samples 
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were as follows. Only positive input resistances 

were found, which is contrary to predictions based 

on the measured average equivalent circuit para­

meters and network relations. Both positive and 

negative output resistance values were measured, 

but they were not of the expected values due to the 

variation of each transistor from its published data. 

The most important and sought-for effect of all, that 

of input resistance higher than obtainable with common­

base stages, was noted to only a slight degree. Input 

resistances of more than a few thousand ohms could 

not be obtained. 

In summary, the common-emitter, or base-input, 

connection for point-contact transistors seems to 

offer some_improvement in raising input impedance 

for computing and for better impedance matching 

between stages. The price seems to be, however, 

an accentuation of unit-to-unit transistpr variations 

due to positive feedback. 

(6) As a concession in a weak moment to the earlier art, 
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a. higher-gain DC amplifier was designed which com­

bined transistors and vacuum tubes, This circuit was 

reasonably successful in that a low-frequency open­

loop gain of 4500 was obtained with a vacuum tube 

providing high input impedance and a beam-power 

tube giving large output signal in comparison to 

transistors alone. As shown in Figure II-l(a). two 

triode cathode-follower stages were alternated with 

two common-base point-contact transistor stages. 

The feedback loop for voltage analogue computing was 

closed as illustn.o.ted in Figure II-l(b) without additional 

phase-control networks. The resulting operational 

amplifier exhibited good stability. Open-loop voltage 

gain was down six decibels at just below 50 kc. 

It was felt that the combining of transistors and 

vacuum tubes in one amplifier resulted in no new 

advantages, and that it retained the limitations of 

both devices. 

(7) Several feedback methods were evolved from the 

four-terminal network relations applicable to a 
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TRANSISTOR - VACUUM TUBE 1X AMPLIFIER 

+ 103. 

+ 
1-1 /2 V 

9. V 
C 

~ 15. K 

25. K 

(a) Amplifier Schematic Diagram 

Input 

* Precision Resistors 

10. 

+ 150. 

15. K 

25. K 

-150. 

1. 8 M..n. * 

0. volts DC 

(b) Amplifier in Closed Feedback Loop 

Figure I:I-1 
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transistor (see Appendix III). These methods 

promised higher input resistance and lower output 

resistance than obtainable from the transistor alone. 

One method applied input signal between emitter and 

base, and then connected load between collector and 

an intermediate point between input terminals. Input 

resistance was indeed raised, but at the expense of 

stability and the loss of a common input and output 

terminal. 

Another .method of feedback used two transistors 

effectively with their inputs in series and their out­

puts in parallel. The same results were obtained, 

along with an extreme difficulty of adjusting each 

transistor's operating point satisfactorily because 

of direct coupling throughout. 

In summary of all the tests made upon _point-contact 

transistors, it is felt that they are not suitable for direct-coupled 

use in linear amplifiers. It is not expected that point-contact 

transistors will be modified or improved to make them much 

better than they are now for this application. Their 



-114-

attractive high-frequency response and early availability are 

more than offset by circuit drawbacks as discussed here. While 

the input resistance of a stage (containing one or more transistors) 

could be raised to a few thousand ohms. the power gain per stage 

and stability generally suffered significantly. Unit-to-unit 

variations made the design of cascaded, direct-coupled stages 

impractical for applications which require high amplifier gains. 

IL Some Possible Methods of Using Transistors in 
Voltage-Analogue Computing 

The complete lack of success encountered in building an 

operational amplifier of the conventional type with point-contact 

transistors has made necessary a reappraisal of computing 

fundamentals. A system had to be found which permits and 

works with low amplifier input resistance. It will be noted that 

the functional purpose of the operational amplifier is essentially 

to provide a power gain of significant magnitude. 

(1) The first possible revision of conventional analogue 

techniques to be considered, to allow using transistor 

amplifiers, is based upon altering all the system 

impedances downward by a fixed proportion. For 
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example, the input resistance of a vacuum tube 

amplifier may be 100 Mohms. The input resistance 

of an amplifier using junction transistors may be 

reliably made of the order of 100 Kohms. Suppose, 

then, that all impedances used as passive computing 

elements are reduced by the factor 1000. 

In spite of scaling down all impedances, the power 

gain requirements of the operational amplifier remain 

the same. For a typical load resistance of 10 Kohms 

for vacuum tubes; the power gain might typically be 

above 10
13

, or over 130 decibels. Cascaded tran:­

sistors,could conceivably develop this high gain with 

perhaps five or six stages of 2N34 transistors. The 

scaled-down load resistance for use with transistors 

would be 10 ohms. 

The difficulties to be expected with five or six stages, 

which are connected as described above, made this 

arrai;igement seem impractical. For example., care­

fully isolated power supplies are needed for these 

stages to prevent interaction between high-level and 
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low-:-level stages. The frequency-control networks 

required for five or six stages, in order to prevent 

regeneration in any or all conditions of feedback, 

cause great loss of useful pass band. Phase control 

must begin at a very low frequency, with concurrent 

attenuation, in order to maintain phase and to lower 

amplifier gain to unity before the cumulative phase 

shift reaches 180 degrees, as discussed in Chapter 

Three. The noise and drift levels of present tran­

sistors preclude such a magnitude of gain for any 

bandwidth. 

For reduced magnitudes of power gain it seems that 

a workable transistor voltage- analogue computing 

system might be developed on the basis of reducing 

component impedance magnitudes throughout. It would 

also require, though, the redesign of associated 

precision equipment and expensive transducers and 

source and loading elements, such as precision 

potentiometers, in order to provide their resistance 

magnitudes within a compatible range. High-current, 

low-voltage power supplies would be needed. 
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(2) Analogue computing by conventional voltage tech­

niques may be built around amplifiers which have 

low input impedances. for many applications, without 

scaling down all associated impedances. Transistor 

voltage amplifiers. where input impedance can be 

reliably made of the order of 100 Kohms by using 

junction transistors~ would be entirely practical for 

these particular uses. 

I 

For Isolation, Summing, Integration and Differentit-. 

ation. as shown in Figures 1- Ha). 1-2(a), 1-j3(a), and 

1-4(a). the input impedance.,.of the operational ampli­

fier acts like another input summing resistor whose 

generator is grounded. This resistance to ground 

lowers the amount of the effective forward. open-loop 

voltage gain of the operational amplifier as compared 

to an amplifier of infinite input resistance. That does 

not mean, however. that sufficiently accurate com­

putation cannot be obtained in the processes listed 

above. The known finite input resistance must be con­

sidered and allowed for in designing the operational 

amplifier for a specified accuracy of computing. 
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Variations of amplifier input resistance -are expected 

with time, temperature, and signal level. Whether 

vacuum tube or transistor input stage is used for the 

computing amplifier, variations of the input­

resistance value will have less effect on accuracy 

when it is many times larger than the input summing 

resistors. 

All in all, a lowered input resistance of the operational 

amplifier, as transistors would necessitate, requires 

increased amplifier gain for a given accurac_y in all 

of the operations. Amplifiers which have low input 

resistance. such as those built with transistors, can 

be used for those voltage-analogue computing 

operations where the above effects are not important. 

III. Early Current-Computing Circuit Tests 

As soon as the principles of computing with. current as the 

analogue variable had been resolved, methods were sought to 

confirm its operation in the laboratory. Because of the simplicity, 

compared to a DC amplifier. of designing and building a junction-
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transistor AC amplifier (where bias and signal paths are isolated 

from each other), such an AC circuit was first undertaken. It 

had low input impedance, high output impedance, and reasonably 

high current gain, as noted desirable in Chapter Three, Section I. 

The design of this amplifier was based upon the following 

specifications: 

( 1) Maximum class A output within the limit of 50 

milliwatts collector dissipation. 

(2) Three common-emitter stages (yielding a phase 

reversal) to provide a net current gain of 1000 

(60 decibels). 

(3) An input impedance for each stage of 1000 ohms 

for a loading resistance of 1000 ohms. Iterative· 

cascading is thus possible. 

{4) Stability when overall gain has been reduced to 

unity by negative feedback. 

Based on sinusoidal signals.:.such a circuit was tested with 

feedback in the current-computer connection of Figure 1- l(b). 

Considerable stabiliziation was necessary at ~oth high and low 

frequencies to control gain and phase responses. Four control 

networks were added. 
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The resultant circuit is shown in Figure II-2. It has 

a measured current gain of 65 decibels over a bandwidth of two­

and-a-half decades at the three-decibel points. It is stabilized 

for any amount of degenerative feedback in the isolation or summing 

operation. 

Using sinewave signals the basic concepts of current 

computing were proven reliable, and work then began on the 

direct-coupled amplifier shown in Figure 2-1. The AC amplifier 

itself might be useful for the repeated-solution type of analogue 

computer where bandwidth requirements are moderate. 
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A C . TRANSISTOR CURRENT - COMPUTING AMPLIFIER 

For Naprow Bandwidth Uses 

RCA 2N34 or 
TA. l.53 

Transistors 

47 K 

Collecto:r 

18 It 

I~ ;J 
/'· Base/ 

Emitter 

"Resistance is in 

- 20 V - 30 V 

8.2 K 

47 K 

100 68 

.22 
10 

.22 · .22 

Common 
(+20. +30) 

ohms. Capacitance in micro.farads. 

Figure II-2 



APPENDIX Ill 

Pertinent Four-Terminal Network Relations 

On several occasions throughout the thesis stuciy it has 

proven advantageous to use modified 4-term.inal network 

parameters to express the apparent properties of a 3-terminal 

device. This method has been applied to the fallowing devices: 

{1) The simple transistor, of both point-contact and junction 

types; 

(2) The basic computing amplifier without precision 

computing components; 

{3) The overall operational unit consisting of high-gain 

amplifier and precision passive computing elements. 

Figure Ill-1 shows the modified network form. which has 

been used as a general tool in circuit analysis. 

The two loop equations 

·* The symbols used are listed in Appendix I. 
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(1) 

(2) 
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MODIFIED FOUR - TERMINAL NETNORK 

C I 
(Common)L-

--------

t 't 

"'-
10 

_J 

4 - T Network 

E -g 

Figure III-1 

(1) 

(2) 



are supplemented by the equivalent generator and load as shown 

in the Figure to provide, by direct manipulation of the equations, 

the following useful relationships: 

(1) Input impedance, Zin, seen between the terminals 

marked 11 1" and "c" toward the right 

Z = Z11 in {3a) 

(3b} 

Z11 Z22 - Z12 Z21 

Z22 {3c) 

(2) Output impedance., Zout-' seen to the left of terminals 

2-c 

z = z22 -out 

Zout, oc 

Zout, sc 

- Zout\ Z g+oo 

(4a) 

(4b) 

{4c) 
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(3) Voltage gain, Ky;, with load ZL 

KV 
E2c Z21 ZL 

- E1c (Z22 + ZL) zll - Z12 Z21 

Ky 
<>E2c Z21 

f - = 
'c)Elc 

= 
ZL+ro zll 

12 
constant 

J-'-ZL Z21 ZL 
Ky = = 

z22 + ZL - JlZ12 Zin (Z22 + ZL) 

(4) Current gain, Kp with load ZL 

12 Z21 
--- =-----

11 Z22 + ZL 

E2c 
constant 

Zin 
ZL Ky 

(5) Power gain, Kp~ with load ZL 

= 

2 
Z21ZL 

(5a) 

(6) 

(5b) 

(7a) 

(8) 

(7b) 

K· = K K1 - -------.----~=------:---=--
p V - (Z22 + ZL)2 Z11 - (Z22 + ZL)Z12Z21 

(9) 
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(6) Impedance gain, KR 

ZL (Z22 + ZL) ZL 

: Zin-=- Z11 Z22 - Z12 Z21 + Z11 ZL 

(7) Transconductance, Gm 

= 

E2c 
constant 

( 8) Stability and Circuit Determinant, ~ 

{10) 

(11) 

(12) 

(9) The four equivalent lumped impedance parameters may 
J 

conveniently be measured for a given network in terms 

of the following relations: 

(3b) 
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- z. 
OC lil, SC 

ot 

___H_ 
Z22 = 0( Z. lil, OC. 

(13) 

(14) 

(15) 



APPENDIX IV 

Error Deviations 

I. General Definititions 

0) Operational Unit Transfer Function is given for 

current computing by 

1 

-K 
I 

IV ( 1) 

from Equation (3-8) of Chapter Three, where: 

I2 (p) is the Laplace transform of output current. 

I1 (p) is the Laplace transform of input current. 

~· is the overall complex current gain. 

K1 is the current gain of amplifier alone. 

z. 
1 

is the summing element impedance. 

Z11 is the four-terminal network equivalent 

input circuit loop impedance of the amplifier. 

Zf is the feedba,;;k element impedance. 

(2) Complex current gain of the amplifier along with 
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approximately a zero impedance load is assumed to have the 

form 

where: 

p 

~ (p) = 
1 +..E.. 

Wo 

is the current gain of the amplifier 

at zero frequency. 

is a complex variable. 

is 2r, times the 11break" frequency or 

(2) 

half-power point of amplifier's steady­

state g;:3.in response. 

and w are assigned num·erical values by curve-
a 

matching the empirical curve of amplifier 

frequency response, such as Figure 3-2, 

as well as possible. The matching curve 

might be deliberately located below the 

measured curve in all significant areas to 

result in a conservative appraisal of error. 

( 3) Fractional Error. FE 
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Ideal~ (t} 
(3) 

where 

iz (-t) is i.nstantaneolis ll.T!it output current. 

RMS FE 

r...-
ft 1 f .i. 

,! T I 
✓ J 0 

FE 2 {t) d: (4) 

wnere 

T is the computing -inter,""al measured from. the 

application of the inpu: waveform. 

(4) The followJr,g ~u:rnerical values are typical of those 

:n:.easured and used in 1he experic·_e::.~s with current comput'i.ng. 

These va.lue.s wi11 be used in calc:ilating the typical numerical 

results of error analysis wr..ich a.re shown here. 

Conservative m.inim.mn values 

assum.ed from Figure 3-2: { 
Measured :n::axi::mum value 

for the amplifier: 

K = I 
0 

w 
0 

2000 

""2r 40 
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For Isolation let: 

Input waveform is a Step, 

expressed by its Laplace 

transform. 

For Integration let: 

Input is an Impulse, 

For Differentiation let: 

Input is a Ramp, 

Zf = 2000. Jl. = Rf 

z .. = 
1 

1 
pc 

10 5 
= -- SL 

p 

thus C = 10. µf 

zf = 2000 . ..n.. = Rr 

Zi = pL = 13. 5 p .n. 

thus L = 13. 5 hen. 

Zr = 2000 . ..n.. = Rf 

where I
0 

is a constant throughout. 
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II. Operation of Isolation 

(Same operational unit and Zi and Zf may be used for 

Sununing and for Phase Inverting) 

by 

= (5) 

from Equations (1) and (2). 

Zi, z 11 , and Zr are assumed purely resistive, as in 

Figure 2-4. 

The Laplace transform of the actual output signal is given 

where 

-R- I. Kr wo 
1 0 0 (6) 

(7) 

Finding the inverse transform, 

[-e (8) 
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Ideally, for this input waveform, i 2(t) would have the form 

(9) 

From Equation (3): 

Rri<r 
0 

[ 
-wo ( 1 - Rf KI ) t] 

1-e R o (10a) 

For a specific case it is convenient to substitute actual numerical 

values at this point. Using the _values of I (4) 

-155,000t 
FE (t) = . 0016 + . 9984 e (10b) 

FE {t) is sketched for these values in Figure IV-l(a) on the next 

page. 

By substitution into Equation (4): 

(RMS FE)2 ~ (. OOl 6)2 _2 x .. 0016 x . 9934 ( -155, 000 T \ _ 
155,000T e -1) 

.9984
2 

(-2x155,000T ) 
2 x 155,000 T e -1 (11) 

RMS FE is plotted from this expression as a function of T. the 

period of averaging, in Figure 4-2. 
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INSTANTANEOUS FRACTIONAL ERRORS 

· ~itl:\ C•l_cµl~~ecl. lfumerical Values 
_Fl!;( t}_ .•. 

1.0 
a) Isolation Operation 

6.5 uaec f r 

I 
e 

Residual error 

~~--_i_ -(?016 
0 -t----"'t----.::----=---·-------"'-.... 

t») li,,tegration 

FEft) 

FE(t) 

1.0--

I 

e 

0 

I 
5. p-seo 

t 

40. sec· 

Minimum 

t 

c) Differentiation 
1.0 

{ 
3.14 m1111sec 

.1. -tt-t-+-t--t-+++-r"'Ptl'll:::C""'-e .0013 

0 
t 

-1.0 

Figure IV-1 
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III Operation of Integration 

I:: {p) _ -wo K10 

11 (p) - - (1 + pCR11 + pCRrHw0 + p) - pCRrw0 K10 
(12) 

from Equations (1) and (2). 

1 
Zi = pC, and z 11 and Zr are resistive, as in Figure 2-C. 

The Laplace transform of the output is 

(13a) 

1 
(p+ A) (p + B) (13b) 

where the following terms are defined here: 

Tl - C (Rll + Rf) 

j ~2 -
D Wo 

A - + + 
2 Tl 

-j ~2 -D Wo 
B - + 

2 T1 

1 CRf Wo Klo 
D Wo + - -- Tl Tl I ,. 
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The inverse transform yields 

-Bt -At 
e -e 

A-B 

( 
-At -Bt) 

e -e 

i 2 ( t) (Ideal) 

FE (t) = 

where we let 

G.: 

(RMS FE) 2 = 1 

2G(A-B) 

ABT 

G2 (e -2BI' + e -2AT 

T 2B 2A 

2e G A+B 2 
-(A+ B)T) 2 

A+ B + T c!Jl:B - A+B) 

(14a) 

(14b) 

(15) 

(16a) 

(17a) 

where T is again the whole interval in which this computation 

is observed. 
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Substituting numerical values from I {4): 

-1 
T 1 = . 052 sec .• D = 61, 680 1r sec. 

D Wo wo2 
2 - m

1 
- n3T i 2 - · · · · · · · 

by series expansion. It converges very rapidly for the values 

involved. 

A = 61. 680 1r = 194, 000 sec 

-1 
B = . 008 1r = . 025 sec 

G = -. 99881 

-1 

FE (t) (.
-194,000t -.025t) 

== 1 + . 99881 e -e 
\ 

It is noted that FE (t) is described by two exponentials, one 

having a short-time effect and the other a long-time effect upon 

accuracy. The components of this function are sketched in 

Figure IV-l(b). 

The operation of integration, as described here, has a single 

optimum choice of the averaging period "T" for minimum RMS 

error,, The fact that this minimum. exists is observed intuitively 

from the sketch in Figure IV-l(b). Equation (17a) may be solved 
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for this T of minimum error by equating to zero the derivative 

of RMS FE with respect to T. 

Both Equation (17 a) and the expression fo-:c the T of minimum 

RMS error can often be greatly simplified in practical use. For 

example, for the numerical values used here, when T is a 

reasonable time interval of interest 

-At 
e << 1.0. 

Then 

(RMS . FE)2 ~ 1 - 21 T (4 + 3 G) + 

,., BT ] 
G(2+G) - GBT l (l+G) - 3 (1+2G) (17b) 

-6 
,., 2. 58 x 10 
= T 

T 
+ 120 (. 00357 + . 02944 T). (17c) 

The square root of Equation (17c) is plotted in Figure 4-2 as 

RMS FE versus the interval T. 

The value of T for minimum RMS error may be most easily found 

by a graphical method from the derivative of Equation (17c). For 

these values it is single-valued and is given by: 

T (mini:rnum RMS FE) = . 1546 seconds. 

When T has this r1alue, Equation (17c) yields RMS FE = . 5,2o/o. 
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IV Operation of Differentiation 

- p L Wo Kia 
(18) 

.. Z11 and Zr are resistive, 

as illustrated in Figure 2-7. 

Substituting to obtain the Laplace transform of output signal, 

(19a) 

= 
p 

Completing the square in the denominator of 12 (p), 

-10 wo K1
0 

(19c) 

where 

(20) 

and 

(21) 
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The inverse transform is found as 

i 2 (t) (Actual) = + 

1 -Et__ [ F J} ) --;:====- e sin Ft - arctan ( -E) (22 
FjE2 +F

2 

The Ideal outpt..'t would be 

IL 0 

-R 
(23) 

RfWoKI0 { 1 
FE(t) = 1+ L -Er+F2 + 

1 
-Et [ F ]} e sin Ft -arctan (-E) (24a) 

Upon substitution FE (t) is expressed in terms of theJD.easured 

quantities: 

+ 



arctan [-
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4wo L (R11 + Rf - Rf K10 

(R11 +Rf+ w~L)2 
-1] } (24b) 

Inserting numerical values at this point from. I· (4) 

E = 318. -1 sec. 
-1 

F = 8610. sec. 

FE (t) = . 00130 +. 9994 e - 3 l 8 ~~cos (8610t - 2. 113°) (24c) 

The major components of this function are sketched in 

Figure IV- l(c). The time constant of exponential decay of the 

envelope of FE (t) is 3. 14 milliseconds. One cycle of the oscil­

latory transient takes only . 116 milliseconds. or 1 / 27 as long. 

Let 

FE (t) == H + M e-Et.. cos (Ft - N) (24d} 

where, for this example 

H = .0013 M =- .9994 

E = 318. F = 8610. 

N :i 2. 113° = . 037 radian 

The quantities H, M, and N can, of course, be expressed 

in general, analytical form from Equation (24b). 
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The exact form for mean-square error is given by: 

[ 
-2ET 

2M cos2 N e cos FT , (F sin FT-E cos FT)+ E J 

2M sin2 N e- 2ET sin FT (E sin FT + F cos FT) + 

M sin 2N [ F - (E sin 2 FT + F cos 2 FT) e - 2ET J + 

8H cos N [E + (F sin FT - E cos FT) e-ET J + 

8H sin N [F - (E sin FT+ F cos FT) e-ET J} (25a) 

A reasonable approximation for FE(t) in Equation (24d) 

is considerably simpler for the usual design purposes. It depends 

on the period of the oscillations being short compared to the 

exponential decay. where the effective value of FE(t) is given by 

FE (t) !:: I H2 + ~2 e -2ET (24e) 



-143-

Then the simplified mean-square error expression for 

our example is: 

(RMS FE) 2 ( -2ET) 1-e 

-6 774 X 10-6 
1. 69 X 10 + -----­

T 

(25b) 

( 
-636. T) 1-e (25c) 

The square root of this expression is plotted as RMS FE 

versus the tin1e interval of averaging. T. in Figure 4-2. 
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