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CHAPTER 1

INTRODUCTION

This thesis deals with the mixed initial-boundary value problem for
linear second order hyperbolic equations in a time-dependent domain, or

more briefly, the mixed problem. This problem may be described as

follows:

Let Q be an unbounded region in Rrﬂ.l whose bound'a:ff:"ﬁwj_s homeo -
morphic to’améyi‘inde‘r. We shall denote the intersection of Q (of B)
with [tl; tZ]XRn by Q( tl, tZ) (by B{( tl, tz)) and the intersection of
the hyperplane t=t0 with Q by A(t0 ). A pointin R" with coordi-

nates (xl, ceey xn) will be denoted by x, and a point in Rn‘*’1 with

coordinates (t, ST , xn) will be denoted by (t, x). The indices
i, j will always have range 1,...,n and the indices r, s will always
have range 0,1,...,n (the index 0 refers to the t coordinate).

We seek a weak solution (Definition 2. 2.8 below) in Q to the

following problem:

(1.1.1) utt—(aij(t, x)uxi))‘:‘j + ai(t, x)uxi+ a(t, x)u=p(t, x)

u(0,x)

f(x)  u(0,x)=g(x)

u(t,x) =0, (t,x)eB .
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We shall call this problem the mixed problem. It is one of the more
intractable problems of mathematical physics. The solution describes
a diffracted wave in the region Q of space-time. If the diffracting
body is in motion, then the spatial domain of the wave, A(t), varies
with time. The cases that have been treated for the most part have
been those in which the diffracting body is stationary, and even in this
case, beyond the fact that a unique solution exists, little is known
except for so called separable bodies.

In two dimensions, existence, uniqueness, and regularity theorems
have been obtained for the mixed problem with time-dependent space
domain [ 2, pp. 471-475], N. Balazs [1] has obtained an explicit solution
for the two din:xensional wave equation with certain restrictions on the
shape of the boundary. For three or four dimensions, many special
cases of {1.1.1) have been investigated (for a few of these, see [8, Chapter
11]). It is only in the last decade that results have been obtained for the
more general versions of the mixed problem. Among the recent contri-
buters is O. Ladyzhenskaya [5]. She obtained existence and uniqueness
of a weak solution for a class of operator equations that includes (1.1.1)
if A(t) does not depend on t. E. Rojak [9] obtained existence, unique-
ness, and regularity theorems for the wave equation in the case where
the diffracting body is in rigid motion. For an extensive bibliography of
the literature, see [6] and [9]. In this thesis, existence and uniqueness

of a weak solution are proved under rather weak restrictions upon A(t).



All constants and functions appearing in this thesis are real-valued.

and the coefficients in equation (1.1.1) are bounded together with their first and
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second derivatives. We assume that for any n-tuple ;1’ . ,; 0 of real

numbers the following inequality holds:

2 2 . .
B < fog < J , < < .
(1-1.2) Cmﬁiﬁi—aij}'i;j—cmfi;i 0<cm<Mm
) Without loss of generality, we may take Ch = 1. It will be convenient
to define the operators A 0’ /\_1 , and /\‘Z by
;.: /\0u=(aijuxi)xj—u,
3 \
| (1.1.3) / luzaiuxi+(a_l)u

4
Il
:
&
4

/\zu utt'/\ou +‘/\lu’

and the time derivatives of /\O and /'\\1 by

i

\
g0 = (o)) o b

/ =
( \1 )tu (ai)tuxi-i-atu

The inequalities (1.1.2) express the condition that /\ 0 be strictly elliptic.

Note that equation (1.1.1) may be written as /\ o4 =p.
We assume that, for some a (0<a<1), the components, n , of the unit
R r
normal, n , to B satisfy the inequalities

2 2 - 2
1.1. - ’ - .
( 4) n, <(l-a) n, n; < (l-a) aijninj

This requirement implies that each point on the diffracting body moves

ki
i
k/
‘
!
i

with velocity less than unity.




A A e B R R R G
.

-4 -

The conditions on p, f, and g are that p e LZ(Q(O’ T)), fe HI(A(O))
(see Definition 2.2.7), and fe LZ(A(O)) .

In Chapter II, we present preliminary lemmas needed in the sequel.
Various function spaces are introduced, their properties are stated, and,
for these functions, variants of the divergence theorem are proved. A
vector b is introduced and some of its properties proved. Results on
weak regularity of strictly elliptic equations are also proved. Chapter 111
contains our main results. Using the machinery developed in Chapter II,
we obtain an energy inequality, which shows that a solution, in some
sense, depends continuously on the functions p,f, and g in(l.1.1). To
prove this inequality we have developed a method that reminds one of the
(a, b, c)-method of Friedrichs [3, pp. 425]. Then by extending methods
developed by O. Ladyzhenskaya [5] we obtain existence and uniqueness

of a weak solution.



CHAPTER 11

FUNCTIONS SPACES AND VARIANTS OF

THE DIVERGENCE THEOREM
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This chapter deals with theorems needed in the sequel. Section 2.1

contains basic definitions and smoothness conditions on B. In Section 2. 2

R R TR

we state some theorems first proved by Sobolev which are used in Section 2. 3

to prove variants of the divergence theorem. Section 2.4 contains some

S L

results concerning strictly elliptic equations. Theorem 2.4.1 extends well -

e T R

known results of solutions in bounded regions to unbounded regions.

SR L)

2.1 Definitions. Let X be a region in R” or R™' with boundary

90X . The space Cm(X)(CBn(X)) is the set of functions on X (with compact

support in X) having continuous partial derivatives up to order m

£ SR SR

inclusive. If u,ve Lp(X), then u,, X , the generalized

TR s
m
derivative with respectto x; ,...,x: exists and is equal to v if

i i e
1 m

m
4 fu¢xi,...,xi dX =(-1) fux.,...,xi ¢ dX
X 1 m X 4 m

for every o¢e¢ Cl(;n(X) . The Sobolev space W;nv(X) is the set of functions

B possessing all generalized derivatives of order m or less in Lp(X) . In
Chapter III we deal only with the case p = 2. However, we introduce the
spaces W;n(X) because we believe that the Sobolev theorems in Section 2.3

and better understood in this more general context.

i SRR e S e s st
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We assume that B satisfies the following smoothness conditions:

(i) there exists a 1-1 transformation ¢ of RnH onto:

Rrﬂ.1 mapping B onto the surface of the right

g DT e Lt N S MU S e SEA et f S e
.516’*"'”".""" D L i
‘

circular cylinder R1><Sn“1 » where Sn-l is the
% boundary o_f the n - ball;
E§ (ii) ¢ and its inverse are given by
(2.1.1) Y. = yr(t,xl, ...,xn), x = xr(yo,yl, ...,yn),

where yr(t,xl’,...,xn) and xr(yo,yl,...,yn) are

functions in CZ(Rn+1 ) with bounded first derivatives

Let b be a vector defined on B with components

2,1.2 b =n,n,

b

1]
1
o}
=

i 01

It is easily verified that, for some B> 0,

(2.1.3) (i) 0<p<b <1

.. 1/2 -1 _ 1/2
(ii) (bjbj) bO = lnol(njnj) <l-o

SR e

(iii) br n_ = 0
The inequality (i) follows from (2.12) and the fact that n is a unit
vector; condition (ii) follows from (1.1.4).
The vector ‘2’ will play an important role in proving the energy
inequality. For the case of cylindrical boundary this theorem is
proved, for sufficiently smooth u vanishing on the boundary, by

integratihg the expression ut/\ o1 over a "light cone', applying the
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divergence theorem, and using the fact that “t:iand'no vanish on B. This
method fails if the boundary is time-dependent for then a, will not

vanish on B. In this case, we note that since u is constant (and equal

to zero) on B, gradu = 29 is either the null vector or is normal to

B. In either case b- llu =0 on B, since b is 'tangential' (2.1. 3,

iii). This observation suggests that the énergy inequality may be

obtained by extending b into Q and applying the divergence theorem

to { VA\y 13,)/\ U We note that if B is cylindrical, then n_ =1 )

j and Y’]vu- E. reduces to u, . We now prove that it is possible to extend
; b into Q having certain properties.
*a Lemma 2.1.1. Given a compact set K containing B(0,T) in its
interior, b may be extended 1o a vector in Q, again denoted by
j B = (br ), whose components have the following properties in Q:

(i) The support of bi in Q is contained in KN\ Q.

7 (ii) b and (b )x_ are bounded in Q,
(2.1.5) - T s

(iii) O<ﬁ<b0<1,

i 1/2 -1

E iv b.b, b < l-o.

(v J J) 0

Proof. Let Q', B' = R x s""! (s“'1 is the boundary of the

n-ball), and K' denote the image of Q, B, and K, respectively, under

¢ (2.1.1). A point in Q' with coordinates Yor Yyr -0 ¥ will be denoted
. n

by (yo,y). If u(t,x)e CZ(Q), then u'(yo,y) =u(t,x1(y0,y),...,xn(yo,y))

, . 2 -
will be in C7(Q'). Let h(yo,y) be afunctionin CZ(RnH) that

:E!jr‘
7
TR

e

satisfies the conditions

£ ’:"g'k: v
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(i) hly,.y) (v, y)eB'(0,T),
0 | (vy VI£K",

(iii) 0<hi{ypy)<l.

(ii) h(vo,y)

Since b = (br(t,x)) is defined on B, the vector b' = (b'(yo, y)) is

AT il B VLSt S SR e it e
SN A et B T D i %
SEkR T NP S )

o,
il
EE R

defined on B'. We extend b;(yo.y) to Q' as follows: on the portion

ST

of any hyperplane = constant exterior to B', b'(y.,y) is to be
P Yo 0' %

55

constant along each ray through the origin of that hyperplane. The values

R B

of bé(yo, yv) on B' thus determine the values of bo(yo, ys) on Q'

We similarily define bi(yo, y) along each ray from the origin of the

T i
AR TR

hyperplane y_ = constant to be the value of b! (y.,y) at B' times
0 i VoY

h(yo' y).

/2

If we set |y| = (Yj yj)1 , then b;'(YO’ys) can be expressed

o s
SRS SR S

analytically as:

-1

-1
b(')(yo.y)= b(’)(yo,yllYI Yn,Y,

)

(2.1.6) 0 _1
b (v, y) = hiyy)bi (v y, Iy, .., y Iyl 7).

ORI BRI SR

Sl

We define br(t,x) on Q by

br(t,x) = b;(yo(t,x), yl(t,x),..., yn(t,x).

It is evident that br (t,x) is bounded and satisfies conditions (i), (iii)

and (iv) of (2.1.5). It remains to show all partial derivatives of br (t,x)

TR e aa
o AR

are bounded in Q. We calculate (b(') ( Yo y))y at the point (;O' ;)
r

u

3

o
:Eg
P
5
2
&
gt

in Q'. From the definition of derivatives and from (2.1.6) we see that
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-_— — _ . l . —-— — — R — -—
(bo(yo.y))y -il_r:;) I (bo(yo...-.yr+h,..-.yn) bo(yo,yn

r
- y y_+h y
(2.1.7) =1im—{b'(y, , —, , — )

h=o B 00T 5 17, | v, |
4N Yh h

y y

by (Vg = » -0 =)},
ly] ly]

where

- -1 -2 - 2 -2.1/2
,th = (Yl+:----(Yr+h) +»'--,Yn)/ ’
- -2 -2 1/2
[y = (y, +,-..,+yn)/ .

From (2.1.2) and the condition that the Y. (t, x) have bounded derivatives,
it follows that b (v., y)l '€ Cl (B') and that b (vy.,y), considered as

0'’0 B 0'°0
a function on B', has bounded derivatives. Since the limit in the last line
of (2.1.7) is evaluated on B' » the limit exists (as a ''tangential derivative')
and is bounded. Hence (b(') )y- exists at (;0, ;) and is bounded. It

r

follows that

ayr
1

(b (13,

is bounded.
Similarily, we can show that the derivatives of other components of

"\b‘ are bounded.

2.2 Theorems from Functional Analysis. In this section, theorems

giving properties of the Sobolev spaces W;n (X) are stated. The proofs
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of these theorems may be found in[10, pp. 338-375] and [1L, pp.. 55-85].

Theorem 2.2.1. W;n (X) is a Banach space with norm

_ m n 2 p/2 1/p
= szk=o(zi 0 g e x ] ax]'P.
p l,...,k 1 k

In the case p =2, W;n (X) is a Hilbert space with inner product

(2.2.1)  (u, v) =fx21202?,..
1

) u
i =0 Tx L. Lx, x,L. X,
k i i i i

1 k 1 k

Theorem 2.2, 2. If uw and v are in W?(X), then

(uv)x = u, v+ ovuy
r r r

k +1
A set D is a C -submanifold of dimension h in R" if there
k
exists an open set U containing D and a transformation of class c ,
with non-vanishing Jacobian, mapping U onto the cube lyr, <1 in

such a way that D is mapped into the surface

Yhtl T Yhe2 T TV T 0

A C -cell is a compact set such that there exists a map of class

k
C  with non-vanishing Jacobian transforming K onto the cube y

A

Theorem 2.2.3. If K isa C™ -cell and ueW;n(K), then there

exists a sequence of function {uk}e COO(K) converging to u in me(K).
The following two '"embedding theorems'' are due to Sobolev .

Theorem 2.2.4. Let K b_ei CH1 -cell in Rn+1 and let

E]

m
ue Wp (K) . If n+1<pm, then u is equivalent to a continuous function

P
.
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and

(2.2.2) sup ,u(t,x)l <c "u”
(t, x)eK L W;n(K)

Theorem 2.2.5. If pm<n+l, if K isa Cm-cellia Rnﬂ and

if ueW;n(K), then ior each c™ . submanifold D of dimension

s>n+]l -mp and for any q< ps{(n+1 - prn)—1 the restriction of

u to D, denotedhz ulD, ﬁ_xﬂ Lq(D), _ﬂxg
q P

Corollary. There exists a sequence {uk} of functions in Cm(K)

such that:
(i) ui—=u in W;n(K)

- k .
(ii) u ID-'u! in Lq(D).

D

Proof of Corollary. Theorem 2. 2.5 assures the existence of the

k
sequence {u } satisfying (i). Since uke Cm(K), uk,D may be taken

to be the usual restriction of u to D. By (2.2.3),
k k
”u 'D-ulD"Lq(D)SCZMu 'u"W;n(K)‘

Therefore, as uk-'u, in W;n(K),

If u is continuous on K, then u takes on well-defined values on

every submanifoldin K. If u e W;n(K), then ue L (K) and,
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since submanifolds have measure zero, we may ask: in what sense (if any)

may u take on values on these lower dimensional surfaces? The Sobolev

theorems supply the answer.

If u has sufficiently many generalized derivatives (m>(n+1 )p-1 )

then u takes on values on each submanifold since u is equivalent to z;
continuous function. If u does not possess (n+1 )p-1 generalized
derivatives, then we whould not expect u to be defined on submanifolds of
arbitrary dimension. Theorem 2. 2.5 states that for a submanifold D of
sufficiently high dimension s, or of sufficiently large p (p>(n+l-s )m )
u is defined on D as an element of Lq (D) (g<ps(n+l -pm)-:l ) .
Further, the higher the dimension of D (the larger s is), the better
behaved u is (the larger q may be taken) on D.

Theorem 2.2 6. Let u,D,s,q, and K be as in Theorem 2.2.5

Assume that the translation of D by the vector x ={Ax_) lies in K.
—_— —_———— —~T -

Then

fDlu(t‘+AxO,.'..,x‘i+Axi, ...)-u(t,...,xi,...),-qu-*O

as |Ax_| »o0.
- L
The proof of Theorem 2. 2, 6 is found within the proof of the Kondrasev
Theorem [11, p. 85].
If D is a bounded submanifold, we shall always understand by u l D
the map defined in Theorem 2. 2.5. Suppose D and K are both unbounded

sets. Let {Kh} (h=1,2,...) bea family of c™ - cells with pairwise

nonintersecting interiors, and such that
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D C GKhC.K-

By u ' p Ve shall always mean the measurable function on D equal to

u' on Df]Kh.

DNKy
Definition 2. 2.7

Hm(A(t))={u|uew;_n(A(t)), u | 0}

BA(t)

H(Q(0,T)) ={u'ueW?(Q(O,T)), ulB(O, _ 0}

Definition 2.2.8. A function u is a weak solution to the mixed

problem (see (1.1.1)) if
(i) for all T>0, ue HI(Q(O,T))

(ii) [ (u ¢, -a.u ¢ -(a.u tau-p)9)dQ- g¢. dA =0
Q(0, T) t't  ij xi xj 1 xi A(0) t i

for all ¢eC1(Q( 0, T)) that satisfy ¢, l R l == ? l g=0
and that have compact support.
(iii) ulA(0)= f.
It is easily seen that a classical solution (a2 solution in CZ(Q( 0, T)))
to the nmiixed problem is also a weak solution. The integral equation (ii)
can be obtained by multiplying equation (1.1.1) by ¢ and applying the
divergence theorem.
O.. Ladyzhenskaya proved existence and uniqueness of a weak solution
to a version of the mixed problem using several spaces of vector-valued
functions. Below wevpoint out some connections between these spaces

and the Sobolev spaces. A more detailed exposition of such vector-

valued functions may be found in [4, Gh. III].
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Let H be a Hilbert space with norm || "H A map of [tl, tz] into
H is a vector-valued function of [tl, tz] into H. We denote by

Lz(tl, t,iH) the set of maps w(t) on [tl’ tz] and for which

t 2
w2 =L w2 at
L, et HY dy H

exists; LZ(tl’ tz; H) is a Hilbert space with‘the above norm. We say that

W € Lz(tl, tz; H) is continuous (has derivative dw € LZ( t tz; H)) if, for

dt I’
’ almost all te( trty ],
4 lim fw(t+ Dt)-w(t)] =0
: At~ e
. -1 d
§ (Lim [[(w(t+ at)-w(t)(at) -5 0l =0
s
4 At—+0

Let A be a region in R" with boundary 8A, andlet Q"= [0, T] xA.

R

Suppose we LZ( Q*) ; then by Fubini's theorem, we can consider
W € LZ(O’ T LZ(A)) . Conversely, elements in LZ(O’ T: L2 (A)) can be
considered elements in LZ(Q*)'

A function we LZ(O’ T W:;(A)) is said to vanish on [0, T]X8A if
w(t) [ BA=O for almost all t. Further, if w has a derivative w', then

* %
W can be considered as an element of Wé(Q ). For if ¢e¢ CE(Q ), then

T
fO wa¢tdA dt

G,

Sl

H

fo Lim ([, w(t)($(t+a tox)-p(tx) (a8 da)at
t—=0

i

lim fOT fA(w(t-A t) -w(t)( A t)'1 p(t)dA dt
t—=0

_-fonAwl(t)Q(t)dA dt.
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Suppose we WZI(Q*) . If A -is bounded, then w, considered as an
element of LZ( 0, T; L2 (A)), is continuous by Theorem 2.2.6. If
W € W;(Q*), then, by Theorem 2.2.5, w defines an element in
L,(0,T; WZI(A)) .

In this thesis A (t) depends on time. The maps of [0, T] into the
spaces W;n(A(t)) are maps of the interval, not into a single Hilbert space,
but into the infinite family of spaces W;n(A(t) ), one of each t. It turns
out that the variants of the divergence theorem (see the next section) can
be extended more easily relative to the Sobolev spaces, such as W;n(Q(O, T)),
than in the setting of functions ¢/ [0, T'] into W'? (A (L) .

2.3. The Divergence Theorem. A crucial step in the proof of the

energy inequality is the application of the divergence theorem. In the
present section we extend this theorem to a theorem about elements of the
space W;n(X) and prove special formulas needed in the sequel.

Lemma 2.3.1 (Divergence Theorem). Let \((vg) be a vector whose

components vs(ws) are in W;(K), where K is a finite union of Cl-cells

with pairwise nonintersecting interiors, and let u be the vector with

~ & —

components u =v W _ (nosum on s). Then
s § § ———

2.3.1 =
( ) fK(us)deK Jog B0, 40K,

where n = (ns) is the unit normal to 9K, the boundary of K.

Proof. First consider the case where K is a single cell. By the
S ' s k ky,. .
Corollary of Theorem 2.2.3, there exist sequences {vs} ({wS D with

elements in CI(K) that converge to v (ws) in W;(K). For each k,
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the divergence theorem holds, and
k k
fK(us)xs dK = faKus n_ doK.

If we take the limit as k -0, (2.3.1) follows since if {v:} -V ({WI;} -’ws)
in Wl(K) {(vk) J=(v ) ({(Wk) }=+(w ), ) in L (K) and
2 P 8 xs 8 xs B8 xs B xs 2
k k .
brg lagd = v Lo (v It = w 1 5) i Ly (2K).
If K=U Kh' where each Iﬂq is a Cl-cell, we may apply the divergence
h

theorem to each cell, and sum the results. We obtain the formula

I lug)y, dK = [, u n_ doK + zhfaKL u, n_doK ,

where aK‘l1 represents the part of the boundary of\ Kh not appearing in 0dK.
The sum on the right side of the equation is zero because of the opposite
orientation of normal vectors of adjacent cells and because of Theorem 2.2.6.

In the next two lemmas, we assume‘the vector /l\a/ (2.1.2) has been
extended into Q(0, T) by Lemma 2.1.1,

Lemma 2.3.2. Let K b_egii_rlLemma 2.3.1, and in addition, let K

lie in Q(0, T). If u,wewzl(o(o, T) ), then
1
fK(Vwbr)xrdK—j‘aKv vwbrnrdBK ,

where 9K' is the part of 9K that is not contained in B(0,T).

Proof. Since each br has bounded first derivatives, vbr € W;(Q(O, T))
for each r. We may apply Lemma 2.3.1 to the vectors v = (vbo, vbl, “oes vbn),
w=(w,...,w). On B(0,T), n_ br =0 by (2.1.3, iii); hence, the surface

integral reduces to an integral over dK.
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Lemma 2.3.3., Let K and BK' be as in Lemma 2.3.2. If a vector v
— 2= 2 A =

has components Vg€ W; (Q(0, T)), andif ue H2 (Q (0, T)), then

.
fK(br uxr vs)xs dK = fBK'br uxr Vg I daK .

°

. ‘ . = i 1
Proof. If we show that b le | B(0, TV K 0 the lemma will follow
from Lemma 2.3.1. We first assume that K is a single C1 - cell. By
definition of a C1 - cell, there is a C1 - map of K onto the cube lyrl <1.

Suppose the map and its inverse are given by
v =y (tx) X, =% (yg¥)-
We may assume B(0, T)/1K is mapped onto
Yo = yo(t,x) =1.
Since the equation of B(0, T)NK is yo (t,x) =1, we may assume that

(2.3.1) Vyo(t.x) =n

where n is the unit normal to B(0, T) K.

Set
W (Yg ey ) =ultlyg ) e x (v, ¥)) -
Since u,B(O,T) =0,
! . -
u (l,yl,...,yn)-O
and therefore
(2.3.2) (u') | =0.
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Now
(2.3.3) u,.;r=(u'(yo(t.X).-.-.Vn(t.x)))xr
oy
=(u (yo(tx), y(t.X))ys o

Since Yo = 1 is the image of B (0, T)ﬂ_K we see from (2.3.2) that

Wilygltx), y(tx)) g o n)qg=0-
i ]

Evaluating (2.3.3) on B(0, T)/N\K we obtain the formula

ay,
' 0
uxr,B(o’T)nK-u(Yo(t.X): Y(t,x))yoaxr ,B(O,T)ﬂK

- and since the u, are just the components of J u,
r o~

V\‘}=“Y0Y}fo

By (2.3.1), YJ‘L is in the normal direction to B (0, T)NK, and by
(2.1.3, iii), b-Vu=0.
The extension to the case where K is not a single cell is obvious.

2.4. Strictly Elliptic Equations. In this section we prove several

properties of solutions of elliptic equations. Theorem 2.4.1 is a
modification of an idea used by Lions and Nirenberg [7, pp. 96-98].
Lemma 2.4.5 is due to O. Ladyzhenskaya [5] .

Let A denote the exterior of the unit sphere in R” with center at

the origin, and define

H™ (A) ={u|ueW;n(A), ul,, =0}
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In this section we consider /\o to be that operator on Hz(A), depending

on the parameter t, defined by

AWDE u=(a;(tx)u (<) e, € Ly (A) .

xi

Theorem 2.4.1. If p(x)e LZ(A), the problem

Nyma=p
. . . 2
has a unique solution in H (A), and

"uqu(A) <y IIPHLZ (A) °

Corollary 1. For each ue HZ (A),

(2.4.1) llulle(A)s_vM/\oullLZ(A,-

Corollary 2. The conclusions of the theorem are valid if A isa

region for which there exists a map, with bounded second derivatives,

transforming A either into the exterior of the unit sphere or into an

annulus.

Proof. For the sake of clarity several long calculations involved 'in
-
this proof have been removed from it and are carried out in Lemmas
2.4.1 - 2.4.4. These are to be found following the main body of the
proof, which is also long and involves many estimates.

1
By the strict ellipticity of /\ 0" the inner product in H (A) given

by (2.2.1) is equivalent to the inner product.

(2.4.2) {u’V}=fA(aij ux:,l vxj+uv)dA.
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The map v j‘ApvdA defines a linear continuous functional on H‘l (A)
equipped with the inner product (2.4. 2) since
Iapvaacliply, vl

<lelly, g (no /2.

By the Riesz representation theorem, there exists a u e Hl(A) such that

(2.4.3) Jypvda {u, v}

J'A(ai.j Uy, ij + uv)dA

for all ve HI(A) and further

(2.4.4) ||ul|H1(A)g{u,u}1/2

< .
S " P " LZ (A)
We next show that ue H2 (A) . It is convenient to introduce the notation

Arctan (xk_’_1 x1;1 ) k<n

[e>]
1]

] (El.}xf?' )1/2
n i 71

For any number 6, |#© l <1, we define the map 1'1: of A onto A to

be the rotation of each point of A by 6 9;1 radians in the X0 X, plane.

Analytically, T:‘ is given by
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8 . e
X co8— 4 x_ 8in —

z.(08,x) =
1 1 Bn 2 6,
5 e = in = + cos-g-
(2.4.5) zz( yX) = x) sin N x, N
zk(e,m:)=xk

We define a map T_ of Hl(A) onto H"(A) by

e

Tev(x)=v(1‘g:x)=v(z) (veHl(A)).
We shall prove that the difference quotient

0" g uix) ~u(all gt u) <€,

where <, is a constant independent of 6.

From (2.4.5), it can be shown (see Lemma 2.4.1) that
(2.4.6) (Teu)xi=‘reuxi+hij(x,0)‘reuxj,

where hij is a bounded continuous function in A and

-1

lim h;.0 " <c_.
i

80 J 2

The constant Cy depends only on the dimension n. It is easily

seen that, for v and w belonging to Hl(A),

-re(vw) =(T, v)(T, W)

© e

and

{‘\V(Tew)dA =&(T_9v)wdA.
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Replacing v in (2.4.3) by T gV, we obtain
(2.4.7) j‘A aij “xi(T-e V)deA + ‘{u‘r_e vdA = IAPT-O vdA.

If (2.4.6) is used twice, the first integral becomes
s 3;; Uux, (T _g v)xj dA = fA{aijuxir_e vxj+aijuxihjk‘r_e ka}dA
(2.4.8) =fA{(TeaiJ.)(Teuxi)vx ta ugho T evxk}dA
= fA{(Teaij)(Tgu)xi vx, +F (8, u, v) }dA,
where
F(6,u,v)= a ux th‘r vak--re aijvxjhikTﬂuxk ,» (k=1,2,...,n) .

Since each term in the expression for F (6, u,v) contains an hik s

lim 6-1 F (6, u, v) exists in the sense of Ll (A) . Substituting (2.4. 8) into
60
(2.4.7), subtracting (2.4, 3), and rearranging, we obtain the relation

J‘A{(-re 2, )(7g ), VT3 Vagg + (T u-w)v }dA
=JpPllgv-v) - F(8,u,v)}dA,

We add and subtract aij(‘!'e uxi ) vx‘j to the left integrand, divide by 6,
introduce the notation Aew = e'l(few-w) » and rearrange the equation.

The result is

| 1
(2.4.9) fA(aij(Aeu)xivxj-l-va_gu)dA- fA{pAev-Aeaij(reu)xivxj -5 g*}dA.
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The right side of (2.4.9) is bounded by 3 ” p "LZ (A) " u "Hl (A)* where c,

is a constant independent of 8 by Lemma 2.4.2. Now (2.4.9) can be re-

written as

So far we have not made a specific choice of v in H1 (A). We now

choose v=Aeu. Thus,
2 : . 2
g w5 () S Ialai; (Bgu); (Bgulx, + (85w }aA
sez lIplly, (a) H8gullyl s, -
and therefore

(2.4.10) gl a) s MpllLZ(A) .

Since Ae u is bounded uniformly for '9' <1, it follows from weak
compactness of bounded sets in Banach spaces that for some sequence

0 - A . 1 Cl
0, mY converges weakly to an element in H (A). For ¢e 0 (A),

* ml_l,r:O IA(%mu) ¢dA = lim fAu(-Agm ¢) dA

-1
=-fu6_ ¢ dA,.

Consequently, A u converges weakly to O-Iu in Hl(A); and, by
o™ no8

- (2.4.10),

-1 '
I, v Mgt gy <5 1Pl ) -
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1
Further, again for ¢ eCo (A),

Talin Jo A = Lo,y 24

u¢ dA

IAu ¢xi91 dA

fA uelxi ¢dA ,

i.e., uxiel = uglxi

-

-1 1
. . <
Similarily, Gn uek ¢eH (A)(k<n), and

-1
(2.4.11) N% %m"HHA)ic3"p"LﬂA“k<rn.

1
Let A denote the set of points in A contained in the n-l parameter

family of rays:

x. =y & (€>0)
|
'y1-1,<-§

A' lies in the interior of the first quadrant and is the intersection of A
with a cone having vertex at the origin. In A' the Jacobian associated

with the coordinate transformation
(xl,...,xn) -’(91. . -,en)

in nonvanishing By straight-forward calculations (Lemma 2. 4. 3), we can

show that
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-1 Oxi
(i) en'a—e;(cz4 (k<n),
(2.4.12) (ii) ix—l < c
s aen 4
(iii) e;ll-?f< cg (k<n).
-1 1 aen
We know that On uek(k <n) and uen( = u:'ci 5;;—) are in LZ (A').

We shall show that each second partial derivative (with respect to the ei)
of u, mulitplied by an appropriate factor of en, is in LZ(A') .
Firstly,

ox,

-2 -1 i
lle s e,y

-1
n uekem ”Lz (A')’” en “ekxi ( 6n (k,m< n)

'<"C_6 "p”LZ(A')

and
9x
-1 -1 i
8 = _— <
I n "6, 0 I, an = e, Yo x; 80_ "LZ(A') (k<n)
<
—C() "p”LZ(A')
by (2.4.11) and (2.4.12, (i), (ii)).
It remains to show that u e L, (A' ). By the chain rule,
6n 6, 2
auv-aaekaemuv
ij % xj ij 3xi axj 8 6

al u, v (k,m=l,...,n).

By (2.4.12 (iii)), a, (k, m not both n) is dominated by 6-1 or 6-2,
km n n

depending on whether one or neither of the indices k, m is equal to n.
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. ' } .
In either case, (akm uek)em € LZ (A') (no sum on k, m; k, m not both equal

to n) by the preceding remarks.

We may write (2.4.3), with ¢e C; (A') in place of v, as follows:

[ *'un Yo, %, 94 = [ {(p-u)o-a)

u. ¢. }daA

} ¢dA

=£{(p-u)+(akmu -

)
6,6
(n is fixed and we sum on k,m with k, m not both

equal to n).

It follows that (ar'ln u exists and

en)en
“(al'lnuen )en "LZ(A') = "p-u+(a]'(muek)em ”L_‘(A')

S_C-? "p”LZ(A')

(k, m not both equal to n).

An easy calculation (Lemma 2.4.4) shows that u € I_.2 (A') and

6, 8,

! ' ' -1
”uenen "LZ(A') = |l {¢ annuen)Gn - a )gn uen}(ann) ”LZ(A|)

< egllely u) -

Finally, ux.x.eLz(A') and
17

- 2
Dol o= g o ok om oy 2%k
;%5 L,(A'") Ok Om Bx;  Ox; O dx;0x; " L,(A")

(2.4.13)

'509 "P"LZ(A') (k,m =1,2,...,n).
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We next show that ue H2 (A). Assume the boundary of 8A is divided
into subregions aAk, and let Ak denote the intersection of A and the cone
generated by rays from the origin through each point of aAk. We assume
that after a suitable rotation of coordinate axis, each Ak can be made to lie -
in the interior of the first quadrant. If we apply the above argument to Ak’
we find that all second partials of u with respect to the xj's are in Lz(Ak)"
Since A = lI{Ak, we see that all second partials of u are in LZ(A) , and

the second partials satisfy an inequality of the form (2.4.13). Thus

Lemma 2.4.1.

(T

Ou)xi=T9uxi+hij(e’x)Tu .

o X4
and

lim h, 8" < ¢ .
g0 1 2

Proof. Using (2.4.5), we find that

2
(Tgu(x))_ = (u(z))
1 1
0z dz
=u (z2)=—+u Z
z 8x1 z, axl
- 2] 2 -3 . 8 -3 ¢]
-(TeuXI)(cos 5. + xleen sin ¢ -xleeen cos o )
n n

YW -5in —— — in — ) -
+ ('l'9 Uy Y(-sin ) + x1 e Gn cos ) -*-xleeen sin ) };

the last equation follows because uxl and u, Dboth denote differentiation
1
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with respect to the first argument. Similarily s U, =u, . Let
‘ 2 2

0 2_ -3 . 8 -3 8
hn— (cos -é-; -1) + X 86, sin o X, X 8.8, cos -

. 8 2 -3 0 -3 0
hlz-—smen +xl 06, cos o, +x2x19, On s1nen

Using similar calculations, we define

- . 0 . © 2 -3 0
h21 = x1x299n sin o + sin 5, - x29n 8 cos o,
] 2_ -3 2] -3 e
h,, =(cos — -1) +x.088, sin— + x x.060 cos — )
22 e, 2 n 8n 172" "n n
h,. = x x.00 sine— -X_ x, 69-3 cos 2— R
1] 11 " 'n On 271 n n
_ -3 e -3 . @
hiz-xlxieen cos o + X, X, 88, sin N s

and we define all other hij 's to be zero. The lemma follows by inspection.

Lemma 2.4.2

1
{A{Me"“ﬂeaij)”e Wy x, " 5 FlO, u,v)}dA5c3JIpHL2(A)NvHH1(A)_

Proof. Recall z(6,x) = T::x . Then

n 2,1/2 5]
{Zi=1(zi(9,x)-xi) ¥ ignq

]
©

Since the coefficients of /\O have bounded first derivatives, they lie in

1
Lip (A), and
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i

is uniformly bounded in A . It easily follows that

(2.4.14) £A6aij(Teux_)vx_ dA

Vg 48 < ey vl lalg )

< cio Il g Il gy

s

(2.4.4) was used to obtain the last inequality.

Let v be a parameter, 0 < v<1, and define the curve z(v) with

#

-
components ( L8

x, ), i.e., whose components are

vo . v8
X, Cos — + x_ sin — ,

z (v) =

1 1 8, 2 n
vO vl

z(v)= -x, cos =— + x_ cos —,

2 1 8, 2 8,

zk(v)=1\1:k , (k>3) .

[ ] dzi (V)
Denote the tangent vector to the curve z(v) by z(v) = a,
~ 1%

An easy calculation shows that
. _al
zl(v) = 06, zz(v)
¢ -1
zz(v) = -86, zl(v)

ék(v)=o (k>2) .

Let us denote the Euclidean magnitude of a vector w o= (wi ) by

1/2

n 2
W ) ; then we see from above that

i=l

(2.4.15) l;(v)lf_e
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i A follows:
We can estimate "A;ev "LZ(A) as follows
2 -2 d 2
' dA =6 -_— vd dA
{&(ABV) Jj;({)dv v v)

e T i an®as

v

)

:1>H

|/\

H{; [ 6'\‘7vl lz(v)l dv)®da

-2 1 2
<8 £(£lrvew|edu) dA

A

1 2
xfﬁfo 'Tvez,", dvdA

lZdAdv

1]
pRE.
-
=y
D
P

]
e
—

z?
<
£

[o B

<

i
g
«
r‘_
DN
Z

I Dt a,

The C. B. S. (Cauchy-Bunyakowski- Schwafz) inequality, (2.4.15), Fubini's

theorem, and the formula
j"'r le =J‘|Vw]2dA (weHl(A))
vo A v

are used to obtain the above estimates. It follows that

N

120y, a1 gy -
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From an inspection of the expression for F(8,u,v) (2.4.8), we see

that

1
(2.4.17) | g F(8,u,v) IILZ(A) Sepy lullgray Iellgt g,

sepy ey, ity

A)

again by (2.4.4). The lemma follows immediately from (2.4.14), (2.4.16)

and (2.4.17).

Lemma 2.4.3.

1 %%
(i) 8, 55; < C4,
Bxl
. i .
o0
(iii) axk < ¢ e'n1 (k<n).

From the definition of &1 ,

xk+l=xktan9k (k<n),
and
2
(4] =x2+x2 +,...,+x
n n n-1
(2.4.18) =x + x2 cot2 8 + xz cot2 e cot2 0 +
n n n-1 n n-1 n=-2
xZ cotze cotze ...cotze
n n-1 n-2 1

=x12_‘l wz(ek). (k<n)
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Recall that A' is the intersection of A with a cone lying in the interior of

the first quadrant. This implies that w(ek) is bounded away from zero (since

cot ek ]

bounded away from the hyperplanes X, = 0). Solving for the xi's we find

k < n, is positive) and csc ek is bounded from above (since A' is

from (2.4.18) that
-1
xn=0nw(6k) (k< n)

-l
8,w(8, ) cot6, _,

b
H

»
1}

-1
1 an(qg cotg _; ... cot 8 .

Parts (i) and (ii) of the lemma follow immediately.

Part (iii) is obtained from the formula

98, 9 Xt
= —— Arctan
9x, Ix. X
i i k
2 -1

(x, + x ) i=k

‘xkﬂ k T *k+1

2,2 -1
=N b txg)) =k
(0 i + k,k+1, n.
It then follows that
a0 "
k |_ 2 2 -2l o, 2 -2 -1
/ ax ,‘,xk(xk ) l et 8l 8y
k+1
< c O-If
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20
and a similar estimate holds for

Lemma 2.4.4.

-1
. - - 1 - ! t
Y00 {(annuql )On (ann) 8, “en } (ann) '
BGn -1
Proof. First, since = - % Gn » N8, -WL%1 = 1. By the strict ellipticity
i
of /\O , we know that
00 98
_n o n o
aij 9x, 0x, ° “nn
1 J
is bounded away from zero. For ¢ eCé (A),
rlal wo ), -(a' ) u, tar'gaa
A nn 6 78, nn 6, 6 ° nn
_ ! |-1 t |-l
-){{ annuen(ann ¢)6n (ann)en uen ®hn ¢} da
=f{a'_u, (a )-lcp +a' u, (a' ). a' -th
A Dn 8, nn 8, nn 6 " nn'6, nn
-(a' ). u a'“1 ¢}dA
nn'@, "8 “nn
n
=fu, ¢ dA
A 8, On

and, by definition of generalized derivatives, u 5 exists and is equal to
n

1 '1
‘[(annuen)en -(ann)e Yo ]ann ¢ La(A).

We see from Corollary 1 above that /\,~(t) considered as an operator

2 -
on H (A), has an inverse /\0 l(t), mapping HZ(A) into LZ(A).




- 34 -

It will be convenient to introduce the notation

D
o>

= /\O(t+At) - /\O(t)

-1 -1
NAWICE /\o (t+ at) -/\0_(t)

(-]
&
i

w(t+pt)-w(t)

where w(t) is a vector-valued function.

Lemma 2.4.5. (Ladyzhenskaya). For ve LZ(A) ,

-1
(2.4.20) G N I MLZ(A).

Further, if dplt) exists, and if uf{(t) =/\-1 typ(t), then du (t) exists and
~ dt 22z o ‘P dt

.

g = A @+ N e A Ty

Proof. It folloWs from the boundedness of second derivatives

of a. that, ir we g2(4A)

(2.4.21) "A/\OW ”LZ(A) = | (Ba; wy )xj "LZ(A)
Sepg atlwiiygz,,

Also, denoting the identity map on L,(A) by I,

(2.4.22) A/\\gl(t)=/\51(t+0t)-/\;1(t)

-1 -1
=N @AOA (e +a ) -1)

=/\61(t)(-/3/\ (t) )/\51(” Ot).
0
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Using (2.4.22), (2.4.1), and (2.4.21), we obtain the following estimates

for ve LZ(A) :

laAg' vz, = A1 aA ©) Al ](tmt)v I 2 (a)

< v Ian A S (t+at) v "LZ(A)

sYCI4AtY "V”L (A)”
2

Inequality (2.4.20) is now proved.

Using (2.4.22), we obtain the formulas

Au =/\61(t+dt)p(t+At) -/\61(t)p(t)

A/\alp( t+at) +A\ (;l(t)Ap(t)

N o ARG A e+ a 0p (e+an +A (0 p (0
Add

A g (statihm A (t+at ple+at) A0 ap
to both sides of the last relation and divide by at; the result is

- Nolth i
g—f: +/\01(t+at)AA2 /\01(t+At)p(t+At)-/\ol(t) %ﬁ—(ﬂ

_ 1 sho , -
—0/\0 N /\o(twt)p(tu\t)

a\
At

bounded. Hence the right side of the above relation vanishes in the limit

By (2.4.20) and (2.4.21),&/\ 51 tends to zero as A t—=0 and is

as At —= 0. It follows that
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du -1 -1
o = N WA A T op + A

-] E]_B
o (V) 3




CHAPTER 111
EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION

TO THE MIXED PROBLEM

The goal of this chapter is to establish the existence and uniqueness of

a solution to the mixed problem. In Section 3.1 an energy inequality is

proved by integrating the expression br u, /\ pu over a "light cone' and
r

applying the divergence theorem. In section 3.2 we use the methods of

Ladyzhenskaya to prove that a weak solution to (1.1.1) may be approximated

2
by functions in H (Q(0, T)). Application of the energy inequality to a

I SR
R B e T ARG
SRR S SO :

sequence of approximating functions yields the existence of a weak solution.
It is shown that the weak solution satisfies the energy inequality, and the
energy inequality is used to prove the uniqueness of a solution.

3.1 An Energy Inequality. For convenience, we adopt the notation

2 2
e(u) =u + u, +aij uXi uxj

Lemma 3.1.1. I g is a quadratic polynonrial, with bounded coefficients,

in u and its first derivatives, then 'q , < cle(u) where < is a constant

depending on the bound <, of the coefficients in q.

Proof. Let wu, u be any term of q. Then
r

Xs

-1 2 2
<
wuxur__Z cz(uxs+uxr)

-1 2 2
52 cz(u +ut +uxi uxi)

- 37 -
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SRR
‘f.&mh.. SR IR

eE
AT AN

-1 2, 2
< .
<2 c2(u +ut+aijuxi uxj)

3 ‘f-'.ﬁ. %“;}

R R AR AT LA e

Strict ellipticity of A 0 is used to obtain the last inequality. The lemma

follows imme diately.

Let C(6;T,x"'), with 6> 0, be the cone

2.1/2 -1
c

n
!
- - <és.
t T+(Z)1(xi xi) ) 2 )

Denote Q(0,T)\C(6;T,x') and A(NC(6;T,x"') by Q'(0, T) and A'(t),
respectively. " For each u > 0, let GIJ- be the subset of Rn+1 whose

distance to B(0, T) is no greater than p. We assume T 6,x' are choosen
so that GIJ-C C(6;T,x"'). Since GIJ- is a compact set containing B(0, T) in
its interior, we may assume that on Q(0, T), the vector R’ has the properties
given in Lemma 2.1.1. In particular, bi = 0 on the lateral surface of

C(&6;T,x'").

Theorem 3.1.2. If ue H2 (Q(0, T)), and if

then

2

(3.1.1) J e(u)dA§c3f dQ .

: e(u)dA+c4f
A (t)

, p
'(0) Q'(0, T)

The constants C3s €, depend on u, &, T, x', and the maximum of

{b_, (b )x > a0 (a5)x_» 3 a} in Q(o, T).

Corollary (The Energy Inequality). If pe L2 (Q(0, T)) and if
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f e(uydA< o,
A(0)

then

2
3.1.2 dA < dA + dQ.

Remark. Note that C(6; T,x') is required to contain B (0, T) in its
interior. For the case in which A (t) does not depend on time, this theorem
can be proved without this requirement; the theorem is then known as the
domain of dependence theorem.

Proof. The proof of this theorem can be sketched as follows. We
first write br uxr/\zu as a divergence expression plus a quadratic expres-
sion in u and its first derivatives. (The terms of br uxr are the multi-
pliers of the (a,b,c)-method.) Then the divergence theorem is applied
(in the form of Lemmas 2.3.2 and 2. 3.3), and the surface integrals

estimated. The theorem will then follow by a standard argument.

For ue Hz(Q(O, T)), the following identities hold:

(3.1.3) (bruxr)utt=b ((uy ut)t—ut rut)
1 2
=(b_uyg uw) -5 (b uly +a,
where
1 2
ql - -(br)thxr ut * Z(br )xr ut ’

and



(3.1.4)

where

b
r

"
o
e

s
et

%
o

]
|

1 1
+ 3 (br)xr aij uxi u.Xj + > (br )xr u

2

If (3.1.4) is subtracted from (3.1.3), and if we set 93 = q -qz, then

(3.1.5)

bruxr ( u, -/\Ou) = (br uxr ut)t - (aij uxi uxr br.)x.

By hypothesis,

tt

1
2

-/\0u= p-/\lu.

- =b (uz_
T t

J

_uz)
aij uxi uXJ X

r

+q3.

If we multiply the above equation by br Uy , make use of (3.1.5), and
Ir

integrate over Q' (0,t),

(3.1.6)

J

Q'(0,t)

the result is

{[(br uy U, )t -( aij Uy, b Uy )xj ] -

1 2 2
-3 [br(ut -aijuxiuxj- u )]xr}dQ

) [br‘uxr(p-aiuxi-(a-l)u)-q3]dQ

Q'(0,t)
1

£'(0, t)( 2P

2
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where

1 2 2
q, = E(bruxrn(ai,uxi-(a-l)u) “43.

benote the lateral sﬁrface of the cone C(6;T,x') between the hyperplanes
t=0 and t= T by 8C (T) and the unit normal to 8C(T) by n = (ns).

If we apply Lemma 2.3.2, to the last Square bracket on the left side of (3.1, 6)
and Lgmma 2.3.3, with Vo = ut, Vj = -aij uXi » to the first square bracket,

we obtain the inequality

1 2 2
(3.1.7) [ (b ux u -3 b (u 235 U, Uy - uT)) dA

A'(t)
-ﬁl(o){br“xrut - 5 by 'aij“xi“xj-uz)} A
+ {ac(t){br U (utno "3y uxi n, ) - %br (ut2 -3 uXi uxj . uZ)nr}d .
ié'(o,t) ( %PZ +q,)dQ.

Let I1 and 12 denote the integrands of the integrals over A' (t) and

dC (t), respectively. Recall to mind the constants o and P introduced
in (2.1.3). We now prove the inequalities,

I, >0
(301¢8) B :
cse(u)illicée(u),

where

c =&29>0 and c¢ =E%£>0.

5 6

On 8C(t), the components of n, the unit exterior normal, are
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212
nO-(cM+1) )

= nglx - (2 (% -x)%) V2T
Ty T Py T X ey UXy X, M

From the strict ellipticity of /\0 , it follows that

Il1 n, 2 ni ni
a5 o -L S°™M 5 no
Uy By o "o

Also, recall that E/ has been extended in such a way that bi =0 on 48C(t)

and bo‘ > 0. Thus I2 satisfies the following relations on 8C (t):

1 2 1" 2
= - + - + =
I2 bO( 5 (ut a.ijuxiuxj)n0 aijuxiutnj > u no)
n
1 2 ] 2
= 2b0n0(u +aJu1ux_-2utaijux‘ = +u )
J 170
n, n n
1 2 i 0y i, o2
> =b.n (u a  — +a,,u, u, -2u a..u +u
-2 0 O( _]nO n, ij %5 xj toij Xy n, )
n n
_ 1 i 2
= 2bono(aij(ut = uxl)(utn ~u,.) tu)
0 0
> 0.

We next estimate Il' Using the CBS inequality, (2.1.5, (iv)),

Minkowski's inequality, and strict ellipticity of /\0 » we conclude that

1/2 1/2

-1 -1
ul < oy (b5 (uy u )

lbbo

< (l-a)(u

< (1-a) eéu)




- 43 -

(The time-like character of B is used in the inequality (bibi)llz bz)l <(1-a)).

We then find that

-1 -1
U, ut]Z

I =b0[e(u)-l-2bibO :

>byle(w-2(52) ew)2!

>Br oy,

- 2

where the last inequality follows from (2.1.5, (iii)). Thus cge (u) < I1 ,

where c; = aff2. Similarily,

Ilibo[e(u) + 21_;_1’_ e(u)]Z-l

g(z-a)boe(u)z'l.

2-
Thus I1 < Cge (u), where we may choose cp = Ta because b0 <1. The

proof of inequalities (3.1. 8) is complete.

Now, (3.1.7) can be written as

J IdA +7 I,daC =7 IldA+f %p2+q4)dQ.
A'(t) aC(t) A'(0) Q'(0, t)
Therefore, by (3.1.8),
csf e(u)dAicbf e(u)dA + (%p2+q4)dQ;
A'(t) A'(0) Q'(0, t)
or, by Lemma 3.1.1,
(3.1.9) 7 e(u)dAic,?f e(u)dA+c8f e(u)dQ+c9f pde.

A'(t) A'(0) Q'(0, t) Q'(0, t)
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Set

qt) = [ e(u)dQ,
Q'(0, t)

m(t) = | pZdQ s
Q'(0, t)

and denote differentiation with respect to t by a prime.

Observing that

qQ'(t) =f e(uda,
| A'(t)

we see from (3.1.9) that

(3.1.10) q'(t)-csq(t)5c7q'(0)+c9m(t).
But

[a(t) exp (-cgt)]' = exp (-cgt)la' (B -c a(t)];
consequently,

[a(t) exp (-ct)]' < exp (-cgt)[caa (0) +egmi(t)].

This inequality implies

T
J [a(t) exp(-cgt)]'dt = exp(-c,T) q(T)
0

c T
< -g (exp(-cBT)-l)q'(O) +c9{)‘ exp(-cgt)m(t)dt,
or
c T

q(T)SC—;- (eXp(-CST)-1)q'(0)+c9exp(c8T)j(') exp( -c8t)m(t) dt.
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If the last inequality is introduced into (3.1.10), the desired inequality (3.1. 2)

follows immediately, since

T
J exp( -c8t)m(t)dt§ Tm(T) .
0

Proof of Corollary. Since the constants g and C4 in Theorem (3.1. 2)

depend upon (br)xi (via the cohstant in Lemma 3.1.1), they depend upon &
and u (recall that each bi has support on G“ r\Q(O, T)). These constants
depend upon & only in so far as § must be choosen relative to u as to
satisfy the hypothesis of Theorem 3. 1. 2. But if &' > &6, then, under the

hypothesis of the theorem,
C(8;T,x')DC(6;T,x')5G NQ(0, T)
e

and since bi 0 exterior to C(&; T, x' ), the same b may be used in

P
proving the Theorem relative to C ( &' ; T, x') as was just used relative to
C(6;T,x'). Thus the constants €3 and c4 are independent of &' if & > & s

and the Corollary follows from the limit relation

lim c(6;T,x') A(T) = lim A'(T)
6—+oo t—+oo
= A(T)

(similarly for A (0)).

3.2 Existence and Uniqueness. Let A denote the exterior of a sphere

. n sk
> > =
in R and, for t, >t 0,Q (tl,tz) [tl,tz]xA.
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Lemma 3,2.1. (Ladyzhenskaya). If, for some q to be specified

below (0<n<1), peL,(Q*(T-n,T), andif
(3.2.1) I " p/\udan =0
Q*(T-T],T)

for each ue W: (Q*(T—T.], T)) for which

- '(T-n, T) X 8A~ u,t-'-T-n:ut,t:T-n =0,

then p=0.

Proof. Throughout the proof, t will be restricted to [T-n, T]. Given
P, we shall constructa u satisfying the hypothesis and show that the only
way (3.2.1) can be satisfied is for P to vanish identically,

On Q*(T-n, T), define PV, and u by the equations

T
p,(t,x) = ftp(tl,X)dtl,
/\O(t)v = -pl(t), v=0 on 9A,

JO T-n<t<T
u(t,x) = t g

{

i({ V(tz,x)dtz)dtl TSt T.

On the basis of the results of Section 2.4 and the defining equations (3. 2. 3),

the following relations can be established:
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£VAOVM=Ar(aij vxi vxj+v2)dA,
fAv((aij)tvx,)xjdA =£ (aij)t x; vxj dA,
(3.2.3) . =v,
p= d%. (/\0 v),

pl(T,x) =v(T,x) =u(T, x) =ut(1',x) =0,

In the following calculations the several relations (3. 2. 3) and integration

by parts are used repeatedly. The quantities Cip7 ***> 016 are constants

depending on the bounds of the coefficients of /\2 and their derivatives;

q5, .o .,q8 are quadratic expressions in v, vxi, u, uxr, uxr xs , and utx .
ri

with coefficients depending on €107 PR

The terms in (3.2.1) can be transformed by integration by parts in

the following manner:

= T
é*(T. T)p(/\O e s ipl(/\ 0Tl +c{*(1-, T)pl (A gu =7\ ) dQ

= -g*(T T)(Aoutt) (/\Out+/\0tu-(/\lu)t) dQ

= 1 2

= —é*(r T){ Z(Aout)t - (/\Otut)(/\0 ut) +

(3.2.4)

+(/\o utt)(/\otu-(/\lu)t)}dQ

=-l (/\u)2, dA + {(/\ u)(/\u)
2;’; 0t t=T é*(-r T) ot 0%

T (Nguy) (Agu-(A ) YaQ;
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J pu, dQ = f (-AN.v)vdQ
Q¥r, 1) Q¥r,T) 0 't
1 1
(3.2.5) = f {5 (VA v) += (VA .. v)}dQ
. Q%(r, T) 2 0t 2 ot
=lfv/\, vl dA-lf (a,)v,_ v, dQ.
ZA O t=T 2 Q*(T, T) IJt Xi XJ

If (3.2.4) and (3. 2.5) are substituted into (3.2.1) and the result is rearranged,

the equation

1 1 . 2
= [ (v/\ v)dA| _ += J (A u )] . da
z o, 0 t=T "2 Yo%) har
(3.2.6)
i é*(t T) 95 9Q - é*(f T) Mg utt)('/\out-(/\lu)t)dQ

is obtained.

The last integral on the right can be rewritten in the form

J (Nyu M/ u-(/ru))dQ
Q*(r, ) 0 tt' ot 1t

T){(/\o a HA u- (Alu)t)}tdg' I {(/\out)(/ ‘0¢% J’/\Ottu' (Fya),)

= f 5
QF Q*(r, T)

(T,
(3.2.7)
t N ulg,u -7 u))}aQ

= i(/\out)(AOtu) ,t=TdA ) ‘{\/"outmlu)tldeA +J 9, 4R .

Q*(r, T)

The first integral on the right can be estimated as follows:
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) T
_A[(/\O ut)(AOtu) [t=TdA = :{ > (/\Out)(szthuz(z, x)dz)lt___T dA

T
2 1/2 2, 1/2
lop d4) (41 gy f u,dz)" an)

n
3.2.
( 8) +2£[C10L(2- u x.+Eiuzx‘)dz]2dA

A

- 2
+:..,10£(T T)f(?_? uzx,x +Z u ) dzdA

dA + [ 9 dQ.
Q*(T, T)

A
-

P
o§
E
H

The second integral op tic right of (3.2 7) can similarly be estimated.

T
; 1
JAguAd it = [U5 Aqu (2] (Aw) de)| _da
AOt U= AZ 0t T/\l tt t=T

T
1 2 1/2 2
(3.2.9) > (JAu)™ [ da) " [47(p Ay ay dA ]
=2, t' =T W Lot
%f(/\ th_TdA+f q,dQ .
A B Q*(T, T)

Combining (3. 2. 6), (3.2.7), {3.2.8), and (3.2.9), we obtain the inequality

(3.2.10) TvA V] __da+g w)| _dAa<y dQ .
A 0 't=7 A/\Ott— Q(TT)8



- 50 -

By an argument similar to that of Lemma 3.1.1, it can be shown that

2 n 2 n 2 n 2 2
Tg 2ol T Erote t Fia Ve T A, ja1 Mg Vg
(3.2.11)

2
+ v +aijvx.vx.) ,

T

where v = u,
The L2 (Q*(T, T)) norms of u and all its derivatives appearing in

(3.2.12) will now be shown to be dominated by the LZ(Q*-(T, T)) norm

of N u . Firstly, Corollary I of Theorem 2.4.1 is used in the following

estimate for u
tx

i%5 :
T
2 2
T 2
2y N, I
AN AN GRS dt
=v] L,(A)
2 2
< Wou L (@ (v,
Similarily,
2 t >
S ud = (f 2, (8, ) dt;)dQ
Q‘(T’ T) Q’k(T, T)
t
J (T-7)J uf(tl, x) dtl aQ
Q*(r, T) T
T,
<nf (fut(t x) dt, ) dQ
Q¥r, T) T

2
Pag iy, e, o)
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2 2 2
< ny "/\0 ut "LZ(Q (T, T))

The last inequality is obtained by repeating the steps in estimating LY
i%

and recalling that, by hypothesis, n<1l. By analoguous arguments, it can

and

2 2
be shown that " utxi "LZ(Q*(T’ T)’ " uxi "LZ(Q*:(T’ T))

2
" ux x; "L (Q (t, T)) are also dominated by vy "/\O u, “L (Q*(T T)) Making
use of these inequalities in (3. 2. 1), we obtain the following estimate:
(a, v, v +v2)] dA + [ (A u)zl dA
£ %45 Vxy t=T :L 0°t' lt=T
(3.2.12)
2 2
< .. + + dQ
Define w{(t) = u, (t) -u(T). Then,
Ayu)Zaa =] | I
S 0% g @u el ,)e
T
=g () (i) s o) 1% (a9
(3.2.13) <f2( 1A (&) wir 2 syt IR twie I La) &

<2f [ ey 3 llwir )"Hz( ayt IR w7 L) ¢

T
_21T< ep3 I w ) |2 J(A)

S NCRTY



- 52 -

The last two inequalities follow from the boundedness of the coefficients of
/\O and from Corollary 1 of Theorem 2.4.1. The estimate (3.2.12) can

now be written as

i 2 2
}{{aijvxi vx.j v+ Agw) }lt=T dA

<c {a,.v v_+v2+2(/\0(t)w(t))2

X.
IZQ*(T’ T) 1.] 1 xJ

2 . 2
(3.2.14) t2y,c3 N (Mwm)T} aQ

2 2
< .. + + (A dQ
_012{2*(7, T){alvai Vgt vt v

2
e (T-m ﬂ(/\ow) lgar a8

4) <1l. We

But the constant 14 and n may be choosen so that n< (?.c:1

do this. Thus, (T—‘l')c14 < 2-1, and (3. 2. 14) become

Jj;(aij Vi, ij Fvl 4 (/\Ow)2 | o, dA
(3.2.15)
< cle (a..vx_ vx'+v2+(/\ow)2)dQ.
Q (r,T) Y i 7]
Define
m(T) = | (a,. v,, vx'+v2+(/\ W)Z)dQ ,
Q¥r, Ty M 1T 0

and denote differentiation with respect to T by a prime. Then (3. 2.15)

becomes

(3.2.16) -m'(T) <'c _m(T) .

15



- 53 -
If we multiply (3. 2.16) by exp(c15 T), we obtain the differential inequality

0 < (m(t) exp(c 7))’

Integrating the above inequality from t to T, and notin that m'(T) =0,
g g y g

we find
1
0< -m (t) exp(clSt).

Since m'(t) >0, we conclude that m'(t) =0 for all te [T-m T]. Itfollows

that v=0 on [T-1,T], and hence p, and p are also zeroon [T-n, T].
We now extend the above lemma to a region with a time-dependent bound-

ary, Let Q®(T -n,T) and A be as in Lemma 3.2.1. We assume moreover

that B(T-n, T) is contained in the interior of Q¥ T - n, T). Let

2 — -_— —
S ={ufue W (Q(T -, T))’u‘B(T-n, T) -ult=T-n—utlt=T-"’1 =0l

and let N be the image of S under /\2.

Lemma 3.2.2. I pe LZ(Q( T-n,T)) is orthogonal to N (i.e., if
h p/\, udQ = 0
QAT-n, T)
for each ueS), then p =0,
Proof. By, a well-known theorem of functional analysis, this lemma is
equivalent to the statement that N is dense in LZ(Q( T-m, T).

For k=1,2,... let

Qk(T-'r],T) ={(t,X)|(t,X)EQ(T-n, T) and dist[(t,x),B]> %},
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and let le( (Q(T-n, T)) denote the functions in L2 (Q(T-m, T)) that have
. k . ®  _k .
support in Q (T-n, T). It is well-known that IEJI L2 (Q(T-m, T)) is dense
in _LZ(Q('I‘-n, T)). If we prove N is dense in each Lk(Q(‘I‘-n, T)), then
oo}
N will be dense in U le( (Q(T-n, T)) and hence in LZ(Q(T-n, T)). The
lemma will then be proved.

We prove that N is dense in L;(Q(T-n, T)) by proving that if

(3.2.17) J a/\,udQ =0
Q(T-n, T)

for all ueS and for all ze lec( Q(T-n, T)), then z =0,
Let z* denote the extension of z to LZ(Q*(T-n, T)) that is zero on
k 2
Q*(T-n, T) - Q (T-m, T). Let h, be a function in C“(Q*(T-v, T)) that

satisfies the conditions
hy (t,x) =0 (t,x) e Q*(T-n, T)-Q(T-n, T),
k
hk(t,x)=l (t,x)eQ (T-m, T) .

2 %
For all u*e WZ(Q(T-n, T)) that satisfy the hypothesis of Lemma 3. 2. 1, the

following identity holds

(3.2.18) 2* /\zu”‘dQ =f 2*/\, (h_u*)dQ
Q*(T-n, T) Q¥(T-n, T)
+f z*A, (1-h )u* dQ
e

The second integral on the right vanishes because the intersection of the

supports of z* and l-hk is void. Since hk has support on Q(T-n, T)
k :

=0, h u* may be considered as an element

and since u* ,t=T-'q =u ,T"f]
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in S} the first integral on the right of (3.2.18) vanishes by (3. 2. 17). In

other words,

I z*/\zu* dQ =0,
Q*(T‘TI» T)

and, by Lemma 3.2.1, z* =0. It follows that z = 0, and the lemma is

proved.

In the next lemma we show that a weak solution to(l.1.1) may be

2
approximated by functions in H (Q(0, T )). The form of the proof is due to

O. Ladyzhenskaya.

We define

'

H (A(0) = {u|ueW)(4(0)), uf 0},

8A(0)

M = L, (Q(0, T)) XH (A(0)) XL, \ 0)),
. 2 .
and the operator /\3 mapping H (Q(0, 71 .1to M by

/\3:u—’(/\2u, u(0), ut(())) .

Lemma 3,2,3. The range of /\3 is dense in M.

Proof. The lemma‘_'j;éﬁlearly equivalent to the following one: if (p,f,g) e M

1s orthogonal to the range of /\3, that is, if
(3.2.19) g p/\zudQ Pl (futf w4 gu )dA =0
Q(0, T) A(0) L

for all ue HZ(Q.(O, T)), then

(p,f,g) ={(0,0,0)
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Let n and S be defined as in Lemma 3.3.2. Let veS and extend v

2
to H (Q(0, T)) by defining v to be zero for 0< t< T-n. With this .

choice of u in (3.2.19),

J p/\zde = S p/\zv dQ
Q(T-n, T) Q(0, T)
= 0.

By Lemma 3.2.2, p=0 in LZ(Q(T-n, T)). Let tl be the greatest lower

bound in [0, T] of the set of all te[0, T] such that

J pZdQ=O.

Q(tl, T)

We have just shown that ty < T-n. It t > 0, we can similarily show that,

for some n>0,

I pde=0.

This contradicts the definition of t1 .

Therefore t1 =0, and (3.2.19) now becomes
(3. 2. 20) J (fu+fx_ ux_+gut)dA=O.

A(O) 1 1

Let U€ be an n - dimensional sphere in the interior of A (0), and choose

t, small enough that [0, t2] xU_ lies in the interior of Q(0, T). Let
2,1

h(x) € C2 (A(0)) have support in UE » and let m(t) ¢ C" (R") satisfy the

conditions
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m(t) = 1 (Oitiftz)'
m(t) = 0 (t>t,)
Set
z(t,x) = m(t) h(x) (t,x)e[0,¢,]xU_,
z(t,x) =0 (t,x)e[o,tz]XU€

Substituting z(t,x) into (3.2.20), we obtain the relation
J (hf+hx.fx_)dA=0
A(O) 1 1
] 2 . 1 .
for h(x) in C (Ue ). Consequently, =0 in WZ(UE ) . Since U‘E can

be choosen to lie in the support of f, we conclude that the support of f is

empty, and f =0 in W;(A(O)).

The relation (3. 2, 20) now becomes

(3.2.21) J gutdA=0.
A (0)

We define

z* (t,x) =tz(t,x).

Then z¥*e¢ HZ(Q(O. T)),

z* (0,x) =0,

and

zf(O,x) = h(x).
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Substituting z* into (3.2.23) yields the identity
J gh(x)dA =0
A

for each h in CZ(A(O)) that has support in UG » and as above, it follows

that g =0 in LZ(A(O)). Hence

(p.f,8,)=(0,0,0) .

We are now ready to prove our main result.

Theorem 3.2.4. There exists a unique weak solution to (1.1.1) with

(p,f,g)eM. Further,"this solution satisfies the inequality (3.1.1) and the

energy inequality (3.1.2).

Given (p,f,g)eM, by Lemma 3, 2. 3, there exist sequences

k k
{p s fk, g } and {uk}, such that
A Gk o Lk
2° T P
_ Kk k _ k
d =0 RWEE

and such that

k k k
(p,f, g )=(pfg)

in M. It follows from the energy inequality that

(3.2.22) J (uk-um)2+(utz-u:n)z-f-a..(u:-u:l')(uk.—u::)dA
Alt) e S R

.

tends to zero uniformly in t, 0 St<T. Thus {uk} converges in H1 (A(t))
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for each t, and the limiting values of uk in H1 (A(t)) satisfy the inequalities
(3.1.1) and (3.1.2). If we integrate (3.2,22) from 0 to T, we see that uk
converges in Hl(Q(O, T). Denote the limit element by u.

We show t};at u is a weak solution to (1.1.1). Suppose ¢ ¢ CZ(Q(O, T)),

= = =0, 1 2.3.1 to th
¢'t=T ¢, It=T ¢,B(0, T) We apply Lemma o the vector

(v1:)=(¢u1z,..., ¢aiju1;i ».-« ) and conclude that

(3.2.23) lim ¢ (vS). = lim I {tptuk-a,.ul}z

. Px )
k= Q(0, T) ° s k-o Q0, T) N

J

k k
toluy - (ay, uxi)xj)}dQ

= lim ¢ ¢tuf(0)dA .
k=0 A(0)

Since

and
k
Yt 't=0 g (x),

(3.2.23) becomes, in the limit as k — o,

e

S {gu -au o +9(p-au, -a)}dQ=] ¢ gda.
Q(0, T) tt ij % X5 i 7% A(0) t

It follows that u is a weak solution to (1.1.1).
1 2 . . 1 2
Suppose u and u  are distinct weak solutions to (1.1.1), then u” -u

is a weak solution to (1.1.1) with p=f=g=0. By(3.1.2), ul-u2=0,

and therefore ul‘-s- u, . We conclude that the solution to (1.1.1) is unique.
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