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Chapter I

INTRODUCTION

A famous theorem due to Riemann (1, p. 172] states that any 

. . i
simply-connected plane domain ( ) whose boundary consists of more 

than one point can be mapped conformally onto the unit disk. Thus any 

two such domains may be mapped conformally onto each other, and we 

say that they are conformally equivalent. In fact, there are exactly 

three conformal equivalence classes of simply-connected plane 

domains--these have the unit disk, the entire plane, and the extended 

plane as canonical member s.

For domains of higher connectivity the number of conformal 

equivalence classes is much greater. We focus our attention on 

doubly-connected domains, which are also called rings. That is, a 

plane ring is a finite ( ) plane domain whose complement with respect 

to the extended plane consists of two components. It is well known that 

any such plane ring R^ can be mapped conformally onto a circular 

annulus 0 < r} < |z | < r2 < oo , and 0 < < r% < oo if and only if

neither of the two components of the complement reduces to a point. 
(1) A plane domain is an open, connected set in the extended plane. A 
domain is said to be finite if it does not contain the point at infinity. A 
domain will be called simply-connected if its complement is connected.

1 -
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The ratio r^/r is unique ; that is, it is independent of the auxiliary 

conformal mapping [1, pp. 199-204] , Thus for each real number 

there is a class of conformally equivalent plane rings, and the ratio 

T2]T\ is a conformal invariant attached to the class of which is 

a member. We then define the modulus of the plane ring R as

mod R
2 2' 1 '

The modulus of a plane ring has the characterization

(Cf. [4, p. 225] or [12]

(1.2) inf
u

2d„ =
mod R2

Rz
where u ranges over all real-valued functions which are continuously

differentiable in R^ and have boundary values 0 and 1 on the

respective boundary components. If neither component of the

complement of R^ is degenerate, then by Dirichlet's principle equality

holds in (1.2) if

1

2 1

where w(z) is a conformal mapping of R2 onto r 2 . This

alternative definition (1.2) of mod R^ does not depend upon conformal 
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mappings, and hence suggests how to define the modulus of a ring in 

3-space, where the number of domains conformally equivalent to the 

unit ball is very limited.

In 3-space the counterpart of the extended plane is the Mbbius 

— 3 3
space E , which consists of Euclidean 3-space E plus the point 

at infinity. A space ring is a domain in E whose complement 

. _ 3
with respect to the Mbbius space E consists of two components, 

one of which is bounded.

The Riemann theorem fails very badly in 3-space. In fact, by 

Liouville's theorem [19] , the only conformal mappings there are the 

Mbbius transformations—i. e. , compositions of similarity transfor­

mations and inversions. Hence the only domains in 3-space which 

are conformally equivalent to the unit ball are half spaces and balls. 

It follows, too, that the only space rings conformally equivalent to a 

spherical annulus are those bounded by two spheres or by a plane and 

a sphere.

For this reason it is unsatisfactory to seek a definition of mod R 

corresponding to (1.1). Hence we generalize (1.2) , using Loewner's 

definition [26] of conformal capacity,

(1-3) cap R^ = inf j | V u |
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where the infimum is taken over all real-valued functions u which 

are continuously differentiable in and have boundary values 0 on 

6 Cg and 1 on d . Here are the components of the

complement of and CQ is bounded.

Next we define the modulus of R as

(1.4) mod R^ 4 IT j 1/2 
cap R3 J

Then mod R^ is a conformal invariant, i. e. , invariant with respect 

to Mbbius transformations, and the modulus of the spherical annulus

< lxi < r2 turns out to be log r^/r. For a proof of this see [14].

11 the modulus of a ring R' maximizes the moduli of all rings 

R in a large class to which R' belongs, we will refer to R' as an 

extremal ring. For example, suppose R - (R U C^) - Cq is any space 

ring such that and R U have the same volume as the balls 

|x ! < Fj and jx| < r respectively, and let R' be the spherical 

annulus r < | x [ < r . By means of point symmetrization Gehring 

[14] proved that mod R < mod R1 . In the same paper he solved other 

extremal problems by means of spherical symmetrization.

It appears that symmetrization is a particularly effective tool 

for solving such problems. In Chapter 11 of this paper we introduce 

Steiner and Schwarz symmetrizations of space rings and prove a pair 

of inequalities of the type
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mod R < mod R' ,

where R' is a space ring obtained from the space ring R by means 

of one of these symmetrizations.

This work leads naturally to two extremal rings, which we

label R^ g and R^ . For fixed a, 0 < a < 1 , the ring R

consists of the unit ball minus the slit -a < x, < a — 1 —

while R$ is obtained from the unit ball by omission of a closed

central disk of radius a (See Figure 1, page 51) .

These rings have the following extremal properties (Cf. § 2. 18).

Let R be a space ring consisting of the unit ball minus a continuum C .

If the diameter of C is at least 2a , then mod R < mod R . If
- 3, s

the projection of C on some diametral plane is at least it a^ in area,

then mod R < mod R_ . . - 3, d

Schwarz symmetrization also has the following interesting

consequence (Cf. § 2. 18) . Suppose R$ is a 3-space ring whose

complementary components CQ , lie in a plane II say x$ = 0 ,

and that R^ = H D R^ is a plane ring with the same complementary

components. Suppose the areas of CQ and (R^ U CQ) are IT
2

! and
2

IT r2 , respectively. Then mod R_ < mod R ' 
5 — 5 is the

x2 = x3 = ° ,

, where R '

space ring obtained from R^ by replacing by the disk

0 .1 , x^ = 0 and 2 ’ X3 "
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In Chapter III we show that mod R_ , < mod R < mod R 
3, d — 2 — 3, s '

where now R^ denotes the plane ring consisting of the unit disk minus 

the central slit -a < < a , x =■ 0 . In addition we investigate the

asymptotic behavior of the moduli of these extremal rings as a 

tends to -0 and to 1 . We discover that mod R and mod R
3, s 3, d

behave essentially like the modulus of the spherical annulus a < |x| < 1 

as a tends to 0 . But as a tends to 1 the asymptotic behavior of 

these three rings differs markedly one from another. In particular, 

mod R tends to 0 much faster than mod R .
" 3, s

Closely related to the theory of rings is that of quasiconformal 

mappings. Suppose f is a homeomorphism of Q onto Q" , where Q 

and D represent domains in E . If R is a bounded space ring 

with R c Q then R1 = f[ R] is a bounded space ring with R1 c Q*  . 

Then the inner and outer dilatations of f are defined (Cf. S 3. 3 ) as

v ■ T ™ v, - ... .
R

where the suprema are taken over all bounded rings R with R c 0 

for which mod R and mod R1 are not both infinite. Clearly these 

dilatations are both 1 if f is a Mbbius transformation ; the converse 

is also true [13, Theorem 1 6] . If both are bounded by K < co , then 

f is called a K-quasiconformal mapping. A quasiconformal mapping 
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is one which is K-quasiconformal for some K (Cf. §4.1) . Plane 

quasiconformal mappings may be defined similarly [16] .

Historically, plane quasi conformal mappings were first treated 

(under another name) in 1928 by H. GrOtzsch in the solution of the 

following extremal problem : Of all mappings of one rectangle onto 

another with vertices corresponding, to find the mapping most nearly 

conformal, that is, with smallest dilatation. He determined that the 

extremal function was the natural affine mapping. Though the paper 

itself lay hidden in an obscure journal for many years, the class of 

functions which he considered later became an important analytic 

tool.

Quasi conf or mal mappings "are intimately and essentially, 

even surprisingly, connected with the most classical problems in 

the theory of analytic functions" , as Ahlfors [3] eloquently puts it. 

For example, Teichmüller 's study [37] of Riemann surfaces 

established a direct connection between quasi conf or mal mappings and 

quadratic differentials. These mappings are also encountered in the 

theory of partial differential equations as solutions of Beltrami systems.

Suppose Q is a domain in which can be mapped quasicon- 

formally onto the unit ball B . We set

Kj( Û ) = inf K^f) , Kq( Q ) = inf KQ(f) , 
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where the infima are taken over all homeomorphisms f of Û onto 

B (Cf. §4.1) . These numbers are called the inner and outer 

coefficients of quasiconformality of D , respectively.

A quasiconformal mapping f of 0 onto B is called extremal 

for the inner coefficient if K^f ) = K^( Q ) , and similarly for the outer 

coefficient. In the plane, a large class of extremal quasiconformal 

mappings have a particularly simple form ; locally they are the 

composition of a conformal mapping, an affine mapping, and a 

second conformal mapping. It is natural to ask if one of the extremal 

mappings of an ellipsoid onto a ball is the natural affine mapping.

. In Chapter IV we show that the affine mapping of the prolate 

ellipsoid is not extremal for either coefficient. We also prove that 

for every ellipsoid the affine mapping is not extremal for the outer 

coefficient. In fact, for each of these cases we show that even the 

orders of the dilatations of the affine mappings are larger than the 

orders of the corresponding coefficients of the ellipsoids. The 

problem for the inner coefficient of the oblate ellipsoid appears to be 

much more difficult. For in this instance we prove that the inner 

dilatation of the affine mapping has the same order as that of the inner 

coefficient of the ellipsoid.
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SYMMETRIZATION OF SPACE RINGS

1. Introduction.

Symmetrization is a geometric operation invented by Jacob Steiner 

and developed by Polya and Szegti [30] . The purpose of this chapter is 

to obtain two upper bounds

(2.1) mod R < mod R'

for the modulus oi a bounded space ring R , where R' is a space ring 

obtained from R by means of symmetrization.

Two well-known kinds of symmetrization-in the plane are the 

Steiner (21 ] and point [7] symmetrizations. Analogues of these in 

3-space -- known as the Steiner and Schwarz symmetrizations [30] , 

respectively -- are obtained by performing the corresponding plane 

symmetrization in each plane normal to a fixed line, say the axis.

Two other symmetrizations in 3-space -- spherical [30] and point 

-- were studied in [14] by Gehring, who proved that (2. 1 ) is valid for 

each of these methods. We shall show that Gehring's proofs may be 

modified to yield (2. 1 ) also for the Steiner and Schwarz symmetrizations 

in 3-space.

in the final section of the chapter, we consider the application of

-9-
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Schwarz symmetrization to a space ring of the following type :

Both components of the complement of R$ lie in a plane IT, and

= II A Rj is a plane ring with the same complementary components.

In conclusion, we derive the extremal properties of the two extremal 

rings Rj and R$ resulting from these symmetrizations.

2. Notation.

- 3
Throughout this paper, points in the Mbbius space E will be 

complement, E its closure, and Int E its interior, 

the k-dimensional Lebesgue measure is denoted by

designated by the small letters x and y , or by the capital letters P 

and Q . The rectangular coordinates of x will be denoted by

<Xj , x^, x^) , while and P^ will stand for different points. Points 

will be regarded as vectors, and the norm of x will be indicated by 

|x| .

Given a set E , we let d E designate its boundary, C(E) its

For k = 1,2,3 ,

mk '

3. Admissible functions.

In the definition (1.3) of conformal capacity of a space ring R the 

infimum was taken over all real -valued functions u which are 

continuously differentiable in R and satisfy the proper boundary 

conditions. We now relax the differentiability requirement and consider 
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a larger class of competing functions.

A real-valued function u = u(x) is said to be ACL or absolutely 

continuous on lines in a domain 0 if, given any ball B with B C Q , 
" L

u is absolutely continuous in the usual sense on almost all line 

segments in B which are parallel to the coordinate axes. If u is 

continuous and ACL in a space ring R , and if u has boundary values 

0 on 9 Cq and I on d C^ , then u is called an admissible function 

for the ring R .

By Lemma 1 in [14] ,

cap R < inf [ | V u p d w , 
‘ " R

where the infimum is taken over all admissible u . The opposite 

inequality being obvious, we conclude that in the definition (1.3) of cap R 

the infimum may be taken over all admissible functions for R .

4. Simple admissible functions.

As in [14] we find it desirable to consider admissible functions 

whose level surfaces are polyhedral.

Suppose v = v(x) is an admissible function for a space ring R .

Let 0 < & < 1/2 and, for x € R , define
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0

v - £
1 - ^L

1

v!= \(x)

if v < £ ,

if £ < v < 1 - £ ,

if 1- £ < v ,

and extend vy to be 0 on CQ and 1 on Cy . Then the set of x 

where 0 < Vj < 1 is a bounded subset of R and lies at a positive 

distance d from C(R) . Let B be the ball |y | < c , c < d , and

define

v2lx} = » (B) pi<x+y) d«

B

This function is continuously differentiable in R and has 

boundary values 0 on d CQ and 1 on a . The set of x where

< 1 lies at a positive distance b from C(R) . Moreover (See 

[14], §§ 5,7) ,

(2.2) cap R = inf f | ^v |3 dw,
y J “

2 R

where the infimum is taken over all such functions v^ .

Next consider a partition of £3 into congruent tetrahedra {T} 

of diameter ô < b , with b as given in the last paragraph. Then 

define a new function u = u(x) so that u is a linear function of the
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coordinate variables in each tetrahedron and so that u = v^ on the 

vertices of each tetrahedron. Then u is called a simple admissible 

function for R . A simple admissible function satisfies the definition 

of §2.3 and is thus an admissible function. Furthermore,

3 
dlim 

6-^0

so that with (2. 2) ,

(2. 3) cap R = inf J | v u |3 d W , 
u

R

where the infimum is taken over all simple admissible functions u for 

R ([14], § 7) .

Obviously 0 < u < 1 for all x . For fixed a , 0 < a < 1 , let 

F and S be the sets of x on which u a and u - a , respectively. 

Then F is a closed polyhedron, that is, the union of a finite number 

of closed (possibly degenerate) tetrahedra. It is clear that a F c E; 

furthermore,

LEMMA 2.1. Suppose a is different from the finite set of 

values assumed by v^ , and hence by u , on the vertices of ( T) . 

Then a F - E.
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Proof: It is sufficient to show that Zc jF , Fix a point 

P € E. Then PET, for some tetrahedron T , and by hypothesis P 

is not a vertex of T .

Let P , i“ 1,2, 3, 4 be the vertices of T , Then for each i , 

u(P.) a . There must be one vertex P.1 for which u(P, ' ) > a . 

Otherwise u(P.) < a for all i and by the linearity of u , u < a at 

each point of T , contrary to the assumption that u(P) = a .

Let I be the segment joining P and P ' . Then I c T and u 

varies linearly on I . Hence u > a at each point of I except at P , 

and P is therefore a limit point of the set of x where u > a . But 

since also P E F , we must have P € 3F , and this completes the 

proof of the lemma.

5. Special admissible functions.

Let R be any bounded ring and v a simple admissible function 

for R . Fix a , 0 < a < 1 ; in this section we shall always assume 

a to be different from the finite set of values assumed by v on the 

vertices of {T}. Let L be the polyhedral surface consisting of the set 

of x where v = a .

In the proofs for Steiner symmetrization, certain technical 

difficulties arise in case a line parallel to the x^ axis meets a level 

surface E of v in an infinite set. The same is true for Schwarz 
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symmetrization in case the intersection of E with some plane normal 

to the axis is too large.

To avoid these troubles, we shall determine a function 
- I

u = V o f , where f is a suitable rotation, and show that in 

definition (1 . 3) we need consider only functions of this type. The 

rotation f will be chosen so that u is admissible for R and so that 

each (polyhedral) level surface f[ £] of u has no faces parallel to a 

given line.

in the Steiner case the line is the x^ axis, and then each surface 

f[ E] meets each line parallel to the x axis in a finite set. For the

Schwarz case the line need only lie in the x^x^ plane, and then each 

plane normal to the x^ axis meets each f[ E] in the union of a finite

number of closed linear segments. It is obviously sufficient to consider 

the x^ axis, since

Now suppose

the proof would be the same for any other line.

E meets one of the finite number of tetrahedra

T. G 
J

{ T) in which is nonconstant.
j ’

S n
j

is contained in a plane c ,x + c2jx£ + C3jX3 " a ’ where the

c.. 
ij

are independent of the particular value of a . Therefore there is

a finite collection of unit vectors n. 
J

associated with the tetrahedra

{ T} such that each plane face of each level surface v = a has one of

the vectors n. as its normal. 
J

We wish to determine a rotation f so that none of the vectors 
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f[nj] is normal to the x^ axis. For this it is sufficient to require

that the projection of each vector f[n. ] on the x x plane be non- 
J 2 3

degenerate and form a positive acute angle with the x^ axis.

Let f^(x) = x' denote a rotation through an angle o about

the x^ axis . Suppose the projection of some n on the x^x^ plane 

is the zero vector. This will not be true of any of the vectors

33L j
it

< #3 < , where denotes the smallest positive

angle which the Xj axis makes with the (nonzero) projection of any

n. on the x, x__
J 1 2

plane.

A second rotation f^x') = x" through an angle ,

— , about the x
2 1 axis will ensure that the projection 

of each vect or f» f^[n^] on the x^x^ plane also forms a positive

acute angle with the x axis. We may take $ to be the least positive 
I

angle between the x^ axis and the projection of any vector f^[n ] on 

the x^x^ plane. Hence none of the vectors f^ 

to the x$ axis.

Since the point set E on which 0 < v < 1

° f o[n. I will be normal
3 J

lies at a positive

distance from C(R) , we may assume that the angles and (pg are”1

so small that if x € E then x" € R . Now we let f = fo f and 

define a function u = u(x) by the condition u(x) = v(f (x)) . It is 

clear that u is an admissible function for R . The level surfaces of

u are polyhedral but have no faces parallel to the x, ax’ s because for

fixed a ,
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{x| u(x) - a) - {x | v(f (x) ) = a} = (f(x) | v(x) - a } = f[{x |v(x) =a} ] .

As usual, we assume that a is not one of the values acquired by 

v on the vertices of ( T) . In the applications we shall refer to such 

a function as a special admissible function for R .

We prove

LEMMA 2.2. The conformal capacity of a space ring R is

cap R = inf J | u | 3 du, 

U R

where the infimum is taken over all special admissible functions for R .

Proof: Let v be a simple admissible function for R , and let 

- 1 
u = v-f be a special admissible function for R obtained from v 

as described above. It is easy to see that the Jacobian of the rotation 

f is 1 and that | Vu(x) | = | Vv(f'\x)) | . Hence

(2.4) J j V u | 3 d 0) = j | V v I 3 d U) .

R R

Taking the infimum on the left in (2. 4) over all special admissible

u and then on the right over all simple admissible v we have by

virtue of (2.3) ,
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I Vv | dw = cap R .

But the opposite inequality follows from the fact that each special 

admissible function for R is also admissible for R .

STEINER SYMMETRIZATION

This method of symmetrization is discussed in [30] and is a 

generalization to 3-space of Steiner symmetrization in the plane [21 ] .

6. Steiner symmetrization of open and closed sets.

Let G be a bounded open set in E . We define a second set G 

called the Steiner symmetrization of G with respect to the 

plane, as follows : Let L = L(x^ , x^) denote the line in E$ through 

(x^, Xg, 0) that is parallel to the x$ axis. Then LOG = if and 

only if L D G = j6 . If LAG/ and m JL A G) = / > 0 , then 

LAG is an open segment of length H which is bisected by the

*1*2  plane, .

3 #
If F is a bounded closed set in E , we define F as above 

except in the second case, where we take L A F to be a closed

segment of length 4 which is bisected by the X1X2 plane. If X = 0 ,

then LA F is the single point (x1, x2, 0) .
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LEMMA 2, 3. _If_ E is the Steiner symmetrization of a bounded

closed or open set E , then E is closed or open, respectively.

proof: Suppose F is closed, and let {F } be a sequence of 

points in F with limit point P . We will show that P is in F ' 
° o '

In rectangular coordinates let P = (x x x ) , P = (x , xo , xQ 
n in zn on o 1 o 2o 3o

Obviously x.n -> x.o , i = 1,2, 3 . Since P^ € F*  , all points x on 

^ln' with 1^3^ -^3nl ' "^^e Z(x^,x^) >|2x^J ,

where I (x x ) denotes the length of F A L(x, , xn ) . If we
1 “ In 2n

show that I (xJ , x^) is upper semicontinuous (use) we will have

X ("io" ^o> - SUP X (^in»^n) > Km (2x^1 = |2x | , and hence
... n —> oo n —> oo

P € F' . 
o

To show that £ (x^,x^) is use , let E^, E^ be the orthogonal

projections of A F , Lq A F , respectively, on the x^ axis. Here

Ln " ^^ln'^2n^ and Lo " ^^lo'^Zo^ ’ Then Eo SUP En « for
n—> oo

if P - (0,0, x ) € E for infinitely many n , then P = (x , x , x )€FAL J n n 1 n Zu 3 n

for infinitely many n . But P (x , x , x ) € L , and since F 
n i o zo 3 o

is closed it follows that (x x x ) € F A L . This implies that
1U 60 3 o

P = (0, 0, x ) € E . 5 o

Since F is bounded, m^ [ (_ | E ] < oo , and therefore by 
1 n n

[32, Theorem 9.3, p. 17], t(x , x ) = m. (E ) > m. (lim sup E ) A O 6 O 1 o * nn—> oo
> lim sup m (E ) = lim sup 1 (x x ) . That is , £ (x. , x ) is use, 

n-^oo n—» oo 1 2
and F is closed.
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Next suppose G is open, and let H denote a closed right cylinder 

of height 2h which is symmetric in the plane, has its bases 

parallel to this plane, and contains G . Then H - G is closed, and

the previous argument shows that 2h - Z (x^x^ is use, where

Z (x^.x^) denotes the length of L H G , L = L(x1, x^) .

Let {Pn} be a sequence of points in H*  - G with limit point

Pq . Using the same notation as before, it follows that all points x 

on L(x^, x^) with |x^^|< |x^ | < h are in H - G . Hence by upper 

semicontinuity Zh-t (x. , x_ ) > 2h -|2x- I , and h '-G*  is closed.
1 O 60 — ' DO

. % ije
This means that G is open in H = H and hence open.

LEMMA 2.4. Jf E is the Steiner symmetrization of a bounded 

connected (closed or open) set E , then E*  is connected.

Proof: Let Eq be the orthogonal projection of E on the 

plane. Then Eq is connected, for if Eq = E^ U E^ sep , let 

= U (L n EJ , i = 1,2, where the union is taken over all L such 

that L A E^ . Then E meets each of the sets , which are 

separated since co £ L , and hence E is not connected ([36], 

Theorem 16, p. 18) . 

* 4
Now E = (J (L A E ) , where the union is taken over all L 

such that L A . But since each LAE is connected, and

• , * >•< 
since each nonempty set LAE meets the connected set E , E 
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is connected ([29], Corollary 2, p. 74) .

LEMMA 2.5. If_ E is the Steiner symmetrization of a bounded 

(closed or open) set E , then C(E ) is connected. 

%
Proof: For suppose x = (x^ f x , p) € C(E ) . Then

C(E ) for |x3 I >|p| . But { , x^)] > |p ] } and

{(%! x^.x^)| x < - | p |} are connected sets , and each meets 

U = {x | |x |>r} , where r is chosen so lar-^e that U li E -4 . Thus 
... ‘ M 

C(E ) is connected.

7. Steiner symmetrization of rings.

Now let R be any bounded ring in E . Then R U CQ = C(Cj) 

is open, is closed, and we define the Steiner symmetrization (^)

R of the ring R as

R - (R U CQ) - CQ .

LEMMA 2. 6. If R is a bounded ring, then R is a ring.

Proof: By Lemmas2. 3 and 2. 4 , is closed and connected .

( ) Although the Steiner symmetrization of R as a ring and the Steiner 
symmetrization of R as an open set (Cf. § 2. 6) are not the same, for 
convenience of notation we shall let R ' denote the former.
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By Lemma 2.3, (R U CQ) is open, so that = C(R U CQ) ' is

closed. Also by Lemma 2. 5, is connected.

We must show that R is connected. First let

component of R n {x^ > 0} and let = R ' A {x^ > 0}
1 •

Suppose D / . Then the projections of D , D on the
12

be a

x^x^ plane

must meet in some point (x^ 2> 0) since otherwise R would be

disconnected, by the argument in Lemma 2.4 .

i = 1,2, where L = L(x^ , x^) . Then LA R A {x^ > 0} is a connected

set which joins and and hence and . But this is 

impossible since and were separated sets. Hence R A {x^O} 

is connected. Similarly R A {x^ < 0} is connected. But both
R A{ x^>0} and R ' A { x0} have limit points in the connected set

K A {x^ = 0} , and R"' is connected.
Letting R denote any bounded ring and R its Steiner ring 

symmetrization, it is now our aim to prove that R satisfies the 

following extremal property.

THEOREM 2. 1. mod R < mod R .

Before proving this theorem we must first study some geometrical 

properties of Steiner-symmetrized sets .
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®• Surface area under Steiner symmetrization.

Suppose Fisa compact set and E= B F its boundary. By 

the Steiner symmetrization (3) of E we shall mean the set D"= a F*  , 

where F is the Steiner symmetrization of F . The following 

result is well known, being attributed to Steiner (Cf. [30], p. 182) .

LEMMA 2.7. If F is a closed polyhedron if none of the faces

of E = 3 F is parallel to the axis, and if F is the Steiner

symmetrization of F , then E - B F is a polyhedral surface whose

area does not exceed that of E .

Proof: As in g 2.6 , we let L = L(x , x ) be the line in E
1 •

through (x^x^O) which is parallel to the x^axis. If L fl F ,

L meets T in a finite number of points (x^, x^

m

i - 1,2,..., 2m ,

= m(x],x2 where x_. > x^. if i < j
3i - 3j J (If there is a double point in

L n F - - that is, a point on the intersection of two plane faces of E- 

then this is to be counted twice. ) The set L D E is the boundary of

L A F as a linear point set, and L A F has the same length as L A F ' .

To L A F there corresponds a line segment L A F bisected by the 

plane, the endpoints of which have the coordinates

( ) Although the Steiner symmetrization of E as the boundary of F 
and the Steiner symmetrization of E as a closed set (Cf. § 2. 6) are 
not the same, for convenience of notation we shall let E denote 
the former.
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(x , x , + x ) , where 1 6 — J

(2. 5)
2m

2x3 = I x3i '

i= 1

On E , x^ is a piecewise linear function of

hence absolutely continuous in the sense of Tonelli. By (2. 5) the

, and

same is true of the X3 coordinate as a function of on the

Steiner-symmetrized surface E . Hence we may apply the

standard integration formulas (32, p. 181] for surface area . Now 

let D be the projection of E and T on the x^x^ plane. Then

using the triangle inequality and the fact that m > 1 , we have

dXj dx^

dX3i

8X1

ax3i

dx2
i -1

dx3i 2 

axl
— )2 ]1/2dx dx =[da . 
o X J
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For application in the proof of Theorem 2. 1 we observe that 

in Lemma 2. 7 we have actually shown the following. Given any rect­

angle E in the plane, the area of the part of E ‘ which

projects into E is not greater than the area of the part of E which 

projects into E ,

9. Steiner symmetrization of functions.

Let u — u (x) be a continuous real-valued function defined in E 

which is bounded above, and let the set of x where u < A = sup u 

be bounded. For a < A let G and F be the open and closed sets 
. a a

where u < a and u < a , respectively, and let G and F be 
a. h

the Steiner symmetrizations of these sets.

We then define u = u (x) , the Steiner symmetrization of u , 

as follows . Fix a point x . If x E F for some a < A , we set

u (x) = inf {a | x € F^ } .

Otherwise we let u (x) = A .

LEMMA 2. 8. For each a < A = sup u , LAG and L A F 
a ------ a

are the sets in L where u < a and u < a , respectively.
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Froof: Suppose x € L H F Then by definition

u (x) inf {b |x € L D F } . But since x € L H F this infimum must 
D a

be < a . Hence u (x) < a .

To show the opposite inclusion, fix x € L so that u (x) < a .

Then u (x) = inf {b jx € L HF} < a . This means that x € L H F.

for all b > a , or that x Ç L D O F . But by hypothesis on u all 
h > a D

the sets L A F are bounded, so that L A D F ' = L A F ' and 
... - b>a b a '

x € L A F ' .

The proof for G is similar.

COROLLARY 2.1. The functions u and u assume exactly

the same values a < A = sup u on each fixed line L .

Proof: It follows from Lemma 2.8 that L A (F ' - G ) is the 
& &

set of points on L where u = a . But it is already known that

L A (F^ - G&) is the set of points on L where u = a . Since these 

sets are simultaneously empty or nonempty the result follows .

Lemma 2. 8 shows that G and F are the sets of x where

u < a and u < a , respectively. But since G ’ is open and F ' 
a a

closed by Lemma 2. 3, it follows that u is continuous. In fact we 

can show that u satisfies a Lipschitz condition whenever u does. 

(Cf. Theorem 4. 5 of [21] and Lemma 4 of [14] . )
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LEMMA 2. 9. If u is the Steiner symmetrization of u and if

MP]) - u(P2) I < M |P1
2

for all points and , then

(2.6) |u'(QJ - u (Q^) | < M |Q1 - Q2 |

for all points Q1 and .

Proof: Fix two points Q1 and with u (Qj ) < u (Q^) and

let a^ = u (Qj ) and d - |Q -Q^ [ . For (2. 6) it is sufficient to prove

that

(2. 7) (Q2) <a2 a^ + Md .u

11' X21 and (Xj2« be the (x^, x^) coordinates of

Ql’ Q2 ’ Let Ej be the set of points on L^
11 ’ 21

wher e , and let 2 be the set of points on L^ = L(x12>x22

whose distance from does not exceed By Corollary 2.1,

is nonempty, and since the distance from to is no greater

than d it is clear that E^ is nonempty. is closed and for each

d .

1

2

2 € E2 there exists P^ € E^ such that Thus
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u(P2) < u(P1 ) + Md < a2 ,

and u < a2 at every point of E2

Next let Ej and
2 be the Steiner symmetrizations of E^

and E^ , respectively. Then by Lemma 2.8, E^ ' is the set of points

on where u Moreover, since c{x |u < a^} it follows

by Lemma 2. 8 that or u 2 in E2 Hence

Q1 and to obtain (2.7) it is sufficient to show that € E^

Let H be the orthogonal projection of on L^ , and let

be the orthogonal projection of E^ on < . Since E is the set 
2

6 E1

H

1 ’

u

of points of L^ which lie within distance d of Ej , it is the set of

points of L2 which lie within distance c of H , where c is given
2 2

by the Pythagorean theorem as c - d 12‘X1P 22
-x21 >2

2 G E^ and (2. 7) is true.

Now H is equal to the Steiner symmetrization of H , and the length

of these two sets are therefore equal. Thus

ml<EZ > - (E^) > m^ (H) + 2c = m^ (H ) +

That is, E^ includes all points on L^ within distance c from H

2c .

and hence all points on within distance d from E 
« I Thus
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10. Equimeasurability.

Let u be one of the special admissible functions for R defined 

in § 2.5 , and let u be the Steiner symmetrization of u . Let 

0 - a.j < a2 < ... < a^ - 1 be the finite set of values assumed by u 

on the vertices of the tetrahedra [f[T]} , where f is the rotation in 

§ 2. 5. Let D. and D. be the sets of points x where a c u < a 
11 ii+l

and a^< u < a , respectively.

Fix i ; let p = p (x) be a real -valued function defined on

, such that p is nonnegative, continuous, and symmetric with 

respect to the x^x^ plane. That is, the value of p is the same at 

the two points (x , x , + x ) . Next, for each a. < a < a . . let F 1 2 — 3 i i+l

and F denote the sets on which u < a and u < a ; G and 
❖ * * 

G the sets on which u < a and u < a ; and E and E 

the sets on which u = a and u = a , respectively. Then by 

Lemma 2. 1 we have E= & F . By definition , S = § F .

Suppose L A E/ £ . Then because u is a special admissible 

function for R , L A E is a finite set. Further, LAE consists of 

two points (perhaps coincident) symmetric with respect to the X1X2

plane, because

m^L A E ") = mJL A (F*- g"D = mJL A (F-G)) = mjL A Z) = 0 .
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For this reason p assumes exactly one value on each nonempty 

intersection L D E . We define a function p - p (x) on D. by 

requiring p to take this value at each point of the corresponding 

intersection LAS.

LEMMA 2. 10. If p , p are functions as defined above, then

P is continuous in D. and

(2.8) I* p I*
I P d (c - i p d4 v

for all p > 0 .

Proof: For suppose p is not continuous in D. . Then we can

find Pq € and a sequence {P } in D. such that P ---- > P butn i no

lim p (P ) - c / p (P ) . In rectangular coordinates let 
n—>oo
Pn = <=ln" x2n’ x3nl • Po = (xlo' x2o' x3o 1 ' xio '

i = 1, 2, 3 . We let Ln = Lfx^. and Lq = Llx^, x^ ) .

By Corollary 2. 1 there exist points Q in L D D such 
n n i

that u (Qr) = u(Pn) . By the Bolzano -Weier str ass theorem we can

pick a subsequence {Q } such that Q ---- > Q .
nk nk °

so that Qq E Lq . Then by the continuity of u and

But x ---- > x.in. io
» k 

u we have

u(P ) = lim u(P ) = lim u(P ) - lim u (Q ) = u (Q ) . o n n^ n, on—* oo n. —» co k n, —>oo kk k



-31-

* 
Hence Q € D. and o i

P <po) = P (Qq) = Hm p *(Q  ) = lim p (P ) = c , 
n —> co k n —> co "k

k k

But this contradicts the earlier assumption that p (P^) c , Hence 

p is continuous in D. .

To prove (2. 8) let b > 0 , and let G and G denote the subsets

of IX and where p< b and p < b , respectively. Given

L = L(xj, x^) , let E be the set of values assumed by u on LAG . 

* *
Then G and G are open because p and p are continuous, and

hence LAG is a linear open set. Thus LAG is the countable

union of open intervals I . If I "is the set of values assumed by n n ,
$ * 

u on , then must be an interval because u is continuous .

Thus E is the countable union of disjoint (possibly degenerate) linear 

intervals J . m
*

We will show that, because u is the Steiner symmetrization

of u , the sets of points on L for which u € J and u € J have 
m m

equal length, where J is one of the intervals in E . Suppose

J - (c,d) . Then {x|u(x) E J } = G - F , {x |u (x) € J } = G -F 
m mac m de

(Cf. §2.9), and because all sets involved are bounded,
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= mJ L n (Gd"Fc^ ^Fc^

= m ( L nG) - m (L n F ) = m. (L nG,\m. (LOF *)  
1 a i c 1 ale

- m [ L A (G - F ) ] = m { x |u € J } . i a c i m

The other cases = [c,d] , = (c, d] , = [c, d) are similar.

Now by Corollary 2.1, LAG and L A G^ are just the sets in

L, where u and u , respectively, take on values in E and , 

summing over the disjoint linear intervals J , we conclude that
* ,

LAG and LAG have equal length. 

. *
Now fix bj < b^ and let H and H be the subsets of D. and

where b^ ^0< b^ and b^ < p < b^ , respectively. Then by
5*€

the previous argument L A H and L A H have equal length for each

L . Thus, using Fubini's theorem [32, p. 76] , integration with

respect to x^ and x^ shows that m^H) = m^(H ) . Hence p and 
*

p are equimeasurable and (2.8) follows from [20, p. 277] .

11 • Proof of Theorem 2.1.

5*C

Let R be a bounded space ring and R ' its Steiner symmetri­

zation. We want to prove that mod R < mod R or , equivalently, 

that
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(2.9) cap R < cap R .

Let u be a special admissible function for R . Since u = 0

in all but a finite set of tetrahedra, u satisfies a uniform Lipschitz 

, * 4

— ■ ~
( J This condition follows automatically, of course, from the fact that 
u is piecewise linear (Cf. (2.5)) . However, for other kinds of 
symmetrization, including the Schwarz case, this stronger argument 
is needed.

condition ; therefore by Lemma 2. 9 this must be true also of u ( ) , 

* * * * *
so that u is ACL , Now R = (R U CQ) - CQ , where (R U CQ) 

and Cq are the Steiner symmetrization:of R U and . Since 

u is 0 on Cq and 1 on is contained in the set of x

, where u < 0 while R U C^ contains the set of x where u < 1 . This, 

together with the fact that_' 0 < u < 1 , implies that u is 0 on CQ 

and 1 on . We conclude that u is admissible for the ring R ,

, To prove (2. 9) it will be sufficient to show that

(2. 10) J |\7ii p dtu<J |vu|3do).

R R

For then we obtain

'r Pt | 3 
cap R < J | Vu I d O) ,

R

and taking the infimum over all special admissible functions u yields (2. 9) .
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As in § 2.10 let 0-a, <a_<... <a = 1 be the finite set 12 n

of values assumed by u on the vertices of the tetrahedra {f[T]} , and 

let D and D. be the sets on which a. < u < a. , and a < u < a , 
1 1 i i+l i i+1

respectively. If the set of x where u - a. has positive 

m^-measure , then almost all of its points are points of linear density 

in the directions of the coordinate axes (Cf. [32], p. 298) . Since 

Vu will vanish at almost all such density points (^) we conclude 

that the integral of j u | over this set will vanish. Hence to prove 

(2. 10) it is sufficient to show that

I Vu | d w < I | Vu|3 d w(2.11) 

'V Di

for i = 1 , . . , n-1 .

Let p be a real -valued function defined on D. as in §2.10 , 

and let p be the corresponding function defined on D. , We will 

show that

(2.12) J p |\yu l d a) < J p l l d a) .

‘V "
If a| < a < a^ , then by Corollary 2.1 E and E have the 

same projection on the x x plane Let the x x plane be divided 1 £ 1 £

into congruent rectangles E, of diameter Ô and let E, and E
k k k

denote the portions of E and E , respectively, whose projections
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on the plane are contained in . Then Lemma 2. 7 shows that

d a f d a

k

for each k . Since p and p are continuous and equal on

corresponding intersections A B and L A E for a.i

(2.13) P da lim
Ô—>0

E

L J p
k v

Ek

— lim \ (max p
K_ n

r

=k

< lim (max p ) J 
k Sk E 

k

da

k=k

Tp*1 ■
E

Appealing now to a partial area formula due to Federer (9,
4

Theorem 3. 1 ] we see that ( )

a

(2. 14) p I Vu I d W -

D a.

p da J da
E*

and

a. 1
(2.15)

D.i a.i S
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But (2. 1 3) is valid for a. < a < a . Combining (2. 13) , (2.14), 

(2.15) therefore yields (2. 12) as desired.

Now | Vu | is bounded, measurable, and symmetric in the 

X1X2 Plane Then by a theorem of Vitali - Caratheodory ([32], p. 75) 

and a theorem of Bair e on the approximation of lower semi continuous 

functions by continuous functions ([23], p. 150) , we can find a 

sequence of functions p which are nonnegative and continuous in 

, symmetric with respect to the plane, and which converge 

boundedly to I Vu ! almost everywhere in D . From (2 12) we 

see that

(2 16) j I Vu | d W lim J* | vu Idw< lim inf Jp | Vu | dw .
D ■ n^ooD-? n^œ$n

1 i i

Then

But by Holder ' s inequality and Lemma 2 . 1 0 we have

’ i — I dcu< [ jp^dw^^tj

D. D.
i i

= [ r » ■ -.lu-r ji 
... n

D. i

. .3 1/3jpn !vu|

D i

(2, 17)

1Vu | d w J

J Ivu I3 dief' 3

D.i
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lim inf J | syu jda, < 

n °° D
1

[ lim
n —> 00

; ^^dœAjlVal’d®]^

Di*  Di

(2. 18)

= [J .

Therefore by (2.16) and (2 . 18) ,

j‘ I Vu'" I 3 dm < [J |vuVdw]^3[ f 

D?

| V u |3 dm ]1//3 ,

which is equivalent to (2.11) . This completes the proof of Theorem 2. 1 .

SCHWARZ SYMMETRIZATION

This method of symmetrization is discussed in [30] and [33] . 

It is a limiting case of the spherical symmetrization discussed in 

[30] and employed in [14] .

1 2• Schwarz symmetrization of open and closed sets.

Let G be a bounded open set in E , We define a second set 

G , called the Schwarz symmetrization of G with respect to the 

x.$ axis , as follows : Let n= ÏI(x^) denote the plane through 

(0, 0, X3) that is normal to the x^ axis. Then no G " = if and



only if n n G = . If nriG and m ( n H G) = A > 0 , take

II D G to be an open disk of area A with center on the axis.

If F is a bounded closed set in £3 , we define F as above 

except in the second case, where we take n Af’" to be a closed 

disk of area A with center on the x^ axis . If A = 0 , then n H F '

is the single point (0, 0, x3) .

The proof®of some of the lemmas for Schwarz symmetrization

are similar to those of the corresponding lemmas for Steiner

symmetrization, with the plane n playing the role formerly served 

by the line L . When this is the case, the lemmas will be stated 

without proof.

LEMMA 2. 11 If E is the Schwarz symmetrization of a

bounded closed or open set E then E is closed or open,

respectively.

LEMMA 2. 12 If E is the Schwarz symmetrization of a bounded

connected (closed or open) set E , then E^ is connected.

LEMMA 2.13. If E is the Schwarz symmetrization of a bounded 

(closed or open) set E , then C(E^) is connected.
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1 3. Schwarz symmetrization of rings.

Now let R be a bounded ring in E , and let CQ and be 

the two components of C(R) . Then R U CQ = C(C^) is open , CQ 

is closed, and we define the Schwarz symmetrization ($) of R with 

respect to the axis as

R = (R UC0) - Co .

LEMMA 2.14. If R is a bounded" ring, then R is a ring

The proof of this lemma rests in part upon Lemmas 2.11 to 

2• 1 3 and is analogous to the proof of Lemma 2. 6.

It is now our aim to prove that the ring R satisfies the 

following extremal property.

THEOREM 2.2. mod R < mod R

Before coming to the proof of this theorem, we first study 

some geometrical properties of Schwarz -symmetrized sets.

( ) Although the Schwarz symmetrization of R as a ring and the 
Schwarz symmetrization of R as an open set (Cf § 2 12) are not 
the same,for convenience of notation we shall let R^*  denote the 
former.
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14- Surface area under Schwarz symmetrization.

Suppose F is a compact set and T= ô F its boundary. By 

the Schwarz symmetrization (6) of E we shall mean the set

L = d F , where F is the Schwarz symmetrization of F .

As indicated in § 2.5 , each surface E in the proof of

Theorem 2. 2 is polyhedral, and none of the faces of £ is normal 

to the axis. For such a surface we can show that the surface 

area is not increased by Schwarz symmetrization. This result was 

proved by H.A. Schwarz in [34, pp. 327-35] . Alternatively, a proof 

could be given along the same lines as that for spherical symmetri - 

zation in [14] .

LEMMA 2,15. If F is a closed polyhedron, if none of the 

faces of L = â F is normal to the x^ axis , and if F is the Schwarz 

symmetrization of F . then 2? = d F is a surface of revolution

whose area does not exceed that of E.

We remark that the same proof shows that the area of the part 

of E between two planes and x^ = p2 Pl < P2 , is not*3 = Pl

increased by Schwarz symmetrization.

( ) Although the Schwarz symmetrization of E as a boundary and 
the Schwarz symmetrization of E as a closed^et are not the same 
(Cf. § 2. 12) , for convenience we shall let E denote the former.
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15. Schwarz symmetrization of functions.

Let u - u(x) be a continuous real - valued function defined in

E which is bounded above, and let the set of x where u< A = sup i 

be bounded, For a < A let G and F be the open and closed sets 
3l a

of x on which u < a and u < a , respectively, and let G and

be the Schwarz symmetrizations of these sets.

We then define u - u (x) , the Schwarz symmetrization of 

u , as follows : Fix a point x . If x Ç F^ for some a < A , we 

set

u (x) = inf {a | x € F^ ' } .

Otherwise we let u (x) - A . Then we have

LEMMA 2.16. For each a < A = sup u , Il fl G ' ' and HOF ” " 
a ------ a

are the sets on fl where u < a and u < a , respectively.

We remark that, as in the Steiner case, this shows that u

is continuous. Moreover, we show that u satisfies a Lipschitz 

condition whenever u does.

LEMMA 2.17. If u is the Schwarz symmetrization of u 

and if

|u(Pp - u(P2) | < M |P1 -P2 1
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for all points and , then

(2.19) |u (Q^ - u (Q2)| < M\Qx-Q2\

for all points and .

** **

**
Let H be the orthogonal projection of E^ on , and let H

Proof: Fix two points Q1 and with u (Q^ ) < u (Q^) ,

** . . . -
and let a^ = u (Q^ ) and d = (Q^-Q^l . For (2.19) it is sufficient

to prove that -

(2.20) u (Q^) < a^ = aj + Md .

Let x . and x be the x, coordinates of Q and Q , j 1 4

respectively. Let be the set of points on I] = IKx^j) where 

u <_ a^ , and let be the set of points on = II(x^) whose

distance from E^ does not exceed d . As in the proof of Lemma

2. 9 , it then follows that u < a% at every point of E2 '

Next let Ej and E^ be the Schwarz symmetrizations of

E^ and E^ , respectively. Then is, by Lemma 2.16, the

set of points on nj where
** 

u al • Moreover, since

it follows that E^
** 

u Hence

1

** **
Qj € E^ , and to obtain (2. 20) it is sufficient to show that Q% € E^
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be the orthogonal projection of E on "z ’ Since is the set

of points of that lie within distance d of it is the set of

points of n2 that lie within distance c of H , where

2 2 2 ** .
c - d - - Now H is equal to the Schwarz

symmetrization of H , and the areas of these two sets are therefore

equal, But then by the Brunn- Minkowski inequality ([35], p. 84), 

'2-'l + =

where r^ and 

That is, E^

r^ are the radii of and E^ respectively.

includes all points within distance c from H , and

hence within distance d from E . Thus Q2 € E2 and (2.19)

is true.

16. Equimeasurability.

Let u be a special admissible function for R , and for fixed

a , 0 < a < 1 , let g be the set of x on which u = a . It a is not

one of the finite set of exceptional values 0 = a. < a < . . . < a = 1 
1 2 n

assumed by u on the vertices of certain tetrahedra {T} (Cf. § 2.5) , 

then E is a polyhedral surface having no faces parallel to the 

x^2 plane. 

% %
Now let u be the Schwarz symmetrization of u , and let
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D and D be the sets of x where a. < u < a and 
1 i i+1

**
ai < u < a , respectively.

r ix i ; let p - p (x) be a real-valued function defined on 

IZ , such that p is nonnegative , continuous, and symmetric 

with respect to the x^ axis . That is, the value of p at a point 

x depends only on r and x^ , where (r, <p , x^) are cylindrical 

coordinates for x . Next, for each < a < a.^ let F and F

denote the sets of x on which u < a and u ’ < a ; G 

and G the sets on which u < a and u ' < a ; and £
'P 'I*

and S the- sets on which u = a and u = a , respectively. Then 

F is a closed polyhedron and by Lemma 2.2 d F . By definition , 

E =&F" .

Since each polyhedral surface £ has no faces normal to the 

x$ axis , each nonempty intersection JI H E consists of the union 

of a finite number of closed linear segments. Also n A L consists 

of a circle (perhaps degenerate) with center on the x^ axis. Hence 

p assumes exactly one value on each nonempty intersection nA S 

Define a function p = p(x) on D^ by requiring p to take this value 

at each point of the corresponding intersection n A £.

LEMMA 2.18, If p, p are functions as defined above, then 

p is continuous in D^ and
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for all p > 0 .

1 7. Proof of Theorem 2. 2.

Let R be a bounded space ring and R its Schwarz 

symmetrization with respect to the x$ axis. We want to prove that 

mod R < mod R or, equivalently, that

(2.21) cap R < cap R .

Let u be a special admissible function for R , such that no

level surface £ of u has a plane face normal to the x^ axis. Since

Vu - 0 in all but a finite set of tetrahedra, u satisfies a uniform

Lipschitz condition. By Lemma 2.17 this must therefore be true 

also of u , so that u is ACL . As in the Steiner case, we see 

that u is 0 on and 1 on , where and

are the components of C(R ) . Hence u is admissible for the 

ring R .

Let 0 = a^ < a^ < . . . < a^ = 1 be the finite set of exceptional 

values for ' a (Cf. § 2. 16) , and let and D. be the sets of x 

on which a. < u < a^ and a^ < u < a^, respectively. As in the
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proof of Theorem 2. 1 , (2. 21 ) will follow if we show that

(2.22) J | V u 5. J fVupdcu

D. ** D.
i i

for i = 1 , . . , n-1 .

Fix i ; let p be a real-valued function defined on D. as 
i

in § 2. 16 , and let p be the corresponding function defined on D. .

We will show that

(2.23) - J P I Vu I du < I p Ivul dw
D.**  D.

i i

Let the axis be partitioned into intervals I.

length 6 , and let and denote the portions of £ and 

respectively, whose projections on the x^ axis are contained in .

Then by Lemma 2.15,

Ek

for each k . Since p and p are continuous (See Lemma 2. 18) 

and equal on corresponding intersections fl and fifl E ... for

S<*<,
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p do = lim
:*  ô—>0

p da = lim
6—>0

r-> ** p * «
} J

k \ 2^**
Z J 
k

(2.24)

Then making use of (2.24) and Federer's theorem [9] we achieve (2. 23) .

Now | Vu I is bounded, measurable, and symmetric with

respect to the axis. We can find a sequence of functions p which 

are nonnegative and continuous in and symmetric in the x^ axis,

and which converge boundedly to | Vu | almost everywhere in D. . 

By applying Hblder's inequality, Lemma 2.18 , and a limiting process 

to this sequence of functions exactly as in the proof of Theorem 2. 1 , 

we are able to achieve (2.22) and thus to complete the proof of 

Theorem 2.2.

1 8. Extremal space rings.

An important type of ring R$ in 3-space is that for which both 

components of C(R^) lie in a plane II , say x^ = 0 , and for which 

the configuration R^ = ^^R^ is a plane ring.

If R2 is a plane ring and C is the bounded component of C(R2) ,
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we say that is metrically equivalent to the circular annulus

rl< + ^X2 1 < ^2 if the areas of C and R U C are n r and 

2
IT r^ , respectively.

The simplest form of plane symmetrization is point

symmetrization which replaces the ring R by the circular

annulus to which it is metrically equivalent. The effect of point

symmetrizing a plane ring R is to replace it by a plane ring

R^ such that mod R^ < mod R^' (Cf. [7]) . But this also replaces

R3 by a new space ring R^ , where CfR^) = C(R2') , and we shall 

show that the plane symmetrization increases the space modulus 

also. In the proof of this result we shall need the following

LEMMA 2.19. Let R^ be an unbounded space ring with 

nondegenerate boundary components CQ and . Given £ > 0 , 

there exists a bounded ring R which separates the components of 

C(R) and for which

(2. 25) mod R^ <(!+£) mod R .

Proof: Since the boundary components of Rg are nondegenerate,

it follows by [26] that cap R^ > 0 . Therefore, there exists a simple

admissible function for R^ such that
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(1 + £ ) cap > I Vu |3 do: .

3

Now let E be the component of the set of x where u

i = 0 , 1 , which contains C. . 
i Since u(x) = 1 for

C(E ) must be bounded.

Next, we see that E^ and E^ are disjoint continua. Hence

by Lemma 3. 5 of [15] there exists a ring R , with Cq' and '

as the components of C(R) , such that SC 1
i i = 0 , 1 .

Because R , R is bounded. Since

separates the components of C(R3) . Finally, since a C^'

i i R

i ’
u - 0 on 3 Cq* and 1 on C ' . Thus u is an admissible functiond

for R and hence

cap R 3du

R3R

from which (2. 25) follows .

3 ’

COROLLARY 2.2. Let R^ be a 3-space ring such that both 

components of CtR^) lie in a plane U and determine a plane ring 

^2 there. Let R ’ be the 3-space ring obtained by point

symmetrizing the plane ring ThenR2 '
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mod R < mod R ' , 
3 — 3

Proof: For convenience let II be the plane = 0 . We may 

assume that mod R^ < oo , for otherwise [26] shows that both rings 

have a degenerate boundary component , mod R^ = oo , and there 

is nothing to prove,

Given £ > 0 , by Lemma 2.19 there exists a bounded ring R 

which separates the components of C(R ) and for which (2.25) holds.

Now , since R is a bounded ring, we have by Theorem 2.2,

(2. 26) mod R < mod R ,-

where R is the Schwarz symmetrization of R with respect to the 

x3 axis ' But it is evident that R separates the boundary 

components of R^' so that Lemma 2 of [14] yields

(2-27) mod R ' < mod R ' .
— 3

Combining (2.25) , (2.26) , and (2.27) , we have

(i + a ) 1/2 mod R3 < mod R < mod R ‘ < mod R ' ,
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and the corollary follows when we let £. approach zero.

Now fix a , 0 < a < 1 . In the remainder of this section and

throughout Chapter III we shall let R2 denote the plane ring which

consists of the unit disk minus the symmetric slit -a < x, < a , — 1 —

By Rj2 = °- and R3,d we shall mean the space rings obtained

from by rotation about the Xj and x^ axes respectively

(See Figure 1 ). The ring R - R (a) 3, s 3,s consists of the unit ball

minus the slit -a < x, < a , x_ = x_ = 0 , while the ring — 1 — Z 3

a

\
V 

%
—I\

■4 > Xj

R. Ja) consists of the unit ball minus the closed central disk 
3, d

\ 
\

%

a 
r2



-52-

The ring R is extremal in the following sense . j, Q

COROLLARY 2.3. Let R be any space ring consisting of the

unit ball minus a continuum C , and suppose that the projection of C

2
on some diametral plane II is if a in area. Then

mod R < mod R _ ,(a) . - 3, d

Xg = 0 .Proof: For convenience let I] be the plane Suppose

R is the ring obtained from R by Steiner symmetrization with 

respect to the x^x^ plane. Then it follows from Theorem 2. 1 that 

mod R < mod R . Now replace the continuum C by its projection

on the xjX2 plane. This yields a new ring R' , and by the

%
monotoneity of the space modulus ([14], Lemma 2) mod R < mod R' .

Finally, Schwarz symmetrization with respect to the x^ axis

replaces R' by a ring R (a) consisting of the unit ball minus a 

closed disk |x | < a , x^ = 0 , for some a , 0 < a < 1 . By

Theorem 2. 2 we have mod R' < mod R3,d(a) , which proves the

corollary.

The ring R J. s has the following extremal property.

COROLLARY 2.4. Let R be any space ring consisting of 
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the unit ball minus a continuum whose diameter is 2 a , 

0 < a < 1 . Then

mod R < mod Ro (a) 
— 3, s

Proof: Let P*  , be points of C such that (P^ -P^ | > 2a . 

For convenience we may assume that P^ P% is parallel to the x^ axis . 

Then Schwarz symmetrization of R with respect to the xj axis 

yields a new ring R' and , by Theorem 2. 2 , mod R < mod R' .

This statement follows also from Gehring's result on spherical 

symmetrization [14, Theorem 1] or the work of Sabat in [33] .

But R' is a ring consisting of the unit ball minus a continuum

C which contains a segment p -X1 < p + 2a , X2 x^ = 0 , and if

C' is replaced by this segment a new ring R" results such that 

mod R' < mod R" .

Finally, Steiner symmetrization of R" with respect to the

x x plane yields R (a) and, by Theorem 3. 1 , mod R" < mod R„ (a) . 
u ° s - 3, s

Because of the extremal properties of R, and R_ , indicated 
3,s 3,d

in Corollaries 2. 3 and 2.4 , these rings deserve to be studied further.

In the next chapter we shall derive the asymptotic behavior of their

moduli as a tends to 0 and to 1 .



Chapter III

ASYMPTOTIC BEHAVIOR OF EXTREMAL RINGS

1. Introduction.

In this chapter we shall investigate the behavior of the extremal 

rings R] d and R^ introduced in Chapter 11 (Cf. §2.18) . Our 

first goal is the following result :

THEOREM 3.1. Let R^ be the plane ring consisting of the unit

disk minus the slit and let R. , and R_ ------------ 3, d ------ 3, s

be the space rings obtained by rotating R^ about the x_ and x, --------------- 2 ------ 1

axes Then

(3. 1) mod R_ < mod R^ < mod R„ . j, o — 2 — 3, s

After this we determine the behavior of mod R and
3, d

mod R as a tends to 0 and to 1 . We show that 
j , s

(mod R^ - log 1/a) and (mod R^ - log 1/a ) are monotone 

decreasing functions of a in the interval 0 <. a < 1 , and we provide 

bounds for the limits of these differences as a tends to 0 .

As a approaches 1 , however mod R3,d behaves like

1 x2 = 0 ,

-54 -
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d^(l-a) , while mod R^ is asymptotic to d2[ log

dj and d^ are bounded. Thus as a tends to 1 , mod R_
J, d

approaches zero much faster than mod R. , 
3, s though these moduli

are of the same order as a tends to 0 .

2. Proof of Theorem 3. 1.

Our proof requires the following result from [11] .

LEMMA 3.1. Suppose that y = f(x) is a continuously 

differentiable homeomorphism of r< |x| < r^ onto a space ring R 

that f(x) has a nonvanishing Jacobian, and that f(x) maps each

radius of r^
2 onto a curve that is normal to the image of

each surface Then

(3.2)
2 .

mod R

ri

2 ,
< J' D2(£.r)/ . 

rl

where, for r
2 '

1 D (f, r) = max
|x|=r

N(x)33
r N(xK

p * 1 J(x) J(x)

Here J(x) is the absolute value of the Jacobian, and N(x) is the

stretching normal to |x| = r , that is ,
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|f(x.+ px) - f(x) I
N(x) = lim -------- 1----- 1-------------p—»o IP"! (p real) .

We shall obtain space mappings and f of a spherical

annulus onto R and R , respectively, and show that these 
j , G u, S

mappings satisfy the hypotheses of Lemma 3. 1 . After this we

prove that D^ff^r) < 1 < D^(f , r) and finally apply (3.2) to achieve 

(3.1) .

The plane annulus A < | + ix^ | < 1 is mapped conformally

(See [6, p. 28] or [27, pp. 280-95]) onto R^ by the Jacobian elliptic 

sine function

(3.3) y2 + iy2 - f(%2 + 1*2)  = k sn(i(u + iv) , k) ,

where

(3. 4) u + iv = log ——- - iK , A = exp ( , k = a^ ,

log (Xj + ix^) denotes the principal branch of the logarithm , and

(3. 5)

1
K = K(k) = j' [ (1 - t2) (1 - k2t2) ]"^2 dt , 

0

2 1 /2
K» = K(k'), k*  = (i - k r .
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For our purpose it will be convenient to employ Jacobi's 

imaginary transformation sn(iz, k) = i tn(z,k')([5, p. 37], [6, #125.02] , 

[40, p. 505]) to rewrite (3. 3) as

(3. 6) y2 + iy2 = + ix2> = i k1 2 tn(u + iv, k' )

We define the space mapping y - f^(x) from A < | x ] < 1 onto

R by rotating A < |x +ix | < 1 and R about the x and y 
•5 > cl 1 Z Z Z 2

axes (See Figure 2) . That is, we let

(3. 7) t + iy2 = f(s + ix^) , 0=0,

where (s, G) and (t, g ) are polar coordinates in the X1X3 and

y 1 y 3 planes , respectively.

From (3. 7) and the fact that f is a plane conformal mapping

it follows that y = f^(x) has continuous first partials, and similarly 

. -1
for the inverse x = f (y) . Obviously the mapping is one-to-one .

Thus y = ^(x) is a continuously differentiable homeomorphism.

To determine the Jacobian J(x) 

stretching in each direction in a plane 

normal to this plane it is t/s . Thus 

of f we note that the d

9 = 0^ is |f ' (s + ix^)| 

J(x) = |- |f(s+ix2) |2 ,

, while

where

x - (s, 9, x ) in cylindrical coordinates . From the conformality of
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\

K 
/ y

\ 
I
4

Figure 2
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f it follows that J(x) / 0 whenever s / 0 . But when s tends to 0 

the ratio t/s tends to | f | , and J(x) / 0 for all x .

Now let I be a fixed radius of A < |x| < 1 , and let y be the 

curve in onto which I is mapped by f^ . From the symmetry

with respect to the axes of rotation and the fact that f maps each 

plane ring 9 = 0°, A < |x| < 1 conformally into the plane p = 9 , 

it follows that y is normal to the image of each sphere |x| = r , 

A < r < 1 .

Thus the mapping y = f^fx) satisfies all of the hypotheses of 

Lemma 3.1 , so that we are justified in using (3. 2) to find bounds for 

mod R_ .
3, d

Now N(x) = |f1 (s + ix^) | , so that

N(x)3 

J(x)
J- |f1 (s + ix2) |

for each x . Thus

X1 l/z
D. (f , r) = min | — f'(x + ix ) | 

1 d |x1+lx2|=r 1 2

(3.8) 

xi 1 / ?
D (f , r) = max | — f'(x + ix ) | 

2 d |x1+ix2j=r V1 * 2

Now by (3. 6) and the differentiation formula
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(tn z) = (dn z)/(cn^ z) (See [5, p. 9], [6, #731. 10], [40, pp. 492, 3]), 
dz

we have 

2K ,1/2 
------- k
7T r

dn(u + iv, k' ) 
cn^(u + iv, k' ) 

while the addition theorems ([5, p. 38], [6, #125. 01 ] ) give

(3 9| |f. | _‘ ’ '’r eV + sWd2

and 

2 2 2 2
, 1/2 . sD - icdSC , 1/2 Sd(c C + s D )

yl = "k Im cC + isdSD = k 2 2 Z.2,2^2 1
c C + s d S D

(3. 10) 

2 2
, 1/2 _ sD - icdSC , 1/2 scCD(l - S d )

y 2 = k Re cC + isdSD = k 2„2 2 2 2 2
c C + s d b D

Here we have used the notation

s = sn ( ——-log ~ , k'), c= cn( ~~ log, k' ), d = dn(^log^-, k') , 
IT A IT A TT A

(3.11)

?K 2K
S = sn(---- 0 , k) , C = cn( —— 0 , k) , D = dn ( — 0 , k) ,

1T IT "

77
where (r, — - 0 ) are polar coordinates in the Xj plane ,
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But using the identities C = 1 - S , D = 1 - k S ,

2 2 2 2 2 2
c f s = 1 , c + ks = d ([5, p. 9] , [6, #121.00], [40, p. 493])

we achieve

eV + sV = c2(l - S2) + s2(l - k2S2)

(3.12)
= (s2 + c2) - S2(c2 + k2s2) = 1 - S2d2 .

Hence from (3. 9), (3. 10), (3. 12) , and the fact that

X} = r sin# , = r cos # , there results

(3.13)

2K 
IT

We wish to show that D (f,, r) < 1 Z Q — A < r < 1 . F or this it

is sufficient to prove that sup D (f , r) < 1 . According to Landen's 
r z d

Transformation ([5, p. 72], [6, #163.01], [40, p. 507] ) ,

(3. 14) ~ = (1 + k) 1 sn [ (1 + k) log j , 4~T" 1 •
u 7| /i 1 i K

Since sn(u,k) is maximum vvhen u = K (Cf. [6, #121.02,

#122.02] , [40, p. 499] ) and because K (J-^- ) - (1 + k)^'
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([5, p. 72] , [6, #164. 02], [40, p. 507]) we see that sc/d has

• -1
its maximum value (1 + k) when log r/A = 17 K'/4K = log 1/A , that

is, when r = 1 . Thus

(3-15) supD2(fd, r)2 = sup (sin + (1 -k)2] .

r S

Now by use of the identities C2 = 1 - S2 , D2 = 1 - k2S2

([6, #121.00] , [40, p. 493]) we see that

c2d2 + (1 - k)2S2 = (1 - ks2)2 ,

so that (3. 15) reduces to

(3.16) sup D (f r)2 = sup^- (1 - kS2) .
r S

Suppose now we have proved

LEMMA 3.2. For each 0 ,

(3. 17) sin 0

sn ( — 0 , k) 
77

[1 - k sn2( (6 ,k)]<^

Then it will follow from (3. 1 6) and the second half of (3. 17)



- 63~

that Dg(f j, r) <_ 1 for A< r < 1 , and by Lemma 3. 1 we have

(3- 18) mod R < I D (f , r) — < log = mod R . 
) q j 4 q r — A 2

A

The first half of (3. 17) will be needed in § 3.4 . We postpone 

the proof of this lemma and consider next the space mapping 

Y = fg(%) from A < |x| < 1 onto R obtained from the plane 

mapping (3. 3) by rotating A < |x^ + ix^ | < l and R^ about the 

Xj and y^ axes (See Figure 2) . A proof similar to that given for f 

shows that f$ satisfies the hypotheses of Lemma 3. 1 and that

(3. 19)

D2^s’r) “ ma*  I ~ ' (x +ix ) |
2 S |x1 + ix2|=r y2 1 2

Now f^ + ix^) maps the half ring A < |Xj + ix^| < 1 x^ > 0

conformally onto the semidisk lyi + iy21 < 1 y.? > 0 . Then by the

reflection principle, f maps the half ring A < |xj + ix2 | < 1/A ,

x2 > ° conformally onto the upper half plane y% > 0 . The inverse 

. . -1
mapping x*  + ix^ = f (y^ + iy^) therefore maps the half plane y^ > 0

conformally into the half plane x > 0 . Hence (Cf. [11, p. 149]) by
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the half plane form of Schwarz's Lemma ( ) , 

for A < |x1 + ix2 | < 1/A , x_ > 0 . But then D, (f , r) > 1 by 
4 Is — 

(3.19) . Therefore Lemma 3. 1 yields

1
mod Rg s > jDi (1^, r) — > log 1/A = mod R^ . 

A

But this inequality together with (3. 18) gives (3. 1 ) .

To prove Lemma 3. 2 we make use of the Gauss Transformation

([ 5, pp. 72, 3], [6, # 1 64. 01 02]) to write

(3.21) 2K 
IT

. . 2 2K . , ,1 -k sn ( —— 0 , k)

, 2K . ~
sn( —— 0 , k) 

IT

2K1
2K1 —
1,--------------ZK]--------------

sn ( -^ 0 ,kj

where k, = —----- -—
1 1 + k k^ = ~, and K1 = K(kJ ) = (1 + k)K .

Thus it is sufficient to show that

( ) Here (3.20) is a special cast of a general inequality of type 
(4. 9) , which follows from the theory of hyperbolic measure.
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2K 
g

sn( 0 , k)
------ 2K---------- csc dn(^0 , k)

1 
k'

for ail 0; here we have used (3. 21 ) and then replaced k^ by k . 

Since sn(u+K) = (cn u)/(dn u) and dn(u+K) = k'/(dn u)

([6, #122.03], [40, p. 500]) , substitution of ~ for 0 reduces 

this inequality to the equivalent condition ,

( 3.22)
2k'K < cn( ~ » ■ k) < i

It — cos 0 —

for all 0 .

The infinite product expansion for en u ([6, #909. 01], 

[8, p. 74] ) shows , if 0 < k < 1 , that 

. 2K . , xcn ( — 0 , k)

cos 0

00
= n am ). 

n= 1

where ( )

1 + 2q^cos 2 + q^n

. - 2n-1 4n-21 - 2q cos 2 + q

( ) Here and elsewhere, unless otherwise specified, q represents 
Jacobi's Nome q= exp (-ff K'/K) . As k increases from 0 to 1 , 
q does likewise.
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Since 0 < q < 1 , obviously ) < A^(0) = 1 for all 0 , and the 

second half of (3. 22) follows immediately.

But we observe also that A (0 ) > A ( for all 0, so that the n — n Z
2K

function (cn ( — , k))/(cos # ) in (3. 22) has itssmallest value

when $ = . We show that this minimum is 2k'K/ir . By the special

values sn K = 1 , en K = 0 , dn K = k' ([6,^122.02], [40, p. 499]) , 

the derivative — cn u = -sn u dn u ([6, #731.0 2] , 

[40, pp. 492,3]) , and L'HÔpital* s Rule, it is easy to see that

lim

? K
cn 0, k)

cos 0
2K ..= ----- lim
IT

2K 2K
sn(-^-0,k) dn( ——0, k) 

sin 0
2k'K

g

This completes the proof of (3.22) and hence of the lemma.

3. Dilatations of a homeomorphism.

In order to obtain asymptotic formulas for the moduli of

R_ and R we need additional tools.J,a 5, s

First, we introduce the concept of the modulus of a family of

arcs in 3-space.

homeomorphic to

which meet the

A set y in E is said to be an arc if it is 

a linear interval. If E^ and E^ are two sets 

closure of a set E , then an arc y is said to join

Ej and E^ in E jf y CE and y D E^ / 4 > ^2 -



-6?-

Now let r be a family of locally rectifiable arcs in E3 . We 

denote by F( F) the family of density functions p which are non­

negative and Borel measurable in E3 and for which

(3.23) J p ds > l

y

for each arc y CT . Then following Vâisâlâ [39] we define the 

modulus M( D of the arc family T as

(3. 24) M( F) = inf f p 3 d w,

" E3

where the infimum is taken over all functions p € F( F) . (See also 

[10] and [15]. ) Non -locally rectifiable arcs may be included in the 

family simply by letting F( T) be the family of functions p for which 

(3. 23) holds whenever y € F is locally rectifiable.

We can now state the following lemma [11, Theorem l ] 

concerning the modulus of an arc family.

LEMMA 3.3. Suppose R is a space ring and that F is the 

family of arcs which join the components of d R in R . Then

(3.25) cap R = ?/l( F) •
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Next suppose Q and Q ' are finite domains in and that 

f is a homeomorphism of 0 onto Û 1 . If R is a bounded space 

ring with R c Q , then R' = f[R] is a bounded space ring with 

R' c . The inner dilatation K^f) and the outer dilatation KQ(f) 

of the homeomorphism f are defined as

(3.26) Kj(f) = mod R
mod R'

IX
KQ(f) = sup 

R

mod R' 
mod R

where the suprema are taken over all bounded rings R with R c Q 

for which mod R and mod R1 are not both infinite. Then

K(f) = max (^(f) , KQ(f) )

is called the maximal dilatation of f(^) .

We remark that if f is a homeomorphism of a ring R onto a 

ring R' , then it follows from Lemma 2. 19 and (3. 26) that

(3.27) K/f) > mod R 
mod R' K0(f)

mod R1 
mod R

( ) Although K - K(k) and K - /.-f) are used to denote an elliptic 
integral and the maximal dilatation of a homeomorphism, respectively, 
the context will always make cle?i the meaning of K .
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It is important in our work to have available the so-called 

analytic definition of the dilatations of a homeomorphism f . 

Suppose that f is a homeomorphism of a finite domain G in E3 . 

For each point x € Q we let

LW = lim sup ~ I , 
y -» X |y - x|

Z (x) = lim inf
|f(y) - f(x) | 
jy - x|

y —» x
(3.28) 

J (x) = lim sup 
r —» 0

m3(Bf) 

m3(B)

where B - B (x, r) is the ball with center x and radius r , and 

B1 = f[B] . At a point of differentiability L(x) and 1 (x) are just 

the maximum and minimum stretchings under f , and J(x) is the 

absolute value of the Jacobian.

LEMMA 3.4. Suppose that f is a homeomorphism of a finite 

domain Cl CE . _If_ f is differentiable with J > 0 a. e. in Cl and 

if f is^ ACL ni 0 , then

K (f) = ess sup , K (f)2 = ess sup .

This is lemma 1.1 of [15]
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4. Behavior of mod R_ , for small a . J, d ---------------

Let us turn now to the study of the asymptotic behavior of 

these extremal rings as a tends to 0 and to 1 .

THEOREM 3. 2. As a function of a (mod R3 d(a) - log 1/a)

is monotone increasing in the interval 0 < a < 1 , and

(3.29) lim (mod R 
_n 3, d 1 "

where y log 2 - < c < log 2 .

Proof: For let 0 < a' < a < 1 , If R is the image of

R3,d^a'^ the (conformal) mapping y = (a/a')x , then

mod R3, “ mod R • r3 d(a) and 1 < |x| < a/a' are two

disjoint rings separating the boundary components of R , we see 

from Lemma 2 of [14] that 

mod R3 (a) + log a/a' < mod R = mod R (a' ) , 
Jf u

from which the monotoneity follows (Cf. Lemma 6 in [14]) .

To obtain the upper bound we make use of Theorem 3. 1 , (3. 4)

2
and the limit lim k exp ( ? K K) = 16 (Cf. [6, #1 12. 04, #901.00], 

k —> 0
[8, p. 88]) to conclude that
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lim (mod R - log 1/a) < lim 
a—*0  J’d ~ a —>0

(mod - log 1/a )

(3. 30) - lim [ + log = log 2 .
k—>0

To obtain the lower bound we shall apply the left hand side of

(3. 2) to mod R^ • Thus by (3. 8) and (3.13) we must determine

2 2 2 2(3.31) D (I r)2= min ^|sin » | [ £-2- + k'4 J1/2
|xi + ix2| = r 17 S2 d2

where S, C, D, s, c, d have the meanings assigned in (3. 11) . We 

assert that the minimum is achieved, for each r , when 0 = — . To 

see this, we use (3.14) , the identity sn2z + cn^z = 1 ([6, #121.00], 

[40, p. 493]) , and the relation CD + ( 1 -k) S - (1 -kS ) proved 

in § 3. 2 after (3. 15) , to rewrite (3. 31 ) as

2 2
(3.32) D^f^r)2 = y^-min |sin 0 | [ - (1 -k)2 cn2(z,k ')]^2 ,

Ip S 1

where z = (1+k) =— log L and k ' = .
tr A 1 1 + k

Then because sin ip is maximum when Ip - ~ , it is clear from 

(3.32) that it will be sufficient to show that gCp) - (sin ^)(l-kS2)/S is

minimum when 0 = — But since g( = 1-k ([6, #122. 02],
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[40, p. 499]) , it follows from the first half of Lemma 3. 2 that

■ (•) - 12^ (1 - kS2) >1 -k = g(l),

and we conclude that the minimum in (3. 32) occurs when

Hence by (3.31) ,

and by Lemma 3. 1 this means that

(3.33) mod R- , > k' 3, d —
2K 1/2 

IT

1
r sc 1/2 drJ("d"1 -

Later, evaluating the integral in (3. 33) , we will prove

LEMMA 3.5. F or each a , 0 < a < 1 ,

(3. 34) mod R (a) > | ( ^.)^2 ( K( K( [IdÉ/Z; j _

where k = a , k' = (1 -a ) , and K = K(k) denotes the elliptic

integral (3.5) .
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Using Lemma 3.5 and the fact that K(0) = , we now have

lim (mod R3 - log 1 /a) > | lim [log k E.
a—>0 ’ _ >q 2 4

(3.35)

= |lim [log k+K([^]1/2)] - 1 . 
k —>0 4

Now the limit lim (K' - log 4/k) = 0 ([6, #112.01], 
k—* 0

[40, p. 521 ]) gives

lim [log kf K ([ ^-]^2) ] = lim [ log k + log 4[ —]^2 ] 
k—*0 4 k —> 0 1 -k

= lim log 4 [2(l + k') = log 8 .
k—> 0

This result, together with (3. 35) , shows that

lim (mod R - log 1/a) > y log 2 - y , 
a —> 0 ’ 4

which is the lower bound in the theorem.

To prove Lemma 3. 5 we need to evaluate the integral in (3. 33) .

By the half angle formulas ([6, #124. 02], [18, p. 120]) , and the 

2 2 2
identity dn z + k sn z = 1 ([6, # 121.00], [40, p. 493]) we may write
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sc sn(— log^ ,k' ) 1 - dnÆ logr k,(
) "" ■ — ---- ----------------- — " n

l + dn(^~log ,k') k'2 sn( ^-log ,k')

Now making the change of variables

(3.37)

we hav

sn( log , k')

(3.38)
1 - dn(^. log^ ,k') 1/2 [1 - lÿl - [ 1

k'2 sn( log i ,k') k'‘

and

<3.39) ^[(1-&1 - ^^)ll

When r - A, 1 then t = 0, 1 , respectively, and by means of 

(3. 36), (3. 38), and (3. 39) we may reduce (3. 33) to

mod dt

0

- Jtd -t2)(l - t2)fl/2 dt].

0

Finally, consulting the definition (3.5) of the elliptic integral

K - K(k) we arrive at (3. 34) , and the lemma is proved.
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5. Behavior of mod R for small a ------------- 3, s ------------------

THEOREM 3. 3. As a function of a , (mod R (a) - log 1/a) is
' 3, S —

monotone decreasing in the interval 0 < a < 1 , and

(3.40)

where

lim (mod R (a) - log 1/a) = c , 
a—> 0 s Z 

log 2 < c < y log 2 + y . 
— 2—2 4

Proof: The argument for monotoneity is the same as that given 

in Theorem 3. 2.

To obtain the lower bound we make use of Theorem 3.1 as in 

(3.30) to conclude

lim (mod R - log 1/a) > lim (mod R -log 1/a) 
a —> 0 a —> 0 2

= log 2 -

To obtain the upper bound we shall apply the right hand side of 

(3. 2) to mod Rj . Thus by (3. 1 9) and (3. 1 3) we must determine

2 2
(3.41) D (f ,r)2 = max (cos ) [k'4 —y + ■_ P 2 ,

2 S |x1 + ix2| = r ” CZD2 s2c2 
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where S, C, D, s, c, d are the functions defined in (3.11) .

We assert that this maximum is achieved, for each fixed r , 

when = 0 . Because of the special values sn 0 = 0 , cn 0 = dn 0 = 1 

([5, p. 9], [6, #1 22. 01 ]) , this is equivalent to the assertion that

2 2
(cos\ ) [k'4 ] 2

2 2 
c

for all Ip .

By a simple rearrangement and use of the identity
2 2

cos 0=1- sin ip , this becomes

(3.42) k'4 5-3- < -S-
d2 - s2

We shall later prove

LEMMA 3.6. For each Ip ,

cn ( — 0 , k)

z 2K , 77
sn (-^— 0 , k)

(3. 43) 2k'K
IT

tan ip <c ----
* - 2K

Since D = dn( — 0 ,k) > k' ([6, #121.02], [40, pp. 493, 9]) , it 

follows from (3.43) that
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<3.44) £2- tan» >
s * - IT •

Then, comparing (3. 44) with (3. 42) , we see that to show (3.41)

maximum when = O it is sufficient to prove that

(3.45) ,
d — JT

N
|4

We proved earlier, after (3.14) , that sc/d < (1 + k)"1 . Thus

(3.45) is implied by

(3.46) 1 < (i + k) — . f
— IT

The latter inequality, however , is trivial, since k > 0 and K >

We conclude that (3. 42) is valid, and that the maximum in (3.41)

occurs for = 0 . Hence

By virtue of Lemma 3. 1 , this means that

1
(3.47) mod R < ( — y2, ÉL

3, s - ' ff ' J sc 7 r ' 
A
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At the end of this section we will evaluate the integral in (3. 47) , 

thus proving

LEMMA 3.7. For each a , 0 < a < 1 ,

(3.48) mod R g(a) < [K([^L]^)+K([lÿY2) ] ,
J j b 6 c, xx 4 4

where k = a , k*  = (1 -a ) , and K = K(k) denotes the elliptic

integral(3.5) .

Then, by (3. 48) and the same proof given in § 3. 4 after the 

statement of Lemma 3. 5 , we achieve

(3. 49) lim (mod R - log 1/a) < y log 2 + y , 
a—> 0 s ~ 2 4

which is the upper bound in the theorem.

We remark that the bounds in (3. 40) were obtained by Gehring 

([IL § 9] and [14, § 21 ] ) , the upper bound by a quite different 

method. Our method has the advantage, however, of yielding not only 

the limit (3.49) , but also an upper bound for mod R (a) in terms 
3, S 

a (See Lemma 3. 7) .

Proof of Lemma 3, 6. By t" ° infinite product expansion for 

tn u - (sn u)/(cn u) ([6,# 909. 03]. [8, p. 74] ) , 0 < k < 1 ,
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(3.50)
»k) co

n=l

where ( )

A^) i2
2n 4n

1 - 2q cos 2^ + q
1 + 2q^n cos Zip + q^n

Since 0 q < 1 , we see that 1 - A^(0) < A^(lp) , for all ip . 

Therefore

2K. . 
tan ip — 77 *

this is the second half of (3. 43) .

Moreover, AJ0) < A^( ^-) for all Using the special 

value snK = 1 ([6, #122. 02], [40, p, 499]) and the limit at the end

of § 3.2 we obtain

lim

2

tn( Ip, k)
if_______

tan Ip
cos ip

lp-^r cn( Ip, k) 
£ IT

It
2k'K

This establishes the first half of (3.43) .

Proof of Lemma 3. 7. We need to evaluate the integral in 

(3.47). Making the change of variables (3. 37) we have

= --------------------- 1------------------------



-80-

Then , proceeding exactly as in the proof of Lemma 3. 5, we 

arrive at (3. 48) by means of (3.47), (3.36), (3.51), and (3.39) .

6. Behavior of mod R„ . as a -------------- 3, d ---- tends to 1 .

THEOREM 3.4.

(3.52)

and

(3.53)

lim sup
mod R_ ,(a) 

3 , a 
[1 -a]l/^ < — = 1.57... — 2

lim inf 
a —> 1

mod R_ ,(a)
3, d 0.288 ... .

a —* 1

Proof: To obtain the upper bound (3. 52) let be the family 

of arcs in R$ joining the components of d R^ , and let F be the 

subfamily of circular arcs y which are normal to the boundary 

components. Since F =) F we have F(F^ ) CF( F ) and, by (3.24), 

M( rp > M( F) . We will prove that

(3.54) M( F) > — 
~ IT

2 a
1 - a2

Then, using Lemma 3.3 , t^ether with (3.24) and (3.54) , 

we will have
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cap R . , - M( P ) > M( T) >  -----------y • 3, d 1 — —IT . Z1 -a

By definition (1.4) of-the modulus, this is equivalent to

2 2
, 2 „ 4 n IT 1 - a

mud R (.a R < -J '
3 , d a

Then ( 3, 52) 1'oliows directly from" (3. 5 5) .

To prove (3. 54) let 0 be the intersection of the plane 

quadrant x 0 , > 0 with the union of the curves in L considered

as point sets, and let (V be the image of Q under

(3.56) y j t ty^ f(-x^

Then Q ' is the quarter annulus 

(See Figure 3) .
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If g is the inverse of f , then

(Yi+iyJ - 1
(3.57) + ix2 = g(y1 + iy2) = (^^7-

and it is easy to see that

2 |y,+iy,
(3.58) |g'(y1 + iy2)| = --------------------— , X  ----------- - ------ -— .

|y1+iy2+i I

Let p €F(D . Then for each in 0 we have , by virtue 

of (3.23) ,

(3.59) 1 < [ Jp ds J3 = [ J p'|g' | ds']3

y y

where p = p(X1 + ix2) , p' = pHy^fiy^) = p (g(y^iyp) ; and

y ' = f[ y] . a quarter circle r = rQ , 0 < t , for some fixed r^ ,

1 C rQ < b (See Figure 3) . Then an application of Holder's inequality 

to (3. 59) yields

(3.60) 1 <[^p'\|g' |2ds'J [ / |g' |1/2X] "1/2 ds']2

y' y'

Using (3. 58) we reduce (3. 60) to
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P'3X] le' |2ds' >[f(-------- -—2------- ds1 ] 2

(3.61) It

2
2 

IT

Z

0

r2-l

2 r

2

Ai

where (r, p ) are polar coordinates in the y^ + iy^ plane.

Next we see that

2 IT
(3. 62) J p3 d w > 2 J { Jp 3x} da ) d0 = 4tt Jp ' | g' |2 da .

e3 0 Q O'

Bat by (3.61)

b
Jp'3^ |g' |2d a*  = J( J*p  ' 3 Xj | g' |2 ds') dr

O' 1 y '

> ~2 1 (1 - r 2)dr
~ 7T J

1

= ~ (b + b 1 - 2) = •—

IT IT 1 -a

Hence (3.62) gives the estimate

p 3 '
। p d W > -J3 - ’

2 
a 

1-a2 
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from which (3. 54) then follows by taking the infimum over all

pt f( r) .

Next we obtain the lower bound (3.53). By (1.4) and Lemma 3. 3,

(3.63)
2 

mod R
3, d

4 it

M( r)

where r is the family of arcs which join the components of d R
3, d

in R 3 d . Then if p^F(T) .

m( r) < J p

E3

d U)

yields by (3.24) an upper bound for M( D , and hence by (3.63) a 

lower bound for mod R .
3, d

Let (r, 0, x ) be cylindrical coordinates in 3-space, r > 0 , 

and define

2
— if 0< < 1-r , 0 < r < a ,

(3.64) P (x) - < if 0 < |x^ | < 1 -r , a r < 1 ,

0 elsewhere .
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If y € T is an arc joining the components of R (See j, a

Figure 4) then ds - r d9 + dr f dx_ > dr + dx_ Z — Z so that

ds > |- ( | dr | + | dx^ |) Now let ri be the smallest value of r on

y and let r? be the value of r where y first meets the surface

r + |x^ | - I as we move away from the central disk in R. Then 

S r2 p(x) > 2/ (1 -r} ) on the part of Ï where r + | < 1

Thus 

y y y y

i + (l-r2 )] = 1 .

and p € F( D .

Then
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J P (x) d w = j p(x)3 r dr dô dx 

e3 |x|<1
. 1] - v

a dx r dr .
651 " ' J T C-r^ + j’ J' dx2 r dr

r=0 x =0 r=a x =0

= 32 „ [ log (1 -a) + ] + .
1 -a 3(1 -a) 1 -a

Thus by (3. 65) and Lemma 3. 3 ,

2 
mod R > 3. d

1 -a 
12

and finally

—> 1

mod R
lim inf

7. Behavior of mod R as a tends to 1 . -------------- 3, s — --------------

THEOREM 3. 5. As a function of a , [ log V mod R^ (a)

is monotone increasing in the interval 0 < a < 1 , and

(3.66) lim [ log J1/2 

a —> 1 a
mod R _ (a) = d ,

3, s

where 1/2 < d < q ,
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(3.67)

ff/2
r -1/2q = J (sin t) dt = 2. 62 . . . .

0

Proof: We first prove the asserted monotoneity. There

exists a Mbbius transformation which carries R (a) conformally

onto the space ring R(b) consisting of the half space Xj > 0 minus

a closed slit from to b along the x^ axis (See Figure 5) , with

(3.68) = [Rti2

\ 
\
\

I y 
/

The mapping

(3.69) g(x) = * |x , p =
11 r log b
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is a homeomorphism of E onto itself carrying R(b) onto R(b') . 

Assuming for definiteness that 1 < b*  < b , we have 0 < p < 1 .

We now wish to determine KQ(g) so that we may apply (3. 27) to 

arrive at monotoneity. Given a point x , consider a plane containing 

the segment 1 b , xj = x= 0 and the radius vector to x .

Let (r, <p) be polar coordinates in this plane. In the radial 

direction at x the stretching factor is then | | = p rp-1 . In
d r

this plane the stretching factor perpendicular to the radius vector at 

. I l dg ! p-1 .
r ' r ’ ^is must also be the stretching normal to 

the plane at x . Thus we conclude from (3. 28) that J(x)=p 
and L(x) = (x |P . Hence by Lemma 3.4 it follows that

(3. 70) K0<g) = P

Now

(3. 71) \(g) > mod R(b') 
mod R(b)

by (3.27). Therefore (3. 69), (3.70), and (3.71) yield

r log b J/2 mod R(b') 
log b' — mod R(b)

Because we chose b > b' tins means that (log b/^ mod R(b)
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is a monotone increasing function of b . Since by (3. 68) a and b

increase together, this shows that [ log & ] mod R. increases 3, s

monotonically with a as asserted.

To obtain the upper bound in the theorem let E be the slit

and r" in

which join E to the plane annulus

= 0 (See Figure 6) . Then Lemma 3.8 of [15] gives

(3.72) M( r')

where q is as in (3. 67) .

Figure 6

2 - 1 3

2

0

1 3

log b ,
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Now let r be the family of arcs y joining the boundary 

components of R(b) . It follows from Lemma 3. 3 that

(3- 73) cap R(b) - M( T) .

But since F f we have F( r) ^F( r') and, by (3.24) , 

M( T) > M( r') . Making use of (3. 72) and (3. 73),we have

(3- 74) cap R(b) = M( T) > M( T') = ~ log b .

q

Of course cap R^ = cap R(b) , since conformal capacity 

is invariant with respect to Mbbius transformations. Then from 

(3, 74), (3. 68), and the definition (1.4) of the modulus of a space 

ring one arrives at

2 2
(3.75) mod^ R = ------ --------- < 2 %_______ q

3, s cap R - log b , If a
3,s log------

1 -a

From (3. 75) and the monotoneity it follows that

0 < lim [ log -—— 2 mod R < q .
a—> 1 3's ~

To evaluate the integral ;; in (3. 67) we make the change of
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variables

2. ,1 ,
sn (u, (- ) 2 sin t

If sin t

Then

du = (2 sin t) dt

and u - 0 , K ((^ ) ) when t = 0 , , respectively. Hence

ff/2
q = j (sin t)"^^dt = 2^^ J du = 2^^K(( .

0 0

Now use of the tables [6, p. 323] or [24, p. 250] gives q= 2.62... .

To obtain the lower bound we use the same method as for (3. 53) 

in Theorem 3.4. Let (r, Q, ) be cylindrical coordinates in 

3-space, r > 0 , and define

elsewhere.
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H y G F is an arc joining the components of 5 R 3, s (See

Figure 7) it follows as in the proof of Theorem 3. 4 that

J pds > 1 

y

and p G F ( T ) .

Then

- 3
j p (x) d W

E3

(3. 77)

J
< 1

32, J

=0

1 6 7T log -

r dr d9 dx^

1 1 -X|
i r dr dx i 32 17 1 P , ,
^7 «TV J

Xj=a r = 0

+ <16 it [log + j ] .

Thus by (1.4) , Lemma 3. 3 , and (3. 77) we have
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2 
mod R3.s

4 ff 
M( D

_____ 1______
4[!°g nz +1 ]

and

lim 
a —> 1

. If a mod^ R > 1.
3, s — 4

as asserted.

COROLLARY 3. 1.

lim
mod R3 d(a)

mod R (a) 
J. s

0 ,

Proof: By (3. 52) and (3. 66) we have

mod R
° - s“p ZZZ'dR s [ <1 -a) log 115- ]1/2 = 0 . 

a~*  1 3, s a —> 1 &



Chapter IV

THE COEFFICIENTS OF ELLIPSOIDS

1. Introduction.

In chapter III we introduced the inner dilatation K^f) and 

the outer dilatation K^(f) of a homeomorphism f . It is obvious 

from the definition that

(4.1) K^f) = lyf"! ) , K0(f) = K^f"1) 

for each mapping f . Moreover, it follows from (4. 1 ) and 

Theorem 5 of [13] that

7 7(4.2) Kz(f) <K0(f) , K0(f) < ^(f)^ ,

so that these dilatations are simultaneously finite or infinite. In 

the former case, f is said to be qua si conformal ; f is said to be 

K-quasiconformal if the maximal dilatation K(f) (Cf. § 3,3 ) is 

bounded by K , 1 < K< co .

Suppose Q is a domain in E which is homeomorphic to the 

unit ball. We set

-94-
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K^Q) = inf K^(f) , K0(Û) = infKQ(f) ,

where the infima are taken over all homeomorphisms f of 0 

onto the unit ball. These numbers A) , 0 ) are called

the inner and outer coefficients of quasiconformality of Q , 

respectively (Cf. [15]) .

From (4. 2) it follows that

2 2
Kj( Q) < Ko( fi) , Kq( Q) < Q f .

Thus these coefficients are simultaneously finite or infinite. In 

the former case, Q is said to be quasiconformally equivalent to 

a ball. A mapping f of a domain Q onto the unit ball is said to be

extremal for the inner or outer coefficient if K^f) = K^( Q ) or

K0(f) = K^( 0 ) , respectively.

The problem of extremal plane quasi conformal mappings was

first treated by Gr btzs ch [17] , who proved that the extremal quasi - 

conformal mapping of one rectangle onto another with vertices 

corresponding in the same order is the affine mapping. As observed 

by Ahlfors [2] , this actually shows that the extremal q uasiconformal 

mapping of one quadrilateral (10) onto another is the composition of 

(10) A quadrilateral is a Jordan domain with four distinguished 
boundary points called vertices. Any such domain can be mapped 
conformally onto some rectangle with vertices corresponding.
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a conformal mapping, an affine mapping, and a second conformal

mapping. I be work of Teichm tiller [37] shows that there is a

large class of extremal quasiconf or mal mappings which are given

locally as the composition of such a sequence of mappings .

In view ol this it is natural to ask if one of the extremal

quasn ontormal mappings of <m ellipsoid

2 2
X3 C < 1 onto a ball is the affine mapping

(x^ / a x /b, x / c ) . We prove that for each coefficient of a prolate

ellipsoid the affine mapping is not extremal, and that the same is

true for the outer coefficient of all ellipsoids

2 Hyperbolic density,

in our consideration of the prolate ellipsoid it will be 

convenient to make use of the hyperbolic density (Sec [28]. pp. 45 -51 ). 

Let 0 be a simply-connected plane domain, with more than one 

boundary point in the £ plane and let ü>( Ç 1 be a conformal 

mapping of G onto the upper half plane Im 0 . The element of 

length d X (Ç > ol the hyperbolic metric is

(4. 3)

an d

dA (C) Jd w!
2 Im (*)
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(4 4) p (C) = P (C . Û ) =
ld C I

is called the hyperbolic density for Û .

The dehsity p ( Ç . D ) is a monotone function of Q • that is . 

if Q 2 o Q t , then p ( C 2) > p ( C . U j ) for all Ç 6 0

The function p satisfies the differential equation

2
(4 5) A log p - 4 p .

where A is th*  Laplacian differential operator

If C - Ç (z) maps Q conformally onto Q. . then œ(Ç(z)) 
z C

maps Q conformally onto Im W> 0 , and it follows from the chain 

rule for derivatives that p satisfies the transformation law

(4 6) p (= 0 J = p K , nç ) 1^1

3. The prolate ellipsoid

We consider first the prolate ellipsoid We prove

THEOREM 4 1 Let be any prolate ellipsoid Then theE 
P

affine mapping of E^ onto the unit ball is not extremal for either
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the inner or the outer coefficient, In fact, both dilatations of 

a prolate ellipsoid are bounded.

Proof: According to [25, p. 177] or [27, pp. 295,6], the 

plane mapping

(4 ?) yi+iy? - f(x +ix ) - I?7"2 sn( — Ç , k)
i £ i £ ft

2 2 2 2
maps the ellipse x^/a +x^/b <1 conformally onto the unit 

disk, where x^ + ix^ - sin and Ç = a+ ip , K and K1 are the elliptic 

integrals defined in (3. 5) , sn denotes the Jacobian elliptic 

sine function, and

(4. 8) a = cosh t , b = sinh t , t = .

If the Xj + ix^ and y+ iy^ planes are rotated about the 

real axes, there results a space mapping y = f^(x) of the prolate 

ellipsoid : x^ /a + x^ /b + x^2/b2 < 1 onto the unit ball. In 

the next section we will consider the analogous mapping y = f (x) 

obtained from f by rotation about the imaginary axes in both 

planes ; f^ maps the oblate ellipsoid E^x^/aS x2/b2f x2/a2 < l 

onto the unit ball. (See Figure 8; .
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Now if is the hyperbolic density of the upper half plane 

ft 1 ; > 0 , x^ - 0 , then by (4. 3) and (4.4) ,

Pi ' + ixz' "i' = •

2 2
Next let fldenote the semi-ellipse x^ /(cosh 2t) + 

x2 /(sinh 2t) < 1 , x^ > 0 , x^ - O (See Figure 9) . By virtue

maps fl conformally onto

the upper half plane > 0 , y^ = 0 . Hence.by (4.6) the hyperbolic 

density of fl is

| f' (xx + ÎX2> 1

Pz = —---------- •

Since C 1 it follows then that everywhere in n2

(4.9)

We remark that (4.9) is a form of Schwarz's Lemma (Cf. (3.20) ) .

Figure 9
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We are now able to determine the dilatations of f . By 
P

the axial symmetry of the mapping it is sufficient to consider a 

point x in the x^ + ix^ plane. In every direction in this plane the 

stretching factor is |f' (x^ + ix^) | , while normal to the plane it is 

Y2/x2 • We note that y^/xtends to |f | as x^ tends to 0 

and so y / x^ has a well-defined positive limit at each point of 

the axis of rotation such that -cosh 2t < x^ < cosh 2t , and 

(x2/y^)k'l - 1 there.

By means of (3. 28) and (4. 9) we therefore see that L(x)- jf | , 

(x) - y^ x2 ' (x) - (y^/x^) jf ' | . and Lemma 3.4 gives

(4. 10) - sup ( ~~ jf' | ) , Ko<fp> = =“P ( I >‘/2

where the suprema are taken over all points (X1 x^, 0) in the

2 2,2 ,
ellipse x^ /a f x^ /b < 1 , x = 0 , with a; b as in (4. 8) .

From (4, 9) and the differential equation (4.5) it follows that

(4.11)
^2 2 2

A log u = A log — = 4(p - p 
p J

in J where for convenience we employ the notation

(4.12)
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Because of (4.11) and [38, Theorem II. 18], log u is 

subharmonic in Q % . Consequently ([22, p. 75], [38, Theorem 11.12]) 

the suprema in (4. 1 0) must occur on the boundary of the ellipse

2 2 2 2Xj /a + x /b < 1 , x^ = 0 . In fact, by the symmetry of the 

mapping f , it is clear that this maximum will occur on the upper 

half of the boundary, namely on the arc 2, 2 2/2
y : x /a + x^ /b

Figure 10

3=0 (See Figure 10).

1

Since [3 = t = # K'/4K on y, where x^ + ix^ - sin(o4 ip) , 

1/ 2 ? K K'
f(x.+ix ) = k sn(  a + i —— , k) there. By the addition 

12 n------------- 2

theorem for sn ([5, p. 38], [6, #125.01] ) we have

(4.13) f(x + ix ) = k1/2 -SdJ iC^sc
12 1 - s D2

on y , where, in a notation similar to (3.11) ,

(4. 14)

,K'c = cn( —, k')/ K' m s = sn( —, k ) ,

S . 2K , , , 2K , .= sn(  a, k) , C = cn(  a, k) 
IT------------------- It

K1 
d= dn( — , k' ) ,

2K
D = dn( —o, k) .

It
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Blt the special values ([6;#122. 10], [18, p. 120] )

(4.15) s = (1 + k)" 1/2 - k (1 + k) d - k

2and the identify ([6 . #121.00], [40, p. 49 3] ) reduce1 D

(4.13 i to

(4 16)

. CD
1 1 + k
D2

1 + k

(l + k)S

1 + kS
1 2

S +
k -----

1 -

+ i C D

Next. an application of the Gauss

([5 pp. 72 31. [6. #1 64.01 -, 02] ) to (4 16) gives

(4. 1 7) 1
17

2K1

77
», kj 1

(4. 18) K1 . K(kt) z ( 1 + k) K , K

1 - k
1+k and

K'
2

1 2 1

1
2 k
1 + k Y

1

Then by «he derivatives for the elliptic fur 

([6, #7 31,01 -.02], [40, pp. 492, 3] ) and (4,18) we have

2K1
2K dn( ----- a, k

1 77 1
77

. K1
~77 0/1 kl

2K1
3F "'h

cos (o + it)
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By usixg the identity sr/z + cn^z = 1 ([6,#121 00], [40, p. 493] )

we achieve simply

2K,
2K

<4. 1 9i If I ---- 1
IT

dn(-^— a, kj)

[cos a + sinh tj

Be' o’

M. 1 7 i

y See Figure 10), x - Im sin (a v it) .= 
, ^l

v2 ' < r ' ar 1 there. Consequently,

cos a sinh t , and by 

everywhere on y ,

(4. 20' _____ cos O' sinh t 
r 2_____ . ^2 ,1/2I cos u + sinh tJ

By the special values cn 0 - dn 0 - 1 ([6, #122. 01 ]

[40. p. 49 3] • we see that (4.20) reduces to ( 2K /n ) tanh t when 

a - 0 . We will show that this is the largest value of u on y (See 

Fig ..re 1 0• , Bur this is obviously equivalent to

dr/ a, k ) 2 2
IT 1 cos a cosh t

2 ^^1 2 2 — '
cr O') kp cos a + sinh t

kj " 2 - - 2 ' where t = , But recognizing that
irK 17 K1
4K ’ 2K V 41 1replacing kJ by k , we see that this

i - e } 1 i4 y is equi vale nt to
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LEMMA 4.1. For all k , 0 < k < 1 , and all a

N
|4

'4.21 ‘
j 2K dn ( ----- as k)
_______ IT_______

2 2K , ,cr. i ----- a. k)
IT '

< 1 .

Assuming Lemma 4. 1 . whose proof we shall give later, we

h v< i y (4.10), (4 18), and (4.20)

(l + k)^ tank
it K1 ’

4 22

Vp' -

. hat these dilatations are bounded is a consequence of the limit

2Ki TTK^
lim-- tanh —— 

k, -> 1-------------------2K1
lim K. ] | lim

tank 2ÎÇ- 

’Kl' 

2K1

iL
2

We wish to compare the dilatations (4. 22) with those of the

. ral affine mapping g^ of onto the unit ball Here

gp(x) ~ (x^/a, x2/bs x y/b)
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Si-C' a > b . v ( have L(x: - 1 /b t(x) - 1/& J lx) - 1/ab^

for Lhe rnappirg g a? d by Lemma 3 4 , (4.8). and (4.18) ,

Comparing -4,22 i a-d '4. 23) w< see that to show the affine 

capping rot external for either coefficient it is sufficient ro prove

(4.24)
2K1 , 2 ^1'

V 2^-

for all 0 < kj < 1 , wPh strict inequality if 0 < k < 1 . In fact 

we can show

LEMMA 4.2. For onh k 0 < k

'4. 25i 1""4^Ai&i' '

With ST-C» n e n.ah'y if 0 < k < 1

Fhe sc < ord half of (4,2 5) i- - i valor' io 4.24' , while the first

half will he nn ch d i; § 4.4
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Assummg these two lemmas the proof of Theorem 4. 1 is

complete. We note that as k tends to 0 the ratio of the axes of

the prolate ellipsoid tends to coth oo - 1 , that is, the prolate

ellipsoid degenerates to a ball, Our work here then shows that 

excep^he trivial case each dilatation of f is smaller than the 
P

corresponding dilatation of the affine mapping g^ , so that the affine 

mapping of the prolate ellipsoid onto a ball is not extremal for either 

coefficient.

2 2
Proof of Lemma 4 1 . By the identities C - 1 - S .

2 2 2
D -- 1 -k S i[6, #121 00], [40, p, 4 9 3] ) (4 21) is reduced to showing 

that

(4.26) S (cos a + sinh 2t - k cos a cosh 2t )

< cos a + sinh 2t - cos a cosh 2t

Here t and S have the values assigned in (4, 8) and (4. 14) ,

respectively, so that 2t - 77K /2K . Employing the identities

. 2 2 2 2
sm a- + cos at : 1 and 1 + sinh 21 - cosh 21 , we may rewrite

(4 26) as

222 ? 2 2 22S (sin a sinh 2t + k ‘ ■ v s o cosh 2t ) < sin a sinh 2t
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A second use of the identity and a simple rearrangement

reduces this to the factored form

(4 2 7; k' coth^ 2t < tan a

Now ior Lemma 4. 1 to he true it is necessary and sufficient

tha*  \4 27) hold for the most unfavorable O' . - < o < . But by2 — — 2
Lemma 3 6

tan ck >
2k'K

for all a , with equality when a Hence, because of (4.27) ,

1 2 1 ) is equivalent to the assertion that

(4 281 2K

for each k. 0 < k < 1 .

Now we let q denote Jacobi s Nome exp( -ffK'/K) If 

0 S k < 1 'her 0 < q < 1 , and 11 is easy to see that

(4.29) in
1 -q

H 2 "T" qn

n - 1
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Next, for the same values of k and q , it follows from the 

Fourier series for dn u ([6,#908. 03], [18, p. 286] ) that 2K/ir 

has the following expansion as a function of q •

(4. 30)
ou

i + 4 y

n= 1

n 
q 

T+^n

Comparing (4 29) with (4. 30) we see that (4 28) is equivalent 

to the inequality

(4. 31) 

for 0 < q < 1 But for these values of q and for n > 1 it is 

trivial that 

and (4 31 ) follows. This establishes (4 28) and hence Lemma 4. 1 .

Proof of Lemma 4.2 In our proof we shall need to use both

(4. 29) and 
oo 

n=l

Next we appeal to [6 *1050.  01,#1051.01] or [31, pp. 314, 315, 

343] for the series expansions
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œ
<4-33) | = UZ£ q'

and n-1
OCJ

(4.34) [ l + 2[ (-l)"q"

n - 1

Each of these expansions is valid tor the range of k and q under

consideration

By combining (4 29) and (4 33) we see that the second half of

Lemma 4 2 is equivalent to the inequality

OO œ

(4 35) T q" < 7 q" .

n“ 1 n- 1

0 < q < 1 , with strict inequality if 0 < q < 1 But for these values 
2

4 9 9. *()I each n >_ 1 , and (4 35) follows Equality can

occur in (4 3d) only in the degenerate case q - 0 , that is, when k = 0

By combining (4 32) and (4 34) we see that the other half of the

Lemma is equivalent to the inequality

CO OO
(4 36) ; (-1T q" > ; (_l)"q^

3— — 1

o- 1 n -1

for each 0 < q < 1 with strict inequality if 0 < q < 1 But an

elementary induction argument shows that
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for

2n 2n-1 q - q
2 2

(ZnC (2n -1 ) 
- q

There is strict inequality unless q = O .

This establishes (4, 36) and therefore completes the proof of Lemma 4.2.

4. The outer coefficient of the oblate ellipsoid.

THEOREM 4. 2. ■ be any oblate ellipsoid . Then the

affine mapping of E onto the unit ball is not extremal for the outer

coefficient.

denote the ellipsoid x^/a^ + x^ /b^ + x^/a^

wher e have the values assigned in (4.8) . To prove this

theorem for . it would be natural to try a method analogous to

that used in the previous section. That is, let f denote the mapping

of E onto o the ball B obtained from the function f of (4. 7) by

rotating both planes about the imaginary axes (See Figure 8) . We

show, however, that this method is unsuccessful, and afterward prove

the theorem in another way .

By the axial symmetry of y = f^(x) it is again sufficient to

consider a point in the x^ + ix^ plane to determine the dilatations of

f . As in o the previous problem the stretchingshere in the directions

of the Xj , , x^ axes are L I
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before, y/x^ has a well-defined limit at all points of the axis of

rotation inside E . There are now two cases to be considered, o

(i) If |f1 1 > yj/xj at the point (x^, x 0) , then L(x) = If' j. 

2
T(x) - y^/x^ , and J(x) - (y /x ) |f' | , so that

L(x)3

J(x)

, W = |f | ,, then and1

^(x) yi

L(x) 3 

J(x)
X1 

yl

-2

By Lemma 3, 4 we must therefore have

KI<fo) sup max ( ^- |f' | , [ If I] 1/2 ) 

(4.37)

K0(fo) = sup max ( [ y- |f' ^2 , [ jf D 1 ) ,

in the ellipse

we have a - —

where the suprema are taken over all points

Xj /a + x^ /b < 1 , x^ - 0 .

At the point x^ - cosh t , x^ = x^ = 0 

(Recall that x^ + ix^ = sin (a f ip) ) . Thus by (4. 19) , (4. 18) , and 

the fact that y- 1 here (Cf. (4. 17)) we have
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x 2K UK '
(4-38) -L |f | . Y k ' coth —

V IT * ^^2

at this point. Hence by (4. 37) and (4. 38) we know that

2K irK
Vo) > [ — ^' coth ]

(4. 39) 
2K irK '

W ^1' 2ÏÇ]

Next, consider the affine mapping

gQ(x) - (xj/a, x /b, x3/a )

of the oblate ellipsoid E° onto the unit ball. At any point the 

stretchings in the directions of the coordinate axes are 1/a, 1/b, 

1/a, respectively. Since a > b we have L(x) - 1/b , t(x) = 1/a

J(x) = 1/a^b . Thus by (4.8),

J (x) 
^(x)3

= coth t ,
L(x)3 

J(x)
a 2
—— - coth t . 
b^

By reason of Lemma 3.4 and (4. 1 8) this means that
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W = = 1coth 11/2 •

(4.40) 

a 
*W = b = •

In Lemma 4. 2 we proved that

for each , 0 < < 1 . But then from (4. 39) and (4.40) we see

that each dilatation of f^ exceeds the corresponding dilatation of g , 

Proof of Theorem 4. 2, The proof we present is based on the 

work of Gehring and VËisâlà [15] . vVe define a radial mapping 

y - h(x) from Eq to the unit ball as follows . If PEE , P / 0 , 

then P has a unique representation of the form P = sQ , where 

Q 8E and 0 < s < 1 . F or each such PEE we define o o

(4-41) h(P) = sP h(Q) , h(O) = -~
|Q|

where p is some fixed positive number, and we let h(0) = 0 .

Next for each Q E 3 E$ let (Q) denote the acute angle which 

the tangent plane at Q makes with the ray from 0 to Q , and let.

= min WQ) for all Q E ô E .
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To determine it is sufficient, by symmetry, to consider

points in the plane = 0 that is, on the boundary of the ellipse

2 2 2 2
X} /a + x^ /b < 1 , x^ - 0 . At a point Q - (x^, x^, 0) 6 dE^ 

the slope of the radius vector is x^/x^ , while the slope of the tangent 

to the ellipse is ~(b x^ )/(a^x^) . Thus

(4.42) tan
2/xl +

? ?
(b Xj )/(a x^) b2_____  

.2,2
1___

X1X2

On the boundary of the ellipse we have, when
2

X1

2 2
X1 X2

b2
2 X1 

a

2, 2 2, 2

0 (Q) - 2 y 2

2
1

1

2 
a

On the other hand, replacing the geometric by the arithmetic mean 

gives

2*1*2  = = ab

there and we conclude that the maximum value of x^x^ on the

boundary is ab/2 From this and (4.42) it follows that

arctan 2ab . 2ab ar csin —--------
a + b

Now take the exponent p in (4.41) to be
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(4.43) P
. , Zabsin $ = —----  

a +b^

Then by Theorem 5.1 of [15] it follows that

(4.44) K (h)2 < 2 cot esc ,
1 — C Z

KQ(h)2 < Z^2 cot cos .

Then from (4.43), (4.44), and the half angle formulas from 

elementary trigonometry we have

2 2 2 2
(4.45) «(h)2 -

1 bZ 2a a +b

Now consider again the affine mapping g^ of onto the 

unit ball. We proved earlier (Cf. (4.40)) that

(4.46) Kl(go) = <^)'^ . K0(go)^ .

But comparison of (4.45) and (4.46) shows that K^g^) > K^(h) 

because a > b . That is, the affine mapping is not extremal for 

the outer coefficient. The method gives no information about the 

inner coefficient, since the upper bound for K^(h) in (4.45) is larger 

than K].(go) .
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' 5. The inner coefficient of the oblate ellipsoid.

In Theorem 4. I we found that for the prolate ellipsoid

Ep : Xj ^/a^ + x^/b^ + x^ /b^ < 1 the affine mapping has the 

dilatations

= r • Ko<sP> = < •

while the mapping f showed that

K/Ep) . 0(1) , KQ(Ep) = 0(1 ) _

as tends to oo . Thus for large the affine mapping is very

far from being extremal.

The situation is similar for the outer coefficient of the oblate 

2 2 2 2 2 2
ellipsoid : x^ /a + x^ /b + x^ /a < 1 . For in Theorem 4. 2 

we saw that the affine mapping g^ has dilatations

and we produced a mapping h of Eq onto the unit ball such that

K0(h) <^?/Z

a f b
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as — tends to oo , 
b

The problem of determining whether the affine mapping of an 

oblate ellipsoid is extremal for the inner coefficient appears to be 

much more difficult. For in this case Theorem 4. 3 below shows 

that the inner dilatation of the affine map has the same order as 

K (E ) as 7- tends to 00 .
1 0 b

THEOREM 4. 3. Let E^ be the oblate ellipsoid 

22 22 22 1/2
Xj /a + x^ /b + x^ /a < 1 , a > b . Then K^E^)/(a/b) is 

decreasing as a/b tends to co , and

, KI‘EO> A

lim -------- Y73 = A »
a/b—>00 (a/b)

where 0. 47 A < 1 .

Proof: We recall from (4.40) that 

where gQ is the affine mapping of E$ onto the unit ball. This 

proves that K^E^) <_ (a/b)^^ , so that A < 1 .
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Figure 11

2

2

i 
i 
i

For convenience we now assume, as we obviously may, 

that b - 1 . To prove the monotoneity, let be any quasi- 

conformal mapping of E° - E^(a^ ) onto the unit ball, and let
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x' = g(x) = (a1x1/a2 , Xg , axx^/a^

be the natural affine mapping of E^a^) onto E^(a^) , where

> a^( See Figure 11) . Then y = f^x) is a quasiconformal 

mapping of E^(a^ ) onto the unit ball, where f = f • g . It is 

easy to see by Lemma 3.4 that

K/g) = (a/a/^

and by definition (3. 26) there results —

2 1/2
(4.47) Kx(f2) < Kjjfj) Kj(g) = K^fp .

Taking the infimum first over all f2 on the left and then over all

fl on the right in (4.47) we achieve

a2 1/2
"1^2» K") K/EoH»’

from which the asserted monotoneity follows.
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Figure 12

We now obtain the lower bound in the theorem. Our method is 

similar to an unpublished argument of Gehring and VHisHlH. . Let f 

be any quasiconformal mapping of E onto the unit ball. Let E 
° i

2 2 2
denote the arc of thé circle = a , x^-O which is

contained in the closed i-th quadrant of x^ = 0 , i = 1,2, 3,4 , and 

let Fj and be the families of arcs which join E^ to E^ 

and E2 to E^ , respectively, in Eq . Let IV = f[ Ç] (See Figure 12)
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■ -a

Figure 13

/ I a- * ,*--—V—
' / /\

HA{%2- °7

Now let H be the portion of E which is included between o

the two planes x^+ x^= +_ a (See Figure 1 3), and let p be the

density function which is 1/ (VZ a) in H and 0 in C(H) . Then
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for each € ri >

and p € F( Ip Moreover, an elementary integration shows that

a/-V2
m (H) = I (a^ - u ) du

3 a J
0

5V2 ff 2
6 a

where u = (x^ + )

m (H)
(4.48) m( ra = m( r ) < p dW-----------t 

1 A 2V2 a
5ff

12a

Next, by Corollary 3. 3 of [15] we have either

(4.49) M( T, ')>v(l) or M(T') > v(l) , 1 — 2 —

where for s > 0 , v(s) denotes the modulus of the family of 

arcs which join the segment -1 < < 0 , x^ = x^ = 0 to the

ray s < x^ < 00 , x^ = x^ = O in the half space x^ > 0 . By a

simple estimate based on the upper bound (3.48) it is easy to show

that

(4.50) v(l) > —
(4.6)2

Hence by (4. 48), (4.49), (4.50), and Lemma 1.2 of [15]

> 1

/ 2l^Z . Thus
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we have 

2 4 8
- ^2a-

i (4. b)

so that

K (E ) = inf K(f) > (0.47) a^ . 
1 o i —

Remark: Let F denote the family of curves in

which join the axis -1 < x_ < 1 . x. = x_ = 0 to the circle — 2 — 1 3
2 2 2

Xj + x^ = a , x^ = 0 , and let r = f[ r], where f is any 

quasi conf or mal mapping of Eq onto the unit ball. In (3. 14) of 

[15] Gehring and Vy.isUld conjectured that M( ]/) > ( — , where

q is the value of the elliptic integral in (3.67) . If this conjecture 

were true, then an argument similar to that given above shows that 

the lower bound for A in the theorem could be improved to A > 0. 63.

6. The general ellipsoid.

In conclusion we consider a general ellipsoid, that is, an 

ellipsoid which is neither prolate nor oblate. We prove

THEOREM 4.4. Let E be a general ellipsoid. Then the 

affine mapping of E onto the unit ball is not extremal for the outer
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coefficient.

Proof: Let 1 < b < a < oo and let E denote the general 

2 2 2 2 2
ellipsoid /a + x^ + x^ /b < 1 . The affine mapping

Y = g(x) = (Xj/a , x2, x /b )

of E onto the unit ball may be regarded as the composition of 

two affine mappings - - an affine mapping

x' = g1 (x) - (bx^a , x2, x^)

2 2 2 2 2
of E onto the oblate ellipsoid E^ : x^ /b + x'2 + x^ /b < 1 , 

followed by a second affine mapping

Y = g2(x’) - (xj'/b, x2', x^'/b )

of Eq onto the unit ball (See Figure 14) . For this composition 

of mappings we shall show that

(4.51) K0(g) = KQ(gl) KQ(g2) .
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82

\
\ 
i

Figure

F or g the stretchings in the xr X2’ x3 directions are

1/a, 1, 1/b , respectively, and we obtain

(4,52) KQ(g)2 - ab .

Next, g1 has stretchings b/a ,1,1 in the directions 

of the coordinate axes, and since b/a < 1 we achieve
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7 
(4.53) Ko<S? = a/b •

In (4. 52) and (4. 53) we have used Lemma 3. 4.

Moreover, a? we proved earlier (Cf. (4.40)) ,

? 2
(4-54) K0(g2) c b .

Then (4. 51 ) follows from (4. 52), (4. 53), and (4, 54) ,

Now let f be the quasi conformal mapping of the oblate 

ellipsoid given in § 4.4. Then the composition of g^ with f 

is a new quasiconformal mapping h of E onto the unit ball. 

Moreover, by definition (3.26) we have

(4-55) K0(h) < K0(gl) K0(f2) .

But in Theorem 4. 2 we proved

«56) K0(f2) < K0(g2) .

Finally, (4.51), (4.54), and (4.56) together show that

KQ(h)SK^) Ko(£2) < K0(gl) K0(g2) = K0(g) 
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so that the affine mapping of E onto the unit ball is not 

extremal for the outer coefficient.
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