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Chapter I
INTRODUCTION

A famous theorem due to Riemann [1, p. 172] states that any
simply -connected plane domain (1) whose boundary consists of more
than one point can be mapped conformally onto the unit disk. Thus any
two such domains may be mapped conformally onto each other, and we
say that they are conformally equivalent. In fact, there are exactly
three conformal equivalence classes of simply -connected plane
domains --these have the unit disk, the entire plane, and the extended
pPlane as canonical members.

For domains of higher connectivity the number of conformal
equivalence classes is much greater. We focus our attention on
doubly -connected domains, which are also called rings. That is, a

1
plane ring is a finite (') plane domain whose complement with respect -

to the extended plane consists of two components. It is well known that

any such plane ring R2 can be mapped conformally onto a circular

<o, and O0<r <r2<oo if and only if

annulus 0 < r, < |z | < T, ]

neither of the two components of the complement reduces to a point,

(1) A plane domain is an open, connected set in the extended plane. A
domain is said to be finite if it does not contain the point at infinity., A
domain will be called simply-cconnected if its complement is connected.,



The ratio rZ/rl is unique ; that is, it is independent of the auxiliary
conformal mapping [1, pp. 199-204] . Thus for each real number
there is a class of conformally equivalent plane rings, and the ratio
rz/rl is a conformal invariant attached to the class of which R‘2 is

a member, We then define the modulus of the plane ring R2 as
(1.1) mod R2 = log r2/rl .

The modulus of a plane ring has the characterization

(Cf. [4, p.225] or [12])

. . L 12 2
(1.2) inf J l\,ul do = mod R ’
u 2
RZ

where u ranges over all real-valued functions which are continuously
differentiable in R2 and have boundary values 0 and 1 on the
respective boundary components. If neither component of the

complement of RZ is degenerate, then by Dirichlet's principle equality

holds in (1. 2) if

log Iw(z) /r1 l

u(z)
log rz/r1

where w(z) is a conformal mapping of R, onto r, < [wl < r, . This

alternative definition (1.2) of mod RZ does not depend upon conformal



mappings, and hence suggests how to define the modulus of a ring in
3-space, where the number of domains conformally equivalent to the
unit ball is very limited.

In 3-space the counterpart of the extended plane is the MBbius
space 153 » which consists of Euclidean 3-space E3 plus the point
at infinity. A space ring R3 is a domain in E3 whose complement
with respect to the MbBbius space E~ consists of two compo nents,
one of which is bounded.

The Riemann fheorem fails very badly in 3-space. In fact, by
Liouville's theorem [19], the only conformal mappings there are the
Mbbius transformations--i.e., compositions of similarity transfor -
mations and inversions. Hence the only domains in 3-space which
are conformally equivalent to the unit ball are half spaces and balls.
It follows, too, that the only space rings conformally equivalent to a
spherical annulus are those bounded by two spheres or by a plane and
a sphere.

For this reason it is unsatisfactory to seek a definition of mod R
corresponding to (1.1) . Hence we generalize (1.2) , using Loewner's

definition [26] of conformal capacity,

(L. 3) cap R, = inf J [Vu]3 d w,



where the infimum is taken over all real-valued functions u which
are continuously differentiable in R3 and have boundary values 0 on

are the components of the

aCVO and 1 on aCl . Here CO , Cl

complement of R_ and CO is bounded.

3
Next we define the modulus of R3 as
4 1/2
1. = —_ )
(1.4) ‘ mod R3 [ cap R3 ]

Then mod R3 is a conformal invariant, i.e., invariant with respect

to MbBbius transformations, and the modulus of the spherical annulus

r, < [x, <r For a proof of this see [14].

1 turns out to be log rz/r

2 I

It the modulus of a ring R' maximizes the moduli of all rings

R in a large class to which R' belongs, we will refer to R' as an

extremal ring. For example, suppose R = (R U CO) - C0 is any space

ring such that CO and R U CO have the sarmme volume as the balls

x| < r and x| < r respectively, and let R' be the spherical

] 2’

annulus r < Ix‘ <r By means of point symmetrigation Gehring

2
[14] proved that mod R < mod R'. In the same paper he solved other
extremal problems by means of spherical symmetrization.

It appears that symm’etrization 1s a particularly effective tool
for solving such problems. In Chapter II of this paper we introduce

Steiner and Schwarz symmetrizations of space rings and prove a pair

of inequalities of the type



mod R < modR',

where R' is a space ring obtained from the space ring R by means

of one of these symmetrizations.
This work leads naturally to two extremal rings, which we

label R and R For fixed a, 0<a<1l, the ring R

3,s 3,d’

consists of the unit ball minus the slit -a < x) <a, X, = X3 = 0,

while R3’ q is obtained from the unit ball by omission of a closed
central disk of radius a (See Figure 1, page 51) .

These rings have the following extremal properties (Cf.§ 2.18),
Let R be a space ring consisting of the unit ball minus a continuum C .

If the diameter of C is at least 2a , then mod R < mod R3 s If

. . . 2 .
the projection of C on some diametral plane is at least Ta  in area,

then mod R ﬁmod R3, d-

Schwarz symmetrization also has the following interesting
consequence (Cf. 8 2. 18) . Suppose R3 is a 3-space ring whose

complementary components CO ) Cl lie in a plane I , say Xy = 0 ,~

and that RZ =1 ﬂR3 is a plane ring with the same complementary

components. Suppose the areas of CO and (RZUCO) are 1rr1 and

Tr respectively. Then mod R3 < mod R3' , Where R3' is the

2 2
space ring obtained from R3 by replacing CO by the disk

x, =0,

[x[Srl, x,=0 and C, by |x]| 2r 3

3 1 2’



In Chapter III we show that mod R3’ d < mod R2 < mod R3, s
where now R2 denotes the plane ring consisting of the unit disk minus
the central slit -a < x, <a, x, = 0 . In addition we investigate the
asymptotic behavior of the moduli of these extremal rings as a
tends to..0 and to 1 . We discover that mod R3,s and mod R3,d
behave essentially like the modulus of the spherical annulus a < ]xl <1
as a tends to 0. Butas a tends to 1 the asymptotic behavior of
these three rings differs markedly one from another. In particular,
mod R3,d tends to 0 much faster than mod R3,s

Closely related to the theory of rings is that of quasiconformal
mappings. Suppose f is a homeomorphism of Q onto Q' , where (0
and (' represent domains in E3 . If R is a bounded space ring

with R< () then R' = f[R is a bounded space ring with R'c ' .

Then the inner and outer dilatations of f are defined (Cf. §3.3) as

mod R R mod R'
K = s;p mod R' o) = s‘g’ mod R’

where the suprema are taken over all bounded rings R with RC 0
for which mod R and mod R' are not both infinite. Clearly these
dilatations are both 1 if f is a MBbius transformation ; the converse

is also true [13, Theorem 16]. If both are bounded by K < oo , then

f is called a K-quasiconformal mapping. A quasiconformal mapping




is one which is K-quasiconformal for some K (Cf. §4.1) . Plane
quasiconformal mappings may be defined similarly [16] .

Historically, plane quasiconformal mappings were first treated
(under another name) in 1928 by H. GrBtzsch in the solution of the
following extremal problem : Of all mappings of one rectangle onto
another with vertices corresponding, to find the mapping most nearly
conformal, that is, with smallest dilatation. He determined that the
extremal function was the natural affine mapping. Though the paper
itself lay hidden in an obscure journal for many years, the class of
functions which he considered later became an important analytic
tool.

Quasiconformal mappings ''are intimately and essentially,
even surprisingly, connected with the most classical problems in
the theory of analytic functions'' , as Ahlfors [3] eloquently puts it,
For example, Teichmliiller's study [37] of Riemann surfaces
established a direct connection between quasiconfurmal mappings and
quadratic differentials. These mappings are also encountered in the
theory of partial differential equations as solutions of Beltrami systems.

Suppose I is a domain in E3 which can be mapped quasicon-

formally onto the unit ball B. We set

KI( 1) = i?f KI(f) ’ Ko( Q) = i?f Ko(f) )



where the infima are taken over all homeomorphisms f of ) onto
B (Cf. §4.1). These numbers are called the inner and outer

coefficients of quasiconformality of 1, respectively.

A quasiconformal mapping f of 1 onto B is called extremal
for the inner coefficient if KI(f) = KI( 1) , and similarly for the outer
coefficient. In the plane, a large class of extremal quasiconformal
mappings have a particularly simple form ; locally they are the
composition of a conformal mapping, an affine mapping, and a
second conformal mapping. It is natural to ask if one of the extremal
mappings of an ellipsoid onto a ball is the natural affine mapping.

In Chapter IV we show that the affine mapping of the prolate
ellipsoid is not extremal for either coefficient. We also prove that
for every ellipsoid the affine mapping is not extremal for the outer
coefficient. In fact, for each of these cases we show that even the
orders of the dilatations of the affine mappings are larger than the
orders of the corresponding coefficients of the ellipsoids. The
problem for the inner coefficient of the oblate ellipsoid appears to be
much more difficult. For in this instance we prove that the inner

dilatation of the affine mapping has the same order as that of the inner

coefficient of the ellipsoid.



‘Chapter 11

SYMMETRIZATION OF SPACE RINGS

1. Introduction.

Symmetrization is a geometric operation invented by Jacob Steiner
and developed by Pdlya and Szegl [30] . The purpose of this chapter is

to obtain two upper bounds
(2.1) mod R < mod R'

for the modulus or a bounded space ring R, where R' is a space ring
~obtained from R by means of symmetrization.

Two well-known kinds of symmetrization-in the plane are the
Steiner [21] and point [7] symmetrizations. Analogues of these in
3-space -- known as the Steiner and Schwarz symmetrizations [30],
respectively -- are obtained by performing the corresponding plane
s_y-mhmetrization in each plane normal to a fixed line, say the ) axis,

Two other symmetrizations in 3-space -- spherical [30] and point
-- were studied in [14] by Gehring, who proved that (2.1) is valid for
each of these methods. We sh_a'l.l show that Gehring's proofs may be
modified to yield (2.1) also for the Steiner and Schwarz symmetrizations
in 3-space.

In the final section of the chapter, we consider the application of

-9
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Schwarz symmetrization t0 a space ring R3 of the following type :
Both components of the complement of R3 lie in a plane [I, and

R, = I NR, is a plane ring with the same complementary components.

2

In conclusion, we derive the extremal properties of the two extremal

3

rings R3 S and R3 d resulting from these symmetrizations,

2. Notation.

Throughout this paper, points in the MBbius space E 3 will be
designated by the small letters x and y , or by the capital letters P
and Q . The rectangular coordinates of x will be denoted by

(xl, X, x3) , while P, and P2 will stand for different points. Points

2 1

will be regarded as vectors, and the norm of x will be indicated by
x| .

Given a set E, we let 3 E designate its boundary, C(E) its
complement, E its closure, and Int E its interior. For k=1,2,3,

the k-dimensional Lebesgue measure is denoted by m, -

3. Admissible functions.

In the definition (1. 3) of conformal capacity of a space ring R the
infimum was taken over all real-valued functions u which are
continuously differentiable in R and satisfy the proper boundary

conditions. We now relax the differentiability requirement and consider
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a larger class of competing functions.

A real-valued function u = u(x) is said to be ACL or absolutely

continuous on lines in a domain () if, given any ball B with B< ,

1

u is absolutely continuous in the usual sense on almost all line
segments in B which are parallel to the coordinate axes. If u is
continuous and ACL in a space ring R, and if u has boundary values

then u is called an admissible function

0 onaCO and 1 on aCl,
for the ring R .

By Lemma ] in[14],

cap R < inf Jr qu'l3dw ,
R

where the infimum is taken over all admissible u . The opposite

' inequality being obvious, we conclude that in the definition (1.3) of cap R

the infimum may be taken over all admissible functions for R .

4, Simple admissible functions.

As in [14] we find it desirable to consider admissible functions
whose level surfaces are polyhedral.
Suppose v = v(x) is an admissible function for a space ring R,

Let 0<E£<1/2 and, for x € R, define
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0 if v<é& ,
V.= v = v_& -
1 l(x) Y if g<v<l-¢&,
1 if 1-& <v,
and extend v, to be 0 on CO and 1 on Cl . Then the set of x

where 0 < v <1l is a bounded subset of R and lies at a positive

distance d from C(R). Let B be the ball ly|]<c, ¢c<d, and

define

=B (IB) jvl(x+y) dw
3 B

vz(x) =

This function v, is continuously differentiable in R and has

boundary values 0 on aCO and 1 on 3 C The set of x where

1
0< v, < 1 lies at a positive distance b from C(R) . Moreover (See

[14], §§5,7),

. 3
(2.2) cap R = inf [1ov,]” dw,
2 R
where the infimum is taken over all such functions v,
3
Next consider a partition of E  into congruent tetrahedra {T}

of diameter 8 < b, with b as given in the last paragraph. Then

define a new function u = u(x) so that u is a linear function of the
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coordinate variables in each tetrahedron and so that u = v2 on the

vertices of each tetrahedron. Then u is called a simple admissible

function for R . A simple admissible function satisfies the definition

of §2.3 and is thus an admissible function. Furthermore,

. 3 .
lim J | ¥ ul du:J’ IVV2I3 dw
66— R
R

so that with (2, 2) ,

: 3

(2.3) cap R = infj IVu’ dw ,
u

R
where the infimum is taken over all simple admissible functions u for
R ([14], g7 .

Obviously 0<u<1 for all x. For fixed a, O<acx<l, let

F and Z be the sets of x on which u <a and u = a, respectively.

Then F is a closed polyhedron, that is, the union of a finite number

of closed (possibly degenerate) tetrahedra. It is clear that 3 F < z,

furthermore,

LEMMA 2.1. Suppose a is different from the finite set of

values assumed by v, and hence by u, on the vertices of {T} .

Then 3 F = X,
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Proof: It is sufficient to show that Z €3 F . Fix a point
P€¢ L. Then P ¢ T, for some tetrahedron T , and by hypothesis P
is not a vertex of T .

Let Pi’ i-1,2,3,4 be the vertices of T . Then for each i,
u(Pi) # a . There must be one vertex Pi' for which u(Pi') >a .,
Otherwise u(Pi) < a for all i and by the linearity of u, u<a at
each point of T , contrary to the aésdmption that u(P) = a .

Let I be .the segment joining P and Pi' . Then IC T and u
varies linearly on I . Hence u> a at each point of I exceptat P,
and P is therefore a limit point of the set of x where u>a . But

since also P € F, we must have P € 3F , and this completes the

proof of the lemma.

5. Special admissible functions. 7

3 Let R be any bounded ring and v a simple admissible function
for R. Fix a, 0<a<1: in this section we shall always assume
a to be different from the finite set of values assumed by v on the
vertices of {T}. Let T be the polyhedral surface consisting of the set
of x where v = a,

In the proofs for Steiner symmetrization, certain technical

difficulties arise in case a line parallel to the X3 axis meets a level

surface X of v in an infinite set., The same is true for Schwarz
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symmetrization in case the intersection of £ with some plane normal

to the x, axis is too large.

3

To avoid these troubles, we shall determine a function
u=vo f-l , where f. 1s a suitable rotation, and show that in
definition (1. 3) we need consider only functions of this type. The
rotation f will be chosen so that u is admissible for R and so that
each (polyhedral) level surface f[ L] of u has no faces parallel to a
given line.

In the Steiner case the line is the X3 axis, and then each surface
f[ Z] meets each line parallel to the X3 axis in a finite set. For the
Schwarz case the line need only lie in the X%, plane, and then each
plane normal to the x; axis meets each f[ Z] in the union of a finite
number of closed linear segments. It is obviously sufficient to consider
the x_ axis, since the proof would be the same for any other line,

Now suppose X meets one of the finite number of tetrahedra
T. €{T} in which v is nonconstant. By the linearity of v in Tj ,
LN T. is contained in a plane Cljxl + CZjXZ + c3jx3 = a, where the
c,. are independent of the particular value of a . Therefore there is
a finite collection of unit vectors nj associated with the tetrahedra
{T} such that each plane face of each level surface v = a has one of

the vectors nj as its normal.

We wish to determine a rotation f so that none of the vectors
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f[rij] is normal to the x3 axis. For this it is sufficient to require

that the projection of each vector f[nj] on the X X4 plane be non-
degenerate and form a positive acute angle with the x, axis.
Let f3(x) = x' denote a rotation through an angle 05 about

the Xg axis . Suppose the projection of some nj on the X, %, plane

is the zero vector. This will not be true of any of the vectors

f3[nj] if 0< 03 < <1>3 i% , Where <I>3 denotes the smallest positive

angle which the X, axis makes with the (nonzero) projection of any
.

1 .
nj on the X, %, plane

A second rotation fl (x') = x'"" through an angle ®

0< @ < ¢1 < 12 , about the X, axis will ensure that the projection

of eéch vector f o f

1 3 X, plane also forms a positive

2

acute angle with the x2 axis. We may take (I:l to be the least positive

[nj] on the x

angle between the x, axis and the projection of any vector f3[nj] on

2

the x,x, plane. Hence none of the vectors £, f3[nj] will be normal

to the x3 axis.

Since the point set E on which 0< v < 1 lies at a positive
distance from C(R), we may assume that the angles ®, and ©3 are
so small that if x € E then x'" € R . Now we let f = flo f3 and
define a function u = u(x) by the condition u(x) = v(f-l(x)) . Itis
clear that u is an admissible function for R . The level surfaces of

u are polyhedral but have no faces parallel to the X, axis , because for

fixed a ,
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{x| u(x) = a} = {x| v(f—l(x) ) =a} = {f(x)|vix)=a}=f[{x|v(x)=a}].
As usual, we assume that a is not one of the values acquired by

v on the vertices of {T} . In the applications we shall refer to such

a function as a special admissible function for R .

We prove

LEMMA 2.2. The conformal capacity of a space ring R is

cap R = inf J‘P ]vu,3 dw,
“ R

where the infimum is taken over all special admissible functions for R .

Proof: Let v be a simple admissible function for R, and let

us= vef be a special admissible function for R obtained from v

as described above. It is easy to see that the Jacobian of the rotation

f is 1 andthat |Qu(x)]| = IVV(f-l(x))] . Hence
(2. 4) flvul3dw= J"lvvl3dw.
R R

Taking the infimum on the left in (2. 4) over all special admissible
u and then on the right over all simple admissible v we have, by

virtue of (2. 3) ,
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0 . 3
ian IVu]3dw Sinfj [vv] dw = cap R .
u- v
R R

But the opposite inequality follows from the fact that each special

admissible function for R is also admissible for R .
STEINER SYMMETRIZATION

This method of symmetrization is discussed in [30] and is a

generalization to 3-space of Steiner symmetrization in the plane [21] .

6. Steiner symmetrization of open and closed sets.

3 S
Let G be a bounded open setin E~ . We define a second set G s

called the Steiner symmetrization of G with respect to the X X,

plane, as follows : Let L = L(xl,xz) denote the line in E3 through

(xl, x5, 0) that is parallel to the Xg axis. Then LN G = p if and

onlyif LN G=6¢6. If LN G# 6 and m (LN G) = ¢>0, then
LN G isan open segment of length £ which is bisected by the
xlx2 plane,

If F is a bounded closed set in E3 , we define F as above
except in the second case, where we take LN F to be a closed

segment of length 4 which is bisected by the x X, plane. If £ =0,

1

then LN Fgl: is the single point (Xl’ x.,, 0).

2’
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e
LEMMA 2.3, If E is the Steiner symmetrization of a bounded

« _
closed or open set E, then E is closed or open, respectively.

Proof: Suppose F is closed, and let {Pn} be a sequence of

5 3 b
points in F  with limit point Po . We will show that PO is in F
In rectangular coordinates let Pn = (xln, Xy x3n) s Poz (xlo’XZO’x3o) .

s )
Obviously x. —» x. , i=1,2,3. Since P €F , all points x on
in io n

£

L{x.  , xZn) with ]x3] Slx3n| are in F ., Hence z(xln,xzn) _>_,2x3n| ,

1n
where £ (xln’XZn) denotes the length of F N L(xln, xZn) . If we

show that ¢ (x] , XZ) is upper semicontinuous (usc) we will have

» X5 }>lim sup £ (x, ,x, )> lim [2x., | =|2x, |, and hence
2o n —> 0o In’ " 2n n — o 3n 30

L (xle

P €F .
o
To show that ¢ (xl,xz) is usc , let En, Eo be the orthogonal

projections of Ln n Fr, Loﬂ F , respectively, on the X4 axis. Here

). Then E =1lim sup E , for
o n

Ln = L(xln,x ) and Lo = L(xlo’XZO
n—> oo

2n

X, , x3)EFnLn

if P = (0, O,x3) € En for infinitely many n , then Pn = (xln’ on

f c e . ' i F

or infinitely many n But Pn — (xlo' x20, x3) € Lo , and since

is closed it follows that (x, , x. , x )€ FN L . This implies that
lo 2o 3 o

= (0 .
P=(0,0,x,) € E_

Since F is bounded, ml[l__j En] < o0 , and therefore by
n

s %X, ) =m (E )>m (lim sup E_)
20 1o 1 fn—> oo n
). Thatis , £ (xl,xz) is usc,

[32, Theorem 9.3, p.17], {,(xlo

> lim sup ml(En) = lim sup £ (x, ,x
n-—3, oo n—>» o

and F is closed,

In" " 2n
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Next suppose G is open, and let H denote a closed right cylinder
of height 2h which is symmetric in the X, X, plane, has its bases
parallel to this plane, and contains G. Then H - G is closed, and
the previous argument shows that 2h - ¢ (xl,xz) is usc, where
£ (xl.xz) denotes the length of LN G, L = L(xl,xz) .

e

. *®
Let {Pn} be a sequence of points in H - G with limit point

Po . Using the same notation as before, it follows that allpoints x

%

3
on L(xln' x?.n) with |x3n|S ]x3’ <h arein H -G . Hence by upper

semicontinuity Zh-L(xlo,xzo) > 2h -]2x3o] , and H -G is closed.

E e
This means that G isopenin H = H and hence open.

) E3
LEMMA 2. 4. 1f E is the Steiner symmetrization of a bounded

. % :
connected (closed or open) set E, then E 1is connected.

Proof: Let EO be the orthogonal projection of E on the
xlx2 plane. Then Eo is connected, for if Eo = El U E2 sep , let
Hi = J(Ln Ei) , 1i=1,2, where the union is taken over all L such
that L N Ei;é 6 . Then E meets each of the sets Hi , which are
separated since o £ L, and hence E is not connected ([36],
Theorem 16, p. 18) .' |

Now E* = LJ(Ln E*) , where the union is taken over all L
such that LN Eo #Z Y . But since each LN E* is connected, and

% si¢

since each nonempty set LN E meets the connected set Eo , E
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is connected ([29], Corollary 2, p. 74) .

LEMMA 2.5, If E  is the Steiner symmetrization of a bounded

(closed or open) set E , then C(E'h) is connected.

Proof: For suppose x = (XI’XZ’ p) € C(E:‘z) . Then

(xl,x ,x3) € C(E:‘t) for ,x3] >|p|. But {(xl,xz,x3), x> [p|] } and

2

x, x,.x )] x

. < -|p|} arc connected sets, and each meets
1 2 > 3- .

U={xl ’x[>r} » where 1 is chosen so large that U l'lElzﬁé . Thus

C(E*) is connected,

7. Steiner symmetrization of rings.

Now let R be any bounded ring in E3 . Then R U Co = C(Cl)

. . . . . . 2
is open, CO is closed, and we define the Steiner symmetrization (")

ate
<

R of the ring R as

R :(RUCO) -CO.

LEMMA 2. 6. If R is a bounded ring, then R is a ring.

Proof: By Lemmas2.3 and 2.4, Uo‘ﬁ is closed and connected .

2 . .

() Although the Steiner symmetrization of R as a ring and the Steiner
symmetrization of R as an open set (Cf. § 2.6) are not the same, for
convenience of notation we shall let R” denote the former.



-22-

By Lemma 2.3, (RUC_) is open, so that cl" - G(R uco)"‘ is
closed. Also by Lemma 2.5, Cl:ﬁ is connected.

We must show that R* is connected. First let Dl be a
componeﬁt of R* N {x3 > 0} and let D2 = R* n {x3 >0} - D1 .
Suppose_ D2 £ 6 . Then the projections of Dl’ D2 on the X%, plane
must meet in some point (x1 ’XZ’ 0) since otherwise R would be
disconnected, by the argument in Lemma 2.4 . Let Pi eLN Di )
i=1,2, where L = L(xl,x ). Then LN R*ﬂ {x3 > 0} 1is a connected

2

set which joins Pl and PZ and hence D1 and DZ . But this is

impossible since Dl and DZ were separated sets. Hence RN {x3>0}

1s connected. Slmllarly R N {x < 0} is connected. But both
R ﬂ{x3>0} and R” ﬂ{x3<0} have 11m1t points in the connected set

R’ N{x —O} , and R™ 1is connected.
Lettlng R denote any bounded ring and R its Steiner ring

symmetrization, it is now our aim to prove that R satisfies the

following extremal property.
THEOREM 2. 1. mod R < modR .

Before proving this theorem we must first study some geometrical

properties of Steiner -symmetrized sets.
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8. Surface area under Steiner symmetrization.

Suppose F is a compact setand E=3 F its boundary. By

the Steiner symmetrization (3) of £ we shall mean the set E"‘z d F"‘ ,

where F  is the Steinerisymmetrization of F . The following

result is well known, being attributed to Steiner (Cf. [30], p. 182) .

LEMMA 2. 7. If F is a closed polyhedron, if none of the faces

1.

of T=3 F is parallel to the X, axis, and if F' is the Steiner

symmetrization of F, then £ =3 F is a polyhedral surface whose

area does not exceed that of ¥ .

Proof: Asing§ 2.6, welet L = L(XI’XZ) be the line in E

through (xl’xz’ 0) which is parallel to the Xg axis. If LNF £4,

L meets ¥ in a finite number of points (XI’XZ’XBi) , 1=1,2,...,2m ,
m = m(xl ’XZ) , where Xq ix3j if i< j. (If there is a double point in
LN F -- that is, a point on the intersection of two plane faces of T--

then this is to be counted twice.) The set LN L is the boundary of
LNF as a linear point set, and LN F has the same length as L nNrF .
To LN F there corresponds a line segment L N Fr bisected by the

X)X, plane, the endpoints of which have the coordinates

(3) -Although the Steiner symmetrization of L as the boundary of F
and the Steiner symmetrization of ¥ as a closed set (Cf. §2.6) are
not the same, for convenience of notation we shall let 2 denote

the former,
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(Xl,xz, t+ x,), where

3
Zm
i-1
(2.5) 2x, _Z (1) 77 x,.
i=1
On ¥ , x, is a piecewise linear function of X 0%, and

3

hence absolutely continuous in the sense of Tonelli. By (2.5) the
same is true of the X, coordinate as a function of xl’XZ on the
Steiner -symmetrized surface E* . Hence we may apply the
standard integration formulas [32, p. 181] for surface area . Now

let D be the projection of £ and ¥ on the x %, plane. Then

using the triangle inequality and the fact that m > 1, we have

0%3 2 3 2 .1/2

Sk .
j'do = zJ[1+(§;l-) + (g(—z-—) ] dx, dx,,
3K D
z
2m .
= 2 (g (0 —x—‘ +—(Z< 1) ”‘]1/2 x, dx,
D i=1
2m . x. 2m
t
= [le. Y en's Z( i 5
D 1=l :
Zm X, BX
* 1-1 3i ) i-1
< SVlo T et 2 | ax ax
Di:l 1 2
2m dX . X
A= 3i 2 3i 2,1/ )
= JL[1+(ax ) (5 <] dxldxz_JdO'
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For application in the proof of Theorem 2.1 we observe that
in Lemma 2.7 we have actually shown the following, Given any rect-
. b
angle E in the X, %, plane, the area of the part of ¥ which

projects into E is not greater than the area of the part of ¥ which

projects into E ,

9. Steiner symmetrization of functions.

Let u = u(x) be a continuous real-valued function defined in E
which is bounded above, and let the set of x where u< A = sup u

be bounded. For a < A let Ga and Fa be the open and closed sets

sl .,
s %

where u<a and u<a , respectively, and let Gap and Fa be

the Steiner symmetrizations of these sets.

ote {

We then define u = u"‘(x) , the Steiner symmetrization of u ,

as follows : Fix a point x. If x € Fam for some a< A, we set

U3 '

u‘l‘(x) = inf {a| x € Fa":} .

Otherwise we let u"‘(x) = A,

LEMMA 2.8, For each a<A =supu, LN c.a' and LN Fa"

!, 1,

are the sets in L. where u <a and u < a, respectively,
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ate

Proof: Suppose x €L N Fa.“‘ . Then by definition

>:€ =:< )
u (x) = inf {b|x €LN Fb } . But since x € LN Fa this infimum must

ste

be < a . Hence u‘(x)ia.

To show the opposite inclusion, fix x € L so that u‘(x) <a.

Then u (x) = inf {b|]x€eLn Fba} < a . This means that x €L ﬂFba:

for all b>a, or that x€LN [ Fb* . But by hypothesis on u all
b>a
the sets LNF_  are bounded, sothat LN () F =LAF * , and
b o b>a b a
x€ELNF |
a

The proof for Ga. is similar.

ate

COROLLARY 2 1. The functions u and u assume exactly

the same values a < A = sup u on each fixed line L .

ats

Proof: It follows from Lemma 2.8 that LN(F,_~ - Ga*) is the
set of points on L where u* = a . Butitis already known that
LN (Fa - Ga) is the set of points on L where u=a . Since these
sets are simultaneously empty or nonempty the result follows .

ste

1 s
Lemma 2. 8 shows that Ga and Fa are the sets of x where

e o, ot
> 3 pxd

u <a and uﬁp_<_a » respectively. But since Ga is open and Fa
%

closed by Lemma 2. 3, it follows that u is continuous. In fact we

can show that u  satisfies a Lipschitz condition whenever u does.

(Cf. Theorem 4.5 of [21] and Lemma 4 of [14] .) -
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LEMMA 2.9. If u  is the Steiner symmetrization of u and if

]u(Pl) - u(P,) | <M 'P1 - sz

for all points P, and PZ . then

1

(2. 6) lu*(Ql) -u"Q,)] <Ml - Q, |

for all points Ql and QZ .

Proof: Fix two points Q1 and QZ with u"‘(Ql)guﬂ‘(QZ) and

let a; = u:‘:(Ql) and d = ]Ql -Qzl . For (2.6) it is sufficient to prove

that
(2.7) u (Q,) <a, = a +Md.

Let (xll, le) and (xlz, XZZ) be the (xl, XZ) coordinates of
Q..,Q respectively. Let E1 be the set of points on Ll:L(xll’XZI)

2 3
where u gal , and let E‘2 be the set of points on I_.2 = L(XIZ’XZZ)

ll

whose distance from El does not exceed d . By Corollary 2.1, E1

is nonempty, and since the distance from Ll to L2 is no greater

than d it is clear that E2 is nonempty. E2 is closed, and for each

P, € E, there exists P/ €E, suchthat |P -le <d. Thus

2 2 1
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P
u( 2) iu(Pl) + Md iaz,

and u< a, at every point of E2 .

2

Next let E] " and EZ’P be the Steiner symmetrizations of E1

and E respectively, Then by Lemma 2.8, E - is the set of points

2’ 1

on L. where u <a Moreover, since E, S{x|u iaz} it follows

1 1
by Lemma 2.8 that EZ;P ={x| . iaz} , or u <a, in EZ" . Hence
Q € El"' and to obtain (2. 7) it is sufficient to show that Q, EEZ"

Let H be the orthogonal projection of El on LZ , and let

A

H  be the orthogonal projection of Elﬂp on L2 . Since EZ is the set

of points of LZ which lie within di‘stance d of I:')1 , it is the set of
points of L. which lie within distance ¢ of H, where c is given

2 2 2 2
by the Pythagorean theoremas ¢ =d - (xlz-xll) - (XZZ-XZI)

Now H is equal to the Steiner symmetrization of H , and the length

of these two sets are therefore equal. Thus

ml(EZ ) = ml(EZ)iml(H)+ 2c = ml(H )+ 2c .

PV

That is, EZT includes all points on L2 within distance ¢ from H s

and hence all points on I_.2 within distance d from El' . Thus

QZ € E2 and (2.7) is true.
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10. Equimeasurability,

Let u be one of the special admissible functions for R defined
in §2.5, and let utl. be the Steiner symmetrization of u . Let

0= a, < a, <...K< a = 1 be the finite set of values assumed by u

on the vertices of the tetrahedra {f[T]} , where f is the rotation in
§ 2.5. Let Di and Di"‘ be the sets of points x where a, <u< a4

and a, <u < a1 respectively.

5 s
Fix i; let p =p (x) be a real-valued function defined on

ats
4

D. , such that p"‘ is nonnegative, continuous, and symmetric with

X3

respect to the x X, plane. That is, the value of pﬂ 1s the same at

1
i <
the two points (xl, X5 +_x3) . Next, for each a, <a a.y let F

and ,F‘ denote the sets on which u<a and u’ﬁ <a; G and

G the sets on which u<a and u* <a; and ¥ and E*
the sets on which u = a and u* = a , respectively. Then by
Lemma 2.1 we have T= 3 F . By definition, Z * =3 F*

Suppose L NX#£ ¢ . Then because u is a special admissible
function for R, LN ¥ is a finite set. Further, LN E* consists of

two points (perhaps coincident) , symmetric with respect to the X, %,

plane, because

m (L N £ = m (L 0 (F -G™)) = m (LN(F-G) =m (LNE)=0.
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For this reason p " assumes exactly one value on each nonempty
intersection LNE . We define a function p=p(x) on Di by
requiring p to take this value at each point of the corresponding

intersection L NZ.

1o

LEMMA 2.10. If p, p’p are functions as defined above, then

p is continuous in D. and
1

PP PP
(2.8) ] p dw = P dw
D, p*
i i
for all p >0,
Proof: For suppose p is not continuous in Di . Then we can

find P_€D. and a sequence {P_} in D. such that P —> P but
o i n i n o

lim p (Pn) =c# o} (PO) . In rectangular coordinates let
n—>oo

Pn = (xln

Then x. — x, |,

P,=(x x’x3o)' in io

» Xon’ X3n) ’ o 1o’ 720

2n
i=1, 2, 3. We let Ln = L(xln, xZn)- and LO = L(xlo’ %50 ) .
By Corollary 2.1 there exist points Qn in Ln n Di‘” such
that u’“(Qn) = u(Pn) . By the Bolzano-Weierstrass theorem we can
pick a subsequence {Q_} suchthat Q —> Q . But x,. —> x  ,
n n o in

k k .k e
so that Qo € Lo . Then by the continuity of u and u we have

a(B) = lim u(P)=lim aP_)-=lim u*(Qn )=u(@) .

n—> oo nk—> (o o) nk nk——>oo k
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%
Hence Q €D, and
o i

b R R B ) _
p(PO)=p (Qo)= lim p (Qn)- lim p(Pn)-c,

nk——> (¢'e) k nk—> fo's} k

But this contradicts the earlier assumption that p (PO) # ¢ . Hence

p 1s continuous in D, .
1

To prove (2.8) let >0, andlet G and G denote the subsets
of Di and Di"‘ where p<b and p%< b, respectively. Given

% %
L= L(xl, XZ) » let E be the set of values assumed by u on LNG .

% %
Then G and G are open because p and p are continuous, and

te
x4

hence L NG is a linear open set. Thus L NG 1is the countable

union of open intervals In o If n' is the set of values assumed by
b3 sk

u on In , then In' must be an interval because u is continuous .

Thus E is the countable union of disjoint (possibly degenerate) linear

intervals J
m

e

3
We will show that, because u is the Steiner symmetrization
*
of u, the sets of points on L for which u EJm and u EJm have

equal length, where Jm is one of the intervals in E ., Suppose

%

- FC . {x]u*(x) EJm} =G *—Fc

Jm = {c,d) . Then {x]|u(x) EJm} =G d

d

(Cf. § 2.9) , and because all sets involved are bounded,
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ml{xlu €J } ml[Lﬂ(Gd-Fc)] =m,[L NG -LNF_]

® *
ml(LnGd) - ml(LﬂFC) = ml(L ﬂGd )-ml(LﬂFC )

sk b3 b3
m, [LN(G - F_ )]=m1{x[u eJm}.

The other cases J =[c,d], J = (c,d], J = [c,d) are similar.
m m m
x
Now by Corollary 2.1, LNG and LNG are just the sets in
L where u and u » respectively, take on values in E and ,

summing over the disjoint linear intervals Jm » we conclude that

LNG and LNG have equal length,

Now fix bl < b2 and let H and H* be the subsets of Di and

la
23

Di‘ where b respectively. Then by

< p< b, and blip¥<b

1 2 2"’

the previous argument LNH and LNH have equal length for each
L . Thus, using Fubini's theorem [32, p.76], integration with

%
respect to X and X, shows that m3(H) = m3(H ) . Hence p and

b

p are equimeasurable and (2. 8) follows from [20, p.277].

11, Proof of Theorem 2.1.

Mk
Let R be a bounded space ring and R its Steiner symmetri-
zation. We want to prove that mod R < mod R " oor » equivalently,

that
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(2.9) cap R < capR.

Let u be a’'special admissible function for R . Since vu=0
in all but a finite set of tetrahedra, u satisfies a uniform Lipschitz

condition ; therefore by Lemma 2.9 this must be true also of u (),

e

3 ] b ] £
so that u is ACL , Now R = (RUCO)“ - CO ,. Where (RUCO)

and Com are the Steiner symmetrizationgsof RUCO and CO . Since

C_. 1is contained in the set of x

u1sOonCOandlonCl, 0

~where uﬁ/O while’ R»U C0 contains the set of x where u< 1. This,

o, f

sk o
<1, implies that u is 0 on C0

e
£

‘together with the fact that 0 < u
: - Jthat U<

3R 3. - s . b3
and 1 on C . We conclude that u is admissible for the ring R ,

1
. To prove (2.9) it will be sufficient to show that

-

(2.10) JP lvu*l3 dwf__f [vu[3dw.
R° R

For then we obtain

capR:': if IVu,3dw,
R

and taking the infimum over all special admissible functions u vyields (2.9) .

(‘t) This condition follows automatically, of course, from the fact that
u’ is piecewise linear (Cf. (2.5)) . However, for other kinds of
symmetrization, including the Schwarz case, this stronger argument
is needed.
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Asin§ 2.10 let 0:a.1<a2<... <an=l be the finite set

of values assumed by u on the vertices of the tetrahedra {f[T]} , and

1

let D, and D.'Ik be the sets on which a. < u< a. and a, < um < a,
i i i i+1 i i+1

respectively., If the set of x where u = a; has positive

mj-measure , then almost all of its points are points of linear density

in the directions of the coordinate axes (Cf. [32], p. 298) . Since
qu. will vanish at almost all such density points (4) we conclude
w3 .
that the integral of |{7u |~ over this set will vanish, Hence to prove

(2.10) it is sufficient to show that

(2.11) J ‘Vu*l3 dw< | ]vul3 d w

D. " D,
1 1

Let p " be a real-valued function defined on Di'r as in §2.10 ,
and let p be the corresponding function defined on Di . We will

show that

(2.12) ) p v ldws [p lguldw.
D, * D,

i i
If a;<a<a, then by Corollary 2.1 Zand I  have the

same projection on the XX, plane. Let the X)X, plane be divided

%k
into congruent rectangles E  of diameter 6 and let Ek and Ek

k

e
denote the portions of ¥ and T , respectively, whose projections
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on the XX, plane are contained in Ek . Then Lemma 2.7 shows that

I dO" < erG
2:k >k

for each k . Since p and p " are continuous and equal on

corresponding intersections LN £ and LN £ for a; <a<a, .,

(2.13) fp”d&‘: lim
. 5—>0

J
> z, .

~

< lim Z(maxp) J' dog = lim Tj‘pdc::jpdo .
=% B 5 7%z =

Appealing now to a partial area formula due to Federer [9,

Theorem 3.1] we see that (4)

) % s r ai+ l sle sle
(2.14) Jp Vel dw= | [er dg ] da
D" 2 z
1
and
i+l

(2.15) fpru'dwz j [J'pda] da .
D. a, z

1
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But (2.13) is valid for a, <ac< a1 Combining (2.13) , (2.14) ,
(2.15) therefore yields (2.12) as desired.

Now qu*IZ is bounded, measurable, and symmetric in the
x| %, plane  Then by a theorem of Vitali-Carathéodory ([32], p. 75)
and a theorem of Baire on the approximation of lower semicontinuous

functions by continuous functions ([23], p. 150) , we can find a

sequence of functions p which are nonnegative and continuous in

Dim , symmetric with respect to the X X, plane, and which converge
2 st
boundedly to ]Vu ¥ almost everywhere in Di . From (2 12) we
see that
. W, 3 . n e B . . B
(2.16) , vu |"dw = lim ;R |7 u [dwillm mepn,Vuldw.

n— oo W n—> o
D D

i i i

But by HBlder's inequality and Lemma 2.10 we have

, L 3/2 . 2/3 . 3. 13
;P .’Vquwi[J‘(pn/ dwl® [j Vel dw]
D D, D.
1 1 1
(2.17) 3
v 3/ 2/3 3 1/3
AR T S M RS
D D,

Then



lim inf j p lvuldw < [ lim J" o =::3'/2dw]7’/3[f1vl1[3dw]l/3
D

n
n—> oo n—> oo a3
D, D

(2.18)
= [f | qu*I3dw]2/3[ flvul3 dw]1/3

D, D.
i i

Therefore by (2.16) and (2.18) ,

S 19 Pae <] 1w Paw ¥ [ fvulPae)t/?,

D.* D.* D.
1 1 1

which is equivalent to (2.11) . This completes the proof of Theorem 2.1 .

SCHWARZ SYMMETRIZATION

This method of symmetrization is discussed in [30] and [33].

It is a limiting case of the spherical symmetrization discussed in

[30] and employed in [14] .

12. Schwarz symmetrization of open and closed sets.

3
Let G be a bounded open setin E~ . We define a second set

sle ata
PR

G , called the Schwarz symmetrization of G with respect to the

X3 axis , as follows : Let [I= n(x3) denote the plane through

3¢ 3l
(0, 0, x3) that is normal to the % axis. Then NMNG = 4 if and



only if NG =4. If ING# 6 and mz(nﬂG):A>0, take

s

ek
nnag to be an open disk of area A with center on the X3 axis.

3 38
If F is a bounded closed set in E , we define F as above

an
3

except in the second case, where we take [I N F* to be a closed
disk of area A with center on the X axis . If A =0, then QI HF**
is the single point (0, O, x3) ;

The prooffof some of the lemmas for Schwarz symmetrization
are similar to those of the corresponding lemmas for Steiner
symmetrization, with the plane I playing the role formerly served

by the line L . When this is the case, the lemmas will be stated

without proof.

......

'LEMMA 2.11. If E is the Schwarz symmetrization of a

52

3¢ st
bounded closed or open set E , then E is closed or open,

respectively,

to ats

LEMMA 2.12. If E  is the Schwarz symmetrization of a bounded

ek

connected (closed or open) set E, then E is connected,

e ot
3L

LEMMA 2.13. If E  is the Schwarz symmetrization of a bounded

of;

sesle
(closed or open) set E, then C(E ) is connected.
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13, Schwarz symmetrization of rings.

3
Now let R be a bounded ring in E” , and let CO and Cl be
the two components of C(R). Then R UC0 = C(Cl) is open , Co

5 .
is closed, and we define the Schwarz symmetrization ( ) of R with

respect to the X3 axis as

4

. sk
LEMMA 2.14. If R is a bounded-ring, then R is a ring.

The proof of this lemma rests in part upon Lemmas 2.11 to
2.13 and is analogous to the proof of Lemma 2. 6.

s
It is now our aim to prove that the ring R satisfies the

following extremal property.

ale e
AR

THEOREM 2, 2. mod R < mod R

Before coming to the proof of this theorem, we first study

some geometrical properties of Schwarz -symmetrized sets.

(5) Although the Schwarz symmetrization of R as a ring and the
Schwarz symmetrization of R as an open set (Cf. §2 12) are not
the same,for convenience of notation we shall let R'® denote the

former.
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14. Surface area under Schwarz symmetrization,

Suppose F is a compact set and ¥= 3 F its boundary. By

. 6
the Schwarz symmetrization () of £ we shall mean the set

sle ate alaals Vvl
38 =

b T = 3 F , where Fa" is the Schwarz symmetrization of F ,

As indicated in § 2.5 , each surface Z in the proof of
Theorem 2.2 is polyhedral, and none of the faces of ¥ is normal
to the X3 axis. For such a surfacs we can show that the surface
area is not increased by Schwarz symmetrization. This result was
proved by H.A. Schwarz in [ 34, pp. 327-35] . Alternatively, a proof

could be given along the same lines as that for spherical symmetri-

zation in [14] ,

LEMMA 2.15. If F is a closed polyhedron, if none of the

sk
faces of ¥ = 3F 1is normal to the x3 axis , andif F is the Schwarz

............
~~~~~~~

symmetrization of F , then ¥ =3 F  is a surface of revolution

whose area does not exceed that of .

We remark that the same proof shows that the area of the part
of ¥ between two planes X3 =P and X3 =P, s P < Py is not

increased by Schwarz symmetrization,

6

() Although the Schwarz symmetrization of &L as a boundary and
the Schwarz symmetrization of £ as a closed gset are not the same
(Cf. §2.12), for convenience we shall let T denote the former.
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15. Schwarz symmetrization of functions.

Let u = u(x) be a continuous real-valued function defined in
3
E  which is bounded above, and let the set of x where u< A = supu

be bounded. For a< A let Ga and Fa be the open and closed sets

of x on which u<a and u<a, respectively, and let Ga‘“ and

e ate
= s

_Fa' " be the Schwarz symmetrizations of these sets.

e otu
S8

We then define u = u (x) , the Schwarz symmetrization of

B3
u, as follows : Fix a point x . If xéFa for some a < A, we

set

e ste ste
5% Hesk

u *(x) = inf {a|x EFa }.

Otherwise we let u(lw(x) = A . Then we have

LEMMA 2.16, For each a< A = sup u , IT 1 Ga=.==.. and I ﬂFa'..-..

fa ut, ola ats
bR

are the sets on [] where u < a and u < a, respectively.

siecle
We remark that, as in the Steiner case, this shows that u

is continuous. Moreover, we show that u satisfies a Lipschitz

condition whenever u does.

ale uts
sesle

LEMMA 2,17, If u is the Schwarz symmetrization of u

and if

la(P)) - uP)| <M [P -P,|
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for all points Pl and PZ , then
.. L3 Ak
(2.19) [u Q) - u (Qz)l < MIQI-QZI

for all points Ql and Q2 .
ek R}
Proof: Fix two points Q,  and QZ with u (Ql) <u (QZ) ,

e . -
and let a,=u (Ql) and d = ]Ql -QZI . For (2.19) it is sufficient

to prove that

A
(2.20) u Q)< a, = a + Md.

Let x31 and x32 be the x3 coordinates of Q1 and Q2 ,

respectively. Let E1 be the set of points on nl = l'I(x31) where

u <_a11 , and let E2 be the set of points on “z = I'I(xaz) whose
distance fror;lmEl does not exceed d . As in the proof of Lemma

2.9, it then follows that u< a, at every point of E

2 2°
el ek . . ,
Next let E1 and E2 be the Schwarz symmetrizations of
desik
E1 and E2 , respectively. Then E1 is, by Lemma 2.16 , the
ek
set of points on nl where u ial . Moreover, since

ek sk
E, <{x|u iaz} , it follows that EZF c{x|u
L Kk , . ook
, and to obtain (2. 20) it is sufficient to show that Q2 € E2

f_az} . Hence

QIEE1

desk
Let H be the orthogonal projection of E1 on 112 , and let H
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als wls
se sl

be the orthogonal projection of El on I'l2 . Since EZ is the set

of points of H2 that lie within distance d of El , it is the set of

points of I'IZ that lie within distance ¢ of H , where

c2 = dz - (x32 = x31)2 . Now H  is equal to the Schwarz

symmetrization of H , and the areas of these two sets are therefore

equal. But then by the Brunn- Minkowski inequality ([35], p. 84),

r._>r

2 + c ,

1

.....
<5k

where T and r, are the radii of Ell and Ezﬁ‘ » respectively.

afe 3le

That is, E2 includes all points within distance ¢ from H , and
sk

hence within distance d from EI:M: . Thus Q2 € EZ " and (2.19)

is true,

16. Equimeasurability,

Let u be a special admissible function for R, and for fixed
a, O<a<_l , let £ be the set of x on which u=za. It a is not
one of the finite set of exceptional values 0 = a, < a, <...<a_ =1
assumed by u on the vertices of certain tetrahedra {T} (Cf. §2.5),
then ¥ is a polyhedral surface having no faces parallel to the
XX, plane,

ik
Now let u be the Schwarz symmetrization of u, and let
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12 ats
<3S

Di and Di' be the sets of x where a.i <u< ai+1 and

ek .
a. <u < a. respectively,
i it1 P y

1y ofs oPots
PR

Fix i, let p = p “(x) ke a real-valued function defined on
Dim‘ s such that p is nonnegative , continuous, and symmetric
with respect to the X3 axis. That is, the value of pw at a point

x depends only on r and x3 » where (r, ¢, x3) are cylindrical

P
XY

coordinates for x . Next, for each a, < ac< ai+l let ¥ and F
denote the sets of x on which u<a and U.M= <a; G
‘and G** the sets on which u<a and u** <aj; and Y
and 2** the sets on which u = a and u** = a , respectively. Then

F is a closed polyhedron and by Lemma 2.2 =93 F . By definition ,

ate ta Al ots
3838 3858

L =3F
Since each polyhedral surface ¥ has no faces normal to the

x3 axis , each nonempty intersection JI N T consists of the union
5

of a finite number of closed linear segments, Also JI N 2"\ consists

of a circle (perhaps degenerate) with center on the X4 axis. Hence

ats sty e
PR A 2hd

P assumes exactly one value on each nonempty intersection [IN z
Define a function p = p(x) on Di by requiring p to take this value

at each point of the corresponding intersection [I N T,

ale ats
538

LEMMA 2.18, I p,p are functions as defined above, then

.

p is continuous in D. and
i
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for all p> 0,

17. Proof of Theorem 2. 2.

Let R be a bounded space ring and R its Schwarz

symmetrization with respect to the x_ axis. We want to prove that

3
mod R < mod R or, equivalently, that
(2.21) ‘ cap R < capR.

Let u be a special admissible function for R , such that no
level surface ¥ of u has a plane face normal to the- X3 axis. Since
VYu = 0 in all but a finite set of tetrahedra, u satisfies a uniform
Lipschitz condition. By Lemma 2.17 this must therefore be true

also of u , so that u s ACL . As in the Steiner case, we see

N A ate fe ote ote
,,,,,, (33 3 3858 b

b¥ sk 4 5 3¢
that u is 0 on CO and 1 on Cl , where CO and C1

Nl
bxd

are the components of C(R'm) . Hence u  is admissible for the

ring R .

Let 0 = a; < a, <...< a = 1 be the finite set of exceptional

values for<a (Cf. §2.16), and let Di and Di>.~-.~ be the sets of x

e ate

and a, < u < a , respectively. As in the

on which .'a.i <uc< a,

it+1 i+l
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proof of Theorem 2.1, (2.21) will follow if we show that

. i SR 3
(2.22) J |vu | dw < I,vu, dw
D.:':;F b
1 i
for i= l) y n-1
Fix i; let -P:M‘ be a real-valued function defined on DiM‘ as

in §2.16, and let p be the corresponding function defined on Di .

We will show that

12 sle

T D.
i i

(223) _ Jr p:.::.:,vua::.:, dw i Jr.p ,vu| dw
D

Let the X, axis be partitioned into intervals I.k of equal

o,

denote the portions of ¥ and E’M ,

e ste
......

length § , and let Zk and ¥
respectively, whose projections on the X3 axis are contained in Ik .

Then by Lemma 2.15 ,

\\\\\\
K4

stz sle
,,,,,,

and equal on corresponding intersections [ NL and TN T for

a. < ac<a,
i it1’
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ale nts ala o,
lesle EX$

I p**do . lim J p**do*x hm L(ma ”)j do
" >

E-35
ek

e ? k Z

< limZ(maxp)Jdo lim VJ pdo = Ipdo

6—>0k z:k Ek 6— kzk T

Then making use of (2.24) and Federer's theorem [9] we achieve (2.23) .

ste ote

Now IVu‘M[Z is bounded, measurable, and symmetric with

ste
......

respect to the X3 axis. We can find a sequence of functions o, which
are nonnegative and continuous in Di """"" and symmetric in the X3 axis,

. : — - s 2 . sleske
and which converge boundedly to |Yu |  almost everywhere in Di

By applying HbBlder's inequality, Lemma 2.18 , and a limiting process
to this sequence of funétions exactly as in the proof of Theorem 2.1 ,
we are able to achieve (2.22) and thus to complete the proof of

Theorem 2.2 .

18. Extremal space rings.

An important type of ring R_ in 3-space is that for which both

3

components of C(R3) lie in a plane [l , say x3 = 0 , and for which

the configuration R2 =1 NR, is a plane ring.

3
If R, is a plane ring and C is the bounded component of C(RZ) s
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we say that R2 is metrically equivalent to the circular annulus

2
r,< |xl + ile < r, if the areas of C and RUC are mr, and

ﬂrzz , respectively,

The simplest form of plane symmetrization is point
symmetrization, which replaces the ring RZ by the circular
annulus to which it is metrically equivalent. The effect of point
symmetrizing a plane ring RZ is to replace it by a plane ring
RZ' such that mod R, < mod RZ' (Cf. [7]) . But this also replaces
R3 by a new space ring R3' , where C(R3') = C(RZ') ., and we shall

show that the plane symmetrization increases the space modulus

also. In the proof of this result we shall need the following

LEMMA 2.19. Let R3 be an unbounded space ring with

nondegenerate boundary components CO and Cl . Given £ >0,

there exists a bounded ring R which separates the components of

» C(R3) and for which

/2

(2.25) mod R3 < (1 +§& )1 mod R .

Proof: Since the boundary components of R3 are nondegenerate,

it follows by [26] that cap R3 >0 . Therefore, there exists a simple

admissible function for R3 such that
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3
(l+£)capR3>j ,Vu] dw .

R3

Now let Ei be the component of the setAof x where u=1,
i=0, 1, which contains Ci . Since u(x) =1 for |x| sufficiently
large, C(El) must be bounded.

Next, we see that EO and E1 are disjoint continua. Hence
by Lemma 3.5 of [15] there exists a ring R , with CO' and Cl'
as the components of C(R), such that 3C,' CE, ©C,' for i=0, 1.
Because R CC(El) , R 1is bounded. Since Ci CEi CCi' , R
separates the components of C(RB) . Finally, since 3 Ci' CEi s
u=0 on 3C_.' and 1 on aCl‘ . Thus u is an admissible function

0

for R and hence

capRﬁJ'.IVul:sdui J‘]vu]"’dw <{(l+&)capR,,
R R3

from which (2. 25) follows .

COROLLARY 2.2. Let R3 be a_3-space ring such that both

components of C(R3) lie in a plane [l and determine a plane ring

RZ there. Let R3' be the 3-space ring obtained by point

symmetrizing the plane ring R2 . Then
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mod R3 < meod R3' .

Proof: For convenience let II be the plane Xy = 0. We may
assume that mod R, < o, for otherwise [26] shows that both rings
have a degenerate boundary component, mod R3’ = 00 , and there
is nothing to prove,

Given € > 0, by Lemma 2.19 there exists a bounded ring R

which separates the components of C(R3) and for which (2.25) holds.

Now , since R is a bounded ring, we have by Theorem 2.2 ,

(2.26) mod R < mod R ;

where R is the Schwarz symmetrization of R with respect to the
X3 axis . But it is evident that R separates the boundary
components of R3' so that Lemma 2 of [14] yields

(2.27) ‘mod R~ < mod R,

Combining (2.25) , (2.26) , and (2. 27) , we have

ate
¥

mod R3< mod R < mod Ra -imod R3' ,

(1 +£_)'1/2
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and the corollary follows when we let & approach zero.
Now fix a, 0<a< 1. Inthe remainder of this section and

throughout Chapter III we shall let R_ denote the plane ring which

2

consists of the unit disk minus the symmetric slit -a< x < a,

-] -

X, = 0. By R3 . and R3 q Ve shall mean the space rings obtained

from R2 by rotation about the X, and X, axes, respectively

(See Figure 1), The ring R3 s " R3 s(aL) consists of the unit ball

minus the slit -a ixl <a, X, = Xg = 0 , while the ring

R3 q° R3 d(a) consists of the unit ball minus the closed central disk

|x’_<_a, xZ:O.

X

I
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The ring R is extremal in the following sense .

3,d

—

~
COROLLARY 2.3. Let R be any space ring consisting of the

unit ball minus a continuum C , and suppose that the projection of C

. . 2 .
on some diametral plane [I is ma in area. Then

(a) .

mod R < mod R3,d

Proof: For convenience let [I be the plane X3 = 0 . Suppose

ats
5

R is the ring obtained from R by Steiner symmetrization with

plane. Then it follows from Theorem 2.1 that

respect to the XX,

mod R < mod R . Now replace the continuum C by its projection

on the X, X, plane. This yields a new ring R' , and by the

monotoneity of the space modulus ([14], Lemma 2) mod R’ <mod R' .
Finally, Schwarz symmetrization with respect to the X, axis
replaces R' by a ring R3’d(a) consisting of the unit ball minus a

closed disk |x|<a, x,=0, for some a, 0<a<1l. By

3

Theorem 2.2 we have mod R' < mod R (2) , which proves the

3,d

corollary.

The ring R has the following extremal property.

3,s

COROLLARY 2.4. Let R be any space ring consisting of
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the unit ball minus a continuum whose diameter is 2 a,

0<a<1l. Then

(a) .

mod R < mod R3’ s
Proof: Let Pl’ P2 be points of C such that IP1 -PZI > 2a .
For convenience we may assume that Pl P2 is parallel to the X, axis .
Then Schwarz symmetrization of R with respect to the x| axis
yields a new ring R' and, by Theorem 2.2, mod R < modR'.
This statement follows also from Gehring's result on spherical
symmetrization [14, Theorem 1] or the work of Sabat in [33].
But R' is a ring consisting of the unit ball minus a continuum
C' which contains a segment p <x, <p+ 2a , Xy = X = 0, and if
C' is replaced by this segment a new ring R' results such that
mod R’ < mod R" .
Finally, Steiner symmetrization of R" with respect to the
| x2x3 plane yields R3, S(a) and, by Theorem 3.1, meod R" < mod R3.s(a) .
Because of the extremal properties of R3’ s and R3,d indicated
in Corollaries 2.3 and 2.4, these rings deserve to be studied further.

In the next chapter we shall derive the asymptotic behavior of their

moduli as a tendsto 0 andto 1 .



Chapter III

ASYMPTOTIC BEHAVIOR OF EXTREMAL RINGS

1. Introduction.

In this chapter we shall investigate the behavior of the extremal
rings R3 d and R3 s introduced in Chapter II (Cf. §2.18) . Our

first goal is the following result :

THEOREM 3.1. Let R2 be the plane ring consisting of the unit

disk minus the slit -a f_xl < a, X, = 0, and let R3,d and R3,s

be the space rings obtained by rotating R2 about the X, and x,

axes , respectively. Then

(3.1) mod R < mod R, < mod R

3,d 3,s

2

After this we determine the behavior of mod R3 d and

mod R3 g as a2 tends to 0 andto 1 . We show that
(mod R, , -log 1/a) and (mod R3 s - log 1/a ) are monotone
decreasing functions of a in the interval 0<a< 1, and we provide

bounds for the limits of these differences as a tends to O .

As a approaches 1, however, mod R3 d behaves like

-54 -
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is asymptotic to dZ[ log -i—-t—a—]-l/z H

/2

dl(l -:3.)1 , while mod R

3,s

d1 and dZ are bounded. Thus as a tends to 1, mod R3 d

approaches zero much faster than mod R , though these moduli

3,s

are of the same order as a tends to O .

2. Proof of Theorem 3.1.

Our proof requires the following result from [11] .

LEMMA 3.1. Suppose that y = f(x) is a continuously

differentiable homeomorphism of r < |x| < r, onto a space ring R,

2

1

that f(x) has a nonvanishing Jacobian, and that f(x) maps each

radius of r < |x|< r_ ontoa curve that is normal to the image of

1 2

each surface |x| =r . Then

r[' dr I:.'Z dr
(3.2) J Dl(f,r) - < mod R < J Dz(f,r) -

] 1
where, for r1 <r< r‘2 ,

3 | 3
N(x) 1/2 N(x)~,1/2
D (f,r) = min [—/7—— , D (f,r) = max | ——— .
x|=r |x|=r

Here J(x) is the absolute value of the Jacobian, and N(x) is the

stretching normal to [x| = r , that is ,
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. |f(x + px) - £(x) |
N(x) = pl_l_r_:o IPXT (p real) .

We shall obtain space mappings fd and fS of a spherical

annulus onto R3 d and R3 s respectively, and show that these

mappings satisfy the hypotheses of Lemma 3.1 . After this we
prove that DZ(fd’r) <1< Dl(fs, r) and finally apply (3. 2) to achieve

(3.1) .

The plane annulus A < lxl +ix, | <1 is mapped conformally

2

(See [6, p.28] or [27, pp. 280-95]) onto R, by the Jacobian elliptic

2

sine function
. . 1/2 . .
(3. 3) y, +iy, = f(x, +ix ) =k sn{i(u + iv) , k),
1 2 1 2
where

X, +ix
1" ) -1 K' 2
B — -1K,A--exp(4K ), k=a,

(3. 4) u+ iv = -zﬂ_i{- log

log (xl + ixz) denotes the principal branch of the logarithm , and

K=Kk = | [(1 - 2y (1 - K2eh) ]'1/2 dt ,

S

(3.5)

K' = KK'), k' =( -k5Y?2
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For our purpose it will be convenient to employ Jacobi's
imaginary transformation sn(iz, k) = i tn(z,k) ([5, p.37], [6, #125.@] ,

[40, p.505]) to rewrite (3. 3) as

1/2

(3.6) Y, + iy, = f(xl + 1x2) = ik tn(u + iv, k') .

We define the space mapping y = fd(x) from A< Jx, < 1 onto

. . <
R3,d by rotating A < ]x1+1x2] 1 and R2 about the X, and Y,
axes (See Figure 2) . That is, we let
1v = 1 = 9
(3.7) t + iy, f(s + 1x2) y @O .

where (s, 8) and (t, ¢ ) are polar coordinates in the X X4 and
Y1Y3 planes,- respectively.

From (3.7) and the fact that f is a plane conforfnal mapping
it follows that y = fd(x) has continuous first partials, and similarly
for the inverse x = fd_l(y) . Obviously the mapping is one-to-one .
Thus y = fd(x) is a continnously differentiable homeomorphism.

To determine the Jacobian J(x) of fd we note that the
stretching in each direction in a plane 0 = 90 is lf'(s+ix2)( , while

normal to this plane it is t/s . Thus J(x) :st— lf'(s+ix2) |2 , Where

x = (s, O, xz) in cylindrical coordinates. From the conformality of
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Flgure 2
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f it follows that J(x) # 0 whenever s # 0. But when s tends to 0
the ratio t/s tends to |f'|, and J(x) # 0 for all x.

Now let I be a fixed radius of A< |x| <1, and let y be the
curve in R onto which I is mapped by fd . From the sym'r}'xetry

3,d

with respect to the axes of rotation and the fact that f maps fea.ch
plane ring 6 = 90 ., A< |x| <1 conformally into the plane ¢ = 90 )
it follows that y is normal to the image of each sphere [x]|=r,
A<r<1l.,.

Thus the mapping y = fd(x) satisfies all of the hypotheses of

Lemma 3.1 , so that we are justified in using (3. 2) to find bounds for

mod R3,d .

Now Ni(x) = |f'(s + ix2)| , so that

: 3
N(x) 8 o .
T (x) t [f (s + 1x2)|
for each x . Thus
X
D ({(f,,r) = min ,—l—f'(x +ix)]l/2,
17d Ix.+ix_ [=r Y1 1 2
- x,+ix, [=
(3. 8)
X
_ 1, : 1/2
D2 (fd,r) = max | f (x1 + lxz) ’ .

o y
|x1+1x2]-r 1

Now by (3. 6) and the differentiation formula
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aslz— (tn z) = (dn z)/(cn2 z) (See [5, p. 9], [6, #731.10], [40, pp. 492, 3]),-

we have

1/2 i '
o _ 2K V/2)dn(u+ iv, k) |

mr cnz(u + iv, k')

while the addition theorems ([5, p.38)], [6, #125.01}) give

, 2K 1/2 | a’c?p® 4 k'4szc252]1/2 (l-SZdZ)
(3.9) ] = ok 2.2 2.2.2.2
c C +s8sdSD

and
2 2 2
v = G 1/2, sD-iedSC _ 1/2 Sd(c c®+ s°D%)
1 cC + isdSD 2?4 (24%62p2
(3.10)
: 2.2
g = k1/2 Re SD - icdSC k1/2 scCD(1 - S7d")
2 cC + isdSD 22, (2q%52pl

Here we have used the notation

2K r ., 2K r ., 2K r
= - - . = _— el ’ = —1 —’k' *
s sn(ﬂ logA,k), c= cnf - lOgAk) d dn(ﬂ TN )

(3.11)

s-en(Zy, c=enZE iy, poan(F-y. 0,

where (r, EZ - § ) are polar coordinates in the XIXZ plane,
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2 2 2.2

But using the identities C2 1-8 , D =1-k § ,

c2+ sZ=1, c2+kzs2

= da% (5, p. 9], [6, #121.00], [40, p. 493])

we achieve

2

c C +sD2 = cz(l -SZ)+s2(l—k SZ)

(3.12)

= (s2 + cz) - Sz(c2 + kZSZ) = 1 - Sz'd2 .

Hence from (3.9), (3.10), (3.12) , and the fact that

x| = r siny , x, = r cos § , there results

x 2 2 2 2
| Lg) - 2K [sian[C2D+k'4sc;]l/2,
Y1 L s d
(3.13)
X 2 2
l;—z-f'|=§"5|cos w][k'4 §2+ Zdz]l/z .
2 Cc”D

We wish to show that Dz(fd, r)<1, A<r<1l. For this it

is sufficient to prove that sup Dz(fd’ r)< 1. According to Landen's
r

Transformation ([5, p. 72], [6, #163.01], [40, p. 507]),

sc -1 2K r 1-k
(3.14) i (14k) " sn [ (1+k) - lOgK » TR ].

+

Since sn(u,k) is maximum when u= K (Cf. [6,#121.02,

- t
#122.02] , [40, p. 499] ) and because K (}Tll:—) = (l+k)%
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([5, p. 72], [6, #164.02], [40, p. 507]) we see that sc/d has
its maximum value (l+k)_l when log r/A =7 K'/4K = log 1/A , that

is, when r =1 . Thus

CZDZ 2.1/2
2 ] ’

(3.15) sup DZ(fd, r)z = sup ZTK (sin ) [ + (1 -k)

r ¥

2 2
Now by use of the identities C =1 - S , DZ =1 - kZS2

([6,#121.00], [40, p. 493]) we see that

CZD2 + (1 - k)ZS2 = (1 - kSZ)2

so that (3.15) reduces to

i 2
(3.16) sup D_(f ,r)2 = sup 2K (sin y) (1 -kS7) .
2°d n S
r Y

Suppose now we have proved

LEMMA 3.2. For each § ,
[ sin ¥
{3.17) 1 - k< [1 -k 11(-—— Y K] < 5o ZK

2K
== 0,k
sn ( - ¥ , k)

Then it will follow from (3.16) and the second half of (3.17)
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that DZ(fd, r) <1 for A<r<1, and by Lemma 3.1 we have
l‘ dr 1
(3.18) mod Ry ;< [ Dy(f,, ) & < log & = modR, .
A

The first half of (3.17) will be needed in § 3.4 . We postpone
the proof of this lemma and consider next the space mapping
y =f_(x) from A< [x[ <1 onto R, , obtained from the plane
mapping (3. 3) by rotating A < lxl + ile <1 and RZ about the

X and Y, axes (See Figure 2) . A proof similar to that given for fd

shows that fS satisfies the hypotheses of Lemma 3.1 and that

X
D (f ,r) = min I—Zf'(x +iX),1/2:
17s ,x +ix ’—r y2 ! 2
1 21
(3.19)
x
) 2 ., . l/2
D,(f ,r) = max lg f (xl+1x2),

,x1+ix2 |=r

Now f(xl+ix2) maps the half ring A < ]xl+ix2| <1, X, >0
conformally onto the semidisk ,yl + iyzl <1, Yy > 0 . Then by the
reflection principle, f maps the half ring A < lxl + ile <1/A ,

X, > 0 conformally onto the upper half plane Y, > 0. The inverse

mapping %, + ixz =f (y1 + iyz) therefore maps the half plane Y, > 0

conformally into the half plane x, > 0. Hence (Cf. [11, p. 149]) by
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7
the half plane form of Schwarz's Lemma ( ) ,

, . -1 %
lf(xl+1x2)' ﬁy ,
2
or
*2
(3.20) | — £ (x, +ix )| > 1
Y, 1 2° —

for A< |x1+ix2|<l/A, x2>0. But then Dl(fs,r)il by

(3.19) . Therefore Lemma 3.1 yields

1
mod R > [D.(f r)g£>lo 1/A = modR
3,s—Jls’ r = °8 = m 2"
A

But this inequality together with (3.18) gives (3.1) .

To prove Lemma 3.2 we make use of the Gauss Transformation

({ 5, pp. 72,3], [6, #164.01-.02]) to write

2K
l-ksnz(z—ls-w,k) 2K dn(-——lw,k)
2K L 1 n 1
(3.21) = s = — 7K ,
Sn("—lb.k) sn(— ¥ ,k))
1/2
2k 1 -k o _
where kl- T & . k1 17K’ and KI—K(kl)—(l+k)K.

Thus it is sufficient to show that

(7) Here (3.20) is a special casc of a general inequality of type
(4.9) , which follows from the theory of hyperbolic measure.
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2K

1
< csc Y < T
" dn(-Z"—K-w ] k) k

for all § ; here we have used (3.21) and then replaced k1 by k.

Since sn(u+K) = (cn u;/(dn u) and dn(u+K) = k'/(dn u)

([6, #122.03], [40, p. 500]) , substitution of § + % for § reduces

this inequality to the equivalent condition ,

2K
2K'K cn( =¥, k)

” - cos Y

( 3.22) <1

for all

The infinite product expansion for cnu ([6, #909.01],

[8, p. 74]) shows, if 0<k<1, that

cn ( Zﬂ—K ¥, k) lo's]
=00 A ),
cos Y n=l M
where (8)
A W) [ 1 - q?‘“'l]z 1+ Zqzncos 2 Y+ q4n
n 2n 2n-1 4n -2
1+gq 1 -2¢q cos 2 ¥ +q

(8) Here and elsewhere, unless otherwise specified, q represents
Jacobi's Nome q=exp (-1K'/K). As k increases from 0 to 1 .
q does likewise.
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Since 0< q< 1, obviously Anw )SAn(O) =1 for all § , and the
second half of (3.22) follows immediately.

But we observe also that An(w ) ZAn( %) for all §, so that the
function (cn ( Z—TI’{- ¥, k))/(cos § ) in (3.22) has itssmallest value
2
values snK=1, cnK=0, dnK=k' ([6,#122.02], [40, p. 499]) ,

1
the derivative I, Spu=-snu dn u ([6, #731.02],
)

when § = LA . We show that this minimum is 2k'K/7 . By the special

[40, pp. 492,3]), and L'HOpital's Rule, it is easy to see that

SRERY sn(2 9,10 an(2Ey, 10

li =22 - 2K
m cos Y om m sin Y S

T n
,p-—->2 gp—ez

This completes the proof of (3,22) and hence of the lemma.

3. Dilatations of a homeomorphism.

In order to obtain asymptotic formulas for the moduli of
R and R we need additional tools.
3,d 3,s
First, we introduce the concept of the modulus of a family of
3 e se
arcs in 3-space. A set ¥ in E~ is said to be an arc if it is
homeomorphic to a linear interval, If El and E2 are two sets

which meet the closure of a set £, then an arc y is said to join

E/ and E, in E if yCE and N E £ £, YNE, £6.
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Now let T be a family of locally rectifiable arcs in E3 . We
denote by F(TI') the family of density functions p which are non-

3
negative and Borel measurable in E~ and for which

(3.23) [eds >1
Y

for each arc y €T . Then following VHisHl4 [39] we define the

modulus M(T') of the arc family I as

(3.24) M(T) = inf f p dw,

where the infimum is taken over all functions pE€EF(T). (See also
[10] and [15].) Non-locally rectifiable arcs may be included in fhe
family simply by letting F( I') be the family of functions p for which
(3.23) holds whenever y €T is locally rectifiable.

We can now state the following lemma [11, Theorem 1]

concerning the modulus of an ar: family.

LEMMA 3. 3. SuEE‘ose R 1is a space ring and that T is the

family of arcs which join the components of 3 R in R . Then

(3. 25) cap R = (T
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3
Next suppose (1 and Q' are finite domains in E~ and that
f is a homeomorphism of 1 onto Q' . If R is a bounded space
ring with R C 1, then R' = {[R] is a bounded space ring with

R'<S Q' . The inner dilatation KI(f) and the outer dilatation Ko(f)

of the homeomorphism f are defined as

mod R mod R'
(3.26) K (f) = *9P mod R Ky(f) = R modR

L

where the suprema are taken over all bounded rings R with RcQ

for which mod R and mod R' are not both infinite. Then

K(f) = max (KI(f) ) Ko(f))

9

is called the maximal dilatation of (7).

We remark that if f is a homeomorphism of a ring R onto a

ring R', then it follows from Lemma 2.19 and (3. 26) that

mod R mod R'
(3.27) B 2 meawr 0 Kol 2 LGaR—

(9) Although K = K(k) and K = {if) are used to denote an elliptic
integral and the maximal dilatation of a homeomorphism, respectively,
the context will always make cle>: the meaning of K .
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It is important in our work to have available the so-called
analytic definition of the dilatations of a homeomorphism f .
Suppose that f is a homeomorphism of a finite domain Q in E .

For each point x € Q we let

f - f
y £ (x) = lim inf , {y) (x)l

Lix) = lim sup Lf) - £(x)]
y—>x IY - X,

y —> x IV-XI

(3.28)
m3(B')
J(x) = lim sup ———0 ,
r—>0 m3(B)

where B = B3(x, r) is the ball with center x and radius r , and
B' = f[B] . At a point of differentiability L(x) and £ (x) are just
the maximum and minimum stretchings under f, and J(x) is the

absolute value of the Jacobian.

LEMMA 3.4. Suppose that f is a homeomorphism of a finite

domain 0} CE3 . If f is differentiable with J > 0 a.e, in 0 and

if f is ACL in Q, then

3
Kl(f) = ess sup Z((T))% , Ko(f) = ess sup J(();))

x €0 x€ {0

This is lemma 1.1 of [15]
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4. Behavior of mod R3 d for small a .

Let us turn now to the study of the asymptotic behavior of

these extremal rings as a tends to 0 andto 1 .

THEOREM 3.2, As a function of a, (mod R, 4(a) - log 1/a)

is monotone increasing in the interval 0<a< 1 , and

(3.29) lim (mod R3 d(a) - log 1/a) = c, -
a—>0 ?

3 T
where 2logZ -4£clilog2.
Proof: Forlet 0<a'<a<1., If R is the image of
R3 d(:-1') under the (conformal) mapping y = (a/a')x , then
’
mod R3 d(a.') = mod R . Since R3 d(a) and 1 < [x] < a/a' are two

disjoint rings separating the boundary components of R, we see

from Lemma 2 of [14] that
' — !
mod R3'd(a) + log a/a < mod R = mod R3’d(a ),

from which the monotoneity follows (Cf. Lemma 6 in [14]) .
To obtain the upper bound v« make use of Theorem 3. ] , (3.4),
and the limit lim k2 exp (M K. X) =16 (Cf, [6,#112,04, #901, 00],

k—=>0
[8, p. 88]) to conclude that
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lim (mod R, , - log 1/a) < lim (mod R, - log 1/a)

a—>0 ! a—>»0
(3. 30) = lim [ = + log kl/z] = log 2 .
k=—>0

To obtain the lower bound we shall apply the left hand side of

(3.2) to mod R Thus by (3.8) and (3.13) we must determine

3,d”’

2 2 2
1
(3. 31) Dl(fd,r)'2 = min —,51n vl C D k'4 S ZC ] /2 ,
,x1+1x2 I:r | S d
where S, C, D, s, ¢, d have the meanings assigned in (3.11) . We

assert that the minimum is achieved, for each r, when Y= % . To

see this, we use (3.14), the identity snzz + cnzz =1 ([6,#121.00],
2.2

[40, p. 493]) , and the relation CZDZ + (1 k)Z 2. = (1-kS”)" proved

in § 3.2 after (3.15), to rewrite (3. 31) as

2.2
- 2 1
(3.32) D (f ,r)2 - 2K in |sin | [ (ks ) (1-k)% cn (z,k, "] /2
1'd m 2 1
S
2K r 1 -k
7 = — log = '=
where z = (l1+k) - ogA and kl 7 K
Then because sin Y is maximum when Y = 121 , it is clear from

(3.32) that it will be sufficient tc show that g(¥) = (sin P)(1 —kSZ)/S is

minimum when Y =% . But since g %) =1-k ([6,#122.02],
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[40, p. 499]) , it follows from the first half of Lemma 3.2 that

gw) = 22 o owe?) > 1 ik- gl

and we conclude that the minimum in (3. 32) occurs when ¥ = 121
Hence by (3. 31) ,
2 2K 2 sc
DiUgmd = = K5
and by Lemma 3.1 this means that
1
2K 1/2 p,sc 1/2 dr
] — —
(3.33) mod Ry 4 > k' (=2 j( )=
A
Later, evaluating the integral in (3. 33) , we will prove
LEMMA 3.5, For each a , 0<ac<1,
1 7 \1/2 1+k' |1/2 1-k'.1/2
(3.34) mod Ry 4@) 2 s (55) " [ K[Z=1" - K([—=-1"T 1,
where k = a,2 , k' = (1-a4)1/2 , and K = K(k) denotes the elliptic

integral (3.5) .
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Using Lemma 3.5 and the fact that K(0) = % , we now have
lim (mod R3 q log 1/a) > Ehm [log k +( /ZK([ sz ]1/2)]; ;L
a—>0 ? k—->0
(3. 35)
1 1+k' .1/2 n
=§ m [log kt+K([ —— ]/)]-Z .
k—>0
Now the limit lim (K' - log 4/k) =0 ([6,#112.01],
k—> 0
[40, p. 521]) gives
lim [log k+K ([ —— l+k ]1/2)] = lim [ log k + log 4[ ] 1/2 ]
k%O k—0
= lim log 4[2(1+k")]Y% = log 8

k—0

This result, together with (3. 35) , shows that

. 3 T
lim (mod R, d-logl/a)izlogZ-—

a—»0 ! 4
which is the lower bound in the theorem.
To prove Lemma 3.5 we need to evaluate the integral in (3. 33) .
By the half angle formulas ([6, #124. 02], [18, p. 120]), and the

identity dnzz + kz snzz =1 ([6,#121.00], [40, p. 493]) we may write
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sn(ill{— log—r-,k') 1 -dn(ﬁ logf-,k')
(3.36)  5S _ L A - L A
' d l+dn(2E og T k') 2
” EA

[}

4K r .
sn( - logA , k')

Now making the change of variables

2
(3.37) sn( 4K log =~ ,k') = t
" A 2
2 -t
we hav.: _
4K ro 2,1/2 1+k' 2.1/2
1 - dn( = log = ,k') [1 - —=—t]"° -[1-2%1+
m A 1/2 2 2
(3. 38) [ V2. '
k'2 sn(ﬁ log = k') k't
m N
and
(3. 39) S (LK) Ltk 2 ) 1z

When r = A, 1 then t=0,1, respectively, and by means of

(3.36), (3.38), and (3. 39) we may reduce (3. 33) to

1
1 /2 2 1+k' 2. -1/2
modR3,dzE(—-—2¥<)/ [J'[(l-t)(l-———z+ t%)] /2 4
0

-1/2

1
2 1-k' 2
-Jf'[(l 7)1 -t ) ] dt] .

0

Finally, consulting the definition (3. 5) of the elliptic integral

K = K(k) we arrive at (3. 34) , and the lemma is proved.
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5. Behavior of mod R3 for small a .
g ~—r Sma’’

THEOREM 3.3. As a function of a , (mod R, (a) - log1/a) is

monotone decreasing in the interval 0<a< 1, and

(3. 40) lim (mod R (a) - log 1/a) = c,,
3,s 2
a—> 0
here log2<c. <> log2+T
TEETE B etz oBet Y

Proof: The argument for monotoneity is the same as that given
in Theorem 3. 2.
To obtain the lower bound we make use of Theorem 3.1 as in

(3. 30) to conclude

lim (mod R

-log 1/a) >1lim (modR,-log 1/a)
a—>0

3,5 a—0

= log 2.

To obtain the upper bound we shall apply the right hand side of

(3.2) to mod R Thus by (3.19) and (3.13) we must determine

3,s
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where S, C, D, s, ¢, d are the functions defined in (3.11) .

We assert that this maximum is achieved, for each fixed r

when ¥ = 0. Because of the special values sn 0 = 0 , cn0=dn 0 =1

([5, p.9], [6,#122.01]), this is equivalent to the assertion that

2 2 2
(cos®y ) [k S;_ y -2 d

1 <
c2p2 2.2 2 2

for all yp .

By a simple rearrangement and use of the identity

cos Y =1 - sinzw , this becomes

2 2 2 2
(3. 42) wise  CD

We shall later prove

LEMMA 3.6, For each y§, .

2K
. v cn (—w nk)
(3.43) ZI;K < il

m
tan Y < e
- 2
sn(zﬂKw,k) K

Since D = dn(-zﬂﬁw k) > k' ([6, #121.02], [40, pp. 493,9]) , it

follows from (3. 43) that
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1
(3.44) C;—D tan § > Zk"K .

Then, comparing (3.44) with (3.42) , we see that to show (3.41)

maximum when ¥ = 0 it is sufficient to prove that

scC 2K
. -— < =
(3. 45) 3 < 7
-1
We proved earlier, after (3.14), that sc/d < (1+k) . Thus
(3.45) is implied by
(3.46) 1 < (1+k) 31:5- ) ?
The latter inequality, however , is trivial, since k >0 and K _>_% .
We conclude that (3.42) is valid, and that the maximum in (3. 41)

occurs for ¥ = 0, Hence

2 2K d
D, (. r) 7 sc

By virtue of Lemma 3.1 , this means that

1
2K /2 red 1/2 dr

n Jsc) T
A

(3.47) mod R3’s < |
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At the end of this section we will evaluate the integral in (3. 47) ,

thus proving

LEMMA 3.7. Foreach a, 0O<ac<1,

. 1,7 1/2 I+k'.1/2 1-k'.1/2
(3.48)  mod Ry (a) < o) " [K([—5-1" I+K([F=1"7) ],
where k = a2 , k'=(1 -a4)1/2 , and K = K(k) denotes the elliptic

integral (3.5) .
Then, by (3.48) and the same proof given in § 3. 4 after the

statement of Lemma 3.5, we achieve
T

- log l/a)i%log2+— s

(3.49) lim (mod R 1

a— 0 3’5

which is the upper bound in the theorem.

We remark tha‘; the bounds in (3. 40) were obtained by Gehring
((11, § 9] and [14, § 21]), the upper bound by a quite different
method. Our method has the advantage, however, of yielding not only
the limit (3.49) , but also an upper bound for mod R3, S(a) in terms |

v a (See Lemma 3.7) .

Proof of Lemma 3.6. By t' ~ infinite product expansion for

tn u = (sn u)/(cn u) ([6,#909.03 '8, p. 74]), 0 <k<l,
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tn( %(— ¥ ,k) 2K fo'e) -
where (8)
Zn
14q°® 2 1 - 2q cos 2y + g
An(w) = [ Zn] 2n 4n
l-q 1 +2q " cos 2y+q

Since 0<q<1, we see that 1 = An(O) < An(w).for all y .
Therefore
2K
t —
n( == k)
tan Y

> 2

this is the second half of (3,43) .

Moreover, An(lb) < An( 121) for all p . Using the special

value snK =1 ([6, #122.02], [40,p.499]) and the limit at the end

of § 3.2 we obtain

n( ZK v, k)
lim m = lim 05 ¥ - 1

'
" g_ tan ¥ " 121 en ZﬂK ¥, k) 2k'K

This establishes the first half of (3.43) .

Proof of Lemma 3.7. We need to evaluate the integral in

(3.47). Making the change of variables (3.37) we have
4K r 1-k' 2.1/2 1+k' 2.1/2
l+dn(——10gz,k') 1/2 [1-—-—2——1;] +[1-——2-—t]
(3.51) | 7 /

. - J =
sn(%logi , k') t
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Then , proceeding exactly as in the proof of Lemma 3.5, we
arrive at (3.48) by means of (3.47), (3.36), (3.51), and (3.39) .

6. Behavior of mod R3 d as a tends to 1,

THEOREM 3.4.

mod R {(a)

(3.52) lim sup Jz’d < % = 1.57
: a—> 1 [1-a]
and
mod R, (a) 31/2
(3.53) lim inf 2 > 7 = 0,288 ...

a—>1 [1'3]1/2-

Proof: To obtain the upper bound (3. 52) let ]f‘l be the family

of arcs in R d joining the components of aR3 4’ and let T be the

3
subfamily of circular arcs ¢ which are normal to the boundary

components. Since I"l 2T we have F(]:‘l) CF(I) and, by (3.24),

M( 1"1) > M(T). We will prove that

2
(3.54) M(T) > 32 2 _
l - a

Then, using Lemma 3.3 , tugether with (3.24) and (3. 54) ,

we will have
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2
M(T)) > M(T) > 3% .2

cap R 7 5
1 -a

3,d

By detinition (1. 4) of-tirve modulus, this is cquivalent to

2 2
2 4 P
(3.55) mod” R, g < ——_zd
’ P2y a a

Thin (3, 52) tollows dircectly 1rom (3. 55) .

To prove (3.54) let £ be the interscction of the planc

f

quadrant xl ~ 0 xz > 0 with the union uf the curves in T considered

as point sets, and let Q' be the image of @ under

I+ (x,+ix))
(3.56) ey fx tix,) - L ¢
: L U A B L 1 - (x

1 2 1+1X2)

‘ | 1
Then {1' is the quarter annulus 1 < iylﬂyzj <b-: ﬁ , y1>0, )’Z>0

(See Figure 3) .
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If g is the inverse of f, then

(Y1+1Y2) - 1
(Y1+1Y2) + 1

(3.57) x, + ix, = g(yl+1y2) =

and it is easy to see that

.2

2 ly iy, |7 -1

(3.58) lg'(yl+iy2)[ = 5 s X =
‘yl+iy2+1,

ly . +iy +1]2
1 2
Let p €F(I') . Then for each vy€T in 1 we have , by virtue

of (3.23),

3 3
(3.59) 15[fpds] = [J‘p']g'tds']
¥ y
- : [ : - : .
where p = p(x1+1x2) s P =p (y1+1y2) =p (g(yl+1y2)) » and
y ' =f[y], a quarter circle r = ro, 0<e< T, for some fixed T
1< r < b (See Figure 3) . Then an application of HBlder's inequality
to (3.59) yields
1/2 -1/2 2

(3.60) 1<[J‘p x]g,ds [j' ds']

y' y'

Using (3.58) we reduce (3. 60) to
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» 3
J pl xllgllzdsl i[‘jr( 2 > )1/2 ds'] 2
' ,y| ’yl+iy2| -1
(3.61) i

2 2
» 2 1/2 -2 2 -1

=[J (5—) /2, dp ] =5 r?_
0 r -1 m T

where (r, ¢ ) are polar coordinates in the yl+iy2 plane.

Next we see that

2m '
~ 3 3 3
(3.62) Jp dw ZZf(fp x, do ) d@ =41rJf'plx1,g|,2dcr.
3 0 O Q'

E

But by (3.61)

b
|3 2 ' ) |3 12 !
er xllg'l dog'= ~J.(Jp xl]g] ds') dr
Q' 1 5!
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from which (3. 54) then follows by taking the infimum over all

pEF(T) .

Next we obtain the lower bound (3.53) ., By (1.4) and Lemma 3, 3,

. 4q
3,d  M(r) °’

(3.63) mod‘2 R

where T is the family of arcs which join the components of 3 R3 d
in R3 q° Then if pc¢F(T),

M(T) gfp3dw

yields by (3.24) an upper bound for M(I'), and hence by (3.63) a
lower bound for mod R3 q-

Let (r, 9, XZ) be cylindrical coordinates in 3-space, r >0,

and define

(3.64) p(x) = Jl—za if Oi[leil-r, a<r<1,

L 0 elsewhere .
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If 9y € I" is an arc joining the components of 3R3 d (See

’ 2 2 2
Figure 4) then ds'Z =r do + dr2 + deZ >dr + dxz2 so that

) -
ds zz(ldr[ + ldx,, ‘) . Now let r1 be the smallest value of r on

y and let r, be the value of r where 4 first meets the surface
r+ [le =1 as we move away from the central disk in R3 d- Then

r <, and p(x) >2/(1-r,) on the partof ¥ where r + lle <1.

Thus
- r 1 r e
jpds > = jds > = [‘J fdr|+J]dx2]]
Y Y td Y
Z I-r, [(rpmr) + ory 0] =1,

and peF(T) .

Then
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J" p(x)> dw - J o(x)> r dr e dx,

E ,x‘(l
3 1 1-r
a l-r dx2 r dr 32 L
3.65 = 32nm + dx_, r dr
(3.69) I B e reos: ol R
r=0 x2:0 r=a x2=0
a 16 7 (1+2a) 48
- - + < .
32w log (1-a) + 7] 31 2) T
Thus by (3. 65) and Lemma 3.3,
2 1-a
>
mod 'R3,d 12
and finally
L mod R, 1172 31/2
llmlnf 1/2 i(l——z-) :g
a—>1 [l-a.]
7. Behavior of mod R3 as a tends to 1.
. l+a ,1/2
THEOREM 3.5, As a function of a, [ log T ] mod R3 S(a)
is monotone increasing in the interval 0<a <1, and
. l+a ,1/2
(3. 66) lim [ log T] mod R3 S(a.) =d,
a—>1 ’

where I/Zidf_q,
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_ m/2
(3.67) q = ‘r(sin t)
0

1/2 dt = 2.62 ... .

Proof: We first prove the asserted monotoneity. There

exists a MUBbius iransformation which carries R3 S(a) conformally
L]

onto the space ring R(b) consisting of the half space X, > 0 minus

a closed slit from 1 to b along the x, axis (See Figure 5), with

1+ a .2

(3. 68) b= [T3

X2
A
(00}
*" o
_—
R(p) P17
> xl
Figure §
X
3
The mapving
p-1 log b'

(3.69) g(x) = x|x] , p = Tog b
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is a homeomorphism of E 3 onto itself carrying R(b) onto R(b') .
Assuming for definiteness that 1 <b'< b , we have O0<p«< .

We now wish to determine Ko(g) so that we may apply (3.27) to
arrive at monotoneity. Given a point x , consider a plane containing
the segment 1 ixz <b, X =%y = 0 and the radius vector to x.
Let (r, ¢) be polar coordinates in this plane. In the radial
direction at x the stretching factor is then l Z—?_— | = p rp_l . In
this plane the stretching factor perpendicular to the radius vector at
x is | ;l.- :—g | = rp_1 ; this must also be the stretching normal to

: 3(p-1
the plane at x . Thus we conclude from (3.28) that J(x)=p ]x] (p-1)
-1
and L(x) = lxlp . Hence by Lemma 3.4 it follows that

(3. 70) K,(g) - o /2
Now
mod R(b')
(3.71) Ko(g) > m s

by (3.27) . Therefore (3.69), (3.70), and (3.71) vyield

[log b ]1/2 S mod R(b')
log b' — mod R(b)

1/2
Because we chose b > k' ti.,s means that (log b) / mod R(b)
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is a monotone increasing function of b . Since by (3.68) a and b

1+_a_]1/2

increase together, this shows that [ log - mod R,  increases

3,s
monotonically with a as asserted.

To obtain the upper bound in the theorem let E be the slit

lixzf_b » X =Xy = 0 and T' the family of arcs ¢' in

1< ]x, <b, X, > 0 which join E to the plane annulus 1< [xl+ix3,<b s

= 0 (See Figure 6) . Then Lemma 3.8 of [15] gives

*2
= 2"
(3.72) M(TY) - 2 log b ,

where q is as in (3.67) .
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Now let I be the family of arcs ¥ Jjoining the boundary

components of R(b) . It follows from Lemma 3. 3 that

(3.73) cap R(b) = M(T).

But since T"' D I'' we have F( I') €F(TI') and, by (3.24) ,

M(T)>M(T") . Making use of (3. 72) and (3. 73),we have

(3. 74) cap R(b) = M(T) > M(T') = 5’% log b .
q
Of course cap R = cap R(b) , since conformal capacity

3,5 '

1s invariant with respect to MbBbius transformations. Then from

(3.74), (3.68), and the definition (1.4) of the modulus of a space

ring one arrives at

2 2
2
(3.75) mod R = an < 2q - 9
A 3,s cap R ~ log b l+a
3,s log ——1 .y

From (3. 75) aad the monotoneity it follows that

l+a [1/2

0 < lim [log——]

l -a —

3,s

To evaluate the integral :; in (3.67) we make the change of
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variables
2 1.1/2 2 sin't
snlu, G)Y'0) = o
Then

-1
du = (2 sin t) /2 dt

1.1
and u=0, K ((E) /2) when t =0, 1, respectively. Hence

2
n/2 k(%)
q-= J:)(sin t)-l/zdt = 21/2 I du = ZI/ZK(( %‘)1/2) .
0 0

Now use of the tables [6, p. 323] or [24, p. 250] gives q= 2.62... .
To obtain the lower bound we use the same method as for (3.53)
in Theorem 3.4, Let (r, 0, xl) be cylindrical coordinates in

3-space, r > 0, and define

2 .
(1—_1-};,- if ril-lxll,Oi,xllia,

2
-a

(3.76) p(x) =J

(-

if ril-[xl,, ailxllf_l,

\ 0 elsewhere.
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If y¢I" is an arc joining the components of 3 R3 s (See

Figure 7) it follows as in the proof of Theorem 3.4 that

Jpds >

Y

and p €F(TI).

Then

J’"p(x)3dw: Jf' p(x)3rdrd9dx1

3
E lx‘<l
1 1-x
2 I dra 32 :
(3.77) - 327 j J L ;‘1+ "3J‘ i"rdrdxl
(1-x.) (1-a) '
x.=0 r=0 1
1 x,=a r=0
1 161 I+a 1
= ‘_+——-— —— -
lénlogl_a 3 <16n[10gl_a+ 3].

Thus by (1.4) , Lemma 3.3, and (3.77) we have
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2 4 1
mod R =
3,s M( r) 4[10 1+_a'+ l]
1- 3
and
lim log % modz R3 > % '
a—>1 a » 8

as asserted,

COROLLARY 3.1.

mod R (a)
lim 3.d = 0,

a— 1" mod R3’ s(a)

Proof: By (3.52) and (3. 66) we have

mod R 1+a ,1/2
Oﬁlimsup‘m’-ﬁZﬂlim [(l-a)IOgl—_?-] =0.
a—> 1 3,s a—> 1 a



Chapter 1V

THE COEFFICIENTS OF ELLIPSOIDS

1. Introduction.

In chapter III we introduced the inner dilatation Kl(f) and
the outer dilatation Ko(f) of a homeomorphism f . Itis obvious

from the definition that

-1 -1
(4.1) K/(f) = Kot "),  Kyf) = Kif ")

for each mapping f . Moreover, it follows from (4.1) and

Theorem 5 of [13] that
(4.2) K <K (0%, K. () < K1)’
. B <K ), olf) < SV

so that these dilatations are simultaneously finite or infinite, In

the former case, f is said to be quasiconformal , f is said to be

K-quasiconformal if the maximal dilatation K(f) (Cf. §33) is

bounded by K, 1 < K< o .

3
Suppose () is a domain in E  which is homeomorphic to the

unit ball, We set

_94_
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KI( Q) = i?f Kl(f) ) Ko( Q) = i?fKo(f) .

where the infima are taken over all homeomorphisms f of f}

onto the unit ball. These numbers KI( fn) o, KO( Q) are called

the inner and outer coefficients of quasiconformality of Q ,
respectively (Cf. [15]) .
From (4. 2) it follows that

&4

' 2 . 2
K(0) < K(2)", Ki(a) < K().

Thus these coefficients are simultaneously finite or infinite. In

the former case, Q is said to be quasiconformally equivalent to

a ball. A mapping f of a domain  onto the unit ball is said to be
extremal for the inner or outer coefficient if KI(f) = KI( Q) or
Ko(f) = KO( () , respectively.

The problem of extremal plane quasiconformal mappings was
first treated by Grbtzsch [17] , who proved that the extremal quasi-
conformal mapping of one rectangle onto another with vertices
corresponding in the same order is the affine mapping. As observed
by Ahlfors [2] , this actually shows that the extremal quasiconformal

10
mapping of one quadrilateral (" ) onto another is the composition of

(10) A quadrilateral is a Jordan domain with four distinguished
boundary points called vertices. Any such domain can be mapped
conformally onto some rectangle with vertices corresponding,
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a conformal mapping, an a_ffine mapping, and a second conformal
mapping. The work of Teichmlller [37] shows that there is a
large class of extremal guasiconformal mappings which are given
locally as the composition of such a sequence of mappings.

In view of this 1* is natural to ask if one of the extremal

_ : . . , , 2, 2 2, 2
quasticontormal mappings of an ellipsoid % Ja” + X, /b7 +
2. 2
X J¢ <1 wunto a ball is the affine mapping (yl 5 Yo y3) =
(xl/a, .\'Z,/b, xz/cs ) . W prove that for each coefficient of a prolate

cllipsoid the affine mapping is not extremal, and that the same is

true for the outer coefficient of all ellipsoids.

2 Hyperbelic density.

In our consideration of the prolate ellipsoid it will be
convenient to make use of the hyperbolic density (Sce [28], pp.45-51).
Let (2 be a simply-cornected plane domain, with more than one
boundary point 1in the € plane, and let w(f) Le a conformal
mappirg of G onto the upper half plane Im w> 0 . The element of

length dA (€} of the hyperbolic metric 1s

(4. 3) dax (€) = = J

and
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(4.4 plL) = p@. Q) = d—,:‘;—ﬁ

is called the hyperbolic density for Q.

The dehsity p( L . {1) is a monotone function of (- that is.

if QZC_QI ,», then o (L QZ)ZO(C' &21) for all ¢ QZ

The function p satisfies the differential equation

(4.5) Alogp = 4p
where A4 is the Laplacian differential operator
If £=2¢ (z) maps QZ conformally onto QC . then w(l(z))

maps ) < conformally onto Im w> 0, and it follows from the chain

rule for derivatives that p satisfies the transformation law
_ ag
(4 6) plz Q) = p@. 9 I3

3. The prolate ellipsoid

We consider first the prolate ellipsoid We prove

THEOREM 4 1. Let Ep be any prolate ellipsoid Then the

affine mapping of Ep onto the unit ball is not extremal for either
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the inner or the outer coefficient. In fact, both dilatations of

a prolate ellipsoid are bounded.

Proof: According to (25, p.177] or [27, pp. 295, 6], the

plane mapping

. . 1/2 2K
(4.7) y iy, = f(xl+1x2)—k sn( pn € .k)

. 2,2 2, 2 .
maps the ellipse %) /a” + x, /b~ < 1 conformally onto the unit

disk, where xl+ix2 =sinf and £ = a+if, K and K' are the elliptic

integrals defined in (3.5) , sn denotes the Jacobian elliptic

sine function, and

mK'
4K

(4. 8) a=cosht, b=sinht, t-=

If the x1+ix2 and vyt iy2 planes are rotated about the
real axes, there results a space mapping y = fp(x) of the prolate
ellipsoid Ep i xlz/az + xzz/bz + x32/b2 < 1 onto the unit ball. In
the next section we will consider the analogous mapping y = fo(x)

obtained from f by rotation about the imaginary axes in both

2, 2 2 2
planes ; fo maps the oblate ellipsoid Eo:xl/aa+x2/b2+ xi/a <1

onto the unit ball. (See Figure 8} .



Pigure 8
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Now if P, is the hyperbolic density of the upper half plane

= 0, then by (4.3) and (4.4) ,
. 1
P = plxy +ix,, ) = 5=
2

. >
Ql X, 0, X3

Next let QZ denote the semi-ellipse X 2/(cosh 21:)2 +

2
X, /(sinh Zt)2 <1, X, >0, Xy = 0 (See Figure 9) . By virtue

of the reflection principle, f(x1+'1x2) maps 6&2 conformally onto

the upper half plane >0, y,=0. Hence. by (4.6) the hyperbolic
P ) 3

1

density of QZ is

[f'(xl+ix2) ‘

Zy2

p2 = p(x1 + ixZ’ QZ):

Since QZ o Ql it follows then that everywhere in QZ ,

(4.9) = [£'] > 1.

. We remark that (4.9) is a form of Schwarz's Lemma (Cf. (3.20) ).

\\‘\ REEERNE S\ \ A‘\\\'

»—~31 sinh 2t
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We are now able to determine the dilatations of fp . By
the axial symmetry of the mapping it is sufficient to consider a
point x 1in the xl+ix2 plane. In every direction in this plane the
stretching factor is ]f'(x1+ix2)[ ,  while normal to the plane it is
yz/x2 . We note that YZ/XZ tends to ,f' l ‘as X5 tends to O

and so yz/x2 has a well-defined positive limit at each point of

the axis of rotation such that -cosh 2t < X < cosh 2t , and
| —
(xz/yvz)’f ] = 1 there.
By means of (3. 28) and (4. 9) we therefore see that L(x)= ]f' l R

4 (x) = yz/x‘2 , J(x) = (YZ/XZ) ‘f' ]2 . and Lemma 3. 4 gives

X X
2 2 1/2
.10 K (f )= = | = —£ |1 ,
(4 ) I( p) sup (yz £ 1), Ko(fp) sup(yzl )

where the suprema are taken over all points (xl, X5 0) in the

2 2
ellipse X, /a2+x2 /b2<l , x3:0, with a, b as in (4. 8).

From (4.9) and the differential equation (4.5) it follows that

P2 2 2

(4.11) A logu = Alog — = 4(p -p, )> 0
P, 2 1 7=

in QZ , where for convenience we employ the notation
X

(4.12) u=" ]
Y2
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Because of (4.11) and [38, Theorem II.18)], log u is

subharmonic in Q Consequently ([22, p.75], [38, Theorem II.12])

2 L]
the suprema in (4.10) must occur on the boundary of the ellipse

2 2
xlz/a + x2 /b2 <1, Xé = 0. In fact, by the symmetry of the

mapping f, it is clear that this maximum will occur on the upper

half of the boundary, namely on the arc y: X 2/3.2 + xzz/b2 =1,

x. >0, = 0 (See Figure 10).

22 *3
X
4“2
ib

Figure 10

Since B =1t = r#K'/4K on v, where x1+ix2 = sin(at iB) ,

/ 1
f(x1+ix2) = kl/z sn( %a + i%— , k) there. By the addition

theorem for sn ([5, p. 38], [6,#125.01] ) we have

1 —~ .
(4.13) flx. + ix.) = 1/2 8d + i CDsc
1 2 2 2
1 -8 D

on ¥y, where, in a notation similar to (3.11),

K' K'

s =sn{—=—,k'Y), c¢c=cn(=, k') , d=dn(

K vy,
2

(4.14)
S:sn(gﬂﬁa,k), C:cn(%f—(a,k), D:dn(zw—Ka,k) .
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But the special values {[6,#122.10), [18, p. 120])

/
/2 kl‘/2(1+k) 1/2 . d- K172 ,

(4.15) s = (1+k) . c =

2 2 2
and the iderntity k'S =1 - D7 ([6,#121.00], [40, p.493] ) reduce
{4.13: -0
) S+ i €D
T+ .
(4 163 f(xl+lx2) - k____zk_ _ (1+k)521 iCD
1 - =D 1+kS
l+k

Nex', an application of the Gauss Transforma‘tion

((5 pp. 72 3). [6.#164.01-.02]) to (4 16) gives

ZKl ZKI
(4.17; f‘xl+ix2) = snf - a, kl) + 1 on( . a,kl‘!
1
here ae venal K . ZEVZ
vy, where as usua 1 ° Ton cok T an
(4,18, K, - K(k,) = (14K , K.'= Kik.') - ‘1+ki =
’ 1 1 T 1 1 : 2

Ther bty the derivatives for the elliptic functiors
({6, #731.01-,02], [40, pp. 492, 3]) and (4.18) we have

ZKl . KI 2K
3 ZKl dn( - a’kl) [UE“E‘TF— a, kl) -1 osn{—=a, k] V]

m

cos {o+ it)
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By wsing the identity snzz + cnzz =1 ([6,#121.00], [40, p. 493])

we achicve simply

ZKI
2K dn(— a, k.)
' P 1 T 1
" [cos &+ sinh™t]

Bu o v ‘See Figure 10, x‘2 = Im sin (@ + it) = cos @ sinh t , and by

2K

4,17 \'2 oot —”—-a, k.l\ there. Consequently, everywhere on v,
ZKl

x 2 (— )

2 . K1 dn( L Q/’kl) cos a sinh t
(4,20 e o— uf'] - TR vi

v ' ! m 1 2 . 2 1/2

2 Cn(T— a/.kl) [cos a + sinh™ t]

By the special valuies ¢n 0 = dn 0 = 1 ([6,#122. 01],
[40. p. 493] ' we see that (4.20) reduces to ( ZKl/ﬂ ) tanh t when
@ 0. We will show that this is the largest value of u on v (See

Fig.re 10" . Bur this is obviously equivalent to

, 2K
dnz ——-1- o, k) 2 2
n 1 . _Cos ¢ cosh < 1
> ZK 2 _ ’
cn —"—l @, kl) cosza + sinh t
for =11 k, = -T< o< r , Where 1 = K But recognizing that
4 2 - =2 4K -
7K 77K1
— :4.18) , ard replacing kl by k , we see that this

1K 2K, by

e jaali‘y is equivalent to
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LEMMA 4.1. For all k , 0<k<1l, andall o, -

WSTE |
| A
R
IA

]
an( 2K a, k) cosza/ coshZ LAY
‘4,21, m 2K <
' or (Z—K o, k) ~o~Z + inhzﬂ' -
n p ; cos a + s 7K

Assuming Lemma 4.1 . whose proof we shall give later, we

heove by (4.10), (4. 18), and (4.20)

TR

2K TK '
2K K 1 1
Y = — tanl = tanh
KI(fp_ (1+k) . anh iK = an ZKI
/ 2K 7K. ' p
) 2K nK'.1/2 1 1 .1/2
Ko(fp) = [(1+k) - tanh 4K] = - tanh SR ] .

1

That these dilatations are bounded is a consequence of the limit

7K.
] tax:h 1
2K ﬂKl 2K
lim —— tanh = lim K,']|| lim — ] =
K. —> 1 2K, k.—>1 ' k-1 TK
1 1 ]
ZKl

We wish to compare the dilatations (4.22) with those of the

'.ral affire mapping gp of E  onto the urit tall. Here
p

- 2
gp(x) (xl/a, xz/bs x,/b)
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/ y . 2
we hzve Lixy o 1/b Lix)y = 1/a , Hx) : 1/ab
for the mappirg g ard by Lemma 2 4, (4,8). and (4.18) ,

. K.~
K «th mE coth i ]
R v IK T ZK,
‘4,23
K e 172 [Lop TE, L2 f orh"K1 ]1/2
et ~Oth —— - ot .
0'8p ' B YK ¢ 2K

Cemparing 4,220 a~d '4.23% we see that to show the affine

mapping ret extremal for either coefficient 1t 15 sufficient ro prove

2K nKl‘
(4.24; —— tanh < 1
, ; " 1 ZK] =
for =1l 0O ikl <D, withsericrinegualitv af 0< k., <1 . In fact,

we can show

LEMMA 4.2, For cach k. 0< k<]

, ‘ 1/
425, [ ék;;ﬁl ! 25 *arh

E£'<[
7K =

with s'reer aresaliy

0« k<l

The sccond half of (4,257 i« _ivalept to 4,243 | while the first

helfl will he mecde d 1 §4.4.
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Assuming these two lemmas_ the proof of Theorem 4.1 is
complete. We note that as k tends to 0 the ratio of the axes of
the prolate ellipsoid Ep tends to coth oo = 1 . that is, the prolate
cllipsoid degenerates to a ball. Our work here then shows that
(—':xc.ept'&%he trivial case each dilatation of fp is smaller than the
corresponding dilatatior of the affine mapping gp » SO that the affine
mappirg cof the prolate ellipsoid onto a ball is not extremal for either
coefficient.

2
Proof of Lemma 4 1. By the identities C2 =1-85 .

2 : .
D = 1-kz52 ([6,#121 00]. [40, p. 493]) (4 21) 1s reduced to showing
that

2 2 2 2 ,
(4.26) SZ((:os a + sinhz 2t -k cos « cosh 2t)

2 2 2
< <¢ous a+ sinh 2t - cos a cosh 2t
Here t and S have the values assigredin(4.8) and (4.14) .
respectively, so that 2t = gK'/2K . Employing the identities
.2 2 - 2 :
sin ¢+ cos a1 and 1+ sinh™ 2t = cosh 2t , we may rewrite
(4 26) as

2 2 2 2 2. - .2
Sz(sin @ sinh™ 2t + k "+ 0s @ cosh™ 21) < sin & sirh ™ 21,



~108-

- . , 2 . 2 .
A second use of the idertity C” =1 - 8% and a simple rearrangement

reduces this to the factored form

2>
id 27 k'Z corhz 2t < L tan2 «

Now for Lemma 4.1 to be true it is necessary and sufficient

that {4 27! held for the most unfavorable a . - g-ia i% But by
Lemma 3 6 .
1
9 tan o« > 2k’K
S — m
for all o . with equality when ¢ = 'Zl . Hence, because of (4.27) ,

‘4.21) is equivalent to the assertion that

4 2 coth T

fer each k, O0< k<1 .

Now we let g denote Jacobi's Nome exp( -7 K'/K) 1f

O0<k<1 ther 0 <g9<1, and it is easy to see that

l's}

5 rK' l+q T n
.29 .oth —=—— — 1+2

t4.29) c.oth 5K T q ;4
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Next, for the same values of k and q . it follows from the

Fourier series for dnu ({6, #908.03], [18, p. 286]) that 2K/=

has the following expansion as a function of q-

< n
(4. 30) 2K < q
T L T
n=1

Comparing (4.29) with (4. 30) we see that (4 28) is equivalent

to the inequality

(e 0] (6 o] n
(4. 31) Z q" < 22 -9
q
n=1 n=1

for 0<q«<1 But for these values of q and for n > 1 itis

trivial that

n
- 2n
1 +q

and (4 31) follows. This establishes (4. 28) and hence Lemma 4.1.

Proof of Lemma 4.2 In our proof we shall need to use both

(4.29) and
oo
nK'_l-q:l+—‘_nn
(4 32) tanh S22 = 173 2 ) (-1)'q
n=1

Next we appeal to [6 #1050.01,#1051.01] or [31, pp. 314, 315,

343] for the series expansions
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o 2
2K [1/2 - n
4,33 _ = 142
( ) [ " J 2 q
n=1
and
o0 2
2k' 1.2 = n n
(4, 34) [ pe J = 1+2L (-1) q

n=1

Each of thesc expansions is valid for the range of k and q under
consideration

By combining (4 29) and (4 33) we see that the second halt of

Lemma 4 2 is equivalent to the inec .rality

0 > o]
- T n T n
(4 35) /9 < /9
n=1 n=1]
0<q<1, with strict Inequality if 0< q <1 But for these values
2
of g qn < q_n tor each n > 1, and (4 35) follows Equality can

occur in (4 35) orly in the degenerate case q = 0 . that is, when k=0
By combining (4 32) and (4 34) we see that the other half of the

Lemma is ecquivalent to the inequality

2
(4 36) , -07 g > e g”
n~l n:=1
for each 0 <g <1 with strict inequality if 0 < q <1 But an

clementary induction argument shows that
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, 2 2
2n 2n-1 2n (2n-1
17 -q > qlem) L glentt)

for n>1 if 0<q<1. There is strict inequality unless q = 0.

This establishes (4, 36) and therefore completes the proof of Lemma 4, 2.

4. The outer coefficient of the oblate ellipsoid.

THEOREM 4.2, Let E0 be any oblate ellipsoid . Then the

affine mapping of Eo onto the unit ball is not extremal for the outer

!

coefficient.

Let Eo denote the ellipsoid xl Z/a2 + x22/b2 + :'<3Z/a2 <1,
where a > bt have the values assigned in (4.8) . To prove this
theorem for EO it would be natural to try a method analogous to
that used in the previous section. That is, let fo denote the mapping
of Eo onto the ball B obtained from the function f of (4.7) by
rotating both planes about the imaginary axes (See Figure 8) . We
show, however, that this method is unsuccessftl, and afterward prove
the thecrem in another way .

By the axial symmetry of y = fo(x) it is again sufficient to

consider a point in the x +i.x2 plane to determine the dilatatiors cf

1
fo . As in the previous problem the stretchingghere in the directions
of the X|: X,, X3 axes are lf" , [f'[, yl/x1 , respectively. As
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before, yl/x1 has a well-defined lim1t at all points of the axis of
rotation inside Eo . There are now two cases to he considered.

(i) If [f'l zyl/x1 at the point (x xZ,O) , then Li(x) = !f' ,:

l’
L{x) = yl/xl , and J{(x) = (yl/xl)lf’ ]2 , so that

3 x
Jx) Ly 42 Lix)" 1.,

(i) If ff‘lf_yl/xl , then 14x)::yl/xl . Ax) = |f'], and

x 3 x
Jx) . [_llf.“-l Lix) [_‘l‘,f‘l ]_2

By Lemma 3.4 we must therefore have

1, 10172
KI(fO) = sup max ( ;’1— !f , s [ }7'; !f. ” )
(4.37)
1o/ T el
KO(fO) = sup max ([ —ﬂ | £ l]l R [;’T [0 7,

where the suprema are taken over all points in the ellipse

2, 2 2, 2
X /a +xz/b <1, x3—0,

) ﬁ:'

NTEY

At the point Xy 7 cosh t, X, = X3 = 0 we have a =

(Recall that x, + ix sin (¢ + iB) ) . Thus by (4.19) , (4.18) , and

1 2

the fact that Yy = 1 here (Cf. (4.17)) we have
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xl ZK1 1TK1‘
(4. 38 - |f'| = —= k.' coth
h ) v, ] ‘ n 1 ZK1

at this point. Hence by (4. 37) and (4. 38) we know that

2K mK:
L 1. ] q-1/2
KI(fO) > p. k,' coth 2Kl J
(4. 39)
2K, Kyt
Ko(fo) > [—"—kl‘ coth ZKI ]~

Next consider the affine mapping

g (x) = (x,/a, x,/b, x;/a)

of the oblate ellipsoid EO onto the unit ball. At any point the
stretchings in the directions of the coordinate axes are 1/a, 1/b,
1/a, respectively. Since a >b we have L{x)=1/b, 4(x)=1/a,

J(x) = l/azb . Thus by (4.8),

2

3
__J(Xg % = coth t s I—_‘J(—z{—))—— = 12— = C.Othz t .
(%) * b

By reason of Lemma 3.4 ard (4, 18) this means tha*
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a,l/2 1 .1/2

Klgg) = (5777 = [eoth gz 177,

(4.40)

a "Kl|

Ko(go) =5 coth 2K1

In Lemma 4.2 we proved that
rK. ' 2k, 'K
tanh —2— > [—l—l— ]1/2

1

for each k1 , 0« kl <1 . But then from (4. 39) and (4.40) we see

that each dilatation of fo exceeds the corresponding dilatation of g, -

Proof of Theorem 4.2. The proof we present is based on the

work of Gehring and ViisHld [15] . We define a radial mapping
y = h(x) from Eo to the unit ball as follows . If P ¢ E , P £0,
then P has a unique representation of the form P = sQ , where
Q &aEO and 0<s< 1., For each such P GEO we define
(4.41) h(P) = " h(@), n@Q) =2,
[o}

where p is some fixed positive number, and we let h(0) = 0 .

Next for each Q € an let Y (Q) denote the acute angle which
the tangent plane at Q makes with the ray from 0 to Q , and let

¥ = min P(Q) for all Q €3E_ .
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To determine § it is sufficient, by symmetry, to consider

points in the plane x_ = 0, that is, on the boundary of the ellipse

3

2, 2 2, 2 .
X /a +x2 /b <1, x3-O.Atapo1nt Q—(xl,xz, 0) € aEO

the slope of the radius vector is xz/x , while the slope of the tangent

1
. . 2 2
to the ellipse is -(b xl)/(a XZ) . Thus

x,/x, + (bPx)/a’x) 2 ,
(4.42) tan P (Q) = 2 2 - 2,2 x.x
1-b /a 1 -b"/a 172

2 2
On the boundary of the ellipse we have, when X, =a /2,

2
2 2 b
Xl XZ = ZX

2. 2
lz(az-xlz) =ab /4.

o

On the other hand, replacing the geometric by the arithmetic mean

gives

3)1/2 <_l1 2

. b.1/2 a
2x %, = 2(7) b *223%1 Te*2

xl(

there and we conclude that the maximum value of XIXZ on the

boundary is ab/2 . From this and (4.42) it follows that

Y = arctan-—z-é—b?- = arcsin——z-?'ié
a -b a t+b .

Now take the exponent p in (4.41) to be
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(4.43) | p = siny = —>—; .

(4.44) KI(h)Z <2

Then from (4.43), (4.44), and the half angle formulas from

elementary trigonometry we have

2 2 2 2
(4.45) KI(h)Z ia_[%_tbz_]l/z ’ Ko(h)z <2 ga : M2
b 2a a +b

Now consider again the affine mapping g, of E0 onto the
unit ball. We proved earlier (Cf. (4.40)) that

al/2 a
(4. 46) K (g,) = (g) ) Ky(8,) = 5

But comparison of (4.45) and (4.46) shows that Ko(go) > Ko(h)
because a > b . That is, the affine mapping is not extremal for
the outer coefficient. The method gives no information about the

inner coefficient, since the upper bound for lﬁ(h) in (4.45) is larger

than KI(go) .
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" 5. The inner coefficient of the oblate ellipsoid.

In Theorem 4.1 we found that for the prolate ellipsoid

2, 2

E :x,  /a
p 1

dilatations

2 2, 2
+ X, /b2 + X3 /b7 <1 the affine mapping gp has the

_a _(yl/e2
Kl(gp) =5 Ko(gp) = (b) .

while the mapping fp showed that

KI(EP) = 0(l), KO(EP) = 0(1) -
as % tends to o . Thus for large % the affine mapping is very

far from being extremal,

The situation is similar for the outer coefficient of the oblate
ellipsoid Eo : X 2/a.2 + xzz/b2 + )(32/:;12 < 1. For in Theorem 4.2
we saw that the affine mapping g, has dilatations

Vo y1/2 _a
Klg,) = (& . Kylg ) = o

and we produced a mapping h of Eo onto the unit ball such that

1/2[ 2a°
a2+b2

AN

a
K,(h) < (D) .
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as tends to o ,

2
b
The problem of determining whether the affine mapping of an

oblate ellipsoid is extremal for the inner coefficient appears to be

much more difficult. For in this case Theorem 4. 3 below shows

that the inner dilatation of the affine map has the same order as

a
KI(EO) as b tends to o .

THEOREM 4.3, Let E0 be the oblate ellipsoid

2,2 /2

2
xlz/az +x,7/b" + x32/a <1, a>b. Then KI(EO)/(a/b)l is_

monotonically decreasing as a/b tends to o , and

lim __I—%ﬁ = A 3
a/b—> o (a/b)

where 0,47 iAil .

Proof: We recall from (4. 40) that

a . l/2

K(lg) = ()%,

where g, is the affine mapping of EO onto the unit ball. This

1/2

proves that KI(EO) < (a/b) , sothat A<1.
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For convenience we now assume, as we obviously may,

that b=1. To prove the monotoneity, let f. be any quasi-

1

conformal mapping of Eo = Eol(al) onto the unit ball, and let
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1 —

x'" = g(x) = (a.lxl/a2 . %y a.lx3/a.2)

be the natural affine mapping of Eo(az) onto Eo(al) , Where

a.2 > al( See Figure 11) ., Then y = fz(x) is a quasiconformal

mapping of Eo(az) onto the unit ball, where f2 = fl o g. Itis

easy to see by Lemma 3.4 that

1
K(g) = (az/al) /2 ,

and by definition (3, 26) there results

a
2 .1/2
(4.47) KI(fz) iKI(fl) Kl(g) = (;—)

KA(f) .
| 11

Taking the infimum first over all fz on the left and then over all

fl on the right in (4.47) we achieve

a, 1/2
KI(EO(aZ)) < (aT) KI(EO(al)) ,

from which the asserted monotoneity follows.
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Figure 12

We now obtain the lower bound in the theorem. Our method is
similar to an unpublished argument of Gehring and VHisHld . Let f

be any quasiconformal mapping of EO onto the unit ball, Let Ei

2 2

denote the arc of thé circle :»:12 + X; =a , X, = 0 which is

contained in the closed i-th quadrant of x‘2 =0, i=1,2,3,4, and

let ],"l and 1‘2 be the families of arcs which join E1 to E3

, , . : :
and E2 to E, , respectively, in E . Let L' = f[ ] (See Figure 12) .
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Now let H be the portion of EO which is included between

the two planes X, + X7 + a (See Figure 13), and let p be the

density function which is 1/ (¥Za) in H and 0 in C(H). Then



.
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for each ) € I"1 )

jpds > 1
"

and p € F( I'i) . Moreover, an elementary integration shows that

a/V2
m3(H) :Za—"- J (az-uz) du = 5}:2” a.2 .
0
where u = (x1 + X, ) / 21/2 Thus
m , (H)
> 3 3 5n
(4.48) M(T)) = M(T,) < [p dw= =
1 2 J 24/7‘&3 12a

Next, by Corollary 3,3 of [15] we have either

(4.49)  M(T') > v(l) or M(TL,') >v(l),

where for s > 0, v(s) denotes the modulus of the family of
arcs which join the segment -1 <x; < 0, X, = Xy = 0 to the

<, x,=x,=0 in the half space x, >0. Bya

ray s < x > 3 2

1

simple estimate based on the upper bound (3. 48) it is easy to show

that
(4. 50) vy > —2—
(4. 6)

Hence by (4.48), (4.49), (4.50), and Lemma 1.2 of [15]
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we have

M(L")
4.8
K f a—— s = 3 N
I( ) > rniax M ri) > (4.6)2 a i 1,2

so that
K(E ) = inf K (f) > (0.47) al/‘Z .
I o I -
f
Remark: Let T' denote the family of curves in EO

which join the axis -1 gxz <1, X) = X3 = 0 to the circle

2 2 2 . .
x) +x3 :a,xZ:O,andletr:f[r],whereflsany

quasiconformal mapping of EO onto the unit ball, In (3.14) of

. . . T2
[15] Gehring and VHis4l4 conjectured that M( ) > ;1-) , where
q is the value of the elliptic integral in (3,67) . If this conjecture
were true, then an argument similar to that given above shows that

the lower bound for A in the theorem could be improved to A > 0.63,

6. The general ellipsoid.

In conclusion we consider a general ellipsoid, that is, an

ellipsoid which is neither prolate nor oblate. We prove

THEOREM 4.4. Let E be a general ellipsoid., Then the

affine mapping of E onto the unit ball is not extremal for the outer
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coefficient,

Proof: Let 1 <b<a< oo andlet E denote the general

2

> + x32/b‘2 < 1 . The affine mapping

ellipsoid %, Z/az + x

y = el = (x/a, x,, x,/b)

of E onto the unit ball may be regarded as the composition of

two affine mappings -- an affine mapping

H — —_
x! = gl(x) = (bxl/a, Xy x3)

2
of E onto the oblate ellipsoid E0 : x'lz/b2 + x’z2 + x'32/b <1,

followed by a second affine mapping
— ! —_ 1 [ t

of Eo onto the unit ball (See Figure 14) . For this composition

of mappings we shall show that

(4.51) Ko(g) = Ko(gl) Ko(gz) .
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Figure 1L
For g the stretchings in the X Xy Xg directions are
1/a, 1, 1/b, respectively, and we obtain
2
(4.52) Ko(g) = ab .

Next, g1 has stretchings b/a, 1, 1 in the directions

of the coordinate axes, and since b/a < 1 we achieve
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(4.53) K,(g)° = a/b

In (4.52) and (4. 53) we have used Lemma 3. 4.

Moreover,as we proved earlier (Cf. (4. 40)) ,

4 2 2
(4.54) K, (g,)" = b

Then (4.51) follows from (4.52), (4.53), and (4. 54) .

Now let fz be the quasiconformal mapping of the oblate

ellipsoid EO given in § 4.4. Then the composition of g, with fz
is a new quasiconformal mapping h of E onto the unit ball.
Moreover, by definition (3.26) we have
(4.55) Ky(h) < Ky(g)) Ky(f,)

But in Theorem 4.2 we proved

(4. 56) Kolf,) < Kylg,) .

Finally, (4.51), (4.54), and (4.56) together show that

Ko(h) < Ky(g) Ky(f,) < Ky(g)) Kylg,) = Kylg) ) -
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so that the affine mapping of E onto the unit ball is not

extremal for the outer coefficicnrt,
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