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CHAPTER 1

NOTATION AND DEFINITIONS

In what follows,

[ x] denotes the integral part of a real number x:. [x]
is the largest integer not exceeding x.
<x> denotes the fractional part of x: <x> = x - [ x].
{n|P(n)} denotes the set of integers n such that the proposition
P(n) about n holds.
#{an(n)} denotes the number of elements in the set {nl P(n)}
. L 2mwix
e(x) i1s an abbreviation for .
B [ B)
= a if A and B are not integers, denotes z a, -
k=A k=[A] +1
A a, denotes A+ a .
@
> f(n) is an abbreviation for 2z f{(n) where n, is
n n=n,
sufficiently large that f(n) is defined for n > n .
J_(x)
n

denotes the Bessel function of the first kind of order n



0, o: f(x) = 0(g(x)) as x — a if é:i; is bounded in
a neighborhood of a. f(x) = o(g(x)) as x — a if
: f(x) , .
lim —— = 0. When not otherwise specified, a

x - a g(x)

will be o,

Re(z) denotes the real part of the complex number z.

c denotes an unspecified constant, perhaps different

on different occurrences.,

Uniform distribution modulo 1:

Given a sequence of real numbers {an} with fractional

< >
parts a >,
let
N b b
= <
n(a,) {m<n|a< <a > } .

If each subinterval of [0,1] gets its expected number of points;

that is, if

lim lN (a,b) =b - a
n n
n - Qo

for all a and b such that 0<a<b< 1, then {an} is said to
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be uniformly distributed modulo 1. We note that to show that a

sequence is uniformly distributed (mod 1), it suffices to verify

that

lim
n - o

1
= Nn(O, a) = a
for all a, 0 < a< 1, since

N (a,b) =N (0,b) - N (0,a).
n n n

Distribution function:

If

wla) = lim L N (0, a)
n n

n - oo

exists and is continuous for all o, 0 < a < 1, then we call w(a)

the distribution function for the sequence {a }.
n

Throughout, when we say that a function is increasing
(decreasing), we mean that it is strictly monotone increasing

(decreasing).



INTRODUCTION

The study of uniformly distributed sequences began with
Hermann Weyl's 1916 monograph [ 12] in which he established

Weyl's criterion, basic to most subsequent work:

{an} is uniformly distributed (mod 1)

if and only if

1 n

lim — Z e(ma ) =0
n k

n - oo k =1

for each positive integer m, where

Since that time, the theory of exponential sums of the type

n
z e (a

k) has been considerably advanced, notably by Vinogradov
k=1

(see, for example, [10])) because of its application to the problems
of Waring (representing an integer as the sum of kth powers) and
Goldbach (representing an integer as the sum of primes). In another
direction (the one in which this thesis lies), uniformly distributed
sequences have continued to be studied for their own sake, A
summary of results up to 1935 can be found in Koksma's book [ 5]

and work from then until 1961 is summarized in a paper of Cigler



and Helmberg [ 2 ).

We give two results which will be referred to later. The

first is Fejér's Theorem:

If f(x) is continuous and increasing such that

lim f(x) = oo, lim f(x)) x = 0, and

X = 00 X = 00

lim xf'(x) = oo, then {f(n)} is uniformly
X = @

distributed (mod 1).

The proof is adapted from P(Slya and Szego' [8] andis given
here because it illustrates some of the methods we will use.
Let F(t) be the function inverse to f(x). Then the three

displayed hypotheses of the theorem are equivalent to

lim F(t) = oo, lim F(t)/t = oo, and lim F )

t - t - oo t - o F(t)

=0,

Let

N(n, a) =¢F{m < n| <f(m) ><a} ;

to show that the sequence {f(n)} is uniformly distributed (mod 1),

we need only show, as noted above, that

(1) lim % N(n,a) = a
n—+ @



for all o, 0 < @< 1.

There is no loss of generality in assuming that f(x) > 0,

for discarding the finite range of values of x for which f(x) is

negative does not affect the distribution of {f(n)}. Thus we can
write
T
(2) N(n,e) = Z Ni(n,k, a)
k=20
where

N(n, k, @) =‘fm§n| k < f(m) < k + a}

and T 1is the integral part of the largest value that f(x) can

assume for x < n, namely T = [f(n)]. Letus fix n and assume

that f(n) is an integer, so that
T ={f(n) and n = F(T) ;

the error introduced by this assumption can be shown to be

negligible. We omit this verification as obscuring the outline

of the proof.

Since F(t) increases,
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N(n, k, a)

#{m <n | F(k)<m <F(k + a)}

[ F(k + a)] - [F(k)]

F(k + a) - F(k) + 0 (1),

where 0 (1) is a function of k which remains bounded as
.

k - oo, In this case,

| 0(1)] = |<F(k +a)> - <F(k)>| <1,

Since F'(t) increases, it follows that F(k + a) - F(k) increases

with increasing k, so

T T
(3) Z (Flk + a) - F(k)) = [ (F(x + @) - F(x)) dx
k=1 1

+ O(F(T + ) - F(T)) .

Noting that

T T + o
JF(x+a)dx = [ F(x) dx
1 1l +a

and that by the mean-value theorem,

F(x + a) - F(x) = 0(F'(x)),

from (3) we have



T l + o T+ a
(4) Z (F(k + a) - F(k)) =«f F(x)dx + [ F(x)dx + O(F'(T)).
k=1 1 T
Now
l + a

{ F(x) dx = 0(1)

and in the interval [T, T + a), F(x) differs from F(T) by an

amount which is O(F'(T)), so from (4) we have

(5)

M3

(F(k + @) - F(k)) = 0(1) + aF(T) + O(F'(T)) .

k=1

From this and (2) we see that

(6) N(n, a) = «aF(T) + O(F'(T)) + O(T)

an + O(F'(T)) + 0(f(n)) .

Thus, to show that (1) holds, we need only show that the error

terms in (6) are negligible. But

FI(T) _ F(T) | as T - oo,

n F(T)

By assumption f(n)/n—+ 0 as n —+ o and so from (6)

lim -11; N(n, a) =
n - o



and the theorem is proved.

The second result is the following:

{n0} 1is uniformly distributed (mod 1) if

and only if O is irrational,.

This follows from Weyl's criterion. We see that for m8 ¢ Z

n n . . 2rimné
T e(mk) = T (eZ'n'lmO)k - eanmO 1 - e2 — '
k=1 k = l - e v
so
n
2
(7) | = e(mko)| < S - 1
k=1 | 1-e | | sin wmo |

If @ is irrational, then for any integer m, m 0 is not an integer.

From (7),

ln
|H T e(mkO)| -0
k=1

as n— o for each m. If 0 = p/q, then for m = q, e(mk9) =

e(kp) =1 for each k, and

Z e(mk@) = n,
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so Weyl's criterion shows that {n@} is not uniformly distributed
{mod 1),

This was the first of the metric theorems on uniform
distribution, that is, theorems saying that a sequence {sn(x)}
is uniformly distributed (mod 1) for almost all x in a certain
range. In the line of descent which led to this thesis, the next
result is that of Koksma, who proved in 1935 that {xn} is
uniformly distributed (mod 1) for almost all x > 1., (Although the
theorem is true for almost all x, no example of a number x for
which it holds is yet known. Nor is any x > 1 known for which
{xn} is not uniformly distributed (mod 1), except for the trivial
case when x is an integer.) This theorem naturally suggests
investigating the distribution of {zn} in the unit square, where
z is a complex number. This was done in 1953 by LeVeque [7] .
in the course of showing that {zn} is indeed uniformly distributed
in the unit square for almost all z, there arose the question of the
distribution of {rn cos n@} or, more generally, {f(n)P(g(n))} for
periodic P. This was the first consideration of the distribution of
oscillating functions; the present work is the second,

In the general case, LeVeque obtained results when at least
one of the sequences {f(n)}, {g(n)} is lacunary-that is, when
there is a positive number §, independent of n, such that

f(n+1)/f(n)_>_1+6 (or g(n+1)/g(n)zl+6) for n=1,2,...
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Thus the rate of growth of lacunary sequences is at least exponential,
since f(n)z(1+ 6)n f(0). When neither f ror g 1is lacunary, a

result was obtained only for the special case P(x) = cos x, namely

j k
{n’ cos (ny)} is uniformly distributed
(mod 1) for almost all y when j is an

integer and j > k > 1.

In this paper, we extend and generalize this result. In
case k = 1, we remove the restriction that the multiplier of
the cosine increase as rapidly as n: we prove in Theorem 1
that if P is a periodic function satisfying certain smoothness
conditions, then {f(n)P(ny)} 1is uniformly distributed (mod 1)
for almost all y for any sufficiently smooth function f which
increases, however slowly, as long as f(x) = o(xllz).

Theorem 2 gives a partial result on the distribution of
{f(n) P(g(n))} where g(n), in contrast to the factor nk in LeVeque's
result, increases less rapidly than n. Each of the functions f and

g 1is required to satisfy the requirements of Feje/r's Theorem (Theorem

2 being based on it)so that, from the conditions lim f(x)/x =
X = 00

lim g(x)/x = 0, the functions increase less rapidly than x; and
X =

from the conditions lim xf'(x) = lim xg'(x) = oo, the functions increase
X - X = 00
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more rapidly than log x. In addition, the functions must satisfy
other conditions. As a supplement to this result, we show that
for smooth functions g, it is necessary to have some increasing
multiplier of the periodic function in order to have uniform
distribution (mod 1). In Theorem 3, we show that {P(g(n))} is
not uniformly distributed for a large class of functions with rates
of growth varying from barely increasing to exponential.

Then we attempt to improve on the result for the distribution
of {f(n) cos nky} when k 1is a positive integer. We show in
Theorem 4 that the sequence is uniformly distributed (mod 1) for
almost all y when f(x) is a smooth function whose rate of growth
lies between log x and xg. The restriction log x is inherent in
the theorem we apply to get the result; the restriction xg is
probably irrelevant, and arises from the method used.

We also remove the requirement in LeVeque's result that
) be an integer. Combining this with Theorem 4, we see¢ that
{nj cos nky} is uniformly distributed (mod 1) for almost all vy,
for all j except possibly those such that 9 < j < k,

From Theorem 1, in the special case P(x) = cos x, and
Theorem 4 in the special case k = 1, we have that {{(n) cos ny}
is uniformly distributed (mod 1) for almost all y when { is a
smooth function, increasing without bound, such that f(x) = o(xl/z)

(Theorem 1) or {(x) has rate of growth between log x and x9
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(Theorem 4), In Theorem 5, we show that {f(n) cos ny} is
uniformly distributed (mod 1) when {' is positive and bounded
away from 0. Theorems 1, 4, and 5 thus show that {f(n) cos ny}
is uniformly distributed (mod 1) for almost all y when { is a
smooth function increasing without bound, no matter at what rate.
In proving Theorems 4 and 5, we use a recently established
theorem due to Davenport, Erdos, and LeVeque [3] which is the
most powerful tool presently available establishing uniform distribution

almost everywhere. We quote it here for reference:

Theorem é__ Given a sequence of bounded and integrable

functions {sn(x)} on a< x<b, let m be a positive

integer,
1 N
S(N,x) == X e(ms (x)),
n n
n=1
and
® 2
I(N) = [ | S(N,x)| " dx .
a
If
= L(N)
N N

converges for each m, then {sn(x)} is uniformly

distributed {(mod 1) for almost all x.



CHAPTER 11

The Distribution of {f(n) P(ny)}

We will show that {f(n) P(ny)} is uniformly distributed
(mod 1) for almost all y when P is periodic and { smoothly
increases to infinity. More precisely, we supposc that P has

the following properties:

P is bounded and periodic with period p,
(A)

P is piecewisc monotone (that is, made up of a finite number of

monotone components), and differentiable on each monotone component;
at each interior point in a monotone component, some derivative
(n)

P of P is not zero. At the left-(right-) hand endpoint of each

component, some right-(left-) hand derivative of P 1s not zero.
The third condition insures that P is never too close to being a
constant-if it were, ihe scquence would behave like {cf(n)}, and it
can be shown that functions which increase slowly (so that

lim xf'(x) = 0) arc¢ not uniformly distributed (mod 1). We also
X 00

suppose that { has the properties

f increases without bound,
(B) f' decreases, and

£(x) = o(x'/?).

-14-
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Finally, we assume that
(C) y/p is not a rational number.

This excludes only countably many y (namely, rational multiples
of p), so almost all y are still included,

The plan of the proof is as follows. We can fairly easily get
information on the distribution of {BP(ny)} when B is a constant,
and we find that the larger B is, the closer the distribution is to
being uniform. We then approximate f(n)P(ny) by a step function
so closely that it and {f(n)P(ny)} have the same limiting distribution.

The proof is in a sequence of lemmas. Lemma | is a well-known
fact, included for completeness. Lemma 2 gives a criterion for a
sequence to be uniformly distributed (mod 1) if a nearby sequence
is. Lemmas 3-6 prepare for Lemmma 7, which asserts that the stegp
function approximating f(x)P(xy) is uniformly distributed (mod 1).
Lemma 8, a consequence of Lemmas 2 and 7, gives a complicated
condition for f{ to satisfy which suffices for {f(n)P(ny)} to be unitormly

distributed (mod 1) for almost all y. Lemma 9 shows that a function f

satisfies the condition of Lemma 8 if it has the properties listed in (B).
Lemmas 8 and 9 yield Theorem 1, which asserts that if (A)-(C) hold,

then {f(n)P(ny)} is uniformly distributed (mod 1) for almost all vy.
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Lemma L

If {ak} and {dk} are sequences such that lim d =0 and
k - o

Aak a1 % is positive and bounded away from zero, then

) n-1
— = (Aak)dk—»o
n k=1

as n — Qo,

Proof:

For any integer m, 1<m«<n -1,

n-1 m -1 n-1
= (Aak)dk= Z(Aak)dk+ Z(Aak)dk
k=1 k =1 k=m
m -1 n-1
< (max d) =z (Da )+ (max d) = (Aa).
- t k t k
l<t<m k =1 m <t< n k=m
If we put
D = max d ,
mn mit<n t
then
n-1
a

- - <cC ]
ki*:l(Aak)dk <cla_-a)+D_(a -a )<ca +D_ a
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(Here, as throughout, ¢ denotes an unspecified constant, whose
value may be different on different occurrences.) Hence

1 n-1 a

— A
a z ak)dk T c mn
n k=1

v

If we choose m = m(n) to be the largest integer such that

2
m iarlx/ , then lim m(n) = co. (If not, there would exist an
n -
. 1/2 C .
integer m_ such that a > a for all n. This is impossible,
0] m0+l n
for the relation Aak > c >0 implies that lim a, = ). Thus
k -
D - 0 as n -+ oo, so
mn
1 n- 1
C
[ <& — 4 = O
a z (Aak)dk - 1/2 Dmn (1).
n k= a

n
Lemma 2:

Suppose {xk} and {yk} are sequences such that -

lim (x, - ) = 0.

y
k—»cx)k k

Then if either sequence is uniformly distributed {mod 1), so is

the other.

Proof:

Let m be a positive integer and put
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N N
S(N)= X e(mx ) and S (N) = I e(my ),
x k=1 k Y k=1 k
2wimxy
where e(mxk) =e . Thus
N
J) - N) = - -
(1) Sx(l\l) Sy( ) kf:le(mxk)(l e(myk mxk)).
Let us put
N
(2) R _(N) = z |1 - etmy, - mx )|,

k=1

so that from (1),

[SN) - S (N} <R (N).

If we suppose that {xk} is uniformly distributed (mod 1),
then the necessity of Weyl's Criterion for uniform distribution
(mod 1) (s e the Introduction) yields

S_(N)
X

lim = 0 for each m,
N-—- N

To show that {yk} is uniformly distributed (mod 1), it is enough,

from the sufficiency of Weyl's Criterion, to show that
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(3) lim 1 R (N)=20 for each m,
N m
N- o

But since for any 6,

Il - e(mO)l 2 = 2(1 - cos 2mm0) = 4 sinzme,

we have from (2},

N
2| sin rm (yk-xk)l <Z2mm Z | Vi ~ X
1 k=1

R _(N) = .

M Z

o

Thus

N RmM <

and from Lemma 1 (with ak = k),

lR (N) - 0 as N — oo,
N m

(3) holds, and the lemma is proved,

We decompose a period of P into its strictly monotone

components P ,P_,...,, P

(see Figure 1). Since P' has onl
1’2 R g Y

finitely many zeros in each period, there are only finitely many

. of the Pi' We define x <1 Xp and to, e e tR’ as shown in

0"
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the figure, by letting x. 1Y and x.y be the endpoints of the
1 -

monotone component P and
i

t. = Plxy), 1=0,1,...,R.

A Period of P(x)

Figure 1
For 0<ac<, let
#
(4) N(B,n,a) = "{m<n| <{BP(my)) <a}.

Let w(B,a) denote the distribution function of { BP(ny)}:
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w(B, a) = lim %{N(B,n,a) ,

n — o

if the limit exists. We later show that it does exist by computing it,

Let

(5) N.(B,n,a) = 1t'b{m < n <BPi(my)> <a}.

{Since P‘i is defined only on the intervals (x y + kp, Xy + kp),

1-1

k=0,1,...,(5) could more precisely be written as

2
Ni(B,n,a)= {rn<_n| m e (xi_1y+kp, xiy+kp)

for some k and <BPi(my)> < a}) )

Let

. 1
(6) w(B,a) = lim = N /(B,n,a),

i n—- o n i

again if the limit exists, for i =1,2,...,R. We compute the limit
in Lemma 3. From (6),

R
(7) w(B,a) = T wl(B,a,

if all the limits in (6) exist. We will consider ul(B, a); each of

the other terms in (7) may be treated similarly. We suppose that
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Pl is (strictly) increasing on (xoy, xly). At the end of Lemma 4,

we will show that the assumption that Pl decreases would not change

the final result.
Lemma 3_

With the above notation,

Bt -1
1 -l it
B = -~ _—
w (B, a) i=let > Py g

-1 i
, )-P (gD M (B),

where 1lim ['(B) = 0, for all a.
B—- oo

(As noted in the section of notation, if the limits on a sum

: B _ _[B])
are not integers, then ZA = E[A] + l.)

Proof:

Suppose for the moment that Bt and Bt are integers,

In that case,

N, (Bna) = #{min| <BP1(my)> < a)
(8) Bt, -1 .
= Z {minliiBPl(rriy)<i+a}.
i=Bt_

Since

- my my - my
Pl(my)—Pl(p[p ]+p<p>)—P1(p<p>)
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and Pl exists and is an increasing function, (8) becomes
Bt -1
! +# i m 1+«
N (B,n,a)= T (m<n]= <P (pd{ L) (< }
1 . - B — 1 P . B
i= Bt
0
(9) Btl-l
-1 i 1 -1 i+
- Flmen] L P (2)< my><— Pl i )y,
. - P B " — p 1 B
1=Bt0 | i

Assumption (C) asserts that y/p is irrational, so (as noted in the

Introduction), {ny/p}

is uniformly distributed (mod 1). Recall

that for a uniformly distributed sequence {ak} ,and 0<a<b <1,

. 1 # _ .
:Too"—‘ {min|a5_<an> < b} =b - a;

hence dividing by n in (9) and taking the limit as n—+ oo, we get

w,(B,a) = lim 1 N. (B, n, a)
1 n 1

n— oo
(10) Btl-l
1 -1 itea -1 1
== - (P (- )-P ().
i=Bt_ P
0
Hence if Bt0 and Bt

| 2are integers, the conclusion of the
lemma holds with the error term ['(B) equal to zero. In case

Bto and Bt1 are not integers, we consider the sum in (8) between
the limits [Bto] +1 and [Btl] - 1. This introduces two errors,
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which give rise to n (B):

[Btl] -1
(ll\ Nl(B,n,a) = b2 #{m in| i< BPl(my)< i+ al
i=[BtO]+l

+ EO(B,n,a) + EI(B' n, a),

where EO(B,n,a) is the error committed by ignoring in the sum
the portion of the graph of BPl(x) lying between Bto and

[Bto] + a. EI(B' n,a) is the similar error near Btl. We will first

consider EO(B, n, a).

Define /00 = /OO(B)' as shown in Figure 2, to be the number
such that BPI((xO +/Oo)y) = [Bto] + 1. As B increases, the common
length of the intervals (xoy + kp, (xo + /Oo)y + kp), k=0,1,...,
decreases, and hence these intervals may be expected to contain fewer

integers. To show that the number of integers is negligible, we first

show that

(12) lim O _(B) = 0.
0
B— oo
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[B t,] +!

Bt, |- e

BPl(x) between Bt_ and [Bto] +1

0
Figure 2

Because we have assumed in (A) that at each point of each component

some derivative of P is not zero, there is a smallest integer r

(r)
1

b4

r > 1, so that P (xoy) # 0. Hence by Taylor's Theorem,

r+1

- (r)
Pr gy * Qy) - Pylxgy) = Pl Xyt epy

(/be)r
r 1

But from Figure 2,

Bto 1
= — + = =
P (x4y) 5 2and Plxgy+pv)= 5 ([ BtO] + 1),

SO
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[Bto] +1 - Bt

B(Pl(xoy +/00Y) - PI(XOY))

¢ Bog (1 +/0,).

The left-hand side of this equation is bounded above by 1, so

cBpy (1 + L)<,

whence

1
PO < ——
0-= cB”r

and (12) holds.

We now get an upper bound for EO(B, n,a) in terms of /00.

We note that E_ is zero if [BtO] + a < Bt

0 for then no integer m

0’

satisfies

Bt < BPl(my) < [Bto] + a.

In the contrary case, the error is

#

{m < n| Bt 5Bpl(my)<[BtO]+a} ,

0]

and so an upper bound for EO(B, n,a) is given by this expression

with o = 1:
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EO(B'n'a) < EO(B’ n) = #{m < n|Bt0 < BPl(my) <[ BtO] + 1} .

From Figure 2, we see that

_ ¥
EO(B, n) = {m in'xoy + tpimyi(xo +/OO)Y t tp

for some integer t} .

If we set

then

2
EO(B, zny) = {m< znyl zy<my<zy+Quy for some t}

7+
(13) EO(B, zny) = {m< zny| z <m<z +/00 for some t}.

Note that t can assume only the values 0,1,...,n. Since

lim /OO(B) = 0 and we are interested only in large values of B,
B - o

we may assume that vy /00 < 1, so that each of the intervals in
Figure 2 has length less than 1. We also suppose that /OO < 1,

In (13), we considered the positive integersup to z y to see how
n
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many of them fell in the specified intervals; if instead we look at

the intervals and see how many of them contain an integer, we see

that since each interval has length smaller than 1 and can contain

at most one integer,

H* .
(14) EO(B, zny) = {t < n| z, <m< z, +‘/00 for some integer m} .

Now {kp/y} is uniformly distributed (mod 1) and {xo + kp/y}, being

only a translation of it, is also uniformly distributed (mod 1}). Thus

from (14),

and

Hence

and since

*
EO(B, zny)= {t<n| (zt7 > 1 -/oo}

1
. EO(B,zny) -/OO as n - o0.

. EO(B,zny) ‘ n EO(B.zny)
lim —z———— = lim Z n ’
n—+ ny n — oo ny
n n 1
= - - as n - o,
zZ Yy xoy + np P
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it follows that

, EyB.z v) 0
1im =

n—+ Q@ zny P

Since the numbers 2, are uniformly spaced along the axis, it

follows that EO(B, n)/n also approaches /OO/p: let k be the

. < < .
integer such that zk . 1y <n zky, then

. E)(B,z,y)  E(B,n) ~ |E B,z y)- E (B, n)]
1lim > - i lim >
n-+oo | ky n n— oo k-1 y
z y-n iz, -z )
. k ) k k-1
511m —_— < Iim
n-o “k-1Y n-o Y%k-1
= lim x—p+— =0
n - a Oy np

In the same way, if we define /01 = pl(B) to be such that

P, ((x; - 0,)y) = [Bt ],

then we can show that

(15) lim /O (B) =

B—+ o

1
o

and
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EI(B' n)

lim _ =

1
n-- o n P

It thus follows from (11) that Lemma 3 holds with
1
0« < — + .
< [M(B) < S (P + )
From (12) and (15) we see that

lim ['(B) = 0,
B—+ o

completing the proof,

Lemma _4_

(16) lim o (B,a)= = (x.y - x y) .
B—-w 1 P 1 ©

Proof:

Pl is differentiable in the interior of the interval in which

it is defined, so for [BtoJ +1<t<| Btl] -1, Pil(t) is differentiable.
From Lemma 3 and the mean-value theorem we have

Btl-l
(17) wl(B,a)z P

1-—-Bt0

iR

d -1
S Pl o+ MB)

o[~

5.
1

where i/B < 3 < (I +a)/B. But (17) is an approximating sum for

a Riemann integral:
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t
a 1, d
P ‘rto(dt P

l(t)) dt + lim [ (B)

lim wl(B,a) =
B—- o

B—-

_a -1 -1
5 (P, (t)) - P "~ (t))

=2 x_y)
-pxly OY!

so the lemma is proved, under the assumption made just before
Lemma 3 that P1 i1s an increasing function. If we had supposed

Pl to be decreasing, then P;l would also have been decreasing

and (9) would be

—>» A
T
Decreasing Pl(x)
Figure 4
Bto-l
- # L p-lite <ﬂ lpld
(18) N (B,n,a)= = {m < n| 5 P (g > <3P SUR
i= Bt

1
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The errors EO and E1 would be handled similarly, and the

conclusion of Lemma 3 would be

Bto-l

_ 1, -1 i -1 ita
oBie)s SR (5)- P N+ M (B),
1

where M (B)—= 0 as B — oo. We would proceed in Lemma 4 to

get the analogue of (18),

t
d -
lim o (B,a)=-2 1% (5 Pl (t) at
B-—+ a P 1

. _a -1 _p-l
= - S AP (t) - PL())

= (x x.Y)

which i1s the same as the conclusion of Lemma 4.

In the same way as we got (16), we can show that

(19) lim w, (B, a) = ot (x.y - x
i p i

oY)
B— oo

1

for i =2,3,...,R, irrespective of whether P_ increases or
i

decreases.

From (19) we get
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Lemma 5_

(20) lim w(B, a) = a.
B—- o0
Proof:
Since
R
w(B,a)= T wi(B,a) .

1

1

we have from (19) that

R
lim w(B,e)= £ T (xy-x. .y
. 1 i-1
B-—- o0 1=
(o]
=5 (ny -xoy)

and XpY = XY = P.
Before going to the next lemma, we introduce the idea of

the discrepancy of a sequence. The discrepancy is a measure of

how closely the distribution of the first n terms of a sequence
approaches the distribution of the entire sequence. Let {ak} be

a sequence with distribution function w(a), so

m<nl <ay <a).

S

w(a) = lim
n-— oo
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The discrepancy, D(n), is defined by

(21) D(n) = sup D(n, a)
0 <a< 1
where
22 D(n,a) = L <a > <a)
(22) (n,a) = = m < nl am a} - wla).

Note that lim D(n) = 0,
n— o

For later purposes, we need an upper bound for the discrepancy
of the sequence {BP(ny)}. This can be made to depend on the
discrepancy of the sequence {ny/p} for which estimates are known.

Such an estimate is given in the next lemma.

Lemma 6:

If Nj(B, n,a) is defined as in (5) and wj(B,a) as in ( 6), then
(23) NJ(B) n, Q) = an(Bv Q) + O(Bn§ -n ,‘l' (B)y

for any & > 0 for almost all vy, r‘; (B = 0 as B — oo.
Proof:
We consider the case j = 1; the others can be handled

similarly. For a uniformly distributed sequence (mod 1), {no},

from (21) and (22) we have
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#{minl a§<m0> < b}
=#{min| 0 < {m@) < b} -#{minl 0 < <mo)< a}

= nb + nD(n, b) - na - nD(n, a)

= n(b - a) + clnD(n),

where 'cll < 2, Applying this to each term of the sum in (11},

we have
'it{mﬁnl i iBPl(my)<i+a}
# Lp-liy (my\ (1 p-lita
(24) —{mgnlppl(B)g<p><pP1(B )
_noprlitey | pl(i
"3 (P, (=) - P, () +c nDn).

We now get an estimate for D(n), the discrepancy of {ny/p},

valid for almost all y.

As in [5, page 27], let E be the upper limit of numbers £ > 0
for which the irrational number 0 admits the approximation 1/tQ

(that is, for which the inequality

A
Q

has infinitely many solutions in integers p and q). Let ,2 = E - 1.

If IZ < oo, then 0 is said to be of type Irz . A well-known theorem of
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Khintchine [ 4 , or 5, page 47) asserts that the inequality
1
0 - B &
| q | af(q)

has infinitely many or finitely many solutions for almost all @

according as Ioo dx/f(x) diverges or converges. Since foodx/x = oo,
2 +
almost all @ admit the approximation 1/t . Since foodx/xl <

for all € > 0, almostall 0 do not admit the approximation

l/t2+€

, for € >0. Almost all irrational numbers are therefore of

type I1. Itis known [ 5, page 103] that for all 0 of type I1,
1+ 6

D(n) = O(n" ) for & > 0.

Applying this and summing the right-most member of (24)

over i from [Bto] +1 to [Btl] -1, we get from Lemma 3,
m (B,a) - n ["(B) + o(Bn®).
The left-most member of (24), summed over i, is, from (10),
Nl(B,n,a) - EO(B,n,a) - EI(B’ n, a).
Since 0< EO(B,n,a) + EI(B,n,a) <n [1(B), we have

Nl(B, n,a) = nwl(B,a) -n I"l (B) + O(Bné)
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where q (B) -0 as B — oo. This gives Lemma 6.

As an immediate corollary of Lemma 6, we have, summing

(23) over j =1,2,...,R,
(25) N(B,n,e) =nw (B,a) - n rl2 (B) + O(Bn6)

for almost all y. \"'2 (B) -0 as B - oco. The y for which (25)

does not hold are those such that y/p is a rational number or is

closely approximable by rational numbers (that is, not of type I1).
We now define a step function which closely approximates

f(x) P(xy) and show that it is uniformly distributed (mod 1),

Lemma 7:
Let {ak} be a sequence of numbers such that

Aa
. . k
a <a,< -, lim Aak=oo, and lim — = 0.
k - oo k- o k

Let f be an increasing function with lim f(x) = cv. Suppose that
X = 00

for & > 0 sufficiently small, lim nf(an)/arll.6 = 0, Define g by

n—+

g(x) = f(ak) P(xy) when a, <x< a4

k=1,2,... . Then {g(n)} is uniformly distributed (mod 1)

for almost all vy.



-38-

Proof:

Put
#
N'(n,a) = {m < n| {g(m)) < a}.

We will show that N‘(an,a)/an—— a as n — oo, and then that

N'(n,a)/n also approaches o as n — co. Now

N.(an,a): z— #{akim<ak+ll {g (m)> < a}

k=1
n - 1#
(26) =k:):l {a,cmeca | (ita) Pmy)) <o)
n-1
= X M(a, , a , a), say.
K= k k+1
Note that from (4)
M(a,a, , @ = Nf(a), a,, |, @) - N(f(a,), a, a),
so from (25)
6
M(ak, a, 1’ a) = ak+ 1c,o(f(a.k), a)+ O(f(ak) aL . 1) + ak+ 1["'2 (f(ak))

o
- akw(f(ak), a) + O(f(ak)ak) - akr"2 (f(ak))

6
k+1

i} a, w(f(ak), a) + O(f(ak)a ) + Aak r‘l(f(ak)).
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We know from Lemma 5 that as k - oo,
) w(f(ak), a)= a + ofl).

Also, as k — oo, \’12 (f(ak)) = o(l1). Substituting in (2 6),

n-1 5
z( Aak(a + o(l1)) + O(f(ak)ak+ 1))

k=1

it

N'(a , a)
n

n-1
Z NAa (a + o(l)) + O(nf(a )as)
k n n

k=1

n-1
at+ T (Aa, ) o(l)+ Onf(a )aa),
k=1 k n n

a a-a
n 1

so

1 1 1 n-1 nf(an)

(27) — N(an,a)= a+0(a—)+a— z (Aak)o (1) +0(a 6
n n k=1 N

n

From Lemma 1,

1 n-1
—_— Z (ha ) ofl) = o (l),
an k=1 k

and we have assumed that
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The error terms in (27) are all o(l), so

—al—N' (an,a) = a + ofl).

n

To complete the proof, we need only show that if k is defined by

ak§n<ak+l, then
. 1 1
(28) lim | =N'(n,a) - — N'(a,_,a)| = 0.
n a k
n-» oo k

But
| lN'(n a) - 1 N'(a a)| < —l—|N'(n a) - N'(a a)l
n 1] a k’ - a 1] k'
k k
1 Ba,
i a_ (n = ak) i a )
k k
and we assumed that lim QA a /a, = 0. Thus (28) holds and the lemma

K = 0o k' "k
is proved,

We combine Lemmas 7 and 2 to get a set of conditions sufficient

for the uniform distribution (mod 1) of {f(n)P(ny)} for almost all vy.

Lemma 8:

Let {ak} be a sequence of numbers such that

Da

a1<a2< , lim Aak=oo, and lim

K — 00 k- 2k

= 0.
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Suppose f is an increasing function such that lim f(x) = oo,

X - QO

lim kf(ak)/a:(- .0 for 6§50 sufficiently small, and

k—+ o0

lim (f(a ) -f(a,)) = 0. If P has the properties (A) listed
k- oo k+1 k

on p.l5then{f(n) P(ny)} is uniformly distributed (mod 1) for

almost all vy,
Proof:

Define g by

g(x) = f(a, ) Plxy) when a <x<a _ .

Then {g(n)} is uniformly distributed (mod 1) for almost all y

by Lemma 7. We will apply Lemma 2. Let
h(x) = f(x) P(xy) ;

then since P 1is bounded,

| h(n) - gln)| < c [(n) - f(a)]

< c(f(ak+ 1) - f(ak) ).

Thus

lim | h(n) - g(n)| =0,
n-—+ oo
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and {h(n)} is uniformly-distributed (mod 1) for almost all vy.
We now show that to each smooth, slowly increasing function

f, there corresponds a sequence {ak} which satisfies conditions

very similar to those of Lemma 8.
Lemma 9:

Suppose that f increases, f{' decreases, lim f(x) = oo,

1/2— X =+ QO

and lim f(x)/x 0. Then there exists an increasing function

X = 00

a(x) such that

(i) lim a'(x) = oo,
X — OG0

(ii) lim a'(x) = 0,
X— 0O

(iii) lim 24X _ o

X

X -+

(iv) lim %‘ f(a(x)) = 0, and
X —+ QO

(v) lim ’-‘f%"—)-)- =0,

X—w a (x)

for & > 0 sufficiently small.

Proof:

The appropriate function is

a(x) = x° " Y

where y will be chosen later. That (i)-(iii) hold is immediate.
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To verify (iv), note that

(29) < f(aa) = a'(x) £'(alx).

Since f' decreases, and we may assume £(0) >0,

f(x) S f(x) - £(0)

x — x-0 Zf‘(x)
so from (29),
l -y, 2-vy 2 -y
if(a(x)) < (2 -vy) x2 - f(x ) _ cf(x )
dx x Y x
2 -y
If we put y = x , then
d c f(y)
— f(a(x)) < ,
dx - yl/(Z-y)

which tends to zero as x (and therefore y) increases without

bound, since lim f(x)/xl/zz

X =+ 0O

0.

It remains to verify (v). We have

. xf (a(x)) - xf(xZ-Y) i} f(xz'Y)
axn! 78 V-8 T (2-v)(1-8)-1

We choose
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so 2 -vy=(2-368)/(1 -6)

and
xilax)) _ gt T 38V -8
(a(x)'~® I - 36
If y-= 2 - 36)/(1-6), then x = y(l - 8)/(2 - 35). and
xflalx)) f(y) |
(a(x))l-a y(l - 3601 - 8)/(2 - 36)

For & > 0 sufficiently small, the exponent (1 - 36)1 - &§)/(2 - 36)

is arbitrarily close to and greater than 1/2. Since we assumed

that f(x)/xl/2 = ofl), it follows that

xf(a(x))

(a(x)) 78

- 0 as x—- o,

and all parts of the lemma are verified.

We can at last state the main theorem.

Theorem 1:

Suppose that f increases without bound, f' decreases, and
1/ . - . .
f(x) = o(x ). Suppose that P is bounded, periodic, and piecewise
monotone, and at each point in each monotone component, some

derivative of P is not zero. Then {f(n) P(ny)} is uniformly
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distributed (mod 1) for almost all vy,

Proof:

We will apply Lemmas 8 and 9.

of Lemmma 9 and choose ak

theorem, we need only show that the hypotheses of Lemma 8 are

satisfied, namely

(a)

(b)

(c)

(d)

(e)

=a(k), k=1,2,...

A < qh 4+
lim Qa = 0o,
k
k- oo
Da
lim ak =0,
k-0 k

lim (f(ak +1
k - co

kf(ak)
6

lim
k—- o0 a

s -0
K

for & > 0 sufficiently small.

(a) and (b) follow from (i) of Lemma 9. Since
FAN a, < max a'(x)
k< x< k+1
= a'(k) + max | a'(x) - a'(k)]

< a'(k) + max

k < xik+l

| a(x)],
kixik-i-l

Take the function a(x) = x

To prove the

) - f(ak)) = 0, and
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(c) follows from (ii) and (iii) of Lemma 9. Also
fla, ) - fay) < Nha f(a(k)

< a'(k)f'(a(k)) + f'(a(k)) max a''(x),
- k< x<k+l

so (d) follows from (iv). Finally, (e) follows from (v), and the

theorem is proved,



CHAPTER 1II

The Distribution of {f{(n) P(g(n))}

In this chapter, we use the method of proof of Fejér's Theorem
(see the Introduction) to get a partial result on the distribution of
{f(n) P(g(n))} .

We will suppose that P is differentiable, bounded, periodic
with period p, and that P' vanishes only finitely many times in
each period. We also suppose that near each relative extremum
of P, P'" is bounded away from zero. This will be made more
precise later., After the proof is complete, we will note how some
of these conditions could be relaxed,

We will impose conditions on f and g slightly stronger
than those of Fejér's Theorem: we suppose that f increases without
bound as x — oo, lim f(x)/x =0, lim xf'(x) = oo, and f{''(x) <0 for

X—+ o0 X -+ 00

x sufficiently large. We suppose that g satisfies the same conditions.
(The condition {''(x) < 0 is not part of Fejér's Theorem.) In addition,
we suppose that g'(x)/f'(x) = o(l) and f(x)g'(x) = o(l).

If P, f, and g satisfy the conditions listed above, then
{f(n) P(g(n))} is uniformly distributed (mod 1). Note that, unlike
Theorem 1, this is not a metric theorem,

In spite of the number of conditions, there reamin functions f{

and g which satisfy them. For example,

-47-
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a 8] .
f(x) = x and g(x) = x with 0<B<a<a+p<]l,
f(x) = x¥ and g(x) = (log x)‘3 with 0<a<1l, 1<pg, and

f(x) = (log x)a and g(x) = (log Jw:)‘3 with 1< pf<a.

We first develop notation. As shown in Figure 1, let P

have relative maxima at 0 = ¢ C

10° with P(c

20" “Bo ko) = M

Lo* Pagre++sbpg With Plb ) =m . B

k

and relative minima at b
is the number of relative maxima in a period of P. There is no
loss of generality in assuming that P has a relative maximum at
zero, for if it does not, a translation will make it so. Such a

translation does not affect the distribution of {f(n)P(g(n))} .

8o

A period of P(x)

Figure 1
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Let Qk be a positive number, no matter how small, k=1,2,..., B.
We suppose that P'" is bounded away from zero in an interval Ik'
(see Figure 2), determined by Qk' around each relative maxirmum

of P. Similarly, let w  be a positive number. We suppose that

k

P'' is bounded away from zero in an interval i, around each relative

minimum of P (see Figure 2),

Y

my + 0y

Mg

7
\L
v

Figure 2

Let G(t) be the function inverse to g(x). Let

ij =G(ck0+_]p), i=12¢,...,

so that

Plg(cy ) = Pley, +ip) = M, ;
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and let

bkj=G(bko+Jp)D J=1t2l""

so that

P(g(b, ) = P(b, +jp) = m,.

By assumption, f{''(x) < 0 for x sufficiently large. However,
there is no loss of generality in assufning that f''(x) < 0 for all x.
The finite range of values of x excluded does not affect the distribution
of {f(n)P(g(n))}. In the same way, we may assume that f(x) > 0

for all x, since it is eventually so. We then have

£(_xl S f(x) - £(0)
x - x -0

(1)

> f'(x) ,

so it follows from f(x)/x = o(1l) that f'(x) = o(l).

Let
h(x) = f(x) P(g(x)).
Then

h'(x) = £'(x) P(g(x)) + f(x) P'(g(x)) g'(x).
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At ¢ ., P'(c

ki .) =0 and

k)
h (ckj) = Mkf (ckj).

If we suppose that Mk > 0, then the graph of h is rising
at ij' although since f'(x) = o(l), the slope decreases as j

increases., Even though P decrcases between k0 and ka'

f may be increasing so rapidly (when its argument is small) that
h'(x) does not vanish between x = ckj and x = bk" But since
f'(x)- 0 as x - oo, we might expect that for large j, h' will
vanish between ij and bkj’ corresponding to the decrease of

P from P(CkO) = Mk to p(ka) = mk. This is the case, as we
verify below., If we suppose that Mk < 0, then the graph of h is
falling at ckj' We expect that for large j, h' will vanish between

bkj 1 and ij' corresponding to the increase of P from

p(bk,j ) 1) =m, to P(ckj) = M,. This also is the case.

k
Note that
(2) hix) . prgx) + XD pigixy .
f'(x) £'(x)
From (1),

£'(x) < 1
= f(x)g'(x) — xg'(x)
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Since xg'(x) - o as x — oo, it follows that

(3) lim g
X—+ QO f'(x)
We want to find a point rkj’ near ckj' such that h‘(rkj) = 0. Suppose

that Mk is positive., For x slightly greater than ij' P'(g(x))

is negative. Since P is bounded, it follows from (3) that for x large
enough, the rightmost member of (2) will be larger than P(g(x)). So,
when ) is sufficiently large--say j Zjo--we can associate with each
zero x = ij of P'(g(x)) a nearby point--say rkj——such that

rkj > ij and h‘(rkj) =0, If Mk is negative, then for x slightly
smaller than ij' P'(g(x)) is positive. In this case, the nearby

point is to the left of ij' In case Mk = 0, then h'(ckj) = 0, and

we choose rkj = ij' Since the next lemmas are concerned with
estimating |rkj - ij' , we disregard this case. There is no loss

of generality in assuming that r exists for all j, instead of for j

kj
sufficiently large, for discarding the finite portion of the graph of h

where j < jO has no effect on the distribution of {h(n)} .

As above, with the zero of P'(g(x)) at x = bkj’ we can associate

a nearby point Skj such that h'(skj) = 0. In case mk is negative,

bkj < skj; if m is positive, skj < bkj; if m, = 0, bkj = Skj'

Let

= h d S = h
Tkj (rkﬁ an Kj (Skﬂ.
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and put
h(x) when skj 5xirk Pl
Uk.(X) = ’
J 0 otherwise
and
b () - h(x) when rkj <x< skj
kj

0 otherwise,

The functions Ukj and D , k=1,2,...,B, =0,1,..

K] ., Bive

a decomposition of h into monotone components.

We first prove three lemmas,

If a curve is too close to being horizontal, its distribution may
not be uniform. Lemma 10 shows that with what we have assumed,
the intervals from r_ . to ¢, . and from s, . to b , 1n which the

kj kj kj kj

graph of h is nearly horizontal, are relatively short. These intervals
are on only one side of the relative extremum; using Lemma 11,

we show in Lemma 12 that the corresponding intervals on the other

side of the extremum are also relatively short.

Lemma 10:

- = ] ! s <
If ij < rkj’ then rkj ckj ek(_])/g(rkj), if rkJ ij’

then ckj - rkj = ek(j)/g'(ckj), where lim ek(j) =0, tor k=1,2,..., B,
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Proof:

The two cases are similar. We treat the first. By
assumption, g''(x) < 0 for x sufficiently large. As betore, we

may assume that g''(x) < 0 for all x. Thus

r )-glc, })>(r -c Yg'(r )>0,
4 kJ) gl kJ)—(kj Kj g(kJ >

whence the lemma will be proved if we show that

(4) }im (g(rkj) - g(ckj)) = 0,
_]—’(D

Now h'(r. ) = 0, so
kj

f(rkj)g’(rkj) P'(g(rkj)) + f'(rkj) P(g(rkj\) =0,

or

f'(rkj)

f(rkj) g'(rkj)

0< - P'(g(rkj)) = P(g(rkj))
But P is bounded, and from (3), f'(x)/f(x)g'(x) = o(1), so that
lin P! }) = 0.
jl_r:loo (g(rkj))

Since P'(g(ckj)) = 0, we have
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(5) lim  (P'(g(r, ) - P'(glc, ) = 0.
) —~ oo

We have assumed that in an interval about every relative extremum,
P has a second derivative which is bounded away from zero. In
particular, P (cko) # 0. Since P (g(ckj)) = P (g(G(cko + jp))) =
P"(ck0 +jp) = P"(cko), we have that P"(g(ckj)) is a constant

independent of j. Hence

P'(g(rkj)) - P'(g(ckj)) = (g(rkj) - g(ckj)) P"(g(ckj))

Ny .

+ O((S(rkj) - g(ij

From this and (5), it follows that

glryj) - gley )~ 0 as j=- o,

so (4) holds and the lemma is proved.

In the same way, we can show thatif s . < b

h
kj Ky’ then

bkj - skj = ek(J)/g (bkj) and if bkj < Skj’ then skj . bkj = ek(_])/g (Skj)’

for each k.

Lemma 11:;

for each k.
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Proof:

We first note that the lemma is satisfied if we replace r

with c:

Gle, o + P+ 1) - Gle,  + pi)

G(Ck0+ pi + 1)

“k,j+1° “kj

“k,j+1

pG (Cko + P’h)
G(cko + p(J +1))

where j iflJ <j+ 1. Since G'(t) is an increasing function of t,

- ' ]
ck,j+l ij cG(ck0+p(J+l))

ck’ i+ — G(ck0+p(J+1))
But lim G(t)/G'(t) = oo; thus %im ij/ck,j+l = 1 for each k,
t—- o J—~ oo
Regardless of the relative positions of rkj and ckj' we have

C . - C .

< k,jt+t2 k,)-1
C

"K,j+1 Kj

"k, j+1 ~ Tkj

But



“kjt2” kg1 T2 T kel Skitl Sk 41K
“kj - “k,j +1 “k;j “Kj
- C .
+ k_] Ck,Ll ,
kj

and each of these terms is o(l). Thus lim rkj/rk, i+l =1,

j—+ o

In the same way, we can show that

Sk, j+1 " %kj - 2y

for each k, proving the lemma.

Let ci{i be such that rkj is between ij and c]'(j and

)= h(Ci(j) (see Figure 3).

h(ckJ

A

M .
ij '_kj ij

Figure 3

In Figure 3, we have assumed the relative maximum of h at rkj

to be positive. If we had assumed it to be negative, we would have
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'o< < .
ckj rkj ckj

Lemma 12;

' t - - 3 1 ' 3 1
If ij > ckj' then ckj ckj ek(_])/g (ij)' and if ckj > ij’

- c' = i ' i) — j —
then ij ckj ek(_])/g (ckj), where ek(_]) 0 as j oo, for each k,
Proof:

We will suppose that Mk is positive; the other case is similar.

Since h(ckj) = h(ij).

(=]
]

f(Ci(j) P(g(cl'(j)) - f(ckj) P(g(ckj))

(6)

fley ) (Plale) ) - Plale, )

+

Plg(c, ) (fle} ) - fley ) .

From Taylor's Theorem and the fact that P'(g(ckj)) = 0, we have

' - l ' 2 1"
Plg(e},)) - Plale, ) =5 (gle},) - 8(e, N Pig(§, ),

where ckj < gkj < ci(j. Substituting this in (6), applying the mean

value theorem, and using P(g(c .)) =M

ki we have

k’

[ 1 - _!_ 1 "
. Mk(ckj - ij)f (Y kj) =5 f(ckj)(-P (g( 'Skj)) x

2
x (g(Ci(J.) - g(ckj)) ,

where ij i\"/kj < Ci(j' From the assumption that in the interval Ik'
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P'" is bounded away from zero, it follows that P'' is bounded away
from zero in the interval Ik" defined as the inverse
J

image of (Tkj - Qkf(ckj), Tkj) about rkj'

We would like to apply this in (7), but to do so, we must be

sure that
h - h
(ry;) - hle, ) <@ fle ).
It is enough that

h(r, ) - hlc, ) = olfle, ) ;

we verify this now:

"

h(r ;) - hley ) = £ry ) Pla(ry ) - (e, ) Plgle, )

(8)

£r)) (P (g(r, ) - Plgle, 1)

+

Plac, ) (ilx, ) - fle, ) .

Since the first term in the rightmost member of (8) is negative and

Plglc, ) = My,

h(r

kj) - h(ij) iMk(rkj - ij) f'(ckj),

From (1)



kj kj
h(rkj) h(ckj) < Mk < f(ckj) .
J
But from Lemma 11,
r.-c.. r..-r. . r. . r . -r. .
kj kj < kj k,j-1 - kj . kj k,j)-1 = o(1)
W7 kel k-1 "kj

Thus we may apply the bound on P'" and the mean value

theorem in (7) to get

' t 1 z '2 ] v
Mk(ckj - ckj)f (\l/kj) > c(ckj - ckj) 8 (ckj)f(ckj).

Thus
fl [}
c (\ij) cf'(e).)
c! - c . < <
kj kj — 2 - 2
] t 1] 1 )
f(ij)g (ij) f(ij) g (ij)
Since f (ckj) < f(ckj)/ckj ,
f(c. .) c! .
(9) ¢lme < e — . N, 1 : !

1 1 1 ' t t
f(ckj) c:kj ij g (ckj) g (ckj)
We will show that in (9), the first two fractions approach 1
as j - oco. The third approaches zero as j - o and is the ek(j)

of the lemma. It follows from Lemma 11 that cicj/ckj -1 as j = oo:
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regardless of the relative positions of ij and Ci(j' the interval

with these points as endpoints is contained in the interval

{

rk' -1’ rk' j+l)' Since

LS D W 9 £ W Y D W k;j T Tk, j-1

"k, j -1 B Tx Tk, j-1 ki

= o(1),

we have

' - -
0 < 'ckj kjl < i+l Tk, G-

=o(l) ,

max (c vy

k" ki Tk, -1

and the assertion is verified. The following calculation shows that

f(ckj)/f(ci(j) -1 as j - oo:

f(ciq) - f(ckj) i(ci(j - ij) f'(ckj)

“kj ~ kj
- C

f = o(f(c, .)).
o fleg) T otite)

Finally, cl'(jg'(cl'(j)* o as j - oo, so the lemma follows from (9).

If we define bi(j in the same manner as we defined cllcj’ we
i ' 1 - = ; AN i
can show that if bkj > bkj’ then bkj bkj ek(J)/g (bkj), and if
> 1 - 1 - 3 1]
bkj bkj then bkj bkj sk(_])/g (bkj)°

Theorem 2_

Suppose that P is everywhere differentiable, bounded, and
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periodic with period p; that P' has only finitely many zeros in

each period; and that in a neighborhood around each relative extremum,
P'' is bounded away from zero. Suppose that f increases,

lim f(x) = oo, lim f(x)/x =0, lim xf'(x) = oo, and f''(x) < 0 for x
X— 00 X-> X - 00

sufficiently large. Suppose that g satisfies the same conditions as
f, and in addition that g'(x)/f'(x) = o(1) and f(x)g'(x) = o(1). Then

{f(n) P(g(n))} 1is uniformly distributed (mod 1).
Proof:

As before, let

h(x) = {(x) P(g(x))

and put
Z (a) = #(m <n| <h(m)) <a},

for 0 <a< 1. To show that {h(n)} is uniformly distributed (mod 1),

it suffices to show that for each such a,

lim l

n—+ Qo

Z (a) = a.
n

For given n, there is a unique integer j such that rlj < n< r1 St

We note that
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1 1 1
|;Zn(a)--r——Z (a)|<——|Z(a)-Z (a)|

. r.. -r.. n r,.

1j 1) 1j 1j
=_;_1_ #{m|r1j<min and <h(m)><a}

1j
T . -r._ .

<—(n-[r1]) < 1,j+1 1) +O(-‘l'_l—).

1j - T1j 1j

From Lemma 11, this quantity is o(l), so that Zn(a)/n and

Zr (ar)/rlj approach the same limit. To prove the theorem, we
1j

thus need only show that

Z  Aa)

(10) lim —% -4,
r
n-- In

The plan of the proof is as follows, We separate h into
2B components, namely
kl

and

h

k2 (%) =

"8

for k=1,2,..., B,
We wish to count the number of integers m for which

<h(m)> < a. If we disregard the ranges of x for which hkl
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or th vanish, then we can write

B
zrln(a) = kfl (m<r | <hkl(m)> < a}

B
#*
+ k‘fl {mir1n| <hk2(m)> <al}.

We can achieve this by temporarily agreeing that <0> = 1,
Denote the first term in the right of the last equation by an(a)

and the second by Wkn(a). We can write

n-1
X Wkn(a) = ‘2 ij(a)
j=0
and
n-1

where (setting rB+l,j = rl, j+l)

#
= < < <D >«
ij (@) =" {m| rkj <m skj and ki a}

and

ij(a) =#{m| skj <m«<r and <Ukj(m)> < a},

k+1,j

where, since m 1is restricted to an interval in which ij {(or

Ukj) is not a constant, we need not require that <0> = 1,
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If dkj(t) denotes the function inverse to the non-zero part

‘of ij(t), we will show that

T, .-1

(11) ij(a)=r;7.3

Z

([d (0] - [ (rea]) + B,

Skj

where Ekj denotes a negligible error. Removing the greatest-integer

brackets will introduce another negligible error, so

T 1

kj
ij(a) = T (dkj(r) - dkj(r +a)) + E

r=Skj

kj *

We then replace the sum with an integral, again with negligible error:
Tkj-l

skj

ij(a) =f (dkj(x) - dkj(x+a))dx + E

kj °

We next show that we can write

Tkj
ij(a) =-T adkj (x) dx + Ekj .
S .
kj
from which
ij(a) = a(dkj(Skj) - dkj(Tkj)) + Ekj
(12)
= a(sk - rkj) + Ekj'

In a similar manner, we are able to show that
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ij(a) = ar(rk+ l,j‘- skj) + Ekj'

Thus
B
k?l (ij(a) + ij(a)) = ar(rl'j+ - rlj) + Ej
and
n-1 B
zZ () = Z Z (P, (a) +Q (a)) =alr, -r )Y+ E ,
rln j=0 k=1 kj kj In 10 n

from which it will follow that

Z (a)
r
. In
lim —_ = a
T
n-+- oo In

proving the theorem.
Thus, when we establish (12), we have enough. Since the
treatment is the same regardless of the value of k, we will tkae

k = 1 and drop the subscript, so
P (a) =Pa), D (x)=D(x), r . =r,
kj ) kj J
and so on, We have

QO
(13) P(a)= Z #{mlr_<m< s, and i< D (m)<i +a}.
J i=- oo M J =)
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J

Endpoints of D, (x)

Figure 4



-68 -

(The sum is only formally infinite, since Sj <_Dj(t) < Tj.) Let
(14) Aj(x) =#{m|rjim<sj and Dj(m)<x}.

From (13), we see that

T. -1
)
(15) Pj(a) = r‘i,s (Aj(r +a) - Aj(r)) + Ejl(a) + Ejz(a)
J
T, -1 [T.]1-1
(recall that Z‘.SjJ = ZJ[ SJJ] +l)' where Ejl(a) and Ejz(a)

are the errors made by ignoring those portions of Dj(t) lying
between Sj and [Sj] + @, and between [Tj] and Tj’ respectively.

In Figure 4, Ejl(a) is the number of integers in I1 and Ejz(a) is

the number of integers in IZ' An upper bound for the first error is

[sj]-[aj]. If (as in Figure 4), bj is between a, and 5 then

[sj] - [aj] = [sj] -[bj] +[bj] -[aj], with [bj] - [aj] >0. If, on

the other hand, bj is to the left of a5 then [sj] - [aj] < [sj] -[bj].
Thus we may assume that a-i < b, < sj, since this makes the estimate
of the error which we are using larger, if anything. In case (as in
Figure 4) m is negative, bj < sj. If m were positive, we would
have bj < sj. But since from Lemmas 10 and 12, both |sj -bj|

and |sj - b.;| have the same upper bound, it is immaterial whether

m is positive or not. Removing the greatest-integer brackets gives
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(16) E _<(s.-b)+(b -a)+2.
il—="7j J ) J

To show that this error is negligible, it suffices to show that

1

z E. = o(l).
=0 Jl

n
(17)

n

From Lemma 10, the first term in the right-hand side of (16) is
bounded above in absolute value by e (j)/g'(bj) or e(j)/g'(bj),

whichever is larger; in either case, it is bounded by e(j)/g'(r.

_]+1)°

Also, (see Figure 5), since h'(bj) = mf‘(bj) (for P'(g(bj)) =0

and P(g(bj)) = m),

A

Y

J
Figure 5
bj-ajid= ! < < .
1 '
|m|f(bj) f(rj+l)

Thus from (16),



1 n-1 1 n-1 (i) c
-r— El i r— z (—._-]_'(I' ) + ' (r ) +2)
nj=0 nj=0 854 j+1

Replacing the sum by the corresponding integral introduces an

error no larger than the maximum value of the integrand, so that

R e n-l () |
(18) Bty I EeE, e e TG F e D)

+2)dx

+ = ,1 + ,1
— g * o

+2).

In the second term in the right of (18), l/rn.g'(rn ), l/rn f'(rn), and
Z/rn are each o(l). In the first term, let u = G(r0 + (x+1)p), so

that x = (g(u) - Ty - p)/p ; then the first term becomes

r glu) -r, -p '
ri I Me > 0 ) + i—f,((:)) +2g'(u)) du .
n r

Since each term in the integrand is o(l), it follows from the continuous

analogue of Lemma 1 that the entire term is o(l). Hence

n-1

1
—_ E.. L =o0o(l),
™h j=0 il

and E,1 is negligible,
J
We can show that EjZ is negligible in the same manner,

except that since cj is between aj and rj, we must apply Lemma 12

instead of Lemma 10,
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Letting E stand for any negligible error (in the sense that
n-1

L E = ofl)), wé have from (15)
"n j=0
Tj -1
(19) Pla)= Z (A(r+a) - A(r)) + E.
] r=8§, J J
J

But from (14),

- .
A (t) = m|r <m«<s, and m>d._(t
) =" {m|r < ; (0,

so that
*
Aj(r +a) - Aj(r) = {m| dj(r) >m > dj(r+a)}
= [dj(l‘)] - [dj(r +a)].

From (19),

Tj -1
{20) Pj(a) = ris. (d_](r) - dj(r+a)) + EJ 3(0) + E,

J

where Ej3(a) is the error arising from the removal of the

greatest-integer brackets. It is thus bounded above by the number

of terms to be summed:
21 E _(a)< T, - S, =h(r.) - hi(s.).
(21) i3 =700 J ( J)

Since P is bounded,
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Ej3(a) < c(f(rj) + f(sj)) < cf(r‘i + 1) .

Hence
n-1 c n-1
Z E (a)< — Z r.).
Th j=o0 13 "n j=o0 J
But
i n-1 1 1 f(rn)
v+~ Zfr)=— "7 HG(r, +(x+1)p)dx + O ——)
. r 0 r
nj=0 n O n
r f(r )
=1 I n lf(u)g"(u)du+0( ).
r r. p r
n 1 n

Since f(u)g'(u) and f(rn‘)/rn are both o(l), it follows that
Ej3(a) may be neglected.

Thus from (20),

Pj(a) = (dj(r) - dj(r +a)) + E.

Let the limits on the sum be denoted by Bj = [Sj] +1 and

C.=[T.] -1. Then
J A

C.
2 =r J -
(22) Pj(a) I (dj(x) dj(x+a))dx + Ej4(a) + E,

B.
)

where |Ej4(a)| < Tj - Sj and thus may be neglected just as Ej3(a)

was, Since
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C. CHt+a
i) J dj(x+a)dx= I J dj(x)dx,

B. B +a
J J

we have from (22),

C. C.+a
Pl) = Yd(x)ax-f J d(x)dx+E
! B’ Bta
j i
B+t+a C+ta
(23) =f ) d(xdx-f7 d(xgdx + E
B, J c. !
j j

= Ijl(a) - Ij 2(a) + E, say.
By the meaﬁ-value theorem, it follows that

ad (C. + 1)< I, < ad (C)).
§(G; + D <L la) < ady(C))

Since the distance from Tj to Cj is greater than that from T,

to Cj +1, Ijz(a) differs from adj(Tj) by an amount no greater

that a(d.(C.) - d.(T.)) = a(d. ([ T.] -1) - d.(T.)); in the same way as
J ) J ) 3 J )

EjZ(a) was shown to be negligible, this error can be shown to be

negligible. Similarly,
I. (@) = ad (S)) + E,
il I

so from (23),

P = - = -
j(o:) a(dj(Sj) dj(Tj)) + E az(Sj rj) + E,
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so (12) is established, and with it, the theorem.

In the preceeding, we used the assumptions that P was
everywhere differentiable, with each relative minimum followed by

a relative maximum and vice versa, only for convenience of

notation. After we had separated P into monotone components, we
considered only one of them (for they are all similar), and addition
gave the result. The assumption that P' vanished at the endpoints
of each monotone component made the work if anything more difficult,
since the more nearly horizontal P is, the more care is needed in
estimation. Thus, Theorern 2 holds if P is piecewise monotone,
and is differentiable in the interior of each monotone component,

At the endpoints, P must have right- or left-hand deriva;tives
(unless P is horizontal, in which case it must have a two-sided
derivative). As before, we require that P be bounded and periodic,
that P' vanishes only finitely many times in each period, and that

P'"' be bounded away from zero near points where P' is zero.



CHAPTER 1V

The Distribution of {P(g(n))}

Suppose that P is a periodic function with a continuous

distribution function (that is,

1 #{min| <P(m)> < a}

lim
n-- oo
exists and is continuous for 0 < a < 1), and suppose that the latter
function is not linear. As Salem [9 ; page 34] has observed, if
{g(n)} is uniformly distributed (mod 1), then {P(g(n))} is not. In
particular, from Feje’r's Theorem (see the Introduction), {P(g(n))}
is not uniformly distributed (mod 1) when, roughly speaking, g(x)
is a smooth function whose rate of growth lies between log x and x.
For more rapidly increasing functions, the non-uniform distribution
(mod 1) of {P(nay)} (@ >1) and {P(yn)} for almost all y follows
from the uniform distribution (mod 1) of {n%y} (a > 1) and {yn}
for almost all vy,
It is to be expected that {P(g(n))} will also be non-uniformly
distributed (mod 1) for a slowly increasing function g. The following

theorem shows that this is indeed sometimes the case.

Theorem i_

Suppose P is periodic with period p, is bounded and has a first

-75-
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derivative which has only finitely many zeros in each period. Suppose

g is increasing, lim g(x) = o, and lim xg'(x) = 0. Then {P(g(n))}
X — @ X —= 00

is not uniformly distributed (mod 1).

Proof:

Like Theorem 2, this is not a metric theorem. Let
F=
N(n,e) =~ {m < n| {P(g(m))) < a}.

We will show that P(g(n)) changes so slowly that the distribution of
{P(g(m))} for m <n is always dominated by the value of P(g(n)) ;

that is, if {P(g(n))) = a, then almost all of the numbers P(g(m)),

m < n, have fractional part less than a:

#{m < n| {P(g(m))) <a} =n - ofn) .

Thus the ratio N(n,a)/n continually oscillates from near zero to
near one, never approaching a limit. In particular, in what follows
we show that for proper choice of n and o (since to show non-uniform

distribution (mod 1), we need only show that lim N(n,e)/n # a for
n- 0o

some particular a), we can make N(n,e)/n as close to 1 as we

please. If we choose o < 1, then the sequence cannot be uniformly

distributed (mod 1).
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Let G(t) denote the function inverse to g(x). Decompose
P into its monotone components Pi, where I'—"i is defined and
monotone on the interval (pi_ 1’ pi), i=1,2,...,R-1, p(‘) =0,
and Pg = P and is not defined elsewhere. Withoutloss of generality,

we may assume that P1 decreases on (O,pl). Put
2
N,(n, a) = {m < n| <P1(g(m))> <al}.

More precisely, since P1 is not defined everywhere, we should

write

#

Nl(n,a) = {m inlgﬁn\e (p0 + kp, P, + kp) for some k
and <Pl(g(m))> <a'}.
Let
.. Pl(pl) if Pl(pl) is an integer

[Pl(pl)] + 1 otherwise

and

T = [PI(O)]-

Fix o with 0< a < 1, so that [Pl(pl)] +a< Plgpl) if Pl(pl) is

not an integer (if Pl(pl) is an integer no restriction is placed on a
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so long as it is in (0, 1)). With a so chosen, the portion of the
graph of P1 below B contributes nothing to Nl(n, a), for all
ordinates on that portion of the curve have fractional parts greater

than a. Put

Nl(n,a) = k;: glk(n,a)
where
(1) le(n,a)=#{min| kiPl(g(m))<k+a}.
Let

o:p'l(k), 0<0 <p

k 1 - k—-"1

q:k = P;l (k+a), O 5_¢k§pl
for k=B, B+ 1,...,T (see Figure 1), and set

er = G(Ok + rp)

S, = GO, +rp)
r=0,1,..., so that

P (g(R, ) =k
and
Pl(g(skr)) =k +a
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in the rth '"period' of Pl(g(x)), i.e., for rp < g{x)< (r + 1)p or,

equivalently, for Gl(rp) < x < G((r + 1)p).

P, (9 (x))

Figure 2
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We show that because G(t) increases more rapidly than et

. G(a - h)
lim —_——— =
a—-o G(a)

for any h > 0. The hypotheses lim g(x) = oo and lim xg'(x) =0
X - 00 X = 00

are equivalent to lim G(t) = oo and lim G'(t)/G(t) = co. If we put
t— o t— 00

H(t) = log G(t),

then
lim H(t) = oo and lim H'(t) = o ;
t—o00 t—- o

also
G(a - h)

= exp (H(a - h) - H(a)) .
G(a)

An application of the mean-value theorem yields

0 < lim M < lim exp (-h min H'(t)).

T a- o Gla) T a— o a-h<t<a

Since the limit on the right is zero, the assertion is verified.

Since g(x) is a function,
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QB-oB<o,

so by the preceeding remark,

S G(bg + rp) Gl o + rp)
8
(2) lim Br _lim —— - lim B
r-o Ry r~wo G(O, + rp) r—»coG(.B+rp
and
R G(o_+rp-p)
(3) lim —2:T-! o im B . . -0,
r—- RBr r - o G(QB+rp)
We will show that
N. _(R a)
(4) lim 1B_Br, ...
r - oo R
Br
This implies the theorem, for
N(n, ) N. o(n, @)
. . 1B
lim sup ——— > lim sup =1>a,
n - n n—+ @ n

-(QB-an

which would contradict the uniform distribution (mod 1) of {P(g(n))}.

From (1),

N. (R, e)= {m<R IBiPI(g(m))<B+a}

1B Br, - B, r-1
(5)

<miRBr|Bf_P1(g(m))< B+al.

= 0
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We have B < Pl(g(m)) < B + a whenever
-1 -1

1'5'1 (B+ a)+tp< g(rn)_<_P1 (B) + tp

for some integer t. Hence, B< Pl(g(m)) < B + a whenever
+t < ;

¢B pP < g(m)_OB+tp
that is, when

G(OB +tp)<m< GO, +tp),

and thus finally whenever

for some integer t. The second term on the right in (5) is thus

S.. <mc< RBt for some t}

(6)
= R - S +0O(1).
Br

The first term on the right in (5) is bounded above by R

B, r-1’
from (6)
N (R ) S R
lim —B Bt~ im (1 - BF 4 oBer!
r—+ oo R r —» oo R R
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From (2) and (3)

so (4) holds and the theorem is proved.



CHAPTER V

The Distribution of {f(n) cos nﬁy}

LeVeque proved [7] thatif B is a positive integer and a
and a are positive numbers with a > B, then {anacos nﬁy} is
uniformly distributed (mod 1) for almost all y. We will show that
{f(n) cos nﬁy} is uniformly distributed (mod 1) for almost all vy
when f is one of a class of functions which includes f(n) = an®
with 0 < @< B when &< 9. Thus the distribution of {an® cos npy}
is still not settled when 9 < o < B, though there seems no reason to
doubt that it is uniform (mod 1) for almost all vy.

The result is an application of Theorem A, cited in the

Introduction. To apply the theorem, it is necessary to estimate

the integral

2 .
Ejk = fo“e(mf(j) cos jﬁy - mf(k) cos kﬁy) dy ,
where m 1is a positive integer. The integrand can be expanded
into a simple series of Bessel functions, which yields upon integration

Ejk = Jo(Z-n' mf(j)) JO(Zvr mf(k)) + Rjk ,

where Rjk is an infinite sum of products of two Bessel functions,

Lemma 14 is devoted to estimating R,

. Lemma 13 provides an
jk P

-84-
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inequality needed in the proof of the theorem.

Lemma 13:

If j and t are positive integers, then

c
h tl-oje when 0< 0«1
1-0
t . 0
(J’:) < Ce(log t + l)je when 0 =1
k=1 k
c
—=_ i® when 0> 1
0-1

for every € > 0, e denotes a constant dependent on e.

Proof:

Let

If d|j, then (j,k) =d for some of the values k =id, i =1,2,...,[t/d].

Hence
a° [tAd] do [t/Ad]
(1) P(j,t)= Z b 5 < = z —-—"0—=Z = ey
d|j k<t k dlj i=1 (id) dlji=1 i

(k,j)=4d

If 0< @< 1, then replacing the sum with its corresponding integral

and noting that the error introduced is no larger than the maximum
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value of the summand, we have

[ t/d]

: [t/a] ax

1 1 1-0
& < { S +1< —([t@d] T - D+,

i=1 1 1 x 1-0

so from (1) and the fact that the number of divisors of an integer j

is O(jc) for all € > 0,

C 1-0 ctl-o c€t1-°j€
(2) PG, ty<— I [tAd] < Z 1<—-
1-0 d|j 1-0 dlj 1-0
If =1, then
[t/d]
z — < logt/d +c,
. 1 -
i=1
so from (1)
(3) P(j,t)< T (logtMd+c)<cllogt+1) T 1<c (logt+1) 3€.
d| j d| j
If > 1, then
[t/d] 1 [ t/d] dx [t/d]l'o-l 1
T 5 < — tl=———— +1¢< +1,
i=1 i 1 X 1 -0 0 -1
so from (1),
. €
cj
(4) P(j,t) < T 1< —

-1 d|j ~— e-1
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Equations (2)-(4) prove the lemma,

Lemma 14:

—

Let j,k, and P be positive integers with k < j° and put
j' = jB/(j.k)B and k'= kp/(j,k)p.

Let {b } be an increasing sequence of positive numbers such that
n

b >1 and lim b oo, and let
n

n—+ Qo

n

Qo
z |J
t=1

S(j, k)

tk‘(bj)l Ith.(bk)l ,

where Jn(x) denotes the Bessel function of the first kind of order

and argument x. Then

1/9

cb, (log bj)Z/3

(5) S(j, k) <

k|
Proof:
From the Cauchy-Schwarz inequality,

2 x 2 @
TGRS B )T =

2
(J,., (b))
t=1 p=] B K

=5,G,k) S (k,j), say.

We will show that, whether k < j or not,
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1/9 2/3
b’ "(log b.
c (log L)

(6) s U,k < —d

kl

It follows from (6) and the facts that bj > bk and j' > k' that

Cbll(/g(log bk)Z/3 Cb.l/9 (log b.)2/3
s (k,j) < < —1 L

jl k'

verifying (5).
We will truncate the series for Sl(j'k) at b_z, separate the
)
remainder into three parts, and estimate each part,
From the series expansion for Jn(x) [11, page 22], namely
2 4
(x/2) (x/2)

- (n+rD) | rzwn+n-m+2)"'“h

(X/Z)

(7 J (x)=—— (1 -

2
we see that if n > x, the error made by neglecting all the terms

after the first in the series in parentheses is at most 1/4 in absolute

value, Thus

n

2
(8) |Jn(x)|ic(:/' ) for n>x
If t>b.2. then tk'>bj2, SO

— J —
1]
c(b./2)™
|3 L )<
tk (tk') !

If we apply Stirling's formula, we have
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b: tk'
|3 b)) < e (207 ——
J 2tk (tk')
If we let
o I 2
Solink = B Tty
t=b
)
then we have
[e'e} eb. ,
S G,k < &z Lo (R
0 - k 2t 2w
t=b
j

The sum converges, so

. C
(9) Syl KN < o,

We develop upper bounds for Bessel functions from the

uniform asymptotic expansion

1/ 4 ., 2/3 oo a (p)
4p Ai(n ) K
I (ax) ~ (=) g 173 z 7K
\10) l-x n k=0 n
. Ai'(n2/3E) °}‘:’ b (p) }
5/3 2k '
n k=0 n

valid for all x > 0 [1, equation 9.5.35]. Here p is given by

/2 /2

(11) % (.p)3 = (x2_1)1 - Arc cos -}l: it x>1,
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3/2 1+(l—x2)l/2

2 2.1/2
(12) 2% = 10g ¢ /

) - (l-x) if x<1

[1, equations 9.3.38, 9.3,39]; Ai is a function with the following

properties [ 1, equations 10, 4,59, 10,4,61]:

-1/
|

(13) |Ai(x)| < ¢ min (1, |x 4) and

1/4
(14) | Ait)| < e max (1, x| %
Each of ao(p) and bo(p) is bounded above by 1 for all p.

From the uniform expansion (10), we are able to derive the

bound

-1/2
| Jn(nx)| < cn
provided x 1is bounded away from 1, This is done in (15) and (16).

If x is close to 1, we cannot do as well, but in (18) and (19) we

show that

1/3

|J (nx)| < cn
n

regardless of the value of x.

Suppose x = 1- 6, where 0< §< 1. From the dominant term

of (10), and (13) and (14), we have
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| | c5”4 | N n1/6p1/4 )
J (nx)| < . +
n. - (26-62)1/4 (n1/6p1/4 n1/3 n5/3
c p1/2
S T7a 1z U )
6 n

If we require that &< 1/2, then p is bounded and pl/ZIn < c.

If 6> 1/2, then it is known [11, page 243] that

1/2

| J (nx)| < en”
n —
so that in any event,

(15) |7 (nx)] € ———  when x=1-5.

61/4“1/2

If x=1+6, 6>0, then p < 0, so that (10), and (13)
and (14) give as before
1/2

|7 (ax)| <« —=— 1+ LBy
n 1/4 1/2 n
) n

Also as before, if § <1, then -p is bounded; if & > 1, then

[11, page 244]

C

(16) | I (nx)] <
n 1/4 1/2
4} n

so (16) holds when x =1+ 68 for all & > 0.
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We now suppose that 1 - § < x< 1 We now show that

1+(1-x2)1/2

log "

-(1-x) < % 1z 63/ 4 o(s%).

(Until the end of the proof of this lemma, O-symbols should be

understood with the variable going to zero.) Since (1 +(1 - xz)l/z)/x
is a decreasing function in the interval (0, 1],
2.1/2
+(1 - 21/2 2.1/2
1og—l——“;—"——) <log (1+(25-85"/%) - 1og (1 - 6) -(26-69)"/
2 3
- (26-6%)1/2 _ 3 (26-6%) + 5 (26-6%) '2 | o(s%)

6+ 0(62) - (26 - 62)1/2

-+

3 2
%ﬁ 832 4 o(6%) .
From (12) we see that

p< 2136 4 0(54/3)

and hence

1/3 4/3
17) By <42 BrOB ), 4/
l-x 26 - &

+ 0(61/3).

So from (10), (13), (14) and (17),
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. nl/ipl/ll
(18) [3,00] <tz + ——F5—)
n n
’ c & c
S VR 7 R Vi
n n n

when l-Gixil.

If x=1+ 8§, then using the expansion [ 1, equation 4. 4, 41]

valid for |y| < 2,

Arccos (1-y) = 20w 7 L (2% ),
k=12 2k + 1
we see that
(x>-1)17% . Arccos i = (26+65)1% . Arccos 116
-@etPareat P Z) 2 L B oy
= (25)”2(1'+ 5/4 + O(6%)) - (25)1/2(1 -8/2 + O(6%)) x

1 2
x (1+75 8(1-8) +0(67))

/ /

(28)1/%(1+6/4 + 0(6%)) - (26)12(1-56/12 + O(52))

= 2”2(-§- 612 4+ o(5°'?)).

From (11) we see that
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p=2Y3 4 0653

and proceeding as in the case where 1 - § < x< 1, we get

(19) |Jn(nx)| < lc/3 when 1< x< 1 +6.

n

2
We now estimate th'(bj) in the three cases

(i) bj/tk' <1-38,
(ii) 1 -6 ibj/tk‘ <1+86, and
(iii) bj/tk' > 1+ 6.

We may assume that 6§ is bounded éway from 1. In case (i),

b,
—_ < t<«< b2
(1-6)k' - =

If the sums below have these limits, then from (15) we have

2 ) clog bj
(20) ZJ ,(b)<cZ < —_——
= 1/2 =
tk J 5 / k' 61/2k'
In case (ii),
b, b,
- <t < —)

(1+8)k' (1-86)k'
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If the sums below have these limits, then from (18) and (19) we have

szk, (b)) <c= P
(21) &b b 113
- C .
< A ;5 213 L < j
j k' k'
£
In case (iii),
%)
bets vex

If the sums below have these limits, then from (16) we have

c log b,

2 1 )
<

We choose 6 so as to make the upper bounds in (20)-(22) of the

same order of magnitude. Thus we want

log b, . spl/3
§V/2 i
so we choose
-2/9 2/3

6§ = b, log b.
j (gJ)

from which
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b, ) cb,llq(log bj)2/3

j
(23) Z Ty <

tk' o

From (9) and (23), it follows that (6) holds, and as was remarked,

this is enough to prove the lemma.

Qo

N

Recall that X __=Z
N 0

, where NO is sufficiently large to

make the summand defined for all N > No.

Theorem 4_

If B is a positive integer and f is an increasing function

for which lim f{(x) = oo,

X -+
z L =z wipeen V<o,
N N3 k<j<N
and
1/9 2/3
b f (N) (éog :(N)) < oo for some € > 0,
N N

then {f(n) cos npy} is uniformly distributed (mod 1) for almost
all vy.

(In particular, the theorem holds for f(x) = (log x)a with
@>1 and f(x) = x° with 0<a < 9.)

Proof:

The theorem is an application of Theorem A, Let
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g(n, y) = f(n) cos an.

and let m be a positive integer. If we put

1 N
SIN,y) =, T e(mg(n, y)
n=1
and
(24) N = (27 | SN, y)| 2 ay,

then, from Theorem A, to show that {g(n,y)} is uniformly

distributed (mod 1) for almost all y, it suffices to show that

Z I(N)/N < ©
N

for each m,

From (24) we have

27
I(N) = — + — = 2 Re (E ),
(25) N N k<j<N ik
where
2n .
(26) Ejk = [ e(mg(j, y) - mg(k, y)) dy;

0

thus it suffices to show that
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(27) 1 z Re E. < o

z ik
3 .
N N k<j<N

for each m.,
If we expand (26), we have

Re l»:jk = fz“cos (2rmg(j, y)) cos (2n mg(k, y)) dy
0

(28) + f?'" sin (2rmg(j, y)) sin (2w mg(j, y)) dy
0
= Il(j.k) + Iz(j.k). say.

We consider Il(j,k) first. Let

b_= 2wmf(n);

then from (28),

(29) Il(j,k) = fzwcos (bj cos jpy) cos (bk cos kﬁy) dy.
0

With no loss of generality, we may assume that bn > 1 for all n.

Since bn —~ o as n —+ oo, omitting the finite range of values for which
bn < 1 does not affect the distribution of {f(n) cos npy} . We may
thus apply Lemma 14 when needed, since {bn} satisfies its hypotheses.

We expand the integrand in (29) in terms of Bessel functions, We know

[11, page 22] that

B T B
(30) cos (bj cos j y) = Jo(bj)+2r;£l(-l) JZr(bj) cos2rjy
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From (8) we see that the series converges uniformly in y for

0 <y<2wr. Thus we may substitute (30) in (29) and interchange the

order of summation and intgration to get

. 2
LG k)= To(b) " cos (b cos Py) ay
(31) -

r 2m B B
+ 2:’.‘_1(-1) er(bj) fO cos 2rj’ ycos (bkcosk y)dy.

Applyi ng (30) with j replaced by k, the first term in the right of
(31) is
k)l

532) 2w JO (bj) Jo(b

and the second, again interchanging the order of summation and

integration is

Qo r (0 0] s 2 6 ﬁ
(33) 4 (-1) I, ()T (-1)° 3, (b)) [ cos 2rj®y cos 2skPydy.
2r ) 2s k 0
=1 s=1
Now
2w B B m if er = skp
fO cos 2rj y cos 28k’ ydy =

0 otherwise;

if j'= jp/(j. k)ﬁ and k' = kﬁ/ (j,k)p, then rj‘3 = skP exactly when

r=tk'and s=1¢', t=1,2,..., so (33) becomes
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@ Voo
(34) oz (0T g ey

tk' k'’

We note that the sum in (34) is bounded above in absolute

value by S(j, k), so from (31), (32), and (34) we have
(35) 11 G k] < 2n[ T ] | To(b )| + 4w (), k).
Iz(j, k) may be handled similarly. Writing
2
IZU’ k) = _['0" sin (bj cos jﬁy) sin (bk cos kpy) dy,

applying the relation [11, page 22]

8

ﬁy) =2 _0(-1)r J +1(bj) cos (2r + l)jﬁy,

sin (b.i cos j 2y

"M

and proceeding as for Il(j' k), we get
1,4, k) = 4r T(j, k),

where

St 451
z (-1) T (67 b))
>

T(, k) =
if k' and j' are odd

0 otherwise,
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Thus
(36) | LG, k)| <SG, k).

According to (27), (28), (35), and (36), to prove the theorem,

it suftices to show that

1

(37) r - p> J (b)J (b ) < oo
N N° k<j<N 073 0k
and
1
(38) — X  S(j,k) < oo.

z
N N k<j<N
We know [11, page 199] that for all x,

IJO(x)I Scx-l/z .

Since bn = 2w mf(n), (37) holds if

= '—1—3— = 1 1/2 < @o.
N N k< j<N (£()f(k))

But we have assumed this to be so. To establish (38), we may
sum the inequality in (5) over j and k. Applying Lemma 13, we

see that for every € > 0,
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1/9 2/3
j b~ "(log b,) _
pa J — < pl/9 (log b,)23 ¢ (og j + 1);€
k=1 = k' .
1/9 2/3 __e
< ce bN (log bN) N,
80
z S(j, k) < 1/9 2/3 _l+e
k< j < N - C€ f (N) (log f(N)) N
and
) c fllg(N)(log f(N))Z/3
z —5 Z S(j, k)< Z > e .
N N k<j<N N N

and we have assumed that the latter series converges. Thus

the theorem is proved.



CHAPTER VI

The Distribution of {f(n) cos ny}

In the special case P(x) = cos x, Theorem | asserts that
{f(n) cos ny} is uniformly distributed (mod 1) for almost all y
when f increases without bound, f' decreases, and f(x) = o(xl/z).
Theorem 4, in the special case B = 1, asserts that {f(n) cos ny} is
uniformly distributed (mod 1) when f is a smooth function with rate
of growth between log x and x9. We remove the restriction that
f(x) increase less rapidly than x9 in the following theorem. As a

result of Theorems 1,4, and 5, we conclude that {f(x) cos ny} is

uniformly distributed (mod 1) for almost all y when f is a sufficiently

smooth function which increases withQut bound, no matter at what rate,

Theorem 2_

If f' is positive and bounded away from zero, then {f(n) cos ny}

is uniformly distributed (mod 1) for almost all vy.
Proof:

The proof is an application of Theorem A, combined with
previous work of LeVeque. Note that in Theorem 1, we knew the
y for which uniform distribution fails: those y such that y/2rn is
rational or well approximable by rationals, In Theorem 5, we have

no such information.

-103-
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If we let m be a positive integer,

sn(y) = f(n) cos ny,

] N
SN,y)=g Z elms (y),
n=1
and
(1) N = [27 ]S, )| 2 gy,

then expanding (1) gives

Ny = 25 4 Lz X 2Re(J ),
N N° k<j<N J
where Re(J‘jk) is the real part of the complex number J_k and
J
(2) I = (%" e(ms.(y) - ms. (y)) d
ik - I ;00 - YD) dy.

From the conclusion of Theorem A, to prove the theorem, it

suffices to show that

(3) s L Z Re(J,)
N 3 k<j<N )

converges for each m,

LeVeque has shown [7, page371] that for an arbitrary double



sequence of positive numbers wjk’ y=1,L,2,...,k=1,2,...

Re(ij) = O(max(ql.qz. q3)) ,

where

ql = wjk'
o min (k) 1), JUEG) - £0)
(4) 9y =373 53 » and
2 (G%RG) - o) (-l VR

q, = =
P w min(G-RG), SUEG) - £0)

i t = = =
We will choose wjk so tha 9, = 49, ujk and 9, O(wjk),
so that Re(J..) = O(w,, ). We then show that
jk jk

which, according to (3), suffices to prove the theorem,

We will say that a pair (j, k) of integers with k< j is in
class C1 if

(5) G-k £(3) < jlEQ) - £(k)),

and in class C2 otherwise. In Cl’ the minimum occurring in

(4) is £(j) (j-k). Since
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22 22 2 2 2
(6) JEGE -k (kK>2F (GG -k ),
we have

<o G-k _ ik _ g .

q —
2 — ik ... 2 2 . k
T 1G) G -xT)  jt+k ]
If we choose
1/2
“ik - /J ]
ik . 1/2 1/2.. !
oG- )
then
. j i}
q - wjk 14

w0 f0) G - 1

so that ql,qz, and q3 are all of order w. and

ik
1/2
Re(J, )= O PN YCRYEIN )
Thus
112 ,
k<jziNRe(ij)5° k<jE§N RYENENNVE:
(jyk) e C (j,k) e C

1 1

From (5) we have j/f(j) ik/f(k), so (j/f(j))ll2 is a decreasing

function of j and thus
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1 N -1 1
=z Re(J,k)ic z — < ¢ z z —
. . . . 1/2 . .12
(7) k<j<N k<j<N (j-k) j=2 k=1 (j-k)
(i, k) e Cl (. k) e Cl
N
< c 231/2 ichz
j=2

On the other hand, if (j, k) is in class CZ' then the minimum

in (4) is j(f(j) - f(k)) and it follows from (6) that

ij.i (£(j) - £(k)) wjk.if(j) G - k) _ j
9 < z 2 < Z 2z Y%k
fG)G -k)) £y G - k) Jtk
= O(wjk).

If we choose

o -1/2
wjk = (£(j) - £(k)) ,
we have
g c— .
3 wjkj(f(j) - f(k)) jk '’

so for (j,k) in class CZ' each of ql,qz, and q, has order wjk and

Re(s. ) = O((£(3) - £ /2 .
J
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Since f'(x) is positive and bounded away from zero,

£(j) - f(k) > c(j - k),

SO

N j-1 ) 2
(8) z Re(J,k) <c Z z iz < cN
k<j<N ! j=1 k=1 (j-k)
G.k) e C,

From (7) and (8) we have

Z Re(J ) < CN3/2 ,
k-

k<j<N

80 the sum in (3) converges for each m and the theorem is proved.
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