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ABSTRACT

Functional magnetic resonance imaging (fMRI) provides rich measurements of brain
activity and has become an important tool for studying brain organization, individ-
ual variation, and brain-covariate associations. However, fMRI data are often high-
dimensional, structurally complex, and heterogeneous across subjects, which poses
challenges for statistical analysis. This dissertation develops flexible and interpretable
statistical methodologies for analyzing complex fMRI data.

The first part of this work focuses on higher-order relationships in the brain. We
introduce centered edge functional connectivity (ceFC) as an unbiased measure of
covariation between brain edges, study its estimation under both classical and high-
dimensional regimes, and develop a multiple hypothesis testing framework to identify
nonzero edge-level associations while controlling the false discovery rate.

The second part investigates whether the proposed ceFC provides additional pre-
dictive information for phenotypic traits beyond conventional node-centric functional
connectivity (nFC) within a brain-wide association study framework. The results
show that when a sufficient set of information from nFC is included, features ex-
tracted from ceFC provide limited additional predictive benefit.

The third part studies image response regression under dynamic naturalistic stim-
uli. We propose a flexible spatio-temporal image response regression via neural net-
works (ST-IRRNN) to estimate dynamic coefficient functions. We also introduce sev-
eral ST-IRRNN variants designed to accommodate different forms of spatio-temporal
dependence. Numerical studies demonstrate improved estimation accuracy and tem-
poral stability compared to fixed-window spatial baselines. Additionally, an applica-
tion to a naturalistic movie-watching fMRI dataset shows that the proposed meth-
ods effectively recover scene-dependent effects of audio, visual, and emotion-related
stimuli across large-scale brain systems. Overall, this dissertation contributes new
statistical methods for studying both connectivity structure and dynamic effects in
fMRI data. These tools provide new perspectives for understanding brain organiza-
tions and brain associations with phenotypes, behaviors, and continuous naturalistic

stimuli.
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CHAPTER 1

Introduction

Recent technological advancements, such as functional magnetic resonance imaging
(fMRI), have significantly advanced our understanding of brain function through
cost-efficient and non-invasive (albeit indirect) acquisition measures of brain activity
(Wagner et al., 1998; Buckner et al., 1996). fMRI detects changes in spontaneous
and task-free BOLD fluctuations under specific tasks or at rest, yielding an indirect
measure of brain activity over time (Ogawa et al., 1990; Kwong et al., 1992). These
measurements make it possible to investigate not only localized activation patterns,
but also coordinated responses across distributed brain systems. As a result, fMRI
has become a central tool in modern neuroscience and has contributed greatly to
the study of brain organization, individual variation, cognitive function, and disease-
related alterations in neural activity.

Neuroimaging measurements are often high-dimensional, highly structured, and
heterogeneous across subjects. Moreover, the dependence structure in such data can
be complicated, involving spatial organization, temporal evolution, network structure,
and subject-level variation. These challenges motivate the development of methods
that accommodate complex structure while remaining statistically principled and
scientifically meaningful.

One major line of research in fMRI studies focuses on connectivity patterns
among brain regions. In particular, functional connectivity (FC) is commonly de-
fined through statistical dependence, often correlation, between BOLD signals from
distinct brain regions (Friston et al., 1993; Aertsen et al., 1989; Friston, 1994). Nu-
merous studies have applied FC in brain networks (Power et al., 2011a; Finn et al.,
2015), shedding light on the brain’s functional organization and identifying putative
biomarkers for a range of diseases (Greicius et al., 2003; Wen et al., 2018; Yeo et al.,
2011), including but not limited to autism spectrum disorders (Monk et al., 2009;
Weng et al., 2010), Alzheimer’s disease (Supekar et al., 2008), major depressive dis-
order (Yan et al., 2019; Kaiser et al., 2015), and mild cognitive impairment (Wang

et al., 2020). In addition to such group-wise differences in functional connectivity



between healthy individuals and patients, the existing literature also reveals hetero-
geneous patterns in brain connectivity since each individual is unique (Mueller et al.,
2013), holding the potential for personalized treatment (Finn and Constable, 2016;
Finn et al., 2015).

Despite many successes, conventional node-centric FC, referred to here as nFC, is
inherently limited to pairwise relationships among brain regions and may not fully
describe more complicated structures. Recent edge-centric work suggests that higher-
order connectivity can reveal overlapping community organization, individual differ-
ences, and clinically relevant network structure that are less visible under standard
node-based summaries (Glickfeld and Olsen, 2017; Gatica et al., 2021; Luppi et al.,
2022; Palla et al., 2005; Yeo et al., 2014; Beckmann et al., 2005; van den Heuvel and
Sporns, 2013; Faskowitz et al., 2020; Esfahlani et al., 2020; Pope et al., 2021; Wen
et al., 2022; Liu et al., 2022b; Chumin et al., 2022; Jo et al., 2021b,a; Ville et al.,
2021; Dai et al., 2023; Yang et al., 2023; Zamani Esfahlani et al., 2022; Sun et al.,
2023). Motivated by this perspective, Chapter 2 introduces centered edge functional
connectivity (ceFC) as an unbiased measure of covariation between pairs of edges
and studies statistical properties of its estimators. We propose a sample moment es-
timator in a classical regime with a sufficient sample size and a regularized estimator
with a thresholding operator in a high-dimensional setting in which the number of
variables is comparable to or exceeds the sample size. In addition, a multiple testing
framework is developed to identify nonzero ceFC entries while controlling the false
discovery rate. This chapter establishes statistical consistency properties of the pro-
posed estimators and demonstrates their empirical performance through simulation
studies. The application of proposed estimators to the Midnight Scan Club fMRI
dataset further illustrates their capability to uncover overlapping community struc-
tures by edge clustering, providing a new perspective on brain organization.

In addition to network structure, another major objective within connectivity anal-
ysis is to understand how variation in brain connectivity relates to external covariates,
such as demographic characteristics, behavioral traits, and phenotypic information
across individuals (Zatorre et al., 2012; Rosenberg et al., 2018; Cheng et al., 2015;
Krakauer et al., 2017; Ooi et al., 2022b).. This question has become a central com-
ponent of brain-wide association studies (BWAS), where large-scale FC patterns are
used to explain or predict a wide range of subject-level traits (Marek et al., 2022;
Rosenberg and Finn, 2022).

Prior work on brain-phenotype association has often relied on conventional nFC
measurements. On the other hand, the ceFC methodology developed in Chapter 2
has been shown to provide additional perspective on brain structure and organization.

While this higher-order connectivity can capture interaction patterns that may not



be immediately visible from nFC, it remains unclear whether this new metric contains
additional valuable information for phenotypic prediction.

Building on a BWAS framework (Marek et al., 2022), Chapter 3 examines whether
ceFC provides additional predictive information for phenotypic traits beyond nFC.
In particular, subject-level predictors are constructed from both conventional nFC
and ceF'C proposed in Chapter 2. That is, each node-pair or edge-pair connectivity
is treated as a covariate, and regularization and dimension reduction are employed to
address the high dimensionality within ceFC. The empirical results show that, when a
sufficiently rich set of nFC features is included, adding ceFC features provides limited
additional predictive benefit. Further analyses indicate that much of the dominant
variation in ceFC can already be explained by conventional nFC components. These
results refine our understanding of the role of higher-order connectivity in brain-
phenotype prediction and suggest that increased representational complexity does
not necessarily translate into improved predictive power.

Beyond studying connectivity patterns among brain regions in the first two parts
of this dissertation, another central goal in fMRI studies is to characterize how brain
imaging responses vary with external covariates, such as demographic characteris-
tics, behavioral measurements, clinical scores, and stimulus-related features, across
anatomical space. This problem is scientifically important because such associations
can localize covariate effects over the brain image domain and may provide inter-
pretable markers for brain function and disease (Zhu et al., 2014; Woo et al., 2017;
Smith et al., 2009). Existing approaches include mass univariate methods, tensor-
based models, and spatially varying coefficient models (SVCMs), each of which ad-
dresses different aspects of the complexity of image-valued responses (Friston, 2003;
Sun and Li, 2017; Zhu et al., 2014; Li et al., 2017, 2021). More recently, Zhang et al.
(2023) proposed image response regression via neural networks (IRRNN), which uses
deep neural networks to approximate spatially varying coefficient functions while pre-
serving coefficient-level interpretability.

Many contemporary imaging studies, however, arise in dynamic settings where the
relevant covariate effects evolve over both space and time. This is especially important
under naturalistic fMRI paradigms, such as movie watching, in which the stimuli of
interest are continuous, multimodal, and context-dependent, closely resembling real-
world conditions (Sonkusare et al., 2019; Finn and Bandettini, 2021; Matusz et al.,
2019). In such settings, the effect of a stimulus-related covariate can vary over both
space and time, and exhibit dependence patterns that are not adequately described
by static models.

Chapter 4 addresses this setting by developing a spatio-temporally varying co-
efficient model (STVCM) for dynamic image-response data and proposing spatio-



temporal image response regression via neural networks (ST-IRRNN) for estimat-
ing the associated coefficient functions. Several ST-IRRNN variants are considered
to accommodate different forms of spatio-temporal dependence, including additive,
multiplicative, concatenative, and transformer-based formulations. This framework
remains interpretable at the coefficient-function level while retaining the flexibility
of modern deep learning methods. Simulation studies with different spatio-temporal
structures show that the proposed methods achieve lower estimation error and greater
temporal stability than fixed-window spatial baselines. A real-data application to the
Sherlock movie-watching fMRI dataset (Chen et al., 2017) further illustrates that
the fitted spatio-temporal coefficient maps reveal scene-dependent effects of auditory,

visual-social, and emotion-related covariates across large-scale brain systems.



CHAPTER 2

Higher-Order Statistics for Constructing Centered
Edge Functional Connectivity

2.1 Introduction

Conventional node-centric functional connectivity summarizes pairwise associations
between brain regions. Although this representation has been highly useful, it may
fail to capture more complex dependence structures among connections themselves.
Previous studies suggest that there may be higher-order interactions involved in func-
tional connectivity (Glickfeld and Olsen, 2017; Gatica et al., 2021; Luppi et al., 2022),
which may be obscured when using field-standard node-based approaches. For in-
stance, higher-order estimates of functional connectivity may provide a more detailed
understanding of functional brain networks through pervasive, non-trivial overlapping
community organizations (Palla et al., 2005; Yeo et al., 2014; Beckmann et al., 2005;
van den Heuvel and Sporns, 2013). Various lines of evidence have indicated that brain
regions participate in multiple functional roles (Hove and Martinez, 2024; Ackerman,
1992; Rishel et al., 2013), highlighting the importance of studying overlapping com-
munities within brain networks, which can be trivially detected using an edge-centric
approach within functional brain networks. In addition, higher-order connectivity in
brain studies has been shown to provide valuable insights into various types of dis-
orders, including but not limited to cognitive and neurological disorders, which may
assist in the early detection and diagnosis of diseases (Plis et al., 2014; Chen et al.,
2016; Zhang et al., 2017).

Recently, a novel concept of edge-centric functional connectivity (eFC), which
examines connectivity between pairs of edges, was introduced in (Faskowitz et al.,
2020). This edge-centric framework studies the co-fluctuations in the BOLD signals
between pairs of edges and has been applied in brain networks, revealing a diverse
community structure in which brain regions can be grouped into multiple communi-
ties based on edge clusters (Faskowitz et al., 2020). The identification of overlapping

communities by edge connectivity provides a deeper understanding of brain organi-



zation (Chumin et al., 2022), where at least two edge communities can link all brain
systems (Jo et al., 2021b). Recently, the edge-centric framework has been found to
provide another perspective for understanding structural and functional features of
brain networks (Esfahlani et al., 2020; Pope et al., 2021; Wen et al., 2022; Liu et al.,
2022b), identifying individual differences (Jo et al., 2021a; Ville et al., 2021), serv-
ing as biomarkers for various disorders (Dai et al., 2023; Yang et al., 2023; Zamani
Esfahlani et al., 2022; Sun et al., 2023), and uncovering the mechanism underlying
therapeutic efficacy (Khambhati et al., 2021).

The proposed eFC measures the strength of connectivity between edge pairs based
on the co-fluctuation of edge time series while also taking the absolute levels of edge
time series, i.e., their mean values, into consideration. However, including the mean
values of edge time series may bias the estimation of the association between edge
pairs when the parameter of interest is their covariation. This can occur because
the mean values can inflate or deflate the perceived strength of relationships between
edges, leading to a skewed measurement and potentially obscuring the true underlying
covariation between edges. To address this issue, the present study aims to provide
an unbiased estimation of the covariation between edge pairs, denoted as ceFC, and
to investigate the statistical properties of its estimators. Each brain parcel is treated
as a variable in our analysis. For a single subject, one intuitive estimation of ceFC,
denoted as ©, can be achieved using the sample moment estimator, which consists of
the empirical estimators of the fourth-order and second-order moments by definition.
Under the assumption of sub-Gaussian variables, we study the rate of convergence
of the sample moment estimator © under the Frobenius norm. Additionally, we
develop a multiple-hypothesis testing framework to examine the non-zero elements
of the ceFC matrix while controlling the false discovery rate (FDR). Considering
that different edge pairs can be dependent, our inference framework employs the
Benjamini—Yekutieli procedure, a method designed to control FDR when accounting
for dependencies between pairs of statistical tests (Benjamini and Yekutieli, 2001).

An important consideration for creating a reliable sample moment estimator is
ensuring that the number of time frames is sufficient relative to the number of vari-
ables, i.e., the number of brain regions. In fMRI studies, there are multiple schemes
to parcellate human brains into brain regions, or regions of interest (ROIs), where
the common choices range from 50 up to 1000 parcels (Yeo et al., 2011; Glasser et al.,
2016; Gordon et al., 2016; Power et al., 2011b; Schaefer et al., 2018). Different brain
parcellations can impact functional connectivity magnitudes and generate differences
among individuals (Bryce et al., 2021), while the number of time frames can be rel-
atively limited in comparison to the high level of brain parcellations, particularly

during specific tasks (Van Essen et al., 2013). It can be challenging when the number



of brain areas is comparable to or even greater than the number of time frames during
scan sessions, as the sample estimator for covariance becomes singular, whereas the
actual covariance matrix is always positive definite.

In high-dimensional settings, it has been shown that the sample covariance typi-
cally does not perform well (Mar¢enko and Pastur, 1967; Johnstone, 2001; Johnstone
and Lu, 2009), in which the estimation error can fail to converge to zero. To address
this issue, significant effort has been devoted to developing alternative estimators.
There is a rich literature on estimating large covariance matrices through banding
or tapering (Bickel and Levina, 2008b; Cai et al., 2010; Yi and Zou, 2013; Bien
et al., 2016), thresholding (Bickel and Levina, 2008a; Karoui, 2008; Rothman et al.,
2009; Cai and Liu, 2011), and penalization (Lam and Fan, 2009; Ravikumar et al.,
2011). These techniques have been applied in various domains (Fan and Liu, 2013;
Xu and Lindquist, 2015; Markon, 2010; Asai et al., 2020), including neuroscience.
For example, people have employed thresholding operators to eliminate weak connec-
tions in brain networks and reveal distinct features of brain networks (Stam, 2004;
De Vico Fallani et al., 2017; Garrison et al., 2015; Nicolini et al., 2020). In light of
this, we adopt the thresholding operator T, to truncate values in the sample moment
estimator below a certain threshold 7 to 0 as the thresholded estimator for a class of
sparse ceFC matrices.

In this chapter, we aim to explore the unbiased estimators of covariation among
edges under both general scenarios with sufficient sample sizes and the high-
dimensional setting in which the sample size is smaller than the number of variables.
We demonstrate that both types of estimators for centered eFC - the sample moment
estimator and the proposed thresholded estimator - provide consistent results through
statistical rates of convergence and simulation studies. Building on the sample mo-
ment estimator, we construct a multiple hypothesis testing framework to examine the
sparsity of the ceFC matrix and demonstrate that this inference framework achieves
asymptotic control of FDR. We also apply the proposed estimators to the Midnight
Scan Club (MSC) dataset (Gordon et al., 2017) and investigate the underlying over-
lapping structures through edge clustering. By evaluating the clustering results from
three types of estimators, we show that the FDR-controlled and thresholded estima-
tors provide relatively more stable clustering outcomes compared to those based on

the sample moment estimator.

2.2 Centered Edge Functional Connectivity (ceFC)

The covariance matrix has found wide applications across scientific disciplines includ-
ing genomics (Pascal et al., 2008; Bulik-Sullivan et al., 2015; Duncan et al., 2017)



and neuroscience (Salvador et al., 2005; Schneidman et al., 2006; Chen et al., 2008).
However, the covariance matrix is limited to modeling linear dependencies between
pairs of variables.

In recent years, many authors in the neuroscience literature have found that com-
puting higher-order relationships among variables can help facilitate a deeper under-
standing of the structural and functional brain organizations (Faskowitz et al., 2020;
Esfahlani et al., 2020; Pope et al., 2021; Wen et al., 2022; Liu et al., 2022b), recognize
individual differences (Jo et al., 2021a; Ville et al., 2021), and serve as biomarkers for
various disorders (Dai et al., 2023; Yang et al., 2023; Zamani Esfahlani et al., 2022;
Sun et al., 2023).

The primary goal of our study is to introduce and validate an unbiased framework
for connectivity between edges. We begin by defining the key concepts underlying
our analysis before presenting the main theoretical results.

At its core, traditional FC measures the statistical dependence between pairs of
brain regions (e.g. correlation) (Friston et al., 1993; Aertsen et al., 1989; Friston,
1994). A more recent concept, eFC, extends this idea to a higher order by quantifying
the co-fluctuation between pairs of edges themselves (Faskowitz et al., 2020). An edge
time series can be constructed, for instance, by taking the element-wise product of
the time series of two connected nodes. The original eFC is then calculated as a
scaled measure of the co-fluctuation between two such edge time series (Faskowitz
et al., 2020).

A critical limitation of the eFC formulation is its sensitivity to the mean of the
edge time series (i.e., the static functional connectivity). This can introduce a sample-
specific bias, potentially impacting the reproducibility of scientific findings. To ad-
dress this, we propose ceFC, which is mathematically defined as the unbiased covari-
ation between two edge time series after their means have been removed. By design,
ceFC isolates the pure dynamic co-fluctuation between edges from the confounding
influence of static connectivity.

Functional connectivity measures the magnitude of dependency between a pair
of brain voxels or parcels. One common measurement is the Pearson correlation
coefficient using their BOLD signal time series. Let x; = [1j,...,Z,;] denote the
time series recorded from parcel j, where n is the number of time frames, and p

is the number of parcels. For each parcel j, we compute the time-averaged mean

pj = = > x; and standard deviation o; = \/ﬁ > (245 — 1;)?, such that we can

il
J

series vectors zj, zy, the correlation between parcels j and & can be computed as

obtain the z-scored time series vector z; = For any pair of z-scored time

Tik = ﬁ >ilzij - zix). By repeating this computation for all pairs of parcels, we

obtain the node-by-node correlation matrix R = [rj;] of size p x p, which is the



estimate of node-centric functional connectivity (nFC).
Here, we treat brain parcels as random variables and use uppercase letters to

denote them. Specifically, let X;,..., X, be the random variables for the p brain

parcels, and X = (X7,... ,Xp)T be an p-dimensional random vector with mean zero
and an p X p covariance matrix 3 = [o;;] € RP*P. The above computation for the
E[X, X

correlation can be written as rj, = v where o}, 0}, are the standard deviations
J
of X;, Xk, respectively. We define ceFC between {X;, X;} and {X;, X;} as

Ojkst = B[X; X X Xi] — E[X; Xy ] - E[X Xy (2.2.1)

Here, O} s+ measures linear dependency between two pairs of variables { X, X} and
{X;, X }. If we consider the z-scored BOLD signals Z,,. .., Z,, O, can be viewed
as the connection between edge jk and edge st by taking the product of centered edge
time series Z; 7, and Z,Z;. Moreover, if we standardize the edge time series Z;Z; and
Z 7y and then take the product, the resultant ceFC will be the correlation between
edge jk and edge st and thus scaled between [—1,1 |. Considering all combinations

p(p—1)  p(p-1) :
D matrix.

of parcel pairs for entries in ceFC, © will be a

In the following sections, we will propose two types of estimators for ceFC under
low- and high-dimensional settings, respectively. We first examine a straightforward
sample moment estimator, which is analogous to the original eFC but applied to mean-
centered data. We will demonstrate its statistical limitations in high-dimensional
settings, i.e., when the number of time frames is limited compared to the number
of parcels. Next, we present a multiple-hypothesis testing framework to simultane-
ously evaluate the strength of each edge pair covariation, demonstrating that this
inference procedure effectively controls the FDR. We then introduce and evaluate a
more sophisticated thresholded estimator, designed to provide consistent and robust
estimates even when the number of brain parcels is large relative to the number of

time frames.

2.2.1 Sample Moment Estimator of ceFC

To estimate ceFC ©,y, o defined in (2.2.1), we consider the situation where we have a
sufficient sample size n compared to the number of variables p. In other words, the
number of time frames of BOLD signals is large enough compared to the number of
brain parcels. Let X,..., X, be n independently and identically distributed copies of
X', which represent the BOLD time series of whole brain parcels. A natural estimator

of ©,, « is constructed by the sample mean of each expectation term in (2.2.1), which



is the following sample moment-based estimator

~ 12 1 1
Ojk st = o ZXinikXiint . ZXinik - ZXiint- (2.2.2)
=1 i=1

i=1

If we repeat this computation for all combinations of parcel pairs, we will obtain a

(-1) o p(p-1)
pp2 X pp2

In the following, we establish non-asymptotic upper bounds for the estimation error

matrix (:), a sample estimate of ©.

of the sample moment estimator in (2.2.2) and show that the sample moment estima-

tor converges to the true ceFC matrix within a bound as a function of \/ ptlog*(npt)/n,
providing a consistent estimate when the sample size (or number of time frames) n
is sufficiently large, specifically with n much larger than p*. We start with imposing

some conditions on the random vector X.

Condition 2.1. The random vector X € RP is sub-Gaussian with mean zero and
covariance matrix 3 = E[X X T] € RP*P that is positive definite. Consequently, for
each X; and v > 1/4, we have E[|X;|*] < K*(4v)?" for some constant K > 0.

Denote the Frobenius norm of a matrix A as

[Allr = > a3
i

We consider the statistical rate of the sample moment estimator in (2.2.2) under the

Frobenius norm.

Theorem 2.2.1. Under Condition 2.1, we have

— log*(np*
6 - o < cp )

)

for some constants C', with probability at least 1 —n=1.

The proof can be found in Appendix A.1.4. We can see that with a fixed number of
variables p, the estimation error measured under the Frobenius norm approaches zero
with increasing sample size n. This convergent error demonstrates that our estimator
is consistent and becomes increasingly accurate as more data are collected, ensuring

reliable estimation of the true ceFC matrix in practical applications.

2.2.2 Multiple Hypothesis Testing

We now perform statistical inference on the ceFC matrix. Specifically, we are inter-

ested in simultaneously testing the hypothesis that each element in the ceFC matrix

10



is equal to zero. The literature acknowledges that not all brain regions or edges ex-
hibit strong connections with others (Achard and Bullmore, 2007; Faskowitz et al.,
2022; Bullmore and Sporns, 2012; Faskowitz et al., 2020), and such sparse network
patterns can be a reflection of the trade-offs between the wiring costs and topological
structures (Achard and Bullmore, 2007; Faskowitz et al., 2022; Bullmore and Sporns,
2012; Faskowitz et al., 2020). In light of these findings, our multiple hypothesis test-
ing framework provides a statistical inference procedure to systematically evaluate
the strength of each edge-pair connection within the ceFC matrix.

Formally, our goal is to test each I** pair of {jk, st} in ©® simultaneously:
H[)l 3@jk,5t:01}.8. Hll Z@jhst#o, lzl,,N

Given that the ceFC matrix © is symmetric with diagonals equal to one, it is sufficient

to examine the set of N upper-triangular entries of ® for the N hypotheses with

N — k=1 [p(p—1)-2 ]
S .

It remains to construct a test statistic for the multiple hypotheses. Based on

the proposed sample moment estimator C:)jmt, by an application of the multivariate

central limit theorem and multivariate delta method, it can be shown that

\/ﬁ [éjk,st - @jk,st] i> N(O, Ajk,st)7 (223)

where

Ajise = Var(X; X, X, X,) + 02, Var(X; X,) + o5, Var(X, X,)
—204,Cov (X; X3, X; X1 X, X))
— 204 Cov(X X, X; X3 X, X,)
+ 205,05 Cov(X; Xy, X X1).

Under the null hypothesis, we define the test statistic as

~

@jk,st

Vik,st = — 5
VAt /1

where /A\jk,st is the sample estimate of Aj;. For ease of notation, we denote
(Xinik)c = Xinik - n_IZ?zl Xinika (Xiint)c = XXy — n! ?:1 XisXit, and

~

(Xinik‘Xiint)c = ngszXstzt — n’l ?:1 XZ]Xlk’XZSX’Lt We can write Ajk,st as

(2.2.4)

2
1 & R 1 &

S (X XunXisXa)2 4+ | =D XisXae | - ——= > (X Xin)?
”_1¢:1( o t)c+<”i_1 t) n_li:1< Xik)e
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Let R4, be the rejection region, then the corresponding p-value can be determined
as

= ic{lof Poi(Vjkst € Ragt)-

Under the multiple testing setting, we now aim to control the false discovery rate
(FDR)(Benjamini and Hochberg, 1995) defined as

FDR — E [# false posmves}

# rejections

under some predetermined level «. Given that the p-values p; for different edge
correlation entries can be dependent, we adopt the Benjamini—Yekutieli procedure
(Benjamini and Yekutieli, 2001), which controls FDR among dependent hypotheses
with a cut-off value for ordered p-values. Specifically, the FDR procedure can be

summarized as Algorithm 1.

Algorithm 1 FDR Control Procedure (Benjamini and Yekutieli, 2001).

Input: A list of p-values p; - - - pn for null hypotheses Ho, ..., Hgy and a prespecified level
.

Initialization: Number of rejections r = 0.

1. Order p-values as p(1) < -+ < p() for corresponding Hyyy, - .., Hy()-
2. Set L=YN,1/1.
3. Forl=1,...,N:
If py < wpo
Reject corresponding Hy;).
Update r = [.
Until 1400 > ﬁa.

Output: A set of rejected Hy(yy, ..., Hy(r).-

We demonstrate that the FDR can be controlled at a prespecified level o asymp-

totically by the above procedure in the following theorem. In other words, as the
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number of time frames n increases, the FDR is asymptotically bounded above by

some level a plus a term that converges to zero.

Theorem 2.2.2. For a pair of {jk, st} and some level a € (0, 1), the testing proce-
dure above controls FDR at level o asymptotically that

FDR < a + o(1).

The detailed proof can be found in Appendix A.1.6. Asymptotic control of the
FDR implies that for large datasets, the proportion of false positives (i.e., incorrectly
identified significant edge pairs) is maintained at or below the chosen significance level

«, ensuring the reliability of the results in large-sample scenarios.

2.2.3 Thresholded Estimator of ceFC

In Section 2.2.1, we demonstrate that under the Frobenius norm, the upper bound
of the sample moment estimation error behaves as a function of p? log?(np?*) /+/n and
thus does not converge to zero under the high-dimensional setting with p > n, which
can be a common situation in many domains. For example, the number of time
frames n can be limited compared to the high level of brain parcellations p, especially
under specific tasks (Van Essen et al., 2013). This high-dimensional scenario presents
a fundamental statistical challenge: with limited time frames, many of the observed
weak (low-weight) connections are statistically indistinguishable from random noise
or sampling error. It becomes infeasible to reliably estimate the numerous param-
eters in the ceFC matrix without additional structural constraints. To address this
challenge, we introduce a regularized estimator by truncating certain entry values
below a specified threshold in the sample moment estimator to zero, thus providing a
consistent estimation even when the number of parcels is greater than the number of
time frames. This thresholding procedure is a necessary statistical step to mitigate
the risk of overfitting and to ensure that subsequent analyses are based on reliable
signals rather than spurious correlations. It has been a widely adopted strategy in the
existing literature to achieve consistent estimation of large covariance matrices (Bickel
and Levina, 2008a; Karoui, 2008; Rothman et al., 2009; Cai and Liu, 2011). Such
a thresholding technique is often constructed based on structural assumptions that
involve the sparsity of the target matrix and has been applied in various disciplines
(Fan and Liu, 2013; Xu and Lindquist, 2015; Markon, 2010; Asai et al., 2020), includ-
ing neuroscience (Honey et al., 2007; de Reus and van den Heuvel, 2013; Buchanan
et al., 2020). For instance, the thresholding operator has been frequently employed in
brain studies to eliminate spurious connections under the assumption that the likeli-

hood of a connection being spurious decays monotonically with its weight, revealing
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features of brain networks (Stam, 2004; De Vico Fallani et al., 2017; Garrison et al.,
2015; Nicolini et al., 2020). To this end, we propose a regularized estimator through
the thresholding operator, especially tailored for a class of sparse ceFC matrices. We
first introduce the following notations.

For a matrix A = [a;;] € RP*P, we define the thresholding operator T’ as:
TH(A) = a1 (Jay| = 7))

With this operator T, we truncate the entries a;; in a matrix A to zero if their
absolute values are less than a certain cut-off value 7.

We consider the class of sparse ceFC matrices that
U (m) ={O: > 1(Ojyst #0) <m}.
{4,k,s,t}

That is, the number of nonzero entries in such sparse ceFC matrices would be no more
than certain values m. For such a sparse ceFC matrix ©, we propose to estimate each

entry Oj; o by its thresholded estimator

T (Ojpst)- (2.2.5)

Similar to the sample moment estimation, which has been shown to provide a bounded
statistical rate for a general edge correlation matrix, we study the bound of concen-
tration inequality of the thresholded estimator with a certain choice of threshold 7.

The proof can be found in Section A.1.5.

Theorem 2.2.3. Under Condition 2.1, uniformly on U, (m), for some constant C| if

7 = Cy/log" (np*)/n, we have

_ log? (npt
I7,(®) - O|f% < me? X8 ),
n

with probability at least 1 — n~".

In situations where the true ceFC is sparse under the class U, (m), the regularized

estimator (2.2.5) approaches the true ceFC with an upper bound delineated by

mlog® (np*)

n

which converges to zero even for p > n. On the other hand, by Theorem 2.2.1, the

sample moment estimator (2.2.2) converges to the true edge correlation under the
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bound as the function
p*log" (np?)
n
which fails to converge to zero when p > n. Accordingly, the proposed regularized
estimator under the thresholding operator provides a consistent estimation for ceFC
in the high-dimensional scenario. Moreover, even when the true ceFC is non-sparse,
the regularized estimator can outperform the sample moment estimator with an ap-
propriate tuning parameter when the sample size is small, which can be illustrated

through the numerical studies in Section 2.3.1.

2.2.4 Connection with nFC

As the definition of ceFC (2.2.1) involves connectivity between nodes, it is of interest
to study the connection between the ceFC matrix and the nFC matrix. Indeed,
Magnus and Neudecker (1979) have shown the mathematical relationship between a
covariance matrix and a ceFC-like matrix under a Gaussian distribution based on the
commutation matrix. By definition, a commutation matrix K,, , is a square mn xmn

Z'th jth>
;

entry and 0 otherwise. When m = n, we can simplify the notation K, ,

matrix consisting of mn submatrices and the (
th ;th
)

submatrix K;; contains 1 in
its (j
to K,,. Specifically, Magnus and Neudecker (1979) state that for a Gaussian random

vector X € RN with mean fi and covariance X,
Var(X @ X) = (I + K,))(Z® X + X @ i’ + i’ @ %),

where ® denotes the Kronecker product. Here Var(X ® X)) can be viewed as an
extension of ceFC, which includes the covariance between the node pairs {X;, Xy}
and {X;, X;} and also the case when j = k and/or s = ¢. Our study ignores the
second case in ©, as there is no edge connecting the node X; itself. Based on the
result in Magnus and Neudecker (1979), when the random vector X = (X1,...,X,)"
is Gaussian with mean 0 and a p x p covariance matrix ¥ = [0j;] € RP*P, we can

rewrite
O©= I+Kyy,)(Z@X 4 )cRe-Dpe-D (2.2.6)

for j,k € {1,...,p}. There are two modifications to Magnus and Neudecker (1979)’s
result. First, K, ,_; is a variation of the communication matrix K, which contains
p X (p — 1) submatrices each with dimension of (p — 1) x (p — 1). In particular, the
(5%, k') submatrix contains 1 in its (j — 1'%, k™) entry when j > k and (5%, (k— 1))
entry when j < k, and 0 elsewhere. Second, the matrix ¥_; _; removes oj; from X.
Specifically, ¥ ® ¥_; _j = 052 _;_x]. Such modifications are mainly based on the

removal of the term oj; for j € {1,...,p}, which does not retain practical meaning
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in some application fields.

When considering the special case of z-scored node time series, equation (2.2.6)
provides the mathematical relationship between ceFC and nFC, indicating that the
ceFC matrix can be built from nFC. This may not be surprising as the construction
of ceFC matrix depends on the edge time series, which in turn is obtained based on

the node time series.

2.2.5 Comparison with eFC

The concept of ceFC is closely related to eFC as proposed by (Faskowitz et al., 2020).
Both ceFC and eFC can quantify the connection between pairs of edges but from dif-
ferent perspectives. This distinction has profound implications for the interpretation
and reproducibility of findings in edge-centric functional connectivity.

Specifically, eFC calculates the strength of edge connections based on the in-
ner product of two edge time series, while ceFC is evaluated using centered edge
time series. Mathematically, let Ej;; denote the edge time series between parcels
J and k, which can be obtained by taking the element-wise product of X; and
X as (X1 Xk, -+, Xy Xnk). The root mean square of the edge time series can

be defined as ||Ejl = /E,Ejx/n. The standard deviation of Ej is sd(Ej) =

\/(Ejk — o) (Eji, — ojx)/(n — 1), where o, is the mean of the edge time series Ejy,

or the covariance between parcels 7 and k& with zero-mean node time series. By

definition, eFC between edges jk and st can be computed as

EﬁEst/n

eFCiy g4 = ——7.
ot B[] Bat

Similarly, we can obtain ceFC between edges jk and st under the scale between —1

and 1 by
EﬁEst/n — 0k0st

sd(E;i,)sd(Eg)

The critical distinction lies in the centering step. The presence of the product

ceFCip st =

of means, 0,04, in the eFC formulation introduces a systematic bias that conflates
the covariation between edge time series with the magnitudes of their individual
means. Consequently, two edge pairs might exhibit high eF'C not because their fluc-
tuations are synchronized, but because both pairs have strong average connections.
This confound makes eFC results dependent on sample-specific mean connectivity
levels, threatening the reproducibility and generalization of findings across studies
with different populations or acquisition protocols.

Therefore, even if eFC and ceFC were to yield visually similar structures in a given

dataset as shown in 2.4.1, the communities identified by eFC are built upon a biased
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foundation, where the similar patterns could be dependent on the specific datasets,
while those from ceFC reflect a more reproducible signature of higher-order brain
dynamics. In the special scenario where parcel pairs 7,k and s,¢ are both uncorre-
lated (o = 0 and oy = 0) with sufficient time frames, the centering step becomes
unnecessary and |Ej;| equals sd(E;;), making eF'Cjy o equivalent to ceFCjy g af-
ter standardization. However, this represents an edge case rather than the typical

scenario in functional neuroimaging.

2.3 Numerical Studies

2.3.1 Estimation

In this section, we perform extensive numerical studies to assess the performance
of the sample moment estimator and the regularized estimator discussed in Sec-
tions 2.2.1 and 2.2.3 under different scenarios. The proposed regularized estima-
tor involves selecting a thresholding tuning parameter 7 > 0. Suggested by The-
orem 2.2.3, we set 7 = C - \/log*(np*)/n with C € {0.002,0.005,0.01} for some
weak to moderate controls under the simulation setting. To compare the perfor-
mance across the two methods, we measure the estimation error between the pro-
posed estimator © = [Oj;] and the true ceFC @ = [©7).s] under the relative
Frobenius norm [[© — €[5 /1075 = /S jist(Ojtet = O st)?/\/ st (O )2 for
{jk,st} € {1,...,p(p—1)/2}. Moreover, we define the true positive rate (TPR) and

false positive rate (FPR) as the proportion of correctly estimated non-zero entries

and incorrectly estimated non-zero entries, respectively:

#{(jk. st) : Ojrs # 0 and O3, # 0}
#{(jk, st) : Q;k,st # 0} ’
#{(jk, st) : Oy # 0 and %, , = 0}
#{(jk, st) : O}, = 0} '

TPR(©, ®%) = (2.3.1)

FPR(©, 0" = (2.3.2)

We start with generating n independent and identically distributed p-dimensional
vectors from a multivariate normal distribution, i.e., X; ~ N(0,3X), where X is
some p X p covariance matrix that will be specified later in this section. Under the
normality assumption, the true ceFC (2.2.1) is evaluated as %, , = 0.0k + 051 0ks
for {jk,st} € {1,...,p(p —1)/2} by Isserlis’s theorem (Isserlis, 1918).

In our numerical studies, we consider both non-sparse and sparse covariance ma-
trices, which translates to non-sparse and sparse ceFC matrices, respectively. To
generate X that is realistic in the context of neuroimaging, we calculate the sam-

ple covariance matrix for each scan/subject of the Midnight Scan Club resting-state
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functional MRI data, and set 3 to be the average of the computed sample covariance
matrices (Gordon et al., 2017). This yields a ¥ € R?%°%200 matrix with 200 brain
regions that are further partitioned into 16 brain systems (Yeo et al., 2011). A more
detailed description of the MSC data set can be found in Section 2.4. To illustrate a
scenario with a smaller number of variables, a straightforward situation with sufficient
samples, we randomly select 25% of the brain parcels from each system, resulting in a
subset of p = 50 parcels. The sample size n depends on the number of time frames in
the MSC scans, in which the volumes are acquired approximately every 2.2 seconds.
For the sparse scenario, we truncate the absolute values of 3 below 0.3 to 0, resulting
in 97% sparsity for the 50 x 50 covariance matrix and 92% sparsity for the 200 x 200
covariance matrix. Finally, to ensure that the sparse covariance matrix 3 is positive
definite, we set £;; = |Amin(2)[+0.01 for j = 1,..., p, where A (X) is the minimum
eigenvalues of ¥ (Tan et al., 2021). We then rescale ¥ to obtain a correlation matrix
such that all variables are on the same scale with variance one.

In Figure 2.1, we summarize the relative average estimation error under the Frobe-
nius norm across 100 independent replications for the non-sparse and sparse scenar-
ios, respectively. From Figure 2.1, we observe that estimation errors for both non-
thresholded and thresholded estimators decrease as we increase the number of time
frames n. Our results also suggest that the thresholded estimator can outperform
the sample moment estimator when the signal-to-noise ratio is small (i.e., when n is
small), even when the true ceFC matrix is dense. Under the scenario in which the
ceFC matrix is sparse, we see that the proposed thresholded estimator consistently
outperforms the sample moment estimator for all truncation parameter choices across
varying C'.

We further evaluate the thresholded estimator’s performance in discerning zero
and non-zero entries in a sparse ceFC matrix in terms of the true positive rate
(TPR) (2.3.1) and the false positive rate (FPR) (2.3.2), calculated as the proportion
of correctly estimated non-zero entries and incorrectly estimated non-zero entries, re-
spectively. We obtain the receiver operating characteristic (ROC) curves in Figure 2.2
by varying the thresholding tuning parameter from C' = 0.0001 to C' = 1. The true
and false positive rates, averaged over 100 scans, for n € {50, 100, 200, 500, 1000} and
p € {50,200} are summarized in Figure 2.2. We see from Figure 2.2 that the area
under the curve increases as the sample size n increases, suggesting that the thresh-
olded estimator is able to estimate the non-zero and zero entries of the true ceFC

matrix more accurately as the signal-to-noise ratio increases.
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Figure 2.1: Relative Frobenius norm estimation error for the non-sparse (top) and
sparse (bottom) ceFC matrix with the number of brain parcels set to p = 50 (left)
or p = 200 (right). The colored lines correspond to the proposed sample moment
estimator (—), the thresholded estimators using the tuning parameter C' = 0.002
(--), C =10.005(--),and C' = 0.01 (--). The sample size n (number of time frames),
number of brain parcels p, and tuning parameter C' determine the thresholding 7

through 7 = C'y/log*(T'N*)/T for the thresholded estimator.
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Figure 2.2: The true and false positive rates for sparse ceFC matrix with different
choices of tuning parameter C' = 0.0001 to C' = 1. The colored curves correspond to
the proposed thresholded estimator under different sample sizes n.

2.3.2 Comparison with eFC

As discussed in Section 2.2.5, one major distinction between eFC and ceFC is the
centering step in ceFC. In this section, we empirically illustrate the impact of this
centering step through directly comparing the value distributions of the eFC and
ceFC matrices using the sample moment estimator from above simulation with p =
200 brain parcels. We visualize entry values in eFC, ceFC, and their difference in
Figure A.4. In general, eFC and ceFC exhibit similar patterns in that both their
mean values (eFC: 0.0019, ceFC: 0.0016) and standard deviations (eFC: 0.073, ceFC:
0.065) are close, and their difference ranges from —0.24 to 0.33. Due to the large
sample size and small standard deviations, a standard t-test is overly sensitive to
negligible differences and is not informative. Consequently, we instead compare the
element-wise estimation bias from the upper triangular entries of eFC and ceFC,
both of which are symmetric matrices with unit diagonals. To quantify the extent of
overestimation relative to the ground truth ©, we compute the overestimation ratio
for each off-diagonal entry in the estimators where the estimator’s absolute value
exceeds the corresponding true absolute value. Specifically, for such entries, we define
the overestimation ratio as (|0 | — |O;k.st)/|O;k.s¢| X 100%. This ratio captures the
relative magnitude of overestimation with respect to the true value. As illustrated in
Figure A.4(d), the distribution of these ratios, plotted on a logarithmic scale, reveals
that the eFC estimator exhibits systematically higher overestimation compared to
ceFC, underscoring the biased estimation in eFC. This analysis provides empirical

evidence that the centering step, i.e., 0,05 term, is non-trivial and essential for
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accuracy. The consistently lower overestimation ratios of ceFC validate our theoretical
concern that omitting this term introduces bias and leads to a less reliable estimation.

When the parameter of interest is the unbiased covariation between edge pairs,
ceFC provides superior estimation accuracy, as demonstrated by the estimation error
under the Frobenius norm. Under the same simulation setting, both eFC and ceFC
based on sample moment estimators show decreasing estimation errors with increasing
sample size, but ceFC consistently achieves smaller errors that converge to zero at a
faster rate as illustrated in Figure 2.3.

Beyond estimation accuracy, it is crucial to assess a method’s empirical robustness.
To formally compare the robustness of eFC and ceFC, we design a split-half reliability
analysis across 100 simulation trials. The primary goal of this analysis is to quan-
tify how reliably each method could estimate higher-order connectivity. Based on a
similar setting mentioned above, we split the time series into first and second halves,
with n = 500 for each half. The eFC and ceFC matrices are computed separately for
each half of the data. To determine the reliability for each edge pair, we aggregate
the results across 100 trials to form two vectors, where the first vector contains the
estimated eFC or ceFC values from the first half, and the second vector contains
the corresponding values from the second half. The reliability score for that specific
edge pair is then defined as the correlation between these two vectors. This process
yields a full distribution of reliability scores for all edge pairs, allowing for a direct
comparison of estimation robustness between eFC and ceFC. The results are sum-
marized in Figure A.5, which displays the overall distributions of split-half reliability
scores across all edge pairs for p = 50 and p = 200 parcels. Overall, ceFC and eFC
demonstrate comparable reliability distributions. However, closer inspection reveals
that ceFC shows a marginally higher count of edge pairs with positive split-half cor-
relations, whereas eFC yields relatively more edge pairs with negative correlations.
Although these distributional differences are visually indistinguishable by the large
count scale in the plot, given the total number of edges considered, even minor pro-
portional shifts can correspond to a substantial number of connections, suggesting

potentially methodological distinctions in reliability behavior.

2.3.3 Hypotheses Testing on ceFC

In this section, we perform numerical studies to assess the finite-sample performance
of the asymptotic normality results in Section 2.2.1. Specifically, we evaluate the
proposed inference framework by testing the off-diagonal entries of a sparse ceFC

matrix. Our inference procedure tests the hypothesis
Hy : 0% 4 =0wv.s Hy: 0% 4 #0
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Figure 2.3: Relative Frobenius norm estimation error for a non-sparse ceFC matrix.

The colored lines correspond to the proposed sample moment estimation for ceFC
(—) and eFC (--).

for each [ off-diagonal entry O’ s+ where ©F is the true ceFC matrix. That is,
we examine all possible combinations of edges to see whether each pair, denoted
as jk,st , exhibits a strong association simultaneously. The test statistic v;; o is
constructed as defined in (2.2.4) for each hypothesis, which is asymptotically normal
as shown in (2.2.3).

The simulation setting for the inference framework is similar to the process in 2.3.1,
except that we generate a sparse ceFC matrix with moderate signals. To achieve this,
we adopt the approach in Tan et al. (2021) by generating a sparse covariance matrix
with some non-zero values. Specifically, we randomly assign 0.9 to 5% and 2% of off-
diagonal entries in an identity matrix for the p = 50 and p = 200 cases, respectively.
We then employ the same procedure as mentioned earlier to ensure the resulting
sparse covariance matrix remains positive definite.

To evaluate the numerical performance of the inferential framework in the finite
sample setting, we calculate type I error and power as the proportion of falsely rejected
and correctly rejected null hypotheses, respectively. Based on the data generation
scheme, the centered edge connectivity matrices include both weak and moderate
signals. To this end, we consider the inference for non-zero entries in two scenarios,
one for moderate signals and one for weak signals that may require more samples
for detection. Based on the distribution of non-zero values in the constructed ceFC
matrix, we consider values within (0, 0.2] as weak signals and values within (0.2, 0.5] as
moderate signals. For computational purposes, we randomly select 1000 zero entries
from the upper-triangular of the ceFC matrix for type I error, and 1000 weak signals
and 1000 moderate signals for power study, respectively. This process of random

selection is repeated 5000 times. Specifically, for each of these 5000 iterations, we
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calculate the type I error based on the 1000 zero entries and the statistical power
based on the 1000 non-zero entries (weak and moderate signals), respectively. The
type I error and power are then averaged over these 5000 iterations and reported in
Table 2.1. From Table 2.1, we can see that the type I error is well controlled at the
0.05 significance level, and the power increases to one as the sample size increases,

while we need a larger number of samples for the power of weak signals to be expected.

Table 2.1: The type I error and power for testing the 1000 random off-diagonal entries
in ceFC at the 0.05 significance level are averaged over 5000 data sets. The power
study is separated into 1000 random weak signals € (0, 0.2] and 1000 random medium
signals € (0.2,0.5], respectively. Simulation results for p = 50 and p = 200 variables
over a range of sample size n are reported.

p =950 p = 200

TypeI Weak Medium Typel Weak Medium
Error Signal Signal  Error Signal  Signal

T = 300 0.048  0.237 0.858 0.048  0.163 0.755
T = 500 0.049  0.377 0.971 0.049  0.250 0.922
T = 800 0.049  0.554 0.998 0.049  0.377 0.988
T =1000 0.049 0.650 0.999 0.049  0.455 0.997
T =1500 0.050 0.813 1 0.049  0.621 1

T =2000 0.050 0.904 1 0.050  0.746 1
T =3000 0.050 0.972 1 0.050  0.894 1
T =4000 0.050 0.989 1 0.050  0.958 1
T =5000 0.050 0.994 1 0.050  0.983 1
T =6000 0.050 0.997 1 0.050  0.993 1
T =7000 0.050 0.998 1 0.050  0.997 1
T =8000 0.050  0.999 1 0.050  0.998 1
T = 10000 0.050 1 1 0.050  0.999 1
T = 15000 0.050 1 1 0.050 1 1

We further investigate the multiple hypothesis testing framework with FDR, which
is computed as the proportion of falsely rejected null hypotheses among all rejections.
Under the same data generation scheme described above, we choose a random subset
of upper-triangular entries from the ceFC matrix. Specifically, for p = 50 (i.e., 50
brain parcels), we select 3000 entries, and for p = 200, we select 5000 entries. These
subsets of entries consist of both zero and non-zero values reflecting the sparsity in
the true ceFC matrix. We summarize FDR with significance level o = {0.05,0.1,0.2}
over 5000 data sets in Table 2.2. As our multiple hypothesis testing procedure is
based on the procedure of Benjamini and Yekutieli (2001), our FDR results can be
conservative, as illustrated in Table 2.2. The results in Table 2.2 show that the FDR

is well controlled under each significance level, which is consistent with the theoretical
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result.

Table 2.2: The false discovery rate for testing 3000 random entries for p = 50 and
5000 random entries for p = 200 are averaged over 5000 data sets. These random
subsets retain the sparsity in the corresponding ceFC matrix. The significance level
« is set to be {0.05,0.1,0.2} and the sample size n ranges from 400 to 700.

D o} n =400 n =450 n = 500 n = 550 n = 600 n = 650 n = 700

a=0.05 0.017 0.012 0.007 0.005 0.004 0.004 0.005
p=50 a=01 0.020 0015 0.011 0.009 0.009 0.009 0.011
a=02 0027 0023 0.019 0.017 0.018 0.019 0.021

a=0.05 0.057 0.035 0.019 0.010 0.008 0.006 0.005
p=200 =01 0060 0.035 0.022 0.015 0.012 0.009  0.009
a=02 0066 0039 0028 0.021 0.019 0.016 0.017

2.4 An Application to the Midnight Scan Club Data

A key feature of the edge-centric framework is that it allows direct and natural iden-
tification of overlapping communities. Substantial evidence supports the existence of
overlapping structures in brain networks (Palla et al., 2005; Yeo et al., 2014; Beck-
mann et al., 2005; van den Heuvel and Sporns, 2013), partly motivated by responses to
the extensive body of literature studying non-overlapping communities (Power et al.,
2011a; Yeo et al., 2011). In this section, we demonstrate how the proposed estimators
for ceFC can be used to identify overlapping communities and provide deeper insights
into brain network organization (Faskowitz et al., 2020; Chumin et al., 2022), which
can be potentially developed as biomarkers of various disorders (Dai et al., 2023; Yang
et al., 2023; Zamani Esfahlani et al., 2022; Sun et al., 2023).

We apply our proposed methods to the MSC data (Gordon et al., 2017) with
p = 200 brain regions of interest. The MSC data (Gordon et al., 2017) consists of
fMRI images of 10 healthy adults (5 females, age: 24—34 years old). Informed consent
was obtained from all participants, and the study received approval from the Human
Studies Committee and Institutional Review Board at Washington University School
of Medicine. Each participant underwent 10 30-minute scan sessions with eyes open
on separate days, with each scan starting from midnight. All images, including four
T1-weighted and four T2-weighted images, were collected by a Siemens TRIO 3T
MRI scanner. For a detailed description of data acquisition, please see Gordon et al.
(2017).

These fMRI measurements were pre-processed with slice-time correction, motion
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correction, intensity normalization, atlas transformation with registration to T2 im-
age, and distortion correction (Gordon et al., 2017). Subsequently, the pre-processed
fMRI data underwent demeaning and detrending processes, nuisance regression, high-
motion frame removal with framewise displacement (FD) over 0.2 mm, and bandpass
filtering between 0.009 Hz and 0.08 Hz (Power et al., 2014). These functional mea-
surements were further transposed to the cortical surface with a two-dimensional
geodesic smoothing.

The pre-processed resting-state fMRI measurements were aggregated within each
subject, resulting in 4000 to 8000 time frames for 10 subjects, i.e. T ranges from
4000 to 8000. These BOLD signals were mapped onto the Schaefer2018 parcellation
(Schaefer et al., 2018), defining 200 brain regions of interest, or equivalently p = 200.
These brain regions can be further grouped into canonical functional networks based
on the system-level structure proposed by Yeo et al. (2011).

In Section 2.4.1, we estimate the ceFC matrix for the p = 200 brain regions of in-
terest using the proposed methods. We then perform clustering on the resulting ceFC
matrix to identify overlapping communities of the brain regions. We also perform a

sensitivity analysis to assess the stability of the proposed methods in Section 2.4.2.

2.4.1 Identifying Overlapping Communities

We perform spectral clustering on the estimated ceFC matrix to identify overlapping
communities of the brain regions. Specifically, we estimate the ceFC for each subject
using (i) the sample moment estimator in (3.2.3) (ii) the FDR-controlled estimator,
obtained by testing whether each entry of the computed sample moment estimator
is equal to zero with the FDR controlled at a level of 0.1, and zeroing insignificant
entries; and (iii) the thresholded estimator in (2.2.5).

The resulting FDR-controlled estimators exhibit slightly varying degrees of spar-
sity, with levels ranging from 0.6 to 0.8 across all subjects. The thresholded estima-
tor (2.2.5) involves selecting a tuning parameter 7—we select 7 such that the sparsity
level of the thresholded estimator aligns with that of the FDR~controlled estimator
for each subject. Finally, we compute the average for each of the three estimators
across 10 subjects.

After obtaining edge communities by spectral clustering, we project them back
to the brain region level following the procedure in Faskowitz et al. (2020) to ob-
tain overlapping communities for the brain regions. Motivated by Faskowitz et al.
(2020), we perform spectral clustering on each of the aforementioned three ceFC esti-
mators to identify overlapping communities of the brain regions. That is, we conduct

eigendecomposition on each of the ceFC estimators, extract 50 eigenvectors with the
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highest eigenvalues, and subsequently perform k—means clustering with £ = 5 on the
resulting eigenvectors with 5 communities for visualization purposes.

To obtain overlapping communities for the brain regions, we project the edge com-
munities back to the brain region level following the procedure in Faskowitz et al.
(2020). Specifically, for each brain region, we calculate the proportion of edges in
each of the estimated 5 communities, allowing each brain region to belong to multiple
communities with different weights. We note that cluster labels from the three differ-
ent estimators can be different. To address this issue, we relabel the cluster labels by
maximizing the pairwise Matthews correlation coefficients between a pair of estima-
tors (Matthews, 1975). That is, we relabel the community labels for each estimator
using the above method by matching them to the average thresholded estimator.

The resultant communities are presented in Figures 2.4a,2.4b, and 2.4c, represent-
ing results based on the sample moment estimator, the FDR-controlled estimator,
and the thresholded estimator, respectively.

These results in general show that the three different estimators reveal similar com-
munity structures (ANOVA: F(2,2997) = 0.1, p = 0.9. Each observation represents
the proportion of edges assigned to a specific community for a given brain region as
shown in Figures 2.4a,2.4b, and 2.4c, with 200 brain regions x 5 communities per
estimator). Specifically, the sample moment estimator, as shown in the Figure 2.4a,
predominantly identifies communities 1, 2, and 4, with the average proportions across
all brain parcels as 25.7%, 31.5%, and 29.3%, respectively. In contrast, both FDR-
controlled (Figure 2.4b) and thresholded estimators ((Figure 2.4c) additionally group
the brain regions into communities 1, 2, 4, and 5 with similar proportions. Specifically,
the FDR-controlled estimator shows average proportions for these four communities
as 29.8%, 26.9%, 23%, and 11.5%, respectively, and the thresholded estimator returns
similar outcomes as 31.8%, 28.3%, 20.8%, and 10.7%. The similarity across the three
methods can be further quantified through the correlation of proportions of edges
within each community between each pair of methods. As shown in Figure 2.4d, all
three methods present highly correlated community structures, with more similar re-
sults between the FDR-controlled and thresholded estimators, demonstrating that the
identified community structures are robust to the specific statistical pipeline applied
to the ceFC results. We further examine the significance of these correlations against
a null model using a spin permutation test. Specifically, we randomly shuffle the 200
brain parcels 1000 times while preserving their spatial autocorrelation structure. The
corresponding correlation is then computed for each shuffle to generate a null distri-
bution. The results are summarized in Figure 2.4e, where the observed correlations
for all comparisons were significantly higher than the values generated from the per-

muted data (p < 0.001 from 1000 data points or shuffles), suggesting these similarities
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are significantly higher than what is expected given the spatial autocorrelation of the
fMRI data when the indices are shuffled.

The projection patterns indicate varying involvement of brain systems across dif-
ferent communities. Specifically, community 1 is dominated by default and limbic
networks; community 2 is primarily influenced by default, control, and temporopari-
etal networks; community 3 is mostly composed of somatomotor and attention net-
works; community 4 mainly comprises control and attention networks; and community
5 is primarily associated with attention, somatomotor, and visual networks. Note,
however, that nodal memberships in each community are graded. For instance, com-
munity 2 from the sample moment estimator (Figure 2.4a) is, indeed, dominated by
default mode regions — i.e., those regions are most strongly affiliated with this com-
munity — but even somatomotor regions exhibit weak, but non-negligible, affiliation.
To systematically assess the significant proportion differences among these brain sys-
tems, we first identified the presence of any disparities among brain systems within
each community and then applied Tukey’s HSD test for multiple comparisons between
each pair of brain systems, utilizing adjusted p-values at a significance level of 0.05.
For each system, we compiled the number of outcomes where a system showed signif-
icantly greater proportions than others and summarized these findings in Figure A.1,
reporting results for each community and method. The top three systems with the
highest counts of significant outcomes are highlighted in Figure 2.5. Here, * x % in-
dicates the system with the highest number of significant outcomes, ** denotes the
second highest, and * signifies the third highest, reflecting the levels of significance
of the proportions within each system.

To evaluate the overlapping structures across communities, we compute the nor-
malized entropy using the proportions across the 5 communities within each brain
system. This metric measures the uncertainty of community delineations: values
closer to 1 indicate greater overlap across communities, while values closer to 0 sug-
gest a more concentrated distribution within a single community. The results, dis-
played in Figure A.2, show higher entropy values in the attention and somatomotor
networks. On the surface, these findings of substantial functional overlap in these
specific networks are consistent with findings from a previous study (Faskowitz et al.,
2020). However, our ceFC framework provides a more robust interpretation of this
result by addressing a critical source of bias in the eFC definition that could impact
reproducibility. Mathematically, eFC is sensitive to the mean of edge time series (i.e.,
static functional connectivity), introducing a sample-specific bias. In contrast, our
proposed ceFC is, by definition, a centered covariation that explicitly removes such
bias.

The similarity of our results to those from eFC, despite the removal of the con-
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founding bias, suggests that while the original eFC findings were directionally cor-
rect, they possess an inherent vulnerability that their reproducibility in future stud-
ies would depend on new datasets sharing the same static connectivity biases. Our
ceFC results, therefore, are not a simple replication. Instead, they serve as a cru-
cial validation, isolating the true, reproducible phenomenon from a potentially biased
observation.

With this refined understanding, we further compare the normalized entropy be-
tween each pair of brain systems and record the number of significantly higher entropy
outcomes for each system, as shown in Figure A.3. This analysis further indicates
that the aforementioned brain systems, i.e., attentional and somatomotor networks,
exhibit significantly greater overlapping structures.

While previous results show broadly similar patterns across the three estimators,
there are certain differences among them. In contrast to the FDR-controlled and
thresholded estimators, the sample moment estimator reveals subtle variances in com-
munity structures, particularly among systems associated with functional tasks. It
is not surprising to observe similar results between the FDR-controlled and thresh-
olded estimators, as the tuning parameter 7 in the thresholded estimator is chosen
to align its sparsity with that of the FDR-controlled estimator. Specifically, Fig-
ure 2.5 indicates that the somatomotor networks are more active in community 1 by
the FDR-controlled and thresholded estimators but in community 2 by the sample
moment estimator. Similarly, the visual systems are more prominent in community 5
by the FDR-controlled and thresholded estimators, but are relatively more effective
in community 4 by the sample moment estimator. In contrast, the somatomotor and
temporoparietal systems exhibit higher activity in community 5 by FDR-controlled
and thresholded estimators, but tend to be more effective in community 4 by the
sample moment estimator. Previous studies have highlighted the significant engage-
ment of the somatomotor and visual systems in respective motor and visual functions
(Biswal et al., 1995; Chenji et al., 2016; Yang et al., 2015). These distinctions un-
derscore the value of exploring system behavior related to functional tasks within a
resting-state context.

We now perform a formal statistical hypothesis test to assess whether the average
proportion within each brain system significantly exceeds zero. Specifically, for each
system s, we compute its average proportion ., within each community ¢ and test

the following hypothesis
Hy: phes =0 vs. Hy @ pies > 0 (2.4.1)

with a significance level of 0.05. While the null model may fail to preserve the
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Figure 2.4: For all edges connected to each brain region, we compute the proportions
of edges within each community. Panels (a)—(c) correspond to results based on the
average sample moment estimator, the average FDR-controlled estimator with FDR
controlled at level 0.1, and the average thresholded estimator, respectively. Panel
(d) shows the correlations of the edge-proportion summaries between each pair of
methods. Panel (e) shows the corresponding correlations under random permutations
over 1000 iterations. The observed correlations from the original results are marked

as red X’s.

29



. o7 +
o1 B R
M . 06
o6 wr ¥ iﬁ ,
. .
‘ ¢ (R4 05
05
" o .
H g% ﬁ .
€ €
g™ g . .
03
Hl # C ] B le i i Wiy
f ' 4 i m " ? N ! ' ?
. +
02 .
H .
01 . ‘
00
> ® < NN ® 9 > «® ‘J‘ o & g St © AR R P > o o o &
o ™ o o R 0 S S o o £ o 5 o R o o o S ® o o S e 2
CaE AN A e 5& o o, ‘w\\y o W"' RESNC T Y IR 9&“& \«0"& R0 YQ\A PRUARES ARG
= Sample @ FOR — Regulanzed mm Sample @SS FOR  WEE Regularized
<4+ Highestcount %+ Second highestcount  + Third highest count +4« Highestcount %+ Second highestcount % Third highest count

(a) Community 1 (b) Community 2

Proportions

010

Proportions

S @@ @ > P ® e el ® o C e \‘c S ® ¢ P ® g e oo
o o o o o o T o “\v““ & RN o o o o e e T Ry “\s“ W o
o7 o A e e
EEN Sample EEE FDR W Regularized NN Sample BN FDR WM Regularized

“4+ Highestcount  ++ Second highestcount  + Third hghest count “++ Highest count =+ Second highest count  _Third highest count

(¢) Community 3 (d) Community 4

Proportions

e Wy

¢ O SR > S SIE P
o o o v=‘“‘\\ "a\a“\ va\a“\ r““w@(‘“ « » o \\#‘“‘P W w“‘& Ko e
@

o RESAIN

W Sample @M FDR W Regularized

%+ Highestcount %+ Second highest count  * Third highest count

(e) Community 5

Figure 2.5: Proportions of edges within each community and associated brain systems
as depicted in Figure 2.4. The plot highlights the top three brain systems that
demonstrate a significantly greater proportion of edges in pairwise comparisons with
other systems. % denotes the system with the highest count of significant outcomes,
x* represents the second highest, and * signifies the third highest.
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Figure 2.6: Brain systems with significant proportions from each average estimator
under the significance level of 0.05. The black box represents the insignificant result,
and the yellow box represents the significant result.

spatial structure of the original data (Vasa and Misi¢, 2022), our objective is to
evaluate the performance of these estimators statistically. Therefore, we proceed with
the same testing procedure for the proportions from each subject-specific estimator
and the average estimator, respectively. For visualization purposes, the test results
from the average estimators are summarized in Figure 2.6. The results in Figure 2.6
indicate general consensus among the three estimators regarding the systems with
significant proportions within communities, although subtle disparities are observed

in communities 3, 4, and 5.

2.4.2 Stability of the Proposed Estimators

In this section, we conduct an extensive sensitivity analysis to evaluate the stability
of the three estimators across different individuals, based on the hypothesis test-
ing (2.4.1) on the community proportions obtained from each type of estimator as
described in Section 2.4.1. We consider the test results from each average estimator,
denoted as p®¥8, as ground truth. Across the subject-specific test outcomes, denoted
as (1*"", we define the false positive rate (FPR) and the false negative rate (FNR) as
the proportion of communities ¢ or systems s incorrectly identified as significant and
the proportion of communities ¢ or systems s incorrectly identified as insignificant

across all communities, respectively:

#{(c,s) : p3a” > 0 and py® = 0}
#{(c, s) : pes® = 0} ’

ey = #(e9) ¢ pia” = 0 and pgy® > 0}
T Ry 0y

FPR( sub avg) _
(2.4.2)
FNR( sub
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The results averaged over 10 subjects are reported in Table 2.3. It can be seen
from Table 2.3 that both FDR-controlled and regularized estimators achieve lower
false positive rates and false negative rates compared to the results from the sample
moment estimator. Specifically, the false positive and false negative rates are reduced
by 61% and 15% in the FDR-controlled estimator and reduced by 16% and 21% in
the thresholded estimator, respectively. Additionally, we compute the average false
positive and average false negative rates for all the three methods at the community
and brain system levels, respectively. The results are displayed in Figure 2.7. We see
from Figure 2.7 that the sample moment estimator generally demonstrates compara-
ble or higher false positive and false negative rates across the majority of communities
and brain systems. The FDR-controlled and regularized estimators still present sim-
ilar false negative rates, while the regularized estimator returns slightly higher false
positive rates in certain communities and brain systems. Our results suggest that the
proposed FDR-controlled and regularized estimators, which disregard the noise and
weak signals in edge connectivity, are likely to yield more stable outcomes than the

sample moment estimator.

Table 2.3: False positive rate (FPR) and false negative rate (FNR) are averaged
across 16 brain systems and 5 communities over 10 subject data for each estimator.

Method FPR FNR

Sample Moment 0.067 0.129
FDR-controlled 0.026 0.110
Regularized 0.056 0.102
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the average results over subjects, and each small transparent point corresponds to
each subject’s result.
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CHAPTER 3

Assessing the Predictive Value of Centered Edge
Functional Connectivity for Phenotypic Traits

3.1 Introduction

Chapter 2 has introduced centered edge functional connectivity (ceFC) as an unbiased
higher-order measure of covariation among brain edges and established estimation
and inference procedures for this representation. The results in Chapter 2 show that
ceFC can recover meaningful higher-order edge relationships and reveal overlapping
community structure beyond conventional node-centric summaries. Building on this
foundation, it is important to examine whether such higher-order connectivity also
contains useful predictive information of human, such as phenotypic traits.

This question is closely related to brain-wide association studies (BWAS), where
large-scale connectivity features are used to explain or predict subject-level outcomes.
A central objective in this literature is to understand how variation in brain connec-
tivity relates to variation in behavior and phenotype across individuals (Zatorre et al.,
2012; Rosenberg et al., 2018; Cheng et al., 2015; Krakauer et al., 2017; Ooi et al.,
2022b). Existing studies have used connectivity features to investigate a broad range
of phenotypic traits, including age (Geerligs et al., 2015; Varangis et al., 2019), mo-
tion (Fox et al., 2007), cognition (Ooi et al., 2022a; Chen et al., 2022), intelligence
(Van Den Heuvel et al., 2009), memory (Wang et al., 2010; Hampson et al., 2006),
personality (Fulwiler et al., 2012; LaBar et al., 2001), and clinical outcomes (Marek
et al., 2022; Rosenberg and Finn, 2022; Gratton et al., 2022; Pan et al., 2024; Yahata
et al., 2016).

To examine these brain-phenotype associations, researchers have increasingly
turned to multivariate predictive models. Representative approaches include support
vector regression (Marek et al., 2022), canonical correlation analysis (Smith et al.,
2015; Marek et al., 2022), and partial least squares (Helmer et al., 2024; Krishnan
et al., 2011). The performance of these models is typically evaluated by comparing

predicted and observed phenotypic values using metrics such as correlation and mean
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squared error, which provide measures of predictive accuracy (Smith et al., 2015;
Marek et al., 2022; Kang et al., 2024).

Most predictive analyses in this setting are based on conventional node-centric
functional connectivity (nFC). By contrast, ceFC provides a higher-order edge-centric
representation of brain connectivity. Such higher-order structure may capture in-
teraction patterns that are not directly available from conventional nFC and may
therefore improve brain-phenotype prediction. On the other hand, ceFC is mainly
built on the basis of nFC but with a much higher dimensionality and may still reflect
variation that is already largely contained in lower-order nFC structure. Therefore,
it is important to analyze whether the increased representational complexity leads to
improved predictive performance or mainly re-expresses information already captured
by conventional nFC.

To address this issue, this chapter adopts a standard BWAS framework and con-
structs subject-level representations based on both nFC and ceFC in order to compare
their predictive utility for a range of phenotypic traits. Specifically, the nFC mea-
surements are organized into a subject-by-node-pair matrix Rgy by vectorizing the
upper triangular entries of each subject’s nFC matrix and stacking the resulting vec-
tors across subjects. Because the full ceFC matrix is high-dimensional, we compute
regularized ceFC estimates introduced in Chapter 2 for each subject and reduce the
dimension by retaining only the non-weak edge pairs across all subjects, yielding a re-
duced subject-by-edge-pair matrix ©,. We then extract principal components (PCs)
from both Ry, and O, referred to as nFC PCs and ceFC PCs, respectively. These
PCs capture the dominant modes of variation in nFC and ceFC across subjects and
serve as candidate predictors in subsequent analyses.

For a range of phenotypic traits as response variables, we construct baseline lin-
ecar regression models and more advanced partial least squares (PLS) models using
various combinations of the nFC and ceFC PCs; including (i) nFC PCs alone, and
(ii) nFC PCs together with ceFC PCs. Model performance is evaluated based on
the correlation and mean squared error between predicted and observed phenotypic
values. We find that, when a sufficiently rich set of nFC PCs is included, integrating
ceFC PCs as additional predictors does not meaningfully improve predictive perfor-
mance. This result suggests that ceFC PCs contain limited additional information
beyond what is already captured by nFC for the traits considered here. To better
understand this finding, we regress each leading ceFC PC on the full set of nFC PCs
and obtain high R? values, indicating that much of the variation in ceFC PCs can
already be explained by existing nFC components. In other words, the dominant
structures represented by ceFC appear to be largely redundant with those already

captured in conventional nFC, thus offering little additional predictive information
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for the phenotypic traits examined in this study.

Taken together, this chapter evaluates whether the proposed ceFC in Chapter 2
improves the prediction of phenotypic traits beyond conventional node-centric FC
within a BWAS framework. In addition to comparing predictive performance across
modeling strategies, our analysis also examines the relationship between ceFC-derived
components and conventional nFC-derived components in order to clarify the source
of the observed redundancy. These results help refine our understanding of the role
of higher-order connectivity in brain-phenotype prediction. More broadly, they sug-
gest that increased representational complexity does not necessarily translate into
improved predictive power, especially when much of the variation is already captured

by lower-order functional connectivity features.

3.2 Methods

3.2.1 AOMIC ID1000 Data

In this study, we use ID1000, a multimodal 3T MRI dataset from the Amsterdam
Open MRI Collection (AOMIC), to construct the nFC and ceFC patterns described
in the following section. The ID1000 dataset contains fMRI scans obtained from 928
healthy individuals aged between 19 and 26, with an educational profile comparable to
that of the general Dutch population (Snoek et al., 2020). Limiting the sample to this
age range helps reduce the potential influence of aging on brain-related measures. The
study protocol was approved by the faculty’s ethics committee, and all participants
provided informed consent before scanning.

During data acquisition, the ID1000 set collected three T1-weighted structural
scans, three diffusion-weighted scans, and one functional BOLD MRI scan through
a Philips 3T scanner (Snoek et al., 2020). In this chapter, we use the fMRI scan
from each subject, which recorded the time series data for node signals, to construct
nFC and ceFC. Each fMRI scan lasted approximately 11 minutes, during which par-
ticipants viewed a movie clip composed of 22 natural scenes accompanied by music
(Reggio and Coppola, 1982). These scenes cover a range of visual conditions involving
different textures and objects with different sizes and movements. The duration of
individual scenes varied from approximately 5 to 40 seconds. These fMRI scans were
preprocessed with motion correction, field distortion correction, and BOLD-to-T1w
transformation (Snoek et al., 2020). We then applied the Schaefer2018 parcellation
(Schaefer et al., 2018) to the preprocessed fMRI data and obtained 200 brain regions
for subsequent analysis.

In addition to the fMRI scans, the ID1000 dataset contains detailed demographic
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and psychometric information. In particular, participants were asked to fill out a set
of questionnaires covering general demographic characteristics and personality-related
measures (Snoek et al., 2020). These include age, body mass index (BMI), the Intel-
ligence Structure Test (IST) (Liepmann et al., 2010; Amthauer et al., 2001), which
evaluates fluid intelligence, crystallized intelligence, and memory through verbal, nu-
merical, and figural tasks; the State-Trait Anxiety Inventory (STAI) (Spielberger
et al., 1971; Van der Ploeg, 1980), and the Behavioral Inhibition System/Behavioral
Activation System (BIS/BAS) questionnaire (Carver and White, 1994; Franken et al.,
2005), which measures sensitivity to punishment and reward. In this study, we use

20 numerical outcomes as the set of response variables in the prediction task.

3.2.2 Node-centric Functional Connectivity (nFC)

Functional connectivity has been widely employed in neuroimaging studies to quantify
the dependence between pairs of brain parcels or nodes based on their BOLD signal
time series from fMRI scans (Friston et al., 1993; Aertsen et al., 1989; Friston, 1994),
providing insights into the brain’s functional organization and serving as biomarkers
for a range of diseases (Greicius et al., 2003; Wen et al., 2018; Yeo et al., 2011). As
discussed in Chapter 2, one of the most common measures of node-centric functional
connectivity (nFC) is the Pearson correlation between the time series of two brain
nodes (Friston et al., 1993).

In this chapter, after applying the Schaefer2018 parcellation, each subject is rep-
resented by p = 200 brain regions, and each region is associated with a standardized
BOLD time series of length n. Let X 1(”, ..., X be n independently and identically
distributed copies of X® € RP, which represent the regional time series matrix for
subject | with n time points and p regions. For each subject, the time series for
node 7, 7 = 1,...,p, is standardized to have mean zero and unit variance. The nFC

between node j and node k for subject [ can be estimated as

which is equivalent to the sample correlation between the two standardized regional
time series. Repeating this calculation for all pairs of regions yields a subject-specific
node-by-node correlation matrix RO € Rr*p. Since RV is symmetric and has ones
on the diagonal, we retain only its upper triangular entries excluding the diagonal,
vectorize them into a subject-level feature vector, and then stack these vectors across
all subjects. This produces the full-size subject-by-node-pair matrix, denoted by R
For the ID1000 data analyzed in this chapter, after sample filtering and cleaning,
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we obtain a matrix Efu]] of dimension 847 x 19,900, where 19,900 = 200 x 199/2

corresponds to the total number of unique node pairs.

3.2.3 Centered Edge Functional Connectivity (ceFC)

While nFC has been widely employed to study functional organization of brain net-
works (Bullmore and Sporns, 2009; Power et al., 2011a; Finn et al., 2015), such
low-order relationships may not be sufficient to capture more complex overlapping
community structures (Palla et al., 2005; Yeo et al., 2014; Beckmann et al., 2005;
van den Heuvel and Sporns, 2013), for which higher-order interactions may also play
an important role (Glickfeld and Olsen, 2017; Gatica et al., 2021; Luppi et al., 2022).
As discussed in Chapter 2, we extend the analysis of relationships in brain networks
to centered edge-centric functional connectivity (ceFC), which quantifies the unbi-
ased covariation between two edge time series. Our results in Chapter 2 show that
this higher-order relationship helps reveal more stable overlapping brain community
structures and provides additional insights into brain organization. In this chapter,
we briefly recall the sample moment estimator of ceFC and describe how it is ap-
plied to the ID1000 data. Given the standardized BOLD signal X }l) for subject [ and
brain region j,j = 1,...,p, the connectivity between edges {j, k} and {s,t} can be

estimated as

~ 12
ng st — ZX Z)sz) zs zt 7ZX Z)sz ZXZS zt :
=1

i=1 n

This quantity measures the covariance between the two edge time series after cen-
tering. Repeating this calculation over all pairs of edges yields a subject-specific
edge-by-edge matrix ©© € R®*¢ where ¢ = p(p — 1)/2 is the number of unique
edges. Because o0 is symmetric, we retain its upper triangular entries excluding
the diagonal, vectorize them, and stack the resulting vectors across all subjects to
form the full-size subject-by-edge-pair matrix @fuu. For the ID1000 data analyzed in
this chapter, p = 200, so e = 19,900, and the resulting matrix @fuu has dimension
847 x 197,995,050, where the number of columns represents the number of edge pairs
calculated as e(e — 1)/2.

3.2.4 Dimension Reduction

For the ID1000 data analyzed in this chapter, both the full node-centric matrix ./R\fuu
and the full edge-centric matrix @fuu are high-dimensional, in the sense that the num-
ber of subjects is much smaller than the number of node-pair or edge-pair features. In

particular, this imbalance is especially severe for g, whose dimension is far beyond
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what can be directly used in downstream predictive modeling. As a result, it is not
feasible to include all node or edge connectivity measures as candidate predictors for
phenotypic outcomes. To address this issue, we apply a two-step dimension reduction
procedure. The first step uses thresholding to regularize ceFC estimates and remove
weak edge-pair interactions, and the second step further summarizes the reduced rep-
resentations through principal component analysis. This procedure is designed to
reduce dimensionality while preserving the most informative connectivity patterns

for subsequent prediction.

3.2.4.1 Thresholded Estimator of ceFC

As shown in Chapter 2, the sample moment estimator of ceFC may fail to achieve
consistent estimation in the high-dimensional setting, i.e., when the number of time
points n is small relative to the number of brain regions p. To address this problem,
we introduced a regularized estimator based on a thresholding operator that removes
weak edge-pair interactions according to their magnitudes. Thresholding methods
have been widely used in neuroimaging analysis to enhance interpretability and high-
light more distinct connectivity patterns (Stam, 2004; De Vico Fallani et al., 2017;
Garrison et al., 2015; Nicolini et al., 2020). Specifically, for a given cutoff value 7 > 0,
we apply the thresholding operator elementwise to the ceFC estimator such that any
entry with value C:)jk,st where |C:)jk7st| < 7 is truncated to zero. In this way, only
relatively strong edge-pair interactions are retained. As established in Chapter 2, the
resulting thresholded estimator yields a consistent estimator of ceFC even under high-
dimensional conditions. In the present chapter, this thresholding step also serves as
an initial screening procedure, substantially reducing the number of edge-pair features
before subsequent dimension reduction and predictive modeling.

For each subject, thresholding the ceF'C matrix produces a sparse and symmetric
edge-by-edge representation. We retain the upper triangular entries excluding the di-
agonal, vectorize them, and concatenate these vectors from all subjects. To construct
a shared reduced feature space for downstream analysis, we keep only those edge-pair
features that remain nonzero after thresholding for every subject. This yields the
reduced subject-by-edge-pair matrix o,.

For the ID1000 data analyzed here, we select the threshold level 7 = 0.01 for each
subject-specific ceFC matrix. With this choice, the intersection of nonzero edge-pair
features across all subjects contains 62,225 entries. Therefore, the reduced matrix o,
has 62,225 columns, whereas the node-centric matrix /R\fun remains in its original full
form. This step substantially reduces the dimensionality of the edge-centric represen-
tation while preserving a common set of relatively strong edge-pair connections for

all subjects.

39



3.2.4.2 Principal Component Analysis

Although thresholding substantially reduces the dimension of the subject-by-edge-pair
matrix by removing weak edge-pair interactions, the resulting feature space remains
too large for direct use in predictive modeling. It is therefore necessary to further
compress the connectivity representations into a lower-dimensional set of features.
To this end, we apply principal component analysis (PCA), a widely used dimension
reduction technique in statistics and neuroimaging (Pearson, 1901; Hotelling, 1933).
In general, PCA reduces the dimensionality of a dataset through a sequence of or-
thogonal linear combinations of variables, referred to as principal components (PCs),
which are ordered by their explained variance. The first PC captures the largest
possible variation in the original data, and each subsequent PC explains the largest
remaining variation subject to orthogonality to the preceding components.

In this study, we apply PCA separately to the full subject-by-node-pair matrix
Ry and the reduced subject-by-edge-pair matrix ©,. The resulting PCs are used
as candidate predictors in the phenotype prediction models in the following analysis.
Following common practice in the neuroimaging literature (Smith et al., 2015; Marek
et al., 2022), we extract the top 100 PCs from Rfull, which together explain more than
90% of the total variation in the node-centric connectivity features. For the reduced
subject-by-edge-pair matrix @T, we retain between 10 and 50 PCs depending on the
comparison scenarios considered in Section 3.3. This PCA step provides a compact
representation of the major modes of variation in both node-centric and edge-centric

connectivity and makes the subsequent modeling procedure computationally feasible.

3.2.5 Model

In brain-wide association studies (BWAS), a central objective is to understand how
variation in brain structure and function is associated with complex phenotypic traits
(Smith et al., 2015; Marek et al., 2022; Liu et al., 2023; Kang et al., 2024). In this
setting, functional connectivity is often treated as a quantitative representation of
brain organization and used as a set of predictors for behavioral or phenotypic out-
comes. Given brain and phenotype data, one common modeling strategy is partial
least squares (PLS) (Wold, 1975; Wold et al., 1984). This multivariate statistical tech-
nique has been widely applied in neuroimaging to identify shared variation between
brain activity and behavior (McIntosh et al., 1996; Helmer et al., 2024; Krishnan
et al., 2011; Popovic et al., 2020). In addition to PLS, we also consider baseline linear
regression models in order to provide a simple reference for comparison. Model per-
formance is evaluated by comparing predicted and observed phenotypic values using

correlation and mean squared error (MSE), which are commonly used measures in
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the neuroimaging and BWAS literature (Marek et al., 2022; Smith et al., 2015; Kang
et al., 2024; Mantwill et al., 2022; Bzdok et al., 2021).

In this chapter, we investigate whether ceFC provides additional predictive in-
formation beyond conventional nFC. Specifically, we examine whether incorporating
ceFC-derived features, together with nFC-derived features, improves the prediction
of phenotypic outcomes relative to models based on nFC alone. Because both nFC
and ceFC representations are high-dimensional relative to the available sample size,
we use the principal components extracted from Efull and @T as low-dimensional in-
puts for model fitting. In this way, the comparison focuses on whether the dominant
modes of variation captured by ceFC contribute predictive value beyond that already
represented by nFC.

Because the predictors used in our analysis are principal components, the covari-
ates derived from the same connectivity representation are mutually orthogonal. This
structure has an important implication for model fitting. In particular, when the pre-
dictor matrix is orthonormal, the PLS model reduces to a linear regression, which is
essentially a principal component regression model since the covariates are all PCs.
More specifically, we show that when the input covariates are orthonormal, PLS will
stop after the first iteration and will become identical to linear regression. On the
other hand, when the predictor matrix X is orthogonal but not orthonormal, that is,
X "X = K where K is a diagonal matrix but not identity, the relationship between
PLS and OLS can still be simplified. In this case, the PLS coefficients Bprg differ

from the ordinary least squares (OLS) coefficients Bopg by a scaling factor of
(Y XKX'Y) (XYY XK).

Therefore, when X is orthonormal so that K = I, the PLS and OLS estimators
coincide. This result helps clarify why, in our setting, PLS and linear regression are
expected to behave slightly differently when the predictors are given by PCs. We
provide the PLS algorithm for orthogonal predictors in Algorithm 2, and the detailed
derivation is presented in Appendix B.1.

The PLS model is constructed by extracting latent components that maximize
the covariance between the predictors and the responses (Wold, 1975; Wold et al.,
1984). In our analysis, the predictors are principal components derived from the
connectivity patterns described above, so PLS is fitted to these component scores
rather than to the original high-dimensional features. This formulation is consistent
with the orthogonal structure discussed above for comparison with linear regression
on these PCs. In practice, the number of PLS components is selected by minimizing

the validation error. Predictive performance is evaluated using correlation and mean
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squared error, and the corresponding results are reported in Section 3.3.

Algorithm 2 PLS with orthogonal predictors.

Input: An orthogonal matrix X with XX = K where K is a diagonal matrix and
response Y.

For PLS component [ =1,..., L:

1. Let w, ¢ be the left and right singular vectors of X 'Y, respectively.

2. Obtain scores
XXy

z=XW= ———.
VYTXXTY
3. Obtain loadings
XXXy
p= XT,= == -
VYTXXTY
4. Obtain the rotation matrix
R=WP W) '= Y XKX'Y)'X'YVYTXXTY.
5. Obtain the PLS coefficients
Bps=RT'Y =(Y'XKX'Y) Y X'"YY'XK)Bo.s,

where Bors = (X' X)"'XTY.

6. Deflate data as
X:X—sz, Y:Y—qu.

3.3 Results

In this section, we present extensive numerical studies based on the ID1000 data set
(Snoek et al., 2020) to investigate whether ceFC contributes additional predictive
information for a range of phenotypic variables. The central goal is to compare
predictive performance between two feature constructions: one using only subject-
by-node-pair information, and the other combining subject-by-node-pair information
with subject-by-edge-pair information. More specifically, we evaluate two approaches
for selecting PC predictors. The first approach uses the top k PCs obtained from
./R\full. The second approach uses the top k& PCs from ./R\fuu together with the top
¢ PCs from ©,. Through this design, we examine whether the inclusion of ceFC-
related features improves prediction beyond the information contained in standard
node connectivity-based representations.

To evaluate predictive performance, we use several complementary metrics. First,
we compute the mean squared error (MSE) for each of the m phenotypic traits

on the test set. Specifically, for each phenotypic trait y;, the MSE is defined as
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MSE; = %Z?:l(yij — ¥ij)?, where y;; and 7;; denote the observed and predicted val-
ues for subject ¢ and trait j, respectively. To summarize prediction error across all
response variables, we use the total test error 3°7"; MSE;. In addition to error-based
measures, we also consider association-based metrics that are commonly reported in
brain studies (Marek et al., 2022; Smith et al., 2015; Kang et al., 2024; Mantwill
et al., 2022; Bzdok et al., 2021). In particular, we report the mean Pearson cor-
relation and the mean Spearman correlation across all phenotypic traits. Pearson
correlation reflects the strength of the linear association between observed and pre-
dicted values, whereas Spearman correlation reflects the strength of their monotone
relationship. Taken together, these metrics provide a more complete evaluation of
predictive performance across phenotypic outcomes.

We randomly partition the data into training, validation, and test sets with 447,
200, and 200 subjects, respectively. For each split, we tune the numbers of PCs
selected from the subject-by-node-pair matrix /R\fu]] and the thresholded subject-by-
edge-pair matrix O, based on validation performance. Specifically, we fit the candi-
date models on the training set, evaluate them on the validation set using the metrics
introduced above, and then choose the combination of nFC PCs and ceFC PCs that
performs best on the validation data. The selected model is subsequently evaluated
on the test set to obtain the final prediction results for that split. To improve the
stability of the comparison and reduce sensitivity to any single random partition, we
repeat this procedure over 100 random splits and summarize the results across all

splits. For ease of presentation, in the following figures, we denote the PCs from Eﬁm

by nFC PCs and the PCs from ©, by ceFC PCs.

3.3.1 Linear Regression Results

We begin by evaluating linear regression models fitted separately for each phenotypic
trait. To assess the overall predictive performance across all outcomes, we summarize
the total validation MSE, defined as the sum of the trait-specific MSEs in Figure B.1.
Since model performance depends on the number of nFC PCs and ceFC PCs included
as predictors, we further examine the validation MSE over the full set of candidate
combinations in Figure B.1a. As shown in Figure B.1a, lower validation MSE is con-
centrated in a relatively limited region of the tuning space, suggesting that prediction
performance is sensitive to the choice of nFC and ceFC PCs.

To better understand this pattern, we next examine the validation MSE for sev-
eral fixed numbers of ceFC PCs, as shown in Figure B.1b. Specifically, we compare
models using nFC PCs alone with models that additionally include 1, 2, or 3 ceFC

PCs. Across all four curves, the validation MSE gradually increases as the number of
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nFC PCs becomes larger, indicating that including more nFC PCs does not improve
predictive performance in this setting and may introduce additional noise. Moreover,
for a fixed number of nFC PCs, models augmented with ceFC PCs generally yield
slightly higher validation MSE than the model using nFC PCs alone. This pattern
suggests that, under linear regression, the additional ceFC PCs considered here do
not provide a clear predictive benefit and may slightly degrade model performance.
Based on the validation results, we select 5 nFC PCs and consider models with
up to 1 ceFC PC for the final comparison. We then evaluate their generalization
performance on the test set across 100 random splits, as summarized in Figure 3.1.
The average test MSE shows a very small decrease when one ceFC PC is added to
the model with 5 nFC PCs. However, the magnitude of this improvement is modest
relative to the test MSE values. Overall, these results provide little evidence that
adding a small number of ceFC PCs leads to a meaningful benefit in out-of-sample

prediction under the linear regression model.
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Figure 3.1: Sum of test MSEs using 5 nFC PCs and varying numbers of ceFC PCs.
The gray bars depict standard errors across 100 random splits.

A more detailed breakdown by phenotypic trait is given in Figure 3.2, which com-
pares three models: (1) 5 nFC PCs only, (2) 5 nFC PCs plus 1 ceFC PC, and (3) a
baseline model that uses the training-set response mean. For most traits, adding 1
ceFC PC yields test MSE values that are very similar to those obtained using nFC
PCs alone. A small reduction in test error is observed for several traits, including age
and some Intelligence Structure Test measures, but the magnitude of the reduction
is limited. Moreover, for a number of traits, the baseline mean-only model achieves
the lowest test MSE. This pattern suggests that, for these phenotypes, neither node-
based nor edge-based connectivity features provide substantial predictive information

within the current linear regression framework.
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Figure 3.2: Test MSE for each phenotypic trait. The green, orange, and blue bars
represent results using 5 nFC PCs only, 5 nFC PCs with 1 ceFC PC, and training
response mean only, respectively. The highlighted red bar denotes the case in which
adding the ceFC PC yields the smallest test MSE. The highlighted purple bar denotes
the case in which only using the training response mean is the best, even though
adding ceFC PCs yields a smaller test error in comparison to using nFC PCs only.

We next evaluate model performance using correlation-based measures. Since the
Pearson and Spearman results show highly similar patterns, we present the Pearson
correlation results in the main text and defer the Spearman correlation results to
Appendix B.4. Figure B.2a displays the average validation Pearson correlation across
all phenotypic traits for the full set of nFC and ceFC PC combinations (Figure B.5a
for Spearman correlation). Both results indicate that a higher correlation is achieved
when the model includes a moderate-to-large number of nFC PCs together with only
a small number of ceFC PCs.

To examine this pattern more closely, Figure B.2b presents the validation Pearson
correlation for models with 5 to 100 nFC PCs and 0 to 3 ceFC PCs (Figure B.5b
for Spearman correlation). The correlation increases substantially as the number
of nFC PCs grows from small to moderate values and then levels off. In contrast,
adding ceFC PCs does not improve performance and generally leads to slightly lower
Pearson correlation for a fixed number of nFC PCs. The Spearman correlation results,
reported in Figure B.5b, show a similar qualitative pattern.

For the final evaluation on the test set, we fix the number of nFC PCs at the
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value that performed well on the validation set (40 for Pearson correlation and 55 for
Spearman correlation). We then consider models with 0 to 3 additional ceFC PCs.
The resulting average test Pearson correlations are summarized in Figure 3.3. The
mean correlation changes only slightly across different numbers of ceFC PCs. Overall,
these results indicate that including ceFC PCs does not lead to a clear improvement
in out-of-sample correlation under the linear regression model. The corresponding
test Spearman correlation results, reported in Figure B.6, show a similar qualitative
pattern. Together with the MSE-based analysis, these findings suggest that the addi-
tional ceFC PCs considered here do not provide meaningful predictive benefit within

the linear regression framework.
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Figure 3.3: Mean test Pearson correlation using 40 nFC PCs and varying numbers
of ceFC PCs. The gray bars depict standard errors across 100 random splits.

A more detailed trait-specific comparison is given in Figure 3.4, which contrasts
the test Pearson correlation for each phenotype between the model using 40 nFC PCs
only and the model using 40 nFC PCs plus 1 ceFC PC. For several traits, the model
with 1 additional ceFC PC achieves a slightly higher correlation, and these cases are
highlighted in red. However, the differences are generally small, and the direction
of the change is not uniform across traits. In particular, modest improvements are
observed for some intelligence-related measures and a few personality traits, whereas
other phenotypes show little change or slight decreases in correlation. A similar
pattern is also observed in Figure B.7 for Spearman correlation. Taken together,
these trait-level results are consistent with the aggregate test-set analysis and with
the earlier MSE-based findings, suggesting that the additional ceFC PCs considered
here do not provide substantial predictive benefit beyond that captured by nFC PCs

alone in linear regression.
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Figure 3.4: Test Pearson correlation for each phenotypic trait. The green and orange
bars represent results using 40 nFC PCs only, and 40 nFC PCs with 1 ceFC PC,
respectively. The highlighted red bar denotes the case in which adding the ceFC PC
yields a larger test correlation.

3.3.2 PLS Results

We next apply the same analysis pipeline using partial least squares (PLS) regression,
with the combined set of nFC and ceFC PCs as predictors. Figure B.3a summarizes
the total validation MSE across all phenotypic traits over a range of PLS components
and predictor combinations. Among the candidate models considered here, the lowest
validation MSE is attained when the number of PLS components is set to 2. We
therefore focus on the 2-component PLS model and examine the validation MSE over
different combinations of nFC and ceFC PCs in Figure B.3b. The figure shows that
adding ceFC PCs can reduce the validation MSE when the number of nFC PCs is
relatively small. However, once the number of nFC PCs reaches the range that yields
the best overall performance, approximately 40 to 60 PCs, the inclusion of ceFC PCs
provides little additional benefit and in some cases leads to slightly larger validation
error.

To assess whether this pattern persists on the test set, we fix the model at 2 PLS
components and 45 nFC PCs, and then vary the number of ceFC PCs, as shown
in Figure 3.5. The average test MSE changes only modestly across the candidate
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numbers of ceFC PCs. Although the model including 1 ceFC PC gives a slightly
lower average test MSE than the model using nFC PCs alone, the improvement is
small relative to the test MSE values. Overall, the test-set results provide limited

evidence that adding ceFC PCs yields a meaningful gain in predictive performance
under PLS models.
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Figure 3.5: Sum of test MSEs over all phenotypic traits with standard errors in gray
bars across 100 random splits based on 2 PLS components, 45 nFC PCs and varying
numbers of ceFC PCs.

A more detailed trait-specific comparison is provided in Figure 3.6, which contrasts
the test MSE for each phenotype across the selected PLS models and the baseline
model that uses the training-set response mean. Similar to the linear regression
results, the inclusion of ceFC PCs does not lead to a consistent reduction in test error
across traits. Modest improvements are observed for a small number of intelligence-
and personality-related measures, but these gains are limited in magnitude. For many
phenotypes, the mean-only baseline remains competitive and in some cases achieves
lower test error than the connectivity-based models. Taken together, these findings
suggest that, within the current PLS framework, the additional ceFC PCs considered
here offer only limited predictive benefit beyond that already captured by nFC PCs.

48



DWI_TR_run3 1 %50

DWI_TR_run2 1 1090

DWI_TR_runl 31064

STALT
NEO_C 7 4%

NEO_A | 1613

NEO_O 15500
_ T
NEO_E i
NEO_N ] 1010
BIS 1653

Information

1.018
BAS_reward ] Lo

BAS_fun 31009

BAS_drive 1013

IST_intelligence_total 1 0.969

1.019
IST_crystallised ] 0.982

1
IST_memory 0973

IST_fluid [ oor2

background_SES
BMI

1012
] 1.016
age 1016

0.0 02 0.4 06 08 1.0
Test MSE

\ 45 nFC PCs 45 nFC PCs + 1 ceFC PC Training Mean |

Figure 3.6: Test MSE for each phenotypic trait. The green, orange, and blue bars
represent results using 45 nFC PCs only, 45 nFC PCs with 1 ceFC PC, and training
response mean only, respectively. The highlighted red bar denotes the case in which
adding the ceFC PC yields the smallest test MSE. The highlighted purple bar denotes
the case in which only using the training response mean is the best, even though
adding ceFC PC yields a smaller test error in comparison to using nFC PCs only.

We next evaluate the PLS models using correlation-based measures. Since the
Pearson and Spearman results show highly similar patterns, we present the Pearson
correlation results in the main text and the Spearman correlation results in Ap-
pendix B.5. Figure B.4a summarizes the mean validation Pearson correlation across
all phenotypic traits over a range of PLS components and predictor combinations.
Among the candidate models considered here, the highest validation correlation is
achieved when the number of PLS components is set to 5. We therefore focus on the
5-component PLS model and examine the validation Pearson correlation over differ-
ent combinations of nFC and ceFC PCs in Figure B.4b. The correlation increases
substantially as the number of nFC PCs grows from small to moderate values and
then gradually levels off. In contrast, adding ceFC PCs does not improve validation
performance and generally leads to slightly lower correlation for a fixed number of
nFC PCs. The corresponding Spearman correlation results, reported in Figure B.8,
show the same qualitative pattern.

We then assess the selected PLS model on the test set. Fixing the number of
PLS components at 5 and varying the number of ceFC PCs, Figure 3.7 shows that
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the mean test Pearson correlation remains nearly flat and tends to decrease slightly
as additional ceFC PCs are included. The associated standard errors overlap sub-
stantially across models, indicating that these differences are small. A more detailed
trait-specific comparison is provided in Figure 3.8, which contrasts the test Pearson
correlation for each phenotype between the model using nFC PCs only and the model
including an additional ceFC PC. For several traits, the model with the additional
ceFC PCs yields slightly higher correlation, and these cases are highlighted in red.
However, the improvement is generally modest, and many traits show little change
or slight decreases. Overall, these results are consistent with the MSE-based analysis
and suggest that, within the current PLS framework, the additional ceFC PCs con-
sidered here do not provide substantial predictive benefit beyond that captured by
nFC PCs alone. The corresponding test Spearman correlation results in Figure B.9

and Figure B.10 indicate the same qualitative conclusion.
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of ceFC PCs under 5 PLS components. The gray bars depict standard errors across
100 random splits.
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3.3.3 Explanation

The consistently limited improvement observed after augmenting nFC predictors with
ceFC predictors suggests that ceFC provides little additional information for the pre-
diction of the phenotypic traits considered in this study. This observation motivates
a closer examination of the relationship between the two connectivity methods. In
this subsection, we explore a possible explanation for this finding by focusing on the
intrinsic statistical dependence between nFC and ceFC.

As discussed in Chapter 2, ceFC is not an independent measurement, but is math-
ematically constructed from the entries of the nFC matrix. This construction implies
a strong structural relationship between the two representations and suggests that
the information carried by ceFC may overlap substantially with that already encoded
in nFC. If this is the case, then the principal components (PCs) extracted from the
two matrices should also exhibit strong dependence.

To investigate this redundancy more directly, we conduct a simulation study based
on a reduced set of brain nodes. Specifically, we randomly select 10 nodes from the

full set of 200 nodes and use the corresponding sample correlation matrix from the
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fMRI time series as the subject-specific ground-truth nFC matrix. For each sample
size N € {10, 20, 40,60}, we then construct the subject-by-node-pair matrix Rfuu and
extract its nFC PCs. Under the assumption of multivariate normality, we compute the
corresponding ground-truth ceFC for each subject using the established second- and
fourth-order moment formulas between edge 7k and edge st as @;k,st = 050t + 0 j10ks
by Isserlis’s theorem (Isserlis, 1918), where 0, denotes the covariance between node j
and node k. We assemble the subject-by-edge-pair matrix Oy without thresholding,
since the reduced node set keeps the computation manageable, and extract its leading
PCs. For each ceFC PC, we regress the true ceFC PC on the full set of nFC PCs and
compute the coefficient of determination, R2.

Figure 3.9 summarizes the above results. Across all sample sizes, the R? values
are uniformly high for most ceFC PCs, indicating that a large proportion of the vari-
ation in ceFC can be explained by linear combinations of nFC PCs. Although the
explanatory power decreases slightly for some higher-order ceFC PCs as the sample
size becomes larger, the overall dependence remains strong. This pattern supports
that ceFC is largely redundant with nFC at the level of principal component repre-
sentations. It also provides a plausible explanation for the prediction results reported
above. When a model already includes a sufficiently rich set of nFC PCs, adding
ceF'C PCs contributes little new information and therefore yields little improvement

in the prediction of phenotypic traits.
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Figure 3.9: R? from the linear regression of each true ceFC PC on all nFC PCs with
10 nodes.

To examine whether the same redundancy persists in the full setting, we extend
the analysis to all 200 brain nodes. Following the same general strategy as above,
we construct the subject-by-edge-pair matrix o, using the regularized estimator of
ceFC and extract its leading PCs. We then regress each ceFC PC on the full set
of nFC PCs and record the resulting coefficient of determination, R?. Figure 3.10
summarizes these results. The R? values remain high across the leading ceFC com-
ponents, showing that much of the dominant ceFC variation can be explained by
the nFC representation through a linear relationship. Moreover, the top 15 ceFC
PCs account for nearly 90% of the total variation in @T, so this dependence is not
limited to a negligible part of the ceFC space, but instead characterizes most of its
major variation. Taken together with the reduced-node analysis above, these results
indicate that ceFC is highly redundant with nFC at the level of principal component
representations. This redundancy offers a natural explanation for why adding ceFC
PCs leads to, at most, limited improvement in phenotypic prediction when sufficient

nFC PCs are already included in the model.

23



OMOOO—0003Y10000~0000OLNOWO SHO MNLOLNMN NN £e)00 0000YNONMOOISI—HOO—NMN
[5Y3Y3)0)3)G)00 0000000000 0000000000 SO R eeTesTeaTeslenlenlealesleslen]

slelelelelelelalalelelelelelelelelelo =0 slelelelelel= O = O =« COOOOOOOOOOOOOOOOD

T € § L 6 ITETST LT 6T TC €C SC LT 6C 1€ €€ G€ LE 6E TV €V SV LV 6V
OJd D493 jO X3pu|

Figure 3.10: R? from the regressing each ceFC PC, extracted from the ceFC estimate,

on all nFC PCs using the full set of 200 brain nodes.
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CHAPTER 4

Spatio-temporally Varying Coefficient Model via Deep
Neural Networks with Applications in fMRI

4.1 Introduction

In Chapters 2 and 3, we focused on connectivity patterns among brain networks,
with the goal of gaining a new perspective on brain organization. Beyond connectiv-
ity analysis, another central objective in neuroimaging studies is to characterize the
associations between brain imaging responses and external factors within anatomical
space. This is scientifically important because such associations can localize covari-
ate effects over the brain image domain and further provide interpretable markers
for neurological disorders and functional brain architecture (Smith et al., 2015; Woo
et al., 2017; Smith et al., 2009). At the same time, fMRI data often produce high-
dimensional observations with complex dependencies over space and time, imposing
challenges for regression tasks.

To address these challenges, various regularization techniques and structured mod-
els have been proposed. Among them, the spatially varying coefficient model (SVCM)
has emerged as a powerful framework. SVCMs represent covariate effects as coefficient
functions varying over the image domain in image responses, thereby capturing lo-
calized effects and accommodating spatial smoothness, sparsity, jump discontinuities,
and heterogeneity (Zhu et al., 2014; Li et al., 2017, 2021). These methods have been
widely applied in neuroimaging studies to uncover the spatial patterns of covariate
effects within brain networks.

Building on this literature, Zhang et al. (2023) proposed image response regression
via neural networks (IRRNN), which applies deep neural networks to approximate
spatially varying coefficient functions. This approach integrates spatial smoothness
and accounts for subject heterogeneity while preserving the interpretation of the es-
timated covariate effects. Compared with local smoothing or spline-based methods,
it provides a more flexible way to capture complex spatial patterns. Moreover, by

learning the coefficient functions from spatial coordinates as inputs, IRRNN (Zhang
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et al., 2023) alleviates the high-dimensionality challenge in traditional image regres-
sion, such that the effective sample size depends on the number of voxels rather than
only on the number of subjects, which are often limited in real fMRI datasets. This
feature makes the neural-network-based estimation more feasible in neuroimaging
applications.

Despite this progress, the existing methods primarily model coefficient functions
over a spatial domain and do not explicitly account for temporal evolution. However,
dynamic fMRI data are inherently indexed by both space and time. Recent neu-
roimaging studies increasingly involve continuous fMRI scans in which brain activity
is recorded during naturalistic paradigms, such as movie watching. These stimuli
are dynamic, multimodal, and context-rich, enabling a deeper understanding of brain
function under ecologically valid conditions that closely resemble real-world situations
(Sonkusare et al., 2019; Finn and Bandettini, 2021; Matusz et al., 2019). Prior stud-
ies have shown that naturalistic stimuli engage widespread brain networks, revealing
synchronized activity across individuals (Hasson et al., 2004), hierarchical processing
over temporal receptive windows (Hasson et al., 2008; Honey et al., 2012; Lerner et al.,
2011), and large-scale network reconfiguration during narrative comprehension (Si-
mony et al., 2016), thereby facilitating higher-order functions such as social cognition
and perception (Lahnakoski et al., 2012; Baldassano et al., 2017). Because natural-
istic covariates, such as visual, audio, and emotional features, are scene-dependent,
ignoring temporal evolution may overlook critical structures in the underlying effects.
In this way, the effect of a scene-related covariate may vary across scenes, interact
with spatial patterns, and exhibit a non-separable spatio-temporal structure.

Motivated by these considerations, this chapter develops a spatio-temporally vary-
ing coefficient model (STVCM) for dynamic image response data. The main idea is
to model each regression coefficient as a function of both spatial location and tempo-
ral input, so that the association between covariates and image responses can evolve
under dynamically changing stimuli. This formulation is particularly relevant for
naturalistic fMRI data, where scene-related effects can vary not only across brain
regions but also over time. Since the interaction between spatial patterns and tempo-
ral trajectories is often non-linear and non-separable, traditional approaches, such as
spatio-temporal splines or methods based on Gaussian processes, may face challenges
in both computational scalability and their ability to capture such complex interac-
tions. Inspired by the use of deep neural networks in IRRNN (Zhang et al., 2023)
to address these challenges in the spatial domain, we extend this idea to the spatio-
temporal setting and propose spatio-temporal image response regression via neural
networks (ST-IRRNN) for estimating the coefficient functions in the STVCM. Since

the true form of spatio-temporal dependence in real data, such as fMRI scans, often
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remains unknown, we develop several ST-IRRNN variants that combine spatial and
temporal information in different architectural forms. The additive and multiplicative
ST-TIRRNN variants are intended for settings in which the spatio-temporal interaction
is approximately separable, while the concatenative architecture in ST-IRRNN can
directly learn from the joint spatio-temporal input and is therefore better suited to
more general non-separable patterns.

Beyond these feed-forward neural network applications, recent developments in
transformer architectures have provided another promising direction for modeling
complex dependence in sequential data. Built on the self-attention mechanism, trans-
formers have achieved strong performance in sequence modeling (Vaswani et al., 2017;
Wolf et al., 2020), effectively capturing long-range dependencies and flexibly aggre-
gating information across positions in text (Devlin et al., 2019; Radford et al., 2021;
Yang et al., 2019) and image data (Dosovitskiy et al., 2021; Liang et al., 2021; Zhou
et al., 2018). Transformer-based models have also been increasingly adopted in neu-
roimaging studies for spatio-temporal representation learning (Asadi et al., 2023; Kim
et al., 2023; Gao et al., 2026) and for disorder identification using fMRI data (Deng
et al., 2022; Niu et al., 2020; Dai et al., 2024).

In light of these developments, we further introduce a transformer-based ST-
IRRNN formulation in this chapter. To enrich the temporal input before it is in-
tegrated with spatial information, we apply Fourier features (Tancik et al., 2020)
as a temporal representation, helping the model encode nonlinear and potentially
high-frequency temporal variation that may be difficult to learn efficiently from a raw
scalar time coordinate alone (Tancik et al., 2020; Rahaman et al., 2019; Luo et al.,
2022). The resulting Fourier-enhanced temporal representation is then combined with
a spatial projection to form a joint embedding, which is processed by a transformer
encoder (Vaswani et al., 2017). In contrast to the additive and multiplicative variants,
this architecture does not impose a prespecified separable spatio-temporal structure.
Additionally, unlike the concatenative variant, it uses self-attention to capture more
structured temporal dependence, thus providing a more flexible framework for learn-
ing complex dependence between space and time directly from the data.

One advantage of the proposed ST-IRRNN approaches is that they remain inter-
pretable at the coefficient-function level, which facilitates insight into evolving acti-
vation patterns across regions and over time. Meanwhile, these variants are flexible
to accommodate spatio-temporally varying effects, including approximately separa-
ble trends as well as genuinely non-separable interactions. The proposed methods are
evaluated under simulation settings motivated by Zhang et al. (2023) and extended
to the spatio-temporal domain. These settings are designed to represent qualitatively

different forms of spatio-temporal dependence, including additive, multiplicative, and
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more dynamic non-separable patterns. These studies show that a matching structured
ST-IRRNN variant tends to capture the true dynamically varying effects with lower
error and more robust performance. Even when the spatio-temporal effects are non-
separable, the proposed ST-IRRNN approaches can still improve over fixed-window
IRRNN baselines in both estimation accuracy and temporal stability. We further
demonstrate the practical value of the proposed framework through an application
to a real fMRI dataset collected during movie watching (Chen et al., 2017). In this
study, we show that the estimated spatio-temporally varying main effects associated
with audio, visual, and emotional stimuli reveal dynamic scene-dependent patterns
across brain systems. These fitted coefficient maps provide scientifically meaningful
brain images showing how different stimulus features modulate brain activity over
time, and illustrate the potential of the proposed framework for uncovering dynamic

brain—covariate associations under continuous stimulation.

4.2 Model and Estimation

In this section, we formulate an STVCM for image response regression and introduce
an estimation procedure that integrates flexible neural network approximators to
estimate each key component within the model. While inspired by Zhang et al.
(2023), our method is designed for dynamic imaging data over a joint spatio-temporal

domain.

4.2.1 Image Response Regression with Spatio-Temporally
Varying Coefficients

Let S C R? denote a D-dimensional spatial domain observed on a grid of V' locations
{8,}Y_, and T C R denote the temporal domain observed over time ¢ € [0,1]. We
consider imaging data collected from N subjects. For each subject ¢ = 1,..., N, we
observe the scalar image measurement y;(s,,t) € R at the spatial location s,,v =
.,V and timet. Let ®; = (2;1,...,2;7)" € R’ represent a J-dimensional covariate
vector at time ¢ associated with the i-th subject.
To characterize the dynamic heterogeneity of covariate effects across both space
and time, we propose the following spatio-temporally varying coefficient model
(STVCM):

i(Sy, wa )Bi (80, t) + (84, ) + €i(Su, ),  Var{ei(s,,t)} = 02(s,,1) (4.2.1)
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Here, §;(s,,t) is the varying coefficient function representing the population-level
main effect of covariate x; at location s, and time ¢. «;(s,,t) denotes the subject-
specific deviation, which captures the intrinsic spatio-temporal variability of subject
i that is not explained by the covariates. The error term ¢;(s,,t) is assumed to be an
independent random error with mean zero and a spatio-temporally varying variance
02(8,,t).

Unlike the SVCM, which treats observations as static images, the proposed
STVCM in model (4.2.1) explicitly incorporates the temporal dimension and allows
for the investigation of how covariate effects evolve over time. We assume that the
functions 5;(8y,,t), a;(8y,t), and o?(s,, t) are piecewise smooth over the domain Sx T
In addition, the main effect function f;(s,,t) is assumed to be sparse, in the sense
that its value is zero over certain regions at some time. Such a sparsity assumption is
common in neuroimaging studies (Achard and Bullmore, 2007; Bullmore and Sporns,
2012; De Vico Fallani et al., 2017; Garrison et al., 2015; Nicolini et al., 2020; Li et al.,
2021). Similarly, we impose a sparsity assumption on the individual effect «;(s,,1),
while allowing the sparse patterns to vary across subjects. That is, for each subject
i, the zero-valued regions of «;(s,,t) can differ across both space and time.

Next, we establish the identifiability of model (4.2.1).

Proposition 4.1. For any ¢ € [0, 1] and any full rank matrix X (t) € R¥*7 let A de-
note the collection of all spatio-temporally varying coefficients A(s, ¢) in model (4.2.1),
such that X(¢)Ta(s,t) = 0 for all s € S. Let n{y(s,t) | X(t), A(s,t)} be the proba-
bility density function of y(s,t) given X(¢) and A(s, t) under model (4.2.1). For any
XA e A, if n{y(s,t) | X(t),A(s, )} = 7{y(s,t) | X(t), A(s, 1)} for all s and ¢, then
A=A

The proof is provided in Appendix C.1.

4.2.2 Varying Coefficients Approximation

Estimating each component in Model (4.2.1) is challenging due to the high dimen-
sionality of the spatio-temporal domain. Traditional methods, such as kernel smooth-
ing and spline regression, often suffer from the curse of dimensionality and become
computationally inefficient when the spatio-temporal dimension is large (Cressie and
Wikle, 2011; Zhu et al., 2014). To address this difficulty, Zhang et al. (2023) em-
ployed deep neural networks (DNNs) to model spatially varying coefficients in image
regression by treating them as functions of spatial locations and exploiting the uni-
versal approximation property of DNNs. Their framework is referred to as image
response regression via neural networks (IRRNN) (Zhang et al., 2023). Motivated

by this idea, we adopt a similar strategy to model the spatio-temporal coefficient
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functions while preserving the interpretability of the outputs as varying coefficients.
Specifically, we approximate the unknown functions by neural networks evaluated at
the spatio-temporal coordinate (s,,t).

Motivated by the IRRNN framework (Zhang et al., 2023), we propose the spatio-
temporal image response regression via neural networks (ST-IRRNN). To accom-
modate different forms of spatio-temporal dependence, we consider four ST-IRRNN
architectures for approximating coefficient functions, namely, concatenative ST-
IRRNN, additive ST-IRRNN, multiplicative ST-IRRNN, and transformer-based ST-
IRRNN.

Concatenative ST-IRRNN We begin with a general concatenative spatio-
temporal structure. Specifically, we consider a fully connected feed-forward neu-
ral network that takes the spatial and temporal coordinates jointly as input. Let
u = (s,t)" € RP*! denote the combined spatio-temporal input. A neural network

with L hidden layers can be written recursively as

hO(u) = u,
hO(u) = oy (Wi B0 () + b)), 1=1,..., L,
N(s,t|0)=W,h")(u)+ by, (4.2.2)

where @ = {W,, b}, represents the collection of weight and bias parameters, and
o(+) is an elementwise nonlinear activation function, such as the Leaky ReLU or the
sigmoid function. Under this formulation, the spatial coordinate s and the tempo-
ral input ¢ are directly concatenated and passed through a single neural network.
This architecture allows the model to learn general non-separable spatio-temporal

dependence without imposing an explicit separability assumption.

Additive ST-IRRNN When an additive spatio-temporal structure is appropriate,

we consider the following separable neural network
N(s,t|0) = Ng(s|0s)+ Nyt | 6,). (4.2.3)

Here, N4(s | 5) denotes a neural network that takes the spatial coordinate s as input
and models the spatial component. Similarly, N;(¢ | 8;) denotes a neural network that
takes time ¢ as input and models the temporal component. Under this formulation,
the spatial and temporal effects are represented by two networks and are combined
additively at the output layer. This structure allows the spatial and temporal com-

ponents to contribute separately, without explicitly modeling their interaction, and
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is therefore suitable for settings in which the spatio-temporal dependence is approxi-

mately additive.

Multiplicative ST-IRRNN When a multiplicative spatio-temporal structure is

appropriate, we consider the following separable neural network
N(s,t]80) = Ns(s|0s)x Ny(t]86,). (4.2.4)

Here, Ns(s | 65) and Ny(t | ;) denote neural networks that take the spatial coor-
dinate s and temporal coordinate ¢ as input, respectively. Under this formulation,
the spatial and temporal effects are represented by two networks and are combined
multiplicatively at the output layer. This structure allows the temporal effect to mod-
ulate the spatial effect over time and is therefore suitable for settings in which the
spatio-temporal dependence is approximately separable but still exhibits interaction

between the two components.

Transformer-based ST-IRRNN To further enhance flexibility in modeling com-
plex spatio-temporal dependence, we also consider a transformer-based architecture
for N(s,t | @), inspired by the literature that self-attention provides an effective
mechanism for modeling structured dependence in sequential data and for capturing
long-range interactions that may be difficult to represent with standard feed-forward
architectures (Vaswani et al., 2017; Wolf et al., 2020). Accordingly, unlike the ad-
ditive, multiplicative, and concatenative variants above, this architecture combines
learned spatial and temporal representations with a transformer encoder to model
dependence in the resulting joint representation (Vaswani et al., 2017).

Specifically, let Ny(s | 8,) € R% denote a spatial projection network that maps the
spatial coordinate s € R” to a d,-dimensional representation. To enrich the temporal
input before integrating it with the spatial component, we represent the scalar time

coordinate t using Fourier features:
-
o(t) = [t, sin(wit), cos(wit), ..., sin(wgt), Cos(wKt)} € RIT2K,

where wy = 27k for k =1,..., K are the frequency parameters (Tancik et al., 2020).
This Fourier feature mapping enriches the temporal representation and helps the
model encode nonlinear and potentially high-frequency temporal variation that may
be difficult to learn efficiently from a raw scalar time coordinate alone (Tancik et al.,
2020; Rahaman et al., 2019; Luo et al., 2022). We then define a temporal projection

network

Ni(o(t) | ;) € R™.
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The resulting spatial and temporal representations are concatenated to form a joint

embedding,
z(s,t) = Concat (Ns(s | 6,), Nt(qﬁ(t) | 0t>> € RéTdt,
This joint embedding is then projected into the transformer hidden space as
hO(s,t) = Winz(s,t) + by, € Rbmodel,

where d0q0 denotes the hidden dimension of the transformer.

The projected representations are subsequently passed through a transformer en-
coder with L layers. Let H!=1) denote the hidden representation at layer [ — 1. The
multi-head self-attention (MHA) mechanism at the [th layer is defined as

MHA (H(l’l)) = Concat(heady, . .., heady) W?,

where each attention head is computed by scaled dot-product attention,

KT
head;, = softmax (Qh h ) Vi,
Vg

with Q, = HIYWE K, = HYWE and V, = HEDWY (Vaswani et al.,
2017).

Finally, let h)(s,t) € R%model denote the output from the last transformer layer at
spatio-temporal input (s,t). The transformer-based approximation to the coefficient
function is then obtained using a two-layer multilayer perceptron (MLP) regression

head as
N(s,t] 8) = Nowt (A (5,1) | Oour ), (4.2.5)

where Noy (- | Oous) denotes the output network. Under this formulation, the model
learns dependence between space and time through the joint embedding together
with self-attention, which makes it particularly suitable for coefficient functions with
complex non-separable spatio-temporal patterns that may be difficult to characterize
using simple architectures.

In the following, we use the general notation N(s,¢ | 8) to represent any of the
spatio-temporal neural network formulations introduced above. To improve inter-
pretability under the sparsity assumption on the effect functions, we impose a hard-
thresholding operator at the output layer. For a vector v with threshold n and
truncation level B, define

T},B)('v)j = sign(v;) - I{|v;| > n;} - min(|v,|, B),
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where B > 0 is taken to be sufficiently large to ensure numerical stability (Zhang
et al., 2023). In particular, the covariate-specific thresholds 175 € RY and the subject-
specific thresholds 7, € RY are introduced to impose sparsity directly at the level
of the estimated coefficient functions, while preserving the spatio-temporally varying
interpretation of B(s,t) and «(s,t).
We then approximate the components in Model (4.2.1) by
B(s,t) =T'D

ns

N(s,t|6p)) € R,
No

log 0%(s,t) = T\

( )
a(s,t) = TP (N(s,t | ea)) eRY, (4.2.6)
( )

N(s,t]86,)) €R.

Here,

N(s,t]85) = [N(s,t]85,),....N(s,1 | 65,)]

N(s.t16,) = [N(s.t] 0,,)..... N(s.t|6,,)]

which are obtained by concatenating J neural networks for the main effects and
N neural networks for the individual effects, respectively. Therefore, the hard-
thresholding operator is applied componentwise at the output layer of each neural
network representation.

The above model construction treats each spatio-temporal coordinate (s,t) as an
input sample. As a result, the effective sample size becomes V' x T, which is typically
large in imaging studies. This feature is particularly advantageous in neuroimaging,
where the number of subjects is often limited while the number of observed spatial and
temporal coordinates is substantial. Consequently, the DNN-based approximation
strategy originally developed for purely spatial settings (Zhang et al., 2023) can be

naturally adapted to the spatio-temporal domain.

4.2.3 Estimation Procedure

To estimate the main effect B(s,t), the individual effect a(s,t), and the error vari-
ance function o%(s,t) in Model (4.2.1), we adopt a sequential three-step estimation
procedure (Zhang et al., 2023).

In the first step, we estimate the main effect function B(s,t) =
([)’1(3, t),...,0s(s, t))T. Given the covariates X (t) and the image response y(s,, tx)

observed at time point ¢, £k = 1,...,T, and spatial location s,, v = 1,...,V, we
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estimate 63 by minimizing the spatio-temporally aggregated squared error

2

05 = arg mln Z Z

v=1 k=1

(8, t8) — X (1) TS (N (50,1 | 65)) (4.2.7)

2

The corresponding estimator of the main effect is then given by
B(sln tk) = T’r(]ﬁB) <N(sv7 tk | é\ﬁ)) .

With the estimated main effect B(sv,tk) obtained from the first step, we next
estimate the individual effect a(s,t) using the residualized responses. Specifically,

we estimate 6, by solving

2

= arg mln Z Z

avlkl

(4.2.8)

(80:t) — X (t)B (0. tx) — TSP (N (s, 11 | 6))

2

Since a(s,,tx) is subject-specific, this optimization can be implemented separately

for each individual. Equivalently, for subject 7, we solve

2

. (4.2.9)

9 = argmlnzz

O‘lvlkl

Yi Svatk iT(tk)B<Svatk> - TéaBz) (N(Sv, tk ‘ 0%))

Thus, this step involves fitting N neural networks, one for each individual effect

function. The resulting estimator of the individual effect vector is

T

&(s,t) = [ai(s, 1), ..., an(s,1)]

where
Gi(50, ty) = T (N(sv,tk | éai)).
After obtaining both B(s,t) and é(s, t), we proceed to estimate the error variance
function o%(s,t). We begin by computing the mean squared residual

~ 2
o%mm:\w%m—xmwm@wa@@>

2

We then estimate the log-scale variance function by solving

2

log 7 (8y, tx) — N(8y, 1% | 6,) (4.2.10)
2

R vV T
0, = argr%inzz

7 w=1k=1
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The resulting estimator of the error variance is given by

5'2(51)7 tk) = €xXp {TO(B) (N(Sva tk | écr))} :

Finally, the thresholds ng and n, are selected using a random decoupling proce-
dure that approximates the null distribution of the coefficient estimates (Barut et al.,
2016; Zhang et al., 2023). Specifically, the subject labels in X are repeatedly per-
muted to generate null estimates using the three-step estimation procedure described
above, and the threshold for each component is chosen as the 0.95 quantiles of the

corresponding absolute null estimates.

4.3 Numerical Studies

In this section, we evaluate the estimation performance of the proposed methods for
spatio-temporally varying coefficients under four representative simulation settings:
(i) a non-sparse additive spatio-temporal pattern, (ii) a sparse multiplicative spatio-
temporal pattern, (iii) a sparse concatenative spatio-temporal pattern, and (iv) a
sparse concatenative spatio-temporal pattern with a moving activation region. These
settings are designed to reflect different levels of structural complexity and to assess
how well the proposed methods adapt to both separable and non-separable spatio-
temporal dependence.

Throughout the simulations, the spatial coordinate is taken as s, € S C [0,1]” on
a regular grid of V' locations with 64 x 64 regions. The temporal domain is set to [0, 1]
and is discretized into 7' = 100 equally spaced time points. For simplicity, we consider
a univariate covariate generated from N (0, 1). For N = 20 subjects, the corresponding
image response is generated according to model (4.2.1). The spatial patterns are
adapted from the image response regression simulations in Zhang et al. (2023) and are
then combined with smooth or piecewise-smooth temporal components to construct
the spatio-temporal design studied here. In particular, the main effect templates
contain activation regions with both sharp and smooth boundaries, the individual
effect templates follow cross-shaped activation patterns, and the log-variance function
is generated from a truncated sinusoidal pattern. Building on these spatial templates,
we introduce temporal variation in different ways to construct the four simulation
scenarios described below.

Following the general strategy in Zhang et al. (2023), we evaluate the estimation

accuracy of the main effect at each time point using the relative mean squared error,
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computed as

o1 ot 131 (80,t) — B;(80, ) 12/(V.J)

Relative MSE(t) = ,
) TS, Blen 0] (V)

(4.3.1)

which measures the relative estimation error at time ¢t. We report this quantity over
time to assess how estimation accuracy changes across the temporal domain.

For comparison, we also apply IRRNN method of Zhang et al. (2023) separately
at each time point. Since that method is designed for spatial coefficient functions and
does not explicitly model temporal dependence, we further consider a local temporal
aggregation strategy. Specifically, for a target time point ¢;, we pool the images from
the w preceding and w following time points and use the aggregated information to
estimate the coefficient function at t;. In the experiments, we consider three window
sizes, w = 3, 5, and 10, to assess how the amount of local temporal information affects
the performance of the baseline IRRNN method.

4.3.1 Spatial Design

For the main effect function S;(s,,t), we consider spatial activation template with
both sharp and smooth boundaries, following the general simulation framework of
Zhang et al. (2023). These patterns serve as the spatial templates and are subse-
quently combined with different temporal functions to generate four spatio-temporal
scenarios.

For activation regions with sharp boundaries, we generate square-shaped regions
with piecewise smooth values inside each square. The top-left corner of a square is
determined by a random location (uq, us), where u; and us are independently sampled
from Uniform(0,0.6). The side length of the square is set to 0.4, ensuring that the
entire region lies within the unit domain. Let (¢;, c2) denote the center of the square.

For a spatial location s, inside the square, the activation magnitude is defined by the

Euclidean distance to the center as 3;(s,) = \/(svl —¢1)? 4 (Sp2 — ¢2)%. To introduce
variability in the spatial profile, we randomly choose whether the activation values
increase or decrease with distance from the center using a Bernoulli(0.5) variable.
This pattern is truncated at its 60th percentile, so that any value above this threshold
is set equal to the threshold. This operation produces a spatial surface with a flat
outer plateau and a sharp boundary. Finally, the truncated values are rescaled to the
interval [0, 1], and then mapped to the range [0.5a, a], where a ~ Uniform(1, 2), with
a random sign in {—1, 1} assigned to the entire activation region.

For activation regions with smooth boundaries, we generate circular patterns

with radius r = 0.5 and center (cy,c2), where ¢; and ¢y are independently sam-
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pled from Uniform(0.25,0.75). For a spatial location s, = (S,1,S,2) inside the

circle, the base value is determined by its Euclidean distance to the center as

b(s,) = \/ [(sp1 —c1)/7 ]2+ [(sp2 — c2)/7 ]2. The resulting activation values are min-
max normalized and then linearly mapped as (1—b) xa where a ~ Uniform(7,8), with
a random sign in {—1, 1} assigned to the entire activation region. This construction
yields a smoothly varying spatial pattern that decreases from the center toward the
boundary of the circle.

The sharp- and smooth-boundary activation regions are then combined on the
spatial domain to form the main effect template. This combined spatial pattern
serves as the basis for each main effect function. We denote the resulting spatial
template for the main effect by fz(s,). An illustration of the spatial design is given
in Figure C.1a.

We next describe the spatial pattern used for the individual effect, which is
generated as a cross-shaped activation region with an underlying radial profile.
We first generate a radial pattern by sampling a center (c,cs), where ci,co ~
Uniform(0, 1), together with a mean level from Uniform(0,1). For a spatial loca-

tion s, = (81, Sv2), the base value is defined by its Euclidean distance to the center

as \/ (Sp1 — ¢1)? + (Sp2 — ¢2)? x 2 and is then centered so that the resulting radial
pattern has mean zero. Based on this radial pattern, we construct a cross-shaped
activation region by selecting the left edge of the vertical bar and the top edge of the
horizontal bar independently from Uniform(0, 0.8), with both bar widths fixed at 0.2.
Values outside the cross-shaped region are set to zero, and values inside the region
inherit the centered radial pattern. To preserve the zero-centered structure of the
active region, the final activation values are recentered using only the nonzero values
within the cross. We repeat this procedure independently for each subject, so that
the individual effect functions vary across subjects in both locations and intensities
of the cross-shaped activation region. We denote the resulting individual-effect spa-
tial template for subject ¢ by f,,(s,). An illustration of the individual-effect spatial
design is given in Figure C.1b.

For the log variance function of the error term, we generate a sinusoidal spatial
pattern. Specifically, for a spatial location s, = (8,1, S,2), we set log(c?(s,)) =
2 sin (47?(svd - ad)>, where ay, as ~ Uniform(0, 1). This construction yields a spa-
tially varying variance with periodic oscillations over the two-dimensional domain.
To induce sparsity in the variance pattern, we truncate the values in an interme-
diate range to zero. In particular, all values lying between 0.7 min{logo?(s,)} and
0.3 max{logo?(s,)} are truncated to 0. We denote the resulting spatial template for
the log-variance function by f,(s,). An illustration of the variance design is given in

Figure C.1c.
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4.3.2 Temporal Design

Given the spatial templates introduced above, we incorporate temporal variation
through a time-dependent function, denoted by f;(¢). This temporal component
determines how the magnitude and sign of the signal evolve over time, and allows
the resulting spatio-temporal patterns to exhibit gradual amplification, attenuation,
oscillation, or sign changes across the temporal domain.

In the following spatio-temporal simulation scenarios, we consider several repre-
sentative temporal mechanisms, including linear, power, sinusoidal, and piecewise-
varying trends, and combine them with the main-effect spatial templates in different
ways. These constructions yield a range of spatio-temporal patterns with varying
levels of complexity, including both separable and non-separable structures within
the main effect, thereby facilitating comparison across different scenarios. For ease of
presentation, we introduce the temporal component here in a generic form and defer

the specific choices for each setting to the corresponding subsections.

4.3.3 Spatio-Temporal Design

Case I: Additive Spatio-temporal Design We start with a simple scenario in
which the main effect follows a separable additive spatio-temporal structure with a
sharp-boundary spatial pattern. Denote the spatial template as fz(s,) and define
the temporal function as f;(ty) = tp — 0.5 for t; € [0,1]. The resulting main effect
function is given by [1(sy, tx) = fa(sy) + fi(tx). This construction yields an additive
spatio-temporal pattern in which the spatial activation map remains fixed, while the
overall signal level varies linearly over time. An example of this design is shown in

Figure C.2a.

Case II: Multiplicative Spatio-temporal Design We next consider a separable
multiplicative spatio-temporal setting in which the main effect is constructed from
the sharp-boundary spatial template fs(s,) and a sinusoidal temporal component.
Here, we choose the temporal trend to be fi(tx) = sin (27, + 1.5)/2.5 for t;, € [0, 1].
With the spatial design fs(s,), the main effect function is computed as f;(s,, ;) =
|fa(sv)| % fi(ty). This construction yields a sparse multiplicative spatio-temporal
pattern in which the absolute spatial activation map is modulated over time by a

sinusoidal trend for nonzero values. An example of this design is shown in Figure C.2b.
Case III: Concatenative Spatio-temporal Design We then consider a non-

separable spatio-temporal design that contains both sharp- and smooth-boundary

activation patterns. In this design, we consider a linearly increasing temporal trend
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f1(tr) = t;, and a linearly decreasing temporal trend f2(tz) = 1 — t;, for t; € [0, 1].
The spatial template consists of two patterns: a smooth circular pattern fé(svl) on
a subset of locations s,, and a sharp square pattern f3(s,,) on another subset of
locations s,,. To generate non-separable spatio-temporal effects, we employ an in-
creasing temporal trend on the absolute activation within the smooth circular regions
by |f3(80,)| X fi (tx) and a decreasing temporal trend on the absolute activation within
the sharp square regions by |f3(s.,)| X fZ(tx). These two patterns are combined in
the same image shape as in the previous designs. The remaining locations remain
inactive throughout the time period, thereby preserving sparsity in the main-effect

design. An example of this design is shown in Figure C.2c.

Case IV: Concatenative Spatio-temporal Design with a Moving Activation
Region Finally, we consider a more challenging non-separable spatio-temporal de-
sign with a moving activation region. As in Case III, the main effect combines a
sharp-boundary square component and a smooth circular component, but here the
circular pattern varies in both intensity and spatial location over time. Specifically,
we apply a linearly increasing temporal trend f!(t;) = 0.2 + 1.3t; to a sharp square
f3(85,) by | f3(80,)] X fl(tr) and a linearly decreasing temporal trend f7(tx) = 1 — t;
on a smooth circular pattern by |f3(s.,)| x f7(t) for t € [0,1]. In addition to this
concatenative spatio-temporal pattern, we further update the spatial location of the
smooth circular pattern across time. In particular, the center of the circle ¢;, at time
ty is set to ¢, = (1 — tx)Cstart + tkCend, Where Cgare and cenq denote the start and
end centers of the moving circle. The absolute activation values within the circle
are updated as [f3(8,)| ¥ f7(tx) x max (0,1 — dy, (s,)/r) for the Euclidean distance
from a spatial location s, to the center d;, (s,) = ||s, — ¢4, ||o. These two patterns are
then combined together in the same image domain as in the previous designs, leaving
the remaining locations inactive to preserve sparsity in the main-effect design. Con-
sequently, both the amplitude and the spatial location of the main effect vary over
time, making this setting more challenging than the previous cases. An example of
this design is shown in Figure C.2d.

Across all four simulation cases, the spatio-temporal designs described above are
imposed on the main effect. To isolate the role of the main-effect structure, we do
not introduce additional temporal variation in the individual effect or the error vari-
ance. For each scenario, we evaluate the proposed ST-IRRNN methods and compare
them with the IRRNN method from Zhang et al. (2023). For the baseline method,
IRRNN is fitted separately at each time point ¢;, and local temporal information is
incorporated by aggregating images within a temporal window of size w € {3,5,10}

around t;. In all four settings, we apply the concatenative ST-IRRNN (4.2.2) and
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the transformer-based ST-IRRNN (4.2.5), since both are designed to capture gen-
eral spatio-temporal dependence. In addition, under the separable spatio-temporal
scenarios, we apply the additive ST-IRRNN (4.2.3) in the additive spatio-temporal
setting and the multiplicative ST-IRRNN (4.2.4) in the multiplicative spatio-temporal
setting. Because the additive design does not impose sparsity on the main effect, we
do not apply thresholding to any of the methods in the additive setting.

Figure 4.1 displays the relative MSE (4.3.1) averaged over 20 replications for
all methods under the four spatio-temporal simulation settings. Overall, the pro-
posed ST-IRRNN methods consistently achieve smaller estimation error and exhibit
smoother temporal trends than the IRRNN baselines with fixed time windows. This
pattern is observed across all four scenarios, suggesting that explicitly modeling the
spatio-temporal dependence tends to provide better estimation performance than
applying a spatial method separately at each time point with local temporal aggre-
gation. In the first two cases, where the true spatio-temporal structure is separable,
the ST-IRRNN variant matched to the underlying design performs best. In Case I,
the additive ST-IRRNN attains the lowest and most stable relative MSE over time,
and in Case II the multiplicative ST-IRRNN returns the most accurate estimation of
the true main effect. This behavior is consistent with the underlying spatio-temporal
design and indicates that incorporating the correct structural form can improve esti-
mation accuracy. In Cases III and IV, where the main effect is non-separable and the
temporal dynamics are more complex, both the concatenative and transformer-based
ST-IRRNN methods continue to outperform the fixed-window IRRNN baselines. In
these two settings, the transformer-based ST-IRRNN generally yields slightly smaller
error and smoother temporal behavior than the concatenative ST-IRRNN. This sug-
gests that the transformer architecture is better able to accommodate more complex
and dynamically varying spatio-temporal dependence. Meanwhile, the strong per-
formance of the concatenative ST-IRRNN indicates that directly learning from the
joint spatio-temporal input is already highly effective when the underlying effect is
non-separable. Overall, these results suggest that explicitly learning complex spatio-
temporal dependence through concatenation or a transformer-based ST-IRRNN ap-
proach can help improve both estimation accuracy and stability.

For the fixed-window IRRNN baselines, larger window sizes generally lead to lower
error and reduced variability throughout time, indicating that incorporating addi-
tional local temporal information can partially improve its performance. Nevertheless,
all the IRRNN baselines show consistently higher relative MSE and greater variabil-
ity throughout time. Taken together, these results show that explicit spatio-temporal
modeling is important for accurately estimating dynamically varying coefficient func-

tions, particularly when the underlying effects are non-separable or evolve through
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more complex mechanisms over time.
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Figure 4.1: Relative MSE over time for the four spatio-temporal simulation set-
tings: (a) additive, (b) multiplicative, (¢) concatenative, and (d) concatenative with
a moving activation region. In panel (a), the solid curves correspond to additive,
concatenative, and transformer-based ST-IRRNN. In panel (b), they correspond to
multiplicative, concatenative, and transformer-based ST-IRRNN. In panels (c¢) and
(d), they correspond to concatenative and transformer-based ST-IRRNN. The dashed
curves represent the fixed-window IRRNN with temporal window sizes {3, 5, 10}.

4.4 Data Application

Continuous fMRI acquisitions under naturalistic paradigms have become increasingly
common in neuroimaging, as they allow researchers to track brain responses over
time under dynamic stimuli such as movie viewing. Such audio-visual stimuli are
multimodal, context-rich, and evolving over time. They provide an ecologically valid
framework for studying brain function in settings that more closely approximate real-
world experience (Sonkusare et al., 2019; Finn and Bandettini, 2021; Matusz et al.,
2019). Previous studies have shown that naturalistic stimuli involve distributed brain

systems, induce synchronized responses across viewers (Hasson et al., 2004), reveal
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hierarchical processing across multiple temporal receptive windows (Hasson et al.,
2008; Honey et al., 2012; Lerner et al., 2011), and modulate large-scale network or-
ganization during narrative comprehension (Simony et al., 2016). These processes
are closely related to higher-order functions such as social cognition, event percep-
tion, and narrative understanding (Lahnakoski et al., 2012; Baldassano et al., 2017).
Therefore, examining effects from scene-dependent stimuli in such data can provide
useful insight into how different forms of naturalistic information dynamically engage
large-scale brain networks.

In this section, we apply the proposed ST-IRRNN approaches to an fMRI dataset
collected during continuous audio-visual stimulation in order to investigate scene-
dependent spatio-temporal patterns of brain responses (Chen et al., 2017). This
dataset consists of fMRI measurements from 17 subjects who watched the first 50
minutes of the BBC television series Sherlock. The movie was presented in two scans
and segmented into a total of 50 movie scenes, each associated with 10 semantic vari-
ables. These fMRI measurements were taken every 1.5 seconds of the movie, yielding
1,976 scans each with dimension 61 x 73 x 61. The imaging data were pre-processed
using slice-timing correction, motion correction, linear detrending, high-pass filtering,
coregistration and affine transformation (Chen et al., 2017). In the present analysis,
we focus on the images collected during the first movie scan, which contains 945
images spanning 27 scenes. To make the analysis computationally manageable, we
apply the Schaefer2018 parcellation (Schaefer et al., 2018) and obtain 1,000 regions
of interest (ROIs), each represented by a three-dimensional coordinate rescaled to
[—1,1]. In this study, we are primarily interested in the effects of audio, visual, and
emotion-related stimuli, which serve as three complementary aspects of scene content.
Accordingly, we consider three scene-level covariates from Chen et al. (2017): (i) the
proportion of time during a scene in which anyone is speaking, (ii) the number of peo-
ple on screen, and (iii) an arousal level reflecting the level of excitement, engagement,
or activity assigned by independent raters.

Because the underlying spatio-temporal structure is unknown in this real-data ap-
plication, we focus on the concatenative and transformer-based ST-IRRNN methods,
both of which are designed to capture general spatio-temporal dependence without
requiring a prespecified separable form. As a benchmark, we compare their perfor-
mance with the baseline IRRNN method using a fixed temporal window of size 100.
For model fitting and evaluation, images from 12 randomly selected subjects are used
for training, and the remaining 5 subjects are reserved for testing. Hyperparameters
are selected by three-fold cross-validation. Because the subjects in the training and
test sets are different, the individual effects estimated from the training data cannot

be directly transferred to unseen subjects. Therefore, we focus on the main effects

72



associated with the three scene-level covariates, which are intended to capture audio,
visual, and emotion-related stimuli and their associations with neural activity.
Under this setting, prediction on the test set is based on the estimated main effects
only. For a subject i, the predicted image response at spatial location s, and time
t is given by y;(s,,t) = Z}]:1 Xij(t)gj(sv,t). Based on this prediction, we evaluate

performance at each time point using the relative test MSE

i]il 23:1 [?71’(3@, t) — yi(sy, 1) ]2/(NV)
Zf\il Zz‘)/zl Y7 (sy,t)/(NV) ’

which measures the discrepancy between the main-effect-based prediction and the ob-
served image response at each time point, normalized by the overall signal magnitude.
The results are reported in Figure 4.2.

Figure 4.2 shows that both ST-IRRNN approaches generally achieve lower relative
test MSE than the IRRNN baseline for most time frames, indicating that incorporat-
ing temporal input in spatio-temporal dependence improves prediction of the observed
image responses from the scene-dependent covariates. Although the improvement is
not uniform at every time point, the advantage of the ST-IRRNN methods is per-
sistent over a large proportion of the movie scan. In contrast, the IRRNN baseline
produces a relatively flatter trajectory, but remains at a consistently higher error
level throughout most of the time domain. Meanwhile, the two ST-IRRNN curves
display more fluctuations, with occasional spikes above the baseline. Such behavior
is not surprising, because predictions are constructed only from the estimated main
effects, while the observed fMRI responses still contain subject-specific and temporal
variation that is not directly modeled in the prediction step. Between the two pro-
posed methods, the concatenative and transformer-based ST-IRRNN exhibit broadly
similar temporal patterns, but the transformer-based approach appears slightly more
stable and yields lower error over many intervals. Since the true spatio-temporal
structure is unknown in this real-data analysis, these results should be interpreted
primarily as predictive evidence. Taken together, these results suggest that incorpo-
rating spatio-temporal structure through ST-IRRNN provides a practical advantage
for explaining image responses under continuous stimuli, even when the underlying
structure is unknown.

We next examine the estimated main-effect coefficient maps to explore how the
three covariates are associated with scene-dependent response patterns within brain
systems. For visualization, Figure 4.3 displays the estimated coefficient maps at the
middle time frame of six selected movie scenes. Across all six scenes, the concatenative
and transformer-based ST-IRRNNs recover broadly consistent spatial patterns, which

is in line with their similar predictive performance in Figure 4.2.
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Figure 4.2: Relative test MSE over time for concatenative ST-IRRNN;, transformer-
based ST-IRRNN, and TRRNN with a time window size of 100 when predicting
observed image responses from the estimated main effects in the Sherlock movie-
watching data.

The estimated coefficient maps from both methods also show clear scene-specific
and covariate-specific patterns, suggesting that the models are able to capture dy-
namic stimuli within each scene’s content. In the Press conference scene (Figure 4.3b),
the number of people effect is dominant, while the speaking and arousal effects are
comparatively weak. In contrast, the Poison vial # 3 scene (Figure 4.3¢) is mainly
driven by the speaking effect, with smaller contributions from the other two covariates.
The Sally didn’t make it home scene (Figure 4.3f) is dominated by the arousal effect,
which exhibits the strongest and most spatially extensive pattern in this panel. By
comparison, Watson psychiatrist (Figure 4.3a), Watson and SH meet (Figure 4.3d),
and Science of deduction conversation (Figure 4.3e) show mixed profiles in which
more than one covariate contributes substantially to the image response without a
clear dominant covariate effect. Overall, the estimated coefficients vary meaningfully
with scene content, and the covariate pattern within each scene remains largely stable
across the two ST-IRRNN architectures.

These scene-dependent coefficient patterns also provide a useful basis for interpret-
ing how different naturalistic stimuli engage large-scale brain systems. At the brain
network level (Yeo et al., 2011), the spatial distribution of these estimated effects
is also broadly consistent with neurobiological interpretations. In the Press confer-
ence scene, which can be characterized by a complex visual environment with a high
count, of background characters, the number of people effect mainly involves regions
in visual, dorsal attention, and ventral attention networks, with weaker extension
into the default and somatomotor systems. This pattern within this social scene is
broadly consistent with previous work showing that naturalistic social scenes recruit

distributed systems for social perception and that dorsal and ventral attention net-
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works are involved in orienting toward behaviorally relevant social cues (Lahnakoski
et al., 2012; McMahon and Isik, 2023; Callejas et al., 2014; Corbetta and Shulman,
2002). During social interactions, the number of people is an important factor of neu-
ral responses (Martynenko et al., 2025). For sensory-dominant scenes, such as Poison
vial # 3, the speaking covariate displays strong effects, while Watson psychiatrist and
Watson and SH meet show more mixed profiles in which speaking and arousal both
contribute substantially. In these scenes, the speaking effects are most evident in so-
matomotor, ventral attention, frontoparietal, and default networks, which are broadly
compatible with auditory and language-related processing regions (Yeo et al., 2011).
These active patterns align with evidence that these networks are critical for inte-
grating auditory stimuli and semantic representations during speech perception and
narrative comprehension (Liebenthal and Méttonen, 2018; Pulvermiiller and Fadiga,
2010; Huth et al., 2016; Simony et al., 2016).

Beyond these sensory- and speech-dominant scenes, the Science of deduction and
Watson and SH meet scenes show broad engagement of frontoparietal network, to-
gether with concurrent number of people and arousal effects, effectively capturing
the dynamic involvement of cognitive networks during complex narrative transitions
and cognitive demand. This pattern aligns with prior work that the frontoparietal
system 1is closely related to cognitive control, integrating external cues with logical
reasoning to track complex deductions (Vincent et al., 2008; Zanto and Gazzaley,
2013; Dosenbach et al., 2008; Bertolero et al., 2018). Finally, the arousal maps, es-
pecially in Sally didn’t make it home and also in Science of deduction conversation
scenes, are spatially extensive and span ventral attention, default, frontoparietal, and
limbic networks. The strong effects from these networks match with studies showing
that emotional and affective intensity are associated with multiple large-scale sys-
tems (Nummenmaa et al., 2012; Pessoa, 2008), including ventral attention, default,
and frontoparietal networks (Satpute and Lindquist, 2019; Viviani, 2013; Ke et al.,
2025), and can even be tracked by ventral attention and default networks (Lettieri
et al., 2022). Overall, although these coefficient maps should be interpreted as de-
scriptive model-based profiles rather than formal voxelwise localization results, they
provide interpretations of how scene-level covariate effects vary over time and across

large-scale brain systems.
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Figure 4.3: Covariate effect estimates from the concatenative ST-IRRNN (top row)
and transformer-based ST-IRRNN (bottom row) for selected movie scenes. The three
columns correspond to the speaking, number of people, and arousal covariates. Panels
(a)—(c) display the Watson psychiatrist, Press conference, and Poison vial #3 scenes,
respectively.
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CHAPTER 5

Conclusion

This dissertation develops statistical methodologies designed to address the inherent
complexities of neuroimaging data. The central goal of this dissertation is to con-
struct models and procedures that are flexible to accommodate the high dimension-
ality, heterogeneity, and complex structures of neuroimaging data, while remaining
interpretable from a scientific perspective. From the functional connectivity per-
spective, we introduce a ceFC metric as an unbiased measure of covariation between
pairs of edges and develop consistent estimators in both general and high-dimensional
settings. We also propose a multiple hypothesis testing framework for examining non-
zero ceFC measures among edge pairs. Building upon this metric, we evaluate the
practical utility of ceFC within a brain-wide association study procedure, demonstrat-
ing its limited incremental predictive value for phenotypic traits when a sufficiently
rich set of conventional node-centric features is included. Finally, we shift from static
connectivity structures to dynamic processes. We introduce ST-IRRNN methods to
model spatially and temporally varying brain responses under continuous naturalistic
stimuli, thereby effectively capturing and interpreting the effects of dynamic stimuli
across large-scale brain systems.

Despite the advancements discussed here, there are several directions in which
this work can be further developed. For the ceFC framework, while our thresholded
estimator provides statistical advantages in high-dimensional settings, it shares with
other sparsity-based methods the potential removal of biologically meaningful weak
connections. Previous studies have highlighted the functional importance of weak
ties in brain networks (Park and Friston, 2013; Gallos et al., 2012; Varley et al.,
2023). However, with limited sample sizes typical in fMRI studies, it becomes sta-
tistically challenging to reliably distinguish genuinely weak biological signals from
random noise across the O(p?) potential edge-edge connections. Our thresholding
framework prioritizes the identification of robust, reproducible higher-order interac-
tions while controlling false discoveries, though we recognize that some subtle yet

important connections might be excluded. Future studies with larger sample sizes
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or multi-site datasets may enable more powerful detection of subtle yet meaningful
higher-order interactions.

Moreover, although ceFC effectively captures the higher-order connectivity in brain
networks, it is limited in revealing the linear connections between edges. Considering
the intricate and non-trivial structures inherent in brain networks and nervous sys-
tems (Stephan et al., 2008; Spiegler et al., 2011; Roberts and Robinson, 2012; Lahaye
et al., 2003), such a linear measurement may not fully capture the complex non-linear
patterns that could enhance sensitivity analysis across groups of people (Motlaghian
et al., 2022; Kinsey et al., 2024). Therefore, it is meaningful to explore additional met-
rics that measure non-linear relationships among edges, such as distance correlation
(Székely et al., 2007) for dependency measurement, providing a more comprehensive
understanding of brain organizations.

The application of higher-order relationships in the analysis of brain networks
provides new insights into functional brain organizations. Our study so far focuses
on analyzing connectivity patterns within each subject without extending the anal-
ysis to include the comparison across a group of subjects, a limitation that does
not account for potentially shared patterns or inter-subject variability. Looking for-
ward, one promising direction includes the multi-subject analysis, exploring both the
group-wise pattern among multiple subjects and the individual-specific characteristics
of each subject. Understanding group-wise patterns could assist in disease diagnosis
via the identification of biomarkers, and examining the individual-specific character-
istics could provide insights into personalized medicine through personal information,
extending current edge-based studies of group-wise comparison across healthy people
and patients (Dai et al., 2023; Yang et al., 2023; Zamani Esfahlani et al., 2022; Sun
et al., 2023) and individual differences (Ville et al., 2021).

For the spatio-temporal varying coefficient framework in Chapter 4, several
methodological extensions are possible, including uncertainty quantification for the
estimated coefficient functions and statistical inference for dynamic activation maps.
It would also be valuable to investigate broader classes of naturalistic stimuli and
additional forms of temporal representation, especially in settings where multiple
stimulus features interact.

In conclusion, this dissertation addresses three related questions: how to charac-
terize higher-order dependence in functional connectivity, whether such higher-order
structure provides additional predictive value for phenotypic traits, and how to model
dynamic image responses under continuous naturalistic stimuli. By integrating statis-
tical methodology with modern computational frameworks, this work provides new
tools for understanding both the higher-order connectivity and the dynamic effect

patterns in the human brain.
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APPENDIX A

Appendix of Chapter 1

A.1 Proof of Technical Lemmas

Under Condition 2.1, we study the statistical rate of the sample moment estima-
tor (3.2.3) under the Frobenius norm. To see this, we start with the upper bound of
the max norm

max : — ;
Gikos by E{1,.. p} ®Jk,st @]kyst )

which consists of the second-order and fourth-order moments in the Lemma A.1.1

and Lemma A.1.2, respectively.

Lemma A.1.1. Under Condition 2.1, we have

log(np) v log(np)

n n

1 1
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for some constants C; and Cy, with probability at least 1 — n=1.

A.1.1 Proof of Lemma A.1.1

Proof. We start the proof by decomposing the quantity
It X Xk - nT P X X — k0| by adding and subtracting terms:
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It suffices to show that I, II, and II] are upper bounded by Cjy/n~!log(np) +
Con~tlog(np) for some constants Cy, Cs.
By an application of Lemma 1 from Ravikumar et al. (2011), for some constant

C, we have

n

with probability at least 1 — n~!. By union bound, we further obtain
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with probability at least 1 —n~! for some constant C;. We obtain the same result for
I11.
For I, note that
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with probability at least 1 — 2n 1.
Combining the aforementioned upper bounds on I, II, and [1I, we obtain the

desired results. O]
It remains to find the concentration inequality for the fourth-order moment part.

Lemma A.1.2. Under Condition 2.1, we have

Lo max ;g Xy X X X — BLX, X X0 X)) < [0,
for some constant C3 with probability at least 1 — n=1.
A.1.2 Proof of Lemma A.1.2
Proof. We aim to find the bound u, so that
IP’( ~ max l(i Xii XinXis Xt — BIX; X Xis Xit])| > u) < l
Uiksithe{l,.p}t |0 = n

We start with union bound,
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where the last inequality follows from an application of Markov inequality.
It suffices to obtain the upper bound of E[(37 X Xk Xis Xit —E[ X Xin Xis Xit]) "]

Note that by the product of sum, we can rewrite the expectation as
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where the inequality is obtained by the triangle inequality and the last equality is
obtained by rewriting the product of sum.
By Cauchy-Schwarz inequality, we have
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for some constant K, where the last inequality is obtained by Condition 2.1.

Applying the same process for E(|Xiqu¢quiquitq]21”_’”), we have
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for some constant C, where the last inequality holds by an application of Lemma
A2.1.

Choose v = log(np*), u = Csy/log*(npt)/n and we obtain the desired results. [

Lemma A.1.3. Under Condition 2.1, we have

max Ojkst — Ojist| <
Ghstye{l,.ppa | 77 e

for some constants C, Cy, Cs, with probability at least 1 — n=1.

The proof can be found in Appendix A.1.3.
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A.1.3 Proof of Lemma A.1.3

Proof. By triangle inequality, we decompose the quantity:

‘@jk,st - @jk,st

1< 1& 1 &
< - > X XuXis X — E[X; Xp X, X0]| + |n > XX - - > XXy — oo
i=1 i=1 i=1
Applying Lemma A.1.1 and A.1.2, we get the desired result. O

A.1.4 Proof of Theorem 2.2.1

Proof. By Lemma A.1.3, we have

O A log" (np*
Ot~ Ol < e By = Ol < C'YfPELL),

for some constant C’ with probability at least 1 — n=!.

Then we can write
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for some constant C' with probability at least 1 —n=!. O

A.1.5 Proof of Theorem 2.2.3

Proof. We start the proof by decomposing ||T; ©) — O] into
g F
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By Lemma A.1.3, we have
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for some constants C' with probability at least 1 — n~'. Take t = C/log"(np?)/n.

When 0, &+ = 0, |(:)jk78t\ < t with probability at least 1 — n~1.
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Then HTt((:)jhsﬁ — Ojk.st||% becomes

> Okt = Ojrst)*L(1Ogsel # 0) + D (Ti(Orst))*1(|Ojnst| < 1)
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A.1.6 Proof of Theorem 2.2.2

Proof. By law of large number and Slutsky’s theorem, the sample estimate /A\jkjst RELN
Ajr . Based on the asymptotic normality of éjk,stv we further obtain ;i s BN
N(0,1) as n — co.

For any « € (0, 1), the event {p;) < a} is equivalent to the event {|vjr.st| > Za/2}-
AS Yk st BN N(0,1), P(|vjk,st| > 2zaj2) —> . We obtain

Plpay < o) = P([jn,st] = Zay2) = a4 o(1). (A.1.2)

For a set of N hypotheses, denote Hg as the set of true null hypotheses and R as

the number of rejections. By the procedure of FDR control, we have

where L = S, 1/I. Following the proof of Theorem 4.2 in Liu et al. (2022a), we

have
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By (A.1.2), we further obtain
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A.2 Some Useful Technical Lemmas

In this section, we will outline some technical lemmas that will be used to prove our

main results.
Lemma A.2.1. For some positive even constant v and some constant K > 0,

n 2v;
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Proof. First, note that
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2v;
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(A.2.1)
By the sum of a geometric series, we can further simplify (A.2.1) to
n 4 2 2u;+1 _1 n 4 2 2u;+1
S O] fson gt (40 6)2 < Y [ RSt (dve)™™ Uf) . (A22)
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Since v; > 1, 4v?e > 2 and 4v?e — 1 > 4v?e/2, (A.2.2) can be upper bounded by

L 2
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for some constant C', where the first inequality is obtained by an application of the
binomial inequality.

]

A.3 Additional Numerical Results of ceFC
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Figure A.1: Counts of significant outcomes from pairwise comparisons of edge pro-
portions among brain systems. The top three brain systems, identified by their top
three highest counts within each method, are highlighted in Figure 4.
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denotes the system with the highest count of significant outcomes, ** represents the
second highest, and * signifies the third highest.
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Figure A.3: Counts of significant outcomes from pairwise comparisons of normalized
entropy among brain systems. The top three brain systems, identified by their top
three highest counts within each method, are highlighted in Figure A.2.
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Figure A.4: Sample moment estimation of eFC, ceFC, and eFC — ceFC in (a), (b),

and (c), respectively. Plot (d) shows the distribution of the overestimation ratio (%)
on a log scale.
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Figure A.5: Correlation of each method from two halves of the simulation as split-
half reliability. Plots (a) and (b) show the count of edge pairs for corresponding
correlation values with p = 50 and p = 200 parcels, respectively.
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APPENDIX B

Appendix of Chapter 11

B.1 Comparison between PLS and Linear Regression
with Orthogonal Covariates

In Algorithm 2, we show that for PLS with orthogonal covariates, the resulting coef-
ficient Bpps can be obtained by

Bps=RT'Y

_ X'YY'XX'TY

- YTXKX'Y
X'YY'XK

= K'X'Y
YT XKX'Y < )

_ X'"YY'XK B

T YTXKX'Y 9K

where Bors = (X TX) !X "Y is the linear regression coefficient via ordinary least
squares.

When X is orthonormal, i.e., X' X = K = I, we have

X'YY'XK X'YY'X

YTXKX'Y Y'XX'Y
_vv’
Vv
=vVWVv'v)tvT
=P

Y

where V' = XY and P is a projection matrix. Then, Bors = (X' X)1XTY =
V. Therefore, we have PV = V. That is,

X' YY'XK
Bprs = YTXKxTYBOLS = Bors-
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In particular, assume K = X' X = . Then

[x]Y
dy

Bors=1| : |,
T

XJy

L dp

O XTYYTX, - d,X]YY'X,
X'YY'XK = : : :
AX]YYTX, - d,X]YYTX,

p P
Y'XKX'Y =) d;(Y'X;XY)=> dj(X]Y)

j=1 j=1

Plugin XY =Y "X, = d;B; and Y'X; XY = &’B? we can see

(OLS) JooLs)’
[ XYY TX:(X]Y) NI XTYYTX (X, Y)
D . T 2 g T
XYYTXK 2=t BOSY) L
OLS = :
YTXKXTY T T T T T T
XJYYTX(X]Y) TR XYy Xp (XJY)
P
i 14 (X[ Y)? Z d;j(X,Y)?
T 2 R2 T 2 R2
[ X[V Bl(OLS) XY dPBP(OLs>
~r @5 T AT —
J=1"373oLs) J=1"37JoLs)
T 2 B2 T 2 R2
Xp Yed Bl(OLS) Xp Yed BP(OLS)
NP 3p2 + ttt + W
| &~~i=1"37JoLS) J=1"J3"JoLS) |
r P 2p2
T i=1"""YOLS
Xl Y * D 3 2< )
. d3B?
J=1"77J0oLS)
P 2p2
T i=1 * "(0OLS)
Xp Y s :
L g=1737JoLs) |
When all d;s are equal, we have
XY
d
B X'YY'XK . B
XY
d
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Plug in the coefficients for prediction, we obtain

P 2 P2 p 2 P2
i—ldi

e =17 4 )
Y =XBpis=— g X]YXi+ XY X,
j=1 43 B; j=14;B; :

J(OoLS) J(OoLS)
P 2 2 P 2B2
=57 B di- By e X1+ + Y dp - Bpors) Xp-
J=1"7"JoLs) j=1"7"JoLs)

That is, the PLS prediction consists of each OLS prediction component scaled by the

P 2 R2
. i=1 11
fractlon W(Z}C for each k = 1, .., P.
j=1"37JoLs)

B.2 Linear Regression Validation Results
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Figure B.1: Sum of validation MSEs over all phenotypic traits with different numbers
of nFC PCs and ceFC PCs.
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B.3 PLS Regression Validation Results

1 PLS Component 2 PLS Components 3 PLS Components 4 PLS Components 5 PLS Components
50 50 50 50 50
40 40 40 40 40 20.40
30 30 30 30 30 e
20 20 20 20 20
& 10 10| 10 10| 10| 20.35
o 91 9 9 9 9
§ 8 8 8 8 8 20.30
5 7 7 7 7 7
5 6 6 6 6 6 20.25
€ s 5 5 5 5
2 44 44 4 44 41 20.20
3 3 3 3 3
2 2 2 2 2 2015
1 1 1 1 1
0 0 0 0 0
- - - - - - : T T T 20.10
50 100 50 100 50 100 50 100 50 100
Number of nFC PCs Number of nFC PCs Number of nFC PCs Number of nFC PCs Number of nFC PCs
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Figure B.3: Sum of validation MSEs over all phenotypic traits with different numbers
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B.4 Spearman Correlation Results for Linear Regres-

sion
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Figure B.5: Sum of validation Spearman correlations over all phenotypic traits with
different numbers of nFC PCs and ceFC PCs.
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of ceFC PCs. The gray bars depict standard errors across 100 random splits.
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returns the largest test correlation.
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B.5 Spearman Correlation Results for PLS Regression
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APPENDIX C

Appendix of Chapter 111

C.1 Proof of Proposition 4.1

Proof. Given w{y(s,t) | X(t),A(s,t)} = w{y(s,t) | X(t),A(s,t)} for all s and t,

without loss of generality, we fix the time at £ and obtain

Ely(s,1) | X(f), X(s, §)] = Ely(s, ) | X(£), A(s, )].

Equivalently,

X(H)B(s, 1) + a(s, i) = X({)B(s, 1) + a(s, )
Then
X(1) [B(s.f) — B(s, 1) | = als, ) — as,{

by X({)Ta(s,f) =0 for all s € S.

Furthermore,
a(s, i) — a(s,i) = X(1) [B(s,1) — B(s.f) | = 0.
Finally,
6°(s,1) = Var(yi(s,7) | X(f), X(s. 1)) = Var(y (s, 1) | X(8), X(s,1)) = 5°(s. 7).

Therefore, we have A(s, %) = A(s, ) for any £. Combining the result for any time

t € [0,1], we obtain (s, t) = (s, t) for all s and ¢.
[
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C.2 Examples of Spatio-temporal Design in Numerical

Studies
e
m
-0.5
L
(a) Main effect (b) Individual effect c¢) Log variance of error

Figure C.1: A spatial design example for (a) a main effect 5(s,), (b) an individual
effect a;(s,), and (c) log variance of the error term log[o?(s,)].
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(a) Additive spatio-temporal design
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(b) Multiplicative spatio-temporal design

Figure C.2: Examples of spatio-temporal designs, continued in the next figure.
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(c) Concatenative spatio-temporal design
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(d) Concatenative spatio-temporal design with a moving activation region

Figure C.2: Examples of spatio-temporal designs for (a) additive, (b) multiplicative,
(c) concatenative, and (d) concatenative with a moving activation region.
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