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CHAPTER 1
INTRODUCTION

Recent American psychology has been characterized by extensive
developments in measurement theory. The emergence of new models and
techniques has made measurement feasible in many areas of psychology
vhere it was previously not used. However, it is becoming more and
more necessary for psychologists to examine in detail the asssumptions
and consequences of their measurement techniques. Any given msthod is
somewhat limited in its gemerality of application, carrying with it
the limitation to work with certain kinds of data, or types of respoases,
or classes of subjects. Hence, psychological studies have tended to
become less comparable because of the great variety of methods used.
What is needed is some way of regaining comparability without sacri-
ficing the greater scope achieved with the availability of diverse
wmethods.

A basic and important step toward establishing such compara-
bility is to classify measurement methods according to s set of
systematic criteria. Coombs (8) has presented such a system, based
on the fundamental motion that the datum of any measurement process
is a relation on a pair of points -- a distance measure in psychologi-
cal space. Coombs' basic classification consists of three dichotomous

statemsuts regarding possible relations i{n data:



1. The relation is either a proximity relation (''0", statiung
that the members of the pair are near each other), or an
order relation (">, stating that one member of the pair
has wore of some attribute);

2. The relation in 1 above is either on a pair of points, or
on a pair of distances between pairs of poiats;

3. The members of a pair of poimte are either drawmn from two
different sets (a person and a stimulus, for example), or
from the same set (two stimuli, for example).

When these three dichotomies occur im all combinatioas they produce

the eightfold classificacion illustrated inm Table 1.

TABLE 1
COOMBS ' CLASSIFICATION OF MEASUREMENT RELATIONS

Pair of points Pair of distances between
pairs of points

Members of
the pair Ila Ia

drawva from
differeat 1Ib \\\\“\\»
sets 0
Members of
the pair 111a
drava from
the same 111b
set o)

Ia additiom to these three basic dichotomies, two further subdivisions
are mentiomed:
4. Measuremeat models may be either determimistic or

probabilistie;



5. Measurement models may be unidimemsional or multi-
dimensional.
Such a classification allows ome to express, ia a simple manmer, the
differences and similarities among existimng models, and to determime
vhich methods are potemtially comparable, and im what respects. TFur-
thermore, mew methods, or particular extensioms of existimg methods,
are suggested by lacunae im the classification scheme.

It vas precisely such comsiderations that led to the present
study. Coomwbs' "method of similarities" (6) amnd Thurstone's "Law of
Comparative Judgment” (LCJ) (44) both deal with order relations on
points from the same set. However, they differ iz every other respect;
Coombs' {s a determimistic multidimensional model of relatioms om dis-
tances betweem pairs, while Thurstone's is a probabilistic umidimen-
sional model of relatioms om pairs of peimte. The methods are potem-
tially comparable because they both deal with stimulus scaliag -- they
scale the distamce relations of the items judged, without scaliag the
judges. (This is a characteristic of all models im quadraats III and
IV of Coombs' classification.) Yet, they are mot directly comparable
because the method of similarities is applicable to relatively dis-
criminable stimuli varying im ose or more dimemsioms, while the LQJ
is restricted to relatively iadiscrimimable stimuli varyimg im ome
dimension.

The goals of the theoretical pertiom of thie thesis are an
extemsion of Thurstome's LCJ to relatively discrimimable stimuli, amd
the development of a multidimensional amalogue of the LCJ. 1Im the
empirical portiom, the scaling procedures developed in this study are

evaluated amd compared with those preposed by Torgersom (L5),



Thurstose (ki), amd Coombs (6), as techniques for mapping psychological
color space.

The plan of the study is as follows: Chapter 11 contaims a
historical review of multidimensional stimulus scaling, vhich sets the
stage for the present developments. Chapter III is a presentation of
Thurstone's LCJ. Chapter 1V presents a mev theory of the way im which
pair comparisom judgments are made, and shows that one ceamsequeace of
this theory is a practical method of scaling discriminable stimuli by
the LCJ. Chapter V develops a scaling medel (based upom judgments of
vhether stimulus pairs are "sams" er "differemt'"), which is a multi-
dimensional analogue of the LCJ. Chapter VI is am empirical study of
the relatien derived in Chapter IV, Chapter VII preseats & comparisoa
of the same-different procedure suggested im Chapter V, with the
scaling mathods of Tergersea, Thurstene, aad Ceembs, in a ome-
dimensional example. Chapter VIII describes a twe-dimemsional appli-
cation of the same-different techmique. Chapter IX ceacludes with a
discussien of the results and seme cemjectures regarding further

implicatiems of these develepmants.



CBAPTER 11

A REVIEW OF MULTIDIMERSIONAL STIMULUS SCALING

Methods of multidimensional stimulus scaliag must have twe
special characteristics that distinguish them frem the mere ceaven-
tienal umidimensienal ecaling techniques. Firetly, the eperatiens
carried esut by the experimenter and by the subject must be such that
they impese me irrelevant constraints upon either the number or the
character of the dimensioms underlying the psycholegical space of the
stimuli im questiem. Secomdly, the methed of analyzimg the data must
be one that allews the determimation ef the cemfiguratioa ef the
space -~ the number ef dimeasiens amnd the pesitieus ef the stimuli em
these dimensiens.

There seem to be three distinguishable stages im the develop-
ment of such metheds. The firet stage, histerically, was the infermal
or imtuitive development of multidimeansienal representatiems of semsory
deomains, particularly coler and eder. This stage witnessed the intro-
ductien of mest ef the specific techmiques of collecting data that have
been utilized im later, mere fermal, metheds. The secemd stage, which
still represeamts the wmaim stream of develepment teday, isvolves the
determination of a metric Euclidean space from symmetrical imterpeinmt
distances by a precedure due te Yeumg and Heusehelder (49). The third
stage invelves a menmetric approach te determining the dimensioms eof a

Euclidean space. This whole area of measurement is still evelving

5



rapidly and many issues and problems remain; one section of this
reviev {8 devoted to these issues. The last section discusses where

the present study fits inte the classificatiom presented.

Developments to 1930 -- Intuitive Metheds

Accerding te Barimg (4) the celor selid (celer pyramid) was
develeped at least as esarly as 1772, when Lambert suggested a pyramid
with white at 1ts apex and the colers areund the base. By 1810 an
artist (Runge) had described a celor selid very much like the modern
double pyramid structure. These coler solids, and others developed
simce, were mot, appareantly, the preduct of amny fermal multidimensiemal
analysis. Rather, the relevant attributes, or dimensions, were deter-
mined by assuming that the psychological dimensions were directly related
to simple physical variables or physiological modalities, or by intuitive
and introspective evidence regarding the nature ef the semsory exper-
ience. Detailed spacing of the stimuli along dimemsions se determined
has eften beea carried eut by ceaveatienal uaidimensienmal techmiques.

Histerically, the next develepmeats came im the conteat area
of oder. It seems that there is a positive correlatien betweea the
complexity or difficulty of a preblem and the sophisticatiem of the
methods used to attack it. Celer -- as a preblem im multidimensional
scaling -- was, er at least apparently was, too simple. The dimemsions
seemed to be obvieus, and therefore the detailed scalimg of the space
could be carried out one dimension at a time with existimg methods.
Oder, on the ether hand, presented a much mere difficult problem.

There were me known stimulus properties te which ene might leek for

clues as te the dimensions involved. Ne general agreemeat has even



yet been reached as to the fuandamental attributes or dimensiems of
odor (23).

Therefere, the studies of Henning in 1915 (2C) on odor were
net prejudiced by specific preconceptions of the nature of oder space.
In erder to develop an odor seolid he used several multidimemsional
methods of collecting data -- that is, methods that placed ne con-
straint upoa the mumber and nature of the psychelogical dimemeions.
Apparently Hennimg imveated these methaods, and therefore deserves
credit fer taking the first steps toward developing multidimensiomal
scalimg wethods.

One of his methods censisted of determining the chemical simtlar-
ity of odors; this methed is, of ceurse, not a psychological one unless
the special assumption is made that psycheological dimensioms and
chemical dimensions are eimply related. Two ether metheds ef his were
genuinely psychelogical, however, beth invelviag determinatien ef the
relative similarity of oders, one by direct judgment, amd the other by
inferemce. The way in which Henniag used these methods imdicates that
he was avare of the fact that distamces im a sultidimensienal space
must be symmetrical, or absolute, distances. In one e¢f these metheds
the subject was given a large number of edors and instructed to smell
a particular one. The subject's task was theam te pick eut the oder
most similar te the first one, mext te find a third eder which was
wost similar to the secead, and se on, through leng chaims ef odors.
Data obtained in this manner thus told which stimuli were clesest to
which other stimuli. Im the other msthed the subject's task was to
aseign a name te each odor as it was preseated (that is, to ideatify

the stimulus). Henming analyzed these data in terms ef how often a



given gtimulus was cenfused with each other stimulus, the inference
being that a stimulus would most often be confused with stimuli that
were close to it im psycholegical space. Unfortunately, Hennimg did
net develep any formal method ef analyzing the data he had thus col-
lected on the similarity of stimuli, His fameus "hollow triangular
prism" ¢f edors was apparently arrived at by am intuitive process
taking inte account all that he knew about edor. We de know that
he cemsidered and rejected ether possible spatial representatiens of
oders, but always within a 3-dimensional Euclidean framework.

Heuning (20) alse described a taste solid i{m the samez boek.
This he represented as an equilateral tetrahedren with sweet, sour,
bitter, and galine at its four cernmers. Ia both taste and odor the
assumption wvas made that simple stimulus characteristics, er dimea-
sioms, weuld necessarily ceorrespond te simple psycholegical dimensiens.
This i3 a particular {llustratien of a ceastraint of the mature of the
dimensiens of psychelogical space.

Oder psychology centianued to be preductive of multidimensional
methods. Several American psychologists, in devising empirical tests
of Henaing's assertion abeut the prism, developed other metheds. Mest
impertamt is Macdemald's "Am experimemtal study eof Henming's system of
olfactery qualities" (27) im which he reperted two mew metheds which
he presumably develeped himgself. The first of these was an incemplete

1

method of triads.” Three stimuli were presented at a time, with two

of the stimul{ alwvays being represemtatives of cerners of Henning's

1Actually, it 1s a partial use ef what Tergerson (h5) calls
the cemplete method of triads and what Coombs {6) calls the method
of prepellors.



prism, The subject judged which of the two corners the third stimulus
most nearly resembled. The second method was a graphical one. Bottles
containing odors representing the four corners from a square surface of
the prism were placed at the corners of 4 15~inch square divided up
into 3-inch squares. The subject placed the test oder at ite proper
relative position om the gquare. Although only odors which Henaing had
predicted would lie on this face were used, the subjects were permitted
to reject any stimulus if they believed it did nmot belong. Macdonald
developed formal, quantitative methods ef analysis for the data that

he collected in this manner, but he did not carry out a multidimensional
analysis. Instead, he used his methods as checks om the dimensioams
that Hemning had proposed. Like those working earlier in the field of
coleor, he was trapped by his '"kmewledge'" of the dimensions of the
space. Macdonald did point out that the hollew trisngular prism was
inadequate to explain much of the data that he collected, and he
suggested that "We might have a hollow hypersolid with selid tetra-
hedroas as its sides. There is ne reasgson why mental continua should
occur only under Euclidean [{.e., 3-dimensienal] limitations." (27,
p.551)

The last methodolegical development of this period came in a
suggestion by Beebe-Center (51), that the judgment ef whether a group
of stimuli are "'same'’ or ''differeat" places ne constraint upon the
dimensions of differeance which may be used by the subject. Agaim, the
context in which this suggestion was made indicates an awvareness that
distances in a multidimensional space are symmetrical and therefere
cannot be determimed by judgments which erder the stimuli aleng some

dimensioen.
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The Metric Euclidean Analysis of Interpoint Distances

Around 1930 two developments in psychelegical measurement
were made which, while net directly concermed with multidimensional
stimulus scaling, were te preve impertamt in stimulatiag further
developments ia that area. The first of these was Thurstone's 1927
development of the Lav of Cemparative Judgment (LCJ) (Lk), which pre-
vided an explicit rationale fer unidimemsienal stimulus scalimg with-
eut regard fer amy underlyimg physical dimemsion. The secomd was the
develepment of facter amalytic techmiques fer detormiming the ceafig-
uratien of a set of peints {n a multidimensienal Euclidean spaces,
given the scalar preducte ef vecters from the erigia te each pair eof
points.

Iz 1937 Hareld Gulliksen and M. W. Richardsem imterested twe
mathematicians im the problem of determining the configuration of &
set of peimts whese mutual distances are known. Yeung and Heusehelder
(49) solved the basic preblem and published a fundamental paper that
provides the basis for a whele series of studies im this area.

Yeung and Rousehelder's very elegant paper shews how: 1. te
determine 1f a set of numbers, vhich allegedly represeat imterpeimt
distances, can be the mutual distances of a set of real points im a
Euclidean space; 2, to find the least aumber of dimensiens im which the
points can be imbedded; and 3. te determine the cenfiguratiea ef the
peiats im the space -- that is, their prejectiens om the erthegenal
Euclidean reference axes. These steps are carried eut by ferming a
square matrix, By, whese elements, by, may be comsidered to be the

scalar product ef vectors frem peimt 1 te peimts j amd k. (The
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elaments bjk may be expressed entirely in terms of the imterpeint
distances d¢y, d,,, dyx» by the cosine lawv.) Them, 1. If the matrix

is positive semi-definite (that is, has omly non-negative latent roots),
the set of mumbers may be cemsidered te be distances between a set eof
points in Euclidean space; 2. The ramk of the matrix is the dimea-
siomality ef the Euclidean space; 3. The matrix may be factored to
ebtainm a matrix, Ay, such that By = At‘i- A is an (n-1) x r (where

r is the rank of By and a i{s the number of stimuli) matrix of prejec-
tiems of peints en r orthegemal axes with erigin at the ith peiat.

With these preblems selved, Richardsom (36) preceeded te apply
the technique te judgmeats abeut a twe-dimemsienal plane eof psychelo-
gical celer space. Simce Richardsea published enly an abstract, it {is
not clear hew he dealt with some of the details ef the scaling pre-
cess. He used the triadic methed, which requires the subject to say
which pair is mest alike amd which pair ig least alike in each set of
three stimuli. These judgments may be regarded as three pair cewmpart-
sens, vhere the elements cempared are the distances between stimuli.
Thurstene's LCJ. Case V (L4), wmay them be applied te determime the
psychelogical scale values of the distances betveen stimuli messured
en an imterval scale.

A secend theoretical paper by Yeumg and Householder (50) makes
three specific suggestiens regarding the scalimg precedures used to
arrive at the interpoimt distamces: 1. They suggest that a complete
methed of pair comparisens of distances be used, rather than the
incomplete triadic methed prepesed by Richardsom. Richardsen's methed
prevides comparisems enly for distamces having eme termimus im commen.

2. They point eut that the zere point mecessary to cemvert the imterval
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scale of distances te a ratio scale can be determimed by actually
including zere distamces (betweem 2 stimulus amd itself) tn the set te
be cempared. The LCJ, which Richardseam used, prevides omly sa interval
scale, but his abstract did not imdicate hew the ratie scale values
were determined., 3. They peimt eut that the LCJ assumpties ef mermal
distridbutiem of the discrimimal precess is mecessarily violated wvhea
abselute distances are the stimuli te be judged, since these are never
negative. They suggest the [" fumetiom as a pessible altermative te
the mermal. (Im Appemdix 1 eof the presemt study it is proved that the
distributiom is actually the square reet of mom-central chi-square, if
the stimuli are assumed te be multivariate mermal.)

A whole series of studies, begimming with Klingberg (24) im
1941, has added mew methods of collectimng data, develeped mev prece-
dures feor determinimg the interpeint distamces frem the data, amd
suggested imprevements in the technique for determiniag the cemfigura-
tion of the space. All of these studies fellew the same patterm.
1. Judgments are obtaimed which cam be regarded as determimed by a
symaetric distance between stimulug pairs. 2. The judgments are cen-
verted to interpeimt distances measured on a ratio scale. and 3. The
Young and Heuseholder procedure is applied te determime the cemfigura-
tien of the space. These studies will met be discussed im detail here,
but the mest important developments will be indicated. Messick (31)
summarizes west of these papers and prcvides a cemparisen ef the
various precedures and the relative advantages and disadvamtages ef
sach,

Klingberg (24 ) was the first to publish a cemplete descriptiea

of a multidimensional amalysis. He devised twe new metheds of
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collecting data. Ome involved applicatien of the method of rank erder
te distances. Im the other methed he ebtained ratings of the preba-
bility of war between pairs of severeign states. For purpeses of
multidimensional analysis, he identified small prebability as implying
shert distance amd large prebability as {mplying large distamce. This
is a special case of a mumber of precadures that might be called
"restricted similarity" scaling. Presumably, such an analysis ceuld
be carried out using ''trade distamce,'" '"similarity of cultural pat-
terns,'' or aay ether subpart of similarity im gemeral. Klingberg alse
devised & methed fer estimatiamg the additive cemstant necessary te
comvert the imterval scale of distamces, ebtaimed frem the LCJ scaling
of similarity judgments, te a ratie scale. The methed that he used
restricted the analysis te three dimemsiens, and has net been used
further.

Torgerson (45, L46) developed a better estimatiom procedure
for determinimg the additive comstamt, based ea the assumptiea that
some get of three or more stimuli prebably lie em, or mear, a straight
lime. Hewever, his estimate is met am umbiased eme. Messick and
Abelgson (32) described am iterative precedure fer determiming the
additiva cemstant that minimizes the dimemsienmality ef the Ruclidean
space. Revan (58) has criticized this precedure because some additive
cemnstant can always be foumd vwhich will imbed any set ¢f numbers ia a
Buclidean space. This negates the pessibility of testimg whether the
space is Euclidean. In reply, Messick (31) peinted eut that it is
still pessible te determime if the peints cam be represeated in a
Buclidean space of dimensiemality sigmificantly smaller tham the

aumber of poinmts.
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Torgersen (45) also improved upem the matrix procedure
suggested by Yeung amd Heuseholder. The methed that they suggested
would yield the same results ne matter what point might be chesea as
erigim for infallible data; hevever, in the case of fallible data the
cenfiguratien weuld differ slightly fer each choice of erigim.
Tergersen's selutien is te cempute the scalar preducts with the
centreid of the peints as erigim, thereby achievimg a umnique selutien,.

Tergersoam (45), Messick (29), Gulliksen (16), Wilsen (L8),
and Shepard (39,40) have described several new metheds of cellectimg
data on symmetric distances. Tergersen described the complete mathed
of triads which allews imdepemdeant judgment ef each pair of distamces
in a triad. Messick extended the methed of successive intervals te
judgments ef distamces. Gulliksem described a graphic methed that
prevides emeugh infermatien for multidimensienal scaling from a
single series of judgments by eme subject. Wilsen amd Shepard have
dealt with the frequencies with which respeases relevant to eme stim-
ulus are given fer ether stimuli and have cenverted these 'coenfusien
matrices’" te distamces between stimuli im such a way as te avoid
the additive comstant preblem. Rowan (38) amnd Wilsen (47) have
prepesed amalegous distamnce tramsfermatiens fer data cellected by the

methed of triads.

Nen-metric Multidimensienal Stimulus Scalin.

A cempletely different appreach te multidimensienal stimulus
scaling has been develeped by Hays (18). His methed preceeds from
rank-orders of similarity of pairs ef peimts, to a comfiguratiem

cousisting of erthegomal Euclidean dimemsions en which the erders of
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projectioms of stimuli are determimed. Hays' method is ar extemsion
of Coombs' umidimemsional amalysis of similarity data (6), amd an
analogue of Hays' amd Bemmett's mom-metric multidimeasional amalysis
of preferemce data (3, 17).

Hays' mon-metric method of amalysis, since it requires omly
ramk orders of similarity (or distamce), cam be applied to any data
that are suitable for the Youmg and Houvseholder procedure., His method
has the added advantage of beimg applicable to some data which are not
complete emough for the Youmg amd Householder procedure. For example,
it becomes possible to amalyze interpoiat distances expressed on an
interval scale (it is not mecessary to determime the additive com-
stant); or, ome can analyze data from a simgle admimistratiom of the
method of triads to a siagle subject. Of course, the lower level of
imformation used is parallelled by the correspomndiagly lower level of
results obtaimed. No rotatiomal procedures are available, and mo
metric informatiom is obtaimed regardimg the stimulus projections.
Coombs (9) has described am applicatiom of this techmique to Rothkopf's

(37) same-different data om Morse Code signals.

A Review of Major Igssues im Multidimensiomal Stimulus Scalimg

The requirement that distances be symmetrical

In spite of general agreement that only symmetrical distances
between points are suitable for representation im multidimensional
space (see, for example, Galanter [}2, P. 15] , or Householder amd
Landahl [21, p. 75| ), Gulliksen (15) has explicitly proposed that
agymwetrical distamces, determined by the applicatiom of the LCJ to

judgmentg of ''greater than," be analyzed im a multidimensional space.
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A detailed analysis of this suggestion will be made here, because one
of the ceatral contentioms of the present study is that several
explicit modifications in the LCJ are necessary to make it applicable
to the multidimensional case.

Gulliksen first suggests that data collected by the method of
pair comparisons be converted to interpoimt distances, by the LCJ. He
points out that if these distances are between points on a one-dimen-
sional continuum, then the three distances between pairs in each triple
are such that two of them add up to the third. A test can be made to
see if the distances satisfy this requirement. If this criterion is

aot satisfied, Gulliksen says, ". . there are two alternative pro-
cedures open. One is to seek gome distributiom law, other than the
normal curve, such that when it is used the intermal comsistency check
will be satisfied. The other is to assume that ome is not dealing
with a one-dimensional system amd to see 1if the set of judgments will
be 'comsistent' if one adopts procedures proper for a space of dimem-
sionality greater than ome." (15, p. 207). He then proceeds to an
illustratioan of the method, using hypothetical data im which the judg-
ments are pair comparisoms of the relative seriousmness of six crimimal
offenses, arrayed im two dimensioms. The analysis 1is carried out in
six steps. 1. Ask "Which offense is more serious?" for each possible
pair of six offenses. Determine the percentage of judgments ''{ more
serious tham j." 2. Comvert the obtained percentages into distances
by some appropriate procedure. 3. Observe that the internal comsistency
check for ome dimension {s violated. L. Apply the Youmg and House-

holder procedure to the imterpoimt distances to determime the dimen-

sionality of the space. 5. Determine the comfiguratiom of the space.
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In a plane, each poimt is specified by two numbers. 6. "From the six
double coordinates and the appropriate operation of vector subtrac-
tioa we cam calculate each of the 15 experimental distamces, or pre-
dict the perceatage of persoms wvho will judge ome offemse more serious
thaa the other." (15, p. 209). As examples of applicatioms of this
method he says:

It has beem applied by Richardson (13) [36] to a set of

colors differimg im gray-value amd {m saturatiom., A two-

dioeasional comtimuum was found adequate in this case.

Klingberg (11) [24] applied the method to a study of the

1ikelihood of war betweem varfous matioms. [Footumote :]

Ia these studies of Richardsom and Klinmgberg a slight varti-

ant of the method of paired pair]| comparisoms called the

‘method of triads’' vas used.’ Simce the bases of the two

mathods are similar mo detailed recomsideration is

necessary. The method of triads uses paired comparisoms

of distances betweem objects, rather than of objects.

Otherwvise the comsideratioms applyimg to ome method also

apply to the other. (15, p. 209)

There seen to be three specific mistakes or misimterpretations
contaimed im this descriptioa. 1. The judgmeat of the subject, that
one stimulus has more of some psychological attribute tham some other
stimulus, mecessarily implies an orderimg of the stimuli om a single
continuum. Householder amd Lamdahl made this poimt im 1945 (21).

2. The distamnce derived from a judgmeat of this sort is a directed,

or algebraic, distamce; such a distamce cammot be represeated by an
absolute, umdirected, distance im multidimemsional space. This con-
sequence is most moticeable here im that it makes impossible the
alleged prediction of percemtages from coordimates described im step 6,
above. If the distributiom assumptionm of the method asserts that

judgments divided 60-40 imply a certain distamce betweem stimuli, them

we can imfer backward that the existemce of such a distance im the
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space implies or predicts & 60-40 division of the judgments. But,
there is no way to predict the direction of the 60-40 split from an
undirected distance. 3. The methods used by Richardson and Klingberg
are fundamentally different from judgments of the type: 'Which offense
is more serious?"” The only similarity lies in the use of the LCJ to
convert inconsistency of judgment into differences in scale values.

In summary, it would seem that, contrary to Gulliksen's
suggestions, it {8 never proper to carry out a mulitidimensional
analygis with distances derived by the usual LCJ procedure applied to
judgments of "Which stimulus has more of some attribute?"

Stevens (Ll), in a paragraph which contained a reference to
Gulliksgen's paper at the end, suggeated that a multidimensional analy-
sis could be based upon incompatible rank orders from different sub-
jects. Such analysis might be feasible,l but Gulliksen dealt only with
group data and never suggested the separation of individual rank

orders.

Buclidean and non-Euclidean metric spaces

A metric space must have mutual distances which sat{sfy four

criteria: 1, the distances must be repregentable by non-negative, real

1Th1. situation, with regard to multidimensional analysis of
order data, is complicated by Coombs' observations on the '"double Law
of Comparative Judgment'" (5), in which he points out that individual
rank orders of preference for stimuli can be analyzed on an unfolded
scale, rather than on a scale of preferability. This analysis yields
a joint space (7) with both people and stimuli located in the config-
uration, Bennett (3) and Hays (17) extended this unfolding method to
the case of r dimensions, thus providing a genuine multidimensional
analysis of data which is conventionally analyzed on one dimension
by the LCJ. Their method does not, however, involve a multidimen-
sional analysis of distances derived from the 1LCJ.
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numbers; 2. the distance between two points must be the same in both
directions; 3. & distance must equal zero if and only {f it is the
distance from a point to itself; and 4. for any three points, the sum
of any two of the distances must be greater than or equal to the third.
A great many metric spaces exist, and at least one non-Euclidean metric
space has been proposed as a possible model of psychological space.
On the basis of a neural model which behaves {n such a way that dif-
ferences in different modalities (dimensions) are additive in producing
the total difference, Householder and Landahl (21) suggest a metric in
which the distance between two points is the sum of their differences
in each dimension of the space. In a Euclidean space, the distance
between two points 18 the length of the straight line joining them.
In a Euclidean space, the metric distance is independent of the parti-
cular reference frame chosen to describe the space -- that is, inter-
point distances are not changed by rotation or translation of the axes
chosen to describe the space. In this sense, a Euclidean metric space
can be described equally well by an infinite number of sets of r
dimensions.1 In the case of the additive metric, the reference frame
is not arbitrary. With fixed points, the interpoint distances change
markedly with rotation of the reference frame.

Attneave (1) described several experiments which he fnterpreted
as being better represented by the additive metric than the Euclidean
metric. Attneave did not carry out a multidimensional analysis;

instead he assumed that the relevant psychological dimensions could

1pr. Richard Kao (personal communication) points out that
there are several metric spaces of potential interest to psychologists,
and that rotation is possible in some of these, while not in others.
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be specified by the simple physical dimensions of the stimuli that he
used. As Householder and Landahl point out (21, p. 77), no such
restrictive agsumption is necessary. An additional restriction in
Attneave's experiment was that his stimuli were varied along one
physical dimension at a time. Torgerson (45) points out that the con-
ditions Attneave used maximized the likelihood of the subjects' respond-
ing to simple physical dimensions in an additive way. Attneave also
incorrectly asserts that the Young and Householder procedure ''begs the
question' of the appropriate metric for psychological space, by
assuming that it is Euclidean. As is pointed out above, the Young and
Householder procedure provides a test of the adequacy of a Euclidean
repregentation.

Leaving aside the question of the adequacy of Attneave's in-
terpretations, there remain several important questions regarding the
characteristics of multidimensional psychological space. 1. What is
the appropriate metric? Attneave says that it is not Euclidean, while
most of the other studies indicate that a Euclidean representation {is
satisfactory. 2. Can the reference frames of psychological space be
rotated? 3. Is psychological space metric at all? Attneave reports
that some of his data violate the triangular inequality. Menger (28)
asserts that the assumption of a normal distribution of discriminal

processes will lead to a non-metric space,

Complexity of the judgment required of the subject

The complexity of the task presented to the subject in the
wmethods discussed here ranges from the dichotcmous judgment of whether

a pair of stimuli are ''same" or '"different', through the dichotomous
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judgment of whether the distance between one pair of stimuli is
"greater" or ''less'" than the distance between another pair of stimul{,
all the way to the judgment of quantitative ratios of distances between
three stimuli as in Gulliksen's graphical method. Some psychologists
apparently do mot think complex judgments present a problem (43), but
Goodman (13) and Galanter (12) have argued that one should never impose
a more complex task upon the gubject than is necessary for obtaining

the desired information. Several studies have compared the results of
different methods (2, 29, 45), but none of these was explicitly designed
to study the effects of complexity of the subject's task.

A related issue concerns the question of using the subject's
responses as direct information about the scales being sought, versus
using the inconsistency of the subject's judgments to infer the infor-
mation about scale differences. The former procedure is more direct,
and generally requires less time for data collection. On the other
hand, it may require judgments beyond the capacity of the subject.

The latter procedure involves easier judgments, but they must be
repeated many times. The non-metric method of Hays' (18) provides a
way out of this dilemma, since it requires much less total information
for the analysis.

Distritution function of discriminal processes,
and the additive constant problem

It was pointed out above that the assumption of normal distri-
bution of the discriminal process is necessarily violated when absolute
distances are the gtimuli to be judged, since they can never be nega-

tive. The studies using the LCJ procedure for scaling digtances
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(29, 32, 45) have consistently avoided the simplest procedure for
determining the additive constant -- namely, that of including experi-
mental cowparisons of zero distances. The assumption of normal dis-
tribution of discriminal processes 13 most seriously violated for
small distances, since the absolute distances are curtailed at zero.
It is suggested here that a desire to avoid the serious violation of
the normal assumption led these investigators to develop very round-
about methods for determining the true zero point on the scale of
interpoint distance.

Torgerson has been most explicit about hig reasons for omitting
zero distance comparigons. He says:

1t might be noted that the elements in the kth row and

column [containing the proportion of times k is closer

to k than to i] could be obtained experimentally. How-

ever, since the method would ordinarily be used in con-

nection with supraliminal distances, the experimentally

determined proportions would be eifther .00 or 1.00. As

in paired comparisons, proportions of .00 or 1.00 cannot

be utilized. It might also be mentioned that, in the

experiments . . . it seemed advisable from the stand-

point of subject rapport to stress the fact that no

"joker'" triads containing two or three identical stimuli

would be presented. (45, p. 22)
As to his first reason, the method requires, not supraliminal distances,
but differences between distances in the liminal range. These two
conditions are not at all the same, and the latter condition suggests
that, under some conditions at least, zero distances would not be
detected 100% of the time. Torgerson, himself, found it necessary
to impoverish hig stimuli in order to make them partially {ndiscriminable.
(45, p. 52) His second reason, the suggestion that triads containing two

fdentical stimuli be excluded as unfair to the subjects, seems to impose

unnecessary limitations on the data that might be collected by the
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complete method of triads. There are actually two very different
situvations in which two stimuli are identical:
A Which stimulus is more like A?
B/ \B (B or B?)
B Which stimulus is more like B?
B/ \A (A or B?)
The first triad calls for an ilmpossible discrimination, and it 18 clear
that we might want to assure the subject ahead of time that he would
not have to make such judgments. The second triad {which is the only
one containing a zero distance) may actually call for a very easy
digcrimination. There is apparently no valid reason for not present-
ing such triads to subjects. Subjects in the present study (Chapter

VII) did not regard such judgments as unfair; neither did they judge

them with 100% accuracy, as Torgerson had suggested they might.

The Present Study

The present study develops a probabilistic multidimensional
model of stimulus scaling based upon the relatively simple judgment
of whether two stimuli are ''same' or '"different'. 1t {8 analogous
to the LCJ in assuming a8 normal distribution of the discriminal process
of the stimulus elements (not the distances) in the space. It {s also
analogous in requiring only a dichotomous judgment on a pair of
stimuli. A separate development geeks to extend probabilistic scaling

techniques to relatively discriminable stimuli,



CHAPTER I11

THURSTONE 'S LAW OF COMPARATIVE JUDGMENT

The following two chapters present modifications of the LCJ,
designed to extend fts applicability to new kinds of material. There-
fore, some space will be devoted here to Thurstone's original formula-
tions of the law, in spite of its being so well known. In particular,
the extensions of thé next two chaptars are extensions of Case V, so
only that case is presented. Corresponding modifications of Cases I
to IV would be relatively simple, so there is no loss of generality in

limiting this treatment to Case V.

Case V, 1CJ

A psychological attribute continuum in one dimension is
postulated. To each physical stimulus there corresponds a normal
distribution of values of the discriminal process on thia continuum.
(The discriminal process is the psychological process aroused when a
stimulus is presented. The distribution of values occurs with multiple
presentation.) The standsrd deviation (&) of the discriminal process
for each stimulus is the same for all stimuli. The scale value of the
stimulus is defined as the mean of thie distribution and is the value
that one wishes to recover, or approximats, by a scaling techunique.
(Figure 1 illustrates the distributions of discriminal processes for
two stimuli.) When two stimuli are presented to the subject, each

gives rise to a single value, chosen at random from the corresponding

24
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PSYCHOLOGICAL ATTRIBUTE CONTINUUM

Fig. 1 - Distributions of discriminal processes
for gtimuli i and k.

“ﬁj/m/ |

DISTANCES FROM s, TO 8

Fig. 2 - Distribution of differences in discriminal
processes for pairwise random values of 8 and s
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distribution of discriminal processes. The stimulus corresponding to
the larger sample value of the discriminal process is judged by the
subject to have more of the attribute in question. This judgment {s
obtained on repeated independent presentations of each pair of stimuli.
ij is the proportion of times stimulus j {s judged "more than'" stimulus
k. The distances between scale values of the stimuli are inferred from
these proportions: Sj-Sy=x,,, where the unit of the scale 1802, and
Xy 1o the value of the abscissa of the normal curve, N(O,1), below
wvhich ij of the area falls., (Figure 2 illustrates the distribution

of differences in discriminal processes for two stimuli and the determina-
tion of their difference in scale values from Pyy.)

These interpoint distances are then used to determine the scale
values on a psychological scale, at the level of an interval scale
(with an arbitrary zero point). For n stimuli there are (n-1) independ-
ent paramsters required to locate the stimuli on the scale. (These
may be regarded as the n-1 distances between adjacent stimuli, or,
alternatively, as the n-1 distances from any one stimulus.) There are,
however, n(n-1) observational equations; therefore, the (n-1) para-
meters are overdetermined. This overdetermination is customarily used
to provide n estimates of the distancs between each adjacent stimulus
pair. The overdetermination (and the labor required of the subject)
may be reduced by omitting certain cowparisons.

One consequence of this method of scaling is that the distance be-
tween pairs of etimuli that are judged with perfect or nearly perfect com-
sistency can not be directly estimated. This is so because the shape of the
normal curve, assumed to underly the judgmental process, makes small differ-

ences in extreme proportions correspond to very large differences in scale
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values. This means that to secure reliable estimates of large dis-
tances on this scale would require sstronomical amounts of data. The
usual practice is to consider that no information is obtained when the
observed proportion is within, say, .10 or .05 of complete consistency.
This means that the matrix of interpoint distances may be incomplete,
but thie is not serious because the scale values are overdetermined.
The scale value for a stimulus is unobtainable only if the stimulus s
relatively discriminable from every other stimulus.

In summary, the LCJ is a theory of perception which asserts
that inconsistent judgments occur because the subject, in comparing
stimuli, selects a single value of the discriminal process correspond-
ing to each stimulus. The extent of the overlap of discriminal pro-
cesses provides the measure of the distance between the means of the
distributions. The subject is required to make a dichotomous judgment
concerning the direction of difference between pairs of stimuli, and
all degrees of difference sre inferred from the proportion of times

one stimulus is judged "wore than'' another,



CHAPTER 1V

AN EXTENSION OF THE LAW OF COMPARATIVE JUDGMENT

TO DISCRIMINABLE STIMULI

It has been commonly observed that stimuli that are relatively
discriminable (seldom confused), when presented for unrestricted view-
ing under ideal conditions, become relatively indiscriminable when the
viewing conditions are impoverished in somes manner. Although this
assertion is widely accepted, it cannot be predicted from the LCJ.
Modification of one part of the perceptual model in Thurstone's LCJ
makes this prediction possible. The wmodified model presented here
predicts the quantitative extent of the shift in discriminability when
impoverishment is carried out in tachistoscopic presentation of the
stimulus pairs.

The assumption underlying this modification is that the sub-
ject, instead of picking one value from each di;crininnl process on
wvhich to base the judgment of ''greater than,' picks one value from
each distribution in each small unit of time, t. Thus, if & total time
T is allowed for observation of the stimuli, a sample of size T/t = mu
will be taken from each distribution. Furthermore, it is postulated
that the judgment of 'greater than" will be made in terms of the mean
(or median) of the sccumulated values of each distribution. Now,
since the standard deviation of the mean or median i{s an inverse linear
function of the number of cases on which the mean or median {s based,

the standard deviation of the difference between means can be directly

28
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manipulated by varying T. Since this standard deviation is the unit of
measurement of the distance functiom, {t is therefore possible to
manipulate the distance (that is, the discriminability) between pairs

of stimuli by varying the exposure time in a tachistoscopic arrange-
ment. Quantitatively, this model predicts that the relation between
distence and the square root of exposure time should be linear. From
other considerations it seems reasonable to suppose that there is some
maximm effectiveness of cumulated information; discriminability would
not increase without limit. If we assert that the individual has a
memory (storage) capacity M, then there is some T, T, x~Mt, beyond which
additional exposure will not increase the distance and discriminability,
These relationships are all illustrated graphically in FPigure 3.

The statement of Case V of the LCJ given in Chapter 111 may be
modified in the following manner to include these developments (the
underlined portions have been added to the original statement): .

When two stimuli are presented to the subject for tims Tiks each gives
rise to a single value chosen at random from the corresponding distri-

bution of discriminal processes in each unit of time, t. The stimulus

corresponding to the larger mean sample value of the discriminal pro-
cess is judged by the subject to have more of the attribute in question.
This judgment is obtained on repeated independent presentations of each
pair of stimuli. ij is the proportion of times stimulus j is judged
"more than" stimulus k. The distances between scale values of the
stimuli are inferred from these proportions and times:
S)-Sk=X iy To/Tyx
In practice, application of this method might involve presents-

tion of all stimulus pairs for some constant time, T,, say, 1/10
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Thurstone's 1CJ

~_

N Sampling model

Fig. 3 = The predicted relationship between psychological
distance, d, and the aquare roet of exposure time, \/?, for the
twvo models.

VT

Fig. 4 - Possible departures frem the predicted linear
relatienship between d and vT, due to qualitative changes with
impoverishment.
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second. Then those pairs that proved to be too discriminable at that
speed could be suitably impoverished by presenting them at reduced
times, Tjk' The revised observational equation above would then relate
each observed proportion to the same unit in terms of the exposure
times.

This model says that the change taking place {n the perception
of stimuli, as the stimuli are impoverished, is entirely quantitative --
the individual gets less information, but the information is always
qualitatively the same. Suggestions have been made that with some kinds
of stimuli, qualitative changes might take place. For exampls, 1if the
response-tims of ''color receptors' in the eye is much longer than the
response~-time of ''brightness receptors,” then brightness diffevences
might be perceived at fast speeds, and both brightness and color per-
ceived at slower speedg. I1f such qualitative changes do take place,
the function relating distance to the square root of exposure time
would probably not be linear. The two brokem curves in Figure 4 are
intended to represent such situations. The dotted curve represents a
situation in which the addition of another 'modality" at a given
exposure time causes the curve to becoms steeper. The dashed curve
indicates vhat might happen {f the first modality reached its maximum
effectiveness before the second modality became effective at all. 1In
this case the curve has a break in it.

The development described here is parallelled in two other
studies, in different contexts. Green (l4), in a paper on auditory
discrimination, developed the identical relationship between exposure

time and discriminability, including even the asymptote of the curve
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due to the limited memory capacity. Landahl (25) considers the con-
sequences of varying exposure time on the discrimination of a difference
between two stimuli when there are random neural events at each synapse.
His Pigure 4 (25, p. 114) 1llustrates the relationship between the
probability of being correct and exposure time, His predicted rela-
tionship is not exactly the same as the one described here, because
of slightly different assumptions.

Further modifications of the LCJ will be presented i{in Chapter
V, and an empirical test of the model deacribed in this chapter will
be presented in Chapter VI, with the brightness dimension of the

psychological color space as the content area.



CHAPTER V

A MULTIDIMENSIONAL ANALOGUE OF THE LAW OF COMPARATIVE JUDGMENT

The present chapter is concerned with overcoming the uni-
dimensional restriction inherent {n Thurstona's scaling model. The
resulting model is a multidimensional analogue of the LCJ. In terms
of the classification provided in Chapter I, it is a probabilistic
multidimensional model of a proximity relation on a pair of points from
the same set (quadrant III b, see page 2). When this model is com-
bined with the development of the previous chapter, it becomes possible
to make the comparison, described in Chapter 1, between Coombs' method

of similarities and an extended form of Thurstone's LCJ.

A Multidimensional Model Based on Same-Different Judgments

A multidimensional analogue of the LCJ is presented here in a
form parallelling the statement of Case V of the LCJ in Chapter II1I:

A psychological space of unknown dimensionality i{s postulated.
To each physical stimulus there corresponds s multivariate normal
distribution of values of the discriminal process in this space, un-
correlated over dimensions. The variability of every stimulus in
every dimension is the same. The location of the stimulus is defined
as the mean, or modal point, of this distribution and is the value
that one vishes to recover or approximate by the scaling technique.
When two stimuli are presented to the subject, sach gives rige to a

single point, chosen at random from the corresponding multivariate
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distribution of the discriminal process. 1f the Euclidean distance
between the two points is greater than some criterion distance, the
stimuli{ are judged by the subject to be '"different'; otherwise, they are
judged to be the "same''. The distance between the modal points of a
pair of stimult is inferred from the proportion of times the two stimult
are judged different in repeated presentations: Dy = \l;\jk, where
Djk is the distance between the locations of stimuli j§ and k in psycho-
logical space, and lambdajk, ( Ajk), is the non-centrality parameter of
the non-central chi-square distribution of distances between paira.l
From the interpoint distances thus determined, the Young and Householder
procedure (49) can be used to determine the dimensionality of the
space and the configuration of the stimuli in the space. As an alter-
native to this analysis, the proportions of judgments 'different'" can
be more directly interpreted in terms of the relative distances between
points (that is, the rank order of distances), in the manner described
in Appendix 3, and these relative distances can be analyzed by Hays'
nonmetric multidimensional unfolding technique (18). (Since the tables
of non-central chi-square that would be necessary to carry out the for-
mer analysis do not exigt, the latter method of analysis is the one
applied to the game-different data described in Chapter VIII.)

In analogy with the LCJ, the transformation of the proportion
of judgments "different" to a distance in the psychological space
depends upon knowledge of the distribution function of distances
between points sampled pairwise, at random, from the two distributions.

It is proven in Appendix 1 that the distribution of such distances

lThia statement is proved in Appendix 1, and a routine proce-
dure for calculating Djk is given in Appendix 2.
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squared is non-central chi-square with r degrees of freedom (where r

is the dimensionality of the space), and with A, the non-centrality
parameter, equal to the square of the distance between the means of the
multivariate normal distributions. Since this distribution is known,
and since a parameter of the distribution i{s the square of the value we
wish to recover with our scaling technique, we are now in a position

to specify a procedure for determining interpoint distances from the
proportion of judgments ''different'.

For n stimuli there are n(n-1) interpoint distances to be
determined; in addition r, the unknowri dimensionality of the space,
must be determined. However, there are only n(n-1) observations avail-
able to determine these n(n-1)+1 unknowns. (There are also n observa-
tions of proportions for identical pairs from which the criterion
distance may be determined.) Since there are more unknowns than
observations, the method of analysis described here is an iterative
one in which it is first assumed that r equals 1, and then the inter-
point distances are determined and used to check the assumption of one
dimension. If the interpoint distances so determined do not fit in a
one-dimensional Euclidean space, we then assume that r equals 2, solve
for the 1nt¢fpoint distances, and again use them to check the assump-
tion of dimensionality. This process {s repeated until the distances
fit into the dimensionality assumed in determining the distances. Then
the interpoint distances are used to determine the configuration of
the space by the factor analytic procedure described by Young and
Householder (49). A routine procedure for carrying out these steps is

described in Appendix 2,
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Hypothetical Example in One Dimension

The one-dimensional case is a special case which can be solved
entirely in terms of the normal distribution, since the square of a
normally distributed variable is chi-square with one degree of freedom.
This specfal case will be illustrated here with hypothetical data,
since it will gerve to illustrate the principle upon which the judg-
ments of same and different are made and since this is always the
first step in the general solution.

We begin with the matrix of data given in Table 2. The entries
are ij = ij = the proportion of times stimuli j and k are judged to

be different, including the case where j = k.,

TABLE 2
PROPORTION OF TIMES STIMULI j AND k ARE JUDGED DIFFERENT

(HYPOTHETICAL DATA)

k
A B c D E
A .05
B .23 .05
j c .60 .27 .05
D 15 .29 .07 .05
E 7 .33 .08 .052 .05

First consider the problem of determining the criterion
distance, D.. Figure 5 indicates, for the assumption of one dimension,
the distribution of distances between pafirs of points drawvn at random
from the same normal distribution. Note that the variance of this

distribution is 1, since the variance of the stimulus distributions
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has been arbitrarily set equal to 1/2 {n order to establish a convenient
unit for the distance measure. Since 5% of this curve lies beyond
1.96, 1.96 must be the criterion distance, because 5% of identical
pairs were judged to be dit‘fcrent.l’2
Figures 6 and 7 indicate the form of the solution of interpoint
distances, given the criterion distance. Figure 6 shows the method of
obtaining the distance between A and D, D,,, given that the criterion
distance is 1.96, and that 75% of the pairs A-D were judged different.
Recall that the model states that all pairs farther apart than the
eriterion distance are judged ""different'; all pairs closer together
than the criterion distance are judged '"same’”’, The conversion of the

P4y matrix to the D;, matrix may be stated as the problem of finding

the mean of the normal curve, N(Djk: 1), which has (I-ij) of its area

lThe criterfon distance s always to be determined from the
proportion of times physically identical stimuli are judged "different."
In these cases we know that the distance between the modal points of
the corresponding distributions is zero (which means that the distri-
bution of distances between random points i{s central chi-square), and
therefore it is possible to determine the distance corresponding to
a given proportion of "different" judgments. In general, we would
expect the subject to vary the parameter of the criterion distance to
suit various situations, It is presumed here that we can hold the D¢
constant for a given experiment by holding constant the following
parameters:
Py, the a priori subjective probability of the stimuldl
being the same;
Ui, the value to the subject of judging '"same' when the
stimuli are the same;
Up, the value to the subject of judging ''same'' when the
stimuli are different;
U), the value to the subject of judging "different' when
the stimulil are different;
Uy, the value to the subject of judging '"different" when
the stimul{ are the same.

2Note that fn cBi-oquarc with 2 df, less than 5% of the curve
wvould lie beyond (1.96)<. Therefore, in the general procedure
described in Appendix 2, the criterion distance must be redetermined
for each assumed dimensionality.
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in a band 1.96 on either side of zero. In practice this is found by
moving an interval of width 2Dc along a table of the normal curve to
find the segment with that width containing (1-Pyy) of the curve.
Figure 7 illustrates the same procedure for determining the distance
between D and E. In this case the distance between the means is small
enough that a significant proportion of the normal curve with mean
Dpp lies in both tails outside of the interval around the zero point.
Table 3 is the matrix of interpoint distances derived by this
procedure. These hypothetical dats have been set up so that the
criteria of unidimensionality are exactly satisfied. In practice,
the rank of the matrix of distances counverted to scalar products is

the criterion of dincn.ionnlity.l

TABLE 3

DISTANCE BETWEEN j AND k (HYPOTHETICAL DATA)

k
A B c D E
A 0
B 1.21 0
j ¢ 2.21 1.00 0
D 2.63 1.42 42 0
E 2.72 1.51 .51 .09 0

»

lyith falltble data, the question of whether the criterion
for a given dimension is approximately satisfied is precisely the same
as the question of ''When to stop factoring?' in conventional factor
analysis. It is desired that the residuals remaining after extract-
ing the r true dimensions should be insignificant and randomly
distributed about zero.
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Figure 8 shows the configuration of points satisfying these interpoint

distances.

1

kY 2.21 2.63 2.72

A B ¢ DE
o

Fig. 8. - Scale values on one dimension, determined

from Table 3. (Hypothetical data)

The general procedure described in Appendix 2 requires the
following tables: 1. the unit normal table, for the solution when r
is assumed to be 1; 2, tables of non-central chi-square with 2,

3 . . ., m degrees of freedom (where m is the maximum number of
dimensions that might be of interest), for many relatively small
values of the non-centrality parameter, and with each table containing
many percentage points. Unfortunately, such tables are not available.l
Patnaik (35) points out that non-central chi-square has been used
almost exclusively to evaluate the power function of the chi-square
test, and to develop the non-central F-distribution to evaluate the
pover function of the F-test. For these purposes, most interest has
centered on a few percentage points of the curves (11). Patnaik also
discusses various approximations to non-central chi-square. These
approximations are not gsimple, and they are probably not accurate
enough for our purposes.

Chapter VII presents a unidimensional analysis of same-
different data collected on Munsell grey stimuli. Chapter VIII

describes a multidimensional unfolding analysis of data collected on

lie we assume that m equals nine, and that 30 values of the non-
centrality parameter and 30 percentage points on each curve would be
sufficient, then a table of 7,200 entries would be necessary. The devel-
opment of such tables might be feasible if there were sufficient demand.
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stimli from the two-dimensional red plane of the Munsell system.

It should be apparent that the extension of the LCJ presented
in Chapter IV is independent of the multidimgensional model presented
in this chapter. Each may be used separately, or they may be used in

combination.



CHAPTER VI

EMPIRICAL STUDIES OF THE RELATIONSHIP BETWEEN EXPOSURE TIME

AND DISCRIMINABILIYY

The theoretical development of Chapter 1V asserts that, at
least over soms part of the range, there will be a linear relationship
between distance (as determined by the 1CJ) and the square root of
exposure time of the stimulus pairs. The study reported in this chap-
ter is a test of this assertion, using judgments of “brighter than"

regarding Munsell grey papers.

Method

Two subjects, Ro and Ka, participated in the experimants
described in this chapter and Chapter VII. Two different subjects, Ra
and Vg, participated in the experiments described in Chapter VIII. All
of the subjects were male college students: two undergraduate
psychology majors, one architecture major, and one graduate history
major. None had had extensive previous experience in this type of
experiment. At the completion of the experiment all were paid on the
basis of a standard hourly rate. The total time of participation was
about 40 hours each for subjects Ro and Ka, and about 30 hours each for
Ra and Vg, including practice sessions. Experimental sessions were
from 1 to 2 hours long. 1Imn the 2-hour sessions & ten-minute break was
taken half way through. 1In all sessions there were short breaks of a

few minutes after each ten minutes of observation. No subject

42
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participated in more than three sessions in a single day, and succes-
sive sessions vere alwvays separated by at least 2 hours. The author
served as experimenter for all sessions. Data are presented and ana-
lyzed separately for each subject throughout the study.

The stimuli used in all cases were Munsell standard colored
papers (33). 1-1/2 inch squares of these papers were cemented to 4"

x 6" white cards. These 1-1/2 inch squares were presented to the
subject through l-inch circular holes in the frame at the rear of a
tachistoscope; the subject was unable to see the edges of the colored
papers or any part of the white cards on which they were mounted. The
subjects were never permitted to see the cards outside of the tachisto-
scope. Questioning after completion of the experiments revealed that
the subjects were not avare of the limited number of stimuli being
presented. Omne subject, after viewing the same five Munsell grey
values approximately 5,000 times each, guessed that he had been looking
at "4O or SO different stimuli."

The equipment used for presenting the stimuli was a two-chanmmel
Gerbrands tachistoscope, equipped with an interval timer so arranged
that it could light the rear channel for a preset time whenever the
subject pressed a telegraph key to indicate that he was ready. The
stimuli were displayed in a frame at the back of the rear channel,
vhere they could be rapidly changed by the experimsnter. The side
channel vas normally lighted, except during the brief exposures of
stimuli. Between exposures it contained only a white, dismond-shaped
fixation point on a grey field located in the same visual plane as
the stimuli, and centered in the visual display of the two or thrse

stimuli. These arrangements are illustrated from the point of view
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of the subjects in Figures 9 and 10.

The experiments were carried out in a small darkened room with
the single window covered by a blackout shade. A curtain divided the
experimenter's half of the room from the subject's half, and a single
7-watt bulb on the experimenter's side provided the illumination
necessary for changing cards, setting the timer, and recording the
responses.

The subjects were told that the experiment involved a compari-
son of several different methods of psychological measurement and that
they would be required to make judgments ranging from very easy to
practically impossible. They were also told that they were required
to make a judgment on every presentation, evemn if they thought that
they were only guessing, because such judgments were useful and more
often correct than the subject believed them to be.

For the presentation of each stimulus set (either a pair or a
triad) the experimenter placed the stimulus card under the spring clip
at the rear of the tachistoscope and said '"Ready”. The subject then
pressed & telegraph key to set the tachistoscope timer in operation
vhenever he was ready after the '"ready" signal. 1In most cases the
subject responded immediately, but in some cases he delayed in order
to blink, adjust the eyeshade, or for soms other reason. In any case,
the stimuli were presented only when the subject decided he was
prepared.

For the method of pair comparisons, used in this chapter and
in Chapter VII, the instructions to the subject were:

Your task now is to determine which of the cards, the

one on your right or the one on your left, is brighter or
lighter. After you see the pair of cards call out ‘'right’
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conditions involving pairs of stimuli. Viewing distance = 24
inches.
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conditions involving three stimuli. Viewing distance = 2}
inches.
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if you think the card on the right is brighter; call out

'left' if you think the card on the left is brighter.

Remember, you must respond each time, even if you think

you are guessing.

Before each run ef cards the subject was told: ''Tell me which card is
brighter, the ene en your right er the oene on your left."

For the experiment described in this chapter the stimuli were
the Munsell grey values 6, 5, and 3.5. Six cards were made up with the
three pairs and the "mirror imsges" of these three pairs (that is, with
the stimuli reversed, right for left). These six cards were presented
in a random sequence at a single timer setting for a total of SL pre-
sentations. Then the timer was set at a different interval and another
sequence of 54 presentations made. The particular timer intervals used
vere determined, as the experiment progressed, by the following criteria:

1. The intervals must not be so long that discriminations

are made with 100% censistency;

2. The intervals must not be so short that the subject's

responses show no better than chance accuracy;

3. Within this range, it is desired to have six or seven

time intervals approximately equally spaced.

The intervals used were different for the two subjects and are given

in Table 4 for Ro and in Table &6 for Ka.

Results
Table 4 presents the proportion of correct judgments as a
function of exposure time, for the three pairs of stimuli, for subject
Ro. Table 5 contains the distances determined from these proportions
by Case V of the LCJ. The relation of the square root of exposure time

to distance in Table 5 is presented graphically in Figure 11. The same
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information for subject Ka is presented in Tables 6 and 7 and Figure
12.

The theory of the discrimination process developed in Chapter
IV predicts a linear relationship between psychological distance, d,
and the square root of exposure time,‘JT: The results clearly indicate
that distance increases (discrimination becomes easier) as exposure
time increases; all six best-fit-lines have positive slopes. The
question of linearity is, of course, more difficult. The data points
for large distances in Figures 11 and 12 are relatively unreliable in
the vercical direction because thay are distances determined by the
"tails"” of the normal curve, from probabilities in the neighborhood of
.95. The data points for..hort time intervals are unrelisble in the
horizontal direction because the tachistoscope timer proved to be some-
what variable at very short time-interval settings. For subject Ro,
two of the linear functions distinctly cross. 1m other words, Munsell
greys 5 and 6 were more discriminable than greys 3.5 and 5 at brief
exposure intervals, but with longer exposures the relationship was
reversed. Such a revereal is contrary to the predictions of the
theory. With the qualifications stated then, it may be said that
these results are in close correspondence with the predicted linear
function. There is no evidence in the present data for the predicted
leveling off (deceleration) of the curve at an asymptote as the limit

of memory capacity is approached.
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PROPORTION OF CORRECT JUDGMENTS ''BRIGHTER' AS A
FUNCTION OF EXPOSURE TIME, SUBJECT Ro

Exposure tims, in seconds

Stimulus

pair .0199  .0375 .0510 .OT17 .0917 L1317 L1680
6,3.5 670 .667 .80k L9009  .9T00  .9455  1.000
6,5 641 126 TTh 769 843 .852 .9109
5535 .583 .588 .705 .752 .BL3 .9026  .9711

TABLE 5

INTERPOINT DISTANCES COMPUTED FROM THE PROPORTIONS
OF TABLE 4 BY CASE V OF THE LCJ, SUBJECT Ro

Exposure time, in seconds (The figures in
parentheses are the square roots of the
corresponding exposure times)

Stimulus .0199  .3375  .051C  .OT1T  .O91T  .1317 1680

pair (.141) (.194) (.226) (.268) (.303) !.363) i.hlo)
6,3.5 Lbo 432 .856 1.287 1.880 1.602 .-
6.5 .361 .600 .752 136 1.007T 1.045 1.346

5,5.5 222 222 .539 .681 1.007 1.295 1.897
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TABLE 6

PROPORTION OF CORRECT JUDGMENTS ‘'BRIGHTER" AS A
FUNRCTION OF EXPOSURE TIME, SUBJECT Ka

Exposure time, in seconds

Stimulus

pair .0151 .01%6 .0199 .0269 .0280 .0324
6,3.5 .506 729 819 9598  .99310 .9665
6,5 .558 .667 768 .868 .9110  .9611
5,3.5 k4o 597 .590 664 .731 .708

TABLE 7

INTERPOINT DISTANCES COMPUTED FROM THE PROPORTIONS OF
TABLE 6 BY CASE V OF THE LCJ, SUBJECT Ka

Exposure time, in seconds (The figures in
parentheses are the square roots of the
corresponding exposure times)

Stimulus .0151 .0156 .0199 .0269 .0280 .032h4

pair (.123)  (.125) (.141) (.164) (.167) (.180)
6,3.5 .015 .610 912 1.749 -- 1.831
6,5 146 431 132 1.117  1.347 1.764

553.5 -.151 .2h6 .27 423 .616 .548
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CHAPTER VI

COMPARISONS OF DIFFERENT SCALING TECHNIQUES IN ONE DIMENSION

The initial impetus to this study lay in the desire to compare
the "incompatible' methods of stimulus scaling developed by Coombs
and Thurstone. The developments of Chapters IV and V were designed
to make this comparison possible, and this chapter is a report of
experimental applications of these developments. The Munsell grey
series was chosen as a content area because of its relative simpli-
city, and because previous work indicates that it represents a uni-
dimensional psychological continuum (45). The following methods
were compared as techniques for arriving at scale values for the
five Munsell greys used: 1. Coombs' method of similarities, the
special case of propellors (6); 2. Torgerson's complete method of
triads (45); 3. The method of pair comparisons, analyzed by Thurstone's
LCJ, Case V (hh); L. The same-different method described in Chapter
V, analyzed by the procedure described in Appendix 2. Methods 2, 3,
and 4 required that the stimuli be impoverished by being presented
for brief time intervals in a tachistoscope. Data for the Coombs'
analysis were independently collected, with the stimuli presented
supraliminally.

Although there are some differences, the study by

Beardslee (2) covered methods 1, 2, and 3 in a more intensive
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nanncrl, so the main interest here is centered on the comparison of
those three methods with the new same-different method.

The experiments described here were carried out with the equip-
ment and subjects described in Chapter VI. Five Munsell grey values
were used: 7, 6, 5, 3.5, and 3. (7 is light and 3 is dark.) The

instructions, conditions, and resulte for each method are given below.

Coombs' Method of Propellors

This procedure was given last in the experimental sequence for
both subjects because it sllowed the subjects a supraliminal view of
the stimuli. The experimenter arranged the three stimuli as indicated
in Figure 10, and then lighted the rear channel of the tachistoscope
by operating the "manual’ switch which bypasses the timer operation.
The stimuli remained lighted unti]l the subject had made his judgment.
The instructions to the subject were:

Your task now is to determine whether the stimulus on
your right or the stimulus on your left is more like (mwore
similar to) the stimulus on the top. Which is more like
the top, the one on the right or the one on the left? In
this serfes I will turn the light on when the cards are
ready. You will have as much time to respond as you want,
and the 1light will not be turned off until you have responded.
There is not necessarily any correct answer; vhat I am inter-
ested in 1ie how the stimuli look %o you. Take as long as
you like; you should be fairly certain of your response before
you give it. Call out ‘right' or ‘left' when you have
reached your decision.

lln the present study the methods of Coombs and Torgerson were
applied to experimentally independent sets of data, while in the
Beardslee study these two types of analysis were applied to a single
set of data.
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Before each run the subject was told: '"Tell me which is more like the
top, the one on the right or the one on the left.” The cards were
presented in random order, with each gtimulus in turn serving as the
hub of the propellor. Each propellor was replicated six times. In
the very rare cases where there vwere inconsistencies, the judgments

were replicated additional times at the end of the series.

Results -- Coombs' method of propellors

Table 8 gives the rank orders of similarity from each stimulus
in turn (I scales), and the metric tuformation derived from these ranks
for subject Ro. Table 9 gives the same information for subject Ka.
Figures 13 and 1k give possible configurations of points satisfying
the relations indicated in Tables 8 and 9, for subjects Ro and Ka,
respectively. Note that the metric information for the two subjects
is incompatible; there is no single arrangement of stimuli that

accounts for the judgments of both subjects.

7 6 3.5 3

-hm

|

Fig. 13 - Scale values compatible with the metric
information from Coombs' method of propellors, subject Ro.

3

e
.

7 6 5 35 3

C
r

Fig. 14 - Scale values compatible with the metric
information from Coombs' method of propellors, subject Ka.
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TABLE 8
RANK ORDERS OF SIMILARITY FROM EACH STIMULUS (I SCALES)
AND METRIC INFORMATION CONTAINED THEREIN, SUBJECT Ro

1 Scales Metric Information Independent
of Order Information

3.5 3 5 6 7 3-3.5 <3.5-5
2 6 35 7 3 56 < 3.5%5 < 57 < 3-5
6 b T 35 3 5-6 < 6-7 < 6-5.5

TABLE 9
RANK ORDERS OF SIMILARITY FROM EACH STIMULUS (I SCALES)
AND METRIC INFORMATION CONTAINED THEREIN, SUBJECT Ka

1 Scales Metric Information Independent
of Order Information

3.5 5 5 6 7 3-3.5 < 3.5-5
5 6 T 35 3 571 <5.5-5
6 7 5 35 3 6-7 < 5-6
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Torgerson's Complete Method of Triads

The judgment in this procedure is the same as in Coombs' wmethod
of propellors, but the scaling is based upon the inconsistency of the
judgment, rather than upon the direct interpretation of the subject's
report, as in Coombs' analysis. Therefore, this method requires many repli-
cations of each triad, and relatively indiscriminable distances between pairs
of stimuli. Each triad was replicated at least 8¢ times, and the desired degree
of incongistency was achieved by presenting the triads for the limited expo-
sure times determined by preliminary exper{ments to provide satisfactory
inconsistency. This time was .(5l0U seconds for subject Ro and ,0263 sec-
onds for subject Ka. TIhe instructions to the subject were:

In this experiment you will see three stimuli, the usual

two, plus one centered above the other two. Your task now

is to determine whether the stimulus on the top is wmore

like (more similar to) the one on the right or the one on

the left. Which is more like the top, the one on the right

or the one on the left? There is not necessarily any

correct answer; what 1 am interested in is how the stimuli

look to you. When I say 'Ready’, press the key as soon

as you are ready, and then report ‘right' or 'left'.

Remgmber that you must respond each time.
Before each individual run, the subject was told: 'Tell me which {s
more like the top, the one on the right or the one on the left."” The

cards were presented in random order, with each stimulus serving as

the center of the triad i{n turan,.

Results -- Torgerson's complete method of triads

Table 10 gives the proportion of times each distance wvas judged
greater than each other distance for subject Ro. Table 11 gives the
differences between distances, determined from these proportions by
Case V of the LCJ., Figure 15 gives the scale values determined from

Table 11, with the additive constant determined from the average scale
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TABLE 10
PROPORTION OF JUDGMENTS OF DISTANCE j LESS THAN DISTANCE k
(THAT IS, THE STIMULI IN j§ MORE SIMILAR THAN THE STIMULI
IN k), SUBJECT Ro

(Decimal points are omitted for convenience)

k

7,6 6,5 5,3.5 3.5,3 1,5 6,3.5 5,5 7,5.5 6,3 1,3
7,7 |use 699 %254 9617
6,6 '855‘7 711 - 9166 9518
5,5 547 | T63 | 733 | 828
3.5,3.5 771 @ 453 E 9778 E 9882
3,3 N6k | ' 756 9513|9762
7,6 ' 893 | %75 | se13| a6 |
6,5 | 659 |o1ke i 828 9036
9,55 ! ;750 J 483 | 9195
3.5,3 9405 ! 821 | 9647 | 9397|9878
7,5 R 618 | 9390 5268
6,5.5 L 830 | 495
5,3 172 517 " a9 ] 8u5 |9286
7,5.5 |ores 0805 L 0353 ! | 165
6,3 o787 | 096k | i 0603 | 505 Llss h T4k
7,3 0116 I ‘ 0122 | 0732 }O?lh 535 | 256 ~\‘§J
Note: The blank cells represent comparison of disjoint distances,

data not obtainable by the method of triads.
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TABLE 11

DIFFERENCES BETWEEN DISTANCES, DETERMINED FROM THE PROPORTIONS
OF TABLE 10 BY CASE V OF THE LCJ, SUBJECT Ro. THE CELL ENTRIES
ARE THE AMOUNT BY WHICH DISTANCE k EXCEEDS DISTANCE ]

k
T:56 6,5 5,3.5 3.5,3 71,5 6,3.5 5,5 7,3.5 6,3 7,3

7,7 -.030 .521 1.471 1.808

6,6 .340.555 1.383 1.663

5,5 .108 | .714 622 .946

3.5,3.5 T2 {-.118 2.010 2.263

3,3 +=.090 694 1.658|1.98C

7,6 .108 .555 | 1.2L3 2.240]1.414}2.270

6,5 637 L4101 1.369(.946 1.302

5,3.5 .690 1.402

3.5,3 .654 1.5591.916 | 1.80811.553]2.250

7,5 337 .300 | 1.547 1.452

6,3.5 954

5,3 .03 1.015]1.465

7,3.5 N )

6,3 .013 .654

7,3 L .088
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position of the 5 zero distances. Tables 12 and 13 and Figure 16 give

the same information for subject Ka.

7 6 5 353
* $ el
.00 -49 .42 2.47 2.5

Fig. 15 - Scale values from Torgerson's complete method
of triads, subject Ro.

7 : 5 335
.00 .90 .50 173 L8l

Fig. 16 - Scale values from Torgerson's complete method
of triads, subject Ka,.

It should be noted that the distances in Tables 11 and 13 contain per-
sistent violations of the triangular equality required for a unidimen-
sional scale. Consider the comparisons of the distances with zero dis-
tances (between a stimulus and itself) in Tables 11 and 13. The amount
by which a distance exceeds a zero distance(obtained from the average
of the two estimates in the tables) is, directly, a measure of the
digtance. For the two subjects, 23 of the 26 possible tests of the tri-
angular equality show violations in the direction indicating that the
space is non-metric. For example, for both subjects:

56 + &7 <37

3-3.5 + 3.5-5 + 5-6 + 6-7 < 3-7

Torgerson (L45) noted the same result in his study. This condition

violates one of the requirements for a metric space.

The Method of Pair Comparisons, Analyzed by Case V, LCJ

The instructions for this method are given in the previous
chapter, Each pair was replicated at least 100 times. To achieve the

desired degree of inconsistency, the pairs were presented for the

limited exposure time determined by preliminary experiments to provide
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TABLE 12
PROPORTION OF JUDGMENTS OF DISTANCE j LESS THAN DISTANCE k
(THAT IS, THE STIMULI IN j MORE SIMILAR THAN THE STIMULI
IN k), SUBJECT Ka

(Decimal points are omitted for convenience)

k
7,6 6,5 535 3.5,3 1,5 6,3.5 5,3 1,3.5 6,3 1,3
I ' ™ .
7,7 731 ! , | 768 | | 808 8117
6,6 642 352 | f | Sk5 ! 519
L% o L
9,5 7% 500 I 809 © 451 ¢
" - t * , T 1
3.5,3.5 | 600 . 537 | 836 88y ¢
3,3 o k26 ‘ 648 §7oul;(a7o
756 ' [ 80k 91 - 7769ﬁ[mm'827ﬂ1
6,5 80k 667 2k5 | 5Tk |
R ' —— #
5,3.5 el 370 | 780 h796 | 620 889 ,
3.5,3 | i 630 ~‘ 8114 67) 870 | 722 855
L o T T T
7,5 196 | 1% Jrzao ! 1 191 673 | | 585
! ! ! !
6,3.5 |509 3331 204 | 189 | 500
= u |
5,3 755 | 380 | 327 | Tob | TT8
— ‘ = 4---r~. - -.-'-—‘——* . - r—-———-—‘ e = e — s e el
7,3.5 |en: 11 130 | 327 189 ue2
F— e T + +
6,5 | 556 | w6 218 | | 500 | 296 778
I + HEl
7,3 173 | 185 | K15 L 222 | 538 | 222 <

Note: The blank cells represent comparisons of disjoint distance,
data not obtainable by the method of triads.
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TABLE 13
DIFFERENCES BETWEEN DISTANCES » DETERMINED FROM THE PROPORTIONS

OF TABLE 12 BY CASE V OF THE LCJ, SUBJECT Ka. THE CELL ENTRIES
ARE THE AMOUNT BY WHICH DISTANCE k EXCEEDS DISTARCE j

k

756 6,5 5,3.5 3.5,3 71,5 6,3.5 5,3 T,3.5 6,3 7,3

T,7 616 800} 870 .882 ]
6,6 |.368 -.380 B |13 .M

5,5 T':L .813|.000 | 874 o 7-.153:

3.5,3.5) E .253} .093 .978 121 |

3,3 i [-.186 .380 .536 lfjiéi;
7,6 | el __LL
6,5 432 . 187

5,3.5 i T
3.5,3 .589 (1.058
T»5 .215
6,3.5 .000

5,3 5% 765
7,35 » | ,,

6,3 Ak 1 765
Ty3 L -095
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satisfactory inconsistency. The time was .0510 seconds for subject Ro

and .0l99 seconds for subject Ka,

Results -- method of pair comparisons

Table 14 gives the proportion of judgments "brighter'" for each
pair for subject Ro. Table 15 gives the difference in scale value for
each pair, derived from Table 1k by Case V of the LCJ. Figure 17
Tepresents the scale values, determined from the distances of Table 15
by the usual LCJ procedure. Tables 16 and 17 and Figure 18 provide the

same information for subject Ka.

7 6 S 35 3
.00 .99 .78 2.27 2.53

Fig. 17 - Scale values from pair comparisons, analyzed
by Thurstone's LCJ, Case V, subject Ro.

T [ 5153
.00 .91 |.58Ll4l.69

Fig. 18 - Scale values from pair comparisons, analyzed
by Thurstone's LCJ, Case V, subject Ka.

Same=-Di fferent Method

This method also requires that the stimuli be relatively indis-
criminable, and the same techniques were used to find a suitable
expesure time. The time chosen was .OkO7 seconds for subject Re and
.0199 seconds for subject Ka. Each pair was replicated at least 1
times. The instructions to the subject were:

In this portion of the experiment you will be observing
two stimuli. Your task 13 to tell me whether the two
stimull are the '"'same' or "different". Of all the pairs

that you see, 1/3 will actually be physically the same
and 2/3 will be different in varying degrees -- some very



63

TABLE 14

PROPORTION OF JUDGMENTS OF j BRIGHTER THAN k, SUBJECT Ro

k
T 6 5 3.5 3
7 819 .9709 1.000 1.000
6 TTh .8ou .9706
i 5 -T05 .769
3.5 .48o
3
TABLE 15

DISTANCE FROM k TO j, DERIVED FROM THE PROPORTIONS OF
TABLE 14 BY CASE V OF THE LCJ, SUBJECT Ro

k
7 6 5 3.5 b)
7 .912 1.894 .- .-
6 752 .856 1.890
b I 539 <736
3.5 -.050
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TABLE 16

PROPORTION OF JUDGMENTS OF j BRIGHTER THAN k, SUBJECT Ka

k
7 6 5 3.5 3
858  .9583  .900 9587
6 .768 819 .758
590 533
3.5 S17
TABLE 17

DISTANCE FROM k TO j, DERIVED FROM THE PROPORTIONS OF
TABLE 16 BY CASE V OF THE LCJ, SUBJECT Ka

k
7 6 5 3.5 3
1.073 1.731 1.282 1.736
6 732 .911 .T00
.227 134
3.5 .0l3
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close and some very different. There are four possible kinds
of judgments that we can diagram in the following way:

Proportion Physical situation Yeur judgment

the pairs are: the pairs are:
same (correct)
1/3 same
different (wrong)
same (wrong)
2/3% different
different (cerrect)

Nete that there are two ways of being cerrect -- by saying
‘same’' for pairs that are actually the same and by saying
'different’' fer pairs that are actually different. There
are also two ways of being wrong -- by saying 'different’

for pairs sctually the sams and by saying ‘same’ for pairs
that are actually different. I want you to regard all of
these possible outcemes as equelly weighted; that is, one kind
of error is just as serieus as the other kind, and one way ef
being cerrect is just as desirable as the ether. Another way
of saying the same thing would be to assume that 1 had money
te pay yeu feor each response. If I said that I weuld pay yeu
10¢ fer each correct respense, and if yeu had te pay me 10¢
fer each wrong response, then all four respenses would be
‘'equally important' or 'equally weighted'.

Befoere each run the subject was teld: "Tell me whether the stimuli

are ‘same' eor ‘differeat’'."

Results -- same-different method

Table 18 gives the proportion of judgments '"different" for each
pair of stimuli, for lubjeét Ro. Table 19 gives the interpoint dis-
tances derived from Table 18 by the method described in Appendix 2.
Note that the proportion of times a stimulus is judged the same as
itgelf differs for the five stimuli., Therefore the criterion distance
was computed separately for each pair, as described in Appendix 2.
Figure 19 gives the scale values determined from Table 19 by the usual

LCJ procedure. Tables 20 and 21 and Figure 20 gives the same information



TABLE 18

PROPORTION OF JUDGMENTS OF "DIFFERENT' (EQUALS ONE MINUS THE
PROPORTION OF JUDGMENTS ''SAME'") FOR THE PAIR jk, SUBJECT Ro

k
7 6 5 3.5 3
7 .562 647 .896 - 9621 -9236
6 548 .607 776 .808
5 k26 L5k 579
3.5 -336 .287
3 .312
TABLE 19

DISTANCE BETWEEN j AND k, DERIVED FROM THE PROPORTIONS OF
TABLE 18 BY THE METHOD INDICATED IN APPENDIX 2, SUBJECT Ro

k
7 6 5 3.5 3
7 0 T3 1.9 2.53 2.21
6 0 .76 1.hk9 1.63
5 0 .57 1.03
3.5 0 0
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TABLE 20

PROPORTION OF JUDGMENTS "'DIFFERENT'" (EQUALS ONE MINUS THE
PROPORTION OF JUDGMENTS ''SAME") FOR THR PAIR jk, SUBJECT Ka

k
7 6 5 3.5 3
7 .S1k4 769 ks 9175 .9722
6 .615 .639 .611 .663
5 463 .h02 &8
3.5 435 370
3 491
TABLE 21

DISTANCE BETWEEN j AMD k, DERIVED FROM THE PROPORTIONS OF
TABLE 20 BY THE METHOD INDICATED IN APPENDIX 2, SUBJECT Ka

k
7 6 5 3.5 3
7 0 1.34 2.08 2.04 2.58
6 0 .86 .76 .98
5 0 0 0
3.5 0 0



for subject Ka.

7 6 5 35 3
00 ] 85 1.70 2.40 2.46
Fig. 19 - Scale values from same-different method,
analyzed by the procedure given in Appendix 2, subject Ro.
7 é 355 3
.00 1.36 2.l7| 2.32

2,20

Fig. 20 - Scale values from same-different method,
analyzed by the procedure given in Appendix 2, subject Ka.

Comparisong Between the Methods

The same-different method and
Coombs' method of similarity

The comparisons of the metric information in the Coombs' unfold-
ing analysis of similarity data with that in the same-different data
are presented in Tables 22 and 23 for subjects Ro and Ka, respectively.
Since the unfolding technique does not yield an interval scale, a
graphical representation of the results is not possible. Also, since
the methods generally agree that the order of the five stimuli is 7, 6,
5, 3.5, 3, only metric information aside from that contained in the
order of the stimuli 18 compared here. For example, information that
73 > 73 is not compared. In general, the agreement expressed in
Tables 22 and 23 18 rather poor. This suggests that the results of
the same-different method applied to impoverished stimuli are comparable
to the results of the unfolding analysis only up to the level of an

ordinal scale of the stimuli.
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TABLE 22

METRIC INFORMATION FROM COOMBS' METHOD OF SIMILARITIES
COMPARED WITH THE INTERVAL SIZES FROM THE SAME-DIFPERENT
METHOD, SUBJECT Ro

5-6 < 6-7 < 3.5-6
J6 T3 1.k9

5-6 < 3.5-5 < 5-7 < 3=5
.76 .57 1.92 1.03

3=3.5 < 3.5=5
0 1.03

TABLE 23

METRIC INFORMATION FROM COOMBS' METHOD OF SIMILARITIES
COMPARED WITH THE INTERVAL SIZRS FROM THE SAME-DIFFERENT
METHOD, SUBJECT Ka

67 < 5-6
1.34 .86
5-7 < 3.5-5
2.08 ¢

3=3.5<35.5-5
0 0
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The same-different method and
Torgerson's complete method of triads

Figures 21 and 22 present graphical comparisons of the dif-
ferences betwsen distances from Torgerson's complete method of triads
and the same-different method, for subjects Ro and Ka, respectively.

The 4O points plotted in each case represent the 40O differences between
distances, determined directly by the complete method of triads (in-
cluding 10 comparisons with zero distances) versus the LO differences
between distances, determined indirectly from the distances determined by
the same-different method. This seems ro provide a more direct compari-
son between the methods than a comparison of scale values would, since
the scale values are one or two steps removed from the values directly
determined. Note that a direct comparison in this case would mean a

comparison of averages of differences (from the same-different method)

with averages of differences between averages of differences in dis-

tances (from the Torgerson method). Although the present method is a
more direct one, for some practical purposes a comparison of scale
values might be of more interest. (Note that the steeper slope for
subject Ka is not to be interpreted as implying something about a rela-
tion between the two methods. The exposure times for the two situations
were not in the same ratio for both subjects.) The discrepancies
betwesen the two methods are not as great as might be inferred from these
plots. 1In computing scale values, each value would be made up of an
average of differences between several of these values, and therefore
extreme discrepancies would tend to disappear. With these qualifica-
tions, the results seem to indicate a fairly close correspondence

betwesan the methods.
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2.5ﬂ e

2.0

S = same-different differences

Y ™ —r
-5 1.0 1.5 2.0 2.5

T = Torgerson differences

Fig. 21 - The relation between Torgerson differences
between distances and same-different differences batween
distances, subject Ro. The equation for the best-fit-line
(method of least squares) is

8§$s .9 T -.001



S = same-different differences

T2

n
o
N
o

o 0.5 1.0 1.5

T = Torgerson differences

Fig. 22 - The relation between Tergerson differences
between distances and same-different differences between
distances, subject Ka. The equation for the best-fit-line
{method of least squares) is

S=183T-.05
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The same-diffarent method and
Thurstone's LCJ, Case V

Figures 23 and 24 compare the interpoint distances derived
by the same-different methed with those derived by Case V of the LCJ
applied to judgments of '"brighter than," for subjects Ro and Ka,
respectively. The relationships between the methods are described
here in terms of the interpoint distances directly determined by each
method, rather than in terms of the scale values of the stimuli on a
continuum, because the latter values are one step further removed from
the data. The relationship is well approximated by a linear function
in each case. It should be noted that the comparability of these
methods, expressed in terms of the scale values recovered, might be
reduced by the fact that the LCJ soclution is constrained to one
dimension, wvhile the same-different method could yield results in

more than one dimension.



S = same-different distance

I

2.5

1.5

T T
.5 1.0 1.5 2.0

o
—

Th = Thurstone distance

-54

Pig. 23 - The relation between Thurstene interpoint
distances and same-different interpoint distances, subject
Roe. The equatien of the best-fit-line (method of least
squares) is

S = .88 Th + .19
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S = same-different distance

B R
1.0 .5 2.0

Th = Thurstone distance

-.5-

Fig. 24 - The relation between Thurstone interpoint
distances and same-different interpoint distances, subject
Ka. The equatien of the best-fit-line (method of least

squares) is
S = 1.8 Th - .20



CHAPTER VIII

APPLICATION OF THE SAME~DIFFERENT METROD TO A

TWO-DIMENSIONAL EXAMPLE

Several recent studies of the feasibility of sultidimensional
stimulus scaling techniques have used a aet of Munsell red-colored
papers on vhich to test new methods proposed (16, 29, 40, 45). This
set of stimuli is presumably approximately located in a two-dimensional
plane in psychological color space, and the recovery of something
approximating the configuration of points in the Munsell system s
regarded as a partial confirmation of the method in question. The
general availability and carefully standardized nature of the Munsell
papers also make for ready comparability between studies carried out
by different investigators. For these reasons, it was decided to use
seven of the same Munsell reds in studying the feasibility of the same-
different method of collecting data. The particular colors chosen are
indicated in Figure 25, which shows the configuration of the points
according to the Munsell system. These same seven stimuli have been
scaled by other techniques, and the results of this chapter will be
compared with these other results.

The equipment and subjects used for this experiment are
described in Chapter VI. The instructions to the subject were exactly
the same as those described for the same-di{fferent method in Chapter
VI, except that the subjects were told "1/2 of the pairs will actually

76
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Y
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Fig. 25 - Value (brightness) and chroma (saturation)
of the Munsell stimulil.
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be physically the gsame and 1/2 will be different,'" i{nstead of the
1/3:2/3 ratio used there. Each pair wvas replicated at least 100 times,
To achieve the desired degree of inconsistency the stimulus pairs were
presented for the limited exposure time determined by preliminary
experiments to provide satisfactory inconsistency. This time was .0324
seconds for subject Ra and .0510 seconds for subject Vg.

Table 24 gives the preportion of judgments ''different’” for each
pair, for subject Ra. Table 25 gives the rank order of distances deter-
mined from Table 24 in the manner described in Appendix 3. Table 26
gives the order of the stimul{ on the first dimension, determined by
Hays' nonmetric multidimensional unfolding (18) of the rank orders in
Table 25, Because the first dimension accounts for nearly all of the
variability, there is insufficient information to define a second dimen-
sion. The first dimension accounts for the order relations of the dis-
tances in 31 of the 35 sets of three stimuli. The four sets remaining
unsatisfied might be error, or they might be satisfied by any of
several orderings of stimul{ on a second dimension. Tables 27, 28, and
29 give the same information for subject Vg. The first dimension
accounts for 30 of the 35 sets of three stimuli for subject Vg.

For both subjects, the first dimension is perfectly mono-
tonically related to the brightness dimension of the Munsell gystem.
Since the configuration of these seven stimuli {n the other studies,
and in the Munsell system, does not suggest greater variability in
brightness than in saturation, the interpretation made here is that the
impoverishment of the stimuli by brief presentation in the tachisto-
scope effectively eliminated saturation as a dimension. In other words,
at the exposure times used here (.0324 seconds for subject Ra and

.0510 seconds for subject Vg), brightness accevnted for almost all of
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TABLE 24

PROPORTION OF JUDGMENTS "DIFFERENT" (EQUALS ONE MINUS THE
PROPORTION OF JUDGMENTS ''SAME') FOR THE PAIR jk, SUBJECT Ra

k
A B c D B F G

b6 /10 5/8 5/12  6/6  6/10 T/
AW6 201 315 .252 528 810 .9029 1.000

B &/10 .216 .202 245 8h2  .9083 1.000
c 5/8 .307 339 .760 .788 .9528
D 5/12 337 .TT1 .8Ms .9806
E 6/6 Ahe2 383 667
F 6/10 416 .615
G T/k _ .188

Note: All of the stimuli are Munsell SR (red); they are there-
fore referred to here in terms of the value (brightness)
and chroma (saturation). The first number is the value,
the second i{s the chroma.

TABLE 25

RANK~ORDER OF DISTANCES BETWEEN j AND k, DERIVED FROM THE
PROPORTIONS OF TABLE 24 BY THE METHOD INDICATED IN APPENDIX 3,

SUBJECT Ra
1.ARGEST
AG, BG (tie) BE CE cD
DG DF EG AC
cG AE FG BD
BF CF AD BC
AF DE AB EF
SMALLEST
TABLE 26

ORDER OF STIMULI ON THE FIRST DIMENSION, DETERMINED BY
HAYS* NONMETRIC MULTIDIMENSIONAL UNFCLDING, SUBJECT Ra

BADCEPFG
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TABLE 27

-

PROPORTION OF JUDGMENTS ''DIFFERENT' (EQUALS ONE MINUS THE
PROPORTION OF JUDGMENTS ''SAME") FOR THE PAIR jk, SUBJECT Vg

k
A B c D E F G
L/6 L/10 5/8 5/12 6/6 6/10 T/4

A L/6 0282 .0286 .119 302 .9200 .99057 1.000

B 4/10 0282 .135 187 9135 .9816 .99020
cs/8 .163 .182 817 L9352 .99000
D 5/12 267 .9u17 896 .99057
E 6/6 568 .657  .T50
F 6/10 .5k0 125
G T/k .2kg

Note: All of the stimuli are Munsell SR (red); they are there-
fore referred to here in terms of the value (brightness)
and chroma (saturation). The first number is the value,
the second is the chroma.

TABLE 28

RANK-ORDER OF DISTANCES BEIWEEN j AND k, DERIVED FROM THE
PROPORTIONS OF TABLE 27 BY THE METHOD INDICATED IN APPENDIX 3,

SUBJECT Vg
LARGEST
AG BF DF AD
BG CF CE BC
cG DE EG BD
DG AE FG AC
A¥ BE EF AB
CcD
SMALLEST
TABLE 29

ORDER OF STIMULI ON THE FIRST DIMENSION, DETERMINED BY
HAYS' NONMETRIC MULTIDIMENSIONAL UNFOLDING, SUBJECT Vg

ABCDEFG
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the perceived differences between stimuli.

In comparing the results of the same-different methed applied
to the Munsell reds with other methods of scaling the same stimuli,
the most direct comparison is desired. Therefore, the comparison made
here {s between the rank orders of interpoint distances from the same-
different method and the rank orders eof interpoint distances from the
following three sources: 1. Torgerson's complete method of triads (45);
2. The original spacing of the Munsell colors (33); and 3. The respacing
of the Munsell colors undertaken by a committee of the Inter-Secliety
Color Council (34). Table 30 gives the Spearman rank-order correlations
of the 21 interpoint distances in Tables 25 and 28, for subjects Ra and
Vg respectively, with the interpoint distances determined from these
three sources. For comparison, the rank-order correlation of the
distances of subject Ra with those of subject Vg 1s .94l, and the rank-
erder correlation of the Torgerson distances with the original Munsell

distances ts .843.

TABLE 30

RANK-ORDER CORRELATIONS BETWEEN DISTANCES DERIVED BY SAME-DIFFERENT
METHODS AND DISTANCES FROM THREE OTHER STUDIES

Subject
Study Ra Vg
Torgerson .753 .75k
Original Munsell .694 .597
Revigsed Munsell .656 .6h1

All of these results suggest that the same-different method 1is

sensitive to distance relationships in more than one dimension, but that
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under impoverished conditions the subjects in the present study

responded primarily to brightness differences.



CHAPTER IX

DISCUSSION

The theoretical developments of Chapters IV and V provide two
nev techniques of stimulus scaling specifically designed to overcome
some of the limitations discussed in Chapters 1 and I1. These new
techniques are developed as extensions of Thurstone's widely used Law
of Comparative Judgment (LCJ). One technique involves tachistoscopic
impoverishment of otherwige relatively discriminable stimuli, to pro-
vide the inconsistency of judgment necessary for some scaling methods.
The other involves judgments of whether pairs of stimuli are "same"
or "different'" and provides a symmetrical distance for use in multi-
dimensional stimulus scaling. The experiments of Chapters VI, VII, and
VI1I represent the first empirical taests of these methods. 1In the
present chapter the results and further implications of these studies

will be discussed.

Relation of Psychological Distance to Exposure Time

In general, the results reported in Chapter VI concerning the rela-
tion of psychological distance to exposure time provide confirmation for
the "sampling'" model of the perceptual process described in Chapter 1V,
Perhaps the most significant deviation from prediction occurred in the
crossing of the linear functions for subject Ro, illustrated in Figure
11. This crossing is contrary to the theory, and indicates that changes

in stimulus relationships occur with impoverishment even with stimuli

8>
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generally regarded as lying on a unidimensional psychological continuum.
It may be that subject Ro was responding to aspects of the stimulus
situation other than the brightness of the stimuli, e.g., the texture
of the Munsell papers; even so, it is difficult to understand why the
effect on these other characteristics should be in opposite directfons
with impoverishment in the case of the two different pairs of stimuli.

The '"'sampling" model of the perceptual process has several
implications for other aspects of the pair comparison procedure. Con-
jectures regarding three implications are presented here to illustrate
the broad application of the model,

In the usual pair comparison procedure the subject is allowed
"unlimited time" to inspect the stimuli and arrive at his decision.
According to the sampling theory, he is collecting information regarding
the stimuli throughout the entire time of observation (at least up to
the limit of his memory capacity). Studies of decision time (10)
suggest that, given the opportunity, the subject spends more time look-
ing at more difficult pairs -- that is, pairs closer together. The
particular prediction made here, then, is that there will be systematic
differences in the scale relationships obtained under conditions where
observation time is unlimited, versus couditions where observation time
is controlled and equalized. Specifically, the short distances should
become relatively shorter when observation periods are equal. If such
a prediction were verified, we might ask which scale relationships are
to be regarded as more correct. The extension of the LCJ in Chapter 1V
asserts that distances derived from proportions of judgments ''greater"

determined with different exposure times must be transformed by /To/TJk
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to recover the scale values of the means of the discriminal processes.
Therefore, if different exposure times are used and this correction 1is
not applied, these scale values will not be recovered.

The second conjecture concerns the relationships between
psychological distance, decision time, decision confidence, and accuracy
of decision. The sampling model provides a rationale for predicting
particular relations between these variables. If we regard the subject
as behaving as if he were a statistical decision waker, then this
theory suggests that he receives sequential i{nformatien as he continues
to observe a stimulus pair. Suppose we assume that he has set a given
statistical criterion level, say 10%, and collects information
sequentially at a constant rate until he reaches that level of confi-
dence in a decision. When thia point is reached, he stops observing
and reports his decision. Under these coaditions, there weuld be a
perfect inverse momotonic relation between psychological distance (as
determined under conditions of equal observatien time, or by some
independent criterion) and decision time. Decision confidence and
decision accuracy would be constant for all pafrs. We know that the
last two conditions do not obtain; therefore, some additional factor
needs to be introduced. One reasonable factor to add would be the
cost of obtaining information. All information costs at least the time
required to assimilate it, and experimental conditiens may be esta-

. blished which add costs controlled by the experimenter (22). The cost
of information may be regarded as requiring that the subject progres-
sively lewer his criterion level as the period of observation continues,
8o that he eventually responds, even to very difficult or impossible

discrimination situations. Under these conditions, there would be
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positive relationships between decision confidence and accuracy,
between decision confidence and distance, and between distance and
accuracy. There would be negative relationships between time and
cenfidence, between time and distance, and between time and accuracy.
If the individual is really a statistical decision maker, then proper
specification of the utilities and costs of various decision eutcomes,
and the cost of information, would allow quantitative predictiom of
these relations.

The results of the present study may also be used as a guide
to quantification of other kinds ef stimulus impoverishment. Fer
example, greater ebservation distance (2) and decreased illuminatien
(45) have both been used as methods fer reducing the discriminability
of stimuli te scalable ranges. Feor many purposes it might be desirable
to have a quantitative index of the extent of impeverishment. The
sampling theory presented here asserts that the distance between rela-
tively indiscriminable stimuli is linearly related to the square roet
of the number of independent pieces of infermation obtained from the
twe distributions. Since it is assumed that infermatien is collected
at a constant rate, this predicts that distance is related to the
square root of expesure time. The same idea can be used te specify
the relative amount of informatien obtained under various degrees of
impoverishment, and also te quantify ether aspects eof the experimental
situatien, such as distraction, fatigue, spatial separation of the

stimulus pairs compared, etc.
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A Scaling Technique Based on Judgments
of ''Same" and '"Different"

The results reported in Chapter VII indicate general cempara-
bility between the same-different methed and the metheds ef Torgerson
and Thurstene, when all three methods are applied to stimuli impover-
ished by brief tachistescopic presentation. The same-different method
resulted in metric information different frem that ebtained with judg-
ments of supraliminal stimuli analyzed by Coombs' method of similarities.
This disagreement is in line with previous evidence of qualitative
changes with impoverishment (in Figure 11), and with the disagreements
between the method-of-gsimilarities judgments given by the subjects and
their deminant-paired comparison judgments in the Tergersen procedure.

It would be pessible te coumpare the same-different methed with-
out impoverishment with the Coombg method, but to do so it would be
necessary to change the cenditions in a different way. The technique
is one of augmenting the discriminable stimuli with enough additional
stfmuli, well digtributed along the continuum, to make adjacent stimul{
relatively indiscriminable. Figure 26 illustrates such a situation, in
which the stimuli A, B, C, D, and E are to be scaled by Coombs' metheod
of similarities, and these five plus the other 15 are to be scaled by

the same-different technique.

Air 2 3Bas e 78 9 wC nDi21314 15 E

Fig. 26 - Discriminable stimuli augmented to make adja-
cent stimuli indiscriminable.

The assumption of unidimensionality would make it pessible to determine

supraliminal distances, like AB, from the sum of the adjacent small
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intervals that make it up. This procedure has the defect of adding up a
large number of terms, each of which will contain a systematic bias unless
the distribution of values of the discriminal process is exactly leptokur-
tic enough to remove the bias (28). 1I1f the distribution is normal or
platykurtic, small distances are underestimated relatifve to large ones,
and 1f the distribution is too leptokurtic the opposite occurs.!

The same-different technique and its associated method of analy-
sis were developed partly because of the unsatisfactory nature of the
assumption ef a normal distribution ef absolute distances in the Torgerson
procedure. It was pointed out in Chapter VII that there are several vio-
lations of the triangular equality in the results reported here using
Torgersen's methed, and Torgersen (45) noted the same effect. It was
preved in Appendix 1 that the distribution eof distances is actually the
square roet of nen-central chi-square. Thus, the distribution that
Torgerson assumed to be normal is actually the distribution of differences
between the square roots of two non-central chi-square distributions. It
is8 not known whether suchva distribution might be sufficiently platykurtic
to account for the violations of the triangular equality.

The application of the same-different method in a two-dimen-
sional example yielded results which may also be interpreted as evi-
dence for qualitative changes in stimulus relationships with impover-
ishment. 1In this case the dimension of '"saturation'" was not impor-
tant in determining the stimulus differences to which the subjects

responded. The meaningfulness of the dimension recovered and the close

llf a distribution which is actually platykurtic is assumed to
be normal in a Thurstone-type scaling procedure, the result is to under-
estimate small distances and overestimate large ones. Such errors would
lead to a more extreme violation of the triangular equality than that
caused in the situation where the normal assumption is correct (28),
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cerrespondence of the rank-order distances for the two subjects suggest
that the same-different method is sensitive to meaningful stimulus
relationships. However, both the one-dimensional and the two-
dimensional results suggest that significant changes take place in
stimulus relationships with impoverishment.

This would seem to be a very important result, because many
psychological studies use some form of stimulus impoverishment with
vhat amounts to an assumptior that no qualitative change takes place
(2, 45). If qualitative changes do take place, then such studies are of
limited generality. It would seem that some direct check on the possi-
bility of qualitative change, like described in Chapter IV in comnection
with Figure 4, would be desirable whenever such impoverishment is to
be used. For such checks, a same-different procedure might prove more
useful than a judgment that constraing the relationships to one dimen-
sion.

Attempts to extend the same-different method to identifiable
stimuli{ give rise to several additional problems. 1t would not be
possible to determine the criterion distance by presenting identical
stimuli, since they weuld be called "same" 100% of the time. The
additive constant problem would thus occur in this context. Also,
identifiably different stimuli weuld probably never be called the "same",
so the judgmental task might have to be medified to a less restrictive
one -- for example, '"Tell me {f these statements express similar er
dissimilar attitudes."

In cenclusion, it seems prebable that the same-different methed,
and the method of impeverishing stimuli to make them relatively indis-

criminable, will prove te be of mere use in investigating the
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judgmental precess than as practical methods of scaling sets of

stimuli.



CHAPTER X

SUMMARY

Alternative psychological models of stimulus scaling differ
with respect to certain crucial characteristics which determine the
situations te which they are applicable. One of these medels is
Thurstone's Law of Comparative Judgment, designed for stimul{ which
are relatively indiecriminable and differ primarily with respect to a
single attribute, The present study developed two extensions of the
Law of Comparative Judgment intended to make this kind of measurement
model applicable to discriminable and multidimensional stimuli, The
theoretical developments were then illustrated in studies of the
psychological color space,

A review of multidimensienal stimulus scaling indicated that
uest work in this area has centered areund the determinatioen of a
Buclidean multidimensienal metric space by the Yeung and Heusehelder
precedure. This precedure is custemarily applied te interpeint dis-
tances determined by applicatien eof the Lav e¢f Cemparative Judgment te
judgments of distances. Hewever, there are certain difficulties in the
usual applicatien of this methed: fairly cemplex judgments are eften
required of the subject; the assumptien of a nermal distributien ef
discriminal precesses is necessarily vielated wvhen the stimulus elements
are distances; an additive censtant needs te be estimated te ebtain an

abselute zere fer the distance scale.
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In this study, a sultidimensional analogue of the Law of
Comparative Judgment was developed, designed to overcome these diffi-
culties. The judgment required in this technique {s whether two
stimuli are 'same” or '"different!". 1t was proven that the agssumption
of a normal distribution of discriminal processes of stimuli, here
extended to a multivariate normal distribution {in r-space, leads to a
distribution of distances that is the square root of non-central chi-
square. Having this distribution, it becams possible to develop a
basis for proceeding frem the propertions of judgments 'different’ to
the configuration of the points in the space. A routine procedure for
this methed was described.

In an independent theeretical development, a ''sampling'' wodel
of the perceptual precess involved in pair comparison judgments led te
the development of a tachistoscopic technique for making relatively
diecriminable stimuli{ beceme relatively indiscriminable by impeverish-
ing by brief exposure. Thus, the same set of stimuli could be scaled
by both the Law of Comparative Judgment and by techniques applicable
only to discriminable stimuli. From the theoretical model it was
hypothesiszed that psycholegical distance and the square root of
exposure time should be linearly related, and this hypothesis was
tested in experiments using Munsell neutral grey values. The results
generally confirmed the prediction.

Using the same Munsell stimuli, the same-differeat technique
was compared with the scaling procedures of Thurstone and Torgerson.
General comparability of the results was indicated.

Three specific results pointed to apparent qualitative changes

in stimulus relatienships when stimuli were i{impoverished by



95

tachistoscopic presentation. There were shifts in relative sizes of
intervals with change in exposure time; the metric relations of the
same-different methed spplied to {mpoverished stimuli were different
from the metric relations ef the Coombs msthod of similarities applied
te the same stimuli visible for unlimited time; and the application

of the same-different method te a set of Munsell celered papers varying
in brightness and saturatien, presented tachistoscopically, led te
results accounted for almest entirely in terms of brightness differ-
ences. It was suggested that thece results have impertant implicatiens
for the interpretation ef psychological studies using impoverishment
techniques.

In cenclusion, it was suggested that the same-different msthed,
and the methed of impeverishing stimuli te make them relatively indise
criminable, will prebably prove to be of mere use in investigating the
judgnﬁn:al precess than as practical metheds of scaling sets of

stimuli.



APPENDIX 1

PROOF OF A LEMMA CONCERNING THE DISTRIBUTION OF DISTANCES

IN A MULTIDIMENSIONAL SPACE

Lemma: The distribution function of the square of distances
between points drayn at random, pairwise, from two r-variate normal
distributions with equal variance in all dimensions, and uncorrelated
over dimensions, is non-central cht-oqu.fc with r degrees of freedom.
The non-centrality paramster is the square of the distance between the

means of the two revariate normal distributions.

Proof: Llet X be an r-varfate normal distribution with a normal
projection on each dimension N(a4, 0'2); let Y be an r-variate normal
distribution with normal projection on each dimension N(bd, 02), vhere
the orthogenal reference dimensions of the space are 1, 2, . . ., d,
¢« « +9 ¥. Now consider a peint drawn at random in each distribution:

xd-cadnd, and 4= oBd+bd, where @ and  are randem
deviates drawn from populations that are N(O,1).

The difference between the peints on dimension 4 is

Xg-Yyq= I( ad-ﬁd)+(ad-bd)-0’\[§ (8 g+cq), where & is a

a I-b I

gva -’
The lemma is concerned with the distribution of squares eof dis-

random deviate drawn from a population that is N(O,1) and cg=

tances between randem samples from the twe distributions; this is given

by the sum eof the squares of the distances en each e¢f the dimensions:

i 9 o
2 2 2 2
D= > (XyY,) =20 > (g4+q) .
Xy d=]l dd d=l d d)

N
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Since we are interested in the distances at the level of & ratio scale
(the unit being arbitrary), we may determine the unit by setting
(52 = 1/2. This unit makes cqt direct measure of the distance betwesn
means on dimension d. Therefore, with the proper choice of the unit
distance we have:
T
2 2
“xy " 2 (saey)
ds=sl

This is the equation of non-central chi-square with r degrees of

freedom. The non-centrality parameter, A, is defined as

2
:\\. fi:cd , which is the square of the distance between the
d=l

means of the two r-variate normal distributions. (See Patnaik, 'The

2
non-central X- and F-distributions and their applications."

[35, p. 203])



APPENDIX 2

A ROUTINE PROCEDURE FOR MULTIDIMENSIONAL STIMULUS SCALIRG
BASED UPON REPLICATED, INCONSISTENT JUDGMENTS OF ''SAME' OR

"“DIFFERENT'" REGARDING PAIRS OF STIMULI

The procedure described here is a wethod of analyzing the
matrix of the proportion of times stimulus j and stimulus k are called
"different''. The elements of the matrix are ij, vhere j, k = 1, 2,

., n; focluding j=k. The result of the analysis is expressed ia
an n X r matrix of projections of the n stimuli on the r orthogonal
dl-,n.ions of a Euclidean space.

The procedure is an iterative one in which a particular dimen-
sionality is sssumed, interpoint distances are calculated, and then
the iaterpoint distances are used to check the assumption of dimen-
sionality. The numbers of the steps below correspond to the assumed
dimsnsienality.

Step A: Determine if Pyy is approximately (within the range of
experimental error) constant for all j. If so, then the steps b
referred to belew may be carried out a single time for all pairs of
stimuli. If not, then the assumption of equal variance, or the assump-
tien of equal criterion distances made in the model, or both, are
violated. (This is equivalent to the violation of Case V assumptions
in the LCJ.) 1In this latter case the effective criterion distance must

be separately determined for each pair, jk, from the average of ij and

96
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P (This may be regarded as an approximation of the solutiom of

kk*
the multidimensional analogue of Case III of the 1CJ.)
Step la: Assume that rasl.

1b: Determins the criterion distance, D,, which 1is equal

c?
to one-half ef the width of the interval centered about zero that con-
tains (l-ij) of the unit nermal curve, N(O, 1). This is found from
tables of the nermal curve by finding the value of the abscissa which
contains Py beyend it in the two symmetrical tails,

le: Determine the interpoint distances for each pair jk

by finding the nermsl curve N(D 1) which contains (l-ij) within

b1 34
Dc of zero, and ij outside this interval in the twe asymmetrical tails
of the normal curve. This value is found by a trial-and-error process
of moving an interval of width 2D, along a table of the nermal curve
until the appropriate values are found.

ld: Check the interpoint distances thus determined to see
if they satisfy the requirements of the assumed dimensionality. The
modification of the Yeung and Heuseholder procedure described by
Torgerson (4S) provides the most general check. Form the matrix B',
whose elements are the scalar products of the vectors from the centreid
of the points to peints j and k. If the matrix is positive, gemi-
definite, and 1f the rank of the matrix i{s one, then the points satisfy
requirements for one dimension. Factor the matrix to determine the
projections ef the stimuli en a line, and the analysis is complete.

If the matrix B does not satisfy these cenditions, proceed te step 2.
Step 2a: Assume that ra=2,

2b: Determine the criterion distance, D., which is equal

to the square root of the value of the point on the abscissa dividing
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chi-square with 2 df into (I-ij) below the point and ij above the point,.
2¢: Determine the interpoint distances for each pair jk
by finding the non-cenrrality parameter of the nen-central chi-square
with 2 df which has (I-ij) of the curve below the point DZ and ij
above the peint. The interpeint distance is the square reet of the
non-centrality paramster.
2d: TPorm the matrix B". If the matrix is positive, semi-
definite, and i{f the rank of the matrix is two, then the points satisfy
the requirements fer two dimensiens. Factor the matrix te determine
the projections of the stimuli en the two dimensions, and the analysis

is complete. 1f the matrix B* does not satisfy these conditions,

preceed to step 3.

These steps are continued, mutatis putandig, until a positive,
semi-definite matrix is found whose rank is equal te the assumed

dimensionality, or until the assumed dimensionality i{s equal to n-1,



APPENDIX 3

A PROCEDURE FOR DETERMINING THE RANK ORDE. OF DISTANCE

RELATIONS FROM JUDGMENTS OF ''SAME' AND '"DIFFERENT"

In the application of Hays' nonmetric multidimensional unfeld-
ing method to same-different data described by Coombs (9), it was
assumed that distances between pairs of stimul{ are menotenically
related to the prepertion of judgments '"different' for each pair.

This assumption appears to be satisfactory as long as the preportion
of judgments ''different” for identical stimuli 1s the same for all
stimuli. Hewever, if there are marked deviations from equality of
proportion of "different" judgments for identical stimuli, it would
appear to be desirable to take this facter into account in transform-
ing the preportien of judgments ''different’” into a rank order of
distance., Such a modification was made in the present study by apply-

ing the following transformation:

(I'PSBE(I'PII)
djk‘ 1= , where ij is the proportion of judg-

ments of "j different from k''. The rank orders of the dJk were then
used in the analysis of the data using Hays' method. This transforma-
tion has the property of assuring that the distance from any stimulus
to itself is zere. It alse relates the proportion of judgments 'dif-
ferent" for each stimulus pair to the propertions of judgments
"different" for each stimulus with itself. No claim {s made that

this is the only pessible tranaformation; it {s used here te provide
99
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a cleser appreximation teo rank order than is provided by the use of

untransfermed proportiens of judgments.
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