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Empirical evidence validates Theorem 5.1 and Proposition 5.1. We train 1-layer
linear attention and H3 models with prompts containing independent demonstra-
tions following a linear model, and dotted curves are the theory curves following
Eq. (5.8). (a): We consider noiseless i.i.d. setting where ¥, = X5 = I, and
o = 0, with results presented in red (attention) and blue (H3) solid curves.
(b): We conduct noisy label experiments by choosing o # 0. (c): Consider
non-isotropic task by setting X5 = 711" + (1 — )I;. Solid and dashed curves
in (b) and (c) represent attention and H3 results, respectively. The alignments
in (a), (b) and (c) show the equivalence between attention and H3, validating
Theorem 5.1 and Proposition 5.1. More experimental details are discussed in
Section 5.4, . . . .o
Distributional alignment and low-rank parameterization experiments. (a) and
(b) show the ICL results using data generated via (5.9) and (5.11), respectively,
by changing a from 0 to 0.6. In (c), we train low-rank linear attention models
by setting Wy, W, € RUTD*" and in (d), we apply the low-rank LoRA adaptor,
Winra i= W, W where W, Wywn € REFDXTt6 pretrained linear atten-
tion models and adjust the LoRA parameters under different task distribution.
Solid and dotted curves correspond to the linear attention and theoretical re-
sults (c.f. Section 5.3), respectively, and the alignments validate our theorems in
Section 5.3. More experimental details are discussed in Section 5.4. . . . . . ..

We consider four different types of model training: LinAtt (blue solid): Standard
linear attention training. GLA (red solid): GLA training using prompts with
delimiters (see (6.22)) and scalar gating. GLA-wo (green solid): GLA training
using prompts without delimiters and with scalar gating. GLA-vector (cyan
solid): GLA training using prompts with delimiters and vector gating. The blue
and black dashed curves represent the optimal linear attention and WPGD risks
from (6.27) and (6.20), respectively, as the number of in-context examples n
increases. Implementation details are provided in Appendix E.1.. . . . . . . ..

Overview of our work: We present a theoretical analysis of a 1-layer linear atten-
tion model for multi-task ICL, examining different configurations of task-specific
parameters. By progressively introducing more task-specific parameters across
various training settings, we achieve complete covariance-mean decoupling,
leading to an optimal multi-task ICL loss. . . . . . ... ... ... ... ...

Experimental results support our theoretical findings presented in Sections 8.3
and 8.4. In all three subfigures, blue, green, and orange markers represent the
results of 1-, 2-, and 5-layer linear attention models, respectively. The SPI es-
timator (cf. (SPI)), SSPI-1, and SSPI-co (cf. (SSPI-k)) are shown as blue solid,
green solid, and green dotted curves, respectively. The red dotted curves in all
subfigures correspond to the single-layer/SPI results described in Eq. (8.9) of
Theorem 8.1, while the black dotted line in Fig. 8.1c corresponds to Eq. (8.13)
of Theorem 8.2. Additional details and discussion can be found in Sections 8.3,
84, and 8.5. . . .
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Additional experimental results. (a)&(b): Analysis of the optimal « values for
the SSPI estimator (cf. (SSPI-k)) under varying (n,p, k). Green solid and dot-
ted curves represent optimal a values for SSPI-1 and SSPI-oco, respectively. The
SSPI results shown in Figure 8.1 use the corresponding a values from Figs. 8.2a
and 8.2b. (c¢): Comparison of different model architectures for the SS-ICL prob-
lem. Dark blue and orange curves show results for 1-layer and 5-layer attention
models, with solid and dashed curves representing linear and softmax attention,
respectively. Cyan curves correspond to 5-layer Transformers. The black dot-
ted curve shows the asymptotic Bayes-optimal error (cf. [103]). Results suggest
the performance ordering: Transformer > linear attention > softmax attention.
Further details are provided in Section 8.5. . . . . . . . . ... .. ... ....

Examples of in-context learning. We focus on the lower two settings in the table
where a transformer admits a supervised dataset or dynamical system trajectory
as a prompt. Then, it auto-regressively predicts the output following an input
example x; based on the prompt (xq,...,@;). . . . . . . . ...
Examples of implicit model-selection in three ICL settings: (a) Noisy linear re-
gression: y; ~ N(z;} 3, 0?) with x;, 8 ~ N(0, I). (b) Linear data with covariance
prior: y; = ] B with 3 ~ A(0,X) with non-isotropic X. (c) Partially observed
linear dynamics: x; = Cs; and 8,41 ~ N(As;,o*I) with randomly sampled
C, A. Each setting trains a transformer with large number of random regression
tasks and evaluates on a new task from the same distribution. In (a) and (b),
ICL performances match Bayes-optimal decision (weighted linear ridge regres-
sion) that adapt to noise level o and covariance prior ¥ on the tasks. (c¢) shows
that ICL outperforms auto-regressive least-squares estimators with varying mem-
ory H. Implicit model selection refers to transformer’s ability to implement a
competitive ML algorithm by leveraging the task prior learned during its training.
See Sec 9.7 for experimental details. . . . . . .. ... ... L.
The value of learning across the full sequence: Right side: Standard ICL-ERM
where each task trains with all n = 40 prompts (full task sequence). Left side:
ICL-ERM focuses on different parts of the trajectory by fitting n/4 = 10 prompts
per task over 7 € [1,10] to [31,40] (highlighted as the orange ranges). We train
with 7" = 6400k random linear regression tasks and display the performance on
new tasks from the same prior (i.e. transfer risk). Right side learns to solve linear
regression via ICL whereas left side fails to do so even when restricted to their
target ranges. . . . ... L oL Lo e e e e e e
In Figures (a,b,c,), we plot the d € {5,10,20}-dimensional results for transfer
and MTL risk curves. Figure (d) overlays (a,b,c) to reveal that transfer risks are
aligned for fixed (n/d,T/d?) choice. . . . . . . . ... ... ... ... ... ...
Transfer risk as a function of distance to the MTL tasks. . . . . . . ... .. ..
Dynamical system experiments. The difference from Fig. 9.2(c) is that we com-
pare ICL to the optimally-tuned ridge regression with different history windows
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Experiments to assess the algorithmic stability Assumption 9.1. Each figure
shows the increase in the risk for varying ICL sample sizes after an example in
the prompt is modified. We swap an input example in the prompt and assign a
flipped label to this new input, e.g., we move from (x, f(x)) to (&', —f(z')).

An illustration of ICL, CoT-I and CoT-1/O methods, using a 3-layer MLP as an
example (top left, where x, y, s', s denote input, output and hidden features
respectivaly). The ICL method utilizes in-context examples in the form of (x,y)
and makes predictions directly based on the provided x,.. Both CoT-I and
CoT-1/O methods admit prompts with samples formed by (x, s', s% y). How-
ever, CoT-I/O uniquely makes recurrent predictions by re-inputting the inter-
mediate output (as shown on the right). The performance of these methods is
shown on the bottom left, with a more detailed discussion available in Section
104, . o
Depiction of Theorem 10.1 that formalizes CoT as a Filtering + ICL procedure.
In this illustration, we utilize in-context samples as depicted in Figure 10.1,
characterizing the CoT prompt by (x,s',s* y). We show a transformer TF,
composed of TFroTFpe. TFpe facilitates the implementation of filtering on the CoT
prompt (refer to (P-CoT), illustrated on the left side of the figure), subsequently
generating vanilla ICL prompts (refer to (P-ICL), illustrated on the right side of
the figure). During each step of the ICL process, TFiz employs gradient descent
techniques to address and solve sub-problems, exemplified by linear regression in
the context of solving MLPs. . . . . . . . ... ... .. .
We solve 2-layer MLPs with varying input dimension d € {10,20} and hidden
neuron size k € {4,8,16}. . . . . ...
We solve 2-layer MLPs with d = 10 and k € {4,16,64}. We then decouple the
composed risk of predicting 2-layer MLPs into risks of individual layers.
Comparison of three methods for solving 2-layer MLPs using different GPT-2’s.
Comparison of three methods for solving 2-layer MLPs with different widths.
Evaluations over deep linear MLPs using CoT-1/O and ICL where CoT-X rep-
resents the X-step CoT-I/0. Fig. 10.7a illustrates point-to-point meta results
where the model is trained with substantial number of samples. In contrast,
Fig. 10.7b displays the one-shot performance (with only one in-context sample
provided) when making predictions during training. . . . . . . ... ... ...
Fig. 10.8a is generated by magnifying the initial 50k iterations of Fig. 10.7b,
and we decouple the composed risks from predicting 6-layer linear MLPs into
predictions for each layer, and the results are depicted in Fig. 10.8b. Additional
implementation details can be found in Section 10.5. . . . . . . .. ... .. ..

The convergence behavior of the gradient descent on the attention weights p
using the logistic loss in (ERM) withn=T=d=2. . ... ... ... ....
Cumulative prob. of the gap v := min;c(n) te7; Via; — Vi in Figure 2.3b. . . . ..
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B.2

B.3
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C.2

C.3
C4
C.5

D.1
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Convergence behavior of GD when training attention weights (W}, W,) € R%*™
with random data and varying m. The misalignment between attention SVM
and GD, 1 — corr_coef (W' W, W), is studied. W% is from (W-SVM,)
with GD tokens a and m = d. Subfigures with fixed n = 5 and T" = 5 show that
as m approaches or exceeds n, WquT aligns more with WSgb ... .. .. .
Behavior of GD with nonlinear nonconvex prediction head and multi-token com-
positions. (a): Blue, green, red and teal curves represent the evolution of
1 — corr_coef(W,W3™Meq) for d = 4,6,8 and 10 respectively, which have been
displayed in Figure 3.9(upper). (b): Over the 500 random instances as discussed
in Figure 3.9, we filter different instances by constructing masked set with tokens
whose softmax output < I' and vary I' from 107¢ to 107®. The corresponding
results of 1 — corr_coef(W, W3™ed) are displayed in blue, green, red and teal
CUTVES. « + v v o v e e e e e e e e e e
Behavior of GD when selecting multiple tokens. . . . . . . .. .. ... ... ..

[lustration of token-priority graph (TPG). Given the input sequences and labels
(next tokens), we construct the TPGs {G®}K  according to the last token.
Left hand side: Two TPGs G and G® are constructed using the samples
with e; and e, as the last tokens, respectively. In each graph, directed edges
(label—input token) are added, and based on the token relations, each graph can
be partitioned into different strongly-connected components (SCCs, highlighted
as dashed grey rectangles). Right hand side: We consider a cyclic subdataset
DSET by removing all the singleton SCCs, as well as their corresponding edges
(see Definition C.1). Then, DSET contains non-singleton SCCs only as shown on

the right. . . . . . . o
W (r) W mm
TWEIE ) TWRmm - - - @ c o e

IIs, (W(r)) — WD
Number of of SCCs vS 1 . . . . . o
Feasibility of W™™ .

Further comparison for linear attention and H3. In (a) and (b), given maxi-
mum context lengths n,,.., we train linear attention and H3 models to minimize
the average loss across all positions n from 1 to ny,... Averaged test risks are
presented in (c). In (d), the task vector 3 evolves gradually over the context
positions ¢ < n via B; = (i/n)B1 + (1 — i/n)B2. In both scenarios, H3 outper-
forms linear attention benefiting from its additional convolutional filter (c.f. f in
(5.2b)). Implementation details are discussed in Section 5.4. . . . . . .. .. ..

Multi-layer GLA experiments with (ry,r7) = (0,1). . . . . . .. ... ... ...

We display the performance of the idealized transfer and MTL algorithms de-
scribed in Section 9.4. Unlike ICL experiments, these require T' < d tasks.
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Comparing MTL and transfer risks when each task has single trajectory (M = 1).433
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I.1

I.2

I.3

1.4

L.5

1.6

We implement robustness experiments under different distribution shift levels.
In Fig. I.1a we add noise to the label y (solid) or input features x (dashed).
In Fig. I.1b, we in-context learn an MLP with k& € [8] hidden nodes whereas
transformer is trained for MLPs with 8 hidden nodes. In Fig. I.1b, we consider
misspecification of input dimension: TF is trained with d = 10 but we feed a
neural net with d < 10. . . . . . . . . . .
We train ICL with more in-context examples. The main conclusion is that: For
small GPT, ICL can indeed not approximate the neural net even with many
examples (unlike CoT) whereas, for large GPT, ICL can do so (although much
less efficient). This is in line with our theoretical intuitions on the expressivity
benefits of CoT. . . . . . . . .
Fig. [.3a presents a filtering evidence of 2-layer MLPs. Given a 2-layer MLP in-
context example (x, s,y), CoT admits (x, s, y) as test sample; while test samples
of CoT-zero and CoT-random are formed by (x,s,0) and (x, s, z) where z ~
N(0,d). Fig. 1.3b is directly cloned form Fig. 10.3a with error bar for better
comparison with results in Fig. I.4. . . . . . . .. ... ... ... ...
We compare the performance of filtered CoT and ICL. In Fig. [.4a&l.4c, we
decouple the composed risk of predicting 2-layer MLPs into risks of individ-
ual layers (following Section 10.4.1), which shows the filtered CoT results. In
Fig. [.4b&l1.4d, we train two additional models using ICL method taking (x, s)
and (s,y) asinputs. . . . . . ...
To further investigate how model architectures impact the prediction perfor-
mance, we fix the number of heads and embedding dimension in Fig. [.5a
and change the layer number in {3,6,12}. Similarly for Fig. 1.5b&I.5¢ but
instead, change number of heads (in {2,4,8}) and embedding dimensions (in
{64,128,256}). . . . .
Fig. I.6a: compare transformer results (solid) with gradient descent optimizer
(dashed) when solving first layer of 2-layer MLPs; Fig. [.6b: compare transformer
result (solid) with least squares optimizer (dashed) when solving the second layer
of 2-layer MLPs. . . . . . . . . .

Xiv
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ABSTRACT

The remarkable success of large language models (LLMs) has led to significant advances
across a wide range of tasks. However, their underlying mechanisms remain poorly under-
stood, largely due to the complexity of their architectures (e.g., Transformers, Mamba) and
the intricate ways in which predictions depend on data relationships. This thesis aims to
uncover the fundamental principles behind the effectiveness of LLMs.

A central focus of this work is the optimization behavior of attention mechanisms, the core
computational component of Transformer architectures. Unlike traditional neural networks,
attention allows models to capture rich dependencies across sequences through token-to-token
interactions. This thesis investigates the underlying mechanism of attention by analyzing its
optimization dynamics. We show that optimized attention behaves similarly to a Support
Vector Machine (SVM), effectively separating important tokens from less relevant ones using
linear constraints on token-pair outer products. These selected tokens contribute most sig-
nificantly to model performance. We further extend this analysis to next-token prediction,
where we theoretically prove that a similar implicit bias holds.

While softmax attention has demonstrated strong empirical performance, its quadratic
time and memory complexity limits its efficiency. To address this, recent architectures such as
linear attention, state-space models, and gated linear attention have been proposed, achiev-
ing near-linear complexity per token via recurrent formulations. In addition to analyzing
softmax attention, this thesis studies the optimization landscapes of these efficient alter-
natives in the context of in-context learning (ICL). We show that they implicitly perform
variants of gradient descent over the in-context demonstrations, treating them as training
data. We also investigate the role of model depth in leveraging unlabeled data. Our analysis
reveals that while single-layer architectures fail to benefit from unlabeled in-context exam-
ples, multi-layer attention models can effectively exploit them, highlighting the importance of
depth in semi-supervised in-context learning. Beyond architectural differences, this thesis ex-
plores optimization behavior across diverse problem settings, including retrieval-augmented
generation (RAG), LoRA adaptation, and multitask prompting, providing insights that align
more closely with real-world applications.

Finally, we examine the emergent abilities of LLMs through both theoretical and empirical

xXvii



lenses. We formalize ICL as an algorithm learning problem, where the sequence model
implicitly constructs a hypothesis function from the input prompt at inference time. We
show numerically that sufficiently large, well-pretrained models can implement near-optimal
algorithms. We also investigate chain-of-thought (CoT') reasoning, where models decompose
complex tasks into simpler subproblems. We propose a two-stage interpretation of CoT:
first, filtering and grouping relevant reasoning steps; second, performing in-context learning
over each group. This framework explains the benefits of CoT reasoning in enhancing model
expressivity and reducing in-context sample complexity.

Overall, this thesis aims to uncover the foundations of LLM effectiveness through the lens

of optimization behavior, model architecture, and emergent capabilities.
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CHAPTER 1

Introduction

1.1 Background

In recent decades, artificial intelligence (Al) has evolved rapidly, and is now widely used
as an efficient tool to reduce human labor. However, the underlying reasons for its success
remain underexplored, and significant efforts have been devoted to developing a deeper
understanding of modern models.

Prior to the rise of large language models (LLMs), deep neural networks [10, 67, 75, 76,
97, 174, 183] had already achieved remarkable performance comparable to human abilities in
domains such as computer vision (e.g., image classification, object detection), speech recog-
nition, and machine translation. Beyond these applied successes, classical statistical learning
theory and optimization theory have provided theoretical foundation for these achievements,
grounding the study of neural networks within the broader framework of machine learning
theory. For instance, studies have investigated data and compute efficiency by analyzing
different data settings (e.g., coresets |9, 73|), model architectures (e.g., Mixture of Experts
[115, 135]), and learning paradigms (e.g., transfer learning [15, 19, 191], continual learning
[114, 120]). Additionally, research has focused on the optimization behavior of training deep
models, examining phenomena such as benign overfitting [14, 25|, the role of overparameter-
ization |5, 48], and double-descent [17, 31, 139].

While traditional deep neural networks achieve strong performance on classical problems
(e.g., regression, classification), they lack the capacity to effectively handle sequential data
such as language, video, and time series. Unlike the conventional machine learning setting,
where fixed-dimensional features are mapped to labels, sequence models map sequences of to-
kens to sequences of outputs. This greatly enhances their ability to model complex sequential

data, and also brings up a variety of novel mathematical and algorithmic challenges:

e The role of tokenization: Tokenization is the crucial first step in processing raw se-

quential data, converting continuous or discrete signals into a format a model can un-



derstand. The choice of tokenization strategy regulates data representation, enabling

models to process and understand sequential data more efficiently.

e The role of different architectures: To capture dependencies in sequential data, a va-
riety of model architectures have been proposed. The attention mechanism has drawn
the most focus and been most widely used, but other alternatives (e.g., linear at-
tention [37, 92, 201], Mamba [40, 68| and gated linear attention [210]) also achieve
competitive performance. Understanding how different architectures influence expres-
sivity, efficiency, and generalization is crucial for advancing the effectiveness of sequence

modeling.

e The role of autoregression: Since sequence models are often trained with a next-token
prediction objective, they naturally acquire autoregressive capabilities. This structure
enables novel learning paradigms beyond pretraining and fine-tuning, such as in-context
learning, where models adapt to new tasks or domains through examples provided di-
rectly in the context window. Related techniques, such as prompt tuning, also enhance

this adaptability by steering model behavior without modifying parameters directly.

In this thesis, I develop fundamental theories that address these problems, aiming to advance
the foundations of language and sequence models.

The remainder of this chapter introduces the key background topics that motivate this
work. We begin with an overview of the standard attention mechanism, where we focus on
its implicit biases when applied to sequences of tokens. Next, we present efficient sequence-
modeling architectures, including attention-based models as well as state-space models. We
then discuss the emergence of in-context learning and the growing interest in chain-of-thought
prompting. In the end, I provide a short summary of each chapters of the thesis. For a

broader perspective, please refer to the conclusion in Chapter 11.

1.1.1 Attention Mechanism

Transformers have demonstrated exceptional performance across a wide array of domains,
including natural language processing |22, 164], recommendation systems [34, 180, 221|, and
reinforcement learning [33, 85, 220|. At the heart of this success is the self-attention mech-
anism, first introduced by [193], which enables the model to capture global dependencies
across input sequences. Unlike conventional models such as multilayer perceptrons (MLPs)
or convolutional neural networks (CNNs), self-attention computes contextualized represen-

tations by modeling pairwise token interactions across the entire sequence [36, 121, 152, 153].



Formally, given an input sequence X € R7*? of length T" with embedding dimension d,

the self-attention mechanism is defined as:
att(X) == S(XW,W,] X XW,, (1.1)

where W, W, W,, € R™? are the trainable query, key, and value projection matrices. The
softmax function S(-) is applied row-wise to produce attention weights from the similarity
scores in X W, W,' X T. The resulting weighted sum of values X W, yields the final output
of the attention layer.

Despite their empirical success, the theoretical foundations of attention mechanisms are
still being actively investigated. Prior research has examined several important aspects,
including the Lipschitz properties of attention layers [94], the behavior of neural tangent
kernels [79, 209], and the expressive power and Turing-completeness of Transformers [42, 47,
54, 62, 105, 213], along with statistical approximation guarantees [176, 203]. More recent
work has shifted toward understanding the optimization and generalization dynamics of
Transformers [58, 86, 107, 143, 144, 149, 189].

In this thesis, we contribute to this line of work by establishing a formal connection
between the optimization geometry of self-attention and hard-margin support vector ma-
chines (SVMs). Specifically, we show that training a single-layer Transformer with gradient
descent leads to an implicit separation of optimal versus non-optimal tokens, governed by
linear constraints on token pair outer-products. This geometric perspective enables a precise

characterization of the inductive bias induced by self-attention in shallow models.

1.1.2 Recurrent Alternatives

While Transformers have achieved widespread success, their standard (softmax) attention
mechanism incurs quadratic time and memory complexity with sequence length, posing sig-
nificant computational challenges for long-context applications. To address this limitation, a
growing body of work has developed efficient alternatives that achieve near-linear complexity
per token, largely by adopting recurrent formulations.

Early approaches include linear attention and state-space models (SSMs) (e.g. H3 [57]),
both of which support O(1) inference per token. These architectures exploit recurrent struc-
tures to achieve efficient sequence modeling.

Given an input sequence X € RT*? and projection matrices W,, Wy, W, € R¥>? as in

(1.1), linear attention is defined as:

attn(X) = (XW,W,/ X)) XW,, (1.2)



which replaces the softmax normalization in (1.1) with a linear operation, thus reducing the
computational cost.
H3-like state-space models incorporate an implicit convolutional filter. A representative

formulation is given by:
ssm(X) = (XW,) o (XW, 0 XW,)x f), (1.3)

where f € R"™! is a 1D convolutional filter that mixes tokens across time. The element-wise
(Hadamard) product ® serves as a gating mechanism [41] between query and key channels,
and plays a critical role in enabling attention-like behavior.

Although these early models are significantly more efficient, they typically underperform
compared to softmax-based attention in many real-world tasks. However, recent recurrent
models such as RetNet [181], Mamba [40, 68|, xLSTM [16], GLA Transformer [210], and
RWKYV [155] have closed this performance gap. As observed by [210], many of these models
can be unified under the framework of Gated Linear Attention (GLA), which enhances linear
attention with data-dependent gating within a recurrent formulation.

GLA is also closely related to implicit attention frameworks. For example, the Unified
Implicit Attention model by [224] shows that Mamba [68] and RWKV [154] can be viewed
as special cases under a shared gating-based attention principle. Furthermore, [225| demon-
strate that gated cross-attention can improve multimodal fusion robustness, highlighting the
broader potential of gated architectures for interpretability and stability.

The general form of GLA can be expressed as a recurrence. Let X = [x; x5 ... CET]T €
R7*4 he the input sequence, with associated query, key, and value embeddings defined as
q; = WqTIBi, k, = WkTwZ-, and v; = WvTa:i for 1 <7 <T. The GLA recurrence is:

gla(X) :=[o1 05 ... o7]", where o0; = S;q;, S;=G;® S;_1 +vik,, (1.4)
with Sy = 0 as the initial state. Here, S; € R%? is the 2D recurrent state, o; € R? is the
output, and G; = G(x;) € R¥4 is the data-dependent gating matrix. When Gj is an all-one
matrix, this recurrence reduces to causal linear attention [92].

Despite the recent empirical success of these recurrent architectures, their theoretical
foundations remain limited. This thesis analyzes the optimization landscape of Linear At-
tention (cf. (1.2)), State-Space Models (cf. (1.3)), and Gated Linear Attention (cf. (1.4))
in the context of in-context learning (ICL). We show that these models implicitly perform
variants of gradient descent over the input prompt, offering a unified perspective on their

optimization behavior in ICL settings.



1.1.3 In-context Learning

Modern language models exhibit the remarkable ability to learn novel tasks or solve complex
problems from the demonstrations provided within their context window [23, 61, 146, 190].
Such in-context learning (ICL) offers a novel and effective alternative to traditional fine-
tuning techniques and has become an important feature of LLM with its applications span-
ning retrieval-augmented generation [106|, and reasoning via advanced prompting techniques,
such as chain-of-thought [205]. Specifically, ICL shows the ability of a language model to
provide a prediction on an example given a few (input, output) examples within a prompt.
For NLP, the examples may correspond to pairs of (question, answer)’s or translations.

There is growing interest in understanding the mechanisms behind ICL [23, 126, 165] due
to its success in continuously enabling novel applications for LLMs [61, 146, 190]. In the
previous work, [59] explored ICL ability of Transformers. In particular, they considered in-
context prompts where each in-context example is labeled by a target function from a given
function class, including linear models. A number of works have studied this and related
settings to develop a theoretical understanding of ICL [197, 60, 38, 122, 117, 12, 4, 214, 50|.
[4] focus on linear regression and provide a construction of Transformer weights that can
enable a single step of GD based on in-context examples. Along the similar line, [196]
provide a construction of weights in linear attention-only Transformers that can emulate
GD steps on in-context examples for a linear regression task. Similar to this line of work,
[39] argue that pre-trained language models act as meta-optimizer which utilize attention
to apply meta-gradients to the original language model based on the in-context examples.
[66] study the effectiveness of test-time training, theoretically and empirically demonstrating
that a single gradient update at test time can enhance in-context performance.

While our work shares similarities with this line of research, we extend the theoretical
understanding of ICL along several novel dimensions. These include the analysis of diverse
model architectures (e.g., state-space models, gated linear attention) and non-isotropic data
settings (e.g., retrieval-augmented generation, multitask prompting, semi-supervised learn-
ing). This broader perspective allows us to characterize the loss landscapes of different

models and establish their connections to variants of online gradient descent algorithms.

1.1.4 Chain-of-thought Prompting and Reasoning Capabilities

Chain-of-thought (CoT) prompting has led to impressive improvements in complex reason-
ing tasks by decomposing them into step-by-step intermediate solutions [205, 140, 98, 204,
222, 145, 194, 99]. This generally showcases the ability of Transformers to model compo-

sitional functions. Several works have studied the advantages of this approach: [102, 53]



demonstrate that teaching arithmetic through intermediate steps allows small Transformers
to learn more effectively; [108] show that student models can benefit from rationales gener-
ated by significantly larger teacher models. The broader idea of learning to compose skills
has been explored in other settings as well [170, 124]. In parallel, the challenge of learning
shallow neural networks with compositional structures has been shown to be theoretically
hard [63, 64, 216|, though recent work by [70] proves a formal learnability bound suggesting
that compositional structure can enhance ICL. Although longer CoT traces have been shown
to improve models’ ability to solve challenging reasoning tasks, they are typically a feature
of frontier models (e.g., OpenAl’s ol [84], DeepSeek-R1 [69], and s1 [136]). Reasoning with
smaller language models remains difficult, as they often fail to complete key steps within
the solution path. To address this limitation, [217, 218] combine supervised finetuning with
reinforcement learning, enabling models to more effectively identify and solve critical but
difficult steps along the reasoning trajectory. However, most prior studies focus on the em-
pirical benefits and algorithmic design of CoT prompting, while relatively little is known
about its underlying mechanisms.

From an expressivity standpoint, Transformers have been shown to be universal sequence-
to-sequence approximators [213|. [62] provide an explicit construction demonstrating that
even shallow Transformers can simulate general-purpose computation when their outputs
are looped back into their inputs. More recently, [65] introduce continuous tokens that
enhance model expressivity and inference efficiency via simultaneously tracking multiple
reasoning traces in latent space. Other works have established the Turing-completeness
of Transformer architectures, although these typically rely on infinite precision or recursion
around attention layers [202, 161, 157, 125]. Closer to our line of work, |4, 196, 197| prove that
constant-depth Transformers can implement gradient descent for solving linear regression.
Similarly, [62] and [3] show that Transformers with looped inputs or linear attention can
implement preconditioned gradient descent at convergence.

In this thesis, we build upon this foundation and propose a new interpretation of CoT
reasoning as a two-step process: first, applying a filtering procedure to CoT prompts via a

specific construction; and second, performing in-context learning over the filtered prompts.

1.2 Contributions and Thesis Outline

Chapter 2: Max-Margin Token Selection in Attention Mechanism
In this chapter, we explore the softmax-attention model f(X) = (Xv, softmax(XWp)),

where X is the token sequence and (v, W,p) are trainable parameters. We prove that

running gradient descent on p, or equivalently W, converges in direction to a max-margin



solution that separates locally-optimal tokens from non-optimal ones. This clearly formalizes
attention as an optimal token selection mechanism. Remarkably, our results are applicable to
general data and precisely characterize optimality of tokens in terms of the value embeddings
Xv and problem geometry. We also provide a broader regularization path analysis that
establishes the margin maximizing nature of attention even for nonlinear prediction heads.
When optimizing v and p simultaneously with logistic loss, we identify conditions under
which the regularization paths directionally converge to their respective hard-margin SVM
solutions where v separates the input features based on their labels. Interestingly, the SVM

formulation of p is influenced by the support vector geometry of v.

[187] Ataee Tarzanagh, Davoud, Yingcong Li, Xuechen Zhang, and Samet Oymak. "Max-
margin token selection in attention mechanism." Advances in neural information processing
systems 36 (2023): 48314-48362.

Chapter 3: Optimization of Projection Matrices: Softmax Attention as SVM

In this chapter, we study the self-attention mechanism where pairwise similarities are com-
puted as softmax(XW,W, X "), with (W,, W},) denoting the trainable query and key
parameters. Similar to Chapter 2, we establish a formal equivalence between the optimiza-
tion geometry of self-attention and a hard-margin SVM problem, which separates optimal
input tokens from non-optimal ones using linear constraints on the outer products of to-
ken pairs. This formalism allows us to characterize the implicit bias of 1-layer transformers
optimized with gradient descent, as follows. (1) Optimizing the attention layer, parameter-
ized by (W), Wy), with vanishing regularization, converges in direction to an SVM solution
minimizing the nuclear norm of the combined parameter W := WquT. Instead, directly
parameterizing by W minimizes a Frobenius norm SVM objective. We characterize this
convergence, highlighting that it can occur in locally-optimal directions rather than global
ones. (2) Complementing this, for W-parameterization, we prove the local/global direc-
tional convergence of gradient descent under suitable geometric conditions. Importantly, we
show that over-parameterization catalyzes global convergence by ensuring the feasibility of
the SVM problem and by guaranteeing a benign optimization landscape devoid of stationary
points. (3) While our theory applies primarily to linear prediction heads, we propose a more
general SVM equivalence that predicts the implicit bias of 1-layer transformers with nonlin-
ear heads/MLPs. Our findings apply to general datasets, trivially extend to cross-attention
layer, and their practical validity is verified via thorough numerical experiments. We also
introduce open problems and future research directions. We believe these findings inspire a
new perspective, interpreting multilayer transformers as a hierarchy of SVMs that separates

and selects optimal tokens.



[185] Tarzanagh, Davoud Ataee, Yingcong Li, Christos Thrampoulidis, and Samet Oymak.
"Transformers as support vector machines." arXiv preprint arXiv:2308.16898 (2023).

Chapter 4: Convergence of Gradient Descent in Next-Token Prediction

In this chapter, we ask: What does a single self-attention layer learn from next-token predic-
tion? We show that training self-attention with gradient descent learns an automaton which
generates the next token in two distinct steps: (1) Hard retrieval: Given input sequence,
self-attention precisely selects the high-priority input tokens associated with the last input
token. (2) Soft composition: It then creates a convex combination of the high-priority tokens
from which the next token can be sampled. Under suitable conditions, we rigorously char-
acterize these mechanics through a directed graph over tokens extracted from the training
data. We prove that gradient descent implicitly discovers the strongly-connected compo-
nents (SCC) of this graph and self-attention learns to retrieve the tokens that belong to the
highest-priority SCC available in the context window. Our theory relies on decomposing the
model weights into a directional component and a finite component that correspond to hard
retrieval and soft composition steps respectively. This also formalizes a related implicit bias

formula conjectured in Chapters 2 and 3.

[112] Li, Yingcong, Yixiao Huang, Muhammed E. Ildiz, Ankit Singh Rawat, and Samet Oy-
mak. "Mechanics of next token prediction with self-attention." In International Conference
on Artificial Intelligence and Statistics, pp. 685-693. PMLR, 2024.

Chapter 5: Optimization Landscape of Linear Attention and State Space Models

In this chapter, we develop a stronger characterization of the optimization and generaliza-
tion landscape of ICL through contributions on architectures, low-rank parameterization,
and correlated designs: (1) We study the landscape of 1-layer linear attention and 1-layer
H3, a state-space model. Under a suitable correlated design assumption, we prove that
both implement 1-step preconditioned gradient descent. We show that thanks to its native
convolution filters, H3 also has the advantage of implementing sample weighting and outper-
forming linear attention in suitable settings. (2) By studying correlated designs, we provide
new risk bounds for retrieval augmented generation (RAG) and task-feature alignment which
reveal how ICL sample complexity benefits from distributional alignment. (3) We derive the
optimal risk for low-rank parameterized attention weights in terms of covariance spectrum.
Through this, we also shed light on how LoRA can adapt to a new distribution by capturing

the shift between task covariances. Experimental results corroborate our theoretical findings.

[116] Li, Yingcong, Ankit S. Rawat, and Samet Oymak. "Fine-grained analysis of in-context

linear estimation: Data, architecture, and beyond." Advances in Neural Information Pro-



cessing Systems 37 (2024): 138324-138364.

Chapter 6: Optimization Landscape of Gated Linear Attention

In this chapter, we investigate the in-context learning capabilities of the GLA model and
make the following contributions. We show that a multilayer GLA can implement a gen-
eral class of Weighted Preconditioned Gradient Descent (WPGD) algorithms with data-
dependent weights. These weights are induced by the gating mechanism and the input,
enabling the model to control the contribution of individual tokens to prediction. To further
understand the mechanics of this weighting, we introduce a novel data model with multitask
prompts and characterize the optimization landscape of learning a WPGD algorithm. We
identify mild conditions under which there exists a unique global minimum, up to scaling
invariance, and the associated WPGD algorithm is unique as well. Finally, we translate
these findings to explore the optimization landscape of GLA and shed light on how gating

facilitates context-aware learning and when it is provably better than vanilla linear attention.

[118] Li, Yingcong, Davoud Ataee Tarzanagh, Ankit Singh Rawat, Maryam Fazel, and Samet
Oymak. "Gating is weighting: Understanding gated linear attention through in-context
learning." arXiv preprint arXiv:2504.04308 (2025).

Chapter 7: Task-specific Prompt Optimization in Linear Attention

In this chapter, we study in-context learning and consider a novel setting where the global
task distribution can be partitioned into a union of conditional task distributions. We then
examine the use of task-specific prompts and prediction heads for learning the prior infor-
mation associated with the conditional task distribution using a one-layer attention model.
Our results on loss landscape show that task-specific prompts facilitate a covariance-mean
decoupling where prompt-tuning explains the conditional mean of the distribution whereas
the variance is learned/explained through in-context learning. Incorporating task-specific
head further aids this process by entirely decoupling estimation of mean and variance com-
ponents. This covariance-mean perspective similarly explains how jointly training prompt

and attention weights can provably help over fine-tuning after pretraining.

[30] Chang, Xiangyu, Yingcong Li, Muti Kara, Samet Oymak, and Amit K. Roy-Chowdhury.
"Provable Benefits of Task-Specific Prompts for In-context Learning." arXiv preprint
arXiv:2503.02102 (2025).

Chapter 8: Benefits of Unlabeled Data in Multilayer Linear Attention

In this chapter, we study in-context learning and examine a canonical setting where the

demonstrations are drawn according to a binary Gaussian mixture model (GMM) and a



certain fraction of the demonstrations have missing labels. We provide a comprehensive
theoretical study to show that: (1) The loss landscape of one-layer linear attention models
recover the optimal fully-supervised estimator but completely fail to exploit unlabeled data;
(2) In contrast, multilayer or looped transformers can effectively leverage unlabeled data by
implicitly constructing estimators of the form Y., a;(X " X)'X "y with X and y denoting
features and partially-observed labels (with missirzg entries set to zero). We characterize the
class of polynomials that can be expressed as a function of depth and draw connections to
Expectation Maximization, an iterative pseudo-labeling algorithm commonly used in semi-
supervised learning. Importantly, the leading polynomial power is exponential in depth, so
mild amount of depth/looping suffices. As an application of theory, we propose looping
off-the-shelf tabular foundation models to enhance their semi-supervision capabilities. Ex-
tensive evaluations on real-world datasets show that our method significantly improves the

semisupervised tabular learning performance over the standard single pass inference.

[111] Li, Yingcong, Xiangyu Chang, Muti Kara, Xiaofeng Liu, Amit Roy-Chowdhury, and
Samet Oymak. "When and How Unlabeled Data Provably Improve In-Context Learning."
arXiv preprint arXiv:2506.15329 (2025).

Chapter 9: Generalization in In-context Learning

In this chapter, we formalize in-context learning as an algorithm learning problem where
a transformer model implicitly constructs a hypothesis function from the input sequence
at inference-time. We first explore the statistical aspects of this abstraction through the
lens of multitask learning: We obtain generalization bounds for ICL when the input prompt
is (1) a sequence of i.i.d. (input, label) pairs or (2) a trajectory arising from a dynamical
system. The crux of our analysis is relating the excess risk to the stability of the algorithm
implemented by the transformer, which holds under mild assumptions. Secondly, we use our
abstraction to show that transformers can act as an adaptive learning algorithm and perform
model selection across different hypothesis classes. We provide numerical evaluations that
(1) demonstrate transformers can indeed implement near-optimal algorithms on classical
regression problems with i.i.d. and dynamic data, (2) identify an inductive bias phenomenon
where the transfer risk on unseen tasks is independent of the transformer complexity, and

(3) empirically verify our theoretical predictions.

[113] Li, Yingcong, Muhammed Emrullah Ildiz, Dimitris Papailiopoulos, and Samet Oy-
mak. "Transformers as algorithms: Generalization and stability in in-context learning." In
International conference on machine learning, pp. 19565-19594. PMLR, 2023.

Chapter 10: Chain-of-thought and Its Emergent Abilities
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This chapter investigates the impact of CoT on the ability of transformers to in-context learn
a simple to study, yet general family of compositional functions: multi-layer perceptrons
(MLPs). We find that the success of CoT can be attributed to breaking down in-context
learning of a compositional function into two distinct phases: focusing on and filtering data
related to each step of the composition and in-context learning the single-step composition
function. Through both experimental and theoretical evidence, we demonstrate how CoT
significantly reduces the sample complexity of ICL and facilitates the learning of complex

functions that non-CoT methods struggle with.

[117] Li, Yingcong, Kartik Sreenivasan, Angeliki Giannou, Dimitris Papailiopoulos, and
Samet Oymak. "Dissecting chain-of-thought: Compositionality through in-context filtering
and learning." Advances in Neural Information Processing Systems 36 (2023): 22021-22046.
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CHAPTER 2

Max-Margin Token Selection in Attention
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Figure 2.1: The convergence behavior of the gradient descent on the attention weights p

using the logistic loss in (ERM). The arrows (—>—) represent trajectories from different

initializations. Here, (- - -) and (- - -) denote the globally- and locally-optimal max-margin

directions (GMM, LMM). v denotes the score of a token per Definition 2.1. Discussion is provided
under Theorems 2.2 and 2.3.

2.1 Introduction

The prominence of the attention mechanism motivates a fundamental theoretical understand-
ing of its role in optimization and learning. While it is well-known that attention enables

the model to focus on the relevant parts of the input sequence, the precise mechanism by
which this is achieved is far from clear. To this end, we ask

Q: What are the optimization behavior of the attention mechanism?

In this chapter, we mainly focus on the optimization dynamics and inductive biases of

prompt p and head v. Specifically, we consider the fundamental attention model f(X)
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<X'v, S(XWTp)>. Here, X is the sequence of input tokens, v is the prediction head, W
is the trainable key-query weights, and S denotes the softmax nonlinearity. For transform-
ers, p corresponds to the [CLS] token or tunable prompt [104, 110, 149]|, whereas for RNN
architectures [11], p corresponds to the hidden state.

Given training data (X, y;), with labels y; € {—1, 1} and inputs X; € RT*¢, we consider

the empirical risk minimization with a decreasing loss function ¢(-) : R — R,
1 n
L(v,p,W) == {(y:- f(X,)), where f(X;)=S(p'WX,)Xv. (2.1)
n
i=1

At a high-level, this work establishes fundamental equivalences between the optimization

trajectories of (2.1) and hard-margin SVM problems. Our main contributions are as follows:

o Optimization geometry of attention (§2.3): We first show that gradient itera-
tions of p and W admit a one-to-one mapping, thus we focus on optimizing p without

losing generality. In Theorem 2.3, we prove that, under proper initialization:

Gradient descent on p converges in direction to a max-margin solution (see

(p-SVM)) that separates locally-optimal tokens from non-optimal ones.

We call these Locally-optimal Max-Margin (LMM) directions and show that these thor-
oughly characterize the viable convergence directions of attention when the norm of
its weights grows to infinity. We also identify conditions under which (algorithm-
independent) regularization path and gradient descent path converge to Globally-
optimal Max-Margin (GMM) direction in Theorems 2.1 and 2.2, respectively. A cen-
tral feature of our results is precisely quantifying optimality in terms of token scores
v =y - v @ where x, is the tth token of the input sequence X. Locally-optimal to-
kens are those with higher scores than their nearest neighbors determined by the SVM

solution. These are illustrated in Figure 2.1.

o Optimize attention p and prediction-head v jointly (§2.4): We study the
joint problem under logistic loss function. We use regularization path analysis where
(ERM) is solved under ridge constraints and we study the solution trajectory as the
constraints are relaxed. Since the problem is linear in v, if the attention features
2 = X S(X;W Tp) are separable based on their labels y;, v would implement a
max-margin classifier. Building on this, we prove that p and v converges to their
respective max-margin solutions under proper geometric conditions (Theorem 2.5).

Relaxing these conditions, we obtain a more general solution where margin constraints
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on p are relaxed on the inputs whose attention features are not support vectors of v

(Theorem 2.6). Figure 2.4 illustrates these outcomes.

In Section 2.5, we extend our approach to the more general model f(X) =
(X TS(XW Tp)) — where 9 is a nonlinear prediction head — to establish the margin max-
imizing nature of attention under broader conditions (Theorem 2.7). Overall, our results
formalize the role of the attention mechanism as a token-selection & separation mechanism,
characterize its geometry (when tokens are separable), and lay the groundwork for future

research by connecting attention to a max-margin SVM formulation.

2.2 Preliminaries and Problem Setup

Notations. For any integer N > 1, let [N] := {1,..., N}. We use lower-case and upper-
case bold letters (e.g. @ and A) to represent vectors and matrices, respectively. The entries
of a are denoted as a;. We use 6(A) to denote the maximum singular value of A. We denote
the minimum of two numbers a,b as a A b, and the maximum as a V b. Big-O notation O(-)
hides the universal constants. Throughout, we will use £(p) and L(v, p) to denote Objective
(2.1) with fixed (v, W) and W, respectively.

Optimization. Given an objective function £ : R? — R and an /,-norm bound R, define

the regularized solution as

P(R) := arg min L(p). (2.2)

IplI<R
Regularization path — the evolution of p(R) as R grows — is known to capture the spirit
of gradient descent as the ridge constraint R provides a proxy for the number of gradient
descent iterations. For instance, [87, 169, 179| study the implicit bias of logistic regression and
rigorously connect the directional convergence of regularization path (i.e. limg o p(R)/R)
and gradient descent. For gradient descent, we assume the objective L(p) is smooth and

describe the gradient descent process as
p(t+1) = p(t) —n()VL(p(1)), (2.3)
where 7(t) is the stepsize at time ¢ and VL(p(t)) is the gradient of £ at p(¢).

Attention in Transformers. Next, we will discuss the connection between our model and

the attention mechanism used in transformers. Our exposition borrows from [149|, where
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the authors analyze the same attention model using gradient-based techniques on specific

contextual datasets.

e Self-attention is the core building block of transformers [193]. Given an input con-
sisting of T tokens X = [z1,...,x7]" € RT*? self-attention with key-query matrix

W € R¥4 and value matrix W, € R¥?, the self-attention model is defined as follows:
att(X) = S(XWX ) XW,,. (2.4)

Here, S(-) is the softmax nonlinearity that applies row-wise on the similarity matrix
XWX'.

e Tunable tokens: [CLS] and prompt-tuning. In practice, we append additional
tokens to the raw input features X: For instance, a [CLS] token is used for classification
purposes [44] and prompt vectors can be appended for adapting a pretrained model to
new tasks [104, 110]. Let p € R? be the tunable token ([CLS] or prompt vector) and
concatenate it to X to obtain X, := [p X ']T € RT+Yxd_ Consider the cross-attention

features obtained from X, and X given by

S(pTWXT)

att(X,) = S(X,WX " XW, = [
S(XWXT)

]XWU.

The beauty of cross-attention is that it isolates the contribution of p under the upper
term VT X TS(XW Tp) € R®. In this work, we use the value weights for classification, thus

we set v = 1, and denote v = W,, € R%. This brings us to our attention model of interest:
f(X)=(Xv,S(Kp)), where K=XW". (2.5)

Here, (v, W,p) are the tunable model parameters and K is the key embeddings. Note
that W and p are playing the same role within softmax, thus, it is intuitive that they
exhibit similar optimization dynamics. Confirming this, the next lemma shows that gradient

iterations of p (after setting W < Identity) and W admit a one-to-one mapping.

Lemma 2.1 Fizu € R\ {0} . Let ¢y : R 5 R and £ : R — R be differentiable functions.
On the same training data (y;, X;)P_,, define L(p) := 1/n>>" ((y; - (X S(X;p))) and
LW) :=1/n>" Ly - w(XS(X;W Tw))). Consider the gradient descent iterations on
p and W with initial values p(0) and W (0) = up(0)"/||u||? and stepsizes n and n/||u|?,
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respectively:

We have that W (t) = up(t)" /||u||* for all t > 0.

This lemma directly characterizes the optimization dynamics of W through the dynamics
of p, allowing us to reconstruct W from p using their gradient iterations. Therefore, we will
fix W and concentrate on optimizing p in Section 2.3 and the joint optimization of (v, p) in

Section 2.4.

e ~

Problem definition: Throughout, (y;, X;)!; denotes training dataset where y; €

{—1,1} and X; € RT*4 We denote the key embeddings of X; via K; = X;W ' and
explore the training risk

1 n

L =—Y {(yi-v' XS(Kp)). ERM

(v,p) n; (: - v X S(Kip)) (ERM)

Importantly, our results apply to general tuples (y;, X;, K;) and do not assume that

(X, K;) are tied via W. Finally, the tth tokens of X;, K; are denoted by x;;, ki € RY,
respectively, for ¢ € [T7].

The highly nonlinear and nonconvex nature of the softmax operation makes the training
problem in (ERM) a challenging nonconvex optimization problem for p, even with a fixed
v. In the next section, we will introduce a set of assumptions to demonstrate the global and

local convergence of gradient descent for margin maximization in the attention mechanism.

2.3 Margin Maximization with Attention

In this section, we present the main results (Theorems 2.2 and 2.3) by examining the implicit
bias of gradient descent on learning p € R? given a fixed choice of v € R%. Notably, our
results apply to general decreasing loss functions without requiring convexity. This generality
is attributed to margin maximization arising from the exponentially-tailed nature of softmax
within attention, rather than ¢. We maintain the following assumption on the loss function

throughout this section.
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Assumption 2.1 (Well-behaved Loss) Owver any bounded interval: (i) £ : R — R is
strictly decreasing. (ii) ' is My-Lipschitz continuous and |¢'(u)| < M.

Assumption 2.1 includes many common loss functions, including the logistic loss ¢ (u) =

u

log (1 + e™*), exponential loss ¢ (u) = e™*, and correlation loss {(u) = —u. Assumption 2.1

implies that £ (p) is L, smooth (see Lemma A.4 in Appendix), where

n

1
Ly ==  (Mollol*[W[P X:||* + 30w ]| W) X - (2.6)

i=1
We now introduce a convex hard-margin SVM problem that separates one token of the input
sequence from the rest, jointly solved over all inputs. We will show that this problem captures

the optimization properties of softmax-attention. Fix indices av = ()7, and consider

P () = argmin ||p|| s.t. gin p' (kio, —ky) > 1, forall 1<i<n. (p-SVM)
P i

Note that existence of p™™ () implies the separability of tokens a from the others. Specif-
ically, choosing direction p™™ () will exactly select tokens (x;4,); at the attention output
for each input sequence, that is, limg o X;'S(R - K;p™ () = @;,. We are now ready to
introduce our main results that characterize the global and local convergence of the attention

weights p via (p-SVM).

2.3.1 Global Convergence of Prompt p

We first identify the conditions that guarantee the global convergence of gradient descent for
p. The intuition is that, in order for attention to exhibit implicit bias, the softmax nonlin-
earity should be forced to select the optimal token within each input sequence. Fortunately,
the optimal tokens that achieve the smallest training objective under decreasing loss function

¢(-) have a clear definition.

Definition 2.1 (Token Scores, Optimality & GMM) The score of token x; of input X;
is defined as vy = vy; - v' x;. The optimal tokens for input X; are those tokens with highest
scores given by

opt;, € arg max ;.
te([T]

Globally-optimal maz-margin (GMM) direction is defined as the solution of (p-SVM) with

mmx

optimal indices (opt,)?_, by p
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It is worth noting that score definition simply uses the value embeddings v ' x;; of the tokens.
Note that multiple tokens within an input might attain the same score, thus opt, or p™"*
may not be unique. The theorem below provides our regularization path guarantee on the

global convergence of attention.

Theorem 2.1 (Regularization Path) Suppose Assumption 2.1 on the loss function holds,
and for all i € [n] and t # opt;, the scores obey v < iopt,- Then, the regqulariza-
tion path p(R) = arg min|p<g L(p) converges to the GMM direction i.e. limp oo P(R)/R =
™5™

Theorem 2.1 shows that as the regularization strength R increases towards the ridgeless
problem min, £(p), the optimal direction p(R) aligns more closely with the max-margin
solution p™™*. Since this theorem allows for arbitrary token scores, it demonstrates that maz-
margin token separation is an essential feature of the attention mechanism. In fact, it is a
corollary of Theorem 2.7, which applies to the generalized model f(X) = (X 'S(XW "p))
and accommodates multiple optimal tokens per input. However, while regularization path
analysis captures the global behavior, gradient descent lacks general global convergence
guarantees. In Section 2.3.2, we show that due to the nonconvex landscape and softmax
nonlinearity, gradient descent often converges to local optima. We first establish that when
(ERM) is trained with gradient descent, the norm of the parameters will diverge. For the

restrictive setting of n = 1, gradient descent also exhibits a global convergence guarantee.

Assumption 2.2 For all i € [n] and t,7 # opt;, the scores per Definition 2.1 obey viy =
Yir < Yiopt, -

Theorem 2.2 (Global Convergence of Gradient Descent) Suppose Assumption 2.1
on the loss function € and Assumption 2.2 on the tokens’ score hold. Then, the gradient
descent iterates p(t+1) = p(t) —nVL(p(t)) on (ERM), with the stepsize n < 1/L, and any
starting point p(0) satisfy lim;_, ||p(t)|| = co. If n =1, we also have lim ., p(t)/||p(t)|| =
™ [

Theorem 2.2 shows that gradient descent will diverge in norm, and when n = 1, the nor-
malized predictor p(t)/||p(t)|| converges towards p™™*, the separator of the globally optimal
token. While n = 1 is a stringent condition, this requirement is in fact tight as discussed in
Appendix A.5. To illustrate this theorem, we have conducted synthetic experiments. Let us
first explain the setup used in Figure 2.1. We set d = 3 as the dimension, with each token
having three entries @ = [z1, x2, 23]. We reserve the first two coordinates as key embeddings

k = [z1,29,0] by setting W = diag([1, 1,0]). This is what we display in our figures as token
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positions. Finally, in order to assign scores to the tokens we use the last coordinate by

setting v = [0, 0, 1]. This way score becomes y-v "

x = y - x3, allowing us to assign any score
(regardless of key embedding).

In Figure 2.1a, the gray paths represent gradient descent trajectories from different ini-
tializations. The points (0,0) and (1,0) correspond to non-optimal tokens, while the point
(—0.1, 1) represents the optimal token. Notably, gradient descent iterates with various start-
ing points converge towards the direction of the max-margin solution p™™* (depicted by - - -).
Moreover, as the iteration count ¢ increases, the inner product (p(¢)/||p(t)||, p™™* /||p™™*||)
consistently increases. Figure 2.1c also depicts the directional convergence of gradient de-
scent from various initializations on multiple inputs, with the gray dotted line representing
the separating hyperplane. These emphasize the gradual alignment between the evolving

predictor and the max-margin solution throughout the optimization.

GMM p™™* is guaranteed to exist when labels are 1: Our results focus on the direc-
tional convergence of attention, which corresponds to the scenarios (p-SVM) is feasible. As
demonstrated in Figure 2.3a numerically, we expect separability to hold if the problem has
more parameters (large d) whereas for small d, GMM or LMM directions may not exist and
gradient descent can instead find a finite minima to £(p). While we defer the statistical
analysis of separability to future, we make the remark that if labels are always 1, the prob-
lem is guaranteed to be separable because value weights v provides the separating direction.

This scenario can be interpreted as an exact alignment between values and

Lemma 2.2 Suppose for all i € [n] and t # opt;, y; = 1 and vy < Yiopt,- Also assume
W € R4 s full-rank. Then p™™* exists — i.e. (p-SVM) is feasible for optimal indices
Q; < opt;.

2.3.2 Local convergence of the attention weights p

Theorem 2.2 on the global convergence of gradient descent serves as a prelude to the general
behavior of the optimization. Once we relax Assumption 2.2 by allowing for arbitrary token
scores, we will show that p can converge (in direction) to a locally-optimal solution. However,
this locally-optimal solution is still characterized in terms of (p-SVM) which separates locally-
optimal tokens from the rest. Our theory builds on two new concepts: locally-optimal tokens

and neighbors of these tokens.

Definition 2.2 (SVM-Neighbor and Locally-Optimal Tokens) Fixz token indices
o = (o), for which (p-SVM) is feasible to obtain p™" = p™™ (). Consider tokens
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T; C [T] such that (kio, — ki) p™™ = 1 for all t € T;. We refer to T; as support indices
of ki,. Additionally, tokens with indices o = (o), are called locally-optimal if for all

i € [n] and t € T; scores per Definition 2.1 obey %ia, > 7ir- Associated p™™ is called a
locally-optimal max-margin (LMM) direction.

To provide a basis for discussing local convergence,
we provide some preliminary definitions regarding k Optimal Token
cones. For a given g and a scalar pu > 0, we de- " o T e
fine cone,(q) as the set of vectors p € R? such that p‘\\
the correlation coefficient between p and q is at least r(0) \\- *,,’
1—p: I

— a| (P q -
cone,(q) = {p €R ‘ <||p||’ ||q||> > 1 ,u}. (2.7) Figure 2.2: Gradient descent initial-
ization p(0) inside the cone contain-

Given R > 0, the intersection of cone,(g) and the set ing the locally-optimal solution p™™.
{p € RY ||p|| > R} is denoted as C,. r(q):

Cu.r(q) := cone,(q) N {p e R’ ’ Ipll > R} (2.8)

Next, we demonstrate the existence of parameters y = p(a) > 0 and R > 0 such that
when R is sufficiently large, there are no stationary points within C, r(p™™). Further, the
gradient descent initialized within C, zr(p™™) converges in direction to p™™/||p™™|; refer to

Figure 2.2 for a visualization.

Theorem 2.3 (Local Convergence of Gradient Descent) Suppose Assumption 2.1 on
the loss function ¢ holds and assume o = (a;)?, are indices of locally-optimal tokens per
Definition 2.2. Then, there is a constant pp = p(a) € (0,1) and R > 0 such that C,, rp(p™™)
does not contain any stationary points. Further, for any starting point p(0) € C,r(p™"),
gradient descent iterates p(t + 1) = p(t) — nVL(p(t)) on (ERM) with stepsize n < 1/L,
satisfies lim;—,o0 [[P(t)[| = 00 and limyo p(t)/|lP(1)[| = P™" /D™

To further illustrate Theorem 2.3, we can consider Figure 2.1b where n = 1 and T" = 3.
In this figure, the point (0, 0) represents the non-optimal tokens, while (1,0) represents the
locally optimal token. Additionally, the gray paths represent the trajectories of gradient
descent initiated from different points. By observing the figure, we can see that gradient
descent, when properly initialized, converges towards the direction of p™™ (depicted by - - -).
This direction of convergence effectively separates the locally optimal tokens (1,0) from the

non-optimal token (0, 0).
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2.3.3 Regularization paths can only converge to locally-optimal

max-margin directions

An important question arises regarding whether our definition of LMM (Definition 2.2) en-
compasses all possible convergence paths of the attention mechanism when ||p|| — oo. To

address this, we introduce the set of LMM directions as follows:

pro = {pT(a) ‘ a is locally-optimal per Definition 2.2} )
lp™ ()|

The following theorem establishes the tightness of these directions: It demonstrates that for

any candidate q ¢ P™™, its local regularization path within an arbitrarily small neighbor-

hood will provably not converge in the direction of q.

Theorem 2.4 Fiz q ¢ P™ with unit {5 norm. Assume that token scores are distinct
(namely vy # ~Yir for t # 7) and key embeddings ki are in general position (see Theo-
rem A.1). Fiz arbitrary ¢ > 0, Ry > 0. Define the local regularization path of q as its
(€, Ry)-conic neighborhood:

P(R)= argmin L(p), (2.9)
pece,RO (q)7HpHSR

where  Ce g, (q) = cone(q) N {p € RY| ||p|| > Ro}.

Then, either limg_,o |P(R)|| < o0 or Rlimﬁ(R)/Hﬁ(R)H # q. In both scenarios
— 00
Aim p(R)/R # q.

The result above nicely complements Theorem 2.3, which states that when gradient de-
scent is initialized above a threshold (|[p(0)|| > Ro) in an LMM direction, ||p(¢)|| diverges but
the direction converges to LMM. In contrast, Theorem 2.4 shows that regardless of how small
the cone is (in terms of angle and norm lower bound ||p|| > Ry), the optimal solution path
will not converge along q & P™™.

To illustrate Theorems 2.3 & 2.4, we have investigated the convergence behavior of p(t)
generated by gradient descent in Figure 2.3a, using n = 4, T" = 6, and conducted 1,000
random trials for varying d € {2,5,10,100,300,500}. These experiments use normalized
gradient descent with learning rate 1 for 1000 iterations. Inputs @x; and the linear head v
are uniformly sampled from the unit sphere, while y; is uniformly +1, and W is set to I.

The bar plot in Figure 2.3a distinguishes between non-saturated softmax (red bars) and
saturated softmax (other bars). Saturation is defined as average softmax probability over

tokens selected by gradient descent are at least 1—107° and implies that attention selects one
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Figure 2.3: Convergence analysis of p(t) trained with random data using gradient descent.
(a) shows three scenarios: (1) attention failing to select one token per input (i.e. softmax is
not saturated); (2) p converging towards p™™; and (3) p™™ equating to p™™* with red, blue,
and green bars, respectively. Considering saturated softmax instances where p(t) selects
one token «; per-input, (b) presents histogram of the minimal score gap between «; and its
corresponding neighbors 7;.

token per input. Note that, whenever the norm of gradient descent solution is finite, softmax
will be non-saturated. For small d (e.g., d = 2), problem has small degrees of freedom to
separate optimal tokens from the rest (i.e. no SVM solution for LMM directions) — especially
due to label randomness. This results in a tall red bar capturing the finite-norm solutions.
However, for larger d, we observe that softmax saturates (i.e. ||p(t)|| — oo) and we observe
that the selected tokens a almost always converges to an LMM direction (blue bar) — this is
in line with Theorems 2.3 & 2.4. We also study the convergence to the globally-optimal GMM
which is represented by the green bar: GMM is a strict subset of LMM however as d increases,
we observe that the probability of GMM convergence increases as well. This behavior is in line
with what one would expect from over-parameterized deep learning theory [5, 48, 83, 151] and
motivates future research. The average correlation coefficient between p(t) and its associated
LMM/GMM direction is 0.997, suggesting that, whenever softmax saturates, gradient descent
indeed directionally converges to a LMM solution p € P™™ . confirming Theorem 2.4.
Furthermore, we found that there exist problem instances, with saturated softmax and
lp(t)]] — oo, that do not converge to either LMM or GMM. We analyzed this phenomenon
using the minimum score gap, v := minign)e7; Via; — Yit, Where Ty, 4 € [n], represents the
sets of support index tokens. Figure 2.3b provides the probability distribution of 7 (with
bins of width < 0.01) and demonstrates the rarity of such cases. Specifically, we found this
happens less than 1% of the problems, that is, Prob(y < 0) < 0.01. Figure 2.3b also reveals

that, in these scenarios, even if v < 0, it is typically close to zero i.e. even if there exists a

22



support index with a higher score, it is only slightly so. This is not surprising since when
token scores are close, we need a large number of gradient iterations to distinguish them.
For all practical purposes, the optimization will treat both tokens equally and rather than
solving (p-SVM), the more refined formulation (p-SVM’) developed in Section 2.5 will be
a better proxy. Confirming this intuition, we have verified that, over the instances v < 0,
gradient descent solution is still > 0.99 correlated with the max-margin solution in average.

Additional details are provided in the appendix.

2.4 Joint Convergence of Head v and Prompt p

In this section, we extend the preceding results to the general case of joint optimization
of head v and attention weights p using a logistic loss function. To this aim, we focus
on regularization path analysis, which involves solving (ERM) under ridge constraints and

examining the solution trajectory as the constraints are relaxed.

High-level intuition. Since the prediction is linear as a function of v, logistic regression
in v can exhibit its own implicit bias to a max-margin solution. Concretely, define the
attention features ¥ = X, S(K;p) and define the dataset DP = (y;, z¥)",. If this dataset
DP is linearly separable, then fixing p and optimizing only v will converge in the direction

of the standard max-margin classifier

mim

v™™ = arg min |v|| subject to y;-v'r;>1, forall 1<i<n, (v-SVM)
veR

after setting inputs to the attention features r; < ¥ [177]. This motivates a clear ques-
tion:
Under what conditions, optimizing v, p jointly will converge to their respective max-margin

solutions?

We study this question in two steps. Loosely speaking: (1) We will first assume that, at the
optimal tokens x;,,, i € [n| selected by p, when solving (v-SVM) with r; < @;,,, all of these
tokens become support vectors of (v-SVM). (2) We will then relax this condition to uncover
a more general implicit bias for p that distinguish support vs non-support vectors. Through-
out, we assume that the joint problem is separable and there exists (v, p) asymptotically

achieving zero training loss.
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2.4.1 When all attention features are support vectors

In (v-SVM), define label margin to be 1/||v™™||. Our first insight in quantifying the joint
implicit bias is that, optimal tokens admit a natural definition: Those that maximize the
downstream label margin when selected. This is formalized below where we assume that:
(1) Selecting the token indices v = (o), from each input data achieves the largest label
margin. (2) The optimality of the a choice is strict in the sense that mixing other tokens
will shrink the label margin in (v-SVM).

Assumption 2.3 (Optimal Tokens) Let I > 0 be the label margin when solving (v-SVM)
with 7; < X;n,. There exists v > 0 such that for all p, solving (v-SVM) with ; <— ¥ results

in a label margin of at most I' — v - max;cn)(1 — 8;q,) where s; = S(K;p).

Example: To gain intuition, let us fix @ € R? and consider the dataset obeying ;1 = v, - a
and ||z;|] < ||a|| for all ¢ > 2 and all ¢ € [n]. For this dataset, we can choose a; = 1,

v = a/|al*, T' = 1/[[v™"| = |lal| and v = [|a|| = supej 1o @]

Theorem 2.5 Consider the ridge-constrained solutions (v,,pr) of (ERM) defined as

(vr,pr) = argmin L(v,p) s.t. |p| <R,
wp) (2.10)
|lv]| <7 :=r(R).

Suppose there are token indices o = (o), for which ||[p™™(ex)|| exists (p-SVM is feasible)
and Assumption 2.3 holds for some I';v > 0. Then, when r(R) = exp(O(R)), as R — oo:

mm mm
Pr o p . Uy v

Roe R pm] R r o]

where p™™ is the solution of (p-SVM) and v™™ is the solution of (v-SVM) with r; = @;q, .

As further discussion, consider Figure 2.4a where we set n = 3,7 = d = 2 and W =
Identity. All three inputs share the point (0,0) which corresponds to their non-optimal
tokens. The optimal tokens (denoted by x) are all support vectors of the (v-SVM) since
v™™ = [0, 1] is the optimal classifier direction (depicted by - - -). Because of this, p™™ will
separate optimal x tokens from tokens at the (0, 0) coordinate via (p-SVM) and its direction

is dictated by yellow and teal colored x’s which are the support vectors.

2.4.2 General solution when selecting one token per input

Can we relax Assumption 2.3, and if so, what is the resulting behavior? Consider the scenario

where the optimal p diverges to oo and ends up selecting one token per input. Suppose this p
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Figure 2.4: (a) and (b) Joint convergence of attention weights p (—>-—) and classifier head
v (—>—) to max-margin directions. (c) Averaged softmax probability evolution of optimal
tokens and logistic probability evolution of output in (a).

selects some coordinates a = (o). Let S C [n] be the set of indices where the associated
token x;,, is a support vector when solving (v-SVM). Set S = [n] —S. Our intuition is
as follows: Even if we slightly perturb this p choice and mix other tokens ¢t # «; over the
input set S C [n], since S is not support vector for (v-SVM), we can preserve the label
margin (by only preserving the support vectors §). This means that p may not have to
enforce maz-margin constraint over inputs i € S, instead, it suffices to just select these

tokens (asymptotically). This results in the following relaxed SVM problem:

1 _ - 1 forall t#aq; i€S
P = argmin ||p|| such that p' (ki — ki) > . (211
P 0 forall t#q; 1€8

Here, pT(k:mi — ki) > 0 corresponds to the selection idea. Building on this intuition, the

following theorem captures the generalized behavior of the joint regularization path.

Theorem 2.6 Consider Problem (2.10). Suppose S(K;pr)a, — 1, i.e., the tokens (a;)l,
are asymptotically selected. Let v™" be the solution of (v-SVM) with r; = x;,, and S be
its set of support vector indices. Suppose Assumption 2.3 holds over § i.e. having 8;,, <
1 shrinks the margin when (v-SVM) is only solved over S C [n]. Then, when r(R) =
exp(O(R)), as R — oo, we have

. E o™Mmm @ prela:c

oo ol e B e

where p"%® is the solution of (2.11) with (a;)?_, choices.

To illustrate this numerically, consider Figure 2.4b which modifies Figure 2.4a by pushing

25



the yellow = to the northern position (0.5, 1.5). We still have v™™ = [0, 1] however the yellow
* is no longer a support vector of (v-SVM). Thus, p solves the relaxed problem (2.11) which
separates green and teal x’s by enforcing the max-margin constraint on p (which is the red
direction). Instead, yellow % only needs to achieve positive correlation with p (unlike Figure
2.4a where it dictates the direction). We also display the direction of p™™ using a gray
dashed line.

We further investigate the evolution of softmax and logistic output probabilities through-
out the training process of Figure 2.4a, and the results are illustrated in Figure 2.4c. The
averaged softmax probability of optimal tokens is represented by the red curve and is cal-
culated as % > iy maxeerr) S(K;p);. An achievement of 1 for this probability indicates that
the attention mechanism successfully selects the optimal tokens. On the other hand, the
logistic probability of the output is represented by the blue curve and is determined by
1/nd>"  1/(1 4 e ¥ (X:)). This probability also reaches a value of 1, suggesting that the

inputs are correctly classified.

2.5 Regularization Path of Attention with Nonlinear
Head

So far our discussion has focused on the attention model with linear head. However, the
conceptual ideas on optimal token selection via margin maximization also extends to a
general nonlinear model under mild assumptions. The aim of this section is showcasing this
generalization. Specifically, we consider the prediction model f(X) = (X "S(Kp)) where
¥(-) : RY — R generalizes the linear head v of our attention model. For instance, following
exposition in Section 2.2, 9(+) can represent a multilayer transformer with p being a tunable
prompt at the input layer. Recall that (X, K;,y;)"; is the dataset of the input-key-label

tuples. We consider the training risk

1 n

L(p) =-— Zﬁ(yi,w(X;sf)), where s? = S(K;p) € R”. (2.12)
n

i=1
The challenge with nonlinear v (-) is that, we lack a clear score function (Def. 2.1) unlike
the previous sections. The assumption below introduces a generic condition that splits the
tokens of each X; into an optimal set O; and non-optimal set O; = [T] — O;. In words,
non-optimal tokens are those that strictly increase the training risk £(p) if they are not fully

suppressed by attention probabilities s?.
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Assumption 2.4 (Mixing non-optimal tokens hurt) There exists sets (O;)"_; C [T] as
follows. Let ¢¥ = > ieo, sh be the sum of softmaz similarities over the non-optimal set for

p. Set ¢B, = max;ep ¢ . For any A > 0, there exists p < 0 such that:
For all p,p’ € R?, if log(gh,) < (1 + A)log(gh,) A p, then L(p) < L(D').

This assumption is titled mizing hurts because the attention output X" s? is mixing the to-
kens of X; and our condition is that, to achieve optimal risk, this mixture should not contain
any non-optimal tokens. In particular, we require that, a model p that contains exponen-
tially less non-optimality (quantified via log(gmax)) compared to p’ is strictly preferable. As
we discuss in the supplementary material, Theorem 2.1 is in fact a concrete instance (with
linear head wv) satisfying this condition.

Before stating our generic theorem, we need to introduce the max-margin separator to-
wards which regularization path of attention will converge. This is a slightly general version
of Section 2.3’s (p-SVM) problem where we allow for a set of optimal tokens O; for each
input.

p™™" = arg mpin Ip|l st gé%}f?égt p' (Kio — ki) > 1, forall ic[n]. (p-SVM’)
Unlike (p-SVM), this problem is not necessarily convex when the optimal set O; is not a
singleton. To see this, imagine n = d = 1 and T" = 3: Set the two optimal tokens as
ki =1 and ky; = —1 and the non-optimal token as k3 = 0. The solution set of (p-SVM’)
is p™ € {—1,1} whereas their convex combination p = 0 violates the constraints. To
proceed, our final result establishes the convergence of regularization path to the solution
set of (p-SVM’) under Assumption 2.4.

Theorem 2.7 Let G™™ be the set of global minima of (p-SVM’). Suppose its margin
= = 1/|lp™|| > 0 and Assumption 2.4 holds. Let dist(-,-) denote the ly-distance be-
tween a vector and a set. Following (2.12), define p(R) = arg miny<p L(p). We have that

limp_ o dist (’75(—};), gmm> = 0.

We note that Theorem 2.1 is a corollary of this result where O;’s and g™ are singleton.
Based on this result, with multiple optimal tokens, Theorem 2.1 would gracefully generalize
to solve (p-SVM’).
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Figure 2.5: Evolution of softmax probability and attention Figure 2.6: Trajectories of p
weights when training with normalized gradient descent or with different loss functions
constant step size 7 respectively. and scores in Theorem 2.2.

2.6 Experiments

Sparsity of softmax and evolution of attention weights. It is well known that, in
practice, attention maps often exhibit sparsity and highlight salient tokens that aid infer-
ence. Our results provide a formal explanation of this when tokens are separable: Since
attention selects a locally-optimal token within the input sequence and suppresses the rest,
the associated attention map S(Xp) will (eventually) be a sparse vector. Additionally, the
sparsity should arise in tandem with the increasing norm of attention weights. We provide
empirical evidence to support these findings.

Synthetic experiments. Figures 2.5a and 2.5b show the evolution of the largest softmax
probability and attention weights over time when using either normalized gradient or a fixed
stepsize 7 for training. The dataset model follows Figure 2.1c. The softmax probability
shown in Figure 2.5a is defined as £ 3" maxyer) S(K;p);. When this average probability
reaches the value of 1, it means attention selects only a single token per input. The attention
norm in Figure 2.5b, is simply equal to ||p||.

The red curves in both figures represent the normalized gradient method, which updates
the model parameters p using p(t + 1) = p(t) — nVL(p(t))/||VL(p(t))|| with n = 0.1. The
blue curves correspond to gradient descent with constant learning rate given by p(t + 1) =
p(t) — nVL(p(t)) with n = 1. Observe that the normalized gradient method achieves a
softmax probability of 1 quicker as vanilla GD suffers from vanishing gradients. This is
visible in Figure 2.5b where blue norm curve levels off.

Real experiments. To study softmax sparsity and the evolution of attention weights
throughout training, we train a vision transformer (ViT-base) model [47| from scratch, utiliz-
ing the CIFAR-10 dataset [96] for 400 epochs with fixed learning rate 3 x 107, ViT tokenizes
an image into 16 x 16 patches, thus, its softmax attention maps can be easily visualized.

We examine the average attention map — associated with the |[CLS| token — computed from
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Figure 2.7: Illustration of the progressive change in
attention weights of the [CLS] token during train-
ing in the transformer model, using a specific input
image shown in Figure 2.7a.

all 12 attention heads within the model. Figure 2.7 provides a visual representation of the
resulting attention weights (16 x 16 grids) corresponding to the original patch locations
within the image. During the initial epochs of training, the attention weights are randomly
distributed and exhibit a dense pattern. However, as the training progresses, the attention
map gradually becomes sparser and the attention mechanism begins to concentrate on fewer
salient patches within the image that possess distinct features that aid classification. This
illustrates the evolution of attention from a random initial state to a more focused and sparse
representation. These salient patches highlighted by attention conceptually corresponds to
the optimal tokens within our theory.

We quantify the sparsity of the attention map via a soft-sparsity measure, denoted by
nnz(s) where s is the softmax probability vector. The soft-sparsity is computed as the
ratio of the £;-norm to the squared fy-norm, defined as mnz(s) = ||s|,/|s||*. Tnz(s) takes
values between 1 to T" = 256 and a smaller value indicates a sparser vector. Also note that
Isll, = 3., s, = 1. Together with sparsity, Figure 2.8 also displays the Frobenius norm
of the combined key-query matrix W of the last attention layer over epochs. The theory
suggests that the increase in sparsity is associated with the growth of attention weights —
which converge directionally. The results in Figure 2.8 align with the theory, demonstrating

the progressive sparsification of the attention map as |W||r grows.
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Transient optimization dynamics and the influence of the loss function. Theorem
2.2 shows that the asymptotic direction of gradient descent is determined by p™™*. However,
it is worth noting that transient dynamics can exhibit bias towards certain input examples
and their associated optimal tokens. We illustrate this idea in Fig 2.6, which displays the
trajectories of the gradients for different scores and loss functions. We consider two optimal
tokens (%) with scores 7; = 1 and 75 = C, where C' varies. For our analysis, we examine the
correlation loss ¢(z) = —z and the logistic loss ¢(z) = log(1 + e~%).

In essence, as C' increases, we can observe that the correlation loss ¢(z) = —z exhibits a
bias towards the token with a high score, while the logistic loss is biased towards the token
with a low score. The underlying reason for this behavior can be observed from the gradients
of individual inputs: VL;(p) = £,- K, S'(Xp) X v, where S'(+) represents the derivative of the
softmax function and ¢}, := ¢'(y;-v" X,'S(X;p)). Assuming that p (approximately) selects the
optimal tokens, this simplifies to £, ~ ¢'(v;) and ||VL;(p)|| o< |¢'(7i)|- ;. With the correlation
loss, || = 1, resulting in |VL;(p)|| x 7, meaning that a larger score induces a larger
gradient. On the other hand, the logistic loss behaves similarly to the exponential loss under
separable data, i.e., [('| = e */(1+ e ®) = e *. Consequently, ||VL;(p)| x vie " ~ e 7,
indicating that a smaller score leads to a larger gradient. These observations explain the

empirical behavior we observe.
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CHAPTER 3

Optimization of Projection Matrices:
Softmax Attention as SVM

41
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(a) W-parameterization (b) (Wi, W,)-parameterization

Figure 3.1: GD convergence during training of cross-attention weight W or (Wj, W,) with
data. Teal and yellow markers represent tokens from X; and X, while stars mark opti-
mal tokens. Solid lines in Figures (a) and (b) depict (W-SVM) and (W-SVM,) directions
mapped to z; (red) and z, (blue), respectively. Arrows illustrating GD trajectories converg-
ing towards these SVM directions. Red and blue dotted lines represent the corresponding
separating hyperplanes.

3.1 Introduction

In Chapter 2, we connected the optimization of prompts and prediction heads to the hard-
margin SVM problem. In this chapter, we focus on the optimization behavior of projection

matrices. Throughout, given input sequences X, Z € R7*? with length 7" and embedding

31



dimension d, we study the core cross-attention and self-attention models:

foross(X, Z) := S(ZW, W,/ X ) X W,, (3.1a)
feer:(X) = S(XW,W,] X XW,. (3.1b)

Here, W, W, € R™™ W, € R™ are the trainable key, query, value matrices respectively;
S(+) denotes the softmax nonlinearity, which is applied row-wise on X W,W," X T. Note that
self-attention (3.1b) is a special instance of the cross-attention (3.1a) by setting Z < X.
To expose our main results, suppose the first token of Z — denoted by z — is used for
prediction. Concretely, given a training dataset (y;, X;, z;)"; with labels y; € {—1,1} and
inputs X; € RT*? 2z, € R?, we consider the empirical risk minimization with a decreasing

loss function £(-) : R — R, represented as follows:

LWL W) == (i f(Xe ), 3.2
=1
where  f(X;,z) =h (XS (X;W, W] 2)).

Here, h(-) : R? — R is the prediction head that subsumes the value weights W,,. In this
formulation, the model f(-) precisely represents a one-layer transformer where an MLP
follows the attention layer. Note that, we recover the self-attention in (3.2) by setting
z; < x;1, where x;; denotes the first token of the sequence X;!. The softmax operation, due
to its nonlinear nature, poses a significant challenge when optimizing (3.2). The problem is
nonconvex and nonlinear even when the prediction head is fixed and linear. In this study,
we focus on optimizing the attention weights (W, W, or W) and overcome such challenges
to establish a fundamental SVM equivalence.?

The main contributions are as follows:

o Implicit bias of the attention layer (§3.2-3.3): Optimizing the attention param-
eters (W), W,) with vanishing regularization converges in direction towards a max-
margin solution of (W-SVM,) with the nuclear norm objective of the combined param-
eter W := W, W_ (Thm 3.2). In the case of directly parameterizing cross-attention
by the combined parameter W, the regularization path (RP) directionally converges
to (W-SVM) solution with the Frobenius norm objective. To our knowledge, this is
the first result to formally distinguish the optimization dynamics of W' vs (W), W,))

'Note that for simplicity, we set z; = @;1, but it can be any other row of Xj.

2We fix h(-) and only optimize the attention weights. This is partly to avoid the degenerate case where
h(-) can be used to achieve zero training loss (e.g. via standard arguments like NTK [83]) without providing
any meaningful insight into the functionality of the attention mechanism.
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parameterizations, revealing the low-rank bias of the latter. Our theory clearly char-
acterizes the optimality of selected tokens (Definition 3.1) and naturally extends to
sequence-to-sequence or causal classification settings (see SAtt-SVM and Theorem B.2

in appendix).

Convergence of gradient descent (§3.4-3.5): Gradient descent (GD) iterates for
the combined key-query variable W converge in direction to a locally-optimal solution
of (W-SVM) with appropriate initialization and a linear head h(-) (Sec. 3.5). For lo-
cal optimality, selected tokens must have higher scores than their neighboring tokens.
Locally-optimal directions are not necessarily unique and are characterized in terms of
the problem geometry. As a key contribution, we identify geometric conditions that
guarantee convergence to the globally-optimal direction (Sec. 3.4). Besides these, we
show that over-parameterization (i.e. dimension d being large, and equivalent condi-
tions) catalyzes global convergence by ensuring (1) feasibility of (W-SVM), and, (2)
benign optimization landscape, in the sense that there are no stationary points and no
spurious locally-optimal directions (see Sec. 3.5.2). These are illustrated in Figures 3.1
and 3.4.

Generality of SVM equivalence (§3.6): When optimizing with linear A(-), the
attention layer is inherently biased towards selecting a single token from each sequence
(a.k.a. hard attention). This is reflected in (W-SVM) and arises from output tokens
being convex combinations of the input tokens. In contrast, we show that nonlin-
ear heads necessitate composing multiple tokens, highlighting their importance in the
transformer’s dynamics (Sec. 3.6.1). Using insights gathered from our theory, we pro-
pose a more general SVM equivalence. Remarkably, we demonstrate that our proposal
accurately predicts the implicit bias of attention trained by gradient descent under gen-
eral scenarios not covered by theory (e.g. h(:) being an MLP). Specifically, our general
formulae decouple attention weights into two components: A directional compo-
nent governed by SVM which selects the tokens by applying a 0-1 mask, and a finite
component which dictates the precise composition of the selected tokens by adjusting

the softmax probabilities.

An important feature of these findings is that they apply to arbitrary datasets (whenever

SVM is feasible) and are numerically verifiable. We extensively validate the max-margin

equivalence and implicit bias of transformers through enlightening experiments. We hold

the view that these findings aid in understanding transformers as hierarchical max-margin

token-selection mechanisms, and we hope that our outcomes will serve as a foundation for

upcoming studies concerning their optimization and generalization dynamics.
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3.2 Preliminaries and Problem Setup

Notation. For any integer N > 1, let [N] := {1,..., N}. We use lowercase and uppercase
bold letters (e.g., @ and A) to represent vectors and matrices, respectively. The entries of a
vector @ are denoted as a;. For a matrix A, ||A]| denotes the spectral norm, i.e. maximum
singular value, ||A||x denotes the nuclear norm, i.e. summation of all singular values, and
|Al|r := y/tr (AT A) denotes the Frobenius norm. dist (-, -) denotes the Euclidean distance
between two sets. The minimum / maximum of two numbers a, b is denoted as a Ab / a V b.

The big-O notation O(-) hides the universal constants.

Unveiling the relationship between attention and linear SVMs. For linear clas-
sification, it is well-established that GD iterations on logistic loss and separable datasets
converge towards the hard margin SVM solution, which effectively separates the two classes
within the data [169, 177, 215|. The softmax nonlinearity employed by the attention layer
exhibits an exponentially-tailed behavior similar to the logistic loss; thus, attention may also
be biased towards margin-maximizing solutions.

However, the attention layer operates on tokens

S . . Logistic Attention
within an input sequence, rather than performing

classification directly. Therefore, its bias is towards
ﬂ Gradient ﬂThis

an SVM, specifically (W-SVM), which aims to sep- Descent work
arate the tokens of input sequences by selecting the
relevant ones and suppressing the rest. Nonetheless, _

Separates training Separates tokens of
formalizing this intuition is considerably more chal- examples input sequences

Figure 3.2: Implicit biases of the at-

lenging: The presence of the highly nonlinear and
tention layer and logistic regression.

nonconvex softmax operation renders the analysis of
standard GD algorithms intricate. Additionally, the
1-layer transformer in (3.2) does not inherently exhibit a singular bias towards a single
(W-SVM) problem, even when using a linear head h. Instead, it can result in multiple
locally optimal directions induced by their associated SVMs. We emphasize that [186] is
the first work to make this attention<>SVM connection. Here, we augment their framework
to transformers by developing the first guarantees for self/cross-attention layer, nonlinear

prediction heads, and global convergence.

Optimization problem definition. We use a linear head h(z) = v’z for most of our
theoretical exposition. Given dataset (y;, X;, z;)!;, we minimize the empirical risk of an 1-
layer transformer using combined weights W € R¥? or individual weights W}, W, € R¥™

for a fixed head and decreasing loss function:
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LW) = %Zf (yi-v' X S(X;Wz,)), (W-ERM)
=1
1 n

LW, W,) = — D Uy v XS(XWLW ) . (KQ-ERM)
=1

We can recover the self-attention model by setting z; to be the first token of X, i.e., z; + @x;.
While the above formulation regresses a single label y; per (X, z;), in Sections 3.6 and B.5,
we show that our findings gracefully extend to the sequence-to-sequence classification setting
where we output and classify T tokens per inputs X;, Z; € R7*?. See Sections 3.6 and B.5

for results on nonlinear prediction heads.

Optimization algorithms. Given a parameter R > 0, we consider an /-norm bound
R, and define the regularized path solution associated with Objectives (W-ERM) and
(KQ-ERM), respectively as (W-RP) and (KQ-RP). These update rules allow us to find
the solution within a constrained region defined by the norm bound. The RP illustrates
the evolution of Wjx as R increases, capturing the essence of GD where the ridge con-
straint serves as an approximation for the number of iterations. Previous studies, including
[87, 169, 179, 186|, have examined the implicit bias of logistic regression and established a
connection between the directional convergence of the RP (i.e., limg_,oc Wgr/R) and GD. In
[186], the concept of a local RP was also employed to investigate implicit bias along local
directions. For GD, with appropriate initialization and step size n > 0, we describe the
optimization process associated with (W-ERM) and (KQ-ERM) as (W-GD) and (KQ-GD),

respectively.

Given W (0) € R 5> 0, for k> 0do: 1 Given W,(0), Wi (0) € R&>™ 5 > 0, for k > 0 do:
Wkt 1) = Wk) — VLW ER).  (W-GD) ! [Wilk+D] _ [We®)] [Vl (Wilk), Wy(k)) )
(4 1) = Wik = Ve (B). (W-GD) {qum | < gt e )] (Q-GD)
Given R > 0, find d X d matrix: 3 Given R > 0, find d X m matrices:
W (R) = argmin £(W). (W-RP) ' (Wi(R),W,(R)=  argmin L(W;,W,). (KQ-RP)
IWls<R | Wi ll3+Wall3<2R

3.2.1 Optimal tokens and hard-margin SVM problem for cross at-

tention

Given X; € R4 2, ¢ R? we present a convex hard-margin SVM problem, denoted as

(W-SVM), that aims to separate a specific token from the remaining tokens in the input
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sequence X;. This problem is jointly solved for all inputs, allowing us to examine the
optimization properties of cross-attention. To delve deeper, we introduce the concept of
optimal tokens, which are tokens that minimize the training objective under the decreasing
loss function ¢(-). To illustrate this, the token at the output of the attention layer is given
by a; = X, s;, where S(X;W z;) = s;. Here, a; can be written as a; = Ztem Sy, Where

T

si > 0and 37,7y 81t = 1. Now, assuming the linearity of h(z) = v’ @ and that for a specific

token {opt,}, Vir = yi - h(my) = y; - v Tyt < Yiopt;» We get

1< 1<
- Zﬁ(yi : Z sih(xit)) > - Zf(yi M @iopt, )
i=1 te[T] i=1

which implies that
1 n
LW) == Uy - h(a:))
=1
1 n
==Y ;-
- 2 (v

1 & 1 &
E Zg(yz ' h(wiopt)) - ﬁ Zg('yiopti) - AC*-
=1 =1

Sith(wit))
]

te(T

Y

Here, the inequality follows since vy = ;- h(Ti) = y; - v @y < Yiopt, by Definition 3.1
and the strictly decreasing nature of the loss ¢ due to Assumption 3.1. As we can see, 7;;
contributes to the objective decrease, and larger values of 7;; further minimize the training
objective under the decreasing loss function ¢(-). This is further discussed in Lemma 3.2.
This exploration introduces the notions of token scores and optimality, providing insights

into the underlying principles of self-attention mechanisms [186].

Definition 3.1 (Token Score and Optimality) Given a prediction head v € R, the
score of a token xy of input X; is defined as v = vy; - v xy. The optimal token for each

input X; is given by the index opt; € argmaxc(p) vir for all i € [n].

By introducing token scores and identifying optimal tokens, we can better understand the
importance of individual tokens and their impact on the overall objective. The token score
quantifies the contribution of a token to the prediction or classification task, while the optimal
token represents the token that exhibits the highest relevance within the corresponding input

sequence.
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e Hard-margin SVM for W-parameterization. Equipped with the set of optimal
indices opt := (opt,;)?; as per Definition 3.1, we introduce the following SVM formulation
associated to (W-ERM):

W = arg Ig‘i/n IWlr st (Tiopt, —Tu) Wz >1 Vt#opt, i€ [n) (W-SVM)

The existence of matrix W™ implies the separability of tokens (opt,)’ ; from the oth-
ers. The terms a; := xWz; represent the dot product between the key-query features
before applying the softmax nonlinearity. This dot product is a crucial characteristic of self-
attention and we can express the SVM constraints in (W-SVM) as Qiopt, = @it + 1. Thus,
(W-SVM) finds the most efficient direction that ensures the optimal token Tiopy, achieves
the highest similarity with query z; among all key embeddings. Our first result shows that

(W-SVM) is feasible under mild over-parameterization.

Theorem 3.1 Suppose d > max(T — 1,n). Then, almost all datasets (y;, X;, z;)i, — in-
cluding the self-attention setting with z; < x;1 — obey the following: (W-SVM) is feasible
i.e., W™ separates the desired tokens opt = (opt,),.

We note that the convex formulation (W-SVM) does not fully capture the GD geometry
on (W-ERM). In a more general sense, GD can provably converge to an SVM solution
over locally-optimal tokens, as detailed in Section 3.5.1. For deeper insight into (W-SVM),
consider that the attention layer’s output is a convex mixture of input tokens. Thus, if min-
imizing the training loss involves choosing the optimal token @;qp,, the softmax similarities
should eventually converge to a one-hot vector, precisely including @;qp, (assigned 1), while
ignoring all other tokens (assigned 0s). This convergence requires the attention weights W' to
diverge in norm to saturate the softmax probabilities. Due to the exponential-tailed nature
of the softmax function, the weights converge directionally to the max-margin solution. This
phenomenon resembles the implicit bias of logistic regression on separable data [88, 177].

Lemma 3.2 formalizes this intuition and rigorously motivates optimal tokens.

e Non-convex SVM for (W), W,)-parameterization. The objective function
(KQ-ERM) has an extra layer of nonconvexity compared to (W-ERM) as (W}, W,) corre-
sponds to a matrix factorization of W. To study this, we introduce the following nonconvex
SVM problem over (W, W,) akin to (W-SVM):

1
min 3 (W% + [Wll7) st (@iopt, — @) WiW, zi > 1 YVt #opt,, i € [n]. (KQ-SVM)

Wk: ) Wq
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Even if the direction of GD is biased towards the SVM solution, it does not have
to converge to the global minima of (KQ-SVM). Instead, it can converge towards a
Karush-Kuhn-Tucker (KKT) point of the max-margin SVM. Such KKT convergence has
been studied by [91, 128] in the context of other nonconvex margin maximization problems.
Fortunately, (KQ-ERM) may not be as daunting as it may initially seem: Our experiments in
Figures 3.1 and 3.6 reveal that GD is indeed biased towards the global minima of (KQ-SVM).
This global minima is achieved by setting W := WquT and finding the factorization of W
that minimizes the quadratic objective, yielding the following W -parameterized SVM with

nuclear norm objective:

W™ € argmin |[W], st. (@iopt, — Tit) Wz; > 1 Vt#opt, i€ [n] (W-SVM,)

rank(W)<m

Above, the nonconvex rank constraint arises from the fact that the rank of W = WquT
is at most m. However, under the condition of the full parameterization where m > d,
the rank constraint disappears, leading to a convex nuclear norm minimization problem.
Besides, the nuclear norm objective inherently encourages a low-rank solution [55, 166, 178].
Lemma 3.1, presented below, demonstrates that this guarantee holds whenever n < m.
This observation is further supported by our experiments (see Fig. 3.3). Thus, it offers a
straightforward rationale for why setting m < d is a reasonable practice, particularly in

scenarios involving limited data.

Lemma 3.1 Any optimal solution of (W-SVM) or (W-SVM,) is at most rank n. More

precisely, the row space of W™ or W™ lies within span({z;}1,).

Figure 3.3 illustrates rank range of solutions for (W-SVM) and (W-SVM,), denoted as
wmm and W™ solved using optimal tokens (opt;)?” ; and setting m = d (the rank con-
straint is eliminated). Each result is averaged over 100 trials, and for each trial, x;, z;,
and linear head v are randomly sampled from the unit sphere. In Fig. 3.3a, we fix T' =5
and vary n across {5, 10,15}. Conversely, in Fig. 3.3b, we keep n = 5 constant and alter T’
across {5, 10,15}. Both figures confirm rank of W™ and W™ are bounded by max(n, d),

validating Lemma 3.1.

3.3 Understanding the Implicit Bias of Self-Attention

We start by motivating the optimal token definition and establishing the global convergence
of RPs which shed light on the implicit bias of attention parameterizations. Throughout, we

maintain the following assumption regarding the loss function.
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Figure 3.3: Rank range of solutions for (W-SVM) and (W-SVM,), denoted as W™ and
wprmsolved using optimal tokens (opt;)?; and setting m = d (the rank constraint is
eliminated). Both figures confirm ranks of W™ and W™ are bounded by max(n,d),
validating Lemma 3.1.

Assumption 3.1 Over any bounded interval |a,b]: (i) £ : R — R is strictly decreasing; (ii)
The derivative €' is bounded as |¢'(uw)| < My; (iii) €' is My-Lipschitz continuous.

Assumption 3.1 encompasses many common loss functions, e.g., logistic ¢ (u) = log (1 + ™),

exponential ¢ (u) = e, and correlation ¢(u) = —u losses.

Lemma 3.2 (Optimal Tokens Minimize Training Loss) Suppose Assumption 3.1 (i)-
(i1) hold, and not all tokens are optimal per Definition 3.1. Then, training risk obeys L(W') >
L= 23" (Viop,)- Additionally, suppose there are optimal indices (opt;)i_, for which
(W-SVM) is feasible, i.e. there exists a W separating optimal tokens. This W choice obeys
limg oo L(IR- W) = L,.

The result presented in Lemma 3.2 originates from the observation that the output tokens
of the attention layer constitute a convex combination of the input tokens. Consequently,
when subjected to a strictly decreasing loss function, attention optimization inherently leans
towards the selection of a singular token, specifically, the optimal token (opt,)’,. Our
following theorem unveils the implicit bias ingrained within both attention parameterizations

through RP analysis.

Theorem 3.2 Suppose Assumptions 3.1 holds, optimal indices (opt,)I_, are unique, and
(W-SVM) is feasible. Let W™ be the unique solution of (W-SVM), and let W™ be the
solution set of (W-SVM,) with nuclear norm achieving objective C,. Then, Algorithms W-
RP and KQ-RP, respectively, satisfy:
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. . . . . A mm
o W -parameterization has Frobenius norm bias: lim W& = W™
Rooo B [Wmm||p

Wi RW,(R)T Wrmy
R o, )

o (W, W,)-parameterization has nuclear norm bias: lim dist

R—o0

— Setting m = d: (W-SVM,) is a convez problem without rank constraints.

Theorem 3.2 demonstrates that the RP of the (W), W, )-parameterization converges to a
max-margin solution of (W-SVM,) with nuclear norm objective on W = W, W_.". When
self-attention is directly parameterized by W, the RP converges to the solution of (W-SVM)
with a Frobenius norm objective. This result is the first to distinguish the optimization
dynamics of W and (W), W,) parameterizations, revealing the low-rank bias of the latter.
These findings also provide a clear characterization of token optimality (Definition 3.1) and
extend naturally to the setting with multiple optimal tokens per sequence (Theorem B.2 in
appendix). By definition, the RP captures the global geometry and cannot be used for the
implicit bias of GD towards locally-optimal directions. Sections 3.4 and 3.5 accomplish this
goal through gradient-descent and localized RP analysis to obtain locally-applicable SVM
equivalences. Note that, this theorem requires each input sequence has a unique optimal
token per Definition 3.1. Fortunately, this is a very mild condition as it holds for almost all
datasets, namely, as soon as input features are slightly perturbed.

Theorem 3.2 establishes the implicit bias of attention from the perspective of RP analysis.
This leads to the question: To what extent is this RP theory predictive of the implicit bias ex-
hibited by GD? To delve into this, we examine the gradient paths of W (k) or (Wi (k), W, (k))
and present the findings in Figure 3.1. We consider a scenario where n = d = m = 2 and
T = 5, and employ cross-attention, where tokens (z;, z3) are generated independently of
the inputs (X7, X3). The teal and yellow markers correspond to tokens from X; and X,
respectively. The stars indicate the optimal token for each input. To provide a clearer
view of the gradient convergence path, we illustrate the outcomes of training the attention
weight W or (W), W,) in the form of Wz; or WquTzi, where i = 1,2. With reference to
Equations (W-SVM) and (W-SVM,), the red and blue solid lines in Fig. 3.1a delineate the
directions of W™z, and W™™z,, correspondingly. Conversely, the red and blue solid lines
in Fig. 3.1b show the directions of W™z, and W™ z,. The red/blue arrows denote the
corresponding directions of gradient evolution with the dotted lines representing the corre-
sponding separating hyperplanes. Figure 3.1 provides a clear depiction of the incremental
alignment of W (k) and W, (k)W, (k)" with their respective attention SVM solutions as k
increases. This strongly supports the assertions of Theorem 3.2.

It is worth noting that (W-SVM.,) imposes a nonconvex rank constraint, i.e., rank(W') <

m. Nevertheless, this constraint becomes inconsequential if the unconstrained problem, with
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m set to be greater than or equal to d, admits a low-rank solution, as demonstrated in
Lemma 3.1. Consequently, in our experimental endeavors, we have the flexibility to employ
the unconstrained attention SVM for predicting the implicit bias. This concept is succinctly

summarized by the following lemma.

Lemma 3.3 Let W™ be the solution set of (W-SVM,) with nuclear norm achieving objec-
tive Cy. Further let WI'™ be the solution set of (W-SVM,) with m = d achieving objective

cux

Crve- IfWMm AW L () then C, = Crye and WM™ C WM™ Also, if the elements of YWm™

cux cux cux

have rank at most m, then, YW, = WZ.

3.4 Global Convergence of Gradient Descent

In this section, we will establish conditions that guarantee the global convergence of GD.
Concretely, we will investigate when GD solution selects the optimal token within each input
sequence through the softmax nonlinearity and coincides with the solution of the RP. Sec-
tion 3.5 will complement this with showing that self-attention can more generally converge
to locally-optimal max-margin directions. We identify the following conditions as provable
catalysts for global convergence: (I) Initial gradient direction is favorable; (II) Overparame-

terization, i.e. d is appropriately large.

3.4.1 Properties of optimization landscape

We start by establishing some fundamental properties of Objectives (W-ERM) and
(KQ-ERM).

Lemma 3.4 Under Assumption 3.1, VL(W), Vw, L(W;,, W,), and Vw, L(W},, W,) are
Lw, Lw,, Lw,Lipschitz continuous, respectively, where a; = |v| |z|*|X:|]>, b =
Mol|v|| || X:]| + 3M; for all i € |n],

1 n
Lw = — > aibi,  Lw, = |W,|[Lw, and Lw, = ||[W|Lw. (3.3)
i=1
The next assumption will play an important role ensuring the attention layer has a benign

optimization landscape.

Assumption 3.2 Optimal tokens’ indices (opt;)?_, are unique and one of the following con-

ditions on the tokens holds:
A1 All tokens are support vectors, i.e., (a:mpti—a:it)TWmmzi =1 for allt # opt; andi € [n].
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A2 The tokens’ scores, as defined in Definition 3.1, satisfy v = Yir < Yiopt,, for all t,7 #
opt, and i € [n].

Assumption A1 is directly linked to overparameterization and holds practical signifi-
cance. In scenarios such as classical SVM classification, where the goal is to separate labels,
overparameterization leads to the situation where all training points become support vectors.
Consequently, the SVM solution aligns with the least-squares minimum-norm interpolation,
a concept established in [80, 138] under broad statistical contexts. Assumption A1l rep-
resents an analogous manifestation of this condition. Therefore, in cases involving realistic
data distributions with sufficiently large d, we expect the same phenomena to persist, causing
the SVM solution W™ to coincide with (W-SVM).

Drawing on insights from [80, Theorem 1] and our Theorem 3.1, we expect that the
necessary degree of overparameterization remains moderate. Specifically, in instances where
input sequences follow an independent and identically distributed (IID) pattern and tokens
exhibit IID isotropic distributions, we posit that d 2 (7" 4 n)log(T + n) will suffice. More
generally, the extent of required overparameterization will be contingent on the covariance
of tokens [14, 138] and the distribution characteristics of input sequences [199].

Assumption A2 stipulates that non-optimal tokens possess identical scores which con-
stitutes a relatively stringent assumption that we will subsequently relax. Under Assump-
tion 3.2, we establish that when optimization problem (W-ERM) is trained using GD, the

norm of parameters will diverge.

Theorem 3.3 Suppose Assumption 3.1 on the loss function ¢ and Assumption 3.2 on the
tokens hold.

T1 For all W € R¥™?_ the training loss (W-ERM) obeys (VL(W), W™} < (.

T2 Algorithm W-GD with the stepsize n < 1/Lw and any starting point W (0) satisfies
limg oo |W (k)| = 0.

Proof Sketch. Let }_"z = Xinmzi, Yi = Yi - Xi'v, hz = XiWZZ‘, and S, — S(hl) We have
1 n
(VL(W), W) = — > 0 (3S(hy)) (XS (ha)yiz], W) (3.4)
i=1
1 ¢ . .
== V(~S(R)) - (R di Vv — h. s;8 ;) .
n Zzl (71 ( l)) ( 1 1&g(81>’y 1 'Slsz ’7%)

Let the equal score condition (Assumption A2) hold, i.e., v = 75 = ... = 37 be a constant,

and let v, and h; denote the largest indices of v and h. For any vector s with Ztem s =1
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and s, > 0, we aim to show that h"diag(s)y—h"ss vy > 0. We demonstrate this as follows:

T T T
h'diag(s)y —h'ss'y = Z hyvis, — Z h.s Z’Ytst
t=1

t=1 t=1

=hi(n =)l = 81) = (n—7)s1 Y Fus

t>2

_ ZT FLtSt
=(m—7)(1-s1)s [hl - thj“;
t>2 St

> (71— 7)(1 = s1)s1(h1 — T?ZaQX hy). (3.5)

To proceed, define

i 73 T 7
= Yiopt. — Max v; and hl = Ro. — max k.
Yeap = Yiorts t#opt; v £ap Pt t#opt; ’

With these, we obtain

ﬁ;diag(si)% - ﬁ;sisj% > véapfzi (1 — Sjopt, ) Siopt, -

gap
Note that
B;ap = tg})iplgi (Tiopt, — CEit)TWmmzi > 1,
7éap = tg})ip% Yiopt; — Vit > 0,
Siopt, (1 — Siopt,) > 0.
Hence,

m[lr]l {h/ diag(s;)v; — h; sis] 7} > 0. (3.6)
i€n

Further, by Assumption 3.1, ¢; < 0, ¢ is continuous and the domain is bounded, the maxi-
mum is attained and negative, and thus

max {'(z) < 0. (3.7)

T

Hence, using (3.6) and (3.7) in (3.4), we obtain (VL(W), W™™) < 0. In the scenario that
Assumption A1 holds (all tokens are support), h, = x}, W™z, is constant for all ¢t > 2.
Hence, following similar steps as in (3.5) completes the proof of T1.

Under Assumption 3.1, if the step size n < 1/Lw (where Ly is the Lipschitz con-
stant), then for any initial point W (0), Algorithm W-GD satisfies the descent property
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Figure 3.4: Convergence behavior of GD for W- and (W), W, )-parameterizations. Percent-
age of different convergence types of GD when training cross-attention weights (a): W or
(b): (W), W,) with varying d. In both figures, red, blue, and teal bars represent the per-
centages of Global, Local (including Global), and Not Local convergence, respectively. The
green bar corresponds to Assumption A1 where all tokens act as support vectors. Larger
overparameterization (d) relates to a higher percentage of globally-optimal SVM conver-
gence.

LW (k+1)) — LW(k) < —2[|VLW(k))||%, for all & > 0 [186, Lemma 6|, implying
IVLW (K))|IF — 0.

Furthermore, under Assumptions 3.1 and 3.2, for all W € R%! the training
loss (W-ERM) satisfies (VL(W),W™™) < 0, which by T1 holds for all W €
R4, Therefore, (VL(W), W™") cannot be zero for any finite W, contradicting the
limy o [|[VL(W (K))||% = 0. This implies | W (k)||r — oo, proving T2.

The feasibility of SVM (per Theorem 3.1) is a necessary condition for the convergence
of GD to the W™ direction. However, it does not inform us about the optimization
landscape. Two additional criteria are essential for convergence: the absence of stationary
points VL(W) = 0 and divergence of parameter norm to infinity. Theorem 3.3 above

precisely guarantees both of these criteria under Assumption 3.2.

3.4.2 Provable global convergence of 1-layer transformer

In the quest for understanding the global convergence of a 1-layer transformer, [186, Theorem
2] provided the first global convergence analysis of the attention in a restrictive scenario where
n = 1 and under the Assumption A2. Here, we present two new conditions for achieving
global convergence towards the max-margin direction W™ based on: (I) the initial gradient
direction, and (II) over-parameterization. For the first case, we provide precise theoretical

guarantees. For the second, we offer strong empirical evidence, supported by Theorem 3.3,
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and a formal conjecture described in Section 3.5.2. We remind the reader that we optimize
the attention weights W while fixing the linear prediction head h(z) = v"x. This approach
avoids trivial convergence guarantees where an over-parameterized h(-)—whether it is a
linear model or an MLP—can be used to achieve zero training loss without providing any

meaningful insights into the functionality of the attention mechanism.

(I) Global convergence under good initial gradient. To ensure global convergence,
we identify an assumption that prevents GD from getting trapped at suboptimal tokens
that offer no scoring advantage compared to other choices. To establish a foundation for
providing the convergence of GD to the globally optimal solution W™ we need the following
definitions. For parameters p > 0 and R > 0, define

_ w .
Cur = {||WHF >R ‘ <(wi0pti — )z, W> > forall t=opt, i€ [n]} (3.8)
F

This is the set of all W's that separate the optimal tokens from the rest with margin u. We
will show that, for any p > 0, the optimization landscape of this set is favorable and, if the

updates remain in the set, the gradient descent will maximize the margin and find W™,

Assumption 3.3 (First GD Step is Separating) For some ¢ > 0 and all t # opt;, i €
[n] : (mit - miopti)TV;C(O)Zi Z L.

Theorem 3.4 Suppose Assumption 3.1 on the loss function ¢ and Assumption 3.3 on the
matial gradient hold.

e For any u > 0, there exists R > 0 such that C, r does not contain any stationary

points.
o Fiz any p € (0,¢/||VL(0)||r). Consider GD iterations with W(0) = 0, W(1) =
—RV L(0)/||VL(0)||p, and W (k + 1) = W (k) — nVL(W (k)) for k > 1, where

n < 1/Lw and R sufficiently large. If all iterates remain within C, g, then

limy o0 || W (E)||F = 00 and limy_, TWar = W r

Note that the second result of Theorem 3.4, i.e., the divergence of parameter norm
to infinity and directional convergence requires that all GD iterations remain within
C.r defined in (3.8). In Appendix B.3.2, we show that if for all W € C,z(W™),
mine <(:ciopt xi)z , W — nVﬁ(W)> — min;ep) <(a:iopt Ti)z, W> is lower bounded
by (2np/||Wmm||p) (=VL(W), W™mm) " then all GD iterations W (k) remain within C, g.
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Figure 3.5: Global convergence behavior of GD when training cross-attention weights W
(solid) or (W}, W,) (dashed) with random data. The blue, green, and red curves represent
the probabilities of global convergence for (a): fixing 7' = 5 and varying n € {5, 10,20}
and (b): fixing n = 5 and varying 7' € {5,10,20}. Results demonstrate that for both
attention models, as d increases (due to over-parameterization), attention weights tend to
select optimal tokens (opt;)r ;.

While this condition may appear complicated, it is essentially a tight requirement for up-
dates to remain within C, z. Finally, it is worth mentioning that, if a stronger correlation
condition between initial gradient V.L(0) and W™ holds, one can also prove that updates
remain within a tighter cone around W™™ through ideas developed in Theorem 3.5 by land-
ing W (1) around W™ direction. However, we opt to state here the result for the milder

condition C, g.

(IT) Global convergence via overparameterization. In the context of standard neural
networks, overparameterization has been recognized as a pivotal factor for the global con-
vergence of GD [5, 49, 119, 150|. However, conventional approaches like the neural tangent
kernel [83] do not seamlessly apply to our scenario, given our assumption on fixed A and the
avoidance of achieving zero loss by trivially fitting A. Furthermore, even when we train h to
achieve zero loss, it doesn’t provide substantial insights into the implicit bias of the atten-
tion weights W. Conversely, Theorem 3.3 illustrates the benefits of over-parameterization
in terms of convergence. Considering that Assumption A1 is anticipated to hold as the
dimension d increases, the norm of the GD solution is bound to diverge to infinity. This
satisfies a prerequisite for converging towards the globally-optimal SVM direction W™,
The trend depicted in Figure 3.4, where the percentage of global convergence (red bars)
approaches 100% and Assumption A1 holds with higher probability (green bars) as d grows,

reinforces this insight. Specifically, green bars representing the percentage of the scenarios
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Figure 3.6: Local convergence behaviour of GD when training cross-attention weights W
(blue) or (Wj,, W,) (red) with random data: (a) displays the largest entry of the softmax
outputs averaged over the dataset; (b&c) display the Pearson correlation coefficients of GD
trajectories and the SVM solutions (b) with the Frobenius norm objective W™ (solution of
(W-SVM)) and (c) with the nuclear norm objective W3 (solution of (W-SVM,)). These
demonstrate the Frobenius norm bias of W (k) and the nuclear norm bias of Wy (k)W,(k)".

where almost all tokens act as support vectors (Assumption A1). In both experiments, and
for each chosen d value, a total of 500 random instances are conducted under the conditions of
n =T = 5. The outcomes are reported in terms of the percentages of Not Local, Local, and
Global convergence, represented by the teal, blue, and red bars, respectively. We validate
Assumption A1 as follows: Given a problem instance, we compute the average margin over
all non-optimal tokens of all inputs and declare that problem satisfies Assumption A1, if the
average margin is below 1.1 (where 1 is the minimum).

Furthermore, the observations in Figure 3.5 regarding the percentages of achieving global
convergence reaching 100 with larger d reaffirm that overparameterization leads the attention
weights to converge directionally towards the optimal max-margin direction outlined by
(W-SVM) and (W-SVM,).

In the upcoming section, we will introduce locally-optimal directions, to which GD can
be proven to converge when appropriately initialized. We will then establish a condition
that ensures the globally-optimal direction is the sole viable locally-optimal direction. This

culmination will result in a formal conjecture detailed in Section 3.5.2.

3.5 Local Convergence of 1-Layer Transformer

So far, we have primarily focused on the convergence to the global direction dictated by
(W-SVM). In this section, we investigate and establish the local directional convergence of
GD as well as RP.
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3.5.1 Local convergence of gradient descent

To proceed, we introduce locally-optimal directions by adapting Definition 2 of [186].

Definition 3.2 (Support Indices and Locally-Optimal Direction) Fiz token indices
a = (o),. Solve (W-SVM) with (opt,)i, replaced with o« = (a;), to obtain WI'™.
Consider the set T; C [T] such that (X, — Tiy) W™z, = 1 for all t € T;. We refer to
(T:)i, as the support indices of a. Additionally, if for all i € [n] and t € T; scores per
Definition 3.1 obey Via, > 7Yit, indices oo = (o), are called locally-optimal and WZI'™ is

called a locally-optimal direction.

In words, the concept of local optimality requires that the selected tokens denoted as «
should have scores that are higher than the scores of their neighboring tokens referred to
as support indices. It is important to observe that the tokens defined as opt = (opt;)r,,
which we term as the optimal tokens, inherently satisfy the condition of local optimality.
Moving forward, we will provide Theorem 3.5 which establishes that when the process of GD
is initiated along a direction that is locally optimal, it gradually converges in that particular
direction, eventually aligning itself with W2™. This theorem immediately underscores the
fact that if there exists a direction of local optimality (apart from the globally optimal
direction W™™) then when GD commences from any arbitrary starting point, it does not
achieve global convergence towards W™,

To provide a basis for discussing local convergence of GD, we establish a cone centered
around W™ using the following construction. For parameters p € (0,1) and R > 0, we
define C,, r(WX™) as the set of matrices W € R%? such that |W||r > R and the correlation
coefficient between W and W2™ is at least 1 — pu:

W Wmm
CnW2m) = {IWle = R | (o e ) = 1. (39)
: W, [Wanls

Theorem 3.5 Suppose Assumption 3.1 on the loss £ holds, and let o = (o), be locally
optimal tokens according to Definition 3.2. Let W™ denote the SVM solution obtained via
(W-SVM) by replacing (opt;)?_, with o = (o).

o There exist parameters i = p(a) € (0,1) and R > 0 such that C, r(W2'™) does not

contain any stationary points.

o Algorithm W-GD with n < 1/Lw and any W(0) € C,r(WZJ™) satisfies

3 . Wk W&nm
limgoe [ W (k)| = 00 and lime-oe i = Ty

48



This theorem establishes the existence of @ Locally Optimal Token

" o Y Globally Optimal Token
positive parameters p = p(a) > 0 and WM Attention-SVM Solution

R > 0 such that there are no stationary W (k) Gradient Descent Iteration

points within C,, r(W2™). Furthermore, if

gradient descent (GD) is initiated within *

Cor(W2™), it will converge in the direc-

tion of W2™/|Wx™||. It is worth men-

tioning that the stronger Theorem 3.3 (e.g., Figure 3.7: The blue cone represents

global absence of stationary points) is ap- ¢, r(W™™), while the orange illustrates the

plicable whenever all tokens are supported, cone surrounding the globally optimal token.
ie, 7, = 0 for all i € [n]. Figure 3.7 il- Gradient descent initiated within C, r(WZ™)

converges in the direction of W™,
lustrates Theorem 3.5. The blue cone repre- & *

sents C,, r(W2™), while the orange cone illustrates the cone surrounding the globally optimal
token. Gradient descent initiated within C, r(W2E™) converges in the direction of W™,

In Figure 3.6, we consider setting where n = 6, T" = 8, and d = 10. The dis-
played results are averaged from 100 random trials. We train cross-attention models with
xit, z;,v € R? randomly sampled from unit sphere, and apply the normalized GD ap-
proach with fixed step size n = 0.1. In Figure 3.6a we calculate the softmax probability
via %Z?:l maxe|r) S(XiW(k)zi)t for either W = W or W;CWqT at each iteration. Both
scenarios result in probability 1, which indicates that attention weights succeed in selecting
one token per input. Then following Definition 3.2 let @ = (a;)?_; be the token indices se-
lected by GD and denote W73 as the corresponding SVM solution of (W-SVM,). Define the
correlation coefficient of two matrices as corr_coef (Wy, Ws) := (W1, Wy) /||Wh|| || W2 .
Figures 3.6b and 3.6¢ illustrate the correlation coefficients of attention weights (W (k) and
Wi (k)W,(k)T) with respect to W™ and W', The results demonstrate that W (W, W,")
ultimately reaches a 1 correlation with W™ (W), which suggests that W (W, W) con-
verges in the direction of W™ (W3). This further validates Theorem 3.5.

3.5.2 Overparameterization conjecture: When local-optimal direc-

tions disappear

In Section 3.4 we demonstrated that larger d serves as a catalyst for global convergence to
select the optimal indices opt = (opt;)?_,. However, Section 3.5.1 shows that the convergence
can be towards locally-optimal directions rather than global ones. How do we reconcile these?
Under what precise conditions, can we expect global convergence?

The aim of this section is gathering these intuitions and stating a concrete conjecture
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on the global convergence of the attention layer under geometric assumptions related to
overparameterization. To recap, Theorem 3.1 characterizes when (W-SVM) is feasible and
Theorem 3.3 characterizes when the parameter norm provably diverges to infinity, i.e. when-
ever all tokens are support vectors of (W-SVM) (Assumption A1l holds). On the other
hand, this is not sufficient for global convergence, as GD can converge in direction to locally-
optimal directions per Section 3.5.1. Thus, to guarantee global convergence, we need to
ensure that globally-optimal direction is the only viable one. Our next assumption is

a fully-geometric condition that precisely accomplishes this.

Assumption 3.4 (There is always an optimal support index) For any choice of o« =
()P, with o # opt when solving (W-SVM) with opt < «, there exists i € [n| such that
a; # opt; and opt; € T;.

This guarantees that no a # opt can be locally-optimal because it has a support index
with higher score at the input ¢ with «; # opt,. Thus, this ensures that global direction W™
is the unique locally-optimal direction obeying Def. 3.2. Finally, note that local-optimality
in Def. 3.2 is one-sided: GD can provably converge to locally-optimal directions, while we do
not provably exclude the existence of other directions. Yet, Theorem 4 of [186] shows that
local RPs (see Section 3.5.4 for details) can only converge to locally-optimal directions for
almost all datasets®. This and Figure 3.4 provide strong evidence that Def. 3.2 captures all
possible convergence directions of GD, and as a consequence, that Assumption 3.4 guarantees

that W™™ is the only viable direction to converge.

= Integrating the results and global convergence conjecture. Combining Assump-
tions A1l and 3.4, we have concluded that gradient norm diverges and W™ is the only
viable direction to converge. Thus, we conclude this section with the following conjecture:
Suppose opt = (opt,;)!; are the unique optimal indices with strictly highest score per se-
quence and Assumptions A1l and 3.4 hold. Then, for almost all datasets (e.g. add small
IID gaussian noise to input features), GD with a proper constant learning rate converges to
wme of (W-SVM) in direction.

To gain some intuition, consider Figure 3.4: Here, red bars denote the frequency of global
convergence whereas green bars denote the frequency of Assumption A1 holding over random
problem instances. In short, this suggests that Assumption A1 occurs less frequently than
global convergence, which is consistent with our conjecture. On the other hand, verifying
Assumption 3.4 is more challenging due to its combinatorial nature. A stronger condition

that implies Assumption 3.4 is when all optimal indices (opt;)?_, are support vectors of the

3To be precise, they prove this for their version of Def. 3.2, which is stated for an attention model
f(p) =v" X TS(XWp) admitting an analogous SVM formulation.
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Figure 3.8: Performance of GD convergence and corresponding SVM margin. Upper: The
SVM margins correspond to globally-optimal (red) and locally-optimal (blue) token indices,
denoted as 1/|W™ || and 1/||W2™| r, respectively. Lower: Percentages of global con-
vergence (when av = opt, red) and local convergence (when a # opt, blue).

SVM. That is, either opt; = a; or opt; € T;, ¥V i € [n]. When the data follows a statistical
model, this stronger condition could be verified through probabilistic tools building on our
earlier “all training points are support vectors” discussion [138|. More generally, we believe

a thorough statistical investigation of (W-SVM) is a promising direction for future work.

3.5.3 Investigation on SVM objectives and GD convergence

Until now, we have discussed the global and local convergence performances of gradient
descent (GD). Theorem 3.5 suggests that, without specific restrictions on tokens, when
training with GD, the attention weight W converges towards W2'™. Here, the selected
token indices a = (a;)"_; may not necessarily be identical to opt = (opt;)" ;. Experiments
presented in Figures 3.4 and 3.5 also support this observation. In this section, we focus
on scenarios where av # opt (e.g., when W™ is not feasible) and investigate the question:
Towards which local direction is GD most likely to converge?

To this goal, in Figure 3.8, we consider SVM margin, which is defined by 1/||W2™|| r, and
investigate its connection to the convergence performance of GD. On the left, weset T'=d =
5 and vary n among 1,5, 10, 15; on the right, we fix T' = n = 5 and change d to 2,5, 10, 15.
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All tokens are randomly generated from the unit sphere. The SVM margins corresponding
to the selected tokens a are depicted as blue curves in the upper subfigures, while the SVM
margins corresponding to the globally-optimal token indices (a = opt) are shown as red
curves. The red and blue bars in the lower subfigures represent the percentages of global
and local convergence, respectively. Combining all these findings empirically demonstrates
that when the global SVM objective yields a solution with a small margin (i.e., 1/|W™"| g
is small, and 0 when global SVM is not feasible), GD tends to converge towards a local

direction with a comparatively larger margin.

3.5.4 Guarantees on local regularization path

In this section, we provide a localized regularization path analysis for general objective
functions. As we shall see, this will also allow us to predict the local solutions of gradient
descent described in Section 3.5.1. Let ¢ denote a general norm objective. Given indices

a = (o), consider the formulation

Wi = arg(n;in (W st. (@i, —xy) Wz; >1 forall t#a; i€[n]. (-SVM)
rank(W)<m
In this section, since ¢ is clear from the context, we will use the shorthand W™ := W
and denote the optimal solution set of (0-SVM) as W™™ := W, It is important to note
that if the o-norm is not strongly convex, W™™ may not be a singleton. Additionally,
when m = d, the rank constraint becomes vacuous, and the problem becomes convex. The
following result is a slight generalization of Theorem 3.1 and demonstrates that choosing
a large d ensures the feasibility of (¢-SVM) uniformly over all choices of a. The proof is

similar to that of Theorem 3.1, as provided in Appendix B.1.

Theorem 3.6 Suppose d > max(T — 1,n) and m = d. Then, almost all datasets*
(yi, X4, zi)y — including the self-attention setting with z; <— x;; — obey the following: For
any choice of indices o = (c;)?-y C [T], (0-SVM) s feasible, i.e. the atltention layer can

separate and select indices .

To proceed, we define the local reqularization path, which is obtained by solving the ©-
norm-constrained problem over a a-dependent cone denoted as cone.(a). This cone has
a simple interpretation: it prioritizes tokens with a lower score than a over tokens with

a higher score than a. This interpretation sheds light on the convergence towards locally

4Here, “almost all datasets” means that adding i.i.d. gaussian noise, with arbitrary nonzero variance, to
the input features will almost surely result in SVM’s feasibility.
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optimal directions: lower-score tokens create a barrier for a and prevent optimization from

moving towards higher-score tokens.

Definition 3.3 (Low&High Score Tokens and Separating Cone) Given « € [T], in-
put sequence X with label y, h(-) : RY — R, and score v, = y - h(x;) for all t € [T, define

the low and high score tokens as
Lo (X) := {t € [T] } v < ’ya}, high*(X) = {t €T —{a} ‘ Vi > fya}.

For input X; and index o;, we use the shorthand notations louf' and high. Finally define

cone.(a) as

cone () := {rank(W) <m ’ min max min (xy — ;) Wz > EHWHF} . (3.10)

i€[n] tE€louf* TERIGhS
Our next lemma relates this cone definition to locally-optimal directions of Definition 3.2.

Lemma 3.5 Suppose (o-SVM) s feasible. If indices o are locally-optimal, W™ €
cone.(a) for all sufficiently small € > 0. Otherwise, W2 & cone(ax) for all ¢ > 0.
Additionally, suppose optimal indices opt; € arg maxe(r) Vir are unique and set o < opt.

Then, cone.(opt) is the set of all rank-<m matrices (i.e. global set).

Lemma 3.5 can be understood as follows: Among the SVM solutions W2 only those
that are locally optimal demonstrate a barrier of low-score tokens, effectively acting as a
protective shield against higher-score tokens. Moreover, in the case of globally optimal
tokens (with the highest scores), the global set cone.(opt) can be chosen, as they inherently
do not require protective measures. The subsequent result introduces our principal theorem,
which pertains to the regularization path converging towards the locally-optimal direction

over cone () whenever « is locally optimal.

Theorem 3.7 (Convergence of Local Regularization Path) Suppose Assumption 3.1
holds. Fix locally-optimal token indices a = (a;)!_, and Ry,e > 0. Consider the norm-

constrained variation of (3.10) defined as
CoR, = conee(a)m {w | IWe> Ro}.

Define local RP as Wp = mings | jwi,<k L(W) where LIW) is given by (W-ERM). Let
W™ be the set of minima for (-SVM) and =, > 0 be the associated margin i.e. =, =
1/|W2m™|,.  For any sufficiently small € > 0 and sufficiently large Ry = O(1/e) > 0,

limg_,o dist W—E’z,Wmm = 0. Additionally, suppose optimal indices opt = (opt,)l, are
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unique and set o <— opt. Then, the same convergence guarantee on reqularization path holds

by setting CZ g, as the set of rank-<m matrices.

Note that when setting m = d, the rank constraint is eliminated. Consequently, special-
izing this theorem to the Frobenius norm aligns it with Theorem 3.5. On the other hand, by
assigning ¢ as the nuclear norm and a < opt, the global inductive bias of the nuclear norm
is recovered, as stated in Theorem 3.2.

We would like to emphasize that both this theorem and Theorem 3.2 are specific instances
of Theorem B.2 found in Appendix B.5. It is worth noting that, within this appendix, we
establish all regularization path results for sequence-to-sequence classification, along with a
general class of monotonicity-preserving prediction heads outlined in Assumption B.1. The
latter significantly generalizes linear heads, highlighting the versatility of our theory. The

following section presents our discoveries concerning general nonlinear heads.

3.6 Toward a More General SVM Equivalence for Non-

linear Prediction Heads

So far, our theory has focused on the setting where the attention layer selects a single
optimal token within each sequence. As we have discussed, this is theoretically well-justified
under linear head assumption and certain nonlinear generalizations. On the other hand, for
arbitrary nonconvex h(-) or multilayer transformer architectures, it is expected that attention

will select multiple tokens per sequence. This motivates us to ask:

Q: What is the implicit bias and the form of W (k) when the GD solution is

composed by multiple tokens?

In this section, our goal is to derive and verify the generalized behavior of GD. Let o; =
X" sV denote the composed token generated by the attention layer where s/V = S(X; W z;)
are the softmax probabilities corresponding to W. Suppose GD trajectory converges to
achieve the risk £, = minw £L(W), and the eventual token composition achieving L, is
given by

x T _*
o, =X, s},

where s} are the eventual softmax probability vectors that dictate the token composition.
Since attention maps are sparse in practice, we are interested in the scenario where s is sparse
i.e. it contains some zero entries. This can only be accomplished by letting ||[W|r — oo.
However, unlike the earlier sections, we wish to allow for arbitrary s; rather than a one-hot

vector which selects a single token.
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To proceed, we aim to understand the form of GD solution W (k) responsible for com-
posing o} via the softmax map s} as [|[W||r — oo. Intuitively, W (k) should be decomposed

into two components via
W (k) =~ W 4 |W (k)| - W™, (3.11)

where W is the finite component and W™ is the directional component with ||W™=% || =
1. Define the selected set O; C [T'] to be the indices s, # 0 and the masked (i.e. suppressed)
set as O; = [T] — O; where softmax entries are zero. In the context of earlier sections, we

could also call these the optimal set and the non-optimal set, respectively.

e Finite component: The job of W is to assign nonzero softmax probabilities within
each s¥. This is accomplished by ensuring that, W induces the probabilities of s¥ over O;

by satisfying the softmax equations

T fin

x,, Whhz, *
t i .

e e(witfmiT)TWﬁ“zi Sit
T fi . *x 7

ea:iTW Dz o

for t,7 € O;. Consequently, this W' should satisfy the following linear constraints

(i — xir) Wz, = log(sh,/ss) forall t,7¢€ Oy, ic€ [n] (3.12)

e Directional component: While W creates the composition by allocating the nonzero
softmax probabilities, it does not explain sparsity of attention map. This is the role of W™,
which is responsible for selecting the selected tokens O; and suppressing the masked ones O;
by assigning zero softmax probability to them. To predict direction component, we build on
the theory developed in earlier sections. Concretely, there are two constraints W™™ should

satisfy

1. Equal similarity over selected tokens: For all ¢t,7 € O;, we have that (x; —
xir) Wz; = 0. This way, softmax scores assigned by Wi are not disturbed by the
directional component and W + R - W™ will still satisfy the softmax equations
(3.12).

2. Max-margin against masked tokens: For all t € O;,7 € O;, enforce the margin

constraint (x; — x;;) ' Wz; > 1 subject to minimum norm ||[W|| .

Combining these yields the following convex generalized SVM formulation
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Figure 3.9: Behavior of GD with nonlinear nonconvex prediction head and multi-token com-
positions. Upper: The correlation between GD solution and three distinct baselines: (---)
W obtained from (Gen-SVM); (—) WS™ed gbtained by calculating W™ and determining
the best linear combination W - yW™™ that maximizes correlation with the GD solution;
and (- -) Wtk ghtained by solving (W-SVM) and selecting the highest probability token
from the GD solution. Lower: Scatterplot of the largest softmax probability over masked
tokens (per our s;; < 107° criteria) vs correlation coefficient.

Vte Oi, E @Z 5 it — Ljr TWZi Z 1,
W™ = argmin |W||r s.t. ! (@ ) Vien]. (Gen-SVM)
4 A t77' S Oz 5 (IBZ‘t — CCZ'T)TWZZ' = O,

and set the normalized direction in (3.11) to WM™ = Wmm /|| Wmm|| ;.

It is important to note that (Gen-SVM) offers a substantial generalization beyond the scope
of the previous sections, where the focus was on selecting a single token from each sequence,
as described in the main formulation (W-SVM). This broader solution class introduces a
more flexible approach to the problem.

We present experiments showcasing the predictive power of the (Gen-SVM) equivalence
in nonlinear scenarios. We conducted these experiments on random instances using an MLP
denoted as h(-), which takes the form of 1"ReLU(x). We begin by detailing the preprocessing
step and our setup. For the attention SVM equivalence analytical prediction, clear definitions
of the selected and masked sets are crucial. These sets include token indices with nonzero and
zero softmax outputs, respectively. However, practically, reaching a precisely zero output is

not feasible. Hence, we define the selected set as tokens with softmax outputs exceeding 1073,
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and the masked set as tokens with softmax outputs below 107, We also excluded instances
with softmax outputs falling between 107¢ and 1073 to distinctly separate the concepts of
selected and masked sets, thereby enhancing the predictive accuracy of the attention SVM
equivalence. In addition to the filtering process, we focus on scenarios where the label y = —1
exists to enforce non-convexity of prediction head y; - h(+). It is worth mentioning that when
all labels are 1, due to the convexity of y; - h(:), GD tends to select one token per input, and
Equations (Gen-SVM) and (W-SVM) yield the same solutions. The results are displayed
in Figure 3.9, where n = 3, T' = 4, and d varies within 4,6,8,10. We conduct 500 random
trials for different choices of d, each involving x;;, z;, and v randomly sampled from the unit
sphere. We apply normalized GD with a step size n = 0.1 and run 2000 iterations for each

trial.

e Figure 3.9 (upper) illustrates the correlation evolution between the GD solution and three
distinctive baselines: (---) W™ obtained from (Gen-SVM); (—) WS™ed ghtained by cal-
culating W' and determining the best linear combination W 4 yW™™ that maximizes
correlation with the GD solution; and (- -) Wtk ohtained by solving (W-SVM) and se-
lecting the highest probability token from the GD solution. For clearer visualization, the
logarithmic scale of correlation misalignment is presented in Figure 3.9. In essence, our find-
ings show that Wtk vields unsatisfactory outcomes, whereas W™™ attains a significant
correlation coefficient in alignment with our expectations. Ultimately, our comprehensive
SVM-equivalence WS™ea further enhances correlation, lending support to our analytical for-
mulas. It’s noteworthy that SVM-equivalence displays higher predictability in a larger d
regime (with an average correlation exceeding 0.99). This phenomenon might be attributed
to more frequent directional convergence in higher dimensions, with overparameterization

contributing to a smoother loss landscape, thereby expediting optimization.

e Figure 3.9 (lower) offers a scatterplot overview of the 500 random problem instances
that were solved. The z-axis represents the largest softmax probability over the masked
set, denoted as max; , s;; where 7 € O;. Meanwhile, the y-axis indicates the predictivity
of the SVM-equivalence, quantified as 1 — corr_coef (W, W35™e) From this analysis, two
significant observations arise. Primarily, there exists an inverse correlation between softmax
probability and SVM-predictivity. This correlation is intuitive, as higher softmax proba-
bilities signify a stronger divergence from our desired masked set state (ideally set to 0).
Secondly, as dimensionality (d) increases, softmax probabilities over the masked set tend
to converge towards the range of 107'° (effectively zero). Simultaneously, attention SVM-

predictivity improves, creating a noteworthy correlation.
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3.6.1 When does attention select multiple tokens?

In this section, we provide a concrete example where the optimal solution indeed requires
combining multiple tokens in a nontrivial fashion. Here, by nontrivial we mean that, we
select more than 1 tokens from an input sequence but we don’t select all of its tokens. Recall
that, for linear prediction head, attention will ideally select the single token with largest
score for almost all datasets. Perhaps not surprisingly, this behavior will not persist for
nonlinear prediction heads. For instance in Figure 3.9, the GD output W aligned better
in direction with W™ than W?1tker  Specifically, here we prove that if we make the
function hy(x) := y - h(x) concave, then optimal softmax map can select multiple tokens
in a controllable fashion. h,(x) can be viewed as generalization of the linear score function
y-v'x. In the example below, we induce concavity by incorporating a small —\||z||? term

within a linear prediction head and setting h(z) = v’z — \||z||* with y = 1.

Lemma 3.6 Given v € R%, recall the score vector v = Xv. Without losing generality,
assume v is non-increasing. Define the vector of score gaps v9% € RT=1 with entries v/ =
V¢ — Yer1. Suppose all tokens within the input sequence are orthonormal and for some T > 2,

we have that
TYIP[2 > AP, (3.13)

Set h(x) = v'x — N|z||*> where T79% /2 > X\ > {", l(x) = —x, and y = 1. Let Ay denote
the T-dimensional simplex. Define the unconstrained softmax optimization associated to the
objective h where we make s :== S(XW z) a free variable, namely,

min ((h(Xs)) = min M X s> —v' X "s. (3.14)
SCAT

SEAT

Then, the optimal solution s* contains at least 2 and at most T nonzero entries.

Figure 3.10 presents experimental findings concerning Lemma 3.6 across random problem
instances. For this experiment, we set n = 1, 7" = 10, and d = 10. The results are averaged
over 100 random trials, with each trial involving the generation of randomly orthonormal
vectors xy; and the random sampling of vector v from the unit sphere. Similar to the
processing step in Figure 3.9, and following Figure 3.9 (lower) which illustrates that smaller
softmax outputs over masked sets correspond to higher correlation coefficients, we define
the selected and masked token sets. Specifically, tokens with softmax outputs > 1072 are
considered selected, while tokens with softmax outputs < 107® are masked. Instances with

softmax outputs between 107 and 1072 are filtered out.
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Figure 3.10: Behavior of GD when selecting multiple tokens. (a) The number of selected
tokens increases with A. (b) Predictivity of attention SVM solutions for varying A; Dotted
curves depict the correlation corresponding to W™ calculated via (Gen-SVM) and solid
curves represent the correlation to WS™e4 which incorporates the Wit correction. (c)
Similar to (b), but evaluating correlations over different numbers of selected tokens.

Figure 3.10a shows that the number of selected tokens grows alongside A, a prediction
consistent with Lemma 3.6. When A = 0, the head h(x) = v'x is linear, resulting in the se-
lection of only one token per input. Conversely, as A exceeds a certain threshold (e.g., A > 2.0
based on our criteria), the optimization consistently selects all tokens. Figure 3.10b and 3.10c
delve into the predictivity of attention SVM solutions for varying A and different numbers
of selected tokens. The dotted curves in both figures represent 1 — corr_coef(W , Wm™™),
while solid curves indicate 1 — corr_coef (W, W5™eq) where W denotes the GD solution.
Overall, the SVM-equivalence demonstrates a strong correlation with the GD solution (con-
sistently above 0.95). However, selecting more tokens (aligned with larger A\ values) leads to
reduced predictivity.

To sum up, we have showcased the predictive capacity of the generalized SVM equivalence
regarding the inductive bias of 1-layer transformers with nonlinear heads. Nevertheless, it’s
important to acknowledge that this section represents an initial approach to a complex
problem, with certain caveats requiring further investigation (e.g., the use of filtering in
Figures 3.9 and 3.10, and the presence of imperfect correlations). We aspire to conduct a

more comprehensive investigation, both theoretically and empirically, in forthcoming work.
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3.7 Extending the Theory to Sequential and Causal Pre-

dictions

While our formulations (W-ERM & KQ-ERM) regress a single label y; per (X, z;), we
extend in Appendix B.5 our findings to the sequence-to-sequence classification setting, where
we output and classify all T tokens per input X;, Z; € R7*¢. In this scenario, we prove that
all of our RP guarantees remain intact after introducing a slight generalization of (W-SVM).

Concretely, consider the following ERM problems for sequential and causal settings:

Lo(W) = % SN Ui - (XTS(XiWzy))),  and

=1 k=l (3.15)

n T

LY W) = % SNy WX SHXW zir))).

i=1 k=1

Both equations train 7" tokens per input (X;, Z;) and, as usual, we recover self-attention via
Z; <+ X;. For the causal setting, we use the masked attention Sj(-) which calculates the
softmax probabilities over the first k entries of its input and sets the remaining 7' — k entries
to zero. This way, the k’th prediction of the transformer only utilizes tokens from 1 to k and
not the future tokens.

Let a = (O‘ik)ng()m) be tokens to be selected by attention (e.g. locally-optimal indices,
see Def. B.1). Then, the sequential generalization of (W-SVM) corresponding to £3°%(W)

is given by
mul/HHWHF subj. to  (®ia,, —xit) Wzy, > 1 forall t#ay, k€l[T], i€n] . (3.16)

We refer the reader to Appendix B.5 which rigorously establishes all RP results for this
sequential classification setting. On the other hand, for the causal inference setting SVM
should reflect the fact that the model is not allowed to make use of future tokens. Note
that the SVM constraints directly arise from softmax calculations. Thus, since attention is
masked over the indices t < k and k € [T], the SVM constraints should apply over the same
mask. Thus, we can consider the straightforward generalization of global-optimality where
opt;; is the token index with highest score over indices ¢ < k and introduce an analogous
definition for local-optimality. This leads to the following variation of (3.16), which aims to

select indices oy, € [k] from the first k& tokens

Hé‘i/n IW||r subj. to (@i, —@y) Wzy >1 forall t#ay, t<k kelT], i€ [n
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Causal attention is a special case of a general attention mask which can restrict softmax
to arbitrary subset of the tokens. Such general masking can be handled similar to (3.7) by
enforcing SVM constraints over the nonzero support of the mask. Finally, the discussion so
far extends our main theoretical results and focuses on selecting single token per sequence.
It can further be enriched by the generalized SVM equivalence developed in Section 3.6 to
select and compose multiple tokens by generalizing (Gen-SVM).
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CHAPTER 4

Convergence of Gradient Descent in Next-Token

Prediction
Priority levels o Predict
High 7;+1 next token
|
. |
row Self-Attention |
. ___ softcomposition |
| | |
| | |
InPUt £ ) 3 e o o rT_3 LT_2 rT_1 T ) Last
sequence ' ' | input token

Hard retrieval

Figure 4.1: Overview of our result on next-token prediction. We study the implicit bias
of gradient descent where a 1-layer self-attention model is trained until convergence. We
prove that, during test-time, this model implements a hard retrieval to precisely select the
high-priority tokens and then outputs a convex combination of these as the output from
which the next token can be sampled. The notion of high-priority is formalized through the
strongly-connected components of a directed graph associated to the last input token.

4.1 Introduction

This work aims to bridge this gap between the empirical success and principled understanding
of Transformer-based language modeling by shedding light on the optimization landscape and
key implicit biases faced by the self-attention mechanism in solving the next-token prediction
task. In particular, focusing on a single-layer self-attention model with linear classification

head, and solving the next-token prediction task, we consider the following questions:

Q1: What relationships in training data are captured by the single-layer self-attention model?

62



Q2: How exactly do these relationships dictate the optimization geometry of natural algo-

rithms such as gradient descent?

We show that the answers to both of these questions are intertwined which we achieve
by significantly expanding the recently proposed framework that connects learning with
Transformers to the celebrated support vector machines (SVMs) [185, 186].

As illustrated in Figure 4.1, given training data as a collection of (input sequence, next
token) pairs, self-attention model learns to (1) retrieve the high-priority tokens (highlighted
with red color) to the last input token; and then (2) build a convex combination of these
high-priority tokens. The notion of high-priority is dictated by a directed graph learned from
training data. SGD training accomplishes this by learning hard and soft components of the
attention weights W to execute (1) and (2) respectively. Concretely, the following theorem

dictates the evolution of attention weights during gradient descent.

Theorem 4.1 (informal) Consider training a single-layer self-attention model with gradi-

ent descent. The combined attention weights W := WquT evolve as
ng ~C- Whard + Wsofta

where C' - Wharq 15 the hard retrieval component selecting the high-priority tokens when C' —
00; and Wp is the soft composition component allocating nonzero softmaz probabilities over

selected tokens.

To capture the priority order among different tokens as observed in Figure 4.1, we con-
struct directed graphs among the tokens in the vocabulary, namely token-priority graphs
(TPGs). An illustration is provided in Figure 4.2, where a strongly connected component
(SCC, highlighted as dashed black rectangles) in a TPG corresponds to the tokens that are
reachable from each other, indicating the absence of a strict priority among those tokens.
The hard retrieval component Wj,,q captures the topological order of different SCCs (orange
arrows) whereas the soft composition component W, captures the relationships of different
tokens within each SCC (black arrows). These TPGs will geometrically capture the learn-
ing dynamics of self-attention. Specifically, we propose the SVM problem (Graph-SVM),
solution of which describes the direction gradient descent converges to. This way, SGD
asymptotically enforces the topological order between SCCs i.e. the C'- Wi,q term in The-
orem 4.1 as C' — oo. In practice, this implies that self-attention model favors suppressing
lower priority tokens in favour of sampling higher priority tokens.

A conjecture on the decomposition in Theorem 4.1 was first proposed in [185]'. This

!Their conjecture aims to characterize the impact of the MLP layer that follow self-attention in a binary
classification setting. However, the high-level claim is same.
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Figure 4.2: A token-priority graph (TPG) is a directed graph derived from training data
(see Sec 4.2.1 for definition). The edges in TPG capture the input-output relationships
between different tokens. A TPG can be partitioned into several SCCs depicted as dashed
black squares. In light of Theorem 4.1, black intra-SCC edges within each SCC induce the
soft-composition component of the attention weights whereas the orange edges induce the
hard-retrieval component enforcing the priority orders among various SCCs.

decomposition is also related to the implicit bias of logistic regression on non-separable data
[89]. Our theory fully formalizes this decomposition under the next-token prediction setting
and reveals fundamental connections to graphical structure in data (e.g. through SCCs,
TPGs).

Overall, we carefully study the gradient descent and regularization path algorithms for

attention-based next-token prediction and make the following contributions:

o We study the optimization landscape of self-attention with log-loss and show that the
problem is convex under suitable assumptions. We then establish a global convergence
result to fully formalize Theorem 4.1 in terms of a directional component (Graph-SVM)
and a finite component (see Sec 4.3). Notably, results apply to arbitrary datasets as

we don’t require distributional assumptions.

¢ Our theory reveals insightful connections between continuous and discrete optimiza-
tion, namely: Self-attention implicitly discovers the strongly-connected components of

the TPGs during training.

¢ Under a general setting, we establish the implicit bias of the solution obtained by
vanishing regularization [87, 169, 179]. This yields a result similar to the gradient
descent theory (see Sec 4.4). We also show that, in general, gradient descent can
exhibit local directional convergence rather than global. We characterize these local
directions through the SVM solutions of pseudo TPGs (see Sec 4.5).
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4.2 Preliminaries and Problem Setup

Notation. Let [n] denote the set {1,---,n}. For a space S, let S* denote the orthogonal
complement of § and Ils denote the projection operator on & with respect to Euclidean

distance.

Next-token prediction problem. Let K be the vocabulary size with E = [e; ... ex]' €
RE*4 denoting the embedding matrix consisting of d-dimensional token embeddings for
the K tokens in the vocabulary. The next-token prediction is a multi-class classification
problem and the goal is to predict the ID y € [K] of the next token given an input sequence
X =[x, ... z7]" € RT*? where x; € E for all t € [T].

Suppose that we have a training dataset DSET = {(Xi, y;) € RTxd x [K ]}:.L:l consisting of
n sequences where we allow the sequences to have different lengths T;, i € [n]. Throughout
this paper, we use z;; € [K] to denote the scalar token ID corresponding to the ¢-th token

x;; € R? of the input sequence X;, i.e., T;; = €y, -

Self-attention model. We consider a single-layer self-attention model when making a

prediction on a given input sequence X € RT*4.

Following the previous work [185], we
denote the combined key-query weights by a trainable W € R matrix, and assume
identity value matrix. Let & := @ be the last token of the input sequence X. Then, the

single-layer self-attention outputs the following embedding to predict the next-token 1D y:
fw(X) = XTS(XW), (4.1)

where S(-) denotes the softmax operation which facilitates weighing tokens of X based on
the data-dependent probabilities S(X W Z). Note that the output embedding fuw (X) € R?

in (4.1) is a weighted linear combination of the input token embeddings in X.

Empirical risk minimization (ERM) problem. Let ¢: R — R be the loss function.
Given training dataset DSET, we consider the ERM problem with the following objective:

L(W) = % zn: le, X S(X;WE;)). (ERM)

Throughout this paper, we fix the linear classification head ¢;* and assume ||c;|| is bounded

for all £ € [K]. Note that even though the classification head is linear, the problem of learning

2Specifically, we assume well-pretrained head c;, - - - , cx such that ¢ (c;/r ej) returns the minimal risk when
k=uy.
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Figure 4.3: Illustration of token-priority graph (TPG). Given the input sequences and labels
(next tokens), we construct the TPGs {G®}E | according to the last token. Two TPGs
GW (left) and G@ (right) are constructed using the samples with e, and e, as the last
tokens, respectively. In each graph, directed edges (label token—input token) are added
between tokens/nodes. Based on these directed edges, each graph can be partitioned into its
strongly-connected components (SCCs, highlighted as dashed grey rectangles). Each SCC
is a set of tokens where each token is reachable from every other token within that SCC.
Further details are deferred to Section 4.2.1.

attention parameters W via ERM is not necessarily convex due to the softmax operator.
In this work, we focus on this exact problem and consider the following two algorithms to

optimze for W

1. Gradient descent: Given starting point W (0) € R¥4 and step size n > 0, for 7 > 0,
Wi(r+1)=W(r) —nVLIW(1)). (Algo-GD)
2. Regularization path: Given R > 0, W € R%*4,

W(R) = arg min L(W). (Algo-RP)

IWilr<R

The next-token prediction task aims to capture various patterns present in the underlying
dataset. Towards this, we introduce token-priority graph (TPG) in the following section that
summarizes the sequential priority orders presented in the training data. As we will see later,
TPGs play a crucial role in characterizing the optimization geometry for both (Algo-GD)
and (Algo-RP) algorithms.

4.2.1 Token-priority Graph of the Dataset

A token-priority graph (TPG) is a directed graph with at most K nodes corresponding to
the elements in the vocabulary. We associate the dataset DSET = {(X, v;)}i~, with multiple
TPGs {GW}E |, with each TPG focusing on a subset of the dataset comprising of those
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input sequences that agree on the last token &. Concretely, we construct G*)’s as follows:

1. Split DSET into K subsets {DSET("“)}f:1 with DSET®) containing all input sequences that

end with the same last token & = ey.

2. For each (X, y) € DSET™ and for all (x,y) pairs in (X, y) where x is the corresponding
token ID of & € X, add a directed edge (y — z) to G¥).

An illustration is provided in Fig. 4.3, where we construct two TPGs (G @ and G (2)) based on
the last tokens (depicted in yellow), and the directed edges are presented as arrows starting
from labels (orange) to input tokens (blue/yellow) within each sequence. Note that nodes of
each G*) constitute a subset of the indices [K]. The edges in G**) capture the priorities across
the tokens in an extended data sequence, conditioned on the last token of the input being
T = e;. We will see that if there is a cycle, i.e., y — = and © — y are both directionally
reachable in the graph, then the self-attention learnt via next-token prediction task can
assign comparable priorities to the tokens x and y. In contrast, if y always dominates x,
i.e., y — x is reachable but x /4 y, then, when x and y are both present in an input sequence,
self-attention will be learnt to suppress x and select y through an SVM mechanism along
the line of [185].

Strongly-connected components in TPGs.To formalize the aforementioned SVM mech-
anism, we need the notion of strongly-connected components (SCCs). A directed graph is
strongly connected if every node in the graph is reachable from every other node. SCCs of
a directed graph form a partition into subgraphs that are themselves strongly connected.
Given the TPGs {G®}£ | associated with the dataset DSET, we can split the directed graph
G® into its SCCs, denoted by {C;k)}fvjl. Note that the number of SCCs in G, as denoted
by N, is at most the number of nodes in G*), which is upper bounded by the vocabulary
size K. Furthermore, by definition, different SCCs within a graph consist of distinct nodes,
ie., CZ-(k) ﬂCj(-k) = (), for 7 # j. Now, returning to Fig. 4.3, each of the dashed grey rectangle
represents an SCC. G (left) contains four SCCs and therefore, all tokens within the graph
have strict priority orders. In contrast, G® (right) consists of two SCCs, with one containing
three nodes. Following the arrows, we can see that all the tokens/nodes within this specific
SCC are directional reachable.

Before formally connecting TPGs and their SCCs to the SVM mechanism that enables
next-token prediction, we introduce some necessary graph-related notation. Given a directed
graph G, for i, j € [K] such that ¢ # j:

e i € G denotes that the node i belongs to G.
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e (i = j) € G denotes that the directed edge (i — j) is present in G but j — ¢ is not

reachable.
e (i< j) € G means that both two nodes (i, j) are in the same SCC of G.

From the construction, for any two distinct nodes i, j in the same TPG, they either satisfy

(i = 7)/(G =) or (i < 7).

4.2.2 SVM Bias of Self-attention Learning

The main contribution of this paper is to establish the SVM equivalence that captures the
optimization geometry of the next-token prediction problem. We will show that the self-
attention model learnt via either (Algo-GD) or (Algo-RP) converges to the solution of an
SVM defined by the TPGs of the underlying dataset DSET. In particular, given (gék))le, we

introduce the following SVM formulation:

W™ = arg H‘}‘i/n |W || (Graph-SVM)

=0 V(ixj)egh
st. (e;—e;) Wey (i=j)eg for all ke [K].
>1 VY(i=j)egh

Fix last token ey, and consider any token IDs i,j € [K], i # j. When (i = j), token ID
i has a higher priority than j and hence, the SVM problem (Graph-SVM) aims to find a
W such that We,, achieves strictly higher correlation to token embedding e; than e;, that
is, e/ We, > ejT We, + 1, and then softmax operation will assign higher probability to the
token ¢. While if (i < j), there is not strict priority order between i and j, and hence we set
the correlation difference equal to zero to prevent the SVM solution W from distinguishing
them. The existence of the solution W™™ ensures the separability of tokens i’s from the j’s
for all pairs (i = j) € G¥). Additionally, if for all k € [K], the number of SCCs® N, < 1,
then W™ = ().

Lemma 4.1 Suppose that the embedding matriz E is full row rank. Then, (Graph-SVM) is
feasible.

Next focusing on the nodes 4, j, with (i < j), we introduce the following subspace defini-

tion.

3Note that N, = 0 implies that within DSET, there is not training sample whose input sequence has ey,
as its last token; or equivalently, DSET(*) = §.
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Definition 4.1 (Cyclic subspace) Define cyclic subspace Sg, as the span of all matrices
(ei —e;)el for all (i < j) € G® and k € [K).

Note that since W™ satisfies all the “= 0” constraints in (Graph-SVM), if (Graph-SVM)
is feasible and W™ =£ (0, W™ | Sg,..

4.2.3 Technical Assumptions

In what follows, we work with a few assumptions that will make the optimization landscape
of the underlying learning problem more benign, and we introduce these assumptions along

with their justifications.
Assumption 4.1 ForVy,k € [K], k#vy, c,e, =1 and ¢, e, = 0.

This assumption essentially enforces that the rows of the prediction head C are aligned
with the corresponding vocabulary embeddings in E. This is a variation of the weight tying
strategy which is commonly employed in language models [160, 192]. It should be noted that
Assumption 4.1 implies K < d, which further establishes the feasibility of (Graph-SVM) as
demonstrated by Lemma 4.1. Given objective (ERM) and a decreasing loss function ¢,
our ideal goal is for the attention (4.1) to output e, which minimizes the training risk.
Recall that single-layer self-attention outputs a convex combination of the input tokens
(cf. (4.1)). If tokens are linearly independent, the only way model can output the embedding
e, corresponding to the target label y would be if e, was among the input sequence. This

motivates the following realizability assumption.
Assumption 4.2 For any (X,y) € DSET, the token e, is contained in input sequence X.

In the scenario where (X, y) is not realizable, self-attention would select e; # e, and the
SVM formula would be established via separating ¢ from the other tokens in the sequence
instead of the true label y. Additionally, when Assumption 4.1 holds, the model can only
make a random prediction over the output labels (since any output of the self-attention
model would result in the same training risk); consequently, such non-realizable examples
will not play roles in optimizing W, i.e. Vw((c, X S(X;WZ;)) = 0.

4.3 Global Convergence of Gradient Descent

In this section, we assume the log-loss function, i.e., £(u) = —log(u), and establish the

gradient descent convergence of attention weight W via the convexity of L(W'). Note that
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although loss function ¢ is convex and the classification head is linear, due to the non-
convexity of softmax, the convexity of £(W) is not immediately clear. Towards this, we

introduce the following lemma:

Lemma 4.2 Suppose Assumptions 4.1 and 4.2 hold and consider the log-loss ((u) =
—log(u), then L(W) is convex. Furthermore, L(W') is strictly convex on Sgp.

Let (X,y) € DSET be any sample and set v, = ¢, ;. Assumption 4.1 guarantees that
v = 1 when z; = y, otherwise 7 = 0. Consider the attention output C;X TS(XWxz)
(cf. (ERM)) and let softmax probabilities be s, = S(XW&);, where >, s, = 1. Then, the
loss of this single sample X is ¢(y) where ¥ = Y, s, = th:y s¢. Given log-loss, note
that when 5 — 07, —log(%) results in the infinite loss, which suggests that, once attention
weight W diverges to saturate the softmax probability, the finite training risk is achievable
only when s; 4 0 for all ¢ satisfying x; = y. Given different label y for different input and
recalling the SCC definition in Section 4.2.1, attention selects all x;’s within the same SCC
as y. The following result characterizes the global directional convergence of the GD iterates
to the solution of (Graph-SVM).

Theorem 4.2 Consider a dataset DSET and suppose Assumptions 4.1 and 4.2 hold. Set loss
function as l(u) = —log(u). Let W™ Sﬁn be the solution of (Graph-SVM). Starting from
any W (0) with constant step size n, the algorithm Algo-GD satisfies lim, o [|[W (T)||Fr = 00
and
lim s, (W(r)) = W™ (4.2)
T—00
Here W is the unique finite minima of the loss LIW) := limg_o0 LW + R - W™ over
Shin. Additionally, if W™ # 0,

lim

oo [[W(T)r [[W|p

W (r) W mm
|

Otherwise, s, (W (7)) remains unchanged throughout the optimization.

This theorem demonstrates the directional convergence of attention weight W', and the limits
imply the decomposition W (7) ~ C(7) - W™m + W for an appropriate C(7) > 0 with
lim, ,,, C(7) = co. Note that, for directional convergence to happen, we need W™ £ (
which happens if and only if (Graph-SVM) has “ > 1” constraints. That is, the token
graph contains a strict priority order. This is consistent with our Theorem 4.1 where W™™"

corresponds to the hard retrieval component (Wh,.q) that selects the high-priority tokens
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and W is the soft composition component (W) that determines the softmax probability
assignments among these selected tokens. Importantly, this is a global convergence result
thanks to the convexity of the optimization problem, which is enabled by the log likelihood
optimization combined with Assumption 4.1. In Section 4.5, we will demonstrate that global
convergence of gradient descent does not hold in general.

To illustrate Theorem 4.2, we conduct experiments with results presented in Fig-
ure 4.4. We create embedding tables with K = 6, d = 8 and randomly generate dataset
with n = 6, T" = 4. Here we choose step size n = 0.01 and perform the normal-
ized gradient descent method to accelerate the increase in the norm of attention weight,

so that softmax can easily saturate. Specifically, we update attention weight W via

B VLW (r)
W(r+1) = W) =niezwes

(W (), W= /(|| W (7)]|p|| W™ F), and results averaged over 100 random instances are
displayed in Fig. 4.4a, which end in correlation ~ 0.987 after training with 4000 iterations.

. At each iteration 7, correlation coefficient is computed by

In addition to the directional convergence of W (1), we also verify the convergence of finite
component by tracking the matrix distance ||I/)i\/'ﬁn — Wi where Win — Ils, (W(T)),
and results are displayed in Fig. 4.4b, which obtains < 0.01 final distance. Both results

validate our Theorem 4.2.

4.4 Implicit Bias of Self-attention

In Section 4.3, we have discussed that gradient descent with log loss guarantees the global
convergence. To proceed, in this section, we discuss the implicit bias of attention via analysis

of regularization path (RP) as employed in Algo-RP and identify the implicit bias of self-
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attention on more general next-token prediction problems.

Theorem 4.3 Consider any dataset DSET and suppose Assumptions 4.1 and 4.2 hold. Ad-
ditionally, assume loss £ : R — R is strictly decreasing and |('] is bounded. Let W™"e Sz,
be the solution of (Graph-SVM) and suppose W™™ 2£ 0. Then the solution of reqularization
path Algo-RP obeys

o We W
1m =
finco R [Wmm|p

and lim HSﬁn(WR) S Wﬁn.
R—o00

Here W/™ = arg minyes;, Mg o LW + R-W™) and we assume that W™ is a bounded

set.

Here, we allow more general loss function ¢ which is different from the log-loss employed in
Section 4.3, and the ERM problem (cf. (ERM)) is not guaranteed to be convex.

4.4.1 Acyclic Dataset

Below, in contrast, we introduce the concept of acyclic dataset which implies that the next-
token prediction task always encounters a strict priority order among tokens within each
TPG. This corresponds to the setting where all SCCs ((Cgk))fv:’“l)szl are all singletons; or
equivalently, DSET = (.

Definition 4.2 (Acyclic dataset) We call DSET acyclic if all of its TPGs are directed
acyclic graphs.

For an acyclic dataset, there are not i, j € [K] satisfying (i < j) € G, for all k € [K].
Thus, SVM formulation (Graph-SVM) reduces to the following simpler form:

W™ = arg mv‘i/n W || r (Acyc-SVM)

st. (e;—e;) Wep,>1 V(i=j)ecG® kelK].

We next make the following assumption on the linear head. Notably, Assumption 4.1 is

a special case of Assumption 4.3.
Assumption 4.3 For Vy € [K]|, arg max[x] c;,re;c =1.

Lemma 4.3 Consider acyclic dataset DSET per Def. /.2 and suppose Assumptions 4.2 and
4.3 hold. Additionally, assume loss function { is strictly decreasing and |¢'| is bounded. Then
for any finite W € R4 training risk obeys LIW) > L, = %ZLI K(c;eyi). Additionally,
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if (Acyc-SVM) is feasible, then for any W' that satisfies the constraints in (Acyc-SVM),
limR_mo ﬁ(R : W) = L*.

Assumption 4.3 and Lemma 4.3 ensure that the best way for attention to make a correct
prediction on class k is to output the vector ey, i.e., fw(X) = er. The next theorem
states the directional bias of self-attention on the acyclic dataset towards the solution of
(Acyc-SVM).

Theorem 4.4 Suppose DSET is acyclic per Definition 4.2 and Assumptions 4.2 and 4.3
hold. Additionally, assume loss ¢ : R — R is strictly decreasing and |¢'| is bounded. Suppose
(Acyc-SVM) is feasible with W™ denoting its solution. Then, Algorithm Algo-RP satisfies

lim W(R)— wr
oo R [[Wp

Recall that a dataset being acyclic implies that there is strict priority order among all tokens
in each TPG. Theorem 4.4 establishes the implicit bias of self-attention model for next-token
prediction problem in the presence of such strict priority order. It demonstrates that once the
SVM problem (Acyc-SVM) is feasible, the regularized path of optimizing (ERM) converges
directionally toward it solution W™™,

Following the same implementation setting as in Section 4.3, in Fig. 4.5, we again conduct
100 trials but with randomly generated acyclic dataset DSET under the setting of K = d =
8n = 4 and T" = 6. The results averaged over 100 random instances are presented in
Fig. 4.5 with correlation coefficient exceeds 0.99 after training with 4000 iterations. Note that
in these experiments, log-loss is employed as loss function and Assumption 4.1 is satisfied
which guarantee the convexity of £L(W) following Lemma 4.2 and hence, the connection
between Algo-GD and Algo-RP is built by [87].
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4.5 Further Investigation on Local Convergence

So far, we have proved the global GD convergence of attention weight when one employs
the log-loss (Section 4.3) and studied the implicit bias of self-attention over next-token
prediction problem using RP analysis (Section 4.4). In this section, we investigate further

on the convergence performance of GD and ask:

When does GD exhibit local convergence rather than global? Can we characterize its

implicit bias?

Convergence performance of learning 1-layer attention has been analyzed in the previous
work [185, 186], and they have observed the local convergence phenomenon, and also provided
the theoretical explanation and empirical evidence. Inspired by their work, we define the
pseudo TPGs for obtaining locally-optimal SVM equivalence W™ and cyclic component

Wﬁ“ as follows:

1. Given any dataset DSET, consider GD solution Wyq4. For each training example (X, y) €
DSET, let s = S(X W).

2. Construct TPGs based on s by adding directed edge (v, — zy,) to G¥) if s, > 0,

where k, z; are the token IDs of last token and x;, respectively.

Different from the TPGs defined in Section 4.2.1 which is uniquely determined by the dataset
and the ground truth labels, pseudo-TPGs build edges based on the tokens selected by GD
solution Wyq. To further investigate under which scenarios local convergence phenomenon

exists, we consider the following cases and provide experimental evidence.

General loss function ¢. In Section 4.3, we analyze the convergence performance of
gradient descent when employing log-loss. As we have discussed, such loss guarantees the
convexity of the problem and therefore, GD of attention weight (directional) converges to
its global minima. Here, we investigate the performance of more general loss function, i.e.,

squared loss, and find empirical evidence of local convergence (Figures 4.6 and 4.7).

Extended linear head. In this work, GD experiments are conducted under Assump-
tions 4.1 and 4.2, which implies the convex training loss £(W') and global convergence
performance. Now consider a more general linear head (i.e., Assumption 4.3). As have
also been observed and discussed in [185, 186], Algo-GD can converge to a locally-optimal
solution.

Figures 4.6 and 4.7 display our local convergence results where Fig. 4.6 employs squared

loss, i.e. {(u) = (1 —u)? and Fig. 4.7 utilizes cross-entropy loss. Both apply general head
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following Assumption 4.3. Similar to Fig. 4.4, we present (directional) convergence perfor-
mance of W towards W™ and W', Results indicate that instead of converging to the
global solution (blue curves), attention weights trained via GD align more closely with the
locally-optimal SVM solution defined via the pseudo TPGs constructed by W,y (orange
curves). In Fig. 4.6b, the norm difference to Wit remains zero, indicating that all SCCs in
the pseudo TPGs are singleton and GD optimizes attention weights towards selecting one
token per sequence. While in Fig. 4.7, multiple tokens can be selected by W,q. Note that
in Fig. 4.7b, the norm of difference does not end with zero value on average. The potential
explanations can be: Due to the non-convexity of training loss, training W with GD may
not fully capture its RP solution Wi over the cyclic subspace, and general classification
head induces correlation among tokens, leading the attention mechanism to generate more
intricate composed tokens. Nevertheless, our empirical results indicate that W more closely
aligns with the local W within its cyclic subspace. We defer a rigorous definition of local
W and guarantees related to gradient descent for future exploration. Experimental details

are deferred to the appendix.
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CHAPTER 5

Optimization Landscape of Linear Attention and
State Space Models

Architecture Choice Distributional Alignment Low-rank Parameterization
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Figure 5.1: We investigate the optimization landscape of in-context learning from the lens of
architecture choice, the role of distributional alignment, and low-rank parameterization. The
empirical performance (solid curves) are aligned with our theoretical results (dotted curves)
from Section 5.3. More experimental details and discussion are deferred to Section 5.4.

5.1 Introduction

In-context learning (ICL) ability presents an important research avenue to develop stronger
theoretical and mechanistic understanding of large language models. There has been signif-
icant recent interest in demystifying ICL through the lens of function approximation [125],
Bayesian inference [71, 137, 208|, and learning and optimization theory [3, 52, 129, 214].

The latter is concerned with understanding the optimization landscape of ICL, which is also
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crucial for understanding the generalization properties of the model. A notable result in this
direction is the observation that linear attention models [3, 172, 196] implement precondi-
tioned gradient descent (PGD) during ICL |3, 130]. While this line of works provide a fresh
perspective to ICL, the existing studies do not address many questions arising from real-life
applications nor provide guiding principles for various ICL setups motivated by practical
considerations.

To this aim, we revisit the theoretical exploration of ICL with linear data model where
we feed an in-context prompt containing n examples (z;, 1, = ] B+ &), C R? x R and a
test instance or query ,,; € R? to the model, with d being the feature dimension, 3 € R?
being the task weight vector, and (&;)"_, denoting the noise in individual labels. Given the
in-context prompt, the model is tasked to predict ¢, — an estimate for y,11 = w;r+16+§n+1.

We aim to provide answers to the following questions by exploring the loss landscape of ICL:

(Q1) Is the ability to implement gradient-based ICL unique to (linear) attention? Can al-

ternative sequence models implement richer algorithms beyond PGD?

(Q2) In language modeling, ICL often works well with few-shot samples whereas standard
linear estimation typically requires O(d) samples. How can we reconcile this discrep-

ancy between classical learning and ICL?

(Q3) To our knowledge, existing works assume linear-attention is fully parameterized, i.e., key
and query projections Wy, W, € R%*¢. What happens when they are low-rank? What
happens when there is distribution shift between training and test in-context prompts
and we use LoRA [81] for adaptation?

In this work, we conduct a careful investigation of these questions. Specifically, we focus

on ICL with 1-layer models and make the following contributions:

(A1) We jointly investigate the landscape of linear attention and H3 [57|, a widely pop-
ular state-space model (SSM). We prove that under correlated design, both models
implement 1-step PGD (c.f. Proposition 5.1) and the alignments in Fig. 5.1a verify
that where the dotted curve represents the theoretical PGD result derived from The-
orem 5.1. Our analysis reveals that the gating mechanism in H3 imitates attention.
We also empirically show that H3 has the advantage of implementing sample-weighting
which allows it to outperform linear attention in temporally-heterogeneous problem

settings in Appendix D.4.

(A2) Proposition 5.1 allows for task and features to be correlated to each other as long as
odd moments are zero. Through this, we can assess the impact of distributional align-

ment on the sample complexity of ICL. Specifically, we characterize the performance
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of Retrieval Augmented Generation (RAG) (c.f. Theorem 5.2 and Fig. 5.1b) and Task-
Feature Alignment (c.f. Theorem 5.3), where the in-context examples are a-correlated
with either the query or the task vector. For both settings, we prove that alignment
amplifies the effective sample size of ICL by a factor of a®d+1, highlighting that aligned

data are crucial for the success of ICL in few-shot settings.

(A3) We show that, under low-rank parameterization, optimal attention-weights still imple-
ments PGD according to the truncated eigenspectrum of the fused task-feature covari-
ance (see Section 5.3.2). We similarly derive risk upper bounds for LoRA adaptation
(c.f. Eq. (5.14) and Fig. 5.1c), and show that, these bounds accurately predict the

empirical performance.

5.2 Preliminaries and Problem Setup

Notation. Let bold lowercase and uppercase letters (e.g., @ and X)) represent vectors
and matrices, respectively. The symbol ® is defined as the element-wise (Hadamard) prod-
uct, and % denotes the convolution operator. 1, and 0, denote the d-dimensional all-ones
and all-zeros vectors, respectively; and I; denotes the identity matrix of dimension d x d.
Additionally, let tr (W) denote the trace of the square matrix W.

As mentioned earlier, we study the optimization landscapes of 1-layer linear attention [92,
172] and H3 [57] models when training with prompts containing in-context data following a

linear model. We construct the input in-context prompt similar to [3, 129, 214] as follows.

Linear data distribution. Let (x,y) € R? x R be a (feature, label) pair generated by a
d-dimensional linear model parameterized by 8 € R?, i.e., y = &' B + &, where £ and 3 are
feature and task vectors, and ¢ is the label noise. Given demonstrations (z;, ;) sampled

from a single 3, define the input in-context prompt

-
r, ... X, T,
Z=|z1 ... zZp2zos] = | e RUHDX(EHD), (5.1)
Y1 --- UYn 0
£L; . Ln+1 .
Here, we set z; = for i < n and the last/query token z,,1 = L Then, given Z,
Yi

the goal of the model is to predict the correct label g, 1 corresponding to «, 1. For cleaner
notation, when it is clear from context, we drop the subscript n + 1 and set * = x,,,1, z =

2,41 Different from the previous work [3, 129, 214, 130] where (z;)!*! and B are assumed
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to be independent, our analysis focuses on a more general linear setting that captures the

dependency between (z;)7"! and 3.

Model architectures. To start with, we first review the architectures of both Trans-
former and state-space model (SSM). Similar to the previous work [196, 3, 129, 214| and
to simplify the model structure, we focus on single-layer models and omit the nonlinearity,
e.g., softmax operation and MLP activation, from the Transformer. Given the input prompt
Z ¢ RVx(@+1) ip (5.1), which can be treated as a sequence of (d 4 1)-dimensional tokens,

the single-layer linear attention att and H3-like single-layer SSM ssm are denoted by

att(Z) = (ZW,W,) Z")ZW, (5.2a)
ssm(Z) = ((ZW,) © (ZW), © ZW,) = f)) (5.2b)

where W, W,, W, € RE+Dx(d+1) denote the key, query and value weight matrices, respec-
tively. In (5.2b), the parameter f € R"™! is a 1-D convolutional filter that mixes tokens. The
Hadamard product ® is the gating mechanism [41] between key and query channels, which is
crucial for attention-like feature creation. Thus, (5.2b) is more generally a gated-convolution
layer. For f only, we use indexing f = [fo ... f,]T € R*™ and given any vector a, denote
convolution output (a * f); = 22:1 fi—ja;. Note that our notation slightly differs from the

original H3 model [57] in two ways:

1. SSMs provide efficient parameterization of f which would otherwise grow with sequence
length. In essence, H3 utilizes a linear state-space model s; = As; 1+ Bu; and y; = C's;
with parameters (A € R4 B € R C € R™?) from which the filter f is obtained
via the impulse response f; = C A'B for i > 0. Here d is the state dimension and, in
practice, A is chosen to be diagonal. Observe that, settingd =1and A = p,C = B =1,
SSM reduces to the exponential smoothing f; = p* for i > 0. Thus, H3 also captures the
all-ones filter as a special instance. As we show in Proposition 5.1, this simple filter is
optimal under independent data model and exactly imitates linear attention. Note that,
utilizing a filter f as in (5.2b) is strictly more expressive than the SSM as it captures

all possible impulse responses.

2. H3 also applies a shift SSM to the key embeddings to enable the retrieval of the local
context around associative recall hits. We opted not to incorporate this shift operator in
our model. This is because unless the features of the neighboring tokens are correlated
(which is not the case for the typical independent data model), the entry-wise products
between values and shifted keys will have zero mean and be redundant for the final

prediction.
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We note that we conduct all empirical evaluations with the original H3 model, which displays

exact agreement with our theory formalized for (5.6b), further validating our modeling choice.

5.2.1 In-context Linear Estimation

We will next study the algorithms that can be implemented by the single-layer attention and
state-space models. Through this, we will show that training att and ssm with linear ICL data
is equivalent to the prediction obtained from one step of optimally-preconditioned gradient
descent (PGD) and sample-weighted preconditioned gradient descent (WPGD), respectively.
We will further show that under mild assumption, the optimal sample weighting for ssm
(e.g., f) is an all-ones vector and therefore, establishing the equivalence among PGD, att,
and ssm.

Background: 1-step gradient descent. Consider minimizing squared loss and solving

linear regression using one step of PGD and WPGD. Given n samples (x;, y;)!" ,, define
X=[x; - x,]  eR™ and y=[y; -~ ya] €R™

Starting from By = 0,4 and letting n = 1/2 be the step size, a single-step GD preconditioned

with weights W returns prediction
J=x' WXy :=gp(Z), (5.3)

and a single-step sample-weighted GD given weights w € R” and W € R%*? returns predic-

tion
= a:TWXT(w OY) = Gwped(Z), (5.4)

where Z is defined in (5.1) consisting of X,y and x. Our goal is to find the optimal W, as
well as w in (5.4) that minimize the population risks defined as follows.

H‘}‘i,n Lpga(W)  where  Lya(W) =E [(y - gpgd(Z))z} , (5.5a)

Iv{‘,ig Lypga(W)  where  Lypga(W) =E [(y - gwpgd(z))g} : (5.5b)

Here, the expectation is over the randomness in (x;, @)Z’»lel and 3, and we use W to represent

the set of corresponding trainable parameters. The search spaces for w and W are R™ and

R4 respectively.

As per (5.2), given input prompt Z € ROTUx(@+D) “either of the underlying models
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outputs a (n + 1)-length sequence. Note that the label for the query & = @, is excluded
from the prompt Z. Similar to [3, 129], we consider a training objective with a causal mask
to ensure inputs cannot attend to their own labels and training can be parallelized. Let

Zy= |z ... z, 0] be the features post-causal masking at time/index n+ 1. Given weights
x
Wy, W,, W, and the filter f for ssm, predictions at the query token z = 0 take the

following forms following sequence-to-sequence mappings in (5.2):

9air(Z) = (2" WW, Z)) Z W,
gssm(Z) = ((zTWq)T O] ((ZOWk © ZOWU) * f)n—l—l) v,

where v € R4 is the linear prediction head and ((ZoWj, ® ZoW,) * f),+1 returns the last
row of the convolution output. Note that SSM can implement the mask by setting fo = 0.
Now consider the meta learning setting and select loss function to be the squared loss, same

as in (5.5). Thus, the objectives for both models take the following forms.

Wh%qi’r‘l%,v LaeW) where  Loy(W) =E [(y — gae(2))?] , (5.6a)
min Lm(W)  where Lgn(W) =E [(y — gssm(Z))Q} ) (5.6Db)

Wk7WQ7WU7v7f

Here, similarly, the expectation subsumes the randomness of (z;, &) and B and W rep-
resents the set of trainable parameters. The search space for matrices Wy, W,, W, is
REFDX(HD) for head v is R4, and for f is R™H1.

Note that for all the optimization methods (c.f. (5.5), (5.6)), to simplify the analysis,
we train the models without capturing additional bias terms. Therefore, in the following,
we introduce the centralized data assumptions such that the models are trained to make
unbiased predictions.

To begin with, a cross moment of random variables is defined as the expectation of a
monomial of these variables, with the order of the cross moment being the same as order
of the monomial. For example, E[z"W 3] is a sum of cross-moments of order 2. Then, it

motivates the following data assumptions.

Assumption 5.1 All cross moments of the entries of (z;)"! and B with odd orders are

ZET0.

Assumption 5.2 The label noise (&)1} are independent of (x;)!"! and B, and their cross

moments with odd orders are zero.

Note that compared to [3, 129, 214|, Assumption 5.1 is more general which also subsumes the
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dependent distribution settings. In this work, we consider the following three linear models
(omitting noise) satisfying Assumption 5.1. Let Xg, 3, € R¥? represent the task and
feature covariance matrices for independent data, and let 0 < o < 1 be the correlation level

when considering data dependency. More specific discussions are deferred to Section 5.3.

e Independent task and data: B ~ N(0,335), &; ~N(0,%;), forall 1<i<n+1.

e Retrieval augmented generation: B,z ~ N(0,I;), = |z ~ N(az, (1 —
a®)I,), forall 1<i<n.

o Task-feature alignment: 8 ~ N (0, 1,), x; | B~ N(B,1;), forall 1<i<n-+1.

Next, we introduce the following result which establishes the equivalence among optimiz-
ing 1-layer linear attention (c.f. (5.6a)), 1-layer H3 (c.f. (5.6b)), and 1-step gradient descent
(c.f. (5.5)).

Proposition 5.1 Suppose Assumptions 5.1 and 5.2 hold. Consider the objectives as defined
in (5.5) and (5.6), and let L

vad> Lupgdr Loy and L, be their optimal risks, respectively.
Then,

ssmM

pod = Lo and L, 5= L3

wpgd ssm*

Additionally, if the examples (x;,y;)7—, follow the same distribution and are conditionally
independent given x, 3, then SSM/H3 can achieve the optimal loss using the all-ones filter
and LS,, = L%

pgd ssm*

We defer the proof to Appendix D.1.1. Proposition 5.1 establishes that analyzing the
optimization landscape of ICL for both single-layer linear attention and the H3 model can be
effectively reduced to examining the behavior of a one-step PGD algorithm. Notably, under
the independent, RAG and task-feature alignment data settings discussed above, examples
(x;,y;)", are independently sampled given x and 3, and we therefore conclude that L3q =
Ly, = Lr,.. Leveraging this result, the subsequent section of the paper concentrate on
addressing (5.5a), taking into account various linear data distributions.

While Proposition 5.1 demonstrates the equivalence of optimal losses, we also study the
uniqueness and equivalence of optimal prediction functions. To this end, we analyze the

strong convexity of L,.4(VV) and derive the subsequent lemmas.

Lemma 5.1 Suppose Assumption 5.2 holds and let & = [& & -+ &,]7. Then the loss
L, W) in (5.5a) is strongly-convez if and only if E[(x" WX TX )} +E[(x" WX T€)?] is
strongly-convex. Additionally, let g,,q, guy be the optimal prediction functions of (5.5a) and
(5.6a). Then under the conditions of Assumptions 5.1 and 5.2, and the strong converity,

* ok
gpgd = YGaut-
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Lemma 5.2 Suppose that the label noise (&), are i.i.d., zero-mean, variance o* and in-
dependent of everything else, and that there is a decomposition x = x1 + x2, X = X1+ Xo,
and B3 = B1 + B2 such that either of the following holds

e 0 >0, and (x1,X;) have full rank covariance and are independent of each other and

(.’132, XQ) .
e (x1,31, X1) have full rank covariance and are independent of each other and (x, B, X3).

Then, the loss Lygq(W) in (5.5a) is strongly-convexz.

As mentioned above, in this work, we study three specific linear models: with general inde-
pendent, RAG-related, and task-feature alignment data. Note that for all the three cases,
according to Proposition 5.1, we have L5, = L3, = L. Additionally, the second claim
in Lemma 5.2 holds, and L,zq(WV) is strongly convex. Therefore, following Lemma 5.1, we
have g5.4 = g, Thanks to the equivalence among PGD, att, and ssm, in the next section,
we focus on the solution of objective (5.5a) under different scenarios, which will reflect the

optimization landscapes of att and ssm models.

5.3 Main Results

In light of Proposition 5.1, optimizing a single layer linear-attention or H3 model is equivalent
to solving the objective (5.5a). Therefore, in this section, we examine the properties of the
one-step PGD in (5.5a). To this end, we consider multiple problem settings, including distinct
data distributions and low-rank training. The latter refers to the scenario where the key and

d+1)xr

query matrices have rank restrictions, e.g., Wi, W, € R( , as well as LoRA-tuning when

adapting the model under distribution shift.

5.3.1 Analysis of Linear Data Models

We first consider the standard independent data setting. We will then examine correlated
designs.
Independent data model. Let ¥, and 33 be the covariance matrices of the input feature

and task vectors, respectively, and ¢ > 0 be the noise level. We assume

and the label is obtained via y; = x| 8 + &. Our following result characterizes the opti-

mal solution of (5.5a). Note that the data generated from (5.7) satisfies the conditions in
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Proposition 5.1. Therefore, the same results can be applied to both linear-attention and H3

models.

Theorem 5.1 Consider independent linear data as defined in (5.7), and suppose the co-
variance matrices X, Xg are full rank. Recap the objective from (5.5a) and let W, :=
arg mingy Loga(W), and L, = L,0a(W.). Additionally, let ¥ = ZL*253Y2 and M =
tr(X) + o2, Then W™ and L, satisfy

W, =3""W,5.;'?  and  L.=M —ntr(TW,), (5.8)

where we define W, = ((n+ 1)1, + MEil)_l.
Corollary 5.1 Consider noiseless i.i.d. linear data where ¥, = X3 = I, and 0 = 0. Then,

the objective in (5.5a) returns

1 nd
=—1 d L,=d— ———.
n+d+1 d an n+d+1

*

See Appendix D.2.2 for proofs. Note that Theorem 5.1 is consistent with prior work |3, The-
orem 1] when specialized to isotropic task covariance, i.e., ¥g = I;. However, their result
is limited as the features and task are assumed to be independent. This prompts us to ask:
What is the optimization landscape with correlated in-context samples? Toward this, we con-
sider the following RAG-inspired and task-feature alignment models, where Assumptions 5.1
and 5.2 continue to hold and Proposition 5.1 applies.

Retrieval augmented generation. To provide a statistical model of the practical RAG
approaches, given the query vector x,,; = x, we propose to draw ICL demonstrations that
are similar to & with the same shared task vector 3. Modeling feature similarity through
the cosine angle, RAG should sample the ICL examples x;, i < n, from the original feature
distribution conditioned on the event cos(x;, ) > « where « is the similarity threshold.
As an approximate proxy, under the Gaussian distribution model, we assume that 8 ~
N(0,1,), ¢ ~ N(0,1,) and that RAG samples a-correlated demonstrations (x;,y;)!; as

follows:
Z; ‘ €T~ N(Oém, (1 - a2)Id)7 §’L ~ N<07U2) and Yi = a".;rﬁ + §i7 I1<i<n. (59)

Note that the above normalization ensures that the marginal feature distribution remains
N(0,1;). The full analysis of RAG is provides in Appendix D.2.3. Specifically, when we
carry out the analysis by assuming o = O(1/v/d) and d/n = O(1) where O(-) denotes

proportionality, our derivation leads to the following result:

84



Theorem 5.2 Consider linear model as defined in (5.9). Recap the objective from (5.5a)
and let W, := arg minw L,a(W), and L, = L,,a(W,). Additionally, let k = o*d + 1 and
suppose a = O(1/V/d), d/n = O(1) and d is sufficiently large. Then W™ and L, have

approzimate forms

1

N I Kknd
T kn+d+ o? d

d L, ~d P
an * to kn +d+ o2

(5.10)
Here, (5.10) is reminiscent of Corollary 5.1 and has a surprisingly clean message. Observe
that, a®d + 1 is the dominant multiplier ahead of n in both equations. Thus, we deduce
that, RAG model follows the same error bound as the independent data model, however, its
sample size is amplified by a factor of a?d 4+ 1. o = 0 reduces to the result of Corollary 5.1
whereas we need to set o = O(1/v/d) for constant amplification. When o@ = 1, RAG achieves
the approximate risk £, ~ 2402, where the constant bias is due to the higher order moments
(e.g., the 4’th and 6’th moments) of the standard Gaussian distribution. As d increases, the
normalized loss £,/d — 0. The full analysis of its optimal solution W, and loss L, are
deferred Theorem D.1 in Appendix D.2.3.
Task-feature alignment. We also consider another dependent data setting where task and
feature vectors are assumed to be correlated. This dataset model has the following motiva-
tion: In general, an LLM can generate any token within the vocabulary. However, once we
specify the task (e.g. domain of the prompt), the LLM output becomes more deterministic
and there are much fewer token candidates. For instance, if the task is “Country”, “France”
is a viable output compared to “Helium” and vice versa when the task is “Chemistry”. For-
mally speaking, this can be formalized as the input @ having a diverse distribution whereas
it becomes more predictable conditioned on 3. Therefore, it can be captured through a
linear model by making the conditional covariance of | B to be approximately low-rank.
This formalism can be viewed as a spectral alignment between input and task, which is also
well-established in deep learning both empirically and theoretically [109, 6, 24, 26]. Here, we
consider such a setting where the shared task vector is sampled as standard Gaussian distri-
bution B8 ~ N(0, I;) and letting x = a?d+1, we sample the a-correlated ICL demonstrations

(i, ;)14 as follows:

x; ‘ B~N(B, 1), &~N(0,0%) and y=r"x/B+& 1<i<n+1. (511)

Above, k7 /2 is a normalization factor to ensure that label variance remains invariant to
a. To keep the exposition cleaner, we defer the full analysis of its optimal solution W,
and loss £, to Theorem D.2 in Appendix D.2.4. Similar to the RAG setting, by assuming
a = O(1/+/d) and d/n = O(1), we obtain the following results for the optimal parameter
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and risk.

Theorem 5.3 Consider linear model as defined in (5.11). Recap the objective from (5.5a)
and let W, := argminw L,,a(W), and L, = L,,a(W,). Additionally, given k = od + 1
and suppose a = O(1/+/d), d/n = O(1) and d is sufficiently large. Then W™ and L, have
approzimate forms

1 knd

W, ~ I d L.~d+o®— : 5.12
kn+ (d+o2)/r* o o kn+ (d+0?)/k (5.12)

Similar to (5.10), (5.12) contains x = «* 4+ 1 multiplier ahead of n, which reduces the in-

context sample complexity and setting o = 0 reduces to the results of Corollary 5.1.

5.3.2 Low-rank Parameterization and LoRA

In this section, we investigate training low-rank models, which assume W;, W, € R(d+1)xr

where r is the rank restriction. Equivalently, we consider objective (5.5a) under condition

rank(W) = r.

Lemma 5.3 Consider independent linear data as defined in (5.7). Recap the objective from
(5.5a) and enforce rank(W) <r and W' =W. Let ¥ = B1/2535Y2 and M = tr(X) 402
Denoting \; to be the i’th largest eigenvalue of 3, we have that

nA?
i =M — 5.13
mnk(W)Hglg%}Vsz Z (n+DN\+M ( )

Note that tr (¥) = Zle Ai. Removing the rank constraint and considering noiseless data
setting, this reduces to the following optimal risk £, = Zle ﬁ See Appendix D.3.1
for more details.

Impact of LoRA: Based on the above lemma, we consider the impact of LoRA for adapting
the pretrained model to a new task distribution under jointly-diagonalizable old and new
eigenvalues of 3, X" (\)4,, (A\re¥)4_,. Consider adapting LoRA matrix to the combined
key and value weights in attention, which reflects minimizing the population loss Z',(VVlora) =
L(W + Wiya) in (5.5a) with fixed W. Suppose tr (%) = tr (X)) = M, 0 =0 and W is
jointly diagonalizable with 3, X" then LoRA’s risk is upper-bounded by

. N+ M Anew 4\ f
min ~ L(Wire) < min (§ ;+§ i ) (5.14)
ig ic

rank(Wiopa) <7 1Z|<r.ZC[d] ~n+ 1+ M/N “n+1+ M/ \pew
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Figure 5.2: Empirical evidence validates Theorem 5.1 and Proposition 5.1. We train 1-
layer linear attention and H3 models with prompts containing independent demonstrations
following a linear model, and dotted curves are the theory curves following Eq. (5.8). (a):
We consider noiseless i.i.d. setting where 3, = 33 = I; and o = 0, with results presented
in red (attention) and blue (H3) solid curves. (b): We conduct noisy label experiments
by choosing o # 0. (c): Consider non-isotropic task by setting X5 = v117 + (1 — 7)I,.
Solid and dashed curves in (b) and (c) represent attention and H3 results, respectively. The
alignments in (a), (b) and (c) show the equivalence between attention and H3, validating
Theorem 5.1 and Proposition 5.1. More experimental details are discussed in Section 5.4.

Note that, the right hand side is provided assuming the optimal LoRA-updated model Wi,

is also jointly diagonalizable with covariances ¥, X" and W.

5.4 Experiments

We now conduct synthetic experiments to support our theoretical findings and further explore
the behavior of different models of interest under different conditions. The experiments are
designed to investigate various scenarios, including independent data, retrieval-augmented

generation (RAG), task-feature alignment, low-rank parameterization, and LoRA adaption.

Experimental setting. We train 1-layer attention and H3 models for solving the linear
regression ICL. As described in Section 5.2, we consider meta-learning setting where task
parameter 3 is randomly generated for each training sequence. In all experiments, we set
the dimension d = 20. Depending on the in-context length (n), different models are trained
to make in-context predictions. We train each model for 10000 iterations with batch size 128
and Adam optimizer with learning rate 1073. Since our study focuses on the optimization
landscape, and experiments are implemented via gradient descent, we repeat 20 model train-
ings from different initialization and results are presented as the minimal test risk among
those 20 trails. In all the plots, theoretical predictions are obtained via the corresponding

formulae presented in Section 5.3 and the test risks are normalized by the dimension d.
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Figure 5.3: Distributional alignment and low-rank parameterization experiments. (a)
and (b) show the ICL results using data generated via (5.9) and (5.11), respectively, by
changing « from 0 to 0.6. In (c), we train low-rank linear attention models by setting
W), W, € RUTD*" and in (d), we apply the low-rank LoRA adaptor, Wi, := W, W,
where W, Waown € REFDXT t6 pretrained linear attention models and adjust the LoRA
parameters under different task distribution. Solid and dotted curves correspond to the
linear attention and theoretical results (c.f. Section 5.3), respectively, and the alignments
validate our theorems in Section 5.3. More experimental details are discussed in Section 5.4.

e Equivalence among Ly 4, L5 and L, (Figure 5.2). To verify Proposition 5.1 as
well as Theorem 5.1, we run random linear regression instances where in-context samples
are generated obeying (5.7). Fig. 5.2a is identical to Fig. 5.1a where we set ¥, = X5 = I,
and 0 = 0. In Fig. 5.2b, set X, = X5 = I and vary noise level 6 from 0 to 0.3 x d. In
Fig. 5.2c, we consider noiseless labels, o = 0, isotropic feature distribution 3, = I; and
set task covariance to be Xg = 411" + (1 — 4)I; by choosing v in {0,0.3,0.6,0.9}. Note
that in Fig. 5.2¢, we train a sufficient number of models (greater than 20) to ensure the
optimal model is obtained. In all the figures, solid and dashed curves correspond to the ICL
results from training 1-layer att and ssm models, respectively, and dotted curves are obtained
from (5.8) in Theorem 5.1. The alignment of solid, dashed and dotted curves validates our

Proposition 5.1 and Theorem 5.1.

e Distributional alignment experiments (Figs. 5.3a&5.3b). In Figs. 5.3a and 5.3b,
we generate RAG and task-feature alignment data following (5.9) and (5.11), respectively, by
setting 0 = 0 and varying « from 0 to 0.6. Attention training results are displayed in solid
curves, and we generate theory curve (dotted) via the £, formula as described in (D.23)
in Appendix D.2.3 and (D.29) in Appendix D.2.4. The empirical alignments corroborate
Theorems D.1 and D.2, further confirming that Proposition 5.1 is applicable to a broader

range of real-world distributional alignment data.

e Low-rank (Fig. 5.3c) and LoRA (Fig. 5.3d) experiments. We also run simu-

lations to verify our theoretical findings in Section 5.3.2. Consider the independent data
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setting as described in (5.7). In Fig. 5.3c, we set ¥, = I;, 0 = 0 and task covariance
to be diagonal with diagonal entries ¢[1 271 ... d~!]T for some normalization constant
¢ =d/3" i', and parameterize the attention model using matrices Wy, W, € R@+Dxr
and vary r across the set {1,5,10,20}. Results show that empirical (solid) and theoretical
(dotted, c.f. (5.13)) curves overlap. In Fig. 5.3d, we implement two phases of training. Phase
1: Setting 3, = ¥3 = I; and 0 = 0, we pretrain the model with full rank parameters and
obtain weights Wi, Wq, W, € RUtDx@+) - Phgse 2: We generate new examples with task
covariance X being a diagonal matrix with diagonal entries ¢/[27! 272 --- 279 T for some
normalization constant ¢ = d/ Zle 27", Given the rank restriction r, we train additional
LoRA parameters Wy, Waoyn € RUTVX" where Wi, 1= W, ,W,  and (5.2a) becomes
att(Z) = (Z(W,W,] + W W, VZT)ZW,. Fig. 5.3d presents the results after two phases
of training where dotted curves are drawn from the right hand side of (5.14) directly. Here,
note that since X, 3" are diagonal, the right hand side of (5.14) returns the exact optimal
risk of LoRA and the alignments verify it.
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CHAPTER 6

Optimization Landscape of Gated Linear
Attention

6.1 Introduction

The Transformer [193] has become the de facto standard for language modeling tasks. The
key component of the Transformer is the self-attention mechanism, which computes softmax-
based similarities between all token pairs. Despite its success, the self-attention mechanism
has quadratic complexity with respect to sequence length, making it computationally ex-
pensive for long sequences. To address this issue, a growing body of work has proposed
near-linear time approaches to sequence modeling. The initial approaches included linear
attention and state-space models, both achieving O(1) inference complexity per generated
token, thanks to their recurrent form. While these initial architectures typically do not
match softmax attention in performance, recent recurrent models such as Mamba [68], mL-
STM [16], GLA Transformer [210], and RWKV-6 [155] achieve highly competitive results
with the softmax Transformer. Notably, as highlighted in [210], these architectures can be
viewed as variants of gated linear attention (GLA), which incorporates a gating mechanism
within the recurrence of linear attention.

Given a sequence of tokens (zi)?jll € R and the associated query, key, and value
embeddings (q;, k;, v;)""! € R4 with d + 1 being the embedding dimension, the GLA

recurrence is given by

Si = C:‘r'Z ® Si—l + ’Uik;r, and

(GLA)
Oi:Siqia ZG{L,?’L—{—l}

Here, S; € REUFDX(+D) represents the 2D state variable with Sy = 0; 0; € R*! represents

the ith output token '; and the gating variable G; := G(z;) € R@FD*+D) js applied to the

!The sequence length and embedding dimension are set to n + 1 and d + 1 per the prompt definition in
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state S;_; through the Hadamard product ® and G represents the gating function. When
G is a matrix of all ones, (GLA) reduces to causal linear attention [92].

The central objective of this work is to enhance the mathematical understanding of the
GLA mechanism. In-context learning (ICL), one of the most remarkable features of modern
sequence models, provides a powerful framework to achieve this aim. ICL refers to the abil-
ity of a sequence model to implicitly infer functional relationships from the demonstrations
provided in its context window [22, 132]. It is inherently related to the model’s ability to em-
ulate learning algorithms. Notably, ICL has been a major topic of empirical and theoretical
interest in recent years. More specifically, a series of works have examined the approximation
and optimization characteristics of linear attention, and have provably connected linear at-
tention to the preconditioned gradient descent algorithm [196, 3, 214|. Given that the GLA

recurrence in (GLA) has a richer design space, this leads us to ask:

What learning algorithm does GLA emulate in ICL?

How does its optimization landscape behave in multi-task prompting?

Contributions: The GLA recurrence in (GLA) enables the sequence model to weight past
information in a data-dependent manner through the gating mechanism (G;)?,. Building
on this observation, we demonstrate that a GLA model can implement a data-dependent
Weighted Preconditioned Gradient Descent (WPGD) algorithm. Specifically, a one-step ver-
sion of this algorithm with scalar gating, where all entries of G; are identical, is described

by the prediction:
j=a'PX (yow). (6.1)

Here, X € R™*? is the input feature matrix; y € R” is the associated label vector; € R?
represents the test/query input to predict; P € R¥ is the preconditioning matrix; and w €
R™ weights the individual samples. When w is fixed, we drop “data-dependent” and simply
refer to this algorithm as the WPGD algorithm. However, for GLA, the weighting vector w
depends on the data through recursive multiplication of the gating variables. Building on

this formalism, we make the following specific contributions:

o ICL capabilities of GLA (§6.3): Through constructive arguments, we demonstrate
that a multilayer GLA model can implement data-dependent WPGD iterations, with
weights induced by the gating function. This construction sheds light on the role
of causal masking and the expressivity distinctions between scalar- and vector-valued

gating functions.
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o Landscape of one-step WPGD (§6.4): The GLA<WPGD connection motivates
us to ask: How does WPGD weigh demonstrations in terms of their relevance to the
query? To address this, we study the fundamental problem of learning an optimal
WPGD algorithm: Given a tuple (X, y,x,y) ~ D, with y € R being the label associ-

ated with the query, we investigate the population risk minimization:

*

wpad ‘= min Lyped (P, w),

PERdXd,wER”

) (6.2)
where Lyped(P,w) =Ep [(y —z'PX'(yow)) ] :

As our primary mathematical contribution, we characterize the loss landscape under
a general multitask data setting, where the tasks associated with the demonstrations
(X,y) have varying degrees of correlation to the target task (x,y). We carefully
analyze this loss landscape and show that, under mild conditions, there is a unique
global minimum (P, w) up to scaling invariance, and the associated WPGD algorithm

is also unique.

o Loss landscape of one-layer GLA (§6.5): The landscape is highly intricate due
to the recursively multiplied gating variables. We show that learning the optimal
GLA layer can be connected to solving (6.2) with a constraint w € W, where the
restriction W is induced by the choice of gating function and input space. Solidifying
this connection, we introduce a multitask prompt model under which we characterize
the loss landscape of GLA and the influence of task correlations. Our analysis and
experiments reveal insightful distinctions between linear attention, GLA with scalar

gating, and GLA with vector-valued gating.

6.2 Preliminaries and Problem Setup

Notations. R?is the d-dimensional real space, with ]Rﬁir and ]Ri 4, as its positive and strictly
positive orthants. The set [n| denotes {1,...,n}. Bold letters, e.g., @ and A, represent
vectors and matrices. The identity matrix of size n is denoted by I,. The symbols 1 and
0 denote the all-one and all-zero vectors or matrices of proper size, such as 1; € R¢ and
1gxq € R¥4 The subscript is omitted when the dimension is clear from the context. The
Gaussian distribution with mean g and covariance X is written as N'(u, ). The Hadamard
product (element-wise multiplication) is denoted by ®, and Hadamard division (element-
wise division) is denoted by @. Given any a1, ...,a; € R?, we define aij =0a;11O---Oa;

for ¢ < 7, and a;; = 14.
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The objective of this work is to develop a theoretical understanding of GLA through
ICL. The optimization landscape of standard linear attention has been a topic of significant

interest in the ICL literature [3, 116|. Following these works, we consider the input prompt

T

i e mn mn-i-l c R(Tl+1)><(d+1)7 (63)

Z=[z ... z, an]T:[
i oo Yo O

where tokens encode the input-label pairs (x;, y;)", C R? x R.

We aim to enable ICL by training a sequence model F : R®+x(d+1) _ R that predicts
the label y := y,.1 associated with the query x := x,,;. This model will utilize the
demonstrations (x;, ;) , to infer the mapping between  and y. Assuming that the data
is distributed as (y, Z) ~ D, the ICL objective is defined as

L(F) =Ep [(y - F(2))*]. (6.4)

Linear attention and shared-task distribution. Central to our paper is the choice of
the function class F. When F is a linear attention model, the prediction denoted by yg

takes the form
gr=F(Z)= 2z, W,W,] Z"ZW,h,

where Wy, W, W,, € REFVXH) are attention parameters, and h € R4 is the linear
prediction head.

To motivate our subsequent discussion on multitask distributions, we begin by reviewing
a simplified shared-task distribution. Specifically, we let 8 ~ N(0,X3), x; be i.i.d. with
x; ~N(0,%,), and y; ~ N (B"x;,0?), where o > 0 denotes the noise level. Although this is
not our primary modeling assumption, under this shared-task distribution, it has been shown
[196, 3, 214] that the optimal one-layer linear attention prediction coincides with one-step
preconditioned gradient descent (PGD). In particular, given the data distribution above, we

have:
gr=x'B, where B=PX 'y, (6.5)
and

T T
P*:=arg min E [(y—wTPXTy)Z] with X := [131 mn] and y = [yl yn] '

PERdXd

(6.6)
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Gated linear attention and multitask prompting. Given the input prompt Z as in
(6.3), let (g;, ki, v;) = (WquZ-,VVk,T z;, W, z;) be the corresponding query, key, and value
embeddings. The output of causal linear attention at time ¢ can be computed using (GLA)
with G; = 1 for all i € [n + 1]. This recurrent form implies that linear attention has O(d?)
cost, that is independent of sequence length n, to generate per-token. GLA follows the same
structure as linear attention but with a gating mechanism (i.e., G; # 1 for some i € [n+1] ),
which equips the model with the option to pass or supress the history. As discussed in [210],
the different choices of the gating correspond to different popular recurrent architectures
such as Mamba [68|, Mamba2 [40], RWKV [155], etc.

We will show that GLA can weigh the context window through gating, thus, its capabilities
are linked to the WPGD algorithm described in (6.8). This will in turn facilitate GLA to
effectively learn multitask prompt distributions described by y; ~ N (8, x;, 0?) with B;’s not

necessarily identical.

6.3 What Gradient Methods can GLA Emulate?

In this section, we investigate the ICL capabilities of GLA and show that under suitable
instantiations of model weights, GLA can implement data-dependent WPGD.

6.3.1 GLA as a data-dependent WPGD predictor

Data-Dependent WPGD. Given X and y as defined in (6.6), consider the weighted least
squares objective £(8) = Y. w; - (y; — BT x;)* with weights w = [wi,wa, <+, w,] € R".
To optimize this, we use gradient descent (GD) starting from zero initialization, Gy = 0 with

a step size of 7 = 1/2. One step of standard GD is given by
B1 = Bo—nVLBy) = sz’ iy =X (woy).
i=1

Given a test/query feature @, the corresponding prediction is § = a:T,é where B = (.
Additionally, if we were using PGD with a preconditioning matrix P € R*>? 3, = 0, and

n = 1/2, then a single iteration results in
j=x'B, where B=p8—nPVL(B)=PX (woy). (6.7)

Above is the basic sample-wise WPGD predictor which weights individual datapoints, in

contrast to the PGD predictor as presented in (6.5). It turns out, vector-valued gating can
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facilitate a more general estimator which weights individual coordinates. To this aim, we
introduce an extension as follows: Let P;, P, € R%“ denote the preconditioning matrices,
and let © € R™"*? denote the vector-valued weighting matrix. Note that €2 is a weight matrix
that enables coordinate-wise weighting. Throughout the paper, we use w and 2 to denote
sample-wise and coordinate-wise weighting parameters, corresponding to scalar and vector

gating strategies, respectively. Then given €2, we can similarly define
B (P, Py, Q) :=P(XP o)y (6.8a)

as one-step of (generalized) WPGD. Its corresponding prediction on a test query x is:

j=a'B, where B=pB{(P,P,Q). (6.8b)

We note that by removing the weighting matrix €2, (6.8) reduces to standard PGD (cf. (6.5))
and setting = w1, reduces to sample-wise WPGD (cf. (6.7)). [116] has demonstrated that
H3-like models implement one-step sample-wise WPGD, and they focus on the shared-task
distribution where 3; = 3 for all ¢ € [n]. In contrast, our work considers a more general
data setting where tasks within an in-context prompt are not necessarily identical.

We introduce the following model constructions under which we establish the equivalence
between GLA (cf. (GLA)) and WPGD (cf. (6.8)), where the weighting matrix is induced
by the input data and the gating function. Inspired by prior works [196, 3], we consider the
following restricted attention matrices:

P. 0 P, 0 Ouxa O
§ ] qulq 0]’ and WU:[dXd ] (6.9)

"“lo o 0 0 1

where Py, P, € R¥?. Note that the (d+ 1,d+ 1)-th entry of W, is set to one for simplicity.
More generally, this entry can take any nonzero value, e.g., v € R. Parameterizing W, with

P, /v produces the same output as in (6.9).

Theorem 6.1 Recall (GLA) with input sequence Z = [zy ... 2z, zn41]' defined in (6.3),
the gating G(z;) = G; € RUFXHD) " and outputs (0;)11!. Consider model construction in
(6.9) and take the last coordinate of the last token output denoted by (0y41)a+1 as a prediction.

Then, we have
fgla(Z> = (On+1)d+1 = wT/éa where B = lggd(P/m qu Q)

Here, ﬂ?d(-) is a one-step WPGD feature predictor defined in (6.8a); Py and P, correspond
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to attention weights following (6.9); and Q@ = [gimi1 Goms1 *** Gnns1) € R where

Gini1,1 € [n] is given by

J x %
Gimi1 = Git1 ©Giro " Gni1 €ER?Y, and G, = [g-T *] ) (6.10)
Here, and throughout, we use * to fill the entries of the matrices that do not affect the final
output, and based on the model construction given in (6.9), these entries can be assigned
any value.

Observe that, crucially, since g; is associated with z;, 2z; influences the weighting of z; for
all j < i. We defer the proof of Theorem 6.1 to the Appendix E.2.1. It is noticeable that only
d of the total (d+1)? entries in each gating matrix G; are useful due to the model construction
presented in (6.9). However, if we relax the weight restriction, e.g., W, = [O(d+1)xd ul’,
where u € R, then the weighting matrix Q in Theorem 6.1 is associated with all rows of
the G; matrices. We defer to Eqn. (E.2) and the discussion in Appendix E.2.1.

6.3.2 Capabilities of multi-layer GLA

[3] demonstrated that, with appropriate construction, an L-layer linear attention model
performs L-step preconditioned GD on the dataset (x;,y;)!; provided within the prompt.
In this work, we study multi-layer GLA and analyze the associated algorithm class it can
emulate. It is worth mentioning that [3] does not consider causal masking which is integral
to multilayer GLA due to its recurrent nature described in (GLA). Our analysis will capture

the impact of gating and causal mask through n separate GD trajectories that are coupled.

Multi-layer GLA. For any input prompt Z € RODXED " Jet ola(Z) =
01 0y -+ 0,41]" € ROFUX[EHD) denote its GLA output, as defined in (GLA). We
consider an L-layer GLA model as follows: For each layer ¢ € [L], let Z, denote its input,
where we set Z, = Z, and let Wy, ,, W, ,, W, , denote the key, query, and value matrices
for layer ¢, respectively. After applying a residual connection, the input of the ¢-th layer is

given by
Zy =Ly 1+ glaz_l(Zg,l). (611)

Here, gla,(-) denotes the output of the ¢-th GLA layer, associated with the attention matrices
(W, Wi, Wy) for all ¢ € [L]. In the following, we focus on the (d + 1)-th entry of
each token’s output at each layer (after the residual connection), denoted by 0, := [Z, +
gla,(Zy))iay1 for all i € [n+ 1] and ¢ € [L].
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Theorem 6.2 Consider an L-layer GLA defined in (6.11), where Wy, Wy, in the (’th
layer parameterized by Py g, —P,, € R4, for all ¢ € [L] following (6.9). Let the gating be

a function of the features, e.g., G; = G(x;), and define QX as in Theorem 6.1. Additionally,

I, O .
denote the masking as M; = [O 0 € R™™ and let By = @ i0 =0 for all i € [n]. Recall

that 0,4 for alli € [n+1] and € € [L] stands for the last entry of the i 'th token output at the
C’th layer. We have

e Foralli<n, 0,0 =y; — &, Biy, where Biy = Biy1— Pyt (Vig @ Gins1);
® Opi10=—x By, where Br=(1—a)By — P,y (Ve @ Gni1), and oy = ' Py Pl x.

Here, letting By = [@ 10 -+ @nl]", Xy = X Py ©Q, and y, = diag(X B/ ), we define
Vie=X/M,; (y.—y).

We defer the proof of Theorem 6.2 to the Appendix E.2.2. Theorem 6.2 states that
L-layer GLA (6.11) implements L steps of WPGD with gradient in a recurrent form and
additional weight decay ay. To recap, given data (X,y) and prediction B, the gradient
with respect to the squared loss takes the form X (X B — y), up to some constant c.
In comparison, P,,;(V;¢ @ gin+1) similarly acts as a gradient but incorporates layer-wise
feature preconditioners (P,,, Py.), data weighting (£2), and causality (gi.n+1,M;). Here,
M; represents causal masking, ensuring that at time 4, only inputs from j < i are used for
prediction. Notably, the recurrent structure of GLA allows the gating mechanism to apply
context-dependent weighting strategies.

To simplify the theorem statement, we assume that the gating function depends only
on the input feature, e.g., G; = G(x;), ensuring that the corresponding data-dependent
weighting is uniform across all layers. This assumption is included solely for clarity in the
theorem statement, and if the gating function varies across layers or depends on the entire
(d+1)-dimensional token rather than just the feature x;, each layer has its own gating €2, and
X, = XP;, © . Note that our inclusion of the additional term «; captures the influence
of the last token’s output on the next layer’s prediction. Based on the above L-layer GLA
result, we have the following corollary for multi-layer linear attention network with causal

mask in each layer.

Corollary 6.1 Consider an L-layer linear attention model with causal mask and resid-
ual connection in each layer. Let ’th layer follows the weight construction in (6.9) with
Wio, Wy parameterized by Py, —P,, as in Theorem 6.2 and define Py = MP]I@, for
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¢ € [L]. Let BO = 0. Then, the (d + 1)’th entry of the last token output of each layer

satisfies:
Op+1,0 = —CL'TB& where B@ = (1 - Oéz)Be—1—PzXT(ye - y).
Here, we define ay = =" Pyx and y, follows the same definition as in Theorem 6.2.

Note that Corollary 6.1 generalizes |3, Lemma 1] by extending it to causal attention. When
considering full attention (i.e., without applying the causal mask), we have y, = X ,ég, and
the expression X' (y, —y) = X (X8, — y) corresponds to the standard gradient of the
squared loss. Furthermore, if we disregard the impact of the last token (e.g., by incorporating
the matrix M as in Eq. (3) of [3]), then oy = 0. These results are also consistent with [46],
which demonstrate that causal masking limits convergence by introducing sequence biases,
akin to online gradient descent with non-decaying step sizes.

Our theoretical results in Theorem 6.2 focus on multi-layer GLA without Multi-Layer
Perceptron (MLP) layers to isolate and analyze the effects of the gating mechanism. However,
MLP layers, a key component of standard Transformers, facilitate further nonlinear feature
transformations and interactions, potentially enhancing GLA’s expressive power. Future
work could explore the theoretical foundations of integrating MLPs into GLA and analyze
the optimization landscape of general gated attention models, aligning them more closely

with conventional Transformer architectures |68, 40, 155].

6.3.3 GLA with scalar gating

Theorem 6.1 establishes a connection between one-layer GLA (cf. (GLA)) and one-step
WPGD (cf. (6.8)), where the weighting in WPGD corresponds to the gating G(z;) = G;
in GLA, as detailed in Theorem 6.1. Now let us consider the widely used types of gating
functions, such as G; = ay1,,, [210, 93, 162, 155] or G; = v;1(a41),@a+1) [40, 16, 156, 182]
where a; € R*! and v; € R. In both cases, the gating matrices in (6.10) take the form of

x
[ T ] for some g; € R, thus simplifying the predictor to a sample-wise WPGD, as given
gily *

by
faa(Z) =B ®, with B=PX (woOy), (6.12)

where P = PquT and w = [g1.pq1 - - gn:n“]T € R™. In the remainder, we will mostly focus

on the one-layer GLA with scalar gating as presented in (6.12).
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6.4 Optimization Landscape of WPGD

In this section, we explore the problem of learning the optimal sample-wise WPGD algorithm
described in (6.12), a key step leading to our analysis of GLA. The problem is as follows.
Recap from (6.6) that we are given the tuple (z,y, X,y) ~ D, where X € R™? is the input
matrix, y € R" is the label vector, € R? is the query, and y € R is its associated label.
The goal is to use X,y to predict y given x via the one-step WPGD prediction 3§ = wTB,
with B as in (6.12). The algorithm learning problem is given by (6.2) which minimizes the
WPGD risk Ep[(y — 2 PX (w @ y))°].

Prior research [129, 116, 3| has studied the problem of learning PGD when input-label
pairs follow an i.i.d. distribution. It is worth noting that while [116] establishes a connection
between H3-like models and (6.12) similar to ours, their work assumes that the optimal w
consists of all ones and does not specifically explore the optimization landscape of w when
in-context samples are not generated from the same task vector 8. Departing from this, we
introduce a realistic model where each input-label pair is allowed to come from a distinct
task.

Definition 6.1 (Correlated Task Model) Suppose 3; € R? ~ N(0,I) are jointly Gaus-
sian for all i € [n+ 1]. Define

B=Pun, B=[6 .. ] R=_EBBT, ad r=EB  (613)

Note that in (6.13), we have R € R™" and r € R", with normalization ensuring that the
entries of R and 7 lie in the range [—1, 1], corresponding to correlation coefficients. Further,
due to the joint Gaussian nature of the tasks, for any 4, j € [n + 1], the residual 3; — r;;3;
is independent of 3;.

Definition 6.2 (Multitask Distribution) Let (3;)!" be drawn according to the corre-
lated task model of Definition 6.1, (z;)i1! € R? be iid. with & ~ N(0,%), and
yi ~ N (] Bi,0?) for alli € [n+1].

Definition 6.3 Let the eigen decompositions of ¥ and R be denoted by ¥ = Udiag(s)U "
and R = Ediag(A\)E", where s =[s1 -+ sq|' € RL, and A= [\ -+ \,|T € R}, Let Spin
and Smax denote the smallest and largest eigenvalues of 3, respectively. Further, let A and
Amax denote the nonzero smallest and largest eigenvalues of R. Define the effective spectral

gap of X and R, respectively, as
As = Smax — Smin, and  Agr := Anax — Amin- (6.14)
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Assumption 6.1 The correlation vector v from (6.13) lies in the range of E, i.e., r = Ea

for some nonzero a = la; --- a,]’ € R™.

Assumption 6.1 essentially ensures that = (representing the correlations between in-
context tasks) can be expressed as a linear transformation of a vector a with at least one
nonzero value. Note that since 7 lies in the range of the eigenvector matrix F, it also
lies in the range of R defined in (6.13). This guarantees that the correlation structure is
non-degenerate, meaning that all elements of r are influenced by meaningful correlations.
Assumption 6.1 avoids trivial cases where there are no correlations between tasks. By requir-
ing at least one nonzero element in a, the assumption ensures that the tasks are interrelated.

The following theorem characterizes the stationary points (P, w) of the WPGD objective
in (6.2).

Theorem 6.3 Consider independent linear data as described in Definition 6.2. Suppose
Assumption 6.1 on the correlation vector r holds. Let the functions hy : Ry — R, and
hy : [1,00) — R be defined as

[ \ia? _ a? o N
hi(7) = <Z (l_l_)\ﬂ)Q) <Z (1+)\ﬂ)2) ’ (6.15a)

=1 =1
-1

ho(y) = | 14+ M (Z ﬁ) (Z ﬁ) , (6.15h)

i=1 =1

where {s; Y&, and {\;}"_, are the eigenvalues of ¥ and R, respectively; {a;}"_, are given in
Assumption 6.1; and M = o? + z;jzl 5.

The risk function Lypga(P,w) in (6.2) has a stationary point (P*,w*), up to rescaling,
defined as

. -1
Pr=x" (VM-E+I) ¥72, and w* = (ho(v") - R+I)7'r, (6.16)

*

where v* is a fized point of composite function hy(ha(7y)) + 1.

Theorem 6.3 characterizes the stationary points (P*,w*), which exist up to re-scaling.
This result presents the first landscape analysis of GLA for the joint learning of (P, w), while
also exploring the stationary points (P*, w*). In the following, we provide mild conditions on

effective spectral gaps of R and ¥ under which a unique (global) minimum (P*, w*) exists.

Theorem 6.4 (Uniqueness of the WPGD Predictor) Consider independent linear

data as given in Definition 6.2. Suppose Assumption 6.1 on the correlation vector r holds,
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and
As-Ap < M + Smin; (617)

where Ayx and Agr denote the effective spectral gaps of 3 and R, respectively, as given in
(6.14); Smin is the smallest eigenvalue of ; and M = o2 + Zle ;.

T1. The composite function hi(he(y)) + 1 is a contraction mapping and admits a unique
fixed point v = v*.

T2. The function L.pg(P,w) has a unique (global) minima (P*,w*), up to re-scaling, given
by (6.16).

Proof sketch. Let v := @ Bo 4 1 Note that ~v > 1 since R is positive semi-definite. From

l[wll*

the first-order optimality condition, the solution to (6.2) takes the following form:
(6.18)

for some constants C(r,w, ¥) and ¢(r,w, X).

Substituting the expression for w(y) into v = ‘T;}—ﬁg" + 1, and applying Assumption 6.1,
we obtain the equation v = hy(ha(y)) + 1. We then show that whenever Ax - Ap < M +
Smin, the mapping hq(ha(7y)) + 1 is a contraction (see Lemma E.2). By the Banach Fixed-
Point Theorem, this guarantees the existence of a unique fixed point v = v*, where v* =
hi(h2(v*)) + 1. Finally, substituting * into (6.18) implies that (P*, w*), as given in (6.16),
is a unique (global) minima of (6.2), up to re-scaling. See Appendix E.3.2 for the complete
proof of Theorem 6.4.

Theorem 6.4 establishes mild conditions under which a unique (global) minimum (P*, w*)
exists, up to scaling invariance, and guarantees the uniqueness of the associated WPGD
algorithm. It provides the first global landscape analysis for GLA and generalizes prior work
[116, 3| on the global landscape by extending the optimization properties of linear attention

to the more complex nonconver GLA with joint (P,w) optimization.

Remark 1. An interesting observation about the optimal gating parameter w* is its connec-
tion to the correlation matrix R, which captures the task correlations in a multitask learning
setting. Specifically, the optimal gating given in (6.16) highlights how w* depends directly
on both the task correlation matrix R and the vector =, which encodes the correlations

between the tasks and the target task.

101



Remark 2. Condition (6.17) provides a sufficient condition for the uniqueness of a fixed
point. This implies that whenever As, - A < M + Spyin, the mapping hy(ha(y)) + 1 is a
contraction, ensuring the existence of a unique fixed point. However, there may be cases
where the mapping hy(hs(7y)) + 1 does not satisfy Condition (6.17), yet a unique fixed point
(and a unique global minimum) still exists. This is because the Banach Fixed-Point Theorem

does not provide a necessary condition.

Corollary 6.2 Suppose ¥ = I. Then, Ax, = 0, satisfying Condition (6.17), and we have
hao(V*) = g3, which yields

P =I and w'=(R+(d+a*+1)I) r (6.19)
Thus, the optimal risk L3, defined in (6.2) is given by
g =d+ o> —d-r" (R+(d+02+1)I)_1r. (6.20)

6.5 Optimization Landscape of GLA

In Section 6.3, we demonstrated that GLA implements a data-dependent WPGD algorithm.
Building on this, in Section 6.4, we analyze the optimization landscape for minimizing the
one-step WPGD risk (cf. (6.2)) and show that a unique solution (up to rescaling) achieves
the global minimum of the WPGD algorithm. However, in GLA, the search space for w

*
wpg

risk a GLA model can achieve. In this section, we analyze the loss landscape for training

is restricted and data-dependent, meaning that £ _ , in (6.2) represents the best possible

a one-layer GLA model and explore the scenarios under which GLA can reach the optimal
WPGD risk.

6.5.1 Multi-task prompt model

Following Definitions 6.1 and 6.2, we consider the multi-task prompt setting with K corre-
lated tasks (Bx)i_; and one query task 3 with distribution A/(0, I). For each correlated task
k € [K], a prompt of length ny is drawn, consisting of IID input-label pairs {(@, yir) } iy

"
w o« s . w

where yi ~ N (8, i1, 0?) to obtain sequence Z; = [ 1k nkk] . Let n := Zszl Ng.
Yk - Ynpk

]" with the corresponding label y, 41 ~ N (z, .8, ?).

The query is given by 2,11 = [€,11 0
All the features x;, for i € [ng],k € [K] and query feature x,.; are IID sampled from

N(0,%).
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These sequences (Z;)E_ |, along with the query token z,,;, are concatenated to form
a single prompt Z. Recall (GLA), and let fy.(Z) denote the GLA prediction as defined
in Theorem 6.1. Additionally, consider the model construction presented in (6.9), where
P,, P, € R are trainable parameters. The GLA optimization problem is described as
follows:
gla = Pk,Pqé?Rll{}d’GEg ﬁgla(Pk; qu G)’ (6.21)
where Ly (Pi, P, G) =E [(y — fgla(Z))Q} :

Here, G(-) represents the gating function and G denotes the function search space, which is
determined by the chosen gating strategies (cf. Table 1 in [210]).

Note that 1) the task vectors (B;)E_, are not explicitly shown in the prompt, 2) in-
context examples (&, y;;) are randomly drawn, and 3) the gating function is applied to
the tokens/input samples (Z;)&_,. Given the above three evidences, the implicit weighting
induced by the GLA model varies across different prompts, and it prevents the GLA from
learning the optimal weighting. To address this, we introduce delimiters to mark the bound-
ary of each task. Let (dy)X_| be the delimiters that determine stop of the tasks. Specifically,
the final prompt is given by

.
Z=|z] d - Zf di oz (6.22)

Additionally, to decouple the influence of gating and data, we envision that each token is
z; = [x] y; ¢]]" where ¢; # 0 € R” is the contextual features with p being its dimension

and (x;,y;) are the data features. Let ¢y, - ,€x € RP be K + 1 contextual feature vectors.

e For task prompts Z,: Contextual features are set to a fixed vector ¢, # 0.

e For delimiters dj: Data features are set to zero (e.g., ; = 0 and y; = 0) so that
di =07, ¢

Explicit delimiters have been utilized in addressing real-world problems [200, 7, 51| due to
their ability to improve efficiency and enhance generalization, particularly in task-mixture
or multi-document scenarios. To further motivate the introduction of (d)X |, we present in
Figure 6.1 the results of GLA training with and without delimiters, represented by the red
and green curves, respectively. The black dashed curves indicate the optimal WPGD loss,
wped» under different scenarios. Notably, training GLA without delimiters (the green solid
curve) performs strictly worse. In contrast, training with delimiters can achieve optimal
performance under certain conditions (see Figures 6.1a, 6.1b, and 6.1c). Theorem 6.5, pre-

sented in the next section, provides a theoretical explanation for these observations, including
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Figure 6.1: We consider four different types of model training: LinAtt (blue solid): Standard
linear attention training. GLA (red solid): GLA training using prompts with delimiters
(see (6.22)) and scalar gating. GLA-wo (green solid): GLA training using prompts without
delimiters and with scalar gating. GLA-wvector (cyan solid): GLA training using prompts
with delimiters and vector gating. The blue and black dashed curves represent the optimal
linear attention and WPGD risks from (6.27) and (6.20), respectively, as the number of
in-context examples n increases. Implementation details are provided in Appendix E.1.

the misalignment observed in Figure 6.1d. Further discussion and experimental details are
provided in Section 6.5.2 and Appendix E.1.

6.5.2 Loss landscape of one-layer GLA

Given the input tokens with extended dimension, to ensure that GLA still implements
WPGD as in Theorem 6.1, we propose the following model construction.

~ W, 0 ~ W, 0
Wk:[ k ]7 Wq:[ q0

0 (6.23)

~ W, 0
, and Wv:[ ]

0 O

Here, Wy, € REAPHDX(A40+) and W, € REFDXEHD are constructed via (6.9). The

main idea is to set the last p rows and columns of attention matrices to zeros, ensuring that
the delimiters do not affect the final prediction.

Assumption 6.2 Contextual feature vectors €y, --- ,Cx are linearly independent, and acti-
vation function ¢(z) : R — [0, 1] is continuous, satisfying ¢p(—oc) =0 and ¢(+00) = 1.

Assumption 6.3 The correlation between context tasks (Bx)i_, and query task B satisfies
E[BB;] =0 and E[B] 8] <E[B/ B8] for all1 <i<j<K.

Given context examples {(Xx, yr) = (i, yir)ik  }5_,, define the concatenated data
(X, vy) as follows:

T

-
X=X - X} eR™ and y= |y - yr| €R" (6.24)
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Based on the assumptions above, we are able to establish the equivalence between optimizing

one-layer GLA and optimizing one-step WPGD predictor under scalar gating.

Theorem 6.5 (Scalar Gating) Suppose Assumption 6.2 holds.  Recap the function
Lopga(P,w) from (6.2) with dataset (X,y) defined in (6.24). Consider (GLA) with input
prompt Z defined in (6.22), the model constructions described in (6.23), and scalar gating
G(z) = ¢(w;z)1(d+p+1)x(d+p+1), where wy is a trainable parameter. Then, the optimal risk

o defined in (6.21) obeys

gla

* o *,W
gla — ‘prgd’

L = min Lypa(P,w). (6.25)

where =
wpgd T pepdxd ey

Here, W := {[wllll lelK}T e R"” ‘ O0<w <w; <1, V1I<i<y SK}.
Additionally, suppose Assumption 6.3 holds and n; = n;, for all i,j € [K]. Let Ly be
the optimal WPGD risk (cf. (6.2)). Then L%, satisfies

gla

* (6.26)

*
gla — ~wpgd*

Assumption 6.2 ensures that any w in W can be achieved by an appropriate choice of gating
parameters. Furthermore, Assumption 6.3 guarantees that the optimal choice of w under the
WPGD objective lies within the search space WW. The proof is provided in Appendix E.4.1.

In Figure 6.1, we conduct model training to validate our findings. Consider the setting
where K = 2 and let (r1,r2) = (E[B] 8]/d,E[3, 8]/d). In Figures 6.1a, 6.1b, and 6.1c, As-
sumption 6.3 holds, and the GLA results (shown in solid red) align with the optimal WPGD
risk (represented by the dashed black curves), validating (6.26). However, in Figure 6.1d,

*
gla

obtained from (6.25) is lower than the optimal WPGD loss L ;. Further experimental

since r1 > ro, Assumption 6.3 does not hold, and as a result, the optimal GLA loss £
details are deferred to Appendix E.1.

Loss landscape of vector gating. Till now, much of our discussion has focused on the
scalar gating setting. It is important to highlight that, even in the scalar-weighting context,
analyzing the WPGD problem remains non-trivial due to the joint optimization over (P, w).
However, as demonstrated in Theorem 6.5, scalar gating can only express weightings within
the set W. If Assumption 6.3 does not hold, £, cannot achieve the optimal WPGD loss

*

ala and black dashed curve,

(see the misalignment between red solid curve, presenting L
presenting L3 .4 in Figure 6.1d). We argue that vector gating overcomes this limitation
by applying distinct weighting mechanisms across different dimensions, facilitating stronger

expressivity.
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Theorem 6.6 (Vector Gating) Suppose Assumption 6.2 holds. Consider (GLA) with
input prompt Z from (6.22), the model constructions from (6.23) but with W, =
[0(dtpi1yxa U O(dﬂ,ﬂ)xp]T, and a vector gating G(z) = ¢(Wgz)1§+p+1. Recap Problem
(6.21) with prediction defined as fyo(Z) = o, h, where h € R*™P*! 4s q linear prediction

head. Here, u, W, and h are trainable parameters. Let Ly, ,
Lx . be defined as in (6.2). Then, the optimal risk obeys L7, = L

wpg gla-v

denote its optimal risk, and
*
wpgd*

*

In Theorem 6.5, the equivalence between L3,

and L3 4 is established only when both
Assumptions 6.2 and 6.3 are satisfied. In contrast, Theorem 6.6 demonstrates that applying

vector gating requires only Assumption 6.2 to establish £%. . = L Specifically, under

gla-v
the bounded activation model of Assumption 6.2, scalar gating is unable to express non-

*
wpgd*

monotonic weighting schemes. For instance, suppose there are two tasks: Even if Task
1 is more relevant to the query, Assumption 6.2 will assign a higher (or equal) weight to
examples in Task 2 resulting in sub-optimal prediction. Theorem 6.6 shows that vector
gating can avoid such bottlenecks by potentially encoding tasks in distinct subspaces. To
verify these intuitions, in Figure 6.1d, we train a GLA model with vector gating and results
are presented in cyan curve, which outperform the scalar gating results (red solid) and align
with the optimal WPGD loss (black dashed).

Loss landscape of One-layer linear attention. Given the fact that linear attention is
equivalent to (GLA) when implemented with all ones gating, that is, G; = 1, we derive the
following corollary. Consider training a standard single-layer linear attention, i.e., by setting
G; =1 in (GLA), and let fu(Z) be its prediction. Let L%, be the corresponding optimal
risk following (6.21).

Corollary 6.3 Consider a single-layer linear attention following model construction in (6.9)
and let linear data as given in Definition 6.2. Let R and r be the corresponding correlation

matrix and vector as defined in Definition 6.1. Suppose 32 = I. Then, the optimal risk obeys

1T 2
Loy= min Lop(Pw=1)=d+0o"— d(1 r)

PeRdxd n(d+o2+1)+1TR1 (6:27)

Corollary 6.4 (Benefit of Gating) Consider the same setting as discussed in Corol-
lary 6.5, and suppose Assumption 0.2 holds. Then, we have that Ly, > L7,,. Additionally,
if Assumption 6.3 holds, we obtain

117

* * T —1
Loy —Lyg=d-r <R+ TTTR.1

>’r20, where R, ::R+(d+a2+1)I.
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The proof of this corollary is directly from (6.20), (6.26) and (6.27). In the Figure 6.1, blue
solid curves represent the linear attention results and blue dashed are the theory curves
following (6.27). The two curves are aligned in all the subfigures, which validate our Corol-

lary 6.3. More implementation details are deferred to Appendix E.1.
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CHAPTER 7

Task-specific Prompt

Optimization in Linear

Attention

7.1 Introduction

In a basic ICL setting, we construct an in-
put sequence Z that contains a query to la-
bel and related input-label demonstrations.
We feed Z to a sequence model f to pre-
dict the label y of this query. Thus, the ICL

optimization can be written as

min £, z[((y, fw(Z))], (7.1)

where W denotes the weights of f and
ly,-) : R — R is the loss function.
In practice, however, ICL examples are
typically paired with task-specific prompts.
These prompts can be manually crafted
or automatically generated using methods
like differentiable optimization or zero-order
search. In fact, the model can often solve the
task without any ICL example (zero-shot)
by solely relying on the prompt. This mo-
tivates a deeper understanding of the syner-
gies between prompt-tuning and in-context
learning. Concretely, consider a multitask

learning setting where we first sample a task

Plain training

0.8 1

Fully Coupled .
ElIyI]

0.4 1
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Fine-tuning with prompts ' "Joint training with prompts

0.8 1

0.6 14 44
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Joint training with even more parameters
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—— 1-Layer Linear Attention Model Context Length n

=== Our Theory

Figure 7.1: Overview of our work: We present
a theoretical analysis of a 1-layer linear atten-
tion model for multi-task ICL, examining dif-
ferent configurations of task-specific parame-
ters. By progressively introducing more task-
specific parameters across various training set-
tings, we achieve complete covariance-mean
decoupling, leading to an optimal multi-task
ICL loss.
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t and then sample (Z,y) from the associated task distribution. In this case, a standard
approach is crafting a dedicated prompt p; to feed with the input sequence. The joint
optimization of the weights W and prompts P = (p;);>1 takes the form

min E[((y, fw (Z,p,))]. (7.2)

)

Contrasting (7.1) with (7.2) motivate a few fundamental questions:
(Ql) How do ICL and prompt-tuning synergistically contribute to learning?

(Q2) In practice, we first pretrain a model via (7.1) and then tune a task-specific prompt.

Does joint training have an advantage over this?

(Q3) Can utilizing additional task-specific parameters together with prompts, further boost

performance?

To answer these questions, we conduct a comprehensive investigation of the optimiza-
tion landscape for attention weights and task-specific prompts within a multitask dataset
model, examining both joint optimization approaches and sequential strategies involving at-
tention weight pretraining followed by prompt-tuning. We derive closed-form solutions for
optimal parameters and loss landscapes, introducing the novel concept of "covariance-mean
decoupling" to elucidate the impact of different training strategies on model performance.
While previous theoretical research has primarily focused on attention weight optimization,
we extend the analysis to include tunable prompts in a multi-task linear regression frame-
work, addressing the practical scenario where models fine-tune task-specific modules on fixed
backbones. Notably, our work advances beyond existing research by incorporating non-zero
task mean and non-isotropic covariance considerations, revealing why fine-tuning may not
consistently enhance performance. Our theoretical framework demonstrates how varying per-
formance gains across training strategies can be attributed to covariance-mean decoupling,
providing both theoretical foundations and practical insights for optimizing attention-based
models through careful design of tunable components.

Our key contributions are:

o Comprehensive analysis of training strategies (§7.3): We analyze multi-task
linear regression with a linear attention layer and tunable parameters, covering joint
optimization and pretraining-finetuning methods. A unified parameterization allows
for closed-form solutions of optimal parameters and loss landscapes, generalizing prior

work.
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o Mean-covariance decoupling concept (§7.3.2): We introduce covariance-mean
decoupling through closed-form loss landscape analysis, demonstrating its correlation
with model performance—the greater the decoupling, the better the model’s predic-

tions.

o Path to optimal in-context learning (§7.4): Our analysis guides the design of
attention models, emphasizing the importance of training sequence and parameter se-
lection. We propose a model design achieving full covariance-mean decoupling, offering

a strategy for improving in-context learning.

These contributions provide a deeper understanding of prompt-tuning and weight opti-
mization, offering insights for designing more effective models that minimize loss and maxi-

mize performance.

7.2 Preliminaries and Problem Setup

Our results are presented in a finite-dimensional setting.

7.2.1 In-context learning

We consider an in-context learning (ICL) problem with demonstrations (x;,3;)7}', and the

input sequence Z is defined by removing y,, 1 as follows:

T - T
Z=l|z ... 202 = [ml e m] - [X Tl e ROFDX@D  (7.3)

Y1 ... Yo O y' 0
Here, z = [ 0] is the query token where  := @, 1, and X = [z; -+ x,]’ € R
y=[y1 -+ yu]" € R" Then, we aim for a sequence model to predict the associated label
Y = Yps+1 of the given input sequence Z. In this work, we consider the following data

generation of (Z,y). We will refer to (X,y), x, and y as contexts, query feature and the
label to predict, respectively.

Definition 7.1 (Single-task ICL) Given a task mean p € R?, and covariances ¥4, X5 =
0 € R4, The input sequence and its associated label, i.e., (Z,y) with Z denoted in (7.3),

are generated as follows:

o A task parameter 3 is generated from a Gaussian prior B ~ N(u,Xg).

e Conditioned on B, for i € [n+ 1], (x;,y;) is generated by x; ~ N(0,X;) and y; ~
N(z!B,0%).
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Here, 0 > 0 is the noise level.
In this work, we study the task-mixture ICL problem where the task parameter 3 of each

input sequence is sampled from K different distributions, K > 1.

Definition 7.2 (Multi-task ICL) Consider a multi-task ICL problem with K different
tasks. Fach task generates (Z,y) ~ Dy following Definition 7.1 using shared feature dis-
tribution x; ~ N(0,X3), ¢ € [n + 1] but distinct task distributions By ~ N (py, Xg,) with
mean p;, and covariance Xg, for k € [K].

Additionally, let {my}<, be the probabilities of each task, satisfying Z,[f:l T = 1 and
7, > 0.

We consider a task-aware multi-task ICL setting. Specifically, when a task is selected
according to 7, its task index k is known.

Let D := Zle 7Dy be the mixture of distributions and given sequence model f :
RM+1D)x(d+1) 5 R we define the multi-task ICL objective as follows:

L(f) =Ezy-nlly — £(2)). (7.4)

Notably, the multi-task ICL defined in Definition 7.2 differs from conventional multi-task
learning [29, 219, 115] where finite examples optimize task-specific parameters. We instead
parameterize task distributions with p;,, and 3, , sampling unseen test tasks B and focusing
on distribution-level generalization. We address the meta-learning objective in (7.4), treating

each distribution as a meta-learning problem (c.f. Definition 7.1).

7.2.2 Single-layer linear attention

Considering the task-aware multi-task ICL problem as described in Section 7.2.1, we explore

the benefits of using task-specific prompts to enhance the performance.

Definition 7.3 (Task-specific prompts) Recap input sequence Z from (7.3). Given a
task index k, k € [K], let p, € R represent its corresponding trainable prompt token.
Then the input sequence of task k is denoted by:

Z® = pp 2z ... z, 2]" € RO, (7.5)

Our work focuses on the single-layer linear attention model in solving multi-task ICL
problem with data distribution following Definition 7.2. Given an input sequence Z*) cor-
responding to task k as defined in (7.5), let W, W, W, € RE@+1Dx(@+1) denote the query,
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key, and value parameters. Then the single-layer linear attention model outputs
att(ZW) = (zWwW w,[ (2" Y MZPWw,

where att(-) : RO+2)x(d+1) _y R(n+2)x(d+1)  Here, inspired by the previous work [3], we apply
In+1
0,41

in Z® . Let h € R be the linear head that enables the single-layer linear attention model

mask matrix M = [ nH] to to separate the (n+1)-colomun context and the query z

to map the input sequence to the prediction. Additionally, for simplification and without
loss of generality, let A := W, W, and a := W,h. Then the prediction returns

§ = fur(ZW) = (2T A(ZPY"YMZWa. (7.6)

This is a more general form than the widely discussed [207] case, which uses the bottom-

right entry of the attention layer output as prediction (and equivalent to a one-hot head
h = ed_;,_l), i.e., fatt<Z(k)) = att(Z(k))n_i_Q,d_i_l.

7.2.3 Optimizing the attention model

Our goal is to understand how optimizing f in (7.6) results in in-context learning. To this

aim, we introduce the following widely applied [207, 3| assumption on the model construction.

Assumption 7.1 (Preconditioning) Given parameters A .= W,W," and a := W,h,

Waisa 0dxi Oax1
,a = )
*1xd  *1x1 Lix1

Here, we use % to fill the entries that do not affect the final prediction, with subscripts

they are constrained by

indicating the dimensions. W € R4 represents the parameter that governs A.

Under Assumption 7.1, let the prompt token for task k be p, = [plk], hence Z® =

T
ﬁk )(T xr
1 yT
written as:

. The prediction of a single-layer linear attention model in (7.6) can then be

T

=x W(XTy+pp). (7.7)
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It is worth noting that we set the last entry of @ and each py, for k € [K] to one for simplicity,
as any nonzero value yields the same output of (7.7) due to rescaling invariance of: a < v a,
Vo P
72
We define the set of tunable prompts as:

A+ 1A, and p, < for any nonzero scalar 7y, .

P=[p, ... px|" € REx¢ (7.8)

Notably, previous research [3] has rigorously proven that for single-layer linear atten-
tion applied to a single-task linear regression ICL problem with zero-mean features, i.e.,
E[z;] = E[3] = 0, the optimal solution must conform to the structure specified in As-
sumption 7.1. This insight motivates our adoption of this assumption when extending the
analysis to more complex multi-task ICL settings with non-zero task means. Building on
this foundation, our work breaks new ground by exploring task-specific tuning for ICL across
multiple tasks with varying means, offering a more general perspective on ICL. This rep-
resents a significant advancement in the field, as understanding the loss landscape in the
simpler W-preconditioned space is an essential step toward tackling the complexities of the
full Wy, W,, W, parameter space.

Additionally, in Section 7.4, we show that it is possible to derive closed-form optimal
solutions for Wy, W,, W, with both task-specific prompts and heads, even without relying
on Assumption 7.1, further expanding the scope of our analysis.

Recall the attention predictor from (7.7) and loss function from (7.4). Consider the
multi-task ICL problem defined in Definition 7.2 and let W € R%*¢ and P € RX*? be the
tunable parameters corresponding to attention weights and task-specific prompt tokens. The

multi-task ICL loss is given by

K

LW, P)=> mLi(W,py) (7.9)
k=1

where Ly (W, pr) = E(zy)~D [(fatt(z(k)) - y)ﬂ :

In this work, we address multi-task ICL problems by investigating and comparing three

optimization settings: plain training, fine-tuning, and joint training.

Plain training: Plain training refers to a standard ICL problem that train an linear

attention model without applying the task-specific prompts that are defined in Definition 7.3.
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Therefore, following loss function (7.9), its objective can be defined via
W/, = arg H‘}‘i/n L(W,P=0), (7.10)

and L5, = L(W}, P = 0) is the optimal loss.
Fine-tuning: Fine-tuning/Prompt-tuning involves training separate prompts for each task
while keeping the attention weights fixed. The goal then is to fine-tune the prompt param-
eters P (c.f. (7.8)) for all the tasks k € [K]. Suppose that parameter W is given, the the
optimal P based on W is defined by:

P (W) = arg ml__i'n LW, P).

In this work, we consider fine-tuning based on the plain pretrained model, that is, by setting
W = W, given in (7.10), and define the optimal solution by

P = P*(W},) = arg mlin LW}, P). (7.11)
The optimal loss is given via L = L(W;, Py).

Joint training: In contrast, joint training involves jointly optimizing the attention weights
W and prompt tokens P. Hence, the optimization problem can be formulated as:

jt’

W}, P} = arg vr{lfllr; LW, P). (7.12)

The optimal loss is given via £ = L(W},

P).

7.3 Main Results

In this section, we train and optimize the single-layer linear attention model in a multi-task
linear regression ICL setting with dataset described in Definition 7.2, and characterize the

loss landscape under different settings, i.e., £, £f and L} in Section 7.2.3.

pt?

7.3.1 Optimization landscape

Recap the multi-task ICL dataset from Definition 7.2 where 3, is the shared covariance

matrix of the input features and {(p, X,)}~ , are the task mean vectors and covariance
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matrices. In the main paper, we consider noiseless data setting where o = 0. We defer the
exact analysis considering noisy labels to Appendix.

Consider any data distribution in Definition 7.1 and let 8 ~ N (u, Xg). B can be rewritten
via B = 0 + p with @ ~ N (0,X5). Then under the noiseless setting (o = 0), the associated

label y; = x] B is generated via

yi= ;0 +x/ (7.13)
—~—

debiased

Here we describe ;] 0 as debiased since E[z] 8] = 0. In this work, we investigate how task-
specific prompts can help to capture individual task means such that learning task means
({p;}E}) and covariances ({Xg, }5_,) can be decoupled via optimizing prompts P and the
attention weight W. We say the model fully decouples mean and covariance if the optimized
attention weight W* is only determined by the debiased term as shown in (7.13), with
prompts responsible for capturing the bias introduced by the non-zero means.

To start with, recap from Definition 7.2 where task &k has probability m; and its task
vector follows distribution 8By ~ N (py, Xg,). Following (7.13), we define the debiased and

biased mixed-task covariances (variant with X, prior) as follows:

K

Debiased: 5 = X, Zﬂ'k E[(Br — ) (Br — 1) '] (7.14a)
k}:{l

Biased: Xg5=3, Zﬂ'k E[B8, ]. (7.14b)
k=1

Note that they satisfy X5 = 3, Zszl X, and X5 = X, Zszl T (Zp, + mppy )
We first analyze the plain training setting where no additional task-specific parameters

are introduced, and all K tasks are mixed together.

Theorem 7.1 (Plain training) Consider training a single-layer linear attention model in
solving multi-task ICL problem with dataset defined in Definition 7.2 and model construction
as described in Assumption 7.1. Let the optimal solution W, (c.f. (7.10)) and the minimal
plain training loss L, as defined in Section 7.2.3. Additionally, let 53,3 be defined in (7.14)
and Wy, = 3, W . Then the solution W, and optimal loss L7, satisfy

pt

W =3, <(n +1)25+ tr (2@> I)_1 :

L= tr (f]g) —n-tr (W;ti[;) .
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Note that the above solution and optimal loss are identical to those in previous work [116]

when considering a single-task ICL problem with with task vector following distribution

B~ N(0,Zg).

Theorem 7.2 (Fine-tuning) Suppose a pretrained model as described in Theorem 7.1 is
gwen with W, being its optimal solution. Consider fine-tuning this model with task-specific
prompts as defined in Definition 7.5, and let the optimal prompt matriz Py (c.f. (7.11))
and the minimal fine-tuning loss L}, be defined in Section 7.2.3. Additionally, let 35, X5 be
defined in (7.14) and Wy, = S W,

ot and define the mean matriz

M, = [, - ]’ € RF

Then the solution Pj; and optimal loss L}, satisfy

P; =M, (W)™ —nl) %,

L= Ly — tr((Ep = Sp)(n Wy — 1) (oW, — T))

Results in Theorem 7.2 show that, fine-tuning achieves better loss than plain training, £f, <
E*

51> and our results provably quantize the loss difference.

Theorem 7.3 (Joint training) Consider training a single-layer linear attention model in
solving multi-task ICL problem with dataset defined in Definition 7.2 and model construction
as described in Assumption 7.1. Let W3, Py (c.f. (7.12)) be the optimal solutions and L},
is the optimal joint training loss defined in Section 7.2.3. Additionally, let X5,%3, M,
follow the same definitions as in Theorem 7.2 and define V_Vﬁ = ¥.W},. Then the solution

(W3, P3) and optimal loss L5, satisfy

gt = gt

W =5, ((n + 1), + tr <iﬁ) I+ (9(1)) o

P} = M, (W)™ - nl) ..

L= tr (25) —n- tr (VVﬁiﬁ) :

Here, O(1) is a d X d-sized matriz with entries being bounded by some constant value,

regardless of n and d.

In Theorem 7.3, for clarity, we use O(1) to represent equality up to a matrix with entries

bounded by a constant. The explicit form of ﬁfj’t‘ is provided in the Appendix.
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The results of Theorem 7.2 and Theorem 7.3 highlight an important commonality of the
optimal prompt: the optimal prompts p; capture the mean of corresponding tasks based
on the attention weight W or Wi . For a large context length n, (Pp)f; and (py)}; will
be approximately —n¥,u,. Additionally, in a finite-dimensional setting where d < oo, as
n — 0o, the solutions Wp*t and V_VE converge to I/n and all the optimal losses £}, £f, and
L%, approach 0. Therefore, the benefits of prompt tuning are more apparent for finite n.

Corollary 7.1 Let L}, L}, and L3, denote the optimal losses for plain training, fine-tuning,

and joint training, as described in Theorems 1, 2 and 3, respectively. These losses satisfy:
L <Ly <L (7.15)

The equalities hold if and only if £5 = g (c.f. (14)), which occurs when all task means
p, =0 for k € [K]. Furthermore, the loss gaps satisfy the following:

1. The loss gaps scale quadratically with task mean:
Lo =Ly~ O 5 JIIANe, Ly = Lj~ O~ Allr,

where A :=%5 - 35 =1%, Zle T ldy -

2. The ratio between gaps is: iﬁfﬁf ~ QO (%), indicating that fine-tuning provides most
Rt
of the benefit in few-shot regimes (small n), while joint training benefits more for larger

n.

7.3.2 Covariance-mean decoupling

For a single-layer linear attention model under Assumption 7.1, where W € R%*? captures
all the statistics, the plain training loss L}, is determined by the second-order moment of

the task parameters 3;:
E[Bkﬁl—lc—] =Yg, + /J’klu';a

which represents the biased covariance of task k. Consequently, £}, can be viewed as a
function of this biased variable, defined as iﬁ (see Theorem 7.1), which affects both the
terms in W and those that appear directly in L7 but outside of W .

When all tasks have zero mean, i.e., E[3;] = p, = 0 for all k € [K], leading to 3,, = 044,

the optimal losses for pretraining, fine-tuning, and joint training become identical:
pp =0,k € [K]= L5 =Ly =L}, (7.16)
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In this case, the fine-tuned prompts remain as zero vectors, learning nothing during fine-
tuning (as shown in Theorem 7.2 and Theorem 7.3). This implies that any differences in
loss arise from the ability of the trainable prompts to decouple (i.e., remove task-mean
related bias terms) from f]g to obtain 5. Specifically, when all task means are zero, this
decoupling is nullified, resulting in no difference in losses across the training methods.
When the task means E[By] = p, are non-zero, the decoupling effect varies between
different training settings. In joint training, the simultaneous optimization of prompts and

attention weights enables decoupling in both £ and Wi,

while in fine-tuning, only the
biased terms in W are decoupled. As a result, joint training achieves greater decoupling
than fine-tuning. According to Corollary 7.1, when a loss is more directly influenced by the
biased covariance f]g, it tends to be higher, whereas reducing the influence of f]g through
decoupling generally leads to a lower loss.

These findings suggest that introducing additional task-specific trainable parameters into
the single-layer linear attention model, combined with joint optimization, can effectively

reduce the bias in mixed-task covariance, thereby improving performance.

7.4 Fully-decoupled Loss

In Section 7.3, we focus on cases where model parameters are constructed according to
Assumption 7.1 and analyze the loss landscapes for plain training, finetuning, and joint
training. However, our results indicate that with a shared head a := W, h, none of these
methods fully decouple the mean and covariance. To address this, we introduce an alternative
approach that allows each task to have its own specific linear prediction head h; € R, It is
worth noting that using separate heads for different tasks is a common practice in the general
multi-task learning literature [29, 219, 115]. Our results demonstrate that optimizing task-

specific prompts, heads, and attention weights leads to a fully decoupled loss (Theorem 7.4).

Definition 7.4 (Task-specific heads) Given K tasks, let {h;}5 | C R represent their
corresponding trainable linear prediction heads. Recalling the input sequence and prediction
from (7.5) and (7.6), the prediction for task k returns

fa(ZW) = "W W, (2" YMZPW,h,, (7.17)
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Recap ICL problem from Definition 7.2, Z® from Definition 7.3 and loss function from
(7.4), the ICL objective considering task-specific prompts and heads is:

Lh, = min L(fart) (7.18)

(Pk, hk)i< 1’ Wi ,q,v

where L( fatt Z T Ez wak[(fatt( ) - 9)2]

Here, the search space for py, hy, is R¥! and the search space for W, ,,, is R(@Fx(d+1),
Next, given task k with mean p;, we introduce debiased preconditioned gradient descent
(PGD) predictor as follows:

fosd(Z®) =T WX T (y — X)) + & .

Note that for any task k, we have E[y; — 2, p,] = 0, and therefore, we expect fyza(Z®) —
x ", to predict unbiased label y — @™ ;. The corresponding PGD objective is defined as:

= . U 19
K

where L'(fpgd Z T Ez yNDkapgd(Z( ) = y)2.
k=1

The following proposition establishes the equivalence between optimizing single layer linear
attention (c.f. (7.18)) and one step of PGD predictor (c.f. (7.19)).

Proposition 7.1 Consider the multi-task ICL data as described in Definition 7.2 and let
C*tt and L* sed be the optimal linear attention and debiased precondztwned gradient descent

losses as presented in (7.18) and (7.19), respectively. Then, L%, = S

Considering the single-task and zero-mean setting, Proposition 7.1 aligns with the findings
of previous work [3, 116]. Our results further confirm the necessity of both task-specific
prompts and heads in effectively decoupling the influence of non-zero means from the data.

Then, based on the Proposition 7.1, we are able to analyze the optimization landscape of
(7.18) via studying (7.19).

Theorem 7.4 Consider the multi-task ICL problem with dataset defined in Definition 7.2.

Let W}, = argminwy L(foga) following (7.19). Define g in (7.14) and let Wry =
3eWia. Then the solution W*d and optimal loss E*gd (c.f. (7.19)) satisfy
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Wia=35((n+1)Ss+ tr(Sp) 1),

p

ﬁ;gd = tr(Zg) —n- tr (Wi 3s).

See Appendix for a proof.

Comparing Theorem 7.4 with Theorem 7.1, it is evident that ljggd

decoupled loss, demonstrating the clear benefit of adding task-specific heads. While Theo-

represents a fully
rem 7.1 provides an upper bound L}, for the multi-task ICL loss, the proof of Theorem 7.4

establishes that fggd serves as the lower bound for a multi-task ICL loss in a single-layer

linear attention model.
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CHAPTER 8

Benefits of Unlabeled Data in Multilayer Linear
Attention

8.1 Introduction

The success of in-context learning (ICL) is also being extended to multimodal scenarios [223]
as well as other modalities such as tabular data [77]. The push toward test-time scaling and
long-context models [175, 69] has further boosted the benefits of ICL by allowing the model
to ingest a large number of demonstrations. For instance, in “Many-shot in-context learning”
paper, [2] demonstrate that pushing more examples into context window can substantially
boost the accuracy. MAPLE [35] improves many-shot ICL by pseudo-labeling high-impact
unlabeled examples and incorporating them into the prompt. The many-shot ICL setting
naturally raises the question of when and how ICL can succeed with weaker supervision.
As we can harness longer context models to boost predictive accuracy, we may indeed run
out of high-quality demonstrations with verified answers/chain-of-thoughts and may want

to utilize weaker data sources. This motivates our central question:

Q: When and how can transformers learn in context from unlabeled data?

We primarily investigate this question under a semisupervised ICL (SS-ICL) setting with
Gaussian mixture models (GMMs). Formally, given a prompt containing a dataset of feature-
label pairs (x;,y;)", € R? x R as demonstrations and a query feature = (see Eq. (8.3)), a
model trained for ICL learns to predict the corresponding output y given prompt. For ICL
with a supervised binary GMM model, we have x; ~ N (p,,,0°I) and y; € {—1,1}, i € [n],
and the component means p,, that parameterize the classification task are sampled from
a prior task distribution. This prompt model is well studied under various fully-supervised
settings [59, 196, 3, 4, 129, 38, 173| where each demonstration includes a clearly labeled

output. In our SS-ICL setting, only m out of n total samples have correct labels (m < n)
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either —1 or 1, and remaining labels are unknown and fed to the model as y; = 0.

In this work, we provide a comprehensive theoretical and empirical study of attention
models with varying depths when trained with SS-ICL. Our analysis reveals the importance
of depth: Despite being able to implement the optimal fully-supervised estimator, single-layer
linear attention completely fails to leverage unlabeled examples. In contrast, deeper or looped
transformer architectures can emulate strong semi-supervision algorithms, approaching the
performance of the Bayes-optimal classifier as depth increases. Informed by the importance
of depth/looping, we also devise semisupervision strategies for tabular foundation models.

Our specific contributions are:

o Landscape of one-layer linear attention (§8.3): We study the optimization land-
scape of single-layer linear attention for the SS-ICL problem under an isotropic task
prior. We prove that the global minimum of the loss function returns the plug-in
estimator (see Eq. (SPI)), i.e., § = sgn(x ' 1) with 1 = X Ty, where X € R™* repre-
sents features and y € R" denotes partially-observed labels (with missing entries set to
zero) of the ICL demonstrations. This implies that 1-layer model learns Bayes-optimal
classifier in the fully-supervised setting, but completely fails to make use of unlabeled
data.

o Depth is crucial but shallow can suffice (§8.4): We show that multilayer linear
attention can emulate semisupervised learners by implementing polynomial estimators

of the form

K
=Y a(X'X)X"y. (8.1)
i=0
Crucially, an L-layer (or looped) attention can express up to K = O(3%) powers, high-
lighting that logarithmic depth suffices to represent high-degree monomials. We provide
characterizations of the set of expressible polynomials through different constructions
(where each layer gets to update the features or labels of the previous layer). Cor-
roborating these, experiments reveal that shallow models with L > 2 already achieve
strong results and their performance can be approximately predicted through an eigen-

estimator combining ¢ = 0 and oo (see (SSPI-k)).

¢ What learner attention emulates? In Section 8.4.3, we describe how each atten-
tion block can update the label estimates by emulating expectation-maximization (for
linear attention) or belief propagation (for softmax attention). For instance (8.1) can

be interpreted as the model implicitly conducting an Fxpectation-Mazimization algo-
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rithm: Starting with the supervised estimator iy = X Ty, each term (X' X)'X "y
can be viewed as a sequence of pseudo-labeling (expectation) g; = X fi;_1 and training
(maximization) f1; = X "g; steps. Corroborating this, we show that softmax-attention
and softmax-transformer models similarly benefit from increasing depth and can emu-

late semisupervised learners competitive with Bayes limit (see Fig. 8.2c¢).

o Applications to Tabular FMs (§8.5): Tabular foundation models such as TabPFN
[77, 78] and TabICL [163] represent a suitable application of theory as they also model
the ICL examples with a single token. To harness unlabeled examples, we propose a
novel strategy that iteratively creates soft pseudo-labels by explicitly looping the tabular
FM while controlling validation risk. Focusing on the few-shot learning setting where
TabPFN-v2 [78] excels, we demonstrate that our approach can significantly improve

predictive performance on various real-world datasets.

8.2 Preliminaries and Problem Setup

We study ICL in the setting of semi-supervised classification, where the in-context demon-
strations are drawn from a binary Gaussian mixture model (GMM). We begin by introducing
the following core notation: Denote the set {1,2,--- ,n} as [n] and use bold letters, such as
@ and X, to represent vectors and matrices, respectively. Let Q(-) function return the right
tail of the standard normal distribution. We use sgn(-) denote the sign function which is

1, x>0
defined as follows: sgn(z) = :
-1, <0

8.2.1 Semi-supervised Data Model

Consider a d-dimensional semi-supervised binary GMM with n examples (x;,v;);_,, where

x; € R? denotes the feature vector and y; € {—1,0, 1} represents the corresponding observed
label, with 3; = 0 indicating a missing label, and each label is revealed independently with

probability p € [0, 1]. Specifically, the data is generated as follows (for each i € [n]):

c Yi, wW.p. p . 1, w.p. 1/2
0, wp. 1-—p -1, wp. 1/2

Here p ~ Unif(S®!) denotes the task mean, which is sampled uniformly from the unit
sphere, and &; ~ N(0,02I) is the random noise with o > 0 being the noise level that controls

the variability of x; around its mean. y{ denotes the true class label that is uniform over
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{—1,1}. Observe that p = 1 corresponds to fully-supervised learning and p = 0 corresponds

to fully-unsupervised learning.

8.2.2 In-context Learning and Linear Attention

We build on the setting of [59, 129, 214, 116] and construct the in-context prompts with

examples drawn from the model (8.2) as follows.

Prompt Generation Given a task vector g ~ Unif(S%1), we sample (n + 1) in-context

demonstrations (z;, v;)" according to (8.2) and construct the prompt

T

Z = [”’1 T2 I T R+, (8.3)

yioYy2 o Yo O

We will investigate training a transformer such that given Z as prompt, it correctly predicts

the label y := y¢ ., of the query @ := x,1; through ICL.

Model Architecture Our work primarily focuses on training of linear attention models.
Given any prompt Z € R("+D>x(@+1) "which can be treated as a sequence of (d-+1)-dimensional

tokens, the linear attention mechanism outputs
att(Z; W) = (ZW,W, Z"\MZW, (8.4)

where W := {W,,, W, W, € RU@+Dx(@+DY denotes the set of the key, query and value weight
matrices. Therefore, given the prompt matrix Z € R®+Dx(d+1)
mechanism outputs a (n + 1)-length sequence (i.e., att(Z; W) € RFDx@+1))  Note that

the label for the query x is excluded from the prompt Z. Similar to [3], we consider a

as input, the attention

n

training objective with a mask M = to prevent input tokens from attending to

the queries. To ensure that all in-context examples are treated equally and that the model
remains invariant to their order/position, we do not apply a causal mask following [3]. In
contrast, [118] explores the use of causal masking in multi-layer linear attention and analyzes
its impact on the final prediction.

Building upon the single-layer linear attention mechanism of (8.4), we can extend our
model to multiple layers to capture more complex patterns. Consider optimizing an L-
layer linear attention model and let Z, be the input of ¢th layer, ¢ € [L]. Additionally, let
Wy i= { Wiy, Wy, Wy, € RUEFDXEHDY he the corresponding weight matrices of (th layer.
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Then, recalling the attention mechanism (8.4), the input prompt of ¢/th layer is defined by
Zy=2Zp 1+ att(Z,_1; W) for (=2,...L, (8.5)

and Z; = Z. We focus on the next-token prediction setting, where the model makes a
prediction based on the final query token [x" 0]T. Let h € R%*! denote the linear prediction
head. We define the output of the L-layer linear attention model at the last (query) token

as
farer(Z) = hTatt(Zr; Wi ) 1) (8.6)
Recalling the sign function, the predicted label for « is given by ya.1.(Z) = sgn( fate-.(Z)).

Model Training With our attention-based architecture established, we now turn to the
training procedure and evaluation metrics. Consider the ICL setting where each input
prompt Z (cf. (8.3)) corresponds to a randomly sampled task vector g ~ Unif(S*!) and
let £(-) : R — R be the loss function. Additionally, define the set of attention weights
W = Uk W, € (RUFDXE+D)3L - The objective of L-layer linear atention takes the fol-

lowing form:

min Lot VD R)  where Loyt WD h) =E [y, furr(Z))]. (8.7)
w(l) h

Here, y = y¢,, and the expectation subsumes the randomness of p and (&;,v;)"%'. The
search space for W) is (REFDX@HD)SE and for h is R,

8.3 Loss Landscape of One-layer Linear Attention under
SS-1CL

Previous work [3, 116, 129] has shown that an optimized single-layer linear attention imple-
ments a form of preconditioned gradient descent over the linear in-context demonstrations
provided within the prompt. However, to the best of our knowledge, prior studies have
not addressed the semi-supervised setting, where some in-context labels are missing. In
this section, we analyze the optimization behavior of single-layer linear attention under the
semi-supervised binary GMM setting described in Section 8.2, and demonstrate that the
single-layer model learns the optimal fully-supervised learner, but fails to utilize the unla-
beled data.
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We begin with the following optimal supervised label estimator under our problem setting.

Supervised Plug-in (SPI) Estimator The plug-in method is a classical approach for su-
pervised classification problems, aiming to find a linear combination of features that separates
different categories. Under our problem setting, it also serves as the asymptotically Bayes-
optimal estimator given only labeled data [74, 45]. Consider the binary semi-supervised
GMM problem described in (8.2) with dataset (x;,v;)!,, and let Z C [n] represent the
indices of labeled samples, e.g., y; # 0 for ¢ € Z. The SPI estimator returns the task mean

s = Izl Zyzwz (SPI)

We next present the following theorem establishes that, under isotropic task prior, optimal

single-layer linear attention is equivalent to the SPI estimation.

Theorem 8.1 Let the prompt (cf. (8.3)) be generated as described in Section 8.2.2. Consider
the objective (cf. (8.7)) with L = 1 and squared loss function {(y,9) = (y — )%, and denote
the optimal prediction as yr,,(Z). Let fu, represent the SPI estimator defined in (SPI).
Then, for any Z from (8.3), we have

Yoir1(Z) = sgn(a:T/:LS). (8.8)

Additionally, its classification error obeys

-1

14 €,9
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. 2
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where we define €, = o/\/np and X7 defines chi-squared distribution with d degrees of free-

dom.

The proof of Theorem 8.1 is deferred to Appendix G.1. Eq. (8.8) shows that one-layer
linear attention model indeed implements the optimal supervised predictor, assuming access
to np labeled examples. Therefore, the classification error corresponds exactly to that of the
SPI estimator. The supervised classification problem has been extensively studied [13, 18,
134, 188, 32, 27, 199, 43|, with most existing work focusing on a single classification task
in asymptotic data or overparameterized regimes. In contrast, within the ICL framework

considered in our setting, the task mean p is randomly sampled, and the classification error
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is computed by averaging over random draws of Z, y, and p. Accordingly, in (8.9), we
express the error in a simplified form as an expectation.

The experimental results in Figure 8.1 support Theorem 8.1, where dark blue circular
markers represent the performance of the single-layer linear attention model, blue curves
show the classification accuracy of the SPI estimator, and the red dotted curves depict
the accuracy 1 — P(y%, ,(Z) # y) as computed from (8.9). The alignments of these curves
empirically validate Theorem 8.1. Implementation details and further discussion are provided

in Section 8.5. Based on these results, we reach the following conclusion:

1-layer linear attention learns optimal supervised estimator but doesn’t benefit from unlabeled data.

As shown in Figs 8.1b and 8.1c, when the number of labeled samples (np = 10) is
fixed, increasing the number of unlabeled examples (even up to ~ 10000) has no effect
on performance, as the dark blue markers remain at the same level.

At first glance, this may seem counterintuitive—while the data is unlabeled, it still con-
tains information about the classification feature. For instance, the mean of the data points
carries relevant information, and one might expect the model to extract and leverage this
for better predictions. This expectation is particularly reasonable when a large amount of
unlabeled data is available, as the sample covariance matrix approximates the population
covariance, i.e., E[ X" X /n] = pp' + 02T where X = [z, ®0, -+ ,x,]’ € R™. The key
insight into why single-layer attention fails to leverage unlabeled data lies in the expectation
structure. In our isotropic GMM setting where g ~ Unif(S?1), the sample covariance ma-
trix converges to E[X " X /n] = E[pup"]+ 02T = (1/d+ o?)I, which contains no task-specific
information. The expectation across multiple tasks loses the signal from p. This explains
why single-layer attention, operating in a meta-learning framework across many tasks rather
than optimizing for a single fixed task, cannot extract useful information from unlabeled
data.

In the following section, we study multi-layer linear attention and demonstrate that it
has the ability to propagate X ' X into deeper layers, thereby enabling the model to utilize
the unlabeled data.
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Figure 8.1: Experimental results support our theoretical findings presented in Sections 8.3
and 8.4. In all three subfigures, blue, green, and orange markers represent the results of 1-,
2-, and 5-layer linear attention models, respectively. The SPI estimator (cf. (SPI)), SSPI-1,
and SSPI-co (cf. (SSPI-k)) are shown as blue solid, green solid, and green dotted curves,
respectively. The red dotted curves in all subfigures correspond to the single-layer /SPI results
described in Eq. (8.9) of Theorem 8.1, while the black dotted line in Fig. 8.1c¢ corresponds
to Eq. (8.13) of Theorem 8.2. Additional details and discussion can be found in Sections 8.3,
8.4, and 8.5.

8.4 Multi-layer Attention and the Benefits of Depth

In this section, we explore how deeper attention models can effectively utilize the unlabeled
data. Let

T T
X:[wl x, - x,| €R™ and y:[yl IPEREE yn} € R". (8.10)

8.4.1 L-layer Linear Attention can Implement Degree-O(3") Poly-

nomials in X'X

We first present the following propositions to show that multi-layer as well as looped linear
attention can be expressed as a polynomial function of X " X. This structure allows the

models to leverage unlabeled data to improve the estimation of the task mean .

Proposition 8.1 Given an L-layer linear attention model described in Section 8.2.2 with
input prompt Z defined in (8.3), one can construct the key, query, value weight matrices and
the linear prediction head such that the model outputs (cf. (8.6))

fari(Z)=x " AXTy. (8.11)

Then, the following A matrices are achievable via label and feature updates:
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e Label propagation: A = CHKL:_f (I + CgXTX) for arbitrary constants {c,c1,--+ ,cr_1};
L—1_
e Feature propagation: A = c (X X )3 ! for an arbitrary constant c.

Proposition 8.2 Consider the same setting as in Proposition 8.1. There exists a single-
layer linear attention model whose parameters can be constructed such that, when looped L

times, its output reproduces that of (8.11), with ¢y = ¢ for some arbitrary constant ¢ .

The proofs of Proposition 8.1 and 8.2 are deferred to Appendix G.2.1 and G.2.2. In the

following, we provide further clarification on the label and feature propagation.

1. The final prediction of the label propagation process can be rewritten as
farr-n(Z) = ce' X'y, where ypq = I+ CgXXT)yg, for ¢e[L—1]

with y; = y. Here, y, can be interpreted as the soft pseudo-labels input to the ¢th layer,
and each ¢, is parameterized by the attention mechanism in the corresponding layer.
Although not exactly equivalent, the L-layer linear attention process shares similarities
with the Expectation-Maximization (EM) algorithm for semi-supervised learning, with L

iterations of pseudo-labeling and a different label update strategy.

2. In contrast, the feature propagation process yields the final prediction

fate-n(Z) = cwIXLTy where for ¢ e [L—1]

with X; = X and x; = x. Here, (X, /) can be viewed as the input features at the (th
layer, encoding exponentially higher-order powers of X " X . This result highlights that a
linear attention model requires only O(log K) layers to represent polynomial functions of

degree K.

Our construction for label propagation is inherently related to the gradient descent emulation
capability of linear attention [3]. However, the feature propagation construction is funda-
mentally different and underscores the transformer’s capability to implement rapid power
iteration over the empirical covariance X ' X. In the above constructions, each attention
block with residual connections updates features or labels using one parameter, namely map-
pings of the foorm X — X +aX X "X or y — y+ B3X X "y. The lemma below shows that,
even if the multilayer model can express polynomials of X " X with exponential degrees in

depth, the expressible manifold of polynomials has dimensionality linear in depth.
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Lemma 8.1 (Label + Feature Propagation) For an L-layer linear attention model, the

resulting eventual prediction corresponds to the matriz A in Proposition 8.1 of the form

(3L-3)/2
A= ) aX'X) (8.12)
=0
The coefficients a = [ag a; - CL(3L_3)/2]T lie on a manifold of dimension at most 2L

as a can be expressed as a = g(c) for some smooth function g : R**t — RG“3/2 with ¢

representing the parameters of individual layers.

8.4.2 Which Semi-supervised Algorithm Does Multi-layer Atten-

tion Approximate?

Recall the SPI estimator fi, from (SPI), and that y denotes the visible labels defined in
Section 8.2.1 and (8.10). We have 1, = ﬁXTy. Motivated by Proposition 8.1 that multi-
layer linear attention can implement higher-degree polynomials of X "X, we introduce the
following SSPI estimator, which makes predictions based on the supervised estimate fi,

combined with higher-order debiased term of the form (X" X /n — o2I)F.

Semisupervised Plug-in (SSPI) Estimator Observe that the feature covariance sat-
isfies E[X " X]/n = ppu" + oI, and the top eigenvector of the centered covariance matrix
(X "X /n — o2I) asymptotically aligns with either g or —u. Therefore, with a substan-
tial amount of unlabeled data, we propose the semisupervised plug-in (SSPI) estimator as

follows:
fosr, = aft, + (1= ) (X T X /n = a*I)"ia, (SSPI-k)

where fi, is the SPI estimator (cf. (SPI)), and « € [0, 1] controls the trade-off between the
fully-supervised and semi-supervised estimators. The optimal choice of o depends on the
problem parameters n,d and p. Note that as k — oo, the term (X "X /n — 02I)* converges
(up to scaling) to a rank-one projection onto the top eigenvector of the debiased covariance
matrix, effectively serving as an estimator for p (up to sign).

In Figure 8.1, we present the prediction accuracies of 2-layer and 5-layer linear attention
models, shown by green and orange markers, respectively. We also evaluate the SSPI al-
gorithm with varying k values, where the green solid curve corresponds to SSPI-1, and the
green dotted represents SSPI-co, both using their respective optimal choices of a. Details on

selecting the optimal a values are provided in Section 8.5 and illustrated in Figure 8.2. The
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results reveal a close alignment between multi-layer linear attention and SSPI estimators.
Notably, the 2-layer model outperforms SSPI-1, due to its ability to implement higher-degree
polynomials of X "X (cf. Proposition 8.1 and Equation (8.12)). When the sample size is
sufficiently large (e.g., n > 50 in Figure 8.1b), the top eigenvector provides a more accurate
estimate of the task mean, enabling SSPI-co to achieve higher accuracy. Furthermore, since
the 5-layer model is capable of representing higher-order functions than the 2-layer model, it
can better estimate the top eigenvector, resulting in performance that closely matches that
of SSPI-c0.

In the following, we analyze the optimal classifier of the form sgn(x' Afi,) for a GMM,

and provide insights into its behavior in the asymptotic regime as n — oo.

Theorem 8.2 Consider a binary GMM defined in Section 8.2.1 and suppose that (x;, y;)1}
is generated using a fived p following (8.2). Given matriz A € R™?, define prediction

Ja = sgn(z ' Afs,).

where fu, is the SPI estimator defined in (SPI). Let A* := minycgaxa P(§a # y) be its
optimal solution set. Then, pu' € A*. Additionally, it obeys

P(Juur #y) = Q(1/0) +Q(V/np/o) = 2Q(1/)Q(vnp/o). (8.13)

Bayes error
Note that, P(g,,™ # y) depends on np and o only, regardless of p and d.

Theorem 8.3 Let the prompt Z be generated as described in Section 8.2.2, and consider
an L-layer linear attention model with L > 2 and n = oo. Additionally, let f1, be the SPI
estimator defined in (SPI). There exist model constructions such that for any Z following

(8.3), its prediction satisfies

Yarr-e(Z) = sgn(x " pp" fi,).

The proof follows directly from Proposition 8.1 (label propagation), which shows that multi-
layer linear attention can output ' (X ' X /n—0o?I)f1,. Asn — oo, the empirical covariance
converges to its expectation, i.e., X ' X /n— 02T — pp'. The results in Figure 8.1c validate
Theorem 8.3, showing that as n becomes large enough (i.e., n = 10000), the predictions
from both 2-layer and 5-layer linear attention models, as well as the SSPI-1 and SSPI-oco
estimators, closely align with the classification error characterized in Theorem 8.2, depicted
by the black dotted line.
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Theorem 8.3 establishes that, with infinitely many unlabeled samples, an L-layer linear
attention model (for L > 2) can implement the predictor characterized in Theorem 8.2 using
the optimal choice of A, thereby achieving the classification error specified in (8.13). In the
following, we shift to the non-asymptotic setting where n is finite and analyze the model’s

performance in this regime.

Theorem 8.4 Let the prompt Z be generated as described in Section 8.2.2. Consider an
L-layer linear attention model with L > 2 and denote its optimal prediction as yt, (Z).
Additionally, let fu, be the SPI estimator defined in (SPI). Suppose that the number of
labeled samples satisfies np > 8do? and n > O(d) is sufficiently large. Then, there exists a

universal constant C' > 0 such that the classification error satisfies
. 1—-Cy/d/n 3
it 20 (10

The proof is deferred to Appendix G.2.5. Note that when n > d, the classification error
approaches the Bayes error, i.e., P(yk, (Z) #y) = Q(1/0).

8.4.3 Multi-layer Attention as Expectation Maximization and Be-

lief Propagation

In Section 8.4.1, we discussed how multi-layer linear attention can express polynomial func-
tions of X " X. Here, we further explore the connection between multi-layer attention and
the Expectation Maximization (EM) algorithm for semi-supervised learning. Beyond lin-
ear attention, we also highlight key differences between linear and softmax-based attention
mechanisms, particularly in how they implement labeling strategies analogous to those in
the EM algorithm.

Consider the following construction of the ¢-th layer attention weights:

I, 0 0 0
W,=W,=|" and W, = .
0 0 0 ¢

We examine both linear and softmax attention mechanisms. Let S(-) denotes the softmax
operation that applies on the rows of a matrix. With this, the data update defined in (8.5)

becomes:

Linear attention: Y1 =Y+ XX Tyg
Softmax attention: i1 = yr + cS(X X ")y,
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In the case of linear attention, given the pseudo-labels y, = [y, %, ...,v’] at layer ¢, the
model estimates the task mean using the SPI algorithm (cf. (SPI)) as i, = X "y,. The

attention then updates each pseudo-label through the residual rule:
v = Yi + e

where ¢y is a layer-specific coefficient. Owing to the linearity of this mechanism, the resulting
pseudo-labeling strategy aligns with a linear EM-style update.
In contrast, softmax attention computes pairwise similarities via the softmax of dot prod-
T
e%i %j

——=—, then each pseudo-label is updated via:

@

ucts. Define s;; =
j<n€i J

yi =Y+ Z Sij Y-
j<n
This update is a nonlinear, similarity-weighted pseudo-labeling strategy which can also be
viewed as belief propagation. The nonlinear nature highlights a key distinction between
softmax and linear attention in how they emulate EM-like updates (s;; = @, @; for linear

attention).

8.5 Experiments

In Sections 8.3 and 8.4, we introduced Figure 8.1 and demonstrated its consistency with our
theoretical results. In this section, we describe the experimental setup and implementation
details. Additionally, we present further empirical findings to investigate additional questions
of interest in Section 8.5.1. Motivated by Proposition 8.2, which suggests that looping can
help leverage unlabeled data, Section 8.5.2 introduces an algorithm based on the TabPFN,
showing how it can enhance prediction performance by incorporating a small amount of

unlabeled data and iterative pseudo-labeling through model looping.

Experimental Setup Following Section 8.2, set d = 10 and noise level ¢ = 1. All models
are trained using Adam optimizer with a learning rate of 10~3 for 40,000 epochs, with a
batch size of 512. We use logistic loss in our experiments. Since our study focuses on
the optimization landscape and model expressivity, and experiments are implemented via
gradient descent, we repeat 10 trainings from random initialization and results are presented

as the maximal test accuracy among those 10 trails.
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Figure 8.2: Additional experimental results. (a)&(b): Analysis of the optimal a values for the
SSPI estimator (cf. (SSPI-k)) under varying (n, p, k). Green solid and dotted curves represent
optimal « values for SSPI-1 and SSPI-o00, respectively. The SSPI results shown in Figure 8.1
use the corresponding « values from Figs. 8.2a and 8.2b. (c): Comparison of different model
architectures for the SS-ICL problem. Dark blue and orange curves show results for 1-layer
and 5-layer attention models, with solid and dashed curves representing linear and softmax
attention, respectively. Cyan curves correspond to 5-layer Transformers. The black dotted
curve shows the asymptotic Bayes-optimal error (cf. [103]). Results suggest the performance
ordering: Transformer > linear attention > softmax attention. Further details are provided
in Section 8.5.

8.5.1 Additional Observations

Exploration of Optimal a Values In Section 8.4, we introduced the SSPI-k estimator
(cf. (SSPI-k)), but did not discuss the choice of the mixing parameter «, which plays a crucial
role in balancing the contribution of the supervised estimator fi,. Specifically, o controls
how much weight is given to the purely supervised signal. In the fully supervised case, the
optimal choice is a = 1, as 1, corresponds to the optimal estimator.

In Figures 8.2a and 8.2b, we empirically examine the optimal values of a. Given p ~
Unif(S471), we define the optimal « as the minimizer of the following cosine similarity-based

objective:

o = arél[gll] L(a) where L(a)=1—E[cosine_similarity(p,,, )]
For each setting, we optimize a using the Adam optimizer for 10,000 epochs with a batch
size of 128 and a learning rate of 0.01. The results are shown in Figs 8.2a and 8.2b.

In Figure 8.2a, for both SSPI-1 and SSPI-co, the optimal o starts near zero when the
number of labeled examples is small, reflecting the limited utility of f1, in low-supervision
regimes. As the number of labeled samples increases, o grows approximately linearly and

approaches 1 when the problem becomes fully supervised. In Figure 8.2b, when n = 10 and
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p = 1 (i.e., all examples are labeled), the optimal a begins at 1. As n increases and the
fraction of unlabeled data grows, a decreases significantly. This trend indicates that as the
volume of unlabeled data increases, the SSPI estimator adaptively reduces reliance on the
supervised component ft, and increases reliance on the semi-supervised component, which
leverages the structure of the unlabeled data through X ' X.

Comparison Across Different Model Architectures Beyond linear attention, we in-
vestigate additional model architectures under our SS-ICL setting. The comparison results
are presented in Fig. 8.2c. The softmax attention model uses the same structure described in
Section 8.2.2, with the only difference being the addition of a softmax operation in Eq. (8.4).
The Transformer model introduces further nonlinearity and capacity by incorporating multi-
layer perceptrons (MLPs) and layer normalization. The Transformer experiments are con-
ducted with 5-layer models.

When comparing weaker models—such as 1-layer linear (dark blue solid) and softmax
(dark blue dashed) attention—we observe that softmax attention consistently underper-
forms linear attention. Notably, softmax attention fails to match the performance of the
optimal supervised estimator, even when all labels are observed (i.e., when the number of
labeled samples equals n = 50). Furthermore, increasing the depth of softmax attention
(orange dashed curve for 5-layer softmax) still does not surpass the performance of 5-layer
linear attention (orange solid curve). Among all architectures, the Transformer achieves
the best performance due to its increased model capacity and expressiveness. Compared
with Fig. 8.1a, where the orange and dark blue markers (linear attention) are identical, the
Transformer significantly improves accuracy. This improvement highlights that SSPI, while
effective, is not the optimal semi-supervised estimator. Although our semi-supervised setting
assumes isotropic data, the characterization of its optimal algorithm remains an open and
foundational problem for future exploration. In the figure, we also include the asymptotic
Bayes-optimal curve (black dotted; derived from [103]) . As the number of samples increases,
the results from linear attention, softmax attention, and Transformer all converge toward
this optimal curve. We attribute the initial performance gap, particularly at low values along

x-axis (e.g., np = 1), to the scarcity of labeled data.

8.5.2 Tabular Experiments

To further investigate how model looping (Proposition 8.2) can improve label prediction, we
propose the LoopTabFM algorithm that addresses unlabeled data by iteratively assigning
pseudo-labels, with its details outlined in Algorithm 1. Suppose that we are given labeled

D1ap and unlabeled Dy,,1., datasets. The overall workflow of the algorithm proceeds as follows:
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Algorithm 1 LoopTabFM: Looping Tabular FM with Soft Pseudo-labels

Require: Dataset Dy, Dunlab, looping iterations K

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

procedure LoOPING(Dyp, Duntab, K)

FMy < TabPFN-v2(Dy,p) > FM,, corresponds to model of Loop-k.
Duntab < FMo(Duntab) > Assign pseudo labels via %% < FMy(z € Dyylan)-
FMpest <— FMp
Rval = Val_RiSk(Dunlab)
for Looping iteration £k =1,..., K do
FM;, < TabPEN-v2(Dyap, U Dynltan)
Duntab < FMi(Duntab) > Update pseudo labels via §°°% < FMy(2 € Dyutab)-
if Val_Risk(Dunlab) < Ryal then
FMpest <— FMy
Ryal = Val_Risk(Dyntap)
end if
end for
return FMp.

end procedure

16: procedure VAL_RISK(Dypab)

17:
18:

return Lo 37, min((gf — 1], |5 + 1))

~soft

> %" corresponds to the assigned soft label for feature in Dypap.

19: end procedure

1. Base Model: Perform ICL using TabPFN on the labeled dataset Dy, and treat the

resulting model as the base model (Loop-0). The corresponding test accuracies are
reported in Table 8.1.

. Pseudo-Label Assignment: Using the current model (e.g., Loop-k) to generate

predictions for the unlabeled data Dy, Assign soft pseudo-labels based on these
predictions. Note that the model outputs are scalars (i.e., elements of R) and can be

interpreted as soft labels.

. Model Update: Construct a new prompt by combining the labeled examples with

their true labels and the unlabeled examples with their assigned soft pseudo-labels.
Perform ICL using TabPFN on this combined prompt to obtain an updated model
(Loop-(k+1)). Repeat this process from Step 2 until the maximum number of looping

iterations is reached.

Model Validation: To improve the stability of the looping process, we introduce an
additional validation step and retain the model with the lowest validation risk as the
final (best) model. Specifically, after assigning soft pseudo-labels to the unlabeled data,

i.e., Duntab = { (x5, 75°0)"_, }, we compute the validation risk over these pseudo-labeled
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Table 8.1: Comparison of test accuracy (%) between the baseline (Loop-0) and LoopTabFM
(Algorithm 1) after 1 to 5 iterations using TabPFN-v2. Each result is averaged over 100
random trials. The highest test accuracy for each dataset is highlighted in bold. The final
column reports the relative improvement (%) of Loop-5 over the baseline, computed as
(Loop-5 — Loop-0)/Loop-0x100%. Positive signs indicate a performance improvement over
the baseline, while negative signs indicate a performance drop.

OpenML ID ‘ # of features # of samples Class imbalance ‘ Loop-0 Loop-1 Loop-2 Loop-3 Loop-4 Loop-5 ‘ Rel.Imp. (%)
3 36 3196 1.09 58.62 58.63 5845 58.69 59.00 58.97 0.60 (+)
31 20 1000 2.33 66.18 65.95 66.05 65.58 65.52 65.07 1.68 (—)
1049 37 1458 7.19 72.00 75.62 79.48 80.31 81.49 81.40 13.06 (+)
1067 21 2109 5.47 73.12  76.59 7794 7792 7857 78.60 7.50 (+)
1464 4 748 3.20 60.46 63.96 70.20 71.29 72.26 72.18 19.38 (+)
1487 72 2534 14.84 82.54 87.67 88.57 88.27 89.85 89.56 8.51 (+)
1489 5 5404 2.41 66.40 67.62 68.30 68.14 68.21 68.18 2.69 (+)
1494 41 1055 1.96 62.24 63.06 64.62 65.94 66.07 66.05 6.12 (+)
40701 20 5000 6.07 66.45 70.65 75.99 78.18 78.00 77.70 16.93 (+)
40900 36 5100 67 98.53 9841 9839 98.39 98.27 98.26 0.28 (—)
40981 14 690 1.25 73.56  74.41 T74.67 T74.99 7493 74.94 1.88 (+)
40983 5 4839 17.54 79.71 85.04 89.36 92.94 9290 92.75 16.35 (+)
41143 144 2984 1 64.64 64.80 65.06 65.17 65.29 65.13 0.76 (+)
41144 259 3140 1.01 50.70  50.63 50.68 50.67 50.71 50.77 0.14 (+)
41145 308 5832 1 56.16 56.28 56.21 56.24 56.19  56.22 0.12 (+)
41146 20 5124 1 7126 7390 7539 7584 76.02 77.07 8.51 (+)
41156 48 4147 3.03 67.74 69.78 70.64 71.82 T71.72 71.74 5.90 (+)
Average | | 68.84 70.76 72.35 72.96 73.24 73.21 | 6.35 (+)

examples as follows:

Val_RiSk(Dunlab) = % Z min (‘gf‘)ft _ 1| : g?oft + 1‘) :

i€[n]
which penalizes predictions that deviate from confident binary labels 41.

We evaluated the effectiveness of our proposed looping strategy by iteratively applying
TabPFN-v2 on real-world binary classification benchmarks used in [78]. The results are
summarized in Table 8.1, where each entry represents an average over 100 random splits of
the dataset, with 80% of the data used as the test set in each split.

For each experiment, we randomly sample 10 labeled and 10 unlabeled examples, ensuring
that the labeled set includes at least one example from each class. As a baseline (Loop-0),
we apply TabPFN-v2 using only the labeled data. The corresponding test accuracies are
reported in the “Loop-0” column of Table 8.1. We compare this to models updated through
up to k < 5 iterations of pseudo-label update, with results shown in the “Loop-£” columns.
The final column reports the relative improvement (Rel. Imp.) over the baseline. Our
results demonstrate that the looping strategy can significantly improve test accuracy. For
instance, on OpenML datasets 1049, 1464, 40701, and 40983, accuracy improves by more
than 10% over the baseline using only 10 additional unlabeled samples. The last row of the
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table reports average performance across datasets, revealing that the majority of performance
gains occur in the first two iterations. This observation aligns with our synthetic experiments
using multi-layer models (Figure 8.1), where the improvement from 1-layer to 2-layer is
substantially greater than the improvement from 2-layer to 5-layer. These findings highlight
that explicitly looping the tabular foundation model to iteratively refine soft pseudo-labels
of unlabeled data using only a few iterations can substantially enhance performance.

As shown and discussed, our LoopTabFM algorithm enhances model performance. How-
ever, this improvement is not consistent across all datasets. For example, performance drops
on the OpenML datasets with IDs 31 and 40900. This may be attributed to factors such as
noise levels in the raw data, class imbalance, or other dataset-specific characteristics. In con-
trast to our synthetic experimental setting, where the model is pretrained in a meta-learning
fashion on the distribution of the given dataset, TabPFN is used as a general-purpose pre-
trained foundation model and applied directly to target datasets in a single-shot inference
setting. Prior work [211] has also shown that TabPFN can be sensitive to input length, which
may further affect performance consistency. Despite these limitations, our experiments with
TabPFN offer an initial insight into how unlabeled data and iterative looping can be lever-
aged to improve predictive performance. These findings suggest promising future directions,

such as designing data-aware looping algorithms that adapt to dataset-specific properties.
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CHAPTER 9

Generalization in In-context Learning

9.1 Introduction

In-context learning (ICL) shows the ability of
a Transformer (TF) to provide a prediction on
an example given a few (input, output) exam-
ples within a prompt. As depicted in Figure 9.1,
for NLP, the examples may correspond to pairs
of (question, answer)’s or translations. Recent
works [59, 100] demonstrate that ICL can also
be used to infer general functional relationships.
For instance, [77] aim to solve supervised learn-
ing problems where we feed an entire training
dataset (x;, f(x;))!~ as the input prompt, ex-
pecting that conditioning the TF model on this
prompt would allow it to infer an accurate pre-
diction for a new input point @x,. As discussed
in [59], this provides a supervised-learning flavor

to ICL, where the model implicitly trains on the

Desired

In-context learning Input prompt Output
Natural language berry, baya, apple, manzana, banana | platano
processing Japan, mochi, France, croissant, Greece | baklava
Supervised learning
5% X2, ooy Xie1, Vie1, Xi Xi
y; = f(x;) + noise 1, Y1, X2) -5 Xi—1, Yi-1, Xi f(xi)
Dynamical systems
X1, X2, X3, vry Xj—2, Xi—1, Xj Xi
Xis1 :f(xi)+noise 1, A2, A3 yA=2) AM=1r A f( l)
91 Vo Vi X; %3 % X X
ok 2% ... b ... skl
Supervised learning with TF Learning dynamics with TF
X1 Y1 X2 Y2 Yi-1 Xi X1 Xz X3 Xi-1 X;

Figure 9.1: Examples of in-context learn-
ing. We focus on the lower two settings
in the table where a transformer admits
a supervised dataset or dynamical system
trajectory as a prompt. Then, it auto-
regressively predicts the output following
an input example x; based on the prompt

(:cl, R ,CL‘Z‘).

data provided within the prompt, and performs inference on test points.

This chapter formalizes in-context learning from a statistical lens, abstracting the trans-

former as a learning algorithm where the goal is inferring the correct (input, ouput) functional

relationship from prompts. We focus on a meta-learning setting where the model is trained

on many tasks, allowing ICL to generalize to both new and previously-seen tasks. Our main

contributions are:

o Generalization bounds (§9.3 & 9.6): Suppose the model is trained on T" tasks each

with a data-sequence containing n examples. During training, each sequence is fed to
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Test risk

1.0 1.0 —4— In-context learning 1.0
—4— Least squares .
0.8 0.8 ===+ Optimally-weighted ridge
0.8
0.6 0.6
04 0.4 061 —4— In-context learning ~a
—4— Least squares (H=1)

0.21 =—4— In-context learning 0.2 0.4 Least squares (H=2)
—4— Least squares M—-Q —4— Least squares (H=3)

0.01 =++- Optimally-weighted ridge 0.0 —4— Least squares (H=4)
0 10 20 30 40 0 10 20 30 40 0275 10 20 30 40
# in-context samples # in-context samples # in-context samples
(a) Noisy linear regression (b) Linear with covariance prior  (c) Partially-observed LDS

Figure 9.2: Examples of implicit model-selection in three ICL settings: (a) Noisy linear
regression: y; ~ N(z, 8,0%) with @;, 3 ~ N(0,I). (b) Linear data with covariance prior:
y; = ;] B with B ~ N(0,X) with non-isotropic X. (c) Partially observed linear dynamics:
x; = Cs; and sy, ~ N(Asy,0*I) with randomly sampled C, A. Each setting trains a
transformer with large number of random regression tasks and evaluates on a new task
from the same distribution. In (a) and (b), ICL performances match Bayes-optimal decision
(weighted linear ridge regression) that adapt to noise level o and covariance prior 3 on
the tasks. (c) shows that ICL outperforms auto-regressive least-squares estimators with
varying memory H. Implicit model selection refers to transformer’s ability to implement a
competitive ML algorithm by leveraging the task prior learned during its training. See Sec
9.7 for experimental details.

the model auto-regressively as depicted in Figure 9.1. By abstracting ICL as an algo-
rithm learning problem, we establish a multitask (MTL) generalization rate of 1/v/nT.
In order to achieve the proper dependence on the sequence length (1/y/n factor), we
overcome temporal dependencies by relating generalization to algorithmic stability and
we provide numerical and theoretical evidence for the stability of transformer-induced
algorithms. Experiments demonstrate that ICL indeed benefits from learning across

the full task sequence in line with theory.

¢ From multitask to meta-learning (§9.4): We provide insights into how our MTL
bounds can inform generalization ability of ICL on previously unseen tasks (i.e. transfer
learning). Our experiments reveal an intriguing inductive bias phenomenon: The gap
between the transfer risk and MTL risk is independent of the model complexity and
only depends on the task complexity and the number of tasks 7.

¢ Insights on model selection (§9.5): The algorithm learning viewpoint motivates
model-selection as a natural feature of in-context learning (e.g. whether to implement
a linear model or neural net for prediction). We discuss how this enables the selec-
tion of the correct hypothesis set for the tasks when algorithms correspond to em-

pirical risk minimization procedures. We verify this model-selection ability through
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extensive experiments as illustrated in Figure 9.2. Among others, the experiments re-
veal that transformer-based algorithm can learn task covariance as a prior to compete
with optimally-weighted ridge and outperform least-squares of different orders to learn

partially-observed dynamical systems.

9.2 Preliminaries and Problem Setup

Notation. Let X be the input feature space, and ) be the output/label space. We use
boldface for vector variables. [n] denotes the set {1,2,...,n}. ¢,C > 0 denote absolute

constants and || - ||,, denotes the £,-norm.

In-context learning setting: We denote a length-m prompt containing m — 1 in-context

(m) (21,22, .., 2Zm_1,&y). Here @, € X is the input

examples and the m’th input by @;,onp =

to predict and z; € Z is the i'th in-context example provided within prompt. Let TF(-)
denote a transformer (more generally an auto-regressive model) that admits wl(;?mpt as its
input and outputs a label y,, = TF(méﬁ)mpt) in Y. Then the model aims to predict the
next output denoted by ¥,,. In this work, we investigate two scenarios where prompts are
obtained from a sequence of i.i.d. (input, label) pairs or a trajectory of a dynamical system.
e Independent (x,y) pairs. Similar to [59], we draw i.i.d. samples (x;,y;), € Z =
(m)

X x Y from a data distribution. Then a length-m prompt is written as @,ompt

(1, Y1, Tm-1, Ym—1, Tm), and the model predicts y,, = TF(a:I(frZ)mpt) eYiforl<m<n.

e Dynamical systems. In this setting, the prompt is simply the trajectory generated by
a dynamical system, namely, wéﬁ)mpt = (®1,...®m_1,T,) and therefore, Z = X = ).
Specifically, we investigate the state observed setting that is governed by dynamics f(-) via
Tmi1 = f(x,) + noise. Here, y,, := x,,11 is the label associated to x,,, and the model
(m)

prompt @S input and predicts the next state g, := Ty = TF(a:(m) ) e X.

admits x prompt

We first consider the training phase of ICL where we wish to learn a good TF(-) model
through multitask learning (MTL). Suppose we have T' tasks associated with data distri-
butions {D;}_,. Each task independently samples a training sequence S; = (z4), ac-
cording to its distribution. Suy = {S;}; denote the set of all training sequences. We use
St(m) = (z4,...,2tm) to denote a subsequence of S; := St(") for m < n and S© denotes an
empty subsequence.

ICL can be interpreted as an implicit optimization on the subsequence S™ =
(21,22, ...,2n) to make prediction on @,,,1. To model this, we abstract the transformer
model as a learning algorithm that maps a sequence of data to a prediction function (e.g. gra-

dient descent, empirical risk minimization). Concretely, let A be a set of algorithm hypothe-
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ses such that algorithm Alg € A maps a sequence of form S into a prediction function

Aﬁ) X — Y. With this, we represent TF via

m+1 Al
TF(wéromp)t) - S(Ez)(merl) (91)
This abstraction is without losing generality as we have the explicit relation féz([i)(m) =
TF((S™), x)). Given training sequences S, and a loss function ¢(y, ), the ICL training can
be interpreted as searching for the optimal algorithm Alg € A, and the training objective is

formulated as follows:

T
—_— . ~~ 1 ~
Alg = arg AIlréleI}atESa“ (Alg) == T E L:(Alg) (ICL-ERM)

t=1

where Et (Alg) = ZE ’ym,f SV (@41))-

Here, £,(Alg) is the training loss of task ¢ and Esan(Alg) is the task-averaged MTL loss.
Let £,(Alg) = Es,[£i(Alg)] and Lyri(Alg) = E[Ls,, (Alg)] = £ 31, £,(Alg) be the corre-

sponding population risks. Observe that, task-specific loss Et(Alg) is an empirical average
2@

promp

To develop generalization bounds, our primary interest is controlling the gap between

of n terms, one for each prompt @ . and the corresponding label y;.
empirical and population risks. For the problem (ICL-ERM), we wish to bound the excess
MTL risk

RMTL(A/]-\g) = EMTL(A/]E) - Arlréler}A ﬁMTL(Alg). (MTL—I‘lSk)

Following the MTL training (ICL-ERM), we also evaluate the model on previously-unseen
tasks; this can be thought of as the transfer learning problem. Concretely, let Dy,q be
a distribution over tasks and draw a target task 7 ~ Diq with data distribution D
and a sequence St = {z;}'; ~ D7. Define the empirical and population risks on 7 as
Lr(alg) =12 =S Uy, f 2(1? () and Lr(Alg) = Es, [£7(Alg)]. Then the transfer risk of
an algorithm Alg is defined as Lrrr(Alg) = Er[L7(Alg)]. With this setup, we are ready to

state our main contributions.

9.3 Generalization Guarantees for In-context Learning

In this section, we study the i.i.d. data setting with training sequences S; = (x4, Yui )i, S

D, for t € [T] and establish generalization bounds for in-context learning. Section 9.6 extends
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our results to dynamical systems.

Algorithmic Stability

In ICL a training example (x;, y;) in the prompt impacts all future decisions of the algorithm
from predictions 41 to n. This necessitates us to control the stability to input perturbation
of the learning algorithm emulated by the transformer. Our stability condition is borrowed
from the algorithmic stability literature. As stated in [20, 21|, the stability level of an
algorithm is typically in the order of 1/m (for realistic generalization guarantees) where m is
the training sample size (in our setting prompt length). This is formalized in the following

assumption that captures the variability of the transformer output.

Assumption 9.1 (Error Stability [21]) Let S = (1, Y1, .., Tm, Ym) be a sequence with
m > 1 and 87 be the sequence where the j’th sample of S is replaced by (x},y;). Error
stability holds for a distribution (x,y) ~ D if there exists a constant K > 0 such that for
any S, (2, y;) € (X x V), j € [m], and 41g € A we have

K
pg

@y [y, f5"(@))] — By [y, f5,°(@))]] < (9.2)

Let p be a distance metric on A. Pairwise error stability holds if for all Alg,Alg € A we

have

o (10 145(0) ~ 0. 12 @) ~ Bt [119, 757(a) oty 15 @) | < “LA8 2D

(9.3)

Here (9.2) is our primary stability condition borrowed from [21] and ensures that all algo-
rithms Alg € A are K-stable. We will also use the stronger pairwise stability condition to
develop tighter generalization bounds. The following theorem shows that, under mild as-
sumptions, a multilayer transformer obeys the stability condition (9.2). The proof is deferred
to Appendix H.1.1 and Theorem H.1.

Theorem 9.1 Let 2™ . 2/"™  be two prompts that differ only at the inputs z; = (x;, y;)

promptr *~ prompt
with zj = (,y}). Assume inputs and labels lie within the unit Euclidean ball in R? ',
Shape these prompts into matrices Xprompt, X prompt € RECm=Dxd respectively. Let TF(-) be a
transformer composed of D layers followed by a linear head: TF(:c(m) )= <H, X(D)>. Here

prompt

'Here, we assume X, C R?, otherwise, inputs and labels are both embedded into d-dimensional vectors
of proper size.
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X ;) denotes the i’th layer outpul with X o) := Xprompt and
Xy = Parallel_MLPs(att(X(_1))) where att(X):=S(XW; X )XW,

and softmax is row-wise. Assume TF is normalized to output [—1,1] as follows: |[W,|| <1,
|W|| < I'/2, MLPs obey MLP(x) = ReLU(Muz) with ||M| < 1, and each row of H has
FEuclidean norm at most 1/m. Then,

| TR ) — TR )| <

(1 +1)eh)P.

2m — 1

Thus, assuming loss ((y,-) is L-Lipschitz, the algorithm induced by TF(-) obeys (9.2) with
K = 2L((1 +T)e")?.

A few remarks are in place. First, the dependence on depth is exponential. However this is
not as prohibitive for typical transformer architectures which tend to not be very deep. For
example the different variants of GPT-2 and BERT have between 12-48 [1] layers. Secondly,
if the altered token has an excessive influence on the prediction, this would disrupt the
stability condition. Our theorem avoids this via row-wise norm control of the output layer
H which ensures that input tokens contribute equally. We anticipate the analysis can be
extended to more realistic transformer architectures (e.g. GPT-2 architecture used in our
experiments) by incorporating multiple attention-heads and causal masks. Finally, Figure
9.7 provides numerical evidence for multiple ICL settings that demonstrate that stability of
GPT-2 architecture’s predictions with respect to inputs indeed improves with longer prompt

length m in line with our theory.

Generalization Bounds

We are ready to establish generalization bounds by leveraging our stability conditions. We

use covering numbers (i.e. metric entropy) to control model complexity.

Definition 9.1 (Covering number) Let Q be any hypothesis set and d(q,q') > 0 be a
distance metric over q,¢ € Q. Then, @ = {qi,...,qn} is an e-cover of Q with respect to
d(-,) if for any q € Q, there exists q; € Q such that d(q,q;) < €. The e-covering number
N(Q,d,¢€) is the cardinality of the minimal e-cover.

To cover the algorithm space A, we need to introduce a distance metric. We formalize this in

terms of the prediction difference between two algorithms on the worst-case data-sequence.

Definition 9.2 (Algorithm distance) Let A be an algorithm hypothesis set and S =

(x;,yi), be a sequence with n examples that is admissible for some task t €
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[T).  For any pair Alg,Alg € A, define the distance metric p(Alg, Alg) =

1 g
Sups % > e |’fsfi{1)<wi) - g(ligfl)(wi)”-

We note that the distance p is controlled by the Lipschitz constant of the transformer ar-
chitecture (i.e. largest gradient norm with respect to the model weights). Following Defini-
tions 9.1&9.2, the e-covering number of the hypothesis set A is N (A, p,¢). This brings us
to our main result on MTL risk of (ICL-ERM).

Theorem 9.2 Suppose A is K-stable per Assumption 9.1 and the loss function {(y,-) is
L-Lipschitz for all y € Y and takes values over [0,1]. Let A/Z\g be the empirical solution of
(ICL-ERM). Then, with probability at least 1 — 26, the excess MTL test risk obeys

(9.4)

Ryrr(Alg) < iI>1£ {4L6 +2(1 + K log n)\/log/\/'(A, p:€) +log(1/9) }

cenT

Additionally suppose A is K-pairwise-stable and set diameter D = sup 4 s394 P(ALg, 417).

Using the convention x, = max(z, 1), with probability at least 1 — 46,

- D/2
Ry (41g) < inf {8Le + L“LK;Og”( VIog N'(A, p, w)du + D, \/log(log(D/e)/é)) } . (9.5)
€ cn €

The first bound (9.4) achieves 1/v/nT rate by covering the algorithm space with resolu-
tion e. For Lipschitz architectures with dim(A) trainable weights we have log N (A, p,€) ~
dim(A) log(1/€). Thus, up to logarithmic factors, the excess risk is bounded by 4/ dh:;—w and
will vanish as n, T — oo. Recalling (9.1), this can also be seen as a generalization bound for
general auto-regressive models that learns from sequential data.

Note that p in Def. 9.2 is task-dependent. For instance, suppose tasks are realizable with
labels y = f(«) and admissible task sequences have the form § = (x;, f(=;))",. Then,
p will depend on the function class of f (e.g. whether tasks f are linear models, neural
nets, etc), specifically, as the function class becomes richer, both p and the covering number
becomes larger. Under the stronger pairwise-stability, we can obtain a bound in terms of
the Dudley entropy integral which arises from a chaining argument. This bound is typically
in the same order as the Rademacher complexity of the function class with 7" x n samples
[198]. Note that achieving 1/ VT dependence is rather straightforward as tasks are sampled
independently. Thus, the main feature of Theorem 9.2 is obtaining the multiplicative 1/y/n
term by overcoming temporal dependencies. Figure 9.3 shows that training with full sequence
is indeed critical for ICL accuracy.

Proof sketch. Let Alg* be the population MTL minima. We first decompose RMTL(Kl\g)
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# in-context samples # in-context samples # in-context samples

(a) ICL trained with 10 prompts over a range (b) ICL with all n = 40 prompts

Figure 9.3: The value of learning across the full sequence: Right side: Standard ICL-
ERM where each task trains with all n = 40 prompts (full task sequence). Left side:
ICL-ERM focuses on different parts of the trajectory by fitting n/4 = 10 prompts per task
over ¢ € [1,10] to [31,40] (highlighted as the orange ranges). We train with 7" = 6400k
random linear regression tasks and display the performance on new tasks from the same
prior (i.e. transfer risk). Right side learns to solve linear regression via ICL whereas left side
fails to do so even when restricted to their target ranges.

as follows:

Ry, (Alg) = Ly (Alg) — Ls,, (Alg) + Ls,, (Alg) — Ls,, (Alg") + Ls,, (Alg") — Luri(Alg)
@ b e

where b < 0 by definition. Regarding (a) and (c¢), we need a concentration bound on
| Ly (Alg) — ZSan (Alg)| for a fixed algorithm Alg € A. To achieve this bound, we introduce
the sequence of variables X;; = E [% > i1 E(ytj,f;ffl)(mtj)) | St(i)] for 0 < i < n, which
form a martingale by construction.

The critical stage is upper bounding the martingale differences | X;; — X;,;_1| through our

stability assumption, namely, increments are at most 1—1—2?:1. % < 14+ K logn. Then, we uti-

1 T
T Zt:l Xt,O - Xt,n )

which is equivalent to |Lyrr(Alg) — Egall(Alg)|. To conclude, we make use of cov-

lize Azuma-Hoeffding’s inequality to achieve a concentration bound on

ering/chaining arguments to establish a uniform concentration bound on |Cyrr(Alg) —
Ls,,(Alg)| for all Alg € A. u

Multiple sequences per task. Finally consider a setting where each task is associated
with M independent sequences with size n. This typically arises in reinforcement learning
problems (e.g. dynamical systems in Sec. 9.6) where we collect data through multiple rollouts
each leading to independent sequences. In this setting, statistical error rate improves to
1/vV/nMT as discussed in Appendix H.2.1. In the next section, we will contrast MTL vs
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Figure 9.4: In Figures (a,b,c,), we plot the d € {5, 10, 20}-dimensional results for transfer
and MTL risk curves. Figure (d) overlays (a,b,c) to reveal that transfer risks are aligned for
fixed (n/d,T/d?) choice.

transfer learning by letting M — oo. This way, even if n and T are fixed, the model will
fully learn the T source tasks during the MTL phase as the excess risk vanishes with M — oo.

9.4 Generalization and Inductive Bias on Unseen Tasks

In this section, we explore transfer learning to assess the performance of in-context learning
across new tasks: the MTL phase generates a pretrained model lTl\g trained on 7" source tasks
and we use Kl\g to predict a target task 7. To start with, we consider a standard meta-
learning setup where T" sources are drawn from the task distribution Di,q and we evaluate
the transfer risk on new tasks 7 ~ Di.q. We are interested in controlling the transfer risk
Lrrr(Alg) = E7[L(Alg)] in terms of the MTL risk Lyrr,(Alg). Since the source tasks are
i.i.d, we have ]Esource[EMTL(Kl\g)] = LTFR(Kl\g). More specifically, one can use a standard

generalization analysis to control the transfer risk in terms of MTL risk as follows

dim(.A) .

ACTFR(AT]E) - EMTL(@)’ S T

Here, dim(.A) captures the complexity of the algorithm space (e.g. as formalized in Theorem
H.4 in Appendix H.2.3, one can use covering numbers similar to Theorem 9.2). Here, an
important distinction with MTL is that transfer risk decays as 1/poly(T") because the unseen
tasks induce a distribution shift which, typically, cannot be mitigated with more samples n

or more sequences M.

e Inductive Bias in Transfer Risk. Before investigating distribution shift, let us con-
sider the following question: While 1/poly(T") behavior may be unavoidable, is it possible
that dependence on architectural complexity dim(.A) is avoidable? Perhaps surprisingly, we

answer this question affirmatively through experiments on linear regression. In what follows,
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during MTL pretraining, we train with M — oo independent sequences per task to mini-
mize population MTL risk Lyrr(+). We then evaluate resulting A/l\g on different dimensions
d and numbers of MTL tasks 7. Figures 9.4(a,b,c) display the MTL and transfer risks for
dimensions d = 5,10,20. In each figure, we evaluate the results on T' = {1,2,5} x d? and
the z-axis moves from 0 to n = 2d. Each task has isotropic features, noiseless labels and
task vectors B ~ N(0,I;). Here, our first observation is that, the Figures 9.4(a,b,c) seem
(almost perfectly) aligned with each other, that is, each figure exhibits identical MTL and
transfer risk curves.

To further elucidate this, Figure 9.4(d) integrates the transfer risk curves from d = 5, 10, 20
and overlays them together. This alignment indicates that, for a fixed point &« = n/d and
B = T/d?, the transfer risks remain unchanged. Here, n proportional to d can be attributed
to linearity, thus, the more surprising aspect is the dependence on number of tasks 7" since
this indicates that, rather than dimT(A), the generalization risk behaves like d—;. In words,
rather than model complexity, what matters is the problem complexity d.

Inductive bias is a natural explanation of this behavior: Intuitively, the MTL pretraining
process identifies a favorable algorithm that lies in the span of the source tasks Oy, =
(B:)L,. Specifically, while the transformer model can potentially fit MTL tasks through a
variety of algorithms, we speculate that the optimization process is implicitly biased (akin
to implicit regularization literature [177, 142, 8]) to an algorithm Alg(©yrr). Such bias
would explain the lack of dim(.A) dependence since Alg(©\rr,) solely depends on the source
tasks. We leave the theoretical exploration of the empirical d?/T behavior to a future work.
However, we provide further discussion on why it is rather surprising both from MTL and
transfer learning perspectives.

To this end, let us first introduce the optimal estimator for linear regression with Gaussian
task prior.

Minimum Bayes risk: The optimal prediction in terms of average risk can be described
explicitly [168, 123] under prior 3 ~ N(0,X) and is given by the optimally-weighted ridge

regression solution
B=(X"X+o*TH Xy, (9.6)

Here X = [xy1,...,x,]" € R y = [y1,...,y,]" € R" are the concatenated features and
labels obtained from the task sequence and o2 is the label noise variance. With this in
mind, what is the ideal algorithm Alg(©yrr,) based on the (perfect) knowledge of source
tasks? Eqn. (9.6) crucially requires the knowledge of the task covariance ¥ and variance o

Thus, even with the hindsight knowledge that we are dealing with a linear problem, we have
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to estimate the task covariance from source tasks. This can be done by constructing the
empirical covariance 3 = %ZIT:1 B:3]. To make sure that 3-weighted LS performs O(1)-
close to B-weighted LS, we need a spectral norm control, namely, |2 — || /Anm(Z) < O(1).
When ¥ = I, (as in our experiments) and tasks are isotropic, the latter condition holds with
high probability when T' = €)(d). This is also numerically demonstrated in Figure H.1 in the
appendix. This behavior is in contrast to the stronger 7' o< d? requirement we observe for ICL.
For instance, T o d? is sufficient to ensure the stronger entrywise control |2 — 3|, < O(1)
rather than spectral norm.

Let us now ask the same question for the MTL algorithm: If the transformer perfectly
learns the MTL tasks Oyrr, = (B:)L,, it does not actually need n = €(d) samples to
perform well on new prompts drawn from source tasks. To see this, consider the following
algorithm: Given a prompt, Alg(Oyrr,) conducts a discrete search over (3;)7_; and returns
the source task that best fits to the prompt. Thanks to the discrete search space, it is not
hard to see that, we need n o log(7T") samples rather than n o d (also see Figure H.1).
In contrast, based on Figures 9.4(a,b,c), MTL behaves closer to n o< d empirically. On the
other hand, A1g(Oyrr,) implemented by the transformer is rather intelligent: This is because
MTTL risks for d € {5,10,20} are all strictly better than implementing least-squares® and the
performance improves as T' gets smaller. We leave the thorough exploration of the inductive

bias of the MTL training and characterization of A1lg(©yrr,) as an intriguing future direction.

Exploring transfer risk in terms of distance. Besides

drawing source and target tasks from the same Dy,q, we can s

[0.2,0.6]
—4— [0.6,1.0]
—4— >1.0

also investigate transfer risk in an instance specific fashion.
Specifically, the population risk of a new task 7 can be
bounded as L1 (Alg) < Lyrr(Alg) +dist(T, (D)L ,). Here,
dist(-) assesses the (distributional) distance of task T to 02 \
the source tasks (D;)L; (e.g. [19, 72]). In case of linear 00

tasks, we can simply use the Euclidean distance between

\\ =4 Transfer (Avg)
—4= MTL (Avg)
S v

Test risk

o

0 2 4 6 8 10
# in-context samples

Figure 9.5: Transfer risk as

_ _ a function of distance to the
to the nearest source task dist(7) = minyeir |87 — Bell- In V7T, tasks.

task vectors, specifically, the distance of target weights B

Fig. 9.5 we investigate the distance of specific target tasks
from source tasks and how the distance affects the transfer performance. Here, all source and
target tasks have unit Fuclidean norms so that closer distance is equivalent to larger cosine

similarity. We again train each MTL task with multiple sequences M — oo (as in Fig. 9.4)

20Ordinary least-squares achieves the minimum risk for transfer learning (T = co) however it is not optimal
for finite T'.
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and use T' = 20 source tasks with d = 5 dimensional regression problems. In a nutshell,
Figure 9.5 shows that task similarity (based on ¢y distance) is indeed highly predictive of
transfer performance across different distance slices (namely [0, 0.2],[0.2,0.6],[0.6, 1], [1, 2]).
An intriguing question is identifying the broader conditions under which transfer risk can be

rigorously related to the MTL risk, which is further discussed in Appendix H.2.2.

9.5 Insights on Model Selection

In Section 9.3, we study the generalization error of ICL, which can be eliminated by increas-
ing sample size n or number of sequences M per task. In this section, we will discuss implicit
model selection in ICL building on the formalism that transformer is a learning algorithm.
Following Figure 9.2 and prior works [59, 100, 77|, a plausible assumption is that, trans-
former can implement ERM algorithms up to a certain accuracy. Then, model selection can
be formalized by the selection of the right hypothesis class so that running ERM on that
hypothesis class can strike a good bias-variance tradeoff during ICL.

To proceed with our discussion, let us consider the following hypothesis which states that

transformer can implement an algorithm competitive with ERM.

Hypothesis 9.1 Let F = (F,), be a family of H hypothesis classes. Let S = (i, y;),
be a data-sequence with n examples sampled i.i.d. from D and let S™ = (xz;,y;)™, be the

first m examples. Consider the risk® associated to ERM with m samples over Fy, € F:

risk(h, m) = E , som) [€(y, fgf,)n (x))] where fgf) = arg mln — Zﬁ yi, f(x;))

Let (€%) > 0 be approzimation errors associated with (F,),. There exists Alg € A such

that, for any m € [n], h € [H], f;(l;i) can approzimate ERM in terms of population risk, i.e.

E(m,y,s(m)) [é(ya f;‘(lfz) (il}'))] S TiSk(h, m) + E}TL}’m

For model selection purposes, these hypothesis classes can be entirely different ML
models, for instance, 7 = {convolutional-nets}, F, = {fully-connected-nets}, and F3 =
{decision-trees}. Alternatively, they can be a nested family useful for capacity control pur-
poses. For instance, Figures 9.2(a,b) are learning covariance/noise priors to implement a
constrained-ridge regression. Here F can be indexed by positive-definite matrices ¥ with
linear classes of the form Fs = {f(x) =x'B8 where BT '8 <1}

3Since the loss £ is bounded by 1, 0 < risk(h, m) < 1 for all m including the scenario m = 0 and ERM is
vacuous.
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Under Hypothesis 1, ICL selects the most suitable class that minimizes the excess risk
for each m € [n].

Following [59, 100, 77], some instructive examples for family F are
e [, = {F, : Linear model with parameter bounded by ||3] < A}

e Iy = {Fx : Linear model with covariance X, E[33"] = X}.

o [sparse — [T : s-sparse linear model}
o YN = {7, : 2-layer neural net with width s}
o F¥ = {F, : Random forest with s trees}

Here to simplify, we assumed a discrete family of hypothesis classes, |F| = H < oo, however,

our theory in Section 9.3 is developed for the continuous setting.

Observation 9.1 Suppose Hypothesis 9.1 holds for a target distribution Dr. Let LF =
minggea L7(419) be the risk of the optimal algorithm. We have that

Z mln{msk (h,m) + e
he[H

Additionally, denote Rademacher complexity of a class F by R,,(F). Define the minimum
achievable risk over function set Fy as L} := minger, Ep, [l(y, f(x))]. Since risk(h,m) is
controlled by R, (Fn) [133], we have that

1 «— m
< - Z min {£} + 6};}: + O(Rm(Fn))}-

he[H]

Here, ICL adaptively selects the classes arg minye(m{L}, + R (Fr) + el to achieve small
risk. This is in contrast to training over a single large class F = Ufil Fi, which would result in
a less favorable bound ~ minyei £ + = >0 " Rom(F). A formal version of this statement is
provided in Appendix H.2.4. Hypothesw 9.1 assumes a discrete family for simpler exposition
(|F| = H < o0), however, our theory in Section 9.3 allows for the continuous setting.

We emphasize that, in practice, we need to adapt the hypothesis classes for different
sample sizes m (typically, more complex classes for larger m). With this in mind, while
we have H classes in F, in total we have H" different ERM algorithms to compete against.
This means that VC-dimension of the algorithm class is as large as nlog H. This highlights

an insightful benefit of our main result: Theorem 9.2 would result in an excess risk o
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T
9.2 facilitates the adaptive selection of hypothesis classes for each sample size and avoids

\/% = /85 Tn other words, the additional xn factor achieved through Theorem

requiring unreasonably large T'.

9.6 Extending Results to Stable Dynamical Systems

Until now, we have studied ICL with sequences of i.i.d. (input, label) pairs. In this section, we
investigate the scenario where prompts are obtained from the trajectories of stable dynamical
systems, thus, they consist of dependent data. Let X C R? and F : X — X be a hypothesis
class elements of which are dynamical systems. During MTL phase, suppose that we are
given T tasks associated with (f;)Z_, where f; € F, and each contains n in-context samples.
Then, the data-sequence of ¢'th task is denoted by S; = (@), where xy; = fi(@:;—1) + Wy,
x4 is the initial state, and wy; € W C R are bounded i.i.d. random noise following some

& = (xo,x1,...x;). Let SO = " and

distribution. Then, prompts are given by @/ prompt

we can make prediction &;; = f;ﬁl)(wt,i_l). We consider the similar optimization problem
as (ICL-ERM).

In order to perform the analysis of generalization error in a dynamical system, we need
this system to be stable (which differs from algorithmic stability!). In this work, we use an
exponential stability condition that controls the distance between two trajectories initialized
from different points [171, 95].

Definition 9.3 ((C,, p)-stability) Denote the state of dynamical system resulting from ini-
tial state xy and (wy;), by ft(m)(a:to) eX. Let C, > 1 and p € (0,1) be system related con-
stants. We say that the dynamical system for the taskt is (C,, p)-stable if, for all ., ¢}y € X,

m > 1, and (wy)i>1 € W, we have

|

Assumption 9.2 There exist C, and p < 1 such that all dynamical systems f € F are
(C,, p)-stable.

£ @) = K@), < Cor™ o — ol (9.7

In addition to the stability of the hypothesis set F, we also leverage the algorithmic-
stability of the set A similar to Assumption 9.1. Different from Assumption 9.1, we restrict
the variability of the transformer with respect to Euclidean distance metric, similar to the

definition of Lipschitz stability.

Assumption 9.3 (Algorithmic-stability for Dynamical Systems) Let S =

(T, @1, ..., Tm) be any dynamical sequence with m > 1 and 8’ be the sequence such
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that w; is replaced by w’; (j = 0 implies that xq is replaced by x;). As a result, starting
with the j th until the m th index, the sequence S’ has different samples (:1:;, ...,xl ). There

m

exists a constant K > 0 such that for any S, x, € X, w; € W, and j € [m], we have

/ K - !/
Bas [ @Emirs 57 (@m)] = Busyeys [((@1, fo (®7,))]| < Ez s — il . (98)
i=j

Theorem H.1 in the appendix justifies this assumption for multilayer transformer architec-

tures. To proceed, we state the main result of this section.

Theorem 9.3 Suppose the loss function ((x, ) : X x X — [0,1] is L-Lipschitz for all
x € X and Assumptions 9.2699.3 hold. Assume X and VW are bounded by T, w, respectively.
Then, with the same probability, the identical bound as in Theorem 9.2 Eqn. (9.4) holds after
updating K to be K = QK%(ID +Z/y/n).

The proof of this result is similar to that of Theorem 9.2 and can be found in Appendix
H.3. The primary difference occurs when bounding the martingale differences | X;; — X;,;_1].
In the stable dynamical settings, to bound Martingale’s increments, we utilize independence
of noise and stability of the system instead of using the independence of input and output
pairs. One can also obtain an entropy integral bound akin to (9.5) using a proper variation

of the pairwise algorithmic-stability condition in Assumption 9.1 Eqn. (9.3).

9.7 Numerical Evaluations

Our experimental setup follows [59]: All ICL experiments are trained and evaluated using the
same GPT-2 architecture with 12 layers, 8 attention heads, and 256 dimensional embeddings.
Most of our experiments are based on linear regression problems and linear dynamics. We
first provide the details and discussions of Figure 9.2 and then provide additional experiments

aligned with our findings.

e Linear regression (Figures 9.2(a,b)). We consider a d-dimensional linear regression
tasks with in-context examples of the form z = (z,y) € R? x R. Given t'th task B3, we
generate n ii.d. samples via y = Bz + &, where £ ~ N(0,I), £ ~ N(0,0%) and o is
the noise level. Tasks are sampled i.i.d. via B; ~ N(0,X), t € [T]. Results are displayed
in Figures 9.2(a)&(b). We set d = 20, n = 40 and significantly larger 7" to make sure
model is sufficiently trained and we display meta learning results (i.e. on unseen tasks) for

both experiments. In Fig. 9.2(a), 0 = 1 and ¥ = I. We also solve ridge-regularized linear
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regression (with sample size from 1 to n) over the grid A = [0.01,0.05,0.1,0.5, 1] and display
the results of the best A selection as the optimal ridge curve (Black dotted). Recall from
(9.6) that ridge regression is optimal for isotropic task covariance. In Fig. 9.2(b), we set
oc=0and X = diag([l, 2%, 3%, ce ﬁ}) Besides ordinary least squares (Green curve), we
also display the optimally-weighted regression according to (9.6) (dotted curve) as o — 0. In
both figures, in-context learning results (Red) outperform the least squares results (Green)
and are perfectly aligned with optimal ridge/weighted solutions (Black dotted). This in turn
provides evidence for the automated model selection ability of transformers by learning task

priors.

e Partially-observed dynamical systems (Figures 9.2(c) & 9.6). We generate
in-context examples z; = x; € R", i € [n] via the partially-observed linear dy-
namics ; = Cs;, 8; = As; 1 + & with noise & ~ N(0,02I;) and initial state
sy = 0. FEach task is parameterized by C € R™*? and
A € R¥4 which are drawn with i.i.d. A(0, 1) entries and
A is normalized to have spectral radius 0.9. In Fig. 9.2(c),

—— In-context learning
—4— Optimal ridge (H=1)
Optimal ridge (H=2)
—4— Optimal ridge (H=3)
—4— Optimal ridge (H=4)

Iy
=)

o
©

we set d = 10, r = 4, 0 = 0, n = 20 and use sufficiently

Test risk
o
o

large T to train the transformer. For comparison, we solve

o
>

least-squares regression to predict new observations @x; via

. . . . 0.2
the most recent H observations for varying window sizes 0 10 20 30 40
# in-context samples

H. Results show that in-context learning outperforms the
least-squares results of all orders H = 1,2,3,4. In Figure Figure 9.6: Dynamical system
experiments.  The difference

from Fig. 9.2(c) is that we com-
ridge regression for different window sizes. This reveals 410 ICL to the optimally-tuned

9.6, we also solve the dynamical problem using optimal

that ICL can also outperform auto-regressive models with ridge regression with different
optimal ridge tuning, albeit the performance gap is much history windows H.

narrower®. It would be interesting to compare ICL per-

formance to a broader class of system identification algorithms (e.g. Hankel nuclear norm,
kernel-based, atomic norm [127, 56, 159|) and more broadly understand the extent ICL can

inform practically-relevant system identification.

e Stability analysis. In Assumption 9.1, we require that transformer-induced algorithms
are stable to input perturbations, specifically, we require predictions to vary by at most

O(1/m) where m is the sample size. This was justified in part by Theorem 9.1. To under-

“We note that Kalman filter can be used to achieve optimal state estimation (which leverages the full
history i.e. H — 00). However it would require the knowledge of the ground-truth dynamics unlike ICL.
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Figure 9.7: Experiments to assess the algorithmic stability Assumption 9.1. Each figure
shows the increase in the risk for varying ICL sample sizes after an example in the prompt
is modified. We swap an input example in the prompt and assign a flipped label to this new
input, e.g., we move from (z, f(x)) to (x’, —f(z')).

stand empirical stability, we run additional experiments where the results are displayed in
Fig. 9.7. We study stability of four function classes: linear models, 3-sparse linear models,
decision trees with depth 4, and 2-layer ReLU networks with 100 hidden units, all with
input dimension of 20. For each class F, a GPT-2 architecture is trained with large num-
ber of random tasks f € F and evaluate on new tasks. With the exception of Fig. 2(a),
we use the pretrained models provided by [59] and the task sequences are noiseless i.e. se-
quences obey y; = f(x;). As a coarse approximation of the worst-case perturbation, we
perturb a prompt ml(ﬂf))mpt = (®1,Y1, "y Tm—-1,Ym—_1,Tm) as follows. Draw a random point
(), y}) ~ (x1,y1) and flip its label to obtain (x}, —y;). We obtain the adversarial prompt
via i:é"r?mpt = (2, —Y, Tm1,Ym-1,%m)°. In Figure 9.7, we plot the test risk change
between the adversarial and standard prompts. All figures corroborate that, after a certain
sample size, the risk change noticeably decreases as the in-context sample size increases. This
behavior is in line with Assumption 9.1; however, further investigation and longer context
window are required to accurately characterize the stability profile (e.g. to verify whether

stability is O(1/m) or not).

5To properly verify Assumption 9.1 one should adversarially optimize x}, ¥y} and also swap the other
indices m > ¢ > 1.
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CHAPTER 10

Chain-of-Thought and Its Emergent Abilities
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Figure 10.1: An illustration of ICL, CoT-I and CoT-1/O methods, using a 3-layer MLP as an
example (top left, where x, y, s!, s? denote input, output and hidden features respectivaly).
The ICL method utilizes in-context examples in the form of (x,y) and makes predictions
directly based on the provided «,..,. Both CoT-I and CoT-I/O methods admit prompts with
samples formed by (zx, s!, s% y). However, CoT-I/O uniquely makes recurrent predictions
by re-inputting the intermediate output (as shown on the right). The performance of these

methods is shown on the bottom left, with a more detailed discussion available in Section
10.4.

10.1 Introduction

Chain-of-thought prompting [205] is an emergent ability of transformers where the model
solves a complex problem [204], by decomposing it into intermediate steps. Intuitively, this
underlies the ability of general-purpose language models to accomplish previously-unseen
complex tasks by leveraging more basic skills acquired during the pretraining phase. Com-

positional learning and CoT has enjoyed significant recent success in practical language
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modeling tasks spanning question answering, code generation, and mathematical reasoning
[158, 82, 212|. In this work, we attempt to demystify some of the mechanics underlying this
success and the benefits of CoT in terms of sample complexity and approximation power.
To do this we explore the role of CoT in learning multi-layer perceptrons (MLPs) in-context,

which we believe can lead to a first set of insightful observations. Throughout, we ask:
Does CoT improve in-context learning of MLPs, and what are the underlying mechanics?

In this chapter, we identify and thoroughly compare three schemes as illustrated in Fig-
ure 10.1. (a) ICL: In-context learning from input-output pairs provided in the prompt, (b)
CoT-I: Examples in the prompt are augmented with intermediate steps, (¢) CoT-1/O: The

model also outputs intermediate steps during prediction. Our main contributions are:

¢ Decomposing CoT into filtering and ICL: As our central contribution, we estab-
lish a rigorous and experimentally-supported abstraction that decouples CoT prompt-
ing into a filtering phase and an in-context learning (ICL) phase. In filtering, the model
attends to the relevant tokens within the prompt based on an instruction. In ICL, the
model runs inference on the filtered prompt to output a step and then moves onto
the next step in the chain. Our Theorem 10.1 develops a theoretical understanding of
this two-step procedure and formalizes how filtering and ICL phases of CoT can be

implemented via the self-attention mechanism to learn MLPs.

o Approximation and sample complexity: Through experiments and theory, we
establish that intermediate steps in CoT-I improves the sample complexity of learn-
ing whereas step-by-step output improves the approximation ability through looping.
Specifically, CoT-1/O can learn an MLP with input dimension d and k£ neurons using
O(max(k, d)) in-context samples by filtering individual layers and solving them via lin-
ear regression — in contrast to the Q(kd) lower bound without step-augmented prompt.
As predicted by our theory, our experiments (see Sec. 10.4) identify a striking univer-
sality phenomenon (as k varies) and also demonstrate clear approximation benefits of

CoT compared to vanilla ICL.

o Accelerated pretraining via learning shortcuts: We construct deep linear MLPs
where each layer is chosen from a discrete set of matrices. This is in contrast to
the above setting, where MLP weights can be arbitrary. We show that CoT can
dramatically accelerate pretraining by memorizing these discrete matrices and can
infer all layers correctly from a single demonstration. Notably the pretraining loss

goes to zero step-by-step where each step “learns to filter a layer”. Together, these
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showcase how CoT identifies composable shortcuts to avoid the need for solving linear
regression. In contrast, we show that ICL (without CoT) collapses to linear regression
performance as it fails to memorize exponentially many candidates (due to lack of

composition).

10.2 Preliminaries and Problem Setup

Notation. We denote the set {1,2,...,n} as [n]. Vectors and matrices are represented in
bold text (e.g., «, A), while scalars are denoted in plain text (e.g., y). The input and output
domains are symbolized as X’ and ) respectively (unless specified otherwise), and & € X,
y € ) denote the input and output. Additionally, let F be a set of functions from X to
Y. Consider a transition function f € F where y = f(x). In this section, we explore the
properties of learning f, assuming that it can be decomposed into simpler functions (f¢)Z,,

and thus can be expressed as f = fpo fr_10---0 f7.

10.2.1 In-context Learning

Following the study by [59], the fundamental problem of vanilla in-context learning (ICL)

involves constructing a prompt with input-output pairs in the following manner:

Pu(f) = (i, y:)oy  where gy, = f(@). (P-ICL)

Here the transition function f € F : X — ) remains constant within a single prompt but
can vary across prompts, and the subscript n signifies the number of in-context samples
contained in the prompt. Considering language translation as an example, f is identified as
the target language, and the prompt can be defined as p(Spanish) = ((apple, manzana),
(ball, pelota), ...) or p(French)=((cat, chat), (flower, fleur), ...). Let TF denote any auto-
regressive model (e.g., Decoder-only Transformer). The aim of in-context learning is to learn
a model that can accurately predict the output, given a prompt p and the test input x,.,,

as shown in the following equation:

TF(Pn(f), Tiw) & f(0est) (10.1)

where f € F is the test function which may differ from the functions used during training.
Previous work [222, 113| has demonstrated that longer prompts (containing more examples

n) typically enhance the performance of the model.
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10.2.2 Chain-of-thought Prompt and Prediction

As defined in (P-ICL), the prompt in vanilla ICL only contains input-output pairs of the
target function. This demands that the model learns the function f € F in one go, which be-
comes more challenging as F grows more complex, since larger models and increased prompt
length (n) are needed to make correct predictions (as depicted by the green curves in Fig-
ures 10.5 and 10.6). Existing studies on chain-of-thought methods (e.g., [205]) observed that
prompts containing step-by-step instructions assist the model in decomposing the function
and making better predictions. Specifically, consider a function composed of L subfunctions,
represented as f := fr o fr_10...f;. Each intermediate output can be viewed as a step,
enabling us to define a length-n CoT prompt related to f with L steps (expressed with
s', 0 € [L]) as follows:

Pa(f) = (zi,si, o877 sy where  sj = fo(si™!), L€ [L]. (P-CoT)

Here z; = 80, y; = sF and f, € Fy, which implies that f € Fp x -+ F} := F.

Next we introduce two methodologies for making predictions within the CoT framework:

CoT over input only (CoT-I). Contrasted with ICL, CoT-I considers step-by-step in-
structions as inputs, nonetheless, the prediction for the last token is performed as a single
entity. Our experiments indicate that this approach lowers the sample complexity for TF to
comprehend the function f being learned (see the orange curves in Figures 10.5 and 10.6).
The CoT-I prediction aligns with Eq. (10.1) as follows, while the prompt is determined by
(P-CoT).

One-shot prediction: TF(pn(f),mtest) = f(mtest). (10.2)

CoT over both input and output (CoT-1/0). Despite the fact that CoT-I improves
the sample complexity of learning f' , the TF must still possess the capacity to approximate
functions from the function class F, given that the prediction is made in one shot. To mitigate
this challenge, we consider a scenario where in addition to implementing a CoT prompt, we

also carry out CoT predictions. Specifically, for a composed problem with inputs formed via
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(P-CoT), the model recurrently makes L-step predictions as outlined below:

Step 1: TF(pn(f),a:test) = g
Step 2: TF(pn(f),wtest, §1) = g2

Setp L: TF(pn(f), Trw, 8-+, 877 1) ~ f(:ctcst), (10.3)

where at each step (step ¢), the model outputs an intermediate step (8°) which is then
fed back to the input sequence to facilitate the next-step prediction (§*!). Following this
strategy, the model only needs to learn the union of the sub-function sets, UEL:1 Fu, whose
complexity scales linearly with the number of steps L. Empirical evidence of the benefits
of CoT-1/O over ICL and CoT-I in enhancing sample efficiency and model expressivity is

reflected in the blue curves shown in Figures 10.5 and 10.6.

10.2.3 Model Training

In Figure 10.1 and Section 10.2, we have discussed vanilla ICL, CoT-I and CoT-1/0O methods.
Intuitively, ICL can be viewed as a special case of CoT-I (or CoT-I/0) if we assume only
one step is performed. Consequently, we will focus on implementing CoT-I and CoT-1/0 for
model training in the following.

Consider the CoT prompt as in (P-CoT), and assume that @ ~ Dy, and f; ~ Dy, € [L],
where L denotes the number of compositions/steps, such that the final prediction should
approximate f(x) = fr(fr—1... fi(®)) :=y € Y. We define {(y,y) : Y x Y — R as a
loss function. For simplicity, we assume fi(... fi(x)) € Y, ¢ € [L]. Let N represent the
in-context window of TF, which implies that TF can only admit a prompt containing up to
N in-context samples. Generally, our goal is to ensure high prediction performance given
any length-n prompt, where n € [N]. To this end, we train the model using prompts with
length from 1 to N equally and aim to minimize the averaged risk over different prompt size.
Assuming the model TF is parameterized by 3 and considering meta learning problem, the
objective functions for CoT-I and CoT-I/O are defined as follows.

N
_— ' 1 .
BT = arg mén E(wn)ﬁ’:l,(fe)f:l [N Zf(ym f(a’n))]
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Figure 10.2: Depiction of Theorem 10.1 that formalizes CoT as a Filtering + ICL procedure.
In this illustration, we utilize in-context samples as depicted in Figure 10.1, characterizing
the CoT prompt by (z, s', s%,y). We show a transformer TF, composed of TFig o TFpg. TFzg
facilitates the implementation of filtering on the CoT prompt (refer to (P-CoT), illustrated
on the left side of the figure), subsequently generating vanilla ICL prompts (refer to (P-ICL),
illustrated on the right side of the figure). During each step of the ICL process, TFiz em-
ploys gradient descent techniques to address and solve sub-problems, exemplified by linear
regression in the context of solving MLPs.

and

N L
R 1
CoT-1/0 4
B0 = argminE o [_N S pIIC: >]

n=1 /=1

where 9, = TF(p,(f), x,) and &', = TF(p,(f), @, ---s51). pu(f) is given by (P-CoT),
and as mentioned previously, s =  and s” = y. All  and f, are independent, and we

take the expectation of the risk over their respective distributions.

10.3 Provable Approximation of MLPs via CoT

In this section, we present our theoretical findings that demonstrate how CoT-1/O can
execute filtering over the CoT prompt, thereby learning a 2-layer MLP with input dimension
of d and hidden dimension of &, akin to resolving k d-dimensional ReLLU problems and 1
k-dimensional linear regression problem. Subsequently, in Section 10.4.1, we examine the
performance of CoT-I/O when learning 2-layer random MLPs. Our experiments indicate
that CoT-1/O needs only O(max(d, k)) in-context samples to learn the corresponding MLP.

We state our main contribution of establishing a result that decouples CoT-based in-
context learning (CoT-1/O) into two phases: (1) Filtering Phase: Given a prompt that
contains features of multiple MLP layers, retrieve only the features related to a target layer
to create an ICL prompt. (2) ICL Phase: Given filtered prompt, learn the target layer

weights through gradient descent. Combining these two phases, and looping over all layers,

161



we will show that there exists a transformer architecture such that CoT-I/O can provably
approximate a multilayer MLP up to a given resolution. An illustration is provided in
Figure 10.2. To state our result, we assume access to an oracle that performs linear regression

and consider the consider the condition number of the data matrix.

Definition 10.1 (MLP and condition number) Consider a multilayer MLP defined by
the recursion st = ¢(Wyst™t) for € € [L], i € [n] and 89 = z,. Here ¢(x) := max(ax,z) is
a Leaky-ReLU activation with 1 > o > 0. Define the feature matriz T, = [s{ ... s']T and

define its condition number ky = Omax(Te)/omin(Te) (with o = 0 for fat matrices) and

Rmax = MaXg<y<L Ke-

Assumption 10.1 (Oracle Model) We assume access to a transformer TFpp which can
run T steps of gradient descent on the quadratic loss L(w) = > i (yi — w'x;)* given a

prompt of the form (x1,y1,. .., Tn, Yn)-

We remark that this assumption is realistic and has been formally established by earlier
work [4, 62]. Our CoT abstraction builds on these to demonstrate that CoT-I/O can call a
blackbox TFmodel to implement a compositional function when combined with filtering.
We now present our main theoretical contribution. Our result provides a transformer
construction that first filters a particular MLP layer from the prompt through the attention
mechanism, then applies in-context learning, and repeats this procedure to approximate the

MLP output. The precise statement is deferred to the supplementary material.

Theorem 10.1 (CoT<Filtering+ICL) Consider a CoT prompt p,(f) generated from
an L-layer MLP f(-) as described in Definition 10.1, and assume given test example

1 L )

(thS“ Stest’ Tt Stest :

For any resolution ¢ > 0, there exists 6 = d(¢), iteration choice
T = O(k2,. 1og(1/€)), and a backend transformer construction TFgg such that the concate-
nated transformer TF = TFpp o TFpe implements the following: Let (§ )e ! denote the first
¢ —1 CoT-1/0O outputs of TF where 8° = x,.,, and set p[l] = (pp(f), Trou, 8* ... 871, At
step £, TF implements

1. Filtering. Define the filtered prompt with input/output features of layer ¢,

pler _ ...0,8710...0,551 0 ...0,57! |
" ...0, 0, s{...0, 0, sf; .0, 0
There exists a fized projection matrixz I1 that applies individually on tokens such that
the backend output obeys |[TL(TFz:(p[l])) — plier|| < 6.

2. Gradient descent. The combined model obeys || TF(p[l]) —

</{-¢/L.

test
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TFr has constant number of layers independent of n and T'. Consequently, after L rounds
of CoT-1/0, TFoutputs f(,...) up to € accuracy.

Remark 10.1 Note that, this result effectively shows that, with a sufficiently good blackbox
transformer TFp (per Assumption 10.1), CoT-1/0 can learn an L-layer MLP using in-
context sample size n > maxee(r)dy where dy is the input dimension of Cth layer. This
1s assuming condition number Knya.x of the problem is finite as soon as all layers become
over-determined. Consequently, CoT-1/0 needs max(k,d) sample complexity to learn a two
layer MLP. This provides a formal justification for the observation that empirical CoT-1/0

performance is agnostic to k as long as k < d.

We provide the concrete filtering statements based on the transformer architecture in Ap-
pendix [.1, and the key components of our construction are the following: (i) Inputs are
projected through the embedding layer in which a set of encodings, an enumeration of the
tokens (1,2,..., N), an enumeration of the layers (1,2,..., L) and an identifier for each layer
already predicted are all attached. Notice that this “modification” to the input only depends
on the sequence length and is agnostic to the token to-be-predicted. This allows for an
automated looping over L predictions. (ii) We use this information to extract the sequence
length N and the current layer ¢ to-be-predicted. (iii) With these at hand, we construct an
‘if-then’ type of function using the ReLU layers to filter out the samples that are not needed

for the prediction.

10.4 Experiments with 2-layer Random MLPs

For a clear exposition, we initially focus on two-layer MLPs, which represent 2-step tasks
(e.g., L =2). We begin by validating Theorem 10.1 using the CoT-I1/O method, demonstrat-
ing that in-context learning for a 2-layer MLP with d input dimensions and £ hidden neurons
requires O(max(d, k)) samples. The results are presented in Section 10.4.1. Subsequently,
in Section 10.4.2, we compare three different methods: ICL, CoT-I, and CoT-I/O. The
empirical evidence highlights the advantages of CoT-1/0, showcasing its ability to reduce

sample complexity and enhance model expressivity.

Dataset. Consider 2-layer MLPs with input & € R?, hidden feature (step-1 output) s €
R* and output y € R. Here, s = fi(z) := (Wx), and y = fo(s) := v's, with W € RF*4
and v € R* being the parameters of the first and second layer, and (), = max(z,0) being
ReLU activation. The function is composed as y = v (Wz),. We define the function
distributions as follows: each entry of W is sampled via W;; ~ N(0, %), and v ~ N(0, I};),
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Figure 10.3: We solve 2-layer MLPs with varying input dimension d € {10,20} and hidden
neuron size k € {4,8,16}.
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Figure 10.4: We solve 2-layer MLPs with d = 10 and k € {4,16,64}. We then decouple the
composed risk of predicting 2-layer MLPs into risks of individual layers.

with inputs being randomly sampled through & ~ N(0, I;)!. We apply the quadratic loss
in our experiments. To avoid the implicit bias due to distribution shift, both training and

test datasets are generated following the same strategy.

10.4.1 Empirical Evaluation of CoT-I/O Performance

To investigate how MLP task impacts CoT-I/O performance, we train 2-layer MLPs with
varying input dimensions (d) and hidden layer sizes (k). The results are presented in Fig-

ures 10.3 and 10.4, and all experiments utilize small GPT-2 models for training?.

CoT-1/0 performance is agnostic to k£ when k£ < d (Figure 10.3). In Fig. 10.3a,
we train MLPs with d = 10,20 and k£ = 4,8,16. Solid and dashed curves represent the
CoT-1/0 test risk of d = 10 and 20 respectively for varying in-context samples. The results

!Following this strategy for data generation, the expected norms of x, s and y are equivalent, and the
risk curves displayed in the figures are normalized for comparison.
20ur code is available at https://github.com /yingcong-li/Dissecting-CoT.
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indicate that an increase in d will amplifies the number of samples needed for in in-context
learning, while the performance remains unaffected by changes in k € {4,8,16}. To further
scrutinize the impact of d on CoT-1/0 accuracy, in Fig. 10.3b, we adjust the horizontal axis
by dividing it by the input dimension d, and superimpose both d = 10,k = 16 (blue solid)
and d = 20,k = 16 (orange dashed) results. This alignment of the two curves implies that
the in-context sample complexity of CoT-1/0 is linearly dependent on d.

Large k dominates CoT-I/0O performance (Figure 10.4). We further investigate the
circumstances under which & begins to govern the CoT-1/O performance. In Figure 10.4a,
we replicate the same experiments with d = 10, but train with wider MLPs (k = 64). Blue,
orange and green curves represent results for k = 4,16, 64 respectively. Since the hidden
dimension k = 64 is larger, learning the second layer requires more hidden features (s), thus
N = 100 in-context samples (providing 100 ss) are insufficient to fully restore the second
layer, leading to performance gaps between k = 4,16 and k£ = 64. To quantify the existing
gaps, we conduct single-step evaluations for both the first and the second layers, with the
results shown in Figures 10.4b and 10.4c. Specifically, let p,( f ) be a test prompt containing
n in-context samples where f represents any arbitrary 2-layer MLP. Given a test sample

(Tiesty Seests Yrest ), the layer predictions are performed as follows.

Ist layer prediction: TF(pn(f), Tww) = 8,
2nd layer prediction: TF(p,(f), e, Suee) = i

The test risks are calculated by ||8 — 8ye||? and (§ — ¥.eee ). The risks illustrated in the figures
are normalized for comparability (refer to the appendix for more details). Evidence from
Fig. 10.4b and 10.4c shows that while increasing k& does not affect the first layer’s prediction,
it does augment the number of samples required to learn the second layer. Moreover, by
plotting the first layer risks of k& = 4,16 (blue/orange dotted) and second layer risk of k = 64
(green dashed) in Fig. 10.4a, we can see that they align with the CoT-I1/O composed risks.
This substantiates the hypothesis that CoT-1/0O learns 2-layer MLP through compositional

learning of separate layers.

10.4.2 Comparative Analysis of ICL, CoT-I and CoT-1/0

Varying model sizes (Figure 10.5). We initially assess the benefits of CoT-I1/0 over ICL
and CoT-I across different TF models. With d = 10 and k = 8 fixed, we train three different
GPT-2 models: standard, small and tiny GPT-2. The small GPT-2 has 6 layers, 4 attention
heads per layer and 128 dimensional embeddings. The standard GPT-2 consists of twice the
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Figure 10.5: Comparison of three methods for solving 2-layer MLPs using different GPT-2’s.
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Figure 10.6: Comparison of three methods for solving 2-layer MLPs with different widths.

number of layers, attention heads and embedding dimensionality compared to the small GPT-
2, and tiny GPT-2, on the other hand, possesses only half of these hyperparameters compared
to the small GPT-2. We evaluate the performance using prompts containing n in-context
samples, where n ranges from 1 to N (N = 100). The associated test risks are displayed
in Figs. 10.5b, 10.5¢ and 10.5d. The blue, orange and green curves correspond to CoT-1/0,
CoT-I and ICL, respectively. In Fig. 10.5a, we present the averaged risks. The results show
that using CoT-1/0, the small GPT-2 can solve 2-layer MLPs with approximately 60 samples,
while CoT-I requires the standard GPT-2. Conversely, ICL is unable to achieve zero test risk
even with the standard GPT-2 model and up to 100 samples. This indicates that to learn
2-layer MLPs in a single shot, ICL requires at least O(dk + d) samples to restore all function
parameters. Conversely, CoT-I and CoT-1/O can leverage implicit samples contained in the
CoT prompt. Let f; € F; (first layer) and f, € F» (second layer). By comparing the
performance of CoT-I and CoT-1/0, it becomes evident that the standard GPT-2 is capable
of learning the composed function f = fy o f; € F, which the small GPT-2 cannot express.

Varying MLP widths (Figure 10.6). Next, we explore how different MLP widths im-
pact the performance (by varying the hidden neuron size k € {4,8,16}). The corresponding
results are depicted in Figure 10.6. The blue, orange and green curves in Fig. 10.6b, 10.6¢
and 10.6d correspond to hidden layer sizes of £ = 4, 8, and 16, respectively. Fig. 10.6a
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Figure 10.7: Evaluations over deep linear MLPs using CoT-I/O and ICL where CoT-X
represents the X-step CoT-1/O. Fig. 10.7a illustrates point-to-point meta results where the
model is trained with substantial number of samples. In contrast, Fig. 10.7b displays the
one-shot performance (with only one in-context sample provided) when making predictions
during training.

displays the averaged risks. We keep d = 10, N = 100 fixed and train with the small GPT-2
model. As discussed in Section 10.4.1, CoT-I/O can learn a 2-layer MLP using around 60
samples for all £ = 4, 8,16 due to its capability to deconstruct composed functions. However,
CoT-I can only learn the narrow MLPs with k£ = 4, and ICL is unable to learn any of them.
Moreover, we observe a substantial difference in the performance of ICL and CoT-I with
varying k (e.g., see averaged risks in Fig. 10.6a). This can be explained by the fact that
enlarging k results in more complex F; and F, thus making the learning of F = F, x F;

more challenging for ICL and CoT-I.

10.5 Further Investigation on Deep Linear MLPs

In Section 10.4, we have discussed the approximation benefits of CoT-I/O and how it in-
context learns 2-layer random MLPs by parallel learning of k£ d-dimensional ReLU and 1
k-dimensional linear regression. In this section, we investigate the capability of CoT-1/0 in
learning longer compositions. For brevity, we will use CoT to refer to CoT-1/0O in the rest

of the discussion.

Dataset. Consider L-layer linear MLPs with input & € R? ~ N(0, I;), and output gener-
ated by y = W, W, _; --- Wiz, where the (th layer is parameterized by W, € R¥? ¢ € [L].
In this work, to better understand the emerging ability of CoT, we assume that each layer
draws from the same discrete sub-function set F = {W}, : W,/ W, = Ik € [K]}®. There-
fore, to learn the L-layer neural net, CoT only needs to learn F with |F| = K, whereas ICL

3This assumption ensures that the norm of the feature remains constant across layers ( ||z|| = [|y| = ||s*]),
enabling fair evaluation across different layers.
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needs to learn the function set F*, which contains K random matrices.

Composition ability of CoT (Figures 10.7). Set d =5, L = 6 and K = 4. At each
round, we randomly select L matrices Wy, ¢ € [L] from F so that for any input «, we can
form a chain

r—s =8 8=y,

where s = Wyst™1 ¢ € [L] and s° := x. Let CoT-X denote X-step CoT-I/O method. For
example, the in-context sample of CoT-6 has form of (x, s', s?,...s% y), which contains all
the intermediate outputs from each layer; while CoT-3, CoT-2 have prompt samples formed

2 s' y) and (x, 83, y) respectively. In this setting, ICL is also termed as CoT-1, as

as (x, s
its prompt contains only (x,y) pairs. To solve the length-6 chain, CoT-X needs to learn
a model that can remember 45X matrices. Therefore, ICL is face a significantly challenge
sincd it needs to remember 4% = 4,096 matrices (all combinations of the 4 matrices used for
training and testing) compared to just 4 for CoT-6.

We train small GPT-2 models using the CoT-2/-3/-6 and ICL methods, and present the
results in Fig. 10.7a. As evident from the figure, the performance curves of CoT-2 (orange),
CoT-3 (green) and CoT-6 (red) overlap, and they can all make precise predictions in one shot
(given an in-context example n = 1). It seems that TF has effectively learned to remember
up to 64 matrices (for CoT-2) and compose up to 6 layers (for CoT-6). However, ICL (blue)
struggles to learn the 6-layer MLPs in one shot. The black dashed curve shows the solution
for linear regression y = B"x computed directly via least squares given n random training
samples, where @ is the input and y is from the output of the 6-layer MLPs (e.g., y[0]). The
test risks for n = 1,...10 are plotted (in Fig. 10.7a), which show that the ICL curve aligns
with the least squares performance. This implies that, instead of remembering all 4,096
matrices, ICL solves the problem from the linear regression phase.

In addition to the meta-learning results which highlight the approximation benefits of
multi-step CoT, we also investigate the convergence rate of CoT-2/-3/-6 and ICL, with
results displayed in Fig. 10.7b. We test the one-shot performance during training and find
that CoT-6 converges fastest. This is because it has the smallest sub-function set, and given
the same tasks (e.g., deep neural nets), shortening the chain leads to slower convergence. This
supports the evidence that taking more steps facilitates faster and more effective learning of

complex problems.

Evidence of Filtering (Figure 10.8). As per Theorem 10.1 and the appendix, trans-
formers can perform filtering over CoT prompts, and the results from 2-layer MLPs align

with our theoretical findings. However, can we explicitly observe filtering behaviors? In
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Figure 10.8: Fig. 10.8a is generated by magnifying the initial 50k iterations of Fig. 10.7b,
and we decouple the composed risks from predicting 6-layer linear MLPs into predictions for
each layer, and the results are depicted in Fig. 10.8b. Additional implementation details can
be found in Section 10.5.

Fig. 10.8a, we display the results of the first 50k iterations from Fig. 10.7b, and observe
risk drops in CoT-6 (red) at the 15k and 25k iteration (shown as grey dotted and dashed
lines). Subsequently, in Fig. 10.8b, we plot the test risk of each layer prediction (by feeding
the model with correct intermediate features not the predicted ones), where CoT-6 (red)
predicts the outputs from all 6 layers (s*,--- ,s’). From these figures, we can identify risk
drops when predicting different layers, which appear at either 15k (for layer 2, 3, 4, 5, 6)
or 25k (for layer 1) iteration. This implies that the model learns to predict each step/layer
function independently. Further, we test the filtering evidence of the fth layer by filling

irrelevant positions with random features. Specifically, an in-context example is formed by
(20,87 8% 2 L 2F), where s' = W,(s!) and z ~ N(0,1,).

The test risks are represented by black dotted curves in Fig. 10.8b, which aligned precisely
with the CoT-6 curves (red). This signifies that each layer’s prediction concentrate solely
on the corresponding intermediate steps in the prefix, while disregarding irrelevant features.

This observation provides evidence that the process of filtering is indeed performed.
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CHAPTER 11

Conclusion and Future Work

The rapid advancement of artificial intelligence (AI) and machine learning (ML) has led
to models capable of performing tasks once considered exclusive to human cognition, such
as complex mathematical reasoning. While these models demonstrate impressive empirical
performance across a wide range of applications, they often lack a comprehensive theoretical
foundation. Many are developed through empirical trial and error, leaving fundamental
questions about their underlying mechanisms unanswered.

In light of these challenges, this thesis aims to advance the theoretical understanding of
language models, with a focus on their optimization, architecture, and emergent abilities.

As a brief overview, this thesis presents the following investigations:

Chapters 2—4: Optimization Dynamics of Softmax Attention. The attention mech-
anism, a core component of Transformer-based language models, plays a crucial role in
enabling parallelization over sequential data. However, the underlying reasons for its effec-
tiveness remain underexplored. This thesis establishes a concrete theoretical framework to
explain the optimization dynamics of softmax attention, revealing a surprising connection

to a foundational concept in machine learning: the Support Vector Machine (SVM).

Chapters 5-8: Optimization Landscape of Alternative Recurrent Models. De-
spite the success of softmax attention, its computational and memory costs are significant.
Recent alternatives (e.g., Mamba) offer efficient inference while maintaining competitive
performance. This thesis analyzes the optimization Landscape of several such architectures,

including Linear Attention, State Space Models, and Gated Linear Attention.

Chapters 9-10: Emergent Abilities of Language Models. LLMs exhibit emergent
capabilities such as the ability to perform unseen tasks without explicit parameter updates.
Beyond optimization analysis, this thesis investigates these emergent behaviors, including
in-context learning and chain-of-thought reasoning, and offers theoretical explanations for

how and why such behaviors arise.
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This thesis opens several avenues for further research, which we outline below:

e While this thesis establishes the asymptotic convergence of gradient descent for single-
layer softmax attention, a finer-grained non-asymptotic analysis remains an open ques-
tion. Understanding convergence rates could offer valuable insights into the influence
of learning rate, initialization, and optimization method. Moreover, the directional
behavior of gradient descent from arbitrary initialization is not yet fully characterized.
A key question is: Where does gradient descent converge directionally for 1-layer self-
attention models? Investigating this could clarify the role of over-parameterization
and further develop the notion of locally optimal directions, both of which appear to

influence training behavior in practice.

e The scope of this thesis does not fully capture the complexity of ICL in large language
models. In particular, it does not address more challenging settings such as question
answering, where in-context demonstrations must be integrated with general knowledge
acquired during pretraining. Future work could explore how specific contexts might
activate or suppress behaviors learned during pretraining, including undesirable ones.
Additionally, while this thesis introduces a theoretical model for retrieval-augmented
ICL, real-world settings require accounting for the quality and relevance of retrieved
demonstrations. Analyzing the effects of retrieval noise on final predictions is an im-

portant direction for extending this work.

e While our theoretical and experimental results validate the effectiveness of CoT, the
current analysis is limited to in-distribution settings. Future work could extend this
understanding to tasks with greater structural complexity, longer compositional chains,
and more diverse subproblem types, including autoregressive reasoning and symbolic
problem solving. Additionally, our proposed two-stage framework, filtering followed by
in-context learning, offers an interpretable explanation of how CoT reduces in-context
complexity, but its alignment with empirical behavior in real-world applications such as
code generation and mathematical reasoning remains to be fully understood. We have
shown that CoT can rely on a linear regression oracle to approximate an MLP, raising
the important question of whether LLMs can achieve similar expressivity without CoT,

and what the corresponding theoretical lower and upper bounds would be.
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APPENDIX A

Appendix for Chapter 2

A.1 Proofs for Section 2.2

A.1.1 Preliminaries on the Training Risk

By our assumption ¢ : R — R and ¢ : R — R are differentiable functions. Recall the

objective
Lo, W) = 37 (5 0(X8(K:p)) (A1)

with the generic prediction model (X 'S(Kp)) and K = XW .

Here, we write down the gradients of W and p in (A.1) to highlight the connection. Set
q:=W'p, 2{X} = XTS(Kp), and a{X} := Kp. Given X and using K = XW ' we
have that

Vatb(p, W) = X'S'(a{X}) X - ¢/ (2{X}), (A.2a)
Vwi(p, W) = pV, 1(p, W), (A.2¢)

where

S'(a{X}) = diag(S(a{X})) — S(a{X})S(a{X})" € RT*".

Setting 1)(2) = v 2z for linear head, we obtain

Vet (p, W) = X 'S'(a{X})y, (A.3a)
Vet (p, W) = WV (p, W) = K'S'(a{X})y, (A.3b)
Vw(p, W) =pV, o(p, W) =pv' X 'S'(a{X})X. (A.3c)
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Recalling (A.2b) and (A.2c), and defining ¢; := ¢'(y; - ¥(2{X;})) € R, we have that
1,
VoL W) =20 G WY (e W), (A4a)
VwL(p, W Zf’ yi - DV g (D, W). (A.4b)
Setting ¢(z) = v z for linear head and ~; = y; - X;v, we obtain
]' - / /
Vpl(p, W) = — Z (i K'S'(a{Xi})y, (A.5a)

VwL(p, W ( Ze’ TS'(a{X; )X ) (A.5h)

Lemma A.1 (Key Lemma) For any p,q € R, let a = Kq, s = S(Kp), and v = Xwv.
Set

I'= sup |%—7- and A=suplkl-[ql.
t,7e[T] te|T)

We have that

T
a'diag(s)y —a'ss'y — Z(ch —a;)s¢(71 — )

t>2

< 2TA(1 — s1)%

Proof. Set 5 = Zthl ~v:8:. We have

M7= Z(% — )8, and |y —7 <I'(1—s).

t>2
Then,
T T T
a'diag(s)y —a'ss'y = Z VSt — Z a;S; Z VeSt
t=1
=ai181(11 — Zatst (= ")
t>2
Since
T
> asi(7— ) Zatst < AT(1 - s1)?,
>2 >2
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we obtain'

a'diag(s)y —a'ss'y = ar81(n - Z asi(n — ) £ AT(1 - s1)?
t>2
T T
= a8 Z(% Zatst M — %) £ AT(1 - s1)°
+>2 t>2

(@181 — a;)s; (71 — ) £ AL(1 — 51)?

]~

V

t>2

(a1 — ay)si(y1 — ) £ 2A0(1 — 31)2.

M-

t

v
N

Here, + on the right handside uses the fact that

T
Z(alsl —a1)si(vi — )| < (1—s AFZ s, = (1 —s1)%Al.

£>2 t>2

A.1.2 Proof of Lemma 2.1

Proof. Let us prove the result for a general step size sequence (7;):>0. On the same training
data (yl-,X-)? |, recall the objectives £(p) = LS Uy - v(X[TS(Xp))) and L(W) =
LSy - (X S(X;W Tw))). Suppose claim is true till iteration ¢. For iteration ¢ + 1,
using W (t)"u = p(t), define and observe that

Si = S'(X,W(t)"u) = S'(Xip(t)),
s;i = S(X;W () 'u) = S(Xip(t))
2{X;} = X;S(Xz‘p( ) = TS(XzW< ) u),

)

Y

for all i € [n].

'For simplicity, we use & on the right hand side to denote the upper and lower bounds.
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Thus, using (A.4), we have that
1 n
t :—E Oy XS X (2{ X
V,C(p( )) ni:1 7 yl 1 SZ ? ¢(z{ })’

-
1 n
VLW (1) u(nzy TSX /(= }))
Consequently, we found that gradient is rank-1 with left singular space equal to u, i.e.,
VLW (t)) = uV L(p(1)).

Since W (t)’s left singular space is guaranteed to be in u (including W (0) by initialization),
we only need to study the right singular vector. Using the induction till ¢, this yields

Wit+1D) Tu=W(t) u—nlu| 2V LW(E)u
t) — mllul| *uTuVL(p(1))
t+1).

p(
p(

This concludes the induction. ]

A.2 Proofs for Section 2.3

A.2.1 Descent and Global Gradient Correlation Conditions

The lemma below identifies conditions under which p™™* is a global descent direction for

L(p).

Lemma A.2 Suppose ((-) is a strictly decreasing differentiate loss function and Assump-
tion 2.2 holds. Then, for all p € RY, the training loss (ERM) obeys (VL(p), p™™) < 0.

Proof. Set
vi =y - Xv, a; = K;p, a;=K;p™”*, and gé =/ (%’TS(Kz‘p)) . (A.6)

Let us recall the gradient evaluated at p which is given by

]' . / /
VL(p) = > 6K S (@) (A7)
i=1
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This implies that
(VL(p), p™™*) = Ze’ (@;,S'(a;)v;) . (A.8)

To proceed, we will prove that individual summands are all strictly negative. To show that,
without losing generality, let us focus on the first input and drop the subscript i for cleaner

notation. This yields
(@,5'(a)y) = a' diag(S(a))y — a"S(a)S(a) . (A.9)

Without losing generality, assume optimal token is the first one and ~; is a constant for all
t>2.

To proceed, we will prove the following: Suppose v = ;> is constant, v;, a; are the largest
indices of v,@. Then, for any s obeying >, ;) 8t = 1,8 > 0, we have that a'diag(s)y —

a'ss'y > 0. To see this, we write

T T T
a'diag(s)y —a'ss'y = Z ;S — Z a;Sq Z%St
t=1 t=1 t=1
T
= (&17181 + ’YZ C_ltst> — (7131 +v(1 -8 ) <a151 + Za’tst>

t>2

=a (71 —7)s1(1—s1) + (7 (ms1+ (1 —s1) > Zatst
t>2

T
=ai(n —7)si(l—s1) — (1 —7)s1 Zatst
t>2
_ Z a;S;
= (1 — 7)1 = s1)s [al == 7
Zt>2 S¢

(A.10)

To proceed, let veup = 71 — 7 and @,y = @1 — maxy> a;,. With these, we obtain

a'diag(s)y — @' ss'y > agapYeapsi(l — s1). (A.11)
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Note that

. . .
Ayap = ;ggt(kiopti — ki) p™ > 1,

7 .
= inf Yiept. — it > 0
7gap t£opt, ’prtl Vit )

Sil(l — Sil) > 0.

On the other hand, by our assumption ¢, < 0. Hence, infimum’ing (A.11) over all inputs,

multiplying by ¢, and using (A.8) give the desired result. [ ]

Lemma A.3 (Gradient Correlation Conditions) Consider n =1 and let p™™ = p™™*
be (p-SVM) solution separating o = opt from remaining tokens of input X. Suppose £(-) is
a strictly decreasing differentiate loss function and Assumption 2.2 holds. For any choice of

7 > 0, there exists R := R, such that, for any p with ||p|| > R, we have

<v,5(p),i> > (14 1) <V£(p) p"" >

Il [l

Above, observe that as R — oo, we eventually get to set m = 0.
Proof. The proof is similar to Lemma A.2 at a high-level. However, we also need to account
for the impact of p besides p™™ in the gradient correlation. The main goal is showing that
p™™ is the near-optimal descent direction, thus, p cannot significantly outperform it.

To proceed, let 5 = [p™|p/|Ipll, M = sup, [k}, © = 1/[p™™], s = S(Kp), a = K,
a = Kp™. Without losing generality assume opt = 1. Set v = ~;>2. Repeating the proof
of Lemma A.2 yields

mm / -_ ZT a S ]
(VL) p™) =€+ (n = 7)(1 = s1)s | @1 — =22

thzst ]

7] / ZT a,s; |

<V‘C(p)vp> =0 (’Yl - 7)(1 - 81)31 a; — #ﬂ

L thgst ]

Given m, for sufficiently large R, we wish to show that

T T _
Sty - St

2722 St Zt22 St

a;

We consider two scenarios.
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Scenario 1: |p — p™™|| < e:=7/(2M). In this scenario, for any token, we find that
@, — a,| = |k (B —p™)| < M||p - p™| < Me.

Consequently, we obtain

s oGSt e Sy
- ———2>a ——— —2Me=a, - ——— -1
thz St zt22 St 2122 St

oo @St
T
D> St

Scenario 2: ||p — p™™@| > € := 7/(2M). In this scenario, for some v = v(e) and 7 > 2, we
have that

Also noticing a; — > 1 (thanks to p™™ satisfying > 1 margin), this implies (A.12).

p(ki—k)=a —a, <1—2v.

Here 7 = argmax;>o p' k; denotes the nearest point to k;. Recall that s = S(Ra) where
R = ||p||/|lp™™]|. To proceed, split the tokens into two groups: Let A/ be the group of tokens
obeying p' (k1 — ki) <1—wv for t € N and [T] — N be the rest. Observe that

vR

Zte[T]—N St < Zte[T]—N St 7 R

T - - 2UR
222 St St €

Set M = M/© and note that |la;|| < ||[p™| - ||k:]| < M. Using p' (k1 — k) < 1 — v over
t € N and plugging in the above bound, we obtain

T
thg(al —ay)s, _ ZteN(a’l —a;)s; " Zte[T]—N(al —ay)s;
T = T T
thz St thz St Zt22 St

<l-—-v+ oOMTe B,

- _ _
Using the fact that a; — 2uiza 3ot > 1, the above implies (A.12) with 7' = 2MTe " —v. To

proceed, choose R, = v 'O log(2MT /) to ensure 7’ < T. u

The following lemma states the descent property of gradient descent for L£(p) under
Assumption 2.1. It is important to note that although the infimum of the optimization
problem is £*, it is not achieved at any finite p. Additionally, there are no finite critical

points p.
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Lemma A.4 Under Assumption 2.1, the function L(p) is L,-smooth, where

n

1
Lyi= = (Mollol* WP X|[* + 30y o]l WP X:]°) (A.13)

i=1

Furthermore, if n < 1/L,, then, for any initialization p(0), with the GD sequence p(t + 1) =
p(t) —nVL(p(t)), we have

Lp(t+1)) - L(p(t)) < —g IV L), (A.14)

for all t > 0. This implies that
S IVE GO < oo, and lim VL (p(6)]F = 0. (A.15)
t=0

Proof. Recall that we defined 7; = y; - X;v and a; = K;p. The gradient of L(p) is given
by

1 n
VL(p) = n Z«gl (%’TS(Kz‘P)) : K;S,(ai)%-
i=1
Note that for any p € R¢, the Jacobian of S(K;p) is given by

OS(Kp)

Op =S(Kip)K; = (diag(S(Ki ) — S(K; )S(Kip)T) K;. (A.16)

The Jacobian (A.16) together with the definition of the softmax function S(-) implies that
|10S(K;p)/0p|| < || K:||. Hence, for any p, p € R?, we have

IS(Kip) — S(Kip)|| < [ Ki| [lp — b, (A.17a)
and

IS'(Kip) — S'(Kip)|| < [|diag(S(K;p)) — diag(S(K;p))||
+ HS(Kz’P)S(KiP)T - S<Kip)S<Kip)TH
< 3Kl lp — plI. (A.17b)

Here, the last inequality uses the fact that |ab — cd| < |d||la — ¢| + |al||b — d|.
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Next, for any p, p € R%, we have
VL) - V@) < 30 ¢ (T8(Kp) - KT8 (Kop)i — ¢ (S(Kp) - KTS (K)o
< LSO RIS RN ¢ (TSP - ¢ (T SKp)
SIS e sm)| K s 0 - KIS
<33 G 6K )~ 509
v %anwmu 1Kl 1S (Kp) — 8/ (Kop)l], (A18)

where the second inequality follows from the fact that |ab — cd| < |d||a — ¢| + |a||b — d| and
the third inequality uses Assumption 2.1.
Substituting (A.17a) and (A.17b) into (A.18), we get

. 1 & .
HVEW»—VE@MféEEZUMMMFWQW+3MNKMmeHp—pH
=1

IN

1 — '

n Z (Mol PIW P11 X" + 3My ||lo][|W 1| X3 ) llp — Pl
=1

< L,|lp - pl,

where L, is defined in (A.13).
The remaining proof follows standard gradient descent analysis (see e.g. [177, Lemma

10]). Since L (p) is L,-smooth, we get

Lt+1) <L) +VLO®) (pt+1)—p1)+ % lp (t+1) —p (1)
L) - VLB + 2 vL )
— o) -1 (1-2") IvL )
<L) -3 VL@@,

where the last inequality follows from our assumption on the stepsize.
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The above inequality implies that

oo 2 i}
Y IVL@)® < 5(5 (p(0)) = £7), (A.19)
=0

where the right hand side is upper bounded by a finite constant. This is because, by As-

sumption 2.1, £ (p(0)) < oo and L* < L (p(t)), where £* denotes the minimum objective.

Finally, (A.19) yields the expression (A.15). |

A.2.2 Local Gradient Correlation Conditions

Let (7;)™, be the sets of all support indices per Definition 2.2. Let T; := [T] — T; — {a;} be
the set of non-SVM-neighbor token indices for i € [n]. Let Z C [n] be the sample index set
that contains samples with support for locally optimal tokens as per Definition 2.2, and Z

be the sample index set without support tokens, that is

7={iel ] T#0}, and Z={ie] \ Ti=0}=[n-1T (A.20)
Let
1
_ : A2la
o] (.21
1 1
§ =min<{ —minmin ((kja, — kir) pP™ —1),~= ¢, A.21b
mm{ {Iel[lillr:él%l (( i ) P ) 4} ( )
_ [k
A= max{ie[ri}l?é(m 5 e, (A.21c)
62

When 7; = 0 for all i € [n] (i.e. globally-optimal indices), we set § = oo as all non-neighbor

related terms will disappear. Recall scores 7;; = v; - v ' ;. We define the global scalar

C'= sup |y — Virl - (A.22a)

i€[n],t, T[T

We define the score gaps over ¢ € Z and support indices:

Vi = Yia; — MAX Vit P = 70, — min vy
P i 1T, ity 7 i teT ity
gap __ : gap ~8ap __ ~gap
PYmin - 1}2%1 f)/z ) and meax - nileai—x 7@ . <A22b)
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Recall s; = S(K;p). We set

S; = Zsita and Q; = Z Sir.

teT; T€T;

Lemma A.5 For any p < p(0) with u(0) defined in (A.21d), g € cone,(p™™") with ||q|| =
™™, and for alli € [n], t € T;, and T € T;, we have

3
(ki — ki) 'q > 55 > 0, (A.23a)
(Ki, — kiz) '@ > 1+ 25, (A.23b)
1 1
1+ 55 > (Ko, — ki) 'q>1— 55, (A.23c)

Proof. To show (A.23), we note that for any g € cone,(p™) such that ||q|| = |[p™|],

lg — 2™ = V2[[p™? - 2 (g. p™™)

— o™ i pZZ>
||p I o

@"

)
< —.
~ 4A0

(A.24)

Here, the first inequality follows from (2.8), and the last equality uses (A.21d).
We will proceed to show a bound on (k;;, — k;t,) " (g — p™®) for any i € [n] and any token
indices t1,ty € [T]. For any token index t € [T, we have

ki (g — p™™)| < [lg — p™ ||| ki

0
S sztH
4A0
5 (A.25)
- 4A@ 164

o
=7
Here, the second inequality follows from (A.24); and the third inequality is obtained from
(A.21c).

Hence, it follows from (A.25) that

for all ¢1,t, € [T] and any i € [n], (K, — ki,) " (@ —p™)| < (A.26)

N >
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Note that p™™ is the solution of (p-SVM). Hence, from the definition of § in (A.21b), we
have . )
6 < = min min ((km — ki) p™™ — 1) < —min min _(k; — k:iT)Tpmm.
i€[n] reT; i€ln] teT; T€T;

This, together with (A.26), implies that for all t € 7; and 7 € Tj,

(ki — kiT)T q> (ki — k?z‘T)Tpmm + (ki — kiT)T (g —p™)

> 2 — %5 = gé,
(Kia; — kz‘r)Tq > (Ko, — kiT)Tpmm + (Kia; — k?z‘T)T(q —p™™)

1 3
>1420—-0=1+4+ -
>1+26 26 —|—25,

|(Kia, — ki) '@ — 1| = |(Kia, — kit) 'P™ + (Kia, — ki) (@ — p™™) — 1]

= |(Kia, — ki)' (q— p"™M)| <

This completes the proof.
|

In the following lemma, we demonstrate the existence of parameters ;1 > 0 and Ru >0
such that when R, is sufficiently large, there are no stationary points within C, g, (p™")
defined in (2.8).

Lemma A.6 Suppose Assumption 2.1 on the loss function ¢ holds. Let oc = (o), be locally
optimal tokens (Definition 2.2). Let p™™ = p™™ () denote the SVM solution via (p-SVM).
There exists i € (0, 1(8)] such that for sufficiently large R,: For all q € cone,(p™™) with
lqll = [lp™"|| and p € C, g, (P™™), there exist dataset-dependent positive constants C, C,
and c such that

O 2N (1 s0) > (VLE)a) 2 e - 3 (1 s0) >0, (A.27a)
" €1 n i€l
~ 1
IVEP) < AC-— > (1= 8ia), (A.27D)
€T
g VL(p) > ¢ O
- ) Z - > O A27C
<uqu VL)) = ¢ A (A-27c)

Here, 8io; = (S(Kip)),,; T C [n] is defined in (A.20); © and A are defined in (A.21).

Proof. Let R := ||p|,
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Before the main proof of the lemma, we provide bounds for |a;|, Q;, S;, and @Q;/S;. Note
that using (A.21c), for all ¢ € R¥™? with ||q|| = ||[p™]|, we have

enax Aawly < max  {lql] [k} < A. (A.29)
Here, the last inequality uses (A.23c).

Assume, without loss of generality, a; = 1 for all i € [n]. Let ©, 0, and p(J) be defined in
(A.21a), (A.21b), and (A.21d), respectively. Choose u € (0, ()] so that it will satisfy the
requirement of Lemma A.5. Note that 7; can be empty for some i € [n]. In this case, we
set S; = 0. Similarly, 7; can also be empty for some i € [n], in which case we set Q; = 0.
Note that for all p € cone,(p™™), ||p™|p/||p| satisfies the requirement of Lemma A.5.
Hence, we can provide bounds for ); and S; in the following. If @); is positive, for any

p € cone,(p™) and with 7; as the set of all non-support indices, we have

Q; = 2ieT b Zt 7. ¢ kup < Te RO(1+39), (A.30)

Z?—l kip = ekap

Here, the last inequality uses our definition R = ||p|| for all p € cone,(p™™), © = 1/|p™|,
and (A.23b).

Similarly, in the case \S; is positive, for any p € cone,(p

)

and 7; as the set of all support

indices, we have

S, = ZteTe P Zt Te Fap > 1 RO(1+30) (A.30D)

SL e S Tl ST
: &P
ZteTe P Zt ek TefR@(p%(;)

Si = ZT 1€kztp < ekzlp (A?)OC)
Here, the last inequalities in (A.30b) and (A.30c) follow from (A.23c).
Further, for positive S; and any p € cone,(p™), from (A.23a), we have
, _ ckap
Qi _ 2er @ < Te 2H99, (A.30d)

- T
Si ZteTi ekuP

Proof of (A.27a):
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To proceed, we write the gradient correlation following (A.7) and (A.10) as

n

—(VL(p). q) = %Z(—w @] (@),
== Z —0) - a; S (a;)y + iZ(—eg) -a; S' (@) (A.31)

zeI i€l
Directly applying Lemma A.1, for any i € [n], we obtain

T
ajdlag(sl)% — G,ZTSZ'SZT’YZ‘ — Z(ail — a'it)sit(’yil — ’)/Zt) S ZFA(l — Si1)27 (A32a)
t>2
where I' is defined in (A.22a).
To proceed, let us decouple the non-support indices within Z;Q(aﬂ — ait)Sit (Y1 — Yit)-

Recall 7; is the set of all non-support indices per Definition 2.2. From (A.29), we have

Z(ail —aq)si(vin — vie)| < 2QiTA. (A.32b)
teT;

It follows from (A.32a) and (A.32b) for 7; as the set of all support indices,

a?dlag(sz)% — CL;FS@'S,LT’)/Z' — Z(aﬂ — a,;t)sz-t(%-l — rth) S 2FA ((1 — 82‘1)2 -+ QZ) . <A33)

teT;

Recall a;1 — aiy = (kiy — ki) " q for all g € cone,(p™™) with | q| = ||[p™™||. Hence, it follows
from (A.23c) that

4]
(1 + 5) > sulvin = ) ZT @i — i) Sit (Vi — Yit) > <1 - §> > sl — ).

teT; teT;
(A.34)

Next we consider bounding (A.34) for samples from Z and Z, separably.
Case 1: 1 € T (Samples with support tokens). From (A.22b), we get

( ) 7gap281t > Z (@in — ai)sit (i1 — vit) > ( ) gapzszt (A.35)

teT; teT; teT;

Here, the inequalities follow from (A.22b) and (A.23c).
Note that S; = ), 8ir. The above inequality together with (A.23) implies that
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)

a; diag(s;)y; — a; s;8; 7 < (1 - 5) SAEP + 2T A (1= sn)” + Qi) (A.36a)
d

a; diag(s;)y; — a; ;s v > (1 — 5) S —2TA (1 — si1)” + Qi) - (A.36Db)

We claim that for each sample i € Z, S; dominates ((1 — s;1)* + Q;) for large R. Specifically,

we aim for

<1 — g) Si -7 > 8T Amax ((1 — s1) Qi) , (A.37a)

which holds if and only if

S; > 8 (1 - g) % max ((1 — 81)%, Qi) . (A.37b)
It follows from (A.30),
R> R, := 21;)?(5;), implies that @Q; < S; foralli e 7. (A.38)
Consequently,
(1-s0)? = (Q; + Si)® < 452 < 48;Te0(1-29) (A.39)

Combining these, our goal is achieved by ensuring

5\ A 1
S, >8 (1 - 5) g T (451.5[’6*3@(175), siTe*R@%fs) , (A.40)

7

or equivalently,

5\ TA
1> 32 (1 — —) Te 1939,

gap
2 )

This in turn is ensured for all inputs ¢ € Z by choosing

R > max(Ry, Ry), where Ry:= 352@ log (16 2 _gfg TFA) . (A.41)

Here, R; is defined in (A.38), and 45" = min;cz 15 is defined in (A.22b) as the global

min

scalar which is the worst case score gap over all inputs.
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With the choice of R in (A.41), we guaranteed

) 1 )
2 < ) SAEP > a/ diag(s;)v; — a; sis, vi > ) <1 — —) SivEr. (A.42)

Here, the first inequality follows since @); < S; by the choice of R in (A.41) and the last
inequality is due to (A.37).

Let —¢ . and —/__ be the min and max values negative loss derivative admits over
the ball [—A, A], respectively. Note that max;ezr 35" > 0 and min;ez 7 > 0 are dataset
dependent constants. Then, using (A.22b), (A.42), and the choice of R in (A.41), the first
term in (A.31) can be bounded as

gap

gap —
( "y 2+67maxzs >__Z€/ TS,az’Yz_( Vi )(2 5)’Ym1nZS A43)

max min An
i€l i€ i€L

Case 2: i € I (Samples without support tokens). We next bound the second term in
(A.31) by showing that it is dominated by the first term in (A.31) for large R. Note that if
i € Z, then S; = 0 and it follows from (A.36) that for all i € Z,

| diag(si)v; — a] si8] | <2TA((1—84)* +Q;) = 2TA(QF + Qi) <4TAQ;, (A.44)

where the last inequality uses (1 — s8;1)* = (Q; + S;)? = Q? < Q;.
Recall -2/

max

follows from (A.31) that

be the max values negative loss derivative admits over the ball [—A, A]. Tt

4T"A 4T"A
) A0 IS as @z b T )

i€l i€l i€l

Using (A.43) and (A.45), we will show that

( g;mn ’ Wﬁiﬁ Z S max ’ a4 Z Q’L > 0. <A46>

i€l i€l
The above inequality together with (A.30a) and (A.30b) implies that

2=, 1

8m1n min |I| T —R@(H— d) > —AT A/ ax|I| Te~™ RO(1+3 6)
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This gives the following choice of R

1 32|Z|T?T Al
R> R3:=— L A.47
> o = s on (o g AT
Taking both Case 1 and Case 2, and combining (A.41) and (A.47), by choosing
R 2 max (Rl, RQ, Rg) s (A48)
we obtain
2 gap g/
( +5’ymaxgmaxZS Z __Zel TS/ __Zgl TS/ a'z
1€T 1€l i€l
2 — 0k
> _( ’Ymm min Z S
1€L
The above inequality together with (A.31) implies that
1 (2 = O)yEby 1
aQ / mln min
—2(2 4 0) vl - - Z(l sin) 2 (=VL(p).q) = — 16 : 52(1 - Si1).
1€l i€l
(A.49)

Here, the first inequality follows since (1 — s;;) > S; and the last inequality is obtained from
the fact that (1 —s;1)/2 = (Q; + 5;)/2 < S; due to (A.30d) and the choice of R in (A.41).
Note that since ). ;(1 — s;1) > 0, the right-hand side of (A.49) is positive. Hence,
by setting R = R, there is no stationary point within Cu.R, (p). Finally, we declare the
constants C' = —2(2+0)y80 ¢ > 0and ¢ = —(1/16)(2—9)y=2¢ . > 0 to obtain (A.27a).

max “max n“min

Proof of (A.27b) and (A.27c):

Let a; = K;q for all ¢ € RY with ||g]] = [[p™|. Note that similar to (A.29), we
have
max {laul} < max {llqll [k} < A. (A.50)
i€[n],te[T] i€[n],te

Recall s; = S(K;p), where p € cone,(p™). Following similar argument as in (A.32)-(A.33),
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we obtain
a; diag(s;)y; — a; i, 7 — Z(dﬂ — ay)si(v — vie)| < 2DA((1—80)* + Qi) . (A51)
teT;

Note that a; — a; = q' (x;1 — i) for all ¢ € R with ||g|| = ||[p™]|. Hence,

24 Z Sit(vi1 — Vit) > Z (@1 — i) it (Vi1 — Vit) - (A.52)
teT; teT;

Next, we consider bounding (A.36) for samples from Z and Z, separably.
Case A:i € T (Samples with support tokens). From (A.22b), we get

2A7 Z Sit = Z(&il — @) si (Vi1 — Yit)- (A.53)
teT; teT;

Using (A.51) and (A.53), we get
2AFEPS; + 24T (1 — 81)° + Q;) > a, diag(s;)y; — @, s;8, v, forall i€Z. (A.54)

Since s; = S(K;p) and p € cone,(p™™), from Lemma A.30 and (A.38), R > R; gives
Q; < S; for all 1 € Z. Consequently, (1 — si1)2 = (Q; + SZ»)2 < 457 < 4S,. This, together
with (A.22b), implies that

(2A78 + 10AL) S; > a, diag(s;)y; — a; sis; vi, forall i€ Z, (A.55)

max

Recall —¢, .. > 0 be the max values negative loss derivative admits over the ball [—A, A]. It
follows from (A.55) that

(2A7E2 + 10AD) - (=) Zs > __ng a;s'(@:)v. (A.56a)

ZEI i€

Case B: i € T (Samples without support tokens). Since i € Z, we have S; = 0. Hence, from
(A.51), we obtain

2ATQ; > a, diag(s;)y; — a, s;8; v, forall i€7Z,
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which implies that
2AT - max Z Ql 2 - Zfl ATS/ az Yi- <A56b)
i€l i€l

In the following, we show that for a sufficiently large choice of R, we have

Z Qi< ) Si (A.5T)

To do so, using Lemma A.30, the above inequality is guaranteed if, for ¢ defined in (A.21b),

we have

le—R®(1+%6) > |j| _Te—RG)(H-%&).

AR
7l

This gives the following choice of R

1 Z|T?
R2R4::—10g(| | ) (A.58)

Taking both Case A and Case B, and combining (A.41) and (A.47), by choosing

R > max (Ry, Ry), (A.59)

we obtain

(247822 + 10AL + 2AT) - (... Z S, > —= Z 0 -a; S (@;)y

ZEI
= —(VL(p), q) - (A.60)

Recall © = 1/||p™™||. We declare the constant

C =20 (8L 4+ 50 + T - (— L)) - (A.61)
Thus,

AC .

— D (1= sia,) =2 —(VL(p),q). (A.62)

no 4

€L

To proceed, since (A.62) holds for any ¢ € R%*¢ we replace it with — ””VPZH;l)lH VL(p), t
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obtain

o™ AC
VL), ro oy - VEP) ) = VLD ™[ < 5 ) (1 = 8ia). (A.63a)
(V£0) [z on 2
Simplifying © = 1/||p™™|| on both sides gives (A.27Db).
On the other hand, it follows from (A.27a) for all ¢ € cone,(p™™) with ||g| = ||[p™|]

and p € C, , (p™") that

c
—<V£(p), q> > (1= 80) >0 (A.63b)
1€l
Combining (A.63a) with (A.63b), we obtain (A.27c) for all g, p € cone,(p™).
Finally, using (A.22) and (A.21), we have A > 1 and I'/7%? > 1. Using (A.48), (A.47),
and (A.59), R, in the statement of the lemma is defined as

D, 1 F g;’nax :Z_’-|
RM = % log (32AT2 . F'p . r . }1_—|> . <A64)

Here, we assume that |Z|/|Z| is greater than or equal to 1 to simplify the expression. Oth-

erwise, one can replace it with 1. [

Lemma A.7 (Local Gradient Condition) Suppose Assumption 2.1 on the loss function
¢ holds, and let o« = (ay)?_, be locally optimal tokens according to Definition 2.2. Let
p™™ denote the SVM solution obtained via (p-SVM). Let u > 0 and R, be defined as in
Lemma A.6. For any m > 0, there exists R, such that R, > R, and all p € C,r.(p™™)

<V£(p) i> > (14 1) <V£(p) ﬂ>

pll ]

obeys

Proof. Let R :=||p|,

p = lp™p/lp||l, a =K,p, a; =Kp, a,=Kp™™,

vi =y Xpv, L =0(y, S(a;)), and s; =S(a).

To establish the result, using (A.31), we will prove that, for any m > 0, there is sufficiently
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large R, such that for any p € C, . (p™):

(~VL(p :——Zé’ (@;, S (Kp)v)
s—lz”ze (a5, 8 (Kp)y) = (1+7) (~VLB).P™) . (A.60)

or equivalently,

n

Z —0 - ((1+ ) (a; diag(s:)yi — @/ sis] v;) — (@] diag(s;)y; — @isis] 7)) = 0. (A.67)

i=1

To proceed, recall 7; is the set of all non-support indices per Definition 2.2, and 7; is the set
of support indices. It follows from (A.33) that

ajdlag(sz)% — CL;FSZ'SZT’}/Z' — Z(aﬂ — a,-t)sit(%l — ’}/Zt) S QFA ((1 — Si1)2 + Qz) . (A68)

teT;

Note that p/||p|| = p/||p||. Hence, p € cone,(p™™) and ||p|| = ||p™| which together with
(A.33) implies that

teT;

Let us assume (without losing generality) «; = 1 for all i@ € [n]. Assuming 0 < 7 < 1

(w.lo.g.) and using (A.68)-(A.69), (A.67) is implied by the following stronger inequality

Z —0; - ( (14 Z(ail — @) Sit(Yi1 — Vit) — Z(ail — @it)sit(yin — vie) — 6TA (1 — 81)° + Qz)) >0

teT; teT;

Note that since a;; — a; = 1, using the above inequality, (A.67) is implied by the following

inequality

Z(—fé) ’ ((1 + 7T) Z Sit(%‘l - “/it) - Z(ail - C_Lit)sz't(%‘l - ’Yit) —6I'A ((1 - 5i1)2 + Qz)) > 0. (A-70)

i=1 teT; teT;

Recall from Lemma A.6 where we define Z C [n] be the index set that contains samples

with support non-(locally) optimal tokens per Definition 2.2 and let Z = [n] — Z. Fori € Z,
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= (). Therefore, (A.70) implies

Z(—Eé) : ((1 +) Zsit(%’l = it) — Z(c—m = @) s (i — ’Yz't)) - Z(—fg) 6LA((1—80)* +Qi) 20

i€l teT; teT; i=1

In the following, we claim that

0. 57TZ Z © Sit 711 71t > Z gl 6FA((1 - Sll) + Q )

€L teT; i=1
= (=) -6TA((L = s1)” + Qi) + > _(—1}) - 6TA(QF + Qy).
i€T i€l

We will prove the claim by showing

0.25m > ) (=€) - sulyin —vu) = Y _(—0) -6TA((1—s1)° +Q:),  and  (A7la)

i€Z teT; €L
0257 ) > (=) - siu(yin — 7ie) = Y (=) - 6TA(QF + Qi) - (A.71D)
1€ teT; i€l

Proof of (A.71a) directly follows the earlier argument, namely, following (A.37), (A.40), and
(A.41) which leads to the choice

- - 2 48 (2 —-0)TT A
R > max(Ry, Ry), where Ry:= 350 log ( ( WWE;I; ) , (A.72a)
where R; is defined in (A.38).
Additionally, (A.71Db) follows (A.37), (A.44), (A.46), and (A.47), which leads to the choice

A 96|Z|T°T Al
> Ry :=—1lo max A.72b
R = gion (G g (4.72b)

min*min

To conclude with the result, what remains is proving the comparison
Z —0; - (Z(l +0.57) 85 (i1 — Vi) — (@1 — @) Sie (Vi1 — ’Yit)) > 0. (A.73)
i€ teTi

To proceed, we split the problem into two scenarios.

Scenario 1: [|p — p™|| < € = ;4 for some € > 0. In this scenario, for the first token (as
an optimal token) and any ¢ € 7; and i € [n], we have
— T/(= mm n
@i — ai| = |k (D — p™™)| < ABe = T
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Note that a;; — a;; = 1 where a; = K;p™". Consequently, we obtain

a;1 — Q;p = i1 — Qg
+a;1 —a;; —a;+ ag

S a;1 — Q; + 2A0¢e¢ =1 + 0.57.

Similarly, @;; — a; > 1 — 0.57 > 0.5. Since all terms a;; — @, Sit, i1 — Vir in (A.73) are
nonnegative and (@;; — @) Sit (Vi1 — Yir) < (14 0.57)8:(7i1 — 7it), above implies the desired
result in (A.73).

Scenario 2: ||p —p™™| > € = ;5. Since p is not (locally) max-margin, in this scenario,

for some i € [n], v =v(e) > 0, and 7 € T;, we have that
6_1,7;1 — (_ZZ‘T S 1—2v.

Here 7 = argmax,c7. p' k;r denotes the nearest point to @;; (along the p direction). Note
that a non-neighbor ¢ € 7; cannot be nearest because p € cone,(p™™) and (A.23) holds.
Recall that s; = S(Ra;) where R = ||p||©. To proceed, let @, := minyer @ — @,

I, ={iel:a,<1-2}, IT-7,:={ieZT:1-2v<a,}.
For all 7 — 7,

Z(dil — &it)sit(%-l - ’Vit) - (1 + 057T) Z Sit(’yil - /yit)
teT; teT;
< Z (@1 — @it)sit(vi1 — Yit)
te€Ti, ain—ai>1+7 <A74)
< 2AT Z Sit

te€Ti, @i1—ai>1+73

< 2ATTe RO+E).

Here, the first inequality follows since s;; > 0 and ~;; — 7;; are non-negative; second
inequality is due to the definition of global scalar I' = sup;c i, 1 -err) |73t — Vir |, (A.21c), and
since p € cone,(p™™) with ||p|| = |[p™"| and maxcpr |@¢| = maxei [(Kp)s| < A.

For all i € Z;, split the tokens into two groups: Let N; be the group of tokens obeying
a;; — a; <1—wvand T; — N; be the rest of the neighbors. Observe that

-\ Sit e 5
Zteﬂ M ? S T 5 I Tele/.
ZteTi Sit ek
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Using |@;; — G| < 24 and 727 = mingep,) 75™ = minep, (i1 — maxger; vie), observe that

_ _ oT AT e Rv
Z (@1 — @) Sie (Vi1 — Vi) < — _gap Z Sit(Vi1 — Vit)-
teTi—N; Tmin teT;

Thus,

Z(ail — @i)Sit(y — Yait) = Z(ail — @;)Sit(vin — i) + Z (@i1 — @it)Sit(vi1 — Yit)

teT; teN; teTi—Ni
L ATe
< Z(l — V)8 (vir — Yie) + g Z sit(Yi1 — Vi)
teN; Vmin teT;
QT AT e~ B
< (1 —V+ gap ) Zszt Vi1 — 7zt
min teT;

T ATe Bv
< (1 + T) Z Sit (Vi1 — Vit)-
’ymin teT;

Hence, choosing

~ 1 STAT
R Z R4 = E log (’yng> <A75)

results in that

Z(C_lﬂ — @i)Si(vin — Yit) ( ) Z Sit(Vi1 — Vit)

teT; teT;

T ATe B 1
< (T - 5) Z Sit(%l - %’t)

Vrnin teT; (A.76)

™

< 1 Z sit(vi1 — Vit)
teT;
N ™ gap —R(1— 21/)

— 417,)/1’1’111’16

Here, the last inequality follows from the fact that for all ¢ € 7,

e—R(l—Qu) e—R(1—2u)

— > ,
—R(aj1—a;) — T

E Syt = maxslt > =7
teT: Zt:l €

where s; = S(Ra;) and R = ||p||©.

From Assumption 2.1, let —¢,, and —/  be the min and max values negative loss
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derivative admits over the ball [—A, A], respectively. It follows from (A.74) and (A.76) that

_ Z@/ (Z Qi1 — Qi) Si(Vin — Vi) — Z(l + 0.57m) 8 (vi1 — %’t))

€L teT; teT;

Y gap _
( max)|I|2AFTF€ R(1+%) _ ( mln) . ﬂ-f)/mlne—R(l—QV)

T 4
<0.
Here, the last inequality is obtained by using
~ 1 8|Z|TAT?¢!
R>Ry:=————1 — AT
> o= e (M) A

Combing with (A.75), (A.73) is guaranteed by choosing
R 2 max {R4, R5} s

where v = v(4g) depends only on 7 and global problem variables.
Combining this with the prior R choices in (A.72), (A.75), and (A.77), i.e.,
max{ Ry, R, ..., 1%5}, gives

2 U T
R = 1 | ((JOAT r .E @

o max
min(é, v, 7)© seb

ith  Cy > 96. ATS
™ ’len géﬂln |I’> b 0= ( )

Here, similar to (A.64), we assume that |Z|/|Z| is greater than or equal to 1 to simplify the
expression. Otherwise, one can replace |Z|/|Z| with 1 in (A.78). |

A.2.3 Proof of Theorem 2.1

Proof. This proof is a direct corollary of Lemma A.14 which itself is a special case of
the nonlinear head Theorem 2.7. Let us verify that f(X) = v' X 'S(Xp) satisfies the
assumptions of Lemma A.14 where we replace the nonlinear head with linear v. To see this,
set the optimal sets to be the singletons R; = {opt,;}. Given (X;,y;), let s; = S(K;p) and

= g7 =>, Lopt, Sit- Recalling score definition v; = y; - X;v and setting v; := 7o, and

ZZ =, Lopt, VitSits & particular prediction can be written as

vTXzTS(XZp) = FY@‘TSZ ’Yzopt Z ’ynszt

t#opt;

=vi(1 — @)+ Zi.
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To proceed, we demonstrate the choices for C,e > 0. Let C' := —min;ep e vie A 0 and
(max = MaX;e[y) ¢;- Note that Z; > Do Zopt, Vit Sit > QiVmin = —Cquax. Now, using strict score
optimality of opt,’s for all i € [n], we set

Zt;ﬁopti it Sit > Supt;ﬁopti Vit >

e:=1—sup——"—>1—sup
i€[n] Vig; 1€[n] “Yiopt,

0.

Zt;éopti Vit Sit

L < v;q;€ as desired. [ |
qul

We conclude by observing Z; < v;q;

A.2.4 Proof of Theorem 2.2

Proof. We first show that lim; , ||p (t)|| = co. From Lemma A.2, we have
L mmx\ __ l < 0 (y: TXTS K. K:0™* S (a.:)~;
(VL(p).p >_nz (vi-v X, S(Kip)) - (K; ,S'(ai)vi)
i=1

where v; = y; - X;v and a; = K;p.

It follows from Lemma A.2 that (VL(p), p™™*) < 0 for all p € R%. Hence, for any finite
p, (VL(p), p™™*) cannot be equal to zero, as a sum of negative terms. Therefore, there are
no finite critical points p, for which VL(p) = 0. On the other hand, Lemma A.4 states
VL(p(t)) — 0 which implies that ||p (¢)| — oo.

Next, we provide the directional convergence for the setting n = 1. Let us consider an
arbitrary value of € € (0,1) and set m = €/(1 —€). As lim;_, ||p(t)|| = oo, we can select a
specific ¢, such that for all ¢ > ¢, it holds that ||p(t)|| > R,V 1/2 for any choice of R.. To

proceed, we choose R, based on Lemma A.3 so that for any t > ¢., we have that

(~ewo) B = 1= 9 (~vewo), 2.

[
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Multiplying both sides by the stepsize n and using the gradient descent update, we get

(plo-+1) -0, 2

[

> (1—¢) <p<t +1) = p(t), ||§Egll>
(1-¢)

1 2 2y _ 2
> (1= (g7 (120 + DI = Ip(0]) - [t + 1) = p(0)])

p
(1= (Ip(t + 1) = Ip(e)] - p(t +1) = p()])
> (1= ) (It + 1) = Ip(t)| - 20 (£(p(1) — £(p(t +1))) ).

A%

Here, the second inequality is obtained from ||p(¢)|| > 1/2; the third inequality follows since
for any a,b > 0, we have (a*—?)/(20) — (a—b) > 0; and the last inequality uses Lemma A .4.

Summing the above inequality over ¢t > t. gives

p(t) p™™ C(e n)
<||p(t)||’ ||pmm*||> =1 ||p( |’

for some finite constant C(e,n) defined as
IMIM*x

Cle) = (plt P ) = (= Al = 2001 = ) (Lple)) ~ £, (A50)

where £* denotes the minimum objective.

Since ||p (t)|| — oo, we get

liminf< p(t) P >21—e.
t=oo \ [lp()]]” [l

Given that we can choose any value of € € (0, 1), we have p(t)/||p(t)|| — p™™*/||p™™*|. =

A.2.5 Proof of Theorem 2.3

Proof. Following the proof of Lemma A.6, let (7;)I, denote the sets of SVM-neighbors as
defined in Definition 2.2. We define 7; = [T] — 7; — {a;} as the tokens that are non-SVM
neighbors. Additionally, let © be defined as in (A.21). Let us denote the initialization lower
bound as Rg = R, where R is given in the Theorem 2.3’s statement. Consider an arbitrary
value of € € (0,1/2) and let 1/(14+7) =1 —e€. 7 < We additionally denote R, < R,V 1/2
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where R. was defined in (A.78). At initialization p(0), we set € = 1/2 to obtain R}, = R,/

and provide the proof in four steps:

Step 1: There are no stationary points within C, g (p™™). We begin by proving
that there are no stationary points within C,, ro (p™™). Then, since Rz > R, per Lemma
A.6, we can apply (A.27a) to find that: For all g, p € cone,(p™) with g # 0 and ||p|| > Rg,
we have that —q " VL(p) is strictly positive.

Step 2: It follows from Lemma A.7 that, for all e € (0, u/2), all p € C,, g, (p™™) satisty

<—V£(p),%> 2(1—6)< VL) b H> (A.81)

The argument above applies to a general € € (0, /2). However, at initialization p(0), we set
€ = 11/2 to obtain our earlier R}, choice. To proceed, for any € € (0, 11/2), we will show that
after gradient descent enters the conic set C, g (p™™) for the first time, it will never leave
the set. Let t. be the first time gradient descent enters C,, g (p™). In Step 4, we will prove
that such ¢, is guaranteed to exist. Additionally, for € «— 11/2, note that ¢, = 0 i.e. the point

of initialization.

Step 3: Updates remain inside the cone C, i (p™™). By leveraging the results from
Step 1 and Step 2, we demonstrate that the gradient iterates, with an appropriate constant
step size, starting from p(t.) € C, g (p™™), remain within this cone.

We proceed by induction. Suppose that the claim holds up to iteration ¢ > t.. This
implies that p(t) € C, g (p™). Hence, recalling cone definition, for ;1 > 0 and R,, we have
< p(t) - pmr > 1 -y and [|p(t)|| > R.. Let

@1 T

1 pm
pl0)i= = (V). )

Note that p(t) > 0 due to Step 1. This together with the gradient descent update rule gives

<p@+1x ﬂ“1>::<zﬂw o vﬁ@ﬁ»jpm“>

@ Temn) = \Tp@l ~ To0 ]
o ™ N
N0l <W(”(t”’ ||pmm||> (A82a)
o np)(L—e)
R PO
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Note that from Lemma A.6, we have (VL(p(t)),p(t)) < 0 which implies that ||p(t + 1)| >
lp(¢)]|. This together with R, definition and ||p(¢)|| > 1/2 implies that

Ipte-+ 1)1 < 5o (e + DI + (o)1)
N 2||p1(t)|| (2||P(t)||2 — 20 (VL(p(1)), p(t)) + *[VLP())[*) (A.82D)

Hence, using (A.81)

ot + D] () \ L IVE@O)?
POl < TR <Wp“”’||p<t>u>+" 0]

B U pm S IVLp()|? .
= <1—e>||p<>||< £p(®)), ||prmn||>“7 0] (A.82¢)
ety | PIVEGO)E
Yol T e e

Here, the second inequality follows from (A.81).
Now, it follows from (A.82a) and (A.82c) that

< pt+1) p™ >
o+ D[ [[p=]]

B np(t)(l—E)
SATOR (1 () )

1 1 N npM)(1 =€)

— Lt Eow < /(1= Cle®).m) + > (A.83)
o ; o0) VLGOI, )1 o

= a @ ( p) e )+ Ip@)] )

o ; VL)

RN PO ( por " ] )

Z]-_HW

where the last inequality uses our choice of stepsize n < 1/L,, in Theorem 2.3’s statement.
Specifically, we need n to be small to ensure the last inequality. We will guarantee this
by choosing a proper R, in Lemma A.7. Specifically, Lemma A.7 leaves the choice of Cy
in R, lower bound of (A.78) open (it can always be chosen larger). Here, by choosing Cj

sufficiently large, we ensure n < 1/L,, works well.
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To proceed, we have that

(w—e) plt) p—ec 1 cO 1 poop
L—p [VL(p@)I? ~ 1—pl—-eCAACT
(A.84)
,LL C@ 1 RO@/Q

> —=— g > 1.
“21-pa-feoaact” =
Here, the second inequality uses our choice of € € (0,u/2) (see Step 2), and the first

inequality is obtained from Lemma A.6 since

SO NEN— <V£<p<t>> P >> 1 ¢8®
VL@ 1= \IVE@OI P/ = T—cC A
[VLPO) = ACLY (1~ 510,) — ACTe 0P

for some dataset-dependent positive constants C, C, and ¢ in (A.27); and A, © defined in
(A.21).

Next, we will demonstrate that the choice of 7 in (A.84) does indeed meet our step size
condition as stated in the theorem, i.e., n < 1/L,. Recall that 1/(1 + 7) = 1 — ¢, which
implies that 7 = €/(1 — €). Combining this with (A.72b), we obtain:

2,61 TTA
R, > Mlog <COW) ., where Cjy > 64,
TV min
2,671 1-— TT A
= R, > max(2,077) log << e)gCag ) . where Oy > 64 <
) Vi 1—e¢

On the other hand, at the initialization, we have ¢ = 11/2 which implies that

o - max(2,671) (2—p)CyITA 1
R, > 5 log e ,  where Cj> 64(2 — (A.85)

In the following, we will determine a lower bound on Cj such that our step size condition in
Theorem 2.3’s statement, i.e., n < 1/L,, is satisfied. Note that for the choice of 1 in (A.84)
to meet the condition n < 1/L,, the following condition must hold:

| 2 1 (2
<M e o> 2o, (L—< . 2 CQT) : (A.86)

1
L_p (2 —p) CoT © P

where Cy = (1 — p)&&2.
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This together with (A.85) implies that for sufficiently large

2,671 2 - pGsT Gt A
Ry > max(2,0"") log 2= )G ,  where C3= Cogap %’
o L

min

the step size bound in (A.84) ensures that n < 1/L, guarantees (A.83). Hence, p(t + 1)
remains within the cone, ie., p(t+1) € C, g (P™).

Step 4: The correlation of p(t) and p™™ increases over t. The remainder is similar
to the proof of Theorem 2.2. From Step 3, we have that all iterates remain within the
initial conic set i.e. p(t) € C, gy (p™™") for all ¢ > 0. Note that it follows from Lemma A.6
that (VL(p), p™"/|p™"([) < 0, for any finite p € C,, po(p™"). Hence, there are no finite
critical points p € C, ro (p™™), for which VL(p) = 0. Now, based on Lemma A.4, which
guarantees that VL(p(t)) — 0, this implies that ||p (¢)|| — oco. Consequently, for any choice
of € € (0, 41/2) there is a time ¢, such that, for all ¢ > t., p(t) € C,r (p™). Once within

Cu.r.(p™™), following similar steps in (A.79) and (A.80), for any ¢t > ¢,

p(t) p™ . Galen) .
(o T ) 2 = ol PO < Con ™™

for some finite constant Cy(e,n). Consequently,

t
liminf< p(t) , p
t=oo \ [[p(0)]|” [[p™™ ]

mimn

> >1—¢, where p(t) € Cyp (P™).

Since the choice of € € (0, u/2) is arbitrary, we obtain p(t)/||p(t)|| — p™™/||p™™||. n

A.2.6 Proof of Theorem 2.4
A.2.6.1 Supporting Lemma

We present a lemma that will aid in simplifying our analysis. We begin with a definition.

Definition A.1 Let g € RY—{0} and (y;, K;, X;)", be our dataset. We define the (possibly

non-unique) selected-tokens of q as follows:?
o; € argmaxk, q. (A.87)
te[T]

Next, we define the margin and directional-neighbors for q as the minimum margin tokens

2If o; is unique for all i € [n], let us call it, unique selected tokens.
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to the selected-tokens, i.e.,

I'y= min (kia, — ka)'q, A.88
0= in (Ko, —ka) q (A.88)
Mg = {(% t) { (Kia, — kit)Tq = Fq} . (A.89)

Finally, we say that q is neighbor-optimal if the scores of its directional-neighbors are strictly

less than the corresponding selected-token. Concretely, for all (i,t) € Mg, we require that

Vit = Yi - TV < Vi, = Yi - Ty, V.
Lemma A.8 (When does one direction dominate another?) Suppose q,p € R? be
two unit Euclidean norm vectors with identical selected tokens. Specifically, for each i € [n],
there exists unique o; € [T] such that a; = arg maxcqr klq = arg maxe[r) k.p. Suppose

directional margins obey I'q < T'y and set or =1'p — I'y.

e Suppose q and p are both neighbor-optimal. Then, for some R(or) and all R > R(dr),
we have that L(R-p) < L(R - q).

e Suppose q has a unique directional-neighbor and is not neighbor-optimal (i.e. this neigh-
bor has higher score). Let 04 be the margin difference between unique directional-
neighbor and the second-most minimum-margin neighbor (i.e. the one after the unique
one, see (A.93)) of q. Then, for some R(or Adq) and all R > R(dr A\ dq), we have that
L(R-q) < L(R-p).

Proof. We prove these two statements in order. First define the directional risk baseline

induced by letting R — oo and purely selecting the tokens av = («;) ;. This is given by

L, = %;ﬁ (yZ . UTiEmi) .

We evaluate g, p with respect to £,. To proceed, let s; = S(RK;q). Define Ff; = k:iTaiq—kZth.
Note that, the smallest value for ¢ # «; is achieved for I';. For sufficiently large R 2
O(log(T")/T'y), observe that, for ¢ # «;

eRk;';q

e~ BTg > Syt = m > 0.5¢ Fla (AQO)
S

Recalling the score definition and let M, M_ be the upper and lower bounds on —¢ over

its bounded domain that scores fall on, respectively. Note that, for some intermediate
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M, > M; > M_ values, we have

L(Rq) — L, = %Zf(z Siit) — £(Vias)

=1 te[T]
— l - Mz Sit(’}/iai - 7115)
n <
i=1 t#o;

Now, using (A.90) for a refreshed M, > M;; > 0.5M_ values, we can write

L(Rq)— L, = Z Z M e F %% Vit )- (A.91)

1=1 t#o,

The same bound also applies to p with some M/,, multipliers

ﬁ(Rp) Z Z let pzt %a %‘t)- (A'92>

i=1 t#£q;

We can now proceed with the proof.

Case 1: g and p are both neighbor-optimal. This means that ~;,, — 7 > 0 for all
i € [n],t # ;. Let K > K_ > 0 be upper and lower bounds on 7,,, — 7t values. We can
now upper bound the right hand side of (A.91) via

1
M. K, Te ™ > L(Rq) - L, > 2—M_K_e—RFq.
n

Consequently, £(Rq) > L(Rp) as soon as 3M_K_e¢ ¢ > M, K, Te "r.  Since
M, , K., n,T are global constants, this happens under the stated condition on the margin
gap I', — T'g.

Case 2: g has a unique directional-neighbor and is not neighbor-optimal. In
this scenario, L(Rq) — L, is actually negative for large R. To proceed, define the maximum
score difference K| = sup; ., [Via; — Yit|- Also let (j, ) be the unique directional neigh-
bor achieving the minimum margin I'y. Then, J, — the margin difference between unique
directional-neighbor and the second minimum-margin neighbor (i.e. the one after the unique

one) of g — is defined as

8, = min It —r,. A.93
T e, tan, (0468 7 e ( )

To proceed, we can write
L(Rp) — L, > —M, K Te »,
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On the other hand, setting £ = ;3 — 7ja; > 0, we can bound

1 _ 1 —RT
L(Rq) = L. = ——M;se Rlay 4 — > Mie™™a (Yia, — Vi)

< L erray MK Te fillatda),
n

Consequently, we have found that £(Rp) > L(Rq) as soon as

1
EM_e—RFqK; 2 M+K+T(6—R(Fq+5q) + e—RFp)

. > 1l
This happens when R 2 5aATp—Ta)

ment. [ |

(up to logarithmic terms) establishing the desired state-

A.2.6.2 Proof of Theorem 2.4

Define the locally-optimal unit directions

pom = {p—(a) | a is a locally-optimal set of indices} .

[P ()|

The theorem below shows that cone-restricted regularization paths can only directionally

converge to an element of this set.

Theorem A.1 (Non-LOMM Regularization Paths Fail) Fiz a unit Euclidean norm
vector q € R? such that ¢ & P™™. Assume that the token scores are distinct (i.e., Yiy # Yir
for t # 7) and the key embeddings ki are in general position. Specifically, we require the

following conditions to hold 3:

o When m = d, all matrices K € R™*? where each row of K has the form ki — kia, for

a unique (1,04, t # ;) tuple, are full-rank.
o When m = d+1, the vector of all ones is not in the range space of any such K matriz.

Fiz arbitrary € > 0, Ry > 0. Define the local regularization path of q as its (€, Ry)-conic
neighborhood:

P(R)= argmin L(p), where Ccp,(q) = coneq)N{p R’ |Ip||> Ro}. (A.94)

pecs,RQ (q)zllpHSR

3This requirement holds for general data because it is guaranteed by adding arbitrarily small independent
gaussian perturbations to keys k;;.
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Then, either limg . ||P(R)|| < oo or Rlimﬁ(R)/Hﬁ(R)H % q. In both scenarios
—00
Aim p(R)/R # q.

Proof. We will prove the result by dividing the problem into distinct cases. In each case,
we will construct an alternative direction that achieves a strictly better objective than some
d = d(€) > 0 neighborhood of q, thereby demonstrating the suboptimality of the g direction.
Let’s define the § neighborhood as follows:

No={p| [ L -a| <6 wma o= o} (A.95)
Now, let’s recall a few more definitions based on Definition A.1. First, the tokens selected
by q are given by (A.87). To proceed, let’s initially consider the scenario where «; is unique
for all i € [n|, meaning that as we let ¢ — oo, ¢ - q will choose a single token per input.
Later, we will revisit the setting when arg max is not a singleton, and q is allowed to select
multiple tokens.

Additionally, it’s important to note that |p(R)|| is non-decreasing by definition. Sup-
pose it has a finite upper bound ||p(R)|| < M for all R < oo. In that scenario, we have
limp_, @ =0+#gq.

e (A) g selects a single token per input: Given that the indices @ = (o), defined
in (A.87) are uniquely determined, we can conclude that the q direction eventually selects
tokens k;,,. Recall the definition of the margin I'y from (A.88) and the set of directional
neighbors, which is defined as the indices that achieve I'y, as shown in (A.89). Let us refer
to g as neighbor-optimal if vy < s, for all (i,t) € M.

We will consider two cases for this scenario: when q is neighbor-optimal and when q is
not neighbor-optimal.

o (A1) q is neighbor-optimal. In this case, we will argue that max-margin direction

~1Nm

p
Note that p™(a) exists because g is already a viable separating direction for tokens c.

Specifically, consider the direction q' = %.

= p™(a)/||p™ (ex)|| can be used to construct a strictly better objective than gq.

Observe that, g’ lies within coney(q),’

1—c¢
g > ——>1— 2.
qq_l—i—e_ ¢

We now argue that, there exists 6 = . > 0 such that for all R > R,

min L(r-q') < min L(p). (A.96)

R.<r<R PENs,R<|IpI<R

4As a result, let us prove the result for e «+— 2¢ without losing generality.
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To prove this, we study the margin I'ys induced by ¢’ and the maximum margin I's induced
within p € Ns. Concretely, we will show that I'yy > T's and directly apply the first statement
of Lemma A.8 to conclude with (A.96).

Let I' = 1/||[p™ (|| be the margin induced by p™™. Note that ' > I'; by the optimality
of p™ () and the fact that ¢ # p™(a). Consequently, we can lower and upper bound the

margins via

r r
I'y = minmin(k;,, — ki)'q > - te

€
>T —(I'=-T
icln] t#ai — 1+4e — ""+2( a);

I's = maxmin min(k;, — ki)'
s = maxminmin(kio, — kir) /|l

< max min min(k;o. — ki)' (q + o7
T IrlI<1 i€[n] t;ﬁai( i 1) (q )

< Ty + M,

where M = max; ¢ - ||k1t — kZTH

Consequently, setting § = ;57 (I' — I'q), we find that
€
Ly > D5+ 7(0—Ty).

Equipped with this inequality, we apply the first statement of Lemma A.8 which concludes
that® for some R, = R(£(I" —I'y)) and all R > R,, (A.96) holds. This in turn implies that,

within C., the optimal solution is

e cither upper bounded by R, in ¢, norm (i.e. limp . ||P(R)|| < o0) or

e at least § = d(e) > 0 away from q after ,-normalization i.e. H% —q|l > 6.

In either scenario, we have proven that 1%1_1}1; @ +q.

o (A2) q is not neighbor-optimal. In this scenario, we will prove that p(R) is finite
to obtain limg , P(R)/R = 0 # q. To start, assume that conic neighborhood € of g is small
enough so that selected-tokens a remain unchanged within C.. This is without generality
because if directional convergence fails in a small neighborhood of q, it will fail in the larger
neighborhood as well. Secondly, if limg . ||P(R)|| — oo and p(R) € C., since softmax will
eventually perfectly select e (i.e. assigning probability 1 on token indices (i, «;)), we would

have

R—o0

lin £(B(R) = £.= = 3" ).

5Here, we apply this lemma to compare q’ against all p € Ns. We can do this uniform comparison because
the R requirement in Lemma A.8 only depends on the margin difference and global problem variables and
not the particular choice of p € Ns.
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Note that, this is simply by selection of a and regardless of p(R) directionally converges to

g. This means that, if there exists a finite p € C. such that L(p) < L, (i.e. outperforming

the training loss of ||p(R)|| — o), then ||p(R)|| < co. This would conclude the proof.
Thus, we will simply find such a p obeying L(p) < L,. To this aim, we first prove the

following lemma.

Lemma A.9 Giwen a fized unit Euclidean norm vector p, if all directional neighbors of p
consistently have higher scores for their associated selected tokens, i.e., Via, < 7Vig for all
(i, ;) and directional neighbor (i, 3), then there exists R such that for all R > R,

LR -p)<L,= P}im L(R-p). (A.97)

Proof. Define the maximum score difference K| = Sup;cp, sz,

Viay — Vit|- Also let M,
be the set of directional neighbors achieving the minimum margin I'p; see (A.89). Define
I't = k), p — k;p. Define 6, to be the margin difference between the directional-neighbors

and the second-most minimum-margin neighbors defined as

P min it —r,,. A.98
P i) tai (i) @My P P ( )

To proceed, setting x = ming; gjem, Vi — Vja, > 0 and using (A.91), we can bound

1 1 it
L — L, < —— g e ek = E it € (Yia, — v
(Rp) — L, < - Mz e H—I—n My € P (Yia, — Vit)
(jaﬁ)eMP ie[n]7t7éai)(i7t)€Mp
< LRy, + M, K, Te o +op)
n

Consequently, we have found that L(Rp) < L, as soon as

l]\/Le*RFq,{6 > M, K, Te #latda)
. =

This happens when R 2 1/d4 (up to logarithmic terms) establishing the desired statement.
n

Based on this lemma, what we need is constructing a perturbation to modify q’s direc-
tional neighbors and make sure all of them have strictly better scores than their associated
selected-tokens. Note that, once we construct a new candidate (say gy = g + perturbation),
all sufficiently large scalings of gy will achieve L(R - qy) < L,. Thus, we can find a strictly
better solution than £, for any norm lower bound Ry — which is enforced within the definition

of C..
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Lemma A.10 There are at most d directional neighbors i.e. |[Mg| < d.

Proof. Directional neighbors are indices (7,t) obeying the inequality
(Kia; — kit)Tq =T

Declare D to be the matrix with rows obtained by these key differences k;; —k;,,. D € RMxd
where M = |M,|. We then obtain Dg = —I'g1;; where 1, is the all ones vector. If M > d,
the equality Dgq = —I'¢1); cannot be satisfied because 1,; is not in the range space of D

by our assumption of general key embedding positions. [ ]

To proceed, |M4| < d and let D be as defined in the lemma above. D is also full-rank by
our assumption of general key positions. We use D to construct a perturbation as follows.
Let M¥ C M, be the set of directional neighbor with strictly higher scores than their
associated selected-tokens. In other words, all (7, ) € /\/l;r obeys

Define the score difference k = min(jﬂ)eMg Yig — Via; > 0. We know r > 0 because «
is not neighbor-optimal. Finally, define the indicator vector of 1, with same dimension as
cardinality |[Mg[. 14 is 1 for the rows of D corresponding to My and is 0 otherwise. Finally,

set the perturbation as
qL = DT1+

where we used the full-rankness of D during pseudo-inversion. To proceed, for a small
€0 > 0, consider the candidate direction qy = q + ¢9q~. We pick ¢y = O(¢) sufficiently small
to ensure gy € C.. To finalize, let us consider the margins of the tokens within gy. Similar to
Lemma A.9, set 64 = MiNiefn) t£a,,(i,t)gMq I‘flt —Ty>0. Let & = ||qol| — 1 = |lg + coq™|| — 1.
Using definition of g, we have that

e For (i,t) € M, we achieve a margin of

Fq—EO
1+¢6

(Kiay — kit) ' (g + €0q™) /(1 + &) =

e For (i,t) € M, we achieve a margin of li—qgo
e For (i,t) & Mg, setting K = ||q"||-sup, , . [|Kia, — Kit||, we achieve a margin of at most
Fq + 5(1 — EoK

1+ & '

(Kia, — Kit) ' (q + coq™) /(1 4 &) >
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In short, since €y = O(ep), setting ¢ sufficiently small guarantees that ./\/l; is the set of di-
rectional neighbors of gg. Since M has strictly higher scores than their associated selected-
tokens, applying Lemma A.9 on go shows that, L(R-qy) < L, for sufficiently large R implying
IB(R)| < .

e (B) g selects multiple tokens for some inputs ¢ € [n]: In this setting, we will
again construct a perturbation to create a scenario where gq = q + eq™ selects a single token
for each input i € [n]. We will then employ margin analysis (first statement of Lemma A.8)
to conclude that qo outperforms a § < e neighborhood of q.

Let Z C [n] be the set of inputs for which g selects multiple tokens. Specifically, for each
i € Z, there is T; C [T] such that |7;| > 2 and for any ¢ € Z and 6 € T,

klg= klq.
'Lé’q argl;g%_,}}{ th

From these multiply-selected token indices let us select the highest score one, namely, 5; =
arg maxge7; Vi for ¢ € Z. Now, define the unique optimal tokens for each input as a € R”
where ; := 3; for i € T and o; = arg max,er) ky;;q for i ¢ Z. Define £, = %Z?:l (Via;) a8
earlier.

Secondly, we construct a perturbation g+ to show that gy = q + eog* can select tokens a
asymptotically. To see this, define the matrix D where each (unique) row is given by k;,, —kig
where 0 € T;,0 # «;, i € Z. Now note that, (k;o, — kig)'q=0forall 0 € T;,0 # oy, i € L.
Since keys are in general positions, this implies that D has at most d — 1 rows and, thus,
its rows are linearly independent. Consequently, choose g* = D1 where 1 denotes pseudo-
inverse and 1 is the all ones vector. Also let I'; be the margin of directional margin of g
that is

[, = min (ki — ki)' q.

i€[nlt¢Ti
With this choice and setting K = sup;; , ||Kia, — k||, Wwe have that
o For 0 € T;,0 # a;: (Kia, — ki) "qo = (Kia, — ki) g+ = €.
e For all other (i,t) with ¢t # a;: (kia, — kit) "qo > T'q — K||g*||€o.
Choosing €y < I'y/(1 + K||g*|)), together, these imply that,

e o = (o) is the selected-tokens of gy,

e qo achieves a directional margin of

€o €0
r, = > ,
“ ol T 1+ eollgtl
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® q is neighbor-optimal because directional neighbors are 6 € T;,6 # «; and Vg < Via,-

Note that, these conditions lay the groundwork for applying the first statement of Lemma
A.8 with p < qo. We next explore the optimal directions within Ny and show that qq strictly
outperform them in terms of training loss.

To proceed, given small § < €, let us study Lz = minpen; r<|p<cc £(P). Here, recall
that p has a d-small directional perturbation around q which can modify the token selections
by breaking the ties between the multiply-selected token indices by q. However, thanks to
the distinct token score assumption, for large R < ||p||, the optimal p € N is guaranteed
to (uniquely) select indices «; € 7;. Because all other p directions — which, asymptotically,
either select other tokens 0 € T;, 6 # «; or split the probabilities equally across a subset of 7;
— achieve a larger loss. For instance, g will split the probabilities equally across 7; to achieve

an asymptotic loss of

1 1
£2:= lim L(R-q) = Zémal 526<m2%9>

ngI i€ " oeT;

Thus, £ > L, because /¢ (% 2967; %’9) > { (Via;) = £(Via;) where «; has the highest score
e Vi, > ﬁ > get; Yio- Set p(R) = argmingen; jp|<r £(p). Consequently, there are two

scenarios are:

e limp . ||p(R)| is finite. This already proves the statement of the theorem as
P(R)/R — 0 within § < € neighborhood of q.

e For sufficiently large R, the selected-tokens of p(R) are av = ()P ;.

Proceeding with the second (remaining scenario), we study the directional margin of p(R).
More broadly, for any p € Ns and p = p/||p|| with selected-tokens «, using the fact that

P — q|| < § < €, we can bound the directional margin as
e For 0 € 7;, 0 7é (67N (kiai - kl‘g)Tﬁ = (kiozi - kZQ)T(ﬁ — q> S K.
e For all other (i,t) with ¢ # ;: (kia, — ki) "D > Tq — K0.

This means that, any such p € N achieves a directional margin of at most
I's < Ko.

Applying Lemma A.8 and setting 6 = O(ep), this implies that for

1 1 1
Rt - —= s~ 9%
@~ 1P Trelql] 0
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we have that L(R-qo) < min|pj=gpen; £(p). Since this holds for all R, (A.96) holds (similar
to Case (A1)) and we conclude that whenever ||p(R)|| — oo, it doesn’t directionally converge

within N (i.e. > 0 neighborhood of q) proving the advertised result. [ ]

A.2.7 Proof of Lemma 2.2

We prove a slightly general restatement where we require v € range(W') — instead of
full-rank W'.

Lemma A.11 Suppose for all i € [n] and t # opt;, y; = 1 and v < Yiopt,- Also suppose
v € range(W). Then, p™™ exists — i.e. (p-SVM) is feasible for optimal indices c; < opt;.

minx

Proof. To establish the existence of p™™*, we only need to find a direction that demon-
strates the feasibility of (p-SVM), i.e. we need to find p that satisfies the margin constraints.

To begin, let’s define the minimum score difference:
= min jopt, — Vit-
i i€[n],t#opt; iopt, T it
We then set p = Zfl(WT)T'U where 1 denotes pseudo-inverse. By assumption W 'p = 1*1'0.
To conclude, observe that p is a feasible solution since k; = Wx;; and for all i € [n] and
t # opt,;, we have that
(kiopti - kit)Tp = (miopti - mit)TWTp = __l(miopti - mit)TWT(WT)T’U

g
= 1_1(mi0pti - mit)T’U Z ]-7

which together with the constraints in (p-SVM) completes the proof. [ ]

A.3 Proofs for Section 2.4

A.3.1 Proof of Theorem 2.5

Proof. Suppose the claim is incorrect and either pgr/R or v, /r fails to converge as R, r
grows. Set = = 1/||lp™|, T = 1/||lv™™|, p™™ = R=Zp™ and o™ = r['v™™. The proof

~nm

strategy is obtaining a contradiction by proving that (0™, p™™) is a strictly better solution
compared to (v,,pr) for large R,r. Without losing generality, we will set o; = 1 for all

i € [n] as the problem is invariant to tokens’ permutation. Define ¢ = 1 — s¥ to be the
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amount of non-optimality (cumulative probability of non-first tokens) where s = S(K;p) is
the softmax probabilities.

e Case 1: pgr/R does not converge. Under this scenario there exists 6,7 = v(d) > 0
such that we can find arbitrarily large R with ||pr/R — p™/R|| > ¢ and margin induced
by pr/R is at most Z(1 — 7) (from strong convexity of (p-SVM)). Following ¢ definition
above, set ¢max = SUP;¢py) ¢P" to be worst non-optimality in pg and ¢, = SUD;e ] qf ™ to be
the same for p™™. Repeating the identical argument in Theorem 2.7 (specifically (A.111)),

we can bound the non-optimality amount qf " of pmm as

q?mm _ Zt#%‘ exp(k:;;ﬁmm) < Zt?ﬁai exp(k;lt—ﬁmm>
' > e exp(kgp™™) = exp(ky, pmm)

< Texp(—RZ). (A.99)

NI

Thus, ¢}« = maxep b < Texp(—RE). Next without losing generality, assume first
margin constraint is y-violated by pr and min,za, (Kia, — k1:)'Pr < ER(1 — 7). Denoting

the amount of non-optimality of the first input as ¢I'®, we find

= > tste XD(FPR) o 1 i, exp(k,pr)
1 1

= > T oxp(—(1 — ~)RE). AL00
ZtG[T] exp(letpR) - T exp(lealpR) = p( ( 7) ) ( )

We similarly have ¢*, > T~ !exp(—RZ) to find that

10g(Gmax) > —(1 —7)ER — log T,
—ZR —logT <log(q:..) < —ZR+logT. (A.101)

In words, p™™ contains exponentially less non-optimality compared to pr as R grows. The
remainder of the proof differs from Theorem 2.7 as we need to upper/lower bound the logistic
loss of (™™, p™™) and (v,, pr) respectively to conclude with the contradiction.

First, let us upper bound the logistic loss of (o™%, p™™). Set r; = X,'S(K;p™™). Observe
that if ||r; — x;1|| < €;, we have that v™™ satisfies the SVM constraints on 7; with ;- o™ >

mmachieves a label-margin of T' — €.

1 —¢;/I'. Consequently, setting €max = Supjep, €, v
on the dataset (y;,7;)icp). With this, we upper bound the logistic loss of (v™™,p™") as
follows. Let M = sup;ciy i rer [|Tit — ®ir||. Let us recall the fact (A.101) that worst-case
perturbation is

€max < M exp(—ZR +1ogT) = MT exp(—ZR).
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This implies that

L(o™, p™") < maxlog(1 + exp(—yir; 0™™)).

1€[n]
< max exp(—yir, o)
i€ln

< exp(—rT" + rémax)
e T (A.102)

< erMTexp(fER)
Conversely, we obtain a lower bound for (v,,pr). Set 7; = X,;'S(K;pr). Using Assumption
2.3, we find that solving (v-SVM) on (y;,7;)se[ achieves at most I' — ve=("V=R /T margin.

Consequently, we have

1
£(vr,pr) 2 - maxlog(l + exp(—yir; v,))
n ien

1
> — maxexp(—yr, v,) Alog 2
> 5 max xp(—yir; v;) A log

1 =

> 5 exp(—r(I' — ve” V=R T)) Alog 2
n
1

> Q—eT(V/T) exp(=(1=7)ER) =T A Jog 2. (A.103)
n
Observe that this lower bound dominates the upper bound from (A.102) when R is large,

specifically when:

o exp (r(v/T) exp (~(1 ~ )ZR)) > exp (rMT exp(~ER)),

—log(2n) +r(v/T)exp (—(1 — v)ER) > rMT exp(—ZR),

rexp (—(1 —~v)ZR) <% — MTexp(—’yER)) > log(2n).

As R gets larger,
> T log(2n)

~Y

exp((1 = 7)ER) = exp(O(R)).

Thus, we indeed obtain the desired contradiction since such large R is guaranteed to exist
when pr/R /4 p™™.
e Case 2: v,/r does not converge. This is the simpler scenario: There exists 6 > 0 such
that we can find arbitrarily large r obeying ||v,/r — v™™ /||o™™|||| > §. If ||[pr/R — Ep™™| /4
0, then “Case 1”7 applies. Otherwise, we have ||pr/R — Zp™™| — 0, thus we can assume
|lpr/R — Zp™™|| < € for arbitrary choice of € > 0.

On the other hand, due to the strong convexity of (v-SVM), for some v := v(4) > 0,
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v, achieves a margin of at most (1 —~)['r on the dataset (1;, Zi1)icn). Additionally, since
|lpr/R — Ep™|| < €, pg strictly separates all optimal tokens (for small enough € > 0) and
Gmax = f(€) = 0 as R — oo. Consequently, setting r; = X,'S(K;pg), for sufficiently large
R > 0 setting M = sup;e(,) teqr) l|®it||, we have that

: T : T T
min y;v, r; < miny;v, ;) +sup |v, (r; — ;)]
i€ln] i€ln] in]

< (1=~)Tr+ Mf(e)r
< (1 —~/2)Tr. (A.104)

This in turn implies that logistic loss is lower bounded by (following (A.103)),

1
L(v,,pr) > 2—67”/26’” Alog2.
n

Symim

Going back to (A.102), this exponentially dominates the upper bound of (p™™, v™) when-
ever rMT exp(—=R) < rvI'/2, (that is, whenever R,r are sufficiently large), again conclud-

ing the proof. ]

A.3.2 Proof of Theorem 2.6

We will prove this result in two steps. Our first claim restricts the optimization to the
particular quadrant induced by ming., (Kia, — k:it)TpR > 0 under the theorem’s condition
S(Kipr)a; — 1.

Lemma A.12 Suppose S(K;pr)a, — 1. Then, there ezists Ry such that for all R > Ry, we
have that,

giin (Kio, — kit) 'pr >0, forall ic[n]. (A.105)
Proof. Suppose the claim does not hold. Set s = S(K;pg). Fix Ry such that sf, > 0.9 for
all R > Ry. On the other hand, there exists arbitrarily large R for which (k;,, — kiz-t)TpR <0
for some ¢ # a; € [T] and ¢ € [n]. At this (R, i,t) choices, we have that s > s . Since
sii+ st <1, we find s} < 0.5 which contradicts with sf, > 0.9. |

Let Q be the set of p satisfying the quadrant constraint (A.105) — i.e. indices (a;)", are
selected. Let hg be the solution of regularization path of (v,p) subject to the constraint
p € Q. From Lemma A.12, we know that, for some Ry and all R > Ry, hgr = pr. Thus, if

the limit exists, we have that limg .o hr/R = limg_,o Pr/R.
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To proceed, we will prove that limp o hr/R exists and is equal to pra/||p™a|| and

mm||

simultaneously establish v, /r — ™™ /||v
Lemma A.13 limg . hg/R = p™*/||p™*| and lim,_, v, /r = v™™/||0™"|.

Proof. The proof will be similar to that of Theorem 2.5. As usual, we aim to show that
SVM-solutions constitute the most competitive direction. Set = = 1/||p||.
e Case 1: hyp/R does not converge. Under this scenario there exists d,y = v(d) > 0 such
that we can find arbitrarily large R with ||hr/R — Zp™®| > §. This implies that margin
induced by hgr/R is at most =Z(1 — 7) over the support vectors S (from strong convexity of
(2.11)). The reason is that, hg satisfies hj(kia, — ki) > 0 for all ¢ # a; by construction as
hr € Q. Thus, a constraint over the support vectors have to be violated (when normalized
to the same /5 norm as ||pr®|| = 1/2).

As usual, we will construct a solution strictly superior to hr and contradicts with its
optimality.

Construction of competitor: Rather than using p™®* direction, we will choose a
slightly deviating direction that ensures the selection of the correct tokens over non-supports
S. Specifically, consider the solution of (2.11) where we tighten the non-support constraints

by arbitrarily small ¢ > 0.

1 forall t#a; 1€S8
e forall t#a; i€S

e-rlx

p™ = argmin ||p|| such that p' (ki — ki) > (A.106)
P

Let p™™ be the solution of (p-SVM) with e = (o), (which was assumed to be separable).

Observe that p™™ = ep™™+(1—¢)p™* satisfies the constraints of (A.106). Additionally, pm™™

1 _ AE
—€)/E+e/A T A+e(E—A)

P this implies that the reduced margin =, = 1/||p™™|| (by enforcing € over non-support)

where A = 1/||p™™||. Using optimality of

would achieve a margin of g

over the support vectors is a Lipschitz function of €. That is =. > = — e M for some M > 0.

To proceed, choose an € > 0 such that, it is strictly superior to margin induced by hg, that

E€>E<1—1)-
= 2

Let us recall the following notation from the proof of

is,

e-rlx e-rlx

To proceed, set p = R=.p
Theorem 2.5: s¥ = S(K;p) and ¢ = 1 — Sjn,. Set Gmax = MaX;es qth to be worst non-
optimality of hy over support set. Similarly, define ¢}, = max;cs qf’ “™ %o be the same

for p<™*. Repeating the identical arguments to (A.99), (A.100), (A.101), and using the fact
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11

that p™™ achieves a margin Z(1 — ) < E. < Z, we end up with the lines

10g(Gmax) > —(1 —7)ZER — log T, (A.107a)
—ZR —1logT <log(q}.y) < —E(1 —0.5y)R+logT. (A.107Db)

v

In what follows, we will prove that p*™ achieves a strictly smaller logistic loss contra-
dicting with the optimality of pr (whenever ||hg/R — Zp™|| > §).
Upper bounding logistic loss. Let us now upper bound the logistic loss of (o™, p¥)
with v™™ being the solution of (v-SVM) with 7; < @, and I' =
1/[lo™™|. Set r; = X" S(K;p™). Set v = min,cg y; @, v™ —1 to be the additional margin

buffer that non-support vectors have access to. Also set M = supep, s e [Tt — Tir |-

where v™ = r['p™™

Observe that we can write

Tio, —Ti = Z Sit(Tia; — Tit) = || Tia, — 7il < @M.
t#a;

Non-supports achieve strong label-margin: Using above and (A.106) for all i € S and t # «,

we have that s; < e s, < e~ E0-7/2Eg, — Consequently, whenever R > Ry :=
(2(1 —~/2)) Hog (&),

q' pe rlx Zt7£az Sit < Te—EE(l—'Y/Q)R < @
! Sia, - M

This implies that, on i € S
Yi i 0> 1 vy (= ®yg,) 0> 1 v — g M |[o™™] > 1. (A.108)

In words: Above a fixed Ry that only depends on v = 7(d), features r; induced by all
non-support indices i € S achieve margin at least 1. What remains is analyzing the margin
shrinkage over the support vectors as in Theorem 2.5.

mimn

Controlling support margin and combining bounds: Over S, suppose v™™" satisfies the

SVM constraints on r; with y; - riT v™* > 1 —¢; /. Consequently, setting €., = SUD;e) €is
,vmm
fact (A.107b) that worst-case perturbation is €m.x < Mexp(—Z(1 — 0.57)R + logT) =

MT exp(—=(1 — 0.5y)R). With this and (A.108), we upper bound the logistic loss of

achieves a label-margin of I' — €. on the dataset (y;,7;)icin). Next, we recall the
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(o™ p<rX) as follows.

L(o™, p™") < maxlog(1 + exp(—yir; 0™™)).

1€[n]
< max exp(—yir; o)
i€ln

< exp(—rT" + rémax)

< erMTexp(75(1*0-57)R)6*TF' (A109)

Conversely, we obtain a lower bound for (v,, hg). Set r;, = X,'S(K;hg). Recall the lower
bound (A.107a) over the support vector set S. Combining this with our Assumption 2.3
over the support vectors of (v-SVM) implies that, solving (v-SVM) on (y;,7;)icn) achieves

at most I' — ve~('="=R /T margin. Consequently, we have

1
L(vy hg) = - maxlog(1 + exp(—yir; v,))
n i€n

1
> — — Z'T'T'UT /\1 2
25 IgelﬁeXp( yir; vr) Alog

1 -
> 5 exp(—r(I' — ve” V=R /T)) Alog 2
n

> ie"(l’/T) exp(=(1=7=R) =T A Jog 2. (A.110)
2n
Observe that, this lower bound dominates the previous upper bound when R is large, namely,

when (ignoring the multiplier 1/2n for brevity)

- - 2 MT?
(V/T)e*(lf'Y):R > MTe S0-0MR 0 B> R, = — log ( ) .
V2 v

~e-rlx

Thus, we obtain the desired contradiction since p is a strictly better solution compared
to pr = hgr (once R is sufficiently large).

e Case 2: v,/r does not converge. This is the simpler scenario: There exists § > 0
such that we can find arbitrarily large r obeying ||v,/r — v™/|[v™™|||| > J. First, note
that, due to the strong convexity of (v-SVM), for some 7 := () > 0, v, achieves a margin
of at most (I' — v)r on the dataset (y;, €i1)icjn)- By theorem’s condition, we are provided
that S(K;pr)a, — 1. This immediately implies that, for any choice of € = /3 > 0, above
some sufficiently large (1o, Ry), we have that |?® — ;|| < e. Following (A.109), this implies

that, choosing o™™ = rv™™ /||v™™|| achieves a logistic loss of at most e™/3¢~"". Again using
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2P — r;|| <, for sufficiently large (r, R) we have that

: T : T T
min y;v, 7; < miny;v, € +sup v, (r; — ;)]
i€ln] i€ln] iein]

<(C=~)r+er
< (I'—2v/3)r.

This in turn implies that logistic loss is lower bounded by (following (A.110)),

1
L(v,,pr) > —e> e Alog 2.
2n
This dominates the above upper bound e"/3¢™"" of o™ whenever 5-¢7/% > 1 < r >

%log(Qn), (that is, when r is sufficiently large), again concluding the proof. [ ]

A.4 Regularization Path of Attention with Nonlinear
Head

A.4.1 Proof of Theorem 2.7

Proof. The key idea is showing that, thanks to the exponential tail of softmax-attention,
(harmful) contribution of the non-optimal token with the minimum margin can dominate
the contribution of all other tokens as R — oo. This high-level approach is similar to earlier
works on implicit bias of gradient descent with logistic loss [89, 177].

Pick p™™ € G™™ and set pj = Rﬁ. This will be the baseline model that pr has to
compete against. Also let pr = Z%. Now suppose dist (pr, G™") / 0 as R — oo. Then,
there exists 0 > 0 such that, we can always find arbitrarily large R obeying dist (pg, G™™") >
0.

Since pg is 0 > 0 bounded away from G™™, and ||pgr|| = ||p™™||, Pr strictly violates at
least one of the inequality constraints in (p-SVM’). Otherwise, we would have pr € G™™.
Without losing generality, suppose pr violates the first margin constraint, that is, for some
v = 7(6) > 0, maxaer, Minger, Pr(kia — kis) < 1 — 7. Now, we will argue that this will
lead to a contradiction as R — oo since we will show that L(p}) < L(pgr) for sufficiently
large R.

First, let us control L(p},). We study s; = S(K;py) and let a; € R; be the index « in
(p-SVM’) for which margin; = maxaer, mingez, (kio — kig) '™ > 1 is attained. Then, we

219



bound the non-optimality amount ¢ of p}, as

q* _ Zteﬁi exp(k:;gp’]}) < Ztefzi eXp(k;pﬁ)
Y Y emexp(kipy) T exp(k,pR)

< Texp(—EZR).

Thus, ¢}, = maxcp) ¢ < Texp(—ZR). Secondly, we wish to control L£(pg) by lower
bounding the non-optimality in pg. Focusing on the first margin constraint, let a € R4
be the index in (p-SVM’) for which margin, < 1 — v is attained. Denoting the amount of

non-optimality of the first input as ¢, we find®

- 2ier, OP(KRiPR) 1Y ek, oxp(kiPr)

G = > > T exp(—ZER(1 —7)).
' S e opkpr) S T exp(RLp) (=2R{1 =7))

We similarly have ¢, > T 'exp(—ZR). In conclusion, for pg,p%, denoting maximum

non-optimality by ¢max > ¢1 and ¢ ..., we respectively obtained

10g(Gmax) > —(1 —v)(ER) — log T,
—(ER) —logT < log(qs..) < —(ER) +logT. (A.111)

The above inequalities satisfy Assumption 2.4 as follows where p < p} and p’ <— pg: Set
Ry = 3y '=7'ogT so that log7T = =%, Secondly, set pg = —=R, — logT. This way,
po > log(ql.y) implies R > Ry and log7 < 222, Using the latter inequality, we bound the

log T' terms to obtain
e 10g8(Gmax) > —(1 —2v/3)(ER), and
i log(q;nax) < _(1 - 7/3)(ER)

11:22/ /33 implying A := ﬁ Finally, for this A, there exists

p(A) which we need to ensure 10g(¢max) < p(A). This can be guaranteed by picking suffi-
ciently large R that ensures log(qk..) < —(1 —/3)(ER) < p(A) to satisfy all conditions

To proceed, we pick 1 + A =

of Assumption 2.4. Since such large R exists by initial assumption dist (pg,G™™) 4 0,
Assumption 2.4 in turn implies that £(p}) < L(pr) contradicting with the optimality of pg
in (2.12). n

6Here, we assumed margin is non-negative i.e. k{ pr > SUD:eR, k{,pr. Otherwise, SUP4e (7] kl.pr is
attained in R; which implies ¢ > T—!. Thus, we can still use the identical inequality (A.111) with the
choice v = 1.
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A.4.2 Application to Linearly-mixed Labels

The following example shows that if non-optimal tokens result in reduced score (in terms of
the alignment of prediction and label), Assumption 2.4 holds. The high-level idea behind
this lemma is that, if the optimal risk is achieved by setting ¢?.. = 0, then, Assumption 2.4
will hold.

Lemma A.14 (Linear label mixing) Recall ¢f = Y, 5, st from Assumption 2.4. Sup-
pose y; € {—1,1} and

v WX 8f) = vl = q7) + Z;
for some (v;)?_, > 0. Here Z; = Z;(p) is the contribution of non-optimal tokens to prediction.

For some C,e > 0 and for all p € R, assume
~Cha < Zi < (1 = uig}. (A.112)

Then, Assumption 2.4 holds for L(p) = 3" U(y; - (X, s¥)) when ((-) is a strictly de-

T n

creasing loss function with continuous derivative.

Proof. Recall the assumption y; - (X, s?) = v;(1 — ¢¥) + Z; with Z; obeying (A.112). Let
us also write the loss function
1 n
L(p)=—> Lv(l—s7)+Zy).
P)= 3 2+ 2)

Define ¢%,,, = sup;<j, ¢; - Let M be the maximum absolute value of score over tokens. Let

B = max —{'(x) > A= min —¢(z) > 0.
|z|<M lz|<M

Through Taylor’s Theorem (integral remainder), we have that
B(qivi — Zi) 2 Lvi(1 — qf) + Zi) — (i) = Alq7vi — Zi) = eAvig; -

Set L, = %ZLI ((v;). Set Cy = B(C' + maxep, ;) and C— = n~ ' Aemin;ep, v;. This also

implies

1 1
Comax = > B(qPvi—Z) > L(p) — L. > - > Al — Z)

i€[n] i€[n]

1
> — eAv;g? > C_qP._ ..
- n Z qz — qmax

i€[n]
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Thus, to prove £(p') > L(p), we simply need to establish the stronger statement C_gP., >
C+qrzr)1ax'

Coing back to the condition of Assumption 2.4, any log(¢?,.) < (1 + A)log(q?.,.) obeys
Thax < (qg'ax)ua 1.e. qITI’I/.ijX > (qgax)(l+A)—1

for such (p, p’) pairs where © = C'/C_ > 1. This is guaranteed by

. Following above, we wish to ensure ¢%, > ©qP,

()Y >0 = log(gP,,) < —log(O).

1+A

The above is satisfied by choosing a p(A) := —2(1 + A7) log(©) in Assumption 2.4. Thus,
all p,p’ with log(¢®,.) < p = p(A) satisfies the condition of Assumption 2.4 finishing the

proof. [ ]

A.5 Experimental Details

In this section, we provide additional implementation details for the experiments.

e We build one attention layer using PyTorch. During training, we use SGD optimizer with
learning rate 0.1 and train the model for 1000 iterations. To better visualize the convergence
path, we normalize the gradient of p (and v) at each iteration.

e Next, given the gradient solution p, we determine locally-optimal indices to be those with
the highest softmax scores. Using these optimal indices, we utilize python package cvxopt
to build and solve (p-SVM), and then get solution p™™. After obtaining p™™, we also verify
that these indices satisfy our local-optimal definition. The examples we use in the paper are
all trivial to verify (by construction).

e In Figures 2.4a and 2.4b, v™ (blue dashed) is solved using python package sklearn.svm
via (v-SVM) based on the given label information, and red dashed line represents prea*
direction instead, which is the solution of (2.11). Note that in both figures, v™/||v™™| =

relax __ , mm

Whereas in Figure 2.4b, yellow « is not a support vector and only needs to satisfy positive

[0,1]. Therefore, in Figure 2.4a all optimal tokens are support vectors and p

correlation with p. Gray dashed line displays the p™™ direction.

Failure of gradient descent’s global convergence when n > 2 (refer to Theo-
rem 2.2). Figure A.1 provides a counter-example demonstrating that the n = 1 restriction
is indeed necessary and tight to guarantee global convergence of the gradient descent iterates
p(t+1) =p(t)—nVL(p(t)) on (ERM). For this example, we use logistic loss in (ERM). We
set n =T = d = 2, implying that there is only one non-optimal token, thus Assumption 2.2
is satisfied. The red and blue lines represent GMM and LMM solutions, respectively. We note

that the green star and teal square indicate the locally-optimal tokens. Specifically, referring
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Figure A.1: The convergence behavior
of the gradient descent on the attention
weights p using the logistic loss in (ERM)
withn =T =d=2.

Figure A.2: Cumulative prob. of the gap
7 1= Milep) eT; Via; — Vit 0 Figure 2.3b.

to the local optimality definition (Definition 2.2), for LMM solution (p™™") represented by the
blue line, the square teal token does not have any SVM-neighbors. The arrows indicate
the two trajectories originating from different initializations. This demonstrates that the
gradient descent iterates p(t+1) = p(t) —nVL(p(t)) on (ERM) with two different initializa-
tions converge to two different SVM solutions (GMM and LMM). Results validate the necessity
of n = 1 in Theorem 2.2 to provide the gradient descent convergence to p™™* from any
initialization.

e In Figure 2.3, we again applied normalized gradient descent with a learning rate equal
to 1. Each trial involved randomly generated data and training for 1000 iterations as
discussed in Theorem 2.4. The tokens selected by p were denoted as («a;)!,, where
Q; = arg maXe[r) S(X;p);- The averaged softmax probabilities were calculated as § :=
Ly S(Xip)a, (same as Figure 2.4c). The red bars in Figure 2.3b represent the values of
P(5 < 1—107?) for each choice of d. Figure A.2 displays the cumulative probability distribu-
tion of v from Figure 2.3b, with the gray dashed line indicating v = 0. From this figure, we
observe that the minimal score gap exhibit a sharp transition at zero (<1% of the instances
have 7 < 0), demonstrating that, in most random problem instances with ||p|| — oo (5 — 1),
problem directionally converges to an LMM i.e. p(t)/||p(t)| — p™™/|lp™™||. We believe the
rare occurrence of a negative score gap is due to small score differences (so that optimal token
is not clearly distinguished) and finite number of gradient iterations we run. Interestingly,
even in the negative score gap scenarios, gradient descent is aligned with p™ () (even if
p™ () is not LMM) which can be predicted from our Section A.4 which handles the scenario

where there are multiple optimal tokens per input.
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APPENDIX B

Appendix for Chapter 3

B.1 Proof of Theorem 3.1: Separability Under Mild

Over-Parameterization

Proof. We denote Kronecker product of two matrices via ®. Additionally, given W €
R?*? et us denote its vectorization w = vec(W) € R¥. We first note that separation
is implied by the linear independence of the constraints. Specifically, we are interested in

guaranteeing
(w, fu) > 1 forall ie€[n], t#a;, where fii:=(Tia, — Ti) D 2.

Note that, the inequality constraints above are feasible as soon as f;;’s are linearly indepen-
dent. Thus, we will instead prove linear independence of the vectors (fit)icin] tsa,- Also note
that, since there are finitely many « choices, if we show almost sure separation for a fixed
but arbitrary a choice, through union bound, we recover the result for all a. Thus, we prove
the result for a fixed a choice.

We will prove this result inductively. Let M,_; € R®=DT-1xd denote the matrix whose
rows are given by the features ( fit)ie[n_1]7t¢ai. Suppose the result is correct for n — 1, thus,
M, is full row-rank almost surely (post random Gaussian perturbation). Now, fix M,
and, conditioned on M, _; being full row-rank, let us show that M, is also full row-rank
almost surely. To prove this, consider the n’th example (X,,,2,). Let (g;)L,,h € R¢ be
random vectors with i.i.d. A(0,0?) entries. Consider the perturbed input X/ € RT*¢ with
tokens «!, = x,; + g: and z/, = z, + h. Note that for self-attention, we set z, = x,

and h = g;. From these, create the matrix M, € RT=D*" with rows (f’,)iza, Where

n

o= (2, —x,)®z,. Observe that M,, =

nt noy,

. 'To conclude with the result, we will

n—1
apply Lemma B.1. To apply this lemma, we have two claims.
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Claim 1: Let 2, be the projection of 2/, on the orthogonal complement of (2;)?}!. Consider
the matrix M, with rows f,; = (2, — @,,) ® Z, for t # a,. M, is rank T — 1 almost
surely whenever d > max(T — 1,n).

To see this claim, first denote the orthogonal complement of the span of the vectors
()=} by Z,_1. The span of the vectors (z;)?~ is at most n — 1 dimensional and, since
d > n, dim(Z,_1) > 1. Consequently, 2, # 0 almost surely because the Gaussian variable
z, + h will have nonzero projection on Z,_; almost surely. Secondly, let X € R(T-Dxd
be the matrix whose rows are equal to &}, — @, for ¢t # a,. X is full row-rank almost
surely, this is because conditioned on gq, , the matrix X is written as X = X + G where
X is deterministic and G is i.i.d. Gaussian. The latter perturbation ensures full row-rank
almost surely whenever T — 1 < d. Finally, note that M,, = X ® z,,. Since the rank of the
Kronecker product is multiplicative, we conclude with the claim.

Claim 2: Let S,,_; C R% be the null space of M,,_;. There exists a subspace P C S,,_;
such that rows of M,, are projections of the rows of M,, on P, that is, f,; = IIp(f’,) where
IT denotes set projection.

To show this claim, let us consider the matrix forms of the vectorized features i.e. let us
work with R4 rather than R?. Denote the notation change as Fj; = (Tia, — :I:it)zT >
fit = (i, — Tit) ® z;. Recall that Z, ; denotes the orthogonal complement of (z;)!~.
Define ) to be the set of matrices in R%*¢ whose column space lies in Z,,_; and P to be the
vectorization of (). We first show that P is a subset of the null space of S,,_;. To see this,
fix any matrix A € P and a row fj; from M,,_;. Matricized f;; can be written as Fj; = az;
for z; € Z- |. Since A € Q, this implies (Fy;, A) = a'Az; = 0 as Az; = 0. This holds for
all Fy, thus, vectorized(A) € null(S, ).

Next, we need to show that f,; is the projection of f/, on P. To see this, we Will show
that f,, € P whereas f/, — fu, € P+ for all t. Write F/, = matricized(f,,) = az’). We
have that F,, = matricized(f.;) = az, where z, = Il _ 1( ) This implies F,,; € Q and

fut € P. Similarly, since 2/, — z,, € Z- | which implies F!, — F,,; € Q™.

M,
] satisfies

n—1

To conclude with the proof, observe that, through Claims 1 and 2, M,, = [

the requirements of Lemma B.1 almost surely, namely, projection of M, onto a subset of

the null space of M,,_; being full rank. Thus, M, is full rank almost surely. [ ]

Lemma B.1 Let A € R™*? B € R™*P. Suppose n+m < p and A is full row-rank. Denote
the null space of A by S%. Let P be a subspace that is its subset i.e. P C S4. Let B’ be the
matrixz obtained by projecting each of row of B on P and suppose B’ is full rank. Then, the

concatenation C = [A; B] is full row-rank.
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Proof. Let (a;) 4, (b;),, (b)), be the rows of A, B, B, respectively. Suppose the set
of rows of A and B are linearly dependent. Then, for some (¢;)", (¢;)’, (which are not

all-zeros), we have that

=1 =1

We now rewrite this as follows to decouple P and P+:

i ca; + zm: b+ Zm: (b, — b;) = 0.
i=1 i=1 i=1

Projecting above inequality to P, we find that Y ", ¢/b, = 0. Since (b;), are linearly
independent, we find ¢; = 0 for all ¢ € [m|. This implies )., ¢;a; = 0. Since (a;); are
linearly independent, this implies ¢; = 0 for all ¢ € [n]. Thus, (B.1) can only hold if all

coeflicients are zero which is a contradiction. ]

B.2 Auxiliary Lemmas

B.2.1 Proof of Lemma 3.1

Let W™ denote either solution of (W-SVM) or (W-SVM,). We claim that W™ is at
most rank n. Suppose the claim is wrong and row space of W ™" does not lie within
S = span({z;}l~;). Let W = IIg(W™™) denote the matrix obtained by projecting the
rows of W™ on §. Observe that W satisfies all SVM constraints since Wz; = W ""z;
for all ¢ € [n]. For Frobenius norm, using W™ # W, we obtain a contradiction
via [|[Wmm||2, = |[W]|% + |[WPm — W2 > ||[W]|%. For nuclear norm, we can write
W =UXVT with ¥ € R™" where r is dimension of § and column_span(V) = S.

To proceed, we split the problem into two scenarios.

Scenario 1: Let U,,V, be orthogonal complements of U,V — viewing matrices with
orthonormal columns as subspaces. Suppose U] W™V, =£ 0. Then, singular value in-
equalities (which were also used in earlier works on nuclear norm analysis [167, 147, 148])
guarantee that |[W2n||, > |UTW2V ||, + |[U] W22V |, > ||[W|..

Scenario 2: Now suppose U] W™V, = (. Since W™V = 0, this implies U W™V £
0. Let W/ = UU"W™ which is a rank-r matrix. Since W' is a subspace projection, we
have [|[W'||, < ||[W™®]|,. Next, observe that |W/||, = trace(U'WV) = trace(U W'V).
On the other hand, trace(U'W'V) < ||[W'||, because the equality in von Neumann’s

226



trace inequality happens if and only if the two matrices we are inner-producting, namely
(W' UV, share a joint set of singular vectors [28]. However, this is not true as the
row space of W™ does not lie within §. Thus, we obtain [|[W||, < [|[W'|, < [|[W™|],

concluding the proof via contradiction. [ |

B.2.2 Proof of Lemma 3.2

We first show that L(W) > L, = £ 3" | {(7iopt,). The token at the output of the attention
layer is given by a; = X,'s;, where S(X;Wz2;) = s;. Here, a; can be written as a; =
Ztem Siix;, where s;; > 0 and Ztem syt = 1. To proceed, using the linearity of h(z) = v 'z,

we find that

- %Zé(yz : ’L — Zg Z szth mzt
i=1 te[T]

n

Z€ (i - (®iopt,)) = %;ﬁ(%omi) =L.. (B.2)
Here, the inequality follows since vi; = v; - h(xy) = v - v @y < Yiopt, Dy Definition 3.1 and
strictly-decreasing nature of the loss ¢ due to Assumption 3.1.

On the other hand, since not all tokens are optimal, there exists a token index (i,t) for
which y; - h(2i) < yi - M(@iopt,). Since all softmax entries obey s;; > 0 for finite W, this
implies the strict inequality £(y;-h(a;)) > €(y;-h(Tiopt,)). This leads to the desired conclusion
LW) > L,.

Next, we show that if (W-SVM) is feasible i.e. there exists a W separating some optimal
indices (opt;); from the other tokens, then limg ,.. L(R - W) = L,. Note that, this
assumption does not exclude the existence of other optimal indices. This implies that,
letting limg o S(X;(R - W)z;) saturates the softmax and will be equal to the indicator
function at opt,; for all inputs i € [n]. Thus, s;; — 0 for ¢ # opt, and s;; — 1 for ¢ = opt;.

Using M;-Lipschitzness of ¢, we can write

| 0(yi - M(@iops,)) — L(yi - h(@s))| < My [h(a;) = h(2iop,)| -

Since h is linear, it is ||v||-Lipschitz implying

[(yi - (@iopt,)) — L(yi - k(@) < Myjo] - [|a; —

Since a; = Tjopt, as R — 00, (B.2) gives limp_oo L(R- W) = L,. [ |
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B.2.3 Proof of Lemma 3.4

Proof. Let
Yi =Yi- Xilvy h'L = szz1

From Assumption 3.1, / : R — R is differentiable. Hence, the gradient evaluated at W is

given by
ZEE:E@J&m XS Rz (B.3)
n
i=1
where
S'(h) = diag (S(h)) — S(h)S(h)" € R™*T. (B.4)
Note that
IS'(R)I| < [IS'(R)[IF < 1. (B.5)

Hence, for any W, W € R¥>4 j [n], we have

st - sh)

MHW—WL, (B.6a)

where hl = XZ-WzZ-.
Similarly,

S'(hy) — S'(hy)

S(h)" - S(R)S(R)T|

< |str) - s(r)

F
< 3| X | 12

(B.60)
Next, for any W, W € R34, we get

|vew) - veow)| < %Z

1 Z)

ta Z Gis )

1 & .
< > Mol fl=d 1] H8<hi> —S(h)
i=1

0 (3]8(h)) - 29/ S (h) X — € (7] S(ha)) - 20/ S/ (R) X

| /\

Z’L,}/z Z

¢ (4 S(ha) = £ (k)|

zz% — Zi%; S,<h’ )

S'(h;) — S'(hy)

- (B.7)

1 n
SO NEANE N
i=1
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where the second inequality follows from the fact that |ab — cd| < |d||a — ¢| + |a||b — d| and
the third inequality uses Assumption 3.1 and (B.5).
Substituting (B.6a) and (B.6b) into (B.7), we get

F

. 1 <& .
|vew) = vemw)| <=3 (Mo Pl 21X 02 + 36l 1zl 1K) 1W = W)

] — :
< EZ (Mo [|o]]* ||z |21 X [[* + 3Malo|| zi)* | X]1°) |W — W |
=1

< Lw |W - W|p,

where Ly is defined in (3.3).
Let g; = X;W, W z;. We have

Vw, L(W, W, Zé’ TS(g:) -z S (gi) XiW, (B.8a)
Vw, L(Wj, W, Zﬁl (7' Sg)) - X' S'(gi)viz] Wh. (B.8b)

By the similar argument as in (B.7), for any W, and Wq € R™™_ we have

‘ F

0 (37S(R)) - 20 S (h) X = € (1] S(R0) ) - 2§ (h) X,

|Vw, LW, W) = Vo, £(W3, W)

Wil <
< N7 R0

< Ly |Wi| |W, — W,]|F. (B.9)

F

Similarly, for any W, W, € R&>™ we get

vakﬁ(wka W,) — Vw, L(W,,, W,)

i Lw||[W,| Wi — Wi|p.
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B.2.4 A useful lemma for gradient descent analysis

Lemma B.2 For any X € R™¢ WV € R™ gnd z,v € R?, let a = XVz, s =
S(XWz), and v = Xv. Set

I'= sup |%—7-| and A=sup|lal.

t,re[T] te(T)
We have that
T
aTdiag(s)'y - GTSST”Y - Z(al —ay)si (1 — )| < 2lA(1 - 31)2-
t>2

Proof. The proof is similar to [186, Lemma 4|, but for the sake of completeness, we provide

it here. Set 7 = Zle ~:8¢. We have

T
"M== Z(’Yl - ’Yt)3t> and "Yl - '_V| < F(l - 81)'

t>2
Then,
T T T
aTdiag(sM - C’/TSSTV = Z a;ViSy — Z a;S¢ Z VSt
t=1 t=1 t=1
T
=aisi(n =) = ) asi(y - ).
t>2
Since
T T
Z ais (Y — ) — Zatst(’h — )| S AC(1 - 81)%,
t>2 t>2
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we obtain'

T
a'diag(s)y —a'ss'y = a;s,(y1 —7) — Z a;s,(y1 — ) £ AL(1 — 51)?

t>2
T T
= a8 Z(% — V)8t — Zatst(% — %) £ AL(L = 51)°
t>2 t>2

(@181 — a;)s; (71 — ) £ AL(1 — 51)?

]~

V

t>2

(a1 — ay)si(y1 — ) £ 2A0(1 — 31)2.

M-

t

v
N

Here, + on the right handside uses the fact that

T T
Z(alsl —a1)si(y1— )| < (1— sl)AFZ s =(1— 81)2AF.
t>2 t>2

B.3 Global Convergence of Gradient Descent

B.3.1 Divergence of norm of the iterates

The next lemma establishes the descent property of gradient descent for £(W') under As-

sumption 3.1.

Lemma B.3 (Descent Lemma) Under Assumption 3.1, if n < 1/Lw, then for any ini-
tialization W (0), Algorithm W-GD satisfies:

LW (E+1)) = LW (k) < —gI\Vﬁ(W(k))H%, (B.10)

for all k> 0.  Additionally, it holds that Y o |[VL(W (k)7 < oo, and

Proof. The proof is similar to [186, Lemma 6]. n

'For simplicity, we use & on the right hand side to denote the upper and lower bounds.
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B.3.1.1 Proof of Theorem 3.3

Proof of T1. Let
’_li = XinmZi, Yi = Yi * XZ"U, and hz = XlWZl (Bll)
Let us recall the gradient evaluated at W which is given by

7

1 n
VLW) =3 (' (3/S(h)) - XS (hi)yiz! (B.12)
i=1
which implies that

(VLW), W™ = =% ¢ (vS(hy)) - (XS (ho) vz, W™™)

=1

S|

-
&

@
I
—

tr (W) TXS (ha)yiz])

S|

(B.13)
- h{S'(h)v;

Ingh
&

@
I
—

S|

: (ﬁjdiag(si)% - FLiTSiSiT%') .

(1=
Y

1
n
1

-
Il

Here, let ¢; := /(v S(h;)), s; = S(h;) and the third equality uses tr (ba') = a"b.

In order to move forward, we will establish the following result, with a focus on the
equal score condition (Assumption A2): Let ¥ = 7,52 be a constant, and let v, and h;
represent the largest indices of vectors v and h respectively. For any vector s that satisfies

Ztem s; = 1 and s, > 0, we aim to prove that h'diag(s)y — h'ss"y > 0. To demonstrate
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this, we proceed by writing the following:

T T T
h'diag(s)y —h'ss'y = Z hives; — Z hs, Z%St

t=1 t=1 t=1
T T
- (h’l%sl + ’YZ htst) - <’7131 + (1 - 31)) <h181 + Z htst>
t>2 o
T
= hi(y —7)s1(l = s1) = (n = )81 Y Puse
t>2
T ZT htst
— (’Yl — ’y)(l — 81)81 [hl — %
thz St
>(m—701- 31)81(51 - r?fmg( f_tt)-
(B.14)
To proceed, define
Ygap = Yiopt; — tg}iﬁ Yir and hg,, = Riopt, — tlilgﬁ hi:.
With these, we obtain
ﬁ;diag(si)% — BZTSZ-SZT%- > 'Yéapﬁéap(l — siopti)siopti_ (B.15)
Note that
X — ; T mm
hgap - tgtlpréi (miopti - mit) Whhz, > 1,
PYgap = tI;E)IpI‘}i “Yiopt; — Vit > 0,
Siopti(l - Siopti) > 0.
Hence,

min { ( min (Tiopt, — azit)TWmmzi) . (min Yiopt; — %t) + Siopt, (1 — siopti)} > 0. (B.16)

1€[n] t#opt; t#opt;

It follows from (B.15) and (B.16) that
m[lr}l {h]diag(s;)y; — h; ;8] 7} > 0. (B.17)
1€en

Further, by Assumption 3.1, ¢; < 0, ¢ is continuous and the domain is bounded, the maxi-
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mum is attained and negative, and thus

max ¢'(z) < 0. (B.18)

T

Hence, using (B.17) and (B.18) in (B.13), we obtain
(VL(W), Wmm) < 0. (B.19)

In the scenario that Assumption A1 holds (all tokens are support), b, = zj W™z, is
constant for all ¢ > 2. Hence, following similar steps as in (B.14) completes the proof.
Proof of T2. It follows from Lemma B.3 that under Assumption 3.1, n < 1/Ly, and for
any initialization W(0), the gradient descent sequence W (k + 1) = W (k) — nVL(W (k))
satisfies limy, o, [|VL (W (k))||% = 0.

Further, it follows from T1 that (VL(W), W™) < ( for all W € R4, Hence, for
any finite W, (VL(W), W™) cannot be equal to zero. Therefore, there are no finite
critical points W, for which VL(W') = 0 which contradicts Lemma B.3. This implies that
W (k)] > .

B.3.2 Global convergence under good initial gradient

To ensure global convergence, we identify an assumption that prevents GD from getting
trapped at suboptimal tokens that offer no scoring advantage compared to other choices. To
establish a foundation for providing the convergence of GD to the globally optimal solution
W™ we present the following definitions. For parameters p € (0,1) and R > 0, consider

the following subset of the sphere and its associated cone:

w p .
Suw) = {W € R | (@i, — )2l ) 2 Ao, i€ ol
: TR T ) 2 Ty

(B.20a)

Co (W™ = {W e S, (Wmm) ‘ W > R} . (B.20D)

Note that the C, r(W™™) definition is equivalent to the C,, r definition in (3.8) with a change
of variable p < [[W™™ ||z - p.
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Throughout this section, we will use the following notations:

1

0O=——, (B.21a)
W[
it V[T — Tir||) - [|Zi
A:max{ max (Hwt” ||$t d ||) ||Z ||,1} <B21b)
i€[n),t,r€[T] C)

We will use the following notations: Recall scores 7;; = v;-v ' x;;. We define the global scalar

L= sup |y — Virl- (B.22a)
i€[n],t, T[T

We also define the score gaps over ¢+ € Z and support indices:

ViD= Yiopt, — MAX Vi, YT = Yiopt, — MiN Yy
7 opt; t;éopti (1) 7 0pt; t;éopti (22)
gap __ : gap ~gap __ ~8ap
Vmin — ML, and Tmax = AX " . (B22b)
i€ln) i€[n]

Lemma B.4 Suppose that Assumption 3.1 on the loss function £ holds. Let opt = (opt;)?_,
be the unique globally optimal indices (as defined in Definition 3.1), and let W™ denote
the solution to the optimization problem in (W-SVM). There exists a positive scalar p
such that for sufficiently large R,: For all V. € S,(W™") with |V |r = ||[W™"|r and
W e CL}RM(W’”’”), there exist dataset dependent constants C), C’, c > 0 such that

n n

C. %Z (1= Siop) = ~(VEW), V) = copi- %Z (1= 810p1,) > 0, (B.23a)
i=1 i=1
1<
IVEW)]lr < AC- ~ ; (1= Siopt,) - (B.23b)
V. VL(W) > c 0
- ) Z —= = > 0 B23C
<||V||F INCW)|x/ = ¢ A (B.23¢)

Here, Siopt, = (S(X;W %)) opt,» A = maxep)rem) @i — Tir|| ||2i]|, and © = 1/[|W™™||p.
Proof. Let R = ||W||F,

=0y v X'S(h;)), hi=XVz, hi=XWz, s =Sh). (B.24)
The following inequalities hold for all V' € S, ||V||r = ||[W™|r and all i € [n],t # opt,:

A > (@iopt, — xy) Vzi > p. (B.25)
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To proceed, we write the gradient correlation following (B.3) and (B.13)

(VL(W Z@’ <h,, S'(h > : (B.26)

where we denoted élz = £,<yz . 'UTX,LTS(iLZ)), hz = XZ'VZi, ill = XiWZl', S; = S(ihz)
It follows from (B.21a) that

m h;l}= m |1} = m ,V
ze[n]?é{[T]ﬂ i} = i ]?’é{[T]szt zil} = it ]a{é{[Tﬂ(w”z )|}
< m V 0z || < A. B.27
ichn ]?é([T] {H | [z H} ( )

Using (B.25), we can bound the softmax probabilities s; = S(h;) as follows, for all i € [n]:

= Z Sir < Te’R“@siopti < Te B, (B.28)

TF#opt;

Let us focus on a fixed datapoint i € [n|, assume (without losing generality) opt, = 1, and

drop subscripts ¢. Directly applying Lemma B.2, we obtain

T
|h"diag(s)y — h'ss"y = (h1 — hy)si(y1 — )| < 2DA(L - s1)°.

t>2

To proceed, let us upper/lower bound the gradient correlation. Since A > hy —h; > >0
from (B.25), setting S =3, 8t =1 — 51, we find

A- S5 > Z (b1 —hy)si(yn — ) > - S -5 (B.29)

t#opt

Next we show that S = 1 — s; dominates (1 — s1)? = S? for large R. Specifically, we wish

for

4 TA Jy&P
S8 /2 > T A(1 — 81)? S>—-—-6% «—= S§< :
pSYER[2 2 WA = 81)" = S22 <A

(B.30)

Using (B.28), what we wish is ensured for all i € [n], by guaranteeing Te 1+ < ’”g " That
is, by choosing

1 4TTA
R Z u_@ log (m) s (B31)
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where v& = min;ep, 72 is the global scalar corresponding to the worst case score gap over
all inputs.

With the above choice of R, we guaranteed

.S . ~82p 1 — gap
2A(1 — 81) AP > 94 . G . AEP > Z (hl - ht>3t(’71 . %) > 2 5 Y > M( ;1)’}/ ’
t#opt
via (B.30) and (B.29).
Since this holds over all inputs, going back to the gradient correlation (B.26) and averaging

above over all inputs ¢ € [n] and plugging back the indices i, we obtain the advertised bound

Z 0. S FEP > —(VL(W Z —0 - S; - ~EP, (B.32)

i€[n] 16[”]

g/

min /max D€ the min/max values negative loss derivative admits over the ball [—A, A]

and note that max;e, 757 > 0 and min,ep, 75 > 0 are dataset dependent constants. Then,
we declare the constants C' = —2A¢, .. - maxep) 75 > 0,¢ = —(1/2)€,, - mingep) 72 > 0
to obtain the bound (B.23a).

The proof of (B.23¢) and (B.23b) follows similarly as the proof of Lemma B.7. |

The following lemma shows that as m approaches zero, the negative gradient of the loss
function at W € C, g(W™) becomes more correlated with the max-margin solution (Wmm)
than with W itself.

Lemma B.5 Suppose Assumption 3.1 holds and let opt = (opt;)?_, be the unique globally-
optimal indices with W™ denoting the W-SVM solution. For any choice of m > 0, there
exists R, > R, such that, for any W € C, R(W™™), we have

<vz<w>,%> > (1+7) <vc<w>,%>.

Here, C,, r(W™M) is the cone defined at (B.20).

Proof. Let

. ! (B.33)
hi = XinmZi, S; = S(hz), and f; = gl(yl . 'UTXZTS(hl))

To establish the result, we will prove that, for any 7= > 0, there exists sufficiently large R,
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such that for any W € C, . (W™™):

(-VL(W :——Zﬁ’ < . S'(h >

1+7
n

< —

Ze; (RS (i) = (14 7) (~VL(W),W™), (B34)

or equivalently,

n

>t ((1+7) (b diag(si)v — b sis] %) — (b diag(si)yi — hisis] 7)) > 0. (B.35)

i=1

It follows from Lemma B.2 that for h; = X, W™z, and h; = X,;W z;, we have:

h/ diag(s;)v; — h; sis] v — Z (hit — hit)si(vir — Yie)| < 2TA(1 — 841)?, (B.36a)
t#opt;

t#opt;

Using Lemma B.4 and its Ru constant, if R, > R#, we just need to prove the statement for

0 <7 < 1. In this case, using (B.36), (B.35) is implied by the following stronger inequality

i=1 t#opt; t#opt;

Z(—f;) . ((1 +7) Z (hix — hig) it (v — Vi) — Z (’_741 - ’_lit)siz(%',l — i) — 6TA(1 — 32‘1)2) > 0.

Recalling h;; — h;; > 1, we note that Z#Opti Sit(yn — i) < Zt#opti(h“ — hi)si (v — Yit)-
Now plugging in h in the bound above and assuming 7 < 1 (w.l.o.g.), (B.34) is implied by

the following stronger inequality

Z(—@) ) 6FA(1 - 811)2 + Z (hil - hit)Sz't(’m - ’Yz't)
=1 t#opt,
<(1+m) Z(—Q) ) Z (i1 — hir)si(Yir — Yit)
i=1 tF#opt;
S(L+m Y (=6) - Y sl — ).
1=1 t#opt;

First, we claim that 0.57 Y, . 8it(va — 7it) > 6T A(L — s;1)? for all i € [n]. The proof of
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this claim directly follows the argument in Lemma B.4, (namely following (B.28), (B.30),
(B.31)) we have that 1 — s;; < Te ##® and ~;; — 73 > 755 for all i € [n]. This leads to the

choice
1 12-TTA
R>—1 — . B.37
> 5 () (B30

Following this control over the perturbation term 6['A(1 — s;1)?, to conclude with the

result, what remains is proving the comparison

D(=0) - D (ha = ha)su(vin — 7i) < (1+0.5m) Y (=€) > sulvin —7a).  (B.3B)
i=1 t#opt, 1=1 t#opt;
Scenario 1: [|[W — W™?||p < ¢ = 75 for some € > 0. In this scenario, for any ¢ # opt;

and i € [n], we have
Ihiy — hag| = |2}, (W — W) 2, < AQ¢ = %
Consequently, we obtain
hiy—hy; <hj;—h;+2A0e =1+ 0.57.

Similarly, hj; — hy > 1 — 0.5 > 0.5. Since all terms h;; — hy, S, 71 — Ve in (B.38) are
nonnegative, we obtain (B.38).
Scenario 2: |[W — W™|p > ¢ = 7.

scenario, for some ¢ € [n], v = v(€) > 0, and T # opt,;, we have that

Since W is not max-margin solution, in this

hﬂ — hiq— S 1—2v.

Here 7 = argmax,opt, x;;Wz; denotes the nearest point to h; (along the W direc-
tion). Recall that s = S(Rh), where R = RO = ||W|z/|W™|r. To proceed, let

h; = MIN¢£opt, hii — hy,

ZT:={i€n|:h <1-2v}, [n|—Z:={i€n]:1-2v<h}.
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For all i € [n] — Z,

Z (hi — hit)si (i — vie) — (1 4 0.57) Z Sit(Vi1 — Vit)
t#opt; t#opt;

<(2A—(1+057m)T >

t#opt;, h¢17h¢t21+% (B39>
< (2A — (14 0.57)) TTe 0+

QAT Te RO+3),

IN

For all i € Z, split the tokens into two groups: Let N; be the group of tokens obeying
hi —hy <1 —vand N := [T] — {opt;} — N be the rest of the neighbors. Observe that

Zteﬁfi Sit

T—— =Te .
Zt;ﬁopti Sit N 62VR
Using |hi; — hy| < 2A and A5 =

Milep) Y5 = MiNep) (Vi1 — MaXyzopt, Vit), Observe that

2T ATe ¥
Z(hil — hir)su (v — vir) < g
tG/V,- min

Sit(’m - ’Yz't)-
t#opt;
Thus,

Z (hil - hit)sit(%'l - %‘t) = Z(hil - hit)sit(%'l - %'t) + Z(hil - hit)Sit(%'l - %’t)
t#opt;

teN; teN;
2T ATe ¥
< Z(l —v)8i(Yir — Yit) + ——ap— Sit(Yi1 — Vit)
teN; Ymin

t#opt;

ol AT e Rv
< (1 —v+ W) Z sit(Vi1 — Vit)
min t£opt;
ol ATe Rv
< <1 + T) Z Sit(Vi1 — Vit)-

t#opt,
Hence, choosing

gap
min

1 SLAT
> I .
R_Vglog( > (B.40)
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results in that

Z (hit — hi) s (Vin — vie) — <1 + g) Z Si(vin — i)

t#opt; t#opt;
T ATe B g
<|\——=— — 3 Z Sit (Vi1 — Vit)
: 2
Vmin topt; (B.41)
i
< 1 Z 8it(i1 — Vi)
t#opt,
T _
< _ " g —R(1-2v)
—_ 4T’ym1n

Here, the last inequality follows from the fact that

671_3(1721/) 1 _
D saZ max sy > e > e ),
t#opti t;ﬁ i—1 e 71 1t

From Assumption 3.1, we have cpin < —¢ < ¢pax for some positive constants ¢, and Cpay.
It follows from (B.39) and (B.41) that

1,
T Zgz Z (hir — hie) s (Vir — Yie) — Z (14 0.57)8:(vi1 — Yit)

t#opt; t#opt;

o . gap  _
< o 2DATTT e RO+3) _ Smin | Tmin  —R(1-20)
- nT’ 4

<0.

Combing with (B.40), this is guaranteed by choosing

1 CopAT 1 ConFATQCmaX
R > RW — _1 5 1 a 9
= M = A { v 8 ( VB ) (v +7/2)0 ° ( P~

T

where v = v(;}g) depends only on 7 and global problem variables. Combining this with the
prior R choice (B.37) (by taking the maximum), we shall choose Cj sufficiently large such
that R, > RN, where Ru is defined in Lemma B.4. ]

B.3.2.1 Proof of Theorem 3.4

The following theorem is a restatement of Theorem 3.4. Two minor differences are: (1) We
state with the change of variable p < ||[W™ | - u; see discussions below (B.20). (2) We

also include (L3.) in the statement of the theorem.
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Theorem B.1 Suppose Assumption 3.1 on the loss function ¢ and Assumption 3.3 on the
initial gradient hold.

L1. For any pu > 0, there exists R > 0 such that C, x(W™™) defined in (B.20) does not

contain any stationary points.

L2. Fiz any p € (0, min(1, o[[W™"||p/||VL(0)||r). Consider GD iterations with W (0) = 0,
W (1) = —-RVL0)/||VLO) ||, and W (k+1) = W (k)—nV LW (k)) forn <1/Lw, k> 1,
and R sufficiently large. If all iterates remain within C, g, then limy_,o [|[W (k)||r = oo and
W (k) W mm

WEIle — [Wmme-

L3. Assumen < 1/Lw and for all W € C, x(W™™) with sufficiently large R

2
min (@iopr, — Tit) 2, W — pVLW)) > min (@iop, — Tar) 20, W) — —— b (VL(W), W™ |
icin] i€[n] W%

(B.42)

then all GD iterations remain within C, p(W™™).

Proof. Note that L1. is a direct corollary of Lemma B.4. We proceed with the proof of
L2. and L3.. We provide the proof in four steps:
Step 1: C, R (Wmm) construction. Let us denote the initialization lower bound as Rg =
R, where R is given in the Theorem B.1’s statement. Consider an arbitrary value of € €
(0,1/2) and let 1/(1 + ) = 1 — e. We additionally denote R, <— R, V 1/2 where R, was
defined in Lemma B.5. At initialization W (0), we set € = /2 to obtain R), = R,,,.

We proceed to show g € (0, min(1, ¢||W™™||g/||[VL(0)||r). It follows from Assumption 3.3
and under zero initialization for GD (W (0) = 0) that

<($iopti - $it>ZiT, > < Liopt; — wlt —VE > > 1> 0,

for some positive constant ¢. Hence, for any initial step size n(0) > 0 and W(l) =

I w(1) _ n(0) r o — )2l —
(@~ 20 Ty ) = Ty (e = 05T V20
m© ¢ (B.43)
2 WOl ~ IVZO)r
> P
— W
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Here, the last inequality follows from our choice of i in the theorem statement, i.e.

e (0, min (1, %)) . (B.44)

This p choice induces the conic set C,, ro(W™™) with R, = R, )5, where R/, was defined
in Lemma B.5. Now, given the parameter u satisfying (B.44), we can choose 1(0) such that
IW(1)|lr > R, and W(1) € C?M,RB(Wmm). To achieve this, since W (0) = 0, we obtain

R,

10 = [z

(B.45)
Since by our definition, R, < R, (B.45) gives W (1) in the theorem’s statement.

Step 2: There are no stationary points within CM,RB(Wmm). This step follows from
L1.. Specifically, we can apply Lemma B.4 to find that: For all V. W € §,(W™") with
W r #0and |[W]p > R), we have that — (V,VL(W)) is strictly positive.

Gradient correlation holds for large parameter norm. It follows from Lemma B.5 that, there
exists R, > R, V 1/2 such that all W € C, g (W™™) satisfy

<—V£(W),”‘X/VTH;1> > (1—¢) <-vc<w>, %> (B.46)

The following argument applies to a general € € (0, /2). However, at initialization W (0) =
0, we have set € = 11/2 and defined the initialization radius as Rg = R, /2. To proceed, we

will prove the main statements (L2.) and (L3.) as follows.

e Proving L3.: In Step 3, we will assume Condition (B.42) to prove that gradient
iterates remain within C, g (W™"). Concretely, for any € € (0, 11/2), we will show that
after gradient descent enters the conic set C, g (W™™) for the first time, it will never
leave the set under Condition (B.42) of the theorem statement and (B.46). In what
follows, let us denote k. to be the first time gradient descent enters C,, z (W™™). Note

that for € < /2, k. = 0 i.e. the point of initialization.

e Proving L2.: In Step 4, assuming iterates within C, p.(W™), we will prove that the
norm diverges (as a result such k. is guaranteed to exist) and, additionally, the gradient

updates asymptotically aligns with W™,

Step 3 (Proof of L3.): Updates remain inside the cone C, z (W™™). Note that if
W (k) € Cup. (W™™) for all k > 1, the required condition in L2. holds, and we proceed to
Step 4. In this step, we show L3.. Specifically, we show that under Condition (B.42) and
using (B.46), all iterates W (k) € C,, g, (W™™) remain within C, p (W™").

243



To proceed, by leveraging the results from Step 1 and Step 2, we demonstrate that the
gradient iterates, with an appropriate constant step size, starting from W (k.) € C,, g (W™™),
remain within this set. We proceed by induction. Suppose that the claim holds up to iteration
k > k.. This implies that W (k) € C, p.(W™™). Hence, recalling C, r.(W™") defined in
(B.20), there exists scalar = p(ax) € (0,1) and R, such that |[W(k)||r > R., and

<(wiopti — Ti)z; %> > 10,

where © = 1/|W™™|| .
Let

1 <Wmm

T —Vﬁ(W(kz))> = p(k) > 0. (B.47a)

Using (B.42), we have

o Wk +1) N W(k) n
(ow = 202] gy ) = o= 2037 gty ~ Tty V2% )

2n(1 — €)uOp(k)
2O T Wbl

(B.48)

From Lemma B.4, we have (VL(W (k)), W (k)) < 0 which implies that |W(k+1)||r >
|W (k)||p. This together with R, definition and |[W (k)||r > 1/2 implies that

1
[W(k+1)|r< W

= QW) — 20 (VLW (k) WE)) + RV LW (k) 2)

2[W(k)|r
< [W(k)llr - (VLW (k)), W (k)) + n*[[VLW ())[}-

(W (% + DI + W (%)]1F)

_n
W (k)|

Thus,

WGk + D)l . W) \ VLW
Wle =W >HF<V‘C(W(‘“>> ||vv<k>||F>+ W)
Oy wen O\ IVLW )|
=t <1—e>|rw<k>||F<w(W(’“”’||Wmm||F>+” W)
np(k) PI|\VLW (k)7
WHl " wwle ekl

<1+

(B.49)
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Here, the second inequality uses (B.46).
Now, it follows from (B.48) and (B.49) that

min <(w " _w.t)z,—l— M>
topt;, i€fn] T Wk + 1)

1 2n(1 — €)uOp(k)
AR (“(“ W[l )
- e (20— - Dpk) VLW (R)IZ (B.50)
—“@+cl<p<k>,n>< G ACIE )
- O ((1=20p(k) VLW (R)3
“@+cl<p<k>,n>( Wmle " WHEr )
> 1o,

where the last inequality uses our choice of stepsize n < 1/Ly in Theorem 3.4’s statement.
Specifically, we need 7 to be small to ensure the last inequality. This can be obtained by
following similar steps as in the proof of Theorem 3.5. We will guarantee this by choosing a
proper R, in Lemma B.5. Hence, (B.50) implies (B.50) and W (k + 1) € C, g (W™™).

Step 4 (Proof of L2.): W(k) and W™ perfectly align over time. By theorem
statement (alternatively via Step 3), we have that all iterates remain within the initial
conic set i.e. W (k) € C7M7R2(Wmm) for all £ > 0. Note that it follows from Lemma B.4 that
(VL(W), Wm [|[Wm[ ) < 0, for any finite W € C,, o (W™"). Hence, there are no finite
critical points W € C_Mng(Wmm), for which VL(W') = 0. Now, based on Lemma B.3, which
guarantees that VL(W (k)) — 0, this implies that |W (k)|| — oco. Consequently, for any
choice of € € (0, 1/2) there is an iteration k. such that, for all k > k., W (k) € C, g (W™™).
Once within C,, g (W™™), multiplying both sides of (B.46) by the stepsize n and using the

gradient descent update, we get

<W(k:+ 1) — W(k),H‘?//TZIL>

>(1-e) <W(k‘ +1) = Wi(k), ||vvtf(§<:))llF>
(-9

(W (k + DIIE = W E)[IE — Wk + 1) — W(k)|[7)

s (IW &+ DI = [W ) — WG+ 1) - W<k>r|%)
> (1= ) (IWk 4 Dllr— W) e — [Wk+ 1)~ WE)E)
> (1= ) (IW(k+ Dllr — W 8|1 — 20 (LW () — LW (k+1)) ).

%
=
o

N

=

=
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Here, the second inequality is obtained from ||W (k)| > 1/2; the third inequality follows
since for any a,b > 0, we have (a*> — b*)/(2b) — (a — b) > 0; and the last inequality uses
Lemma B.3.

Summing the above inequality over k > k. gives

Wik) W= . Clen o
<||W</<:>||F’||Wmm||F>21 fwore W ®) € Cur (W),

where £, < L(W (k)) for all k > k., and

Wmm

Clen) = <W(k’e)7m

> 1= OIW kIl — 20(1 — LW (k) — L),

Consequently,

liminf< Wik) wor
koo \ [|[W(E)||F" [[Wom| 5

> >1—¢  W(k)€Cr(W™).

Since € € (0, u/2) is arbitrary, this implies W (k) /|| W (k)||p — W™ /||W ™| g. n

B.4 Local Convergence of Gradient Descent

To provide a basis for discussing local convergence of GD, we establish a cone centered
around W™ using the following construction. For parameters p € (0,1) and R > 0, we
define C,, r(W™) as the set of matrices W € R%*? such that ||[W||r > R and the correlation
coefficient between W and W2™ is at least 1 — u:

%% W mm
S,(Wmmy .— LW e R4 . o >1— B.51
HWa™) { € <HWHF’HW&“mHF>‘ “}’ (B.51a)
Co (W) =S, (W™ N {W e R” : |W|r > R}. (B.51b)

Let (7;)%, be the set of all support indices per Definition 3.2. Let 7; = [T] — T; — {;}
be the non-support indices. Let Z C [n] be the sample index set that contains samples
with support for locally optimal tokens as per Definition 3.2, and Z be the sample index set

without support tokens, that is

7={iem] ‘ T#0}, and Z={ie] \ T=0}=[-T (B.52)
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Throughout, we will use the following notations:

1

O=—"—, (B.53a)
W]
1 1
6 = mi —mi i L, — Ljr Twmmzi —1 s T 0 B.53b
Imn{ minmin (@i, - @ir) )4} (B.53b)
it V| T — Tir||) - ||Zi
A:max{ max Uil V|2 = i) - 12 H,l}, (B.53c)
i€[n),t,re(T) ©
52
(o) = YR (B.53d)

When 7; = 0 for all i € [n] (i.e. globally-optimal indices), we set § = co as all non-neighbor

related terms will disappear. Recall scores v;; = 15 - v ' ;. We define the global scalar

I'= sup |y — Virl - (B.54a)
i€[n],t,7€[T)

We also define the score gaps over ¢ € Z and support indices:

gap ~&ap

Y = Yiay — It%%%( ity Vi = Yia; — 5217121 it
gap __ : gap ~gap __ ~8gap
Yiwin = MDY, and ARE = max ;. (B.54b)

Furthermore, letting s;; = (S(X;W 2;));, we define

Si = Z Sit, and Qz = Z Sir. (B55)

teT; TeT;

In the following lemma, we analyze the behaviors of the (W-SVM) constraint
(zy — xir)| Vz; for all V € S, (W2 satisfying |V r = | W2 p.

Lemma B.6 Let W™ = W™ denote the SVM solution obtained via (W-SVM) by replac-
ing (opt;)i—, with o = ()7, and let 6 be defined in (B.53b). For any V € cone,(W™")
with ||V ||p = [[W™||r and p < p(8) (c¢f. (B.53d)), and for alli € [n], t € T;, and 7 € T,

we have

(i — zciT)T Vz > 25 >0, (B.56a)
3
(%%—mHTV421+§& (B.56b)
1 T 1
1+ 55 Z (wmi — mit) VZZ' Z 1— 5(5 (B56C)
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Proof.  To show (B.56), we note that for any V' € cone,(W™™") such that ||V||r =
Wp,

IV = W = (2 W2 — 2V, W)

% W
W 2 — 2< | >
W T

1

< =\/2-2(1—

<8 (1—p)
B

< —

= 140

(B.57)

Here, the first inequality follows from (B.51a), and the last equality uses (B.53d).
We will proceed to show a bound on (i, — ®y,)' (V — W)z, for any i € [n] and any
token indices t1,ty € [T]. For any token index t € [T'], we have
‘w;(V — Wmm)zi| = {(V - wm a:itziT)|

<V = W™ pll@az ||

;

< qag lwezilr (B.58)
1)

< .

— 4406 04

_9

=

Here, the first inequality uses Cauchy-Schwarz; the second inequality follows from (B.57);
and the third inequality is obtained from (B.53c).
Hence, it follows from (B.58) that

for all t;,t, € [T] and any i € [n], (Tir, — @ir,) (V= W™) 2| < =6, (B.59)

N | —

Note that W™ = W™ is the SVM solution obtained via (W-SVM) by replacing (opt,)?,
with o = (;)7;. Hence, from the definition of ¢ in (B.53b), we have for all i € [n], t € T;
and 7 € 7; that

6 < = ((@ing — ®ir) W™z — 1) < = (my — x;,) Whmz,,

DN | —
DN | —
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This together with (B.59) implies that for all ¢t € 7; and 7 € T,

(@it — zir) Vzi > (@0 — i) W2 + (@0 — 237) | (V- W) 2
1 3
>20—=0==0
- 2 27
(@i, — Tir) ' V2 2 (@i, — Tir) W2 + (@i, — Tir) (V. — W)z,
1 3
>14+20—=6=1+=0
> 1+ 5 + 50
‘(wm —xy) Vz — 1‘ = ‘(azm — ) W™z (@i, — i) (V — W) 2, — 1‘

1
= ‘(wiai - m'it)—r(‘/ - Wmm)zi‘ S 55
This completes the proof. .

Lemma B.7 Suppose Assumption 3.1 on the loss function € holds, and let o« = (a;)}
be locally optimal tokens according to Definition 3.2. Let W™ = W™ denote the SVM
solution obtained via (W-SVM) by replacing (opt,)’, with o = (o). There exists a
positive scalar p such that for sufficiently large R,: For all V € S, (W™ with |V || =
W™ and W € C,, g, (W™"), there exist dataset dependent positive constants C, C, and
¢ such that

c- > (1=sia) > —<V£(W), V> >e.t > (1= sia,) >0, (B.60a)
" ez n 1€L
IVL(W)|r < AC- Z — Sia,) (B.60b)
ZEI
\ % Vﬁ(W) > c O
B ’ 2= 7170 B.60c
<”VHF INEW)|r/ = ¢ A (B.60c)

Here, Sin, = (S(XiW 2;))a,; T C [n] is defined in (B.52); and ©, A are defined in (B.53).
Proof. Let R = ||W||F,
G=U(y: - ’UTXZ‘TS(i%’))a h;=X;Vz, h; = XiWz, Si = S(i%) (B.61)

Before the main proof of the lemma, we provide bounds for |hy|, @Q;, S;, and Q;/S;
(cf. (B.55)). To proceed, recall scores v; = y; - v'@y;. Not that using (B.53c), for all
V € R™? with |V ||p = | W™, and for all i € [n],t € [T], we have

(Pt = |, Vzi| = [z, V)| < Ve llzez || < A. (B.62)
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Here, the last inequality uses (B.53c).

Let us assume (without losing generality) o; = 1 for all ¢ € [n]. Note that 7; can be empty
for some 4 € [n]. In this case, we set S; = 0. Similarly, 7; can also be empty for some i € [n],
in which case we set (); = 0 which satisfies (B.63a). Note also that for all W € S, (W™™),
| W™ || s W /|| W || satisfies the requirement of Lemma B.6. Hence, we can provide bounds
for Q; and S; in the following. If Q; is positive, for any W € S,(W™™) and with 7; as the

set of all non-support indices, we have

xl Wz Wz
Do € D € ~RO(1+35)
T — < = <Te 2%/,
Zt—l ezitWZi em“Wzi

Qi =

(B.63a)

Here, the last inequality uses our definition R = ||[W/||p for all W € S, (W™), © =
1/[|[w™|| g, and (B.56b).
Similarly, in the case S; is positive, for any W € S, (W™ ) and 7; as the set of all support

indices, we have

z] Wz,
S; = Dier, 5 Zuer VT 1 ron+yo), (B.63b)
Zt: T, VVz2 - Tem Wzl T
withi wthz
Sz' _ ZteTi € _ < ZtGT € < Te R@(l—lé) (B63C)
Z?:l ea:ithi em“Wz,
Here, the last inequalities in (B.63b) and (B.63c) follow from (B.56¢).
Further, for positive S; and any W € S,(W™), from (B.56a), we have
:cthzL
% ZteT € < Te_gReé. (B.63d)

Si ZteTie Wz =

Proof of (B.60a):

To proceed, we write the gradient correlation following (B.3) and (B.14) as

n

~(VEW).V) = 030 B S

:_Z —0)) - ]S (hy)v: Z( ¢y -h]S (hi)y. (B.64)

€L ZEI
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Note that to show (B.60a), intuitively, we will show that there exists R, such that for any
R>R,, —+%. .U -h]S'(h;)y; dominates —L 32 U -h]S'(h;)~;. Directly applying Lemma
B.2, for any i € [n], we obtain

T

h:diag(si)% - hiTSiSiT%' - Z(hil — hi)si (i — i) | < 2IA(1 — Sz‘l)z- (B.65a)

t>2

To proceed, let us decouple the non-support indices within Zthz(hil — hiy)su(vin — Yit)-
Recall 7; is the set of all non-support indices per Definition 3.2. We have

Z(hil — hit)si(yin — 7ie) | < 2Q:A. (B.65Db)
teT;

It follows from (B.65a) and (B.65b) for 7; as the set of all support indices,

hjdiag(si)% - h@-TSz‘SiT%‘ - Z(hil - hz‘t)Sz't(%'l - %’t)
teT;

<2PA((1—s54)*+Q;). (B.66)

In the following, we consider bounding (B.64) for samples from Z and Z separately.
Case 1: i € T (Samples with support tokens). Recall hy; — hy = (xgq — i)' V z; for all
V € S, (W™) with |V p = ||[W™| r. Hence, it follows from (B.56¢) that

( ) Z Sit 711 71t > Z 1l T 1t Sit (’7@1 7@t> 2 (1 - _) Z Sit ﬁ)/zl P)/zt)

teT; teT; teT;
(B.67)

From (B.54b), we get

( > yEeP Zszt > Z il T zt Szt 711 - 71t> - (1 - > P Zszt <B68>

teT; teT; teT;

Note that S; = ), sir. The above inequality together with (B.56) implies that

h, diag(s;)y; — h; si8] i < (1 + g) SAE™ + 2T A ((1— si)* + Qi) (B.69a)

)
h, diag(s;)y; — h; si8; i > (1 - 5) Sy —2TA (1 — 8i1)” + Qi) - (B.69Db)

We claim that for each sample i € Z, S; dominates ((1 — 8;1)% + Q;) for large R. Specifically,
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we aim for

(1 - é) S; - > 8I' A max ((1 — 811)%, Qz) — 5, >8 (1 — é) ;—i max ((1 — sil)Q,Qi) )

2)
(B.70)
It follows from (B.63d),
R> R, = 21§§éT), implies that @Q; <S; forallieZ. (B.71)
Consequently,
(1—81)2 = (Qi + Si)® < 452 < 48T FO(1=29) (B.72)
Substituting (B.63d) and (B.72) into (B.70), we achieve our goal by ensuring that
S; > 8 (1 — g) 71;3) max <4S Te ROU-39) g, Te RO 5) (B.73)

Equivalently, using the fact that § < 1/4 by (B.53b), we achieve (B.70) by ensuring that

rA
1232(1—%) Te FO39.

gap
)

This in turn is ensured for all inputs ¢ € Z by choosing

2 16(2—9)TTA
R > max(Ry, Ry), where Ry = 550 log ( 6( gap) ) (B.74)

Here, R; is defined in (B.71), and 75 = min;ez 75* is defined in (B.54b) as the global scalar
which is the worst case score gap over all inputs.

With the choice of R in (B.74), we have ensured (B.70), which, together with (B.69),
implies that

5 1 )
2 <1 + 5) S = hy diag(s:)yi — by sisi v > 5 (1 N §> Sy (B.75)

Let —¢,,;, and —¢, . be the min and max values negative loss derivative admits over

the ball [—A, A], respectively. Note that max;cz 73" > 0 and min;ez v > 0 are dataset
dependent constants. Then, using (B.54b), (B.75), and the choice of R in (B.74), the first
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term in (B.64) can be bounded as

gap

2 ~/8ap 9
( El . + 5 meax Z S > - Zel hTS/ ( El ) ( 5)’7111111 Z S B 76)

max min An
€L ’LEI i€

Case 2: i € T (Samples without support tokens). Note that if i € Z, then S; = 0 and it
follows from (B.69) that for all i € Z,

|h diag(si)yi — b sis] 7| <2DA((1—80)° + Qi) = 2T A (QF + Q) <4TAQ;,  (B.77)

where the last inequality uses (1 — 8;1)% = (Q; + S;)? = Q? < Q;.

Recall —¢/ . be the max values negative loss derivative admits over the ball [—A, A].

Using (B.77) and (B.64) we have that

) A Qe ISR G TS 0 B

i€l i€l i€

Using (B.76) and (B.78), we will show that

gap
’-Ymm E 4I'A § :
( g;mn ) S > max ’ n QZ <B79)

i€l i€l
Using (B.63a) and (B.63b), the above inequality is implied by

p
_ (2 — 5)gmln€;nm |I| fR@(lJr ) > 4FA€/ |I’ . TefR@(lJr%é).

max

This gives the following choice of R

R> Rs =

1 (( 32|Z|T°T AL, ) (B.80)

50 B\ _o)zphEre

min*~min

Hence, the above choice of R ensures that (B.78) holds.
Considering both Case I and Case 2, and combining (B.74) with (B.80), we can select

R > max (R, Ro, R3) , (B.81)
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which, from (B.76) and (B.78), implies that

24 §)y8 0!
( + ’Ymax max ZS > - Ze/ hTS/ - Zé/ hTS/
1€T zEI zeI
2 gap !
> _( Vmintmin Z S
i€l

The above inequality together with (B.64) implies that

224 DL S (1~ 50) 2 (~VL(W), V)

Tmaxtmax
€T

v

(2 = 0)Vrninfimin L
- T - ;(1 — si1). (B.82)

Here, the first inequality follows since (1 — s;;) > S; and the last inequality is obtained from
the fact that (1 —s;1)/2 = (Q; +5;)/2 < S; due to (B.63d) and the choice of R in (B.74).
Note that since —¢; ;, > 0 due to Assumption 3.1 and ), ;(1 — s;;) > 0, the right-hand

side of (B.82) is positive. Hence, by choosing R > R/u there is no stationary point within
Cz, (W™™). Finally, we declare the constants

1
C=2(2+0) T (—liax) > 0, and e= 222 = )y (i) > (B.83)

This gives (B.60a).

Proof of (B.60b) and (B.60c):

Let h; = X;Vz for all V € R with |V|p = |[W™|p. Note that similar to
(B.62), we have for all i € [n] and t € [T] that

(bl < V]| @z || < A. (B.84)

Recall that s; = S(X;Wz;), with W € S,(W™), as stated in Lemma B.7. Following

similar argument as in (B.65)—(B.66), we obtain

teT;

Next, we consider bounding (B.69) with h replaced with h for samples from Z and Z,
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separably.
Case A:i € T (Samples with support tokens). Note that hiy — hy = (xy — wit)TVzi for
all Ve R with |V ||z = W™ . Hence,

QAZ Sit ’711 Vzt > Z ( il T ) Sit (’711 - Vzt) : (B86)

teT; teT;
From (B.54b), we get
2A%7°F Z Sit = Z(im - i’/it)sit(’}/il — Vit)- (B.87)
teT; teT;

Using (B.85) and (B.87), we get
2AEPS; + 2AT (1 — 81)* + Qi) > h/ diag(s;)y; — b s;8] v, forall i€Z. (B.88)

Since s; = S(h;) with h; = X,Wz; and W € S,(W™), similar to (B.71), R > R, gives
Q; < S; for all i € Z. Consequently, (1 — sﬂ)2 = (Q; + Si)2 < 45% < 45;. This, together
with (B.54b), implies that

(2498 4+ 10AT) S; > h; diag(s;)y; — h, s;s; v;, forall ieZ, (B.89)

max

Recall —¢/ . > 0 be the max values negative loss derivative admits over the ball [—A, A]. It

follows from (B.89) that

(24750 + 10AT) - (=€) Z S;>—= ZE’ hl 'S (hi)v. (B.90a)

ZEI zEI

Case B: i € T (Samples without support tokens). Since i € I, we have S; = 0. Hence,
from (B.85), we obtain

2ATQ; > h] diag(s;)v; — h] s;8] v, forall i€,
which implies that

2AT - (—=0,..) - = ZQZE——Zé’ h/S'(h (B.90b)

i€l i€l
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In the following, we show that for a sufficiently large choice of R, we have

2 Qi< S (B.91)

To do so, using (B.63), the above inequality is guaranteed if, for § defined in (B.53b), we

have

|j| _TG—RQ(H—%é) <|Z|- le—RG(l-&-%é).
- T

This gives the following choice of R

|Z|7°
R>R lo . B.92
== v (7 .

Taking both Case I and Case 2, and combining (B.74) and (B.92), by choosing
R > max (Ry, Ry), (B.93)

we obtain

(24782 4+ 10AL 4 2AT) - (... Z S, > —= Z ¢ -hlS'(h

’LEI
- <V[,(W), V> . (B.94)
Recall © = 1/||W™| . We declare the constant
C =20 (8L + 50 +T  (—lhy)) - (B.95)
Thus,
AC .
i ~si) > — . .
D (1= si) > = (VLW V) (B.96)

1€T

To proceed, since (B.96) holds for any V' € R¥? with |V||p = ||[W™||, we replace it with
W
m V£(W), to obtain

VL)) = VL) (W] < g 301 si). (BIT)

i€l

W™ r

<WW)’ IV LOW)Ir
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Simplifying © = 1/||W™®||z on both sides gives (B.60b).
On the other hand, it follows from (B.60a) for all V' € S,(W™) with ||V ||F = ||[W™||r
and W € C, p, (W™") that

c
—<V£(W), V> > 23 (1= s0) > 0. (B.97h)
1€l
Combining (B.97a) with (B.97b), we obtain (B.60c) for all V., W € S,(W™™).
Finally, using (B.54) and (B.53), we have A > 1 and I'/+%> > 1. Using (B.81), (B.92),
and (B.93), R, in the statement of the lemma is defined as

o r ¢ |z
RN (5@ lOg (32AT2 . @ . ,@’_ . %) . (B98)

Here, we assume that |Z|/|Z| is greater than or equal to 1 to simplify the expression. Oth-

erwise, one can replace it with 1. [ ]

Lemma B.8 Suppose Assumption 3.1 on the loss function £ holds, and let o« = (o)l
be locally optimal tokens according to Definition 3.2. Let W™ = W™ denote the SVM
solution obtained via (W-SVM) by replacing (opt,)*, with & = (o). Let pp > 0 and R,
be defined as in Lemma B.7. For any choice of ® > 0, there exists R, > R, such that, for
any W € C, g, (W™"), we have

%% W mm
VL(W), > > (1+m) <V£(W), —> .
< W lr [Wmm| g
Proof. Let
W = MW, Bz = XZ‘V_VZZ‘, iI,Z = XZ‘WZZ', hz = XZ'WmmZi,
W lr

s; =S(h;), and ¢ =0(y;-v'X,S(h))).

To establish the result, we will prove that, for any = > 0, there exists sufficiently large R,
such that for any W € C, g (W™™):

(~-VL(W :——ZE’ <hZ,S’ >

< - ””Zzz/ <l,S’ >:(1+7r)<—V£(W),Wmm>. (B.99)
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Using §'(h;) = diag(s;) — s;8, , (B.99) is equivalent to

=1

To proceed, recall 7; is the set of all non-support indices per Definition 3.2, and 7; is the set
of support indices. It follows from (B.66) that

hdeiag(si)’yl- — hiTsisiT% — Z(hil — hit) s (i1 — Vit)
teT;

<2TA((1—s1)*+Q:). (B.101)

Note that W /||W||p = W/||W | r. Hence, W € S,(W™™) and |W |z = [|[W™| r which
together with (B.66) implies that

ﬁ?diag(si)% - FliTSiSiT%‘ - Z(ﬁil - Bz‘t)sit(%l - %’t)
teT;

<2PA((1-54)*+Q;). (B.102)

Let us assume (without losing generality) o; = 1 for all i € [n]. Using Lemma B.7 and its
Ru constant, if R, > R/w we just need to prove the statement for 0 < 7 < 1. In this case,
using (B.101)—(B.102), (B.100) is implied by the following stronger inequality

Z —t; ((1 + ) Z(h'il — hi)siu (v — i) — Z(ﬁn — hit)si(vin — Yie) — 6TA ((1 —51)%+ QZ)> > 0.
i=1 teT; teTi

Note that since h;j; — hy = 1 for t € T;, using the above inequality, (B.100) is implied by the

following inequality

Z(—f;) . ((1 + 7T) Z Sit('Yil - %‘t) - Z(En - Eit)sit(’yil - %‘t) —6I'A ((1 - 31‘1)2 + Qz)) > 0. (B103)

i=1 teT; teT;

Recall from Lemma B.7 where we define Z C [n] be the index set that contains samples
with support non-(locally) optimal tokens per Definition 3.2 and let Z = [n] — Z. Fori € Z,
T; = 0. Therefore, (B.103) implies

Z(_gi) ’ ((1 +) Z Sit(vin — i) — Z(ﬁil - ’_lit)sit(%‘l - 'Yit)) - Z(—a) -6I'A ((1 - 81’1)2 + Ql) > 0.

el teTi teT; i=1
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In the following, we claim that

O 57T Z Z © St 7@1 - 7@1‘,)

i€ teT;

> (=) - 6TA((1—s1)” + Q)

i=1

=) (—6) - 6TA((1—s0)? + Qi) + > _(—) - 6TA(Q? + Q).

i€l i€

We will prove the claim by showing

0. 257rz Z < Su(vir — Yir) > Z —0) - 6TA((1 — 81)* + @), and  (B.104a)

i€l teT; i€L
0.25m Y ) (=€) - siu(yin — vie) = Y _(—05) - 6TA(QF + Q) . (B.104b)
€L teT; i€l

Proof of (B.104a) directly follows the earlier argument, namely, following (B.70), (B.73),
and (B.74) which leads to the choice

A N 2 48(2—-0)1TTA
R > max(Ry, Ry), where Ry= 350 log ( ( WV%% ) , (B.105a)

where Ry is defined in (B.71).
Additionally, (B.104b) follows (B.70), (B.77), (B.79), and (B.92), which leads to the choice

1 96|Z|T>T Al
> hat = —1 max . B.105b
ft 2 hatft = 55 log ((2 - 5>|zrm§i§£;m) (B.105b)

To conclude with the result, what remains is proving the comparison

Z —; - <Z(1 + 0.57) 83t (i1 — 7ie) — (R — Ri) i (i1 — ’Yz't)) > 0. (B.106)

1€T teT;

To proceed, we split the problem into two scenarios.
Scenario 1: |[W — W™z < ¢ = 55 for some ¢ > 0. In this scenario, for the first token

(as an optimal token) and any ¢ € T; and i € [n], we have

= = T
|hit — hit| = |€BZTt(W — W™z, < ABe = 1
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Note that h;; — h;; = 1 for t € 7;. Consequently, we obtain

hii —hy =hyg — hy+hy —hyg — hy + hy < hy — hy + 2A0¢
=14+0.57.

Similarly, h;; — hy > 1 — 0.57 > 0.5. Since all terms h;; — hy, Sir, i — Vi in (B.106) are
nonnegative and (h; — Ry )si(vin — Yir) < (1 4+ 0.57) 85 (71 — 7ie), above implies the desired
result in (B.106).

Scenario 2: [|[W — W™ |p > € = .

scenario, for some i € [n], v = v(e) > 0, and 7 € T;, we have that

Since W is not (locally) max-margin, in this

’_lil — ’TLZ'T S 1—2v.

Here 7 = argmax,c7; wiTTWzi denotes the nearest point to hj (along the w direction).
Note that a non-neighbor ¢ € 7; cannot be nearest because W € cone,(p™) and (B.56)
holds. Recall that s; = S(Rh;) where R = ||W||0. To proceed, let h; := minyer hiy — hi,

Iy:={i€Z:h;<1-2}, I-T,={i€l:1-2v<h;}.
For all 1 € 7 — 7,

Z(Fbil — hi)si(vin — i) — (1 +0.57) Z Si(vin — i)
teT; teT;
< Z (it — hig)sic (i1 — Yir)
teTi, hii—hy>1+3% (B107)
S ZAF Z Sit
teTi, hin—hu>1+%

< 2ATTe RO+E).

Here, the first inequality follows since s;; > 0 and 7;; —;; are non-negative; second inequality
is due to the definition of global scalar I' = sup;cy ;e [vie — Yirl, (B.53c), and since
W e S, (W) with |W||p = ||[W™™||r and max,er |he| = max,ei [(XWz),| < A

For all i € Z;, split the tokens into two groups: Let N; be the group of tokens obeying
hii — hy <1—v and 7; — N; be the rest of the neighbors. Observe that

- .S't €VR —
Zteﬁ N; 2t <T

_ —Rv
S sy R Te ™.
teT; it €
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Using |hy — hy| < 2A and 2P = = miNep V5 = minep,) (Y1 — Maxer; Yie), observe that

_ — ol AT e Bv
Z (hir — hig)si (Vi1 — vie) < — —gap Z Sit (Vi1 — Vit)-
teTi—N; Tmin teT;

Thus,

Z(’_lil - Bit)sit(%l - ’Yit) = Z(’_lﬂ - hit)Sit(%l - %t) + Z (ﬁil - ﬁit)sit(%l - %’t)

teT; teN; teTi—N;
2T ATe
< Z(l — V)8 (vir — Vi) + ——gap Z sit(Yi1 — i)
teN; Ymin teT;

20 ATe B
< (1 —V—+ /ygap > Z Sit %1 /th

min teTi

IN

20 ATe 1
(1 + T) Z Sit (Vi1 — Yit)-
F)/Inln teﬂ

Hence, choosing

~ 1 AT
R > R4 = —= 10g <8ng> (BlOS)

results in that

Z(’_lﬂ - ’_lit)sit(’m Yit) < + —> Z Sit(Vir — Vit)

teT; teT;

MATe R 1
< (T - 5) Z Sz’t(%‘l - %’t)

’len teT; (Blog)

s

< 1 Z sit(Vi1 — Vit)
teT;

< _ ™ gape—R(l—Qu)‘
—_ 4T mm

Here, the last inequality follows from the fact that for all ¢ € 7,

6—R(1—2u) 6—R(1—2u)

s >maxs > — >
Z it it T —R(h“—hit) - T 9

teT; t=1°€

where s; = S(Rh;) and R = |[W | 0.
From Assumption 3.1, let —¢ ; and —¢ . be the min and max values negative loss

derivative admits over the ball [—A, A], respectively. It follows from (B.107) and (B.109)
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that

- 252 ( (hit — hi)si(vi1 — vit) — Z(l +0.57) 85 (Vi1 — %‘t))
<

€L teT; pymet
-0 gap
( maX>|:Z’-|214Fjje R(1+ = ( jfnn) : innln e_R(l—Qll)
<0.
Here, the last inequality is obtained by using
: 1 S|Z|ITAT?¢

B2 8= e 5\ i B.110
> o~ e (o) (B.110)

Combing with (B.108), (B.106) is guaranteed by choosing
R > max{}/\ﬁ, 1:25} ,

where v = v(4g) depends only on 7 and global problem variables.
Combining this with the prior R choice (B.105), (B.108), and (B.110), i.e.,
max{ Ry, Rg, e ]:25}, gives

& CoAT* Tl [TI\
N : G| th Co > 96. B.111
b= g () v Ge e

Here, similar to (B.98), we assume that |Z|/|Z]| is greater than or equal to 1 to simplify the
expression. Otherwise, one can replace |Z|/|Z] with 1 in (B.111). n

B.4.1 Proof of Theorem 3.5

Proof. The proof of this theorem follows the proof of [186, Theorem 3|. Let us denote the
initialization lower bound as Rg := R, where R is given in the Theorem 3.5’s statement.
Consider an arbitrary value of € € (0, 1/2) and let 1/(1+7) = 1 —e. We additionally denote
R <+ R,V 1/2 where R, was defined in Lemma B.8. At initialization W (0), we set € = u/2
to obtain Rg = R, /2, and provide the proof in four steps:

Step 1: There are no stationary points within C, go (Wmm) - We begin by proving
that there are no stationary points within C, go(W™™). Let (7;)iL; denote the sets of
support indices as defined in Definition 3.2. We define T; = [T] —T; — {c,} as the tokens that
are non-support indices. Additionally, let p be defined as in (B.53). Then, since Rﬂ > R,
per Lemma B.8, we can apply Lemma B.7 to find that: For all V. W € §,(W™) with
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Wl # 0 and [|[W]|p > R}, we have that — (V, VL(W)) is strictly positive.
Step 2: It follows from Lemma B.8 that, there exists R. > R, V 1/2 such that all W €
Cpr (W™™) satisfy

<—V£(W),”£,f%> > (1— o) <—V£(W),%>. (B.112)

The argument below applies to a general € € (0, u/2). However, at initialization W (0), we
set € = /2 and, recalling above, initialization lower bound was defined as Rﬁ = R, To
proceed, for any e € (0, ;/2), we will show that after gradient descent enters the conic set
Cp,r (W™™) for the first time, it will never leave the set. Let ¢, be the first time gradient
descent enters C, g (W™"). In Step 4, we will prove that such t. is guaranteed to exist.
Additionally, for € < 11/2, note that ¢, = 0 i.e. the point of initialization.
Step 3: Updates remain inside the cone C, . (W™™). By leveraging the results from
Step 1 and Step 2, we demonstrate that the gradient iterates, with an appropriate constant
step size, starting from W (k.) € C, g (W™™), remain within this cone.

We proceed by induction. Suppose that the claim holds up to iteration & > k.. This
implies that W (k) € C,r (W™). Hence, recalling cone definition, there exists scalar
= p(a) € (0,1) and R such that [|[W(k)||r > R, and

W(k) — wm )
<|!W(k)||F’ HWmmHF> >1-p

For all £ > 1, let

(k) = <V£(W(k:)), HIX/VTTL> | (B.113)

Note that p(k) > 0 due to Step 1. This together with the gradient descent update rule

gives

Wk+1) Won \  / W(k) 0 W
<Hw<k>|rF’HWmmuF><HW< Ol W F W (>>’||WmmuF>

Wmm
> 1 gy (VAW O [y, (Bl
Cwk—g
21 T,

Note that from Lemma B.7, we have (VL(W (k)),W(k)) < 0 which implies that
W (k+1)||r > ||[W(k)||r. This together with R, definition and ||W(k)||r > 1/2 implies
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that

1
I = S

1 , 2 2
2||W(k>‘| (W (K)||F — 2n (VLW (k)), W (k)) + n*|| VLW (k))|17)

Wk +1) W (k+ DI+ W (k)F)

. n 2 9
< W (W)l ~ s (VW) W) + [ VLW (k)]
which gives

Wk lr g W) \ VLW

Wole =Wl <W<W(k” ||W<k>||p>+” W

) wen O\ VLW (k)]
<1 <1—e>||w<k>||F< EWED: (g, >+” Wl
np(k) P |VLW (k)|*
YWl T W, e
(B.114b)
Here, the second inequality follows from (B.112) and (B.113).
Now, it follows from (B.114a) and (B.114b) that
< W(k‘—i—l) Wmm >
W D [
1 o np(k)(1 =€)

= G ) (1 et uw<k>uF)
L 1 B B np(k)(1 —€)

LR G o)) (“ W= Culplk),m) + HW(k)HF) (B.115)
o ; k) alVEW R, | (=
RN APTR (“‘ Yiwwr: = wmwle " |rw<k>uF)
o n (R VLW R
! “01<p<k>,n>(|rw<k>||F AR TSI )
>1—=pu,

where the last inequality uses our choice of stepsize n < 1/Ly in Theorem 3.5’s statement.
Specifically, we need 7 to be small to ensure the last inequality. We will guarantee this by

choosing a proper R, in Lemma B.8 as follows.
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Note that using Lemma B.7, and (B.63c), we have

ph) 1 < LOW(k) W >> ®
IVLW (k)| IVLW (E)r" IWmmr )~ (1—e)CA
1 1 1 R% 08
> e 2

> — =
IVLW (E))le — AC- 230, (1= 8ia,) — ACT

for some dataset-dependent positive constants C, C, and ¢ in (B.60); and A, © defined in
(B.53).

Hence, using our choice of € € (0,1/2) (see Step 2), to ensure the last inequality in
(B.115), we have

< uc@eR;é < (n— e)c@eR;é
o0 (-5 E2T ~ (1— (1 — 02 AT

S T WIVEWE)E

We will demonstrate that the choice of 7 in (B.116) does indeed meet our step size condition
as stated in the theorem, i.e., n < 1/Ly,. Recall that 1/(1 4 7) = 1 — €, which implies that
m =€¢/(1 —¢). Combining this with (B.111), we obtain:

2 Dy
> = ] - B.117
~ min(4, v, m)O ©8 ( s ) ( )
which implies that
2 Do(]_ - 6) . O()ATQFEI |j_|
RE > ' 1 th Dp — - max )
~ min(d, v, 7)© og( € ) s ’ Yeninbrnin | Z |

On the other hand, at the initialization, we have ¢ = 11/2 which implies that

0 2 o Do(2 — p)
R, > )@lg( . ) (B.118)

= min(0, v, ™

In the following, we will determine a lower bound on Dg such that our step size condition
in Theorem 3.5’s statement, i.e., n < 1/Lyw, is satisfied. Note that for the choice of 1 in
(B.116) to meet the condition 7 < 1/Ly, the following condition must hold:

RJ,©5
1 < pee "z
Lw = 2(1 —p) (1 —4%) C2A42T

(B.119)
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which implies that

2 Dy(1 — p/2) (1 — p) A2C?T
0> 2 Jog (22— H2 here D; = .
B, 2 55 1o ( 102 S N E Y

Hence, using (B.118) and since at the initialization, we have € = p/2, we need Dy > Dy
which implies that
(1 — W) AC* i i T

C > min
' = LwOcITl ||

(B.120)

Therefore, with this lower bound on Cp, the step size bound in (B.116) is sufficiently large
to ensure that n < 1/Ly guarantees (B.115).
Hence, it follows from (B.115) that W (k + 1) € C, g (W™™).

Step 4: The correlation of W (k) and W™™ increases over k. From Step 3, we
have that all iterates remain within the initial conic set i.e. W (k) € C, go(W™") for all
k > 0. Note that it follows from Lemma B.7 that (VL(W), W™ /| W™ ) < 0, for any
finite W € Cu,Rﬁ(Wmm)- Hence, there are no finite critical points W € CMRE(Wmm), for
which VL(W) = 0. Now, based on Lemma B.3, which guarantees that VL(W (k)) — 0,
this implies that |W (¢)|| — oo. Consequently, for any choice of € € (0, x/2) there is
an iteration k. such that, for all & > k., W (k) € C, g (W™™). Once within C,, g (W™),
multiplying both sides (B.112) by the stepsize n and using the gradient descent update, we
get

<W(k+ 1) — W(k),H‘X‘//TZIL>

> (1—¢) <W<’f +1) - Wik, HVV;(;:))HJ
(=9

= W[ (||W<’f D2 = ([WE)Z = [[Wk+1) — W(E)|2)

| \Y

st (W 6+ DIE = IW W) — Wk +1) - W<k:>r|%)
(|!W<k+1 = W08 — W5+ 1) W (k) [})
<1 - e)(nW(k 1)~ W k)| = 20 (LW () = LW (k+1)) ).

I\/

v

Here, the second inequality is obtained from ||W (k)| > 1/2; the third inequality follows
since for any a,b > 0, we have (a? — b?)/(2b) — (a — b) > 0; and the last inequality uses

Lemma B.3.
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Summing the above inequality over k > k. gives

Wik) —_wmn ., Clen .
<Hw<k>||F’||Wmm||F>21 fwor W) € Cur (W),

where £, < L (W (k)) for all k£ > 0, and

Wmm

Clen) = <W(k’e)a W,

> (L= W kIl — 20(1 — LW (k) — L.).

Consequently, as &k — oo

o W (k) W mm >
11m1nf< : >1—c¢, W (k) € Cpr (W™,
koo \ [W(E) | [[Wme| e o

Since € € (0, u/2) is arbitrary, we get W (k)/|W (k)||r — W™ /|| W™ . n

B.5 Convergence of Regularization Path for Sequence-

to-Sequence Setting

In this section, we provide proofs for the regularization path analysis. We first provide a
more general formulation of the optimization problem that allows for regressing multiple
token outputs. To distinguish from (W-ERM)&(KQ-ERM), let us call this more general
version Sequence Empirical Risk Minimization (SERM).

Problem definition: Rather than a single input sequence X, let us allow for two input
sequences X € RT*? and Z € R¥*4 with (z;)L, and (2;)E_ ;. The cross-attention admits
X, Z and outputs K tokens. We will also allow for K separate prediction heads (hy)E_, for
individual cross attention outputs which strictly generalizes the setting where we used single
prediction head h(-). Denote the training labels associated to each token as y = (yi )X ;.
Given n samples (y;, X;, Z;)I",, for a decreasing loss function ¢(-), minimize the empirical
risk by the prediction of first attention output either univariate (W € R%*?) or bivariate
(Wi, W, € R>™) fashion:

n K
LOW) = =33 - (X S(XWz)), (SERM-W)
=1 k=1
LW, W,) = % S Uyin - hi( X S(X Wi W, 240)). (SERM-KQ)

In order to recover the single-output self-attention model, we can simply set K = 1 and
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zi1 < ¢ and hy, < h. To proceed, we introduce the more general version of the (W-SVM)
problem, which we refer to as Sequential Cross-Attention SVM to preserve consistent phras-

ing. Suppose Wy, W, € R™™ with m < d and let R,, denote the set of rank-m matrices in
(n,K)

ik=(1,1)> consider the SVM with o-norm constraint

R4, Given indices a = (ayy,)

WM ¢ arg min [|[W]l, st. min(z, —xi) Wzg,>1 YV ic[n] k<€ K]
’ WERmM t#ok
(SAtt-SVM)
When solution is non-unique, we denote the solution set by W™ (a). In what follows, we
denote Fy; := x;z;, and given a, we denote i = x;,, and FS := x;,, 2, With this

notation, we can equivalently write

Wit € arg min [|[Wl, st. min (FY — Fi, W) >1 Vi€ n|, k€ [K].
’ WERM t#ok
(SAtt-SVM’)

Definition B.1 (Support Indices and Locally-Optimal Indices) Fiz token indices

o = (aik)ﬁ,ﬁ’:()l,l) for which (SAtt-SVM) is feasible to obtain W™ = W] Define to-

ken scores as
Yikt = Yik hk<wit>7 Yir = Yikagy = Yik * hk(w%t)~
Consider tokens Ty, C [T] such that (FS — Fi, W2'™) =1 for all t € Ti. Ti is allowed to

be an empty set. We refer to Ty, as support indices of FS = %'z} and define its complement

if for alli € [n], k € [K] and t € Ty, token scores obey ¥% > ikt Associated W™ is called

Tir = [T]— Tir. — {au.}. Additionally, token indices o = (alk)gzk()l )y are called locally-optimal

a locally-optimal direction. Finally, let opt,, € arg maxycr) Yire be the optimal indices and

define the associated W™™(opt) to be a globally-optimal direction.

Lemma B.9 (Mapping regularization path of (W), W,) to W) Let W;, W, € R¥*™
and consider reqularization path solutions of (SERM-W) and (SERM-KQ)

W(R) € argmin L(W) (B.121)
WERm:||W|«<R

Wi(R),W,(R) €  argmin  L(W;, W,). (B.122)

[WilZ+I1W,|2<2R

For all R > 0, there is a one-to-one map between the set of solutions W (R) of (B.121) and
WL (R)W,(R)" of (B.122).

Proof. To prove the mapping, first fix a W (R) solution with rank m, set Lp = L(W (R))
and show the existence of Wy, W, with W, W) = W(R) feasible for (B.122) and
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L(W),, W,) < L. Use the singular value decomposition W (R) = ULV T with ¥ € R™*™
being diagonal matrix of singular values. Set Wj, = UVX and W, = V3. Observe that
WquT =W and

m 9 _
IWils = W[5 = > VEi = IW(R)|. < R.
=1

Thus, Wy, W, achieves L(W,,,W,) = L. Conversely, given Wy (R), W, (R) with £, =
LW, (R), W,(R)), W = W (R)W,(R)" obeys L(W) = L, and, using the standard nuclear

norm inequality, we have
_ _ 1 _
Wl = [[Wi(R)W,(R) ||, < SUWLB)E + W, (R)|[F) = R

This shows W is feasible for (B.121). Combining the two findings above, we find that
optimal costs are equal (£, = Lr) and for any (Wy(R), W,(R)) solution there exists a

W (R) solution and vice versa. |

To proceed with our analysis, let us define the set of optimal solutions W™ := W[ to
(SAtt-SVM). Let us denote this set by W™ := W™ (a). Note that, if the o-norm is not

strongly-convex, YWWa™ may not be singleton.

B.5.1 Local regularization path and proof of Theorem 3.7

We first recall local regularization path which solves the ¢-norm-constrained problem over
a conic slice C, namely W (R) = minjw,<gwec L(W). We will show that proper local
RP directionally converge to locally-optimal directions. Setting the cone to be the rank-m
manifold R,, (and more specifically the set of all matrices R¥*9), this will also establish the

convergence of global RP to the globally-optimal direction.
(nk)
ik=(1,1

simple interpretation: It prioritizes tokens with lower score than a over tokens with high-

Our cone definition cone.(a) is induced by a token selection o = (cv;,) , and has a

score than a. This way lower score tokens create a barrier for e and prevents optimization

to move towards higher score tokens.

Definition B.2 (Low&High Score Tokens and Separating Cone) Given o € [T, in-
put sequence X with label y, h(-) : RY — R, and score v, = y - h(x;) for all t € [T, define

the low and high score tokens as

Lo (X)={te[T] | %<}, high®(X)={te[T]—{a} | %>}
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For input X;;, and index oy, we use the shorthand notations louf), highf,. Finally define
cone.(a) as

i€[n] t€loufy TERIGhS,

cone (o) = {W € Ry, | min max min (Fjy — Fy,, W) > EHWHF} . (B.123)

Lemma B.10 Consider the cone definition of (B.123) and suppose an SVM solution W2
exists. If indices o are locally-optimal, W™ € cone.(ax) for all sufficiently small € > 0.
Otherwise, W™ & cone.(ax) for all € > 0. Additionally, suppose optimal indices opt;, €

arg maxXc|r) Yiee are unique. Then, cone(opt) = Ry,.
Proof. Suppose « is locally optimal. Observe that, thanks to local optimality, WX obeys

min (Fjp,, W2™) > ma Fi,, W2
teT, < kt a > Tgﬂku{);ik}< k a >
for all i € [n]. Next, observe that Ty, C low, and high% C ;. = [T] — Tir, — {cir}. Thus,
the inequality (B.123) holds for small enough € > 0.
Conversely, suppose « is not locally-optimal. Fix support index ¢ € 7;; with ¢t € high§.
Since t € T, observe that

<Ekt7 W,;nm> > max <Ek77 ngm> ‘

THAk

In other words, for this i € [n], we found

max <Ek7’ - Ekta Wor‘nm> S 07

TELlows),
violating (B.123) definition for any ¢ > 0. To show the final claim, observe that, setting
« := opt, we have that high® = () for all 7 € [n] as opt,, are unique optimal indices. Thus,
there is no constraint enforced on the cone definition in (B.123) making it equal to the

rank-m manifold R,,. [

Our main assumption regarding prediction head is a monotonicity condition which is a
strict generalization of linearity: We ask for h to preserve the order of token scores under

convex combinations.

Assumption B.1 (h preserves the top score) The functions (hy)r_, are Ly-Lipschitz

in Buclidean distance. Given o = (alk)EZf()l 1) there exists a scalar ¢ = cq > 0 such
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that for all i € [n],k € [K] the following holds: Consider any convex combination

x(s) = Z S¢ -y where Z sg =1, s, > 0.

te louwd U{agk } te lowd U{ak }

We have that yi, - hp(2(8)) < 4% — ¢(1 — s4,,) where ¥3 = Y, - hi(x8) is the score of ay.
This condition states that convex combinations of tokens with scores lower than o,

cannot achieve a score higher than «;,. Here, 1 — s, , term denotes the total share of

ik
non-optimal tokens. We require this condition to hold over the training dataset rather than
the full domain R?. Crucially, it is a strict generalization of the linearity assumption: Any
linear h; satisfies Assumption B.1 by setting ¢, > 0 to be the difference between the score

of ay;, and the largest score within lowg, i.e.

Co 1= ie[%lilel[K]{’Y;: - e Yike } > 0. (B.124)
This can be seen by writing hi(x(s)) = Ztaow?ku{aik} St Vikt = Y5+ Ztelow?k s+ (Vive —
v3) < Y% — ca(l = s4,.). To provide a nonlinear example, consider the setting all labels
are y;x = 1 and h is an arbitrary convex function. Thanks to convexity, we can write
hx(s) < S s - hzm) = Zt@ow?ku{aik} St - Yike- Thus, we can use the same choice of ¢,
in (B.124).

We remark that, in Section 3.6, we derive formulae describing general inductive bias of
attention without enforcing any assumption on h. These formulae allow for arbitrary output
tokens generated by the transformer model trained by gradient descent. This includes the
setting where gradient descent selects and composes multiple tokens from each sequence
rather than a single token .

The following result is our main theorem regarding the convergence of regularization path

to locally-optimal directions when restricted over the cone cone ().

Theorem B.2 (Convergence of Local Regularization Path) Suppose (SAtt-SVM) is
(n,k

feasible and o = <O‘ik)z‘k:()1 )y are locally-optimal token indices. Suppose Assumptions 3.16B.1

hold. Recall cone () of (B.123) and consider the norm-constrained cone
R, i= cone(a) ﬂ{W | [W]|s > Ro}.

Define the conic reqularization path W (R) = minge . |w <R L(W). Let W™ be its set of
minima and =, > 0 be the associated margin i.e. Z, = 1/||WZ™||s. For any sufficiently small
e > 0 and sufficiently large Ry = O(1/€) > 0, limp_,o dist (vg_élj)’ Wg””) = 0. Additionally,
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suppose optimal indices opt = (opt; k)gk ()1 )y ore unique and set o < opt. Then, the same

RP convergence guarantee holds with CZp = Ry

Proof. We will prove that W (R) is the optimal direction and also ||W (R)|, — oco. Define
the absolute constant

o= min |[W|p.
[Wilo=1

This guarantees that for any W we have |W||r > ¢||W|l,. Also denote €, = c.e. Let
us first determine the e parameter: Fix WJ™ € W™, For general o, we can choose any
e > 0 that is sufficiently small to guarantee W™ € cone () based on Lemma B.10. For
a = opt, our analysis will entirely avoid using €, specifically, observe that cone.(a) = R,
based on Lemma B.10.

Step 1: Let us first prove that W (R) achieves the optimal risk as R — oo — rather than
problem having finite optima. Define norm-normalized W™ = =, W™ Note that Wmm

separates tokens a from rest of the tokens for each i, k € [n] x [K]. Thus, we have that

n

K
. = . mmy . 1
Jim L(W(R)) < lim L(R-W™):=Lo=—3 > ((v7). (B.125)

=1 k=1

On the other hand, for any choice of W € cone.(a), set )} = Zthl S(X; Wz )y
Set softmax probabilities s/*) = S(X;Wz;,). Recalling low,, high® definitions, we can

decompose the attention features as

2V = s(Hga | Z s™g, 4 Z s, . (B.126)

tElowsy TEhigh?

When a = opt, note that we simply have high% = (). This will be important for setting
Ro =0 and C¢ g = Ry, in the proof for opt indices.

Set V&L = it — Y5 = Yk - (hg(@i) — hi(2%")). Building on Lj-Lipschitzness of the
prediction head hy(-), we define

B:= max max Ly - [|@zy — @i || > V57 (B.127)

i€[n],k€[K] t,T€[T)

Define P#* = Ztelowf‘k sgik), Q' = Ztemgha st ) and W=y, - hk( W, Also set tem-
porary variables @' = (si¥ 4+ Q)i + - sz, and 4/ i - he(x}V). Using

Assumption B.1 on &’ and noticing P’k 1— sgi Q' observe that

iy — 9| < BQ* and + <~f — caP™.
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Recall from (B.124) that, when hj, are linear functions, ¢, can be chosen as

Co = min  min —5F > 0.
i€[n],k€[K] t€lowy),

To summarize, applying Assumption B.1, we obtain the following score inequalities

<% — ca P+ BQY, (B.128)
W =gl < Lallal — @it < L Y si™ @i — @ < B(1 - s{F). (B.129)

t#aig

We will use the 7Y —~% term in (B.128) to evaluate W against the reference loss (B.125).
Let a™® = X;Wz;.. Now since W € cone,(«), there exists ¢ E low, obeying agik) —
MAX; cpigne a™ > e|Wr > &||W|s. Denote D¥* := (D tepm € af' ) ! to be the softmax

denominator i.e. sum of exponentials. We find that,

Y s =Dk ST e < pikTen - Wle < TeelWlepik - (B.130)

TENigh® TEhigh®

Consequently, the score difference obeys
W =8 < BQ™ — caP™ < (BTe =Wk — ) P,

Above, the right hand side is strictly negative as soon as |[W ||, > Ry := = log . Note that,
this condition applies to all (i, k) € [n] x [K] pairs uniformly for the same Ry. Consequently,
for any [|[W ||, > Ry, for all i,k and W € cone.(a), we have that v}¥ < v%. Additionally,
when @ = opt, note that Q* = 0 since high% = (). Thus, Ry, = 0 suffices to ensure
W < ~%. Using the strictly-decreasing nature of ¢, we conclude with the fact that for all
(finite) W € cone.(a),

n K n K

Y= SIS > L= S ),

i=1 k=1 i=1 k=1

3

which implies |W (R)||, — oc.

Step 2: To proceed, we show that W (R) converges in direction to W™, Suppose this is not
the case i.e. convergence fails. We will obtain a contradiction by showing that W™ (R) =
R - W™™ achieves a strictly superior loss compared to W (R). Also define the normalized
parameter Wy(R) = Vg—gj) and W' = HVTXZ?%' Note that Wy(R) is obtained by scaling
down W' since |[W (R)||o < R and W' obeys ||[W'||, = [|[W2™|.
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Since Wy(R) fails to converge to W2 for some § > 0, there exists arbitrarily large
R > 0 such that dist (Wy(R),W%™) > ¢§. This translates to the suboptimality in
terms of margin constraints as follows: First, distance with respect to the ¢-norm obeys
dist, (V_VO(R), ngm) > 0 for some updated 0 < ¢,0. Secondly, using triangle inequality,

This implies that either ||[Wo(R)|o < [|[W2™(|, —§/2 or dist, (W', W2 > §/2.

In either scenario, Wy(R) strictly violates one of the margin constraints of (SAtt-SVM): If
IWo(R)|o < ||[WEm|,—6/2, then, since the optimal SVM objective is ||WX™||,, there exists
a constraint (4, k) for which (Fg — Fy,, Wo(R)) < 1-— W. If dist, (W', Wa™) > §/2,
then, W' has same SVM objective but it is strictly bounded away from the solution set.
Thus, for some € := ¢(6) > 0, W' and its scaled down version Wy(R) strictly violate an SVM
constraint achieving margin < 1 —e. Without losing generality, suppose Wy(R) violates the
first constraint. Thus, for a properly updated § > 0 (that is function of the initial 6 > 0)

and for (i,k) = (1,1) and some support index 7 € Ty,
(Ff — Fi,, Wo(R)) <1 —4. (B.131)

Now, we will argue that this will lead to a contradiction by proving L(W™™(R)) < L(W (R))
for sufficiently large R.

To obtain the result, we establish a refined softmax probability control as in Step 1
by studying distance to £,. Following (B.128), denote the score function at W (R) via
VR = 7;;? " as shorthand notation. Similarly, let s% = S(af) with aft = X; W (R)z. Set
the corresponding notation for the reference parameter W™™(R) as ., 8%, @l

Critically, recall the above inequalities (B.130) that applies to both W €
{W(R), W™"(R)} C cone(a) for an index (i, k) and support index t € Ty,

ik ik air
Q= > sy, =D" Y e
T€highl TEhigh®

< D*Teaikt—eo Wl < Te—e Wl pik < Te_EOHWHO(l — Sikay ) (B.132)

where P* = ZTeloqu Sikr and P* 4+ Q% =1 — si4q,,..

Note that, setting Ry > O(1/e,) = O(1/¢), we guarantee that, for any (i, k) € [n| x [K]
P* > Q% = P* > 0.5(1 — Sipa,,)- (B.133)

Additionally, when a = opt, note that Q* = 0 since high% = (). Thus, Ry = 0 suffices to
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ensure (B.133).

To proceed, recall that R > [[W (R)||, > Ry by definition since W (R) € C¢ 5, and recall

=, = 1/[|[W2™||s. Equipped with these, we note the following softmax inequalities on the
selected tokens ayp

Shay = T T >1—Te ™ forall (i,k) € [n] x [K], (B.134)

. 1 1

: < = < ) = .
Sikap > 14+ e~ (1=)[W(R)[Ee — 1 + e—(1-0)RE, for (Zak) (17 1)

The former inequality is thanks to W™ achieving > 1 margins on all tokens [T] — ay;, and
the latter arises from the §-margin violation of W (R) at (i, k) = (1,1) i.e. Eq. (B.131). Since
¢ is strictly decreasing with Lipschitz gradient and the scores are upper/lower bounded by
an absolute constant (as tokens are bounded, (h;)K_ ; are Lipschitz, and both are fixed),
we know that ¢y, > —0'(7)Y) > can for some constants ¢y, > can > 0. Thus, following
Eq. (B.127) and the score decomposition (B.128), and using (B.132),(B.133),(B.134) we can

write

1 1 A [o% C [o% A
LW (R)) = Lo = — [0 ™) —0(7)] = =2 (v =) ™)
Can
> %(Capx%m) - BQ%)%/(R)) (B.135)
> %(1 — 8% )(0.5¢ — BTe =W Rk

Cdn 1

> e (056 — BTe ™).

Above, recalling the choice Ry > O(1/e,) = O(1/€), R > Ry implies BTe *f < ¢, /4 to

obtain

Cdn * Cay 1

LW(R)) = L. > 4n 1+ e(1-9)RZ"

(B.136)

Additionally when @ = opt, since Qb—%,( R =0in (B.135), the bound above holds with Ry = 0
by directly using (B.135).

Conversely, we upper bound the difference between £(W™™(R)) and L, as follows. Define
the worst-case loss difference for W (R) as (i, k') = arg max;en e [0(75) — £(v%)]. Using
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(B.129)&(B.134), we write

LW™(R)) — L, < max  [0(yi) = 0(¥5)] < e (¥ — Vi)
i€[n],k€[K]

<y (1= 80, )B (B.137)

Qi gt

< Cyp - Te B=pB.

Combining the last inequality and (B.136), we conclude that L(W™®(R)) < L(W(R))

whenever

R=
. —RZ, Can * Ca 1 N € Acyp T
Gl B < — 1 e(1-9)R=, T+ e 7 oo

The left hand-side inequality holds for all sufficiently large R: Specifically, as soon as R
8cypInB

obeys R > == log( ). This completes the proof of the theorem via contradiction as we
§~<> CdnCox

obtained L(W (R)) > L(W™"(R)). u

B.5.2 Global regularization path

The following result is a direct corollary of Theorem B.2. Namely, we simply restate the

final line of this theorem that applies to optimal tokens.

Corollary B.1 (Global Convergence of Regularization Path) Suppose Assumptions
3.16B.1 hold and the optimal indices opty = argmaxucir) Yiee are unique. Consider the
global regularization path W, g = minwer,,. |w.<r L(W). Let WJ'™ be the non-empty so-

lution set of (SAtt-SVM) with a < opt normalized to have unit o-norm. Then

4%
lim dz’st( °’R,Wg”m)

R—o0 R

The next corollary directly targets application to (SERM-W) and (SERM-KQ). This
corollary is also a strict generalization of Theorem 3.2. Specifically, we immediately recover
Theorem 3.2 by specializing this to the single-output setting K <« 1 and full-dimensional

parameterization m <— d.

Corollary B.2 Suppose Assumptions 3.166B.1 hold and the optimal indices opt,; =

arg maxXe(r) Yiee are unique. Consider the reqularization paths associated to (SERM-W) and
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(SERM-KQ):

W(R)= argmin L(W) and Wi(R), W,(R) = argmin  L(W, W)
WeRp, [Wlr<R Wi |5 W || <2R

(B.138)

Suppose (SAtt-SVM) is feasible for o < opt. Let W™ be the unique solution of
(SAtt-SVM) with Frobenius norm and W] be the solution set of (SAtt-SVM) with nu-

clear norm and cost function |W™||.. We have that

. W(R) wmm ) . <W (RYW,(R)T  yymm )
lim = ,  lim dist g , x =0

Roce R [Wmm| " Rooo R |Wmm |,

Proof. We directly apply Corollary B.1 with ¢ = F and ¢ = % respectively. To obtain the
result on W (R), we note that W™ is unique because Frobenius norm-squared is strongly

convex. To obtain the result on (W,(R), Wy (R)), we use Lemma B.9 and observe that

W, p:=W,(RW,R)" € argmin L(W).
WERm,||W|+<R
We then apply Corollary B.1 with ¢ =  to conclude with the convergence of the path W, .
|

B.5.2.1 Proof of Theorem 3.2

Corollary B.2 already proves Theorem 3.2 through the more general Theorem B.2. Below,
we provide a self contained proof of Theorem 3.2 for clarity.

Proof. Throughout ¢ denotes either Frobenius norm or nuclear norm. We will prove that
W (R) asymptotically aligns with the set of globally-optimal directions and also ||W (R)||, —
00. R, € R4 denote the manifold of rank <m matrices.

Step 1: Let us first prove that W (R) achieves the optimal risk as R — oo — rather than
problem having finite optima. Define =, = 1/||[W™"|, and norm-normalized W™ =
=, Wmm o Note that W™ separates tokens opt from rest of the tokens for each i € [n].
Thus, we have that

n

i A 1 . Vo = = — (?pt
lim L(W(R)) < lim L(R-W™) =L, nze(% ). (B.139)

On the other hand, for any W € R,,, define the softmax probabilities s() = S(X,; W z;) and

: w_ T ) w wo_ ) (4)
attention features =} =37, 8" x,. Decompose @;" as &}V = sq5 Tiopt, + D sopi, Si Tit-
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Set 4B = APt — i 0 (@igpr, — @iy) > 0, and define

()

B :=max max ||v] - ||@i; — x| > 5T (B.140)
1€[n] t,T€[T]
Define cope = minep) opt, VP > 0 and %W =y ’UTZBW. We obtain the following score
inequalities
W <A — copr(L = sgpr,) < (B.141)

Y AP < ol 2l -2 < ol Y sl — 2 < B(L - s'y).
t#opt;

We will use the 7V — 4" term in (B.141) to evaluate W against the reference loss £, of
(B.139). Using the strictly-decreasing nature of ¢, we conclude with the fact that for all
(finite) W € R,,,

ISy s = DS e
—n;m >>£*—n;é<% )

which implies ||W (R)|, — oo together with (B.139).

Step 2: To proceed, we show that W (R) converges in direction to VW™, which denotes the
set of SVM minima. Suppose this is not the case and convergence fails. We will obtain a
contradiction by showing that W™ = R.W™™ achieves a strictly superior loss compared to
W(R). Let us introduce the normalized parameters Wy(R) = VZ—gj) and W' = HWV(_‘;%%'
Note that Wy(R) is obtained by scaling down W' since [|[W(R)|l, < R and W' obeys
W[l = [|[W™2|,. Since Wy(R) fails to converge to W™ for some § > 0, there exists
arbitrarily large R > 0 such that dist (V_VO(R), Wmm) > ¢. This translates to the subop-
timality in terms of the margin constraints as follows: First, since nuclear norm dominates
Frobenius, distance with respect to the ¢-norm obeys dist, (V_VO(R), Wmm) > 0. Secondly,

using triangle inequality,
this implies that either ||[Wy(R)|l, < [[W™|, — /2 or dist, (W', W™)>§/2.

In either scenario, Wy(R) strictly violates one of the margin constraints of (SAtt-SVM): If
IWo(R)|lo < ||[W™2|, — 6/2, then, since the optimal SVM objective is ||[W™™||,, there
exists a constraint i,¢ # opt; for which ((; P xy)z Wo(R)) < 1 — m. If
dist, (W', Wm™™) > §/2, then, W’ has the same SVM objective but it is strictly bounded
away from the solution set. Thus, for some € := ¢(§) > 0, W' and its scaled down version
Wy (R) strictly violate an SVM constraint achieving margin < 1 — e. Without losing gener-

ality, suppose Wy (R) violates the first constraint s = 1. Thus, for a properly updated § > 0
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(that is function of the initial § > 0) and for i = 1 and some support index 7 € T,
(& — @)z, Woy(R)) < 1-34. (B.142)

Now, we will argue that this leads to a contradiction by proving L(WE™) < L(W (R)) for
sufficiently large R.

To obtain the result, we establish a refined softmax probability control as in Step 1
by studying distance to £,. Following (B.141), denote the score function at W (R) via
R o= %»W ) Similarly, let s® = S(af) with af = X;W(R)z;. Set the corresponding
notation for the reference parameter W™ as v, 87, a’. Recall that R > |[W(R)||, and

= = 1/||[W™|,. We note the following softmax inequalities

Siopt, = LT = >1—Te = forall icn], (B.143)
7 6— =0

R« 1 1
Siopt; = 1 (-0 [W(R)Zs — 1 4 e (1-0R=s

for 7=1.

The former inequality is thanks to W™ achieving >1 margins on all tokens [T'] — opt, and
the latter arises from the §-margin violation of W (R) at i = 1 i.e. Eq. (B.142). Since / is
strictly decreasing with Lipschitz derivative and the scores are upper/lower bounded by an
absolute constant (as tokens are bounded and fixed), we have that ¢y, > —0/(7Y) > caq for
some constants ¢y, > Cqn > 0. Thus, following Eq. (B.140), the score decomposition (B.141),

and (B.143) we can write

LOW(R)) — L > ~ [0 ) = 1(777)] > 2 (yomt — W) (B.144)

n n

v

Ca
> Incopt(1 - S{%optl)‘

CanCopt 1
n 14 e1-9R="

Conversely, we upper bound the difference between L£(WE™) and L, as follows. De-
fine the worst-case loss difference for W(R) as j = argmax;cpy[0(7F) — £(75)]. Using
(B.141)&(B.143), we write

LOWE™) = £ < maxlt57) = £077)] < cup- (" = 7))

< Cup - (1 - S;optj)B

< Cyp - Te =B,
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1—correlation coefficient
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Figure B.1: Convergence behavior of GD when training attention weights (W}, W,) € R¥™
with random data and varying m. The misalignment between attention SVM and GD,
1 —corr_coef (W W, W), is studied. W2 is from (W-SVM,) with GD tokens e and
m = d. Subfigures with fixed n = 5 and T" = 5 show that as m approaches or exceeds n,

I/VkVVqT aligns more with Wl

Combining the last inequality and (B.144), we conclude that L(W2E™) < £(W (R)) whenever

RE
- Can * C 1 e Cop I M B
coT e fEep < 22 ot = — P .
P n 1+6(1—6)R:o 1+€(1—6)R:<> CanCopt

The left hand—side inequality holds for all sufficiently large R: Specifically, as soon as R

obeys R > = log(2Z::CTon:3) This completes the proof of the theorem by contradiction since

we obtamed E( (R)) > L(Wpm), u

B.6 Supporting Experiments

In this section, we introduce implementation details and additional experiments. Code is

available at

https://github.com /umich-sota/TF-as-SVM

We create a 1-layer self-attention using PyTorch, training it with the SGD optimizer and
a learning rate of n = 0.1. We apply normalized gradient descent to ensure divergence of

attention weights. The attention weight W is then updated through

) VLW (k)
Wk 1) =W = NGz mw i) [
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Figure B.2: Behavior of GD with nonlinear nonconvex prediction head and multi-token
compositions. (a): Blue, green, red and teal curves represent the evolution of 1 —
corr_coef (W W™eq) for d = 4,6,8 and 10 respectively, which have been displayed in
Figure 3.9(upper). (b): Over the 500 random instances as discussed in Figure 3.9, we filter
different instances by constructing masked set with tokens whose softmax output < I' and
vary I' from 10716 to 107%. The corresponding results of 1 — corr_coef(W K W5™ed) are
displayed in blue, green, red and teal curves.

In the setting of (W),, W, )-parameterization, we noted that with extended training iterations,
the norm of the combined parameter W;CWqT consistently rises, despite the gradient being
treated as zero due to computational limitations. To tackle this issue, we introduce a minor
regularization penalty to the loss function, ensuring that the norms of W), and W, remain

within reasonable bounds. This adjustment involves
LWy, W,) = LWy, W) + AIWil5 + [W17)-

Here, we set A to be the the smallest representable number, e.g. computed as 1 + X\ # 1 in

Python, which is around 2.22 x 10716, Therefore, W}, W, parameters are updated as follows.

VLw,(Wi(k), W, (k)
IV Lo, (Wi(k), W,(k))||»

VLw, (Wi(k), W,(k))
IV Lyw, (Wi (), Wy (k)| »

Wi(k+1) = Wi(k) — o Wik +1) =Wy(k) —n
e As observed in previous work [186], and due to the exponential expression of softmax
nonlinearity and computation limitation, PyTorch has no guarantee to select optimal tokens
when the score gap is too small. Therefore in Figures 3.4 and 3.5, we generate random tokens

making sure that min;e(n) 1opt; Viopt; — Vit = 7 and we choose v = 0.1 in our experiments.

Rank sensitivity of (W, W,)-parameterization (Figure B.1). In Figure 3.3 and
Lemma 3.1, we have both theoretically and empirically established that the rank of the SVM
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Figure B.3: Behavior of GD when selecting multiple tokens.

solution, denoted as W™ in (W-SVM) or W™ in (W-SVM,), is at most rank max(n, d).
Now, moving to Figure B.1, we delve into GD performance across various dimensions of
W, W, € R>™ while keeping d = 20 fixed and varying m from 1 to 10. In the upper
subfigure, we maintain a constant n = 5 and vary 7" within {5, 10,15}, while in the lower
subfigure, T is fixed at 5 and n changes within {5, 10, 15}. Results are depicted using blue,
green, and red dashed curves, with both y-axes representing 1 — corr_coef(W, W),
where W represents the GD solution and W7 is obtained from (W-SVM,) by employing
token indices a selected via GD and setting the rank limit to m = d. Observing both
subfigures, we note that a larger n necessitates a larger m for attention weights WquT
to accurately converge to the SVM solution (Figure B.1(lower)). Meanwhile, performances
remain consistent across varying 7' values (Figure B.1(upper)). This observation further
validates Lemma 3.1. Furthermore, the results demonstrate that W converges directionally

towards W as long as m 2, n, thereby confirming the assertion in our Theorem 3.5.

Behavior of GD with nonlinear nonconvex prediction head and multi-token com-
positions (Figure B.2). To better investigate how correlation changes with data dimen-
sion d, we collect the solid curves in Figure 3.9(upper) and construct as Figure B.2a. More-
over, Figure B.2b displays the average correlation of instances (refer to scatters in Figure 3.9
(lower)), considering masked tokens with softmax probability < I'. Both findings highlight
that higher d enhances alignment. For d > 8 or I' < 107, the GD solution W achieves a
correlation of > 0.99 with the SVM-equivalence W5™ed_ defined in Section 3.6.

Investigation of Lemma 3.6 over different 7 selections (Figure B.3). Consider the

setting of Section 3.6.1 and Lemma 3.6. Figure 3.10 explores the influence of A on the count

of tokens selected by GD-derived attention weights. As A increases, the likelihood of selecting
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more tokens also increases. Shifting focus to Figure B.3, we examine the effect of 7. For
each outcome, we generate random A values, retaining pairs (A, X) satisfying 7 constraints,
with averages derived from 100 successful trials. The results indicate a positive correlation
among 7, A, and the number of selected tokens. Moreover, Figure B.3c provides a precise
distribution of selected token counts across various 7 values (specifically 7 € {3,5,7,9}).
The findings confirm that the number of selected tokens remains within the limit of 7, thus

validating the assertion made in Lemma 3.6.
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APPENDIX C

Appendix for Chapter 4

C.1 Auxiliary Results

C.1.1 Soft-composition Component

In Section 4.3, we have theoretically shown that when training a single-layer self-attention
model with gradient descent and log-loss function, once W™™ £ 0, the composed atten-
tion weight W (7) will diverge in Frobenius norm and W (1) converges towards direction
W /|| Wmm|| : while in the subspace of Sgy, Ils, (W (7)) converges to a finite W which
is the unique solution minimizing the training loss over subspace Sg, as described in The-
orem 4.2. Here, W™ follows the solution of (Graph-SVM) and plays a role in separating
tokens from different SCCs within the same TPG. Specifically, nodes satisfy (i = j) € G®).

As for the nodes contained within the same SCC (e.g., (i < j)), to ensure that ¢ and
J will not suppress each other, (Graph-SVM) solves the SVM problem with the constraint
(e; — e;)"Wey = 0. This essentially disregards the influence of distinct tokens within the
same SCC. Consequently, W™™ does not truly capture the essence of the ERM solution.
In the following, we introduce cyclic subdataset and the so-called cyclic-component, and an

equivalence between the cyclic term and W can be established under mild assumptions.

Definition C.1 (Cyclic subdataset) Given any training sample (X,y) € DSET, we ob-
tain the corresponding sample (X', y) € DSET by removing all tokens in X that satisfy
(y = x) in the corresponding TPG.

In short, cyclic subdataset focuses on the input tokens that are part of the same SCC
as the label token. Fig. C.1(Right) presents the cyclic subdataset DSET of DSET given in
Fig. C.1(Left), which is the same as Fig. 4.3. In GV, all nodes are separated into different
SCCs, and therefore, none of them is present in DSET; while in G, token eq, e; and e are

reachable from each other, and then are utilized to construct DSET while e, is removed from
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DSET
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|
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e /

€3 €1 € —> e

€, €4 € —> €2

Figure C.1: Illustration of token-priority graph (TPG). Given the input sequences and labels
(next tokens), we construct the TPGs {G® 1} | according to the last token. Left hand side:
Two TPGs G and G@ are constructed using the samples with e; and es as the last tokens,
respectively. In each graph, directed edges (label—input token) are added, and based on the
token relations, each graph can be partitioned into different strongly-connected components
(SCCs, highlighted as dashed grey rectangles). Right hand side: We consider a cyclic
subdataset DSET by removing all the singleton SCCs, as well as their corresponding edges
(see Definition C.1). Then, DSET contains non-singleton SCCs only as shown on the right.

the dataset. Note that DSET provides a self-contained sub-problem that solely focuses on
intra-SCC edges.

Definition C.2 (Cyclic component) W/" is obtained as the solution set of the ERM
problem over the cyclic subdataset DSET per Definition C.1. Concretely,

Wi — arg min L(W)

WGSﬁn
where L(W) = Z (e, X'S(XWa)).
Xy)e

1
n

Lemma C.1 Consider a dataset DSET and let W™ be the corresponding SVM solution of
(Graph-SVM) with W™ £ 0. Then we have W™ | Sg,, and for any W/ #£ 0 € Win,
W/ and W™ are orthogonal.

Lemma C.2 Let W € R be an arbitrary matriz, then we have L(W) = L(ILs,, (W)).

Lemma C.3 Suppose Assumptions 4.1 and 4.2 hold, and loss function {(u) = —log(u),
then for any finite W, L(W) = L(W) where LIW) and L(W) are defined in Theorem, 4.2
and Definition C.2, respectively.
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C.1.2 Useful Notations

In this section, we introduce additional notations used in the subsequent proofs.

e Token index sets O;, O;, R;, Ri, i € [n]. Consider dataset DSET. Throughout, for any
sample (X;,y;) € DSET, i € [n], we define

O, = {t ‘ T =y, Vt € [n]} and O, =[T}] — O, (C.1a)

R, =0, {t ) (25 = ;) € G, Wt € [n]} and R, = [T}] — R, (C.1b)

where z;; is the token ID of x;;, T; is the number of tokens in the input sequence X; and
G@) is the corresponding token-priority graph (TPG) associated with the last/query token
of X;. Concretely, O; returns the token indices of i-th input that have the same token 1D
as label y;, while R; returns the token indices of ¢-th input that are included in the same
strongly-connected component (SCC) as label y; in the corresponding TPG. Then for any
t € Ry, we have (y; = ) € G@). Take the last input sequence in Figure C.1(left) as an
example, where O = {3} and R = {1, 3}.

e Datasets DSET, DSET and sample index set Z, Z. Recap the training dataset DSET =
(X, vy:)",. Based on the relationships between input tokens and label token, following
instructions in Section 4.2.1 we can construct the TPGs of dataset DSET. Then, let Z C [n]
be the sample index set such that for any ¢ € Z, X; contains distinct tokens from the same

SCC as label y; in their corresponding TPG. Or equivalently,

I:{i‘Ri—Oi#@,ie[n]} and Z=1[n] -1 (C.2)

Then the cyclic subset defined in Definition C.1 can be written by

DSET = (Xia yi)ieI; (0-3)

where X is obtained by removing all input tokens of X, that are in the different SCCs
from the label token ;, or equivalently, removing x;;, t € R;. Hence, for all i € Z, X; only
contains input tokens (ignoring the ones with the same token ID as label) that have strictly
lower priority than its label token, i.e., (y; = x4) € G&) for t € O;. In Figure C.1(left), we
have T = {4,5,6,7} and Z = {1, 2, 3}.

e Token scores 7,,7 € [n| and loss £(W) under Assumption 4.1. Let v, = X,c,, be

286



the token score vectors. Then under Assumption 4.1, we have

1, t e Ol
Yit = B for all i € [n]. (C4)
0, teO,;

Additionally, letting s!V = S(X;WZ;), we can rewrite the training risk as follows:

LOW) = %Ze (Z S;V> | (C.5)

teO;

C.1.3 Proof of Lemma 4.1

Proof. Recap the constraints in (Graph-SVM) problem:

=0 Y(ixj)eg®
(e —e;) Wey, =I) eGP i kelx] (C.6)
>1 V(i=j)egh

Since E = [e; €3 -+ ex]|' € RE*4 s full row rank, then K < d and ey, k € [K] are linearly
independent. Let E € RE*? satisfying EET = I. Then for any W € RE*K we get

L =0 VY(ixj)eg®
(e: —e;)TETW Ee, (=0 €Gm  al kelK] (C.7)
>1 VY(i=j)eg®

and feasibility of (C.7) implies W € R%*?in (C.6) is feasible. Since we canset W = ETWE.
Next let u; = Fe; i € [K] be K-dimensional one-hot vectors. Then it remains to show that
there exists W € R¥*K such that

_ =0 V(ixj)eg®
(i — ;) Wy, (=) €G58 ral kelK (C.8)
>1 VY(i=j)egh

is feasible. Additionally, it is equivalent with showing that for any k& € [K], there exists
w € RX such that

=0 V(ixj (k)
(1 — ) T = es ©9)
>1 V(i=j)egh,

To start with, we first derive the priority order of each graph (referring to the topological
sorting of directed graph). Let M; be the order of u; where M;’s i € [K]| are positive integers.
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Then if (i < j), M; = Mjy; if (i = j), M; > M;. Then let w =}, 5y M;u;. We obtain that
for any k € [K],

V(i< j) € GW (w; —uy)Tw = (u; — u;) " (M + Mju;) = M; — M; =0

V(i=j) € Q(k), (u; —uj)Tw = (u; —u]) (Myu; + Mju;) =M, — M; > 1

which indicates that (C.9) is feasible for any k € [K] and it completes the proof. n

C.1.4 Proof of Lemma C.1

Proof. Recall from Definition 4.1 that Sg, is the span of all matrices (e; — e;)e] for all
(i < j) € G® and k € [K]. Then for any matrix W € Sg,, there exist a;;;,’s satisfying

W = E ain(e; —e;)el

4,5,k

where (i < j) € G® and k € [K]. Since W™™ is the solution of (Graph-SVM) that satisfies

the all “= 0" constraints, for any matrix W € Sg,, we have

(W W = Z air (W™, (e; — e;)e;, ) = 0.

.5,k

Therefore, W™ 1 Sg,.. [

C.1.5 Proof of Lemma C.2
Proof. Recap the definition of £(W) from Def. C.2 and Z, X; from (C.2), (C.3). Then
_ 1 o
LW)=— > le, X S(X;Wa,)).
i1

Let Wt = ILs. (W) and Wl =TI (W). Then it remains to show that for any (X,y) €
DSET, S(XWz) = S(XWliz).

For simplification, let Z = e, and following the definition of TPG, SCC and DSET, we
have that all tokens & € X are in the same SCC and denote the token set as C*). Then Sg,

spans the matrices (e; — e;)e] for 4,5 € C®). For any i € C¥), we get

T _ Twl Tyl
e, We, =e, Wle, +e;, W-ey,.
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Next, let a;, = e/ Wey, i € C®). Since W | Sz, and (e; — €;)e;] € San, we obtain

(ei—e;) Whe, =0 (C.10)
— el-TWlek — ejTWLek =0
= Q; — Ak = 0

= Qi = Qj = Q.

Then we have that for any € X, *" W& = @, where @, is associated with the last/query

token £ and hence

which completes the proof. [

C.1.6 Proof of Lemma C.3

In the following, we present an additional lemma that incorporates Lemma C.3.

Lemma C.4 Suppose Assumptions 4.1 and 4.2 hold and loss function £ : R — R is strictly
decreasing. For any finite W, once DSET # DSET, we have that

cow) > ey + 2w, (C.11)

Additionally, we have
i LW W) = (W) = ’i‘ (1) + L(W), (C.12a)
min £(W) = nvnvnﬁ(W) = %4(1) + min L(W). (C.12b)

Proof.  We start with proving that for any finite W, L(W) > %5(1) + L(W). Let
W =1L (W), Wl = IIs, (W) where we have W = W + Wl Let a; = X;W*z;,
b, = X,Wlz,; and s; = S(X;Wx;) = S(a; + b;). Following (C.5) and the definition of
L(W), training losses obey

Sn(g) e -an(E)

teQ; i€
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From proof of Lemma C.2 (more specifically (C.10)), we have that for any ¢ € R;,
w;WLzT:Z = a; = G = Q, Vt € R;

where @; is some constant associated with W+. Then for any i € [n], we get

Z . Dieo, € >ico, & Zte@ e
vy it — tG eaz bit -+ Z — €a1t+b1f Zt R, e bit —+ Zt _ ebzt+azt a; ZtER e bit’
Zte(’)i Sit _ Zteoi eai+bit _ Zte@i e bit

ZteRi Sit ZteRi efithi ZteRi e

Next following (C.2) we have that for i € Z, R; = O; and therefore

S; _
Zteoi b 1 forall 7€Z.

ZtERi Sit

Note that since a;, b;; are finite and DSET # DSET, there exists i € [n] such that } 7, , si <
Zteoi Sit

ZteRi Sit

. Given strictly decreasing loss function ¢ and any finite W, the training risks obey

1 1 > ico, sit) \Iy
l Sip | >—=> £(1)+ — é(—l 1)+ L(W).
SR(Ze) e (Ee) -
It completes the proof of (C.11).

We next show that

min L(W' + W) = L(W) = II!

1
W'eSs, n

(1) + L(W).

Recap from Theorem 4.2 that L(W) = limp o0 L(W + R- W™). Let W = sy (W),
Wl = TIs, (W) where we have W = W+ + Wl Let a; = X,W'z,;, b, = X,Wlz,,
ci = X;W™z, and s& = S(X;(R- W™ + W)x;) = S(a; + b; + R - ¢;). Similarly, for any
teRs,

ar:iTthii =a; = a; = a;, Vt € R;

where @, is some constant associated with W+.  Additionally, since W™ follows
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(Graph-SVM), we have

T _ =0 VteR,; Cit = G, Vit € R;.
(CCZ‘T - wit) Wmm:cl- o, for all 7 € Rz — _
2]_ VtGRZ CitSEi_]-a \V/tERZ
(C.13)

Then for any i € [n], we get

n Zte(’)v eflri-bit-i—REi
Z sjy = o Fa. T— T
ZteRi ea1+blt+RcZ + Zteﬁi eazt+bzt+R61i
> eo, e’
ZteR ebi +Zt R, ebit+ait—a;+R(cit—C;)
o Xieo €
B ZteR ebi’

Case 1: W™ = (). Then for all i € [n], R; = 0 and the equality holds for all i € [n].
Case 2: W™™ £ (). Since aj, by, are finite and c;; — & < —1 for t € R; following (C.13),
the equality holds when R — oo, and therefore we have for any ¢ € [n],

teO;

> teo el
: R __ €0y
lim E S = —=————

R bit
7 leo; ZtGRi et

and

R—o0 R—ocon

LW) = lim L(R-W™ + W) = lim —Z€<an>

€O
I Zte "
| | Zze (Ztez e’m)
'i‘ (1) + LW, (C.14)

Additionally, we have for any W'’ € Si- |

LW +W) > @e(l) Y LW + W) = @2(1) +L(W)

n n

where the inequality uses (C.11) and the equality comes from Lemma C.2. Since bound is
achievable (by choosing W' = limpg_,oo R- W™ as in (C.14)), then combining it with (C.14)
completes the proof of (C.12a). (C.12b) is directly obtained from (C.12a).
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C.2 Global Convergence of Gradient Descent

C.2.1 Supporting Results under the Setting of Theorem 4.2

In this section, we introduce results useful for the main proof. Recap the setting of Theo-
rem 4.2 where {(u) = —log(u). Therefore loss defined in (C.5) is

=_= Zlog (Z sV ) (C.15)

teo
where s}V = S(X;Wz;) and O;’s follow (C.1).
e VL(W) under the setting of Theorem 4.2. For any W € R¥4 let h; = X,WZ;,s; =
S(hz),’% = Xl-cyl..
Zf’ (v 80) XS (hi)i;

I
== Z Z Sit(Xi — ew)jiT

=1 te@i

T (diag(s;) — s;8, )y, (C.16)

where the last equation uses the fact that for any example (X;,y;) € DSET, i € [n],

X;<diag(3i) - Sz‘S-T)% - X;diag(si)%

7 T
- T — XZ S;
Vi Si Vi Si
Sit€
ZtEO 1tCy
— L X/
ZtEOi Sit
T
=ey, — X, s
- § Sit(eyz it
tG@i

Here, the second equality comes from (C.4).
e Lipschitzness of VL(W) in (C.16). For any W, W € R¥>4 let s; = S(X;WZ;) and
$; = S(X;W ;). Consider bounded tokens and let M := maxye(x] ||ex||. Following (C.16),
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we have:

IVL(W) = VLW)|r = H% DD (s —du)(@u — €)% |1

i=1 teO;
1< . s
< - Z Z |sie — Sitl [[(@ir — €y,)&; [|F
i=1 teQ;
2M?
< Z Z |Sz‘t - 5it|
n 4 -
=1 teQ,

2M?
> llsi = silla
n i=1

n

2M*? ,
Z VT, - |l = 3.
=1

n

IN

IN

Next for any s, s, we get

Is =3[l = [S(XWZ) - S(XWz)|
<[ XWzE - XWE|
< MP|W — W |p.

Combining results in that
IVLW) — VLW < 2M' T - [W — W[

where Tinay := maxXe[,) T;. Then let

L:=2M*/Tax

and VL(W) is L-Lipschitz continuous.

C.2.2 Proof of Lemma 4.2

(C.17)

(C.18)

(C.19)

(C.20)

In this subsection, we provide and prove a general version of Lemma 4.2. To to that, we first

introduce the following new subspaces.

Definition C.3 Define the subspace Syeiive as the span of all matrices (e; — ej)e,;r for all

(i—j)€G® and k € [K].

Definition C.4 (Cyclic subspace (Restated)) Define cyclic subspace Sy, as the span of

all matrices (e; — e;)e} for all (i < j) € G¥) and k € [K].
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Observe that Sgy, is a subspace of Sactive. This is because if two nodes 4, € G*) and i < 7,

this also implies that ¢ — j and 7 — 4.

Definition C.5 (SVM subspace) Define sum subspace Sgym as the orthogonal complement
of the subspace Sz, inside the subspace Sqctive-

Lemma C.5 We have the following:
(i) Recall the definition of W™ in (Graph-SVM). W™ € S,..

(ii) Let 8L, be the orthogonal complement of Sactive inside R, Then,

active

I

active

(VL(W)||p =0, YW € R

Proof.
e (i): Recall the definition of W™™:

mm __ :
W = argmin [ W

=0 VY(ixj)eg®

st. (e;—e;) Wey
>1 V(i=j)eg®

for all k€ [K].

Assume that the statement is not correct.  Then, either |IIs, (W™)||p > 0 or
s, (W™ ™)[F > 0.

active

By definition, ||TIs, (W™)|r = 0 since for all (i < j) € G¥), (e; — e;) TW™me,, = 0.
On the other hand, if [[ILs. (W™)||p > 0, then W™ —IIs. (W™") also satisfies

active active

all of the constraints of (Graph-SVM), and

||Wmm - HsL

active

(WH)le < [[W™|p,

which is a contradiction. Therefore, W™ € Sy,
e (ii): From (C.16), we know that

1< _
V;C(W) = E Z Z sit(mit — Byi)CL'ZT
=1 te@i

where O; is given by (C.1). By definition of Saciive, [|[TIge

active

i € [n] and t € O;. As VL(W) is the summation of these terms, the advertised result is

(i — eyi)a_ciTHF = 0 for any

proved. [

Now, we are ready to prove a stronger version of Lemma 4.2.
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Lemma C.6 (Stronger version of Lemma 4.2) Suppose Assumptions 4.1 and 4.2 hold
and consider the log-loss (u) = —log(u), then L(W') is convex. Furthermore, L(W') is

strictly convex on Sqctive-

Proof. Let Sk be the span of all e;e] where 7, j € [K].

e First Case: W € Sk. Let g : S — REXE such that (W) = EWE'. By definition,

this function is linear. In addition to that, this function g is invertible by Assumption 4.1

and the domain of the function is Sk. Note that Assumption 4.1 ensures rank(E) = K.
Let E' = C' = I}, (X/,y!) be a DSET such that y, = y; and X = X;E'. Then, for any

W' € REXE e have the following:

Log (W)= % S ((e))T(X)TS(XIW s

Yi
i=1

Using Lemma C.7 and C.8, we know that Log~}(W’) is convex on RE*¥ and strictly convex
on g(Sactive). Using these two facts and Lemma C.7, we have L(W) is convex on Sk and
strictly convex on Suctive N Sk = Sactive-

e Second Case: W ¢ Si. By definition of loss function in (ERM), we have

Lw) =~ iac;x; S(X, W) = %ie(cijj S(X,Is, (W)E,)) = £(ILs, (W)
o - (C.21)
Let Wy, W, € R%*? be arbitrary variables. For any 0 < A < 1, we have the following:
LAW, + (1 = N)Ws,) = L(Ms, (W7) + Mg, (Ws)) (C.22)
Then, using (C.21) and (C.22), we have the following:

AL(W7) 4+ (1 = N)L(W3) = A\L(ILs, (W) + (1 — X)) L(ITs,. (Wa))

Y L, (Wh) + M, (W2)) = LOW, + (1 A)W)

where (a) follows from the convexity of £L(W) inside Sk. This implies that L(W') is convex
when W & Si. Note that Sactive C Sk, therefore we do not look at the strict convexity in

this case. ]

Lemma C.7 Let T : X — Y be an invertible linear map. If a function f 1Y — R s

convez/strictly convex on Y, then f oT(x) is a convex/strictly convex function on X.
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Proof. Let x; # x5 € X be arbitrary variables. Let y; = T'(x1) and yo = T'(x2). Since T
is an invertible map, 1 # yo. Since 7' is a linear map, T'(Az1 + (1 — N)x2) = Ayr + (1 — Ny
for 0 < A < 1. Then, we obtain the following

A(foT(x1)) + (1= A)(f o T(x2)) = Af(y1) + (1 = A)f(12)

w1 = N

=foT(Ax;+ (1 — N)xsg)

where (a) follows from the strict convexity of the function f. This implies that foT'(x) is a
strictly convex function on X'. Note that if y; = y», then we cannot achieve (a). Additionally,
if f is convex instead of strictly convex, then > in (a) is changed to >, and foT(x) is convex.

Lemma C.8 Suppose that Assumption 4.2 holds and E = I;. Let f : R4 — R be a
linear transformation defined as f(W) = v where vixar; = €f We;. Then, Lo f~}(v) is
convez. Furthermore, Lo f~Y(v) is strictly convex on f(Sactive), Where Sacsive is defined in
Definition C.5.

Proof. e We first prove that £o f~!(v) is convex. Let /:R% x R7%4 x R — R be

defined as follows:
(v, X,y) =1 (C;—XTS(X (f'(v)x)).

Then, using (ERM), we have the following:

3

Lof Ze (), XTS(X(F 71 EZZvX“yZ (C.23)

Note that the summation of convex functions is convex. Therefore, it is sufficient to prove the
convexity of £ o f~1(v) by proving the convexity of £(v, X,y) for an arbitrary pair of input
sequence and label (X ,y). For the simplicity of notation, we use ¢(v) instead of £(v, X, y).
Let m; be the number of token ID j inside input sequence X for j € [K]. Let k be the last
token of X. By Assumption 4.1 and log-loss, we know that

_ . pVyxd+k
l(v) = {(v, X ,y) = —log (Z My C : ) = log Z my - ePIxdtk | —log(my,, - e"vxdtk).

.. eVixd+k
jelx) My - €7”

Let 2 € R? be a vector such that the (4 x d+ k)™ element of z is zjxgix = m; - €Uixa+k for
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k € [K], otherwise z; = 0. Then, the Hessian matrix of £(v) is

V(v) = ((1Tz)diag(z) — zzT)

(1Tz)2

For any u € R”, we obtain that

2

u' Vi (v)u = ﬁ (Z:; zj) (; u?zg) — (Z:; ujzj> > 0. (C.24)

Since z; > 0, i € [d?], (C.24) follows from the Cauchy-Schwarz inequality (a'a)(3'3) >
(a"B)? applied to the vectors with a; = u;\/7% and 3; = /7. The equality condition holds
ko = 3 for k # 0. This means that £(v) is convex.

e Next, we will show that Lo f~!(v) is strictly convex on f(Sactive). Assume that
Lo f~(v) is not strictly convex on f(Sactive). Using the convexity of Lo f~!(v), this implies
that there exist u, v € f(Sactive), ||®]|2 > 0 such that

u' (VLo f ' (v)u=0
Using the convexity of £(v) and (C.23), we have the following:
u' (V(v, X, y;))u=0 Vi€ [n] (C.25)

Now, we are going to prove that ||ul|s = 0 if (C.25) holds. As w € f(Sactive), there exists
W € S.ctive such that f(W) = u. As the function f preserves the norm, |W||r > 0. By
definition of Sactive, there exist 7, j, k € [K] and (X5, y) € DSET such that ((e;—ej)e] , W) >
0, X includes the j* token, the last token of X is the k" token, and y5 = 7. On the other
hand, by Assumption 4.2, 2, 4,5 and 25,45 in (C.24) are non-zero for this input sequence
X Using the equality condition of Cauchy-Schwartz Inequality in (C.24), we obtain that

Uixd+k — Wjxatk = 0. This implies that

0= Uixd+k — Uixd+k
_ o1 _ T _
=e; Wep —e; Weg

= (e; —e;) We = ((e; — €))ej , W)

which contradicts with the fact that ||u||s > 0. This completes the proof. n

297



C.2.3 Divergence of ||IIs_(W(7))|r

We first introduce the following lemmas establishing the descent property of gradient de-
scent for L(W') (Lemma C.9) and the correlation between VL(W') and the solution of
(Graph-SVM) W™ (Lemma C.10) under the setting of Theorem 4.2. The proofs in this
section follow Appendix B.1 of [185].

Lemma C.9 (Descent Lemma) Consider the loss in (C.15) and choose step sizen < 1/L
where L is the Lipschitzness of VL(W) defined in (C.20). Then from any initialization
W (0), Algorithm Algo-GD satisfies:

LW (7+1) = LW (7)) < —Z|VLW (7))}

for all T > 0.  Additionally, it holds that Y > IVL(W ()3 < oo, and

lim, o0 [VL(W (7))[[7 =0

Proof. From (Algo-GD), for 7 > 0, we have that W (7 +1) = W (1) —nVL(W (7)). Since
L(W) is L-smooth with L defined in (C.20), we get

LW(T+1)) < LW(7)) + (VLW(7)), W(T + 1) - W(7)) + gHW(T +1) = W()lE
= LW(T)) —n- VLW ))IIF+—IIV£( (P)IIE

= cwr) - (1- 5 ) IVew el

< L(W(r ))——HVE W ()5

The inequality above also indicates that

[\]

Zuw T < S(LW(0) = £7) < oo, and  lim VLW (7))[|7 = 0.

3 |

Lemma C.10 Let W™™ be the SVM solution of (Graph-SVM) and suppose W™ #£ 0. For
any W with ||W||p < oo, the training loss LIW') in (C.15) obeys (VLW ), W™™) < 0
Equivalently, (Ils,,, (VL(W)), W™™) < (.

Proof. Recap O;,0;,R;,R;,i € [n] in (C.1). From (C.16), for any W € R%“ we obtain
the gradient

VL(W) = %Z Z Sit(xi — eyi):ﬁj.

=1 tE@i
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Then

(VL(W), W) = % DD (sl — e )& W)

i€n] teO;
= 1 Z Z s;; - trace ((Wmm)T(CBz't - eyi)CEiT)
" i€[n] teO;
- DD s (@i —ey,) W
n i€[n] teO;

From the (Graph-SVM) formulation, we have that (z;; — e,,)" W™ &, = 0 for t € R; and
(i — e,,) ' W™mg, < —1 for t € R;. Then W™ £ 0 ensures that there exists i € [n] such
that R; # (), which implies that

(VL(W), W™ < (.

Using the fact that W™ € S, (Lemma C.1) completes the proof. []

The next theorem proves the divergence of norm of the iterates W (7).

Theorem C.1 Consider the same setting as in Theorem 4.2, then there is no finite W &
R satisfying VL(W) = 0. Furthermore, Algorithm Algo-GD with the step size n < 1/L
where L is the Lipschitzness of VL(W) defined in (C.20) and any starting point W (0)
satisfies lim,_, ||[Is,,,. (W (7))||Fr = oc.

Proof. Following Lemma C.9, when using log-loss ¢(u) = —log(u), for any starting point
W (0), the Algorithm Algo-GD satisfies lim, . [|[VL(W (7))||% = 0. Moreover, assume that
the first claim is wrong and that there is a finite critical point W that satisfies VL(W') = 0.
We then have (Ils,, (VL(W)), W™) = 0. This leads to a contradiction with Lemma
C.10 which says that for any finite W, (Ils, (VL(W)), W™) < 0. This implies that

svm

s, (W (7)) || 2 = 00 m

C.2.4 Uniqueness and Finiteness of Wfn

Lemma C.11 Consider the setting of Theorem 4.2. W™ defined in Theorem 4.2 is unique
and finite.

Proof. Following Lemma C.3, it is equivalent to show W1 defined in Def. C.1 has
unique element W and Wi = W is unique and finite. To start with, recap the
definition of DSET (Definition C.1). Denote Z C [n] as in (C.3), and let s; = S(X;WZ,)
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where (X;,y;) € DSET. What’s more, recap the ERM loss from (C.15) and loss function
l(u) = —log(u). Then we have

W™ = arg min £L(W) where L(W)= %Z —log (Z sit> : (C.26)

WeSan,
i €T teQ;

Different from (C.1), O; for dataset DSET is defined as follows:
O; = {t | 2 = ys, € Xy, t € [ﬂ]}7

where T} is the number of tokens — tokens that are in the same SCC as label token y; within
their corresponding TPG — in X; and if recap the notation of R; in (C.1), here we have
We will first prove that W' is finite by contradiction. Specifically, we will show that
for any W € S, with [|[W||p # 0, limg_,o L(R - W) = oo which implies that the optimal
solution W™ has to be finite.
Let W € Sg, be arbitrary attention weight. Following the definition of Sg, as in Def. 4.1,
we have that (e; — e;)e] € Sg, for all (i < j) € G® and k € [K]. For any X, let 0,0

correspond to the token index sets. Then we have

|O|ee;(R~W)ek 1

St = = .
; |Olees EW)ex 4 S~ seel BW)er 14375 eleimen) (BWex /|0
Given the sample loss ¢ = —log (Zte@ st) and to prevent it from divergence as R — o0,

that is, .., 5t 7 0, we have

Z pleen) (R W)er oo (e, —e) We,>0foralteO
te®

where e, is the label token and e, is any other token in O. Recap from the construction
of TPG in Section 4.2.1, the directed edge y — t exists in the graph G*). Since SCC is
bidirectionally reachable, which means there exists route from t to y, e.g., t — p; — py —

Dy — Y, similarly we have
(e —ep) Wer, (e —e,) Wey, -+ (e, —€,) Wep > 0= (e, —¢,) Wey, > 0.
Combining results in that (e; — e,)" Wey, = 0. This implies that for all (i < j) € G and

R — 00, to ensure the training loss £(R - W) finite, (e; — e;) We,, = 0, which contradicts
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the facts that W € Sg, and W £ 0.

Next, we prove that there is at most one local minimum for £(W) based on Lemma
4.2. Suppose to the contrary that we have two optimal solutions satisfying miny L(W) =
LW ) = L(Winy) Win, £ Win, From Lemma 4.2, since £(W) is strictly convex over
subspace Sqy, for any Wi, Wy € S, A € (0,1), if Wi £ Ws, we have

L((1 =MWy 4+ AWs) < (1= N)L(Wy) + AL(Wy) (C.27)
Substitute W, = Wi, W, = Wi, we get
L1 =W L AW < (1 - N)L(W) £ AL(Wn,) = nVnVnZ(W) (C.28)

which leads to a contradiction to the assumption that W%, and W', are both optimal
solutions. Combining this with the fact that W™ is not attained at infinity, there exists one

unique and finite solution with Wi = arg minycs, L(W). u

C.2.5 Proof of Theorem 4.2

Lemma C.12 Consider the same setting of Theorem 4.2. Given any m > 0, there exists
Ry > 0 such that for any W with ||TLs,, (W)||r < oo and HHSﬁ W)|lr > R,

I, (W)ls

LW)>L ((1 + W)W

Wmm —|— Hsfm(W>> .
Proof. Recap O;,0;,Ri,Ri, i € [n] from (C.1) and recap from (C.15), we get that for any
W,

LW) = —% anlog (Z sl-t)

te0;
where s, = S(X;W&;).

To obtain the result, we establish a refined softmax probability control by studying the
distance to £(W) as defined in Definition C.2. Let Wl = TIs, (W), Wt = W — W
IW||r = R, and © = 1/|W™| . Let b; = X;Wlz;, af = X;((1 + 7)RO - W™z,
and sF = S(X;((1+ 7)RO - W™ + Wi)z,) = S(ar + b;). Additionally, let a; = X;Wx;,
s; =S(X;W&;) = S(a; + b;), 7} == ¢, X, s}, and v; := ¢, X/ s;.

From proof of Lemma C.2 (more specifically (C.10)), we get for all ¢, € R;

(i — ) ' VE; =0 forany V L Sg = a}, — a}y = ay — ay = 0.
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Additionally, since % # OW™™  there exist i € [n],t € O;,t' € R; such that (xz; —

xi) WZ; < RO. Then,

ait+bit bit
ZS _ D ieo, € D ieo, € Ci
it —

< =, i € [n]
it+bit — b; —RO+b;,r — . —RO-b’
ZtG[Ti] efit ‘ ZtERZ’ et + e v dl + €

teO;
a; +bt b't
Z . Zte@ie e Zte(’)ie ' Ci

Sy = > > _
it * b — b; _ o~ (1+7)RO+b;y — —(1 b’
ZtG[Ti] ettt T D S er, €M+ Dyer, € RO Ty 4 Tem(14mRO+

Vi € [n],
teQ;

where ¢; = Y, €, di = Y cp. €7, and b= max;eg, jefn [bit|, and we have

Then we obtain

5
|
fat
AV
|
S|+
7 N
(0]
N
&
+
('bl sQ
Iay)
@

&
N
|
=}
0]
7N
&0
N—
N

> %log (1 + e_Re_B/di>

and let j := argmaxc[y (— log (Zte@i sft) + log (;—)) We can upper-bound the loss dif-
ference for (14 7)RO - W™™ + W as follows:

L(1+7mRO-W™ L W) — L(W) < max [ —log Z sy | + log <ﬂ>
i€[n] ey dz
= log (1 + Te_(H’r)R@JFB/dj) :
Combining them together results in that, L(W) > L((1 + 7)RO - W™ + W) whenever

1 _ _
= log (1 - e’R@’b/di) > log <1 - Te’(H”)R@*b/dj) :
n

Given that 7/2 < log(1+ ) for any 0 < z < 1, we get L(W) > L((1+7)RO - W™ 4 W)

whenever

e—R@—Z; Te—(1+7r)R®+l_; log(d) ‘l‘B
> h > oV 7
27’Ldl B dj when o ©
1 2nT'd; 2b  log(d;)+b
— 1 2 o8 ToL 2
—R >R, maX{w@ og( a >+7T@, o } (C.29)
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Here, since |W||r < oo, d;, dj,b < oo. n

Proof of Theorem 4.2. Now gathering all the results so far, we are ready to prove the
gradient descent convergence. The divergence of ||W (7)||r as 7 — oo has been proven by
Theorem C.1.

e We first show that Ils, (W (7)) — Wf" Lemma C.3 has established the equiv-
alence between W and Wfn. Since £(W) is convex following Lemma 4.2, we have
that L(W (7)) — L, = minw £L(W). Additionally, Lemma 4.2 shows that L(W) is
strictly convex on Sy, and Lemma C.11 shows that W' is the unique finite solution.
Suppose Ils, (W (7)) /4 Wit Let W be any matrix with Ils, (W) # Wi Then
Lemma C.4 and Lemma C.2 give that L(W) > L(W) = L(IIs, (W)) > L, where
L, = miny L(W) = miny E_(W) Given that L, is achievable, the proof is done by
contradiction and we have that IIs, (W (7)) — W,
e We next prove that when W™ =0, Il (W(7)) = ILs. (W(0)). Recap the gradient
n (C.16) where

:ln S; mi—e.a_?—»r.

n ;tez(;z t( t yz) i

Since W™ = ( implies that for all i € [n], R; = 0, then O; C R;. Additionally, since
following definition of Sg, from Def. 4.1, for any t € R;, (x; —e,,)Z; € Sn. Then we obtain

Hgﬁn (VL Z Z SltHSﬁn Lit — eyz Z Z Szt Lt — eyl f;r = VE(W)

=1 teO; =1 ¢tc0O;

Therefore, Il (VL(W)) = 0 for any W, which completes the proof.

e Last, we show that when W™™ £ 0, W (71)/|W (7)||r — W™ /|| W™ L.

Consider any W € R™?, and let W+ = Ilg (W), Wl = IIs, (W), R = [[W*]|,
and © = 1/[|[W™||p. Next, from Lemma C.9, for any 7 > 0, LW (1 + 1)) < L(W (7)).
Let W(7) = IIs. (W(7)) and Wl(r) = s, (W(7)). Following Lemma C.4, since loss
satisfies £(1) = —log(1) = 0, we obtain

LW (7)) = LW (7).

Since following Lemma C.11, the training risk £(W (7)) is infinite if || WII(7)| 7 — oo, which
implies |W(7)|z < oo for any 7 > 0. Additionally, Theorem C.1 proves the divergence of
W (1) as 7 — 00, hence we have |[W=(7)||p — oo.

Applying Lemma C.12, as well as the fact that |[W(7)||r < oo and [|[W*(7)||r — oo,
there exists sufficiently large R, as defined in (C.29) such that once |W*(7)||r = R > R,,
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LW (7)) = L((1+7)RO- W™ + W(7)) > 0. Since L(W) is convex following Lemma 4.2,

we have that

LW) < L(1+mRO- W™ + W) + (VL(W),W — ((1+7)RO - W™ + W)
=L((1+7m)RO - W™ + W) 1 (VL(W), (W' - (1+7)RO - W™™))
— £((1+ 7RO - W™ L W+ <H%(V/J(W)), (Wt —(1+m)RO- Wmm)> .
(C.30)

Here, the first inequality uses the convexity of £L(W') and last equation is obtained from the
fact that W™™ | Sg,. It implies that once |[WL(7)||r = R > R,

(Tlgy (VLW)), (W = (1+7)RE - W™) ) > 0.

Now we choose 7y such that for all 7 > 7o, [|[W(7)||r > R.. Then for 7 > 7, we get

<Wi(7+1)—wi(7), W >> ! <WL(T+1)—WL(T) WD >

[Woellp/ — 14w W ()R
(C.31)
where
Lir —Wli(r WL(T)
(Whe e - w0 )
= m (WA + DIE = [WHD)F = W (T +1) = WH(7)|17)
WA+ DI = W DIE s 1) - W2

> ST W+ 1) - W) 3 (€32)

> [[WHr + D = W)l = [WH(r +1) = WH(n)||% (C.33)

> [WHr + D] = [WH@)[lr = [W(r +1) = W(r)|% (C.34)

> [[WHr + Dlr = [WHT)llp + 20 (LW (7 + 1)) = LIW(7))). (C.35)

Here, (C.31) is obtained from (C.30) and holds for all 7 > 7; (C.32) comes from the fact
that ||[W(7)||r > 0.5; (C.33) follows that for any a,b > 0, (a® — b?)/2b > a — b; (C.34)
follows the projection property that [|[W(r+1) — W(7)||% = |[W(r+1) - WH(7)|% +
W7 +1) — W(7)||%; and (C.35) is obtained via Lemma C.9.
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Summing the above inequality over 7 > 7y obtains

(W) - W) e ) 2 15

) 2 Ty WOl = W)l + 20 (£(W (7)) — £(W (7))

1 —W — (T T)) — T
C = (W, i )~ Wl + 20 (E(W (7) = LW ().

Since ||[W=(7)||r — oo and 0 < LW (7)) < L(W(0)) < oo, we get

_ < Wir)  wme > 1
lim T , > .
rooe \ [[WA(T)|[p " [[Wom[p/ — 14

(C.36)

Choosing m — 0 and combining (C.36) with the fact that lim, o, ||[W/(7)||r < 0o completes
the proof.

C.3 Global Convergence of Regularization Path

C.3.1 Proof of Theorem 4.3

Lemma C.13 Suppose Assumptions 4.1 and 4.2 hold. Additionally, assume loss £ : R — R
is strictly decreasing and || is bounded. Define Wy := W (W) € Sg by

Wy = arg min Lw +wlh. (C.37)
WSk W<k

Let W™™ =£ () denote the solution of (Graph-SVM). Then we have that for any Wl € Sg,
with |[Wl||r < oo
XL mm
lim W = W :
Roo R [[Wmm|p

Proof. Recap O;,0;,R;,R;, i € [n] from (C.1). Let v; = X;c,, where following Assump-
tion 4.1 we have
1, te,

Yit = mithyi = _
0, teO,.
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Recap Z,Z from (C.2). To proceed, define v as follows:

e Consider i € Z. Given minw (¢, X,'S(X;WZ;)) > ((c, e,,), we define the maximal

score 7" = ¢, e, = 1.

e Counsider 1 € 7.

1. Assumption 4.1 ensures that all tokens, excluding the ones with token ID z;; = v;,

return zero score, that is, c;ek =0 for k # y;.
2. From proof of Lemma C.1, for any W+ € Si- and t € R;, =, (Wt + Wz, =
a:iTtW”:Ei + @;, where @; is some constant associated with W+ and remains the

same value within the same SCC. Let b; = X; W/ Z,. Then the probabilities for
t € R; (if denoted by s;;) obey

Sit ebitta ebit

= byta; by !
Zt’ERi Sit! Zt’E'Ri elit/ Taq Zt’ERi eVt

which means that the probability distribution over set R; remains the same with

(C.38)

varying W+.
Combining both, we define the maximal score as follows:
ee; WHEZ
Zt’ERi ebit,

Note that if consider the cyclic subdataset DSET as in (C.3). Let (X;,y;) € DSET
where X is the corresponding sequence by removing the tokens in R;. Then we have

,yimax = C;X;S(XZWIIQ_'JZ)

v = |0,| - 5;  where 5

Hence, given b, = X, Wz, we obtain

1, icl
max __
T = \Oi\ee?jiwnﬁi T
1 .
b.r
Zt’ERi eit

Then we define the optimal risk of (C.37) and its corresponding softmax probabilities smax()?,

i € [n] as follows:

1 <& 0, t e 7?,,
EXV” ==y ("), and s = , for all = € [n|.
S p

1)
e it!
Zt’eni
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Note that we also have

max __ 1 T s max __ Zté@
i =c, X, Smax() = Sy

Ry d W' = —Zé )+ LW (C.39)
teQ; te

i€l

where L(W ) is the empirical risk over cyclic subdataset defined in Definition C.2.

In the following, we will complete the proof in three steps.
Step 1: We first show that limp_,eo £(R - W™ + W) = £W" It can be easily proven
using Lemma C.4 and (C.39) by showing that for any W with ||[W||z < oo,

A _
lim L(R- W™ + W) = min (W + W)= Um) + LWy = v,
R—o0 Wesffn n

Step 2: Next, we will prove that for any Wl € Sg, with |[W|z < co, Wi achieves the
optimal risk as R — oo — rather than problem having finite optima. It is to show that there
is no finite R can achieve optimal risk. Consider any W € Sz, with [|[W/||r < oo. Let
s; = S(X;(W + Wihz;) and 4}V := ¢] X;"s;. Then we have that

Zt'eR ¢
I ALPILLEY
te0; te0; Zt’ T]S’t' te0;
where the equality holds when R; = [T;]. Since W™ #£ 0, then there exists some i € [n]
such that 7V < 4™, Therefore, for any finite W € R%*? and W € S, , since loss function

is strictly decreasing

n n

LV 4 W = 1S = S i = £

i=1 i=1

Step 3: Now, it remains to show that Wj converges in direction to W™=, Suppose
convergence fails. We will obtain a contradiction by showing that R-W™™ /|| W™ || z achieves
a strictly superior loss compared to W given sufficiently large R. Since W fails to converge
to W™ for some d > 0, there exists arbitrarily large R > 0 such that

Wi - [W™ /R — W™||p > 6.

Let W/ = Wi ||[W™| -/ R where we have |W||r < |[W™ |z and W’ # W™, Following
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Definition 4.1, we obtain
(e; —e;)"W'e, =0 where (ixj)ecg®.
Then for some € := ¢(9), there exists 4, j, k such that
(e;—e;)"W'e, <1 —¢ where (i=j)ecg®.

Now, we will argue that this leads to a contradiction by proving L(R- W™™ /||W ™| . +
W < L(Wg + W) for sufficiently large R. Let © = 1/||W™|| and we will show that
L(RO - W= + W) < £(RO - W' + W) for sufficiently large R.

To obtain the result, we establish a refined softmax probability control by studying the
distance to LfV”. Recap the definitions of *** and smax (), and let b; = XWlz, ar =

X;(RO - W™z, st = S(X;(RO - W™ + Wihz;) = S(af + b;), and 7} = ¢] X, s}
Additionally, let a? = X;(RO - W')&;, sf = S(X;(RO - W' + Wiz,) = S(al + b;), and
V=, X sl

Following Definition 4.1, we get for all ¢,t' € R;

T _
(T — i) Wx; =0 forany W L S, = a}, —ajy, = aff — aﬁ/ =

Then
(lﬁ‘i‘b't b't
SR o ZtEOi R < Zte@i e < & EIZ c [n]
iw all4+b;y — b; —(1—€)RO®—b — . —(1—€)RO—b’
teo; i €T T Der, € e (1= di + =07
af, +bit bit
S* . Zte@i et > Zte(’)i € > C; v@ c [TL]
E : it T a¥+biy — b; _ ,—RO+b;y — . —RO+bD’ ’
teo; Zte[Ti} et ZtERi et + Ztem € ' di+Te

where ¢; = ), 0. ebit d; = Y oier, et and b= maxyer, icn |bit|, and we have y" = ¢;/d,.
Since /¢ is strictly decreasing and |¢'| is bounded, let cq, < —¢' < ¢, for some constants

Cdn, Cup > 0. Note that cqn, ¢yp are data-dependent. Then we have

7

Cdn max R
:_n <%‘ - E :Sit

teO;

> Cdn"; 1— 1 _
z2 [+ e Gare /g,

L(RO- W'+ W) — W' > % () = (™)) > % (7™ =~
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and let j := max;ep,) (£(77) — €("*)). We can upper-bound the loss difference for RO -
w4 W as follows:

LRO- W™ 4 W) — LV < max (¢(7)) — L(1"™)) < cup (1™ = 7])

i€n] !

S max *
= Cup | 7V _E Sit

teO;

1
< . max 1 — _
= CupTj ( 1+ Te—R@+b/dj>

max
Capj T

< 0

J

e—R@+@

Combining them together results in that, L(RO-W'+ W) > £(RO-W™™ + W) whenever

el R W R
n 1 4 e~ (1=)RO=b /g, d;
1 2nT cupy ™™ - max(d;, 1) 20
— R >R, = 1 J . C.40
© - min(e, 1) °8 ( Can V% d; * © - min(e, 1) ( )

Note that since Wl is finite, b;, for all i € [n],t € [T;] are bounded and fixed, and therefore,
0 < d; < oo, for all i € [n] and b < co. (C.40) completes the proof by contradiction. n

Now, gathering all the results we have obtained so far, we are ready to prove Theorem 4.3.
Proof of Theorem 4.3. Recap the dataset DSET = (X,,y;)i, and index sets
0;,0:,Ri,Ri, i € [n] from (C.1). Let v; = X,c,, denote the score vector of i-th input.
Since Assumption 4.1 holds, then

1, teQ,

-
Yit = L Cy, = _
0, teO,.

Let sV = S(X;W&;). The regularization path solution of the ERM problem is defined as

follows:
- 1 & 1 &
= i h :-E TXTS(X,WZ, :-E § wl.
Wgr=arg min L(W) where L(W) l(c,, X; S(X;WZ;)) "2 E( Sit )

W r<R n
IWlir< — =

Additionally, let Wg = I (Wpg) and Wg = IIs, (Wg). Lemma C.13 has shown that for
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any finite limpg_, WIQ,

1 WL WL W mm
B = lim R

Rooe (Wl [Womp

. R )
lim — = lim
R—o0 R—o0

R? — |[W||%

Therefore it remains to prove that limpg_, . WIQ c Win,
Suppose limg WIQ = W' ¢ Wir_ Then for any Wl € Wi applying Lemma C.4, we

obtain
min LWL +W') > min LW+ W)= lim £(R- W™ + W),
Wless Wlest R—00
Therefore, W’ does not achieve the minimal loss as R — oo. [

C.3.2 Proof of Lemma 4.3

Proof. Let 7, = X,e,, denote the score vector of i-th input and 7, = acithyi. Let

X = e; ¢y, = maxer,) Vi following Assumptions 4.2 and 4.3. What’s more, since loss / is

strictly decreasing, we define the optimal loss as follows:
,C . 1 if( max)
o i=1 A

For any W € R¥>? let s; = X,W&;, i € [n]. If |[W||p < oo, then minyericfn s > 0 and

for any i € [n]
T;
8] = sivie < W
t=1

Since loss function / is strictly decreasing, we get

n

LOW) = - Ul > - S ) = £
i=1 i=1
Let W be any attention weight satisfying all the “> 1" constraints in (Acyc-SVM). We next
prove that limpg ., L(R- W) = L,. Recap O; and O; from (C.1). Since token e,, is always
contained in X; following Assumption 4.2, we have |O;| > 1,i € [n], and X; contains |O;|
optimal tokens e,,. Note that under acyclic data setting, W separates tokens e,, from the
rest of the tokens within X;. Then limg_,o, S(X;(R-W)Z;) will output 1/|0;| for t € O; and
zero for the left. Specifically, let s := S(X;(R - W)&;), and following the SVM objective
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(Acyc-SVM) for any i € [n], we get
e (RW)E; 1 1

= — _ >
Zte[Ti] e (RW)Z; |O;] + Zte@i e(@iv—ey) T (RW)Z = |0, + e~ R

R @ 1
i > .
and then, tezo Sit |Oz| + ZtE@_ e(wit—eyi)T(R'W)fEi — 14+eR

R
Sit

forall t € O;

Then limp o0 Y e, 51 = 1 and therefore,

I%im sk =1/|0;| forte Oy, and lim sf =0 forte O
—00

R—o0

Hence we have .

. T R _ _

lim X, s;" = E — 7€y = €y,
1O

R—o0
teO;

Since |[¢'] is bounded, then limg oo L(R- W) = 237" U(c) e,,) =30 A(y™)=L,. =

Yi

C.3.3 Proof of Theorem 4.4

Proof. Recap the dataset DSET = (X, y;)",. The regularization path solution of the ERM
problem (per Algo-RP and (ERM)) is defined as follows:

n

_ 1
Wy =arg min L(W) where L(W)=-) l(c, X/S(X,WZ)).

[Wlr<R n 4
i=1

The proof is similar to the proof of Theorem 2 in [185] by choosing opt;, = y;. However in
our work, we allow each sequence contains more than one optimal tokens, while [185] forces
that the optimal token is unique.

.

€y, = Maxe[r] Vit, and the

Following the proof in Lemma 4.3, let v; = Xje,,, 7" = e,

optimal training risk
1 n
Ly:=—) L(y™™).
- ; (7™)

From Lemma 4.3, we have that for any finite W, L(W) < limp_,oo L(R - W™™) = L*.
Then the optimal risk L, is achievable and to achieve the limit, R has to be infinite. Then
it remains to prove that Wy converges in direction to W™,

Suppose convergence fails. We will obtain a contradiction by showing that R -
wmm /||Wmm|| . achieves a strictly superior loss compared to Wx. Suppose Wp fails to

directionally converge towards W™ . For some § > 0, there exists arbitrarily large R > 0
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such that
Wk - [W|| /R — W™ ||p > 6.

Let W/ = Wy - [[W™| z/R where we have |[W'||r < |[W™|r and W’ # W™, Since
W™ ig the min-norm solution of (Acyc-SVM), then for some € := €(0), there exists i, j, k
such that

(e;—e;))"W'e, <1—¢ where (i=j)eg®.

Now, we will argue that this leads to a contradiction by proving L(R - W™ /|W™||g) <
L(Wp) for sufficiently large R. Let © = 1/||[W™" || and we will show that £(RO - W™™) <
L(RO - W) for sufficiently large R.

To obtain the result, we establish a refined softmax probability control as in the proof of
Theorem 4.3 by studying the distance to £,. Let af = X;(RO - W™z, af = X;(RO -

WNZ;, s; = S(a}), sf = S(af’), 7} = ¢, X;'s}, and 7/' := ¢ X;'s. Recap that

% 7 i 79

e = e; cy,- Then

R
R Zte(’)- et |Oz| 1 .
St =N~ S < , Jieln C.41
ST et T O 4 e 079RS = T 4 e~(-9RS /T [n] (CAL)
Do, € [} 1
sy = — 2 > , Vi€ [n]. (C.42)
teza ' Zte[Ti] e — |O;| + (T — |O;])e O = 1+ Te kO

Since ¢ is strictly decreasing and [¢'| is bounded, let ¢4, < —¢ < ¢, for some con-
stants can, cyp > 0. Note that can, cyp, are data-dependent. Additionally, define the mini-

mal/maximal score gaps as

: T T
= min (e, —eg) ¢, Cmax= max (e, —ey) ¢,
y.ke[K]y#k y.ke[K]y7#k

Cmin

where Cpax > Cmin > 0. Then we have that there exists i € [n],

1 Cdn max
LRO-W') = Lo = — (") = €(37™) = = (37 =)
Cdn . o R CdnCmin 1
Z Wlen (1 g@: Sit) Z n 1+ Te(l—e)RG) (043)

max

and letting j := argmax;cp, (€(v)) — (")), we can upper-bound the loss difference for
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RO - W™ a9 follows:

L(RO - W™) — L, < max (£(~}) — L(7"™)) < cup (77 = 7])

i€[n] !

1 _
< CupCmax (1 — Z sft> < cupcmaxm < CupCmax1'e RO

teQ;
(C.44)
Combining them together results in that, L(RO - W') > L(RO - W™™") whenever
CdnCmin —RO 277,T2 CupCmax
> CupCmax 1’ — R> ——«——1 — .
n 14 Tel-9)RO CupCmaxt € O - min(e, 1) 08 ( CdnCmin
This completes the proof by contradiction. [

C.4 Implementation Details and Additional Experiments

C.4.1 Implementation Details

In all the experiments, we train single-layer self-attention layer models using PyTorch and
SGD optimizer. We conduct normalized gradient descent method to enhance the increasing
of the norm of attention weight, so that softmax can easily saturate. Specifically, at each

iteration 7, we update attention weight W via

VLW(7))

W+ =W =g e w

All the results are averaged over 100 random trails and in each trail, we create the dataset

and its corresponding TPGs, SCCs as follows:

1. Given dimension d and vocabulary size K, generate random embedding table E =

le; -+ ex]" € RE*? such that each e € E is randomly sampled from unit sphere.

2. Given sample size n and sequence length 7', create dataset DSET = (X;,y;)", and
X; = [y -+ xir]" € RT*? where x;; are randomly sampled from E. For acyclic
setting, label e,, is determined by the token in the X that has the highest priority

order; while for general cyclic setting, e,, are also randomly sampled from X;.

3. Construct TPGs and apply Tarjan’s algorithm [184] to find SCCs of each TPG. For
global convergence experiments (Section 4.3), TPGs are created based on the token re-

lations between x;;’s and e,,’s in the dataset DSET; while for local convergence analysis
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(Section 4.5), we instead establish the token relations between x;;’s and é,,’s following

the instruction in Section 4.5, where €,, is determined by the GD solution.
4. DSET is created following Definition C.1 based on the SCCs of the corresponding TPGs.

Here, we set the sequence length to be the same for all the samples in DSET, and we emphasize
that though DSET contains inputs with same number of tokens, the randomness in sampling
x;; and e, will still result in a variety of TPGs and SCCs, and DSET may contain inputs

with varying sequence lengths (see Figure 4.3).

e Generating Wfn and Wfn. Inspired by the convexity and finiteness of L(W) per
Definition C.2 under the setting of Theorem 4.2, we can derive W' via gradient descent.
Hence, to obtain W we train separate models but with the same architecture from zero
initialization on the sub-dataset DSET. As for the experiments shown in Section 4.5, we
follow the same method as generating W1, However, we emphasize that under the local
convergence setting, there is no guarantee that gradient descent will converge to the Wi
solution as problem is more general, i.e., with nonconvex head, and dataset DSET might not
be enough to capture the performance of tokens within the same SCCs. Though, our results
in Figures 4.6 and 4.7 indicate that Wn can predict the GD convergence performance better
than W which is drawn from the dataset-based TPGs. We defer a rigorous definition of

local Win and guarantees related to gradient descent for future exploration.

e Local convergence experiments (Figures 4.6 and 4.7). To evaluate our local con-
vergence conjecture, we conduct random experiments with more general head (satisfying As-
sumption 4.3) and, and consider squared loss £(u) = (1 —u)? in Figure 4.6 and cross-entropy
loss in Figure 4.7. In both experiment, we create embedding tabels with K = 8,d = 8
and datasets with n = 4,7 = 6. We choose step size n = 0.1 and also conduct normal-
ized gradient descent. Correlations are reported in Figs. 4.6a and 4.7a and the distance of
ITIg (W(7)) — Wn|| - are presented in the orange curves in Figs. 4.6b and 4.7b. In both
W(r)

experiments, correlations between I4GIT and E} "™ end with > 0.99 values. Fig. 4.6b
gliEg [Wevm|| g

achieves 0 distance error since employing squared loss, attention is inclined to select tokens

that appear mostly frequently in the labels of the dataset, resulting in R; = O; for i € [n] and
DSET = (). While in Fig. 4.7b, the global and local norm of difference is around 9.59 and 0.09
respectively, where DSET # (). This implies that the distance of IIg (W (7)) is much closer
to Win compared to the distance between ITs. (W (7)) and Wn,

314



= 1.0 1.2
X
= 08 & 10
3 E 08
S 0.6 N
- 0.6
S 04 |
g 0.2 <E 0.2
3 0.0 0.0
0 2000 4000 6000 8000 0 2000 4000 6000 8000
Iterations (1) Iterations (7)
: . W) wmm : . fin
Figure C.2: myism = twem, Figure C.3: IIs. (W (7)) = W
10000 1.00
- 7500 . 0.75
194 Q
~
S s000 2 050
Sy o)
°© 2
= 2500 A 025
! 0.00
10! 10 103 10* 10° ' 2 8 32 512
n d
Figure C.4: Number of of SCCs vs n Figure C.5: Feasibility of W™™

C.4.2 Additional Experiments

Global convergence experiments on large K (Figures C.2 and C.3). Assump-
tion 4.1 in our work requires K < d, which helps make the optimization landscape more
benign such that global convergence of GD is guaranteed. Unlike previous work [186, 185]
that relies on strong equal score conditions to induce global convergence, our assumption
is much less strict. Empirically, we argue that this constraint is not necessary as we can
apply a mask M € R™ T to directly collect the attention probability for each distinct
token from the attention map without explicitly calculating the linear head. Therefore, we
can still impose Assumption 4.1 when K > d, which aligns more closely with the real-world
setting. In Figs. C.2 and C.3, we repeat the global convergence experiments by setting
n =16,T = 64,d = 128 and K = 10000. Results are averaged over 100 random instances.
The averaged correlation is ~ 0.987 and the soft component error reaches 0.025. The results

again validate Theorem 4.2.
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SCC Structure on large n (Figure C.4). When we increase the sample size n and
fix others, more edges and cycles will be added to the graphs. Different SCCs can then be
merged into one. As illustrated in Fig. C.4, the graph eventually collapses to a single SCC.

Feasible condition of (Graph-SVM) (Figure C.5). To verify that (Graph-SVM) is
feasible when d > K (Lemma 4.1), in Fig. C.5, we run experiments with fixed n = 16,7 =
128, K = 512 and varying d from 2 to 512. Define C, as the SCC that the label token
belongs to. We calculate the proportion of selected tokens that are in C, to the size of Cy,
and (Graph-SVM) is feasible when the value reaches 1. The interpretation is that: When
d is small, the problem focuses on separating an optimally feasible subset of training data
from the others and the empirical SVM bias is captured by a relaxed Graph-SVM solution
with constraints based on the subset. As d grows, the exact Graph-SVM becomes feasible.
This is similar to the findings in [90].
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APPENDIX D

Appendix for Chapter 5

D.1 Equivalence among Gradient Descent, Attention,
and State-Space Models

In this section, we present the proofs related to Section 5.2. Recap that given data

X =[x - ) € R
E=[& - &) eRY,
y=[y -yl =XB+EER,

x ... x,, 04

c R(n+1)><(d+1)
o oy 0

Z(): [251 o Zp 0d+1]T: [

and corresponding prediction functions

gosa(Z) =z WXy, (D.1a)
gwpea(Z) =z WX (wOy), (D.1b)
9att(Z) = (2" WW, Z]) Z, W, v, (D.1c)
Gl Z) = (TW,)T @ (ZaWi © ZsW.) + Flunt) v, (D.14)
we have objectives
rnv‘i/n Lpga(W)  where Ly q(W) =E [(3/ - gpgd(Z>>2] ) (D.2a)
I‘?,ig Lupga(W)  where  Lypga(W) =E [(y — gwpga(Z))?] , (D.2b)
Wm%qi’r‘l}[/mv Lot(W) where Lo(W) =E [(y — ga(2))?] , (D.2¢)
min ~ Lem(W) where Lon(W) =E [(y — gesm(2))?] - (D.2d)

Wk’WQ7W’U7’U7f
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Here, the expectation is over the randomness in (x;,&;)"; and 8, and the search space for

W is R4 for w is R", for W, W,, W, is RUTDX@HD " for ¢ is R and for f is R™*1.

D.1.1 Proof of Proposition 5.1

Consider the problem setting as discussed in Section 5.2, Proposition 5.1 can be proven by

the following two lemmas.

Lemma D.1 Suppose Assumptions 5.1 and 5.2 hold. Then, given the objectives (D.2a) and
(D.2c), we have

Wq,gkl,r‘l%,v La(W) = Hé‘l,n Lpga(W).

Proof. Recap the linear attention estimator from (D.1c) and denote

W’(Ul

wW,W, = e w] and  Wyo = [1;1] ,
2

where W € R w;, w,, v; € R?, and w, v € R. Then we have
9air(Z) = (2 WW,! Z) ) ZyW,v
W w X" o
T 1 d
=z 0

X y| v
w, w| |y 0, Of]|wv

= (" WX 42wy ) (Xv, +yv)
=z (VW)X y+z wy Xv+z' (WX Xv + 0|yl w)
=z (oW +wv ) X y+a’ (V_VXTX’U1 + v||y||2w1)

—z WX y+a' (WX Xv; + v|y||w), (D.3)
G (2) <
Gatt €

where W := oW + wyv] .
We first show that for any given parameters Wy, W,, W, v,

E [(gatt(Z) - y)ﬂ > E [(gatt(z) - 9)2} . (D.4)

To this goal, we have

E [(gatt(Z) - y)ﬂ —-E [(gatt(z) - y)Q] =E [(gatt(z) +e— y>2] —E [(gatt(z> - y)Q]
— E[] + 2E[(Gan(Z) — 1)e] (D.5)
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where we have decomposition

(Ga(2) —y)e = (' WX Ty —y)z" (WX Xv1 + 0]y *w)
=y XW'zz" (WX Xv + 0|y w) —yz" (WX Xv +v|y[ w:)
=y XW'zax " WX Xv, 4 v|y|*y" X W zz w,
(@ ®

— ychV_VXTX'UlJ — vyHyHQ:cTwll.

(c) (d)

In the following, we consider the expectations of (a), (), (¢), (d) sequentially, which return
zeros under Assumptions 5.1 and 5.2. Note that since Assumption 5.1 holds, expectation of
any odd order of monomial of the entries of X, x, 3 returns zero, i.c., order of ' Bz is 3
and therefore E[x " Bx] = 0,.
(a): E [yTXWT:B:BTWXTle}

—E [(Xﬁ + g)TXWTmTWXTle]

—E [ﬁTXTXWTmTWXTle} +E [5TXWTmTWXTXv1]

=0.

(b): E [vaHQyTXWT:chwI]
—E [v(xa +6T(XB+E)(XB+ 5)TXmeTw1]
~E [v||g||2gTXmeTw1}
= 0.

(c): Elyz" WX Xuv]
=E[(z'B+ &z WX X
=E [ ze' WX ' Xv| +E [(a' WX Xv|]
= 0.
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@): EoylylPzw]
—vE[(8T2 +&)(XB+€) (XB+Ea w]
— vE [¢]¢] % w,]
=0.

Combining the results with (D.5) returns that
E [(9ae(Z) = y)*] = E [(gan(Z) — y)’] =E[¢*] > 0 (D.6)

which completes the proof of (D.4). Therefore, we obtain

w, in, E [(9at:(Z) — y)?] > min B [(Ga(Z) = v)*] = minE [(gpsa(2) — )] -

We conclude the proof of this lemma by showing that for any W € R¥? in g,,,4, there exist
Wi, W, W, v such that g.(Z) = gpea(Z). Let

W 04 04
Wk:Wv:Id+1, Wq:[Og O], and ’U:[l].

Then we obtain
9air(Z) = 2" WX Ty = g,a(2), (D.7)

which completes the proof. [

Lemma D.2 Suppose Assumptions 5.1 and 5.2 hold. Then, given the objectives in (D.2),

we have

min Lm(W) = IVI‘}in Lpga(V). (D.8)

Wq7Wk‘7W’va7f

Additionally, if the examples (x;,y;)1, follow the same distribution and are conditionally
independent given x and (3, then SSM/HS3 can achieve the optimal loss using the all-ones
filter and

%12 Lupga(W) = H‘}‘i,n Lypga(WV). (D.9)
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Proof. Recap the SSM estimator from (D.1d) and let

Wq = |Wq1 We - wq7d+1:| )
Wi = lwy wi - wkz,d—i—l] )
WU = |Wy1 Wy - wv,d+1} )

where w,;, wi;, w,; € R4 for j < d+1, and let

U1 f 0

v
v = ? , and f = h
Vd+1 In

Then we have

gssm(Z) = ((ZTWq)T © ((ZoWi © ZyW,) * f)n—H) v

n qulz wy, z;w,), 2
:anﬂ,i"vT ®
= ’w;d—i-lz wl—lc—,d—i-lziw;r,dﬁ-lzi
n [ w)zw] zw,) 2
= Z Jni1-i v’
=1 _w;d+1zw;d+1ziwld+lzi

Next for all j < d+1, let

Wi Wy, Wy

_ q] _ J _ vJ
wq]’ = s 'wkj = s wvj =

Wq; Wi Wy

T am o d
where wg;, wy;, w,; € R and wy;, wy;, w,; € R. Then we have

Wy 2wy Ziw,; % = (@) (W@ + wiiyi) (B, + wey)

= a:Tu_)qj (wvjw];; + wkju_;UTj) x;Y; + (l?)qua:) (’u_)kT]iI}Z) ('zI;I]:I;Z) + (wkjwvngjwyf)
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where

'w; 1= W Wy Wy € R4
dj(x, @, x;) = (’u’)qua:) (717,:]:132) (’lI)E—jwz) eR
Then
d+1
Gssm(Z Z Jni1-i ZUJ (CUTVVJ‘IG%ZH + 0j(@, i, ;) + W;Tﬁcyf)
d+1 d+1
T(ZUJ'W/]{> y®f +an+l i Z'UJ IE :cl,azl)
j=1
d+1
(z% ) wo
—x WX+, X, X)+w zy'y.
[\ — v g ~ ’, N /
gssm(z) €1 €2
where

d+1

W= u;W, e R
j=1
d+1

W= wvw, R’
j=1

Next we will show that for any W, W,, W, v,

E [(gsm(2) = 9)*] > E [(3sm(Z) — )°] -
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To start with, we obtain

E [(gssm(z) - y)ﬂ =E [(gssm(z) + €1+ € — 9)2}

=E [(éssm(Z) — y)z} +E [(61 + 62)2} +2E [(Gssm(Z) — y) (€1 + €2)]
(D.10)

where there is decomposition

(gssm(z) - y)(El + 62)
=z, X, X) 2 WXy —o(x,X,X)y +@T$yT:lj : a:TVNVXQI —y- meyT_@

2) ®) (© ()

—~

In the following, similar to the proof of Lemma D.1, we consider the expectations of
(a), (b), (c), (d) sequentially, which return zeros under Assumptions 5.1 and 5.2. Note that
5;(x, x;, x;)’s and d(x, X, X) are summation of monomials of entries of (z, X, 3) with or-
der 3, and entries of y and y are summation of monomials of entries of (, X, 3) with even

orders: e.g., y = x' B+ & where ¢ is of oder 0 and =" 3 is of order 2.

(@): E [5(az,X,X) : a:TVNVXg}
_E [S(m, X, X)- 2" WX(X80 f)] +E [S(a;, X, X)- 2 WX(Eo f)]
_E [S(m, X, X)- a:TVVX} E [s © f]

0.

(®): E i@ X, X)y|

E |5z, X. X)(@ 8 +6)]
—E |j(@. X, X)z' 8| +E |3z, X, X)¢|

0.

(c): E [zi)Tzcyng : :L'TWX@]
—E |6 2(XB+€) (XBof+€0f) -2 WX(XB6 f+€0 f)
= 0.
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(d): Ely w'zy'g]
~E[@ B0 0Te(XB+ (XBo o f)
= 0.

Combining the results with (D.10) results that
E [(gssm(Z) = 9)*] = E [(dssm(Z) — y)*] =E [(e1 +€2)°] 2 0.
Therefore we obtain,

w2 g B L0on(2) = ") 2 0B [(Guon(Z) = )] = iR E [(gwoaa(Z) — y)]

Next we show that for any choices of W and w in gypgq, there are Wy, v, f such that

Gssm = Gwpgd. T0 this end, given w = [w; ... w,]T, let
0
wr' 04 O4xa Oy 1, Wn,
W,=1,,, W,= , W, = , v= and =
¢ = Lap K [OdT O] lldT 0 0 f=1
w1
Then we get
XxXw' o, 1, 0,
(ZoWi © ZoW,) * £)ui1 = o Y7 v f
04 0 0, O _—
. Zz—l wi -y Wz,
N 0
WX yow)
= . :

and therefore
gssm(Z) = mTWXT(y © w) = nggd(Z)v

which completes the proof of (D.8).
Next, to show (D.9), for any W € R™¢ let L(w) =E [(mTWXT(y Ow)— y)Q]. Then
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we have

OL(w)

=K
awi

2 (:BTW ijyj:nj — y) (mTWyia:i)]

J=1

=2 ij E [(wTWyja:j)(a:TWyiwi)] — 2K [waWyia:i} .
j=1

Here since (a;,y;)!, follow the same distribution and are conditionally independent
given @ and 3, for any i # j # j, E[(@ Wyuwx,)?] = E[(x'Wy;xz;)?] and
E [(z"Wy;z;)(x"Wyz;)| =E [(x"Wyjx;) (@ Wyx;)|. Then let

E (@ Wyz,) (@ Wya)] ={ " 7 and E [y Wyizi] = cs,

Co, 1=

where (¢1, ¢a,¢3) = (c1 (W), co(W), c3(W)). We get

OL(w
( ) = 201(.0T1n + 2(62 - cl)wi - 263.
(%Ji
If ¢ — ¢; =0, then ag—b(:f’) =2ciw'1, — 2c; for all i < n and any w € R" achieves the same
performance.
If co — ¢; # 0, setting %ﬁ:’) = 0 returns

c3—C1Y " w;
=1 Wj .
w; = J =C foralli<n.
Ca — (1

Therefore the optimal loss is achieved via setting w = C'1,,. Without loss of generality, we
can update W — CW. Then w = 1,,, and we obtain

minE [(mTWXT(y Ow)— y)Q] = minE (' WXy —y)’]

W, w

which completes the proof of (D.9). |

325



D.1.2 Proof of Lemma 5.1

Proof. Recap the loss £,,4(W) in (D.2a) and prediction gpeqa(Z) in (D.1a), we have

Lpea(WV) (D.11)

=E[(y — gpea(2))]

—E[(="B+¢—2 WX (XB+6)"]

=E[(z'B-2'WX'XB)’+2(z'8-2z' WX 'XB)({ -2 WX &) + (£ -2 WX T€)?]

=E[(¢'8-2'WX'XB)’+ (-2 WX '€ +2E[(z'8 -2 WX XB)({ -2z WX 'E)]

=E[(z'B-2' WX XB)’+ ({ -2 WX '¢)?] (D.12)

=E[(z'WX'XB)’+ (& WX €¢)’| 2E[BTax WX XS + (e WX ¢] +E[(z8)* +¢]
A(W) 22(W) constant

where (D.12) follows Assumption 5.2. Since fo(W) is convex, Lpeq(WV) is strongly-convex if
and only if f;(W) is strongly-convex, which completes the proof of strong convexity.

Next, (D.6) and (D.7) in the proof of Lemma D.1 demonstrate that the optimal loss is
achievable and is achieved at € = 0. Subsequently, (D.3) indicates that g, has the same
form as g7,4. Under the strong convexity assumption, g4 is unique, which leads to the

conclusion that g5.q = ga- -

D.1.3 Proof of Lemma 5.2

Proof. According to Lemma 5.1, L,,q(W) is strongly-convex as long as either
E[(x"WXTX3)?] or E[(x"WX "€)?] is strongly-convex. Therefore, in this lemma, the
two claims correspond to the strong convexity of E[(z' WX €)% and E[(z' WX " X3)?]
terms, respectively.

Suppose the decomposition claim holds. Without losing generality, we may assume
(x1, 31, X1) are zero-mean because we can allocate the mean component to (a2, 32, Xo)
without changing the covariance.

e Claim 1: Let ¥, = E[z x|, 3 = E[318]], and Zx = E[X X;]. If the first claim

holds, using independence, observe that we can write

El(z' WX'¢)"] =E[(x| WX €)’] + El(x; WX, £)°] + E[(x, WX, )] + E[(z, WX, £)7,
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where the last three terms of the right hand side are convex and the first term obeys

E[(x; WX/ €)? = ?Ele, WX X\ W x|
= o’tr (E[ziz] WX X, W)
= otr (imWiXWT)

= O'2H V imW\/ EXH%‘

Since noise level ¢ > 0, using the full-rankness of covariance matrices £, and Tx, we
conclude with strong convexity of E[(x"W X "¢)?].

e Claim 2: Now recall that £x = E[X| X;] and set A = X X, — ¥x and B = X, X, +
3 x. Observe that E[A] = 0. If the second claim holds, E[X " X] = E[A + B]. Note
that (A, 31, x;) are independent of each other and (B, 3;,@2). Using independence and
E[A] = 0, similarly write

E[(z' WX XB)"| =E[(z' WAB)!| + E[(z' WBB)’.
Now using E[B;] = E[z;] = 0 and their independence from rest, these terms obeys

E[(z'WAB)’] = E[(x] W AB))*] + E[(x] W AB,)*] + E[(x; W ABL)?] + E[(z; WAB,)’]
E[(z'WBp)*] = E[(z| WBp:)’] + E[(x{ W Bf3:)*] + E[(x, WBS,)?] + E[(z, W BB,)’].

In both equations, the last three terms of the right hand side are convex. To proceed, we
focus on the first terms. Using independence and setting ¥x = E[XTX] = Tx = 0, we
note that

El(x] WAB)’] +E[(z] WBB:)’] = E[(z) WX ' X 5,)’]
where @1, 31, X are independent and full-rank covariance. To proceed, note that
E[(z| WX XB1)’] = E[(x] WEx1)*] + E[(z; W(X' X — 2x)B81)°].
Observing the convexity of the right hand side and focusing on the first term, we get
El(x{ WEx61)?)] = tr (E,WExEExW ') = ||\/i_xW2X\/i>ﬂ||§.

Using the fact that covariance matrices, 34, Xx, 2[3, are full rank concludes the strong
convexity proof of E[(z" WX T X 3)?]. ]
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D.2 Analysis of General Data Distribution

In this section, we provide the proofs in Section 5.3, which focuses on solving Objective (5.5a).

For the sake of clean notation, let L(W) := L,,qa(W) and g := gpga in this section.

D.2.1 Supporting Results

We begin by deriving the even moments of random variables.

e 2n’th moment of a normally distributed variable: Let u ~ A(0,0%). Then we have
E[u®"] = ¢®(2n — 1)!. (D.13)
e 4th moment: Let u ~ N(0, ;). Then for any W, W’ € R¥™? we have

E [(u" Wu)(u Wu)]

B d
L \i,j=1 i,j=1

B d
i=1 =1 i#] 1#£]
d
Z WiWiE [uf] + ) WuW,,E 4+ WyW,E |+ Wi, Wi Efu?] Elu]

i#] 7] i#]

=3 Z WuW!. + Z W”W/ Z W”WZ/J + Z WZJWJ/l

i#J 7] 7]

d
= Z WZZW/ Z WUWZ/] + Z Wl]vvﬂll
ij=1 i,j=1 1,j=1

=tr (W)tr (W) +tr (WW') +tr (WW'). (D.14)

e 4’th cross-moment: Let u,v ~ N(0, ;) and for any W € R4 let Ay = W O I,.
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Then we have

E [(uTvaTu)z]

() o) (oo

E :(;m%u?v%z 2uty ) (Zu )

i#]

+)WW
7]

d d
=9§:Wﬁ+«d—D}jWﬁ+6§:W%+«d—m§:W%+§:W%W¢

i#£j i#] i#]
d
_32 +(d+4) Z 2> WLWi
i,j=1 i,j=1
=3tr (Afy) + (d+ 4)tr (WWT) +tr (W?). (D.15)

e 6°th moment: Let u ~ N(0, ;). Then for any W, W’ € R¥™? we have

E [(uTWu)(uTW’u)HuHQ]

e )] ) ) )
S )] g (5]
i) g )

oy P

(d+4) < Z WiWi + > WiWh+ Y WyWi, +> Wijwjg> (D.16)

7] 7] 7]

+ > WalWj,E
i#j

ZW WL E

i#]

d d
(d+4) <Z VVmWJ,] + Z WZ]WZJ + Z WIJW]/1>

1,j=1 1,j=1 4,j=1

= (d+4) (tr(W)tr (W) +tr (WWT) +tr (WW')), (D.17)
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where (D.16) is obtained by following

r d
4 2
E |u; 5 uy
L i'=1
r d
2,2 2
E | uju; E Uy
L i'=1

e 8°th moment: Let u ~ N(0, ;). Then for any W, W’ € R¥™? we have

= E[u’] + (d — 1) E[u'] E[u?] = 3(d + 4),

= 2E[u'| E[u?] + (d — 2) E[u*] E[u®| E[u*] = d + 4.

E [(uTWu)(uTW’u)HuH‘l]

d d
i,j=1 i,j=1 1,j=1

d d
- yowae o (oot o) 2ww[ (St St )
i=1

i i = 5
+ZVV¢]'VWjE <ZU/+ZU/UI) +ZVVUWJ1E[ (Zu,+2uz,u,>]
i#j 15 i#j vEy
= (d+4)(d+6) ( ZWuW;@ +ZVVz‘z‘W;j +ZW/¢jWi/j +ZVI/UW]/1) (D.18)
i#] i#£] i#£]

d d
= (d+4)(d + 6) (Z WiW/+ > Wy W, + ZWUWZ‘)

ij=1 ij=1 i,j=1

— (d+4)(d +6) (tx (W) tr (W) + tr (WW ) + tr (WW')) . (D.19)
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where (D.18) is obtained by following

d
uf (g uf/ + g uiui)]
i'=1

VA5
=E[u®] + (d — 1) Eu*] E[u?] + 2(d — 1) E[u®] E[u?] + (d — 1)(d — 2) E[u*] E[v?] E[u?]
— 1054+ 9(d — 1) +30(d — 1) +3(d — 1)(d — 2)
— 3(d +4)(d + 6),
d

uu (Zl ujy + ; u%ui)
= 2E[u®]| E[u?] + (d — 2) E[u*](E[u?])? + 2 E[u*] E[u?]

+4(d - 2) E[u")(E[u’])* + (d — 2)(d — 3)(E[«”])"
— 304+ 3(d—2) + 18+ 12(d — 2) + (d — 2)(d — 3)
= (d+4)(d+6).

E

E

D.2.2 Independent Data with General Covariance

Proof of Theorem 5.1. Consider a general independent linear model as defined in (5.7)

where ¥, and g are full-rank feature and task convariance matrices and
wNN(O)Em)a IBNN<O7 Eﬁ)7 gNN(O,UQ), and y:wTIB+§
Let

X=x ], €=& &l and y=[y - v] =XB+E

To simplify and without loss of generality, let & = 2;1/23:, X = XE;1/2, 0 = E}Eﬂﬁ
where we have

z~NOI),  6~N©0 /85

and
—z'0+¢  y=XO0+¢

Then recap the loss from (5.5a), and we obtain

L(W)

E[(y—9(2))]
E|(2"8+¢-a WX (XB+¢)]
E[(z'B-—2"WX 'XB)*| +E[(x WX ¢)?] + 07, (D.20)
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where the last equality comes from the independence of label noise &, €.

We first consider the following term

E[xWXT¢)?] =E [(@T(E;/2W2;/2)XT5)Q] = no? - tr (WW)

where we define W = ZY2WXL/2 Next, focus on the following

where 3 := X1/2% 3312
Let & € R" be the i’th column of X and X;; be the (i, j)th entry of X. Then the (4, §)
entry of matrix X ' X3 X "X is

Then we get

[(XTXEX’TX)U] =3, EBlE/ & z)) + 3, B[z &8 T;) = n"S; + n3y
(X'X2X'X),]=%iE(z/zz/ 2]+ > %,E(z 2z z)]
i#i
=S E((zh + - +al) +n ) %y
i#i
j#i
d
j=1

=n(X;n+1)+tr(X)).

Therefore
EX'XEX"X]=n(n+ 1) +n-tr ().
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Combining all together results in

LW) =1tr(Z) —2ntr (EW) +n(n+1)tr (EW'W) + n(tr (X) +
=M —2ntr (SW) +n(n+ 1)t (EW'W) + nMtr (WW ' ) (D.21)

where M := tr (X) + 02. Setting Vi L(W) = 0 returns
-S4 2(n+1)- W +20MW =0 = W, = (n+ )T+ MT ).

Then we have
-1

W, =32 ((n+ DI+ M=) =12

and

L,=LW,)=M-ntr((n+ 1)+ ME>)"").

D.2.3 Retrieval Augmented Generation with a Correlation

In this section, we consider the retrieval augmented generation (RAG) linear model similar

0 (5.9), where we first draw the query vector « and task vector 3 via
x~N(0,I) and B~ N(0,I).

We then draw data (x;)!_; to be used in-context according to the rule corr coef(x, x;) >

a > 0. Hence, for i < n we sample
T, | x ~ N(axz,v*I), & ~N(0,0%) and y;,==xB+E, (D.22)

which results in (5.9) by setting 72 = 1 — o

Theorem D.1 (Extended version of Theorem 5.2) Consider linear model as defined
n (D.22). Recap the objective from (5.5a) and let W, := argminy L,o(W), and L, =
Loa(W,). Then W™ and L, satisfy

W, =cl and L, =d+ 0> —cnd(a?(d +2) +~?) (D.23)

333



where

B ?(d+2) ++2
Catn(d+2)(d+4)+ a2 (d+2)(d+2n+3) +yHd +n+ 1) + 02(a2(d + 2) +12)

Suppose a = O(1/V/d), d/n = O(1) and d is sufficiently large. Let k = o?d + 1 and

v2 =1—a? Then W™ and L, have approzimate forms

1
W, ——1 and L,~d+o*— rond

—_— D.24
kn +d + o2 kn +d+ o2 ( )

Proof. Here, for clean notation and without loss of generality, we define and rewrite (D.22)

via
g ~N(0,I), &~N(0,0%) and x;=ax+vg;, vy = (ax+7g) B+E&.

Then we obtain

LW)=E[(y—9(2))]
E [(mTB re—2TWXT(XB+ 5))2]
E

[(z"B—2"WXTXB)?| +E[(z" WX ¢)?] +0°. (D.25)

To begin with, let
Ni=tr(W)’ +tr (WWT) +tr (W?), No=tr(WWT), and N;=tr(W).

We first focus on the second term in (D.25)

E[(z'WX'€)? =E (Z &x' W(ax + m))

i=1
=no’E [z W(az +g)(ax +vg) W 'z

=no” (’Elz' Wz W 'z] + v’ Elz Wgg' W 'z))

=no” (&®Ny +~°N,) . (It follows (D.14) and independence of x, g.)

Next, the first term in (D.25) can be decomposed into

N /

El(@x'B—a' WX 'XB)’| =E[(z'8)’| +E[(« WX XB)’] - 2E [z Bz WX Xp|.

-~

(a) (b) (c)
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In the following, we consider solving (a)-(c) sequentially.

(a): E[(=z'B)’] =d

b): E[(z"WX'XS)]

n 2
=E (wTW Z(am +7gi)(ax + ’79@')TB>
i=1

n 2
=E (Z o' W(lzz' ++°gi9) + ayzg + avgin)B>

i=1
= (a"n*(d+4) + *y*n(2n + d + 2)) Ny + (&®y*n(d +2) + y*'n(d +n + 1)) N
= A1N1 + AQNQ.

(c): E[z'Bz' WX'XB]=E

Z z' Bz’ W(az + vg;)(az + ’Ygi)Tﬁl

i=1

=1

=E|Y a'Bz'W(’zz' +1°gig, +ayzg] + Owgz-wT)ﬂ]

=a’nE [a:TBa:Tcha:Tﬁ] +~*nE [chﬁwTngT,B]
= o’n(d + 2)tr (W) + v*ntr (W)

= (a’n(d+2) + v*n) Ns

= A3Ns.

Here, (b) utilizes the 4’th and 6’th moment results (D.14) and (D.17) and we define

Ay = a*n?(d+4) + o®y*n(2n + d + 2)
Ay = a*y*n(d +2) +y*n(d +n + 1)
As = o*n(d + 2) + 7*n.

Then combining all together results in

L(W) = A;N;y + ANy — 243N; + no*(a® Ny + 2 No) + d + o>
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To find the optimal solution, set VL(W') = 0 and we obtain
A1VN1 + AQVNQ — 2A3VN3 -+ nO'Q(Oé2VN1 —+ ’}/QVNQ) =0. (D26)
Note that we have

VN, =V (tr (W)* +tr (WWT) + tr (W?)) = 2tr (W) I +2W +2W '
VN; =Vtr (WW') =2W
VN; = Vtr (W) = I.

Therefore, (D.26) returns

24, (¢r (W) I+ W + W) + 24,W — 245 + 2no*(P(tr (W) I+ W + W) + ¥*W)I =0,
(D.27)

which implies that the optimal solution W, has the form of c¢I for some constant c. Then
suppose W, = cI, we have tr (W) = ¢d and (D.27) returns

2A,(d + 2)cI + 2A5cI — 2A31 + 2no”(a(d + 2)cI +v*cl) = 0

As
Ai(d+2) + Ay + no?(a?(d +2) ++?)
_ a’(d+2) ++
Catn(d+2)(d+4) + a2y (d+2)(d+2n+ 3) + A (d +n+ 1) + o2(a(d + 2) +42)°

— C =

Then the optimal loss is obtained by setting W, = cI and

L, =L(W,)=Ad(d+2) + Ayc*d — 2Ascd + no*c*d(a®(d + 2) ++2) +d + o
= Pd (A1(d+2) + Ay + no*(a®(d + 2) + %)) — 243¢cd + d + o?
=d+ 0'2 — Ang.
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It completes the proof of (D.23). Now if assuming a = O(1/v/d), d/n = O(1) and sufficiently

large dimension d, we have the approximate

N o?d+1
T atd?n + a2d(d 4 2n) + (d +n) + 02(a2d + 1)
B a?d+1
~ (a?2d+1)2n + (a2d + 1)d + 02(a2d + 1)
1
(@?d+1)n+d+ o2

and

(@*d + 1)nd

L,~d+o®— .
o (a?d+1)n+d+o?

D.2.4 Task-feature Alignment with a Correlation

In this section, we consider the task-feature alignment data model similar to (5.11), where

we first draw task vector 3 via

B~ N(0,I).
Then we generate examples (x;,y;)/] according to the rule corr coef(zx;, B) > a > 0 via
zi | B~N(@BI), &~N(0.0%) and y=7 -z/B+&, (D.28)

which results in (5.11) by setting v* = 1/(a?d + 1).

Theorem D.2 (Extended version of Theorem 5.3) Consider linear model as defined
in (D.28). Recap the objective from (5.5a) and let W, := argminw L,o(W), and L, =
Lya(W,). Then W, and L, satisfy

W,=cI and  L,=dy(Aoc® +1)+ 0% —cndy’ (Ao + 2000 +1)  (D.29)

where
Aot + 20002 + 1

T Ayab + Azat + Aga? + (d+n+1)+ d2(Apat + 202 + 1) /72

C
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and

(Ao =d+2

Ay =(d+2)(d+4)

Ag = (d+2)(d +4)(d+6)n

As = (d+2)(d+4)(3n +4)

(A= (d+2)(3n+d+3)+ (d+8).

Suppose a = O(1/+/d), d/n = O(1) and d is sufficiently large. Let k = a?d+1 and v*> = 1/k.

Then W™ and L, have approxzimate forms

1 knd
W, ~ d L,~d+ % — .
kn+ (d+o0?)/k o o kn+ (d+0?%)/k

(D.30)

Proof. Here, for clean notation and without loss of generality, we define and rewrite (D.28)

via
gi~NO,I), &~N(0,0°) and @ =aB+gi, yi=7% B+& =7 (aB+g) B+E&.
Recap the loss function from (5.5a), we obtain

LW)

E[(y—9(2))]
—E[(2"B+¢ -2 WX (1XB+€))’]
=VE[(z'8—2 ' WX'XB)’| +E[(z' WX €] +o°. (D.31)

Similar to Appendix D.2.3, to begin with, let
Ni=tr (W) +tr (WW') +tr (W?), Ny=tr(WW'), and N;=tr(W),
and additionally, given Ay = W © I, let

Ny =3tr (Afy) + (d+4)txr (WWT) +tr (W?).
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We first focus on the second term in (D.31)

E [(mTWXTg)Q} —F !((aﬁ +9) W Z&(aﬁ + gz)> ]

—no’E|((aB+9) W(aB+4g)’]
=no’ (a'E[(B"WB)?] +2°E [(B'W¢')’] +E [(g' Wg')*])
=no? (o’ (tr (W)? + tr (W?) +tr (WW')) + (20° + 1)tr (WWT))
=no? (a'N; + (20> + 1)N,) .
(It follows (D.14) and independence of 3,g,g’.)

Next, the first term of (D.31) (omitting v?) returns the following decomposition:

E[(x'8-2z'WX'XB)*] =E[((aB+9)" (8- WX'Xg3))]
_E [(afﬂﬁ a8 WXTXB+478— gTWXTXﬁ)Q]
= a’d(d+2) + ’E[(B'WX ' XB)] +d+E[(g' WX XB)"]
(@ ®
~20°E[B'B8' WX X B] - 2E[3 99 WX X,
© (@

Consider solving (a)-(d) sequentially as follows:

To begin with, we use the following decomposition for all (a)-(d):
X'X3= Z x;x; 3
i=1
=> (aB+g)(aB+g)'B

i=1

=" a288"8+ 0Bg/ B+ agiB B+ gi9] B
i=1
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Then, we have

(a): E[(B'WX'XB)]

i=1

n 2
=E [(Z ?B'WpBB ' B+aB " Wp3g/B+aB " WgB 8+ 3 Wgg, ﬁ) ]

= a'n?(d+4)(d + 6)Ny + o®n(d + 4)Ny + o’n(d + 2)(d + 4) Ny (D.32)
+n(n—1)N; +nN, (D.33)
+202n?(d + 4) Ny + 2a’n(d + 4) N, (D.34)

= (a®n(d+ 4)(a’n(d +6) + 2n + 3) + n(n — 1)) Ny + ®n(d + 2)(d + 4) N3 + nNy

(D.35)

= BlNl + BQNQ + nN4,

where (D.32) and (D.34) utilize (D.17) and (D.19), and (D.33) is obtained via

E [(Z B Wg,g! B)

=1

+n(n—1)E|8"Wg'g' B8 Wg"g"' 3

—nE [(BTWQ’Q’T5>

=nNy+n(n —1)Ny,

)]
which follows (D.14) and (D.15).

(b): E[(g'WXTXB)]

n 2
=K {(Z ’g"WPBB'B+ag"WpBg B+ag"WgB"8+9 Wg,g, /3)

i=1

= a'n*(d +2)(d + 4)Ny + o®*n(d + 2) Ny + o*nd(d + 2)Ny +n(d +n + 1)Ny (D.36)
+ 2a*n*(d + 2) Ny + 2a*n(d + 2) No (D.37)

= (’n(d+2)(a’n(d+4) +2n+d+3) + n(d+n—1)) N,

= B3N,
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where (D.36) and (D.37) are obtained using (D.14), (D.17) and

n 2-
E {(Z 9 ' Wa,g/ B)
=1

)
=nE {(gTWg'g’TB) +nn—1)E g Wg'g Bg"Wgq'g"" 3

=n(d+2)Na+n(n—1)Ny =n(n+d+ 1)Ns.

(): E[8TB8TWX XS]
=nE[B'A8TW(aB+g)(aB+g) 8]
—o*nE [8'88'WBBTS] +nE 8788 Wg'g' 8]
= o’n(d +2)(d + 4)tr (W) +n(d + 2)tr (W)
= (a’n(d+2)(d+4) + n(d+2)) N3
= B4Ns.

(d): E[B'gg'WX'X}g|
=nE[8'gg'W(aB+g)(aB+g) B
=a’nE[B'gg' WBB'B] + nE [ﬁngTWg’g’Tﬁ]
= o?n(d + 2)tr (W) 4 ntr (W)
= (o?n(d+2) +n) N;

— B:Ns.

Here we define

= o’n(d+4)(a*n(d +6) +2n +3) +n(n — 1)
:a2n(d+2)( +4)
Bs = a’n(d+2)(a®n(d+4) +2n+d+3) +n(d+n —1)
By = a*n(d+2)(d+4) + n(d + 2)
Bs = o*n(d + 2) + n.

341



Then combining all together results in

B

W)
= 7? (a?d(d+2) + d+ o®(BiNy + BoNa + nNy) + B3Ny — 20° ByN3 — 2B5N3) + no” (o’ Ny + (2a” + 1) No) + o2

= 7" (&®B1N1 + (¢ By + B3) N3 — 2(0*By + B5)N3 + a*nNy) + no*(a’ Ny + (202 + 1)Nz) ++4°d (o*(d + 2) + 1) + o?
and differentiating it results in

VL(W) =7* (a>BiVN; + (&*Bs + B3)VNy — 2(a’By + B5)V N3 + o*nVNy) 4+ no?(a*VN; + (2a° + 1)V N,).
Similar to the proof in Appendix D.2.3, W, has the form of W, = c¢I and we have

VN =V (tr (W)* +tr (WW ) + tr (W?)) = 2tr (W) I +2W +2W " = 2¢(d + 2)I
VN, = Vtr (WW') =2W = 2cI
VN3 =Vtr (W) =1
VNy =V (3tr (Afy) + (d+4)tx (WW ') +tr (W?))
=6-diag(Aw) +2(d +4W +2W T
=2c(d+8)I.

Therefore, setting VL(W') = 0 returns

v* (2¢(d + 2)a’ By + 2¢(a® By + Bs) — 2(” By + Bs) 4 2¢(d + 8)a’n) + 2cno*(a*(d +2) +2a° + 1) =0

o’B, + Bs
(d+2)a?By + (a?By + Bs) + (d + 8)a?n + no?(a*(d + 2) + 202 + 1) /~?
a*(d+2)(d+4)+2a%*(d+2)+1
aSn(d+2)(d+4)(d+6) + at(d +2)(d +4)(3n +4) + a2((d +2)(3n + d + 3) + (d+8)) + (d +n + 1) + o2(at(d + 2) + 2a% + 1) /42"

— C =

Then the optimal loss is obtained by setting W, = cI and
L, =L(W,) =+d(a*(d+2) + 1) + 0® — y*(a®By + Bs)cd.

It completes the proof of (D.29). Now if assuming o = O(1/Vd), d/n = O(1), v* = 1/(a?d+
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1) and sufficiently large dimension d, we have the approximate

N atd® + 2a2d + 1
" nabd3 4 3natd? 4+ (3n + d)a?d + d + n + o2(atd + 202 + 1) /2
(a?d + 1)*
n(a?d +1)3 +d(a?d + 1) + o?(a?d + 1)
1
(@®d+1)n+ (d+0?)/(a?d +1)

Q

Q

and

v (a?d + 1)*nd
(@2d+1)n + (d + 02)/(a*d + 1)
(a?d + 1)nd
(a2d+1)n+ (d+0?)/(a?d+ 1)

L, ~~yd(a*d+ 1)+ o0 —

=d+o*—

D.3 Analysis of Low-Rank Parameterization

D.3.1 Proof of Lemma 5.3
Proof. Recall the loss function from (D.21)
LW)=M —2ntr (EW) +n(n+1)tr (EW'W) + nMtr ( WW )
where W = S/2WEl2 5 = »125,512 and M = tr () 4+ 02 For any W, let us
parameterize W = UEU T where U € R¥" denotes the eigenvectors of W and E € R™*"

is a symmetric square matrix. We will first treat U as fixed and optimize E. We will then

optimize U. Fixing U, setting ¥ = U XU, we obtain
L(E) =M —2ntr (¥E) +n(n+1)tr (XE?) + nMtr (E?).
Differentiating, we obtain
0.5n 'VL(E)=-%X+ (n+1)SE + ME.
Setting VL(E) = 0 returns

E,=(MI+(n+1)X) 'S, (D.38)

343



1.0 1.0 ; B
—e— Linear Att 0.9 —e— Linear Att

0.9 —— Nmax =30 0.0l % — Mmax=30 | o0
08 Nimax = 50 08 Nmax =50 | —=— H3 08 —&— H3
SINE | e Amax = 80 IR s Nmax = 80 i ~
$0.7 max $0.7 = Soss o 0.7
= =
+ 0.6 +— 0.6 kel 06
" 0 9 3 0.5
o5 - o5 20.50 e
04 04 § 0.4
03 s I aesp T <oas 0
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80 30 40 50 60 70 80 “0 10 20 30 40 50
# in-context samples # in-context samples Nmax # in-context samples
(a) Linear attention (b) H3 (c) Averaged risk (d) Evolving 8

Figure D.1: Further comparison for linear attention and H3. In (a) and (b), given maximum
context lengths n,.«, we train linear attention and H3 models to minimize the average loss
across all positions n from 1 to ny.x. Averaged test risks are presented in (c). In (d), the task
vector 3 evolves gradually over the context positions ¢ < n via 3; = (i/n)B1+(1—i/n)Bs. In
both scenarios, H3 outperforms linear attention benefiting from its additional convolutional
filter (c.f. f in (5.2b)). Implementation details are discussed in Section 5.4.

Let \; denote the i’th largest eigenvalue of ¥. Plugging in this value, we obtain the optimal

risk as a function of U is given by

L(U)=M-n-tr (2E,) =M —n-tr (MI+ (n+1)X)"'E? (D.39)
—M—ni X —M—ni A (D.40)
B ~(n+DA\+M 414+ M '

Now observe that, the right hand side is strictly decreasing function of the eigenvalues \; of

3 =U'SU. Thus, to minimize £,(U), we need to maximize Y ;_, m It follows

from Cauchy interlacing theorem that /_\j < \; where )\; is the i'th largest eigenvalue of X
since ¥ is an orthogonal projection of ¥ on U. Consequently, we find the desired bound

where

T )\
L, =M — ‘ )
n; n+1+MX\"

The equality holds by setting U to be the top-r eigenvectors of ¥ and E = E,(U) to be the

diagonal matrix according to (D.38). n

D.4 Additional Experiments

In this section, we present additional experiments demonstrating that the H3 model can
outperform the linear attention model under different training or data settings. The imple-
mentation details are consistent with those outlined in Section 5.4.

e H3 outperforms linear attention (Figure D.1). Until now, our analysis has estab-
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lished the equivalence between linear attention and H3 models in solving linear ICL problem.
Furthermore, we also investigate settings where H3 could outperform linear attention due to
its sample weighting ability. In Figs. D.1a and D.1b, instead of training separate models to
fit the different context lengths, we train a single model with fixed max-length n,,., and loss
is evaluated as the average loss given samples from 1 to npay. Such setting has been wildly
studied in the previous ICL work [59, 4, 113]. We generate data according to (5.7) with
3, =33 =1I;and 0 =0, and train 1-layer linear attention (Fig. D.1a) and H3 (Fig. D.1b)
models with different max-lengths n,.. = 30,50,80. Comparison between Fig. D.la and
D.1b shows that 1-layer attention and H3 implement different algorithms in solving the av-
eraged linear regression problem and H3 is more consistent in generalizing to longer context
lengths. In Fig. D.1c, we plot the averaged risks for each model and H3 outperforms linear
attention. Furthermore, in Fig. D.1d, we focus on the setting where in-context examples are
generated using evolving task vector 3. Specifically, consider that each sequence corresponds
to two individual task parameters B ~ N(0, I;) and B® ~ N(0, I;). Then the i’th sample
is generated via x; ~ N(0, I;) and y; = B/ x; where 3; = A8 + (1 —\)B® and \; = i/n.
The results are reported in Fig. D.1d which again shows that H3 achieves better performance
compared to linear attention, as H3 may benefit from the additional convolutional filter (c.f.
f in (5.2b)). Here, dotted curve represent the theoretical results under i.i.d. and noiseless

setting, derived from Corollary 5.1.
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APPENDIX E

Appendix for Chapter 6

E.1 Experimental setup

E.1.1 Implementation detail

Data generation. Consider ICL problem with input in the form of multi-task prompt as
described in Section 6.5.1. In the experiments, we set K = 2, dimensions d = 10 and p = 5,
uniform context length n; = ny = n where we have n = Kn, and vary n from 0 to 50. Let
(r1,72) = (E[B B]/d,E[B, B]/d) denote the correlations between in-context tasks 81, B2

and query task 3. We generate task vectors as follows:
B1, B2 ~N(0,1;), and B~ N(r1B;+rafs, (1 - 7‘% - T%)Id)-

Input features are randomly sampled ((@ix)71)f |, @pi1 ~ N(0,1;), and we have y;, =
Blxzy (0 =0), k € {1,2} and y,.1 = B x,y1. Additionally, delimiters &, -- ,Ex are
randomly sampled from N (0, I,,).

Implementation setting. We train 1-layer linear attention and GLA models for solv-
ing multi-prompt ICL problem as described in Section 6.5.1. For GLA model, we consider
sigmoid-type gating function given by scalar gating: G(z) = ¢(w;z)1(d+p+1)x(d+p+1), or
vector gating: G(z) = ¢(Wyz)1,,,,, where ¢(z) = (1 + e *)"! is the activation function.
Note that although the theoretical results are based on the model constructions (c.f. (6.9) and
(6.23)), we do not restrict the attention weights in our implementation. We train each model
for 10000 iterations with batch size 256 and Adam optimizer with learning rate 1073. Similar
to the previous work [116], since our study focuses on the optimization landscape, ICL prob-
lems using linear attention/GLA models are non-convex, and experiments are implemented

via gradient descent, we repeat 10 model trainings from different model initialization and
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data sampling (e.g., different choice of delimiters) and results are presented as the minimal

test risk among those 10 trails. Results presented have been normalized by d.

Experimental results. Based on the experimental setting, we can obtain the correlation

matrix and vector following Definition 6.1

1,17 0 T
R=|"" and r:[rlT rlT} .
[ 0 1n1§] tha T2on

Then dotted curves display our theoretical results derive using 3 = I and R,r above.
Specifically, in Figure 6.1, black dashed curves represent L7, following (6.20) and blues

dashed curves represent L} following (6.27). We consider scenarios where (ry,r2) €

{(0,1),(0.2,0.8),(0.5,0.5), (0.8,0.2)} and results are presented in Figures (6.1a), (6.1b),
(6.1c) and (6.1d), respectively.

e GLA-wo achieves the worst performance among all the methods. We claim that it is due
to the randomness of input tokens as discussed in Section 6.5.1. Thanks to the introduction
of delimiters as described in (6.22), data and gating is decoupled and a task-dependent
weighting is learnt. Hence, GLA is able to achieve comparable performance to the optimal
one (L

the fact the weighting induced by GLA-wo varies over different input prompts and it can not

wped» Ted dashed). Note that GLA-wo performs even worse than LinAtt. It comes from

implement all ones weight.

e The alignments between LinAtt (blue solid) and blue dashed curves validate our Corol-
lary 6.3. In Figures 6.1a, 6.1b and 6.1c, the alignments between GLA (red solid) and Lypgea
(black dashed) verify our Theorem 6.5, specifically, Equation 6.26. While in 6.1c and 6.1d,
GLA achieves the same performance as LinAtt. It is due to the fact that GLA can not weight
the history higher than its present. Then the equal-weighting, e.g., w = 1, is the optimal
weighting given such constraint. What’s more, the alignment between GLA-vector (cyan

curves) and red dashed in Figure 6.1d validates our vector gating theorem in Theorem 6.6.

E.1.2 Multi-layer experiments

In this section, we present additional experiments on multi-layer GLA models. We adopt
the same experimental setup as described in Figure 6.1a and Appendix E.1, with parameters
setting to (ry,r2) = (0,1). The results are displayed in Figure E.1, where the blue, red,

and green curves correspond to the performance of one-, two-, and three-layer GLA models,
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Figure E.1: Multi-layer GLA experiments with (ry,r2) = (0, 1).

respectively, with the y-axis presented in log-scale. According to Theorem 6.2, an L-layer
GLA performs L steps of WPGD, suggesting that deeper models should yield improved
predictive performance. The experimental findings in Figure E.1 align with the theoretical

predictions of Theorem 6.2.

E.2 GLA < WPGD

E.2.1 Proof of Theroem 6.1

Proof. Recap the problem settings from Section 6.2 where in-context samples are given by

T
Ty - Ty C13714-1]

zz[zl---znsz:[
Y1 Yo O

and let the value, key and query embeddings at time ¢ be
v; = WUTZi, k?z = WkTZi, and q; = WqTZi.
Then we can rewrite the GLA output (cf. (GLA)) as follows:

O; = quz and Sz = Gl ©O) Si—l + ’Ulk;r
=G0 -G ovkl + - +G oOv_ k| +vk]

= Z Gj:i ® ’Ujk?;r,
7j=1
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where we define
Gj:i = Gj+1 © Gj+2 Gy, j<i, and Gy = Lat1)x(d+1)-

Consider the prediction based on the last token, then we obtain
n+1
Ony1 = Spi1qny1 and S, = Z Gjpy1 © Ujij-
j=1
Construction 1: Recall the model construction from (6.9) where

P, 0 P, 0 Ogxa O
we=|"" ", w,=|""1 and W,=| " | (E.1)
0 0 0 0 0 1

Then, given each token z; = [z, v;]", i € [n], single-layer GLA returns

0 Pz,
UiZ[]> ki:[kw], and ¢q; =
Yi 0

T
Pq xI;
0 9

and we obtain

Ogxa O .
vk, = [y xTXP O] , 1<mn, and Un+1kz+1 = 0(d+1)x(d+1)-
i k

Therefore, since only d entries in v;k; matrix are nonzero, given ® as the Hadamard product,

only the corresponding d entries in all G; matrices are useful. Based on this observation, let

* *] i c [* *]
T Je T
g; * 9. *

where giji = 9j+1 O Ggjr2--gi € R¢ for j <1 and g = 14.

G =
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Combing all together, and letting X, y follow the definitions in (6.6), we obtain

Ont1 = Sn+1qn+1

n+1
= Z Gjnt1 © ’Ujij> qn+1

7j=1
N O o] [PqTa:]
- > Y[ PO gl O 0

[ 0

2P (XP,0oQ) y

where

Q= gdin+1 G2n+1 gn;n+1] € RnXd.

Then if taking the last entry of 0, as final prediction, we get
foa(Z) =2 P, (XP,oQ) 'y

which completes the proof of Theorem 6.1. [

Construction 2: Based on the construction given in (E.1), only d elements of G; matrices
are useful. One might ask about the effect of other entries of G;. Therefore, in the following,
we introduce an other model construction showing that different row of G; implements
WPGD with different weighting. Similarly, let W}, W, be the same as (E.1) but with W,

constructed by
’ T d
W, = [O(dﬂ)xd 'u,] where w = [uj ug -+ ugy1] €R +1
Then, the value embeddings have the form of v; = y;u, which gives

vk = u [ylaz;rPk O} :

Next, let
(g)" = (gj.)" =
NT 23T
GZ _ (gz) : and Gj;z‘ — (gjz) 7
(g7 « (g7 =
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where g € R corresponds to the #’-th row of G; and g;,Z = g;::rl © g;;l ---g!. Then we get

the output
> Y] Pe® (gj,n) " 0 2 P (XP, o) y
O .1 — Z?zl UQZUJ'“’;'FPIC © (9]2;n+1>T 0 PqT:c B a:TPq (XP.o QQ)T Y
n+1 O ,
2?21 ud“ijﬂTP’f © (gﬁz}rl)T 0 x' Py (XP,© Qd+1)T Y
where
Qi = U; |:gi:n+1 g§:n+1 e gf’b:n—&—li| c Rnxd7 i S d +1. (E2>

Therefore, consider (d+1)-dimensional output 0,1 ;. Each entry implements a 1-step WPGD
with same preconditioners Py, P, and different weighting matrices €2’s. The weighting matrix
of i’th entry is determined by the i’th row of all gating matrices. Note that if consider the
last entry of 0,1 as prediction, it returns the same result as Construction 1 above, where
only last rows of G;’s are useful.

Additionally, suppose that the final prediction is given after a linear head h, that is,
faa(Z) = h'0,41, and let b = [hy hy -+ haqy1]' € R¥L Then

faa(Z)=hT0,1 =2 P, (XP,0Q) y (E.3)
where
o d+l d+1
Q= Z thz = Z hlul [gizn—&-l g§:n+1 e g;'L:n+1:| c Rnxd. (E4)

i=1 i=1

Then, single-layer GLA still returns one-step WPGD with updated weighting matrix.

E.2.2 Proof of Theorem 6.2

In this section, we first prove the following theorem, which differs from Theorem 6.2 only
in that W, , is parameterized by P, , instead of —PF,,. Theorem 6.2 can then be directly
obtained by setting P, , to —P, .

Theorem E.1 Consider an L-layer GLA with residual connections, where each layer follows

the weight construction specified in (6.9). Let Wy, and W, in the €’th layer parameterized

by Pyy, Py € R for 0 € [L]. Let the gating be a function of the features, e.g., G; = G(z;),
I, 0

and define € as in Theorem 6.1. Additionally, denote the masking as M; = 0 0 e R,
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and let By = ®i0 = 0 for all i € [n).
Then, the last entry of the i’th token output at the {’th layer (0;4) is:

o Foralli<n, 0,0 =y; — ] Bis, where Biy = Bir-1+Pps Vit @ Gint1),
o Opi1o=—x By, where By = (1+ a)Br_1 + Puy (Vs @ gni1), and oy = x' Py, P/lx.

Here, letting By = [@ 10 -+ @nl]", Xy = X Py © R, and y, = diag(X B, ), we define
Vie=XM;(y.—y).

Proof. Suppose that the input prompt for £’th layer is

o T
Z, - Trocoo En Tagt| o pa)x(d+) (E.5)

Yoo Un Unn

and let k; ¢, qi¢,v;¢ be their corresponding key, query and value embeddings. Recap the
model construction from (6.9) and follow the same analysis in Appendix E.2.1. Let S,

i € [n+ 1] be the corresponding states. We have

i
0 _ ¢ T
S, = § Gj:i Q'Uj,fkj,e
=1

_ Odxa 0
> Ui Prg©(g5,)" 0

where
Gf:G(a?:i):[ ' *] and Gﬁ-n:[( ’ *]

(gi)" = g5)" *

I, O
Additionally, recap that we have M; = [0 0] and © denotes Hadamard division. Let

QZ = |:gi£:n+1 U gfL:n+1:| :
Then, defining

X=[& & - &) €R™ and g=[5 § - ) €R",

and letting 0; ¢, ¢ € [n + 1] be their outputs, we get:
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e For: <n,

and

¢
O; ¢ = Si qiv =

e Fori=n+1,

> iPlLE og, = (Z iP5 © gf;n+1> D Gini1
j=1

= (XP, o) Mygog,.,

Ouxa 0 |P&
- T ’
<(XPM © QE)TMz‘?; @ gf:nJrl) 0

0
- . E.6
iZTPq,K <(XPk,£ ®© QZ)TMzg @ gz‘gzn—i-l)] ( )

Z ﬂijT,eij © gﬁ:i = (XPk,z © QK)T'!J + ﬂn+1PkT,g3~3n+1,

and

Ont140 =

Oixa Ol (P&
. T :
((XPW ©Q)Ty+ §n+1PkT,zjn+1> 0 0

0

0

L ) i i ) (E.7)

From (E.6) and (E.7), the first d entries of all the (d + 1)-dimensional outputs (e.g, 04,
i € [n+ 1)) are zero. Given the multi-layer GLA as formulated in (6.11) where residual
connections are applied, we have that the first d dimension of all the input tokens remain
the same. That is, ®; = «;. Additionally, since gating only depends on the feature x;, then

all the layers return the same gatings (e.g, Gt = G;).

Note that if the gating function varies across layers or depends on the entire token rather

than just the feature x;, each layer will have its own gating, leading to G¢ # G;. In
this theorem, we assume identical gating matrices across layers for simplicity and clarity.

However, an extended version of this theorem, without this assumption, can be directly
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derived.

Therefore, we obtain

0
Oi,@ - - ) Z S n
[w;rpq,f (XJsz %) gi:n+l)]

0
Opt14 = | . - .
[yn+1wTPq,£P};—gm +x' Py (X g0 gn+1)]

where we define X, :== X P, , ® €.

Since we focus on the last/(d + 1)’th entry of each token output, we have

Oj 0 = ml—'qu,Z (XZ—FMZQ @ gi:nJrl) ) { S n, (E 8)
Ont1,6 = gnJrlePq,ZPkTgw + wTPq,z (X;’g %) gn+1) .

It remains to get the g; for each layer’s input. Let inputs of (¢ — 1)’th and ¢’th layer be

Z r, ... T, T iz T, ... T, T
-1 = - . - an (=
yi oyt oyt yioooyh
Define
y = e YT e R

e For i <mn, from (E.8) and (6.11), we have

yf = yf_l + a‘,'ZTPq’g (XZ—MZ‘yf_l © gi:n—l—l)
— yf — yf_l = szP‘LE (XZ—Miyé_l @ gi:n+1) .

Suppose that y; — y* = =] 3. Then
vy =y—[z/B - x,8] =y-diag(XB') (E.9)
and

yi — @, B — (y; — =] BY) = &) Py (X, Mi(y — diag(XB")) @ gion11)
—x/ B =B " —x] P, (X M;(y — diag(XB")) © giuns1) -
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Hence,

yf =Y — w:ﬁf where Bf = ﬁfil - Py, (X;Mi(y - diag(XBT)) % gi:nJrl)
(E.10)

e Fori =n+1, from (E.8) and (6.11), we have
v =y +y e PPl +a Py (X YT @ gnni).
Setting oy = mTPq,ngle and recalling y* from (E.9), we get
y'=Q0+a)y " +a" P, (X, (y—diag(XB"))) @ gn1) -
Additionally, let y* = —x 3. Then,
2B = —(1+a)z B + 2" Pyy (X (y — diag(XB"))) © gos ).
Hence,

y' = —x'B" where B'=(1+0a,)B" "' - P, (Xg(y — diag(XB"))) © gn+1)
(E.11)

Combining (E.10) and (E.11) together completes the proof. ]

E.3 Optimization landscape of WPGD

We first provide the following Lemma.

Lemma E.1 (Existence of Fixed Point) Consider the functions hi(y) and ha(7y) defined
in (6.15a) and (6.15b), respectively. The composite function hy(ho(y)) + 1 has at least one
fized point v* > 1, i.e., there exists v* > 1 such that hy(hao(7*)) + 1 = y*.

Proof. We prove existence using continuity and boundedness arguments along with the
intermediate value theorem. Note that hy(%) and ho(7y) are continuous functions. Thus,
their composition f(7) := hy(ha(7y)) + 1 is continuous for all v > 1.

We examine the behavior of f(7) at the boundaries of its domain: At v = 1, we have
ha(1) = ¢o > 0, where ¢q is a positive constant. Therefore, f(1) = hy(ha(1))+1 = hy(co)+1 >
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0, which is finite and positive since h; is positive for all non-negative inputs. As v — oo,
ha(y) = ¢ > 0, where ¢, is a positive constant.

For sufficiently large v, we can establish that f(y) < 7. To see this, note that we have
shown that ho(7y) — oo as v — 00, where ¢y is a fixed positive constant. Further, for any
fixed positive value 7, the function h4(7) is bounded, i.e., hy (%) < max;<;<, A;, which follows
from the fact that hy(%) is a weighted average of the A; values. Therefore, there exists a
constant K such that f(v) < K for all ¥ > 1. Hence, it follows that for all v > K, we have
f(y) <K <.

Now, consider the function f(v) = f(v) — ~, which is continuous on [1,00) since both
f(v) and v are continuous. We have f(1) = f(1) — 1 = hy(cy) > 0 and for some vy, > K,
we have f(v1) = f(71) — 71 < 0. Since f is continuous and changes sign from positive to
negative on the interval [1,7;], by the Intermediate Value Theorem, there exists at least one
v* € (1,71) such that f(v*) = 0. This implies f(7*) —~v* = 0, or equivalently, f(v*) = v*.
Therefore, there exists at least one fixed point v* > 1 for the function hy(hs(7y)) + 1. |

E.3.1 Proof of Theorem 6.3

Proof. Recapping the objective from (6.2) and following Definitions 6.1 and 6.2, we have

L(P,w)=E|(y-= PX(w0oy)’]

=E[’] —2E [yz"' PX(w O y)| +E [(a:TPX(w ® y))Q] :
Let y=x"B+¢&and y; =z B; + &, for all i € [n], where £, & ~ N(0,0?) are i.i.d. Then,
E[y’] = E[(z B + £)*] = tr (%) + 0°,

and

E[yz' PX(woy) =E|[(B'z+{z'P Z wizi(x; Bi + &)
=1

=FE |BTaxx'P szmzm:@]

=1

—tr (zzpz i w E [ﬂzﬁﬂ)

i=1

=tr (EZP) w'7r.
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Here, the last equality comes from the fact that since @3; — r;;3; is independent of 3; for
i,j € [n + 1] following Definition 6.1, we have E [Biﬁq = rinp1lg and Yo W, E [,BZ-,BT}
returns w'r - I,.

Hence,

E [(a:TPX(w oy)’]
z' P (Z wi(z! Bi + &)z ) (Z wiz] (] B; +§i)> PTag]
>uitelp e e

= tr (PTEPE

=1

> wiwi(®] B+ &) (x] B + &)

+tr (PTEP E
i#]j

where

r (PTEPE

iws@mﬁm%imzl)
=1
S u(a] AT mi + o] ] )

i=1

= tr (PTEPE

= |w|’*tr (PTSP (E [zz'zz'] + o°%))
= |w|? (tr (EPTEP) (tr (X) + 0%) + 2tr (X*P'EP)),

)

and

tr (PTZPE

szwj Z; /82+§Z)wm ( TIBJ +€])

i#]
Z wzw]mzwjﬁz,@;ij;] )
i#£]
=tr (P'P) ) ww,;E[B/B)]

i#j
—tr (E2PT2P) w (R—Tw

= tr (PTEPE
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Combining all together and letting M := tr (X) + 02, we obtain

L(P,w)=M —2tr (Z’°P)w'r

+ M|w|*r (EP'EP) + (|Jw|* + w' Rw)tr (E*PTXP).

For simplicity, and without loss of generality, let
P =VEPVY.

Then, we obtain

L(P,w) =M —2tr (EP) w'r

+ M|wl||?er (PTP) + (lw])? + @ Rw)tr (213T13> .

Further, the gradients can be written as

VpLl(P,w) = —2w'rE 4 2M|w|*P + 2(]|w|?® + w Rw)ZP,

Vo L(P,w) = —2tr (215) r+ 2Mtr (PTP) w + 2tr (215T15) (I, + R)w.

(E.12)

(E.13)

(E.14)

Using the first-order optimality condition, and setting V 5 £(P,w) = 0 and V,L(P,w) = 0,

we obtain
P = (M|w|*I + (||w]|* + wTRw)Z)_l Sw'r
_ w'r (HwH2 +wTRwI+ 21) !

MII:JIIQ Mjw|? 1

where
w' Rw
v = W + 1.

Further,

w= ((0ex (PTP) +tr (SPTP)) I +tx (SPTP)R) tr (SP)r
tr (EP) tr (Eﬁ’TP>

I+ R

T Mer (P7P) + = (sP7P) Mtz (PTP) +tx (SPTP)
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Let

Then, we get

r (215T13)

Ve (PTP) +ur (SPTR) S (57P)

Here, the last equality follows from eigen decomposition ¥ = Udiag(s)U' with s =
515+, 84)" €RL.
Now, plugging P defined in (E.17a) within w given in (E.17b), we obtain

(=P) .
“ M+tr (PTP) +tr (ZPTP) el R D (15)

Using the above formulae for w, we rewrite v = w' Rw/||w||*> + 1 as

r'(ha(y)R+ 1) 'R(hy(7) R+ I)!

1=
7 ’rT(hg( )R+ 1)2
n n -1
-3 3 R (E.19)
i—1 1 + hg ) i—1 (1 + hQ('}/))\Z)2
= hl(h’2(7))7
where the second equality follows from Assumption 6.1 where r = Fa with a =
lay, -+ ,a,]" € R", and the fact that R = Ediag(A\)E" denotes the eigen decomposition of

R, with A = [\,..., AT € R
It follows from Lemma E.1 that there exists v* > 1 such that hy(ha(7*)) +1 = +*. From
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(E.17a) and (E.18), we obtain

N -1
P=C(rw?X)- (VM.I—l—Zl) , and (E.20)

w=c(r,w ) (ho(v*)-R+I)""r

wTr tr(SP
for some C(r,w, X)) = M”LHQ and ¢(r,w, ) = Mtr(ﬁTﬁ§+tr)(ng13)'

Now, using the our definition P=VIPVE , we obtain

. -1
P(v) =C(r,w,%) -5 2 (VM-MI) ¥z, and

-1

wy*) = e(r,w, ) - (hgw) "R+ 1) r.

This completes the proof. [

E.3.2 Proof of Theorem 6.4

We first provide the following Lemma.

Lemma E.2 Consider the functions hi(y) and ho(7y) defined in (6.15a) and (6.15b), respec-
tively, where \; > 0, a; # 0 for at least one i, s; > 0, and M = o* + Z?:l s; > 0. Suppose
As - Ar < M + syin, where Ax, and Agr denote the effective spectral gaps of ¥ and R,

respectively, as given in (6.14); and Syin @s the smallest eigenvalue of . We have that

2 A2
Oho . Ohy < As - Ay <1
87 ahg - (M + Smin)Q
Proof. Let
d 3 d 9
S; Si C(v)
B = ! , = ! , Aly) =1+ M—=
=2 G O LG A0 B()

The derivatives of B(v) and C(v) are

v
— 9 I GG J) Y — —
Z (M + v58i) ) Z (M +7s;)°
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The gradient of hy(y) = A(y)~ ! is

Ohy

It can be seen that

() =2 (S i)

which implies that

where

W:_M(W

53 (M + ’}/Si)S? + s?s?(M + vs;)
s?s?(M +vs5) — 55 (M + vsi)s?

2.2

= 5755 (M - (55 4 57 — 2si85) + (s8] + s7s; — si57 — s7s5)) -

Thus, substituting (E.22a) and (E.22b) into (E.21), we obtain

Ohs

oy

gM-M—1<

d

D

i=1

2
S;

(M +vs;)?

;
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»

,j=1

M + ~v8;)3(M 4 7s;)3

(E.21)

(E.22a)

(E.22b)

(E.22¢)

(E.23)



Next, we derive % Let

We have

Qi A2 25 = _2i \ia?
1+w\ = — (1+73M)%

=1

The derivative of hy with respect to 7 is given by

Ohy 1\ I
——(5) EODG)-DHEG).

Substituting into (E.24), we get

and

Here,

Tij = Naia (1 +7X;) + a; (1 + 3 ) Na

zz]

—)\»a-(1+7)v) N — 2)\/\a(1—|—7)\)
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(E.25b)

(E.25¢)



Hence, substituting (E.25a) and (E.25b) into (E.24) gives

-2
o (@ " aad(h - )
6_7__<Z<1+7Ai)2> ;<1+7Ai)3(1+w)3' (E.26)

=1

Now, for the combined derivative, we have

d 9 2 4 2.2 2
%% < Zs—z Z s755(8i — 85)
oy 0y |~ — (M + 751)2 by} (M + fysi)S (M + fysj)g
—2
— (1+7\)? by (1 +3X)2(1+7A))3

Note that M + vs; and 1 4 A, are nonnegative for all 4, 7. Hence,

d 4 -2
s7 (M + vs;)
< ()

oy 0¥

1 + 78i>3
95252 Ay - (M +ys;) (M + 7s))
— (M +7vs)* (M +s;)°

(14303 (L+ 7))

I

2,j=1
where ( 2 O )\)2
A= L VACSES : J . E.27
VT M s (M T s) T RS A ey

Here, S ={i € [n] | \i # 0} C [n].
Finally, setting 7 = ha(7), since v > 1 and by our assumption Ay - Agp < M + Spin, We

obtain

Ohy Ol

A2‘A2
—— <A A 2R
oy Ohy 1 2 S

Ry (ha(7)) - By (y)| = < M + 5m)?

< 1.

where Ay and Ag are the spectral gaps of ¥ and R; and s,,;, is the smallest eigenvalue of
S;and M =o%+ 30 s n

Proof. |Proof of Theorem 6.4] It follows from Lemma E.1 that there exists v* > 1 such
that hq(h2(7*)) + 1 = 4*. Further, Lemma E.2 establishes that the mapping hq(h2(7y)) + 1

363



is a contraction mapping, since it satisfies |0hy(ha(7y))/07v| < 1. Therefore, by the Banach
fixed-point theorem, there exists a unique fixed-point solution, denoted by ~*, satisfying
v* = hy(ha(7*)) + 1. This completes the proof of statement T1..

Next, we establish T2.. First, from Theorem 6.3, the stationary point (P*,w*), up to
rescaling, is defined as

" -1
P =¥ (WM 3+ I) ¥ 2 and w* = (hao(y")-R+1I)'r,

where 7* is a fixed point of composite function hq(h2(7y)) + 1.

Given the coercive nature of the loss function £(P,w), a global minimum exists. Since
the global minimum must satisfy first-order optimality conditions, it must lie within the set
of stationary points characterized by Theorem 6.3.

Now, consider arbitrary global minimizers (15,&)) Define scaling factors a, 8 > 0 and
write (P, &) = (aP*, fw*). Substituting this scaling into the loss function gives:

L{aP*, ") = M = 2aptr (S2P") w* v + Ma®#?||w”|er (TP 5 P")
+ a2 (lw"|? + w Rw')er (S2PTTEP). (E.28)
Differentiating this expression with respect to o and 8 and setting the derivatives equal to

zero, we obtain the equation
—2A 4+ 2af(MCB+ (C+ D)E) =0, (E.29a)
where we define
A=tr (B2P)wr, Bi=tx (SPTSPY),
C:=|w*|?, D:i=w" Rw", E:=tr (22P*T2P*) . (E.29D)

Equation (E.29) implies a unique constraint on the product af, ensuring no independent
rescaling beyond a fixed ratio can further minimize the loss. Hence, no distinct minimizers
exist other than scaling the original (P*,w*) pair. Thus, the stationary point (P*, w*) from

Theorem 6.3 is indeed a unique minimizer up to rescaling.
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E.3.3 Proof of Corollary 6.2

Proof. Since by assumption ¥ = I, it follows from (6.15b) that

-1

=

d d !
1 1
ho(v) = [ 1+ (d QE
2(7") +(d+07) < (d+ 02 + 7 + 1)2 (;(d—l—aQ—i—W*—l—l)?)

1
Cd4o02+1°

Substituting this into (6.16) gives
P =I and w'=(R+(d+o®+1)I) "7
Now, recall that the objective function is given by
L(w) =M —2tr (Z*P)w'r + M|w|*tr (EP'EP) + (|lw|* + w' Rw)tr (Z*P'XP),

and, by assumption, M = o? + d.
Substituting P* = I and w* = (R+ (d+ 02+ 1)I)"' 7 into the objective (E.12), and
using 3 = I, we get:

Lw)=(0?+d)—2-d-rv"w + (6 +d) - |w*|*d+d (Hw*HQ + w*TRw*> :
The expression simplifies as
Lw*) = (0*+d)—2d-r" (R+ (d+ 0%+ D)) v+ (o> +d)d|w*|*+d (|w|]* + w* T Rw*) .

*||? and w* " Rw*. By definition, we have

Next, we compute ||w

|w*[I> = 7T (R+ (d+ 0>+ 1)I) "7,

and
1

w Rw*=7r" (R+(d+ 7>+ 1)I)_1R(R+ (d+o”+1)I) .

Thus,

(d+ 0%+ 1)[lw*||* + w* ' Rw*
— T (R+(d+>+ 1)) ((d+0*+1)I+R) (R+(d+o>+1)I) 'r
=r (R+(d+0>+ 1)I)_1'r.
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Substituting this result back into the objective function gives

1

Lw)=(c"+d)—d-r" (R+(d+o*+1)I) .

E.4 Loss landscape of 1-layer GLA

E.4.1 Proof of Theorem 6.5

Proof.
We first prove that under Assumption 6.2, £

*

gla — miﬂpeRdxd7w€W ;prgd<P7 (.U) where W

is the search space of weighting vector w € R" defined as

W .= {[u}ll; cee le;LrK}T € R"

0<w <w, <1, v1§¢§j§K}.

Step 1: Define a set W = {[wl e wy)! €RP

0<w <w; <1, Vlgigjgn} and
*

1T

_ *
we have W € W. Given scalar gating G; = [
*

] , following (6.12), the weighting vector
9i
returns

W = [gl:n—i-l e gn:n—i-lp—-

Since GLA with scalar gating valued in [0, 1] following Assumption 6.2, that is, g; € [0, 1],
we have g1 < gjmgr1 for 1 <4 < j < n. Therefore, any weighting vector w implemented
by GLA gating should be inside W.

Step 2: Next, we will show that

w* €W where w*=arg min Lypea(P,w).
P,weWw

Define the weighting vector w = [w] -+ wji]" € R™ where we have wy, = W W e

R™. For any w ¢ W, there exist (i, j, k) with i = j —1 such that wz(k) < w](-k). Given gradient
in (E.16), we have that

Vw(k)[, — Vw(_k)[, =2 (Mtr (PTP> + tr <EPTﬁ>> (wgk) — wj(-k)).
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Here, (E.17a) gives that (optimal) P # 0 and therefore, we have that
<Mtr (PTP) +tr (ZISTI-:’» > 0 and Vw@[, < Vw(k)ﬁ. Therefore either increasing

wk) (if V_ wL < 0) or decreasing wj(k) (if V_w L > 0) will reduce the loss. This results in

(k) _

showing that the optimal weighting vector w* satisfies w;’ = w](-k) for any 4,5 € [ng] and

k € [K]. Hence, w* € W.

Step 3: Finally, we will show that any w € W can be obtained via the GLA gating. Let
w=[wl) - WKquK]T be any vector in W and assume that wx = o < 1 without loss of

generality. Then such sample weighting can be achieved via the gating

-
T w0 T ke o T Wk
nl Wik g WgK NK  WK.K :

Let w! := . and let w, be in the form of

k g
Wk: K
0411
wg — " c Rd-‘rp-f—l'
wy

Then, it remains to show that there exists w, satisfying

I k=0,
wy, ke [K].

The linear independence assumption in Assumption 6.2 implies that the problem is feasible,

which completes the proof of (6.25).
Proof of (6.26): Recap the optimal weighting from (6.16) which takes the form of
w* = (hoe(v*) - R+1)""r,

where hy(7*) > 0. Since Assumption 6.3 holds and ny = ny = -+ = ng = n, R is block

diagonal matrix, where each block is an all-ones matrix. That is

lixa O -+ 0
R_| 0 wa o O
0 0 1:ixs
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Therefore, we get
ha (%)

(hao(y") - R+1)" S oy

R.

Since Rr = nr, then
1

=7
hg (’}/*) -n41
Therefore, the optimal weighting (up to a scalar) is inside the set WW. Combining it with

w*

(6.25) completes the proof.

E.4.2 Proof of Theorem 6.6

Proof. Following the similar proof of Theorem 6.5, and letting W :=
{[uﬂl;l lezK}T GR”}, we obtain

PeRgxlilr,lweW Lvpsa (P w) = peRﬁlﬁew Lupga (P, ).
Therefore, it remains to show that any w € W can be implemented via some gating function.
Let w = [wil)] --- wxl) ]" be arbitrary weighting in W. Theorem 6.5 has shown that if
w; <wsy < -+ < wgk, GLA with scalar function can implement such increasing weighting.
Now, inspired from Appendix E.2, Construction 2 and (E.4) that all dimensions in the
output implement individual WPGD, the weighting can be a composition of up to d + 1
different weights (w is (d + 1)-dimensional). Therefore, for any wq, -+ ,wx € R, we can get

K separate weighting:

wl == wl[]"r—; e 17—LFK]T’

w2 = ((JJQ - (J.J]_)[O,Il ]‘7—7; T 17—7,FK]T7

w3 = (WS - w2)[0; 07:2 123 1TTLK]T7

WK = (WK - WK—l)[OqI1 OZQ 013 O;HK_l 1;LFK]T'

Recap from Appendix E.2 and (E.4), and consider the construction W, =
[0(d1pi1)xd U O(d+p+1)xp]T. Assumption 6.2 implies that K <p <d+p+ 1.

From (E.3) and (E.4), let ¢’th dimension implements the weighting w; for i € [K]. Specif-
ically, let ¢'th row of each gating matrix G; implement weighting [0, --- 0, 1] --- 1] ]

(which is feasible due to Theorem 6.5) and set u;h; = w; — w;—1 with wy = 0. Then the

368



composed weighting following (E.4) returns w = Zszl wy, which completes the proof. [ ]

E.4.3 Proof of Corollary 6.3

Proof. Recap from (E.17a) that given ¥ = I and w =1,

P = ((d+o*nI+ (n+1TROI) 17r

1'r
— I = CI.
n(d+o2+1)+1TR1

Then taking it back to the loss function (c.f. (E.12)) obtains

LIP*,w=1)=d+0*—2cdl"r + (d+ o*)c*nd + (n + 1" R1)c*d
=d+ o —cdl'r.

It completes the proof. [ ]
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APPENDIX F

Appendix for Chapter 7

F.1 Lemmas

Lemma F.1 Suppose X is a n x d matriz, each column of which is independently drawn

from a d-variate Gaussian distribution with zero mean:
X =[x, ... @), where z; ~ N(0,%,) € R i € [n].
For a constant matriz A € R¥™?, the following expectation can be determined by:

E[X'XAX"X]| =ntr(2,A) 8, +n(n+ 1)E,A%,.

Proof. We begin by expressing X ' X as a sum over its columns:
X'X = Z x;z; .
i=1
Therefore,
XTXAX'X = (Z a:wj) A (Z :B]:BJT) = Z Z £B1$;|—A$]$;r
i=1 j=1 i=1 j=1
Taking expectations on both sides, we have:

EX'XAX'X]=> > Elzz Azz]].

i=1 j=1

Since the vectors @; are independent and identically distributed, we can split the sum into
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terms where ¢ = j and i # j:

EX ' XAX'X] =Y Ezxz Azx/]+> Bz Az;z]].

i=1 i#j

For i # j, independence implies:
Elzz] Az;x/] = Elz;z] |AE[z;x] = S, A%,
There are n(n — 1) such terms. For i = j, we compute:
Using Isserlis’ theorem for zero-mean Gaussian vectors, we have:
E[(z' Az)zz'] = tr (AS,) =, + 23, A%,

Thus, summing over n terms:

Z E[mlm:Amlm:] =n(tr(AX,) X, +23,A3,).

i=1

Adding all terms together:

EX'XAX'X]=n(tr (AZ,) X, +22,A%,) +n(n — 1), A%,
=ntr(A¥,;) .+ 2n+n(n—1)) X, A%,
=ntr (AX¥,) X, +nn+1)3,A3,.

This completes the proof. [

Lemma F.2 Suppose X is a n x d matriz, each column of which is independently drawn

from a d-variate Gaussian distribution with zero mean:
X =[x ... )", where x; ~ N(0,2;) € R i € [n].

For a zero-mean Gaussian variable sampled independently € ~ N(0,0%I,) € R", the follow-

g expectation moment can be determined by:
E[XT¢¢'X] = no’s,.
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Proof. Using the independence of X and the entries of &€ = [ -+ &,]T, E[&&;] = 026y

(where ;5 is the Kronecker delta, equal to 1 if i = j and 0 otherwise):

£33 g

=1 j5=1

= Z E[&&] E[l‘zw:]

= no’Y,.

E[XT¢¢'X] =

Lemma F.3 Let W € R>? and A, B € R¥™? be constant matrices. Then,

%tr (WAW'B) =B'"WA' + BWA.

Proof. @ We will compute the derivative aiwtr (WAWTB) using an element-wise ap-
proach.
First, expand the trace function:
d
r(WAW'B) =) (WAW'B);.

=1

Using the definition of matrix multiplication, we have:

Therefore,
d

(WAW'B);; = > (WA);(W'B); Z (Z WkAkj> (i leBh) .

j=1 7j=1
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Thus, the trace becomes:

d d d d
r ( WAW'B) = Z Z Z Z Wi AriWi; Bii.

9 d d 4 d 5
8qutr (WAWTB) = Z Z Z Z oW, (Wix Ay Wi; Bri) -

Note that Ay; and Bj; are constants.
We have:

0
Wik = By
OW,, F T
0
qule = 01p0jg;
where 0;; is the Kronecker delta, equal to 1 if 7 = j and 0 otherwise.
Therefore,
0
oW (Wi AgiWi;Bii) = (0ip0rgWij + Wikbip0q) Akj Bii-
prq
Then:
P d . d d d 4
T _
S (WAW'B) = Zl Z DD mi (WA Wi, By)
i=1 j=1 k=1 I=1
d d d d
- Z Z Z 52p6quVlj + Wzk(slpéjq) Aijlz
i=1 j=1 k=1 I=1

a I

I
M&

Wi A By + Z Z Wik ArgBpi
=1 I=1 =1 k=1

J
(AW B), + (BWA),,
=(B'"WA'" + BWA),,

Since this holds for all elements (p, ¢), in matrix form, we have:

a‘a}vtr (WAW'B) =B'"WA' + BWA.

Lemma F.4 (Reduced form) Denote the output sequence of the attention layer as att(Z).
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Then under Assumption 7.1, the output becomes

Proof.
g = att(Z)mi1,a41) = eLla’Et(Z)edH
— el (ZW, W, (2) ) MZW,e.
= (eTTLHZ) (WquT)(ZTMZ) W,eq1
=A =a
= (e,.,.Z)A(Z"MZ)a

.
T X'X Xy
= A a
0 y' Xy'y
A Waxa 0Oax1 o= 0ux1 ’
*1xd  *1x1 Lixa
The output finally reduced to

feglisslE

-z WX y.

Under Assumption 7.1

F.2 Proofs for Section 7.3

We consider an in-context learning (ICL) problem with demonstrations (x;,y;)"}', and the

input sequence Z is defined by removing y,, 1 as follows:

T - T
Z=lz ... 2,2 = [wl A w] - [X Tl e ROvDX@+D), (F.1)

Y1 ... Yo O y' 0
Here, z = [z 0] is the query token where ¢ := x,,;, and X = [z, --- x,]’ € R™9,
y=[y1 -+ yu]" € R Then, we aim for a sequence model to predict the associated label
Y = Yps1 of the given input sequence Z. In this work, we consider the following data

generation of (Z,y). We will refer to (X,y), «, and y as contexts, query feature and the
label to predict, respectively.

Definition F.1 (Single-task ICL) Given a task mean p € R, and covariances X4, X5 =
0 € R4, The input sequence and its associated label, i.e., (Z,y) with Z denoted in (F.1),
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are generated as follows:
o A task parameter 3 is generated from a Gaussian prior B ~ N(u, Xg).

e Conditioned on B, for i € [n+ 1], (x,y;) is generated by x; ~ N(0,2;) and y; ~
N(z!B,0?%).

Here, 0 > 0 is the noise level.

In a noisy label setting, the labels y; in the input sequence Z can be obtained by
yi =] B+&, where & ~N(0,0%),i € [n+1].
Thus, the labels in the contexts and the label to predict can be obtained by:

y=XB+¢& where £ =& -+ &) €RY,
y=x' B+ &1

Definition F.2 (Multi-task ICL) Consider a multi-task ICL problem with K different
tasks. Fach task generates (Z,y) ~ Dy following Definition F.1 using shared feature distri-
bution &; ~ N (0,X;), i € [n+ 1] but distinct task distributions By ~ N (py, Xg,) with mean
Wy, and covariance Xg, for k € [K].

Additionally, let {m;}5_, be the probabilities of each task, satisfying Zle T = 1 and
7 > 0.

We consider a task-aware multi-task ICL setting. Specifically, when a task is selected
according to 7y, its task index k is known. Let D := Zszl 7Dy, be the mixture of distribu-
tions and given sequence model f : R®TDx(@+D) 5 R we define the multi-task ICL objective

as follows:

L(f) =Ezy-nlly — £(2)). (F.2)

To start with, recap from Definition 7.2 where task k has probability m; and its task
vector follows distribution By ~ N (p,, X, ). Following (7.13) in the main paper, we define

the debiased and biased mixed-task covariances (variant with 3, prior) as follows:

K

Debiased: 5 = 3, Z?‘[‘k E[(Br — ) (Br — ) ; (F.3a)
k;l

Biased: 3g =3, Y mE[B:S]]. (F.3b)
k=1
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Note that they satisfy 35 = X, Zszl T2, and 535 =3, Zszl (g, + ety )-
We first analyze the plain training setting where no additional task-specific parameters

are introduced, and all K tasks are mixed together.
Under Assumption 7.1 in the main paper, let the prompt token for task k& be p, = [plk] .
The prediction of a single-layer linear attention model can then be written as:

i) —ow[p x] ||

=z W(X "y +pi) = gz, X, y; W, py). (F.4)

Note that for the multi-task ICL with task-specific prompting, the optimization ob-
ject (F.2) can be denoted as:

K

L(f) = mEazy-p, [(y F(ZM))"]
k=1 Denoted as Li(f)
K
= mLilf) Zm @z y~pi [y — 9(x, X, y; W, Py)) Zﬂkﬁk
— k=1
T T
where Z — X'z € R+Dx(d+1) 7k [Pk X' x c R(+2)x(d+1)
y' 0 1 y" 0

Note that the multi-task ICL loss is equivalent to calculating the weighted sum of the
task-k ICL losses over all tasks k € [K].

We begin by deriving the single-task ICL loss L( f) for task k, and then generalize it to the
multi-task ICL loss by taking a weighted sum. Since the derivation is similar for all tasks, the
task index k is omitted in the following derivation for simplicity. Unless otherwise specified,
Lr(W,pi) and L(W | p) will represent the same meaning. This convention similarly applies
to other task-specific parameters, e.g., ¥ <+ Xg,, 1 <> pu;, etc.
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The loss on a certain task with a trainable prompt can be determined by:
y—g(z, X, y; W,p))’]
(2 WXTy+2 Wp—2"8~0)’]

(z" WX (XB+&) +a Wp—2'—60)]]

Denoted as a (task specific) vector ¢

I

[

[ 2
{ WX'X - I)(0+u)+WXT€+Wp) + o?
=B

+ 0% = tr (E[ec'|E;) + 0%, (F.5)

where @ = 3 — pu ~ N(0,33) is a centralized variable.

F.2.1 Proof of Theorem 7.1

Theorem F.1 (Plain training) Consider training a single-layer linear attention model in
solving multi-task ICL problem with dataset defined in Definition 7.2 and model construction
as described in Assumption 7.1. Let the optimal solution W, (c.f. (7.10) in the main paper)
and the minimal plain training loss L3, as defined in Section 7.2.3. Additionally, let X5 be
defined in (7.14) in the main paper and W}, = S W,

Then the solution Wp*t and optimal loss L3, satisfy

Wi = S ((n+ D8+ (07 (8p) + 02)1)_1 |

L =tr <§~]5> + 0% —ntr <W;t2~35> .

Proof. As previously stated, the following derivation applies to all tasks k € [K]. Therefore,
for simplicity, we omit the index k in the notation unless otherwise specified.
In the plain training setting, p = 0 for all tasks, and only the attention model, parame-

terized by W under Assumption 7.1, is updated. Hence, the loss in (F.5) is:

LW,p=0)=tr (Elcc'|E;) +0°, wherec= (WX'X —I)0+p)+ WX'E).
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The expansion of cc' is (there are 3 x 3 =9 terms in total):

' =(WX' X -D0+p)+ WX &) (WX X -DO0+p)+WX'¢)
(WX TX)0+p)—(0+pn) +WXTE) (WX X)0+p)—(0+p)+WXT¢)
=[(WXTX)O0+w)] (WX X)0+p)] + [(WXTX)O0+p)] [-0+w)] +[WXX)0+p)] [WxTe]"

F -0+ w] (WX X)O+p)] +[-0+w)] [-0+w)] +[-@+mw] [WX"e]

+WXTE [(WXTX)0+p)] +[WXT€] [-0+p)] +[WXT¢] [WxTe].

Take expectation of it,

Elec'|= |W EX'XO+pm)@+p) X 'X] W'| + [-nWE,(Zs+pp")] +0

N J

Lemma F.1, denoted as;r(task—speciﬁc) matrix C
+ (s + pp )ZWT + (S +pp’) +0
+0+0+n’WE W'
—_————
Lemma F.2

=W(C +no’Te )W —nWZe(Sp+pp') —n(Zs+ ppu )W+ (g +pp'),

where C = ntr (E,(Zg+ pp')) Tz +n(n+ 1)2,(Zs + pp' ) ..
Substitute back into the loss L(W,p = 0):

LW.p=0)=tr (W(C+ no’S,)W'S,) — 2ntr (B, WE, (5 +pp')) + tr (Za(Zs + uuT)) + o2

Use the following definition:

K K
Debiased: £ = 5o > mE[(Br — ) (Br — )] = Bo Y Mg,
k=1 k=1
B K K
Biased: Xg=3,Y mE[BB] =) m(Sa, + mpm).
k=1 k=1

Denote

K
C = Zwkck = ntr (ig) Y +nn+ 1)5]5296.
k=1
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The weighted sum of the k-th task plain training loss over all tasks k € [K] is:

K
Ly(W,P=0)=> mLi(W,p =0)

k=1
=tr (W(C’ + nUQEm)WTZx) — 2ntr <Wiﬁ2w> +tr (iﬂ) + o2
Take derivative w.r.t. W, using Lemma F.3. Since C' is symmetric

(9£pt(W, P - 0)
ow

= 2%, W(C + no*%,) — QnEﬁEw

Let Wy, = S, W),

o, and set the derivative to zero:
W, = n8p3,(C + no’s,)

=355, ((tr (iﬂ> +0%) 2y + (n+ 1)5)5293) )

=55 ((n + 185+ (tr (Sﬁ) + 0—2)I>_1 .

Substitute back into L, (W, P = 0):

Ly =tr (f)g) +0® — ntr <W;tig> .

F.2.2 Proof of Theorem 7.2

Theorem F.2 (Fine-tuning) Suppose a pretrained model as described in Theorem 7.1 is

gwen with W, being its optimal solution. Consider fine-tuning this model with task-specific

prompts as defined in Definition 7.5, and let the optimal prompt matriz Py (c.f. (7.11) in the

main paper) and the minimal fine-tuning loss L}, be defined in Section 7.2.3. Additionally,

let 3, iﬁ be defined in (7.14) in the main paper and Wp*t =3 W

pt’
matrix

M, = [py - pg]" € RFX

Then the solution Py and optimal loss L}, satisfy
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P; =M, (W;)" —nl) %,

L= Ly~ tr (S - Sp) Wy, = DT (0W — 1))

Proof. As previously stated, the following derivation applies to all tasks k € [K]. Therefore,
for simplicity, we omit the index k in the notation unless otherwise specified.

1. Determining the optimal task-specific prompts

In the fine-tuning setting, the attention model is pretrained and parameterized by a fixed

W =W}

ot and only the task-specific prompts are fine-tuned. Then recap from (F.5):

LW .p) =tr (E[ccT]Ex) + 02,
where ¢=(WX'X -I)0+p)+ WX &+ Wp).

The optimal task-specific prompt is determined by taking the derivative and setting it to

Z€Eero. T
Oe

op
=2W 'S, El¢| =2W 'S, [(nWE, — I)u+ Wp| =0,
= p = (W’l — nEw) W,

OL(W ,p)

op ZQE[

Ewc]

which is equivalent to (by substituting W = Wj):

Py =M, (W) —n%,).

2. Determining the fine-tuning loss
Substituting back p* = (W~ —n3,) u:

LW, p)=tr (E[ccT]Zm) + o2,
where ¢c= (WX X -I)(0+p)+ WX ¢+ Wph)
=WX'XO+p)-0+WX'E-nWX,u.
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The expansion of cc is (there are 4 x 4 = 16 terms in total):

3
| |

(WX X(0+p)—0+WX & —nWSu] [ WX X(0+p)—0+WX'&—nWS,u]'

(WXTX(0+p) [WXTX O+p) +[WXTXO+p)[-0]
+WXTX(0+p)] [WXTE] + [WX X0+ p)] [-nWSeu]
+ [0 WX x@+w] + [-6][-6 + [0 [wWXxe +  [-6][-nWSpu

T

+[WXTE] (WX X(0+p)] +[WXT¢][-0] +[WXg] [WXT¢]" + [WX¢][-nWS,pu]’

F[-nWEp] [ WXTX(0+ u)]T + [-nW Xl [—9]T + [-nW X,y [WXTE]T + [-nWE ] [-nWEop'.

Take expectation of it,

Elcc'| = |W EX'XO0+p)(@+p)' X' X] W' +[-nWE,5]
Lemma F.1, denoted as a (task-specific) matrix C
+ 0 4+ [-n*WZoup W]
+[-nZgZ W] + B + 0 + 0
+ 0 4+ 0 +n?WEZ W'+ 0
—_——
Lemma F.2
+[PWEpp S WT ]+ 0+ 0+ [PWEpp S, W]
=W (C +no’E, — n*Seup Z) W' —nWE, S5 —nEgE, W' + 34

where C = ntr (E,(Zg + pp’)) Ze + n(n+ 1) (Zg + pp' ) E,.
Substitute back into the loss L(W,p*(W)):

LW, p"(W))
=tr (Elcc']|E;) + 0
=tr (W(C +no’E, — n’Sepup' T, )W'E,) — 2ntr (WE,E55,) + tr (E8,) + 0

Use the following definition:

K
Debiased: 25 =3, Z?Tk (B — 11,)(Br — Mk)T] =3, Zﬂkzﬂb

k=1

K K
Biased: Xg=3,Y mE[BB] =) m(Sa, + mumy).
k=1
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Denote: .
C = ZmC’k = ntr <§~]/3> Y +nn+ 1)5]5296.
k=1

The weighted sum of the k-th task fine-tuning loss over all tasks k € [K] is:
Lo(W,PL(W)) = tr (W(C‘ + 10?8, — n?(5s — i@)EI)WTEE) —ontr (WS,%,) + tr (55) + 02
Note that for plain training,
Li(W,P=0)=tr (W(C’ + nJZEw)WTEw) — 2ntr (WigE;c) +tr (23) + 02,

and their optimal loss share the same attention weight parameterization W = W, Let
W* =X, W*

p pt’

f= L5 —tr (25 — f]g) + 2ntr (V_V*

pt

(25— iﬁ)) —n’tr (Wﬁt(iﬁ - iﬁ)W;tT>

= L —tr ((ig — S)(nWF, — I)T (nW, — I)) .

F.2.3 Proof of Theorem 7.3

Theorem F.3 (Joint training) Consider training a single-layer linear attention model in
solving multi-task ICL problem with dataset defined in Definition 7.2 and model construction
as described in Assumption 7.1 in the main paper. Let W3, Py (c.f. (7.12) in the main paper)
be the optimal solutions and L}, is the optimal joint training loss defined in Section 7.2.3.
Additionally, let g, 35, M, follow the same definitions as in Theorem 7.2 and define W =
3.Wj. Then the solution (W}, Pg) and optimal loss L satisfy

gty =gt

K —1
W =5, ((n +1)Z5 + (tr <i]ﬁ> + oI+ %, Z”k“k“2> :

k=1

Py = M, (W)™ —nI) Z,,

J

Ly =tr(Zg) +0° —ntr(W;Es).

Here, S Y8 mupgpl ~ O(1) is a d x d-sized constant matriz.

Proof. As previously stated, the following derivation applies to all tasks k € [K]. Therefore,
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for simplicity, we omit the index k in the notation unless otherwise specified.
1. Determining the optimal task-specific prompts
In the joint training setting, the attention model is pretrained and parameterized by a

trainable W, and the task-specific prompts are fine-tuned accordingly (see (F.5)):

LW, p) =tr (Elec']E,) + 02,
where ¢= (WX'X -0 +p)+ WX '€+ Wp.

The optimal task-specific prompt is determined by taking the derivative and setting it to
Zero:

e’

LW, B) . [_

op Op
=2W 'S, Elc] =2W ', [(nWZ, — I)u+ Wp| =0,

= .ﬁ*::(‘mr_l_'nELt)ﬁh

Emc]

which is equivalent to:

Py =M, (W;)"' —nl) %,.

J

2. Determining the fine-tuning loss

It is worth noting that fine-tuning and joint training share a functional relationship be-
tween the tuned prompts p* and the current attention model parameterization W. Thus,
substituting the tuned prompt back into the joint training loss will result in the same ex-

pression as the fine-tuning loss:

LW, p"(W))
=tr (Elec']|%,) + o
=1tr (W(C + no’S, — n’Sopup' T,)W'S,) — 2ntr (WE,55%,) + tr (Zs%,)

Use the following definition:

K K
Debiased: £ = 5o > mE[(Br — ) (Br — )] = Bo Y Mg,
k=1

k=1
B K K
Biased: Xg=3,Y mE[BB] =) m(Sa, + mpm).
k=1 k=1

Denote:

K
C = Zwkck =ntr (ig) Yo 4 n(n+1)X3,.
k=1
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The weighted sum of the k-th task fine-tuning loss over all tasks k € [K] is:

s Tt

Lii(W, Pi(W)) = tx (W(C + 10”5, = n(8g - $) ) WS, ) = 2ntr (WSpS,) + tr (55) + 0

In joint training, the attention model parameterization W is no longer fixed (as it is in the
fine-tuning setting), but is instead optimized. Due to the functional relationship between
the tuned prompts and parameterization p* = p*(W), they will be optimized jointly until
reaching their optimal values.

Take derivative w.r.t. W, using Lemma F.3:

ow

=25, W (C + oS, — n*(E5 — £5),) — 2025,

Let W;; = X, W, and set the derivative to zero (note that Sy ~ O(1)):

i
_ _ _ -~ _ —1
Wi =nS,3, (C +n0? S, — n2(S5 — 2@2,,))
_ ~ ~ _ - —1
= 55, (6 (85) + 020 — n(Sp — )% + (1 + VS5, )

= 55 ((er (8) + AT + (14 DT + (85— 5g))

X -1
=35 <(n +1)35 + (tr <i)5> +)I+ X, Zﬂ';dt,di;) .
k=1

Substitute back into L, (W, P*(W)):

Ly =tr (Zs) + 0 —ntr (W;Zs) .

F.2.4 Proof of Corollary 7.1

Corollary F.1 Let L£3,, L3, and L3, denote the optimal losses for plain training, fine-tuning,

and joint training, as described in Theorems 1, 2 and 3, respectively. These losses satisfy:
L <Ly <L, (F.6)

The equalities hold if and only if £5 = g (c.f. (14)), which occurs when all task means
p, =0 for k € [K]. Furthermore, the loss gaps satisfy the following:
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1. The loss gaps scale quadratically with task mean:
Ly —Ly~O () Alp, L= Ly~ O (2)|Allp, where A = g — 35 =
Y, Zf:l Th by -

: o Lh-L o . .
2. The ratio between gaps is: Fx——7r ~ O (%), indicating that fine-tuning provides most
ft— gt

of the benefit in few-shot regimes (small n), while joint training benefits more for larger

n.

Proof. 1. L§ < L3;:

From Theorem 7.2, we have:
i Ly —tr (B = o)Wy = 1) (oW~ ).

Use the following definition:

K K
Debiased: 5 = X, Zﬂ'k E[(Br — ) (Br — )] = Za ZmZBk;
k=1 k=1
3 K K
Biased: 3g=3%, Y mE[BB] =2 ) m(Sa, + pppy).
k=1 k=1

We define an auxiliray variable:

K
Zﬁ — ig = Zzzwkuk#’;— =A
k=1

It can be seen that (X5 — 25) = Zo(X e, muppitg ) = 0, (nW3, — I)T(nW3, — I) = 0,
which leads to

tr ((2,@ — )W — 1) (n W, — I)> > 0= Lf < L.

The equality holds if and only if |, = 0,k € [K] <= £5 =3z

The loss gap between L£f and L5 can be written as:
L — Lf, = tr (A(nW}, — I)T(nV_Vp*t — 1))

To analyze the asymptotic behavior of the gap, we need to analyze the asymptotic behavior
of:
W = Ss((n+1)E5 + tr (zg> .
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First, for large n, we can factor out n from the inverse term:

n

-1

- 1=~ ~ 1
Wh=-35[Z5(1+=
pt TLﬁ 5(+n)+

tr(f]g)

Using a matrix Taylor expansion, with A = 535 and B = I+ %iﬁ:

(A+B)'=A"1-A'BA '+ O(|B|»

Applying this to our expression:
-1

5, (1 ; %) n ﬁI =55 85 (84 er (86) 1) 551+ 0 (i)

Therefore:
W, = %I - % (I +tr (23) 2;) +0 (%)

The omitted (’)(n%) terms include higher-order expansion terms from the matrix Taylor series.

These terms involve powers of > s and its inverse. They grow increasingly small as n increases
and don’t affect the dominant O(-5) behavior of the loss gap.

Using the result above:
Vi—T—n(i1-1(1 ¥5) =5t ! I
ant_ =n ﬁ _ﬁ( —|—tr( ,3> B)—l—(’) E —

nW;t—I:I—1<I+tr(fJ@) 5351)+O(ni) .

n

nWy, — I = 1 (I +tr (iﬂ) 251) +0 (%)

n

The omitted terms at order (’)(#) include additional matrix products that become negligible
for large n.
Therefore:

— . 1
W~ 1l ~ 0 (1)
n
Now, substituting this into the expression for the gap:

Ly — Ly =t (AW —I)"(nW}, — 1))
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* * ]'
i (3.0( 1)

* * 1
G- L~ 0 (25 181

Given that [|[Allp < M2 72 - A\pax(E2), we have:

K
* * 1
£Pt — e ™ o (ﬁ) M2 Zﬂ-lz ’ )‘max(zac)

k=1

2. L}, < Liy:

From the proof of Theorem 7.3, it can be seen that joint training and fine-tuning shares
a functional relationship between £ and W:

Ly (W, Pi(W)) = Lo(W, P{(W))

However, the only minimizer of this funtion is derived from %‘;“W)) = 0 = W, which
leads to:
L5 < Lg.
The equality holds if and only if
Recall that V_Vjﬁ is given by:

Wi =W, < p,=0ke[K] < Z5=3,

K
Wi =3%s((n+1)g+tr <25> I+3, Zwkuku;)_l
k=1

Note that we denote A = X, szzl TRl by , SO:

Wi=35((n+1)Zg+tr (Eg+A)IT+A)"!
=35((n+1)Zg+tr (Zg) I +tr (A)IT+A)™"

First, we rewrite this for large n:

= -1
- lg (= 1 tr (X tr (A A
W= -5, (25<1+—>+ = () p, wr )I+—>
n n n n n

LetA:iﬂandB:%

Sy + w(3) )y A

n
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Using the matrix Taylor expansion for (A + B) ™%
(A+B)'=A"1"-A"'"BA '+ A'BA'BA '+ O(|B|?)

Applying this to our expression and noting that | B|| = O(1/n):

(Sﬁ (1+%) Lz (EB)IJFU(A)IJF%)

n n n

=5 85 (St or (Sp) T+ ox (A) T +A) 55! +0 (i)

n2

Therefore:

n n ns

We= lr o L (T (85) 55 e (A) 5, 1+ 554) + 0 (i)

The omitted O(%) terms include higher-order matrix products involving powers of E_Jg, A,

and their inverses. These become negligible as n grows.

Using the result above:

- 1 1 -\ = = = 1
nVVj:—I:n<ﬁI——(I+tr(EB) 251+tr(A)251+251A)+0<—)> —I

n2

= _% (I+tr (Zp) 25+t (A) ;' +55'A) + 0 (i>
- 1

Wi b (e (20) 551 0 (1)

Therefore:
W~ Tl = 0

SRS

Recall that:

Wi= o L (e (8) 55+ e (A) S5+ 5504) 40 (l>

J n n2 n3

The leading terms (1/n)I cancel, and the difference appears in the second-order terms:

X/ * X7 * 1 1
Wi~ Loo(2)

n ns
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Where C' is a matrix that depends on E_JB and A. Therefore:

gV gV 1
W - Wille ~ 0 () 181

2
Starting from the loss function definition:
L(W) =tr (Z5) — ntr (WZp)
The loss gap becomes:

i = Lj = nller (W5 = Wi)Zp) |

This gives us:

K
1
=Ly~ O <‘) M 37 Aa(5)

3. Comparative Analysis

1. Plain Training vs Fine-tuning:
1 K
£y £ 0 () WDt ()
2. Fine-tuning vs Joint Training:

* * 1
=L~ 0 <ﬁ) MY 77 Anax(Za)

=30
ft th n

This aligns with our experimental results in Section 6, indicating that for few-shot multi-

3. Ratio of gaps:

task in-context learning settings (e.g., when n = 1), fine-tuning task-specific prompts alone
is sufficiently effective at improving performance. However, for many-shot (large n) settings,
joint training of both the attention weight and task-specific prompts is necessary to achieve

further performance improvements. ]
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F.3 Proofs for Section 7.4

F.3.1 Proof of Proposition 7.1

Proposition F.1 Consider the multi-task ICL data as described in Definition 7.2 and let
£~fm and ﬁggd be the optimal linear attention and debiased preconditioned gradient descent

losses as presented in (7.18) and (7.19) in the main paper, respectively. Then, EZtt = E;gd.

Proof. To begin with, let attention weights be

5% wW.
WqW,j:[ ! wl] and Wv:[ 2 “’2],

k% wi  w

where Wy € R w53 € R? and w € R. Additionally, let task-specific prompts and
heads be

Pk
DPr =
[pk

h
and hy = [ k] for k € [K],
hu

where Py, by € R? and py, hi, € R. Recapping the prediction from (7.17) in the main paper

and input sequence Z® from (7.5) in the main paper, we obtain

fur(Z0)) = ZTW W (Z) Y\ M ZBW, by,

DrPy pkﬁk] [X X Xy

w;ﬁk + hkw

— |eTW, =T
= | 1 L ’LU1:| _
(pkpl P} y' Xyl

> [V_Vzhk + hkwg

Recap the task distribution from Definition 7.2. Let yo = y — X u,,. For cleaner notation
and without loss of generality, we remove the subscription k and set
Wgﬁk + hk’lﬂz . v
wj hy, + hpw v
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where v € R% and v € R.

=T ] T T
; = PP pp X X X y|)|v
fud(ZP) = |2TW, x w,
[ } y' X |yl v
PP’ pﬁ] v

X'X XTy| |v
pp’ P y' X |yl

=z'pt+a’ (WX Xv+ (wv +vW)X y+oly|*w)
—x WX yo+ax'p+a’ (WlXTX’U + (W —vwip )X Xp+ vleyoH2)

N

= [wTﬁfl ch'wl}

v

+ [:I:Tv_Vl :BT'wl} [

v

G(X,yo)

where

p:=Wipp'v+pwip v+ poWip + pow,
W = wv' + oWy + QleuT.

Then letting yo = y — = 'y, the expected risk of task k obeys

. . 2
Ban () 9] = B | (WX g — o+ 25— 2T+ 2T X ) |
TYir v T 2 T T T 2
=K [(a: WX yo—y()) ] +E [(m pP—T pt+x €<X7y0)) }
+2E KCETWXT?JO - yo) (z'p—z'p+axe(X, 90))]

Note that, letting By = B— ., we have yo = X Bo+€&,y = ' Bo+&us1 and By ~ N(0,2g,).
Therefore,

E [(ﬂUTWXTyo — ?Jo) (mTﬁ —z' p+a’e(X, yo))}

—E[o" (WX"XB— o) (p— -+ (X y0)) " @]

_E :a:T (VVXTX _ I) By e(X, yo)Tw]

_E }J (vaTX - 1) Bo (v X Bol?) 'wlTw]
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Then the risk satisfies
- . 2
Ez o [(fur(Z0) = )] = E [(mTWXTyO ) } +E|(2"p-a n+a X, )]
. 2
>E [(JWXTyO - yo) } .

We next prove that the equality is achievable for any W. Consider the following construc-

tions:
W 0 w1 -
WqWJ: , Wy=1, p,= He and h, = ol
0" 0 piW= T, +1 1
Then )
T[] aom i wow
v

Using above construction, we obtain that for any W € R%*4 there exist p;’s and hy’s such
that
- 2
EZ,wak [(mTp — JITM + CETE(X, yo)) i| =0

and hence,

Bz [ 2) = 1)) = E[(& WX T30 - )’].

Next, consider the preconditioned gradient descent problem defined in (7.19) in the main

paper. Recapping the PGD prediction where we have

fpgd(Z(k)) =z WX (y— Xp) +a py.

Then
Ez il (foed(Z") = 9)%] = Ezyon,[(aTWX T (y — X)) + 2" py, — )7
= EZ,yNDk[(’BTWXTyo — 40)?].
Combining the results together completes the proof. ]

F.3.2 Proof of Theorem 7.4

Theorem F.4 Consider the multi-task ICL problem with dataset defined in Definition 7.2.
Let W*

ped

the main paper and let W;gd

= argminy L(fpea) following (7.19) in the main paper. Define g in (7.14) in

= YWy Then the solution ngd and optimal loss L

*
ped
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(c.f. (7.19) in the main paper) satisfy

Wia =55 ((n+1)Es + (tr () +o3)I) 7,

ﬁ;gd =tr (SB) —ntr (W;gdiﬁ) o

Proof. From the proof of Proposition 7.1, it can be seen that the optimal multi-task ICL
learning performance of a 1-layer linear attention model can be rigorously calculated as:

L = L54q- Moreover, in this case, with the help of task-specific heads hy, the optimal loss
L3.q 1s equivalent to the optimal plain training loss in a zero task mean multi-task ICL
setting.

By applying Theorem 7.1 with all task means p;, = 0 for k£ € [K|, Theorem 7.4 can be

proven.
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APPENDIX G

Appendix for Chapter 8

G.1 Analysis of Single-layer Linear Attention

G.1.1 Supporting Lemmas

Recap the SPI estimator from (SPI). Given a semi-supervised dataset (x;, y;)! ; as described
in Section 8.2.1, let Z denote the token indices set corresponding to the labeled demonstra-

tions, that is, we have

ys, 1€l
0, otherwise.

Then, the SPI estimates the task mean via

R 1
Hs = m Zyzmz

1€T

Let W € R%? be the preconditioning matrix. We define the following objective:

2
W* := arg min £~(W) where E(W)ZE <$TWZyiiL'i—y> . (G.2)

WeRdxd
€T

Here, we set (x,y) to be the query feature and its corresponding true label. The expectation
subsumes the randomness in (x;,y;), (x,y) as described in Section 8.2.1.

In the following, we provide a lemma that establishes equivalence between optimizing
Lot WD h) (cf. (8.7) and choosing L = 1) and L(W).

Lemma G.1 Consider ICL problem described in Section 8.2.2 with prompt defined in (8.3).

Consider training a single-layer linear attention with squared loss, that is, L =1 and {(y,§) =
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(y—1)2. Recall the objectives from (8.7) and (G.2), and let L%, and L* := L(W™) be their

corresponding optimal losses where W* is defined in (G.2). Then, we have
Ly =L, (G.3)

Additionally, let £+, : R s R denote the optimal prediction (associated with the
optimal loss L, ). We have that f7, , is unique and for any prompt Z (cf. (8.3))

fini(Z) = 2" W™ Z Yils. (G.4)

Proof. Recap the single-layer linear attention model and its prediction from (8.4) and
(8.6). We have

fa1(Z) = hTatt(Z; W)ppyy  where att(Z, W) = (ZW,W, Z" )M ZW, (G.5)

with W := {W,, W}, W, } being the set of the query, key and value matrices of the attention.

Since W and h are tunable parameters, without loss of generality and for simplicity, let
W =W,W, and h:=W,h.

Following the proof of 116, Proposition 1, similarly, we denote

w wl] and h = [h1] ,
g h

W:

where W € R w,, w,y, hy € R?, and w, h € R.

Additionally, let Z denote the token indices set corresponding to the labeled demonstra-
tions (cf. (G.1)). Recall the prompt Z from (8.3), and X = [z --- x,]’ € R™? and
y=[y1 - yu]" €R" from (8.10). Then we get

T X_l_
7 _ L1 T2 Ly & _ £
yi Y2 o Yn O

T
e R(n+1)><(d+1)' (G6)

395



Combining (G.5) and (G.6) together, we can rewrite the one-layer linear prediction as

far1(Z) =[x OOWZ ' MZh

_ T
[TO]le X" x| |I, 0| | XT =| |h
= |x
wy W y' 0|0 O]|y" O h
_ (XTX X'yl |n
— {mTW wTwl] T T y !
y X yy||h
(XTXh, +hX Ty
| y' Xh +hy'y
—z W(X ' Xh +hX"y)+x w(y Xh, +hy'y)
—z' (W 4w h )X 'y+2" (WX "Xh, + hy yw,)

—z' WX 'y+a' (WX Xhy + mhw,)

=[x'W z w]

where W := AW + w,h] and we define m := |Z|.
Next, recall the loss from (8.7) and consider the squared loss function, £(y,9) = (y — 4)>.
We have

Eatt—l(W(l) h) = [(fattl( ) — y)2]

E
[ (e Wy T (WX ) )|

E [(WTVVXy +yaT (WX Xhy + mhw,) — 1)2} .

For simplicity and without loss of generality, we omit y and use x to represent yax. Note
that the distribution of (updated) @ is not conditioned on its class and given mean vector

w, it follows & ~ N(w, 0*I). Similarly, let x; represent yfx;. We can then write

2
Lotr(WW, h) =E (:::TVV d wi+a’ (WX Xhy +mhw,) — 1) (G.7)

1€T

=E (mTVVZwZ — 1) + E [(a:T (V_VXTXhl + mhwl))ﬂ

1€

+ 2K

< Wz, - 1> T(WXT"Xh + mhwl))] .

1€T

We start with showing that for any given parameters W ¢ R@HDx(d+1) p c RI+1 the
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component E[(z™W Sierxi — 1)(@"(WXTXhy + mhw,))] = 0. To prove it, we first
expand

TW Zml —1)( WXTXhl + mhuw,))

€L
=(z'W Z z)(x" WX "Xh) —x WX " Xh; + (W Z x;)(mhx " w,) — mhzx w;.
—_—— N—_——
N i€ , (b) N 1€L , (d)

(@) ©
In the following, we consider the expectations of (a), (b), (¢), (d) sequentially, all of which
take the value zero. First note that since g ~ Unif(S%1) and (&)7,,& ~ N(0,0%I), the

odd moments of p, € and &;,7 € [n] are all zeros.

(a) : ("W @) (@' WX Xhy)

1€T

—E {(u +&TWD (u+&)+ WD (n+&)(n+&)

i€l i€n

=S D B[+ O W+ &)1+ &) W+ &)+ &) B

€L j€n]
=SSR [ W W "+ £, Yo+ €W W (" + €8] ) |
i€ZL je[n]

=0,

b): E[lz'WX'Xh,]

=B |(n+ &)W (n+&) u+sZ>Th1]
i€[n]

=E ("W (up” + &&T)hl]

i€[n]
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(c): E (wTWZwi)(mh:cTwl)

i€l

(& W (n+&)(n+ E)T'un]

1€l

=mhE

=mhy E [(u +&) Wa(p+ E)Twl}
1€T
—mh > E |1 W w, + €W e Tw |

1€T

Therefore, loss in (G.7) returns

2
Lo WY h) =E (:lcTI/i/'Z:alcz — 1) +E [(a:T(V_VXTXhl + mhwl))z} .
i€l

N J/

£OW)

Here, the first term E[(z™ W Sier®i— 1) = L(W) where L(W) is defined in (G.2).
Recall that W = AW + 'wlth. Then for any W e R4 setting hy = w; = 04 and
h =1 returns E [(azT (V_VXTXhl + mhwl))z] = 0, and then

2
Eatt-l (W(l), h) =E <mTV_V Z £Lr; — 1>

1€l

Therefore, optimizing La.; (WM, h) returns the same minima as optimizing £(W), which
completes the proof of (G.3). Note that optimal loss L%, ; depends on the labeled data i € 7
only.

Furthermore, since £(W) is strongly convex (see (G.8)), W* exists and is unique. There-

fore, (G.3) and uniqueness of W* leads to the conclusion (G.4). n

Lemma G.2 Consider the objective defined in (G.2) with semi-supervised data following
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Section 8.2. Then the optimal solution W* satisfies
W*=cI
for some ¢ > 0.

Proof. Recap the Objective (G.2) and its optimal solution W*. Let Z be the index set
corresponding the labeled in-context examples, and |Z| = m. Note that, m is also a random
variable, independent of x;, v, x, y.

As in the proof of Lemma G.1, we use  to represent yx and x; to represent yfa; for
simplicity, where (updated) x;, & ~ N (w, 0*I). Letting &', &, & ~ N(0,0%I) be independent,

we obtain

E(W):E TWZ;BZ—1 (G.8)
=E|(p+&'W Z(u + &) — 1)2]

E [((1+€) W (mp +vme¢) — 1)

E [m2(1" Wh)? + m(u WE) +m? (€ Wp)* +m(& We)?2+1] — 2 [mu Wl
 Em ] Efm +m?) o,

d(d + 2) d

(tr (W) +tr (WWT) +tr (W?)) +

r(Ww')
+E[mo'tr  WW ') +1— 2Eim]

Differentiating it results in

5 2E[m?| . 2E[m+ m?|o? 4 2E[m]
= t I 2K ———1I.

VwL(W) d(d+2)(r(W) +W+W')+ y W + 2E[m|c*W d
Setting Vi L£(W) = 0, we obtain the optimal W*

W* = L I

(1 +02)Em?)/E[m] + 02 +o4d"’

which leads to the conclusion that W* = cI, for ¢ = SN /I]E[m] —orrg1q > U It completes
the proof. n
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G.1.2 Proof of Theorem 8.1

Proof. Note that (8.8) can be easily proven using Lemmas G.1 and G.2. Then, we focus
on proving (8.9).

Given that (8.8) holds, we can rewrite its classification error as

P(yh1(Z) #y) = P(sgn(x' fr,) # y) = P(sgn(yz ' fr,) # 1) (G.9)

where 1, = ﬁ Y icz Yii defined in (SPI) and Z is the index set of labeled samples. Let
m = |Z|.
Recall from Section 8.2.1 where & ~ N (y - p, 02I). We can rewrite

yr = p+og, where g, ~N(0,1).
Then for any given u, ft,, we get

P (sen(yax'f1,) # 1| p, ;) =P <(u +og1)' fu, <0 | u,ﬂs)

=P (', <ogp, | p, )

=Q (“’T’:‘S ) . (G.10)

ol

Here ()-function is the tail distribution function of the standard normal distribution.

Next, similarly, given that &; ~ N (y; - , 02I) for i € I, we can rewrite

1 o
i, =~ ywi—p+ g, wh ~ N(0,I).
M m Yi ”’—i_\/ﬁgQ where  gs ( )

1€T

Then combining (G.9) and (G.10), we have

_ T
P(yp1(Z) #y) = Eug @ (I“l’—l‘l’s):|

ol
& p' (1 + 7=g2)
e ollp+ g
i 1+ Zpu'g
Jm
= Ep g,

Q g g2
o1+ 25070+ 2P
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Note that for any p with ||u|| = 1, we have p" gy ~ N(0,1). Therefore, we can write
n'gy =g where g~ N(0,1),
and let U € R¥4 be a unitary matrix with first row being p. We can write
lgall* = 1Ug:|* = ¢ + h where h~ X7,

Here, X? | denotes chi-squared distribution with (d — 1) degrees of freedom. Then, we get

1+ 2y
Py}t (Z) #y) = Eyp |Q U

0\/1 +2-Zg+ Z (g% + h)

g

1+ \/—mg
o)L+ 459+ Zh

where €, := o/y/m. It completes the proof of (8.9).
Next, we derive an upper bound for P(yZ, ,(Z) # y). Let ¢ :==¢,'. Then we have

c+yg
? o (c—i—g)2+h>

P(yr1(Z) #y) = Egn

— c - C+g - 5 C+g
[ ct+g ]
<Eg>zn _Q - (C+g)2+h>_ +Q(c/2)
[ 1
=Eg> e _Q U\/l—i—h/(c—l—g)2> + Q(c/2), (G.11)

where the inequality comes from the fact that P(g < —c¢/2) = Q(c¢/2) and Q(z) < 1 for any
x € R. Next, we have

1 o1 h 2h
VI+h/(c+g)? ~ 2(c+tg? &

Here the first inequality comes from that \/11Tx >1-— %x and the second utilizes that g > —£.
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Since h ~ X7 |, from the Laurent-Massart inequality [101], we have that

P <h >d—1+2/(d— 1)t +2t1> <eh,

Therefore, we have that with probability at least 1 — e™%

1 oy 2d=1+2/(d= D +20)
c2 ’

VIth/lctg? ~

Setting ¢; = d, we get with probability at least 1 — e~

1 10d
>1-—
V1+h/(c+g)? ¢

Combining the result with (G.11), since Q(z) < 1 for x € R and Q(z) < e /2 for x> 1,
we get that

P (2) £ <+ Qe +0 (2 (1- 157
<e byl L (1 (1— 10de§)> :

o

It completes the proof.

G.2 Analysis of Multi-layer Linear Attention

G.2.1 Proof of Proposition 8.1

Proof. We consider the following model constructions for the attention matrices in the ¢th

layer, ¢ € [L] and the final linear prediction head:

I. 0 I, 0
¢th layer: quw& — lod ()] and W, = [aéo d ) ] ;
‘ (G.12)

Prediction head: h = lod] )

C
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Suppose the input to ¢th layer is

X ye

Z, =
zc} Ye

xz' 0

e RO where Z,=Z = [X y] .

Recapping the model construction from (G.12), the ¢th layer output returns

X I, o] | X/ X I, O
(ZW WL,Z[ M) ZW, = | Ye| | Hd d Tel ap Te ye| |acdy
z, Y| |0 Of [y, w T, Y 0 b

_XEXET X, [I, 0] [acX, bey,
) X, x/x| |0 0
a X X Xy b X X,y

) X, Xy bx) X[y

N
Lacy by

Therefore, following (8.5), the input of (¢ + 1)th layer is

Zopn =2y +

a X X, Xy b X X,y
CM%;X;Xg bgiBzTXl;ryg
X+ a XX, X0 yo+ 0 X0 X, ye

e R(n-&-l)x(d—i—l)‘ (G14)
x, +amw] X, X, yo+ b, X,y

e Label propagation: We first focus on deriving label propagation results. Suppose that

we have
ap=0 for (e€][L]

Then following (G.13), the output of £’th layer takes the following form:

0 beXe X/
(Z Wy Wy Z] M) ZKWM:[ 00 zyz]'

0 bex; X,y

Here, the first d coordinates of each token’s output are zeros, and therefore, the corresponding

input coordinates remain unchanged, and we have

X;=X and zy=x for (€e([l]
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The prediction (based on the last token output and after applying prediction head) is given
by

far(Z) = cbpz" X Ty, (G.15)
We next focus on obtaining yr,. From (G.14), we have

Y =Y+ b XXy =T+, XX ")y,

Therefore,
L—-1
yo= [T+ 0 XXT)y.
/=1
Combining with (G.15) results in
L-1 L-1
farr(Z) = by XT[[(T+ 0 XX ")y = bz’ [T+ 0. X" X)X Ty.
/=1 /=1

It completes the proof.

e Feature propagation: We now focus on the feature propagation setting. In contrast to

the label propagation, let us assume that
ag— oo and b, — 0" for (€][L)].

The prediction (following (G.13), based on the last token output and after applying predic-
tion head) is given by

farn(Z) = CbLmzxLTyL- (G.16)
We first obtain y;. From (G.14) (since b, — 0), we have
Yorr = Yo+ 0 XX Ty = ys.
Therefore,

y=y for (el
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Next, we focus on Xy, xy. From (G.14), as a; — oo, we have

Xngl = Xg + CL@X@XJX@ = X@(I—F CWX;X@) = angX;Xg;

)=z, +ax) X, Xe=z) (I +aX, X)) =az X X,

Therefore,
T
XL = CLL_lXL_l(XLfldXL_l)
3 T 321
= CLL_16LL72XL_2(XL72XL_2) 2
23
3 32 T 371
— a/L_laL_QaL_SXL_3(XL_3XL_3> 2
L—1
3 32 3L72 T 3 —1
=ar—10;_5a7_5...a; X(X X) =z |
and

x) =apaz; (X)X )

2
3 T T 37 -1
=ap 10}, 2Ty o( X s X1 ) 2

3
_ 30 3% T T r
= ap-1ay a7 3%y 5(Xp 3 X1 3) 2

3 32 3L-2 T T 3b-1_4

Combining all together with (G.16), we have that
fanr(Z) = CwaIXLTyL

L-1 2
_ CbL <H agL—l—f) wT(XTX):SL_lilXTy-

(=1

It completes the proof. [ ]

G.2.2 Proof of Proposition 8.2

Proof. The proof follows directly by adopting the same model construction and proof

strategy as in Proposition 8.1, under the additional assumption that

ap=a and b,=b for (¢ €]lL]
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G.2.3 Proof of Lemma 8.1

Proof. In the proof of Proposition 8.1, we showed how to derive the label and feature
propagation results by restricting the construction to either a, = 0 (for label propagation)
or (a; — 00,by — 0) (for feature propagation). Here, we consider a propagation process
without imposing restrictions on the choices of (as, by), and study the form of the final
prediction returned by the model.

To avoid the notation conflict, we express the matrix A in (8.12) as

A= e(XTX)

k=0

and let € = [eg es -+ ear_g) ] € RETL
Recall the same model construction used in the proof of Proposition 8.1, defined in (G.12).
From (G.13), we have that

fawr(Z) = ch:c—Ler—yL
where following (G.14), we have

X = Xo(I+ a X/ Xy),
z) =z, (I+aX]X,),
Y1 = (I + beXKX;)yé-

At each layer, the operations performed are linear combinations and multiplications involving
X, X, and identity matrices scaled by the parameters (ay, by). Thus, each coefficient e of
(X TX)* depends smoothly on the scalar parameters (ag, by).

From (G.13) and (G.14), we have that

far(Z) = chpx] X[ y1 (G.17)
=cby x] (T +ap X} X 1)’ (I +bp 1 X, X)X, yr

That is, in the final f,i.1(Z) expression, the coefficients corresponding to different degrees

of (XTX)* depend on the model parameters cby, and (as, be)f=,", which together have at
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most 2L — 1 degrees of freedom. Let ¢ = [¢by ay -+ a1 by -~ bL_l]T. This means there
exists a smooth function g : R*#~! — R such that: e = g(c).

It remains to show that an L-layer linear attention model can produce terms involving
powers of X "X up to degree (3L — 3)/2.

Let f(Z) be a function that contains terms of the form (X" X)*X Ty for various
powers k. Define P(f(Z)) as the projection that extracts the highest degree k present in
f(Z). For example, P(z (I + (X "X)?)X "y) = 2. Then from (G.17), we have

_ ,P(:L,T(XTX>3L_1+~--+32+3XTy)

3k -3
=3 B 3= S

It completes the proof.

G.2.4 Proof of Theorem 8.2

Proof. Let & ~ N (0, I) and rewrite yz = pu+0€. For any matrix A € R™? the prediction

error of §4 = sgn(x” Afr,) given f1, returns

P(ga#y | o) = Plya A, <0 | f1,)
— P((p+08) A, <0 | fu,)

Q(UHAﬂSII ' (G-18)

For any A € R%¢ we can decompose it as
d
i—1
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where u; = p, ||Ju;]| =1 and w/ u; = 0 for any ¢ # j. Let A; > 0. Then, we get
d
plAp,=p" (O Nuv)p,
i=1

d
T T A
=Y AnTun] g,
=1
T T
= Ap w1y [

= Aoy i, (G.19)

Now consider ||Afi,|| where we have

d
Ap, =) Nu/ i
i=1
d
= )\1[1/0;[18 + Z )\Z’U,Z’U;r[tl,s

=2

Since u;, i # 1 is orthogonal to @, A\jpw] f1, is orthogonal to Z?:z \iu;v fi,. Therefore,
given ||u;|| =1 for all i € [d], it obeys

d d
|‘Aﬂs‘|2 = H)\ll'l'vl ljl’sHQ + Z ”)VU,L'U;F[LS’F = (Alfvllel’s>2 + )\% Z()\Il)\lv;rﬂs)Q (G20>
=2 =2
For simplicity, define
d
A(ﬂs) = Z(Afl)‘lv:ﬂs)z
=2

where A(-) is a function of \; and (\;,v;)’s for ¢ > 2, and we have
A(ﬁ’s) > 0 and A(_ﬂs) = A([I’s)

Recall that fi, is the SPI estimator (cf. (SPI)). Let |Z| = m. We can write 1, = p+&'/y/m
where &' ~ N(0, 0%I).
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Using (G.18), (G.19) and (G.20), the classification error becomes

P(ga #y) = Ea, [Q (%)]

—F,

Ky

0 ( ol it )
O'\/(vil—/jl’s)2 + A(ﬁ’s)
e v 1, E,r, - vi i,
e [Q (mv; pr 8 )| e | o et ag + )

First, note that for any = > 0, Q(z) < 0.5 < Q(—=x). Therefore, the optimal choice of
v; € R? that minimizes P(j4 # y) is contained within the set of v; values that maximize
P(v i1, > 0). Let v} := arg max,, cge P(v] 1, > 0). Given that i1, ~ N(u, 0%/mI), we have

that v = cu for ¢ > 0. Let ¢ = 1 and therefore, v = p without loss of generality (since A\;

can be any positive scalar). Then we obtain

b CnE
Jmin P(ga #y) =minE,,

0 ( p' )
o/ (T ,)? + A(f,)

Let f(ft,) be the probability density function of fi,. Since fi, ~ N(m,0?/mlI), then it

satisfies
f(ﬂ’s) > f(_ﬂs) for ay HTﬂs > 0. (G21)
Therefore, the classification error becomes

P(ga #y | v = )
. p' .
_ d
A (wmwz ¥ A(%)) s
. p' X —p' .
- - d
/;ﬁns>o Jg)Q <0\/(uTﬂs)2 + A(i%)) MR (0’\/(MT£LS)2 + A(m)) H

-/ O<f<ﬂs>—f<—ﬂs>>c2<0_ v b i >+f(—ﬂs)dﬂs-

plg)? + Alf)

Following (G.21), to minimize the error, we need minimize ) ( NG TNAT;};JFA(A )) for pu" fu, >
o/ (17 i g

0, which can be easily done by choosing \; = 0 for ¢ > 2. Then we get A(ft,) = 0. Therefore,
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the optimal solution set A* defined in Theorem 8.2 satisfies:
A = {)\1[1/[,LT | AL > O} .

Combining all together, we obtain

i Paa Ay = [ ) S (2) +s-)a,
[ st (2) [ s (1-a(3))
o(=7)e(G) e (%) (-2 (7))
=(1-e(7))e () e (5 (12 (2))
o)l ) H()l)
Tt completes the proof. .

G.2.5 Proof of Theorem 8.4

Proof. Recap from Proposition 8.1. For any L-layer attention model with L > 2, it can

output
furr(Z) =2 (X" X /n— o 1), (G.22)

Let
9 = sgn(fan-2(Z))

with fat.z(Z) defined in (G.22). Then we have

P(yrr(Z) #y) <P # y).

Therefore, in the following, we focus on upper-bounding the classification error P(7 # y)
corresponding to (G.22). Given that the optimal prediction under the form sgn(xz' Af,) is
given by §,,,,7 = sgn(x’ pp'fr,) (cf. Theorem 8.2), with its corresponding error presented
in (8.13). To analyze the performance of 7, we study its difference from the prediction g,,,7.

To begin with, let g; = & /o ~N(0,I) and g = >, &/o\/n ~N(0,I). For simplicity,
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let A:=X"X/n—0?I. We get

1
A=-X"X —o°I
n

1 n
T (Z pp' +pg + €t + &8 ) —o'I
Yiigigl I) .

2
= pp’ +\/—(ug tgu')+o ( "

Recall (G.18) from the proof of Theorem 8.2. Our goal is to bound

. B pAfg )]
P =E, -5 .
G#v) ”[Q(ﬂMﬂJ

Define

n T
o i=19i9;
A=A—pup' = ﬁ(ugTng;uT)qLa? (ZlT—I) (G.23)

From the Laurent-Massart inequality [101], we have that with probability at least 1 — e

(assuming t; > d), the first term of (G.23) can be bounded by

2gl _ [f

\/_Hug +gp'| < \/_ - (G.24)

Additionally, from [141], we have that with probability at least 1 — e™*2 (assuming to > d),
the second term of A (cf. (G.23)) is bounded by (with a universal constant C' > 0)

n AT
H—Z“glgz - IH <C- \/E (G.25)
n n

Combining (G.24) and (G.25), we get with probability at least 1 — 2e~" (for ¢ > d)

t
Al < C'l\/; where Oy := 60 + Co”.

We also bound ||fi,]| as follows. Let f1, = pp+0/v/mg’ ~ N (u,o*mI), similar to (G.24),
with probability at least 1 — e (assuming 2d < t3 < m/40?), we can bound

. o t3
<14+ —|ld'lI| <1+3 = < 3.
il < 1+ =l < 1+ 30y 2 <

Then consider a significantly large n (to ensure that ||A]| < 1/12, e.g., n > (12C4)%*). With
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— min(

probability at least 1 — 3e tt3) and suppose that p'fi, > 0.5, we can bound

prAp, plpptp| [ pT A+ pp)p, plppt i,

[A e ] || Atppl)pl leet il
< | e T
[ min(([(A 4 pp ") gl L )
LA Al
Tl = [JA] ]
< A A[l - flg ]

t
< CQ\/j where 02 = 1201
n

Now, we are ready to bound the classification error, where we get

. B p A, )]
P = E- = s
7y =Ea [Q <UHA/15H

& [Q (1 L1 (uTAﬂs B uTuuTﬂs)ﬂ
PUTNe o Al [lpp’ il
1 — Co\/t .
<P(p'f1, > 0.5) (Q <+/") + 3e—mm<t»t3)> +P(u' 1, <0.5)
“0 (L W) 4 3e-mintan 4 (@) |

o 20

Choosing t = t3 = 2d, since m/40? > 2d, we obtain

P(g#y) <Q (L ”2d/n) + 3724 4 0.5¢7¢

g

o (1 - 02\/2d/n) o

IA

g

It completes the proof.
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APPENDIX H

Appendix for Chapter 9

H.1 Stability of Transformer-based ICL

Lemma H.1 Let x,e € R" be vectors obeying ||x||o, || + €|le.. < c. Then, there exists a
constant C' = C(c), such that

IS(@)lle.. < €*/n and |[S(x) - S(x + €)]le, < e*l€]le,/n.

Proof. Without losing generality, assume the first coordinate is the largest. Using mono-

tonicity of softmax, we obtain ||S(x)l,, < ﬁ < % Say |l€]| = €. As € — 0, we

have

lim([S(z + €) — S(x)] /e = [diag(S(zx)) — S(x)S(x) ']e/e

e—0

|[diag(S(x)) — S(x)S(x) "|ell, < e*|l€lls,/n- Integrating the derivative along €, we obtain
the result. ]

For a matrix A, let ||A||2, denote the ¢, norm of the vector obtained by the ¢ norms of

its rows.

Lemma H.2 Let X = [x; ... x,) and E = [e; ... €] be the input and per-
turbation matrices respectively.  Assume that the tokens (x;, x; + €;) lie in unit ball
i.e. [| X200, | X + Ell2oo < 1. Let W,, W € R¥>? be the weights of the self-attention layer
obeying |[W,|| <1 and |W || <T. Define the attention outputs A = S(XW X )XW, and
A=S(XWXT")XW,. We have that

|All2.00: [|[All2,00 <1, A= All21 < (2T + 1)e* || E||2,1.

Proof. First observe that W, preserves norms i.e. X W, obeys || X W, 200 < || X200 < 1
and [|[EW, |21 < || E|l21.
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Next, set X = X + E and define attention outputs A = S(XWXT)XW,,
A = S(XWXT)XW,. Observe that, since softmax applies row-wise to the similarities
(e.g. XWX ), we preserve the feature norms i.e. ||Al2.00, || A|l2.00 < 1 as advertised.

Now, consider the attention output difference P = A — A

P=[S(XWX") -S(XWX"XW,+S(XWX"EW,.
For any pairs of tokens, we have |z Wz,;| <T. Using Lemma H.1
1P|z = [S(XW X ) EW, ||z, < nl|S(XWX )|/ Ell21 < e[| El|2,1-
Secondly, set P, = [S(XW X ) — S(XW X )] XW,. We have that

[Py ][2,1 < [IS(

XWXT) —S(XWX )6, | XW,ll2.00
< [IS(XWX’

w ) _S(XWXT)Hﬁ

To proceed, let us control the derivative by letting the perturbation EE — 0 and then integrate

the derivative along E. Clearly, as E — 0, the quadratic-terms involving E disappear and
IS(XWXT) - S(XWXT)||,

< IS(XWXT) = S(XWX )|y, + ISXWXT) — S(XWX )],

To bound the latter, consider each row individually, namely pick a row from X, X + F each
denoted by the pair (x,x + €). Note that for any cross-product, we are guaranteed to have
(x + €)' Wazy|, [ Waz;| <T.|e WX, < Tnlel, & WET|;, < [|E|2:. Applying

perturbation bound of Lemma H.1, we get

IS((x+€)"WXT)—S(@ WX )|, <Te’ e, (H.1)
IS(x"W(X +E)") —S(x" WX )|, <Te||E|21/n. (H.2)

Adding up all n rows, we obtain (denoting ¢ = || E||)

m [[S(XWX ") — S(XWX )|y, /e <20 || E||o1 /¢

e—0

Integrating the derivative along E, we obtain ||Pi|j2; < 2T€?||E|2;. Cumulatively, we

obtain the main claim ||P||o; < (2T + 1)e?" || E||2,. ]

Lemma H.3 (Single-layer transformer stability) Consider the setup of Lemma H.2.
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Let ¢ be a 1-Lipschitz activation function with ¢(0) = 0 (e.g. ReLU or Identity). Let
(M), € R4 be weights of the parallel MLPs following self-attention. Suppose | M;|| < 1
and denote the MLP outputs associated to A, A by B, B. We have that

|Bl2,0c, | Bll2.oe <1, ||[B = Bll21 < (2T + 1) || E||21.

Proof. First note that each row of B is given by b; = ¢(M;a;) thus ||b;|| < ||¢p(M;a;)|| <
|M;a;]| < |lai]] < 1. Secondly, we can write ||b; —b;|| < |¢(M;a;) — ¢(M;a;)| <
|M;(a; — a;)|| < ||la; — a;||. Thus, ||B — Bl|z1 < ||A — Al|; and we conclude via Lemma
H.2.

Theorem H.1 Consider a transformer composed of L layers with (1) output weights:
H < R™? (2) self-attention weights: combined key-query weights (W)L, € R4 and
value weights (W,,)2, € R (3) MLP weights: (Mj(i))il;?jzl € R4 and activation
¢ € {ReLU, Identity}. For some I > 0, assume |[W,;| < 1, ||M](Z)|| < 1, ||Wi|| <T'/2 and
| H 200 < ¢/m. Suppose input space is S = [z1 29 ... 2] with ||z < 1. The model

prediction is given as follows

® Sy =S. Layer i outputs Si;) = Parallel_MLPy;o) (Attw, w,,(Su-1)))). Here the self-
attention layer is given by Attw, w,,(S) = S(SW;ST)SW, and Parallel_MLP applies
flx) = gb(Mj(i)zc) on j token of the Att output.

o TF(S) = <H,S(L)>.

First, this model is properly normalized in the sense that it can attain TF(S) = dc. Second,

this model obeys the stability guarantee
| TF(S) — TF(S')| < %((1 +T)e") IS = &2,

Proof. To see the first claim, let us set W,; = M, ; = I and set all tokens z; to be identical
ie. S = 1,z". Additionally choose a z with ||z| = 1 and nonnegative entries. Observe
that, thanks to the softmax structure, regardless of W;, we have that S = Attw, w,,(S) =
S(SW;ST)S. After attention, MLPs again preserves the tokens i.e. ¢(M;;z;) = z for ¢ €
{ReLU, Identity}. Thus, after proceeding L layers of this, we find that TF(S) = (H,S) =
S hjz. To conclude, by setting all tokens h; = cz/m or h; = —cz/m, we obtain the
claim. Note that, in general S can be arbitrary (they don’t have to be all same tokens): We
can let W — oo (by allowing a larger T'). This way the attention matrix S(SWS') — I
so that we end up with the same argument of S being (almost perfectly) transmitted across

the layers and we obtain +c¢ output by setting H = S/m.
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To show the stability guarantee, we use Lemmas H.2 and H.3. Specifically, Lemma H.3

guarantees that
o After each layer we are guaranteed to have ||S)||2,00, ||S£i)||2700 <1
o After each layer we are guaranteed to have ||S; —Séi) 21 < (14TD)e"||Siony —S(’ifl) l|2.1-

This means that, at the end of the final layer, we have
1Sy — Siyllzr < (L+ D)) S = 8[|,

Collapsing these by the linear H, we find that |TF(S’) — TF(S)| < <H,S(L) — SEL)> <
1 H [|2,00[|S(2) = S(pyl[21 concluding the proof. ]

H.1.1 Proof of Theorem 9.1

Proof.  We need to specialize Theorem H.1 to obtain the result. Observe that when
prompts differ only at the inputs z; = (x;,y;) with 2} = (2, ), we have that || X rompt —
X, 20 < 2. This implies that |TF(Xprompt) — TF(X ] ompt)| < 527 ((1 + D)e")? for a
depth D transformer. Finally, since the loss function ¢ is L-Lipschitz, we obtain the result

K = 2L((1 +T)eN)P. n

rompt |

H.2 Proofs and Supplementary Results for Sec-
tions 9.3,9.4,9.5

H.2.1 Proof of Theorem 9.2

Theorem H.2 (Theorem 9.2 restated) Suppose Assumption 9.1 holds and assume loss
function ((y,y) is L-Lipschitz for ally € Y and takes values in [0, B]. Let & be the empirical
solution of (ICL-ERM) and N(A, p,u) be the covering number of the algorithm space A
following Definition 9.1699.2. Then with probability at least 1 — 20, the excess MTL risk in
(MTL-risk) obeys

~ . 1 N .A, ’ 5
Ryrr(a) < igg {4Le +2(B+ Klogn)\/ o8 (anf) €)/ )}
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Additionally, set D = sup, oreq p(e, ') and assume D < oo. With probability at least
1— 46,

Pz 1 < A, p,u)/d
@) < {2 o) [ L E N0
log(1/9)
2(B+ K1 Ay
T2ABA og 1) enT

Proof. Recall the MTL problem setting of independent (input, label) pairs in Section 9.2:
There are T tasks each with n in-context training samples denoted by (S;)L, Vs (Dy)E,
where S; = {(xy, yu)},, and let Sy = Ule S;. We use A to denote the algorithm set.

For a a € A, we define the training risk Ls, (o) = = ST Uy, fs“ (), and

the test risk Ly () = E[Ega“( )]. Define empirical risk minima & = arg minge 4 £3a11< )
and population minima a* = arg minge 4 Lyrr (). For cleaner exposition, in the following
discussion, we drop the subscripts MTL and S,;;. The excess MTL risk is decomposed as

follows:

Ryuri(@) = L(a) —
~ £(@)

Since @ is the minimizer of empirical risk, we have b < 0. To proceed, we consider the
concentration problem of upper bounding sup,¢ 4 |£(cx) — E(a)|
Step 1: We start with a concentration bound |£(a) — L(a)| for a fixed a € A.

Recall that we define the test/train risks of each task as follows:
1 < N
~ Z Uy, fst“‘” (1)), and
i=1

Lu(a) = Es, |Li(@)| = Bs, Zéym, fan@a)|, veeln)

Define the random variables X;; = E[Ly(c)|S?] for i € [n] and ¢ € [T], that is, Xy is
the expectation over L;(c) given training sequence S = {(x1j,y1) Y= (which are the
filtrations). With this, we have that X, = E[Zt(a)]S,f")] = L,(ax) and Xio = E[L(a)] =
Li(cr). More generally, (X; o, X¢1,. .., X¢,) is a martingale sequence since, for every ¢ in [T7,
we have that E[X,,;|S "] = X, 1.

For notational simplicitly, in the following discussion, we omit the subscript ¢ from @,y
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and Z as they will be clear from left hand-side variable X, ;. We have that
1 < .
X, =E =) ly;, £, 0 (x;))|S?
t, |:n]; (yjafg(y )(wj))‘ 1
1 i a 1 - a ()
= > Uy, £ (x5)) + - > E |[Uy;, [0 ()| S
j=1 j=i+1

Next, we wish to upper bound the martingale increments i.e. the difference of neighbors. Let
S = 80 — SG-1 denote the i'th element.

[ Zzyj,fwij))] )| -x|
B |t 500 () || < B |8ty 150 )50

28,15

Jj=t+1

n

Xp = Xoia] = Sy £ wm's“—”]
7j=1

3|'—‘

0 S5m0 ) |S] e 13 25|

Here, (a) follows from the fact that loss function #(-,-) is bounded by B. To proceed, call
the right side terms D; := | E[((y;, [, 1) ()| SD] — E[¢(y;, f&; 1 (;))|SEV]|. Denote z;
to be the realized Values of z; = (ys, z¢) given SU. Let S := (21,...,2},2i11,...,2;) and
S = (2,...,2/_1,2i,...,2;). Observe that, S’ and S differs in only at ith index and ¢ < j,

thus, utilizing Assumption 9.1,

= By, 12 (x;))] — Elt(y;, £3(x;))]] < f (1L.3)

D

Combining above, for any n > > 1, we obtain

B K B+Klogn
Xoi— Xpia| < = - =
| X, ti—1l +Z] -

Jj=i+1

Recall that [£,(a)—Ly ()| = | X1 0—X:n| and for every t € [T], wehave Y 1 | | X, —Xp;4[? <

(B+K logn)>?
n

. As a result, applying Azuma-Hoeffding’s inequality, we obtain

n‘r2

P(|Lo(e) — Ly(@)| > 7) < 2¢ ZBekmen® | Vit € [T). (H.4)

Let us consider Y; := Li(ax) — [,At(a) for t € [T]. Then, (V;)L, are i.i.d. zero mean sub-

Gaussian random variables. There exists an absolute constant ¢; > 0 such that, the sub-
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gaussian norm, denoted by ||-[|y,, obeys [[Y3]|7, < a(B+Klogn)? by [195, Proposition 2.5.2].

n

Applying Hoeffding’s inequality, we derive

1 T
P(‘?Z}Q

t=1

2 2

_ cnTT ~ _ cnTT
> 7') <2 BrKIen)? — P(|L(a) — L(ax)| > 7) < 2e B+Kxlem?  (H.5)

where ¢ > 0 is an absolute constant. Therefore, we have that for any o € A, with probability
at least 1 — 20,

~ log(1/46

|IL(a) — L(a)| < (B + Klogn) M. (H.6)

enT

Step 2: Next, we turn to bound sup,. 4 |[L(a) — L(c)| where A is assumed to be a
continuous search space. To start with, set g(a) := L(a) — L(c) and we aim to bound
SUDqe4 |g(a)|. Following Definition 9.2, for € > 0, let A, be a minimal e-cover of A in terms
of distance metric p. Therefore, A, is a discrete set with cardinality |A.| := N (A, p,€).

Then, we have

sup |L(a) — L(a)| < sup min [g(a) — g(a')] + max |g(a)] .
acA acAEAC acA.

e We start by bounding sup,c 4 ming/ea,

g(a) — g(a’)]. We will utilize that loss function
((-,-) is L-Lipschitz. For any a € A, let o’ € A, be its neighbor following Definition 9.2.
We have that

T n
E(oz) - Z(o/) = % Z Z <€<yti> fgt(z‘fl)(mti)) — Uy, f‘%/i—w (wtz))> '
. ;:1 zn:I |
< T ; Zl Hf;i—l)(wti) — fgi—1>(wti) /
< Le.

Since the same bound applies to all data-sequences, we also obtain that for any a € A,
|IL(a) — L(&)] < Le.
Therefore,

sup min |g(a) — g(a')| < sup min |[L(a) — L(a')| + |L(a) — L()] < 2Le. (H.7)

acA €A acA &' EA
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e Next, we turn to bound the second term maxqe 4, |g(@)|. Applying union bound directly

on A, and combining it with (H.6), then we will have that with probability at least 1 — 24,

(A, p,€)/0)
enT

max |g(e)| < (B + KlogW log(V

O{G.Ae

(H.8)

Proof of Eq. (9.4): Combining the upper bound above with the perturbation bound (H.7),

we obtain that

(A, p,€)/0)
end

Ioréleax|g( )|§2L€+(B+Klogn)\/ gV
This in turn concludes the proof of (9.4) since Ryrr (&) < 2sup,e4 |L(a) — L(a)].

Proof of Eq. (9.5): To conclude, we aim to establish (9.5). To this end, we will bound
maxqe4, |g(@)| via successive e-covers which is the chaining argument. Following Def-
inition 9.2, let D := sup, qeqp(a,@’). Define M := min{m : 2™e¢ > D}, and for
any m € [M], let U,, denote the minimal 2™e-cover of U,, 1, where Uy = A.. Since
Uy C Uy 1-- C Uy C A, we have |U,| = NUpn_1,p,2™e) < N(A, p,2™e) and
Uyl < N(A,p,D) = 1. Let a™ € Uy denote the unique algorithm hypothesis in Uyy.
We have that

< —
max |g(a)| < max |g(er) — g(@™)| + |g(a™)]
M—1
< ) max min |g(a)—g(a)]+ |g(a")]. (H.9)
0 acUpy o EUm+1

In what follows, we will prove that for any o, o’ satisfying p(a, @’) < u (u > 0), with
high probability, |g(a) — g(a)| is bounded by —£= up to logarithmic terms.

Apply similar martingale sequence analysw as in Step 1. This time, we set X;; =
E[L,(cr) — Et(a’)|8t(i)] where we assume p(a,a@’) < w. Similarly, we have that X, =
Li(a) — Ly(a'), and Xio = E[L(a) — Ly(a)] = Ly(a) — Ly(a'). Therefore, the sequences
{Xi0,..., Xy}, t € [T] are Martingale sequences with respect to E[Xt,i|8t(i_l)] = X;;-1. We
again omit the subscript ¢ for @,y and S in the following and try to bound the difference of
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neighbors.

X0 — Xpia| = 'E [Et(a) — Ly(a)

1 n
Sﬁ;

E {E(yj,f§11>(mj)) — é(yj,fg(’jl)(wj))‘s(i)]

B [t 150 0) = 0 D )|

@ 2Lu 1 «—

< 4 =

<= +n‘z
Jj=i+1

E [ayj, 1% (@) — Uy, f;;n(wj))\sﬂ (H.10)

- V(yﬁ IS0 () =y S <wj>>\s<i—l>] |

< 4=

© 2Lu 1 <~ Ku 2Lu+ Kul
U Z u< U+ uogn‘
J n

for i < n. Here, (d) is from the facts that loss function £(-, -) is L-Lipschitzness and p(a, ') <
u by following the same analysis in deriving (H.7), and (e) follows the Assumption 9.1. Then

we have

2Lu - 2Lu+ Kulogn

n

’Xt,n - Xt,n—ll S

Note that |£y(c) — Li(a) — (Ly(cx) — Ly(a'))| = | Xt0— Xi.,| and for every ¢ € [T], we have
S X — Xeia]? < M. As a result of applying Azuma-Hoeffding’s inequality,

we obtain

2
~

P(|Li(ax) — Li() — ([,At(a) — L)) >71) < 26_2“2(%1}“%”)2, vt € [T].

Now let us instead consider Y; := g(a) — g(a') for t € [T]. Then following proof as in Step

1, we derive

1 T
P(’TZYt

t=1

C/n T2 C/n 7'2
- ) < 20" R = Bllg(a) - glel)| = 7) < 26 v

where ¢ > 0 is an absolute constant. Consider the discrete set U, with cardinality |U,,| =
N Uy, p,2M€) < N (A, p,2M€) and its 2™ e-cover U, 1. Applying union bound over U,,,
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we have that with probability at least 1 — 26,

log(N'(A, p,2me)/6)
cnT ’

max min |g(a) — g(a’)] < 2"e(2L + K log n)\/

aclm o ElUm+1

Now by again applying union bound, with probability at least 1 — 24, the first term in (H.9)
is bounded by

M-

;_n

— gl H.11
mzog&gﬁggﬁﬂ |9(c) = g(a')| (H.11)

M—1

log(M - N(A, p,2m€)/6)
m+1

< (2L + Klogn) E 2 \/ T

D/2
< 4(2L + Klogn) / \/log (M - N(A, p,u) /) du. (H.12)

cdnT

Now combining the results of (H.6), (H.9) and (H.12), and following the evidence that
o™ € Uy is unique, we bound sup,e 4. |g()] as follows, that with probability at least 1 —46

D2 flog(M - —

sup |g(a)| < 4(2L + Klogn) / \/og N{A p,u )/5)du+(B+Klogn) og( /5)
oA dnl enT

(H.13)

Here D := sup, ocq (e, @) and M := min{m : 2"e > D}.
e Combining (H.7) and (H.13), we obtain that with probability at least 1 — 44,

sup | £(a) — E(a)‘ (H.14)
acA
P12 Jlog(M - N(A, p,u)/d) log(1/9)
<inf{4Le+42L+ K1 - B+ K1 —
< inf { €+ 4(2L + Klog n)/E \/ T du+ (B + Klogn) T (-
where D 1= sup,, e p(, @) and M := min{m : 2""'e > D} < log 2.
a,a’eA €
Applying Ryrr(@) < 28upgeq )/Q(a) — E(a)‘ completes the proof. n

Till now, we consider the setting where each task is trained with only one trajectory. In
the following, we also consider the case where each task contains multiple trajectories. To

start with, we define the following objective function as an extension of (ICL-ERM) to the
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multi-trajectory setting.

T M
o = arg Hlelﬂﬁgan = _M Z: Z_: (H.15)
where Etm Z (Yemi» | S(z 1 (Timi))-

Here, we assume each task ¢ € [T] contains M trajectories, and Say = {{Si.m }M_,}L | where
Stm = {(@tmis Yrmi) }1oy and (Tomi, Yemi) Y D;. Then the following theorem states a more

general version of Theorem 9.2.

Theorem H.3 Suppose the same assumptions as in Theorem 9.2 hold and let & be the
empirical solution of (H.15). Then, with the same probability, we obtain identical bounds to
Theorem 9.2 by updating T with T M in Equations (9.4) and (9.5).

Choosing M = 1 results in the exactly same bound as in Theorem 9.2.
Proof. Following the same proof steps, and then we derive similar result as (H.4):

-2

P(|Lom(0) — Lyp(@)] > 7) < D¢ WETKIE? |Vt € [T],m € [M]. (H.16)

Let Yim = Lim(ar) — Etﬁm(a). Since in-context samples are independent, ((V;,,)M_ )T, are

c1 (B+K logn)?

independent zero mean sub-Gaussian random variables, with norm ||Y; |4, < -

Applying Hoeffding’s inequality, we derive

enMTT2

P(|L(a) — L(a)| > 7) < 2 Brriown? (H.17)

where ¢ > 0 is an absolute constant. Therefore, we have that for any a € A, with probability
at least 1 — 20,

log(1/4)

IL(a) — L(a)| < (B + K logn) —

(H.18)

The result is simply replacing 7" with MT in (H.6). It is from the fact that trajectories
are all independent no matter they are from the same task or not. By applying the similar

analysis, the proof is competed. [

H.2.2 Transfer Discussion from the Lens of Task Diversity

In Section 9.4, we motivated the fact that transfer risk is controlled in terms of MTL risk

and an additive term that captures the distributional distance i.e. Lr(a) < Lyrr(a) +
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dist(7, (D;)L,). The following definition is a generalization of this relation which can be

used to formally control the transfer risk in terms of MTL risk.

Definition H.1 (Task diversity) Following Section 9.2, we say that task T is (v,€)-

diverse over the T source tasks if for any o, € A,

T
Lr(e) ~ Lr(a) < (% > (Lo - zm’») fu+e
Now let us discuss transferability in light of this assumption and Thm 9.2. Consider the
scenario where n is small and T — oco. The excess MTL risk will be small thanks to infinitely
many tasks. The transfer risk would also be small because larger T' results in higher diversity
covering the task space. However, if the target task uses a different/longer prompt length,
transfer may fail since the model never saw prompts longer than n. Conversely, if we let
n — oo and T to be small, although the MTL risk is again zero, due to lack of diversity, it
may not benefit transfer learning strongly. Task diversity assumption leads to the following

lemma that bounds transfer learning in terms of MTL risk.

Lemma H.4 Consider the setting of Theorem 9.2. Let @ be the solution of (ICL-ERM) and
assume that target task T is (v, €)-diverse over T source tasks. Then with the same probability
as in Theorem 9.2, the excess transfer learning risk Ry (&) = L (@) — minge 4 L7(cx) obeys
Rr(@) < 2@ 4 o,

Here we emphasize that the statement holds for arbitrary source and target tasks; however
the challenge is verifying the assumption which is left as an interesting and challenging
future direction. On the bright side, as illustrated in Figures 9.4&9.5, we indeed observe
that, transfer learning can work with reasonably small 7" and it works better if the target
task is closer to the source tasks.

Proof. Let @&, a* be the empirical and population solutions of (ICL-ERM) and let af :=

argminlr(a). Then the transfer learning excess test risk of given algorithm o € A is
acA
formulated as

Rr(&) = Lr(&) - Ly (a)
— Lr(@) — Lr(a*) + Lr(a) - Lr(al).

Since target task 7T is (v, €)-diverse over source tasks, following Definition H.1, we derive
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that

L&) — Lr(at) < Lyt (a) — Ly (o) b= Ry (@) np

v v
»CMTL(Oé*) - EMTL<aT)
v

Lr(a*) = Ly(al) <

+e<e.

Here, since a* is the minimizer of Ly (), Ly () — Lyr(af) < 0. Then, Lemma H.4

is easily proved by combining the above two inequalities. [ ]

H.2.3 Transfer Learning Bound with i.i.d. Tasks

Following training with (ICL-ERM), suppose source tasks are i.i.d. sampled from a task
distribution Di,g, and let & be the empirical MTL solution. We consider the following
transfer learning problem. Concretely, assume a target task 7 with a distribution T ~ Dy,
and training sequence Sy = (z;)!; ~ Dy. Define the empirical and population risks on T
as Lr(a) = 1 =3 Uy & S- y(x)) and Lr(a) = EST[EAT(a)]. Then the expected excess
transfer risk following (ICL- ERM) is defined as

Er[Rr(a)] = Er[Lr(a)] — arg min E7[Lr(a)]. (H.19)

Theorem H.4 Consider the setting of Theorem 9.2 and assume the source tasks are inde-
pendently drawn from task distribution Di.g. Let @ be the empirical solution of (ICL-ERM)
and T ~ Dysr. Then with probability at least 1 — 20, the expected excess transfer learning
risk (H.19) obeys

(H.20)

E7[Ry(&)] < min {4Le + B\/Qlog( (“T4 .£,6)/9) }

Proof. Recap the problem setting in Section 9.2 and let a' = arg minge 4 E7[£7(a)]. The

expected transfer learning excess test risk of given algorithm & € A is formulated as

Er[R7(6)] (H.21)

= Er[Lr(a)] — Er[Lr(al)] (H.22)

= Er[L7(&)] - Ls,,(@) + Ls,,(@) — Ls,, () + Ls,, (@) —Br[Lr(al)].  (H.23)
a b c
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Here since @ is the minimizer of training risk, b < 0. Then we obtain

Er[R(&)] < 2sup |Er[Lr(a Z (H.24)

acA

For any a € A, let X; = Zt(a) and we observe that

[ Xi] = By [Li(@)] = Eiop, [£o(@)] = E[Lr(a)).

Since Xy, t € [T] are independent, and 0 < X; < B, applying Hoeffding’s inequality obeys

T
(ETET —fz

Then with probability at least 1 — 20, we have that for any o € A,

72
> 7') < 2B (H.25)

log(1/0)

7 (H.26)

Er(Lr(e)] = 5 ) Li(a)]| <

Next, let A, be the minimal e-cover of A following Definition 9.1, which implies that for any
task T ~ Dy, and any « € A, there exists o’ € A,

L7 (@) — Lr(e), |[Lr(a) — Lr(e)| < Le.

Since the distance metric following Definition 9.2 is defined by the worst-case datasets, then
there exists a’ € A, such that

T
Er[Lr(a Z

Let N(A, p,e) = | A be the e-covering number. Combining the above inequalities ((H.24),
(H.26) and (H.27)), and applying union bound, we have that with probability at least 1 — 20,

Er[Rr(a)] < min {4L5+B\/210g( (A, p, )/5)}

< 2Le. (H.27)

>0 T
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H.2.4 Model Selection and Approximation Error Analysis

To proceed with our analysis, we need to make assumptions about what kind of algorithms
are realizable by transformers. Given ERM is the work-horse of modern machine learning
with general hypothesis classes, we assume that transformers can approximately perform
in-context ERM. Hypothesis 9.1 states that the algorithms induced by the transformer can
compete with empirical risk minimization over a family of hypothesis classes.

With this hypothesis, instead of searching over the entire hypothesis space F, := Ulel Fi,
given prompt length m we search over the hypothesis space Fy,, only, and comp(F,,) <
comp(F,y) where comp(+) captures the complexity of a hypothesis class.

In Hypothesis 9.1, we assume that F is a family of countable hypothesis classes with
|F| = H. As stated in Section 9.5, F is not necessary to be discrete. The following provides
some examples of IF, where the first three correspond to discrete model selection whereas the

left are continuous.
o [fsparse — [ 7 s-sparse linear model},

o NN = {7, : 2-layer neural net with width s},

FRE = {F, : Random forest with s trees},

[Fridse — [ F, : Linear model with parameter bounded by || 8] < A} (akin to ridge

regression)

[eighted — £ 75 . Linear model with covariance-prior ¥, 3"27'8 < 1} (akin to
weighted ridge).

To proceed, let us introduce the following classical result that controls the test risk of an
ERM solution in terms of the Rademacher complexity [133, 131].

Theorem H.5 Let F : X — Y be a hypothesis set and let S = (x;,y;); € X X Y be a
dataset sampled i.i.d. from distribution D. Let {(y,y) be a loss function takes values in
[0, B]. Here ((y,-) is L-Lipschitz in terms of FEuclidean norm for all y € Y. Consider a

learning problem that

~

f :=argmin 1 Zﬁ(yi, f(x)). (H.28)

feF n

Let £L* = minser L(f) where L(f) = E[l(y, f(x))]. Then we have that with probability at
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least 1 — 26, the excess test risk obeys

) 1
L(f) — £ < 8LRW(F) + 4By | 235

n

=

where Ry(F) = BsEq [supjer £ >0 o f(;)] is the Rademacher complexity of F [135]

and o;’s are vectors with Rademacher random variable in each entry.

Lemma H.5 (Formal version of Observation 9.1) Let L5 := minge4 L7 () be the op-

timal target risk as stated in Section 9.2. Assume that Hypothesis 9.1 holds, then the ap-
proximation error obeys

1 cB

cr< 2t {0+ 8IR () + " b+ 2,

T= min + (Fn) + € ¢+ Jn

he[H]

(H.29)

where R, (F) is the Rademacher complexity over data distribution Dy, and L =
minser, E[l(y, f(2))]-

Proof. Let us assume Hypothesis 9.1 holds for algorithm Alg € A. Since L% is the minimal

test loss, we have that

Ly < Lr(Alg) = Es,

£t B )| = £ 3 B . 8 2]

Then by directly applying Hypothesis 9.1 we have that

n—1
L1 1
Ly <~ By [(y [55@)] + D By |y, 155 (@))] (H.30)
i=1
n—1
B 1
< — 4 — . .
S+ l?el[m {rlsk(h m) + en } (H.31)

1

3
I

Here the first term in (H.31) comes from the fact that loss function is bounded by B, and we
assume S(© = (), and the second term follows the Hypothesis 9.1. Next, we turn to bound
risk(h,m). To proceed, let X"™ := K, [ﬁ(y, fé]&)(m))} be the random variables, where
we have | X"™| < B. Following Theorem H.5, we have that for any m € [n],h € [H]

2

P (X" — £ — 8LR,(F) > 7) < 2¢ 1657

The upper-tail bound of the last line implies that there exists an absolute constant ¢ > 0
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such that

B
risk(h, m) = Egom [X"™] < £} 4 8LR(Fy) + C—\/ﬁ
Combining it with (H.31) and following the evidence ) _, \/Lm < 24/n complete the proof.
]

H.3 Proof of Theorem 9.3

Lemma H.6 Let 8™ = (x;)™, be any dataset with m > 1 and Sj(m) be the dataset
such that starting with the j’th sample until the m’th sample from S s replaced by
(x}, 2%y, xy,). Then, for any dataset S, ()i, € X, and j € [m], we have the

following:

K & )
B [ 0 @] ~ B | €. ()| | < 1 D i =il (1132
i=j

The proof of Lemma H.6 is obtained by applying Assumption 9.3 in a chained way.

Lemma H.7 Suppose Assumptions 9.2 and 9.3 hold. Assume input and noise spaces
X, W are bounded by T,w. Let W = (wi,...,w;,Wj41,...,Wy,) and W =
(w1, ..., w;_1, W), Wi, , W) be two arbitrary sequences and the only difference between
W and W' is the j’th term of the sequence. Then, for any f € F, a € A, W, W', m, and
J < m, we have the following:

K 2C,w
B [0t S @0))] = By (@i, o (21) ' < K200

ml—p

Additionally, focusing on the sequences that differ only at their initial states, for any x,, x|, €

X, we have

N N K20,z
Ewm+1 [é(wm-‘rh fS(m) (mm))} - Ewm+1 |:€(mm+17 fS](_M) (m:n)):| ‘ < % 1 _pﬁ
Proof. First, let us bound ||z; — ||, for every i = j,...,n. For i = j, since YW is bounded

by w, we have
s = @5, = [ (@j1) +w; = f(@j0) = wif], < 20
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For ¢ > j, we have the following from Assumption 9.2:

e — i, < C,p" ”wj -

ill, < 26,0 w

Finally, using Assumption 9.3, we obtain

Easr) |[U@ms1s £ @) | ~Ean [ﬁ(wwhfg;mxw;@))} ‘

<=3 ol
i=j
< %2@,@ :j Pl < i?(ilz
To prove the second part of the lemma, similarly we have
|20 — zyll, < 2%  and then, |z; — ||, < 20,p0'%.

Again using Assumption 9.3, we obtain

J

Een) [(@mi1, S @) ~ B [awmﬂ,f;m(w;n))} |

Theorem H.6 (Theorem 9.3 restated) Suppose Assumptions 9.2 and 9.3 hold and as-
sume loss function l(x, &) : X x X — [0, B] is an L-Lipschitz function for all x € X. Let
a be the empirical solutions of (ICL-ERM) under dynamical setting as described in Sec-
tion 9.2649.6. Then with probability at least 1 — 20, the excess MTL test risk (MTL-risk)

obeys
RMTL(a)gg(f){zlLe—kQ(B—i—Klogn)\/ gV (A, p, )/5)}

enT
where K = ZK%(”@ +Z/y/n).
Proof. We follow the similar strategy as in the proof of Theorem 9.2. The main difference
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is that we need to consider the dynamical system setting. Therefore, to start with, let us
recap the dynamical problem setting in Sections 9.2&9.6. Suppose there are T independent
trajectories generated by 7' dynamical systems, denoted by S; = (&, 41, , Tn), t € [T]
where xy; = fi(x:;-1) + wy. Here, we consider the prediction function fgu) X — X, and
denote the previously observed sequences with St(i) = (@40, -+ ,@y). The objective function
n (ICL-ERM) can be rewritten as follows:

T
N 1 =
a = arg HHE[,S NCINS T Zﬁt(a) (H.33)
t=1
where Zf Tiiy [ (®rio1))-

Following the same argument as in the proof of Theorem 9.2, excess MTL risk is bounded
by:
Ry (@) < 2sup [L(a) — L(a)].

acA

Step 1: We start with the concentration bound |L(a) — Z(a)| for any o € A.
Define the random variables X;; = E[L,(c)|xyp, (wy,)s_,] for i € [n] and t € [T, that is,
X, is the expectation over Et(a) given the filtration of @y and (wy);_,. Then, we have
that X, = E[L(c)|@w, (wu)?_,] = Li(c). Let X9 = E[Ly(a)]. Then, for every t in
[T], the sequences {X; 0, Xt1,..., Xt} are Martingale sequences. Here we emphasize that
Xio = E[X1|@w, wi]. For the sake of simplicity, in the following notation, we omit the
subscript ¢t for &, w and S, and look at the difference of neighbors for 1 < ¢ < n. Here,
observe that “given F; := {xq, (wy)i_,}” implies {xg, -+ ,x;} are known with respect to
this filtration.

| Xti — Xiioa (H.34)

|23 tey. 8- e (il | - {Z (25, 12 (25-1))

3I+—‘

0, (W) }

7=1 =1

o (il | ~ B |82y, 13 (@501)

Lo, (wk)211:|

B |t(e: 8- @) o (wr)ics]| ~ B |2y, 18, 1000 o, (o) |

Here, (a) follows from the fact that loss function #(-,-) is bounded by B. To

proceed, call the right side terms D; := \]E[E(a:j,f;j_l)(a:j_l))|a:0,('wk)i:l] —
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E[l(x;, fg(j_l)(a:j_l))‘mo, (wy,)iZ}]|- For an arbitrary sequence of (wy)?_,. ,, we obtain using
the first part of Lemma H.7 that

E[(a), f§-1 (@j-1))[ @0, (Wr)iors (Wh)izir = (Wi)iipi]

- ]E[é(azj, f&j—l) (%‘—1))‘330’ (wk)?@jp (wk)Z:i—‘rl = (%)Z:m] < —

Since that is valid for every realization of (wy)j_;,,, we have

K 2C,w
j—11-p

=

Combining above, for any n > i > 1, we obtain

n

K 2C,w B Klogn2C,w
< —4—="
j—11—-p n n 1—p

If we apply the same step above and use the second part of Lemma H.7, we obtain the

following bound for | X;; — X;ol:

B KlognQC (w+x)

|Xt1_Xt0| < —
n 1—p

Moreover, as the loss function is bounded by B, we have

B B Klogn2C,
S R ogn 2C,w
n n 1—p

Note that |£,(a) — Ly(ax)| = | X0 — Xin| and for every ¢ € [T], we obtain

zn:p( X, < (n—1) <B+Klogn20pw> + <B+Klogn2(j*p+1gx)>2
i=1 v viml < >
2
<B+ Klogn%i/\/ﬁ))
= n

Then the equivalent result in the Step 1 of the proof of Theorem 9.2 is obtained by updating
K to be K = 2K (w0 + 2/\/n).
Step 2: Next, we turn to bound sup,c4|L(a) — L(c)| where A is assumed to

be a continuous search space. Following the identical analysis as in Step 2 of proof of
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Theorem 9.2, by applying a covering argument, we conclude with the the result.

H.4 Additional Experiments for Section 9.4

In Section 9.4, we discussed how transfer risk seems to
require 7' o< d? source tasks. In contrast, constructing
the empirical covariance 3= %23;1 B3] can make
sure that 3-weighted LS performs O(1)-close to -
weighted LS whenever ||Z — 3||/Ann(Z) < O(1). In
Figure H.1, MTL-ridge curves with circle markers are
referring to the ﬁl—weighted ridge regression. As sus-
pected, T' = 3d is already sufficient to get very close per-
formance to the optimal weighting with true ¥ (black
curve). We remark that in Figure H.1 d = 20, noise
variance obeys 02 = 0.1, and linear task vectors 3 are

uniformly sampled over the sphere.

—=— T=d
—— T=2d
1.50 —=— T=3d

—=— Greedy MTL risk
1.00 —e— Transfer risk (MTL-ridge)
—— Transfer risk (Opt-ridge)

est Ris

0 5 10 15 20 25 30 35 40
In-context sample size

Figure H.1: We display the perfor-
mance of the idealized transfer and
MTL algorithms described in Sec-
tion 9.4. Unlike ICL experiments,
these require 7' < d tasks.

For MTL, Section 9.4 introduces the following simple greedy algorithm to predict a prompt

that belong to one of the T" source tasks (aka MTL risk): Evaluate each source task parameter

(B¢)L_, on the prompt and select the parameter with the minimum risk. Since there are T

choices, this greedy algorithm will determine the optimal task in n < log(T) samples'.

The experiments of this algorithm is provided under Greedy MTL legend (square markers).
It can be seen that as T varies (d,2d,3d), there is almost no difference in the MTL risk,
likely due to the log(7T) dependence. In short, these experiments highlight the contrast

between ideal /greedy algorithms and ICL algorithm imple-

mented within the transformer model.

In Section 9.4, we also exclusively focused on the set-
ting M — oo i.e. MTL tasks are thoroughly trained. In

Figure H.2 we consider the other extreme where each task

== Multitask risk
= Transfer risk
Least squares

Test risk
o o
> o

—— T=2000
T=5000

o
N

—4— T=10000
is trained with a single trajectory M = 1, which is closer 0.0{ —4— T=50000
to the spirit of Theorem 9.2. We set d = 5, n = 10 and ® kincontextsamples

M = 1, and vary the number of linear regression tasks

T from 2000 to 50000. Not surprisingly, the results show

Figure H.2: Comparing MTL
and transfer risks when each

that increasing T helps in reducing the MTL risk. The task has Sjng]e trajectory (M =

more interesting observation is that transfer risk and MTL 1)

INote that, this dependence can be even better if the problem is noiseless, in fact, that is why we added

label noise in these experiments.
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risk are almost perfectly aligned. We believe that this is due to the small M, n choices which
would make it difficult to overfit to the MTL tasks. Thus, when M = 1, the gap between
transfer and MTL risk seems to vanish and Theorem 9.2 becomes directly informative for
the transfer risk. In contrast, as M grows, training process can overfit to the MTL tasks

which leads to the split between MTL and transfer risks as in Figure 9.4.
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APPENDIX I

Appendix for Chapter 10

I.1 Construction

I1.1.1 The Transformer Architecture

For the purpose of this proof, we consider encoder-based transformer architectures and as-
sume that the positional encodings are appended to the input!. We also consider that the

heads are added and each one has each own key, query and value weight matrices. Formally,

we have
H
att(X) = X + ) W/XS(W}'X) W}'X) (1.1)
h=1
TF(X) = att(X) + Wg(Wlatt(X) + ’Ul]_n)+ + ’UQ]_n (12)

where X € R%" H is the number of heads used and f(x) = (z), is the ReLU activation.
We also make use of the temperature A, which is a parameter of the softmax. Specifically,
S(z) = {e**i/ > e*i};. Notice that as A — oo we have S(z) — max; z;. We also assume
that the inputs are bounded; we denote with N,,,, the maximum sequence length of the

model.

Assumption 1.1 Fach entry is bounded by some constant ¢, which implies that || X <
c, for some large ¢ that depends on the mazximum sequence length and the width of the

transformer.

"'We note here that in terms of our construction adding the encodings or appending them to the input
can be viewed in a similar manner. Specifically, we can consider that the up-projection step projects the
input to zero padded vectors, while the encodings are orthogonal to that projection in the sense that the
have zero in the non-zero coordinates of the input. In that case adding the positional encodings corresponds
to appending them to the input.
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I.1.2 Positional Encodings

In the constructions below we use a combination of the binary representation of each position,
as well as some additional information (e.g. 0-1 bits) as described in the following sections.
The binary representations and in general encodings we construct, require only logarithmic
space with respect to the sequence length. Notice that binary representation of the positions

satisfy the following two conditions:

1. Let r; be the binary representation of the i-th position, then there exists € > 0 such
that »'r; > r/r; 4 for all j # 1.

2. There exists a one layer transformer that can implement the addition of two pointers

(see Lemma 1.2 ).

I[.1.3 Constructing Some Useful “Black-box” Functions

We follow the construction of previous work [62] and use the following individual implemen-
tations as they do. We repeat the statements here for convenience. The first lemma is also

similar to [4], we however follow a slightly different proof.

Lemma 1.1 A transformer with one layer, two heads, and embedding dimension of O(log n+
d), where d is the input dimension and n is the sequence length, can copy any block of the

input to any other block of the input with error € arbitrarily small.

Proof. Consider an input of the following form

ry Ty ... Iy,
Y Y2 .- Yn
X = (L.3)
™ T2 ... Tp
Ty To ... Ty
where x;,y; € R? are column vectors for all i = 1,...,n. We present how we can move a

block of data from the (d+ 1 : 2d, k) position block to the (1 : d, 1) position block, meaning
to move the point y; to the position of the point ;. It is straightforward to generalize the
proof that follows to move blocks from (i : i+ k, j) to (i’ : i/ + k, j') for arbitrary ¢,7, j, j', k.

Let in Eq. 11 W) = [o 01 0] and W = [0 0 0 I] and W2 = [0 0 0 I]
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and Wq2 = [O 00 I} then we have

T T T T
TNTE TiTy ... TITE ... T|Ty
T T T T
T2 rk ?“2 ’I"‘Q e ’I"2 'r'k PP 7"2 T‘n
Wi X)T (W, X) = | | N . N (1.4)
’I"k fr'k ’I"‘k T2 e ’I"k 'r'k; PN 'I"k ’l"n
T T T T
_Tn ry r,vr9o ... T, T ... T, ’I“n_

As A — oo and after the application of the softmax operator the above matrix becomes

equal to [ek € ... € ...en} + eM, where ¢; is the one-hot vector with 1 in the k-th
position, ||[M|| <1 and € is controllable by the temperature parameter and can be arbitrary
01 00O
small. Let finally W}! = we get that
0 00O
W XS(W.X)T (W} X)) = h’“ “(’)2 T M (L5)
. , 5 —I 0 0 O
By repeating the exact same steps for the second head and letting W = 0 00 0
and adding back the residual we get the desired result. [ ]

A slightly different implementation can be found in [62], in which the ReL.U layers are also
used, together with indicator vectors that define whether a position should be updated or

not.

Lemma 1.2 There exists a 1-hidden layer feedforward, ReL U network, with 8d activations in
the hidden layer and d neurons in the output layer that when given two d-dimensional binary
vectors representing two non-negative integers, can output the binary vector representation

of their sum, as long as the sum is less than 2971,

Lemma 1.3 Let A € R>™ and B € R¥>™. Then for any € > 0 there exists a transformer-
based function block with 2 layers, 1 head and width r = O(d) that outputs the multiplication
ATB +eM, for some | M| <1 .

Remark 1.1 Notice that based on the proof of this lemma, the matrices/scalars/vectors

need to be in the same rows, i.e., Q = [A B] By also appending the appropriate binary
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encodings we can move the output at any specific place we choose as in Lemma 1.1. Also,

following the proof of the paper the input matriz is

9 o o]
0 117 0
X=|I 0 o
r
r@

2)

where W 13 are chosen as to specify the position of the result.

[.1.4 Results on Filtering

Lemma 1.4 Assume that the input to a transformer layer is of the following form

L1 Lo ... Lp_1 <Ly
o 0o ... O 0
X = (1.6)
by by ... by_1 Dby
VoW, ... b, by

where b;, b, € {0, 1}, with zero indicating that the corresponding point should be ignored. Then

there exists a transformer TF consisting only of a ReLU layer that performs this filtering,

1.€.,
1{61 7£ O}iUl 1{b2 7& 0}:1;2 Ce ]-{bn—l 7& O}wn_l ]_{bn 7& O}wn
TR(X) — 1{b} # 0}y {0, #0}xs ... 1{b/,_, #0}x,1 1{U, # 0}z, (17)
bl b2 P bn—l b'n
bl by . b, by,
Proof. The layer is the following:

for some large constant C'. Notice that if b; = 1 the output is just x;. But if b; = 0 then the

output is zero. For the second set instead of using the bits b;, we use the b/. [

Remark 1.2 Notice that if some b; is instead of 1, 1 £ ¢, € < ¢/C. Then the output of the
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above layer would be

TF(x;)) =z, + (-C £ Ce —x;) — (-C £ Ce + x;) (1.9)
=x; (I.10)

while if some b; = +¢ instead of zero, and assuming that ¢; > ¢ > 0 or x; < —c < 0 the

output would be

TF(ZBi) =x; + (—CE — a:i)+ — (—Cbl + wi)Jr (Ill)
=z, +Ce—x; (I.12)

<c I.13

(L13)

If |x;| < ¢, again the output would be less than or equal to ¢, where ¢ can be arbitrarily small.

Our target is to create these binary tokens, as to perform the filtering. We now describe for
clarity how next word prediction is performed. An d x N-dimensional input is given to the
transformer architecture, which is up-projected using the embedding layer; the positional
encodings are also added/appended to the input. At the last layer, the last token predicted
is appended to the initial input to the transformer architecture. The only difference of the
new input including the positional encodings ( the input for the next iteration ) is the n+1-th
token. This is a property that our construction maintains, i.e., the positional encodings used
are oblivious to the prediction step performed and are always the same for each individual
token. We consider encoder-based architectures in all of our lemmas below.

In the subsequent lemma we construct an automated process that works along those
guidelines. To do so we assume that the input to the transformer contains the following

information:
1. An enumeration of the tokens from 1 to N.
2. The In of the above enumeration.

3. Zeros for the tokens that correspond to the data points, 1 for each token that is the

et OF it is a prediction based on it.

4. An enumeration 1 to L for each one of the data points provided. For example, if we

are given three sets of data we would have : 1...L1...L1...L.

5. Some extra information that is needed to implement a multiplication step as described

in Lemma [.3 and to move things to the correct place.
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The above information can be viewed as part of the encodings that are appended to

input of the transformer. Formally, we have

the

Lemma 1.5 Consider that a prompt with n in-context samples is given and the { — 1-th

prediction has been made, and the transformer is to predict the (-th one. Assume the input

to the transformer is:

T st st sh1 sh sk .. gt-1
0 0 0 0 0 0 0 0
1 .../ (+1 ... l +1 L+1 1 14
1 ... 7 +1 ... 12 41 L+1 1 l
X=11 .. ¢ (41 ... L+l+1 L4042 ... n(L+1) nlL+1)+1 N

0O ... 0 0 0 0 0 1
1 ... 1 1 1 1 1 1
my ... My Myyr ... Mppptn mryer2 - My(L41) My (L+1)+1

In(1) ... In(0) In(+1) ... In(L+£+1)In(L+£¢4+2)...In(n(L+ 1)) In(n(L+ 1)+ 1) ... In(N)

.My

1

1

where (é’)f;% denote the first { — 1 recurrent outputs of TF and for simplicity, let N =

n(L+1)4¢ denote the total number of tokens. Then there exists a transformer TF consisting

of 7 layers that has as output

0 st o0 sh! 0 0 0 g1
0 0 st 0 sh 0 0 0
0o ... 1 0 1 0 0 0 1
0 ... 0 1 0 1 0 0 0
TR(X) =1 1 ¢ (41 ... L+0+1 L4(+2 ... nL+1) n(L+1)+1 N
In(1) ... In(0) In(+1) ... In(L+¢+1)In(L+£¢4+2)...In(n(L+ 1)) In(n(L +1) +1)...In(N)
0o ... 0 0 0 0 0 1 1
1 ... 1 1 1 1 1 1 1
my ... My My ... Mppeqa mriei2 s Myp(p41) My (L4+1)4+1 my

with error up to 6 M, where ||[M|| <1 and § > 0 is a constant that is controlled and can be
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arbitrarily small.

Proof.
Step 1: Extract the sequence length (1 layer). Let

Wi=[0 00001000 W,=[0000000010 (114
and thus
(1) In(1) ... In(1)
OWXVU%X%:I%% m@ :.m?). )
m@)m@)”:mw)

So after the softmax is applied we have

1 1 1 7
PPARED DART I DARY
2 2 2
S(W,. X)T (W, X)) = | i1t Doima® Dot . (1.16)
N N N
DIAFEED DAFE D DAY

We then set the weight value matrix as to zero-out all lines except for one line as follows

00 ..0
W,X=1|12 ... N|. (1.17)
00 ..0

After adding the residual and using an extra head where the softmax returns identity matrix
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and the value weight matrix is minus the identity, we get attention output

x, ... st st . stt s4 o st - S.oo8tt

0 0 0 0 0 0 0 0

1 14 41 ... 14 (+1 L+1 1 l

) 4 L+1 ... 14 (+1 ... L+1 1 o A
AT SN ST ST AR Yt Yt AT
PPAFTEEND DAFE D DAFE SERD DARY SR DARY S DARY DRI DAY
In(1) ... In(¢) In(l+1)...In(L+L+1)In(L+¢+2)...In(n(L+1)) In(n(L+1)+1)... In(N)

0 0 0 0 0 0 1 1

1 1 1 1 1 1 1 1

| my my myi 1 ... myrip1 mypi2 mn(L+1) mn(L+1)+1 myN

S NN+ 1)(2N+1) 2N +1
SN 6N(N + 1) 3
multiply with 3/2 and subtract 1 from this column. This results to attention output

Notice that

. We then use the ReLU layer as to

T st s{ sh1 sh sk Tpont gt-1
0 0 0 0 0 0 0 0
1 12 (41 l (41 L+1 1 l
1 ... ¢ +1 ... { {+1 L+1 1 o0
N ... N N N N N N ... N

In(1) ... In(0) In(+1) ... In(L+¢+1)In(L+¢+4+2)...In(n(L+1)) In(n(L+1)+1)...In(N)

0O ... 0 0 0 0 0 1 o1
1 ... 1 1 1 1 1 1 o1
my ... My Myyy ... Mppe mpryer2 - My(L41) My(L+1)+1 ... My

Notice that this step does not involve any error.
Step 2: Extract the identifier of the prediction to be made ¢ (3 layers). Now,
by setting the key and query weight matrices of the attention as to just keep the all ones

row, we get a matrix that attends equally to all tokens. Then the value weight matrix keeps
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14
the row that contains ¢ ones and thus we get the number —, propagated in all the sequence

length. Then the attention output is as follows:

N

x, ...st st st s5 sk Lo st
0 ... 0 0o ... 0 0 0 0 0
1 ¢ 0+1.. 14 (+1 L+1 1 .l
1 ¢ 0+1.. 14 {+1 L+1 1 .l
N..N N N N N N . N (1.18)
14 ¢/ 14 14 14 14 14
N N N N N N N "N
0 ... 0 0 0 0 0 1 o1
1 1 1 1 1 1 1 o1
my ... My Myyy oo Mpyppp1 M2 - - - Mp(L41) Mp(L41)41 - - - TN

So far this step does not involve any error. As described in Lemma 1.3 to implement multipli-

cation of two values up to any error €, we need 1) have the two numbers to be multiplied next

to each other and an extra structure (some constants, which we consider that are encoded

in the last rows of the matrix m;) and 2) the corresponding structure presented in Lemma

[.3 . So we need to make the following transformation in the rows containing N and —

N N N

¢ ¢ i

N N N I
%
%

*

Zl 2] ~

*

N
N
, (1.19)
N
(1.20)
(1.21)

where * denotes inconsequential values. For the first step we assume that we have the
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necessary binary representations ? and then we use Lemma I.1 which shows how we can
perform the operation of copy/paste. This step involves an error and the current output
would be X 1 = X" +¢e1 My, where ¢, is controlled and we will determine it in the sequence,
|M;| < 1 and X7 is the desired output. For the second step now we use Lemma 1.3 to
perform the multiplication, this will affect some of the other values. To analyze the error of
this step, we know that given X} we will get the desired output Xj+e9 My, where | M| <1
and e, is to be determined. However, are given X; in the multiplication procedure® which
results in the following output X, = (X,)" X, +eoMy = X; T X+, M| X} +e, M, M, +

£5M,. Thus by choosing €1, €5 to be of order O(8)we get that X, = X + 2{[M || for some
C' chosen to be large enough. Then for the last step consider the follow (sub-)rows of the
matrix X ~ _

% k... %

T T T ... T <122)

T T2 T3 ... TN

where 7; is the binary representation of position 7. By choosing W, W, as to

W, X = |:T1 To ... TN:| ) WqX - |:'I"1 T ... T1:| (123)

2the size that we need will be 2log Nyax + 1, where Ny.y is the maximum sequence length
3Note that the true error is even smaller since the operation performed only affects one row.
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{ * ... %
and consider W, X = we have that

00 ...0

att(X) = X + W, XS((W,, X)W, X)

riry rlr . v
0 % ... % riry rlre .. v/
X+ S
0 0 . 0
riry ey ... 7N
11 1
¢ % ... x[ |00 ... 0
:X+ +€3M3
0 0 . of |: : :
00 ... 0

By subtracting one identity head for the first that we focus on as described in Lemma I.1
we have that att(X) results in the desired matrix. We output this result and overwrite ¢/N,

thus we have

- x, ...s01 st st s4 sk - st -

0 0 0 0 0 0 0 0

1 ... ¢ (+1... ¢ (41 ... L+1 1

1 ... ¢ (+1... ¢ (41 ... L+1 1

N...N N ... N N ... N N ...N (1.24)
¢ ¢ 0 ¢ ¢ 0 ¢ ¢

0 0 0 0 0 0 1 1

1 11 1 1 1 1 1

_ml... My My ... Mo 1 Mg . My(L41) mn(LH)H...mN_
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The new error introduced by this operation is again controlled as to be esM3 = rok with
[ M| < 1.

Step 3: Create ¢+ 1 (0 layer).  We first copy the row with ¢ to the row with N, this
can trivially be done with a ReLU layer that outputs zero everywhere else except for the row
of Ns that output (¢); — (N), to account also for the residual. We now use one of the bias
terms (notice that ¢ is always positive) and set to one in one of the two rows that contain

the ¢, again we account for the residual as before; everything else remains unchanged. Thus,

we have
T ...sﬁfl s{ sgfl sg sﬁ Lout Y-t
o ... 0 o ... 0 0 0 0 ... 0
1 ... 0 f+1... ¢ (+1 ... L+1 1 4
1 ... 0 f+1... ¢ (+1 ... L+1 1 4
(41 0+10+1 .0 041 €41 ... £+1  (+1 ... 0+]1 (1.25)
14 14 14 14 14 14 14 1
0 0 0 0 0 0 1 1
1 1 1 1 1 1 1 1
my ... My My - Mgl Mpgp42 - - - Mep(L41) Mn(L4-1)41 - - - TN

This operation can collectively be implemented (add the bias + copy the row) in the ReLLU

layer of the previous transformer layer that was not used in the previous step.

Step 4: Create the binary bits (2 layers).  We will now use the information extracted
in the previous steps, to create the binary indicators/bit to identify which tokens we want to
filter. This can be easily implemented with one layer of transformer and especially the ReLU
part of it. Notice that if we subtract the row that contains the tokens that have already been
predicted, i.e., [¢ £... (] from the row that contains [1 2...L 12...L... L] we will get zero
only in the positions that we want to filter out and some non-zero quantity in the rest. This
is trivially implemented with one ReLLU layer. So, we need to implement an if..then type of
operation. Basically, if the quantity at hand is zero we want to set the bit to one, while if it

non-zero to set it to be zero. This can be implemented with the following RelLU part of a
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transformer layer

TF(zi) =1 — ()4 — (=2i)+ + (2 — D)y + (=2 — Dy — ()4 — (—2i)4) (1.26)

the last two terms are to account for the residual. Again the rest of the rows do not change
and are zeroed-out.

Step 5: Implement the filtering (1 layer). We now apply Lemma [.4 and our proof
is completed. In this step as in Lemma [.4, the error remains of the order of the error of the
previous step. Thus, by fine-tuning the constants appropriately, depending on 1) the bound
on the input as of Assumption [.1, the targeted error § and the constant used in Lemma 1.4

we achieve that the error has the target upped bound. [ ]

Theorem I.1 (Theorem 10.1 restated) Consider a prompt p,(f) generated from an
L-layer MLP f(-) as described in Definition 10.1, and assume given test example
! st ).

test? * " ° T test

(Tyess, S For any resolution ¢ > 0, there exists § = 0(€), iteration choice
T = O(xk%,,10og(1/e€)), and a backend transformer construction TFg such that the concate-
nated transformer TF = TFyzo0 TFg implements the following: Let (8°)Z} denote the first { —1

CoT-1/0 outputs of TF and set p[l] = (Pn(f), Tresr, 8* ... 871). At step £, TF implements

1. Filtering. Define the filtered prompt with input/output features of layer ¢,

pﬁlter N ‘07 S€_17 0... 0, Sﬁil, 0... 0, g1
" ...0, 0, s£...0, 0, s...0, 0 )

There exists a fized projection matrixz I1 that applies individually on tokens such that
the backend output obeys |[TL(TFz(p[l])) — plier|| < 6.

2. Gradient descent. The combined model obeys || TF(p[(]) — s*

test

</l-¢/L.

TFgr has constant number of layers independent of T and n. Consequently, after L rounds
of CoT-1/0, TFoutputs f(@,...) up to € accuracy.

Proof. We apply Lemma [.5 from which it is clear that there exists a projection such that
the result stated in (1. Filtering) holds, and it is independent to 7', n and ¢. Next we turn
to prove (2. Gradient descent). In Definition 10.1, we assume that the network’s activation

function is leaky-ReLU, i.e.,

M@z{x’ =0 (1.27)

ax, otherwise.
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Thus, as a first step we construct the inverse of leaky-ReLLU and apply it in the second row

filter
n

where the inverse of leaky-ReLU is

o (y) ={ v Hy20 (1.28)

y/a, otherwise.

of p

This can be implemented with the following activation function (denoted by o(-)) using
ReLUs:

o(2) = (); — 1/a(~a)s. (1.29)

After it, it remains TFiz to solve linear regression problems. Taking fth layer, first neu-
ron prediction as an example, and letting o} := s¢™', y/ == ¢~ (s/[0]) and w = W,[0],
linear regression has form of y; = w'x} for i € [n]. Notice that the extra zeros do not
contribute in the update performed by gradient descent, and after gradient descent has
been performed, we apply back the leaky ReLLU. Then following Assumption 10.1, since we
assume TFpp performs the same as gradient descent optimizer, given matrix condition as
described in Definition 10.1, after running 7' iterations of gradient descend on the linear
regression problem and considering each layer prediction with resolution €/L, we can get
that ||TFa(p[l]) — 8¢ < €/L, where 8 = ¢(W,8°"!) is the correct prediction if taking &1
as input. Then we have

| < I TFea(p[€]) = 8 + W87 = 2D S €/ L+ [ TFea(pll — 1] = siZD)]l-

test test

ITFa(pll] - 57..0)

Let TFix(p[0]) returns @, and therefore ||TFp(p[0]) — @\e

|TFr(p[f] — s%.)|| < ¢ -€¢/L. Since from Lemma 1.5 we have that we can choose § to be

= 0. Combing results in that

arbitrary. Let 0 = ¢/L, where L is the total predictions we will make. Then it will result in
HTF<p|:€] - Sfest)

| < ¢-¢/L, which completes the proof.

I.2 Experimental Details

In this section, we provide the implementation details of our experiments.

1.2.1 Model Evaluation

Recap the same setting as in Section 10.2.3 and assume we have pretrained models with

BCOT—I

parameters and BCOT‘I/ O Next we make predictions following Section 10.2.2. Letting
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0(-,-) : Y x Y — R be loss function, we can define test risks as follows.

LM n) =B (e, [, f(@0))] where g, = TF(pa(f), 2, 8°T)

and

‘cCOT-I/O(n) = E(wi)?’zl,(fg)gﬁzl W@n, f(wn))] where Ign = TF(pn(f)v L,y ‘§1 e 7‘§L71; BCOT-I/O)'

Here, we use L£(n) to define the test risk when given prompt with 7 in-context samples. Then,
results shown in Figures 10.3&10.4&10.5&10.6&10.7a are test risks £(n) given n € [N].
Following model training and evaluation, we can see that once loss function is the same

for both training and predicting, CoT-1 (as well as ICL) accepts training risk £5°T1 =

train
N -
¥ 2nm1 LY ().

I1.2.2 Implementation

All the transformer experiments use the GPT-2 model [164] and our codebase is based
on prior works [59, 206]. Specifically, the model is trained using the Adam optimizer with
learning rate 0.0001 and batch size 64, and we train 500k iterations in total for all ICL,
CoT-I and CoT-I/O methods. Each iteration randomly samples inputs xs and functions fs.
We also apply curriculum learning over the prompt n as [59] did for 2-layer random MLPs

(Sec. 10.4.2). For both training and testing, we use the squared error as the loss function,

ice., 0G.y) = 19— ylI? (or £, y) = (5 — )? for scalar).

I.3 Additional Experimental Results

I.3.1 Out-of-distribution Experiments

While our primary focus lies in in-distribution scenarios, wherein the test examples are
presumed to follow the same distribution as the training data, this subsection extends our
analysis to out-of-distribution (OOD) settings.

To provide a clearer understanding of our model’s behavior under distribution shifts and
to quantitatively assess the impact on test risk, we conduct experiments with varying levels
of distribution shift. Specifically, we evaluate the test risk when the prompt is supplemented
with 100 in-context examples. The results of these experiments are depicted in Figure 1.1,
which serves to illustrate how our model’s performance is affected under these OOD condi-

tions. In Fig. [.1a, we analyze noisy in-context samples during testing. The solid and dashed
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(a) Test with noisy data (b) Test with different & (c) Test with different d

Figure I.1: We implement robustness experiments under different distribution shift levels.
In Fig. [.1a we add noise to the label y (solid) or input features « (dashed). In Fig. I.1b, we
in-context learn an MLP with & € [8] hidden nodes whereas transformer is trained for MLPs
with 8 hidden nodes. In Fig. I.1b, we consider misspecification of input dimension: TF is
trained with d = 10 but we feed a neural net with d < 10.

curves represent the test risks, corresponding to the noisy in-context samples whose (input,
output) takes the form of either (x,y + noise) or (x + noise, y), respectively. The results
indicate that CoT exhibits greater robustness compared to ICL, and the test risks increase
linearly with the noise level, with attributed to the randomized MLPs setting. Additionally,
in Figs. [.1b&I.1c, we instead explore out-of-distribution test tasks where test MLPs differ
in (d,k) from the training phase. For both subfigures, we firstly train small GPT-2 using
2-layer MLPs with d = 10,k = 8. In Fig. I.1b, we fix d = 10 and vary k from 1 to 8, whereas
in Fig. [.1c, we fix k = 8 and vary d from 1 to 10. In both instances, the findings reveal that
CoT’s performance remains almost consistent when k£ > 4 or d > 6, and ICL is unable to
surpass it. The improved performance of ICL with smaller values of d or k£ again reinforces
our central assertion that ICL requires O(dk) samples for in-context learning of the 2-layer
random MLP, and reducing either d or k helps in improving the performance. Given that
we employ the ReLU activation function, smaller values of d or k£ can lead to significant bias
in the intermediate feature. Consequently, CoT cannot derive substantial benefits from this

scenario, resulting in a decline in performance.

I1.3.2 Further Evidence of Model Expressivity

There are two determinants of model learnability in in-context tasks: sample complexity
and model expressivity. Sample complexity pertains to the number of samples needed to
precisely solve a problem. However, when the transformer model is small, even with a
sufficiently large number of samples, due to its lack of expressivity, ICL cannot achieve zero

test risk. This contrasts with CoT, which decomposes complex tasks into simpler sub-tasks,
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0.4 0.4
—— CoT-/0 —— CoT-I/0
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0.0 — 0.0
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(a) Small GPT-2,d =10, k=4 (b) Standard GPT-2,d =10, k =4

Figure 1.2: We train ICL with more in-context examples. The main conclusion is that: For
small GPT, ICL can indeed not approximate the neural net even with many examples (unlike
CoT) whereas, for large GPT, ICL can do so (although much less efficient). This is in line
with our theoretical intuitions on the expressivity benefits of CoT.

0.8 0.4
—— CoT
0.6 CoT-zero 0.3
~ —— CoT-random ~
u u
—_ _
+ 0.4 + 0.2
[%2] [%2]
@ @
0.2 0.1
0.0 0 20 40 60 80 100 0.0 0 20 40 60 80 100

# in-context samples # in-context samples

(a) Test filtering on first layer prediction  (b) CoT-I/O: composed risk (same as Fig. 10.3a)

Figure 1.3: Fig. [.3a presents a filtering evidence of 2-layer MLPs. Given a 2-layer MLP
in-context example (x, s, y), CoT admits (x, s,y) as test sample; while test samples of CoT-
zero and CoT-random are formed by (x,s,0) and (x, s, z) where z ~ N(0,d). Fig. [.3b is
directly cloned form Fig. 10.3a with error bar for better comparison with results in Fig. [.4.

thereby requiring smaller models for expression. Figure 10.5 has illustrated the expressivity
of different GPT-2 architectures, showing that the tiny GPT-2 model is too small to express
even a single layer of 2-layer MLPs. Additionally, we have run more experiments, and the
results are shown in Figure [.2. Both Figures 1.2a and [.2b detail training models with MLP
tasks of dimensions d = 10 and k£ = 4. In Fig. [.2a, we use a small GPT-2 model, and
the results show that the test risk stops decreasing even with more in-context examples. In

Fig. [.2b, we train a larger model, and the results demonstrate that the standard GPT-2 is
sufficient to express a 2-layer MLP with d = 10 and k = 4.
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Figure 1.4: We compare the performance of filtered CoT and ICL. In Fig. I.4a&l.4c, we
decouple the composed risk of predicting 2-layer MLPs into risks of individual layers (fol-
lowing Section 10.4.1), which shows the filtered CoT results. In Fig. I.4b&I.4d, we train two
additional models using ICL method taking («, s) and (s, y) as inputs.

I.3.3 Filtering Evidence in 2-layer MLPs

Section 10.5 has demonstrated the occurrence of filtering in the linear deep MLPs setting
(black dotted curves in Fig. 10.8b). In this section, we present further empirical evidence
based on the 2-layer MLPs setting discussed in Section 10.4.2.

Follow the same setting as Figure 10.3a and choose d = 10 and k£ = 8. Assume we
have a model pretrained using CoT-1/O method. As described in Section 10.4.2; during

training, the prompt consists of in-context samples in the form of (x, s, y) where s = (Wx),

and y = v's. To investigate filtering, we make three different predictions to evaluate the

intermediate output, whose test prompts have in-context examples with the following forms:
CoT: (x,s,y), CoT-zero: (x,s,0), CoT-random: (x,s,z),

where z ~ N (0,d). The results are displayed in Figure I.3a where blue, orange and green
curves represent first layer prediction results using CoT, CoT-zero and CoT-random prompts,
respectively. From this figure, we observe that the three curves are well aligned, indicating
that when making a prediction for input @, TF will attend only to (x,s) and ignore y.
Therefore filling the positions of y with any random values (or zero) will not change the

performance of first layer prediction.

[.3.4 Comparison of Filtered CoT with ICL

Until now, many experimental results have shown that CoT-I1/O provides benefits in terms
of sample complexity and model expressivity compared to ICL. As an interpretation, we
state that CoT can be decoupled into two phases: Filtering and ICL, and theoretical results

have been provided to prove this statement. As for the empirical evidence, Sections 10.5
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Figure 1.5: To further investigate how model architectures impact the prediction perfor-
mance, we fix the number of heads and embedding dimension in Fig. I.5a and change the
layer number in {3,6,12}. Similarly for Fig. I.5b&I.5¢ but instead, change number of heads
(in {2,4,8}) and embedding dimensions (in {64, 128,256}).

and 1.3.3 precisely show that filtering does occur in practice. In this section, we provide
additional experiments to demonstrate that, after filtering, CoT performs similarly to ICL.

For convenience and easier comparison, we repeat the same results as Fig. 10.3a in
Fig. 1.3b, where d € {10,20}, k € {4,8,16}, and train with a small GPT-2. We again
recap the data setting for the 2-layer MLP, where the in-context examples of CoT prompt
are in the form of (x,s,y). Given that filtering happens, we make first and second layer
predictions following Section 10.4.1 and results are presented in Fig. [.4a and Fig. [.4c, re-
spectively. These results show the performances of the filtered CoT prompts. Next, we need
to compare the performance with separate ICL training. To achieve this goal, we train a
small GPT-2 model using ICL method with prompt containing (x, s) pairs (first layer). The
test results are shown in Fig. [.4b. Additionally, in Fig. [.4d, we train another small GPT-2
model using ICL but with prompts containing (s,y) pairs (second layer). By comparing
Fig. [.4a and [.4b, as well as Fig. I.4c and 1.4d, we observe that after filtering, CoT-1/O
achieves similar performance as individually training a single-step problem through the ICL

phase.

1.3.5 CoT across Different Sizes of GPT-2

In Figure 10.5, we have demonstrated that larger models help in improving performance
due to their ability of solving more complex function sets. However, since tiny, small and
standard GPT-2 models scale the layer number, head number and embedding dimension
simultaneously, it is difficult to determine which component has the greatest impact on per-
formance. Therefore in this section, we investigate how different components of transformer

model affect the resulting performance by run CoT-1/O on various GPT-2 architectures.
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Figure 1.6: Fig. [.6a: compare transformer results (solid) with gradient descent optimizer
(dashed) when solving first layer of 2-layer MLPs; Fig. 1.6b: compare transformer result
(solid) with least squares optimizer (dashed) when solving the second layer of 2-layer MLPs.

We maintain the same setting as in Section 10.4.2, fix d = 10 and k£ = 8, and consider
a base GPT-2 model (small GPT-2) with 6 attention layers, 4 heads in each layer and 128-
dimensional embeddings. In Fig. I.5a, we fix the number of heads at 4 and the embedding
dimension at 128, while varying the number of layers in {3,6,12}. Similarly, we explore dif-
ferent models with different numbers of heads and embedding dimensions, and the results are
respectively presented in Fig. I.5b and I.5c¢. Comparing them, we can observe the following:
1) once the problem is sufficiently solved, increasing the model size does not significantly
improve the prediction performance (see Fig. 1.5b&I.5¢); 2) the number of layers influences

model expressivity, particularly for small GPT-2 architecture (see Fig. 1.5a).

[.3.6 Comparison of Transformer Prediction and Linear Regression

We also provide experimental findings to verify Assumption 10.1 in this section. Previous
work [62, 4] has theoretically proven that TF can perform similar to gradient descent, and
empirical evidence from [39, 59, 113| suggests that TF can even be competitive with Bayes
optimizer in certain scenario. To this end, we first repeat the same first /layer predictions from
Figure 10.4 in Figure 1.6, where d = 10 and blue, orange and green solid curves represent
the performances of & = 4,16,64 using pretrained small GPT-2 models. We also display
the evaluations of gradient descent/least square solutions in dashed curves. Specifically, in
Fig. I.6a , we solve problem

1 n
w, = argmin — E [(w ') —3||> where x; ~ N(0,1,), yi = (w* ;)
w n
i=1
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for some w* ~ N(0,2I,;) and n is the training sample size. Then the normalized test risks
are computed by £(n) = Ey o[||(w, x); — y|*]/d, and we show point-to-point results for
n € [N] in black dashed curve in Fig. I.6a*. As for the second layer, we solve least squares

problems as follows
0, = STy where S e R™*, S[i] = (W*a;),, yli] = v* ' S[i], =; € N(0,I,)

for some W* € R¥*4 ~ N(0,2/k) and v* ~ N(0,I;). Here, T represents the pseudo-
inverse operator. Then we calculate the normalized test risk of least square solution (given n
training samples) as £(n) = By« o+ 2[||?, 8 — y||?]/d where s = (W*z), and y = v*'s. The
results are presented in Fig. 1.6b where blue, orange and green dashed curves correspond
to solving the problem using different values of k € {4,16,64}. In this figure, the curves
for k = 4,16 are aligned with GPT-2 risk curves, which indicates that TF can efficiently
solve linear regression as a least squares optimizer. However, the curve for £ = 64 does not
align, which can be attributed to the increased complexity of the function set with higher

dimensionality (k = 64). Learning such complex functions requires a larger TF model.

4To mitigate the bias introduced by ReLU activation, we subtract the mean value during prediction, i.e.,
L(n) = Ewr o (W, 2)+ —y — (Ea[(, )+ — y])|I°]/d.
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