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CHAPTER 1

FORMULATION OF THE PROBLEM

1.1 Introduction

The bulk of this thesis will be concerned with the stability of
the incompressible, boundary-free, parallel flow whose velocity pro-
file is the cosine. It is a special case of some two dimensional
exact solutions of the equations of motion discussed in Chapter 5 and
might be thought of as an infinite number of evenly spaced free
boundary layers. The flow is an exact solution of the Navier-Stokes
equations provided the appropriate external body forces are maintained.
From the discussion of Section 5.1 it will be seen that if the body
forces are turned off the flow continues to be sinusoidal but is ex-
ponentially damped because of viscous dissipation. In Chapter 5 a
two dimensional cellular flow will be considered but because of the
problem's complexity not treated as thoroughly as the parallel flow.:

The method of small perturbations is used to linearize the equa-
tions of motion about the basic flow. Tbhe boundary condition imposed
is that the perturbation shall be bounded in space., This is somewhat
weaker than the boundary conditions usually imposed in the case of un-
bounded flows, viz., that the perturbation vanish at infinity. The
time dependence of the perturbation, assumed exponential, is chosen
80 that stability depends on the imaginary part of a parameter, de-
noted by c, which is considered to be the eigenvalue. If c1 is posi-
tive the disturbance grows in time and the flow is considered unstable.
Other parameters of interest are the Reynolds’' number, R, and, for the

parallel flow, the wave number of the perturbation, o& .
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In Chapter 2 the bohavior-ot the parallel flow is investigated in
the 1limits of small o and large Jc| by imposing the boundary conditions
at two finite points. The same problems are treated in Chapter 3 by
formulating the eigenvalue problem as the vanishing of an infinite deter-
minant. A critical Reynolds' number, Rc = iﬁ?’, is found below which
the flow is stable with respect to all perturbations. The method of
Chapter 3 is found to be convenient for the calculation of the neutral
curve, defined by c1 ( &, R) = O, near the critical Reynolds' number.
It is found that the curve intersects the R axis at Rc' In Chapter 4
the problem is studied for large values of the Reynolds' number and the
neutral curve is found to approach o =1 asymptotically as R —>» oo .
A general description of the eigenvalue spectrum may be obtained from
the material of Chapters 2, 3, and 4. It consists of an infinity of
segments or bands, separated by small gaps, lying along the imaginary
axis of the c-plane. It is found that there is a single band which can
lie in the unstable part of the c-plane, given appropriate values of o
and R.

In Chapter 5 the stability of a two dimensional square cellular
flow is considered. The eigenvalwe spectrum has not been thoroughly in-
vestigated. However, certain modes have been found in the neighborhood
of the origin of the c-plane which are unstable for values of the
Reynolds' number greater than vr51

The linear theory of stability dates back to Kelvin., Because of
the long history of the theory, it is perhaps surprising that it has
only recently been recognized that the stability of flows in which no
solid boundary is present is quite different from that of bounded flows.
The salient feature of the boundary-free flows is their small critical

Reynolds' numbers (below which all disturbances are damped) . The



literature on the stability of these flows is not large and is primarily
concerned with flows of the free boundary layer type, e.g., jets, wakes,
and the mixing of parallel streams. We may contrast critical Royholds'
numbers of zero for the free boundary layer between parallel streams
E19j* and of about 4 for a two dimensional jet [?0] with values of
420 for the boundary layer along a flat plate [12:] and 5314 for plane
Poiseuille flow [12 ] .

Helmholtz and Rayleigh were probably the first to investigate the
stability of unbounded flows for perfect fluids. Helmholtz CIO J show-
ed that a vortex sheet of zero thickness is unstable and nofed its ten-
dance to "roll up" into asymmetric spirals. Rayleigh [16:] treated the
vortex sheet of finite thickness by using a piecewise linear velocity
profile. Subsequently, the problem of the stability of viscous fluids
attracted a great deal of attention, but until recently in all of the
problems considered there has been at least one solid boundary present.

The first attempts to include viscosity in the treatment of
boundary free flows were by Foote and Lin CG'] , Lessen [11] , and
Chiarulli [ 2j] . Foote and Lin considered flows of the free boundary
layer type from a general point of view., Lessen solved the boundary
layer equation numerically for the mixing of parallel streams and in-
vestigated its stability at high Reynolds’' numbers but did not obtain
a critical Reynolds' number. Chiarulli dealt with the problem using
analytical methods,

More recently the two dimensional laminar jet has been treated
by Pai [157] , Curle (3], Howard [ 8] , and Tatsuni and Kakutani

[- 20‘] . In addition to the work of Lessen and Chiarulli, free boundary

*Numbers in square brackets refer to the bibliography at the end of
the thesis.



layers between uniform streams have been considered by Esch [s ] » Who
used a piecewise linear velocity profile, and Tafauni and Gotoh [19] ,
who did not introduce a specific profile but were able to solve the
problem generally for this type of flow. The stability properties of
the freerboundary layer between uniform streams appear to resemble those
to be discussed in Chapters 2, 3, and 4. Further discussion of this

point will be found in Section 4.6,

1.2 The Fundamental Equation

In Chapters 2, 3, and 4 we shall be dealing with the steady flow
whose velocity components are

U" = A‘ cos k‘ Ya

Uyy =Upy =0

where A‘ and k* are constants. Asterisks as subscripts are used to
denote dimensional quantities. In order to put our equations into
dimensionless form we introduce the characteristic velocity

Ve = A,

and the characteristic length

L. = l/k‘

The dimensionless variables are defined as follows:

u o= u‘i/v* x = x /L,
2
p = ptéotvt y = v/,
P | ]
Fi = F*i L* /V‘.I z = z*/L‘
t=t, v‘/L*

Here the U1 are the velocity components, p the pressure, (a‘ the den-

sity, F, the components of the external force per unit mass, and x, ¥y,

i

z, t the spacial and time coordinates. In dimensionless form the

velocity profile is simply cos y. The equations of motion are the



Navier-Stokes equations and the incompressibility condition. They may

-t
be put into dimensionless form by formally setting =1and V=R ,
P+

B3

- Py b =Y -2
3—-%4.(0-?)0 = -Vp+% V u+F
(r1.2.1)
-
vU=0

where » 1is the kinematic viscosity, and R the Reynolds' number de-

fined by

Squire f18] has shown that for parallel flows the least stable
perturbation is in the plane of the basic flow. Therefore, only the
two dimensional problem will be considered and the equations of motion

can be written in terms of the stream function Y defined by

) 9

Taking the curl of (1.2.1),
a2

)

- KN D
353 + (U- VD) = (w0-V)

al

S5
where «» 1is the vorticity
KN a
w = curl U

In two dimensions o has only one component,

QU _ AU, 2
ws= 3% T35y TV

and the vorticity equation (1.,2.2) becomes

Y O3 Y W Y 1 gtol 3F 3F
{)t-)y3x+3ﬂ§—§7-§v }V¥ =57 5= @.2.3)

To study the behavior of small disturbances we substitute

vy = ¢+ ¢’
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] —
into (1,2,3) and neglect terms quadratic in 'f' . Here Y is the stream
]
function of the basic flow and { is the stream function of a small
perturbation. For parallel flows 3?’/3)( = O and the coordinates x and

t are cyclic. The solution is, therefore, written in the form

X (x=ct)

'

¥y = PGy =
Substituting into the linearized equation we obtain the eyuation which
governs the stability of parallel flows and which is usually known as
the Orr-Sommerfeld equation,

@ -« FP=1ar { - a0 -y -u" J Pz
where D £ 5’; and u(y) is the velocity profile of the .basic flow,
of{ may be thought of as the (dimensionless) wave number of the per-
turbation and ¢ will be considered to be the eigenvalue. That is, we
shall regard of and R as being at our disposal so that c must be adjust-
ed to satisfy the boundary conditions. It will be noticed that c is
defined so that stability is determined by its imaginary part. If
c, > 0 the perturbation grows in time and the basic flow is considered
unstable. 1If c:l & O the perturbation is damped and the flow is con-
sidered stable. Neutral stability occurs when c1 = 0 and the pertur-
bation is oecillatory. The curve

ci( of , R) =0

is called the curve of neutrai stability, or simply the neutral curve,

and separates the stable from the unstable regime. The calculation of

this curve is the primary objective in stability problems.

1.3 Formulation of the Eigenvalue Equation

The boundary conditions to be imposed are that the components of

! !
the perturbation, - %t-}; and 2V / dx , be bounded as x, y ~» £ oo.
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That is, ¢'(y) and o @(y) should be bounded as y = £ ©° , where
CP (y) is fhe solution of the fundamental equation (1.2.4) with AL (y)
= co8 y. The theory of differential equations with periodic coefficients
is generally known as Floquet theory and is developed in references on
differential equations, for example, in Ince CQJ p. 381.

The following theorem is proved in [9] . Let %, F(y),
o o e ¢,| (y) be a fundamental set of solutions of an n-t-.'-h— order
linear differential equation whose coefficients are periodic with
period 2 §’ and whose only singularitieb are poles in the finite y-plane.
Then % (y+27), ?i(y«yz ). ... Cfi'(y+2 ’ ) are also solutions and

there exists a set of relations

n
%(yfzf): ;'44,#(») = 2 ...y

The nature of the solutions of the equation is determined by the

roots of the polynomial

- B8
4., Q.. e &y
[~ A g, 8 P =0 (1.3.1)
A n) Az "'ann -8

If (1.3.1) has n distinct roots By, 8 .o sn then there exists a

2’

fundamental set of solutions

% - ’e‘u;‘ 54(}) 1 = IJIJ... g, ]

27
where s = _¢ < and the functions g’:(y) are periodic with

period 29 . 1If 8, is a »-fold repeated root then there is a

sub-set of solutions corresponding to it:

P, = <7 50

- g
4

e e {T’.(z) !,(;) + S,(}) }

“



£7f - |
P, = = }{Pv-c(i)sn‘é)*"—i(‘z)gl(g)*’ S”(:)}

where § ,(y) ... S,(y) are periodic with period 2 ff and

TP SC LLLI RS S LA LLLEL &

C2w)” »!

Thus, we see that a bounded solution of (1.2.4) must be of the form

7Y

PFy) = = 5(3) (1.3.2)
where T’ is real and § (y) has period 27” . This result is the basis
of our formulation of the eigenvalue problem. (It could be regarded as a
special case of the theorem proved in Appendix V). The eigenvalue eua-
tion willbe written in a number of ways, but always 80 that a general solu-
tion of (1.2.4) will be of the form (1.3.2). The general approach will be
to assume c of some order of magnitude, solve the eigenvalué e juation for
c, and then verify that the assumption is satisfied, if necessary by suit-
ably restricting the range of 7’ .

The parameter 7’ may be thought of as "jabeling'' the eigenvalues.
That is, for fixed o( and R we expect the real axis of the TJ-plane to
map into the eigenvalue spectrum in the c-plane (although the mapping is
not necessarily one to one). Thus, the spectrum is a continuum,as would be
expected in an eigenvalue problem involving an infinite domain. (In the
case of bounded flows the spectra are discrete.)

We shall have occasion to use equation (1.3.1) as the eigenvalue

aw. v
equation together with the stipulation that ~ must be real (s 2 e ),
the aij being given by*

(K-1) 4 (K-1) .
¢i (Y + 2”) = Z aij ¢J (Y) i, K= 112’3’4
az!

*Superscripts in parentheses as well as primes will be used to indicate
differentiation.



The boundary conditions can also be imposed by

PP g 2= sPP ) 3=0,1,2,3 (1.3.3)

eZ'IYi?J PV

, and T must be real.

where Y, is some definite value of y, 8 =

The above is simply the requirement that §(y) be periodic, t.e.,

f

S g 2= Wy §=0,1,2,3
This can be seen by differentiating S’(y) three times. From (1.3.2)

-1
S(Y) = 4(y) e y
= SG+2M)= Fy+2M) AT G+ 2T

Differentiating,

14 M
=178+ L7
-1 7 S(y+277’)+?’l(y+sz)e

-1 ,'u(y + 271‘/)

~
¢/ (y + 27) -1V (y + 27)

"
1}

AT S+ F(y+2me

etc.

From these equations we obtain

AJ
gy + 27) = 211 F (y)
7 {
& G+ 27) = ezn’ir‘f(y)

etc.
i.e., we obtain the relations (1.3.3).

Since the coefficients of (1.2.4) are analytic in y, & , R, and ¢
solutions are entire functions of these yuantities and the eigenvalue
equation obtained from (1.3.1) or(1.3.3) is a relation

F(X, R, c,s8)=0

where F is an entire function of «, R, ¢, and 8. For fixed <, R, s
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there 18 a discrete set of solutions for ¢ because the zeros of an
entire function must be discrete unless the function is identically
zero. But for fixed o( and R if 7J is allowed to vary over all per-
mitted values, i.e., all real values, a continuous spectrum of eigen-
values is obtained.

The above formulation of the eigenvalue problem will be used in
Chapters 2 and 4, The function F ( o«( , R, ¢, 8) is a fourth order
polynomial in s'and, as we have remarked, its roots determine the
nature of the solutions of (1.2.4). Of course, for the calculation
of the eigenvalue spectrum and the neutral curve we are only interzat-
ed in roots corresponding to bounded solutions,

In Chapter 3 € (y) will be expanded in a Fourier series and the
problem formulated as the vanishing of a certain infinite determinant.
The method is more convenient for the calculation of the spectrum and
the neutral curve when o R is small, but preduces less information
about the solutions of (1.2.4). To this extent the two methods are

complementary.



CHAPTER 11
THE METHOD OF FINITE BOUNDARY CONDITIONS
In this chapter we shall treat the problem of the parallel flow using
the method of finite boundary conditions. We shall be primarily interested
in the case in which of and |[c| are small, since this is the case in which
unstable modes are found. We shall begin, however, by examining the eigen-

value spectrum for the cases in which | c| is large and of order unity.

2.1 Eigenvalue Spectrum When Jc| 1s Large

With A(y) = cos y, the Orr Sommerfeld equation (1.2.4) can be
written:
2 2.2 2 " 2
(D-o()<}9+1o(ac(n-a<)<?

2 2 (2.1.1)
= iR cos y (D7 - & +1)¢

In what follows it is not necessary to make any assumption about X 2

or & R provided [c| is sufficiently large. We shall treat (2.1.1) as
an inhomogeneous ejuation. In "zero—gﬁ order’’ the inhomogeneous part

(right side) of (2.1.1) is neglected and solutions are exp X Y,

exp ¥ my where m = J -ioRc + o 2! . To satisfy the boundary conditions
the first two solutions must be rejected and ¢ must be pure imaginary and
negative. Thus, for |c| sufficiently large the spectrum lies along the
negative imaginary axis in the c-plane.

By solving (2.1.1) as an inhomogeneous ejuation using the method of

variation of parameters integral equations may be obtained for qD and

its first three derivatives.

11
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¢(i)(y) = Ao‘i eo(y + B(---w(‘)1 e_‘(y + C ot ™ 4 D(-m)1 e ™

y
+I’ K(y,y') L <f(y') dy’ i =0,1,2,3 (2.1.2)
o

where L = dz/dy'2 - o +1

i { -
K(y,y') = « e’ Kl(y') + (-X) e xy Kz(y')
+mt o™ K () 4 -m'e™ K,y
.y _ . 1R cos y' - Xy’
K, ) = 5 7 o ©
n° -
i R s 1) L]
KZ(Y') = ;‘ 5 coS y' o XV
. m -& 2 K
1 R L4 - ?
K = gE— BT e
n“ -« 2m
2 1] 1
K4(y') - - i R cos Yy o my

m2 - 0(2 2m
The lower limit of integration is arbitrary but for convenience has been
taken to be zero. A,B,C, and D are arbitrary constants.

With appropriate choices for the constants A,B,C, and D, four solu-
tions of (2.1.2) can be obtained as uniformly convergent series in m_]' by
iteration. The proper choice for the constants has been discussed b
Schensted [17] . Since the boundary conditions will be applied at the
points y = 0, 2 §* the constants will be chosen so that the series con-
verge uniformly on the interval 0 € y £ 2 %Y . Let the branch of m be
chosen so that Re m >/ 0 A solution, ¢1 say, can be constructed by

setting
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(Y 4
C=¢C, = - J Ks(y') L ?1()") dy’
°

Then (2.1.2) becomes

¢1(1)(y)— 1exV, j

&

!
=
o

{ &t e K () + (-0 & VK (v

s (-myt e™ K, (y") } L ‘Pl(}") dy'

2%

-j mt o™ Ky(y') L gf(y') dy’ (2.1.3)
b}
A solution of (2.1.3) for 41(0) (y) = cfl(y) can be obtained by
iteration,
cpl = § cP ln where ¢10 = eo(y (2.1.4)

& - - -
P - S {e"‘y KD v e XY Kk (y) s ™ K4(y')} LP] (v )ay:
(-]

ar
m , n-1, , '
-jeyx3(y)L¢l (y') dy h > |
b

The reason for the particular choice made for C is now clear. If C had
simply been set eyual to zero, the remainder after a finite number of
terms in the series would be exponentially large. The uniform conver-
gence of (2.1.4) for O £v £ 2 [V is proved in Appendix II. It is also
shown there that convergence is rapid if |m| is large, in fact that
n ! . . .

¢1 = I—l;Ti”) . Since the series .1,4) converges uniformly it can
be integrated term by term. Therefore, it can be verified that (2.1.3)

is satisfied by direct substitution.

Three other solutions can be constructed as follows. To construct
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2r

cC=C¢C,=- j Ka(y') L <}92(Y') dy'’

n

To construct 4?3 set

To construct <P4 set

ar
A=A, =~ K (y') L,y dyf
o
lir 1 ] 1]
B=B, =~ Kz(y)Lq04(y)dy
or
c=c,=- } Ky(y') L g, () dy’

D=1
These solutions can also be obtained as series by iteration. To summarize,
we have

- L%

n g = 1,2,3,4 (2.1.5)

where ¢10 = eV %20 - e XY cfao = e <P40 = e Y

%’ of -y - -1
n y ] ) L] my L} n ’ 1
CPJ = S {e Kl(y)+e Kz(y)+e }(4(y)}l..<;9‘j (y')dy

2y
) f e K (y) L %"'I(M dy' n2l  §=1,2

L

(J{e‘iy Kl(y') + e Y Kz(y')

‘o

R

n=legry dy' 0 21

+

e Ks(y') + e K, (y") } L 43



15

Y 4
P 4“ = - J{;‘y Kl(y') + e ¥ Kz(y') + e Ka(y')} L¢4n—1(y') dy'
+ J‘e’my K, (y') L 9p4n-1(y') dy’ nl

(-
The uniform convergence of the series (2.1.5) on the interval O0<y <27
is proved in Appendix II.

The boundary conditions will be imposed in the form (1.3.1) by the

equation

11 7% B 3 814

321 822 7 8 83 224

=0 (2.1.6)
331 839 333 7 8 334
241 242 243 849 ° F
2w 17

together with the condition that 7° must be real where s = e .

The a are given by

ij
(K-1) 4 (K-1)
P, (2 = 2 B qOJ (0) 1, K= 1,2,3,4 (2.1.7)
J=1
For example, the expression for a11 is
U+ V + Z 1+C2 1 1+A4+B4+C4

X U=V = mZ -+ mC:2 m ~-m +o(A4- a(B4 + m C4

1
- 2 a

21 W | o« us Pven®z os m202 n°  mie o<2A4 + ol B+ m? c,
3

o U~ 0(3V-m32 —l':(q’<|»m3c2 m3 -m3+ 0(3A4 - 0(3 B4+ g;g C,

where W is the Wronskian of ¢1, %, %, ﬁ and

27 w

U=e {1+ J KOO L P ay |
- 2y

v=e 2T« S K,(v') L P (y') dy
- 2y

A 21]’!11 I K4()') L ¢1(y') dyo

<]
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After the obvious simplifications of the determinant we find

b} o

7«
8, = e2 { 1+ J' K1 (y) L qol (y') dy’ }

(]

-27m r : 'y dye
-AL e J K4(y)L¢1(y)dy

o

Similarly, we find

2l

-2¥x
a,, = ¢ {14- j K2 (y') L %2 (y') dy’ }

-21,,m Zir L L .
-B, e J K, 0O L g, (v') dy

°
tang

2ﬂ‘ ' [} [
a33=e m{1+LK3(y)L¢3(y)dy }

2w
: 27 J K, 0 L qP, (v') dy'
o
-2 2r
-C,e [ K, (y") L C'Ds (y') dy'
-2 m 20 . . '
-(c,-Cc A -C, B e Jx4(y)L F5 (v') dy

o 7 ay
- m ) * L}
44 e {14’ JK4(y)L¢4(y)dy }

-]

a

Expressions for the off diagonal elements of (2.1.6) are, of
course, found in the same way. Using the solutions (2.1.5) it is found
that the offdiagonal elements are all of order [ m I -2. Now terms of
order | m | -4 will be neglected in the expansion of (2.1.6). The off
diagonal elements may, therefore, be neglected since any term in the
expansion which contains an off diagonal element must contain at least
two, Then (2.1.6) reduces to

(a - B) (822 - 5) (333 - 5) (844 - 8) =0 (2.1.8)

11

Using t’ e solutions (2.1.5) we find

11

a =e2“°‘+a(|—m-ﬁ-,,)
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a22=e-2a‘x ’o(ri_l_‘)
a ___e21fm{1+2#1{+}(1 )}

33 lm‘4

a44=9'i2 ﬂ'mil -277’K+d(l;4) }

V-<«(Rc

[6 ¢?

where K = -

From the first two factors of (2.1.8) we have

i?‘ttx

Since ’Iuis not real, these two roots correspond to unbounded solutions
which, according to the discussion of section 1.3) are of the form
et‘}F(y) where F(y + 2f) = F(y).

From the second two factors of (2.1.8) we have

1 -8 { 2 cosh 2¢m + 4K sinh 2 7 m } + 82 +§(-]:—5)= 0
| ml

In order to satisfy the boundary conditions we see that ¢ must be pure

imaginary and negative. We have, then,

— T
sin? 7 = sinz'ﬂ'\ﬁ( Rlcy - «% 4 1?‘,; 'dR 575 Sin 2'11’\/0(R|Ci.l - "’(21
ci|

r
2
Now for values of ¢ near ¢ = - i n /X R, n an integer, n2 >>» o« , the

right side of this equation is negative. Thus, s&ince 7 must be real,
there are gaps in the spectrum near these values, i.e., the spectrum
consists of an infinity of bands separated by small intervals, the

length of the intervals being approximately

ol R
Qecy == —
n

LR

As ¢ —> -i oo the gaps shrink to zero and the spectrum goes over into

th "
the "zero— order” approximation,
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2.2 Nature of the Solutions for Small o(

We turn to the case in which ®& is small. We begin by assuming
| ¢| and R of order unity and obtain solutions as power series in o *
such that
(1-1) .
P = § 1, § = 1,2,3,4 (2.2.1)
J i
When o = O the Orr-Sommerfeld equation becomes simply p? P =0
Therefore, let

| (3-1) _
C13 (l}) = EStTT;T t} + 69 (“.) } = ,> 2, 3)‘7

A sample calculation will illustrate the method., Since

41(37) =1+ (}(o() we have from (1.2.4):

2
¢1(4)(y)=i°(Rcosy+ é(o()

2
i R sin y + ﬂ(o{)

Hi
CP 1 (y)
Cf‘ln ()

Ff, W
Cf'l (y) =

The process is repeated as many times as necessary. The boundary

2
iR (cos y - 1) + d(o( )

il
]

A
i&R (sin y - y) + é(o()

) 2
1R (cos y =1+ %y + S«

[
+

conditions will again be imposed in the form (1.3.1), From (2.2.1)

it is8 seen that the aij' defined by (2.1.7), are given by

__p (i-1) _ (i-1)
2y = ¥ @) = P,

*Since the coefficients of (1.2.4) are analytic in & and y solutions
are entire functions of these quantities and the power series converges
uniformly in the finite o« - and y-planes.
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The eigenvalue equation, therefore, may be written

F-s P2 L3 ¢4,
' PF -5 &, &, A (2.2.2)
¢l_u '-'-Pz“ c‘f;' s 4"',,
A
or, expanding (2.2.2),
x4+Ax3+Bx2+Cx+D=0 (2.2.3)

where x = 1-s and A,B,C,D are obtained as power series in o .

o 2= W
A= Y Al c= 2 Swo

nzo wto

20 2" ot n
B = Z Bnd D = z D'H ol

nTo M- e

The calculation of these series is quite complicated but straightforward
and will not be reproduced here. The solutions Cf} carried out to the
required order in o are given in Appendix I.

Eqyuation (2.2.3) i8 a yuartic in s whose constant term is
1+ A+B+C+ D, From (2.2.2) this term is the Wronskian of 491(y),
¢2(y). qﬂs(y), %(y) evaluated at 2 /I~. Abel's identity for the

Wronskian of an nth order linear differential equation is CQJ p. 119,

tp
_ - 1)
W (y) = W, exp s n D) dy

‘Jo
t
where po 18 the coefficient of the n h derivative in the differential
equation, Py is the coefficient of the (n-l)th derivative, and Wo is
the value of W at yoa Since in the present case p1 = O the Wronskian

is a constant, From (2.2.1) it is equal to unity. Therefore,

A1+Bi+C1+D1=O i=1,2,. . .
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This provides a check on the calculations.

We find for the coefficients:

Al = - Bl = -1 R c (211’)2 (2.2.4)
c,=D =0

7 2 2 2 2 1 2 2 4
A, =-By =5 (LR ©er‘ s 2° 2 - 13 (XxR)" ¢ (2v)

D =-io(3Rc(2!'r)4

)
"

4 1 2 2 4
) {x -1 %% (xm }(zn')

The roots of the juartic (2,2.3) are near x = ¥ o and
x = tJx Near x = ¥ o we have

x2 = @T0%+ & (>

Since 77 is not real these roots correspond to unbounded solutions,

T
solutions of the form e y F(y) where F(y + 27 = F(y). Near

X = tJo(', 1YY= \} -1odR ¢ . ’TJis real, and hence these roots cor-
respond to bounded solutions, when c is pure imaginary and negative.

Thus, we find, as in the last section, two u.:bounded solutions propor-

t
tional to e Ay and two bounded solutions proportional to exp t \/— .'.xm'& .

2.3 The Unstable Modes

We have seen that for|c| large and of order unity there are
eigenvalues lying along the negative imaginary axis in the c-plane,
The juestion of primary interest is whether the spectrum can penetrate

into the half plane ¢, > O, i.e., whether unstable modes can exist.

i
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Finally, therefore, the case in which both o and |c{ are small will

be studied. It will be assumed thatic| = F(X). Now C3 = d( 044).

The roots of the quartic (2.2.3) are all near x = £ o( .

Using (2.2.4),

4 2 ]
x + B X +Da+D4+(96( )=0

2

2
x* = 21 { -txRc+ 3 (KR 42 (2.2.5)

|
t \/[j.o(}lc -—;- (O(R)zj 2, 16 a(z (o(n)2 }

I1f x is of order o , 7’ must be of order o since x = 1l-8 = 2717 +...
Thus, x2 = - (2 Tf)z ' 2 + d(o{s). There are two bounded solu~tions.
i.e., two real values of 7, if the right side of (2.2.5) is real and
negative, This condition will be satisfied if c is pure imaginary
and if the negative sign is taken in (2.2.5). Two unbounded

solutions then correspond to the positive sign in (2.2.5). Solving for

c,

The least stable eigenvalue is given by ’lu = 0, A small portion, of
the spectrum may lie along the positive imaginary axis of the c-plane
if R > \/—;‘ . The critical Reynolds’' number is, therefore, Rc = f2_1
and the neutral curve in the s{~R plane intersects the R - axis at this
point. The calculation could, in principle, be carried further to ob-
tain a portion of the neutral curve. This has not been done because
the calculation at this. point has become algebraically very complicated.
A better method for obtaining the neutral curve using the method of

infinite deteiminants is described in the next chapter.



CHAPTER 111
THE METHOD OF INFINITE DETERMINANTS

The eipenvalue problem will next be formulated as the vanishing
of an infinite determinant. The expansion of the determinant will be
found to converge quickly when of is small and the critical Reynolds'’
number and a portion of the neutral curve will be obtained with consider-
ably less difficulty than by the method of Chapter 2. The cases |c |
large and of order unity will also be treated and the previous results

corroborated (and in the latter case slightly extended) .

3.1 Formulation of the Eigenvalue Eyuation

We require the solution of the Orr-Sommerfeld equation (1.2.4),
~)
]
C7D, to be of the form e1 y f;(y) where 7’ is real and S’(y) has period

2 ¥ . Expanding §Ky) in a Fourier series, we substitute
o
p Z 1(n+? )y
= a e
n
- o

into (1.2.4) and obtain a three term recursion relation for the Fourier

coefficients.

An' a 1t Cn' a + Bn' 8.1 " 0 (3.1.1)
where

An'=§1o<n[(n+7’-1)2+o<2-1]

Bn'=§1o(a [(n+?+1)2+42-1]

C; = {(n+T)2+ xZ.] [(n+7)2+ dz-ich ]

The relations (3.1.1) are a set of homogeneous equations for the an

(-0 €m < <o ), The condition for non-trivial solutions is, of
course, that the determinant of the coefficients vanish. In this case

the determinant is infinite so the recursion relation (3.1.1) is first

22
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divided by Cn to secure the proper convergence properties. Then the

determinant A (7’) of its coefficients is formed,

1l B o . . 0
-m
o... A, 1 B, O O .. 0
A)=Linm|O. .. O A, 1 B, 0 ... 0
myoe
o . . O 0] A1 1 B1 .« » O
o. .. 0 A 1
m
where
1] 1] 1] \ ]
An = An/cn ' Bn = Bn/cn

An infinite determinant converges if the product of its diagonal ele-
ments converges absolutely und the sum of its non-diagonal elements
converges absolutely [23];).. 36. These conditions are satisfied by
A(T). Then with the condition that 1’ must be real, we may take as the
eigenvalue equation the vanishing of A(TY).

We proceed now to evaluate the determinant. To begin it is con-
venient to 1ist the following properties of A(7):
1. A(1loe) =1

Off diagonal elements are all zero.
2.AC(T+ 1) = A(T)

7’ occurs only as n + TJ Thus, replacing 7 by 7/+ 1 is equi-
valent to replacing n by n + 1, which does not change the determinant.

Hence, A ('IJ) has period one.

3. A(T)Y=ACGT)
Since An(-'r) = B_n('r) and Bn(-'IJ) = A-—n (T) replacing ’(dby g
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is equivalent to reversing first the rows and then the columns of the
determinant, which does not alter its value. Hence, A (7) is an even

function.

4. The only singularities of A (7’) are simple poles at

¥
Y =-ntix, T-= -n_*.'/:lotﬂc-a(z

where n takes all integral values from - o to 4+ ©°

L}
Let Kl be the residue at 7/ J iR c - o(2 .

1 €.

It

Let K2 be the residue at '/v

Then by the above properties of A (7):

|
The residues at - n + (1 xR ¢ - & 2 are K1
-
The residues at - n - ixXR ¢ - o« are - Kl
The residues at - n + 1 are K2
The residues at - n - i o are - K2

~
Next we form a new function D('TI) by subtracting from A1) its

poles.
o0
~ 1 1
D = - -
(=AM KIZ{?\”‘_D T }
- oo
oo
- K - 1 _ 1 ]
22_ T + n - ixX T’+n+io(t
V) ’
. 21
where p = iXR ¢ - x° . The series can be summed giving

{cotﬁ/(’f—,’))-cot /?’('/V-; p) }
J

-’i//K2 { cot (7 - 1x) - cot (7T + 1x) }
Since D(7 ) has no singularities it is a constant. By letting

7/ —> 1ioco we see that D('/V) = 1. Hence,
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A(?’)=1+7fl(1{cot 2 (7 -p)-cot ¥ (7+p) }
+ K, {cot ¥ (7 - i) —cot’:Y('Y+1o()} (3.1.2)

2 sin o p cos 1fp+ > K 28in 1 cos 71 «

=1+%K
1 gin?w? - stn? p 2 ein? W= sin® 7 1«

The residues Kl and l(z will be calculated directly, e.g.,

Lim N
K, f—w‘ M- AT).

The central row of the determinant is multiplied by ’lv- p. Then
7 is set equal to p making the center element zero, which means that in
the three cases we areabout to consider the determinant is given to

first order in the appropriate small quantity by its central nine elements.

3.2 Eigenvalue Spectrum When |c| is Large

We are now prepared to examine the eigenvalue spectrum in various
limits. We shall begin by taking |c| large. For convenience, o{ and
R may be considered to be of order unity, although this is not a neces-

sary assumption provided |c| 18 sufficiently large. Tho residues K1

and K2 are obtained by multiplying the central row of A ( ) vy

('Y- p) or ( ’Iv- 1) and taking the appropriate limit. The diagonal

elements of the determinants so formed are unity except for the center

element, which is zero, and their off diagonal elements are all small.

Terms of the first order in the expansion of such a determinant contain
factors of two off diagonal elements, terms of the second order contain
factors of four off diagonal elements, etc. It will be noticed that

the only terms of first order are those formed by the minor whose ele-

ments are the central nine elements of the determinant,



| | B, o
K, = 'r%:: (T-e> A, o *-py B, | F J (IC‘I"/z)
) O 3, )
= wT == O (nn)
! B, O
Ky = B |0 AL 0 (g, +d(,—;‘;r,)
o A, I

= &( lcf‘z)

Neglecting the term involving K2'

Ay = 1+7K 22 rldac-a? oy ¥ [iue -t o
L

. 2 . 2 .
G T — B 7)"\/40((14.—«3

from which we obtain

2 .2 1, T xR - f S
B N S e P el L

3

This agfoea with the result of Section 2.1. A discussion of it will be

found there.
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3.3 Eigenvalue Spectrum When [cl 1s of Order Unity, of Small

If o is small and jc} and R are of order unity the residues may

be found using the method of the previous section. They are

K é__:_nxa c\/xo(a c|+ &(“2)

1

2
Kz = - 2‘ﬁ R + éthi3)

Substituting these expressions into (2.1.?) , and neglecting the term

involving Kz,
10(Rc=7’2+ o(2+;-(a(R)2

The result agrees with the conclusion of Section 2.2 that ¢ must be
pure imaginary and negative. The calculation has been carried to a
higher order here, but perhaps the only further point of interest is

that there are no gaps in this part of the spectrum.

3.4 The Unstable Modes

If o i8 small, |c| = &(c(), and R is of order unity the resi-

dues are found, by the technique of Section 3.2, to be

2
-1 (XR)” 2 [ wneo? v T2
xl = ]'m_zc—x z iXR JixRe-o + (X™)

- 2 2
, = = o 2R + Hxd

Substituting these expressions into (3.1.2) and solving for c we have,

finally,
47'2(« n)2 . ,?,2

= + % - § (xmy?
T "+ &

iR c =

This is identical with the result of Section 2.3 and no further dis-

cussion will be given here.



3;5 The Neutral Curve

It can be seen from the result of the last section that the critical
Reynolds' number is J? and the end point of the spectrum corresponds
to 7= 0. Accordingly, we shall take A(o) = O as the equation for the
least stable eigenvalue and calculate that portion of the neutral curve
in the &-R plane on which o is small.

Before forming the determinant A (7') we divided the recursion
relation (3.1.1) by Cn' . In particular we divided by Co' = ("1’2 +a2)
(7’2 +og2 - i(R c), thus, excluding 7 = « = 0. We now multiply

'

A (o) =0byC, (i.e., multiply the central row by C ) and keeping

terms to order 0(6 obtain

1 B o
v -} ' ' - oo o2
A Cc B + C A B +
o o s] o n n-1 n n-l
n=| "= 2
0 Al 1
[ ' - o0 o<
- {Bo A1 +Ba A }{ 2_ An n-l1 z An Bn-l }
n=-2 n=3
7
+ Oy = o0
We may drop the terms n = - 1 in the first sum and n = 2 in the

second because 8_2 and Az are &(o( 3) . Now,

-_—D o0 -
An Bn—1+ z An Bn-l =2 Z An+1 Bn
n=-2 n=3 w=2
2 & (n-1)(n+2) 2
= - § (XR) Z 3 = - 0.0145 (o(R)
we 2 n (n+l)
Thus,
1 !?,_1 0
1 L] 7
A B { 1-0.0145(«&)2}», & =0
(o} o o
0 Al 1
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The Becond term in the brackets is at least three orders of magnitude

smaller than unity. 6Since the 3 x 3 determinant is of order 0(4,

C -B A -B.A +8H=0

] o 1 -1 o

Finally setting c1 = 0 we obtain the neutral curve:
2 2
2 2(1 + 3
R=_(_°(_2.)_ + T (D)
1 -«

or

2

o
n

2(1+3o<2) + C?(a(s)

The curve intersects the R axis of the o - R plane at Rc =J-{1
with infinite slope. 1In contrast with many flows, e.g., the two
dimensional jet [20] » plane Poiseuille flow CIZ] ,» the boundary layer
along a flat plate [12] » the curve has no lower branch, Further dis-
cussion of the neutral curve will be postponed until the end of the
next chapter when the portion of the curve on which R is large has

beén obtained.



CHAPTER 1V
THE LIMIT OF LARGE REYNOLDS' NUMBER
We shall complete our treatment of the parallel flow by con-
sidering the part of the «~R plane for which o R is very large.
We shall investigate the eigenvalue spectrum in the neighborhood
of the origin of the c-plane and obtain a portion of the neutral
curve for these modes. The case in which lc| 18 of order unity

and 0(2 is small will also be considered briefly.

4.1 Asymptotic Solutions of the Orr-Sommerfeld Equation

Solutions of the Orr-Sommerfeld equation (1.2.4) can be ob-

tained as asymptotic expansions by formally substituting the series

(4.1.1)

— ]
{
* = 2 (z5)
n=o
into the equation. Comparing powers of ( R)-1 we have
P 2 r
(u-c)( -« D) F -, =0 (4.1.2)

1 22
(4 -c) (D~ ) Pu-—a'Fy= i (D-x) Fu-y M (4.1.3)
The first term of the expansion satisfies the inviscid equation
(XR = ©2 ). Since this is a second order equation the method gives
only two solutions, usually called the “inviscid solutions.” Two
other solutions of (1.2.4) may be obtained by formally substituting

into the enuation the expansion

(= ]

/
P = exp Z Qiny S ®wly)
(“R) Q })n;_o (—;(T)"—/;- (4.1.4)

from which we find

30
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4
Q(}): * S“o ’4: (u—c). d,\} G, = (a_c)‘s/‘/

where Y, is an arbitrary point in the complex y-p}ane. These are
usually called the "viscous solutions”.

At this point the four solutions (4.1.1,4) are purely formal,
The expressions (4.1.5) have branch points where u(y) - ¢ = O.
(These points are usually called "critical points".) Solutions of
(4.1.2,3) will also, in general, have branch points at the critical
points since the equations have singularities there, The Orr-
Sommerfeld equation, however, has no singularities in the finite plane.
Its solutions must, therefore, be single valued. It is clear that
around the critical points the multiple valued expressions (4.1.1,4)
cannot be unifor; limits of the solutions of the full Orr-Sommerfeld
equation. At these points there is a "Stokes phenomenon”: the
asymptotic expression for a given solution (of the Orr-Sommerfeld
equation) has different forms in different sectors of the complex
plane,

Regions of validity of the asymptotic solutions are determined

by the lines
¢
RR-S J((M—c) J-*J_ = 0
p 28

where yc is a critical point. These lines (hereafter, called Stokes
lines) branch off from the critical points with three branches at
equal angles. Let us denote the Stokes lines by Ck (k = 1,2,3) and
the sector opposite Ck by Sk’ Then Sk is bounded by two curves CJ
(j $ k) and we shall consider these curves to be part of Sk . We

denote by 5 the annular region
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&
y < J J< (e —<) de | £ K
Ye

where K is chosen small enough so that 8 does not contain any zeros
of u(y) - c. Wasow [hz] has shown that in any region § - Sk there
exist solutions of the Orr-Sommerfeld equation represented asymptoti-
cally by solutions of the inviscid equation (4.1.2). He has further
shown that in any region 8§ - Ck there exist solutions represented
asymptotically by the viscous solutions (4.1.4), where the real part
of Q(y) has negative real part in Sk“
We define the integral path ia (4.1.5) by requiring that every-
where on the path the viscous solutions (4.1.4) represent the same
solutions of the Orr-Sommerfeld equation. Foote and Lin [Gllhave
shown that on such a path the real part of Q(y) is monotonically in-

creasing*, The viscous solutions, then, are exponentially unbounded

and we shall not use them. Hence, the effect of viscosity will enter

only through the higher order terms in (o(R)_l of the inviscid solutions.

4,2 The Inviscid Limit

A natural starting point for the study of problems involving large

Reynolds' numbers is the inviscid 1imit, Since in the present case

4(y) = cos y, the inviscid equation (4.1.1) may be written

ﬂ’/"' = dz) F = = ¢o

49#1‘} -

*Foote and Lin discussed the case in which there are two critical
points, but the extension of their work to the present case is
obvious.
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Using the method of variation of parameters this can be transformed

into an integral equation.
b
#2(3) - /(a) + C J ‘((3,3')%(3') J}I (4.2.1)
~r
cJi- wd Y 4-;“'—“L ¢
-« Ji—at !

Ky = J—,  om e gy
|- ol

—cart'}' - c

and A and B are arbitrary constants. The lower limit of integration
is arbitrary but will be taken for convenience to be - 3’. Since the
kernel is singular we must next define the integral path. We do so
by applying the criterion of Wasow [§2] , 88 extended by Foote and Lin
[ 6] to the case of two critical points, that everywhere on this path
a given solution of the Orr-Sommerfeld equation must be represented by
the same asymptotic expression. Specifically, Foote and Lin have shown
that the neighborhood of a path [1 which crosses only one Stokes line
of each critical point is a region of validity of the asymptotic solu-
tions.

We shall be interested in evaluating the asymptotic expressions
at y = £ 9/ since the boundary conditions will be applied at these

points. Since u(y) = cos y the critical points are given by

-1 1
yc = + cos c = t { g T C+ - .. }
- X
Let y1 = 2 c
¥
y2 = 2 t ¢
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Near y1 the Stokes lines are given by

¥ -
nej\/-i(y-yl) dy = 0
"

Let Z1 =y - yl

then
2 -Z‘. 3/
i
R T ! z =0
l
and
2w i’
d-—t—} Z‘ = 3" + % n = integer

Near y2 we find

a.a.,}zzz

where Z2 =y - y2. In Fig. 1 the Stokes lines and the path are shown

2n Y w
- n = integer

(A

. when c, < 0.

Fig. 1
The Integral Path M in the
Complex y-plane
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4.3 Eigenvalue Spectrum for Small |c)
i

Solutions of the integral equation (4.2.1) may be obtained by

ﬁ:oration as series,

P = E_ 2"

where

Y i
4 = L
and

. ¥ K ty.,
P = Jdt K(}t)JJt K(t,,t,) . dt, k(tn-.,t,,)/(t,,)

- -r -
(nx)

The uniform convergence of this series in the neighborhood of [1 is

proved for |c| sufficiently small in Appendix IXI. Two solutions of

(4.1.2), ¢°1 and ¢02. are obtained by setting A =1, B = O and

A=0,B=1,

The boundary conditions are imposed by the equation

(M) =S B (1) o, @) s A, (T) (4.3.1

qﬁfur)- s B, (-7) %;m— s, ¢T)

2T
together with the condition that 7° must be real where s = e

Since the Wronskian of ¢°1. ¢°2 is 2, we have

2-s{ B magl o valcn B o
/ {

RN L) =R, TR (1) w25t =0

or, keeping terms to order |c| and dividing by s,

4 N - 2 (+ -
<o 2T i~ 2 = amzﬁ’rqjmg-c 2(5*5)—0
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The integral may be evaluated by deforming the path as shown in Fig. 2,

< €3 ey ¢
f
x ‘4
- ONE ”

Fig. 2
Deformation of the Integral Path [?

The contributions to the integral from c1 and c6 cancel because the

integrand has period 27’ . The path ¢, + ¢, is from - Y + 100 to

+ % + 100 where the integrand vanishes. The contributions from

c3 and c4 obviously cancel and so the path reduces to a path about the
simple pole at yz.

_;.AL- = 2. § =42 - 20 — 2.
i ‘ 3=‘&2- -4';“32. Vi=e®

<hn1} -« 1&:;3_-c
Solving the eigenvalue eyuation for ¢, we have,

JI - =2 toa 27T = mom 27V I

» Bm 21 T =t

Of course, since we have assumed {c{ to be small this result is valid

C =

only within a small circle about the origin in the c-plane. Within

this circle if o is sufficiently small we find
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2
. ten 27 1+ Wl /2

A <
Cc % —r":i"

In order to satisfy the assumption of small |c; we must have 'lv<< x,
The spectrum lies almost entirely in the unstable region, penetrat-
ing a distance 0(2/2 into the stable region,

If « 18 approximately one we find (again 7’ must be small)

R 2
. m277’—1+2'.r (1-ot")
C 2 <
27*
The spectrum lies almost entirely in the stable region, penetrating

for of{ £ 1 a distance 1 - a(z into the unstable region. For & =1

the spectrum just touches the real axis of the c-plane (neutral sta-
bility) and for o » 1 it recedes into the stable repion. Hence, the
neutral curve in the o(-n plane should approach o( = 1 asymptotically
as R % oo,

We have noted in Chapters 2 and 3 the banded character of the
eigenvalue spectrum. It would appear from the above results that as
o varies from & »1 to o = O the last band of t'e spectrum moves
from the stable region into the unstable region until when & = 0
it lies entirely in the unstable region with its lowest point just touch-
ing the real axis of the c-plane. This suspicion will be substantiated

by the next section. The situation described is illustrated in Fig. 3.
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£ > 0 LXK ¢ | o = 0

Fig. 3
Illustration of a Part of the Eigenvalue
Spectrum in the c-plane

4.4 Eigenvalue Spectrum for Small o

Heisenberg [7,13_" has obtained solutions of the inviscid equa-

tion as a convergent series in 9(2.

F = (u—c):Z_ I <

M =0
where

b 2 'y
d?**: = j Ca-c) oy’ c«—<>zg,(;”)4—3"

an

- 4 2
we shall call cﬁ,‘ the solution corresponding to q0 = 1 and ﬂlthe
other solution. The lower 1limit of integration is arbitrary and will
be taken to be -7’ . The integral paths are defined as in Section 4.2.
2
We shall consider the case in which « €< | and {c\ is or order unity.

From the eigenvalue equation (4.3.1) we have

1+ s { (1 +c) f;(n’)+ﬁ(_’7?_}+sz _ o

1l +c
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Dividing the equation by s,
~

¥ b
__ﬁ—— jal'}' (mél_‘ )2.
-

y A
A< 2P = 2 + « {j —c)?
—”r(ﬁn} C)-

'" (s '
4-‘['613 (1Hn13 'c)z ___:fji_--— + <:9<:°(~)

(e y' b
o 3 +c)

Integrating by n»arts,

14 4

2 ____:f}____ L ]

2.(4;n.2ﬂ’7’—-;) = o J-d).(1wn*}..<)z ‘Jd (.G”L} _‘_)z. + C9Cd‘)
-

-

Using a result of Section 4.4,
r .
‘ 6' 2774 2T C

j (ma—c) = (Jgj “"’3"' = de ,/;; - G _CZ)S/Z.

-
We have, finally,

2
2 (cos 2MP-1) =2 2 2 U *22352) + Bah.
a-c¢)

If ¢ is small this agrees with the result of the previous section.
Since 7’ must be real the right hand side of this equation must
satisfy

-4 < RHS £ O

This is possible if ¢ is pure imaginary and

l

v

or c. & — ,__%Z_.

Thus, there is a band which lies entirely in the unstable region as

o £ c,

4
[N -—

we conjectured in the last section. The situation is somewhat analo-

gous to the Poiseuille flow between parallel planes in which case



there is a single discrete eigenvalue whiph can be unstable.

4.5 The Neutral Curve

solutions.

In order to calculate the part of the neutral curve for which
oK R is large we must obtain higher order terms of the inviscid

c= & (=),

These are given by (4.1.3).

2 e(ﬂ.

Assuming

¢OL ¢° |°

5 + O (Z2) ]

'b\n&—c_

C ., ]

Lo °
!

]
A LR

The integral paths are defined in Section 4.2,

tions are imposed by the equation®*,

-S4, (-Ir)

P/ (M) = s F )

where s = e

*C-O‘z; -

o2

I

The boundary condi-

P (V)-s ¢, (-7)

, , O (4.5.2)
Fo (T)— s (M)

together with the condition that 7 must be real.

Fr(T)

&' ()

*Since the boundary conditions are imposed at two finite points, the
viscous solutions (4.1.4) could be formally included.
equation would then be a 4 x 4 determinant.

tions, however, would be found to have no effect.
Annoandiyvy 1Y

The eigenvalue
The inclusion «f these solu-
This will be shown in
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and so the eigenvalue equation can be written

P (- . z
2 - s () P, (W) N )y KN +2s+ﬂ[(;%)’]-_-o

] (
AET) K| gy &)
Keeping terms to order (o« R)-l, the result cf the calculation is

<Cc = - + —
v . A 28\ [1-&E X

Again the range of 7Y must be restricted in order to satisfy the assump-
tion about c¢c. If of R i8 set equal to <e this gives the result of
section 4.3. The least stable eigenvalue corresponds to 7 = O.

Letting Y =0, c, = 0O we obtain the neutral curve.

£ o = 14 e 2P T- & Z
- |- > | = <oazfrJi—- o2

Of course, the physically meaningful part of this curve is the part

in the first quadrant of the &X-R plane and there only the part for
which o R is large is valid. The curve approaches »{ = 1 asymptoti-
cally as R-—) oo as we anticipated in Section 4.4. The curve is

sketched in Fig. 4 together with the portion obtained in Chapter 3 for

small o<
4

1

Fig. 4
The Neutral Curve in the o{ -R plane
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The unstable region is the region between the neutral curve and the
R-axis, A dotted line indicates a reasonable conjecture concerning the
part of the curve which has not been calculated.

The general shape of the neutral curve resembles those for free
boundary layers between uniform streams. Various expressions have been
- used for the velocity profile of this type of flow. A method of nor-
malizing them has been suggested by Tatsumi and Gotoh [197] so that the
asymptotic form of the nqutral curve in the vicinity of the critical
Reynolds' number is universal. Specifically, they find that the criti-
cal Reynolds' number is zero and that the neutral curve is o = R/4 J‘s"
for small R. It is found that at large Reynolds’ numbers o approaches
a constant value, denoted by °<s’ on the neutral curve. The value of
ol s depends on the velocity profile used. Lessen Ell] obtained a
value of 0,90 (with the normalization used in [19:] ) by solving the
boundary layer equation numerically. This can be compared with unity

for the present problem,



CHAPTER V

STABILITY OF A CELLULAR FLOW

In this chapter the stability of a sgquare cellular flow with
respect to small disturbances is investigated. As in Chapter 3 the
eigenvalue problem is formulated as the vanishing of an infinite
determinant. The treatment is incomplete, but certain modes are found

which can be unstable and with respect to which the critical Reynolds’

number is qrET

5.1 Cellular Solutions of the Navier-Stokes Equations

Exact, two dimensional, cellular solutions of the Navier-Stokes
equatiéns for incompressible fluids were first discovered by Taylor Céi],
The essence of his method is to choose the spacial dependence so that
the non-linear "inertial” terms of the equations of motion cancel
leaving a linear equation to be solved. These solutions are for the
force free case and are essentially a system of eddies decaying exponen-
tially due to viscous dissipation.

Meecham [14:]has generalized Taylor's treatment to include a
cellular force field whose time dependence is quite general and has
also obtained cellular solutions of the hydromagnetic equations for
a highly conducting, incompressible fluid. Meecham's treatment will
be sketched briefly.

The basic equations of incompressible magnetohydrodynamics for
a medium of high electrical conductivity are, in cgs units,

3 U
S—t_*' ),((Z(;Ux—-ﬂ,;d“>

=_);u3+9V22/;+F;

43
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A:
3—3“;’-1' ),‘(4:2/.‘-2(; xu)': /-va*{;

D“z,a( = O

).{ 1‘0‘ = O

where
. | /t( i ) (5.1.1)
'£5 - <4r(= )1 i |
W = £ + 'é: 4?0( 46,(
(
A = qwp €
),( = 9 /9)‘,(

The summation convention for repeated indices has been used. In
these equations Y is the kinematic viscosity, fthe density, p the
pressure, Ui the velocity, H1 the magnetic field intensity, /tfthe
magnetic permeability, F, the external force per unit mass, and S
the electrical conductivity of tﬁe medium.

The Navier-Stokes equations are obtained by setting hi = 0,

After the pressure term has been eliminated the equations of motion

in vector notation are

P = - A
T (sE -v9H = vxlex(F-v)uU ]

2 - N (5.1.2)
+ 7 F — g (v-F)
Q
7Y =o0 (5.1.3)
These equations are solved for the force field
Fl = fl(t) cos Ky + a (t)
F, = £,(t) cos K x + b (t) (5.1.4)

F,_=0



45

where K 18 constant with the conditions

= £
fl = 12 =a=Db=0 t £0
Y
U =0 t £0

The fluid is at rest for negative times. Initial value problems are
solved by using an impulsive force (Dirac delta function). The func-
tions fl' fz, a, b should be twice differentiable but are otherwise
arbitrary. The solution of (5.1.2) for the force field (5.1.4) is

of the form

Ul = a(t) + ac(t) cos Ky + as(t) sin K y
02 = b(t) + bc(t) cos K x + bs(t) sin K x
U3 = 0

If this velocity field is substituted into the equations of mo-
tion we find the (5.1.3) is automatically satisfied and the non-linear
terms in (5.1.2) cancel leaving a linear system which can be solved to

give

t K2y T
U = a(t) + S ds fl(t-s) e 5 cos [ S K b(t") dt" - K y}
° +-5

t 2 +
U, = b(t) + J ds f,(t-s) e K™ s cos [j K a(t") dat" - K x )
[ J

2
t-s
Similar solutions of the hydromagnetic equations can be obtained.

Assuming a square cellular force field,

Fl = f(t) cos K y
P2 = f(t) cos K x
with #(t) = O t €0

the solution can be written

Ul = ac(t) cos Ky
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3
H

ac(t) cos K x

-3
n

ho exp (- A Kzt) cos K y

-4
]

h, exp (- A k%t) cos Kx

where ho is determined by the initial value of the magnetic field
and

t
2 '
ac(t) = e-)’K t J e."l‘:2t f (t') d ¢

[}

The solution can be verified by direct substit;tion into equations
(5.1.1). We notice that the velocity field is unaffected by the
magnetic field which simply decays exponentially from its initial
value because of Joulian heating.

Meecham has discussed two special cases of the solutions of the
Navier-Stokes equations. A magnetic field may be included in these
examples if fhe mean flow vanishes. In the first case it is assumed
that the force is purely impulsive,

f,=1,=0 g(t—t.\)

which corresponds to the initial value problem in which the maximum
value of the initial periodic components of the velocity is U. It
is also assumed that the mean flow is constant,
a=b=0
The solutions obtained from equations (5.1.2) are (t 7to)
2
U1=a+Ucoa[Kb(t - to) —Ky]exp [-—K )’(t-to)]
(5.1.5)
U.=b + U cos [Ka(t-t)—Kx]exp C—Kz)’(t—t)
2 o o
This is similar to the special case discussed by Taylor f21] . The

initial cellular structure is blown downstreanm by the mean flow with
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components (a,b) while decaying exponentially.
In the second case it is assumed that the force is turned en at
t = O and maintained.

f, =1, =F t>0

(5.1.6)
=0 teoO

It is also assumed that the mean flow is constant.
a = b=0

The solutions obtained from equations (5.1.2) are, for t > O,

U.=a+2:2 3 [KbsinKy+K2VcosKy3
~ K'(4Kk”“ ¥ )

2
- [-K b 8in K(y - bt) + Kz Ycos K (y - bt)] e-x vt
(5.1.7)

F 2
U, =Db ¢+ — KasinKxa+ K° ) cos K x
2 K2 (a%x? » ) { [— ]

2
-[K a sin K(x -~ at) + Kz)’coa K(x - at)] e-K 7t }

In this case the field is composed of two parts, a transient which
decays as it is blown downstream and a steady state solution which

remains fixed in space.

5.2 PFormulation of the Problem

We shall assume that the force field (5.1.6) has been maintained
long enough for the transients to have died out. It is further assum-
ed that the mean flow vanishes. From (5.1.7) the velocity components

are
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From(5.1.5) we may note that if at some later time t the force field
is turned off the cellular flow will simply be exponentially damped .
In order to put our equations into dimensionless form we intro-

duce the characteristic length
L, = 1/K

and the characteristic velocity
U, = F/k%»

Then the equations in dimensionless form are obtained by formally set-

ting (—‘ =1and Y= R—l where R is the Reynolds' number defined by
R=U, L/ Y
In dimensionless form the velocity components are simply

U1 = CcO8 Y, 02 = CcO8 X (5.2.1)

In order to study the effect of small disturbances on the basic

flow we substitute

U=U+ U , p=;+p

jnto the Navier-Stokes equations where U is the basic flow (Ul, UZ' 0)
and U' is a perturbation (u, v, w) assumed sufficiently small for
quadratic terms to be neglected. p' is a perturbation of the basic
pressure p. In dimensionless form the linearized Navier-Stokes eﬁua-

tions together with the incompressibility condition are



(5.2.2)

du M _ _3p' 1 o?
;1,- u'ax uz'S';*'v.:;, X +a Y «u
oV Y v Zlb—i )ul"'?-tl+—'-72?r'
e T 4 5% ’-83."' ax T 3y R
W Ly W, 2w = -2’ L g
3t I > x 2 4 = a;*r«
D oV ow
Sx T sy v 53 =0

Squire's theorem, which states that the least stable perturba-
tion is in the plare of the basic flow, has not been proved for this

problem. Nevertheless, since it does not seem possible to simplify

equations (5.2.1) any further, we shall immediately simplify the problem

by considering only perturbations in the plane of the basic flow. Since

the flow is two dimensional and incompressible the equations of motion

can be written in terms of the stream function SV » defined by

_ 3.&’_ _2Y
U 2
°% e
as the vorticity equation (1.2.3), which in dimensionless form is
3 _ Y Y oV 3 3F1 _ R (s.2.3
{at Y a;('.-ax 2y RV}VP" SK

To determine the effect of small disturbances on the basic flow

(5.2.3) is linearized by the substitution

_ po-Fte oy

where ’U is the stream function of the basic flow and /J is the

stream function of a small perturbation. Since in the present case su

satisfies
2 L J

VvV Y +y7 =0
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the linearized vorticity equation in dimensionless form may be

written
2 ( 2 r )(P_) )J; a ’
(G-t o7 r GE 3 - 3 3) (7w

5.3 The Eigenvalue Equation

We shall take for the stream function of the basic flow
l;J- = CO8 X 4 CO8 Y

which is obtained from (5.2.1) with a translation of the coordinate
system. For the boundary éonditions we require that solutions of
(5.2.2) be bounded as x, y —» £ 0o. The time dependence will be
assumed to be exp (- 1 ¢ t). As for the parallel flow, if c:l > 0
the perturbation grows in time and is called unstable. If c1 £ 0
the perturbation is damped and is called stable. Neutral stability
occurs when cy = O and the perturbation is oscillatory. It is
shown in Appendix V that bounded solutions of (5.2.2) must have the

spatial dependence x (x, y) exp 1 (o x + Py) where & and (5

are real and z (x, y) is periodic in x and y with period 2 ff .

x(x+2f.y)= /"(x.y+2'?f)= z(x.y)

Thus, o/ and (5 play the same role as the parameter called '/u

in the case of the parallel flow, i.e., o{ and (_3 "label” the
eigenvalues. The domain - 00 £ d‘(‘ £ oC maps into the eigen-
value spectrum in the c-plane.

Expanding Z in a double Pourier series,

it (K = «(Mmx+rMy)
¢’ = o s TPy 2 Amy 2 3

wH= — co
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and substituting into (5.2.2) we obtain a recursion relation for the

Fourier coefficients,

Amn am-l,n + an am,n-l + Cmn aum
(5.3.1)
+ Dmn l"m,n'&l + Enm ‘aml,n

where
Amn=in(n+(s)[-1-(m+o<—1)2—(n+l5)2_]
Bm=-}R(m+oL) fl-(m+o()2-(n+(5-1)2]
c_ = [(m+u()2+(n+(5)2][-(m+o()2+(n+P)2-‘:Rc]
D =tR@+) [1-@era)’ - (ms (s+1)2j
Em:-gn(n+(s)['1-(m+ o +1)2-—(n+(5)2]

Equations (5.3.1) form a doubly infinite set of homogeneous equations
for the amn' The condition for non-trivial solutions is, of course,
that the determinant of their coefficients vanish. The equations may
be ordered by holding m fixed and letting n vary from - ©© to + oo ,
then increasing m by one, etc. The determinent will then be the de-
terminent A (o(,P ,c) of an infinite partitioned matrix each element

of which is itself an infinite matrix,
m
A(“.P'C)= ‘ I PQ’ —w_‘_p’q < <Co
where
Tﬂ:LPSFﬂ"'M Seg + M, §
3 P ey [ % fal

(L(’)a_;: Af.s Sas

(MP)’lS = !'.':B

(5.3.3)

C,S+1 S‘!,Sﬂ + C@; Sﬂs + bf,S'l S";s"‘
CNP)as = E

"ss‘lS -~ @ £ 2,5 £ ©°
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It will be seen that (('pq) is "quasi tri-dimgonal”, i.e., it

is a tri-diagonal matrix whose elements are matrices. I..p and Np

are diagonal and Mp is a tri-diagonsal matrix quite similar to the
matrix obtained in Chapter 3 for the parallel flow.

The determinant A ( o , P :¢) does not converge as it stands,
but can be made to do so by dividing it by its diagonal elements. In
order to show this, it is necessary to use a weaker condition than
was used in Chapter 3. After the division the determinant will have
ones along its main diagonal. Off diagonal elements corresponding to
large values of m or n will be of order 4R/p or smaller where p is a
(large) integer. Because of the particular symmetry of the determinant,
in the expansion such terms are always multiplied by terms of order
#R/p or smaller. Thus, the expansion converges as Z 1/p2.

The boundary conditions will be imposed by setting A (o, (s,c)
equal to zero together with the condition that o and {.’: must be real,
From (5.3.2) we note that A (2,0 ,c) = 0. Assuming o and ﬂ
small, ¢ is to be obtained as an expansion

2

1Rc=Clo(+C2€+Ca0(2+C4($+C50(ﬁ . .

It will first be proved thac Cl e C2 = C5 = 0, C3 = C4. From

(5.3.2) we notice that the following relations hold:
A-n,xn(--‘ﬁ."() =Dmn(°"F’)
B -
-n, m(-(j,O() = A (, F)

®o, m(-p,xX)=C (¢, 3)
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D-n,u (-(3,04) = an (L ,(3)

B m (-(.%) =B, (o(.@)
Now if the argument of the coefficients of (5.3.1) is (- (s , & ) and
the equations are arranged by holding n fixed and letting m vary from

4+ 00 to - € , then increasing n by one, etc. the determinent of the

coefficients will be

B—S,P ("(3,9‘ ) S’!S

1S

]

(M()),,_S = E—s-“d—, (’G,d) S—:an + C-st('ﬂ,d) gﬂs

+ A'-—S-H;p c_(sad) Sﬂ.)S"l

(Nede = Dy p(-p.d) Sas

From the relations (5.3.2) this determinent is equal to A ,(_5 ,c)

i.e.,
A(-@pd'c) = A(“v P'C)
and [+] (- Pld ') = C (dpp)
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It follows immediately that c1 = 02 = Cs = 0, C3 = C4.

5.4 Unstable Modes

Next A( o, O,c) = 0 will be solved for c assuming |c} and
ok small. Referring to (5.3.3), a Laplacian expansion will be made
using the rows corresponding to p = O: from these 3n non-zero col-
umns (i.e., the columns of Lo' uo, No) all possible n x n determi-
nants must be formed multiplied by their (signed) minors where n is
the number of rows corre#ponding to p = 0. We begin with the deter-
minant of the center block | llo \ and its minor mo. Since P = 0,
| M_ | 1s identical with the determinant obtained in Chapter 3 for
the parallel flow and we know that it is given to order 0(4 by 1its
central nine elements AQ;O. Other terms of the expansion are form-
ed by replacing columns of l Mol by columns from the two off-diagonal
blocks L° and No' the determinant so formed being multiplied by its
minor, of course,

Referring to (5.3.3) and remembering that P = 0, 1t will be
seen that terms of order lMo l m0 are formed only when diagonal ele-
ments of lno) not contained in Ao are replaced, other terms being
of higher order in o( . Terms of order 0(4. then, all contain a fac-

tor of Ao and we, therefore, approximate the eigenvalue equation by

Co-l Do-l 0
B C D

Ao = oo oo oo =0
0 Bo. 1 Co 1l

Solving for c,

tRe= o2 -3RrY &(0(3)
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and therefore, using the result of the previous section,
o2 2 3
iRc= (¢ +P2)(1-§R)+é(°()

Instability occurs if the Reynolds' number is greater than \/ 2 .
It should be emphasized that it has not been proved that these are the
only unstable modes. We can only state that with respect to these

modes, viz., modes corresponding to ol .{S <<1, the critical Reynolds'

number is \[_2_' .



CHAPTER VI

CONCLUSIONS AND DISCUSSIONS

We shall now summarize our results briefly, and discuss possibili-~
ties for future research. The thesis has been primarily concerned with
the stability of the unbounded flow whose velocity profile is the
cosine. The problem has been formulated so that'stability depends
on the sign of the imaginary part of the eigenvalue, denoted by c.

A mode having a positive imaginary part corresponds to a small pertur-
bation which grows in time and is unstable. An interesting feature

of the problem is the nature of the eigenvalue spectrum, which consists
of an infinity of bands, separated by small gaps, lying along the
imaginary axis of the c-plane. We have Seen that there is a single
band which can penetrate into the half plane ci :; O with suitable
values for the wave number of the perturbation, 0( , and the Reynolds'
number R. The neutral curve, ci( u(, R) = O, which separates the sta-
ble from the unstable regime, has been discussed in Chapter 4, A
similarity with the neutral curve for the free boundary layer between
parallel streams has been noted. It has not been proved that the
elgenfunctions form a complete set. Since our conclusion that there
is a critical Reynolds' number (R_ = V2" ) below which the flow is
stable depends on completeness, it would clearly be important to prove
Such a theorem,

We have seen that the formulation of the eigenvalue problem as
the vanishing of an infinite determinant is more convenient for ob-
taining the portion of the neutral curve near the critical Reynolds'
number than the more conventional methods used in Chapter 2. This

method could be applied to any spatially periodic flow. 1Its success

56
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depends on approximating the determinant by a few terms of its ex-
pansion, In general, the number of non-zero super- and sub~diagonals
will be equal to the number of Fourier components of the velocity
profile. Assuming that the off diagonal and center elements are
small, as is the case, for example, when & 1is small, the number of
terms needed to give the determinant to first order is equal to the
number of non-zero elements of the center row (or column). Thus,

the method is particularly useful for flows whose velocity profiles
have a small number of Fourier components and for which the onset of
instability occurs at small values of ¢ .

In Chapter 5 the stabiiity of a two dimensional, cellular flow
has been considered. The material of this chapter should be considered
as preliminary to a thorough treatment of the problem. The eigen-
value spectrum has been obtained only in the neighborhood of the ori-
gin of the c-plane. Modes have been found there which are unstable if
R >\r;‘ . However, it has not been shown that these are the ‘only
modes in this neighborhood. A more complete study of the eigenvalue
spectrum would clearly be desirable.

Moreover, the perturbations have been restricted to the plane of
the basic flow, although it has not been shown that these are the least
stable perturbations. It would be interesting to study the more diffi-
cult problem of the effect of three dimensional perturbations (cf.
equations (5.2.2)) The wave number of the component of the perturba-
tion perpendicular to the plane of the basic flow, ~B"say, would then
play a role analogous to that of & for the parallel flow and it would
be possible to define a neutral curve in the v -R plane.

Finally, it would be interesting to include the effects of com-

pressibility and heat conduction with a view to applications to flows
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of the atmosphere and oceans. Eckart [4] » for example, has shown
that internal waves in the ocean are possible which are two dimen-

sional and cellular in character.
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APPENDIX 11

In Chapter 2 four solutions of the integral equation (2.1.2)

were obtained as the series (2.1.5). We shall now prove that these

series converge uniformly on the interval O 5 y £ 2 f/ provided

|m]is sufficiently large. Consider first the solution ¢1. The

equation for 4)1. (2.1.3), may be written

¢|(‘é) = ‘2.00* - ___Lo(n j} {7'( coab x(a—a')

mE— >
| -m4-at)
b Y fny Ly gy
- (11.1
e jzn“ m(‘a—a'} )
_.___e ¢
hﬂl_dl 2w Co Lqﬁ‘{,l /
3 d 4 K
A
L= A
43'1
The series obtained for ¢1 is
o('é. (11.2)

i

20 ” )
P = :—{_o % where F = =

AT B MR TR

' -W\Z’“(l A

I -mly-4') -1

2m

|

2 m( !
+ A 3’3 } p .:“- '
J} 2w £ /Cv—z«g L C.[“' Ca );‘1’3,
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We recall that the branch of m has been chosen so that Re m = O.

It will first be proved that
P = F XY
Let P ) = Y r(y) (11.3)

Let 4 be the largest of the maxima of l F(y)| ,' P’(y) | » ‘P ( )I
ono <y <£27%. '

- -'
Let Ie‘(yy)lﬁu 0<y<z2ff,o<y <2%.

Substituting (1I.3) into (II.1l)

_ _ ~ X R ¢ — 2 (Y ~ !
Flyy = | mlif'i['“e 33)1

._( -u! 4 ‘

N i_\; ° 'M+ﬂt)(3 3) }»{_‘rz}' [Fl(g')fﬂo(Fté)d-F(;')]Jy'

e (T O e B e ]
._w"'-a(" ] T e 607.\3 EF(2)+ 3)+F3)]“";‘;
| R 2y '
A & l—[ ﬁll {i—(|+M2)+'—’:%l},u(l+o&)oL3/

o X QR v M
- *m‘—oz’\Jo T'JT/'(UM()
fi /

|
>
R
~
m—
£
-‘.
2
~
+
i’lg
g
~
~N
\l
-
o
+
R
\—r
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Thus, <¢71(y) = 69'(é‘y) provided |m| 1is sufficiohtly large. Sub-

stituting this result into (I1I.1)

P, =&+ Gty
1m®

The process may he repeated, Thus,

P = St 7n’
| m|

and the series converges absolutely and uniformly on the interval

0 €y € 27 for sufficiently large |m| . Moreover, we see that each
iteration produces higher order terms in m-l than the last, i.e., the
series converges rapidly if |m| 1is large.

The convergence of the series for ¢792 can be proved in exactly
the same way. The proof for qﬁ and 7( is essentially the same but

3 4

will be given because it differs in detail from the above proof.
After two integrations by parts, the equation for $£3 may be written

w} 4« £ .
Paly) = o ,h___;“_{qf(o)[wacx; , 41,,9]
o]

m*

+“f§(¢>) [:4Arzé_d.3<~ <4»1£;‘n.3 :] }

(11.4)

¥
+-‘L { 2 ol [}tcﬂJg ha(g } )= cexd x ( 3'5 ) ] o l

e L PRSI AT ok,

We shall first prove that

Py = & &™)

¢3(y) = eV F(y)
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Let 4 be the largest of the maxima of | FCy) |, | FJ(y)I on
0&y<2f Let [cosh L(y-y)|(<&M 0<ycg 2V,

0<y < 2%.

Substituting (1I.5) into (1I1.4)

A <) & ~xn1\{/{(|ml+')[ T';\—\]*/“(M“)}

24 o . 2
S|ty | 22 Ty
é i
‘ ~X & l {(l’“li’l)( )+(‘+M)(‘7’/)’+f)+ \A’da‘(zﬁ')

Thus, ﬁﬁ%(y) = CﬁL(emy) if |m| 1is sufficiently large. Substituting

this result into (II.4)

G 1
my :
P = e {ubtm—-)}

The process may be repeated. Thus,

y
ny S
C79 3 (y) = (T;Tn—-)
and the series converges absolutely and uniformly on 0 £ y < 2 ﬁJ

for sufficiently large | m|

The proof of the convergence of the series for 34;(y) is similar

to that for i?;(y)u



APPENDIX 111

In Section 4.4 a solution of the integral equation

y
Py = 1(y) + ¢c j K(y, y') P ") ay’
-

1 J1- 2 Y. g o~ VImat %
-2 ,,__“ 1!

- | i =2t (-4
oD

_where A and B are arbitrary constants was obtained as a series

f(y) = A e

K(y,y') =

oo
P = Z qﬂon where qﬁ‘oa = f(y) and
n=29o0

} t, Tty
n n -
q[,o = c j K(y.tl) dt, J x(tl.tz) dt, . . .jK(tn-,’t,,)/(tu)dt,,
- - -

The integral path r’ is8 defined in Section 4.3. We wish to prove
the uniform convergence of the series in the neighborhood of n
The method will be the same as that used in Appendix 1.
Let | 1) | < M on [1

| Xy,y) | € L y, y' on [7

| @« 4 ol
We begin by proving <7;(y) = Cﬁb(l), From the integral equation we

have,

7

N

M o+ |cf -S la/// dy

n

M
S: 1 - |c|#L
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where 1 is the "length” of [7 . Since M may be taken to be of order
unity, Cfo = é (1) for | c| sufficiently small. Substituting this

result into the integral equation we have
P, o=t e el

The process may be repeated indefinitely so that

n

n <
[<Pol = 1ol M
I
and therefore, the series converges uniformly and absolutely in a

neighborhood of [ for |c! sufficiently small. Moreover, we see

that the series converges rapidly.



APPENDIX IV

In the formulation of the eigenvalue equation (4.5.2) in Section

4.5 the viscous solutions (4.1.4)

&
Cﬁg = (u- )4 exp £ JX R J \/ i(u - ¢) dy (1Iv.1)
Jo

of the Orr-Sommerfeld equation (1.2.4) for large ®K R were rejected
because they are exponentially unbounded. However, since the boundary
conditions are applied at finite points in the y-plane, these solu-
tions could be included formally. It will now be shown that the effect
of formally including them 18 negligible. Using all four solutions,
(4.5.1) and(lv.l), the eigenvalue equation is a fourth order poly-
nomial in s

P, -8 FCT F ) -8 Fy T

= 0 (1v.2)

g, W) -s P T Py Iy -sf, 7

Since in the present case u(y) has period 2 Y , from the third and

fourth columns of (1v.2) we can factor out

1 - 28 cosh S /1o R(u - c) dy + s:Z (1v.3)
i

The integral path [1 is defined in Section 4.2. We have noted that

on this path the real part of Q(y) is monotonically increasing where

¥
Qly) = S \l i (u-rc¢) dy
dc

u (yc) -c=0

Therefore,

Re j T e - o dy=Re [ QW) -QG-T ] #0
n
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Since of R is large, the roots of (1V.3) correspond to unbounded
solutions of (1.2.4) ( |s| # 1) by the theorem quoted in Section
1.3.

After the above factorization the third column of (IV.2) 1s
‘aubtracted from the fourth, the fourth added to the third, and both
divided by -1 OC R(1 + c). Assuming ¢ of order (X R)-l (as we did

in Section 4.5) and neglecting terms of order (o R)-z,

1/ (R o
0 i/uR - o
. 1 + 5/4 i/«R 0
o 1 + 13/4 1/XR

Expanding and dividing by 8,

- _ vi—o? cag 2T - <oa 27 VI -2 |
r +

< c =
44;"22’\/4—0(2-' R
i =X <oa 2T T - <o 2W T [q
&£ R ] 2
v 4.«.,,27}’\)!'17-

c2a-)]+ O (zw)’ ]

The expression (4.5.3) for <.~,1 is not changed. (The range of 7’ must
|

be restricted so that the assumption ¢ = 0' (;"‘a‘) is satisfied.) It

is seen that cr is of order ci/oLR, i.e., of order (a(niz . Thus,

the effect of the viscous solutions is of the order neglected.



APPENDIX V

Consider a linear partial differential equation in two variables
x and y whose coefficlents are periodic functions of x and y with the
period a. It will be proved that a solution V/ (x,y) of the equation

which is bounded as x,y —»t ©o must be of the form

Y (x,y) = e XX +3Y) ¥ (x,y)

where o« and @ are real and Z(x,y) is periodic in x and y with

the period a

L(x+ay = Yx, y+a) = L (x,y)

The proof is an adaptation of the method of Bloch E 1_] .
Bloch imposed cyclic boundary conditions. Here we only require bound-
edness.

Suppose that for a given eigenvalue there are L linearly inde-
pendent eigenfunctions 9{‘ (& =1 ...L). If P g is a solution
of the equation then obviously so are SU K (x + a,y) and %lx(x,y + a)

and there exist relations
L
y/ x(x + 8,)') = Z aK o W« (an)
o=
L

l)UK(x, y+a) = 2 b }”*(x.y)
K=

in group theoretical language, let 2 be transletion

-
! 1
operators such that

ﬁ‘ y ¢ X —» x + a

Ty : y—>y+a
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then Tl SU = A Y

Tz‘lu=8‘)U

(vul)

where W is the (column) vector Wx(k =1 . . . L) and the

(./J K ‘s are the basis functions of the group. A= (ak,() and

n
B = (bk °() are the representations of { 1 and 772.

: 711 and 712 obviously commute and, therefore, A and B commute

and can be simul taneously diagonalized. Let the similarity transfor-

mation which diagonalizes them be

where A' and B' are diagonal matrices.

Next we define L new linearly independent functions by forming

)}
1inear combinations of the WK S

then from (V.1l)

i

T, v = ¢ (Zra,yy = TAY

1!
=
>
=
!
=1
<
il
S
<
r\‘
XN
a=x
~—

similarly,
VJ’(%,‘}-W:\): B¢ (Z.y)
Since A' and B' are diagonal,
VJ;((%-“‘-)%)-:_ ‘lnluc "’),K(x»‘j,)
W'K (z,4+a) = -é'K'u. Wlac (%, 4) K

i.e., the new functions all have the property
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QU'(x + a,y) =8 ?J' (x,y)
W'(x.y-&a) =p y—" (x,y)

where s and p are constants. Define

sge’“a

&a

P = e

then

W' '(x+ a,y) = oM Y (x,y)

Multiplying both sides by e-"“(x +a)

e-',u(x + a) S” (x + a,y) = e"/“x W '(x,y)

Therefore, the function e-lux 9” ‘(x,y) has the period a in x, i.e.,

Y) o= oﬂx ¢(xoY)

where C¥918 periodic in x. Similarly,

P
9/ ‘=@ y @ (x,y)
where AQ is periodic in y. In order for the solutions to be bounded,

/J and @ must be pure imaginary. Thus, all bounded solutions are of

the form
W' = ei(o(;+[3y)z(x.y)

where l (x + a,y) = Z(x,y + a) = Z(x,y) and of and {3 are real,
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