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ABSTRACT

Advances in sensing modalities and computational power have led to the prospect of a
widespread deployment of robots in our society. Central to this objective is developing control
and navigation stacks that avoid conservatism, presumed to be measured by a performance
metric, while being provably and practically safe. A crucial element that must be accounted
for is that controllers, which are typically designed for and tuned in laboratory or highly
monitored industrial settings for a specific scenario, may experience a drop in performance
and lose their safety guarantees when used elsewhere. It is of paramount importance therefore
to import robots with the capability to adapt their controllers online to customize responses
to a priori untested environments.

In brief, this dissertation presents (1) tools to adapt any parametric controller using a
model-based approach to achieve simultaneous satisfaction of multiple state constraints and
enhanced performance; (2) a numerical scheme for predicting future state distributions in
systems governed by stochastic dynamics with state-dependent disturbances, which can be
utilized in model-predictive approaches; and (3) a method to assist decision-making on drop-
ping (disregarding) constraints when it is not feasible to satisfy all constraints simultaneously.

A significant part of the dissertation focuses on a specific safety-critical control method,
called control barrier functions (CBF). The CBF-based controllers have garnered interest
in recent years due to their ease of implementation. However, finding a theoretically valid
CBF remains a challenge and in practice, they are prone to performance degradation and
safety violations, especially when multiple CBFs are imposed together. This dissertation
introduces a new notion of CBFs, called Rate-Tunable CBF's, that allows for time-varying
parameters in theory and online tuning in practice.

The dissertation starts with an introductory chapter reviewing safety-critical controllers
and planners under deterministic and stochastic settings. The second chapter provides a
thorough technical review of CBFs as well as concepts from optimization, probability and
set invariance relevant to this work. The third and fourth chapters focus almost exclusively on
control barrier functions. The third chapter formally introduces the notion of compatibility
of multiple CBF constraints and then follows up with a metric - the volume of the feasible

solution space of the QP - to quantify distance to the infeasibility of CBF-QP controllers. A
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new CBF is designed to prevent the volume from going to zero thereby ensuring the existence
of a solution to the CBF-QP controller at all times. The fourth chapter then introduces
our notion of Rate-Tunable CBFs that allow the parameters of class-K function to vary
with time. This allows tuning of the response of CBF-based controllers. Two methods, one
instantaneously locally optimal and another based on a model-predictive approach employing
gradient-descent on parameters are introduced to design the parameter dynamics.

The fifth chapter examines the effects of uncertain dynamics with state-dependent dis-
turbances. A numerical scheme called Expansion-Compression (EC) Layers, based on the
Unscented Transform (UT), is proposed to predict future state distributions. The UT is a
weighted, particle-based method; the expansion layer increases the number of particles to
represent increased uncertainty due to state-dependent disturbances, while the compression
layer uses moment-matching to consolidate these particles into fewer, representative points,
resulting in a scalable scheme. Applications of the EC-UT are shown in the gradient-based
model predictive auto-tuning framework and the model predictive path integral controller,
which advances the state of the art in sample efficiency.

The sixth chapter takes a departure from parameter adaptation and imparts the con-
troller the capability to permanently drop a constraint from its optimization problem. Such
scenarios are of interest when some low-priority task specifications, imposed as state-input
constraints, conflict with the safety or high-priority task constraints and need to be sac-
rificed. An algorithm is proposed to drop the minimum number of constraints under an
additive priority scheme, a problem that is known to be NP-Hard but unexplored in the
context of dynamical systems where the optimization plays the role of a controller. To-
wards this, a Lagrange multiplier-based heuristic that keeps track of active constraints in
the past is introduced to form a more informed prior for solving the NP-Hard problem. It is
shown empirically that the proposed heuristic outperforms the existing slack variable-based

heuristics.
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CHAPTER 1

Introduction

This dissertation presents a collection of tools I developed throughout my Ph.D. to address
open problems in the control design for safety-critical operations of robots. This field of
research is vast and this dissertation focuses only on an aspect of it - online adaptation
of controllers to enable robots to self-adjust to previously untested environments. This
chapter serves to introduce the motivation for studying such a class of problems, to provide
a summary of contributions made herein, to survey the literature, and finally to present an

outline of the remainder of the dissertation.

1.1 Motivation

Robot controllers are often evaluated using performance metrics, such as the error in reference
tracking accumulated over time while adhering to all constraints. Controllers that achieve the
highest performance are referred to as optimal controllers. In practice, we often find robots to
use non-optimal controllers. This can be attributed to the following two reasons. First, the
optimal controllers, even if amenable to theoretical formulation, are hampered by existing
computational limitations when applied in practice. Second, outside of the laboratory or
highly monitored industrial settings such as assembly lines, it is practically infeasible to
consider all possible scenarios that the robot may encounter in the manual tuning or, in the
context of modern controllers, the training phase. Therefore, supposing that robots are free
to modify the parameters of a given controller, there is a dire need for robots to observe,
interpret, and adapt their controllers for better performance in the real world.

In this dissertation, as in much of optimal control literature, performance is defined as the
ability to perform a task that involves optimizing a user-given metric, such as minimizing
power consumption or reaching the target in minimum time, while respecting state and input
constraints. Robots deployed in the real world are subjected to several constraints that their

controller and planner must account for. They can broadly be classified into three types - 1)



physical limitations imposed by their dynamics, sensor modalities, and actuator bounds, 2)
constraints pertaining to the safety of themselves, the environment, and the external agents,
and finally 3) constraints encoding task specifications such as reaching the goal location
within a given time.

In the face of unforeseen conditions or untested environments, controllers exhibit degraded
performance compared to their offline design phase along with violation of constraints as
illustrated in Fig.1.1(a), (b). This dissertation aims to impart robots the capability to adapt
to new scenarios by designing methods for the online optimization of controller parameters.

Specifically, this dissertation utilizes and develops tools related to

e Constrained control: methods like model predictive control and safety filters such as

control barrier functions for enforcing constraint satisfaction.

e Multi-agent systems: given that multi-agent systems inherently represent multiple
time-varying constraints, this serves as a useful testbed to evaluate algorithms for

constrained control.

e Stochastic dynamical systems: for modeling uncertainties to account for dynamics that

are unknown during the offline design phase and are learned online from observations.

e Constraint prioritization: similar to task allocation but we bring a novel perspective
that allows the robot to drop a constraint from its controller structure completely to

ensure completion of higher-priority tasks.

Since safety is the highest priority in practice for ethical reasons, a standard solution
that developers often implement to circumvent all of the aforementioned issues is to make
the system overly conservative. This conservatism however, although satisfying the original
constraints, can lead to further possibly unsafe outcomes. For example, Fig. 1.1(c) shows
snippets of newspaper clippings showing autonomous cars stopping at intersections thereby
creating a safety hazard by disrupting the traffic. Therefore, a challenge is enabling robots
to reduce conservatism and avoid deadlocks by adjusting their controller parameters without

compromising safety.

1.2 Statement of Contributions

The progress of this thesis can be divided into three parts. In the first part that spans Chap-
ters 2-4, we focus exclusively on control barrier function (CBF) based controllers. CBFs

help convert a state constraint to a coupled state-control input by first monitoring the rate
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of change of the constraint and then exploiting the dynamics of the system while using prin-
ciples from set invariance theory. For example, to enforce a distance constraint, it would
impose an instantaneous distance-dependent upper bound on the velocity of the robot, ef-
fectively slowing it down as it approaches the constraint boundary. One standard way to
design a safety-critical controller using CBF constraints is to filter (project) a user-given
reference controller to satisfy the constraint. This filtering (projection) operation can be
performed by formulating an optimization problem to find the control input closest to the
reference input subject to CBF constraints. Under control-affine dynamics, the CBF con-
straint is rendered linear in the control input and when used in conjunction with quadratic
cost function, the optimization becomes a Quadratic Program (QP) leading to, what is pop-
ularly known as, the CBF-QP controller. CBF's face several challenges for use in the real
world, as detailed in the next section, and we propose new methods to circumvent some of
these challenges. CBF conditions are dependent on a parameter and we present two methods
to tune these parameters online. The first algorithm proposes an instantaneous update law
for these parameters based on the current state. The second proposed algorithm is based
on a model predictive approach wherein we first predict future states (up to a time horizon)
to compute quantities of interest (performance cost and constraint functions) and compute
their gradients to update the parameters in an online gradient descent scheme.

In the second part of the thesis that covers Chapter 5, we delve into uncertain systems
whose dynamics are represented as having state-dependent disturbances with arbitrary prob-
ability distribution. We aim to apply model-based methods to design controllers for such
systems, including but not limited to the model-predictive framework introduced in Chap-
ter 4. However, predicting states under generic stochastic dynamics is known to not be
amenable to analytical expressions and several approximate or numerical approaches have
been proposed over the years. This is because predicting future state distribution requires in-
tegrating functions composed of the dynamics and probability distribution functions (PDF)
of the current state, which is intractable. A simple observation exemplifying this is to note
that that the PDF of a Gaussian random variable X, one of the simplest distributions, is
proportional to e=** at X = z, which is known to be analytically non-integrable by itself
and in composition with other functions in general. While Monte Carlo (MC) is one way
to approximate such integrals, it is known to give accurate estimates only when the num-
ber of particles approaches a large value. Furthermore, when a finite number of particles
are used to predict states over multiple time steps under state-dependent disturbances, the
MC accuracy decreases drastically as each particle induces new uncertainties depending on
where it is located in the state space. This necessitates an increase in the number of particles

across each time step to keep track of the evolving uncertainties resulting in an unscalable



scheme. We propose a way to keep the number of particles fixed across each time step by
compressing the increased number of particles based on a moment-matching operation. The
idea used here is to choose a small number of particles that have the same moments (mean,
covariance, skewness, and so on) as the given large number of particles. We also employ Un-
scented Transform (UT) instead of Monte Carlo owing to its much higher sample efficiency
compared to the latter. We apply the proposed state-prediction scheme in tandem with a
variation of the gradient-based model predictive framework proposed in Chapter 4 to tune
the parameters of any arbitrary policy (not just CBF-QP). We also show the application of
our state-prediction scheme to the Model Predictive Path Integral (MPPI) controller which
is a popular gradient-free controller for finding solutions to optimal control problems. We
evaluate our proposed MPPI algorithm on a case study for planning paths for a stochastic
hybrid dynamical system showing better sample efficiency than state-of-the-art methods.
In Chapter 6, which represents the third and final part of this thesis, we attempt to an-
swer a different but related problem associated with the satisfaction of constraints. We ask
the question - what if it is impossible to satisfy all the constraints simultaneously” Which
constraints should the controller drop and when? Such a scenario could result when the
optimal controller cannot find a solution (that is, the task is impossible to achieve). It could
also result when a given controller, even with all its adaptation laws, is unable to find a
feasible solution in real time. In this work, we focus on the second scenario. We bring
a novel optimization perspective to this problem and given a controller in the form of an
optimization problem, we decide which constraints to remove to continue satisfying higher
priority constraints. Priority can be defined in several ways - absolute, relative, or additive.
We elaborate on our approach in Chapter 6 but notably, we observe that unless we are com-
puting an optimal infinite horizon solution, removing constraints permanently is bound to
have a different impact than relaxing the constraints (for example by adding a slack variable)
in practice. Secondly, while removing constraints from an infeasible optimization problem
to render it feasible is a well-known NP-Hard problem in optimization literature, it has not
been explored in the context of dynamical systems where the parameters of the optimization
problem change with the state of the system. We propose a heuristic to use the correla-
tion between the current-time infeasible problem and past feasible optimization problems to
generate a more informed prior for solving the NP-Hard problem. Empirical results show
significantly better performance than existing methods to solve the aforementioned NP-Hard

problem.



1.3 Literature Review

This section presents several existing methodologies for control and planning under determin-
istic and stochastic dynamics. Planning and control has a rich history as well as a fast-paced
present and the review presented below is by no means close to complete however, is the

most insightful to the work presented in this dissertation.

1.3.1 Review of Safe Control and Planning

When it comes to safe motion planning , Artificial Potential Fields [243, 244] (APF) were
proposed in the 1980s and quickly became popular for their simplicity. APFs assign a
potential value to the state under consideration by summing up the negative potentials
assigned to obstacles and a positive potential function assigned to the target state. This
method may be subject to local minima however, potential function design procedures to
avoid them have also been proposed [271, 171]. The velocity of the agent is then designed to
track the negative gradient of the PF. APFs are however unable to account for any arbitrary
dynamics of the agent and, in practice, require a separate tracking controller.

Inspired by optimization literature, reciprocal barrier function or logarithmic barrier func-
tions [77, 128, 170] emerged as an alternative way to APFs. The concept is extended to a
control barrier function that imposes an instantaneous state-dependent bound on control
input so that the closed-loop system satisfies the condition of the reciprocal barrier function
[220]. The current prevalent form of CBF though is the zeroing control barrier function [15]
that requires the barrier function be to zero [182] instead of infinity on the boundary of the
safe set. In practice, zeroing CBFs leads to a well-behaved functions suitable for a numer-
ical implementation. The original CBF was designed for an ideal deterministic system in
continuous time. The recent variations include extensions to discrete-time [9], sampled-data
[42], hybrid [54, 53, 182], input bounded [10], event-triggered [165, 218] and stochastic dy-
namical systems [67, 259, 31]. However, designing valid CBFs such that the state-feedback
controller results in a closed-loop vector field satisfying the barrier condition is non-trivial.
Towards this end, sum-of-squares programming, Hamilton-Jacobi reachability [226], offline
learning [184, 203, 138], geometrical analysis [44], and iterative refining procedures [10] have
been successfully applied to constructive valid CBFs. However, each of the above methods is
dependent on some user-chosen parameters, and their coupling with the nominal controller,
which is important, is not considered resulting in non-optimal controllers. Consequently,
while they provide an excellent prior, they still require a module for online refinement of
CBFs. Furthermore, since the safety filter defined by CBF constraint and the nominal con-

troller may work against each other, CBF-based controllers, like APF's, are also prone to local



minima or deadlocks [55]. CBFs still carry several advantages over APFs and the reader is
referred to [202] for additional comparison between them.

APFs and CBFs are also prone to, what is popularly termed as, being myopic (meaning
short-sightedness). They design control input at time ¢ based only on the state at time
t, that is, independent of (future) states at time 7 > ¢t. When the objective is to opti-
mize cumulative performance over a time period, such a controller is known to be optimal
over time only for unconstrained liner systems in general (LQR control for an informed
reader). To solve optimal control problems in real-time, one of the most popular control
and (short horizon) kinodynamic planning method is Model Predictive Control [155, 187]
(MPC). MPC, when posed as an optimization problem, encodes arbitrary constraints while
optimizing a user-defined performance objective. In contrast to most state-feedback control
laws developed specifically for stability over the years, MPC, inits scope of implementation,
does not require the system to be controllable thus leading to its immense popularity as
a model-based control method upon its inception. The two main drawbacks of MPC are
practically intractable nonlinear optimization for nonlinear dynamics and constraints and
difficulty in proving recursive feasibility unless a controlled invariant set is known a priori.
With improvements in computation speed though, MPC as a nonlinear program is getting
more tractable, but linearizing the constraints and dynamics to result in a QP controller is
a standard approach.

Iterative LQR [132] (iLQR) is a similar iterative procedure for trajectory optimization
that linearizes the dynamics and uses the known optimal LQR solution at every time step.
Differential dynamic programming [147] (DDP) instead uses a second-order approximation
of the cost function. Each iteration of finite horizon iLQR and DDP is based on backward
and forward passes to optimize the sequence of control input, as is typically done in LQR.
More recently, variations of DDP accommodating hard state-input constraints have also been
proposed [258, 201].

Sampling provides an alternative procedure to gradient-based techniques with the po-
tential to work with a broader class of functions besides being differentiable and not being
prone to local minima. Planners like rapidly-exploring random trees [124, 125] (RRT) and
cross-entropy sampling [194, 118] have consequently received equal attention over the years
however were limited to low-dimensional kinematic systems in their nascent years since sam-
pling scales poorly with state-action dimension. Kinodynamic variants [245, 250] have also
been proposed. In general, however, expensive planners such as RRT and long-horizon MPC
are still implemented in multi-rate navigation architecture requiring a pre-defined tracking
controller [143, 11, 193] operating at low-level.

Assessing the cost-benefit of the pros and cons of all the aforementioned controllers and



planners is application-dependent to a large extent. The prevalent landscape is also often
reshaped by advances in computing capabilities, including both software and hardware.
For example, learned neural network controllers and planners [72, 178] and parallelizable
sampling-based methods like model predictive path integral [246] (MPPI) controllers utilize
GPUs to provide real-time implementation suitable for a wide variety of tasks.

Despite the advancements, all the methods are limited by the computational requirements
affecting the choice of prediction horizon, number of samples, dimension of state and inputs,
etc. This necessitates online adaptation and real-time response to unexpected behavior
to result in more optimal paths. Note that these shortcomings are only compounded by

considerations of noise, partial state observation.

1.3.2 Multi-agent and Social Navigation

Teams of collaborating robots can enable tasks such as payload transportation, surveillance
and exploration [189]. The ability to meet specifications such as safety and goal reaching
even in the presence of non-cooperative agents is essential to successful operation and mission
accomplishment. This dissertation often uses multi-agent systems as a testbed for evaluating
algorithms. An account of the history of multi-agent systems is not necessary to understand
the progression of this dissertation but it has inspired several research problems that we
propose solutions to. Thus, the survey here is presented in the spirit of making this thesis
an amalgam of unique research areas that render robots capable of observing, interpreting,
and adapting their controllers and planners for better navigation. As such, although the
field of multi-agent systems has a rich history, we only delve into topics of interest to us.
We focus specifically on non-centralized control design for multi-agent systems incorporating
uncooperative as well as adversarial agents.

Control synthesis for multi-agent systems in the presence of non-cooperative agents has
also received vivid interest, with many remarkable results [176, 213, 230, 197, 270, 100,
156, 180]. In [197, 213, 176, 230, 270], the authors present resilient algorithms for flocking
and active target-tracking applications, respectively. In [180] and [156], the authors design
game-theoretic and adaptive control mechanisms to directly reject the effect of adversaries
without the need of knowing or detecting their identity. Recently, CBF-based approaches
have also been presented for achieving resilience under safety and goal-reaching objectives.
In particular, [39] developed multi-agent CBF's for non-cooperative agents. [231] designed a
mechanism to counter collision-seeking adversaries using CBF-based control that is robust
to worst-case actions by the adversaries. All of the above studies either assume that the

identities of adversarial agents is known a priori, or they design a robust response without



knowing or detecting their identities; nevertheless, as also evidenced by our simulations, both
cases can lead to conservative responses. Moreover, most of these works assume further that
each agent knows the exact dynamics of the other agents.

Some of the practical challenges in this dissertation were also motivated specifically by
problems in social navigation [86] - the study of robot navigation amongst humans. Two
mainstream research directions in social navigation are human motion modeling and planning
and control architecture for robots. For the former, several potential field-based models
were developed initially however the recent shift is towards data-driven learning. Several
deep-learning based trajectory forecasting algorithms [196, 263] have been published for
performance evaluation on specific open-source datasets - see [86] for a list of human motion
datasets. The trajectory forecastign algorithms along with simulated models can be used
to train robot policies for navigation [57]. Generalizability of the learned models to out-of-
distribution scenarios remains a challenge nonetheless however in this work, we only focus
on the latter.

Social navigation inside buildings adds another layer of the challenge of navigating in
narrow spaces. Several existing approaches such as [200, 177, 48] for indoor navigation with
humans rely only on fast replanning through a low-level planner based on simplified dynamics
for collision avoidance, and do not employ a safety-critical controller. These approaches,
although perform well in practice through fast replanning, do not guarantee safety and
often make robots conservative. Designing guaranteed safe controllers and planners for this
problem remains a challenge with no viable and generalizable solution proposed yet. Among
CBF-based approaches, which is of interest in this dissertation, [237] uses CBF-MPC, an
MPC controller with constraints defined by CBF derivative conditions, for navigation in
crowd, and [223] designs a novel CBF for polytopic obstacles and uses it in the CBF-MPC
framework for navigation in corridor environments. From an application perspective, [237]
does not consider indoor environments and [223] does not consider dynamic moving agents.
While MPC does help with maintaining the feasibility of multiple CBF constraints when
imposed together, no guarantees of the recursive feasibility of MPC have been shown to
exist in dynamic indoor environments, these controllers are still prone to infeasibility. While
enforcing compatibility (simultaneous satisfaction) of multiple CBF constraints remains a
challenge, we provide a more thorough literature review in Chapter 3 and also propose a
novel way to solve this problem. We evaluate our algorithm on a ROS-Gazebo hospital
environment and show better feasibility maintenance over vanilla CBF-QP.

Another notion of interest to the manifold of work presented in this dissertation is trust.
We share inspiration with work that aims to develop beliefs on the behavior of other agents,

and then use them for path planning and control. Deep Reinforcement Learning (RL)



has been used to learn the underlying interactions in multi-agent scenarios [45], specifically
for autonomous car navigation, to output a suitable velocity reference to be followed for
maneuvers such as lane changing or merging. A few papers explicitly model trust for a multi-
agent system [232, 85, 107]. In particular, [232] develops an intent filter for soccer-playing
robots by comparing the actual movements to predefined intent templates, and gradually
updating beliefs over them. Among the studies focusing on human-robot collaboration,
[85] learns a Bayesian Network to predict the trust level by training on records of each
robot’s performance level and human intervention. [107] defines trust by modeling a driver’s
perception of vehicle performance in terms of states such as the relative distance and velocity
to other vehicles, and then uses a CBF to maintain the trust above the desired threshold. The
aforementioned works show the importance of making inferences from observations. However,
they were either developed specifically for semi-autonomous and collaborative human-robot
systems using offline data sets or when they do consider trust, it is mostly computed with
a model-free approach, such as RL. The above studies also use the computed trust as a
monitoring mechanism rather than being related directly to the low-level controllers that
decide the final control input of the agent and ensure safety-critical operation. In Chapter
4, we introduce a notion of CBF that allows changing parameters with time to manipulate
the conservatism or aggressiveness of a CBF controller. We present a small case study that
defines trust based on the observed contribution of another agent to the satisfaction of CBF

conditions and then use it to modify the parameters in the CBF controller.

1.3.3 Auto-Controller Tuning

Controllers are traditionally tuned by hand by experienced professionals however manual
tuning can still be inefficient especially when the parameter space is high-dimensional. For
PID, which is still widely used for linear systems or nonlinear systems with feedback lin-
earization, several techniques such as Zieglar-Nichols [162] and software tools exist [133, 272]
for stabilization tuning. However, these methods have limited scope as most real-world sys-
tems are not linear, have input and state constraints to account for, and do not employ PID
control.

Two classes of automated tuning techniques are model-based and model-free. A method-
ology commonly applied in both approaches is to define a cost function and perform a search
for parameters, either by sampling or gradient descent, that optimize the cost function. The
cost function could, for example, enhance stability objectives over a time horizon.

Data-driven model-free methods approximate the gradient by constructing a surrogate

model of the cost function using collected data. One of the most popular techniques for
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model-free tuning is Bayesian Optimization [112](BO). BO typically uses Gaussian Process
regression to build a surrogate model of the cost function from observed data and uses
the uncertainty estimates of GP and possibly its gradients to explore and optimize the
parameter values. BO has already been applied to tune the parameters of a wide range of
controllers [144, 50, 139] such as MPC [20, 208, 94], LQR [144], PID [58, 84], Kalman Filter
209, 60](assuming Kalman gain is a controller parameter to help stabilize state estimate
error!). Safe BO additionally attempts to sample parameters that prevent unsafe behavior.
For example, SafeOpt [211] was used in [29] to tune quadrotor controller gains. It has
additionally shown versatility in an accommodating variety of scenarios such as finding
Pareto in front of conflicting objectives, time-varying objective functions, and preference-
based tuning. BO is however known to be inefficient in high-dimensional state and parameter
spaces [87]. Besides BO, metaheuristics such as Particle swarm optimization (PSO) and
ant colony optimization (ACO) have also been used in several works to explore parameter
space. Readers are referred to [207] for a comparative study of existing BO methods and
metaheuristics for controller tuning. Another popular parameter tuning algorithm is Markov-
chain Monte Carlo (MCMC). More recently, [140] uses Metropolis—Hastings algorithm, a
MCMC algorithm, to tune quadrotor controller gains for high-speed flights and deep-learning.
Finally, all of deep-learning (model-free or model-based) is also arguably tuning parameters
of neural networks to output a well performing policy.

In this dissertation, we take a model-based approach to develop a real-time controller
tuning algorithm for their sample and computational efficiency. Model-based methods [227,
123, 175] leverage the knowledge of known dynamics to improve performance, often by
computing the gradient of the cost function w.r.t controller parameters and applying gradient
descent. The cost function is evaluated by rolling out dynamics to predict future states in
the simulation Model-based RL algorithms such as PILCO [75, 190] also lie in this domain.
Following seminar work in OptNet [18] to differentiate through a QP’s solution, a lot of work
has been done for differentiating through various types of convex programs [7] (also known
as performing sensitivity analysis), thus popularizing the field of differentiable optimization
(DO). DO has been used to tune various controllers such as MPC [17, 81], Pontryagin
differential programming for optimal control [111, 110}, control barrier functions [175, 142,
257](includes this dissertation’s work) and LQR [235]. Chapter 4 and 5 also employ DO to
tune CBF-QP controllers for deterministic as well as stochastic dynamics in the presented
case study. More recently, DiffTune [62, 63, 216] builds up on the aforementioned works
and proposes a generic controller auto-tuning framework utilizing auto-differentiation while

addressing issues like gradient-descent learning rate tuning.
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1.3.4 State Prediction under Uncertainties

In the absence of an accurate system model, the field of stochastic control and planning aims
to offer protection against disturbances. The notion of safety therein is also defined to enforce
constraint satisfaction in probability, also known as chance constraints. These problems
are also researched by names of risk-aware planning and control [103] and scenario-based
optimization [145, 51]. Note that while the field of robust control also offers protection
against bounded disturbances, in several real-world systems uncertainties are considered
to be of a stochastic nature and can be adequately characterized [149]. Some of these
sources may be aleatoric, while others are epistemic. The uncertainties, whose sources can
be aleatoric or epistemic, thus naturally lead to noisy state estimates from sensors and
well-defined probabilistic dynamics models that govern the motion. Therefore, it is more
natural and less conservative to consider stochasticity in states than just assuming hard
bound without any structure within.

Extensions of MPC [149, 150, 41], DDP [222], CBFs [67, 259, 31], and MPPI [262] to
stochastic dynamics settings with the new notion of risk have appeared in the literature.
Two of the challenges to these are 1) the notion of risk to be used, for example, based
on the central confidence interval of Gaussian or conditional value at risk [192], and 2)
tractable representation and time propagation of state distribution. In this dissertation, we
only consider the second, that is, the representation of and propagation of state distribution
across multiple time steps.

One of the standard approaches is to approximate the state distribution as Gaussians
and propagate it through a linearized dynamics function with additive white noise [114].
This problem accepts analytical expressions and is also popularly used in Extended Kalman
Filter [188] (EKF). Another standard approach is to employ Monte Carlo sampling [262] or
scenario-based optimization [51] and optimize control input to satisfy constraints across all
samples or scenarios with user-imposed probability [149]. The former is efficient but induces
large approximation errors whereas the latter has the potential to be precise in theory but
computationally expensive in practice.

Several studies have either proposed intermediate solutions in terms of accuracy and com-
putational efficiency. In general, a Gaussian passed through a nonlinear dynamics function
does not accept analytical expression however in the special case of dynamics given by Gaus-
sian Process (GP) utilizing a Gaussian kernel, Practical Inference for Learning and Control
(PILCO) [75] derived explicit analytical expressions. PILCO proved to be a seminal model-
based reinforcement learning (RL) algorithm achieving better performance than model-free
methods at the time while being more sample-efficient, learning to stabilize a cart-pole with

only 18 seconds of interaction with reals-system and having no prior dynamics knowledge.
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PILCO’s application nonetheless only holds for Gaussian kernel in GP dynamics. The ana-
lytical expressions proposed by PILCO have been adapted for stochastic MPC and trajectory
optimization [115], and stochastic differential dynamic programming [222, 168]. While still
widely employed, PILCO’s update, first only applies to a specific kernel in GP, and sec-
ond does not apply to any other output distribution besides Gaussian. Some works have
tried to alleviate this problem by maintaining higher-order moments, or by approximating
distributions with more generic parametric representations. [205] and [13] employ Monte
Carlo (MC) to estimate future rewards and their gradients. The authors in [166] used Un-
scented Transform (UT) to propagate uncertainty in the presence of Gaussian noise and
improve an initially feasible trajectory with DDP. The approach in [236] represented distri-
butions as a mixture of Gaussians, maintaining coefficients for basis functions, and used the
Gaussian quadrature rule to propagate the coefficients over multiple time steps. Chapter
5 contributed to this growing literature and proposed a new scheme based on Unscented
Transform for models with state-dependent uncertainty models. UT is more sample efficient
than MC and while previous UT approaches were designed for state-independent noise or
only considered the mean of GP’s output [240] (ignoring the covariance outputted by GP),
Chapter 4 explicitly considers the evolution of uncertainty of each involved particle used to

approximate the state’s probability distribution with UT.

1.4 Outline of the Thesis

In what follows, an outline of the remaining chapters is provided along with a brief overview
of the contributions made therein. Publications that resulted from these chapters are also
listed.

e Chapter 2 presents an overview of optimization, control barrier functions, and proba-
bility theory that will be prerequisites for understanding the concepts that unfold in
the subsequent chapters. We also present a thorough and technical literature review of
CBFs at the end of Chapter 2 hoping that the preliminaries introduced would better

enable readers to appreciate the advances in this field.

e Chapter 3 focuses on the problem of enforcing multiple CBF's together and proposes a
solution based on quantifying the feasible solution space of multiple CBF constraints
using polytope volume. We then define a new CBF to prevent this volume from going

to zero, thereby maintaining compatibility of multiple CBF's.

— Hardik Parwana, Mitchell Black, Bardh Hoxha, Hideki Okamoto, Georgios
Fainekos, Danil Prokhorov, and Dimitra Panagou (2024) (2023). Feasible Space

13



Monitoring for Multiple Control Barrier Functions with application to Large Scale

Indoor Navigation. arXiv preprint arXiv:2312.07803 (under review)

e Next, to allow real-time adaptation of CBF based controllers, Chapter 4 introduces a
new notion of Rate Tunable CBFs that allows for time-varyig class-&C function. Two al-
gorithms, one myopic and another based on model-predictive framework are introduced

to improve performance of CBF-QP controllers while maintaining feasibility.

— Hardik Parwana, and Dimitra Panagou. ”Recursive feasibility guided optimal
parameter adaptation of differential convex optimization policies for safety-critical
systems.” 2022 International Conference on Robotics and Automation (ICRA).
IEEE, 2022.

— Hardik Parwana, Aquib Mustafa, and Dimitra Panagou. ”Trust-based rate-
tunable control barrier functions for non-cooperative multi-agent systems.” 2022
IEEE 61st Conference on Decision and Control (CDC). IEEE, 2022.

— Hardik Parwana and Dimitra Panagou. ”Rate-tunable control barrier functions:
Methods and algorithms for online adaptation.” To appear in 2025 American
Control Conference (ACC). IEEE, 2025. Available on arXiv:2303.12966 (2023).

e Chapter 5 delves into uncertain systems and introduces a numerical scheme based
on Unscented Transform to propagate state distributions in the presence of state-
dependent uncertainties. This algorithm is called Expansion-Compression Unscented
Transform (ECUT). Applications of ECUT are shown to - 1) the model-predictive
tuning framework from Chapter 4 and 2) to model predictive path integral (MPPI)

controller for designing control inputs for stochastic hybrid dynamical systems.

— Hardik Parwana, Mitchell Black, Bardh Hoxha, Hideki Okamoto, Georgios
Fainekos, Danil Prokhorov, and Dimitra Panagou (2024). Risk-aware MPPI for

Stochastic Hybrid Systems. To appear in 2025 American Control Conference
(ACC). IEEE, 2025. Available on arXiv:2411.09198.

— Hardik Parwana, Albus Fang, and Dimitra Panagou. FORESEE: Prediction with
Expansion-Compression Unscented Transform for Online Policy Optimization.
arXiv preprint arXiv:2209.12644 (under review, conditionally accepted in IEEE
TCST.)

e Chapter 6 introduces the problem of dropping constraints from an optimization prob-
lem. This problem is known to be NP-Hard however has not been explored in the

context of dynamical systems where the optimization problem plays the role of the
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controller and whose parameters change with state of the system. A heuristic is pro-
posed to find the correlation between current infeasible optimization and past feasible

optimizations to make a more informed prior for solving the NP-Hard problem.

— Hardik Parwana, Ruiyang Wang, and Dimitra Panagou. ”Algorithms for Find-
ing Compatible Constraints in Receding-Horizon Control of Dynamical Systems.”
2024 American Control Conference (ACC). IEEE, 2024.
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CHAPTER 2

Preliminaries

In this chapter, we present a general form of the system that is considered in the first few
chapters. We also introduce our notations and provide an overview of definitions and con-
cepts from control, probability, and optimization theory that are used or will aid understand-
ing throughout this thesis. The later chapters however will introduce additional theories as
needed. We also provide a thorough literature survey of the control barrier function (CBF)
based methods at the end of this chapter. This choice was made to first provide the reader
with sufficient background to understand the limitations of existing methods, and second,
to allow the reader to skip directly to either of the chapters 3, 4 or 6 and still appreciate the

contribution made there.

2.1 Notations

The set of real numbers is denoted as R which is the field this thesis will work unless stated
otherwise. The set of non-negative numbers is denoted as R™. Let R™ denote n-dimensional
vectors of real numbers and R™*" the set of matrices with m rows and n columns. In this
work, a vector in R” is understood to be a matrix with one column, that is, R* = R"*!,
M7 denotes the transpose of a matrix M € R™ ™. I denotes the identity vector or matrix
depending on the context. Let Z denote the set of integers.

For z € R,y € R™, |z| denotes the absolute value of = and ||y|| denotes the Ly norm of
y. Unless stated otherwise, the inner product (z,y) is defined as the standard inner product
induced by L, norm, that is, (z,y) = 27y. The character 3 is shorthand for ”there exists”
and the character V is shorthand for ”for all” or "for any”.

A set is a collection of elements. We use upper-case letters to denote sets. Given a set
X, 2% denotes the power set of X, Given sets A and B, A C B denote that A is a subset
of B. We do not distinguish between C and C and A C B allows A = B. Let |A| denote

the cardinality (number of elements) of the set A. The interior and boundary of a set C
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is denoted by Int(C) and dC. The empty set is denoted by (). When sets are functions of
another variable, for example when the elements change with time ¢, we use the notation
A(t) : T — 2%. AN B denotes the intersection and A U B denotes the union of sets A, B.
Let lim,_,, f(z) denote the limit of function f as its argument approaches a. The char-
acter x is used in this book mostly to refer to the system’s state under consideration. The
dependence on time is implicit, that is, = x(¢). The time derivative of x is denoted by &

z(t+6)—z (¢
0 5

and is defined as #(t) = lims_, ). The domain D and co-domain R of a function f

will be introduced as f : D — R, a notation we have already used in the preceding para-
, % denotes the derivative (also called partial derivative) of
the function w.r.t function’s first argument ¢. Similarly % denotes partial derivative w.r.t

graph. For a function f(¢,x)

o . . df(tx) _ af | Of 5 o of :
x. The total derivative w.r.t time ¢ is denoted as 2= = G + Z&&. Finally, 3&|,—, is the

partial (total derivative when only one argument is present) derivative evaluated at y. When

the domain or co-domain is a vector space, 2L is also called the gradient or Jacobian of the

ox
: . PN m Of mxn
function f. If f: R" — R™, 5 € R™*".

Additional notations will be introduced in later chapters as needed.

2.2 System Description

A dynamical system is described by the following nonlinear dynamics
&= F(z,u), (2.1)

where x € X C R" and v € U C R™ represent the state and control input, and F : X xU —
X is sufficiently regular so as to admit unique solutions to (2.1) for all times. In the first two
chapters, we consider a special case of (2.1), the nonlinear control-affine dynamical system

given by the following:

&= fz) +g(x)u, (2:2)

where f: X - R" and g : X — R™ are locally Lipschitz continuous functions. The set S of
allowable states is specified as an intersection of N sets S;,i € {1,2,.., N}, each of which is

defined as the zero-superlevel set of a (sufficiently smooth) function h; : X — R as:

S 2 {z € X : hi(x) >0}, (2.3a)
0S; & {r € X : hy(z) =0}, (2.3b)
Int(S;) = {r € X : hy(z) > 0}. (2.3¢)
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In several parts of this thesis, the safe sets are also allowed to vary with time. In this
case, the above definitions can be re-written to define barrier function as h; : RT x X — R

and the safe set as

Si(t) 2 {x € X : hi(t,z) > 0}, (2.4a)
ASi(t) 2 {x € X : hy(t,x) = 0}, (2.4b)
It(S;)(t) 2 {x € X : hy(t,z) > O} (2.4¢)

2.3 Optimization

Given a cost function f : R® — R and constraint function g : R® — R*, an optimization

problem in v € R™ is given by the following

min  f(u) (2.5a)
st. g(u) > 0. (2.5b)

A trajectory optimization or model predictive control generally results in nonlinear f and g
functions and hence in nonlinear optimization problems (2.5) that are notoriously difficult to
solve for their globally optimal value. Several solvers exist however to find a locally optimal
solution. In this work, f and g are differentiable functions and we use IPOPT [238] solver
which is an interior-point method.

Some forms, especially when f and g are convex functions, are more tractable and do
not possess locally optimal points thus easily giving the (unique) globally optimal solution.

The following are standard forms of some convex programs frequently used in this thesis - a

Linear program (LP) and a Quadratic Program (QP)

LP :min ATu (2.6a)
st. CTu>0 (2.6b)
QP :min u'Qu (2.7a)
st. CTu>0, (2.7b)

where A, Q) = 0 and C' € R™. Most of the implementations in this thesis use the GUROBI
[102] solver to solve LPs and QPs.

Finally, we would like to introduce Lagrange multipliers for they play a brief but important
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role in the last chapter of this thesis. Given a constrained optimization problem (2.5),
Lagrange multipliers are used to convert it into the following min max problem subject to a

simpler constraint

max muin fu) + Mg(u) (2.8a)

st A>0. (2.8b)

Notably, the optimal solution z*, A\* of (2.8) satisfies the complementary slackness condi-

tion (one of the KKT conditions of optimality)
MTg(z*) =0, (2.9)

implying that, for all ¢ € {1,..,k}, A\; is zero when the constraint g(z); is inactive and
non-zero when constraint g;(x) is inactive. Therefore, the values of the Lagrange multiplier
(usually returned by the solver) can be used to track the constraints have been active over
time when a controller is formulated as an optimization problem whose parameters (such as
matrices A, C, @ in (2.6) and (2.7)) vary with state = of the system. We exploit this insight
in Chapter 6.

2.4 Barrier Functions and Set Invariance

In this section, we introduce some important definitions and results from the theory of set

invariance that will aid understanding of the next section.

Definition 1. (class-K) A continuous function « : [0,a) — R™ is said to belong to class-K

, denoted a € K, if «(0) = 0 and « is strictly increasing.

Definition 2. (class-K) A continuous function a : Rt — R™ is said to belong to class-K,

denoted a € K, if a € class-KC with a = oo and limy_, () = 0.

Furthermore, if the domain of the function is [—a,a] ((—o0,00)), then the function is
called extended class-KC (extended class-K,).
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2.4.1 Set Invariance

Definition 3. (Distance from a set) Given a set S C R™ and a point y € R™, the distance
of y from S is defined as

dist(y, S) = int |ly - wl| (2.10)

Definition 4. (Tangent Cone) Given a closed set S, the tangent cone of S C R™ at z € R"

is defined as follows

7—0 T

Ts(x) £ {z eR"

lim inf S ETS) 0} (2.11)

Below we present a simplified version of Nagumo’s theorem based on [37][Theorem 4.7].

Lemma 1. (Nagumo’s Theorem) Let & = F(x) and assume that for each initial condition
z(0) in an open set O C R", it admits a (not necessarily unique) solution defined for all ¢ > 0.
Let § C O be a closed set. Then § is weakly positively invariant for the system if and only

if velocity vector satisfies Nagumo’s condition
F(z) € Ts(x), (2.12)

where weakly positive invariant implies that at least one of the solutions (since solutions
may not be unique for & = F(x)) lies inside S. When the field F'(x) is such that a unique
solution exists for all initial conditions x(0) € O, then the unique solution is guaranteed to
lie inside &, that is, we get positive invariance instead of just weak positive invariance.

Note that in the interior of the set S, 7s(z) = R". Therefore Nagumo’s condition is
meaningful only on the boundary 05 of the safe set S.

Remark 1. In simple words, Nagumo’s theorem implies that the state remains
inside the safe set if and only if the velocity field (i) points inside or is tangent
to S.

2.5 Control Barrier Functions

The control barrier function (CBF) is a popular method to convert state constraints to
coupled state-control input constraints by exploiting the knowledge of dynamics (2.2) to
control the flow of the time derivative of the state constraint. The idea is to design a control

input such that the closed-loop dynamics satisfies the Nagumo’s condition (2.12).
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Let r; denote the the relative degree of barrier functions h;. When r; = 1, we have the

following classical CBF definition

Definition 5. (CBF) [14] The function h; : X — R is a CBF for the system (2.2) on the
set S; defined in (2.3) if there exists an extended class-KC, function «; : R — R and a set D;
with S; C D; such that

oh;
sup

uel oz

(f(z) + g(x)u)| = —a;(hi(x)), Yz € D;. (2.13)

Since «;, being a class-IC function, satisfies o;(0) = 0, at h; = 0 Eq. (2.13) results in

i w) = (@) + o)) 2 0 (2.14)

Since (2.14) satisfied Nagumo’s Theorem, the existence of a CBF h; guarantees forward

invariance of the set S;.

Remark 2. (Candidate CBF) Note that finding a valid CBF entails simultaneously find-
ing a function h and a class-XC function « such that the condition (2.13) is satisfied for all
x € D. In practice, this is not a trivial task and and often everyone uses an invalid bar-

rier function A in their controllers to impose condition (2.13). We refer to invalid CBFs as
Candidate CBFs.

Definition 5 can be generalized to barrier functions with higher relative degrees. Suppose
the relative degree of the function h; w.r.t. the control input u under the system (2.2) is

r; > 2. For r; class-K functions o, k € {1,2,...,7;}, we define the following functions:

Ui (@) = hi(2), (2.15)
YE(x) =i M) Faf (v (@), ke {12, mid,

and the set:
G = ({e | vf " (x) > 0. (2.16)
k=1
Definition 6. (HOCBF) [214] The function h;(z) : R" — R is a Higher-Order CBF

(HOCBF) of ri-th order on the set %; for system (2.1) if there exist r; extended class-K
functions o : R — R, k € {1,2,..,7;}, and an open set ; C RT x R" with 6, C 4, C X

21



such that

sup |7 o, u) + o (W (2))]| >0, Vo € 2. (2.17)
uel
In several applications in this thesis, we only consider linear class-XC functions defined as

follows
o (h;) = vFh;, (2.18)

where ¥ € RT is a constant.

Note that for r; = 1, (2.17) reduces to h;(z,u) > —vth;(x). And for r; > 1, 1)¥ does not
depend on u for k < r; — 1. If h; is a HOCBF for the set S; and there exists a Lipschitz
continuous controller u : RT x &; — U that satisfies (2.17), then the forward invariance of

the set S; is guaranteed under the closed-loop dynamics (2.2) [15, 134].

Remark 3. (Time-varying safe sets) Although the definitions 5 and 6 consider time-
invariant safe sets, variations for time-varying safe sets have also been proposed [134, 254].
Notably, the conditions remain the same except that the derivative of CBF and HOCBF
should also consider variation with time. The result can alternatively be derived using
Nagumo’s theorem applied to non-autonomous systems [52, Theorem 3.5.2]. The CBF con-

dition becomes

ot ox

sup
ueU

(f(x) +g(x)u)} > —a;(hi(t, z)), Yo € X,Vt >0, (2.19)
and the HOCBF condition becomes

sup [&{i_l(zﬁ,x, u) + ozzi(wfi_l(t,x))] >0, Ve e 2;,Vt > 0. (2.20)

ueU

Example 1. Consider a double integrator robot with state = [p,, py, P, Py] and dynamics

3] [o o
4 0 0
i [T u, (2.21)
0 10
0 01

where p,,p, € R are X,Y positions of the robot and u € R? is the acceleration input to the

system. Now let h = p, — 5 be a 2"? order barrier function and the derived barrier functions
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be

Y? =p, — 5, (2.22)
W =0+ = p, + v (pe — 5), (2.23)

and the HOCBF condition is given by

suﬂg[iﬂl + 3l = sug[ul + vy + V2 (e + v (pe — 5))] > 0. (2.24)
ue ue

Upon simple glance, it can be seen that Eq. (2.24) can always be satisfied since u; is
unbounded and, for this specific example, the coefficient of u; is equal to 1 (independent of
state) and never vanishes. Therefore h = p, —5 is a valid HOCBF in the sense of Definition 6.

Usually, finding a valid CBF is not an easy problem. Consider that input « is bounded,
|ur| < 5. In this case, (2.24) cannot be satisfied for all safe « (h(x) > 0), and therefore h(x)
is not a valid HOCBF. Alternatively, consider unbounded control input but the following

extended unicycle dynamics

Pz = vcosb, (2.25)
Py = vsinb, (2.26)
0= w, (2.27)
b =a, (2.28)

where 6 is the heading angle, v is the forward velocity, a is the forward acceleration, w is the

angular velocity, and u = [a w] is the control input. The HOCBF condition then becomes

supQ[a cos ) — vsinfw + (V' + v*)vcosf + v'v?(p, — 5)] > 0. (2.29)
ueR
In (2.29), coefficients of a and w can vanish simultaneously. When they do, it may not be
possible to satisfy (2.29) even if h(x) > 0 irrespective of the choice of v!, 12 (or even any
nonlinear class-KC functions).

The above example serves to illustrate that finding a valid CBF/HOCBF for dynamical
systems is a non-trivial problem and requires simultaneous consideration of dynamics, control

input bounds, and choice of class-XC function.

Remark 4. Strong forward invariance using Nagumo’s theorem requires the closed-loop
system to admit a unique solution. Most CBF papers including seminal the work [15]

(for zeroing barrier function) make the assumption that the solution is unique and then
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show sufficiency of CBF condition in guaranteeing safety. It can be argued that this is
a very strong assumption and infact not necessary. Some works such as [119, 254] do not
require Nagumo’s theorem to prove sufficiency of a CBF and CBF-like conditions in enforcing
forward invaraince of safe set. They instead construct a tractable comparison system and use
comparison lemma to show forward invariance. Note however that a safe system by definition
lies inside a compact set (with the exception of states approaching infinity which we ignore)
and therefore Nagumo’s theorem is a necessary condition nonetheless and the closed-loop
system must satisfy it. In this dissertation, we continue referring to Nagumo theorem since

it the behavior of controllers near safe set boundary with an intuitive explanation.

Remark 5. The seminal work in [15] does not state that the class-K function « should
also be Lipschitz continuous. However, the results it uses from [116] to prove its claims do
require the class-K function to be Lipschtiz continuous. Some of the follow-up papers [254]
explicitly state class-IC to be Lipschtiz continuous. In this dissertation, we also assume that

class-IC functions are Lipschtiz continuous.

2.5.1 Controller Description

A standard way to design a controller satisfying CBF conditions is to impose conditions

(2.17) in a Quadratic Program as follows

_ ; _ 2
u = arg min |lu — u,(z)|| (2.30a)
st 97 @) > —a (@), i € {1, N}, (2.30b)

where u, : R"™ — U is the reference control input provided by the user. In practice, u,
is typically designed without any regard to safety constraints to fulfill stability objectives
like reaching a target location. While several works also impose relaxed Lyapunov equations
(relaxed with slack variable to give higher priority to safety constraints), we assume all such
relaxed constraints are part of nominal controller wu,.

Controller (2.30) reduces to the following popular form when all relative degrees are 1

and linear class-KC functions are used

— ; _ 2
u = arg min |lu — u,(x)]| (2.31a)
st h(z,u) > —vth(z), i € {1,..,N} (2.31b)
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2.6 Probability Distributions

For y € R", y ~ D denotes that the random variable y follows the distribution D. The
distribution may be multivariate, that is, y € R". In this book, the distribution may also
change with state z of the system and will be used with appropriate arguments as needed,
for example, y ~ D(x). The probability of an event A C €2 where €2, where (2 is the sample
space, is denoted by P(A). We only use continuous random variables in this work. The
cumulative distribution function (CDF) is defined Fx(z) := P(X < ) and the probability

d
distribution function (PDF) is defined as fx(z) := aF x(z).

The n-th moment of a real-valued continuous random variable with PDF f(x) about a

value c is the integral

iy = /OO (z — ¢)"f(z)da. (2.32)
—0
In this work, we use the standard values of ¢, ¢ = 0 for n = 1, and ¢ = p; for ¢ > 1. The
first moment n = 1 is referred to as the mean or expectation of X. We use the notation
E[X] and p(X) to refer to expectation as both are commonly used. The variance, the second
moment, is denoted as X[ X], skewness, the third moment, is denoted by S(X), and kurtosis,
the fourth moment, is denoted by K(X). Based on (2.32), the aforementioned moments are

thus defined as follows

E[X] = /_OO zf(z)de, (2.33)
5x) = [ (@~ BUX) @~ BX) (@) (2.34)
S(X)ijk = E[(z — E[X])i(z — E[X]);(z — E[X])&], 1,4,k {1,..,n}, (2.35)

K(X)iju = E[(z — E[X))i(z — E[X]);(z — E[X))i(z — E[X])] ¢,4,k,l€{l,..,n}, (2.36)

where note that E[X] is n x 1 vector, Covariance is a n X n symmetric matrix (second-order
tensor), S is a 3-dimensional matrix (3" order tensor) whose (t,j, k) element is denoted
as Sk, and kurtosis is a 4-dimensional matrix (4" order tensor) whose i, j, k, [ element is
denoted as K. Covariance is a measure of the spread of the random variable but it cannot
encode asymmetry. Skewness on the other hand is a measure of asymmetry. For a Gaussian
random variable X, skewness is zero.

In Chapter 5, we work on the premise that retaining information about a distribution is
equivalent to retaining information about its moments. Although this thesis does not require

the reader to understand the origin of this premise, we mention the two contributing results
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here for the sake of completeness.
The following theorem states that a probability distribution is completely determined by

its moments under the specified conditions

Theorem 1. (Hamburger moment problem) [79] Let p be a measure on R such that

all the moments

my, = /00 z"dp(x) (2.37)

—00

_1
are finite. If >~ 7 m, 2" = 400 then the moment problem for (m,,) is determinate, that is,

 is the only measure on R with (m,,) as its sequence of moments.

Another result that contributed to our choice of moments is the following Taylor series
expansion of the function of random variable [161] [82]. Given a random variable X with

mean g and a infinitely differentiable function f, we have

70 =+ 3 2 oy DS T 2
i=1 ! i=1 j=1
We can now take moments from both sides to find expressions of moments of f(X) in terms

of moments of X and derivatives of f. Readers are referred to [161] [82] for more details.

2.7 Literature Review of CBF's

As mentioned in Chapter 1, we take an unconventional approach and include a thorough
survey of existing CBF methods in this last section. The preliminaries introduced in this
chapter would aid in a better understanding of the limitations of the existing approaches
and the contributions made herewith in the next two chapters.

Despite significant extensions of the CBF concept to address various challenges (e.g.,
modeling/parameter uncertainty, input constraints) over the last few years, we highlight

three unsolved issues.

2.7.0.1 Finding valid CBFs

Given a single constraint function, finding a suitable (valid) CBF reduces in effect to finding
both a barrier function and a class-K function so that the CBF condition can be realized for
given dynamics and control input bounds. This task is non-trivial and several approaches,

mostly offline, have been proposed recently [72, 109]. When the safe set is represented as an
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intersection of the sets defined by several constraints, for example, when there are multiple
unsafe regions such as obstacles, the objective becomes finding a controller that simultane-
ously ensures the invariance of the intersection of the sets. Existing CBF implementations
either combine all barriers into a single barrier function [96, 210, 169] resulting in a sin-
gle CBF derivative condition, or consider each barrier separately [229, 256, 241] thereby
imposing multiple CBF derivative conditions simultaneously. Either case only adds to the

complexity of finding valid CBFs.

2.7.0.2 Feasibility and optimality

CBF controllers are in principle obtained as the result of a Quadratic Program (QP) searching
for the point-wise minimum-norm control input, and therefore are myopic, i.e., only point-
wise optimal. This can lead to sub-optimal performance in the long term. In other words, the
point-wise solutions can be inferior in terms of performance compared to trajectories obtained
by the exact solution of the Infinite or Finite Horizon Optimal Control [69, 175] problem.
Furthermore, imposing multiple CBF's and control input bounds in the optimization problem
can lead to infeasibility of the solution (controller) at the current or at some future time. We
call this problem “lack of persistent feasibility” of the low-level CBF controller. Note that
a good choice of CBF parameters may lead to persistent feasibility, whereas a poor choice

may not; however, finding a good choice of parameters is not a trivial problem.

2.7.0.3 High relative degree

The notion of CBFs as first introduced in [15] applies to constraints of relative degree r = 1
with respect to the system dynamics, i.e., to constraints whose first-order derivative is a
function of the control input. The concept is extended to constraint functions of higher
relative degree r > 1, i.e., to the case where the control input appears in the r-th -order
derivative of the constraint function. [159] proposed the class of Exponential CBFs when
the class-KC functions used in CBF derivative condition are linear in their argument. They
employ input-output linearization and design controllers via pole placement so that the
barrier state is stabilized to zero. [253] generalizes Exponential CBFs to generic nonlinear
class-KC functions in the form of Higher-Order CBFs (HOCBF). [219] proposes an alternate
Lyapunov backstepping-based design for higher-order systems that always find a first-order

barrier function.
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2.7.1 Current approaches and limitations
2.7.1.1 Finding valid CBFs

In recognition of the importance of finding a valid control barrier function, several works
have also attempted to learn a barrier function, or to find the domain over which a given
barrier function satisfies the CBF condition. [10] does offline analysis to find the domain over
which CBF condition can be satisfied in the presence of input bounds. [191, 137] perform
offline analysis to find a barrier function that satisfies the CBF derivative condition. A more
thorough survey on learning-based methods can be found in [73].

When multiple constraints are present, [210, 169] combine barrier functions into a single
barrier constraint through smoothed minimum (or maximum) operator. [34] proposes a novel
weighted-summation technique, where the weights are tuned for performance and to avoid
singular states where the control input has no contribution to barrier function derivatives
(usually the latter is only assumed, but not guaranteed, to not happen in the literature).
The authors in [96] perform non-smooth analysis to construct a barrier function with the
non-smooth minimum (or maximum) operation. The aforementioned approaches thus either
involve smoothing approximations or require intricate non-smooth analysis. When multiple
CBF derivative conditions are considered simultaneously instead as in [229, 256, 241], [215]
proposes an offline sampling-and-grid refinement method to search the domain of state space
over which multiple control barrier functions are compatible. Multiple CBF constraints also
arise naturally in multi-agent scenarios. [135, 136] encode Signal Temporal Logic (STL)
tasks and safety specifications as CBF constraints. [39, 231] propose CBFs for safe swarm
behavior in the presence of uncooperative agents when their identities are known in advance.
These uncooperative agents serve as an excellent example of uncontrollable systems, where
different CBF class-K functions are suited to controllable and uncontrollable dynamics. The
safe sets are also time-varying for the controllable dynamics, which most of the aforemen-
tioned papers have not considered in their theoretical analysis. [231] designs a robust CBF
controller for systems with adversarial agents without detecting malicious agents. [157] de-
tects malicious agents by checking for collisions in the predicted future wherein the ego and
target agents, forgoing their other objectives, try to only maintain and violate respectively,
the CBF derivative constraint. Both the above-mentioned approaches are conservative due

to the consideration of worst-case bounds.

2.7.1.2 Feasibility

All of the aforementioned works use a constant class-K function over the whole domain,

and its parameters are often pre-tuned manually before deploying for an actual application.
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However, since it is not possible to test each and every scenario in the offline phase, there is a
dire need for online adaptation, especially to maintain the feasibility of the controller in the
presence of multiple constraints and input bounds. Several works relax the CBF constraint
in the QP to ensure that the QP controller has a solution. [266] proposes an optimal-decay
CBF-QP that multiplies the class-XC function by a scalar variable that is optimized for (along
with the control input) in the QP. [241], [91] introduced similar relaxation strategies for
CBF constraints with the subtle difference being that instead of linear multiplicative factor
to generic class-IC function, they only consider linear class-K functions and treat the class-IC
function parameter as an optimization variable. [199] considers control non-affine dynamics
and in light of the resulting loss of linearity of the CBF constraint, chooses to impose it
through a penalty term in the cost function, thereby converting it into an unconstrained
optimization problem.

The aforementioned adaptive approaches can be thought of as adapting on a need basis;
i.e., they relax the CBF constraint whenever the original class-IC function leads to infea-
sibility. However, persistent feasibility is not guaranteed for multiple CBF constraints in
the presence of input bounds. Since they also solve for the control input point-wise (via a
QP), they are still sub-optimal in the long term. Among the non-myopic approaches, [256]
multiplies a scalar penalty to the class-IC functions, and creates a dataset of persistently
feasible and eventually infeasible parameters offline by randomly sampling parameters and
simulating the system forward. Then they fit a differentiable classifier that is used to impose
the resulting feasibility margin as another HOBCF constraint in the system. [142] performs
offline learning to learn the best-performing parameters of the class-XC function as a function

of the state, although without consideration of feasibility.

2.7.1.3 Optimality

In an effort to produce optimal trajectories over a time horizon with the hitherto mentioned
approaches, predictive frameworks similar to Model Predictive Control have inspired several
developments. [252], [267] impose control barrier function constraints for every state and
input pair in an MPC formulation. [265] employs CBFs with penalty class-K functions
from [266] to specify safety constraints at each time step of the MPC formulation to resolve
the trade-off between feasibility and safety, and enhance them both at the same time. [98]
shows that, for legged robots, using CBF constraints in both the MPC-based high-level
planner and the low-level controller leads to the best results in terms of number of missteps.
While the aforementioned approaches report improvement in performance, incorporating
CBF constraints in MPC usually results in nonlinear optimization that typically cannot be

solved fast enough to replace low-level controllers running at, for example, 40Hz or more.
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The low-level CBF controllers can also be made less myopic by taking incorporating future
predictions in their design. [32] propose a future-focused CBF, wherein they construct a
CBF based on the minimum distance to the boundary of unsafe set in the future predicted
based on zero acceleration policy. [43] also proposes a predictive control barrier function
(PCBF) that, given a nominal trajectory in terms of sequence of control inputs, predicts the
future and upon encountering a safety violation, uses the sensitivity of state at the future
instant of safety violation w.r.t the first input in the sequence to reduce the violation.

All of the aforementioned works except for [32] and [43] perform offline analysis (training
or verification) to find a control barrier function. Since it is computationally infeasible
to simulate all possible scenarios offline that the robotic agent may be subjected while
operating in real-world, there is a need for online learning and adaptation in face of unforeseen
environments. This need can result from, e.g., a varying number of agents in a multi-agent
scenario, or time-varying safe sets that the robot is subjected to based on the user’s whim,
such as changing collision radius. Most of the learning and verification-based frameworks [72,
109] also focus on learning a barrier function that can satisfy the CBF derivative condition for
a fixed class-KC function. However, class-K can not only drastically change the realizable safe
set, but also affects the performance in the long term. The methods that do adapt class-XC
function online, do so through a relaxation that does not help improve the optimality of the
resulting trajectory or guarantee persistent feasibility in presence of time-varying multiple
barrier constraints and input bounds. Therefore, a generic framework to handle multiple

CBF constraints and ensure feasibility in an online phase does not exist.
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CHAPTER 3
Feasible Space Perspective on CBF's

In Chapter 2, we formulated the QP controller (2.30) to enforce multiple CBF (or HOCBF).
While each h;,i € {1,.., N} may individually be a HOCBF, they need not admit a solution
simultaneously. Consequently, a solution to (2.30) may not exist even if each h; is HOCBF.

We call the property of having a common solution to all HOCBF conditions as com-
patibility. In this chapter, we construct a new CBF to keep the user-provided N CBFs
compatible. That is, it prevents the state from entering parts of state space where the N
CBF's do not accept a common solution.

Besides having a theoretical contribution of introducing a measure of compatibility in
Section 3.3, our method also has a practical appeal, arguably even more so than the theo-
retical contribution itself. Our proposed method relies on the use of an existing method of
constructing valid CBFs, as will be seen later. Therefore, the use of our newly introduced
notion of measure of compatibility is limited by the capabilities of existing methods. In
practice, however, we use our measure of compatibility as a candidate CBF and show that
it helps improve feasibility over the baseline HOCBF-QP controller given by (2.30).

3.1 Literature Review and Statement of Contributions

Designing a safety-critical robot motion stack for ensuring the satisfaction of multiple, pos-
sibly time-dependent, state and input constraints is an active area of research. This work
deals with the formulation of low-level controllers for control-affine dynamical systems based
on control barrier functions (CBFs). Given a constraint set, a CBF for given robot dy-
namics can be designed such that imposing a restriction on its rate-of-change in the control
design guarantees constraint satisfaction for all times. This condition is typically imposed
on the control input in an optimization problem such as a quadratic program (QP). In the
presence of multiple constraint sets, it is common to simultaneously impose CBFs designed

independently for each constraint in the controller. However, in such implementations, no
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(a) AWS Hospital Gazebo Environment (b) Rviz visualization of map and planned path

Figure 3.1: Indoor navigation scenario (a) Robot (green circle) navigating in AWS Hospital gazebo
environment using proposed CBF controller. (b) Rviz visualization of the global map, global
planner’s path (green), humans (blue) and the nearest static obstacles (red, found in the way
described in Section 3.5.3) used by the robot for collision avoidance.

guarantees for existence of a control satisfying all the CBF constraints exist, and violation
of safety may result.

In this work, we introduce a CBF that enforces the existence of a common solution to
multiple CBF constraints at all times, a property we call persistent compatibility. Towards
this, we introduce the following new metric. At a given state and time, we quantify the
feasible control input space defined by multiple CBF constraints and input bounds in terms
of its volume. For example, for control affine dynamics and polytopic input constraints,
the feasible control space is also given by a convex polytope. Next, we introduce a novel
feasible-space control barrier function (FS-CBF) that prevents this volume from going to
zero. Our controller is thus a QP that augments the user-provided CBF constraints with an
additional FS-CBF constraint. The existence of FS-CBF is shown to be a sufficient condition
for enforcing the persistent compatibility of multiple CBFs.

Two commonly used approaches employed in the literature for handling multiple CBF
constraints are: combining all barrier functions into a single one [169, 96, 210] or imposing
the barriers simultaneously [229, 6, 241]. In [169, 210], barrier functions are combined into a
single barrier constraint through a smoothed minimum (or maximum) operator. Employing
non-smooth analysis, [96] constructs a barrier function with the non-smooth minimum (or
maximum) operation. All of the aforementioned approaches assume compatibility of CBFs
when imposed together [229, 6] or assume that the newly constructed CBF is a valid CBF
for dynamics of the system and input bounds.

A few studies explicitly try to circumvent the persistent compatibility issue. A sampling-
and-grid refinement method is proposed in [215] to search the domain of state space over
which multiple control barrier functions are compatible. However, it does not propose a

controller to confine the robot to this domain. A sum-of-squares (SoS)-based CBF synthesis
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method when constraint sets are described by polynomial functions is given in [68]. In [44],
sufficient conditions are provided for designing multiple CBFs concurrently so that a QP-
based controller using all the CBFs will always be feasible. The work by [35] consolidates
multiple CBF's into one CBF and proposes a predictor-corrector adaptation law for weights
of constituent constraint functions. Additionally, a CBF learning framework is proposed
in [184] for decentralized but cooperative multi-agent systems. Some works allow class-K
functions to adapt by having time-varying parameters. The work by [256] creates a dataset
of persistently compatible and eventually incompatible parameters by randomly sampling
parameters and simulating the system forward. Adaptation of class-K parameters is also
performed by posing CBF-QP as a differentiable layer in a predictor-corrector framework
[175] and in learning paradigm [257] for learning of safe policies.

We introduce a procedure that exploits existing approaches such as reachability analysis
[226] to synthesize a valid FS-CBF. Owing to the limitations of these approaches though,
it might not always be computationally feasible to find FS-CBF. In such cases, we show
empirically that that imposing feasible space volume as a candidate FS-CBF enhances the
persistent compatibility of standard CBF formulations. It is also observed to reduce the
sensitivity of CBF-QP controllers to user-chosen parameters such as gains of the nominal
controller. Furthermore, finding the volume of feasible space and its gradient with respect to
constituent hyperplanes are non-trivial problems as they do not accept analytical expressions
in general. As a contribution, we also introduce some of the existing approximations suitable
for control-oriented applications. To the best of our knowledge, we are the first to present
this paradigm of quantifying the feasible control input space of CBFs as well as consider
an optimization problem’s feasible solution space volume and its gradient in control design.
Previous approaches simply check if the CBF-QP is feasible, which amounts to checking
whether the volume is non-zero. Note that instead of synthesizing FS-CBF, it may be
possible to consolidate multiple CBFs into a single valid CBF offline. However, such an
ideal scenario is difficult, if not impossible, to achieve due to prohibitive computational
requirements of existing approaches. It may also be difficult to account for all possible
possibilities in the offline phase. For example, such scenarios may have varying number of
humans and obstacles. Our motivation lies in ensuring safety in highly constrained indoor
environments, such as in Fig. 3.1 with static as well as dynamically moving agents like
humans. Our idea to monitor feasible space volume thus has a high practical appeal for
robotic applications.

Finally, paired with ROS2 navigation stack planners, we also provide the first applica-
tion of CBF-QP controller on a large scale indoor navigation scenario by implementing our

controller on AWS Hospital environment in Gazebo [2]. Several existing approaches such
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as [200, 177, 48] for indoor navigation with humans rely only on fast replanning through a
low-level planner based on simplified dynamics for collision avoidance, and do not employ a
safety-critical controller. Our controller may thus complement existing planning frameworks.
Among CBF-based approaches, [237] uses CBF-MPC, an MPC controller with constraints
defined by CBF derivative conditions, for navigation in crowd, and [223] designs a novel CBF
for polytopic obstacles and uses it in the CBF-MPC framework for navigation in corridor
environments. From an application perspective, [237] does not consider indoor environments
and [223] does not consider dynamic moving agents. While MPC does help with maintaining
feasibility of CBF constraints, it is unlike our method of monitoring the volume of feasible

space.

Summary of Contributions

e Introduced the notion of persistent compatibility and formulated Feasible-Space Con-
trol Barrier Function (FS-CBF) to quantify and restrict the rate-of-change of the vol-

ume of the feasible control input space.

e Demonstrated through simulations that FS-CBF enhances persistent feasibility and
reduces hyperparameter sensitivity in CBF-QP controllers. We also demonstrate our
controller in a large-scale indoor navigation scenario, integrated with ROS2 navigation

stack planners.

3.2 Problem Formulation

We use the notation introduced in Chapter 2. Given a barrier function h;,7 € {1,.., N}, the
set of control inputs that satisfy the HOCBF derivative constraint (2.30b) for a given state

x at time t are given by
Ui(t,z) = {u e R™ | Y7t o, u) + ol (it ) > 0} (3.1)

Definition 7. Feasible CBF Space: At a given time ¢ and state x € X, the feasible CBF

space U, C R™ is the intersection of sets U;,i € {1, .., N} with control input domain

Ut z) = ﬂ Ui(t,z)(\U. (3.2)

For control-affine dynamics in (2.2), the constraints (3.1) are affine in u and represent

halfspaces. If the input domain is also polytopic, that is, U = {u € R™ | A,u < b,}, A, €
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R2m>m h € R?*™, then the feasible space U, is a convex polytope. Figure 3.2 visualizes the
polytope for a single integrator-modeled robot as it navigates around obstacles. For brevity,

we will be denoting the feasible space in following form:
U(t,x) = {u e R"|A(t, x)u < b(t,x)}, (3.3)

where A : RT x R* — RWV+2m)xm - R+ 5 R® — RINF2m)X1 \We also denote each row of A
by a; and each element of b by b;,7 € {1,2,.., N}. Next, we formally introduce the notion of
compatibility and state the objective of this chapter.

Definition 8. (Compatible CBFs) At time ¢ and state xz, the barriers h;,7 € {1,.., N}
are called compatible if U.(t,x) # (). Furthermore, given a Lipschitz continuous controller
m : X — U, the barriers h; are called persistently compatible for dynamics (2.1) with
w=m(x)in (2.1) if 3E C X such that vy € E = U.(t,x) # 0 for all ¢t > 0.

Problem 1. Consider the dynamical system (2.2) subject to N barrier function constraints
hi(t,z) > 0 where each h;, defined in (2.3), is a HOCBF for the set S; respectively. If for
the initial state g € R™, h;(t,x9) > 0,i € {1,.., N}, U.(0,x) # 0, design a controller such
that V¢ > 0, h;(t,z(t)) > 0 and U.(t,z) > 0.

We propose a solution to Problem 1 in Section 3.3.1. However, owing to limitations of
related literature, our solution may be difficult to realize in practice. We therefore propose
several approximations in Sections 3.4 and 3.4.1 and provide empirical validation of their
efficacy in Sections 3.5.2 and 3.5.3.

3.3 Feasible Volume Control Barrier Function

The infeasibility of CBF-QP results when U(¢, ) becomes empty. In this section, we propose

a novel control barrier function built upon the feasible space as a means to solving Problem 1.

3.3.1 Polytope Volume Barrier Function

A measure of the feasible space is its volume. Let V(t,z) = vol(U,)(t, z) where vol is the

volume function that, for a polytope P = {u|Au < b}, is defined as follows

vol(P) = / av, dv =[] du;, (3.4)
j=1

ueP
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Figure 3.2: Feasible space (green) of a single integrator agent with X, Y velocity inputs as it
navigates to its goal location with N=3 in (2.30) while avoiding obstacles (black). (a) The path in
configuration space, (b), (c), (d) feasible control space visualization at different times. The dotted
lines represent hyperplanes that constrain the control input. The 2 x 2 square is formed by the
imposed control input bound. Other hyperplanes are formed as a result of CBF equations in (3.3). A
video of animation can be found on thesis website: https://github.com/hardikparwana/PhD-Thesis
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where du; is an infinitesimal change in u;. Note that V(¢t,x2) = 0 when U,.(t,z) = 0. The
compatible state space is defined as the set of states D(t) = {x € X | V(t,z) > 0} and is
visualized in Fig. 3.3. We then aim to find a CBF V. : Rt x R” — R, with class-K function

ay,, that renders D(t) forward invariant by imposing the following condition

V. (t,x,u) > —ay, (Ve(t, x)). (3.5)

We now present the following theorem that states the sufficiency of FS-CBF condition
(3.5) for compatibility of h;.

Theorem 2. Let h;,i € {1,.., N} be N barrier functions corresponding to N safe sets defined
as in (2.3). Let V(t, z) be the volume of the feasible CBF space U.(t, z) in the control domain
defined in (3.2). For 0 < e << 1,1et D(t) = {x € X | V(¢,x) > €} be the compatible state
space of h;,i € {1,..,N}. Then h; are persistently compatible if there exists C C D and a
function V, : R™ x R” — R such that V. is a control barrier function on R* x C and z(0) € C.

Proof. Suppose that V. is a CBF with class-KC function ay on RT x C, with C € D. If
z(0) € C, then z(t) € C,¥t > 0 under the action of the controller that satisfies (3.5).
Therefore, V.(t,z(t)) > 0,Vt > 0 and hence V(t,z(t)) > € for all ¢ > 0, implying persistent
compatibility. O]

Note that sets of measure 0 have zero volume. Therefore, in Theorem 3.3 we enforce
Y > ¢ to distinguish between cases U, = () from the case when U, is a set of measure 0.

Computing V(t, z) requires computing the volume of the feasible space U.. This is not a
trivial problem and even when feasible space is shaped as a convex polytope as in (3.3), it
does not admit analytical expressions for V. In the next section, we introduce some existing
approximate approaches that are suitable for our application.

Contrary to intuition, only imposing (3.5) in a controller does not ensure that the chosen
control input lies inside the feasible space. Since instantaneously violating a CBF constraint
does not lead to an immediate violation of safety, choosing a control input outside of U.(t, z)
(thereby violating at least one out of N CBF constraints) may help in increasing V. and
therefore satisfies the condition (3.5). V. is strictly used to enforce compatibility of h;. To

ensure that chosen control input maintains compatibility of h; as well as lies inside the
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Figure 3.3: (a) Workspace of black robot with illustrative orange obstacles, (b) The state space.
In the violet region, CBFs are compatible, i.e., the volume of the polytope U, is > 0. The yellow
region is the largest control invariant set contained in the violet region. (c) The feasible control
space U, defined by multiple CBFs at the current state and time. It’s volume is given by the area
of the green region in this 2D example.

H4i i H5

H3

Figure 3.4: Feasible space (green) defined by hyperplanes H1-H5. H3, H4 are overlapping. Suppose
H4, H5 are free to move horizontally. It can be shown that the gradient of the area of the green
region exists w.r.t position of H5 but not w.r.t H4. This is because if H4 is moved to the right, it
decreases the green area substantially (non-zero right side gradient) whereas if moved to the left,
the green area is unaffected. H5 on the other hand, although causes the volume to decrease if
moved to the left, due to its intersection at a single point, has a left-side gradient zero.

38



feasible space U,, we design the following controller

7(t,r)=arg mig{l [ — ey (t, 2)||* + MS? (3.6a)
ue
st Velt,z,u)> —ay, (Ve(t, x)) + 6 (3.6b)
U () =l (U (@)
ie{l,. N}, (3.6¢)

where ¢ is a slack variable used to relax (3.6b) and M >> 1. The relaxation is only necessary

when, as discussed in next section, an approximation of FS-CBF is used in practice.

Remark 6. Note that by nature of optimization in (2.30), if w,.s lies outside U, then the
QP solution 7 (¢, z) must lie on boundary of .. We will demonstrate later in Section 3.5.2
and Fig. 3.6 that imposing constraint (3.6) results in a control being chosen in the interior of
U., even when the nominal control input is outside the feasible space. This is done to prevent
the volume from shrinking too fast. The controller (2.30) on the hand always chooses a point
on the boundary of feasible space whenever u, is outside U.(¢,z). A mapping from u,.; to
the interior of feasible space was also designed in [260] through a gauge map. The gauge map
was designed in a different way than ours and focused on obtaining a differentiable control

design with a single barrier constraint only.

3.4 An online method to monitor feasibility - Polytope
Volume as Candidate CBF

In Section 3.5.1, we show an application of an existing CBF synthesis method to construct V.
for a simple system. For highly dynamic and constrained environments though, as previously
mentioned, it is usually computationally prohibitive to consider all possible scenarios in the
design of CBFs. Therefore, as is typically done in practice, we assume the constraint function
is the CBF, that is, V. = V and use the condition (3.5) to promote persistent compatibility.
When imposing V., = V, we impose linear class-/C functions in our simulation and experiment

results. We also relax the constraint (3.6b) with a slack variable

3.4.1 Polytope Volume Estimation

In this section, we describe several ways to approximately compute the volume of feasible

space.
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3.4.1.1 Monte Carlo

A common approach to estimating polytope volume is to evaluate the integral with Monte
Carlo (MC) sampling [129, 83]. We randomly sample K particles p; € U and evaluate the

volume as follows

Zgl'(:l ]l(pi € uc)
vol(U) ’

V(t,x) = (3.7)
where vol(U) is assumed to be given and easy to compute practically as it is often defined

as a symmetric polygon.

3.4.1.2 Chebyshev Ball of a Polytope

The center ¢ and radius r of the largest sphere contained inside a polytope, called Chebyshev

ball, can be computed with the following Linear Program (LP) [40, Chapter §|

min  —r (3.8a)

c,r

s.t. aic+ ||aillr < b, Vie{1,2,..,N}, (3.8b)
where a; and b; are the i*" rows of polytope matrices A, b.

3.4.1.3 Inscribing Ellipsoid

An ellipoid E' is an image of the unit ball under affine transformation (B,d), F = {Bu +
d | ||lu]] <1} where B € ST, and d € R™!. Using the fact that the ellipsoid volume is
proportional to det B, the maximum volume ellisoid can be obtained by solving the following

convex optimization problem [40, Chapter §]

min  logdet B~ (3.9a)

)

s.t. ||BCL,|| + aid S bi, Vi € {1,27 ..7N}7 (Sgb)

In practice, Monte Carlo provides most accurate estimates of polytope volume in our
simulation studies. The simple MC method in (3.7) however is known to perform poorly in
high-dimensional spaces. Since Monte Carlo estimates are prone to be noisy, this method is
also not very suitable for evaluating gradients, which are needed to enforce CBF conditions.
While more accurate but relatively expensive MC variations for volume computations [5]

are known to exist, we leave the investigation of their suitability for control applications to
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future work. The implementation with circle approximation is fastest since it only requires
solving an LP however it suffers from non-uniqueness of solutions and therefore the LP
solver may converge to different solutions for the same state configuration (We comment
more on the practical implications of this in Section 3.5). Moreover, the circle may severely
underapproximate the polytope volume. The ellipsoid approximates the volume much more
accurately than the circle but is slower to implement. In Section 3.5, we observe that even

with 10 constraints, the SDP can be solved fast enough for real-time implementations.

3.4.2 Smooth Approximation of Polytope Volume

The polytope volume V(t, z) is not a differentiable function in general. An example config-
uration that is non-differentiable is shown in Fig. 3.4. Therefore, V(¢,x) should ideally be
formulated as a non-smooth CBF [96] and generalized gradients of the exact volume given
by (3.4) as well as of the ellipse and circle approximations should be used. We defer such an
extensive non-smooth analysis to future work. In this work, we utilize gradients of circle and
ellipse approximations that are computed using existing tools, details of which are mentioned
in Section 3.5. In the remainder of this section, we propose a smooth underapproximation
of (3.4).

Theorem 3. Consider the feasible space U.(t,z) defined in (3.3) and its volume V(¢,z) =
vol(U,.(t,x)). Let H : R — {0,1} be the Heaveside unit step function such that H(y) = 0
for y < 0 and H(y) = 1 otherwise. Let H; be a differentiable approximation of H such that
Hy(z) < H(x),Vz € R. Define V, : Rt x R" — R as the following differentiable function

Vi(t,z) = [H H,(bi(t,z) — Ay(t, z)u) | dV. (3.10)

Then V(t,z) > Vs(t, ) for all t € RT, z € R™.

Proof. For brevity, we skip the explicit dependency on time in the following. The volume of

the polytope (3.3) is given by

V(x) = vol(U.(x)) (3.11a)

- [ av-= qv (3.11b)
ueuc/(x) ue{ueRMA/(x)qu(z)}

_ / [H Hbi(2) — A(z)u) | dv, (3.11¢)
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where dV is the infinitesimal volume (for example, dV = du,du, when m = 2) Note that
although H is a discontinuous function, the integral (3.11c) exists as the points of disconti-
nuity, defined by the boundary of the polytope, form a set of measure 0. Furthermore, since
H(y) < Hq(y) for all y € R, we have V(t,z) > Vi(t, x). O

Note that, although smooth, evaluating the integral (3.11c) analytically is still non-trivial
and requires further numerical techniques such as MC approximation. Due to the sensitivity
of the gradient to the number of samples chosen, we observe that MC, although suitable
for obtaining volume, is not suitable for gradient computation. Therefore we only present
results with ellipse and circle approximations in the ensuing. Methods to provide stable

gradients through (3.11c¢) will be explored in future work.

3.5 Simulation Results

In this section, we present two case studies to evaluate the performance of the proposed
volume barrier function. All the simulations are run on a laptop with i9-13905 CPU. The
dynamics are propagated using Euler integration with a time step of 0.01s. We use Python
3.11 and JAX’s autodiff feature to compute all required gradients except for the circle and
ellipse approximations whose details are mentioned in the next section. Before proceeding
with the results, we first mention some important implementation details of our framework.

The sphere and ellipsoid underapproximations of V(t, x) are computed using LP and SDP
respectively, which are convex programs and, therefore, we can exploit sensitivity analysis
[7] to compute the gradients of their volume w.r.t the polytope matrices A,b. Libraries like
cvxpy [78] readily provide an interface to differentiate through convex programs and we use
cvxpy’s JAX interface in our simulations. While LP and SDPs are not always differentiable,
we do not encounter observable issues in our simulations. We hypothesize that this is because
the configurations that are non-differentiable, which are related to instances when a new
hyperplane enters or exits the feasible space, are rarely encountered exactly in a discrete-
time simulation. A more thorough analysis though is subject to future work. Note that, if
any non-differentiable configuration is encountered, cvxpy returns heuristic gradients.

In all our simulations, we first obtain the polytope volume V and its gradients using one
of the proposed methods: smooth approximation or circle/ellipsoid approximation. We then
use these values to formulate the CBF conditions and solve the controller (3.6). Therefore,
in the case of circles and ellipsoids, we solve two optimization problems sequentially: first,
an LP/SDP, and then the FS-CBF-QP.

42



3.5.1 Case Study 1: Valid FS-CBF computation

In this case study, we demonstrate the concept of FS-CBF for navigating in the obstacle
environment shown in Fig. 3.2. A Dubins car model is considered: p, = vcosf,p, =
vsinf,0 = u where Dz, Dy are position, 6 is heading, v is fixed speed, and the angular
velocity u € [—0.5,0.5] is the control input. We consider the constraint functions, also called
candidate CBFs, ¢; = d? —d?,,,,,

the radius of obstacle. Next, we find valid CBFs h; to each ¢; using the refineCBF framework

with d; being the distance to center of i*" obstacle and di,

from [226] that leverages Hamilton-Jacobi (HJ) reachability analysis. Note that each valid
CBF h; does not enforce collision avoidance with an obstacle j # i. Now we present results
for two cases: In Case 1, we start with valid CBFs h; and show their compatible state space in
Fig. 3.5(a). The feasible space volume (of one-dimensional control space in this example) is
computed using 100 MC samples using method in Section 3.7. We once again use refineCBF
to find a valid CBF on this compatible state space. The resulting FS-CBF is visualized in
Fig. 3.5(b). In Case 2, we start with the candidate CBF's ¢; and visualize their compatible
state space in Fig. 3.5(c),(e) for two different choices of linear class-IC function parameters.
Note that ¢; are higher-order barriers and their feasible space is defined by (3.1) for r; = 2.
Next, we find a valid CBF on compatible state space of ¢; using the refineCBF framework
and visualize the resulting FS-CBF in Fig. 3.5(d),(f). Observe that compatibility is highly
sensitive to chosen class-KC parameters. This presents a significant challenge in practice
wherein manually tuned candidate CBF's are often employed as finding a valid CBF is not
always feasible computationally.

Note that the unsafe region (function value of zero in Fig.3.5) is larger in Fig.3.5(b),(d),(f)
compared to Fig.3.5(a),(c),(e). This implies that some of the states with non-zero feasible
space volume are outside the found forward invariant set and may be unsafe. We thus
reiterate that CBFs designed independently do not possess any guarantee of compatibility

when enforced together.

3.5.2 Case Study 2: Improving Feasibility and Sensitivity

Consider the scenario shown in Fig. 3.6 for a robot navigating to its goal location g while
avoiding black prohibited zones and performing collision avoidance with humans. This case
study serves two purposes. First, we show that the addition of a feasible space volume
barrier function enhances the compatibility of candidate CBFs. Second, Since the N CBFs
are not designed to be compatible, the time at which they become infeasible depends heavily
on the nominal controller that guides the QP to certain parts of state space. We show that

the proposed method also helps reduce sensitivity to the hyperparameters of the nominal
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(a) Case 1: Feasible space volume (b) Case 1: Refined FS-CBF
4 1.00 4 1.00
O 0.75 0.75
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0 5 i 0.00 ) 5 i 0.00
(c) Case 2.1: Feasible space values (d) Case 2.1: Refined FS-CBF
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(e) Case 2.2: Feasible space values (f) Case 2.2: Refined FS-CBF

Figure 3.5: Compatible space vs refined FS-CBF values at different X,Y and heading § = 45°.
The color bar represents the numerical values of FS volume and FS-CBF clipped to the interval
[0,1]. (a),(b) Case 1 - initiating with three valid CBFs. (c)-(f) initiating with three candidate CBF's
with aggressive (Case 2) and conservative (Case 3) class-KC function parameters for HOCBF. The
compatible space (purple) is a subset of the forward invariant set (yellow) as also illustrated in Fig.
3.3.
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Figure 3.6: Case study 1 - humans move towards the right. (a),(b) Paths for the three cases
of k, = 1,1.5,2.5. Blue and red paths in (a) end when CBF-QP becomes infeasible. (c), (d),
(e), (f) Feasible space visualization with and without volume barrier function for k, = 1.5 in (c),
(d) and k, = 2.5 in (e), (f). Note when nominal input is outside the feasible space, the volume
barrier function maps it to the interior of feasible space whereas CBF-QP maps it to a point on
the boundary.
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controller.

The robot is modeled as a dynamic unicycle with position p = [p,, p,], velocity v, heading
angle ¢ and the following dynamics p, = vcosv, p, = vsiny, ¥ = a, w = w. The control
inputs are the linear acceleration a and angular velocity w. The humans move with social
force model [105] [4], and consider the robot as one of the social agents. We consider the

following reference (nominal) controller for the extended unicycle dynamics

gy — D
wref = arctan(gy_—py), ’Lbe = w — wrefy Wref = sz/)e
Uref kaHp—gHCOS%, Qref = kv(v_vref) (312)

where kK, kp, k, > 0 are user-chosen gains. The three candidate CBFs are designed in
similar fashion as in Section 3.5.1. Fig. 3.6 shows compares the performance of CBF-QP
(2.30) and FS-CBF-QP (3.6) for three different values of the gain k,. Fig. 3.6(a)-(b) show
the trajectories of the robot, and Figs. 3.6(c)-3.6(e) show the variation of polytope vol-
ume under three different values of the gain k,. We observe that when k, is increased,
that is, the nominal controller is made more aggressive, the CBF-QP becomes infeasible
sooner. FS-CBF-QP on the other hand is able to maintain feasibility and the robot suc-
cessfully reaches the goal as seen in Figs. 3.6(d), 3.6(f). The visualization in Fig. 3.6
also shows that the nominal control input was not mapped to the boundary of the feasible
set, but to its interior as mentioned in Remark 6. The video is available on thesis website
https://github.com /hardikparwana/PhD-Thesis.

The importance of our controller thus lies in enhancing the performance of a given CBF-

QP controller. To further corroborate our claim, we perform extensive Monte Carlo simula-
tions by randomizing the robot’s initial state p,,p,, v and choice of gains k,, k,. We report
the average simulation run times in Table 3.1. The run time is defined as the minimum of 7
seconds (maximum duration of the simulation) and the time at which CBF-QP or FS-CBF-
QP becomes infeasible. We present results for small as well as large perturbarion in the
initial state and gains k,, k,. In both the cases, we observe that FS-CBF-QP significantly
outperforms CBF-QP. Note that infeasibility is not unexpected even for FS-CBF-QP as we
only employ candidate CBFs and assume, for sake of implementation, that V. = V. Since
V is not a valid CBF, our claim is strictly limited to empirical demonstration of enhanced
feasibility of QP and reduced sensitivity to user parameters. Designing a CBF for such a
complicated scenario with multiple obstacle and heterogenerous agents is an active area of

research and no generic solutions exist yet to the best of our knowledge.
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H Tl T2 ay Pz Py v kp kv

407 08

Scene 1|(4.37 1.67 1.0 [0.9,1.1] [0.9,1.1] [1.2,1.4] [0.9,1.1] [1.5,1.6]
353 2.0
304 08

Scene 2((2.13 1.29 1.0 [0.9,1.1] [0.9,1.1] [1.2,1.4] [0.9,1.1] [2.5,2.6]
186 2.0
474 038

Scene 3((4.47 1.64 1.0 [0.8,1.2] [0.0,1.5] [1.0,1.5] [0.5,3.0] [0.5,4.0]
365 2.0

Table 3.1: Sensitivity analysis of time to incompatibility for small (Scene 1,2) and large (Scene
3) perturbations of the initial state p,,py, v and gains kj, k,. Variables are sampled with uniform
distribution within the specified [lower bound, upper bound].

3.5.3 Case Study 3: AWS Hospital

Next, we evaluate our FS-CBF for navigating turtlebot3 robot in AWS Hospital gazebo
environment shown in Fig. 3.1. We first generate a map of the environment without humans
using ROS2 navigation stack. This map is used by global planner to plan paths, as well as
by the CBF-QP controller to perform collision avoidance with static obstacles. At each time,
the robot finds the closest occupied grid cell in the directions = 330°, 8 € {1,2,..,12}, and
formulates 12 CBF constraints correspondingly. The humans are moved in real-time using a
modified version of social force model plugin [3]. Humans, however, are agnostic to robot’s
motion and do not contribute to collision avoidance. The position and velocity of humans is
extracted from gazebo and made available to the robot, which then adds a CBF constraint
for each human. The collision avoidance is enforced using distance as the higher-order barrier
function of order two which is known to work well in the presence of a single constraint only.
We use linear class-KC functions ay(h) = 2h, as(h) = 6h for first and second-order HOCBF
derivative conditions. The proposed FS CBF-QP is compared with CBF-QP in (2.30). We
observe that CBF-QP leads to fewer collisions with humans by preventing the robot from
getting too close to the humans in congested scenarios. A video of the experiment can be

found on thesis website https://github.com/hardikparwana/PhD-Thesis.

3.6 Conclusion

We propose a new barrier function that restricts the rate-of-change of the volume of feasible
solution space of CBF-QP. We also provide empirical evaluation to corroborate our theo-

retical results, and to show effectiveness in improving feasibility and in reducing sensitivity
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to changes in other system modules such as nominal controller. Future work will involve
performing experiments with robots and non-smooth control theoretic analysis of FS-CBF.
Finally, monitoring feasible space volume may also help alleviate feasibility issues in other
optimization based controllers such as MPC. This analysis will also be performed in future

work.
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CHAPTER 4

Adaptation for CBF's

From a theoretical perspective, a CBF, including the barrier function and its class-KC func-
tion, capable of guaranteeing forward invariance of the safe set may not be unique. One
CBF may allow for more aggressive motions than the other in certain parts of state space.
From a practical standpoint, candidate CBF's are often employed owing to the difficulty of
finding even one valid CBF. Candidate CBFs are often paired with manually chosen class-K
functions. Depending on the choice of class-K functions, the candidate barrier functions may
be used to make the QP controller more aggressive or conservative.

The above limitations are exacerbated when multiple CBFs and control input bounds are
considered in addition to the performance objective (conservative or aggressive) as we also
need to account for their compatibility. The method from Chapter 3, even if implemented
ideally as proposed in theory, focuses only on feasibility and not on tuning the performance
(aggressiveness and conservatives). Moreover, it may simply not be possible with maintain
feasibility with given choice of class-IC function and therefore method from Chapter 3 may
not find any solution.

In this chapter, we introduce a new notion of CBFs that allows tuning the response of CBF
controllers to circumvent the aforementioned issues. Note that this chapter is a standalone

contribution to the thesis and does not require Chapter 3 as a pre-requisite.

4.1 Literature Review and Statement of Contributions

The notion of a control barrier function (CBF) has emerged as a tool to ensure constraint
satisfaction for dynamical systems [14]. Despite significant extensions of the CBF concept to
address various challenges (e.g., modeling/parameter uncertainty, input constraints, external
disturbances, high relative-degree constraints) over the last few years, which this dissertation
cannot cite in their entirety, there are still open challenges.

Arguably, two of the major open problems are 1) tuning the response of CBF controller
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for aggressiveness without jeopardizing safety, and 2) finding a valid CBF when a single
constraint is enforced, and finding valid compatible CBFs when multiple constraints are
enforced. The difficulty in finding such valid CBFs typically prompts the consideration of
candidate CBF's for the control design; as a result, the Quadratic Program (QP) that enforces
the candidate CBF condition can become infeasible over the system trajectories. A number
of practical approaches have been developed to remedy these challenges, a thorough review
of which is given in Section 2.7. Here we provide a summary of more relevant works.

Among myopic approaches utilizing only the current state of adapt parameters, one stan-
dard approach [91, 266] aims to relax the CBF constraint by treating the class-K function
parameters as an optimization variable. Subtle differences exist in some of the existing ap-
proaches. [91, 93, 241] only consider linear class-K functions and treat the class-K function
parameter as an optimization variable. [266] on the other hand proposes an optimal-decay
CBF-QP that multiplies an arbitrary nonlinear class-KC function by a scalar variable that is
optimized for (along with the control input) in the QP. A specific value of class-KC parameter
or class-KC multiplicative penalty parameter may be promoted, for example, by appending
the cost function of CBF-QP with a term to minimize deviation from a nominal parameter
value [266]. [199] considers control non-affine dynamics and in light of the resulting loss of
linearity of the CBF constraint, chooses to impose it through a penalty term in the cost
function, thereby converting it into an unconstrained optimization problem.

The aforementioned adaptive approaches can be thought of as adapting on a need basis;
i.e., they relax the CBF constraint whenever the original class-/C function leads to infea-
sibility. However, persistent feasibility is not guaranteed for multiple CBF constraints in
the presence of input bounds. Among the non-myopic approaches, [256] multiplies a scalar
penalty to the class-XC functions, and creates a dataset of persistently feasible and eventually
infeasible parameters offline by randomly sampling parameters and simulating the system
forward. Then they fit a differentiable classifier that is used to impose the resulting feasibil-
ity margin as another HOBCF constraint in the system. [142] performs offline learning to
learn the best-performing parameters of the class-K function as a function of the state, al-
though without consideration of feasibility. CBF-MPC is proposed in [265] wherein, instead
of standard state constraints, MPC imposes CBF constraints for each state in its optimiza-
tion. They show empirically that CBF and MPC complement each other - constraints help
improve feasibility of MPC and at the same time optimal control with MPC helps improve
feasibility of CBF constraint.
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4.1.1 Contributions

In this chapter, we formalize a new notion of a Rate-Tunable Control Barrier Function (RT-
CBF), which allows for parametric class-KC functions and adaptation of their parameters
online. Specifically, we introduce pointwise sufficient conditions on the rate of change of
parameters for enforcing feasibility (Section 4.3.1).

We also introduce two algorithms to design parameter dynamics. The first one is a
myopic algorithm that designs parameter dynamics based on current state. To the best of
our knowledge, the work most similar to our notion of a CBF is presented in [255], wherein
the authors introduce a time-varying penalty parameter that multiplies the fixed class-K
function. The penalty parameter is allowed to change with time, but is constrained to be
non-negative and hence is itself posed as higher-order CBF. The main difference between
the two approaches is that we consider one additional derivative of all the parameters than
what is considered in [255]. This allows us to propose a decoupled algorithm for designing
the parameter dynamics and the control input compared to [255]. The differences will be
elucidated further in Section 4.3.

Our second algorithm is a model-predictive approach in Section 4.4 that, given a perfor-
mance metric defined as a summation of stage-wise cost, computes the sensitivity of predicted
future states w.r.t. the parameters of the class-XC function. We use these sensitivities for a
Sequential Quadratic Programming (SQP) [38, 225] inspired gradient descent law to update
the parameters online in direction of improving performance metric. The prediction and
sensitivity computation is shown to be amenable to the backpropagation type of gradient
computation over a computational graph. Infinitesimal improvements in future trajectory is
also a common idea in Differential Dynamic Programming (DDP) [217] and thus we bring
together elements from DDP and SQP to develop an auto-tuning mechanism for CBF con-
trollers. ~ While similar algorithms exploiting backpropagation on dynamical systems can
be found in literature, our contribution lies in demonstrating online and real-time controller
parameter update by using the computed gradients in SQP inspired update and also demon-
strating one of the first, if not the first, applications to tuning of CBF based controllers for

constrained systems.

4.2 Novel Formulation - Rate Tunable CBF's

We introduce the notion of a Rate-Tunable Control Barrier Function (RT-CBF'), which allows
for online tuning of the response of CBF-based controllers by adapting the parameters of

the class-K function that is involved in the CBF condition. In contrast to most existing
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approaches that use a fixed class-K function to ensure safety, we propose an online adaptation
law for the parameters of class-K function of the CBF condition. The algorithm can also
incorporate multiple higher-order CBFs and adapt their class-KC parameters for feasibility,
albeit without guarantees in theory. The simulation results verify that online adaptation
helps improve the system’s response in terms of the resulting trajectories being closer to a

nominal reference while still being safe.

4.2.1 Problem Formulation

We use the control affine dynamics and notations introduced in Chapter 2. Some of the
important equations and definitions are repeated below for the sake of convenience.

For each constraint function h;, i € {1,2,..., N}, we consider r; linear parametric class-K
functions of : R x A¥ - R, ke {1,...,r;}

o (hs, ) = v} hs, (4.1)

where ¥ € A¥ C R, and the class of controllers with linear class-K functions in the CBF

constraints:

_ : . 2
u=argmin [lu—u(z)| (4.22)
st U e ) > Pl @), i € {1, V), (4.2b)

where u, : R" — R™ is the reference control input signal, typically designed without any

regard to constraints. The optimization (4.2) is a QP when the dynamics is control-affine as
in (2.2) and U can be expressed in the form of a polytope Au < b, A € R™*™ b € R ¢ > 0.
For a given choice of v/f, k € {1,2,...,r;}, a solution to (4.2) may not exist at a given x.
Note that this can be the case even when the control input is unbounded, or even when each
h; is valid HOCBF by itself, but not compatible with other h;, j # 7.

Motivated by the above, we seek to design algorithms that adapt the parameters v* over
time to promote the feasibility of the QP (4.2), and to tune the response of the resulting
closed-loop system under (4.2) to meet performance objectives. To this end we utilize the
condition (4.2b), which depends on the parameters v* through the derived barrier functions

in (2.15) and (4.1), and seek adaptation laws that promote feasibility of (4.2). As an example,
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for the case when r; = 2, (2.15) under (4.1) reads:

W0 = h, (4.3a)
Wl = 0 1 vy, (4.3b)
Wi =90+ i + vl + W)+ ), (4.3¢)

yielding that the vector of the parameters of (4.3) to be tuned is ©,, = [v}, v}, v?]7. The

17710 7

dynamics of the parameters obey:

v} 010 0 0
21
vl =10 0 0O+ |1 0 [ Z], (4.4)
. 22
2 0 00 0 1 :
— ~
(;)ai fai(®aiyzi)
where z; = [Z,)Z_I, zl,iz]T is the parameter control input vector, which we design in Section

4.3.1. Before presenting the adaptation law in Section 4.3, we first present in Sections 4.2.2
and 4.2.3 the class of Rate-Tunable (RT)-CBFs to encode the parameter adaptability, as

well as some formal motivation on why adaptation is needed for performance satisfaction.

4.2.2 Motivation for varying class-K functions

We motivate the adaptation of the class-&C functions by illustrating how the class-K functions
affect the response of the CBF-QP controller. The next theorem demonstrates that for
different desired control inputs ug4(z) (i.e., for different desired control inputs that render
the system response e.g., either more conservative or more aggressive), the parameter v of
the class-KC function can be chosen to steer the solution ugp of the CBF-QP given by (4.2)
close to ug. For simplicity, we consider a constraint function with relative degree one w.r.t.

the system dynamics in the following theorem.

Theorem 4. Consider the system (2.2), a first-order candidate barrier function h: X — R
and a set S defined as in (2.3). Assume that Lyh(z) # 0, Vo € S, and let a parameter
v=v(z) €R, and ' the following CBF-QP with unbounded control input:

ugr = min [lu— u (x)] (4.50)
s.t. Lgh(x)+ Lyh(x)u > —vh(z), (4.5Db)

'The notation is used to signify that the value of v depends on z.
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where u, : R® — R™ is a reference control input signal. Let u; : R — U be a desired
control input signal that is by construction safe, and u,(x) # uq(x), Vo € X. Let v* = v*(2)

for z € Int(S) be given as:

[ Loh(up—ug)—  if Lyh(u,—ug) <0 (4.6a)
1 —th — LghuT
Lh(u,—u')—  if Lyh(u,—uq) >0 (4.6b)
L —th - LghuT,
where
L,hTLyh(u, — ug)
u =g+ ———— (4.7)
[ Lghl[?
Then v* satisfies:
' (@) = min [ua(e) — uge(e,v)]| (15)

Proof. The solution of the optimization problem (4.5), assuming it exists, is found analyti-

cally (see Appendix A.1):

up — () AP < 0 (4.92)
Ugp = (49)

Uy if 1 >0 (4.9b)
where
V' (v) & Lih + Lyhu, + vh. (4.10)

Using (4.9), one can write ug — ugp as follows:

LghT 1 e o1
Ug — Uy + 00, if <0 (4.11a
Ug — UQp = { d ILghll 1/} 1/} ( ) (4]_1)

Ug — Uy if 1 >0 (4.11b)

Case 1: Let Lyh(u, —uq) < 0. Then, substituting v* from (4.6a) into v in (4.10) yields that
P! (v*) < 0. Therefore, uy — ugp is given by (4.11a). Next, to show that (4.6a) minimizes
|lug — ugp||, first note from (4.11a) that vh only affects the component parallel to Lg,h.

Therefore, we show that v* in (4.6a) minimizes the norm of the component of u4 —ugp along
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L,h". Multiplying both sides of (4.11a) by ﬁ yields:

L,h L,h
T (Ug —u = Ug — Uyp)+
T2, ) = T a
1
ML (Lsh+ Lyhu,+vh). (4.12)
g9
Substituting v in (4.12) with v* from (4.6a), we obtain: ﬁ(ud —ugp) = 0, and therefore

||ug — ugpl|| is minimized (again noting that component of u4 — ugp perpendicular to Lyh
cannot be affected by any choice of v).

Case 2: Ljh(u, — uq) > 0: In this case, u4 cannot be a minimizer of (4.5) irrespective of
the choice of v, since if uy satisfies (4.5b), then w, also satisfies (4.5b) and so the solution of
(4.5) is u,. We can aim to tune the value of v so that the solution of the QP (4.5) converges
to a control input «' € U such that [|u" — uq|| < ||u, —uql| and Lghu' > Lghu,. If such a

vector exists, it can be found as the solution to:
min  ||u’ — ug||? (4.13a)
st.  Lyhu' > Lyhu,. (4.13b)
The solution of the above QP can also be found analytically to be given as:

g+ ey (v) if ! >0 (4.14a)
u = (4.14)
Ug if Y! <0 (4.14b),

where x' = L,hu, — Lyhug. Since we have assumed that Lyh(u, — ug) > 0, we have that

u = ug — Hif]—ﬁle(l/), i.e., given by (4.7). Then, following the same reasoning as in Case 1,
v* in (4.6b) can be shown to minimize ||uq — ugp||- O

Remark 7. We clarify that (4.6) is not the proposed algorithm for tuning the RT-CBF
parameters, since this formula holds only for first-order barrier functions w.r.t. the system
dynamics. The theorem is only to demonstrate that tuning the parameter of the constraints

affects the solution of the QP to be steered closer to a desired response.

4.2.3 Introducing RT-CBF's

We now formally introduce our notion of RT-CBFs. Consider the control-affine system

dynamics in (2.2) and let the set of allowable states S; be defined as the zero-superlevel set
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of a function h; : X — R as in (2.3). We define functions ¢¥ as:

07 (2) = hi(), (4.15a)
2/15(&3) = 1/.}1]'671('7;7 @Oéi<k) + Vzszkil(xv ®ai<k>7
ke{l1,2,. r}, (4.15b)

where O, is the vector comprising the parameter v¥ in (4.15) and its r; — k derivatives
(see (4.4)), for all k € {1,2,...,7;}, and O,,<, denotes the sub-vector of parameters and
derivatives with index lower than k.

Consider the augmented dynamics:

i
6.,

4.16
fai(@aiv ZZ) ( )

flx) + g(w)u]

where f,. : A; x R™ — A; results from the integrator dynamics of v/ as in (4.4), with

7"1'(7‘1'4—1)
2

A; C R"i a compact set, n,, = , 2z € R™i is the vector of the control inputs of the

parameters and i € {1,..., N}.

Definition 9. (Rate-Tunable CBF) Assume that the function f,, in (4.16) is such that the
(unique) solution ©,,(t) € A;,Vt > 0 where A; C R"". Let u(t) € U,t > 0 represent any
arbitrary control input trajectory. The constraint function h; : X — R is a Rate-Tunable
Control Barrier Function (RT-CBF) on the set S; under the augmented system (4.16) if there
exists an open set Z; C S; such that for every z(0) € Z; there exists ©,,(0) = O,,(x(0)) € A;,

and a Lipschitz continuous control input signal z : [0, 00) — R" such that:

sup | min[0 " (@(t), u(t), O,<r, (1) +
u(t)eu,t>o b =20

v (0P (@(1), Oauer ()] | 20, (4.17)
where the sup is over the space of control input trajectories.

Theorem 5 shows that a necessary condition for strict safety (h;(x) > 0) is that any
constraint function h must be a RT-CBF. We leave the boundary case to future work for the

sake of simplicity and avoid an analysis of the system in the limit of h;(x) — 0.

Theorem 5. Consider the dynamics (2.2) and a constraint function h; and its 0-superlevel
set S; as defined in (2.3). Let zp € S; be an arbitrary initial state. Then there exists a
strictly safe trajectory z(t),u(t),t > 0 with z(0) = xo, hi(x(0)) > 0,u(t) € U only if there
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exists r; — k + 1-differentiable trajectories v*(t) > 0,Vt > 0,k € {1,..,7;} such that (4.17) is
satisfied.

Proof. Consider any arbitrary safe trajectory z(t),u(t),t > 0, if it exists, starting at state
x(0). Since h; has relative degree r;, h("~D@®) exists. We prove the claim by presenting
a procedure to construct parameter trajectory vf(t),t > 0 such that (4.17) holds for the
arbitrarily chosen safe trajectory. For k = 1, let 7}(t) : Rt — R+ be defined as

P (t) = max{—h(x(t»,e}, (4.18)

where € > 0 is chosen to construct a ¢} (t) > 0,V¢ > 0 as will be explained below. Let 7 ()

such that 7} (t) > 0,¥t > 0 be the smooth overapproximation® of 7 (t). 7} () is at least r;—1
times differentiable since hl is at least r; — 1 times differentiable (further gradients depend
on regularity properties of u). Further, let v¢(¢) with v{(¢) > 0,¥t > 0 be r; differentiable
overapproximation® of 7 (¢). With this choice of v}, we have that ¢/ (t) > 0,V¢ > 0 and we
can repeat the above procedure sequentially to construct r; — k + 1 differentiable trajectories

vE(t) > 0,Vk € {2,..,7:}. O

Remark 8. Note that while h;(x(t)) is guaranteed to be r; — 1 differentiable, h.*(x(t), u(t))
depends on control input and therefore shares its regularity properties. In the proof of
Theorem 5, equality thus holds, that is v/(t) = vF(t), only if u(t) is also a differentiable w.r.t
t. Therefore, a smartly designed ©,,(t) could be used to synthesize smoother control inputs
even in the presence of multiple barrier functions. Further exploration in this direction is

subject to future work.

Remark 9. Note that RT-CBF constraint (4.17) reduces to the definition of HOCBF (2.30b)
under the special case when O, (t) = ©,,(0), where ©,,(0) is a constant independent of z(0)
and the set &; = %; defined in (2.16).

4.3 Continuous time Pointwise Optimal Adaptation
for CBF's

Finding valid parameter trajectories v¥(¢) for a RT-CBF is as difficult, if not more, as finding

valid CBFs and HOCBFs. In the ensuing, we only provide a myopic algorithm for designing

2This is always possible. See [154][Theorem 4] for an example procedure to construct a smooth overap-
proximation with guaranteed bounds.
3This is also always possible as v/ (t) = ¢ where ¢ > sup;,[7}. ()] satisfies this condition.
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v¥(t), and more optimal designs is subject to future work. We emphasize that the usefulness

(2
of RT-CBF is in customizing the safety response of the system to different initial states by
tuning the parameters vk

3 *

4.3.1 Strategy for designing point-wise sufficient condition

Given the augmented system (4.16), the objective is to find the control inputs v € U and
the parameter control inputs z; € R™i. Algorithm 1 presents a myopic update law z; for
the parameters ©,, to enforce feasibility of (4.2). To provide some physical intuition before
presenting the main algorithm, we present the steps of the approach when r; = 2 as an

example.

Example 2. Consider the system (2.2), a function h; : X — R with relative degree r; = 2
w.r.t. (2.2), and a set S; as in (2.3). Then the derived barriers are given by (4.3). Aiming
to define an algorithm that imposes (4.17) , we note the following. For k£ = 0, we have
) = h; > 0. For k = 1, we impose the condition ] > 0, which from (4.3b) yields:

v > - (4.19)

Similarly, for k¥ = 2, we impose the condition ¥? > 0, and (4.3c) yields that v? should satisfy:

p2 > — 2iPueu hi(x,u) = vlhi = Ulh

2> : (4.20)

We then define the system of parameter dynamics (4.4), and we seek to design the control
inputs z;1 and zz2 so that (4.19) and (4.20) are enforced. More generally, for the r; barrier

functions (2.15), the proposed conditions read:

e For k € {1,..,r; — 1}, we seek to enforce that:

k _1/'}?71(‘,17’ @Oéi<k)

vy >

t Q/inl(xv@akk).

(4.21)

e For k = r;, the parameter depends on the control input. For each barrier constraint

h;, we impose

i1
V?"i > SuPueu w: (:L", u, @ai<ri)

— 4.22
CT ¢:Z 1('I’@ai<7'i> ( )

58



Proposition 1. Consider a r;-th order function h; : X — R defining sets S; as in (2.3). Let
the augmented system (4.16), and define r; functions as in (4.15) and sets ; as in (2.16). If
for a set Z; C S;, there exists u € U and z; € R™= that enforce (4.21) and (4.22) everywhere
on %;, then h; is a RT-CBF on S; under (4.16).

Proof. Follows directly from the definition of RT-CBF. O

The objective now is to design z; € R" and u € U to enforce the conditions (4.21) and
(4.22). First, we observe the following: For the r;-th order barrier function h;, the r; — k + 1

derivative (vF)"i7F+1 of the parameter v* can be written in terms of parameter control input
2; as

W)™ = 21y, (4.23)

()" = 2z, (4.23b)

(4.23¢)

()t = 2y (4.23d)

where z; = [z(l,z;)ri,z(ylg)riq, ..,Z(V_w)l] € R" stands for the parameter control input to be

designed using Algorithm 1. As an example, for r; = 2, the state-space form of the system
above takes the form of (4.4).

Second, to design the parameter control input vectors z;, one approach could be to consider
(4.21), (4.22) as additional candidate CBFs within the overall QP (4.2) (similar to [255]).
However, such an approach would only introduce more parameters (resulting from the class-KC
functions of the new CBF candidates) to be tuned.

4.3.2 An algorithm with Zero-Order-Hold implementation

To avoid this, we propose an alternative way that enforces (4.21) and (4.22) using a sampled-
data approach, namely a Zero-Order-Hold (ZOH) approach, as follows.

Let the control input u be computed by (4.2) at times ¢;, j € {0,1,...} and be held
constant during a time horizon At > 0, i.e., u(t) = u(t;), vt € [t;,t; + At),Vj € {0,1,...}.
The state x(t; + At), i.e., the value of the state x at time ¢; + At, is computed from control-
affine dynamics (2.2) under the (step) control command u(t;) resulting from the solution of
(4.2) at time t;.

The objective of the parameter adaptation at each time ¢; is to ensure that the value of
the parameters v/*(t; + At) at time ¢; + At are such that either the CBF conditions (4.21) are
enforced (safety), or such that they track a desired fod(tj + At) > 0 that is a priori specified

by the user (performance).
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Then, at time ¢;:

e For k€ {1,..,r; — 1}, we set the target value v/f(t; + At) as:
vE(t; + At) = (4.24)

U (a(t; + At))
v (@t + AL))

~
B

max { A max {— O}, via(t; + At) B

[

where A > 1 is a tuning parameter to avoid satisfying the constraint (4.21) on the
boundary of the constraint set. Note that the rule (4.24) for choosing the desired
values for v/} enforces safety via the term B in the maximization function: if the lower
bound in (4.21) is positive, then it is multiplied by A > 1 to make it even stricter,
i.e., enforce the constraint in the interior of the safe set, while if the lower bound is
negative then the desired value is set to zero, which has a similar effect in making the
condition stricter. Then, if the user-defined value I/Z-Ifd is greater than the lower bound
B for safety, i.e., is already safe, we choose this as the target value, otherwise the lower
bound B for safety is applied. We design fod(tj + At) to promote bounded change with

respect to v (t;), that is,
vfa(t; + At) — vf(t;)| < Af (4.25)

where A¥ > 0 is also an important tuning parameter in our algorithm. If a user
specifies nominal v, then [vf,(t; + At) is designed to steer towards v}, while
respecting A¥ bound.
Then, we design the derivative (vF)"=**1(t;) at time ¢; to achieve the value v/} (t; + At)
at time ¢; + At given by (4.24). Since the v/ dynamics is defined by an integrator
model, its analytical solution is known to be

At?

Vik(lfj + A :I/f(tj) + (Vik(tj))(l)At + (yf(tj))(Q)T + ...

(4.26)
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This motivates the following design of z(,ryri—r+1:

2k = g | v A — v (t) -

ri—k

S k(L) M’) . (4.27)

p=1 P!

e For k = r;, the CBF condition for each barrier constraint h;, i € {1,2,..., N} is given
by (4.22). Taking all constraints into account, the lower bound of v}*(¢; + At) is taken

as the solution to the following linear program to enforce compatibility:

N
ufrlnirelu Zl v (4.28a)
st DTNty + At),u, O, (t; + At))
> vl w(ty + At), O, (t; + At)) (4.28Db)
v >0,i€e{l,.., N} (4.28c)

Representing the solution of (4.28) as ;" (t + At), we formulate v} (¢ + At) as follows
Vi (t 4+ At) = max {7 (t + At), v (t; + At) } (4.29)

and the final derivative is then designed as

v (t+ At) — v ()
ring = — ! ) 4.30
oy At (430)

Proposition 2. Consider N r;-th order function h; : X — R, i € {1,2,..., N}, defining sets
S; as in (2.3). For each constraint h;, define r; functions as in (4.15). Define an augmented
system of the form (4.16), where the subsystem of parameter dynamics is defined as the
concatenation of N systems of the form (4.23) for i € {1,..., N}. Denote the time instances
t;, j € {0,1,...}, the states x(t;),O,,(t;) at time t;, and let the control input u(t;) be
computed using (4.2). Let x(t; + At) be the state at time ¢; + At computed under zero-
order-hold control input u(t) = u(t;), t € [t;,t; + At) (Steps 4,5). For each constraint h;,
at time ¢;, set the parameter control input to be given by (4.27) (Steps 6-9) and compute
the corresponding components of ©,,(t; + At) for k € {1,...,r; — 1} (Steps 11-13). Assume
further that the LP (4.28) is feasible at time ¢;, and compute 27yt by (4.30) for k = r;
(Step 14). Then the functions h; are RT-CBFs, and Algorithm 1 tunes their parameters to
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enforce safety for the system trajectories, i.e., z(t) € S;, Vt > 0.

Proof. Follows from the definition of RT-CBFs and by construction of Algorithm 1. [

Algorithm 1 RT-CBF Pointwise Optimal Controller

Require: ¢, x(t),v(t), N > current time, current state, current parameter, No. of
constraints

1: for i=1 to N do > Compute all derived barriers
2: Compute ;bfi_l, (e
3: end for

4: Compute u(t) using (4.2) > Implement u on system (2.1)
5. Compute z(t + At) using u(t) and (2.1)
6: fori=1to N do > Update class-KC parameters
7 for k=1tor;, —1do > for all derived barriers
8: Compute 2, r)r—r+1 using (4.27)
9: end for

10: end for

11: for i=1 to N do

,_.
&

Compute vf and its derivatives at time t + At for k < r; — 1 using Z(kyri-k+1 from
Step 8.
13: end for
14: Compute 7;* using (4.30) and compute v, (t + At).

Remark 10. PACBF introduced in [255] considers only r; — k derivatives of the parameters
of function af whereas we consider r; — k + 1 derivatives. That is, for a second order barrier
function and linear class-XC functions in the example (4.3), PACBF only designs /' and,
similar to works in [265, 91, 93], allows /? to be an optimization variable in the QP. Whereas
we design ¥} and 2. As a consequence, since wzl is dependent on 7}, PACBF simultaneously
optimizes for the control input u and the derivative 7} in a single optimization problem. In

contrast, in our case, (4.2) is independent of 7} and 7} and hence is optimized only for .

4.3.3 Simulation Results

We present simulation studies to show the efficacy of our proposed algorithm. Code and

videos available at: https://github.com/hardikparwana/RateTunableCBFs. Videos are also

available on thesis website https://github.com/hardikparwana/PhD-Thesis.

4.3.3.1 Pointwise Optimal Controller

Consider the scenario in Fig. 4.1 that is reminiscent of a traffic interaction, with an ego

agent (green) being surrounded by two non-ego agents (black). Assume that the position
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trajectories of the non-ego agents, denoted x;(t),7 € {1,2} and represented by the two black
lines in Fig. 4.1, are known to the ego agent, whose position trajectories are denoted as x(t),
and are such that the respective inter-agent distances ||z(t) — x;(t)|| decrease during some
time interval and remain constant thereafter. We compare the results of a standard CBF-QP,
with the RT-CBF-QP that implements Algorithm 1. The candidate barrier function used is
h; = (x — z;)?, where z is the position of the ego agent and z; is the position of the non-ego
agent i. We simulate two different models for the ego agent: 1) single integrator (SI), so that
the barrier functions hy, hy are of first-order w.r.t. the SI dynamics, and 2) double integrator
(DI), so that the barrier functions hy, he are of second-order w.r.t. the DI dynamics. The
reference controller is chosen as u,(z) = —k,(z—6.0) for SI, and u,(z) = k,(i+k,(x—6.0)) for
DI where k, = 1.0, k, = 2.0 are controller gains. In all our simulations, the fixed parameter
value in CBF-QP is also the initial value of parameters for RT-CBF-QP.

Fig. 4.1 illustrates the position trajectories under the parameter adaptation. The trajec-
tories z;(t) end either at the point of infeasibility, or when the simulation ends at ¢t = 5.5s.
The sensitivity of the initial location is further analyzed in Fig. 4.2 that shows the variation
in time-to-failure for different initial positions but the same class-KC parameters. For DI dy-
namics, we set the initial velocity equal to zero. Failure occurs when either the RT-CBF-QP

becomes infeasible, or when the parameters v* — oo (which implies that h; — 0). Note

7

that the region of the state space that defines valid initial conditions is larger for RT-CBFs

compared to classical CBFs.

1.5 0.5

— vl =05, =05

— i =10vi=10

— v =151 =15

uf =210, M_% =20

— vl =051 =20
1

—y = 1.5.1/5 =0.5

=
L
N OB O R N W R U oo

0 1 2 3 4 5
time (s)
Figure 4.1: Trajectories with different initial parameter values without adaptation (dotted lines)
and with adaptation (solid lines) for initial state x = —0.5. Dotted lines end when the underlying
problem becomes infeasible. The solutions of the proposed method remain feasible until the end of
the simulation horizon (5.5 seconds).
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Figure 4.2: Time-to-failure as a function of the initial location zy € [—1.95,3.0] of the double
integrator agent. The initial velocity is zero. Algorithm 1 increases the time horizon over which
the controller is feasible.

4.3.3.2 Adaptive Cruise Control

We simulate the Adaptive Cruise Control (ACC) problem introduced in [15] but with an
additional constraint on the ego vehicle’s velocity as in [255], and while considering a decel-
erating leader. Consider an ego agent moving with velocity v and a leader agent moving at

velocity vy, with distance D between them. The system dynamics is:

0 = F.(v) + $u
i)L - ar, s (431)
D vV, — VU

where M denotes the mass of ego agent, F,.(v) is the resistance force defined as F,.(v) =
fosign(v) + fiv + fov? with fo, f1, fo > 0, and ay, is the acceleration of the leader. The safety
objective of the ego agent is stay a minimum distance D away from the leader. The desired

velocity is given by vy. The velocity and control input constraints are:

Umin S v S Umaz

, —cMg<u<cMgyg, (4.32)

where c is acceleration coefficient and ¢ is acceleration due to gravity. To ensure safety, we

define three barrier functions:

hl =D — D, hg =V — Umin, hg = Umaz — U, (433)

where h; is second-order w.r.t. the system dynamics, whereas ho, hg are first-order. The
CLF is chosen as V = (v — vg)%. We further choose linear class-XC functions as in (4.1) and

apply Algorithm 1 to ensure safety. The following parameters are used for the simulation:
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M = 1650 kg, fo = 0.1, f1 =5, fo = 0.25, g = 9.81m /5%, Vpin = 0, Vae = 0, vg = 24m/s,
¢ = 0.4, D = 10. The leader is designed to slow down during the first 10 sec:

—0.6(1—t h<;) it ¢ < 10sec,
0 — ( anh (575 ) 1 < 10sec (4.34)
0 if ¢ > 10sec.

The objective of the CBF-QP to ACC is designed in the same way as [15]. We compare
CBF-QP with RT-CBF-QP in Fig. 4.3. The initial value of the parameters are v} = 0.5, v =
0.7,va = 0.5,12 = 0.5. The exponential rate of convergence for CLF is k = 10. The initial
state is v = 20m/s,vy, = 10m/s, D = 100m. The simulation is run for 50 seconds. The
standard CBF-QP (i.e., with fixed parameters) becomes infeasible before the simulation
finishes as shown in Fig. 4.3. RT-CBF-QP on the other hand maintains feasibility and
safety at all times. The variations of the barrier function hy, the parameter vZ, and the
control input u over time are shown in Fig. 4.4. Note that v? starts increasing as the
control-input bound is approached. We design the desired parameter value VZ{ 4 10 (4.24) to
be a P controller with gain 1 and saturated at 1 to steer v? to 0.7. As seen in Fig. 4.4(a),
v? returns to its nominal value of 0.7 eventually. Other parameters do not change in this
example, and their variation is thus not shown. This example illustrates that, for a chosen
barrier function h, the feasibility of CBF-QP controllers is highly dependent on the (fixed)

parameters, and that online adaptation can help circumvent this issue.

K

maximum velocity constraint

254
/\ desired velocity
20+

>
-‘5 — ¥ RT-CBF-QP
o 150 e v CBF-QP
g — UL
104
5 4
0 Fmmmmmmmmmmmee minimum velocity constraint
0 10 20 30 40 50

time (s)

Figure 4.3: Velocity variation for the ACC problem. The dotted pink line ends when CBF-QP
becomes infeasible. The leader decelerates for the first 10 seconds and then moves at constant
velocity. The ego-agent approaches the boundary of the safe set (see Fig. 4.4(b)) and hence does
not have enough bandwidth to steer back towards its desired velocity of 24m/s.

4.3.3.3 Baseline Comparisons

In this section, we compare our method to an existing and similar myopic method for adapt-

ing parameter v. Consider the multi-agent scenario shown in Fig. 4.5 where the ego agent
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Figure 4.4: The variation with time of (a) parameter v?: 12 increases as the control input ap-

proaches its bounds, and eventually reduces towards the nominal value of 0.7 due to the effect of
the 1/11’ 4 in (4.24), (b) barrier hi: The ego agent approaches and maintains the minimum distance

w.r.t. the other agent., and (c) normalized control input u: Normalization is done as v/M?
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Figure 4.5: (a) Environment setup for baseline comparison. Trajectories of non-ego agents are
shown from their start position to the final position. The robot (red) navigates to the goal location
while avoiding other agents. (b) Control input variation for DI ego-agent under different methods.
(c) Time to infeasibility (normalized) as a function of initial X, Y position of the robot in meters.
Fixed corresponds to fixed-parameter case.

(red) navigates to its goal location p, 4 € R* while avoiding the black obstacles. To provide a
fair comparison among all the methods, all the non-ego agents move agnostic to the existence
of the ego agent, and the dynamics, as well as control inputs of the non-ego agents, are made
available to the ego agent. Each non-ego agent designs its control input and uses a CBF-QP
to perform collision avoidance with other non-ego agents. Note that although non-ego agents
also use (vanilla) CBF-QP, this choice of controller is arbitrary and has no implications for
the controller that the ego agent uses. This example serves to compare methods on a system
with multiple constraints, without delving into a certified controller design for a multi-agent

system which is outside the scope of this dissertation.
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The ego-agent is modeled as a double integrator and uses one of the following controllers:
1) proposed method, 2) relaxation method where v¥ k € {1,..r; — 1} are kept fixed and " is
relaxed, akin to [266], by making it an optimization variable and adding Q >~ | (1" — A
to the objective function (2.30a) with () > 0 being a user-chosen constant weighting factor,
and finally 3) combined method where v}" is adapted by relaxation akin to [266] and v k €
{1, ..r;—1} are adapted with proposed method. Combined method is implemented to improve
upon the relaxation method while still keeping a quadratic program structure. A direct
extension of [266] to HOCBF by treating v/, k < r; as an optimization variable would make
it a nonlinear optimization problem that is implementable but more expensive than a QP.
2 €

min’

The second order barrier function used by ego-agent is h; = ||p. — pail|* — d
{1,..,N} where p, € R? is the position of ego agent, N is the number of non-ego agents,
and p,, is the position of the it" non-ego agent, and d,.;, is the collision avoidance radius.
The nominal values of v}, and v7, . are taken as 3, 6.0. The nominal controller u, of the
ego-agent is designed as u, = —ky(Pr — va), Vg = —kz(py — Pr.a) With k, = 1.5, k, = 3.0. For
the proposed method, the initial value of /2 is taken as 0 to start conservatively and then
become aggressive with adaptation towards ui’fnom using the proposed algorithm. This, in
general, helps maintain feasibility better across different scenarios.

We simulate different dynamics of non-ego agents; single integrator (SI) and double inte-
grator (DI). Since myopic algorithms are sensitive to the initial state of the robot, we further
show the simulation time at which the ego-agent controller becomes infeasible as a function
of the initial position of the robot. The initial velocity is set to zero across all runs. The
results are shown in Fig. 4.5(c), both for SI non-ego agents (above) and DI non-ego agents
(below). When the non-ego agents are SI, their acceleration is taken as zero by the ego-agent
to evaluate required derivatives. Note that all methods being myopic cannot guarantee fea-
sibility in a multi-constrained system. We simulate for A = 1.5 in (4.24) and A}, A? = 1A¢
for SI non-ego agents and Al = 10.0At, A? = 1.0At or DI non-ego agents where At = 0.02
is the simulation time step. Finally, note that although in theory Relazation method (and
ours) is guaranteed to be feasible when /"' > 0 in (2.30b) since it completely relaxes )",
in practice this requires v;* — oo as w?_l — 0 which, due to limited floating point preci-
sion of the solver, results in infeasible or unbounded error by the solver both of which are

interpreted as being infeasible in our results.
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4.3.4 Trust-based adaptation for Decentralized Multi-agent Sys-

tems

As part of an illustrative case study, we show application of RT-CBFs for decentralized
uncooperative multi-agent systems. In presence of non-cooperative or adversarial agents,
several works assume worst-case scenario and design a robust controller to navigate the agent.
However, this leads to overly conservative behavior. In this case study, we adapt parameters
of class-KC function to reduce this conservatism. We design the parameter dynamics based on
a trust factor that is computed based on the instantaneous ease of satisfaction of the CBF
constraints. The contribution of other agents to the satisfaction of CBF constraints can be
computed from state observations. Detailing the exact design of trust-factor would result in
a significant detour from the progression made in this chapter and therefore the algorithmic
details are mentioned in Appendix A.2. In the ensuing, we show some results showcasing
the ability of our algorithm to reason about the motions of other agents.

Videos and code available on the thesis website

https://github.com/hardikparwana/PhD-Thesis. =~ We consider a decentralized multi-

robot system. The behavior of the neighbors of each agent can be either cooperative or
non-cooperative as defined in the earlier section. For the simulation case study, we consider
the non-cooperative neighbors of each agent (called ego agent) to be of two behaviors,
namely: 1) adversarial; if a neighbor is adversarial, then it means that it is simulated to
move head-on towards the ego agent; and 2) uncooperative; if a neighbor is uncooperative
then it means that it is simulated to move along an arbitrary direction (resembling a
dynamic obstacle). We provide results for two scenarios as shown in Fig. 4.6. The initial
locations of each ego agent are marked with green circles, uncooperative agents with blue
circles, and adversarial agents with red circles. Note that since an agent can be adversarial
with respect to some agent but uncooperative to some other, we clarify later on in each case
study which agent we are referring to.

For scenario 1, there are three ego agents N = 1,2, 3 that are modeled as unicycles; note
however that none of them assumes that the other ego agents are cooperative. The agents
1,2, 3 use the first-order barrier functions from [251] in order to enforce safety. The agent
depicted in blue (Agent 5) is adversarial with respect to Agent 1, and is modeled as a single
integrator, and the agent in red (Agent 4) is uncooperative (w.r.t. all agents) and moves to
the left at constant velocity. None of the ego agents know the identities of any other agent
in the system, including other ego agents. The initial values of v,,; are all chosen to be 0.8
and the resulting trajectories and variations in barrier function value and class-XC function

parameters are shown in Figs. 4.6a and 4.7.
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We also compare our results with fixed parameter case. No solution exists to QP(2.30)
after some time when all v, are initialized to 0.8, where v;; is the class-KC parameter that
robot ¢ uses to enforce collision avoidance with robot j. Hence, assuming identities are
known, we choose 0;; 2.0 when j is an ego agent and 0.8 otherwise. The fixed parameter
CBF controller fails to lead the robots to their goal locations because of the conservative
response wherein it steers the ego agents too far away from other agents to ensure safety.
In the RT-CBF implementation on other hand, the value of parameters increases (making
controller aggressive) when the trust is positive, that is when it is easy to satisfy the CBF
constraint, as shown in Fig.4.7. The parameters decrease (making controller conservative)
when trust is negative which happens when an agent is moving too fast towards the ego
agent or is very close. Specifically, when agent 1 deviates to the right (¢ = 0 to 1.5s), it
increases the trust for agents 2,3 and one of the noncooperative agents as they do not seem
to chase after agent 1 and therefore leads to positive trust. Whereas since the adversary and
another uncooperative agent move towards agent 1, their trust is 0 or a small negative and
does not affect the parameters much. Next, when agent 1 turns back to the left, it perceives
a negative trust for agents 2,3 as they seem to be moving towards agent 1. Eventually, since
the adversary slows down as it approaches agent 1 (the adversary’s controller is based on
Lyapunov function) and because the uncooperative agents steer far away, agent 1 is more
capable of evading the adversary and therefore positive trust to it. This leads to the transient
increase in class-KC parameter (red) for collision avoidance with an adversary in Fig. 4.7a.
In our simulation, the beliefs that each ego agent employs are straight-line motions parallel
to Y axis for other ego agents and parallel to X axis for other agents.

In scenario 2, shown in Fig. 4.6b, the ego agents labeled 2 and 3 are modeled as unicycles
and use the first-order barrier function from [251], and the agents labeled as 5,6 are modeled

2 _ smin® where s

as double integrators and use the second-order barrier function h;; = s
is the distance between agents ¢, 7 and s,,;, is minimum allowed distance. The adversarial
agent chases the unicycle labeled as 2. The uncooperative agent moves to the left at constant
velocity but has a visibility cone that must be avoided by ego-agents. We again choose linear
class-KC functions with 6,,; initialized to 0.8 for first order barrier function and Gagj to 0.4
and 9%1]_ to 0.8 for second order barrier functions. The response of the fixed parameter case

is again to be very conservative compared to the proposed method.
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Figure 4.6: The timestamp is given by the colormap. Paths with bold colors result from the
proposed method. Paths with increased transparency result from the application of CBFs

with fixed class-IC function parameter.

4.4 Discrete time Predictor-Corrector Approach to

Parameter Optimization

In this section, we propose another method to adapt parameter v for a discrete-time dynam-

ical system by employing a model-predictive framework. In a nutshell, we predict the future
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Figure 4.7: Scenario 1: Variation of class-K function parameters (a) and barrier functions (b) of
Robot 1 with time. UC1, UC2 are the uncooperative agents starting from left and right respectively
in Fig. 4.6a. Trust-based relaxation allows agents to go closer to the safe set boundary (h;; = 0)
compared to fixed « case, and hence leads to a less conservative response while still guaranteeing
safety.

states using system dynamics and QP controller (4.2) for a fixed parameter, then compute the
sensitivity (gradient) of a user-specified performance metric w.r.t the parameter, and then
perform online constrained gradient descent inspored by sequential quadratic programming.
Therefore, we pose the control synthesis problem as a differential policy whose parameters
are optimized for performance over a time horizon at high level, thus resulting in a bi-level
optimization routine (lower level optimization being the QP controller itself). In the absence
of knowledge of the set of feasible parameters, we develop a Recursive Feasibility Guided
Gradient Descent approach for updating the parameters of QP so that the new solution
performs at least as well as the previous solution. By considering the dynamical system as
a directed graph over time, this work presents a novel way of optimizing the performance
of a QP controller over a time horizon for multiple CBFs by (1) using the gradient of its
solution with respect to its parameters by employing sensitivity analysis, and (2) backprop-
agating these as well as system dynamics gradients to update parameters while maintaining
feasibility of QPs.

4.4.0.1 Sequential Quadratic Programming

We briefly describe Sequential Quadratic Programming (SQP) [38, 225] that we use exten-
sively in Section 4.4 to derive real-time parameter adaptation scheme. Consider an optimiza-

tion problem in z € R™ with cost function J : R” — R, and constraint function ¢ : R” — R™
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min J(z), (4.35a)

st. c(z) <0, (4.35b)

In SQP, given an estimate Z of the solution of the optimization problem (4.35), gradients
or sensitivities of the cost and constraint functions at z are used to compute infinitesimal
update directions d so that new estimate becomes zZ* = Z + d. The update direction d is
computed based on two factors

(1) Improving-cost direction —V.J|,—5: this is obtained by computing the gradient of the
cost function.

(2) Feasible update directions: these are the directions for which constraints that are
satisfied with the current estimate z continue to be satisfied with the new estimate z. The

set of feasible directions F up to first-order approximation is given as:
F(2) ={d | c(2) + V(c|s=z,d) < 0}. (4.36)

The set F need not be computed explicitly. The update direction d is computed by projecting

the improving-cost direction into the set of feasible directions by solving the following linear
program

mdin (VJ,—z,d) (4.37a)

st c(2) + (Veues, d) <0. (4.37b)

Note that the notion of feasible directions is needed because moving only in the direction of

improving cost does not guarantee that if ¢(z) < 0 then ¢(z*) < 0.

4.4.1 System Description

In this section, we abuse the notations used for continuous-time systems in Chapter 2 to
define the discrete-time system. This choice is made to not confuse readers with many
different notations.

Consider a control affine nonlinear dynamical system with state x € X C R", control

input u € Y C R™ given in discrete time as

T = f(ze) + g(ze)uy, (4.38)
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where f(z) : X - R", g(z) : X — R™"™ are Lipschitz continuous and ¢ is the time index.
The safety of the system is specified in terms of, possibly time varying but intersecting,
safety sets S;(t),7 € 1,2,.., N that encode the allowable states of the system and are defined

as O-superlevel set of a smooth function i : X x Rt — R as follows

Si(t) £ {x € X : hi(t,x) > 0}, (4.39)
0S;(t) = {x € X : hi(t,x) = 0}, (4.40)
Int(S;)(t) £ {x € X : hy(t,z) > 0}. (4.41)

The set S;(t) is forward invariant if and only if h;(t, z) > 0 Vo € dS;(t) [36] in continuous-
time systems. With slight abuse of notation, we will use § = NS;. If h; is a zeroing-barrier
function for a class-K, function v;, then the following condition in discrete-time on h;, called

CBF condition, is sufficient for the invariance of the set S;:
hz(t -+ ]_, xt—l—l) — hl<t, It) Z Vz(hz(t, l’t)) (442)

For simplicity, we will be using v;(z) = a;x,@; € RT in remainder of dissertation but any

other parametric function can also be used.

Problem 2. Given the dynamical system (4.38) and initial state o € S(0), design a
controller u(x,t) such that V¢ > 0, the closed loop trajectory satisfies z(t) € S(t) and
||z — 2¢|| = 0 as t — oo.

In order to achieve this objective, the following CBF-CLF-QP, a discrete-time variant of
the continuous HOCBF-QP (2.30), which we shall refer to as policy mop(xs; ag, o, ...an),
will be used: Let the state and input at time step 7 € Z" be denoted as x,, u, and let 7+ 1
denote the next sampling time instant. The HOCBF-QP controller (2.30), augmented with

control Lyapunov function, is given in discrete-time implementation as

miz,?(s J(ur) = (ur — ug )  Qur — ug,) + Mo?, (4.43a)
uteEU,
st. V(r+1,2:41) < (1 —v)V(1,2) + 6, (4.43b)
YA+ L) > (1= Rk (r,2), (4.43¢)
Vie{l,2,.,N},ke{l,2,..,r—1},
Au, < b, (4.43d)

Here v;,7 € 0,1,..., N are parameters of the policy, u,4, is the desired or nominal control

input, P € R™™ ) € RT are the weight factors, V' (z) is a given Lyapunov function, and
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0 € R is slack variable used to relax CLF condition. In the subsequent, we will refer to
all parameters together in a vector = [ag, ...an|T. Note that ug,, P, and Q may also be

treated as parameters if desired so.

Remark 11. Refer to [9], [42] for a thorough discussion of discrete time CLF and CBF
conditions and their variants. We use a simple extension of their work that ensures con-
straint satisfaction only at sampling times. Any other variation with stronger inter-sample

guarantees may be used too.

Example 3. A follower modeled as a unicycle is supposed to follow a leader and maintain it
within its Field-of-View(FoV). The Lyapunov function is defined on desired radial distance
only, while three barrier functions hq, hy, hy encode minimum distance, maximum distance,

and maximum angle w.r.t camera axis constraints. A control policy can be synthesized as

min v u+ Q6>

st. V(t+1,x01) < —(1—=k)V(t,xy) + 0
ha(t+ 1, 2041) > (1 — nuq)h(t, x) (4.44)
ho(t + 1, 2441) > (1 — nug)ha(t, x4)
h(t + 1, 2441) > (1 — nus)hs(t, z).

<
>

Here, k, aq, as, a3 are parameters of the problem.

Most implementations choose the parameters 6 based on manual tuning and assume that
h; are valid CBF that can be satisfied simultaneously at all states. However, this assumption
is not true in general, and system trajectories may violate the above constraints even in
presence of unbounded control inputs. Even when constraints do remain feasible, they may
not allow desirable performance and there exists no automatic tuning procedure for . The
following example shows how even in simple scenarios, having multiple constraints can lead

to infeasibility in future.

Example 4. Consider the motion of an autonomous car modeled as one-dimensional in-
tegrator system & = wu with state x and velocity input u. Now consider a common road
scenario in which the car is caught between two vehicles. The vehicle in front is moving
slower than the vehicle at back and therefore the safe set, described as no collision zone
between the vehicles, is shrinking with time and vanishes in future. The objective is to stay
safe for maximum possible time. Let the shrinking set be given by the constraint z > ¢, and
x < 14 ct where t is time and ¢ < 1 is a constant. We can encode these two constraints

with two barrier functions hy = x — t, ho = 1 + ¢t — x and solve the following optimization
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problem

max u
st hi(t+1,me1) > (1 —a)h(t, xy) (4.45)
ho(t + 1, ze41) 2 (1 = b)ha(t, 4).

Here, a,b € R are parameters. Linear Programs(LP) satisfy the same assumptions intro-
duced for QPs in Section 4.4.2 and therefore are still amenable to our approach. Note that
eventually the safe set completely vanishes here but the response of the system before that
critical time is still relevant to real scenarios. The closed loop system for different values of
parameter is simulated. Fig.4.8 shows the resulting trajectories and Fig.4.9 shows how time
to infeasibility changes with parameter choice for two different set shrinkage rates c. Both
figures are asymmetric w.r.t a,b which is a consequence of difference in rate of change of
both constraints. Figs.4.8,4.9 also show why it is important to choose parameter proactively

as a wrong parameter choice may lead to infeasibility and possible crash of the system.
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Figure 4.8: Plot of trajectories for different values of parameter. Trajectories end at point
of infeasibility. The values of @ and b shown are normalized by sampling time At.

4.4.2 Differentiable Convex Programs

Finally for sake of completion, we mention this important result that allows us to differen-
tiate solution of QPs with respect to its parameters. This validates our use of gradients in

subsequent sections. We first make following assumptions concerning KK'T conditions.
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Figure 4.9: Time to Infeasibility: X and Y axis represent parameter values(normalized by
sampling time At) for which trajectory is simulated. The color gradation represents the
time after which problem becomes infeasible. A value of 100 implies it remains feasible
for maximum possible time and value of 0 implies it is infeasible from the start. (a)c=0.3,
(b)c=0.7 in Example 4.

Assumption 1. (Strong Duality) Slater’s condition holds for (4.43)

Assumption 2. Let e(t,u;, z,0) € RV < 0 represent the vector of all inequality con-
straints in (4.43). The functions e; and the objective J(7) are twice differentiable in wu;, and
e(ug, x4, 0), Vye(uy, x4, 0) are continuously differentiable in (x;,0). Note that for QP, (x,0)
are parameters and u,; is a variable. This assumption would usually be satisfied for most

systems of interest that have differential dynamics and a smooth objective function.
Assumption 3. Strict complementarity holds for (4.43).

Remark 12. Note that in many control problems, the solution of QP may lie exactly on
the boundary of constraint inequalities and Assumptions 1,3 may not hold and gradient
may be undefined. However even in these cases, relaxed KKT conditions [30] can be used
to get gradient in the limiting case [99]. Alternatively, a more thorough analysis based on
directional differential along a parameter trajectory may be possible but is out of scope of
this dissertation. A simple way to ensure differentiability of QP w.r.t its parameters is to

ensure that u; = ug, does not make the constraints active.

Lemma 2. ( [8], [24]Theorem3.1)If Assumptions 1,2, and 3 hold, then the QP solution is
a locally single valued function around its solution u; and thus is continuously differentiable

in the neighborhood of (zy,6).(Refer to [24] for a more insightful condition).
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4.4.3 Problem Statement

A typical objective to be achieved over a time horizon is to maximize the summation of
stage-wise cost, which we call the Reward r, subject to constraints (4.42b,4.42¢).This second
optimization routine at the high-level is given as follows:

Now suppose the reward of choosing action u; at state x; is given by the function r :
X xU — R. The reward r can, for example, encode either of stability and safety objectives
or try to minimize control input. A finite-horizon optimal control problem to find (fixed)
parameters 6, that maximize the reward accumulated for 7" time steps starting at time 7

can be formulated as follows:

T+T
max R(x,,0) = ;r(ajs,us) + Q(Tr1741), (4.46a)
st us = mop(rs;6,), (4.46Db)
Topr = f(2s) + glas)us, (4.46¢)

Vse{r,t+1,., 7+ T},

where ® : X — R is the terminal cost, which ideally is representative of the residual
infinite-horizon cost. The QP controller (4.43) is said to be implemented at low-level, and
the optimization (4.46) at high-level. The optimization (4.46) is a nonlinear program whose
global optimum is difficult to compute in real time. Therefore we only focus on methods that
help improve the estimates of (4.46) but not necessarily lead to convergence to the global
optimum.

Since we are looking for a real-time receding horizon approach, we resort to gradient
descent, specifically SQP, based solutions of optimization problems and propose to use the
sensitivity w.r.t 6, of cumulative reward (4.46a) that is achieved for a fixed 6, and given
initial state x,. That is, at time 7 we predict the future states by propagating the system
(4.38) forward in time with control at each time step chosen in (4.46b) as us = mgop(2s; b, )
and obtain the sensitivity (gradient) of predicted reward w.r.t 6,. This sensitivity is then
used to design 0, at time 7 and the procedure is repeated in receding horizon fashion at
every time 7" > 7.

When predicting future states up to a horizon of T" for a given parameter vector ,, the
controller (4.43) may become infeasible at any time s < 7 + T or it may never become
infeasible. Therefore we propose different update laws depending on whether the current
choice of the parameter 6,,, at time 7 leads to a feasible or infeasible control input trajectory

at future times s € [7,7 + T|. For this purpose, we first introduce the following definitions.
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Definition 10. Consider the system (4.38) evolving under the policy mgp(x;6,) given by
(4.43) with fixed parameter 6.

e The parameter 6, is called feasible if starting at state x, at time 7, the barrier functions
hi(s, xs) are compatible for all time s > 7, that is, the controller mop admits a solution

for all s > 7.

e A parameter  is called T-feasible for state x, and time 7, if the barrier functions

hi(s,zs) are compatible for all time s < 74 7', but incompatible at time 7 + T'.

In practice, it is sufficient to call a parameter feasible if (4.43) remains feasible for the
period of interest T', which could be the time horizon we expect our autonomous agent to
take to finish the task or get away from unsafe regions. Depending on whether we have

feasibility or T-feasibility, we now specify two objectives to be solved in this section:

Objective 1. Given a feasible 6, design an update rule 87 = F(z,0), where F' : R" x R™

is a lipschitz continuous function, such that 6% is feasible, and R(z,,07) > R(x,,0).

Objective 2. Given a T-feasible 6, design an update rule 67 = F(0) such that 0% is (T +1)-

feasible.

4.4.3.1 Methodology

We present two update rules inspired by Sequential Quadratic Programming (SQP) for
solving Objectives 1 and 2.

Case 1: Feasible 0: First, we design an update rule for improving the performance of
a feasible parameter. A gradient-based update rule computes infinitesimal changes in the
current estimate of parameter 6,_. We design the update rules based on SQP as introduced
in section 4.4.0.1. In the context of our problem, the improving-cost direction is simply
obtained as the gradient of the reward function R(z,,0) in (4.46a) w.r.t 6,.. The set of
feasible directions is computed such that if the parameter 6, is feasible (or T-feasible), then
0 is also feasible (respectively T-feasible). Let e(t, us, x4, 0,,) € RV > ( represent all
inequality constraints at time ¢ in (4.46b) which are respectively given by (4.43b), (4.43c),
and (4.43d). The update direction d, following the SQP rule in Section 4.4.0.1, is thus

obtained as a result of the following linear program.

d = arg max (VoR(x,,0,.),dp) (4.47a)
0

st e(s,us, x5 04, ) + Ve(s, us, xs; 0n, )dg > 0,
Vse{r,7+1,.,7+T} (4.47b)
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Remark 13. The rule (4.47) uses the first-order approximation of the change in the value of
function e(t, u;, x4, ,) when the parameter 6, is perturbed. This is equivalent to linearizing
the solution of (4.38) about the current trajectory (xg,us),s € {r,7 +1,..,7 + T}. This
rule employing SQP is also inspired by Differential Dynamic Programming literature [217]
that iteratively improves estimates of the optimal trajectory by using the sensitivity of
future trajectory w.r.t a given sequence of control input. However, unlike DPP, we use a
parameterized controller rather than considering a sequence of control inputs, and we use

sensitivities for the purpose of automated tuning of controller parameters.

Case 2: T-feasible #: Second, we design an update rule to perturb a T-feasible parameter
with the goal of making it a (7'+1)-feasible parameter. Given that the QP (4.43) is infeasible

at 7+ 7T, we add slack variables to all the hard constraints so that the imposed constraint is

6(7’ + T, Ur4+T+1y Tr+T+15 9) + 0 Z 0. (448)

The slack § > 0 is thus the infeasibility margin of the hard constraints and should be

minimized to zero. The high-level objective to find the update direction d thus becomes

d = min (Vo(670), dy) (4.49a)
0

6(‘97“57175;0&7) + V@(S,U57ZL'S; 0a7>d0 Z 07
Vse{r,7+1,.,7+T —1}. (4.49b)

Note that the only independent variables in (4.47), (4.49) are the initial state =, and the
parameter ¢, and therefore the gradients have to be computed w.r.t. to these independent
variables.

The next two subsections discuss how we can compute gradients by backpropagating.
These gradients can then be used in (4.47), (4.49) to find d. In the next section, we describe

how automatic differentiation can be used to obtain the required gradients.

4.4.4 Dynamical System as a Computational Graph

Firstly, we design an update rule for improving performance of a feasible parameter. This
is done by computing gradient of the objective VyJ(z,0), projecting it to the set of feasible
directions of 6, and then updating in the resulting direction with a learning rate . Here,
the set of feasible directions is computed such that a change in this direction will maintain

feasibility of the QPs and guarantee existence of trajectory at all times (or upto a large
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horizon in practice). This is done in manner similar to FSQP where parameters are updated
so that each iterate of gradient descent, not just the last one, is a feasible solution.
Secondly, we design a rule to update a T-feasible parameter to (T+1)-feasible parameter.
This is done by first identifying the constraint at T+1, that needs to be relaxed the least
of all other constraints so that the QP at T+1 becomes feasible. A direction that reduces
the infeasibility margin of this constraint is then computed with respect to 6. This direction
is then projected to set of feasible directions of QPs from t=1 to t=T and the resulting
direction is used for update with learning rate $. The next two subsections discuss how
we can compute gradients by backpropagating and then how we can use them in FSQP

framework to update parameters.

4.4.5 Gradient through Backpropagation

The dynamical system (4.38) can be visualized as a computational graph (see Fig.4.10) where
the nodes either represent independent variables or functions, and incoming edges represent
the arguments to the function and the flow of information. The gradient of each function
node can be obtained either from the system dynamics or through the sensitivity analysis of
the QP. Since the dynamics is deterministic and known, we can roll-out a trajectory to the
future and compute the gradient of the objective function with respect to # and initial state
xr, at time 7. As an example, for T' = 2,
OR(z,,0) Or(x,,u;) Or(T,i1,Urs1)

a0 = 20 + 20 . (4.50)

Here, we have

8T’(JTT+1,UT+1) o arr—i—l 8x7’+1 arr—i—l 8UT—I—I

= 4.51
00 0x,1 00 Ou,py 00 (4.51)
~—— N——
known known
with 7,41 = 7(2r41, Ur41). Since z,41 = f(x;) + g(z,)u, is a function of z, and wu,
axT+l axﬂ'Jrl 8337- ax7'+1 au‘r
= ) 4.52
20 or, 00,  “ou, 00 (4.52)
N—— ~ S~——

from dynamics Z= constant  from dynamics

Ou,; Ourii1
00’ 00

forming sensitivity analysis of QPs which is readily implemented in libraries such as cvxpy

are gradients of QP’s solution w.r.t. the parameters which can be obtained by per-

[78]. The chain-rule based recursive analysis that we employ in (4.50)-(4.52) to compute

gradients of stage-wise reward w.r.t the parameter 6 is amenable to backpropagation-based

80



derivative computation and is also readily implementable in libraries like pytorch and tensor-

flow, that are capable of constructing computational graphs. The gradient of other quantities

of interest, such as barrier function, can be obtained similarly.

- 0 -

/ 4 "‘\\l

Figure 4.10: Nodes represent functions, specified here by dynamics or QP controller, and edges
represent arguments to the function. Thick blue arrows show the flow of information when com-
puting gradient of second reward ro = R(x2,ug2) with respect to 6 through backpropagation.

4.4.6 SQP based Parameter Update - Back-propagation with Dif-

ferential Optimization

We introduce a constraint aware update law - Recursive Feasibility Guided Gradient De-
scent(RFGGD) to design the class-K function parameter dynamics.
Using the gradients obtained through the backpropagation procedure we can solve the

optimization problems (4.47) and (4.49) to obtain the update direction d. We now use the
following update

9t+1 == 9t + Bd, (453)

where § € (0,1] is the learning rate of gradient descent. Since d was computed based
on linearization about the rolled-out trajectory corresponding to the parameter 6, we use
a small learning rate to ensure approximation errors due to linearization are suppressed.
Note that choosing a proper learning rate to suppress linearization errors has been an active
research area due to the popularity of gradient descent-based updates for training highly

nonlinear neural network models [27, 269] and is outside the scope of this dissertation. In
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practice, some manual tuning is required for our approach when applied to an agent with

new nonlinear dynamics.

Remark 14. While SQP provides constraint-maintenance guarantees only up to first-order
approximation due to linearization, one can employ Feasible SQP [225] algorithms that
can guarantee constraint satisfaction for higher-order approximations. However, since these
methods also require computation of higher-order gradients such as Hessians, which can
also be obtained through backpropagation, they add to the computational complexity of the

algorithm.

Remark 15. Since each update is based on a single trajectory roll-out and backpropagation
and solving the linear program, (4.47) or (4.49), it can be performed very fast and is suitable
for online implementation. In practice, in our receding horizon framework, for Case 1, a
single update based on (4.47) can be done at each time 7. For Case 2, we can perform
multiple updates at each time 7 based on (4.49) until we reach a parameter 6 that is 7"+ 1
feasible. Since SQP in general does not provide guarantees for finite time convergence to
local optimum for generic nonlinear optimization problems, a thorough analysis of conditions
on system dynamics and initial parameter choice under which we can guarantee convergence
is outside the scope of this dissertation and will be addressed in future work. We show the
efficacy of our method through an extensive simulation study in Section 6.5. Our work thus
brings together elements from SQP, DDP, and backpropagation based gradient computation

for computational graphs to propose an automated tuning framework for controllers.

4.4.7 Simulation Results

We present results for two case studies. The first one corresponds to the autonomous car
model of Example 4, and applies our algorithm to increase the horizon over which the system
is feasible. The second one corresponds to the leader-follower problem of Example 3, and
shows how parameter adaptation can improve the high-level objective. The optimization
problems are solved in python with cvxpy [78] interface and SCS solver. cvxpy also returns
the gradient of QP solution with respect to its parameters. The dynamics of robotic agent
and cvxpy optimization are made part of PyTorch layers and once the computation graph

is made, backpropagation is done with PyTorch’s Autograd feature?.

4The videos and the code implementing the algorithm can be found
at https://github.com/hardikparwana/Safe-Learning-DASC and on thesis website
https://github.com /hardikparwana/PhD-Thesis
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4.4.7.1 Autonomous car with shrinking safe set

Fig.4.11 shows the results from applying algorithm from Section 4.4.6 to autonomous car
problem. The constrained GD is able to update parameter while ensuring that the system
remains feasible for the same or longer time horizon.

« 8= (a,b) from GD steps 100
Initial Location = 0.1
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= 100
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Figure 4.11: GD iterates: All figures are for ¢=0.3 in Example 4. Initial state is 0.5 for
(a),(b), and 0.1 for (c),(d). Each shows results for two different initialization of 6. (a), (c)
show the change in #. Points on same GD process are connected by line and direction of
update marked with arrows. (b), (d) show plots of time to infeasibility with GD iteration
number. Parameter values have been clipped to range (0,5) to better visualize infeasible
parameters near top and left edges of the box. The values of a and b shown are normalized
by At.
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4.4.7.2 Predictive Framework vs MPC

Here we do a comparison of trajectories obtained from the proposed receding horizon ap-
proach for tuning CBF controllers and MPC. We validate our approach on two different

robots. The first, a single integrator, has following dyamics
Do = U1, Py = Uz, (4.54)
and second, a mobile robot with the following dynamic unicycle dynamics:
Pr =VCOSP, Py =vSING, U= uy, ¢ = us, (4.55)

where p,, p, are the location of the robot in horizontal plane, ¢ is the heading angle measured
w.r.t X axis, uy, ug are the control inputs. The objective is to navigate around two obstacles
to reach a goal location x, = [g, g,]* as shown in Fig.4.12 with input bounds |u|, |us| < 3
for single integrator and |u;| < 2, Jug| < 5 for dynamic unicycle. For collision avoidance with

the two circular obstacles, the barrier function is designed as h;(z) = s? — s2..,

where s; is
the distance of the robot from the center of i*" circular obstacle and s,,;, is the collision
avoidance radius. The stage-wise reward for high-level optimization (4.46) is chosen as
r(xg,u) = =10 ((pe — 92)* + (py — 94)*) — ||u|[*. The nonlinear MPC problem is also solved
to optimize > r(zy, us) the same stage-wise cost to find a path that maintains h;(z) > 0. The
simulation time is 4s with time steps of 0.01s and the prediction horizon for the proposed
method is taken as 20 with an initial learning rate of 0.07. and is solved with IPOPT using
cyipopt library in Python. Our method always improves the solution resulting from initial
choice of parameters. Note that in Fig.4.12b, Case 1 nominal parameters fail to ensure the
existence of a solution to QP and so we relax the CBF constraints by adding a slack variable
with a corresponding large weight in the objective function. The resulting solution thus does

not ensure safety but gives minimum violating trajectory. The proposed method, on the

other hand, is able to tweak the gains to ensure persistent compatibility.

4.4.7.3 Predictive Framework for Leader-Follower Problem

We consider a robot, called follower, modeled by unicycle kinematics, equipped with a
forward-looking sensor (e.g., camera). The follower’s objective is to keep another robot,
called leader, within its field-of-view (FoV). The leader robot is modeled by single-integrator
dynamics and is assumed to be moving independently of the follower robot. The FoV con-

straint specifies a time-varying safe set obtained as the intersection of the following three
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barrier conditions

hy=s®—s2,, >0, (4.56a)
hy =82, — s >0, (4.56Db)
hs =b—cos(y) >0, (4.56¢)

where s is the distance between the follower and the leader, s,,;, is the minimum allowed
distance for collision avoidance, $,,,. is the maximum allowed distance for accurate detection
using the onboard camera, b is the bearing vector from the follower to the leader, and = is
the FoV angle of the follower’s camera. The CBF-CLF-QP (4.43d) uses the aforementioned

three first-order barrier functions and the Lyapunov function

Viz) = (s — 2l tmeryz (4.57)
The linear and angular velocity of the unicycle follower is constrained to be under 2.5 m/s and
4.0 rad/s in magnitude. We use linear class-K functions with first-order barriers hy, hs, hs
having parameter v, v513. The predictive framework from Section 4.4.6 is used to auto-tune
the controller gains vy, vy, 3, k. The objective is to keep the controller (4.43d) feasible for
all £ > 0, and to maximize the reward in (4.46) where r(x;,u;) = V() — 10hg, that is, the
reward is maximum when the leader is at the center of field-of-view. The leader is made to
move aggressively with a constant horizontal velocity of p, = 1 m/s and sinusoidal vertical
velocity of p, = 12sinsin(4nt) m/s. Spin, Smaz, Y are chosen to be 0.3,2.0, 7/3 respectively.
We simulate for two cases: unbounded and bounded control input and compare the proposed
approach with a fixed parameter case, leading to a total of four comparisons. The videos
and code can be found on our website. The results are shown in Fig.4.13. We see that
unbounded input with online adaptation leads to the lowest cost in Fig. 4.13b. Despite not
having input bounds, it demands smaller control inputs compared to fixed parameter case
as seen in Fig.4.13a. When the control input is bounded, the fixed parameter case leads to
infeasible QP and the simulation ends after 0.1 seconds. Our proposed method is able to
quickly adapt parameters to maintain input bounds without violating barrier constraints as
is evident in Figs.4.13a and 4.13c.

We also show the variation in performance as a function of prediction horizon. At each
time instant, a single step of GD is done for a look-ahead horizon that ranges from 0 to 30 in
simulations where a horizon of 0 implies the non-adaptive case. Fig. 4.14 shows the rewards
received in Eq.(4.46) for the proposed algorithm. Videos can be found on the thesis website
and on thesis website https://github.com/hardikparwana/PhD-Thesis.
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4.4.7.4 Computational Complexity for factored graphs

A thorough analysis of computational complexity is outside the scope of this chapter. For
simplicity, we only evaluate number of gradient computations. For every function dependent
on x, us, the number of gradients in backpropagation can be easily deduced to be 4t — 1 by
counting edges that need to be traversed when going back to initial state x; and parameter
vector . Since we have N hard constraints and one reward at each time t € {1,2.., T}, the
total number of gradients required are ZtT=1(N +1)(4t—1) = (N+1)T(T +1). In practice,
however, the constraints that are already satisfied by a large margin need not be considered
for feasibility maintenance as small changes in parameters will not affect them. Also, the
updates may be performed based on linearization about past trajectory instead of predicted

one as it would offer huge boost in speed.

4.4.8 Conclusion and Future Work

This chapter details a framework to update parameters of QP controller by employing back-
propagation on a computational graph over time. Sensitivity analysis was used for the first
time and combined with SQP algorithms to ensure that feasibility of the process over the
horizon of interest is maintained or improved while simultaneously achieving performance
gains. Future work will investigate experimental verification on different robotic platforms,
convergence rates guarantees, and the effect of uncertain dynamics. Since differentiating
through conic programs is not limited to QPs and LPs, more generic optimization based
controllers will also be investigated. While the unicycle example showed how algorithm
would perform for a nonlinear dynamical system, the algorithm needs to be tested for fea-
sibility on more systems and for infeasibility resulting from control input bounds. We also

plan to use more general class-K functions for imposing barrier and lyapunov conditions.
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(a) Single Integrator: Initial parameter: Case 1: k =1,1; = 3; Case 2: k =0.5,1;, = 0.5,i = {1,2}
in (4.43)
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(b) Dynamic Unicycle: Initial parameter: Case 1: k = 1,10 = 5,1} = 20; Case 2: k = 1,10 =
1,v} = 3 in (4.43). MPC solution first overshoots but comes back to the goal at (2,2).

Figure 4.12: Comparison of MPC with the proposed method for two different initial parameter
values given by blue and green trajectories. Receding horizon(RC) corresponds to gradient descent
steps (4.53) applied as robots move in the environment. Fixed-tuned trajectories result from per-
forming 20 iterations of (4.53) before actually moving the robot in the environment. Goal is at
(2,2). Start location is at (-0.5,-0.5).
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CHAPTER 5

Enter the Uncertainties
FORESEE - State Prediction under

Uncertainties

In the previous chapters, we assumed that dynamics is known and deterministic. In this
chapter, we relax this assumption and build up upon our predictive framework in Section
4.4 for auto-tuning controller (policy) parameters for a dynamical system with generic state-
dependent stochastic uncertainties. Note that this chapter as well as the predictive frame-
work introduced in Section 4.4 are applicable irrespective of the choice of controller (policy).
These methods may use any parametric controller like neural networks, PID, or CBF-QP.
The main challenge in using the predictive frameworks for policy tuning/optimization is
to predict the distribution of future states. This problem admits no analytical solution under
generic probability distributions. This chapter introduces a new numerical scheme based on
the Unscented Transform (popularly known for its application in Unscented Kalman Filter

(UKF)) to approximate state distributions.

5.1 Literarture Review and Contributions

5.1.1 State Prediction under Uncertainties

The ability to adapt the parameters of the control policy of an autonomous system (e.g., a
robot) by quantifying the uncertainties present in the system, and evaluating the performance
of the policy as a function of its parameters, is crucial to enabling system autonomy. We
introduce a policy optimization framework that we call FORESEE (4C): Foresee for Certified
Constrained Control, which uses stochastic estimates of system dynamics to predict the
future state distribution, and then adapts policy parameters to improve performance while

ensuring the probabilistic satisfaction of state and control input constraints. To this end, we
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consider the problem of online optimizing the parameters of a given policy under constraints
and uncertain states. We propose a novel, computationally-efficient method for the online
prediction of nonlinear state distributions using the Unscented Transform, and interface it
with a constraint-aware gradient-descent policy that adapts the policy parameters online for

performance improvement.

5.1.1.1 Earlier work on state prediction for nonlinear dynamics

Predicting a nonlinear stochastic distribution is, in general, analytically intractable [76].
Several approximate analytical and numerical methods have therefore been proposed. A
popular one that is still prevalent was proposed in PILCO [75], which at each time step
propagates a Gaussian distribution, approximates the resulting non-Gaussian distribution
with a Gaussian distribution, and repeats this procedure. The idea since then has also
been used in several other works on stochastic Model Predictive Control (MPC) [115], and
Differential Dynamic Programming (DDP) [222, 168] approaches. However, the higher-order
moments of the distribution are ignored, which can lead to significant errors when the original
distributions have high variance, and when the transition dynamics is highly nonlinear.
Furthermore, repeated approximations over multiple time steps causes the prediction to
drift away from the true distribution [236]. Also, the analytical expressions hold only for
Gaussian kernels in GP, they are restrictive in practice as different kernels are preferred
depending on the environment [198]. Model learning algorithms other than GP have also
been used. Deep PILCO [88] uses Bayesian Neural Network (NN), but it still relies on the
same moment-matching principle as PILCO.

Some works have tried to alleviate this problem by maintaining higher-order moments, or
by approximating distributions with more generic parametric representations. [205] and [13]
employ Monte Carlo (MC) to estimate future rewards and their gradients. The authors in
[166] used Unscented Transform (UT) to propagate uncertainty in the presence of Gaussian
noise, and improve an initially-feasible trajectory with DDP. The approach in [236] repre-
sented distributions as a mixture of Gaussians, maintaining coefficients for basis functions,
and used Gaussian quadrature rule to propagate the coefficients over multiple time steps.

The above methods, while leading to more accurate results than the Gaussian approxima-
tion, have their own disadvantages. MC requires an excessively large number of samples and
is computationally expensive [163, 95]. [166] used the standard Unscented Transform, which
ignores moments higher than the covariance when choosing sigma points. The approach in
[166] considers random perturbations that are independent of the state, and hence does not
exhibit the scalability issue associated with an increasing number of sigma points in presence

of state-dependent perturbations that we discuss later. [236] requires an offline analysis to
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Figure 5.1: The proposed Expansion-Contraction mechanism for predicting the distribution of
state z41 given the distribution of state x;. In this abstract 2D (n = 2) example, UT and GenUT
choose 5 (= 2n + 1) points to represent a distribution (a) The red particle (sigma point) S;; and
their weights wy ; represent the distribution of state x;. (b) Since the uncertainty is state-dependent,
each red point &;; gives rise to the states in the yellow region, each of which is represented by 5
blue points St]; ;, and weights wil in the expansion layer. (c) The overall weight of Stj’ ; is obtained by

multiplying the weight of the edge wg , with the weight of the corresponding root node wy ;. (d) The
25 points resulting from the expansion layer are then compressed back to five red-blue particles in
the compression layer to represent the blue distribution of x4 1.

design the quadrature rule.

5.1.1.2 Earlier gradient-based approaches for parameter update

A key element in most of the aforementioned works is the use of gradient-based optimiza-
tion for policy update. There are other approaches [56, 130, 88] that perform gradient-free
optimization. While most of these gradient-free methods are also able to incorporate mod-
els for the system dynamics other than GPs, they either rely heavily on parallelization for
efficient implementations [56, 130], or require extensive offline optimization [88]. Although
these methods present many advantages, here we focus on gradient-based methods that are
amenable to online implementation on less powerful (computationally) platforms, e.g., small
aerial robots.

The system, and hence its control policy, is often required to satisfy strict state and input
constraints. [268] adds a safety layer based on control barrier functions, and [61] poses safe RL
as a stochastic MPC problem. Some works directly solve the Constrained Markov Decision
Problem [212] to learn a safety-critical policy. In general, model predictive frameworks can be
used in tandem with nonlinear optimization techniques to find a constraint-respecting policy.
For example, SafePILCO [190] extends PILCO to satisfy state constraints. However, few
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techniques are suitable for online implementation. The approaches in [19, 233] use DDP to
incrementally improve the trajectory online and solve the constrained RL problem. However,

they only consider the mean of learned model dynamics when predicting the future.

5.1.1.3 Contributions and comparison to the authors’ earlier work

The contribution of this chapter is the integrated framework on state prediction and policy
parameter adaptation, which we call ’FORESEE”. The framework comprises two compo-
nents, which can be viewed as a primary contribution and a secondary contribution, re-
spectively. As the primary contribution, we propose a novel method for predicting future
state distributions for nonlinear dynamical systems with state-dependent uncertainty using
the Unscented Transform (UT) and its variants [82]. Note that although GPs and BNNs
have been prevalent in robotics, state-dependent probability distributions also arise in sev-
eral other emerging uncertainty quantification schemes such as conformal prediction [21],
deep ensembles [185], variational inference [16] and hence have significant interest from the
application standpoint. UT methods maintain a finite number of weighted particles or sigma
points that have the same sample moments as the true distribution. However, propagating
a finite number of sigma points through a model with state-dependent uncertainty requires
an increase in the number of points that need to be maintained with each time step to keep
track of the evolving state distribution. To the best of our knowledge, a method on prop-
agating a given finite number of particles through a dynamics model with state-dependent
perturbation distribution is missing, and we address it in this chapter . In order to keep our
algorithm scalable, we add a moment-preserving sigma-point compression layer that pre-
serves the number of sigma points constant across the time steps. An illustration is shown in
Fig. 5.1. Our empirical results show that with a finite number of sigma points, our method
performs satisfactorily, comparable to MC simulations but at a much lower computational
cost.

As the secondary contribution, inspired by DDP approaches [166], we show how our pro-
posed method for state prediction using the Expansion-Compression Unscented Transform
can be used in combination with a gradient-descent approach based on Sequential Quadratic
Programming (SQP) for online policy optimization, and validate our approach both in sim-
ulations and experiments. More specifically, the proposed state prediction allows us to
develop a model predictive framework that can be implemented as a computational graph
whose nodes represent states and control inputs. Backpropagating through this graph allows
us to use the policy gradients for policy optimization. For the policy gradients to be well-
defined, we use UT methods [113, 82] that admit analytical expressions and are differentiable

almost everywhere, except for the case when the covariance matrix is singular. Furthermore,
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by adopting and building upon the SQP approach, we define an online tuning mechanism
for controllers, which is desirable in the face of uncertainties and constraints. The efficacy
of the method is demonstrated by case studies addressing online controller tuning both in
simulation and hardware experiments. Notably, the proposed state prediction scheme can
be used with any nonlinear optimizer, similarly to other approaches, to obtain an optimal
policy; a case study addressing offline trajectory optimization is included in the simulation
results.

This chapter builds upon our earlier work in Chapter 4 (published in [175]), in which we
introduced a preliminary version of the online parameter optimization framework for deter-
ministic systems. This chapter thus includes the method of handling uncertain dynamics,
which corresponds to the introduction of the novel, data-efficient state prediction method
that we call the Expansion-Compression Unscented Transform. The proposed expansion-
compression layers of our UT-based algorithm constitute, to the best of our knowledge, an
important and standalone contribution to state prediction for online policy optimization un-
der uncertainty, and the major contribution of the current chapter. The UT-based method

does not appear in [175].

5.1.1.4 Chapter Organization

Section 5.1.2 describes the class of systems considered and the problem statement. Section
6.4 introduces our methods for state prediction, as well as for policy optimization. Section
5.4.1 includes a number of simulation case studies. We compare the empirical performance
of our expansion-compression prediction method against Monte Carlo simulations and a
successive approximation method for state-dependent distributions. Next, we show an ap-
plication of our expansion-compression layer to solve a stochastic nonlinear MPC problem
with IPOPT, which is an off-the-shelf available solver. We then show the efficacy of our
framework for online tuning of policy parameters on two different case studies. First, we
consider a leader-follower problem, where the follower’s policy is computed as the solution to
a Quadratic Program (QP) subject to multiple Control Barrier Function (CBF) constraints
and input constraints. Second, we use our algorithm for a quadrotor stabilization task on
safe-control-gym [264] and compare its performance and computational characteristics with
the baseline of GP-MPC [106]. Finally, in Section 5.4.6 we present experimental evaluation
of the framework on quadrotor tracking control, and specifically the efficacy of FORESEE in

auto-tuning the controller of a real quadrotor platform in the presence of wind disturbances.
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5.1.2 Problem Statement and Approach

Consider a nonlinear system with state x € X C R", input u € U C R™. The discrete-time

state dynamics is given by

T = flxg, ), (5.1)

where ¢ € Z" denotes the time index, x; ~ D,, is the current state that follows a known
nonlinear distribution D,,, x4 is the predicted state, and f : R” x R™ — R" is a determin-
istic function for the system dynamics. When f is unknown, e.g., when the system dynamics

are hard to model with physics-based principles, we assume that the state-transition model
Tir1 ~ D(xe, up) (5.2)

is available where x; is the current state, x;, is the predicted state, t € Z* denotes the time
index, and D is a nonlinear probability distribution. For example D = N (u(xy, ug), X(z¢, uyr)),
a n—dimensional probability distribution whose mean and covariance may depend on the
state and control input at time ¢. In practice, D can be obtained via model-learning algo-
rithms such as Gaussian Process (GP) or Bayesian Neural Network. We assume that the
true dynamics is a sample of the learned model, f(xy, u;) ~ D(xy, uy).

We furthermore consider K constrained sets C; C X defined as the zero-superlevel sets of

corresponding smooth constraint functions ¢; : X — R,i € K :={1,2,.., K}, such that
C;={x e X|cx) >0} (5.3)

Each state-action pair (x4, u;) results in a reward from the environment, given as r : X xU —
R. A policy 7 : X — U that maximizes the expectation of the cumulative reward for
t € T :=1{0,1,2,..., H} while forcing the probabilistic satisfaction of the constraints at

each time step t is given as:

7 =argmax E (Z r(xt,ut)) , (5.4a)

u €U —0

st. Plei(zy) >0/ >1—¢€, VieKVEeT, (5.4b)

where u; = 7(z;) and € € [0,1] is a user-defined risk.
In this chapter , we mainly focus on the case when the policy u, is a parameterized policy
in terms of parameters § € R*, such as a neural network (NN), or a P controller in which

NN weights or the P gain are viewed as a tunable parameter. With slight abuse of notation,
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we also use D(z;) to refer to the closed-loop dynamics wherein u; either takes a specific
value or is given by a state-feedback policy m. Note that in this case, D is understood to
change with parameter 6. In that case, the optimization (5.4) is reformulated in terms of 6 as
shown below. We are furthermore motivated by problems where optimization over arbitrarily
large horizons might not be available or desirable (e.g., due to computational constraints).
Hence, we seek to develop receding-horizon policies that satisfy the given constraints with
high probability, as well as a method for state prediction that is computationally-efficient
for implementation along with the online policy optimization. In summary, we consider the
following problem:

Problem Statement: Given a system modeled as in (5.2), and a control policy 7 :
X x R® — U such that u; = 7(xy, 0), we seek at each time t € Z* to
(P.1) find the parameter #* that maximizes the expected reward over a finite time horizon

H subject to probabilistic safety constraints, i.e., solves for

H
0* = argmax E (Z r(xHT,utJrT)) : (5.5a)

9
7=0
st. Plei(xr) >0>1—¢, VieKNVTeT, (5.5b)

where u;,, = w(x44,;0), T is the prediction time step, and x;,, is the predicted future state
at time ¢t 4+ 7, and
(P.2) develop a method for obtaining computationally-efficient predictions of ;. .
Approach: To solve P.2 we propose a novel prediction technique based on Un-
scented Transform (UT) that is accurate and data-efficient due to the proposed Expansion-
Compression (EC) layer. To solve P.1, we convert the stochastic optimization problem (5.5)
to an approximate deterministic optimization problem that can be solved by any available
nonlinear solver, e.g., [POPT. Additionally, when offline optimization is too expensive to per-
form, we propose an online policy update algorithm that is inspired by Sequential Quadratic
Programming and employs backpropagation through the computational graph generated by
the states of the dynamical system (5.1). The overall method, called FORESEE, compris-
ing the prediction and online optimization phases, is described in detail in Section 6.4. In

the next subsections we provide some preliminaries that help establish the notation and
framework for FORESEE.
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5.2 State Distribution Prediction with Unscented

Transform

Unscented Transform [113] is a method to represent a probability distribution through a
finite set of weighted particles, called sigma points and sigma weights from here forth.

Let a given state z; ~ D,, at time t. Consider a set S; of N representative sigma points,
Stivi=1,...,N, denoted S; = {S;1,St2,...,Sen}, and the set wy = {wy 1, wia,..., Wi N}
comprising their associated weights w; ;. The sample (or empirical) mean and covariance of

x; are computed as follows:

E, [xt] = Z wt,iSt,i, (5-6)
Sz = Z Wi (Sei — Eylae]) (Sei — Eslae)) T (5.7)

Given the moments of a distribution of x;, UT provides a principled way of selecting
the sigma points Sy, w; such that their empirical mean, covariance, and possibly other
higher-order moments are equal to the moments of the given distribution. The standard
UT algorithm [113] is presented in Algorithm 2 and, for a given mean and covariance of
a n-dimensional distribution, it selects the best N = 2n + 1 sigma points S;; and weights
wey, .0 €{1,2,...,2n+ 1}, whose empirical mean and covariance E[z,], ¥s[z¢] respectively,
as defined above, match the given moments. Note that the standard UT in Algorithm 2
requires a free parameter k € R that is chosen by the user. In theory, the optimal choice of
k depends on the original distribution and is used to better represent higher-order moments
[113]. In practice, this is usually computed for specific distributions beforehand. For a priori

unknown distributions, sigma point adaptation algorithms can be used, see [228].

5.2.1 Generalized Unscented Transform

Several variations of vanilla UT have been proposed over the years to better preserve higher-
order moments of a probability distribution. In general, a system of polynomial equations
needs to be solved which is not amenable to analytical solutions. In this section, we introduce
a specific variation, known as Generalized Unscented Transform (GenUT) [82], that we use
extensively in our work. GenUT also admits analytical solutions, uses only 2n + 1 points
(same as vanilla UT), and can preserve diagonal components of skewness and kurtosis tensors
of a distribution. Unlike vanilla UT, the ability to maintain components of skewness tensor

renders it capable of representing asymmetric distributions. Algorithm 3 presents GenUT
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Algorithm 2 generate_UT _points

Require: u,> > mean, covariance of the distribution

1:
2:

3:

4.

Choose a free parameter k£ > 0
Calculate 2n + 1 sigma points

e So=pu
° Si=p+/(n+k)E,Sitn=p—+/(n+k)E;
for i € {1,..,n}

Calculate weights for the sigma points
o wy=Fk/(n+k)
o wi=1/(2(n+ k), wien = 1/(2(n+ k)

fori e {1,..,n}
Return S, w

for selecting sigma points and weights.

Algorithm 3 generate_ GenUT points: Generalized Unscented Transform [82] for finding
2n + 1 sigma points and weights.

Require: ;€ R Y € R § ¢ R™! K € R™! > mean, covariance, diagonal skewness,

diagonal kurtosis of the distribution

u=0.5(=5+ V4K — 35?) >n x 1 vector

v=u+S >n x 1 vector
wy = (u+v)./v > n weights. Division done elementwise
wy = (wy. % v)./u > n weights. Multiplication and division done elementwise
w0 =1 — sum(w;) — sum(ws)

U = diag(u), V = diag(v) > two m X m matrices
S = Append(p, p — VIU, 4+ VEV) > 2n + 1 vectors
w = Append(wg, wy, ws) > 2n + 1 weights
Return S, w

5.3 Proposed Approach: FORESEE

This section presents our method (Algorithm 4) on state prediction by propagating sigma

points across multiple time steps, and on policy-parameter adaptation using constrained

gradient descent to respect state and input constraints. The state prediction is presented in

lines 5-10 of Algorithm 4. Constrained gradient descent implemented in lines 11 and 12 is

then detailed in the next subsection.
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Algorithm 4 FORESEE

Require: zy, H, 5,7y > initial state, time horizon, learning rate for policy update,
parameterized policy
1: Initialize po = Elxo)
2: for N = 1 to num_trials do

3: J=0 > Cost function
4: So, wo = generate_UT _points( 1,0 )

5: fort =1to T do > Predicting future
6: Snext, Wnezt < expand _sigma_point(S;_1, wy_1, D(+; 7))

7: J — J + E(r(Snext; T(Snext)))

8: S, wy < compress_sigma_points(Syext, Wnext)

9: end for

10: if Online Update then

11: Find update direction dy using (5.14) or (5.15)

12: Update 0 < 0 + Bdy

13: end if

14: end for

5.3.1 Expansion-Compression Layers

Given N sigma points and weights S;, w; representing the state x; at time ¢, line 6 predicts
the sigma points representing the state x;,1 based on the dynamics function D(x;). Each
sigma point S;; is mapped to a distribution D(S;;) based on dynamics z441|z: = D(z;) and
Algorithm 2 is used to sample new sigma points from this distribution. This leads to an
increase in the total number of sigma points that is not scalable for multi-step prediction.
Therefore, after evaluating the cost in Line 7, Line 8 performs an operation based on Algo-
rithm 5 to compress the sigma points S,..,, to obtain N new sigma points. The procedure is

repeated for H time steps.

Algorithm 5 compress_sigma_points

Require: S, w > Collection of sigma points and weights
1: ps, 2s = Sample mean, sample covariance (sigma points)
2: Return generate_UT _points(us, >s)

Expansion Layer Here we describe our sigma-point expansion layer in Algorithm 6. For
every sigma point S;; of z;, we obtain the moments of the distribution of Dy(S;;). Using
these moments, for each sigma point S, ;, we use the UT algorithm in line 4 to generate N’
new sigma points and weights denoted as Sgl and w{}i, je{l,.,N'}, N =2n+1 for UT,
as illustrated in Fig. 5.1. The weight of new sigma points Stj, ; 1s obtained equal to wil Wy,
and the resulting NN’ new sigma points are returned. The next theorem shows that this

scheme correctly represents the true distribution of x;,; up to mean and covariance.
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Algorithm 6 expand_sigma_points

Require: S,w,D() > Collection of sigma points and their weights, closed-loop dynamics
distribution

1: Initialize Spew = {}, Wnew = {}

2: for i in size(S) do

3 mean, cov = moments(D,.(S;))

4 s',w" = generate_UT _points( mean, cov, skewness, kurtosis )

5: Spew-append(s’)

6 Whew-append (w' x wy;)

7: end for

8: Return S,eu s Whew

Theorem 6. Suppose the sigma points St ;, we;, 7 € {1,2,.., N} have sample moments equal
to moments of random variable z; € R". For each sigma point S;;, consider the N’ new
sigma points and weights denoted by Sf’ i wii, where j € {1,2.,,.N’} that have the same
sample moments equal to distribution D(S;;). Then, (1) the set of points Stjz with cor-
responding weights wt,iwii have a sample mean and covariance equal to those of the true
distribution of z;.1, Elryy1] = Eg[z1]. (2) Furthermore, suppose there exists N sigma
points S, w140 € {1,2,.., N} whose sample moments are equal to moments of x;;;.

Then, the sigma points S;11;, wiy1,; and S7;, wy; have the same sample mean and covariance.

t,i

Preliminary Knowledge for Proof At time ¢, consider the random variable Z;, which
has to be propagated through a random function D(-) to obtain the random variable Z;,.
The mean of &1 is: E[241] = E[D(2;)] = E[E[D(%)|2:]], where we use the law of iterated
expectation [? | in the second equality, while by the law of total variance [? | we have:
Slie] = B[Sl o] + S[Elieala] = EIS(D@E)E)] + Slu(D(@)i)

Proof. For brevity, we remove the explicit dependence on t for sigma points and weights.
For example, §; stands for S;;. The sample expectation defined by sigma points S;j and

. . - N o N N .
weights wyw; is given as Eg[Z1] = > Y27 wiw]S! = 377 w; 375 wiS]. Since 7w} are

% %
sigma points for D(S;) and since we have assumed that they have sample moments equal to

true moments of D(S;), we have

EID(S)] = Y wlS!. 5.9

BID(S)] = > wi(S] ~EIDS)(S! ~ E[DSI)T (5.9)
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Then, we have

s[Tea] ZwZ ZwJS] (5.10)

Zw,E sz (2|2 = S
= E[E[D(%,)|2: = S]] = Eli4], (5.11)

el = Sl ~ Blaual) ~ Elace)”
Y (zw - Blss! -l 512
= ; w; ; w! (8] —E[D(S)))(S! —E[D(S))")
+ f: w; ﬁ: w! (B(D(S;)) — E[211])(B(D(S;)) — E[#,14])"

+2> wp > w] (SI-EIDS)]) EDS)-Elea)T (5.13)

+ Z w; (B[D(S)] = Eld11]) (E[D(S)] — El&1])" +0

= R[X[D(#)|2: = Si]] + S[E[D(2)|1: = Si]] = S]],

where the second expression in (5.13) equals X[E[D(z,;)]] and third expression is 0 because
> wE[D(S;)] = E[D(S;)] (Z] wf) = E[D(S)] as ), w! = 1 and therefore > w!S! =
E[D(S:)].

The second argument now trivially follows since both the set of sigma points, Syy1,i, Wit1,

iven) and &7.. w’. (from first argument). are known to have sample mean and covariance
te )

t,3
equal to that of x;,, and therefore equal to each other. The second argument forms the basis
for the compression layer which is presented in the next section.

[]

Note that Theorem 6 does not assume a specific distribution, but relies on the assumption
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that Sl-j ,w{ represents the true distribution. In this regard, our approach is not limited to
GPs with Gaussian kernel as in PILCO [75] and other studies that use PILCO-inspired state
prediction [190, 115, 222, 168].

Compression Layer Line 1 of Algorithm 5 first computes the sample moments of NN’
sigma, points sz and weights wt,iw,{i. Then using these moments, we generate new N sigma

points in line 2 using UT.

5.4 Application to Online Stochastic Optimization -

Constraint Aware Gradient Descent

In this section, we propose a gradient-descent approach for lines 11 and 12 of Algorithm 4
for solving Problem P.1. This section is an extension of online tuning framework proposed
in Section 4.4 to stochastic dynamics.

Without loss of generality, we divide the online policy update design into two cases and
denote the prediction time with 7.
Case 1: At time ¢, suppose that the policy 7(zi,, ) given out of (5.5) satisfies the con-
straints (5.5b) over the time steps 7 € T, but is suboptimal w.r.t. the performance objec-
tive. For R = Zf:o r(z¢yr, (€447, 0)), the standard RL update 67 = 0 — 5(VyE[R]), where
0t € R” is the updated parameter at time ¢, 8 € [0, 1] is the learning rate, and V4E[R] € R”
is the gradient of the expectation of the reward, does not ensure that the policy 7(z;,;6")
continues to satisfy (5.5b) for all 7 € T. therefore, similar to the procedure presented in

Section 4.4, following constrained gradient descent update rule is used:

0t =0+ Bd, (5.14a)
dy = argmax d’ VyE[R] = argmin —d’ V,E[R] (5.14b)
d d
st. Plei(xiyr) +d Voci(zpyr) > 0] > 1 — ¢, (5.14c¢)
VreT,Viek,

where 67 is the updated parameter at time ¢, 5 € [0,1] is the learning rate, € € (0,1] is
the risk tolerance, V4E[R], is the gradient (wrt ) of the expectation of the reward, i.e., a
deterministic value, but Vyc;(z;1,) and ¢;(x4,) are functions of the random variable x;, ..
This update rule forces the new parameter 61 to satisfy the constraints that 6 satisfied up
to first-order approximation about the current trajectory.

We note that (5.14c¢) is a probabilistic, or chance, constraint. Chance-constrained opti-

mization problems are in general NP-hard, and only some cases are known to have analytical
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solutions. When the chance-constrained problem is intractable, several approximations (safe,
convex, tractable approximations) of the original problem are usually considered, such as in
[158, 26]. We articulate two such approaches to approximate constraints (5.5b) and (5.14c)
using existing approaches in Appendix B.1 and B.2. Notably, the approximate constraint
(B.7) captures, consistently with one’s intuition, the statistics of the state prediction, and
the behavior of the constraint functions around the estimates of the state and the parameter
vectors. In our ensuing though, for the sake of computational efficiency (reasons mentioned

in Appendix B.1), we employ the approximation in (B.9) from Appendix B.2.

Remark 16. While SQP provides aforementioned guarantees only upto first-order approx-
imation about current trajectory, Feasible SQP [225] algorithms, although more computa-
tionally expensive, can also be used to provide guarantees up to higher orders. Choosing a
small 5 helps in ensuring that the first-order approximation is valid. Also, note that (5.14)
may give unbounded values of dy. We therefore clip the solution of (5.14) to a small value
in addition to multiplying it with learning rate 8. One could also formulate a quadratic ob-
jective in (5.14b) to promote smaller values of d (resulting in a QP) but that would increase
the optimization solve time, which is undesirable in practice as we wish to apply (5.14) as

frequently as possible.

Case 2: At time t, suppose that the policy m(xsy,,0) given out of (5.5) satisfies the con-
straints (5.5b) over the time steps 7 € {0, 1,..., H—1}, but not at the 7 = H time step when
predicting the future states x;,,, 7 € 7. In this case, we relax the j-th constraint function at
the H time step so that ¢;(xi p, wpn) = —9;, j € J, where J is the set of constraints that
could not be satisfied in the original constraint (5.5b) and d; > 0 are called slack variables
and are minimized through an objective function that minimizes 0% instead of the original
objective (5.5a). —d; is also referred to as the infeasibility margin. Let 0y = [07,,d4,...,]| be

the vector of all slack variables. The update rule is then designed to be:

6" =0+ Bdy, where (5.15a)
dy = arg max —d"VE 55" 04 (5.15b)
s.t. Plej(vsr) +d Voci(214,) > 0] > 1 — ¢, (5.15¢)
vre {01, H-1},Viek
Plej(wirp) +d"Voci(wem) > 0] > 1 —¢, (5.15d)
VjieK\J

The above update rule minimizes the slack, and as a result the infeasibility margin, while

enforcing that the constraints that were already satisfied continue to be satisfied up to first-
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order approximation. The approximation of the probabilistic constraints with robust ones

can be done as in the earlier case.

5.4.1 Simulation Results

We present a number of case studies to show the efficacy of the proposed method.
The first case study demonstrates the accuracy and sample efficiency of the Expansion-
Compression UT compared to state-of-the art methods on uncertainty propagation. The
second case study demonstrates the application of FORESEE in offline trajectory op-
timization, while the third and fourth show the applicability of the method for on-
line controller tuning. The code and videos for our simulations can be found at
https://github.com/hardikparwana/FORESEE. The videos can also be found on thesis web-
site https://github.com/hardikparwana/PhD-Thesis.

5.4.2 Benchmark: Accuracy of State Prediction

We compare the accuracy of our state distribution prediction scheme to other methods. To
evaluate the performance, we perform Monte Carlo with 500, 5000, and 50,000 particles, as
well as successive Gaussian approximation for updating the mean and covariance of the distri-
bution. Note that PILCQO’s application is limited to GPs with Gaussian kernel and therefore
cannot be applied directly to any of the presented case studies in this section. Therefore,
given the dynamics, x;.1 ~ D(x;), the successive Gaussian approximation based on updat-
ing the mean and covariance as follows E[x;1] = E[D(z)] ~ pp(E[zy]), X[zi1] ~ Xp(Elzy])
where pp,Yp are the mean and covariance functions of distribution D. We also perform
two versions of our proposed algorithm: one with successive expansion (E) operations only,
leading to a surge in the number of sigma points, and another with successive expansion-
compression (EC) operations, which keep the number of sigma points constant. The perfor-
mance of the compression-expansion layer is evaluated with two different UT algorithms: the
standard UT (Algorithm 2) and the generalized UT [82]. The free parameter k in Algorithm
2 is chosen to be 1, which is known to be optimal for Gaussian distributions.

In the first case study, we propagate states through a non-Gaussian dynamics function,
specifically, the gamma distribution I'. Given the shape and scale parameters, k and (3
respectively, the first four moments of the distribution are: pur = kB,%r = k3%, Sr =
\/lE’ Kr = % + 3. We design the following dynamics function

2

Ti41 = Ty + At F(kﬁta kﬁf) ﬁv

+3), (5.16)

> o
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Figure 5.2: The predicted state distribution under different methods for dynamics given by (5.16).
Blue samples correspond to 50,000 MC particles. Yellow and salmon-colored samples are the sigma
points generated using successive Expansion-Compression (EC) operations. Yellow samples employ
UT (Alg. 2) and salmon samples employ Generalized UT [82] in its expansion and compression op-
eration. Red ellipse represents the 95% confidence ellipse of the distribution obtained by successive
Gaussian approximation.

where we choose k = 2, 3; = 0.0122 + 0.1, and At = 0.05 and gamma distribution is applied
elementwise. The predicted state distributions and moments as a function of the prediction
horizon are shown in Figs. 5.2 and 5.3. Monte Carlo (MC) simulations are run 20 times
and sample sizes of 500 and 5000 are observed to have increasing variance in their estimates
with the horizon. Successive Gaussian approximation performs well in estimating the mean
but performs poorly in estimating higher-order moments. EC with GenUT is observed to
better represent all the moments compared to UT as expected owing to its capability to
retain more higher-order moments.

In the second case study, we consider the dynamics:

Tip1 ~ D(zy), (5.17)
D(x) = N(g(x),0.01 + diag(g(x)?)), (5.18)

~|cos(z(1)) +0.01
glo) =a Lin(x(z)) +0.01]’ (5.19)

T T

where © = [:c(l) x(Q)] and a € R. Starting at time ¢ = 1 with state x; = [0 0] , We
predict the value of the state x5 at time ¢t = 3. Fig. 5.4 depicts the predicted states obtained
under different methods (proposed, Monte Carlo, and successive Gaussian approximation) for

a = 20. Fig. 5.5 shows the corresponding predicted moments for different values for a = 20,
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Figure 5.3: First four moments with different methods: Monte Carlo (MC), successive Gaussian,
Expansion-Compression (EC) with UT, and with Generalized UT (GenUT). The successive Gaus-
sian approximation is only shown for the first two moments as it is identically zero and constant
for skewness and kurtosis. The shaded areas show two standard deviation variations in MC runs.
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and Fig. 5.6 shows the computation times for a naive Python implementation. Monte Carlo
(MC) simulations are run 20 times and sample sizes of 500 and 5000 are observed to have
high variance in their estimates. Successive Gaussian approximation performs poorly in all
scenarios, and its covariance identically tends to zero. It also exhibits oscillatory behavior
in Fig. 5.5(a). On the other hand, in agreement with previous works [82], we note that UT-
based methods lead to a similar accuracy as that of MC with a large number of particles,
but at a much lower computational cost. Also, as evident from Fig. 5.4 and 5.6, UT with
expansion only is non-scalable, as within a horizon of 6, the number of sigma points is much
larger than the number of MC particles, and hence is no longer computationally cheap.
On the contrary, the proposed UT with the Expansion-Compression (EC) layer keeps the
number of sigma points fixed across a time step and is computationally the most efficient
method. Finally, generalized UT [82] leads to more accurate estimates of moments than the
standard UT, which is also unable to convey information on the asymmetry of the resulting
distributions. Generalized UT on the other hand chooses sigma points asymmetrically to
preserve the diagonal elements of skewness and kurtosis moment matrices of the sigma points
in compression operation and is therefore better represents the true distribution.

Note that Theorem 6 relied on the assumption that sigma points accurately represent all
the moments of the distribution. In practice, we hypothesize that the degree to which this
assumption is violated is dependent on the complexity of the distribution under consideration
and the specific UT method employed. For example, we observe here that most methods
perform well with gamma distribution. However, all methods including ours experience
performance degradation (EC with UT degrades more than GenUT) in the second case
study as seen in Fig. 5.5, where (5.19) introduces oscillatory dynamics function that causes
drastic changes to the state distribution at every time step. A thorough theoretical analysis
of error induced by UT algorithms and their propagation through multiple time steps is out

of the scope of this chapter and will be addressed in future work.

5.4.3 Application to Stochastic Trajectory Optimization

In this section, we show an application of state prediction to stochastic trajectory optimiza-

tion. Consider a dynamic unicycle model with state x; = [put Dy Ut v;]" and the following
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Figure 5.4: The predicted state distribution under (5.19) for different dynamics. The colors of

samples follow the notation in Fig. 5.2. E stands for expansion.
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Figure 5.5: First four moments for different methods as a function of the horizon under (5.19).
Colors follow the same notation as in Fig. 5.3.
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Figure 5.6: Time taken by each of methods in a naive Python implementation (without any
optimizations): Monte Carlo (MC), Expansion-Compression (EC), and Expansion-only (E). All
operations are performed on a single core of CPU. H value denotes the horizon. The time per step
for MC and EC is fixed. The time taken per step by E Layer increases with horizon as the number
of particles increases.
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uncertain dynamics

Vg COS Yy
V¢ sin ’Lpt

Wy

flzy) = a + At, (5.20)

Gy

s (a0, ) =T

(5.21)

where p,¢, p, are the position coordinates along the axes of an inertial frame, 9, is the heading
angle, v; is the speed, u; = [w; ;] is the control input consisting of angular velocity w; and
acceleration a;, and N(u,Y) is the normal distribution with mean p and covariance matrix
Y. The objective is to navigate the robot to its goal location while avoiding collision with a
circular obstacle as shown in Fig.5.7. Denote the distance to the obstacle at time ¢ as d;, and

the obstacle radius as d,,;,, and consider two cases: the first enforces collision avoidance, a
2

min

avoidance with 95% confidence interval (CI) defined as E[d,* — d?

min

scalar constraint, in expectation, that is IEl[dt2 —d2,..] > 0, and the second enforces collision

| —24/%[d? —d?,,] > 0.

min

Dat

2
The objective function in (5.4) is chosen as r(z;, u;) = 10 (H [ — GH) + [Jug]|?, where
yt

G is the goal location. We solve (5.4) for time step At = 0.05s in (5.20) and horizon H = 40
using IPOPT solver. Fig. 5.7(left) and 5.7(right) show the resulting trajectory for both
cases. To validate our method, we also perform Monte Carlo (MC) with 50,000 particles

(to simulate the stochastic system dynamics), and propagate the state forward with the
control input designed using expansion-compression layers (our method). We observe that
our method provides good tracking of the mean of the state while under-approximating its

covariance.

5.4.4 Application to Online Controller Tuning for Leader Follower

To showcase the online tuning of control policies, we use the proposed framework as a tuning
mechanism for the control policy that results from a Quadratic Program (QP) subject to
Control Barrier Function (CBF) conditions for safety [175, 15], termed thereafter the CBF-
QP controller, since its parameters are difficult to generalize to new environments.

A continuously differentiable function h : & — R is a CBF for the set D = {x €
X | h(x) > 0} under the deterministic dynamics x;,1 = F(x,u), F: X xU — X, t € ZT,
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Figure 5.7: The predicted trajectories of dynamic unicycle modeled robot. The start location is at
(-0.5,-0.5) and the goal is at (2,2). The orange and blue ovals represent the 95% confidence interval
(w.r.t mean and covariance) of the sigma point and Monte Carlo states respectively. On the left
is the case where constraint satisfaction in enforced in expectation. On the right is the case where
constraint satisfaction is enforced with 95% confidence interval.
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if there exists an extended class-K, function v such that Vt € Z™:

ilgg{ (h(z1) — h(xy)] > —v(h(zy)), Vo, € X. (5.22)
For simplicity, we use v(z) = ax,« € RT, where « is a parameter that can be tuned. Given
K barrier functions h; : R* — R for ¢ € K, we can define corresponding CBF derivative
conditions (5.22) for each of the barriers h;, each of which will include a parameter «;. Let also
the desired state be encoded in terms of a Control Lyapunov Function (CLF) V : R* — R,
and consider the policy mop(xy; o, aq, ...ax) obtained by the CBF-CLF-QP:

mi? J(u) = (uy — u)T Puy — u) + Qo* (5.23a)

st. V(zg) < (1 —ag)V(zy) + 6 (5.23b)
hi(xtﬂ) 2 (1 — al)hz(:ct) ,VZ S {1, ey K}

Aut S b, (523C)

where P € R™™ @ € RT are the weight factors, u¢ is the nominal (or desired) control
input at time t, 6 € R is a slack variable used to relax the CLF condition, and A, b specify
the control inputs in the set U. We will refer to § = [ao e K] ' as the parameter vector
to be optimized over a time horizon so that the cumulative reward is maximized while the
system states are propagated over this time horizon with our computationally-efficient UT
method.

To illustrate the efficacy of the proposed state prediction and online policy optimization
method, we consider two mobile robots moving in a leader-follower fashion, where the leader
is modeled as a single integrator with dynamics as follows: p,; = w1, py; = us, where p, i, py
are the position coordinates of the leader with respect to an inertial reference frame, and
u1, Uy are the velocity components along the axes of reference frame, whereas the follower is
modeled with unicycle dynamics: p, f = ucos @, p, s = using, gb = w, where p, ¢, py 5 are
the position coordinates of the follower with respect to the same inertial reference frame,
¢ is the angle between the x-axis of the body-fixed reference frame of the follower and the
inertial frame, and u,w are the linear and angular velocity of the follower expressed in its
body-fixed reference frame.

The follower’s objective is to maintain the leader visible in its limited camera Field-of-View
(FoV), and preferably at the center of FoV. The follower’s controller is given as a QP subject

to three constraints as follows: hy = 52 — 52, > 0,hy = 52, — s> >0, hy = b — cos(y) > 0,

min max

where s = \/(pz1 — pu.y)? + (Pys — Py.r)? is the Euclidean distance between the follower and

the leader, s,,;, is the minimum allowed distance for collision avoidance, $,,4, is the maximum
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allowed distance for accurate detection using the onboard camera, b is the bearing vector
from the follower to the leader, and 7 is the FoV angle of the follower’s camera. The CBF-
CLF-QP (5.23) uses the CBF conditions of the aforementioned constraints, the Lyapunov
function V(s) = (s — W)Q, and the input constraints |u| < 2.5, |w| < 4.

The leader is moving under the stochastic dynamics:

, 1.25u, | |0.25(uy? + u? 0
D= N( ) ( y) 2 2 )7
1.25u, 0 0.25(ux + uy )
Uy = 2,u, = 3cos4nt. (5.24)

Since the leader’s state is 2-dimensional, we use 5 sigma points in the Unscented Transform
in Algorithm 2 in FORESEE to represent the leader’s state. Fig. 5.8 shows the results for
unbounded and bounded control inputs, each with fixed parameter values (no adaptation)
and with adaptive parameter values wherein we use the proposed online parameter tuning
framework (Algorithm 1). Since the leader’s true dynamics is stochastic, the results are
reported over 30 trials.

It is noteworthy that when the control input is unbounded, one can choose a set of fixed
parameters that are able to satisfy constraints at all times (Fig. 5.8b), but with lower reward
compared to the adaptive case (Fig. 5.8a); this means that the follower is not able to keep
the leader centered in the FoV.

When control input bounds are enforced, it is noteworthy that in the fixed parameter case,
the QP becomes infeasible after some time and the simulation fails, see the shorter black
trajectories in Fig. 5.8. The update rule proposed in (5.15) succeeds in maintaining feasibility
and adapts the parameters so that the constraints are satisfied (Fig. 5.8b). Interestingly,
in the presence of input bounds, the response of the optimized policy reflects the fact that
the follower does not have enough control bandwidth to focus on performance, i.e., keep the
leader at the center of the FoV, and only ensures constraint satisfaction by turning minimally
to keep the leader inside the FoV (i.e., angular velocity w remains close to zero); this can be

verified from the corresponding control inputs in Fig. 5.8c.

5.4.5 Benchmark Comparison

We compare our Algorithm 4 for online controller tuning to the GP-MPC approach in [106]
when applied on a 2D quadrotor model subjected to state and input constraints. We im-

plement our framework in safe-control-gym [264] that also provides implementation of [106].
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The quadrotor dynamics is:

_ (Th+T2)cos ..  (T1+T>2)siné _ (Tx—Ty)d
Pz = m b = m -9 0 = I, )

T

where p = [pw pz] are the horizontal and vertical positions of the quadrotor, € is the pitch

angle, T, T are the thrusts of left and right motors, and the control input is denoted as u =
T

[Tl TQ] . The quadrotor is subject to the state constraint Ap < b with A =[1 —1],b = 2.

We use the following nominal position controller:

ag = —ky(p — pa) — ko(p — Pa) — kv yay tanh (555 ) (5.25)
where T = [cose sine} (ag + mg), Oy = tan (T, T.), M = L,(—kr(8 — 02) — krof),
Ty =05(T+M/L), Ty = 0.5(T—M/L), and a4, p4, pa are the desired accelerations, positions
and velocities. k., k,, k., are gains to be tuned for stabilization performance and to satisfy
the safety constraint at all times, and kg, kg, are constant gains to stabilize the quadrotor
attitude control. Note that since the safe-control-gym benchmark runs the controller code
at 10Hz, the resulting discretization errors are expected to degrade the performance of the
continuous-time controller in (5.25). We perform all simulations on a Ubuntu 22.04 laptop
running on an i9-13905H processor and no GPU acceleration is employed. We use the
same trained Gaussian Process that GP-MPC uses to predict future states in our predictive
framework. The prediction horizon for all the algorithms is 10. In Fig. 5.9(left), we show

the results for GP-MPC and linear MPC controllers from safe-control-gym for a quadrotor

T
stabilization task. The robot starts at x = [—1 0000 O] and has to stabilize at

T = [0 0100 O]T. The simulation is run for 30 steps with a controller time step of
0.1 sec. The control input (thrust forces) are bounded, 0 < T; < 0.2N,i € {1,2}. The
means and covariances of the system states for times [t,¢ 4+ 10] predicted by MPC at time
t are shown and visualized by 95% confidence interval ellipses. The colormap denotes the
simulation time, ranging from violet (¢t = 0) to red (¢t = 3).

In contrast to MPC, we deploy FORESEE with online constrained gradient descent to
tune the gains of nominal controller (5.25). The gains are initiated as k, = 0.07,k, =
0.02,k,, = 0,kr = 60, kg, = 10 and mass and inertia are taken to be the true values from
safe-control-gym. Fig. 5.9(middle) shows the performance of the nominal controller for fixed
values of the gains. Under this choice of gains, the system violates safety constraints and
exhibits poor stabilization performance. However, with our online prediction-based tuning,
we can tune parameters for constraint satisfaction and better stabilization as seen in Fig.

5.9(right).
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safe-control-gym uses IPOPT solver for solving the nonlinear MPC optimization. It also
employs some approximations proposed in [106] to impose linear chance constraints in the
MPC to improve optimization solve time. The first run takes 19.8 seconds for IPOPT to find
a solution. The subsequent runs benefit from setting the initial guess based on the solution of
the last solved MPC (a standard trick in receding horizon implementations) and take between
2.7 to 8.5 seconds to find a solution. Note that on average, despite using the efficient IPOPT
solver written in C++, the time to solve a single MPC (even with a good initial guess) is still
more than the real-world duration of 3 seconds that this quadrotor maneuver is supposed to
take. FORESEE is written in Python using the JAX library and JAX’s autograd features
are used to compute the required gradients. Each update in (5.14) and (5.15) takes 0.02
seconds. The very first run takes 118 iterations of (5.15) to find a feasible solution but after
that, we limit the number of iterations in receding horizon implementation to 10 to finish
the simulation within 3 seconds. Writing a more efficient C++ code will be performed in

future work.

5.4.6 Experiment Results

In this section, we demonstrate FORESEE’s capability to auto-tune the controller of a real
quadrotor platform in the presence of wind disturbances. The experiment setup consists
of a self-assembled drone using a Pixhawk 6C flight controller board [1] using custom PX4
firmware [148] (based on PX4 release v1.14) that employs a geometric controller [127] trans-
lation and attitude dynamics stabilization. An axial fan, employed in [71], with a diameter
of 36 in (= 0.91m) is used to simulate wind disturbances. Inspired by [167], we model the
effect due to wind disturbance to be dependent on the position, velocity, attitude (repre-
sented as a quaternion), and commanded translation acceleration (given by (5.27)) of the
quadrotor. We keep the gains of the attitude controller the same and fixed throughout all
the experimental trials and only attempt to tune the gains of the position controller.

The quadrotor dynamics, for position p € R3, is written as:

where m is the mass of the quadrotor, g is the acceleration due to gravity, and Fr € R3
is the total force exerted by the propellers. Finally, F;,q is the force exerted by wind and

is designed as specified before. The geometric controller stabilizes the translation dynamics
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Figure 5.9: Quadrotor stabilization results for benchmarking in safe-control-gym. The ellipses in
(a) and (c) show the 95% confidence interval Gaussian representing the states predicted by GP-
MPC. The black dots are the (chosen) states from which predictions were made. The predicted
ellipses originating from these dots are colored according to the colormap corresponding to the
timestamp of the black dot.
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and enforces collision avoidance with an obstacle using the following dynamics:

Fr = FP% tanh(B(—kyer — kyey + Mprep — mg + Fops)),
P — Do 1
— ),

Fobs = kobs tanh(
Hp_poH Hp_poH_r

(5.27)
where p,.r is the reference trajectory, e, = p — pref, €0 = D — Drey are position and velocity
errors, tanh is used to clip the designed input to the maximum allowed thrust F7'**, and
Do, T are the position and radius of the obstacle.

We first learn the wind disturbances and use the learned function F;,q to perform offline
as well as online optimization for the gains k,, k,, ks > 0. The procedure to collect data
and learn F,;,q by fitting a Gaussian Process (GP) is detailed in Appendix B.3.

All computations, offline as well as online, are performed on a computer with 19-12000K
CPU and NVIDIA RTX 3080 GPU, and the commands are sent to the quadrotor through
PX4’s ROS2 communication bridge. Since GP’s prediction time is proportional to size of
training dataset, multiple predictions over a time horizon are not suitable for real-time imple-
mentation on a CPU. We therefore run the GPJax library on GPU to accelerate predictions
enabling FORESEE to run at about 20 Hz. Implementation of FORESEE on a GPU on-
board the quadrotor is also possible, however, we choose to run it on an offboard computer

because of the ease of software setup owing to better library support.

5.4.6.1 Offline Optimization

In this section, we perform offline policy optimization for trajectory tracking (k.s = 0) by
using the learned GP model in (5.5) for a large horizon. We choose the stage-wise cost
function as r(z,u) = Q1||p — Presll + Q2||p — Dresl|, where Q1,Q2 > 0 are scalar weights
and z = [p’, pT]" is the quadrotor state. We optimize policy (5.27) for the model (5.26)
and @1 = 1,Q2 = 0.2. We show results for two parameter values, specifically (1) default
parameters k, = 7,k, = 4 that are tuned manually for flight in the absence of the fan,
and (2) optimized parameters k, = 17.92, k, = 6.34 for a circular reference trajectory and
k, =179k, = 6.0 for “figure 8” reference trajectory that are found by solving (5.4) for the
learned GP model with horizon of 300 steps and time step of 0.05 s. As seen in Fig. 5.10,
and as expected, the performance of default (un-optimized) parameters degrades significantly

when the fan is turned on, whereas the optimized parameters exhibit improved performance.
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Figure 5.10: Path and cost plots for circular and figure-8 reference trajectories.
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5.4.6.2 Online optimization

In this case, we consider a cylindrical obstacle of radius 0.4 m located at p,, = —0.4, p,y, = 0.1
(po» = p. instantaneously for infinite cylinder) and tune ks along with k,, k, to improve
tracking performance while ensuring collision avoidance. We choose initial parameters as
kr, = T,k, = 4,kps = 4 and use FORESEE to tune the gains online. We consider the
constraint c¢(z,) = E[|[p, — poll — 7] — 2¢/Z[||p- — poll — 7] > 0, and perform the following

simplification of (5.14c) to reduce the number of constraints that need to be enforced in
the LP (5.14). We combine the constraints across all time steps into a single constraint
through the following equation & = S min(c(x,),0) > 0, where we choose horizon H = 50
and implement FORESEE in receding horizon fashion thereby continuously changing the
parameters k,, k,, kops as the robot moves. Although min is a non-differentiable operator
whenever ¢(z,) = 0, due to discrete-time implementation and numerical precision, we never
encounter this case in practice. If a constraint violation is predicted, we run 4 steps of
gradient descent (GD) at every time step otherwise we run 1 step of proposed GD at each
time step (at about 20 Hz). Note that the problem is nonlinear, we do not guarantee the
timely convergence of parameters and therefore number of GD steps at each time and learning
rates are subject to tuning. In practice, we choose a small horizon for faster implementation
and running multiple steps of GD at every instant.

Fig. 5.11(a) shows the quadrotor paths. The default parameter k. = 4, being too con-
servative, prohibits the quadrotor from approaching the reference trajectory. With online
adaptation, the gains are adapted to allow the quadrotor to approach the reference with-
out violating the collision constraint. We allow quadrotor to loop multiple times and show
the resulting path in Fig. 5.11(b). With each loop, the quadrotor gets closer to the ref-
erence while avoiding the obstacle. We also observe a violation of constraint in one of the
loops. We show this result to reiterate that violations are subject to tuning of learning rate
and horizon and finally model mismatch between predicted dynamics and reality. In Fig.
5.11(c) we show the trajectories that result from performing a computer simulation using
the learned GP model of quadrotor. Comparing the two figures (b and c) we note that
they are similar but not the same. We suspect that the trained GP model is close to actual
dynamics but is still error-prone being a data-driven method. Videos for all the experiments
can be found at https://github.com/hardikparwana/FORESEE and on the thesis website
https://github.com/hardikparwana/PhD-Thesis.
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Figure 5.11: Online policy optimization for trajectory tracking and collision avoidance of a quadro-
tor. Default parameter video: https://www.youtube.com/watch?v=D59R0nZvPWE, Proposed
method video: https://www.youtube.com/watch?v=vsBRkm59rAA. In the video, the hoop rep-
resents the cylindrical obstacle and the reference is not visualized.

5.5 Application to MPPI for Hybrid Systems

In this section, we present an application of proposed Expansion-Compression layers to
Model Predictive Path Integral Control (MPPI), a popular sampling-based algorithm to
solve unconstrained optimal control problems. We focus on a special case study - stochastic
hybrid dynamical systems that present a unique challenge of predicting distributions of
future states subject to a state-dependent dynamics switching function. A variant of Model
Predictive Path Integral Control (MPPI) is proposed to plan kinodynamic paths for such
systems. Monte Carlo may be inaccurate when few samples are chosen to predict future
states under state-dependent disturbances. We employ the Expansion-Compression layers
from 5.3.1 to capture stochasticity in the states as well as the state-dependent switching
surfaces. This is in contrast to previous works that perform switching based only on the
mean of predicted states. We focus our motion planning application on the navigation of
a mobile robot in the presence of dynamically moving agents whose responses are based on
sensor-constrained attention zones. We evaluate our framework on a simulated mobile robot
and show faster convergence to a goal without collisions when the robot exploits the hybrid
human dynamics versus when it does not.

This section, although advances the state-of-the-art in application for planning paths for
stochastic hybrid dynamical systems, is not related to any other part of the thesis and may

be skipped by the reader.

122


https://www.youtube.com/watch?v=D59R0nZvPWE
https://www.youtube.com/watch?v=vsBRkm59rAA0

5.5.1 Motivation

Hybrid dynamical systems [141, 97], in which the dynamics function changes in response to an
event, appear in several robotic applications. Examples include walking legged robots [121],
contact-rich quadrotor navigation [120], and mobile robot navigation on different ter-
rains [80]. In practice, due to disturbances or a priori unknown dynamics of the robot
or the environment, these systems are often modeled as stochastic hybrid systems [12].
While there is extensive research on path planning and control for hybrid dynamical sys-
tems [47, 131], we focus here on model predictive approaches to address these challenges.

Our motivation for studying these systems arises from navigation challenges, and par-
ticularly two interrelated, but often independently addressed, challenges. First, the motion
of agents, whether human or non-human, is challenging due to noisy observations of past
states and the often unpredictable behavior of these agents (e.g., sudden changes in di-
rection). Planners must account for this inherent uncertainty, which may be captured by
modeling agent motion as a stochastic hybrid system. Second, agents may abruptly alter
their behavior upon perceiving new entities in their environment, including robots, obsta-
cles, or other agents. In this work, we model agents’ dynamic modes as hybrid dynamical
systems, where each mode represents varying levels of cooperation or responsiveness to a
robot. Mode switching is triggered, for example, when the robot enters an agent’s attention
zone, such as a human’s field of view or an aquatic or aerial agent’s sensory range.

The integration of estimators into path planning systems is crucial for navigating envi-
ronments that involve diverse agents. Previous works [108, 234] have proposed estimators
that provide deterministic predictions, typically trained on datasets specific to constrained
contexts like pedestrian traffic in mall corridors. More recent research has shifted towards
developing adaptable behavioral models for estimation [221, 28, 151] or inferring deviations
from expected motion based on observations [224]. These approaches consider factors such
as social attention, which prioritizes nearby agents [234], or context-specific parameters like
environmental constraints and sensory limitations [221]. In this work, we focus on modeling
cooperative behaviors where agent interactions are influenced by sensory zones, such as a
field of view or sensory range. These factors play a critical role in enhancing situational
awareness and guiding responses to dynamic environmental changes [151].

Since exact analytical expressions for propagating probability distributions through non-
linear functions are generally not available, several approximate methods have been de-
veloped to solve stochastic MPC. These methods include Monte Carlo simulations [13],
successive Gaussian approximation [75], and the Unscented Transform [174]. In the do-
main of hybrid systems, MPC problems are typically formulated as mixed-integer optimiza-

tions [80, 25|, which can become computationally prohibitive, particularly when the system
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dynamics are nonlinear.

Since solving the hybrid MPC exactly may not be feasible for real-time implementation,
we adopt Model Predictive Path Integral (MPPI) Control [247], a sampling-based, gradient-
free method for solving unconstrained MPC problems in real-time. MPPI typically converts
hard constraints into soft constraints by incorporating them into the objective function.
Variants of MPPI have been developed to address uncertainty in the initial state [153]
and disturbances in system dynamics [248, 89]. However, [153] focuses on deterministic
dynamics, and [248, 89] address only state-independent noise. To our knowledge, applying
MPPI to systems with state-dependent disturbances remains a challenge due to the lack
of analytical methods for propagating future states under such disturbances. In this work,
we leverage recent advances in uncertainty propagation techniques [174] for stochastic MPC
within the MPPI framework.

The problem of switching dynamics under uncertain states is similar to work on belief tree
planning for motion planning under estimator uncertainty [46]. These works incorporate
state estimation uncertainty in the planning module to probabilistically bound the safety
violation metric as the robot navigates with an onboard localization module. The correction
step of the Extended Kalman filter (EKF) that is used for state estimation is triggered only
when an obstacle is within the sensing region of the robot. However, [46] implements the
switch between these different modes based only on the mean of the state estimate, thereby
making switching a deterministic phenomenon despite the state estimates being stochastic.

In this work, we propose to use a particle-based uncertainty propagation scheme based
on Section 5.3.1 in MPPI. Our contributions are twofold: First, by utilizing weighted
particles, we map the stochasticity of states to the stochasticity of mode switching, moving
beyond deterministic switching based only on predicted state means. Second, we extend
MPPI to systems with arbitrary state-dependent disturbances. Both of these contributions
enable us to define a risk-aware framework for path planning with respect to static and
dynamic obstacles for a hybrid dynamical system. Our experimental results demonstrate
improved cost and safety performance by accounting for the hybrid nature of non-ego agent
dynamics, compared to planning approaches that neglect cooperative behaviors or assume

constant velocity models [237, 33].

5.5.2 Related Work

The work most similar to ours in terms of solution approach is  [49], wherein different
terrains induce different dynamics for a mobile robot. An unknown traction parameter in the

dynamics is modeled with a terrain-dependent probability distribution, thereby making this
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also an instance of stochastic hybrid dynamics. They propose a Monte Carlo (MC) scheme
motivated by [242] to evaluate the cost of executing a control input sequence. From an
application standpoint, [49] applied MPPI when the uncertainty in dynamics is dependent on
static terrain features whereas uncertainty in our case stems from active interaction between
dynamically moving ego and non-ego agents. However, the main difference is that the method
presented in [49] uses Monte Carlo whereas we use UT to propagate state distributions across
nonlinear functions. Whereas MC can require a prohibitively large number of samples [95],
for similar performance in accuracy UT is shown to be more computationally efficient in
contrast [82, 22, 174].

5.5.3 Notation and Problem Formulation

The set of real numbers is denoted as R. For x € R,y € R™, |z| denotes the absolute value
of z and ||y|| denotes the L, norm of y. The time derivative of z is denoted by & and 25
denotes the gradient of a differentiable function F': R™ — R with respect to x € R™.

Consider a robot with state x, € R™ control input u, € R™, and dynamics

Trt+1 = fr(xr,h ur,t)- (528)

Each agent p is modeled as a stochastic hybrid (i.e., multimodal) dynamical system with
continuous state x, € R"™ and N operating modes ¢;, for j € {1,2,...,N}. Each mode
corresponds to different agent dynamics. For example, a robot may exhibit different behavior
toward another agent when it enters its limited sensing region.

When the agent p is in mode g;, then their motion is governed by stochastic dynamics
D, : R™ x R" — R™, which depend both on the state of the agent and the robot, that is,

:L‘p,t-i-l ~ qu (xpﬂf? $T7t). (529)
A mode g; is active in a region
A;j ={(zp, ) € R™ X R™ | Apeg 9jk(2p, z,) <0},

where g; : R x R - R k€ K = {1,..., K} are K activation functions for mode ¢;. We

assume that the regions {A;},<y form a partition of the space R™ x R™.

Remark 17. To simplify the presentation and notation, we have introduced a hybrid dynam-
ical model where the activation functions partition the agent-robot state space. However,

the motion planning framework that we introduce in this chapter is more general and can
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handle general hybrid dynamical systems [152].

In our framework, we allow for multiple dynamic agents. When necessary, we will use
the subscript i, e.g., x,i, Dig4,, etc, to highlight the fact that multiple agents are present —

potentially under different stochastic dynamics.

Example 5 (Simple motion model with attention radius). Consider the following attention
regions corresponding to two operating modes ¢; (non-attentive) and ¢o (attentive) of an

external agent with corresponding regions

Ar = {(@p, w0 | [y — 0[] > ds},
Ay = {(wp, 20 [ [J2p — 20]| < s},

where d is the sensing area of the agent. The stochastic dynamics in each mode are:

Dy, (ps Trt) = Tpp + Ug(Tp) + wie(@pe),
Dy, (%m xr,t) = Tpt + Uy ("Ep,t) + Uq (xp,ta xnt) + Wt (Ip,t)a

where z,; and x,; are the positions of the agent and the robot, respectively, at time ¢, ug4
models the agents’s attraction toward their goal, u, models the agent’s avoidance of the
ego-robot, and w;; are appropriate noise terms that may depend on the state of the agent

in general.
In general, the agents dynamics can also be written as
N
Tpt+1 ™~ Z 0;Dy; (Tp,ts Trt) (5.30)
j=1

where d; are binary variables and ¢; = 1 if mode g; is active,

5] _ { 1 if (xp,hxr,t) € ./4] (531)

0 otherwise .

5.5.3.1 Safety Constraints

Our objective is to navigate a mobile robot in an environment with the presence of static
obstacles, such as walls, and stochastic, dynamic agents. We model the requirement for

collision avoidance between the robot z, and each agent z, and between the robot z, and
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each static obstacle z, using distance functions:

hy : R™ x R™ — R* (5.32a)
ho : R™ x R™ — R* (5.32b)

We further assume that h, and h, are defined in such a way that given a safety threshold
e > 0, the sets {(z,,xp) | hp(xr,2,) < €} and {(x,,2,) | ho(zr, ¥,) < €} do not contain

disconnected sets of measure zero. This means that the safety problem is well-defined.

5.5.3.2 Problem definition

The question we are answering in this section is whether a robot can improve its motion
planning performance, e.g., time to reach its goal or energy consumption, if the robot utilizes
a model of the agents’ awareness of their environment. At the same time, we would like to
ensure that safety is not compromised. In other words, we aim to improve the system
performance while keeping the risk of collisions bounded by a desired threshold e.

Formally, we aim to solve the following path planning problem:

Problem 3. Given the system comprised of (5.28) and (5.29), a safety threshold € > 0, a risk
threshold € € [0, 1], and a stage-wise cost R : R" x R™" — R, plan a control input trajectory

v = {1, U2, ..., u. 7} for a horizon T" that solves the following optimization problem

T
v = argmin Z R(xyr,ur ) (5.33a)
{UT717...,’U,T7T} =0
st Tprp1 = fr(@rr ) (5.33b)
N
Tprs1 ~ 3 05Dy (Tpr, rr) (5.33¢c)
i=1
dir =1if (xpry2rr) € A (5.33d)
. -
P /\ hp(Tr gy Tpi) > €| >1—€ (5.33e)
Lk=T1
. :
P ho(@rp mor) 2| = 1. (5.33f)
Lk=T N

5.5.4 Preliminaries

Instead of solving Problem 3 exactly, we solve it approximately by imposing hard constraints

as penalties in the objective function and using MPPI to find a locally optimal path. In this
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section, we briefly describe the MPPI algorithm as well as the Expansion-Compression UT

algorithms that help approximate Eq. (5.33c).

5.5.4.1 Model Predictive Path Integral Control

MPPI finds a locally optimal solution to an unconstrained optimal control problem by sam-
pling trajectories around a nominal trajectory and assigning weights to the trajectories based
on the cost incurred. The final trajectory results from a weighted summation of all the sam-
pled trajectories.

Consider a nonlinear system with state x; € R™ and control input u; € R™ that follows

the following discrete-time dynamics
Trp1 = F(wy,up). (5.34)

For a time horizon H, consider the state trajectory x = [x7 ..., xtT+ 7|7, mean control input
sequence v = [vf,..,v] 4|7, v; € R™ and injected Gaussian noise g = [/, .., g 5)* where
gr ~ N(0,%,). Let the disturbed control input sequence be u =v + g.

The MPPI algorithm solves the following problem

t+H-1 \
mvin J(v)=E | ®(zirm) + Z (Q($T) + 51}?2;11}7)] (5.35a)
T=t
st. x4 = F(xr,v + 9gr) (5.35Db)
g~ N(0,5,). (5.35¢)

Below we provide a summary of the MPPT algorithm and refer the reader to [247] for a more
theoretical insight into its derivation and optimality properties. MPPI samples M trajec-
tories where M > 1, and each trajectory is affected by a different disturbance sequence e.

h

We will add a superscript ()™ to denote quantities corresponding to m'™ sampled trajectory.

The cost S, of each trajectory m € {1, .., M} is evaluated based on (5.35a) as follows
t+H-1
Sm = ®(afty) D Qal) + () T W + g7),

T=t

where v € [0, A]. The weight w,, for m' trajectory is determined as

Wy, = exp (—%(Sm _ 5)) , (5.36)
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where 8 = min,,cf1,. my Sm- The optimal control sequence is then computed as

M M
vh = Z wyu™/ Z Wiy, (5.37)
m=1 m=1

In a receding horizon implementation, the control input is chosen as u; = v§ and the mean

sequence u for the next iteration is set to be v.=v™.

5.5.4.2 Expansion-Compression Unscented Transform (ECUT)

Algorithm 7 applies the expansion and compression operations from Section 5.3.1 to propa-
gate state by one time step. Note that the expand_sigma_point function takes the dynamics

function as an input and evaluates the switching function on each sigma point separately.

Algorithm 7 Expansion-Compression UT

Require: (S;,w,), F > current state sigma points, Stochastic Dynamics function
L: Snexts Wneat < expand_sigma_point(F, S,, w,)
NN
2: E, = Zi:lF wnext,i'snezt,i

3: Es - Zf\;l wnext,i(Sneact,i - Es)(Snext,i - ES)T
4: S;q1, wry < generate_UT _points(Eg, X)

5.5.5 Methodology: ECUT-MPPI

We leverage MPPI to propose an approximate solution to Problem 3 that is amenable
to real-time implementation. We make two algorithmic contributions to applying MPPI
for stochastic hybrid systems. First, we use the Expansion-Compression UT for
state prediction under stochastic dynamics with state-dependent distributions.
Second, unlike previous works that realize state-dependent switching dynamics
based only on the mean on predicted states [46], we switch dynamics based on
the sigma particles. This is essential because although the switching function
in (5.31) is a deterministic function of the robot’s and agents’s position, the un-
certainty in the human’s position implies that switching at a given time is also
probabilistic. Using sigma points helps capture this stochasticity in switching.
We modify the objective of MPPI to be risk-aware as follows. The stage-wise cost is
split into two objectives: Q(x,,) = Qc(xr ) + Qn(xr 1, Tpr, To), Where Q. : R™ +— R is for
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convergence to the desired robot state z, 4, and Qp, : R™ x R" x R" — R* is safety, i.e.,

Qe(r;) =E [’Yler - xr,dW] (5.38)

2 '3
Qh Tr)= + )
( ) Hhp — QOpp hobs

where (fp, 0h,p) are the mean and standard deviation of the smallest distance value (5.32a)
of distances to all the agents p at time ¢, hys is similarly the smallest distance of distances
to all the obstacles o, and ~;,72,7v3 > 0 are user-chosen parameters. « is a risk tolerance
parameter that can be related to € in (5.33e), with larger o promoting lower risk tolerance.
Essentially, p,, — aoy ), represents the lower bound of the central confidence interval of a
gaussian and, for example, for e = 0.05, a = 1.96. The MPPI optimization is thus designed

as

mjn J(V) = Qc(xtpm)+ (5.39a)
t+H-1 \
3 (Qcm) - Qula) + 51}3“2;1@7)
st. xr = F(x,,v, +€) (5.39b)
e~ N(0,%,). (5.39¢)

5.5.6 Algorithm

Algorithm 8 shows the proposed framework and is also illustrated in Fig. 5.12. Let &, w;"
be the sigma points and weights of the m* sampled trajectory at time ¢. Further, let o7 be
the binary switching variable corresponding to mode j of the sigma point S;; corresponding

h sample.

to m!

In lines 2 and 3, we sample the perturbations and compute the control input for each
sample. The timestamped robot trajectory, for 3 samples, is illustrated in Fig. 5.12 with the
green, violet, and orange curves. Line 4 loops over the M sampled control perturbed control
input sequences. For each control input sequence, line 7 loops over the time horizon and
predicts future states. At each time ¢, Line 8 computes the cost incurred at the current state,
lines 9-17 determine the operation mode of the human, and line 18 computes the human sigma
points at the next time step. When the robot is outside the attention zone, described by the
field-of-view in our example, of the human, the human dynamics is unaffected by the robot,
shown by the human states for the first five-time steps in Fig. 5.12. Upon perceiving the

robot in its field-of-view, which happens for first time at ¢ = 6 in Fig. 5.12, each sigma point
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ObStaCIe Human sigmaJ:)oints wHuman

Obstacle
Sensing area

Figure 5.12: The robot’s sampled trajectory (green) induces different responses from each of the
human’s (the non-ego agent in this example) sigma points. The ellipses represent the distribution
of predicted human states and the dots inside them represent the sigma points. At ¢t = 6, the
human perceives the robot for the first time in its field-of-view for 2 out of 3 sigma points. The red
and blue points get influenced by robot position at ¢ = 6 while the pink point does not - resulting in
three different future ellipses (of the same color respectively). The compression operation combines
the three hollow ellipses into a single (solid) ellipse to represent human state distribution at t = 7.
Note that distribution need not be an ellipse and depends on the variant of UT employed.

of the human determines its operation mode in lines 12 and 14 and continues propagating

sigma points to future.

5.5.7 Simulation Results

In this section, we present two case studies to showcase our proposed framework. Code

and videos available at https://github.com/hardikparwana/social-navigation. The videos

are also available on thesis website https://github.com/hardikparwana/PhD-Thesis.

5.5.7.1 Multi-agent navigation

We evaluate the performance of our framework for short-term planning for a robot navigating
amongst 10 non-ego agents and 2 circular obstacles. The scenario is shown in Fig 5.13(a).

The robot is modeled as a single integrator with the following dynamics
fx:ul,i“y:u% (540)

where z, = [r, fry]T are the X, Y position of the robot and uy,uy are the velocity control

inputs. The states of the non-ego agents (other robots or humans for example) are given
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Algorithm 8 ECUT-MPPI Controller

Require: (p,>0), z,0, H, I > current human state moments, current robot state, time
horizon, Stochastic Dynamics function

1: Sp, wy «— generate_UT _points( pg, X )

2: Sample €™ = [e], .., ] ~ N(0,%,),Vm € {1, .., M}

U~ v+er

4: for m =1 to M do > Loop over samples

5: 0wy < So, Wo, Ty < Tpp

6: S =0 > Initialize Cost

7 for t =0to H do > Loop over time horizon

s: 8™ = 8"+ Q(x7") + y(v*) B (uf")

9: for all j € {1,..,N} do > Operation Modes
10: for all 5} € §;" do > All Sigma points
11: if g(x", S;;) <0 then

> Determine Switching variable

12: (SZ% =1
13: else
14: (Sj,i,t =0
15: end if
16: end for
17: end for
18: s wity < ECUT(F(67%,), S wi)

> Get sigma points of next state Algorithm 7
19: Ty = fr(@ly, wlh)
20: end for
21: end for

22: w™ < (5.36)
23: vt «(5.37) return v*©

by z, = [p; p,]* where p,, p, are the position and the control inputs are given by velocities
u1, us. Every non-ego agent has a sensing radius that defines the switching criteria and thus
the two operation modes: cooperative (when the robot is inside the sensing region) and
uncooperative (otherwise). The non-ego agents use standard infinity going potential field
(PF) for collision avoidance. Since PF is a deterministic model and actual non-ego motions

in real life may differ from it, we augment it with the following disturbance model.

U = Upom + PF (2, Ty, 20) + N (0, a tanh (L)) , (5.41)

[|[vs v, ]|

where w,m = [3,0]7 is the nominal velocity of non-ego agents, PF(x,,x,,x,) is the input

from PF, N(0,Y) is a Gaussian distribution with zero mean and ¥ covariance. The co-
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variance is designed to be inversely proportional to the velocity of the non-ego agent, and
a, 3 > 0 are user-chosen parameters. We designed this model to mimic real-life scenarios
where humans and other robots typically change their direction of motion at slower rather
than faster speeds.

We compare our algorithm to a baseline based on Risk Aware MPPI [262]. We choose the
risk metric proposed in (5.38) instead of CVaR that [262] exclusively uses since centralized
confidence interval is easy to compute for both Monte Carlo and UT whereas CVaR estima-
tion using UT is a relatively new formulation [104] and we refrain from using it in this work
for simplicity. The method of risk evaluation is the same as [262] - for every m' sampled
control trajectory of the robot, we simulate K non-ego agent state trajectories where for
each k" trajectory, the non-ego agent motion is predicted by randomly sampling from its
stochastic dynamics function resulting in a total of M K sampled trajectories. The risk for
m*" robot control sample is thus evaluated using the corresponding K human trajectories.
Note that treating each sigma-point as an independent sample, our method equivalently
samples a total of M N trajectories where N = 2n + 1 for vanilla UT. In practice, N << M
for similar accuracy [82, 22] and therefore our objective here is to compare the achieved risk
for similar computational speed.

Our MPPI code is written in JAX and the simulations are performed on a laptop running
Ubuntu 22.04 with i9-13905H CPU. Our code performs in real-time on CPU with up to
M = 500 samples and on GPU with up to M = 20000 samples. The prediction horizon is
H = 40 with a time step of At = 0.05s. We also choose ¥, = 4.0 in (5.35¢), « = 4.0/At, 8 =
1.0. We compare three cases: hybrid-dynamics aware, hybrid dynamics unaware, and mean-
based prediction for M = 500 on CPU. In the aware case, the robot incorporates a non-ego
agent’s hybrid motion model in its prediction, whereas in the unaware case, it assumes that
non-ego agents are always uncooperative. In the mean-based prediction, the robot performs
switching for non-ego agent dynamics based only on their mean positions. We show that
the aware case leads to lower costs while still maintaining safety requirements whereas the
mean-based prediction leads to worse results compared to the dynamics aware case. We
move the humans according to (5.41) and do a Monte Carlo evaluation of our framework
by running it 50 times. Animations for the simulation can be found on our website. Figure
5.13(b) shows the cumulative cost as a function of time and Figs. 5.13(c) and 5.13(d) show
the nearest distance to any non-ego agent and obstacle at a given time. Note that non-
ego agents move independently in a decentralized fashion. The dynamics-aware MPPI that
predicts non-ego agents’ motion based on the knowledge of decentralized dynamics incurs
lower costs and observes no constraint violation up to a 95% confidence interval of MC

simulations. The mean-based prediction (green curves in Fig. 5.13) and dynamics-unaware
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case (red curves) initially perform well but the performance degrades with time - the cost
increases and constraints are violated (distance to humans is 0 and to obstacles boundary
less than 0).

For RA-MPPI inspired method, we find that choosing K = 20 leads to a similar compu-
tation time per MPPI iteration as our method, and show its results in Fig. 5.14(a)-(c). We
find that RA-MPPI inspltired method fails to satisfy safety with the desired probabilistic
bounds. For K > 20, the RA-MPPI inspired method takes longer than our method but to
compare purely in terms of performance, we also show results for X' = 100 (which runs 10
times slower than our algorithm) in Fig. 5.14(d)-(f). Note that K = 200 is much closer to our
results (although still has violations) suggesting that the accuracy of UT-based prediction
in our method is equivalent to predicting using large MC samples, which is expected.

We want to clarify that the implementation speed depends significantly on the program-
ming language and hardware acceleration. Our claims on the number of particles required
for similar performance between the inspired method and the proposed method are only
representative of the behavior we observed in our implementation. Also, note that while
the proposed method works better in our case study, Monte Carlo is more accurate than
existing UT algorithms when a large number of particles are chosen. Monte Carlo is also
better at representing multi-modal distributions than existing UT algorithms. Nevertheless,
we reiterate that our method is suitable for real-time implementation where hardware limi-
tations impose constraints on the number of particles. Moreover, our algorithms can always
incorporate any improvements in UT algorithms. Finally, note that each non-ego agent is
2-dimensional, and therefore the total size of the state space is 22 and the computation time

is expected to increase drastically despite software optimizations.

5.5.7.2 AWS Hospital Gazebo Experiments

We evaluate our framework on a gazebo simulator moving the robot in AWS Hospital en-
vironment that was developed in our previous work [172]. We run our JAX code on an
NVIDIA RTX 4060 Laptop GPU with 10,000 samples.

The humans are modeled using a social force model [151] standard distance-based po-
tential field (PF) to simulate more realistic motions than the standard potential field. Our
algorithm though uses the model in (5.41) to predict humans’ trajectories as SFM uses a 4-
dimensional state per human which severely constrains the number of samples used by MPPI.
We also limit trajectory prediction to the nearest 4 humans rather than all the humans. This
results in our algorithm being run at 20 Hz.

The robot follows the unicycle model given by following equations 7, = u;cosrg, 7, =

upsinrg, 79 = up where 7,,7,,79 are the position and heading angle of the robot and
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Figure 5.13: Simulation results for proposed method in Section 5.5.7.1. (a) The robot performs
collision avoidance with humans (red) and obstacles (black). Robot trajectory is similarly shown
in green. (b) Cost (5.39a) and stability cost (Q. only) accumulated with time. (c), (d) Robot’s
minimum distance to any (c¢) human and (d) obstacle with time. The solid/dotted lines and shaded
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Figure 5.14: Simulation results for RA-MPPI inspired method in Section 5.5.7.1. (a),(b),(c) K =20
samples. Note from the increasing stability cost that the robot didn’t converge to the goal location
in the given time. (d), (e), (f) K =100 samples
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uy,up are the linear and angular velocity control input. We use the ROS2 naviga-
tion stack’s planner to plan a global path to the goal at the beginning and the pro-
posed MPPI framework as a receding horizon controller to track the global path’s way-
points. The video can be found on our paper GitHub website as well as thesis website
https://github.com /hardikparwana/PhD-Thesis.

5.6 Conclusion

This chapter introduced a numerical scheme based on Unscented Transform to propagate
state distributions across dynamics functions with state-dependent uncertainty. The numer-
ical schme involved an expansion operation to increase We proposed a variant of MPPI using
Unscented Transform for stochastic hybrid dynamical systems. Our future state prediction
scheme can map the uncertainty of states to the uncertainty in switching. We are also able
to implement our framework in real-time on both CPU and GPU subject to limits on the
number of samples. Future work includes experimentation on real robots and evaluation of

different types of hybrid dynamical systems.
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CHAPTER 6
Graceful Degradation of Constraints

The preceding chapters of this chapter strived to ensure satisfaction of all the constraints.
Chapter 3 added a new feasible space constraint while keeping the other constraint the same
whereas Chapters 4 and 5 adapted the parameters of the controller.

This last chapter of the thesis delves into a different problem whose motivation comes from
a scenario where any of the existing algorithms is unable to maintain all the constraints -
Which constraints should we remove and when?

For this problem to be well defined, it is imperative to define a criteria for removing
constraints. In this work, we assign additive priorities to the constraints and draw attention
to some relevant work from optimization literature that has been unused in the context of
dynamical systems. Specifically, optimization literature has proposed some solutions (with
limited scope) to the problem of removing constraints given an infeasible optimization prob-
lem. However, they have not considered the correlation between solutions at different time
steps when the coefficients of the optimization problem vary with the state of a dynamical
system, which is typically the case when an optimization problems plays the role of a con-
troller like MPC or CBF-QP. The aforementioned problem of removing constraints under
additive priorities is known to be NP-Hard and this chapter attempts to model and exploit
the correlation between solutions of controller at different time steps to generate a more
informed prior to solving the NP-Hard problem.

This chapter addresses synthesizing receding-horizon controllers for nonlinear, control-
affine dynamical systems under multiple incompatible hard and soft constraints. Handling
incompatibility of constraints has mostly been addressed in literature by relaxing the soft
constraints via slack variables. However, this may lead to trajectories that are far from the
optimal solution and may compromise satisfaction of the hard constraints over time. In
that regard, permanently dropping incompatible soft constraints may be beneficial for the
satisfaction over time of the hard constraints (under the assumption that hard constraints

are compatible with each other at the initial time). To this end, motivated by approximate
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methods on the maximal feasible subset (maxFS) selection problem, we propose heuristics
that depend on the Lagrange multipliers of the constraints. The main observation for using
heuristics based on the Lagrange multipliers instead of slack variables (which is the standard
approach in the related literature of finding maxF'S) is that when the optimization is feasible,
the Lagrange multiplier of a given constraint is non-zero, in contrast to the slack variable
which is zero. This observation is particularly useful in the case of a dynamical nonlinear
system where its control input is computed recursively as the optimization of a cost functional
subject to the system dynamics and constraints, in the sense that the Lagrange multipliers
of the constraints over a prediction horizon can indicate the constraints to be dropped so
that the resulting constraints are compatible. The method is evaluated empirically in a case
study with a robot navigating under multiple time and state constraints, and compared to

a greedy method based on the Lagrange multiplier.

6.1 Related Work and Contributions

Autonomous robots are often employed to complete multiple (time-critical and safety-
critical) tasks, such as to follow time-stamped waypoints, viewed as soft constraints, while
avoiding obstacles, viewed as hard constraints. In the case when the tasks are incompati-
ble, one may pose the question of how to relax, or permanently drop them. This problem
is in general NP-hard, which is impossible to solve using any polynomial time algorithms
assuming P % NP. To address this question, we consider optimization problems with hard
and soft constraints, and propose heuristics for removing soft constraints until all the hard
constraints are met.

More specifically, in this chapter we consider the control synthesis for nonlinear control-
affine systems under a receding-horizon optimization, subject to tasks that are captured by
a set of hard and soft time-dependent state constraints. The objective is to maximize a
performance score that depends both on safety (satisfaction of hard constraints) and task
compatibility (selection of compatible soft constraints). We take a constrained optimization-
inspired [146, 74] viewpoint on task selection. When an optimization problem is infeasible,
i.e., it does not admit a solution, several methods exist to find the maximal subset of con-
straints that can be satisfied [66], a problem that is known to be NP-Hard. In general, finding
this set has exponential complexity in the number of constraints and therefore heuristics are
often proposed [195, 65]. A related problem is to find a subset of the given cardinality of a set
that optimizes a performance metric. This problem is also known to be NP-hard [183, 70].

We propose a framework to decide which soft constraints to be dropped in polynomial

time so that the optimization problem for the receding-horizon controller has a feasible
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solution at every time step. We also show that selecting constraints that help maximize a
performance metric for dynamical systems is NP-hard. We first demonstrate an application
of Chinneck’s Algorithm [64], a common method based on slack variables in the field of
maximal feasible subset selection, to solving our problem. Next, we propose a novel heuristic
based on Lagrange multipliers[117]. When the constraints are deemed incompatible under a
given policy, we assign a Lagrange score to each of these constraints based on the variation in
the corresponding Lagrange multipliers over the compatible time horizon. These scores are
then used to decide the order in which constraints are dropped. To the best of the authors’
knowledge, this is the first polynomial time algorithm using Lagrange multipliers for solving
the NP-hard compatible constraint selection problems.

Compared to heuristics with slack variables, our heuristic utilizes information before the
optimization problem becomes infeasible. On the contrary, slack variables will only have non-
zero values, therefore meaningful information, at the exact time step when the optimization
problem is infeasible. To evaluate the efficiency of the proposed heuristic, we compare it to
solutions obtained by offline computation of approximate backward reachable sets, and the
offline computation of control policies based on optimized Control Barrier Functions (CBFs).

With regards to the problem considered in our case study, i.e., deciding on tasks (timed
waypoints) and generating safe (collision-free and time-respecting) trajectories to these tasks,
the literature has considered approaches that are based on optimization and constraint re-
laxation, however none of the existing methods solves the problem in a systematic manner on
how to drop the soft constraints, neither considers nonlinear, control-systems. For example,
Model Predictive Control (MPC) and Control Barrier Functions (CBFs) methods can be
used to enforce Signal Temporal Logic (STL) specifications for nonlinear system dynamics,
[186, 135, 92, 90], however they can not choose or prioritize among constraints in order to
prolong the feasibility of the optimization problem. With regards to some recent studies
that address similar problems where a robot is assigned to travel through a series of regions:
[101] allows a robot to execute tasks described by Linear Temporal Logic specifications;
however, the approach assumes holonomic robots exhibiting straight-line motions, and uses
a maximum velocity-based time-to-go estimate as a measure of the reachability of the target
region. [160] and [239] perform reactive task allocation through relaxed CBF constraints in
a CBF-QP controller by weighing the slack variables proportionally to a user-given priority
of the constraint. However, all of the aforementioned approaches share the characteristics
of a myopic controller, that is, they may enter regions from where the robot may not be
able to recover and finish the high-priority tasks. They also do not provide an approach to
choose between optional task constraints when they are incompatible with each other or with

the other hard constraints imposed by the user. The issue of incompatible safety objectives

140



was recently addressed in [126] with a hierarchical relaxation of constraints in the order of
absolute priorities defined by the user. However, their approach cannot be extended to cases
where priorities have not been defined or are not assigned to individual constraints but to a
collection of constraints.

In contrast to the aforementioned studies, our approach, while originally inspired from
a time-and-safety-critical task (waypoint) allocation and following problem, offers a much
more general framework for compatible constraint selection and hence recursively-feasible
control synthesis. The rest of the chapter is structured as follows. Sections 6.3 and 6.4
present the problem formulation and proposed methods, respectively, and their evaluation

is presented in Section 6.5.

6.2 Preliminaries

The set of real numbers is denoted as R and the non-negative real numbers as R*. Given
x € R" ||z|| denotes Ly norm of z. Let I(y),y € R be step identity function such that
I(y) =1if y > 0 and I(y) = 0 otherwise. The interior and boundary of a set C are denoted
by Int(C) and OC. For a € R, a continuous function « : [0,a) — [0, 00) is a class-K function
if it is strictly increasing and a(0) = 0. Furthermore, if @ = oo and lim,_,,, a(r) = oo, then
it is called class-K.

Consider a discrete-time nonlinear dynamical system

T = f(me) + g(me)uy, (6.1)

where z; € X C R and u; € U C R™ represent the state and control input, and f : X — R"
and g : X — R™ are locally Lipschitz continuous functions. The set of allowable states at
time ¢ is specified as an intersection of N sets S;(t),i € {1,2,.., N}, each of which is defined

as the O-superlevel set of a continuously differentiable function ¢; : RT x X — R as:
Si(t) £ {x € X : ¢;(t,7) > 0}. (6.2)

Define H;: RT x X — R such that the super-level set of H; at time ¢, denoted Sy, (t) =
{r € X : Hi(t,z) > 0}, defines a constrained set that encodes ny safety specifications or
high-priority tasks that must be completed, where i € Ty = {1,...,ng}. Similarly, define
hj: RY x X — R, where j € Z, = {1,...,ng}, and denote S, (t) = {x € X : h;(t,x) > 0} a
constrained set that encodes ng less prioritized tasks that can be removed if needed. Denote

N:TLH+TL5.
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6.3 Problem Formulation

Let m : RT x X — U be a Lipschitz continuous controller that is used by the autonomous
agent to enforce safety and performance constraints. Let 77¢/ : Rt x X — U be a reference
input controller.

Now given the current state x; at time ¢, let x,; be the predicted future state at time 7+1¢
obtained by forward propagation of x; under dynamics (2.1) with input u,; = 7(7 +t, x¢),
and reference input u:‘etf = 7" (7 +t,2,). Note that zo, = z;.

This chapter specifically considers the controller m defined by an optimization problem,

termed as the Problem 0 (Py), of the following form

Po: = 7m(r+ ¢, 2) = argmax J(u, Tyef) (6.3a)
st. e = f(@r) + g(xrp)u (6.3b)
Hz(t + 7+ 1, $T+l|t) Z O,VZ S IH
hi(t +7+1, xr41e) > 0,V5 € I, (6.3¢)

where J(u) is a control objective function. The optimization (6.3) may not admit a solution
for a given time 7 + ¢ and state x,; and in these cases, the controller is said to have failed.

Suppose that, for a time horizon T' of interest, under the flow of dynamics (2.1), the
original optimization problem (6.3) becomes infeasible at a prediction time step ¢ + Tro <
t+7T and state z,,,,¢- In such cases, to obtain a valid control input, one approach is to find
a subset of the soft constraints with indices I,]: C 7, that give rise to a feasible problem in
the whole time horizon when enforced.

More specifically, consider the following Problem 1 (P;), i.e., a reduced problem (called
also thereafter a subproblem), where all the hard and a subset of the soft constraints are

enforced:

Py: w, = argmaxJ(u,ty) (6.4a)
st Trpp = f(@e) + g(@a)u (6.4Db)
Hl(t + 7+ 1, $T+1|t) Z O,Vl S IH
hi(t +7+ 1, 2 0) > 0,V) € T/ (t, xp), (6.4¢)

where the set I,J:(t, x;) at time ¢, at state xy, is such that the optimization problem (6.4) is
feasible V7 € {0,1,2,...,T}.

From now on, we use the terms “subproblem* and “reduced problem“ interchangeably.
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Definition 11. (Feasible subset) A set Z! (¢, z,) is called a feasible subset at time ¢ and state
z, if the solution wu,|, of (P;) given out of (6.4) exists V7 € {0,1,...,T}.

A feasible subset I}{ (t,z;) can be non-unique, and therefore we search for the feasible
subset that furthermore satisfies certain properties. Denote P(Z;,) the power set of Z;, and
denote FP(Z,)(t,x;) C P(Zy) the set that comprises all the elements of P(Z,) that are
feasible subsets of Z;, at time t and state z;.

Our first objective is to find the feasible subset of maximal cardinality, as defined in
Objective 3:

Objective 3. If the set Xy (t) = {x; € X | Hi(t,x;) > 0,Vi € Zy} is non-empty at time t,
Xy (t) # 0, find the element of FP(Z,)(t, ;) of maximal cardinality, denoted Z;” (£, z;), or

in other words, the maximal feasible subset of (P;), defined as:
T (t, ) = arg max | FP(T,)(t, )| . (6.5)

More generally, for the case when a reward function of the form R : P(Z,) — R is given,

we consider the maximization of the given reward as:

T (t, 2,) = arg max R(FP(Ty)(t, ). (6.6)

Objective 3 is a NP-hard problem. To see why, consider a simple scenario in which
(Po) : (7 + t,x;,) is feasible at the prediction time 7 = 0, but becomes infeasible at
time 7 = 1. The selection of feasible subsets of soft constraints when considering only
m(1 + t,xq¢) is equivalent to the maximum feasible subset problem (maxF§S), which is a
known NP-hard problem. Objective 3 considers not only 7(1+¢, z1);) but also its correlation
with 7(0 4 ¢, zo;) when finding feasible subset of soft constraints, therefore it is NP-hard
equivalently. Specifically, Objective 3 is a combinatorial problem with worst-case exponential

complexity as the power set P(Z) has 2™ elements.

6.4 Methodology

In this section, we propose a heuristic approach to solve for Objective 3. Consider the point-
wise optimal QP controller (6.3) that enforces N = ng + ng (hard and soft) constraints.
Let the trajectory at a future time step 7 resulting from forward-propagating the closed-loop
system (2.1) under the controller (6.3) at time ¢, be given by (@r¢, urt, 7 € {0, .., Tfqa }) Where
Trai € {0, .., 00} is such that a solution to (6.3) exists for all 7 < 74, and does not exist for

T = Tfail-
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6.4.1 Chinneck’s algorithm

Several heuristics have been developed for finding the maxFS. In this section, we first briefly
review one such iterative algorithm, Chinneck’s algorithm, and propose a simple extension

of it to our problem. Consider the following optimization problem:

min  J(u) (6.7a)
st. ¢(u) <0, ieZ.={1,.,N}. (6.7b)

where ¢;’s are constraints to the optimization problem and suppose that (6.7) is infeasible.
The idea is that in each iteration of the algorithm, Chinneck’s algorithm removes one con-
straint permanently until a feasible subset of the constraints is found. More specifically, let
the set of constraint indices at iteration iter € {0,1, N — 1} be Z"" with Z° = Z°¢. At an
iterative step with index set Z%°", each constraint k € Z%" is assigned a score, hereby called
Chinneck’s score, by evaluating the following reduced relaxed problem RRP(Z""),, that re-
sult by removing k™" constraint and adding slack variables to the remaining constraints in
(6.7).

RRP(Z""); :min  J(u)+M > 6 (6.8a)
iez‘iter\{k}
st. ci(u) <6, i € T\ {k}. (6.8b)

where d,, are slack variables, while adding M§? with M > 1 promotes d, = 0. The
Chinneck’s score of constraint & is now taken as the sum of all slack variables d,,, i € Z""\ {k}
of RRP(Z"*"); and is an indication of how much the constraints, {¢; > 4., Vi € 7"\ {k}},
had to be violated for the RRP(Z"*"); to admit a feasible solution without relaxation:

T chinneck (RRP (Iiter ) k) = Z 56»; . (6 9)
iez‘iter\{k}

The constraint k with the largest Chinneck’s score 7epinneck(RRP(Z%¢");,) is permanently
removed at iteration iter, and the process is repeated until a feasible solution in which all

slack variables are zero is found.

6.4.2 Application of Chinneck’s Score to Problem P,

In order to apply Chinneck’s method to Problem P, given by (6.3), we have to account for
the fact that we have a dynamical system, i.e., that the control inputs and the states are

functions of time (trajectories), and not fixed (constant) with respect to time, and so we
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perform the following modification: At each iterative step, we first remove one soft constraint

k € Zj'r C T, temporarily, which results in a reduced problem (RP) as defined:

RP(Z"" ) : urps = arg max J(u) (6.10)
st. Trpap = flare) + 9(@q)u (6.11)

Hl(t + 7+ 17 x7—+1|t> 2 O,Vl c IH

hi(t+7+1, xrp1p) > 0,V5 € ;"\ {k}, (6.12)

and propagate the state z; under dynamics (2.1) and (6.12) for 7 = {0, 1, .., min(7, 74 — 1) }
where 7Ty, is the time at which (6.12) becomes infeasible. If 74, < T, we evaluate a reduced
relaxed problem (RRP) and compute the sum of slack variables of all the hard and the
present soft constraints at the failing step 7¢.;. More specifically, we consider each RRP

(Ziter),, given as:

RRP(Z}" )i : tr,, e = arg max J (u) (6.13)

u

s.t. Lrpaut+llt = f(:BTfaizlt) + g(szail|t)u (6'14)
Hz<t + Tfail + 17 foaiz+1|t) + 5H1 2 O,VZ € IH
hj(t + Tfail + 1, foail+1|t> + 6hj >0,Vj € I}ifer \ {k}v

and compute a Chinneck score as:

Tchinneck (RRP (Iiter ) k ) ) =

1
D Omt D Ot m T (6.15)

VieTy ViETiter\k

Similarly to the original Chinneck’s algorithm, we then permanently drop the constraint
whose removal corresponds to a reduced relaxed problem with the largest slack score at each
iterative step, and stop until the slack score becomes zero, or all the soft constraints have

been removed. A pseudo-code can be found in Algorithm 9.

6.4.3 Proposed Algorithms based on Lagrange Score

Chinneck’s algorithm utilizes slack variables in the heuristic to find the feasible subsets.
However, the slack variables become non-zero only when the optimization problem is infea-
sible, i.e., at time step 7p,;. Therefore, the feasible time steps 7 € {0, .., T4 — 1} do not

contribute to the slack score. However, (2.1) being a dynamical system, we hypothesize that
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the time steps preceding failure provide meaningful information about the evolution of the
constraint functions over the system trajectories. In accordance with this hypothesis, we
propose to use Lagrange multipliers resulting from the optimizations (6.4), rather than the
slack variables.

Our key observation regarding the slack variable and the Lagrange multipliers correspond-
ing to a single constraint is that the former is zero if the problem is feasible, while the latter
is not; in that regard, the Lagrange multipliers gives more information about the strictness
of the constraint (how much it constrains the feasible space), which is particularly useful
when solving for dynamical trajectories over time horizons. It is worth noting that Lagrange
multipliers have been known to offer insight into the satisfiability of the constraints and
are often used to select candidate constraints that could be made feasible, for example, in
the popular active set method [249] and interior point methods [181] for solving quadratic
programs. Our novelty lies in utilizing Lagrange multipliers to evaluate the satisfaction of
a constraint over a time horizon for an evolving system such as (2.1), and using it to find a
feasible subset of constraints.

Let us first consider the problem (6.4) solved for time horizon 7" = min(T, 744) for
T, C T, where Z, is any subset of Z;,. Let An,; (7) be the Lagrange multiplier of the inequality
constraint h;(t+7+1,2,41);) > 0 resulting from solving (6.4) at time 7. We assign a Lagrange

value I, to each soft constraint h; as follows

Tfail—1

b= Y A, (7). (6.16)

Since Lagrange multipliers are non-zero only when the respective constraints are active, we
hypothesize that often the impact a constraint has on the feasibility of (6.4) over a time
horizon is proportional to its Lagrange value, and therefore we remove the constraint with
the highest [;,;. We also note that using sign(\) instead of A yields similar performance. In
the ensuing however, we only present results with (6.16). In what follows, we will describe

two heuristics utilizing the Lagrange values of the constraints to compute feasible subsets.
6.4.3.1 Proposed Method on Finding Feasible Subproblems based on Lagrange
Multipliers

Similar to Chinneck’s algorithm, we present an iterative procedure to remove constraints
successively. Consider the relaxed subproblem (6.12) that results from removing constraint

k € Zj'" at iteration iter. We forward propagate the state z, under (2.1) and (6.12) for a
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Algorithm 9 Feasible Subproblem Algorithm

I ={1,.,ns} =1, > Constraint Indices to consider
2: I,{ = > Feasible Index Set Initialization
3: for iter € {0,1,...,n5 — 1} do

4 Tmin = INF

5: if Chinneck then

6: Ty = 7achinneck(];{];{1:)(l—}ifer)k)

7 else

8 T = Tlag(RP(I}ilter)k)

9: end if
10: if r, < r,u, then
11: Tmin = Tk, kdrop =k
12: end if

oril ,
13: I =T\ Ky
14: if r,,;, == 0 then

15: I7 = T+ break
16: end if
17: end for

18: return I,{

time horizon 7" = min(7T’, 74,:). The Lagrange score of constraint k is designed as follows

Tiag(RP (" )i) =

I’Lter\{k} 1 .
Zjh lj—l-m if Tfail S T

1
R(Z;"\{k})

(6.17)

otherwise.

Now we remove the constraint with largest Lagrange score and the procedure continues until

we find a feasible solution or remove all soft constraints as described in Algorithm 9.

6.4.3.2 A Greedy Approach based on Lagrange Multipliers

The approach in Algorithm 9 requires solving optimization problems for multiple subprob-
lems in each iteration. This procedure can have a high computational overhead that might
not be suitable for real-time implementation. In this section, we present a greedy approach
Algorithm 10 to select a subset of soft constraints by dropping them in the order of Lagrange
value. Specifically, consider the subproblem (6.4) solved for a constraint set Z/**" C Z;, and

Trea be the time (6.4) first becomes infeasible. Then we assign the following score to each
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constraint k
Tlag(Pl(I}iLter)k> = lhka (618)

and permanently drop the constraint with the largest score. We repeat this procedure until

a feasible solution is found (74, > T') or all the soft constraints are dropped.

Algorithm 10 Greedy Algorithm

X > Current state of the system
) ={1,.,ns} =T, > Constraint Indices to consider
=0 > Feasible Index Set Initialization
for iter € {0,ng — 1} do

Fmaz = arginaxy (Tlag(Pl(Ilizter)k))

if Py(Zj*) is feasible then

T! = Titer break

end if

I}z'lter+1 — I}il,ter \ kmam
end for
: return I}{

—_ =
— O

6.4.3.3 Complexity Analysis

For the subproblem-based algorithm, the complexity of the number of optimizations to be
solved in the worst-case, corresponding to the case when all soft constraints are removed, is
O(n%T) because in every iteration iter € {0,..,ng — 1}, 7 € {0,..,T — 1}, it needs to solve
ng — 1 optimizations. The overall computational complexity also depends on the solve time
for each optimization (6.3). For quadratic programs, for example, polynomial time solvers
are available[206] (although QP, being NP-Hard in general, have exponential complexity).
For such solvers, the complexity of the subproblem approach is O(n¢T). As for the greedy
algorithm, since it drops one constraint at each step and checks whether the reduced problem
is feasible or not, its worst-case complexity of the number of solved optimizations is O(ngT),

and computational complexity for quadratic programs is O(niT).

6.5 Simulation Results

In this section, we illustrate the efficacy of our algorithm through simulations. Consider the
scenario shown in Figs. 6.1, 6.2 and 6.3, in which a robot is tasked to track a series of

time-stamped waypoints, i.e., the robot is required to arrive at the j-th waypoint before a
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user-defined time 7j. The strict requirements on the robot are avoiding collision with the
walls and reaching the final target position within user-defined time T%;nq. Let the robot
position at time ¢ be denoted p;. The constraints to reach a waypoint p,; and the final target
position pyy at maximum allowable distance of d,q, are formulated through the following
Control Lyapunov functions (CLFs) [204]:

Vi(t,pe) = doew — (05 — 22)" (0j — p1) (6.19)
V;‘/f(tapt) = d?nax - (Ptf - pt)T(pt - pt)- (6.20)

The constraints for the waypoints are encoded via the CLF conditions:
hj(tvpt) - ¢j(t) Vj(t + 17pt+1) - (1 + ahj)‘/j(t7pt)

Vi € Tn(t) = {1,. .., Nwaypoints }» Where oy, > 0 and ¢;(t) is the activation function defined

as:

1, T, <t<T;
¢;(t) = (6.21)

0, otherwise

where T} is a user-defined time specification so that the robot has to arrive at the j-th
waypoint before 7. When we remove waypoints, we shift the lower bound of the activation
function of each included waypoint to the upper bound of the activation function of the
included waypoint just before it accordingly. As a result, [Tj_1,7}] is the active time window
of the j-th waypoint. Similarly, the hard constraint for arrival at the final target is defined

as:
Htf<t7pt> = ¢tf(t) ‘/tf<t + 17pt+1) - (1 + OéHtf)‘/;‘,f(t’pt) )

where ap, ; >0, and ¢y is defined with a final time T';,q so that the robot is required to
arrive at the final target position before T%;,q. Collision avoidance with static obstacles,
which are approximated as a series of circular disks, is formulated using the following barrier

function

brri(t, p1) = (pr = Toi) " (P = Toi) = Ao (6.22)
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and the Control Barrier Function (CBF)[15, 134] condition

Hi(t,p) = bri(t + 1, pes1) — (1 + o) bai(t, pe), (6.23)

Vi€ Ty(t) = {1,..., Nobstacies }» Where x,; is the position of the centroid of the i-th circular
static obstacle, and d,,;, is the radius of the obstacle.
The CLF-CBF-QP[15] controller that is employed is

uTI‘rtlei%m J(u'f—‘t) = (uT|t - U'r'ef,T‘t)T(Uﬂt — u”’ef77'|t)

s.t. hj<7—’t7$7+1\t) 2 O? ] € {17 “anwaypoints}
Hi(7-|t7 xT-ﬁ-l\t) Z 07 (XS {17 ~-7nobstacles}
Htf(T‘t?xT—&-Ht) > 07 Ur|t < ]-07 (624)

where u,.r,; is the reference control signal at time 7 + ¢, designed to steer the robot
towards the active waypoint.

In our implementation, the QP controller (6.24) is used to generate control inputs for
the robot, which is modeled either under single-integrator dynamics (Test 1) or under the
dynamic unicycle (Test 2) dynamics.

The environment is affected by known disturbances, whose magnitude is represented with
light blue color in Figs. 6.1, 6.2, 6.3. The nonlinear disturbance may lead to a collision in
the presence of input bounds if the robot navigates to one of the shaded areas. Thus, the
robot may have to drop some of the soft constraints corresponding to blue waypoints to be
able to reach the last red waypoint while remaining safe. In both test cases, the original
problem, Py, defined in (6.24), is rendered infeasible within the initial time interval [0, 7],
where T is the controller’s prediction time horizon. This infeasibility arises when mandating
arrival at every waypoint with the presence of disturbances, necessitating the removal of
some waypoints at t = 0. We evaluated all results on Intel® Core™ i7-9700 CPU @ 3.00
GHz with Python 3.8.10.

6.5.0.1 Test 1

We first start with each waypoint being rewarded equally, and we compare the number of
waypoints arrived between different algorithms. The prediction time horizon in this scenario
is equal to T'fina = 250 (equivalent to 25s in real-time). We primarily seeks to underscore
the advantages of selectively removing soft constraints over the common method of adding

slack variables when facing infeasibility issues. Fig. 6.2(a) illustrates that while introduc-
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Figure 6.1: A sample testing environment, in which each waypoint is shown in blue and the shaded
blue regions show disturbances affecting the robot. The robot is required to travel through the series
of waypoints in a specified order (as shown in white numbers) and returns to the red final position
before T'fnq1-

ing slack variables allows the robot to reach waypoints, disturbances can prevent it from
reaching the final target within the user-defined time, thus violating the hard constraints. In
contrast to this case, our proposed method of removing selected soft constraints, as will be
illustrated through Figs. 6.2(b)-(f) and 6.3, ensures that the robot meets all safety-related
hard constraints and successfully reaches the target.

Next, we present results with 7 different testing environments under three different num-
bers of waypoints and under three different disturbance levels in TABLE 6.1. The ”Offline”
columns of the Table include the methods we implemented for comparison, namely: A
"Reachability” approach, where the optimal solution is obtained by computing backward
reachable sets as mentioned in Appendix C.1.2, and an ” Exhaustive CBF search” approach,
where the reward R(P(S},)y) is designed to maximize the number of waypoints reached, and
the Objective 3 is solved using an exhaustive search by evaluating all possible QP controllers
of the form (6.24) with different combinations of soft constraints at every time. The results
of our methods are shown in the ”Heuristic” columns. Namely, we show the results of the
"Greedy” heuristic that utilizes the Lagrange score 1,4, of Chinneck’s method that utilizes
Chinneck’s heuristic score repinneck, and of the subproblem method that utilizes the Lagrange
score 7144, respectively. We apply all the heuristics at the initial time and find a subset of
constraints that can be rendered feasible for all time in the future (specifically till T'¢ina)-

Once such a subset is found, the robot implements the receding-horizon controller with this
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Figure 6.2: Performance of different algorithms for 9 waypoints. Note that the waypoints 4 in
(c), 6 in (d), and 4 in (f), were dropped by the controller as they could not be reached within the
prescribed time. The paths just happen to pass through them while the robot aims at the next
waypoint.
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subset of constraints and the trajectories with 8 waypoints and the Medium disturbance
level from all cases are shown in Fig. 6.2.

From TABLE 6.1, the calculation time for ”Reachability” is of the order 20000 seconds.
The number of subproblems required in the exhaustive search for the best CBF controller
grows exponentially in the number of constraints, thus its calculation increases dramatically
with an increased number of waypoints. On the other hand, the subproblem algorithm
with both heuristics and the greedy algorithm only needs to solve a polynomial or linear
number of subproblems with respect to the number of all soft constraints. We observe that
the subproblem algorithm with either r.pinneck Or 7144 heuristic can arrive at more waypoints
compared to the greedy algorithm, but at the cost of solving more subproblems, thus taking a
longer computational time. We also observe the expected improved performance in terms of
more waypoints arrived when replacing the heuristic from rcpinnect t0 7144 Furthermore, the
subproblems that the subproblem algorithm needed to solve grow linearly with the number
of soft constraints, which is more efficient than the exhaustive search method, which needs
to solve an exponentially increasing number of subproblems with an increase in number of

soft constraints.
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OPTIMAL HEURISTICS

Exhaustive ) )
| Cor | e L o

Search chinneck lag

Reward| Time Reward| Time Reward| Time

Case 1 | 17 7.22h 0 123.08s 12 118.49s
Case 2 | 18 6.32h 0 124.31s 3 119.02s
Case 3 | 12 6.33h 0 123.56s 5 119.25s

Table 6.2: Reward achieved and computation time for different algorithms. rewards for each
waypoint are as follows: Case 1: [1,1,1,1,1,2,222.2.4 4.4 4], Case 2: [4,4,4,4,4,222221,1,11],
Case 3: [1,2,3,4,1,2,3,4,1,2,3,2/1,2].

6.5.0.2 Test 2

For our second testing scenario, we considered an environment with 14 waypoints and " High”
disturbance level, as defined in Test 1. The time horizon for our controller in this scenario is
also equal to T¥ine = 250. In contrast to Test 1, where each waypoint is rewarded equally,
waypoints in Test 2 are assigned different rewards as described in TABLE 6.2.

TABLE 6.2 shows results from simulations with 3 different sets of rewards for each way-
point. We evaluate the proposed algorithms with both the 7y,, and 7cpipnect heuristic in
solving Objective 3. Fig.6.3 shows the performance of the proposed algorithms using the
rewards from Case 3 defined in TABLE 6.2.

Based on results shown in TABLE 6.2 and Fig.6.3, our proposed heuristic with the 7,4
score performs better compared to Chinneck’s algorithm with 7.4;pneck Score in terms of being
able to reach more waypoints than Chinneck’s method, at a lower computational effort. Both
methods are also much faster than an exhaustive search over all possible combinations of
constraints.

We observe that Lagrange variables are well suited to reason about the feasibility of
optimization problems for a dynamical system. We believe that a possible reason for the
good performance of our heuristic is that the optimization is more likely to become infeasible
if it has more active constraints in preceding time steps. Since Lagrange multipliers are non-
zero only for active constraints, they are a measure of “total activity“. Further analysis is

left for future work.
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Figure 6.3: Trajectories realized under different algorithms for 14 waypoints.
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6.6 Conclusion

We developed heuristics for finding feasible sets of constraints by dropping soft constraints
based on the Lagrange multipliers of each constraint over a time horizon. Evaluation of our
algorithm is then done for a test case of robot waypoint following in the presence of obstacles
and disturbances. Future work will involve the formal analysis of the convergence guarantees
of the proposed heuristic. Finally, to improve the optimality of our solutions, we also plan to
induce randomness into our decision-making by using approaches such as genetic algorithms

whose fitness score could be made a function of our heuristic.
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CHAPTER 7

Conclusion

7.1 Conclusions

Controllers exhibit degraded performance and safety violations when deployed in scenarios
that were difficult to characterize in the manual or offline tuning phase. This dissertation
advances the capabilities of robot controllers to adapt to complex, uncertain, and untested
environments. Towards this, several contributions were made by formalizing the notion
of compatibility of multiple constraints as well a performance index and then proposing
algorithms that are amenable to online implementation.

Chapter 1 presented an overview of constrained control and planning literature that in-
spired our work. Chapter 2 presented a comprehensive review of tools and concepts that
this dissertation employs - optimization, probability distributions and their representation,
set invariance theory, and control barrier functions. Chapter 2 also presented a thorough
review of CBF-based methods and their limitations. Importantly, the computational speed
and memory limitations hamper the application of existing methods for finding valid CBF's
even when they are applicable theoretically. Consequently, robots are deployed with invalid
or candidate CBFs in their controllers. This necessitates the need for online adaptation to
customize the response for specific scenarios.

Before delving into the design of adaptation laws, Chapter 3 first introduces the notion
of compatibility of constraints. Several examples serve to empirically show that CBF-QP
controllers become infeasible and the time to infeasibility can be sensitive to other modules of
the navigation stack such as the nominal controller. Changing the nominal controller would
result in drastic changes in how and when CBF-QP controller becomes infeasible. The volume
of the feasible control space at a given state was then introduced as a metric to quantify
the distance to infeasibility. The compatibility of multiple CBF constraints would then
require the volume to be non-zero at all times. Therefore, Chapter 3 then proceeded with

introducing a new CBF, called feasible space CBF (FS-CBF) whose purpose is to prevent
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the volume from going to zero. Finding valid FS-CBF though remains a challenge and falls
under the same curse of being limited by the scope of offline analysis. The importance of
this chapter lies in using the feasible space volume itself as a candidate (invalid) FS-CBF
which was shown empirically to improve the feasibility of CBF-QP controllers and reduce
sensitivity to changes in nominal controller.

Towards the objective of forming CBF-based controllers that can adapt, Chapter 4 intro-
duces the notion of Rate-Tunable CBFs. RT-CBF's allow the parameters of class-XC function
to vary with time thereby changing the aggressiveness of the controller. Specifically, we
show that the existence of RT-CBF is necessary for safety by proving that every possible
safe trajectory of the system accepts a corresponding parameter trajectory such that the
CBF condition is satisfied. Two approaches were then proposed to design the parameter
dynamics. The first algorithm is point-wise optimal (depends on the current state only) and
steers the parameters toward their desired values while ensuring the solution to CBF-QP
exists under some conditions. The second algorithm is a model-predictive algorithm that
uses the sensitivity (gradients) of future states to the controller parameters to improve the
performance. Specifically, it computes the gradients of a high-level cost function and the
constraint function at each time step in an SQP-inspired online gradient-descent framework.
The second algorithm although applied on CBF-QP, applies to any parametric controller.

Chapter 5 stems from the motivation to extend the model-predictive framework from
Chapter 4 to systems with stochastic dynamics. The main contribution lies in introducing a
numerical scheme for predicting future state distributions to relay to the chance constraints
formulation. Existing approaches are mostly based on Monte Carlo or Gaussian approxi-
mation. The proposed scheme is instead based on Unscented Transform (UT). While some
works employing UT do exist, they do not consider state-dependent uncertainties while
propagating state distributions across a stochastic dynamics function. Chapter 5 introduced
expansion-compression layers based on moment-matching as a scalable method to propa-
gate distribution while keeping the number of sigma points fixed. Utilizing some of the
existing UT algorithms in the expansion layer, the overall prediction scheme is shown to be
composed of differentiable functions. Finally, applications are presented to gradient-based
model predictive tuning framework as well as to MPPI controller.

Chapter 6, departing from the parameter adaptation rhetoric in previous chapters aimed
at satisfying all the constraints, presented an approach to remove constraints when necessary.
When the tasks are incompatible even in the ideal scenario or when the controller at hand is
incapable of completing all the tasks, analogous to state and time-dependent constraints in
this work, Chapter 6 shows that removing constraints enables the controller to satisfy higher

priority tasks at the expense of lower-priority tasks. Already established as an NP-Hard
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problem called maxFS, Chapter 6 revisits the problem in the context of dynamical systems
where the optimization problem plays the role of controller. It proposes a new Lagrange
multiplier-based heuristic to use past feasible optimizations to make an informed prior for
current infeasible optimization. Finally, improved performance over a baseline adapted from

a standard slack-based approach to solving the maxFS problem.

7.2 Future Work

While this work is expansive, there are still many avenues for improvement. Presented
below is a high-level description of the most important research topics suitable for immediate

extension of this dissertation.

7.2.1 Adaptation of CBFs

The work presented in this dissertation lacks strong convergence guarantees of the adaptation
laws. The locally optimal method proposed in Section 4.3 still suffers from the so-called
myopicness property and is unable to guarantee that the conditions under which it admits a
solution will continue to hold. Similarly, the model predictive approach in Section 4.4 is based
on a variation of gradient descent and is therefore prone to getting stuck in local minima
and possibly a failure to converge to the safe solution on time. Strict guarantees for online
optimization are difficult to achieve for nonlinear closed-loop systems without making strong
assumptions. The author believes that a combination of offline and online approaches is best
suited to have performance guarantees. Some existing research avenues of performing offline
computations, although not directly applicable, have the potential to be paired with online
approaches. Backup safe sets with corresponding backup controllers and controlled invariant
sets for recursive feasibility of MPC controllers are two popular methods for ensuring safety
in theory. Such sets, however, at least when static in time, may not exist in scenarios such as
non-cooperative multi-robot systems and or underactuated dynamics with spatiotemporal
disturbances. One solution would be to assume rules of engagement specific to scenarios.
For example for multi-robot systems consisting of noncooperative but not adversarial robots,
some amount of centralized planning and deconfliction analogous to the walking on the right
side rule could help derive time-varying backup safe sets. The proposed online adaptation
methods could then be modified for adapting controller parameters while ensuring that the

robot never leaves the time-varying backup or controlled invariant set.
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7.2.2 Predictions of state distributions

Chapter 5 relies on existing UT algorithms to perform the expansion operation. For the
sake of efficient online implementation, two variations namely (vanilla) UT and GenUT are
chosen for control applications owing to their admittance of analytical formulas. However,
UT variants capable of preserving more of the higher-order moments involve solving a system
of polynomial equations that does not admit analytical formulas in general. One extension
would be to use clusters of UT points (based on simple UT algorithms like vanilla UT and
GenUT) and expand each of them independently analogous to a mixture of the Gaussian
model. Such an extension is also needed when the distributions are multi-modal (leading
naturally to larger variation in higher-order moments), as UT and GenUT cannot model
such distributions. This would also entail devising algorithms to compute the number of
modes at a given time and assigning a set of UT points and weights to each mode.

Next, note that the ideal scenario portrayed in Theorem 6 in Section 5.3.1 would not be
realized in practice. Therefore, another venue for improvement is in quantifying the error in
the expansion and compression layer and propagating the errors along with sigma points.

Finally, state prediction under stochastic dynamics suffers from uncertainty explosion.
The term means that the uncertainty in the state increases across each prediction step,
eventually approaching infinity, thereby rendering long-horizon planning too conservative
and useless. Covariance steering[164, 261] aims to design control inputs that control the
spread of the state distribution besides just focusing on instability and safety objectives. It
has been applied to MPPI and stochastic MPC controllers with linearized dynamics. The
UT methods can help extend covariance steering to generic nonlinear systems. Additionally,
due to the capability of preserving higher-order moments, UT or particle-based methods
additionally open up the venue for tracking and controlling not just the covariance but also
the higher-order moments of the distribution.

Finally, depending on the source of uncertainty, it may be possible to avoid uncertainty
explosion by accounting for the dynamics of uncertainty. Consider, for example, a social
navigation scenario in which an estimation module predicts human motion by learning from
or interpolating observed human positions. As the robot navigates, the estimator receives
new observations and improves the prediction. Another example is the Kalman filter that
uses observations w.r.t a static obstacle to improve the robot’s state estimate. Therefore
a prediction scheme accounting for estimator dynamics would exhibit a slower uncertainty
explosion. This idea was also exploited in [46] wherein the authors incorporated Kalman
Filter dynamics in sampling-based LQR tree planner to distinguish between paths based on

the robot localization accuracy in the future.
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7.2.3 Constraint Selection

Chapter 6 addressed the problem of removing a minimum number of constraints rendering
an infeasible optimization problem feasible given the (additive) priority of constraints. The
existing methods based on the slack variable as well as the proposed method based on La-
grange multiplier are heuristics without any proven optimality or suboptimality guarantees.
Given that these problems are NP-Hard, it is impractical to expect that these polynomial
time algorithms will always converge close to the optimal solution. And even if they did,
a real-time. Moreover, in practice, these algorithms can only be run for a small number of
iterations dependent on the computational speed. Therefore, there is a need for quantifying
the optimality gap of these methods as a function of iteration number. These error bounds
can then be incorporated to avoid making decision controllers work under the worst-case
scenario.

A common framework to derive provable error bounds for solving NP-Hard problems
in submodularity[122]. When the objective function or the constraint function in an op-
timization problem is submodular, greedy algorithms have been shown to have a bounded
optimality gap. An interesting direction would be to derive new heuristics that are submod-
ular. Finally, the proposed heuristics were also tested only on CBF-QP controllers. Future

work will involve evaluation on different types of controllers and for different applications.
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APPENDIX A

RT-CBF proofs

A.1 Proof of analytical solution of QP for Theorem 3

Here we provide a derivation of the CBF-QP controller (4.5). The procedure is similar to
the one in [15]. Consider the following CBF-QP:

min  |lu — u,(z)]]? (A.la)
s.t. Lgh(x) + Lyh(x)u > —a(h(z)). (A.1Db)
The above can be written in generic form as
1
min éuTQu + G(z)"u (A.2a)
st. A(z)u > b(z), (A.2b)

where Q € S,,,,G € R™1 A e R>*™ b eRand A= L,h,b=—a(h) — Lih,Q =2I,G =
—2u,. The solution of the above QP can be found analytically and we outline the procedure
here. Substituting v = (v/Q) '« + @ in (A.2), where &« = —Q'G and @ is the point
that minimizes the objective (A.2a), we can reduce (A.2) to the following minimum-norm

optimization problem:

min ||| (A.3a)

st. AVQ W >b+ AQTIG. (A.3b)

The solution to (A.3) is given as:

VQ AT 1 . —1
L AL AQTG) b+ AQTIG >0
0 if b+ AQ'G <0.
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And therefore the solution u of (A.2) is given as:

: -1
A if b4+ AQ7'G > 0

QG if b+ AQ'G < 0.

-1 AT b+AQ G e
u= @ [ (A.5)

Substituting for A = Lyh,b = —a(h) — Lth,Q = 21, G = —2u,, we get that the solution to
(A1) is:
Uy — L (Db + Lohu, + a(h)) if ¢! <0
U — m T MLghlP NS gittr (A.6)
QP . 1 °
Uy if w Z 07

where ¢t = Lyh + Lyhu, + a(h).

A.2 A Synthesis Case Study: Designing RT-CBFs For
Multi-Robot Systems

In this section, as an application case study, we utilize RT-CBFs and propose class-K func-
tion parameter dynamics for decentralized multi-robot control based on our work in [173].
We show through simulations that our online parameter adaptation scheme leads to a less
conservative response by quantifying the ease of satisfaction of CBF constraints.

We consider a multi-robot system with N agents. The state of each agent [ € {1,.., N}

is denoted as x; € R™ and follows the dynamics

@ = fil@) + gi(w)w, (A7)

where f; : R" — R™ g, : R — R™ are locally Lipschitz continuous functions and u; €
U, C R™ is the control input of each agent [. Note that in general the agents can be of
heterogeneous dynamics, i.e., f, # fq, gp # g4 for p # q.

The set of neighbors of agent [ is denoted as N; = {1,.., N}\{l}. We consider a decentral-

ized scenario where each agent decides its own control input under the following assumption:

Assumption 4. Each agent [ has perfect observations of the state z, and its derivative z,

of every other agent o € M.

We consider pairwise safety constraints (i.e., constraints affecting a pair of two agents
i,j) denoted h;; : R™ x R™ — R, so that their zero-superlevel sets denoted S;; =
{zi,xj | hij(xi,x;) > 0} define sets of safe states such that 0S;; = {z;, z; | hij(z;, x;) = 0}
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and Int(S;;) = {x;, z; | hij(z;, z;) > 0}, and their time derivatives along the system dynamics

(A.7) read:

% P Ohi; P
8:1‘;2- ‘ al’j I

hij(x'h l'j) = (AS)
We note that for (z;,z;) € 0S;;, i.e., when h;;(z;, z;) = 0, the sign of (A.8) should be non-
negative for the value of the function h;; to not decrease further along the trajectories (A.7),
i.e., for the trajectories to remain within S;;. Based on this, we say that at a given time and
states (t,x;,x;), an agent j has one of the following behaviors towards agent i:

e Cooperative: When the dynamics of agent j is such that %z_
J

;>0

e Noncooperative: When the dynamics of agent j is such that %h”

ZL’]<0

Ly

We clarify that the definitions above do not aim to classify intentions (e.g., malicious vs
non-malicious) of the agent j w.r.t. agent i. For example, in the presence of multiple agents,
a possibly non-malicious agent j may still be perceived as noncooperative by agent ¢ if agent
J is moving towards agent ¢« under the influence of another agent k£ that is moving towards
7. Our objective is not to classify whether agent j is malicious or not, but rather to tune
the controller of the agent ¢ so that it responds safely and accordingly to the different types
of neighbor agents, and the type of motion exhibited by each one of them. For example,
a fast (respectively, slow) adversarial agent j will ideally warrant more (respectively, less)
conservative response from the agent 7. In the sequel we often refer to the agent i as an ego
agent, and a neighbor agent j as a neighbor agent.

A dynamic environment with moving agents implies that the world is inherently time-
varying from the perspective of an agent i. We propose an online adaptation scheme to
shape the response of the ego agent i so that it becomes less or more conservative w.r.t. its
neighbor agents 7 based on observations of their states and their derivatives. To this end we

develop a trust metric based on instantaneous observations that is used to modify 6% ..

A.2.0.1 Design of Trust Metric

Consider the following CBF constraint

5 ol ),

oL O e
i Ypi =20y > —a T (Y A
8372’ Li 0$j Ly + 891] @Z] Z Ty ( Z])’ ( 9)
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Figure A.1: Tllustration of the halfspaces induced by the constraint function. Av > b represents
the halfspace described by (A.11) with A = %’;ij, v=aj, and b = —ah — max{%}g xz} The two
x; are possible instances of the actual motion of agent j. 5 is the normal to the hyperplane Av = b.
f; is the nominal direction of motion for agent j.

where note that although @,] appears in (A.9), the r;; — k4 1-order derivative to be designed
will not contribute in the equation (see (4.3) for example). The margin by which the CBF
condition (A.9) is satisfied, i.e., the value of zl}fj’l + af (W) represents of the case of
satisfaction of constraint w.r.t agent ¢. The best case action by agent ¢ thus corresponds to
the largest possible margin for a given motion #; of agent j.

Constraint margin based trust score: The motions of agent j that lead to a feasible

solution to (A.9) are considered as safe by i. Consider the following decomposition

: P!
k-1 _ ] l’

— LU ol
K al’z ‘ 8:1:]-

i gk

)

(A.10)

Here, we have ignored the higher order derivatives of o}, m < k — 1. The safe motions of j
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are thus given by

i ) o ol
Ox; 7= TUTW 6’04% “ or; '
ot
k(o k—1 ij .k
Z = z‘j(l/}ij ) aojfj Q5
o

where the last term in (A.11) can be obtained from the following Linear Program (LP):

k.
max 81/}” T (A.12a)
Usq €T;
st Yk > —agyk Vie N\ . (A.12b)

The inequality (A.11) gives a lower bound on motions of agent j, a violation of which will
lead to the infeasibility of QP controller of agent 7. The design of the trust factor is thus
based on a comparison of the contribution of agent j with the aforementioned lower bound.

The evaluation of (A.11) as equality represents a halfspace whose separating hyperplane
ko Ovf

has the normal direction §7; = 5, and has been visualized in Fig. A.1. Let the half-space
J
in (A.11) be represented in the form Af,v > Bf; with v = @; and A}, Bf; defined accordingly.

Let mj; be the constraint margin by which (A.11) is satisfied

ml; = Afv + B, (A.13)
k
ij
happen. The larger the value of m

where m?. < 0 is an incompatible vector, corresponding to scenarios that should never

k
i3
a larger mfj allows room for relaxing the constraint. Therefore, the constraint margin-based

the greater the ease of satisfaction for agent 7. Hence,
trust score is designed as

Pk, = fd(mfj),k: e{l,.,r}, (A.14)
where f; : R™ — [0,1] is a monotonically-increasing, Lipschitz continuous function, such

that f;(0) = 0. A possible choice would be f;(d) = tanh(fd), with 8 being a scaling

parameter.

Belief based trust score: We now describe a method to incorporate i’s prior belief of the

motion of agent j. Note that infinitely many values of #; may satisfy the CBE derivative
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condition (A.11) with the same constraint margin (all #; lying on the yellow hyperplane in
Fig. A.1 will have the same mffj) This gives us an additional degree of freedom for deciding
which motions are more trustworthy. Consider the scenario shown in Fig.A.2 where an agent
71 is moving directly towards ¢ with speed 2 and another agent moving at an angle ¢ w.r.t
the vector x; — z; but with speed 2/cos45°. Both j; and jo would thus lead to the same
constraint margin but we would like to trust j, more if we had a belief that it is supposed
to be moving in that direction or because it is not moving straight towards i. We denote
this nominal belief direction of agent j w.r.t agent ¢ as b;;. If @; performs worse than the
nominal direction, then it is a cause of concern as it is not consistent with the i’s belief for
agent j. Note that b;; need not be the true direction of motion of agent j for our algorithm
to work since if b;; is not known, we can consider the worst-case scenario where b;; = x; — x;,
i.e., that 7 is an adversary and intends to collide with agent 7; over time, our algorithm will
learn that j is not moving along b;; and therefore increases i’'s trust of j. Knowledge of
nominal direction plays an important role in shaping belief as it helps to distinguish between

uncooperative and adversarial agents.

. @

V2 m/s
2m/s 450
d) J2

J1
Figure A.2: Agents j; and jo contribute the same constraint margin for satisfying the CBF
derivative condition (A.9).

Suppose the angle between the vectors b;; and §f] is denoted by fyflj, and the angle between

z; and §;; is denoted by 7:,5 . The belief-based trust is designed as
ij
Prs = Fr (00 178, (A.15)
where f, : R™ — [0,1] is again a monotonically-increasing Lipschitz continuous function
with f,(0) = 0. Note that even if 7:,? = ~% ie., j is perfectly following its nominal
ij Sij
direction, we do not design f, to be 1 as the robot might be uncooperative. We give f,

. bz bZ . . . . . . .
higher values when Voo < Vgr» S with a;, in Fig. A.1, j seems to be compromising its
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nominal movement direction for improved safety, thus leading to a higher score. Finally,
when b;j, = < 72;, as with a;, in Fig. A.1, then j’s current motion is performing worse for
inter-robot safety than its nominal motion and therefore has lower trust than the latter

case.

Final Trust Score: The trust metric is now designed based on p,,» and Dok - Let p,,» €

(%] 1] (%]
(0,1) be the desired minimum robustness/margin in satisfying the CBF condition (A.11).
Then, the trust metric p;; € [—1,1] is designed as follows:

- P ) lf mk. Z 7m7
o :{ (p(ﬂmfj Pk )P Pk, 2 P (A.16)

mfj - ﬁm)(l - p'yfj)a if pmfj < Pm-

Here, pfj = 1 and —1 represent the absolute belief in another agent being cooperative and
noncooperative, respectively. If Pk, > P then we would like to have pfj > 0, and its
magnitude is scaled by p.,;» with smaller values of Por, conveying low trust. Whereas, if
Pk, < Pm, then we would like the trust factor to be negative. A smaller Pk in this case,
implies more distrust and should make the magnitude larger, hence the term 1 — Pyl The

trust p is now used to adapt a with following equation
&y = falpl), (A.17)

where f, : [—1,1] — R is a monotonically increasing function. A positive value of f_» relaxes
ij

k
R
needs o'zfj_l. Therefore, we first design o'zilj and then use it in the design of d?j and repeat this

the CBF condition by increasing «;, and a negative value decreases afj. Note that (A.11)

procedure for higher order derivatives. This is similar to the cascaded control structures.

A.2.0.2 Projection to Feasible Parameter Space

To ensure the feasibility of the QP, the heuristically designed parameter update rules are
passed as the desired derivatives in Algorithm 1 of Section 4.3. However, since this approach
requires projecting to one time step ahead future state, it requires knowledge of the closed-
loop dynamics of the multi-agent system which is unknown to individual agents. We therefore

implement a robust version of our Algorithm 1 based on the following assumption

Assumption 5. The closed-loop of every agent has a bounded change every sampling period,
that is, ||2;(t) — &;(t — At)|| < AF. This bound is known to the other agent.

Assumption 5 would imply, for example, that if agent ¢ observes the other agent to be

moving at 2m/s at time ¢t — At, then the actual velocity of j at time ¢ would be 2+ Av, where
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Awv is a known constant. This assumption leads to less conservative results than assuming a
worst-case bound on dynamics and does not require continuity of controllers. This bound is

used in Lines 5-11 of Algorithm 1 to update the parameters of class-KC function.
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APPENDIX B

FORESEE

B.1 Approximating chance constraints with robust

constraints

The analysis is similar to ones presented in [26, 158]. In our case, the chance constraint
(5.14c) is of the form

d
Plla" o] 7] 20] 2 1-¢ (B.1)
——— 1
aT )
[ T
where a’ = Vyc;(2447), b = ¢j(244r), a = ab € Rt We assume that a can be written

. . . L . .
as a linear parametrization o = oy + Y ;2 ay(;, where (; are perturbation variables. Now,
in the case that (; are known to be independent, zero mean, random variables varying in

segments [—oy, 0y], then (B.1) can be safely approximated by the conic quadratic inequality

1
Wy — 21112

(B.2)

d
where by definition o’ [1] is rewritten for compactness as:

(ao + Z Cmq) [(f] = wold] + Z Guy[d], (B.3)

where w[d], I € {0,..., L}, are affine functions of d. Hence, obtaining w, provides a safe,

approximate constraint (safe in the sense that the solution of the approximate problem is
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guaranteed to be a solution of the original problem as well).

To this end, we note that in our case we have:

Vo, (ci(Zt4r))
_ ve<ci<xt+7>>] _ : B4)
Ci(Terr) Ve, (ci(ze4-))
G (33t+7)

and that we can consider the Taylor series first-order approximation of each element of the

vector « around the mean value E[z;,] of 2., denoted for compactness Z;, .. For example:

Oci(xt4r)
+ <9$t+7-

N ~ ~ A ~
ci(xiyr) = ci(Zpar) 2o Tt where Ty, = x4+ — Z44,. For compactness, we drop

the subscript ¢ + 7 and denote Vy_(¢;(+)) = gx(+), so that

a@] (o) + 2%
a=| | = : (B.5)
o gx(@) | ~ |’
gx () ge(2) + 898(36) @
ci(x) ci(z) + s ’xx

which further yields

Tldy+--+

= i(#) + (Vaai(z)] ) 3+
AV + & (Tu(Vaera))],)15) (©.

&

where wy = ¢;(#) + d*'Vy(c;(%)), and the remaining terms correspond to the right-hand side

of (B.3) for L = 1, with & being a zero-mean vector (assuming an unbiased estimate Z of x),
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which is confined within intervals [—o, o] known by the quality of the estimation (e.g., using
the covariance of the UT-based estimate in the earlier section). Hence, not surprisingly, what
(B.6) and (B.2) reveal is that the constraint (5.14c) can be approximated by a deterministic
constraint that captures (and aims to counteract) the sources that contribute to possible
violation of the constraint, namely the estimation error (via o) and the behavior of the
function around the current value via V,(¢;(+)), V. (Vog(ci(+))). In practice it might be difficult
to know bounds a priori for V,(¢;(+)), V. (Va(ci(+))) at each point x € R™. However, local or
global estimates of the Lipschitz constants of the corresponding functions might be available,
and in that case they can provide a good estimate of the bounds. In summary, the chance

constraint (5.14¢) can be approximated as:

ci(Elesr]) + d"Vo(cs(Elersa]) + 1/21n %Q >0, (B.7)

where Q = w(X[zii-], Va(ei(4), Va(Vo(e(4)))), w : R — R is a function that captures the
statistics of the state, and the behavior of the constraint functions around the estimates of

the state and the parameter.

B.2 Approximating the chance constraint

We note that it is computationally inefficient for the purpose of online implementation to
evaluate the gradients V. (¢;(+)), V.(Vo(ci(+)))) involved in (B.7). Therefore, in the imple-
mentation of case studies 3 and 4, which involve the tuning of the controller parameters, we

consider the constraint:
CE ($t+7—, E) + dTvg(OE ($t+7—, E)) Z O, (Bg)

where the confidence function C'F : R"x [0, 1] — R is such that CF;(xz,e) > 0 = Plc;(x) >
0] <1—e Eq. (B.8) could be an exact robust formulation of the chance constraint (5.5b),
or a conservative approximation. For example, supposing ¢(x) is Gaussian, one choice of C'F’

is as follows

CF(z,e) = Elei(x)] — 5(e) v/ Elei(x)], (B.9)

where (3 : [0,1] — R™ relates the probability € to a factor of standard deviation that defines
the confidence interval of Gaussian in (B.9). This factor is looked up in a table, e.g., for
e =0.95, B(e) = 1.96. Eq. (B.9) is based on the confidence interval of a Gaussian situated

173



symmetrically about the mean, which is more conservative than a confidence interval that
includes the tail and exactly solves (5.5b). Our results are based on (B.9) due to the lack
of analytical formulas for confidence intervals accounting for higher order moments of a

distribution.

B.3 Data Collection and Wind Disturbance Learning

In this section, we detail our procedure to learn force F,;,q exerted by wind by collecting
quadrotor trajectory data in an offline phase. We move the quadrotor autonomously in
several circular and “figure-8” shaped trajectories using the geometric controller with gains
k!, =14,k = 7. k., k! were obtained by manually tuning the controller for precise trajectory
following in the absence of fan (wind flow).

The circular and figure-8 trajectories follow the following references: pﬁi’}fle(t) =
zo+rcos(w(t —t0))|  figs xo + rsin(w(t — tp))
Yo + rsin(w(t — to))] ey (1) = Yo + rsin(w(t — tg)) cos(w(t — ty))
center, and r,w are the radius and angular velocity used in design of the references. The

, where g, 1o is the

parameters of circular and figure-8 trajectories that were used for data collection are given
in Table 1.

Shape zo [m] | yo [m] | 7 [m] | w [rad/s]
Circle 0.0 0.0 0.4 1.0
Circle 0.2 0.0 0.4 1.0
Circle 0.6 0.0 0.4 1.0
Circle 0.6 0.0 0.6 1.0
Circle 0.6 0.0 0.6 1.5
Figure of 8 | 0.0 0.0 0.4 1.0
Figure of 8 | 0.2 0.0 0.6 1.0
Figure of 8 | 0.2 0.0 0.6 1.5
Figure of 8 | 0.4 0.0 0.6 1.5
Figure of 8 | 0.6 0.0 0.6 1.0

Table B.1: Trajectory parameters for data collection

We record the actual and reference position p, p,er, velocity p, prey and acceleration p, ps
data of the quadrotor (outputted by EKF running onboard the Pixhawk board).

B.3.1 Raw data filtering

The acceleration data was extremely noisy and required some data pre-processing. Given

that the drone was directed to fly at an angular frequency of about 1 rad/s, the primary
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frequency component of the sinusoidal trajectory signal was approximately 0.32 Hz. Conse-
quently, the Nyquist sampling frequency is determined to be 0.64 Hz. The Robot Operating
System (ROS) messages containing the coordinates of the drone are published at a frequency
of 75 Hz, thereby satisfying the Nyquist Sampling Theorem and ensuring that no aliasing
occurs in the signal. We subsequently performed Fourier Transformation and analyzed the
frequency component of recorded data, we gained some key insights into the signal in fre-
quency domain. The highest peak of the Fourier domain plot lies in the range of 0 and 1 while
high frequency noise is present, which is expected. We then devised an algorithm that finds
the peak of the frequency domain signal from all the frequency components below 1, which
would be the true frequency of the signal, and compute the cutoff frequency accordingly. To
avoid distortion of the signal, we selected Butterworth filter which features a flat passband
and smooth roll-off. We also selected a suitable passband to ensure minimal attenuation in

the passband and avoid exorbitant group delay.

Original and Low-pass Filtered Signal cutoff = 1.54, sr = 75
al

6

Amplitude

—— Original Signal
-84 ——— Filtered Signal

o 500 1000 1500 2000 2500 3000 3500
Sample Index

Figure B.1: The original and filtered signal

B.3.2 Gaussian Process Fit

After recording and filtering the data, we compute F;,q using (5.26) and (5.27) as follows
Fovina(p, ) = mjp — mg — Pr.

Next, we use GPJax [179] library to fit a GP that takes as input the position and velocity
of the quadrotor and outputs the acceleration due to wind disturbance. We employ the
following kernel: kernel = Periodic * Rational Quadratic + RBF + White. In total we have
about 4000 data points. Since the GP prediction on test data has complexity proportional
to the size of training dataset, we train the GP with all the 4000 points for optimizing kernel
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hyperparameters but only employ 500 randomly selected training points during prediction
phase. For online optimization in FORESEE, we further speed up GP prediction by using

Sparse GP implementation from GPJax.
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APPENDIX C

Degradation of Constraints

C.1 Degradation of Constraints

C.1.1 Dynamics Definition

C.1.1.1 Single Integrator Dynamics
T T
Let state and control inputs: x = [ . py] , U = [vgc vy} , the dynamics is: x4, =
xy + uy dt, with dt being the discrete time step.
C.1.1.2 Dynamic Unicycle Dynamics

For the Dynamic Unicycle dynamics used, we define state and control inputs:
T

T
ro= [33 y v 9] U = [a w} , and their dynamics as x4 =  w +

T
[vt cos(0y) v sin(6;) ay wt} dt, where dt is the discrete time step.

C.1.2 Reachability based Solution

In the waypoint tracking scenarios discussed in section 6.5, a reachability-based solution
is employed. Let the backward reachable set BRS(p:s) of final target waypoint p;r under
dynamics (6.3b) is given by

BR

Ptf

st. Hi(t+7,2.4) >0,V7 € {0,1,..,T}} (C.1)

<t) = {QJ ’ Tolt = T, Elu’r\m
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Also define the unsafe backward reachable set UBR,;(t) under dynamics (6.3b) of each unsafe

region as:

uBRl(t) - {IL' | Tojt = $7vu7\t7 E|7—unsafea

S.t. Hi(xrunsafeH;Tunsafe’t) < 0}

This computation is amenable to offline computation only, even for simple systems [23]. At
time ¢ and state x;, the robot chooses to go the next waypoint j' if there exists a path p(t)

going to the waypoint j with p(0) = x; such that
p(t) € BRS(pis) A p(t) € UBRui(t) ¥t > 0. (C.2)

To implement the above decision-making process, we first discretize the state and control
input space into a grid and make a graph connecting grid cells such that each edge represents
a feasible transition between cells in one-time step. Subsequently, Dijkstra’s algorithm is
used for each waypoint combination to ascertain the existence of a safe path, enabling the
timely reaching of each waypoint and the target position, with path length verifying the time

requirements for reaching each waypoint.
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