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Chapter I
THE EXPERIMENT

1.1 Introduction
Ever since the discovery of antiprotons by Chamberlain, 

Segre, Wiegand, and Ypsilantis in 1955, pp interactions have been 
used to study the properties of elementary particles. Much 
effort has been expended in an attempt to understand pp 
annihilations into mesons. Most of this experimental work 
has been done with hydrogen bubble chambers.

The film used in this experiment was taken in the Argonne 
National Laboratory 50-inch MURA hydrogen bubble chamber. A 
total of approximately 150,000 exposures were made atf six 
antiproton beam momenta(total invariant mass): 1.65(2500), 
1.77(2549), 1.85(2571), 1.88(2588), 1.95(2415), and 2.20 GeV/c 
(2500 MeV).

Several earlier studies have been made with this film. 
Large-angle elastic scattering having momentum transfer 

o squared greater than |t| = 0.5(GeV/c) was the first reaction 
to be analyzed(J. Lys, et al.,1968; D. Falconer, 1969).
Another experiment measured the cross sections for the 
reaction pp -+ tt~tt+ and K“K+(J. Chapman, et al., 1968). A 

third study of annihilations into mesons has also been 
completed(H. Ring, 1970).

The data for this experiment comes from a fourth scan 
in which four-prong events were measured. A four-prong is 
an event that has four fast visible tracks leaving the pp 
interaction point. It includes by necessity, 2-prong Vee 
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events in which the Vee is located very close to the origin, 
as well as 2-prong e"e+ events having a fast e”e+ pair. An 

important motivation for this experiment was the continuing 
search to find the channels that produce enhancements in the 
total pp cross section. These are seen at 2^4$ MeV and 2380 MeV 

with a width of 14 0 MeV(R. Abrams, et al., 1967). A CERN 

missing mass experiment also saw enhancements at 2200 and 
2380 MeV (G. Chikovani, et al., 1966).

From our sample of four prongs, events which fit the 
reaction pp -+ Tr~Tr~Tr+Tr+ir° have been investigated (R. Green, 1972). 

This report concerns the events which fit the following four- 
constraint reactions :

— - - + + PP -*  7T 7T 7T 7T , 
pp -» v-v+K~K+, 
pp - K-K-KV.

Cross sections are determined. Mass distributions and 
resonance production are examined and compared to earlier 
experiments. The maximum-likelihood method is used to find 
the percentages of the quasi two and three body states. Fits 
are done to determine the spin-density matrix elements for 
the p and f mesons in both the Gottfried-Jackson and the 
Helicity frames. In the four pion channel p-m interference 
is observed. A study is done to determine the parameters which 
characterize this interference.



1.2 The Beam
The antiprotons were produced by targeting the internal 

proton beam of the Zero-Gradient Synchrotron onto a movable 
copper target. The Argonne seven-degree beam selected and 
transported the antiprotons with the desired momentum to the 
bubble chamber. Since the details of the beam transport 
system have been described in earlier reports (D. Falconer, 
19693 H. Ring, 1970) only a general description will be 
given. The beam was approximately 490 feet long3 it had 
four bending magnets and two separators along with the 
appropriate mass slits, collimators and quadrupole pairs to 

define and focus the particles.
• i

The length of the beam as well as its two stages of 
separation reduced the contamination of other particles to a 
low level. An estimate of the contamination has been made 
by measuring the length of delta rays produced by a sample of 
beam tracks.*  ** It indicated that the pion contamination was 
0.4 ±0.5^. The maximum spread in beam momentum AP/P was 1.4^.

* This study was done by R. Kiang and J. lys.
**Accurate momentum measurement was obtained by insisting 
all tracks be > 5 cm3 the measuring machines had a linear
magnification ~1.9 over chamber size.

1.3 The Four-Prong Event Measurement
The film was scanned and measured in one pass. Film 

plane measuring machines were used to digitize the events. All 
scanned events having nominal beam tracks visible in at least 
three views were measured. The machines were linked directly 



to a Computer Control Company DDP-24.*  ** A magnetic tape was 

generated which had the track coordinates along with the 
necessary bookkeeping information. This output was next 

# 
processed through SCANAL followed by TPGEN. These programs 
produced an appropriately formatted tape for input to the 
geometry program, as well as a list of events and detailed 
accounting information.

*This system was the result of the efforts of J. Chapman.
#SCANAL was written by J. Koschik.
**

The programs TVGP and SQUAW are described elsewhere( T. Day, 
1967; D. Falconer, 1969). They were were written by T. Day and 
and others at Berkeley and introduced at Michigan by J. Chapman.

1.4 Event Reconstruction and Fitting
TVGP (Three-View Geometry Program)**  was used to 

reconstruct the events in space, i.e. the (x,y,z) location of 
a track was found from (x^y1) measurements in three views. 
Fits were done for each of the outgoing tracks assuming that 
it had either a pion, kaon or proton mass. For each mass 
hypothesis the momentum, azimuth, dip and their errors were 
calculated.

This information was used by SQUAW to fit the final 
states consistent with the known conservation laws. Each 
track was given a particular mass interpretation. SQUAW then 
determined if it were possible to conserve four-momentum 
within the errors in the reconstructed quantities. The 

P goodness of the fit was indicated by a x which was also 
computed by SQUAW.
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Programs were run on the SQUAW output tapes to condense 
and format the data into a more useable form. Tapes were 
written for each momentum set. Duplicates were removed by 
checking for events having the same roll, frame and vertex. 
Finally, tapes were written to separate the various channels 
for further analysis. A total of 49,752 events had been 
processed and of this number 46,425 were successfully recon­

structed and fitted.

1.5 Four-Prong Topological Cross Sections
The topological cross section was calculated from the 

total pp cross section (R. Abrams, et al., 19^7), the density 
of the hydrogen (D. Falconer, 1969), the beam track length 
through the chamber, and the number of four prongs at each 

5 momentum set. The number of protons per cnr used in the cal­

culation was :

p = (2 targets/molecule)•(6.0225•102^ molecules/mole)• 
(1 mole/2.016 grams)•(0.0622 ±0.0004 grams/cm^)

= 5.716 ±0.024-IO22 protons/cnA

The shape of the MURA chamber is a right cylinder 58 cm 

high with a radius of 58 cm. The area of the chamber illu­
minated by flash rings is roughly circular with a minimum 
radius of 29.5 cm. In order to reduce the errors introduced 
by events near the boundary of the visible region, the fiducial 
volume for the four prong cross section determination was fixed 
to be a right cylinder with a radius of 28.0 cm.
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The average track length through the fiducial volume 
was determined by using the measured events, it was assumed 
those events represented an unbiased sample of all the beam 

* tracks. From the coordinates of the event, the radius of the 
beam in the chamber’s magnetic field, and its slope at the 
interaction point, the geometrical path length and the stan­
dard error in the mean were calculated for all the measured 
events at each momentum set.

Two rolls of film (each having approximately 1200 frames 
and 14,000 beam tracks) were selected at each of the momentum 
sets. They were independently scanned; a list was made of the 
four prong events and their quadrant locations. All dis­
agreements between the scan and the events that had been 
initially measured were resolved by a final scan of the film.

Using a random-miss model (B. Falconer, 1969) the 
double-scan efficiency for each roll was found. The effi­
ciencies ranged from 0.9976 to 0.9999 with an average of 
0.9990. These values were used to correct for missed events.

The topological cross section for each roll was deter­
mined by the following formula:

_____________ o’-N_____  
° ” E-T-F-(1 - exp{-o'pLJ) 

where, 
o’= pp total cross section 
N = number of four prong events, 
T - average number of tracks/frame (H. Ring, 1970), 
F = number of frames,

*The tracks were weighted to remove the bias which favors longer 
path lengths.
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p = protons/cm^,

L = average path length 
E = double scan efficiency.

The dependence on o' is minimal; expanding the exponential, 
o is approximately equal to N/(E‘T*F«p  *L) . In principle of 
course o' is not needed. The results are presented in Table 
1.5-1. These values as well as the cross sections from 
previous experiments are shown in Figure 1.5-1. The values 
from earlier experiments are also listed in Table 1.5-2.
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Table 1.5-1. Topological cross sections o(4-prong) calculated 
for the six momentum sets. P = incident p 
momentum; N = number of four prongs scanned; 
o' = pp total cross section; L = average path 
length.

p
(GeV/c )

N a1
(mb)

L 
(cm)

a(4-prong)*  
(mb)

1.63 1582 9?.57±0.07 52.56i0.06 29.8i0.8

1.77 1491 95.3210.07 52.9910.05 27.110.7

1.85 1282 94.14±0.07 53.1510.05 27.4i0.8

1.88 1595 92.7510.07 53.4910.04 ^5.BiO.7

1.95 1441 91.36±O.O7 53.4510.05 25.510.7

2.20 1555 86.3i10.07 53.77i0.04 23.HO.6

*The errors are statistical only. There is also a systematic 
error of 0.5^ due to the systematic error in a*.
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previous experiments.
Table 1.5-2. Four prong topological cross sections from

Reference - F Momentum o(4 prong)
(GeV/c) (mb)

(Kalbfleish, G., et al., 1969) 1.11
1-33
1.52

52.6
31.0
28.8

±0.5
±0.2
±0.3

(Donald, R,, et al., 1968) 1.20 51.6 ±1.0

(Cooper, W., et al., 1968) 1.25 31.2 ±0.8
1.27 30.0 ±1.0
1.32 29.4 ±0.6
1.37 28.9 ±0.8
1.45 30.1 ±0.7
1.49 <27.7 ±1.0
I.54 28.0 ±0.5
1.65 27.7 ±1.0

(Parker, D., 1971) 1.51
1.65

27.8
26.8

±0.4
±0.4

1.80 25.8 ±0.4
1.95 24.7 ±0.4
2.15 24.9 ±0.7
2.45 23.2 ±0.6
2.60 22.7 ±0.7
2.75 22.0 ±0.7
2.90 21.8 ±0.7

(Button, J., et al., 1962) 1.61 25.0 ±2.2
(Ferbel, T., et al., 1966) 5.28 22.9 ±0.9

5.66 21.6 ±0.9
(Bockman, K., et al., 1966) 5.7 18.2 ±0.4

(Alles-Borelli, V., et al., 1967) 5.7 17.3 ±0.7
(Kitagaki, T., et al., 1968) 6.9 18.7 ±1.0
(Ferbel, T., et al., 1968) 6.94 16.6 ±1.5
(Borecka, I.» et al., 1971) 12.0 15.8 ±0.7
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Chapter II
— — — + + THE REACTION pp -♦ 7r tt tt r

2.1 Introduction
The pp annihilation into four charged pions has been 

the subject of many previous studies.*  These investigations, 

as well as this report, find properties in the four pion 
channel which do not change radically as the p momentum 
changes from 0.9 to 5.7 GeV/c. The cross section a decreases 
from the order of 4 mb at 1.0 GeV/c p momentum to 0.8 mb at 

5.7 GeV/c. Both the p and the f mesons are very noticeably 
produced. Quasi two and three body resonance production 
accounts for a large part of the channel. Nonresonant phase 
space production is significantly less important. Angular 
distributions show a marked asymmetry which increases with 
increasing beam momentum. An effect which we call "charge 
inertia" is observed in the center of momentum (CM) frame 

wherein pions prefer to follow the direction of the nucleon 
of like charge. Finally, p-u) interference has been observed 
both in this experiment and in a study from 1.26 to 1.65 GeV/c 

(W. Allison, et al., 1970).

*See, for instance, at 0.94 GeV/c(R. Burns, et al., 1971)» at 
1.2 GeV/c (R. Donald, et al., 1968); at 5-7 GeV/c (T. Ferbel, 
et al., 1966), and at 5-7 GeV/c (A. Accensi, et al., 1966).

From the 46,425 four prong events a total of 5,821 fitted 

the four pion final state with two or more constraints. The 
confidence level (CL) distribution of these events is shown 
in Figure 2.1-1. Ideally, this distribution should be flat.
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However, the spectrum is highly peaked at very low CL. This 
is a reflection of two factors. First, errors due to mea­
suring are non-gaussian; they have long tails. This leads 
to an excess of events at low CL. Secondly, the contamination 
from other channels is expected to be more important at low 
CL. For the 686 events with CL(4m) between 0.00 and 0.02, 126 
events were ambiguous with 7r-7r+K“K+. Only four events were 

resolved by bubble density (see Chapter III) to be 2m2K; nine 
events remained ambiguous. The 7r~7r+7r°K''K+ (K“K“K+K+) channel 

had 26 (5) fits ambiguous with 4m. None of these were consistent 

with bubble density. For an estimate of the contamination due 
to m~m~m, we made a scatterplot of CL(4m) versus CL(5tt), 

Figures 2.1-2 and 5- Assuming a flat CL distribution for the 
5v events, we estimate 258 are . Thus, out of 686
low CL events, we assign 242 events to be from other channels.

In order to reduce this contamination the following 
criteria were applied:

(i) The 4m fit must have at least two constraints.
(ii) The confidence level must be 2 2^.

When these cuts are made on the data, 5155 events remain.

2.2 Reaction Cross Sections

The cross section was calculated from the ratio of the 
four pion events to the total number of events.

o(4m) = j(4 prong)•N•(1.14)/N^ pr 

where,



14

CO
NF

ID
EN

CE
 L

EV
EL

 (S
ir
)

0.0

0.5

0

1.0 4 1 1
7 ill
7 12 111.
311 1 2
A 11 
71 11 1 1
7 11
311 1 1. 1 1 1
0112 2 11
61 11 111 2 1 1
712 1 1 1
7 11 
311 1 11
6 1 1
111 1 111 
722 11 1 1 1
931 1 11 1 1 2
72 2
6 1 1 1 2 12

-31 111 1
8 11 1111
311 1 1
7 3 1 11 1 11 1 11
9 13 2 2 211
6 11 2 . 1 21 1 1
31 1 1 1 1 1
3213 1 11 2
1211 2 12 1 111
8133 11 1 111 1
821 1 111 3 1 1 1
A12 1 il 1
411 1 1 1 1 11 11 1 1 111
2113 11 111 11 1
6 3 2 1 11 211
C213311 21 1 1 22 211 111 11 1
E313 2311H 1 11 1 11 1111 2 11111
95226 1 223 2 1 1 2 1 22 1 1
A3 7212 1 2251 1111 3111 21 311 2 1 131 
0455212224341344 231 111 11211211 1 12 
ÎWKRLBLCF8A9C9AEH79398A9DF36C7A561B92781

.0
1

o .5 1.
CONFIDENCE LEVEL (4tt)

0

Figure 2.1-2. Confidence level of 4ir fit versus 
confidence level of 5v fit for ambiguous events.



15

1.0

i=! 
in 
ï

211 1
6
411 1
2 11
till
7 1 1
4 11 
11 1 1 
93 1 1
5 11
41 1 111
32 1
111 1 

6
1
61 1 11
41 1 2 2 1
6 1 11
3 3
2 11
8
21 1
5 11
61 2
211 1 1
111 1
3 1 1
1 11
6 11 1 1 1 1
323 1 1
7 1 11 1
3 1 1
1 1 1 
6
92 1 1 1
72 1112 1 11
51 11 1 13 1 
52 11 111 1
F5111 11121 1

0.0 28987653211331464442

0.00 0.05
CONFIDENCE LEVEL(4tt)

Figure 2.1-5. Confidence level versus CL(5r) 
with an expanded scale.



16

N = number of 4vr events, 
Nnumber of 4 prongs.

The factor 1.14 is to correct for the CL cut. Table 2.2-1 
gives the results. Figure 2.2-1 shows the o(4tt) points 

that have been measured thus far. The previous data points 
are listed in Table 2.2-2.

2.5 Mass Distributions
The invariant mass distributions of interest for all 

momenta sets combined are presented in Figures 2.5-1 thru 
2.5-6. They show the following mass projections :

(2.5-1) M(/Y\ 
(2.5-2) M(7r"7r+), 

(2.5-3)
(2.5-4) M(7r“7r+) other ir~ir+ in p region, 
(2.5-5) M(m~m^) other in f region, 
(2.5-6) M(m~m^m^) with M(m~m^) in p region, 

where, 
p region is 668 s M(m~^) 2 810 MeV, 
f region is 1154 s M(m~^) s 1552 MeV.

The positions and widths of the resonances were determined by 
doing a least squares fit to the tt~7T+ mass spectrum using 

resonance production and phase space. The resonances were 
parameterized by the simple Breit-Wigner form:

*The estimated 444 four pion events are in the 0.00 to 0.02 
CL bin (444 = 686 - 242). The correction factor is then 
(5155 + 444)/5135.
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Table 2.2-1. Four pion cross s 
of p momentum P.

ections a(4r) as a function 
N = number of 4^ events;

' four prongs ; o(4 prong) = 
section.four

, = number of 
prong cross

P 
(GeV/c)

N A pr o(4 prong) 
(mb)

o(4m 
(mb)

)

1.6? 569 7187 29.8 ±0.8 2.69 ±0.14

1.77- 603 8251 27.I ±0.7 2.26 ±0.11

1.83 570 7885 27.4 ±0.8 2.26 ±0.12

1.88 577 8391 25.8 ±0.7 2.02 ±0.10

1.95 494 8085 25.5 ±0.7 1.78 ±0.10

2.20 322 6624 23.1 ±0.6 1.28 ±0.08
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Table 2.2-2. Four pion cross sections from previous 
experiments.

Reference P Momentum o(4 prong)
(GeV/c) (mb)

(Lab. de Phys. Nucl., 1969) 0.70 6.7 ±0.3

(Burns, R., et al., 1971) 0.94 3.6 ±0.4

(Strand, R., 1972) 1.11 3.4 ±0.2
1.53 2.8 ±0.1

• 1.52 2.2 ±0.1
(Donald, R., et al., 1968) 1.20 2.9 ±0.2
(Parker, D., 1971) 1.51 2.32 ±0.09

1.65 2.26 ±0.08
1.80 2.05 ±0.07
1.95 1.78 ±0.08
2.15 1.62 ±0.09
2.45 1.24 ±0.08
2.60 O.96 ±0.07
2.75 0.97 ±0.07
2.90 0.88 ±0.07

(Button, J., et al., 1962) 1.61 1.4 ±0.3

(Clayton, J., et al., 1970) 2.5 1.35 ±0.10
(Ferbel, T., et al., 1966) 3.28 0.8 ±0.1
(Bockman, K., et al., 1966) 5.7 0.11 ±0.03
(Accensi, A., et al., 1966) 5.7 0.173±0.016

(Alles-Borelll, V., et al., 1967) 5.7 0.173±0.016

(Ferbel, T., et al., I968) 6.94 0.054±0.020
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(r/2)2/{(M-Mo)2+ (r/2)2}

where,

Mq = central mass of the resonance,
F = full width at half maximum (FWHM) of 

the resonance.

The following values were found:

= ?40 ±3 MeV, rp = 142 ±5 MeV;
Mf =1243 ±5 MeV, rf = 177 ±7 MeV;

’ Mg*=  1051±8 MeV, rs*=  76 ±18 MeV.#

When the S*  was not included in the fit, the f meson fitted

a mass of 1232 ±5 and a width of 191 ±8 MeV. •
4*  4.The 7r tt spectrum has essentially a phase space dis­

tribution. However, there is a significant number of events 
missing in the high mass region (see section 2.4). As in 
earlier experiments, the îr”îr+ spectrum shows copious p and 

f production along with possibly a small amount of S*.  The 

distribution is essentially phase space with an excess 
of events in the Ag mass region around 1300 MeV, as well as, 
in the A^(164o) region. The remaining distributions give 

indications of quasi two body production.

Figures 2.3-7 thru 2.3-24 show how the invariant mass 
spectra vary with p momentum. To improve the statistics the 
momentum sets have been combined in pairs 1.63 and 1.77, 1.83 
and 1.88, 1.95 and 2.20 GeV/c. The distributions generated by 

Monte Carlo simulations to be discussed in the next section 
are indicated with plus signs.
# , , 
From the literature the S resonance has a mass of 1062 MeV 
and a width of 86 MeV (Review of Particle Properties, 1971)•
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2.4 Resonance Production

The method of maximum likelihood was used to determine 
the percentages of resonance production. These values were 
found with the program SHERLOCK (R. Green, 1972), which 
is similar to the program MURTLEBERT (J. Friedman, 1964; 1966). 
R. Green has discussed SHERLOCK in great detail; we will 
give a brief description following a similar notation.

Using the transition rate formula and assuming 
interference between the resonance channels can be neglected, 
the probability of a given event is

n 0 _ ipc(ai,a2, .. .,an) = Pg

where,
a^ = fraction proceeding by channel IfEa^ = .1), 

= matrix element for the channel 1,

Pg = phase space for Q th event,

Mi = JKI2?

p = phase space for the transition, 
x^ = variables associated with and p, 
n = number of channels.

The likelihood function, being defined as the probability of 
the entire experiment, is equal to the product of the prob­
abilities for the individual events

NEV n on
L(a^,a^, ...a ) = n (2 a. |M.| p N. ) 

ç=l 1=1 x x t x
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where,
NEV = the number of events,

The function L is the quantity to be maximized. It is 
advantageous to maximize log(L) rather than L; this allows 
us to convert a product into a sum. These are equivalent 
since log(L) is a mono tonic ally increasing function of L. 
Dropping the Elog(p^) term which is a constant for a given set 
of events, the function to be maximized is

NEV
g(a,,a„, ...a ) = E 

x * £=1
n

where, 

he -

Instead of maximizing g(a1,a2,...an), we actually minimized 
-g the negative of the log likelihood function. This was 
accomplished with the program MINUIT (F. James, 1969). Both 

TAUROS and MIGRAD were used to find the minimum; the errors 
were determined by MINOS.

In the matrix elements, BA(i,j,k,..) represents the 
Breit-Wigner amplitude and B(i,j,k,..) the Breit-Wigner 

intensity. The following forms were used:

p pBA(i, j,k, .. ) = mr/[m. . . -m*  - 7^1 mr],
±9 J 9 ^9 • •

B(i,j,k, ...) = m2r2/^ , k -m2)2 + m2!2] 
±9 J 9 ^9 • •

where,



47

m. . , = effective mass of the i, j,k, ..
* 1 * * pion combination,

P = width(FWHM),
m = mass of the resonance.

2
Each |Mj element was appropriately symmetrized with the

sums being added incoherently.
The channels included in this analysis were:

. (1) Pim,
(2) P?,
(3) f THT,
(4) ff,
(5) pp, r 1

(6) S IDT,
(7) Aÿb#

(8) Agir,
(9) A^,

(10) innnr

Letting 1,2(3,4) represent the negative (positive) pions, the 
following forms for (M|2 were used.

2 For phase space : |M| = Ij
For pTTir,fTHT, and S* tnr: |M| 2= B(l,3)+B(l,4)+B(2,3)+ 

B(2,4);

For pp and ff : |M|2= B(1,3)B(2,4) + B(1,4)B(2,3);
For pf: |M|2= (2,4) + Bp(l,4)Bf(2,3) +

Bp(2,3)Bf(l,4) + Bp(2,4)Bf(l,3);

The symbol A^ is used simply as a convenient notation for 
the enhancement at 1640 MeV.



For and A ir: |M| 2= B(l,2,3) + B(l,2,4) + 
B(l,3,4) + B(2,3,4);

For the A^vr (A^ -+ pir, p -*  inr) with Zemach factors 
(C. Zemach, 1$64; 19^5 a,b):

5 5 pM2= s S [B(l,2,3)lBA(l,3)Zl5i1 -BA(2,5)Z231J +
1=1 j=l d

B(l,2,4)|BA(l,4)Zl\j -BA(2,4)Z24id|2+ 

B(1,5^)|BA(1,5)Z31. . - BA(1,4)Z41 J2 

B(2,3,4)|BA(2,5)Z52ij - BA(2,4)Z42ld|2} 

where,
Zk£id = (l/2)((p^i)(qd) + (P<gd ) (q± ) J/NORM 

for k = 1,2: q = p^x p2 (evaluated in rest frame 
of 1,2,4 particle comb.)

NORM = (m®2^ -

for k = 5,4: q = p^x (evaluated in rest frame 
of 5,4,4)

NORM = (m^ - (5m^.r)^

A general increase in Zkl with an increase in the 
Tnnr effective mass has been removed by dividing by 
NORM.

Monte Carlo generated events with weights w. were used
V

to compare each fit to the data. The weight was calculated 
from:

n o
w = Z a.I Ml /N..

1=1^ x
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The values were determined by the MINUIT fits. Interesting 
omass distributions were plotted and a x value for each his­

togram was calculated giving a measure of the goodness of the 
fit:

p p pX = [NEV/(NEV + E w E (» - v p/v-
k K i=l ^MC 1EXP J-MC

where,
v = number of Monte Carlo events in bin i, 

, XMC 
v. = number of experimental events in bin i, ^EXP

wk= weight of Monte Carlo event k (Ew^= NEV),

NEV = number of experimental events, 
f :

Nb = number of bins.

The factor NEV/(NEV + Ew2) removes from the x2, the part due 

to the fluctuations in the Monte Carlo (R. Green, 1972).
Phase space plus the following resonance hypotheses

were used to fit the 5155 4ir events :
(1) p7nr,
(2) pw + pf,
(5) pmr + pf + f7nr,
(4) pTTTT + pf + ff,
(5) p^nr + fmr + ff,
(6) ptttt + pf + f7nr + ff, .
(7) pTTTT + pf + f 7T7F + ff + pp,
(8) pTTTT + pf + f 7HT + ff + pp + S*7T7F + A^TT + A^^,

(9) pTTTT + pf + f7T7F + ff + pp + S 7T7F + A^V + AgTT + A^ . 
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Fits were made with a p mass from 720-780 MeV and a width 
from 110-170 MeV; the mass for the f meson ranged from 1240­

1280 MeV with a width from 115-160 MeV. The values which 
o produced the best x were a mass and width of 740, 125 MeV 

for the p and 1260, 150 MeV for the f.*  These values differ 

by about 2 standard deviations from the initial fit in 
section 2.5. The values used for the other resonances 
were:

*This was for fit (7).

Resonance

S*

Mass 
(MeV)
1052

Width 
(MeV) 
?6

The results

A? 1640

a2 - 1297
Ai 1075

of fits (1) thru (9) are

30

91
97

given in Table 2.4-1.
We note the dominant channels appear to be p-mr, pf, and ff
Looking at fits (5) thru (6), it is observed the firm channel 
goes to 0 +5% in preference to pf and ff. With such a large 

error it is difficult to conclude fvm is not present; however 
the fit clearly prefers the ff channel. This is surprising 
since our GM energy ranges from 2500 to 2500 MeV. Because 
of the relative crudeness of our parameterization, it may well 
be the ff percentage of 15 ±2 is not an accurate reflection of 
nature. What appears to be stable are the overall p and f 
percentages. We see that pp, S tnr and A^tt production are all 
small and consistent with zero. Slightly more significant 
percentages of A^ir and A^m are indicated, but even these are
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only ~2 standard deviations away from zero.

The results of the Monte Carlo simulations for fits 
(1) thru (9) are given in Table 2.4-2; x2 values for 100 % 

phase space are included for completeness. Comparing fits 
(5) and (4), we see a markedly better \ when the ff channel 

is included instead of f?nr. Even our best fit to the data 
is not very good, giving a total \ of 74? for %8 bins; the 
mass distributions generated by this simulation are shown 
as plus marks in Figures 2.5-1 thru 6.

Fits were done to various data sets to examine variations 
with p momentum. Table 2.4-5 presents the results. Even with 
the large errors we see the following trends: (1) the percentage 

pf decreases with p momentum; (2) a decrease in p?nr with in­
creasing p momentum is suggested; (5) pp may be present at 
our lowest momentum; (4) firm begins to be favored over ff at 
our highest momentum 2.20 GeV/c.

Examining the doubly charged mass spectrum (Figure 2.5-1) 
the Monte Carlo simulation is observed to systematically pre­
dict too many events with high invariant mass. A possible 
explanation has been known for over a decade (G. Goldhaber, 
I960). The effect of Bose-Einstein statistics(BES) for iden­

tical particles is incorporated by Goldhaber into Fermi phase 
space. BES lead to a tendency for identical particles to leave 
the interaction volume in the same direction. This shifts the 
I ± 7r 7r spectrum towards lower mass.

The Goldhaber effect has been incorporated into our 
maximum likelihood fits. This changes the |M|^ element for
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Table 2.4-2. values from Monte Carlo generated distri­
butions for fits (1) thru (9)—(see text). 
Histograms (1) thru (6) correspond to Figures 
2.5-1 thru 2.5-6, respectively.

Fit
(1)

2X for Histograms
Total(2 ) (5) w (5) (6)

Phase
Space .171 801 200 197 158 550 1857
(1) 245 565 188 105 159 515 1574

(2) 202 164 129 168 112 250 1005

(5) 207 179 111 115 112 192 914

(4) 184 182 118 58 107 178 827

(5) 204 198 124 77 151 184 918

(6) 184 182 118 58 107 178 827

(7) 176 211 108 64 110 185 852

(8) 165 211 102 67 96 167 808

(9) 177 168 102 57 91 152 747

Bins 70 69 59 59 59 72 568



Table 2.4-2. Results of maximum likelihood fits in percent 
— — + +of it 7T 7F 7T cross section for various momentum 

sets.

Channel Beam momentum and number of events in each set.

1.63
(569)

1.77,1.82
1.88,1.95 
(2244)

2.20
(322)

1.62
1.77 
(1172)

1.82
1.88
(1147)

1.95
2.20 GeV/c
(816)

pinr 10+17 32-8 48+20 20+11 26^ 44+14

pf 27±9 21+4 11+11 28+6 20+5 6+8**

fTTTT 0+15 0+5 6+18 0+8 0+4 14+12

ff 16+2 1+6 14^ 15+4 11^

PP 9±5 0+2 1+6 2+2 1+3 2+4

S*7HT 0+2 0+1 1+7 0+2 0+2 0+2

A^tt 4+4 1+2 4+6 2+2 1+3 3+3

Agir 1 + 4+2 7+6 7+3 4+2

AjJ 0+4 5±2 2+6 4+2 5+3

Phase
Space 29 21 18 13 28 11

When negative error is not given, the percentage is con­
sistent with zero.
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phase space from unity to:

|M|2 = G(ir~, ir“)-G(TTy 

where, 
G(r,, irJ = 1 + ,X J 
a = 
A^= h/m^c = pion Compton wavelength, 
y = dimensionless parameter measuring size 

of interaction volume,
■ *1J=  IP1 - ?jl2 -

p^= three-momentum of particle i in the CM.

Fits were made with y ranging from 0.0 to 1.6. Table 2.4-4 
p tfgives the results. The best % value is obtained with y = 0, 

i.e., no Goldhaber effect. Nevertheless, the values do not 
p

change very markedly; x is quite insensitive to y. In contrast, 
however, the ftht and phase space percentages are especially 
sensitive with ftht varying from 0 to 14 and phase space from 
21 to 1 percent. We see there is significant uncertainties 
which depend on the parameterization in addition to the 
statistical errors. This fact must be kept in mind when the 
results are compared to other experiments.

In Table 2.4-5 the results of our maximum likelihood 

analysis are compared to fits that have been done at p mo­
mentum 0.94, 1.20, 2.50 GeV/c. The experiments agree reasonably 

well; several trends are clear from 0.94 to 2.50 GeV/c. The 
pTTir channel increases to ~50 percent at 2.5 GeV/c from ~10 
percent . Over the momentum range pf decreases from ~J0 
percent to ~0 at 2.5 GeV/c; S mr increases from ~0 to ~10
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Table 2.4-4. Results of maximum likelihood fits in percent 
of 7r”ir-7r+7T+ cross section and values for 
entire set of 5155 events with Goldhaber param­
eter ranging from 0.0 to 1.6 pion Compton wave­
lengths—(see text). Histograms (1) thru (6) 
correspond to Figures 2.5-1 thru 2.5-6, respec­
tively.

Channel y Values
0.00 0.04 0.10 0.20 0.40 0.50 0.60 0.80 1.20 1.60

pTnr 50 52 42 45 45 45 45 58 52 51
pf •21 20 16 14 14 14 15 18 20 20
fTTTT 0 0 10 15 14 15 10 5 0 1
ff 15 16 14 15 15 15 14 15 16 15
PP 2 2 0 0 0 0 0 1 2 1
S 7T7T 0 0 0 0 0 0 0 0 % 0
A^tt 2 2 2 2 2 2 2 2 2 2
Ag7T 5 5 5 5 5 5 5 5 5 5
A^tt 4 4 6 6 6 6 6 5 4 4
Phase
Space 21 19 5 2 1 2 5 11 19 21

Histo- 2 X Values
gram

(1) 177 177 185 188 188 188 188 189 184 181
(2) 168 168 177 185 I85 18? 179 175 171 170
(3) 102 102 105 101 101 101 102 102 102 105
(4) 57 57 57 58 58 58 57 56 57 57
(5) 91 91 91 95 95 95 92 95 95 92
(6) 152 152 155 154 154 154 154 154 154 155

Total 747 747 764 777 777 777 772 769 761 758
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Table 2jl-5- Comparison of ir"7r"ir+ir+ maximum likelihood fits 
from this experiment with those at 0.94 GeV/c 
(R. Burns, et al., 1970), 1.2 GeV/c (R. Donald, 
et al., 1968), and 2.5 GeV/c (J. Clayton, et al., 
1970) in percent of 4tt cross section.*

Channel
0.94

p Momentum (GeV/c)
2.20 2.501.20 1.65 1.77 1.88

1.85 1.95

pirir • 19±8 0±ll 10117
+7 

52-8 48120 5115

Pf 50±5 21±4 2719 2114 11111 <10-2

f nr 8±4 9±4 0+15 0+5 6118 5915

ff — - +7 
14-8 1615 1+6 <io-5

PP 8 ±5 11±4 9±5 0+2 1+6 <10”5

S*nr — — 0+5 0+1 1+7 9+2

A^tr — — 4+4 1+2 4+6 —

A2tr 10±5 21±4
+5 

7-4 412 7 ±6
no 
evidence

A^
no 
evid. 11±4 0+4 515 5+6 —

mm 25 27 29 21 18 1

The parameterisations used in the earlier experiments are 
similar but not identical to our formulation. The errors 
quoted in the 2.50 GeV/c experiment appear to be too small.



58

at 2.5 GeV/c; decreases from ~15 to ~0 percent. Because 
of the problems already discussed in the finr and ff channels.
it is hard to say what is happening in detail; it appears 
that f7ht may be increasing from ~10 percent at 0.^4 GeV/c 

to ~40 percent at 2.5 GeV/c.

2.5 Angular Distributions
The CM cos(9) distribution for the pions is presented 

in Figure. 2.5-1.*  The angular distributions for the plus and 

minus pions were combined, since within statistics the dis­
tributions were identical. An effect which we have called 
"charge inertia" is present. There is a large peak in the 
forward direction and a much smaller backward peak. Other 
experiments reveal this effect becomes more pronounced as 
the GM energy is increased (R. Burns, et al., 19715 R. Donald, 
et al.,1970; A. Accensi, et al., 1966). No striking dif­
ferences were observed when the distributions were examined 
for each momentum set.

* " Throughout this section the angle of a pion is measured 
relative to its nucleon of like charge.

The Forward-Backward ratio is shown in Figure 2.5-2 
as a function of the pion momentum in the CM. F(B) is 
defined as the number of pions having cos(9) greater than 
zero (less than zero). As expected the positive and negative 
pions have similar distributions and have been combined. 
The ratio is basically increasing with pion momentum. The 
same behavior was seen at 1.2 GeV/c (R. Donald, et al., 1968).
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Figure 2.5-1. Angular distribution of pions in 
center of momentum frame.
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Figure 2.5-5 shows the Polar-Equatorial ratio (P-E)/ 
(P+E) depends on the pion momentum in the CM; P (E) is the 
number of pions inside (outside) a double cone with an 
opening angle of 60° centered about the pp axis. This 

ratio also generally increases with pion momentum. Donald, 
et al., see a similar dependence. _

2.6 Spin Density Matrix Elements
When a resonance with spin J decays into two pions 

(spin 0), the spin angular momentum is transformed into 
orbital angular momentum. The angular part of this final 
state can be described by the wave function

m=-J

where Yj is a spherical harmonic. The decay distribution is 

then given by

■ m=-J #=-J

The density matrix elements for a pure state such as this are
defined as p_  = a, at,. For a state which is a mixture of rnm un um
various angular momenta, the general definition is

Pnm = 2 pi aJ±n ^J^m /(2 pi)

where,
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The properties of the neutral dipion decay distribution 
have been examined in both the Gottfried-Jackson (GJ) and 
the Helicity reference frames. These are defined in the 
dipion CM by the unit vectors :

GJ Frame Helicity Frame

% - h m * - -MM
* M x M MW

x = y x £$ = y x S

where,
beam momentum in dip ion CM, 
beam momentum in lab frame, 
dipion momentum in lab frame, 
recoil ir+ir~ momentum in dipion CM.

The decay angles 0 and cp in the dipion CM are defined below, 

z
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Figures 2.6-1 thru 2.6-20 show the cos(8) and co 

distributions as a function of the dipion mass. The curves 

indicated with plus marks are the results of fitting the 
data assuming only S and P waves are present. The normalized 
S and P wave decay distribution has the following form (L. 
Lovell, 1968):

. W(0,w) = (l/4m)([l + 3(p00-pi:L) (cos2(e) -(1/3)]

-3/T Re(p10)sin(28)cos (cp) + 
-5Pi_iSin2(0)cos(2cp) +2^6(9^ )c os (0 ) + 
-2^ Re(p^Qt)sin(0)cos (cp) ] .

V 1

A moment analysis was used to determine the best fit. Table 
2.6-1 gives the parameters and their errors for the 0-668, 
668-810, 810-1154, 1154-1332, and above 1332 MeV mass bands. 

In order to examine in greater detail the behavior of the 
spin density parameters, the fits were repeated using smaller 
mass bands. The results are presented in Figures 2.6-21 
thru 2.6-25. All of the parameters vary rather smoothly with 
the dipion mass; no striking changes occur in the p region, 

oThe x values for these fits are given in Table 2.6-2.
The neutral dipion combinations in the p region were 

also studied as a function of t, the four-momentum transfer 
squared.

2 t = (Pbeam“ Pdipion^

~ (Ebeam~ Edipion^ “ ^beam”^dipion^
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Table 2.6-2. The values for (S,P) wave fits in the 
Gottfried-Jackson and the Helicity Frames. 
Each distribution was divided into 50 bins.

Mass Range GJ Frame Helicity Frame
%2(9) (cp) x2(e) x?(v)

(MeV)

275-400 56 35 55 56

400-475 , 40 80 47 62

475-525 86 56 92 50

525-575 47 82 42 69

575-625 74 43 69 33
625-675 35 96 34 52

675-725 49 55 46 59

725-775 52 50 59 56

775-825 32 58 54 67

825-875 56 42 85 50

875-925 55 68 64 73

925-975 81 54 51 47

975-1025 65 96 53 50

1025-1075 • 111 69 62 57

1075-1125 91 99 56 93
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Figure 2.6-1. Cos(0) decay distribution in GJ frame 
of the neutral dipion combinations with invariant mass 
s 668 MeV.
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Figure 2.6-5, Cos(5) decay distribution in GJ frame 
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70

C
O
M

B.
 / (

2 P
1/

50
)

PHI (RADIANS)
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Figure 2.6-5. Cos(6) decay distribution in GJ frame 
of neutral dipion combinations with invariant mass 
between 810 and 1154 MeV.
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Figure 2.6-9. Gos(6) decay distribution in GJ frame 
of neutral dipion combinations with invariant mass 
greater than 1552 MeV.
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Figure 2.6-11. The cos(9) decay distribution in the 
Helicity frame of the neutral dipion combination with 
the mass s 668 MeV.
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Figure 2.6-12. The tp decay distribution in the Helicity 
frame of the neutral dipion combinations with invariant 
mass s 668 MeV.
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Figure 2.6-15. The cos(0) decay distribution in the 
Helicity frame for the neutral dipion combinations with 
invariant mass between 810 and 1154 MeV.
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Figure 2.6-16. The cp decay distribution in the Helicity 
frame of the neutral dipion combinations with invariant 
mass between 810 and 1154 MeV.
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Figure 2.6-17. The cos(9) decay distribution in the 
Helicity frame of the neutral dipion combinations with 
the invariant mass in the f region (1154-1332 MeV).
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Figure 2.6-19. The cos(e) decay distribution in the 
Helicity frame of the neutral dipion combinations with 
invariant mass greater than 1552 MeV.
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Figure 2.6-20. The cp decay distribution in the Helicity 
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mass greater than 1552 MeV.
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Figures 2.6-26 thru 2.6-50 give the values of the parameters 
found by a moment analysis. Again, there is a rather smooth 
and undramatic dependence on the variable. In both frames 
(p0Q-p11) decreases as -t ranges from ~0.0 to 5.5 (GeV/c)2.

The angular histograms for the f region (1154-1552 MeV) 
are in Figures 2.6-7, 8, 17, 18. Because the f is a spin 
two object, an additional fit assuming a pure D wave was 
considered. This, however, is clearly not satisfactory 
since the spectrum is not symmetric about cos(6) equal to 
zero.(as predicted by a D wave distribution). This implies 
that interference terms are significant. Consequently, 
S, P, and D waves were used in a final fit to the f region.

12 & I 2

2tt 
w(8) = J*  W(6,cp) dtp

0
= p^cosfe) +p2(5cos5(6) - 1) + 

P^cos2(9)sin2(9) + p^cos(e)sin2(P) + 
[(15/16) - (5/2)^ -(l/4)^]sln^(e)

where,

p1 = V?Re(p=P) + ,
Pg = (5/8)Pq0 + (1/8) (Pqo + %go + ^R^(Poo)) ' 

- (15/2)p^ + (3/2)PoO + 3pg0 + (5/2)p^ +

(3/2)VS"Be(pog) ,
P% = 3/TRe(p^) - (3/2)VIT Be(pgg) ,
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7F
w(cp) = f W(0,cp) sln0 de

= (1/2?r) + yicos(cp) +ygCos(2^) + p)

where,
7X = -^7B7 Re(pg) -(9/52)75- Re(p^) + 

(1/16)711572) Re(pPg) ,
7g = (1A) (VW57 Re(Pog) - P?.! -T^R^(p^) 

c d i“5P1-1 ) J
y5 = -(9/52)/TRe(p^2) ,

d 1- (l/^JPg-g »

by definition (for example):
dd _ A A* '
Pg-2 “ 22 2-2
opd - A A*p00 “ 10 20

Re(Pii) (^n^21 + ^1-1^2-1^

Pe(P02^ (^oo^22 + A00^2-2 )

Table 2.6-3 gives the results of a maximum likelihood fit to 
the separate cos(e) and cp distributions. The joint distri­
bution was not fitted because of its complexity (23 parameters) 

2 and our limited statistics. The x values are good; the 
curves predicted by these fits are indicated by the x-marks 

in the f region histograms.



99

p
Table 2.6-5. The and parameters and x values (50 bins) 

for the (S,P,D) wave fits to the w(0) and w(cp) 
distributions in the f mass region—(see text).

Parameter GJ Frame Helicity Frame

91 -0.27 0.01

P2 , 0.15 0.11

p5 1.81 1.55

94 0.25 0.04

0.016 0.015, '

^2 0.007 0.028

-0.002 0.001

-0.005 0.002

X2(9) 48 58

x2(<p) 52 59
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2,7 Rho-Omega Interference*

♦The results of an analysis of this data has been published 
(J. Chapman, et al., 1970). This inital work was done by 
J. Lys; it was reanalyzed by the author.

**This is only a partial list. For a survey of the experi-

In the early sixties a , suggestion was made that p 

and ai could perhaps mix through an electromagnetic inter­

action (S. Glashow, 1961). Predictions of the branching 

ratio for the direct decay of cd -♦ 2tt to cd -» Jir ranged 

from 0.07 0 (R. Gatto, 1965) up to the order of several 
percent(J. Bernstein and G. Feinberg 19^2). This led 

to an intensive search for the effect. Several expert- 
ments found an anomaly in their 7r tt” mass spectrum near 

the mass of the cd meson which was attributed to p-cD 
interference. This effect has been seen in the following 
reactions: pp (W. Allison, 1970), irp (G. Goldhaber, et al., 
1969j M. Abramovitch, et al., 1970), K p (S. Flatte^ 197°), 

e+e” (J. Augustin, et al., 1969), and yC (P. Biggs, et al., 
* % 1970j H Alvensleben, et al.,1970 )•

The 7r+7r" mass ' spectrum for the p region in 10 MeV 

bins is shown in Figure 2.7-1. One notes a rather large 

drop in the bin from 790 to 800 MeV. In order to inves­

tigate this, the data was fit with two theoretical 

expressions for p-<D interference. In all our fits a 

Gaussian resolution function was folded in with a a of 

5 MeV. The resolution was determined from a study of the 

to peak in the mass plot for events which fit the
7r\-\-"7r~ir*  final state. In our fits an cd mass of 785.86 MeV 

and a width of 10.4 MeV were used. * **
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The first formulation (J. Harte and R. Sachs, 1965;
M. Gourdin, et al., 19^9) has the following form:

Ü- = [4s + Ap Mpi" + + 2=vP •

Kete1» BWœBW*)](PS)  [Eq. (1)]

where,
BWp = r1/2/((mp - m2) - Im r) 

r = rp • (np/>») ( q/qp)5 

-%)

PS = phase space distribution for 2 out of 4 pions 
a = coherence factor (0 s a si), 
cp = relative phase of and A^, 
q = magnitude of the momentum of either pion in 

the dipion CM.

The free parameters were taken to be mp, rp, Aæ, cp, a, 
and Ap with A pg determined by normalization. Setting A^ equal 
to zero, we find x =66 for ^4 degrees of freedom with m^ = 
747 MeV and rp = 124 MeV. If A^ is allowed to vary, it is 
found that = 50, Mp = 750, Pp = 200, cp = 119°, a = 0.6, 

and R = 4.7%. R is the ratio of œ 7r+7r~ decays to u> -♦ ir+ir"ir°.

The number of w decays is estimated to be 2147 and the 
number of 2tt decays is calculated from

N(tD -» tt^) = J A? |BW^ JPS dm.

mental work on p-aj interference see G. Goldhaber, Experimental 
Meson Spectroscopy, edited by C. Baltay and A. Rosenfeld, 
Columbia University Press, 59(19/0).
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Figure 2.7-1* The tt+tt~ mass spectrum used in the fit 
to all the data. The solid curve is fit (a) to eq. (2) 
and the dashed curve is fit (b) (see text).
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If Tp is constrained to be s 145 MeV, then equals 
52, Mp = 745 MeV, Fp = 145 MeV, cp - 105°, a = 0.9, and 

R = 1.8^. These results are similar to those reported for . 
4tt channel at incident p momentum 1.26-1.65 GeV/c (W. Allison, 

et al., 1970). In this earlier experiment a was found to 
be greater than 0.4 and R greater than 1.4%, An impor­
tant criticism of this formulation is that it does not 
allow for interference between the p and the non-resonant 
background. 1

A second theoretical expression (S. Flatte7, 1970) 

used to parameterize the effect has the form:

= Cal + + a4He(BWp)
+a5Re(BWœ)]PS [Eq. (2)]

where,
BWp = (mpFpq/lp)/((mp - m2) - lmpD

BWæ " - mS) - VJ
T, q, and PS have the same definitions as in 
the first formulation.

This expression is an attempt to be as general as possible 
in the description of any anomaly in the co mass region. It 
allows the p to interfere with the phase space background via 
the term containing Re(BWp).

Table 2.7-1 gives the results of fitting this expression 
to several subsets of our data. We have made cuts on the
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Table 2.7-1. p
The x values for least square fits using the 
formulation by S. Flatté for various data 
selections. P=incident p momentum(GeV/c); t = 
4-momentum transfer squared(GeV/c)2; M=recoil
mass (GeV); N= number of 7ttf~ 
(see text for definitions of

mass combinations— 
fits (a) thru (d))*.

Data Selection Fit(a) Fit(b) Fit(c) Fit(d) N

All Data 69 45 46 36 5200
P=2.20, I.95 44 41 41 38 1328
P=1.88, Ï.83 54 24 28 23 1869
P=1.77, 1.63 45 28 29 23 2003
-t=0.0-0.3 75 56 50 45 2030
-t=0.3-0.6 44 45 39 59 1409
-t=0.6-0.9 35 55 32 52 .f , 898
-t=0.9-1.2 55 55 35 35 469
-t=0.0-0.1 45 42 42 38 651
-t=0.1-0.2 57 45 50 44 745
-t=0.2-0.3 62 54 28' ' 28 634
P=2.20, 1.95
-t=0.0-0.3 51 45 48 44 458
P=1.88, 1.83
-t=o.0-0.3

65 52 48 43 703
P=1.77, 1.63
-t=0.0-0.3

45 56 32 31 869
M=668-81O 68 66 67 66 765
M=1154-1332 58 56 23 22 1246
M=81O-11S4 or 
M<668 or M>1332 69 30 53 28 5189
P=1.63-1.88
-t=0.0-0.3

69 54 45 40 1572
M=1154-1332
-t=0.0-0.3

44 43 33 28 523

* 2 ■X values are for 58 bins.
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incident p momentum, the recoil mass, and t (the square
of the four-momentum transfer between the 7r 7t system and
either the p or p, taking the t which is algebraically larger.
Four fits were made to each data set (a) ay a^, set
equal to zero—incoherent p plus background; (b)
set to zero—p plus background with interference between
them; (c) set to zero—incoherent background as in the 
first formulation; (d) all parameters allowed to vary. In 

each case is determined by normalization. The mass and 
width of the p have been constrained to lie within the

probable limits: mp = 755-775 MeV, rp = 105-145 MeV (Review
of Particle Properties, 1971)

From the fits listed in Table 2.7-1, the following 
conclusions are reached. First, the fit to all of the 
data does not give convincing evidence for p-w interference_  
2X changes by 7 with the addition of two parameters between 

fits (b) and (d). In fact for this data set, the need for 

interference between the p and the nonresonant background 
is much stronger—with the addition of one parameter x^ 
changes by 26 between fits (a) and (b), and by 10 between 
fits (c) and (d). Fits (a) and (b) are shown in Figure 

2.7-1. Secondly, there is little indication of either p-œ 
interference or p-background interference in the two highest 

momentum sets—x changes by 6 between fits (a) and (d) with 
the addition of three parameters. Thirdly, when t cuts are 

made on the data, we see a significant signal only in the -t = 
0.2 to 0.5 range. This is our strongest evidence for p-m
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2 interference—x changes by 26 between fits (b) and (d). 
Figure 2.7-2 presents the data for this cut, as well as the 

curves generated by fits (a) and (d). Finally, when cuts 
are made on the recoil mass, a signal is seen for p-co 
interference only in the f region. Thus, indications for 
p-cn interference are seen for p momentum between 1.65­
1.88 GeV/c consistent with being all in the pf channel 
having a maximum strength for -t = 0.2 to 0.5 (GeV/c)2.

A lower limit for the branching ratio can be found 
by assuming complete coherence of the p, co, and background 
(M. Abramovitch, et al., 1970)

/ !
N(œ -» 7r+7r") = A J*  | BW^ 12PS dm 

where,
A = b - (b2 - - a?)1/2

\ 5 5 '
" = + 2a2 |BWp|2 + a, + 2a4[Re(BWp)]m=^

The results are R = 0.4^ for all the data and R = 5.156 for
-t = 0.2 to 0.5. By fixing A, a plot of x^ versus A can be 

made, and a lower limit on the value of R can be found. This
was done at a 950 confidence level (Ax2 = 4.0). The results

are 0.050 and 1.90, respectively for all the data and -t = 
0.2 to 0.5 (GeV/c)2.
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Figure 2.7-2. The subset of the 7r+7r“ mass spectrum 
with squared momentum transfer in the range -0.2 to 
-0.5 (GeV/c)a. ' The solid curve and circles are fits 
(a) and (d) respectively, to eq. (2).



CHAPTER III
THE REACTION pp 7r"7r+K”K+

3.1 Introduction
In contrast to the Tr*tr ”ir+Tr+ channel, the gp annihi­

lation into 7r tt+K"K+ has been the topic of only one paper 

with 93 events at 1.2 GeV/c beam momentum (A. Frodesen, 
£t al., 1969). We have 785 events which fit the 2tf2K 
hypothesis with a confidence level 2 io"6 and two or 

more constraints. The events were required to be in a 
fiducial volume fixed to be 2 half-right cylinders centered 

on the z axis, such that for x > 0 (downstream) radius 

r = (x + y ) s 24 cm; we required r s 28. cm for
x < 0. This was done to aid the bubble density analysis. 
Events close to the edge of the visible region were 
eliminated.

Approximately 90 percent of these events had more 
than one fit. In order to resolve as many ambiguities as 

possible and to verify the correctness of the unique fits, 
all the events were examined on a scan table. The observed 
density of each track was compared to the densities 
predicted for the tt, K and p particles. These were deter­
mined from the well-known fact that the ionization is 
roughly proportional to 1/p2 (p=v/c). The projected 

densities were determined for each view/ The beam track

the density was

108



109

was used for normalization.
This scan reduced the number of 2ir2K candidates from 

785 to 662. Sixty-one percent were identified to be a 

unique 2tt2K final state. The following ambiguities 
remained:

15 % multiple 2tt2K, 
12 % 2tt2K, 7r~ir~7r+Tr+ir° 

5 % 2tt2K,
• 2 % 2tt2K, Tr~Tr“7r+T+

7 % ambiguous among several states. 

Events that were still ambiguous after bubble density 
were treated in the following manner. The confidence 
level (CL) of the 2v2K fit was compared to the CL of all 

the other successful SQUAW fits which were consistent with 
bubble density. The 2ir2K hypothesis was rejected if either 
there was a ^-constraint (4C) fit with a CL > CL(2tf2K), 

or a 1-constraint (IC) fit with a CL > 4*CL(2 tt2K). The 
factor of 4 is somewhat arbitrary; a IC fit is easier to 
fake than a 4C. Our final sample is very insensitive to 

this value. If we change it from 4 to 2, our number of 
events changes from 575 to 571*  The factor of 4 was arrived 
at by looking at a scatterplot of CL(4C) versus CL(IC) 
ambiguous events. After making the above cuts, the 
confidence level distribution for our final sample of 
575 events is shown on Figure 5.1-1. We see that it it 
flat except for the lowest bin from 0.00 to 0.02.
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Figure 5.1-1, Confidence level distribution for the 
57? 7r"7r4 K*K1 events. .
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3.2 Cross Section for
The cross section is calculated from the ratio of 

2tt2K events to the total number of events in the fiducial 

volume :

o(2?r2K) = o(4 prong)*N/N^  

where,
N = number of 2tt2K events, 
Nj|= number of 4-prongs.

Table 3.2-1 gives the results. Figure 3.2-1 presents the 

points that have been measured thus far as a function of 
p momentum. The data is suggestive of a ~100|ib rise in 
the cross section centered at ~1.75 GeV/c.

3.3 Mass Distributions
As was the case in the earlier experiment at 1.2 GeV/c, 

* 
the 2ir2K channel in our energy range is dominated by K (890) 

production; the cp and p mesons are also observed. Figures 
3.3-I thru 3.3-7 give the invariant mass distributions for 
the 575 2tt2K events. The following mass projections are 

presented:
(3.3-1)
(3.5-2) M(T-ir+),

(5.5-5) «(nY),

(5-5-4) M(K"K+),

(5.5-5) «(ttVk4).
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Table 5*2-1. The 7r"*7r+K”K+ cross section o(2tt2K) as a function 
of p momentum. N = number of 2tt2K events; = 
number of 4-prongs.

Momentum
GeV/c

N "4 o(4-prong)

mb

o(2tt2K)

jib

1.65 87 6545 29.8 ±0.8 410 ±45

1.77 120 7491 27.1 ±0.7 454 ±42

1.85 io4 7051 27.4 ±0.8 405 ±42

1.88 95 7506 25.8 ±0.7 527 ±35

1.95 91 7401 25.5 ±0.7 514 ±54
* 1

2.20 76 6115 25.1 ±0.6 287 ±54
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(3.5-6) M(A"K+),
+ T *

(5.3-7) M(tt~K ), with recoil mass in K 
region, 850 to 950 MeV.

The points in the figures are from a Monte Carlo simulation 
to be discussed in section 3.4.

Comparing the doubly charged and neutral mass distri­
* 

butions, we see strong production of K (890). The KK 

mass spectrum has a clear cp signal at ~1015 MeV. There 
is also possible production of the meson at 1300 MeV (see 
section 3.4). Additionally, we observe in the KK histogram 
a ~4a(standard deviation) bump at 1420 MeV, which however 

contains only 15 events. A narrow peak has been seen at 
1425 MeV in the K“K mass spectrum at 20.3 GeV/c in 7r“p -*  

K'KgP (K. Foley, et al., 1971). In the jnr mass histogram 

we see an indication of p production. Possible evidence 
* * for K K production is indicated in Figure 3*3-7*
The 7nrK spectrum has a 3.7e peak at 1278 ±5 MeV with a 

FWHM of 25 ±10 MeV. These parameters were determined from 

a fit assuming a simple Breit-Wigner and phase space. The 
results of the fit are shown in Figure 3*3-8.  The peak 

does not appear to have a simple Breit-Wigner shape. This 
effect has also been observed in other experiments (A. Fire­

stone, 1970). A fit with two Breit-Wigners was not tried 

because of the meager statistics.
The ttttK mass interval 1240-1400 MeV is known as the 

Q region.# A peak in the spectrum has been seen, but its 

#For a survey of the Q region see A. Firestone, Experimental 
Meson Spec troscopy, edited by C. Baltay and A. Rosenfeld, 
Columbia University Press, 229(1970).
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interpretation is ambiguous, i.e. it may be a resonance or 
a threshold enhancement. The K*(124o)  or "C" meson seems 

to be produced in pp capture at rest with a mass of 12^2±9 
MeV and a width of 120 MeV (Review of Particle Properties, 
1971). Several other bumps in the ttttK mass distributions 
have been seen in K+p interactions. A K+p experiment at 

2.0 GeV/c observed a signal at 1281 MeV with a FWHM of 
51±22 MeV (J. Friedman, 1969).

Several additional plots were examined to see if the 
enhancement at 1278 MeV had some striking characteristic 
which might further indicate that it was a resonance 
rather than a statistical fluctuation. No essential 
difference was found. The GM angular distribution 
of the combinations within the enhancement did not differ 
significantly from the ones produced by the neighboring 
7T7fK mass bands. Dalitz plots were made for the TnrK system 
using the same cuts. These plots had the same basic 
structure. Histograms were made of the pK and K* tt mass 
spectra to see if the enhancement was going through 
a particular quasi two-body state. The signal was found 
in both plots with about the same strength. Further, we 
would expect to see this enhancement in the ?nrK mass of 
other final states, e.g. K^ttV, kVttVV. Such 

plots were examined and no clear indication of a bump 
was found (H. Ring, 1970).
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3»4 Sub-Channel Percentages

As was the case with the 4tt events, the method of 
maximum likelihood was used to determine the percentages 
of resonance production. From a study of the various mass 
spectra the following channels were included in the fit:

(1) KK tt,*

(2) cp7nr,
' (3) pKK,

(4) Ag-nr, 

(5) QK, 
(6) KV, 

(7) ttttKK.

In channel (5) the symbol Q is to be understood simply as 

convenient notation for the enhancement at 1278 MeV.
Preliminary fits to the tt^K^ mass spectrum gave a 

K mass of 891.8 MeV with an error of 5.4 MeV and a width 
of 5O.8±5.7 MeV. These values were varied by as much as 
8 MeV in the SHERLOCK fits to see how sensitive the results 

were to the exact value used. In all cases the percentages 
were consistent within the errors. The fits were also 
found to be insensitive to the masses and widths used for 
the other resonances. Monte Carlo generated mass distributions 

were compared to the experimental ones. The masses and widths 
which produced the lowest were as follows :
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Resonance Mass
MeV

Width
MeV

K* 891 45
cp 1014 20
A2 1505 90
P 759 142
Q 12?4 20

The results of using these values are presented in Table 
5.4-1.

In order to examine these results in greater detail, 
maximum likelihood fits to the entire data sample were made 
assuming phase space plus resonance production according 
to the following hypotheses :

(a) KKir,*

(b) K Kir + tpinr,

(c) K Kir + cpinr + pKK,

(d) K Kir + tpinr + pKK + A^inr,

(e) K Kir + tpinr + pKK + Apinr + QK,

(f) K Kir + çpinr + pKK + A^mr + QK + KK .**

The mass and width parameters were left unchanged from the 
initial values. The results of fits (a) thru (f) are 
presented in Table 5.4-2. They are encouraging; we see the 
percentage of each resonance is quite stable. This gives
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Table 3.4-1. Results of maximum likelihood fitting in percent 
of 7T it K K cross section for various momentum 
sets.

Channel Beam 
each 
1.63 
1.77 
(207)

momentum (GeV/c) and number of events in
set.

1.83
1.88
(199)

1.95
2.20
(167)

1.77, 1.88
All 2tt2K
(573 events)

1.85, 
(410)

1.95

K*K?r  ’ 26±11 34±12 25±11 29±8 28±7
+4 +4 +5 +3

ÇP7F7T 6-3 6-3 9-3 6-2 7±2
pKK 22±10 11±11 11±11 15 ±7 16 ±6

AgTTTT 14±8 6 ±9 2 ±9 7±6 8 ±5
QK 1±5 7 ±5 9±6 8±4 6 ±3
K*K* 4±5 3±5 4 ±5 3 ±3 4-2
7nrKK 27 33 40 32 31
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Table 3.4-2. Results of maximum likelihood fits to all the 575 
2*2% events in percent of the 2tt2K cross section 
using hypotheses (a) thru (f)—(see text).

Channel Fit
(a) (b) (c) (d) (e) (f)

*K Ktt 33 ±6 3516 35±6 35 ±6 33 ±6 2817
CpTTTT - 6 ±2 6 ±2 7±2 7 ±2 7±2
pKK - - 19±6 1816 1616 1616
A^tht — — — 815 815 815
QK — — - — 613 613
* *K K — — — - — 413

tttfKK 67 59 4o 32 30 31
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us confidence the percentages do indeed reflect a reasonable 
description of the resonance production.

We note that the K Kir state is clearly the dominant 
+8 channel for resonance production. It accounts for 28-6 

percent of the 2tf2K events. The pKK state is next in 
importance, accounting for 16±6 percent. The third signif­
icant resonance channel is cpKK. Overall, it contributes 
7±2 percent to the cross section. The fits prefer to have 

nonzero values for the remaining three resonant states 
. * * (K K , A27nr, and QK). However, it is difficult to conclude 
these channels are established due to the large errors 

resulting from our relatively small sample of 2tt2K events. 
We find no significant dependence on beam momentum within 

errors, except for a general decrease in resonance production 
with a increase in energy.

The mass distributions predicted by these fits were 
generated using Monte Carlo techniques. Seven spectra were 
chosen for comparison with the data (Figures 5.3-1 thru 
5.5-7). Table 3.4-5 gives the X2 values for these simulations, 

as well as values for 100 percent phase space production. 
The results are not as good as we would like. For a total 
of 287 bins x2 ranges from 520 for one free parameter down 

to 395 for six parameters. This indicates that our description 
of the reaction is rather crude and incomplete. It appears 
that more theoretical work must be done in order to make a 
significant improvement. Predictions by multi-Regge models 
for pp annihilations (A. Frodesen, 1970) tend to over empha-
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Table 3.4-3. x2 values from Monte Carlo generated distributions 
for fits (a) thru (f)--(see text). Histograms 
1 thru 7 correspond to Figures 3.3-1 thru 3-3-7, 
respectively.

Fit

(1) (2)

X2

(3)
for
(4)

Histograms

(7) Total(5) (6)

Phase
Space

62 132 176 106 75 74 70 695

(a) 66 127 47 108 68 68 36 520

(b) 67 108 44 89 65 68 35 476

(c) 69 95 4? 82 60 66 35 450

(d) 70 94 43 70 60 60 34 431

(e) 69 99 45 69 31 64 35 412

(f) 70 97 45 68 32 64 19 395

Bins : 41 38 39 55 40 42 32 287
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size the resonances; they do not agree well with experiment. 
From inspection of the experimental distribution, the 

*
K Kir and cpvnr states are considered to be well established. 
The decrease in x2 from 476 to 450 between fits (b) and (c) 

with the addition of one new parameter leads us to conclude 
the pKK channel to be also established. The evidence for 
the remainning channels is not as compelling, but it is not 
insignificant. For instance, the addition of the K*K*  
channel reduces the x2 of histogram 5.5-7 from 55 to 19. 

The results of the distributions generated for fit (f) 

are shown in Figures 5.5-1 thru 5.5-7.

As noted in section 5-5, the initial fit to the ttttK 
<t 1 

spectrum gave a 5.7a effect for the Q. However, we see 
from Table 5.4-1 the Q is only a 2c effect. This discrep­

ancy appears to be due to the fact the maximum likelihood 
fit naturally takes account of the reflections produced 
by a resonance. By comparing fits (d) and (e) in Table 
5.4-5, we see the addition of the Q has decreased x2 for 

the ttttK spectrum from 60 to 51, but at the same time it 
o has increased x for several other mass spectra.

The Monte Carlo generated distributions in 
Figure 5-5-1 systematically predicts more events than is 
experimentally observed in the high mass end of the 
spectrum. This distortion carries over to the ttttK spectrum 
at a reduced level. A similar systematic difference was 
observed in the histogram in the Tr"ir~ir+ir+ channel 
(section 2.4) and also in the Tr~TT~TT+TT+Tr° channel (R. Green,
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1972). Because the particles are not identical in the 

reaction, the effect due to Bose statistics 
(G» Goldhaber, i960) should not be present. This suggests 

that some other dynamic process is occurring. It presumably 
is producing the "charge inertia" effect seen also in this 

channel in Figure 5*5-3»  shifting the spectrum of the 
doubly charged mass combinations away from the high mass 
end. This conclusion is further supported by the observation 
that the addition of the Goldhaber effect does not produce 
a good fit in either of the pion channels (section 2.4; R. 
Green, 1972). It is interesting to note the x2 value for 

the histogram increases from 62 for 100 percent phase 
space to 70 for fit (f).

3*5  Angular Distributions
The cose distribution of the 7^ particles in the 

center of momentum (GM) frame is given in Figure 5.5-1. 
As in the 7r ir 7r+7r+ channel we see a forward peak. However, 

a backward peak is not apparent. Figure 5.5-2 presents the 
K*  cose distribution in the CM. Here, we see that the 

spectrum does have both forward and backward peaks which 
resemble quite closely the distribution for the 
events. Figures 5*5-3  and 4 give the cose distributions 
of the charged and neutral ttK combinations respectively. 
The neutral distribution appears quite symmetric, even 
though this is not required by charge conjugation invariance. 
We looked at the cose distribution in the K*  region (850-
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Figure 3*5-1.  Cos(6) distribution of 7r” from 
2^2K_final state in CM frame. The angle of the 
r (tt“) is measured relative to the p(p).



0 
lao

Figure 3.5-2. Cos(0) distribution of K” from 
2%2K_final state in CM frame. The angle of the 
K (K ) is measured relative to the p(p).
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Figure 5.5-5. Cos(6) distribution of tt“K“ 
combinations in the CM. The angle G is 
measured with respect to the p direction.
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Figure 3.5-4. Cos(0) distribution of the tt“K+ 
combinations in the CM. The angle 6 is measured 
with respect to the p direction.
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Figure 3*5-5.  Cos(9) distribution of the ir~7r+ 
combinations from the 2tt2K final state in the 
CM frame. The angle 9 is measured with respect 
to the p direction.
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930 MeV). It did not differ significantly from the entire 

spectrum. Figure 3.5-5 gives the cos@ distribution of the 

ir ir combinationsj charge conjugation invariance requires 
this distribution to be symmetric.



Chapter IV
THE REACTION pp-t K“K’K+K+ 

4.1 Introduction

Little is known about the pp annihilation into four 
charged kaons. Experiments which have studied pp inter­

actions have not reported on this channel to date. We 
have 42 events which fit the final state with a

confidence level 10 and have two or more constraints. 
All of these events were looked at in order to check for 

consistency with bubble density predictions. Only six 
were K K KV events. The confidence level distribution 

for these events is shown in Figure 4.1-1. Within errors 
it is consistent with being flat.

4.2 Reaction Cross Section

The six events in this channel are evenly distributed 

over our momentum sets (2 at 2.20, 1 at 1.95, 1 at 1.8?, and 
2 at 1.65 GeV/c). Consequently, we combine them and 

calculate an average cross section. Using the same fiducial 
volume as in the 2v2K reaction, we have a total of 41,889 

events. The Average four-prong cross section over our 
momentum range is 26.610.8 mb (see Table 1.5-1). From 
this data we calculate

5(pp-> K-K-KV) = <6 ^(26.6 ±0.8) 
41,889

= 5*8  ±0.8 ph
It is interesting to note that in order of magnitude terms

158
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Figure 4.1-1. Confidence level distribution 
for K~K"K+K+ events.

0.0 ÛZ 0.4- 0.6 08 1,0

CONFIDENCE. Level
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a(4K) is about 0.002 of our a(4^) while o(2tt2K) is roughly 

0.2 Of o(4tt).

4.3 Mass distributions

Figure 4.3-1 shows the kV mass distribution. As 

expected for the doubly charged combinations, there is not 
a statistically significant indication of any resonances. 
The K+K" mass spectrum in Figure 4.3-2 is much more interesting. 

There is a strong cp signal, i.e. K K+ mass combinations with 

a mass between 1015 and 1023 MeV. Only one of the six events 
does not have a cp meson associated with it5 one event has a 
cpcp pair. This gives a o(cpcp) of 0.6 ph. Two events are such 
that a K+ combines with each of the K- particles to form 

combinations in the cp mass range. Using a phase space dis­
tribution, the probability for this is ~1#. This may be a 
new effect; hopefully, other experiments will report on this 
channel in the near future. The remaining two events have 

one cp associated with them. Thus we have four cpKK enents 
giving o(cpKK) a value of 2.5 p.b. The K mass spectrum is 

shown in Figure 4.3-3. Within statistics, it is phase space.

4.4 Angular Distributions

The CM cos(9) distribution for the kaons is shown in 
Figure 4.4-1. The angle of a kaon is measured relative to 

the nucleon of like charge. We note there is little 
indication of the Forward—Backward peaking that was apparent 
in the 4ir channel. Figure 4.4-2 gives the CM cos(9) distri­
bution of the KV combinations. Here the CM distribution 

is measured relative to p.
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Figure 4.3-1 . Mass spectrum for K"K" combinations. 
(2 combinations/event)
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Figure 4.3-2. Mass spectrum for K+K" combinations. 
(4 combinations/event)
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Figure 4.3-3. Mass spectrum for K+K"K” combinations. 
(4 combinations/event) •
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Figure 4.4-1. 
the CM frame.

Angular distribution of the kaons in 
_ --- The angle of K (K“) is measured relative

to p(p) . (4 combinations/event) •



145

-1.0 0.0 LO

O

Costed

Figure 4.4-2 . Angular distribution of 
combination in CM frame. The angle of the 
system is measured with respect to p. 
(1 combination/event)



Chapter V
SUMMARY .

The four prong cross section dropped from 29.5 to 25.1 
mb as the-p momentum ranged from 1.6 to 2.2 OcV/c. These 

values are compatible, with the cross sections determined by 

earlier experiments. The four pion cross section was found 

to fall from 2.69 mb at 1.6 GeV/c p momentum to 1.28 mb at 
2.2 GeV/c.

The*  percentages of resonance production in the 4# 
channel was examined using the maximum likelihood (ML) 
method. In our momentum range the 4r channel is dominated 

by ptht and pf production. The best fit also prefers a large 

amount of ff, but the percentage is very sensitive to the 
form of the parameterization; it is likely to be fmr. Monte 
Carlo simulations were used to evaluate the quality of the 

likelihood fits. The percentage of pf decreases with p 

momentum, while the percentage of pair appears to increase. 
General agreement was observed when the ML fits are compared 

with earlier 4? experiments. The Goldhaber effect using 

Bose-Einstein Statistics was incorporated into the ML fits 

in an attempt to better simulate the irrir^ mass spectrum in 
particular and improve the overall x2 in general. The y 2 values 

were not improved by this modification; however, the results 

do indicate the degree of sensitivity of the percentages to 
changes in the shape of the phase space background.

As with earlier studies, a forward-backward peaking,

‘ 146
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("charge inertia") was seen in the cos(0) distribution of 

the pions in the CM. The Forward-Backward and the Polar- 
Equatorial ratios increase with the pion momentum as expected, 
from previous experiments. The spin density matrix elements 

were examined in both the Gottfried-Jackson and the Helicity 
Reference Frames. The distributions were fitted to a form 
that assumes (S,P) wave terms. The dependence on the mass 
and squared momentum transfer to the neutral dipion system 

was examined. No striking anomalies are found in the p or 
f regions. A fit assuming (S,P,D) wave terms was done in the 
f mass region. A study was made of p-œ interference in the 

mass spectrum. Indications are seen for p-œ inter­
ference for p momentum 1.63 to 1.88 GeV/c consistent with 
being in the pf channel.

A sample of 7r r K K+ events was obtained by using bubble 

density information to select events consistent with the 
hypothesis. The cross section was determined for each 

momentum set. It is of the order of 350 there is 
possible structure at -1.8 GeV/c. The errors are too large 
to be more definitive. Maximum likelihood fits were also 
done to this channel. The reaction is dominated by K*K tt, 

cpTTTTj and pKK production. An enhancement is seen in the Q 
region of the tftfK mass spectrum at 1278 MeV with a FWHM of 
25 MeV. A distortion from phase space is seen in the doubly 
charged rK spectrum, similar to the doubly charged 7nr spectrum 
from the 4?r events. The Goldhaber effect should not be 

present, since the particles are not identical; this suggests
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some other dynamic process is occuring. The CM cos(9) dis­
tributions were examined.

After bubble density selection, six events were found 
to be consistent with the K K K+K+ final state. The average 

cross section over the momentum range was found to be 5.8 jib. 
Mass spectra reveal that five of the six events have at least 

one cp meson produced; one of these is a w event.
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