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CHAPTER 1
INTRODUCT ION

We are concerned in this thesis with the solution
of nonlinear boundary Value-problems.» Mainly we are
concerned with nonselfadjoint problems, in the sense
that the underlying linear problem is nonselfadjoint.
We shall be particularly interested in the difficult
problems "at resonance", in the sense that the under-
lying linear homogeneous problem has nontrivial solutions.

We shall consider mainly two aspects of non-
linear boundary value problems,

In Chapters 2, 3, and 4 we consider boundary
value problems for a system of n ordinary differential
equations with homogeneous linear boundary conditions

of the form

X' = A(t)x + f(t,x,x',e); t e [a,b] , (1.1)

le(a) + Bzx(b) =0 (1.2)

where x is an n x 1 vector function, A(t) is an
D X n matrix with real measurable entries, and Bl,'
B, are constant n X n matrices. We assume that

f = col(fl,...,fn) is an n x 1 vector function

mapping [a,b] x R2n+l into R® whose entries are




D

locally bounded and'measurable in ¢t ,.lééaily.Lipschitz
continuous in (x,x') , and continﬁous in € . Thus,

we assume here that’the nonlinear terms in (1.1l) may
depend on the derivatives, and that A and £ are

only measurable in ¢t .

In Chapters 5 and 6 we consider problems in the

large in the abstract form

Ex = Nx , XxeH, (1.3)
where E is a linear operator with D(E) CH a
Hilbert space where N is an operator, not necessarily
linear, with D(E) CD(N) CH , and E may be non-
selfadjoint and may have a nontrivial null space
(problems at resonance). In applications, E may

be a differential operator in some domain with linear
homogeneous boundary conditions. We treat (1.3) under
monotonicity and ahalogous hypotheses on =-E and N
in the 1line of Minty's and Brezis's theory of monotone
and maximal monotone operators in Hilbert spaces.
Mainly, we assume -E to be a strongly monotone opera-
tor on the complement of a finite dimensional sub-
space of H . The results apply to elliptic boundary

problems, in ordinary and partial differential equations.
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Cbnsistent use is made throughout*the’thésis of
alternative methods. By this is meant the classical
bifurcation process by Poincare [25], Lyapunov [20],
and Schmidt [26], in terms of present day functional
analysis, as initially proposed by Cesari [6,7], or
any of the many subsequent modifications discussed
by Locker [19], Hale [14,15], Hale, Bancroft, and
Sweet [16], Cesari [8,9], Cesari and Kannan [10],
Osborn and Sather [24], and ofhers. Actually, we
are using here a number of new modifications of these
schemes to suit our problems. .In alternative methods
the given problem is usually split, by the use of pro-
jections and partial inverse maps, into a system of
two equations, possibly in different spaces, one
usually denoted as the auxiliary equation, the other
the bifurcation equation. Whenever the auxiliary
equation can be uniquely solved by general theorems
of functional analysis (contraction maps, strictly
monotone maps, etc.), then the remaining equation, the
bifurcation, often in a finite dimensional space, is
said to be an alternative problem.

And now a few details.

Concerning problem (1.1) - (l1.2) we use an exten-
sion to homogeneous boundary conditions of the alterna-

tive scheme proposed by Hale [15] for handling periodic
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solutions of nOAselfadjoint problems. We define .
projedtion operators P, Q, and alpariial inverse
operator K, and show first that these operators.
have the same properties as Hale's ope?atOrs by the
same name. Using these operators we decompose (1.1)

into the equivalent system of two equations (Chapter 2)

X =Px + K(I-Q)f(~,x,x",e) - (1.4)

QF(+,x,x',€) =0 . (1.5)

These are the auxiliary equation and the bifurcation
equation respectively for problem (1.1) - (1.2).

In problem (1.1) - (1.2) we assume that £ = 0
for € = 0 , that is, the problem is a perturbation
of the corresponding linear problem for the system
~x' = A(t)x , and we think of € as a "small" para-
meter. In this situation it is natural to suppose
that for suitably continuous functions M(e) > 0 ,
L) 20, 0<e <€, , with M(0) =0, L(0) = O,

and constants Rl' R2 we have

[£(t,x,x",e)| < M(e)

'f(tlxlx'ls) - f(tI'YIy.IE)‘l h L(e).{,x"YI + 'X'-y'l}

for all a < t < b, |x] , ly| 2 Ry =1, ly'] 2Ry .
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Then.we prove that, for 'e. sufflclently small,
A-O < e < eo ’ the second member of (l 4) 1S a con-,
tractzon map 1n a sultable (Sobolev) space, and thus
(1.4), by,the Banach f;xed point theorem, has a
unique solution x = ﬁ:dx* for every' x* = Px g Sg 1.
the range of P . If we now substitute into the

bifurcation equation (1.5), this then becomes an

equation F(x*) = 0 in the space So (Chaptex 3).

Tnis equation F(x*) = 0 represents the alternative
problem. If. P > 0 denotes the dimension of the |
null space of the linear problem x' = A(t),

le(a) + Bzx(b) =0, and gq > 0 the dimension of

the null space of the adjoint problem, then the altex-
native problem F({(x*) = 0 is a system of q equations
in ‘p unknowns. If g <p ., f smooth, it is enough
to verify that the relevant g x p Jacobian matrix

for ¢ = 0 has maximum rank q , and then by the
implicit function theorem, system (1.1) - (1.2) has

one solution for each € > 0 small. The,preoiseeresult
contains as particuiar cases previous reeuits of !
Gamblll and Hale {13}, Hale [14], and Mawhln [21] for
periodic solutions only, which in turn had been
obtalned by simpler versions of the alternatlve method
fot selfadjoint problems. Many examples illustrate, our

’ results.
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In Chapter 4 we show that lf f(t,x,e ) and .
Bl,,le satlsfy certain symmetry condltlons, then the
q. equatlons of the alternatlve problem F(x*) #'Of aré‘
linearly dependent, and thus we may expect a family'of
solutione to the problem'depending.en a suitable number
of parameters; The symmetry conditions extend those
of Hale's work on periodic'solutions. These symmetry
conditions can be expressed in terms of matrices,
and are easy to verify as we show by examples.

In Chapters 5 and é we consider problems in the
large of the abstract form (1.3). By using the alter-
native sheme of Hale, Bandroft,.and Sweet and results
from the theory of monotone operators we show that, if
-E and N satisfy certain simple continuity and
monotonicity conditions, then the auxiliary equation,
and even the bifurcation equation, namely the ensuing
alternative problem, can be solved. We extend thereby
to nonselfadjoint problems in the results of Cesari and
Kannan [10] who have handled by analogous argqments'
the selfadjoint case. By a more delicate'arguement,
we also weaken the monotonicity aseumptions by |
assumlng only quasimonotonicity. We: glve examples
lllustratlng our results and concernlng nonselfad301nt
boundary value_problems for elliptic ordlnary d;fferen-

tial equations. In Chapter 6 we cpnsiaer the analogous




alternatlve scheme proposed by Osborn and Sather, and
eiwe show that agaln thelr assumptlon of monoton1CLty of

N may be’ weakened to an. assumptlon of qua51monoton1C1ty;
Furthermore, uslng the decomposition of -E that

Osborn and Sather use, we are able to extendhthe'resuits
of Chapter 5 and show that the auxiliary equaeion is
solveble with N ‘defined oh only ‘a dense subspace

of H- instead of all of H . We apply the results to

elliptic ordinary differential equations.




CHAPTER 2

A METHOD FOR HANDLING NONLINEAR BOUNDARY VALUE

PROBLEMS FOR ORDINARY DIFFERENTIAL EQUATIONS
2.1. INTRO"DUCTION'

In this chapter we ptesent a method for handiing
nonlinear boundary‘value problems for a real system
of ordinary differential equations over a'fixed“
interval [a,b] - In partiéular, we study the system

of differential equations
x' = A(t)x + £(t,x,x"',e) t e (a,b) (2.1)

where x = col(xl,...,xn) is a function of t ,
A{(t) is an n x n matrix whose entries are bounded

measurable functions, and f = col(fl,...,fn) is an

2n+1

n x 1 vector function defined on [a,b] x E ~whose

entries are measurable in t for every (x,x',c)
and continuous in (x,x',e) for every t . Moreover,
we assume that for any given pair of constants Rl'

R there are two other constants L, M suchithat

2

|f(t’ x,x"',e)| <M.
(2.2)
]f(t.x x',e) - f(t,y,y e)| < I-{IX"YI + |x'=y'|}

for all e, all a<t<b, lxl, Iyl <r ,
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Ix'll‘ly}lIi~R2.’_Héié1€'is §'realkparametér;}xi._

ax/dt , and | | dehotes_the‘EuCIidéah-nb:m in E" .

On system (2.1) we impose the boundary éonditions 
le(a) + Bzx(b) =0 | (2.3)

where Bl and B, are constant m X n matrices such

that
W= (Bl B2) (2.4)

is a mx 2n matrix of rank m .

Throughout this chapter we will use the following
notation. Let (AC[a,b])F denote the set of n-vector
functions y whose components are absolutely continu-
ous functions on {a,bj and such that Bly(a) +

Byy(b) = 0 . For y in (aC[a,b])™ define |lyll; .
by

| b
ylly = sup ly(e)]| + (b-a)"Yf |y'(syldas .« (2.5
agt<b a o

This defines a norm on (AC[a,b])n and (AC[a,_b])n
is a Banach space with this norm. Let (Ll[a,blhn

denote the set of equivalence classes of n-vector




" .

functions 'y whose components are Lebesgue integrable - -

over fa,b] . For y in (L;la,b1)" defire “‘“y.‘“d"-bYl;“-l‘ :

o . b . - IR
lyllg= -a37t lyts)las . (2.6)

a.

This defines a norm on (Ll[a,b])n which makes
'(Ll[a,b])n a Banach space.

If T is a linear operator between two Banach
spaces (B_, || - ll;) and (By, ||*]l)), the operator

norm of T is given by |[|T|| where

Hzll = _sw  |ITEf (2.7)
feB.

a .
I£]f =1
2.2 LINEAR THEORY
The linear part of system (2.1) - (2.3) is
x' = A(t)x . t € (a,b) (2.8)
where x satisfies the boundary conditions -

Since A(t) has bounded measurable entries, system
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: 1i18) ;has ‘n flihgaflyfindepéhdent solutidns,  ; -
Xyreees% . Det X be the fundamental matrix for
(2.8), the matrix D defined by |

D = ByX{a) + B,X(b) ' (2.10)

is called a characteristic matrix for the boundary
value problem (2.8) - (2.9) . Since every solution
to (2.8) is given by x = Xc where ¢ is a constant

n x 1 vector, x = Xc is a solution to the boundary

conditions (2.9) 4if and only if

I
(=]

Dc

r

where D is the characteristic matrix defined by
(2.10).
The adjoint boundary problem for (2.8) - (2.9) is

y' = ~yA(t) or y'=-A(t)ly (2.11)

with adjoint boundary conditions

0B f(a) : B.a
1 or (2.2
| y (b)

.ﬂa)‘ |

aB

n
]
o
N
1+

¥ (b) 2




Where"q is an’ arbltrary vector in R ; and denotes~;?_ﬁ,_5

‘the transpose._ (See Cole [12]) |
If X is a fundamental matrlx for (2. 8) ' thehejr'
x~1 is a fundamental matrlx for (2 11) . Everyjsolu;

tion to (2.11) has the form

z=cx 1 (2.13)
hence, (2.12) is satisfied by z = cX © if and only
if
c x1(a) = aB;
(2.14)
¢ x L) = aB,

Now multiply the first equation in (2.14) by X(a),

the second by X{(b) , and subtract the second from

the first to get

o
il
=]
O

Thus the adjoint boundary value problem has a non-

trivial solutlon.only if there exmsts & such that

0 = oD Moreover if there exists o such that

oD = 0 , then 2z = ¢ x~! is a solution to the adjoint



;;bounaéry:présiémﬁwhéré c = ale(a)~—'-aB X(b)

(Slnce aD = ale(a) + aB x(b) = 0 ) | |
E- is a solutlon to the ad301nt boundary problem

if and only 1f z is given by

&le(a)x“l. (2.15)

N?
il

or what is equivalent

-1

= -aB,X (b) X (2.16)

N
!

Formulas (2.15) and (2.16) follow from solving (2.14)
for ¢ then plugging the expression for ¢ into
(2.13). |

Associated with the boundary value problem

(2.8) - (2.9) is the nonhomogeneous boundary problem
x' = A(t)x + f£(t) t ¢ (a,b) (2.17)
with boundary conditions

B,X(a) %'Bzx(b) =0 (2.18)

'ﬁfjwhere £ = col(fy,...,£) is assumed to be integrable

;Qiln each component over [a,b] . The only solution of

5(2 17) whose 1n1t1a1 values at t=a are X(a)c is



e R . T
x(t) = x(t) [/ x"L(s)f(s)ds + X(t)e . (2.19)
. a ‘ ” o ,
Indeed, by‘differentiatiOn and substitution we see
that this satisfies (2.17) and has initial values
X(a)e , and by the uniqueness theorem, (2.19) is
the only solution with these initial values as stated.

Substituting (2.19) into (2.18) , equation (2.18)

becomes

b
B,X(b) [ X T(s)f(s)ds + Dc = 0 (2.20)
-3

where
D= le(a) + Bzx(b) .

From (2.20) it fbllows that the nonhomogeneous
boundary value problem (2.17) - (2.18) has,a‘solution
if and only if c¢ can be chosen so that éqﬁatiop
(2.20) is satisfied. -
‘The following theorem, referredﬁto‘és fFredholﬁ's

‘Alternative", illustrates the connection betwee. the

“¥‘;nonhomogeneous boundary problem'and,the adjoint

27‘5 bquhdary problem.
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The nonhomogeneous boundary problem (2 17) -"

(2. 18) has a solutlon if and only if

b |
[ Z(s)f(s)ds = 0 | (2.21)
a

for every solution 2z(s) to the adjoint boundary

problem (2.11) - (2.12) .

Proof:

From the above discussion recall that the
nonhomogeneous boundary problem (2.17) - (2.18) has

a solution if and only if'there exists ¢ such that

Dc= 8 (2.22) -

where

o ' b |
B = -B,X(b) [ xM(s)f(s)as. = (2.23)
a ' , ' ,
Since D 1s a mx n matrix, the range of D is'the
annlhllator of the null space of D, (Hoffman and

Kunze [17), p. 103). That is, B is in the range

“of D if and only if -



Dy = 0 . ' (2.25)

Taking the transpose of (2.24) and (2.25) and sub-
stituting in the expression for B8 it follows that
the nonhomogeneous boundary pfoblem has a solution

if and only if

b .
/| 7B x)x(s)E(s)as =0 (2.26)
A A 4

for every <y such that

~

YD =0 .

Now recall that the adjoint boundary problem (2.11) -

- {(2.12) has a solution

; = -";B2X(b)X'-l

w;*fp ;if' 7D = 0 and conversely, if z is a solution to

. (2:11) - (2.12) , then z = =YB,X()X 1 ana YD = 0.
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B o SO
., j z(s)f(s)ds = 0O ‘ - (2.27)
a - o , o

"whére 2z is a solution to the Adjoint boundary

problem (2.11) - (2.12) and the theorem is proved.
Q.EiDo

2.3 THE PROJECTION OPERATORS P AND Q

Let the columns of U, an n x p matrix, form
a basis for the solutions to the boundary problem
(2.8) - (2.9), and let the rows of V,a gxn matrix,
~ form a basis for the solutions to the adjoint boundary
problem (2.11) ~ (2.12) . Let

b .
c= [ U(s) U(s) ds (2.28)
a

and

L b o
d=f V(s) V(s) ds (2.29)
a ’

'The P x p matrix c¢ is a nonsingular matrix. To see

;}thisilet ¢ =Ua where a is a p x 1 matrix.




b

if and only if [ U(s) Uts) a ds =0
, a
_ : b .

if and only if [ a U(s) U(s) a ds = 0
a

| b

if and only if [ 1¢]
a

if and only if ¢ =0 .

Since U has rank P,a must be zero, and hence
¢ is nonsingular . Similarly d is a nonsingular
g X g matrix..

For y in (AC[a,b])® we define the mapping

P: (acfa,b)® » (acla,b])® by

Py(t) = ﬁ(t)a (2.30)

. - bf-
where o =c ' [ U(s) y(s) ds .
a .
It follows from the deflnltlon of U that the
range of P is contalned in the subspace spanned by

the solutlons to the boundary value problem (2 8)

. (2.9) . ~-Since: c 1s_qon31ngular_and ‘U has rank P ,'



'then y may be chosen so that a takes on- any value
'1n Rp . Hence the range of P is all of the subspace

'fsPanned by the solutlons to (2 8) - (2 9).

Lemma 2.1:

P 1is a bounded linear projection.

Proof:

P is linear., Let a and B be real numbers and

f and g elements of (AC[a,b])® . Then

. _y b. 1 P
afuc™™ [ U(s)f(s)as + B{Uc [ U(s)g(s)ds}
a a

oPf + BPg

b~
= uc™! [U(s) {af(s) + Bg(s)} ds
a

P(af + Bg) .

Thus P is linear .

P _is a projection. Let f ¢ YAC[a,b])n + then



Thus P

P

i

is bounded.

lI£]]4

[}

. We shall consider I,

PUc ™ [ U(s)f(s)ds

= Uc ~ [ U(t)U(t)c = [ U(s)f(s)ds dt.
a a o
{f u(t)u(t)dt} ¢ ~ [ U(s)f(s)ds
a a ‘
-1 -1 P
Uc -~ cc ~ [ U(s)f(s)ds
a
1 b
Uc~ [ U(s)f(s)ds
a
P.f L ]

is a projection.

Let f ¢ (AC[a,b])® .

b
sup | (PE) (t)| + (b-a)~t [ @D |at
a<t<b

sup [u(t) ot j U(s)£(s)as|

a<t<b
-1 P -1 b . -
(b-a)~" [ |{u(t)e ™ [ U(s)f(s)ds}|dt
' a a - ‘
Il + I2 .
and 127 independently.



I, < sup Mﬁ Mc f ﬁf(sil’as
a v

' 1, a<t<b

where Mu is a boundvar'the‘sum-of the absolute
values of the entries of U and =MC is a bound fo}
the sum of the absolute values entries of c ¥ .

(Mu .exists since the entries of U are continuous

functions of t over [a,b].) Thus,

2
< M, M _(b-a) sup |£(s)|

as;gp

I

, |
< M2 M (b-a) ||£]], -

Since Ua is a solution to equation (2.8),

(Ua)' = A(t)U(t)e . Hence

b b.

I, = (b-a)"T [ [(u(e) ¢ [ U(s)£(s)as) ' |at
a a
-1 P o P
= (b-a) ~ [ [A(t) U(t) ¢~ [ U(s) £(s) ds|dat
a a - , 7
| -1 0 b b o
< (b-a) " M, MOM,f [ |f(s)]| ds at
, - ‘a ‘a | ,
e M2 M (b-a) (b-a)7t iy a
<My MM, Bma) b-a)™h [ |E(e)] as

ke wl .
<y ¥ M, O-a) |2l




| where M, is.a bound for the sum of the absolute

© values of the entries of A . Thus
4 . o A_é , | L
”Pf“].‘i (1+MA) M. M, (b-a) ,[f"l .
Hence P is bounded.
Q.E.D.

In a similar fashion we define the mapping

Q: (Lyla,b])” + (L,[a,b])® by

(Qg) (t) = V(t)p (2.31)

‘ b
where B8 = a~1 j V(s)g(s)ds for all g e (Ll[a,bl)n.
a
Using arguements similar to, but simpler than, those
used with regards to the mapping P , we find Q to
be a bounded linear projection onto the subspace spanned

by the solutions to the adjoint boundéry probiem'

(2.11) - (2.12).

2.4 THE RIGHT INVERSE K

In the next theorem the map K is defined from

S  the kernel 6f' Q into (AC[a,b])® . The map K(I-Q)




* zs shown to be a contlnuous llnear transformatlon of

(Llra.bn ~ into (ACIa, b])“

Theorem 2.2:

If h is in (Llla,b])n : then a necessary

and sufficient condition that the boundary problem

x' = A(t)x + h(t) (2.32)

Bix(a) + Bzx(b).= 0 (2.33)

has a solution is that Qh = 0 . If Qh = 0 , then
there exists a unique solution EKh of (2.32) -
(2.33) such that PKh = 0 . Furthermore, K(I-Q)
is a continuous linear mapping of (Ll[a,bi])n

into (acC[a,b])®

Proof:

By the definition of Q , ‘we have Qh =

if and only if Va = 0 . Since V has rankvm.,

© o

V =0 1f,and_on1y ifa=0, i.e.

b
¢t [ V(s)h(s)ds = 0 . Since c—l-,is,nonsingular
‘a
el - | b | |
@ =0 if and only if [ V(s)h(s)ds = 0 . The rows



L e2a= e

5‘“'fof;"V(5)5 frémfa-baéisffbfﬂfhéESQiutibnSftdtﬁe 

© adjoint boundary problem (2.11) - (2.12) . Hence -
by the Fredholm Alternative; (2.32) - (2.33) has
a solution if and oniy if -Qb'= 0 .

For h in the range of + define Kh = 0 ,

Q
For h in the null space of Q we define Kh
as follows.

If X(a)c is the initial value for a solution
y(t) to (2.32) - (2.33) , then
t -1
y(t) = X(t). [ X “(s)h(s)ds + X(t)c ,
: a
and moreover, since y(t) must satisfy (2.33),
b

Dc = -B,X(b) [ X Y(s)h(s)ds
a

or
Dc = B8
where
L b -1
B =-B, X(b). [ X “(s)h(sjds .
| a

Let D* be a partial right inverse for D . i.e.

| - D* maps the range of D into R® such that D D* = T




‘on the range of D . Thus D* maps everything. |
‘not in the range of D to 0 . Simce Gh =0,

8 1mu$£l5e‘ih thevrépge,of“‘D;-heﬁéé: D*ﬁ:1C6rréspbnds ﬂ
to the-ini£1a1 value of‘a_solutibﬁ' f*(h)'of (2.32{ -
(2.33). We define K on the null space of Q by

Kf = (I-P) Ko(f) = (I-P) yf(f) . Since any element

in (Ll[a;b])n can be wriﬁten as a sum of anielement
in the.réhge of Q plus an element in the null
space.of Q , we may define K for an arbitrary ele-
‘ment h in '(L]_[a,b])-n by Xh = Kh; + Kh; where

h,

range of Q . It follows that K is a linear mapping

is in the null space of Q and h; is in the

of (Ll[‘a,b])n into (aAC[a,b])™ . Moreover, it
follows immediately from our definition of X that if
Qh = 6 , then Kh is a solution to (2.32) - (2.33)
and PKh;= 0. '

Let Oh = 0 . To show Kh is unique solution to
(2.32) - (2.33) such that PKh = 0 , assume r is
also a solution to (2.32) - (2.33) such that Pr = 0.

Let r* = r - Kh , then

(r*)' = r' - (RKh)' = A(t) (r-Kh) = A(t)r*

Hence, r* is a solution to homogeneous boundary

prbblem~(2.8)'— (2.9) , so theteAexistS‘a. px1



'« we find that

G(s)r*(s) = U(s)U(s)a

and

b b

[ Uls)r*(s) = [ U(s)U(s)dsa

a a

Thus

1 b~
a=c~ [ U(s)r*(s)ds
2

But recall

Pr* = y(-) where & = c %

Thus @ = o hence Pr* = U(*)& =

b
a

U()a =

Pr + Pr*

-Siﬁ¢¢i P(Kh) = 0 , then we must have r* =

r*

0

hé@bé}f# ;th.. This prOVéé the-tniqueness.'

rk

. vector o such that r* = U(-Ja . Solving for

[ O(s)r*(s)as

So

‘ahd:




It remalns to prove that K(I—Q) 1s bounded

'.fiLet K h = x*(h) for h 1n,the null sPace of Q °f“f
Slnce Kh = (I-P)K (h) for h 1n the null space:*Au

of Q and slnce (I—P) is bounded, it sufflces

to show K0 is a bounded mapping - from the null

space of Q into (AC[a,b])® . Let H be in the .

| null space of Q . We want to show ”Kohlll <

constentlhlﬂo . First consider I(Koh)(a)l

[ (Kgh) (a) | = [x*(h) (a) | = |D*g] -
b -1
where 8 = -B,X(b) [ X “(s)h(s)as.
a

Hence,

| (Roh) () | < {ID*]] |85l X [| [Ix72]] b=a) fIn],

(2.34)

where'

rJ

Il = Llesl o el = o degl

Ixml= 5. Ix®) ;4] , and allx,‘lu- is a bouna
; 1:3 ‘ : o '

"“7‘:f7ford£he’sum-of the absolute values;oftthe entries of.x-l;




(2.35)

| (kg (@)] <:¢y HInllg

"~ where C, is a constant defined by (2.34) .

Since Koh is a solution to (2.32) , integrating

we have, for t e [a,bl .

| t t
| (kgh) (£) ] f.l(Koh)(a)I + [ |h(s)|as + fﬂlA(s)(Koh)(s)|ds.
a a

Hence, by the generalized Gronwell inequality (See

Hale [15], p. 36)

| . |
| (Rgh) (£) | < | (Rgh) (a)| + [ |h(s)]| ds (2.36)
. ) a
t s
+ [ |ats)|[{] (kgh) (@) | + [ [h(w)|du}
a a
. t '
exp {f [A(x)| ar} ds
s
< ¢ lInll + (p-a) [n]|
0 0
+ m(c, ||nlly+ ®-a) [|n]| Yexpt (b-a), } (b-a)
= fc, + (b-a) + M, (b-a){C; + (b-a))

expl (b-a) My} |||y




. swp |<K h)(t)| <c, Ith S ey

wﬁere 'Cé 1s the constant deflned by equatlon (2 36)

Since Koh satlsfles equatlon (2. 32) . we have

for t € [a,b]l ,

[ (Kgh) ' (£} | = |a(t) (Kyh) (£)+ |h(t)|
< Myl (rgh) ()| + [h(t)]
< M ClehH04-Ih(t)I

Hence,
| (2,38)

-1 P -1 P
(b-a) f | (Rgh) * (£)| at < (b-a) f {Mc, [In]l,

+ |h(t) |} at = M,C, Inlly + 1nll,

(M,C, + 1) [|n]l, -

It now follows from equations (2.37) and (2;38):tha£

Il kg lly = sup | (K, h) (£) | + (b-a) -1 f I(K h) ! (t)[dé
: a<t<b a

's%Hwo+mcz+DHMh

= (c, *'nA3C2 + 1)1|hHO .




"3ﬁénéé;’vko 1s a bounded map from the kernel of
o 1nto (AC[a b]) PRI
Thls completes the proof of theorem 2. 2."‘

Q.‘E.D.

Corollary 2.1:

If g is in (Ll[a,b])n and o 4is a given
p-vector, then the unique solution of the boundary

problem

x' = A(t)x + (I-Q)g

le(a) + ?2X(b) =0
with Px = U(*)o is given by x = Ua + K(I-Q)g .

Proof:

Just differentiate Uo + K(I-Q)g .

Q.E.D.

' 2.5 THE AUXILIARY AND BIFURCATION EQUATIONS

We shall now split the boundary value problem

»fxz 1), (2.3) into the equivalent system of two




rih;equatlons (the aux111ary and the blfurcatlon equa-"‘"

:”tlons) Our spllttlng w1ll be such that the aux111ary
;‘equatlon can be solved by the contractlon mapplng
pr1nc1ple and‘the blrfurcatlon equatlon lies in a

finite dimensional space.

Theorem 2.3:

Let ¢ be fixed. Then x(f) is a solution
of (2.1) - (2.3) 4if and only if x(t) is a solution

for the system

x = Px + KI-Q)f(*,x,x',e) (2.39)

Qf (+,x,x"',e) =0 . (2.40)

Proof:

{only if) Let x "be a solution of (2.1) - (2.3),

hence by Thedreﬁ 2.2, Qf(-,x,x',e) =0 . To show x
satisfies (2.39) , let ¢ =x%x-Px , Pp =0 and

since x and Px satisfy the boundary conditions (2.3),

¢ also satisfies (2.3). Differentiating ¢, we find

' = x' = (Px) |

-

{A(B)x + E(t,x,x',e)} - {A(£)Px)

A(E)§ + £(t,x,x',e) .



y' =_'A_(t')‘y'+,f(t._>¢,’kr',é:)" |
' By¥(a) + Byy(b) = 0
with Py = 0 is given by Kf(-,x,x',e) = K(I-Q)

£(*,x,x',e) . Hence ¢ = K(I-Q)£(*,x,x',e) . Thus

x = Px + K(I-Q)£ (- ,x,x',e) .

(if) If Qf(+,x,x'",e) =0 , then (2.39) reads
'x = Px + K{£f(*,x,x",e)) .
Now Corollary 2.1 implies x is unique solution to

X' = A(t)x + £(*,x,x",¢)

-le(a) + Bzx(b) =0 .
That is, x is a solution to (2.1) - (2.3) .

' ‘Q-E-.D*.

Equation:(2.39)‘is referred to as the auxiliary

- equation. In later chapﬁersvﬁawill solve the auxiliary




r_fequatlon u51ng the contractlon mapplng pr1nc1p1e._*

eEquatlon (2 40) 1s referred to as the blfurcatlon ;'@s .f*
veguatlon. Slnce the null space of Q 1s f1n1te
dlmen31ona1, we w111 use 1mp11c1t functlon theorems

or symmetry conditions to solve the bifurcation

equation.




CHAPTER 3

NONLINEAR BOUNDARY VALUE PROBLEMS

WITH SMALL PARAMETERS
3.1. -INTRODUCTION

'InrthisOchapter we concern ourselves with the

boundary value problem

x' = A(t)x + £(t,x,%x",¢e)
(3.1)

‘le(a) + Bzx(b) = 0

where x, A, £, Bl'-BZ' and € satisfy the
assumptions made in .Chapter 2 , along with two
édditional assumptions on f . Let us assume for
-each pair of constants R, and R, , there exists

M(S)'.and L(e) continuous functions of € such that
M(0) = L(0) = 0 , and whenever |x|, |y|] < R, and

R A R R, then

£, x,x",e) | < M(e) all t e [a,b]

and

If(tlxl_xl'le) - f(tIYIy.!S)I < L(Ej{lx-YI + IVX"""Y'l}.

~-34-




In most appllcatlons f 1s de:f:':.ned 1n

[a b] X Rz 'S [o £ ], for some glven eo'__ and

f(tx,x ,e)éeh(txx) ,te [ab],'x, x'éR
"and. 0= e_i,eo . Where h: [a,b] x R2% 5 gP
satisfies the assumptions made on f in Chapter 2.
That is h is bounded by a constant M and has
Lipschitz éonstant L . We then have M(e) = eM

and L(e) = €L .

3.2. EXISTENCE OF SOLUTIONS TO AUXILIARY EQUATION

The following theorem shows that the auxiliary

equation always has a solution for € small.

Theorem 3.1:

There exists p > 0 and €9 > 0 such that

for any constant p-vector o, |a| < p and e such
that |e| < e, then there exists a unique n-vector
x*, x* = x*(&,e) such that

x* = Ua + K(I-Q)E£(- ,x*,x*',e) .

Furthermore, if there is an a = a(e) with J|a(e)]| <

p for Iel < € ¢ “and

Gla,e) = QF(+,x*(ale) ) ,x* " (a(e) ,e) €) = O



B g-fi}(?f*jlfif{jvif e

_then x*(a(e),e) 'is a solution of the boundary

~problém (3.1) .

Proof:

The columns of U are continuous over [a,bl,
hence bounded. Choose p‘> 0 so that |e| <p ,
@ a p-vector, implies iIUa”]_= B<<min(R1,R2/B)
where B 1is a bound for the sum of the absolute
values of the entries of A .

Fix p > 0 . Let 0. be a p-vector with

le] < p . Define Sa , a subset of (ac[a,b})® by

Sy = {y in (acla,b1)™: Py = Ua ,
lyte)| < R, te [a,b] , and

ly' (&) | <R, a.e. te [a,bl} .

Let s = U (s  : la] < pra a p-vector} . On S

we define a family of maps F(a,e) as follows. For

y e s ,

F(a,e)y = Un + K(I-Q)E(s,y,y',€) .

Ly dn 5, £(t,y(t),y'(8),e) is in (L;la,b])”

Sihdeﬁffgiis;bpunded a.e., hence K(I—Q)f(-;y,y',e)




" is in (ACla,b])® . Since Ua ‘is in (acla,bD)®,

it follows F(a,e): S~ (ACla;bD)™

‘Claim: S is closed in (Ac[a,b})® , in fact So is
closed.

Let Yo T Y in (AC[a,b])n ' ¥, € s . If

Yy € S, then Py = Ua where |qn| <p 7 Now by
the continuity of P, Py, > Py and Py = Uo > Uoy
and since U has rank p we must have o > @, .
< p we must have faog| <o .

Since |a,|

If y € 5, then Iyn(t)l < R, and |y$(t)| <R,
a.e. £t . Since 'yn + y in (AC[a,b])n we must

have sup ]yn(t) - y(t)] 0 as n -+ o ., Hence
a<t<b

ly(e)] < Ry

Assume |y'(t)| > R, on a set of positive measure,
then there is a 6§ > 0 and a set W such that measure
(W) >0 and on Wly'(t)|] < R, + 8 . Hence for every

n we have
_ -1 b : o
ly, = ¥lly 2 (b=a) = [ Jyp(e) - y'(£)] at
2 )™t [ Jyate) -yt et

> (b-a)—l‘f. § dt .
R W

v ,K

‘6(b—a)71 measure (W) > 0 .




"Thls contradlcts our assumptlon that y + y

'tf(Ac[a,b]), Hence Iy (t)l < R2 a e.. t 3 [a b]

»Thus~ S ‘is closed . Since Y, € Sa‘ 1mplles-

o = o for all n , then Py = Ue . Hence the above

n
proof shows that S, 1is also closed.

- Claim: There exists an €4 > 0 such that for

le] < e, , then F(a,e): S+ S (in fact, Fla,c):

1l

Sa-+ $a) . For y e S , we have

P(F(a,c)y) P(Ua) + PK(I-Q)f(:,y,v"',c)

P {Ua) Ua .
Now

| (Fla,e)y) (8)] < |Ua| + |R(I-QVE(s,y,y",€) (t) ]

2B+ |IR(I-Q)EC,y,y' e ]

< B+ IR0l [[£C,y,y' i)y

<8+ |IKI-Q) ] M) .

-f'Since B < Rl » We may choose si“> 0 such that M(e)

"7( is small enough to6. assure that B + HK(I-Q” M(e) < R

l




| *rkFxéié)yS'(tyl =‘IA(F)F(d,eiYit)'+ (i—Q)f(t;f;Yé;)T t_ 
< B|F(a,e)y(t)| + | (I-Q)E(t,y,¥' )]
< Bg + ||K(1-0)|| M(;)

+ [£(t,y,y',e) ]| + IQf(t,y,y'refl

BR + ||R(I~Q)|| M(e) + M(g)

A

. b
+ V) atg

V(s)f(s,y,y',c) ds]|
a .

"< BB + ||R(ZT-Q)|] M(e) + M(e)

+ Mé My (b-a) M(e)

A

B8 + {||R(I-Q) || + 1 + M2M,(b-a)Im(e).

B since B < R, , then we can choose ¢, small enough so
© that BB + {IKT-Q)| + 1+ MM (b-a) M(e) < R, .
;’\ﬁHlen‘ce'v F(d'g)y" lies in S . Since vP'(F‘(._C.!':‘E)Y) =Ua ,

. it also follows that F(u,e)y lies in 5, .



DS Y R
© Claim: F(a,e) is a contraction mapping of § into .
:S‘(agéihiasma mapféf” Sdﬁ'into fSa3,) o

. Let y, z € S‘, then
IF(a,e)y - F(d,s)zH1

IR (Z-Q) {£C* ,y,¥"se) - £, z,2",e)}]|;

< ”K(I-Q)” ||f(":Y:Y',€)' - f('nzrz're)llo

| . b
= |R(1-Q) || (b-a)”r [ E(t,y(£),y' (£),e)
a

£(t,z(t),z'(t),e)| a4t

- P _
<lIx(z- ] ®-a)~t [ nee) {|y(t)-z(t)]
a
+ |y'(t)-z' ()]} at

. b
< IR(@-0) || Tte) {(b-a)"t [ |y(£)-z(t)] at
i a
. -1 P '
+ (b-a) ~ [ |y'(t)-z"'(v)| dt}
< Ik(@-0) || L(e){ sup [y(t)-z(t)]
 akt<b

' a1 b e
o+ (b-a) "t |yt(e)-z(t)]| at}
‘ ' a

=0 |[nte) |ly-zll; -




‘ivaﬁécéhbésé *el such that L(e) ||K(I-Q)|| <1,

.'then F(a,e) Wlth be a. contractlon map for S 1nto
_S, whenever lel { 81-; |

We have‘shOWﬁ that there is g; > 0 esofthat
for |e| < ey and all oy la] < p, then F(a,e):
S + 8 is a contraction map. Moreover, {F(o,c)!}
is a uniform family of contractions on S . Hence
each F(o,e) has a fixed point in S. In fact
the fixed point lies in Sa .

We have‘shown that there exists p > 0  and €p >0

such that for |a| < p , |e| £ g, , then there is an

x* in Sa , such that

X* = UC! + K(I—Q)f(‘,x*,x*',E)' .
'If there is an o = a{e) with |a(e)]| < p
for |¢| 5.594' and G(ou,e) = 0 , then x* = x*(a(e),c)

satisfies both

x* = Px* + K(I-Q)£(+,x*,x*',¢)

» Qf(° lx*“lx‘*'_l.ﬁ) = 0 .




. Hence in theorem 2.3 in Chapter 2, x* is a solution . =~

Q.E.D.

Theorem 3.1 assures us that for € small the
auxiliary eguation always has a solution. Thus the

problem (3.1) is reduced to solving
Qf (¢, x*,x*',e) = 0
where x* is the solution to the auxiliary equation’

(2.39) in Chapter 2.

Since Qf(e,x*,x*',e) = 0 4if and only if

b .
[ V(s)£(s,x*(s) ,x*"(s),e) = 0 , let
a
| b
H(a,e) = [ V(s)f(s,x*(s),x*'(s),e) ds . (3.4)
a .

The boundary problem (3.1) has a solution if the
equation H(a,e) = 0 has a solution for |[e| < € and

la] < p . Equation

"H(a,e) = 0'

is also referred to as the bifurcation equation as is

equation (2.40).




33, PROPERTIES OF THE SOLUTION '.['0 THE AUXILIARY -,gﬁ-f

EQUATION

““Thé‘resﬁlts in this section are consequences of

the Uhiform'Contraction‘Principle‘(See Hale tlS], p. 7).

Theorem 3.2: (Uniform Contraction Principle)

-if F is a closed subset of a Banach space
X, G a suﬁset of a Banach space Y , Tyz F->F,
y in G , is a uniform contraction of F (i.e. Ty
all contraction on F with the same constant) , thén
the unique fixed point g(y) of Ty, y in G , is |
continuous in y . Furthermore, if‘ F, G are the
closures of open sets FO, Go, and Tyx has con-
tinuous first derivatives in y when x is fixed
and 'in x when y is fixed , then g(y) has a
continuous first derivative with respect to y in

G0 .

Our first result involves the uniqueneSS'of the -

solution to the'aUXiliaty}equation.

,Corollary 3.1:

"Let' S .and F(a,s) ‘be as- deflned in the proof of
ffirTheorem 3.1. 1f for |e| < 0,_x(s) e s (hence PXx =3
i}fﬁ_'Ua(s) with Id(e)l,< P) and x(e) is a- solutlon to (3. 1),

ithen x(e) = x*(a(e),E) and G(a(e),e) = 0.




" Proof:.

The corollary follows from the unlqueness of the ff"” 

flxed p01nt of the mapplng F(a(e),e) .
Q;E,D.
Our next result involves the smoothness properties

of the solution to the auxiliary equation.

Corollary 3.2:

Let x* = x*(a,ce) be the solution to the auxiliary

equation for |a] < p and |e] < €g * then x* depends

continuously on o and € . Furthermore, if £(-,x,y,€)

has continuous partial derivatives with respect to x,

y, and €, then x* is continuously differentiable

with respect to o and € .

Proof:

F(o,e) as defined in the proof of Theorem,
3.1, depends continuously on ¢ and € since f
is a contlnuous functlon of € . Hence by the
Unlform Contractlon Pr1nc1ple, the flxed point. x*

i’depends oontlnuously on a and e',' If f£(- ,x,y,e)

" has a continuous derivative with respect to y when

'”’av.andg e are fixed, and has a continuous derivative



(o €) are fixed. S
Q.E.D. "

Corollary 3.2 says that x*(&,e) is Fiéchet
_differentiablé'with respect to d when f(;,x,y,e)
is differentiable withfrespeét to x, y, and € .
Since x*(d,s) is in (AC[a,b])n ' x*(d,e) differen-
tiable‘with respect to o implies x*(&,e) is
differentiable with respect to o as a vector
function in (Ll[a,b])n; aﬁd X*'(a,e) is differentiable
with respect to a as a vector function in (Ll[a,b])n.
As a consequence of the continuity of - x*(a,c)

with respect to e , it follows that x*(a,0) = Ua .

3.4 SOLVING THE BIFURCATION EQUATION
Since we are dealing with small parameters we
may us the implicit function theorem to solve the

bifurcation equation.

Theorem 3.3:

Let H(a,e), as defined in (3.4), be continuously

'7 aiffe:entiab1e with respect’to both o and ¢ , for



el s and el <ey

H(5,0) = O
and

2 (H@,0)) #£0

then there is an €4 > 0 such that for every € ,
le|] < € , there is a solution x*(a(e),e) of the

boundary value problem (3.1).

Proof:

By the implicit function theorem there exists
ell> o, (al < 82) and a function o = d(e) such
that H(a(e),e) = 0 . Since x*(a(e),c) is a
solution to both the auxiliary and bifurcation equa-
tions, =x*(a(e),e) is a solution to the boundéfy |

value problem (3.1) .
Q.E.D.-
H(a,e) will be continuously.differentiable ‘

| witﬁ'respeét1to a and € , if  f(t,x,y,e) is

cOntinuously differentiablezwith‘respect to %, y, and €.



' To prove this notice -

gy Wlere)) = [ V(g (st xrt e)xy

a
(3.5)
+ f3(s,x*,x*',e)x*'} ds
' a
. . ok
where f2 = %5 R f3 = Q%_' x; = %%— as a vector
£ . . n x1 — oxX*'
unction in (Ll[a,b]) ' andv xa = 3= as a vector

function in (L;Ta,b])™ . Equation (3.5) makes
sense whenever the right hand side of (3,5) if
defined. If we assume f£(t,x,y,e) is continuously
differentiable with respect to x, y, and g,

thén Corollafy 3.2, implies that the right hand side
of (3.5) is defined since’ x; and x;' will be
integrable and £ is bounded.

Once one knows that the boundary value problém
(3.1) has a solution for fixed a and e , |a| < p
and |e] < Eg + then the solution to (3.1):may-be'
found by the method of successive apprbximation;;.OQe
may begin the approximafion with‘any'element' Yq in

S , then the sequence {y } defined by

Yne1 = F(a,e)yn n=20,1, 2, ...



soAeE

ACOnverges in

1to (3 1). - However, if we choose yo U&J = x*(a 0),4
';then y1 = F(a,e) yo w111 contaln only terms of

order‘ € . Moreover, yn W111 contaln only terms

yp to order n in € .

3.5 EXAMPLES-

In this section we demonetrate how the method
developed in this chapter can be used to discuss
boundary value problems. Our emphasis is on the
resonance cases which are harder to handle, but
since this method. does give results in the non-
resonance case we have included an example (Example
6) of the non-resonance case. When_the bifurcation
eqﬁations are linearly dependent, or identically zero,
we have a family of solutions. In Example 7 we con-
sider such a case. Finally, if the birurcation
equation is never zero, then we conclude that there
is never a solution to the boundary value problem.-
This is demonstrated in Example 8 . |

" For the llnear theory for boundary value problems

th

refer to Coddlngton and Lev1nson [11] for n order \

ordlnary dlfferentlal equatlons,and-Cole [12] for

systems of ordinary differential equations.

(AClab)® to x*(sie) the solution



0 Example1:

25in%e} o (3.6)

S g
®" = '_e,{-fex '

+'x
We are interested in 27 - periodic solutions.

Equation (3.6) may be written as the 5ystem

0o 1
y' = 6 o y + e g(t,y,vy")

1 0 -1 0
: y(0) + y(2m) = 0
0 1 0 -1/ )

where y = col(y1 y2),,y1 = x, and Yy = x' and
o x" 2 .2 .
g(t,y,y') = col(0, -e& + x"sin“t) . For this
system U(t) = col(l, 0) and V(t) = (0, 1) . The
solution to the auxiliary equation has the form

x(t) =‘d + 0(e) . Hence

™

| 2
H(a,e) = | -e?€) & (02+0(e)) sint at.
o |

So ‘H(d,O) = ﬂdz - 271 and gﬂégigl- = 27 a. It

now follows from Theorem 3.3 that for e small we

have a 2m-periodic solution to equation (3.6) of the

" form

x(t) = o + 0(c) where o = + /2.



 Example 2:
Cox = e{-x%) (x)? + sin(t+) + (A-xP)sin®t}  (3.7)

We are interested in 2w-periodic solutions. Equation

(3.7) may be written as the system

o 1\
Y= (o 0 y + e glt,y,y")

1 0 -1 0
) y(0) + ( ) y(2m)
0 1 0 -1

where y = col(yl y2), Y, = %, and Yo = x' and

i
(=

g{t,y,y') = col(o0, (l-xz) (x") 2 + sin(t+¢) + (l-xz)sinzt.

For this system U(t) = col(l1,0) and V(t) = (0,1).
The auxiliary equation has a solution of the form
x(t) = @ + 0(e) . Hence

2

H(a,e) = [ (1-a2+0(e))0(e) + sin(t+¢) -
0

+ (l-a2+0(e))sin2t .

- 8o H(a,0) = n(l-dz)' and"agégigl-=.é2w&'. It

" now follows from theorem 3.3 that for e small equa-

‘ f'tion"(3.7) has a 2 -periodic splutiop of the form




':ﬁiﬁ*?¥51}w_,¥,fj-f3fgl;::foi€fi*':

(6 =+ 0(e) whers «=%1.

?XEﬁgie‘B: : R
x" = ¢{c? - (x")2 + (2¢2 - x2)Sin2t} (3'8).

Again we are interested in 2nr-periodic solutions.
The linear part of this equation is the same as

Example 2 . In this case we have

H(ax, 0) = 4 mc? - 742
and

" 9H (0, 0)

oY = =27Ta .

Hence equation (3.8) has a 2m-periodic solution for
¢ small of the form x(t) = o + 0(e) where

a =+ 2c .

Example 4:

3

x* 4+ x = elx3 + x93 + %3 + cos €}

x(0) = x(2m) = 0 (3.9)




 We may write this boundary. value. problemas the follow= = @ .

ing system

40 -1\ |
y' = 1 “) -y + eglt,y,y")

where y; =x and y, = x'. Here g(t,y,y') =

3 3 0 3 : ). For this system
(x")” + (x')” + x~ + cost

u(t) = .2;2 :]'and V(t) = (sint cost) .

Here the solution to the auxiliary equation is of the

form x(t) = sint + 0(e) . Hence

H(a,0) = (3o + 1) ana 2M0) _ 9 .2

Hence the boundary value problem (3.9) has a solution

of the form

x=(-3 1Y/3 sin € + 0(e) .

-*iExamplé 5:

o,

3 ¥ﬁ;*;°2x£é.é{(1;x2)x' +ac ! x" + bo (cos (ot+a) )}

(3.10)



"' We are interested in 2n/c-periodic solutions. Equation-
(3.10) can be written as the system

Yf =1 | v + glt,y,¥v")
%ol \

1 0 f-1 0
» yv(0) + y(2n/c) = 0
6 1) -0 -1

where y and g are defined as usual . For this

Sinoc t coso t
system U(t) = and we may take
cCosot -0 Sinoc t

cSin(ot#GO) Cosc:t+60
vit) = where 60 will
cCos(ct+eo) - Sinc:t+e0

be defined later. The solution to the auxiliary

eqﬁation'has the form x(t) = cl'c-l sin{o t) + c2.0_l

1

cos(o t) or x(t) = A(e) ¢ ~ Sin(oc t + 6(e)) + O(e)

A(e) = A, + 0(e)

where 0

6(c) =0, + 0(s) .

0

In this problem we have
) " 2n/o _ o S
Hy(A,8,e) = [ {(1=-2%"sin? (gt+0))
.0 . -

- Acos(ot+6) + bo cos(ot+&)

- al Sin(ot+6)} cos(ot+e,)dt



“1-‘-*0"".0'-:‘,”.:", 2 f*:o T Ahg0" = 4 bo% cosazby)
. S Zn/o o '
- H, (A e,e) = I {...} Sln(ct+6 ) at

Can 3

nz(xo,e 10) = =L [aky + bo Sin(a-6,)]

l2 2 2 . v
BH (X 6,,0) 2yt 4o 4 b 0% Sin(0-8)

3 (x,0)

a -b o Cds(a-e)

Now H(AO,GO,O) = 0 has a solution when a<<b and

2
0 0

for these value of Ay and 9o the Jacobian determin-

b << 1 of the form Ay % 4 02 and 6, = o , but

ant becomes

Ag +2 0% - 2a 02 Tan (d-eo) x 6 g2 #0 .

Hence for o different from zero , a << b and
b <<'1 , then it follows from ﬁheorem 3.3 that
equation (3.10) has a 2n/d-periodic solution of the
form x(t) = A(e) oL Sin(ot + 6(e)) + 0(e) where

Ale) = 20 + 0(e) and O(e) = o + 0(c) .

Example 6: .

x" =g sinx + ¢ t

e . (3.11)
x(0) = x(1) =0



»:[In thlS equatlon p q = 0 ’ hence the blfurcatlon
equatlon is always Satlsfled.' Hence for € small

‘by theorem 3.1 equation (3 11) has a solutlon of the‘

‘form x(t) =.0(g) .
Example 7:
0 1 0 £, ey, y")
y' = 0O 0 1 y + € fz(t,y,y')
0O 0 1 £.(t '
3{t,y,y')
(3.12)
1 <1 0 0 0 O
0 0 O y(0) + 1-1 o0 y(l) = 0
1 0o - 0O 0 O

For this system we have U(t) = col(et, et, et)

and v(t) = (-1, t, 1-t) . The bifurcation equation

has the form
o 1
H(a,e) = [ {-£; (t,x*(a,e), x*'(a,e))
o .
+ tf, (t,x*(a,e), x*'(a,€))
+ (1-t)£4(t,x* (a,e) ,x*" (a,e))} At .

then we would have

If it happens that -fl =,f2 —_f3




;fffﬂfia;sggff ,:;;;Lfﬁjﬁ:f’w

 fami1y”°f;théuf6$m  SR S T
t

t 1cet)

x(t) = col(ce",ce

where |c| < p and this family is a solution to

equation (3.12) .

Example 8:

x" + 62 x =€ £(t,x,x'",x")

(3.13)
- x'(0) = x"(n/c) =0

cos 0 t

For this boundary value problem U(t) = _
-0 sin 0 t

hence the sqlution to the auxiliary equation is of
the form x(t) = o cos ot + 0(e) . Here V(t) =
(cos ot -0~ 1 sin ot) hence the bifurcation equation
takes the form

/0 4 —_ :
H(a,e) = [ -0~ sin(ot)f({t,x,x',x") dt = 0

Now if sin(ot)£(t,x,x',x") > 0 and ¥ Or,'then we

do not have a solution to the boundary value problem




g L e

‘even if ¢ is small . For example equation (3.13) =

does not have a solution if =~

£(t,x,x',x") = sin(ot) {x® + x'? + x*2 + 1} .




_ CHAPTER. 4

NONLINEAR BOUNDARY VALUE PROBLEMS WITH
' SMALL PARAMETERS AND SYMMETRIES

4;1'fiﬁmgébﬁCT:pN.

In'thisvéhaptér wé-Wiil study nonlinear boundéry
value problems:which satisfy a symmetry condition
called proper (E) . (Sée Hale [14, 15]. In section
2 we will see: it is often the case that whenever a
boundary value problem satisfies property (E) , then
the number of components in the bifurcation eguation
may be reduced, and in some cases, the bifurcation
equation is identically satisfied. In section 3 we
will apply the results of section 2 to two examples
and give sufficient conditions for the existence of
a 2-parameter family of solutions for each of the
examples.

A system of differéntial equations x' = g(t,x)
where x and g are n-vectors is said to have

property (E) with respect to § if there exists a

symmetric, constant n X n matrix S Suchvthat

-52 = I and

S g(=t,8x) = ~glt,x) (4.1)

for t e [-a;a] and all . x in R® .

_58_‘




, If x(t) ~is a solutlon to a system x"-f‘ﬁ}'
Tiqg(t x) Whlch has property (E) w1th reSpect to
~§ , then y(t) =.Sx(—t) is -also a solutlon‘for the

system x' = g(t,x) . For

y' = ¢ (8x(-£)) = -sx'(-t) = -8g(-t,x(-t))

= -Sg(-t,S(S(X("t)))) = g(t:SX(-t)) = g(trx)-

Throughout the remainder of this chapter we will

be dealing with the boundary value problem
x' =2a(t)x + £(t,x,€) (4.2)
le(-a) + Bzx(a) =0 . (4.3)

We will make the same assumptions on 'x, A, £, Byr
B,y and & as were made in Chapter 3 . The operators
P, Q, and K, and the matricies U, V, ¢, and d are
those defined in Chapter 2 . We will be dealing with

the bifurcation equation

H(a,e) = 0 (4.4)

‘wifg‘derived in Chapter 3.




4.2 DEPENDENCE OF THE COMPONENTS OF THE VECTOR

. H(a,e)
" Lemma 4.1:

Suppose S is a constant, symmetric, n X n
matrix such that s2 =1 . Let A(t) be an n x n
matrix whose entries are bounded measurable functions
over the interval [-a,a] , and let f ¢ (L1[—a,a])n.

If

-A(t)S | (4.5)

a) SA(-t)
b) Sf(-t) = -£(t)
c) if =z(t) satisfies (4.3), then Sz(-t)
also satisfies (4.3) .
d) if 2z(t) satisfies the adjoint boundary
conditions to (4.3), i.e., ;(-a) = aBl ;(a) = -&Bz ’

then so does Sz(-t) .
then

a) SU(-t)a = U(t)a for t ¢ [-a,a]  (4.6)
if SU(O)d = U(O)d ;O is’a p—vectbr,

b) SQf(~t) = -QE(t)

) S{K(I-QVE} (~t) = {K(I-Q)€} (&)



 Remark: . -

© Conditions (4.5a) and (4.5b) imply the nom- -
-hémbgéﬁeéﬁs;system' x! = A(£)x'+f(t).-hééér0§éi£y -
(E) with'respeét’tc S . Assumptions (4.5¢) and

(4.54) on the boundary conditions insure 8Sz(-t) is
a solution to the boundary value problem (or its
adjoint) whenever 2z is a solution to the boundary

value problem (or its adjoint) .

VPrcof:

Since A satisfies (4.5a), the system
T x' = A(E)x (4.7)

has property (E) with respect to S . Hence SU(-t)a
is a solution to (4.7) as is U(t)a . If SU(O)d =
U(0)o , then by,uniqueness we must have SU(-t)a =
U(t)d for t e [-a,al ; This proves (4.6a) .
The columns of the matrix U(t) form a basis
for the solutions to (4.7) which satisfy (4.3) .
‘The cblumns‘of 'sU(-t) also form a Basis for-the
‘solution to (4.7) which_satisfy:(4;3).since'(4.5c)

insures'the columns of S(~t) satiéfy (4.3). Therefore

. there'is a>nonsingular‘matrix_G‘Such that G is a

'”p'X p matrix and




Simiiarly,‘there is_a nonéingular g x q matrix

G0 such that
V(-t)§ = G,V(t) t e [-a,a]. (4.9)

Let £  satisfy (4.5b) , then since S is self-

adjoint

. -~ a
SQf (-t) = SV(-t) A [ V(u) £(u) du
“~a

- ~ -1 @ '
= V(t)Gy @~/ V(-u) £(u) du
-a

= -v(t)c;0 a [ v(-u) Sf(u) du
: -a

-~ ~ a
AL Gy / V(u) f(u) au .
' -a

It follows from the definition of d that G0 a‘éo =d.

Moreover, V(-t)S GOV(t) thus

v(-t)s? = GV (t)s = 6y%v(-t)

V(-t) = .
| and hence G§”_=_I . It now follows that God"lG0 = d-1




 Continuing our calculation of SQf(-t) we find |

- SQE(~t) = -V(t) G,d ;feojf V(u) £(u) du. -
g -1 a
= -V(t) 4~ [ V(u) £(u) du
' -a

= =Qf(t) .

This proves (4.6b).

It follows from (4.5b) and (4.6b) that S(I-Q)
f£(-t) = -(I-Q)f(t) . Hence to prove (4.6¢c), it
sﬁffices to prove (4.6c¢) with (I-0)f replaced by
£ such that Qf = 0 .

Let QOf = 0 , then Kf is the unique solution

to the boundary value problem

X' = A(t)x + £(t) t e [-a,a] (4.10) -

le(-a) + Bzx(a) =r 0 (4.11)

such that Px = 0 .
Assumptions (4.5a) and (4 5b) imply system

~,_ (4 10) has property (E) with- respect to S , hence

"ff}.f."\_v'-‘,‘v_.'SKf(-t) is also a solution to (4.10). Since K£
 satisfies (4.11), (4.5c) implies SKf(-t) also

_satisfies (4.11).



‘such that PKE = 0, it remains only to show
‘p(sxf)(_.) =.0 . N ‘ ' '

P{(SKE) (- ")} (k) = U(t) ¢ L [ U(u) SKE(-u) du

- -a
. 1 3 e~
= U(t) c f GU(=u)Kf(-u) du
’ -a
-1 ~. 8 ~ |
= U(t) ¢~ 6 {f U(u) KE(u) du}

-a

]
o

Hénce SKf(-+) = Kf(+) . This proves (4.6c) .

QoE.Do

Theorem 4.1:

Let x*(d,e) be the function which is the
solution to the auxiliary equation corresponding to

a particular o« and € . Suppose that the system
x' ="A(t)x + £(t,x,e) o (4.12)
has prdperty'(E) with respect to S for all

|e|] 2 g, and assumptions (4.5c) and (4.5d) of lemma

4.1 are satisfied, then

. -‘since Kf is unique solution of (4,10) - (4.11) =



,:ff3[ff%ééé“gg,;;afﬁgffgfffff»-
L mEe) (o8) = xR (ee) () (a3

for t e [-a,a] provided _SU(D)& = U(0)o .
Moreover, if H(d,e) denotes the vector defined in

Chapter 3 , then
(I + Gg) H{a,e) = 0 ,. (4.14)

where G0 is the nonsingular q x g matrix such that

vV(-t) = GOV(t) for t e [-a,a] .

Proof:

Let SU(0)a = U(0)a and S, as defined in
Chapter 3 . Let S; be the subset of S made up
of those y in S, ‘such that Sy(-t) = y(t) .
Recall F(a,e): S, » S, for |o| <p , |gf L3P

was given by
Fla,e)y = Ua + K(I-Q)£(+,y,e) .

Since‘(4.12) has property (E) with respect to § ,
then for fixed y in S; , x' =_A(t)x'+ f(t,y(t),e)
has property (E) with respect to S (note: -
Sf(-tfy(-t)'e) = sf(-taSy(t),e) = -f(t,y(t),e)) hence



CRE-Q£(,y.€)

U(0)a , then U(t)a is in 8% hence Fla,e)y is in =

isin 8t . Moxeover, if SU(0ja =

s;.+ sg : hence the fixéd‘point’,x*(dqe)

of F(a,e) must lie in §* . That is Sx*(a,e) (-t) =

x*(d,e)-;

Using (4.13) and the fact V(-t)S = GOV(t) we -

have

H(x,e) =

This proves (4

.b )
[ V(u) £(u,x*(a,e) (u),c) du
-a

N .
[ V() £(u,Sx*(~t),e) du
-a

a
- [ v(u) Sf(-u,x*(-u),e) du
-a

a

-G, f&aV(-u) £(-u,x*(-u) ,e) du

a
-G, ]_'-aV(u) £(u,x*(u),€) du

-GO H(“IE) .

.14) .

Q.E;D;

 ~Whenever the assumptions of theorem 4.1 are

satisfied, then the components of H(d,e) are




_f[ dependent.v Héncefthe‘humbérvdf5Cbmponéﬁ£sfié the
v‘blfurcatlon equatlon may be reduced. For*aidiécﬁséion.r
of property (E) and- perlodlc solutlons see Hale [15, L

pPp. 267-269].

4.3. FAMILIES OF SOLUTIONS

Let us begin by applying the methods of section

2 to the boundary value problem

x' = A(t)x + ef(t,x) t e [~-m,7] (4.15)
diag(l,1,l)x(-m) + diag(-1,1-1)x(m) = 0 (4.16)
0 1 o
where x = col(x,,X,,X;) « A = -1 0 O hence
' 177273 0 0 0

A satisfies those assumptions made upon A in
Chapter 3 . Let £ =_col(fl,f2,f3) , where

f € (Ll[-n;n])3 , f lipschitzian and bounded , i.e.
for x, y € (aci-,71)° » |%l. |yl £ Ry . There are

constants M and L such that

|£(t,x) - £(t,y)| < L|x-y|] and |£f(t,x)]| <M

for all te& [-m,T] - (417

Thus f£ satisfies those assumptions made on . £ in

Chapter 3. Finally, we assume £ has the following




;'ffsymmétrykpfépeftiés: B

vflg(‘t:xlr;x‘zl?{j) = V-fil (t:x)
£, (~t,X) ;~XpiXg) = £,(€,%) (4.18)

Let S = diag(l,-1,1) , then 8§ is a 3 x 3
constant symmetric matrix and 82 = I . We will show
(4.15) has property (E) with fespect to S . We

mast show

S{A(-t)sx + ef(~t,Sx)} = ={A(t)x + e£(t,x)}

0 1 o -
SA(-t)s = diag(l,-1,1) [-1 o o] aiag(1,-11)
0 0 0
| 0 -1 0 0 -1 0
= aiag(1,-1,1) |-1 o o) = [1 o0 o
c 0 0 0 0 O
= -a(t) .

Now Sx;=!diag(11-l,1)X«=‘col(xl,—xz,x3) , so we have




1Now,JSx{é,diaQ}I;-l;l)X“;jééi(xi,?#é;kj)-, sbi§ei f"

have

£ (=t%g =Xy X3) |
sf(~t,sx) =  diag(l,-1,1) } fz(—t,xl,-xz,x3)
f3("t,Xl,-x2,X3_)
= "‘fz (-tlxll'—x21x3)
f3 (—tlxll—lex3)
= - f(t,x’ .

It easily follows that (4.15) has property (E) with

respect to S .

We will now show that the boundary condition

L

(4.16) is such that (4.5¢) and (4.5d) hold .

Assume 2z satisfies (4.16) , then
diag(1,1,1)Sz(-(-7)) = diag(-1,1-1)Sz (-T)
= diag(l,-1,1)z(r). + diag(-1,-1,-1)z(~1)"

' But ‘the term in brackets in zero since =z satisfies

-

3”'f€(4.16)‘§ Hence - Sz(- -) satisfies (4.16) ‘also. This



”   shows (4 5c) holds Q The ad:omnt boundar condltlons

»iare the same as (4 16) , hence (4 Sd) also holds.ﬂ

| WeVW111-now flnd. U " and A4 for.the-boundary.
value problem (4.15) = (4.16) , then calculate ”GO

and H(u,e) . To find U we consider the system .

0 1 o
x' = -1 0 O X
0 0 0

(4.19)

diag(l,1,1)x(-7) + diag(-1,1,-1)x(v) = 0  (4.20)

A fundamental‘matrix solution for (4.19) is

cos t =-sin t 0 R

sin t cos t 0
( 0 0 1

Hence U is given by

cos t O
u(t) = -sin t O .
0 1

The adjoint is (4.19) is

1

o

]

i

1
oro
oo
[ N e N v ]

-



ey

- with the same boundary condltlons (4 20) .'Ihvthisv'_,

case the problem is selfadJOLnt hence

v(t) =

(cos t -sin.t 0)
0 0 1

We now calculate Go . Recall G0 is the non--

singular constant 2 x 2 matrix such that

0 0

V(-t)8 = GyV(t)

1l

i.e. (eos(—t) sin(=t) lo) diag (1,-1,1)

- (cos t sin t

0 0

0 0

0

) diag(1,-1,1)
1

»(cost -sin t 0) = V() .

1l

Hence GO = diag(1,1,1) .

Let d be any 2-vector, then

SU(0)a

N

- . f cos 0
diag(l,-1,1) {-sin'0
Ak o

diag(l,-1,1)

OO
oo

0

0
1

o



ofe sv@e .

1
Toer
oo

Hence for any 2-vector &)lSU(O)&i= U(O)d;  it now "
fqliows_as a conSeqﬁence bfvTheOrem 4.1, that for

o] < p and |e| < €g then
(I + Gy) Ha,e) =0 .

But since G0 = I , that implies H(d,e) = 0 . Hence
the bifurcation equation is always satisfied . We have
shown that the boundary wvalue problem (4.15) - (4.16)
has a 2-parame£er family of solutions for eéch €

el < The two parameters are o, and o, .

€9 -
As a final example we will show that the follow-
ing boundary value problem also has a 2~parameter family

of solutions.
x' = a(t)x + ef(t,x) (4.22)

diag(l,1,1)x(-a) + diag(-1,1,-1)x(a) =0
(4.23)

where A = . We assume f£f ¢ (Ll.[-‘-a,a])n

[ R =T e
oom
oro



‘f 1n the prev1ous example . Flnally we assume f

has the follow1ng symmetry.i->_'

fi(-t,xl,fxz;XB) = -£, (£,%)

f2 (-tlxll_x21x3) = f2 (tJX) - (4-24)

et S = diag (1,-1,1) . We will show (4.22) has

property (E) with

il

SA(-t)S

S£ (-t ,SE)

respect to S .

0 1 0
diag(l,-1,1) [0 o0 1} diag(l,-1,1)
: 0 0 0

0 1 0

0 0 -1] diag{1,-1,1)

0 0 0

0-1 0

0 0-1) =~ a(t)

0 0 0

= di?g(lt“lrl)f(‘tfxl:-x2lx3)

,diag(l("lll) _ fz(tJX)

- £(t,x) .



w?i:Hence 1t follows that (4 22) has Property (E) w1thf?ﬂﬁ”‘”w*”

- respect to 8. Assume 2? satlsfles boundary

"”Wcondltlons (4 23) }7 Then'
diag(1,1,1)sSz(a) + diag(-l,i,—l)Sz(-a)‘

= diag(l,-1,1)z(a) + diag(-1,-1,-1)z(-a)

1l

-{diag(l,1,1)z(-a) + diag(-1,1,-1)z(a)}

Since the adjoint boundary conditions is the same

as (4.23), (4.5c) and (4.5d) are satisfied.

For our system (4.22) - (4.23) , one can show
that
1 t? 6 o 1
U(t) = 0 2t and V(t) = K
0 2 2 =2t t

In this case our system is not selfadjoint. <G0 =

>"T;ediag(l,1) and for every 2-vector & , SU(0)a = U(0)a .

E:’i’-j;_f"..I;I‘Gzirii'c.'c-"_-‘-.b:s( theorem 4.1

(T + Gy) H(a,e) = 0 .



for all |a| < p and el < €, - Hence, for each

 ‘fixed € , (4.22) - (4.23) has a 2-parameter family

of solutions where the two parameters are og and

az L]



ABSTRACT PROBLEMS IN THE LARGE AND
- MONOTONE OPERATORS |
5.1 INTRODUCTION

As4méﬁtioned in-chapter 1 we consider here
pfoblems in abstract form, and use the alternative
scheme of Hale, Bancroft, and Sweet [16] to split
the problem into a system of two equations, fhe
auxiliary and the bifurcation equations. We then
use monotone operator theory to show that, with
suitable hypotheses, both the auxiliary and the
bifurcation equétions are sblvable, and therefore
the originai problem has a solution. We extend
thereby to nonselfadjoint problems tlie results of
Cesari and Kannan who have handled by analogous
argueménts.the selfadjoint case. By a more delicate
-arguement we also weaken the monotonicity assumptions
by assuming only quasimonotonicity.

Finally, we apply thé results to nonlinear-
boundary value problems in the large, for which the.

ﬂ;underlylng linear problems are elliptic and non-

€7 ffse1fad3o1nt.
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5.2 K DECOMPOSITION SCHEME

 aLét us éOnsider-thé equation
Ex = Nx ~(5.1)

where E is a linear operator whose domain D(E) is
a subspace of a real Hilbert,space X and whose range
R(E) 1lies in X . |

Here N is an operator, not necessarily linear,
with D(N) € X, and R(N) € X . Moreover, we
assume D(E) € D(N) .

Let us assume there are bounded projection opera-
tors P: X+ X and Q: X~* X and a linear opefator

H: D(H) -+ X , D(H) C X, such that for all x e D(E)

(3;) H(I-Q)Ex = (I-P)x
(Aé) , QEx = EPx
(A3) EH(I-Q)Nx = (I-Q)Nx

and where R(P) € D(E) , R(H) ’C D(E) , R(E) = D(H) ,
énd (I-Q)R(E) = D(H) .

In Qiew of (AI) and (A3) » Wwe may think of H as
ja partial inverse for E . It follows from (Al) that

ker(E) CPX . Since D(H) C R(E) , this implies



. T-0IR(E) € R(E) N {(I-Q)X} and since ' I-0 is the

‘ide:itiﬁy. on. (I-Q)X , we must have = (I-Q)R(E) =
R(E) N {(I-0)X} . |

We will use the following notation: Xy = PX
and .xl = (I-P)X hence X = Xo + Xl; YO = 00X and
Yl = (I-Q)X hence X = Yo + Yl .

Theorem 1:

If are satisfied, then Ex = Nx for

some x e D(E) if and only if

X = Px + H(I-Q)Nx (5.2)

Q(Ex-Nx) = 0 (5.3)

Proof:

(Only if). If Ex = Nx for some x ¢ D(E) , then
Q(Ex-Nx) = 0 and (I-Q)Ex = (I-Q)Nx . Now apply H
to the second equation to get H(I-Q)Ex =»H(I¥Q)Nx‘.
By (Al) we have (I-P)x = H(I-Q)Nx or x‘= ﬁx +

H(I-Q)Nx . Hence (5.2) and (5.3) are satisfied.

(I£). If‘(S;Zf-and (5.3) ‘are satisfied, then applying

"E to (5.2) we have Ex = EPx + EH(I—Q)Nx or by




f(AZ) (- Q)Ex % EH(I—Q)Nx and by (A3) (I-Q)Ex

V(I-Q)Nx o Rewrltten we have Ex—Nx = Q(Ex—Nx)
where the rlght hand Slde ls zero since (5 3) is: |

satlsf;ed.
Q.E.D.

We may write equation (5.2) as

X = X5 + H(I-Q)Nx (5.2)°

where Xy € X5 = PX since by (Al) PH(I~-Q)Nx = 0 .

Equation (5.2)' is referred to as the auxiliary equa-

tion and equation (5.3) as the bifurcation equation.

It is often possible to choose P, Q, and H so

that the auxiliary equation has a unique solution .
for each x, ¢ Xy s hehce equation (5.3) may be viewed
as an equation in the unknown X, over X, .

If X, is finite dimensional, then we need only

(1]
solve an alternative problem in a finite dimensional

space X, . In the literature techniques involving
contraction'maps or monotone operators have béen
‘used to choose P, Q, and H in order to solve
equation- (5.2)' .- In the followihghSeétions we make
;hadditiohai'assumptions of E, N, P, and Q0 in order to
‘;;hﬁse monétone operator theory to solve equation (5;2)'

‘and equation (5.3) .



5.3 NESULTS FION NONOTONS OPERATOR TWEORY

Let H be a real Hilbert space. An operator

T D(T) + 2P is said to be monotone if

(u-v),x-y) >0 for all x,y € D(T),

uneTx, ve Ty .

It follows that T is monotone if. and only if the
graph of T is a monotone set. Since monotonicity
is a property of the graph of a map,-it follows that
-1 is monotone if and only if T is monotone.

A monotone set V is said to be maximal
monotone if V is not a proper subset of another

monotone set V' . A map T is maximal monotone

if its graph is maximal monotone. Again we have

T"! is maximal monotone if and only if T is

maximal monotone .

H

Amap T: D(T) -+ 2 is said to be stronglz

monotone if there is a constant c¢ > 0 such that

(u-v,x~-y) > c||x~y“2 for all x,y € D(T)

u e Tx, v € Ty‘Q




. Amp oo s A DT C 1, is said to

"be g¥a51monotone 1f there 1s a constdnt &> 0  such.

that

(u-v , x-y) > -c “x-y]ﬁ for all x,y € D(T)

ueTx, ve Ty .

Brézis has shown (Brézis [3]) that the map
X » convex hull Tx is monotone if T is monotone.

Hence, if T is maximal monotone, then Tx is a

closed convex set in H . We may now define 0x

as the projection of 0 onto Tx , that is,

Tox is the element of Tx with minimal norm.

A map T: D(T) - 2B s said to be coercive

if there exists Xy € H such that

lim (T'x,x~-x.) [Ix = 4+ o
L o) x|
[EY{ R

If T: D(T) -+ H is strongly monotone, then

T is coercive. To show this fix Xg € D(T) - then

(Tx,x-x5) = (Tx-Txo,x—xo) + (Txo,g-xo)

2 e flxxgll® - flTxg ]| [x-x, ]




‘ivSane ,xo 1s flxed, ”x|| ”x-xoll approaches

: one ‘as: ”x]|+ © . Hence T is coerclve.-'
As a reference for - the theory of monotone
operators in a HllbertVSpacensee,Brez1s [3] . We

will need the following results:

Theorem 5.1: (Brezisl[3])

Let T: D(T) ~» 2H be monotone, T is maximal

monotone if and only if R(aI+T) = H for a > 0 .

Theorem 5.2: (Brezis[3])

If T: D(T) + 2¥ is maximal monotone and

coercive, then R(T) = H .

Theorem 5.3: (Brezis, Crandell, and Pazy ([4])

If both A and B are maximal monotone and

either
(a) {Int D(A)} N D(B) # ¢
or

(b) D(a) € D(B) and | ,
IBx]] < x([lx]]) laxll + colixlly ,



Ed

where k(r) and C(r) are non-decreasxng functlons

of ‘r and k(r) < 1 for every r _ Then A + B

1s maxlmal monotone.

A-map T D(T)-* H is said to be hemicontinuous

if T 4is continuous on every line segment S of
D(T) with respect to the strong topology on S and

the weak topology in the .range.

Theorem 5.4: (Browder [5])

A monotone hemicontinuous map T: H -+ H is
maximal monotone.

We now prove the following theorem for quasi-

monotone maps..

Theorem 5.5:

Let A: D(a) + 2% , D(A) cH and B: H - 28
hemicontinuous. If A is stronly monotone with
constant n, A maximal monotone, and B quasimonotone

with constant n‘< u , then A + B is maximal

“;imooofone. If A and B are single~valued, then -



 Proof:

Let o > o> 0 ' then B + aI 1s strongly mono-‘ 
 tone.' Slnce B + aI is- deflned over -all of H and

' hemicéntlnous over H ,.then B + oI 1S'max1ma1
mohotone. A +}B + oI is méximal monotone since

B + oI is defined for all of H (see Theorem 5.3a).
Hence R((l+a)I+A+B) = H . Now A + B is strongly
monotone with monotonicity constant (u-n) » 0 ,

hence by Theorem 5.1 A + B is maximal monotone. If

A and B are single-valued and strongly monotone hence

coercive then R(A+B) = H .
Q.E.D.

The concept of monotonicity has been extended
to maps T:X~+2x* where X is a real reflexive
Banach space and X* the dual of X . Let (y,x)
denote y(x) for y e X*, x e X . For references on
monotone operators in reflexive Banach space see Brow-
der [5], Minty [22],jor.Brézis, Crandell, and Pazy [4].
Amap T: D(T) -+ ZX*, D(T) € X is said to be |

monotone provided’

(u-v,x-y) >0 for all XY e,D(T)

ueTx, ve Ty .




‘ In thls fashlon all the theorems and deflnltlonsﬁrsai:f""“

'-glven for maps 1n Hllbert spaces carry over “to. Banachr'
:spaces except for Theorems 5.1 and 5.5 and the
deflnltlon of coerclve. _For*coerclvenessvwe have

‘A map  T: - D(T) ~» 2X* » D(T) € X is said to
be coercive if there is a constant R > d » such

that for ||x|| > R, x ¢ D(T)
(u,x) >0 for all ue Tx .

If T:D(T) +.X* and D(T) € X , then a suffi-

cient condition for T to be monotone is

lim dIxex) oy o
xeD(T) B3]
x|[+

We will now apply monotone operator theory

to solve the bifurcation and auxiliary equations.

5.4 SOLVING THE AUXILIARY EQUATION BY MONOTONE

OPERATORS

Let X be a real Hllbert 8pace. ‘We assume

:“E? P Q, H, and N ‘satlsfy_assumptlons,(A123)

Inuaddltlon we: assume




‘;{fﬁ;éﬁrff ﬁqf];yi1j§fﬁf»fT‘ﬁ*2

 (§45 There 1s a constant u > 0 sﬁCthhéﬁ_5fi
'qfor X € D(E)r\ xl (-Ex x) > lqlx” ‘or for

ye ¥y (v, ,Hy) > ulI-HYlI

(As) Let P and Q be choSen so that (y,x) =0
for every vy ¢ Y, and x ¢ X, - We say Y, is

orthogonal to X,, i.e., ¥y | X; .

With assumptions (A12345) and only gquasimono-
tonicity assumed on W , we will show that the auxiliary

egquation (5.2)' is uniquely solvable for each Xq € X5

Theorem 5.6:

Let P, Q, and H be defined as in section 2,
and satisfy conditions (A12345). Let D(N) = X%,
N hemicontinuous from X to X , and N quasi-
monotone with constant n > 0, n < u . Then, the
auxiliary equation (5.2)' has a unique solution

X = x(xo) for each Xq € x0 .

Proof:

We write the auxiliary equation (5f2)'-in'the.‘

~ form -

% - x5 - H(I-Q)Nx = 0 - (5.4)
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then since 0 ¢ [-H(IfQ)]-l 0 , eqguation (5.4) implies

[-H(1-0) 171 (x-x,) + Nx 3 0
(5.5)

Conversely, if (5.5) holds, by applying -H(I-Q)

to both sides we get
X - x5 + - H(I~-Q)Nx = -H(I-Q)0 = 0 .

So equation (5.4) and (5.5) are equivalent .
Equation (5.5) is of the form Ax + Bx =0
where Ax = [-A(I—Q)]—l(x-xo) and Bx = Nx . By
our assumption on N we find that B satisfies
the hypothesis of Theorem 5.5 . We will now show
that A is strongly moﬁotone with monotonicity
constant u > n and A is maximal monotone.

With assumption (A 5) we have for all y e X,

(y,~H(I-Q)y) = ((I-Q)y, -H(I-Q)y) + (Qy,-H(I-Q)y)
= ((I-Q)y, -H(I-Q)y)

> ull -B(I-Q) || 2 (5.6)

so <-H(I-Q) is monotone. Since -H(I-Q) is bounded



X

f‘j;llnear operator deflned on all of X ,-H(I-Q)

”1s contlnuous over X ’ hencev-H(I-Q) lS maxlmal
monotone. Slnce x0 is flxed, -H(I-Q) + x0 ‘S'
max1ma1 monotone. Now,‘A is Just the inverse

of the map -Ky = -H(I-Q)y + xo so it follows that
A is maximal monotone. To show A is strongly
monotone, let x,y € D(A) = Xo + (xl N D(E)) .

Then x - X, € Xlr1 D(E) and y - Xy € Xlr\ D(E) .
For x¥* ¢ Ax, x ~ Xy = ~H(I-Q)x* and for y* e Ay,

Y = X5 = -H(I-Q)y* . Using equation (5.6), we have

(x*-y*,x-y) = (x*-y*, -H(I-Q)x*+H(I-Q)y*)
= ((I-Q)x*-(I-Q)y*,-H(I-Q)x*
+ H(I-Q)y*) > ul|-H(I-Q)x*

+ BEI-Q)y*|[2> ullx-y}l? .

So A is strongly monotone with monotonicity constant

.
To show that A + B is coercive we use the
fact that -H(I-Q) is a one to one map.from‘ Yl onto
4 1f\ D(E) . Thus for yl e ¥, there is a unique
;;xl € Xi n D(E) suchrthat‘ X = —-H(I—Q)y1 . Thus,
2 l T g .
JT.‘I H(I Q)] =yt Yy . Let x=1x,+x ,

fxi;e;xltwlD(E) , then



A= HE0 1 exg) = -1l
ERE TR

et a% =y; *+ ¥4, y5 € ¥y (in fact since Yy L X
we have on = Yl) . Using equation (5;6) and

condition (A3) we have

(a0, X-x5) = (on,xl) = (yptygrx;)
= _(Yllxl)' + (yslxl)
= (y1lx1)' = (er_H (I‘Q)Yl)

> ufl-H(I-0)y; |12 = u [xy ]2

I

2
L ”'x--xo Il

Since Xg is fixed, this.implies A is coercive.
Since B is single-valued and montone, A + B is
coefcive.

We now apply Theorem 5.2 to find that R(A+B) =
‘X . The equation Ax + BxD 0 has a solutioﬁ, hence
the auxiliary equation has a solution for each
Xg € X, - | |

To prove uniqueness, let x, and xzy both
be sblutions to the auxiliary-equatiOn fqr a fixed

xole xo ,vthen xl-xo(= H(I-Q)le‘; Xy=Xg = H(I-Q)Nx2;




) faﬁ@ﬁi#i—*é<=;ﬁ(IEQ)in,*EH&IéQ)Nxztf

' By assumption
(Ag) , equation (5.6) , and'therhypéthésisfof Nowve
have | | . |
- ”x -X ”2 < (Nx -Nx‘ Xq=Xa,)
n 1" %2 - 1 2'71 T2
= -(gxl-Nxz, —H(I-Q)le + H(I-Q)Nxz)

~u ||-H(I-Q)Nx; * H(I-Q)Nx,||?

A

: 2
~H Hxl-xzu

That is 0 < (n-u) ”xl-—lel2 . Since u > n , we
Xy o This completes the proof of

must have 31

theorem.
Q.E.D.

We will now solve the bifurcation equation

using monotone operators.

5.5 SOLVING THE BIFURCATIONAEQUATION WITH MONOTONE-

OPERATORS

In sectionf4‘we gave conditions on E, P, Q,
and N which allowed us to obtain a unique solution

:’fj to the auxiliary equation. We may express x by



Coxsmmaomhy o sy

In this section we will make the. following additional
assumption on P and Q . |

(AS) (y.,x) = 0 for yeY,, and x¢ Xp+

Theorem 5.7:

Let Xgr Yo be finite dimensional subspaces
of X , and assume the dimension of X0 equals the

dimension of Y0 « Under assumptions (A123456)=

(a) If xl = X, and Yl = X, i.e,, (-Ex,x) >
wllxll? For all x € D(E) and N: X » X is
hemicontinuous and quasimonotone with constant

n>0 and n <u, then Ex = Nx has a unique

solution.

(b) If (-Ex,x) > -a||x||? For all x e D(E)
@ >0, and if (Nx-Ny,x~y) > n ”x-yll2 For all
X,y € X, N hemicontinuous and bounded, then the'
equation Ex = Nx has at least one solution provided-

n>allP|2 or n=a=0 and N is coercive.



 ;{')f'Sinee. Yi =-x;-Qa is the zero 0perator on-

X, hence the blfurcatlon equatlon 1s always satisfied.
Part (a) of,thertheorem now follows from Theorem 5.6.

| (b) Since the'dimension of X, and Y, are
equal and finite, we may identify X} with YO .
The identification may be made as fqllows; let y e ¥, C X,
for xb e Xq let yo(xo) = (yo,xo) . Where
on the riéht handlside we view Yo a@s an element of
X and X, as an element of X . This identifica-
tion defines a continuous, linear mapping of Y0 into
Xa . Our identification of Yb with xg is complete
if we can show that this map is one to one and
onto. Since the dimension is finite we need only
show the map is one to one or the kernel of the
mab is just the zero element of Y, . For this let
Yo be an element ef ¥, - If (yo,xo) = 0 for
all x

€ X, then by (As), (yo,xl) = 0 for all

0 0
X, € X5 hence (yo,x)‘= 0 for all x € X hence
Yo must be the zero element of X and ¥y o

We now reduce Ex = Nx to the systeﬁ'of
.auxiliary,and bifﬁrcation equaﬁidns (5‘2)' and

',(5 3). For'any Xg € Xo , the auxiliary equatlon -

” ”fffhas a unlque solutlon (by Theorem 5.6) given by

TfH(S 7) -~ The b1furcatlon-equatlon may now be written



o ovmm@owi g -0 e

Sihce QEx = pr

ON[I-H(I-Q)N] ™

Again since QEx

x0+xa‘,and T

*
Xo > Xo .

EX,; » eQﬁatioh'(S.S) becomes

1

E—4 = * - -
EPx Exo , and Yo Xo ¢ —E:

ON[I-H(I-Q)N]"1; X, > X} , T-E:

We will now show that T-E is monotone, con-

tinuous, and coercive. Then, since T-E is defined

on all X0
solved.
Let x,vy €

v = [I-H(I-Q)N]~

u-H(I-Q)Nu = x

Since P(u-v) =

(Tx,=TY ,x-y)

X
1l

0
b4

; R(T-E) = x5 and equation (5.9) will be

, and let u = [I-H(I-Q)N] ‘x ,

. Then

v-H(I-Q)Nv = y

x-y. llz=yll < W2} llu-v]l. so

+ +

v

(QNuAQNv,x—y) = (Nu-Nv,x~y)
(ﬁu-Nﬁ,u-v)’+ (Nu-Nv, ~H(I-Q)Nu
H(I-Q)NV) = (Nu-Nv,u-v)
((I-0)Nu-(I1-Q)Nv, ‘-,H(I-Q)Nu
H(vI,-Q)‘NV.) > (Nu=-Nv,u-v) > n Hu-vll'z
nCRI™H2 ==y )12 .

Xy ~ Exo =0 (5.9)



| Now by hypothesis, X,y € X, (~E(x-y),x-y) >

-a|lx=ylI%. Thus

((T-E)x - (T-E)y, x~y) > (0 ||P]|"% - o) ||x~y||?
This proves T-E is monotone. If n|[P||”? > a,
then it follows that T-E is also coercive since T
and E are single—ﬁalue maps. ’

If n=oa=0, then we must show that N
coercive implies that T is coercive . Let Xq € XO
and x = [I-H(I—Q)N]_lxo; Px = x, thus ||xo”4§ |
Rl lIxll » and llxgll » + = implies |[|x|| + + =.

We now have

(Txq.%g) = (QNII-H(IZQIN] Txg,x0) = (Nx,x,)
= (Nx,x-H(I-Q)Nx)
= (Nx,x) + (Nx,-H(I-Q)Nx)

> (Nx,x)

So

g 171 (T2 > (13117 v, x)
2Rl T ox)

.. 'since N is coercive, T must be coercive. Since

-7 -E dis linpear and monotone, T-E is coercive.



‘ It remalns to show
begln by show1ng that

Let u v be such that

wllu-vil®= u

KA

< |

hence

[1u-vl]

Thus if ||v|| < R, then ||Nv]||< R’

depending only on R since N is bounded, and

[l all

IA

a"iiitihﬁs [I#H(I'Q)N]-l is

" have.

[I—H(I"Q)N]

1A -

T-E is'céﬁtinnéus;;l

u‘— H(I-Q)Nu = v‘, then E

||-H(I-Q)Nu”

(-H(I- Q)Nu,(I-Q)Nu)
(-H(I-Q)Nu,Nu)

(v-u, Nu)

(v-u, Nu=Nv+Nv)
(u-v,Nu-Nv) + (v-u,Nv)
(v-u,Nvf

|v=ull |{nv]|

-1,
u " ||wv]|

-1 .
Holl + ™ llnv]

R+ LR

‘bounded. For x,y in X we

! is bounded.

for some R'




el S =S

NERTI

To prove this,ﬁonsider‘fhejtﬁo-cases J|x|['3-%1[yu

"and N =l f_'%[[y|| . To show [I-H(IQQ)N]

is continuous let

u -~ H(I-Q)Nu = u* and v - H(I-Q)Nv = v¥

then
u* - v* = u - v - H(I-Q)Nu + H(I-Q)Nv .

- Now

u||—H(I-Q)Nu+H(I-Q)Nv[|2§_(NUva,u—v)
+ (Nu-Nv,-H(I-Q)Nu
+ H(I-Q)Nv)
= (Nu-Nv,u-H(I-Q)Nu-v

+ H(I-Q)NvV)

(Nu—Nv,p*-v*)

& Iwu-nv]| [Jur-v*|

- (5.11)

Now let %X = v-u and ¥

Lllu-vil2 - ur-vr |2 < [lukeveou v

a*-v* in (5.10),_then

= || -H(I-0Q) Nu+H (I-Q) Nv |?

(5.12)



~ Now multiply (5.12) by W and using (5.11) we have

w/a) lu=v|? <ullur-vs2 -
4 [Ivu-nv|| Jur-vr]f .
If  |lu*|| , [lv*|]] <R, then since [I-H(I-Q)N] !

is bounded, we have ||u]| , |[v]] < R'" for some R'

and.llNu” » ||Nv]|] < R" since N is bounded. Thus

u-v]|? < 4 |[ur=v*||2+ 2 "L ||na-Nv]] Jur-v*|]

< (8R+8u"IR") ||ur-v*|| .

Hence [I-H(I-Q)N]1™1 is continuous .

Before proving the continuity of T , recall
amap S is demicontinous if X, T X strongly in
X implies Sx -+ Sx weakly in X* , Kato [18]
has shown that for monotone operators defined on
a Banach space X with range in X* , then hemicontin-
uity and demicontinuity agree. Hence, since
[I-H(I-0)N]!  is continuous , NII-H(I-Q)N]™) is

1

demicontinuous and ON[I-H(I-Q)N] ~ is demicontinuous.

Since the dimension of X$ is finite, weak conver-

gence in X* is the same as strong convergence.
. 0 , ‘ S
1

Hence T = QN[I-H(I-Q)N] ~ is continous. This completes

"ithé.proof..

Q.E.D.



‘, In thls sectlon we demonstrate how the above-
'theory applies to boundary value problems for non-

linear ordinary d1fferent1al equations.

Example 5.1:

Let us consider the existence of solutions to the

differential equation

x" + x' - x = f(t,x) 0 <t<1l (5.13)

- with Dirichlet boundary conditions
x(0) = x(1) =0 (5.14)

where f£(t,x) 1is a Nemitsky operator which maps
L2[0,l] into L2[0,1] in a continuous fashion.
Moreover, we assume Nx = f(t,x) is quasimonotone
with constant less than 1 . Let Ek = x" +oxf.¥ X,
then E‘ is a‘linear mep frome'D}E) = {x e thd,l]:

x" € L,00,1], x(0) = x(1) = 0} into L,[0,1] .

‘ Let X =L2[0,]_] "‘end -(X;‘Y)‘ = f: X(t)Y(tj dat,




’(éEx;x)ﬂéw(-x“-x vix, x)."i-X".x) (X'.x) * (x X)
N 1 2|1 '

(x=gx_) f + (x,x)

w12 2
= [l=*]*+ IIXH"'._ =]} 2

Hence =E is S£rongly monotone with constant one.
ItxalSo follows from equation (5.15) that the kernel
of E={0} and E has a bounded right inverse H .
Let P = Q = zero opérator . It‘is easy to show that
(Al-G) are all satisfied. We may now apply part
a of theorem 5.7 and conclude that the bdunda;y value
problem (5.13) -~ (5.14) has a unique solution.

In the above example.we could have replacéd
f(t,x) by any of thé following functidns:
Cx

(1) E£(t,x) = - T+ p(t)

(1+x2) 2

where p(t) is é,function.in' L,[0,1] . Sincer
. 1 , _ R
""7-",_Zx/(1+x2 2 is a monotone function, f(t,x) is a .
fffmonotone mapplng . Since the derlvatlve of x/(l+x2)2A
*“lfls bounded, f(t x) lS Llpschltzlan.' Thus £(t,x)

:maps L [0 11 1nto L, [0 l] in a cqntinuous fashion.

.f-v(fi.ijx;s—"f(t,x') = ax + arctan x + p(t)

(5.15)




""fwhere p(t) s 1n L [O 11& and a > -lu.w’The factQ;?”3 ->

'  ”that arctan ‘kals lncrea51ng and LlpSChltZlan

,1mplle§ CE£(t,x) maps L [0 1] 1nto L fo, 1]  aﬁd"
is quasimonotone’ w1th constant a . | o
. 3
(iii) £(t,x) = 5 + p(t)
1+x

where p(t) is in L2[0,l] . Since the derivative
of x3/(1+x2) is bounded and positive, f£(t,x) 1is
lipschitzian and monotone. Moreover, f(t,x) maps
.L2[0,1] into L2[0,l]; In thig case Nx = f(t,x)

is actually coercive since for =x ¢ L2[0,l] we have

1 1

(x,%x) = [ -—-—x—(t)dt + [ plt)x(t) dt
0 1+x (t) 0
1 1
> | %) at - -—L‘-ﬂat-npn | ]
0 0 1l+x ( )
2
> Ixll© -1~ lell =]l .

Example 5.2:

Let us now consider the differential equation

x" +x'= -2 4+ p(t) 0<t<T (5.16)



© with Neumann boundary conditions .
x'(0) = x'(1) =0 B C(5.17).

whe?e p(t) is in L2[0,w] . Let Nx = x3/(l+x2) +
p(t) . Then Nx is monotone, continuous map from
L,[0,m] into Lz[O,H] . As shown in example 5.1,

Nx is coeréive. Let Ex = x" + x' and

D (E) ='{xeL2[0,ﬂ]: x"eL,[0,7] and x'(0) = x'(w) = 0}.

The kernel of E is the constant functions, so
set Px =1 ' [T%(t) &t . Now P is just the pro-
0
jection onto the constants. Let Qx = Px . On
4
(ker E) , E has a bounded right inverse H (see
Nirenberg [23]). The adjoint of E is given by
E*x = x" - x' with the same domain as 'E . It
now follows from the Fredholm Alternative that
D(H) = R(E) = (I-P)L,[0,7] = (I-Q)L,[0,w] . It is
obvious that (A12356) are satisfied. To show that

the hypothesis of theorem 5.7 on -E are satisfied,

let x € D(E) then

(-Ex,x) = (-x"-x',%) = (-x",x) = (x',x)

(x',x") -5 x2|3 = |Ix']|?

v

0.



.'TTo verlfy (A4), notlce that the operator Lx —f-x

'x (0) = x (n) 0 has a complete orthonormal set of5

e;genvectors S
11'.2" n=20
Un='
1
- 2

(2/7)€ cos(nt) n=1,2,3, ...

with corresponding eigenvalues 0, 12 22 32,---.

hence for x € xl where here X1 = (I—P)Lzlo,w]

[}

we have x = ) (x,U ) U . Thus,
| n21 n’ “n

'(—X“,X) - (x',x) = (-x",x)

("EX,X)

[+ o] 2 [+ o]
=(Z n“(x,U )U , } (X.Um)Um)

n=1 m=1

= I a2 mup|?s Pl ?
n=1 n=1

2
= |I=}l" .

Hence (A4) is satisfied with ¥ =1 .

Now Nx = x3/(1+#2) + p(t) is a continuous
map from tho,v] :into L2[0,ﬂ] and N certainly
mapsxbounded set into bounded sets,eso N is a

‘bounded mapping. Now N is also monotone and



v'icoerc1ve, hence all the assumptlons of part b of
theorem 5 7 are satlsfled w1th u = l,n = a 0 .
”Hence the boundary value problem (5 16) (5 17) has

at least one‘solutlon.4

Example 5.3:

As a final example we shall consider the boundary

value problem

x" - x' - 2x = x arctan x + P(t)
{(5.18)

0<t<o2n

with periodic boundary conditions

x(0) = x(21) and x'(0) = x'(2m)  (5.19)

where p(t) is in L2[0,2w] .

Let‘ EXx = X" - x' - 2x and the domain of E

is the set
'{x'e'Lzlo,ZnI? x" evL2[0.2ﬂ], x{(0) = x(2w),
x'(0) = x'(2m)}

For x ¢ D(E) }we'have



2
2 |=l1? .

v

Hence -E is strongly monotone with constant 2 .

As in example 5.1, let P = Q = zero operator.

Again (Al_G) are all satisfied. Now Nx = x .

arctan x + p(t) maps L2[0,2ﬂ] into itself since

|Nx| < ©7/2|x| and since -m/2 (x-y) < Nx - Ny <

/2 (x~-y) it follows that N 1s continuous and

(Ex,3) = (-x";0) + (x'yx) 4200

HEE B E 2.”"“?'

guasimonotone with constant m/2 < 2 . Hence by part a

of theorem 5.7 the boundary value problem (5.18) -

(5.19) has a unique solution.



S CHAPTER 6 e
REMARKS ON THE WORK OF OSBORN anp SATHER
6.1 I‘N"'I‘RODUCTIO_NI‘

In this chapter we consider a nonlinear equation

of the form
Ex = Nx X € H : (6.1)

where Hv is a real Hilbert space, E is a linear
operator, and N is a nonlinear operator. 1In
chapter 5 when we considered such an equation we had
to assume the nonlinear operator N was defined |
on all of H . Osborn and Sather [24] have proposed
a method for handling the case where E is nonselfad-
joint and the domain of E is a dense subset of H
contained in a Hilbert space H; CH, and N,
defined over Hl » is monotone.

In this chapter we extend the results of Osborn
and Sather to the case where N satisfies a condition
similar to but weaker than quasimonotonicity. 1In
section 2 we will use the bifurcation‘method used by
Osborn and Sather to reduce (6.1) to an alternative
problem which is usually finite dimensional. In

section 3 we discuss the conditions which we assume
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| E must satisfy and show that they are satisfied when

-E is elliptic and E* has a complete system of
"eigenfunctith;Whosezspah‘isvdensein_ H .“Fihaily
in Séction 4 eXampleé»afe given showing’how certain
elliptic ordinar& differential equations with non-
linearities satisfying.our,quasimonotonicity assumption
can be reduced to an alternative problem.

Let H be a real Hilbert space with inner

product (<,<) and norm ||+ || and let H, be another
Hilbert space with inner product (-,-)l and norm

I+ ll; - We assume H; and E satisfy

i) Hl is a dense subset of H

ii) The inclusion mapping of H, into H

is compact
iii)  |Ixll; > llx|]] for x e H; .
_ , 7

Let H be decomposed into X, and X, where
H = XO + xl and XOC D(E), EX, CXO, . and
E(x111 D(E)) C.Xl - Such a decomposition may be
6btained,by Setting X equal to the subspace of
H spanned by a finite set of:eigenvalue for E 'and

H =X, ®X; . We do not assume that the above sum is



“”l;;;;197f,g{;;~2y;37};%rrff

‘6rtﬁ6§6héi Let P be the orthogonal pro;ectlon

of H onto xl . For x e Hy 1tcan be wrltten
unlquely as x =Ax° +'xl ‘where xo £ Xo and

X, € X, . Now since BE: xO + X, and E: 31 N D(E) »
X, + then equation (6.1) is equivalent to the system

-Ex1 + PN(x0+xl) = PEx0 - (6.2)

(6.3)

i
o
.

(I-P) {-Exy + N(xg+x))}

Thus if (6.2) is uniquely solvable for each X in
30 ’ i.e; (6.2) has a solution X, = xl(xo) then
solving (6.1) is reduced to solving the alternative

problem
(I—p)‘{-gxo +,N(xo+xl(xo))} =0 (6.4)

over Xo .

6.2 REDUCTION TO THE ALTERNATIVE PROBLEM

We assume E _satisfiés the following assumptions.

(E;) There is a constant u > 0 such that

(-Ex,x) > u ”x”i for x € D(E) n X,



R o
“E = S(I+A)S where A 1s a bounded antlsymmetr:.c |
linear ope_rator_ on '-xl "and. S | :Ls a pos:.tn.ve self-'
adﬁointvoperater on X, rwifh D(S) = Hy N Xy | and
R(S) = X; - ; |

When S is viewed as a linear map from Hyn Xy
into Xy it is bounded, one to one, and onto, ﬁhus
for w e Hyn X'.L there is a z in X; such that

zZ = Sw and

izl < sl diwlly (6.5)

We also have for x e H;n X;

||Sx||2 - (8x,8x) = ('(I+A)Sx,5x,)'= (S (I+3)Sx,Xx)

We assume N satisfies the following assumptions

(Nl) The restriction of N to Hl is hemi-

continuous from Hl into H .

'(Nz’ - There is a constant n > 0 such that

(Nx-Ny,x-y) > -n ||x-y|]i for x,y ¢ Hy .

There .'LS a decompos:.t:l.on of -E 1nto e



The folloW1ng theorem shows that equatlon ,‘7~ o
(6. 2) has a unlque solutlon x1 = 1(xo) for each
X, € xo' hence equatlon (6.1) is reduced to the

alternative problem (6.4).

Theorem 6.1:

Let E satisfy (El) and (E,) and N satisfy
(Nl) and (NZ) . If n < yu , then equation (6.2)
has a unique solution for each Xg e X5 -

Proof:

Solving equation (6.2) is equivalent to solving

(I+a)sx; + s'le(xo+xl) = -8 lpgx (6.7)

o L)

Let y =8Sx , for x ¢ Hl N X, , then solving (6.7)

is equivalent to solvinag

My = -s"lpEx,

where M: Xi-# X, is given by

My = (I+A)y + S”lpn (x0+s"1y) .




It sufflces to show that R(M) S xl Siﬁéé o
N is hemlcontlnuous, 1t follows that ‘M 1s heml-

~cont1nuous, hence we. need only show that M 1s

.strongly monotone over X, » Thus it then follows‘
that M is coercive and maximal monotone since it
is defined for all of X, and hemicontinuous. .It
then follows from a standard‘theorem-from‘monotone
opérator theory that R(M) = Xy -

Let yl,yz eX;, and x; = S-ly1 and x, =
S-ly2 . Using (N,) , eéuation (6.5), equation (6.6),
and noticing that S-l(yl-yz) e H; n X; hence in

the range of P , we have .

(Myl-Myz,yleyz) = ((I+A)yl—y2),Yl—y2)
-1 -1 _ o1 -1
+ (8 "PN(xy+8 Ty;) - S TPN(x,+5 Ty,),
yl-YZ)
=’|[ v, 1% + M(x +s”1y,)
Yy-¥Yo 0 Yy

o §

| -1 -1,
- N(XO+S Y2)IS Yl's ‘Yz)

v

2 -1 _«~1. 2
”le—Sx2|| .7 ”S"Yl's Y2”1

| | 2 _ 2
H "’ﬁ_-"‘z.”l -n 'I.xl'?‘2||'1

v

. 2
= (p=-n) | ”"1""2‘”_1

.. ) - 2
w-n) Is1172 llyy-v, |l

v




Slnce strong monotonlclty 1mp11es the operatorlw“
M is one to one, the unlqueness follows. : .

ThlS completes the proof of theoreom 6.1,
. Q.E.ID-.

In the next section we discuss the assumptions
made on E and the existenoe of the projection opera-
tor P .

6.3 REMARKS CONCERNING THE ASSUMPTIONS ON E

In the paper by Osborn and Sather [24] they
show that if E satisfies the'following assomptions,
then P may be chosen so‘that condition (El) is
satisfied. They assume that -E is generated by a

bilinear form B on Hl which satisfies

(Bl) There is a constant 8 such”that
[Bw,2) | < 8 |lwll; llzll; wez e By
'(BZ) . There are constants vy >0, 3 > 0 such that

B (w,w) >y ”w”i - g ”w“2 w e Hy



There are general classes of boundary value

,problems for dlfferentlal equatlons (ordlnary and

_partlal) whlch may be studled v1a blllnear forms o

f(see Agmon [2]).. For example, elllptlc boundary

value problems can often be .studied in thls fashion.
'Also Osborn and Sather assume that the gene;alized

. eigenvectors of (Ef)* are complete in H+ . Here

+ and HT are the complekifications of E and

E
H and (E+)* is the adjoint of ¥ . For a ais-
cussion of boundary value problems for which this
assumption holds see Agmon [1] .

To define P , let U be the spectral'projection

associated with -E+ and the eigenvalues {Al,...,An}

i.e.
vt = @erni)”t f ueEh) Tl
: r

where r is a contour lying in the resolvent set of
- and contains only {Al,...,k } in 1ts;;nter;or._
Let vV =1 - 0ot . Now if V is the image:of |
the range of V' when prOJected onto H , then let

P ' be the orthogonal pro:ectlon of H _onto v .. We

now have



"ﬁémméQéilig;rffv7<f'“
 Let 0 < 8 <1. Then there is an integer J
such that whenver n > J o

(=Ex,x) > y(1-0) [|x]|2

for all x in V where V is defined above for

the eigenvalues Al,...,An'.

Proof:

The proof is a slight modification of Lemma 1

in [24] (see also Remark 3.2 in [24]).
Q.E.D.

The second assumption on E concerning the
decomposition of -E restricted to V as S(I+A)S
will also be satisfied when -E is generated by
a bilinear form as mentioned above. Osbdrn~and Sather

“have shown

Lemma 6.2:

Thé’restrictibn of -E to V canvbe.wfittenf

. =E = S(I+AIS-”where A is a bounded,antisyhmetric




'floperator on V and S ‘1s a p031t1ve operator on

© .V with D(S) Han ana R(S) Voo

Proof:
See Osborn and Sather [24] Lemma 2 .
Q.E.D.

As mentioned before we have used the above
results of Osborn and Sather to decompose the linear
operator -E in order to handle nonlinear operators
which are not defined on all of H . We have ex-
tended the results of Osborn and Sather to non-
linear operatdrs which satisfy an assumption somewhat
weaker than quasimonétonicity.

In the next section we will apply the results
of section 2 to boundary value problems for ordinary

differential equations.

6.4 EXAMPLES

In this section we demonstrate how the method -
developed in‘this,chapterjis-usedﬁto,reduCe nonlidear
boundary'valué~problem§ to a'fihite dimensional

alternative:prcblem.
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| et us consider the differential equation
. "(“‘_ + .s_._‘in (x')=f(t) tv e [0,7] -  (6‘.8)"
with Neumann boundary.cohﬁitions
x'(0) = x'(n) =0 | (6.9)

where £(t) ¢ L2[0,1r] .

Let H = L,[0,7] with inner prbduct (w,z) =
oww(t)z(t) dt . Let Hy, = {weH: w'eH} with inner
ptoduct " (w,z)l = (w,2) + (w',2') . Let I-P be

the projection of H -onto the constants, i.e.
(1-2)w = (ML [Mw(e) at .
' ' 0

P is the projection onto the subspace of H spannéd
by the nonconstant eigenvectors of the boundary -
value problem -x" = 0, x' (0) = x'(m) =0 . |

- The operator- E is g‘e‘neJ-:a-lted’ by the bilinéar

form B , where

"B_(w,z) = A(‘w',.‘z')- .




e
",‘,’I‘hus cert‘aii'nlys'-;svaj;iéfvi-’e‘g_:f(;i,),, ana Baww) =
IIWIll - IIWII . Now for W in the range of P,

e | | ,
= : a _ ‘
w= ) (w,Un) Un ‘where U, 's are the nonconstant

n=1
eigenvectors . Since for all the eigenvalues Xy

corresponding to U, , A, > 1 then
b 2 2
B(w,w) = (-w",w) = J A [w,0)]% > |lw]|
| n=1
So

1 2 1 _ 1
Bw,w) > 3 llwe 1% + 3 (vl -'5”“’”1 -

Now Nw = sin w' - £(t) . For w e H; , |sin w'| <1,

hence Nw ¢ H . Since sin w' is Lipschitz in
w' , Nw is a continous map from H; n X; into
Xy o

For w,Zz  in -Hl' we have

N (sih w' - sin z')(w-z)‘

(Nw—Nz,wéz)

2T etz -z

v

S
ezt flwezl] 2 - 3 IwezllE
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Now since: 1;=‘u >5h{é[%lpf§blemL(6:8)7—.(6.9)

can be reduced to the alternative problem -
(I-P) (~-Ea+N(a+x(a))) = 0

Let a be a constant and let =x(a) be the solution

to (6.2)} then the alternative problem becomes
[MIsin x'(a) (£) - £(t)] dt = 0 .

In this example the nonlinearity is not

quasimonotone, but does satisfy assumption (Nz).

Example 6.2:

Let us consider the differential equation

X" - x &% = £(t) t ¢ [0,7] (6.10)

‘with Neumann boundary conditons

x'(0) = x'"(1) = 0 | (6.11)

} ﬁhere_.f € L2[0,ﬂ . Let Prr_'El H, and Hl- be the

f same as in Example 6.1. Let Nx = x eX . For




—.1_18- o
2 e~H1; Nx e H and Nx is confihubus<map from

H, into H . For x,¥ e Xy

(Nx-Ny ,x-y) : fh (xe*-ye¥) (x-y)
0. -

/T (reT+e) (x-y)2

0
0 .
2
= -1/e? [|x-y]|
. 2 2
> -17e% xy||? .

Now since l/e2 < %  the boundary value problem

(6.10) - (6.11) is reduced to the alternative problem
e a+x(a) (t)
o {(atx(a)(t)) e - £(t)} at =0
where a is a constant and x(a) is the solution
‘to (6.2) .. In this example the nonlinearity is

not Lipschitzian, but satisfies a one-sidedkLipschitz

propexty.

Example 6.3:

Let us consider the differential equation
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X" - ax = £ (£(t,x)) + p(t) t € [0,27]
| | | (6.12)
with periodic boundary conditions
x(0) = x(27v) and x'(0) = x'(2m) (6.13)

where a is a positive constant, p(t) € L2[0,2ﬂ] and
p(t) has period 27 . We assume £(t,x) has con-
tinuous first and second partial derivatives hence f
is Lipschitz ih x with a Lipséhitz constant in-
dependent of t . Moreover, we assume f“ is 2% -
periodic in t .for each x and é% (£(t,x)) is
also 27 -periodic in t .

Let H = {xeL, [0,27}: x(0) = x(2m)}
and ﬁl = {xeH: x'eH} . On H we take the

2T
inner product (x,y) = [ =x(t)y(t) dt and on H,
-0

the inner product (x,y)1 = (x,y) + (x',y') . 1In this
example we take P =1I , i.e. Xy =H.
Let Ex = x" - ax , then -E is generated by the

bilinear form

B(w,z) = (w',z') + (aw,2)
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Now B obviously satisfies (Bl). For z ¢ H, ,

B(z,2z) = (2',z') + a(z,z)

2 2 2
=|lz'II” + allz||” > ullzlly

_ , e 12 2
where u = su Il= “-f + a ”22” > min (a,l)
z#0 |[z' || + [lz]]

Let Nx = 2= (£(t,x)) + p(t) . Then
18 (Ee,x)) ] = £ (£,%) + £5(E,x)x" |

and since fl and fz ‘are bounded, it follows
that Nx maps H; into H . Since f is

Lipschitz in x , one can show that

|& (£(e,% - £(6,9)}] <Lx'-y']| .

Hence N is a continuous map from Hy into H .
For x,y in Hl . we have

( 3£ [EG,x) - £(-,y)], x=y)

“ {(Nx-Ny,x~-y) €

-(£(*,x) - f(’cY)' x"yl)

[£(t,x(6))-£(t,y(£)) ] [x(E)-y(£) 1| 2"

+



- ’ l
Now 1if 5
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= =(£(*,x) = £(*,¥),x"-y")
2 -Llx-y| 4 fx'-y'])

> L lx=yll  (lxt-y' |

v

- L {llx-yll? +|Ix"-y'||%

1 2
= - Lo x-yl? .

L < h , then (6.12) - (6.13) has a unique

solution since P = I and thus there is no alternative

problem.
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