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ABSTRACT

The simulation of electronically nonadiabatic dynamics and spectroscopy remains as a central
challenge in computational chemistry. Amongst the reduced dynamic methods, various forms of
the perturbative quantum master equation (QME) including Fermi’s golden rule (FGR), Redfield
equation, and Marcus theory enjoy widespread use for their efficiency in the perturbative regime,
and provides important physical intuition for the underlying dynamics.

In the first chapter of this dissertation, the accuracy of various QMEs that treat off-diagonal
electronic coupling perturbatively (OD-QME) will be examined on a spin-boson model. OD-QME
works in the interaction picture, limiting its application to population dynamics. A novel way of
retrieving Schrodinger picture coherences from interaction picture dynamics will be introduced,
and the resulting dynamics will be compared against the numerically exact multi-configuration
time dependent Hartree method. It will be shown that OD-QME can generate accurate population
and coherence in appropriate parameter ranges, and that the time-nonlocal QME is more accurate
than time-local QME, especially if the QME uses a population only projection.

In the second chapter, the aforementioned method of calculating electronic coherence via OD-
QME is applied to the simulation of absorption spectra. The result will be compared against
the numerically exact hierarchical equations of motion, as well as the Redfield time-local QME
which is widely applied in the context of spectroscopy. It will be shown that OD-QME exhibits
comparable accuracy to Redfield QME over a wide parameter range. Both QMEs fail to predict
the spectra accurately in the case of a high-frequency bath at a low temperature, and this error is
likely to be linked to the quantum behavior of the bath.

In the third chapter, the FGR rates of electronically nonadiabatic reactions enhanced by a micro-
cavity is calculated. It will be shown that the cavity-enhanced reaction rates can be evaluated from
the cavity-free FGR correlation function with minimum additional effort, and this method will be
applied to a model CT reaction. While a high-frequency cavity enhances reactions in the Marcus
inverted region selectively, a low-frequency cavity enhances reactions in all regions uniformly.

In the fourth chapter, the FGR charge transfer rate constants for a molecular triad system sol-
vated in explicit solvent is calculated via linear semiclassical (LSC) approach. A Marcus-like
expression can be derived after applying a hierarchy of approximations. The validity of such ap-
proximations will be confirmed for the triad model. It will also be shown that the charge transfer

x



rate depends deeply on the conformation of the molecule, the fluctuation between which is the
rate-limiting step of the charge transfer.
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CHAPTER 1

Introduction

1.1 Motivation for a Perturbative Reduced Dynamics Method

Defined in the broadest sense, chemical dynamics is the study of particle, charge, and energy
transfer processes in molecular systems. Quantum dynamical effects play an important role for
both the electronic and the nuclear degrees of freedom (DOF),1–3 hence the only way to obtain the
exact dynamics is to treat all DOF fully quantum mechanically.

The well-known time dependent Schrödinger equation is the equation of motion (EOM) for a
ket vector |Ψ(t)〉 in the Hilbert space. It is however inadequate for many relevant systems because
they are open systems. A system being open, as opposed to being closed, means that it is coupled
to an outside environment, or in other words, a sub-system of a closed overall system.

The state of an open system can be represented by a density operator ρ̂(t) which is equivalent to
a vector in Liouville space. A density operator takes the general form ρ̂(t) =

∑
jk ρjk(t)|ψj〉〈ψk|

where {|ψj〉} is an orthonormal basis spanning the Hilbert space, and the density operator is rep-
resented by a density matrix in that basis, with its jk-th element given by ρjk(t). Density operators
have several properties: A) The trace of the density operator is unity Tr[ρ̂] =

∑
j ρjj = 1; B)

All populations (the diagonal elements of the density matrix) are positive ρjj ≥ 0; C) The density
operator is hermitian ρ̂† = ρ̂.

The dynamics of a density operator is described by the Liouville equation

d

dt
ρ̂(t) = − i

~

[
Ĥ, ρ̂

]
= − i

~
Lρ̂ , (1.1)

whereL is the Liouvillian superoperator (throughout this thesis, superoperators will be symbolized
by calligraphic letters A,B, · · · , whereas ordinary operators by carets Â, B̂, · · · ). To obtain the
expectation value of an observable Ô, a trace is performed 〈O〉(t) = Tr[ρ̂(t)Ô].

A pure state |Ψ(t)〉 also corresponds to a density operator of the form ρ̂(t) = |Ψ(t)〉〈Ψ(t)|,
which has the special property of being idempotent ρ̂ρ̂ = ρ̂. The pure state has otherwise the
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same properties as a generic density operator, and the Schrödinger equation is a special case of the
Liouville equation.

In the current dissertation, we focus on observables that only depends on the electronic DOF.
Such observables are used to describe such processes as electronic relaxation, exciton transfer,
and charge transfer, which are central to many technologically and biologically relevant processes
such as photovoltaics and photosynthesis. The expectation value of such an observable Ôe can be
simplified into

〈Oe〉(t) = Tre

[
TrN [ρ̂(t)]Ôe

]
= Tre

[
σ̂(t)Ôe

]
, (1.2)

where Tre[·] (TrN [·]) are the trace over electronic (nuclear) DOF, and σ̂ = TrN [ρ̂] is the reduced
electronic density operator.

Although σ̂(t) describes dynamics involving only the electronic DOF, its dynamics is still im-
pacted by the system’s non-electronic DOF coupled to it. The cost of simulating the dynamics
of the entire systems (electronic and non-electronic DOF) scales exponentially with the number
of DOF, thus fully quantum mechanical simulation is only possible for a small subset of models
that are of limited sizes or take specific forms,4–8 and is generally infeasible for realistic molecular
Hamiltonians.

A popular strategy for tackling this scaling challenge is to treat the relevant electronic DOFs
(also referred to as the system DOF) as an open system, and restrict the treatment of the remaining
DOFs (also referred to as the bath DOF) to the minimum necessary in order to account for their
effect on the electronic dynamics. (For the rest of this dissertation we will use ”electronic (nu-
clear) DOF” and ”system (bath) DOF” interchangeably.) Such approaches include mixed quantum-
classical and semiclassical methods that treat the bath DOF at a more approximate, and thereby
more cost-effective, level9–42 and methods based on performing reduced dynamics in the space of
system DOFs only, formulating the input on the bath DOF necessary in order to account for their
effect on the reduced dynamics in terms of compact quantities such as time correlation functions,
spectral densities, memory and friction kernels, and influence functionals.1,1,43–50,50–74

Projection-based methods provide a general framework for formulating reduced dynamics.
Through the use of a projection superoperator, the overall density operator is projected onto a
subspace that effectively eliminates the dynamics of bath DOF, the propagation is then performed
for the projected state, which would only include information about the electronic dynamics. The
effect of the bath DOF on the dynamics of the electronic DOF of interest in terms of compact
reduced quantities such as memory kernels, population relaxation and dephasing rate coefficients,
etc. Different types of projection-based methods have been proposed over the years. On the highest
end in terms of approximations, the time-nonlocal (TNL) Nakajima-Zwanzig generalized quantum
master equation (GQME)61–68,71,72,75–85 and its time-local (TL, also referred to as time convolution-
less in some contexts) analogue86–89 provide formally exact EOM for the projected state. However,
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calculating the GQME memory kernel requires performing dynamics in the overall (system + bath)
space, which again relies somewhat on either costly exact methods, or approximate quasi-classical
methods. Still, GQME tends to out-perform the underlying dynamics methods used to calculate
its inputs, because the memory kernel tends to vanish on a timescale smaller than the sought-after
dynamics.

Quantum master equations (QMEs) is a perturbative approach to the projection-based dynam-
ics, where the Hamiltonian Ĥ = Ĥ0 + ĤI is treated as the sum of a zeroth-order Hamiltonian
Ĥ0 and a small perturbation ĤI. As a result, the QME memory kernels, relaxation rate constants
and so on depend on bath-only correlation functions, which are easier to calculate than in the case
of GQME. Depending on the way ĤI is chosen, two major types of QMEs exist. Redfield-type
QME is the case where Ĥ0 is separable to a system part and a bath part, i.e. all system-bath
coupling is contained in the interaction ĤI. With the addition of the Markovian limit (i.e. time-
independent rate constants) and usually the secular approximation, TL Redfield QME reduces to
the well-known Redfield equation.56,60,90–95

In the present dissertation, we focus on the other kind of QMEs based on treating the off-
diagonal coupling terms between electronic states as a small perturbation, within the framework of
second-order perturbation theory. In what follows, these QMEs will be referred to as off-diagonal

QMEs (OD-QMEs). An important characteristic of OD-QME is that its definition changes with
different choices of the electronic basis being used, since what counts as ”off-diagonal” depends
on the basis. In the eigenbasis of the bare electronic Hamiltonian (e.g. the delocalized exciton
basis in the context of aggregate systems), OD-QME is more widely known as modified Redfield
theory, first developed as a less approximated alternative to Redfield theory.50,59,94,96–99 Choosing
the local excitation basis (i.e. site basis) leads to another type of OD-QME sometimes referred to
as QME in the Förster regime,50,98 limiting the perturbative treatment to the Coulombic coupling
between local excited states, which reduces to the well-known Fermi’s golden rule (FGR) in the
Markovian limit,43,45,100–102 and further to Marcus theory in the case of harmonic potential energy
surface (PES).

Historically, direct application of OD-QME has been limited to the dynamics of electronic
populations σjj(t) = 〈j|σ̂(t)|j〉, and the coherence σjk(t) = 〈j|σ̂(t)|k〉 were excluded. What
makes the direct application of OD-QME challenging for the dynamics of the coherence is the fact
that while GQME and Redfield QME are formulated in the Schrödinger picture, OD-QMEs are
formulated in the interaction picture, and the transformation between the pictures alters the coher-
ence but not the populations. Recently, a projection-based technique was proposed to retrieve the
Schrödinger picture coherence from population dynamics,50 which we generalized into a technique
that can take any interaction picture reduced dynamics and yield the corresponding Schrödinger
picture density.103
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1.2 Quantum Master Equations

Consider a system whose dynamics is governed by a Hamiltonian Ĥ = Ĥ0 + ĤI, split into a
zeroth-order Hamiltonian Ĥ0 and an interaction Hamiltonian ĤI to be treated perturbatively. The
density operator, Hamiltonian and Liouville equation in the interaction picture are given by:

ρ̃(t) = e
i
~ Ĥ0tρ̂(t)e−

i
~ Ĥ0t

H̃I(t) = e
i
~ Ĥ0tĤIe

− i
~ Ĥ0t

(1.3a)

d

dt
ρ̃(t) = − i

~

[
H̃I(t), ρ̃(t)

]
= − i

~
LI(t)ρ̃(t) (1.3b)

It should be noted that LI(t) is the (explicitly time-dependent) interaction Liouvillian in the in-
teraction picture, not to be confused with LI, which is the (time-independent) Liouvillian in the
Schrödinger picture.

We now consider the interaction picture dynamics of a projected state. A projection is defined
by its projection superoperator P which satisfies PP = P . The complimentary projection is
defined byQ = 1−P , it is easy to show that PQ = QP = 0. To eliminate the bath DOF with the
projection, the projection operator is defined as

P ρ̃(t) = ρ̂N(0)⊗ PeTrN

[
ρ̃(t)

]
, (1.4)

where the initial density operator of the overall system ρ̂(0) = ρ̂N(0) ⊗ σ̂(0) is assumed to be
factorizable into the tensor product of an initial bath density operator ρ̂N(0) and an initial system
density σ̂(0). Pe is a system projection superoperator that filters out irrelevant elements of the
reduced density matrix, chosen such that Peσ̂(0) = σ̂(0). In this dissertation we consider two
cases: the full case where Pe = 1 and the population only case where Peζ̂ =

∑
j |j〉〈j|〈j|ζ̂|j〉.

As is well known, the dynamics of the projected state, P ρ̃(t), is given by the Nakajima-Zwanzig

equation:1,86,94,104,105

d

dt
P ρ̃(t) = − i

~
PLI(t)P ρ̃(t)

− 1

~2

∫ t

0

dτ PLI(t)G(t, τ)QLI(τ)P ρ̃(τ)
(1.5a)

G(t, τ) ≡ exp+

[
− i
~

∫ t

τ

dt′QLI(t
′)

]
. (1.5b)

Here, the inhomogeneous term vanishes because the projection superoperator was chosen such that

P ρ̃(0) = ρ̃(0) . (1.6)

4



An alternative route that leads to a TL EOM is based on recasting the Nakajima-Zwanzig equa-
tion in a TL form, which we will refer to as the Shibata equation, by introducing the operator
Σ(t):86–89

d

dt
P ρ̃(t) = − i

~
PLI(t)P ρ̃(t)

− i

~
PLI(t) [1− Σ(t)]−1 Σ(t)P ρ̃(t)

(1.7a)

Σ(t) ≡ − i

~

∫ t

0

dτ G(t, τ)QLI(τ)PḠ(τ, t) (1.7b)

Ḡ(τ, t) ≡ exp−

[
i

~

∫ t

τ

dt′LI(t
′)

]
, (1.7c)

Here, Ḡ(τ, t) is the interaction picture backward time evolution operator from time t to time τ .
Expanding the Nakajima-Zwanzig equation, Eq. (1.5a), to second order in LI(t), which is

equivalent to setting G(t, τ) = I, followed by substituting in the definition of projection P , Eq.
1.4, yields the TNL quantum master equation (TNL-QME), which is an EOM for the projected
reduced density matrix in the interaction picture σ̃P(t) = Peσ̃(t):

d

dt
σ̃P(t) = − i

~
〈LI(t)〉P σ̃P(t)− 1

~2

∫ t

0

dτ KP(t, τ)σ̃P(τ) , (1.8)

where the effective Liouvillian superoperator 〈LI〉P and the memory kernel KP are defined as

〈LI(t)〉P = PeTrN

[
LI(t)ρ̂N(0)

]
(1.9a)

KP(t, τ) = PeTrN

[
LI(t)QLI(τ)ρ̂N(0)

]
(1.9b)

The above procedure can also be applied to the Shibata equation, Eq. (1.7a), yielding a TL
quantum master equation (TL-QME) with a very similar form to the TNL case:

d

dt
σ̃P(t) = − i

~
〈LI(t)〉P σ̃P(t)− 1

~2

[ ∫ t

0

dτ KP(t, τ)
]
σ̃P(t) , (1.10)

where the same definitions for the superoperators, Eq. 1.9 are applied. The similarity between
TL and TNL QME is the coincidental result of the second-order perturbative treatment, and is not
generally true for higher than second order.

Now armed with a reduced dynamics method in the interaction picture, our next step is to obtain
the Schrödinger picture reduced dynamics from the interaction picture one. This is trivial in the
case of Redfield QME, where the zeroth-order Hamiltonian Ĥred

0 = Ĥe + ĤN is separable into an
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electronic and a nuclear Hamiltonian:

σ̂(t) = TrN

[
e−

i
~ Ĥete−

i
~ ĤN tρ̃red(t)e

i
~ ĤN te

i
~ Ĥet

]
= e−

i
~ ĤetTrN

[
e

i
~ ĤN te−

i
~ ĤN tρ̃red(t)

]
e

i
~ Ĥet

= e−
i
~ Ĥetσ̃red(t)e

i
~ Ĥet

, (1.11)

this is however not true in the general case where the zeroth order Hamiltonian is not separable,
and the Schrödinger picture dynamics σ̂(t) has to be obtained with the help of approximations.

We start by expressing σ̂(t) formally in terms of the projected states in the interaction picture:

σ̂(t) = TrN

[
e−

i
~L0tρ̃(t)

]
= TrN

[
e−

i
~L0tP ρ̃(t)

]
+ TrN

[
e−

i
~L0tQρ̃(t)

]
, (1.12)

where P ρ̃(t) = ρ̂N(0) ⊗ σ̃P(t) is already obtained by definition, as for Qρ̃(t) we substitute in its
formal solution:

σ̂(t) = TrN

[
e−

i
~L0tP ρ̃(t)

]
− i

~

∫ t

0

dτ TrN

[
e−

i
~L0tG(t, τ)QLI(τ)P ρ̃(τ)

]
. (1.13)

Truncating the second term to the first order of ĤI yields an expression for σ̂(t) in terms of σ̃P(t):

σ̂(t) = 〈G0(t)〉σ̃P(t)− i

~

∫ t

0

ds K̄(t, s)σ̃P(s) (1.14a)

〈G0(t)〉 = TrN

[
e−

i
~L0tρ̂N(0)

]
(1.14b)

K̄(t, τ) = TrN

[
e−

i
~L0tQLI(τ)ρ̂N(0)

]
(1.14c)

A few important observations can be made regarding Eq. 1.14a. It is first-order, and is therefore
more approximate than the second order TNL-QME. However, the underlying perturbative trun-
cation in both cases amounts to setting G(t, τ) = I. The full Schrödinger picture reduced density
is retrieved from a projected interaction picture density, meaning the dynamics of the electronic
coherences can potentially be retrieved from only the populations. A ’TL’ version of Eq. 1.14a can
be produced by replacing the σ̃P(s) term with σ̃P(t). This however leads to little improvements in
terms of performance, since Eq. 1.14a is not an integro-differential equation like TNL-QME.

To summarise the derivations up to this point, TNL- and TL-QME are perturbative EOMs for
the reduced density matrix. To obtain the Schrödinger picture reduced dynamics, one needs to
calculate four superoperators: 〈LI(t)〉P , KP(t, τ), 〈G0(t)〉, and K̄(t, τ), where all information of
the bath DOF are contained.
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1.3 Overview of the Dissertation

The rest of this dissertation will be organized as follows.
In chapter 2, the off-diagonal QME (OD-QME) is introduced and applied to a spin-boson bench-

mark model, where the effect of time-nonlocality and the choice of electronic projection will be
discussed.

In chapter 3, OD-QME is applied to the calculation of electronic absorption spectra for a bench-
mark system, where the projection-based method of obtaining the Schrödinger picture dynamics is
applied to yield the inter-band coherence. The results are compared to a Redfield TL-QME as well
as a numerically exact spectra.

In chapter 4, Fermi’s golden rule (FGR), which is equivalent to OD-QME in the Markovian
limit, is applied to a cavity-enhanced charge transfer model system to yield the transfer rate con-
stant. This leads to a potential method of obtaining the cavity-enhanced charge transfer rates from
only the cavity-free rate constants with minimal potential effort.

In chapter 5, FGR is applied to a molecular triad system to generate the charge transfer rate
constants. The underlying correlation functions required to construct the rate constants, unavail-
able in closed form for a complex molecular model, were obtained via the linearized semiclassical
(LSC) method.

A short summary of the dissertation and outlook for future projects with the OD-QME will be
given in chapter 6.
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CHAPTER 2

Simulating the Reduced Electronic Dynamics via
Off-Diagonal Quantum Master Equation

This chapter is based on ref. 103.

2.1 Introduction

As mentioned in the previous chapter, QMEs are perturbative methods where the overall Hamilto-
nian Ĥ = Ĥ0 + ĤI is split into a zeroth-order reference Hamiltonian Ĥ0 and a weak interaction
ĤI. The current dissertation is focused on the off-diagonal QME (OD-QME), where the electronic
off-diagonal coupling of the Hamiltonian is treated as the weak interaction, i.e.

Ĥ0 =
∑
j

Ĥj|j〉〈j| (2.1a)

ĤI =
∑
j 6=k

V̂jk|j〉〈k| . (2.1b)

Here, Ĥj = P̂
2
/2 + Vj(R̂) is the nuclear Hamiltonian when the system is in one of Ne diabatic

electronic states (within a diabatic basis of one’s choice {|j〉; j = 1, ..., Ne}), R̂ = (R̂1, ..., R̂N)

and P̂ = (P̂1, ..., P̂N) are the mass-weighted position and momentum operators of the N nuclear
DOF, and {V̂jk = Vjk(R̂)} are the off-diagonal coupling terms between electronic states [Vjk(R̂)

can become independent of R̂ under the Condon approximation].
In addition to the difference between TNL and TL OD-QME, the difference caused by the

choice of the electronic projection Pe is also put to test. Specifically, two choices of Pe will be
studied: the full density matrix Pe = I where all matrix elements are propagated in the interac-
tion picture, and the population dynamics only Pe =

∑
j |j〉〈j|Tr[|j〉〈j|·] ≡ PP where only the

populations are propagated in the interaction picture. For the rest of this dissertation, these four
OD-QMEs will be referred to by shorthands as shown in Table. 2.1.
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Table 2.1: Shorthands for the four types of OD-QMEs under consideration in the current disserta-
tion

P = I P = PP
Time-nonlocal f-TNL-OD-QME p-TNL-OD-QME

Time-local f-TL-OD-QME p-TL-OD-QME

2.2 Full Density Matrix Off-Diagonal Quantum Master Equa-
tion

In the case of f-TNL-OD-QME and f-TL-OD-QME, the QME superoperators 〈LI(t)〉P , KP(t, τ),
〈G0(t)〉, and K̄(t, τ) are given explicitly by

〈LI(t)〉P ζ̂ = TrN

[
LI(t)ρ̂N(0) ζ̂

]
(2.2a)

KP(t, τ) ζ̂ = TrN

[
LI(t)LI(τ)ρ̂N(0) ζ̂

]
− TrN

[
LI(t)ρ̂N(0) TrN

[
LI(τ)ρ̂N(0) ζ̂

]]
(2.2b)

〈G0(t)〉 ζ̂ = TrN

[
e−

i
~L0tρ̂N(0) ζ̂

]
(2.2c)

K̄(t, τ) ζ̂ = TrN

[
e−

i
~L0tLI(τ)ρ̂N(0) ζ̂

]
− TrN

[
e−

i
~L0tρ̂N(0) TrN

[
LI(τ)ρ̂N(0) ζ̂

]]
. (2.2d)

Substituting in the definition of the zeroth order and the interaction Hamiltonian, we arrive at
the explicit matrix elements of the superoperators Fjk,mn ≡ 〈k|(F|m〉〈n|)|j〉:〈

LI(t)
〉
jk,mn

= δ(k, n)
〈
V̂jm(t)

〉
− δ(j,m)

〈
V̂nk(t)

〉
(2.3a)

Kjk,mn(t, τ) = δ(k, n)
∑
l 6=j,m

〈
δV̂jl(t)δV̂lm(τ)

〉
+ δ(j,m)

∑
l 6=k,n

〈
δV̂kl(t)δV̂ln(τ)

〉∗
−
〈
δV̂nk(t)δV̂jm(τ)

〉
−
〈
δV̂mj(t)δV̂kn(τ)

〉∗ (2.3b)

〈
G0(t)

〉
jk,mn

= δ(j,m)δ(k, n)
〈
Ŝkj(t)

〉
(2.3c)

K̄jk,mn(t, τ) = δ(n, k)
〈
δŜkj(t)δV̂jm(τ)

〉
− δ(j,m)

〈
δŜjk(t)δV̂kn(τ)

〉∗
, (2.3d)

where 〈· · · 〉 = TrN [· · · ρ̂N(0)], and

V̂kl(t) = e
i
~ ĤktV̂kle

− i
~ Ĥlt = Tre

[
|l〉〈k|H̃I(t)

]
(2.4a)

Ŝkl(t) = e
i
~ Ĥkte−

i
~ Ĥlt (2.4b)

δÂ = Â−
〈
Â
〉
, (2.4c)
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such that

〈
δÂδB̂

〉
=
〈
ÂB̂
〉
−
〈
Â
〉〈
B̂
〉
. (2.4d)

As a result, all information regarding the bath DOF needed to solve the reduced EOM f-TNL-
OD-QME and f-TL-OD-QME are contained in the two-time bath correlation functions

〈
V̂jk(t)V̂mn(τ)

〉
= TrN

[
e

i
~ ĤjtV̂jke

− i
~ Ĥkt e

i
~ Ĥmτ V̂mne

− i
~ Ĥnτ ρ̂N(0)

]
, (2.5)

whereas the single-time correlation function 〈V̂jk(t)〉 is the special case of τ = 0, and
〈Ŝjk(t)V̂mn(τ)〉 can be thought of as the special case of setting V̂jk = 1.

We now pay a closer look to the superoperators Eq. 2.3a, 2.3b responsible for the interaction
picture dynamics. The first order term Eq. 2.3a, as well as the first two terms of the memory
kernel term Eq. 2.3b, couple electronic density matrix elements within the same row or column,
thereby allowing only for population-to-coherence and coherence-to-population transfer, while the
remaining two terms of Eq. 2.3b couple matrix elements across different rows and columns, be-
coming the only source of population-to-population and coherence-to-coherence transfer, within
the framework of the f-OD-QMEs.

The other two superoperators Eq. 2.3c, 2.3d are utilized to evaluate the Schrödinger picture
dynamics. Eq. 2.3c originates from the first term in Eq. 1.13, which is zeroth order in ĤI. This
term corresponds to the case where the interaction vanishes, and only couples each matrix element
to itself. Eq. 2.3d corresponds to the term that is first order in ĤI, and couples density matrix
elements within the same row or column. It is easy to show that under the transformation of Eq.
1.14a, the population dynamics remains invariant. i.e. 〈G0〉jj,jj = 1 and K̄jj,jk = 0

2.3 Population Dynamics Off-Diagonal Quantum Master
Equation

Since the electronic populations are invariant in the transformation to and from the interaction
picture, OD-QMEs was historically applied mostly to obtain populations dynamics. As a result,
the population dynamics only projection Pe = PP has been a popular choice of projection for
previous studies employing OD-QME.51,86,98,106–109 This corresponds to p-TNL-OD-QME and p-
TL-OD-QME, where the QME superoperators 〈LI(t)〉P , KP(t, τ), 〈G0(t)〉, and K̄(t, τ) are given
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explicitly by

〈LI(t)〉P = 0 (2.6a)

KP(t, τ) ζ̂ = PPTrN

[
LI(t)LI(τ)ρ̂N(0) PP ζ̂

]
(2.6b)

〈G0(t)〉 = PP (2.6c)

K̄(t, τ) ζ̂ = TrN

[
e−

i
~L0tLI(τ)ρ̂N(0) PP ζ̂

]
. (2.6d)

In this case of population transfer only dynamics, most matrix elements of the superoperators
vanish except for those involving population transfer:

Kjj,mm(t, τ) = δ(j,m)
∑
l 6=j

〈
V̂jl(t)V̂lj(τ)

〉
+ δ(j,m)

∑
l 6=j

〈
V̂jl(t)V̂lj(τ)

〉∗
−
〈
V̂mj(t)V̂jm(τ)

〉
−
〈
V̂mj(t)V̂jm(τ)

〉∗ (2.7a)

〈
G0(t)

〉
jj,mm

= δ(j,m) (2.7b)

K̄jk,mm(t, τ) = δ(m, k)
〈
Ŝkj(t)V̂jk(τ)

〉
− δ(j,m)

〈
Ŝjk(t)V̂kj(τ)

〉∗
. (2.7c)

Here, the first two terms of Kjj,mm are the self-couplings of the electronic populations, whereas
the remaining two terms are the population transfer between states. 〈G0(t)〉 corresponds to a trivial
transformation where all electronic populations are unchanged, and K̄ corresponds to a transfor-
mation where an electronic coherence σjk in the Schrödinger picture is obtained from the corre-
sponding two populations σjj, σkk.

One advantage population-only dynamics has over full density matrix dynamics is that the full
matrix dynamics requires one to evaluate the correlation function 〈V̂jk(t)V̂mn(τ)〉 for all combina-
tions of j 6= k,m 6= n, which for a generic system withNe electronic states isN2

e (Ne−1)2 correla-
tion function in total; while the population-only case, on the other hand, requires only Ne(Ne − 1)

correlation functions in the form of 〈V̂jk(t)V̂kj(τ)〉. Since the number of bath DOF usually far
exceeds that of the electronic system, the evaluation of the correlation functions takes up the ma-
jority of effort in OD-QME. As a result, population-only dynamics effectively reduces the effort
of OD-QME, even in the minimum case of a two level systems where the number of correlation
functions to be evaluated is halved.

It should be noted that the p-TNL-OD-QME Eq. 2.6b has the same form as what some previous
studies referred to as the generalized master equation (GME).52,106,110,111 p-TL-OD-QME, on the
other hand, is deeply related to the well-known Fermi’s golden rule (FGR). To see that, we first
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notice that p-TL-OD-QME can be cast into a Pauli-type rate equation:

d

dt
σjj(t) =

∑
k 6=j

kjk(t)σkk(t)−
∑
k 6=j

kkj(t)σjj(t) , (2.8a)

where the rate constants

kjk(t) =
2

~2
Re

∫ t

0

dτ
〈
V̂kj(t)V̂jk(τ)

〉
(2.8b)

coincides with the well known non-equilibrium FGR expression.43,44,46,48,112 To arrive at the more
widely used Markovian FGR where the rate constants are not time-dependent, two approximations
are made, the first of which assumes that〈

V̂jk(t)V̂kj(τ)
〉

= TrN

[
e−

i
~ Ĥjtρ̂N(0)e

i
~ Ĥjt V̂jk e

− i
~ Ĥk(t−τ)V̂kje

i
~ Ĥj(t−τ)

]
≈ TrN

[
ρ̂eqj e

i
~ Ĥj(t−τ)V̂jke

− i
~ Ĥk(t−τ) V̂kj

]
=
〈
V̂jk(t− τ)V̂kj

〉
,

(2.9)

where the two-time correlation function becomes a one-time correlation function that depends on
t − τ instead of {t, τ}. This can be achieved by either starting from the thermal equilibrium of
state j, ρ̂eqj = exp(−βĤj)/Z, or assuming that exp(−iĤjt/~)ρ̂N(0) exp(iĤjt/~) relaxes to ρ̂eqj in
a short-enough time scale. This is followed by a second assumption that 〈V̂jk(t− τ)V̂kj〉 decays to
zero in a short time scale, such that the integral in Eq. 2.8b can be extended to infinity,

kjk =
2

~2
Re

∫ ∞
0

dt
〈
V̂kj(t)V̂jk

〉
, (2.10)

which is the fully Markovian FGR in its classical form, referred to equilibrium FGR in some
contexts.

2.4 The Garg-Onuchic-Ambegaokar Model

In this chapter, we compare and contrast the dynamics of the electronic populations and coherences
obtained via the four types of OD-QMEs outlined in Sec. 2.1 (see Table 2.1). We do so in the
context of the Garg-Onuchic-Ambegaokar (GOA) benchmark model for charge transfer in the
condensed phase.113 Within this model, a donor (D) and an acceptor (A) diabatic electronic state
are coupled to a primary nuclear mode. The potential energy surface (PES) for this primary mode
is assumed to be harmonic, with the equilibrium geometry and energy in the donor and acceptor
states shifted relative to one another. The primary mode is also bilinearly coupled to a thermal
bath consisting of a large number of secondary harmonic modes whose PESs are electronic-state-
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independent.
The Hamiltonian for the GOA model is given by

Ĥ = Γσ̂x +
~ωDA

2
σ̂z +

P̂ 2
y

2
+

1

2
Ω2(ŷ + y0σ̂z)

2

+
N−1∑
α=1

[ p̂2
α

2
+

1

2
ω2
α

(
x̂α +

cαŷ

ω2
α

)2
] (2.11)

Here, σ̂x = |D〉〈A| + |A〉〈D| and σ̂z = |D〉〈D| − |A〉〈A|, where |D〉 and |A〉 at the donor and
acceptor diabatic electronic states, respectively; Γ is the electronic coupling coefficient (assumed
to be constant); −~ωDA is the donor-to-acceptor charge transfer reaction free energy; {ŷ, P̂y,Ω}
and {x̂α, p̂α, ωα} are the mass-weighed coordinates, momenta and frequencies for the primary and
secondary modes, respectively; {cα} are the coupling coefficients between the primary mode and
secondary modes; the equilibrium positions of the primary mode in the donor and acceptor states
are shifted relative to each other by 2y0, such that the reorganization energy is Er = 2Ω2y2

0 . The
secondary modes are described by an Ohmic spectral density with exponential cutoff

J(ω) ≡ π

2

N∑
α=1

c2
α

ωα
δ(ω − ωα) = ηωe−ω/ωc . (2.12)

Here, ωc is the cutoff frequency, and η determines the coupling strength between the primary and
secondary modes.

Since the primary and secondary modes are harmonic and bilinearly coupled, the GOA Hamilto-
nian can be expressed in terms of normal modes. Instead of using the asymptotic effective spectral
density for the normal modes, which is only known in closed form in the limit of Ω >> ωc,114 we
obtained the normal modes by diagonalizing the Hessian matrix.46 In terms of normal modes, the
GOA Hamiltonian has the same form as Eq. (2.1) with Ne = 2:

Ĥ = ĤD|D〉〈D|+ ĤA|A〉〈A|+ V̂DA|D〉〈A|+ V̂AD|A〉〈D| , (2.13a)

with

ĤD =
N∑
j=1

P̂ 2
j

2
+

1

2

N∑
j=1

ω̃2
j R̂

2
j + ~ωDA

ĤA =
N∑
j=1

P̂ 2
j

2
+

1

2

N∑
j=1

ω̃2
j

(
R̂j −Req

j

)2

(2.13b)

and V̂DA = V̂AD = Γ. Here, {R̂j, P̂j, ω̃j} are the normal mode coordinates, momenta and frequen-
cies, respectively, and {Req

j } are the equilibrium donor-to-acceptor shift in equilibrium geometry
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along the j-th normal mode coordinates (the reader is referred to Ref.46 for more details on those
quantities). In this form, the Hamiltonian is very similar to a spin-boson model, where the PESs
for the two diabatic states are harmonic and identical except for a shift in equilibrium energy and
equilibrium geometry. Importantly, the correlation functions 〈V̂jk(t)〉, 〈V̂ij(t)V̂kl(τ)〉, 〈Ŝjk(t)〉, and
〈Ŝij(t)V̂kl(τ)〉 can be evaluated exactly for this kind of system. For the rest of this dissertation, we
will use the term spin-boson loosely to refer to this kind of harmonic systems.

The system is assumed to start at the donor state with the nuclear DOF in thermal equilibrium
on the donor PES. Thus, ρ̂(0) = ρ̂N(0)⊗ |D〉〈D|, and ρ̂B(0) = e−βĤD/ TrB[e−βĤD ].

The OD-QMEs for the GOA model under consideration here are based on defining the off-
diagonal coupling in terms of the {|D〉, |A〉} basis, so that ĤI = Γ[|D〉〈A| + |A〉〈D|]. Since ĤI

is a purely electronic (or system) operator in this case, treating it as a small perturbation is not the
same as assuming weak system-bath coupling. Again, it should also be noted that other choices of
diabatic basis would lead to different types of OD-QMEs.

quantum-mechanically exact expressions for 〈V̂jk(t)〉, 〈V̂ij(t)V̂kl(τ)〉, 〈Ŝjk(t)〉, and
〈Ŝij(t)V̂kl(τ)〉 can be obtained in closed form for a spin-boson model (for derivation, see Appendix
A):

〈
V̂DA(t)V̂AD(τ)

〉
= Γ2eiωDA(t−τ) exp

{∑
j

ω̃j(R
eq
j )2

2~
coth(

1

2
β~ω̃j)

[
cos (ω̃j(t− τ))− 1

]}

exp

{
− i
∑
j

ω̃j(R
eq
j )2

2~
sin (ω̃j(t− τ))

}
(2.14a)

〈
V̂AD(t)V̂DA(τ)

〉
= Γ2e−iωDA(t−τ) exp

{∑
j

ω̃j(R
eq
j )2

2~
coth(

1

2
β~ω̃j)

[
cos (ω̃j(t− τ))− 1

]}

exp

{
i
∑
j

ω̃j(R
eq
j )2

~

[
sin (ω̃jt)− sin (ω̃jτ)− 1

2
sin (ω̃j(t− τ))

]}
(2.14b)

〈
V̂DA(t)V̂DA(τ)

〉
= Γ2eiωDA(t+τ) exp

{∑
j

ω̃j(R
eq
j )2

~
coth(

1

2
β~ω̃j)

[
cos (ω̃jt) + cos (ω̃jτ)

]}

exp

{
−
∑
j

ω̃j(R
eq
j )2

2~
coth(

1

2
β~ω̃j)

[
3 +cos (ω̃j(t− τ))

]}
(2.14c)

exp

{
i
∑
j

ω̃j(R
eq
j )2

~

[1

2
sin (ω̃j(t− τ))− sin (ω̃jt)

]}
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〈
V̂DA(t)

〉
=
〈
V̂DA(t)V̂AD(0)

〉
Γ−1 (2.14d)〈

V̂AD(t)V̂AD(τ)
〉

=
〈
V̂DA(τ)V̂AD(t)

〉∗
(2.14e)〈

ŜDA(t)
〉

=
〈
V̂DA(t)

〉
Γ−1 (2.14f)〈

Ŝij(t)V̂kl(τ)
〉

=
〈
V̂ij(t)V̂kl(τ)

〉
Γ−1 (2.14g)

2.5 Results and Discussion

In this section, we report results obtained via the four types of OD-QMEs (see Table 2.1) for the
GOA model. If not otherwise stated, the values of the model parameters used are as in Table
2.2. The frequencies and coupling coefficients for the secondary modes, {ωα, cα}, were generated
from the spectral density (see Eq. (2.12)) using the numerical discretization procedure described
in Appendix B, where the number of secondary modes N was chosen such that the OD-QME
dynamics converge. The numerical solution of the TNL-QMEs (Eq. 1.8) was obtained using a 4th-
order Runge-Kutta algorithm for integro-differential equations developed by Lubich, described in
Appendix C.115 Unless stated otherwise, Eq. 1.14a with the projection operator chosen to match
the OD-QME is used to calculate the schrödinger picture coherence. The OD-QMEs results are
also compared to numerically exact results that were obtained via the ML-MCTDH method.116

Table 2.2: GOA model parameters (in atomic units)

model bath numerical
parameters parameters parameter

Γ ωDA β ωc η Ω y0 N
0.2 0.0 ∞ 1.0 1.0 0.5 0.75 50

In Fig. 2.1, we show the electronic population difference (top row) and coherence (bottom
row) as a function of time, for different electronic coupling strengths, Γ = {0.01, 0.1, 0.2, 1.0}.
For the weakest electronic coupling (Γ = 0.01), all four OD-QMEs are seen to produce highly
accurate electronic populations and coherences, which can be attributed to the fact that the OD-
QMEs are based on treating the electronic coupling perturbatively, and thereby expected to be
accurate when the electronic coupling is sufficiently weak. Not surprisingly, discrepancies are
observed when the electronic coupling is made stronger. However, the deviations from the exact
results with increasing electronic coupling strength is seen to be highly sensitive to the type of
OD-QME. More specifically, while the two TNL-OD-QMEs (f-TNL-OD-QME and p-TNL-OD-
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QME) remain rather accurate throughout the entire electronic coupling range, this is not the case
for the TL-OD-QMEs (f-TL-OD-QME and p-TL-OD-QME). This is particularly true for the OD-
QMEs based on the populations-only projection superoperator, where the p-TL-OD-QME is seen
to become highly inaccurate at stronger electronic coupling, while the p-TL-OD-QME remains
accurate.

Figure 2.1: Electronic population difference (top row) and coherence (bottom row) as a function
of time obtained using f-TNL-OD-QME, p-TNL-OD-QME, f-TL-OD-QME, p-TL-OD-QME for
the GOA model with Γ = {0.01, 0.1, 0.2, 1.0}. See Table.2.2 for the values of other parameters.
Also shown are numerically exact MCTDH-based results.

Those trends suggest that the combination of projecting out the coherences with the convo-
lutionless approximation can have a significant negative effect on the accuracy of the OD-QME.
This is likely due to the fact that projecting out the electronic coherences implies that their effect
is accounted for perturbatively, via the memory kernel, which becomes less valid with increasing
electronic coupling strength. This is not the case for the f-density-matrix OD-QMEs (f-TNL-OD-
QME and f-TL-OD-QME), where the populations and coherences are treated on the same footing.
As a result the difference between f-TNL-OD-QME and f-TL-OD-QME is significantly smaller.

It should also be noted that the discrepancies that emerge between the OD-QMEs and exact
results with increasing electronic coupling strength are larger for the coherence than for the popu-
lation difference. This can be attributed to the fact that the procedure for obtaining the Schrödinger
picture coherences is based on first-order perturbation theory, whereas the populations are obtained
within the framework of second-order perturbation theory.
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Figure 2.2: Electronic population difference as a function of time obtained using f-TNL-OD-QME,
p-TNL-OD-QME, f-TL-OD-QME and p-TL-OD-QME, with |ωDA| = {0.0, 0.1, 0.2, Er, 0.5, 1.0}.
See Table.2.2 for the values of other parameters. Also shown are numerically exact MCTDH-based
results.

In Fig. 2.2, we show the electronic population difference as a function of time for different
values of the charge transfer reaction free energy, |ωDA| = {0.0, 0.1, 0.2, Er, 0.5, 1.0} (|ωDA| = Er

correspond to the inversion point between the normal and inverted regions, where Er = 0.28).
While the accuracy of the different types of OD-QMEs is seen to follow the same trends as in
Fig. 2.1, the discrepancies are seen to be a non-monotonic function of |ωDA|. More specifically,
the discrepancies are seen to be largest in the vicinity of the inversion point between the Marcus
normal and inverted regions (|ωDA| = Er), and becomes smaller as one goes deeper into either
the normal (|ωDA| < Er) or inverted (|ωDA| > Er) regions. This can be attributed to the fact that
treating the electronic coupling as weak is less valid in the vicinity of the inversion point, when the
charge transfer process is barrier-less, than further away from it (either in the normal or inverted
regions), which corresponds to increasing barrier height, and thereby weaker effective electronic
coupling.
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Figure 2.3: Electronic population difference (top three rows) as a function of time obtained us-
ing f-TNL-OD-QME, p-TNL-OD-QME, f-TL-OD-QME and p-TL-OD-QME, for the GOA model
with β = {∞, 5, 1} and ωDA = {0.0, Er}. See Table.2.2 for the values of the other parameters.
The bottom row shows the coherence for the case of β = 1. Also shown are numerically exact
MCTDH-based results.

In Fig. 2.3, we show the electronic population difference (top three rows) as a function of
time for different inverse temperatures, β = {∞, 5, 1} and |ωDA| = {0.0, Er}. Also included
is the coherence at the highest absolute temperature, β = 1 (bottom row). The OD-QMEs are
seen to become more accurate with increasing absolute temperature (decreasing β). Here too, the
deviations between he exact and OD-QME-based results, which increase with decreasing absolute
temperature, are seen to be sensitive to the type of OD-QME,following the same above mentioned
trends.

The improved accuracy of OD-QMEs with increasing temperature, and particularly so for the
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Figure 2.4: 〈V̂ij(t)〉 and 〈V̂ij(t)V̂kl(τ)〉 as a function of t and (t, t − τ), respectively, where
i, j, k, l ∈ {D,A}, for the GOA model with β = {5, 2, 1}. See Table.2.2 for the values of other
parameters. The intensity stands for the modulus, while the hue stands for the phase. The values
are normalized so that 〈V̂ij(0)〉 = 〈V̂ij(0)V̂kl(0)〉 = 1. The diagonal line represents τ = 0, and the
lower triangle portion is set to zero by definition.

TL-OD-QMEs, can be traced back to the temperature dependence of 〈V̂jk(t)〉 and 〈V̂jk(t)V̂mn(τ)〉
(see Fig. 2.4). More specifically, those quantities, and as a result the memory kernel, become
shorter lived with increasing temperature, thereby making the convolutionless approximation more
valid. This may also be the reason for previously made claims regarding the accuracy of the time-
local approximation,51,86 since this approximation does indeed become valid at sufficiently high
temperatures.

In Fig. 2.5, we show the electronic population difference as a function of time for different
values of the shift in primary mode equilibrium position between the donor and acceptor states,
y0. The differences between the predictions of the four different OD-QMEs is seen to diminish
with increasing y0. This can be traced back to the fact that 〈V̂jk(t)〉 and 〈V̂jk(t)V̂mn(τ)〉 become
shorter-lived with increasing y0, which corresponds to stronger coupling between the electronic
system and nuclear bath DOF (see Fig. 2.6).

We now consider the temporal behavior of 〈V̂DA(t)〉, 〈V̂DA(t)V̂AD(τ)〉, 〈V̂AD(t)V̂DA(τ)〉,
〈V̂DA(t)V̂DA(τ)〉, and 〈V̂AD(t)V̂AD(τ)〉, depicted in Figs. 2.4 and 2.6. We start with 〈V̂DA(t)〉,
which is explicitly given by 〈V̂DA(t)〉 = Γ2TrB[ρ̂B(0)eiĤDt/~e−iĤAt/~]. The lifetime of this quan-
tity is determined by the time scale of electronic dephasing, which we will denote by τd. As
expected, τd becomes longer with decreasing temperature and coupling strength between the elec-
tronic DOFs and the primary mode (see Figs. 2.4 and 2.6, top row).
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Figure 2.5: Electronic population difference as a function of time obtained using f-TNL-OD-
QME, p-TNL-OD-QME, f-TL-OD-QME and p-TL-OD-QME, with y0 = {0.25, 0.75, 1.5} and
β = 1. See Table. 2.2 for the values of other parameters. Also shown are numerically exact
MCTDH-based results.

Next consider 〈V̂DA(t)V̂AD(τ)〉, which is explicitly given by

〈V̂DA(t)V̂AD(τ)〉 (2.15)

= Γ2TrB

[(
e−

i
~ ĤDtρ̂B(0)e

i
~ ĤDt

)(
e−

i
~ ĤA(t−τ)e

i
~ ĤD(t−τ)

)]

In our case ρ̂B(0) = e−βĤD/ZD, which implies that e−iĤDt/~ρ̂B(0)eiĤDt/~ = ρ̂B(0), consistent with
the fact that 〈V̂DA(t)V̂AD(τ)〉 is independent of t (see Figs. 2.4 and 2.6). At the same time, and
similarly to 〈V̂DA(t)〉, the lifetime of 〈V̂DA(t)V̂AD(τ)〉 along the t − τ axis is determined by the
electronic dephasing time scale τd due to the e−iĤA(t−τ)/~eiĤD(t−τ)/~ term, which is also confirmed
by the results (see Figs. 2.4 and 2.6).

Next consider 〈V̂AD(t)V̂DA(τ)〉, which is given by

〈V̂AD(t)V̂DA(τ)〉 (2.16)

= Γ2TrB

[(
e−

i
~ ĤAtρ̂B(0)e

i
~ ĤAt

)(
e−

i
~ ĤD(t−τ)e

i
~ ĤA(t−τ)

)]

In this case e−iĤAt/~ρ̂B(0)eiĤAt/~ 6= ρ̂B(0) is time dependent, consistent with the fact that
〈V̂AD(t)V̂DA(τ)〉 is t-dependent during the time period in which the system relaxes to its equi-
librium state on the acceptor PES, e−βĤA/ZA (see Figs. 2.4 and 2.6). Denoting the time scale for
this relaxation process as τr, we see that like τd, τr increases with decreasing temperature and cou-
pling strength between the electronic and nuclear DOFs. For example, Γτr ∼ 3 for y0 = 1.5, while
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Figure 2.6: 〈V̂ij(t)〉 and 〈V̂ij(t)V̂kl(τ)〉 as a function of t and (t, t − τ), respectively, where
i, j, k, l ∈ {D,A}, for the GOA model with β = 1 and y0 = {1.5, 0.75, 0.25}. See Table.2.2
for the values of other parameters. The intensity stands for the modulus, while the hue stands for
the phase. The values are normalized so that 〈V̂ij(0)〉 = 〈V̂ij(0)V̂kl(0)〉 = 1. The diagonal line
represents τ = 0, and the lower triangle portion is set to zero by definition.

Γτr ∼ 4 for y0 = 0.75 (see Fig. 2.4). Similarly to V̂DA(t)V̂AD(τ)〉, the lifetime of 〈V̂AD(t)V̂DA(τ)〉
along the t− τ axis is determined by the electronic dephasing time scale τd.

Finally, consider 〈V̂DA(t)V̂DA(τ)〉 and 〈V̂AD(t)V̂AD(τ)〉, which are explicitly given by

〈V̂DA(t)V̂DA(τ)〉 (2.17)

= Γ2TrB

[
ρ̂B(0)

(
e

i
~ ĤDte−

i
~ ĤAt

)(
e

i
~ ĤDτe−

i
~ ĤAτ

)]
〈V̂AD(t)V̂AD(τ)〉 (2.18)

= Γ2TrB

[
ρ̂B(0)

(
e

i
~ ĤAte−

i
~ ĤDt

)(
e

i
~ ĤAτe−

i
~ ĤDτ

)]
The lifetimes of those quantities along the t and t− τ axes are similar, and given by τd. This is

also consistent with the fact that, unlike 〈V̂DA(t)V̂AD(τ)〉 and 〈V̂AD(t)V̂DA(τ)〉, 〈V̂DA(t)V̂DA(τ)〉
and 〈V̂AD(t)V̂AD(τ)〉 decay slower along the τ = 0 line (see Figs. 2.4 and 2.6).

The observations regarding the temporal behavior of 〈V̂DA(t)〉, 〈V̂DA(t)V̂AD(τ)〉,
〈V̂AD(t)V̂DA(τ)〉, 〈V̂DA(t)V̂DA(τ)〉, and 〈V̂AD(t)V̂AD(τ)〉 described above imply that the
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Figure 2.7: Schrödinger picture coherences as a function of time obtained by applying Eq. 1.14a
and its time convolutionless counterparts to the f-TNL-OD-QME (left column) or p-TNL-OD-
QME (right column) with β = {∞, 1}. See Table.2.2 for the values of other parameters. Also
shown are numerically exact MCTDH-based results.

TNL- and TL-OD-QMEs can be written in the following form at long times t > τd, τr:

d

dt
σ̃(t > τd, τr) = − 1

~2

∫ ∞
0

dsK(s)σ̃(t− s) (2.19)

d

dt
σ̃(t > τd, τr) = − 1

~2

(∫ ∞
0

dsK(s)

)
σ̃(t) (2.20)

Here K(s) is the late-time memory kernel that depends only on s = t − τ . It should be noted
that Eqs. 2.19 and 2.20 are stationary, since the rates do not depend explicitly on t. The accuracy
of other QMEs in this stationary regime has been reported previously to be inconsistent with the
short-time accuracy,117,118 and has been shown to be of lower order than the short-time dynamics
in the case of Redfield QMEs.118 We see a similar behavior in the case of OD-QME, where the
four OD-QMEs are seen to coincide in the stationary regime, but residual errors remain (see Fig.
2.3, 3rd and 4th row; and Fig. 2.5, left panel).

Lastly, in Fig. 2.7, we compare the full-density-matrix and the population-only variations of
Eqs. 1.14a, and their convolutionless counterparts, regarding their ability to reproduce Schrödinger
picture coherence from interaction picture electronic inputs generated by either full-tc-OD-QME
or p-tc-OD-QME, at absolute zero (β = ∞) or at a relatively high temperature (β = 1). The re-
sults in this figure confirm previously discussed trends, namely the superior accuracy of predictions
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based on the time-nonlocal methods compared to their time-local counterparts, the superior accu-
racy of predictions based on the full-density-matrix methods compared to their population-only
counterparts, and an overall improved accuracy with increasing temperature.

2.6 Concluding Remarks

In this chapter, we focused on a family of OD-QMEs, which are based on treating the coupling be-
tween electronic states (in the localized exciton basis) as a small perturbation, within the framework
of second-order perturbation theory. Combining the choices of projection operators (full reduced
density matrix vs. electronic populations), and the choice between the TNL and TL forms, four
different OD-QMEs are tested here (see Table 2.1).

The accuracy of the different types of OD-QMEs and the procedure for obtaining Schrödinger-
picture electronic coherences from interaction-picture electronic inputs was tested on the GOA
benchmark model for charge transfer in the condensed phase, across a relatively wide parameter
range. The results show that TNL-OD-QMEs can produce significantly more accurate predictions
for both electronic populations and Schrödinger-picture coherences than their TL counterparts,
particularly when the electronic observables of interest are chosen as the electronic populations.
The discrepancy between the TNL- and TL-OD-QMEs can be traced back to increasing memory
times with decreasing temperature (see Fig. 2.4) or decreasing coupling between the electronic
system and the primary mode (see Fig. 2.6). It should be noted that previous studies found that
TL-QMEs are not always less accurate than their TNL counterparts.94,119 However, we find that
this is the case in the case of the OD-QMEs under consideration in this paper, at least for the GOA
model.
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CHAPTER 3

Simulating Electronic Absorption Spectrum via
Off-Diagonal Quantum Master Equation

3.1 Introduction

Electronic spectroscopy is one of the main experimental probes of electronic observables..2,120–145

In the context of reduced electronic dynamics, simulating spectra calls for simulating the dynamics
of electronic coherence in the Schrödinger picture. As a result, previous applications of projection-
based methods to simulate spectra has been restricted to either Redfield-type TNL-QME which
propagates in the Schrödinger picture and therefore can be applied directly, or in the case of OD-
QME, it is applied only to generate the population transfer tensor (or its TNL analogue), whereas
the coherences are extracted with the help of further approximations such as the secular approxi-
mation.97,99,146,147

Our recently proposed and tested projection-based technique to retrieve Schrödinger picture
coherences from the interaction picture inputs, Eq. 1.14a,103 made it possible to simulate electronic
spectra via OD-QME directly. In this chapter, we take the first step towards achieving this goal
by applying TNL- and TL-OD-QME to simulate the electronic absorption spectra for a biexciton
model system, the results are compared against a Redfield-style TL-QME and numerically exact
hierarchy equation of motion (HEOM) method.
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3.2 Molecular Aggregate Hamiltonian and the Simulation of
Absorption Spectra

In this chapter, we consider a molecular aggregate system made out of two-state molecules de-
scribed by the Frenkel-exciton Hamiltonian

Ĥ =
∑
j

Ĥg
j B̂j B̂

†
j +

∑
j

(
∆j + Ĥe

j

)
B̂†j B̂j +

∑
j 6=k

ΓjkB̂
†
j B̂k , (3.1)

where B̂†j (B̂j ) are exciton creation (annihilation) operators for the j-th molecule, which satisfy
[B̂j , B̂

†
k] = δjk(1 − 2B̂†j B̂j ) and B̂j B̂j = 0. The band gap ~ω0 is omitted from the Hamiltonian

because we are working in a rotating frame of the same frequency, see appendix D. Similar to
Chpt. 2, we again assume that the Condon approximation is valid such that Γjk are constant and
correspond to the only coupling between localized excitons. Ĥg

j (Ĥe
j ) are the nuclear Hamiltonian

for the ground (excited) state of the j-th molecule.
The electronic absorption lineshape function, I(ω), can be obtained from the dipole-dipole

correlation function C(t):

I(ω) = Re

∫ ∞
0

dt C(t)eiωt (3.2a)

C(t) = Tr
[
µ̂ue

− i
~ Ĥtµ̂ρ̂eqe

i
~ Ĥt
]
. (3.2b)

Here, ρ̂eq =
∏

j Z
−1 exp(−βĤg

j )B̂j B̂
†
j is the ground state equilibrium density operator. The po-

larization operator is µ̂ = µ̂u + µ̂†u, where µ̂u =
∑

j µjB̂j . The introduction of µ̂u results from the
rotating frame and the rotating wave approximation (RWA) (see appendix. D), where the band gap
is assumed to be much larger than the detuning and electronic coupling.

Since the dipole operator is purely electronic, we can cast the correlation function into the form
C(t) = Tre[µ̂uζ̂(t)], where a reduced operator ζ̂(t) = TrN [exp(−iĤt~−1)µ̂ρ̂eq exp(iĤt~−1)] is
propagated using OD-QME. For the purpose of QME, it would be convenient to define an elec-
tronic basis, which in the context of absorption spectrum would only include the ground state |0〉,
as well as the one-exciton states {|j〉} where |j〉 corresponds to the j-th site excited while the re-
maining sites are in the ground state. For the rest of the current chapter, we will be working in this
site-local basis. As required by OD-QME, the off-diagonal part of the Hamiltonian, Eq. 3.1, is
treated as a small perturbation:

ĤI =
∑
j 6=k

ΓjkB̂
†
j B̂k =

∑
j 6=k

Γjk|j〉〈k| (3.3)
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To calculate the correlation function, Eq. 3.2b, we notice that only the lower-triangle inter-band
coherences |j〉〈0| are populated immediately after interacting with the dipole,

ζ̂(0) = µ̂|0〉〈0| =
∑
j

µj|j〉〈0| , (3.4)

hence only f-TNL-OD-QME and f-TL-OD-QME are used to evaluate the correlation function,
because the initial state condition Eq. 1.6 is not fulfilled in the case of population-only projection.

To obtain the inter-band coherence using OD-QME, previously reported methods99,146,147 sepa-
rate the broadening of lineshape into broadening due to population transfer, which can be obtained
using OD-QME, and pure dephasing. The latter is approximated to be the relaxation of coherence
under the influence of only Ĥ0, i.e. without population transfer. This introduces further approx-
imations including the secular approximation, the assumption that exp(− i

~Ĥ
g
j t) exp( i~Ĥ

e
j t) = 1,

and the Markovian limit.
Since the field-free Hamiltonian, Eq. 3.1, does not include inter-band coupling, the lower-

triangle inter-band coherences ζj0(t) remain the only non-vanishing matrix elements throughout
the time span of the dynamics. As a result, the relevant matrix elements of the QME superoperators
〈LI(t)〉P , KP(t, τ), 〈G0(t)〉, and K̄(t, τ) are limited to the couplings between lower-triangle inter-
band coherences, explicitly given by

〈LI(t)〉j0,k0 = ΓjkC
∗
j (t)Ck(t) (3.5a)

Kj0,k0(t, τ) =
∑
l 6=j,k

Γj,lΓl,k

[
Cl(t− τ)− Cl(t)C∗l (τ)

]
C∗j (t)Ck(τ) (3.5b)

〈G0(t)〉j0,k0 = δj,kCj(t) (3.5c)

K̄j0,k0(t, s) = Γjk

[
Cj(t− τ)− Cj(t)C∗j (τ)

]
Ck(τ) . (3.5d)

Hence, all superoperators can be obtained from the single-molecule correlation functions

Cj(t) = e−
i
~∆jt

[
e

i
~ Ĥ

g
j te−

i
~ Ĥ

e
j t

1

Z
e−βĤ

g
j

]
. (3.6)

In the current chapter, the nuclear Hamiltonians Ĥg
j , Ĥ

e
j are assumed to take harmonic forms

Ĥg
j =

1

2

∑
α

p̂2
j,α + ω2

j,αq̂
2
j,α (3.7a)

Ĥe
j =

1

2

∑
α

p̂2
j,α + ω2

j,α

(
q̂j,α −Rj,α

)2

, (3.7b)
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where the frequencies {ωα} and excitation displacement {Rα} are defined via the spectral density

Jj(ω) =
π

2

∑
α

ω3
j,αR

2
j,αδ
(
ω − ωj,α

)
. (3.7c)

Given the harmonic form of Ĥg
j and Ĥe

j , the single-molecule correlation functions, Eq. 3.6, can
be calculated in a closed form utilizing multidimensional Gaussian integrals:45,103,114 (the molecule
index subscript j is omitted on the RHS)

Cj(t) = e−
i
~∆t exp

{
− i
∑
α

ωαR
2
α

2~
sin(ωαt)

}
exp

{∑
α

ωαR
2
α

2~
coth(

1

2
β~ωα)[cos(ωαt)− 1]

}
.

(3.8)

3.3 Model Parameters and Method Details

In this section, we compare the absorption spectra , Eq. 3.2a for a Frenkel biexciton model, calcu-
lated using TNL- and TL-OD-QME, as well as a Redfield-type TL-QME and a numerically exact
method.

The Frenkel biexciton model consists of two molecules, resulting in three electronic states (one
ground state and two singly-excited states). The two transition dipole dipole vectors are assumed
to be anti-parallel, such that µ1/µ2 = −5. The detunings are set to be ∆1 = 100 cm−1 and
∆2 = −100 cm−1

We assume the two molecules to have identical spectral density, which is chosen to be of Ohmic
form with Lorentzian cutoff,

J1(ω) = J2(ω) = 2λ
ωcω

ω2
c + ω2

, (3.9)

where λ is the reorganization energy of single-molecule excitation, and ωc is the cutoff frequency.
Each molecule is discretized to have 50 modes, following the discretization procedure outlined in
appendix B (see also Ref. 148), resulting a total of 100 molecular DOF.

In the following section two types of molecule will be examined: a slow case ωc = 18 cm−1

and a fast case ωc = 200 cm−1. For both settings, we will explore the parameter space for λ, which
corresponds to the coupling between electronic and nuclear DOF (i.e. system-bath coupling), as
well as the electronic coupling, Γ12 ≡ Γ.

Aside from TNL-OD-QME and TL-OD-QME, results from a TL Redfield QME and the nu-
merically exact hierarchy of equations of motion (HEOM) method are included for comparison.
Both the Redfield QME (referred to as the TCL method in the package) and HEOM are generated
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using the open-source pyrho package.149

3.4 Absorption Spectra

We start from the case of slow bath ωc = 18 cm−1 at T = 72 K, for which the frequency-domain
absorption spectra is shown in Fig. 3.1. The reorganization energy λ increases from left column to
right column, while the electronic coupling Γ increases from top row to bottom row.

Figure 3.1: The absorption spectra for the slow bath and low temperature case (ωc = 18 cm−1,
T = 72 K). The reduced dynamics is obtained using one of three QMEs, or the numerically exact
HEOM. From top row to bottom row, in order: Γ = 5 cm−1, Γ = 25 cm−1, and Γ = 100 cm−1;
from left column to right column, in order: λ = 10 cm−1, λ = 100 cm−1, and λ = 1000 cm−1. The
spectra are calculated without re-normalization.

Unsurprisingly, the correlation function becomes more damped and shorter-lived as λ becomes
larger, which corresponds to stronger system-bath coupling, leading to faster decoherence and
broader absorption peaks. The smaller left peak, which corresponds to the weaker transition 0→ 2,
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becomes more prominent as the electronic coupling Γ becomes stronger, and better facilitates the
coherence transfer from σ10 to σ20.

Figure 3.2: The absorption spectra for the fast bath and low temperature case (ωc = 200 cm−1,
T = 72 K). The reduced dynamics is obtained using one of three QMEs, or the numerically exact
HEOM. From top row to bottom row, in order: Γ = 5 cm−1, Γ = 25 cm−1, and Γ = 100 cm−1;
from left column to right column, in order: λ = 10 cm−1, λ = 100 cm−1, and λ = 1000 cm−1. The
spectra are calculated without re-normalization.

The lineshape predicted by TL Redfield QME agrees well with the exact result, even in the
case of strong system-bath coupling, which the Redfield theory treats as a small perturbation. It
has been previously shown that the Markovian Redfield theory leads to much broader spectra than
expected in the case of a slow bath,150,151 this shows that the source of this error is almost entirely
the non-Markovianity of the slow bath, instead of the system-bath coupling.

The lineshape predicted by both TL- and TNL-OD-QME also agrees well with the exact result
along all of the examined parameter space, and only deviates slightly from the exact spectra in
the case of strong electronic coupling Γ = 100 cm−1, which OD-QME treats perturbatively. Ad-
ditionally, TNL-OD-QME and TN-OD-QME spectra differ slightly in the weak system-bath and
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strong electronic coupling case (Fig. 3.1, lower left panel). In chapter 2, it is shown that weaker
system-bath coupling leads to longer-living single-molecule correlation functions, Eq. 3.6 and 3.8,
which strengthens the time-nonlocality of the EOM, leading to a discrepancy between TNL- and
TL-OD-QME.103 Inspecting the explicit form of the EOM, Eq. 3.5, we notice that since the elec-
tronic coupling Γ acts as a prefactor in the superoperators, the time-locality induced difference in
Cj(t) is magnified by the electronic coupling.

Figure 3.3: The absorption spectra for the fast bath and high temperature case (ωc = 200 cm−1,
T = 300 K). The reduced dynamics is obtained using one of three QMEs, or the numerically exact
HEOM. From top row to bottom row, in order: Γ = 5 cm−1, Γ = 25 cm−1, and Γ = 100 cm−1;
from left column to right column, in order: λ = 10 cm−1, λ = 100 cm−1, and λ = 1000 cm−1. The
spectra are calculated without re-normalization.

We next consider the case of fast bath ωc = 200 cm−1 at T = 72 K, for which the frequency-
domain absorption spectra is shown in Fig. 3.2. The fast bath turns out to be more challenging
for the QMEs. In the case of weak and intermediate system-bath coupling (λ = 10 cm−1 and
100 cm−1), all three QMEs capture the shapes of peaks rather well, albeit not as accurate as the
slow bath case. As expected, both OD-QME are more accurate when the electronic coupling Γ is
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weak, while the aforementioned time-locality induced error, i.e. the discrepancy between TL- and
TNL-OD-QME, again manifests with strong electronic coupling (Fig. 3.2, lower left panel).

In the case of strong system-bath coupling (λ = 1000 cm−1, see Fig. 3.2, left column), all
three QMEs significantly overestimates the strength of the peak. This is especially surprising for
OD-QME, because this error shows no dependence on its perturbative parameter Γ, and a strong
system-bath coupling leads to highly time-local dynamics, rendering time-locality induced error
unlikely.

Lastly, consider the case of fast bath at a high temperature ωc = 200 cm−1 at T = 300 K, for
which the frequency-domain absorption spectra is shown in Fig. 3.3. Unsurprisingly, the higher
temperature leads to inhomogeneous broadening of the spectra. On the other hand, lineshapes
predicted by all three QMEs agree well with the exact result, this includes the strong system-bath
coupling case (λ = 1000 cm−1, see Fig. 3.3, left column), which the QMEs are wildly inaccurate
at low temperature. The fact that this error manifests at low temperature and high bath frequency
suggests that strong coupling to a quantum bath affects the accuracy of QMEs, although they
require no classical treatment to the bath EOM.

Overall, there is no case in which OD-QME significantly outperforms Redfield QME, even
when system-bath coupling is strong. In other words, the OD-QME seems to be more sensitive
to increasing electronic coupling than Redfield is to system-bath coupling. The possible reason to
this behavior is that while both OD- and Redfield QME are second order in terms of the respective
interactions ĤI, for OD-QME an extra step, Eq. 1.14a, was added to retrieve the Schrödinger
picture, which is first order in ĤI, making OD-QME less resistant to increasing electronic coupling.

3.5 Concluding Remarks

Quantum master equations are known to be a useful family of reduced dynamics methods in the
simulation of electronic spectra, which in the dipole approximation relies heavily on simulating
the dynamics of inter-band coherences. Redfield-type QMEs, which treat the system-bath cou-
pling as a perturbation, is performed in the Schrödinger picture and generates coherence dynamics
directly. OD-QME, including modified Redfield theory and QME in the Förster regime, treats
the off-diagonal part of the Hamiltonian as a perturbation and hence propagates in the interaction
picture. As a result, OD-QME can only be used to obtain population dynamics directly, and the
coherence has to be extracted by applying further approximations.

In this chapter, we apply the projection-based technique that generates Schrödinger picture
dynamics from interaction picture dynamics,50,103 to simulate electronic absorption spectrum via
TNL- and TL-OD-QME. A harmonic Frenkel biexciton model is used as the benchmark system,
and the OD-QME spectra is compared to a non-Markovian TL Redfield QME, and numerically
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exact HEOM. Overall, OD-QME shows comparable accuracy to Redfield QME, its error increases
somewhat with increasing electronic coupling strength, but OD-QME stays rather accurate even
in the presence in strong electronic coupling. Using TNL-OD-QME instead of TL-OD-QME pro-
vides little improvement in most cases, with the only exception being the case of weak system-bath
coupling and strong electronic coupling, where TNL-OD-QME is slightly more accurate. We be-
lieve this is the combined result of weak system-bath coupling leading to a longer living memory
kernel, and strong electronic coupling magnifying this time-nonlocality induced difference. All
three QMEs fail to capture the lineshape with a high-frequency bath at a low temperature. The
cause of this error is unlikely to be either the perturbative nature of the method, or the time-
nonlocality of the dynamics. We conclude that this error may be linked to the quantum behavior
of the bath, further investigation of this phenomenon in QME remains an open question.
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CHAPTER 4

An Efficient Approach for Calculating
Cavity-Enhanced Charge Transfer Rate Constants

This work is done in collaboration with Dr. Max Saller

4.1 Introduction

Recent experiments have demonstrated that chemical reactions can be controlled by performing
them inside of micro-cavities, taking advantage of the strong152–157 or ultra-strong158–161 coupling
between the optical modes of the electromagnetic micro-cavities162–165 and the molecular matter
placed inside the cavity. Such ability suggests a wide range of potential utilities, including energy
and charge transfer, photochemistry and catalysis, as well as manipulating optical and electrical
properties, nonlinear optical response and reactivity.156,158,166–200

These experimental advances call for the development of accurate and cost-effective computa-
tional methods for simulating the dynamics of molecular matter inside cavities. In this chapter, the
cavity-induced enhancement of charge transfer (CT) rates for a benchmark model is studied using
equilibrium Fermi’s golden rule (EFGR, Eq. 2.10), which is the Markovian limit of p-TL-OD-
QME. While a straightforward approach to this problem would involve propagating the material
system together with the cavity DOF to evaluate the correlation functions Eq. 2.7a, we found that
the cavity-enhanced CT rate constant can be expressed by a sum of the cavity-free rate constant
and a correction term, which can be obtained from the cavity-free rate constant where the energy
gap of the reaction is shifted by the cavity frequency. Hence, the cavity-enhanced CT rate constant
can be evaluated from the cavity-free rate constant with minimal additional effort.
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4.2 Model Hamiltonian

In the current chapter, we consider the benchmark model Hamiltonian of a molecular system un-
dergoing CT while being coupled to a single cavity mode that was recently studied by Huo et

al.201

The full light-matter Hamiltonian is given by

Ĥ = − ε|A〉〈A|+ ∆
(
|D〉〈A|+ |A〉〈D|

)
+

P̂ 2
s

2Ms

+
∑

α∈{D,A}

1

2
Msω

2
s

(
R̂s −Rα,0

)2|α〉〈α|+ ĤSB + ĤF ,
(4.1)

where ε = ~ωDA is the energy gap between the diabatic donor (D) and acceptor (A) state, ∆ = 5

meV is the electronic coupling between the two diabatic states.
R̂s, P̂s, Ms = 0.265 ps2 and ωs = 9.5 meV correspond to the position, momentum, mass and

frequency, respectively, of the primary solvent DOF which is directly coupled to the electronic
DOF.
RD,0 = 0 and RA,0 =

√
2λ/f0 correspond to the equilibrium geometry displacements of this

DOF in the donor and acceptor states, respectively. Here, λ = 950 meV is the reorganization
energy and f0 = 55.7 is the force constant. ĤSB corresponds to the Hamiltonian of the bath of
secondary solvent DOF, which are coupled to the primary solvent DOF, and is given by:

ĤSB =
B∑
j=1

[ P̂ 2
j

2Mj

+
Mjω

2
j

2

(
R̂j −

cj
Mjω2

j

R̂s

)2
]
, (4.2)

where B = 100 is the number of bath DOF. The position, momentum, and mass of the jth bath
mode are given by Rj , Pj , and Mj = Ms, respectively, and the frequency and coupling coefficient
ωj , cj are obtained from discretizing an Ohmic spectral density of the form

J(ω) =
π

2

B∑
j=1

c2
j

Mjωj
δ(ω − ωj) = ηωe−

ω
ωc , (4.3)

where ωc = 9.5 meV and η = 1.066 × 106 a.u. are the characteristic frequency of the bath and
the friction coefficient, respectively. Following Ref. 201, we adopt the discretization scheme from
Ref. 202. Finally, ĤF is the field-matter Hamiltonian which is given by

ĤF = ~ωFa
†
FaF + ~gF

(
|D〉〈A|+ |A〉〈D|

)(
a†F + aF

)
, (4.4)

where ωF is the frequency of the single field mode coupled to the electronic DOF of the mate-
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Model I Model II

~gF 3 meV 5 meV
~ωF 10 meV 200 meV

Table 4.1: Field mode frequency and light-matter coupling parameters for two CT in cavity Hamil-
tonians under consideration.

rial system, and a†F and aF are the corresponding photonic creation and annihilation operators,
respectively. The field-matter coupling strength is given by

~gF =

√
~ωF

2ε0L
µDA , (4.5)

where ε0 and L are the vacuum permittivity and the length of the cavity, respectively, and
µDA = µAD is the electronic transition dipole moment. Following Ref. 201, we present results
that correspond to a temperature of T = 300K and for two different sets of field parameters, which
correspond to the CT process following rate kinetics,201 which will be referred to as Model I and
Model II (see Table 4.1).

4.3 Cavity-Enhanced Fermi’s Golden Rule Charge Transfer
Rate Constant

The cavity-enhanced process of donor-to-acceptor charge-transfer is probed using EFGR (Eq.
2.10), which is p-TL-OD-QME in the Markovian limit such that the rate constant is no longer
time-dependent. The FGR rate constant is given by

kDA =
1

~2

∫ ∞
−∞

dt CFGR(t) , (4.6)

where the FGR correlation function is given by

CFGR(t) = TrNP

[
ĤI,ADρ̂

eq
D eiĤDtĤI,DAe−iĤAt

]
, (4.7)

where TrNP = TrNTrP is the trace over nuclear (that is, the primary solvent mode and the second
bath modes) and photonic DOF. Following the previous applications of OD-QME, the Hamiltonian
is divided into the diagonal component Ĥα = 〈α|Ĥ|α〉 and the off-diagonal component ĤI,DA =

〈D|Ĥ|A〉 which will be treated perturbatively. The nuclear and photonic DOF are assumed to
initially be in thermal equilibrium at the donor state, such that ρ̂(0) = |D〉〈D| ⊗ ρ̂eqD and ρ̂eqD =
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exp(−βĤD)Z−1.
We notice that the nuclear and photonic DOFs do not couple to each other directly. Hence,

ĤD, ĤA, and ĤI,DA can be separated into nuclear and photonic terms:

ĤD = ĤN,D + ĤF,0 (4.8a)

ĤA = −ε+ ĤN,A + ĤF,0 (4.8b)

ĤI,DA = ĤI,AD = ∆ + ĤF,I . (4.8c)

Here, the photonic Hamiltonian is cast into the form of a single harmonic oscillator, such that R̂F =√
~

2ωF

(
âF + â†F

)
and P̂F = −i

√
~ωF

2

(
âF − â†F

)
are the photonic coordinate and momentum

operators, respectively. As a result, the photonic terms are given by:

ĤF,0 =
1

2

(
P̂ 2

F + ω2
FR̂

2
F

)
(4.9a)

ĤF,I =
√

2~ωFgFR̂F . (4.9b)

Separating the nuclear and photonic DOF into respective components, the FGR correlation
function can be written as:

CFGR(t) = e
i
~ εtTr

[(
∆ + ĤF,I

)
ρ̂eqD eiĤDt

(
∆ + ĤF,I

)
e−iĤAt

]
= Cnc

FGR(t) +
1

∆2
Cnc

FGR(t)Cc
FGR(t)

(4.10a)

Cnc
FGR(t) = e

i
~ εt∆2Tr

[
ρ̂eqN,DeiĤN,Dte−iĤN,At

]
(4.10b)

Cc
FGR(t) = Tr

[
ĤF,Iρ̂

eq
F,0eiĤF,0tĤF,Ie

−iĤF,0t

]
, (4.10c)

where Cnc
FGR(t) is the cavity-free FGR correlation function, i.e.

kncDA =
1

~2

∫ ∞
−∞

dt Cnc
FGR(t) , (4.11)

whereas the cavity-only correlation function Cc
FGR(t) is a one-mode entity that is available in close

form:
Cc

FGR(t) = ~2g2
F

[
coth(

1

2
β~ωF) cos(ωFt)− i sin(ωFt)

]
. (4.12)

The main result of the current chapter is obtained by substituting Eq. 4.12 into Eq. 4.10a, and
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performing the integration:

kDA = kncDA +
~2g2

F

2∆2

[
coth(

1

2
β~ωF)− 1

]
kncDA(ωF) +

~2g2
F

2∆2

[
coth(

1

2
β~ωF) + 1

]
kncDA(−ωF) , (4.13)

where the frequency-shifted cavity-free rate constant is defined as:

kncDA(ω) =
1

~2

∫ ∞
−∞

dt Cnc
FGR(t) eiωt . (4.14)

The significant utility of Eq. 4.13 is that it allows for the calculation of the cavity-enhanced
rate constant kDA from the cavity-free rate constants kncDA, k

nc
DA(±ωF) (the latter can be calculated

from the same correlation function). That is to say, if one obtains the cavity-free rates from the
correlation functions, the cavity-enhanced rates can be evaluated with little additional effort.

For the model system at hand, the cavity-free correlation function Cnc
FGR(t) can be obtained

in a similar fashion as the GOA model in chapter 2. The Hessian matrix of the nuclear DOFs
is diagonalized to yield a Hamiltonian with a spin-boson form, and the correlation function is
evaluated via Eq. 2.14.

Figure 4.1 shows the cavity-enhanced CT rate constants obtained via eq. 4.13, as a function of
the donor-acceptor energy gap ε, for Model I (left) and Model II (right). With or without the cavity,
the rate constants follow a roughly Marcus-like trend, where the rate increases with increasing ε in
a normal region where the energy gap is small, reaches maximum CT rate at a inversion point, and
decreases with increasing ε in the following inverted region. In Model I where the cavity frequency
is low, the introduction of the cavity to the system results in an overall increase of the CT rates by
a factor of 2, and does not lead to visible changes to the inversion point. In the high-frequency
case of Model II, the enhancement of rates by the cavity clearly favors larger ε, and the inversion
point is shifted to the right as a result.

The cavity-induced behavior shown in Fig. 4.1 can be understood by inspecting Eq. 2.14.
Firstly, we notice that in this context of rate constant as a function of energy gap, the shifted
cavity-free rate constant kncDA(±ωF) is equivalent to a cavity-free rate constant where the energy
gap ε is replaced by ε± ~ωF. Hence, the correction introduced by cavity kDA− kncDA is a weighted
sum of cavity-free rates where the energy gap is shifted to the left or to the right by ~ωF. As a
result, the low-frequency cavity of Model I (see table 4.1) can shift the inversion point by at most

10 meV, which leads to an almost uniform enhancement of rates at all energy gap values.
Additionally, the weights for the two shifted cavity-free rate constant in Eq. 4.13 are biased

towards the right-shifting case, since coth(β~ωF/2) + 1 > coth(β~ωF/2) − 1. This is most
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Figure 4.1: Cavity-enhanced Fermi’s golden rule CT rate constants for (left) Model I and (right)
Model II, compared to the cavity-free rates.

prominent in the high-frequency limit β~ωF � 1, where Eq. 4.13 becomes

kDA = kncDA +
~2g2

F

∆2
kncDA(−ωF) , (4.15)

where the cavity-induced enhancement scales with the right-shifted rate constant kncDA(−ωF). This
is the case for Model II (see table 4.1) where coth(β~ωF/2)− 1 < 0.001. As a result, the inverted
region is selectively enhanced by the high-frequency cavity.

4.4 Concluding Remarks

The considerable and rapidly growing current interest in controlling molecular processes by cou-
pling molecular matter to cavity modes152–165 calls for accurate and scalable approximate methods
for simulating the dynamics of chemical processes that take place in such systems.

In this chapter, it is shown the cavity-enhanced CT rate constant can be evaluated using the
cavity-free rate constants with minimal additional effort. Importantly, no propagation of a system
together with the cavity mode is necessary. This method is applied to a model system there the
CT reaction is augmented by either a low-frequency or a high-frequency cavity mode. With in this
context of FGR, where only the transition dipole between two states are considered, the introduc-
tion of the cavity always results in an enhancement of the FGR CT rate. While a low-frequency
cavity leads to a almost uniform enhancement of rates at all energy gap values, a cavity with a
higher frequency enhances the inverted region selectively. In order to account for a wider range
of cavity-induced phenomenon such as selective suppression of reaction or biased enhancement
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in the normal region, a more general picture that includes permanent dipole or non-constant elec-
tronic coupling for the cavity-free system has to be utilized. Work on such extensions is currently
underway and will be presented in future publications.
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CHAPTER 5

Computational Study of Charge-Transfer Dynamics
in the Carotenoid–Porphyrin–C60 Molecular Triad

Solvated in Explicit Tetrahydrofuran

This chapter is based on ref. 49, done in collaboration with Xiang Sun.

5.1 Introduction

The interplay between charge-transfer dynamics and molecular structure is key for processes that
are fundamental to life, such as cellular respiration,203 and photosynthesis,204 as well as for pro-
cesses that lie at the heart of important technologies, such as energy storage, photovoltaics, and
thermoelectrics.102,205–209 CT rates are often calculated by and rationalized within the framework
of Marcus theory.210–213 The popularity of Marcus theory can be attributed to the fact that the
Marcus CT rate constant can be expressed in terms of three parameters—the electronic coupling
coefficient, reorganization energy, and reaction free energy. As such it offers a straightforward
pathway for fitting and interpreting experimentally measured CT rate constants. However, the
restrictive nature of the assumptions underlying Marcus theory also makes it highly desirable to
develop more comprehensive methods for calculating CT rates.45 In particular, it is highly desir-
able to develop strategies for calculating CT rates for a system whose Hamiltonian is given in terms
of anharmonic force fields in a direct manner and without resorting to mapping it onto an effective
harmonic model Hamiltonian.202,214–216

One such general and direct approach starts out by applying the linearized semiclassical (LSC)
approximation to the equilibrium FGR correlation function for the CT rate constant.45,217 The
classical-like nature of the LSC-based method implies that it can be applied to complex molec-
ular systems governed by anharmonic force fields of one’s choice. Additionally, the LSC-based
expression for EFGR correlation function has been shown to reproduce the quantum-mechanically
exact rate constant when the donor and acceptor potential energy surfaces (PESs) are parabolic and
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identical except for shifts in equilibrium geometry and equilibrium energy. It was also shown in
ref. 45 that a Marcus-like expression can be obtained from the LSC-based FGR expression, with
the help of three major approximations: (1) assuming that the initial sampling of nuclear degrees
of freedom (DOF) is based on the classical Boltzmann distribution, instead of the corresponding
Wigner distribution called for by the LSC-based FGR expression; (2) assuming that the lifetime
of the correlation function underlying FGR is shorter than the timescale of nuclear DOF motion;
and (3) assuming that the cumulant expansion of the correlation function underlying FGR can be
truncated at second order. The Marcus-like approximation that results from those three approxima-
tions is given in terms of the first and second moments of the donor–acceptor energy gap, which
can be calculated in a straightforward manner from a classical equilibrium molecular dynamics
(MD) simulation on the donor PES. Those first and second moments of the donor–acceptor energy
gap can be related to the reaction free energy and reorganization energy of Marcus theory.

The LSC treatment utilized in this chapter closely follows ref. 45, which provides a compre-
hensive analysis of the above-mentioned LSC-based strategy, starting at the FGR level and going
through the progression of approximations that lead to the Marcus-like level. While ref. 45 studied
the case of a harmonic benchmark model where the quantum-mechanically exact FGR rate constant
is known, in the current chapter, we showcase the main advantage of the LSC-based methodology:
its applicability to molecular models, which would typically be governed by anharmonic force
fields of one’s choice.

In this chapter, we demonstrate this by applying the aforementioned strategy to a molecu-
lar model of the carotenoid–porphyrin–C60 triad in explicit tetrahydrofuran (THF) solvent.218

It should be noted that CT rate constants for this system were previously calculated via another
method at the Marcus level of theory.218 It was also found in ref. 218 that CT dynamics in this
system is strongly dependent on the conformation of the triad and is much faster in the linear con-
formation than in the more thermodynamically favorable bent conformation. In this paper, we go
beyond that by testing the validity of the Marcus-like level of theory and showing that CT in this
system is dominated by the DOF of the solvent (THF), rather than that of the solute (triad).

5.2 Theory

Consider the fully quantum-mechanical Hamiltonian operator of a two-state donor–acceptor sys-
tem

Ĥ = ĤD|D〉〈D|+ ĤA|A〉〈A|+ ΓDA
(
|D〉〈A|+ |A〉〈D|

)
. (5.1)

Here, |A〉(|D〉) represents the diabatic acceptor (donor) electronic state, ĤA = P̂2/2 + VA(R̂)

and ĤD = P̂2/2 + VD(R̂) are the corresponding nuclear Hamiltonians, where VA(R̂) and VD(R̂)
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are the PESs, R̂ = (R̂1, · · · R̂N) and P̂ = (P̂1, · · · P̂N) are the mass-weighted coordinates and
momenta of all nuclear DOFs (triad + solvent for the system under consideration in this paper),
and ΓDA is the electronic coupling coefficient. Importantly, VA(R̂) and VD(R̂) are assumed to be
given in terms of anharmonic force fields.

Following Eq. 2.10 and chapter 4, the donor-to-acceptor FGR CT rate constant is given by

kDA =
1

~2
Γ2
DA

∫ ∞
−∞

dτ TrN

[
ρ̂eqDe

i
~ ĤDτe−

i
~ ĤAτ

]
. (5.2)

A fully quantum mechanical expression for kDA can only be derived in closed form when the
diabatic PESs are assumed to be harmonic (see appendix A). The LSC approximation for kDA
is obtained by rewriting the correlation function in terms of a (still quantum-mechanically exact)
real-time Feynman path integral,219–221 and expanding the forward–backward action to the first
order with respect to the difference between the forward and backward trajectories.217,222,223 The
resulting LSC approximation for kDA is given by

kW−AV
DA =

1

~2
Γ2
DA

∫ ∞
−∞

dτ

∫
dR0

∫
dP0

[
ρ̂eqD
]

W
(R0,P0) exp

( i
~

∫ τ

0

ds U(Rs)
)

=
1

~2
Γ2
DA

∫ ∞
−∞

dτ

〈
exp

( i
~

∫ τ

0

ds U(Rs)
)〉W,eq

D

.

(5.3)

Here, U(R) = VD(R)− VA(R) is the donor–acceptor energy gap,
[
ρ̂eqD
]

W
(R0,P0) is the Wigner

transform224 of the donor thermal equilibrium state ρ̂eqD , and Rs is obtained by classical dynamics,
starting with {R0,P0} as the initial conditions and propagating on the average PES, Vav = [VD +

VA]/2. We label this approximation “W–AV” [Wigner (W) initial sampling with dynamics on
average (AV) PES]. Despite its classical-like nature, the W–AV approximation yields the exact
quantum mechanical equilibrium FGR CT rate constant when the donor and acceptor PESs are
parabolic and identical except for a shift in the equilibrium energy and equilibrium geometry.45

The classical Marcus expression can be obtained from Eq. 5.3 by making a number of approx-
imations. First, the Wignerized phase space density,

[
ρ̂eqD
]

W
(R0,P0), needs to be replaced by the

corresponding classical phase space density, ρeqD,Cl(R0,P0),

kC−AV
DA =

1

~2
Γ2
DA

∫ ∞
−∞

dτ

∫
dR0

∫
dP0 ρ

eq
D,Cl(R0,P0) exp

( i
~

∫ τ

0

ds U(Rs)
)

=
1

~2
Γ2
DA

∫ ∞
−∞

dτ

〈
exp

( i
~

∫ τ

0

ds U(Rs)
)〉Cl,eq

D

.

(5.4)

We label this approximation “C–AV” [classical (C) sampling with dynamics on average (AV) PES].
Second, one needs to assume that the correlation function decays faster than the nuclear dy-
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namics timescale on which U(Rs) changes, which leads to the following approximation,

kC−0
DA =

1

~2
Γ2
DA

∫ ∞
−∞

dτ

∫
dR0

∫
dP0 ρ

eq
D,Cl(R0,P0) exp

( i
~
U(R0)τ

)
=

1

~2
Γ2
DA

∫ ∞
−∞

dτ

〈
exp

( i
~
U(R0)τ

)〉Cl,eq

D

=
2π

~
Γ2
DA

〈
δ(U)

〉Cl,eq

D
,

(5.5)

where δ(U) is the Dirac delta. We label this approximation “C–0” [classical (C) sampling and
independent of which PES the dynamics takes place on (0)].

It should be noted that kC−0
DA is proportional to the classical probability density of U(R0) at

U = 0. Since |〈U/~〉Cl,eq
D | is typically significantly larger than zero, calculating kC−0

DA requires
being able to obtain an accurate estimate of the tail of the probability density. This becomes
computationally more costly with increasing |〈U/~〉Cl,eq

D | because more sampling will be required
to obtain a converged result.

Alternatively, U(R0) can be written as U(R0) = 〈U〉Cl,eq
D + δU(R0), where δU(R0) =

U(R0) − 〈U〉Cl,eq
D is the fluctuation of U(R0) relative to its equilibrium-averaged value (〈U〉Cl,eq

D

is the equilibrium average of U on the donor PES). Substituting this decomposition into Eq. 5.5
yields

kC−0
DA =

1

~2
Γ2
DA

∫ ∞
−∞

dτ exp
( i
~
〈U〉Cl,eq

D τ
)〈

exp
( i
~
δU(R0)τ

)〉Cl,eq

D

, (5.6)

which translates calculating kC−0
DA into evaluating the Fourier transform of 〈exp(iδU(R0)τ/~)〉Cl,eq

D

at the frequency 〈U〉Cl,eq
D /~. It should be noted that 〈exp(iδU(R0)τ/~)〉Cl,eq

D tends to be a smoothly
decaying function compared to 〈exp(iU(R0)τ/~)〉Cl,eq

D , which tends to be a rapidly oscillating
function (when |δU | � |〈U〉|). Hence, Eq. 5.6 allows one to efficiently calculate kC−0

DA by using
the fast Fourier transform (FFT) method.225

Obtaining the Marcus-like expression requires replacing 〈exp(iδU(R0)τ/~)〉Cl,eq
D in Eq. 5.6

by the corresponding second-order cumulant approximation, exp(−(σCl,eq
D )2τ 2/2~2), where

(σCl,eq
D )2 = 〈U2〉Cl,eq

D − (〈U〉Cl,eq
D )2 is the standard deviation of the donor–acceptor energy gap (at

equilibrium on the donor PES). Approximating 〈exp(iδU(R0)τ/~)〉Cl,eq
D as a Gaussian function

of time also implies that the probability density of U is assumed to be Gaussian (at least around
U = 0). In this case, the Fourier transform in Eq. 5.6 can be evaluated analytically to yield:

kM
DA =

1

~
Γ2
DA

√
2π

(σCl,eq
D )2

exp

[
− (〈U〉Cl,eq

D )2

2(σCl,eq
D )2

]
. (5.7)

It should be noted that Eq. 5.7 can be obtained from Eq. 5.5 by assuming that the probability
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density of U is Gaussian: ρ(U) ≈ exp[−(U − 〈U〉Cl,eq
D )2/2(σCl,eq

D )2]/
√

2π(σCl,eq
D )2.

Equating the r.h.s. of Eq. 5.7 to the traditional Marcus expression

kMarcus
DA =

1

~
Γ2
DA

√
π

kBTEr
exp

[
− (∆E + Er)

2

4kBTEr

]
(5.8)

leads to the following expressions for the reorganization energy, reaction free energy, and activation
energy in terms of 〈U〉Cl,eq

D and σCl,eq
D :

Er =
(σCl,eq

D )2

2kBT

∆E = −Er − 〈U〉Cl,eq
D

EA = kBT
(〈U〉Cl,eq

D )2

2(σCl,eq
D )2

.

(5.9)

It should be noted that the normal (|∆E| < Er) and the inverted (|∆E| > Er) Marcus regimes
correspond to 〈U〉Cl,eq

D < 0 and 〈U〉Cl,eq
D > 0, respectively (see Figure 5.1).

One advantage of Eq. 5.7 over Eq. 5.8 is that the latter can be used without explicitly expressing
the donor and acceptor PESs in this form. Furthermore, expressing the CT rate constant in terms
of 〈U〉Cl,eq

D and σCl,eq
D is arguably more convenient because unlike Er and ∆E, they are straightfor-

ward to obtain from an equilibrium MD simulation on the donor PES, when the latter is expressed
in terms of anharmonic force fields of one’s choice.

5.3 Molecular Model

We consider a triad consisting of covalently linked carotenoid polyene (C), diaryl porphyrin (P),
and fullerene (C60),218,226–228 solvated in explicit THF solvent (see Figure 5.2). The molecular
model, which is adopted from ref 218, includes four electronic states: (1) the ground state, CPC60;
(2) the P-localized photoexcited ππ* state, CP*C60; (3) The excited P-to-C60 CT state, CP+C60

-,
which we will refer to as CT1; and (4) the excited C-to-C60 charge-separated state, C+PC60

-, which
we will refer to as CT2. Starting in the ground state, this system is believed to go through the
following multistep process, which converts the light energy into electric energy (in the form of
charge separation).218

[CPC60]
hν−→ [CP∗C60]→ [CP+C−60]→ [C+PC−60]

The PESs that dictate the dynamics of the nuclear DOF (triad + solvent) differ from one elec-
tronic state to another and are given in terms of atom–atom pair potentials that include intermolec-
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Figure 5.1: Schematic view of the relationship between the average donor–acceptor energy gap,
〈U〉Cl,eq

D , the reorganization energy, Er, and the reaction free energy, ∆E, in the normal (upper
panel) and inverted (lower panel) regions (see Eq. 5.9).

ular nonbonding Lennard-Jones and Coulomb interactions, as well as the usual intramolecular
bonding interactions (bond length, bond angle, and dihedral angle). The force fields differ from
one electronic state to another with respect to the Coulomb terms because the partial charges on
the triad atoms differ from one electronic state to another. The model also includes electronic
coupling coefficients between the excited electronic states (assumed constant within the Condon
approximation and calculated via the fragment charge difference (FCD) method229). The partial
atomic charges for THF were adopted from ref 230, where they were generated via AM1-BCC.231

The electronic excitation energies, partial charges, and electronic coupling coefficients for the triad
were adopted from ref 218, where they were obtained via time-dependent density functional theory
(TD-DFT) using a range-separated hybrid (RSH) functional designed to yield accurate energetics
for the CT states.

The rate constants between the initial donor (D) state and final acceptor (A) state, D→A, were
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Figure 5.2: Molecular structure of the linear (A) and bent (B) conformations of the
carotenoid–porphyrin–C60 molecular triad solvated in liquid THF. The triad is in ball-and-stick
representation; the carbon, oxygen, and nitrogen atoms are in gray, red, and blue, respectively. For
visibility, the hydrogen atoms are not shown and solvent THF molecules within 20 Å of the triad
are shown. The figure was generated using Visual Molecular Dynamics (VMD) package.

calculated for the following choices of donor and acceptor states: ππ*→CT1, ππ*→CT2, and
CT1→CT2. To this end, we define VD(R, r) and VA(R, r) to be the PESs that correspond to the D
and A states, respectively. Here, R = (R1, · · · ,RN) represents the coordinates of the N solvent
atoms and r = (r1, · · · , rN) represents the coordinates of the n triad atoms. Thus, the energy gap
between the D and A states is given by U(R, r) = VD(R, r)− VA(R, r).

The force fields used in the MD simulations are electronic-state-dependent and consist of contri-
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butions from solvent–solvent (SS), triad–triad (TT), and solvent–triad (ST) potential energy terms:

Vα,SS(R, r) = V NE
SS (R) +

N−1∑
J=1

N∑
J ′=J+1

1

4πε0

QJQJ ′

|RJ −RJ ′|

Vα,TT (R, r) = V NE
TT (r) +

n−1∑
j=1

n∑
j′=j+1

1

4πε0

qαj q
α
j′

|rj − rj′|

Vα,ST (R, r) = V NE
ST (R, r) +

N∑
J=1

n∑
j=1

1

4πε0

QJq
α
j

|RJ − rj|
.

(5.10)

Here, α = {ππ*, CT1, CT2}, V NE
SS (R), V NE

TT (r), and V NE
ST (R, r) include the nonelectrostatic

bonding and nonbonding interactions (assumed to be independent of the triad’s electronic state),
{QJ} represents the partial charges assigned to the solvent atoms (assumed to be independent of
the triad’s electronic state), {qj} represents the partial charges assigned to the triad atoms (assumed
to be dependent of the triad’s electronic state).

Let the gas-phase energies of the ground, ππ*, CT1, and CT2 electronic states, at the ground-
state equilibrium geometry, rG,eq, be given byEG,Eππ∗,ECT1, andECT2, respectively. It should be
noted that those energies already include the triad–triad interactions in the ground-state equilibrium
geometry. Thus, we need to subtract that interaction energy to avoid double counting. It is also
convenient to set the energy origin to EG (so that EG → 0). The overall PES in different electronic
states is therefore given by

Vα(R, r) = Eα − EG − Vα,TT (rG,eq) + Vα,SS(R, r) + Vα,TT (R, r) + Vα,ST (R, r) . (5.11)

It should be noted that for the force fields used here, U(R, r) only depends on electrostatic
interactions. This is because the nonelectrostatic components of VD(R, r) and VA(R, r) are iden-
tical and cancel out when one is subtracted from the other. It should also be noted that VD(R, r),
VA(R, r), and U(R, r) can be written as sums of an intramolecular (triad–triad) and an intermolec-
ular (triad–solvent and solvent–solvent) contribution. Because the solvent–solvent contribution is
the same for VD(R, r) and VA(R, r), the solvent–solvent contribution to U(R, r) vanishes.

As shown in ref 218, the triad can exist in two different conformations—linear and bent (see
Figure 5.2). Although the bent conformation was found to be thermodynamically more favorable,
the rate of the CT process CT1→CT2 is found to be faster in the linear conformation.218 Hence,
the CT rate constants need to be calculated separately for each conformation.
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5.4 MD Simulations

MD simulations were performed within AMBER14232 using a 100 Å× 100 Å× 100 Åperiodic cubic
simulation box containing one triad molecule and 6741 THF molecules, as described in refs 230
and 233. The general AMBER force field was employed,234–236 with customized partial atomic
charges as described above. After energy minimization using a steepest descent and conjugate
gradient method, the system was gradually heated to 300 K. During this process, the triad confor-
mation was maintained by using a harmonic potential of force constant of 100 kcal mol−1 Å−2 to
constrain the distance between the two carbon atoms nearest to the two termini to its characteristic
value in the corresponding conformation.

The SHAKE algorithm237 was used to constrain the covalent bonds involving hydrogen atoms.
The integration time step was 1.0 fs. For equilibration, we employed Langevin dynamics with a
collision frequency of 1.0 ps−1. A cutoff of 12 Åwas employed for the van der Waals interactions.
Particle mesh Ewald summation was used to calculate the electrostatic interactions.238 Next, we
released the constraints on the triad molecule and equilibrated the system at 300K in an NPT
ensemble to reach a desired density of THF and an NVT ensemble for 100 ps.

To investigate the impact of intermolecular versus intramolecular DOF on the CT rates, we
repeated the calculations with a rigid triad molecule. All atoms of the triad molecule were sub-
jected to a stiff restraint by applying a harmonic force with force constant of 100 kcal mol−1 Å

−2
.

In total, we performed four different simulations for each of the three CT processes (ππ*→CT1,
ππ*→CT2, and CT1→CT2): (1) rigid triad in linear conformation; (2) rigid triad in bent con-
formation; (3) flexible triad in linear conformation; and (4) flexible triad in bent conformation.
For each of the conditions, we adopted the following procedures. First, starting with a ground-
state equilibrium configuration, we carried out MD simulations on the initial excited-state PES, for
2.0ns, in the NVT ensemble, to reach equilibrium on the initial excited-state PES. Second, we per-
formed an 8.0 ns long production simulation, where we recorded the donor–acceptor energy gap,
U(R, r), along the trajectories at 5 fs intervals. Error bars were calculated by splitting the 8.0 ns

long production trajectory into four 2.0 ns long segments, calculating the rate constants separately
for each segment, and equating the error bar to the corresponding standard deviation (uncorrected
for sample size).

5.5 Results

The ππ*→CT1, ππ*→CT2, and CT1→CT2 rate constants, calculated via Eqs. 5.6 and 5.7, in the
bent and linear conformations, are presented in Tables 5.1 and 5.2, respectively. Results are shown
for the flexible and rigid triad cases. It should be noted that we were unable to obtain a converged
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bent/flexible bent/rigid
kM
DA (s−1) kC−0

DA (s−1) kM
DA (s−1) kC−0

DA (s−1)
ππ*→CT1 (3.0± 0.2)× 1011 (2.9± 0.2)× 1011 (3.6± 0.7)× 1011 (3.9± 0.6)× 1011

ππ*→CT2 (8.0± 2.0)× 106 (8.0± 2.0)× 106 (9.2± 0.2)× 106 (9.7± 0.4)× 106

CT1→CT2 (2.3± 0.6)× 102 (2.2± 0.2)× 102 (3.2± 0.6)× 102

Table 5.1: Donor-to-Acceptor rate constants for the triad in the bent conformation

value of kC−0
DA for CT1→CT2 in the bent/rigid case, which is attributed to the exceedingly small

value of the Fourier transform in this case (see eq 5.6).
The results in Tables 5.1 and 5.2 follow the same trends reported in ref 218. More

specifically, photoinduced CT in this system is observed to occur through a two-step process:
ππ*→CT1→CT2, rather than through a direct one-step process, ππ*→CT2. This is because the
first step, ππ*→CT1, is much faster than the direct one-step process, ππ*→CT2. Furthermore, the
rate of the second step, CT1→CT2, is observed to be faster in the linear conformation, by a factor
of 106 − 107, than in the bent conformation. This implies that although the bent conformation
is thermodynamically more favorable than the linear conformation, the CT1→CT2 process is far
more likely to occur in the linear conformation. On the basis of those observations, the bent-to-
linear conformational reaction is the rate-determining step for CT in this system. This observation
highlights the potentially strong correlation between the molecular structure and CT dynamics and
thereby the possibility of controlling the latter by modifying the former. It should be noted that,
similar to the rate constants reported in ref 218, the rate constants in Tables 5.1 and 5.2 are also
in reasonable agreement with the reported experimental estimates for the ππ*→CT1 rate constant,
3.3× 1011 s−1, and CT1→CT2 rate constant, 1.5× 1010 s−1.239

With one exception (CT1→CT2 in bent/flexible case), the kM
DA values for the bent/flexible and

linear/flexible cases were found to agree rather well with the corresponding values reported in ref
218. It should be noted that the values of kDA reported in ref 218 were obtained by using the

linear/flexible linear/rigid
kM
DA (s−1) kC−0

DA (s−1) kM
DA (s−1) kC−0

DA (s−1)
ππ*→CT1 (1.12± 0.04)× 1012 (1.17± 0.04)× 1012 (1.1± 0.1)× 1012 (1.0± 0.1)× 1012

ππ*→CT2 (1.9± 0.2)× 108 (1.86± 0.02)× 108 (1.90± 0.04)× 108 (2.0± 0.1)× 108

CT1→CT2 (1.0± 0.2)× 109 (1.1± 0.3)× 109 (5.8± 0.9)× 108 (6.0± 1.0)× 108

Table 5.2: Donor-to-Acceptor rate constants for the triad in the linear conformation
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standard Marcus expression, Eq. 5.8, with ∆E and Er given by203,240,241

∆E =
1

2

[
〈VA − VD〉Cl,eq

D + 〈VA − VD〉Cl,eq
A

]
Er =

1

2

[
〈VA − VD〉Cl,eq

D − 〈VA − VD〉Cl,eq
A

]
.

(5.12)

It can be shown that the expressions for ∆E and Er in Eq. 5.12 would give the same values
as the expressions in Eq. 5.9 in the case where the donor and acceptor PESs are given in terms of
identical parabolas which are shifted with respect to their equilibrium geometry and equilibrium
energy. However, it should also be noted that Eqs. 5.12 and 5.9 need not agree when one deviates
from the shifted identical parabolas model. Thus, the agreement between the predictions obtained
via Eqs. 5.12 and 5.9 provides further support to the self-consistency of the linear-response-based
picture based on which the donor and acceptor PESs can be mapped onto shifted, but otherwise
identical, effective parabolas202,214–216 (although in practice one obviously does not need to explic-
itly cast the Hamiltonian in this form).

The one exception is observed for the CT1→CT2 rate constant in the bent/flexible case. In this
case, our prediction, kM

DA = (2.3 ± 0.6) × 102 s−1, is significantly smaller than that reported in
ref 218, kDA = 6.6 × 103 s−1. The difference may be either due to deviations from the shifted
but otherwise identical parabola picture or the fact that this rate constant is particularly small and
thereby more difficult to converge (no error bars were reported in ref 218).

We next consider the validity of the second-order cumulant approximation by comparing the
values of kM

DA and kC−0
DA . Within error bars, kM

DA and kC−0
DA are observed to have the same value in

all cases. Furthermore, comparison of the probability densities of the donor–acceptor energy gaps,
U , with the corresponding Gaussian approximations reveals excellent agreement across the entire
range of U values and not just at the vicinity of U = 0 (see Figures 5.3 and 5.4). These obser-
vations serve as strong validation of the accuracy of the second-order cumulant approximation for
this system and the Marcus-like expression for the rate constant derived based on it (see Eq. 5.7). It
should be noted that the ability of the second-order cumulant approximation to produce predictions
that are quantitatively indistinguishable from those obtained without making this approximation is
not self-evident for a molecular system of the level of complexity of the triad + solvent. Further-
more, the fact that the Marcus-like expression in Eq. 5.7 is consistent with experiment cannot be
taken as proof for the validity of the second-order cumulant approximation. However, comparing
the effect on the CT rate constants of removing this approximation, as we have done here, can pro-
vide such a proof. Thus, following the procedure outlined here provides a practical way of testing
the assumptions underlying Marcus theory and avoiding them when they are observed not to be
valid.242

The validity of the second-order cumulant approximation suggests that the rate constants can be
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Figure 5.3: Comparison between the probability densities (black) of the donor–acceptor energy
gaps, U , and the corresponding Gaussian approximations (red), for the flexible (upper panels) and
rigid (lower panels) bent conformation.

rationalized within the framework of Marcus theory. To this end, we calculated the reorganization
energies, reaction free energies, and activation energies from the first and second moments of
the donor–acceptor energy gap, Eq. 5.9 (see Tables 5.3-5.6). It should be noted that with the
exception of ππ*→CT1 in the bent conformation, all cases correspond to the Marcus normal
regime (|∆E| < Er). The fact that ππ*→CT1 in the bent conformation correspond to the inverted
regime is also manifested by the fact that this is the only case where 〈U〉Cl,eq

D is positive (see
comment below Eq. 5.9).

Both ππ*→CT1 and ππ*→CT2 are seen to have relatively small activation energies. The acti-
vation energy for ππ*→CT2 is seen to be larger/smaller than that for ππ*→CT1 in the linear/bent
conformations. Thus, the fact that ππ*→CT1 is much faster than ππ*→CT2 in both conforma-
tions is mostly due to the larger electronic coupling.

The much faster rate of CT1→CT2 in the linear conformation compared to the bent conforma-

Γ2
DA (eV2) 〈U〉Cl,eq

D (eV) (σCl,eq
D )2 (eV2) Er (eV) ∆E (eV) EA (eV)

ππ*→CT1 5.8× 10−4 0.444 0.027 0.515 −0.959 0.096
ππ*→CT2 2.0× 10−9 −0.394 0.079 1.531 −1.137 0.025
CT1→CT2 7.4× 10−9 −1.410 0.076 1.460 −0.050 0.340

Table 5.3: Squared electronic coupling coefficients (Γ2
DA), average (〈U〉Cl,eq

D ) and variance
((σCl,eq

D )2 (eV2)) of Donor-Acceptor energy gap, reorganization energy (Er), reaction free energy
(∆E), and activation energy (EA) for a flexible triad in the bent conformation
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Figure 5.4: Comparison between the probability densities (black) of the donor–acceptor energy
gaps, U , and the corresponding Gaussian approximations (red), for the flexible (upper panels) and
rigid (lower panels) linear conformation.

tion can also be traced back to both effects (the activation energy in the linear conformation is lower
by a factor of 5 and the squared electronic coupling coefficient in the linear conformation is larger
by a factor of 135). However, the fact that the CT1→CT2 rate constant in the linear conformation
is larger by a factor of 106−107 suggests that lowering the activation barrier plays the decisive role
in this case. Because the reorganization energies for CT1→CT2 in the bent and linear conforma-
tions are similar, the lowered activation energy in the linear conformation can be traced back to the
corresponding more negative value of ∆E. Alternatively, the same effect can also be rationalized
by noting that while the width of the U distribution, σCl,eq

D , is similar for both conformations, the
average of U squared, (〈U〉Cl,eq

D )2, is larger by a factor of 5 in the bent conformation.
The values of (σCl,eq

D )2 in Tables 5.3-5.6 can also be used to test the validity of the as-

sumption that 〈exp(
i

~

∫ τ

0

ds δU(Rs))〉Cl,eq
D decays faster than the nuclear dynamics timescale

on which U(Rs)) changes, which was employed to obtain Eq. 5.5 from 5.4. To this end, we

Γ2
DA (eV2) 〈U〉Cl,eq

D (eV) (σCl,eq
D )2 (eV2) Er (eV) ∆E (eV) EA (eV)

ππ*→CT1 5.8× 10−4 0.432 0.026 0.511 −0.943 0.091
ππ*→CT2 2.0× 10−9 −0.406 0.074 1.431 −1.025 0.026
CT1→CT2 7.4× 10−9 −1.397 0.077 1.493 −0.096 0.327

Table 5.4: Squared electronic coupling coefficients (Γ2
DA), average (〈U〉Cl,eq

D ) and variance
((σCl,eq

D )2 (eV2)) of Donor-Acceptor energy gap, reorganization energy (Er), reaction free energy
(∆E), and activation energy (EA) for a rigid triad in the bent conformation
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Γ2
DA (eV2) 〈U〉Cl,eq

D (eV) (σCl,eq
D )2 (eV2) Er (eV) ∆E (eV) EA (eV)

ππ*→CT1 8.1× 10−5 −0.169 0.033 0.645 −0.477 0.011
ππ*→CT2 4.0× 10−8 −0.425 0.088 1.703 −1.278 0.026
CT1→CT2 1.0× 10−6 −0.631 0.074 1.431 −0.799 0.070

Table 5.5: Squared electronic coupling coefficients (Γ2
DA), average (〈U〉Cl,eq

D ) and variance
((σCl,eq

D )2 (eV2)) of Donor-Acceptor energy gap, reorganization energy (Er), reaction free energy
(∆E), and activation energy (EA) for a flexible triad in the linear conformation

note that 〈exp(
i

~
δU(R0))τ〉Cl,eq

D ≈ exp(− 1

2~2
(σCl,eq

D )2τ 2)). Thus, the timescale of the decay of

〈exp(
i

~
δU(R0))τ〉Cl,eq

D can be estimated by
√

2~/σCl,eq
D . For the system under consideration here,

those timescales are in the range of (3 − 6) fs, which are indeed faster than the nuclear dynamics
timescale.

Another interesting comparison is between the values of kM
DA and kC−0

DA obtained in the rigid and
flexible cases. The results in Tables 5.1 and 5.2 show that freezing the triad’s intramolecular DOF
either has no effect (linear conformation) or a rather minor effect (bent conformation) on the values
of kM

DA and kC−0
DA . This suggests that CT in this system is driven by the intermolecular (solvent)

DOF, rather than by the intramolecular (triad) DOF. Here too, it is not self-evident that this would
be the case, in light of the triad’s size and flexibility.

It should be noted that strictly speaking, treating the intramolecular vibrations as classical is
an approximation, which may break down in the case of high frequency modes, particularly in the
inverted region. However, as pointed up above, the only case that corresponds to the inverted region
is ππ*→CT1 in the bent conformation. Thus, even if the ππ*→CT1 rate could have been made
faster by accounting for the quantum nature of intramolecular vibrations, our conclusions would
still hold. This is because the CT1→CT2 rate in the bent conformation is significantly slower
than that in the linear conformation. It should also be noted that the triad molecule is rather large
and flexible. Thus, intramolecular reorganization is expected to be dominated by collective low-
frequency modes for which one expect the classical treatment to be a reasonable approximation.

Γ2
DA (eV2) 〈U〉Cl,eq

D (eV) (σCl,eq
D )2 (eV2) Er (eV) ∆E (eV) EA (eV)

ππ*→CT1 8.1× 10−5 −0.177 0.038 0.728 −0.551 0.011
ππ*→CT2 4.0× 10−8 −0.417 0.091 1.757 −1.340 0.025
CT1→CT2 1.0× 10−6 −0.677 0.072 1.385 −0.708 0.083

Table 5.6: Squared electronic coupling coefficients (Γ2
DA), average (〈U〉Cl,eq

D ) and variance
((σCl,eq

D )2 (eV2)) of Donor-Acceptor energy gap, reorganization energy (Er), reaction free energy
(∆E), and activation energy (EA) for a rigid triad in the linear conformation
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5.6 Concluding Remarks

In this chapter, we demonstrate the applicability of a LSC-based methodology for calculating
EFGR CT rate constants in complex molecular systems described by general anharmonic force
fields on a molecular model of the carotenoid–porphyrin–C60 triad solvated in a THF explicit liq-
uid solvent. Starting with the LSC approximation of the equilibrium FGR expression for the CT
rate constant, we derived a hierarchy of progressively more approximate expressions for the CT
rate constant. The classical-like nature of the LSC-based FGR expression and approximations
derived from it implies that they can be applied to complex molecular systems governed by an-
harmonic force fields of one’s choice. As a result, it becomes possible to test the validity of the
various approximations by comparing the CT rate constants obtained with and without them.

Here, we used this methodology to test the validity of the second-order cumulant approxima-
tion, which leads to a Marcus-like expression for the CT rate constant. We did so by calculating the
CT rate constants between the three excited states of the triad (ππ*, CT1, CT2) in its two confor-
mations (bent and linear) with and without making the second-order cumulant approximation. The
comparison confirmed that the second-order cumulant approximation is quantitatively accurate.
The Marcus-like expression based on the second-order cumulant approximation was also found to
be in agreement with previously reported Marcus theory rate constants218 obtained for this sys-
tem via a different scheme.203,240,241 We also confirmed the strong dependence of CT dynamics on
the triad’s conformation reported in ref 218, which suggests that the bent→linear conformational
reaction is the rate-determining step for CT in this system.

One of the advantages of being able to calculate CT rate constants within the framework of a
molecular model is that it makes it possible to address questions of a truly molecular nature in
a direct manner. This was demonstrated here by investigating the roles of intra-molecular versus
inter-molecular DOF on the CT rate constant. We did so by comparing the calculated CT rate
constants obtained with a flexible triad molecule to those obtained with a rigid triad molecule. The
results of this comparison showed that CT in this system is driven by the inter-molecular (solvent)
DOF, rather than by the intra-molecular (triad) DOF. This highlights the potentially important
impact that interactions with the host can have on CT rates and thereby of the importance of
calculating CT rates based on molecular models that include an explicit host as well as an accurate
description of its interactions with the solute.
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CHAPTER 6

Conclusion

6.1 Summary

Projection-based methods provide a general framework for formulating reduced electronically
nonadiabatic dynamics. The QMEs studied in this thesis are based on a second-order perturbative
approach to the projection-based dynamics. Under certain approximations, those QMEs reduce
into various well-known dynamical theories, such as Redfield theory, modified Redfield theory,
FGR, and Marcus theory. Within such perturbative QMEs all information regarding the bath DOF
is encapsulated in memory kernels, which are given in terms of bath-only correlation functions
(Eqs. 2.3a-2.3d and 2.7a-2.7c).

In the current dissertation, we focus on OD-QME which, unlike Redfield-like QME, has the
ability of treating different parts of the Hamiltonian perturbatively by changing the electronic ba-
sis. However, this comes with the limitation of having to work in the interaction picture, the
transformation to or from which is nontrivial, and alters the electronic coherences (the off diagonal
elements of the electronic density operator). As a result, previous applications of OD-QME based
methods were limited to population dynamics, which made the simulation of electronic spectra, or
the electronic dynamics in different electronic basis in general, challenging. We overcame this lim-
itation by employing a recently proposed projection-based technique that can take any interaction
picture reduced dynamical inputs and yield the corresponding Schrödinger picture reduced density
operator. In chapters 2 and 3, OD-QME and the technique to retrieve Schrödinger picture dy-
namics are applied to the simulation of reduced electronic dynamics and absorption spectroscopy,
respectively, and the results are compared to numerically exact methods. For the model systems
studied, the bath-only correlation functions, and thereby the memory kernels, are available analyt-
ically. It is found that OD-QMEs can be very accurate across a relatively wide parameter range.
Especially, the results show that TNL OD-QME is consistently more accurate then TL OD-QME,
especially when the population-only projection is used. This discrepancy is traced back to increas-
ing memory times as a result of decreasing temperature or decreasing friction. Due to the fact that
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the Schrödinger picture reduced dynamics is retrieved using a first-order perturbative technique,
the accuracy of coherence by OD-QME is more sensitive to increasing perturbative parameter than
population.

In chapters 4 and 5, we shift our attention to FGR, which is the Markovian limit of p-TL-
OD-FGR and the historically most utilized variation of OD-QME. Chapter 4 studies the FGR
rates of electronically nonadiabatic reactions enhanced by a microcavity. It is shown that the
cavity-enhanced reaction rates can be evaluated from the cavity-free FGR correlation function
with minimum additional effort. In particular, no additional propagation of a system together with
the cavity mode is necessary. This method is applied to a model CT reaction, where it is shown
that while a high-frequency cavity enhances reactions in the Marcus inverted region selectively, a
low-frequency enhances reactions in all regions uniformly.

Chapter 5 reports a the calculation of FGR CT rate constants for a molecular triad system
solvated in explicit solvent, without explicit mapping to a harmonic PES. To evaluate the bath
correlation functions for such a anharmonic Hamiltonian, we apply a LSC-based methodology
which, after applying a hierarchy of approximations, becomes a Marcus-like expression, such that
the rate can be extracted from the equilibrium distribution of the donor-acceptor energy gap. The
validity of the approximation leading to Marcus-like expression is tested by comparing the energy
gap distribution to a Gaussian distribution. The rate constants calculated for the molecular triad is
in good agreement with experimental values and previously reported Marcus theory values. The
rates are shown to be deeply dependent on the conformation (bent/linear) of the triad molecule,
and the bent-linear conformational reaction is the rate-determining step for CT in this system.

6.2 Outlook

The OD-QMEs under consideration in this dissertation are all given in terms of the diabatic local
exciton basis. However, the formulation of OD-QMEs puts no restriction on the electronic basis
being used. An obvious extension is to instead use the electronic eigen (i.e. delocalized exciton in
some context) basis, which would treat the off-diagonal part of system-bath coupling as the per-
turbation. The TL variation of such OD-QME is more commonly known as the modified Redfield
theory. By combining modified Redfield theory and the projection-based technique to recover the
Schrödinger picture coherences, it may be possible to simulate electronic dynamics and spectra in
the case of strong electronic coupling. More generally, the transformation to different electronic
basis is equivalent to a rotation in the electronic Hilbert space, and can be described by continuous
parameters instead of a discrete choice between diabatic or eigenbasis. The continuous rotation
can be utilized to minimize the off-diagonal Hamiltonian, which can result in an enhancement of
accuracy for OD-QME as a perturbative method.
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Another possible extension is to the simulation of spectroscopy. Specifically, the application of
OD-QMEs for calculating time resolved multidimensional non-linear spectra, where the material
system interacts with multiple pulses before measurement. The challenge of simulating non-linear
spectra lies in the fact that the material system interacts with the field between the initial pulse and
the measurement, resulting in a time-dependent Hamiltonian. A straightforward approach that sees
some application to Redfield QME is to treat the OD-QME as a generic propagator in Liouville
space, and use it to simulate field-free dynamics in between pulses. This approach is however
not rigorous, since OD-QME requires the initial overall state to be separable, and the initial bath
state is required to construct the memory kernel. Neither of these assumptions are true after the
second pulse. We intend to device a more general and rigorous approach which will be based
on re-deriving OD-QME in the context of a time-dependent interaction Hamiltonian. The fact
that field-matter interaction comes in short pulses may be utilized to simplify the resulting EOM
significantly.

The application of OD-QME to cavity-modified charge transfer leaves many questions unan-
swered. Our current model describes only cavity-induced enhancement of the charge transfer pro-
cess that always favors the inverted region. This contradicts with experimental results where cavity
may also leads to suppression of reactions under some conditions. One possible way to reproduce
the cavity-induced suppression is to explicitly include the permanent dipoles as well as the so-
called dipole self energy term in the field Hamiltonian. These complications will lead to a different
rate equation, but the most important characteristic can be kept unaffected: the cavity-modified
rate can still be obtained from only the cavity-free correlation functions, without performing sim-
ulations of a compound material-field model. Another important generalization to be made is the
inclusion of multiple photonic modes. This will be used to include higher harmonic modes other
than the fundamental mode, which is especially important for low-frequency cavities.

The last extension to be covered here corresponds to the application of LSC. The current dis-
sertation demonstrates the evaluation of FGR rate constants for a molecular system via LSC. This
methodology can be extended to p-TNL-OD-QME and f-OD-QME, since LSC is capable of cal-
culating generic bath correlation functions, allowing the applicability of OD-QME to extend to
electronic nonadiabatic dynamics of complex molecular systems.
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APPENDIX A

Evaluation of the bath correlation functions for the
spin-boson model

In this appendix, we outline the derivation of the closed form expressions for 〈V̂jk(t)〉,
〈V̂ij(t)V̂kl(τ)〉, 〈Ŝjk(t)〉, and 〈Ŝij(t)V̂kl(τ)〉 for a system governed by the GOA model Hamil-
tonian, Eq. (2.13), that starts at the initial state ρ̂(0) = ρ̂N(0) ⊗ |D〉〈D|, where ρ̂N(0) =

e−βĤD/ TrB[e−βĤD ] (see Eq. 2.14).
To this end, we note that ĤD, ĤA and ρ̂B(0) can be written in terms of single mode terms:

ĤD =
N∑
n=1

P 2
n

2
+

1

2

N∑
n=1

ω2
nR

2
n + ~ωDA

≡
N∑
n=1

Ĥn
D + ~ωDA

(A.1)

ĤA =
N∑
n=1

P 2
n

2
+

1

2

N∑
n=1

ω2
n (Rn −Req

n )2

≡
N∑
n=1

Ĥn
A

(A.2)

ρ̂B(0) =
1

ZD
exp

{
−β

[
N∑
n=1

P 2
n

2
+

1

2

N∑
n=1

ω2
nR

2
n

]}

=
N∏
n=1

1

Zn
exp

{
−β
[
P 2
n

2
+

1

2
ω2
nR

2
n

]}

≡
N∏
n=1

ρ̂n(0) (A.3)

Here, the tilde indicating normal mode frequencies were dropped for simplicity and Zn =
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[2tanh(β~ωn/2)sinh(β~ωn)]−1/2.
As a result, 〈V̂ij(t)V̂kl(τ)〉 can also be cast as a product of single-mode terms:

〈V̂ij(t)V̂kl(τ)〉= Γ2eiωijteiωklτ

×
N∏
n=1

Trn
[
ρ̂n(0)e

i
~ Ĥ

n
i te−

i
~ Ĥ

n
j te

i
~ Ĥ

n
k τe−

i
~ Ĥ

n
l τ
]

≡ Γ2eiωijteiωklτ

N∏
n=1

〈V̂ij(t)V̂kl(τ)〉n (A.4)

The single-mode terms {〈V̂ij(t)V̂kl(τ)〉n} can then be evaluated by performing the trace within the
position representation and inserting closure relations, so as to express them in terms of matrix ele-
ments of the single-mode initial density matrix, 〈x| ρ̂n(0) |x′〉, and the propagators, 〈x| e±iĤt/~ |x′〉,
all of which can be obtained in closed form, e.g. by using path integral techniques.220

To demonstrate, consider 〈V̂DA(t)V̂DA(τ)〉n, for which

〈V̂DA(t)V̂DA(τ)〉n =

∫
dx0dx1dx2dx3dx4

× 〈x0| ρ̂n(0) |x1〉 〈x1| e
i
~ Ĥ

n
Dt |x2〉 〈x2| e−

i
~ Ĥ

n
At |x3〉 〈x3| e

i
~ Ĥ

n
Dτ |x4〉 〈x4| e−

i
~ Ĥ

n
Aτ |x0〉

(A.5)

〈x| ρ̂n(0) |x′〉 =
(

2 tanh(
β~ω

2
) sinh(β~ω)

)1/2( ω

2π~ sinh(β~ω)

)1/2

× exp

{
− ω

2π~ sinh(β~ω)

[
(x2 + x′2) cosh(β~ω)− 2xx′

]}
(A.6)

〈x| e
i
~ Ĥ

n
Dt |x′〉 =

( iω

2π~ sin(ωt)

)1/2

exp

{
ω

2πi~ sin(ωt)

[ (
x2 + x′2

)
cos(ωt)− 2xx′

]}
(A.7)

〈x| e
i
~ Ĥ

n
At |x′〉 =

( iω

2π~ sin(ωt)

)1/2

× exp

{
ω

2πi~ sin(ωt)

[
((x−Req)2 + (x′ −Req)2) cos(ωt)− 2(x−Req)(x′ −Req)

]}
(A.8)

Thus, 〈V̂DA(t)V̂DA(τ)〉n can be written as a 5-dimensional Gaussian integral:

〈V̂DA(t)V̂DA(τ)〉n =

√
2(ω/~)5 tanh(β~ω/2)

sin(ωt) sin(ωτ)
√

detA
(A.9)

×
∫

dx exp

(
−1

2
xTAx + bTx + c

)
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Here, xT = [x0, x1, x2, x3, x4], and the matrix A, vector b, and constant c are given by:

A =
ω

~


coth(β~ω)− i cot(ωτ) − csch(β~ω) 0 0 i csc(ωτ)

− csch(β~ω) coth(β~ω) + i cot(ωt) −i csc(ωt) 0 0

0 −i csc(ωt) 0 i csc(ωt) 0

0 0 i csc(ωt) i cot(ωτ)− i cot(ωt) −i csc(ωτ)

i csc(ωτ) 0 0 −i csc(ωτ) 0


(A.10)

b = i
ωReq

~



1− cos(ωτ)

sin(ωτ)

0

1− cos(ωt)

sin(ωt)

1− cos(ωt)

sin(ωt)

1− cos(ωτ)

sin(ωτ)


(A.11)

c = − iω(Req)2

~

[
1− cos(ωt)

sin(ωt)
+

1− cos(ωτ)

sin(ωτ)

]
The 5-dimensional Gaussian integral can then be evaluated analytically, to obtain the following

closed form expression for 〈V̂DA(t)V̂DA(τ)〉n:

〈V̂DA(t)V̂DA(τ)〉n

= exp

{
ω(Req)2

2~
coth

(
1

2
β~ω

)[
2 cos (ωt)

+ 2 cos (ωτ)− 3−cos (ω(t− τ))
]}

× exp

{
i
ω(Req)2

~

[
1

2
sin (ω(t− τ))−sin (ωt)

]}
(A.12)

Closed form expressions for the remaining three cases, 〈V̂DA(t)V̂AD(τ)〉n, 〈V̂AD(t)V̂DA(τ)〉n,
and 〈V̂AD(t)V̂AD(τ)〉n can be derived following a similar procedure, and are given in terms of a
5-dimensional Gaussian integral of the form of Eq. A.9, where the vector b and the constant c
differ from one case to another, while the matrix A remains the same.

The quantities 〈V̂jk(t)〉 can also be evaluated in a similar way, by casting them in terms of
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single-mode terms, {〈V̂jk(t)〉n}. For example, 〈V̂DA(t)〉, can be shown to be given in terms of a
3-dimensional Gaussian integral, which upon solving yields the following closed form expression:

〈V̂DA(t)〉n =
(ω
~

)3/2
√

2 tanh(β~ω/2)

sin(ωt)
√

detA

× exp

(
1

2
bTA−1b + c

)
(A.13)

A =
ω

~



coth(β~ω)

−i cot(ωt)
− csch(β~ω) csc(ωt)

− csch(β~ω)
coth(β~ω)

+i cot(ωt)
−i csc(ωt)

csc(ωt) −i csc(ωt) 0


(A.14)

b = i
ωReq

~


1− cos(ωt)

sin(ωt)

0

1− cos(ωt)

sin(ωt)

 (A.15)

c = − iω(Req)2

~
1− cos(ωt)

sin(ωt)
(A.16)
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APPENDIX B

Bath discretization procedure

In this appendix, we outline the procedure used for obtaining a discrete set of frequencies from a
spectral density J(ω). To this end, we start out by defining the density of modes,

ρb(ω) ≡
Nb∑
j=1

δ (ω − ωj) , (B.1a)

where the number of bath modes to be generated by the discretization is given by Nb. ρb(ω) can be
defined arbitrarily as long as the normalization condition∫ ∞

0

dωρb(ω) = Nb (B.1b)

is satisfied. In the current dissertation, the density of modes is defined as ρb(ω) =

NbJ(ω)/ωUb(∞), where

Ub(ω) =

∫ ω

0

dω′
J(ω′)

ω′
. (B.2)

The next step is to choose the discrete frequencies {ω1, ω2, · · · , ωNb
} from ρb(ω). These dis-

crete frequencies divide the overall domain of frequencies into Nb + 1 intervals

[
0,∞

)
→
[
0, ω1

)
,
(
ω1, ω2

)
, · · · ,

(
ωn, ωn+1

)
, · · · ,

(
ωNb−1, ωNb

)
,
(
ωNb

,∞
)
,

and the frequencies are chosen such that the Nb + 1 intervals divides the density of modes evenly,
that is,

[
0, ω1

)
and

(
ωNb

,∞
)

contain 1/2 modes each, and each of
(
ωn, ωn+1

)
contains 1 mode.

As a result, ∫ ωj

0

dω ρb(ω) = j − 1

2
, (B.3)

which can be solved to give ωj .
In the case of the GOA model, the spectral density defines the frequencies and coupling coeffi-
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cients for the secondary modes, as given by Eq. 2.12. The coupling coefficients {cj} are evaluated
by requiring that

J(ωj)

ρb(ωj)
=
πc2

j

2ωj
. (B.4)

Substituting in the Ohmic form of the spectral density, the explicit forms of {ωj, cj} can be
derived:

ωj = − ωc ln

(
Ns + 1

2
− j

Ns

)
(B.5a)

cj =

√
2ηωc
πNs

ωj (B.5b)

In the case of the Frenkel biexciton model, Eqs. 3.7c, 3.9, a similar procedure can be applied to
yield the explicit forms of {ωj, Rj} for the Ohmic-Lorentzian spectral density:

ωj = ωc

(√
cot2(

j − 1
2

Nb

π) + 1− cot(
j − 1

2

Nb

π)
)

(B.6a)

Rj =

√
2λ

Nb

ω−1
j , (B.6b)

where Nb is the number of modes for one site in this context, and the site index is omitted.
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APPENDIX C

The 4th-order Runge-Kutta algorithm for solving
TNL-OD-QMEs

In this appendix, we outline the numerical procedure that was used for solving the TNL-OD-QMEs
Eq. 1.8. This corresponds to integro-differential equations of the form:

ẏ(t) = F
(
t, y(t),

∫ t

0

ds K(t, s, y(s))
)

(C.1)

The results reported in this paper were obtained by solving such equations via the 4th order Runge-
Kutta algorithm proposed in Ref. 115.

Let t(α) = αh, with α = 0, 1, · · · , and y(α) = y(t(α)). Then y(α+1) is given by:115

y(α+1) = yα + h
s∑
i=1

biF (tα + cih, Y
α
i ,M

α
i +N

(α)
i )

Y
(α)
i = yα + h

s∑
j=1

aijF (tα + cjh, Y
α
j ,M

α
j +N

(α)
j )

M
(α)
i = h

α−1∑
β=0

s∑
j=1

bjK(tα + cih, t
β + cjh, Y

(β)
j ) (C.2)

N
(α)
i = h

s∑
j=1

āijK(tα + dijh, t
α + cjh, Y

(α)
j )

where s > 0 is the number of stages, and a, ā, b, c, d are parameters that dictate the order of the
Runge-Kutta solution. For this study, we use the following explicit 4th-order algorithm where
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aij = āij, dij = ej:115

ei ci aij

1
2

0 0
1
2

1
2

1
2

0

1 1
2

0 1
2

0

− 1 0 0 1 0

1
6

1
3

1
3

1
6

bj

(C.3)
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APPENDIX D

Dynamics in the rotating frame

We start from the complete form of the Hamiltonian Ĥtot = Ĥ + Ĥb without omitting the band
gap:

Ĥ =
∑
j

Ĥg
j B̂j B̂

†
j +

∑
j

(
∆j + Ĥe

j

)
B̂†j B̂j +

∑
j 6=k

ΓjkB̂
†
j B̂k (D.1a)

Ĥb = ~ω0

∑
j

B̂†j B̂j (D.1b)

It is easy to show that the band gap Hamiltonian Ĥb commutes with Ĥ , therefore we can define
the dynamics in the rotating frame as

ρ̂rot(t) = e
i
~ Ĥbtρ̂(t)e−

i
~ Ĥbt (D.2a)

= e
i
~ Ĥbte−

i
~ Ĥbte−

i
~ Ĥtρ̂(0)e

i
~ Ĥte

i
~ Ĥbte−

i
~ Ĥbt

= e−
i
~ Ĥtρ̂rot(0)e

i
~ Ĥt , (D.2b)

that is, the dynamics in the rotating frame is governed by the rotating frame Hamiltonian Eq. 3.1,
where the band gap is ignored.

We now turn to the absorption lineshape, which is defined as the Fourier transform of the linear
optical response function

I(ω) = 2πIm

∫ ∞
0

dt
i

~
Tr
[
µ̂ e−

i
~ Ĥtott[µ̂, ρ̂eq]e

i
~ Ĥtott

]
eiωt (D.3a)

= Re

∫ ∞
0

dt Tr
[
e

i
~ Ĥbtµ̂e−

i
~ Ĥbt e−

i
~ Ĥt[µ̂, ρ̂eq]e

i
~ Ĥt
]
eiωt , (D.3b)

where the prefactor is ignored in Eq. D.3b since only the relative strength of the lineshape is

66



important, and the dipole operator in the rotating frame is given as:

e
i
~ Ĥbtµ̂e−

i
~ Ĥbt =

∑
j

eiω0tB̂
†
j B̂j

[
B̂jµj + B̂†jµ

∗
j

]
e−iω0tB̂

†
j B̂j

=
∑
j

[
B̂†j B̂je

iω0t + B̂j B̂
†
j

][
B̂jµj + B̂†jµ

∗
j

][
B̂†j B̂je

−iω0t + B̂j B̂
†
j

]
=
∑
j

B̂jµje
−iω0t + B̂†jµ

∗
je
iω0t = µ̂ue

−iω0t + µ̂†ue
iω0t (D.4)

On the other hand, only the inter-band coherence will be populated after the initial interaction
with the dipole operator:

µ̂ρ̂eq =
∑
j

µj ρ̂
eq
N ⊗ B̂

†
j

∏
k 6=j

B̂kB̂
†
k . (D.5a)

Since the Hamiltonian does not contain inter-band coupling, no other matrix elements of the elec-
tronic density will be populated throughout the dynamics, whose general form can be written as

e−
i
~ Ĥtµ̂ρ̂eqe

i
~ Ĥt =

∑
j

ζj(t)ρ̂N,j(t)⊗ B̂†j
∏
k 6=j

B̂kB̂
†
k , (D.5b)

which can be confirmed by inspecting [Ĥ, exp( i~Ĥt)µ̂ρ̂
eq exp( i~Ĥt)]. Hence, only two terms sur-

vive in Eq. D.3b:

I(ω) = Re

∫ ∞
0

dt Tr
[
µ̂u e

− i
~ Ĥtµ̂ρ̂eqe

i
~ Ĥt
]
ei(ω−ω0)t (D.6)

− Re

∫ ∞
0

dt Tr
[
µ̂†u e

− i
~ Ĥtρ̂eqµ̂e

i
~ Ĥt
]
ei(ω+ω0)t .

Since the band gap ~ω0 is assumed to be much larger than either the detuning ∆ or the electronic
coupling Γ, the lineshape consists of two sets of features centered around ω0 and−ω0 (this is often
referred to as the rotating wave approximation). Here, we will focus on the lineshape around ω0,
removing the exp{i(ω+ω0)t} term and shifting the frequency coordinate to originate from ω = ω0,
yielding Eq. 3.2a.
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