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ABSTRACT

SIMPLIFICATIONS IN THE SIMULATION OF

MECHANISMS CONTAINING FLEXIBLE MEMBERS

by

Thomas John Wielenga

Co-Chairmen: Milton Chace, Joseph Whitesell

The equations of motion for linearly elastic bodies undergoing large displacement
motion are derived. The equations of various types of joints and forces are also
derived. This produces a set of equations which are efficient to numerically integrate

and- provides a general approach to mechanism simulation.

The equations for the elastic members are formulated and simplified to provide as

much efficiency as possible in their numerical solution. The techniques used are:

1) A local frame of reference is associated with each body. In this frame defor-
mation retains its linearity, despite the non-linear overall motion of the body.

2)  The equations of motion for the rotation of the frame are formulated in
terms of angular velocity instead of angular coordinates. This allows much
simpler vector equations.

3) By making the local reference frame "float” with respect to the body many of
the terms in the equations are eliminated. This can be done by choosing free
modes for deformation coordinates, or by constructing a set of coordinates
with similar properties by using Gram-Schmidt orthogonalization.



4)  Many of the remaining terms are shown to be of negligible size and are elim-
inated from the equations.

A further efficiency is obtained through the use of Euler Parameters as angular
coordinates. These coordinates have no singular positions and are easy to evaluate and

integrate.

The equations are presented in two forms for numerical integration. The first
form is suitable for integrators requiring the equations to be explicitly solved for the

first derivatives. This form is appropriate for non-stiff systems of equations.

The second form is appropriate for those integration techniques which allow
implicit equations and is suited to stiff sets of equations. The implicit numerical
integration is extended to solve second order equations, further reducing the numerical

effort required.

Several examples are solved and the results are given. The formulation given is

seen to be accurate and is expected to be efficient for many types of problems.
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CHAPTER I

INTRODUCTION

1.1. Problem Definition

The simulation of dynamical mechanisms undergoing large displacements involves
the derivation and solution of highlyl non-linear equations of motion. In the past, the
equations of motion for a specific problem were derived by hand, programmed and
numerically integrated. Recently however, computer programs which automatically

generate and numerically integrate the equations of motion have been developed.

Similar progress has been achieved for problems undergoing small displacement
motion, assumed to be in the elastic range of component materials. In this case, linear
dynamical models are automatically formed through the finite element method and
solved with modal analysis techniques. Typically, mechanisms composed of rigid
bodies are modeled with a small set of equations which are highly non-linear. Dynami-
cal elastic structures, on the other hand, are often represented with linear models hav-

ing several thousand degrees of freedom.

Recently these separate fields have begun to coalesce. The assumption that all of
the members in the mechanism are rigid is not always a good one. The members are
actually flexible structures and sometimes the interaction between the member’s flexi-

bility and the mechanism'’s overall performance is important. This is especially true in



high speed mechanisms and problems involving impact. On the other hand one of the
biggest problems in finite element analysis is determining the loads on the structure.
These loads can be calculated through mechanism simulation. If the structure is a

moving part of a mechanism, its own inertia also introduces significant loads.

Those considerations cause us to view the structure as an integral part of the
solution process. The dynamics of the member are considered simultaneously with the
dynamics of the mechanism. This can cause significant problems. Problems arise
because the large linear problem of structural dynamics becomes enmeshed in the
highly noﬁ-linear dynamics of overall motion. If handled improperly, this can result in

huge non-linear sets of equations.

It should not be surprising that techniques from both fields can be used to sim-
plify the equations of motion. This is the subject of this dissertation: Simplifications

in the simulation of mechanisms containing flexible members.

1.2. Previous Work

There have been many investigators pursuing this field since the early 1970’s.
The early researchers tried to solve the problem by considering the dynamics of
mechanism separately from the response of the individual members. The dynamics of
the mechanism were considered first with the assumption that the members could be
considered rigid. Once the motion and forces were determined from rigid body dynam-
ics, these were applied to the individual members and each member’s response was
determined. During this phase of the analysis a finite element model usually
represented the dynamics of each individual member. This type of analysis was called

Kineto-Elastodynamics [1-4].



Since these approaches separated the overall system dynamics from the dynamics
of the flexible members, the accuracy of the results was limited. The largest disparity
between theory and measurements was the magnitude of reaction forces at joints in
the system. Because the flexible members absorbed energy during impact, for example,
the actual forces were lower than computed forces. One approach that followed for-
mulated the problem in coupled form analytically. This was a very tedious process

and was done only for simple mechanisms (36].

Another approach to formulating the coupled problem was to formulate finite ele-
ments wifh large displacement coordinates [7]. This provided the missing coupling,
but presented a larger problem. In order to model a member in detail many elements
would be required. This made the number of coordinates to integrate astronomical.
An approach which eliminated many of these coordinates was presented by Dubowsky,
et al. [8,9]. A method called Component Mode Synthesis was used to reduce the
number of coordinates by doing a modal reduction on the internal degrees of freedom.
Modal coordinates for the lower frequencies were used to represent the deformation of
the body. The interface nodes were constrained to move with interface nodes of other
bodies to tie the system of bodies into a mechanism. The method eliminated the con-
straints and constraint forces and produced a minimal set of coordinates. This pro-

duced a highly non-linear and coupled set of equations to integrate.

Similar approaches were proposed using Component Mode Synthesis by
Shabana/Wehage, [10] and also Benson [11]. These used different approaches in the

formulation of the overall equations and solution procedures.

Another set of investigators in the spacecraft industry were solving the problem

of flexible spacecraft by attaching a local reference frame to an assumed rigid body in



the satellite [14-16]. All of the deformations were measured with respect to this rigid
body. Various improvements followed usually with this fundamental assumption. The

equations of motion generated were fairly complex.

One set of investigators [13] produced a program (called DISCOS) capable of
simulating satellites composed of coupled flexible members. This is a fairly ponderous
program using NASTRAN and DMAP. Here the investigators again used a locally
attached frame in each flexible body and deformatioh coordinates which could be
either finite element mode coordinates or modal coordinates. Only hinges are allowed
as joints. |

Also in the spacecraft industry, DeVeubeke [17] showed that the single flexible
body could be represented using a floating frame of reference. He examined two types
of floating frames, the Tisserand frame and the Buckens frame. He showed that the
free modes satisfy the Bucken's constraint equations and dramatically simplified the

equations of motion.

Canavin and Likins [18] in a later work claimed that for a linearly elastic member
the Tisserand frame was approximately the same as the Buckens frame. This approxi-
mation allowed them to drop a non-linear coupling term from the constraint equations.
This further simplified the equations for a single elastic body. This particular simplifi-
cation does not seem to be justified -in all situations and will not be used in the

development in this dissertation.

The development here will use the Buckens reference frame for each flexible body
and free modes (or modes with similar properties) to represent the deformation. This
gives substantial simplification for each body’s equations. In addition, the remaining

terms will be checked for their relative contributions, and terms with negligible contri-



butions will be dropped. This gives more consistent simplifications than those
presented by Canavin. Techniques from rigid body dynamics for the solution of con-

strained mechanical systems will be used to solve the equations.

Several developments are umique to this dissertation. Determining the relative
size of terms in the equations and dropping those that are negligible is one contribu-
tion. Another unique contribution is the presentation of the gquations in two efficient
forms: one form suitable for non-stiff systems, and one form suitable for stiff systems.
An additional contribution is the presentation of an integrator which will integrate a
mixed setA of implicit equations consisting of second order equations, first order equa-
tions and algebraic equations. This integrator is especially appropriate if the system is

stiff.

1.3. Dissertation Overview

The dissertation is organized as follows: First, preliminary material to the under-
standing of the overall problem is given in Chapter I. This includes mathematical
notation, general concepts of moving reference frames, techniques for applying

Lagrange’s equations in vector form, and integration techniques.

The second chapter derives some of the inertial properties of rigid bodies and
their equations of motion. It also shows how they can be simplified by an appropriate

choice of local reference frame.

The third chapter derives the properties of flexible bodies and examines the newly
added terms. The equations of motion are presented without any simplifications. In
the fourth chapter these equations are simplified by using deformation coordinates that

are appropriate for a floating frame.



The fifth chapter presents further simplifications resulting from eliminating terms

which are negligible from the equations.

The sixth chapter shows how the individual bodies are assembled to make up a
mechanism. Various constraint equations for different types of joints are given as well

as a basic forcing function.

Examples are presented in chapter seven and the strengths and weaknesses of the

various approaches are discussed.

1.4. Notational Preliminaries

The notation used in this dissertation will be a combination of several different
kinds. First of all, vectors and tensors will be used in desqribing the overall motion
and orientation of each body. The equations of motion for a body's’ overall motion
will be derived in vector form. This is the standard form for traditional rigid body
dynamics. To program the equations, however, matrix form is preferred, and the vec-
tor equations can be converted fairly readily to matrix form using the techniques of

this section. Most of these techniques are described more fully in Reference [22].

Along with the overall motion of a flexible body, the deformation of the body
must be described. For the deformation coordinates of the body, index notation will
be used. This seems to be the least confusing way to handle the deformation if the

number of subscripts is kept low.

A vector will be denoted by an arrow above the vector quantity. It can be

represented as a linear combination of three unit basis vectors:

;J‘= vlgl + 02?2'{' 03?3 (1-4-1)



A matrix will be denoted by an underbar. For example v = [v, v; vy)7. Equa-

tion 1.4.1 can be represented in matrix notation as

=T

oo}

(1.4.2)

<] <«

T

loo] le

or

le

where ¢ is a column matrix with unit vectors as elements: ¢ = [¢, ¢,¢47. The

column matrix v contains the coordinates of the vector v in base E

Unit vectors are orthogonal and of unit length. This can be stated in matrix

notation:

€1
- - — — = -
€ - el = e, - [€1€,¢4
s

This matrix operation is done in the normal way, except that the product between

terms is the dot product. Expanding this expression into a matrix yields the following:

'~ - N - =
€1°¢y €1’€a e1’cs
- -7 - - - - - -
e ° ¢ = |¢s¢ €a'€o €aCg
- - - - - -
€s'€) €s'€2 €scs

Since the unit vectors are orthogonal, all the off-diagonal terms are zero, and the diag-

onal is unit valued. The expression becomes

(1.4.4)

Y]

(Y

I
OO -
Q= QO
-0 O
I

I~

where I is the 3 X 3 identity matrix.

More than one set of base vectors will be needed. In order to distinguish between
sets of base vectors, a superscript in parenthesis identifies the particular base. For
example E(” are the base unit vectors of base s. The set of base vectors itself is
referred to as a reference frame. The unit vectors of one reference frame are linear

combinations of the unit vectors in another reference frame. This can be written in



the following way:

e =473c0 (1.4.5)
where A™ is the direction cosine matrix. The direction cosine matrix has an impor-
tant property. The inverse of A™ is equal to its transpose:

(érs)-l = (é" )T =é" (1.4.6)
If the vector v is resolved in two different reference frames, it will have different coor-

dinates in each frame. The vector resolved in two different reference frames is:

7 = E(”r.”.(” = ;'(r)fgm

Using Eq\iation 1.4.5 for E('), this equation becomes:

2T E(S)'= 26T AT 2(')

= = (1.4.7)
or z(s) - é sr -v- (r)
The direction cosine matrix then, also transforms the coordinates of one frame into the

coordinates of another frame. For this reason it is also called the transformation

matrix.

The product of two different sets of unit vectors will not result in the identity

matrix (as in Equation 1.4.4), but results in the transformation matrix.

9 . 70T — g3 . E(s)’

i -"2 (1.4.8)

78

P

Dyadics will be used in addition to vectors. A dyadic is also called a "second
order tensor” (this is shortened to "temsor” in most cases). A dyadic is a sum of
indeterminate products of two vectors each, and is denoted by a double arrow.

D=ayb+ aghy+ (1.4.9)

It is also a linear vector operator. It produces a vector when a vector is dotted with it.



= Gy(by - V) + g(by - V) +

I
7 = (T 301+ (V: ao)bg+

Ot «)

or

The unit tensor (?) has the property that it returns the same vector back again:

I - v=73 (1.4.10)
and
7T =% (1.4.11)

L d
It is possible to resolve a tensor in some coordinate frame. D can be written

hag - — - - - —
D= Duelcl"" D123162+ Dlaeles
- = - - - =

+ Dglezcl + Dmezeg'i' Dnezes

- = - - - -
+ Dyesey + Dagesea + Dygeses

Rewriting in terms of matrix notation this becomes

D= (1.4.12)

Tpe

oo |

where

and D is called the coordinate matrix of D in frame ¢. The coordinates of D can be

obtained in another frame by a transformation. Using Equation 1.4.12:

rOM DW= E(r)’ DTEY

and Equation 1.4.5,
E(s)rg s E(s) — E(s)rA rs rD 14 _4 rs E(S)‘

So: D' =A™ DA™ (1.4.13)

or D* =A"D"A". (1.4.14)

The double vector cross product can be written in terms of a tensor:



=[@-)-53-7 (1.4.15)
D-v
where D= (@ - ;)?— ;5'] (1.4.18)
oo  D=gTbl-}baT

The transpose of a tensor is defined

In terms of the matrix of coordinates, D becomes D T. A tensor is symmetric if
DT =Dor D T = D. A symmetric tensor’s coordinate matrix can be reduced to diag-

onal form, by choosing an appropriate frame in which to resolve the tensor. The axes

of the frame are called the principal axes of the tensor.
A tensor is anti-symmetric if DT = -D or D T =_p. It has only three indepen-

dent components. An example is defined by the cross product operator.

Qxv=0 7 (1.4.17)

0 -0; O,
Q = Qs 0 -ﬂl (1.4.18)
0, 0 0

Equation 1.4.17 written in matrix notion is

192

v (1.4.19)

The double vector cross product a X (; X v) could be written s b v. Comparing

this with equation 1.4.16

~.

a

o2

=baT -aTh1 (1.4.20)

Calculating Z_;_ from this identity takes 12 multiplies as opposed to 27.
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~ ~~

The cross product (3 X 5) X v = (ba - 3b) - 7 written [ 8]v. The quantity [Z b

can be written

~ 1.4.21
[a8]=5a" -ab” (1421

An identity used fairly regularly to simplify equations is
(1.4.22)

ba+ad=ab

This can be seen fairly readily by expanding both sides using Equations 1.4.20 and

1.4.21.

As the body moves and'translates in an overall way it can also deform (in the
flexible analysis). For flexible bodies in general, an infinite number of coordinates are
possible. Usually, however, approximations are made which reduce the number of
coordinates to a finite number. For these deformation coordinates, indicial notation
will be used. The range of the subscript will usually run over the number of deforma-
tion coordinates. Repeated subscripts in an expression indicates summation. For

example

I N
=9 p; =Y,V b,
=l

A subscript in parenthesis indicates no summation on this index.

1
U= 3 wls: p

The Kronecker delta is defined

{1 t=j }
by = 0 otherwise

and it also acts to interchange indices
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6 b =y (1.4.23)

1.5. The Vector Application of the Fundamental Equation
The fundamental equation for dynamics can take many forms. The form used
here is amenable to getting both vector equations and scalar equations. This make the

resulting equations more compact and individual terms have more recognizable mean-

ing. The fundamental equation can be written (Reference 24, Equation 6.6.1):

B4 1243

ad,- aq,- aq,-
NC 0%,
VN | —
A§1 d¢;
NF oP
-y F, - T]} - 8¢, =0 (1.5.1)
ey %

plus constraints

& =0 K =1 -NC

The first line of the equation has the terms in the system relating to the kinetic
energy (T), and potential energy (V). The second line contains the generalized forces
of constraints which were left out of the original variations. For every constraint force
\; included here, there must be a corresponding constraint ¢, included with the equa-

tions of motion. These constraints are shown included at the end.

In the third line are the generalized forces. These terms are for applied forces left
out of the potential energy function. F, is the applied force and P, is the correspond-
ing point of application or spanning vector. In this equation the quantities ég;, \;, &;,
F,, P, can be either scalars or vectors. However they must be consistent. When )\; is

a vector, then &, must also be a vector. Likewise when F, is a vector P, must also

be.
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The products involving the dots must also be consistent. If \, and &, are vec-
tors the dot means a vector dot product in this term. If they are both scalar valued,
then the dot means normal scalar multiplication. This is also true for the product
involving F,, and also for the final trailing product with the variations. If the terms

are vectors, a dot product is meant; otherwise scalar multiplication is meant.

When a variation §g; is a vector, a vector equation of motion will result. This
necessitates taking partials with respect to a vector. The partials of a scalar with
respect to a vector variation will give a vector quantity. The simplest way to obtain
the vector' result, is to take the variation of the scalar, collect like variations, and put
it into the form of a coefficient dotted with each vector variation. The coefficient of

each vector variation is its partial.
6(T)=[§-£— : aii-;-l%%] e
For the case when a vector partial is being taken of a vector quantity a similar
procedure can be used. In this case the result would be a dyadic. Obtaining this
dyadic explicitly, can usually be avoided. In each case a vector will be dotted with it.
To prevent the formation of a dyadic, the dot product should be done first, with the

entire variation. After this the coefficients of the vector variations can be collected.

For example:

-

N - 9%, -~ (- 0%, -
- 6¢k = [)\k . -—a";?" - R + [Xk : a_, ] - o +
T

1.8. Moving Frames of Reference

In rigid body dynamics and in flexible body dynamics, moving reference frames
are used to follow the motion of each body. The properties of the bodies are more

easily defined in terms of these frames . However, the equations of motion require
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derivatives measured in an inertial frame. For this reason, the inertial derivatives
must be expressed in terms of the motion of the frame, and motion relative to the

frame.

In order to express derivatives measured in different frames a superscript notation
will be used. The differential of vector v for example, measured in frame f is expressed
as dy. The differential measured in frame b is expressed : “)dv. In the following
development f will stand for the fixed inertia frame, and b stands for the body fixed

frame.

-

Consider the vectors defined in Figure 1.1. Since P=R+ ¢ an infinitesimal

change in P measured in the fixed frame OdP is equal to the change in R plus the

X

Z‘ Inertial Frame

Figure 1.1 Vector definitions for a moving frame
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change in g, both measured in the fixed frame.

Wgp = O4R + Ddg (1.6.1)

("dR measures the change in position of the body frame.

The change in 7 is made up of a change due to the change in orientation of the
body frame, and the change of 7 relative to the frame. From Euler's theorem, any
change in orientation can be represented as a rotation about a certain axis through a
certain angle. An infinitesimal change in orientation will be denoted by dr. It is a
vector in the direction of the axis of rotation with a magnitude of the angle of rota-
tion. Thé change in 7 due to this rotation is therefore: dr X g. The change in ¢
measured relative to the body frame is (®)dg. The total change in 7 is:

Vg = dr x 7+ Odg | (1.6.2)
The total change in P becomes:

WP = OdR + dr x 7+ Odf (1.6.3)

If these equations are divided by an infinitesimal increment in time they become

-

Wy _dr _ -, Odg

= T @ Xt
and
WP VR dr _ - Og7
R R TR
or
L A
=0 Xq+4q (1.8.4)
and
24 N - - ‘_’.
P=R+QXq+q (1.6.5)

A dot over a vector means the time derivative measured relative to the fixed frame

*(” M . . o
[ dtd ] An open circle over a vector means the derivative measured relative to the
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(%) -
body frame [-74- ] Equation 1.6.4 defines Q as

- dr
a="r (1.8.6)

and is Q called the angular velocity. One of the properties that the angular velocity
has is that its derivative in the fixed frame is the same as its derivative in the body

frame. This can be seen by substituting Q in Equation 1.6.4.

N - - 3
Q=0 X1+0Q

Db

Q= (1.6.7)
One useful identity is that the derivative of a scalar product is the same no

matter what frame it is measured in.

T (d b)—d b+a-b

1.7. Rotational Coordinates

So far, only the change in orientation of a local frame has been investigated. An
infinitesimal change in oriehtation can be represented as a vector; the orientation itself,
in general, cannot be. To specify the orientation of a frame, a set of rotational coordi-
nates are used. In planar problems all that is needed is one angle. For three dimen-

sional problems, three angular coordinates are usually used.

" In deriving the equations of motion, it is easiest to formulate the equations in

terms of the angular velocity vector ﬁ,,which is the rate of change of angular orienta-
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tion. What is needed then, is a link between the angular velocity 0 and the angular
coordinates. The equations for this link are called the kinematic differential equations.
In addition to this, the transformation matrix A¥ needs to be defined in terms of the

angular coordinates.

For planar problems the situation is simple. The bodies always rotate around the
z axis (perpendicular to the plane). The ‘angular velocity vector has only one com-
ponent: 2,. That is, @ =[000,]T. The angular coordinate normally chosen is the
angle the local frame has rotated around the z axis (positive according to the right

hand rule). See Figure 1.2.

The kinematic differential equation is simple

Q, =9 (1.7.1)
The transformation matrix from inertial coordinates to local coordinates is:
cosd sind O

AY = |-sind cosd 0 (1.7.2)
0 0 1

) ‘

Figure 1.2 Planar rotation
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In three dimensions, the situation is more complicated. But, since the equations
of motion will be derived in terms of the angular velocity, they are fairly independent
of the particular choice of angular coordinates. As long as the kinematic differential
equations and transformation matrix for a set of angular coordinates are known, any

set can be used. There are various possibilities. The more well known include:
1) Euler Angles
2)  Bryant Angles
3) Euler Parameters

Both Euler Angles and Bryant angles use sets of three successive rotations. Two diffi-

culties that both these choices share are:
1)  The kinematic differential equations are unsolvable at particular orientations.

2)  Both the kinematic differential equations and the transformation matrix are
- complicated trigonometric functions of these angles. Evaluating these func-
tions can be a significant part of the cost of computation during a simulation.

The Euler parameter approach does not share these difficulties. The kinematic
differential equations for them are always well defined and are simple linear functions.
The transformation matrix is a simple quadratic function of the parameters. Its disad-
vantage is that it has four parameters with an added constraint function. This is not
much of a problem for the implicit formulation, because it is suited to including alge-
braic constraint equations. For the explicit formulation, extra bookkeeping is required
to make sure the conﬁtraint is always satisfied. But the numerical advantages far
outweigh this extra bookkeepiﬁg. In keeping with these arguments, the Euler parame-

ters were adopted for three dimensional simulations.

The physical significance of the Euler parameters is fairly simple. From Euler’s
Theorem any orientation of the local frame can be obtained from the fixed frame by a
single rotation around a particular axis (see Figure 1.3). Let this axis be defined by

the unit vector u. Let the angle of rotation around this axis ( measured positive
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=}

Figure 1.3 Rotation around an axis

according to the right hand rule) be 8. Then the Euler parameters are related to ¢ and
¥ by po= cos% ,and p = Hsin% . Since u is the axis of rotation it has the same

coordinates in each frame. Therefore p has the same coordinates in each frame also.

The constraint equation relating the parameters comes from

- 4 4 [}
in? = 27 in® 2 =
4 sin 3 cos 3 <+ sin 3 1

p02+;-;=coszg-+3-
2 L 7.y =
80 p,+prp=1

The relationships for Euler Parameters are well known and are simply repeated

here (see Reference 22).

The kinematic differential equation can be formulated in two forms. The follow-

ing form is suitable for an implicit integrator:
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Q, Py P Ps -pg| P
Qg = 2|-p2 -Ps P, P 21 (1-7-3)
Qq P2

~-Ps Pz. -P1 Po I;s

Q=Bp (1.7.4)

where

-P1 Do Ps ~P2
B=2-p; -ps P P (1.7.5)
-Ps P2 -P1 Ps

For an explicit integrator, the equations are solved explicitly for the highest derivatives
by including the derivative of the constraint equation and inverting the resulting equa-

tions. This results in

P
! Qq o 0 -n,) |7
il 1 P1 (1.7.6)
P2 T2 |9 -0 0 D] |re o
PS Q3 nz —Q! 0 p

or é= (474

The transformation matrix from inertial coordinates to local coordinates is:

2p.2+p )1 Apwpatrors)  Ap1PsP.po)
AY = |2pprpors) A +pF1  2Apapstr,p)) (1.7.7)
2Apwpstr,pa)  Apapspory) 2Aptt+p )l

1.8. Numerical Integration

The equations of motion arising from both rigid body dynamics and flexible body
dynamics are much too complicated to be solved analytically. Therefore a numerical

integration procedure must be used to solve the differential equations. There are many
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different types of integrators. Each type has different characteristics as well as

strengths and weaknesses.

One of the most obvious differences between integration procedures is the form
that it requires the equations to be in. Most integrators require that the equations be

in first order form, explicitly solved for the highest derivatives.

y=r (¢
‘Less common are those procedures intended for second order equations of the form
My+Cy+Ky=11)
This form of the equations arises naturally in structural dynamics for finite element
equations. Another form which some integrators require is implicit. Here the equa-

tions are written as implicit functions.

oy t)=0

In this case the implicit equations do not necessarily have to be differential equations,
some can be algebraic equations. The entire set is a mixed set of differential and alge-
braic equations. This form allows the analyst more freedom in formulating the equa-

tions.

The second characteristic which is important in the context of flexible mechan-
isms is stability. Because the numerical integrator is approximately solving the equa-
tions, the nature of the approximations may cause instabilities in certain situations.
When this happens, a constant step size integrator may produce wildly erratic results.
A variable step size integratbr, on the other hand, will cut its step size and become
very inefficient. The situation which bringé on this instability is commonly called
"stiffness”. Stiffness occurs when the solution to the problem has small derivatives,

but there is a solution nearby which has large derivatives. In this case, error generated



while following the low derivative solution may cause a jump to the high derivative
solution. For a constant stepsize integrator, the high derivatives cause wildly erratic
solutions. A variable step size integrator, will cut its step size to accurately follow this

nearby solution.

A stable integrator on the other hand does not produce errors in the direction of
the offensive nearby solution. This is not to say that it does not produce errors, only
that the errors it produces do not excite solutions with higher derivatives. Conse-

quently it can take large step sizes and still accurately follow the desired solution.

In the case of flexible mechanisms, stiffness often occurs. The flexible members
usually introduce high frequency components. At times these components are excited
and important and they should be followed meticulously. At other times the damping
in the system causes these components to die out. At these times the system is stiff.
The solution has small derivatives, but a nearby one has large derivatives. For this

case a stiff integrator is desired.

One final situation that arises in flexible mechanisms also gives trouble. This is
the case where some high frequency components are excited, but are so small as to be
negligible. In fact, the magnitude of the component may be smaller than the error
tolerance. Ideally, these components should be ignored and the step size of the algo-
rithms suited to follow components whose magnitude is larger than the error tolerance.
At the present time, unfortunately, even a stiff integrator will not ignore these com-
ponents until théy are virtually zero. The current way to ensure that they become
zero is to introduce damping. This drives these solutions eventually to zero where a

stiff integrator will ignore them.
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One requirement that a stiff integrator has, that a non-stiff integrator does not
have, is that it requires a Jacobian matrix. That is, it needs a matrix of partial deriva-
tives (or some approximate form) as part of the numerical solution process. This is not
always easily obtained. In fact for explicit methods, it is very difficult to obtain it.
The reason is that the equations of motion for mechanisms are highly non-linear. If
they are put in explicit form, obtaining an explicit Jacobian is a formidable task. The
alternative to this, numerical differencing, is numerically intensive and dominates the

cost of simulation in larger problems.

In oﬂer to understand how all these factors relate to the integration of mechan-
ism equations a few remarks must be made about the characteristics of these equa-
tions. First of all, no one has found a way to put the equations for general mechan-
isms into explicit form without forming and decomposing a matrix. Secondly, for the
implicit methods, a matrix must be formed and decomposed as well. The matrix
which must be decomposed in this case is larger and more highly populated. Gen-
erally, it has been found that the non-stiff explicit methods are faster than the implicit
stiff methods for non-stiff problems. The reverse is also true. For stiff problems, stiff
methods are faster. Generally, for mechanisms containing only rigid bodies and where
impact or other exotic effects are not present, the equations are not stiff. For these,

use of the explicit methods will give more efficient solution of the equations.

For mechanisms containing flexible members, or exotic forces the stiff methods
will outperform ‘the non-stiff methods (as long as there is sufficient damping present).
If there is insufﬁcient damping to drive the stiff components to zero, the explicit
methods will outperform the stiff methods. For these reasons, the equations are for-

mulated in forms suitable to both of these methods of integration.
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For explicit methods the equations are put into first order form and explicitly
solved for the first derivatives. Since most of the equations of dynamics are naturally
second order this involves introducing new velocity variables and simple relationships
such as:

R, =V,

and ’.h =N,
The rotation equations, however, are best formed directly in terms of the angular velo-
city and will already be first order in angular velocity. The relationship between angu-
lar velocity and angular coordinates is more complicated, but can still be formulated

easily in explicit form using Equation 1.7.6.

P
where Q=9(Q)

The equations which make up these definitions can be solved independently of the

equations for the dynamics.

The equations of dynamics will be presented in mixed second and first order form
with the understanding that the equations just previously mentioned must be applied

to actually convert them to first order form (except, of course, the angular velocity).

For stiff pmblems the implicit form of the equations are presented. The reason
for ﬁsing the implicit form for a stiff method is that a Jacobian matrix is needed. It is
much easier to obtain the matrix of partial derivatives for equations in implicit form.
It is also easier to produce a Jacobian matrix which is sparse. One of the most impor-
tant aspects of this formulation is the sparsity of the Jacobian matrix. If the Jacobian
matrix has a high percentage of zero locations to non-zero locations (sparsity), the
decomposition a;xd back substitution can be performed efficiently. Since these two

steps are the most time consuming, this dramatically reduces the overall effort required
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to solve the equations. The sparsity of the Jacobian matrix is take advantage of by

using subroutines especially adapted to sparse matrices.

One way to keep the matrix sparse and at the same time, reduce the number of
equations, would be to allow the equatiﬁns to be in second order form, as well as first
order and algebraic form. Examination of the derivation for the Gear integrator [27]
showed that this indeed was possible. The original derivation done by Gear does not
restrict the algorithm to first order form. It was done for arbitrary order. When it
was applied, it was always applied to first order equations. Upon recognizing this, new
integratioﬁ subroutines were written which included second order equations - based on
this same derivation. It is included as Appendix A. These subroutines will integrate
mixed sets of second order, first order, and algebraic equations. The qnly major opera-
tional difference between these subroutines and the former is that the Jacobian has an

extra component. Previously, the Jacobian was the sum of two Jacobians.

o = |[2E]. [ 2
1 = az T N az T
where 4, is a scale factor computed by the integration procedure.

The new Jacobian matrix is the sum of three individual Jacobian matrices

coo |26 ] L [2F ] . [2F
T2 aET T2 a_I-T M 621'

where both v, and 7, are scale factors calculated by the integration procedure. For

second order equations this preserves the sparsity of the Jacobian matrix. Non zero

terms tend to land on top of each other when the Jacobians are added together.



CHAPTER I

THE SINGLE RIGID BODY

2.1. Introduction

The field of rigid body dynamics is not new. It has been studied and expanded
for centuries, thus many of the equations that will be derived in this chapter are very
old. One of the reasons that this chapter is included is to provide a review of the
equations and principles of rigid body dynamics. From this review many of the terms
in the flexible body equations (which are more complicated) will be more easily recog-
nized. It will also provide an opportunity to become familiar with the vector notation
used throughout this dissertation. In addition some of the strategies used in simplify-

ing the equations of motion for rigid bodies can be carried over to flexible bodies.

2.2. The Local Reference Frame and Vector Definitions

In order to locate a rigid body in space, a reference frame is attached to the body.
A vector from the origin of an inertial reference frame to the origin of this local refer-
ence frame is all that is needed to specify the location of the local reference frame.

This vector will be R throughout the dissertation (see Figure 2.1).

Only the position, not the orientation is specified by R. A set of angles (usually

three) is needed to specify the orientation of of the local frame. These angles cannot
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usually be represented as a vector (planar problems are an exception). The inability

for the orientation of a body to be represented as a vector is a source of many compli-

cations in dynamics. Many of these proBlems can be circumvented, however.

Although a finite rotation cannot be represented as a vector, an infinitesimal rotation

can be. The infinitesimal rotation will be denoted dz (notice the arrow is over the

entire quantity). The rate of change of orientation can also be represented as a vector.
dr

This is the angular velocity and will be denoted Q throughout (ﬁ -— ).

The position of every-mass particle in the rigid body can be described relative to
the local frame. The vector from the origin of the local frame to an arbitrary mass
particle is denoted with a lower case 7 (see Figure 2.1). With respect to the local

frame, the position of every mass particle is invariant.

Figure 2.1 Vector definitions for a rigid body



The position P of every mass particle can be represented as the sum of two vec-
tors: R - which is common to all mass particles, and 7 - which is the location of each

particle relative to the local frame and depends on the orientation of the frame.

-

P=R+7 (2.2.1)
An infinitesimal change in position P with respect to the inertial frame is (Equa-
tion 1.6.1):
WP = iR + NG
Since 7 is invariant in the local frame ( (’dr = 0 ), Equation 1.6.2 becomes:
NgF = dr X7 (2.1.2)
and WP = OB + dx X7 (2.1.3)

where dr X7 is the change in position 7 due to an infinitesimal rotation of the frame.

In terms of time rates of change, these two equations become the velocity equa-

tions:
FT=0axT7 (2.1.4)
P=R+0xF (2.1.5)

where

P is the absolute velocity of a mass particle

1? is the translational velocity of local frame
Q is the angular velocity of local frame

r is the position of a particle relative to the local frame.

2.3. Linear Momentum

The linear momentum for a rigid body is the sum of all the individual linear

momenta of the mass particles. This can be written as



P =[P dm (2.3.1)
where P is the total linear momentum of the rigid body, ;dm is the contribution of an

infinitesimal mass particle, and the integral is over the entire mass of the body.

The velocity P in terms of the local reference frame was given by Equation 2.2.5.

Substituting this for ;’. gives the following expression:

-

P={ (E +0 X r)dm
or i;=fl?dm+f§x?dm
Since R is common to all of the mass particles, it is constant with respect to the

integral and can be moved outside the integral. The same is also true of Q. This

yields

§=Efdm+axﬁdm
These integrals can now be evaluated in the local reference frame. The sum of all
the mass particles is just the total mass. The integral over the mass weighted position

vectors gives the center of the mass vector.

Let
M = [dm  (Total mass) (2.3.2)
Mr,, = [rim (Vector to CM.) (2.3.3)

The linear momentum becomes simply:

P =MR+0Q X M (2.3.4)

From equation 2.2.4. we can see that Q X 7., is the absolute velocity of the center of

mass (7., ) relative to the frame. So this equation states that the linear momentum of

the rigid body is the sum of the translational momentum of the local frame, plus the
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linear momentum of the center of mass relative to the frame.

This is a statement of the well known fact that the translational momentum of a
collection of particles is the translational momentum of the center of mass. If the
frame origin was moved to coincide with the center of mass, 7., would be zero and

Equation 2.3.4 would become

R (2.3.5)

g1
!
S

2.4. Angular Momentum

The angular momentum of a rigid body is the sum of all the individual angular
momenta of its mass particles. The angular momentum of a mass particle is always
defined relative to some reference point. It is defined to be the cross product of the

vector S from this reference point and the linear momentum of the mass particle

-

H =5 x mP (2.4.1)
We will choose to find the angular momentum of the rigid body with respect to

its own frame of reference. In this case the vector 7 is used for S.

1-1. = f T X de (2.4.2)
Again using Equation 2.2.5 for P
H= [fx(E+8xdm
Rearranging,
H= f(-ﬁx?’)dm+f?x(ﬁxﬂdm

The R can be moved outside the integral in the first term and simplified
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f(—I? X r)dm =-R X [rdm
= -—‘ X M?cm
The second term can be simplified by expressing the double cross product as a

dyadic product (refer to Equation 1.4.18), [7 X (Q x7F)dm = f [(??)?—'7] - dm

Omega can be moved outside the integral, and it becomes
JIF - A - Fldm - 0
Now define J as the term in the integral

J= [ -7dm (2.4.3)

frx (ﬁ X r)dm = 70 (2.4.4)

"The second order tensor J, is called the inertia tensor. It is a symmetric tensor and
when its coordinates are found in some reference frame it can be represented as a 3 X
3 symmetric matrix.

(fr2+rDdm ~[r.r,dm -[r.r,dm

I= f(r:2+r:2)dm ‘fry r;dm (2.4.5)
SYM f(r2+r)dm

The angular momentum becomes:

—

ﬁ=—§XMrm+ ﬁ

~

(2.4.8)
- 24 - =
=7, X MR+1Q

Here it can be seen that the angular momentum of a rigid body around its refer-
ence frame’s origin is the sum of two parts. The first term is the angular momentum
of the center of mass around the frame origin. The second term is the angular momen-

tum of the frame due to its angular velocity.

Again it can be seen that if the origin of the frame coincides with the center of

mass, the first term will be zero and a simpler equation results:
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I
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(2.4.7)
2.5. Kinetic Energy

The kinetic energy of a mass particle is defined to be

1 o oo
T, = 3 m(P-P)
where T, is the kinetic energy of the particle, m is the mass of the particle, and Pis
the velocity of the particle in an inertial frame. The kinetic energy of the rigid body is
therefore:
T = 2 [FPdn (2.5.1)

Expanding P from Equation 2.2.5
T = %f{§+§ x7] R + & xf]dm

T = —;- j(l?'ﬁ')dm + f(ﬁ- Q x7)dm + % f(ﬁ x7) - (@ xT)dm (2.5.2)

The first term is simplified readily by moving R - R outside the integral:

The second term is simplified similarly

(Eﬁ xﬂdm=§-a X|rdm
| . Ir (2.5.3)
2 - N
=R QX Mg
The third term is simplified by recognizing that the dot and cross can be interchanged

in this mixed product (let ¢ =  x7 and it becomes a triple scalar product)

% [@ x7) - (@ x T)im = % [8[F x(@ x7)|dm

On moving Q outside the integral this becomes
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—;- Q- [IF X(Q X7)|dm
This can be further simplified by expressing the remaining integral in terms of the

inertia tensor (Equation 2.4.8)

l—ow

7 8J-a (2.5.4)

The kinetic energy for the entire body becomes

1 O 13.%4

=2 MR R)+R G XMiq + 5 87 8 (2.5.5)
The kinetic energy of the rigid body has three parts. The first part is the kinetic
energy due to translation of the local frame. The second part is kinetic energy of the
center of mass relative to the frame. The third part is kinetic energy due to the rota-
tion of the frame. Notice again that the equation can be simplified by choosing the

frame to be situated at the center of mass, and oriented to diagonalize the inertia ten-

sor. In this case, the kinetic energy becomes:

T=-;-M(E-ﬁ')+-;-§-3'-§ (2.5.6)

2.8. Application of the Fundamental Equation

The fundamental equation for dynamics given in Chapter I can now be applied to
the single rigid body. This will give its equations of motion. For now, the terms
involving forces and constraints will not be considered. They will be added subse-

quently in Chapter V1.

The variations to be used will be the vector variations of the position of the local

frame 6R , and its orientation dr. The corresponding velocity variations are SR and 502.
In order to get the partial derivatives of the kinetic energy with respect to gen-

eralized velocities %T- , the variation of the kinetic energy with respect to velocity will
9
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be performed (this is done while holding position constant).

- —

6{1’}=6{%M(§-R)+§-axMrm+%ﬁ-

~

: 5} (2.6.1)

The first term in this equation is evaluated using the product rule

1 2 1 0 1 FIOF

The ordering of the terms in the dot product is immaterial so the first term becomes:
l Ead End 2
J{EMR-}‘{‘}‘=5R-MR (2.6.2)

The second term has both R and @ in it so it will give variations for both of these.

{55 x M) = o B xMim + 55 68 XM

Rearranging yields

{75 x Mim) = 68 - BxMiim + 0 - Mitm xB (263)

The third term has only Q in it.

6{;(2.!0}—-2-60 Jﬂ+—2-ﬂ J -8
Since J is a symmetric tensor, the order of the dot products is immaterial and this

term becomes

EndE o B 4

6{%5'7-5}-:60-1-0 (2.6.4)

The velocity variation on the kinetic energy yields:

6{1} = 6R - (MR + @ XMf.p) + 62 (7 - @ + Mfm XR) (2.6.5)

The terms in the parenthesis dotted with each variation is the partial for that velocity.
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O = MR+ X Mty (2.8.8)
OR
aT - - _y 2
—6-?{ =JQ+ Mrcm XR (2.6.7)

These partials are called the generalized momenta. For this choice of coordinates they
turn out to be the linear momentum of the rigid body and the angular momentum,

respectively. This can be seen by comparing them with Equations 2.3.5 and 2.4.5.

The time derivative of the linear momentum follows:

() d
= MR + i (@ XMr.a)
The time derivative of the second term is best expressed in the local frame. This time

derivative becomes

- _ - - ' ) - .
— (@ X M) =10 X (@ XMr,) + T:i (@ XMF.)

The product rule can be used again

(%)
d (an”c,,,)=an",,,. +QXMrC,,,

The second term is zero because r.n 18 invariant in the local frame. The time deriva-

tive of the linear momentum becomes

d — £ - - . 9 N
= (P)=MR+ Q X (2 XMrem ) + @ XMrem (2.6.8)
The time derivative of the angular momentum is next:

7) By o = . s
“(H) “" (-0 + M,y XB)

The first term is most naturally measured in the local frame

- (JQ)=axJ-Q+JQ

The derivative of the second term is done with the product rule:
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g 1=

., 2 - 24
— (Mr;m X R) = (Mrem) X R + Mren XR

=
r

From Equation 2.2.4 ¥ = Q XT

(/)d T, 0 - R T - n
-d-i-(Mrc,,. XR)=(QXMeg)XR+Mgpm XR

Finally the time derivative of the angular momentum is

(/)d - - 4 - - - - N = - 22
TH)=J-f2+ﬂxJ-Q-f-(ﬂxMr,,,.)xR+Mrcm xR (2.6.9)

Since the kinetic energy in this case does not depend on the position or orienta-

tion of the body, the partials with respect to them [%;; ,%_3 are zero. Lumping all
7

of the remaining terms into ?(force) and ?(torque) gives the following expression for
the fundamental equation:
el Ed - - - -Q - -
R -\MR + Q X(Q XMrem ) + @ XMren -f

Py a3 = e - - g .y -
+ 5«-{1-94-0 XJ Q+ (2 XMF.p) X R + Mry xﬁ’-t} =0 (26.10)
Where fand ?represent the additional terms which will be arrived at in later chapters.

If the frame is at the center of mass the fundamental equation becomes

N - 4 - - - -
+67r-{J-n+ﬂxJ-n-t}=o (2.6.11)
Since the variations are arbitrary the terms in the brackets must be zero. This

gives the equations:

T—o (2.6.12)

~t
D=
+
o}
X
<t
o R
|
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2.7. Matrix Form of the Equations

The purpose of this section is to transform the vector equations derived in the
preceding section to matrix form. This will be done with the aid of the matrix

representation of vectors and tensors given in Section 1.4.

The vector R has derivatives measured in the inertial frame. If it is resolved in

the inertial frame, the derivative of R is simply expressed in terms of the derivative of

2 -T . - 2y --T
its components. So R=R €'f). Likewise, iR = RT¢"¥, and R=R &!*). The vec-

tor ?will also be resolved in the inertial frame. The coordinate matrices for these vec-

tors are:

Rl R.l Rl fl
_R_—- R2 ’ R = Rz » R = Rz ’ f= f2
Ra RS Ra fﬁ

If we choose the principal axis of inertia for the body as the body fixed frame, the
coordinate matrix for J is diagonal and becomes
J1

J = I (2.7.1)
I3

Also if we locate the frame at the center of mass of the body the equations of motion
themselves are much simpler. Since these equations are the ones actually programmed,
they are done explicitly here. Equation 2.6.11 is repeated here with the 2 x replaced

~

with its tensor equivalent Q.

- = -
6R-{MR—I}

-

+67r-{.l-ﬂ+ﬂ -J-Q—t}= 0
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Replacing each vector with the appropriate matrix equivalent yields:

SRTTO - {Mg(nfé _Em'_f_ }
+ 6T D . { E(b)’ FO. E(»’ Q
+E07 g 70 . 07 yE0Tg
o i} —0
Now the dot products of the unit vector matrices can be carried out. | In this case

each product is between unit vectors of the same base. An identity matrix is the

result of each dot product from Equation 1.4. The equations reduce to:

The variations multiplying the braces are arbitrary, so the terms in the braces

must equal zero.

MR-f =0 (2.7.2)

For an explicit integrator, the equations must be solved for the highest deriva-
tives in each variable. The highest derivative in R is _13 The highest derivative in Q is
g.)_. These will be grouped on the left and the remaining lower derivative terms on the

right.

1>
I~

I
| T = (2.7.3)
| JQA+ ¢

< |
1D

o R

This can be written out explicitly.



M | ] X N
M| f;’l [z
M| Bl |
-7 ! ;1 T o, = (T80 + ¢,
Y, Q. (Jo=J1)Qs0y + ¢
z [ s (J1=T2)0 0 + ¢4
i | I3

‘Notice that the matrix multiplying the highest order terms is diagonal and con-
stant. To solve this set of equations, each equation is multiplied by the reciprocal of
its diagonal element. Together with these equations, the kinematics differential equa-

tions must also be integrated. These equations were given as Equation 1.7.6.

When there is more than one body and there are comstraints involved, the
dynamic equation.s will involve Lagrange multipliers. These must be determined simul-
taneously with the highest derivatives. The total system of equations is more compli-
cated, but the simple equations for each body reduces the effort and complexity in

solving the system. This will be treated in more detail in Chapter VI.

For a stiff integrator, the equations are written in implicit form. In addition to
the dynamics equations, kinematic differential equations must be included and
integrated simultaneously. For the implicit integrator the appropriate form (Equation

1.7.3) is

o

with PT P=1

I

2

Together, the equations for a rigid body become

MR -{=0
£T£—1=0
Bi-a=0
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For the implicit integrator the partials of these equations must be calculated.

The Jacobian matrix is the sum of three individual Jacobian matrices (Equation 1.8.2).

G OF2 . OF OF ,
-2 az T2 8£ N af

In the partial derivatives that follow, the partials corresponding to f and ¢ will be

ignored - they will be calculated separately in Chapter VI and added there.

Most of the partials are very simple, only two are not obvious:

JQ  the partials could be calculated by matrix manipulation, but it is

192

1) For

simpler to write out this expression and take its partials manually.

- (Js-J2) Qz Qs
/0= (J1-7s5) Q5 O
(J2-J1) @ Qg

We define C to be the matrix of partials:
0 (Js=J2)0 (V5= 740,

C=|(1- I3} 0 (Y1~ T3 (2.7.4)
(J2 = J1)Q2 (J2 - T 1) 0

2) Bp  The partials with respect to p are simple : -‘?:—p = B. The partials with
Z2 : .4 ’ 2
respect to p are also simple but not at all obvious at first glance: éa%’- = - _13

This can be seem by writing out the expression in Equation 1.7.3 and taking the

partial derivatives.

For the system of equations:

E
I
!

(2.7.5)

re
~

1%

! |

1D © I~
]

o o o

I
f=X
<
o)
|
I~
i
=)
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The total Jacobian for the rigid body is:

| M,
237 ]
Byn-B -1

n+C

where

-P1 Py Ps P2
B=2|-p; -ps p, P21
-Ps P2 -P1 P

0 (Js= T3 (Js-J4)0,
C= (J1- J3)0s 0 (J1- 740,
(J2 - 11)Q2 (J2- 1)y 0

(2.7.6)



CHAPTER III

THE SINGLE FLEXIBLE BODY

3.1. Introduction

In this section the equations of motion for a linearly elastic body will be derived.
They will be derived in general first, so that all of the possible terms will appear in the
equations. By using different frames of reference, different deformation shapes, and
neglecting small terms, various simplifications of the equations can be made. The pros
and cons of the various types of equations will be discussed and examples done to illus-

trate each one.

The inertia and energy properties of the flexible body will be derived first, so that
the results can be compared to those for a rigid body. This will cause new body-
dependent constants to be defined and the meaning of these will be examined. The

fundamental equation will then be applied and the equations of motion will resuit.

3.2. Vector Definitions and Deformation Coordinates

As in the rigid body case, a local reference frame is associated with the body.
Because this reference frame follows the body in some way, the deformations will be
measured in this frame. This will preserve their linear character in spite of large

overall motions of the body.

42
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The definitions for the vectors used in the derivation can be seen in Figure 3.1.
The vector R locates the body reference frame relative to the inertial origin. The
undeformed shape of the body is represented by the dashed outline. The vectors 7, are
the positions in the local reference frame of all the mass particles before the body
deforms. The vectors u represent the change in position of each mass particle due to
deformation. The vectors g are the instantaneous position of each mass particle rela-
tive to the local frame. The instantaneous _position of any mass particle is I-”, and is

the sum of the R and 7.

In general, there are an infinite number of ¥ vectors. The deformation u depends
on its location in the body (), and it depends on time (¢). It is both a spatial and a
time dependent quantity [u = u(r,f)]. Therefore an assumption is made that a separa-

tion of variables can be performed:

Figure 3.1 Vector definitions for a flexible body
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N
u(F,t) = Yo (Fui (¢)
=l
or in index notation
;(?,t) = 'pi (;)#s (t)
Here it is assumed that the deformation of the body can be represented as the
sum of shape functions -12, (), multiplied by corresponding time dependent deformation
coordinates. At this point we have assumed that the deformation is a linear function

of deformation coordinates.

All of these relationships are summarized in the following equations

P=~R+7 (3.2.1)
§=Tr+u (3.2.2)
iF) = (1) (3.2.3)

The differentials and velocity equations follow directly from the identities of Sec-

tion 1.6:

WP = V4R + Vdg (3.2.4)

07 = dr x7+ Odg (3.2.5)
This time the body fixed change in 7 (()dg) is not zero as it was for rigid bodies.

From Equation 3.2.2 : 7 = OdF + (®)dy. Since 7 is invariant in the body frame its
body fixed differential is zero. This equation becomes

Oy = Ody (3.2.8)
From Equation 3.2.3, the body fixed change in deformation becomes
Ody = 9, () Ddu, (t) + Ddp, (F)u, (t). Since the shape functions ¥, (F) are invariant in
the body fixed frame the second term is zero, and this equation simplifies to:

Ody =y, Odp, (3.2.7)
Altogether, the differential in P is
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WdP = V4R + dr X7 + ¥ Odp, (3:2.8)

The velocity equations corresponding to these differential equations are:

P=FR+q (3.2.9)

7= 10x3+q (3.2.10)
i=13 (3.2.11)
Q=Y (3.2.12)
P=FR+0x3+ -ap’,,:, (3.2.13)

3.3. Linear Momentum

The linear momentum of a flexible body is again the sum over the entire body of

the individual momenta.

P = f Pdm
Expanding P from Equation 3.13 yields:

-

P = [(R+8 X3 +% m Mm (3.3.1)

The first term becomes again:

2 EN
[Rdm = MR

The second term needs further expansion. First the angular velocity can be
moved outside the integral. [ Qx7dm = QX f9dm. Secondly, 7 can be expressed
as r + u, where?f=;l;,uj:

[edm = [(r+ ¥, p;)dm

The first of these ([rdm) is just Mr,, as before. The second term introduces a new
constant. Since p, is purely a time dependent quantity it can be moved outside the

integral over the body: [ ;b‘J p,dm = | ;(;, dm p; The quantity remaining inside the
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integral is purely spatial, so that integral can be performed for each mode shape ;1;,-,

once, before the simulation begins. Let us define

M3, = [, dm (3.3.2)
then [gdm becomes
fidm = M(r.n + 73 u,) (3.3.3)

and [ Q X 7dm becomes
2 X M(;;m + ‘3; I‘j)
-— [
For the third term in the momentum equation ([, s, dm) the s, can be moved

0
outside the integral and the entire quantity becomes Ms, u, .

The linear momentum of a flexible body becomes

- 2y - - . o
P = MR+ Q XM(Tun + 8y 5) + Ms; (3.3.4)

The expression for the linear momentum of the flexible body has two new terms in
comparison with the expression for rigid body. Both of these involved the deformation

coordinates.

The term 3, 4, is simply the distance the center of mass has moved from its origi-
nal undeformed location. Each s, is the amount the center of mass is moved by the jy

deformation coordinate.

, _
The term M3, p, is the linear momentum due to the velocity of the center of mass

within the body frame (a sloshing motion relative to the body frame).

It may be noticed again at this point, that if the body frame of reference was
located at the instantaneous center of mass (r,, = 5, and 3, = 0 for all i) the linear

momentum would again be the simple expression:
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- 2
P = MR
3.4. Angular Momentum

The angular momentum of the flexible body around the origin of the body frame

is:

H = [7x Pim (3.4.1)

f Pis expanded using Equation 3.2.13, this becomes

- - s - - - O
H= [¢X(R+QXq+ ¢ pedm

The first term can be expanded using previously defined quantities:

fax Rdm f(?+$,u,)dmx§

= (;.cm +§;"j) X MR

The second term has a double cross product in it. It can be expressed in terms of a

tensor (cf. Equations 1.4.15, 1.4.16)

f?X (ﬁ X g)dm

fI(@- D -g)dm - @
7-a

where the flexible inertia tensor is:

J = [I@ O Tqdm (3.4.2)

This inertia tensor is not a constant as it was in the case of a rigid body. 7 can

be expanded in terms of ¥ and u.
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<1
i

J { [(F+ ¥) - (F+)T - (’r’+?[)(?+?£)} dm

JIGF - P - 7FYdm
+ [[2F - ) - (73 + a7)|dm

+ [IE ) - valdm
The first term is a constant and is the same as the rigid body inertia tensor. It will be

defined to be Jo:

D = [[F D -7dm (3.4.3)
The second term is a function of the deformation. It can be reduced by replacing
7 with $, 4, .
[12G - I - (74 + Wrldm
= ,”2(? -7/;.- By )?- (?-1(;.‘ B + ;1;;' U, ?)]dm

= [[2(F %) - (F%; + ¥, P]dm p,

The quantity inside the integral is now completely spatial, so that it can be carried out
once for each i. Let us define it as 71‘
?1,- = f[?(;. : ;l;.' )?‘ (?;1’: + ;”.‘ r)ldm (3-4.4)
This part of the inertia tensor is ‘.;1, #; - The coordinate matrix for this tensor is again
symmetric;
2{(ry ¥y + ry¥a )dm ~[(re ¥y + ry ¥ )dm = [(r; 9, + 1,9, )dm

J; = 2[(r: 4 + ry¥n)dm - [(r, ¥ + r; 9, )dm| (3.4.5)
SYM (2f(r: Y + ry 'wy: )dm)

The third part of the inertia tensor is second order in displacement. Expanding u

in terms of deformation coordinates gives:

f[(;; ) Q)Y—E]dm = f[(l‘j-’i'., ';l;b I‘b)?- ] -!1;, ;/;k pildm
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= u; [[(¥; - ¥ ) - ¥, ¥ Jdm p,
This term becomes
B T2 i
where
92 = [l(¥; Vi) - ¥; 9 ]dm
Finally, the entire inertia tensor 7 becomes:

L d

J = jb + ?1, b + iy :;2]1.“‘-

The angular momentum has become so far:

->

- —_ - 2 -
H= (r;g +88,)XMR+1J- -0

+ f('q’x?:')dm

This last term can be expressed:

Jix udm = [[7 X ¢,p,]dm

= fl(?“";l;ml‘m) X ;cl‘eldm

= f?x ;l;cdm”s +l‘mf;l;m X;/;,dm B

Defining the first integral to be a,

_&, = f? X ¢3 dm ’
and the second to be 5,,.,

—

Gue = f-&m Xy, dm,

this term becomes

0 - 0
ﬁ X udm = (a, + o Gmc)”c

Then the angular momentum becomes:

- 0
+ (ae + b Gme )"c

(3.4.8)

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)
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Examination of the 'various terms in the angular momentum will give insight into
what each one means. The vectors 5, appear again in the term which represents the
angular momentum of the center of mass around the frame origin. The term

F.n + 3 4, is simply the position of the center of mass relative to the frame origin.

The angular momentum of body due to the frame’s angular velocity is the second
term. In this case the inertia tenser is not constant, but depends on the deformation

of the body. As the shape of the body deforms the inertia tensor changes.

The third and fourth term represent the angular momentum that the deformation
has relative to the local frame. The first part of this is the contribution of each defor-
mation mode independently. The @, constant measures the component of rotation for
each deformation shape. This, times the velocity of the deformation, gives an angular
momentum. The second part of the deformation angular momentum is due to cou-
pling between deformation coordinates. The &’,,., constant measures this "cross cou-

pling”, or "cross momentum”.

3.5. Kinetic Energy

The kinetic energy of the flexible body is derived from the same statement as the
rigid body
T = % f i’. . l_; dm
If F is expanded using Equation 3.2.9, this becomes
T = -;-f[3+§]-[§+&]dm
— LE-AM+R- fiam+ L [

The second term can be expressed as
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Y 2 o - - - O
R- fqdm = R[[Q Xq + ¢ p]dm
24 - - 2 - o
= R-QXfqdm +R- [ ¢ dm p
From Equation 3.3.3. [gdm = M(r,, + #,,). Likewise from Equation 3.3.2.

f ¥, dm = Mz, . So this term becomes

g e = - - L
R-[qdm =R -0 X MFm X 5 py) + R - May sy (3.5.1)
The third term is expanded in the following way. From Equation 3.2.10
. .
u.

7= X3 +u. With this substituting, this term becomes

.« . - o - °
L fidm = L [ x3 + - [@ x§ + tldm

= %j(ﬁx}’)(ﬁx})«im
(3.5.2)
+ [ x7-

The first term in this expression can be written

1 - — l —-p . -
?f(“ x'q’)-(nxi’)dm=—2-ﬂ-f[qx(nxi’)]dm
by interchanging dot and cross. The part in the bracket is recognized as 7 - so this

term becomes —;— Q-7-0Q. It must be remembered that 7 is the flexible inertia tensor

and is no longer a constant. The term [ a x 7 - udm is also done readily.
g - _0. = - 2
fnx q-udm=ﬂ~qu7fdm
] - ]
From Equation 3.4.10, [¢ X udm = (a, + pn Gu¢),- This term becomes

g = ¢ . . . . .
Q- (a; + pm Gme ). The last term in this series introduces a new quantity. Expand-

ing it in terms of deformation coordinates:
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0 [ 0

1 > 2 1 .~ - 0
3 Ju-ddm = < [Yene ¥y p,ydm
1 ° - - 0
= E‘ “kf'/)k 'd’p dm by
The spatial integral in this case is called the mass matrix (when in matrix notation).

M, = f;l;t 'Z, dm (3.5.3)

This term becomes

0

1 235 1 °
_.2_ f“ ‘udm = -é- “kMkpl‘p (3.5.4)

The total kinetic energy of the flexible body then is

1 2 2 - - = _, O
T = -é-MR'R-i-R-QxM(?m+s;u,)+MR-s,u,
l—o - - - N - 4
+EQ-J~Q+Q-(a,+p,,.G,,.,)p,
l [

0
+ 3 B My,

The expression for kinetic energy is much more complicated than that for the rigid
body. The new terms which were arrived at in the momentum derivations are present

here also. In addition the mass matrix is involved in the kinetic energy.

3.8. Strain Energy

For the rigid body case, the body is assumed inextensible so there is no energy
exchange with the internal energy of the body. In the case of a flexible body, the body
can store energy as strain enmergy and exchange it with kinetic energy as the system

moves. For the flexible body then, characterization of the strain energy is necessary.

The characterization for strain energy to be used here is a quadratic function of

the deformation. This is the case for a linearly elastic structure.

U= % [€(u) : E:?(E) (3..1)

where U is the strain energy, ¢(u) is the strain at a point, E is the elasticity constant,
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and 4V is an infinitesimal volume.

The exact nature of the elasticity constant E will not be discussed here. It is discussed

in equivalent forms in finite element, and strength of materials texts. The more impor-
tant, and recognizable quantity needed is the stiffness matrix for a particular choice of

-

deformation coordinates. From Equation 3.2.3: v = ;/;, pi. The strain energy

becomes

=%Au,ﬁ($):5r?(;ﬁ";)d"#1

The term within the integral is purely spatial and is called the stiffness matrix.

U = _;.,,, Ky (3.6.2)
where
K, = [&4;):E:%¢($,)dv (3.6.3)

The matrix [K,;] is called the stiffness matrix.

3.7. Application of the Fundamental Equation

We are now in a position to derive the equations of motion for a single flexible
body by applying the fundamental equation from Chapter I. The variations will again
include the vector variations of the position of the local frame SR and its orientation

é7. In addition to these, variations in the deformation coordinates 6, , are included.

First, the partials of the kinetic energy will be taken with respect to the

corresponding velocities ( Q-T- , or , _61 ). This is done by taking the variation of

oF on O
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the kinetic energy with respect to velocities, holding position constant.

T LTI - > , °
5{1} = 5{%MR-R+R-QXM(?.@+81m)+MR'8,| By

Lad

- - - — = ’
+ % Q-J - Q+Q- (¢ + pp G, )tte

1 ° 0
+ '2‘ I‘kMtp"p}

The variation of the first term is

The variation of the second term is

2 b - 2 = -
J{R-ﬂ XM (T +81ﬂ1} =R QX M(rem + 8 1)
Y - -
+ R 60 XM(ten + 81 41)
=R X M + 1)

+ 60 (Fm +58) X MR
The variation of the third term is:

29

= ., o g — ° ° -
MR'SJ#J =¢§R'MSJIIJ+5[IJN1R‘SJ
The variation of the fourth term is:

-

-ﬁ+%§-7-m

—

1—»4—0—o l
8=Q-J-Q =—28
{2 } 2

~1

i

]
>
<t
o1

The variation of the fifth term is:
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- - - o - - - [
6{0 '(ae + Gy, )l‘s }=59 '(aa + b Gmc)l‘e

0 — - -
+ 6p. Q2 '(ac + U Gmc)

The variation of the last term is:

° l ° 4 1 ° o
6{_ “kMkp“p} = ? aﬂthpﬂp + ‘2- “kMkpal‘p
Since the M;, is symmetric this becomes:

0 ]
a“k Mkp By

The velocity variation of the kinetic energy has become:

5T} =R [MR + 0 X MEm + Mt py) + 73 4y |
+ [T D+ (Fom +70:) X MR + (30 + #mam”:)l
+ ue[Mip sy + MR -5 + 0 (@ + i Ok )|
The terms in the square brackets are the corresponding partial derivatives.
Examination of the partial derivative with respect to frame velocity shows that

this is just the linear momentum of the flexible body, P (cf. Equation 3.3.4).

e13

=P (3.7.1)
dR

Likewise, the partial with respect to the angular velocity is just the angular

momentum of the body around the frame origin, H (ef. Equation 3.4.11).

T _ &
=H .
== (3.7.2)

Writing the fundamental equation in these terms yields the following:

o (=2 (F)- T+
s (=t ()20 + 2

on
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g ( aT
dt " op,

+5[lg{ -Ug} = 0

)- Op

where ;‘: ?, o, represent generalized forces not explicitly included as yet.
Examination of the kinetic energy expression reveals that it does not explicitly
depend on the body’s position or its orientation. This is also true for the expression

for the strain energy - there is no dependence on frame position or orientation. There-

fore the following partials are zero in the fundamental equation: -g-z-: , 2—2 , -g% ,

or
;1)

—_—,
(4

Both the kinetic energy and strain energy do explicitly depend on the deforma-

tion coordinates. Therefore -537?— and -agug— are not zero in general.
] L]

Now the fundamental equation has become:
- - -
SR-{P-t}

- 2 =
+ éx - {H-t}

W4 aT  OT U
+ 4 - - <+ - = 0
e { dt op, O O k}
: - 2 - - N o
where P=MR+9XM(?m+s,p,)+MsJ By

- - - - - 2 - - o
H=J -Q+(r;m + 8 #;) X MR + (@q + tr Ge Jtte

aT 4 gl - -
3?— =Mkpup +MR'Sk +ﬂ-(ak +ﬂmGn*)
B

In order to obtain the partials of the kinetic energy with respect to deformation,

the variation of T is taken with velocities held constant.

1 ENFIN FYQENN - » 0
6{T}=5{-2- MRR+R-Q XM(te + 541 )+ MR -5

- -

- - — - 0
+';‘ Q-J’-Q+Q-(ae +“mee)”c
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1 [ [
+ 3 B My, ﬂp}

The only terms containing deformations are the second, fourth, and fifth. The second

term is:

5(R-Q XM(Tem + 5 )}

This becomes

MR'EXE; 5[11

The fourth term has the inertia tensor in it which is a function of deformation.

. 1—» - —
Hz0-7-a} = 0-5/-0Q

o = Jl, 6“,‘ + {2,, 5[1, Hp + ‘,2”[[, 6[‘,

= ('nl + 2',21p By )6 By

This term becomes:

1 - -> -> -
? Q- (‘n't + 2"2(’ “p) ‘Q op,

The fifth term is

- - - o - - 0
6{0 : (ac + pm Gne )I‘c} =0 Guelbhe Otim

Altogether :—T becomes:

i - - - o e - - -
MR-Q X5, + 10 Gy p, +%n-(n, + 272, p,) -

To obtain the partials of the strain energy with respect to deformations, its varia-

tion is taken

1
6U = 6{? By K;'j By }

1 1
= -2‘ o, Kip u; + '§' By Ku 6“:}

Since K, is symmetric this becomes: §U = K; p, 6, The partials -éa;g- are then
- k
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Kkj Uy .
To finish off the deformation equations and put them in their final form, the time

derivative of their velocity partials must be taken. The time derivative of the partial

with respect to deformation velocities is:

0 Bad

- [Mippsp + MR -8y + Q- (ax + pm Gk )]

The first term is a scalar so it becomes

My, b,

The second term becomes

=2 —- b d - -
MR 5 + MR - (Q X35 )
The third term can be expressed using Equation 1.6.8:

0

s - "
n'(ak +I‘met)+ﬂ'“m Gt

Together this becomes:

o0 = 9 -
My p, + MR -8y + Q- (ay + by Gk )
2 - - - - o
+MR'QXSk+Q'Gﬂ#m

Finally all of the terms corresponding to the variation of a deformation coordi-

nate have been derived. Collecting them all inside the braces yields

o0 o 3 -
S\ M, + MR -8y + Q- (ay + pry G )

s - - - - o
+ MR- (2 X s )+ Q- Gpy #n

L - - - - (] - - - -
~[MB - (@ X5 ) + Q- Gyy s, +-;- 8- (71 + 2525 ,) - 1)

+Kb' By }
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This can be simplified slightly by noticing that the terms involving ME . (5 X8y )

- - ° - - (4
cancel. One further simplification results from rewriting - (Q - G, p,) a3 Q ‘Gpi
and adding to the existing identical one. With these simplifications, the fundamental

equation becomes

(14

m
+ 6[4*{Mk, By + Kk] By + MR -8,

- [

—00 - - e 1 — - - -
+ 0 '(ak + bn Gmt)+2ﬂ 'Gmtl‘m "2' Q '(Jlk +2J2tpl‘p)'n} =0

- - - — °
where I“=MIA?‘-!-('IXM(?;.m + sy py ) + Msy g
. (3.7.3)
- - - — - 2 -
H=J-Q+ (ren + 88;) X MR + (aq + 3 Goe Jtte
At this point two approaches can be taken. The first is to leave the equations in
this form. Here we have defined variables for the linear and angular momenta, and
their derivatives appear in the fundamental equations. The second approach is to
explicitly take the derivative of each momentum in the fundamental equation. One of
the disadvantages for doing this is that the equations will get more complicated. Tak-

ing a derivative explicitly usually generates more terms. A disadvantage of the first

method is that there are six extra equations to carry along.



CHAPTER IV

SIMPLIFICATIONS FOR DIFFERENT FRAMES OF REFERENCE

4.1. Introduction

The equations of motion for a flexible body derived in the preceding chapter are
fairly complicated. They were derived for the general case, so that the simplifications
which arise for different choices of reference frames and deformations coordinates can
be compared. Just as the rigid body equations became much simpler from a suitable
choice of a reference frame, the flexible body equations will also. Along with the refer-
ence frame choice, different types of deformation coordinates will also simplify the

equations. In fact the two choices are interrelated.

The two major types of reference frames to be discussed in this chapter are the
locally attached reference frame and the floating reference frames. The floating refer-

ence frames will be seen to give the greatest simplifications to the equations of motion.

Simplifications to the equations beyond those presented in this chapter are possi-
ble. These further specifications are due to the fact that some of the terms in the
equations are insignificant in most cases. The simplifications due to this fact will be

discussed in the following chapter.

60
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4.2. The Locally Attached Frame

The body frame of reference in this case, is attached to a mass particle in the
body and its orientation is the orientation of this local area. All of the deformations
are m‘easured relative to this local frame of reference. /In general, no simplifications
occur in the equations. A simple example will show what is involved.

Example 1: Two mass problem with locally attached frame

The problem to be analyzed is shown in Figure 4.1. It consists of two point
masses connected by a spring. The dynamics equations for this system are written
below it as if a finite element model had produced them. These equations, as they
stand, are good only for small displacements and no rotations. The equations include

one rigid body mode and one straining mode.

Figure 4.1 Two mass problem



To describe the large displacement dynamics, we attach a local frame of reference
to mass one, and orient the z axis so that it always lies along the spring and passes
through mass two. (see Figure 4.2). Now, because the frame is attached to mass one,
both 7, and u, are always zero. Letting the distance between the masses in the unde-
formed state be r, then ¥, is simply rz. The vector 4, is simply pz.

-

-
0 rs = rz

ri
-

- .
u; =0 Ug = uz

Now the constants associated with this body can be calculated

Total mass (M)

M = fdm=(m1+ m,)
Underformed position of C.M. (¥.n )

-<:

Y

Figure 4.2 Locally attached frame



Fon =97 [T dm
1 2 -
=3 (5
= ]l-l- (Om, + rmy)z
_ rmo R
m, + mo

There is only one deformation coordinate which we are calling z. The deformation

vectors u (r,t) have only two spatial positions r, and r,.

—— Il:?=?l)} 0
t)=1{ o - - = -
u(r.t) {u2:r=r2 {z}u

Identifying this with & = ¢, g, , gives

. - -
Now we can determine s and a

M3'=f;/;dm
2 - -~
=Z¢', zm = (0m1+zm2)
)
=m2§
-— m2 A
8—72
a=[7 X9 dm

This shows that the deformation does change the position of the center of mass,
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but does not have an angular component.

Lo d -

The Inertia Tensors f), a,, J2,

Because the chosen axis are lines of symmetry, the inertia tensor will be diagonal.
In fact the moment of inertia around the z axis is zero because both masses are point

masses. The only remaining terms in the undeformed inertia tensor are &, and M, .

N, = f(r,2 + r;%) dm

N, = f(r,2 + r,,z) dm

Since r, and r, are zero for all masses, so these terms reduce to

o

fr,z dm
2

= Y r’m = (0’my+ r’m,)
=1

0

so =] my?

= m2f2

mor 2
which could have been expected. The ﬁ, tensor has the same structure. There is only

one deformation so

a, = 2f(r,1(z, +r,9,) dm

1, = 2f(rz¢: + rywy) dm

Again both r, and r, are always zero so these terms reduce to
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Jl = 2f(r:¢n)dm
=2 § fos ¥a m; = [(0)(0)my + (r)(1)m,)

= 2m2f

80 J1 = 2mor

2m2r

The 2 tensor has again the same structure as J0 and J1 and its non zero term is

R

fzb,z dm

2
E wg m, = (Ozml + lzmg)

]

The coordinate matrix for the inertia tensor becomes:
I=R+ N+ 12
0

0 0
= | mgr? + 2mgyr? B+ m, u?
mgl’z ) 2m2r2 mo
0

= mor?+ ru + u?)
' mor? + ru + u?)

The only remaining body constant which needs to be defined is 6,,. -Since 6,-,- is ant-

-
symmetric in ¢ and j, G, must be zero.

The mass and stiffness matrices were previously defined without the attached
local reference frame. With a local frame attached, the mass and stiffness matrices
must reflect the fact that the frame defines the rigid body motion of the body. There-
fore there cannot be any rigid body modes in the stiffness matrix. These are elim-

inated very simply in this case. Attaching the frame on mass one ensures that u,, is

[ T 00
always zero. Therefore é&p,, #, and g, are zero also. These facts can be reflected in



this mass and stiffness matrices by eliminating the rows and columns associated with

). The mass matrix becomes just m,, and the stiffness matrix is just k.

o -

The equations of motion are

P=t
H=t

= - - o 0
where P = MR+ XM(fay +51) + Ms1p
H=17 -0+ (Fm +72) X MR

00 = 1—0 - - -
and m2u+ku+MR'sl-—Eﬂ-(Jl+2J2u)'Q=a’

M= m1+m2

)
3

0
N = mor?
m2r2
0
A = 2myr?
2m,r?
0
L= m
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4.3. Floating Frames

The equations of motion can be simplified by using a floating frgme of reference.
Determining suitable deformation coordinates appropriate for a floating frame requires
more preliminary numerical work than in the locally attached case. But since the
equations of motion are solved repeatedly, the floating frames simplicity is a great

advantage.

There are several types of floating frames, but every one has one thing in com-
mon. Each one puts the local reference frame at the instantaneous center of mass. In
terms of the constants which we have derived for the local reference frame, r,, =0,
and 3, =0 for all ;. These can be done by first moving the reference frame to the
underformed center of mass, and then redefining all of the deformations so that they
do not disturb the center of mass. With this, the equations are already much simpler.
This completely decouples the position, velocity, and acceleration of the reference
frame from angular and deformation coordinates. The equation for linear momentum
becomes

P=MER
This can be directly substituted in the fundamental equation and still maintain a sim-

ple result.

- 2
urhm-d+~-

The angular momentum also becomes simpler:

-

- - —_ - [
H=J-Q+(a, + T Gmc)”c

The deformation equation is also simpler.



[

00 3 —- - - -
5m{Mg,n, +Kyny +Q(a; + 15 Gui) + 20 Gpi 7

b L

_% Q- (1, +25”n,)'a—ak} =0

A look at the kinetic energy will give a clue as to what can be done to further

simplify the equations of motion. Repeating Equation 3.5.5 here

QX M(fem +8m) + R 5y m

X
o
2;

1
T=g MR R+

- -

J-Q+1Q '(as + Ny Gy, )’7«

(o 3}

1
T2

1 [4 0
+ —2' M Mky N
Putting the reference frame at the instantaneous center of mass has already reduced

this to:

ERSR S
MR -R

N~
i

- -, - 0
2+ Q '(aa + N Gome )"c

~1

+15.

0 [

+ % n My m,
If it could be done, eliminating the entire quantity in the parenthesis would give the
greatest simplification. In general this is not possible by simply redefining the defor-
mation coordinates. What can be done is to eliminate a, for all e. This can be done
by a simple redefinition of the deformation coordinates. The deformations are made to

be orthogonal to rigid body rotation. The frame of reference associated with this is

called the Bucken's Frame.

In some cases the term G,,, is entirely zero. But in general this is not true. In
the following chapter it will be shown that some of the terms coming from G, are
insignificant and can be neglected. Another way to get rid of this term is to introduce

a non-holonomic constraint equation to be solved with the equations of motion. It is
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- °

Mm Gmene =0

The problems that this creates, far outweigh any simplification of the equations of

motion. For one thing, this constraint is meaningless whenever all n, are zero or all

”2 are zero. This causes singularity problems in the system of equations. The other
problem is that it ‘doesn’t really simplify the equations. The three extra Lagrange mul-
tipliers which must be added, reintroduce most of the terms that were eliminated. The
frame of reference associated with this constraint is called the Tisserand Frame. In the

case where G, is identically zero the Bucken's and Tisserand Frame are identical.
e

Another simplification which can be seen from kinetic energy is related to the
mass matrix. When the deformation coordinates were redefined to eliminate 3; and
@,, a process of orthogonalization was performed. To eliminate 5, and a, the defor-
mations were made orthogonal to the rigid body modes. If they are made orthogonal

to each other, the mass matrix becomes diagonal. The kinetic energy becomes

The final simplification that is possible concerns the potential energy. So far we
have assumed a full stiffness matrix. If the deformations chosen would diagonalize the
stiffness matrix, the equations would be even simpler. The free modes do just that.
They have all of the preceding properties of being orthogonal to the rigid body modes

and to each other, plus the stiffness matrix is diagonal. The strain energy becomes

1 .
U= ) K (e me
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To illustrate the simplifications obtained from a floating frame, Example 1 is

repeated with a floating local reference frame.

Example 2: Two mass problem with a floating frame

The problem again is illustrated in Figure 4.1. This time the frame must be
located at the instantaneous center of mass. For this to be true the frame must be
located at the undeformed center of mass when the deformations are zero, i.e. fem = 0.
See Figure 4.3. This is easily done by subtracting 7., from every position vector r.

Denoting the new vectors with a prime

— -
P o= T-Tum

Using the local frame defined in Example 1 to make these calculations gives in

rmo

. — A - a o,
review: r; =0, ry = rz, r,, = ———— z. The new position vectors are calculated
1 2 y Tem
my + ma
as,
y
-— -—
- r re -
m,
z
-
R
A
Y
-

Figure 4.3 Floating frame



A check to see if the new r,,

Now the underformed position vectors ¥ have been redefined in terms of the new
frame. Next the deformation coordinates can be redefined so that they do not disturb

the center of mass. This is done similarly to what was done with the underformed

position vectors. There was

71

- - rm2 A
=rl—rcm=(o__)z
m; + mg
-rmo N
m,;+ mo
_-o - —_ "mz -
=Trg-rm _(r_ (m1+m2 )z
rm; a
P
m1+ mq

is zero confirms that it is.

-

-
[}
r‘ﬂ

-
Fim =Ffim —

=0

only one deformation coordinate in example one. The

shape function for this coordinate was

The amount that this disturbed the C.M. was 7 =

6=v-3

I
2

SRS

at Il

0 -t

- moz
¢ A}
- ma2,

-3 4

- lnd
o M ml:f:

A check to see if the new 7 is zero confirms that it is,

7= [pdm
i; —-Maom, mymo N
== m
] ' M M

5. The new shape #, is simply
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In Example 1 the @, term was zero already. A check of it with the new deforma-

tion shape shows that it is still zero.
o= [T X ¢' dm
2 -~ -
= Y (riz X ¥, Z)m,
=]
=0
The cross momentum term G, is also still zero, because there is only one mode.

The inertia tensor can be recalculated. It still has the same nonzero locations.

The undeformed inertia tensor is

with
N, = N, = fr,’ 2dm

z2 ~-rmy : rm, :
= Y rz%m, = T m, + = ™
=1 4

r2
M2

(my + my)mom,

mymo,

M

r2

The first order inertia tensor is

with
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N, =J1, =2f(r,' ¢ )dm

2 -rmq -my, rm m
=2§1"’¢"m"=[ M l [ M ""+l MI][#]"”]
m,ms2

M

=2

The second order inertia tensor is

with
2y = J2,, = [(, ) dm
2 2
— V(4 P = |72 ™
—EW""-“ ) 5] "'2]}

m,mg
M

mymg
M

If welet M = the inertia tensor can be written.

I

=0+ Jlu + sy

where

IS
I
=

Is
I
g

2=| M
M
Now the equivalent mass and stiffness matrices can be calculated. In terms of the

original model of the problem, the deformation shape is



74

_ 1 [-ms
¢= M{ml}

The new mass matrix is calculated as

The new stiffness matrix is calculated similarly

T
T e L [-M2 k- {‘mz}i
I TR Ty [.,,,,] iy

- L ' (F4m + ma)

=k

In summary, the equations of motion are:

H=171Q

2 -

H=t
M;+kn—%—ﬂ.-(JT+2J3n)-ﬁ=a

where

m;mqg




J=| M(r*+2m+n)
M(r2+ 2rn + 9?

4.4. The Bucken’s Frame

In this frame of reference the frame will follow the body in such a way as to
minimize the square of the local deformations. Because of this it will lie at the center
of mass, and no deformation coordinate by itself can introduce a rotation relative to

this frame. This can be shown by the following development. Minimize:

-—

C = -;-fu - udm (4.4.1)

Taking the variation of C:

From Equation 3.2.13
5P =GR +dr X § + 68
Since the position of the mass particles are fixed and only the frame and deforma-
tions are varying, 6P = 0. Therefore éR + dr X 7 + 64 = 0, or solving for 57 gives
54 = - (6R + dr X7)
Substituting this into the variations of C and setting the equation equal to zero will
give stationarity conditions for the minimization of C.

f—(6§+ dr X7) - udm =0

Dropping the minus sign, and distributing gives:

[oR -3 + [67 XT -ddm =0
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or 61-2‘-f'idm+6;r"ﬁxfdm=0

Since the variation §R and dx are arbitrary, two constraints result:

_ﬁfdm = 0
and f?fx?fdm=0

If the frame is initially located at the center of mass then [ rdm = 0, and the first

equation becomes

fadm = 0 (4.4.3)
The second equation (f7 X udm =0 can be simplified by expanding 7.
[@ Xudm = [(F + ¥) Xudm. Since u X u is always zero this becomes
[ Xudm = 0 (4.4.4)
The first of these constraints puts the frame at the center of mass. The second is an

angular constraint.

If the separation of variables is used to express u (?i=;, 1, ), these become

f(?‘*';iﬂ:‘)dm =0
and [(r Xz,n,-)dm =0
In terms of the already defined body constants these are

Mr, +81 =0 (4.4.5)
and a,n, =0 (4.4.6)
There are a total of six constraint equations here.  The first three fix the frame at
the instantaneous center of mass. The second three prevent the deformations from
producing a rotation relative to t.he' frame. The simplest way to ensure these are
always satisfied is to define the deformationv shapes such that 3, =0, and @, = 0 for
all i. Of course r., can be made zero by moving the frame of reference to the center

of mass. If all these terms are zero, the reference frame is a Bucken'’s frame.



77

4.5. The Tisserand Frame

The Tisserand frame minimizes the local kinetic energy. It too, will lie at the
- center of mass. It's angular constraint however will be non-holonomic, and is closely

related to the body’s internal angular momentum. The minimization principle is

4 o

Minimize : C= % fu- udm (4.5.1)
Taking the velocity variation of C gives

(4 o
5C = %f(53-3+3-6§')dm

[ 0
= [5u -udm

Taking now the velocity variation of Equation 3.2.13
L] b - - 2.
0P = ¢R + 60 Xq + du

L
When set to zero this gives an expression for §u

2 I —
54 = - (6R + 5 Xq)

This can be substituted in the variation of C which in turn is set to zero

- o
f-(6§+m Xq) - udm =0

This results in

]
—

2 o -
SR [udm + Q2 -[ q§ Xu = 0

Since the velocity variations are arbitrary the following constraints result.
2
f udm =0
A
f g X udm=20
The first constraint can be integrated to

[+ ¥)dm =0
or - f?]’dm

I
o
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The second term cannot be integrated to holonomic form and is therefore non-
holonomic. In terms of deformation coordinates (u = ;, n: ), these become (from Equa-

tions 3.3.3 and 3.4.10):
M, +3n =0 (4.5.2)

- o
and (a, + Ny Gu.)J1. = O

The first term again establishes the frame at the center of mass. The second
term can be recognized from the angular momentum equations, as the angular momen-
tum of the deformation relative to the frame of reference. This constraint forces this
to be zero. The angular velocity of the frame of reference, in this case, will completely

specify the angular momentum.

The deformation can be redefined to zero 7, and a,. A simple redefinition how-
ever cannot zero G,,. In some cases it will be zero because of the nature of the body,

but this is not generally true.
If it is zero the Bucken’s and Tisserand frames are identical. In order to use this

- [
frame when it is not zero, the constraint 5, G,,7, = 0 must be included with the

equations of motion. This causes a problem with the current methods of solution.

When either all n,, are zero or all 5, are zero the constraint is automatically satisfied.
In this case the constraint "turns off” and produces three zero columns in the matrix
being inverted. For this reason the Tisserand constraint was abandoned. Another rea-
son for abandoning this constraint, was the it did not really simplify the equations
overall. The dynamics terms were simpler, but including the constraint reintroduced

most of the eliminated terms anyway.
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4.8. The Free Modes as Deformation Coordinates

As was stated earlier, the free modes of deformation give the greatest simplifica-
tion to the equations of motion. The reasons for this are the "nice” properties of the
free modes. First of all, the free modes are the natural modes of vibration for a body
freely floating in space. This means it is not attached in anyway to anything else. For
general mechanisms, of courﬁe, this is not the case at all. Each body is attached in
some way to outside influences, and it does not vibrate with its free modes. This does
not stop us frqm using these modes as deformation coordinates, however. These addi-
tional boundary conditions are enforced by adding constraint equations corresponding
to each boundary condition. This introduces a Lagrange multiplier for each constraint
equation. If the deformation shapes of the body with the new boundary conditions can
be spanned by the free mode shapes, the equations will be correct and accurat;e. If,
however, the new deformation shapes are not easily spanned by the free mode shapes,
a lot of free ﬁxodes may need to be carried. In this case, the techniques of the follow-
ing section can be used to generate shapes with most of the properties of free modes,

and at the same time span the space with fewer modes.

The first important property of the free modes is that all of the modes are
orthogonal to each other with respect to the mass of the body. We will presume that
the modes are scaled such that

f¢i : ¢j dm = 51]' (4-6.1)
In matrix notation this states that the mass matrix for the free modes is the identity

matrix.

Since the body is freely floating in space, six of the modes are rigid body modes

which introduce no strain in the body. The first three are translations. For each of
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these translation modes every particle translates equally in one direction. These modes

can be written as
b =2  a=123
where ¢{? is a unit vector for some frame on the body. Substitution of this into the
orthogonality property shows that every other mode is orthogonal to the rigid body
translation modes.

JeP - dm =0 a=123 j >3

The unit vectors are constant over the body and this becomes

Ca [bdm=0 a=123 ;>3
Since the unit vectors are arbitrary the following is true
[bdm =0 >3 (4.6.2)
In terms of previously defined body constants this is 3, = 0 for j > 3. This indi-
cates that no free mode (other than the rigid body translation modes) disturbs the

position of the center of mass.

The same can be done for rigid body rotations. In this case, a rigid body rotation
needs to be described. In a rigid rotation, a point moves perpendicular to the vector
representing the rotation. The motion is also perpendicular to its position vector from
the origin of the rotation. The magnitude is proportional to the length of its position
vector. This can be stated concisely for rotations around unit vectors ¢ (% as

zaﬂ = ?d(b) x ? a = 112)3

Substituting this in the orthogonality condition yields

f?csb) x?-gjdm =0 a=123 ;>6

Exchanging dot and cross and moving the unit vector outside the integral gives

e [7TXbdm =0 j>6
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Because the unit vectors are arbitrary, the integral must be zero and we have

[fxg, dm =0 j>6 (4.8.3)
This is just the body constant a;.

This shows that for all the modes which cause straining in the body 7; = 6, and

-

a,

. = o. This gives the desired simplifications which had been hoped for. Since these

were also the conditions for a Bucken’s frame, the local frame of reference is a
Bucken’s frame. One further property of free modes gives another simplification. The

modes are also orthogonal with respect to the body stiffness.

ﬁ(gx ): E : ?(ZJ )dV = w(?) by

The stiffness matrix is diagonal and the potential energy becomes:

1
U= 3 W(ﬁm 7 (4.6.4)
With these properties of the free modes, the large displacement equations for the

linearly flexible body become
6R - {Mfi -t }
i it (4.6.5)
+ o {n; + weime - %- Q- (J'ik + 2J3kpn,) 0

4 - - — [
+ QN Gy +2Q-G,,,,,u,,,-a}=0

where

3
I

~t
ol

+ Nm Gpo 7,



4.7. Simplifications Using Gram-Schmidt Orthogonalization

As was stated in Section 4.8 the free modes do not always easily represent the
deformations actually occurring in the body. In this case, very many modes would
have to be carried to get an accurate representation. The major advantage of the free
modes was their orthogonality to the rigid body modes and to each other. But they
are not the only shapes which have this property. What is desired then, is a set of
shapes which easily represent the deformations of the body with its new boundary con-

ditions, and are orthogonal to both rigid body modes and each other.

This can be done by starting with a set of shapes which more closely satisfy the
boundary conditions. These shapes can be static deflection shapes, mode shapes or
other assumed mode shapes. They can be analytically derived, derived from finite ele-
ment models, derived from engineering judgement, or derived from modal test data.
They will not, in general, be orthogonal to the rigid body motion of the body. If they
are the natural modes of the body with the boundary conditions, they will be orthogo-

nal to each other. This is not necessary though.

The deformat;on shapes are made orthogonal to the rigid body modes by sub-
tracting from each shape any rigid body component. This orthogonalizes each mode to
the rigid body modes. Next each mode can be orthogonalized to every other. When
this process is done, every deformation shape is orthogonal to both the rigid body
modes and every other mode. The resulting shapes must still span the same space as

the original shapes. This process is called Gram-Schmidt Orthogonalization.

After the new shapes have been defined, the new body constants are calculated

Since the shapes are orthogonal to the rigid body modes both b3, = 0 and a; = 0 for
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all i. The mass matrix will be diagonal, but the stiffness matrix will not be (unless

they turn out to be free modes).



CHAPTER V

SIMPLIFICATIONS DUE TO DROPPING NEGLIGIBLE TERMS

5.1. Introduction

In the previous chapter we saw that the equations of motion for a flexible body
could be simplified considerably by a suitable choice of reference frame and deforma-
tion coordinates. In this chapter further simplifications are explored by examining the
relative contributions qf each term in the equations. The terms will separate into lev-

els according to their relative contribution for each equation.

5.2. Sizing Assumptions

In order to attach relative sizes to the terms in the equations some assumptions
need to be made. These assumptions may not always be accurate, but they do give an
indication of the relative importance of various terms. The equations to be used in

this analysis are the equations for the free modes because they are the simplest.

The first assumption that is made is that all the terms from the rigid body equa-

= - 3
tions are important and will be kept. For example MR and JO - N are both found in
the rigid body equations and are therefore kept.

th

The second assumption is that the solution to the i* modal deformation equation

is sinusoidal in character. We will let the magnitude of the solution (|, |) be ¢, and the

84
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frequency of oscillation be w,. Taking the time derivative of the solution gives the

[4
magnitude for the rate of deformation (7, ) as w, e. Another derivative gives the magni-

[
tude of 7, as wZ. If the members are sufficiently stiff we can assume that the solution

frequency is less than the mode's natural frequency (w, < w;). Thus we make esti-

mates of the magnitudes of n, and n, by using w, instead of w,:

Ini]=c¢
[

[ni] =w, e (over estimated )
00

[ni] = wle (over estimated )

In the case of transient vibration, these magnitudes are good estimates instead of over

estimates.

oo 0

The modal equation in a non-rotating frame is: n;, + 2¢qwyn + w(':’)m =g;,. Writ-

ing the magnitude estimates below each term results in:

o0 [

n + 2((1)“(1)": + w(ﬁ"l =0

wle  2wde  wde o]

Since all these terms may be important they are assigned a value of approximately one

1

for convenience. This gives the relationship: w?¢ =1 or w;, = ¢ 2. From this, the

0 o0
magnitudes of n, and 5, can be expressed in terms of .

Ini] = ¢
o 1
[ =¢? (5.2.1)
00
In,|=1
Now these expressions can be used in the equations for a flexible body to see the

relative size of the terms. The flexible body equations will be expressed with the

derivative of the angular momentum explicitly carried out. This is needed because the



derivative of a quantity is of different magnitude than the original. For accurate com-

parisons then,the derivatives are completely carried out.
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Written below each term in each equation is its corresponding size according to
Equations 5.21. The center of mass translation equation is entirely unaffected by the
modes, so it is entirely on the order of one. The frame rotation equation does have dif-
ferent orders of magnitude, as well as the modal equations. These different orders of

magnitude will be assigned levels. Level zero are those terms on the order of rigid
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body equations and straight modal equations. These are the terms with one under
them (¢ = 1). The other levels again correspond to the power of epsilon. These lev-
els are %— , 1, % , and 2. Table 5.1 contains the terms added at each level for the

frame rotation equation. Table 5.2 contains the terms added at each level for the

modal equations.

LEVEL SIZE TERMS
- -0. - - - -
0 1 JO-Q+QXJO -t
1
-l"‘ 52 - L4 —
Jn - Q
1 El - 4 -— - - - o0
JLn R+ QX0 -Q+ 0y Guen,
3 3
- € - - 0 - o -
2 nxnmanuﬂc + 22N, 1a 0
2 62 - 4 - - -
Mm PmeNe "D+ Q X0 Ryen, 0

Table 6.1 Size of terms for frame rotation

LEVEL SIZE TERMS
m + 2w + win

l—‘ -> b d
—Eﬂ'.ﬂ; 'ﬂ—d,'

- 0

2Q'Gm"n

0] .-
m

1 1 4 - l-o - -
¢ Q-Ghnk—?ﬂ-ﬂ?,,n,ﬂ

Table 5.2 Size of terms for modal equations



Level zero in the angular rotation equation corresponds exactly with the rigid
body equations for angular rotation. At level one-half a term involving the velocities
of the modal deformation is added. At this level the deformations can direct;ly influ-
ence the rate of change of angular momentum. The next level down (level one), part
of the change in the inertia tensor from the deformations is included along with a cross
momentum term. Another level down includes another cross momentum and second
order velocity change in the inertia tensor. The last level brings in the second order

change in the inertia tensor.

In some techniques for analyzing flexible body dynamics, the rigid body problems
is solved first, independent of any deformations. The forces and motion derived from
this analysis are then applied to the flexible bodies individually to determine the defor-
mation. Level zero corresponds, in part, with this analysis. The expression for the
angular rotation equation is entirely independent of the deformations, as it is in the
"separated” technique. However, this is misleading because even at level zero the
angular rotation equation does depend on deformations. The dependence comes
through the torque term. The torque term includes torques due to reaction forces at
the joints. These same reaction forces are also affecting the deformation coordinates
which are in turn affecting them. All of these effects are happening simultaneously
through the action of the Lagrange multipliers (explained in more detail in Chapter
VI). Although the rotation equation is not explicitly dependent on the deformation,
the reaction torques are, and this is already a better approximation to the actual

dynamics than the "separated” technique.

For the modal equation, level zero corresponds to a straight modal analysis prob-

lem, with the inclusion of the "centrifugal forces” in the analysis. This covers most of
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Figure 5.1 Planar three mass problem
the ground needed for an accurate representation of the deformation. Level one half
brings in the Coriolis effects due to the rotating frame. Level one includes both an
Euler acceleration term, and a second order centrifugal force term. As it is expected,
the Coriolis term is as large as the modal terms and their centrifugal term. Again as

expected, the Euler acceleration term is even smaller.

To examine the validity of this sizing procedure a simple example was run, in
which these various levels were implemented. The problem was run at each level and
the results compared. The example was a planar problem, but each term in every level
existed so that going to a new level always changed the equations. The example was a
single body made up of three point masses connected by three linear springs. See Fig-
ure 5.1. The mode shapes for this body can be seen in Figure 5.2. The body constants

such as total mass, inertia tensor, cross momentum, etc.. are given in Table 5.3 The
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Figure 5.2 Modal shapes for three mass problem
three mass body was given an initial angular velocity of 10 radians/sec and
m = g = .111, ny = 0. Because this body is not connected to any others, only terms
in the equations effect the solution, and there are no applied forces and torques to

complicate the interpretation.

Examination of the plots for omega showed a big change in going from level zero
equations to level one-half equations. (Some of these plots are given in Chapter VII:

Figures 7.5 - 7.8). For level zero equations, omega is constant. For level one-half, the
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angular velocity starts to oscillate because of expanding and contracting of the body
from oscillations in ny. Going to level one changes this oscillation slightly. Higher lev-

els show barely any change.

1st mode 2nd mode 3rd mode
¢ -1z 0z -1y 0z + 1y
0.5z - 0.866y 0.866z + 0.5y, 0.866z - 0.5y
0.5z+0.886y -0.866z+0.5y -0.8662-0.5y
w 1.5 1.5 3.0
11_ 0 0 2Mr
b)) M 0 0
- { 0 M 0 }
0 0 M
G, 0 M 0
- { -M 0 0 }
0 0 0
M=3m
Do = Mr?

Table 5.3 Body constants for three mass problem



In percentages these changes are:

level O to level -;— 25%
level% to level 1 3%
level 1 to level —Z— not noticeable

Examination of the output for the modal deformations shows similar results. The
shape of the solution changes dramatically from level zero to level one-half for both 7,
and 7,. In going from level one-half to level one there was no perceptible change in

any of the deformations, or for any further levels.

From this it seems that a reasonmable choice is to include level one-half in the
dynamics equations and leave out the remaining terms (shown in Table 5.4). This
gives a simple set of equations to program with little numerical work and an accurate
approximation to the equations of motion. In most cases the deformation equations
are approximate to some extent anyway. With this choice it is unnecessary to calcu-
late the second order inertia tensor JE, which had 9 N2 terms in it. The cross-

momentum term still appears in the modal equation, so it still needs to be calculated.

Canavin and Likins in the equations that they propose completely eliminate the

cross-momentum term [18]. This was done with an assumption at the very beginning

-

that 7, Ga. a, was second order in deformation and couid be eliminated from the
Tisserand constraint equation. This corresponds to eliminating this term from the
kinetic energy. If all second order terms in deformation had been eliminated from the
kinetic energy, there would be no deformation equations at all. Here we see that this
term is usually small, but should be included in the deformation equations because it

does affect the solution. Notice that with this choice of levels, the highest derivative
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terms are again completely uncoupled. This will again give a diagonal and constant

matrix for the explicit integrator.
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Table 6.4 Level one-half equations for a flexible body



CHAPTER VI

THE MECHANISM AS A WHOLE

8.1. Assembling Bodies, Joints and Forces

Up to this point we have only examined the equations of motion for a single
body. This of course does not cover the field of mechanisms, where there are many
bodies in each mechanism interacting with each other. In order to cover this teﬁtow,
the equations for the various kinds of interactions will also be derived. The interac-

tions between bodies can be separated into two major categories.

The first category contains all of the different types of constraints. A constraint
is a connection between two bodies which prescribe a particular relative motion
between the bodies. The first kind of conmstraints are joints. For example a hinge
(called a revolute joint) is a connection between two bodies which only allows relative
rotation around the hinge axis, and no relative translation of the two bodies at the
hinge point. A ball joint (called a spherical joint) also prevents two bodies from
translating relative to each other at the joint, but allows all three relative rotations

around the joint.

If the relative motion prescribed between two bodies is time dependent, this is no
longer called a joint, but instead is called a generator. It is called a generator because

it is generating some relative motion as a function of time. An example of this is a

94
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four bar mechanism, in which the crank angle is a prescribed function of time. The
constraint that prescribes this motion as a function of time is called a rotational gen-

erator.

The second category of interactions between bodies contains the applied forces.
The term applied forces means forces that are applied to, or between, bodies which are
an explicit function of displacements, and/or velocities, and/or time. These are not to
be confused with reaction forces. Reaction forces are forces on bodies due to the
action of some kind of constraint. They are not explicit functions of displacements,
velocities, and/or time, but are the forces at the constraints which are necessary to
impose the constraint. An example of an applied force is a spring. The force that a
spring applies between two bodies is a function of its length. A shock absorber is
another example of an applied force. In this case, the force applied is a function of the

velocity of extension or compression.

Once the equations for each particular interaction have been derived, they can be
used over and over again. The equations become a kind of library from which a par-

ticular interaction can be called whenever needed.

In the case of constraints, the underlying variations which were previously
assumed independent, have become dependent. There are several techniques for solv-
ing for a set of independent variations. The technique used here is suited to automati-
cally generating the equations of motion. Lagrange multipliers are used to enforce the
constraints. In this case, as many multipliers as there are constraints are added to the
set of coordinates. Each multiplier is scaled by the amount that its constraint affects
each equation and then is added to that equation. This is shown in the second line of

the fundamental equation. To make the whole equation set solvable, the constraint



equation is appended to the equations and solved simultaneously. This procedure is
easy to automate. But it results in a large set of equations. Happily, this set of equa-
tions is fairly easy to solve, even though it is larger. This stems from the fact that the
equations are loosely coupled. This causes the matrices involved to be sparse (have
mostly zero terms). Subroutines exist which can decompose a sparse matrix in far less
time than full matrices. In this way, both ease of automation and speed of solution

are simultaneously obtained.

Applied forces, however, do not make the variations dependent. All that is
needed is to add to each equation the component of the force in the direction of the
equation’s underlying variation. These components are called the generalized forces
and are shown on the third line of the fundamental equation. Again this is an easily
automated procedure, and computationally efficient. It is not necessary to include
extra equations in this case, but it is usually done for the implicit formulation to
improve sparsity. For the implicit formulation, the partials of the generalized forces
would need to be taken. Since the expression for the force is usually complicated, this

can create a great many complicated terms. New variables are defined to remedy this
situation. In terms of these new variables the equations become much simpler and
consequently the partials become simpler also. The equations defining these new vari-
ables are appended to the equations of motion and solved simultaneously with the rest
of the system. This is not needed in the case of the explicit integrator, because the
applied forces are not functions of accelerations or constraint forces. Therefore the
generalized forces are evaluated on the right hand side of the equation set and do not

enter into the matrix multiplying the highest derivatives.
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Figure 6.1 Spherical joint

In both the explicit and implicit forms for the equations, a matrix decomposition
must be performed for general mechanism problems. In the explicit case, a matrix
decomposition is needed to solve for the highest derivatives. In the implicit case, a
matrix decomposition of the Jacobian matrix is needed. Particular attention has been

paid to put the equations in a form which simplifies both of these matrices.



8.2. Constraint Equations

The constraint equations for various types of joints are given in this section.
There are three fundamental constraint equations from which many different joints

can be formulated.

The Spherical Joint Constraint

The first constraint corresponds directly with the spherical joint. This vector
constraint is illustrated in Figure 6.1. The constraint equation states that the sum of
the vectors around the loop is zero.

$= 4R+ 47-(®R+ 27) =0 (6.2.1)
This constraint will be imposed by a Lagrange multiplier vector . The contribution

b

of X to each equation is -%% -X. This is as shown in the second line of the fundamen-

tal equation. The constraint must also be included in the- equations of motion as

shown at the bottom of the fundamental equation.
The form that these equations take is different for the explicit (non-stiff) integra-
tor, and the implicit (stiff) integrator.

The derivation for both these forms is included as Appendix B. For the explicit
integrator the equations for body A, and body B, and the constraint equations for the

spherical joint take the following form:
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The constraint adds a column corresponding to the associated Lagrange multiplier. It
also adds the bottom row, which corresponds to the constraint equation in second
order form. This matrix has a very nice form. It can be partitioned in the following

way:

MTI (g a
it o (8 - (&)
where M is a diagonal matrix of constant terms and I' is a matrix of time varying

terms. This structure can be taken advantage of n solving for @ and ).
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The implicit equations are similar. The Jacobian matrix in this case is:

(8.2.3)
1
47.&7"2 -57"2; 17-) X
(AT 8 47
1
| _;ia)i(l)g +§(l)£ M _;(l) AY
gy 8 474
! (17')5 )T B (ﬂ"rﬁ")r -1 (_;b)ﬁ V)T g (_gi(o)’ﬁo/)r 0

The Jacobian matrix has more terms in it than the matrix used for the explicit
case. The terms populating the center come from taking the partials of the terms in
the equations which were added by the constraint. They involve second partials of the

constraint equation.

The matrix is no longer symmetric as it was for the explicit case. The partials
with respect to angular coordinates produce terms which are nearly symmetric, except

the terms are post multiplied by the B matrix.

The Rotational Constraint

The universal joint is similar to the spherical joint, but constrains one more
degree of freedom. The degree of freedom constrained is rotational in nature. The
equation of constraint is best understood from Figure 6.2. The universal joint contains
a cross bar with two perpendicular bars. No matter how body A and -body B move,

the cross pieces will always be perpendicular. The unit vector a- moves with body A
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Figure 6.2 Universal joint
and represents its cross bar. Unit vector b moves with body B and represents the

other cross bar. The fact that the two remain perpendicular can be stated simply as
® =35 =0 (6.2.4)
In the case of rigid bodies both @ and b are fixed relative to the local frame.
These unit vectors can move relative to their local frames if the bodies are deformable.
In the case of deformable bodies this small change in orientation will be represented by
the vector 6. Since the vector d is small the unit vector can be represented as the
undeformed unit vector a, plus the change due to 9. Concisely stated this is
3=3, +0 X3,. The variation of & measured in the fixed frame is
(53 = o719 X3 + (53, Because @, is fixed in the local frame (93, = 0. The varia-
tion of @ becomes

58 = ¥ X7 + 669 3,

and similarly for b.
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The vector 69 is the sum of all angular changes of the modes. Therefore
9 = 3,(")17.- where 9, is the participation of mode ¢ in an angular orientation change
of this point. The variation of @ in terms of frame rotation and deformation is

53 = 619 X3 + 6,09 X 3, (6.2.2)

These properties can be used to derive the partials of the constraint equations.

)

PY_p0

-

RO

-4

Q-(;’.‘"-F(") - a =0

Figure 8.3 Translation constraint
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This will give the contribution to each equation in each body’s equation set.

The Translational Constraint

Aﬁother remaining type of constraint used in joint formulation is translational in
nature. This constraint constrains the translation of points on different bodies in a
certain direction. Figure 6.3 illustrates this situation. The point 5 on body B is con-
strained to lie on the surface defined by the unit normal 3 on body A. The constraint
equation is

$=(PY-PW).T=0 (6.25)

If body A deforms, d it will not correctly specify the plane of contact. Therefore

this constraint should be used when body A is assumed rigid, but body B may be flexi-

ble.

8.3. Joints

The joints are generated by combining the one or more of the constraint equa-
tions until the characteristics of the joint have been fully described. Many different
joints can be described unsing these fundamental constraint equations. Figure 6.4
shows some of these possibilities. Table 6.1 gives the characteristics of these joints and

the constraint equations used to formulate them.
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Name Degrees of Constrained Degrees Uses
Freedom of Freedom Equations
Spherical 3 3 1
Universal 2 4 1,2
Revolute 1 S 1,2,2
Slot 4 2 3,3,
Cylindrical 2 4 33,22
Translational 1 5 3,3,2,2,2
Planar Point Contact 5 1 3
Planar 3 3 3,2,2

1 - Spherical Joint Constraint (6.2.1)
2 - Rotational Constraint {8.2.4)
3 - Translational Constraint (6.2.5)

Table 8.1 Constraint equations for joints

6.4. Applied Forces

In addition to joints influencing the motion of bodies, there are also applied
forces. These are forces applied on, or between, bodies which are a function of dis-
placement, and/or velocity, and/or time. They are not explicit functions of accelera-

tion or reaction forces. The simplest and most common forcing effect is gravity.

Gravity
It is easiest to include gravity in the formulation by including it in the calculation
for potential energy. Since the frame is located at the center of mass the potential
energy due to gravity can be written simply as
U =-M; R
where M is the mass of the body, g is the acceleration of gravity vector, and R is the
position of the center of mass. The variation is done to obtain the partials giving:
§U, = - Mg - 6R
The contribution to the equations occurs solely in the equations for the position of the

center of mass, and is - Mg. The center of mass equations become
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g -
MR-Mg =0

or ME = Mg

In matrix notation this is
MR = Mg

The Line Force

This applied force acts between bodies along a straight line connecting them.
This is illustrated in Figure 6.5. The forcing element itself is assumed to be massless.

The force by convention, is positive it if acts to separate the bodies.

Body A

Figure 8.5 Line force
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In order to calculate the direction and magnitude of the force new quantities will

be defined.

AP is the spanning vector between the two bodies along which the force acts. The dis-

tance between bodies (positive) is /, and v is the rate of change of the length.

The magnitude of the force itself is a function of {, v, ¢ and possibly other quanti-
ties.
f=1flv,t)
Common types of forcing functions are linear springs, dampers, and constant forces.
All of these can be combined in the simple forcing definition

f=K(Il-1,)+ Cv+/{,

The force vector is just the magnitude times the unit vector along the spanning

vector
- A-.
f==1
The contribution to the equations of motion for this force is: F- -'-3-371)- . These are the

generalized forces as seen in the fundamental equation in Section 1.8

These equations can be used to formulate the contribution of the force in either
explicit or implicit form. In the explicit case the equations are used to evaluate the
force and its contribution to each equation in the equation set. For the implicit case
the equations are actually included in the equation set so that the partial derivatives

are simpler to formulate.



CHAPTER VII

NUMERICAL RESULTS AND CONCLUSIONS

7.1. Introduction

The goal of this chapter is to confirm the validity of the formulation for the flexi-
ble mechanism problem presented in the previous chapters. This will be done by
reviewing some of the results of testing the formulation at various stages. Most of the
examples which were used as test cases were simple enough to either: (1) predict the
solution analytically, (2) the effects which were being tested could be anticipated, (3)
the results could be compared to the output of other existing programs. Simplicity
was preferred in testing so that effects being‘ validated could be isolated, tested and

understood without loosing them in other effects.

The following areas were considered in validation of the formulation.

Rigid body problems

Free vibration

Vibration with boundary conditions
Coupling of flexibility to mechanism behavior
Cross-coupling effects

The non-stiff explicit formulation

The stiff second order implicit formulation
Planar Problems

Spatial Problems

S S o of o A

108
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7.2. Testing and Validation

Most of the initial testing was done for planar problems. This was because it was
simpler and easier to program. The formulation that was used was the non-stiff expli-

cit type of formulation. As the testing proceeded, the program that evolved

(DYMOS?!) became fairly generalized. It was an experimental program and was used
for testing correctness, not efficiency. It did not use sparse matrix techniques, but

instead used full matrix decomposition routines available on the operating system.

The first area tested for correctness was how well the formulation gave the rigid

body response of mechanisms. To validate this area, the response was compare to the

output of DRAM? At least six different rigid body problems were solved:

1. Single pendulum under the action of gravity

2. Single pendulum with an impulse applied at the tip

3. Single pendulum with a rotational generator imposing a rotational motion
about the pin

Double pendulum with gravity

Three body robot mechanism

6. Four bar mechanism.

oo

In all of these runs the results were indistinguishable from those produced by DRAM.
This gave a high level of confidence for the validity of the terms in the formulation

which represented the rigid body motion.

The next area of testing validated the free response of a single flexible body with
no interactions with other bodies. Several modes of vibration were given a flexible
body at rest. Since in this case there is no interaction between the rigid body motion

and the deformation, the response should be simple oscillation at the frequencies of the

The program’s name DYMOS stands for DYnamic MOdal Simulation. Inquires about it should be
directed to the person responsible for coding it: Brian Dent, ADAPCO, 60 Broadhollow, Melville, New
York, 11747. Phone: (516)549-2300.

°DRAM is an acronym for Dynamic Response of Articulated Machinery. This planar rigid body pro-
gram is marketed by Mechanical Dynamics Incorporated, 555 S. Forest, Ann Arbor, MI 48104.



110

free-modes. This indeed was the case. The period and rate of decay corresponded
with the frequencies and damping ratios which were given. See Figure 7.1 for an exam-

ple output.

The next step in validation was to test the structural vibration response of a
member with boundary conditions. The test consisted of applying a constant load of
one pound to beams with different boundary conditions. Three free-modes of a 36
inch long beam, with a cross section that was 0.25 inch square were used for each case.
The first three free-mode natural frequencies for this beam were 40.3, 111.2 and 217.9

Hz. Two things were considered in each case. First, the resulting static deflection was

TIME ETAL €TA2 ETA
0.9 1.00000€+0C0  6.CO000E-OF 3.00000E-01 boccedocccdocnabonccdoncabacanbonacdocnadanandenaa]
{.00000E -02 9.919S0E-0t $5.80790€-01 2.62382€-0¢ t 32
2.00000E-02 9.68872€-01 3.26398€-01 1.63152E-01 1 3 2 i
3.00000€-02 9.31271€-0¢ 4.41078E-01 2.69495€-02 ! 3 2 i1
4 .00000€ -02 8.80089€-01 J3.3028S€-01 -1.12308E-014 ! 3 2 11
$.00000€ -02 8.16459€-014 2.01700€-01 ~2.20413E-0t + 3 2 1 L4
€. 00000E 02 7.41686E-0! 6.37968€-02 -2.71372¢-01 3 2 1 ¢
7.00000E -02 6.57214E-01 * -7.46234E-02 -2.54103E-0t 13 2 ! i
8.00000E -02 5.64597€-01 -2.04978€-01 ~-1.74890E-01 1 3 2 1 I
9.00000E-Q2 4.65481E-01 -3.19782€E-01 -5.49428£-02 1 2 3 1 1
1.00000€ -0 J.61572E-01 -4.111226-01 7.51242€-02 4 2 3 &
1. 10000€-01 2.54G608€E-01 -4.7S073E-01 1.83189E-0t o ra 1 3 1
1.20000E-01 1.46323€-01 -5.079%1€-0¢ 2.42222€-0t 2 1 3 1
1.30000E-01 J3.84653E-02 ~5.08490E-0f 2.41998€-01 k] 1 3 1
1.40000E-01 -6.73237€-02 -4.774%7€-0t 1.81199E-01 12 1 3 I
1.S0000€-01 -1.69437€-01 -4.17SGIE-Of 7.76841E-02 4 2 1 3 +
1.60000E-01 -2.6637SE-01 -3.3J236E-01 ~-4.20452E-02 ! 2 1 3 I
1.70000€-01 -3.5679SE-Q1 -2.30323E-0f ~1.48095E-01 t 32 I
1.80000E-01 -4.39331E-01 ~1.196G7E-01 ~-2.14876E-O1 1 31 2 T
1.90000€-01 -5.13011€-01 3.31938€E-03 ~2.27006E-01 t 3 2 t
2.00000€-01 -S.76868E-0t 1.19152€-01 -1.83069E-01 + ' 3 2 &
2. 10000E-01 -6.30149€-01 2.24712E-0t -9.54012E-02 ¢ 3 2 1]
2.20000€E-0f -6.72288€-0t 3. 13701E-01 1.31749€-02 i 3 2 1
2.30000€-0f -7.02904€E-0t J.80993€-01 1.15137€-01 1 3 2 1
2.40000€E-01 -7.21806E-01 4.22976E-01 1.85627€-01 1 32 3
2.S0000€-0f -7.28992€-01 4.37688E-01 2.08S35E-01 1 32 +
2.60000€E-Qf ~-7.24639€-01 4.2488SE-01 1.79822€-01 t 3 2 1
2.70000€-01 ~-7.09102€-0t J3.86034E-01 1.0B0S3E-01 1t 3 2 1
2.80000E-0f -6.82901€-01 3.24192€-01 1. 19533€-02 i 3 2 1
2.90000E-01 -6.46709€-01 2.43776E-01 -8.41340E-02 11 3 2 t
J3.00000E-0¢ -6.01337€E-0t 1.50239€-01 -1.56467E-01 + 1 3 2 +
3. 10000€E-01 -5.47722€-01 4.971126-02 -1.87909E-01 1 13 2 1
3.20000E-01 -4.86902€-01 -%.14003E-02 ~1.72040E-0t t 13 2 1
J3.30000E-01 =-4.20006€E-0f ~-1.46808E-01 ~1.143%59€-01 1 ] 32 t
J3.40000E-01 -3.4822SE-01 -2.30733€-01 -3.04664€E-02 1 t2 3 !
3.S0000E-0f -2.72800E-0f -2.9828SE-0f S.81424€-02 . 2 1 3 L3
3.60000E-0Q1 ~-1.94996E-01 -3.45892€-01 1.2954SE-01 1 2 1 3 1
J3.70000E-01 -1 .16086E~01 -3.70311E-0O1 1.66749€E-01 1 2 1 3 1
J3.80000E-01 -J.732%5€-02 -J.71440E-0t 1.61727E-01 1 2 1 3 1
3.90000E-01 4.00610E-02 -3.49497E-0% 1.17033E-01 1 2 1 3 1
4.00000E-01 1.14902E-01 <-J3.06418E-01 4.51241€E-02 + 2 1 3 &
4. 10000€-01 1.86094€-01 -2.4S400€E-0t -3.55799€-02 1 2 3 1 t
4.20000€-01 2.%52619€-01 -1.70676E-0t ~-1.04878E-01 1 3 ! 1
4.30000E-01 J3.13556E~01 -6.72221£-02 ~-1.46100E-01 1 3 2 1 !
4.40000E-0t 3.68093E-Qt -4.35721E-04 ~-1.S0031E-O1 1 3 2 1 1
4.50000E-01 4.15S41E-01 9.42188€-02 -1.16932E-01 + 3 2 1 +
4.60000€E-01 4 .55335€-01 1.61542€-01 -5.61619E-02 1 3 2 1 1
4. 70000€ -0 4.87046E-01 2.26918E-01 1.64238E-02 1 3 21 t
4.80000€-01 S. 10380€ -0t 2 76590E-0f 8.25863€-02 1 3 2t i
4.90000€ -0 $.25181€-01¢ 3.0786S5€E-01 1.26267€-01 1 312 1
$.00000E€ -0 $.31431E-01 J.19263€-01 1.37463€-01 $ecasdonccbonccboncnbocncborcrdracctJRecbocmcboancs

wy = 12.57, wg = 25.13, wy = 50.27 1= -1 g = 05, ;5= 03

Figure 7.1 Free vibration
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compared to the known theoretical value. Secondly, the fundamental frequency of
oscillation in the response was compared to the theoretically correct value. The dif-
ferent test cases are shown in Figure 7.2. The results from DYMOS are compared to

the theoretically correct value in Table 7.1.

Deflection (in.) Frequency (Hz)
Theoretical Calculated Error . | Theoretical Calculated Error
Case 1 .0994 0.0992 0.2% 17.46 17.77 0.5%
Simply Supported
Case 2 1.59 1.1.45 28.0% 7.8125 6.34 19.0%
Cantilever
Case 3 0.0435 0.0277 38.3 % 35.71 27.73 22.3%
Fixed-Hinged v
Case 4 0.0248 0.0136 45.2% 62.5 40.3 35.5%
Fixed-Fixed

Table 7.1 Boundary condition test results

First of all, for every case, the boundary conditions imposed by the Lagrange multi-
pliers have pushed both the deflection and the fundamental frequency in the right
direction. For the simply supported case, both the deflection and frequency are
correct. In fact, the first of the free-modes accounts for almost all of the deflection
and frequency determination. Removal of the second and third modes changed the
calculated values less then one percent. An examination of the mode shapes for a sim-

ply supported beam shows that they are very similar to the free modes in shape.

The cantilever beam, however, does not show such good results. In this case the
deflection is nearly 30% too low and the fundamental frequency is nearly 20% too low.
Calculations by hand showed that the first mode contributed 53% of the total deflec-

tion, the second mode contributed an additional 11%, and the third mode contributed
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Figure 7.2 Boundary condition test cases
an additional 10%. Carrying another mode would have contributed another 4.6%, a
fifth another 4.2%, a sixth an additional 2.5%. Altogether, six modes would still
account for only 86.4% of the total deflection. These poor results are related to how
well the free modes approximate the shape that the deformation needs to take. An
examination of‘ the cantilever modes shows that they are quite different in shape than
the free modés. In order to get accurate results for this case the Gram-Schmidt pro-
cess should be used. Starting with either the cantilever mode shapes, or possibly the
static deflection shape, an appropriate set of modes orthogonal to the rigid body modes

could be constructed.
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Even poorer correlation is seen for cases three and four. This is again related to
the disparity of shapes actually used and those natural to the boundary conditions.
Again this could be rectified by using the mode shapes natural to the boundary condi-

tion and orthogonalizing them to the rigid body modes.

In order to demonstrate that the formulation was indeed coupling the flexibility
to the overall mechanism behavior, DYMOS was altered to behave as superposition
approach does. In this uncoupled mode, the program solved the rigid body problem
independently of the deformations and then applied the resulting forces to the flexible
members. Three different problems were run and compared with the results from
DYMOS in coupled mode. One observation from this experiment was that uncoupled
bodies vibrated at higher frequencies than the bodies in the coupled run. A second
observation was that the uncoupled runs allowed the bodies to separate at the joints
because of deformation. A third observation was that the reaction forces were
independent of deformation. And finally, rigid body motion was unaffected by the
flexibility of the members. All of these undesirable characteristics were not present in

the runs in which the formulation was expressed in coupled form.

One further experiment was done in the area of coupling flexibility to mechanism
behavior. This involved the simulation of a slider crank mechanism derived analyti-
cally using one transverse mode and one longitudinal mode by Chu and Pan [36]. It
has served as the basis of several comparisons of flexible formulations [7] The output
given by Reference [7] is shown in Figure 7.3. The output produced by DYMOS is
shown in Figure 7.4. The flexible beam used in DYMOS was represented by the first
three free modes of vibration. From this we see very good agreement in both magni-

tude and shape of the resulting deflection.
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Figure 7.3 Center point deflection of connecting rod
for slider-crank (From Reference 7)

So far we have examined rigid body motion, free vibration, structural vibration,
and the coupling of flexibility to mechanism behavior. All of these must perform
correctly to have high confidence in the formulation. In all of these problems, how-
ever, we have not examined the coupling among angular velocity and deformations due

” terms in the equations. Up to this point, these terms were

to the cross-coupling
always zero. As was stated in Chapter V, one formulation [18] dismisses these terms

entirely in every case. An experiment already referenced in Chapter V was run to

examine the effect of these terms and other higher order terms.
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Figure 7.4 Center point deflection of connecting rod
for slider-crank (From DYMOS)

Since DYMOS was formulated without the inclusion of these terms,®

a separate
experiméntal program was used to test this area. In this case, the problem was formu-
lated using the implicit second order form of the equations. The terms in the equa-
tions were assigned levels as shown in Tables 5.1 and 5.2. Each level was run and the

results compared. It was found that significant changes occurred going from level zero

to level one-half. But from level one-half to higher levels, no changes of significance

3All problems run on DYMOS used linear beams as flexible members. For transverse vibration of
planar beams all of the cross coupling terms are zero, i.e. the Tisserand and Buckens frame are identical.
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were observed. The change from level zero to level one-half can be seen in Figures 7.5

-7.8.

The angular velocity maintains a constant value of 10 radians/sec for level zero
equations (Figure 7.5). This is caused by the rotational equation being independent of
deformation at this level. For level one-half, an oscillation appears in the solution for
angular velocity (Figure 7.8). This is due to the expanding and contracting of the
body represented by the third deformation mode. At further levels the angular velo-

city is only slightly different from level one-half.

OMEGA (radians/sec)

9.4 ¥ | 1 I L |

.0 8.2 0.4 8.6 0.8 1.9 1.2 1
TIME (sec)

Figure 7.5. Angular velocity of triangle for level zero
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The first deformation oscillates at its own natural frequency at level zero (Figure
7.7). This is because there is no coupling to other deformations at this level. For level
one-half a fundamental change in the nature of the solution occurs (Figure 7.8). This
change is due to interaction with mode two through a Coriolis type of effect. Further

increases in level show virtually no further changes in the solution of the deformation.

This experiment validated that there is coupling between angular velocity and
deformations. The only terms of importance in this coupling are defined in Tables 5.1

and 5.2 as level one-half.

OMEGA (radians/sec)

8.0 .2 6.4 a8 N 1.9 1.2 1.4

TIME (sec)

Figure 7.8. Angular velocity of triangle for level one-half
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Figure 7.8 First mode of triangle for level one-half
At this point all of the major effects that the equations represent have been
accounted for and validated. Both formulations - explicit and implicit - have been suc-
cessfully used for planar problems. The one remaining test was to see if the formula-
tion was correct for three dimensional problems. This was done by running at least

three specific problems:

1. De-stabilization of a free beam, spinning around the length axis,
by transverse beam vibration.

2. A three dimensional pendulum, consisting of a rigid body and a
spherical joint. :

3. A three dimensional pendulum, consisting of a flexible body and a
spherical joint.
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Although these were not compared with the results of other programs, nothing was

observed that indicated difficulty in the formulation.

From the test cases cited in this section, all of the areas for validation were
tested. In all of the tests, the formulation gave good results. In the case of the boun-
dary condition test, it was seen that many free modes would have to be carried to
approximate the cantilever and other fixed end condition beams. This can be remedied
by using modes derived from these end conditions and then made orthogonal to the

rigid body modes.

7.3. Conclusions

The equations of motion for both linearly elastic members and rigid members
were formulated in the preceding chapters. They were simplified as much as possible
to provide efficiency in the solution process. The techniques used to simplify the equa-

tions were:

1) A local frame of reference was associated with each body. In this frame the
deformation retained its linearity, despite the non-linear overall motion of the
body.

2)  The equations of motion for the rotation of the frame were formulated in
terms of angular velocity instead of angular coordinates. This gave simpler
vector equations.

3) By making the local reference frame "float” with respect to the body many of
the terms in the equations were eliminated. This was done by choosing free
modes for deformation coordinates, or could be done by constructing a set of
coordinates with similar properties by using Gram-Schmidt orthogonalization.

4)  Many of the remaining terms were shown to be of negligible size and were
eliminated from the equations.

The equations for various joints and forces were also formulated. Together with
the equations for rigid and flexible bodies, these can be used by a computer program to

automatically generate and solve the equations of motion for general mechanisms.
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The equations were presented in two forms for numerical integration. One form
was suitable for integrators requiring the equations to be explicitly solved for the first
derivatives. This form was appropriate for non-stiff systems of equations. The equa-
tions were also presented in implicit form. This implicit form was more appropriate
for stiff systems of equations. The implicit numerical integrator was extended to solve
second order equations which further reduced the numerical effort required in the solu-

tion process.

The formulation was validated using the test cases outlined in the previous sec-
tion. The simplicity of the equations over other formﬁlations holds great promise for
high speed computation of flexible mechanism problems. This was not tested, but is.
anticipated in light of the fact that both the implicit method and the explicit method
are more sparse and more compact than other methods proposed until this time.
Another advantage of this formulation is that the terms in the equations have readily
identifiable meanings. This gives the analyst a better understanding of the dynamics
for any particular problem. A further advantage is that finite elements are not specifi-
cally associated with the formulation. They are just one method for obtaining the pro-
perties of the flexible body. Other techniques such as modal testing, or assumed
modes can also be used to generate the desired properties needed for this equation for-

mulation.
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APPENDIX A

THE SECOND ORDER IMPLICIT INTEGRATOR

SUBROUTINE DRIVE(NE, NNZ)
IMPLICIT REAL#&(A - H,O - Z)
C

C THIS SUBROUTINE WILL INTEGRATE IMPLICTT DIFFERENTIAL BQUATIONS
C OF IORDER (2 OR 1)
C SYSINT CONTAINS THE INTEGRATION PARAMETERS
C STATE HOLDS THE LOCATION OF THE STATE ARRAYS
c
COMMON /DDATA/ MD
DIMENSION DIX1), MIX(1)
BQUIVALENCE (MIX1),DIX1))

COMMON /SPACE/ MSIZE, MAVAIL, MAXNUM, MBIAS, ERRFLG, MBACK
LOGICAL ERRFLG

OOMMON /DEVICE/ NIN, NOUT, NERR, NTMP, NDALST, NTTYIN
OOMMON /DUMP/ INDMP, ISTDMP, ICDMP, IANDMP, IOTDMP

OOMMON /SYSINT/ TSTART, TEND, HINIT, EPSI, NSTEFS, IORDER, MF
OOMMON /GRUSED/ HUSED, NQUSED, NINTS, NFE, NJE, NBSUB, NOPS
OOMMON /INTVEC/ IYY, IYS, IYMAX, IERROR

OOMMON /EVALU/ IG, NG, IRHS, IDY, NEQ, INPOS, NP, INPERR, NRR
OOMMON /STATE/ IY1, IYD

COMMON /OUTD/ ITIM, IOUT, NOV, NOUTS, LENPR
DIMENSION HINV{(2)

WRITE (NERR,20)
Ces GET SPACE FOR ARRAYS NEEDED
CALL GSPACE("DOUB', ITIM, NSTEPS+1, 1)
CALL GSPACH'DOUB’, IOUT, NOV, NSTEPS+1)
CALL TEMP(1, IMRK1, IMRK?2)
CALL GSPACH'DOUB, IYS, NEQ, 7)
CALL GSPACE('DOUPB’, IYY, NEQ, 7)
CALL GSPACE('DOUB’, IYMAX, NEQ, 1)
CALL GSPACE('DOUB’, IERROR, NEQ, 1)
CALL TEMP(2, IMRK1, IMRK2)
IF (ERRFLG) CALL TERM('DRIV", 'E °, 1)
C
Ce= SET UP EQUATIONS FOR INTEGRATION
HINV(1) == 1.0D0 / HINIT
HINV{2) == 2.0D0 / (HINIT = HINIT)
CALL SETEQY-1,.FALSE.,NE,NNZ,DIXIY1),DIXTYD), TSTART,HINV.,-1.D0)
C
Css CALCULATE OUTPUT STEP SIZE
HOUT == (TEND - TSTART) / NSTEPS
TOUT == TSTART
KERR ==-1
NQUSED =0
NOPS =1
CALL OUTPUTN\TOUT, DIXIYT), DIXIYD), NEQ, DIXITIM), DDIIOUT),
1 NOV, NOFS)
o}
Ces MAIN INTEGRATION LOOP. NGRATE IS REPETIVELY CALLED UNTIL TEND.
DO 10 I =1, NSTEPS
TOUT == TSTART + HOUT = | )
CALL NGRATE(IORDER, HINIT, TSTART, TOUT, NBEQ, DIIYY), DIXIYS),
1 DD(IYl), DIXIYD), DD(TYMAX), DD{IERROR), MD{INPERR), NRR,
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2 DI(IRHS), EPSI, KERR, MF)
IF (KERR LT. - 1) GO TO 20
NOPS == NOPS + 1
10 CALL OUTPUT(TOUT, DIXIY1), DD(TYD), NEQ, DD(ITIM), DI(IOUT),
1 NOV, NOPS)
c
Cs= ALL DONE (OR QUIT)
20 CALL TEMP(S, IMRK1, IMRK2)
WRITE (NERR,40) MAXNUM
NOUTS == NOPS
RETURN
30 FORMAT (1X/* ENTERING INTEGRATION PHASE...")
40 FORMAT (" INTEGRATION PHASE COMPLETE."/* MAXNUM=, I5)
END

SUBROUTINE NGRATE(IORDER, HINIT, TZ, TOUT, N, YY, YS, Y1, YD,
1 YMAX, ERROR, NPERR, NRR, RHS, EPSl, KERR, MHIT)
IMPLICTT REAL*&(A - H,O- Z)

DIMENSION YY(N,1), ERROR(1), RHX1), YMAX{(1), NPERR(1), YI(1),

1 YD(N,2), YS(N,I) '
DIMENSION HINV(2)

COOMMON /GRUSED/ HUSED, NQUSED, NINTS, NFE, NJE, NBSUB, NOPS

COMMON /DEVICE/ NIN, NOUT, NERR, NTMP, NDALST, NTTYIN
COMMON /DUMP/ INDMP, ISTDMP, ICDMP, LANDMP, IOTDMP
LOGICAL HCUT

THIS SUBROUTINE INTEGRATES FROM TIME TO
TOUT BY CALLING NTSTEP TO INTEGRATE UNTIL
IT GETS TO TOUT.

MHIT HOW TO OBTAIN OUTPUT VALUES
1 - INTERFOLATE TO OUTPUT
2 - HIT OUTPUT TIME EXACTLY

aaaaaaaaa

Ce INTIALIZE IF FIRST CALL
IF (KERR .NE. - 1) GO TO 40
TIME == TZ
HOUT == TOUT - TZ
HI == 1.D0 / HOUT
IF (MHIT .EQ 2) HMAX == HOUT
IF (MHIT .NE. 2) HMAX == 10.D0 * HOUT
HMIN = HOUT * 1.0D-4
NQNEW == IORDER
HNEW == HINIT
HCUT == .FALSE.
HINV(1) == 1.0D0 / HINTT
HINV{2) == 2.0D0 / (HINTTHINIT)
Css CONVERT Y1,YD TO YY
DO10I=1,N
10 YY(L,1) == YI(I)
DO 20 J =1, IORDER
DO201==1,N
20 YY(LJ + 1) = YD(L,J) / HINVIY)
Cs= FILL YMAX WITH ONES FOR ERROR CHECKING
DO®I=1N
30 YMAX(I) == 1.0D0

C
Ces FOR EXACT OUTPUT HIT, JUMP TO OTHER SECTION
C
40 [F (MHIT .EQ 2) GO TO 90
C

Cs » + « INTERPOLATION SECTION ¢ s # »

C

Ce+ DO WHILE INTEGRATION TIME LESS THAN OUTPUT TIME
50 IF ((TIME - TOUT)+HI .GE. 0.000) GO TO 80

c

CALL NTSTEP(NQNEW, HNEW, TIME, N, YY, YS, YD, YMAX, ERROR, NPERR,
1 NRR, RHS, HINV, HMIN, HMAX, EPSI, KERR)
Cs+ WRITE OUT VECTCRS AT END OF STEP (DEBUG)
IF (IANDMP .LT. 5) GO TO 70
WRITE (NOUT,230) TIME, HUSED, NQUSED
WRITE (NOUT, 250) (YY{(J,1),J==1,N)
DO 60 I =1, IORDER
60 WRITE (NOUT, 250) (YD(J,I),J==1,N)
Cw= ERROR CHECKING
70 IF (KERR .LT. - 1) GO TO 180
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GO TO 60
C
Css INTERPOLATE BACK TO OUTPUT TIME
80 CALL INTERP(TOUT, TIME, HUSED, Y1, YD, IORDER, YY, NQUSED + 1, N)
GO TO 100

C-
C
Cs»2s EXACTHITSECTIOCN £33 s

C
90 [F (HCUT) HNEW == HWAS

Css DO WHILE INTEGRATION TIME LESS THAN OUTPUT
100 IF ((TIME - TOUT)*HI .GT. - .01D0) GO TO 140
HCUT == .FALSE.
Ces CAN HNEW BE STRETCHED 10% TO HIT OUTPUT? JUMP IF NOT.
IF ((TIME + 1.1D0sHNEW - TOUT)#HI .LE. 0.D0) GO TO 110
Ces WILL THE CURRENT VALUE HIT CUTPUT WITHIN 1% IF SO JUMP.
IF (DABS{(TIME + HNEW - TOUT)sHI) .LT. .01D0) GO TO 110
HCUT == .TRUE.
HWAS == HNEW
HNEW == TOUT - TIME
c
110 CALL NTSTEP(NQNEW, HNEW, TIME, N, YY, YS, YD, YMAX, ERROR, NPERR,
1  NRR, RHS, HINV, HMIN, HMAX, EPSI, KERR)
Ces WRITE OUT VECTORS AT END CF STEP (DEBUG)
IF (IANDMP .LT. 8) GO TO 130
WRITE (NOUT,230) TIME, HUSED, NQUSED
WRITE (NOUT,260) (YY(J,1),J==1,N)
DO 1201 =1, IORDER
120 WRITE (NOUT, 250) (YD(J,1),J==1,N)
Ce+ FRROR CHECKING
120 IF (KERR .LT. - 1) GO TO 180
GO TO 100
C
Ces LOAD OUTPUT ARRAY
140 TOUT == TIME
DO150I =1, N
150 YI(T) = YY{1,1)
IF (IANDMP .GE. 8) RETURN
C-

C
Cs 2 ss RETURNSECTION s=2ss
160 IF (IANDMP .LT. 4) RETURN
WRITE (NOUT,240) TOUT, HUSED, NQUSED
WRITE (NOUT,250) (YI(J),J=1,N)
DO 1701 == 1, IORDER
170 WRITE (NOUT, 250) (YD(J,I),J=1,N)
RETURN

c
Cs %3 ERRORSECTION s s s s
180 WRITE (NERR,190) TIME, HUSED, NFE, NJE, NINTS
IF (KERR .EQ. - 2) WRITE (NERR,200)
IF (KERR .BQ. - 3) WRITE (NERR,210)
IF (KERR .BQ. - 4) WRITE (NERR,220)
RETURN

190 FORMAT (' ERROR AT T==, 1PD12.4, * Haw, D124, * NFEs/, I8,
1 *NJE=, I5, ’ NINTS==, I5)
200 FORMAT (' CORRECTOR FAILED FIVE TIMES')
210 FORMAT (* REQUIRED STEPSIZE SMALLER THAN HMIN')
220 FORMAT (* REQUESTED ERROR TOO SMALL FOR PROBLEM)
230 FORMAT (‘AT STEP: T=, 1PD12.4, ' H=, D12.4, ' NQuw, [3)
240 FORMAT (‘AT OUTPUT: T=, 1PD12.4, * H=¢, D124, ' NQ=2, I3)
250 FORMAT (1X, 1P10D12.4)-
END

SUBROUTINE INTERP(TOUT, TIME, HUSED, Y1, YD, IORDER, YY, KDER, N)
IMPLICIT REAL*8(A - H,O - Z)

INTERPOLATES THE NORDSIEK VECTORS TO THE OUTPUT TIME
FOR BOTH THE VALUES AND DERIVATIVES

DIMENSION YI(1), YD(N,1), YY(N,1), SC(13,2), HINV(2)
DATA SC /0.D0, 1.00, 2.0, 8.00, 4.D0, 5.D0, 6.D0, 7.D0, 8.00,

1 9.Do, 10.Do, 11.D0, 12.D0, 0.D0, 0.D0, 1.D0, 3.Do, 8.D0,
2 10.Do, 15.D0, 21.D0, 28.D0, 38.D0, 456.D0, 65.D0, 68.D0/

aQ aaaaQ

o}
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Ces INITIALIZE THE ARRAYS
DOwl=1,N
10 YI(I) = YY(1,1)
DO 20 KK ==1, IORDER
DO20Ia=1, N
20 YIXLKK) == 0.D0
C

Css CALCULATE SCALE AND H VALUES
H = TOUT - TIME
HINV{1) == 1.D0 / H
HINV(2) == 2.D0 / (HsH)

S == H / HUSED

C
Ces CLCULATE NEW VALUES
DO4#I==1N
St ==1.D0
DO 40 J == 2, KDER
Si=S1s8
YN =YY(lJ) sS1
YYI) == YI(I) + YN
DO 80 KK == 1, IORDER -
30  YD(LKK) == YD{LKK) + YN * S{J,KK)
40 CONTINUE
C
Ces CONVERT TO UNSCALED DERIVATIVES
DO 50 KK == 1, IORDER
DO&0I==1,N
50 YD(I,KK) == YI(LLKK) * HINV(KK)
C
RETURN
END

suaaounmmsxmmm HNEW, TIME, N, YY, YS, YD, YMAX, ERROR,
NPERR, NRR, RHS, HINV, HMIN, HMAX, EPSI, KERR)
lwucrrnm-a(A HO- 2)

THE PARAMETERS TO THE SUBROUTINE NTSTEP HAVE
THE FOLLOWING MEANINGS...

NQNEW ORDER TO BE USED ON THE NEXT STEP
HNEW THE STEP SIZE TO BE ATTEMPTED ON THE NEXT STEP
EVAL NAME OF SUBROUTINE WHICH EVALUATES THE JACOBIAN AND RHS
TIME LAST SUCCESSFUL TIME
N  THE NUMBER OF DIFFERENTIAL BQUATIONS.
YY ANNBY 7 ARRAY CONTAINING THE DEPENDING VARIABLESt
AND THEIR SCALED DERIVATIVES. Y(I,J+1) CONTAINS
THE J-TH DERIVATIVE OF Y(I) SCALED BY
HeeJ/FACTORIAL(J) WHERE H IS THE CURRENT
STEP SIZE.
YD  ARRAY WITH THE UNSCALED FIRST AND SPCOND DERIVATIVES
YMAX AN ARRAY OF N LOCATIONS WHICH CONTAINS THE MAXIMUM
OF EACH Y SEEN SO FAR. IT SHOULD NORMALLY BE
SET TO 1 IN EACH COMPONENT BEFORE THE FIRST ENTRY
NPERR VECTOR CONTAINING INTEGERS INDICATING THE DIFFERENTIAL
ORDER OF THE CORRESPONDING EQUATION
0 ALGEBRAIC
1 UPPER FIRST ORDER (NO DOUBLE DOT IC'S)
2 2ND ORDER AND LOWER 1ST ORDER
ERRSV AND RHS ARE INTERNAL WORK VECTORS
YMAX,ERROR,ERRSV,AND RHS MUST BE DIMENSIONED N OR GREATER
ERROR AN ARRAY OF N ELEMENTS WHICH CONTAINS THE ESTIMATED
ONE STEP ERROR IN EACH COMPONENT..
HMIN THE MINIMUM STEP SIZE THAT WILL BE USED FOR THE
INTEGRATION. NOTE THAT ON STARTING THIS MUST EE
MUCH SMALLER THAN THE AVERAGE H EXPECTED.
HMAX THE MAXIMUM SIZE TO WHICH THE STEP WILL BE INCREASED
EPSI THE ERROR TEST CONSTANT. SINGLE STEP ERROR ESTIMATES
‘DIVIDED BY YMAX(!) MUST BE LESS THAN THIS .
THE STEP AND/OR ORDER IS
ADJUSTED TO ACHIEVE THIS.
KERR A CODE WITH THE FOLLOWING MEANINGS.
>0 STEP SUCCEEDED BUT ENCOUNTERD TROUELE
0 THE STEP WAS SUCCESFUL.
-1 INITIALIZE SUBROUTINE
-2 CORRECTOR FAILED 5 TIMES
-3 REQUIRED STEPSIZE SMALLER THAN HMIN
-4 THE REQUESTED ERROR IS SMALLER THAN CAN

(eYoNoXoRoNoNoXoNoNoXoNoNoXoXoNoRoNoReoNoRoNoXoRo Yo NoRoNoRoRo Yoo RoXoNoNoXoXo o Yo o!
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BE HANDLED FOR THIS PROBLEM.

INTERNAL VARIABLE MEANINGS ARE AS FOLLOWS:
MAXDER THE MAXIMUM DERIVATIVE THAT SHOULD BE USED IN THE
METHOD. SINCE THE ORDER IS BQUAL TO THE HIGHEST

DERIVATIVE USED, THIS RESTRICTS THE ORDER.
T  INTEGRATION TIME
MINDER THE MINIMUM ACTIVE COLUMN LENGTH OF YY ARRAY
H  CURRENT STEPSIZE
NQ CURRENT ORDER OF METHOD
NXTCHK PREVENTS ORDER CHECKING FOR A NUMEER OF STEFS
ITFAIL KEEPS TRACK OF CORRECTOR FAILURES
INTFAL KEEPS TRACK OF INTEGRATION ERROR FAILURES
ZIP  [F ABS(RHS) IS LESS THAN ZIP, IT'S CLOSE ENOUGH TO ZERO

aaaaaaaaaaaaaaaQa

D!MEI\ISYIS(: Y)Y(N.l). ERROR(1), RHX(1), YMAX(1), NPERR(1), YD(N,2),
1 8)

COMMON /DEVICE/ NIN, NOUT, NERR, NTMP, NDALST, NTTYIN
- COMMON /DUMP/ INDMP, ISTDMP, ICDMP, IANDMP, IOTDMP

Q

COMMON /GRUSED/ HUSED, NQUSED, NINTS, NFE, NJE, NBSUB, NCPS
LOGICAL CONVRG, RZERO

aa QO a

DIMENSION A(18), ER(8)

DIMENSION KMODE(10), HINV(1), GS((2)
DATAKMODE /2,1,1,1,2,1,1,1,2,1/
DATA ITMAX /10/

THIS SUBROUTINE INTBEGRATES ONE STEP IN TIME

aaaa

Ce= [F FIRST CALL INITIALIZE SUBROUTINE
IF(KERR.NE.- 1)GOTO 10
IORDER == NQNEW
MINDER == [ORDER + 1
MINDP1 = MINDER + 1
KCON ==-1
H == HNEW
NQ==0
MAXDER == 7
FNRR == NRR
CALL COSET{NQ, KDER, NQNEW, EPS], GSC, RSC, HINV, NXTCHK, KERR,
1 TIME, FNRR, A, ER)

IDBUG == IANDMP - §
ZIP = EPSl = 1.0D-8
BND =EPSI = 1.D-1
NINTS =0

NFE =0

NJE =0
NBSUB == 0

C

Cs = # » [NITIALIZE VARIABLESFOR STEP s s s ¢

C

10 KERR ==0
ITFAIL =0
INTFAL =0

Ces SAVE NORDSIEK VECTORS AND ASSOCIATED H IN CASE STEP FAILS

DO 20 J =1, KDER

DO201=1,N
20 YS(IJ) = YY(LJ)
HOLD =H

C
Ce =23 GET READY FORSTEP #s s &
(o]
Ce= SET UP POSSIBLE NEW ORDER
30 IF (NQNEW .NE. NQ) CALL OOSET(NQ, KDER, NQNEW, EPSI, GSC, RSC,
1 HINV, NXTCHK, KERR, TIME, FNRR, A, ER)
IF (KERR .LT. 0) RETURN
C
Ce= RESCALE NORDSIEK VECTORS IF STEPSIZE CHANGED
40 H =HOLD
IF (HNEW .NE. H) CALL RESCAL(H, HNEW, YY, YS, N, KDER, HINV, GSC,
1 A TIME, HMIN, HMAX, NXTCHK, KERR)
IF (KERR .LT. 0) RETURN
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C
Cs s »s PREDICT NEW VALUES s * s s
C
T=TIME +H
C
Cs= NORDSIEK VECTORS
DO 50 J =2, KDER
DO 50 J1 == J, KDER
J2 = KDER- J1 4J-1
DO8&I=1,N
YY(1,J2) == YY(1,J2) 4 YY(LJ2 4 1)
50 CONTINUE

C
Css COMPUTE PREDICTED DERIVATIVES FOR EVALUATOR
DO 60 J =1, IORDER
DO60I==1N
Coo YI(LJ) == YY(L,J + 1) = HINV{J)

Ces ZERO ACCUMULATED ERROR VECTOR
DO70 ==}, N
70 ERROR(I) == 0.000
C

Cs = 33 [TERATE ON CORRECTOR s s s »
C
C-

DO 110 L =1, ITMAX

c
Ces SOLVE BQUATIONS FOR DY (RETURNED IN RHS)
IF (IDBUG .GE. 2) WRITE (NOUT,240)
CALL SOLVEIKMODE(L), KOON, T, RHS, YY, YD, N, RHSERR, GSC, RSC,
1 RZERO, ZIP, IDBUG)
IF (RZERO) GO TO 150
IF (IANDMP .GE. 8) WRITE (NOUT,230)
IF (IANDMP .GE. 6) WRITE (NOUT,250) (RHS(KK),KIG==1,N)
c
Css CHECK FOR DIVERGENCE, IF SO JUMP
IF (L .GE. 4 .AND. RHSERR .GT. 2¢RHEOLD) GO TO 120
RHEOLD == RHSERR
c
C#s UPDATE STATE AND DERIVS., ACCUMULATE ERROR, CHECK CONVERGENCE
CONVRG == .TRUE.
DO1001=1,N
DO 80 J == 1, MINDER
80 YY(1,J) = YY(LJ) + A(J) * RHS(I)
DO 90 J == 1, IORDER
9  YD(1,J) = YY(LJ + 1) * HINV(J)
ERROR(I) == ERROR(T) + RHS(I)
YMAX(I) = DMAXI(YMAX(I),DABS(YY(1,1)))
IF (DABS(RHS(I))/YMAX(I) .GT. BND) CONVRG == .FALSE.
100 CONTINUE
IF (CONVRG) GO TO 150
110 CONTINUE
C
c
C# * * » CORRECTOR ITERATION FAILED s s + &
120 KERR == 2
ITFAIL =ITFAIL +1
IF (IANDMP .GE. 1) WRITE (NERR,260) T, H

C

Ces [F CORRECTCR HAS FAILED 6§ TIMES GIVE UP
IF (ITFAIL .LT. 5) GO TO 130
KERR ==-2
RETURN

C

Cs= DETERMINE PROBABLE CAUSE OF FAILURE

130 IF (RHSERR .GT. EPSI#FNRR) GO TO 140
(o]

Ce= [LL-CONDITIONED MATRIX
HNEW == 10.0D0 * H
HMAX == DMAX1(HMAX,HNEW)
GO TO 40
C
Cs= STEPSIZE TO BIG
140 HNEW =H / 4.0D0
GO TO 40
C
Cs s s s CORRECTOR CONVERGES s s s =
C
Ce= IS THIS A BLIND STEP (NO ERROR CONTROL)
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150 CONTINUE
C IF(.NOT. INTCHK) GO TO 210
C
Ces TEST ERROR
D ==0.0D0
DO1601=1,N
IF (NPERR(I) .NE. 2) GO TO 160
D ==D + (ERROR(I)/YMAX{I)) == 2
160 CONTINUE
IF (D .LE. ER(2)) GO TO 180
C
Cs 3 s 5 INTEGRATION ERROR TOO BIG s s ==
C
INTFAL == INTFAL + 1
KERR =1
IF (IANDMP .GE. 1) WRITE (NERR,280) T, D, ER(2)
C
Ces MANY INTEGRATION ERRORS REQUIRES DRASTIC ACTION
IF (INTFAL .LT. §) GO TO 170
NQNEW == [ORDER
HNEW = H / 10.0D0
GO TO %0
C
Cs== FIND BETTER ORDER AND STEPSIZE
170 CALL HORDER(NQNEW, HNEW, NQ, H, D, KDER, MAXDER, MINDER, HMAX, YY,
1  YMAX, ERROR, NPERR, N, T, NXTCHK, KERR, A, ER)
GO TO 30
C
Cs s 23 INTEGRATION ERROROK s 23 ¢
C
Cs= UPDATE THE REMAINDER OF THE NORDSIEK VECTORS
180 CONTINUE
IF (KDER .LT. MINDP1) GO TO 200
DO 190 J == MINDP1, KDER
DO190[==]1, N
190 YY(LJ) == YY{(1,J) 4+ A(J) s ERROR(])
C

Css DETERMINE IF ORDER, STEPSIZE CHECKING IS DESIRED
200 IF (NXTCHK .GT. 1 .OR. (H .GE. HMAX#.999 .AND. L .LE. 3))

1 GOTO210 ,
c
C#s CHECK ORDER,STEPSIZE

CALL HORDER(NQNEW, HNEW, NQ, H, D, KDER, MAXDER, MINDER, HMAX, YY,
Cl YMAX, ERROR, NPERR, N, T, NXTCHK, KERR, A, ER)

Ce=s PREVENT FURTHER CHECKING FOR 10 STEPS !
IF (KERR .NE. 0 .OR. HNEW .GT. 1.1sH .OR. L .GT. 8) GO TO 210

c
Cs+ 33 RETURNSECTION s s 2 »
c
210 NXTCHK == NXTCHK - 1
TIME =T
HUSED =H
NQUSED = NQ
NINTS == NINTS + 1
IF (JANDMP .GE. 2) WRITE (NERR,270) T, HUSED, NQUSED, L, NINTS,
1 NFE, NJE, NBSUB, NOPS
IF (NXTCHK .GT. 1 .OR. KDER .GE. MAXDER) RETURN
c
Css SAVE ERROR FOR ESTIMATES IN HORDER
DO 2201 ==1,N
220 YY(I, MAXDER) == ERROR()
RETURN

C
230 FORMAT (* DELTA X S AT ITERATION?)
240 FORMAT (* DIFSUB JACOBIAN AND RHSY)
250 FORMAT (*  DX: *, 1P6D15.5/51(T9,6D15.5/))
260 FORMAT (* CORRECTOR FAILED TO CONVERGE ... TRYING NEW STEP SIZE'/
1 ' TIME=, 1IPD125, ' H=, D12.5)
270 FORMAT (* INTEGRATION STATUS AT Ts=, 1PDI2.4, /" HUSED=, D12.4,
1 NQUSED=, I2,' NCOR=, [2/* NINTS=, I5, * NFE=, I5,
2 ' NJE=, I5,' NBSUB==, I5, * NOPS=Z, I5)
280 FORMAT (* INTEGRATION ERROR FAILURE?/* T=+, 1PD12.4, ' ERRORm/,
1 Di2.4,’ ERRLIM=¥, D12.4)
END



130

SUBROUTINE COSET(NQ, KDER, NQNEW, EPSI, GSC, RSC, HINV, NXTCHK,
1 KERR, TIME, FNRR, A, ER)
IMPLICIT REAL*&A - H,0 - Z)

C
C SET THE COEFICIENTS OF INTEGRATOR ACOORDING TO ORDER

c
DIMENSION PERTST{(12,2,3), GSC{1), HINV(1)
COMMON /DEVICE/ NIN, NOUT, NERR, NTMP, NDALST, NTTYIN
COMMON /DUMP/ INDMP, ISTDMP, ICDMP, IANDMP, IOTDMP

DIMENSION A(1), ER(1)

DATA PERTST / 1.1.,2.,1.,.3158,.07407,.01391,.0021 82,
.0002946,.00003492,.000002892,.0000003524,
1.,1.,.5,.1687,.04187,.008207,1.,1.,1.,1.,1.,1.,
2.,12,,24.,37.89,53.33,70.08,87.97,106.9,
128.7,147.4,108.8,191.0,
2.0,4.5,7.338,10.42,13.7,17.15,1,,1,,1,,1.,1.,1.,
12.0,24.0,37.89,63.38,70.08,87.97,108.9,
128.7,147.4,168.8,191.0,1.,
3.0,6.0,9.167,12.5,16.98,1.,1.,1,,1.,1,1.,1. /

IF (IANDMP .GT. 2) WRITE (NERR,90) TIME, NQNEW, NQ
NQ = NQNEW

KDER =NQ +1

GO TO (10, 20, 30, 40, 50, 60), NQ

00 A DO N

C
10 A(1) ==-1.0D0
A(2)=-1.D0
GOTO70
C
20 A(1) ==-0.660668686008006087D0
A(2) ==-1.D0
A(3) == -0.333333333333333333D0
GOTO70
(o]
30 A(1) == -0.5454545454545485D0
A(3) = A(1)
A(4) == -0.090909090909090910D0
GO TO 70
C
40 A(1) == -0.480000000D0
A(8) == -0.700000000D0
A(4) == -0.200000000D0

50 A(1) ==-0.437956204379562D0
A(3) == -0.8211678832116788D0
A(4) =2 -0.3102189781021898D0
A(5) =m -0.05474452554744628D0
A(6) == -0.0036496350364963504D0
GOTO70
C
80 A(1) =-0.4081632653061225D0
A(3) == -0.9206349206349206D0
' A(4) == -0.4166666686666667D0
A(5) == -0.0092083492083492D0
A(8) == -0.0119047619047619D0
A(7) == -0.000566893424036282D0
c
70 NXTCHK == KDER + 1
DOMI=1,3
80 ER(I) = FNRR s (PERTST(NQ,2,| #EPS]) o= 2
RSC ==-1.0D0 / A(1)
GSC(1) =-HINV(1) / A(1)
GSC(2) = A(3) » HINV(2) / A1)

IF (ER(2) .EQ. 0.0D0) KERR =-4
RETURN

90 FORMAT (" COSET: TIME==, 1FDI12.5, ' NQNEWaw, 2, * NQ==', 12)
END

SUBROUTINE HORDER(NQNEW, HNEW, NQ, H, D, KDER, MAXDER, MINDER,
1 m*xv.vmmommw.mmmm

2 A ER

IMPLICIT REAL#8(A - H,O - 2)
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C
Css CALCULATE FACTORS H COULD BE DIVIDED BY FOR ADJACENT ORDERS

DIMENSION YY(N,1), YMAX{1), ERROR(1), NPERR(1)
DIMENSION A(1), ER(1)

(o]

c
COMMON /DEVICE/ NIN, NOUT, NERR, NTMP, NDALST, NTTYIN
COMMON /DUMF/ INDMP, ISTDMP, ICDMP, LANDMP, IOTDMP

c

c

Ce THIS ORDER
ENGZ == .5D0 / (NQ + 1)

PR2 == ((D/ER(2)}=ENGZ) * 1.2

Css ORDER INCREASE
PR3 == 1.0D+20
IF (KDER .GE. MAXDER .OR. KERR .NE. 0 .OR. NXTCHK .GT. 1)
1 GOTO20
D ==0.0D0
DO10I==1, N
IF (NPERR(I) .EQ 0) GO TO 10
D =D + ((ERROR(!) - YY{LMAXDER))/YMAX(])) == 2
10 CONTINUE
ENQS == .5D0 / (NQ + 2)
PR3 = ((D/ER(3))ssENQ3) » 1.4D0

Csx ORDER DECREASE
20 PR1 == 1.0D+420
IF(KDER .LE. MINDER) GO TO 40
D =0.0D0
DO30I=1,N
IF (NPERR(I) .EQ 0) GO TO 80
D == D + (YY(I, KDER)/YMAX(])) »» 2
30 CONTINUE
ENQI == .5D0 / NQ
PR1 == ((D/ER(1)}s=ENQ1) = 1.3D0

40 CONTINUE
PRIT == 1.0D0 / DMAX(1.0D-10,PR1)
PR2T = 1.0D0 / DMAX1(1.0D-10,PR2)
PRST ==1.0D0 / DMAX1(1.0D-10,PR3)

c

Cw+ DETERMINE BEST ORDER
IF (PR2 .LE. PR3 .AND. PR2 .LE. PR1) GO TO 50
IF (PRS .LE. PR2 .AND. PR3 .LE. PR1) GO TO 60

Ces REDUCE ORDER
NQNEW == NQ- 1 ,
R ==1.0D0 / DMAXI(PR1,1.0D-4)
GO TO 80
c
Ces SAME ORDER
50 NQNEW =NQ
R ==1.0D0 / DMAXI(PR2,1.0D-4)
GO TO 80
c
Cs» INCREASE ORDER
60 NQNEW = NQ + 1
R ==1.0D0 / DMAXI(PRS,1.0D-4)
Ce+ ESTIMATE NEXT DERIVATIVE
DFLK == KDER
DO701=1,N
70 YY(LNQNEW + 1) == ERROR(I) » A(KDER) / DFLK
c

80 CONTINUE
HNEW = HMAX / IFDX(SNGL(HMAX/DMINI(HMAX,H*R) + 0.8D0))
IF (IANDMP .GE. 3) WRITE (NERR,90) TIME, HNEW, H, PRIT, PR2T, PRST
RETURN

90 FORMAT (' ORDER: TIME=, 1PD12.5, ' HNEW=, D12.5, * H=r',
1 1PDI25, /' RD=x, IPD9.2, * Raw, 1IFDA.2, ' RU=x, 1PD0.2)
END

SUBROUTINE RESCAL(H, HNEW, YY, YS, N; KDER, HINV, GSC, A, TIME,
1 HMIN, HMAX, NXTCHK, KERR)
IMPLICIT REAL*8(A - H,O - Z)

c

C RESCALES THE NORDSIEK VECTORS WITH NEW STEP SIZE
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C
COMMON /DEVICE/ NIN, NOUT, NERR, NTMP, NDALST, NTTYIN
COMMON /DUMP/ INDMP, ISTDMP, ICDMP, IANDMP, IOTDMP

DIMENSION YY(N,1), GS(O(1), HINV(1), A(1), YS(N,1)

C
Css ERRCR RETURN IF REQUESTED STEPSIZE BELOW MINIMUM
IF (HNEW .GE. .999%«HMIN) GO TO 10
KERR ==-8
RETURN
C
Ce= RESTORE SAVED VECTORS IF ERROR, AND LIMIT STEP
10 IF (KERR .BEQ. 0) GO TO 30
DO 20 J == 1, KDER
DO20I==1,N
20 YY(LJ) == YS(LJ)
INKERR .EQ 1) HNEW = DMIN1(HNEW, H)

C
Ces LIMIT STEPSIZE TO HMAX AND 10sOLD
30 HNEW == DMIN1(HNEW,HMAX,10.0D0sH)
RH == HNEW / H
C
Ces INCREASES MUST BE MORE THAN 10%
IF(RH .LT. 1.0D0 .OR. RH .GE. 1.1D0) GO TO 40
RH ==1.0D0
HNEW == H
IF (IANDMP .GE. 3) WRITE (NERR,60) HNEW, H, RH
NXTCHK == KDER + 1
RETURN
C
Cs= RESCALE NORDSIEK VECTORS
40 Rl =1.0
DO 60 J == 2, KDER
Rl ==R1 s RH
DOSOI==1,N
50 YY(LJ) = YY(LJ) * R1
IF (IANDMP .GE. 3) WRITE (NERR,80) HNEW, H, RH
H == HNEW
C .
Css PROHIRIT CHANGES TEMPORARIL
NXTCHK == KDER + 1

o]
Cs= UPDATE STEPSIZE DEPENDANT VARIABLES
HINV(1) ==1.0D0 / H
HINW(2) == 2.0D0 / (HsH)
GsC(1) =-HINV(1) / A(1)
GSQ(2) == A(3) * HINV{2) / A1)
RETURN

60 FORMAT (* SCALE: HNEW=w/, 1PD12.5, * Haw', 1PD12.5, * RATIOm,
1 1PDI125)
END



133

APPENDIX B
THE SPHERICAL JOINT CONSTRAINT DERIVATION

The spherical joint has one vector constraint equation associated with it. The
chain of vectors is shown in Figure B.1. The constraint equation is simply the sum of
the vectors is always zero.

$=4R+ A7-(®R+ 87) =0
Only half of ths equation will be expanded because the second half is similar, but with
opposite sign.
$=43-23 =0

In order to apply this constraint a Lagrange multipler X is introduced to enforce
the constraint. To get the components of X for body A, the partials of the constraint
are needed. To do this the variation of the constraint is performed.

5(A8)=3(AR)+5(*7)

At this point the explicit reference to body A is dropped. The variation of 7 from
Equation 3.8 is 67 = 51 X 7+ ;, 6n,. The variation of & has become

5 = OF + 61 X § + 6, 6n,
In this case the vector represented by ¢ does not range over the body, but is the vector
from the origin of the reference frame to the location of the spherical joint on body A.

Let this point be denoted by a. Therefore 7§ = ¢(s). The shape vectors 4, also, are
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Figure B.1 Spherical Joint

the shape vectors’ value at point . Therefore E,v = ¢,(a). The variation in these

terms is

5% = 6R + 1 X 3(3) + ¢, (3)on,

The fundamental equation requires the dot product of X with the partials of the
constraint equation. This is done by dotting » with the variation and collecting the

partials.
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— —

%68 =X-6R +)-ér X 3a)+ X - 6 (a)on,
=6R-X+61-7(8) X X+ 6, X - $,()

From this the terms are

I
>

>

Y 1
5'-9'1 3’1'3& %l%s

>4
I

)

&
X
>

>
I
>
o4
Q)

The equations of motion become for body A:

- - - - - [ - - -
+67r-{.10-9+ﬂ X JO Q+ Ngn; - Q + 7(a) xx}
+ 51/.{71.- + 20w + wdm

Lad

-%ﬁ-n, B420-Gpna +'x’-$,-(a)} =0
Here we see that component affecting the position of the frame is the reaction force x.
The component affecting frame rotation is the torque produced by this reaction force
7(a) x . The component affecting mode i, is the i'® mode shape evaluated at s dot-
ted with X. These could all have been expected. These same terms appear for body B,

but with reversed sign. In addition 7 and Z,- are evaluated at a point on body B.

In addition to the terms in the body equations the constraint equation itself must

be included with the equation set. For the explicit integrator two derivatives are
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taken of the constraint equation.

-

& =R+ 0 X3@) + 6 @)y

-

=R + Q X(Q Xq(a)) + 8 Xq(a) + @ X ¢

o

{

-

+8 X3, @, + 6@,
= 9 - - 00
= R+ Q Xq(a) + ¢ (@)m

+ 1 x (@ x3() + 28 x4, (@),

—p
Now the various vectors can be resolved in frames of reference. The new vectors A and

& will both be resolved in the inertial frame. The equations become:

ag’{Mé +_x_}

bn; {'1. + 24w + wdm

)

- $0740+207Gn 1y +.(07 Y )

The constraint equation can be written as

Y = 2 -
®=R-q(a) X2+ ¢ (a)u
+0 x (@ x 7(9) + 20 x (3,

S=R-A"™ ga)2+A™ (a)m

+A" Q0 g(a)+24" 0 4,() s,
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These equations can be written in a larger matrix form (including body B) as:

e | 1] |go
J0© PO q&;‘:’

1 s aY) |nf0

M(b)l -1 E(b)

200 | |2

1 g av| [

I @OANT @A oL PAN)T @AM o :

i
S
-

The system mass matrix for the explicit form of the equations has the form:

A5 - ()

where M is a strictly diagonal and constant matrix, and T has columns of non-linear

terms, and ¢ are the remaining terms in the constraint. In this case

¢ = (A" QT«) 970)1(0)_ 247 Q0 @, (a)u:(")
+ AP 00 Qg(s) - 247 QW[
For the implicit integrator a different approach is taken. In this case the con-

straint equation itself in algebraic form is included with the equations. The equations

become

¥
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N0+ 0 xJ3°5+ﬁkn: ‘R +3E) XX =0
Mmoo+ 6w + wim

—-;-ﬁ'ﬁ. '5+2§' am.ndo,,, +:'$i(0)=0
In order to integrate these equations the matrix of partial derivatives is needed.
The partial derivatives for the terms associated with the body were done in Chapter V.
All that remains is to find the partials of the terms comsponding to the newly added
constraint terms. The easiest way to calculate these partials is to leave the equations
in vector form and take the variation. The constraint equations variation was already

performed (equation 6.5). Its partials are obtained by expressing it in terms of dyadics.

63 = ?5}_?. - ? 5—7; + 3:‘ (a)én,

Be resolving this vector in the global frame a matrix equation results.

~

50 =R-A q80 + A" ¢, bn,

From this we obtain the partials in terms of matrices:

2%
& ~1
ad
B
9%
o,

=-4" g
=" g

One difficulty remains to be solved. The partials of the constraint are needed
with respect to actual coordinates. Both R and 75, are actual coordinates used in the
equations. However, 7 is not a coordinate; its infinitesimal variation is only used to
generate the equations of motion. The actual rotational coordinates are something dif-
ferent, in this case Euler parameters. What is needed then are partial derivatives of

the constraint with respect to the Euler parameters.
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The kinematic differential equations provide a simple solution to this problem.

This equation set relates the time rate of change of angular orientation l% ] to time

rate of change of angular coordinates [% ]

dr __ pdp
@ =B

If the equation’s divisor of increment in time is eliminated this becomes

dz =B dp
or in terms of a partial derivative

on

3 =2

The partial derivative can be used to get the explicit dependence on the angular coor-

dinates by using the chain rule:

@ _ 08 or
op or dp

The partial of ¢ with respect to angular coordinates becomes

o
op
The only remaining partials are those for the equations involving the lambdas. The

= -AY4B

extra term in the translation equation is just . The partial of this is just the identity
matrix again. The rotation equation has the term _—c:("') .7 %X X in it. The variation of
this is

@G XN) = 0@ TxXX+5@ 57 X X+ 7 xa
The third term is the term already calculated for the explicit equations, occurring in T.
The first and second term have not appeared before. Because these terms will result in
the partials of the partials of the constraint, they are called the second partials of the

constraint equations. The second term can be expanded as follows
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0657 x X =0 (61 X7 + 6, (a)om,) X X
'=_§(b)-$f X (67r x3+$,-5m)

=E‘”-{§><(2'x57r)—§x$.6m}
s Y a SR,
=E‘(”~{x q or - x-¢.5,}

i
'“,-l

y . Em’{gw FOTpEO . T 57

- ;‘(5) "U)r)‘c(/) b(b)r¢ on,

=AYNA" gon- AV XA ¢ b,
The first term in this expression can be further expressed in terms of angular coordi-

nates using Equation 6.7: 1 = Bép. This expression becomes

4¢/M!¢ 1253 - éal,)y_‘i,/aﬁi on,
Computing this expression can be simplified by recognizing that AYNA" is just X

expressed in body coordinates. If we let \(? = 4 ¢ the triple matrix product becomes

simply \(®. The expression is now

M9 gBsp - X9, b,
The first term has the variation of the unit vectors associated with the body. Since
they are rotating with the body this variation is ¢ = 5 X €(9. This term becomes

-

53(6).“‘ \ = E‘() (qX)\)

=(0x18%

This term can be combined with the other containing a variation in angular coordi-
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nates

{lzi‘“’l + i""z}éﬁz
From Identity 1.4.22 the term in brackets becomes g\. The variation in angular coor-

dinates becomes g\(?B dp. The partials are:

~ w -~
ﬂl%p_ﬁl = Q(“)B

~ w ~
ﬂ.—qaiql = - 5(5)2'
$

gAYy  ~
—!la—k_l = qA“l

The partials for the term in the modal equation is done similarly

5(6s N) = Y

yl '6-1

o X
b,

3
+9i B

in V‘\

z -
—¢, 57?+¢,-‘5X

The second term was again expressed previously in I'. The first term is the term

corresponding to the second partials. It must be expressed in the body frame. Using
A this becomes

¢ X én
or in terms of angular coordinates
$: 2B
The partials are
gAY
= = gAY
ogA”N _ | %

= ¢\
ag is.'.)l 2
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The matrix of partials for the spherical joint for the two bodies looks like:

!

';_)‘T-)E -5,7"21' !,T‘) A of
(XN B $9T av

-1
‘;"E(”E +§(b)£1m . _;u) A
(57"2 M7 8 -d_\l("r AY

L ogogyrg  @ANT L egnry AT 0
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