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ABSTRACT: This paper presents a constitutive modeling of material damage capable of
characterizing fatigne damage and plastic damage for rate-independent materials under
multiaxial loading with the theory of damage mechanics. First, an internal state variable
known as the damage variable is introduced with two scalars to characterize material degra-
dation due to the change of material microstructures under fatigue. Then, depending upon
the level of applied stress in a material element, the damage accumulation is postulated to un-
dergo two processes, the accumulation of fatigue damage and plastic damage. Two surfaces,
fatigue damage surface and plastic damage surface, are proposed to quantify fatigue damage
initiation and plastic damage initiation. The damage-coupled constitutive equations of elas-
ticity and plasticity plus two corresponding damage evolution equations are formulated
based on the irreversible thermodynamics. Finally, a failure criterion based on the overall
damage accumulation is postulated to govern crack initiation and propagation in material el-
ements.

A test program to determine the necessary material parameters is also provided. These pa-
rameters are considered intrinsic material properties required as the finite element input for
predicting damage accumulation under fatigue loading. As an example, experiments are car-
ried out to measure a set of damage parameters for aluminum alloy 2024-T3. The measured
parameters are then used to demonstrate systematically how the damage parameters can be
effectively evaluated.

KEY WORDS: damage mechanics, fatigue failure, fatigue dainage, plastic damage, dam-
age surface, constitutive modeling, irreversible thermodynamics, AL 2024-T3.

1. INTRODUCTION

ETAL FATIGUE IS a complex phenomenon especially when irreversible plastic
deformation is involved. The complexity of fatigue behavior under multi-
axial loading is well demonstrated by the fact that although numerous investigators
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have worked in this field and proposed various methods of analysis [1-11], there is
still a lack of a satisfactory theory of general applicability. Despite its popularity,
the limitations and anomalies associated with the use of the S-N curve for engineer-
ing design analysis are well recognized and acknowledged by engineers and scien-
tists alike. This is primarily due to the complex microstructure evolution during
loading process which is difficult to accurately describe and model with conven-
tional approaches by assuming materials free of micro-defects, especially when ir-
reversible plastic deformation is involved. Nevertheless, different failure criteria
were introduced for a failure process: one is centered on the S-N curve for speci-
mens without macro-cracks, and the other is the fracture mechanics methodology
for specimens with macro-cracks. However, such a distinction is not based on
sound reasoning or physical behavior and is considered arbitrary. Metal fatigue can
therefore be regarded as the least developed branch of engineering mechanics.
Consequently, costly failures of industrial plant and equipment still occur today.

Metal fatigue may be considered as a form of material degradation/damage
caused by cyclic loading. This material behavior can be well characterized with an
emerging theory of damage mechanics first introduced by Kachanov [12]. This
theory, based on irreversible thermodynamics, has been widely applied to study
the behavior of rocks and concrete as well as ductile fracture, creep rupture and fa-
tigue failure of metals [10,13-19]. The material degradation caused by the initia-
tion, growth and coalescence of micro-cracks in a material element due to cyclic
loading is well suited for characterization by the theory of damage mechanics.

A fatigue damage model was proposed for uniaxial cyclic loading by express-
ing damage accumulation rate as a function of the maximum stress, the minimum
stress and the mean stress [20]. This model has been used to predict fatigue life un-
der various loading conditions, including two-level test and block-programs [21].
Several attempts have been made to generalize this model to multiaxial loading
[10]. However, two fundamental unresolved problems confront its generalization;
first the definition of the multiaxial stress parameters associated with maximum,
minimum and mean stress; and second the applicability of the model to complex
loading, including non-proportional loading.

In this paper, a constitutive model of material damage for fatigue under
multiaxial loading is developed for rate independent materials in a thermodynamic
framework. The effect of hydrostatic stress on fatigue damage accumulation is
taken into account by employing the concept of the damage energy release rate Y
instead of the Von Mises stress. In Section 2, a damage variable D is introduced
with two scalars to characterize degradation of the material integrity. Then, the
corresponding conjugate thermodynamic force, known as damage energy release
rate, is defined by the Helmholtz free energy. In Section 3, damage-coupled consti-
tutive equations (elasticity and plasticity) are derived by the Helmholtz free energy
and a yield function separating the elastic and elastoplastic domains in effec-
tive-stress space. In Section 4, two damage surfaces are introduced to define the fa-
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tigue damage and the plastic damage domains. The damage surfaces are expressed
as functions of the damage energy release rates that are used to determine the in-
cremental forms of damage evolution equations, thus implying their applicability
for non-proportional loading, In addition, a failure criterion based on the overall
damage accumulation is postulated to determine the threshold condition of crack
initiation and propagation for a material element. Finally, in Section 5, a test pro-
gram to determine the necessary material parameters, which are considered as in-
trinsic material properties, is provided. As an example, experiments under
monotonic tensile and cyclic loading are carried out to measure a set of parameters
for aluminum alloy 2024-T3.

2. THERMODYNAMIC VARIABLES

Since the deterioration of materials as a result of the nucleation and growth
of distributed micro-defects is very complex, it is necessary to introduce some
averaging macro-variables (internal state variables) for computational effi-
ciency as a practical engineering tool. The success of adamage model to a large
extent depends on the definition of the damage variable that is related to the
concept of effective stress. According to the damage mechanics, the effective
stress tensor G can be expressed in a generalized form by the Cauchy stress ten-
sor ¢ as [10]

c=MD)o=0-D)lc ¢))

where D is the damage variable, M(D) is the damage effect variable and I is the
unit tensor. In general, the damage variable D is a fourth rank tensor. It is always
true that a fourth rank tensor can store more information and is more reasonable
from the physical point of view. The inconvenience of this tensor, however, is often
linked with the difficulty for the identification of material parameters and with in-
efficient numerical analysis. Some assumptions need to be made to simplify the
form of damage variable that is guided by the experimental observations.
Due to symmetry, the stress tensor can be written as

ol =[o, 6, 63 64 05 o6l=[0; Op O3 Ox; 03 opl ()

Then, the variables D and M(D) in Equation (1) can be expressed ina form of 6 x 6
matrix. For the case of isotropic damage, a scalar variable D is often used to de-
scribe the state of material damage. Accordingly, the damage effect tensor M(D)
and the effective stress tensor G are reduced to

M(D) = 1_—15 I 3)
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However, the isotropic damage model does not include the experimental observa-
tion that the values of Poisson’s ratio of damaged materials vary with the increase
of applied stress under tension loading [14,22]. The change of Poisson’s ratio dur-
ing a loading is often considered as a form of anisotropic damage, and should be
experimentally measured. However, for most of metals, original or as-received
materials may be assumed isotropic in engineering applications. This assumption
is considered reasonable until damage accumulation close to the formation of
macro-crack and final rupture. Therefore, it may be argued that original isotropic
materials remain isotropic upon loading, although the measured values of Young’s
modulus and Poisson’s ratio may change. Accordingly, adamage tensor D consist-
ing of two scalars D; and D; is proposed as

D, D, D, O 0 0
D, D, D, O 0 0
b, b, D, 0 0 0
D=I"6 0 o b -p, 0 0 ®)
0 0 0 0 D, -D, 0
0 0 0 0 0 D -D,

Then the damage effect tensor M(D) is derived by the definition in Equation (1) as

M®D) = ——

1-D ©

COOFTE ~

OCoOF —F

CocOo=ET
—_

where D and p are two new scalar variables which are related to D; and D, as

_(0=-D)(1—-D, —D,)—2D3
I_Dl “DZ

1-D

N

D,
W=
1-D, - D,

Obviously, this new damage effect tensor reduces to the typical form in Equation
(3) when the scalar p (or D,) equals zero. Therefore, the variable p (or D,) can be
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regarded as a damage parameter associated with change in Poisson’s ratio. Ac-
cordingly, two scalars D and p can be considered as internal state variables charac-
terizing material damage.

For intact or undamaged materials, a specific homogenized free energy ¥ is
postulated as [10]

p¥ = Wi +p¥p = %GT:C51:0+p‘{’p(q) ®)

where p is the density, W is the elastic energy, ‘¥'p is the plastic part of free energy
due to strain hardening, Cy is the elastic tensor of the undamaged material and q
denotes a set of internal state variables for the strain hardening. According to the
principle of equivalent elastic energy that “the elastic energy of the damaged mate-
rial is the same in form as that of an undamaged material except that the stress is re-
placed by the effective stress,” the free energy for damaged materials is written by
Equation (8) as [14,22]

1
p¥ = %GT:MT:CEI:M:0+p‘PP(q) = EGT:C‘I(D,u):0+p‘PP(q) '©)

This postulate should be understood as “no direct coupling plasticity and damaged
on the free energy,” but the yield surface will be affected by damage [23]. In Equa-
tion (9), C is the elastic tensor for damaged materials and can be derived with the
aid of Equation (9) as

1 v - 0 0 0
v 1 =—v 0 0 0
_ I{—~v =v 1 0 0 0
C“(D,u)=MT:Co‘:M=E 0 0 0 20+v) 0 o (10
0O 0 O 0 20 +v) 0
0O 0 O 0 0 2(1+v)

E and v known as the effective Young’s modulus and Poisson’s ratio respectively
are the values of Young’s modulus and Poisson’s ratio for damaged material. The
relationships of E and v with damage variables D and p are

Eo(1 — D)?

E(D,p) =
B = s+ 20—y

(11)
vo = 2(1 —vo)u — (1 = 3vg)u®
1—4vop + 2(1 —vg)pu?

v(D,p) =
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Ej and v are the values of Young’s modulus and Poisson’s ratio for intact or un-
damaged material. It is obvious from Equation (10) that the damaged material may
remain isotropic, even if its Young’s modulus and Poisson’s ratio have changed
due to increase in damage variables D and p as shown in Equation (11). The value
of Poisson’s ratio remains constant when the value of | is equal to zero. Hence, the
variable p physically represents the material damage as the result of the change in
the Poisson’s ratio shown in Equation (11).

The thermodynamic conjugate forces of the damage variables D and p, known
as the damage energy release rate, can be derived from the Helmholtz free energy
in Equation (9) as

oY - 1

Yp =—p—=-— r.c
P=?Ps5p " "1-D° °
(12)
g 1
Y, =p—=- T:A:
RE TP T T1=p% R°
where the tensor A can be expressed as
A(D,p) =
A A A 0 0 0
A, A Ay 0 0 0
1 Ay Ay A 0 0 0 13)
Eca-D)| 9 0 0 2(4 —A4y) 0 0
0o 0 o 0 2(4, —Ay) 0
0 0 o0 0 0 2(A —Ay)

Al =2u(d —vo) —2vp Ay =1 +p)d —vg) = 2uvy

3. CONSTITUTIVE EQUATIONS

The elastic-plastic constitutive equations coupled with damage will be derived,
in this section, by the thermodynamic theory. The constitutive equation of elastic-
ity can be derived in the true stress-true strain space by the free energy in Equation
9) as

€° =p-a—('; =C lo (14)
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where €¢ is the true strain tensor.
For damaged materials, following Von Mises theory, the yield surface is postu-
lated having a form expressed by the concept of the effective stress as

1/2

Fpy(0,Dp,u,,R) =0," —[Ry +R(p)]1 =0 (15)
where
1 1
o, =§ET:HO:6=50T:H:0 H=M":H,:M (16)

D, and p,, are plastic damage variables, H is the plastic characteristic tensor for
undamaged material, H is the plastic characteristic tensor for damaged material,
Ry is the yield stress, p is the effective equivalent plastic strain, and R is the strain
hardening threshold.

For isotropic material, the form of the tensor H, is chosen as

2 -1 -1 000

=TSR

_1 —_

Ho=10 0 0 6 00 an
0 0 0 060
0 0 0 0 06
Then the form of the tensor H can be deduced by Equation (16) as

1-— 2

=L__H_,J_HO (18)
(1-D,)?

Therefore, the expression of yield surface described by Equation (15) becomes:

I—pu,
1-D

Fp(caDp ’l»ler) = oeq - [RO +R(p)] =0 (19)

P

where o, is the Von Mises’s stress defined as

Oeg = \g{(cn —6,)% +(0; —03)% + (0, —03)? +6(c] +03 +0¢)} (20)

;I =1,2,...,6) are the components of true stress tensor. Similar to the conven-
tional theory of plasticity, the constitutive equations of plasticity for damaged ma-
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terials are derived in the true stress-true strain space as

an l_up 38

de? =1, —L=—72
dc 1-D, 20,
1)
d T _,
P raem T

where ¢” is the plastic strain tensor, S is the true stress deviator tensor and 7&,, 1sa
Lagrange multiplier which can be determined by means of the yield surface in
Equation (19).

The relationship between the effective equivalent plastic strain increment dp
and the plastic strain increment de” can be derived from Equation (21) as

1-D
dp = L szeﬂ;dep 22)
I—p, V3

4. DAMAGE EVOLUTION EQUATIONS

Depending upon the level of applied stress in a material element, the damage
accumulation is postulated to undergo two processes, the accumulation of fatigue
damage and plastic damage. Two surfaces, the fatigue damage surface Fy;= 0 cor-
responding to the fatigue endurance limit and the plastic damage surface F,; =0
corresponding to the start of plastic damage, are defined to quantify fatigue dam-
age initiation and plastic damage initiation, respectively. Therefore, damage evo-
lution equations can be derived in a thermodynamic framework.

4.1 Plastic Damage

The plastic damage surface is formulated with the thermodynamic conjugate
forces of the plastic damage variables D), and p, as

Fpa(Yps,B) =Y, =By, + Bw,)l = 0 (23)

where Y, is postulated as

Y,a

(Yp, +7Yip) (24)

N | =

From Equation (12), Yp, and Y,,, can be defined as
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¥ 1
Yp, = — =— oT:C"Y(D,,n,)c
Dp p'aDP l—Dp ( pl»lp)
(25)
R d 1
Y, =-p =—— oT:A(D,,u,)c

By, is the initial plastic damage threshold, B is the plastic damage hardening, w), is
the overall plastic damage and y is the damage evolution coefficient. In a similar
way as that leading to the plastic constitutive equations, the plastic damage evolu-
tion equations are derived as

J - 9 Fpy _ A pa¥pp
Dp =—Apa aYn Syl2
dF AavY
dup = —hpg aYpd == 1/2up (26)
wp 2Ypd
0F
— pd__
de = A’pd a_(——_B)- = Apd

where A4 is the Lagrange multiplier which can be determined by the plastic dam-
age surface. From Equation (23),

ded(YDp’Yp,paB) =0

oF oF 0F,y dB
P2 dYp, + —2-dY,, + —LL gy, =0
¥p, aY,, 3B dw,

the Lagrange multiplier A, can be written as

_ YDdeDp + YYHPdYHP

Ay =dw
e Syl dB
P dw
P

27)

The relationship between the overall plastic damage increment dw, and the plastic
damage variables increment dD,, and d,, can be derived alternatively from Equa-
tion (26) as
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\/2{(de)2 + —l-(dp.)Z}, ify=0
dw, = ! (28)

V2dD,, ify=0

4.2 Fatigue Damage

For most engineering materials, the contribution of tensile stress to the fatigue
damage accumulation is different from that of compressive stress due to the exis-
tence of microdefects. The different responses of these microdefects are attributed
to the closure of some microcracks. In order to take into account the different dam-
age behavior between tension and compression effects (quasi unilateral damage
effect), the stress range in a cycle can be decomposed into two parts, the positive
part Ac* and the negative part Ac™, as

Ac* =OCmax —Op
29
AGT =06y — O

Using the stress-controlled uniaxial cyclic loading as an example for illustra-
tion, there are two cases of stress range:

1. For tension-compression loading, the minimum stress G,,;, is negative and the
value of oy is zero. This means that the positive part Ac* is the maximum stress
Omax and the negative part Ac~ is the absolute value of the minimum stress ;.

2. Fortension-tension loading, the minimum stress G,,;, is positive and the value of
Oy is equal to the minimum stress. This means that the positive part Ac* is the to-
tal stress range and the negative part Ac™ is zero.

For multiaxial cyclic loading, the stress tensor 6, which is used to distinguish the
positive part Ac* and the negative part Ac™, is determined by the minimum value of
Y,q41in acycle. Specially, if the value of Y, increases monotonically as the applied
stress rises from the minimum stress to the maximum stress, the value of 6y equals
the minimum stress dnd the negative part is zero. Generally, ,,,, and o are the
stress tensors corresponding to, respectively, the maximum and minimum value of
Y4 defined in Equation (24) over a cycle, and G,,;, is the stress tensor at the time
half a cycle before o,,,, recurs.

A damage efficiency factor o is introduced for the unilateral damage effect and
the active stress range AG,, over a cycle is defined as

AG,; = Act +0Ac™ (30)
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where o is the material parameter and varies from 0 to 1. It is obvious from Equa-
tion (30) that there is no contribution of the negative part on the active stress range -
when a equals to zero and the effect of the negative part is the same as that of the
positive part if o equals to 1. Accordingly, a new stress parameter o,,;, called ac-
tive stress, is defined in a cycle as

6 —0y +0a(cy —0,), IfcE [Gb,ﬁmax]
Ot = . a3n
0(C — O pmin), if o € [O mins00]

This active stress accounts for the difference in contributions from the positive part
and the negative part. Therefore, the concept of the active stress can be used to cal-
culate fatigue damage accumulation instead of the true stress.
The fatigue damage surface is postulated with the thermodynamic conjugate
forces of the fatigue damage variables as
Fu(Yy) =Yy =By =0 (32)

where Yy, is postulated as

Xy +vY2) (33)

N | =

de =

Yprand Y, rare defined by the active stress as

YDf(G,Df,Llfpr,Hp) = YDp(GachD!p')
(34)
Vr©@Dgpp,Dpskp) = ¥, p(Oges Dip)

By is the fatigue damage threshold corresponding to the fatigue endurance limit,
Yprand Y, s are the thermodynamic conjugate forces of the fatigue damage vari-
ables Dyand iy, and D and p are total damage variables. The damage variables,
which are considered as internal state variables, can be written as the summation of
fatigue damage and plastic damage:

D =D; +D,
(35)
nW=prtp,

The eqﬁations of fatigue damage evolution are postulated to assume a similar form
as that of the plastic damage evolution shown in Equations (26) and (27)
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dDy = 77 W
de
YY.f

dug = ———rrdwy (36)
2v};

- YDdeDf + Yypfdypf

dw
f
2Y} 2 Kw )

The function K (wy) is expressed to a first approximation as

-
Kwys) = Ko|1 —— 37

W

where wyis the overall fatigue damage, w, is the critical value of total overall dam-
age and K, is the fatigue damage constant.

4.3 Damage Accumulation and Failure Criterion

Three possible cases can now be considered for any fatigue load path based on
the fatigue damage surface Fy; = 0 in Equation (32) and the plastic damage surface

Fpq=0in Equation (23).

1. For Fy; < 0: this is the case where the material is operating under the fatigue en-
durance limit, and there is no damage accumulation.

2. For Fg;>0and F,; < 0: this case corresponds to the fatigue damage with negligi-
ble plastic damage accumulation. The fatigue damage accumulation per cycle
can be calculated from Equation (36)

Aw AD Ap
f _ Smax f _ Omax f Cmax
av = Jo e o= Ay Ty 68

where o,,,, is the maximum stress in a cycle and o, is the stress tensor deter-
mined by the fatigue damage surface Fy(c,.) = 0 in Equation (32).

3. For Fpy=0: this case includes both fatigue damage and plastic damage accumu-
lation. The total damage incurred in a material element is defined as the summa-
tion of fatigue damage and plastic damage. Then the total damage accumulation
per cycle can be calculated from Equations (26) and (36)
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v =J"ap; + [ " dD, (39)

Ap  Apy  Ap, Omaze e
o _ e du, + d
AN AN AN J oo OHS J o M

where 6, is the stress tensor determined by the plastic damage surface F/(c,) =
0 in Equation (23).

The existence of adamage surface has been experimentally verified at different
loading paths [19]. Therefore, a failure criterion can be proposed by using overall
damage accumulation associated with the concept of plastic damage surface.
Based on this criterion, a material element is said to have ruptured when the total
overall damage w in the element reaches a critical value w,.

5. DETERMINATION OF MATERIAL PARAMETERS

A general method to determine the material parameters or curves is presented in
this section. In principle, all parameters of the model can be determined either by
monotonic tensile tests or by stress-controlled uniaxial fatigue tests (i.e., ten-
sion-tension and tension-compression). As an example, experiments were carried
out to measure a set of material parameters for aluminum alloy 2024-T3 Alclad
plate with thickness 3.175 mm.

5.1 Damage Evolution Coefficient y
This damage parameter is determined with the measured values of elastic
modulus E and Poisson’s ratio v of damaged material under monotonic tensile test.
The damage variables D and p are obtained from Equation (11) with the mea-

sured values of £ and p

20 =vo)v+1=3volu? + 20 —vy —2vgWIp +v—vy =0  (40)

(1 - D)? ='E%{1—4Vol~l+2(1‘vo)uz} @1

The positive solutions are taken for these equations because the damage variables
D and p are always positive. Under monotonic tension, the thermodynamic conju-
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gate forces of the damage variables D and pt in Equation (12) can thus be evaluated
as

1—4vou + 20 —vg)u?
E,(1 - D)3

YD= 2

(42)
__2pd —vo) = 2vy

H Eo(1 — D)?

2

Then, the following equation about the damage evolution coefficient y can be de-
duced with Equation (26) as

dD _ Yp _ 1=4vop+2(1—vop?
du 7Y,  yA=D)[2p(d =vg) —2vy]

(43)

The solution of Equation (43) is

2 1 —vy —2v3 1-
Y= =D)2]=p2 — — - "Vo 7 VO 1 ly _2TV0 ) (4g)
1"'\’0 2(1—’\70)2 Vo

Therefore, the damage evolution coefficient y can be determined using the mea-
sured data of £ and v based on Equations (40), (41) and (44). It is worth noting that
only few values of Young’s modulus and Poisson’s ratio v close to the failure point
should be measured to determine this parameter.

For the material AL 2024-T3, the Young’s modulus and the Poisson’s ratio of
the intact material and at its rupture point are

Ey =74,300 MPa v, =0.34 E =58_800 MPa v = 0.29

Then, the damage evolution coefficient y can be determined as —0.4 by Equations
(40), (41) and (44).

5.2 Strain Hardening Curve R(p)

Under monotonic tension, the strain hardening R is derived from the yield sur-
face in Equation (19) as

1—p
R= -R 45
1-p° " “3)
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The effective plastic strain p is derived from Equation (22) as

e?1—D e 1—-D do
= [ e = [T g -2 46
=ty o =1 1—»(8 E) 40

Therefore, the curve of strain hardening R(r) can be obtained from the measured
values of true stress-true strain and the corresponding damage variables D and p.
The corresponding values of D and p can be calculated with the measured values of
Young’s modulus by Equations (41) and (44).

For the material AL 2024-T3, the measured values of Young’s modulus during
montonic tension is depicted in Figure 1. The damage variables D and p can then
be calculated with Equations (41) and (44) as shown in Figure 2. The true
stress-true strain curve under monotonic tension is given in Figure 3 and the 0.2%
yield stress Ry is 330 MPa. Therefore, the calculated strain hardening curve R(p)
with Equations (45) and (46) is shown in Figure 4.

5.3 Plastic Damage Hardening Curve B(w,) and
Critical Value of Overall Damage w,

Under monotonic tension, the initial plastic damage threshold By, is calculated
from the plastic damage surface with Equation (23). The calculation is based on
the assumption that the plastic damage starts immediately after the applied stress
exceeds the yield stress

2

R
Bo, = {0501+ 4w} - @7
0

80000

70000 -

50000 -

Young's modulus, MPa
o
S
S
(=1
(=]
L

40000 —+ } t i
0 0.1 0.2 0.3 0.4
true strain

Figure 1. The Young's modulus under monotonic tension.
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Figure 2. The damage variables D and p under monotonic tension.
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Figure 3. True stress-true strain curve.
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400 +
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strain hardening R, MPa

——

effective equivalent plastic strain p

Figure 4. Strain hardening curve R(p).
Then, the plastic damage hardening B is derived from Equation (23) as
o2
B = (05(af +va}))"? — = By,
0

where a; and a, can be expressed as:

1= dvou + 2(1 — vo)p2 21 = vg) — 2vg
= - a, =
(- D)3 2 (1 - D)2

a;

The overall plastic damage w), is obtained from Equation (28)

(dy)? 172
w,=[aw={ {2[(dD)2 +——Y—}}

371

(48)

(49)

(50)

Therefore, the curve of plastic damage hardening B(w),) can be determined with
Equations (48) and (50) from measured values of true stress-true strain and the cor-
responding damage variables D and p1. The critical value of overall damage w, is also
determined with Equation (50) by the corresponding w, to the final rupture point.

For the material AL 2024-T3, the 0.2% yield stress R is 330 MPa, then the ini-
tial plastic damage threshold By, is calculated as 0.936 MPa with Equation (47)
and the critical value of overall damage w, is determined as 0.185with Equation
(50). From Equations (48) and (50), the plastic damage hardening curve B(w),) is

given in Figure 5.

5.4 Fatigue Damage Threshold B,, and Damage Efficiency Factor a

The fatigue damage threshold By is determined using the measured values of
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Figure 5. Damage hardening curve B(wp).

fatigue endurance limit. Under uniaxial tension-tension cyclic loading, the ther-
modynamic conjugate forces of fatigue damage variables Dy and 1 in Equation
(34) can be reduced as

a
Yor = =g (@~ Omn)’
(51)

as
Yllf = _E_O(G _o'min)2

where a; and a; are expressed in Equation (49). Therefore, the fatigue damage
threshold By is derived from Equation (32) as

- )2
Boy = {05(a? +ya3)y2 Cimer = imn)” Eo""’") (52)
0

where Gy, and Oy, are the minimum stress and the maximum stress corre-
sponding to the fatigue endurance limit under a tension-tension cyclic load. If
there is no plastic damage accumulation during the loading process (6 min» G1max)»
then Equation (52) becomes

. _ .
BOf ={0.5(1+ 4W(2))}“2 (S 1max Eclmm) (53)
0
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Under a tension-compression cyclic loading (=G5, O2max)> the parameter
Byscan be derived in a similar way with the concept of active stress defined in
Equation (31) if there is no plastic damage accumulation during the loading
process

2
}1/2 (O2max + 00 2in)

Bys = {0.5(1 + 4yv3) £
0

(54)

Comparing Equations (53) and (54), the damage efficiency factor a is derived as

(o} -0 = O1mi
= 1max 2max 1min (55)

a
G 2min

For the material AL 2024-T3, the fatigue endurance limit is defined as the fatigue
strength corresponding to 5 x 107 cycles. The surface of fatigue endurance limit, like
the yield surface, can be constructed in stress space. Under tension-tension loading,
a fatigue endurance limit was measured at 1, = 136 MPa and ©,,,;, = 0 MPa. The
fatigue damage threshold By can then be determined as 0.159 MPa with Equation
(53). Under tension-compression loading, two measured values of the fatigue endur-
ance limit are (47 MPa, 111 MPa) and (-100 MPa, 100 MPa). Therefore, the aver-
age damage efficiency factor a is given as 0.45 by Equation (55).

5.5 Fatigue Damage Constant K,
This parameter is determined from the measured fatigue life under uniaxial cy-

clicloading. From Equations (36) and (38), if there is no plastic damage accumula-
tion, the total overall damage in a cycle is

Aw(Ko) = Awy(Ko) = f;”“" dw (56)

Summing Aw;(Kj) up to the number of cycles N between 1 and Ny (the number of
cycles to failure) leads to

Ny
we = Y Awi(Ko) 57
1

Therefore, K can be determined by numerically integrating Equation (57) from

the measured value Nycorresponding to the applied cyclic loading (Guin,Cmax)-
For the material AL 2024-T3, two uniaxial tension-tension loads, (60 MPa, 260

MPa) and (10 MPa, 260 MPa) respectively, are applied. The corresponding fatigue
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lives are 301,000 cycles and 154,600 cycles. Then, the average fatigue damage
constant K can be determined as 761,000 MPa with Equation (57).

6. CONCLUSIONS

The following can be concluded from the present investigation:

1. A two-scalar damage model has been developed to characterize the fatigue dam-
age accumulation and the plastic damage accumulation for a rate-independent
material under fatigue loading.

2. The fatigue damage model is able to take into account the experimental observa-
tion that both the Young’s modulus and the Poisson’s ratio change during load
application as demonstrated.

3. The ability of the model to characterize material behaviors has been separately
verified under multiaxial loading conditions, including pure shear stress and
biaxial stress conditions [24].

4. The model can be used to describe the effect of the hydrostatic stress on fatigue,
as the damage accumulation is dependent upon the damage energy release rate
that includes the hydrostatic stress effect.

5. The damage efficiency factor is introduced to take into account the difference
between tension and compression in fatigue damage accumulation.

6. An experimental program to determine the material parameters of AL 2024-T4
is described. The measured parameters are summarized as:

Eg = 74,300 MPa B,, = 0.936 MPa v, = 0.34 a =045 y=—0.4

Ko, = 761,000 MPa By, = 0.159 MPa R, = 330 MPa w, = 0.185

The strain hardening and the damage hardening curves are respectively depicted
in Figures 4 and 5.

7. The fatigue damage model has been implemented in ABAQUS through its
user-defined subroutine UMAT. Applications of the model for crack initiation
and propagation with FEM analysis in an engineering component will be the
subject of future publications.
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