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CHAPTER ONE

INTRODUCTION

HISTORY OF THE PROBLEM. The general problem is that of counting

the number of algebraic number fields of a given degree as a function
of their discriminants. If we let Nn(X) denote the number of fields
of degree n whose discriminants do not exceed X is absolute value,

N, (X)

X exists.

then there is a conjecture [21, p. 467], that 1lim
X0

More precisely, we are interested in evaluating the size of Nn(X,G),
the number of fields of degree n whose discriminants do not exceed
X 1in absolute value and whose normal closure over Q has Galois
group G, and even more precisely, we consider the cases of positive
and negative discriminants separately, letting a + or =~ sign
indicate this distinction.

The problem is particularly simple for quadratic fields in that
they are uniquely characterized by their discriminants in the following
way. If K, = Q(¥/d) 1is a quadratic field, with d a squarefree

integer, and we let D = disc(Kz), then

d 1if d =1 (mod 4)

1]

4d if d

2 or 3 (mod 4)

Conversely, is D is a quadratic discriminant, i.e. a squarefree
integer d =1 (mod 4) or 4d where d =2 or 3 (mod 4) with d

squarefree, then K, = Q(/D) = Q(¥d) is the unique quadratic field



of discriminant D. It can be easily shown from these considerations

that

The situation becomes more complicated for fields of higher
degree in two respects. First, in general there are no necessary and
sufficient conditions for an integer to be the discriminant of a field
of given degree. Although special cases are known, e.g. pure cubic
fields or cyclic fields of prime degree, the only general cases that
seem workable aie for Abelian fields and even these cases can become
very complicated (see Chapters Six and Seven). Second, there may be
a large number of fields of a given degree having the same discriminant,
a problem depending on the very difficult question of determining the
distribution of class numbers of fields of a given degree.

The first step in solving this problem for cyclic cubic fields
was taken by H. Hasse [10], who showed that the discriminant of a
cyélic cubic field is necessarily of the form fz, where f is of
the form PgP; **° P, ©F Qp1 **c P, s with Py distinct primes
=1 (mod 6), and if £ is of the above form, then there are 2"
cyclic cubic fields of discriminant fz, necessarily subfields of the
cyclotomic field of fth roots of unity. The final step was taken
in 1953 by H. Cohn [4], who showed, on the basis of the above consid-
erations and via the use of generating functions, that

lim f§£§é§§i exists (see Lemma 20).
X X

The problem is more difficult for non-cyclic cubic fields in that



they are not subfields of any cyclotomic field and therefore rational
class field theory will not apply. If K3 is a non-cyclic cubic
field with normal closure K6 and K2 is one of the conjugate
quadratic subfields of K¢ then Hasse [11] described the relations
between the discriminants and relative discriminants of these fields.
Specifically, he gave necessary and sufficient conditions for disc(Kz)
to be equal to disc(Ks). Davenport and Heilbronn [S5] used these
considerations to determine lower bounds for N;(X,S3) and N;(X,SS)
based on the analogous results for quadratic fields. The problem of
an upper bound is complicated by the fact that a given quadratic field
may be a subfield of a large number of distinct sextic fields of
bounded discriminant, and this in turn depends on the rank of the 3 -
class group of a quadratic field, about which very little is known.
Davenport and Heilbronn [S5] were able to circumvent this problem via
Davenport's work on cubic forms. They set up a correspondence between
cubic fields of discriminant d and classes of strictly inequivalent,
irreducible, primitive, integral, binary cubic forms of discriminant

d , and were able to determine an upper bound for N;(X,SS) and N;(X,Ss)
of the same order of magnitude as their lower bound. They commented
at this point that the work needed to improve the constants, "would
not be negligible and would not narrow the gap considerably". 1In a
later paper [6] they refined their upper bound technique to produce a
discriminant preserving correspondence between cubic fields and a
certain subset of classes of forms and were able to determine the

precise asymptotic density of such fields (see Lemma 7).



A different approach to the problem of counting fields was taken

by Van der Waerden [26] and P. X. Gallagher [7]. Let F_(X) denote

the set of polynomials of the form F(t) = t" o+ altn-1 LIRPREL -

such that height(F) = max(lail) < X and the Galois group of F(t) is
i

a proper subgroup of Sn’ and let En(X) = Card Fn(X). Then Van der
————l——fg , and Gallagher.
18n(nl)

. , . n-%. _(1-v)
improved this by sieve methods to show that En(X) << X “log X,

Waerden showed that En(X) << X7C with ¢ =

-1
with ¥ ~ (2mn) 2 These results show that almost all polynomials
of a fixed degree are irreducible and have Galois group Sn'

STATEMENT OF RESULTS AND METHODS. In this dissertation, we

consider the problem of evaluating Nn(X,G) for fields of degree
four, i.e. n = 4. Here, we have five separate cases, depending on
whether the normal closure of the quartic field over Q has Galois
group: S4, A4, D4, C4, or KL4. These are the only possibilities
as these are the only transitive subgroups of S4.

We obtain lower bounds for _N4(X,S4) and N4(X,A4) by essentially
following the argument of Davenport and Heilbronn [5] in their earlier
lower bound estimate for Nscx,ss). If K3 is a non-cyclic cubic

field, then we give a necessary and sufficient condition for a field

K of degree 24, to contain K3 and have Gal(K24/Q) = S4. The

24
field K24 is then the normal closure of any of its quartic subfields,
say K,. For fields K; and K,, related in this way, Heilbronn [13]
proved a relation between disc(KS) and disc(K4) analogous to

the result of Hasse [11] for cubic and quadratic fields mentioned

earlier (see Lemma 1 and equation (17)). These results, together



with Davenport and Heilbronn's asymptotic result for cubic fields

enable us to prove

N0 4
THEOREM 1. 1lim T > {4608z (3)]
X -
N, (X,S,) }
lim =2 S 47 5 [1s362(3)71°.
X -

In the case of the alternating group A,, the same method is

4

used except that we start with a cyclic cubic field K3, and we

embed it in a field K12 of degree 12, such that Gal(Klle) = A4.

Again, Heilbronn's relation holds for K3 and any of the quartic

subfields of K (see Lemma and equation (24)). These results,

12

together with the result of H. Cohn, mentioned earlier, enable us

to prove
N, (X,4,)
THEOREM 3. 1lim ———/—— > K,, where K, 1is a constant.
X x’i -1 1

For the upper bound in the case of the symmetric group 84, we

start with a non-cyclic cubic field K, and we need an upper bound

3

on the number of fields K of degree 24 over Q such that

24
Gal(K24/Q) = S4, and such that the discriminant of any of the
quartic subfields of K24 is not too much larger than disc(Ks).
Vie Heilbronn's relations and other considerations (see Lemmas 3, 4,

and 5), the problem is reduced to that of finding an upper bound for

the number of quadratic extensions K6, of K3, subject to certain



conditions on the ideal f = disc(Ks/Ks). Since Gal(Ks/Ks) is

Abelian, K, can be viewed, via class field theory, as a subfield

6
of the ray class field (mod f) over K3, and, therefore, corresponds
to a primitive quadratic ray class character (mod f). By means of

a structure theorem for such characters (see Proposition 14), we
find an upper bound for the number of such characters, involving

the 2-rank of the ideal class group of K3. From these results

we obtain

3/210g4x.

THEOREM 2. N4(X,S4) << X
In the case of A4, the same method is used. We start with a

cyclic cubic field K, and reduce the problem of counting the number

3
of fields K 2 containing K3, with Gal(Klz/Q) = A4, and such that

1
the discriminant of any of the quartic subfields of K12 is not too
much larger than disc(KS), to the problem of counting the numbet of
quadratic extensions KG’ of K3, subject to certain conditions on
the ideal disc(KG/Ks). We prove

THEOREM 4. N, (X,A,) << X log*x.

For the upper when the Galois group is the dihedral group
of order 8, D4, we view such quartic fields K4 as quadratic
extensions of their unique quadratic subfield Kz. First, we determine

the form of the ideal disc(K4/K (see Lemma 24), and , as in the A4

2)



and S. cases, determine an upper bound for the number of such

4
extensions. This result, together with the fact that we know all the

quadratic fields, enables us to prove

N, (X,D,)
< K where K is a constant.

THEOREM 5. Lim ———— < K,, ,

X

For the lower bound in the D4 case, we follow the same
procedure as for the upper bound except that we must insure that for
a particular choice of the ideal disc(K4/K2), there actually is a
quaerZic extension K4 with this ideal as relative discriminant
(see Lemmas 27 and 28). This enables us to prove

N (X,D4)

4 > K

THEOREM 6. lim —x 2 K3

where K3 is a constant.
X0

The two remaining Abelian cases can be handled by rational
class field theory. An Abelian field of conductor f can be embedded
in the field of fth roots of unity Qf. It therefore corresponds
to a subgroup of the character group of Gal(Qf/Q) = (Z/fZ)x.

For the c#se of the cyclic group of order four, C4, we therefore
have to count the number of primitive quartic characters of conductor
f. Hasse [10] described which f can be the conductor of a cyclic
quartic field, the value of the discriminant of such a field, and the
number of cyclic quartic fields with a given discriminant (see Lemmas

34, 36, and 37). From these results, we construct a generating

function for the number of cyclic quartic fields which have a



given discriminant and from this prove

THEOREM 10. N4(X,C ~ K where K4 is a constant.

2 - Ky
When the Galois group is the Klein four group KL, it is

easier to go directly to the structure of the subfields of the

quartic field., Since KL4 has three elements of order 2 , such a

quartic field has three quadratic subfields. Each of these is

uniquely characterized as Q(/d) for some d , and the group

structure of KL4 gives relations between the d's for the three

subfields (see the proof of Lemma 31). After several combinatorial

lemmas to count the number of ways a fixed set of rational primes

can be distributed between the discriminants of the quadratic subfields

without affecting the discriminant of the quartic field, we prove

THEOREM 9. Let J(n) = Card{K, e H(KL,) | disc(K,) = n}

a) If n 4is an integer not of the form mz, 24m2, 26m2, or

28m2 where m is a squarefree odd integer, them J(n) = 0.

b) Let m be a squarefree odd integer. Then

1 J@d =uE®-log
2) 32*n®) = 5™ oo
3) 32%%) = 3™ - 1
a) 3(2%%) = »™

where w(m) is the number of distinct prime divisors of m,



From this theorem, we construct a generating function for the
number of Klein four quartic fields with a given discriminant, and
this enables us to prove

3

X logzx, where K_. 1is a constant.

THEOREM 7. N,(X,KL,) - K 5

5
In the results for the symmetric and alternating groups, there
is a discrepancy of X%log4x between the lower and upper bounds,
which at this time seems unavoidable. The reason is that very little
is known about the class structure of cubic fields. In the final
chapter, we discuss what the problems are and what we conjecture

to be true.



CHAPTER TWO

PRELIMINARIES

This chapter contains all the general background results from
algebraic and :;malytic number theory that we shall need. Standard
results are stated without proof, although references are provided.
Proofs are included where the result is not standard.

Throughout this chapter K, L, M will be a tower of algebraic

number fields: K CL E M.

PROPOSITION 1. Disc(K) > 0 if and only if rz(K) is even,

where T, (K) denotes the number of pairs of complex conjugates of K.

Proof. See Janusz [16, p. 53].

PROPOSITION 2. Disc(M/K) = Disc(L/K) [M:L]NL/K(Disc(M/L)).

Proof. See Narkiewitz [21, p. 148 Prop. 4.8].

PROPOSITION 3. Assume that L/K is normal with Gal(L/X)

cyclic of prime degree P and let d = disc(L/K). Then,
a) If 3 isa prime ideal in K, prime to 2, and ramifying in
L, then 3P'1|| J.
b) If °k is a prime ideal in K, dividing 2, and ramifying in
L, then ,‘_(p-l) (v+1) HJ , where v denotes the number

of distinct ramification groups in the Hilbert series for *k

10
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pe. ,~ (%)
in L/K, and livi—%l——.

Proof. See H. Hasse [9, pp. 74-75].

PROPOSITION 4. Let a be an element of K\Kz.

a) If 3 is an odd prime ideal in K then 3 ramifies in
K(a;i) if and only if 3 divides the ideal (a) precisely to an
odd power.

b) If % is an even prime ideal in K. say %hll 2 and
#"||(3), then % does not ramify in K(a?) if and only if there

exists an element « in K such that a = az (mod %th).

Proof. See Hilbert [14, §4 Theorem 4J].

By following through the argument in Hilbert's proof of b)

above, Godwin [8] was able to prove the following extension of b).

PROPOSITION 5. In the notation of Proposition 4 b), let m be
the largest rational integer such that a = az (mod ‘}m) has a
solution in K and let k be the largest rational integer satisfying
2h+n<2k and m<2k. Then o2 2| gisc@h/n).
COROLLARY 6. Let a be an element of OK\OE and let
J = disc(K(a!i)/K). Then (a) = el where & is a fractional

ideal in K and the only prime ideals that divide 6“ to a negative

exponent are prime ideals dividing 2.
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Proof. Let () = 1T Siai T 92 T 0
where ﬂ-’ runs over all odd prime ideals gi dividing (a) to an
even power, ]T” runs over all odd prime ideals ﬁi dividing (a)
to an odd power, and ﬂm runs over all even prime ideals °'(,«i
dividing (a). as, bi’ and n, are positive integers.

it follows from Propositions 3, 4, and 5, using the notation of

Proposition 5, that
' " - " -
d =TT 9. T q,ihi*“i T ihi 2ks

"ne
where TTJ runs over all even prime ideals dividing J but not

dividing (a). Therefore, if we let
! . b, " k.-h, m .-h,
oL =] 3?1 ﬂinlﬂJ 2% thIJ 61;1 i
then (a) = S a2,

The second statement of the corollary follows from the fact

that a, > 0 and b, > 0 but it may be that h., > k; for some i.

Let 4L be an ideal in K and let G(m) = (OK/m.)x denote the
multiplicative group of residue classes (mod ® ) which are prime to 2
A character on G(&) 1is called primitive if it is not a character on
G(@) for any proper divisor 8 of & . A character x on G(a)

is called quadratic if xz is principal.

PROPOSITION 7. Let 6L be an ideal in K. Then, G(&) has

a real, hence quadratic, primitive character if and only if 4L has

the following form:
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o A g S,

where 3 5 are distinct odd prime ideals in K , and "lgi are distinct

even prime ideals and a, are integers satisfying 0 <a, <1+ ZeK/Q(O'l,).

proof. See Narkiewitz [21, p. 250 Prop. 6.6].

PROPOSITION 8. Let OL be an ideal in K . Then, G(A) is

cyclic if and only if one of the following cases holds:

a) M = fy where & is a prime ideal,

b) 61 =4? where L is a prime ideal with £ (f) =1,

c) =8n for arbitrary n, where X is an ideal, prime to 2,
with £ = e =1,
i (3) = oD

K/Q
d) OL =%°> where © is a prime ideal, dividing 2 , with

fegl) =1 and e o(F) £ L.
e) Ol = J"% where Y #% are prime ideals with ol dividing 2,
dividing p # 2 and if we let £ = fK/Q(‘S) and f2 2 fK/Q(q,.)
we have one of the following holding:
1) n=1 and (2f2-1,pf1-1 =1,
1 and (2f2-1,p0-1) -1,
($) =1 and (252 -1, ptp - 1) = 1.

2) n

[}
N
H

[}

3 3, £ =1,
) n2 ®k/Q

Proof. See Narkiewitz [21, p. 249 Theorem 6.2].

PROPOSITION 9. Let Ol be an ideal in K and let ¢(Q) denote

the order of G(O!). Then,if O =-[T,G?i, where lfi are distinct

prime ideals in X , we have ¢(OL) =WNK/Q( lri)ai'l(NK/Q(,Q,i) - 1).

Proof. See Lang [19, p. 126].
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PROPOSITION 10. Let B C A be finite Abelian groups and let

C = A/B. Then, any character on A can be expressed as a product

of a character on C and a character on B.

Proof. First, any character on B can be extended to a
character on A (see Serre [23, p. 61]). Let x be a character
on A. Then Xg is a character on B which can be extended to

a character g on A such that XBIB = xlB. Then the character

x{a)

is trivial on B, hence a
xg(2)

Xc om A defined by x.(a) =
character on C, i.e. XCCZJ = xc(a), where a = a + B, and

X = XgXc*

Background on Class Field Theory

The results in this section can be found in Takagi [24], Lang
[19, Chapter VII §1], Janusz [16, Chapter IV 1], Hasse [9, p. 61],
and Iyanaga [15, pp. 494-496].

A modulus, or integral divisor f in K is a formal product

of primes in K, including the infinite primes, of the form

£=TTyit

where a, are nonnegative integers with a, > 0 for only a finite
number of ‘; T Furthermore, a; = DQorl if :71 is a real
infinite prime and a; = 0 if ﬁJi is a complex infinite prime.

We can write f as f = fof°° where



15

£ = TTyst fo=r TT144,x

finite infinite

41 r vk

We also use H. Hasse's notion of multiplicative congruence

defined as follows. Let a € K. a=1 (modxf) if the fractional

ideal L%%ll written as a quotient of mutually prime ideals, does
o

not admit any primes dividing fo in the denominator, and the
conjugate @ of o associated with the Archimedian valuation
associated with 131,& is positive for all {ji’m dividing f£.

We set o = 8 (mod £) if o/B = 1 (mod £).

Let CK = The ideal class group of K.
IK = The group of fractional ideals
I(f) = The group of fractional ideals prime to fo.
P(f) = The group of principal fractional ideals prime to fo.
Pf = The group of principal fractional ideals (a)
satisfying a = 1 (modxf), called the ray or strahl
(mod £).
Ke={aekK|az1 (mod £) } |
K(f) = {a e K| (a) is prime to fo}

U = The group of units in OK'
Uf = The group of units u =1 (modxf).

S(f)

The number of real infinite primes dividing f_
Let i denote the homomorphism K(f) - P(f) given by
a + (a). We have therefore Pf = i(Kf) and P(f) = i(K({£)).

The ray class group (mod f) is defined by Rf = I(f)/Pf.
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PROPOSITION 11. 1) CK = I(£f)/P(f), since each ideal class

contains an ideal prime to any given ideal.

2) If f 1is of the form specified above, then

K(E)/K = TT G(‘;?i) TT (#11.

e, 4 le,
hK)o (£ )2°F)
3) Card(Rf) =
[U:Uf]

Proof. See Lang [19 pp. 125-127].

A subgroup H of I, is called a congruence subgroup if there

X

exists a modulus £ such that Pf.c He< 1(f). In this case we say

that H is defined (mod f). If Hl and HZ are congruence sub-

groups (not necessarily defined with respect to the same modulus),

then we define Hl ~ H2 if there exists a modulus f such that

Hln I(£) = Hzn I(f). The relation -~ is an equivalence relation.

The equivalence classes are called ideal groups and the greatest

common divisor of all such f is called the conductor of the ideal
group. Also, if Hq and H, are congruence subgroups which are
representatives of the same ideal group, with He defined (mod o)

and H, defined (mod &r ), then I(e)/H, = I(4)/H,, .

PROPOSITION 12. Let H be an ideal group of conductor f in

K with a representative Hf defined (mod f). Then there exists
a unique Abelian extension L of K satisfying the following:
a) Gal(L/K) = I(f)/Hf.

b) A pr me ideal "j in K ramifies in L if and only if 4 |f.
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¢) A prime ideal #} in K, not dividing £, factors into a
product of distinct prime ideals in L each with the same relative
degree F, where F 1is the least positive integer such that‘;F £ Hf .
d) The correspondence between ideal groups and Abelian extensions

is order reversing.
Proof. See Iyanaga [15, p. 496] and Janusz [16, p. 179].

The field L in Proposition 12 is called the class field associated

with the ideal group H and f is also called the conductor of L .

COROLLARY 13. The class field associated with the ideal group of

conductor which has Pf as a representative is the maximal Abelian

extension of K , ramified precisely at the primes dividing f . This

field is called the ray class field (mod f}.

PROPOSITION 14. A character on R, can be expressed as a
product of a character on G(fo) , a character on CK and a character

of signature, which is a product of S(f) characters of order 2.

1]

Proof. C, = I(£)/i(K(£))
[I(f)/iCKf)]/Ei(K(f))/i(Kf)].

It follows from Proposition 10 that a character on Rf can be written

K

[}

as a product of a character on CK and a character on i(K(f))/i(Kf).
Let ker denote the kernel of the canonical map K(f)/Kf > i(K(f))/i(Kf).
Therefore [K(f)/Kf]/ker = i(K(f))/i(Kf) and a character on
i(K(f))/i(Kf) can be viewed as a character on K(f)/l(f which is

trivial on ker. It follows from Proposition 11 2), that a character
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on K(£f)/Kg can be expressed as a product of a character on G(fo)
and a character on []{t1}which is in turn a product of S(f)

groups of order 2. Hence, the result follows.

Let L/K be an Abelian extension of conductor £ corresponding
“to an ideal group H with representative Hf defined (mod £).

Let x be a character on Gal(L/XK) = I(f)/Hf , hence a character

on Rf which is frivial on Hf . Define HX to be the maximal
congruence subgroup containing Hf satisfying X(Hx) = 1 and we
define the conductor fX of x to be the conductor of the ideal
group with representative Hx .

As usual we let G denote the group of characters on the group G.

PROPOSITION 15 (Conductor - discriminant formula). Let L/X
be an Abelian extension of conductor f . Then
f = L.C.M. f
x € Gal(L/K) X
and
disc(L/K) = T £ .
x € Gal(L/K) X

Proof. See H. Hasse [9, p. 38].

Proposition 16. .Let L/K be a cyclic extension with <t> =

Gal{L/K) . Let M/L be an Abelian extension which corresponds, as

in Proposition 12, to an ideal group H . Then
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a) M/K is normal if and only if <t(H) = H.
b) M/K is Abelian if and only if the cosets of H are

invariant under T.

Proof. See H. Hasse [11, pp. 572-573].

PROPOSITION 17. Assume L/K 1is normal. Let x be a character

on Gal(L/K) and let L(s, X, L/K) denote the Artin L - function
associated with x. Then the following properties hold.

a) L(s, x, L/K) is regular for Re s > 1.

b) 1If Xq is the principal character then L(s,x , L/K) = ;KCS),
where :K is the Dedekind zeta function for K.

c) If -;1, X, are characters on Gal(L/K), then
L(s, x; * Xp» L/K) = L(s, Xp» L/K)L(s, x,» L/X).

d) If M/K is also normal and x 1is a character on Gal(L/X),
viewed as a character on Gal(M/K), then L(s, x, L/K) = L(s, X, M/X).
e) If M/K is normal and x* is the character on Gal(M/X)

induced by a character x on Gal(M/L), then L(s, x*, M/K) =

L(s, x, M/L).

Proof. See Lang [19, p. 233] and Artin [2] and [3].

PROPQSITION 18. Let Ki (1 <i<n) be algebraic number
fields of degree n., discriminant di’ and let ci(s) = CK (s).
i
If, for some set of rational integers a)s cee s 2, we have

n n
TT'Ci(SJai =1 for all s e ¢, then it follows that TT d?l = 1.
i=1 i=1
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Proof. The functional equation for ;i(s) is
@ Ars/aT1Ed 2% ); (s) =
Srd&1 &I ra-92® a-s

where r1(Ki) = the number of real conjugates of Ki

rz(Ki)

the number of pairs of complex conjugates of Ki
- T, (K.) -¥m. 5

A; = 27720 1Idil

Combining (1) on one side of the equation and raising to the

aith power, we have, for all s ¢

o (251 f(zJ 2 ) [Cpe] %D 5O | |
T(1-s .

i 1 1-(__) 1 S)

Multiplying these together for all 1 we get

n n
s z a.r,(K.) T a.n:z(Ki)
oy D oa.o2s-1 | TR fiep TLE [I‘Cs) li=1 1
(2) [A?l] —— : 2
;EE i P(E%EJ r{i-s)
n
TT g%

o

1=
U a
TT Ci(]-"s) 1

i=1

Since, by the hypothesis of the Proposition, we have

n
TT z; (s) ! :TE cicl-s)ai =1 forall se¢
i=

i=1

it follows that (2) becomes
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n n
n . 2s-1 P(E") : E a'J'.rl(Ki) . E a1, (Ki)
(3) T [afl —= [}i&fl) i=1 .
1=l 5

for all s e ¢ .

Now T(s) has poles at the negative integers and is regular
and is non-zero at s = -%, 1, 2, and 3/2 . At s = -1, all
the terms in (3) are regular and non-zero except T(s) which

has a pole., Therefore,
’ n
4 1 T,k =0,
i=l

and (4) becomes

n
n__, _2s-1 r(;- lElairlacl)
(5) [Aii] e - =1 for all s e ¢ .
i=1 F(—z—
At s = -2, all the terms in (5) are regular and non-zero

except F(%a which has a pole, hence
n

(6) 1 ar)=0,
i=1

and (5) Dbecomes

as 2s-1
TTlAS?] =1 forall se(.
i=1

On taking s =1 , we get

n
(7) T ait=1.
i=1
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It follows from the fact that . n, = rl(Ki) + ZrZCKi) and

from (4) and (6) that

(8) ‘ Yy a.n, =0 .

It follows from (8), (4), (6), and (7) that

n n
1= 7 27%%2&D «7Pi% ja R - T (g, 1%
. i=1 i=1

After squaring on both sides we obtain
'
(9) T 1 1% TT leg0% =1

]
where || runs over all i such that a;r,(K;) is
" -
even and | runs over all i such that 2,7, (X;)
is odd.
. a, _ .3j . .
If a, is even then |[d;|"i = d;* and if r,(K;) 1is even
it follows from Proposition 1 that di > 0 hence |di|ai = d?i .
. . a, _ a,
But if a,r,(K;) is odd then d; <0 and ldil i=(-d;"1)

Therefore, (9) becomes
'ay ' a, ;
1 - =
(10) Tradi T (% =1 .
We can break up the sum in (10) as follows

1 "
y a,;T,(K;) + ¥ a;T,(K;) =0
1 ]
where and ' are as in (10)
t 1"
Since § a;7,(K;) is even, it follows that ) a;T,(K;) is

even and since each term in the second sum is odd, it must consist

of an even number of terms. It follows that there are an even
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. . a, .
number of terms in TTJ(-di) i in (10) , hence (10) becomes

n a:
Edil =1.

Let h(K) denote the class number of X , R(K) the regulator

of K, and W(K) the number of roots of unity in K .

PROPOSITION 19. h(K)R(K) < cld|% log" t|d|

where d = disc(K)
n = [K:Q]
and ¢ = o2 M1 O T2 O (1 4 1/10g[a )M HK)
27

In particular for |[d]| > 5

h(K) R(K)
W(K)

< |d|10g®|q]

Proof. See Lavrik [20] .

PROPOSITION 20. If n = [K:Q] >2 and d = disc(K) then,

1

—2—— 10g"Hd| + b|d|10g"?|q]
2 (n-1)!

h(K) <
where b depends only on n .

Proof. See Landau [17, pp. 95 and 91] .

PROPOSITION 21. Let [K:Q] =n and d = disc(K) , then cK(s)

is regular for Re(s) > 1 - 1/n except for a simple pole at s =1

with residue
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2718 2 T2 (M pagyn (i)
W(K) [d]

Proof. See Lang [19, p. 161],

As usual, we shall let s = o + it.

© g
PROPOSITION 22. fLet f£(s) = ) .{5 be a Dirichlet series
n=1ln

with a; > 0 which is regular for o > n >0 , except for a simple
pole at s = n with residue r and assume further that for

we have f£(s) << t k for some fixed k . Then,

T
Y a ==X+ o(X).
n<X n n

Proof. See Landau [18, p. 874].
The narrow class group of K is defined to be the quotient
of the group of ideals modulo the group of totally positive principal

ideals.

PROPOSITION 23. Let K be a quadratic field of discriminant

d . Then the 2 - rank of the narrow class group of K 1is
w(d) - 1 , where w(d) is the number of distinct prime factors

of d.

‘Proof. See Narkiewitz [21, p. 394].

PROPOSITION 24. Let K be a quadratic field and let h'(K)

denote the narrow class number of K . Then h+(K) = h(K) unless

K has positive discriminant and the fundamental unit of K has
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norm 1 . In this case h+(K) = 2h(K).

Proof. See Narkiewitz [21, p. 107].



CHAPTER THREE

QUARTIC FIELDS WHOSE NORMAL CLOSURE HAS SYMMETRIC GALOIS GROUP

In this chapter we shall prove

Ny (X, 8,) -1
THEOREM 1. lim -——p—— 2 [4608Z(3)]
X -
N, (X,8,) i
1 A4 > sser(a)]
X
and
THEOREM 2. N, (X,S,) << 32108
The proofs of these results will require several lemmas and
preliminaries.

It follows from elementary group theory that a portion of the

lattice of subgroups of 54 is as follows:
where A4 {1, (123), (132), (124),
//// (142), (134), (143), (234),

(243), (12)(34), (13)(24),
(14) (23)}

(11) /]\ D, = {1, (14), (23), (12)(34),

(13)(24), (14)(23), (1243)
(1342) }

s = £1, (12), (13), (23), (123),
\\\\Ed (132)}

c, = {1, (1243), (1342), (14)(23)}

W, = {1, a4, (23), (14) (23) }

v, = {1, (12)(34), (13)(29),

(14) (23)}
26
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[3s]
[}

{1, (14)(23)}

Q)
1]

{1, (14)}.

Remark. The complete lattice can be obtained by observing that

D., C., W and E, each have three conjugate subgroups; S3 and C3

4’ “4° 4 2

each have four conjugate subgroups; C2 has six conjugate subgroups;

and A4 and V4 are normal subgroups.

If we let K e‘H(S4), then, via Galois theory, we have the

24
following correspondence between subgroups of S4 and subfields of

K24:
K24 <> Identity K4 <~ S3
(12) H6 > V4 K3 > D4
K6 > W4 Q <« 84

where the subscript on the field indicates the degree of the

field over Q.
It follows from (11) that K3 is a non-cyclic cubic field
with normal closure H6; and K4 is a non-normal quartic field with

normal closure K24, i.e. K4 £ H(S4).

Let d6 = dlsc(K6)
d4 = dlSC(K4)
d3 = dlSC(KS).

LEMMA 1. d6 = d3d4.

- Proof. Let %p Xos Xg Xg4» Xg be the simple characters of

S,, the number of which is equal to the number of conjugacy classes

4
on S4, with X1 the principal character, and let ws, w4, wé, Tesp.
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be the characters on S4 induced by the principal characters on

D,, S,, V,, resp.

3) 4’
The character table for S4 is as follows (see Heilbronn [13,

4,
pp. 232-239] and Lang [19, p. 236]).

Conjugacy classes X{ Xy Xz X4 Xg V3 Vg ¥,

Identity 1 1 2 3 3 3 6 4
(12) (34) 1 1 2 -1 -1 3 2 O
(123) 1 1 -1 0 0 0 0 1
(12) 1 -1 o0 1 -1 1 2 2
(1234) 1 -1 0 -1 1 1 O O

It follows from the table that
(13) XI + lp6 = 1[’3 + "p4'

By Proposition 17 b) and e), the L - functions associated
with Xqs ¢6, ws, ¢4, resp., are the Dedekind zeta functions Z(s),

3 K4 resp. By

Zx (s), CKS(S), Ty (s) for the fields Q, K, K

6 4
Proposition 17 b) and (13), it follows that

C(S)CKGCS) = st(s);K4(s) for all s e §.

Proposition 18 implies that d6 = d3d4.

LEMMA 2. d3d4 > 0.

Proof. Let K4 = Q(Bl), and let el, 62, 93, 64 denote the
conjugates of 6, over Q. Since K3 is the fixed field of D4

(see (11) and (12)), it can be generated over Q by the element
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¢, = 8,8, + 8,9 ;.
and ¢3 = 6163 + 6264.

We have three cases depending on the number of real and complex

The conjugates of ¢1 are ¢2 = 6162 +6364

infinite primes there are in K4.

a) rl(K = 4 and rz(K4) = 0. Therefore, 91, 62, 63, 64

4)

are real, and so ¢1 and its conjugates are real; hence rI(KS) = 3
and rZ(K3) = 0.

b) rl(K4) = 0 and rZ(K4) = 2. Without loss of generality,

we mgy assume that 63 = Bl and 64 = 62, whence ¢1 = 9162 + 6192’

¢2 = 6162 + 6162 and ¢3 = 6161 + 6292 are real; hence rchS) = 3

and r2(K3) = 0.
c) rl(K4) = 2 and rz(K4) = 1. Without loss of generality,

4 63. Therefore,

1 62 are real, and that 6
¢1 = 6192 + 6363 is real, and ¢2 = 6193 + 6263, ¢3 = 6163 + 6263

are complex conjugates; hence r1(K3) =1 and rZ(KS) = 1.

we may assume that ©

Therefore, we have the following table for the possible values

of rl(K4), r2(K4), rI(KS) and rZ(KS)'

Ty (Ky) T, (Ky) r; (K3) T, (Ks)
4 0 3 0
(14) 2 1 1 1
0 2 3 0

From this table, we see that rZ(K4) £ rz(Ks) {(mod 2) and
therefore, by Proposition 1, d3d4 > 0.
The following three lemmas give a necessary and sufficient

condition for a field to lie in ‘H(S4).
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LEMMA 3. Let K24 s'H(S4), and let KS’ H6, K6 be the subfields

described in the correspondence precéding Lemma 1. Then, there exists

be OK\{ZUOIZ( } such that K
3 3

where b1 is a conjugate of b over Q.

- 15 - L Lk
= KS(b ) and K,, = H6(b » 1)

6 24

1

. . - - 5
Proof. K. contains K, and [K6.K3] = 2, hence K, = K;(b?)

g. Without loss of generality, b ¢ Olc . If
3
1
contains the field Q(bé) and, since by (11) K24

for some b ¢ KS\\K
b £ Z, then K6
contains a unique quadratic field which must correspond to A4, this
contradicts the fact that W, £ A,. Hence, b £ Z. Let

1 1
K = H6(b2, bf), where b, is a conjugate of b over Q. Since

1
K24/Q is normal, we have K C K,,, and since [K:HG] =4 = [K24:H 1,

we must have K24 = K.
. LEMMA 4. Let K be a non-cyclic cubic field with normal
1 1
closure H and let b ¢ OK\ {Z\JOIZC}. Let L = H(b/z, b'li), where
b, is a conjugate of b over Q. If L/Q is normal, then

1
Gal(L/Q) = S,.

Proof. Let bz be the third conjugate of b over Q. As

1 1 1
tbﬁ, +bZ, +b? are all the conjugates of the generators of L over

12 772
1 L
Q, the elements of Gal(L/K) must map the set {b%, bf, bg}
1
injectively into the set {4_-b;i ,:bf ,:b?}. We will map elements of

S4 into the set of these maps and, in this way, establish an isomorphism

between 84 and Gal(L/K). Since S4 is generated by the 2 - cycles,

it suffices to define this isomorphism on the 2 - cycles, and extend

by multiplicativity. The following table defines this map, indicating
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1 1
B ook

1
for each 2 - cycle in S4 where the set {b~*, bl’ bg} is mapped.

(12) (13) (23) (14) (24) (34)
R ¢ L Y 3 Wi B
b b1 b2 b b b b1
L e ] Y 13 L L

bl_ b by b2 b2 b1 -b
1 5 3 Y % Wi 4

bz b2 b bl b1 b b2

This map was constructed as follows. Permutations of the

1 1 1
elements bé, bf, bg in this order, correspond to the obvious
elements of S3 embedded in S4

2, 3. Once we fix the image of (14), the other two are determined

as permutations of the symbols 1,
by the fact that (14)(12)(14) = (24) and (14)(13)(14) = (34).

LEMMA 5. Let K, H, L, b, bl’ and b2 be as in the previous

lemma. Then, L/Q 1is normal if and only if NK /Q(b) is a square
3

in Z.
Proof. Assume that N (b) = bbb, = c2 with ¢ € Z. Therefore,
—_ KS/Q 172
5 _ ¢
(15) b2 =Ly -
b b1

H/Q is normal by assumption, and it follows from (15) that
Q(b%, b?)/Q is normal. Therefore, L = H(b%, b?)/Q is normal, being
the compositum of two normal fields.

Conversely, assume that L/Q is normal. By normality, b? lies
in L. Therefore, it follows that NK/Q(b)% = b%b?bg lies in L.

1
If N is not a square in Z, NK/Q(b)1 generates a quadratic

K/Q(b)
subfield of L, which must be the fixed field of A4, since, by Lemma

1
4, Gal(L/Q) = S4. So, NK/Q(b)1 must be fixed by precisely by the
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elements and no others. But the element (12) ¢ S 4\A 4 corresponds,

via Lemma 4, to the automorphism

b;i-*b!li
Cae
1 3
b2+b2

1
and this automorphism fixes NK /Q(b)/z. This contradiction implies

that NK/ (b) 1is a square in Z.

Q

LEMMA 6. Let KS be a non-cyclic cubic field of discriminant d3'
Then, there exists a field K24 s‘H(S4), such that, if K4 is any of

i . C as 9
the quartic subfields of K,, and d, = disc(K,}, then |d4| <2 1d3|.

Proof. Let u be a fundamental unit of K3 and let K6 = Kz(u!i).
It follows from Proposition 4 a), that no odd prime ideal in K; can
ramify in K6' Let °k be an even prime ideal in KS’ and assume
that ‘1. ramifies in K6' If we let J = disc(K6/K3), then it
follows from Proposition 3 b), that there exists v in the range
12vs2e,0(h) such that "[|d.

We have five cases, depending on the way in which 2 factors

5
a) 2= 15
Here, e,o(%}) = 1, £ /o(%) = 35 hence v <2 and [NK/Q(‘,-"*IM
<25
b) 2= %°.

. v+l
1; hence v < 6 and INK/Q('? ).

Here, eK/QH") = 3, fK/Q(‘g')
< 27.
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o) 2=%%,%:
Here, eKS/Q(c}i) =1, fKS/Q(%i)

) < 2%,

1; hence vy < 2, and

vi+l

|NK3/Q(‘!:1
d 2= °Ll°],2.

Here, eKS/Q(°}1) =1, fKS/Q(“}I) = 1; hence vy < 2, and

v1+l 3
e (%) =1, £ (°%.,) = 2; hence v, < 2, and |N (1,V2+1)|
K3/Q 2 ? K3/Q 2 ? 2 = “» KS/Q 2
< 28

e} 2

2
%%
Here, eK3/Q (GLI) =1, st/Q(a‘l) = 1; hence vy < 2, and
3

N

IN ‘("!,-vlﬂ)l <
K3/Q 1{ —_

= _ 7. Va+l
eKs/Q(%Z) = 2, fKS/Q(%Z) = 1; hence v, < 4, and |NK3/Q(%'22 )l

< 25.

If J contains any even primes, as given by these cases, we

see that
(16) [N ()] < 2%,
K3/Q - .

L 1L
Now, let K., = H6(u2, uf), where H_ 1is the normal closure

24 6
of KS’ and u, is a conjugate of u over Q. If NK3/Q(u) = -1,
we may replace u by -u and, therefore, we may assume that
NK3 /Q(u) = 1, hence a square in Z.
Lemma 5 implies that K24/Q is normal, and Lemma 4 implies
, i.e. K,, £-H(S

4 24 4)'
Let d4 = disc(K4), where K4 is any of the quartic subfields

that Gal(K,,/Q) = S



34

of (they are all conjugate, hence they have the same discriminant),

K24
d6 = dlsc(K6), and J = dlsc(KG/KS)' Lemma 1 implies that d6 = d3d4

and Proposition 2 implies that
@) = ([N, ()
6 3 'K3/Q :

Putting these together, we have

(17 (d,) = (d)N

) ().
4 K./Q

and from (15) we have

9
d, <27|a,].

LEMMA 7. Ny(X,S [122(3)77 1% + o(X)

»
N3OS9 = [42] 7 K+ 0.

Proof. This is the result of Davenport and Heilbromn [6].

Proof of Theorem 1. It follows from Lemmas 6 and 2 that, for

each non-cyclic cubic field K3 of discriminant d3, satisfying

0<dg< 279X, resp. 0> dg > 279X, we get a field Kyg

any of whose quartic subfields, K4, has K24 as its normal closure,

s‘H(S4),

and discriminant d4 satisfying 0 < d4 < X, resp. 0> d4 > -X.

It follows from Lemma 7 that the number of non-cyclic cubic

fields with ld3| < 272X is

(2’12091 X + 0X)  if dg >0

[Paz®1 x+ o) if 4 <0,
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Now, we get the same field K24 from each of its three cubic

subfields, and each field K24_ gives four quartic subfields.

Therefore, we have

iA

N (X,S 2°125(3)]7" X + 0(0)

»

N (68, < (2242171 3X + o)

| A

4)

and the result of Theorem 1 follows.
We now turn to Theorem 2.

Let K4 s‘K4(S4), K24 = K4, K3 a cubic subfield of K24,

K6 the sextic subfield of K24 containing K3 and corresponding,

as specified in (11) and (12), to W,, and let d = disc(K./Kj).

4
Also, let d3 = disc(Ks) and d4 = disc(K4).
It follows from (17) and Lemma 2, that d, = dSINKS/Q(J')].

Therefore, if we let

(18) M(KS,X) denote the number of sextic fields of the form

- i 2
K6 = KZ(b )}, where b ¢ OK;\ {z vV 0K3

square and |NK3/Q(dlsc(K6/K3))[ < X.

1, NKS/Q(b) is a

it follows that

W

as N, (S, <

% M(K4,X/d)

3
where the sum rums over all non-cyclic cubic fields

K; such that d, = IdiSC(Ks)I,i X.



36

This follows because, for each K6 counted in M(KS,X/dS), we

get a field K in 'H(S4), with four quartic subfields, each of

24
which has discriminant less than or equal to X in absolute value, and
we get the same field K24 from each of its three cubic subfields.

The following two lemmas describe the possible ideals that

can occur as disc(K6/K3).

LEMMA 8. Let K. be a non-cyclic cubic field, let

3
beo,\ {(ZV 02 } with N (b) a square in Z, and let
K, Ks Ko/Q

K6 = KS(b ). Then NKS/Q(dlsc(Ké/KS)) is the square of an ideal in Z.
Proof. It follows from Corollary 6 in Chapter Two, that
(b) = ﬂzdisc(l(6/l(3), where 6L is a fractional ideal in KS‘

The conclusion of the lemma follows by taking norms, and by observing
that, since (b) is an integral ideal, primes in the denominator

of 6L are cancelled by primes dividing disc(K6/K3).

LEMMA 9. Let KS and K6 be as in Lemma 8, and let

d = disc(KG/KS). Then d must be of the following form:
4 t 1t
J =5'TT3132TT'31-HJ 31%2

1
where || runs over all odd primes p dividing N /Q(J )
3
with p = 31 32 3 3 and the two primes in the product
can be any two of these primes, '[T" runs over all odd

primes p dividing NKS/Q(S) with p = 3132
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3

in X, and fK /chl) = 2, Tr” runs over all odd
3
primes p dividing N ,0(4) with p = 328, in
3

and
r‘tizjct,k iik=0 2 or3 if 2= % % % in K
1 62 83 2K > 4 1 %2 °3 3
o i=0,2, or3 if 2= °F in Kg
i . ) 3.
k= } 9% i=o0, 2, 4,5, if 2= o in K3
6, or 7
% % i=0,2, or3 if 2 = '51%5 in X,
j=20, 2, 4, or 5
in] e .
61Q2 i,j =0, 2, or 3 if 2 = ?1%2 in K3

\

with NK / (4) = a square of an ideal in 2Z.
3Q

Proof. K6 is a quadratic, hence Abelian, extension of KS’ of
conductor é', hence, by Proposition 15, conductor(KleS) = disc(K6/K3).
Therefore, K6 can be viewed as a subfield of the ray class field

(mod J ) of K3 and, therefore, corresponds, via the isomorphism
between a group and its character group, to a quadratic ray class
character of conductor d . By Proposition 12; such a character can

be expressed as a product of a quadratic character on the class

group of K., a character of signature, and a primitive quadratic

3
character on G(§ ). Primitivity follows from the fact that a
character on G(d ) is primitive modulo its conductor.

It follows from Proposition 7, that d must be of the form
= o321 422 523 oo
(20) S =4l 3r

where the 3i's are distinct odd prime ideals in K3 and

the ‘ti's are distinct even primes in K, with the a,'s
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integers satisfying 0 < a; < 1+ 2eK3/Q(‘\.i).

If § is an odd prime, then, by Proposition 8, G(®) is cyclic
and ¢( ) is even; therefore G(3J) has a unique quadra‘tic
character.

We have five cases, depending on how 2 factors in K3.

a) 2= 9%,%;

Here, eKs/Q(%i) = 1; hence 0 < a; < 3. The only case ruled out

is a; = 1, since ¢(°}i) = 1, and so G("l'i) has no primitive
Quadratic characters.

b) 2= %;.

Here, e (%.,) =1; hence 0 <a, <3. As in a), the only
KS/Q 1 - -

1
case ruled out is a, = 1, since ¢('(«1) = 7.
‘ 3
c) 2= °‘(,1.
Here, eKle(q’l) = 3; hence 0 < a; < 7. As in a), the case

a, = 1 is ruled out since d)(‘(,l) = 1. By Proposition 8, G(D‘(,i)
and G('{,rf) are cyclic; hence G(‘(ff) has a unique non-trivial
quadratic character which must come from the unique non-trivial
quadratic character on G(ﬂ\«i). Therefore, G(q‘i’) has no primitive
quadratic characters, and we can rule out a; = 3. In this case,

and those following, the cases we cannot rule out are because

there exists an Abelian group of the correct order with a primitive
quadratic character. Nothing is gained, at this point, by enumerating
the large number of cases, in that we will not need to know precisely
how many cases actually occur.

2
d) 2= % %;.
Here, eK3/Q("gl) = 1; hence 0 <a; <3 and this is case a),
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while eKS/Q(O}Z) = 2; hence 0 < a, <5, and these are covered in

case c).
e) 2= .11%2 with st/Q( %,) = 2.
Here, eKle(%l) = 1; hence 0 < a, 2 3, and this is case a), while

eKle(q'Z) = 1; hence 0 < a, <3, and the only case ruled out is

a, = 1 since ¢(°§2) = 3.
Now, by Lemma 8, NKS/Q(é ) is the square of an ideal in Z,
and so each prime power component of NKS/Q(d') must be a square.
The terms listed in the statement of the lemma are the only possibilities
satisfying the above considerations, equation (20) and whose norm

is a square.

In order to evaluate M(KS,X), we must now determine, for a
given ideal d  of the form specified in Lemma 9, how many sextic

fields K6 containing K3 there are with disc(K6/K3) =4 , and

|NK /Q(‘g )| < X. This is provided by the next three lemmas.
3
LEMMA 10. Let K3 be a non-cyclic cubic field of discriminant
d3’ and let d be an ideal in I(3 of the form specified in

Lemma 9. Then, there exists a constant D(KS)’ bounded independent
of KS’ such that, if B(X) is the number of primitive quadratic

characters on G(d ), with [NK (§)| < X, then
3/Q -

D(KR(Kh(Kg) 5

B(X) - X2,

5
|d5 W (Ky)
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Proof. Let h(n) be the number of primitive quadratic

characters on G(J ), with |N (§)| = n. Then,
KS/Q

BCX) =} h(n).

nix

Let £(s) = X h(ls‘) . We proceed to construct the Euler product
n=l n

for £(s).

Let p be an odd prime dividing NKS/Q(J)' By Lemma 9, we
have three cases, depending on the way p factors in K3'

a) p-= 21 3’2 3 3 Here, there are three ways of choosing
g 3 to divide d and we have [NK /Q(?lgz)l = p . Hence, the
contrlbutlon of these primes to the Euler product is —g—s- .

b) p= 8182. Here, there is only one way of choosing
?1 with fKS/Q(S’l) = 2 to divide d and we have 'NKS/Q(‘913| - p?
Hence, the contribution to the Euler product is —-é—g- .

c) p= Si 32. Here, there is only one way of choosing
3132 to divide d and we have |NK3/Q(3132)| = pz. Hence,
the contribution to the Euler product is —:12-5— .

The even primes, being finite in number, each occurring to
a bounded power by Lemma 9, and, hence, having a finite number of
quadratic characters, contribute a factor k(s) to the Euler

product which is regular, non-zero and bound at s = %, independent

of K3. Therefore, we have

£(s) = k() TT [1+ 31 TT 1+ 5117
P P
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]
where TT runs over all odd primes p such that
1
P = 31 32 33 in KS’ Tr runs over all odd primes

1"

P such that p = 3182 in K runs over all

3’
odd primes p such that p = 8532 in KS'

In order to evaluate the pole at s = %, we consider

£(s) =—2— =3 T [1+ P%J T 1+ ;%;][1 . ;};J

_I,.I_Hl [1 . P—és-] _I_I_J"l [l + -p%.s—] .I_l_l'"l [l + ;_é?]

1ee . 3
where Tr runs over all odd primes p such that p = E
"t
in KS’ and Tr runs over all odd primes p such that

p=’8 in K, and

3
([1+ % 5 £ 2= 38 3 % ;
e , 1 = 91°%2°% 1
[1+ L1301 +—23 if 2= 3.3 in
2s 225 1 2
. 1 42 2 .
jes)y = { [1+—1 if 2= § 32 in
25 1
[1 + —-1-—] if 2= 33 in
25
[1+ 1 if 2= 8 in
\ 235

It follows that

2s, -1

_ f(s) _ k(s) ! 3p T+l ! 1

8) =g iy~ 5oy | L+ msasd [T [+l
1 p +3p P

-1 -1 -
" 1 1] 1 ey 1
p P P
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and each factor is regular and non-zero at s = %. By

Proposition 21, CK (2s) has a simple pole at s =%, with residue
3
30, where

r1 &) 2m T2 (KS)R(KS)h(KS)

s

Therefore, f(s) has a simple pole at s = ), with residue

%g(%)[gx (2)]-1p. The result of the lemma follows from Proposition
3

22, with

1 { ] -1
p(ky) = ST [1+ 52 ﬂ’[u——] T 1+ 2]
P“'3P
" -1 " - K
TP E e AT T e A 21‘3)c2)

P o,

)

Boundedness follows from the fact that
i) > 9/8
k(%) << 1 (absolute constant)

1<ﬂ' [1+_3£1__ < T+ _EP_i.l__]
P+3p P P+3P

1<TT 1+ 31 ¢ T {1+ 3]
P P P

L T ek
T.I.Il" [1 + —]

1T s 51 T+ =5
P P P

152, (@ 2 TT[I-—lz—
3 P P
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r1(K3) <3

rz(K

A
oy

3 <

LEMMA 11. Let KX be a cubic field of discriminant d,.

3 3
hz(K

1
Then, 2 3 << ]dsl/2 (absolute constant), where h,(K,) is the

2-rank of the class group of K3.

Proof. It follows from Proposition 20, that for a cubic

5 2

field KS’ h(KS) << d3 log d3 (absolute constant), where

d, = disc(K Now, we have 2h2(K3) :-h(KS)’ with equality

3 3
occurring only when the class group is a product of groups of order

2, and, therefore, the result of the lemma follows.

LEMMA 12. Let K3 be a non-cyclic cubic field of discriminant

1 1
Then, M(K;,X) << X5[d3]410g4ld3[ (absolute constant).

Proof. As stated in the proof of Lemma 9, each sextic field
K6, counted in M(KS,X), corresponds to a product of a quadratic
character on the class group of K3’ a character of signature, and
a primitive quadratic character on G(§ ), where <§ = disc(K6/K3).
The number of quadratic characters on the class group is ZhZ(KS),
including the principal character, which, by Lemma 11, is
<< Idsl%logzldsl. K; has at most three real infinite primes; hence
there are at most 23 characters of signature. The number of

primitive quadratic characters on G(dJ ), with INK /Q(f)l <X
3

is, by Lemma 10,

D(K,)R(K,)h(K
. DIKQREKPA(KY)

5
la | W (k)
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1
72

which is < D(K3)10g2|d3[X , by Proposition 19 and the fact that

ld;| > 5. Therefore, the result of the lemma follows.

Proof of Theorem 2. It follows from Lemma 12 and equation (19)

that

N (X,8,) = L M(Kg,X/d,)
X3

where the sum runs over all non-cyclic cubic fields of

discriminant d, with |d3| < X.

Therefore, it follows from Lemma 12, that

1 1
<< ] x/a)%|dg|* 108" |4
K
3
X

= X? J logtt a[N, (£,5,)]
1

which, by Lemma 7, is
X
3 4
<< X f log t dt (absolute constant)
1

3/2

«< x3%10g*x.



CHAPTER FOUR

QUARTIC FIELDS WHOSE NORMAL CLOSURE HAS ALTERNATING GALOIS GROUP

In this chapter we shall prove

TH Ya(XoAo) ¢ = .03
EOREM 3. lim ———p— > —=75 =, .
e Xr — 9.27/2 1
where C EE T (q+2)(q-1) . o8

1 2m L) q(q+1)

and
| THEOREM 4. N, (X,A,) << X 10gx.
The proofs of these results will require several lemmas and

preliminaries.

It follows from elementary group theory that the lattice of

subgroups of A4 is as follows:

(21) where V, = {1, (12) (34), (13)(24),

\\\ (14) (23)}
C {1, (123), (132)}

/I\ E, = {1, (12)(34)}
2
\\\\\T\‘::::\ and C;, C;, C;' are the con-

jugates of C3

1"
D2 are the conjugates

1
DZ’
of 02 .

V4 is normal.

45
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If we let Kl2 s‘H(A4) then, via Galois theory, we have

the following correspondence between subgroups of Ay and subfields

of KIZ'

12 + Identity K, «+ C

K6 > EZ K3 «> V4

where the subscript on the field indicates the degree
of the field over Q.

It follows from (21) that K, is normal, hence cyclic, cubic

3

field and K, 1is a non-normal quartic field whose normal closure

4
is K12 , 1.e. K4 s‘K4(A4).

Let d6 = disc(K6)
d4 = dlSC(K4)
d3 = disc(Ks).

LEMMA 13. d6 = d3d4-

Proof. Let X1 X2° X3» X4 be the simple characters on A4
and let Yo Uys g TESP. be the characters on A4 induced by
the principal characters on V4 s C3 s E2 Tresp.

The character table for A4 is as follows (see Heilbronn [13,

pp. 232 - 239] and Lang{19, p. 236]).

Conjugacy classes Xp X3 Xz Xg4 V3 ¥y ¥g

Identity 1 1 1 3 3 4 6

(12) (34) 1 1 1 -1 3 0 2
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(123) 1 p ¢~ 0 0 1 0
(132) 1 p2 p O 0 1 O
where 03 =1,

It follows from the table that

By following the reasoning in the proof of Lemma 1 , we find that

c(s)cK6(s) = cK3(s)cK4(s) for all s e {,

4

for the fields Q, K6’ KS’ K4 resp., and it therefore follows

from Proposition 18 that

where ©(s), tx (s), Sk (s), Cx (s) are the Dedekind zeta functions
6 3
d6 = d3d4.

LEMMA 14. If K4e ‘K4(A4) then dlsc(K4) > 0.

Proof. Let K;, = Ka , K; be the cyclic cubic subfield of

K12 and let K4 = Q(el) . Let elf 82, 93, 64 denote the conjugates
of 91 over Q . Since K3 is the fixed field of V4 (see (21)),
it can be generated over Q by ¢, = 6,8, + 8,85 - As in the proof of

Lemma 2, we are led to Table (14) . But K3/Q is cyeclic of

odd degree, hence it must necessarily be a real field and, therefore
the second line of the table cannot occur. It follows from the
other lines of the table that rz(K4) is even and so, by Propo-

sition 1, disc(K4) > 0.
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The following four lemmas give a necessary and sufficient

condition for a field to lie in ‘H(A4l

) and let K,, K,, K. be the
12 4 3° 74 76

described in the correspondence preceding

LEMMA 15. Let K., e-H(A

subfields of Kl2

Lemma 13. Then there exists b ¢ Ok\\.{z \/oi } such that
3 3

- % - L L : .
K6 = Ks(bz) and K12 = KS(b s bl), where b1 is a conjugate of

b over Q.

1
Proof. K, contains K3 and [K6:K3] = 2, hence K, = Ks(bé)
for some b ¢ K3\~K§ . Without loss of generality we can take

beO Now b ¢ Z since K. has three conjugate subfields

K
3
over Q and KS/Q is normal. Since KlZ/Q is normal, K12
contains the conjugates of b , say b, bl, and bz . Therefore,
= kb . . L Ly .
K = Kg(b%, b)) is a subfield of X;,. Since b ¢ Kg(b9), it

follows that [K:K;] =4 = [Klz:KS] and, therefore, K,, = K.

LEMMA 16. The group A4 is the only non-Abelian group of
order 12 with a unique 2 - Sylow subgroup (necessarily of

order 4).

Proof. See Rotman [22, p. 41].

LEMMA 17. Let K be a cyclic cubic field, b e 0, \{Z VO0¢}
1 1
and let L = K[bé, b;5 where b1 is a conjugate of b over

Q. If L/Q is normal, then Gal(L/Q) = Ay -

Proof. Since K is a normal cubic subfield of L , it

follows from Galois theory that Gal(L/Q) is a group of order 12
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with a unique 2 - Sylow subgroup, since they are all conjugate.

Therefore the result follows from Lemma 16.

LEMMA 18. Let K, L, b and b, be as specified in Lemma 17.

1
Then L/Q is normal if and only if NK/Q(b) is a square in Z .

Proof. Let b2 be the third conjugate of b over Q and

2 .
assume that NK/Q(b) = bblb2 =¢” with ¢ € Z ., Therefore,

1
(22) bg .
b

L -
1
LA
Since b *‘Q, we must have K = Q(®) and so L =Q(b°, bl).
1.
It follows from (22) that b; e L and so L/Q is normal.
1
Conversely, assume that L = K(bé,b?) and that L/Q is

1.
normal. Normality implies that b; lies in L, and, therefore, it

£ N (0)]E = b E lies i b) i
ollows that [NK/Q(b)] =b 122 l;es in L . If NK (b) 1is

/Q

1
not a square in Z then [N](/Q(b)]'i generates a quadratic subfield
of L , which,by Galois theory,must correspond to a subgroup of
A4 of order 6 . This contradicts the fact that A4 has no

subgroup of order six and the result follows.

LEMMA 19. Let K, be a cyclic cubic field of discriminant

3

d; . Then there exists a field K;, eH(A,) such that if X, is

any of the quartic subfields of Kiz and-fd4 = disc(K4), then
9
d, £ 2745 -
Remark. K3 is real hence disc(Ks) >0 and K4 e'K4(A4),

hence, by Lemma 14, disc(K4) > 0.
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Proof. Let u be a fundamental unit of K3 and let

1
K6 = Ks(ué). It follows from Proposition 4 a), that no odd prime

ideals in K3 can ramify in K6. By following the argument for

the even prime ideals in the proof of Lemma 6, we find that

(23) N sq(disekg/K)| < 2%

K3/

1
2

1
Now, let K., = K, (u°®, uf), where u, is a conjugate of u

12 3( 1
over Q. If NK /Q(u) = -1, we may replace u by -u and, therefore,
3

we may assume that NK /Q(u) = 1, hence a square in Q.
3
Lemma 18 implies that K12/Q is normal and Lemma 17 implies

that Gal(K,,/Q) = A,, i.e. Ky, eH(A).

Let K4 be any of the quartic subfields of KlZ and let

d4 = dlsc(K4). Also, let d6

Lemma 13 implies that d6 = d3d4 and Proposition 2 implies that

= disc(K.) and d = disc (K /K;).

2 :
(dg) = (ds).NKS,QcJ’).
Putting these together, we have

and from .(23) we have

_ 1, %
LEMMA 20. NS(X’SS) = 18C1.x + o(X)

_ 32 (9+2) (9-1)
where C1 = 57 qEITr(6) [‘ﬂa'('a;"l)L'] .
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Proof. This is the result of Harvey Cohn [4].

Proof of Theorem 3. It follows from Lemma 19 that for each

< 27%,

cyclic cubic field K, of discriminant d, satisfying d

4 3 3

we get a field K e‘H(A4), any of whose quartic subfields K4

12
lies in ‘K4(A4), and if d4 = dlsc(K4), then we have d4‘i X.

It follows from Lemma 20 that the number of cyclic cubic fields

with discriminant less than 2'9X is

_ 1
Lo 5797245

75 C1 + o(X).

Now, for each field Kl "we obtain four distinct quartic

2

fields, hence we have

11 -
N (X,A,) 2 C 4332

9/2

1
2

1
X* + o(X9).

This proves Theorem 3.

We now turn to the proof of Theorem 4.

12°

corresponding, via Galois

Let K4 e‘K(A4), K12 = K4, K3 the cubic subfield of K

and K6 the sextic subfield of Kl

theory and (21), to E

2

2° *
We have the following partial lattice of subfields of K12'



52

] i3]
where K6 and K6 are the

conjugates of K, under

l / Gal(K,/Q) ,

K is normal, while K4

3
Q has normal closure K12’
Let d3 =_disc(K3)
d4 = dlsc(K4)
§ = disc(K/KJ)-

It follows from (23) and Lemma 14 that
d, = d3|NK3/Q(J ) |

Therefore, if we start with a cyclic cubic field KS of discriminant
d3_§ X , then for each sextic field K6 , as described in Lemma 15,

with |N

K:”/Q(dlsc(l(ﬁ/K:,,)l < X/dg , we get, by Lemma 19, a field

K12 a‘H(A4) with four quartic subfields each having discriminant

< X . Therefore,we have

(25) N (X,A) < 4 I M(K5,X/d5) (see (18))
K
3

where the sum runs over all cyclic cubic

fields of discriminant d3 < X
The following lemma describes the possible ideals that can

occur for disc(KG/Ks).

LEMMA 21. Let KS’ K6 be as above. Then f = disc(K6/K3)

must be of the following form:
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£ 41T 3,3,

where the product runs over all odd primes dividing
. - 3 ¥

NK3/Q(f) with p 31 5 9z in K3 and the two

prime ideals in the product may be any two of the

three prime ideals dividing p.

and
! i=0,20r3 if 2=% in Ky
}r=°1°é‘%i'-oz 3  if 2= % %4 ®°_ in X
1 5%z 1=0, 2o0r i = T%; 8, b; in K,.
Proof. Let f, fl’ fz denote the conductors, hence the discri-

1]
minants, of K6/K3 s K6/K K6/K3 resp., and let <g> = Gal(KS/Q).

3 3

1 e
Since K6’ K6 and K6 are conjugate under Gal(K3/Q) we must have
o a2
(26) f1 = f° and fz = f° ,

Let 1y, X1> %o denote the ray class characters corresponding

! "
6’ 76’ 76
form a group, namely the character group of Gal(KlZ/KS)‘

to K¢, K., K, resp. These characters and the principal character
Since f is the conductor of X , X must be.a primitive
character and therefore it follows from Proposition 7 that

must be of the form

(27) £ = od19324353 ... 3

T 3

where the 3 i's are distinct odd prime ideals in K3, and the °Qi's
are distinct even prime ideals in K; with 0 <1 + ZeKS/Q(OLi)'

We now consider separately the cases of odd and even prime



54

jdeals dividing f.

1) 0dd primes.
By (27) an odd prime 3 can divide fl to at most the first
power and G(g) has a unique primitive quadratic charactic Xy
If § divides two of the conductors, say f and £1s then ¥
will appear in the factorizations of x and X1 into prime power
components, and since X is quadratic, it will not appear in
the factorization of Xy = XXq Therefore, by primitivity, it

follows that & sz . Similarly, if $[f and 3 1§,

then x does appear in the factorization of Xy = XXg and so

3 1g, .

2

Therefore, any odd prime ideal will divide precisely two of
£, fl’ fz or none of them. Hence, if $ is an odd prime
which is invariant under ¢ , it would, by (26), divide all three
conductors if it divided any of them. Hence it follows that if b1
divides any of the three conductors, it muSt restrict to a prime
p in Z that splits completely in K3 . Also, each prime ideal
dividing p will divide two of the three conductors and, therefore,
each conductor will be divisible by precisely two of the prime
divisors of p .

2) Even primes.
There are three caﬁes depending on the way 2 factors in K; .

a) 2= ’$1 ]

Here, eKS/Q(°L1) = 1; hence 0 <2y <3 . The only case ruled
out is a, = 1, since ¢('§1) = 7, implying that G(ﬂ}l) has no

primitive quadratic characters.
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) 2= % % %

17273 °
Here, ey /Q(q’i) =1 hence 0 <a; < 3 . As in a) the case

a; = 1 is ruled out since ¢(°l,i) =1 . Now, if ‘q ,i=20r3,

divides one of the three conductors, say £ , then by (25),
2
o

.G . . .
%] = %, divides f, and 9] = 45 divides £, . If the

corresponding characters are X gi then ¢, = X ix gl is a

%j i 6" %
character on K, and therefore we must have 1; 1; dividing f ,
hence ("61 ‘%2% 3):L divides f . The argument is the same regard-

less of which prime we start with.

¢) 2=%.%, and 2 = ’52‘% do not occur since K.,/Q is
192 1 72 3
normal.
4 2= cr;’ i

The conductor of a cyclic cubic field. is necessarily of the form
1T p; ©°T 9T p; with p; =1 (mod 6) (See Hasse [8, p. 10]).
Therefore, the prime 2 cannot ramify in a cyclic cubic field and

this case does not occur.

In order to evaluate M(Ks,X) , we must now determine, for a
given ideal d of the form specified in Lemma 21, how many sextic
fields K, containing Ky there are with disc(Kg/Kg) = S and
|NK5/Q(.£ )| <X . This is provided by the following two lemmas.

LEMMA 22. Let K3 be a cyclic cubic field of discriminant
d3 and let 4 be an ideal in K; of the form specified in Lemma
21. Then there exists a constant E(KS)’ bounded independent of

K3 , such that if C(X) is the number of primitive quadratic
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characters on G(d) with INK / (J)| < X , then
3/Q -

B(KRKDN(Kg) oy

cx -
la, l%wcx

Proof. Let h(n) be the number of primitive quadratic

characters on G(&) with lNK /Q(J)I =n . Then
3

c(X) = Y hm,

n_<_X
Let f(s) = h(n) . We proceed to construct the Euler product
1 n° P
n=l n

for £(s)

Let p be an odd prime dividing NKS/Q(J) . By Lemma 21
P = 31 3233 in K3 and exactly two of the three prime ideals
dividing p will divide § , say 3, and §, and we have
|NK /ch 12” . There are three ways of choosing the two
~ prime ideals to divide d hence the contribution of p .to the

Euler product is =3 .

2s
P

The even primes, being finite in number, each occurring to a
bounded power by Lemma 21, and hence having a finite number of
quadratic characters, contribute a factor k(s) to the Euler
product which is regular, non-zero and bounded at s = 5 .

Therefore, we have

£(s) = k(s) T] [1 + =2
p’®

where the product runs over all odd primes
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p with p = 313233

In order to evaluate the pole at s = )% we consider

Ly (2s)
3 . ! 3 ! 1 " 1
£(s) = sl 1+ T o+ =1 T 1+ =
cK3(45) P P P
1
where TT runs over all odd primes p such that
!
313233 in K3, TT' runs over all odd primes p
such that p = Y in K, and ! runs over all odd
3
primes p such that p = 33 in K3
and
1,3 . . .
[1 + —] if 2 splits completely in K,
i(s) = 2
1 . A .
[1+ 23$] if 2 is imert in K;.

It follows that
g(s) = ff((ss)) k(czss)) Tl— [1+ -1 -ﬂ—' [1 + _' -1 Tr’ 1+ Iy -1
P

and each factor is regular and non-zero at s =} - By
Proposition 21 ;K (2s) has a simple pole at s =% with residue

3
Lp , where

r;(Kg) (5 2(K3)R(K3)h(K3)

T
2
W(KS) d3

8R (KS) h(KS)

- .
W(K,) |dg |7

since K3 is real.
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Therefore, £(s) has a simple pole at s =% with residue
%pg(%)[:K (2)]“1 . The result of the lemma follows from Proposition
3
22 with
8k ' 3p+l ,-1 ' 1 .-1 " 1, -1
By = —2G_ T« 7 T 0+ ] T i+ 3]

g (2)3(1) p +3p P
3

Boundedness follows from the fact that
j(1) > 9/8
k(%) << 1 (absolute constant)

1iﬂ" [14._31’_’1_1-2- < 'l;\—[1+—?)—f—1-2-]

p3+39 p +3p
LT e T+
P P P
LT+ Y T3
- P - P P

LEMMA 23. Let KS be a cyclic cubic field of discriminant

Then M(K..X) << X? d? log'd
en M( 3 ) 5 log ds.

Proof. The proof is identical to that of Lemma 12 except

that Lemma 10 is replaced with Lemma 22,

Proof of Theorem 4. It follows from Lemma 23 and equation (24)

that
L b 4
N,(X,A,) << Z (X/d,) % d; log d {absolute constant)
A 1. 3 %3 3
3

where the sum runs over all cyclic cubic fields K3 of
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discriminant d, < X. Then,

X

—f 1/21/214d[N t,C.) 1
N4(X’A4) - 1_ (X/t) t og t 3( el {

which, by Lemma 20, is

X
Sk 4 %
<< (X/t)*t*log t d(t®) (absolute constant)
1

X
L 4
=‘/2Xf t “log t dt
1

<< Xlog4X (absolute constant).



CHAPTER FIVE

QUARTIC FIELDS WHOSE NORMAL CLOSURE HAS DIHEDRAL GALOIS GROUP
In this chapter we shall prove

THEOREM 5. There exists a constant C2 such that

N, (X,D,)
T 2% cc..
X - 2
x-)oo

and
THEOREM 6. There exists a constant C such that

3

N (X,D,)
lim 4% ..
T X -3
X

The proofs will require a series of lemmas and preliminaries.

It follows from elementary group theory that the lattice of

subgroups of D, is as follows:

(28) D, where D, = {1, (12), (34), (12)(34),

,/// \\\\ (13)(24), (14)(23), (1324),
Vo G Wy (1423) }
////,:\\\ {1, (12)(34), (13)(24), (14)(23)}
D D,

o
1]

7

{1, (12)(34), (1324), (1423)}

{1, (12), (34), (12)(34)}

\\\\:f

\u

N

= O
NN
3 ]

H D, = {1, (12)(34)}
D, = {1, (13)(24)}
D, = {1, (14)(23)}

60
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(@]
3

{1, (12)}

@)
1}

s (34) 1.

Let K4 €“K4(D4) . The field K4 has a unique quadratic

subfield; otherwise it would lie in -1<4(KL4) . Let KX_, be this

2
subfield. Let d2 = disc(Kz) and d4 = discCK4) . Proposition 2
implies that
(29) g = @y jqlaiselky/k)

therefore, if we let L(Kz,x) denote the number of quartic fields
containing K2 , whose normal closure has Galois group D, and such

that [N, ,o(disc(K,/K,))| < X, it follows that

K,/Q

(30) N,(X,D,) < ;{ZL(KZ,X/dg)

where the sum runs over all quadratic fields K2 with

discriminant d, satisfying la,l < x.

LEMMA 24. Let K4 e"'K4(D4), K its quadratic subfield and let

J = disc(K4/K2) . Then d must be of the following form:
§ -aTy e s 2T S

where TT runs over all odd prlmes p dividing NK /Q(; )
with p = 3 3 in K, , TT runs over all odd primes p
dividing NKS/Q(S) with p = ? in K2 R ) TUNS OVer
all odd primes p dividing NK3 /Q(J ) with p = 32

K, and the first two products are relatively prime.
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and .
i j .. . _ . :
%L1 % i,j =0, 2 or 3 if 2= 11%2 in K,
i . : ~ .
o= 1% i=0,2 or 3 if 2= % in K,
% i=0,2,4 or5 if 2= % in K
? 3 2-

'Proof. Let K8 =X, . It follows from (28) that K4 and its

\J 1 LA} t

conjugate field K, correspond. to either D2, D2 or CZ’ C2 and

KZ must correspond to V4 or W4 . If, in either case, we let
Hy correspond to D, , we have the following partial lattice of

subfields of K8

where H4 is a2 normal field with

Klein four Galois group and

AN
4 K
\\\\ //// ' Gal(KBIKZ) = Klein four group.

Kg 1is an Abelian extension of K, hence it lies in the ray

class field (mod f), where f = conductor(KleZJ . Therefore,

1 .
H4, K4, K4 each correspond to quadratic ray class characters (mod f)

XH4’ XK4’ XK; resp. and, together with the principal character,

these characters form a group, namely the character group of
Gal(KS/KZ)
Let <o> = Gal(KZ/O), and let fl’ f2’ f3 denote the conductors,
1
hence discriminants, of H4/K2, K4/K2, K4/K2 resp. H4/Q is

]

and, since kK9 = K it follows that

1 4 4

fg = f3 . It follows from Proposition 7 that since the quadratic

normal, hence f; = f
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characters are primitive modulo their conductors that the conductors
must be of the form
SO S -
£, = 4 14,2 T ...Sri
where the g .'s are distinct odd prime ideals in KZ and the
’Lj's are distinct even primes in K, with the aj’s integers
satisfyi 0 . ) I th
atisfying f_aJ <1+ ZeKz/Q(ﬂbj) From the group structure,
using the same reasoning as in the proof of Lemma 21, odd
primes will divide precisely two of the three conductors if they
divide any of them.
Let § be an odd prime ideal dividing £; . Therefore, §
must divide precisely one of £, and f£;, say 3 |f_2 and ¥ Tfs .

It follows that y‘-’-lf‘; = £, and gcffz . S0, °# & and

?G Ifl; therefore p =9 P 9 divides £, . Also, £, may
contain odd factors of the type p =3 37 p if p is inert in
K, , and § if p=g°.

For the even primes we have three cases depending on the way
the prime 2 factors in Kz .

a) 2= "Ll ‘éz .

Here, eKZ/Q( 11) = 1; hence 0 < a. <3 . The only case ruled out

i
is a, = 1 since ¢(°‘i), = 1 implying that G(‘[i) has no
primitive quadratic characters.
2
b) 2= '1,1 .

.Here, eKZ/Q“Ll) = 1; hence 0 < a; < 3. As in a) the only

case ruled out is a, = 1,
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c) 2= “Li .

= 2 < < . i
Here, eKz/Q("Ll) 2; hence 0 <a; <5 As in a) the case

a; = 1 is ruled out since ¢(11) = 3 . By Proposition 8 G(‘Li)
and G(%i) are cyclic, hence G( zi) has a unique non-trivial
 quadratic character which must come from the unique non-trivial
quadratic character on G(O‘i) , therefore is not primitive. The
cases ay = 4 or 5 cannot be ruled out because there are Abelian
group of the correct order in these cases that have primitive
quadratic characters.

Therefore the cases are those listed in the statement of

the lemma with $ = f2 .

LEMMA 25. Let Kz be a quadratic field of discriminant d3
and let § be an ideal in Kz of the form specified in Lemma 24.
Then there exists a constant F(KZ) , bounded independant of Kz,

such that if D(X) is the number of primitive quadratic characters

on G(§) with INK /Q(J)I < X , then
2

F(Kz) R(Kz)h(Kz)

—— X.
W(K,) [d, |

D(X) ~

Proof. Let h(n) be the number of primitive quadratic

characters on G(§) with INK / (£)] =n . Then
2/Q

h(n)
s

o
Let f£(s) = z We proceed to construct the Euler product

n=1l n
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for £(s).

Let p be an odd prime. We have three case; depending on the
way p factors in K2 .

a) p=3,%,.
Since [NK2 /Q( ;)| =p it follows that each of y ; and ¥ 5

contribute -]-'é- to the Euler product since G(?i) has a unique
_ P
primitive quadratic character. Since INK /Q( 3132)| = p2 , it
2

fbliovié that g ? will contribute L .
172 p25

) p=3, .
. . 1 2
In this case J , contributes ;2—5- since ]NKZ/Q( 31) | = p° .

2
) p=37.
In this case ¥ contributes —— since |N (?)l=p.
1 PS KZ/Q 1
The even primes, being finite in number, occurring to a bounded
power by Lemma 23, and, hence having a finite number of quadratic
characters, contibute a factor k(s) to the Euler product which
is regular, non-zero and bounded at s = 1.

Therefore,

£(s) = k()T [1 + ;2'5— ' ;%?l mo - P‘é's'] o ;1'5']

]
where TT runs over all odd primes p such that

1
P = 31 ?2 in K, , Tr runs over all odd primes

p such that p = 5’1 in K, and | TUNS OVer

all odd primes p such that p = 3% in X, .



g, (s)
j(s) CKZ(ZS)
r 1,2 . _ .
where [1+ -2-5-] if 2=%,%, in K,
. 1 . .
jis) = ¢ [1 + ;731 if 2 = “ll in X,
\[1*"1—5'] if 2 = %i in Kz
2

By Proposition 21 & (s) has a simple pole at s =1 with
2

residue

"1 (2m T2 K2Rk, n k)

p = I
W(K,) |d,]

Therefore f(s) has a simple pole at s =1 with residue

k(1) D[j(l)CK (2)]-1 and the result of the lemma follows from
2

Proposition 22 with

k(1) 251K

) T,(K,)
_ 2’ 2m T2\ N2

g, (2)
LS

Boundedness follows from the fact that
5/4 j_j(l) 5.9/4
1 << k(1) << 1 (absolute constants)
0 f-rl(KZ)-i 2

0

A

r,(K)) <1

—
A

5, @< T - 2972,
p P
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LEMMA 26. Let K2 be a quadratic field. Then

w(dz)

L(K,,X) << X log[dZIZ (absolute constant).

Proof. As in the proof of Lemma 24, a field K4 e'K4(D4),
containing Kz, corresponds to a ray class character of conductor
f, where £ = conductor(K4/K2) is of the form specified in Lemma
24, By Proposition 12, such a character can be expressed as a
product of a primitive character on G(f), a quadratic character
on the class group of K2, and a character of signature. K2 has
at most 2 real infinite primes; hence there are at most 22
characters of signiture, and by Propositions 23 and 24, the number
of quadratic characters on the class group, including the principal

w(dz)-l or Zw(dz)-Z

character, is either 2 ., By Lemma 25,

the number of primitive quadratic characters on G(f), with

|NK2/Q(f)] <X is

R(Kz)h(Kz)

<< —
WK,) |d, |?

which, by Proposition 19, is
< log d2

and the result of the lemma follows,

Proof of Theorem 5, It follows from (29) and Lemma 25

that

N, (X,D,) << Kz (x/d,) log|d,|24(%2)

2
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where the sum runs over all quadratic fields K of

discriminant d, satisfying [d,] <X

and therefore it follows that

N, (X,D,) log w(d,)
T << | _.__2@12 “

X dz

the sum runs over all quadratic fields.

The result of the theorem follows from the fact that

logld, | ®
___2_2_.. Zm(dz) -<- z 1_0._g2—n zm(n) << ] .

d2 n=l n

This completes the proof of Theorem 5.

LEMMA 27. Let K. be an imaginery quadratic field of

2

discriminant d2 < -3 with even class number and let d be an

ideal in K of the form

2
\ 1 1 1"
J =Te, et T
where the notation is that of Lemma 24. Then there exists a

quadratic extension K4 of K, such that disc(K4/K2) =d.

Proof. Let & be an odd prime ideal in K, . By Proposition

11 3), the order of the ray class group (mod § ) is

$( 3)h(K2)
[U:lly]

Now [U:U 3] = 2 and h(KZ) is even; therefore for such a prime

there exists a ray class character x3 of conductor 3 which is
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of order 2 . But then [] Xg is a ray class character of

3ld

conductor J which is of order 2 . If we let K4 be the
quadratic extension which corresponds to this character, then it
follows from Proposition 15 that K, has conductor(K4/K2) =d
and dlsc(K4/K2) =&

and 4 be as specified in Lemma 27

LEMMA 28. Let K,, K

2 74
t
and assume that a term of the form [[ §, occurs as a factor

of J . Then K e:"K4(D

4 nE

Proof. Let <g> = Gal(Kle) . If p 1is a prime such that
p = 31 ?2 in K, and we have 3 , dividing d but & , not
dividing d then gz = 3, and § is not invariant under
Gal(KZ/Q) . It follows that the ideal group (mod o ) that K,
corresponds to under the correspondence of class field theory is
not invariant under Gal(KZ/Q) and by Proposition 20 K4/Q is
not normal. Since quartic fields lying in '1(4(84) and 'K4(A4)
have no quadratic subfields,it follows that K4 must lie in

K, (D,).

LEMMA 29. Let K., and J be as in Lemma 28. Then there

2
exists a constant F(Kz) , bounded, independent of KZ’ such that

if H(X) is the number of primitive quadratic characters on G(d)

with |N |< X, then

$)
K,/Q

F(K,)h(K,)
H(X) - ——p—
ld, 1
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Proof. Let h(n) be the number of primitive quadratic

characters on G(§) with INK / (§)| =n . Then
2/ Q

H(X) = ) h(n).
n<X
Let f£(s) = Z h(n) We proceed to construct the Euler product
n=1 n°

for £(s).

In precisely the same way as in the proof of Lemma 24 we

find that

S

fs) =TT I+ 2+ S T+ 5 TT 11+ =]
P P P P

! 1 TT” 1
-1 - Zs] [1+—
P P

AT e =
P

where the term subtracted is to insure that a term of the form

\]
T 81 occurs as a factor of { .

As in the proof of Lemma the first term is
L, (s)
1 K2
1) o 29
2

and it is easy to see that the second term is

z(2s) po-1.
T(4s) 1?- [+ P25+1]

which is regular at s = 1.

1]
[

By Proposition 21 (s) has a simple pole at s
p CKZ

with residue
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‘ 27h (K

2)
I
2]d,|*

since it follows from the fact that K, is imaginary that W(Kz) = 2

and R(KZ) = 1 . Therefore the result of the lemma follows with

v

Jg (2

F(Kz) =

Boundedness follows from the fact that
5/4 j_j(l) 5_9/4

1< < T - =172
2 P D

A

LEMMA 30. Let K2 be an imaginary quadratic field of

discriminant d2 . Then L(Kz,x) >> -2&1; 2“(d2) (absolute
d
constant) . 2

Proof. This follows precisely as in the proof of Lemma 26,

from Lemma 29 and the fact that R(K,) =1, W(Kz) < 6 and h(xz) >1.

Proof of Theorem 6. It follows from Lemmas 26 and 27 and

equation (28) that

2
N, (X,D,) > JL(Ky,X/d3)
K2
where the sum runs over all imaginary quadratic

fields with even class number and discriminant d2

satisfying !d2|.i X .
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It follows from Lemma 29 that this is

>> Z(X/ldzls/z).zw(dz) (absolute constant)
’ K
2

and therefore it follows that

N,(X,D )
lim ——— 4 ., 7 la I-3/2 puld,)
=2 X 2
X0 Kz

> 1 (absolute constant) .

This completes the proof of Theorem 6.



CHAPTER SIX

NORMAL QUARTIC FIELDS WITH KLEIN FOUR GALOIS GROUP

Let A (X) = Card{K, e*H(KL,) | dise(k,) <X and 2 fdisc(K)}
. 4y ..

A,(X) = Card{K, eH(KL,) | disc(K,) <X and 2 1} disc(K,)}
. TR

Af(X) = Card{K, &H(KL,) | dise(K,) < X and 2 i disc(K,)}
. 8 11 1

<X and 2° | disc(K,)}

A,(X) = Card{K, e H(KL,) | disc(K,) <

Remark. We show in Lemma 31 that the above cover all the

possible 2 - factors of disc(K4).

In this chapter we will prove

1
c, X*10gX

¢

THEOREM 7. a) Al(X]

3. % 2

b) A(X) ~ 3¢, XTlog’
1

) A (X) - —Z-C4X210gzx
1

“d) A,(X) - c . X *1og?X

where C4 = _l.gg TT[I ..__3.—32"._};—.]
71 P p +3p +3p+l

from which it follows

5 L, 2
THEOREM 8. N4(X,KL4) - 2C4)( log"™X as X,

In order to prove Theorem 7, we first prove the following:

73
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THEOREM 9. Let J(n) = Card {K, e"H(KL,) | disc(K,) = nl,

a)

8 2

or2nm

b)

If n is an integer, not of the form m2, 24

where m is a squarefree odd integer, then J(n)

Let m be a squarefree odd integer, then

) s@d = xeE® o
2) 3@md) =™
3 J(26m2) - %(3m(m) - 1)
8 3% = ™.

The proof .will require a series of lemmas.

LEMMA 31. Let K4 E‘H(KL4) . Then

a)
b)

c)

Proof. Since the Klein four group has precisely three

disc(K4) > 0.

mz, 2

6 2
m

= 0,

If p is an odd prime dividing disc(K4) , then we must

have pzlldisc(K4).
Either disc(K,) is odd or we have Zdeisc(K4)

v=4, 6 0or 8.

with

elements of order 2 , it follows from Galois theory that the

lattice of subfields of K4 must be of the following form:

K4\\\\ where Ky = Q(Jﬁi, Jﬁéi
/l K, = Q(¥d,)
K K K 1 1

2 3
\l/ Ky = QY

A Ky = QUA),
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where d1 and d2 are squarefree integers and d3 is the squarefree
part of d1d2'

We now have two cases to consider. Either dl’ d2’ d3 are
positive, hence' rl(K4) =4 and rZ(K4) = 0 ; or precisely two of

d d2, d3 are negative, hence rl(K4) =0 and rz(K4) =2, In

1°
either case rz(K4) is even and, therefore, by Proposition 1,
disc(K4) > 0 . This proves a).

Any odd prime p dividing d1 oT d2 will divide precisely
d

two of dl’ d 3 and, therefore,will divide precisely two of

2,
disc(KI), disc(Kz), disc(Ks) . Since K4/Q is an Abelian extension,
K4 is a subfield of the cyclotomic field Q(cf) » where g, = exp(g%ia
and f is the conductor of K . The three quadratic subfields

K;, K

1’ 2’ K

3 correspond to three quadratic characters on G(f), X1
Xgs X3 » It follows from Proposition 15 when applied to the quadratic
subfields that conductor(Ki) = conductor(xi), i=1, 2, 3 and when

applied to K4 that
(31) disc(K,) = disc(Kl)disc(Kz)disc(Ks).

Therefore, p2H disc(K,) if pldisc(K4).
For the prime 2 we have four cases depending in the residue

classes (mod 4) of d1 and d2.

a) d1 = d2 =1 (mod 4); hence d3 1 (mod 4) . Therefore

disc(Kl) =d disc(Kz) = d2’ disc(Ks) =d, . It follows from

1° 3

(31) that 2fdisc(K,).

b) d;, 21 (mod 4) and d, =3 (mod 4); hence d3 £ 3 (mod 4).

1 2
Therefore, disc(Ki) = dl s disc(Kz) = 4d2 and disc(KB) = 4d3u

It follows from (31) that 24||disc(K4).
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c) d

1 =1 (mod 4) and d2 = 2 (mod 4); hence d3 = 2 (mod 4).
Therefore, disc(Kl) = dl’ dlSC(KZ) = 4d2~ and disc(Ks) = 4d3. 1t
follows from (31) that 2°||disc(K,).

d) d1 = 2 (mod 4) and d2 = 3 (mod 4); hence d:5 = 2 (mod 4).

Therefo:e, dlsc(Kl) = 4d1, dlSC(KZ) = 4d2 and dlSC(KS) = 4d3.
It follows from (31) that 28Hdisc(K4).
Remark. These are all the possible cases because if d1 = 2

(mod 4) and d, = 2 (mod 4), then d. =1 (mod 4), and this is

2 3
case c¢); and if dl = 3 (mod 4) and d2 = 3 (mod 4), then

d3 = 1 (mod 4), and this is case b).

Each field K4 e‘H(KL4)

three quadratic subfields. Therefore, in order to count the number

is uniquely characterized by it's

of such fields K4 with a given discriminant, it is necessary to
count the number of ways a given set of primes may be placed in
each of disc(Kl), disc(Kz), and disc(Ks). To facilitate tnis, we

need the following two combinatorial lemmas.

Let Nn denote the number of ways of grouping 2n objects,
consisting of n objects each occurring twice, into three unordered
slots, so that each slot contains no duplicates and no slot is
empty. Let 0n denote the number of the above arrangements such
that precisely two slots contain an odd number of objects and En
denote the number of the above arrangements such that all slots
contain an even number of objects. By abuse of language, we will
also use the terms Nn’ On’ and En to refer to the type of the

arrangement.
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a0

LEMMA 32. N,

Proof. The proof is by induction on n.

If n = 1, there are no such arrangements, hence N1 =0 =
1530 - 1).
If n = 2, there is only one such arrangement, namely A, B, AB,

hence N2 =1= %(31 - 1).

Now, assume that the result holds for n-1. For each arrangement
of 2(n-1) objects of type Nn-l’ we get three distinct arrangements
of 2n objects of type N,» by placing each of the pair of nth objects
in two of the three slots, in three ways, namely An, A, -

n

An, -, An; and - , An, An‘ There is one more arrangement of the

2n objects of type Nn' This is obtained by putting each of the
2(n-1) objects in precisely two slots, each slot containing one eaéh
of the n-1 distinct objects, leaving one slot vacant. We then add
the pair of nth objects, one object in one of the filled slots, and
the other in the vacant slot.

Therefore, Nn = 3N 1

n-1 *
=3[ - ]+ 1

53 1.

LEMMA 33. 0 = 1/8[3" - 2 + (-1)™]

n

E =183t -2+ -1y,

n

Proof. It follows from the fact that O + E =N = %(Sn-l - 1),

that it suffices to consider only the case of On. The proof is by

induction on n.
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If n = 1, there are no such arrangements, hence 01 =0 =
/83t - 2 - 1.
If n = 2, there is one arrangement, namely A, B, AB, hence

0, = 1/8(32 -2 + 1),

Now, assume that the result holds for n-1. For each arrangement
of type on—l’ say, odd, odd, even, we get two arrangements of
type On’ by placing one of the pair of nth objects in the even slot
and the other in either of the odd slots. For each arrangement of
type En-l’ namely, even, even, even, we get three arrangements of
type On, by placing each of the pair of nth objects in two of the
three slots, in three ways, as in the proof of Lemma 32. We get one
more arrangement by placing each of the 2(n-1) objects in precisely
two slots, each slot containing one each of the n-1 distinct
objects, leaving one slot vacant, and placing one of the pair of
nth objects in the vacant slot and the other in one of the filled
slots.

Therefore, 0_ = 20 + 3E + 1

n n-1
20n_1 + S(Nn_1 - On—l) + 1

= 3N, 1 -0 " 1
= 3203 % -1 - 1/83% Y - 2+ 1™ 1

=1/8(3" - 2 + (-1)M)

(32 )
1}

and N -0
n

n n
=53t oy - st -2+ (DM

=1/80™ 7t - 2+ ()™,

Proof of Theorem 9. Let K4 € H(KL4).

is uniquely characterized by the three squarefree numbers

By the proof of Lemma 31,

Ky
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d.. d., and d, = the squarefree part of d1d2' For a fixed set of

1’ 72 3
primes dividing disc(K4) we get different fields for different
arrangements of these primes among dl’ dz, d3. By Lemma 31, odd
primes dividing disc(K4) will divide precisely two of dl’ d2’ and
ds, and the prime 2 occurs depending on the residue classes (mod 4)
to which these numbers belong. In what follows, we take the numbers
dl, dz, d3— to be'the "slots" in Lemmas 32 and 33, and the objects
will be the primes dividing disc(K4) and the integer -1. We
will 1let Py denote primes = 1 (mod 4) and a3 denote primes = 3
(mod 4). Let r denote the number of primes 1 dividing disc(K4)
and let t denote the number of primes q dividing disc(K4). We
will let the t+1th object ét+1 be the integer -1, which will
count as a divisor of disc(K4) which is = 3 (mod 4). By Lemma 31
we have four cases, and in each case we will consider separately
whether each slot contains both pi's and qi's or not. We consider
the number of ways of placing these 2(r+t+1) objects in these
three slots. Order of an arrangement will not count and éach slot
must be filled as it represents the discriminant of a quadratic field.
A) 2fdisc(K Q-
It follows from the proof of Lemma 31 that disc(K4) will be odd
if and only if each of dl’ dz, d3 is =1 (mod 4), i.e. each
contains and even number of the primes 4.

1) Assume t >1 and r > 1.

a) Each slot conmtains p.'s and g.'s. Then, for each

arrangement of Pys -2 Py of type Nr and each arrangement of

Qys --c» 94 of ‘type Et’ or each arrangement of Ays -res Geyq

of type Et+1’ we get six arrangements of the pi's and qi's,
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since , if we fix the pi's, we can place the same arrangement of the
qi's in six ways, i.e. ABC, ACB, BAC, BCA, CAB, and C B A.

This gives 6Nr(Et + Et) = 3/2(1’»1'-1 - 1)(3t-1 - 1) arrangements.

b} Three slots contain g.'s and two slots contain

Eili‘ Then, for each arrangement of the qi's of type Et or Et+1’

we can put all the pi's in each of two slots in three ways. This

gives 3(Et +E )= 3/2(31:_'1 - 1) arrangements.

t+1

c) Three slots contain p.'s and two slots contain

gil§3 Then, for each arrangement of the pi’s of type Nr’ can
put all the qi's in each of two slots in three ways, using -1 if

and only if t 1is odd. This gives SNr = 3/2(3r_1 - 1) arrangements.

d) Two slots contain p.'s and two slots contain g.'s.
] ——— g ——
Then, if we put all the pi's in each of two slots, we can put all
the qi's in each of two slots, using -1 if and only if t 1is
odd, in only one way so that all three slots are filled. This gives
1 arrangement.

Therefore, by a) - d), we have
(32) (3T -1

arrangements.
2) Assume t >1 and Tt = 0. Then, we can only use

arrangments of the qi's of type Et or E and this gives

t+l

E, +E g = %(St-l - 1) arrangements, which agrees with (32).

3) Assume t =0 and r > 1. Then, we can only use

arrangements of the p.'s of type N -and this gives %(Sr'l

- 1)

arrangements, which agrees with (32).
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4) Assume r = t = 0. In this case there are no such
arrangements, and this agrees with (32).
B) 2| disc(k,).
It follows from the proof of Lemma 31 that 24||disc(K4) if and only
1’ d2, AS are = 3I(mod 4) and the third is
=1 (mod 4), i.e. two contain an odd number of qi's and the third

if precisely two of d

contains an even number.
1) Assume t >1 and r > 1.

a) Each slot contains RiLE. and gii§: Then, for each

arrangement of Pys wees pr of type Nr and each arrangement of

ql, cees A of type Ot’ or each arrangement of ql, of

©» Qg4

type O we get six arrangements of the pi's and qi's, as in

t+1’
A) 1) a). This gives 6Nr(0t + Ot+1) = 3/2(3r-1,- 1)(3t - 1) arrange-
ments.

b) Three slots contain ﬂili and two slots contain

R;.s- Then, for each arrangement of the q,'s of type 0. or O .
we can put all the pi's in each of two slots in three ways. This

gives 3(0t + 0 = 3/2(3t - 1) arrangements.

t+1)

c) Three slots contain p.'s and two slots contain

gil§, Then, for each arrangement of the pi's of type Nr’ we can
put all the qi's in each of two slots in three ways, using -1 if
and only if t is even. This gives 3Nr = :’»/2(31'"1 - 1) arrangements.

d) Two slots contain p.'s and two slots contain gq.'s.

Then, if we put all the pi's in each of two slots, we can put all
the qi's in each of two slots, using -1 if and only if t is

even, in only one way so that all three slots are filled. This gives



82

1 arrangement.

Therefore, by a) - d}, we have

(33) 37 -1

arrangements.
2) Assume t >1 and T = 0. Then, we can only use

arrangements of the qi's of type O, or o and this gives

t

t+l

0, +0,,, = L(3

- 1 - 1) arrangements, and this agrees with (33).

3) Assume t =0 and r > 1. Then, for each arrangement
of the pi's of type Nr’ we can put in the pair of -1's in
three ways and, if we put all the pi's in each of two slots, then
we can put in the pair of -1's in only one way filling all the

T .
- 1) arrangements, which agrees

slots. This gives 3Nr + 1 = 1(3
with (33).
4) Assume T =t = 0. In this case there are no such

arrangements, and this agrees with (33).

) 2% disc(k,).
It follows from the proof of Lemma 31 that 25 I disc(K,) if and only
if one of dl’ d2, d3 is =1 (mod 4) and the other two are = 2
(mod 4), i.e. one contains an even number of qi's and the other two

contain an arbitrary number of qi's together with the prime 2.

1) Assume t >1 and r > 1.

a) Each slot contains Rili and giig. Then, for each
arrangement of Py» +-+s P of type Nr and each arrangement of
Aps -ees G, of type Nt or each arrangement of ;> S

of type Nt+1’ we get six arrangements of the pi's and qi's.
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If the arrangement of the qi's is of typé Et or Et+1’ we can
put in the pair of 2's in three ways. If the arrangement of the
, . . . . .
q;'s 1s of type 0t or Ot+1’ we can put in the pair of 2's 1in
only one way, i.e. in the slots with an odd number of qi's. This

. r-1 t
gives 6Nr[3(Et +E ) ¢ o, + °t+1)] = 3(3 - 13 - 2)
arrangements.

b) Three slots contain g.'s and two slots contain

Eilér Then, for each arrangement of the qi's of type Et or Et+1’
we can put all the pi's in each of two slots in three ways and we
can put in the pair of 2's in three ways. For each arrangement

! 1 .
of the q,'s of type 0t or Ot+1’ we can put all the p;'s in
each of two slots in three ways and we can put in the pair of 2's
. . _ t
in one way. This gives 3 S(Et + Et+1) + (0t f Ot+1) = 3(3" - 2)

arrangements.

c) Three slots contain Qilg_ and two slots contain

q;'s- Then, for each arrangement of the p.'s of type N, we can
put all the qi's in each of two slots in three ways. Since we
have one arrangement of the qi’s with -1 and one without, one of
these arrangements has an even number of qi's in which we can put
the pair of 2's in three ways, and the other arrangement has an
odd number of qi‘s in which we can put in the pair of 2's in

only one way. This gives 3Nr(3 +1) = 6(Zf>r-1 - 1) arrangements.

d) Two slots contain gilg, two slots contain g.'s

and all slots are filled. Then, for the one arrangement of all the

pi's in each of two slots, we have, as in c¢), one arrangement of

the qi's with an even number of qi's in which we can put the
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pair of 2's in three ways, and an arrangement of the qi’s with
an odd number of qi's in which we can put the pair of 2's in
only one way. This gives 4 arrangements.

e) Two slots contain p.,'s and g;'s and one slot

contains only 2. Then, for the one arrangement of all the pi's

and qi's in each of two slots, using -1 if and only if t is
odd, we can put in the pair of 2's 1in one way, filling the vacant
slot. This gives 1 arrangement.

Therefore, by 2a) - e), we have

T+t

(34) 3 T - 1)

arrangements.

2) Assume t >1 and T = 0.

a) Each slot contains gil§: Then, for each arrangement
of the qi's of type Et or Et+1’ we can put in the pair of 2's
in three ways, and for each arrangement of the qi's of type Ot or
0t+1’
S(Et + Et+1) + (0t + 0

we can put in the pair of 2's in only one way. This gives

t+1) = St - 2 arrangements.

b) Two slots contain Hilés Then, for the one arrangement
of all the qi's in each of two slots, we can put in the pair of 2's
in one way. This gives 1 arrangement.
Therefore, we have St - 1 arrangements, which agrees with (34).
3) Assume t =0 and r > 1.

a) Each slot contains p.'s. Then, for each arrangement

of the pi's of type Nr’ we can put in the pair of 2's in three
ways. We can also put in the pair of -1's in three ways and then,

since two of the slots will be = 3 (mod 4), we can put in the pair
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of 2's in only one way. This gives Nr(3 + 3) = 3(3r’1 - 1)
arrangements.

b) Two slots contain Eili' Then, for the arrangement

of all the pi's in each of two slots, we can put in the pair of 2's
in only one way. We can also put in the pair of -1's, filling the

vacant slot, and then put in the pair of 2's in only one way, i.e.

in the the slots which are 3 (mod 4). This gives 2 arrangements.

T
Therefore, we have 3

1 arrangements, which agrees with (34).
4) Assume t =T = 0. In this case there are no such
arrangements, and this agrees with (34).
D) 2°|] dise(x,).

It follows from the proof of Lemma 31 that 28 |

Idisc(K4) if and only
if one of dl’ dz, d3 is = 3 (mod 4) and the other two are = 2
(mod 4), i.e. one contains an odd number of qi's and the other two

contain an arbitrary number of q.'s, together with the prime 2.
i P

1) Assume t >1 and r > 1.

a) Each slot contains p. and gq.'s. We note that

i — i
we can't use arrangements of the qi's of type Et or Et+1' Then,
for each arrangement of Py» +oes Py of type Nr and each arrangement

of qys -oes 9, of type Ot’ or each arrangement of Qps «-es AUy

of type O we get six arrangements of the pi's and qi's. In

t+l’
each case, two of the slots are = 3 (mod 4), and one is

1 (mod 4);

hence, we may put in the pair of 2's in two ways so that we leave

r-1

one slot = 3 (mod 4). This gives 6x2Nr(Ot +0_.) =3(3 - 1)x

t+l
(St - 1) arrangements.

b) Three slots contain .'s and two slots contain
9;'s
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Bili' Then, for each arrangement of the qi's of type Ot or 0t+1

’

we can put all the pi's in each of two slots in three ways and then,

as in a), put in the pair of 2's in two ways. This gives 3><2(0t +
N t

Ot+1) = 3(3 1) arrangements.

c) Three slots contain p.'s and two slots contain

ﬂiii' Then, for each arrangement of the pi's of type Nr’ we can put

all the qi's in each of two slots in three ways, using -1 if and

only if t is even. This gives 3x2N_ = 3(3r-1 - 1) arrangements.

d) Two slots contain Pi's’ two slots contain g,'s

and all slots are filled. Then, for the one arrangement of the pi's

in each of two slots, we can put in all the ;qi's in each of two
slots in one way so that all the slots are filled, and then we can
put in the pair of 2's in two ways. This gives 2 arrangements.

e) Two slots contain Eili and g.'s and one slot

contains only 2. Then, for the arrangement of all the pi's and
qi's in each of two slots, leaving one slot facant and using -1
if and only if t is even, we can put in the pair of 2's in one
way, filling the vacant slot. This gives 1 arrangement.

Therefore, by a) - e), we have

(35) 3r+t

arrangements.
2) Assume t >1 and T = 0.

a) Every slot contains 34153 Then, for each

arrangement of the q.'s of type O  or 0 ., we can put in the
i . t t+l
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. . s Lt
the pair of 2's 1in two ways. This gives 2(0t + 0t+1) =3 -1

arrangement S.

b) Two slots contain ﬂiléf Then, for the one arrangement
of all the qi's in each of two slots, using -1 if and only if
t is even, we can put in the pair of 2's in only one way, filling
the vacant slot. This gives 1 arrangement.
Therefore, we have St arrangements, which agrees with (35).
3) Assume t = 0 and T > 1.

a) Each slot contains Eili' Then, for each arrangement

of the pi's of type Nr’ we can put in the pair of -1's 1in three
ways and then, we can put in the pair of 2's in two ways. This
gives 3x2N_ = 3(3r'1 - 1) arrangements.

b) Two slots contain p;.s- Then, for the one arrangement

of ail the pi's in each of two slots, we can put in the pair of
-1's in the two filled slots and then, we can put in the pair of
2's in only one way filling the vacant slot. Also, we can put in
the pair of -1's filling the vacant slot and then, we can put in
the pair of 2's in two ways. This gives 3 arrangements.
Therefore, we have 3¥  arrangements, which agrees with (35).
4) Assume t =T = 0. Then, for the one arrangement
of the pair of ~-1's in two slots, we can put in the pair of 2's
in only one way sO that the vacant slot is filled. This gives 1
arrangement.

This completes the proof of Theorem 9.
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We need the following technical lemma in order to complete

the proof of Theorem 7.

LEMA 34, w2 () 390 ¢ ex 10g%X
njﬁ‘
n odd
where C = 2 7 TTi - _:s_:lpi'zl-——]_
7z(2)7 p p +3p +3p+l
2 w(n)
Proof. Let f£(s) = J. 23 - T« 2,
n=1 n P P

It follows from Apostol [l, pp. 245-246] that

c+iw
2 1 £(s)X°
Z u (n) 30.) (n) = 527 J —(-ss—)-—-ds .
n<X T ecio

Now Sm(n) << ns for any ¢ > 0; hence it follows from Titchmarsh

[25, p. 53 Lemma 3.12] that for T = x3 and c=1+¢
we have
c+iT
2 wm _ 1 s e
nzxu (n)3 - Znij T —-—-—df(Ss)x s + 0()(2/3 * ).
! c-i

To evaluate the integrai in this expression we integrate
around the rectangle with vertices a*iT and ctiT, where
a=%k+ 5 for any fixed & satisfying 0 < & <% , and use the
theory of residues.

A computation shows that

T4 = g(s)z(s)”
p#2 P
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where

S
-3 -1 3p +1
g(s) = z(2s) [1+ ——25 T [ - —3 p25+ —]
2 P p +3p +3p +1

which is regular for ¢ > % + § where s = o + it.

It follows from Titchmarsh 25, p. 82 that

hate

I;(‘/z-r-a-i-it)l << t for any ¢ > 0.

Therefore, it follows that

a+iT s a+iT
1 I £(s)X f s
—_— —_—rlds << £(s)X
2mi a~-iT S a-iT s ds
T 3/ar e
<< f T XT g
2. .24
| Car8)Tet?|
T
! _
<< )(4”S I t 3/4+e dt
-T
<< x‘/z+6T3/4+e

<< X for the choice T = Xl/s.

It also follows from Tihmarsh [25, p. 266] that

c+iT c+iT
] 3.s
f f(ss)X ds << (s) X 4¢
a+iT a+iT
<< X¥T

<< X.
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Therefore it follows that

c+iT

1 £(s)x° . _ £(s)x°
2—‘“_1-f —-?——ds = Res{-———s } el + 0(X).

c-iT

To evaluate the residue we consider the following

£(s) = g(s) (s)° = B
(s-1)

05 = x5! = X[1 + (s-1)logX + %(s-1)%log®X + ... ]

é.: T:T%:TT'= 1 - (s-1) + (s-l)2 - e

£(s)X> at
S

It follows from these expansions that the residue of

s=1 is
1 2, .
%g(1)Xlog"X '+ 0O(X)

and the result of the lemma follows.

Proof of Theorem 7.

a) It follows from Theorem 9 and Lemma 34 that

I I@®)
ng_x
m odd

Ay (X)

2 %(Sm(m)-l _ 1)

mjxé
m odd

1y e , 1L

3 Z . 3 + 3 Z ) 1
m<X* msxé
m odd m odd
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C

1 1
- £ Xi[log (XD 1% - uX

Ny

< L o2
23 X“log X

and the result follows with

¢, - L= T SRl

4 24 7n p p3+3p2+3p+1
b) As in a)
4 2
A = ) J@m)
24m2§_x
m odd
— Z l/(sm(m) 1)
x%
ns T
m odd
1 1 1
C xé X2 X2
- 7 (P lee(P] - %
C s
~ = X* log"X
25
. c _ 3
and the result follows since —= = =0C,.
;5 44
c) As in b)
A0 = 3@
6 2 '
2’m < X
m odd
= § 153 m _ 1
xlz
m< ==
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1 1

c X2 2 X%.2 G
~ 5 I [log" (5] - % F
C %
~ — log X
26
and the result follows since i%-= %-C4.
2
d) As in b)
8 2
A (X) = ] J@m9)
Zsmzix
m odd
= 3 5w (m)
1/2
ne
m odd

G L
cdo 1og G 17

?

1
L ¥% 10g%x
-6

and this completes the proof of Theorem 7.



CHAPTER SEVEN

NORMAL QUARTIC FIELDS WITH CYCLIC GALOIS GROUP

In this chapter we shall prove

1
- 2 - -
THEOREM 10. N4(X,C4) CSX as X -+

2

= 323 —_ % 7=
where Cg = — G T 1 + p3/2+P1/2] 3).

p=l (4)

The proof will require several lemmas and preliminaries.

Let K4 e‘H(C4) and let K, be its unique quadratic subfield.

Let fK = conductor(K4) and fK = conductor(Kz) . Viewing
4 2

Gal(K4/Q) as embedded in (Z/fK Z)x , let x generate the character
4

~group of Gal(K4/Q) and let fX = conductor(x)

~.

It follows that x is a primitive quartic character on G(fx)
and that X can be uniquely factored as X = XqXp where X4 is
a pure quartic character, i.e. each prime power component Xp of
X4 satisfies xg = 1 but xg #1 , and X2 is a quadratic
character, i.e. xg =1,

Let f4 = conductor(x4) and let f2 = conductor(xz) . Then,

fx = f4f2 (see Hasse [8, p. 27]).

LEMMA 34, py+-e P, if 21,

2'peep, i 2lg,

93
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where p, are distinct primes = 1 (mod 4), and
X4 = XOXI °e Xn’

where each Xy corresponds to a unique prime divisor of fK .

4
If p 1is odd then

X3 (x) = xp(X) = (%?94 = -1 (mod § ) or ii(X)

where p = §¥ in Q(/pP) and the conductor of X is p.

If Py is even then

2
. -1 x"-1
- (v) o olyv l-i __vL.—
Xi(x) X24 (X) = (x) (x )4- ( 1) 2 i 8
where v =0 or 1 and the conductor of ¥ iv) is 2%,
2
Proof. See Hasse [10, p. 27].
LEMMA 35. qy *** a4 if sz2
fz = A

27q; ** q if 2|f2

where A =2 or 3, and qi are distinct odd primes, prime to

f4, and
wz = qJO se e wn

where each wi corresponds to a unique prime divisor of f2.

If p 1is odd then

b 00 = 0 = & = P od p)

and the conductor of wp is p.
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If the divisor is 2° then

AORETICE (-1y*D

and the conductor of @ 2 is 22.
2
If the divisor if 2°, then
2 'xz-l
¢1(X) =y 3(x) = (;C-) = ('1) 8 or Y s(x)‘p z(x)
2 2 2
and the conductor of 3 is 23.

2

Proof. See Hasse [12, p. 42].

LEMMA 36. Let n+l1 denote the number of prime divisors of
Then

a) If ZsffK , there are 2t cyclic quartic fields.of conductor
4

n+l

b) If 23|fK , there are 2 cyclic quartic fields of

4

conductor fK .
4

Proof. See Hasse [10, p. 28].

L]
Hh
a7

LEMMA 37. £ = f

l(.4 X 42
and
3
£, £2  if szKZ
disc(K,) =
4 £ if z|fKz

Proof. X = X,X, has conductor p,p,++* pf, or 24p1"° Pfs s
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depending on whether or not 2|f4 . It follows from the fact that

Xg = 1 that X2 = Xi and so we have

Now, xg(x) = (%9 is of conductor p and ¥ 4(x) = (%9 is of
2

conductor 23, therefore it follows that

4 if 24f
conductor(xz) {4 4

. .
5ty 1f 2|f4 .

We also have x3 = xixz; therefore conductor[xs) = f4f2 .
Therefore, the result follows from the conductor - discriminant

formula.

Proof of Theorem 10. Let h(n) be the number of fields K4 in

”H(C4) such that disc(K4) =n . It follows that

N, (X,C,) = ngx h(n)

-]
Let £(s) = Z EL%l and we proceed to construct the Euler product
n=1 n

for £(s).

We have two cases to consider.

a) 21 £,- Then, by Lemma 34, f, contains only distinct primes

p; = 1 (mod 4) to the first power and, by Lemma 35, f2 may contain

any distinct odd primes dividing fK but not dividing f£,, and
4
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possibly 4 or 8 ., Let m denote the number of prime divisors
of f4- By Lemma 36, there are 2m—1 cyclic quartic fields of

unless ZSIfK , in which case there are 2"
4

fields. It follows that the contribution of these primes to the

discriminant fifg

Euler product is

1 i 1 2 1 2 1
5( [1+ 55+ 5D+ 55+ =] [1+ =2l
2 P531;4) p25 PSs 425 8Zs pE;1;4) st

In order to insure that a quartic conductor occurs in each

term we subtract

1 1 2
=5+ 355

1
2 VE T 1+ =5l

]
p odd p

b) 2|f4 . Then, by Lemma 34, f4 contains the prime 2 to the

1 (mod 4) to the first

fourth power and distinct primes P;

power and f2 contains only distinct odd primes, dividing -fK
4
but not dividing f, , to the first power. By Lemma 36, there are

m

2 fields of discriminant %fifg . It follows that the contribution

on these primes to the Euler product is

2 1 2. 1
3s _ﬂ- [1+ 2s T _§] _TT [1+ 254 -
1677 p=1 (4) P p PE3 (4) p

Putting a) and b) together we find that
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1 1 2 4 1
£(s) = 7[ +425+825+1635] lﬂ-(4)[1+—2§+'.'25_s] Tr [+
S E P P p=3 (4)
1 2 1
-5 TT 0+ 5
z 425 825 p odd p25

In order to evaluate the pole at s = % we consider

1 2 1
T 1+ 3 * 351 T 11+ ;fg

z1 (4) P P p=3 (4)
g(s) =
o -
P
_ 1 -1 2
=01+ ~2s- _]1- [1+ =3 s]
2 pEl (4) P +p
which is regular and non-zero at s =% .
It follows from the fact that
1 £(2s)
TTII 25 = 7(@s)
P
that
. § 1 2 4 . 1 g(2s)
£(s) = (2[1 * 425 * 825 * léss]gcs) [+ 42 * 25‘)c(4s)

It follows that £(s) has a simple pole at s =% with residue

(%‘[1 + %‘+ %“ '5%.']3(1’2) - [1+ 21;"' %]2;12)
3 .25 2 :
=Sy _JT 0+ =575 - 3

a2 psl (4) 1’3/2"'1’1/2 i

and the result follows from Proposition 22.

This completes the proof of Theorem 10.

1



CHAPTER EIGHT

CONCLUSIONS AND CONJECTURES

We have completely solved the problem posed in the two Abelian
cases. The reason for this is that the class number of Q is 1
and, therefore, we can calculate the precise order of ray class
groups. For the most part, it is this inability to make precise
estimates of class numbers of fields of a given degree that limits
the accuracy of the results in the other cases.

In the dihedral case, ﬁhe upper bounds are of the same order
of magnitude as the lower bounds. This was due to the classical
result that precisely describes the 2-rank of the class group of
quadratic fields, and this tells us exactly how many unramified
quadratic extensions the field will have. At this point, we cannot
derive the precise density of these fields because we do not know,
for an arbitrary quadratic field K2 and an ideal d in Kz, whether
or not the ray class group (mod d ) is of even order. The problem
lies in the units. If u is the fundamental unit of Kz, in the case

that K, is real, then a precise knowledge of the order of u (mod d)

2
is necessary for solving the problem. This is the reason that we
dealt only with imaginary quadratic fields with only two units when
we estimated the lower bounds.

In the cases of the symmetric and alternating groups, the problems
are more difficult. Here, we are dealing with cubic fields, and there

is very little known about class structure in this case. In the proof

of Lemmas 12 and 23, we were forced to use the estimate of Lemma 11

99
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for the 2-rank of the class group of a cubic field. This estimate is
made under the rather crude assumption that the class group of a

cubic field is a product of groups of order 2, i.e. we were forced

to assume the worst possible case, although empirical evidence is that
the class number of a cubic field is rarely even and, when it is, the
power of 2 dividing the class number is not too large. We should
be able to replace the factor of d? in Lemma 11 by a more
reasonable 1ogd:5 or, at best, an absolute constant. This would

Y

remove the X° term in the upper bounds for the symmetric and
alternating cases, and at worst, replace it with further logX terms.
These log terms seem to be a result of the same problem that we
encountered in the dihedral case. Given a cubic field KB’ and an
jdeal § in KS’ we do not know if the order of the ray class group
(mod § ) is even. In the proof of Lemmas 12 and 23, we have again
assumed the worst case, that the order is always even, and we get
quadratic characters in all cases. Again, the problem lies with
knowing the order (mod.J') of the units. Presumably, as with the
class number, we will have large factors of 3 appearing, but few
factors of 2, and this would hopefully remove the log factors.

We would then be left with the conjectured asymptotic densities

for these cases of CX and CX;i

resp., where the C's are constants.
This would also agree with the conjecture stated in the introduction
that

N, (X)
X

lim exists.

X0
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If this conjecture holds, then we do have one very surprising
result. The result of Gallagher, mentioned in the introduction,
shows that almost all quartic polynomials will have the symmetric
group S4 as their Galois group; therefore we would have assumed
that the same result would hold when counting fields by their
discriminants. This is contradicted by the fact that we have proved
that there are >> X dihedral quartic fields. This would indicate
there is a significant difference between counting polynomials and
counting fields, and that there must be a large amount of collapsing,
i.e. many more polynomials must correspond td the same field in the
symmetric case than in the dihedral case. For whatever reason, this
result is far different from the result we would have expected.

Regrettably, the general methods used in the cases of the
symmetric and alternating groups will not work for fields of higher
degree for the reason that the group Sn’ for n > 5, contains no
subgroup, except An’ of index less than n. Therefore, there is

no way of building these fields up from fields of smaller degree.



'NOTATION

yA The ring of rational integers

Q The field of rational numbers

R The field of real numbers

¢ The field of complex numbers

Sn The symmetric group on n letters

An The alternating group on n letters

Dn The dihedral group of order 2n

Cn The cyclic group of order n

KL, The Klein four group

w(n) ’ The number of distinct prime divisors of n

Let K be an algebraic number field.

disc(X) The absolute discriminant of K

h(K) The class number of K

h+(K) The narrow class number of K

hZ(K) The 2-rank of the class group of K, i.e. the

number of cyclic factors in the 2-Sylow subgroup
of the class group of K

O The ring of integers in K

'3 The normal closure of K with respect to Q
R(K) The regulator of K

W(K) The number of roots of unity in K

rl(K) The number of real conjugates of K

rz(K) The number of pairs of complex conjugates of K

102
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Let KCL be algebraic number fields, & an jdeal in K, and

4 g prime ideals in K, L resp., with ge”_j (e > 1j.

disc(L/K) The discriminant of L/K
eL/K(g) The ramification index e, of S over -‘;1
fL/K(S’) The relative degree [OL/g :OK/? ] of
§ over ¥
NL /X The norm from L to K
G(evr) The multiplicative group COK/v.'i!.)><
p(a\) The order of G(&})

Let G be a group.

H(G) {Fields K | Gal(L/K) = G}

X (6) (Fields X of degree n | Gal(K/Q = G}
NI (X 6) K eX (6 | 0 <dise(®) <X}

N;(X,G) {K e‘Kn(G) | 0 > disc(K) > -X}

N_(X,6) {K e X (6) |disc(K)| < X}
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