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CHAPTER ONE

INTRODUCTION

HISTORY OF THE PROBLEM. The general problem is that of counting 

the number of algebraic number fields of a given degree as a function 

of their discriminants. If we let N^X) denote the number of fields 

of degree n whose discriminants do not exceed X is absolute value, 
N (X) 

then there is a conjecture [21, p. 467], that lim —ç— exists.
X-H=

More precisely, we are interested in evaluating the size of Nn(X,G), 

the number of fields of degree n whose discriminants do not exceed

X in absolute value and whose normal closure over Q has Galois 

group G, and even more precisely, we consider the cases of positive 

and negative discriminants separately, letting a + or - sign 

indicate this distinction.

The problem is particularly simple for quadratic fields in that 

they are uniquely characterized by their discriminants in the following

way. If Kg = Q(Æ) is a quadratic field, with d a squarefree 

integer, and we let D = disc(Kg], then

D =
4d

if d = 1 (mod 4)

if d = 2 or 3 (mod 4)

Conversely, is D is a quadratic discriminant, i.e. a squarefree 

integer d = 1 (mod 4) or 4d where d = 2 or 3 (mod 4) with d 

squarefree, then Kg = Q(Æ) = Q(Æ) is the unique quadratic field

1
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of discriminant D. It can be easily shown from these considerations

that

lim 
X-M»

N2(X) "2^ 3
= lim —ÿ— = —7 

X-W X IT2

The situation becomes more complicated for fields of higher 

degree in two respects. First, in general there are no necessary and 

sufficient conditions for an integer to be the discriminant of a field 

of given degree. Although special cases are known, e.g. pure cubic 

fields or cyclic fields of prime degree, the only general cases that 

seem workable are for Abelian fields and even these cases can become 

very complicated (see Chapters Six and Seven). Second, there may be 

a large number of fields of a given degree having the same discriminant, 

a problem depending on the very difficult question of determining the 

distribution of class numbers of fields of a given degree.

The first step in solving this problem for cyclic cubic fields 

was taken by H. Hasse [10], who showed that the discriminant of a 

cyclic cubic field is necessarily of the form f , where f is of 

the form PqP^ ‘ “ Pn or 9p^ Pn , with p^ distinct primes 

= 1 (mod 6), and if f is of the above form, then there are 2n 

cyclic cubic fields of discriminant f , necessarily subfields of the 

cyclotomie field of f^ roots of unity. The final step was taken 

in 1953 by H. Cohn [4], who showed, on the basis of the above consid­

erations and via the use of generating functions, that

N_(X,C ) 
lim----- r---- exists (see Lemma 20). 
X-+® V

The problem is more difficult for non-cyclic cubic fields in that 
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they are not subfields of any cyclotomic field and therefore rational 

class field theory will not apply. If is a non-cyclic cubic 

field with normal closure K& and Kg is one of the conjugate 

quadratic subfields of K$ then Hasse [11] described the relations 

between the discriminants and relative discriminants of these fields. 

Specifically, he gave necessary and sufficient conditions for disc(Kg) 

to be equal to disc(Kj). Davenport and Heilbronn [5] used these 

considerations to determine lower bounds for Ng[X,Sg) and N^CXjSg) 

based on the analogous results for quadratic fields. The problem of 

an upper bound is complicated by the fact that a given quadratic field 

may be a subfield of a large number of distinct sextic fields of 

bounded discriminant, and this in turn depends on the rank of the 3 - 

class group of a quadratic field, about which very little is known. 

Davenport and Heilbronn [5] were able to circumvent this problem via 

Davenport's work on cubic forms. They set up a correspondence between 

cubic fields of discriminant d and classes of strictly inequivalent, 

irreducible, primitive, integral, binary cubic forms of discriminant 

d , and were able to determine an upper bound for N^CX^p and N^CX^^) 

of the same order of magnitude as their lower bound. They commented 

at this point that the work needed to improve the constants, "would 

not be negligible and would not narrow the gap considerably". In a 

later paper [6] they refined their upper bound technique to produce a 

discriminant preserving correspondence between cubic fields and a 

certain subset of classes of forms and were able to determine the 

precise asymptotic density of such fields (see Lemma 7).
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A different approach to the problem of counting fields was taken 

by Van der Waerden [26] and P. X. Gallagher [7]. Let F^CX) denote 

the set of polynomials of the form F(t) = t + a^t + ... + an 

such that height(F) = max(|a.|) <X and the Galois group of F(t) is 
i

a proper subgroup of S^, and let (X) = Card F^(X). Then Van der 

Waerden showed that E (X) « Xn C, with c = , and Gallagher
n 18n(n!)°

improved this by sieve methods to show that En(X) « X 2log^ Y^X, 

with y - (2nn)~^. These results show that almost all polynomials 

of a fixed degree are irreducible and have Galois group S^.

STATEMENT OF RESULTS AND METHODS. In this dissertation, we 

consider the problem of evaluating Nn(X,G) for fields of degree 

four, i.e. n = 4. Here, we have five separate cases, depending on 

whether the normal closure of the quartic field over Q has Galois 

group : S4, A4, D4, C4, or KL4- These are the only possibilities 

as these are the only transitive subgroups of S4-

We obtain lower bounds for N4(X,S4) and N4(X,A4) by essentially 

following the argument of Davenport and Heilbronn [s] in their earlier 

lower bound estimate for N^fXjS^). If K.$ is,a non-cyclic cubic 

field, then we give a necessary and sufficient condition for a field 

K24 of degree 24, to contain Kj and have Gal(K24/Q) ■ s4- The 

field K24 is then the normal closure of any of its quartic subfields, 

say K4. For fields K3 and K4, related in this way, Heilbronn [13] 

proved a relation between disc(K^) and disc(K4) analogous to 

the result of Hasse [11] for cubic and quadratic fields mentioned 

earlier (see Lemma 1 and equation (17)). These results, together
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with Davenport and Heilbronn’s asymptotic result for cubic fields

enable us to prove

N (X,S ) .
THEOREM 1. lim —-v- - > [4608ç(3)l

X-w x

N4CX,S ) 
lim —-y— > [1536ç(3)] . 
X-w x

In the case of the alternating group A^, the same method is 

used except that we start with a cyclic cubic field K^, and we 

embed it in a field of degree 12, such that GalCK^^/Q) = 

Again, Heilbronn’s relation holds for and any of the quartic 

subfields of (see Lemma and equation (24)). These results, 

together with the result of H. Cohn, mentioned earlier, enable us 

to prove

MX,A,)
THEOREM 3. lim ------?----- > Kn, where K. is a constant.
------------- - 1 1

For the upper bound in the case of the symmetric group S^, we 

start with a non-cyclic cubic field and we need an upper bound

on the number of fields of degree 24 over Q such that

Gal(K2^/Q) = S4, and such that the discriminant of any of the 

quartic subfields of K24 is not too much larger than disc(K3). 

Vie Heilbronn’s relations and other considerations (see Lemmas 3, 4, 

and 5), the problem is reduced to that of finding an upper bound for 

the number of quadratic extensions K^, of K$, subject to certain 
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conditions on the ideal f = discCK^/K^). Since GalCK^/K^) is 

Abelian, can be viewed, via class field theory, as a subfield 

of the ray class field (mod f) over Kg, and, therefore, corresponds 

to a primitive quadratic ray class character (mod f). By means of 

a structure theorem for such characters (see Proposition 14), we 

find an upper bound for the number of such characters, involving 

the 2-rank of the ideal class group of Kg. From these results 

we obtain

V2 4 THEOREM 2. N4(X,S4) « XJ/*log  X.

In the case of A4, the same method is used. We start with a 

cyclic cubic field Kg and reduce the problem of counting the number 

of fields K12j containing Kg, with GaHK^/Q) = A4, and such that 

the discriminant of any of the quartic subfields of K^ is not too 

much larger than disc(Kg), to the problem of counting the number of 

quadratic extensions K$, of Kg, subject to certain conditions on 

the ideal disc(K^/Kg). We prove

THEOREM 4. N4(X,A4) « X log4X.

For the upper when the Galois group is the dihedral group 

of order 8, D4> we view such quartic fields K4 as quadratic 

extensions of their unique quadratic subfield K^. First, we determine 

the form of the ideal disc(K4/K2) (see Lemma 24), and , as in the A4
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and cases determine an upper bound for the number of such 

extensions. This result, together with the fact that we know all the 

quadratic fields, enables us to prove

___N CX,D )
THEOREM 5. Lim x " 1 %% ' "here Kg is a constant.

For the lower bound in the case, we follow the same 

procedure as for the upper bound except that we must insure that for 

a particular choice of the ideal disc(K^/^), there actually is a 

quadratic extension with this ideal as relative discriminant

(see Lemmas 27 and 28). This enables us to prove

N,(X,D )
THEOREM 6. lim ?------ > K,, where K- is a constant.------------- _ X - 3 3

The two remaining Abelian cases can be handled by rational 

class field theory. An Abelian field of conductor f can be embedded 

in the field of fth roots of unity Qf. It therefore corresponds 

to a subgroup of the character group of Gal(Q^/Q) = (Z/fZ) .

For the case of the cyclic group of order four, C^, we therefore 

have to count the number of primitive quartic characters of conductor 

f. Hasse [10] described which f can be the conductor of a cyclic 

quartic field, the value of the discriminant of such a field, and the 

number of cyclic quartic fields with a given discriminant (see Lemmas 

34, 36, and 37). From these results, we construct a generating 

function for the number of cyclic quartic fields which have a
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given discriminant and from this prove

THEOREM 10. - K^, where K4 is a constant.

When the Galois group is the Klein four group KL^ , it is 

easier to go directly to the structure of the subfields of the 

quartic field. Since KL^ has three elements of order 2 , such a 

quartic field has three quadratic subfields. Each of these is 

uniquely characterized as Q(Vd) for some d , and the group 

structure of KL^ gives relations between the d's for the three 

subfields (see the proof of Lemma 31). After several combinatorial 

lemmas to count the number of ways a fixed set of rational primes 

can be distributed between the discriminants of the quadratic subfields 

without affecting the discriminant of the quartic field, we prove

THEOREM 9. Let J(n) = Card{K4 e *H(KL 4) | disc(K4) = n)
a) If n is an integer not of the form m2, 2^m2, 2$m2, or

8 22m where m is a squarefree odd integer, then J(n) = 0 .

b) Let m be a squarefree odd integer. Then

1) J (m2) = 15(3“ Cm)-1 _ %)

2) J(2V) = %(3"(m) _ ij

3) J(26m2) = %(3"(m) - 1)

4) J(28m2) = 3"(m)

where w(m) is the number of distinct prime divisors of m.
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From this theorem, we construct a generating function for the 

number of Klein four quartic fields with a given discriminant, and 

this enables us to prove

THEOREM 7. N^(X,KL^) - K^X^log^X, where Kg is a constant.

In the results for the symmetric 

is a discrepancy of X^log^X between 

which at this time seems unavoidable, 

is known about the class structure of 

chapter, we discuss what the problems 

to be true.

and alternating groups, there

the lower and upper bounds,

The reason is that very little

cubic fields. In the final

are and what we conjecture



CHAPTER TWO

PRELIMINARIES

This chapter contains all the general background results from 

algebraic and analytic number theory that we shall need. Standard 

results are stated without proof, although references are provided. 

Proofs are included where the result is not standard.

Throughout this chapter K, L, M will be a tower of algebraic 

number fields : K C L Ç M.

PROPOSITION 1. Disc(K) > 0 if and only if r2(K) is even, 

where r2(K) denotes the number of pairs of complex conjugates of K.

Proof. See Janusz [16, p. 53].

PROPOSITION 2. Disc(M/K) = Disc(L/K)^M'L^NL/K(Disc(M/L)).

Proof. See Narkiewitz [21, p. 148 Prop. 4.8].

PROPOSITION 3. Assume that L/K is normal with Gal(L/K)

cyclic of prime degree p and let J = disc(L/K). Then,

a) If 3 is a prime ideal in K, prime to 2, and ramifying in

L, then % P 1H S •

b) if is a prime ideal in K, dividing 2, and ramifying in

L, then (v+1) || J , where v denotes the number

of distinct ramification groups in the Hilbert series for

10
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in L/K, and 1 < v £ —----

Proof. See H. Hasse [9, pp. 74-75].

2
PROPOSITION 4. Let a be an element of K\K .
a) If $ is an odd prime ideal in K then S ramifies in 

K(a^) if and only if J divides the ideal (a) precisely to an 

odd power.
b) If % is an even prime ideal in K. say ^^11 2 and 

e^n]| (a) , then does not ramify in K(a^) if and only if there
exists an element a in K such that a = a2 (mod n).

2
COROLLARY 6. Let a be an element of 0 \0„ and let

J = disc(K(a^)/K). Then (a) = 5 SL2 where A is a fractional 

ideal in K and the only prime ideals that divide 61 to a negative 

exponent are prime ideals dividing 2.

Proof. See Hilbert [14, §4 Theorem 4].

By following through the argument in Hilbert's proof of b) 

above, Godwin [8] was able to prove the following extension of b).

PROPOSITION 5. In the notation of Proposition 4 b), let m be 
the largest rational integer such that a = a2 (mod has a 

solution in K and let k be the largest rational integer satisfying
2h + n < 2k and m < 2k. Then disc(KCa^ .
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Proof. Let (a) = TT'TT'j^i TT"^i

where JT runs over all odd prime ideals %dividing (a) to an 

even power, runs over all odd prime ideals 5$^ dividing (a) 

to an odd power, and runs over all even prime ideals 

dividing (a). a^, b^, and n^ are positive integers.

It follows from Propositions 3, 4, and 5, using the notation of 

Proposition 5, that

where runs over all even prime ideals dividing 5 but not 

dividing (a). Therefore, if we let

si = k' î3i r<i-hi rTehA
then (a) =

The second statement of the corollary follows from the fact 

that a. > 0 and b. > 0 but it may be that h. > k. for some i. i — i — 1 1

Let fL be an ideal in K and let G(at) = (0^/ol) denote the 

multiplicative group of residue classes (mod di) which are prime to Q. . 

A character on G (fl.) is called primitive if it is not a character on 

G( £ ) for any proper divisor of 4L . A character x on G(&) 
2 , .

is called quadratic if x is principal.

PROPOSITION 7. Let 6L be an ideal in K. Then, G(dL) has 

a real, hence quadratic, primitive character if and only if 4L has 

the following form:
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dL = f T

where . are distinct odd prime ideals in K , and are distinct

even prime ideals and a^ are integers satisfying 0 <_ a^ <_ 1 + 2e^qC6^) *

Proof. See Narkiewitz [21, p. 250 Prop. 6.6].

PROPOSITION 8. Let 01 be an ideal in K . Then, G(gl) is 

cyclic if and only if one of the following cases holds.

a) 01 S V where h is a prime ideal,

b) 01 = JU2 where is a prime ideal with fK^qCZr) = 1»

c) 01 = for arbitrary n, where is an ideal, prime to 2, 

with fK/Q(î) ■ ^/q(3) = 1»

d) 01 where is a prime ideal, dividing 2 , with

* 1 md * 1­
e) 01 = Jn<$where $ * % are prime ideals with dividing 2, 

dividing p / 2 and if we let f^ = ^2 “

we have one of the following holding:
1) n = 1 and Ç2f2 - 1, p£l - 1) - 1,

2) n = 2 , f1 = 1 and (2f2 - 1, p(p - 1)) = 1,

3) n > 3 , f = 1, e (?) = 1 and (2f2 - 1, p(p - D) = 1. 
— 1 w

Proof. See Narkiewitz [21, p. 249 Theorem 6.2].

PROPOSITION 9. Let 0Z be an ideal in K and let O(01) denote 

the order of G (01). Then, if 01 are distinct

prime ideals in K , we have *(01) =TTnr/q^ ~

Proof. See Lang [19, p. 126].
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PROPOSITION 10. Let B Ç A be finite Abelian groups and let 

C = A/B. Then, any character on A can be expressed as a product 

of a character on C and a character on B.

Proof. First, any character on B can be extended to a 

character on A (see Serre [23, p. 61]). Let x be a character 

on A. Then xD is a character on B which can be extended to 

a character Xg on A such that Xgig - XIg« Then the character 

X„ on A defined by xr(a) = is trivial on B, hence a C 

character on C, i:e. xc(a) = xc(a), where â = a + B, and

X = xBxc

Background on Class Field Theory

The results in this section can be found in Takagi [24], Lang 

[19, Chapter VII §1], Janusz [16, Chapter IV 1], Hasse [9, p. 61], 

and Iyanaga [15, pp. 494-496].

A modulus, or integral divisor f in K is a formal product 

of primes in K, including the infinite primes, of the form

f = TT^i

where a^ are nonnegative integers with a^ > 0 for only a finite 

number of Furthermore, a^ = 0 or 1 if is a real

infinite prime and a^ = 0 if is a complex infinite prime.

We can write f as f = fQfœ where
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fo= rr^i 
finite

f- ' TT-Si, 
infinite 
*w$

We also use H. Hasse's notion of multiplicative congruence

defined as follows. Let a e K*. a = 1 (modXf) if the fractional

ideal > ~ written as a quotient of mutually prime ideals, does 
o

not admit any primes dividing f@ in the denominator, and the

conjugate a. of a associated with the Archimedian valuation

associated with . di,®
We set et = B (modXf)

is positive for all œ dividing 

if a/B = 1 (modXf).

f.

Let CR = The ideal class group of K.

Ig = The group of fractional ideals

I(f) = The group of fractional ideals prime to fQ.

P(f) = The group of principal fractional ideals prime to fQ.

= The group of principal fractional ideals (a) 

satisfying a = 1 (modXf), called the ray or strahl 

(mod f).

Kf = {a e K | a = 1 (modXf)}

K(f) = {a e K | (a) is prime to fQ}

U = The group of units in 0%.

Uf = The group of units u = 1 (mod f).

S(f) = The number of real infinite primes dividing f=

Let i denote the homomorphism K(f) ** P(f) given by

a -*  (a). We have therefore P^ = i(K^) and P(f) = i(K(f)) .

The ray class group (mod f) is defined by = I(f)/P^.
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PROPOSITION 11. 1) C = I(f)/P(f), since each ideal class 

contains an ideal prime to any given ideal.

2) If f is of the form specified above, then 

K(f)/Kf = TV TT {±i>-

h(^f
3) Card (R -- -- ----------

[U:Uf]

Proof. See Lang [19 pp. 125-127].

A subgroup H of IR is called a congruence subgroup if there 

exists a modulus f such that P^ C H C I(f). In this case we say 

that H is defined (mod f). If and are congruence sub­

groups (not necessarily defined with respect to the same modulus), 

then we define if there exists a modulus f such that

HjA 1(f) = a 1(f). The relation ' is an equivalence relation. 

The equivalence classes are called ideal groups and the greatest 

common divisor of all such f is called the conductor of the ideal 

group. Also, if and Hj, are congruence subgroups which are 

representatives of the same ideal group, with H#», defined (mod ^) 

and defined (mod Jtr ) , then I (m. )/H^ = I (Zr)/^ .

PROPOSITION 12. Let H be an ideal group of conductor f in

K with a representative defined (mod f). Then there exists 

a unique Abelian extension L of K satisfying the following: 

a) Gal(L/K) = I(f)/Hf.

b) A pr me ideal 4 in K ramifies in L if and only if 4 |f.
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c) A prime ideal in K, not dividing f, factors into a 

product of distinct prime ideals in L each with the same relative 

degree F, where F is the least positive integer such that-yF e .

d) The correspondence between ideal groups and Abelian extensions 

is order reversing. -

Proof. See Iyanaga [IS, p. 496] and Janusz [16, p. 179].

The field L in Proposition 12 is called the class field associated 

with the ideal group H and f is also called the conductor of L .

COROLLARY 13. The class field associated with the ideal group of 

conductor which has Pf as a representative is the maximal Abelian 

extension of K , ramified precisely at the primes dividing f . This 

field is called the ray class field (mod f).

PROPOSITION 14. A character on Rf can be expressed as a 

product of a character on G(fQ) , a character on C& and a character 

of signature, which is a product of S(f) characters of order 2.

Proof. C- = I(f)/i(K(f))

= [l(f)/i(Kf)]/[i(K(f))/i(Kf)] .

It follows from Proposition 10 that a character on Rf can be written 

as a product of a character on C% and a character on i(K(f))/i(K^). 

Let ker denote the kernel of the canonical map K(f)/K^ ■**  i(K(f))/i(K^). 

Therefore [K(f)/Kf]/ker = i(K(f))/i(Kf) and a character on 

i(K(f))/i(Kf) can be viewed as a character on K(f)/Kf which is 

trivial on ker. It follows from Proposition 11 2), that a character 



18

on K(f)/Kf can be expressed as a product of a character on G(fQ) 

and a character on Tpil} which is in turn a product of S(f) 

groups of order 2. Hence, the result follows.

Let L/K be an Abelian extension of conductor f corresponding 

to an ideal group H with representative Hf defined (mod f).

Let x be a character on Gal(L/K) = I(f)/Hf , hence a character

on Rn which is trivial on H- . Define H to be the maximal t XX
congruence subgroup containing satisfying x(H%) = 1 and we

define the conductor f of x to be the conductor of the ideal

group with representative .

As usual we let G denote the group of characters on the group G.

PROPOSITION 15 (Conductor - discriminant formula). Let L/K 

be an Abelian extension of conductor f . Then

f = L.C.M. f
X e Gal(L/K) X 

and 

disc (L/K) = IT f .
X c Gal(L/K) *

Proof. See H. Hasse [9, p. 38].

Proposition 16. . Let L/K be a cyclic extension with <t> = 

Gal(L/K) . Let M/L be an Abelian extension which corresponds, as 

in Proposition 12, to an ideal group H . Then
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a) M/K is normal if and only if t(H) = H.

b) M/K is Abelian if and only if the cosets of H are 

invariant under t.

Proof. See H. Hasse [11, pp. 572-573].

PROPOSITION 17. Assume L/K is normal. Let x be a character 

on Gal(L/K) and let L(s, x, L/K) denote the Artin L - function 

associated with x- Then the following properties hold.

a) L(s, x, L/K) is regular for Re s > l.

b) If xo is the principal character then L(s,x , L/K) = çK(s) 

where is the Dedekind zeta function for K.

c) If x^j Xg are characters on Gal(L/K), then 

L(s, X| + %2» L/K) = L(s, x^» L/K)L(s, x^' L/K).

d) If M/K is also normal and x is a character on Gal(L/K), 

viewed as a character on Gal(M/K), then L(s, x, L/K) = L(s, x> M/K).

e) If M/K is normal and x  is the character on Gal(M/K) 

induced by a character x on Gal(M/L), then L(s, x>  M/K) = 

L(s, x, M/L).

*

*

Proof. See Lang [19, p. 233] and Artin [2] and [3].

PROPOSITION 18. Let K^ (1 < i < n) be algebraic number 

fields of degree n^, discriminant d^, and let ç^(s) = (s).

If, for some set of rational integers a^, ... , a^, we have 

TT ç. (s)ai = 1 for all s 6 t then it follows that TT = 1. 
i=l 1 i“i
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Proof. The functional equation for ç^(s) is

(1) = 

where rl^i^ = number of real conjugates of

r2^P " the number of pairs of complex conjugates of IC

A. = 2-i2^i\-^i|d.^.

Combining (1) on one side of the equation and raising to the

a.th power, we have, for all s e (f

[rlsf] qfs)
- 1.

Multiplying these together for all i we get

(2)

air2(Ki)

fr ^(s)ai 

i = l 1

TT 
i = l

1 .

Since, by the hypothesis of the Proposition, we have

JT c(s)ai = TT 5Xl-s)*i  = 1 for all s e $
i=l 1 i=l 1 

it follows that (2) becomes
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n 2s-l
(3)

1=1

r(f) 
rc^)

for all s e $ .

and

the

has

(4)

and

(5)

n
E a.r.(K.) 

1=1

n 
£ a.r-(K.)

i=l . i

Now r(s) has poles at the negative integers and is regular

is non-zero at s 1, 2, and 3/2 . At s = -1, all

terms in (3) are regular and

a pole. Therefore

n

1=1

(4) becomes

n 2s-l

At

except

(6)

and (5)

1=1 r(^)

non-zero except r(s) which

= 0

n 
£ 

1=1 1 for all s e $ .

s = -2, all the terms in (5) are

rCj) which has a pole, hence

n
I a.r^K.) = 0

i=l 1

becomes

2s-l

1=1

On taking s = 1 , we get

n
(7)

1=1

regular and non-zero

1 for all s e $ .

= 1 .
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It follows from the fact that = r^CK^) + 2r2CKp and 

from (4) and (6) that

n
(8) ' I a.n. = 0 .

i=l

It follows from (8), (4), (6), and (7) that

i = fr |d. = fr l^i •
i=l 1 i=l

After squaring on both sides we obtain

(9) 7T' KlW - %
where TT runs over all i such that a-^OC) is 

even and fT runs over all i such that a^r^^) 

is odd.

If a^ is even then | dj ai = da^ and if r2 (K^) is even 

it follows from Proposition 1 that d^ > 0 hence |d^|ai = dai . 

But if a^r2(K^) is odd then d^ < 0 and |d^|ai = (-d^ai) .

Therefore, (9) becomes

(10) TT^ TTC-d^i = 1 .

We can break up the sum in (10) as follows

X'a_r2(Ki) + X air2^i^ = 0 

r m
where and are as in (10) . 

t It
Since ai^^i) is even, it follows that I a^r2(^^) is 

even and since each term in the second sum is odd, it must consist 

of an even number of terms. It follows that there are an even
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number of terms in f| (-<L) ai in (10) , hence (10) becomes 

n 
TT = i . 
i=l

Let h(K) denote the class number of K , R(K) the regulator 

of K , and W(K) the number of roots of unity in K .

PROPOSITION 19. h(K)R(K) < c|d|^ loga~l|d| :

where d = disc(K)

n = [K:Q]
and c = eVn(—+ l/log[d|)n+1W(K) . 

2?
In particular for |d| _> 5

h(K)R(K) 
W(K)

| d | log11-11 d |

Proof. See Lavrik [20] .

PROPOSITION 20. If n = [K:Q] 2 and d = disc(K) then,

h(K) < ------- logn~l|d| + b|d|logn~2|d|
“ 2^(n-l)!

where b depends only on n .

Proof. See Landau [17, pp. 95 and 91] .

PROPOSITION 21. Let [K:Q] = n and d = disc(K) , then ^(s)

is regular for Re(s) > 1 - 1/n except for a simple pole at s = 1 

with residue
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W(K)|d^

Proof. See Lang [19, p. 161] .

As usual, we shall let s = a + it. 

oo a
PROPOSITION 22. Let f(s) = £ — be a Dirichlet series 

n=l ns
with a. > 0 which is regular for a > n > 0 , except for a simple i —
pole at s = n with residue r and assume further that for

If 
we have f(s) « t for some fixed k . Then,

V a = - X + o(X). 
n<X n n

Proof. See Landau [18, p. 874].

The narrow class group of K is defined to be the quotient 

of the group of ideals modulo the group of totally positive principal 

ideals.

PROPOSITION 23. Let K be a quadratic field of discriminant 

d . Then the 2 - rank of the narrow class group of K is 

w(d) - 1 , where w(d) is the number of distinct prime factors 

of d.

Proof. See Narkiewitz [21, p. 394].

PROPOSITION 24. Let K be a quadratic field and let h+(K) 

denote the narrow class number of K . Then h+(K) = h(K) unless 

K has positive discriminant and the fundamental unit of K has
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norm 1 . In this case h+(K) = 2h(K).

Proof. See Narkiewitz [21, p. 107].



CHAPTER THREE

QUARTIC FIELDS WHOSE NORMAL CLOSURE HAS SYMMETRIC GALOIS GROUP

In this chapter we shall prove

<(X,S )
THEOREM 1. lim - — > [46085(3)]
------------- x -

N:(X,S )
lim 4 „ ■ 4- > [15365(3)]

and
z/2 4THEOREM 2. N^CX.S^) « X ' log X .

The proofs of these results will require several lemmas and

preliminaries.

It follows from elementary group theory that a portion of the

lattice of subgroups of S^ is as follows:

(11)

E

Id

?4

?3

where A4 = {1, (123), (132), (124), 
(142), (134) , (143), (234) , 
(243), (12)(34), (13)(24), 
(14)(23)}

D4 = {1, (14), (23), (12) (34), 
(13)(24), (14)(23), (1243) 
(1342)}

S3 = £1, (12), (13), (23), (123), 
(132)}

C4 = {1, (1243), (1342), (14)(23)} 

W4 = {1, (14), (23), (14) (23)} 

V4 = (1, (12) (34), (13) (24),

(14) (23)}
26
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E2 = {1, (14)(23)} 

C2 = (1, (14)}.

Remark. The complete lattice can be obtained by observing that 

D . C . W, and E_ each have three conjugate subgroups ; S_ and C_ 4 4 4 2 o j
each have four conjugate subgroups ; C2 has six conjugate subgroups ; 

and A4 and V4 are normal subgroups.

If we let K24 e H(S4), then, via Galois theory, we have the 

following correspondence between subgroups of S4 and subfields of 

%24'

K24 -w Identity K4 -w- S$

(12) H6 «• V4 K3 « D4

^"4 Q « s4

where the subscript on the field indicates the degree of the 

field over Q.

It follows from (11) that is a non-cyclic cubic field 

with normal closure and K4 is a non-normal quartic field with 

normal closure K24, i.e. K4 c H(S4).

Let d, = disc(K,) o o
d4 = disc(K4) 

dj = disc(Kj).

LEMMA 1. d, = d_d . ....— O 0 4

Proof. Let be the simple characters of

s4> the number of which is equal to the number of conjugacy classes 

on S4, with Xj the principal character, and let t|>4, resp.
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be the characters on induced by the principal characters on

Sg, re$P"

The character table for is as follows (see Heilbronn [13, 

pp. 232-239] and Lang [19, p. 236]).

Conjugacy classes X2 X3 x4 x5 *3 *6 A
Identity 1 1 2 3 3 3 6 4

(12)(34) 1 1 2 -1 -1 3 2 0

(123) 1 1 -1 0 0 0 0 1

(12) 1 -1 0 1 -1 1 2 2

(1234) 1 -1 0 -1 1 1 0 0

It follows from the table that

(13) Xi + 6  = 3  + ^4'* *

By Proposition 17 b) and e), the L - functions associated 

with Xp *5»  Vy ^4, resp., are the Dedekind zeta functions S(s), 

ç (s), ç (s), ç (s) for the fields Q, K,, K , K resp. By 
&3

Proposition 17 b) and (13), it follows that

5(5)^ (s) = çK (s)çK (s) for all set. 
0 K3 K4

Proposition 18 implies that d$ = d^d^.

LEMMA 2. d3d4 > 0.

Proof. Let = Q(61), and let 8^, 8^, Qy 84 denote the 

conjugates of 8^ over Q. Since Kg is the fixed field of 

(see (11) and (12)), it can be generated over Q by the element
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*1 ” + 6293" 7116 conjugates of are - 9^2 +@384

and 4,3 =

We have three cases depending on the number of real and complex 

infinite primes there are in K^.

a) rx(K4) = 4 and r^K^j = 0. Therefore, 8^, 8^, 8^, 8^ 

are real, and so 4^ and its conjugates are real; hence r^CKp = 3 

and r2(K3) = 0.

b) rx(K4) = 0 and = 2. Without loss of generality,

we may assume that 8$ = 8^ and 84 = 82> whence + 91Q2,

* = 0X + X8^ and = 8-X + Mo are real; hence r.(K ) = 3 2 12 1 Z u 11 6 6
and r2 j = 0.

c) r-^Kp = 2 and r2 ^4j = 1. Without loss of generality, 

we may assume that 8^, 82 are real, and that 84 = 8^. Therefore, 

= 0182 + 8363 is real, and ^2 = 6103 + 8263, 3  = 8^83 + 9263 

are complex conjugates; hence r^(K3) = 1 and r2(K3) = 1.

*

Therefore, we have the following table for the possible values

of rx(K4), r2(K4), r^^) and

TjCV ^1X3)

4 0 3 0

(14) 2 111
0 2 3 0

From this table, we see that r2(K4) = r2(K3) (mod 2) and 

therefore, by Proposition 1, d^&4 > 0.

The following three lemmas give a necessary and sufficient 

condition for a field to lie in *H(S 4).
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LEMMA 3. Let eUCSp, and let K^, be the subfields

described in the correspondence preceding Lemma 1. Then, there exists 

b e OK^{Z U 0^ } such that = K^Cb^) and K24 = H$(b^, bj), 

where b^ is a conjugate of b over Q.

Proof. K, contains K„ and [K,:K_] = 2, hence K = K-(b^) O O Ou D D
2

for some b e K3\K3- Without loss of generality, b e 0% . If 
V 3

b e Z, then contains the field Q(b2) and, since by (11) 

contains a unique quadratic field which must correspond to A^, this 

contradicts the fact that A^. Hence, b / Z. Let 

K = H^(b^, b^), where b^ is a conjugate of b over Q. Since 

K24/Q is normal, we have K C K24, and since [K:H^] = 4 = [K24:H^], 

we must have K24 = K.

. LEMMA 4. Let

closure H and let

K be a non-eyelie cubic field with normal
9 V 3<b £ OA (Z \J 0^}. Let L = H(b2, b?), where K x K 1

bj is a conjugate of b over Q. If L/Q is normal, then

GalCL/Q) = S4-

Proof. Let b2 be the third conjugate of b over Q. As 

±b^, ±bp ±b2 are all the conjugates of the generators of L over 
t t k

Q, the elements of Gal (L/K) must map the set {b , b£, b^ 
injectively into the set {±b^ ,ibj ,±b^}. We will map elements of 

S4 into the set of these maps and, in this way, establish an isomorphism 

between S4 and Gal(L/K). Since S4 is generated by the 2 - cycles, 

it suffices to define this isomorphism on the 2 - cycles, and extend 

by multiplicativity. The following table defines this map, indicating
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U
for each 2 - cycle in where the set {b , bp bp is mapped.

(12) (13) (23) (14) (24) (34)

' b^ b2 bh -b2 -bï

4 b^ -b2
v

-b2
□* "2 b^ -bl -b^ b2

L. Therefore, it follows that

N /n(b) is not a square in Z, K/y

This map was constructed as follows. Permutations of the 

elements b^, bp b^ in this order, correspond to the obvious 

elements of S$ embedded in as permutations of the symbols 1, 

2, 3. Once we fix the image of (14), the other two are determined 

by the fact that (14) (12) (14) = (24) and (14) (13) (14) = (34) .

LEMMA 5. Let K, H, L, b, bp and b2 be as in the previous

lemma. Then, L/Q is normal if and only if ^k3/q is a square

in Z

Proof. Assume that N& ^(b) = bb^b^ 2 c with c e Z. Therefore

(15)

H/Q is normal by assumption, and it follows from (15) that
J, C V lx

Q(b , bp/Q is normal. Therefore, L = H(b2, b2)/Q is normal, being 

the compositum of two normal fields.

Conversely, assume that L/Q is normal. By normality, b2 lies

in

If

N .-(b)"1 = b^b^b^ lies in L. iv X 1 A
Nv/n(b)^ generates a quadratic

subfield of L, which must be the fixed field of A^, since, by Lemma

4, Gal(L/Q) = S4. So, N^q^)^ must be fixed by precisely by the
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elements and no others. But the element (12) e corresponds,

via Lemma 4, to the automorphism

b^b”5

and this automorphism fixes NK/q(bA This contradiction implies

that NRyqCb) is a square in Z.

LEMMA 6. Let K_ be a non-cyclic cubic field of discriminant d . .........  3 ° 
Then, there exists a field eH(S^), such that, if is any of 

the quartic subfields of and d^ = disc(K^), then |d^| <^2 |d^|.

Proof. Let u be a fundamental unit of and let K$ = K^Cu5). 

It follows from Proposition 4 a), that no odd prime ideal in Kg can 

ramify in K,. Let % be an even prime ideal in K_, and assume 

that ramifies in K$. If we let J = disc(K^/Kg), then it 

follows from Proposition 3 b), that there exists v in the range 

1 £ v £ S"ch that

We have five cases, depending on the way in which 2 factors 

in Kg.

a) 2 = .
Here, e^(^) = 1, f^C^) = 3; hence v < 2 and |NK/Q( 1v+1) | 

< 29.

b) 2 = %-3.

Here, eK/Q(^) = 3, ■ 1; hence v < 6 and In^qC V* 1) I .
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c) 2 = °^3‘

- 1, fyq(°ki) • 1;

d) 2 » W­

Here, eR /qC^) = 1» fK /Q^l^ = 1;

hence

hence v, < 21 —

and

and

1%/qCV J i2 - 

\/q( %2) = !• ■ 2:

< 2\

V2 - 2, and

e) 2 = % ft2
2*

Here, ®K3/Q = 11 fK3/Q(*̂l^  = 1; hence <_ 2, and

'K3/Q^2^ = 2’ fK3/Q^2^ = 1J h®nce 

2

v2 - 4> and |^^(^2^)!

If contains any even primes, as given by these cases, we

see that

(16) |Nyq(^)| 1 29.

L V
Now, let K_. = H,(u , uf), where H- is the normal closure 24 o 1 O

of Kg, and is a conjugate 

we may replace u by -u and,

of u over Q. If nk3/q (u) = -1,

therefore, we may assume that

NK /qM ~ 11 hence a square in

Lemma 5 implies that K24/Q 

that Gal(K24/Q) = S4, i.e. K24

Z.

is normal, and Lemma 4 implies

e-H(S4).

i

Let d4 = disc(K4), where K4 is any of the quartic subfields
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of Kg4 (they are all conjugate, hence they have the same discriminant), 

d, = disc(K,), and J = disc(K-/K ). Lemma 1 implies that d = d dO O O u O 0 4
and Proposition 2 implies that

(d6) = (d^2^/).

Putting these together, we have

(17) (d4) = (d^) N^/q(J).

and from (IS) we have

d4

LEMMA 7. N*(X,Sp  = [12ç(3)]-1 X + o(X)

N~(X,Sp = [ 4 ç (3) ]-1 X + o(X) .

Proof. This is the result of Davenport and Heilbronn [6].

Proof of Theorem 1. It follows from Lemmas 6 and 2 that, for 

each non-cyclic cubic field K$ of discriminant dj, satisfying 

0 < dg < 2-9 X, resp. O>d^^ -2-9 X, we get a field Kg4 e ^(84), 

any of whose quartic subfields, K4, has Kg4 as its normal closure, 

and discriminant d4 satisfying 0 < d4 £ X, resp. 0 > d4 £ -X.

It follows from Lemma 7 that the number of non-cyclic cubic 

fields with [d_| < 2 9 X is

[2912%(3)]~lx + o(X) if d3 > 0 

[29 4 ç(3)]"1 X + o(X) if d3 < 0.
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Now, we get the same field from each of its three cubic 

subfields, and each field K24 gives four quartic subfields. 

Therefore, we have

N4(X,S4) < [2912ç(3)]“1 |x + o(X) 

and
N~(X,S4) < [2^ 4C(3) J"1 |x + o(X)

and the result of Theorem 1 follows.

We now turn to Theorem 2.

Let K4 eK4(S4), K24 = K4, a cubic subfield of K24, 

the sextic subfield of K24 containing and corresponding, 
as specified in (11) and (12), to W4, and let 5 = disc^^/K^).

Also, let d3 = disc(K3) and d4 = disc(K4).

It follows from (17) and Lemma 2, that

Therefore, if we let

d4 '

(18) M(K3,X) denote the number of sextic fields of the form 

K6 = K3(b^), where b e 0K \ (Z U 0R }, is a

square and |N& /Q(disc(Kg/K3))| < X.

it follows that

(19) ^(X.Sj) < | I M(K3,X/d3)
K3

where the sum rums over all non-cyclic cubic fields

K3 such that d3 = |disc(K3)| £ X.
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This follows because, for each K$ counted in M(K3>X/dj), we 

get a field in Ü(S^), with four quartic subfields, each of 

which has discriminant less than or equal to X in absolute value, and 

we get the same field from each of its three cubic subfields.

The following two lemmas describe the possible ideals that 

can occur as discCK^/K^).

LEMMA 8. Let
7b e 0„\ {ZVOz } k3 &3

K, = ThenO 0

be a non-cyclic cubic field, let

with a square in Z, and let

nk3/q (disc(K6/K3)) is the square of an ideal in Z.

Proof. It follows from Corollary 6 in Chapter Two, that

(b) = <n,2disc(K6/K3), where ft is a fractional ideal in Kg.

The conclusion of the lemma follows by taking norms, and by observing 

that, since (b) is an integral ideal, primes in the denominator 

of 61 are cancelled by primes dividing disc(K6/K3).

LEMMA 9. Let K3 and be as in Lemma 8, and let 

= disc(K6/K3). Then <T must be of the following form:

5 -

where JT 

with p -

runs over all odd primes p 

î î L and the two primes

dividing N& ) 

in the product

can be any two of these primes, runs over all odd

primes p dividing NR ) with p = d j d 2
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and

in K

primes

and fR yg( 5X) = 2, | 

p dividing nk/qC^)

runs over all odd

with p = ^2 in K3

i,j,k = 0, 2, or 3 if 2 = W* 3 in

Ï = 0, 2, or 3 if 2 = in K3

«L1 i = 0, 2, 4, 5, if 2 = V in K
6, or 7

•t* «Û i = 0, 2, or 3 if 2 = in K,
1 Z j = 0, 2, 4, or 5

i,j = 0, 2, or 3 if 2 = in

with = a square of an ideal in Z.

Proof. K, is a quadratic, hence Abelian, extension of K_, of ... o °
conductor 5 , hence, by Proposition 15, conductor(K^/Kp = disc(K^/K3).

Therefore, can be viewed as a subfield of the ray class field 

(mod J ) of Kg and, therefore, corresponds, via the isomorphism

between a group and its character group, to a quadratic ray class 

character of conductor 5 . By Proposition 12, such a character can 

be expressed as a product of a quadratic character on the class 

group of Kg, a character of signature, and a primitive quadratic 

character on G(^). Primitivity follows from the fact that a 

character on G(J ) is primitive modulo its conductor.

It follows from Proposition 7, that 5 must be of the form

(20) 5 %r

where the S.’s are distinct odd prime ideals in Kg and

the ^'s are distinct even primes in Kg with the a^’s
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integers satisfying 0 £ a^ 1 + 2e%

If £ is an odd prime, then, by Proposition 8, G(?) is cyclic

and ) is even; therefore G($) has a unique quadratic

character.

We have five cases, depending on how 2 factors in Ky

a) 2 =

Here, eK = 1; hence 

is a^ = 1, since = 

quadratic characters.

0 < a. < — 1 —

1, and so

3. The only case ruled out

has no primitive

b) 2 -

Here, = 1;

case ruled out is a^ 

c) 2 =

Here, e^C^) = 3;

hence O < a, < — 2 — 3. As in a), the only

= 1, since = 7.

hence 0 < a, < 7. As in a), the case — 1 —
2

a^ = 1 is ruled out since = 1- By Proposition 8, G(
3 3and GC^-p are cyclic; hence GC*̂)  has a unique non-trivial

quadratic

quadratic

quadratic

and those

character which must come from the unique non-trivial
2 3character on GC'Vp. Therefore, G(«^p has no primitive 

characters, and we can rule out a^ = 3. In this case, 

following, the cases we cannot rule out are because

there exists an Abelian group of the correct order with a primitive

quadratic character. Nothing is gained, at this point, by enumerating

the large number of cases, in that we will not need to know precisely

how many cases actually occur.

d) 2 =

Here, eR /qC6^) = 1; hence 0 £ a^ £ 3 and this is case a),
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while eK = 2> hence 0 < a^ < 5, and these

case c).

e) 2 = with = 2'

Here, e = 1; hence 0 .< a.. <_ 3, and this isKg/ x 1 ±

e /n(<7) = 1; hence 0 <_ a2 < 3, and the only case Kg/X * ■

are covered in

case a), while

ruled out is

a2 1 since = 3*

Now, by Lemma 8, NR /q(£ ) is the square of an ideal in Z,

and so each prime power component of N& must be a square.

The terms listed in the statement of the lemma are the only possibilities 

satisfying the above considerations, equation (20) and whose norm 

is a square.

In order to evaluate M(K3,X), we must now determine, for a 

given ideal 3*  of the form specified in Lemma 9, how many sextic

fields K, containing K_ there are with disc(K_/K_) = / O u v O and

« X This is provided by the next three lemmas.

LEMMA 10. Let be a non-cyclic cubic field of discriminant 

d3, and let <f be an ideal in K3 of the form specified in 

Lemma 9. Then, there exists a constant D(K3), bounded independent

of K3, such that, if B(X) 

characters on G(<f ), with

is the number of primitive quadratic

^K3/Q (J)| X, then

D(K.)R(K-)h(K ) ,
Be*)  —rr—-% -Jd3|^WCK J
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Proof. Let h(n) be the number of primitive quadratic

characters on G(^), with - n. Then,

B(X) = X h(n). 
n<X

Let f(s) = I • 
n=l n

We proceed to construct the Euler product

for f(s).

Let p be an odd prime dividing 

have three cases, depending on the way
nk3/q By Lemma 9, we

p factors in Kg.

a) P - $23 3. Here, there are three ways of choosing

$2 divide 4 

contribution of these

b) p = 3 ^2-

! I = P2- Hence, 
3 

primes to the Euler product is —.
P2 

Here, there is only one way of choosing

and we have |N% /qCJ the

3^ with

Hence, the

c) p

2 to divide d and we have |Nr

contribution to the Euler product is —.

= 32. Here, there is only one way of choosing

divide J and we have |N& = P ■
1the contribution to the Euler product is —•

1*2 Hence,

The even primes, being finite in number, each occurring to

a bounded power by Lemma 9, and, hence, having a finite number of 

quadratic characters, contribute a factor k(s) to the Euler 

product which is regular, non-zero and bound at s = %, independent

of Kg. Therefore, we have

f(s) = k(s) TT' [1 + -^] TÏ El + -57] Tf [1 + -57] 
PPP

1

2

P
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where Jf runs over all odd primes p such that 

p = ^^2^3 in K3j T^1 11,113 over all odd primes 

p such that p = £ in K3> iT runs over all 

odd primes p such that p = $ j $ 2 ^3 *

In order to evaluate the pole at s = ^, we consider

SK (2s)
fi(s) = —-— = j(s) n [i + -57] if [1 + +

Cr (4s) p2S p S P

TT [1 + Tf [1 + TT +
ppp

where ]T runs over all odd primes p
3

such that p = 3

in Kg, and ff runs over all odd primes p such that 

p = in Kg and

[1 + ---^1 + -kJ
2S 2

j(s) =

if 2 = ^3 in Kg

if 2» in Kg

if 2 = g2 $2 in K3

if 2 = S3 in Kg

if 2 = £ in Kg.

It follows that

g(s) _ f(s) _ k(s) -rr'
• f^s) ■ j(2s) II rr”p6%3p4s[1 +
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and each factor is regular and non-zero at s = %. By

Proposition 21, (2s) has a simple pole at s = %, with residue
o 

where
2r1^3^ (2n)r2CKs)R(K3)h(K3) 

p = ---------------------- -----%----------  '
W(K3)|d3P

Therefore, f(s) has a simple pole at s = with residue 

^g(^)[£ (2)]-1p. The result of the lemma follows from Proposition 
K3

22, with

d(k3) = wk'd * 1 jf [i * 4-f1 tT" ci *
J Ji ' p +3p p r

x tt"" ci * if1 tT" ci - - Vf1 .
P p3 çK (2)

N3

Boundedness follows from the fact that

j(l) > 9/8

k(^) « 1 (absolute constant)

i i IT Ci ♦ ^3 < IT Ci *
p +3p p p +3p

1 £ "IT [1 + -y-1 1 TT [1 + -y-1 
PPP

1 iTt" [1 41

nr1 [i*ij

i i Tf [i * V) 1 TT [i *
PPP 

, -3
1 i CK (2) 5 TT [1 - -V

3 p p
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ri(K,) 1 3 

< 1.

LEMMA 11. Let
Then, 2^2« \d^

be a cubic field of discriminant 3*
(absolute constant), where h^(^) is the

2-rank of the class group of Ky

Proof. It follows from Proposition 20, that for a cubic

field Kg, h(Kg) « dg log dg (absolute constant), where 
dg = disc (Kg). Now, we have 2^2 ^3^ £h(Kg), with equality­

occurring only when the class group is a product of groups of order

2, and, therefore, the result of the lemma follows.

LEMMA 12. Let Kg be a non-cyclic cubic field of discriminant 
dg. Then, M(Kg,X) « |dg Jlog41dg| (absolute constant).

Proof. As stated in the proof of Lemma 9, each sextic field

Kg, counted in M(Kg,X), corresponds to a product of a quadratic 

character on the class group of Kg, a character of signature, and 

a primitive quadratic character on G(f ), where J = disc(Kg/Kg). 
The number of quadratic characters on the class group is 2^2^3^, 

including the principal character, which, by Lemma 11, is 
« Idgl^log2|dg|. Kg has at most three real infinite primes; hence 

there are at most 2 characters of signature. The number of 

primitive quadratic characters on G(^), with |N& /q(^)| £ X 

is, by Lemma 10,

D(Kg)R(Kg)h(Kg)

IdgI(Kg)
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2 p.
which is < D(K3)log |d3[X2, by Proposition 19 and the fact that

|d3l > s. Therefore, the result of the lemma follows.

Proof of Theorem 2. It follows from Lemma 12 and equation (19) 

that

N4(X,S4) < I M(K3,X/d3) 
K3

where the sum runs over all non-cyclic cubic fields of

discriminant d3, with |d3| <_ X.

Therefore, it follows from Lemma 12, that

« I (X/d3)%|d3flog4|d3|
K3

X
= X^ log4t d[N3(t,S3)J 

r

which, by Lemma 7, is
X

V f A
<< X log t dt

1
(absolute constant)

log4X .



CHAPTER FOUR

QUARTIC FIELDS WHOSE NORMAL CLOSURE HAS ALTERNATING GALOIS GROUP

In this chapter we shall prove

N/X,AJ n
THEOREM 3. lim----- r---- > ---- 77T Ci = 03*
------------- X5 *

where (q+2)(q-l) 
q(q+l) = .28 ...

and

4
THEOREM 4. N^CX.A^) « X log X.

The proofs of these results will require several lemmas and 

preliminaries.

It follows from elementary group theory that the lattice of

subgroups of A^ is as follows

where(21)

and

Id

E2

V4 = {1, (12) (34), (13) (24), 

(14)(23)}

C3 = {1, (123), (132)}

E2 = {1, (12)(34)}
! 1» HI

C3, C3, C3 are the con­

jugates of C3
t it .

D2, D2 are the conjugates 

of D2 -

is normal.
45
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If we let K12 e"H(A4) then, via Galois theory, we have 

the following correspondence between subgroups of A4 and subfields 

of .

Kl2 Identity K4 *+  C3

K6 "E2 K3"V4

where the subscript on the field indicates the degree 

of the field over Q.

It follows from (21) that is normal, hence cyclic, cubic 

field and K4 is a non-normal quartic field whose normal closure 

is K12 , i.e. K4 e-K4(A4).

Let d, = disc(K,) O o
d4 = disc(K4) 

d3 = discfKg).

LEMMA 13. d, = d„d.. .- ■ " O o 4

Proof. Let xp X2» X3> X4 be the simple characters on A4 

and let ^3, ^4, resp. be the characters on A4 induced by 

the principal characters on V4 , , E2 resp.

The character table for A4 is as follows (see Heilbronn [13, 

pp. 232 - 239] and Lang[19, p. 236]).

Conjugacy classes x^ X2 X3 X4 ^4 *5

Identity 111 3 3 4 6

(12)(34) 1 1 1-13 0 2
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2 (123) 1 p p 0 0 1 0
2(132) 1 p p 0 0 1 0

v 3 iwhere p = 1.

It follows from the table that

’ Xi + *6  = *3  + *4.

By following the reasoning in the proof of Lemma 1 , we find that 

ç(s)ç„ (s) = x, (s)£ (s) for all s e t 
K6 K3 K4

where ç(s), ç„ (s), ç„ (s), (s) are the Dedekind zeta functions
K6 K3 K4

for the fields Q, K^, resp., and it therefore follows 

from Proposition 18 that

d6 * d3d4 '

LEMMA 14. If K4e ^(A^) then disc(K4) > 0.

Proof. Let = K4 , be the cyclic cubic subfield of

K12 and let K4 = Q(81) . Let 91, e2> 8^, 84 denote the conjugates 

of 8j over Q . Since is the fixed field of V4 (see (21)), 

it can be generated over Q by - 8^84 + 8^63 . As in the proof of 

Lemma 2, we are led to Table (14) . But K3/Q is cyclic of 

odd degree, hence it must necessarily be a real field and, therefore 

the second line of the table cannot occur. It follows from the 

other lines of the table that r2(K4) is even and so, by Propo­

sition 1, disc(K4) > 0.
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The following four lemmas give a necessary and sufficient 

condition for a field to lie in

LEMMA 15. Let eH(A4) and let K6 be the

subfields of described in the correspondence preceding 
2Lemma 13. Then there exists b e (ZUO„ ) such that 

, j, i 3 3
K, = K,(bt and K-, = K.(b\ b^), where b is a conjugate of

b over Q .

Proof. Kg contains K$ and [Kg:K3] = 2 , hence Kg = Kj(b^ 

for some b e K^\K^ . Without loss of generality we can take 

b e 0K . Now b | 2 since Kg has three conjugate subfields 

over Q and K^/Q is normal. Since K^/Q is normal, K^ 

contains the conjugates of b , say b, b^, and b2 • Therefore, 
K = K3Cb\ b^ is a subfield of Kir Since b^ K^b^), it 

follows that [K:K3] = 4 = [K^:^] and,therefore, K12 = K.

LENMA 16. The group A^ is the only non-Abelian group of 

order 12 with a unique 2 - Sylow subgroup (necessarily of 

order 4).

Proof. See Rotman [22, p. 41].

2
LEMMA 17. Let K be a cyclic cubic field, b e 0K\ {2 U 0%} 

and let L = K(b\ b^) where b^ is a conjugate of b over 

Q . If L/Q is normal, then Gal(L/Q) = A4 .

Proof. Since K is a normal cubic subfield of L , it

follows from Galois theory that Gal(L/Q) is a group of order 12 
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with a unique 2 Sylow subgroup, since they are all conjugate.

Therefore the result follows from Lemma 16.

LEMMA. 18. Let K, L, b and b^ be as specified in Lemma 17.

Then L/Q is normal if and only if is a square in Z .

Proof.

assume that

Let b2

NK/Q^

be the third conjugate of
2= bb^b2 = c with c £ Z

b over Q and

Therefore,

(22)

Since b Q, we must have K = Q(b) and so L = Q(b2, b^) • 

It follows from (22) that b2 e L and so L/Q is normal.

Conversely, assume that L = K(b ,bp and that L/Q is 

normal. Normality implies that b2 lies in L, and,therefore,it 
follows that [N%yQ(b)]% = b^^b2 lies in L . If NRyq(b) is 

not a square in Z then ^^(b) l'5 generates a quadratic subfield 

of L , which, by Galois theory, must correspond to a subgroup of

of order 6 . This contradicts the fact that A4 has no 

subgroup of order six and the result follows.

LEMMA 19. Let Kg be a cyclic cubic field of discriminant 

dg . Then there exists a field a ^^4) such that if K4 is

any of the quartic subfields of and ^4 = dis^^), then 
g 

<4 : <3 -
Remark. Kg is real hence disc(Kg) > 0 and K4 e K4(A4), 

hence, by Lemma 14, disc(K4) > 0.
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Proof. Let u be a fundamental unit of and let

K. = K_(u\ 
O D

ideals in 

the even prime

It follows from Proposition 4 a), that no odd prime 

can ramify in K^. By following the argument for 

ideals in the proof of Lemma 6 we find that

(23)

Now, let

q 
|NK3/Q(disc(K6/K3,)| <2 .

K12 - X3(ud, u^), where ux is a conjugate of u

over Q. If

we may assume

N_ /n(u) = -1, we may replace u l 

that /q(u) = 1, hence a square

by -u and, therefore,

in Q.

Lemma 18 implies that K^/Q is normal and Lemma 17 implies

that Gal(K12/Q) = A^, i.e. K12 eH(A4).

Let K4 be any of the quartic subfields of 

d4 = disc(K4). Also, let d^ = disc(^) and J 

Lemma 13 implies that d^ = d$d4 and Proposition

&12 and let 

= disc(K6/K3).

2 implies that

2
(d«) - cds)

Putting these together, we have

(24)

and from (23) we have

9
d4 1 2 d3‘

LEMMA 20. N,(X,SJ = * o(X)
d io i
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Proof. This is the result of Harvey Cohn [4].

Proof of Theorem 3. It follows from Lemma 19 that for each
-9 cyclic cubic field of discriminant d^ satisfying d$ £ 2 X, 

we get a field any of whose quartic subfields

lies in , and if d^ = disc(K4), then we have d^ X.

It follows from Lemma 20 that the number of cyclic cubic fields
-9with discriminant less than 2 X is

^C,2~^ X^ + o(X) . 
io 1

Now, for each field we obtain four distinct quartic 

fields, hence we have

N4(X,A4) > + O(X^.

This proves Theorem 3.

We now turn to the proof of Theorem 4.

Let K4 e*K(A 4), K12 = K4, K3 the cubic subfield of 

and the sextic subfield of corresponding, via Galois 

theory and (21), to . «

We have the following partial lattice of subfields of K^-
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52

K3

* M
s

where K6 and K& are the 

conjugates of Kg under 

Gal(K3/Q) ,

K3 is normal, while K^ 

has normal closure K^g•

Let d_ = disc(K-) o °
d4 = disc(K4)

£ = disc(Kg/K3).

It follows from (23) and Lemma 14 that

d4 = ’ !'

Therefore, if we start with a cyclic cubic field K3 of discriminant

d, < X 0 —
with

, then for each sextic field Kg , as described in Lemma 15

'nk3/q (disc(Kg/K3)I £ X/d3 we get, by Lemma 19, a field

K eH(A4) with four quartic subfields each having discriminant

< x . Therefore, we have

(25) N4(X,A4) <4 M(K3,X/d3)
K3

(see (18))

where the sum runs over all cyclic cubic 

fields of discriminant d3 _< X.

The following lemma describes the possible ideals that can 

occur for disc(Kg/K3).

LEMMA 21. Let K3, Kg be as above. Then f = disc(Kg/K3)

must be of the following form:



S3

f = MT ^2

where the product runs over all odd primes dividing

with in k3
prime ideals in the product may be any

and the two

two of the

three prime ideals dividing p .
and

AV>3

i = 0, 2 or 3

i = 0, 2 or 3

if 2 = % in Kg

if 2 = ^3 in k3 •

Proof. Let f, f^, f2 denote the conductors, hence the discri­

minants , of K^/Kg , K^/Kg , K6/Kg rasp., and let <a> = Gal(Kg/Q). 
. 1 rr

Since K^, and are conjugate under GalCKg/Q) we must have

(26) f2 = fCT and f2 = f^.

Let x> Xi*  X2 denote the ray class characters corresponding 
I H

to Kg, Kg, Kg resp. These characters and the principal character 

form a group, namely the character group of Gal(K12/Kg) .

Since f is the conductor of X , X must be_a primitive 

character and therefore it follows from Proposition 7 that 

must be of the form

(27) f • ...?r , 

where the J Js are distinct odd prime ideals in Kg, and the %.'s

are distinct even prime ideals in Kg with 0 i 1 *
We now consider separately the cases of odd and even prime 
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ideals dividing f.

1) Odd primes.

By (27) an odd prime can divide f^ to at most the first 

power and G(3) has a unique primitive quadratic charactic Xj . 

If $ divides two of the conductors, say f and f , then x 

will appear in the factorizations of x and X^ into prime power 

components, and since X is quadratic, it will not appear in 

the factorization of x2 - XX^ • Therefore, by primitivity, it 

follows that Ï ffg • Similarly, if 1 [f and 

then x does appear in the factorization of x2 = XX^ and so 

Hf2.

Therefore, any odd prime ideal will divide precisely two of 

f , f , f or none of them. Hence, if 3 is an odd prime 

which is invariant under o , it would, by (26), divide all three 
conductors if it divided any of them. Hence it follows that if 3 

divides any of the three conductors, it must restrict to a prime 

p in Z that splits completely in . Also, each prime ideal 

dividing p will divide two of the three conductors and,therefore, 

each conductor will be divisible by precisely two of the prime

divisors of p .

2) Even primes.

There are three cases depending on the way 2 factors in Kg .

a) 2 = ^ .

Here, 

out is
®K3/Q

a^ = 1, since *(

0 < a, < 3 . — 1 — The only case ruled

= 7, implying that G(^) has no
(%p = 1; hence

primitive quadratic characters.
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Here

a.

divides
.o i
1

b) 2 1 °2 ’3 ’
/Q^P = 1 O<a^

is ruled out since =

one of the three

2 divides f

conductors
.o2 

and 1

say

corresponding characters are x <#i then

character on Kg and therefore we

hence ( divides

less of which prime we start with.

c) and 2 =

As in a)

Now, if

f , then by

divides fg

the case

i = 2 or 3

(25)

If the

^2 = x«ix«i is ai bg ^3

must have % g dividing f

The argument is the same regard-

do not occur since K^/Q is

< 3 .

1

f .

1 .

3

2 =

normal.

d) 3
1 *

The conductor of a cyclic cubic field, is necessarily of the form

~[~P p^ or 9"[T with p^ = 1 (mod 6) 

Therefore,the prime 2 cannot ramify in 

(See Hasse [8, p. 10]).

a cyclic cubic field and

this case does not occur.

In order to evaluate M(K^,X) , we must now determine, for a 

given ideal cf of the form specified in Lemma 21, how many sextic 
fields Kg containing K3 there are with disc(Kg/K3) = £ and

This is provided by the following two lemmas.

LEMMA 22. Let K3 be a cyclic cubic field of discriminant 

d, and let <f be an ideal in K, of the form specified in Lemma 

21. Then there exists a constant E(K3), bounded independent of 

K3 , such that if C(X) is the number of primitive quadratic
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characters on G(J) with I — * then

C(X) -
E(K3)R(K3)h(K3)

îd^Rwcÿ

Proof. Let h(n) be the number of primitive quadratic

characters on G(^ ) with n . Then

C(X) = £ h(N).
n<X

£ . We proceed to construct the
n=l nS

be an odd prime dividing N„ /n(<f ) •

Euler productLet f(s) = 

for f(s)

Let p

p = in K3 and exactly two of the three

dividing p will divide $ , say 3 and J 2

By Lemma 21 

prime ideals 

and we have

NK3/QC^1 ^2^ '

prime ideals to divide

There are three ways of choosing the two

A hence the contribution of p to the
3Euler product is —— . 

P S

The even primes, being finite in number, each occurring to a 

bounded power by Lemma 21, and hence having a finite number of 

quadratic characters, contribute a factor k(s) to the Euler 

product which is regular, non-zero and bounded at s — -2 •

Therefore, we have

f(s) = k(s) TT [1 +
P

where the product runs over all odd primes
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p with p = ® i 2 3 !" K3 •

In order to evaluate the pole at s = % we consider

ÇK (2s) , n
f (s) = —------- = j (2s)]T [1 + -k-] Tf [1 + 1T [1 + -2?]

5^ (4s) PPP

where JJ" runs over all odd primes p such that
p = ^^2^3 in K3» TV runs over all odd primes p

such that p = 3 in Kg and jT runs over all odd

primes p such that p = in Kg

if 2 splits completely in Kg

if 2 is inert in Kg.

It follows that

g(s) _ f(s) k(s) tt' n
-f^s) j (2s) 11 11 p +3p p P

and each factor is regular and non-zero at s = By 

Proposition 21 ç (2s) has a simple pole at s = % with residue 

Hp , where

2^l^ (2 )T2C%3)R(Kg)h(Kg)
p = --------------------------- r----------

W(Kg) dg

8R(Kg)h(Kg)
= --------------j— since K, is real.

woyld^ 3
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Therefore, f(s) has a simple pole at s - % with residue

k (2)]* 1 . The result of the lemma follows from Proposition 
K3

22 with

E(K , . Tf [i + It'd - 41'1 If” I1 * -1 

3 (2)j(l) P +3p P
K3

Boundedness follows from the fact that

j(l) > 9/8

«
1<TT'

1 (absolute constant) 

[i + -^]± TT[i* 3p+l 
P3*3P 2

i iTTm [i 1 TT [i + 
F p

1 < Gy (2) 1 TT [1 - ." K3 p P

LEMMA 23. Let Kg be a cyclic cubic field of discriminant
L L 4 

d3 . Then M(K3,X) « X2 d2 log dg.

Proof. The proof is identical to that of Lemma 12 except 

that Lemma 10 is replaced with Lemma 22.

Proof of Theorem 4. It follows from Lemma 23 and equation (24) 

that
N4(X,A4) « I (X/d/ dj log\ (absolute constant) 

K3

where the sum runs over all cyclic cubic fields K3 of
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discriminant d_ < X. Then, 5 —

X
N4(X,A4) = J_ (X/t)^t^log4t d[N3(t,C3)]

which, by Lemma 20, is

X
‘ L L A L

« (X/t) 2t2 log t d(t2)
1’

X
= %X t"5 10g4t dt

1

(absolute constant)

<< Xlog4X (absolute constant).



CHAPTER FIVE

QUARTIC FIELDS WHOSE NORMAL CLOSURE HAS DIHEDRAL GALOIS GROUP

In this chapter we shall prove

THEOREM 5. There exists a constant C^ such that

and

lim 
X-*»
VW

X 2

THEOREM 6. There exists a constant C^ such that

lim 
X-*»
VW

X 3

The proofs will require a series of lemmas and preliminaries.

It follows from elementary group theory that the lattice of 

subgroups of D, is as follows :

(28)

M/N/
V C

d

W

where

'2 ,C2

D4 = {1, (12), (34), (12)(34), 

(13)(24), (14)(23), (1324), 

(1423)}

V4 = {1, (12) (34), (13) (24), (14) (23) }

C4 = {1, (12) (34) , (1324) , (1423)}

W4 = {1, (12), (34), (12) (34)}

D2 = {1, (12)(34) }

D2 = (1, (13) (24)}

D2 = {1, (14) (23)}

60
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C2 = <1, (12)} 

= {1, (34)}.

Let K4 (D4) . The field has a unique quadratic 

subfield; otherwise it would lie in "^(KL^) . Let be this 

subfield• Let d2 = disc(K2) and d^ = disc(K4) . Proposition 2 

implies that

(29) (d4) = /Q(disc(K4/K2))

therefore, if we let L(K2,X) denote the number of quartic fields 

containing K2 , whose normal closure has Galois group and such 

that |Nk /Q(disc(K4/K2))| < X , it follows that

(30) N4(X,D4) < 1 L(K2,X/dpk2
where the sum runs over all quadratic fields K_ with 

discriminant d2 satisfying |d2| X.

LEMMA 24. Let K4 e*1C 4(D4), K its quadratic subfield and let

J = disc(K4/K2) . Then S must be of the following form:

J if

where TT runs over

with p = ?2 in

all odd primes p dividing NR j ' 
ii

K2 , IT- runs over all odd primes p

dividing with p =

all odd primes p dividing N% ,q!
3^^

in K, , I I runs over 

( ^ ) with p = ^2 in

K2 , and the first two products are relatively prime.
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ij = 0, 2 or 3 if 2= in

i = 0, 2 or 3 if 2 = % in Kg

i = 0, 2, 4 or 5 if 2 = in Kg.

Proof. Let Kg =-^ . It follows from (28) that K^ and its 
1 t H t

conjugate field K4 correspond to either Dg, Dg or Cg, Cg and 

Kg must correspond to or . If, in either case, we let 

H4 correspond to Dg , we have the following partial lattice of 

subfields of Ka o

^8 where H4 is a normal field with 

Klein four Galois group and 

Gal(KB/K-) = Klein four group.

is an Abelian extension of Kg hence it lies in the ray-

class field (mod f), where f = conductor(Ko/K-) . Therefore, ' O z
t

H4, K4, K4 each correspond to quadratic ray class characters (mod f)

Xu , X? , Xv' resp. and,together with the principal character 
”4 k4 n4

these characters form a group, namely the character group of

Gal(K„/K_) -
O 4

Let <o> = Gal(Kg/Q), and let f^, fg, f^ denote the conductors, 

hence discriminants, of ^/Kg, K4/Kg, K4/K2 resp. H4/Q is 

normal, hence f^ = f^ and,since K4 = K4 it follows that

f2 ' f3 • It follows from Proposition 7 that since the quadratic
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characters are primitive modulo their conductors that the conductors

must be of the form

fi -

where the d .'s are distinct odd prime ideals in Kg and the

%j'S are distinct even primes in Kg with the a.'s integers

satisfying ^Kg/Q^p • From the group structure,

using the same reasoning as in the proof of Lemma 21, odd
J

primes will divide precisely two of the three conductors if they 

divide any of them.
Let 5 be an odd prime ideal dividing . Therefore, % 

must divide precisely one of fg and fg, say 5 •

It follows that ^^|fg = fg and ^fg . So, / J and

| f ; therefore p = J J*  ° divides f^ • Also, fg may 

contain odd factors of the type p a J î , P if P is inert in 
2

Kg , and ? if p = .

For the even primes we have three cases depending on the way

the prime 2 factors in Kg .

a) 2 = ^2 ’

Here, 1; hence 0 < a. < 3 — i — The only case ruled out

is a. = 1 since = 1 implying that G( has no

primitive quadratic characters.

b) 2 = •

Here, = 1; hence 0 < a1 < 3 As in a) the only

case ruled out is a2 = 1.
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c) 2 = .

Here, e% = %: hence 0 < < 5 . As in a) the case
2 2

ax = 1 is ruled out since » 3 . By Proposition 8 G(%p

and G( are cyclic, hence G( has a unique non-trivial 

quadratic character which must come from the unique non-trivial 

quadratic character on G^^ , therefore is not primitive. The 

cases a. — 4 or 5 cannot be ruled out because there are Abelian 

group of the correct order in these cases that have primitive 

quadratic characters.

Therefore the cases are those listed in the statement of 

the lemma with « = fg *

LEMMA 25. Let Kg be a quadratic field of discriminant d^ 

and let 5 be an ideal in Kg of the form specified in Lemma 24. 

Then there exists a constant F(Kg) , bounded independant of Kg, 

such that if D(X) is the number of primitive quadratic characters 

on G(^ ) with |NK /Q(f )1 I X , then

D(X) -
F(K2)R(K2)h(Kg) 

X. 
wck2)|d2|^

Proof. Let h(n) be the number of primitive quadratic

characters on G(^) with |N& yq(^)| = n . Then 

D(X) = I ^21 .
n<X n

Let f(s) = y . 
n=l n

We proceed to construct the Euler product 
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for f (s).

Let p be an odd prime. We have three cases depending on the

way p factors in Kg .

a)

Since
2 '

L /A( Î1)I = p it follows that each of 3 and
K2/Q i 

contribute —to the Euler product since G(has a
PS 2

primitive quadratic character. Since |N& " P

2

unique

, it

follows that ? ! £g will contribute -gy 

b) p = .

In this case % T contributes since 
P

c) p = 3 % .

In this case contributes since
1 P

^Kg/Q^ । " P *

^Kg/Q^P I 3 P •

The even primes, being finite in number, occurring to a bounded 

power by Lemma 23, and,hence,having a finite number of quadratic 

characters, contibute a factor k(s) to the Euler product which 

is regular, non-zero and bounded at s = 1.

Therefore,

f(s) = k(s)TT [i + -T + Tf [i + -^-11T t1 +
PS P 5 P P

where JT*  runs over all odd primes p such that 

p = ^1 ^2 in Kg , 1T runs over all odd primes 

p such that p = in Kg and Tf runs over 
2

all odd primes p such that p = J in Kg .
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ÇK (s) 
_ k(s) K2 
" j(s) çK (2s)

where ' (1

CM

if 2-1/G ln K2

j(s) = ' [1 1 , 
* if 2 - in K2

J1 * if 2 = li in K2.

By Proposition 21 (s) has a simple pole at s = 1 with

residue
2ri(K2) (27T)r2^K2)R(K2)h(K2) 

p ------------:•w(K2)|d2P

Therefore f(s) has a simple pole at s = 1 with residue

k(l) P[j(l)Ç (2)]"1 and the result of the lemma follows from 
K2

Proposition 22 with

_ k(l) 2^l^(2^)^2^
= W , (2) ■

K2

Boundedness follows from the fact that

5/4 _< j(l) 1 9/4

1 « k(l) « 1 (absolute constants)

0 < rx(K2) < 2

0 < r2(K2) < 1

1 1 5% (2) <_ TT [1 —y-] 2 •
2 p p
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LEMMA 26. Let K2 be a quadratic field. Then 

L(K2,X) « X log |d2 12W^2^ (absolute constant) .

Proof. As in the proof of Lemma 24, a field e 

containing corresponds to a ray class character of conductor 

f, where f = conductor(K4/K2) is of the form specified in Lemma 

24. By Proposition 12, such a character can be expressed as a 

product of a primitive character on G(f), a quadratic character 

on the class group of K2, and a character of signature. K2 has 
2 

at most 2 real infinite primes; hence there are at most 2 

characters of signiture, and by Propositions 23 and 24, the number 

of quadratic characters on the class group, including the principal 
character, is either 2^^or 2^^2^ %. By Lemma 25, 

the number of primitive quadratic characters on G(f), with 

|Nyq(f)l<X is

R(K_)h(K9) 
« —-—4- x 

W(K2) |d2^

which, by Proposition 19, is

< log d2 

and the result of the lemma follows.

Proof of Theorem 5. It follows from (29) and Lemma 25 

that

N4(X,D4) « I (X/d2) 10g[d2|2^2) 
K2
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where the sum runs over all quadratic fields K of

discriminant d2 satisfying |d2| 

and therefore it follows that

___VW r logl^i «cv
lim----- ÿ----- « I----- 2---- 2
X-*»  d2

the sum runs over all quadratic fields.

The result of the theorem follows from the fact that

log|d2l J ” 10g n „(n)

This completes the proof of Theorem 5.

LEMMA 27. Let K2 be an imaginery quadratic field of 

discriminant d2 < -3 with even class number and let / be an 

ideal in K2 of the form

J - Tf?! TT'p TT" p it"
where the notation is that of Lemma 24. Then there exists a 

quadratic extension of K2 such that disc(K^/K2) = 5 .

Proof. Let ? be an odd prime ideal in K2 . By Proposition 

11 3), the order of the ray class group (mod J ) is

»(9)h(K2)

[U:U« ]

Now [U:U ] = 2 and h(K2) is even; therefore for such a prime 

there exists a ray class character X « of conductor $ which is 
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of order 2 . But then TT X « is a ray class character of 
*

conductor <f which is of order 2 . If we let be the 

quadratic extension which corresponds to this character, then it 

follows from Proposition 15 that has conductor(K^/I^) = 

and disc(K^/K2) = X .

LEMMA 28. Let K2, K4 and J be as specified in Lemma 27 

and assume that a term of the form JT occurs as a factor 

of S . Then K4 e"K4(D4).

Proof. Let <cr> = Gal(K2/Q) . If p is a prime such that 

p = J2 in K2 and we have 3 dividing J but 2 not 

dividing cf then - ^2 and J is not invariant under 

Gal(K2/Q) . It follows that the ideal group (mod ) that K4 

corresponds to under the correspondence of class field theory is 

not invariant under Gal(K2/Q) and by Proposition 20 K4/Q is 

not normal. Since quartic fields lying in ~K4(S4) and "%4(A4) 

have no quadratic subfields, it follows that K4 must lie in

^4(d4).

LEMMA 29. Let K2 and 4 be as in Lemma 28. Then there 

exists a constant F(K2) , bounded, independent of Kg, such that 

if H(X) is the number of primitive quadratic characters on G(<T)

with then

H(X) ~
F (Kg) h (Kg)

X.
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Proof. Let h(n) be the number of primitive quadratic 

characters on G(^) with 1^ /q(J)l = n • Then

H(X) = y h(n). 
n<X

Let f(s) = 2 • We proceed to construct the Euler product
n=l nS

for f(s).

In precisely the same way as in the proof of Lemma 24 we 

find that

f (s) = K' I1 + + “2s] if [1 + -2s1 Tf [1 + -7-]
p P P P

- TT' [i + Tf [i + 4?1 TT [i * -T1
p p p

where the term subtracted is to insure that a term of the form 
TT £ occurs as a factor of S .

As in the proof of Lemma, the first term is

(s)
1 K2

ÇK (2s) k2

and it is easy to see that the second term is 

5 (2s)
G (4s) TT [i * 

p|d2 A
which is regular at s = 1.

By Proposition 21 ç (s) has a simple pole at s = 1 
k2 •

with residue
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2itHCK2)
P = 2|d,f

since it follows from the fact that K2 is imaginary that W(K2) = 2

and R(K2) = 1 Therefore the result of the lemma follows with

f ay TT

jCi);. (2) 
K2

Boundedness follows from the fact that 

5/4 £ j(l) < 9/4
1 < ç (2) < TTL1 - -y-J"* 2.

equation (28) that

2
N4(X,D4) > $L(K2,X/d‘) 

K2

where the sum runs over all imaginary quadratic 

fields with even class number and discriminant d2 

satisfying |d2| £ X .

2 p P

LEMMA 30. Let K2 be an imaginary quadratic field of

discriminant d9 . Then L(K2,X) » - n- 2 2 (absolute
2 k2r

constant).

Proof. This follows precisely as in the proof of Lemma 26, 

from Lemma 29 and the fact that R(K2) = 1, W(K2) £ 6 and h(K2) £ 1 .

Proof of Theorem 6. It follows from Lemmas 26 and 27 and
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It follows from Lemma 29 that this is

» 2^^ (absolute constant)

and therefore it follows that

n4(x,d4)
lim ----- ?-----

x
I |d,r3/2 2“^

K2

» 1 (absolute constant) .

This completes the proof of Theorem 6.



CHAPTER SIX

NORMAL QUARTIC FIELDS WITH KLEIN FOUR GALOIS GROUP

Let AX(X) = Card{K4 e H(KL4) | disc(K4) < X and 2 f discQy}

A2(X) = Card{K4 eH(KL4) | disc(K4) < X and 23 4 * || disc(K4)}

3 k 2 c) A3(X) - ÿC4X2log^X

-d) A4(X) ~ ^C4x\o/x

where C . = TT&---- 3—]
4 7? p p +3p^+3p+l

from which it follows

THEOREM 8. N^X^KL^ - |-C4 X^log2X as X-*».

In order to prove Theorem 7, we first prove the following:

A3(X) = Card{K4 e *H(KL 4) | disc(K4) £ X and 26 * || disc(K4)}

A4(X) = Card{K4 eU(KL4) | disc(K4) £ X and 28 || disc(K4)}

Remark. We show in Lemma 31 that the above cover all the 

possible 2 - factors of disc(K4).

‘ In this chapter we will prove

v 2
THEOREM 7. a) A^(X) - C4 X^log X 

3 k 2 b) A2(X) ~ |C4X2logZX

73
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THEOREM 9. Let J(n) = Card {K4 e*ti(KL 4) | disc(K4) = n}e 
2 -4 2 -6 2

a) If n is an integer, not of the form m , m , z m

or 2V where m is a squarefree odd integer, then J(n) = 0.

b) Let m be a squarefree odd integer, then

J(m2) = _ 1)

J(2V) = 

J(26m2) =

JCzY) = 3^^ .

- 1)

- 1)

The proof will require a series of lemmas.

LEMMA 31. Let K4 e-H(KL4) . Then

a) disc(K4) > 0 .
b) If p is an odd prime dividing discÇK4) , then we must 

have p2 ||disc(K4).

c) Either disc(K4) is odd or we have 2v||disc(K4) with 

v = 4, 6 or 8.

Proof. Since the Klein four group has precisely three 

elements of order 2 , it follows from Galois theory that the 

lattice of subfields of K4 must be of the following form:

where K4 = Q(/ïp

K^ =

K2 =

K3 - Q(^),
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where cL and d- are squarefree integers and d_ is the squarefree 

part of

We now have two cases to consider. Either dp dg, d^ are 

positive, hence r^(K^) = 4 and tg(K^) = 0 ; or precisely two of 

dp dg, dg are negative, hence r^(K^) = 0 and Tg(K4) = 2 . In 

either case r2(K4) is even and, therefore, by Proposition 1, 

disc(K4) > 0 . This proves a).

Any odd prime p dividing d^ or dg will divide precisely 

two of dp dg, dg and, therefore, will divide precisely two of 

disc(K1), disc(Kg), disc(Kg) . Since K4/Q is an Abelian extension, 
K4 is a subfield of the cyclotomie field Q(ç^) , where = exp(^^) 

and f is the conductor of K . The three quadratic subfields 

Kp Kg, Kg correspond to three quadratic characters on G(f), 

Xg, Xj • It follows from Proposition 15 when applied to the quadratic 

subfields that conductor (K/) = conductor(x^), i = 1, 2, 3 and when 

applied to K4 that

(31) disc(K4) = disc(K1)disc(Kg)disc(Kg).

Therefore, p^|| disc(K4) if p|disc(K4).

For the prime 2 we have four cases depending in the residue 

classes (mod 4) of d^ and dg.

a) dj = dg = 1 (mod 4); hence dg : l (mod 4) . Therefore 

disc(K^) = dT , disc(Kg) = dg, disc(Kg) = dg . It follows from 

(31) that 2{disc(K4).

b) dj = 1 (mod 4) and dg = 3 (mod 4). hence dg = 3 (mod 4). 

Therefore, disc(K^) = d^ , disc(Kg) = 4dg and disc(Kg) = 4dg.

It follows from (31) that 2 ||disc(K4).
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(mod

case

c) d1 h 1 (mod 4) and d2 = 2 (mod 4); hence d^ = 2 (mod 4). 

Therefore, disc(K^) = d^, disc(K2) = 4d^~ and disc(K^) = 4d^. It 

follows from (31) that 2^|[disc(K^).

d) dx = 2 (mod 4) and ^^3 (mod 4); hence d^ = 2 (mod 4). 

Therefore, disc(Kx) = 4d^, disc(K2) = 4d2 and disc(K^) = ^3  
It follows from (31) that 2^||disc(K^).

*

Remark. These are all the possible cases because if d^ = 2 

4) and d2 = 2 (mod 4), then d^ = 1 (mod 4), and this is 

c); and if d^ = 3 (mod 4) and d2 = 3 (mod 4), then 

1 (mod 4), and this is case b).

Each field s H(KL^) is uniquely characterized by it's 

three quadratic subfields. Therefore, in order to count the number 

of such fields with a given discriminant, it is necessary to 

count the number of ways a given set of primes may be placed in 

each of disc (KJ, disc (KJ, and disc(K ). To facilitate this, we 

need the following two combinatorial lemmas.

Let N denote the number of ways of grouping 2n objects, n
consisting of n objects each occurring twice, into three unordered 

slots, so that each slot contains no duplicates and no slot is 

empty. Let 0^ denote the number of the above arrangements such 

that precisely two slots contain an odd number of objects and 

denote the number of the above arrangements such that all slots 

contain an even number of objects. By abuse of language, we will 

also use the terms N , 0 , and E to refer to the type of the n n n
arrangement.
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LEMMA 32. Nn = - 1).

Proof. The proof is by induction on n. 

If n = 1, there are no such arrangements, hence = 0 = 

- 1).

If n = 2, there is only one such arrangement, namely A, B, AB, 

hence = 1 = ^(3^ - 1).

Now, assume that the result holds for n-1. For each arrangement 

of 2(n-1) objects of type Nn-1, we get three distinct arrangements 
of 2n objects of type Nn, by placing each of the pair of n^ objects 

in two of the three slots, in three ways, namely A^, A^, - ;

Afl, - , An; and - , A^, A^. There is one more arrangement of the 

2n objects of type N^. This is obtained by putting each of the 

2(n-1) objects in precisely two slots, each slot containing one each 

of the n-1 distinct objects, leaving one slot vacant. We then add 
the pair of n^ objects, one object in one of the filled slots, and 

the other in the vacant slot.

Therefore, N = 3N , + 1 n n-1 
= -1)1 + 1 
= ^(3n-1 - 1).

LEMMA 33. 0% = l/8[3n - 2 + (-l)n] 

En = 1/8[3*~1  - 2 + (-I)*"!].

Proof. It follows from the fact that 0% + E^ = N^ = ^(3n - 1),

that it suffices to consider only the case of 0^. The proof is by 

induction on n.
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If n = 1, there are no such arrangements, hence 0^ = 0 = 

1/8(31 -2-1).

If n = 2, there is one arrangement, namely A, B, AB, hence 
202 = 1/8(3 -2+1).

Now, assume that the result holds for n-1. For each arrangement

of type

type 0n

0 ., say, odd, odd, even, we get two arrangements of n-1 
, by placing one of the pair of n objects in the even slot 

and the other in either of the odd slots. For each arrangement of

type

type

E , namely, even, even, even, we get three arrangements of n-1
0 , by placing each of the pair of n objects in two of the 

three slots, in three ways, as in the proof of Lemma 32. We get one 

more arrangement by placing each of the 2(n-1) objects in precisely 

two slots, each slot containing one each of the n-1 distinct 

objects, leaving one slot vacant, and placing one of the pair of 

nth objects in the vacant slot and the other in one of the filled 

slots.

Therefore, 0n = 20^ + + 1

" 20n-l + 3(\-i " W * 1 
' = 3Nn-l * °n-l + 1

= 3/2(3n-2 - 1) - l/8(3n-l _ 2 + (.^n-l) + 1

= 1/8(3n - 2 + (-I)*)

and En = Nn - 0n
= %(3i-l - 1) - l/8(3i _ 2 * (_i)n)

= l/8(3i-l _ 2 +

Proof of Theorem 9. Let e H(KL4). By the proof of Lemma 31

K is uniquely characterized by the three squarefree numbers 
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d , d , and d, = the squarefree part of d^. For a fixed set of 
1 * 2 3

primes dividing disc(K4) we get different fields for different 

arrangements of these primes among dp dp dy By Lemma 31, odd 

primes dividing disc(K4) will divide precisely two of dp d^, and 

d3, and the prime 2 occurs depending on the residue classes (mod 4) 

to which these numbers belong. In what follows, we take the numbers

dl’ d2*  d3 to be the "slots" in Lemmas 32 and 33, and the objects

will be the primes dividing disc^j and the integer -1. We 

will let p^ denote primes = 1 (mod 4) and q^ denote primes - 3 

(mod 4). Let r denote the number of primes p^ dividing disc^) 

and let t denote the number of primes q± dividing disc(K4). We 

will let the t+lth object be the integer -1, which will

count as a divisor of disc(K4) which is = 3 (mod 4). By Lemma 31 

we have four cases, and in each case we will consider separately 

whether each slot contains both pJs and q^s or not. We consider 

the number of ways of placing these 2(r+t+l) objects in these

three slots. Order of an arrangement will not count and each slot 

must be filled as it represents the discriminant of a quadratic field

A) 2fdisc(K4).

It follows from the proof of Lemma 31 that disc(K4) will be odd

if and only if each of dp dp d$ is = 1 (mod 4), i.e. each

contains and even number of the primes qp

1) Assume t >_ 1 and r > 1.

a) Each slot contains pJs and Then, for each

arrangement of p^ Pr of type N, and each arrangement of 

%qp • • • > 

of type

of type Et, or each arrangement of q1,

we get six arrangements of the Pi's and q/s,E
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since , if we fix the p^s, we can place the same arrangement of the 

q,1s in six ways, i.e. A B C, A C B, BAC, B C A, C A B, and C B A. 
This gives = 3/2(3?"! - 1) (3t-1 - 1) arrangements.

b) Three slots contain q1s and two slots contain

pu's. Then, for each arrangement of the q^'s of type Et or Et+1> 

we can put all the p^'s in each of two slots in three ways. This 

gives 3(Et + Et+1) = 3/2(S1-1 - 1) arrangements.

c) Three slots contain p^  s and two slots contain 

qu's. Then, for each arrangement of the p^'s of type N^, can 

put all the q^'s in each of two slots in three ways, using -1 if 

and only if t is odd. This gives 3N^ = 3/2(3? - 1) arrangements.

*

d) Two slots contain p.'s and two slots contain q/s.

Then, if we put all the p/s in each of two slots, we can put all 

the qJs in each of two slots, using -1 if and only if t is 

odd, in only one way so that all three slots are filled. This gives 

I arrangement.

Therefore, by a) - d), we have

(32) WT+t+1 - 1) 

arrangements.

2) Assume t >_ 1 and r = 0. Then, we can only use 

arrangments of the q^'s of type E^ or Et+^ and this gives 

E% + E^^ = ^(3^ ! - 1) arrangements, which agrees with (32).

3) Assume t = 0 and r 1. Then, we can only use 

arrangements of the p.'s of type N? and this gives ^(3? 1 - 1) 

arrangements, which agrees with (32).
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4) Assume r = t = 0. In this case there are no such 

arrangements, and this agrees with (32).

B) 24 || disc(K4).

It follows from the proof of Lemma 31 that 24 || disc(K4) if and only 

if precisely two of d , d^, d^ are = 3 (mod 4) and the third is 

= 1 (mod 4), i.e. two contain an odd number of q^'s and the third 

contains an even number.

1) Assume t >_ 1 and r > L

a) Each slot contains pJs and q^'s. Then, for each 

arrangement of p^ • • •, Pr of type and each arrangement of 

9% of type 0t, or each arrangement of q^, ..., qt+1 of 

type 0t+j> we g^t six arrangements of the p^’s and q^'s, as in 

A) 1) a). This gives (0t + 0t+|) = 3/2(3r - 1)(3  - 1) arrange­*

ments .

b) Three slots contain q^'s and two slots contain 

pu's. Then, for each arrangement of the q^'s of type 0^ or 

we can put all the p^'s in each of two slots in three ways. This 

gives 3(0t + 0t+1) = 3/2(3% - 1) arrangements.

c) Three slots contain p^s and two slots contain 

q^'s. Then, for each arrangement of the p.'s of type N^, we can 

put all the q.'s in each of two slots in three ways, using -1 if
T- %

and only if t is even. This gives 3N^ = 3/2(3 - 1) arrangements.

d) Two slots contain p/s and two slots contain q^'s.

Then, if we put all the p^'s in each of two slots, we can put all 

the q^'s in each of two slots, using -1 if and only if t is 

even, in only one way so that all three slots are filled. This gives
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1 arrangement.

Therefore, by a) - d), we have

(33) %(3?+t - 1)

arrangements.

2) Assume and r = 0. Then, we can only use

arrangements of the q^’s of type 0t or 0 and this gives

t

= #3% - 1) arrangements, and this agrees with (33).

3) Assume t 0 and r > 1. Then, for each arrangement

of the p.’s of type N?, we can put in the pair of -1’s in

three ways and, if we put all the p^1s in each of two slots, then

we can put in the pair of -l's in only one way filling all the

slots. This gives 3N 1 = W - 1) arrangements, which agrees

with (33).

4) Assume r = t = 0. In this case there are no such

arrangements, and this agrees with (33).

C) 26 |] disc(K4).

It follows from the proof of Lemma 31 that 2 || disc(K4) if and only 

if one of d^ d2, d3 is Hl (mod 4) and the other two are = 2 

(mod 4), i.e. one contains an even number of q^’s and the other two 

contain an arbitrary number of q^’s together with the prime 2.

1) Assume t l and r 1.

a) Each slot contains p^’s and q^’s. Then, for each 

arrangement of p^, ..., pr of type and each arrangement of 

q^, ..., q of type N% or each arrangement of q^ ..., qt+1 

of type we get six arrangements of the p^’s and q^'s.
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If the arrangement of the q^s is of type or Et+1» we can 

put in the pair of 2’s in three ways. If the arrangement of the 

qi's is of type 0% or 0t+1» we can put in the pair of 2’s in 

only one way, i.e. in the slots with an odd number of q^s. This 
gives 6Nr[3(Et + Et+1) + (0t + O^p] = 3(3?'- l)^ - 2) 

arrangements.
b) Three slots contain q^’s and two slots contain 

p's. Then, for each arrangement of the q^'s of type Et or Et+1 

we can put all the p^s in each of two slots in three ways and we 

can put in the pair of 2's in three ways. For each arrangement 

of the q/s of type 0% or we can put all the p^'s in

each of two slots in three ways and we can put in the pair of 2's 

in one way. This gives 3 3(Et + Et+1) + (°t + ot*l^  = 

arrangements.
c) Three slots contain p^'s and two slots, contain 

q 's. Then, for each arrangement of the pJs of type Nr, we can 

put all the q.'s in each of two slots in three ways. Since we 

have one arrangement of the q^s with -1 and one without, one of 

these arrangements has an even number of q^s in which we can put 

the pair of 2's in three ways, and the other arrangement has an 

odd number of q^'s in which we can put in the pair of 2's in 
only one way. This gives 3^(3 + 1) - ôO?'1 - 1) arrangements.

d) Two slots contain pJs, two slots contain 

and all slots are filled. Then, for the one arrangement of all the 

p 's in each of two slots, we have, as in c), one arrangement of 
ri
the q.'s with an even number of q^'s in which we can put the 
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pair of 2's in three ways, and an arrangement of the qJs with 

an odd number of q^'s in which we can put the pair of 2’s in 

only one way. This gives 4 arrangements.

e) Two slots contain p^s and c^s and one slot 

contains only 2. Then, for the one arrangement of all the pJs 

and q.’s in each of two slots, using -1 if and only if t is 

odd, we can put in the pair of 2’s in one way, filling the vacant 

slot. This gives I arrangement.

Therefore, by a) - e), we have

(34) (3^ - 1)

arrangements.

2) Assume t 1 and r = 0.

a) Each slot contains q/s. Then, for each arrangement 

of the q^s of type Et or Et+1> we can put in the pair of 2’s 

in three ways, and for each arrangement of the qJs of type 0% or

0 we can put in the pair of 2’s in only one way. This gives

3(Et + W + ^t 0 ) = 3^ - 2 arrangements.

b) Two slots contain q^'s. Then, for the one arrangement

of all the q/s in each of two slots, we can put in the pair of 2’s

in one way. This gives I arrangement.

Therefore, we have 3% - 1 arrangements, which agrees with (34).

3) Assume t = 0 and r 1.

a) Each slot contains p^’s. Then, for each arrangement 

of the Pi’s of type N^, we can put in the pair of 2’s in three 

ways. We can also put in the pair of -1's in three ways and then, 

since two of the slots will be =3 (mod 4), we can put in the pair 
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of 2's in only one way. This gives Nr(3 + 3) = 3(3r 1 - 1) 

arrangements.

b) Two slots contain pJs. Then, for the arrangement 

of all the pu's in each of two slots, we can put in the pair of 2's 

in only one way. We can also put in the pair of -1's, filling the 

vacant slot, and then put in the pair of 2's in only one way, i.e. 

in the the slots which are = 3 (mod 4). This gives 2 arrangements. 

Therefore, we have 3r - 1 arrangements, which agrees with (34).

4) Assume t = r = 0. In this case there are no such 

arrangements, and this agrees with (34).

D) 28 || disc(K4).

It follows from the proof of Lemma 31 that 28 || disc(^) if and only 

if one of dp d%, d^ is =3 (mod 4) and the other two are = 2 

(mod 4), i.e. one contains an odd number of q^'s and the other two 

contain an arbitrary number of q^'s, together with the prime 2.

1) Assume t >, 1 and r 1.

a) Each slot contains and qJs. We note that 

we can't use arrangements of the qu's of type E^ or . Then, 

for each arrangement of Pp • • • > Pr of type N? and each arrangement 

of qp ...» qt of type Op or each arrangement of qp ..., qt+1 

of type 0^+1  we get six arrangements of the p^'s and q^'s. In 

each case, two of the slots are = 3 (mod 4), and one is = 1 (mod 4); 

hence, we may put in the pair of 2's in two ways so that we leave 
one slot = 3 (mod 4). This gives 6x2Nr(0t + 0^) = 3(3? 1 - l)x 

(3t - 1) arrangements.

*

b) Three slots contain qJs and two slots contain 
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p.'s. Then, for each arrangement of the q^’s of type 0% or °t+1> 

we can put all the pJs in each of two slots in three ways and then, 

as in a), put in the pair of 2’s in two ways. This gives 3x2(0t + 

0p = 3(3% - 1) arrangements.

c) Three slots contain p.'s and two slots contain 

q^'s. Then, for each arrangement of the p^'s of type N^, we can put 

all the qps in each of two slots in three ways, using -1 if and 
only if t is even. This gives 3x2^ = 3(3?  - 1) arrangements.1

d) Two slots contain p^'s, two slots contain q^'s 

and all slots are filled. Then, for the one arrangement of the p^s 

in each of two slots, we can put in all the qVs in each of two 

slots in one way so that all the slots are filled, and then we can 

put in the pair of 2's in two ways. This gives 2 arrangements.

e) Two slots contain pJs and <^s and one slot 

contains only 2. Then, for the arrangement of all the pJs and

q 's in each of two slots, leaving one slot vacant and using -1 
ni 
if and only if t is even, we can put in the pair of 2's in one 

way, filling the vacant slot. This gives I arrangement.

Therefore, by a) - e), we have

3r+t

arrangements.

2) Assume t 1 and r = 0.

a) Every slot contains q/s. Then, for each 

arrangement of the qps of type 0% or 0t+1» we can Put in the

(35)
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the pair of 2’s in two ways. This gives 2(0% + 0t+1) - 3 1

arrangements.
W TWO Slots contain 3^. Then, for the one arrangement 

of all the q.'s in each of two slots, using -1 if and only if 

t is even, we can put in the pair of 2’s in only one way, filling 

the vacant slot. This gives I arrangement.
Therefore, we have 31 arrangements, which agrees with (33).

3) Assume t = 0 and r >_ 1.
a) Each slot contains Then, for each arrangement

of the p.’s of type Nr, we can put in the pair of -1's in three 

ways and then, we can put in the pair of 2’s in two ways. This 

gives 3x2Nr = Kî1"1 - D arrangements.
b) Two slots contain Then, for the one arrangement

of all the p.’s in each of two slots, we can put in the pair of 

.rs m the two filled slots and then, we can put in the pair of 

2.s in only one way filling the vacant slot. Also, we can put in 

the pair of -1’s filling the vacant slot and then, we can put in

the pair of 2’s in two ways. This gives 3 arrangements.
Therefore, we have 3r arrangements, which agrees with (33).

4) Assume t = r = 0. Then, for the one arrangement

of the pair of -1's in two slots, we can put in the pair of 2’s

in only one way so that the vacant slot is filled. This gives 1 

arrangement.
This completes the proof of Theorem 9.
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We need the following technical lemma in order to complete 

the proof of Theorem 7.

LEMMA 34. £ y2(n)3 « CX log X
n<X 

n odd

where C = —-—r TTl1----% y-------1.
7ç(2) P P +3p +3p+l

Proof. Let f(s) = ------ = TTL1 + -%-].
n=l n p P

It follows from Apostol [1, pp. 245-246] that 
c+i”

n<X c-i”

Now 3*(n)  « ne for any e > 0; hence it follows from Titchmarsh 
1/3[25, p. 53 Lemma 3.12] that for T = X ' and c = 1 + e

we have
c+iT

ï U2(n) = 2^ï | f(s)xfds + 0(X2/3 + C) .

n~X c-iT s

To evaluate the integral in this expression we integrate 

around the rectangle with vertices a±iT and c±iT, where 

a = Î5 + S for any fixed 6 satisfying 0 < 6 < % , and use the 

theory of residues.

A computation shows that

TT [! ♦ -T1 = S(s)s(s)3
1*2  P



89

where

g(s) = ç(2s) 3[1 + 1"!T [1
2 P

3pSfl 
p3S+3p2S+3pSfi

which is regular for a + S where s = a + it.

It follows from Titchmarsh 25, p. 82 that

+ ô + it)| « t^+e for any e > 0.

Therefore, it follows that

a+iT
1 [ 

LiT
f(s)XS

5 s

.3/4+ %+

T
« j t"3/4+e dt

-T

«

1/3
« X for the choice T = X ’ .

It also follows from Tihmarsh [25, p. 266] that

c+iT
[ fls^ds «
'a+iT 5

c+iT

a+iT
(s)3XS 

s ds

« XC/T

« X.
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Therefore it follows that '

c+iT s
fCs)y_ ds = Res{^^—}| + O(X).

2iri s s |s=1
c-iT

To evaluate the residue we consider the following

f(s) = g(s) (s)3 = * ...
(s-lF

1 2 2Xs = XXs”1 = X[1 + (s-l)logX + %(s-l) log X + ... ]

I ° 1.^ ° 1 - ' •••

It follows from these expansions that the residue of 

s=l is

%g(l)Xlog2x + 0(X)

and the result of the lemma follows.

Proof of Theorem 7.

a) It follows from Theorem 9 and Lemma 34 that

A.(X) = % J(m2)
x 2m £ X 

m odd

= I - 1)
m<X^ 
m odd

4 ï^w * H,1 
m<X^ m<X^

m odd m odd
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p i, v ? u
- z X^[log(X2)]Z - %X2 O

~ Â- X^log^

and the result follows with

3P+1____ 13 2 J •p +3p +3p+l

b) As in a)

A,(X) = I J(zV) 
zY< X

m odd

= Z - 1)
X^ 

^ST 
in odd

1, V Lp y * Y2
~ y (—) [logC™)] “ “4“

- -%-X^ log2X

C 3 and the result follows since -y = .

c) As in b)

A_(X) = I J(2V) 

m odd

I %(3 - 1)
X%

m odd
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- y Cÿ[log2(^)]2 - %

log2X

and the result follows since lC4

d) As in b)

A4(X) Z J(2Sm2) 
28m2< X 

m odd

.ai (m)

m— Tô 
m odd

2 C(^)[10g(^-)]2

X^ 10g2X

and this completes the proof of Theorem 7.



CHAPTER SEVEN

NORMAL QUARTIC FIELDS WITH CYCLIC GALOIS GROUP

In this chapter we shall prove

THEOREM 10. N^X,C4) - C^2 as

2 character, i.e. X2 =

The

Let

Let f_
K4

, n 3 ,25 tt" where C- = —y (77 I I
5 12 p=l (4)

proof will require several lemmas

K4 and

= conductor(K4)

Gal(K4/Q) as embedded in

[1 + ■33 •

and preliminaries.

let K2 be its unique quadratic subfield.

and f„ = conductor(K-) . Viewing
K2

(Z/f„ Z)x , let x generate the character
K4

group of Gal(K4/Q) and let f = conductor(x) .

It follows that x is a primitive quartic character on G(fx)

and that x can be uniquely factored as X = x4x2 where *4 is

a pure quartic character, i.e. each prime power component X.P
of

4
X4 satisfies Xp = 1

2
but Xp 1 , and 

1.

X2 is a quadratic

f X

Let f4 =

= f4f2 (see

conductor(x4) and 

Hasse [8, p. 27]).

let f2 = conductor(x2) • Then,

LEMMA 34.
f4 '

?o *"  Pn if 4
4

2 Pl"'Pn if 2lf4

93
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where p. are distinct primes = 1 (mod 4), and

If

where each

p is odd then

X*  = XgXi

*n

corresponds to a unique prime divisor of fg.

corresponds to

Xn’

a unique prime divisor of f .
4

= XpW = (Th 5 /«(P-1) (mod f ) or xp(x)

If

where p = $ Î in Q(/p") and the conductor of is p.

pg is even then

xiW =
x-1

= (-i)T
x2-l 

i 8

where v = 0 or 1 and the conductor of X 4^ 
2

is 2^.

Proof. See Hasse [10, p. 27].

LEMMA 35.
f2

qo ** qm if

where X = or

f4 and

2\ ••• %> if 2'f2

distinct odd primes, prime to

2

2 3, and q. are

*2 = *0

where each

If p is odd then

(x) = ^p(x) = (ÿ) = (mod p)

and the conductor of tp is p.
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2If the divisor is 2 then

<Mx) = * M =
1 2Z

. 2
and the conductor of is 2 .

2 
3

If the divisor if 2 , then

2Ip. (x) = Ip ,(x) = (—) = (-1) 8 or Ip 3(x)ip 2(x)
1 2 2 2

and the conductor of ip - is 2^.
2°

Proof. See Hasse [12, p. 42].

LEMMA 36. Let n+1 denote

f^ . Then .

a) If 2^ff , there are 
k4S'

b) If 2 |f„ , there are

the number of prime divisors of

2n cyclic quartic fields.of conductor

2n+^ cyclic quartic fields of

conductor fv , 
K4

Proof. See Hasse [10, p. 28].

LEMMA 37.

and

if 2ff
K2

if 2|f
K2

Proof, x = X4X2 has conductor PqP^-- or 2 Pi***  Pnf2 *
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depending on whether or not 2|. It follows from the fact that
2 2 2X2 = 1 that X = X^ and so we have

if 2^4

if 2|f4 .

Now, XpW =
2

is of conductor p and x = (~) is of

conductor 2^ , therefore it follows that

2 conductor(x )
if 2+f4

if 2|f4 .

3 3
We also have x = X4X2 » therefore conductor (x3) = f^ .

Therefore,the result follows from the conductor - discriminant 

formula.

Proof of Theorem 10. Let h(n) be the number of fields in 

such that disc(K^) = n . It follows that

N,(X,CJ = I h(n) . 
n<X

Let f(s) = and we proceed to construct the Euler product
n=l nS

for f(s).

We have two cases to consider.

a) Zjf.  Then, by Lemma 34, f^ contains only distinct primes 

p^ = 1 (mod 4) to the first power and, by Lemma 35, f2 may contain 

any distinct odd primes dividing f» but not dividing f., and 
k4

*
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possibly 4 or 8 , Let m denote the number of prime divisors 

of f4. By Lemma 36, there are 2m cyclic quartic fields of 

discriminant f^f^ unless 2^|f^ , in which case there are 2m

fields. It follows that the contribution of these primes to the

Euler product is

P=1 (4)
1

P2S
2 

P3S S3 (4)
1 * 2 17s P

In order to insure that a quartic conductor occurs in each 

term we subtract

1
2 7s * ^P^a P

b) 2|f^ . Then, by Lemma 34, f^ contains the prime 2 to the 

fourth power and distinct primes p^ = 1 (mod 4) to the first 

power and f^ contains only distinct odd primes, dividing f„ z \

but not dividing f^ , to the first power. By Lemma 36, there are 

2m fields of discriminant ^f^f^ . It follows that the contribution 

on these primes to the Euler product is

IT [i
P=3 (4)

Putting a) and b) together we find that
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fis) TT [i + ~2?+ -3?] TT [1 + -27]psi (4) p=3 (4) p^

1
42S

N p7dd[1 * •

In order to evaluate the pole at s = % we consider

g(s) =
TH1 +
P P

which is regular and non-zero at s = .

It follows from the fact that

that

ffs) " (711 * 4? * i * 3?]8O’ - [1 * -57 * •4 o IO 4 o

It follows that f(s) has a simple pole at s = % with residue

* T * T * •l1'T*  ^2^27

and the result follows from Proposition 22.

This completes the proof of Theorem 10.



CHAPTER EIGHT

CONCLUSIONS AND CONJECTURES

We have completely solved the problem posed in the two Abelian 

cases. The reason for this is that the class number of Q is 1 

and, therefore, we can calculate the precise order of ray class 

groups. For the most part, it is this inability to make precise 

estimates of class numbers of fields of a given degree that limits 

the accuracy of the results in the other cases.

In the dihedral case, the upper bounds are of the same order 

of magnitude as the lower bounds. This was due to the classical 

result that precisely describes the 2-rank of the class group of 

quadratic fields, and this tells us exactly how many unramified 

quadratic extensions the field will have. At this point, we cannot 

derive the precise density of these fields because we do not know, 

for an arbitrary quadratic field and an ideal 5 in whether 

or not the ray class group (mod J ) is of even order. The problem 

lies in the units. If u is the fundamental unit of in the case 

that Kg is real, then a precise knowledge of the order of u (mod ) 

is necessary for solving the problem. This is the reason that we 

dealt only with imaginary quadratic fields with only two units when 

we estimated the lower bounds.

In the cases of the symmetric and alternating groups, the problems 

are more difficult. Here, we are dealing with cubic fields, and there 

is very little known about class structure in this case. In the proof 

of Lemmas 12 and 23, we were forced to use the estimate of Lemma 11 
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for the 2-rank of the class group of a cubic field. This estimate is 

made under the rather crude assumption that the class group of a 

cubic field is a product of groups of order 2, i.e. we were forced 

to assume the worst possible case, although empirical evidence is that 

the class number of a cubic field is rarely even and, when it is, the 

power of 2 dividing the class number is not too large. We should 

be able to replace the factor of d^ in Lemma 11 by a more 

reasonable logd^ or, at best, an absolute constant. This would 

remove the term in the upper bounds for the symmetric and 

alternating cases, and at worst, replace it with further logX terms. 

These log terms seem to be a result of the same problem that we 

encountered in the dihedral case. Given a cubic field K$, and an 

ideal f in K^, we do not know if the order of the ray class group 

(mod J ) is even. In the proof of Lemmas 12 and 23, we have again 

assumed the worst case, that the order is always even, and we get 

quadratic characters in all cases. Again, the problem lies with 

knowing the order (mod J ) of the units. Presumably, as with the 

class number, we will have large factors of 3 appearing, but few 

factors of 2, and this would hopefully remove the log factors.

We would then be left with the conjectured asymptotic densities 
for these cases of CX and CX^ resp., where the C's are constants. 

This would also agree with the conjecture stated in the introduction 

that

n4W lim —s— exists.
X-*»
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If this conjecture holds, then we do have one very surprising 

result. The result of Gallagher, mentioned in the introduction, 

shows that almost all quartic polynomials will have the symmetric 

group as their Galois group; therefore we would have assumed 

that the same result would hold when counting fields by their 

discriminants. This is contradicted by the fact that we have proved 

that there are » X dihedral quartic fields. This would indicate 

there is a significant difference between counting polynomials and 

counting fields, and that there must be a large amount of collapsing 

i.e. many more polynomials must correspond to the same field in the 

symmetric case than in the dihedral case. For whatever reason, this 

result is far different from the result we would have expected.

Regrettably, the general methods used in the cases of the 

symmetric and alternating groups will not work for fields of higher 

degree for the reason that the group S^, for n _> 5, contains no 

subgroup, except A^, of index less than n. Therefore, there is 

no way of building these fields up from fields of smaller degree.



NOTATION

Z The ring of rational integers

Q The field of rational numbers

R The field of real numbers

* The field of complex numbers

Sn The symmetric group on n letters

\ The alternating group on n letters

Dn The dihedral group of order 2n

Cn The cyclic group of order n

KL4 The Klein four group

w(n) The number of distinct prime divisors of n

Let K be an algebraic number field.

disc(K) The absolute discriminant of K

h(K) The class number of K

h+(K) The narrow class number of K

h2(K) The 2-rank of the class group of K, i.e. the
number of cyclic factors in the 2-Sylow subgroup
of the class group of K

°K The ring of integers in K

K The normal closure of K with respect to Q

R(K) The regulator of K

W(K) The number of roots of unity in K

The number of real conjugates of K

r2CK) The number of pairs of complex conjugates of K
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Let G be a group,

Let K c L be algebraic number fields, <L an ideal in K, and

$ prime ideals in K, L resp., with $ Ce — *

disc(L/K) The discriminant of L/K
r ax The ramification index e, of 1 over

eL/Kl« J
f The relative degree [0^ :0^ 1 of
UK 3 over

m The norm from L to K
NL/K x
GCsL) The multiplicative group (0/6l)

The order of G(6> )

-H(G) {Fields K | Gal(L/K) = G}

\CG) {Fields K of degree n | Gal(K/Q) = G}

<CX G) {K e^CG) | 0 < disc(K) £ X}

n;cx,g) {K e\(G) 0 > disc(K) _> -X}

Nn(X,G) {K e\CG) |disc(K)| < X}
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