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CHAPTER I
INTRODUCTION

The remarkable growth of applications of nonlinear systems in
such fields as automatic control, data transmission, and noise filtering
is well known. This growth is a reflection of the demand for system
performance, weight, and reliability characteristics beyond those
obtainable from linear devices. However, techniques for the de sign of
nonlinear systems are still in the early stages of development with
only a limited range of problems susceptible to satisfactory treatment.
In particular, relatively few results have been obtained in the intentional
use of nonlinearities to improve system performance characteristics
or to extend the tasks that can be accomplished.

The aim of this investigation is to develop a systematic design
technique for a special class of nonlinear systems. The system specifica-
tions are assumed to consist of a set of deterministic forcing functions,
each with a corresponding prescribed system response. The resulting
nonlinear systems are those that can be described by a set of ordinary
nonlinear differential equations in which each nonlinear term consists
of some product of the dependent variables and their derivatives.

Both inherent and intentional nonlinearities are considered. Before
discussing the results of this investigation, the present state of non-
linear design theory will be reviewed briefly.

Published results in nonlinear-control design theory are
numerous and only a few typical examples can be mentioned here.

The greater part of past work can be classified as approximate.



The most general method of this type is certainly the describing function
technique which has been the subject of numerous investigations (10,

12, 17, 20, 21). From the viewpoint of the system engineer, the primary
significance of the describing function is the possibility of controlling,

at least roughly, the relative stability of a nonlinear system by conven-
tional methods (gain adjustment and linear compensation). Although

the engineer has found such sinusoidal techniques as the describing func-
tion invaluable for avoiding unwanted oscillations; he is perhaps more
often interested in obtaining acceptable forced or transient response
from a nonlinear system. In general, it appears that satisfactory control
over response can only be obtained directly in the time domain. A
number of such methods have been proposed (3 4, 14, 23, 24). In most
of these, results have been obtained by placing rather severe restric-
tions on the problem. For example, Caldwell and Rideout (4) have
devised a method of improving the forced response of a second-order
linear system by adding a nonlinear damping term. The function of

this term is to reduce the transient response time by reducing the
system damping for large error signals. This technique. as with many
similar methods, is based on intuitive reasoning and the validity must

be checked by experimentation.

In the area of exact theories, many of the present results are
concerned with contactor systems and related optimal controls (2, 7,
8,11, 1'3, 22, 25, 27). These systems have proven amenable to
analysis; and, with respect to certain response criteria, provide the
ultimate in performance. Unfortunately, optimal controls tend to be
complex, and realization has been limited to the simpler low-order
systems.

An important source of difficulty in the development of general

nonlinear design theories is the diversity of nonlinear phenomena and



the consequent lack of formal methods of classification. Several attempts
at classification have been made. Zadeh (29) has suggested one based on
an integral representation in which the first class includes the linear
system as a special case and each class contains the lower-order
classes. The significance of such schemes has not been determined, and
so far, practical applications have not evolved.

With the exception of some general results for second- and third-
order nonlinear systems, the most powerful tool for nonlinear stability
investigations is Lyapunov's ''second method' (5, 6, 15, 18). The
Lyapunov method uses a generalization of Lagrange's theorem of
minimum potential energy to establish conditions sufficient for a
stable system equilibrium. While there is no formal process for
applying this method, many problems that could be treated in no other
way have been resolved by a fortunate combination of intuition and
manipulation.

In summary, nonlinear design theory at present consists of a
wide range of partial results. As yet, general procedures that are
practical have not been developed. Thus, most successful designs are
based on a combination of techniques aided by the experience and in-
sight of the designer.

In this investigation, a systematic procedure is developed for a
special class of design problems by placing restrictions on the form
of the system specifications and the nonlinear fixed elements. The
method does not require approximations and the resulting systems
satisfy the specifications exactly. Chapter II outlines the problem and
the proposed design technique. Following this, the required preliminary
assumptions and the limitations of the method are discussed. The
development of a general class of nonlinear compensatlors is presented

in Chapter III, Included here are discussions of compensator



characteristics and the question of realizability. Lyapunov's method is
used in Chapter IV for a stability analysis of the system in which the
compensator is the only nonlinear element. The stability in-the-large

of both the free system and the forced responses of the system are
studied. Chapter V examines methods of reducing the proposed technique
to practice, summarizes the design procedure, and presents an approxi-
mate extension of the method to a wider range of problems. Several
example problems are presented at the end of Chapter V to illustrate some

of the important points brought out in the text.



CHAPTER 1I
PRELIMINARY ASSUMPTIONS

Design theories, both for linear and nonlinear systems, are
often based on methods that were originally developed for analysis.
This approach has resulted in a large number of practical theories
for linear systems--primarily as a result of the powerful analytical
tools available. Conversely, the lack of general methods for the
analysis of nonlinear differential equations has limited the development
of nonlinear design theories. Since this situation is not likely to change
in the immediate future, it seems pertinent to consider the develop-
ment of methods that do not require the solution of nonlinear differ-
ential equations. A design technique of this type is the subject of the
present investigation.

In many applications it would be desirable to have a system whose
performance changes in a prescribed nonlinear fashion with the form
and amplitude of the input signal. The ideal design technique would
completely control the relationship between system input and response
over some continuous range. At present, it seems improbable that a
general technique of this type can be developed. One method of reducing
the problem to a manageable form is to consider only a finite set of
input and response functions. This approach is considered here and
should be adequate for a large class of system design problems. The
system considered is a closed-loop configuration enclosing output and
feedback elements, and a nonlinear compensator. The compensator is

required, in general, to be nonlinear since the transfer operators



defined by corresponding input-response pdirs can be distinct, and
the output element can be nonlinear.

The method proposed here yields an exact solution to this design
problem. That is to say, if it is stable, the final system produces
exactly the specified response for each input. This approach has
several important advantages and disadvantages. On the plus side, an
exact technique can be reduced to a systematic procedure that does
not require tridl-and-error computation. In addition, it avoids the
difficult if not impossible problem of establishing approximation errors.
Of the disadvantages, perhaps the greatest is the loss of flexibility:
the designer has little control cver the complexity of the resulting
system. A second disadvantage is that there are several important
types of system design requirements, such as threshold and resolution,
not easily controlled by selecting an appropriate system input-response
pair. This problem is characteristic of exact or analytical methods
of design. In general, such methods must be followed by empirical
techniques of adjusting the system parameters to obtain requirements
that cannot be stated within the allowed form of the specifications.

In the development of the present design technique, the form of
the input and response functions and the class of fixed elements must
be appropriately restricted. The final system must also satisfy
certain general requirements. The following sections discuss the
design technique and the necessary assumptions and limitations.

Design Technique and Assumptions

In the present design problem it will be assumed that specifi-
cations are given in the form of N prescribed system input functions
and corresponding response functions. It will be further assumed that
system output and feedback elements have been selected and are,

therefore, fixed and part of the system specifications,



The closed-loop system and notation used is shown in Figure 2.1.
The system inputs are fin(t) (n=1, - - -, N) and the corresponding
prescribed responses are f ,(t) (n=1, - - -, N). In the following
work, all time functions considered will be deterministic and zero for
t < 0. It will be presumed that these time functions have Laplace
transforms, if required. The theory in following chapters considers
the single-loop system shown in Figure 2.1. The methods presented,
however, are applicable to multiloop systems as long as the restrictions

indicated below are satisfied.

(1) FIXED I f (1)
NONLINEAR | < .I °
ouTPUT —>
COMPENSATOR]™ F_ (s) ELEMENT | Fols)

fe (0 l FIXED
FEEDBACK
Fils) | erement

Figure 2.1 - Design Problem Notation

.
F; (s) Fq(s)

A major obstacle in the design of nonlinear systems is the nature
of the closed-loop design problem. If approximate methods are used,
the designer is forced to work inside the loop and splice things together
so that the over-all system will do the required job. The method pro-
posed here avoids this difficulty since an exact design is obtained.
Thus, the first step of the design procedure1 is to reduce the closed-
loop problem to an equivalent open-loop problem. In this first step,
for each pair of functions fin(t) and fon(t), the corresponding system

error f,,(t) and compensator response f_(t) are computed. The sets

1The method of design used here is similar in several respects to
Guillemin's method which considers the design of linear systems. A
detailed discussion of Guillemin's method is presented by Truxal (28),
Chapter V.



of functions [fen(t)] and [fcn(t)] define the required nonlinear compen-
sator. The determination of a éuitable compensator is therefore
reduced to a relatively simple open-loop design problem.

Since an exact solution to the design problem is sought, the
fixed elements and each of the fin(t) and fon(t) must be such that the
corresponding fen(t) and fcn(t) can be determined in closed form.

In addition, the sets [fen(t)] and [fcn(t)]must be such that a suitable
nonlinear compensator can be found. The following preliminafy

assumptions restrict the problem to satisfy these requirements:

1. Let each of the fin(t) and fon(t) be a member of the
class of time functions that can be generated as the impulse
response of a linear system of the form

(s -a,)(8-a3)---(s-ag)

Fl8) = Co TaB s - B -~ (5 - B))°

(2.1

where a, and Bj are arbitrary and appear in conjugate complex

pairs when complex. The poles and zeros of F(s) are not
required to be simple.

Additional restrictions are imposed on the fin(t) and fon(t)
by the requirement that the system defined by the specifications
must be physically realizable.l Since, in a physical system,
response is uniquely related to the input, a distinct input
fin(t) must be assigned to each distinct response fon(t), as-
suming the initial state of the system remains the same. The
---, f __can

ol’ oN
all be identical, even if the corresponding fil’ -, fiN are dis-

converse, of course, is not true. In fact, the f

tinct. A further limitation on the fin(t) and fon(t) is discussed

in Chapter III.

1The mathematical conditions for realizability require that a system
must be non-predicting. Since this limitation is satisfied as a result
of these preliminary assumptions, only the practical requirements for
realizability are of concern here.



2, Let the fixed feedback element be a real, rational, linear
function of s denoted by H(s). To avoid the stability problem
which may arise as a result of the cancellation of a right-half-
plane pole, it will be assumed that Hf(s) is minimum phase.
This problem is discussed in Chapter IV. While it is not
essential to assume that the feedback element 1s linear--it
could for example, consist of a polynomial g(x) = = bi x*

in series with Hi(s)--most feedback devices of practical interest
are linear over a reasonable range of inputs.

3. Let the fixed output element be a nonlinear device
capable of being represented by a single differential equation
of the form

n |f ;
o (o]

U
(R)  R-D ) T oa df_

(2.2)

The nonlinear function 'q(fo) is a multinomial in which each term
is an arbitrary product of the variable fo and its first R deri-
vatives. For example, a forced Van der Pol equation

(x -¢€ (1 - xz) x + x = y) is of the type defined by equation (2.2).
The fixed output element could also be represented as a set of
nonlinear differential equations. However, for each fo(t) = fon(t),
it must be possible to compute the corresponding fc(t) = fcn(t).
This can be accomplished if the representation of the output
element can be reduced to a single differential equation. When
the function n(f,) is linear, the fixed output element will be

denoted as the transfer function
F (s)
o

Ho(s) N F (s)
c
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It will be assumed that the functions H (s) and
aUsU +---+ a  are minimum phase as above. Unfortu-
nately, no similar restriction can be imposed on n(fo),
since the cancellation problem for nonlinear functions is

not obviously defined.

The above preliminary assumptions satisfy the requirements of
the design problem and lead to a suitable class of nonlinear compen-
sators. However, they do not assure that a design can be successfully
completed. Within the restrictions imposed by the preliminary assump-
tions and a lesser limitation discussed later, it is always possible to
determine a nonlinear compensator which will produce the required
response fcn(t) for each forcing function fen(t). Unfortunately, there
is no assurance that the resulting system will have acceptable stability
characteristics.

Several attempts have been made by the author to employ alter-
nate sets of preliminary assumptions. However, in each case, unless
very restrictive assumptions were placed on the problem, no suitable
class of nonlinear compensators could be found. Fortunately, the time
functions definéd in assumption (1) are those commonly used in system
design, and many output elements can be represented adequately by the
type of nonlinear differential equation defined in assumption (3).

The fin(t) and fon(t_) have been restricted by assumption (1) to a
classR of functions closed under linear operations and multiplication.
The result of the remaining assumptions is to restrict the f (t) and
f (t) to class& Thus, one general requirement for the nonhnear
compensator is that when its input is an element ofﬁ, its response must
also be an element ofﬁi. '

The £en(t) and fcn(t) required for the evaluation of the nonlinear

compensator can be computed as follows: using the superposition
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integral, ffn(t) can be expressed as (assuming the system is initially at

rest)
oo}

£ (t) =L f (h (t-Tdr, n = 1,---,N (2.3)

Thus, fen(t) is given by

Q0
£ (t) = f (t)-/ f (f)h(t-7)dr, n=1,---,N.  (2.4)
en in o on f

The required compensator response fcn(t) can be computed by
substituting fo(t) = fon(t) into Equation (2.2) and solving for the cor-

responding fc(t) = fcn(t). From Equation (2.2),

u

1} d fcn
Z a u = nn(t)) n = 1: ] N (2'5)
u=o u dt
where
ny=ne B g BV ey aa ol N (2.6)
n on on on

Now, let the inverse Laplace transform define the relationship

-1 1

r(t) = L , (2.7)

U
aUs +---+a0

then
o)

£ (t)=j n{t)r(t-r)dn n=z1,---,N. (2.8)
cn o n

Before turning to the investigation of nonlinear compensators in
Chapter III, several further requirements, necessary to achieve a

satisfactory solution to the system design problem, will be considered.
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General Design Requirements

In addition to the limitations imposed by the preliminary
assumptions, there are four general requirements that the nonlinear
system must satisfy. While it would be difficult to establish conditions
sufficient to assure successful completion of the design problem, it
appears that a satisfactory design has been accomplished when the
following conditions are satisfied:

1. Nonlinear Compensator. The system compensator defined

by the sets [fen(t)] and [fcn(tﬂ must exist and be physically
realizable. While a general investigation of existence and
realizability would be very difficult, these questions can be
answered for the class of compensators developed here.
Conditions sufficient to assure the existence of a realizable
nonlinear compensator are discussed in Chapter III.

2. Autonomous System. The autonomous system must have

acceptable stability characteristics. Ideally, it should be stable
in-the-large. In most cases, system stability characteristics
cannot be established rigorously; however, an accurate indication
can often be obtained by experimentation. In Chapter IV, the
second method of Lyapunov is employed to examine the case in
which the compensator is the only nonlinear element in the

system. The conditions established are sufficient for the existence
of a Lyapunov function and the asymptotic stability in-the-large

of the nonlinear system.

3. Forced System Trajectories. As a minimum requirement,

each of the N forced system trajectories f n(t) should be stable
relative to neighboring trajectories. While this would be adequate
to meet the specifications, a system would be highly unsatisfactory

if any possible trajectory was unstable relative to a neighboring
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Mtrajectory--the imperfections and noise always present in
physical systems might cause the actual system response to
depart indefinitely from the desired response.

As with the autonomous system, very little can be said in
general about the stability of forced trajectories, except for the
case in which the compensator is the only nonlinear element in
the system. In this case, it will be shown that each forced
trajectory of the system is asymptotically stable relative to
the class of all trajectories whenever the autonomous system
has a Lyapunov function of the type considered.

4. System Equilibrium Point. While not stated explicitly in

the specifications, all systems are, of course, required to have
a unique equilibrium point. This is essential for stability in-the-
large. Since the general class of compensators considered here
can occasionally produce a system with more than one point of
equilibrium, a special configuration which avoids this difficulty
is presented in Chapter III.
The above list summarizes several of the major problem areas
in the design of nonlinear systems. While certain conditions sufficient
to avoid these difficulties are established in the following investigations,
the conditions cannot, in general, be interpreted in terms of appropriate
nitations on the system specifications. It is apparent, therefore,
that no assurance can be given that a particular design will be successfully
completed. The final system must always be tested to determine if the

design goals have been achieved.



CHAPTER 111
NONLINEAR COMPENSATION

The previous chapter has attempted to formulate a design
problem which spans a significant range of application and is capable
of solution. To meet these goals, it is necessary to forego placing
restrictions on the final system, and thus the compensator, except
for those implied by the preliminary assumptions. Other restric-
tions, for example a limit on the order of the nonlinear system,
might be desirable; however, in this case a solution of the design
problem becomes difficult, if not impossible. Since the limitations
imposed on the nonlinear compensator are relatively weak, it might
be expected there are numerous compensators that will meet the
requirements of a given problem. As will be seen, this is actually
the case.

The present chapter examines the configurations, existence
and realizability of the nonlinear compensator. This is followed by
a proof that a linear system is generated when the specifications
can be satisfied by a linear function. The final section presents a
method of constraining the compensator to obtain a prescribed
small-signal transfer function for the nonlinear system.

Compensator Configurations

The type of nonlinear compensator proposed here and the
notation used is shown in Figure 3.l1. As shown, the nonlinear com-

pensator is divided into N parallel paths which are summed to form

14
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NONLINEAR LINEAR
ELEMENTS ELEMENTS

fo (1)
Fgq(s)

Figure 3.1 - Nonlinear Compensator Notation

the compensator outpﬁt f.(t). Each path consists of a nonlinear and
a linear element in series. Many other suitable configurations can
be found. This compensator, however, appears to be the simplest
which will meet the requirements of the design problem, and will
therefore be employed in most of the following work. Alternate con-
figurations of special interest are considered below. The compen-
sator schematics discussed in this section are convenient for com-
putation, but are not necessarily the form in which the compensator
should be realized. A configuration which requires realization of the
minimum number of dynamic elements is presented in Chai:ter V.

For the N prescribed system input-response pairs, the equa-
tions relating the output of the nonlinear elements to the compensator
output are

ranl +I‘n2H2 + e + I‘nNHN = Fcn, n=1, ----, N. (3.1)
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In the symbols I' . .(s), the subscripts have been inverted so that
standard matrix notation can be employed below. The set of equa-
tions (3.1) can be expressed in matrix notation as

Méy = EF (3.2)

where the NxN coefficient matrix is

_I‘ll(s) rlz(S) cese I“].I}I(S)'1
];21(5) Fzz(s) ceee .

M(s) = . : , (3.3)
l_er(s) ........... .. I"NN(s)

and - _

Hj(s) Fcl(s)

Epls) = - ER(s) = - (3.4)
HN(S) FCN(S)

The requirements the nonlinear elements Zy; must satisfy are
now seen as: (1) for the specified f, (t) and f_,(t), the set [Zm] must
be such that equation (3.2) has a solution for £¢y; (2) each of elements
Z , must be such that its response is an element ofR when its input
is an element ofﬂ: Conditions sufficient for (1) are established in

the next section. One set of nonlinear elements which s7 isfies (2) is

2N -1

1 ) 3
Z_(fe) = bymie + bymfe + <o + bymfe » m =1, ---, N. (3.5)

Other suitable elements are easily found. For exarnplé, each non-
linear element could consist of some linear transfer function followed

1
by the above function Z . {fe).
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With any set of the coefficients b, for which the equations
(3.5) are linearly independent, the matrix (b,,,) is nonsingular.
2 -1_1
Thus, defining Z | (fe) = (bnm) Z,, , the elements

z,‘:‘1 fe) = 1)™ L m=1, -0, N (3.6)

1
will yield effectively the same nonlinear compensator as the Z (fe).

Most of the following theory will be concerned with the elements
2

Z,.,- While alternate sets of nonlinear elements could be considered,
these offer the least difficulty in analysis of both the compensator and
the over-all system.

With the N nonlinear elements Zri. the final system can have
as many as 2N-1 points of equilibrium, assuming the output element
has a unique point of rest. The most direct method of avoiding this
difficulty is to devise a compensator which cannot produce extraneous

points of equilibrium. The penalty is a slight increase in complexity

of the compensator. A suitable configuration is shown in Figure 3.2.

f, (1)
Fq (s)

Figure 3.2 - Compensator which Yields a Unique
System Equilibrium Point
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In this compensator, the transfer function ﬁ(s) can be any real,
rational function of s which has a zero at the origin, H(0) = 0.
Realizability requires, in addition, that ITI-(s) be bounded at infinite
frequency. When the systemn is at rest, the output of the element
ﬁ(s) is zero, and consequently, the output of each compensator path
2 through N is independent of the steady state value of the system
error. The compensator, therefore, cannot produce extraneous
equilibrium points in the resulting system.

At first glance it might seem that this conclusion is incorrect
when some of the H,,(s) have a pole at s = 0, since the output of these
elements may not be zero at equilibrium. The following shows that
this is not the case. Suppose some of the H,(s) contain a simple
pole at s = 0. Let Hm(s) = [-s—f: Hm(s)] [_s_;g] where a < 0 is arbi-
trary. Now extract [% from each of the linear elements and
place it in series with the compensator after the summation. Since
at equilibrium, the output of paths 2 through N is now zero, the
compensator cannot be a source of unwanted system equilibrium
points.

In most design problems, the system is required to have char-
acteristics such that if f;;(t) = -fij(t), then f,;(t) = -foj(t). Thus, only
odd power terms have been used for the above nonlinear elements.
There are problems, however, where it would be desirable to include
even power terms in the Z  (fe), as when a system with anunsymmetrical
characteristic is desired. A second possibility occurs in design prob-
lems where the output element has some unsymmetrical characteristic.
Here a suitable nonlinear compensator could be employed to produce
an over-all system with the desired odd characteristic, at least for

specific pairs of input functions. As will be seen, this result cannot
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be obtained with the nonlinear elements Zi , since if fei = -fej(i % j)
Equation (3.2) does not have a solution.

When the fixed output element is nonlinear, it may be possible to
eliminate some or all of the nonlinear compensator elements. This
requires a different compensator configuration, but the above method
of computing the Hm(s) is easily modified for this design problem.

As an illustration, concider a fixed output element defined by

= f

. . 2 b
f +d [(fo) + 1] £ +dyf = f

Assuming [(fo)z + l] fo can be sensed as an explicit function in the

output element, the method of compensation shown in Figure 3.3 might

be employed for a problem with N = 2.

ld,[()3+()l|

H' (’)

Figure 3.3 - Method of Implementing Compensator
without Nonlinear Elements
This method of compensation is particularly attractive since it
reduces the number of components required to implement the com-
pensator. The concept of modifying the characteristics of a
nonlinear output element by sensing some internal variable and
"feeding it back' is well known. For example, the '"pressure-feed-

back'" commonly used in valve-controlled hydraulic systems tends
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to '"linearize' the system by countering the nonlinear pressure-
flow relationship at the valve metering orifices. The method com-
pensation developed here supplements this idea by providing a
logical technique for determining suitable compensator elements.

It is apparent that the general method of compensation devel-
oped here leaves a great deal of design freedom to the discretion
of the designer, since there are numerous compensator configura-
tions which could be employed in a given problem. At present no
systematic method of exploiting this freedom has been found.
However, it can always be used, if only by trial-and-errocr methods,
to obtain some additional control over the nonlinear transition in
system performance. Similarly, if an initial design proves unstable,
a different choice of nonlinear elements may give more satisfactory
results.

Existence and Physical Realizability

Two conditions are sufficient to assure the existence and
realizability of the nonlinear compensator defined by the [fen(t)]
and [fcn(t)] when the elements Zri are considered. The Z , are
realizable, of course, since they involve only multiplication. The
two conditions are: (1) equation (3.2) must have a solution for &1
(2) the linear elements H,,(s) must be physically realizable.

Equation (3.2) has a solution if and only if the coefficient
matrix M and the augmented matrix (M, Er) have the same rank.1
Neglecting the trivial case of identical system input-response
pairs, the following argument shows that the two matrices have the
same rank if and only if M(s) is nonsingular, i.e., | M(s)| is not

identically zero.

1 perlis [26]; Theorem 3.6, page 45.
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First, it will be proven that M(s) is nonsingular if and only if

the 'fen(t)' (n =1, ---, N) are distinct, which can be written

|fei(t)| # |fej(t)| for some t, i 7 j.
The first part of the proof is obtained by showing that |M(s)| cannot
be identically zero when the condition holds.

Consider the NxN matrix M¢(t) whose elements y,m(t) are the
inverse Laplace images of the elements I' | ,(s) of M(s). Now form
a new matrix Mf(t) such that

M, (t) = My(t+)), t > 0
and

Mg (t) = 0, t <0

where \ is a positive constant. Employing the shift rule of Laplace

Transform Theory, the matrix M¥*(s), whose elements I‘:m(s) are

the Laplace images of the elements of M;k(t), can be expressed as
M#(s) = e SM(s) [37)

where the corresponding elements of M*(s) and M(s) have the same

strip of convergence. Equation (3.7) shows that M(s) is nonsingular

if and only if M*(s) is nonsingular.

(2m-1)

n . and the Initial Value

Let fe (\) = cy; then Ynm(A) = ¢

Theorem vyields

lim [sTam(s)] - fzm-1) (3.8)

S=p 0
Since M*(s) is an NxN matrix, its determinant can be expanded in a

Laurent series as p

U e
|M>‘(s)‘-sN+

sN-1

+ ---- (3.9)

where the series converges outside of any circle enclosing the poles
of lM*(s)' and having its center at the origin s = 0. The constant P,

can be expressed as
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2N-1
cl CI ......... LN ( )
3
Cz CZ sesnse
P, = |- : (3.10)
) (2N-1)
CN....--.... N
or
2 2N-2
l cl ....... seesse ?(l )
2 L)
1 CZ‘..... :
P, =¢1€2 - SN | - . . (3.11)
’ " (2N-2)
l ...... ses0ee sese b l

The determinant in (3.11) is the determinant of Vandermonde's matrix
which is nonsingular if ciz # ch (i #j).

Suppose the |fe (t)} (n=1, ---, N) are distinct; then under pre-
liminary assumption (1) the constant A can be chosen such that the
cn are non-zero and ciz # cjz (i #j). Hence, P, # 0 and the matrices
M*(s) and M(s) are nonsingular.

When the |fen(t)] are not distinct, M(s) has at least two rows that
are either equal or equal with opposite sign, and therefore IM(s)| = 0,
which completes the proof.

The method employed above can be used to show conditions under
which the coefficient matrix is nonsingular for other sets of nonlinear
elements. For example, when Z,::,(fe) = (fe)m, the coefficient matrix
M(s) is nonsingular if the f.)(t), ---, feN(t) are distinct.

To complete the argument, it will be proven next that equation

(3.2) fails to have a solution when |M(s)| = 0, with the exception of the
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trivial case occurring with identical system input-response pairs.
The above analysis shows that IM(s)l = 0 can only result if at least
two of the fep(t) are equal or equal with opposite sign. For conveni-

ence, suppose fe)(t) = fo,(t) are the only functions of this type. The

rank of M(s) is then N-1, since it has two equal rows and just one of

its rows can be made zero by row operations. Assume the system input-
response pairs are distinct; then Fcl(s) cannot be identical to FcZ(s)'
Hence, the augumented matrix (M, §F) must be of rank N, since none

of its rows can be reduced to zero by row operations. This argument
generalizes, which proves that the matrices M and (M, §F) cannot have
the same rank if any of the error functions fen(t) are equal. A similar
proof shows that M and (M, £ ) will fail to have the same rank if any

of the f,,(t) are equal with opposite sign. In summary, equatio:x\ (3.2)
has a solution for £ if and only if M(s) is nonsingular.

The requirement that the |fen(t)| (n=1, ---, N) must be distinct
places a corresponding limitation on the set of input-response pairs
[fin(t). fon(t)]. This is an addition to the requirement that a distinct
fin(t) must be assigned to each distinct fon(t), as imposed in the pre-
liminary assumptions.

Mathematical conditions for the physical realizability of linear
operators are well known.1 In practice, a linear operation which is
not physically realizable may still be utilized in system design if it
can be adequately approximated with a physical device. In this case,
engineering judgment must be used to restrict the admissible class
of linear functions. As a result of the preliminary assumptions,

the Hm(s) are real, rational functions of s. For most practical

A detailed discussion of these conditions is presented by James,
Nichols and Phillips [1 6] .
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purposes, no further restrictions are required, except perhaps that
Hm(s) should not have a pole at infinity. An accurate synthesis is
difficult to achieve unless the Hp,(s) have finite gain at infinite fre-
quency. While it is possible to formulate a general constraint on the
system specification sufficient to assure that H,(s) is bounded at
infinite frequency, such a constraint is complex beyond practical
value. The following example, considering the special case in which
the lfen(o)l (n=1, ---, N) are distinct non-zero constants, indicates
that the Hp,(s) will often be realizable.

Applying Cramer's rule to Equation (3.2), H (s) is given by

My Rl

= , =1, ---, N 3.12

where Mm(Ep) is constructed from M by replacing column m in M by
the vector . With the above assumption, the previous results show

that M(s) is nonsingular and lim [sN |M(s)'] is a non-zero constant.
s 00

In other words, the difference in order of the denominator and numer-
lim PnF (s)
s s cnis

then the difference in order of the denominator and numerator of

ator of lM(s)I is N. Now let 0 < <o (n=1,---,N),

le(§F)| is at least [N~1 + (Pn)min]’ where (Pp)min 1s the smallest
of the P,. Hence, the H,(s) will have finite gain at infinite frequency
if [N-l + (pn)min] > N or (Py)min > 1. Clearly, for this special case,
the Hm(s) will be realizable in any practical problem.

A Characteristic of the Method

When the specifications can be satisfied with a linear system, a
nonlinear system should not be generated. This is a desirable feature
for any method of compensation. The following shows that it is a

characteristic of the present method. In this proof it is sufficient to
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assume that among the Z ,(fe) there is one linear element, say
Z)(fe) = fe.
Let G,(s) be the individual linear compensator defined by the

pair fen(t) and fop(t).

Fecnls)
Guls) =————, n=1, ---, N, (3.13)
nls) Fen(s)
The vector £ can now be expressed as
Fel Gl Fe)
Ep = = X (3.14)
F Gn F
CN_J N el\ﬂ

Let A, be the coefactor of T'nm in M, then (3.12) can be rewritten as

N
Z Gn Fen &nm
n=1
- = -—- . .15
H_ lM' , m=1, , N (3.15)

From an expansion lMl in terms of coefactors,

N
O=|M| - ) TIplq] (3.16)
n=1
Similarly, since Fqo,, = I'nl,
N
O =2 TnlApm m=2, ---, N. (3.17)
n=1

The right side of this last equation can be expressed as a determinant

with two equal columns. The determinant is therefore equal to zero.
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G
Multiplying equation (3.16) by l_hl&-}»-and adding the result to the equation

for H)(s) yields

™Mz

(Gn - G))Th1 Anl

n=1
H; =G + 3.18
G)
Similarly, multiplying equation (3.17) by i-m and subtracting the re-
sult from H,(s) (m=2, ---, N) gives
N
L (Gn - GTh14nm
n=]
- , =2,---, N. 3.1
Hp, M| m (3.19)
When G,(s) =Gj(s) (n = 1, ---, N), equations (3.18) and (3.19) show that
the compensator reduces to a single linear element,
H,(s) = Gj(s),
H,(s) =0, m=2 ---,N. (3.20)

Thus, when the output element is linear, and all of the prescribed
input-response pairs define the same linear operator Y(s), the result-
ing system is Y(s). With the present method of compensation, this
result is obtained with any set of nonlinear elements that contains at
least one linear term.

Small-Signal Response

In any design, the system small-signal response characteristics
are of primary concern. While the design technique, as considered to
this point, will often yield a satisfactory system in this respect, a
better approach would be to constrain the design to obtain a prescribed
small-signal transfer function.

The following analysis considers the nonlinear elements Zril. In

this case, the small-signal transfer function for the compensator is
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simply H)(s). It should be noted that the small-signal function does
not necessarily correspond to the linearized compensator, since
any modes of Hy,(s) (m=2, ---, N) which are not common to Hj(s)
are uncontrollable by infinitesimal fo. These modes, which will be
called small-signal uncontrollable, must be stable. Otherwise, the
system equilibrium point will be unstable.

Intuitively, it would seem that one method of obtaining required
small-signal performance characteristics would be simply to include
an appropriate low-amplitude input-response pair in the specifica-
tions. This approach can be justified. Assume that the system out-
put element responds as a linear device for the low amplitude input-
response pair (f;], f,]). Replacing this pair with (ef;), €f,)), the
coefficient matrix M becomes

3 2N-1
el"ll € rlz eevecscces € I‘IN
s Tz el .
M= . . . (3.21)

er 2200000000000 CORORRRIIIRRETS FNN
Inspection of (3.21) shows

1.

€90
lim |1
€ 90 EAnl] =0, n=2,---,N (3.22)

lim |1 c
€0 [:Anm] =Apms» NDm=2,---,N



28

where Agm =I' IM Here Mp, is a submatrix of M obtained

nml-
by deleting rows 1 and n, and columns 1 and m.
The H (s) are defined by a set of equations similar to (3.18) and

(3.19).

N
): (Gn’Gl)rnl Anl
n=2

Hl = Gl + N (3.23)
eTjpA + ) T8
n=2
N
(Gn'Gl)rnIAnm
n=2
H, = ~ , m=2,---,N. (3.24)
«C1)a; + ) Thjlg
n=2
Now define
I
HY = '™ Hl] = Gy (3.25)
€90

N c
Y (Gup-GI)T1Anm
lim n=2
HC = [H ] =
m € PO m I'llAll

(3.26)

N
Z (Gn'Gl)rnl IMnmI
n=2

= , m=2,---,N.
all

Equation (3.25) shows as expected that in the limit a small amplitude
input-response pair will yield exactly the required small-signal trans-
fer function for the compensator and thus for the over-all system. In
fact, the compensator can be constrained to yield the required small-

signal transfer function using equations (3.25) and (3.26). The
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following method is more direct and shows the condition necessary
for a solution to the constrained design problem.

It will be assumed that the system specifications now include
a transfer function Y (s) for the small-signal system and N-1 input-
response pairs (f;,(t), ---, f;N(t); £52(t), ---, foN(t) ). Using the
theory of linear systems, Y4 (s) can be expressed as

G®(s) Ho (s)
1 + Hy(s) G5(s) HS (s)

Y (s) = (3.27)

where Hcs,(s) and G3(s) correspond to the small-signal output-element
and compensator functions respectively. It will be assumed that the
fixed output element has a first approximation (Hcs, (s) # 0), otherwise

Ys(s) must be zero. Solving equation (3.27) for Gs(s),

Ys(s)
G3(s) = —3 , . (3.28)
Hg(s) [1 - Ys(s)Hf(s)]
The equations required for evaluation of the H,%(s) (m=2,---,N) are
I Hf + —coce +TpnHy = Fep m=2,---, N, (3.29)
Setting H?(s) = G®(s), these N-1 equation can be expressed as
C c
MSEp = Ex, (3.30)
where M€ is a coefficient matrix with elements 'nm(n,m=2, ---, N)
and
C sq
c . c .
EH= . , Ep= . . (3.31)
HN FeN- rNIGSJ
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If M€ is nonsingular, the Hr; (m=2, ---,N) can be computed with
c -1.¢
g = (M) 1en (3.32)

The previous results concerning the singularity of the matrix M can
be directly modified for M®. Thus, M€ is nonsingular if the Ifen(t)l
(n=2, ---, N} are distinct.

As should be expected, this last method of obtaining the speci-
fied Ys(s) yields the same linear elements Hr;(s) as the earlier
method. Equation (3.32) can readily be rewritten in a form identical
to equation (3.26).

All of the results of this section apply directly to the compen-

sators in Figures 3.1 and 3.2.



CHAPTER 1V
SYSTEM STABILITY

The system specifications do not contain an explicit statement con-
cerning the stability characteristics required of the nonlinear system.
However, most nonlinear control or information processing devices
have the twin requirements that the autonomous system be stable in-
the-large and that the forced responses of the system be stable. These
are ideal goals. In practice, weaker types of stability are often accepted
as an expediency.

Unfortunately, the method of compensation outlined in Chapter III
does not provide any form of control over system stability. The
designer, consequently, has no recourse other than to check the final
system to see if an acceptable design has been achieved. As with most
design techniques for nonlinear systems, a direct test of the actual
system or a computer simulation is usually required. With this ap-
proach, system stability characteristics can be checked for only a few
initial states and forcing functions. This empirical method may lead
to the wrong conclusion and has in the past produced some spectacular
and costly failures,

In some cases, it is possible to establish system stability
characteristics with precise techniques. Lyapunov's second method
is one of the principal tools available for tackling nonlinear stability
problems. In this chapter, the '"second method" is applied to the problem
in which the fixed output element is a linear device Ho(s). For designs
in which the output element is nonlinear, no method of attack has been

found; each output element produces a different and difficult problem.

31
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In the following, the first sections examine the problem of pole
cancellation, develop an appropriate form for the system equations,
and discuss some possible Lyapunov functions. Following this, the
'""'second method'" is employed to establish certain conditions under
which the free system has asymptotic stability in-the-large. The

final section considers the stability of forced responses of the system.

Pole Cancellation

In the present method of design, the compensator often is required
to cancel characteristics of the fixed elements. Since in the physical
implementation of the system perfect cancellation cannot be achieved,
a stability problem may arise, identical to the difficulty which occurs
in a linear system with the cancellation of a right-half-plane pole.
For completeness, the problem will be reviewed here to show that
the limitations imposed in the preliminary assumptions are sufficient
to avoid the creation of an unstable system mode due to the cancella-
tion of a pole or zero in one of the fixed elements.

All of the investigations in this chapter will be concerned with
the system illustrated in Figure 4.1, where the fixed elements are
lumped with the compensator elements Hm(s) to simplify the form of
the system equations.

It will be assumed that among the N + 2 linear elements Hm(s)
(m=1, ---, N), Ho(s) and Hf(s), considered separately, there are K

distinct, simple poles. Thus,

K P
- km -
H_(s) H (s) H{s) = k}::l s_)\k, m=1,---,N, (4.1)

Multiple poles can be handled in a similar manner. However, since
the design process does not tend to generate poles of higher order,

the assumption of simple poles will often be valid. The nonlinear
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Hy(s) Hg(s) Hy(s)

P v =~
e = - -

Figure 4.1 - System with Lumped Linear Elements

00000
00000

system can now be expressed in terms of K first-order differential

equations as

. ZN -1

= + +-a- + =1,--- 4,
where f =1 -1, (4.3)
e i f
K
and £ = k[_ 1 ¢ - (4.4)

The equations (4.2) account for all modes of the nonlinear system and
will therefore lead to a correct evaluation of system stability.

Suppose for the open-loop system mode corresponding to )\a,
the coefficient Pa1 is zero. This mode is then small-signal uncon -
trollable, as mentioned earlier. Since it is unaffected by the feedback,
xa will also appear as a characteristic root of the closed-loop linearized
system. Hence, if Re()»a) > 0, the system equilibrium point will be

unstable. The condition Pay = 0 will occur most often when a perfect
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pole cancellation takes place in the product Hl(s) Ho(s) Hf(s). Since
no special relationship exists between Ho(s) and Hf(s), a cancellation
will usually occur when Hl(s) is required by the specifications to
cancel a pole or zero of Ho(s) Hf(s). In general, when such a cancella-
tion occurs in Hl(s) Ho(s) Hf(s), the same cancellation will take place
in the Hm(s) Ho(s) Hf(s) (m =2, ---, N). In this case, pam: O(m=1, ---,N),
and this mode of the system is uncontrollable.

While the design process will often require pole cancellations
in Hl(s) Ho(s) Hf(s), such cancellations cannot be the cause of an un-
stable equilibrium point. The preliminary assumptions have restricted
Ho(s) and Hf(s) to the class of minimum phase functions, which excludes
the possibility of cancelling a right-half-plane pole. The restriction
of Ho(s) to a minimum phase function is not as severe as it might
seem. If the output element is unstable, a stable Ho(s) can be pro-
duced by enclosing the original element with an appropriate feedback
loop. Unfortunately, no similar procedure is available for eliminating
right-half-plane zeros of Ho(s). Turning to the feedback element, it
is often possible to relax the restriction on Hf(s) to allow right-half-
Plane zeros, since the zeros of Hf(s) will rarely appear as poles of
Hl(s). This occurs because the pole formulation in Hl(s) involves the
addition of certain rational functions of s. In any case, to avoid the
creation of an unstable equilibrium point as a result of pole cancellation,
it is necessary and sufficient to assume that right-half-plane pole
cancellation does not occur in the product Hl(s) Ho(s) Hf(s). Thus,
the fixed elements can be allowed right-half-plane poles and zeros as
long as the prescribed system input-response pairs do not require

their cancellation.
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System Equations

Before a stability analysis can be undertaken, the system equa-
tions must be placed in a suitable form. The set of equations (4.2)
can be divided into two groups, the controllable and uncontrollable.
The uncontrollable modes are linear and assumed to be stable. These
can be omitted from the stability analysis, since they cannot influence
the stability of the contrcllable part of the system. While perfect pole
cancellation cannot be achieved, and thus the Pl involved will be
small but non-zero, this simplifying assumption is still permissible.
The stability analyses to follow, hinge on the proof that a function V( ¢)
(i.e., the time derivative of a Lyapunov function) is negative definite.
The sign of \./( ¢) will remain unchanged for sufficiently small variations
in the Prm corresponding to the uncontrollable modes of the system.
Hence, a correct indication of stability is obtained even though perfect
pole cancellation cannot be achieved., For simplicity, it will be assumed
that the set of equations (4.2) includes only the controllable modes of
the system,

With the exception of the last section, this chapter is concerned

with the free system (fi= 0). Thus, from Equation (4.3)
K
f = - : 4.5)
. Z: % (4.5)

In Equation (4.2), for each term that contains the variable fe, it is

convenient to make the following substitution:

K
2m- 2m-
(g )2 o (g )Fm2 T e, (4.6)
e e . j
j=1
Thus, Equation (4.2) can be written
: ol Z2m-2 K
=\ - - = ---, K, 4.7

m = j=1
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The error function fe will be retained in the closed-loop equations,
as shown above, for simplicity. The system (4.7) can now be expressed

as the vector differential equation

. N 2m -2
e=|C, -| T ) c_lu | ¢ (4.8)
m =1

¢1
where ¢ = , (4.9)

*K
C, =diag (x|, --==, Mg, (4.10)
Cm=diag(plm,----,p ), m=1, ---, N. (4.11)

and U1 is the singular K x K matrix

— -

1 ..... 1
1
U.= : : : . 4.12
' : (4.12)
(1.l

For later stability studies it is necessary to diagonalize the

matrix [C - C1 Ul] of the system first approximation. First, some

A
of the characteristics of this transformation will be examined.

Let ¢ be a constant nonsingular matrix such that

¢-1[Cx'C1U1]¢=D1’ -(4.13)

where D1 = diag (-rl, e ey TK). (4.14)

It is assumed that the characteristic roots T of the closed-loop

linearized system are distinct,
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For any K x K matrix A, the product AUl can be rewritten DA U1

where DA is a diagonal matrix. A similar result is obtained if the

order of the matrices is inverted. Consequently, the matrix Cm Ul

is similar to the matrix

-1
=D D = - .
Yy Cm Ul¢ mUl " m =2, s N | (4.15)

where D and Dm (m = 2, --- N) are defined by the relationships

U

U $=U, D¢ (4.16)

and ¢ C U =D U m=2, ---, N, (4.17)

The analysis in Appendix I shows that the diagonal matrix D¢
is nonsingular and arbitrary. In the following work it will be convenient

to let D¢ equal the identity matrix, D¢ = I. In Appendix II, it is proven

that the elements p'kj of Y (D¢ = I) are of the form Hij = pkll()\k - -rj),
assuming )'k # T Knowledge of the form of § aids in the numerical compu-
tation required in a stability analysis, but is not necessary for the following

investigations.

Applying the transformation

¢ = P (4.18)
to the system (4.8) yields

(fe) D U | ¢+, (4.19)

where

=- |10--- 0 U, D¢ o (4.20)
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Equation (4.19) is a nonlinear system of the type (dropping the asterisks),

¢ = T(e) ¢. (4.21)

For the present system,
N 2 2
T(¢=D -| ¥ ) °p |u_, (4.22)
1 e m 1
m = 2
wierc
K
£ =- Y o . (4.23)
e k=1 k

In the following investigations it will be understood that all
matrices symbolized by D are diagonal. Before undertaking a stability
analysis of the system (4.21), the formulation of two potential Lyapunov

functions will be considered.

Lyapunov Functions

Lyapunov's second method provides a general and powerful
tool for the stability analysis of nonlinear systems. One basic diffi-
culty limits the application of this method: there is no systematic way
of testing the existence of a Lyapunov function. While the discovery
of a suitable function is sufficient to establish the in-the-large stability
of a nonlinear system, failure to find one provides no information.
The purpose of this section is to define a function V(¢) and to show
conditions for which V(¢) is a Lyapunov function of the nonlinear system
(4.21). The properties of V(¢) determine the type of stability shown.
Asymptotic stability in-the-large will be considered here. Following
is one of the basic theoremsl of the '"'second method' which shows

conditions sufficient for this type of stability.

lThi.s theorem is proven by Kalman and Bertram (18), page 378. The
definitions and background required here are presented in this paper.
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THEOREM 1 - Consider the continuous-time, autonomous dynamic

system .
¢= q(¢) (q(0) =0) (4.24)

Suppose there exists a scaler function V(¢) with continuous first partial

derivatives with respect to ¢ such that V(0) = 0 and,

(i) V(¢) >0 for all ¢ # O,
(ii) V(¢) < 0 for all ¢ # 0,
(iii) V(¢)» o with"¢“ »o.

Then the equilibrium state ¢e = 0 is asymptotically stable in-the-large
and V(¢) is a Lyapunov function of the system (4.24).

Using this theorem conditions can be established for which the
system (4.21) has a Lyapunov function. These conditions are expressed
as limitations on the complex matrix T(¢). The next theorem, while a
straightforward application of the '"second method," provides a strong

result for the system (4.21). It is not restricted by dimensionality.

THEOREM 2 - Consider the continuous-time, autonomous, dynamic

system

$= T e & _=0) (4.21)
Let T(¢) be such that the Hermitian matrix
o) = T(9) + T(d) (4.25)

is negative definite for all ¢. Then the equilibrium state ¢E = 0 of system

(4.21) is asymptotically stable in-the-large and

Vi) = & & (4.26)

T -

is one of its Lyapunov functions.

PROOF - The function ¢' ¢ is a positive definite Hermitian form.
Thus V(0) = 0 and V(¢4) > 0 for all ¢ # 0. Computing \.’(¢) yields:
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Vi) =F ¢+ b (4.27)
=3 [T + 100)] 6.

By the above hypothesis ¢' [-'f" + T] ¢ is a negative definite Hermitian
form. Hence \./(4)) < 0 for all ¢ # 0. Finally, V(é) tends to infinity with
Hell=(¢'e )1/2_’ @, which completes the proof.

Several of the results presented in the literature can also be
applied to this problem. In particular, Krasovskii's Theorem1 pro-
vides another method which is not restricted by dimensionality, A
modified form of Krasovskii's Theorem is presented below. The

modification provides a convenient extension of the theorem to complex

systems,

THEOREM 3 - Consider the continuous-time, autonomous, dynamic

system

& = q(¢) (4.28)
which has a unique singular point ¢, = 0. Let the system (4.28) be

such that ||q(¢)" —» o .with ||¢||->m Now assume that q(¢) has con-
tinuous first partial derivatives and that its Jacobian matrix
Q;(d) = [aqi/8¢j] is sich that the Hermitian matrix

Qe) = Q';le) +Qyl¢) (4.29)

is negative definite for all ¢, Then the equilibrium state of the system

(4.28) is asymptotically stable in-the-large and

V(6) = & =G(d) qlé) (4.30)

is one of its Lyapunov functions.

lIbid., 385,
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PROOF - From Equation (4.30), V(0) = 0 and V(¢) > 0 for ¢ # 0.

Computing \.f( ¢) gives:

Vie) =" ¢+ ¢ ¢ (4.31)

By the above hypothesis \7(¢) is negative definite and \'/(cb) <0 for
¢ # 0. Finally, since

l a{o)ll = o with || b}|-s00,
then

V(¢) —» oo with || &||» 00
which completes the proof.
Theorems 2 and 3 appear to be the strongest results available
for the system (4.21). The application of these theorems is examined

in the next section.

Stability of the Autonomous System

If either?(cb) or 6( ¢) is negative definite, the autonomous system
is asymptotically stable in-the-large. While the matrices "I\‘( ¢) and 6( $)
can be directly tested for negative definiteness, the results can be ex-
tended further when the system defined by the matrix (4.22) is considered.
The purpose of the present section is to show some rather general
conditions for which/'I‘\((b) and 6( ¢) are negative definite, First, a
special case which sheds some light on the general problem is con-
sidered. Following this, it is shown that Theorem 2 provides a stronger
result than Theorem 3. Finally, a set of conditions sufficient for the
asymptotic stability in-the-large of the general system are developed.
The analyses presented below are concerned with the system
equation in which the first approximation is diagonalized. Other analyses

could consider different forms of the system equation. The author
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has investigated several of these alternate cases; however, the rather

complete result presented below has not been duplicated.

Stability Analysis of Special Case -- The application of

Theorem 2 will be considered first. In the following special case of

the system (4.21), it will be assumed that T(4) is of the form: L.

_ 2P - 2
¢) =D - (£) DL U,

(4.32)
where P > 1 is an interger. The system must be properly scaled to
obtain results. While suitable scaling could be obtained by an appro-
priate choice of D¢, it is convenient to rescale the system. When the

system is rescaled with the transformation ¢ = Ds cbs, the matrix /’f(cb)

becomes
26 )=D ™o)D +D He ) D (4.33)
8 8 s 8 8 S S
A 2P -2A
= 'I‘l - (fe) ‘I‘P
N\ v

where T =D, +D_, (4.34)

1 1 1
?—BUBB'1+D‘1DUD (4.35)

P s 1 P's s P 1 s’ )

Denoting the diagonal elements of Ds as ., the system error is now

K
fe=- k);l K'k ¢sk'

The following analysis shows that/'r\(q)s) is negative definite if and
only if: (1) Re(-rk) <0(k=1, ---, K), (2) the matrix DP is positive
definite, and (3/1 Dst= DP.
Suppose T(¢s) is negative definite for all ¢s. Then, since

A
/'l\'(¢s)—b?l with fe—DO. the matrix Tl must be negative definite.
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2P-2 A A
In addition, since 'T\(cps)/(f ) —p —‘I‘p with f — 00, the matrix TP
e e

must be positive semi-definite. These conditions are necessary and
P
sufficient for a negative definite T(¢ ). The limitations they place on
s

D1 and Dp will be examined next.

A
The diagonal elements of 'I‘l = D1 +D1 are 2 Re(Tk), and thus

A
'1‘1 is negative definite only if Re(Tk) < 0. This requirement is obvious

since any stable system must have a stable equilibrium point.
Several steps are necessary to establish the conditions for
which ?P is positive semi-definite. First, it will be shown sufficient
to consider a real scaling matrix D . Following this, a proof will be
presented which shows that ?p cannot be positive semi-definite for

any real DS if the elements_dk of DP are complex or nonpositive,

A
dk 0. Finally, it will be proven that if d_ > 0, then 'I'P is positive

k

semi-definite for D2 =D_ (or DD =D ) and only for D which
s P s s P s

satisfy this condition.

A
The matrix ’I’P is Hermitely congruent to

—_—=]1aA -1 - —_ - -1 - -1
T = D_(D.D . 4,
Ds PDs Ul P( s s) +(Ds Ds) DPUI (4.36)

- -1
Since (Ds D) scales only the magnitude of the elements dk of DP
s

in Equation (4.36), the range of values of the Hermitian form

- A
Vp(q:s) = 4); 'I‘P ¢s is indgpendent of the angle of the elements “ of DS.
Therefore, it can be assumed that the Kk are real.

Next it will be shown that /'I‘\P is not positive semi-definite for any
real Ds if DP is complex. Note that complex diagonal elements of DP
occur in conjugate complex pairs. The following proof employs the
fact that all principle submatrices of a positive semi-definite matrix
must be positive semi-definite. Consider any 2 x 2 principal submatrix

iD ith elements d. =a +jB and d =a - jB. The f Vv .
o wi ments ; jB an J a-jp e form P(¢si ¢sj)

P
can be written:
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. / V -
% 2a (o +jB) "—1 M IR
) !}1
VF’“"si' ¢sj) - K
— 1
¢sj (a-jB) rJ‘ ‘+ rl 2a ¢sj

Suppose ?P is positive semi-definite, then for any real constant

¢ > 0, the matrix

Ki XK.
2a + ¢ (a +jB)[ = +
J i
K, K.
(a- B+ 2a + ¢
j i )

is positive definite and its determinant must be positive.

K K :
=2+ 1> 0.
K K

j i

2
(2a +¢) - (02 +F32)

The left side of this inequality is maximum when Ki =« . Thus,

2 2
4da¢t ¢ -4 >0,

which is a contradiction for ¢ sufficiently small unless B =0. Since
this argument is valid for all 2 x 2 principal submatrices, the matrix ?p

cannot be positive semi-definite if any of the dk are complex.
A
T
P

definite if dk dk cannot be negative; otherwise,

some of the principal submatrices of ?P will fail to be positive semi-

A similar argument proves that cannot be positive semi-

< 0. First, note that the

definite. Thus, only.the case in which some of the dk are zero must be
investigated. Suppose some of the dk are zero. Then, for any 2 x 2
principal submatrix of DP in which di = 0 and d_ # 0, the form

J

V'p(¢si. ¢sj) can be written:
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17 1 -
—_ K1
0 d —
¢si jKj ct’si
vP“’si' cbsj) =
S 2 24
A |d. — . ¢ .
Ct’SJ J J s)
B T § J

[~ —
A8
€ d —
Jx.
J
d — 2d +e¢
JKj J

is positive definite and its determinant must be positive

2
2d e+ e -J|d —| >0.
J JKJ

For any fixed D , the constant k /[« is non-zero. Thus, for ¢
s 1

sufficiently small the above inequality is a contradiction. This result shows

that with the exception of the trivial case Dp = 0, the matrix ?P can-
not be positive semi-definite if dké 0.

N
It remains to be proven that 'I'P is positive semi-definite if dk> 0

and then only if ﬁs Ds = DP. Suppose dk > 0, then Equation (4.36) shows

—— N\
that for Ds Ds =D_, the matrix TP is positive semi-definite since it is

P

Hermitely congruent to the positive semi-definite matrix 2U To

1
prove that ﬁs D_ = D is a necessary condition, it is sufficient to show
-1 -1
at least one 2 x 2 principal submatrix of Ds 'I‘P D fails to be positive
s

2
semi-definite unless Ds = DP. This argument will be omitted since
it is similar to those presented above.

While the above results were derived for a system that has

one nonlinear element, they also establish two necessary conditions
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for the negative definiteness of ?(¢s) when N > 2 -- [Bl+Dl]must be
negative definite and DN must be positive definite. These will be
required later when the general system is considered.

Theorem 3 yields the same result as Theorem 2 for the system
defined by the matrix (4.32). The proof is obtained by a straightforward

computation of the matrix 6(4) ). For this special case the vector q(¢)
S

is given by

q(¢) = T(¢) ¢
2P-2
=D, ¢-(f) D,U, ¢. (4.37)
K
Substituting fe = - kzl ¢k into this equation, the components of the

vector q(¢) can be written

Z2P-1

K
9 (¢) = T, ¢ +|- kZ_l ¢ d . (4.38)

Computing the Jacobian matrix QJ(¢) of the vector q(¢),

H

Q(4) [3 q,/8 ¢j]

2P-2
Dl- (2P-1) (fe) DPUI'. (4.39)

If the system is rescaled as before with b = DS ¢ , the new Jacobian matrix
s

Q;(4,) is (4.40)
- 2P-2 -1
Q;{¢) = D" D D_-(2P-1)(f ) D_ DU D,

and therefore,

A —
Qo) = Q! (o) + Q(4)

? - 2p-1) (£ *F 2% (4.41)
1 e P
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A A
Noting the similarity between the matrices ‘I‘(¢s) and Q(q)s). it is
apparent that Theorems 2 and 3 yield the same result for this special case.
Thus, the 6(¢8) given by Equation (4.41) is negative definite only if:
(1) [‘15l +D1] is negative definite, (2) D, is positive definite, and

DD = .
(3) Ds . DP

Comparison of Theorems 2 and 3 -- As indicated by the above

results, Theorems 2 and 3 are closely related. For the general system
defined by the matrix (4.22), this relationship is especially simple. The

A
general matrix T (¢s) can be written

A A N 2m-2 A
T ) =T, - )} (£) T . (4.42)
m=2
where, using the above form of notation,
N - - ==1 -1
T =DUD D +D D U D, m=2,---,N. (4.43)
m s 1 m s s m 1 s

The corresponding 6(¢s) is

N
A A 2m-2 A
Q(¢s) =T - m£=2 (2m - 1) (ie) T . (4.44)

For purposes of the following discussion, let
A A A A
T = T f d = .
() =T (£) and Qe =0 (£)
The relationship between these matrices can be stated:
A 1 fe A
Ts(fe) = _f: ]o Qs(x) dx, (4.45)

and therefore,

‘e 3 Q dx 6
[o 30 (e ax . (4.46)

©-
=D

1
8 s(fe) ¢s ST
e
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Since Q 6 = (o) [(=£,). the right side of Equation (4.46), is an
even function of f If Q (f ) is negatwe definite, then the right side
of (4.46) is negatwe for all f and ‘I‘ (f ) is necessarily negative definite.
The same result is obtained xf an arb1trary transformation is applied
to the system, and therefore, the function ¢' ¢ will be a Lyapunov
function of the system whenever $’ ¢ is a Lyapunov function. Since
the converse is not true, Theorem 2 provides the stronger result. The

remaining sections of this chapter will be concerned with Theorem 2.

Stability Analysis of General System -- To initiate the analysis

of the general system it will be assumed the two necessary conditions
established earlier, _]-)1 + D; negative definite and Dy positive
definite, are satisfied. In addition, since’fN(¢s) must be positive semi-
definite, it will be necessary to assume Ds is constrained such that

D D, =D As the first step in this analysis, it will be proven that

N
under these assumptions the matr1x'1‘(¢ ) is negative definite if and only
if, for at least one Ds’Al'TN’S)l > 0 for all ¢4 --a surprisingly simple
result for a K order system with N-1 nonlinear elements. In the last
part of the analysis, a method of expressing the determinant |-/f(¢s)| as
a polynominal in f{ eZ is developed. The condition l-/'f(cbs)l > 0 can then be
restated as a requirement that this polynomial must have no real roots

for at least one Ds.

From Theorem 2, the derivative of the function V(¢S) is

. A
Vie ) = o T o, (4.47)
where {I‘\(cbs) = /'fs( ) is defined by Equation (4.42). Applying the linear
substitution ¢8 = ¢ to V(¢ ) gives
. S | -
V(¢) = ¢' D_ T S\ )Ds $ (4.48)
N -1
2m-2—r = — 2 -
=3 [D +Dsl]¢ (£) m ¢'lulnsm+nsm01]¢ -2(f ) N- 2¢'U &

2
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where
-1

m DN » m =1’ = No (4.49)

D =D (3 D)'1=D
sm m S 8

The diagonal elements of the D will be denoted as w
sm km

Now consider the nonsingular linear substitution

= , 4,
¢ T4>T (4.50)
where
1 ¢ 1PN 0
1 0....... 0
0 0 1... .
T = . . . I (4.51)
0o 0 ..... 1
-1 -1 ..., -1 1
L -

Applying this substitution to (4.48) gives

Vie,) = & T & (4.52)

where

1 1

'R o -
?T(fe) =T'D_ T ()D T (4.53)

s
Since this equation is rather cumbersome, the matrix in each of its
terms will be examined separately before they are combined.

To simplify the following work, it is convenient to formulate the

matrix T'[ﬁ +D ]T as follows:
sl sl

(4.54)
1..... 1 -1 2 Re wll 0T
.1
. . . 0
D T =2 . . . + . .
T’[D81+D81] Re“’Kl . . : 0 ‘ .
1..... 1 -1 ZRe vy 1)1
"l LI ] "l l Lo """ L O_J
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Let U2 be a (K-1) x (K-1) submatrix of U

Rew

+ . . finite. .
[Re (uKl UZ) Du] is negative definite. Therefore, let

' == 2
A'A [Re (wK

Now the matrix (4.54) can be rewritten

—

(D =
T[Dsl+Dsl]T

K1’
The (N - 2) matrices T'[U. D +D
[ 1 sm s
T'[U +D U |T-=
1 sm 1
“im ™ Km) -

Finally, the matrix T'[zul]'r is

T'2U T =

To simplify the notation for ?T(f ), let:
. e

(O(K-1)m~%km)

(%K l)m Krn) (w

and Dw= diag(Re w, , --=

ll) »

K- l)l) ,then as a result of the initial assumptions the matrix

+ ]. .
q Uz) Dw] (4.55)
TZRew | (4.56)
-A'A
-2Rew
Kl
. =2 RemKl + 2 Re le
T
Ul] are (4.57)
(wlm-uKm)
0

+
me)

(4.58)
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N-1

2m-2
B, =+2 Re w, + )} (fe) (@ _-w, )k =1, ---, K-1 (4.59)
m=2
and
N-1
2m-2,_ 2N-2
0, = -2Rew  + (£) (T Fope )+ 2 ,  (4.60)
m=2
then — 0 A
1
R :
iy = A'A ) . 4.61
1) ( )
9%-1
Lel ......... I

The following criterion for positive definiteness will be required

to progress further.

k
THEOREM 4 - Let H be a K x K Hermitian matrix and H denote

the submatrices of H taken from the first k rows and columns. Then
k

H is positive definite if and only if all K submatrices H have positive

determinants.

The matrix A'A is positive definite, and therefore, >0

~k
T (f
T(e)

(k =1, ---,K-1). By Theorem 4,? (f ) is then negative definite if and
T e g

> 0. However, (I\T(fe) is congruent to /'?(cbs), and hence

inly if '-?T(fe) c
'I‘(cbs) is negative definite if and only if |-'I‘(¢ )|> 0. In summary, the
s

nonlinear system defined by the matrix ’I‘(¢s) is asymptotically stable

in-the-large if the three conditions,

(i) Re (“'k) <0,
(ii) DN positive definite,
(iii) | -/T\(¢s)|>0 for at least one D ,
are satisfied. S

1
Perlis (26), page 103.
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Condition (iii) can be further reduced as shown next. Let

o

e1
B = ) , (4.62)
eK-l
then
[ A'A B |
T = 4.63
- T e) - * ( . )
B! 6
L K_.
This matrix is congruent to
1 (A')-l BT
/\
-C'T_(f )C = , (4.64)
T e _ -1
B'(A) e
- K —

-1
where C = diag[A , 1]. For computational purposes, this last step

can be performed readily by row and column operations on the matrix

- 3¢

1
(4.63). If the elements of the column matrix (A') B are denoted 6

(k =1, ---, K- 1), expanding the determinant |-C /T\T(f )C| gives
e
R K-1 .
-CT. (fe)C|=6K(fe) - kz_ , o, ()0 (fe) . (4.65)

Hence, condition (iii) becomes

K-1
£)y- ) 6*(f)e*(f)>o (4.66)
eK(e Kol k' e k e ' '

2
The left side of (4.66) is a polynomial in fe. Therefore, the above

Lo e . =% ¥
inequality is satisfied if 0, - kzzl 6,6, has no real roots. It can be

shown that this requirement is automatically satisfied for N = 2 since
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the initial assumptions are sufficient for the negative definiteness of
A
T(¢s) in this case.
In summary, the procedure for testing the negative definiteness
o)
of the matrix T(¢s) consists of the following sequence:
1. The first step is to evaluate the transformation
P l _l
matrix =(—-—l-(——) and its inverse ¢ .
A, =T,
k)
2. Using ¢, the characteristic roots T of the
linearized system matrix D1 can be computed with

-1
the relationship D, = [Cx - Cl Ul]lb- If any Re (Tk)>0

1
there is no need to proceed further.

3. The third step is to evaluate the matrix DN which

-1
is defined by D Ul=¢ C.U If DN is positive

N N 1’
definite, the final step can be undertaken.
K-1 . «
4, C tati f the f ti 6. -
omputation o e function K kZ=1 ek Gk can

be carried out by the method presented above. If this
function has no real roots for at least one D , the system
s

is asymptotically stable in-the-large.

Stability of Forced Trajectories

In nonlinear systems very little is known about the relationship
between the stability of the free system and the stability of forced
trajectories. However, as with the free system, the stability of
system trajectories can be investigated with Lyapunov's second method,
since for a fixed fi'(t) deviations from the corresponding fo(t) can be
expressed in terms of a free dynamic system with an equilibrium state
at the origin. For the present case, it can be proven that this new
system is asymptotically stable in-the-large for any fi(t) when ¢' ¢ is

a Lyapunov function of the autonomous system. In this case, each
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forced trajectory is said to be asymptotically stable relative to the
class of all trajectories.
The following theorem, extracted from Corollary 1.1 (Theorem 1)

of the paper by Kalman and Bertram (18), will be required.

THEOREM 5 - Consider the continucus-time, free dynamic system

6= q(é t) (4.67)

where q(0, t) =0 for all t. Suppose there exists a scalar function
V(¢, t) with continuous first partial derivatives with respect to ¢and t

such that V(0, t) = 0 and,

(i) V(¢, t) is positive definite,
(ii) V(¢, t) is negative definite,

(iii) V(¢, t)—» o with||¢“_>oo.

Then the equilibrium state is asymptotically stable in-the-large and
V(¢, t) is a2 Lyapunov function of the system (4.67).

The analysis in this section is general and does not require the
system first approximation to be diagonalized. However, it is convenient to

use the previous notation and express the forced nonlinear system as

N
0 0 02m-1
b =D o + L () D, (4.68)
m=2
where . . K .
(¢, 1) = (1) - kZ:1 o (8, (4.69)

0 0 1
and f (t) is fixed. In (4.68), replacing ¢ with ¢ +4¢ and subtracting
i
(4.68) yields

[(fo +fl)2m-l_(f0)2m-l] b (4.70)
2 e e e m

e
"
=)
©
+
Mz
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where

K 1
£ = - & . (4.71)
¢ kgl k

The system ( 4.70) can be rewritten as

"1 o 1. 1
= » f ’ 4-
¢$ =T (fe e) $ (4.72)
where
o N (f(e)+f;)2m-1_(f(e))2m-l
T(f_,f) =D, - )} T D _U,. (4.73)
m=2 f
e
Selecting
1 -1, .1
V(e ,t)=(¢ ) ¢ (4.74)

as a potential Lyapunov function for the system (4.72), then

vieh v =@ Tl e, (4.75)
where

"P(f:, f:) - T (f:, f:) +T(f2,fi) . (4.76)
By Theorem 5, the system is asymptotically stable in-the-large if
\.1(4)1, t) is negative definite.

Now a new function ’\.’f(b, Y yl) will be defined as
V(6 y ,y)=8Tly . y)s, (4.77)
70" 71 o' ’1

where Y, and y, are independent of 6. If the function \.’f(é, Y yl) is
o
©o1

negative definite then clearly V(¢ , t) is negative definite. Thus, the
system (4.72) is asymptotically stable in-the-large if Vf(é, Yo yl) <0
for 6 #£0.

2m-1 2m-1

2 N |y +y)7 -y

. ——' -—' . .
Vf(6,yo,yl)-6  8-6 Y - rma (4.78)

m=2

Expanding the bracketed term in the last equation:
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(v + )Zm-l( )Zm-l (4.79)
Yo yl B yo Y 2m-2 yo 2m-2

2m-2 o)
=(y + +— + =2
v, (YO yl) = (YO yl) yl(v )

Then Equation (4.78) can be written

Yy N

y — | 2m- 2/\ —1]70 2m-27
o, , =§' - -6 — + T |5
VLa,y .y, = 8T, ): SR R W LEEY Pl MRS R )
m=2 l m=2
y N
—_ 2m-2~.
f|= ¥ )T e (4.80)
I m=2 ° m
Adding the functions
-7 Yo A
5 —9?15 and -5'2T 6
71 "1
respectively to the last two terms of (4.80) gives
N y N
. — A Zm_ZA — oIiNn 2m-2A
- & - [~ T
Vs, y »y,) 8T, )3 (v, *+v,) 'rm6+6 - T,- ): (y +y;) 16
m=2 1 =
Yy N
—_ 2m-2 N
ST 2T - Y )T e, (4.81)
y 1 o m
1 m =2
Now let
A N m2% |s (4.82)
- 14 m- . .
vy =8|T- T m
m=2

If {,a(ﬁ' y) is negative definite ¢' ¢ is a Lyapunov function of the autonomous
system. Using Equation (4.82), the \}f(ﬁ, Y, yl) given by (4.81) can be
written

1

Vf(ﬁ,yo,yl) = §' Z [(yo+y1)Va(6, yo+ yl) —yo Va (6, yo)] 5. (4.83)
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Suppose Va(6, y) is negative definite, then the following argument
shows that \'lf(6, Y, yl) is necessarily negative definite. The first step

is to prove that yVa(6, y) is monotonic and decreasying in vy.

. - PaN _1
y V(6 y) = 8T y- S P (4.84)
a 1 5 m

m

n M2

The first partial derivative of y \'/'a(é, y) with respect to y is

0 y\./ N
—[5—3-] 5T - Y (2m-1) (y)?‘m'2 T |s. (4.85)
y ! m =2 m

From the argument presented in the last section, the bracketed matrix
in Equation (4.85) is negative definite. Thus yVa(fJ, y) is monotonic

and decreasing in y, and for any 6 # 0,

v (5, > V (6, y +vy.), > 0,
VoV (0ry ) >y +y ) V. (6, y +y ) y, >0
(4.86)
6, < 6,y +y. ), <0.
Yo Vallry ) <ty +y ) V. (8, y +y )y,
This result proves that the right side of Equation (4.83) is negative for
Y1 # 0, and thus Vf(6, Yo yl), is negative for all y ,y, #0, and 6 #0.
It remains to be shown that \./f(é, Yo 0) <0 for all Yo 65 #£0.

”~~
This can be accomplished by proving that the matrix T(yo, 0) is neg-

ative definite. 2m-1 2m-1
A~ A N (y +y,) -ly ) ~
Ty ,y)=T - ¥ — 2 T . (4.87)
o 1 1 y m
m=2 1

-1
Expanding the binomial (yo+ yl)zm in this equation yields

(4.88)
N
A A 2m-1| 2m-2 {2m-1] 2m-3 2m-1] 2m- 1A
T(yo»vl)-'fl- Z [( 1 )yo +( 2 )yo ylw‘---+(2m-1)y1 ]Tm-
m=2
Thus,
Ty ,0) =7 E 2m-1) yo™ 29 (4.89)
Yo' N l-m_2 (2m- Yo m’ )
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”~~
As before, the argument in the last section shows that T(y , 0) is
o

negative definite.

Consequently,
VA5, y ,y,) <0, 6+0 (4.90)
f o "1
and therefore, each forced trajectory of the system, defined by equa-

tions (4.21) and (4.22), is asymptotically stable relative to the class

of all trajectories if $' ¢ is a Lyapunov function of the autonomous system

Summary of Results

The above investigations are concerned with the nonlinear system

. N 22
¢ = [cx - (z(fe)zm cm) U1] ¢ (4.8)
m=1

where

fe = fl - ff (403)
and

5 (
f, = & 4.4)
{ & k

Employing the transformation ¢ = yo* (U, ¥ = Ul) to diagonalize

the matrix [C)\ - ClUl] corresponding to the system first approxi-

mation,

. N 2m-2
o = [Dl ‘(Z (£ Dm)Ul] b (4.19)
m=2

where, for the autonomous system,

K

£ = - o,
e kzz:lk

(4.20)
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The matrices Dm are defined by the relationships

D, = " [c)\ - clul]Lp (4.13)
and

1

DU, =¢ C_U,m=2 ---, N (4.17)

1’
Assuming the diagonal elements Me of C)\ are distinct from the
diagonal elements Ty of Dl’ the (k, j) element of Y is of the form
I-ij = Px1 /()\k - 'rj). if A S 'I'j, the corresponding “kj is indeterminant.
Any indeterminant p'kj can be evaluated by the method presented in
Appendix II.
The principal stability results obtained in this chapter are
summarized in the following theorem, which considers the system

(4.19) after a scaling transformation ¢* = Dscbs.

THEOREM 6 - The autonomous nonlinear system

N 2m-2 -1

d;s = [Dl - Z Z(fe) D-s

DmUlDS]d)s (4.91)
ms=

has a Lyapunov function of the form &;s' ¢4 if and only if
(i) [Bl+ D 1]is negative definite.

(ii) DN is positive definite.

N
A — 2m-2 — —_— =] -
(iii) I-‘I‘(f)|=|-D-D+ )} ()™ “DudDD +p!p U.D )|>0
s e 1 1 me2 € s 1 m s s m 1l s
for all f and for at least one D where D D = D__.
e s 5 8 N

Furthermore, if the system (4.91) has a Lyapunov function $'s ¢s, then
(1) the system equilibrium point is asymptotically stable in-the-large,
and (2) each forced system trajectory is asymptotically stable relative

to the class of all trajectories,
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For computational purposes, condition (iii) can be re-expressed

as
K-1_, .
GK (fe) - Z Bk (fe)ek (fe) >0 (4.66)
k=1
2
where the left side of (4.66) is a polynomial in f,- The inequality is
satisfied, therefore, if this polynomial has no real roots. Computational

steps which simplify evaluation the polynomial are presented in the

text..



CHAPTER V
SYSTEM DESIGN

The previous chapters have presented the formal steps required
to establish a nonlinear system which yields the specified forced
responses. There are many other factors, not accounted for by the
formal procedure, which must be considered to achieve a practical
design. For example, a compensator with several parallel paths can
have a form of instability resulting from drift. The compensator must,
therefore, be realized in a configuration which avoids this problem.

The purpose of this chapter is to summarize the design procedure
and examine some of the additional factors necessary to reduce the
method to a practical tool. Since no single design procedure is suitable
for all problems, an attempt is made in the following to point out some
of the possible variations of the present technique. The first two
sections of this chapter consider the exact design procedure and an
approximate extension of the method. Following this, an alternate
approach to the design problem, in which the nonlinear system is
specified in terms of a small-signal transfer function about each of
N operating points, is discussed. The chapter concludes with several
example problems.

Design Procedure

The design procedure starts with the system specifications
which consist of the fixed elements, the sets [fin(t)] and [fon(t)] and

possibly a transfer function Ys(s) for small-signal performance. The

61
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following procedure applies to any of the compensators discussed in

the preceding work.

1. The first step is to compute the compensator inputs
fen(t) and corresponding responses fcn(t), using equa-
tions (2.4) and (2.8). In practice, there is often some
freedom to vary the specifications. This freedom can
be utilized in many cases to reduce the complexity of
the final system. Minor variations in the fin(t) and
fon(t) may reduce. the number of terms in the fen(t)
and fcn(t), with a consequent simplification of the
compensator. For example, when the output element
is linear, a simplification of fcn(t) is abtained by
utilizing at least some of the poles of Ho(s) in the

poles of the Fon(s).

2. Next, a suitable compensator configuration and a
set of nonlinear elements Zm(fe) must be selected,

The elements an(fe) = (fe)Zm-l tend to yield the

lowest order linear elements Hm(s). While exceptions
can be found, the added complexity of the Zm(fe) tends
to offset any simplification obtained. On the other hand,
the selection made for the Zm(fe) will strongly influence
the over-all characteristics of the nonlinear system.

In a given problem, some trial-and-error changes may
be required to obtain a satisfactory design. The com-

pensator in Figure 3.2 represents a possible alternate choice.
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3. If a transfer function Ys(s) is included in the system
specifications, the small-signal compensator function Gs(s)
can be computed with Equation (3.28). For the nonlinear
elements an(fe), the constraint H(l:(s) = Gs(s) is placed

on the compensator.

4., For eachf (t), the corresponding responses vy (t)
en nm
of the elements Zm(fe) must be computed; for example

v (= £ (yemd
nm en

(n,m=1, ---, N).
5. At this point, the Laplace image I"nm(s) for each
v__(t) and the image F_ (s) for each f (t) can be
nm cn cn
evaluated. These are always straightforward transfor-

mations since each time function is an element of
classﬂ.

6. UsingtheI' (s)and F_ (s), the set of equations
nm cn

(3.1) (or 3.29), can be formulated as the vector equa-

) _ c.,c _,c )

tion MgH = gF (M §H gF). The unknown linear

elements can then be computed by determining the

inverse of M (MC) and solving gH = M-1 gF
c c,-1 ¢
(£ = (M) &)
7. Since there is no assurance that this technique

will yield a successful design, the final step of the
procedure is to test the resulting system to deter-
mine if all specified and implied design goals have
been achieved. In some cases, the stability of the
system can be examined by the methods presented in

Chapter 1IV.
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The above approach to design is basically a method of coercing
the system to meet the specifications. The coercion, furthermore, is not
in the least subtle --the compensator is required to cancel any un-
desired characteristics of the fixed elements. In this respect the
present method is similar to Giullimen's approach to linear system design.
In fact, when the fixed elements are linear and N = 1, it reduces to
Guillimen's method, except that computations are made in the time
domain.

Several objections can be raised to the coercion or cancellation
approach to system design. The primary objection is that it is impos-
sible to cancel certain characteristics of the fixed elements and then
expect the final system to yield anything like the predicted performance.
This argument rests on the supposition that the original description of
the fixed elements is not precise, having neglected various time lags
and nonlinearities. On the whole, this is not a valid objection, as long
as the attempted cancellations do not cause a stability problem, It
simply implies that either the description of the fixed elements must
be refined or that the elements chosen at the o&t;et are not adequate to
do the job. Regardless of the method, suitable fixed elements must be
employed and accurate models are required for design.

A second objection to the cancellation method of compensation is
the complex compensator networks that often result. Actually, this is
not as strong an objection as it might appear. In the first place, the
synthesis of complex networks is not especially troublesome. In
addition, in many cases it will be possible to reduce the order of the
linear elements Hm(s), for example, by cancelling poles and zeros
which lie in close proximity. Such cancellations are only permissible
of course, if they do not introduce new stability problems. In any case,
the fact that a complex compensator is required is more an indication

of the difficulty of the problem being solved than a fault of the method.
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An important advantage of the present time domain method of
design is that it provides a means of determining when the fixed output
element is not compatible with the specified responses. The problem
which usually arises is some form of saturation within the fixed element.
With a time domain approach, the signal at each point within the fixed
element is computed as part of the procedure. Thus, if the magnitude of
any signal exceeds the known saturation level, a new fixed element must
be sought (or the requirements reduced).

As mentioned earlier, a compensator which employs several
parallel paths can have a form of instability. This, of course, depends
on the configuration employed in the compensator realization. As an
illustration, suppose the compensator is realized in the form shown in
Figure 3.1. If two or more of the functions Hm(s) contain a pole )‘a
with Re (Xa) >0, the ""unstable paths' can drift simultaneously without
producing a net effect on fc. The system, therefore, cannot generate
a corrective action for this drift, and these paths will eventually
saturate, causing a change in performance characteristics. Fortunately,
the compensator can be realized in a number of forms which avoid this
problem. The configuration discussed next is of this type.

In synthesizing the compensator, it is desirable to utilize the
minimum number of dynamic elements. The schematics used previously
for illustration would be an extravagant way to realize a compensator,
since the Hm(s) will, in general, have many common poles. This can
be seen by inspection of the equations Hm(s) = | Mm(gF)lllMl. If the N
linear elements have Q distinct poles, only one set of these is required.
The remaining operations can be accomplished by introducing coefficient
gains and summing junctions. For example, the compensator configura-

2 2m-~
tion illustrated in Figure 5.1 can be used with Zm(fe) =(fe) m 1.
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000000

Figure 5.1 - Diagram for Realization of Nonlinear Compensator

Approximate Method of Design

In many important design problems, the system specifications
cannot be placed in a form which satisfies the preliminary assumptions
stated in Chapter II. Most often, the fixed output element cannot
be adequately represented by a single nonlinear differential equation
of the type defined in assumption (3). If the restriction on the output
element is removed, it still may be possible to obtain an approximate
design. With the method discussed here there is no way of evaluating
the approximation errors; however, the results appear to be sufficiently
accurate for many purposes. Even when the system does not meet all
specifications, this approach will often provide an initial design on
which to base refinements.

While no direct restrictions will be placed on the system output
element, there is one important requirement --an fcn(t) must exist
which will produce the prescribed response fon(t). This limits the
admissible class of responses for certain nonlinear output elements.

For example, an on-off element can only produce a pulse-wave type
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of response; and the response of a simple saturation element must
be less than the level of saturation., If this requirement is not
satisfied, the specificaticns are inconsistent and must be changed.

Steps (1) through (4) of the previous design procedure also
apply here. In this problem, however, computer techniques may be
required to evaluate the fcn(t), since the solution of forced nonlinear
differential equations may be involved. If a Ys(s) is specified, the
required small-signal compensator function can again be calculated
exactly. The exception, of course, occurs when the output element
does not have a linear approximation about equilibrium, as for example,
when it contains coulomb friction, Evaluation of the ynm(t) proceeds
as before since each fen(t) is still a time function of classﬁ.

To this point, the design procedure is essentially unchanged.
Now, . however, the Hm(s) defined by the an(s) and Fcn(s) are not,
in general, rational functions of finite order. The next step is,
therefore, to approximate each Hm(s) with a rational function H:n(s)
of arbitrary order. It would be desirable if this approximation could
be carried out by minimizing some measure of the error between the fon(t)
and the actual responses which result when the H:n(s) are employed.
In a closed-loop nonlinear system, this approach is not feasible; some
empirical method must be used. Several suitable methods can be
found. The most direct approach is simply to approximate each fcn(t)
with an element of the class(P\. Since the I‘nm(s) are rational functions
of s, the design can then proceed as before. One method of accom-
plishing the required approximation is to employ the integral-square
error criterion. The error en(t) is defined as

_ a
en(t) = fcn(t) - £ (0. (5.1)

a e .
The approximate function fcn(t) is chosen to minimize the integral I .
n
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T
2
1 = [ 2e(t)dt
n n

T
! (5.2)

T2

H

[£..(0 - £ (t)] % at
7t cn cn

1
where T1 sStg T2 is the interval of approximation.

The integral-square error method of approximation is well
known. Gilbert (?) has investigated the accuracy and limitations of
the method and has developed analytic and analog computer techniques
for the above case, and for more general approximation problems.
Therefore, the steps of the approximation procedure will not be
recounted here.

When N is large, the lengthy computations required will become
onerous, and the accumulated approximation errors may lead to an
unacceptable design. However, for one or two input-response pairs,
this method appears to yield designs suitable for most engineering pur-

poses. In many cases, no alternate approach is available, even for the

single-input problem.

Alternate Methods of Desigﬂ_

In all of the above investigations, the specifications have defined
the required nonlinear system in terms of a set of input-response
pairs. This section considers briefly a second method in which the
specifications are stated in terms of a required small-signal perfor-
mance about each of N operating points. Compensators similar to those
developed in Chapter III can again be utilized to obtain the desired
system. This type of design problem is most readily explained using

the system configuration illustrated in Figure 5.2,



69
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Figure 5.2 - System Configuration for Small-Signal Design

In this system, the compensator again consists of N parallel
2m-2

paths, each containing a nonlinear element of the form (fi) fe.
Thus, the path ''gain' is now a function of the amplitude of the system
input. The goal of this design problem is to choose the linear ele-
ments Hm(s) such that for small perturbations about the operating
point fi = Rn (n=1, ---, N), the over-all system has a small-signal
transfer function st(s).

Let Yon(s) be the open-loop transfer function corresponding to

Y (s).
sn Y (s)

_ sn
Yon(s) "1

o R LN (5.3)
sn
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Assuming lim [s H (s)] = 0 (i.e., the system steady-state error is
s-p0 o
zero at each operating point), the transfer function Yon(s) is given by

'ZHN(s)+ een t Hl(s)]= Y (s), n=1,---,N.  (5.4)

2N
%JS4G%)

These equations can be expressed in matrix notation as

Mo §H = §Y (5.5)
where M_ = [(R )Zm-Z] and
R n
H | Y /H
1 ol o
gH = . F’Y = . . (5.6)
Hy YON/H

From previous results, the matrix MR is nonsingular since the Rn

are distinct. Hence, the required Hm(s) can be.computed with

-1

R §Y . (5.7)

For a constant fi the above system is linear and stability can,
therefore, be investigated with any of the techniques for analysis of
linear systems. The earlier results on stability can be applied with
little modification to the investigation of the forced system. However,
the forced system probably offers few practical stability problems of
the free system is stable for all constant values of fi.

Several variations on the above method of design are possible.
For example, the operating point could be defined in terms of system
output level. Suitable compensator configurations can easily be devised

for the alternate cases.
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Examgles

The methods developed in the preceding work are illustrated here
by a group of simple exa;mples. Each example shows some charac-
teristic of this approach to the design of nonlinear systems. The
example specifications are summarized in Table I at the end of the
section. Table II lists the elements of the resulting nonlinear com-

pensators. All of the following examples consider unity feedback systems.

Example 1 - In this problem the specifications call for a 10:1
reduction in transient response time when the amplitude of a step
function input is increased ffom unity to four. The transition in system
step response is shown in Figure 5.3, Since the system error is zero
at rest, the same result is obtained about any initial output level.

This system is characterized by an increase in responsiveness with

error amplitude.

4
. \ to2 (1

~INTERMEDIATE

/ % RESPONSES

- d— —

SYSTEM OUTPUT
N

7/01 U

0 ] 2
TIME

Figure 5.3 - Transition in System Step Response

The system does not have a Lyapunov function of the type

developed in Chapter IV. However, experimentation with an analog
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simulation failed to show any tendency toward instability, within the
range of the simulation. The linear elements Hm(s) in this system,

as in all of the following examples, are physically realizable,

Examples 2 and 3 - Example 2 presents a problem in which

computation shows the system equilibrium point to be unstable. When
this situation arises, the design must be modified, either by selecting
a different set of nonlinear elements or by altering the specifications.
In this problem, the specifications require a marked change in system
performance for a relatively small change of the input signal. As the
demand for an abrupt transition ih system performance is reduced,
for example by reducing the amplitude of the smaller input-response
pair, the equilibrium point will eventually become stable. Of course,
this approach will not work for all problems --in each case the trends
must be established.

Example 3 considers the limiting condition in which the ampli-
tude is reduced to zero, and thus Fil(s)/Fol(s) = Ys(s). The resulting

linear elements are
Hi(s) = 1,

0.5(s +11) (sz+ 18s + 97) (s2 + 18s + 225)

Hy(s) = == 2

(s +6s+25)(s+9)(s +18s + 194)

The close proximity of certain poles and zeros of H;(s) indicates that
considerable simplification is possible, Figure 5.4 illustrates the
over-all approximation error that results with

2
+ +
H;(s)é’ 0.708 51188+ 97

s +6s+ 25

The simplified system is clearly adequate for most purposes., Neither

the exact nor the simplified system has a Lyapunov function of the
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EXACT DESIGN
SIMPLIFIED DESIGN

SYSTEM OUTPUT

0 1 2
TIME

Figure 5.4 - Effect of Compensator Simplification

type discussed. However, again no stability problems were observed

in the analog simulation,

Example 4 - Examples in which the final system is asymptotically
stable in-the-large can easily be found. It is interesting to examine
a general problem to show the bounds within which the system will

have this stability. In this example, the linear elements are

as tb

¢ T e————
H (s) H (s) = s(s *¢)

(s + [ -a) s+ ac - ]
Ho(s) H;(s) _ Is 230,) (a -a) s+ ac-b .
d s(s+a)(s+c)
Applying the methods of Chapter IV, it can be shown that the third-

order system resulting with these elements fails to have the desired
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c
Lyapunov function. However, if a(a - a) = a ¢ -b, then Ho(s) HZ(S)
reduces to

(ac-b){st+ 3a)

2
a d s(s+tc)

H (s) H;(s) =

The system is now second order and stable for some range of the
parameters. To establish this range, first note that with the above

constraint the transfer function for the linearized system becomes

+
Y(s) as+thb ,

2
s t{atc)sthb

astb

b
(st a)(s+t=)
a
The equilibrium point is stable, therefore, if

a >0,

b > 0.
The remaining requirements are found by establishing the conditions
for which the matrix D2 is positive definite. This matrix is defined

by the relationship

-1
$ C2 U1 = D2 Ul
For the present case,
b a | " 3(a c -b) 7]
ac < 2 2 0
¢ N d(b-a")
4’ = s CZ =

ac-b c-a 0 (c -3 a)(a c-b)
2

i ac c 1 i aZ d (b2~a2 )—

Therefore,
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2(ac -b)
2. 2 0
d(b-a)
D =
2 2
0 (ac -b){(b -3a)
B az d2 (b2 -az)
The matrix D2 is positive definite if
2
b>3a ,
ac>b

In summary, the system is asymptotically stable in-the-large if

a>0,
2
b>3a ,
b
c>-;,
a=o.-c+l)-.
a

The parameter d is arbitrary. With knowledge of these conditions, a
design procedure could be devised which assures the stability of the
final system. The task becomes one of finding an acceptable design
within the four constraints. It would be desirable if similar results
could be obtained for higher values of N and K. Unfortunately, with the

present method the constraints become enormously complex,

Examples 5 and 6 - As menticned in Chapter III, the nonlinear

compensator can produce extraneous equilibrium points. The system

in Example 5 shows this conditions: it has equilibrium points at

fe =0, ¢+ m If the unwanted points of equilibrium were

located far beyond the saturation levels in the compensation network,

it is conceivable that the design would be acceptable. In the present case,

however, they are relatively close to the origin and must be eliminated;

either by altering the specifications or the compensator configuration.
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Example 6 repeats the design utilizing the compensator illustrated
in Figure 3.2 to produce a unique equilibrium point. An analog simulation
of the system showed satisfactory performance and no indication of stability
problems, within the range of the simulation. However, the system will
likely enter an unstable mode of operation when the error amplitude
is not appropriately bounded by saturation, since the gain coefficient of

HZ(S) is negative.

Example 7 - This example considers a design in which the output
element contains a nonlinear term fo fo, and the specified input-

2(t).

With the compensator listed in Table II, the system and its forced

response pairs are of the form fil(t) = -fiz(t) and fol(t) = -fo

trajectories appear to have acceptable stability characteristics,

Systems of this type have an interesting characteristic -- the small
signal transfer function is automatically of the form Ys(s) = Fol(s)/Fil(s) =
FoZ(s)/Foz(s)' This result can always be obtained if each of the non-
linear terms in the output element is a product of even order, for
example 'f.o(fo)z fo. The remaining requirements are that the input-
response pairs must appear in odd sets, as above, and that the non-
linear compensator elements are chosen as Z:_ln(fe) = (fe)zm. The
reasoning can be shown as follows: for the prescribed output Fon(s),
let Fcn(s) be divided into two parts --F(l:n(s) and F:n(s), corresponding
respectively to the quantities resulting from the linear and nonlinear

terms of the output element, For any two odd input-response pairs

say (fil, fol) and (fiz, foz), the corresponding equations of the set (3.1)

are then
' H+I _H_+ + I _H ‘Fl +F2
11 1 12 2 °°°°° IN N cl cl’
2
- + +-oooo+ = - .
rllHl rlZHZ rlNHN Fcl+ Fcl

Subtracting these equations yields:



Fl F1
H = cl_cl
= =7 .
! 1-‘11 el

Since Hl(s) is the small-signal transfer function for the compensator,

the over-all system will have a small-signal transfer function

Yy = Fol _ FoZ
T F.. F .
s il i2

Example 8 - The approximate method of design discussed
earlier is employed here to solve a single input problem. The differen-
tial equation of the output element, which represents a valve-controlled
hydraulic motor, is such that fcl(t) is not an element ofﬁ. Therefore,

a
an approximation fc was computed using the orthonormal-function

1
method of approximation described by Gilbert (9). In this approach,

f:l(t) is expressed as

f:I(t) =a @ (t) +a e (t) +a, 0.0,

where the functions wi(t) are sums of exponentials. For this problem,

the wi(t) were selected to have the Laplace images

_11.32
2(8) = 353.20°
Q. (s) = —12:24 (s - 3.20)
2 (8+3.20) (s +3.74) °
Q. (s) = —:24(5-3.20)(s - 3.74)
3 (s+ 3.20)(s+ 3.74)(s +7.92)

In the computer solution of the approximation problem, the time
scale was reduced by a factor of 20, in which case the wi(t/ 20) are
orthonormal. The approximation problem is solved by computing the
a, which minimize the integral-square error. The resulting linear

compensator H?(s) = F:(s)/Fe(s) is listed in Table II.
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Figure 5.5 compares the specified and actual response of system.
Since care was taken to insure that the nonlinearities in the output
element have a significant effect, the result indicates that this approxi-

mate method of design can be quite accurate.

6
ACTUAL RESPONSE
SPECIFIED RESPONSE
~ 4
e
x
[
2
o.
-
3
=
i
W
v
a
2
0+
(v

TIME

Figure 5.5 - System Response Obtained with Approximate Design
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CHAPTER VI
CONCLUSION

The goal of the preceding work has been to establish new and
practical methods for the design of nonlinear systems. Effort was con-
centrated on the development of time-domain techniques. For nonlinear
systems, this seems the logical approach, since transient or forced
response is, at present, the only acceptable measure of performance.
Furthermore, the time-domain approach provides a means of deter-
mining if the specifications require performance beyond the capability
of the output element, since the signal and saturation levels can be
compared. The success that has been achieved in this investigation
can be attributed primarily to the emphasis placed on the develop-
ment of exact design tools. Many of the pitfalls inherent in approxi-
mate methods are avoided in this way. First, the difficult problem of
determining approximation errors is avoided. In addition, the design
procedure can be placed on a more or less systematic basis, reducing
reliance on trial-and-error.

For the most part, attention has been focused on the general
aspects of system design rather than on specific problem areas. Of
the general results, the more important can be summarized as:

1. The development of a class of nonlinear

compensators for the multiple input-response
design problem.

2. The investigation of compensator characteristics
and conditions sufficient for existence and
realizability,
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3. The formulation of a potential Lyapunov function
for the system with linear fixed elements. A pre-
cise statement of conditions sufficient for the
existence of this Lyapunov function.

4. A proof that the forced system trajectories are
asymptotically stable relative to the class of all
trajectories when the autonomous system has the
above Lyapunov function.

5. The formulation of a systematic procedure for

exact system design. An approximate extension
of this technique to a broader class of problems.

While several limitations were necessary in the formulation of
the above design tools, they do not seriously restrict the usefulness
of the results. Many practical problems fall directly within the scope
of the exact methods, and many others can be brought within range by
suitable preliminary approximations. Should this fail, the approximate
method may prove applicable.

The above results provide the nucleus of a design theory for
nonlinear systems. However, many important and difficult problems
remain. The most serious shortcoming of the method is that stability
is not assured as part of the design process. No design tool which
leaves stability unresolved can ever be completely satisfactory. In
this respect, virtually all present methods for nonlinear design are
deficient. Another limitation of the present method is the restriction
to deterministic time functions. Knowledge of the instantaneous
system error is essential to the design process. While the use of
stochastic input signals is a more realistic approach to design,
countless successful systems have been produced with the test-signal
method. Finally, the required calculations become lengthy and the
compensator tends to become complex when N is large, or when the

specified inputs and responses contain a large number of terms.
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These difficulties are primarily an indication of the complexity of the
design problem. Moreover, as pointed out in the text, some simplifi-
cation can often be obtained through judicious manipulation of the
specifications or by approximations within the compensator.

There are numerous possibilities for further work in this area.
Practically all of the present results could be extended in one direc-
tion or another. One attractive possibility is that of developing a
more general class of potential Lyapunov functions. Work in this
direction has shown considerable promise. Hopefully, this might lead
to a method of design which assures system stability, if only for a small
range of useful problems. Undoubtedly there are numerous refinements

which would improve the practicality of the present results.



APPENDIX 1
INVESTIGATION OF THE MATRIX D

The purpose of this appendix is to show that the diagonal matrix
D\p is nonsingular and arbitrary. Equation (4.13) states:

-1 -1
Dy =¥ Cu-¥ CLu v

(1.1)

-1 -1
¢ C - C1U1D¢’

where D1 is a diagonal matrix with characteristic roots Tk and C)\ is
a diagonal matrix with characteristic roots Xk.

First it will be shown that DqJ is nonsingular. Suppose

b, |-o.
7
It will be sufficient to assume that Dq; has one zero element along the

diagonal, say the first element. Then for any C_, the first column of

1

-1
the matrix ¢ ClUlD has zero elements, and the vector gl corres-

Y

ponding to the first column of y C)\ ¢ must be, according to

Equation (I.1),

£ = i I (1.2)

Now if the elements of § are denoted "ij’ the vector gz corresponding

to the first column C)\ Y is

X m

1F11
= . . 1.3
£, : (1.3)

X .
K"K1
-
A second expression for gz can be obtained by noting
g, =0 e (L.4)
1 v 2’ )

and thus:
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1M1
éz =‘v§1 = ; . (1.5)

T

1K1

Since the )‘k were assumed to be distinct, Equations (I1.3) and (1.5) can
both be valid only if (K - 1) of the p‘kl are zero. However, in this
event the first element in D¢ cannot be zero as assumed. The above
result is therefore a contradiction. This argument can be repeated

D 0.
o’

for any diagonal element of Dq}, and therefore

To show that Dq} is arbitrary, it is sufficient to note that the
column lengths in the nonsingular matrix y are arbitrary. Thus, the dia-

gonal elements % “kj £0(k=1, - - -, K) of DqJ are arbitrary.

j =1



APPENDIX II
EVALUATION OF THE MATRIX 4

Knowledge of the form of the matrix ¢ simplifies the numerical
computations required in a stability analysis. The following shows

that the transformation matrix  is of the form (Dup = I

P11 11 11
M Mt Mk
P21 P21
b= xz-vl Nom T, : . (1I.1)
PK1 PK1
LKK"l ........ KKTK_

Letting th = 1, Equation (I.1) from Appendix I can be written

-1 -1
= - . 1.2
D1 b Gy d- Cl U1 (IL.2)
Multiplying this equation by { yields
D =C -C _U_. 3
4D =G, ¥ -C U, (11.3)

If the elements of { are again denoted pkj’ performing the indicated

matrix multiplications in (IL.3) gives

WD) = (w7, (IL.4)
Cy b= (s (IL.5)
C U = (o) - (1L.6)

Equating the (k, j) elements of the matrices in Equation (IL.3),

= - o . I1.7
Mg ™5 T Mg T P (1L.7)
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Suppose Pr1 £#0 (k=1, ---, K), then_

Pk1

B, . ’
N, -
kj K Tj

k,j=1,---,K. (11.8)

If some of the Py 2Te zero, the corresponding modes of the system
are small-signal uncontrollable. Suppose \ =T, and Pal = 0, then
paj =0(j #b) and Koy is indeterminant as defined by Equation (II.8).
Since the Xk are assumed to be distinct each column of § can have at
most, one such indeterminant element. Each of the indeterminate
ij can be computed with one of the K equations
K
jz_lp.kj—l, k=1, ---,K. (11.9)

These equations are a restatement of the relationship

U1 Y = Ul . (II.10)
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