
72-4824

BAXI, Chandrakant Bapurao, 1940- 
STABILITY OF STEADY AND PERIODIC NATURAL 
CONVECTION IN A VERTICAL SLOT.

The University of Michigan, Ph.D., 1971 
Engineering, mechanical

University Microfilms, A XEROX Company, Ann Arbor, Michigan

THIS DISSERTATION HAS BEEN MICROFLIMED EXACTLY AS RECEIVED



STABILITY OF STEADY AND PERIODIC NATURAL

CONVECTION IN A VERTICAL SLOT

by

Chandrakant Bapurao Baxi

A dissertation submitted in partial fulfillment 
of the requirements for the degree of 

Doctor of Philosophy
(Mechanical Engineering) 

in The University of Michigan 
1971

Doctoral Committee:

Professor Vedat S. Arpaci, Co-Chairman
Assistant Professor Charles M. Vest, Co-Chairman 
Professor John A. Clark 
Professor Wilfred Kaplan



ACKNOWLEDGMENTS

I wish to express my sincere gratitude to Professor Vedat S. Arpaci 

and Professor C.M. Vest for their guidance and encouragement during this 

research. I also wish to thank Professor Wilfred Kaplan and Professor 

John A. Clark for serving as members of the thesis committee and making 

many helpful suggestions.

Financial support of the National Science Foundation through a 

research assistantship and of the Mechanical Engineering Department 

through a teaching fellowship is gratefully acknowledged.

I am also grateful to my friends in Room 2040, G.G. Brown Laboratory 

for their direct and indirect help in preparation of this thesis.

ii



TABLE OF CONTENTS

Page

ACKNOWLEDGEMENTS ............................................................................................................ Ü

LIST OF FIGURES .............................................................................................................. lv

NOMENCLATURE ................................................................................................................... v

CHAPTER I. INTRODUCTION.............................................................................................. 1

CHAPTER II. THEORETICAL ANALYSIS ......................................................................... 8

2.1 Introduction ............................................................................................. 8

2.2 The Base Flow.................. .......................... ............................................. 8

2.3 Formulation of the Stability Problem.......................................... 14

2.4 Limiting Cases for Very Small and Very Large 

Prandtl Number................................................................................ 22

2.5 Solution of the Eigenvalue Problem............................................. 23

2.6 The Stability Criterion...................................................................... 28

CHAPTER III. RESULTS AND CONCLUSIONS................................................................ 31

3.1 Steady Base Flow ...................................................................................  31

3.2 Periodic Base Flow ............................................................................... 39

APPENDIX 

I. THE INNER PRODUCTS ....................................................................... 47

BIBLIOGRAPHY.......................................................................................................................... 50

Hi



LIST OF FIGURES

Figure Page

1 The Vertical Slot.............. .. ................................................................ 9

2 Velocity Profiles................................................................................. 15

3 Ratio of Unsteady to Steady Velocity as a Function

of Vibrational Reynolds Number.. ..... ........................................  16

4 Real Parts of the First Eigenvalue, Pr-1............................. 32

5 Convergence Study for the Steady Problem, Pr=l............... 33

6 Neutral Stability Curve and the Curves of Constant

Amplification, Pr=l............................................................................ 34

7 Variation of the Critical Grashof Number with the

Prandtl Number for the Steady Problem................................... 36

8 Variation of the Wave Speed with the Prandtl Number.. 38

9 Neutral Stability Curves for the Unsteady Base Flow,

Pr=O, R= 100, A=0 to 1.............................................   40

10 Effect of Amplitude of Oscillation on the Critical

Grashof Number, Pr-1................................    42

11 Effect of Frequency of Oscillation on the Critical

Grashof Number, Pr=l.............. .. ......................................................... 43

12 Effect of Oscillation at Various Prandtl Numbers.... 44

iv



NOMENCLATURE

a 
do 
A 
B 
C
C 
D 
d
L 

F 
G 
â- 
â'

H 
k 
k 
£ 
P 
P 
Pc 
R
Ra 
S

thermal diffusivity 

amplitude of oscillations 

acceleration ratio, 

the coefficient matrix, equation (81) 

function defined by equation (84) 

wave speed of disturbance 

operator, d/dy 

width of slot .

frequency of oscillation of the slot 

body force in the X-direction 

Froude number

amplitude function, equation (42)

gravitational acceleration

infinitesimal disturbance, equation (42)

Grashof number,

height of slot 

aspect ratio,

3 Y AT a3/V1

H Id
thermal conductivity

linear operator

pressure

amplitude function, equation (4%)

Prandtl number,

vibrational Reynolds number,

Rayleigh number, Gr Pr
function defined by equation (85)

v



t 
T 
U

time

temperature

amplitude function, equation (4%)

LL velocity component in X-direction

amplitude function, equation (4%)

*V velocity component in Y-direction

W amplitude function, equation (42)

W velocity component in Z-direction

wave number of disturbance, X-direction

Y 
€ 
e

wave number of disturbance, Y-direction 

coefficient of thermal expansion

perturbation parameter

dimensionless temperature, (T - ïo y AT
% eigenvalue, equation (93)

wavelength of disturbance, or eigenvalue, equation (99)

eigenvalue,equation (87)

kinematic viscosity

? V V a- 
6

mass density; or eigenvalue, equation (92)

amplitude function,equation (4?)

stream function

amplitude function, equation (42)

eigenvalue

frequency of oscillation , 2nf
C period, 2n/u)

vi



Overlines

quantities defined in equation (43) 

base flow parameters

Superscripts

dimensional quantities

disturbance parameters

Brackets

hydrostatic condition

( ) equation numbers 

[ ) references numbers

vii



CHAPTER I

INTRODUCTION

In this dissertation the linear stability of steady and periodic 

natural convection in a vertical slot is investigated analytically. The 

model consists of a slot of large aspect ratio (height to width ratio), 

with isothermal vertical walls and closed at both ends. For small tem­

perature differences the flow in the slot is antisymmetric and parallel. 

When the temperature difference exceeds a certain critical value the 

parallel flow becomes unstable and a secondary motion appears in the slot. 

It is the purpose of this analysis to find this critical limit in terms 

of non-dimensional parameters involved.

A slot of height H, width d and a temperature difference £ T, (Fig­

ure l) oscillating harmonically with an amplitude aQ> and frequencyuu, 

is considered. The non-dimensional parameters which describe this sys­

tem are the Grashof number Gr, the Prandtl number Pr, the aspect ratio 
2 

h"H/d, the vibrational Reynolds number R "Wd , and the acceleration 
2 

ratio A-aotù /g.

In the case of a stationary slot of sufficiently large aspect ratio 

three regimes of laminar convective motion have been observed [11]. 

These are the boundary layer, transition and conduction regimes. When 

GrxPr ig greater than a number of order 10* and h 1, a boundary-layer 

regime is observed with variation of temperature in horizontal and ver­

tical directions [12,21]. The regime 300^ 10* is a transition

regime between the boundary layer (also referred to as finite slot case) 

GrxPr > and the conduction regime. For —-— 300 the end effects disappear

in the central portion of the slot, the velocity profile becomes a cubic 
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function of y and the temperature profile is linear in the horizontal 

direction. The velocity profile for the boundary layer regime is ob­

tained by using the experimentally observed value of the vertical temper­

ature gradient [40]. However, in case of the conduction regime the 

velocity profile is an exact solution of the governing equations for 

parallel flow in the central portion of the slot. In this study the 

analysis is limited to the conduction regime with steady and periodic 

body forces because in both cases exact solutions to the base flow can 

be obtained.

The stability of steady natural convection for the conduction re­

gime has received considerable attention in the last 20 years. Gershuni 

[16] was the first to consider this problem analytically. He assumed 

a stationary disturbance and solved the resulting eigenvalue problem by 

the Galerkin [14,15,31] method. The results were approximate because 

the expansions used for the disturbance stream function and temperature 

were in terms of polynomials truncated after two terms. Accurate re­

sults for zero Prandtl number are given by Blrikh [2]. The Galerkin 

method was applied using an expansion of up to 18 orthogonal functions. 

It was concluded that the critical disturbance is stationary. Rudakov 

[36,37] has discussed this problem in two separate papers. In the first 

paper [36] the disturbance stream function and the temperature were ex­

panded in powers of the wave number-Grashof number product in an analysis 

limited to small Prandtl (Pr 1) number. In the second paper by Ruda­

kov [37] the Galerkin method was applied using a set of orthogonal 

functions as approximating functions and the Prandtl number range 10 % 

to 10 is covered. In both these works Rudakov [36,37] found that the
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critical disturbance is stationary. Vest and Arpaci [41] have consid­

ered the stability of natural convection in a vertical slot with respect 

to stationary disturbances. The Galerkin method was applied using or­

thogonal functions tabulated by Harris and Reid [29]. The critical 

Grashof number was found to be nearly independent of the Prandtl number 

for stationary disturbances. They verified their theoretical result for 

Pr-0.7 by experiments with air. In a recent paper Gill and Kirkham [23] 

have discussed the stability of natural convection in a rectangular slot 

in the limit of large Prandtl number. They used a numerical inte­

gration procedure to find that in this limit the system is unstable with 

respect to traveling wave disturbances. For large Prandtl number they 

gave the following relation between the critical Grashof number Gr^ and 

the Prandtl number Pr,

Gr _ (7.4) 103 
c ‘

The critical wave number is given as 2.5, and the dimensionless wave 
-3 

speed equal to 8.5 x 10 , which is greater than the maximum velocity 

of the base flow, (u)max (e8. x 10 $). Gotoh and Satoh [24] have in­

vestigated the problem for large Grashof number and small wave number 

by an asymptotic method. They report a critical Grashof number of 

7.7 x io\ two orders higher than reported in references [36,37,41]. 

It was found that for the Prandtl number of order one, at small wave 

numbers the system is unstable to the traveling wave disturbance with 

wave speed smaller than the maximum velocity of the base flow. This 

result is similar to the result obtained for the stability of plane 

Polseulle flow [8,26,27,33]. Lin [33] has discussed the singularity



associated with the inviscid Ort-Sommerfeld equation when the wave speed 

is smaller than the maximum base flow velocity.

Due to the limitation that the conduction regime exists only for 

GrxPr 3QQ [22], experiments to observe the stability of natural convec­

tion, with a slot of reasonable height are possible only for small Prandtl 

number, if AT is to remain small in magnitude. Such experiments [41] 

have shown that the instability is of the stationary type. For air 

(Pr=0.7) Grc"87OO at wave number 2.74 was obtained by Vest and Arpad [41].

Compared to the vast body of literature [33] on the stability of 

steady flows, very little work has been done on the stability of unsteady 

flows. One of the most common (and simple) problems in this class is the 

effect of periodically varying parameters on the onset of convection in 

a horizontal layer of fluid heated from below (the Bdhard problem). The 

first of these is by Gershuni and Zhukhovitskii [18] who analyzed the 

case of free boundaries with periodically varying temperature gradient. 

In this case the stability can be found from a Mathieu equation [32]. It 

is concluded that stability limits are significantly affected by the os­

cillating temperature gradient. Gresho and Sani [25] solved the above 

problem for free and rigid boundaries when the body force is periodic. 

Their conclusions were the same as Gershuni and Zukhovitskii [18]. How­

ever, this agreement is expected since periodic body force and periodic 

temperature gradient have identical effects on the stability equations in 

this problem. In fact, the equations governing the stability of the Benard 

problem with free boundaries and oscillations of either type discussed 

above are analogous to the stability of an inverted pendulum with gravity 

modulation [6]. Some finite amplitude (non-linear) effects are also con- 
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bidered by Gresho and Sani [25]. Venezian [39] has studied the effect 

of small sinusoidal fluctuations of the wall temperature. He solved the 

problem as a perturbation on the classical Benard problem and concluded 

that,depending on frequency and amplitude of the perturbation, onset of 

convection can either by delayed or advanced by the modulation. In a 

paper published recently, Davis [5] considered the finite amplitude in­

stability of Benard convection, oscillating in the vertical direction.

Gunness and Gebhart [28] discussed the effect of boundary tempera­

tures exponentially varying in time on the stability of fully developed 

natural convection in a verticalchannel. They found that an accelera­

ting base flow is more stable than the steady base flow. This tendency 

is found to increase rapidly at first and then to slowly decrease with 

increasing acceleration of the base flow.

A large portion of the literature devoted to stability of periodic 

flows deals with isothermal flows. In one of the earliest works on 

stability of unsteady flows, Gershuni and Zukhovitskii [18] discussed 

the effect of oscillating angular velocity on the stability of rigid 

rotation of a fluid. They found that although the stationary rotation 

of the fluid as a rigid body is stable for all values of the angular 

velocity,modulation of the angular velocity has a destabilizing effect 

on the rigid rotation of a fluid. Yih [43] has discussed the stability 

of a viscous fluid layer on a horizontal plate oscillating in its own 

plane. His analysis is limited to long waves. Grosh and Salven [26] 

used the Galerkin method to study the stability of plane Poiseuille flow 

with oscillating pressure gradient. The effects of amplitude and fre­

quency of oscillations on the maximum eigenvalue (growth factor) is
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studied to conclude that at small amplitudes the effect is in general 

stabilizing, and at large amplitudes it is destabilizing.

Due to the difficulties associated with experiments with unsteady 

flows, there are only a few experimental studies of stability of un­

steady flows. For a modulated Couette flow between rotating cylinders, 

Donnelly et al [8] and Donnelly [9] report that in all cases the onset 

of instability was delayed by oscillations. Gilbrech and Combs [18] 

conducted experiments for periodic Poiseuille flow in a pipe to find 

that the critical Reynolds number is considerably increased (up to double 

the steady value) by modulation.

In this analysis the Galerkin method is used to reduce the partial 

differential equations to a set of ordinary differential equations. This 

is one of the "weighted residual techniques" reviewed by Finlayson and 

Scriven ( 14]. In reference [14] applications of many such methods are 

discussed. The conclusion is reached that selection of the approximating 

function is more important than the selection of any particular method 

of weighted residuals. Kantorovich and Krylov [31] discuss the varia­

tional and Galerkin methods for reducing the order of differential 

equations. Among others, Gershuni [16], Gershuni and Zhukhovitskii [17], 

Birikh [2], Rudakov [37], and Vest and Arpaci [41] have used the Galerkin 

method for solution of stability problems.

In the present analysis a set of orthogonal functions satisfying 

four homogeneous boundary conditions is required for the application of 

the Galerkin method. The functions tabulated by Harris and Reid [29] 

are used for this purpose. They are also discussed by Chandrasekhar [3]. 

Some of the integrals which arise in the application of the Galerkin
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method to stability problems are evaluated by Reid and Harris [35] 

and Vest [40].

A survey of the literature indicates that stability of steady 

natural convection in the vertical slot has been investigated for a 

limited range of the Prandtl number. In this study stability of 

steady convection with respect to traveling wave disturbance is studied 

for the range of Prandtl number 0 to 1000. In addition, stability 

of unsteady convection is also investigated. Specifically, the case 

of a slot oscillating harmonically in the vertical direction is con­

sidered. The slot is chosen sufficiently long so that a conduction 

regime exists and exact solutions for the base flows are obtainable.



CHAPTER II

THEORETICAL ANALYSIS

2.1 Introduction

In this chapter the base flow solution is obtained. A complete 

derivation of the linearized disturbance equations is presented. It is 

proved that two dimensional disturbances are less stable than three 

dimensional disturbances. The partial differential equations which govern 

two dimensional disturbances are reduced to a set of ordinary differen­

tial equations by the Galerkin method. The method of finding the eigen­

values of this set is discussed.

2.2 The Base Flow

The following assumptions are made in the derivation of the equations 

governing the natural convective motion of a viscous fluid in the verti­

cal slot of figure 1:

(1) The specific heat, thermal conductivity and kinematic viscosity 

are constant.

(2) The pressure, temperature and density deviate from their hydro­

static (i.e. pressure gradient solely due to the weight of the fluid) 

values by only small amounts.

(3) Viscous dissipation and work of compression are neglected.

(4) The density is considered to be a function of temperature only 

in the body force term; otherwise it is considered to be a constant 

(Boussinesq approximation).

(5) The velocity of oscillations of the flow, ajW, is of a lower 

order of magnitude than the velocity of sound.

-8-
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Figure 1. Vertical Slot
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For a slot of large aspect ratio h, at small Grashof number Gr, the 

" flow is parallel in the central portion of the slot and the temperature

distribution is linear (conduction regime),
— + 
u
—+

(1)

where all quantities with a + superscript are dimensional. In a frame 

of reference attached to the oscillating slot, the equations governing 

the base flow are given below.

Momentum:

Energy:

and continuity of mass:

boundaries

(2)

(3)

(4)

(5)

where F% is the body force acting in the x-direction.

For rigid walls the boundary conditions are
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where

(6)

The Boussinesq approximation reduces the first momentum equation to,

where Tq is the temperature under hydrostatic conditions and % is the

coefficient of expansion defined by

and is the density at temperature

The following non-dimensional quantities are now defined.

Fr ■ Prandtl number ■

A ■ Acceleration ratio ■

R ■ Vibrational Reynolds

Gr ■ Grashof number ■

number ■

V1 
Mcp 

k

IT 
wo

(8)
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In terms of these dimensionless variables, the equations governing 

the base flow become

èü = é Fk +
at g- ôy%

—Vz
Subjected to the boundary conditions

Equation (10) is readily integrated to give

=-y + ( ® j —2“
Equation (9) shows that the base flow consists of two parts

ü = üi(y) + Ü2 (y,t)

(9)

(10)

(11)

(12)

(13)

(14)

Substituting this into equation (13) and separating steady and unsteady 

terms

The solution of equation (15) with the boundary conditions

(17)
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yields

(18)

and Ug is the real part of Where the solution of

A& _ ,èÿ* + A (-Y+ ©i -4") eRt 
at ay% 1 2 '
Ux(±j) =0

(19)

(20)

The steady periodic solution (solution for large time) of this system is

Sink »ny Î \ Cosky y 
Zsink (^/z) 1 % Cosk(%)

where
(21)

e

The continuity equation (11) must now be satisfied by u^ and Ug

together.

After some algebra this leads to the condition

= Û (22)

( 9 J- 1/2)“0 and the

velocity and temperature profiles are now given by

(24)
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For the special case when the slot is stationary the above profiles 

reduce to the classical case investigated by Vest and Arpaci [41], 

Rudakov [37] and Gill and Kirkham [23]. Experimental evidence obtained 

by Edler [12] for large Prandtl number fluids (Pr=100-2500) and by Eckert 

and Carlson [11] for Prandtl number 0.73 shows that this regime - the 
4 

conduction regime - exists when Gr»Pr < 2 x 10 for moderately large 

aspect ratio (h«20-100) . Gill and Davey [22] give Grfr/h £3OO 

as the limit for this regime.

The linear temperature profile indicates that the heat transfer be­

tween the plates takes place solely by conduction. The velocity profile 

consists of a steady cubic profile on which is imposed an unsteady per­

iodic profile. The oscillating part of the velocity has the same fre­

quency of oscillation as the slot and an amplitude proportional to A/R. 

The velocity profile is shown in Figure 2 for A=l, R“100 at t"0. In 

order to observe the variation of the amplitude of Ug with frequency, 

the ratio, Ug/u^ was numerically calculated at various frequencies 

R, Y=0.3,t"0.0 and A-1.0. Figure 3 shows that the amplitude of the 

unsteady part of the base flow approaches zero as the vibrational Rey­

nolds number, R becomes large.

2.3 Formulation of the Stability Problem

In this section the equations governing infinitesimal disturbances 

are developed. It is proved that the two-dimensional disturbances are 

less stable than the three dimensional disturbances.

With the Boussinesq approximation, the three-dimensional momentum, 

energy and continuity equations are
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6

Figure 2. Velocity Profiles, is for t"0.
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6t dx èz /
= _ 6r + F, 9 +V\ (2„

àu- + 6r <u + v du a. w ^yV_&r^f +Vir
&t dy • by (26)

èw + Gr(u^ + vèw+wàw \ =_^ + fa ....
6t &x ay aa ' ‘ ’

+ '° ”

for rigid walls of high thermal conductivity the boundary conditions are

u (±-7) = v ft 4-) = w(±4-) = 0

Ô (30)

To study small disturbances of the base flow, we seek solution of 

equations (25) through (30) in the form

U = U + é U ; V = Üf é V7 , W = W 4- € W J

p = f + é p' , e = ë + 6 e"

u, 6 represent the base flow quantities, £ is an unspecified pertur­

bation parameter which is small compared to unity and u*, v •repre­

sent the three dimensional disturbance. Introducing the above pertur­
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bation expansions in the equations (25) to (30) gives a sequence of 

sets of equations, each set corresponding to a definite power of £ as 

follows

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

du 
at

o

0 + èJA â => 

dy az.

dt dx
duz
57 + -5y+-5T =°

ay^ 
= o 

ax
with the boundary conditions

ü (t 2) = 0 ,
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with the boundary conditions

= 9'(±i)=° «I)

4 * ' 4 ' Z '

Equations (31) through (34) govern the base flow and equations (35) 

through (40) are the linearized disturbance equations.

Because the coefficients in the equations (36) through (41) are 

functions of y and t only, the set accepts solutions which are exponential 

functions of x and z. For solutions to be bounded at infinity the ex­

ponents must be purely imaginary. Thus each of the disturbance parameters 

is the real part of an expression of the form

= G ( y, t) exp ( à ©ex + 2) (42)

where 0( and ô are real wave numbers. The disturbance parameters u*, V1 »

Vy * * P* and 0' have a wave character in the infinite directions x and z 

with wave lengths ~~ and respectively. This dependence on y and
0C. p

t is described by the parameters U, V, W, P and^ respectively.

For functions with the form of equation (42)

à 
ôyx

equations (36) through (41) then become
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62+ Gr (UüV) = Gr DP+VV (44) 

2»t
Gr fkuW) x-iÔGrP+VW <45>

^■+ Gr/XaiïO’^Vj- <«>
at ay/ Fr

;o(U + ;^v+ dw = o w>

Squire [38] has proved that the problem of a three-dimensional 

disturbance in a steady, incompressible parallel flow is equivalent to a 

two-dimensional disturbance in a similar flow at a lower Reynolds number. 

We will now prove that a similar result is true for the present problem 

also. If we introduce the following transformations

/+ , *U+pW = «U
d — ok Sr , 19" Ok = "O'ok (49)

P Sr - 2 Sr , "V" — V >
after combining equations (43) and (45), equations (43) through (48) may

be written as

(50)

(51)

. (52)
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i (X. U + DV — O (53)

U(± = V(t 'A)=^(±^= o. (M)

Equations (50) to (54) have the same structure as equations (43) to (48) 

with W=^-0. Hence it is sufficient to solve the problem of the two dim­

ensional disturbance described by equations (50) through (54) and then 

use the conversions (49). In fact, since Gr Gr the critical Grashof 

number associated with the two-dimensional disturbance is lower than the 

critical Grashof number associated with the three dimensional disturbance.

For convenience, we define stream function, lp as follows 

- u' awL _d^'_ u' (55)

dy dx
where the stream function lp can have the form

u'= , v (p e

Introducing this in the two-dimensional disturbance equations, after some

algebra, the following system of equations is obtained

(57)

= F* D# +

a Gr = — (D —<X (se)
kt Er
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where

_ A Iwqg I Sk RI

2.4 Limiting Cases for Very Small and Very Large Prandtl Number

A. Pr*^0.

As Pr-> 0 with Gr remaining finite the disturbance energy equation 

(58)

+ ÂaGr(üT9'-4>') = 1 (6o>
dtT x z Erk

with the boundary conditions

*0" = O Clt y =: t VX (61)

has only a trivial solution =0. This reduces the disturbance momentum

equation to

- (62)

= o at y = ± Vz (63)

B. Pr -» QO .

For Pr-^QO , with Gr x Pr remaining finite^equations (57) and (58) 

become



at '------

(° -01 )

Subjected to the boundary conditions 

= 19" — O at y=± . (66)

2.5 Solution of the Eigenvalue Problem

The linear, homogeneous, partial differential equations with homo­

geneous boundary conditions, governing the disturbance, have a stable 

solution only for certain range of the parameters Gr, Pr, 0( , A and R. 

Stability of these equations can be found by first reducing them to a 

set of linear ordinary differential equations and then applying the 

known stability criterion to this set.

Various numerical schemes are available for reducing partial dif­

ferential equations to a set of ordinary differential equations. Any of 

the weighted residual methods discussed by Finlayson and Scriven [15] 

can be followed. One of these, the Galerkin method, is used as this has 

proved successful in earlier applications to problems in hydrodynamic 

stability [17, 18, 26, 27, 40, 41]. 

A. The Galerkin Method

Representing the equations (57) and (58) by

£1 = 0 (67)

(68)
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the unknown functions y(y,t) and U (y,t) are expanded in a set of real 

orthogonal functions E, 0, e and o of y as follows

4>(y,C =

^■(y-

where 1) E and 0 satisfy the boundary conditions for®and e and o n n inn
satisfy the boundary conditions for^ ; 2) and are even functions

of y and 0 and o are odd functions of V and 3) a , b , c and d are nn / n n n n
in general complex and are the unknown functions of time.

The expansions for(^ and may also be written in the form

4»(y,t) o„ly) + i (n)fir
iHy.*) = % (ChCt)e^(y) + L oh(y)| * (72) 

IV

It is immaterial whether the form (69) and (70),or (71) and (72) is 

chosen. The resulting eigenvalues will be identical. Expansions of this 

type (69 and 70 or 71 and 72) are chosen for mathematical convenience 

only and do not put any restriction on the generality of the solution.

It will be seen later that this type of expansion makes the coefficients 

real in the resulting set of ordinary differential equations.

Equations for the unknown coefficients a , b , c and d are obtained n n n n
by taking the inner products of the equations (67) and (68) with each of 

the approximating functions as follows

=0 (73)

< ), eK > =0 (74)
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< £< Oh = O (75)

°h. = O (76)

where +fi

< f > % > = 
-^A

In this analysis expansions of the form (69) and (70) are chosen. So 

that after integrating by parts and using the boundary conditions, equa­

tions (73) through (76) become ' 

Z<( Eh-* = 2f<(£h- 
m .1 ' 4t ndL
Em>an + «&•<(ûOK_û(xzOM_u 0hÉm> 6^. +

j (77)

2,« 0"-a0K),0w> -2 Va£v<( üE^.-
dt ne I L

0^ 0H+<X

+ (W^) < , 0^> J ■ _ (78)

N M
Z-^Or.O^ = 2 %o<^r<0n,o^'>b^ + 
Ad di h=i L

f £ <( o* _<Zoh),cK + « Gr-< üen ,o^> An ) -(79)
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(80)

_<x6r<ÜOn,em>Cn.+(<ÆhX(e„-An. j .

Thus if the expansions (69) and (70) are truncated after N terms, equa­

tions (77) through (80) represent a set of 4N first order ordinary diff­

erential equations in 4N unknowns a , b , c and d (n-1,2,...,N). This n n n n
set may be written in matrix form as

OV at = (en
where JCis the 4Nth order vector^a^, a^, ^a^, b^, bg.............. b^, c^, Cg,

• *^1» d^, dg,• • • «djj and B I5 the 4N x 4N coefficient matrix

B. The Approximating Functions

The approximating functions 0^ and for 0 must vanish along with

their first derivatives on the boundary. The simplest system satisfying

this condition are the eigenfunctions of 

^/Ay^ f = O 
f = f = 0 y=±<A .

These fall into non-combining even and odd groups as

CM(y) = ccskC^y) c ^y) 
Cask (Xm/z) CDS ( Xm/z)

5 (v) - y)
sw, ( ^2) (MÏ)

where and M are the roots of 
Ion

6/^/2) = O
Co+k^/z) 4. Cot = O .

(82)

(83)

(84)

(85)

(86)

(87)
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These orthogonal functions have been extensively used by Chandrasekhar 

and others [34,41]. They are discussed by Harris and Reid [29,35] and 

Chandrasekhar [3].
The function o and e required to expand l9*must vanish at the boun­

daries. The eigenfunctions of

dLf 4- -f = o (88)

ciy1
-p —O act y = t (6. (89)

are

(Kmy) (90)

cosmCy) =. C^y) ou
where

fl* = (Zm-, (92)

2hr)IC , /vn=1,2 (93)

With this in the expansions (69) and (70) we have 

= Cm j — Saw i 

~ — SÙ*\ 4*1 . (94)

Most of the inner products required in the equations (77) to (80) 

associated with the above approximating functions have been calculated 

by Reid and Harris [35] and Vest [40]. Additional inner products -those 

associated with the unsteady part of the base flow - were calculated by 

exact integration and are listed in the Appendix I.
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2.6 The Stability Criterion

In the steady case the coefficient matrix B is a constant matrix 

and the eigenvalues of the matrix determine the stability of the system. 

The eigenvalues of B are found by first reducing it to upper almost tri­

angular form (Hessenberg) by a similarity transform and then using the 

QR algorithm [42]. Subroutines for both these methods exist in the 

"Scientific Subroutine Package" (IBM) available on the Michigan Terminal 

System. The accuracy of the eigenvalue subroutine can be tested by com­

puting the difference between the trace (sum of the diagonal elements of 

B) and the sum of the eigenvalues. In all cases this difference was 

less than .01%.

When an N-term approximation is used in the expansions (54), B is 

of the order 4N and has 4N complex eigenvalues, 6 l(i"l«2,...4N). If 

the eigenvalues are arranged so that

IWtoXlWosX...
the system of equations (81) is neutrally stable when

Real C = 0

If Real (^0 O

the system is unstable and if

Seal (CT,) <0

the system is stable. In fact the magnitude Real ( CFp is the growth 

rate (if positive) or the damping rate (if negative) of the disturbance.
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When the Imag ( op/o. the unstable disturbance grows as an oscillatory 

wave and the system is said to be overstable. When Imag ( )%0, the

unstable disturbance grows into stationary cells. The instability is 

said to be stationary in this case.

When the neutral disturbance is stationary, the condition that de­

terminant of [B]*0 is a necessary and sufficient condition for neutral sta­

bility. The determinant of [B] was always calculated during the calcula­

tions of the steady flow as a check.

For the periodic base flow the coefficient matrix B is periodic. 

According to Floquet theorem [4] there exists a fundamental matrix 

such that Q t

X (t) = P(C e

Where P is a periodic non-singular matrix with the same period as the 

matrix B and Q is a constant matrix. Hence,

XM =P(o)

XM = PU)

Therefore XU) = PCo)^
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If the initial conditions are chosen, such that

X(o) 
X(c)

(98)

If Ai, 1-1,...M are the eigenvalues of X(O and f i, 1-1,...M are

the eigenvalues of Q, we have the following relations.

(99)

(100)

The flow is neutrally stable when Real (Cy)-O, i.e., when | 1-1.

A neutrally stable disturbance oscillates at the frequency of the base 

flow when Imag ( ^ ) -0. When Imag ( 01 )/0, the disturbance oscillates

at a frequency

(101)

Accuracy of the eigenvalues can be checked by the following [32],

(102)

Since all the diagonal elements of the matrix B are constants, above 

condition reduces to

•trace (103)



CHAPTER III

RESULTS AND CONCLUSIONS 

3.1 Steady Base Flow

When the slot is stationary, ■ 0 and the base flow is steady. 

The equations governing the amplitude of disturbance are a set of ordi­

nary differential equations with constant coefficients i.e. in the 

equation (81) B is a constant matrix.

As a check on the method used here to study stability of the steady 

flow it was applied in an anlogous manner to the Benard problem, which 

possesses an exact solution [3]. The first approximation gave the crit­

ical Grashof number to within 1.1% and the second approximation to with­

in .02% of the exact solution.

In order to find the stability limits of the steady natural convec­

tion in the vertical slot the stability criteria of section 2.6 was 

applied to the equation (81). The procedure followed was : a) for 

specified values of the Prandtl number and wave number, the elements of 

the matrix B were calculated, b) Eigenvalues (Tj(J«l,2,.. .4N) of the 

matrix B were evaluated for various values of the Grashof number and 

the Grashof number for neutral stability was bracketed by a sign change 

of Real ( ÇTp . The value of the Grashof number was then calculated to 

within .05%. Figure 4 shows the Real ( for various values of Gras­

hof number with wave number as the parameter for Pr-1. c) The neutral 

stability curve was plotted from this information. Figure 6 shows this 

for Pr*l. The minimum value of the Grashof number on this curve is the 

critical Grashof number. Curves of constant Real ((7^) are also plotted 

in this figure, d) The convergence of the method is examined by ob-

-31-
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talnlng the neutral stability curves for successively higher approxima­

tions . Figure 5 shows this study for Pr-1. In this case the change 

in the critical Grashof number between 3rd and 4th approximation is less 

than 0.3%. e) Examination of the Imag ((7^) at the critical point re­

veals the nature of the critical disturbance. In fact, c-Imag( /# Gr 

is the wave speed of the disturbance. If c“0 the disturbance is station­

ary and if c^O, it is a traveling wave. Figure8 shows that c"0 for 

Pr^5 and c^O for Pr 25. f) By repeating the procedure(a) to (d) for 

various Prandtl numbers, variation of the critical Grashof number with 

wave number is obtained. This is shown in Figure 7. The results in the 

stationary range are compared with those given by Rudakov [37] and in 

the overstable range they are compared with the curve suggested by Gill 

and Kirkham [23] for large Prandtl numbers.

Calculations for Pr-0 were done by using the simplified equation 

(62). The critical value of Grashof number obtained is 7923, at oc -2.75. 

This agrees with the results of Vest and Arpaci [41] within .01%. Gill 

and Davey [22] have tried to use the simplified equations (64) and (65) 

to obtain results for Pr-*-00 and found that flow is always unstable 

according to this equation. Hence no attempt was made to use these 

equations.

The value obtained for the critical Grashof number at Pr-. 7 agrees 

with other analytical results within .5%. However, it is 10% less than 

the experimentally observed value given by Vest and Arpaci [41].

The critical wave number was a very weak function of the Prandtl 

number. It varied between 2-7 and 26 in the Prandtl number range 0 to 

1000.
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In the range Pr < 5, the wave speed was zero. Physically this means 

that the critical disturbance is stationary and it will presumably grow 

into stationary cells. This has been observed by Vest and Arpaci [41] 

in experiments with air. The variation of the critical Grashof number 

with the Prandtl number is a smooth but irregular curve. The results 

obtained here agree with that obtained by Rudakov [37] within .5%.

For Pr > 25 the wave speed was non-zero and it increased from 
-3 -38.3 x 10 to 8.4 x 10 as Prandtl number varied from 25 to 1000. This 

means that the critical disturbance has a wave character with a wave 

speed larger than the maximum velocity of flow. The critical Grashof 

number obtained in this range were within 3% of the following equation

&• = (M-Xio’XBO’*1

obtained by Gill and Kirkham [23] for large Prandtl numbers.

All the above results were obtained by using the fourth approxima­

tion (i.e. B is 16 x 16 matrix). In the range of Prandtl number 5 to 

25 higher approximations were required to obtain the results. Figure 8 

shows that the wave speed changes from 0 to 8.3 x 10 in a narrow re­

gion near this range of Prandtl numbers. Since the maximum value of the 

-3 -base flow iss8 x 10 , the wave speed is less than (u^) max in this 

region i.e. the disturbance travels at a speed less than the base flow 

velocity. This is a situation analogous to plane Poiseuille flow where a 

large number of approximating functions is required to represent the distur­

bance adequately [8]. For the plane Poiseuille flow the neutral dis­

turbance is a traveling wave with a wave speed smaller than the maximum 

velocity of the flow [8, 26, 33]. While using a method similar to the
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one used in the present analysis for the plane Poiseuille flow Dolph 

and Lewis [g] found that 20 approximating functions were required to 

obtain the correct neutral curve. The reason for this bad convergence 

seems to be the rapid variation of the eigenfunctions for a disturbance 

with a wave speed smaller than the maximum flow velocity.

The following conclusions are reached regarding the stability of 

steady natural convection in a vertical slot in the conduction regime.

1) The natural convection in a vertical slot is unstable with re­

spect to stationary disturbances for Pr < 5.

2) For Pr > 25, the critical disturbance is oscillatory with the 

wave speed greater than the velocity of the base flow.

3) The disturbance has a simple functional dependence on y in the 

region, 25<Pr <5 but this dependence is complicated in the region

5<Pr < 25.

3.2 Periodic Base Flow

When the slot is oscillating harmonically in the vertical direction, 

the base flow is steady periodic. The equations governing the amplitude 

of the disturbance are (81), where in this case B is a periodic matrix. 

The procedure followed to find the stability limits was: a) for spec­

ified values of Pr, A, R and ot the elements of the matrix B are calcu­

lated. b) The set of differential equations

jX = BX 
at

is first order equations with periodic coefficients. This set is num­

erically integrated M times from t"0 to t"ï by using a predictor­

corrector method. The initial conditions for the first integration are
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27

Figure 9. Neutral stability curves for the unsteady base flow, 
Pr-0, R-100.

a
WAVE NUMBER
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x^(O)-l, Xj(0)-0 (j ”1,2,. ,M) ; for the second Integration x^(0)-0, 

Xg(O)-l, Xj(0)-0 (J-3,4,..M); etc. This gives X(U) in the equation (98). 

c) The eigenvalues zt _(J-1,2,. ,M) of X(U ) are related to (7,(J-1,2,. .M) 

by the relation

d) A check on the entire numerical procedure is obtained by computing 
N

the difference betweenZ^j and the trace of B. e) Values of Grashof number 

for the neutral stability were obtained by procedures similar to the 

steady base flow.

The results for the periodic base flow are presented in figures 9 

to 12. The first of these, figure 9 shows the neutral stability curves 

for Pr-0, R*100, and various amplitudes A. The curve for A«0 is iden­

tical to the neutral stability curve for the steady base flow. This 

figure also shows that the critical wave nunter is not changed much by 

the oscillations. In figures 10, 11 and 12 dGr is defined as

- A ou) .

so that 4Gr is the percent change in the Grashof number from the steady 

value, due to oscillations. Although no experimental verification of 

the analysis is obtained in this study, the trends exhibited by figures 

10 and 11 agree with other experimental results [9, 10, 13, 20] for other 

periodic flows. The d Gr is positive for small values of the ampli­

tude and moderate frequencies. As the amplitude of oscillations is in­

creased AGr increases from zero to a maximum and then decreases. At 

large values of the amplitude the flow is destabilized i.e. d Gr is
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Figure 10. Effect of amplitude of oscillation on the critical Grashof 
number, Pr=l.
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negative. The effect of oscillations disappears asymptotically as A-* 0 

and R* oo , This is expected as in both cases, the unsteady part of 

the base flow u^-^ 0. Finally, figure 12 shows the effect of oscilla­

tions at various Prandtl numbers. It is seen that oscillations have more 

effect on the stability limits at higher Prandtl number. This result 

is analogous to that found by Venezian [39] for Benard problem with 

boundary temperature modulation. Venezian [39] found that the Prandtl 

number was an important parameter in problems with oscillations, although 

in the steady problem the critical Grashof number is independent of the 

Prandtl number. In the present problem this effect is magnified be­

cause for the large Prandtl numbers the steady flow itself is unstable 

to oscillatory disturbance.

Numerical difficulty was encountered for small frequencies and

also for large Prandtl numbers. In this region, in order to satisfy 

the condition that very small steps were

required in the numerical integration of the equation (81). For Ff ÎOOO 

at R-100., A-0.5, five minutes were required on the IBM 360/67 to ex­

tract one set of eigenvalues. Detailed parametric study was not under­

taken as it was felt that additional expenditure of machine time was not 

justified in terms of further understanding of the phenomena. The fol­

lowing conclusions are reached about the stability of steady periodic 

convection

1) Oscillations enhance the stability at small amplitude and 

moderate frequencies.

2) Large amplitude oscillations destabilize the flow.

3) Effect of oscillations Is large for large values of the Prandtl 

number.
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4) Effect of oscillations disappears for R-*-00 and A* 0.



APPENDIX I

THE INNER PRODUCTS

In the application of the Galerkin method, inner products of the 

form

-V2
are required. Reid and Harris [35] and Vest [40] have calculated many 

of the inner products required in this study. There are errors in two 

integrals listed by Vest [40]. The correct integrals are

1. <^!C> :

2. < Cosm [y I Sih h /» = 4ô fmKn (fm-Kn.y •

[|f% £

_3 Sck (W)- <^S (Kk/Z') .

The following additional inner products were required in connection 

with the unsteady part of the base flow.

3‘ 7 = JCj -1% - Ig j-

5* (SlkK )*Cn^4]

-47-
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I<= <f sIkA qy. sutk • o%k > CVk^î) , 1 ' * / AM rv

I%= < sUx ay . . XW'O ,
%3 =. < 6ÛJ ay. 5^. CoSh XVkiKî) ,

14= < sw. gy - . $1*1^ .

With

^n/W> = Y
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cosk s cask 7

- Cask ^h/%^ 

K^ = COS (îXn/2.) 

K, = 5i^A ( P**/z) 
J

K* = Sin ( M*/2.)

Each of the integrals 1^, and are similar to the integral

6 above.
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