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Abstract. Let k£ be an algebraically closed field, and let R be a finitely gen-
erated, connected graded k-algebra, which is a domain of Gelfand-Kirillov di-
mension two. Write the graded quotient ring Q(R) of R as D[z,z™'; 0], for
some automorphism ¢ of the division ring D. We prove that D is a finitely
generated field extension of & of transcendence degree one. Moreover, we de-
scribe R in terms of geometric data. If R is generated in degree one then, up to
a finite dimensional vector space, R is isomorphic to the twisted homogeneous
coordinate ring of an invertible sheaf & over a projective curve Y. This im-
plies, in particular, that R is Noetherian, that R is primitive when |g| = 0o and
that R is a finite module over its centre when |o| < oo. If R is not generated
in degree one, then R will still be Noetherian and primitive if ¢ has infinite
order, but R need not be Noetherian when ¢ has finite order.

0. Introduction
It is intuitively clear that the ring of functions on an affine algebraic curve can
have no noncommutative analogue, because the functions on a curve depend on

one variable, and functions of one variable commute with each other. Indeed, a
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fundamental theorem of Small and Warfield [SW] asserts that a finitely gener-
ated prime algebra S over a field £ which has linear growth is a finite module
over its centre, and that its centre is a finitely generated k-algebra of dimension
one. Moreover, if the ground field is algebraically closed and if S is a domain,
then § is commutative. Thus their result provides a precise formulation of the
intuitive picture for affine curves. It is extended by the theorem of Bergman
[Bel, [KL], according to which the Gelfand-Kirillov dimension, which measures
the growth of an algebra, cannot lie in the range 1 < d < 2. But a projective
curve is defined by a graded ring of dimension 2, and noncommutative graded
algebras with quadratic growth do exist. The quantum polynomial rings, such
as

A=k{x,y)/(yx —xy —x7),

are well-known examples.

We will call a graded k-algebra R = @,., R, finitely graded if it is a
finitely generated algebra, and if R, is a finite dimensional vector space over £.
The purpose of this paper is to describe all Noetherian finitely graded domains
of GK-dimension 2 over an algebraically closed field, together with their pro-
jective geometry, thereby giving a projective analogue of the theorem of Small
and Warfield. We also describe the geometric conditions which a finitely graded
domain of GK-dimension 2 must satisfy in order to be Noetherian.

As in commutative algebra, a natural first step towards describing a graded
domain R is to determine its “birational” structure, that is, to determine the
graded ring of fractions (Q, the ring obtained by inverting its homogeneous
elements. The graded ring of fractions of a graded Goldie domain is described
in [NV] as a skew Laurent polynomial ring D[z,z7';¢], in which ¢ is an
automorphism of a division ring D, and multiplication is defined by zd = d°z.
If R were commutative and two-dimensional, then D would be the function field
of the associated projective curve, and ¢ would be the identity automorphism.
The first result of the paper generalizes this description to noncommutative
rings:

Theorem 0.1. Let R be a finitely graded domain such that 2 £ GKdim(R) <
L, with graded quotient ring D[z,z"";].

(i) The division ring D is a finitely generated module over its centre K,
and K is a finitely generated field extension of k of transcendence degree one.
If k is algebraically closed, then D =K.

(i) Conversely, if D is as in (i) and if S is any finitely graded subring of
Diz,z7'; 6], then GKdim(S) < 2. More precisely, there exists a constani ¢
such that dim; S, < cn, for all n = 1.

The theorem can be regarded as saying that, when £ is algebraically closed,
R is determined birationally by an automorphism of an algebraic curve. The
natural generalization of the theorem to semi-prime Goldie rings also holds
(see Theorem 1.1 and Remark 1.17 for the precise statement).

As is illustrated by examples in Sect. 1, Theorem 0.1 does not extend

directly to domains of GK-dimension = 3. However, the number % seems to
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appear because of technical limitations in our proof. Since this number has no
obvious intrinsic significance, we are led to conjecture that a graded domain
cannot have GK-dimension strictly between 2 and 3.

In outline, the proof of Theorem 0.1 runs as follows: Let b be a nonzero
homogeneous element of R. Since R is a graded Ore domain, we may find
a common right denominator for the fractions #~'R,. In other words, there
exists an integer #, so that b~'R, C R, B, for some homogeneous element
pn of the appropriate degree. The main step in the proof is a careful estimate
of the growth of the function #, (see Proposition 1.4). Using this estimate, we
show that the division ring D has GK-dimension < 2. This being the case,
Bergman’s theorem shows that GK dim(D) < 1, which puts one in position to
apply the theorem of Small and Warfield to complete the proof.

We now pass to the geometric description of a ring R satisfying the hypothe-
ses of Theorem 0.1. For this, we need to assume that D = K in Theorem 0.1
and so, for the rest of the introduction, we will assume that & is algebraically
closed. Thus, D is now the function field of a smooth, projective curve X. The
model for our program is again provided by algebraic geometry. The classic
results of Serre [Se] describe the commutative situation in the following way:
Let R be a commutative graded domain of dimension 2, which is generated by
finitely many elements of degree 1. There exist a projective curve ¥ and an
invertible sheat ¥ on Y such that, for large n, R, = HO(Y, #9"). The next
result (Theorem 4.7) extends Serre’s theorem to noncommutative rings, using
Van den Bergh’s notion [AV] of a twisted homogeneous coordinate ring;

Theorem 0.2. Ler R be a finitely graded domain of GK-dimension 2, which
is finitely generated by elements of degree 1. There exist a projective curve
Y, an automorphism o of Y, and an invertible sheaf ¥ on Y, such that for

>0, R,2H(LLRL @ L")

Thus R has finite codimension in the twisted homogeneous coordinate ring
B(Y, %,0); the graded ring defined by B, = H' (Y, #® ° @ - ® 277 Tts
structure is well understood, and as a consequence, one obtains:

Corollary 0.3. [AV], [ST] Let R be as in Theorem 0.2. Then R is Noetherian,
and the quotient category gr-R of finitely generated graded right R-modules
modulo those of finite length is equivalent to the category mod-COy of coherent
sheaves on Y. Moreover, if |a| < oo then R is finite module over its centre.

The case that R is not generated in degree one, however, differs essentially
from commutative algebra, and exhibits a striking new phenomenon. Of course
it may happen, as it always the case if R is commutative, that some Veronese
ring R = P, ., Rua is generated in degree one; that is, generated by R(ld) =
Ry. If so, then R is a finite R“)-module and, as in the commutative case, the
structure of R is closely related to that of R“). So Theorem 0.2 can be applied
to such rings. (See Section 6 for further details.)

Unlike the commutative case, though, it may also happen that no Veronese
ring is generated in degree one; indeed, this occurs frequently. A typical
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example is the subring R = k£ + yA4 of the quantum polynomial ring 4 which
was mentioned above. This ring was studied in [SZ], where it is shown that
R is Noetherian if and only if the characteristic of the field & is zero. Thus,
though this is a graded domain of GK-dimension 2, which has a finite presen-
tation with integer coefficients, and whose presentation and Hilbert function are
independent of the characteristic, the Noetherian property fails to be pre-
served under reduction modulo p for any prime p! Our results show that this
dichotomy occurs generally, although it is actually controlled by the order
of ¢ rather than the characteristic of the field.
The next two theorems summarize the main results of Sects 5 and 6.

Theorem 0.4. Let R be a finitely graded domain of GK-dimension 2.

(1) If o has infinite order, then R is a Noetherian, primitive ring, and
every Veronese ring of R is finitely generated.

(ii) If @ has finite order d and if no Veronese ring of R is generated
in degree one, then R is not Noetherian. Indeed, R is a commutative ring
which is not finitely generated.

The structure of R when |o| = oo is made considerably more precise in the
paper, but for simplicity we only state the implications for a Veronese ring
below. A complete description of the rings which arise in case (ii) of Theorem
0.4 remains to be found.

Theorem 0.5. Let R be as in Theorem 0.4. Assume that no Veronese ring of
R is generated in degree one, and that |o| = oc. Then, after replacing R by
an appropriate Veronese ring, the following hold:

(1) There is an algebraic curve Y and there is a sequence of invertible
sheaves { ¥} on Y, such that R, = H(Y, %), for all m = 1.

(ii) R is generated in degrees one and two.

(iii) R is contained in a twisted homogeneous coordinate ring B = B(Y, A",
&) in such a way that B is finitely generated as a right R-module but infinitely
generated as a left R-module.

(iv) gr-R is equivalent to mod-Cy.

The idea behind the proof of the last three theorems is as follows. For sim-
plicity, let us suppose that R; 0 (see Proposition 2.21 and Section 6 for the
methods by which one can reduce to this case). Fix a non-zero z € R; and
write R, = R,,z", so that R, is a subspace of the function field D = k(X).
The subspace R, generates a fractional ideal ("yR, in the structure sheaf ('y,
and therefore determines a divisor D,. Much of the structure of the ring R
is encoded in these divisors and a detailed analysis of the asymptotic struc-
ture of {D,} is given in Sect. 2. For example, while Theorem 0.4(ii) follows
easily from the fact that the Veronese ring R\“) is commutative, the explana-
tion for this phenomenon really stems from peculiarities inherent in {D,} (see
Propositions 2.6 and 2.8).

For the rest of the introduction, assume either that R is generated in de-
gree one or that ¢ has infinite order. A key observation in the latter case, and
the ultimate reason why Theorem 0.4(i) is true, is that the finite orbits of ¢
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are actually fixed points. This is significant because, at these fixed points, the
divisors D, behave as they would if ¢ were the identity, i.e, as if R were
commutative, and so peculiarities like those of Theorem 0.4(ii) cannot occur.
On the other hand, the structure of the D, on an infinite orbit of ¢ is tightly
constrained (see Proposition 2.11).

The space R,, also defines a morphism n,, : X — ¥, C ]P(ﬁ:,) and the
information about divisors from Section 2 is used in Section 3 to show that
the Y, are isomorphic for large m. (If R is not generated in degree one then,
as with commutative rings, one may have to replace R by some Veronese ring
before this holds.) This defines the curve ¥ of Theorems 0.2 and 0.5; simply
take ¥ = Y, for some m > 0. Moreover, one now has induced morphisms
¢m : Y — P(R,) and it follows that the fractional ideal ¥, = ('yR,, is the
pull back to Y of the Serre twisting sheaf on IP(ﬁ::,). In particular, &, is
invertible and is the sheaf ¢, of Theorem 0.5. A major step in the proofs
of Theorems 0.2-0.5 is to show that R,, = H%(Y, ¥,,) (see Theorem 4.1 and
Proposition 5.4).

0,,,,]

When R is generated in degree one, R, = ﬁlﬁ({ R, and so &, =
L@@ L Thus, Theorem 0.2 holds with . = #,. In the context
of Theorem 0.5, define .4} by 47 = .., %' Then one can show that
Ay = N,y = A, for any large ». However, the fact that no Veronese ring
of R is generated in degree one implies that 4" 2 . This is more or less
equivalent to part (iii) of Theorem 0.5.

1. The graded quotient ring of a graded prime ring of dimension two

In this section, we describe the graded quotient ring of a finitely graded, prime
Goldie ring of Gelfand-Kirillov dimension 2. This proves, as a special case.
Theorem 0.1 of the introduction. We begin with some comments about quotient
rings of graded rings.

Let A be a Z-graded ring with at least one homogeneous, regular el-
ement in positive degree. Then, 4 is a graded division ring if every ho-
mogeneous element is invertible. By [NV, A14.3], such a graded division
ring A has the form of a skew Laurent polynomial ring 4 = Dlz,z7"; 0],
where ¢ is an automorphism of a division ring D and z is an element of
positive degree. By [NV, AIS5.8], 4 is a graded simple Artinian ring if
4 =2 M, (A), the m x m matrix algebra over a graded division ring 4, ex-
cept that the degrees are shifted by some vector (dy,...,d,) € Z". This
means that a matrix (a,) € A is a homogeneous element of degree n if
ajj € Ayid,—a,- Now let R be a graded, prime ring. By [LVV, II.1.2], R is
Goldie if and only if it is graded Goldie. If R is Goldie, with at least one
homogeneous regular element of strictly positive degree, then [NV, C.I.1.6]
implies that the homogeneous regular clements ¥ of R form an Ore set and
that the graded quotient ring Q(R) = R€~" of R is a graded simple Artinian
ring.
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Throughout this section, D will denote a division ring with an automor-
phism ¢, and 4 will denote the Z-graded division ring D[z,z"';c]. A finitely
generated field extension of & of transcendence degree ! will be called a func-
tion field in one variable. Throughout, dim denotes dimension as a k-vector
space, while Z(4) will denote the centre of a ring A.

The object of this section is to prove the following theorem:

Theorem 1.1. Let R be a finitely graded, prime Goldie ring with 1 <
GKdim(R) < 15—', that contains a homogeneous, reqular element of positive
degree. Write Q(R) = M, (A), the shifted matrix ving over a graded divi-
sion ring A = Dlz,z7';6). Then the division ring D is finite over its centre
Z(D) = K, and K is a function field in one variable. If k is algebraically
closed, then D = K.

Note that a domain R of finite Gelfand-Kirillov dimension is automatically
an Ore domain, [KL, 4.12], and so Theorem 1.1 incorporates Theorem 0.1(1).
However, there do exist prime, finitely graded rings of Gelfand-Kirillov dimen-
sion two that are not Goldie (see Example 1.18) and so the Goldie condition is
necessary in the prime case. The proof in the case that R is a domain will take
up most of the section, since standard techniques can then be used to extend
the result to the prime case.

We will also prove the following converse to Theorem 1.1, which completes
the proof of Theorem 0.1:

Theorem 1.2. Let A = M, (D[z,z=";0]) be a graded, simple Artinian ring,
where D is a finite module over its centre K and K is a function field in one
variable. Then, any finitely graded subring R of A has quadratic growth, in
the sense that there is a constant ¢ such that dim(R,) < cn for all n > 0.
In particular, GK dim(R) < 2.

A few comments are in order before we begin the proofs. First, Theorem
1.1 exhibits a dichotomy depending on the order of 4. For simplicity, we only
state this for algebraically closed fields.

Corollary 1.3. Keep the hypotheses of Theorem 1.1 and assume that D = K.
Then R satisfies a polynomial identity if (o} < oo, but Z(R) =k if |o] = .

Proof. The Corollary follows from the observation that K[z; ¢] is a finite mod-
ule over its centre if |o| < oo, while K[z;6]” = K° =k if |g] = cc. |

By Bergman’s Theorem [KL, 2.5; Be], no ring can have Gelfand-Kirillov
dimension strictly between one and two, and so, in fact, 2 £ GK dim(R) < le
in Theorem 1.1. This also implies that, in Theorem 1.2, GK dim(R) must be
0,1, or 2, and of course these cases are easily distinguished. The number %
in Theorem 1.1 has no obvious significance and we conjecture that, if R is a
finitely graded domain with GKdim(R) < 3, then GKdim(R) £ 2. Indeed,
we know of no domain S whose Gelfand-Kirillov dimension is not an integer.
However, as is shown by example at the end of the section, this is about the

only improvement that could be made to these results.
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We now turn to the proof of Theorem 1.1. The main point is to show that,
if R is a domain satisfying the hypotheses of (1.1), then GK dim(D) = 1. This
will be reduced to a certain combinatorial problem, and the following result
provides the intermediate step:

Proposition 1.4. Let S be a finitely graded domain which is generated by
Sy as a k-algebra, and with 2 £ GKdim(§S) < % Fix a nonzero element
b € 8. There exists a constant d > 0 and a sequence of integers {1,} with
the following properties:

(i) ty =1 and v, < dn’> for all n 2 1;

(1) For dall n 2z 1, there exist non-zero homogeneous elements f§, €

S such that S;,fn C bS,,, where v, = 1,1 — L.

R "

We remark that, for any graded Ore domain S, part (ii) of Proposition
1.4 will hold for some sequence {t,} (write a basis of b~'S; over a common
right denominator) and so the estimate of part (i) is the key point. The required
upper bound on GK dim(D) follows easily from this result:

Corollary 1.5. Let R be a finitely graded domain with 1 < GK dim(R) < %
and graded quotient ring Q(R) = D[z,z7';6). Then, GK dim(D) < 1.

Proof. We prove the corollary, assuming that Proposition 1.4 is true. It suffices
to prove that, if 7' is a finitely generated subalgebra of D, then GK dim(T) < 1.
Let T be generated by a finite dimensional k-subspace U. We may assume that
1 € U, in which case we filter 7 by A; = U'. Since R is a graded Ore domain,
we may write the elements of U over a common denominator, say U = Ab=1,
where b € R; and 4 C Ry, for some d > 0. Let S be the subring of
generated by R,. Clearly, S is a graded subring of R and so GK dim(S) < 151
If GKdim(S) < 2 then, by Bergman’s Theorem, GK dim(S) < 1. Thus, §
is a finite module over its centre, by [SW]. Therefore, if £ denotes the full
quotient ring of S, then GK dim(T) = GKdim(E) =< 1, by [KL, Proposition
4.2].

Thus, we may assume that GK dim(S) = 2. We regrade S by defining
S=S; for S, = (R;)". The hypotheses of Proposition 1.4 are now satisfied
and we choose the t, and f8, as defined there. Thus, b~'S;, C S;, 1B, ", for

each n. By induction,
At S S™SIH™Y C(Sib™NSe,7 ) € SiSesy 1By vyt = Se i

where vy, = b and y,41 = yufu for n > 1. Thus,dimA, £ dimR,,, for all
m 2 1.

Finally, pick ¢ > 0 such that GK dim(R) < % — & By the next lemma,
there exists a constant ¢ > 0 such that dimR, < cn®>~*, for all n. Thus,
by Proposition 1.4(i), dim A, < dimR,, < c(dm>3)¥5~% < !m>=*, for all
m = 0 and ¢’ = ¢d%’. In other words, GK dim(T) < 2 and so, by Bergman’s
Theorem, GK dim(T) < 1, as required. O
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Lemma 1.6. Let R be a finitely graded ring which contains a homogeneous
regular element of positive degree. Let d = GK dim(R), and let e denote
the greatest lower bound of the real numbers v such that for some ¢ > 0,
dim(R,) < cn” for all n. Then e =d — 1.

We remark that the conclusion of the lemma can fail if R contains no
regular homogeneous element.

Proof. Let a, = dim(R,) and 4, = ag+ - - - + a,,. By definition, GK dim(R) is
the greatest lower bound of the real numbers s such that, for some ¢, 4, < cn®
for all n. Now, if a, £ cn’, then

Hence d < e + 1. For the opposite inequality, suppose that A4, < cn® for
all n. Let & be a homogeneous regular element of degree j > 0 in R. Since
multiplication by b is injective, a, £ a,4; for all n. Then

na, £ Qnij+ Api2y + -0+ Qugnj < An(j+l) Scj+1)ynr= cn'.

Hence a, < ¢'n*~', which shows that ¢ < d — 1. 0

We now turn to the proof of Proposition 1.4. Keep the notation of that
proposition and let V' denote the graded right S-module S/bS. For n = 0,

define
F(n)= dim(S,) and f(n)= dim(V,),

thus f(n) =F(@n)— F(n—1) and F(n) = f(0)+---+ f(n).
Lemma 1.7. f(n) = 1 and F(n) 2 n+1 for all n = 0.

Proof. The lemma amounts to the assertion that S, +5S,_; for every n = 0.
If S, = bS,-| for some n, then, because S is generated in degree 1, S, =
bS, 11— for every k£ = 0. Hence, F(m) is constant for m = n and, by Lemma

1.6, GK dim(S) < 1. O

Consider the following condition on a pair of positive integers x, y

S+ f(x+i+)) < F(j) for some (1.8)
integers i > O and j > 0O with i+j = y.

The significance of this condition to Proposition 1.4 is given by the following

result.

Lemma 1.9. Assume that (1.8) is true. Then there is a nonzero element f € S,

such that S, C bScy 1.

Proof. Right multiplication by S; on the right module V' defines a k-linear map

p:8; — Homy(Viis, Vivivj).
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If (1.8) holds, then the kernel of p is not zero, and if 0%w € ker(p), then
Seiw © bSyy,4j—1. Thus, B = uwr € S, has the required property, for any
nonzero elements ¥ € §; and v € §,_; ;. il

The rest of the proof of Proposition 1.4 uses estimates which can be made
for any real valued function f(n) defined on N, such that f(n) = 1 for all n.
So we fix such a function, and set F(n) = f(0)+---+ f(n).

Lemma 1.10. There exists a constant ¢; > 0 such that, if (1.8) is false for
all integers x,y 2 0, then F(x + y) — F(x) = ¢, y¥2.

Proof. The hypothesis is that f(x + i) f(x + i+ j) = F(j) for all integers

ih,j>0withi4+; < yv.If y=0 or y =1, when (1.8) is vacuously false, the
desired equation holds for any ¢; < 1. If y > 1, we expand

(Fx+p) = F)P = (f(x+ 1)+ + fx+ »))

= AP 42 B S D i)

e

223X F()z23 (+1)
11> 1, >0
l+//§0\’ 1+//§v

y—1

=2 (- DU+ z ey,
=1
for the appropriate constant ¢; > 0 independent of y. |

Lemma 1.11. Let yg, yi,... be a sequence of positive integers. Set xo = 0
and x, = yvo+ -+ yu—1 for n > 0. Suppose that F(n) £ cn” for some
constants ¢ > 0 and O < r < 6/5. Assume moreover that (1.8) is false for
every n > 0, when x = x, and y = y,. Then there exist constants d > 0 and
0 < s < 5/3 such that x, < dn® for all n > 0.

Proof. By the previous lemma,

Fltun) > Flin) = F(0) = S (1) = Foi)) 2 Zolvf . (LILD)

i=

We use Hoélder’s inequality

1 1
n I3 n g n
(ZM”) (ZZ?) = S yiz, lp+ljg=1.
i=0 i=0 1=0

Setting z; = 1 and taking p-th powers yields (n+1)7"'>"" (v? = (37 »)”.
Thus

(n+l)%iﬁf Z (iyi)z =x,,%+|. (1.11.2)
i=0 i=0
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Combining the hypothesis on the growth of F with (1.11.1) and (1.11.2) yields
a constant ¢3 > 0 such that
3
exhyy 2 Flupn) 2 es(n+1)72x,
for all n = 0. Thus, there exists d > 0 such that x, < dn*, where s =
(3 —2r)~" < 5/3, as required. [

Lemma 1.12. Assume that there exist constants ¢ > 0 and 0 < r < 3/2 such
that F(n) < en” for all n = 0. For any x, (1.8) is true if vy is sufficiently
large. On the other hand, (1.8) fails when y = 1.

Proof. 1f (1.8) is false then Lemma 1.10 implies that c(x + y) = F(x+y) =

c1y¥?, giving the required contradiction. The final assertion is vacuously true.
Ol

Lemma 1.13. Assume that there exists constants ¢ > 0 and 0 < r < 6/5
such that F(n) < cn” for all n = 0. Then there are sequences of strictly
positive integers w, and 1, = wg + - - + wy_1 such that:

(1) For every n > 0, (1.8) is true for x = 1, and y = wy;

(ii) For some positive constants d > 0 and 0 < s < 5/3 we have 1, <
dn’, for all n > 0.

Proof. We define sequences y,, and x,, = yg+---+ yy—1 as follows: y,, = 1 if
m is even, and if m is odd, then y,, is the largest integer so that (1.8) fails with
x =xy, and y = y,. This integer exists by Lemma 1.12. We set wy = yy = |
and w, = Yan1+1 = y2, 1+ y2, it n > 0, so that 1, = yo+ -4 yo,-2 = X2 1.
Then (1.8) holds for x = 7, = x3,- and y = w, = yy,—1 + 1 because of the
maximality of y,,_;. The bounds given in Lemma 1.11 apply to the sequence
Xm, and with a change of the constant d, they carry over to 7,. O

Proof of Proposition 1.4. Recall that F(n) = dim S, and so Lemma 1.6 implies
that there exist constants ¢ > 0 and » < 6/5 such that F(n) < cn” for all
n = 0. Thus, Lemma 1.13 applies and we define the {7,} by that result; thus
Proposition 1.4(i) is satisfied. As 1, + w, = 1,41, Proposition 1.4(ii) follows
from Lemma 1.9. O

Of course, this also completes the proof of Corollary 1.5; in other words,
if R is a domain in Theorem 1.1, then GK dim(D) < 1. The next step is to
prove that, in this case, D is a finitely generated division ring. Despite the
fact that R is finitely generated, this does not seem to be quite obvious, as the
following example shows:

Example. Let K be the field extension of k generated by the elements x'/2",n €
N, and let ¢ be the automorphism of K defined by o(x'/?') = xV2"" . Let 4
be the graded subring of K[z; 6] generated by z and zx. Then x"/?" = 2"xz "
It follows that the graded division ring generated by 4 is K[z,z'; g].
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Fortunately, this is not a conterexample to Theorem 1.1, since, as is well-
known, A4 is a free ring.
The next lemma follows from [St, Lemma 1.4].

Lemma 1.14. Let A C B be k-algebras such that B/A is finite dimensional.
Then, 4 is right Noetherian, respectively finitely generated, if and only if B
is right Noetherian, respectively finitely generated. ol

Theorem 1.15. Let R be a finitely graded k-algebra and assume that R is an
Ore domain with graded quotient divisiion ring Q(R) = D[z,z~"; 6. Then, as
a division ring, D is finitely generated over k.

Proof. By regrading R, if necessary, we may assume that z € Q(R),. Also,
since Ry is finite dimensional, Lemma 1.14 implies that R = k & @,. R
is still a finitely graded Ore domain with Q(R') = Q(R). Thus, we may as-
sume that Ry = k. Let R be generated as a k-algebra by homogeneous el-
ements {#, € R, : 1 = i < n} and let T be the k-algebra generated by
{zyrpz=™m L pz7 Y Clearly, T is a finitely graded domain, generated
in degree one and containing R. If #,,# are non-zero homogeneous elements
of T, then 41T NHT O (RN HR+0 and so T is still an Ore domain. Thus, by
replacing R by 7, we may assume that R is generated by R, and that z € R;.

Define V, = R,z7" for n = 0 and set V = V. The fact that R is generated

in degree one implies that R, = R,R| for all i = | and hence the V,V“’ =
Vigr. For n = 1, write D, = k(V| + --- 4+ V), for the subdivision ring of D
generated by V..., V,. Note that D} C D, C ---, and so, by its construction,
D =|JD,. Also, 1 € V because z € Ry, and so Ve CV,for0 <i<n—1.
Hence o
D, =k(V))=k(V+V° +--+ V" ). (1.15.1)
Suppose that V" ¢ D,, for some m > 1. Equivalently, there exists o €
V" which is not in D,,. Since D,, is a division ring, this implies that D, N
D,,x = 0, and hence that V,, N Vo = 0. But, 0z = 267" (x)z = z"r, where
r=0""(n)z € Vz = R,. Thus,

+1 m+l
0="V,z"" NV,oz =R,zOR,r.

On the other hand, writing a basis for Riz~! over a common left denominator

provides s € R,, for some #n, such that Riz~' C s~ 'R,. Thus, for all m > n,
(z™"s)R) C R,z. This contradicts the last displayed equation.

Thus, there exists ng = 1 such that Vo' c D,, for all n = ny. By (1.15.1),
D\, = D, for all such n. In other words, D = | JD; = D,, and so D is finitely
generated. O

In order to prove Theorem 1.1 for non-domains, we will need the following
graded analogue of the Faith-Utumi Theorem.

Lemma 1.16. Let R be a prime graded, right Goldie ring that contains a
regular element of positive degree, and write Q(R) = My (4), for some graded
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division ring A. Then, possibly after changing the choice of A, there exists a
graded Ore domain T C R such that Q(T) = A.

Proof. The proof of the Faith-Utumi Theorem as given in [MR, 3.2.6] carries
over to this graded situation. This provides a graded Ore domain U C R,
possibly without a unit, such that Q(U) is conjugate to 4. Now take T = k- U.

O

We are now ready to put the pieces together in order to complete the proof.

Proof of Theorem 1.1. Let T be the ring defined by Lemma 1.16. We first need
to modify T to make it finitely generated. Thus, assume that R is generated, as
a k-algebra, by matrices {(a{j) :1 £/ £ n}, where each afj is a homogeneous
element of 4. Pick a non-zero homogeneous element ¢ € T such that a/;t € T,
for all 7, j, # and let T’ be the k-algebra generated by {a,(jt,t}. Since 7" C T C
R, GKdim(T')y < le and so 7”7 is an Ore domain. By construction, Q(T") = 4
and so, by replacing T by T’, we may assume that T is finitely generated and
hence finitely graded.

By Corollary 1.5 applied to T, GK dim(D) < 1 and, by Theorem 1.15, D is
finitely generated as a division ring over k. Thus, there exists a finitely gener-
ated, (ungraded) subring U of D with quotient field D. Clearly, GK dim(U) <
GK dim(D) £ 1. By the theorem of Small and Warfield [SW], U is a finite
module over its centre Z(U) and Z(U) is a finitely generated k-algebra of
dimension one. Thus D is finite over its centre, and its centre K is a function
field in one variable.

Finally, if & is algebraically closed, then the Brauer group of K is zero by
Tsen’s Theorem [Co, p. 374]. Hence D =K. ]

Remark 1.17. We note that Theorem 1.1 generalizes routinely to semiprime
rings. Indeed, let S be finitely graded, semiprime Goldie ring with GK dim(S)
< Y. Then the minimal prime ideas {P;} of S are graded and S — P S/P,.
Thus, by Theorem 1.1, O(S) = P O(S/P,) = EBMn,(Di[Zi,Z,_l;G,]), where
each D, is a finite module over its centre and Z(D;) is a finitely generated
field extension of k£ of transcendence degree < 1.

Proof of Theorem 1.2. Let X denote the non-singular projective model of the
function field K, and let g be the genus of X. Since K and X are uniquely
determined by 4 or by the shified matrix algebra over 4, the automorphism ¢
determines an automorphism of X which we also denote by o.

We will first treat the case that D = K is itself a function field in one
variable. So we assume given a finitely graded subring R of K[z; ¢], where ¢
is an automorphism of K. We may assume that Ry = k. We choose elements
1 =ap,0,...,0, € K and d; € N such that the elements {a; = a,z%: 1 £ i £
r} generate R as an algebra. Let R’ denote the graded k-algebra generated by
the elements b; = a;z. Since R C R/, we may replace R by R’ and so assume
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that R is generated by R;. As in the proof of Theorem 1.15, we set V,, = R,z™"
and V = Vy; thus ¥, = WV .y

Let D be a divisor on X which is an upper bound for the polar divisors
(0)oo, v € V. Then the poles of the elements of VV7... V"”Vl, hence of
V,, are bounded by the divisor D, = D+ o~ 'D+ ---+ 67D, and the
degree of this divisor is nd, where 6 = degD. Thus V, is a subspace of
the space H(X,(D,)) of functions with pole bounded by D,. Since X is
an algebraic curve, the Riemann-Roch theorem asserts that the space of all
functions with pole of order s has dimension s — g + 1, whenever s = 2¢g — 2.
Thus dim (H(X,©(D,))) =nd — g + | for large n.

We now turn to the general case; thus 4 = S[z,z7!; 0] is a graded simple
Artinian ring, where S is a simple Artinian ring that is finite over its centre
K, and R is a finitely graded subalgebra of S[z,z~';#]. Then S @y S® =2 §' =
M.(K), for some integer r. The graded structure and automorphisms & of §
extend naturally to S’ by defining S, =3~ ,,_ S;® 8" and a(a @ b) = a(a)®
a(b). Thus, we may regard R as a subalgebra of §’. The given matrix units {e;, }
of §" are necessarily homogeneous, say e, € S, ;,. Set r = max{—a(i, j),0}
and U =k ® @,.,,,R. By Lemma 1.14, U is still finitely generated and
hence finitely graded as a k-algebra and so it suffices to prove the result for
U. If U is generated as a k-algebra by elements {u,//-e,,}, then the choice of r
ensures that each uf/- € 4 =K[z,z7"; 6], for n=n(i,j,#) > 0. Thus, if W is
the subalgebra of A’ generated by the {u,(/.}, then dim W, is quadratic by the
first part of the proof. Since U C M, (W), the algebra U also has quadratic
growth. o

We end this section with the examples promised earlier, which delineate the
hypotheses of Theorems 1.1 and 1.2. The first shows that the Goldie condition
is a necessary restriction of Theorem 1.1.

Example 1.18. Let R be the ring with generators x, y and these relations:
x2,xy"x, for all m+27, and xy?""'x - y*""x for all m(i) such that 3°7_ m(i)
< 72", Then, R is a finitely graded, prime ring with GK dim(R) = 2 such that
R is not Goldie.

Proof. This is similar to the example of [IS], so most of the details will be
left to the reader. It is not difficult to check that R has basis {y"} U {y"xy"}
together with

{y“xyzm(l)x...yzm(")xyb: a,b =z 0,m(i) > 0 with

s+
S m(i) 2 2 for 0 £ s,t.}
1=1+s

The fact that S m(i) is forced to be so large ensures that GK dim(R) = 2. If
a, b € R, then ay'b=+0, for appropriate large ¢ and so R is prime. Finally, R
is not (right) Goldie since xR N yR = 0 yet y is regular.
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Example 1.19. Let C(u,w) be the field of rational functions in two variables,
with automorphism ¢ defined by o(u) =u+ 1 and a{w) = w.

(i) Set 4 = C(u)[z,z"";0). Then, S = C(u~"',z) is a graded subring of
A with GK dim(S) = 3.

(i) If T = C{uz,z,w) C Cu)[wllz,z ' 0], then T is a finitely graded,
Noetherian domain with GK dim(T) = 3. However, Q(T) = E{w,w™!], where
E is a division ring with GK dim(£) = oc.

(iii) Let t be the automorphism of €(u,w) defined by t(u) = uw and
o(w) = uw? and set U = C(uz,wz,z) C C(u,w)[z,z"';0]. Then, GK dim(U)
= Q.

Proof. These examples are variants of well-known results, and so most of
the details will be left to the reader. Since [uz~',z] = 1, the ring Tluz™",z2)
is isomorphic to the first Weyl algebra. Part (i) therefore follows by mim-
icking the proof of [KL, Example 4.10], while part (ii) follows from [ML].
Finally, part (iii) follows from the fact that z'u = ¢*Yw™", where a(i) and b(i)
grow exponentially with i. This example is based on the fact that the group
G = (u,w,z | uwu'w uwzu~'z7 uw?zw ™'z is a solvable group with no
nilpotent subgroups of finite index and, hence, G has exponential growth [KL,
Theorem 11.9]. O

Parts (ii) and (iii) of Example 1.19 show that the natural generalizations
of Theorems 1.1 and 1.2 to rings of Gelfand-Kirillov dimension 3, respectively
surfaces, will fail. The signficance of Example 1.19(i) is that Theorem 1.2
is false if one assumes that R is merely a finitely generated graded, rather
than finitely graded subalgebra of 4. Indeed, using a proof similar to that of
Theorem 1.2, one can even prove:

Proposition 1.20. Let F be a function field in one variable, and o an auto-
morphism of F of infinite order. Then, GKdim (F|z;0])23.

We omit the proof of this result. This instability in the Gelfand-Kirillov
dimension of related algebras illustrates the delicacy inherent to any proof of
Theorems 1.1 and 1.2.

2. The associated divisors

Let R be an finitely graded domain with GK dim (R) = 2 and assume that Ry =
k is an algebraically closed field k. By Theorem 1.1, Q(R) = K[z,z~'; 6], where
K is the field of rational functions £(X) of a smooth, projective curve X. In
this section we translate the basic properties of R into data concerning divisors
over X. While these divisors cannot tell one everything about R, in particular
they do not distinguish between rings associated to X and those associated to
singular curves birational to X, they do provide a first approximation. This
will be used in the subsequent sections to elaborate on the properties of R.
Unfortunately, if k is not algebraically closed, then Q(R) = D[z,z™'; g], where
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D is a finite dimensional division ring over K. The analysis of this situation
is more complicated. We hope to deal with this more general case, and with
the case of prime rings, in the future.

Henceforth, we use the following notation; it is slightly different from that
of Section I, since we wish to emphasize the geometry rather than the algebra.

Let £ be any field and K/k a function field in one variable, such that &
is algebraically closed in K. Let K/k have associated smooth projective model
X, and let 'y denote the structure sheaf of X. Geometric notation will for
the most part be standard as, for example, given in {Ha]. Let ¥ be a finite
dimensional nonzero subspace of K. By the divisor of ¥ we mean the smallest
(Weil) divisor D = D(V') on X such that (f)+D = 0 for all nonzero elements
f € V. Equivalently, D is the divisor whose associated invertible sheaf ('x(D)
is the coherent subsheaf V' ('y of the constant sheaf K generated by V. Given
divisors P and Q on X, we will frequently write PUQ for the smallest divisor
> P,Q and PN Q for the largest divisor < P,Q. If ¥ is a subset of X, we
write £|, for the restriction of a divisor £ to .#; that is, £ = E|, + E’, where
E’ is supported on X\.#.

Fix a k-automorphism ¢ of K and let ¢ also denote the induced automor-
phism of X. We adopt the convention that ¢ acts on the right on K, and
on the left on X; thus f7(x) = f(o(x)) for f € K and x € X. Similarly,
o(E) = Y, ro(p,) for a divisor E = Y rip,. We will write .#7 for the
inverse image ¢*% of a coherent sheaf % along . Note that this implies
that, if D is a divisor on X, then Oy(D) = Cx(c7'D) while, if ¥V C K is
a finite dimensional k-subspace, then D(V?) = o~ !'D(V). Finally, a graded
k-algebra R is called connected graded if R = k 4+ €D,., R, is a graded ring
with dim; R, < oo for all i. Note that, if 4 is a finitely graded subalgebra
of K[z; 0], then Ay is a finite k-submodule of K and so 49 = k and so 4 is
automatically connected graded.

Hypothesis 2.1. R = k + (D, R, is a connected graded subalgebra of K{z; o],
where z € Ry, Q(R) = K(z,z7"; 6], and dim x(R;) < oo, for all i.

We remark that the assumption that z € Ry, amounts to assuming that R, +0.
This condition will simplify the proofs in this section but is not required in
the main results of the paper, since Proposition 2.21 will provide a technique
for reducing to this situation. Note that we have not assumed that R is finitely
generated in (2.1), because it will be more convenient to make assumptions on
the sequence of divisors which is defined below.

We introduce the following standard notation. For i 2 0, write R; = Rz
Thus R, C K and 1 € R; for all i = 0. For each n, Df = D(R,)) will denote the
divisor defined by the space R,. Note that the multiplication rule R,R, C R,
translates to

F,ﬁl CRiyj, foralijzo0. (2.1.1)

Hence
DR+ o 'DF <D, (2.12)
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The basic aim of this section is to describe the asymptotic structure of the
divisor sequence {DX: n = 0} associated to a ring R satisfying the hypotheses
of (2.1). In fact, the ring R is largely irrelevant to our discussion, so we will
study sequences of divisors satisfying the appropriate properties.

The appropriate condition is as follows: Define a sequence of divisors {E,:
n = 0} to be a g-divisor sequence if

(22.1)0=Ey £ E|, E, > 0 for some n, and
(2.2.2) There exists an integer r such that E, = |J_,(E; + 6 'E,_;) for all
n=0.

In (2.2.2) and elsewhere, we have adopted the convention that terms involving
undefined divisors are to be ignored. Thus, since F; is undefined for & < 0
(2.2.2) must be read as

min {n,r} ]
£y = U (Ei +a7’ n—i) .
i=1
Lemma 2.3. (i) Let R be a finitely graded k-algebra satisfying (2.1). Then
{DR} is a o-divisor sequence.
(ii) A sequence of divisors {E,} is a o-divisor sequence if and only if
{E, s} is a a-divisor sequence for each orbit .# of o.

Proof. (i) The first property, (2.2.1), follows from the fact that 1 € R, and that

i
7

O(R)o = K. If R is generated by €D_, R, as a k-algebra, then R, = > RR,_,
for all n > #. This implies (2.2.2). The second part of the lemma is a triviality.
O

Lemma 2.4. Let E, be a a-divisor sequence. Then the following hold for all
positive integers m, n.
(l) Em + a—mEn é Em+n~
(i) 0 £ B, £ Eyy1, and J_]En < Eprr
(iii) By = Uiny (Bai + 0" DE).
Moreover, (iit) is equivalent with (2.2.2).

Proof. By (2.2.2), the first assertion is true for 1 < m < r. For m > r, we
may assume by induction that E,,,_, = E,_;+o¢~ " DE, for 1 <i < r.
Then

r . r )
Em+n - U(El + O"l m+n——i) ; U(El -+ O-_lEm—i + O'_mEn) = Em + O-»mEn .

i=1 i=1

Thus, part (i) holds. Part (ii1) follows by a similar induction. Part (ii) follows
from part (i) and (2.2.1). O

The ring described in the next example has been discussed in detail in
[SZ]. We will use it to illustrate a number of the results of this paper, since
its properties are in marked contrast to those of a commutative graded ring.
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Example 2. <. Let K = k(u) be a rational function field, and define ¢ by
u” = u/(! +u). For n =z 0, let p, denote the pole of u’' = u/(1 + nu)

in X = P! thus p, = 6 "po. Set U = klz,uz) C K[z;0]. Then, U =

k{x, y}/(xy — yx — x?), under the identification y = z and x = uz. The ring

that interests us is 4 = k+ Uy. By [SZ, Lemma 2.2], 4 = k{(y,xy) = k{z,uz?).

Now, A4, has basis {x'y": 0 < i < n}, and ¥' = (uz) = uu”-~-u”'“1y‘ for

all i = 1. It follows that 4, has basis {1,uu”~-u”J: 0 £r £ n-2} for

n = 2. Setting D, = D, we have Dy =0 and D, = po+ p| +--- + p,_» for

n = 2.

By [SZ, Theorem 2.3], A is Noetherian if and only if char(k) = 0. As
will be seen, this dichotomy is caused by the behaviour of the sequence of
points { p,}: If char(k) = 0, then |6] = oo and the p, are distinct, but if, for
example, char(k) = 2, then || = 2 and p, = p,.2 for all n. In this case,
D2r+1 =rpo + rpi and D2(r+2) = (l" -+ 1)[70 +rpi, for all g 0.

As this example illustrates, the structure of the finitely graded domain R
depends crucially on the order of @, and we will deal with the cases of finite
and infinite order separately. We begin with the case of finite order.

Proposition 2.6. Let {D,} be a a-divisor sequence. Assume that |a| =d < oo
and write A, = D, — D,_y, for n = 1. Then:

(i) 4, 2 0 for all n 2 1 and is a periodic function of n for n > 0.

(ii) Let A, have period ky for n = ng. Set k = dky and Z = Dy 4t — Dyy;
thus Dyoy = Dy+Z for all n = ny. Then Z is o-invariant and D,y £ mZ for
all m.

Proof. (i) It follows from (2.2.1) and Lemma 2.4(ii) that D, increases with n,
hence that 4, = 0. Consequently, Lemma 2.4(iii) implies that

[

d—1
(Dy—y+0"""D)y £ D,y +B, where B= |J(67/D,).

D, =
. =0

{

Thus 0 < 4, £ B for all n, which shows that there are only finitely many
possibilities for the divisors 4,.

For 1 £i < r and for n > r, we may write D,_; = D,_, + (4, +-- +
Ay—,41). By Lemma 2.4(1i1),

Ap+ Ay v+ Ay iy =Dy — Dy,

(An-i ++ An—r+l + 0'_(,1_[)01') -

I

i

This determines 4, in terms of the data consisting of the » previous differences
Adjforn—r+1 £ j < n—1, the divisors D; for 1 £ i < r, and the congruence
class of n (modulo d). Since there are finitely many possibilities for this data,
4, is periodic for large n.

(ii) Since 4; is periodic, Z = A, + -+ + Aptk, and so Dy = Dy, +mZ
for all n = ny and all m. Also, Lemma 2.4(ii) implies that 67 'D, £ D4 =
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D, + A4y, for any ¢. Setting t+ = n + mk, we find that m(¢~'Z — Z) <
D, — 07 'D,+ A4,,,. The right side of this inequality is bounded independently
of m, and it follows that (¢='Z — Z) < 0. Since the total degrees of the two
divisors are equal, ¢~'Z = Z.

Since d divides £, Lemma 2.4(i) implies that nD,; < D, for any n = 0.
Moreover, D(itjymk = Dump + jmZ, for i > 0 and j = 0. Then (i + j)Du =
D,y + jmZ, for all j, independently of i and a. Thus, D,y < mZ, as required.

|

Lemma 2.7. Let {D,} be a o-divisor sequence. Let ¥ be a subset of X
consisting entirely of fixed points of o and set E, = Dy,. Then there exists
¢ such that E,; = nE, for all n = 1.

Proof. By Lemma 2.3(ii), {E,} is a o-divisor sequence, and it suffices to
prove the lemma when .# is a single fixed point p. For n > r, write £, = t,p
for integers t,. Formula (2.2.2) implies that ¢, = sup]_,(% + t,—,). Choose
1 £ ¢ < r such that 4 = ¢,// is as large as possible. Then, by induction,
t; < Aj for all j and so t,, = nt, for all n = 1. O

The mth Veronese ring of a graded ring R is the ring R = @leR,m,

graded by R"™ = R,,. Since the divisor sequence of R™ is {DF" = DR 1}
we define the mth Veronese sequence of a sequence of divisors {£,} to be
the sequence {E(m), = E,}. Note that, if {E,} is a o-divisor sequence, then
E(m); + 6~"E(m); < E(m)y; and so {E(m)} satisfies (2.2.1) and (2.4)(i).
However, (2.2.2) need not hold and, when this occurs, RY™ has unpleasant
properties:

Proposition 2.8. Le: {D,} be a o-divisor sequence, where || = d < oc.
Let k and Z be defined as in Proposition 2.6(i1). The Veronese sequence
{D(k), = D} is a o*-divisor sequence if and only if Dy, = mZ for large m.

Proof. Suppose that {D(k),} is a o*-divisor sequence. Since o = id, Lemma
2.7 implies that, for some 7/, D,, = nD,, for all n =z 1. But, by Proposition
2.6, W:=mZ — D, is independent of m > 0. Thus,

W = Duus —mntZ = nDpy — mnlZ = nW ,

for all n,m > 0. Therefore, W =0 and D,;, = mZ for m > 0.

Conversely, if D,y = mZ for m = my, then Dy = Dy + Diy—myu, for
all n > 2my. Thus, (2.2.2) holds with » = 2my, and {D(k),} is a o*-divisor
sequence. L]

The implications of this proposition for a finitely graded algebra are derived
in Theorem 4.9.

We next consider the asymptotic structure of a o-divisor sequence when
|o| = oo. In this case the genus g of X is either zero or one [Ha, Ex. V.1.11,
p. 368]. If g = 1, then X is an elliptic curve, and o is translation by a point
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of infinite order. All orbits of ¢ are infinite in this case. If g = 0, then X = IP}.
For an appropriate choice of coordinate function v, an automorphism ¢ of [P'
can be described by g(v) = v+ | (the additive case) or by o(v) = v, for
some 4 € k™ (the multiplicative case). Since we are assuming that || = oo,
the characteristic of k is zero if ¢ is additive, whilst A is not a root of unity if
o is multiplicative. In these cases, the finite orbits consist of the fixed points,
these being the point at infinity in the additive case or the two fixed points 0
and oo in the multiplicative case.
These observations have the following important consequence:

If |o| = oo, then the only finite orbits of o are fixed points. (2.9)

The reason for its importance is that the restriction of a g-divisor sequence
{D,} to a fixed point has the pleasant structure described by Lemma 2.7.

Notation 2.10. Let {D,} be a o-divisor sequence, where |6| = oc. Fix an
infinite orbit .# = {p; = a7 '(py):i € Z} of ¢ and write E, = D,|, = IRA
Assume that E,, 0 for some n. Since a“'(p,) = py1, (2.2.2) implies that there
exists ip such that ¢/ = 0 for all i < iy and all n. Reindex the orbit so that
' =01ifi < 0 but ¢ %0, for some m. Formula (2.4)(i) translates to

g, S (2.10.1)
and (2.2.2) and (2.4)(ii1) translate to

"= m'élx(t]." F 1) = m%lx(t"—" 1), (2.10.2)
y= y=

t

for n > r.

Proposition 2.11. With the above notation, there exist integers a,b,c, with
az0,b>0and a =z c > —b, and a sequence of integers
O<l‘0§l‘] §"'§ra~l < Iy

=Tpax =8_p > 81 = 0 28 >8 =0

such that

(D) +s Srpay for 0 2k S,

(i1) For all n,

r; for0 £k <a

n o< Tmax fora <k <n-b>
T ) sken forn—b=<k=Zn+c
0 for k =z n+c,
(iii) The inequality (i1} is an equality if n>> 0.
For convenience, set r; =0 for i < 0 and s; =0 for i ¢ [—b,¢].

Proof. We begin by constructing the integers r;. By (2.4)(ii), (2.2.2) and
induction,

E,£U(E+06"E)) SE+0'E,+--+0 " VE,.

I
=1
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This inequality shows that, for all » and all i, the integer ¢/ is bounded by the
total degree £ of E,. Set

Imax = max{s'} and r, = max{s'}.
ni n

The inequality (2.10.1) implies that

< and ) <o (2.11.1)
It follows that 1] is an increasing function of n, that r; = ¢ for n > 0, and
that r; is an increasing function of i. We define @ = min{i: r; = ¥y, }. Note
that rp > 0. since some fj' is non-zero.

In order to define the integers s,, set G, = ¢”E,. Then G, = >_ ¢" p;, with
gt =1, By (2.10.2).

no__on oy n—y JE v n—vy
G = fiyy = MaX(ly, + by ) = Max(g,y,, +477).

This implies that G, = |J|_(G,—, + 6"7'G,), and by Lemma 2.4 that {G,} is
a o~ '-divisor sequence. We may repeat the analysis of the last two paragraphs
for {G;}, except that, since po has been fixed by the data £, we are not free to
reindex, as was done in (2.10). This analysis leads to integers s; = sup,{g/} =
sup,(t;,;) such that ry,, =2 s, Z 8,4 2 0, forall i and s, = ¢, for n > 0.
We define ¢ and b by Ty =8-p > S| p = -+ 2 Sc—1 > S. = 0. Then the
inequality of part (ii) is true and, by (2.11.1), it is an equality for n > 0.

It remains to check that ¢ = ¢, b > 0 and that (i) holds. These all follow
from the inequality (2.10.1). Substituting i = j + »n and taking m,n > 0 gives
S; +T; < Imax. Thus (i) holds for all values of j. Since r, = Iy, this forces
s, =0 and ¢ < a. Similarly, since ryp > 0,8, < rn.x and so b > 0. O

Corollary 2.12. With the notation of (2.10) and (2.11), set E, = D,|s. Set
W; =Tyax — T, —S; for i € Z and define Q, =Y, w,p, = wi_ppr—p+ -+
Wa—) Py—i1- Then Qs 2 0, and Qs = 0 if and only if b = 1,a = ¢ and
I +8; =y for 0 <0 £ a. Moreover,

Epin=En+0"E,+07"Q, for mn>0. (2.12.1)
and

o °E, 2 67", whenever n >0 and a+b s <n—a—->b. (2.122)
]

This routine computation is left to the reader. The divisor Q, appearing in
this corollary will be called the gap divisor on the orbit ¥, since its definition
is precisely what is required for (2.12.1) to hold. This divisor can be non-zero;
for example, this is the case if 4 is the ring of Example 2.5, with char £ =0
and .# = {p;}, since then Q, = py. Note that this also implies that 4¢) is
never generated in degree one, giving another proof of [SZ, Corollary 3.2].
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Corollary 2.13. Let {D,} be ua o-divisor sequence, where |o| = oo. Then:
(i) For any ¢ = 1, the Veronese sequence {D(¢),} is a ¢’ -divisor sequence.
(it) If ¢ is sufficiently large, then for all n 2 3,

D)y ={D( )z + 0 """ IDU N UAD{ )yr + 6 " "ID )}

Proof. (i) We may verify this corollary separately for each orbit. It is true
for the fixed points, by Lemma 2.7. Thus, let E, be the restriction of D, to
an infinite orbit .#. As we remarked already, the formulae of Lemma 2.4(i, ii)
carry over directly to a Veronese sequence. Choose s large enough so that
(2.12.1) holds for all m,n = s/ and that 6= Q, NQ, = 0. It suffices to show
that (2.2.2) holds for E(/), with » = 3s. For ¢ =2 r, (2.12.1) implies that

Ey =Ey+0 Y Eioy+0 Qs =Ey +0 " Ey a0y +07Q,.
Since 67 Q, No~2'Q, =0, it follows that
Ey = (Ey +0 " Ey_y)U(Eay + 0 > Eyzgy).

This verifies (2.2.2), as required. Part (ii) is proved similarly. ]

Let R be a finitely generated algebra that satisfies the hypotheses of (2.1),
with || = oo. Then Corollary 2.13 provides a weak version of two results
that will be proved later: the Veronese ring R\’ is finitely generated for all /
(Theorem 5.6), and generated in degrees one and two for / > 0 (Proposition
6.6).

The fixed points of ¢ complicate our description somewhat, so we will
frequently consider the following supplementary hypotheses:

Hypothesis 2.14. The sequence {D,} is a o-divisor sequence, where |o| = oo,
and for each fixed point p of ¢ on X, there exists an integer s = 5, such that
the multiplicity of D, on p equals sn, if n>> 0.

The analogous hypothesis for a graded ring is given by:

Hypothesis 2.15. The graded ring R satisfies (2.1), |o| = 0o, and the associated
divisor sequence {DX} satisfies (2.14).

Assume that |g| = oo and let {D,} be a g-divisor sequence. By Lemma 2.7
and Corollary 2.13, Hypothesis 2.14 will be satisfied automatically for some
Veronese sequence {D(¢),}. Similar comments apply to (2.15).

If {D,} satisfies (2.14), then the gap divisor for {D,} is defined to be
Q =>"Q,, the sum being taken over the infinite orbits of ¢ which meet the
support of D, for some n. This is well-defined, since the support of the {D,}
is contained in a finite number of g-orbits. With this definition, Corollary 2.12
implies that

Dyin =Dy +067"D, +067"Q for all myn>>0. (2.16)

The proof of the next result is routine and is therefore omitted.
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Lemma 2.17. Assume that the sequence {D,} satisfies (2.14). Let ny be an
integer such that the inequalities of (2.11)(i1) are equalities for n = nyg on
each infinite orbit, and that (2.16) holds for n = ny. For n 2 ny, let C, =
D, + Q. Then

(1) C[+i = C, + O'_'Cj j()r l,j g no.

(ii) Dy = D, +67'C; for i,j 2 no. O

Let {D,, n € N} be a sequence of non-negative divisors that D,, + ¢7"D,
< Dy, for all m,n, ie., for which (2.2.1) and (2.4)(i) hold. Suppose that
(2.2.2) does not hold, so that D, is not a g-divisor sequence. Then either
the supports of the divisors D, meet infinitely many orbits, or else (2.2.2)
fails for the restriction of D, to some g-orbit .#. The next proposition, which
complements Proposition 2.11, describes this second possibility.

Proposition 2.18. Assume that |o| = oco. Let {D,: n = 0} be a sequence
of non-negative divisors whose supports are contained in a single orbit 4.
Suppose that D, + 6~ "D, < Dy, for all m,n but that the sequence is not
a o-divisor sequence.

() If .# = {p} where p is a fixed point, write D, = s, p. Then the ratios
sp/n do not attain a maximum.

(i) If . is an infinite orbit, then the multiplicities of D, are unbounded.

Proof. The proof of (i) follows the lines of Lemma 2.7.
(ii) For k = 1, define a sequence of divisors {EX} by setting Ef = D, for
1 <i <k, and

k
Ef = J(Ef +07'ES_) forn > k.

=1

The hypotheses imply that, for each k {£f} is a o-divisor sequence, that
EF < EX*! for all n, and that D, = |J, EX. Since {D,} is not a g-divisor
sequence, {D,}+{EX}, for any k and so {EF}+{EX*'} infinitely often. Since
the inequality in Proposition 2.11(i1) is an equality for all large », it follows
that there exist infinitely many values of k for which Ef < Ef! for all
large n.

Now consider the data produced by Proposition 2.11 for the o-divisor se-
quences {EX}, with one difference; the point py € . is fixed arbitrarily and
independently of k. Let &, b and r!, be the numbers that Proposition 2.11
provides for the sequence {E'}. While &' and &' depend upon the point py,
their sum does not. Thus, Proposition 2.11 shows that, for large s, the total
degree Y ;¢ of E} has these bounds:

(n— b — ")y, < deg B, <y

max

Thus if / = k and if 1/, =r,,, then deg £/ < deg EX + (&% + a* )k, for all
n > 0. Combined with the conclusion of the previous paragraph, this shows

that r¥ _ is unbounded. O

max
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We will now discuss an analogue of the divisor sequence when we drop
the assumption that z is in the ring. We assume that |o| = co. Let 4 be a
finitely graded subring of K[r;6] such that the quotient ring Q(A) has the
form K[t,1"; 0], where ¢ € O(4);. We set 4; = A;t' as before. Then (2.1.1)
still holds. The integers n such that 4, +0 form an additive semigroup S C N,
and because Q(4); #£0, S contains every sufficiently large integer.

For n € S, we set £, = D(4,). If A is generated in degrees < r, the
sequence E, has the property analogous to (2.2.2):

E,= | JtE+d'Es), (2.19.1)

1=r

the sup being taken over those integers i < r such that i and n — i are in S.
As in (2.4)(ii), this implies that

Em + O'_mEn é Em+n (2192)

where m,n € S. However, E, need not be positive.

The element ¢ € O(A4); is arbitrary, and the effect of changing ¢ to ¢ = ft,
where f € K, is to change 4, to 4, ', where f = ff”u-f"(H). So if W
is the divisor of f, then for n € S, E, changes to
E =E,—(W4+o™'W+--+o W), (2.20)

n

The next proposition, which generalizes Corollary 2.13, will be used in
Sections 5 and 6 to pass to Veronese subrings, and will allow us to eliminate
the hypothesis that R, &0 is the main applications in those sections.

Proposition 2.21. Let o be an automorphism of infinite order of the function
field K, and let A be a finitely graded subring of K[t; 0] such that Q(4) =
K[t,t7';0). Let d be an integer such that A4,%0, and let R be the Veronese
subring A, With notation as in (2.1), the divisor sequence {D, = DX} for
R is a o-divisor sequence.

Proof. Let {E,, n € S} be the sequence of divisors associated to 4 as above
and let {F,} be the corresponding divisors associated to the finitely graded
overring A{t). Then {F,} is a o-divisor sequence with F, = £, for all n. It is
now easy to prove that:

(i) {E.} is supported on finitely many orbits of o.

(ii) On each infinite orbit .# of ¢, the multiplicities of the E, are bounded
above. (Apply Proposition 2.11 to {F,}.)

(iii) Let p be a fixed point of ¢ and write (£,)|{,} = s,p. Then there exists
c such that s../cr = max,{s,/n}, for all r Z 1. (Use the proof of Lemma 2.7.)

To obtain the sequence {D,}, we choose an clement z € 4y = R, and
write R, = R,z". Then D, = D(R,). Say that z = ft/, and W = (f). By
construction, the D, are non-negative divisors satisfying D, +067"D, £ D,yp,
for all, n,m = 1. Moreover, by (2.20),

Dn :E[{n_(W+0"dW+...+O-‘(l'-‘])dW)'
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The properties (i)—(iii) given above carry over from {E,} to the Veronese se-
quence {£,,}, and from there to the sequence {D,}. In other words, neither (i)
nor (ii) of Proposition 2.18 holds on any orbit. So D, is a o-divisor sequence.

[

3. The stable image of the curve

Let R be a finitely graded k-algebra, satisfying the hypotheses of (2.1). When
R is commutative and generated by R;, then R is determined, not by data on
X, but by an invertible sheaf over a curve birational to X. A similar result
holds in the noncommutative case, and the aim of this section is to find that
curve. We fix the following notation:

Notation 3.1. Fix a graded k-algebra R satisfying the hypotheses of (2.1), and
such that the associated divisor sequence {DX} is a o-divisor sequence. For
each n, R, defines a morphism ¢, : X — IP(R,) [Ha, Theorem I1.7.1]. We
denote the image of ¢, by Y,. For m large R,, generates K and so Y, is a
curve birational to X for all n > 0.

We will use the following elementary fact about rational maps:

Lemma 3.2. Let {V;: 1 £ i £ 3} be non-zero, finite dimensional k-subspaces
of K such that ViV, C Vs, and let E; = D(V;) denote the associated divisors.
Write 0; : X — P(V}*) for the morphism defined by V; and set Y; = 0,(X).
Assume that Y5 is birational to X; thus, there is an induced rational map
n:Y; ——=> Y| defined by n = ()183“I on an appropriate open subset of Ys.
If pe X and if E\ + E; = E3 locally at p, then z is defined at g = 05(p).

Proof. Pick v € V, and uy € V| such that E; = —(v) and £} = —(ug), locally at
p. By hypothesis, E3 = —(ugv), locally at p. Pick a basis {uo,...,u,} of V| and
a corresponding basis {ugv,...,u,0,W,iq,...,w} of V3. These bases establish
coordinates in IP(V*), for i = 1,3, and define the maps ¢, and 05; for example,
0, is defined locally at p by the coordinate functions (ug/ug, ..., u,/ug).
Clearly, 6, is also defined by the coordinate functions (ugv,...,u,v). Thus,
the projection P(V;) ——=> IP(¥") defined by projection onto the first (» 4 1)
coordinates induces the rational map 7 = (005 . Y3——> Y,. By construction,
this is defined in a neighbourhood of ¢ = 0;( p). O

Proposition 3.3. With notation as in (3.1), let .# be a union of c-orbits in
X. Assume that there exists a divisor Z and an integer ng such that D, ; =
Z+0'Z+ - +07"DZ for all n = nyg. Then:

(i) For n 2 ng and m = 1, the canonical rational map 7y, : Yoy ——>
Y, induced by the maps ¢; is defined at every point of ¢m(F).

(i) If S = X, there is an integer n, such that m,,, is an isomorphism for
all n z ny. Setting Y :=Y,,, this curve is birational to X, and o induces an
automorphism of Y. (This automorphism will also be denoted by a.)
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- — _O_nfl
Remark. If R is generated by R;, then R, = R\R,---R, . Hence D, =
Dy +67'Dy + -+ 4+ ¢~ DDy, and so the hypotheses of the corollary are
satisfied, with n; = 1.

Proof. (i) Set V| =R, V> = ﬁ: and V3 = R,.,. By hypothesis, the associated
divisors £y = Dy, 4, E; = 67"(D,)|,; and E3 = Dy, s satisfy E + E; = Ej.
Thus Lemma 3.2 applies, and it shows that 7, is defined on ¢,,(.#).

(ii) For n > ny, K is generated by R, and so X is birational to Y,. By
part (i) m,, is defined and, by construction, it is surjective. Since ('y is the
integral closure of ("y, the set of integral schemes lying between X and Y,
satisfies ACC. Therefore, 7y, : Y41 — Y, is an isomorphism for all large n
and so n; exists.

Let n 2 ny. By convention, f%(x) = f(a(x)), for x € X and f € K. Thus,
with suitable choice of coordinates in the projective space lP(R,, ), the morphism

defined by F: is ¢po0™, and its image is ¥, =Y. Since D,,+0" "D, = Dy,
Lemma 3.2 produces a morphism T ¢ Yutm — Yy, such that 7/, o ¢y =
¢, 0 a™. Thus, if 1, = 7, o n,hLm . then T © ¢y = ¢ 0 ™. It follows that

T=1,_1,"' is the requlred automorphism. 0

When R is not generated by R,, n, need not be defined everywhere and
so more care will be needed. For example, let X = P!, with k(P') = k(u)
and let R = k{z,uz,u*z?) C k(u)[z;0], where o(u) = ju for any 1 € k*
(including A = 1). Then, R, has basis {l,u,...,4*""'} when n is odd but
{Lu,...,u* 2,4} when n is even. Consequently, if p is the pole of u, then
D, = (2n — l)p if nis odd but D, = (2n)p if n is even. It follows that, for all
m, Yomi1 = X but Yz, has a cusp at infinity. In this example, as is true for any
commutative Noetherian graded k-algebra, one can obtain a ring generated in
degree one by replacing R by a suitably large Veronese ring. Thus, Proposition
3.3 may be applied to that Veronese ring. However, as was remarked in the
last section, there exist finitely graded algebras none of whose Veronese rings
are generated in degree one. Nevertheless, when |g| = oo, the conclusion of
Proposition 3.3 still holds (see Proposition 3.5).

Lemma 3.4. With the notation of (3.1), assume that |o| = oo and let ¥ be
an infinite orbit of . Then, for n>> 0, the curve Y, is smooth at every point
of £

Proof. Throughout this proof, we assume that i,j > 0 and we set n = i + j.
Let ©, denote the gap divisor on .#, as defined after Corollary 2.12, and let
T denote the support of Q, on X. Set E, = D,,. By (2.12.1), E; + 67'E; +

671Q, = E,. Thus, by Lemma 3.2 with ¥} =R, V2, =R, and V3 = R,, the
rational map 7 : ¥, ——> Y, is defined everywhere on ¢,(.#), except possibly
on ¢,(¢7'T). Let S; denote the points p € .# such that ¢,(p) is a singular
point of Y;. If y is a singular point of Y, and if # is defined at y, then n(y)
is a singular point of Y;. Therefore S, C S;Ua™'T.
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We repeat this argument with Vy = Rj and V> = R,. As in the proof
of Proposition 3.3(ii), the morphism 0 : X — P(V)) defined by V) is
0 = ¢, o ¢'. Therefore the set of points p € X such that 6( p) is singular is
67'S;, and the argument of the last paragraph implies that S, C ¢='S, Us™'T.
Interchanging the roles of i and ; shows that S, € ¢ /S, U o /T and
hence that S, C (S, Ue~'T)N (67/S; Ua™/T). This intersection is empty if
Jj > |

Proposition 3.5. Assume that (2.15) holds for the graded ring R Then, for
n>»> 0 and m = 1, the canonical rational map n, , : Vyin ——=> Y, induced
by the maps &; is defined at every point of Y,.,, and it is an isomorphism.
If Y :=Y,, then o induces an automorphsim, again written ¢, on Y.

Proof. For n > 0, the previous lemma implies that Y,., is smooth on each
infinite orbit of ¢. Thus, 7, , is certainly defined on these orbits [Ha, Proposi-
tion 1.6.8]. By (2.15) and Proposition 3.3(1), 7, , is defined at the fixed points
of ¢ and so it is defined on all of V,.,. The argument used in the proof
of Proposition 3.3 shows that =, , is an isomorphism for » > 0 and that ¢
induces an automorphism of Y,. 0

Remark. In applications of Propositions 3.3 and 3.5, we will use ¢ : X — ¥
and 7w, : ¥ — Y; to denote the induced morphisms.

We now wish to derive relations for coherent sheaves on Y analogous to
the formulae of Lemma 2.17 for divisors on X. We work as much as possible
with coherent sheaves .# on Y which are fractional ideals, that is, coherent
subsheaves of the constant sheaf K on Y. The notation .# - .4~ will denote the
product ideal in K. If either .# or /" is an invertible sheaf, then this product
ideal is canonically isomorphic to the tensor product .# ® .4, and we will
use the tensor product notation when applicable. (The unadorned ® stands for
®ey.) If 4 is invertible, .#" will denote the dual sheaf Hom(.#,@y). If D
is a divisor supported on the smooth points of Y, then (y(D) is an invertible
sheaf, and .# (D) will denote the product .# © Oy(D).

Lemma 3.6. Let ¢ : X — Y be a surjective morphism of Noetherian
schemes, and let N C M be invertible sheaves on Y. Let A7 = A - Oy and
M = M - Oy denote the induced invertible sheaves on X. If V' = .#', then
N =M.

Proof. This assertion may be verified locally, so we may assume that .# = (/y
and that .4 is an ideal of (’y, say the ideal of the closed subscheme Z. Then
A" = Oy and AN is the ideal sheaf of the inverse image ¢~'(Z). The assertion
N = ' translates to ¢~ '(Z) = (). Since ¢ is surjective, ¢~ '(Z) = 0 implies
Z=40. O

We will frequently wish to use the following notation when dealing with
automorphisms of infinite order.
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Notation 3.7. Let R be a ring satisfying (2.15), and fix an integer n; such that:

(i) Equality holds in (2.11)(ii) for all # = n; and all infinite orbits .#
of o.

(i1) For each fixed point p of ¢ on X, the multiplicity of D, on p equals
spn, for all n = ny.

(i1i) The maps ¢ : X — Y, are defined, and Y, = Y for all n = n,.
For i = I, set #, = R;Cy. If i = n,, then R; defines an embedding n; :
Yy - P = lP(ﬁ,*) and so [Ha, Theorem IL,7.1] implies that #; = ="('p(1)
is invertible. (For i < n;, #, need not be invertible.) By Lemma 3.4, Y is
smooth on every point of the support of the gap divisor @, and so we may
regard (2 as a Cartier divisor on Y. Thus, ("y(Q) is an invertible sheaf. For
i 2 ny, set B, =A(Q) =R, Cy(Q).

Lemma 3.8. Keep the notation of (3.7). Then:

() #; - %7' C Ay for all i,j 2 1, and hence %; & ,%",” C B, for all
iznandj =1

(ii) #(aTI D@ AT = Ry, for i,j = ny.

(iii) %, ® BT = Ry, for i,j = n.

(iv) B, @ BT = B,y for i,j = ny.

Proof. (1) follows directly from (2.1.1) and the definitions. To check (ii)—(iv),
we may work locally at each point of Y. Away from the fixed points, Y is
smooth, and so the assertions follow from the corresponding formulae (2.16)
and (2.17)(i),(ii) for divisors on X. Locally at the fixed points, 67/ is zero
for any j. Hence #, = #:,(c7'Q) = 4, locally at such a point, and (ii)—(iv)
will follow if we prove that

R, 0 R = Ay, locally at a fixed point. (3.8.1)

Set #] = A,-Cx and note that #. = Ry = Ox(D;). Then (2.14) and
(3.7)(ii) imply that %] ® (.0/?;-)”' = A,; at each fixed point. Thus (3.8.1)
follows from part (i) and Lemma 3.6. This completes the proof. O

4. Domains of dimension two which are generated in degree one

Let R be an algebra satisfying the hypotheses of (2.1) and generated in degree
one, and define ¥ and its automorphism ¢ as in the last section. The aim of this
section is to prove that R has finite codimension in the twisted homogeneous
coordinate ring B(Y, ¥, c), as defined below (see Theorem 4.7). The signifi-
cance of this result is that the properties of twisted homogeneous coordinate
rings are rather pleasant; many of them are the same as for the commutative
ring B(Y, %, id) (see Corollary 4.8 for the details).
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For any triple (Y, #,0) consisting of a projective scheme Y, an auto-
morphism ¢ of Y, and an invertible sheaf ¥ on Y, the twisted homo-
geneous coordinate ring B = B(Y,¥,0) is defined as follows: B is the
graded k-algebra €D,.,B4, where B, = B,z", for B, = H%Y,%,) and

L= RL°D-- -®££"nul. The multiplication map B, ®F:m — B, is de-
fined by taking global sections of the natural isomorphism %, %% — L.
(Here z can be thought of as a dummy variable which encodes the automor-
phism o. It has been introduced for consistency with the earlier parts of this
paper.)

We recall some results of [AV] about the structure of B(Y, ¥,0). An in-
vertible sheaf & is called o-ample if, for every coherent sheaf %, one has
HiI(Y,# @ ¥,) =0, for all ¢ > 0 and » > 0. Given a graded ring B, let
gr-B denote the category of Noetherian graded right B-modules and let t(B)
denote the full subcategory of graded, finite dimensional B-modules. Write g7-
B = (gr-B)/t=(B) for the quotient category. Two graded right B-modules M and
M’ are called equivalent if their images in gr-B are equal. If B is Noetherian,
then two finitely generated, graded modules M, M’ are equivalent if and only if
their tails M, = ,., M; and ML, are equal for sufficiently large n. Denote
by (’y-mod the category of coherent sheaves on a scheme Y.

Let (Y, .¥,0) be a triple as above, assume that # is both g-ample and o -
ample, and let B = B(Y, %, 0). By [AV, Theorem 1.3], B is Noetherian', and
there is an equivalence of categories (/y-mod — gr-B, under which a coherent
sheaf ./ is mapped to the module I'u(A") = @,cz HU(AN ® £,).

The following result complements the results of [AV] and gives a noncom-
mutative analogue of a theorem of Serre.

Theorem 4.1. Let o be an automorphism of a projective scheme Y, and let
¥ be an invertible sheaf on Y which is both c-ample and o~ '-ample. Set
B = B(Y,¥%,0), as above. Let R = EB,.ZOEZ" C B be ua graded subring of
subexponential growth. Assume that, for n > 0, R, generates ¥QL° Q-+
27" and that the map Y — IP(F:) defined by R, is an embedding. Then
R,, = By, for all m > 0.

We conjecture that the growth condition follows from the other hypothe-
ses. Note also that R is not assumed to be finitely generated in Theorem 4.1.
However, this follows from the conclusion of the theorem. Indeed, by [AV],
B is a finitely generated, Noetherian algebra. Since B/R is finite dimensional,
Lemma 1.14 implies that R is Noetherian and finitely generated.

The proof of Theorem 4.1 will be obtained through a series of lemmas. The
first is a standard application of g-ample sheaves that will be used frequently.

Lemma 4.2. Let F be a coherent sheaf and ¥ an invertible sheaf on a
projective scheme Y such that & is both c-ample and ¢~ '-ample. Then:

U In [AV], this theorem carelessly states that B is Noetherian if % is g-ample. What is proved is
that, with our conventions, B is right Noetherian.



Noncommutative graded domains with quadratic growth 259

(1) For n>>» 0, the sheaf ¥ & ¥, is yenerated by its sections.
(i) Let V be a vector space of global sections of a coherent sheaf
F which generates F, and let v € N. For m > 0, the natural map
Ve HOY, 2% ) — HAY,. 7 © 7)) is surjective.
(iii) Keep the hypotheses of part (ii). Then, for all m > 0, the natural
homomorphism vi' @ H 0Y, Lw) — HNY, F " L) is surjective,

Proof. (i) This is [AV, Proposition 3.2].

(ii) It follows easily from the definition that % is g-ample if and only if
%7 is o-ample and so we may assume that r = 0.

There is a short exact sequence

00— H# —=VRly—->F —0.

Since & is g-ample, H'(Y, # @ %,,) = 0, for all m > 0. Thus, tensoring this
exact sequence with &, and taking global sections gives the exact sequence

0—HYY, #0 ZLy) =V H(Y, Ly) — HN(Y, F @ L) — 0,

as required.

(iii) In this case, applying 6~ to the given map, it suffices to prove that
the map ¥ @ HO(Y, 25 ") — HY(Y,# @ £9 ") is surjective. Now, £ " =
(2 ® @ .2 ". Thus, this result follows from part (i1), with ¢ replaced

by 67! and r = 1. O

U

Lemma 4.3. It suffices to prove Theorem 4.1 for some pair of Veronese rings
R C B,

Proof. Observe that the hypotheses of Theorem 4.1 do carry over to these
Veronese rings. If R = B) for r > 0, then Ry = B,y for all r > 0. Let
V =R, and F = &, for i > 0. Then Lemma 4.2(ii), with m = rd implies
that the multiplication map

— ..-0‘[ j— _O"l —
ROR, =R 9B, — By
is surjective for r > 0. Hence, R;;,q = B,1,4, as required. O

Lemma 4.4. Let B = B(Y, ¥, 0) be as above. The functor I, defines a bijec-
tion between the set of equivalence classes of two-sided ideals M of B and
the set of g-invariant closed subschemes Z of Y.

Proof This is an elementary computation. Let # denote the ideal sheaf of
a subscheme Z and set M = I',(#)so and M = I'.(#”" )2o. Applying
the functor I',»¢ to the inclusion 0 — # — Cy, yields an inclusion of right
B-modules 0 — M — B. Here, the inclusion M, = HYY, # @ #,) C B, =
H'(Y, %,) is the map obtained by taking global sections of the multiplication
map R, -0y L, =%,

n—1 n—1
0(®).0®-"®)»Zﬂ1 '—’0(/10®"'®/1:I,_1 -
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So left multiplication by B,, on such a section is given by
(o ® @ pnr) - (o @ @A)
:(Ho®"'®#m—1)®(d10®"'®/1z:|)”m
=0 (o @ D ) © (o @@ 2 )

which yields an element of #7" ® %,.n. Thus, if b € B,, and a € M,, then
ba € M,(,,'i),, If Z is a o-invariant closed subscheme of ¥, then M) C M, and
M is an ideal of B.

Conversely, suppose that M = I'.(#)»o is a two-sided ideal of B. If
m,n are sufficiently large then, because ¥ is g-ample, &, and ¢ ® &, are
generated by their global sections B,,, respectively M,. Since B, M, C M.,
it follows that #7" © Lpin C F @ Lpin. Hence #7° C ¢ and so 7 = ¢.
Since this is true for all large m, #° = #. Thus, # is the ideal sheaf of a
o-invariant subscheme Z. Ol

Lemma 4.5, B is finitely generated as a left and right R-module.

Proof. Fix n > 0 for which R, generates .#,. Then, Lemma 4.2(ii) implies
that the multiplication map

R, @B, =R, @ H'(Y, %7) = H'Y, %11n) = Burm

is surjective. Hence, B is a finitely generated left R-module. An analogous
argument, using Lemma 4.2(iii), shows that By is finitely generated. D

Proof of Theorem 4.1. Let Z be a g-invariant closed subscheme of Y. We can
identify I',(0z)x0 as the ring By = B(Z, &¥|z,0|z). Applying the functor I'.>¢
to the exact sequence 0 — ¢ — Oy — Oz — 0, yields an exact sequence of
right B-modules

0—-M-—>B—>B; 5¢—0,

where ¢ is finite dimensional [AV, Lemma 3.13]. Thus, if B’ denotes the im-
age of B in Bz, then B;/B’ is finite dimensional. Let R = (R + M)/M. The
hypotheses of the theorem carry over to the pair R’ C Byz; in particular, the
map Z — IP(V*), defined by V = (R, + M)/M, is the restriction of the map
Y — lP(P_: ), hence it is an embedding of Z if » is large. By Noetherian in-
duction on Y, we may assume that R does not have finite codimension in
B, but that R’ has finite codimension in Bz for every proper g-invariant sub-
scheme Z C Y, or equivalently, that for every non-zero ideal M of B, the ring
(R + M/M) has finite codimension in B/M. This implies that R and B have no
tdeals in common. Observe that, as the induction is on ¥, Lemma 4.3 implies
that R and B“) also have no ideals in common.

The next lemma will allow us to reduce the proof to the case that ¥ is an
irreducible variety.
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Lemma 4.6. Suppose, in addition to the above assumptions, that there exist
non-zero, a-invariant, ideal sheaves #,...,.%; of Cy such that 4,9, %, =
0. Then Theorem 4.1 holds for Y.

Proof. By induction, we may assume that / = 2. Let M, = I'.(.#))z0, and
we write Z, for the closed subscheme defined by .. Since .#) is a (right and
left) ('z,-module, the right action of B on M| factors through the quotient
By = B/M; C Bz,. Thus, M, is a right (and, analogously, left) B;-module.
Since B is Noetherian, this implies that M, is a finitely generated left or right
By-module. Write R, = (R + M;)/M, C B;. By the inductive hypothesis, B,/R;
is finite dimensional and so R, is Noetherian. Thus, M, and N, = RN M,
are Noetherian (left and right) R;-modules. This implies that N| = B,N|B; is
a Noetherian R;-module and that N{/N; is finite dimensional. Consequently,
for m > 0, (N))zm = (N])2m is a By-module and hence an ideal of B.
However, by the inductive hypothesis, R and B have no ideals in common; thus
(NI );m =0.

This implies that R < B/(M;)>,. We may replace R by k + Rx, without
loss and so conclude that R — B/M, = B(Z,,¥|z,,0|z ). Then for every n,
the map ¢, : ¥ — lP(ﬁ:) defined by F: factors through Z,. This contradicts
the hypothesis that ¢, is an embedding for n > 0. 1

Completion of the proof of Theorem 4.1. The nilradical A" of Oy is o-
invariant. So if A" #0, then there is a nonzero invariant ideal # such that
#? = 0. This contradicts Lemma 4.6 and implies that Y is reduced. Suppose
that Y is reducible. By Lemma 4.3, we may freely replace R and B by their
Veronese rings R C BY) and this has the effect of replacing ¢ by ¢?. Now,
o operates on the set of irreducible components of Y, and passing to the ap-
propriate Veronese rings, we may assume that this operation is trivial. Thus,
each irreducible component Y, of ¥ corresponds to a o-invariant ideal sheaf .%;
of ¢y and [].# = 0. Once again, this contradicts Lemma 4.6.

Thus Y is reduced and irreducible. Therefore B and R are domains and,
since it has subexponential growth, R is an Ore domain, and we may form
the graded quotient ring Q(R) of R. By Lemma 4.3, again, we may replace
R by a Veronese ring and assume that R;#0. By hypothesis, the map to
projective space defined by R, is an embedding of Y for some n. Therefore,
the subfield of Q(R) generated by R, is the field of fractions K of Y, which
is also the degree-zero part of Q(B). Since R contains an element z of degree
one, Q(R) = Q(B) = K[z,z~";¢]. In particular, B/R is a torsion (left or right)
R-module.

Since B/R is a finitely generated, torsion right R-module, the left annihilator
U = /-anng(B/R) is a non-zero ideal of R. Similarly, V = r-anng(B/R) and
VU are non-zero ideals of R. Since VU is an ideal of B, this contradicts our
inductive assumption and completes the proof of the theorem. ]

We now return to rings of Gelfand-Kirillov dimension two and apply The-
orem 4.1.
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Theorem 4.7. Let R = @,. R be a connected graded domain, gener-
ated by Ry as a k-algebra, with GK dim(R) = 2 and graded quotient ring
O(R) = K[z,z7";0). Then, there exist a projective curve Y birational to X,
an automorphism a of Y and an ample, invertible sheaf ¥ over Y such that
R C B=B(Y,¥,a), with B/R a finite dimensional k-vector space.

Proof. This follows from Theorems 1.1 and 4.1 combined with Proposition 3.3.
In more detail, by Theorem 1.1, R satisfies the hypotheses of (2.1) and hence
satisfies the hypotheses of Proposition 3.3 (see the remark after that corollary).
Let Y be the curve defined by Proposition 3.3, with its induced action of o,
and set £ = nfCp,(1), where n, : ¥ — Y, C P, = IP(R,) is the map

defined by R,. By construction, % is generated by the sections R, and hence
n—1

L= R® 2" s generated by the sections R, ---R, = R,, for all

n = 1. Since Y is a curve and & is ample, [AV, Corollary 1.6} implies that

% is both o-ample and a*'-ample. Finally, for all n > 0, 7, is an embedding

by Proposition 3.3. Thus, the hypotheses of Theorem 4.1 are indeed satisfied

for R C B(Y, %, 0). O

The strength of Theorem 4.7 is that it allows one to use the ring B =
B(Y,¥%,0) to give a detailed description of the structure of R, as the next
result illustrates.

Corollary 4.8. Let R be a ring satisfving the hypotheses of Theorem 4.7 and
keep the notation of that result. Then:

(i) R is a Noetherian k-algebra.

(i1) C'y-mod is equivalent, both to gr-R and to R-gr. Under this equiva-
lence, the sheaf 4 over Y corresponds to the right module M = @Ig oHOY, W
RLy).

(iit) If the automorphism ¢ ussociated to R has finite order, then R is a
finite module over its centre.

Proof. By Theorem 4.7, B/R is finite dimensional and so it suffices to prove
the corollary for B. In this case, parts (i) and (ii) are proved in [AV], while
part (iii) follows from [ST, Corollary 2.3]. C

As will be shown in Sect. 5, a version of Corollary 4.8(ii) holds for any
connected graded Noetherian domain R with GK dim(R) = 2. However, if R
is not generated in degree one, then part (iii) need not hold. For example, let
K = ©(u) with automorphism ¢ defined by o(u) = —u. Set

R = C{z,wz*,w’z*) C K[z,z"";6] where w = (1 +u).

Then, R is a finitely graded, Noetherian, PI domain, with GK dim(R) = 2,
but R is not a finite module over its centre. Since ungraded analogues of
this example are well-known, the details of this example are left to the
reader.



Noncommutative graded domains with quadratic growth 263

As a second application of Theorem 4.7, we complete our discussion of
rings for which the associated automorphism ¢ has finite order. In this result
we do not assume that R; 0.

Theorem 4.9. Let R be a finitely graded domain with GK dim(R) = 2 and
graded quotient ring K(z,z='; 6], where K = k(X) and z € Q(R),. Assume
that |o| =d < oo. The following are equivalent:

(i) R is Noetherian,

(ii) The Veronese ring R is a finitely generated commutative ring,

(iii) Some Veronese ring R\ is generated in degree one.
Assume, that Ry +0 and adopt the notation of (2.1). Then the above condi-
tions are equivalent to

(iv) The Veronese sequence {Dﬁ,‘”} is a divisor sequence for the automor-
phism id = o?.
A detailed analysis of how part (iv) of this theorem can fail is given by
Propositions 2.6 and 2.8. An example of a ring for which the equivalent con-
ditions of Theorem 4.9 do not hold is given by Example 2.5 in characteristic
two.

Proof Lemma 4.10 below shows that the Veronese subring R’ of a graded
domain is Noetherian if and only if R is. In our situation, R“) is a subring of
K[z7,z7¢; 6%}, which is commutative because ¢/ = id. Thus R is commu-
tative, and it is Noetherian if and only if it is finitely generated. If so, then
some Veronese ring R“) is generated in degreec one [Mu, Lemma, p. 282].
The equivalence of (i)—(ii1) follows from Theorem 4.7.

Suppose that R} 0. Then (ii) = (iv) follows from Lemma 2.3. Conversely,
suppose that {D,,;} is a ¢?-divisor sequence. Then Proposition 2.8 shows that,
for some multiple k of d, D, = mZ for large m. Because of Proposition 3.3,
we may apply Theorem 4.1. We conclude that R has finite index in some
twisted coordinate ring B(Y, %, 1). So R*) is Noetherian and finitely generated.
Assertion (1) follows from Lemma 4.10. O

Lemma 4.10.
(i) A right Noetherian, graded k-algebra S is a finitely generated
So-algebra.
(ii) If S is a right Noetherian graded algebra, then every Veronese subring
S s right Noetherian.
(iii) A graded domain S such that some Veronese SV7 is right Noetherian
is a finite right SV)-module, and hence is right Noetherian.

Proof. The first assertion follows from [Bo, III, Sect. 2, Proposition 1]. The
second is [AZ, Proposition 5.10(1)]. To prove (iii), we denote by 7 the residue
class of r, modulo #, and we set S = €D, S+, S0 that § = @;;OIS,—.. If
S7 %0, then S_7+0 as well. Left multiplication by a nonzero element t € §_5
defines an injective map Sy — S5 which is right Sg-linear. Now S5 is just the
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Veronese ring S, with a different grading. So S is isomorphic to a finite sum
of regraded right ideals of §). ]

5. The case of an automorphism of infinite order

It remains to consider the structure of rings R which are not generated in
degree one and for which the associated automorphism ¢ has infinite order.
The basic aim is to derive results that are the analogues of Theorem 4.1 and
those of [AV] for these rings. If the gap divisor is zero, then some Veronese
ring R is generated in degree one, and so R has the basic properties of a
twisted homogeneous coordinate ring. The more interesting case is when the
gap divisor is non-zero. In this case, R is similar, at least asymptotically, to the
ring 4 of Example 2.5 in characteristic zero; as with that example, R looks like
an idealizer inside a twisted homogeneous coordinate ring (see Theorem 5.9),
yet R, = H*(Y,4,) for n > 0 (Proposition 5.4(i)), and the quotient category
R-gr = (R-gr)/t(R) is equivalent to ¢/y-mod (Theorem 5.11).

To avoid problems at the fixed points, we often assume that R satisfies
(2.15). Recall that, if R is any ring satisfying (2.1), with |o| = oo, then Lemma
2.7 and Corollary 2.13 imply that (2.15) will always hold for some Veronese
ring R, We do not assume R finitely generated, because there is no a priori
reason why the Veronese ring of a finitely generated k-algebra should itself be
finitely generated. However, finite generation does follow from our hypotheses
(see Theorem 5.6).

We are interested in the asymptotic structure of right R-modules M, so we
will work in BT-R, i.e., with the tails M, of graded modules for sufficiently
large n, ignoring irregularities which may occur in low degree. Thus, we usually
work with indices i = n;, in the notation of (3.7) and we keep the notation
developed there. In particular, for i = n;, #; is an invertible sheaf on the
stable image ¥ of X and the relations (3.8) hold. As at the end of Sect. 3, we
will work mainly with fractional ideals.

If M is a nonzero right ideal of R = @Rz’ then, following previous
notation, we write M; = M;z', and #; = M;0y. Thus, .#, C %; = R;0y, and

MR R C My for j>0. (5.1)

For i 2 ny, set ¢ = #i{(M)= M; @A’ Thus ¢ C R @ R’ = Oy, that is,
Fi is an ideal in Oy.

Lemma 5.2. Let M be a nonzero right ideal of R, and let M;, #, be as

above. Then:
(i) H; ® ,%‘}” = My for i,j > 0 where, by definition, #; = R;(Q2) =
R; @ Oy(RQ).

(i) #; is independent of i > 0.

Proof. Let Z, be the closed subscheme of Y whose ideal sheaf is #,. We first
show that the support of Z, is contained in a finite set S independent of n > 0.
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Using Lemma 3.8(ii), and taking n = n|, one obtains
I(—=7"Q) = My DR (c7"Q)Y
- W Y %0 ® jn+j C ﬁ"ﬂ‘j g jn+} (ZI+,/ .

Since this is independent of j, we can take § = Supp(Z,, ) U Supp(c~"1 Q).

Next we show that . #; ® 33;" C M;y; for large i,j. By (5.1), this is true
at all points ¢ of Y at which %’j = J" that is, for all ¢ ¢ Supp(c—'Q).
By Lemma 3.8(iii), it is also true at those points at which .#; = #4, and
Miv; = Rir;. This includes all points g ¢ S. For large i, SN Supp(c™'Q) =0
and so .#4; ®93}’L C My

Now set ¢, = length(C¢'z, ), and ¢ = liminf(¢;). By the last paragraph and
Lemma 3.8(iii),

Ji= M DK " @R, C My QR = Fiyy Torallij>0. (52.1)

Thus e, = ¢;1,, and if we choose i so that e; = e, then e;.; = e too. This
forces the inclusion of (5.2.1) to be an equality. Both assertions of the lemma
follow. |

Lemma 5.3. Keep the above notation and assume that n is large enough that
QMo "2 =0. Then:

M@ Ry A My ® R = Myyn for all i,j>0.

Proof. The inclusion C follows from (5.1). Lemma 5.2(i) shows that .#; ®
f/?"' = Miyjn at all points ¢ € ¥ at which 9?;’ = %7 that is, at all points

Jn?

q ¢ Supp(c™'Q). Slmllarly, Mivy R J(/ i = Hitjn holds at all points at

which j"jﬁ"l "= A’ il ])n, and these are the points g & Supp(a~+"'Q). By the

choice of n, these two sets cover Y. |
We are now ready to prove the desired analogue of Theorem 4.1.

Proposition 5.4. Under Hypothesis 2.15, let M be a nonzero right ideal of R.
(i) For large i, M; = HO(Y, ;). In particular, R; = HO(Y, #;) for large i.
(ii) For n>> 0, we have My ;, = MR, + M, R(; 1y, if 1,7 > 0.

Proof. We use the notation of Proposition 2.11. Let n 2 n; be an integer.
After possibly increasing n, we may choose s € IN such that, on each infinite
orbit of g, and with a,b defined as in (2.11), we have a+b £ s S n—a—b.
We may also assume that deg(#,) > deg(Q). Let T denote the subring of
K[z",27";0"] generated by R,z", write T = @5, T;z", and let J; = T,0y.
Thus 97 = 4, and for { > 1.

(i—1)n

=B, RA Q- QR

By the choice of n,#, and Z; are invertible sheaves on Y.
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Lemma 5.5. Under the above hypotheses, 7; + :7,—251 = AR

Proof. By Lemma 3.8, A’(l im & A and T; C A, for all i. Hence 7, +

.7,21 C A, To prove the lemma, we may verlfy equality locally at each

point ¢ € Y. Locally at the fixed points, #;, = .7, by Lemma 3.8(i), so
equality holds there. Thus it suffices to verify the equality on an infinite orbit
of ¢ and hence, by Lemma 3.4, it suffices to check the corresponding fact
about the divisor sequence. The divisor corresponding to 7; is U; := D, +
6 "Dy + -+ ¢~ 1D, and the relation which must be verified is U; U™
U_y =D,

Clearly, U;Uc™U,.., £ D;,. We prove the opposite inequality by induction
on i. Now, U; = D, + ¢7"U;_. Thus,

Ui U G_SUI—I = [Dn + o”" I—I] U [O-ann + O-ié*nUt-Q]
2 Fi=06"Di_1yUD,Uc™D,.

The choice of s and (2.12.2) ensure that 67°D,|, = ¢7"Q|, for each infinite
orbit .# of . Thus, by (2.12.1), F = D,,, as required. O

Proof of Proposition £.4, continued. Theorem 4.1 applies to the ring 7. It
shows that
T; =H"Y, 7;) for i > 0. (54.1)

By Lemma 5.5, there is an exact sequence
0 H —T:iH T — Aw— 0. (54.2)

The kernel # is an invertible sheaf because the three other terms in the se-
quence are invertible, and we have

deg(#') = deg(F;) + deg(7,_1) — deg(#Ain)
= (2i — l)deg(#,) — deg(Zin)
= — 1)deg(¥4,) — (i — l)deg(Q) =i —1.
If i is sufficiently large, H!(Y,#) = 0. Thus, by taking global sections of

(5.4.2) and using (5.4.1) one ﬁnds that T; + T _ = H(Y,#,;,). On the other

hand, by construction, 7, + o -1 € R,. We have thus shown that R, =
HC (Y, %;,) for i,n > 0.

We now use a similar argument on M. Fix ip > 0 and iy < i < iy +n.
Since M; generates .#;, we have exact sequences

o_%—m,@k%;’,H«M%ﬁ—%

for all j > 0. Lemma 3.8(iii) shows that £, = 4 ; ® J " for all k > 0.
Since deg(#,,) is large when £ is large, this 1mphes that H (Y, 4;) =0 if

j > 0. Moreover, by the last paragraph, HY(Y,M; ®; # )— M; @ R;,. Thus,
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taking global sections of the last displayed equation shows that the natural map
M; & Rjy — HNY, 4, ® 9 ;’,I,) is surjective for j > 0.
By Lemma 5.3, there is also an exact sequence

n
o +

0= S — (M @R D (Mg @ AT 1)) = Misjy— 0

Once again, #, = #; ® J)Jj’;m; hence H'(Y, #;) = 0 if j > 0. Combined
with the last paragraph, this shows that, for j > 0, the natural map

¢ :Hl ®ﬁjn +Mi+iz ®E(j-l),, - HO(Yw[//H»/n)

is surjective. Finally, since Im(¢) C M, ,, this implies that M., , = H°(Y,

— e - _O_l+n
A 4y ) and that M, = MR + MR _ 1y forall iy £i £ ip+n and all

()_!
n

J > 0. This completes the proof of both parts of Proposition 5.4. [
Theorem 5.6. Let R be a finitely graded domain with GK dim(R) = 2 and
quotient ring K[w,w~';1] and assume that |t| = oc. We do not assume

that Ry %0. Then, every Veronese ring R is Noetherian, and hence finitely
generated. In particular, R is Noetherian.

Proof. According to Lemma 4.10, it suffices to prove that some Veronese
subring is Noetherian. Choose d so that R;+0. Proposition 2.21 shows that
the divisor sequence associated to R/} is a ¢“-divisor sequence. Passing to a
multiple of d, if required, Hypothesis 2.15 will hold for R). Thus we are
reduced to the case that (2.15) holds for R. Then the fact that a right ideal
M of R is finitely generated follows from Proposition 5.4(ii). Hence R is right
Noetherian. The fact that R is left Noetherian follows from the next lemma.
O

Lemma 5.7. If R satisfies Hypothesis 2.15, then so does its opposite ring R°.

Proof. We identify the sets R and R°P, and denote multiplication in R°? by o.
Define R;” by R, = R;" oz' = z'R;". Then R"* = R, . Thus if D" denotes
the o-divisor sequence associated to R°P, then Dfp = ¢'D;. Of course, the
automorphism ¢ is replaced by its inverse in the opposite ring. Hypotheses
2.14 and 2.15 carry over. ]

As was shown in Sect. 4, if R is generated in degree one then, up to a
finite dimensional vector space, R is a twisted homogeneous coordinate ring.
If R satisfies Hypothesis 2.15 but the gap divisor of R is non-zero, then this
is not true (see Proposition 6.6, for example). Nevertheless, as we show in
Theorem 5.9, R is still closely related to a twisted coordinate ring and this,
again, can be used to give a detailed description of the module structure of R.

Lemma 5.8. Let R be a ring that satisfies Hypothesis 2.15. Take %; and ny
as in (3.7). Then:
(i) & = Bip1 Q(B7)Y is a sheaf that is independent of i >> 0.
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G)If Ly =LROL D@L, then L1 =%B; for i > 0. Thus, &
is an invertible sheaf that is both c-ample and ¢='-ample.
(iii) 2, ® L7 =Ry, for all i Z ny and j = 1.

Proof. (i) This follows from the computation
Biojor © (B = B @8] )& (#) © ] )) = B, @(H)

which is valid for i,j = n;.
(i1) For i,j > 0, we have

L= (Birj ® (Bl )") @ (Bisy—1 (B, 1))
’ oV o' !
Q- (Bt @ (%])")
=B ©(B]) = B;.

Since #; is ample for large i, this implies that ¥ is also ample. Therefore, by
[AV, Corollary 1.6], % is both g-ample and ¢~ '-ample.
(iit) Fix i =2 »ny and j > 1. Then, by Lemma 3.8(iii, v), we have

» ! ,» o 1 ) '
HOL = ROB]L,® (*%ﬁ VY = Rpj ® (ﬂ;H )Y
= Rty ®937’H ®(‘%71H)v = Riy1 .
The result follows by induction. -

Theorem 5.9. Let R be a ring that satisfies Hypothesis 2.15 and let B =
B(Y, ¥,0), for the sheaf ¥ defined by Lemma 5.8. Then:
(i) B contains R and is a Noetherian right R-module.
(i1) As left R-module, B/R is torsion.
(iii) B is a Noetherian left R-module if and only if the gap divisor Q is
zero.

Proof. We first show that R C B, for which it suffices to prove that #; C &,,
for all i = 1. Suppose that #; € &;. Since ¥ is invertible, Lemma 5.8(ii)
implies that
BRA] =L QA L L0 LT =By,
for all j > 0. This contradicts Lemma 3.8(1) and hence proves that R C B.
By Proposition 5.4 and Lemma 5.8, there exists m such that

REB] CH(Y,#,® %) C H'(Y, B j) = Risj,

for i,j = m. Thus, z"B3, C R and, since R is Noetherian, both B>, and B
are finitely generated right R-modules.

The same formula shows that (R;m)ZB C RywBzm C R. Since R is left
Noetherian, this implies that B/R is a torsion left R-module.
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If the gap divisor is zero, then #; = #4;, and Proposition 5.4 implies that
R; = B, for large i. Thus R has finite codimension in B. Conversely, if the gap
divisor Q is not zero, then #, +44,, for large i, and the Riemann-Roch Theorem
implies that R, + B,. Therefore dim(B/R) = co. Since B/R is a torsion left R-
module, it cannot be finitely generated. |

Lemma 5.2(i1) allows us to associate a closed subscheme of Y to a right
ideal M of R; set #(M) = #M) for large i, and define Z(M) to be the
closed subscheme whose ideal sheaf is j(M ). In fact, this is part of the more
general equivalence of categories. Let # € (/y-mod, the category of coherent
sheaves of ("y-modules. Set

M(F)=H'Y,Z Q#;), and M = M(F)= DMz . (5.10)

120
By Lemma 3.8(i), M is a right R-module.

Theorem 5.11. Let R be a graded ring which satisfies Hypothesis 2.15 Then:
(1) The map F @,>0HO(Y ® R,) defines an equivalence of cate-
gories between Oy-mod and gr-R.
(ii) Under this correspondence, the o-invariant ideals of Cy correspond to
the classes of two sided graded ideals of R.

Proof. (i) When _# is an ideal of 0y, it follows easily from Lemma 5.2(ii)
and Proposition 5.4 that the map of part (i) is the inverse of the functor
M — #(M). In order to prove this for other coherent sheaves, one can either
generalize [AV] to cover the present situation or use [SZ]. We will use the
latter method since it is quicker, although this requires us to work with left
modules. Thus, we constder the map

0 F s My(F)= QHY, % 0 F" ). (5.11.1)

izm
By the analogue of Lemma 3.8(i), o(%#) is a left R-module and we wish to
prove that o induces an equivalence of categories (y-mod — R-gr. Part (i) of
the theorem will then follow by applying Lemma 5.7. Note that, since we are
interested in the image of % in R-gf, the choice of the integer m in (5.11.1)
is irrelevant and it will be convenient to take m > 0. Let B = B(Y, #, ), as

before.
By [AV, Theorem 3.12], the map f : # — Mp(F) = @i;mHO(Y, Y ®

F7 ) gives an equivalence of categories Uy-mod — B-gf. Next, let ] =
D, H Y, #,)z'. By Lemma 5.8(iii), / is a right ideal of B and, by Propo-
sition 54. I = Rz,. By [SZ, Lemma 2.6 and Proposition 2.7], the map
Y@ Mp(F) — IMp(F) provides an equivalence of categories B-gf — R-gr.
Thus, it remains to prove that o« =y o f5.

Note that /Mp(F ), is the image in Mp(F ), under the multiplication map,
of the space

E: f{O(YAZ )@Q}JO(Y’ﬁya F ’)r

i+y=r
oz
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Since m > 0, Lemma 5.8(iii) and Proposition 5.4 imply that this is contained
in Mg(F), = HI(Y, 4, ® F )z". Moreover, by Lemma 4.2(iii), the map

HY.R) @ HO(Y, 27 @ 77 ) — My(F )i,

is surjective for all / > 0. Thus, there exists 7 > 0 such that yo f(F )3, =
M(F )z, = a(F )2, as required.

(ii) Let M be a nonzero, two-sided ideal. Then, with the usual notation,
RiM; C M, and this implies that %, ®.#7 C M,y for large i, j. Tensoring
with A’lvﬂ and using Lemma 3.8(ii), we obtain the relation j‘f(~o"§2) -
HFivj, for i,j > 0 . By Lemma 5.2(ii), this implies that f"'(—a'iQ) C /.
Thus #° C ¢ is true at all points ¢ & Supp(c~'€2). It is also true at points
at which # = (y; that is, at points not in the support of Z. Since Supp(Z) N
Supp(6~'Q) = @ for i > 0, this implies that ¢ C ¢ for such i. Thus ¢ is
o-invariant.

Conversely, let ¢ be a g-invariant ideal, define .#, = # ® #; and set
Hj = Hj(j) and M = M(¥). Clearly, M5, is a right ideal of R, for any
n > 0. Then,

HRM =D IR = F QR OHA] C My forall i>0.

Taking into account Proposition 5.4, this shows that ﬁiﬁj C M.y, for all
i,j > 0 and hence that M, is a left ideal for some n > 0. O

Remark £.12. (i) The following special case of part (i) of Theorem 5.11 will
be used several times: To p € Y, or rather its associated skyscraper sheaf, part
(i) of the theorem associates a point module; that is an R-module M = M(p)
with dim M; =1 for all i = 0. The analogous comment applies to Corollary
4.8.

(11) Lemma 5.8 allows one to rewrite the egulvalence of part (1) of the
theorem as # +— @, >0H (Y, 7 @ &), where & = F @ R, ®J“l )

6. Applications to the structure of graded domains of dimension two

In this section we use the earlier resuits of this paper to describe the structure
of an arbitrary, Noetherian, connected graded domain R of Gelfand-Kirillov
dimension two. The natural way to do this is to relate R to a suitable Veronese
ring R“), and then to apply Theorems 4.9 and 5.11. But since the module
categories of these two rings are not equivalent, some care is required.

We begin with a discussion of Veronese rings in general. Let 4 be a graded
ring, and let B = A, thus B, = 4,4. If M = @M, is a graded 4-module, let
M@ be the graded B-module defined by M@ = @ M, for M!*) = M,;. Note
that these definitions have the technical disadvantage that one must regrade B
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and M“) if one wishes to regard B as a graded subring of 4 and M'? as a
graded B-submodule of M.

Assume that 4 is right Noetherian. Then, by Lemma 4.10, B is also
right Noetherian. Let gr-4 denote the category of Noetherian, graded right 4-
modules, with homomorphisms being graded homomorphisms of degree zero.
There is a pair of adjoint functors

V:.gr-4 — gr-B, T:gr-B—grA,

defined by V(M) = MY and T(N) = N ©p 4, where T(N) is given the
natural graded structure defined by T(N), = Z/ N, ® 4,_y4, (see [Ve] for the
proof when A is generated by A4; and Ap). Thus

Homg(N, V(M )) = Homy(T(N),M) .

The functor V is exact, and 7 is right exact, full and faithful. Let ¥ denote the
full subcategory of gr-4 consisting of graded right modules such that V(M) =
0. Then, € is a dense subcategory of gr-4, and gr-B is equivalent to the quotient
category gr-A/%. We have VT = id, the kernel and cokernel of the canonical
map TV(M) — M are in €, and TV(4) = 4.

Recall that a nonzero graded 4-module M is called i- critical if GK dim
(M)=1i and GKdim (M) < i for every quotient M of M.

Proposition 6.1. Let A be a right Nocetherian graded ring, which is a finite
left and right module over its Veronese subring B = A,

(i) For any finitely generated, graded B-module N, GK dim(N) = GK
dim(T(N)). If M is a finitely generated, graded A-module which can be
generated by elements whose degrees are in dZ, then GK dim(M) = GK
dim(V(M)).

(ii) If M € gr-A is i-critical, then V(M) is either the zero module, or else
it is i-critical.

(iit) For any N € gr-B, there is a maximal submodule C C T(N) with
Ce%, and N =T(N)/C has the property that V(N) = N. If N is i-critical,
then N is i-critical.

(iv) The function ~ sending N ~» N is a bijection from the set of i-critical
B-modules to the set of i-critical A-modules which are generated in degrees
dZ. Its inverse function is V.

(v) Let N € gr-B be an i-critical module with (prime) annihilator Q, and
suppose that GK dim(B/Q) = i. Let P C A be the annihilator of the i-critical
A-module N defined in (iii). Then GK dim(A/P) = i.

N C T(N). The other inequality follows from [KL, Proposition 5.6].

If M € gr-A is generated in degrees dZ, then the canonical map TV(M)
— M is surjective. Hence GK dim(M) = GK dim(V(M)) = GK dim(TV(M))
= GKdim(M), which shows that GK dim(M ) = GK dim(V (M'}).

(ii) Let M € gr-A be an i-critical module such that V(M)=0, and let
Y : B — V(M) be a nonzero map with cokernel N. We must show that

Proof. (i) For N € gr-B, we have GKdim(N) = GKdim(T(N)) because
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GK dim(N) < i. Let ¢ denote the adjoint map T(B) = 4 - M. This map is
not zero, and it factors through 7'(i/), and provides a row exact commutative
diagram

4 M oMy — TN) — 0

I Sl gl

4 2 M — ¢ — 0

Since M is critical, GK dim(C) < i. From the diagrarm, one deduces that
the map kerf — kerg is surjective, and hence that kerg € 4. Applying V
to the map g yields an exact sequence 0 — V(kerg) — N — V(C). Since
V(ker g) = 0, this shows that GK dim(N) < i, as required.

(iii) It is clear that the maximal submodule C C T(N) with C € € exists,
and then V(C) = 0, hence ¥(N) ~ VT(N) ~ N. Suppose that N is i-critical.
If S = N/I is a proper factor of N, then V(S) = V(N)/V(I) = N/V(I), and
V(I)+0, by the definition of ¥. Hence GK dim(V(S)) < i. Since T(N) is gen-
erated by N, it is generated in degrees dZ, and so is S. By (i), GK dim(S) < i,
and this shows that N is i-critical.

(1v) Items (ii) and (iii) show that the maps ~ and V carry i-critical modules
to i-critical ones. Since N = T(N)/C with C € %, V(N) = VI(N) = N. For
the composition in the other order, let M be an i-critical A-module generated
in degrees dZ, and set N = V(M). Let N = T(N)/C as in (iii), and let
C be the image of C via the surjective map T(N) — M. Then, since N =
V(M) = V(M/C) and M are i-critical, part (i) implies that GK dim(M/C) =
i = GK dim(M). Since M is critical, C = 0. So the surjective map T(N) — M
factors through N. Since N is i-critical and M has GK-dimension 7, the map
N — M is bijective. This shows that ~ and V are inverse functions.

(v) The module N is a homomorphic image of a sum of shifts of B/Q, and
so N is a homomorphic image of a sum of shifts of M := T(B/Q) = A/QA.
Regarding M as an (ungraded) (B, 4)-bimodule, we have /-ann(M) = Q. Let
I = r-ann(M). Then by [KL, Lemma 5.3}, i = GK dim(B/Q) = GK dim(M ) =
GK dim(A/I). Since I C P = r-ann(N), it follows that GK dim(A/P) < i.
Since GK(N) = i, the opposite inequality also holds. O

We now return to rings of dimension two. Since we are interested in rings
that need not contain elements of degree one, the following conventions will
be in force for the rest of the section:

Notation 6.2. 4 is a finitely graded, Noetherian domain, with GK dim(4) =2
and graded quotient ring Q(4) = K[t,t';1], where K = k(X) is a function
field in one variable. By regrading A, if necessary, we will assume that ¢ €
0(A4),. By Theorem 4.9, respectively Theorem 5.6, we may choose an integer
d such that, if R = A“), then either R is a commutative ring generated in
degree one (and || < o0) or R is a ring that satisfies (2.15) (in which case
|t] = 00). We define o = ¢ and let Y be the curve associated to R in Sect. 3.
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Recall that, if |t1] = oo or if 4 is generated in degree one, then the
Noetherian hypothesis in (6.2) is automatic, by Theorems 5.6 and 4.9. If
k is algebraically closed, then Theorem 1.1 implies that the hypothesis that
O(A4) = K[t,t7 ;7] is also automatic.

Corollary 6.3. Let A and R satisfy the hypotheses of (6.2).

(i) Let M be a 1-critical graded right A-module. Then for n > 0, dim M,
is a periodic function of n whose values are taken in the set {0, 1}.

(i1) The 1-critical A-modules that are generated in degrees dZ are in
one-to-one correspondence with the points of Y.

Proof. (i) Because of (6.1)(ii) and the possibility of shifting degrees, it suffices
to prove this for the Veronese ring R = 4Y). The result now follows from
Remark 5.12 combined with the equivalence of categories given by Corollary
4.8(ii), respectively Theorem 5.11(i).

(ii) By Proposition 6.1(iv), the l-critical A-modules generated in degrees
dZ are in one-to-one correspondence with those over R and hence, by Corollary
4.8(ii) and Theorem 5.11(i), again, are in one-to-one correspondence with the
points of Y. O

If 4 is the ring of Example 2.5 in characteristic zero, then, for each n > 0,
there exists a cyclic, I-critical 4-module with Hilbert series ("_ i 1" ([SZ,
Lemma 3.4]). Thus, in part (i) of Corollary 6.3, it can take arbitrarily long be-
fore dim M, settles down. The second part of the corollary raises an intriguing
question: does there exist a natural structure on the set of 1-critical A-modules
generated in degree zero that makes this set into a variety isomorphic to Y?
If 4 is generated in degree one, then this is true and is the philosophy behind
the variety of point modules considered in [ATV]. However, the structure used
in that paper does not work for Example 2.5 (see [SZ]) and so a more subtle
approach is needed in the general case.

If 4 and R are defined as in (6.2), then Theorem 4.7 and Proposition 5.4
imply that each R, is isomorphic to the vector space of global sections of the
appropriate sheaf of (/y-modules. This also holds for 4:

Proposition 6.4. Let 4 = @, 4, and R = A be defined as in (6.2). Then:
(i) There exist coherent sheaves ¥, F,...,Fq4_1 over Y, with ¥ inver-
tible, such that, for all 0 £ i <d—1 and n>> 0,

(n—1)d

At TH(Y, F 0 L0 2" 0. 02" ).

(i1) There exist integers a;, b, = 0 such that dimA,y,; = a;n — b;, for all
0Li<dandall n>0.

Proof. (i) We return to the notation used in the proof of Lemma 4.10: 4 =
@L_Ol Ay, where 7 is the residue class of » modulo d. Regrading suitably, we
may regard each 4 as a graded right R-module. Depending on whether |o| = 1
or oo, let . be the invertible sheaf defined Theorem 4.7 or Theorem 5.11. Now



274 M. Artin, J.T. Stafford

apply Remark 5.12 together with either Corollary 4.8 or Theorem 5.11 to the
R-modules Ar.
(i1) This follows easily from part (i) and the Riemann-Roch Theorem. [

One can obviously give considerably more information about how the ring
structure of 4 affects the sheaves % in this result. However, even when A4 is
commutative, the % need not be invertible (see the example mentioned before
Lemma 3.4).

Recall, for example from Corollary 1.3, that 4 satisfies a polynomial identity

if and only if |r| < oo. The next corollary makes this dichotomy more extreme.

Proposition 6.5. Let A satisfy the hypotheses of (6.2) and assume that |t| =
oo. Then:
(i) A is primitive.

(ii) If the associated curve Y is elliptic then the only prime ideals of A
are 0 and A,.

(iil) If Y is not elliptic, it is rational. In this case, A has one or two
prime ideals P; with GK dim(A/P;) = 1. Both are graded. If Q is any other
non-zero prime ideal of A, then A/Q is finite dimensional and Q O P; for one
of these graded primes P;.

dim(A4/P) =1 or P = 4, (use [KL, Theorem 2.5]). Let R = A“) be defined
by (6.2) and write Z(R) for the set of graded prime ideals O of R such that
GK dim(R/Q) = 1. Recall from the discussion prior to (2.9) that the only finite
o orbits in Y are the fixed points. If O € #Z(R), then Theorem 5.11 applies,
and it shows that, ignoring terms of low degree, there is a unique l-critical
R/Q-module of GK-dimension 1, namely N = R/Q itself. So setting f(Q) = P,
where P is the annihilator of N as in Proposition 6.1(v), defines a single valued
map [ : P(R) — P(4).

To show that the function f is surjective, let P € 2(4) and let M be a
1-critical graded right module whose annihilator is P. By Proposition 6.1(ii),
V(M) is either l-critical or zero. Shifting M as necessary, we may assume
that V(M )=0. The right annihilator of V(M) in A is a prime ideal Q which
contains V' (P). This construction provides a right inverse to &. By the discussion
before (2.9), this implies that 2(4) = ( if Y is elliptic and that Z#(4) contains
one or two primes if Y is rational. This proves (ii) and (iii) for graded prime
ideals.

Let Q be an ungraded, prime ideal of 4. If A4/Q is finite dimensional, then
the remarks after [SSz, Lemma 4.1] imply that O D P, for some graded prime
ideal P € 2(4). If GK dim(A/Q) = 1, then [SW] implies that 4/Q is a finite
module over its affine centre and so Q = (M, where M runs throughout
the maximal ideals of 4 containing Q. But each such M contains the finite
intersection W = 4, N({P;: P; € #(A4)}. Thus, Q = P;, for some such i.

(i) If w € W\{0} and M is any maximal (left or right) ideal or R containing
1 — w, then parts (ii) and (iii) imply that R/M is a faithful simple R-module.
Thus, 4 is primitive. 0
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A finitely graded ring S is said to satisfy condition y; if dim Ext}(S/S,,S)
< oo. This condition is central to the study of gr-S in [AZ]. If S is a Noetherian
PI ring, then y, is automatic, by [AZ, Theorem 8.13], and so the next result
determines precisely when this condition holds for domains of dimension two.

Proposition 6.6. Ler 4 be defined as in (6.2) and assume that |t| = oo. Then:
(i) The following conditions are equivalent: (a) some Veronese ring A"
is generated in degree one, (b) the gap divisor Q of A is zero, (c)dim Ext),
(k,4) < o0.
(ii) There exists n such that the Veronese ring A" is generated in degrees
one and two.

Proof. (i) Observe that, if A" is generated in degree one, then so is 4.
Similarly, the gap divisor for 4“) is zero if and only if the gap divisor of 4"/
is zero. Moreover, by Lemma 4.10 and the proof of [AZ, Proposition 8.7}, the
Ext condition holds for 4 if and only if it holds for A7}, Thus, it suffices to
prove the result for R = 409,

i

If © = 0, then Lemma 3.8(ii) implies that A, + A7 = A4y for i > 0.
It follows from Proposition 5.4 that, for large i, R is generated in degree
one. The Ext condition for R and hence for R follows from Theorem 4.7
combined with [AZ, Theorem 4.5].

If Q+0, then (2.16) implies that D; + ¢'D, %Dy, for any i > 0, and so
RY cannot be generated in degree one. Also, Theorem 5.9 produces a ring
B, such that B/R is infinite dimensional but R>,B C R. This implies that
dim Exth(M, R) = oo, where M is the finite dimensional right R-module R/R 3 .
By induction, dim Ext}(k, R) = oo.

We leave it to the reader to reduce assertion (ii) to Corollary 2.13(i1). U

One of the major aims of [SZ] was to produce an example (to wit, Example
2.5 in characteristic zero) of a Noetherian ring 4 for which dim Ext)(k,4) =
oo, since this provides a useful counterpoint to the positive results of [AZ]. Of
course, this also follows from Proposition 6.6. We have used that same example
many times in this paper, simply because it is an archetypal example of a ring
with non-zero gap divisor. We end the paper by noting that the concepts of
the last two sections can be used to show the profusion of such rings:

Example 6.7. Pick a projective curve ¥ with an infinite automorphism o. Write
¢ : X — Y for the normalization of Y and let Uy denote the union of the
infinite orbits of ¢. Pick a e-divisor sequence {D,} supported on Uy for which
the gap divisor sequence €2 is non-zero. For example, one can fix an effective
divisor € > 0 supported on Uy and define D, inductively by Dy = 0 and
D,.i = D, +¢"Dy +6"Q for n = 1. Since D, is supported on Uy = Uy,
it defines an invertible sheaf Oy(D,) over Y. Thus, we may consider R =
k+P, H(Y,0(D,))z". Condition (2.15) is trivially satisfied by R and so this
ting satisfies all the conclusions of Theorems 5.6, 5.9 and 5.11 and Proposition
6.6 (with Q40).
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