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CHAPTER 1
INTRODUCTION

The general objective of the studies reported here is
finding methods for calculating the power spectrum and auto-
correlation of random processes which have been produced by
random forcing of nonlinear differential equations (or non-
linear physical systems).

The general problem of random forcing of differential
equations or physical systems is an old one, and has arisen
in a number of contexts in mathematics, science and engineer-
ing. Beginning with the work of Einstein and Smoluchowski,
the theory of Brownian motion stimulated the first extensive
investigations in the field. Wang and Uhlenbeck|51] 1 ana
Chandrasekhar (8] give summaries of results of these investi-
gations. |

The largely unrecognized work of Andronov, Pontriagin
and Witt [1] inaugurated the study of the effect of noise on
dynamical systems more general than those of interest in
Brownian motion. At about the same time, the mathematical
investigations of Kolmogofoff 129) laid the basis for rigor-
ous treatment of output random processes,

Kramers [30] used random forcing of a dynamical system
to explain rates of chemical reactions. Within the past

fifteen years a great amount of work has appeared in random-

1 Numbers in square brackets | ] refer to entries in the 1list

of references at the end of the dissertation.



input analysis of automatic control systems and electric or
electronic circuits,

The vast majority of all these studies have dealt with
linear systems. The theory of noise in linear systems has
been carried quite far, and many problems have been solved,
both in analysis and synthesis. Many aspects of this theory
have been reduced to engineering practice in such fields}as
ailrcraft design, circuit synthesis and automatie control.

By comparison, the work on nonlinear problems has been
rather meager. Most of what has been done lies in four cat-
egories: 1) open-loop problems involving a zero-memory non-
linear element preceded and/or followed by linear filters,
2) closed-loop problems involving low-pass linear elements in
series with a zero-memory nonlinearity,3) perturbation meth-
ods where the "zeroth" approximation is deterministic (non-
random), and subsequent approximations are stochastic but
linear, 4) study of the first-order properties of the output,
i.e. the first distribution or characteristic function.

For background, we give a brief indication of the scope
of each of these categories, and cite some of the more
significant work.

The zero-mémory theory was developed for study of radio
detectors, and is most closely associated with the names of
Rice [L41] and Middleton [40] , though several other authors
have made contributions. The basic problem of this theory
is the following: given a certain stationary random process

x(t), what is the spectrum of y(t) = g [x(t)] , where y(t)



depends only on x(t) and not on prior values of x. This is
not a differential equation or a dynamical system, but once
this problem has been solved, it i1s frequently easy to add
linear filters in series with the nonlinear element, which
does make it a nonlinear dynamical problem, While many
useful and interesting results have been obtained for probdb-
lems of this type, they are not of concern here,

The second class of problem, often treated by
Bootoﬁ's (5] approximation, concems the type of feedback

loop shown below:

in +
——»{ LIREAR| | ZERO-MEMORY LINEAR | out
FILTER NONLINEARITY ’ FILTER

Figure 1-1 Block Diagram of Nonlinear Feedback System
The linear filters are low-pass. The input process must be
stationary and Gaussian, It 1s then assumed that the sig-
nals are approximately Gaussian at all points in the loop,
and that the nonlinearity may be replaced by that linear
gain which most nearly approximates it in a certain sense.
This method has been used with apparent success in a number
of applications, but unfortunately there is no useful method
for setting bounds on the errors introduced in the approxima-

tion. Subject to this uncertainty it does, however, permit
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determination of the spectrum at any point in the loop.
The technique has been widely applied, e.g. West [5}] ,
Sawaragi (43) , Leland \33) and Elgerd [16] .

The third, or perturbational method is useful in prob-
lems where the random component is small in some sense com-
pared with the deterministic part. It 1s closely analogous
to the classical perturbation method in differential equations,
and has many of the same benefits and limitations. Noise
in oscillators has been considered in this way by Garstens

L20] , Caughey {6] , and Tang [47) , but the method has not
been thoroughly explored, particularly a; to convergence
questions,

The fourth area of investigation (first-order properties
as solutions of partial differential equations) is closely
related to the present study. In certain cases it is possi-
ble to derive partial differential equations whose solution
is either the distribution function (Kolmogoroff L29) ) or
the characteristic function (Darling and Siegert [12] ,
Siegert [45] ) of the output random process. 1In either case
it is the first-order property which is considered. These
methods have been applied to various problems (Kramers [30] ’
Chuang and Kazda [9] , McFadden (39) , Wishner (55) ,[56) )
with apparent success.

In many cases, this output distribution is of consider-
able interest. It permits determination of the mean and
variance (power) of the output. Frequently, however, it is

desirable to know the bower spectrum of the output, and



determination of this power spectrum 1is the principal object-
ive of this study. It proves possible to calculate the
Spectrum by appropriate use of the Kolmogoroff equations.

There are apparently only two published papers dealing
with exact (as opposed to approximate) computation of second-
order properties of the outputs of nonlinear systems. These
are the papers of Tortrat [u9] and of Caughey and Dienes [7}.
Tortrat's method, which will be considered in more detail
later, 1s far from practical. It requires an amount and type
of information which will rarely be available, and it is 1ill-
suited for numerical computation.

The recent work of Caughey and Dienes [7] , on the other
hand, 1is quite pertinent, and forms the starting éoint for the
present study. They calculate the spectrum of the output
of a first-order nonlinear dynamical system which is forced
by white Gaussian noise. This problem is discussed at some
length 1n Chapter 2, and theilr work is extended in a number
of directions.

In this study, we will consider the spectra and auto-
correlations of the outouts of certain classes of first- and
second-order nonlinear systems which are forced by station-
ary random noisse. The nature of the nonlinear systems will
be restricted in various ways. The ob jectlive of these re-
strictions will be to assure that all dependent variables
tend toward statlonary, second-order (finite varlance) rand-
om processes. The second-order requirement 1s necessary 1f

correlations are to exist, and at least second-order station=-



arity 1s required for the power spectrum to have meaning.
Confining our attention in this way 1s somewhat arbitrary,
but it still leaves us a useful and interesting class of
problems,

One restriction made at the outset is that we will con-
gider equations such that explicit dependence on time 1is con-
fined to the nolse input., This is neither necessary nor
sufficient to assure output stationarity, but it might be
called "almost necessary". Time-dependent systems which
produce stationary outputs iIn response to stationary inputs
are certainly possible, but they are more or less special
cases. In any event, we exclude them, principally for the
sake of simplicity.

It 1s easily seen that the above time-independency re-
striction 18 not sufficlent to assure stationarity. Con-
sider for example the equation x - ﬁ?x = n(t), g = const.
This equation 1s unstable in almost any sense of the word,
and the random forcing will cause the output to "diverge" in
some statistical sense, and be non-stationary.

We consider, fhen, time-invariant systems which are
"gstable™" in some sense. In particular, we want systems in
which the varlances of all the dependent variables tend to
finite limits as time increases, regardless of the initial
conditions, This type of stability we call ™non-dispersive-
ness", and some effort has been devoted to finding conditlons
sufficient to assure it.

In considering the question of dispersiveness, one takses
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the point of view that at t = 0, the variables all had cer-
tain initial distributions, and one considers how these change
with time. For calculating the autocorrelation and spectrum,
on the other hand, it is assumed that the system 1is non-dis-
persive, and that the output random processes have reached
thelr stationary condition. This means that the problen

is envisioned as having started at t = -0, Both time

origins are used in this study, and in any given section, the

origin used will depend on the sub ject matter.



CHAPTER 2
FIRST-ORDER SYSTEMS
2.1 Statement of the First-Order Problem

The first-order problems considered here are related to

the differential equation which may be written

2,1-1) X+ bx) =)

where x is the dependent variable (output), and the forcing
function (input) is white Gaussian noise. This equation
was first studied by Andronow, Pontriagin and Witt [1] and
will be referred to as the APW equation.

There are numerous difficulties in interpreting this
equation as 1t is written. wWithout the stochastic right
member, of course, it presents no difficulty., If b(x) sat-
isfies a Lipschitz condition, the solution exists, is unique,
and in fact may be immediately reduced to quadratures. The
meaning of the equation with the stochastic input has been
the subject of a considerable amount of investigation, much
of which will be cited below. For the present, suffice it
to say that the conceptual and mathematical difficulties are
such that for rigorous investigation, it has been found nec-
essary to write it as an integral equation as in Doob's ( (15]
p 227) treatment.

% 1
2.1-2)  x(W)- x(k) = [BIx] L + fml
Yo o

where qvi)is the Wiener process. The second integral is of

a special type known as the "stochastic integral" introduced
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by Wiener [52] . Doob's discussion is more accessible [15] .

We do not, however, consider the many interesting prob-
lems of interpreting this equation other than to state some
of the results which have been obtained for it, Our concern
will rather be with certain partial differential equations
associated with (2.1-1) or (2.1-2). Accordingly we will
refer to (2.1-1) as the differential equation being consid-
ered despite the lack of rigorous interpretation of some of
the terms,

In block diagram form, equation (2.1-1) is:

n(t) + 1 x
o s
b(x) b

Figure 2.1-1 Block Diagram of the APW Equation
s 1s the differential operator, so that 1/s indicates integ-
ration. Stout [46] shows that 1f b(x) is uniquely invert-

~ ible, then this is formally equivalent to the system:

n(t) +

»-1

e

Figure 2.1-2 Alternate Block Diagram of the APW Equation
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It is possiﬁle, without loss of generality, to normalize
x in such a way that the noise input is of unit magnitude,
i.e. the autocorrelation of the transformed noise n,(t) would
be unity times the § -function, Tnm(D=8). we do not
take this step, however, as we will 1atér wish to analyze the
effect of noise amplitude on the spectrum and autocorrelation.
This may be more easily done if the noise magnitude is re-
tained as an explicit parameter in the problem. Accordingly
we use Th, ()= NEQ).

It will be seen that with small additional labor, the

following class of problems may be treated:

™ p [ (o) ——

n(t — _%_ X
—d q i(x—)r Yq(s) z
b{x b <

Figure 2.1-3 Augmented First-Order Problem
P, Q@ and b are all functions of x, that is to say the
quantities p(x), q(x), b(x) all depend only on the current
value of x. The time-invariant linear filters of transfer
functions Yp, !h add nothing new. Once the cross-correlation
between p and q is known, the effect of subsequent linear
filtering may be calculated by known methods. The final
problem, fhen, is to calculate the cross-correlation between

y and z, TQZVEL Also 1t will'be necessary to consider ithe
conditions under which the various quantities will exist,
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We now point out some of the feedback problems which can
be reduced to the problem of Figure 2.1-3. The first of
these 1is given in Figure 2.1-l,

r(t) + € _Nonlinearity] & | A c(t
’l 1 s
Wiener @ €2 = K(g,)

Process

Figure 2.l1l-=}4 First-Order Servo with Wiener Process Input
If the input r(t) is a Wiener process of variance wft, (r(0)=

0), then this block diagram may be rearranged as shown in

Figure 2.1-5, provided appropriate initial conditions are used.

A €,
n(t)/A + 1
N = M/A s ] £
b(x) | b(x) = AK(Ax)

Figure 2.1-5 Rearranged Block Diagram for Wiener Process Input
This 1is a problem of the type of Figure 2.1-3, and all per-
titnent correlations may be determined.

The input r(t) and output c(t) are non-stationary, though
the error signal £, 1s stationary if K has the proper char-
acteristics, and if the Wiener process 1s assumed to have
started in the distant past.

Another problem is shown in Figure 2.l-6.



Nonlinearity
Ezs K(E—\)

c(t)

S+O0

Figure 2.1-6 First-Order Servo with 0.U. Process Input

The input in this case is an Omstein-Uhlenbeck process.

This is a Gaussian process with spectral density Grr(u>) -

E/trw? o The block diagram may be rearranged as shown

below,

> A &,
1 X
8
Ez A
— > K(Ax) T Mg x
| b(x)
b(x) = Ax +K(Ax)

Figure 2.1-7 Rearranged Block Diagram for 0.U. Input

Here the input is stationary, and the output and error will

also be stationary for some K(E,).

The system of PFigure

2.1=4 may be viewed as the limit of the above as &A+0,

Next, consider the system of Figure 2.1-8.

r(t).t - Nonlinearity
€, =K(€,)

n(t)

+ it

c(t)

S

S

Pigure 2.1-8 White Gaussian Disturbance Input
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Here, white Gaussian noise of magnitude N enters the
system as a disturbance. This 1s the system studied by

wishner [55) , [56] . If r = 0, this may be rearranged as

follows:

>-p | = =c(t)
n(t) ¥ 1 x
y s
—»+-K(~AX) ——E—z—
L b(x) jet—-
b{(x) = Ax - K(-Ax)

Figure 2.1-9 Rearranged Block-Diagram, Disturbance Input
This does not permit analysis of the response to simultaneous
signal and nolse inputs.

These examples should suffice to show that the class
of problems studled here is somewhat larger than might be
thought from examination of Figure 2.1-3.
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2.2 Known Results on the Stochastic Differential Equation

Various generalizations and specializations of equation
(2e1=1) have been studied. Probably the most important re-
sults are those of Ito (27 ,(28] which are given here in
Doob 's ([15], p 273 ff) formulation, Simplifications have
been made to apply to the case at hand.

If there exiéts an L independent of x and t such that
2.2-1) | blx,)- B0 € L \X,—X2] o04L<+oo
it follows that

1) almost all sample functions are continuous
11) the process x(t) is uniquely determined
111) x(t) is a Markoff process

This Lipschitz condition is sufficlient to assure the
conclusions, but it seems certain that it 1s not necessarye.
For example, 1t excludes functions with any discontinuities,
and functions which grow faster than linearly with x. It
seems probable that weaker conditions on b(x) can be found
which permit inclusion of these classes of functions,

In a later section, we will consider a discontinuous
b(x), and we willl assume that x(t) 1is still uniquely deter-
mined and Markoffiane.

Two special cases of thls equation have also recelved
particular studys b(x) = O (the Wiener process) and b(x)= B x
(the Ormstein-Uhlenbeck process). If b(x) = 0, the resulting
x(t) 1is Qhe_original Einstein-Smoluchowski Brownian motion,
which was rigorously described by Wiener [53] and 1s usually
known by his name. If b(x) afazx, then (2.1-1) becomes the
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Smoluchowskl equation of Brownian motion theory, and the re-
sulting process was studied by Uhlenbeck and Ornstein [50]

and more rigorously and completely by Doob [1&]. Doob ob-
tained the autocorrelation of x(t) for the Ornstein-Uhlenbeck
process, by a method which requires linear;ty of the equation,

Por both processes, it has been shown that 1f they are
"separable" (see, e.g. Doob [1l4] pp 51-52) then almost all
sample functions are continuous, and that both are Markoffian.
These are special cases of Ito's result cited above,

The sample functions of the Ormstein-Uhlenbeck process
have unusual properties, They are continuous almost every-
where, but differentiable almost nowhere, The expscted
number of zero-crossings per unit time is infinite (Rice[ud!,
Sect. 3.3) but the zero-crossings are not everywhere dense.
The probability of finding finite intervals of time containing
no zero=-crossings is not zero.(SiegertUdA )e These sample
functions may justly be described by the phrase Paul Levy
applies to the closely related Wiener vnrocess, He says it

is "tres zigzagante". It is to be expected that most of the

qualitative features of the Omstein-Uhlenbeck sample func-

tions will carry over to processes generated by other b(x)e.

2.3 The Kolmogoroff Equations

With Kolmogoroff [29), we define fq(xy,t1;Xp,tp) as the
transition density function, i.e. fT(xl,ti;xe,tz)dxlde is
the probability that x; < xs-x1+-dx1 at time t; and
x2( x£ x2+dx2 at time t2, where t, 1s earller than tz.
Kolmogoroff showed that if the process x(t) is a simple



16

Markoff process, then f, satisfies a pair of partial differ-
ential equations which, when applied to the APW equation
(see, e.g. Doob [15] p 275) yield

Of: _ _N* O'f: 0
2.3-1) .a_c‘: ==% o + b(x) 5‘;(3\
) o — N° O L0
2:3-2) ng- (2 bX% +_6_)-(2[b(xz)%]

where N is the noise magnitude.

Equation (2.3-1) is known as Kolmogoroff's first equation
or the "backward" equation, as it deals with derivatives with
respect to the earlier variables. Equation (2.3-2) is call-
ed Kolmogoroff's second equation or the "forward" equation.
It was originally discovered by physicists studying Brownian
motion, and is referred to in that context as the Fokker-
Planck equation. We will use the latter terminology here,

For stationary processes, fy will be a function of
t = t5, - t rather than of both t; and t5. In this case

the Kolmogoroff equations become

2.3-3  Oofr_ N 1 b)) G
k2 xlt [

s
2.3-4) %%: N?.- 7&: + %Z[ b(X?.)'c'\‘]

Corresponding to these two equations, we define two operators

R 51
2.3-9) __D_*: % &-—2 - \)(X)g-i
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N
2.3-6) = -—2— ‘S)‘(’Z +-& [b(X\ ]

which will be useful subsequently,

2.4+ Known Results on the Fokker-Planck Eguation

The properties of the solutions of the Fokker-Planck
equation have been studied by a number of investigators, and
a moderately complete theory exists, Possibly the most sig-
nificant work has been that of Feller [17] , [18] , [19) ,
particularly in his 1952 paper [18] . Hille {24] , [25] and
Yosida [57) have also contributed to the problem, and a
recent convergence theorem of Mandl [37] will be most useful,
Certain needed results from these investigations will be
enumerated.

In order to simplify the statement of these results, it
will be advisable to make use of certain semi-group ideas.
We denote by u(x,t;g) the solution of SE:.JT*QL which has
the boundary condition 1lim u(x,t;g) = g(x) -®<LX L+00 &
The function g(x) is thetggzndary condition in a Cauchy prob-
lem, Similarly, we define v(x,t;g) as the solution of

%{7- v subject to the boundary condition lim vix,tsg)

= g(x) . The functions u(x, t,g) and v(x,t;g) are 1n effect
transformations of the initial function g(x). In particular
they are posiﬁivity-preserving, strongly continuous semi-
groups of transformations, and the operators J)f' and (. are
their infinitesmal generators (Feller [18] ), if b(x) is

continuous - ¢x {+00,
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If g(x)20,-00 ¢(x<+®, then u(x,t;g)2 0, t20 ,-aKx<+®
and v(x,t;g)=0, t>0, -® < xcioo (Feller [18] , Mandl {37] ).

R is norm-preserving, i.e.
+00 400
2.4-1) Jv(xd;q\ dx = f qx) dx 120
-0 -0

[T
1f dﬁg(x)\ﬂx(oo (Mandl [37) ).

The solutions u and v exist and are uniquely determined
by g. This has been shown under various conditions by sev-
eral of the above-cited authors, and may be seen also as a
consequence of Hille and Phillips {2, Theorem 23.8.1, p 621

as a special case of the "abstract Cauch% problem",
-2 M O 8o
Ir BOoz 5 ib0ds  andir ) @7 dx <

then <00
B ( aHds
ho uix,tiq) = € .
2.4-2) \»>@ ﬂb-%(s\
e as

+00 -0
for any g such that S\g(sts 4 00, and b(x) continuous,.
-c0

Convergence is in the sense that h(x,t)*hs(x) means

(*\‘t\ ) - \'\S(X\\ Ax, - O ¢+ This is Mandl's Theorem 5.

-as
2.5 The Steady-State Distribution
The above theorem makes possible a determination of the
behavior of the density function as t—+=o0. 1If at ¢t =0,
the density funcig’ion of the random process is g(x), g(x)20
-00 { X {+00 , fg(x)dx = 1, then the density function at some
- Qo

later time may be written in terms of the transition density.
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100

2.5-1)0  FO tyq) = jg(m (X, X%, 1) dx,

- Q0

The absolute density function f(x,t;g) also satisfies the
Fokker-Planck equation. This may be seen by noting that

oF W ¢
N T e Oxz[bm“c]

2.5-2)
fg(x\ \ —Xﬁl ?-Yb(xz)ﬁﬂé\x\

By equation (2.2-4), the S 1 expression in the integrand is
zero, so the left side of (2.5-2) equals zero or

i 3 _ N 3% »
2.5-3) 6{‘ Nz b—x%"' ?}‘(l[b(Xz\ 'C]

We may then apply the results of Section 2.4 to f(x,t;e),

and it follows that, for continuous b,

2.5-4) Fx, g)20, £20,-00x<00
A0
255 (R a)aXEA il g, Lqmdx L, 4020
~® - BOO
2.5-6) L +(vtyq)= —-g-——— = { (X))
> 5 e._w\dx |

This defines the steady-state distribution of the rardom
process x(t). It also shows that any initial distribution

will converge toward this unique 'steady-state.



20

It may be shown directly from (2.5-6) that

2.5-7) %%= % "—5}-{-5-2 +§- [bx§]=0

as would be expected, and furtper that
N s -
2.5-8) 8Os 4 bk =0
> Z ax "o

In fact, equation (2.5-7) may be used as a starting point
in finding fg.

An alternative approach to demonstration of convergence
to a steady-state is given in Appendix D. While not
completely rigorous, 1t may have some interest., The steady-
state distribution 1s shown to be the solution to a certain
minimization problem,

With convergence to the steady-state established, we
consider the nature of the steady-state distribution in more
detall. From the foregoing 1t may be seen that the steady-
state distribution will exist 1if

j‘ “IiB(K\

2.5-9) e dx<®

-
If this condition 1is not met, the Fokker~Planck equation
still has a unique solution, but that solution represents
a process that 1s not stationary.

Since we are to be concerned with stationary processes,
we will restrict our interest to those b(x) which satisfy
condition (2.5-9)e There are, however, additional require-
ments, Since wWe wWill be calculating second-order properties,

we must have second-order processes, l.e.
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-‘B(x)
e o)
400
2.5-11) f "Cx)e dx<0°
-

If these conditions are satisfied, T (1) , Tgp(X) anad Txp(t)
will all exist. (See, e.g. Davenport and Root [13], p 61.)
Any b(x) which satisfies both these conditions is called
non-dispersive. Otherwise it is called dispersive.

Under various conditions, one of these requirements may
be stronger than the other, but in general, both are
necessary and sufficient for existence of the correlations.
While this is an accurate statement of the requirements on
b(x), it 1is one which does not readily lend itself to testing
a given b(x). For this reéson, we develop several sufficlent
conditions for b(x) to be non-dispersive, These sufficient
conditions are of such nature as to permit rapid testing of
many b{x), and also to give an intuitive idea of the general
nature b(x) must have.

Theorem 1 Conditions under which E[x°]< oo implies E[bZ]} ¢ oo
Let b(x) be a measurable function such that
2.5-12) (boy & C+C7_\x\ y 0£( <00, 0 K@
Then existence of j”‘ e AX implies existence oI‘Sb Q,ax.

-0
Proof's Using the assumed inequality,

2.5-13) Jge dx £ f[c +GW)E P

Now consider two sets of points on the real x axis: A con-

sists of all x such that C; > Cpoix|, A' consists of all x
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such that €3£ C,Vxls The union of A and A' is the entire
real axis, and the two sets are disjoint. If x€ A, then
Cy+ Cpim £ 26;, and [Cy+ Coixi]2 ¢ 462,  1If xeA', then

G+ Cpixi< 261 x1 and[C,+ c,1x1) 2¢ 4eZx®.  Combining the

two’ :

¢ 2
2.5-1) LG+ W] £ 4C,z+ 4C; Xt a\\ x

Substituting this result into (2. 5 13),

+00 100
-BOO 7 -3
2.5-15) bze dx < 4(. j dx + 4G fXZQ %
@ -

The second integral 1is finits, from the hypothesis of the
theorem, Consider the first integral. It is easily shown
that 4

+00 + O -B
-y 2
2.5=16) Iéec\x < S AX A S(‘\.-X Yo  Ax

Y :

-0 -
The first Integral exists by hypothesis, Under the con-
ditions of the theorem, B(x) must be finite for finite x.
Therefore, the second inte['ral exists. This shows the
existence of fe, c\x which, in tum completes proof of the
existence of fbe C\X in equation (2.5-15)

Corollary 1 1If b(x) is a bounded measurable function, then

2 B 7 -8B
x“@ dx<ogimplies s b e~ Ax<oo.
- -®©
Proof: 1If b(x) is bounded, then |b(x)\ /_-_Cl, which is a

speclal case of the theorem, with C, equal to zero.

Corollary 2 If b(x) satisfies a Lipschitz condition
2.5-17) b= bORN £ L X=X\, 04 LLH00, (x,1<@, 11,10
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+@
-B
then existence of fxze dx implies existence of
®
-8 -
fb‘e OX . ®
-

Proof: Since the Lipschitz condition holds for arbitrary
xy and Xos let X; =Xy Xp = O.
2.5-18) Vool - 1o £ 1D - bo)l < LX)

2.5-19) o0l £ T + Liix)
which is a constraint of the type used in the theorem. Thus,

if b(x) satisfies a Lipschitz condition, it satisfies the

requirements of the theorem, and the conclusion follows.

Theorem 2 Sufficient conditions that E(x2]< o .
Let b(x) be a measurable function such that

1., b(x) is Integrable in some interval -a<x<4a, a> 0,
+ 0
g[ %Lb(i\-s—%} ](\§ converges either to a finite
0.
value or 400, 0L a&<¢+00, sSOme 8) 0.
111, g[ b(g) 3“3 lAE converges either to a finite

value or -0, 0< a<+00, sSoms 6) 0.
S Y35

X
Then g AX € © where RMN= % g\)(S\C\S
- ) N’Lo
Proof: +00 . a o v
- -8 -8 -B
245-20) gxze_ dx = gx"e Ax + SXZQ dx + fxze AX
-0 - - +0

By hypothesis (1), B(x) is bounded for all x, -a ¢ X44a. It
follows that the second integral above is finlite. Now
define
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X
- 2 3+6
2.5-21) 1(x)-aﬂ_ﬂzb(§)— -g——]c\g XZqQ

If the integral converges to any value grecater thsn -oo,
then I(x) must be finite, for finite x, and bounded from
below,

2.5-22) TOA2NY-© X 20

From equation (2.5-21),

X
2.5-23) &f[%zb(g)—’zigé}c\g?m\ xkg

2.5-24) BOO-B@G) - (348 \ogx- 1006) 2 M,

2.5-25) BON 2 (348) log X + M2
where M2 = Mp+4 B(a) = (3-»5)103 a, From this, it follows
that
“ROO é“?- |
2.5-26) e < ==
X
2.5-21) Xt 2" 2 %t; x20.50

This proves convergence of the third integral on the right

of equation (2.5-20). Convergence of the first integral

may be shown In a precisely analogous way. All three

integrals on the risht of equation (2.5-20) exist, and the

assertion 1s proved.

Theorem 3 Sufficient Conditions for Non-Dispersive b(x) With
Linear Bound

Let b(x) satisfy the conditlions of Theorem 2, and in
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addition, one or both of the following:
t. ol C i tCzlxl (20, G20 | -w<x<io
11e 1box) - b\ € Lix,-x,)

Then b(x) is non-dispersive.

0L X\, (X2 1<

Proof: 1If b(x) satisfles the conditions of Theorem 2, then
g":?e'gmch@ . It was shown in Theorem 1 and its
g%rollaries that the two conditions above are sufficient to
assure I:EQ*)Q:BAX(OO » which completes the requlirements for
non-disgzrsive b(x)e.
As a speclial case of restrictions on b(x) which meet

the above conditions, consider measurable b(x) such that

2.5-28) WOV & ¢ v IXL - cogx ¢+ 00
2.5-29) bz B wvo ev6 | x2avo
X
2-5-30) b < - X x¢-ac<o
w\E !

It may easily be shown that any b(x) meeting these conditions,
meets the requirements of Theorem 3, and 1s non-dispersive.

From equation (2.5=29),

X
+8
JTawe- 3 ez [Tk f 348

(q1\ |
Z xi§m~(3*5\3§5‘ K-\N\.

where M; z (3+8)log a - 2M(a] » It follows that the limit
(3

205"31) a

N
of the right side of equation (2.5-31) as x+oois +o0. This

shows that

X
- W T2 fyey— 348 ]
2.5-32) > aﬂ sz(g\ .._*{]Ag = +@0

regardless of the slze of & . An exactly analogous pro-
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cedure may be used to show that
-0
- \\m gg& )_ 3*6 d = -00
2.5-33) H_mx[Nz € —S] €

The conditions of Theorem 3 are satisfied, hence b(x) is
non-dispersive.

The conditions stated in this example may be shown
graphically. Any measurable b(x) which lies entirely in
an area such as the shaded area of Figure 2,5-1 will be non-

dispersive,

*b(X)

Figure 2.5-1 Sufficient Conditions for Non;DiSpersive b(x)
In this case, we see that \b(x)| can decrease to zero
as |x{- 00, provided the decrease is sufficiently slow,.
Theorem Q Sufficient Conditions for Dispersive b(x).
Let b(x) be a measurable function such that

i, b(x) 1s integrable, -a<x4Z+a, a> 0
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i1 Ve ﬁz b(g) ](\g = 'S\ {4+

X+

or

. -Q
\im xg[nﬁab‘g)‘ ig](\g 25> -

X -0
or both.
Then b(x) is dispersive.

Proof:
+00

+Q +00
2.5-34) sze‘“dx: f Ze Ax + &[ xle B - gx e (\x

a
-0
Define I(x) as

2.5=35) 100 = g[" B(g) - ]C\g, 2

-—

By the same argument as in Theorem 2, I(x) must be continuous,

finite for finite x, and bounded from above,

X
Z
2.5-36) &f[mb(g)-%]c\g éM‘<+@

Integrating,

2.5-37) BOO £ B\og X + M2

where M, = Ml*-B(a) - 3log a. From this it follows that
2.5-38) X"e_'g(*\ > g:-m_,_ X 26

X

so the third integral of eguation (2.5-34) diverges and
j- ?00 does not exist. Thus b(x) 1is dispersive.
- .

By an exactly analogous process, it may be shown that if

2.5-39) {1 \)(g) ]C\g 31> -0

X+-00 -
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Then the first integral of equation (2.5-34) is infinite,
and b(x) is dispersive.

As an example of a restriction of the above type, let

(4
2.5-140) bx) & % x26 , W<3N
or
2.5=41) b(x) > % X&£-06o LL(%NZ

or both. Any b(x) satisfying these requirements will meet
the requirements of Theorem l. This may be seen from the

followinge. Using equation (2.5=40)
X

X
ram [loo-3lise (483 s (gt

The 1limit of the right side as x» +00 is -m, so the same
holds true for the left side, satisfying hypothesis (1ii) of
Theorem l. By an exactly similar argument, it 1s possible
to show that hypothesis (iii) of Theorem L follows from eqg-
uation (2.5-4l).

These requirements may also be presented graphically.
Any measurable b(x), integrable on -a<x< +a, lying in the

shaded area of Filgure 2.5-2 for x<0 or x> 0 is dispersive.

Filgure 2.5-2 Suffic Dispersive b(x)
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As an example of a borderline case with interesting

properties, we consider

2.5=43) b= _PX
@‘+x*

The general form of this function is given in Figure 2.5-3.
*b(x)

A

-

~ 4
2a

AX
at+xZ

Figure 2.5-3 Plot of Wx)=
For this function,

2.5-4) B =% St{sk\s:_z_ YA_S_ ds= A \0‘5[%;}

NZO ] NZO 02452 Nz
- A
_BO0) at AL
2545 € = (@)
4+
C A
2.5:46)  f= ——=, ;L= j A
(G"\sz)'ﬁ1 C e (uxtyM
Now consider the moments of this distribution.
400
2.5-47) My = Sx“ fsdx
-

Inspection of the form of fg shows that the number of moments
which will exist depends on the megnitude of A/N2., The
larger the noise, the fewer moments will exist. We can

see that 1if %)% , M, will exist. If r%)% y M, will
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exist, etc. In general, if §7>i£3 » the kth moment will
exist.

Since this particulér b(x) is bounded, existence of Nz
implies non-dispersiveness. We would expect, tihen, that
‘%2>% would be non-dispersive, N7¢ 3 would be dispersive.
This may be checked by application of the foregoing theorems.
First, we use Theorem 3, The function b(x) is bounded, so
it remains to show that the conditions of Theorem 2 are
satisfied.

The function b(x) is bounded, continuous and measurable.

Now consider

+Q@0 »

2.5-40) H bg) - 348 ](\g ﬁ LB - (3+8)]¢" —<5+6\g(\§
o s+ gt)

This integral will be finite if %‘% =3+8 . It will be +o

'y %%) 3+§ . This shows that for non-dispersiveness,_ 53,
which agrees with the condition deduced above. Since b(x)
is odd-synumetric, the condition for negative x need not VLe
investirated separately.

Similarly, aoplying Theorem l;, we note that
1@

i) [[589- 3]s 51(“\;2} gf,]“g

This will be =oo Lf & <5 » and hence b(x) will be dispersive

under the same conditlon.

If -“--3 » the integral of equation (2.5-49) is finite,
meeting the conditions of Theorem l, and indicating dispers-
lveness. Thus the theorems give the same results as those

derived from inspection of the form of fg.
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This phenomenon of the very existence of moments denend-
ing on the iInput amplitude 1s an unusual one, It is not
observed in linear systems. Once the effect has been demon-~
strated, an heuristic explanation 1s not hard to see. This
b(x) becomes small for large ix| . It nas appreciable values
only in some vicinity of the origin. Accordingly, if N is
very large, 1t seems reasonable that x spends rost of tne |
time In regions where b(x) is negligible, so the general
effect is that of b)(x) = 0, which is dispersive. Conversely,
for N very small, x would spend most of the time near the
origin where b(x)’—"-(%_x . If b(x) = &Ax, OO0, all moments
exist, so small N should approximate this case,

Theorem 2 gives no ihformation on the existence of the
variance of b(x). Theorem 1 and its corollaries give three
different conditions which may ve adjoined to the conditions
of Theorem 2 to assure E(bz(x)] <400, It may be seen from
the following example that some additional condition must be
used. The example meets the conditions of Theorem 2, so

E{x2]< o, but E(b?(x)] tums out to be infinite. Let

2.5-50) boxy = =2
(11-x2\
A plot of this function is given in Figure 2.5-=4. The

function becomes infinite at x =+ 1, B(x), however, is

well-behaved, It may eas'ily be shown that

R (RO PN

2.5-51)  RBOO= o —
%2{1-\“"—\1 WS> A
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joix)

Pt
o+

b

14-x2

Figure 2.5-l4 The Function b(x)= r==—_—=,-

FPurther, it may be shown that with this b(x),

- I z 348 _
2.5-52) xi“ g[ > b(g) - ](\g + 0O

-G,
. im (T 2he)- 326 lde - -
2.5-53) K- XS{N?. < ] g

Lo

\

80 all the requirements of Theorem 2 are satisfied, and it

follows that E{x%] < .

The variance of b(x) 1s given by

+00
2.5-51) fbi(st(x\(\x T
-

2 S"‘—L Ny 4 2 S"&m dx
RS x?
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These integrals diverge to +00, so E[bz(xﬂ does not exist,
This b(x) i1s exemplary of an interesting class of
functions which we exclude from this study: functions which
go tovinfinity for finite values of x. These functions are
of both theoretic and practical interest, but they give rise

to singular Fokker-Planck equations, and hence must be
handled with special care. Because ~f this difficulty,
we do not study them here, but they are undoubtedly worthy
of attention,

Observe that with the function of Figure 2.5-l, if x
initially lies on the range -1<{ x<+1, then it will remain
on that raage for all time. If the input nolse attempts
to move x outside these "barriers", it appears that the
infinitely~increasing restoring force would return it with-
in the range. The output process x(t) would then be bound-
ed. Almost all physical random processes are in fact
bounded, This 1s usually caused by saturation in amplifilers
or analogous phenomena, rather than by a feedback b(x) which
goes to infinity. The effect on the output process is much
the same, however, and it appears that saturation in the
formward path could be represented by an Infinite increase
in b(x), and thus studied by much the same methods as are
used here.

Returning to the problem of assuring the existence of
the variance of b(x), there are no doubt several ways to
proceed., One way 1s embodied in the following theorem.

Theorem 5 Sufficient Conditions for Non-Dispersive b(x).
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Let b(x) be a measurable function such that

1. lbool & @hrieW , U220
+00

ii. f[%zb(g)-mz—é]c\g converpes to a finite value

o
or to +w, &%0, 4>0.

-0

111, §[%15(§)~ZU1-6—}6\§ converpes to a finite value

-6

or to -o0, &o ,A%0.
Then b(x) 1is non-dispersive.
Proof: First, we show that under the stated conditions,

E[ba(x)] {00, Obviously,
' 100 -G A0, Y R
| e S 7 -B 1,-B 2
2.5-55) (006 e [Belaxy [Viea v [Fe
~-@® - -« (8

Since b(x) 1s bounded for finite x, B(x) is finite for
finite x, and the second integral 1s finite. We will show
that convergence of the third integral follows from hypothesis
(11). An analogous argument would show that convergence of
the first intégral follows from hypothesis (iii).

By the same reasoning which has been used before, ir
\imn aﬁ%zug\-ml-é ]Ag converges to a finite value or

X% 00

to +m, then the integral must have a lower bound.
X
» 7
25-50) [ E0(8)- 2z -8 ag 2, -0
o

From this, it follows directly that

2.5-57) BNV Mg + (284 8) %
where Mp = M; B(a) - (28,+%8)a. By hypothesis (1),
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w4 ul\X\
bl & e
205"58)
1 <
\ooy B0 - 2M, £ ZMX
The function logx/x converges to zero for large x.
Also, for x;>e-l, the funciion if monotonically decreasing.
Accordingly, it is possible to select a sufficlently large

so that

2.5-59) oax o & X26. €50

From this it follows that

2.5-60) (L+€) logX £ &x

Substituting (2.5-60) and (2.5-58) into (2.5-57),

BOVZ M+ log TO0 - 20, 4 (L1€) logyX
Z Mz + \oc5 b’(x\«k(ﬁ*i)\oqx

where M3 = M, - 2A\, . From this, it follows that

-M
-800) pa ‘f;;__? X >0
- x¢\+£)

2.5-61)

2.5=62) G(X}

which shows convergence of the third integral of eguation
(2.5=53). An exactly analogcus argument shows the existence
of the first integral of the same equation, so the variance
of b(x) is finite,

It remains to show that E[x2]{ . The postulates of
this theorem are stronger than those of Theorem 2. Any
b(x) satisfying the requirements of this theorem will satisfy
those of Theorem 2. From this it follows that E[x2]( o0
This completes proof of the theorem,

Figure 2.5-5 shows an example of boundaries for b(x)
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which assure that the above theorem 1s satisfied. Any b(x)

which lies completely within the shaded area will be non-
dispersive. b(x)

Pigure 2.5-5 Sufficient Conditions for Non-Dispersive b(x)‘
It may be seen from the foregoing analyses, that for
non-dispersiveness, b(x) must tend to be positive for large
x>0, and negative for large negative x. b(x) may apoproach
zero as |x| increases, provided the approach is sufficiently
slow,
Slightly weaker sufficient conditions could no doubt
be derived, but those given here should cover most cases of
practical interest. Throughout this study we will consider

only non-dispersive functions b(x) which are bounded on every

finite interval.
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Non-dispersiveness clearly has some relation to the
older ideas of stability. It seems that it is not exactly
equivalent to any of the well-known stability concepts, but
the question requires further study.

It would be valuable, for instance, if it were possible
to relate properties of the solutions of x+b(x) = 0 to non-
dispersiveness. It seems possible that asymptotic stability
in the large for the unforced equation would be sufficient

(though not necessary) to assure non-dispersiveness.
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2.6 Output Correlations
2.6,1 The General Case
We now consider the problem of determining the second-

order properties of the output. Consider the systém

—> p R
n(t) + 1 | x(t)
s
> q q(x)
b{x) _;r— |

Figure 2.6.1-1 Block Diagram of First-Order System
We wish to determine the cross-correlation between p(x) and
q(x) where b(x) is non-dispersive so that x(t) is a station-
ary second-order random process, If p and q are real

processes, the cross-correlation is

T (£, 42) = B pLx(W)] ct[x(kaﬂ
2.6.1-1)

400
= g'p(X.\ Ct(Xz) P(XH{" ' Xz,*z\ dx‘dx?

vhere f> is the joint density function for x(tl) and x(t5).

By the Bayes formula, this may be written
100

2612 Tl k)= ([P0 gl 60 pOtta 1, 1) b, g

-w {,z.}i.
vhere P(x5,%,1 X7,%1) 1s the conditional density at t, under

the condition that x(tl) = xl. But this is exactly the same

as the transition density introduced in Section 2.3, so
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2613 Tyt k)= pr(xwuaw.w (0ot ),
12t

vhere fp satisfies the Kolmogoroff equations. If, as we
nov require, the process x(t) is stationary, (has reachead

its steady-state condition) then this may be written
2,6.1-4) T‘ A) = ({p(x.)qs(xz) (00 5 (%, Xe, 1) dx,dx, 420

Similarly, we would have

+00
2.6.1-5) T}'tp=-g%(x.ﬂs(x.\p(>(z\ (X, AN A 420

Since TE%(¥)=.T;P(-{\, the two relations above permit deter-
mination of the cross-correlation for -co<t ¢+00 .

If we define
+00
2.6.1-6) M(x.,t;oﬁ)r—- M(x,_\ 00,04 2o
-0

then u satisfies the first Kolmogoroff equation and is
identical with the u introduced in Section 2.4. We see that:

2,6,1-7) b\,L N bgl* \;(x\ f%()(ﬂ% +\>(x\§\<\xz

Since fq satisfies the first Kolmogoroff equation, the
expression in the integrand is identically zero, It follows
then, that

.6.1- el L\_‘M& () QW
2.6.1-8) KT e \)x\b\

as was asserted. From the definition (2.6.1-6) it may also

be seen that
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2.6,1-9) | *\"m u‘(xu 4 ) cb\ = %(xu\
>0

so u{x,t3q) is a one-parameter semi-group of transformations.
The infinitesmal generator is the operator J\?derined in

equation (2.3-5), The cross-correlation may now be written

@0
2.6,1-10) P%(t\iip(xh LNCARNEARS 2§ dx, k20

In an exactly analogous way, we may define

+00
2.6.1-11) Uty b pho)= jp(x.\ £,(x) £ (x4, 1) A%, 20

and show that v satisfies the second Kolmogoroff or Fokker-

Planck equation, and that

2,6.1-12) \QW‘OU( Xt \'DFQ = P0Xp) GO)

v is also a one-parameter semi-group of transformations with
infinitesmal generator [) as defined in equation (2.3-6).

The cross-correlation may equally well be written

40
2.6,1-13) T,“P%_(’d: _(({;(X;)v(yz,&,;\)%)dxz 20
-0 .

Similarly, T.‘,o‘, may be written as

+®©
2610 Tl = [ 400§ (0 Wkt Py, t2a
' "® +00 ‘
2.6.1-15) —\%\’(ﬂ ':-wf ?(Xz\v(xz)h %43} ¥, t20

These equations provide the basis for computation of
the second-order properties. In most of what follows, use

will be made of the pair (2.6.1-13) and (2.6.1-15)., These
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are based on the operator v and hence on the Fokker-Planck
equation.

In any case, the procedure would be to solve the appro-
priate partial differential equation, subject to the appro-

- ‘priate initial condition. The solution is then weighted and
‘1ntegrated according to one of the above formulas. So long
as this entire process is carried out analytically, there is
perhaps little to choose between the two operators. Note,
however, that when using the semigroup u, the initial condi-
tion is either p(x) or q(x) which are typically unbounded

- functions,e.g. p(x) = x. With this sort of boundary condi-
tion, it will be difficult either to approximate or truncate
the problem conveniently.,

The semigroup v, on the other hand, uses boundary condi-
tions pfs or qfs which are usually bounded, and vanishing for
large |x|. This will be much more convenient for numerical
approximation, so in this work we concentrate on v and on the
Fokker-Planck equation.

Extension of the problem to that of Figure 2.1-3 is
quite straightforward. The formulae are given below for
the sake of completeness, but will not be used in the sequel.
We use a method closely similar to thét of Laning and Battin
(31] p 196, and also adopt their definition of the power-
and cross-spectral densities. Consider the system of Figure

2.6,1-2,
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p R ¥(TY| v
x(t) Tp(w)
o e YT,
Tq (W)

Figure 2.6.1-2 Block Diagram of Linear Filters
The W's are weighting functions, and Y's transfer functions
of the time-invariant linear filters. The convolution

integral gives

o0
2.6.1-16) yt)= f We (7)) pLX (L-T)] 4T,
2.6.-17  z2(®1= [ Wy ¢x (L-m))d1,

The cross-correlation between y and z is

Te®)= Efy@) 2t |
2.6.1-18) j Wp (1) 4, j W,t(m\:%p[x(t Tglx -t T,)]{ATZ

2.6,1-19) | %t(‘d I\NQ(T)(\T fw(o,(ﬁﬁ) 9%({‘\ LW T?)&‘A’Vl

This enables us to calculate Tyz once T 1s known.

It is sometimes more convenient to use the cross-spect-
-5&)1.
bz (W)= L jv be’

ram

2.6,1-20 l 00 0 +00 -lsUJ‘L
= 7 o [, [yt €5
o o}

-
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: j We (e, j Ny €t Tpg(g)e .t

[ prm ¢ A't] gwme Zwl]w T be
“mee an, Dw%m)e ‘“‘W\ KL 03

[o]
From this it follows that

2.6.1-21) Gy (W) = YP*(jw\ Mg Jw) GP%(N)

where the * denotes complex conjugate. This the transfer

2.6.1-20)

relation for cross-spectra.

2.6.2 Special Cases

There are several important special cases of the fore-
going, and for convenience, we collect the simplified form-
ulae below:
Caée 1l p=q - - This océurs wvhenever we wish to compute an
autocorrelation. Equations (2.6.1-13) and (2.6.1-15) become

identical, so only one need be considered.
+00

2.6,2-1) T\;P(’Q= jP"Q Ulx,t phs) dx 120

2.6.2-2) T ()= Tip (k)

© - (10
2,623 Ty (0= | We(TIAT, OS' Wo () Ty (447 -T2 T,
2.6.2-8) Gy, (W)= \‘19(3(03\7' Gpp(w)

Case 2; Autocorrelation of x(t). Here p(x) = q(x) =

This is a further specialization of Case 1.
+00

2.6.29  Tp(®)= [ XUl Eixg )X k2o
-00 . '
2.6.2-6) T, () = T (})
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+®
-t © ’
2.642=7) Gxx((l))=1“1. fT:xme dt = % Sﬂx(ﬂtos wtdt
-0 (6]

Case 3; Autocorrelation of b(x). Let p(x) = q(x) = b(x).
+Q0

2.6.28) T, ()= (boovxi;bé)dx 120
-

2.6.2:9) T ()= T )

@®
2.6.2-10)  Og(w)= Z-ﬁ gT'\,\,(O cos wt Ak

o

2.6.3 Derivative Relationships Among the Correlations

There are several interesting relationships among the
correlations appearing in the first-order problem. We
state these relationships iIn the form of a theorem, and then
proceed to develop them.
Theorem 6 Relatlions Among the Correlations

If v(x) satisfies the following:

i. b(x), b'(x) and b"®(x) are bounded

11, e ‘ﬁ%zb(s\—é]c\g:k,, -0 <L, £4@ , >0, >0

X-» +00

¢ ’
111, Vi ([24g-6Jog - L, -2 L <roo 80,090

X~p -0 X
then 1if follows‘that:

a. b(x) is non-dispersive

b TR T () -0<i<4+00

/ ’ - <
Ce T‘bx({)=rxb=§ T\lb({) 0%t <100

Ty -a<t<o
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| . T = -TL, (1) 0% tw
a B (1) = § Te® = T, (1) -co<t<o
e. T (1) = THLA) |, -00< <00

Derivatives in these formulas are understood to be deriva-
tives on the right. All derivatives here exist in the ord-
inary sense everywhere except possibly at the origin. At
the origin, both right- and left-hadd derivatives exist, but
they may be uneqgual.
Proof: We begin with statement of a result of Mandl (37].
Lemma: If h(x) 1s any once-differentiable function defined
on -00<x<+ 0o, such that h(x)fs(x)eLl(-oo, 00), then
v(x,t;hfs) = fg(x)u(x,t;h), where u and v are the semi-groups
generated by the first and second Kolmogoroff equations
reapectively. The proof of this lemma will not be given
here, It is quite elementary, and 1s given by Mandl (37].

Turning now to proof of the theorem, it follows from
hypothesis (11i) that

X
2.6.3-1) j‘[%zb(g)-élt\gzh\m-w , X2a
. |

from which 1t follows that
2.6.3-2)  BO) 2 Mg + 8X

where M, = My + B(a) - § a, and

A corresponding result for negative x follows from hypothe-

sis (1ii). The two may be combined to give
- -8\
eﬁ(ﬂé__ MSQSX\ W26 20

8o /(¢ -3\
00 = e.B"‘/Se s <M e X\ 2 a0

-00

2e 6 033",4 )
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where M) = M3/ S"::%‘As
-

For any function h such that h(x)fs(x)e Lj(~o ,+® ), the
semi-group v(x,t;hfs) may be written in terms of the transition
probability density (Green's function) in accordance with
equation (2.6.1l=1l) as

400
2.6.3-5) U(X,tihEi) = fh(g) FC €, x)dg k20
-
Since fs and fT are non-negative, ifih\ <H,
: +@0 +®
2.6.3-6) VUL RO £ [In@VE©I6 (g, X, 0d8< n [RF (extig
-0 -

The last integral is simply v(x,t;fs). Since fg 1is the
steady-state distribution, it 1is invariant under transform-
ation by v for any t, 1.e. v(x,t;fs) = fs.(x), t>0. Thus

(2.6.3-6) may be written

2.6.3-7) VU (XA Wi € BE () ¢ N\4e'im

for any bounded h, ‘
Now consider the cross-correlation TL) which, by
application of equation (2.6.1=13) may be written

100
2.6.3-8) T (1) = {x Ut b L20
-

Differentiating with respect to %,

‘0 +00
2.6.3-9) TV () = fx QUG b gy - gxﬂvtx.t',b&)dx
ox A ot 2

Before proceeding, we show that differentiation under the
integral sign 1s permissible, Clearly the integrand xv 1s
caxginuous in x and t. It is also easlily seen that

va(x,t;bfs)dx converges, Since b is bounded,
-0
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|v(x,t bf )Ié-Mue‘é'x‘\x|> a, andixnv(x,t;bfy )I‘-Mh\x\ -SLxl
IX| > a, which 1s sufficient to assure convergence of the
integral, uniformly in t. “©

It remains only to show that Sx_O.Uc\x converges uni-
formly in ¢. This is done in a closely simlilar way, Since
v 1s a strongly continuous semi-group, g%v(x,t;bfs) "
J2v(x,t;bfg) = v(x,t;0bfy) (see, e.g. Hille and Phillips(2}],

Theorem 10.3.3). Accordingly, equation (2.6.3-9) becomes

, 400
2.6,3-10) T‘\x(t\:fx Uxt ;b )dx 120
-®

It may easily be shown that

2.6.3-11) N bfg= sz 4S'*‘ N’Lb”{s + b\)';s = (NFL b\) )’?s
fg 1s always bounded. By hypothesis (1), b, b! and b" are
bounded. Thus {lbf, is bounded also. It then follows from
(2+6.3=7) that v(x,t;/1bfg) has an exponentially decreasing
bound which is independent of t. This assures that the
Integral (2.6.3-10) converges wniformly in t, V<t <o. This
completes the proof that differentiation under the integral
is valid.

Now integrate equation (2.6.3-9) by parts,

p +00 :
Tox (1) = X -‘)— %N; %)1-(’+ b(x\‘U'Kc\x
2¢643-12)

400
N U
=X [ 7 66 t o ] o ‘U', (b(x)U(x,t‘,bfs\Ax
-0 -
Since b is bounded, v(x,t,bfs) decreases exponentially with

x for large 1xy, and the second term is zero.

Now consider the integral

2.6.3-13) W (K, ; b&k)=- [n.utgt bf)Ag = - fv(gk nbls)dg
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If x> a,
4@

+00
-8
2.6.3-14) 1wt bl e j\v(g,t;_n_bg)\c\iéghl\,le g(\g
v X X

-
2.6.3-15) 1wi(xk; bflE Mse x2q

where Mg = Mh/g .  Equation (2.6.3-13) may pe written

+QO
wixt bf): - (2 (N Wi ulde
2.6.3-16) ; "Jag % 2 %g : ‘
= _‘:‘_2‘ QU (XX ; bh&) b(x)U(x,{;bQ\
x .

(A )
This quantity goes to zero exponentially in x for large x, so
\r:\rvhuox [Ng—‘ 581_;‘ +\)U]-: O , also. The same can be shown as
X+ =00, 80 the first term of equation (2.6.3-12) vanishes

and «©
2.6.3-17) T () = -{\:(x\ Ut bEOYAX Azo

By use of equation (2.6.1-13), the integral on the rignt may
be interpreted as | ({).

2.6.3-18) T (D= -Ty®) 20

From equation (2.6.1-10), we have

+O
24643=19) T &) = gx% Wx, A, b)Y Ax

-
From the lémma, and equation (2.6.3-8),
+00 200
2.6.3-20) T (1)= Sx&u(x.t;b\-— fxv(x,{;bfs\c\xﬂgx(k\,tzo
-0 -0

Since Rb(ﬂ=rb,(—t\ , this shows that [ ,(1) and T, (Y) are
1dentical -0t < +00, and both are even functions of t.

This is not true of cross-correlations in general. This
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proves result (b) of the theorem.
The time derivatives Ti(t), T, (1) are then 1identical,
odd functions of time, From equation (2.6.3-18),
/
2.6.3-21) T (=-Tp, (-U) =T 1) - - T, (V) | 120
from which
!
2.6.3-22) T (W= T (¥) t<o
which shows result (c) of the theorem.

To prove result (d), we start from the expression
+ 0O :
2.6.3-23) L, (1) = ng(X.{;x&) dx 120
- .
which comes from equation (2.6.2-5). We follow a procedure
exactly analogous to thﬁt immediately above, and obtain the

results

2.6.3-2}) T D= - T }) 2o

2.6.3-25) T@®) = Ty <0
Differentiating these equations,

2.6.3-26) T M) = -Te () 120
24643-217) T (B = @) <o

Substituting equations (2.6.,3-18) and (2.6.3-22) into the above,
2.6.3-28) T, ()= T, () -ooctc¢+00
which is result (d) of the theorem.

Result (a) 1s obvious, as the conditions of this theorem
contain those of theorem 5, This completes the proof of
Theorem 6.

It seems certain that stronger theorems along these

lines could be proved. Postulate (1), requiring that b(x)
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be bounded with two bounded derivatives, appears to be much
too strong a requirement. It is not necessary. In a later
section, an example w:lll“ba cons idered where b(x) 1is discon-
tinuous, but the conclusions of the theorem are valid,

There are several ilmplications of the theorem, which we
now consider. The first of these 1s the fact that T,.(t)does
not exist at the origin. To see this, we first calculate
Tw(0) from equations (2.6¢3=8) and (2.5-8).

T (0% = .ifw) Godr = - ?;-fg %% dx

el e

This result is independent of b(x). It was shown, following

2.6.3'29)

equation (2.6.3-20) that T (X) 1s an even function of t.
(X
Therefore, Vbx(O‘ﬁ T‘\,K(O') =T;x(o\ = “2 e From conclusion (d4) of

the theorem, then, 2
' (3
2.6.3"30) T;‘ (0*):- uz' Ex, (0-) = + —N'i

The right- and left-hand derivatives exist, but are unequal,

]

80 T;‘;Lﬂ does not exist at t = 0. PFrom this, it follows

(Loeve [36]p 470) tuat x(t) 1s not differentiable in mean

square, which 1s hardly surprising. _
It may also be shown that, under the conditions of the

theorem, {]'.im'rb,(i) = 0. To do this, we start from equation
>®

(2.603=8)e Making use of Schwartz'zinecigglity, 0
m -
2.6.3-31) fo (t\!:[ g\x\\v(x.t;b@(h]s XXZ\U(X‘*',NS\\A\(S\U(X.’S, bEX
-0 -aD -0

Under the conditions of the theorem, 1t 1is easily shown that
the first integral on the right is bounded, uniformly in t.
If the bound is called M, then
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. 2 . 300
2.6.3-32) lim TL(R) € M \t\f’“m ’og;\U(X,t‘,bfs)\ch

>0

Mandl's [37] Theorem 5 shows that the right side is zero..In
view of this, it follews further, by result (d) of the theorem,
2.6.3-33)  Jim Tult) =0

An exactly analogous procedure shows that
24643-34) fin Tot) = lim T ) <o

Since b(x) is non-dispersive, the random process be(tﬂ
will be second-order, i.e. \T) (4){< @ ,-®<t<+w. From the
theorem, 1t follows that T,'(; » \_t"; ’ T}: , and T',,',,' will be finite.

The relationship Tx:(t\ = () implies a corresponding
relationship between the spectrum of b and the continuous
portion of the spectrum of X Since Tlx is bounded, the
fact that \ivz\wrx;(ﬂ:o implies that Txy(t) approaches a limit
as t+ 0. Therefore, the spectrum of x can have no disconti-
nuities except possibly at zero frequency. Accordingly, if
we define X = i - E(x], the spectrum of X will have no
discontinuities, We assume that the spectral density of
X exists everywhere, and 1s denoted by Gxx(u)). The spectral

density of b is given by
2 w ; &”
2.6.3-35) Gyy(@)= ﬁ_ogxgb(’c\(osmtdk = £ [T wswidt,

o
Integrating by parts twice, and using the facts that

) i Y H 1 -
J\h\:\wﬁ,ct\-:o ’ T}(xlO*):--‘;—_ ’ }Cg:wﬂ,(t\-o

(4
2.6-36) Gy (W)= ‘%\Y_- WEGyxtw))

which 1s the desired relationship.
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If it hapoens that T;b(k) >0 , =00< t<+m, then certain

further results follow,.

2.6.3-37) T ()20 , 10, Lo
2.6.3-38) T (V20 120
2.643-39) W) 20 | <o
2.6.3-40) Tox(t) 20 -m<¢t<io
2.6.3-41) )40 120
2.6.3-42) Tix (1) 20 £<0

The derivative relations among the various correlations
are of considerable practical use. Once T;,(t) has been de-
termined, all other correlations may be found from it by
differentiation.

2.6.4 Tortrat's Result

By using methods similar to the foregoing, it 1s possible
to derive Tortrat's {49] result. He used a different pro-
cedure, but the derivation given here shows the ad joint re-
lationship between his method and ours. In equations
(246.1-10) and (2.6.1-}0%) Wwe specialize to p = q.

2.60-1) T W)= ip(ﬂ LOY Wk, PYAx t20

2.6.4-2) T (1) = T, ()

We choose to treat the spectral density as follows:
2.6.4-3) (T aye k- (T ™t
v C’J?p (LU): T S-TP‘P({)Q = ﬁ' STPPQ +
-0 -0 [
Now substitute ~t for t in the first integral,

2o G= & (mel®t s L (B e ™y
oL olf =i PP -“oppte +.ﬁ.5_r69( Q d
o
These two Integrals are charly complex conjugates, so the
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sum is twic; the real part of either.
Re S L (Te ™
2.6.4-5)  Qop(W)= 2 Re §.ﬁoﬁw( e K

This is Caughey and Dienes' ( {7] equation 14) equation for
calculation of the spectrum.

Now the resolvent of a semigroup is its Laplace trans-
formation. (See, e.g. Hille and Phillips [26] Lemma 15.4.3,
p 442)

% (st
2.6.4-6) R (%, 5;0%q = Se ulxtyqldt

Taking the Laplace transform of both sides of equation

4]

400
2.6.4-7) T‘pp(t)e:“(\{-.- S@(xﬂs(x\ﬂ(x,s;n")pﬂ\x

-
Setting s = jW gives the expression necessary for (2.6.4-5)

which then becomes
+Q0
2.6.4-8) Gl = 21Re g 'ﬁ J-_p(xﬂs()ﬂ’\?( X, {0 ."D‘*)de\
-0

vhich is Tortrat's result, aside from certain normalizing
factors. Tortrat states that R(x,Jjw ;%) will exist
except for those frequencies (), at which discontinuities
occur in the spectrum, 1.e. x(t) contains periodic terms of
frequency Q¢ . In accordance with the argument following
equation (3.6.3-34), x(t) can have no such periodic terms
except possibly for W, = O, With this exception, then, the
resolvent transformation should be well-defined.

It may be seen, then, that Tortrat's method is an
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adjoint of ours. His formula follows from the first Kolmo-
goroff equation, ours from the second. In principle the
two procedures are equivalent, but, as mentioned above,

practical considerations favor the second equation.

2.6.5 Example 1l: The Ornstein-Uhlenbeck Process

As an example of how the procedure may be applied, we
now consider the case where b(x) =g x, B3>0, and we wish
to calculate the autocorrelation of x. As mentioned earlier
this is the Ornstein-Uhlenbeck process, for which a number of
results are known, including the autocorrelation (Doob [14]

p 353). The objective here is to show that our method
gives the same result as the earlier linear theory. The
Ornstein-Uhlenbeck case 1s the only prbblem of the class now
being studied, for which the autocorrelation is well-known.
It seems advisable, then, to use it as a check.

This particular b(x) satisfies all the foregoing con-
ditions for existence, uniqueness and non-dispersive charac-
ter of the output, Putting it into equation (2.5-6), the
steady-state distribution is

o0 |- |

2.6.5-1) £,00=
T \r NIE'
. (2 I

which 1s a Gaussian distribution of zero mean, variance N2/2p,

a result which may be easily verified by other methods. The
next step 1s to solve the partial differential equation

v~ N dr 49
252 §E= 5 Pt k|pv]
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subject to the boundary condition
(A
X
¢ ool 2 |
2(%)
L
fzw Vz/s

This 1s a relatively elementary problem in partial differ-

2.6.5-3) ulx,0; X&) =

ential equations, and the details of solution are given in

Appendix A. The result (equation (A-11)) is
B ot X
2.6.5-%) UKL 5 x$s) = \5%W xe expg—ﬁ“-?_ z

Substituting this into equation (2.6.2-5), the autocorrelation
is

| i t 2
2.6.5-5) IMRGE \l:r%: SDXQQ‘P prﬂ-% zdx {20

-t
2.6.5-6) T () = ‘;%efz tzo
2.6.5-7) Fx% (‘t\-‘ Tyy(t\

L - (k|
2.6,.5-8) Wy (1)= Nz_pe ’6 —00<{t<+100

This agrees with the result obtained by conventional linear

methods.
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2.6,6 Example 2: A Square-Law Detector Problem
Consider the equation of the preceeding example followed

by a square-law detector.

n(t) + o1 x | p(x)
8

Bx

Figure 2.6.6-1 Block Diagram of Detector Problem

vhere p(x) ax?, To calculate the autocorrelation of p(x),
the output of the detector, equation (2.6.2-1) will be used.

To this end, it 1s necessary to solve

2 ¢
2.6.6-1) %g: %‘ %‘i‘z*’fi[ﬂxv}

subject to the boundary condition

2 X2
- . ?'): QX?-%—-——t z

The partial differential equation here is identical with that
of Example 1, but the boundary condition is different. De-
tails of the solution are given in Appendix A, and the result
is (equation (A-19)):

2.6.6-3) U(X,t; ax’§s) =

o -28t
aN__ -éil—eleaﬁz-%xze— ¢ %
2 e A

From equation (2.6.2-1) we have
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+Q -
2.6.6-4) Tpplt) = gaxzv(x,{;(xﬂ&\c\x
- -0

Substituting (2.6.6-3) into this, and performing the nececes-

sary quadratures,

22 2.2 -z/@t
z 2
2.6.6-5) Ipp(t)= @ (%3) ¥ 20 (—‘;\7&\) e 20
2 N
As mentioned earlier, the variance of x is ='§53 y 8O

the equatibn may be written .
(AN (3
2.6.6-6)  Too(¥)= & G5 +26 Ty (L)
which agrees with the result calculated by other methods.
See, e.g. Davenport and Root [13) p 255, equation (12-24b),

2.7 The Fokker-Planck Equation for Discontinuous b(x).

We now consider functions b(x) which are bounded on
every closed interval of x, and continuous and differentiable
except possibly at a finite number of.points X, We allow
finite discontinuities in b(x), i.e., if X, 18 a point of dis-
continuity, then

\%'m b(X.+ §)= b(x)
lin 60te- 6 = h(x)

§>o
where b(x;) and b(x;) are both finite but unequal,

§»0

207-1)

No rigorous theory now exists for this situation. Even
existence and uniqueness of solutions of the original APW
equation have not been shown, as discontinuous b's do not

satisfy a Lipschitz condition, Furthermore, the meaning
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of the Fokker-Planck equation is obscure in this case because
some of the terms are undefined at x,.

No rigorous discussion of these questions is included
here, either, but a possible treatment of the Fokker-Planck
equation is proposed on the basis of an heuristic derivation,
This treatment is a reasonable one, and appears to fit the
known facts. |

In the following, we will assume there is only one point
of discontinuity, i.e. b(x) is continuous and differentiable
everywhere except at Xqoo The extension to any finite
number of points of disecontinuity will be obvious.

In traditional derivations of the Fokker-Planck equation,

2
continuity of f and 3t are assumed, with 0% finite, though

X Ax2

not necessarily continuous. For discontinuous b(x) we re-
tain the assumption that f will be continuous, but assume
that %& will be finite but not necessarily continuous. At
present, this can be justified only on the basis of physical
intuition., If f is discontinuous, this would mean that it
is distinctly more probable that the process lies on one
side of the discontinuity than on the other, It seems in-
evitable that the action of the Gaussian forcing function
would be to smooth out such irregularities, even if they
existed initially, so that only on the boundary could such
a discontinuity occur,

We ignore the problem of existence and uniqueness of
solutions to the APW equation, or to be more exact, we assume

it solved.
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In order to obtain the desired result, wé make use of
a modification of the Bernstein derivation (see Levy [32] o
64 £f) of the Fokker-Planck equation. Consider a class of
functions 0(X) which have: a) three finite derivatives, b)
(_Q'" uniformly bounded, ¢) identically zero outside some

finite interval. Define \©

27 M= E{QO = [Q@161IAx
-

If the time derivative and expectation commute,

m
27-n W= §{E[@00]= € & dw- Suodte

The time derivative of M may be computed another way. . By
definition,

dd _ @D(mnn OIxl
2,7-l) 3%- [\\{‘_\)O 1 i_

We define x(t + At) = x(t) + A x, where Ax is the charge

in x during the time increment At. If three derivatives
of \§ exist, then QIXA)+DX) may be expanded in a Taylor's

series.

2,7-5) Q[xmirnx] AxAT) + 4 x+ 3 §"DY° +G‘<mx\’ loléd

where K is the bound on \Q’” y 1ee, \(Q"'I £

equation (2.1-2),

K. From

1+0L tant
2.7-6)  DX= fb[x(ﬂ]éi + jc\n

The second integral is a Gaussian random variable with zero
mean and variance N2 Qt. - Take the expectation of (2.7-W)
and interchange the order of the limit and the expectation.
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2o B0} fim € L&mex] &Exctﬂ%

Mo

Making use of (2.7-5) and (2,7-6), 1t may be shown that
2.7-8) ‘\Aﬁi bcxw +§d] "N ; foe,t)dx

Up to this point, the development 13 the same as Bernstein's.,
He proceeds at this point to integrate (2.7-8) by parts. If
b'(x) is not finite, however, this is not possible., Accord-

ingly we proceed as follows. Recall that we have assumed

a single point of discontinuity, at b S Equation (2,7-8)

may clearly be written

X t
2.7-9) B} %@\{ = ( f-boog's & Q"] S ddx+ j&m@ww} £ dx
X

-

In each of these ranges of integration, b'(x) is finite, so

each integral may be integrated by parts with the result

E&%‘;{: \ (Xc\[ b 1-bx;) (.’(Xc‘,ﬂ]
+ f @L 00 &[b(xw]Ax ¥ f&mg)—([bcxh‘]dx

2.7-10) + 4 (Xc\) %‘E%f_;( XJ,‘U - dd% (X, ,{)]

+_ﬁ;u_;§§sz &€ &
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Equating th:ls to (2.7-3),

N(x); v e’bfz g [bF]-of (“"*f& M‘c b1t

+ QX § b H- b0 ) $0¢, t)

1&mﬂ M&mﬂz
2 M

2 07-11)

In order for this equation to be satisfied for all admissi-
ble Q(X), it is necessary that

2.7-12) L = z Ix ,_+3L[b§] v ¥ aed X¥>Xc
2.7-13) x«_?ac(xc Db ) ot = L %—((Yc.,ﬂwtb()([){(y"‘{)

Thus the Fokker-Planck equation holds everywhere except for
X = X, At that point, (2.7-13) must be satisfied. Clearly
the quantity N g%* b0 must be continuous everywhere.,
If, as we assumed, f 1s continuous everywhere, then discontin-
uity of b(x) requires discontinuity of %&

Equation (2.,7-13) is precisely Wishner's {55] ,[56]
" conservation of probability" condition which he derived by
an entirely different procedure which, in fact, amounts to
little more than a plausibility argument.

This density continuity condition may be extended to

the functions v. From equation (2.6.,1-11), we may see that

(3} A00
2.7-14) “"Z %}({:‘ bV =_L pi) %(x.\%‘% -§-‘ + o), de ) A,

The integrand iz is continuous everywhere, and it fot follows
2 -
that &2- %35 +b¥) U  1is also continuous everywhere.
1
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The same approach may clearly be extended to b(x) with
any finite number of discontinuities.

All the differentlal relations among the correlations
vhich were developed in Section 2.6.3 are valid in the dis-

continuous case. In particular, this implies |T;:(t)\<oo,
t<0, t> 0.



63

2.8 Example 3: A Discontipuous b(x)

As an example of the theory of the foregoing section,

we now consider the "infinite-clipping" b(x) defined by

+L x>o
2.8-1) b(x)= 0 X=0
-4 x<o

This is the first of the examples treating a system which is

nonlinear and hence lies outside the scope of older theories.

The distribution of x has been found by Wishner [56] , [55]

and the autocorrelation of x by Caughey and Dienes [7] .

2.8.1 The discontinuous case as a Limit of a Sequence of
Analytic b(x)

It was postulated above that the density f would be
continuous even when b(x) is discontinuous. For the par-
ticular discontinuous b(x) considered here, it is possible
to indicate the continuity of f more strongly, at least in
the steady-state. Consider a b(x) of the form
2.8.1-1) b= & tanax
where a i1s a positive constant. The general form of this

function is given in Figure 2.E8.1-1.

b(x)
F+1 - -
/// /__—-
/
i,
!
]
x
} t ~+ —~4- +>=
-2 -1 / +1 +2 +3
/
/
q
/,/ r
B T

Figure 2.8.1-1 The Function %tan'lax
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The solid curve represents a = 1, and the dashed curve
a = 10. For any a, the function approaches +1 for large
positive x, -1 for large negative x. We may, then, select
a sequence of functions of this form, with fncreasing a, and
this sequence will approach the discontinaous function of
equation (2.8-1).

For given a, the steady-state distribution may be com-

puted from equation (2.5-6). The result is

AX \antax + & o (1+a‘x?ﬂ
eKP§~ I, tanTex + o 10
2.8.1-2) LXQ)= N NI,

)
A Aartax+ % og (4 0% WA
oxpP {- n + « (]
z | P i~ Hlaran B oy
For any a, fs is continuous everywhere. As a »00, it may

be shown that:

i &(x,a\: AN prg_/“)(\ z

which is also continuous everywhere. This distridbution
also satisfies the density continuity condition of equation
(2.7-13), Each member of the sequence is continuous every-
where and so is the 1imit function. The continuity of f

seems well-established in this particular case.

2,8.2 The Autocorrelation and Spectrum of x

As mentioned above, the spectrum was calculated by
Caughey and Dienes [7] . We use a method considerably
different from theirs, however. We will make use of equations
(2.6.2-5) and(2.6.,2-7), The first task is to determine
v(x,t;xf) which is the solution of
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U N &R
2,8,2-1) 'b;%‘ﬂi %% v fi[sqnx U]

subject to the boundary condition
X

and the continuity condition

o %z BU(S, £ U0, )= PO A6 zi(i,z;xxs)
From the symmetry of the problem, v(O,t;xf,) = 0, t20, so
it follows that g%{ is continuous everywhere in this case,
The solution of this problem is given in Appendix B.
the result is 2
Mm_t ® _'\Tsz

L —

| ANT. TR TR [ we sinxwidw
8.2-4) TILE X)) = sqnx = J

2.8.2-4) s At 9 5 (1+N4wzyl

T

The integral cannot be expressed in closed form in terms of
tabulated functions, but it is nonetheless possidble to pro-
ceed. Substituting this result into equation (2.6.2-5),

3] 2
| 4 -t - % [(we wS\‘nch\w
2.8.2-5) T, ()= 8N g 2N fo X€ (L+ N W) -
Al o
Interchanging orders and déing the xzintegration,
ocfe (wre TV 4 4
N _ 2N | w™e w 20
2.8 .2-6) ), ()= = ¢ {
xx T o (e NAwrt)*

Taking advantage of equation (2.6.2-6), we may include all t
by writing
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\t\ __M’dwz
TN wze z

(A4 NAws2)*

This integral cannot be evaluated either, but its char-

Awr -o0<t<400

2.8.2-7) T (%) =‘L°T§ e

acteristics may be found. Making a change of variable

Now = Z,
4@, -%t_\l(hz‘\
2,8.2-8) ()= \oN f z-e N dz

(h+22)8
Now define a function \S\( L+ 322)
- 32
2.8.2-9) px(8)= 3F f (1 2234 02
so that T}, may be expressed as
\\-.\
2.8,2-10) 'E{,Jth fx 7N

It may easily be shown that /(0) = 1, so (3 is the nommal-
ized version of the functionlxx . Clearly, then, the average
power 1is 4

2.8.2-11)  xx(0V= -‘\-\i

which agrees with the result calculated directly from the
steady-state distribution.

2.8.2-12) xf{ f 7‘1(500(\)(- £ Yx e de - Nz

The function Px(g)contains the shape of the autocorrela-
tion, Accordingly, the shape is a function only of the
parameter = 14 . This means that for large N, the

LTy ge
correlation times are longer than for small N,

From the foregoing, we can see that Txx(t) is continuous
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at t = 0. From this 1t follows that the sampie functions
of x(t) are continuous in mean square (Loeve [35] p 315,[36]
‘p 470, Sales Valles [42] ). Furthermore, the derivative
%%5 does not exist at t=0, and from tﬁis it follows that
the sample functions are not differentiable in mean square
(Loeve [36] p 470). Both these results would certainly
be expected for continuous b(x). They apparently carry over

to this discontinuous example.

The derivative of A(g\ €20 1is .
_~g(1+z’)
/ 32
2,8.2-13) [)x(g) - 2= f dz= €20
(&*zﬂ
!
2.8.2-14) Px (0*)=-
Similarly, P"' (0)=4+2 .

Since D«(€)cannot te evaluated analytically, it was
calculated numerically. The values obtained are given in
Table 208.2"1.

TABLE 2.8.2-1
FUNCTION A (g)

peie)

1.000
0.826
0.693
0.495
0.268
0.150

" g

HMOOOOO
e o o 0 o

* o 06 0 o o
e o o o 0 o
e o 0o o o @
e o o o o o
e o s 0 0o @
s o 0 0 o ®
o o 0o 0 0o
e o 0o 0 o o

These values were calculated by graphical integration, and
the last figure given in the table probably has 1little sig-
nificance. The error should not exceed 0.0l1l, however.

A plot of this function is given in Figure 2.8.2-1,
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S .
!
\
\\ ! ’
—

0.8 1.0 1.2 1.4

Figure 2.8.2-1 The Function A(g\

Now we calculate the spectrum from equation (2.6.2-7),

L 2)
. © 4,0 , — (12
2.8.2-15) G, (W)=2Z fd{cos wt LN g z e —_— Az
W, T oo (+zh)
Interchanging the order and performing the t integration

(Bierens de Haan [4] Table 261, 2) p 383) gives

. . 40 2
2.8.2-16) Gy (W)= §_22N J 2°d2 ———

T2 ) (a2 P[22+ aN*?]
We choose to express this as

]
2.8,.2-17) ('.hn\ (W)= %%— &x (ZNI(U\

wvhere the function §x 1s defined by

0,
2.8.2-18) (I (W)= \?.85 ztdz

ST ) (a2?y [ (A+22Y+ 2]

a0
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This integrand is a rational function of z, and may be treat-

ed by straightforward contour integration, with the result

_ 2 L4+ YL+ }
«8.2-19) )= 12 -8
2.8.2:19) (W) 5&?“*8 V 7

which agrees with Caughey and Dieres ( [7] equation 45)

except for the overall normalizing constant. When the
different normalization is accounted for, their result appears
too small by the factor 2,

We now consider the characteristics of this function,
vhich expresses the shape of the spectral density. It may
be shown that lim Q(W= 1, vhich was the reason for picking
the normalizin;L }c;ctor. Also, for large' Ao, QU)X é&u" .
This 1s the high-frequency asymptote. Calculated values
of ({(\) are given in Table 2.8.2-2.

TABLE 2.8.2-2

THE FUNCTION (M)
Q) A QL

0.0 1.0000 7 5.455 x 1072
0.5 0.886k4 8 4,295 x 1072
0.7 0.8028 9 3.466 x 1072
1.0 0.6737 10 2.845 x 1072
2.0 0.3648 12 2.030 x 107
3,0 0,2157 I 1.517 x 107
4,0 0,1400 16 1.175 x 1072
5.0 9.743x10"2 18 9.368 x 1075
6.0 7.147x1072 20 7.641 x 107
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In the analysis of linear systems, it has become stand-
ard practice to plot power spectra on logarithmic scales.,

This is done in Figure 2.8.2-2 for the nonlinear result, to
facilitate comparison with linear systems. On this plot,

the high-frequency asymptote becomes a straight line, which

is shown. The dashed curve is the spectrum of that Ornstein-
Uhlenbeck process which has the same low- and high-frequency
asymptotes. It is included to show the difference in shape
between the linear and nonlinear spectra.

It may be seen from the figure, that the concept of
"break frequency" or "corner frequency" will be a useful one
for this spectrum. If the "break frequency" is defined as
the frequency at which the asymptotes intersect, then S‘—%i:
gives My = 4/Y5' = 1,788 854, At the break freguency, the
nonlinear spectrum is below unity by the factor 2,175 (6.75
db)e The linear spectrum is down by the factor 2,00 (6 db).
This nonlinear spectrum does not have quite so sharp a corner
as does the linear one. |

The above remarks are concerned with the shape of the
spectral density c urve, Since M= 2N2W s 1t 18 clear
that for the nonlinear system, the larger N, the lower the
break frequency (W, , and conversely. The smaller N, the

wider bandpass the nonlinear system shows.
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2.8.3 The Autocorrelation and Spectrum of b(x)

The spectral properties of b(x) may be calculated dir-
ectly from those of x, as shown in Section 2.6.3. In this
example, however, we will use an approach based on equations
(2.6,2-8) and (2.6.2-10), and use the differential formulae
as a check,

The first step is to determine v(x,t;bfs) which, in this
example means solving the equation
2,8.3-1) a‘{ "2 5;( +E%—<[sq7\x U]
subject to the boundary condition
2.8.3-2) UX,0;bfs) = 51——— exp Zh(\ z
The solution to this problem is obtained in Appendix B (eq-
unation (B-19)). It is

[ 3
w_r o -Fwt
NN we snXwiw

(LN1)7'+ w?

-3 UGk b)) = e
2.,8.3-3) 3) &T“

Substituting this result into equation (2.6.2-8), interchang-
ing the order of integration, and performirg the x integration

gives 2
4 © -%wzt‘ %‘z
2.8.3-4) T‘bb&): w-e dwr tzo
n (N4+w2\z
Making use of (2.6.2- 0), we have

o  -Nuwiiu-
2.8.3-5) T, ()= 4 { w'e Aw -<t<100
N (fer w?)®

This cannot be evaluated in closed form, so we proceed as

before to extract certain information. Make the substitu-
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tion Nour = z, L
© , - (4Z°) p§2

_ 4
2.8.3-6) Too (1) = | %g‘?—;ﬁ)’z Az
This may be written
2.8.3-7) T = A(%,rz)
vhere
® , -(h+zE)El
2.8.3.8 HlB)=2 repu dz
J (A

It is easily shown from this expression that A (0)=Tg0)-4 ,
This is as i1t should be, since b(x) in this example only
takes on the values + 1, so B ?bz(xf‘ should be unity.

Differentiating equation (2.8.3-8),
o, -1zl

0/ g - T __“ [ Z € - (\E
-9 - S —

which becomes infinite at €= 0. This is to be expected
from McFadden's [38] theorem. The function b(x) in this
example 1s exactly the "infinite clipping" function which
McFadden uses to study zero-crossings. The slope of the
autocorrelation of the clipped signal at t = ot is proportion-
al to the expected number of zero-crossings per unit time
(of the sigral before clipping). By analogy with the Orn-
stein-Uhlenbeck process, we would expect the average number
of zero-crossings to be infinite, and it is true in this
example.

Since the 1nteéral of (2.8.3-8) cannot be evaluated in
closed form, it was calculated numerically. The results are

given in Table 2.8,3-1 and Figure 2,8.3-1,
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TABLE 2.8.3-1
NORMALIZED AUTOCORRELATION OF b(x)

1,000
0461
0.321
0.189

0.082
mmw

o o ¢ o 0o o
* o o 0 o o
e o o 0o o o
e o o 0o 0 o
e o s o o o
o o 0o o o o
e o 0 0 o o

By comparison with Figure 2.8.2-1, it may be seen that
the autocorrelation of b falls off much more rapidly with
increasing £ than does that of x.

To check this result by means of the differential re-
lation, we differentiate equation (2.8.,2-10) twice, with the

result: 't‘(4+xz)

2N
2.8.3-10) x ‘U“ j'-—(—ﬁ—-%;;—z—'— AX = bb(i)

The second equality follows from equation (2.8.3-7), and
equation (2.6.3-16) is satisfied in this example.
The spectral density of b(x) is calculated from equation

(2.6.2-10).
ooz -(Mz_‘)%-z

Gy (W)= -Jmt coswt 4{ “dz
(1+22)*

(6]
NeLTANY
8 z° Za2
“?‘oﬁ‘z (ﬁle)"( eswidd
0

The inner integral may be evaluated (Bierens de Haan [h] Table
261, 2), p 383). The result is

(1)
\bN'L( zt iz
.8.3- (W)= =
2.8.3:12) Gy T ) (e 2\ [ 2 H 4Nt

2.8.3-11)
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This may be written as
z 1

where

283 Q= ' (242 —
e og (A4+2?) [ (1422)% ]

Since the integrand is a rational function, it may be eval-

nated by contour integration, with the result

2.8.3-15) @y (W)= _3_2[\’ 1*“*117- ! i]

It may easily be shown that 1lim &E>= l. For large M ,
2.8.3-16) g, = AXT._' w>o
This 1s a type of asymptotic behavior which no finite lumped-
constant linear system can provide. For such systems, the
high-frequency asymptote is always of the form ﬁ"\ , for
integer n. Equation (2.8.3-16) does not fall in this class,
Nonetheless, it is still possible to define the "break freq-
uency" as the intersection of the low- and high-frequency
asymptotes. This occurs at a frequency A\ = Ziﬁrﬂ = 3.174.
This break frequency still may serve as a rough measure of
bandwidth. The function §, is plotted in Figure 2.8.3-2.
It 18 now possible to see whether equation (2.6.3=39)
is satisfied. Substituting equations (2.8.2-17) and
(2.8.2-19) into equation (2.6.3-=39),

(3 1 (8
2.8.3-17) be(w):'%.ﬂ__ \ {mme-e\fh ZfN

2 4TNtwt

Simplifying this and cancelling terms,

—mn 3
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Al
2.8.3-18) be(m): T;L\\?m"[ 1*«%*‘““ w- - i:(

which agrees with the result obtained in equations (2.8.3=-12)
and 2.8.3-1l).

This shows that equation (2.6.3-39), which was derived
from Ty =T, , agrees with the direct method of calculating
be(LD). This indicates that one ot the conclusions of
Theorem 6 is true in this case, despite the fact that b(x)
does not meet the continuity requirements of the theorem,

The continulty requlrements are thus not necessary conditions,

In the Wiener optimum filter theory and elsewhere, use
is made of the idea that an arbitrary spectrum may be approx- .
imated by a spectrum which is expressed as the ratio of two
rational polynomials in kdz. This would be awkward for the
spectrum of b in this example because no such approximation

can have the correct high«frequency asymptote.
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2.9 Small-t Approximation of the Autocorrelation

Up to this point, formulas considered for correlations
and spectra were exact. We now consider a certain type of
approximation to the problem, The approximate results are
far easier to compute, and, as will be seen, they retain cer-
tain features of the exact solution,

In particular, we here consider app oximations to T¢)
vhich are accurate for small t. Correspondingly, in the
frequency domain the spectra G(wW) will be accurate for large

O ., We begin by observing that () may be expanded in a
Taylor's series on one side of the origin.,
2.9-1)  Tp({)= Tu(0) + T (01}t 3, ‘xx(O*\‘tz’f \x',:'(o*)ﬁ-- tzo
The general procedure is to approximate this series with an
expression which exactly matches a certain finite number of
the terms, and matches the remainder imperfectly.

Before considering these approximations themselves,
we note that the coefficients in equation (2,9-1) may be
evaluated by simple quadratures. By definition,

+QO
2,9-2) T (0)= sz% dx
<0

The first derivative may be obtalned by the following
process. Differentiate equation (2.6.2-5), and make use

of the fact that v satisfies the Fokker-Planck equation.
! T Uk s xbe) A
TXx ('\Z\: é))( F‘C 1V g ATS
‘0 Lz0

249-3)
Ly aU—‘\-b }dx

- g"bx

-0
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If v and %‘—: vanish as |x|+00, then thls may be integrated
by parts to yleld

i ¥ o)
2.9-0)  Tal®) == (600 wix,t;x6)dx, £20

Letting t -+ 0 in this expression,
A0

4+
/ "3 4
2.9-5) T (0Y) = = J‘X b(x)%()(\dx: N Sx &dx:-_&
& Z) X Z
The same process may be repeated. Differentiate (2.9-44)

with respect to time, make use of the Fokker-Planck equation,

and integrate by parts. Then set t = O. The result is

" ¥
2.9-6) T (o) = f o) ) d x
-©

Repeating the procedure once again, one obtains

(N mz
2.9=7) ”'(o'q:- % g(b') %0() dX

XX
-a
and so on to higher orders, if required. The point is that,

T.(m +

once fs is known, \,, (0 Ymay be calculated by quadratures,
provided b(x) is sufficiently differentiable.

2.9.1 The First Approximation

As a first approxlimation, let us consider an exponential,

2.9.1-1) ﬁ,‘(&‘) = he w st -00<t< 100
where | .
_ 4Q0
2.9.1-2) M= S x%&x
- '
" z
2.901‘3) A= gx’L&SAX' 114
-0 ‘
1
T (D _ N
209.1",4. X == "!'z';g - ‘é“&
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Expanding this expression in a power series, t O,

”~ - _ 1 2—13 ; ‘ Z
T = p( -k +%‘L 3 3¢ )Y+m

(&
2-9-1'5) - A‘\'m1~ AQ’L—\ A,% *—?"’ éfts +

This agrees exactly with (2.9-1) through the first two temms,
Furthermore, “(o*) T (0% A,(x(o") =T (0') « The first of
these staAtements implies that T;, has the correct total power.
The implication of the second will now be developed.

By a well-known theorem of Fourler transforms, (see, 6.ge.
Titchmarsh (48], Sect. 1.8), if T'bb(ﬂ 1s Ly (-00,+o ), then
‘3.1!:0 be(w) = O. To showmthat these conditions are met,
it is sufficient to show g\\"\,b(ﬂ\(\iGO. This cen easily be
done under the corxdi'c:lonso of Theorem 6, Section 2.6.3 if, in
addition, we assume that Iy {420, 0t <oo. It appears that
this is usually the case, and may be true in genéral, but this

has not been proved. Using the results of the theoren,
®© o, ' o ! 2
2.9.1-6) Srbbmcx&: [Rst = T = -Tute)= Y

The fact that tlim x,‘('() = 0 1s seen by substituting equation
(2.6¢3=30) into equation (2.6. 3-2)4).
Since lim Gy, (W) = 0, taking lim of both sides of

equation (2.6.3=-39) gives
. len W2 G (W)=
2.9.1 7) w-’w N -\—‘_

Putting 1t another way, for large W,
~ 1
2.9.1-8) G (w)¥ N

T (0) +\xx(0“)+ [_‘_—"&(Q_]. \.ﬁ”‘z__}{?
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80 %&ﬂ 1s the high-frequency asymptote, independently of
be Apparently the high-frequency spectrum is determined by
only the input noise and the integrator, The feedback b(x)
apparently has no effect.

This 1s perhaps not tbo surprising. The integrator in
the forward path of Figure 2.1-1 will attenuate high-frequen-
cles, Thus x would have a small high-frequency component,
and the same should be true for b(x). The input to the
integrator 1s n(t)=-b(t), and, for frequencies sufficiently
high, one would expect the contribution from b(x) would be
negligible compared to that from the white noise,

If the high~frequency behavior 1s in fact linear, it

leads to the conjecture that, for W sufficiently large,

the two block diagrams of Flgure 2.9.l1l-1] are approximately

equlvalent,
n(t) | o x n(t [ 1 d X
QA+3 > S A+s
2_5(x)
a) Prefiltering ‘b) Post-filtering

Figure 2.9.1-1 Alternate Positions for Low-Pass Filter
This tends to support part of the conjecture of Chuang
and Kazda (9] that if the input spectrum departs from constan-
cy only at very low and very high frequencies, it may be
approximated by white noise.  Thelr assumption appears sound
as to the high-frequency departure, but the effect of the

low-frequency departure is still an open question.
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At any rate, sinceiix has the correct slope at the
origin, the corresponding approximate spectrum G;X(u)) will
have the correct high-frequency asymptote.

Another viewpoint on the first apnroximation may be
obtained by minimizing E[E?] in Figure 2.9.1-2,
> - €

&>
B — 1 >» b
Y 8 x

Figure 2.9.1-2 Linear Fit of b(x)

We wish to choose C, and Cy is such a way that b(x) agrees
with b(x) as well as possible in the mean square sense. We

wish to minimlze
+Q0

2.9.1-9) ELE€] = g[b(x\- ¢, -Cx ] fsdx

-0
Differentiating with respect to Cl and Cp, and setting the

results equal to zero, one obtains

/ !
\ T 4
2.9.1-10) C.= M Ty (0 : Co= - ‘_QK(Q_\
A .
Ignoring the steady-state term, we now consider the linear
systen
n(t) + < 1 X
Y s

Figure 2.9.1-3 Equivalent Linear System
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From equation (2.,6.5-8), we see that o,
N o2 gl

vhich agrees with the first approximation, aside from the
steady-state term. The parameter X chosen fdr the first
approximation may be viewed, then, as providing a least-
squares approximation to b(x).

This approximation was considered briefly in this light
by Caughey and Dienes {7] and they call it the "best linear
fit using exact probability". It is very much in the spirit
of Booton's method (5] referred to earlier.

To review, then, the first approximation gives the cor-
rect total power, and the correct high-frequency asymptote.
We are in a sense approximating the random pracess x(t) by
an Ornstein-Uhlenbeck process.

To clarify some of these points, and show how well the
first approximation works, we apply it to the infinite-clip-
ping problem of Section 2.8. In addition, we will apply
Booton's method to the same problem.

For this example, fg is given in equation (2.8.1-3).

From this, it follows that
2.9.1-13) Mm=0

400
X% 20 2 (2%
2.9.1-1‘4) P\= j—ﬂ-zexvx— —— {dX: —N-ij e N (\X
~-®

(N

N?.
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N L
2.9.1-15) A= 7R° N

Accordingly, the first approximation for the autocorrelation

is
2.9.1-16) L (t)= ‘%_- e M

Making the change of variable %-“1= g , and normali zing

the magnitude, 2

2.9.1111)  x(8)= &
This is the approximate normalized autocorrelation, which
may be compared with the exact expression (2.8.2-10). This
is done in Figure 2.9.1-l}, where i1t may be seen that the
approximate result falls off slightly more rapidly than does
the exact.

The first approximate spectrum is obtained by transform-
ing equation (2.,9.1-17). ) ,

, ®© ¢

2.9.1-18) (W)= %of %Ae Neoswtdt = '%\:mr
Making the change of variable 2N2(u = I\ , and normalizing

against the correct magnitude,

\
?
Ay W
Yz
This is compared with the exact result in Figure 2.9,1-5,

2.9.1-19) @x(u\= ii’—

We have not yet touched on the problem of approximating
the autocorrelation and spectrum of b(x). Two approaches
suggest themselves, One continues in the spirit of Booton's

approximation in assuming that b(x) i1s also Gaussian and
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that b(x) may be represented by Cyx. In this case, the
spectrum of b(x) is proportional to that of x.

A more accurate method would be to treat x as a Gaussian
process, as Booton does, but put that process through the exact
b(x), and determine the correlation of the result. Adopting
the latter procedure in our sample problem, the calculation

to be made is the following:

vX(t\ J 5 b(x)

~ 4 -
T, D= —2— o N

=3

L (+4 %o
W= N A %<o

Figure 2.9.1-6 Approximate Calculation of Properties of b(x)
We need to find the autocorrelation of b(x). This is

easily done using the result of Lawson and Uhlenbeck 32

p 57 ff, who analyzed this particular b(x). They show that

-\
7\

: = (= S'W\-‘ e N
2.9.1-200 T (V=%
Making the customary change of variable, € = %z ’

A .o ~CEY

- ( = .Z_ S\ l@.

2.9.1-21) P (E) =

This 1s compared with the corresponding exact result, equa-
tion (2,8.3-8) in Figure 2.9.1-7). This approximation has
the correct property that ﬁiﬁoﬁ= -0 .

For other b(x), of course, other methods myst be used;
such as those of Rice[L41] and Middleton[40] .

It appears, then, that the first approximation ( an
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exponential autocorrelation) 1s a reasonably accurate one.

In an earlier section, we saw that 1f b(x) =3 x, the first
approximation gives an exact representation. We now ask
whether there is any other b(x) which gives an autocorrelation
which is exactly exponential, In comparing the two series
(2.9-1) and (2.9.1-5), we note that if Ta(l) is to admit of an
exponential representation, it 1s necessary (for the third

terms to agree) that

2.9.1-22) E,‘ 0*) = [RfoO*)]
ﬂbz N_A
YOQANE 4
2.901-23) S 400 2.
- J X dx - M

In thls problem, we can eliminate the mean value without loss
of generality. Accordingly, for an exponential autocorrela-

tion, it 1s necessary that

+00 A
2.9.1-2) quﬁ(\x J x*{dx = 5\—

-0 -0
By Schwartz' inequality, -

400 (A
2.9.1-25) [ Lﬁ&(\xn i\?‘&c\x} > [ -Snx b&(\x]

-

By equation (2.6.3=32), the integral on the right has the
value -N2/2, so

2.9..1-26) :?& Ax ?&’5 v 12N
[ Josa] ese]

Comparing this with equation (2.9.1-2) shows that in order
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to have an exponential autocorrelation, the Schwartz inequal-
ity must reduce to an equality. This can happen only 1if
b and x are proportional, i.e., b = B %5 B = const. If this
is the case, it was shown in Section 2.6.5 that T,“x(t) is
exponential.

However, there is no other b(x) which will give an

exponential T,,(t).

249.2 A Second Approximation
There are several ways in which we could proceed to
higher orders of approximation. For the second approximation

wWe use

~ - " Y
2.9.2-1) Tu(t) = mt4 Ao “‘t‘%u (Tor @) - Aat] (1-e™®) %

7 Ao

The form chosen here is somewhat arbitrary, but the motiv-
ating idea was to obtain an expression which would agree with
equation (2.9-1l) through the third term, while retaining the
generally exponential character of T}x . It may easily be

shown, by differentlating the above expresslion and letting

t - 0, that
2.9.2-2) T, (09 = Tiy (01
2:9:2-3) TN = T @)

In the same way, one could proceed to hizher orders. of
course, nothing has been sald about the convergence of this
process,

To find whether the second approximation is better than
the first, we also apply it to the infinite-clipping prob-
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lem of Section 2.8. In this case, it is easily shown that

~ 4 -\t B2
2.9.2-8) T,(0)= }%Q Fx‘z{ 1+4(1-e ° ){

Applying the same normalization and change of variable as

before
s -tgl ~2ig\2
2.9.2-5) [x(8)= € §1+ lz(i-e. €) ’{

Figure 2.9.2-1 shows the comparison between the exact
result T,(1) and this second approximation. The agreement
is rather good, and certainly a considerable improvement
over that of the first approximation shown in Figure 2.9.1-3.

The spectral density corresponding to the second approx-

Nb §i+ @(i-N%UQ\ %
T (14N W) (A+ N4t )(Q+ N w*)

Normalizing against the exact magnitude, and making the

imation is

2.9.2-6) ?;,u(uﬂ =

customary change of variable,
~ \ 24 (4- 10
” > (A4 %1) (1 + 2363 W)

This is compared with the exact result in Figure 2.9.2-2.

Once again, the agreement is good, and is an improvement
over the first approximation of Figure 2.9.1-k,
Apparently, then, the proposed form of the second
approximation works rather well in this example. We do
not know to what extent this conclusion may be extended to

other problems.
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2.9.3 Booton's Approximation

Booton's method [5) is the only well-known one for
calculating spectra of the output of nonlinear systems. 1Its
analogy with the foregoing has already been noted. Accorad-
ingly, we apply this technique to the infinite-clipping ex-
ample of Section 2.8, and see how it compares with the
approximations already considered.

It should be emphasized, however, that this problem,
being first-order and strongly nonlinear, may be expected to
place the Booton approximation in the worst possible light.
It is clear, as Booton himself states, that the loop to
which the method is a pplied should have heavy filtering of
the high frequencies, 1;e. be strongly low-pass in nature,

A first-order system affords the poorest possible fulfillment
of this requirement. The results determined here for the
Booton method are reasorably good, but they should not be
taken as an indication of its accuracy when applied to higher-
order systems,

To apply the Booton method to the problem at hand,

the system being considered is

n(t) ot 1
s

Figure 2.,9.3-1 Block Diagram of First-Order System
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We now assume with Booton, that the signals at all points
in the loop are Gaussian. If x is Gaussian, with standard
deviation Gy , then the "equivalent gain" of the nonlinear

bloeck is 2
Qo . S
2
{ YO € 2% dx
S0

\ \
2.9.3-1)  Ry= T

Introducing the pertinent b(x), which is given in eguation

(2.8-1), the equivalent gain becomes
2

e (O e
2.903‘2) h = [ KQ X C\X
> W

This integral may be evaluated (Bierens de Haan (4| , Table

81, 5), p 122) with the result
\ 2

20903"3) Rb: '6.; 'i-"‘-
We now consider the "equivalent" linear system
n(t ol A
4 s
kb —

Figure 2.9.3-2 Block Diagram of "Equivalent" Linear System
The overall transfer function would be

X(5)
2.9.3,).,.) ——S— = ._.\.._
NG stk

Then, using a well-known result for linear systems,(see e.g.
Laning and Battin [31] eq. (5.3-12), p 197) the spectrum of

x 1is
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2

A ! Gnn(w)
- = |—— 1Gpa (w)= 200
2.9.3-5) Oy (W) 50.)-”?5‘ nn z, \z&

where Gnn(u)) is the spectral deasity of the input noise n(t).

It 1s now necessary to determine G, (W) in the spectral
density units belng used here.

This may be done by noting that the autocorrelation of
thé noise has been taken to be

2.9.3-6) T, ()= N &)

If this 1is approximated by an exponential,

[NIE))
NLo
z
' t
Pigure 2.9.3-3 Approximate Autocorrelation for White Noise
~ “2& -altl
of the form T‘“n(ﬂ:_z— (=} » then the approximate svectrum
is
®
2( -t (3
~ N 0( N
2.9.3-7) - AN J coswtdt =
Taking the 1limit as OL» 00 gives
7z
2.903-8) \: _bx_
Substituting this into equation (2.9.3=5) yields
N’L

2.9.3-9) (W= H??'
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Integrating over all frequencies to get the total power,
?

2.9.3-10) Tr = S%xx(w\ Aw = N
* [ ] o Zhb

This equation may now be used, together with equation (2.9.3-
3) to determine the "operating point", The result is

4

2.9.3-11) t= TN
4

2.9.3-12) Ry = %Nz
from which (2.9.3-9) gives

A New L
20 [ ) -1 6 (\U\z -
The autocorrelation may be determined from this by the

relation

@

A
2.9.3-1%) T, (1) = S Bl @) (03w Aw
0

and the result is

A A -
2.9.3-15 T, = NTe
)

Qualitatively this spectrum and autocorrelation behave just
as do the comparable quantities for the aonlinear system.
For this reason, it is possible to normalize them in much
the same way. If, then, we make the substitutions

t _
2.903"16) -Z"’N»L— E

‘ (2

2,9.3-17) (A WUERTN
and if we normalize the magnitudes of the two functions

against the magnitude of the exact results, then
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a
A T o 7' €
“Z
_ A W=z 5
2.9.3-19) Uy s _P}uz
o

Sx(g)is not a normalized autocorrelation because wheh E=0,
zL(i§ does not equal unity. The reason is that the Booton
approximation gives too much total power in this case,

The functions above may be compared directly with the corres-
ronding quantities derived from the exact analysis. This
is done in the two figures following.

While both spectrum and autocorrelation have about the
correct shape, the total power is about 50% high, so both
curves lie above the correct ones. St111, the Booton approx-

imation does predict the correct trend with input amplitude.
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2.10 Other Approximate Methods

To determine spectra and autocorrelations exactly, it is
in principle necessary to obtain an exact analytical solution
of a parabolic partial differential equation, This solution
must then be integrated with respect to the space variable,
It 1s to be expected that the number of cases in which this
program can be carried through (in closed form) is small
compared to the class of interesting problems.,

One is naturally led, then, to consider approximations
of various sorts, either analytical or numerical. An exam-
ple of the former was considered in the previcus section,
He;e we discuss, in a largely qualitative manner, certain
other possibilities.

The first 1s that of numerical solution (approximation)
of the Fokker-Planck equation. The theory and practice of
numerical solution of parabolic equations is well-advanced,
though possibly more attention has been given to elliptic and
hyperbolic equations. At any rate, we do not discuss these
matters here other than to point out one special problem,

This 1s the fact that the space variable has an inf-
inite range, - <x<+00. Numerical techniques cannot
treat this case directly. It is necessary either to trun-
cate the probem in some way, or to map the infirite range
into some finite range.

As an example of the latter, consider a new space var-
iable z(x) where z is a unique invertible function of x.

The Fokker-Planck equation may be written in terms of z.
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2.10-1) %’E %\Z[Zm %_zz?’;'z +z”<36iiz'] + Z'é)i[h(z)v]
where h(z) = b [x(z)] « As an example of the type of
mapping we want, let

Z= tan'x
2.10-2) { tanz = X

In this case, (2.10-1) becomes

2.10-3) L= N;cos“a 5_2_1’2 +[<°Szi\ﬂ(i)-stmi<053'Z]%
N oz + (512 WU
The range -0 <x< +m® has been mapped onto —%T < z(f% .
The transformed equation is a singular one, 1.e. the coeffi-
cient of <£l§ vanishes on the boundary of the region. Feller
[18] gaveoihe theoretical basis for treating such boundary
value problems, but they are still somewhat unusual,

Rather than make numerical approximations to the real
problem, it may be possible to generate other stochastic
problems which a pproximate the real one in some way, and
solve the approximating problem. For example, Brownian
motion (the Wiener process) may be viewed as the limiting
case of a sequence of discrete random walk problems. It is
natural,then, to expect that solving a discrete random walk
problem which is sufficiently far in the sequence would per-
mit approximation of the Brownian motion to any desired
accuracy.

We do not develop this approach in detail here, but 1t
seems clear that if both time and space are quantized, it is

possidle to develop a Markoff chain problem which may be
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treated by well-known methods, These methods are somewhat
simpler than those for continuous-parameter processes, and
are well-suited for treatment by numerical means, e.g. matrix
multiplications,

In any event, it appears that practical coﬁputation of
spectra will require some sort of approximate approach, and
such approaches should be studied, their errors and conver-

gence investigated, etc.



CHAPTER 3
SECOND-ORDER SYSTEMS

We now tum to consideration of certain classes of sec-
ond~order problems. A number of new practical difficulties
arise, but conceptually, the relation between first- and
second-order problems is quite closs,

There are few rigorous results available for the second-
order case, though some second-order problems have been con-

sidered heuristically. See, o,g. roferences [9],[3@ ,[Si].

3.1 Statement of the Second-Order Problem

The class of second-order problems we choose to conslder

1s defined by the equations

X = ?(x,q)mn(t)
W= QUX,Y)

where n(t) 1is white Gaussian noise and P and Q are functions

301"1)

whose regularity properties will be discussed below. This
is a time-invariant second-order system, and with appropriate
conditions on P and Q, it 1s reasonable to expect x,y to be
a two-dimensional Markoff process. It also seems reason-
able that if P and Q satlisfy Lipschitz conditions in x and
y» that unique solutions of (3.l-1) will exist. It seems
probable that the Lipschitz requirement is ﬁot a necessary
condition.

If P and @ are once-differentiable, the Fokker-Planck

equation for this case 1is (see, e.g. Lévy 134]p 89)
_ 0F _ N _ :
3.1=2) -25_{'- 7a— -5;7_ Bb)'([-\)(x,\.&) ‘;_l -OT&[&(X,\-S)‘G‘]

105
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The function f is now a two-dimensional conditional density
function f(x,y,t1x43¥,)s It is the bivariate density at

t, given that x(C¢) = x,, y(0) = yo. Accordingly (3.1-2) is
to be solved subject to the boundary condition

3.1-3) fx.y, 0 7 60=x) (Y-Y,)

This assumes P and Q are continuous and differentiable every-

where.

3.2 (Cross-Correlations in the Second-Order Problem

The type of correlation problem we consider may be

represented in block diagram form as shown below.

1 ' —
S RO
P(x,y) p Q
Ty I I q Fxy)
S
Q(x,y)

Figure 3.2-1 Block Diagram of the Second-Order Problem
The task, then, is to determine the cross-correlation between
the random processes p and q.

The steady-state density fs(x,y) is now much more dif-
ficult to find. If, for example, we set g% =0 in (3.1-2),

we must solve the equation ,
N s - AT 9 -
3.2-1) 7 &"i 6)-‘[1()(.&0%] E—\AQ(Y'\))“S] @)

subject to the requirement that
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3.2-2) ffz(x,q\ dxdy= 1

This i1s a partial differential equation rather than an ordin-
ary differertial equation as in the first-order problem, It
has not been solved in general, though we will consider later
its solution for a certain class of P ard Q.

Further, we do not know the conditions on P and Q which
assure a non-dispersive steady-state. We will have to rely
on physical intuition for the time being.

At any rate, assuming that f. (x,y) exists and is known,
the cross—correlation between p and q will be

3.2-3) Tpe(l)= “Hp(xo,t{\o)cg(x WX, Yo) £0xy, Lixe, Ue)dxdydedy,

>0

3.2 Go(4)= gggjcb(xo U POXUY £, ol €0,y 4 Ve, qdc xdg(\xcc‘qo

-00
These two equations permit complete determination of the
cross-correlation with the aid of ‘}%({)zf%d.t\ .

It is possible to simplify these expressions in the same

way as in the first-order case, Define
: 10
3.2-5) vyt p{s\ = gS'P(Xa.L&o\ HTAN {(x"—&x'u'\t‘f\k\d’(od\ﬁo
-0

It may be shown as before, by direct substitution, that this
quantity satisfies the Fokker-Planck equation

ey N w2 |Ru] g lav]

subject to the boundary condition
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.27y Ulxw,0; pf) = POWIK(LY)

Using this expression, equation (3.2-3 may be written

A0
3.2-8) Tog(t)= SS%(X.MU()(.L&,{;QQS\AX(\W t20
-0
In an entirely aralogous way,
4 00
3.2-9) T?tp(ﬂ=_£§©(x\%\ﬁ<¥»q,{;%(53(“&&1 120

where v(x,y,t;qfs) is the solution of (3.2-6) subject to the

initial condition v(x,y,03afg) = qfgq.

These are the general relations from which a number of
useful special cases may be derived.

[

Case 1: p = q In this case, the problems for o and4r%P

are identical, so only one need be done.
100

3.2-100 T(D= Tol-1)= [ o) vixy 4 pfs) dxdy 420
-00

where v 1s the solution to the Fokker-Planck equation, subject
to the initial condition v = pfgq.

Case 2: Autocorrelation of x - - In this case, p=gq=x .
10
32411 o= Tl {{x vl X6 Mdy 420
-®
Case 3: Autoccrrelation of y - - Let p=g=y.
+Q0

3.2-12) TCM(H:'QU)(-U e g ubv(x.q,t;qm dxc\u) 120

Case 4: Cross-Correlation of x and y - - Let p=x and qg=Yy.

3.2-13)  Wwyi)= gqv(x,xs.{;ﬂﬂc\y(\% {20

»
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3.2-14) .T‘%x(th SE?U(x\q.t; uisxdy Lzo
Case 5: Autocorrelation of P = - Lt p=a=P.
3.2-15) Tpp (B = Top(-t) = H*P vyt PAy) dxdy 420
Case 6: Autocorrelation of —:0 o - et peasa
3.2-16) T (1) = Tael-1) = §§®U(x.q.\ Q6 dx dy Lzo
Case 7: Cross-Correliiéonvzz P and Q - - Let p=P and q=Q.
2 T D= ([aUGu P& dedy 20

e
3.2418)  Tp (1) = ([Poutut ;Q&My(\q t>0

-®

3.3 Example 4: A Linear Second-Order Problem

To 1llustrate the application of this method to a second-
order problem, we consider a case in which the answer is
known., We wish to determine the autocorrelation of y, where
y is the solution of the second-order stochastic different-
ial equation
3.3-) ey 4py s nd)
where a, 3 are positive constants, n(t) is white Gaussian
noise of magnitude N. If we define §=x, then this equation
may be written
3.3-2) ) =-C\x—(3l5+‘f\(ﬂ
3.3-3) W= X
which 1s of the form being considered here, with
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P -ax-BY
3.3-4) Q= X

To determine fs(x,y), the steady-state distribution, we use
(3.2-1). We need to solve

3.3-5) %3 %{a - g—([(ox*(sq\(s] _&j[x%] 0

100
subject to the side condition ( sdxdy = 1. It may easi-
-Qo
ly be verified that the desired distribution is

-

2 1
.3-6 ¥(Y,3=ﬂ@—6x§-(lx-& 7\
3.3-6) SWy= T @04~ & A% Y
It 1s now necessary to solve the equation

330 s %6031 a[mwng] XU']

subject to the initial condition
3.3-8)  U(xu0; 48 7 uisony)
For this problem, we restrict ourselves to the overdamped
case: (_f>1 . To completely solve this example would
require study of two additional cases: § = 1 and 0<g<K1.
To show the workability of the method, it appears sufficient
to show agreement for only one of the cases.

The solution of this boundary-value problem is given in

Appendix C. The result is

ML A Mt Ad
3.3-9) vix, Y tukd = iﬁ%‘_‘i(e M Ixk(AETI) € \Lﬁ

e
where Wy (3" Nzl -8 U)  Aes w««(-g-\lgz-\\
Now to determine I@#{\, we substitute this result into
equation (3.2-12).
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+Q0
b= gg g Uty ) drdy

:gﬁ%gi_(,%y[( MU M e ‘MC\XA“\
AL

3.3-10)

At GM. 1o

Xlk \\*GD
iixu) 7 q\(\w\k\+ A& Q}\\-‘ izé -g\ﬁs (\xc\t‘

e

The first term vanishes because of the even symmetry of fgo

Since fs is separable, the second 1ntegra1 may be separated.

| )\zt ax A%
3.3-11) \‘ZN(’(): A . )\z’e 3\1\;[ AX][ Lqe N %\g]

Evaluating these integrals,

7 At

N _(he™ ke
Bwn €\

which is exactly the same as the result obtained from

)\\t\

3.3-12) Ty (-

conventional filter theory.

The corresponding spectrum may easily be shown to be

&
3.3-13) Gy, (W) = N
H (N @Ay twt)
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3.4 The Second-Order Problem with Discontinuous P(x,y)

It would be desirable to relax the continuity require-
ments on P and @ iIn a manner analojous to the way in which
discontinuous b(x) were treated in the first-order case.

We retain the requirement that Q(x,y) be continuous and
differentiable everywhere, but broaden the class of P(x,y)
to include functions which are continuous and differentiable
everywhere except possibly along the line x a h(y), where
h is a éingle-valued continuous function for all y. Along
this line, a finite discontinuity is allowed.

The derlivation here follows quite closely that of Sect-
ion 2.7« We are now concerned with the bivariate density
function f(x,y,t), which is assumed to be once-differentiable
everywhere, We consider a class of functions §(x,y) which
vanish outside some finite rectangle, are thrice differentiable,
and whose third derivatives are uniformly bounded in both

x and ye. This means that there exists some K >0 such that
) t Now defin
B 1B aC e on sarin

34-1) M= Blaoa] = ﬂ&(n&‘) oy, t\c\xc\\\

We will calculate the derivative of M in two different ways.

s W= & (el = € [§ 0]

The first method is easily done,

3-3) M@)= §S Qo) & 2 fouy by dwdy
0 QQ']

To calculate EY%QX we will actually calculate E {bkqx) OL
by inverting the order of limit and expectation. We will
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use
L

, 1Y) ]
3kek) M (t\ = Q{-;o [ At
Expanding Q 1n a bivariate Taylor's series, it may be shown

that
A L o0 A 2q (b, zbld) Axaq oq (0
%% 'Q Ext 'BJ' § XKt AL | 75&”
3.4-5) 3
I —\é [ gezmxmu, ) geggzmg) t O (_1%3

wvhere (6,141,141 =1,2 ,3,4, Now integrate equations

(3.1-1) over a finite time increment from t to t + At.
Wt SEY N

3.4-6)  DX= f?mq\c\i 4 SNQ(\&
t L

1AM
ey DU | QAL
4

The second integral of (3.4-6) is a Caussian random variable
with zero mean and variance N2A t. We call this integral
bn. ThenE[an) = 0, E(an?] = ¥ ¢, E[an3] = 0, ete.

It may be shown that %
3.4-8) ax= Do) +An + 0(0L™)

S
3.4-9) b= QULYOL + 0(BL™)
where P and Q are evaluated at the beginning of the interval.
This may be seen by expanding the integrands in a Taylor's

series about the initial value. Where P is differentiable,
B taat

3.4-10) J?(X\Q\M’- H u’(ﬁ\&)) 3 (y- ya)&‘ (e Q‘)OP \ 'g

k t %Y



1,

tant taat .
) of -YXd
tE(x it + S \"'M\ S YU

where x  and yo denote x(t) and y(t), while

X,= X4+ C X
0¢6C4¢1
Q\? Qo‘\ (\bq

The partial derivatives are finite for points not on the line
of discontinuity. The quantity (x - x,) is O(Vb't'), and

3.4-10) = P(X,U) O + Qf—”
o T= O»L&U oxx

[} ] )

3.4-11)

ihtegrating it over and interval At gives a result which is
0( ht;&). From this type of consideration, equations
(3.4-8) and 3.4-9) follow.

Substituting equations (3.4-8) and (3.4 -9) into (3.4-5),
and taking the expectation of the result, passing to the
limit as in equation (3.4-4) gives

sz - ef = ([ 240 R RTERIE

If it were not for the discontinuity of P, this expression
could be integrated by parts, and equation (3.1-2) could
be derived by equating the result to eguation (3.4-3).
Because of the discontinuity, however, we proceed differently.
For example, consider the first integral of equation (3.4-12),
A QO {a0  _+0O
P O dudy - [y [ o0 dx
X dx
-0 -Q0

-0

__ [\}\U (-MAXJr P?%QM}

\«q)
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h(y)

+©
4o N
3.4-13) =_Ld\})§ P{Q \“Lﬂ ’>£(Q\ ~ L %Qﬂ&x :‘L:de\:ﬂ]éy.i

Proceeding in the same way with the other integrals, and
equating equations (3.4-12) and (3.4-3), it may de shown

that 400
f&%‘[%%ﬁ' *\(M [1«_64 N]h(q)\(\u)

400 \'\(\\\ .L ()‘_
of
) g@ -2 e ety T G i

LM \-£%]-¢ [QHH‘} -& (=0

In order for this to be true for any (Q in the class con-
sidered, it is necessary that

L |
3.4-15) {%_}gi ‘?Q]\\(\%\ [&' ?&L\(Q’q g all y

1 e x> \

3.4-16) %'{ 2 Cdx’- GXY?{] 5%5 QQ] x< ‘f\(qq\
The Fokker-Planck equation holds except on the bound-

ary, and there the cortinuity condition (3 4 15) holds.

If, as we assume, f is continuous everywhere, EX must be

discontinuous across the boundary, if f £ O. If £ = O,

then %f must be continuous.
X
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3.5 Relations Among the Correlations

As in the first-order case, we are abie to derive re-
lationships among the various correlations present in the
system, using the Kolmogoroff equations, We consider now
the bivariate transition density function fr(xlyl;xz,yz,t)
which is the density associated with having values X1,Yq at
a Certain time, and x,,y, at a time t seconds later (station-
arity is assumed). This density fy satisfies the divariate
forward and backward equations of Kolmogoroff. These may
be derived by standard methods (see e.g. Bharucha-Reid | 3}

p 160) with the result

A
305"1) = N— b€T P 1) A
bt t (X q)% +Q(Xng\3(3‘

3.5-2) -61 > %(: a [D(Xz\l.&)Q] & [Q(Xu z)c'[]

(3.5-1) 1is the "first" or "backward" equation. (3.5-2) 1s
the "second" or "forward" equation, which is identical with
the Fokker-Planck equation which has already been derived.

If we wish to find the cross-correlation between two
random processes p(x,y) and q(x,y), the formula is, by anal-
ogy with (3.2-3) and (3 2-4),

1.5-3) TgD)= “YKQ(X.‘Q)cb(xz,qﬂ&(x\,tp{ (x\,q.,xz,qvt\dxdq.

120

+00

350 T(4)= ggs 4014 ) 906, Y s (U (y‘,g.;xlﬁzuem@z

Now note that (3.5-3) may be written in two different ways:
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A

100
35-5) The (1)- ([ox g 080 £ (x,4) g%(xz.qﬂ £ (X\;%Xz\t.ﬂc\x{\.)z

o0 -0 20
1@ 00
3.5-6) Tig (D)= ﬁ 6 KLUk AY, ﬁo(x.,q.\&(x. Mo 1004, 642, Ddvdy,
- @ =0

If we now define
100

3,57 WK,y O (Gl (g0, Ddndy,

£OO

305‘8) v (X’l)\%l)t; Q(S )= SJ P(X\,Q|\£S(XULJ|\§T (x”g‘ ; xz,gz;i)c\xudQ‘
-0 20
then it may be shown by direct substitution that u and v

satisfy the first and second Kolmogoroff equations respec-
tively. Further, u(xy,yy,03a) = q(xq,y;) and v(x2,y2,0;pfs)=
p(x2,y2)fs(x2,y2).

Using these facts, equations (3.5-5) and (3.5-6) may be

written
$1Q0 :
3590 GO [y lony)uiny, 1 gldndy, , teo
-00 |
100

3.5-10) Rct (1) = SS%(XUL}DU(XLL&,{; p(s Y, C\t:\g , 120

The second of these is identical with equation (3.2-8). The
x's and y's appearing in these integrals are merely dummy
variables, so the subscripts may be dropped.

We may apply (3.5-1C) to calculation of the autocorrela-
tion of y.
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4+Q0

151 Ty ()= [ yueyi;yf)dndy veo

Now differentiate, and use the "second’ equation,
10

3.5-12) T"SLS ()= _Sé\&i P; bb;f?' - 2{2v]- \SLQU]K c\s«\L\

Integrating by parts,

0
3.5-13) ()= “@U(Y.q‘i;Lﬁs)c\X(\u)rEQ(ﬂ t20

Alternatively, we could use (3.5-9) to compute 1;qtﬂ.
100

3.5-0) Ty ()= %S‘ﬁ% Wiyt u)dxdy t20
-0
Differentiate, and apply the "first" equation.

3.5-15) R‘\;(ﬂ ng&% 231“ +?5“ *Qéu zC\X(‘\L\

Integrating by parts yields

Ty &) = Q) Wy w %fz 6)([?(51 {Q gs‘]{AyA%

- Sﬁ; (alry i, q)c\w\uS

-®

3 05°16)

According to equation (3.2-1), the§‘1 expression in the
first integrand is zero. Accordingly,

3.5-17) Ty 'ﬂG‘(s\l(Y.q,{;L\)c\xM:—TZQ 1) Lo

-
Comparison of this with equation (3.5-13) shows that

3.5-18) T V= -T2 (\\ k20
Since it 1s always true that Toy V)= g ! 1) , we have
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35:19) )= -Tig(-H)
and the cross-correlation between y and Q is odd-symmetric,
In order for TQQ to be continuous, then, it 1s necessary
that T“QQ(Q\ = 0, from which it follows that
3.5-20) TyH= 0

By a computatlion exactly similar to the derivation of
equation (3.5-17), it may be shown that
3.5-21) Ty =-Tee &) |, t20
Differentiating equation (3.5-13) and substituting the above
result, one obtalns
3.5-22) Ty (B =-Tge) |, 20
and an analogous procedure may be applied for t £ 0 with the

same result. From this we see that

¥

with the equality holding only in the trivial case @ = O,

+D
3.5-23) T (oY) = - “_QZ% dx c\gs 40
-

In any other case, Y\\;\;(O*RO .

Equations (3.5=17), (3.5=19), (3.5=21) and (3.5=22)
can be derived from general properties of correlation funct-
ions 1f it is assumed that y(t) is differentiable in mean
square. | In this case, we can apply Loeve's general formula

({36\ p 471) which, in the stationary case reduces to

™ e
3s-2) E §yMem W \("ntﬂ = (-4 \%\;\*m(t)

Use of this formula with y' = Q will give the results named
ahove,
In these equations, derivatives are understood to be

right-hand derivatives,
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3.6 A Subclass of Second-Order Problems: Kramers' Equation
Rather than pursue the general case further, we now
confine our attention to the subclass
% P(X.k&)'—' -(lX-b(kp , A= onst >0
QYY) X
The set of equations 1s then

g L= - 6x - b(y)+ ")
&= X

which may also de written as the single second-order equation
3.6-3)  (+Ay+ bly) = ()
which was considered by Kramers [30] . The Kolmogoroff

3.6-1)

3.6-2)

equations become

7 1\ a{
oty - N %%_{oxw(q\] €_>§.;‘+ Y‘an.

3.6-4) YR

o - N 0% +&§[aqu>]£5 x s

3.6-5) 2 2 GL‘
Setting <%% = 0 in (3.6-5), the steady-state solution may
be found to de
le GRY)
3.6-6) SCANE
wvhere
o o)
3.6-7) B(y) = mfb“é)di
A0 Aley
et a¥Y) S -aBy)
N - !
3.6-8) é’ = SSQ A"A“) =N @ 4y
e - -

Since we are concerned with second-order properties, we say

a function b(y) is non-dispersive if
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J'a; —GB(QQ r® _ng\
3.6-9) y e dy < o | NS dy <

- -0
This is exactly the same condition as in equation (2.5-10,11)
for the first-order problem, The sufficient conditions
developed in Section 2.5 may accordingly be carried over to
this case without cﬁange.

Applying the results of the preceeding section to this

case, we have:

3.6-10) Ty ()= -T(@)  -0<t ¢roo

3.6-11) qug ) = () t20

3.6-12) Tux (1) = ‘T‘ay(‘ t) (rirnt-hand derivatives)
3.6-13) Tyy (0 =

Taking advantage of certain properties of Kramers' eq-

uation, we may proceed further. By equation (3.2-11),

100
16 Tl = {[xu g s xfsYdxdy 42

-0
Differentiating,
/ 100 1~d -
3.6-15) Ti, (1) = ij%l“-z— —0%1 %[(oxfb)v] X idx(\us
-

Integrating this by Pﬁ§}39 it may be shown that

3.6-16) .vx;m:-“(Gx&b)U(Y\q.{;x&\dy&\{rT‘xe(t\
-0

3.6-17) T ()= - 0T ) - 1) 120 |

Using v(x,y,t;bf,) in the integrand of (3.6-14), and pro-

ceeding in exactly the same way, it may be shown that

3.6-18) T @A) =-aT,A)- T ()
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T};Gj may also be calculated starting from equation (3.5-9).
1@

3.6-19) Rx(ﬂ‘-‘“XQU(X,q,t;x\c\w\x\ ‘720

Differentiating,
+00

3.6-20) Ty (1) = SSx{S?b\;Q}*L [ax&b]akx Xaugc\u\\\
-

Integrating by parts yields

T D)= Sfm% 06 4 & [onbs]- xbﬁs‘zc\xdg

1Q0

3.6-21) . “uiz %fsx &z}* fsoxab) K(\w\u)

-0

The z{ expression in the first integrand is zero from the
properties of f,. Differentiating (3.6-6),

C)CS— -'ZC\ Xcg

3.6-22) ax Nz

Substituting this into (3.6-21), it may be shown that
3.6-23) T (1) = -6 Do) T, () 20
Comparing this with (3.6-17), Ti, (D==T(t) so TL() 1s
odd-symmetric and TL{O\ = 0.

By using u(x,y,t;d) in the integrand of (3.6-19), w
may show that
3.6-24) T(1) = - 6 T (D) 4 Ty 1)
Differentiating (3.6-17) gives
3.6-25) T ()= - QAT - T () 420
Substituting (3.6-17) and (3.6-24) into this,

3.6-26) T (1) = 6 T 426 Ty ) - Ty 1) 120
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By use of these formulae, it is possible to deduce most
of the correlations in the system by differentiation of T%(ﬁ
From the fc;regoing, we may show the following:
3.6-27) Ty (= Tyy(1) 20
3.6-28) ()= - \15({\ -0< <100
3.6-29) e = - () 1 a “M @) i2o
2.,6-30) T, () = '*““m -20. Ty, (D4 o' Tyy @) 170
If b is a second-order process, this implies the existence
of the first four derivatives of Ty(il

Using these relations, it is possible to make statements
about the high-freqﬁency spectra of x and y. The definition
of the spectral density is |

®

3.6-31) - Gl)= %'g\—'(ﬂcosw{(\{

o
1t TAEL 1o then integrating by parts,

3.6-32) Cj(cm* gT(Usmw\\ JT(Hsmwt(\{§

The first term vanishes at both limits. Integrating by

4
parts again, and assuming T '(00) = O,

' © - -
3.6-33)  Gla: -& 15—?23 —G‘)z% ST‘"({)(osw&c\{
4]

If T"(O*)exists, this process may be repeated to give

—(3)

@
3.6-3) 6 =-2 TN LT L4 L (T oswt et
O

This may be carried on as long as the T‘ @3 which appear

at each step are finite, and T“m(oo‘) =0

Now we consider the high-frequency behavior of x, From
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equation (3.6-33),
08
3.6-35) () GeplW)= - Erion- % T (1) cosuut &%
o

If all signals in the loop are second-order processes, we see
from equation (3.6-26) that the integral must approach zero
as W+ 00, Accordingly the high-frequency asymptote is

/
~ _ 2T, (ot

The derivative may be found by letting t+0 in equation

(306-17) [
O

' 1 (3
3.6-37) T (0N = =0 TLx(0) = - G H Fhxdy = - “Z
-00

It follows that, for large W,
3.6-38) Gy (00 Hi%l
Note that this asymptote 1s independent of b,
The high-frequercy behavior of y may be deduced from
equation (3.6-34),
3.6-39) Guu(w)=-% T ?Slzf\ 1 2} osatdd
L (Vi o 4
By equation (3.6-13), the first term vanishes.

=

3.6-40) W 6%((»\- ”“M (oM W2 SKN m(osw«c\&

By an argument similar to that preceeding equation (3.6-36),

the integral must approach zero as w+m Accordingly, for

large W , (3)
\
3.6-41) Gq\.\(\m* = “‘M (0

Differentiating equation (3.6- 10),
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1) = - T 1)

\WW .
— (3) !
3.6-42) Mgy @)= -Tl (N = &
so equation (3.6-41) becomes
b(L
3.6-43) 6\5\5(&): 1’.;-(”4

independently of b,

The example of Section 3.3 is a special case of Kramers'
equation with b(y) = (2 y. Note that as w+o 1in equation
(3.3-13), the spectrum approaches the above asymptote.



CHAPTER 4
SUMMARY AND CONCLUSIONS

In the foregoing chapters, a number of questions have
been considered, and a number of particular calculations made.
At this point, we review these efforts briefly, to indicate
which appear to be the most important, and whiech appear to
be original with the author. |

The major objective of these studies was the elucidation
of methods for finding the spectra or correlations of the
state variables of dynamic systems which are driven by noise.
The only previous efforts along these lines are those of
Tortrat [)9] and those of Caughey and Dienes (7] which were
discussed earlier. The present work is very much in the
spirit of that of the latter-named authors, but goes dbeyond
their efforts in a number of directions.,

The fundamental equation which is used to calculate the
autocorrelation was given by Caughey and Dieres for the first-
order case. Extension to the second-order case 1s new, but
quite straightforward. Recognition that inner integrals
in these expressions satisfy the Kolmogoroff equations appears
to be original, and is of the first 1mportancé in simplifying
either analytical or numerical computation of the correla-
tions. From the practical standpoint, this is probably the
most important new idea presented here.

The consideration given to discontinuous terms in both
first- and second-order equations appears to be new. While

not rigorous, 1t does serve to suggest a solution which fits

126
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&ll the known facts, and appears to be a reasonable one.

Wi shner [56] ,[55] obtained the result in the first-order
case, but his derivation is extremely sketchy. He 414 not
consider the second-order case at all,

The proof of convergence of the first-ordér distribution
to the steady-state distribution is new, though the result
had been obtained by Mandl(}?] .

The derivative relationships among the variocus correla-
tions in the problem are believed to be new in both first
and second-order cases, and they are of considerable interest,
both practically and theoretically.

Asymptotic results on the various spectra are new, for
nonlinear problems. The small-t approximation for the
first-order autocorrelation is closely allied with some of
Caughey and Dienes [7] work, though a mueh more thorough
consideration is given here,

There are several examples included in this work, but
only one of these cannot be treated by older methods. This
is the discontinuous b(x) of Section 2.8, This problem was
treated by Caughey and Dienes { 7] s though they calgulated
only the spectrum of x. The spectrum of b(x), with its
unusual asymptotic property, is new,

The remaining examples are included for the purpose of
showing that the methods developed here do at least give the
correct result in those problems for which the answer 1is
known, |

There are numerous possible extensions to these studies
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in addition to the obvious one to higher-order systems.

First of all, some additional examples, especially of second-
order problems, would be useful, The problem is one of
finding cases for which the Fokker-Planck equation can be
solved analytically. No thorough survey of the possibilities
has been made. If this were done, it seems certain that a
number of soluble cases would de found.

Departing from exact analytical treatment, there are
numerous possible approximation techriques, both analytical
and numerical. One which 1s particularly interesting is the
idea of a perturbation solution for problems which are al-
most linear,

Also, one might try quantizing the problem in some
reasonable way so that a Markoff chain problem would be gen-
erated which, in some serse, approximates the continuous
problem, Practical Markoff chain computation should be
much easier than the corresponding calculations for the con-
tinuous case.

It should be quite feasible to develop a small-t approx-
imation for the second-order problem in much the same way

i1t was done here in the first-order case.



APPENDIX A

SOLUTIONS OF THE FIRST-ORDER FOKKER-PLANCK EQUATION
WITH b(x) = g x

In Sections 2.6.5 and 2.6.6, solutions to the equation
were required for each of two initial conditions. In this
appendix, we give the method of solution for the two cases,

We define the Fourier transform of v(x, t;g) by
100

en V)= fuatige ! ax

-0

Transforming the subject differential equation ylelds
2
a\l c\v_ N~ e
- + R M = -N WV
A-2) f3 >

This is now a first-order equation, and may readily be solved
by the method of characteristics (see, e.g. Goursat (21]
Vol II, Part 2, p 214 ff). The equations for the character-

istic curves are

A-3) dt . de . &
A N, 2

B S 1A

These equations lead totthe first integrals
Ny { ne *t-c,
A- .,
N -C
\!expf 7./&{ %

The general solution is

Al
A-5) H[uep \)pr{'\glg {] =0

where H is an arbitrary function of its two arguments. An

acceptable special case 1s

voglue™) e [ N <o

129
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from which is follows that
-6t N
A-7) V = nePt) exey -
where ¥ 1s an arbitrary function, It is determined by the

boundary condition.
The boundary condition for the first problem is given
in equation (2.6.5-3). Taking the transform of this equa-

tion gives

SRR 7,2
- 0.0y xf) = - WN o0 WU
a-8) V(N s ) 2% xP§ is %

Setting t = O in equation (A-7) and equating the result to
(A-8) permits determination of the function 'y . The complete

transformed solution to the first prodlem is
| ot -(51. 2.2
EIRNTETR S TA T L ¥ AT BN
73 AR
It remains only to take the inverse transform

100 XM
A-10) U(x,t;x(s\:zlﬂg Vi doxk)e du

A-11) U( )(\{;X(Q: \]hﬁ.:;xe‘ﬁkgxp g_ %’L.{ |

This Is the solution to the problem posed by equations
(2.6.5-2) and (2.6.5-3).

The second problem involves the same partial differen-
tial equation, but the boundary condition is now equation
(2.6.6-2), Transforming the latter, the boundary condition

becomes
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| -Xu
A-12) \J(U.0,0'Xz%): —CL X—é \\ )e_ 46

Using this to determine the arbitrary function of (A-?){

a-13) (b oxs) = Q(N}) (—% Mept)e—- ol

The inverse transform ylelds

100 ju
A-14) Uvlxtioxtts) = o f{\/(u\’c;ax‘%\e A

N R e Jﬁt
- tiax )= &8 e ? 3
A-15) u(Xt; ox §s)= T

This 1s the solution to the problem posed by equations
(20606-1) and (2 0606-2) '



APPENDIX B

SCLUTIONS OF THE FIRST-ORDER FOKKER-PLANCK EQUATION
WITH b(x) = sgn x

In Section 2.8 we require the solution of

B-1) égﬁ(’: 3 bxz’rg%((sq” U]
under two different initial conditions, both of which assure
that v(0,t) = 0, t=0, This eliminates any difficulties
. with the continuity conditions. Since we know this to be
true, we may use v(0,t) = O as a boundary condition and solve
the problem for x>0, The solution for x< O may be determ=~
ined from the fact that v is an odd-symmetric function of x.
0dd symmetry of the initial condition will always make this
truncation possibdle,

To solve the problem, we assume a solution of the form
v(x,t) = X(x)T(t), substitute this into the equation, and

separate variables in the usual way.

T' _ “ " X/
B-2) 2 =-RX + A -\
T Z X
Solving the separate equations,
B-3) T=¢e
—— | - T
B-4) K= f, QXD% 'lﬂf\\-iflm X §+ A?.Q’(Q%‘i‘“‘\fm x}

where Cy, Ay and A2 are arbitrary constants. If we require

A, = -A then the complete eigenfunction would b
2 1» F—m——
- XM ;;z«zm U - V2N
B-5) v b= Am e [e -€
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In order to satisfy the boundary conditions, we employ a

superposition of these eigenfunctions.

£ XMW -
Uixt) = JA(M@ N 24 smlzm AN

B-6)
N
Yow make a chaé%e of variable W = ﬂ—ﬂ-ér- . Then
X ©
- RN -N
N 3
B-7) (i)=& j Alur)e ® SWur dwr
0
where N2 2
B-8) A(u)= ZSA(-}\\;"T‘U?)N w
Now setting t = O gives
Y ©
B-9) e =~ uxo0)-= g Aw) siaxwdwr

o

X -
From this, 1t appears that e N* v(x,0) and A(w) are a sine
transform pair. The inverse transform gives (see, e.g.

Titchmarsh (47] p 2, eq. 1.1.9)
@

B-10) Alw) = ‘?r;r f e_?‘ﬁzv(x,o\ SIAW X AX

Thus A(w) may be determined for any desired odd-symmetric
boundary condition. Applying this to the boundary condition

of equation (2.8.2-3), we have

® X

N2

B-11) A(UJ\— ™ je x SInIX A X
which may be integrated (Bierens de Haan (4] Table 361, 1),
p 50k) to give
A s
T L+ W)
Substituting this result into equation (B-7) gives

B-12) Alw) =
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1

%k (© Nyt

NE 2N [ W e '
513 vink) = AN e TSN wdw

A o (14NTys?) 120 x>0
By an entirely analogous procedure, we can show that, for
x<0, o _“ ‘Lwl
4N¢ %1’2“1 we 2 smch\w X£0

The two results may be combined in a single formula,
i @ -t g5t
B-15) UX,t)= sqn 4“ e N= A S wgff ?_smch\w
(A + N wr?)
which is the solution to the first problem.

(¢}

In the second problem (section 2.8.3), we have the same
differential equation, but a different boundary condition,
The new boundary condition, equation (2.8.3-2) also has
0dd symmetry, so the procedure will be exactly the same
down through equation (B-10). Using the boundary condition

of equation (2.8.3-2),
®

—

B-16)  Alw) = N‘r ge " sin wx dx

This may be readily integrated (Bierens de Naan (h] Table
261, 1) p 383) to give

NMw)=- £ Nus

B-1
& T N w?
Substituting this into equation (B-7), .1
e a Cure 2
4
B-18) UM} = %— e T{HE« - SINX W x>0
NI S (iz) + W

Combining this with the analogous expression for x < 0,
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® _N2
17 Q_\—ti\z—étﬂi gyﬂsmxwau}'
NUTT o (jﬁl) Ywgl gix i@
which 1s the solution to the second Probilem,
The method employed here was SUBEested by pateser

B-19) U(X,t)=



APPENDIX C

SOLUTION OF THE FOKKER-PLANCK EQUATION FOR THE
SECOND-ORDER LINEAR PROBLEM

The objective is to solve equation (3.3-7), subject to
the boundary condition v(x,y,0;yf;) = yfg. As the first
2
step, we simplify notation by defining (3=(Dn y 8= 28 Wn,

so that the equation may be written

c-1) 3

and the boundary condition becomes

2
-2 Ulxy,0;ufs)= %:_"%n ye

. N 2€Wn X OV, ol U — XX 4 2€W,
7 pe b SR Y oy’ S
3 1
- Y

Now we apply the procedure suggested by Wang and Uhlenbeck
[51) . A linear transformation of variables from x,y to new
variables x,,y; is made. In particular, it 1s the same

‘1linear transformation which reduces the set of equations

c-3) 3;;‘ax'ﬁ'(‘\
to normal form, This is a well-known procedure (see, e.g.
Cunningham [11] p 86 £f). The appropriate transformation is
c-) X=X+ W (g-gh 0 )y

c-5) U,z X+ m«\(gwgz VY

The inverse is

R 2
ey xe VU g

T ‘z‘@f“
7 %'—wdg-\‘ zwn Tkl

Applying this transformation to the Fokker-Planck equation
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(C-1) gives

O

c-8) 6.({ % >‘U" >\z XU] X\AXZD( U}
where

N=wn(-g4/g1)
-
°-9) A= Wn(-g-Ng-\ )
and transforming the boundary condition,

c-10) v(x.,q\,o)’ w Nl(i 0[)\\ & %LJ

TN g2\

To solve this problem, we make use of a bivariate Fourier

transformation.
+QO - 6 X —jez\j\
C-11) \!(e\,elii\ - gj’v(xuq\){)e’ (\X(\L&l
-

Applying this transformation to equation (C-7),

No_ AN \
c-12) 7\;_9.66+>\61661 o %—@dé‘)ﬂV

while the boundary condition transforms to

N (8,,62.0) = 4N  (N8.+):8,) 2Wn| €41

C-13) 4 ’\D“
QXP%"‘[G_ e ‘\20_ (g) 6 *G_GZ ]’i
where X (8
2 AN .t Ao N
T = - ' T = -
c-1) 2ot YT Tum

Equation (C-12) may  be solved by the method of character-

istics. The subsidiary equations are

A8, _ 40, - dd - AN
c-15) )\1 Aez -4 %(e*g\\l

The equation
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B . .4At
c-1 a6, - .
6) A6,
yields the elemengfry solution
c-17) e, et =C,
while the equation
c-18) 48 . AL
\NB,
gives another elementary solution:
C-19) e,_e.A‘J‘ =C,

Finally, the equations 2

c-20) e,_d__ &(e«ez\ .X@\L

c-21)

v ¢ 48
e\ é\_j- = NZ- (911 92) x'{z

may be added, and the result integrated to give a third

elementary solution.

N?‘ ol . 26,6 Sa ]{ -C
c-22) \ exp% 2}1-‘; th >, 3

These three solutions lead to a general solution of the form

t
c-23) \= \U[e\ex 1e?.C ]QX\) ? [2)\1 Zede;; ?& }

where '/ is an arbitrary differentiable function of the two
arguments. To determine this function, the boundary cond-

ition must be applied. If this is done, the solution is

{
V(8.6 ) = Mé? (\ 0,6 N\, eM Y -
c-24) "
exp §-%{mze}+ Zﬂivz(é}e\@ﬁ G':QZL] {

Taking the inverse Fourler transform of this, and applying

the inverse linear transformation,
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| MUOAR Mty At
C-25) 'U-(X,U) ‘t;\&\(ﬂ-. ZE_T(;(:\(‘\?LZ! “f(ﬁ - e )X“‘(/\\e ")\16 )‘ﬁ%

which is the desired solution. It may be verified directly
that this satisfied the equation and the boundary condition.



- APPENDIX D
AN H-THEOREM FOR APPROACH TO THE STEADY-STATE
Here we consider an alternative approach to demonstra-
tion of convergence to the steady-state distribution. While
this approach 15 not rigorous as it stands, it places the
problem in a different light, and shows the analogy between
our problem and certain problems in statistical mechanics.

Consider the quantity

o L al uoctig) ] Ax
D-1) Ht) :_Jou(x.t,q) \oq[ W]

where v(x,t;g is the semi;group assocliated with the Fokker-
Planck equation. If Jg(x)dx = 1 and g(x)>0, -00<X<+00,
then v(x,t;g) may be i:%erpreted as the probability deasity
at t20, given the initial density g(x)e.

The analopgy between this function and Boltzmann's H-
function is immedlately aprnarent. H(t) looks very much
like a negentropy, and it behéves like one.

Since =log y is a convex function of y, it follows from
Jensen's Inequality (see, e.g. Hardy, Littlewood and Polya
(23] Theorem 204, p 150) that

+00 . ‘oo 7'
D-2) HA) > - \oq% S'(j(x’t;g) f_?(gf_hg)f\x g T - \Ogi_gjs(!\t"' \o

provided H(t)< oo. The equality nolds if and only if
v(x,t;g) = £ (x). Multiplying equation (D-1) by -1, and

applying Jensen's inequality, it may further be shown that
+00

(4 . S
D-3) O£ log § S %) dx WX 20
A S
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with equality 1if and only if v(x,t;g) = fg(x). A sufficient
2
condition for H(O)< oo is -9—0‘-\6 Ll(-co s +00 ) Inequalities
ton 00
(D-2) and (D-3) would conflict if f}é’_.z(}x {4 .« This
s

-Co
cannot happen, however. We see this by an application of

the Schwartz 1nequa11ty. 2

D=l ) fo‘: AX = stdx gvzc\x >[ S (6 I‘JF;AX] A
oo -

S
By simple inequality arguments, we have shown that H(t) is
bounded from below if it is finite.
Now differentiate H(t) with respect to time. If the
derivative can be moved inside the integral .sign of eguation
(D-1), then,

WA= gwi"-* \OQXU%BJ}AX

- +0
The first integral vanlshes if gvdx = 1 can be differen-

D-5)

-
tiated under the integral sign. Integrating the remaining

term by parts, +0

, N’L\U- U(XJ( (3
h) = | 5 bu] oy o0 ”m

“: ‘“U B’ Nz %—f«bv]c\x

If v and %1{ go to zero sufficiently fast as Ixi»o0, then

D-6)

the first term will vanish. From equation (2.5-8), f! =

-2bfs/N2. Using this, the equation becomes
+C0

7 (&
D7) A = ng gﬁzbﬁxbu\ﬁc\x

from this, we see that H'(t)& O, with equality only if v = fs.

If these steps are justified,



2

HOY >0 , HWLKO U AL
D-8) HH=0 , (=0 U=§

The analogy between this procedure and the proof of
Boltzmann's H-theorem is apparent. The conclusions are
frequently drawn, from relations (D-8) that {igaH(t) = 0,
and v(x,t;g) converges pointwise to fs(x). These conclusions
may be true, but they do not follow from the above relations,

If H(t)> O implies H'(t) <0, and H(t)> 0O, then H is
a bounded monotone function. By a standard theorem of
analysis, it must approach a limit. That 1limit, however,
need not be zero, This may be shown by an example. Suppose

a function H obeys the differential equation

| - Kt HE G
beo) A4 = § )
-R@W+ B0

In this case, H(t)>» O implies H'(t) <0, but if H(O0)> a, then
tirgo H(t) = a. If H(O0)< a, %_i’rgaﬁ(t) = O,

In order to show that H(t)-=»0, it would be sufficient
to establish also that H'(t) does not become infinitesmally
small unless H(t) is infinitesnally small. For example, 1if
D-10) R'A) = - Qw)
where (=0, ((0) = O, Q'(x)>0, 0<{x<a, then 1*'1m H(t)= O,
This question is closely related to asymntotic stungity in
the Lyapunov sense. (See, e.z. Hahn [22], Theorems L.l and
LLe2) H is analogous to the Lyapunov function. Here, 4

depends on the function v, which 1is a point in a function

space. In Lyapunov theory, H customarily depends on a
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vector in a finite-dimensional Euclidean phase space.
Nonetheless, proof that H(t)->0, given (D-10) would follow
closely the proof of Hahn's Theorem 4.2, cited above.

Even if all this 1s established, there remains a
question as to just what it implies as to convergence of v.
In order to prove that %ig’v(x,t;g) = fg(x), <§;§x)dx -1,
(where the limit is in Ly normm) it appears necessary to prove
a slightly stronger result than the H-Theorem mentioned above. .

Consider the function
&C!)2
D-11) J)= ‘&‘%ﬁi}dx -4
S

-®
It was shown in equation (D-4) that the integral is greater

than or equal to unity, with equality only 1f v = fg.
Therefore,

D-12) JOH= 0

with equality only if v = fg. If differentiating under the

Integral 1is valigd,

+00 ‘
) ] - g_a_ _‘\\_’Lwi—bU%
Integrating by parts, 1 AU 4
1 +Q n ( == - s
e 220w P o SR o
p-14) J(H)= —F—s.L?- &*b ]_m 350[2 X ] ‘:sl

If v—+0 sufficiently fast as |x\#»o00, then the first temrm

will vanish, In the integral, substitute for ofs using
' X
equation (2.5-6).

@ 2
‘ e _ 4 (LN Ax
D-15) TA) = ) k[ > XWU]
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Clearly, J'(t)< O, with equality only if v(x,t;g) = fq(x).
The unique condition for J(t) = O is also v(x.t;g) = fg(x).
The situation here is exactly the same as with H(t). If
J(t)> 0, then J'(t)< 0, and we expect that %iﬂoJ(t) = 0, but
the proof is lacking, If this can be slhiown, however, then
Ll convergence of v to fg will follow. From the Schwartz
inequality, we observe that
100

D-16) ({S(X)AXJ[U(X{ 1) - Qs_(ﬂ] ax 2 [ S \U(X,{;(S) ‘Qs(){)\(\x]

-® - ﬂjf) -00
The first integral on the left 1is unity. Exvanding the

Z

second integral, 1t follows that
400

m |
pan) | g t= T2 D'U‘“ -t = D)

o'
Ir J(t)-»0, then v-fg in Ll norm, Also, H(t)—»0. This

may be seen from (D-3).

1@
D-18)  RAI£ \ocb% | %dx%c széx -4 = 3d)
b

.t -0 S
Thus J(t) 2 H(t), and 1im H(t) = O would follow from 1lim J(t)
1+ 1>

= 0. If the latter proposition can be proved rigorously,
all the desired results will follow,

The argument as it stands has a number of gaps, and 1is
included hére only to indicate analogies of our class of
nonlinear noise problems with Boltzmannt's H-theorem, and with

the Lyapunov stabllity theory.
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