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CHAPTER 1 

INTRODUCTION

The general o b jec tiv e  o f  the stu d ies  reported here I s  

find ing methods for ca lcu la tin g  the power spectrum and auto­

co rre la tio n  o f  random processes which have been produced by 

random forcing o f  nonlinear d if f e r e n t ia l  equations (or non­

lin ea r  p hysical system s).

The g e n e r a l  p ro b le m  o f  random f o r c i n g  o f  d i f f e r e n t i a l  

e q u a t i o n s  o r  p h y s i c a l  s y s t e m s  I s  an  o l d  o n e ,  and h a s  a r i s e n  

i n  a  number  o f  c o n t e x t s  i n  m a t h e m a t i c s ,  s c i e n c e  and e n g i n e e r ­

i n g .  B e g i n n i n g  w i t h  t h e  work o f  E i n s t e i n  and S m oluchow sk i ,  

t h e  t h e o r y  o f  B row nian  m o t io n  s t i m u l a t e d  t h e  f i r s t  e x t e n s i v e  

i n v e s t i g a t i o n s  i n  t h e  f i e l d .  Wang and TJh lenbeck[5 l ]  * and 

C h a n d r a s e k h a r  [81 g i v e  sum m ar ies  o f  r e s u l t s  o f  t h e s e  I n v e s t i ­

g a t i o n s .

The l a r g e l y  u n r e c o g n i z e d  work o f  Andronov ,  P o n t r l a g i n  

and W i t t  111 i n a u g u r a t e d  t h e  s t u d y  o f  t h e  e f f e c t  o f  n o i s e  on 

d y n a m ic a l  s y s t e m s  more g e n e r a l  t h a n  t h o s e  o f  i n t e r e s t  i n  

B ro w n ian  m o t i o n .  At a b o u t  t h e  same t i m e ,  t h e  m a t h e m a t i c a l  

I n v e s t i g a t i o n s  o f  K o lm o g o ro f f  \29l  l a i d  t h e  b a s i s  f o r  r i g o r ­

o u s  t r e a t m e n t  o f  o u t p u t  random p r o c e s s e s .

K ram ers  [ 30] u sed  random f o r c i n g  o f  a  d y n a m ic a l  s y s t e m  

t o  e x p l a i n  r a t e s  o f  c h e m i c a l  r e a c t i o n s .  W i t h i n  t h e  p a s t  

f i f t e e n  y e a r s  a  g r e a t  amount  o f  work h a s  a p p e a r e d  i n  random -

1 Numbers in  square brackets [ ] r e fe r  to e n tr ie s  In the l i s t  

o f  references at the end o f  the d is se r ta t io n .

1
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I n p u t  a n a l y s i s  o f  a u t o m a t i c  c o n t r o l  s y s t e m s  and e l e c t r i c  o r  

e l e c t r o n i c  c i r c u i t s .

The v a s t  m a j o r i t y  o f  a l l  t h e s e  s t u d i e s  h a v e  d e a l t  w i th  

l i n e a r  s y s t e m s .  The t h e o r y  o f  n o i s e  i n  l i n e a r  s y s t e m s  h a s  

b e e n  c a r r i e d  q u i t e  f a r ,  and  many p r o b le m s  h a v e  b e e n  s o l v e d ,  

b o t h  i n  a n a l y s i s  and  s y n t h e s i s .  Many a s p e c t s  o f  t h i s  t h e o r y  

h a v e  b een  r e d u c e d  t o  e n g i n e e r i n g  p r a c t i c e  i n  such f i e l d s  a s  

a i r c r a f t  d e s i g n ,  c i r c u i t  s y n t h e s i s  and a u t o m a t i c  c o n t r o l .

By c o m p a r i s o n ,  t h e  work on n o n l i n e a r  p ro b le m s  h a s  b e e n  

r a t h e r  m e a g e r .  Most o f  what  h a s  b e e n  done  l i e s  i n  f o u r  c a t ­

e g o r i e s :  1 ) o p e n - l o o p  p r o b le m s  i n v o l v i n g  a  zero -m em ory  n o n ­

l i n e a r  e l e m e n t  p r e c e d e d  a n d / o r  f o l l o w e d  b y  l i n e a r  f i l t e r s ,

2 ) c l o s e d - l o o p  p r o b le m s  i n v o l v i n g  l o w - p a s s  l i n e a r  e l e m e n t s  i n  

s e r i e s  w i th  a  ze ro-m em ory  n o n l i n e a r i t y , 3 ) p e r t u r b a t i o n  m e th ­

o d s  w here  t h e  " z e r o t h "  a p p r o x i m a t i o n  i s  d e t e r m i n i s t i c  ( n o n -  

r a n d o m ) ,  and s u b s e q u e n t  a p p r o x i m a t i o n s  a r e  s t o c h a s t i c  b u t  

l i n e a r ,  U) s t u d y  o f  t h e  f i r s t - o r d e r  p r o p e r t i e s  o f  t h e  o u t p u t ,  

i . e .  t h e  f i r s t  d i s t r i b u t i o n  o r  c h a r a c t e r i s t i c  f u n c t i o n .

F o r  b a c k g r o u n d ,  we g i v e  a  b r i e f  i n d i c a t i o n  o f  t h e  s c o p e  

o f  e a c h  o f  t h e s e  c a t e g o r i e s ,  and c i t e  some o f  t h e  more

s i g n i f i c a n t  w o rk .
/

The zero -m em ory  t h e o r y  was d e v e l o p e d  f o r  s t u d y  o f  r a d i o  

d e t e c t o r s ,  and  i s  m ost  c l o s e l y  a s s o c i a t e d  w i t h  t h e  names o f  

R i c e  [I4.1I and M i d d l e t o n  [li-O] , t h o u g h  s e v e r a l  o t h e r  a u t h o r s  

h a v e  made c o n t r i b u t i o n s .  The b a s i c  p ro b le m  o f  t h i s  t h e o r y  

i s  t h e  f o l l o w i n g :  g i v e n  a  c e r t a i n  s t a t i o n a r y  random p r o c e s s  

x ( t ) ,  w hat  i s  t h e  s p e c t r u m  o f  y ( t )  = g [ x ( t ) ]  , w h e re  y ( t )
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d e p e n d s  o n l y  on  x ( t )  and n o t  on p r i o r  v a l u e s  o f  x .  T h i s  i s  

n o t  a  d i f f e r e n t i a l  e q u a t i o n  o r  a  d y n a m ic a l  s y s t e m ,  b u t  o n c e  

t h i s  p r o b le m  h a s  b e e n  s o l v e d ,  i t  I s  f r e q u e n t l y  e a s y  t o  add  

l i n e a r  f i l t e r s  i n  s e r i e s  w i t h  t h e  n o n l i n e a r  e l e m e n t ,  which  

d o e s  make i t  a n o n l i n e a r  d y n a m ic a l  p r o b le m .  W hi le  many 

u s e f u l  and  i n t e r e s t i n g  r e s u l t s  h a v e  b ee n  o b t a i n e d  f o r  p r o b ­

lem s  o f  t h i s  t y p e ,  t h e y  a r e  n o t  o f  c o n c e r n  h e r e .

The s eco n d  c l a s s  o f  p r o b le m ,  o f t e n  t r e a t e d  b y  

B o o t o n ' s  [5 ]  a p p r o x i m a t i o n ,  c o n c e r n s  t h e  t y p e  o f  f e e d b a c k  

l o o p  shown b e lo w :

i n  + o u tLINEAR
FILTER

LINEAR
FILTER

ZERO-MEMORY
NONLINEARITY

F i g u r e  1 - 1  B l o c k  Diagram  o f  N o n l i n e a r  F e e d b a c k  Sys tem  

The l i n e a r  f i l t e r s  a r e  l o w - p a s s .  The i n p u t  p r o c e s s  m us t  b e  

s t a t i o n a r y  and G a u s s i a n .  I t  i s  t h e n  assumed t h a t  t h e  s i g ­

n a l s  a r e  a p p r o x i m a t e l y  G a u s s i a n  a t  a l l  p o i n t s  i n  t h e  l o o p ,  

and  t h a t  t h e  n o n l i n e a r i t y  may b e  r e p l a c e d  by  t h a t  l i n e a r  

g a i n  which  most  n e a r l y  a p p r o x i m a t e s  i t  i n  a  c e r t a i n  s e n s e .  

T h i s  method h a s  b e e n  u sed  w i t h  a p p a r e n t  s u c c e s s  i n  a number  

o f  a p p l i c a t i o n s ,  b u t  u n f o r t u n a t e l y  t h e r e  i s  no u s e f u l  method 

f o r  s e t t i n g  b o u n d s  on t h e  e r r o r s  i n t r o d u c e d  i n  t h e  a p p r o x i m a ­

t i o n .  S u b j e c t  t o  t h i s  u n c e r t a i n t y  i t  d o e s ,  h o w e v e r ,  p e r m i t
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d e t e r m i n a t i o n  o f  t h e  s p e c t r u m  a t  an y  p o i n t  I n  t h e  l o o p .

The t e c h n i q u e  h a s  b e e n  w i d e l y  a p p l i e d ,  e . g .  West ,

S a w a r a g i  [lj.3] , L e l a n d  [33] and E l g e r d  [16] .

!Hie t h i r d ,  o r  p e r t u r b a t l o n a l  method I s  u s e f u l  I n  p r o b ­

lem s  w h ere  t h e  random component  I s  s m a l l  I n  some s e n s e  com­

p a r e d  w i t h  t h e  d e t e r m i n i s t i c  p a r t .  I t  I s  c l o s e l y  a n a l o g o u s  

t o  t h e  c l a s s i c a l  p e r t u r b a t i o n  method I n  d i f f e r e n t i a l  e q u a t i o n s ,  

and h a s  many o f  t h e  same b e n e f i t s  and l i m i t a t i o n s .  N o ise  

i n  o s c i l l a t o r s  h a s  b e e n  c o n s i d e r e d  i n  t h i s  way by  G a r s t e n s  

[ 2 0 ]  , Caughey [ 6 ]  , and Tang [1).7] » b u t  t h e  method h a s  n o t  

b e e n  t h o r o u g h l y  e x p l o r e d ,  p a r t i c u l a r l y  a s  t o  c o n v e r g e n c e  

q u e s t i o n s .

The f o u r t h  a r e a  o f  i n v e s t i g a t i o n  ( f i r s t - o r d e r  p r o p e r t i e s  

a s  s o l u t i o n s  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s )  I s  c l o s e l y  

r e l a t e d  t o  t h e  p r e s e n t  s t u d y .  I n  c e r t a i n  c a s e s  I t  I s  p o s s i ­

b l e  t o  d e r i v e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  whose s o l u t i o n  

i s  e i t h e r  t h e  d i s t r i b u t i o n  f u n c t i o n  ( K o lm o g o r o f f  129]  ) o r  

t h e  c h a r a c t e r i s t i c  f u n c t i o n  ( D a r l i n g  and S i e g e r t  [12]  ,

S iegert [I45] ) o f  the output random process. In e ith er  case  

i t  i s  the f ir s t -o r d e r  property which i s  considered . These 

methods have been applied to  various problems (Kramers [ 3 0 ]  , 

Chuang and Kazda [9 ]  > McFadden [3 9 ) » Wishner [5 5 ] »[56] ) 

with apparent su ccess.

I n  many c a s e s ,  t h i s  o u t p u t  d i s t r i b u t i o n  i s  o f  c o n s i d e r ­

a b l e  i n t e r e s t .  I t  p e r m i t s  d e t e r m i n a t i o n  o f  t h e  mean and 

v a r i a n c e  (pow er)  o f  t h e  o u t p u t .  F r e q u e n t l y ,  h o w e v e r ,  i t  i s  

d e s i r a b l e  t o  know t h e  power  s p e c t r u m  o f  t h e  o u t p u t ,  and
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d e t e r m i n a t i o n  o f  t h i s  power s p e c t r u m  i s  t h e  p r i n c i p a l  o b j e c t ­

i v e  o f  t h i s  s t u d y .  I t  p r o v e s  p o s s i b l e  t o  c a l c u l a t e  t h e  

s p e c t r u m  b y  a p p r o p r i a t e  u se  o f  t h e  K o lm o g o ro f f  e q u a t i o n s .

T h e re  a r e  a p p a r e n t l y  o n l y  two p u b l i s h e d  p a p e r s  d e a l i n g  

w i t h  e x a c t  ( a s  opposed  t o  a p p r o x i m a t e )  c o m p u t a t i o n  o f  s e c o n d -  

o r d e r  p r o p e r t i e s  o f  t h e  o u t p u t s  o f  n o n l i n e a r  s y s t e m s .  T h e s e  

a r e  t h e  p a p e r s  o f  T o r t r a t  [lj.9] and o f  Caughey and D ie n e s  [7~\ • 

T o r t r a t ' s  m e th o d ,  w h ic h  w i l l  b e  c o n s i d e r e d  i n  more d e t a i l  

l a t e r ,  i s  f a r  from p r a c t i c a l .  I t  r e q u i r e s  an  amount and  t y p e  

o f  i n f o r m a t i o n  w h ich  w i l l  r a r e l y  be  a v a i l a b l e ,  and i t  i s  i l l -  

s u i t e d  f o r  n u m e r i c a l  c o m p u t a t i o n .

The r e c e n t  work o f  Caughey and D ie n e s  [ 7] ,  on t h e  o t h e r  

h a n d ,  I s  q u i t e  p e r t i n e n t ,  and  fo rm s  t h e  s t a r t i n g  p o i n t  f o r  t h e  

p r e s e n t  s t u d y .  They c a l c u l a t e  t h e  s p e c t r u m  o f  t h e  o u t p u t  

o f  a  f i r s t - o r d e r  n o n l i n e a r  d y n a m ic a l  s y s t e m  w h ic h  i s  f o r c e d  

by  w h i t e  G a u s s i a n  n o i s e .  T h i s  p rob lem  i s  d i s c u s s e d  a t  some 

l e n g t h  i n  C h a p t e r  2 ,  and  t h e i r  work i s  e x t e n d e d  i n  a  num ber  

o f  d i r e c t i o n s .

In. t h i s  s t u d y ,  we w i l l  c o n s i d e r  t h e  s p e c t r a  and a u t o ­

c o r r e l a t i o n s  o f  t h e  o u t p u t s  o f  c e r t a i n  c l a s s e s  o f  f i r s t -  and 

s e c o n d - o r d e r  n o n l i n e a r  s y s t e m s  w h ich  a r e  f o r c e d  b y  s t a t i o n ­

a r y  random n o i s e .  The n a t u r e  o f  t h e  n o n l i n e a r  s y s t e m s  w i l l  

be  r e s t r i c t e d  i n  v a r i o u s  w a y s .  The o b j e c t i v e  o f  t h e s e  r e ­

s t r i c t i o n s  w i l l  be  t o  a s s u r e  t h a t  a l l  d e p e n d e n t  v a r i a b l e s  

t e n d  to w ard  s t a t i o n a r y ,  s e c o n d - o r d e r  ( f i n i t e  v a r i a n c e )  r a n d ­

om p r o c e s s e s .  The s e c o n d - o r d e r  r e q u i r e m e n t  i s  n e c e s s a r y  i f  

c o r r e l a t i o n s  a r e  t o  e x i s t ,  and  a t  l e a s t  s e c o n d - o r d e r  s t a t i o n -
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a r i ty  Is required fo r  the power spectrum to  have meaning. 

Confining our a tten tion  in th is  way is  somewhat arb itrary,  

but i t  s t i l l  leaves us a u sefu l and in te r e s t in g  c la ss  of 

problems.

One r e s tr ic t io n  made at the outset i s  that we w i l l  con­

s id er  equations such that e x p l ic i t  dependence on time is  con­

fined to the no ise  input. This is  n e ith er  necessary nor 

s u f f ic ie n t  to  assure output s ta t io n a r ity ,  but i t  might be 

ca lled  "almost necessary". Time-dependent systems which 

produce sta tionary  outputs in response to  sta tionary  inputs 

are c e r ta in ly  p o ss ib le ,  but they are more or le s s  sp ec ia l  

ca ses . In any event, we exclude them, p r in c ip a lly  for  the 

sake of s im p lic i ty .

I t  is  e a s i ly  seen that the above time-independency re­

s t r ic t io n  i s  not s u f f ic ie n t  to  assure s ta t io n a r ity .  Con-

This equation is  unstable in almost any sense of the word, 

and the random forcing  w i l l  cause the output to  "diverge" in  

some s t a t i s t i c a l  sense, and be non-stationary .

We consider, then, t im e-invariant systems which are 

"stable" in some sense . In p articu lar , we want systems in 

which the variances of a l l  the dependent variables tend to  

f i n i t e  l im it s  as time in creases , regardless of the i n i t i a l  

cond itions. This type of s t a b i l i t y  we c a l l  "non-dispersive-  

ness" , and some e f fo r t  has been devoted to  f ind in g  conditions  

s u f f ic ie n t  to  assure i t .

In considering the question of d isp ers iv en ess , one takes

s id e r  for  example the equation
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t h e  p o i n t  o f  v iew t h a t  a t  t  = 0 , t h e  v a r i a b l e s  a l l  had c e r ­

t a i n  i n i t i a l  d i s t r i b u t i o n s ,  and one c o n s i d e r s  how t h e s e  c h a n g e  

w i t h  t i m e .  F o r  c a l c u l a t i n g  t h e  a u t o c o r r e l a t i o n  and  s p e c t r u m ,  

on t h e  o t h e r  h a n d ,  i t  i s  assum ed t h a t  t h e  s y s t e m  i s  n o n - d i s -  

p e r s i v e ,  and  t h a t  t h e  o u t p u t  random p r o c e s s e s  h av e  r e a c h e d  

t h e i r  s t a t i o n a r y  c o n d i t i o n .  T h i s  means t h a t  t h e  p rob lem  

i s  e n v i s i o n e d  a s  h a v i n g  s t a r t e d  a t  t  = -oo . B o th  t im e  

o r i g i n s  a r e  u s e d  i n  t h i s  s t u d y ,  and i n  an y  g i v e n  s e c t i o n ,  t h e  

o r i g i n  u s e d  w i l l  depend  on t h e  s u b j e c t  m a t t e r *



CHAPTER 2 

FIRST-ORDER SYSTEMS

2 . 1  S t a t e m e n t  o f  t h e  F i r s t - O rd e r  P ro b lem

The f i r s t - o r d e r  p r o b le m s  c o n s i d e r e d  h e r e  a r e  r e l a t e d  t o  

t h e  d i f f e r e n t i a l  e q u a t i o n  which  may b e  w r i t t e n

w h e re  x  i s  t h e  d e p e n d e n t  v a r i a b l e  ( o u t p u t ) ,  and t h e  f o r c i n g  

f u n c t i o n  ( I n p u t )  I s  w h i t e  G a u s s i a n  n o i s e .  T h i s  e q u a t i o n  

was f i r s t  s t u d i e d  b y  Andronow, P o n t r i a g i n  and  W i t t  [ l \  

w i l l  b e  r e f e r r e d  t o  a s  t h e  APW e q u a t i o n .

T h e r e  a r e  num erous  d i f f i c u l t i e s  i n  i n t e r p r e t i n g  t h i s  

e q u a t i o n  a s  i t  i s  w r i t t e n .  W i th o u t  t h e  s t o c h a s t i c  r i g h t  

member, o f  c o u r s e ,  i t  p r e s e n t s  no d i f f i c u l t y .  I f  b ( x )  s a t ­

i s f i e s  a  L i p s c h i t z  c o n d i t i o n ,  t h e  s o l u t i o n  e x i s t s ,  i s  u n i q u e ,  

and i n  f a c t  may b e  i m m e d i a t e l y  r e d u c e d  t o  q u a d r a t u r e s .  The 

m eaning  o f  t h e  e q u a t i o n  w i t h  t h e  s t o c h a s t i c  i n p u t  h a s  b e e n  

t h e  s u b j e c t  o f  a  c o n s i d e r a b l e  amount o f  i n v e s t i g a t i o n ,  much 

o f  which  w i l l  b e  c i t e d  b e l o w .  F o r  t h e  p r e s e n t ,  s u f f i c e  i t  

t o  s a y  t h a t  t h e  c o n c e p t u a l  and  m a t h e m a t i c a l  d i f f i c u l t i e s  a r e  

such  t h a t  f o r  r i g o r o u s  i n v e s t i g a t i o n ,  i t  h a s  b e e n  fo u n d  n e c ­

e s s a r y  t o  w r i t e  i t  a s  an  i n t e g r a l  e q u a t i o n  a s  i n  D o o b ' s  ( [ 1 5 ]  

p 2 2 7 ) t r e a t m e n t .

w h ere  nty&Hs t h e  W iener  p r o c e s s .  The second  i n t e g r a l  i s  o f  

a s p e c i a l  t y p e  known a s  t h e  " s t o c h a s t i c  i n t e g r a l "  i n t r o d u c e d

2. 1-1)

8



b y  W iener  [ 5 2 ] • D o o b ' s  d i s c u s s i o n  i s  more a c c e s s i b l e  [15]  •

We do n o t ,  h o w e v e r ,  c o n s i d e r  t h e  many i n t e r e s t i n g  p r o b ­

l e m s  o f  i n t e r p r e t i n g  t h i s  e q u a t i o n  o t h e r  t h a n  t o  s t a t e  some 

o f  t h e  r e s u l t s  w hich  h a v e  b e e n  o b t a i n e d  f o r  i t .  Our c o n c e r n  

w i l l  r a t h e r  b e  w i t h  c e r t a i n  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  

a s s o c i a t e d  w i t h  ( 2 . 1 - 1 )  o r  ( 2 . 1 - 2 ) .  A c c o r d i n g l y  we w i l l  

r e f e r  t o  ( 2 . 1- 1 ) a s  t h e  d i f f e r e n t i a l  e q u a t i o n  b e i n g  c o n s i d ­

e r e d  d e s p i t e  t h e  l a c k  o f  r i g o r o u s  i n t e r p r e t a t i o n  o f  some o f  

t h e  t e r m s .

I n  b l o c k  d i a g r a m  fo rm ,  e q u a t i o n  ( 2 . 1 - 1 )  i s :

b(x)

F i g u r e  2 . 1 - 1  B lo c k  D iag ram  o f  t h e  APW E q u a t i o n  

s i s  the d i f f e r e n t ia l  o p e r a t o r ,  so  t h a t  1 / s  i n d i c a t e s  i n t e g ­

r a t i o n .  S t o u t  [lj.6]  shows t h a t  i f  b ( x )  i s  u n i q u e l y  i n v e r t ­

i b l e ,  t h e n  t h i s  i s  formally equivalent to  the systems

F i g u r e  2 . 1 - 2  A l t e r n a t e  B l o c k  D iagram  o f  t h e  APW E q u a t i o n



10

I t  I s  p o ss ib le , without lo s s  o f  g en er a lity , to  normalize 

x in  such a way that the n o ise  input i s  o f  unit magnitude, 

i . e .  the au tocorrelation  o f the transformed n o ise  n ^ (t) would 

be unity  tim es the 6 -fu n ctio n , &(V). We do not

take t h is  s tep , however, as we w i l l  la te r  wish to  analyze the  

e f f e c t  o f  n o ise  amplitude on the spectrum and a u tocorre la tion . 

This may be more e a s i ly  done I f  the n o ise  magnitude i s  r e ­

tained  as an e x p lic it  parameter in  the problem. Accordingly 

we use

I t  w i l l  be seen that with small ad d ition a l lab or, the  

fo llow ing c la s s  o f problems may be trea ted :

b(x)

Figure 2 .1 -3  Augmented First-O rder Problem 

p, q and b are a l l  functions of x , that i s  to  say the 

q u a n titie s  p (x ) , q (x ) , b(x) a l l  depend only on the current 

value o f  x . The tim e-invariant lin ea r  f i l t e r s  o f  tran sfer  

fun ction s Yp, Yq add nothing new. Once the cro ss-co r re la tio n  

between p and q i s  known, the e f f e c t  o f  subsequent lin ea r

f i l t e r in g  may be ca lcu lated  by known methods. The f in a l
>

problem, then, i s  to  ca lcu la te  the cro ss-co rre la tio n  between 

y and z, Also i t  w i l l  be necessary to consider the

con d itions under which the various q u a n titie s  w i l l  e x i s t .
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We now p o i n t  o u t  some o f  t h e  f e e d b a c k  p ro b le m s  w h ic h  can  

b e  r e d u c e d  t o  t h e  p ro b le m  o f  F i g u r e  2 . 1 - 3 *  The f i r s t  o f  

t h e s e  i s  g i v e n  i n  F i g u r e  2 .1 -1 ; .

* l t L +
W i e n e r

P r o c e s s

>  £> ^ f o n l i n e a r i t y A c ( t )

-  K(e, ) s

F i g u r e  2 .1 -1 ;  F i r s t - O r d e r  S e r v o  w i t h  W ie n e r  P r o c e s s  I n p u t  

I f  t h e  i n p u t  r ( t )  i s  a  W ie n e r  p r o c e s s  o f  v a r i a n c e  nr^t ,  ( r ( 0 ) »

0 ) ,  t h e n  t h i s  b l o c k  d i a g r a m - may b e  r e a r r a n g e d  a s  shown i n  

F i g u r e  2 . 1 - 5 ,  p r o v i d e d  a p p r o p r i a t e  i n i t i a l  c o n d i t i o n s  a r e  u sed ,

6 .

N a ' n / A

b ( x M

K(Ax) A.
a

g U J

b ( x )  s  AK(Ax)

F i g u r e  2 . 1 - 5  R e a r r a n g e d  B l o c k  Diagram  f o r  W ie n e r  P r o c e s s  I n p u t  

T h i s  i s  a  p ro b le m  o f  t h e  t y p e  o f  F i g u r e  2 . 1 - 3 ,  and a l l  p e r -  

t i t n e n t  c o r r e l a t i o n s  may b e  d e t e r m i n e d .

The i n p u t  r ( t )  and o u t p u t  c ( t )  a r e  n o n - s t a t i o n a r y ,  t h o u g h  

t h e  e r r o r  s i g n a l  i s  s t a t i o n a r y  i f  K h a s  t h e  p r o p e r  c h a r ­

a c t e r i s t i c s ,  and  i f  t h e  W ie n e r  p r o c e s s  i s  assumed t o  have  

s t a r t e d  i n  t h e  d i s t a n t  p a s t .

A n o t h e r  p ro b le m  i s  shown i n  F i g u r e  2 . 1 - 6 .
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Gr r (“ >

N o n l i n e a r i t y
K ( ^ )

A
S tO l

U)2+OCZ

c ( t )

F i g u r e  2 . 1 - 6  F i r s t - O r d e r  S e r v o  w i t h  O.U. P r o c e s s  I n p u t  

The i n p u t  i n  t h i s  c a s e  i s  an  O m s t e i n - U h l e n b e c k  p r o c e s s .  

T h i s  i s  a  G a u s s i a n  p r o c e s s  w i t h  s p e c t r a l  d e n s i t y  Gr r (u>)  i 

E/oiS-U)* • The b l o c k  d ia g ra m  may be  r e a r r a n g e d  a s  shown 

b e l o w .

N = E/A

_1_
s

r

b
b (x )

J l.

K( Ax)
'2

3 4-OC
c ( t )

b ( x )  s  oLx +K(Ax)

F i g u r e  2 . 1 - 7  R e a r r a n g e d  3 1 o c k  Diagram f o r  O.TJ. I n p u t  

Here  t h e  i n p u t  i s  s t a t i o n a r y ,  and t h e  o u t p u t  and e r r o r  w i l l  

a l s o  b e  s t a t i o n a r y  f o r  some K ( S , ) .  The s y s t e m  o f  F i g u r e

2 .1  - i |  may b e  v iew ed  a s  t h e  l i m i t  o f  t h e  a b o v e  a s  ck-*»0 .

N e x t ,  c o n s i d e r  t h e  s y s t e m  o f  F i g u r e  2 . 1 - 8 .

M M N o n l i n e a r i t y  
£ , . K ( t , )

n ( t )

c ( t )

F i g u r e  2 . 1 - 8  W hi te  G a u s s i a n  D i s t u r b a n c e  I n p u t
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H e r e ,  w h i t e  G a u s s i a n  n o i s e  o f  m a g n i t u d e  N e n t e r s  t h e  

s y s te m  a s  a  d i s t u r b a n c e .  T h i s  i s  t h e  s y s t e m  s t u d i e d  by  

W is h n e r  [55] , [ 5 6 ^  • I f  r  * 0 ,  t h i s  may b e  r e a r r a n g e d  a s  

f o l l o w s :

- c ( t )-A

b ( x )

K(-Ax)

F i g u r e  2 . 1 - 9  R e a r r a n g e d  B lo c k - D ia g r a m ,  D i s t u r b a n c e  I n p u t  

T h i s  does  n o t  p e r m i t  a n a l y s i s  o f  t h e  r e s p o n s e  t o  s i m u l t a n e o u s  

s i g n a l  and n o i s e  i n p u t s .

T h e se  exam ples  s h o u ld  s u f f i c e  t o  show t h a t  t h e  c l a s s  

o f  p ro b le m s  s t u d i e d  h e r e  i s  somewhat l a r g e r  t h a n  m ig h t  b e  

t h o u g h t  from e x a m i n a t i o n  o f  F i g u r e  2 . 1 - 3 .



1^

2 . 2  Known R e s u l t s  on t h e  S t o c h a s t i c  D i f f e r e n t i a l  E q u a t i o n

V a r i o u s  g e n e r a l i z a t i o n s  and s p e c i a l i z a t i o n s  o f  e q u a t i o n  

( 2 . 1 - 1 )  hav e  b e e n  s t u d i e d .  P r o b a b l y  t h e  m ost  i m p o r t a n t  r e ­

s u l t s  a r e  t h o s e  o f  I t o  [ 27] $ [ 26] w h ic h  a r e  g i v e n  h e r e  i n  

D oob’s  ( [ l5 ]  » P 273 fi*) f e m u l a t i o n .  S i m p l i f i c a t i o n s  have  

b e e n  made t o  a p p l y  t o  t h e  c a s e  a t  h a n d .

I f  t h e r e  e x i s t s  a n  L i n d e p e n d e n t  o f  x  and t  s u c h  t h a t

2. 2- 1) \ b (x ,)- b(x*)| £  L U x-Xz l  o £ L < + o o
i t  f o l l o w s  t h a t

i )  a l m o s t  a l l  s am p le  f u n c t i o n s  a r e  c o n t i n u o u s

i i )  t h e  p r o c e s s  x ( t )  i s  u n i q u e l y  d e t e r m i n e d

i i i )  x ( t )  i s  a  M a r k o f f  p r o c e s s

This L ipschitz  condition is  s u f f ic ie n t  to assure the 

conclusions, but i t  seems certa in  that i t  is  not necessary.

F o r  e x a m p le ,  i t  e x c l u d e s  f u n c t i o n s  w i t h  a n y  d i s c o n t i n u i t i e s ,  

and f u n c t i o n s  w h ic h  grow f a s t e r  t h a n  l i n e a r l y  w i t h  x .  I t  

seems p r o b a b l e  t h a t  w e a k e r  c o n d i t i o n s  on b ( x )  c an  b e  found 

w h ic h  p e r m i t  i n c l u s i o n  o f  t h e s e  c l a s s e s  o f  f u n c t i o n s .

In  a l a t e r  s e c t i o n ,  we w i l l  c o n s i d e r  a d i s c o n t i n u o u s  

b ( x ) ,  and we w i l l  as sum e  t h a t  x ( t )  i s  s t i l l  u n i q u e l y  d e t e r ­

mined and M a r k o f f i a n .

Two s p e c i a l  c a s e s  o f  t h i s  e q u a t i o n  have  a l s o  r e c e i v e d  

p a r t i c u l a r  s t u d y :  b ( x )  s  0 ( t h e  W ien e r  p r o c e s s )  and b ( x ) «  £  x  

( t h e  O m s t e i n - U h l e n b e c k  p r o c e s s ) .  I f  b ( x )  s  0 ,  t h e  r e s u l t i n g  

x ( t )  i s  t h e . o r i g i n a l  E i n s t e i n - S m o l u c h o w s k i  B row nian  m o t i o n ,  

w h ic h  was r i g o r o u s l y  d e s c r i b e d  b y  W ie n e r  [f?3l and i s  u s u a l l y  

known b y  h i s  name.  I f  b ( x )  u & x ,  t h e n  ( 2 . 1 - 1 )  becomes t h e
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Sraoluchowski  e q u a t i o n  o f  B row nian  m o t io n  t h e o r y ,  and t h e  r e ­

s u l t i n g  p r o c e s s  was s t u d i e d  by U h le n b e c k  and  O m s t e i n  ^50] 

and more r i g o r o u s l y  and  c o m p l e t e l y  b y  Doob [ ll j . ] .  Doob ob­

t a i n e d  t h e  a u t o c o r r e l a t i o n  o f  x ( t )  f o r  t h e  O r n s t e i n - U h l e n b e c k  

p r o c e s s ,  b y  a  method w h ic h  r e q u i r e s  l i n e a r i t y  o f  t h e  e q u a t i o n .

F o r  b o t h  p r o c e s s e s ,  i t  has  b e e n  shown t h a t  i f  t h e y  a r e  

" s e p a r a b l e "  ( s e e ,  e . g .  Doob D l|] PP 5 1 - 5 2 )  t h e n  a l m o s t  a l l  

s am p le  f u n c t i o n s  a r e  c o n t i n u o u s ,  and  t h a t  b o t h  a r e  M a r k o f f i a n .  

T h e s e  a r e  s p e c i a l  c a s e s  o f  I t o * s  r e s u l t  c i t e d  a b o v e .

The s a m p le  f u n c t i o n s  o f  t h e  O m s t e i n - U h l e n b e c k  p r o c e s s  

h av e  u n u s u a l  p r o p e r t i e s .  They a r e  c o n t i n u o u s  a l m o s t  e v e r y ­

w h e r e ,  b u t  d i f f e r e n t i a b l e  a l m o s t  n o w h e r e .  The e x p e c t e d  

num ber  o f  z e r o - c r o s s i n g s  p e r  u n i t  t i m e  i s  i n f i n i t e  (Rice[ij.o] , 

S e c t .  3*3)  b u t  t h e  z e r o - c r o s s i n g s  a r e  n o t  e v e r y w h e r e  d e n s e .

The p r o b a b i l i t y  o f  f i n d i n g  f i n i t e  i n t e r v a l s  o f  t i m e  c o n t a i n i n g  

n o  z e r o - c r o s s i n g s  i s  n o t  z e r o .  ( S i e g e r t [ i | i ^  )* T h e se  sa m p le  

f u n c t i o n s  may j u s t l y  be  d e s c r i b e d  b y  t h e  p h r a s e  P a u l  Levy 

a p p l i e s  t o  t h e  c l o s e l y  r e l a t e d  W ie n e r  p r o c e s s .  He s a y s  i t  

i s  " t r e s  z l g z a g a n t e " .  I t  i s  t o  b e  e x p e c t e d  t h a t  m os t  o f  t h e  

q u a l i t a t i v e  f e a t u r e s  o f  t h e  O m s t e i n - U h l e n b e c k  sam p le  f u n c ­

t i o n s  w i l l  c a r r y  o v e r  t o  p r o c e s s e s  g e n e r a t e d  b y  o t h e r  b ( x ) .

2 . 3  The Kolmogoroff Equations

W ith  K o lm o g o ro f f  [ 2 9 ] ,  we d e f i n e  f f p ( x ^ , t ^ j x g ^ t g )  a s  t h e  

t r a n s i t i o n  d e n s i t y  f u n c t i o n ,  i . e .  f T ( x ^ , t ^ ;Xp, t 2 )dx-^dx2 i s  

t h e  p r o b a b i l i t y  t h a t  x ^ <  x £  x^+- dx^  a t  t i m e  t-^ and 

X £ < x £ x 2 +-dX2 a t  t i m e  t ^ ,  w here  t ^  i s  e a r l i e r  t h a n  

K o lm o g o ro f f  showed t h a t  i f  t h e  p r o c e s s  x ( t )  i s  a  s im p l e
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M a rk o f f  p r o c e s s ,  t h e n  f^,  s a t i s f i e s  a  p a i r  o f  p a r t i a l  d i f f e r ­

e n t i a l  e q u a t i o n s  w h i c h ,  when a p p l i e d  t o  t h e  APW e q u a t i o n  

( s e e ,  e . g .  Doob [ 1 5 ]  p 275) y i e l d

w here  N i s  t h e  n o i s e  m a g n i t u d e .

E q u a t i o n  ( 2 . 3 - 1 )  i s  known a s  K o l m o g o r o f f ' s f i r s t  e q u a t i o n  

o r  t h e  " b a ck w a rd "  e q u a t i o n ,  a s  i t  d e a l s  w i th  d e r i v a t i v e s  w i th  

r e s p e c t  t o  t h e  e a r l i e r  v a r i a b l e s .  E q u a t i o n  ( 2 . 3 - 2 )  i s  c a l l ­

ed K o l m o g o r o f f ' s s e co n d  e q u a t i o n  o r  t h e  " f o r w a r d "  e q u a t i o n .

I t  was o r i g i n a l l y  d i s c o v e r e d  b y  p h y s i c i s t s  s t u d y i n g  B row nian  

m o t i o n ,  and  i s  r e f e r r e d  t o  i n  t h a t  c o n t e x t  a s  t h e  F o k k e r -  

P l a n c k  e q u a t i o n .  We w i l l  u s e  t h e  l a t t e r  t e r m i n o l o g y  h e r e .

F o r  s t a t i o n a r y  p r o c e s s e s ,  f T w i l l  be  a  f u n c t i o n  o f  

t  = t 2 -  t ^  r a t h e r  t h a n  o f  b o th  t ^  and t 2 « I n  t h i s  c a s e  

t h e  K o lm o g o ro f f  e q u a t i o n s  become

C o r r e s p o n d i n g  t o  t h e s e  two e q u a t i o n s ,  we d e f i n e  two o p e r a t o r s
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2 . 3 . 6 )  - n  »  \  ^  ^  [  b M  ]

which w i l l  h e  u s e f u l  s u b s e q u e n t l y .

2 A  Known R e s u l t s  on t h e  F o k k e r - P l a n c k  E q u a t i o n

The p r o p e r t i e s  o f  t h e  s o l u t i o n s  o f  t h e  F o k k e r - P l a n c k  

e q u a t i o n  h a v e  b e e n  s t u d i e d  b y  a number o f  i n v e s t i g a t o r s ,  and 

a  m o d e r a t e l y  c o m p l e t e  t h e o r y  e x i s t s .  P o s s i b l y  t h e  most  s i g ­

n i f i c a n t  work h a s  b e e n  t h a t  o f  F e l l e r  {17] » [1 8 ] , [19} , 

p a r t i c u l a r l y  i n  h i s  1952 p a p e r  [18] . H i l l e  [2 i|] ,  [2$\ and 

T o s i d a  [5 7 )  h a v e  a l s o  c o n t r i b u t e d  t o  t h e  p r o b le m ,  and a 

r e c e n t  convergence theorem of Mandl [37] w i l l  be most u se fu l .  

C e r t a i n  n e ed e d  r e s u l t s  f rom  t h e s e  i n v e s t i g a t i o n s  w i l l  b e  

e n u m e r a t e d .

In  o r d e r  t o  s i m p l i f y  t h e  s t a t e m e n t  o f  t h e s e  r e s u l t s ,  i t  

w i l l  b e  a d v i s a b l e  t o  make u s e  o f  c e r t a i n  s e m i - g r o u p  i d e a s .

We d e n o t e  by u ( x , t ; g )  t h e  s o l u t i o n  o f  «fl*U l which  h a s

t h e  b o u n d a r y  c o n d i t i o n  l i m  u ( x , t ; g )  = g ( x )  - o o < x < + o o  •

The f u n c t i o n  g ( x )  i s  t h e  b o u n d a r y  c o n d i t i o n  i n  a  Cauchy p r o b ­

l e m .  S i m i l a r l y ,  we d e f i n e  v ( x , t ; g )  a s  t h e  s o l u t i o n  o f

S t V  s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n  l i m  v ( x , t ; g )  

= g ( x )  • The f u n c t i o n s  u ( x , t ; g )  and v ( x , t ; g )  a r e  i n  e f f e c t  

t r a n s f o r m a t i o n s  o f  t h e  i n i t i a l  f u n c t i o n  g ( x ) .  I n  p a r t i c u l a r  

t h e y  a r e  p o s i t i v i t y - p r e s e r v i n g ,  s t r o n g l y  c o n t i n u o u s  s e m i -
w

g r o u p s  o f  t r a n s f o r m a t i o n s ,  and  t h e  o p e r a t o r s  S l  and  S L  a r e  

t h e i r  i n f i n i t e s m a l  g e n e r a t o r s  ( F e l l e r  ^18) ) ,  i f  b ( x )  i s  

c o n t i n u o u s  - 0 0  < x  <4-cO •
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I f  g ( x ) i  0 ,  -oo < x < + o o  , t h e n  u ( x , t ; g ) >  0 ,  t >  0 , - q o < x < + ©  

and v ( x , t ; g ) > 0 ,  t > 0 ,  - a o < x < r 4o<V ( F e l l e r  0 -8] , Mandl [3 7 ]  ) .  

I s  n o r m - p r e s e r v i n g ,  i . e .

+00

2.V-1)
j-co

= J  CjOO c\x \> o
-CO

>00
i f  ^J|g(x)k3x <00 (Mandl [373  ) .

The s o l u t i o n s  u and v  e x i s t  and a r e  u n i q u e l y  d e t e r m i n e d  

b y  g .  T h i s  h a s  b e e n  shown u n d e r  v a r i o u s  c o n d i t i o n s  by  s e v ­

e r a l  o f  t h e  a b o v e - c i t e d  a u t h o r s ,  and may b e  s e e n  a l s o  a s  a 

c o n s e q u e n c e  o f  H i l l e  and P h i l l i p s  Theorem 2 3 . 8 . 1 ,  p 621

a s  a s p e c i a l  c a s e  o f  t h e  " a b s t r a c t  C a u c h y  p r o b l e m " .

I f  BCx ' is  and i f  J

t h e n
*00

- W )  f q c s ^ d s
-  CD\ \x v> u C x . t  = _____________________

2 .W-2 ) ^ 0 0  ^  ^

1
e .  dS

r+°& -CO
f o r  an y  g such  t h a t  j \g ( s )^ d s  < 00, and b ( x )  c o n t i n u o u s .

-00
C o n v e rg en ce  i s  i n  t h e  s e n s e  t h a t  h ( x , t ) - * h  (x)  means 

r * D  3
I  \ V A X , W  A x  -w  O * 71,13 13 M a n d l ' s  Theorem 5 .

-do

2 .5  The Steady- S tate P istr lb u tlo n

The above theorem makes p o ssib le  a determ ination o f  the

b e h a v i o r  o f  t h e  d e n s i t y  f u n c t i o n  a s  t - ^ o o .  I f  a t  t = 0,

t h e  d e n s i t y  f u n c t i o n  o f  t h e  random p r o c e s s  i s  g ( x ) ,  g ( x ) 1 0

- o o < x < + c o ,  J g ( x ) d x  = 1 , t h e n  t h e  d e n s i t y  f u n c t i o n  a t  some 
-co

l a t e r  t i m e  may be  w r i t t e n  i n  t e r m s  o f  t h e  t r a n s i t i o n  d e n s i t y .
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•voo

2 . 5 - 1 )  q )  =  j  c \ x ,
- 0 O

The a b s o l u t e  d e n s i t y  f u n c t i o n  f ( x , t ; g )  a l s o  s a t i s f i e s  t h e  

F o k k e r - P l a n c k  e q u a t i o n .  T h i s  may b e  s e e n  b y  n o t i n g  t h a t

^  -  A .  r  v> c v A - t  -
bt t  6x£ dxz ' ' b 1 -1 '

2 •? ?!

J
-<30

By e q u a t i o n  ( 2 . 2 - ^ 0 ,  t h e  ^ |  e x p r e s s i o n  i n  t h e  i n t e g r a n d  i s  

z e r o ,  so t h e  l e f t  s i d e  o f  ( 2 . 5 - 2 )  e q u a l s  z e r o  o r

2 - 5- ”

We may t h e n  a p p l y  t h e  r e s u l t s  o f  S e c t i o n  2.*f t o  f ( x , t ; g ) ,  

and  i t  f o l l o w s  t h a t ,  f o r  c o n t i n u o u s  b ,

2 . 5 -M it*^ O j ,-aXx<+oo

4«0
2 .5 -5 )  U < . x , \ . ; ^ ) d x M  a\i <}, U t v v J o ^ i ,

-m  . v -oo

2 .5 -6 )  lirrv ( ( y , d . - , f t ) x  — S j   s  ( , ( x )
t - a o  J  {

J  £  Ax
-00

T h i s  d e f i n e s  t h e  s t e a d y - s t a t e  d i s t r i b u t i o n  o f  t h e  random 

p r o c e s s  x ( t ) .  I t  a l s o  shows t h a t  any  i n i t i a l  d i s t r i b u t i o n  

w i l l  c o n v e r g e  to w a rd  t h i s  u n iq u e  s t e a d y - s t a t e .
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I t  may b e  shown d i r e c t l y  from ( 2 . 5 - 6 )  t h a t

2 . 5 - 7 )
u u  OX"

a s  would  be  e x p e c t e d ,  and f u r t h e r  t h a t

2 * 5 - 6 )

I n  f a c t ,  e q u a t i o n  ( 2 * 5 - 7 )  may b e  used  a s  a s t a r t i n g  p o i n t  

i n  f i n d i n g  f g .

An a l t e r n a t i v e  a p p r o a c h  t o  d e m o n s t r a t i o n  o f  c o n v e r g e n c e  

t o  a  s t e a d y - s t a t e  i s  g i v e n  i n  A ppend ix  D. W hi le  n o t  

c o m p l e t e l y  r i g o r o u s ,  i t  may hav e  some i n t e r e s t .  The s t e a d y -  

s t a t e  d i s t r i b u t i o n  i s  shown t o  be  t h e  s o l u t i o n  t o  a c e r t a i n  

m i n i m i z a t i o n  p r o b le m .

W i th  c o n v e r g e n c e  t o  t h e  s t e a d y - s t a t e  e s t a b l i s h e d ,  we 

c o n s i d e r  t h e  n a t u r e  o f  t h e  s t e a d y - s t a t e  d i s t r i b u t i o n  i n  more 

d e t a i l .  Prom t h e  f o r e g o i n g  i t  may be  s e e n  t h a t  t h e  s t e a d y -  

s t a t e  d i s t r i b u t i o n  w i l l  e x i s t  i f

I f  t h i s  c o n d i t i o n  i s  n o t  m e t ,  t h e  F o k k e r - P l a n c k  e q u a t i o n  

s t i l l  h a s  a  u n i q u e  s o l u t i o n ,  b u t  t h a t  s o l u t i o n  r e p r e s e n t s  

a  p r o c e s s  t h a t  i s  n o t  s t a t i o n a r y .

S i n c e  we a r e  t o  b e  c o n c e r n e d  w i t h  s t a t i o n a r y  p r o c e s s e s ,  

we w i l l  r e s t r i c t  o u r  i n t e r e s t  t o  t h o s e  b ( x )  w h ic h  s a t i s f y  

c o n d i t i o n  ( 2 . 5 - 9 ) .  T h e re  a r e ,  h o w ev er ,  a d d i t i o n a l  r e q u i r e ­

m e n t s .  S i n c e  we w i l l  b e  c a l c u l a t i n g  s e c o n d - o r d e r  p r o p e r t i e s ,  

we m ust  h av e  s e c o n d - o r d e r  p r o c e s s e s ,  i . e .

-00



I f  t h o s e  c o n d i t i o n s  a r e  s a t i s f i e d ,  a n d I x b ^

w i l l  a l l  e x i s t .  ( S e e ,  e . g .  D a v e n p o r t  and Root [ l 3 l » P 6 1 . )

Any b ( x )  w h ic h  s a t i s f i e s  b o t h  t h e s e  c o n d i t i o n s  i s  c a l l e d  

n o n - d i s p e r s i v e .  O t h e r w i s e  i t  i s  c a l l e d  d i s p e r s i v e .

U n d e r  v a r i o u s  c o n d i t i o n s ,  one o f  t h e s e  r e q u i r e m e n t s  may 

b e  s t r o n g e r  t h a n  t h e  o t h e r ,  b u t  i n  g e n e r a l ,  b o t h  a r e  

n e c e s s a r y  and  s u f f i c i e n t  f o r  e x i s t e n c e  o f  t h e  c o r r e l a t i o n s .  

W h i le  t h i s  i s  an a c c u r a t e  s t a t e m e n t  o f  t h e  r e q u i r e m e n t s  on 

b ( x ) ,  i t  i s  one w h ic h  d o e s  n o t  r e a d i l y  l e n d  i t s e l f  t o  t e s t i n g  

a  g i v e n  b ( x ) .  F o r  t h i s  r e a s o n ,  we d e v e l o p  s e v e r a l  s u f f i c i e n t  

c o n d i t i o n s  f o r  b ( x )  t o  be n o n - d i s p e r s i v e .  These  s u f f i c i e n t  

c o n d i t i o n s  a r e  o f  s u c h  n a t u r e  as  t o  p e r m i t  r a p i d  t e s t i n g  o f  

many b ( x ) ,  and a l s o  t o  g i v e  an  i n t u i t i v e  i d e a  o f  t h e  g e n e r a l  

n a t u r e  b ( x )  m us t  h a v e .

Theorem 1 C o n d i t i o n s  u n d e r  w h ic h  E [x ^}  < oo i m p l i e s  E [b^}  < 0 0

L e t  b ( x )  b e  a  m e a s u r a b l e  f u n c t i o n  s u c h  t h a t

2 .5 - 1 2 )  Ibcx'jl C,+ C^\x\  , 0 £ C , < 0 0  , G±cz < 0 0
-B.

Then e x i s t e n c e  o f  J * £ A* i m p l i e s  e x i s t e n c e  o f \ b  6 . AX. •
-05

P r o o f s  U s in g  t h e  assumed i n e q u a l i t y ,

.c6  -CO
Now c o n s i d e r  two s e t s  o f  p o i n t s  on t h e  r e a l  x a x i s :  A c o n ­

s i s t s  o f  a l l  x  s u c h  t h a t  >  C2 ' x | ,  A 1 c o n s i s t s  o f  a l l  x
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s u c h  t h a t  C ^ < C 2 \ x l .  The u n i o n  o f  A and A 1 i s  t h e  e n t i r e  

r e a l  a x i s ,  and  t h e  two s e t s  a r e  d i s j o i n t .  I f  xfc A, t h e n  

C i + C 2 « * £  2 C i ,  and  C2 ' x Q  2  £  I f  x f c A 1, t h e n

C-jt C2 lx |  <  2C2 l x l  and C2 »x|]  2 <  lj.C2 x 2 . Combining t h e  

tw o ,

2 . 5 - 1 4 ) ~  4 C t * 4 ^ -2  ^  ^  *■

S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  ( 2 . 5 - 1 3 ) *
^,+co 'Q/u\ - ĉo f<n ~r  ^  - oOO 2  r  -Li ?  f 2 ,

2.5-15) b e  c\x ^ 4 c, e ' 4 x  + 4 ^ x e  Ax
-CD - a )  -Cfi

The s e c o n d  i n t e g r a l  i s  f i n i t e ,  f rom t h e  h y p o t h e s i s  of t h e

t h e o r e m .  C o n s i d e r  t h e  f i r s t  i n t e g r a l .  I t  i s  e a s i l y  shown

t h a t  _
^  r ,  - B ,

u - w  W '  * * »  J 11- * 1® A*
-00 - 00 - -

The f i r s t  i n t e g r a l  e x i s t s  b y  h y p o t h e s i s .  U nder  t h e  c o n ­

d i t i o n s  o f  t h e  t h e o r e m ,  B (x )  must  be  f i n i t e  f o r  f i n i t e  x .  

T h e r e f o r e ,  t h e  s e c o n d  i n t e g r a l  e x i s t s .  T h i s  shows t h e  

e x i s t e n c e  o f  f w h ic h ,  i n  t u r n  c o m p l e t e s  p r o o f  of  t h e

e x i s t e n c e  of  j  f\* i n  e q u a t i o n  ( 2 . 5 - 1 5 )
-03

C o r o l l a r y  1 I f  b ( x )  i s  a b ounded  m e a s u r a b l e  f u n c t i o n ,  t h e n

<Sx < oo im pl ies

P r o o f :  I f  b ( x )  i s  b o u n d e d ,  t h e n  l b ( x ) \  C^, w h ic h  i s  a

s p e c i a l  c a s e  o f  t h e  t h e o r e m ,  w i t h  C2  e q u a l  t o  z e r o .

C o r o l l a r y  2 I f  b ( x )  s a t i s f i e s  a  L i p s c h i t z  c o n d i t i o n

2 . 5-17) |b0O -h(xz} K L  Wr x2\ , o fL O oo ,  u l\<aaJi \2.Uco
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4-GD „

f  ? -  B .
t h e n  e x i s t e n c e  o f  I X 6 . dX i m p l i e s  e x i s t e n c e  o f

-CD

P r o o f :  S i n c e  t h e  L i p s c h i t z  c o n d i t i o n  h o l d s  f o r  a r t > i t r a r y

x-j_ and x 2 , l e t  x-  ̂ r  x ,  x 2  = 0 .

2 . 5 - 1 8 ) \ f e m \ -  ^  \ b ( x V  b  \ x \

2 . 5 - 1 9 ) lb(>0\ — \ V  -V U \X\

w h ic h  i s  a c o n s t r a i n t  o f  t h e  t y p e  u se d  i n  t h e  t h e o r e m .  T h u s ,  

i f  b ( x )  s a t i s f i e s  a L i p s c h i t z  c o n d i t i o n ,  i t  s a t i s f i e s  t h e  

r e q u i r e m e n t s  o f  t h e  t h e o r e m ,  and t h e  c o n c l u s i o n  f o l l o w s .

Theorem 2 S u f f i c i e n t  c o n d i t i o n s  t h a t  E [x 2 ] < o o .

L e t  b ( x )  b e  a m e a s u r a b l e  f u n c t i o n  s u c h  t h a t  

i .  b ( x )  i s  i n t e g r a b l e  i n  some i n t e r v a l  - a ^ x f - v a ,  a > 0 .

c o n v e r g e s  e i t h e r  t o  a f i n i t e
Ol s

v a l u e  o r  +0 0 , 0 < a < - v o o ,  some 6 > 0 .
- a

i i i .  c o n v e r g e s  e i t h e r  t o  a f i n i t e
- co ^

v a l u e  o r  - 0 0  , 0  < a  < + 0 0  , some 6  } 0 .

r  ^  r*
Then G c\X <  Ob w here  .

-CD o
P r o o f :  ^

+ 0 0  + 0 0

2 . 5 - 2 0 ) = j x ^ e ^ x  -v- -v- j x * G * < N \

-00 - 00 - ft.

By h y p o t h e s i s  ( i ) ,  B (x )  i s  b o unded  f o r  a l l  x ,  - a £ x £ + a .  I t

f o l l o w s  t h a t  t h e  s e c o n d  i n t e g r a l  above i s  f i n i t e .  Now

d e f i n e



2 k

2 . 5 - 2 1 )  1 0 0 = f l 4 b ( g ) - M ] d f  x > a
a. 5

I f  t h e  i n t e g r a l  c o n v e r g e s  t o  an y  v a l u e  g r e a t e r  t h a n  -oo , 

t h e n  I ( x )  m ust  be  f i n i t e ,  f o r  f i n i t e  x ,  and bounded from 

b e lo w ,

2 . 5 - 2 2 )  X2<X 

Prom e q u a t i o n  ( 2 . 5 - 2 1 ) ,

2.5-23) X if t .

2.5-21+) B f x V ' B t e }  -  \ooyX- lo<^0  >M,

2.5-25) B o o  ^ ( 5 * ^  loQ)X -V
where  Mg = M̂ -V B ( a )  -  (3 + & ) lo g  a .  Prom t h i s ,  i t  f o l l o w s  

t h a t

-BOO
2.5-26) e

2.5-27) x V * * ’ ±
X

T h is  p r o v e s  c o n v e r g e n c e  o f  t h e  t h i r d  i n t e g r a l  on t h e  r i g h t  

o f  e q u a t i o n  ( 2 . 5 - 2 0 ) .  C onvergence  o f  t h e  f i r s t  i n t e g r a l  

may b e  shown i n  a p r e c i s e l y  a n a l o g o u s  way.  A l l  t h r e e  

i n t e g r a l s  on t h e  r i g h t  o f  e q u a t i o n  ( 2 . 5 - 2 0 ) e x i s t ,  and t h e  

a s s e r t i o n  i s  p r o v e d .

Theorem ^  S u f f i c i e n t  C o n d i t i o n s  f o r  N o n - D i s p e r s i v e  b ( x )  :,7 i th  

L i n e a r  Bound

L e t  b ( x )  s a t i s f y  t h e  c o n d i t i o n s  o f  Theorem 2 ,  and i n

- V\i
e
v,3-v6X

e

x rt4
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a d d i t i o n ,  one o r  b o t h  o f  t h e  f o l l o w i n g s

i .   ̂b(VM — C k + (x \ C,r*0 , C2. - 0  l -CCXxOOo

11. IbO O -b ly^ iU X .-M  <5<a<» , Ulkfl0 1XlKa0
Then b ( x )  i s  n o n - d i s p e r s i v e .

P r o o f s  I f  b ( x )  s a t i s f i e s  t h e  c o n d i t i o n s  o f  Theorem 2 ,  t h e n

-00
c o r o l l a r i e s  t h a t  t h e  two c o n d i t i o n s  above  a r e  s u f f i c i e n t  t o

r-WX>
a s s u r e  I Ax ^CD » w h ich  c o m p l e t e s  t h e  r e q u i r e m e n t s  f o r

-co
n o n - d i s p e r s i v e  b ( x ) .

As a s p e c i a l  c a s e  o f  r e s t r i c t i o n s  on b ( x )  w h ic h  meet 

t h e  a b o v e  c o n d i t i o n s ,  c o n s i d e r  m e a s u r a b l e  b ( x )  s u c h  t h a t

I t  may e a s i l y  b e  shown t h a t  any  b ( x )  m e e t i n g  t h e s e  c o n d i t i o n s ,  

m e e t s  t h e  r e q u i r e m e n t s  o f  Theorem 3 ,  and  i s  n o n - d i s p e r s i v e .  

From e q u a t i o n  ( 2 . 5 - 2 9 ) ,

w here  M-. = ( 3 v b ) l o g  a  -  2  Hit a  ~\ . I t  f o l l o w s  t h a t  t h e  l i m i t  

o f  t h e  r i g h t  s i d e  o f  e q u a t i o n  ( 2 . £ - 3 1 )  a s  x - > o o i s  +0 0 . T h i s  

shows t h a t

r e g a r d l e s s  o f  t h e  s i z e  o f  & • An e x a c t l y  a n a l o g o u s  p ro

I t  was shown i n  Theorem 1 and i t s

2 . 5- 28)

2 . 5 - 2 9 )

\b^x")V^r C» + C 2.Vx\ - cc \  + 00

U > 0  , i > 6  , X ^ G O O

2 . 5 - 3 0 )
b ( ) 0 ^  -  — ■ x C - O k o1u \ v
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c e d u r e  may b e  used  t o  show t h a t

2 - 5 ' 3 3 )  xiT-co
X s

The c o n d i t i o n s  o f  Theorem 3 a r e  s a t i s f i e d ,  h e n c e  b ( x )  i s

n o n - d i s p e r s i v e .

The c o n d i t i o n s  s t a t e d  i n  t h i s  example  may b e  shown 

g r a p h i c a l l y .  Any m e a s u r a b l e  b ( x )  w h ic h  l i e s  e n t i r e l y  in  

a n  a r e a  s u c h  a s  t h e  shaded  a r e a  o f  F i g u r e  2 . 5 - 1  w i l l  b e  n o n  

d i s p e r s i v e .

-a:

F i g u r e  2 . 5 - 1  S u f f i c i e n t  C o n d i t i o n s  f o r  N o n - D i s p e r s i v e  b ( x )  

I n  t h i s  c a s e ,  we s e e  t h a t  \ b ( x ) l  can  d e c r e a s e  t o  z e r o  

a s  | X | - *  oo ,  p r o v i d e d  t h e  d e c r e a s e  i s  s u f f i c i e n t l y  s lo w .  

Theorem ij. S u f f i c i e n t  C o n d i t i o n s  f o r  D i s p e r s i v e  b ( x ) .

L e t  b ( x )  b e  a  m e a s u r a b l e  f u n c t i o n  s u c h  t h a t

i .  b ( x )  i s  i n t e g r a b l e ,  - a ^ x ^ + a ,  a >  0
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o r
-Ol

11 .  = 3 l < + a >

X
o r  b o t h .

Then b ( x )  I s  d i s p e r s i v e .  

P r o o f :
+00 - d  +d +oo

2 .5 -3 U )  j * * C * A X -  j " x Ze ^ \ x  4- X*e cVX +- Ax
-00 _£D-CD

D e f i n e  I ( x )  a s
r *

2 . 5 - 3 5 )  W ) =  y ? o -
0. s

3y t h e  same a rg u m e n t  a s  i n  Theorem 2 ,  I ( x )  must  b e  c o n t i n u o u s ,  

f i n i t e  f o r  f i n i t e  x ,  and bounded  from a b o v e .

2 . 5 - 3 6 )  6  M , < +Q0
0. *

I n t e g r a t i n g ,

2.5-37)  -  S \o ^ X -v l^ t

w here  M2  = M^-VB(a) -  31og  a .  From t h i s  i t  f o l l o w s  t h a t

■D/y\ -  nNi

2 . 5 - 3 8 ) x 1 P  — ——
X

s o  t h e  t h i r d  i n t e g r a l  o f  e q u a t i o n  ( 2 . 5 —3 4̂-) d i v e r g e s  and 
r"'0D
]  <z £  Ax does  n o t  e x i s t .  Thus b ( x )  i s  d i s p e r s i v e .

-CD

By an  e x a c t l y  a n a l o g o u s  p r o c e s s ,  i t  may b e  shown t h a t  i f

2 - w 9 )
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Then t h e  f i r s t  i n t e g r a l  o f  e q u a t i o n  (2 .5 -3 l j . )  i s  i n f i n i t e ,  

and b ( x )  i s  d i s p e r s i v e .

As an example  o f  a r e s t r i c t i o n  o f  t h e  above  t y p e ,  l e t

2 .5-UO) b (X ^ £  ^  X > 0L  ,
/\

o r

2 . 5 -U D

o r  b o t h .  Any b ( x )  s a t i s f y i n g  t h e s e  r e q u i r e m e n t s  w i l l  meet  

t h e  r e q u i r e m e n t s  o f  Theorem 1|. T h i s  may b e  s e e n  from t h e  

f o l l o w i n g .  U s in g  e q u a t i o n  (2 .£- i j .0)

2.5-U2) -  f  ] AS I

The l i m i t  o f  t h e  r i g h t  s i d e  as  x-*-4-00 i s  - 0 0 , so  t h e  same 

h o l d s  t r u e  f o r  t h e  l e f t  s i d e ,  s a t i s f y i n g  h y p o t h e s i s  ( i i )  of 

Theorem Ij.. By an  e x a c t l y  s i m i l a r  a r g u m e n t ,  i t  i s  p o s s i b l e  

t o  show t h a t  h y p o t h e s i s  ( i i i )  o f  Theorem Ij. f o l l o w s  from e q ­

u a t i o n  (2 .5 - l j . l ) *

These  r e q u i r e m e n t s  may a l s o  b e  p r e s e n t e d  g r a p h i c a l l y .  

Any m e a s u r a b l e  b ( x ) ,  i n t e g r a b l e  on - a i x ^ - t - a ,  l y i n g  i n  t h e  

s h a d e d  a r e a  of  F i g u r e  2 . 5 - 2  f o r  x < 0  o r  x > 0 i s  d i s p e r s i v e .
b ( x )

F i g u r e  2 . 5 - 2  S u f f i c i e n t  C o n d i t i o n s  f o r  D i s p e r s i v e  b ( x )



29

As an exam ple  o f  a b o r d e r l i n e  c a s e  w i t h  i n t e r e s t i n g  

p r o p e r t i e s ,  we c o n s i d e r

2.£-1*3) \>(X)=
a ^ x z

The g e n e r a l  form o f  t h i s  f u n c t i o n  i s  g i v e n  i n  F i g u r e  2 . 5-3«

2 a

2 a

F i g u r e  2 . 5 - 3  P l o t  o f  -jr-^

F o r  t h i s  f u n c t i o n ,

2 .5 -W  sex') -
N o . I t V  0 ^ S !

2* ^ S) £  -  t e )

c ^
2.5-1*6)  ^  -  —-  — V, ", J- z | — —  

Now c o n s i d e r  t h e  moments o f  t h i s  d i s t r i b u t i o n .
-too

2.5-lt7) Vlk =
-00

I n s p e c t i o n  o f  t h e  form o f  f g shows t h a t  t h e  num ber  o f  moments

w h ic h  w i l l  e x i s t  d ep en d s  on t h e  m a g n i tu d e  o f  a/ n^ .  The

l a r g e r  t h e  n o i s e ,  t h e  f e w e r  moments w i l l  e x i s t .  We can

s e e  t h a t  i f  i l  > 1  , U0 w i l l  e x i s t .  I f  ^ > 1  , U z  w i l l
C H 2
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e x i s t ,  e t c .  I n  g e n e r a l ,  i f  ^ \ i ± ] <  t h e  k t h  moment w i l l
Nz /  Z .  —

e x i s t .

S i n c e  t h i s  p a r t i c u l a r  b ( x )  i s  b o u n d e d ,  e x i s t e n c e  of  *1^ 

i m p l i e s  n o n - d i s p e r s i v e n e s s . vie would e x p e c t ,  t h e n ,  t h a t

would b e  n o n - d i s p e r s i v e ,  ^  would be  d i s p e r s i v e .  

T h i s  may De ch eck ed  by  a p p l i c a t i o n  o f  t h e  f o r e g o i n g  t h e o r e m s .  

F i r s t ,  we u s e  Theorem 3» The f u n c t i o n  b ( x )  i s  b o u n d e d ,  so  

i t  r e m a in s  t o  show t h a t  t h e  c o n d i t i o n s  of  Theorem 2 a r e  

s a t i s f i e d .

The f u n c t i o n  b ( x )  i s  b o u n d e d ,  c o n t i n u o u s  and  m e a s u r a b l e .

Now c o n s i d e r
+ 0 0  +oo

2.$-kD  ( [  - ( 5 + 6 ^ ^

a  ^  a  « + J
T h i s  i n t e g r a l  w i l l  b e  f i n i t e  i f  ^  . I t  w i l l  b e  *-a>

i f  — • T h i s  shows t h a t  f o r  n o n - d i s p e r s i v e n e s s ,  ^  > 5  * 
K1 Nz

w h ich  a g r e e s  w i t h  t h e  c o n d i t i o n  deduced  a b o v e .  S i n c e  b ( x )

i s  o d d - s y m m e t r i c , t h e  c o n d i t i o n  f o r  n e g a t i v e  x need  n o t  be

i n v e s t i g a t e d  s e p a r a t e l y .

S i m i l a r l y ,  a p p l y i n g  Theorem 1|., we n o t e  t h a t  
*00 *00

2 . 5 + 9 )  = f t  ^ ^ ^ - 5  1 i f

/7 a '
T h i s  w i l l  b e  - c o i f  " ^ > 5  * and hen ce  b ( x )  w i l l  b e  d i s p e r s i v e

u n d e r  t h e  same c o n d i t i o n .

I f  ^  = 3  » th® i n t e g r a l  o f  e q u a t i o n  (2 .5 - l j .9 )  i s  f i n i t e ,  
N

m e e t i n g  t h e  c o n d i t i o n s  o f  Theorem if., and i n d i c a t i n g  d i s p e r s ­

i v e n e s s .  Thus  t>he th e o r e m s  g i v e  t h e  same r e s u l t s  a s  t h o s e  

d e r i v e d  from i n s p e c t i o n  o f  t h e  form o f  f s .
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T h i s  phenomenon o f  t h e  v e r y  e x i s t e n c e  o f  moments d e p e n d ­

i n g  on t h e  i n p u t  a m p l i t u d e  i s  an  u n u s u a l  o n e .  I t  i s  n o t  

o b s e r v e d  in  l i n e a r  s y s t e m s .  Once t h e  e f f e c t  h a s  b e e n  demon­

s t r a t e d ,  an  h e u r i s t i c  e x p l a n a t i o n  i s  n o t  h a r d  t o  s e e .  T h i s  

b ( x )  becomes s m a l l  f o r  l a r g e  ix |  • I t  nas  a p p r e c i a b l e  v a l u e s  

o n ly  i n  some v i c i n i t y  o f  t h e  o r i g i n .  A c c o r d i n g l y ,  i f  N i s  

v e r y  l a r g e ,  i t  seems r e a s o n a b l e  t h a t  x s p e n d s  n o s t  o f  tr ie 

t i m e  i n  r e g i o n s  w here  b ( x )  i s  n e g l i g i b l e ,  s o  t h e  g e n e r a l  

e f f e c t  i s  t h a t  o f  b ( x )  r  0 ,  w h ic h  i s  d i s p e r s i v e .  C o n v e r s e l y ,

f o r  N v e r y  s m a l l ,  x would  s p en d  most  o f  t h e  t im e  n e a r  t h e

o r i g i n  w here  b ( x ) ^ ^ X .  • I f  b ( x )  = <*x,  &> 0 ,  a l l  moments

e x i s t ,  s o  s m a l l  N s h o u ld  a p p r o x i m a t e  t h i s  c a s e .

Theorem 2 g i v e s  no i n f o r m a t i o n  on t h e  e x i s t e n c e  o f  t h e  

v a r i a n c e  of  b ( x ) .  Theorem 1 and i t s  c o r o l l a r i e s  g i v e  t h r e e  

d i f f e r e n t  c o n d i t i o n s  w h ic h  may be a d j o i n e d  t o  t h e  c o n d i t i o n s  

o f  Theorem 2 t o  a s s u r e  E [ b ^ ( x ) ]  < +oo  . I t  may b e  s e e n  f rom 

t h e  f o l l o w i n g  exam ple  t h a t  some a d d i t i o n a l  c o n d i t i o n  m ust  be 

u s e d .  The exam ple  m ee ts  t h e  c o n d i t i o n s  o f  Theorem 2 ,  so  

EC x^]<  oo ,  b u t  E [b ^ (x )}  t u r n s  ou t  t o  b e  i n f i n i t e .  L e t

A p l o t  o f  t h i s  f u n c t i o n  i s  g i v e n  i n  F i g u r e  2 . ^ - l | .  The 

f u n c t i o n  becomes i n f i n i t e  a t  x  » ± . l .  B ( x ) ,  ho w ev e r ,  i s

w e l l - b e h a v e d .  I t  may e a s i l y  b e  shown th a t

2 . S - 5 0 ) hex ')  = —

( T T xM'
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-2

■ -2

F i g u r e  The F u n c t i o n  b(tf)- *

F u r t h e r ,  i t  may b e  shown t h a t  w i t h  t h i s  b ( x ) ,
*

2.5-52)  lim ^  1 a?  = +oo
a  

-Ot

2 . ^ 3 )
x->-od '  N

so  a l l  t h e  r e q u i r e m e n t s  o f  Theorem 2 a r e  s a t i s f i e d ,  and i t

f o l l o w s  t h a t  E [ x ^ ]  <  oo •

The v a r i a n c e  o f  b ( x )  i s  g i v e n  b y
+°° ,» r  r°°

2 .5 -54 ) f  b W M  = 1  j  2
- C O  °  1
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T hese  i n t e g r a l s  d i v e r g e  t o  + 0 0  , s o  E [b ^ (x ) ]  does  n o t  e x i s t .

T h i s  b ( x )  i s  e x e m p la r y  o f  an  i n t e r e s t i n g  c l a s s  o f  

f u n c t i o n s  w h ic h  we e x c l u d e  f rom  t h i s  s t u d y :  f u n c t i o n s  w h ich
V

go t o  i n f i n i t y  f o r  f i n i t e  v a l u e s  o f  x .  These  f u n c t i o n s  a r e  

o f  b o t h  t h e o r e t i c  and p r a c t i c a l  i n t e r e s t ,  b u t  t h e y  g iv e  r i s e  

t o  s i n g u l a r  F o k k e r - P l a n c k  e q u a t i o n s ,  and hen ce  m us t  be  

h a n d l e d  w i t h  s p e c i a l  c a r e .  B e c a u se  ^ f  t h i s  d i f f i c u l t y ,  

we do n o t  s t u d y  them h e r e ,  b u t  t h e y  a r e  u n d o u b t e d l y  w o r th y  

o f  a t t e n t i o n .

O b se rv e  t h a t  w i t h  t h e  f u n c t i o n  o f  F i g u r e  i f  x

i n i t i a l l y  l i e s  on t h e  r a n g e  - K x < 4 - 1 ,  t h e n  i t  w i l l  r e m a in  

on t h a t  r a n g e  f o r  a l l  t i m e .  I f  t h e  i n p u t  n o i s e  a t t e m p t s  

t o  move x o u t s i d e  t h e s e  '’b a r r i e r s 1' , i t  a p p e a r s  t h a t  t h e  

i n f i n i t e l y - i n c r e a s i n g  r e s t o r i n g  f o r c e  would  r e t u r n  i t  w i t h ­

i n  t h e  r a n g e .  The o u t p u t  p r o c e s s  x ( t )  would t h e n  be  b o u n d ­

e d .  A lm ost  a l l  p h y s i c a l  random p r o c e s s e s  a r e  i n  f a c t  

b o u n d e d .  T h i s  i s  u s u a l l y  c a u s e d  by  s a t u r a t i o n  i n  a m p l i f i e r s  

o r  a n a l o g o u s  phenomena,  r a t h e r  t h a n  by  a  f e e d b a c k  b ( x )  w h ich  

goes  t o  i n f i n i t y .  The e f f e c t  on t h e  o u t p u t  p r o c e s s  i s  much 

t h e  same,  h o w ev er ,  and i t  a p p e a r s  t h a t  s a t u r a t i o n  i n  t h e  

f o r w a r d  p a t h  c o u ld  be r e p r e s e n t e d  b y  an i n f i n i t e  i n c r e a s e  

i n  b ( x ) ,  and  t h u s  s t u d i e d  b y  much t h e  same methods  a s  a r e  

us  ed he r e  •

R e t u r n i n g  t o  t h e  p ro b lem  o f  a s s u r i n g  t h e  e x i s t e n c e  o f  

t h e  v a r i a n c e  o f  b ( x ) ,  t h e r e  a r e  no  d o u b t  s e v e r a l  ways t o  

p r o c e e d .  One way i s  embodied  i n  t h e  f o l l o w i n g  th e o r e m .  

Theorem j? S u f f i c i e n t  C o n d i t i o n s  f o r  N o n - D i s p e r s i v e  b ( x ) .
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L e t  b ( x )  b e  a  m e a s u r a b l e  f u n c t i o n  s u c h  t h a t

1 1 . ■2, b ( s ) ^ U £ - S ] A f  c o n v e r g e s  t o  a f i n i t e  v a l u e

o r  t o  + 0 0  ,  S> 0  , d > 0 .

c o n v e r g e s  t o  a f i n i t e  v a l u e
-OO

o r  t o  -oo ,  <S>0 , a > o .

c o n v e r g e s  t o  a f i n i t e  v a l u e

Then b ( x )  i s  n o n - d i s p e r s i v e .

P r o o f :  F i r s t ,  we show t h a t  u n d e r  t h e  s t a t e d  c o n d i t i o n s ,

E [ b 2 ( x ) l  < oo . O b v i o u s l y ,

S i n c e  b ( x )  i s  bounded f o r  f i n i t e  x ,  B( x )  i s  f i n i t e  f o r  

f i n i t e  x ,  and t h e  seco n d  i n t e g r a l  i s  f i n i t e .  We w i l l  show 

t h a t  c o n v e r g e n c e  o f  t h e  t h i r d  i n t e g r a l  f o l l o w s  from h y p o t h e s i s  

( i i ) .  An a n a l o g o u s  a r g u m e n t  would show t h a t  c o n v e r g e n c e  o f  

t h e  f i r s t  i n t e g r a l  f o l l o w s  from h y p o t h e s i s  ( i i i ) .

By t h e  same r e a s o n i n g  w h ich  has  b e e n  u s e d  b e f o r e ,  i f

c o n v e r g e s  t o  a f i n i t e  v a l u e  o r
-*°°a

t o  +oo ,  t h e n  t h e  i n t e g r a l  m ust  have  a l o w e r  b o u n d .

From t h i s ,  i t  f o l l o w s  d i r e c t l y  t h a t

2 . W 7 )

where  M2  = B( a )  -  ( vS) a• By h y p o t h e s i s  ( i ) ,
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2 . 5 - 5 8 )
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a a  n i t ' x  V

\oc^ b?0<V

The f u n c t i o n  l o g x / x  c o n v e r g e s  t o  z e r o  f o r  l a r g e  x .

A l s o ,  f o r  x > e \  t h e  f u n c t i o n  i f  m o n o t o n l c a l l y  d e c r e a s i n g .  

A c c o r d i n g l y ,  i t  i s  p o s s i b l e  t o  s e l e c t  a  s u f f i c i e n t l y  l a r g e  

s o  t h a t

2 . 5 - 5 9 )  X > & , 1 > 0  
*  4 - t i

From t h i s  i t  f o l l o w s  t h a t

2 . 5 - 6 0 ) \oq x  ^

S u b s t i t u t i n g  ( 2 . 5 - 6 0 )  and ( 2 . 5 - 5 8 )  i n t o  ( 2 . 5 - 5 7 ) ,

d + O loc^ x
2 . 5 - 6 1 )  J

> %  V- \oĉ  b70O
w h ere  = M2 -  2AA, • From t h i s ,  i t  f o l l o w s  t h a t

'D/y\ _ -  ^ 5
2 . 5 - 6 2 ) t V x i e  -  x ~ a

w h ic h  shows c o n v e r g e n c e  o f  t h e  t h i r d  i n t e g r a l  o f  e q u a t i o n  

( 2 . 5 - 5 3 ) . An e x a c t l y  a n a l o g o u s  a r g u m en t  shows t h e  e x i s t e n c e  

o f  t h e  f i r s t  i n t e g r a l  o f  t h e  same e q u a t i o n ,  so  t h e  v a r i a n c e  

o f  b ( x )  i s  f i n i t e .

I t  r e m a in s  t o  show t h a t  E [ x 2 ] < c d  . The p o s t u l a t e s  o f  

t h i s  t h e o r e m  a r e  s t r o n g e r  t h a n  t h o s e  o f  Theorem 2 .  Any 

b ( x )  s a t i s f y i n g  t h e  r e q u i r e m e n t s  o f  t h i s  th e o re m  w i l l  s a t i s f y  

t h o s e  o f  Theorem 2 .  Prom t h i s  i t  f o l l o w s  t h a t  e [ x 2 3 < o o .  

T h i s  c o m p l e t e s  p r o o f  o f  t h e  t h e o r e m .

F i g u r e  2 . 5 - 5  shows an example  o f  b o u n d a r i e s  f o r  b ( x )
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w h ic h  a s s u r e  t h a t  t h e  a b o v e  th e o r e m  i s  s a t i s f i e d .  Any b ( x )  

w h ich  l i e s  c o m p l e t e l y  w i t h i n  t h e  s h ad e d  a r e a  w i l l  b e  n o n -

d i s p e r s i v e

-a;

F i g u r e  2 . 5 - 5  S u f f i c i e n t  C o n d i t i o n s  f o r  N o n - D i s p e r s i v e  b ( x )

I t  may b e  s e e n  from t h e  f o r e g o i n g  a n a l y s e s ,  t h a t  f o r  

n o n - d i s p e r s i v e n e s s ,  b ( x )  m ust  t e n d  t o  be  p o s i t i v e  f o r  l a r g e  

x  > 0 ,  and  n e g a t i v e  f o r  l a r g e  n e g a t i v e  x .  b ( x )  may a p p r o a c h  

z e r o  a s  ix i  i n c r e a s e s ,  p r o v i d e d  t h e  a p p r o a c h  i s  s u f f i c i e n t l y  

s lo w .

S l i g h t l y  w e a k e r  s u f f i c i e n t  c o n d i t i o n s  c o u ld  no d o u b t  

be  d e r i v e d ,  b u t  t h o s e  g i v e n  h e r e  s h o u ld  c o v e r  m os t  c a s e s  o f  

p r a c t i c a l  i n t e r e s t .  T h ro u g h o u t  t h i s  s t u d y  we w i l l  c o n s i d e r  

o n l y  n o n - d i s p e r s i v e  f u n c t i o n s  b ( x )  w h ic h  a r e  bounded  on e v e r y  

f i n i t e  i n t e r v a l .
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N o n - d i s p e r s i v e n e s s  c l e a r l y  h a s  some r e l a t i o n  t o  t h e  

o l d e r  i d e a s  o f  s t a b i l i t y .  I t  seems t h a t  i t  i s  n o t  e x a c t l y  

e q u i v a l e n t  t o  a n y  o f  t h e  w e l l - k n o w n  s t a b i l i t y  c o n c e p t s ,  b u t  

t h e  q u e s t i o n  r e q u i r e s  f u r t h e r  s t u d y .

I t  would b e  v a l u a b l e ,  f o r  i n s t a n c e ,  i f  i t  w ere  p o s s i b l e  

t o  r e l a t e  p r o p e r t i e s  o f  t h e  s o l u t i o n s  o f  x -*-b(x)  a 0 t o  n o n -  

d i s p e r s i v e n e s s .  I t  seems p o s s i b l e  t h a t  a s y m p t o t i c  s t a b i l i t y  

i n  t h e  l a r g e  f o r  t h e  u n f o r c e d  e q u a t i o n  would  b e  s u f f i c i e n t  

( t h o u g h  n o t  n e c e s s a r y )  t o  a s s u r e  n o n - d i s p e r s i v e n e s s .
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2.6 Output Correlations

2 .6 .1  The General Case

We now c o n s i d e r  the problem of determining the second- 

order p roperties  of the output. Consider the system

n ( t)  +

b(x)

Figure 2 .6 .1-1  Block Diagram of F irst-O rder System 

We wish to  determine the c ro ss-co rre la tio n  between p(x) and 

q(x) where b(x) i s  non-dispersive so th a t  x (t)  i s  a s ta t io n ­

ary second-order random process. I f  p and q are re a l  

processes, the c ro ss-co rre la tio n  i s

= E \ p [ y ( U ]

2 .6 .1-1)

-00

where p  i s  the jo in t density function fo r x(t^) and x ( t2) .

By the Bayes formula, th i s  may be w ritten
+oo

2 . 6 . i - 2 )  p o o  1X* , Ay*Avt
-OO

where ^ (X g jtg  I * i» t i )  i s  the conditional density a t  t 2 under 

the condition th a t  x(t^) = x^. But t h i s  i s  exactly  the same 

as the t ra n s i t io n  density  Introduced in  Section 2 .3 , so

400

=  j j V x , ' )  p (  x , ,1 , ;  ) <\x, c\x;
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4<D

2.6 .1-3) |J*

where f T s a t i s f i e s  the Kolmogoroff equations. I f ,  as we

now req u ire , the process x (t)  i s  s ta tionary , (has reached

i t s  s t e a d y - s t a t e  c o n d i t i o n )  t h e n  t h i s  may b e  w r i t t e n
4-00

2.6.1-10  T ^ u )  = |J p (X ,) ( j i (X i') fs.Cx,') f T ( x ,  A x ,< \x i  U o

-OO
Sim ilarly , we would have

+0&

2 . 6 . 1 - 5 )  T l ? =  U o
-00

Since the two re la t io n s  above permit d e te r­

mination of the c ro ss-co rre la tio n  fo r -o o < t  <+oo •

I f  we d e f i n e
400

2 . 6 . 1 - 6 )  U ( X ( ) i ; ( ^ ) 2
-O D

t h e n  u  s a t i s f i e s  t h e  f i r s t  K o lm o g o ro f f  e q u a t i o n  and i s  

i d e n t i c a l  w i t h  t h e  u  i n t r o d u c e d  i n  S e c t i o n  2 . J | .  V/e s e e  t h a t :

Since fy  s a t i s f i e s  the f i r s t  Kolmogoroff equation, the  ̂ ^ 

expression in  the integrand i s  id e n t ic a l ly  zero. I t  follows 

then, th a t

2 . 6 . 1 - 8 )  =  -  b C x . ' i  ^
^  2 . i x ,

as was a sse r ted . From the d e f in i t io n  (2.6.1-6) i t  may also  

be seen tha t
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2.6 .1-9) ' im 
i - ^ o

so u (x ,t ;q )  i s  a one-parameter semi-group of transform ations. 

The in fin itesm al generator i s  the operator -fifdefined in  

equation (2 .3 -5 ) .  The cro ss-co rre la tion  may now be w ritten

2 .6 .1 -1 0 )  j V x . ' ' ^ x . ' ) \ U x . A ; < j sU x ,  - t> o
-00

In an exactly  analogous way, we may define
+00

2 . 6 . 1 - 1 1 )  u ( x t j i ; p h ) *  j p W ^ s C x , M T ( x „ x 2)0 ^ i
• -oo

and show th a t  y s a t i s f i e s  the second Kolmogoroff or Fokker- 

Planck equation, and th a t

2 .6 .1-1 2) =

v i s  a lso  a one-parameter semi-group of transformations with

in fin itesm al generator JX  as defined in  equation (2 .3 -6 ) .

The c ross-co rre la tion  may equally well be w ritten
400

2 .6 .1 -1 3 )  T ™ .(^ =  U o
-CD

Sim ilarly , may be w ritten  as

2.6.1-11+) V > o
"® +oo

2 .6 .1 -1 5 )  r  |  P < X i W l x t l t ;  g A )  t > o
-oo «

These equations provide the b as is  fo r  computation of

the second-order p ro p e rtie s .  In most o f what follows, use

w ill  be made of the pa ir  (2.6.1-13) and (2 .6 .1 -15). These
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are based on the operator v and hence on the Fokker-Planck 

equation.

In any case, the procedure would be to solve the appro­

p r ia te  p a r t i a l  d i f f e re n t ia l  equation, subject to the appro­

p r ia te  I n i t i a l  condition. The solution I s  then weighted and 

Integrated according to  one of the above formulas. So long 

as th is  e n t ire  process I s  carried out a n a ly t ic a l ly ,  there  I s  

perhaps l i t t l e  to choose between the two operato rs . Note, 

however, th a t  when using the semigroup u, the I n i t i a l  condi­

tio n  I s  e i th e r  p(x) or q(x) which are ty p ica l ly  unbounded 

fu n c tio n s ,e .g . p(x) = x. With th is  so rt of boundary condi­

t io n ,  i t  w i l l  be d i f f i c u l t  e i th e r  to approximate or truncate 

the problem conveniently.

The semigroup v, on the other hand, uses boundary condi­

t ions  p ffl or q ffl which are usually  bounded, and vanishing fo r  

large |x| • This w il l  be much more convenient fo r  numerical 
approximation, so in  th i s  work we concentrate on v and on the 

Fokker-Planck equation.

Extension of the problem to tha t o f Figure 2.1-3 la  

quite  stra ightforw ard. The formulae are given below for 

the sake of completeness, but w ill  not be used In the sequel. 

We use a method closely  sim ilar to tha t of Laning and B attin  

[31] p 196, and also adopt th e i r  d e f in i t io n  of the power- 

and cro ss-spec tra l  d en s i t ie s .  Consider the system of Figure

2 .6 .1-2 .
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x (t)

Figure 2.6 .1-2  Block Diagram of Linear F i l t e r s  

The W's are  weighting functions, and Y's tra n s fe r  functions 
of the tim e-invariant l in e a r  f i l t e r s .  The convolution 
In teg ra l  gives

2.6.1-16) = f  \Mp (T,) X CV.-x'YJ At,
o

2 . 6 . 1 - 1 7 )  2  (-t)  = ]  \N% f t }  % \j. ( t -  ' T ^ W T z

The c ross-co rre la tion  between y and z i s

2 . 6 . 1 - 1 8 )  x  j S p O O A t ,  f \ ( \ )  t  % lx ( t - t - T , ) ] } ^

o o
.aa r®

2 . 6 . 1 - 1 9 )  J v x ip C i O M ,  j \ \ ( ' T 1) ‘̂ ( t f t r ' y t a < i \

This enables us to ca lcu la te  once lp^ i s  known.

rum
I t  i s  sometimes more convenient to use the cross-spect-

. , + »  .  j i u i
H

-CO

2.6.1-20 CD 00 +00

*  4 A t

O 0 _<p
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2 .6 .1-2 0 )

= f v M P ( T , ) e + 1 “ ' V
o J i L

CD ® i r  ^00

j"vAJp(T,1 e ^  V ] | ̂ ( T ^ e ' 1̂

From th is  i t  follows th a tth a t

2 .6 .1-2 1) G ^ x ( o > ' )  =  Y p* ( p t i  Y ^ (  j u A  6 ^ ( t u )
where the * denotes complex conjugate. This the t ra n s fe r  

r e la t io n  fo r c ro ss-spec tra .

2 .6 .2  Special Cases

There are several Important specia l cases of the fo re ­

going, and fo r convenience, we co llec t  the sim plified form­

ulae below:

Case 1$ p = q - - This occurs whenever we wish to compute an 

au toco rre la tion . Equations (2.6.1-13) and (2.6.1-15) become 

id e n t ic a l ,  so only one need be considered.

Case 2; Autocorrelation of x ( t ) .  Here p(x) = q(x) = x. 

This i s  a fu r th e r  spec ia liza tion  of Case 1.

2 . 6 .2-1 )

2 .6 .2-2 ) T U - O *  Tpp a )

2.6.2-3)

2 . 6 . 2 - l f ) Cj ^ C i u W  H p C j t o M 1  6 f p ( « u )

2 «6 . 2 - 6 ) r x x ( - t )
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♦CD

2.6.2-?) Gw C(irt = i  [r„aie'*“V  = |  \r„ « ) « s  «*<\t
-00 O

Case 3 ;  A u t o c o r r e l a t i o n  o f  b ( x ) .  L e t  p ( x )  s  q ( x )  s  b ( x ) .
+00

2 * 6 . a - 8 )  V^(X)=  \ b ( x - ) T j ( x , t ; b W A x  + - 0
-CO

2 . 6 . 2 - 9 )

r 00
2 . 6 . 2 - 1 0 )  I  j r b b CO COSllA ( \ b

o

2*6*3 D e r i v a t i v e  R e l a t i o n s h i p s  Among t h e  C o r r e l a t i o n s

T h e r e  a r e  s e v e r a l  i n t e r e s t i n g  r e l a t i o n s h i p s  among t h e  

c o r r e l a t i o n s  a p p e a r i n g  i n  t h e  f i r s t - o r d e r  p r o b le m .  We 

s t a t e  t h e s e  r e l a t i o n s h i p s  i n  t h e  form o f  a  t h e o r e m ,  and  t h e n  

p r o c e e d  t o  d e v e l o p  th e m .

Theorem 6 R e l a t i o n s  Among t h e  C o r r e l a t i o n s  

I f  b ( x )  s a t i s f i e s  t h e  f o l l o w i n g :  

i .  b ( x ) ,  b ' ( x )  and b '*(x)  a r e  bounded

l i .  v'm ([rib<SV6 l A s  = L - oo < i., f c , <5> o , &>o

- d
i n .  Wm ( [ 4 W si-4 ]A | =b2 -ooiU,<-vo> 6>0,a>o

*-*-co *

t h e n  i f  f o l l o w s  t h a t r

a* b ( x )  i s  n o n - d i s p e r s i v e  

b. t;k(G= Tlfc( l )  -oo^K +oo  

O t t ^ i o o
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D e r i v a t i v e s  I n  t h e s e  f o r m u l a s  a r e  u n d e r s t o o d  t o  b e  d e r i v a ­

t i v e s  on t h e  r i g h t .  A l l  d e r i v a t i v e s  h e r e  e x i s t  I n  t h e  o r d ­

i n a r y  s e n s e  e v e ry w h e re  e x c e p t  p o s s i b l y  a t  t h e  o r i g i n .  At 

t h e  o r i g i n ,  b o t h  r i g h t -  and l e f t - h a n d  d e r i v a t i v e s  e x i s t ,  b u t  

t h e y  may be  u n e q u a l .

P r o o f : We b e g i n  w i t h  s t a t e m e n t  o f  a r e s u l t  o f  Mandl ( 3 7 ] •  

Lemma: I f  h ( x )  i s  a n y  o n c e - d i f f e r e n t i a b l e  f u n c t i o n  d e f i n e d  

on -oo<x<-*-oo, s u c h  t h a t  h ( x ) f g ( x )  fe L^ ( -oo  ,  o o ) ,  t h e n  

v ( x , t ; h f g ) s f a ( x ) u ( x , t ; h ) , w here  u and  v a r e  t h e  s e m i - g r o u p s  

g e n e r a t e d  b y  t h e  f i r s t  and s e c o n d  K o lm o g o ro f f  e q u a t i o n s  

r e s p e c t i v e l y .  The p r o o f  o f  t h i s  lemma w i l l  n o t  be  g i v e n  

h e r e .  I t  I s  q u i t e  e l e m e n t a r y ,  and  i s  g i v e n  b y  Mandl [ 3 7 ] •  

T u r n i n g  now t o  p r o o f  o f  t h e  t h e o r e m ,  I t  f o l l o w s  from 

h y p o t h e s i s  ( i i )  t h a t

A c o r r e s p o n d i n g  r e s u l t  f o r  n e g a t i v e  x  f o l l o w s  from h y p o t h e ­

s i s  ( i i i ) .  The two may be  combined t o  g i v e

from w h ic h  i t  f o l l o w s  t h a t

2 . 6 . 3 - 2 )  B C x )  ^  4 &K
w here  M2 » M i + B ( a )  -  6 a ,  and

2 . 6 . 3 - 3 )

-00
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_+co
where M l s Mo/f e_t3fSV$

-CO
P o r  a n y  f u n c t i o n  h  s u c h  t h a t  h ( x ) f g (x)fe I^ t-co ,-* -®  ) ,  t h e  

s e m i- g r o u p  v ( x , t ; h f a ) may b e  w r i t t e n  i n  t e r m s  o f  t h e  t r a n s i t i o n  

p r o b a b i l i t y  d e n s i t y  ( G r e e n ' s  f u n c t i o n )  in  a c c o r d a n c e  w i th  

e q u a t i o n  ( 2 . 6 . 1 - 1 1 )  a s
+00

2 . 6 .3 -S) f  t >0
-00

S in c e  f g and f T a r e  n o n - n e g a t i v e ,  i f l h \ ^ H ,
+ 00  +CD

2.6.3-6) 1V W .I ;  h ^ ) l  ^
-C D  - 0 0

The l a s t  i n t e g r a l  i s  s im p ly  v ( x , t ; f _ ) .  S in c e  f D i s  t h e
S  9

s t e a d y - s t a t e  d i s t r i b u t i o n ,  i t  i s  i n v a r i a n t  u n d e r  t r a n s f o r m ­

a t i o n  b y  v f o r  a n y  t ,  i . e .  v ( x , t ; f g ) *  f 3 ( x ) ,  t i O .  Thus 

( 2 . 6 . 3 - 6 )  may b e  w r i t t e n

2 .6 . 3- 7 ) \ U U A ; hfO\ 6  (if) ±  
f o r  a n y  bounded  h .

Now c o n s i d e r  t h e  c r o s s - c o r r e l a t i o n  w h ic h ,  b y

a p p l i c a t i o n  o f  e q u a t i o n  ( 2 . 6 . 1 - 1 3 )  may b e  w r i t t e n
*co

2 .6 .3-s) Fbx(Vl = j x i ; ( i ( , t ; b ? i U x  + > 0
-oO

D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  t ,
100

2 . 6 . 3-91 f x  dx = J ^ -n -u w .t ib ^ W K
- i p  -to

B e f o r e  p r o c e e d i n g ,  we show t h a t  d i f f e r e n t i a t i o n  u n d e r  t h e

i n t e g r a l  s i g n  i s  p e r m i s s i b l e .  C l e a r l y  t h e  i n t e g r a n d  x v  i s  

c o n t in u o u s  i n  x  and  t .  I t  i s  a l s o  e a s i l y  s e e n  t h a t
400

J x v ( x , t ; b f g )dx  c o n v e r g e s .  S in c e  b  i s  b o u n d e d ,
-00



> a ,  w h ic h  i s  s u f f i c i e n t  t o  a s s u r e  c o n v e rg e n c e  o f  t h e  

i n t e g r a l ,  u n i f o r m l y  i n  t .

I t  r e m a in s  o n ly  t o  show t h a t  c o n v e r g e s  u n i -
-<D

f o r m l y  i n  t .  T h i s  i s  done i n  a c l o s e l y  s i m i l a r  w ay . S in c e  

v i s  a s t r o n g l y  c o n t in u o u s  s e m i - g r o u p ,  ^ v ( x , t ; b f s ) * 

J 2 v ( x , t ; b f a ) :  v ( x , t ; _ f l b f s ) ( s e e ,  e . g .  H i l l e  and P h i l l i p s [ 2 i | ]  , 

Theorem  1 0 . 3 . 3 ) .  A c c o r d i n g l y ,  e q u a t i o n  ( 2 . 6 . 3 - 9 )  becom es

2 .6 .3 -1 0 )  I x  x r ( x , i  ; s i b ^ ) A x  \ > o
-CD

I t  may e a s i l y  b e  shown t h a t

2 . 6 . 3 - 1 1 )  J l b * »  N V < ^ | V { 5 + b b V - ( | V - b b ’ ) { s

f s  i s  a lw a y s  b o u n d e d .  By h y p o t h e s i s  ( i ) ,  b ,  b* and  b ” a r e  

b o u n d e d .  Thus - A b f a i s  bounded  a l s o .  I t  t h e n  f o l l o w s  from  

( 2 ' . 6 . 3 - 7 )  t h a t  v ( x , t j - f l b f g ) has  a n  e x p o n e n t i a l l y  d e c r e a s i n g  

bound  w h ic h  i s  in d e p e n d e n t  o f  t .  T h i s  a s s u r e s  t h a t  t h e  

i n t e g r a l  ( 2 . 6 . 3 - 1 0 )  c o n v e r g e s  u n i f o r m ly  In  t ,  o 4 t  < oo .  T h is  

c o m p le te s  t h e  p r o o f  t h a t  d i f f e r e n t i a t i o n  u n d e r  t h e  i n t e g r a l  

i s  v a l i d .

Now i n t e g r a t e  e q u a t i o n  ( 2 . 6 . 3 - 9 )  b y  p a r t s .
-too

2 . 6 . 3 - 1 2 )  - ®  ^  *r « V -+00 +00 -tOO

00 ’GO -00
S in c e  b i s  b o u n d e d ,  v ( x , t ; b f _ )  d e c r e a s e s  e x p o n e n t i a l l y  w i t hs
x f o r  l a r g e  i x i ,  and  t h e  s e c o n d  te rm  i s  z e r o .

Now c o n s i d e r  t h e  i n t e g r a l  _

2 . 6 . 3 - 1 3 ) -ur(x,t; b O = -



k B

I f  x i  a,
+® -kjq c

2.6.3-14) m rcx.t^M ^U W (t,-t;_abf.1')lAf^(^4e" *&%
X X

- 5 X
2 . 6 . 3 - l S )  I U T ( X , i ;  b b ' i l -  X^-CL

w h ere  = Mb/5 • E q u a t i o n  ( 2 . 6 , 3 - 1 3 )  may oe w r i t t e n
too -

■ u r ( x A ;  = -  f i L  SH_ ^  - v t ^ T J l ^ S

2 . 6 , 3 - 1 6 )  ^  2‘ 2

= f o U t ;  ^ 0  + M f l i r o u . - h f ^
<5 x  "

T h is  q u a n t i t y  g o es  t o  z e r o  e x p o n e n t i a l l y  in  x f o r  l a r g e  x ,  so  

\*\cr\ X + b i r ] ~  O » a l s o .  The same c a n  be shown a s

x —► - o o ,  so  t h e  f i r s t  te rm  o f  e q u a t i o n  ( 2 . 6 , 3 - 1 2 )  v a n i s h e s  

and
+«o

2 . 6 . 3- 17) r ^ ( t t  = -J  b o ')  v rcx .-t ; V x  1 2  0
-  oo

By u s e  o f  e q u a t i o n  ( 2 . 6 , 1 - 1 3 ) ,  t h e  i n t e g r a l  on t h e  r i g h t  may 

b e  i n t e r p r e t e d  a s  T^teC\.).

2 . 6 . 3 - 1 6 )  b > o

Prom e q u a t i o n  ( 2 . 6 . 1 - 1 0 ) ,  we have

2 .6 .3 - 1 9 )  Vx b (V) = U U . A . b ^  dx
-oo

Prom t h e  lemma, and  e q u a t i o n  ( 2 . 6 . 3 - 8 ) »
+oo -vco

2 . 6 . 3 - 2 0 )  T„b ( V h  J x t s l U x . t l W - f x v c x . V . b f s V x s r ^ i U . - l J o
-Q O  -C O

S in c e  T xbC t^-T ^-V ) » t h i s  shows t h a t  and ‘̂ ( V )  a r e

i d e n t i c a l  - o o i t i + o o ,  and b o t h  a r e  even  f u n c t i o n s  o f  t .

T h is  i s  n o t  t r u e  o f  c r o s s - c o r r e l a t i o n s  i n  g e n e r a l .  T h is



U9

p ro v e s  r e s u l t  (b )  o f  t h e  t h e o r e m .
f ,

The t im e  d e r i v a t i v e s  , %x (1) a r e  t h e n  i d e n t i c a l ,  

odd f u n c t i o n s  o f  t i m e .  From e q u a t i o n  ( 2 . 6 * 3 - 1 8 ) ,

2.6.3-21) -rbx(-0 = - r6b(V) - - T̂ c-V) , -Uo
from  w h ic h

2 .6 .3 -2 2 )  q , ' ( 0 =  ^ ( V )  i ^ O

w h ic h  shows r e s u l t  ( c )  o f  t h e  th e o re m .

To p ro v e  r e s u l t  ( d ) ,  we s t a r t  f rom  t h e  e x p r e s s i o n
too

2 . 6 . 3 - 2 3 )  Vx x ( t ) =  ^ X l T ( X , i ; x V s ') ( \x  o
-oo

w h ic h  comes from  e q u a t i o n  ( 2 . 6 . 2 - £ ) .  We f o l l o w  a  p r o c e d u r e  

e x a c t l y  a n a lo g o u s  t o  t h a t  im m e d ia te ly  a b o v e ,  and  o b t a i n  t h e  

r e s u l t s

2.6.3-2U) r w' (V) =  -  T J J t ' )

2 . 6 . 3 - 2 3 )  T lx C t 'i  = i  < 0

D i f f e r e n t i a t i n g  t h e s e  e q u a t i o n s ,

2 . 6 . 3 - 2 6 )  VA"  I t )  = t ? 0

2 .6 . 3 - 2 7 )  = r x; m  - u o

S u b s t i t u t i n g  e q u a t i o n s  ( 2 . 6 . 3 - 1 8 )  and ( 2 . 6 . 3 - 2 2 )  i n t o  t h e  a b o v e ,

2 .6 .3 -2 6 )  O - O r  Vhlol\)  -00<-l<tOO  

w h ic h  i s  r e s u l t  (d )  o f  t h e  th e o r e m .

R e s u l t  ( a )  i s  o b v io u s ,  a s  t h e  c o n d i t i o n s  o f  t h i s  th e o r e m

c o n t a i n  t h o s e  o f  th e o re m  5» T h is  c o m p le te s  t h e  p r o o f  o f

Theorem  6 .

I t  seem s c e r t a i n  t h a t  s t r o n g e r  th e o re m s  a lo n g  t h e s e  

l i n e s  c o u ld  be  p r o v e d .  P o s t u l a t e  ( i ) ,  r e q u i r i n g  t h a t  b ( x )



So

b e  bounded  w i t h  two b o unded  d e r i v a t i v e s ,  a p p e a r s  t o  b e  much 

t o o  s t r o n g  a  r e q u i r e m e n t .  I t  i s  n o t  n e c e s s a r y .  I n  a  l a t e r  

s e c t i o n ,  a n  exam ple  w i l l  b e  c o n s i d e r e d  w h ere  b ( x )  i s  d i s c o n ­

t i n u o u s ,  b u t  t h e  c o n c l u s i o n s  o r  t h e  th eo rem  a r e  v a l i d .

T h e re  a r e  s e v e r a l  i m p l i c a t i o n s  o f  t h e  th e o re m ,  w h ic h  we 

now c o n s i d e r .  The f i r s t  o f  t h e s e  i s  t h e  f a c t  t h a t  'T ^ D d o e s  

n o t  e x i s t  a t  t h e  o r i g i n .  To s e e  t h i s ,  we f i r s t  c a l c u l a t e  

from  e q u a t i o n s  ( 2 . 6 . 3 - 8 )  and ( 2 . 5 - 8 ) •

Tto <o^= $ x to o C i< * > 4 x =-00 -co
2 . 6 . 3 - 2 9 )

-CD

T h is  r e s u l t  i s  in d e p e n d e n t  o f  b ( x ) .  I t  was show n, f o l l o w i n g  

e q u a t i o n  ( 2 . 6 . 3 - 2 0 )  t h a t  i s  an  ev en  f u n c t i o n  o f  t .

T h e r e f o r e ,  = -T^x(d) = ^  • Prom c o n c l u s i o n  ( d )  o f

t h e  th e o r e m ,  t h e n ,

2 . 6 . 3 - 3 0 )  r „ ' ( o n = - ^  ; r »x ^

The r i g h t -  and  l e f t - h a n d  d e r i v a t i v e s  e x i s t ,  b u t  a r e  u n e q u a l ,

s o  T^Ct) d o e s  n o t  e x i s t  a t  t  s  0 .  From t h i s ,  i t  f o l l o w s

(L oeve  [36*1 p I4.7 0 ) t n a t  x ( t )  i s  n o t  d i f f e r e n t i a b l e  i n  mean

s q u a r e ,  w h ic h  i s  h a r d l y  s u r p r i s i n g .

I t  may a l s o  b e  shown t h a t ,  u n d e r  t h e  c o n d i t i o n s  o f  t h e

th e o r e m ,  l i m T ^ t t ' )  3 0 .  To do t h i s ,  we s t a r t  f rom  e q u a t i o n  
i^ o o

( 2 . 6 . 3 - 8 ) .  M aking u s e  o f  S ch w ar tz*  i n e q u a l i t y ,  ^
too ±

2.6.3-31) J w \ v W , t ; b O I A x l  ^  w s ^ x  jtoOf.V,
- -0 O  j  -C D  '00

U n d er  t h e  c o n d i t i o n s  o f  t h e  th e o re m ,  i t  i s  e a s i l y  shown t h a t

t h e  f i r s t  i n t e g r a l  on t h e  r i g h t  i s  b o u n d e d ,  u n i f o r m l y  i n  t .

I f  t h e  bound  i s  c a l l e d  M, th e n



 ̂  ̂ /ftheorem, i t  fo llow s that ^ib » b̂x » * and TV* w i l l  be f i n i t e .
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t  , r *CD
2 .6 .3 -3 2 )  I*'"' T^ct') ^  N\ U™ \ ir C x . t ;  b ^ ) \  Jt)<

t-»0O

Mandl's [37] Theorem £ shows that the right s id e  i s  zero . In 

view of t h i s ,  i t  fo llow s further , by re su lt  (d) of the theorem,

2 .6 .3 -3 3 )  Txxtt) -Ooo
An exactly  analogous procedure shows that

2.6.3-31*) ^bb^t] = Vvm r x;  ( t )  = o
\_-b-co -t*>co

Since b(x) i s  non-d ispersive , the random process b [x (t) ]  

w i l l  be second-order, i . e .  \TJ)bC‘0 | ^ 00 , ~oo<^<+<0. From the

r*
The re la tion sh ip  Vxx^  = ^ ( . 0  im plies a corresponding 

re la tion sh ip  between the spectrum of b and the continuous 

portion of the spectrum of x .  Since T*x i s  bounded, the 

fa c t  that T^CtVo im plies that T^lt) approaches a l im it

as t-* oo • Therefore, the spectrum of x can have no d is c o n t i ­

n u it ie s  except p oss ib ly  at zero frequency. Accordingly, i f  

we define x s x -  E[x) , the spectrum of x w i l l  have no 

d is c o n t in u it ie s .  We assume that the sp ectra l d en sity  of 

x e x is t s  everywhere, and is  denoted by G__(lD). The sp ectra l

density  of b i s  given by
00 <J3

2 . 6 . 3 - 35 ) ^ ( 1111=1 ^ ( V k o s t u U U  i  J r ^ C t V o s u j U t
O 0

Integrating by parts tw ice , and using the fa c ts  that
r ' , u ^ Ti ' (Aa\ V--iX\ = Q

i t  i ■= O > 'xx (0 ) -  “ -5* » \̂ >co *
V*co

2 .6 -36) G bb(uu)= * L -  U)'Lb x>(0)')
IT

which i s  the desired re la t io n sh ip .
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I f  i t  happens tha t , - o o < t< + ® ,  then certa in

fu r th e r  re su l ts  follow*.

2 .6 .3 -3 7 )  r ^ V t ^ o  , t > e , i  < o

2 . 6 . 3- 3 6 ) F j  a )  6 0  . i >02.6.3-39) r ta| ( i ' )  > 0  , 4 - < 0

2 . 6 . 3-4 0 ) Tbxlt> S O  -OD<Ci<iOo

2 . 6 . 3-4 D  i ^ a H O  i s o

2 .6 .3 -4 2 )  rx« c O > o  - t < o
The deriva tive  re la tio n s  among the various corre la tions 

are of considerable p ra c tic a l  use. Once has been de­

termined, a l l  o ther co rre la tions may be found from i t  by

d i f f e  rent i a t  i  on.

2.6*1]. T o r t r a t ’e Result

By using methods s im ila r  to  the foregoing, i t  is  possible 

to  derive T o r t ra t 's  [49] r e s u l t .  He used a d if fe ren t  pro­

cedure, but the derivation  given here shows the ad jo in t re ­

la tionsh ip  between his method and ours. In equations

(2.6.1-10) and (2 . 6 . 1 - 1 4 ) we spec ia lize  to  p s q.
..+oo

2 . 6 .14.-1) TJpOO = ( pCx'KsM U(X,V, 1 2 0

2 . 6 . 4 - 2 ) r9p ( - t )  -

We choose to t r e a t  the sp ec tra l  density  as follows:

2.6.4-31 CfpCurtz 1
-CO -00 o

Now su b s t i tu te  - t  fo r  t  in the f i r s t  in te g ra l .

i iiiii r03 -
2 .6 .4 -4 )  O p p ±  f r „ c \ )  e  6i

° O
These two In teg ra ls  are c ta r ly  complex conjugates, so the



sum i s  twice the re a l  part o f e i th e r .
r r® _ iuji 

2 .6A -5)  Z  )  1  J V t ) e  \
1 O  *

This i s  Caughey and Dienes' ( ^7l equation l*f) equation for 

ca lcu la tion  of the spectrum.

Now the resolvent of a semigroup i s  i t s  Laplace t ra n s ­

formation. (See, e .g .  H il le  and P h i l l ip s  [26] Lemma l5.*+.3» 

p M+2)

f ® - S i
2 .6 A -6 )  R  ( x , s ;  = j  e  u ( x / l  \ a \ c V t

o
Taking the Laplace transform of both s ides of equation

(2 .6 .^ -1 ) ,  we have
00 * -KB

2.6.«f-7) J  V ^ a )  e  A  ^
O -oo

Setting s = JOJ gives the expression necessary fo r (2.6.U—5)

which then becomes
KO

2 . « . W )  6 w« u W e t R e [ l
*■ -CO

which i s  T o r tra t1s r e s u l t ,  aside from ce r ta in  normalizing 

fa c to rs .  Tortra t s ta te s  tha t R(x, J<u ; i l* )  w ill  ex is t  

except fo r those frequencies (1)̂  a t  which d isco n tin u itie s  

occur in  the spectrum, i . e .  x (t)  contains periodic terms of 

frequency (Dc. • In accordance with the argument following 

equation (3*6.3-34)* x ( t)  can have no such periodic terms 

except possibly fo r U)t  -  0. With th is  exception, then, the 

resolvent transformation should be well-defined.

I t  may be seen, then, tha t T o r t r a t 's  method i s  an



a d j o i n t  o f  o u r s .  H is  fo rm u la  f o l l o w s  f ro m  t h e  f i r s t  Kolmo- 

g o r o f f  e q u a t i o n ,  o u r s  f ro m  t h e  s e c o n d .  I n  p r i n c i p l e  t h e  

two p r o c e d u r e s  a r e  e q u i v a l e n t ,  b u t ,  a s  m e n t io n e d  a b o v e ,  

p r a c t i c a l  c o n s i d e r a t i o n s  f a v o r  t h e  se c o n d  e q u a t i o n .

2 . 6 . 5  Exam ple 1 :  The O r n s t e ln - U h le n b e c k  P r o c e s s

As an  ex am ple  o f  how t h e  p r o c e d u r e  may b e  a p p l i e d ,  we 

now c o n s i d e r  t h e  c a s e  w h ere  b ( x )  = (3 x ,  /3 > 0 ,  and  we w ish  

t o  c a l c u l a t e  t h e  a u t o c o r r e l a t i o n  o f  x .  As m e n t io n e d  e a r l i e r  

t h i s  i s  t h e  O r n s t e ln - U h le n b e c k  p r o c e s s ,  f o r  w hich  a  num ber o f  

r e s u l t s  a r e  known, i n c l u d i n g  t h e  a u t o c o r r e l a t i o n  (Doob [ l* f]

P 3 5 3 ) .  The o b j e c t i v e  h e r e  i s  t o  show t h a t  o u r  m ethod 

g i v e s  t h e  same r e s u l t  a s  t h e  e a r l i e r  l i n e a r  t h e o r y .  The 

O r n s t e ln - U h le n b e c k  c a s e  i s  t h e  o n l y  p ro b le m  o f  t h e  c l a s s  now 

b e in g  s t u d i e d ,  f o r  w hich  t h e  a u t o c o r r e l a t i o n  i s  w e l l - k n o w n .

I t  seem s a d v i s a b l e ,  t h e n ,  t o  u s e  i t  a s  a  c h e c k .

T h i s  p a r t i c u l a r  b ( x )  s a t i s f i e s  a l l  t h e  f o r e g o i n g  c o n ­

d i t i o n s  f o r  e x i s t e n c e ,  u n iq u e n e s s  and n o n - d i s p e r s i v e  c h a r a c ­

t e r  o f  t h e  o u t p u t .  P u t t i n g  i t  i n t o  e q u a t i o n  ( 2 . 5 - 6 ) ,  t h e  

s t e a d y - s t a t e  d i s t r i b u t i o n  i s

V o -

1 S T  < £ '
2w hich  i s  a  G a u s s ia n  d i s t r i b u t i o n  o f  z e r o  m ean, v a r i a n c e  N*/2f3, 

a  r e s u l t  w hich  may b e  e a s i l y  v e r i f i e d  by  o t h e r  m e th o d s .  The 

n e x t  s t e p  i s  t o  s o l v e  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n
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s u b j e c t  t o  t h e  b o u n d a ry  c o n d i t i o n

2 .6 .5 -3 )  u ( x , o ;  _ ^ _ ^ - ( J | ) j _

" W I T
T h i s  i s  a  r e l a t i v e l y  e l e m e n t a r y  p ro b le m  i n  p a r t i a l  d i f f e r ­

e n t i a l  e q u a t i o n s ,  and t h e  d e t a i l s  o f  s o l u t i o n  a r e  g iv e n  i n  

A p p en d ix  A. The r e s u l t  ( e q u a t i o n  (A -1 1 ) )  i s

*

S u b s t i t u t i n g  t h i s  i n t o  e q u a t i o n  ( 2 . 6 . 2 - 5 ) ,  t h e  a u t o c o r r e l a t i o n

+<X>i s

2 . 6 . 5 - 5 ) j x e A x p \ -  P f *  } d *  i >0

2 .6 .5 -6 )  T x y ft')*
r

2 .6 . 5- 7 ) rXx C - ^ - p yva '>

2 . 6 . 5 - 8 )  - * < * <J,eo
T h i s  a g r e e s  w i th  t h e  r e s u l t  o b t a i n e d  b y  c o n v e n t i o n a l  l i n e a r  

m e th o d s .
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2 . 6 . 6  E xam ple  2 :  A S q u a re -L aw  D e t e c t o r  P ro b lem

C o n s id e r  t h e  e q u a t i o n  o f  t h e  p r o c e e d in g  exam ple  f o l lo w e d  

by  a s q u a r e - l a w  d e t e c t o r .

p ( x )

p x

F i g u r e  2 . 6 . 6 - 1  B lo c k  D iagram  o f  D e t e c t o r  P ro b lem  

w h e re  p ( x )  = a x 2 . To c a l c u l a t e  t h e  a u t o c o r r e l a t i o n  o f  p ( x ) ,  

t h e  o u t p u t  o f  t h e  d e t e c t o r ,  e q u a t i o n  ( 2 . 6 . 2 - 1 )  w i l l  b e  u s e d .  

To t h i s  e n d ,  I t  I s  n e c e s s a r y  t o  s o l v e

2 . 6 . 6 - 1 )  +

s u b j e c t  t o  t h e  b o u n d a ry  c o n d i t i o n  

2 .6 * 6 - 2 )  V ( x , 0 j P ^ i ' )  =

The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  h e r e  i s  I d e n t i c a l  w i th  t h a t

o f  Exam ple  1 ,  b u t  t h e  b o u n d a ry  c o n d i t i o n  i s  d i f f e r e n t .  De­

t a i l s  o f  t h e  s o l u t i o n  a r e  g iv e n  i n  A ppend ix  A, and  t h e  r e s u l t  

i s  ( e q u a t i o n  ( A - 1 5 ) ) :

From e q u a t i o n  ( 2 . 6 . 2 - 1 )  we h a v e
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-oo

S u b s t i t u t i n g  ( 2 . 6 . 6 - 3 )  i n t o  t h i s ,  and  p e r fo r m in g  t h e  n e c e c e s -

As m e n t io n e d  e a r l i e r ,  t h e  v a r i a n c e  o f  x  i s  .  ,  so

w h ich  a g r e e s  w i th  t h e  r e s u l t  c a l c u l a t e d  by o t h e r  m e th o d s .

S e e ,  e . g .  D a v e n p o r t  and  R oo t [1 3 )  P 2 5 5 ,  e q u a t i o n  (1 2 -2 * fb ) .

2 . 7  The F o k k e r - P l a n c k  E q u a t io n  f o r  D i s c o n t i n u o u s  b ( x ) .

We now c o n s i d e r  f u n c t i o n s  b ( x )  w hich  a r e  bounded on  

e v e r y  c l o s e d  i n t e r v a l  o f  x ,  and c o n t i n u o u s  and d i f f e r e n t i a b l e  

e x c e p t  p o s s i b l y  a t  a  f i n i t e  number o f  p o i n t s  x ^ .  We a l l o w  

f i n i t e  d i s c o n t i n u i t i e s  i n  b ( x ) ,  i . e .  i f  xc i s  a  p o i n t  o f  d i s ­

c o n t i n u i t y ,  t h e n

w h ere  b ( x * )  and b ( x jp  a r e  b o th  f i n i t e  b u t  u n e q u a l .

No r i g o r o u s  t h e o r y  now e x i s t s  f o r  t h i s  s i t u a t i o n .  Even 

e x i s t e n c e  and  u n iq u e n e s s  o f  s o l u t i o n s  o f  t h e  o r i g i n a l  APW 

e q u a t i o n  h a v e  n o t  b e e n  shown, a s  d i s c o n t i n u o u s  b ' s  do n o t  

s a t i s f y  a  L i p s c h i t z  c o n d i t i o n .  F u r th e r m o r e ,  t h e  m eaning

t h e  e q u a t i o n  may b e  w r i t t e n
zfi

2 . 6 . 6 - 6 )  & % +.26L r xx ( t )

2 . 7 - 1 )

& ->o
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o f  t h e  F o k k e r - P la n c k  e q u a t i o n  I s  o b s c u r e  I n  t h i s  c a s e  b e c a u s e  

some o f  t h e  t e r m s  a r e  u n d e f in e d  a t  xc .

No r i g o r o u s  d i s c u s s i o n  o f  t h e s e  q u e s t i o n s  I s  I n c lu d e d  

h e r e ,  e i t h e r ,  b u t  a  p o s s i b l e  t r e a t m e n t  o f  t h e  F o k k e r - P la n c k  

e q u a t i o n  I s  p ro p o se d  o n  t h e  b a s i s  o f  a n  h e u r i s t i c  d e r i v a t i o n .  

T h i s  t r e a t m e n t  I s  a  r e a s o n a b l e  o n e ,  and  a p p e a r s  t o  f i t  t h e  

known f a c t s .

I n  t h e  f o l l o w i n g ,  we w i l l  a ssu m e t h e r e  I s  o n l y  o n e  p o i n t  

o f  d i s c o n t i n u i t y ,  i . e .  b ( x )  i s  c o n t i n u o u s  an d  d i f f e r e n t i a b l e  

e v e ry w h e re  e x c e p t  a t  x _ .  The e x t e n s i o n  t o  any  f i n i t ev

num ber o f  p o i n t s  o f  d i s c o n t i n u i t y  w i l l  b e  o b v i o u s .

I n  t r a d i t i o n a l  d e r i v a t i o n s  o f  t h e  F o k k e r - P l a n c k  e q u a t i o n ,

c o n t i n u i t y  o f  f  and ~  a r e  a ssu m ed , w i th  ^  f i n i t e ,  th o u g h
dx

n o t  n e c e s s a r i l y  c o n t i n u o u s .  F o r  d i s c o n t i n u o u s  bCx) we r e ­

t a i n  t h e  a s s u m p t io n  t h a t  f  w i l l  b e  c o n t i n u o u s ,  b u t  assum e 

t h a t  — w i l l  b e  f i n i t e  b u t  n o t  n e c e s s a r i l y  c o n t i n u o u s .  At 

p r e s e n t ,  t h i s  can  be J u s t i f i e d  o n ly  on  t h e  b a s i s  o f  p h y s i c a l  

i n t u i t i o n .  I f  f  i s  d i s c o n t i n u o u s ,  t h i s  w ould  mean t h a t  i t  

i s  d i s t i n c t l y  more p r o b a b l e  t h a t  t h e  p r o c e s s  l i e s  on one 

s i d e  o f  t h e  d i s c o n t i n u i t y  t h a n  on  t h e  o t h e r .  I t  seem s i n ­

e v i t a b l e  t h a t  t h e  a c t i o n  o f  t h e  G a u s s i a n  f o r c i n g  f u n c t i o n  

w ould b e  t o  sm ooth o u t  such  i r r e g u l a r i t i e s ,  even  i f  t h e y  

e x i s t e d  i n i t i a l l y ,  so t h a t  o n ly  on t h e  b o u n d a ry  c o u ld  such 

a  d i s c o n t i n u i t y  o c c u r .

We i g n o r e  t h e  p ro b le m  o f  e x i s t e n c e  and u n iq u e n e s s  o f  

s o l u t i o n s  t o  t h e  APW e q u a t i o n ,  o r  to  b e  more e x a c t ,  we assum e 

i t  s o l v e d .



59

I n  o r d e r  t o  o b t a i n  t h e  d e s i r e d  r e s u l t ,  we make u s e  o f  

a  m o d i f i c a t i o n  o f  t h e  B e r n s t e i n  d e r i v a t i o n  ( s e e  Levy ^32} p 

6lf f f )  o f  t h e  F o k k e r - P la n c k  e q u a t i o n .  C o n s id e r  a  c l a s s  o f  

f u n c t i o n s  (PCX') w hich  h a v e :  a )  t h r e e  f i n i t e  d e r i v a t i v e s ,  b )

(p ,M u n i f o r m l y  b o u n d e d ,  c )  i d e n t i c a l l y  z e r o  o u t s i d e  some 

f i n i t e  i n t e r v a l .  D e f in e
*00

2 . 7 - 2 ) = j w i O t C x .O A x .
-00

I f  t h e  t im e  d e r i v a t i v e  and e x p e c t a t i o n  commute,

2 . 7 - 3 ) t  ^ ( S U H
-C o

The t l m e ^ d e r i v a t i v e  o f  M may be com puted a n o t h e r  w ay . . By 

d e f i n i t i o n ,

2 , 7 J f )  S C '  N * o  hk,

We d e f i n e  x ( t  + & t )  = x ( t )  + ^ x ,  w h ere  Ax i s  t h e  c h an g e

i n  x  d u r in g  t h e  t im e  in c r e m e n t  & t .  I f  t h r e e  d e r i v a t i v e s

o f  e x i s t ,  t h e n  c JE x cO v to G  may b e  expan d ed  i n  a  T a y l o r ' s

S6X*l6S
2 . 7 - 5) <S [x iO +ox]  = ( J [ x ( b l +  iS'i x +  i  ( S W  + 0Js(D xf ,  I6U1

w h ere  K i s  t h e  bound on > i . e .  | Qn>\ £  K. From

e q u a t i o n  < 2 . 1 - 2 ) ,  ^  ^

2 . 7 - 6 )  & X -  j  b [ x l \ V ] 4 \ .  4- J c t y

The se c o n d  i n t e g r a l  i s  a  G a u s s ia n  random  v a r i a b l e  w i th  z e r o  

mean and  v a r i a n c e  txt.  Take t h e  e x p e c t a t i o n  o f  (2 . 7 -M 

and  i n t e r c h a n g e  t h e  o r d e r  o f  t h e  l i m i t  an d  t h e  e x p e c t a t i o n .



6 0

2 . 7 - 7 )  e \ $ ]  =  > ^ o  e  \

M aking u s e  o f  ( 2 . 7 - 5 )  and  ( 2 . 7 - 6 ) ,  i t  may b e  shown t h a t

2 .7 -8 )  E ^ |  = f j - » * * V $ ' + £ 0  j  t o O < U

Up t o  t h i s  p o i n t ,  t h e  d e v e lo p m e n t  i s  t h e  same a s  B e r n s t e i n ' s .

He p r o c e e d s  a t  t h i s  p o i n t  t o  i n t e g r a t e  ( 2 . 7 - 8 )  by  p a r t s .  I f  

b ' ( x )  i s  n o t  f i n i t e ,  h o w e v e r ,  t h i s  i s  n o t  p o s s i b l e .  A c c o rd ­

i n g l y  we p r o c e e d  a s  f o l l o w s .  R e c a l l  t h a t  we h a v e  assum ed 

a  s i n g l e  p o i n t  o f  d i s c o n t i n u i t y ,  a t  xc . E q u a t io n  ( 2 . 7 - 8 )  

may c l e a r l y  b e  w r i t t e n

r * c t  / ° °
2.7-9) ^  j 4(x ,^ ix 4 j\-bCx)cS/v ^ itw]tAK

-OO
I n  e a c h  o f  t h e s e  r a n g e s  o f  i n t e g r a t i o n ,  b ' ( x )  i s  f i n i t e ,  so

e a c h  i n t e g r a l  may b e  i n t e g r a t e d  by  p a r t s  w i th  t h e  r e s u l t

E ( I » ^ A. v- ) *■"

+00
4- . r .

•o o

W  w v ^ *  v ^ v «  w f'***  w w »»w «»•. »•« w •  w w  »

j =  0! ( x o [  b c x j K  ( ^ t i - w ^ f t K ; ^ ]

2 .7 - 1 0 )  ^  (A£' ' ^

4

- Ob
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Equatinf /0 ” **'

A ^ b k i x c \ )  - N ? ^ ( x c ,V) = 0  
2  d x  2  <fr>

In order for th is  equation to be sa t is f ie d  fo r a l l  admissi­
b le  (SOO, i t  i s  necessary tha t

Thus the Fokker-Planck equation holds everywhere except for 

x = xc . At tha t poin t, (2.7-13) must be s a t i s f ie d .  Clearly

I f ,  as we assumed, f  i s  continuous everywhere, then d iscontin­

u ity  of b(x) requires d iscon tinu ity  of p  ,

Equation (2.7-13) i s  p recisely  Wishner's [55] ,[56] 

"conservation of probability" condition which he derived by 

an e n t ire ly  d if fe ren t  procedure which, in f a c t ,  amounts to 

l i t t l e  more than a p la u s ib i l i ty  argument.

This density continuity  condition may be extended to  

the functions v . From equation ( 2 . 6 . 1 - 1 1 ) ,  we may see tha t

2 .7 - 1 2 )

2.7-13)

the quantity must be continuous everywhere

Hows

th a t  ^  ^  + V>(XiW i s  a lso  continuous everywhere.

2.7-tfo | VM v = £?G0 ^ ^  4̂k
I

*  ax i
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The same a p p ro a c h  may c l e a r l y  b e  e x te n d e d  t o  b ( x )  w i th  

a n y  f i n i t e  num ber o f  d i s c o n t i n u i t i e s .

A l l  t h e  d i f f e r e n t i a l  r e l a t i o n s  among t h e  c o r r e l a t i o n s  

w hich  w e re  d e v e lo p e d  i n  S e c t i o n  2 . 6 . 3  a r e  v a l i d  I n  t h e  d i s ­

c o n t i n u o u s  c a s e .  I n  p a r t i c u l a r ,  t h i s  i m p l i e s  | T j “ ( t ) \  <  oo , 

t < 0 ,  t >  0 .



63

2 .8  Exam ple A D i s c o n t i n u o u s  b ( x )

As an  ex am ple  o f  t h e  t h e o r y  o f  t h e  f o r e g o i n g  s e c t i o n ,

we now c o n s i d e r  t h e  • ' I n f i n i t e - c l i p p i n g "  b ( x )  d e f i n e d  by

f  + 1 X>0
2.8-1) b(X> = J o  x = O

^ - 1  X < 0
T h i s  i s  t h e  f i r s t  o f  t h e  e x a m p le s  t r e a t i n g  a  sy s te m  w hich  i s  

n o n l i n e a r  and h e n c e  l i e s  o u t s i d e  t h e  s c o p e  o f  o l d e r  t h e o r i e s .  

The d i s t r i b u t i o n  o f  x  h a s  b een  fo u n d  by  W ishner [£6] , [55] 

and  t h e  a u t o c o r r e l a t i o n  o f  x  b y  Caughey and D ie n e s  [ 7 ]  •

2 . 8 . 1  The d i s c o n t i n u o u s  c a s e  a s  a  L i m i t  o f  a  S e q u e n c e  o f  
A n a l y t i c  b ( x )

I t  was p o s t u l a t e d  a b o v e  t h a t  t h e  d e n s i t y  f  would be 

c o n t i n u o u s  ev en  when b ( x )  i s  d i s c o n t i n u o u s .  F o r  t h e  p a r ­

t i c u l a r  d i s c o n t i n u o u s  b ( x )  c o n s id e r e d  h e r e ,  i t  i s  p o s s i b l e  

t o  i n d i c a t e  t h e  c o n t i n u i t y  o f  f  m ore s t r o n g l y ,  a t  l e a s t  i n  

t h e  s t e a d y - s t a t e .  C o n s id e r  a  b ( x )  o f  t h e  form

2 . 8 . i - i )  b ( y ' ) -  ^ b i r r ' a x
TT

w h e re  a  i s  a  p o s i t i v e  c o n s t a n t .  The g e n e r a l  fo rm  o f  t h i s  

f u n c t i o n  i s  g iv e n  i n  F i g u r e  2 . 8 . 1 - 1 .

b (x ). \
• + 1  _  _  _

**
S/

/ —"

X
t-

-2
—----- 1 ^

- 1 /  / 
/

/ "
''' /  

s

-I 
+  1 + 2

9 ^
+3

F i g u r e  2 . 8 . 1 - 1  The F u n c t i o n  A t a n - 1 a x
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The s o l i d  c u r v e  r e p r e s e n t s  a  = 1 ,  and  t h e  d a sh e d  c u r v e  

a  = 1 0 .  F o r  an y  a ,  t h e  f u n c t i o n  a p p r o a c h e s  +1 f o r  l a r g e  

p o s i t i v e  x ,  - 1  f o r  l a r g e  n e g a t i v e  x .  We may, t h e n ,  s e l e c t  

a  s e q u e n c e  o f  f u n c t i o n s  o f  t h i s  f o rm ,  w i th  i n c r e a s i n g  a ,  and  

t h i s  s e q u e n c e  w i l l  a p p ro a c h  t h e  d i s c o n t i n u o u s  f u n c t i o n  o f  

e q u a t i o n  ( 2 . 8 - 1 ) .

F o r  g iv e n  a ,  t h e  s t e a d y - s t a t e  d i s t r i b u t i o n  may b e  com­

p u te d  f ro m  e q u a t i o n  ( 2 . 5 - 6 ) .  The r e s u l t  i s

F o r  an y  a ,  f  i s  c o n t i n u o u s  e v e r y w h e r e .  As a - * c o ,  i t  may 

b e  shown t h a t

w hich  i s  a l s o  c o n t in u o u s  e v e r y w h e r e .  T h i s  d i s t r i b u t i o n  

a l s o  s a t i s f i e s  t h e  d e n s i t y  c o n t i n u i t y  c o n d i t i o n  o f  e q u a t i o n  

( 2 .7 - 1 3 ) *  Each member o f  t h e  s e q u e n c e  i s  c o n t i n u o u s  e v e r y ­

w h ere  and so  i s  t h e  l i m i t  f u n c t i o n .  The c o n t i n u i t y  o f  f  

seem s w e l l - e s t a b l i s h e d  i n  t h i s  p a r t i c u l a r  c a s e .

2 . 8 . 2  The A u t o c o r r e l a t i o n  and S p e c t ru m  o f  x

As m e n t io n e d  a b o v e ,  t h e  s p e c t ru m  was c a l c u l a t e d  by 

Caughey and  D ie n e s  [7 ]  • We u s e  a  m ethod c o n s i d e r a b l y  

d i f f e r e n t  f rom  t h e i r s ,  h o w e v e r .  We w i l l  make u s e  o f  e q u a t i o n s  

( 2 . 6 . 2 - 5 )  a n d ( 2 . 6 . 2 - 7 ) . The f i r s t  t a s k  i s  t o  d e t e r m in e  

v ( x , t ; x f g ) w hich  i s  t h e  s o l u t i o n  o f

2 . 8 . 1 - 2 )  £5 (X ,G ^ -

W  HMTO. * '

2 . 8 . 1 - 3 )
\\rr>
a->oo
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6t 2- bxz i!X
s u b j e c t  t o  t h e  b o u n d a ry  c o n d i t i o n

. "ĵ 2
2 . 8 .2 - 2 1  -U -(X ,0  ; X f i -)  ■= n 1

2  I x l

and  t h e  c o n t i n u i t y  c o n d i t i o n

2 . 8 . 2 - 3 i  P % < - w t o - t x O
£  flx  0*

From t h e  sym m etry o f  t h e  p ro b le m ,  v ( 0 , t ; x f g ) = 0 ,  t i  0 ,  so  

i t  f o l l o w s  t h a t  bjjf i s  c o n t i n u o u s  e v e ry w h e re  i n  t h i s  c a s e .

The s o l u t i o n  o f  t h i s  p ro b le m  i s  g i v e n  i n  A p p en d ix  B . 

t h e  r e s u l t  i s  ^

2 . 8 . 2 - w  u ( v . t ; x O =  ^  e  754 w *  j

The i n t e g r a l  c a n n o t  b e  e x p r e s s e d  i n  c l o s e d  fo rm  i n  t e r m s  o f  

t a b u l a t e d  f u n c t i o n s ,  b u t  i t  i s  n o n e t h e l e s s  p o s s i b l e  t o  p r o ­

c e e d .  S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  e q u a t i o n  ( 2 . 6 . 2 - 5 ) ,

. i  *  . * < *
2 . 8 . 2 - 5 )  ^ x x ^  = —

TT
o

* l\ x ve  s^ x-ur

I n t e r c h a n g i n g  o r d e r s  and d o in g  t h e  x  i n t e g r a t i o n ,
,0 - i .  r00 , -tLfcur2

2 8 ? 6 i n ^  1(oH e ™  I ^  e  A w  2 . 8  . 2 - 6 )  - ? e  J  ( U W 4 W 1 ^

T a k in g  a d v a n ta g e  o f  e q u a t i o n  ( 2 . 6 . 2 - 6 ) ,  we may i n c l u d e  a l l  t  

b y  w r i t i n g
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_ v u  oo _ i f t i ! w z 

2 8 2-7) r  ( 0  = e  ZN 'UT*e  ----  d u r  -a > < t < i ®2 . B . 2 - 7 )  l „ l t l  ^  j  ( 1 +
o

T h i s  i n t e g r a l  c a n n o t  b e  e v a l u a t e d  e i t h e r ,  b u t  i t s  c h a r ­

a c t e r i s t i c s  may b e  f o u n d .  Making a  c h a n g e  o f  v a r i a b l e  

N2v  = z ,

2 . 8 . 2 - 8 )  T^X(V )=  ^

o'

4  r (D

Now d e f i n e  a  f u n c t i o n  , . . .
.00 2 - l t \ C  1-V i )

2 . 8 . 2 - 9 )  A ( ^ =  f  J

so  t h a t  V** may b e  e x p r e s s e d  a s

2 . 8 . 2 - 1 0 )  T ! x ^ =

I t  may e a s i l y  b e  shown t h a t  fitfO) = 1 ,  so  ^  i s  t h e  n o r m a l ­

i z e d  v e r s i o n  o f  t h e  f u n c t i o n ^ *  . C l e a r l y ,  t h e n ,  t h e  a v e r a g e  

pow er i s  ^

2 . 8 . 2 - 1 1 )  H x / O W  ^

w hich  a g r e e s  w i th  t h e  r e s u l t  c a l c u l a t e d  d i r e c t l y  f ro m  t h e  

s t e a d y - s t a t e  d i s t r i b u t i o n .
~  X. A

2 . 8 . 2 - 1 2 )  -  f  K l c'y = | -

■ IL S :____  b i t

-CD
The f u n c t i o n  c o n t a i n s  t h e  s h a p e  o f  t h e  a u t o c o r r e l a ­

t i o n .  A c c o r d in g ly ,  t h e  sh a p e  i s  a  f u n c t i o n  o n l y  o f  t h e  

p a r a m e t e r  . T h i s  means t h a t  f o r  l a r g e  N, t h e

c o r r e l a t i o n  t i m e s  a r e  l o n g e r  th a n  f o r  s m a l l  N.

From  t h e  f o r e g o i n g ,  we can  s e e  t h a t  r xxCl') i s  c o n t i n u o u s
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a t  t  = 0 .  From t h i s  i t  f o l l o w s  t h a t  t h e  sam ple  f u n c t i o n s

o f  x ( t )  a r e  c o n t i n u o u s  i n  mean s q u a r e  (L oeve  [ 3 5 ]  P 3 1 5 , [ 3 6 ]

p *f70, S a l e s  V a l l e s  [i+2] ) •  F u r th e r m o r e ,  t h e  d e r i v a t i v e

d o e s  n o t  e x i s t  a t  t = 0 ,  and  f ro m  t h i s  i t  f o l l o w s  t h a t

t h e  sam p le  f u n c t i o n s  a r e  n o t  d i f f e r e n t i a b l e  i n  mean s q u a r e

(L o ev e  [ 36]  p *+70). Both  t h e s e  r e s u l t s  w ould c e r t a i n l y

b e  e x p e c t e d  f o r  c o n t i n u o u s  b ( x ) .  They a p p a r e n t l y  c a r r y  o v e r

t o  t h i s  d i s c o n t i n u o u s  e x a m p le .

The d e r i v a t i v e  o f  % ^ 0  i s . .

r co z
2 . 8 . 2 - 1 3 )  S » 0

2 .8 .2 - 1 * 0

S i m i l a r l y ,  p* (O') ~ + Z  .

S i n c e  Px(.%} c a n n o t  b e  e v a l u a t e d  a n a l y t i c a l l y ,  i t  was 

c a l c u l a t e d  n u m e r i c a l l y .  The v a l u e s  o b t a i n e d  a r e  g iv e n  i n

T a b le  2 . 8 . 2 - 1 .

TABLE 2 . 8 . 2 - 1  

THE FUNCTION p x

?  P*{f )
0 . 0 . . . . . . . .  1 .0 0 0
0 . 1 . . . .  . . .  . 0 .8 2 6
0 . 2 .  . . . . . .  . 0 .6 ^ 3
0 .*f . . . . 1 . . . 0 .*+95
0 .8 . . . . . . . .  0.268
1 .2  . . . .  . . .  . 0 . 1 5 0

T h e se  v a l u e s  w ere  c a l c u l a t e d  by g r a p h i c a l  i n t e g r a t i o n ,  and 

t h e  l a s t  f i g u r e  g iv e n  i n  t h e  t a b l e  p r o b a b l y  h a s  l i t t l e  s i g ­

n i f i c a n c e .  The e r r o r  s h o u ld  n o t  e x c e e d  0 . 0 1 ,  h o w e v e r .

A p l o t  o f  t h i s  f u n c t i o n  i s  g i v e n  i n  F i g u r e  2 . 8 . 2 - 1 .



68

JU/>w
c l

1.0

0.8 —•r

0 . 6 — ( _ .

O.lf

0.2

0 O .if 0.80 .6 1.0 1.20 0 . 2

F i g u r e  2 . 8 . 2 - 1  The F u n c t i o n

Now we c a l c u l a t e  t h e  s p e c t ru m  from  e q u a t i o n  ( 2 . 6 . 2 - 7 ) .
,0 °  t4 r 00 ? ~ ^ z{ h 7 } )

2.8.2-15) G xx((D')=2. (dA,(OSOjt ^  f  Z- 6- —-----
V  *  o U 4 Z 2 )4

I n t e r c h a n g i n g  t h e  o r d e r  and  p e r f o r m in g  t h e  t  i n t e g r a t i o n

( B i e r e n s  d e  Haan [*f] T a b le  2 6 1 ,  2) p ^8^)  g i v e s
WO

2 . 8 . 2 - 1 6 )  I  -------------- -----------------
1x2 . J  U 4 £ 2 )5 [ m £ z ) S 4 u V ]

We c h o o s e  t o  e x p r e s s  t h i s  a s

2 . 8 . 2 - 1 7 )  G * x ^ c
An

w h e re  t h e  f u n c t i o n  i s  d e f i n e d  b y

i-00
2 .8 .2 -1 8 )  ( i x f a ' w  f  z. t t e ________________

s i r  u + z ^ ’ t f i + z ^ S a * ]
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This Integrand I s  a ra t io n a l  function  of z, and may be t r e a t -  

ed by straightforward contour in te g ra t io n ,  with the r e s u l t

2 . 8 . 2 - 1 9 )  C # x (W l)=  |  U z +  8  -  8  '

which agrees with Caughey and Dlenes ( [.7] equation lf5)

except fo r the overall normalizing constant. When the

d iffe ren t normalization I s  accounted fo r ,  th e ir  r e s u l t  appears

too small by the fac to r  2.

We now consider the  c h a ra c te r is t ic s  of t h i s  function,

which expresses the shape of the sp ec tra l  density . I t  may

be shown th a t  11m U?(lO= 1, which was the reason for picking 
u-*o .

the normalizing fa c to r .  Also, fo r  large HJL , „ •
5 i l

This I s  the high-frequency asymptote. Calculated values

of are  given In Table 2 .8 .2 -2 .
TABLE 2.8 .2-2

THE FUNCTION (Sttki)
a $(kl) (SI HO

0 . 0 1.0000 7 5 . if55 x  10“ '

0 . 5 0.886*f 8 i f . 295 x  10”:

0 . 7 0 .8 0 2 8 9 3 .if6 6  x  1 0 " :

1 . 0 0 .6 7 3 7 10 2.8>f5 x  10

2 . 0 0.361*8 12 2 .0 3 0  x  lo"'
3 . 0 0 .2 1 5 7 I lf 1 .5 1 7  x  1 0 " :

b.O 0.11*00 16 1 .1 7 5  x  1 0 " :

5 .0 9.7**3xlO” 2 18 9 .3 6 8  x  10"

6 . 0 7.1**7xlO "2 20 7 .6 i f l  x  10*
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I n  t h e  a n a l y s i s  o f  l i n e a r  s y s t e m s , I t  h a s  becom e s t a n d ­

a r d  p r a c t i c e  t o  p l o t  pow er s p e c t r a  on  l o g a r i t h m i c  s c a l e s .

T h i s  I s  done  I n  F i g u r e  2 . 8 . 2 - 2  f o r  t h e  n o n l i n e a r  r e s u l t ,  t o  

f a c i l i t a t e  c o m p a r is o n  w i th  l i n e a r  s y s t e m s .  On t h i s  p l o t ,  

t h e  h i g h - f r e q u e n c y  a s y m p to te  becom es a  s t r a i g h t  l i n e ,  w hich  

I s  show n. The d a sh e d  c u r v e  I s  t h e  s p e c t ru m  o f  t h a t  O r n s t e i n -  

TJhlenbeck  p r o c e s s  w hich  h a s  t h e  same lo w -  and h i g h - f r e q u e n c y  

a s y m p t o t e s .  I t  I s  I n c l u d e d  t o  show t h e  d i f f e r e n c e  i n  s h a p e  

b e tw e e n  t h e  l i n e a r  and  n o n l i n e a r  s p e c t r a .

I t  may b e  s e e n  fro m  t h e  f i g u r e ,  t h a t  t h e  c o n c e p t  o f  

" b r e a k  f r e q u e n c y "  o r  " c o r n e r  f r e q u e n c y "  w i l l  b e  a  u s e f u l  one  

f o r  t h i s  s p e c t r u m .  I f  t h e  " b r e a k  f r e q u e n c y "  I s  d e f i n e d  a s  

t h e  f r e q u e n c y  a t  w h ich  t h e  a s y m p to te s  I n t e r s e c t ,  t h e n  i

g i v e s  s  1 .7 8 8  8 5 ^ .  At t h e  b r e a k  f r e q u e n c y ,  t h e

n o n l i n e a r  s p e c t ru m  I s  b e lo w  u n i t y  by  t h e  f a c t o r  2 .1 7 5  ( 6 .7 5  

d b ) .  The l i n e a r  s p e c t ru m  i s  down by t h e  f a c t o r  2 ,0 0  (6  d b ) . 

T h i s  n o n l i n e a r  s p e c t ru m  d o e s  n o t  h a v e  q u i t e  so  s h a r p  a  c o r n e r  

a s  d o e s  t h e  l i n e a r  o n e .

The a b o v e  re m a rk s  a r e  c o n c e rn e d  w i th  t h e  s h a p e  o f  t h e  

s p e c t r a l  d e n s i t y  c u r v e .  S in c e  lUL- 2N2 UJ , I t  i s  c l e a r  

t h a t  f o r  t h e  n o n l i n e a r  s y s t e m ,  t h e  l a r g e r  N, t h e  lo w e r  t h e  

b r e a k  f r e q u e n c y  u ) fe ,  and c o n v e r s e l y .  The s m a l l e r  N, t h e  

w i d e r  b a n d p a s s  t h e  n o n l i n e a r  sy s te m  show s.
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2 .8 * 3  The A u t o c o r r e l a t i o n  and S p e c tru m  o f  b ( x )

The s p e c t r a l  p r o p e r t i e s  o f  b ( x )  may b e  c a l c u l a t e d  d i r ­

e c t l y  f ro m  t h o s e  o f  x ,  a s  shown In  S e c t i o n  2 . 6 . 3 .  In  t h i s  

e x a m p le ,  h o w e v e r ,  we w i l l  u se  a n  a p p ro a c h  b a s e d  on e q u a t i o n s  

( 2 . 6 . 2 - 8 )  and  ( 2 . 6 . 2 - 1 0 ) ,  and u s e  t h e  d i f f e r e n t i a l  f o rm u la e  

a s  a  c h e c k .

The f i r s t  s t e p  i s  t o  d e te r m in e  v ( x , t ; b f  ) w h ic h ,  I n  t h i s  

ex am p le  means s o l v i n g  t h e  e q u a t i o n

The s o l u t i o n  t o  t h i s  p ro b le m  i s  o b t a i n e d  I n  A p p en d ix  B ( e q ­

u a t i o n  ( B - 1 9 ) ) .  I t  i s

S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  e q u a t i o n  ( 2 . 6 . 2 - 8 ) ,  i n t e r c h a n g ­

i n g  t h e  o r d e r  o f  i n t e g r a t i o n ,  an d  p e r f o r m in g  t h e  x  i n t e g r a t i o n

vas

T h i s  c a n n o t  be  e v a l u a t e d  i n  c l o s e d  fo rm ,  so  we p ro c e e d  a s  

b e f o r e  t o  e x t r a c t  c e r t a i n  i n f o r m a t i o n .  Make t h e  s u b s t i t u -

2 . 8 . 3 - 1 )

s u b j e c t  t o  t h e  b o u n d a ry  c o n d i t i o n

2 .8 .3-3) s inxuuAar

2.8 .3 -*+) T 7 J t ) =  ±  ™  -

NX J

M aking u s e  o f  ( 2 . 6 . 2 - 9 ) ,  we h a v e

A u r  i > o
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2t io n  N u f  = z .

2 . 8 . 3 - 6 1  r b b U )  =  | r [s
o

This may be w ritten

2 . 8 . 3 - 7 )  / % ( ^ )

where

I t  i s  ea s ily  shown from th is  expression th a t  Pb(0) =

This i s  as i t  should be, since b(x) in  th i s  example only

which becomes in f in i te  a t  % =  0, This i s  to  be expected 

from McFadden's [ 38] theorem. The function b(x) in  th is  

example i s  exactly the " in f in i te  clipping" function which 

McFadden uses to study zero-crossings. The slope of the 

au tocorre la tion  of the clipped signal a t  t  = 0+ i s  proportion­

a l  to  the expected number of zero-crossings per unit time 

(of the signal before c lipp in g ). By analogy with the Orn- 

stein-Uhlenbeck process, we would expect the average number 

of zero-crossings to  be i n f in i t e ,  and i t  i s  true  in  th is  

example•

Since the in te g ra l  of (2 .8 .3-8) cannot be evaluated in  

closed form, i t  was calculated numerically. The r e s u l t s  are 

given in  Table 2 .8 ,3-1 and Figure 2 .8 .3 -1 .

takes on the values £  1, so E ^b^(x)^ should be un ity .

D iffe ren tia ting  equation (2 .8 .3 -8 ) ,
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TABLE 2.8.3-1 
NORMALIZED AUTOCORRELATION OF b(x)

0.0
0 .1
0 . 2
O.b
0.8
1 . 2

.  1 .0 0 0  

.  O M l  . 0.321  

. 0.189 . 0.082  

. O.OUO

By comparison with Figure 2 .8 .2 -1 , I t  may be seen th a t  

the au tocorre la tion  of b f a l l s  o f f  much more rap id ly  with 

increasing §  than does th a t  of x.

To check th is  r e su l t  by means of the  d i f f e re n t ia l  r e ­

l a t io n ,  ve d i f fe re n t ia te  equation (2.8.2-10) twice, with the 

re s u l t :
CD -

2 . 8 . 3 - 1 0 )  = f {  * , g - — r T ^ C i )

The second equality  follows from equation (2 .8 .3 -7 ) ,  and 

equation (2.6.3-16) i s  s a t is f ie d  in  th i s  example.

The spec tra l density  of b(x) i s  calculated  from equation

(2 .6 .2 -10).

2 .8 .3 -11)

_ Z
00

IT

J

TT
cr ( A + 1} )z  

^oo _ ( i l i l 3 i
e  ^ 1 cosaj4(\t_ 6 

TV1
0 0

The inner in te g ra l  may be evaluated (Bierens de Haan Table

261, 2 ), p 383). The re su l t  i s
■OP

2 .8 .3-12)
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T h i s  may b e  w r i t t e n  a s

2 . 8 . 3 - 1 3 )  G y ^ C U ))  -  rP 

where

r°°  t  \
2 . 8 . 3 - 1 4 )  < \ ( U )  =  ^  J     7 -

11 o 1112]

S i n c e  t h e  i n t e g r a n d  i s  a  r a t i o n a l  f u n c t i o n ,  i t  may be  e v a l ­

u a t e d  b y  c o n t o u r  i n t e g r a t i o n ,  w i t h  t h e  r e s u l t

2 . 8 . 3 - 1 5 )  SL
D a z * .  - 1

I t  may e a s i l y  b e  shown t h a t  l i m  (Jj^ 3 1 .  F o r  l a r g e  U, ,

2 . 8 . 3 - 1 6 )  iC rv 4 j ' T

T h i s  i s  a  t y p e  o f  a s y m p t o t i c  b e h a v i o r  w h ic h  n o  f i n i t e  lum ped-  

c o n s t a n t  l i n e a r  s y s t e m  c a n  p r o v i d e .  F o r  s u c h  s y s t e m s ,  t h e  

h i g h - f r e q u e n c y  a s y m p t o t e  i s  a lw a y s  o f  t h e  form f f o r

i n t e g e r  n .  E q u a t i o n  ( 2 . 8 . 3 - 1 6 )  d o e s  n o t  f a l l  i n  t h i s  c l a s s .  

N o n e t h e l e s s ,  i t  i s  s t i l l  p o s s i b l e  t o  d e f i n e  t h e  ”b r e a k  f r e q ­

u e n c y ” a s  t h e  i n t e r s e c t i o n  o f  t h e  lo w -  and h i g h - f r e q u e n c y  

a s y m p t o t e s .  T h i s  o c c u r s  a t  a f r e q u e n c y  UL = 2 ][k~* ■ 3 .1 7 4 *  

T h i s  b r e a k  f r e q u e n c y  s t i l l  may s e r v e  a s  a r o u g h  m e a s u re  o f  

b a n d w i d t h .  The f u n c t i o n  dj*, i s  p l o t t e d  i n  F i g u r e  2 . 8 . 3 - 2 .

I t  i s  now p o s s i b l e  t o  s e e  w h e t h e r  e q u a t i o n  ( 2 . 6 . 3 - 3 9 )  

i s  s a t i s f i e d .  S u b s t i t u t i n g  e q u a t i o n s  ( 2 . 8 . 2 - 1 7 )  and 

( 2 . 8 . 2 - 1 9 )  i n t o  e q u a t i o n  ( 2 . 6 . 3 - 3 9 ) ,

2 . 8 . 3 - 1 7 ) ~ 2 —^ 1 4 ^  O J % 8 - 8
bb TT Z  4TTN U) ]

S i m p l i f y i n g  t h i s  and c a n c e l l i n g  t e r m s ,

i +V i m h V ’
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2 . 8 . 3 - 1 8 )  G u i C m ) )  = —
bb “  T T ^ V

which agrees with the re su lt  obtained in equations (2 .8 .3 -1 2 )

and 2 . 8 . 3 - 1 4 ) .

T h i s  shows t h a t  e q u a t i o n  ( 2 . 6 . 3 - 3 9 ) *  w h ic h  was d e r i v e d  

from VK" , a g r e e s  w i t h  t h e  d i r e c t  method o f  c a l c u l a t i n g  

< w  U )) .  T h i s  i n d i c a t e s  t h a t  one o f  t h e  c o n c l u s i o n s  o f  

Theorem 6 i s  t r u e  i n  t h i s  c a s e ,  d e s p i t e  t h e  f a c t  t h a t  b ( x )  

does  n o t  meet  t h e  c o n t i n u i t y  r e q u i r e m e n t s  o f  t h e  t h e o r e m .

The con tinu ity  requirements are thus not necessary con d ition s .

In the Wiener optimum f i l t e r  theory and elsewhere, use 

i s  made of the idea that an arb itrary spectrum may be approx- . 

imated by a spectrum which is  expressed as the ra t io  of two
7

ration a l polynomials In ( i )  • This would be awkward fo r  the  

spectrum of b in th is  example because no such approximation 

can have the correct high-frequency asymptote.
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2 . 9  S m a l l - t  A p p r o x im a t io n  o f  t h $  A u t o c o r r e l a t i o n

Up t o  t h i s  p o i n t ,  f o r m u l a s  c o n s i d e r e d  f o r  c o r r e l a t i o n s  

and  s p e c t r a  w ere  e x a c t .  We now c o n s i d e r  a  c e r t a i n  t y p e  o f  

a p p r o x i m a t i o n  t o  t h e  p r o b l e m .  The a p p r o x i m a t e  r e s u l t s  a r e  

f a r  e a s i e r  t o  com pute ,  a n d ,  a s  w i l l  b e  s e e n ,  t h e y  r e t a i n  c e r ­

t a i n  f e a t u r e s  o f  t h e  e x a c t  s o l u t i o n .

I n  p a r t i c u l a r ,  we h e r e  c o n s i d e r  app  o x i m a t i o n s  t o  

Which a r e  a c c u r a t e  f o r  s m a l l  t .  C o r r e s p o n d i n g l y ,  I n  t h e  

f r e q u e n c y  domain t h e  s p e c t r a  G (u ) )  w i l l  b e  a c c u r a t e  f o r  l a r g e  

(A) .  We b e g i n  b y  o b s e r v i n g  t h a t  r x*(V)may be  ex p an d ed  i n  a  

T a y l o r ’ s  s e r i e s  on one  s i d e  o f  t h e  o r i g i n .

The g e n e r a l  p r o c e d u r e  i s  t o  a p p r o x i m a t e  t h i s  s e r i e s  w i t h  an 

e x p r e s s i o n  which  e x a c t l y  m a tc h e s  a  c e r t a i n  f i n i t e  number  o f  

t h e  t e r m s ,  and  m a tc h e s  t h e  r e m a i n d e r  I m p e r f e c t l y .

B e f o r e  c o n s i d e r i n g  t h e s e  a p p r o x i m a t i o n s  t h e m s e l v e s ,  

we n o t e  t h a t  t h e  c o e f f i c i e n t s  i n  e q u a t i o n  ( 2 . 9 - 1 )  may b e  

e v a l u a t e d  b y  s im p l e  q u a d r a t u r e s .  By d e f i n i t i o n ,

The f i r s t  d e r i v a t i v e  may b e  o b t a i n e d  by  t h e  f o l l o w i n g  

p r o c e s s .  D i f f e r e n t i a t e  e q u a t i o n  ( 2 . 6 . 2 - £ ) ,  and make u s e  

o f  t h e  f a c t  t h a t  v s a t i s f i e s  t h e  F o k k e r - P l a n c k  e q u a t i o n .

-C O

2 . 9 - 3 )

-CO
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I f  v  and  v a n i s h  a s  l x i + o o ,  t h e n  t h i s  may b e  i n t e g r a t e d

b y  p a r t s  t o  y i e l d
voo

2 . 9 - 1 0  =  -  j b G O  i r C x ^ ;  i
-CO

L e t t i n g  t  -► 0 I n  t h i s  e x p r e s s i o n ,
>03 \CD £

2.9-5) r » « r t-- -  Jxbcx-)< io f ')dx=4)x^sd ix=-^ .
-CO -CO ^

The same p r o c e s s  may b e  r e p e a t e d .  D i f f e r e n t i a t e  ( 2 . 9  —1+)

w i t h  r e s p e c t  t o  t i m e ,  make u s e  o f  t h e  F o k k e r - P l a n c k  e q u a t i o n ,

and i n t e g r a t e  b y  p a r t s .  Then s e t  t  ■ 0 .  The r e s u l t  i s
KO

2 . 9 -6  > ( o n  = j  \ > V )  f ^ d x .
-co

R e p e a t i n g  t h e  p r o c e d u r e  once  a g a i n ,  one o b t a i n s

I* 7
2 . 9 - 7 )  T x x V o +>) " -  ^  y b ' )  k A O A x

-CD
a n d  s o  on t o  h i g h e r  o r d e r s ,  i f  r e q u i r e d .  The p o i n t  i s  t h a t ,  

once  f a i s  known, T^x may b e  c a l c u l a t e d  b y  q u a d r a t u r e s ,  

p r o v i d e d  b ( x )  i s  s u f f i c i e n t l y  d i f f e r e n t i a b l e .

2 . 9 . 1  The F i r s t  A p p r o x im a t io n

As a  f i r s t  a p p r o x i m a t i o n ,  l e t  u s  c o n s i d e r  an  e x p o n e n t i a l ,

2 . 9 . 1 - 1 ) Tl .CV) r  A £ + W 1  - c o < - L < ^ o o

w h ere  

2 .9 . 1-2 ) ff\= Ax
CP

2 . 9 . 1 - 3 )  A =
-CO

, i t2 . 9 . 1 - 4
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E x p a n d in g  t h i s  e x p r e s s i o n  i n  a pow er  s e r i e s ,  t  0 ,

Ol<Lt Z -  Sk 
zS  3!S»

2 . 9 . 1 - S )  -  A ^ W 1-  A ( * i  -t M \ 7 -  Aot5 - ^  4

T h i s  a g r e e s  e x a c t l y  w i t h  ( 2 . 9 - 1 )  t h r o u g h  t h e  f i r s t  two t e r m s .
^  /N f

F u r t h e r m o r e ,  TKX(0*) r FJ,x(0+>) > TJX '  ^ xx (O'*) • The f i r s t  o f
/V

t h e s e  s t a t e m e n t s  i m p l i e s  t h a t  FXK has  t h e  c o r r e c t  t o t a l  p o w er .  

The i m p l i c a t i o n  o f  t h e  s e c o n d  w i l l  now b e  d e v e l o p e d .

By a  w e l l - k n o w n  th e o r e m  o f  F o u r i e r  t r a n s f o r m s ,  ( s e e ,  e . g .  

T i t c h m a r s h  [I4.8] ,  S e c t .  1 . 8 ) ,  i f  F ^ t )  i s  L - ^ - o o ^ o o ) ,  t h e n  

l i m  Gl,y.(UQ ) * 0 .  To show t h a t  t h e s e  c o n d i t i o n s  a r e  m e t ,
UU-*00 Dt> r0D
i t  i s  s u f f i c i e n t  t o  show j\Tvj^(-t)\6i <00 . T h i s  can  e a s i l y  be

0
done u n d e r  t h e  c o n d i t i o n s  o f  Theorem 6 , S e c t i o n  2 . 6 . 3  i f>  i n

a d d i t i o n ,  we assume t h a t  0 £ t  < 00 • I t  a p p e a r s  t h a t

t h i s  i s  u s u a l l y  t h e  c a s e ,  and  may b e  t r u e  i n  g e n e r a l ,  b u t  t h i s

h a s  n o t  b e e n  p r o v e d .  U s in g  t h e  r e s u l t s  o f  t h e  t h e o r e m ,
<$$ OD H3D '  -

2 . 9 . 1 - 6 ) [ t ; t t V h  r  q ' m  1 = 4
0 0  ^

The f a c t  t h a t  l i m  = 0 i s  s e e n  b y  s u b s t i t u t i n g  e q u a t i o n
t-*ao

( 2 . 6 . 3 - 3 0 ) i n t o  e q u a t i o n  ( 2 . 6 . 3 - 2l | ) .

S i n c e  l i m  Gu-u(ljj) r  0 ,  t a k i n g  l i m  o f  b o t h  s i d e s  o fin-* co DD
e q u a t i o n  ( 2 . 6 . 3 - 3 9 )  g i v e s

2 . 9 . 1- 7 ) (0 * 6 , ,  Curt* ^
UJ—► CD "

P u t t i n g  i t  a n o t h e r  way, f o r  l a r g e  ( J O  ,

2 . 9 . 1 - 8 )  6 kx(U))= ^ A ul)2,
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s o  i s  t h e  h i g h - f r e q u e n c y  a s y m p t o t e ,  i n d e p e n d e n t l y  o f  

b .  A p p a r e n t l y  t h e  h i g h - f r e q u e n c y  s p e c t ru m  i s  d e t e r m i n e d  b y  

o n l y  t h e  i n p u t  n o i s e  and t h e  i n t e g r a t o r .  The f e e d b a c k  b ( x )  

a p p a r e n t l y  has  n o  e f f e c t .

T h i s  i s  p e r h a p s  n o t  t o o  s u r p r i s i n g .  The i n t e g r a t o r  i n  

t h e  f o r w a r d  p a t h  o f  F i g u r e  2 * 1 -1  w i l l  a t t e n u a t e  h i g h - f r e q u e n ­

c i e s .  Thus x  would  have  a s m a l l  h i g h - f r e q u e n c y  com ponen t ,  

and t h e  same s h o u ld  be  t r u e  f o r  b ( x ) .  The i n p u t  t o  t h e  

i n t e g r a t o r  i s  n ( t ) - b ( t ) ,  a n d ,  f o r  f r e q u e n c i e s  s u f f i c i e n t l y  

h i g h ,  one would  e x p e c t  t h e  c o n t r i b u t i o n  from b ( x )  would be  

n e g l i g i b l e  compared t o  t h a t  from t h e  w h i t e  n o i s e .

I f  t h e  h i g h - f r e q u e n c y  b e h a v i o r  i s  i n  f a c t  l i n e a r ,  i t  

l e a d s  t o  t h e  c o n j e c t u r e  t h a t ,  f o r  U) s u f f i c i e n t l y  l a r g e ,  

t h e  two b l o c k  d i a g r a m s  o f  F i g u r e  2 . 9 . 1 - 1  a r e  a p p r o x i m a t e l y  

e q u i v a l e n t .

n ( t ) a
a + s

1 x n t t . l h 'O ^  ^ i
s s

T
b ( x w U J U )

CH X

a )  P r e f i l t e r i n g  b )  P o s t - f i l t e r i n g

F i g u r e  2 . 9 . 1 - 1  A l t e r n a t e  P o s i t i o n s  f o r  Low-Pass  F i l t e r  

T h i s  t e n d s  t o  s u p p o r t  p a r t  o f  t h e  c o n j e c t u r e  o f  Chuang 

and Kazda t 9 ] t h a t  i f  t h e  i n p u t  s p e c t r u m  d e p a r t s  f rom c o n s t a n ­

cy  o n l y  a t  v e r y  low and v e r y  h i g h  f r e q u e n c i e s ,  i t  may b e  

a p p r o x i m a te d  b y  w h i t e  n o i s e .  T h e i r  a s s u m p t i o n  a p p e a r s  sound  

a s  t o  t h e  h i g h - f r e q u e n c y  d e p a r t u r e ,  b u t  t h e  e f f e c t  o f  t h e  

l o w - f r e q u e n c y  d e p a r t u r e  i s  s t i l l  a n  open q u e s t i o n .



At an y  r a t e ,  s i n c e  TXH has  t h e  c o r r e c t  s l o p e  a t  t h e  

o r i g i n ,  t h e  c o r r e s p o n d i n g  a p p r o x i m a t e  s p e c t r u m  ^ ^ ( U J  ) w i l l  

have  t h e  c o r r e c t  h i g h - f r e q u e n c y  a s y m p t o t e .

A n o t h e r  v i e w p o i n t  on t h e  f i r s t  a p o r o x i m a t i o n  may b e  

o b t a i n e d  b y  m i n i m i z i n g  in  F i g u r e  2 . 9 . 1 - 2 .

F i g u r e  2 . 9 . 1 - 2  L i n e a r  F i t  o f  b ( x )

We w i s h  t o  c h o o s e  C-̂  and  Cg i s  s u c h  a way t h a t  b ( x )  a g r e e s  

w i t h  b ( x )  a s  w e l l  a s  p o s s i b l e  i n  t h e  mean s q u a r e  s e n s e .  We 

w i s h  t o  m in im iz e
VOD

2 . 9 . 1 - 9 )  r  b o r t -
-oo

D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  G-̂  and Ĉ * 811(3 s e t t i n g  t h e  

r e s u l t s  e q u a l  t o  z e r o ,  one o b t a i n s

2.9.1-10) c , -  m • c2 - -
f t  ft

I g n o r i n g  t h e  s t e a d y - s t a t e  t e r m ,  we now c o . n s i d e r  t h e  l i n e a r

s y s t e m

F i g u r e  2 . 9 * 1 - 3  E q u i v a l e n t  L i n e a r  System



Qk

Prom e q u a t i o n  C2.6 , 5 - 8 ) ,  we s e e  t h a t

ba2- +
2.9.1-11) r*x( l ) =  = A e

w hich  a g r e e s  w i t h  t h e  f i r s t  a p p r o x i m a t i o n ,  a s i d e  f rom  t h e  

s t e a d y - s t a t e  t e r m .  The p a r a m e t e r  01 c h o s e n  f o r  t h e  f i r s t  

a p p r o x i m a t i o n  may he  v i e w e d ,  t h e n ,  a s  p r o v i d i n g  a  l e a s t -  

s q u a r e s  a p p r o x i m a t i o n  t o  b ( x ) .

T h i s  a p p r o x i m a t i o n  was  c o n s i d e r e d  b r i e f l y  i n  t h i s  l i g h t  

by  Caughey and  D i e n e s  L7l and t h e y  c a l l  i t  t h e  " b e s t  l i n e a r  

f i t  u s i n g  e x a c t  p r o b a b i l i t y " .  I t  i s  v e r y  much i n  t h e  s p i r i t  

o f  B o o t o n ' s  method [51 r e f e r r e d  t o  e a r l i e r .

To r e v i e w ,  t h e n ,  t h e  f i r s t  a p p r o x i m a t i o n  g i v e s  t h e  c o r ­

r e c t  t o t a l  p o w er ,  and t h e  c o r r e c t  h i g h - f r e q u e n c y  a s y m p t o t e .

We a r e  i n  a  s e n s e  a p p r o x i m a t i n g  t h e  random  p r o c e s s  x ( t )  by  

a n  O r n s t e i n - U h l e n b e c k  p r o c e s s .

To c l a r i f y  some o f  t h e s e  p o i n t s ,  an d  show how w e l l  t h e  

f i r s t  a p p r o x i m a t i o n  w o r k s ,  we a p p l y  i t  t o  t h e  i n f i n i t e - c l i p ­

p i n g  p r o b le m  o f  S e c t i o n  2 . 8 .  I n  a d d i t i o n ,  we w i l l  a p p l y  

B o o t o n ' s  method t o  t h e  same p r o b le m .

F o r  t h i s  e x a m p le ,  f g i s  g i v e n  i n  e q u a t i o n  ( 2 . 8 . 1 - 3 ) .

2.9.1-12)

From t h i s ,  i t  f o l l o w s  t h a t

2 . 9 . 1 - 1 3 )  K \~0



8 5

N1 _ A-
2 . 9 . 1 - 1 5 )  01 ~  Zft "  tf*.

A c c o r d i n g l y ,  t h e  f i r s t  a p p r o x i m a t i o n  f o r  t h e  a u t o c o r r e l a t i o n  

i s
A - ltV

2 . 9 . 1 - 1 6 )  t x x W  -  e .

Making t h e  ch a n g e  o f  v a r i a b l e  5  * and  n o r m a l i z i n g

t h e  m a g n i t u d e ,

2 . 9 . 1 - 1 7 )  ^

T h i s  i s  t h e  a p p r o x i m a t e  n o r m a l i z e d  a u t o c o r r e l a t i o n ,  which  

may be  compared  w i t h  t h e  e x a c t  e x p r e s s i o n  ( 2 . 8 . 2 - 1 0 ) .  T h i s  

i s  done  i n  F i g u r e  2 . 9 . 1 - ^ ,  w here  i t  may b e  s e e n  t h a t  t h e  

a p p r o x i m a t e  r e s u l t  f a l l s  o f f  s l i g h t l y  more r a p i d l y  t h a n  d o e s  

t h e  e x a c t .

The f i r s t  a p p r o x i m a t e  s p e c t r u m  i s  o b t a i n e d  b y  t r a n s f o r m -  

i n g  e q u a t i o n  ( 2 . 9 . 1 - 1 7 ) .
CD “t

2 . 9 . 1 - 1 8 )  G x x ( ^ =  I f  C * 2- r  W i T P u F
O

Making t h e  ch an g e  o f  v a r i a b l e  2N2 (jl) = UL » and n o r m a l i z i n g  

a g a i n s t  t h e  c o r r e c t  m a g n i t u d e ,

2 . 9 . 1 - 1 9 )  $ n ( ^ =  A  —  ,
5  3 + |

T h i s  i s  compared  w i t h  t h e  e x a c t  r e s u l t  i n  F i g u r e  2 . 9 . 1 -

We h a v e  n o t  y e t  t o u c h e d  on t h e  p r o b le m  o f  a p p r o x i m a t i n g  

t h e  a u t o c o r r e l a t i o n  and  s p e c t r u m  o f  b ( x ) .  Two a p p r o a c h e s  

s u g g e s t  t h e m s e l v e s .  One c o n t i n u e s  i n  t h e  s p i r i t  o f  B o o t o n ' s  

a p p r o x i m a t i o n  i n  a s su m in g  t h a t  b ( x )  i s  a l s o  G a u s s i a n  and
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t h a t  b ( x )  may b e  r e p r e s e n t e d  by  C^x.  I n  t h i s  c a s e ,  t h e  

s p e c t r u m  o f  b ( x )  i s  p r o p o r t i o n a l  t o  t h a t  o f  x .

A more a c c u r a t e  method would  b e  t o  t r e a t  x  a s  a  G a u s s i a n  

p r o c e s s ,  a s  Booton  d o e s ,  b u t  p u t  t h a t  p r o c e s s  t h r o u g h  t h e  e x a c t  

b ( x ) ,  and  d e t e r m i n e  t h e  c o r r e l a t i o n  o f  t h e  r e s u l t .  A d o p t in g  

t h e  l a t t e r  p r o c e d u r e  i n  o u r  sam p le  p r o b le m ,  t h e  c a l c u l a t i o n  

t o  b e  made i s  t h e  f o l l o w i n g s

F i g u r e  2 . 9 . 1 - 6  A p p ro x im a te  C a l c u l a t i o n  o f  P r o p e r t i e s  o f  b ( x )  

We n e e d  t o  f i n d  t h e  a u t o c o r r e l a t i o n  o f  b ( x ) .  T h i s  i s  

e a s i l y  done  u s i n g  t h e  r e s u l t  o f  Lawson and  U h le n b e c k  32 

p 57 f f ,  who a n a l y z e d  t h i s  p a r t i c u l a r  b ( x ) .  They show t h a t

T h i s  i s  compared  w i t h  t h e  c o r r e s p o n d i n g  e x a c t  r e s u l t ,  e q u a ­

t i o n  ( 2 , 8 . 3 - 8 )  i n  F i g u r e  2 . 9 . 1 - 7 ) *  T h i s  a p p r o x i m a t i o n  h a s

t h e  c o r r e c t  p r o p e r t y  t h a t  -oo .

F o r  o t h e r  b ( x ) ,  o f  c o u r s e ,  o t h e r  m ethods  mqst  b e  u s e d ,  

such a s  t h o s e  o f  R lc e [ l j . l ]  and M i d d l e t o n [4 0 ] •

I t  a p p e a r s ,  t h e n ,  t h a t  t h e  f i r s t  a p p r o x i m a t i o n  C an

n  1 + n - w

Making t h e  c u s to m a r y  ch a n g e  o f  v a r i a b l e ,  %
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e x p o n e n t i a l  a u t o c o r r e l a t i o n )  i s  a r e a s o n a b l y  a c c u r a t e  o n e .

I n  an e a r l i e r  s e c t i o n ,  we saw t h a t  I f  b ( x )  = x ,  t h e  f i r s t

a p p r o x i m a t i o n  g i v e s  an  e x a c t  r e p r e s e n t a t i o n .  We now a s k

w h e t h e r  t h e r e  i s  an y  o t h e r  b ( x )  w h ich  g i v e s  an  a u t o c o r r e l a t i o n  

w h ic h  i s  e x a c t l y  e x p o n e n t i a l .  I n  c o m p a r in g  t h e  two s e r i e s  

( 2 . 9 - 1 )  and ( 2 . 9 . 1 - 5 ) *  we n o t e  t h a t  i f  i s  t o  a d m i t  o f  a n

e x p o n e n t i a l  r e p r e s e n t a t i o n ,  i t  i s  n e c e s s a r y  ( f o r  t h e  t h i r d  

t e r m s  t o  a g r e e )  t h a t
t

2 . 9 . 1 - 2 2 )  Fx* ( 0 * )  =
A

+oo u 4

2 . 9 . 1 - 2 3 )  1  = - 7 * g - ---------
-CO J

I n  t h i s  p r o b le m ,  we can  e l i m i n a t e  t h e  mean v a l u e  w i t h o u t  l o s s  

o f  g e n e r a l i t y .  A c c o r d i n g l y ,  f o r  an  e x p o n e n t i a l  a u t o c o r r e l a ­

t i o n ,  i t  i s  n e c e s s a r y  t h a t  
*00 ,+co

2 .9 .1 - 2 1 * )  j  b \ ( \ x  J  ~
-00 _oo

By S c h w a r t z 1 i n e q u a l i t y ,  „
400 r  +CC) _ p  —i *-

2 . 9 . 1 - 2 5 ) ^  j j   ̂^ J

By e q u a t i o n  ( 2 . 6 . 3 - 3 2 ) ,  t h e  i n t e g r a l  on t h e  r i g h t  has  t h e  

v a l u e  - N ^ / 2 ,  so
TVW TLAJ .

2 . 9 . 1 - 2 6 )  T  f  <\y J  >
*- -00 ** -oo

Comparing t h i s  w i t h  e q u a t i o n  (2 .9 .1 -2 1 * )  shows t h a t  i n  o r d e r
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t o  have  an  e x p o n e n t i a l  a u t o c o r r e l a t i o n ,  t h e  S c h w a r t z  i n e q u a l ­

i t y  m u s t  r e d u c e  t o  an e q u a l i t y .  T h i s  can  h ap o en  o n l y  i f  

b  and x  a r e  p r o p o r t i o n a l ,  i . e . ,  b = p  x ,  ft = c o n s t .  I f  t h i s  

i s  t h e  c a s e ,  i t  was shown in  S e c t i o n  2 . 6 . £  t h a t  T^Ot)  i s  

e x p o n e n t i a l .

However ,  t h e r e  i s  no o t h e r  b ( x )  w h ic h  w i l l  g i v e  an  

e x p o n e n t i a l  •

2 . 9 * 2  A Second  A p p r o x i m a t i o n

T h e r e  a r e  s e v e r a l  ways i n  w h ic h  we c o u l d  p r o c e e d  t o  

h i g h e r  o r d e r s  o f  a p p r o x i m a t i o n .  F o r  t h e  s e c o n d  a p p r o x i m a t i o n  

we u s e

The form c h o s e n  h e r e  i s  somewhat  a r b i t r a r y ,  b u t  t h e  m o t i v ­

a t i n g  i d e a  was t o  o b t a i n  an  e x p r e s s i o n  w h ic h  would a g r e e  w i t h  

e q u a t i o n  ( 2 . 9 - 1 )  t h r o u g h  t h e  t h i r d  t e r m ,  w h i l e  r e t a i n i n g  t h e

shown,  b y  d i f f e r e n t i a t i n g  t h e  above  e x p r e s s i o n  and l e t t i n g  

t  -*■ 0 ,  t h a t

I n  t h e  same way,  one c o u ld  p r o c e e d  t o  h i g h e r  o r d e r s .  Of 

c o u r s e ,  n o t h i n g  has  b e e n  s a i d  a b o u t  t h e  c o n v e r g e n c e  o f  t h i s  

p r o c e s s .

To f i n d  w h e t h e r  t h e  s e co n d  a p p r o x i m a t i o n  i s  b e t t e r  t h a n  

t h e  f i r s t ,  we a l s o  a p p l y  i t  t o  t h e  i n f i n i t e - c l i p p i n g  p r o b -

g e n e r a l l y  e x p o n e n t i a l  c h a r a c t e r  o f  Vxx . I t  may e a s i l y  b e
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lem of Section 2 .8 . In th is  case, I t  I s  ea s ily  shown th a t
iH Z's

2 . 9 . 2 - M  ^ ( 0 =  | . A e  ^

Applying the same normalization and change of variab le  as

" " I " ,  ^ , ) s e " f l [ u i ( l . e ^ |

Figure 2.9*2-1 shows the comparison between the exact 

r e s u l t  TyX(-t\ and th i s  second approximation. The agreement 

I s  ra th e r  good, and ce r ta in ly  a considerable improvement 

over th a t  of the f i r s t  approximation shown In Figure 2 .9 .1 -3 .

The spec tra l density  corresponding to  the second approx­

imation i s

y   ̂ \  \ , i s ( 1- __
2.9 .2-6) Gx»t(1)') -  TT(1_|MV ' l ]  U +

Normalizing against the exact magnitude, and making the 

customary change of var iab le ,

2 . 9 . 2 - 7 )  ' S y C U ' K   T  \  1 +  Z 4 ( 4 - U ' )  "j

This I s  compared with the exact r e s u l t  In Figure 2 .9 .2 -2 .

Once again, the agreement I s  good, and Is  an Improvement 

over the f i r s t  approximation of Figure 2.9.1-*+.

Apparently, then, the proposed form of the second 

approximation works ra th e r  well in  th is  example. We do 

not know to what extent th i s  conclusion may be extended to 

o ther problems.
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2 . 9 . 3  B o o t o n ' s  A p p r o x im a t io n

B o o t o n ' s  method [5 ]  I s  t h e  o n l y  w e l l - k n o w n  one  f o r  

c a l c u l a t i n g  s p e c t r a  o f  t h e  o u t p u t  o f  n o n l i n e a r  s y s t e m s .  I t s  

a n a l o g y  w i t h  t h e  f o r e g o i n g  h a s  a l r e a d y  b e e n  n o t e d .  A cc o rd ­

i n g l y ,  we a p p l y  t h i s  t e c h n i q u e  t o  t h e  i n f i n i t e - c l i p p i n g  e x ­

am ple  o f  S e c t i o n  2 . 8 ,  and  s e e  how i t  co m p a re s  w i t h  t h e  

a p p r o x i m a t i o n s  a l r e a d y  c o n s i d e r e d .

I t  s h o u l d  b e  e m p h a s i z e d ,  h o w e v e r ,  t h a t  t h i s  p r o b l e m ,  

b e i n g  f i r s t - o r d e r  and  s t r o n g l y  n o n l i n e a r ,  may b e  e x p e c t e d  t o  

p l a c e  t h e  B o o to n  a p p r o x i m a t i o n  i n  t h e  w o r s t  p o s s i b l e  l i g h t .

I t  i s  c l e a r ,  a s  B o o to n  h i m s e l f  s t a t e s ,  t h a t  t h e  l o o p  t o  

which  t h e  method i s  a p p l i e d  s h o u ld  h a v e  h e a v y  f i l t e r i n g  o f  

t h e  h i g h  f r e q u e n c i e s ,  i . e .  b e  s t r o n g l y  l o w - p a s s  i n  n a t u r e .

A f i r s t - o r d e r  s y s t e m  a f f o r d s  t h e  p o o r e s t  p o s s i b l e  f u l f i l l m e n t  

o f  t h i s  r e q u i r e m e n t .  The r e s u l t s  d e t e r m i n e d  h e r e  f o r  t h e  

B oo ton  method a r e  r e a s o n a b l y  g o o d ,  b u t  t h e y  s h o u ld  n o t  be  

t a k e n  a s  an  i n d i c a t i o n  o f  i t s  a c c u r a c y  when a p p l i e d  t o  h i g h e r -  

o r d e r  s y s t e m s .

To a p p l y  t h e  B o o to n  method t o  t h e  p ro b le m  a t  h a n d ,  

t h e  s y s t e m  b e i n g  c o n s i d e r e d  i s

F i g u r e  2 . 9 . 3 - 1  B l o c k  Diagram o f  F i r s t - O r d e r  Sys tem
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We now assum e w i t h  B o o t o n ,  t h a t  t h e  s i g n a l s  a t  a l l  p o i n t s  

I n  t h e  l o o p  a r e  G a u s s i a n .  I f  x  i s  G a u s s i a n ,  w i t h  s t a n d a r d  

d e v i a t i o n  , t h e n  t h e  " e q u i v a l e n t  g a i n "  o f  t h e  n o n l i n e a r

b l o c k  i s

2 . 9 . 3 - 1 ) „  -  _ L _  _ L  
R b _  I z r T

_ X_
x bort e 235 (\x

-00
I n t r o d u c i n g  t h e  p e r t i n e n t  b ( x ) ,  which  i s  g i v e n  i n  e q u a t i o n

a e ̂  Ax.
( 2 . 8 - 1 ) ,  t h e  e q u i v a l e n t  g a i n  becomes

2 . 9 . 3 - 2 )  lRb =

T h i s  i n t e g r a l  may b e  e v a l u a t e d  ( B i e r e n s  de Haan L*+] , T a b l e  

8 1 ,  5 ) ,  p 122) w i t h  t h e  r e s u l t

2 . 9 . 3 - 3 )

We now c o n s i d e r  t h e  " e q u i v a l e n t "  l i n e a r  s y s te m

nj t l

F i g u r e  2 . 9 . 3 - 2  B lo c k  D iagram  o f  " E q u i v a l e n t "  L i n e a r  Sys tem  

The o v e r a l l  t r a n s f e r  f u n c t i o n  would  be

2 . 9 . 3 - V )  = ------

T h e n ,  u s i n g  a w e l l -k n o w n  r e s u l t  f o r  l i n e a r  s y s t e m s f ( s e e  e . g .

L a n in g  and  B a t t i n  [ 3 1 ]  e q .  ( 5 . 3 - 1 2 ) ,  p 197) t h e  s p e c t r u m  o f  

x  i s
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2 . 9 .3 - ! ? )
*
6 y / u r t =

=  l “ ^ b  I 6' jO) + l?b I
nn (tt j)  -  ^ n n ( U ) )

U)Z+

w here  Gn n ( t i ) )  i s  t h e  s p e c t r a l  d e n s i t y  o f  t h e  i n p u t  n o i s e  n ( t )  

I t  i s  now n e c e s s a r y  t o  d e t e r m i n e  Crn n (u)  ) i n  t h e  s p e c t r a l  

d e n s i t y  u n i t s  b e i n g  used  h e r e .

T h i s  may be  done  b y  n o t i n g  t h a t  t h e  a u t o c o r r e l a t i o n  o f  

t h e  n o i s e  has  b e e n  t a k e n  t o  be

2 .9 . 3-61 ( t )  -  HZ& t )

I f  t h i s  i s  a p p r o x i m a t e d  b y  an  e x p o n e n t i a l ,

t

F i g u r e  2 . 9 . 3 - 3  A p p ro x im a te  A u t o c o r r e l a t i o n  f o r  W hi te  N oise

o f  t h e  form ( t )  -  ^  , t h e n  t h e  a p p r o x i m a t e  s p e c t r u m

i s  

2 . 9 . 3-71 ^  (oj>r *  NJ" .
IT J  T\ ( (KJ +0U )

T a k in g  t h e  l i m i t  a s  cH-^OO g i v e s  

2 . 9 . 3 - 8 )  %

S u b s t i t u t i n g  t h i s  i n t o  e q u a t i o n  ( 2 . 9 . 3 - £ )  y i e l d s

2 . 9 . 3 - 9 )
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I n t e g r a t i n g  o v e r  a l l  f r e q u e n c i e s  t o  g e t  t h e  t o t a l  pow er ,

2 . 9 . 3 - 1 0 )  0 ?  = ]  6 xx(Uj)c\uj =
o

T h i s  e q u a t i o n  may now b e  u s e d ,  t o g e t h e r  w i t h  e q u a t i o n  ( 2 . 9 . 3 -  

3) t o  d e t e r m i n e  t h e  " o p e r a t i n g  p o i n t " .  The r e s u l t  I s

2 . 9 . 3 - 1 1 )  < J ^ =  ^
4-

2 . 9 . 3 - 1 2 )

f rom  w hich  ( 2 . 9 . 3 - 9 )  g i v e s

fc-rrt rTY
2 . 9 . 3 - 1 3 )  < W U r t =  —

A-
The a u t o c o r r e l a t i o n  may b e  d e t e r m i n e d  f rom  t h i s  by  t h e  

r e l a t i o n

*  /« v r 00̂
2 . 9 . 3 - 1 1*) T xxt n =  J 6 x x ( t t ) V o S l o i A u j

0

and  t h e  r e s u l t  I s

A .  A ( It) . \  
2 . 9 . 3 - 1 5 ) rxx(V> = e 71 2K

4

Q u a l i t a t i v e l y  t h i s  s p e c t r u m  and a u t o c o r r e l a t i o n  b e h a v e  J u s t  

a s  do t h e  c o m p a r a b l e  q u a n t i t i e s  f o r  t h e  n o n l i n e a r  s y s t e m .  

F o r  t h i s  r e a s o n ,  i t  I s  p o s s i b l e  t o  n o r m a l i z e  them  I n  much 

t h e  same w ay .  I f ,  t h e n ,  we make t h e  s u b s t i t u t i o n s

2 . 9 . 3 - 3 6 )  f

2 . 9 . 3 - 1 7 )  Z nS jO - U .

and I f  we n o r m a l i z e  t h e  m a g n i t u d e s  o f  t h e  two f u n c t i o n s  

a g a i n s t  t h e  m a g n i tu d e  o f  t h e  e x a c t  r e s u l t s ,  t h e n
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2 . 9 . 3 - 1 8 )  p *  C % )  =  \  T
IT

2 . 9 . 3 - 1 9 )  $ * < * 0  = ------" ' n i ' T l

*  ,(c
/ M f ) i s  n o t  a  n o r m a l i z e d  a u t o c o r r e l a t i o n  b e c a u s e  when § =  0 

A ‘ t ' )  d o e s  n o t  e q u a l  u n i t y .  The r e a s o n  i s  t h a t  t h e  Booton 

a p p r o x i m a t i o n  g i v e s  t o o  much t o t a l  power  i n  t h i s  c a s e .

The f u n c t i o n s  ab o v e  may b e  compared  d i r e c t l y  w i t h  t h e  c o r r e s ­

p o n d in g  q u a n t i t i e s  d e r i v e d  f rom t h e  e x a c t  a n a l y s i s .  T h i s  

i s  done  i n  t h e  two f i g u r e s  f o l l o w i n g .

W h i le  b o t h  s p e c t r u m  and  a u t o c o r r e l a t i o n  h a v e  a b o u t  t h e  

c o r r e c t  s h a p e ,  t h e  t o t a l  power  i s  a b o u t  50# h i g h ,  so  b o t h  

c u r v e s  l i e  ab o v e  t h e  c o r r e c t  o n e s .  S t i l l ,  t h e  B oo ton  a p p r o x  

i m a t i o n  d o e s  p r e d i c t  t h e  c o r r e c t  t r e n d  w i t h  i n p u t  a m p l i t u d e .
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2 . 1 0  O th e r  A p p ro x im a te  Methods

To d e t e r m i n e  s p e c t r a  and  a u t o c o r r e l a t i o n s  e x a c t l y ,  I t  i s  

I n  p r i n c i p l e  n e c e s s a r y  t o  o b t a i n  an  e x a c t  a n a l y t i c a l  s o l u t i o n  

o f  a  p a r a b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .  T h i s  s o l u t i o n  

m ust  t h e n  b e  I n t e g r a t e d  w i t h  r e s p e c t  t o  t h e  s p a c e  v a r i a b l e .

I t  I s  t o  b e  e x p e c t e d  t h a t  t h e  number  o f  c a s e s  I n  which  t h i s  

p ro g ram  can  b e  c a r r i e d  t h r o u g h  ( I n  c l o s e d  form )  i s  s m a l l  

com pared  t o  t h e  c l a s s  o f  I n t e r e s t i n g  p r o b l e m s .

One i s  n a t u r a l l y  l e d ,  t h e n ,  t o  c o n s i d e r  a p p r o x i m a t i o n s  

o f  v a r i o u s  s o r t s ,  e i t h e r  a n a l y t i c a l  o r  n u m e r i c a l .  An exam­

p l e  o f  t h e  f o r m e r  was c o n s i d e r e d  I n  t h e  p r e v i o u s  s e c t i o n .

H e re  we d i s c u s s ,  i n  a  l a r g e l y  q u a l i t a t i v e  m an n e r ,  c e r t a i n  

o t h e r  p o s s i b i l i t i e s .

The f i r s t  i s  t h a t  o f  n u m e r i c a l  s o l u t i o n  ( a p p r o x i m a t i o n )  

o f  t h e  F o k k e r - P l a n c k  e q u a t i o n .  The t h e o r y  and  p r a c t i c e  o f  

n u m e r i c a l  s o l u t i o n  o f  p a r a b o l i c  e q u a t i o n s  i s  w e l l - a d v a n c e d ,  

th o u g h  p o s s i b l y  more a t t e n t i o n  h a s  b e e n  g i v e n  t o  e l l i p t i c  and 

h y p e r b o l i c  e q u a t i o n s .  At an y  r a t e ,  we do n o t  d i s c u s s  t h e s e  

m a t t e r s  h e r e  o t h e r  t h a n  t o  p o i n t  o u t  o n e  s p e c i a l  p r o b l e m .

T h i s  i s  t h e  f a c t  t h a t  t h e  s p a c e  v a r i a b l e  h a s  a n  i n f ­

i n i t e  r a n g e ,  -co < x < + o o .  N u m e r i c a l  t e c h n i q u e s  c a n n o t  

t r e a t  t h i s  c a s e  d i r e c t l y .  I t  i s  n e c e s s a r y  e i t h e r  t o  t r u n ­

c a t e  t h e  probem i n  some way,  o r  t o  map t h e  i n f i n i t e  r a n g e  

I n t o  some f i n i t e  r a n g e .

As an  exam ple  o f  t h e  l a t t e r ,  c o n s i d e r  a  new s p a c e  v a r ­

i a b l e  z ( x )  w h ere  z i s  a  u n i q u e  i n v e r t i b l e  f u n c t i o n  o f  x .

The F o k k e r - P l a n c k  e q u a t i o n  may b e  w r i t t e n  I n  t e r m s  o f  z .
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2 - i o - i ;  d i = ( [ * * f e + 2 i £ ] + 2 ^ r h f 2 ) x r ]

w h ere  h ( z )  = b [ x ( z ) ]  • As an e x a m p le  o f  t h e  t y p e  o f

mapping  we w a n t ,  l e t

C la n 'x
2.10-2) < , _ .

1 tan  2. r X

I n  t h i s  c a s e ,  ( 2 . 1 0 - 1 )  becomes

2 .1 C - 3 )  6̂ f  -  4 « * * *  ^  4[(0j'£M i)-H !s m i® 5i ] i |
6 1  Z  t M ' i h H l v

The r a n g e  -oo < x <  +co h a s  b e e n  mapped o n t o  - £  < z ^ - f K  .

The t r a n s f o r m e d  e q u a t i o n  I s  a  s i n g u l a r  o n e ,  I . e .  t h e  c o e f f i -  

c l e n t  o f  o _ y  v a n i s h e s  on t h e  b o u n d a r y  o f  t h e  r e g i o n .  F e l l e r  

[18]  g a v e  t h e  t h e o r e t i c a l  b a s i s  f o r  t r e a t i n g  such  b o u n d a r y  

v a l u e  p r o b l e m s ,  b u t  t h e y  a r e  s t i l l  somewhat  u n u s u a l .

R a t h e r  t h a n  make n u m e r i c a l  a p p r o x i m a t i o n s  t o  t h e  r e a l  

p r o b le m ,  I t  may b e  p o s s i b l e  t o  g e n e r a t e  o t h e r  s t o c h a s t i c  

p r o b le m s  which a p p r o x l m a t e  t h e  r e a l  o n e  i n  some way,  and 

s o l v e  t h e  a p p r o x i m a t i n g  p r o b le m .  F o r  e x a m p le ,  B row nian  

m o t io n  ( t h e  W iener  p r o c e s s )  may b e  v ie w e d  a s  t h e  l i m i t i n g  

c a s e  o f  a  s e q u e n c e  o f  d i s c r e t e  random w a lk  p r o b l e m s .  I t  I s  

n a t u r a l , t h e n ,  t o  e x p e c t  t h a t  s o l v i n g  a  d i s c r e t e  random w alk  

p r o b le m  which i s  s u f f i c i e n t l y  f a r  i n  t h e  s e q u e n c e  would p e r ­

m i t  a p p r o x i m a t i o n  o f  t h e  Brownian  m o t io n  t o  any  d e s i r e d  

a c c u r a c y .

We do n o t  d e v e l o p  t h i s  a p p r o a c h  i n  d e t a i l  h e r e ,  b u t  i t  

seems c l e a r  t h a t  i f  b o th  t i m e  and s p a c e  a r e  q u a n t i z e d ,  i t  i s  

p o s s i b l e  t o  d e v e l o p  a  M a r k o f f  c h a i n  p r o b le m  which may be
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t r e a t e d  by  w e l l -k n o w n  m e t h o d s .  T h e s e  m e th o d s  a r e  somewhat  

s i m p l e r  t h a n  t h o s e  f o r  c o n t i n u o u s - p a r a m e t e r  p r o c e s s e s ,  and  

a r e  w e l l - s u i t e d  f o r  t r e a t m e n t  by  n u m e r i c a l  m eans ,  e . g .  m a t r i x  

m u l t i p l i c a t i o n s .

I n  an y  e v e n t ,  I t  a p p e a r s  t h a t  p r a c t i c a l  c o m p u t a t i o n  o f  

s p e c t r a  w i l l  r e q u i r e  some s o r t  o f  a p p r o x i m a t e  a p p r o a c h ,  and 

such  a p p r o a c h e s  s h o u ld  b e  s t u d i e d ,  t h e i r  e r r o r s  and c o n v e r ­

g e n c e  i n v e s t i g a t e d ,  e t c .



CHAPTER 3

SECOND-ORDER SYSTEMS

We now t u r n  t o  c o n s i d e r a t i o n  o f  c e r t a i n  c l a s s e s  o f  s e c ­

o n d - o r d e r  p r o b l e m s .  A num ber  o f  new p r a c t i c a l  d i f f i c u l t i e s  

a r i s e ,  b u t  c o n c e p t u a l l y ,  t h e  r e l a t i o n  b e tw e e n  f i r s t -  and 

s e c o n d - o r d e r  p ro b le m s  i s  q u i t e  c l o s e .

T h e r e  a r e  few r i g o r o u s  r e s u l t s  a v a i l a b l e  f o r  t h e  s e c o n d -  

o r d e r  c a s e ,  t h o u g h  some s e c o n d - o r d e r  p ro b le m s  hav e  b e e n  c o n ­

s i d e r e d  h e u r i s t i c a l l y . S e e ,  e . g .  r e f e r e n c e s  [ 9 ] , [ 3 0 ]  , [ £ l ]  •

3*1 S t a t e m e n t  o f  t h e  S e c o n d - O r d e r  Problem

The c l a s s  o f  s e c o n d - o r d e r  p ro b le m s  we c h o o s e  t o  c o n s i d e r  

i s  d e f i n e d  b y  t h e  e q u a t i o n s

w here  n ( t )  i s  w h i t e  G a u s s i a n  n o i s e  and P and Q a r e  f u n c t i o n s  

whose r e g u l a r i t y  p r o p e r t i e s  w i l l  be  d i s c u s s e d  b e l o w .  T h i s  

i s  a t i m e - i n v a r i a n t  s e c o n d - o r d e r  s y s t e m ,  and w i t h  a p p r o p r i a t e  

c o n d i t i o n s  on P and Q, i t  i s  r e a s o n a b l e  t o  e x p e c t  x , y  t o  b e  

a  t w o - d i m e n s i o n a l  M a r k o f f  p r o c e s s .  I t  a l s o  seems r e a s o n ­

a b l e  t h a t  i f  P and  Q s a t i s f y  L i p s c h i t z  c o n d i t i o n s  i n  x and 

y ,  t h a t  u n i q u e  s o l u t i o n s  o f  ( 3 . 1 - 1 )  w i l l  e x i s t .  I t  seems 

p r o b a b l e  t h a t  t h e  L i p s c h i t z  r e q u i r e m e n t  i s  n o t  a  n e c e s s a r y  

c o n d i t i o n .

I f  P and  Q, a r e  o n c e - d i f f e r e n t i a b l e , t h e  F o k k e r - P l a n c k  

e q u a t i o n  f o r  t h i s  c a s e  i s  ( s e e ,  e . g .  Levy l 3 ^ ] p  89)

3 . 1 - 1 )
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The f u n c t i o n  f  I s  now a t w o - d i m e n s i o n a l  c o n d i t i o n a l  d e n s i t y  

f u n c t i o n  f ( x , y , t l x 0 , y 0 ) . I t  I s  t h e  b i v a r i a t e  d e n s i t y  a t

t ,  g i v e n  t h a t  x ( 0 )  = x0 , y ( 0 )  = y0 . A c c o r d i n g l y  ( 3 . 1 - 2 )  i s  

t o  b e  s o l v e d  s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n

3 . 1 - 3 )  C (X.^ ,  O') -  d f t - O S f r j - l ) , ' )

T h i s  a s su m e s  P and Q a r e  c o n t i n u o u s  and  d i f f e r e n t i a b l e  e v e r y ­

w h e r e .

3 . 2  C r o s s - C o r r e l a t i o n s  i n  t h e  S e c o n d - O rd e r  P rob lem

The t y p e  o f  c o r r e l a t i o n  p ro b le m  we c o n s i d e r  may b e  

r e p r e s e n t e d  i n  b l o c k  d i a g r a m  form a s  shown b e lo w .

F i g u r e  3 * 2 -1  B lo c k  Diagram o f  t h e  S e c o n d - O rd e r  P ro b lem  

The t a s k ,  t h e n ,  i s  t o  d e t e r m i n e  t h e  c r o s s - c o r r e l a t i o n  b e tw e e n  

t h e  random p r o c e s s e s  p and q .

The s t e a d y - s t a t e  d e n s i t y  f  ( x , y )  i s  now much more d i f -
S

f i c u l t  t o  f i n d .  I f ,  f o r  ex a m p le ,  we s e t  ^  =0 i n  ( 3 . 1 - 2 ) ,

we must  s o l v e  t h e  e q u a t i o n

s u b j e c t  t o  t h e  r e q u i r e m e n t  t h a t
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loo

3.2-2) j j f  1
-oo

T h i s  I s  a  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  r a t h e r  t h a n  an  o r d i n ­

a r y  d i f f e r e n t i a l  e q u a t i o n  a s  I n  t h e  f i r s t - o r d e r  p r o b l e m .  I t  

h a s  n o t  b e e n  s o l v e d  i n  g e n e r a l ,  t h o u g h  we w i l l  c o n s i d e r  l a t e r  

I t s  s o l u t i o n  f o r  a c e r t a i n  c l a s s  o f  P and Q.

F u r t h e r ,  we do n o t  know t h e  c o n d i t i o n s  on P and  Q which  

a s s u r e  a n o n - d i s p e r s i v e  s t e a d y - s t a t e .  We w i l l  h a v e  t o  r e l y  

o n  p h y s i c a l  I n t u i t i o n  f o r  t h e  t i m e  b e i n g .

At a n y  r a t e ,  a s su m in g  t h a t  f g ( x , y )  e x i s t s  and i s  known,

t h e  c r o s s - c o r r e l a t i o n  b e tw e e n  p and q w i l l  b e
100

3 .2 -3)  ( f f [ p ( x a^o)^(x,Lj')C,(Xo,4oK(x.q,Uxo,L(oV,«,4W4<>
-C D  l ^ o

+CD

T" -c o

T h e se  two e q u a t i o n s  p e r m i t  c o m p l e t e  d e t e r m i n a t i o n  o f  t h e

c r o s s - c o r r e l a t i o n  w i t h  t h e  a i d  o f  0  •

I t  i s  p o s s i b l e  t o  s i m p l i f y  t h e s e  e x p r e s s i o n s  i n  t h e  same

way a s  i n  t h e  f i r s t - o r d e r  c a s e .  D e f i n e
■HD

3 . 2 - 5 ) - u ( x , q , t ; p Q =
-00

I t  may b e  shown a s  b e f o r e ,  by d i r e c t  s u b s t i t u t i o n ,  t h a t  t h i s  

q u a n t i t y  s a t i s f i e s  t h e  F o k k e r - P l a n c k  e q u a t i o n

> • “ >

s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n
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3.2-7) i r U .^ .o ;  p ^ r
U sin g  t h i s  e x p r e s s i o n ,  e q u a t i o n  ( 3 * 2 - 3  may h e  w r i t t e n

*CO

3.2-8) u ( ) f^ A ;p O < \x A ^  t > o  
® - 0 0

I n  an  e n t i r e l y  a n a l o g o u s  way,
•3 CD

3.2-9) i % ^ V lx ck j 1 ? o
- C D

w here  v ( x , y , t ; q f  ) i s  t h e  s o l u t i o n  o f  ( 3 . 2 - 6 )  s u b j e c t  t o  t h es
i n i t i a l  c o n d i t i o n  v ( x , y , 0 ; q f g ) = q f g .

T h e s e  a r e  t h e  g e n e r a l  r e l a t i o n s  f rom  which a  number  o f

u s e f u l  s p e c i a l  c a s e s  may b e  d e r i v e d .

Case  1 :  p = q In  t h i s  c a s e ,  t h e  p r o b le m s  f o r  and

a r e  i d e n t i c a l ,  so  o n l y  on e  need  b e  d o n e .
4CC

3.2-10) pfsUxA^ i ? o
-00

w h ere  v  i s  t h e  s o l u t i o n  t o  t h e  F o k k e r - P l a n c k  e q u a t i o n ,  s u b j e c t  

t o  t h e  i n i t i a l  c o n d i t i o n  v  = p f s .

Case  2 :  A u t o c o r r e l a t i o n  o f  x  -  -  I n  t h i s  c a s e ,  p=q=x •
4<G

3.2-11) rx*(V)=Tx,(-t)- *-o
- C O

C ase  3 :  A u t o c o r r e l a t i o n  o f  y -  -  L e t  p=q=y.
-KG

3 . 2 - 1 2 ) * 2 o
-00

Case  *+: C r o s s - C o r r e l a t i o n  o f  x  and y  -  -  L e t  p=x and q=y .
-<oo

3.2-13) ^(V> = JT -uCx. .̂A.; Avc*a U o
-00
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\OD

3 . 2- 11*) ^ ( 0 = J J x x r ( x , i ) , l j  l ? 0
-00

C ase  5: A u t o c o r r e l a t i o n  o f  P -  -  L e t  p=q=P.
+00

3 . 2- 15)
-CO

Case  6 :  A u t o c o r r e l a t i o n  o f  Q -  -  L e t  p=q=Q.
+0o

3 . 2- 16) r0S)a V T QQ( - U :  f | © u ( x , q . +  ; < H ' ) c M ' + l ? o
'CO

Case  7 :  C r o s s - C o r r e l a t i o n  o f  P and Q -  -  L e t  p=P and  q=Q.
+00

3 . 2- 17) ^ r A*A^ "t- 0
-00

400

3 . 2- 18) [ f P ‘t f ( x , ^ i ; Q { s V M u  ± > o
-00 }

3 . 3  Example  *f: A L i n e a r  S e c o n d - O r d e r  P rob lem

To i l l u s t r a t e  t h e  a p p l i c a t i o n  o f  t h i s  method t o  a second-  

o r d e r  p r o b le m ,  we c o n s i d e r  a c a s e  i n  which  t h e  a n s w e r  i s  

known.  We wish  t o  d e t e r m i n e  t h e  a u t o c o r r e l a t i o n  o f  y ,  w here  

y  i s  t h e  s o l u t i o n  o f  t h e  s e c o n d - o r d e r  s t o c h a s t i c  d i f f e r e n t ­

i a l  e q u a t i o n

3 . 3 - 1 )  '{̂  \  4 ( 3 ^ -

w h ere  a ,  3 a r e  p o s i t i v e  c o n s t a n t s ,  n ( t )  i s  w h i t e  G a u s s i a n  

n o i s e  o f  m a g n i t u d e  N. I f  we d e f i n e  y=x,  t h e n  t h i s  e q u a t i o n  

may b e  w r i t t e n

3 . 3 - 2 )  * r  ‘ < L * - | 3 i j 4 ^ ( 0

3 . 3 - 3 )

w hich  i s  o f  t h e  fo rm  b e i n g  c o n s i d e r e d  h e r e ,  w i th
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p -  - d x - p i ^

3 . 3 - * 0  { Q -  X

To d e t e r m i n e  f  ( x , y ) ,  t h e  s t e a d y - s t a t e  d i s t r i b u t i o n ,  we u s e  
s

( 3 . 2 - 1 ) .  We need  t o  s o l v e

3 . 3 - 5 )
1 CD

s u b j e c t  t o  t h e  s i d e  c o n d i t i o n  $ f gdxdy = 1 .  I t  may e a s i -
-co

l y  be  v e r i f i e d  t h a t  t h e  d e s i r e d  d i s t r i b u t i o n  I s

3.3-6)

I t  I s  now n e c e s s a r y  t o  s o l v e  t h e  e q u a t i o n  

3 - 3 - 7 >

s u b j e c t  t o  t h e  I n i t i a l  c o n d i t i o n

3 . 3 - 8 )  x r C x ^ O  ; r

F o r  t h i s  p r o b le m ,  we r e s t r i c t  o u r s e l v e s  t o  t h e  overdamped 

c a s e :  . To c o m p l e t e l y  s o l v e  t h i s  ex am p le  would

r e q u i r e  s t u d y  o f  two a d d i t i o n a l  c a s e s :  §  = 1 and 0 < ^ < 1 .

To show t h e  w o r k a b i l i t y  o f  t h e  m e th o d ,  i t  a p p e a r s  s u f f i c i e n t  

t o  show a g r e e m e n t  f o r  o n l y  o n e  o f  t h e  c a s e s .

The s o l u t i o n  o f  t h i s  b o u n d a r y - v a l u e  p r o b le m  i s  g i v e n  i n  

A p p en d ix  C. The r e s u l t  i s

J ' ) ;
J Z u M t  ■'

where U v  \f jf  , » h T v M- £ .

Now t o  d e t e r m i n e  , we s u b s t i t u t e  t h i s  r e s u l t  i n t o

e q u a t i o n  ( 3 . 2 - 1 2 ) .
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■VCD

3 . 3 - 1 0 )

^ ) =  <4 v ( x , 4 , t ;  i j k )  d x d v ^

- H S ;    " “
t \ jO  v L » 1 \ C D

-00

^  '  « [ - ( e ^ .  e% ± ( K Z ^ A ) 4 \ ^

e ^ . e u

\ r  V -00 -00

The f i r s t  t e r m  v a n i s h e s  b e c a u s e  o f  t h e  ev en  symmetry o f  f g . 

S i n c e  f  i s  s e p a r a b l e ,  t h e  second  i n t e g r a l  may b e  s e p a r a t e d .9

3 . 3 - 1 1 ) r ^ ( V ) ff \ j t ^ z h l ll a J F
\ - X i  T)Nl

V ^ a x 1
f e  * f a

r -too

L -it)

E v a l u a t i n g  t h e s e  i n t e g r a l s ,
X

3 . 3 - 1 2 ) &  (A>e - \ z  )
8 0 1 -r,

w hich  i s  e x a c t l y  t h e  same a s  t h e  r e s u l t  o b t a i n e d  f rom 

c o n v e n t i o n a l  f i l t e r  t h e o r y .

The c o r r e s p o n d i n g  s p e c t r u m  may e a s i l y  b e  shown t o  be

I
3 . 3 - 1 3 )  G u , ( ( D ) : H1

TT( \1 \  u j i y  X i  3 0 J l )
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3*4 The S e c o n d - O r d e r  P ro b lem  w i t h  D i s c o n t i n u o u s  P ( x , y )

I t  would  b e  d e s i r a b l e  t o  r e l a x  t h e  c o n t i n u i t y  r e q u i r e ­

ments  on P and  Q in  a  m anner  a n a l o g o u s  t o  t h e  way i n  w h ich  

d i s c o n t i n u o u s  b ( x )  w e re  t r e a t e d  i n  t h e  f i r s t - o r d e r  c a s e .

We r e t a i n  t h e  r e q u i r e m e n t  t h a t  Q ( x ,y )  b e  c o n t i n u o u s  and 

d i f f e r e n t i a b l e  e v e r y w h e r e ,  b u t  b r o a d e n  t h e  c l a s s  o f  P ( x , y )  

t o  i n c l u d e  f u n c t i o n s  w h ic h  a r e  c o n t i n u o u s  and d i f f e r e n t i a b l e  

e v e r y w h e r e  e x c e p t  p o s s i b l y  a l o n g  t h e  l i n e  x * h ( y ) ,  w here  

h i s  a s i n g l e - v a l u e d  c o n t i n u o u s  f u n c t i o n  f o r  a l l  y .  A long 

t h i s  l i n e ,  a  f i n i t e  d i s c o n t i n u i t y  i s  a l l o w e d .

The d e r i v a t i o n  h e r e  f o l l o w s  q u i t e  c l o s e l y  t h a t  o f  S e c t ­

io n  2 .7 *  We a r e  now c o n c e r n e d  w i t h  t h e  b i v a r i a t e  d e n s i t y  

f u n c t i o n  f ( x , y , t ) ,  w h ich  i s  assumed t o  b e  o n c e - d i f f e r e n t i a b l e  

e v e r y w h e r e .  We c o n s i d e r  a c l a s s  o f  f u n c t i o n s  t $ ( x , y )  w h ic h  

v a n i s h  o u t s i d e  some f i n i t e  r e c t a n g l e ,  a r e  t h r i c e  d i f f e r e n t i a b l e ,  

and whose t h i r d  d e r i v a t i v e s  a r e  u n i f o r m l y  bounded  i n  b o t h  

x  and y .  T h i s  means t h a t  t h e r e  e x i s t s  some K > 0  s u c h  t h a t

’ e t0>  NoM d 6 f l n «
iQQ

3.4-1)

l y

-03
We w i l l  c a l c u l a t e  t h e  d e r i v a t i v e  o f  M i n  two d i f f e r e n t  w a y s .

3 . 4 - 2 )  » m \  = ^

The f i r s t  method i s  e a s i l y  d o n e .
\CC>

3.4-3) ~ 1$ CX,^ A - t
-00 , ^

To c a l c u l a t e  we w i l l  a c t u a l l y  c a l c u l a t e  E ]

b y  i n v e r t i n g  t h e  o r d e r  o f  l i m i t  and e x p e c t a t i o n .  We w i l l
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3 . W O

E x p a n d in g  $  I n  a  b l v a r i a t e  T a y l o r ' s  s e r i e s ,  i t  may b e  shown

t h a t

Ai a « ,  ( m \ \ v ^ s , ( ^ l {

3 A  5> + r  r©> f4 ^ +  5 e *f + 5 6 5M M ) \  0 4 ^  1
Cd l A t  A t  5 A i  f i t  J

w here  (©^l ^  1 ,  1 = 1 , 2  ,3»**. Now i n t e g r a t e  e q u a t i o n s

( 3 . 1 - 1 )  o v e r  a  f i n i t e  t i m e  i n c r e m e n t  f ro m  t  t o  t  + A t .
A U i  , i U l

3 A - 6 )  A x -  T ( V , H W \  ^  
t  t

AaM

3.U-7) J Q(XxUjiA\.
A

The s e c o n d  i n t e g r a l  o f  ( 3 * ^ - 6 )  i s  a G a u s s i a n  random v a r i a b l e  

w i t h  z e r o  mean and v a r i a n c e  N2 A t .  We c a l l  t h i s  i n t e g r a l  

A n .  Then E [ A n ]  = 0 ,  E [ A n 2 ] = N2 A t ,  e [ a n^]  = 0 ,  e t c .

I t  may b e  shown t h a t  ,

3 . i f . 8) A x r  P C V A ^ M  + A r \  4 0 ( A l  4 )

3 . ^ - 9 )  + O ( A l ^ )

w h e re  P and Q a r e  e v a l u a t e d  a t  t h e  b e g i n n i n g  o f  t h e  i n t e r v a l .

T h i s  may be s e e n  by  e x p a n d in g  t h e  i n t e g r a n d s  i n  a  T a y l o r ' s

s e r i e s  a b o u t  t h e  i n i t i a l  v a l u e ,  w here  P i s  d i f f e r e n t i a b l e ,  
t u t  t U t

3 A -1 0 )



1 1 4

t4&t iiM.

3 > - 1 0 )  =  Ai 4  f

w h e re  xQ and  yQ d e n o t e  x ( t )  and  y ( t ) ,  w h i l e

X,- V0 + C.fcx ■)
3 > - 1 1 )  ,  .  ( O ^ C i l

The p a r t i a l  d e r i v a t i v e s  a r e  f i n i t e  f o r  p o i n t s  n o t  on  t h e  l i n e  

o f  d i s c o n t i n u i t y .  The q u a n t i t y  (x  -  Xq) i s  0 (' fb t ' ) ,  and 

i n t e g r a t i n g  i t  o v e r  and i n t e r v a l  A t  g i v e s  a  r e s u l t  w h ich  i s  

0(  A t  1 ) .  From t h i s  t y p e  o f  c o n s i d e r a t i o n ,  e q u a t i o n s  

( 3 . 4 - 8 )  and  3 * 4 -9 )  f o l l o w .

S u b s t i t u t i n g  e q u a t i o n s  ( 3 * 4 - 8 )  and  (3 * 4  - 9 )  i n t o  ( 3 . 4 - 5 ) ,  

and  t a k i n g  t h e  e x p e c t a t i o n  o f  t h e  r e s u l t ,  p a s s i n g  t o  t h e  

l i m i t  a s  i n  e q u a t i o n  ( 3 * 4 - 4 )  g i v e s
400 7 n

3 > - i 2 )  L \ § \ -  j j

I f  i t  w e re  n o t  f o r  t h e  d i s c o n t i n u i t y  o f  P ,  t h i s  e x p r e s s i o n

c o u l d  b e  i n t e g r a t e d  by  p a r t s ,  and e q u a t i o n  ( 3 . 1 - 2 )  c o u l d

b e  d e r i v e d  b y  e q u a t i n g  t h e  r e s u l t  t o  e q u a t i o n  ( 3 . 4 - 3 ) .

B e c a u s e  o f  t h e  d i s c o n t i n u i t y ,  h o w e v e r ,  we p r o c e e d  d i f f e r e n t l y .

F o r  e x a m p l e ,  c o n s i d e r  t h e  f i r s t  i n t e g r a l  o f  e q u a t i o n  ( 3 . 4 - 1 2 ) .  
-VOO r4O0 VOO

£ Q* -00 -00

3,l+" 13) 400 r  A * °°  xifl

-  W  ^
- t o  1 - ©  Wty *



P r o c e e d i n g  i n  t h e  same way w i th  t h e  o t h e r  I n t e g r a l s ,  and 

e q u a t i n g  e q u a t i o n s  ( 3 . 4 - 1 2 )  and ( 3 . 4 - 3 ) ,  i t  may b e  shown

-CD

3 * 4 -1 4 )  _ CD _ c o

I n  o r d e r  f o r  t h i s  t o  b e  t r u e  f o r  a n y  $  i n  t h e  c l a s s  c o n ­

s i d e r e d ,  i t  i s  n e c e s s a r y  t h a t

The F o k k e r - P l a n c k  e q u a t i o n  h o l d s  e x c e p t  on t h e  b o u n d ­

a r y ,  and t h e r e  t h e  c o n t i n u i t y  c o n d i t i o n  ( 3 . 4 - 1 5 )  h o l d s .

I f ,  a s  we a s s u m e ,  f  i s  c o n t i n u o u s  e v e r y w h e r e ,  ^  m ust  be  

d i s c o n t i n u o u s  a c r o s s  t h e  b o u n d a r y ,  i f  f  /  o .  i f  f  -  0 ,

t h e n  £1 m ust  b e  c o n t i n u o u s .
CK
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3 . 5  R e l a t i o n s  Among t h e  C o r r e l a t i o n s

As I n  t h e  f i r s t - o r d e r  c a s e ,  we a r e  a b l e  t o  d e r i v e  r e ­

l a t i o n s h i p s  among t h e  v a r i o u s  c o r r e l a t i o n s  p r e s e n t  I n  t h e  

s y s t e m ,  u s i n g  t h e  K o lm o g o ro f f  e q u a t i o n s .  We c o n s i d e r  now 

t h e  b i v a r i a t e  t r a n s i t i o n  d e n s i t y  f u n c t i o n  f T ( x 2y 2 ; x 2 , y 2 , t )  

which  I s  t h e  d e n s i t y  a s s o c i a t e d  w i t h  h a v i n g  v a l u e s  * i , y ^  a t  

a  C e r t a i n  t i m e ,  and x 2 >y2 a t  a  t i m e  t  s e c o n d s  l a t e r  ( s t a t l o n -  

a r l t y  I s  a s s u m e d ) .  T h i s  d e n s i t y  f T, s a t i s f i e s  t h e  b i v a r i a t e  

f o r w a r d  and backw ard  e q u a t i o n s  o f  K o l m o g o r o f f .  T h e s e  may 

b e  d e r i v e d  by s t a n d a r d  m e th o d s  ( s e e  e . g .  B h a r u c h a - R e l d  [31  

p 160) w i t h  t h e  r e s u l t

3 . 5 - 2 )

( 3 * 5 - 1 )  i s  t h e  " f i r s t "  o r  "b ack w ard "  e q u a t i o n .  ( 3 . 5 - 2 )  i s  

t h e  " s e c o n d "  o r  " f o r w a r d "  e q u a t i o n ,  w hich  I s  I d e n t i c a l  w i t h  

t h e  F o k k e r - P l a n c k  e q u a t i o n  which h a s  a l r e a d y  b e e n  d e r i v e d .

I f  we w ish  t o  f i n d  t h e  c r o s s - c o r r e l a t i o n  b e tw e e n  two 

random p r o c e s s e s  p ( x , y )  and  q ( x , y ) ,  t h e  f o r m u l a  I s ,  b y  a n a l ­

o g y  w i t h  ( 3 . 2 - 3 )  and ( 3 . 2 - M .

3 . 5 - 3 )  ^>% M  = fX*
-00

vOO

3 .5 - * 0
-oo t > 0

Now n o t e  t h a t  ( 3 * 5 -3 )  may b e  w r i t t e n  i n  two d i f f e r e n t  ways:
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I f  we now d e f i n e
-♦00

3 . 5 - 7 )

-CO

fCft

t h e n  i t  may b e  shown by d i r e c t  s u b s t i t u t i o n  t h a t  u and  v 

s a t i s f y  t h e  f i r s t  and  s eco n d  K o lm o g o ro f f  e q u a t i o n s  r e s p e c ­

t i v e l y .  F u r t h e r ,  u ( x 1 , y 1 , 0 ; q )  = q C x ^ j ^ )  and  v ( x 2 , y 2 »°»Pf s ^ s  

P ( x 2 , y 2 ) f g ( x 2 , y 2 ) .

U s in g  t h e s e  f a c t s ,  e q u a t i o n s  ( 3 * 5 -5 )  and ( 3 * 5 - 6 )  may b e  

w r i t t e n
*oo

3.5-9) 1̂(0-- ,i?o
-00

+ 0G

3.5-10) ,t?o
-CO

The s e c o n d  o f  t h e s e  i s  i d e n t i c a l  w i t h  e q u a t i o n  ( 3 * 2 - 8 ) .  The 

x ' s  and y ' s  a p p e a r i n g  i n  t h e s e  i n t e g r a l s  a r e  m e r e l y  dummy 

v a r i a b l e s ,  so  t h e  s u b s c r i p t s  may be  d r o p p e d .

We may a p p l y  ( 3 . 5 - 1 0 )  t o  c a l c u l a t i o n  o f  t h e  a u t o c o r r e l a ­

t i o n  o f  y .
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+00
3.5-11) T ^ ( f ) =  \ > o

-00
Now d i f f e r e n t i a t e ,  and  u se  t h e  "second" e q u a t i o n .

-*06

I n t e g r a t i n g  by p a r t s ,
KD

3.5-13)  5[q -u C/.ij,{ b ? 0

A l t e r n a t i v e l y ,  we c o u l d  u s e  (3 * 5 -9 )  t o  compute  ^ ( t ) .
^oo

3.5-1W) V ^ ( f > =  i ? o
-0D

D i f f e r e n t i a t e ,  an d  a p p l y  t h e  " f i r s t ” e q u a t i o n .

3.5-15)  V ^ i )  j  f &  +  ?  |  ^
-00

I n t e g r a t i n g  by p a r t s  y i e l d s
*00

r, i ® =

\ < d

- QD

A c c o rd in g  t o  e q u a t i o n  ( 3 . 2 - 1 ) ,  t h e ^ |  e x p r e s s i o n  i n  t h e

f i r s t  i n t e g r a n d  i s  z e r o .  A c c o r d i n g l y ,
-*0G

3 * 5 -1 7 )  ^ C O r  -  

-co
C o m par ison  o f  t h i s  w i t h  e q u a t i o n  ( 3 * 5 - 1 3 )  shows t h a t

3-5-18) *-20

S i n c e  i t  i s  a lw a y s  t r u e  t h a t  ^ © ^ ( W ^ i - t )  , we h a v e
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3 * 5 - 1 9 )  = ” ^ Q

and t h e  c r o s s - c o r r e l a t i o n  b e tw e e n  y and Q i s  o d d - s y m m e t r i c .  

I n  o r d e r  f o r  t o  be c o n t i n u o u s ,  t h e n ,  i t  i s  n e c e s s a r y  

t h a t  T^Sj(C') ■ 0 ,  f rom w h ic h  i t  f o l l o w s  t h a t

3.5-20) T^CO^r o
By a c o m p u t a t i o n  e x a c t l y  s i m i l a r  t o  t h e  d e r i v a t i o n  o f  

e q u a t i o n  ( 3 * 5 - 1 7 ) ,  i t  may b e  shown t h a t

3 .5 -21)  , t 2 o
D i f f e r e n t i a t i n g  e q u a t i o n  ( 3 . 5 - 1 3 )  and  s u b s t i t u t i n g  t h e  ab o v e  

r e s u l t ,  one o b t a i n s

3 . 5 - 2 2 )  t j v J ' C U - - , t > o

and a n  a n a l o g o u s  p r o c e d u r e  may b e  a p p l i e d  f o r  t  £  0 w i t h  t h e

same r e s u l t .  Prom t h i s  we s e e  t h a t
■KD

3 . 5 - 2 3 )  ( 0 +) =  -  $ q H s A x < ^  - O
-CD

w i t h  t h e  e q u a l i t y  h o l d i n g  o n l y  i n  t h e  t r i v i a l  c a s e  Q -  0 .

I n  a n y  o t h e r  c a s e ,  •

E q u a t i o n s  ( 3 . 5 - 1 7 ) ,  ( 3 . 5 - 1 9 ) ,  ( 3 . 5 - 2 1 )  and ( 3 . 5 - 2 2 )  

can  b e  d e r i v e d  from g e n e r a l  p r o p e r t i e s  o f  c o r r e l a t i o n  f u n c t ­

i o n s  i f  i t  i s  assumed t h a t  y ( t )  i s  d i f f e r e n t i a b l e  i n  mean 

s q u a r e .  I n  t h i s  c a s e ,  we can  a p p l y  L o e v e ' s  g e n e r a l  f o r m u l a  

(^36*\ p 4 7 1 )  w h i c h ,  i n  t h e  s t a t i o n a r y  c a s e  r e d u c e s  t o

3 . 5 - 2 i i , e  f  v j ^  - ( - 1  )T>

Use o f  t h i s  f o r m u l a  w i t h  y 1 ■ Q w i l l  g i v e  t h e  r e s u l t s  named 

a b o v e .

I n  t h e s e  e q u a t i o n s ,  d e r i v a t i v e s  a r e  u n d e r s t o o d  t o  b e  

r i g h t - h a n d  d e r i v a t i v e s .
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3 . 6  A S u b c l a s s  o f  S e c o n d - O r d e r  P r o b l e m s : K r a m e r s 1 E q u a t i o n  

R a t h e r  t h a n  p u r s u e  t h e  g e n e r a l  c a s e  f u r t h e r ,  we now 

c o n f i n e  o u r  a t t e n t i o n  t o  t h e  s u b c l a s s

C - a x - b d i )  » a'sr(^ i > o
3 . 6 - D  ] \  v

I Q C V .O j^  X

The s e t  o f  e q u a t i o n s  I s  t h e n

(  x -  - ax -  b(uiV ^<"0
3 . 6- 2 )

I Ur  *
w h ic h  may a l s o  b e  w r i t t e n  a s  t h e  s i n g l e  s e c o n d - o r d e r  e q u a t i o n

3 . 6 - 3 )

w hich  was c o n s i d e r e d  by  K ram ers  [3 0 ]  .  The K o lm o g o ro f f  

e q u a t i o n s  become

’ •‘ - w

S e t t i n g  ^  = 0 I n  ( 3 . 6 - 5 ) ,  t h e  s t e a d y - s t a t e  s o l u t i o n  may

b e  fo u n d  t o  b e  _  v
-  J i x 1-

3 . 6 - 6 )  ■fsCX.U^) = ( o 6

w h ere

3 . 6 - 7 )  | i . ( W s M g

r f  - { k x ‘ - £ ? & 0  | l R r

TO -00 1 -00

S i n c e  we a r e  c o n c e r n e d  w i t h  s e c o n d - o r d e r  p r o p e r t i e s ,  we s a y  

a  f u n c t i o n  b ( y )  I s  n o n - d i s p e r s i v e  I f

3 .6- 8 )
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3 .6 -9 )
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r \  f t
^  <£ ^  <  o o   ̂ b fi j)  e  t co

-<D 'CO

T h i s  i s  e x a c t l y  t h e  same c o n d i t i o n  a s  I n  e q u a t i o n  ( 2 . 5 - 1 0 , 1 1 )  

f o r  t h e  f i r s t - o r d e r  p r o b l e m .  The s u f f i c i e n t  c o n d i t i o n s  

d e v e l o p e d  I n  S e c t i o n  2 . 5  may a c c o r d i n g l y  b e  c a r r i e d  o v e r  t o  

t h i s  c a s e  w i t h o u t  c h a n g e .

A p p ly in g  t h e  r e s u l t s  o f  t h e  p r e c e e d l n g  s e c t i o n  t o  t h i s  

c a s e ,  we h a v e :

3.6-10) V t ) =  -oocU tO )

3. 6-11) - V * )
3 . 6 - 1 2 )  ( \ )  r  “ l u y f ' O  ( r i r n t - h a n d  d e r i v a t i v e s )

3.6-13)  T ^ ( 0 M  = o

T a k in g  a d v a n t a g e  o f  c e r t a i n  p r o p e r t i e s  o f  K ra m e rs '  e q ­

u a t i o n ,  we may p r o c e e d  f u r t h e r .  By e q u a t i o n  ( 3 . 2 - 1 1 ) ,
-tco

3 . 6- 11*) rxx( 0 =  v ( x , ^ A ;  X^s - l ? o
-CO

D i f f e r e n t i a t i n g ,

+C°  t-
3. 6-15) T„; (t ̂  jj X \ £ ' [ ( o X+ b) V-] - * f

-CD J

I n t e g r a t i n g  t h i s  by i t  may shown t h a t

3 . 6 - 1 6 ) Yx ' ^ ( < m b )  i r  ( x , \  ) c \ v ( ^  -  Vx l ( i )
~OC

3 . 6 - 1 7 )  V x U \ ) ~  - 0,T;y(\N)-TJb(-̂

U s in g  v ( x , y , t ; b f  ) I n  t h e  I n t e g r a n d  o f  ( 3 . 6 - l V ) ,  and p r o -9-
c e e d l n g  I n  e x a c t l y  t h e  same way,  I t  may be  shown t h a t

3 . 6 - 1 8 )
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/
T’xy(t') may a l s o  b e  c a l c u l a t e d  s t a r t i n g  f rom  e q u a t i o n  ( 3 . 5 - 9 ) .

iOD

3 . 6 - 1 9 ) TXX(V)“ \\ x£s U o

D i f f e r e n t i a t i n g ,
+00

3 . 6 - 2 0 )  r „ ' ( l ^

-00
I n t e g r a t i n g  by  p a r t s  y i e l d s  

P x x 'a v - y / u x S
-CD 1 1

+QD
3 .6- 21)

+-

t V J J  . f

*" j] ^  \  ^  a *
-CD

The \  \ e x p r e s s i o n  i n  t h e  f i r s t  i n t e g r a n d  i s  z e r o  f rom  t h e  

p r o p e r t i e s  o f  f s . D i f f e r e n t i a t i n g  ( 3 . 6 - 6 ) ,

3 .6-22)

S u b s t i t u t i n g  t h i s  i n t o  ( 3 . 6 - 2 1 ) ,  i t  may b e  shown t h a t

3 . 6 - 2 3 )  T V , ( t t -  - a T i y r t ^ - v  n o

Comparing t h i s  w i t h  ( 3 - 6 - 1 7 ) ,  s o  T i / ' O  i s

o d d - s y m m e t r i c  and T^O ')  = 0 .

By u s i n g  u ( x , y , t ; b )  i n  t h e  i n t e g r a n d  o f  ( 3 . 6 - 1 9 ) ,  we 

may show t h a t

3 .6 -a i* )  T;h ( o  = -o * T x b r t ^ r rt>c + )

D i f f e r e n t i a t i n g  ( 3 . 6 - 1 7 )  g i v e s

3.6-25) r j  m  -  - & tx; t+v. r*'b a i  ■ + s o
S u b s t i t u t i n g  ( 3 . 6 - 1 7 )  and (3 .6-2W ) I n t o  t h i s ,

3 . 6 - 2 6 ) r ; 1; a v a t Txxa ' ) - i 2 ( i T )(b( 0 - r b b a ' i  + * o
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By u s e  o f  t h e s e  f o r m u l a e ,  I t  i s  p o s s i b l e  t o  d ed u c e  most 

o f  t h e  c o r r e l a t i o n s  I n  t h e  s y s t e m  b y  d i f f e r e n t i a t i o n  o f  

From t h e  f o r e g o i n g ,  we may show t h e  f o l l o w i n g :

3 . 6 - 2 7 )  ^ ^ ( " 0  1 ^ 0

3 . 6 - 2 8 )  - T ^ .  (V) -ca<{<iC£>

3 . 6 - 2 ° )  O o

2 . 6 - 3 0 ) r b b m  r  \ ? o

I f  b  I s  a  s e c o n d - o r d e r  p r o c e s s ,  t h i s  I m p l i e s  t h e  e x i s t e n c e  

o f  t h e  f i r s t  f o u r  d e r i v a t i v e s  o f

U s in g  t h e s e  r e l a t i o n s ,  I t  I s  p o s s i b l e  t o  make s t a t e m e n t s  

a b o u t  t h e  h i g h - f r e q u e n c y  s p e c t r a  o f  x  and  y .  The d e f i n i t i o n  

o f  t h e  s p e c t r a l  d e n s i t y  I s

3 . 6 - 3 1 )  GUlA -  ~  J r t i V o s u u t  < H
o

I f  T’YA.')<rL-, t h e n  i n t e g r a t i n g  by  p a r t s ,
oo

3 . 6 - 3 2 )  G f t J u ) '  %  ( r ( V )  S i n O j \  | {
WU I o cr )

The f i r s t  t e r m  v a n i s h e s  a t  b o t h  l i m i t s .  I n t e g r a t i n g  by
«

p a r t s  a g a i n ,  and a s s u m in g  T  CO0) *» 0,
00

3.6-33)  ^  |  [r" (iV 0 3 U u \cH
6

I f  T* ( O ^ ) e x l s t s ,  t h i s  p r o c e s s  may b e  r e p e a t e d  t o  g i v e

3.6-3>t) 6(0)1 -  '  =  ^  + ^4  4  f T ^ H k o S iu lit
^  u ) 1 ^  oo4 o>4 n j

T h i s  may b e  c a r r i e d  on a s  l o n g  a s  t h e  T* t)t ') w h i c h  a p p e a r  

a t  each  s t e p  a r e  f i n i t e ,  and T^VoO') = 0 .

Now we c o n s i d e r  t h e  h i g h - f r e q u e n c y  b e h a v i o r  o f  x .  From
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e q u a t i o n  ( 3 * 6 - 3 3 ) ,

,  roo
3 . 6 - 3 5 )  UO -  | j  T’ V o1') -  1  J T U  ( t l  f M O j t  AV.

V\ \ \  0

I f  a l l  s i g n a l s  i n  t h e  l o o p  a r e  s e c o n d - o r d e r  p r o c e s s e s ,  we s e e  

f rom  e q u a t i o n  (3 * 6 -2 6 )  t h a t  t h e  i n t e g r a l  must  a p p r o a c h  z e r o  

a s  03 -*• oo • A c c o r d i n g l y  t h e  h i g h - f r e q u e n c y  a s y m p t o t e  i s

3 * 6 -3 6 )  Gxvtaj") ^
rv (JO4-

The d e r i v a t i v e  may b e  fo u n d  by  l e t t i n g  t > 0  i n  e q u a t i o n  

( 3 . 6 - 1 7 ) .
KD ^

3 . 6 - 3 7 )  Vx'x (011 = - O T ^ O I ,  -<1 U x ^ c V x ^
-oo

I t  f o l l o w s  t h a t ,  f o r  l a r g e  ( j j ,

3 . 6 - 3 8 )  G x x O X J ^

N o te  t h a t  t h i s  a s y m p t o t e  i s  i n d e p e n d e n t  o f  b .

The h i g h - f r e q u e n c y  b e h a v i o r  o f  y  may b e  d ed u ced  from 

e q u a t i o n  ( 3 . 6 - 3 1*-).
00

3 . 6 - 3 9 )  =  - 1  1 * # )  V |  ^  |

By e q u a t i o n  ( 3 * 6 - 1 3 ) ,  t h e  f i r s t  t e r m  v a n i s h e s .

3 . 6 - V i) u j*1 =• ■» |
TV » VT Q

By a n  a r g u m en t  s i m i l a r  t o  t h a t  p r e c e e d i n g  e q u a t i o n  ( 3 . 6 - 3 6 ) ,  

t h e  i n t e g r a l  must a p p r o a c h  z e r o  a s  U)-*-®. A c c o r d i n g l y ,  f o r

l a r e * W  ~  ? r ‘» f f ) ^
3 .6 -* f l )  ^

D i f f e r e n t i a t i n g  e q u a t i o n  ( 3 . 6 - 1 0 ) ,



so  e q u a t i o n  ( 3 . 6 - 4 1 )  becomes

M l
3 . 6 - 4 3 )

i n d e p e n d e n t l y  o f  b .

The ex am ple  o f  S e c t i o n  3*3 i s  a  s p e c i a l  c a s e  o f  K r a m e r s '  

e q u a t i o n  w i t h  b ( y )  = (S y .  N o te  t h a t  a s  oj-^oo i n  e q u a t i o n  

( 3 . 3 - 1 3 ) ,  t h e  s p e c t r u m  a p p r o a c h e s  t h e  ab o v e  a s y m p t o t e .



CHAPTER If 

SUMMARY AND CONCLUSIONS 

I n  t h e  f o r e g o i n g  c h a p t e r s ,  a  number  o f  q u e s t i o n s  h a v e  

b e e n  c o n s i d e r e d ,  and  a  number  o f  p a r t i c u l a r  c a l c u l a t i o n s  made. 

At t h i s  p o i n t ,  we r e v i e w  t h e s e  e f f o r t s  b r i e f l y ,  t o  i n d i c a t e  

w hich  a p p e a r  t o  b e  t h e  m ost  I m p o r t a n t ,  and  which a p p e a r  t o  

be  o r i g i n a l  w i t h  t h e  a u t h o r .

The m a jo r  o b j e c t i v e  o f  t h e s e  s t u d i e s  was t h e  e l u c i d a t i o n  

o f  m e thods  f o r  f i n d i n g  t h e  s p e c t r a  o r  c o r r e l a t i o n s  o f  t h e  

s t a t e  v a r i a b l e s  o f  dynam ic  s y s t e m s  which  a r e  d r i v e n  by  n o i s e .  

The o n l y  p r e v i o u s  e f f o r t s  a l o n g  t h e s e  l i n e s  a r e  t h o s e  o f  

T o r t r a t  [ 49]  and t h o s e  o f  Caughey and D i e n e s  ^7}  which w ere  

d i s c u s s e d  e a r l i e r .  The p r e s e n t  work i s  v e r y  much i n  t h e  

s p i r i t  o f  t h a t  o f  t h e  l a t t e r - n a m e d  a u t h o r s ,  b u t  g o e s  beyond  

t h e i r  e f f o r t s  i n  a  number  o f  d i r e c t i o n s .

The f u n d a m e n t a l  e q u a t i o n  which i s  u s e d  t o  c a l c u l a t e  t h e  

a u t o c o r r e l a t i o n  was g i v e n  by  Caughey and D ie n e s  f o r  t h e  f i r s t -  

o r d e r  c a s e .  E x t e n s i o n  t o  t h e  s e c o n d - o r d e r  c a s e  i s  new, b u t  

q u i t e  s t r a i g h t f o r w a r d .  R e c o g n i t i o n  t h a t  i n n e r  i n t e g r a l s  

i n  t h e s e  e x p r e s s i o n s  s a t i s f y  t h e  K o lm o g o ro f f  e q u a t i o n s  a p p e a r s  

t o  be  o r i g i n a l ,  and i s  o f  t h e  f i r s t  i m p o r t a n c e  i n  s i m p l i f y i n g  

e i t h e r  a n a l y t i c a l  o r  n u m e r i c a l  c o m p u t a t i o n  o f  t h e  c o r r e l a ­

t i o n s .  From t h e  p r a c t i c a l  s t a n d p o i n t ,  t h i s  i s  p r o b a b l y  t h e  

most  i m p o r t a n t  new i d e a  p r e s e n t e d  h e r e .

The c o n s i d e r a t i o n  g i v e n  t o  d i s c o n t i n u o u s  t e r m s  i n  b o t h  

f i r s t -  and s e c o n d - o r d e r  e q u a t i o n s  a p p e a r s  t o  be  new. W hile  

n o t  r i g o r o u s ,  i t  d o e s  s e r v e  t o  s u g g e s t  a  s o l u t i o n  w hich  f i t s

126
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a l l  t h e  known f a c t s ,  and a p p e a r s  t o  be a r e a s o n a b l e  o n e ,  

W ish n e r  [56]  , [ 5 5 ]  o b t a i n e d  t h e  r e s u l t  i n  t h e  f i r s t - o r d e r  

c a s e ,  b u t  h i s  d e r i v a t i o n  i s  e x t r e m e l y  s k e t c h y .  He d i d  n o t  

c o n s i d e r  t h e  s e c o n d - o r d e r  c a s e  a t  a l l .

The p r o o f  o f  c o n v e r g e n c e  o f  t h e  f i r s t - o r d e r  d i s t r i b u t i o n  

t o  t h e  s t e a d y - s t a t e  d i s t r i b u t i o n  i s  new, th o u g h  t h e  r e s u l t  

had  b e e n  o b t a i n e d  b y  M an d l (37}

The d e r i v a t i v e  r e l a t i o n s h i p s  among t h e  v a r i o u s  c o r r e l a ­

t i o n s  i n  t h e  p r o b le m  a r e  b e l i e v e d  t o  be  new i n  b o t h  f i r s t  

and s e c o n d - o r d e r  c a s e s ,  and  t h e y  a r e  o f  c o n s i d e r a b l e  i n t e r e s t ,  

b o t h  p r a c t i c a l l y  and t h e o r e t i c a l l y .

A s y m p to t i c  r e s u l t s  on t h e  v a r i o u s  s p e c t r a  a r e  new, f o r  

n o n l i n e a r  p r o b l e m s .  The s m a l l - t  a p p r o x i m a t i o n  f o r  t h e  

f i r s t - o r d e r  a u t o c o r r e l a t i o n  i s  c l o s e l y  a l l i e d  w i th  some o f  

Caughey and  D i e n e s  [7 ]  w o rk ,  th o u g h  a  much more t h o r o u g h  

c o n s i d e r a t i o n  i s  g i v e n  h e r e .

T h e re  a r e  s e v e r a l  e x a m p le s  i n c l u d e d  i n  t h i s  w o rk ,  b u t  

o n l y  one  o f  t h e s e  c a n n o t  b e  t r e a t e d  by  o l d e r  m e t h o d s .  T h i s  

i s  t h e  d i s c o n t i n u o u s  b ( x )  o f  S e c t i o n  2 . 8 .  T h i s  p r o b le m  was 

t r e a t e d  by  Caughey and  D i e n e s  , t h o u g h  t h e y  c a l c u l a t e d  

o n l y  t h e  s p e c t r u m  o f  x .  The s p e c t r u m  o f  b ( x ) ,  w i t h  i t s  

u n u s u a l  a s y m p t o t i c  p r o p e r t y ,  i s  new.

The r e m a i n i n g  e x a m p le s  a r e  i n c l u d e d  f o r  t h e  p u r p o s e  o f  

showing t h a t  t h e  m e thods  d e v e l o p e d  h e r e  do a t  l e a s t  g i v e  t h e  

c o r r e c t  r e s u l t  i n  t h o s e  p r o b le m s  f o r  which  t h e  a n s w e r  i s  

know n .

T h e re  a r e  num erous  p o s s i b l e  e x t e n s i o n s  t o  t h e s e  s t u d i e s
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i n  a d d i t i o n  t o  t h e  o b v i o u s  one  t o  h i g h e r - o r d e r  s y s t e m s .

F i r s t  o f  a l l ,  some a d d i t i o n a l  e x a m p l e s ,  e s p e c i a l l y  o f  s e c o n d -  

o r d e r  p r o b l e m s ,  would  b e  u s e f u l .  The p ro b le m  i s  on e  o f  

f i n d i n g  c a s e s  f o r  which  t h e  F o k k e r - P l a n c k  e q u a t i o n  can  be 

s o l v e d  a n a l y t i c a l l y .  No th o r o u g h  s u r v e y  o f  t h e  p o s s i b i l i t i e s  

h a s  b e e n  made.  I f  t h i s  w ere  d o n e ,  I t  seems c e r t a i n  t h a t  a 

number  o f  s o l u b l e  c a s e s  would be  f o u n d .

D e p a r t i n g  f rom  e x a c t  a n a l y t i c a l  t r e a t m e n t ,  t h e r e  a r e  

n um erous  p o s s i b l e  a p p r o x i m a t i o n  t e c h n i q u e s ,  b o t h  a n a l y t i c a l  

and n u m e r i c a l .  One which  i s  p a r t i c u l a r l y  i n t e r e s t i n g  i s  t h e  

i d e a  o f  a  p e r t u r b a t i o n  s o l u t i o n  f o r  p ro b le m s  which  a r e  a l ­

m ost  l i n e a r .

A l s o ,  one  m ig h t  t r y  q u a n t i z i n g  t h e  p ro b le m  i n  some 

r e a s o n a b l e  way so  t h a t  a  M a rk o f f  c h a i n  p ro b le m  would  b e  g e n ­

e r a t e d  w h i c h ,  i n  some s e n s e ,  a p p r o x i m a t e s  t h e  c o n t i n u o u s  

p r o b l e m .  P r a c t i c a l  M a rk o f f  c h a i n  c o m p u t a t i o n  s h o u ld  be  

much e a s i e r  t h a n  t h e  c o r r e s p o n d i n g  c a l c u l a t i o n s  f o r  t h e  c o n ­

t i n u o u s  c a s e .

I t  s h o u l d  b e  q u i t e  f e a s i b l e  t o  d e v e l o p  a s m a l l - t  a p p r o x ­

i m a t i o n  f o r  t h e  s e c o n d - o r d e r  p r o b le m  i n  much t h e  same way 

i t  was done  h e r e  i n  t h e  f i r s t - o r d e r  c a s e .



APPENDIX A

SOLUTIONS OF THE FIRST-ORDER FOKKER-PLANCK EQUATION
WITH b ( x )  = 0  x

In  S e c t i o n s  2 . 6 . 5  and 2 . 6 . 6 ,  s o l u t i o n s  t o  t h e  e q u a t i o n

w ere  r e q u i r e d  f o r  each  o f  two i n i t i a l  c o n d i t i o n s .  I n  t h i s

a p p e n d i x ,  we g i v e  t h e  method o f  s o l u t i o n  f o r  t h e  two c a s e s .

We d e f i n e  t h e  F o u r i e r  t r a n s f o r m  o f  v ( x , t ; g )  by

,C°  , S - ' U *
* -!>

-C D

T r a n s f o r m i n g  t h e  s u b j e c t  d i f f e r e n t i a l  e q u a t i o n  y i e l d s

A. 2 ) d i  + /3 U  U z ' /
i t  1 z

T h i s  i s  now a f i r s t - o r d e r  e q u a t i o n ,  and  may r e a d i l y  be  s o lv e d  

b y  t h e  method o f  c h a r a c t e r i s t i c s  ( s e e ,  e . g .  G o u r s a t  [21]

V o l  I I ,  P a r t  2 ,  p 2lW f f ) .  The e q u a t i o n s  f o r  t h e  c h a r a c t e r ­

i s t i c  c u r v e s  a r e

.  , ,  A i _ A y  .  M
i  jsa -«V\l

T h e se  e q u a t i o n s  l e a d  t o  t h e  f i r s t  i n t e g r a l s

A- k) <  r u t a . . .
v / e * e f  ^ - c

The g e n e r a l  s o l u t i o n  i s

A-5)  H [ a e  , = ©

w here  H i s  an  a r b i t r a r y  f u n c t i o n  o f  i t s  two a r g u m e n t s .  An 

a c c e p t a b l e  s p e c i a l  c a s e  i s
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f rom  w hich  I s  f o l l o w s  t h a t  

A-7) V = ^ ( W i e ' f 21)

w here  ^  i s  an a r b i t r a r y  f u n c t i o n .  I t  i s  d e t e r m i n e d  b y  t h e  

b o u n d a r y  c o n d i t i o n .

The b o u n d a r y  c o n d i t i o n  f o r  t h e  f i r s t  p r o b le m  i s  g i v e n

i n  e q u a t i o n  ( 2 . 6 . 5 - 3 ) .  Tak ing  t h e  t r a n s f o r m  o f  t h i s  e q u a ­

t i o n  g i v e s

A-8)  \ l (m >o ; x f i ')r - exp$- t&L1 ]
? / S  1 4/5 J

S e t t i n g  t  = 0 i n  e q u a t i o n  (A-7) a n d  e q u a t i n g  t h e  r e s u l t  t o

(A -8)  p e r m i t s  d e t e r m i n a t i o n  o f  t h e  f u n c t i o n  ^  • The c o m p le t e  

t r a n s f o r m e d  s o l u t i o n  t o  t h e  f i r s t  p r o b le m  i s

a-9) \ l (u, l ;xfs^= ^  \
I t  r e m a i n s  o n l y  t o  t a k e  t h e  i n v e r s e ,  t r a n s f o r m

-oo

A-11)  u ( * , t ; x O =

T h i s  I s  t h e  s o l u t i o n  t o  t h e  p r o b le m  p osed  by  e q u a t i o n s  

( 2 . 6 . 5 - 2 )  and ( 2 . 6 . 5 - 3 ) .

The second  p ro b le m  i n v o l v e s  t h e  same p a r t i a l  d i f f e r e n ­

t i a l  e q u a t i o n ,  b u t  t h e  b o u n d a ry  c o n d i t i o n  i s  now e q u a t i o n  

( 2 . 6 . 6 - 2 ) .  T r a n s f o r m i n g  t h e  l a t t e r ,  t h e  b o u n d a r y  c o n d i t i o n

becomes
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,7.

A-i2> \ i ( u ,o , a ' x K s ' >  = 4 : ( - ^ X ^ ' u l ’) e ' A(3

U sing  t h i s  t o  d e t e r m i n e  t h e  a r b i t r a r y  f u n c t i o n  o f  (A -7)^

* - » )  \ K i U ; a x ?M =

The I n v e r s e  t r a n s f o r m  y i e l d s

a - i m  v ( ^  [  v C i d A - . a x H s k ^ ^ u
-<30

T h i s  I s  t h e  s o l u t i o n  t o  t h e  p ro b le m  p o se d  by  e q u a t i o n s  

( 2 . 6 . 6 - 1 )  an d  ( 2 . 6 . 6 - 2 ) .



APPENDIX B

SOLUTIONS OF THE FIRST-ORDER FOKKER-PLANCK EQUATION
WITH b ( x )  = sgn x

I n  S e c t i o n  2 . 8  we r e q u i r e  t h e  s o l u t i o n  o f

u n d e r  two d i f f e r e n t  i n i t i a l  c o n d i t i o n s ,  b o t h  o f  which a s s u r e  

t h a t  v ( C , t )  = 0 ,  t ^ O .  T h i s  e l i m i n a t e s  an y  d i f f i c u l t i e s  

w i t h  t h e  c o n t i n u i t y  c o n d i t i o n s .  S i n c e  we know t h i s  t o  be  

t r u e ,  we may u s e  v ( 0 , t )  = 0 a s  a  b o u n d a r y  c o n d i t i o n  and s o l v e  

t h e  p r o b le m  f o r  x ^ O ,  The s o l u t i o n  f o r  x <  0 may be determ*- 

i n e d  f ro m  t h e  f a c t  t h a t  v  i s  an  o d d - s y m m e t r i c  f u n c t i o n  o f  x .  

Odd symm etry  o f  t h e  i n i t i a l  c o n d i t i o n  w i l l  a lw a y s  make t h i s  

t r u n c a t i o n  p o s s i b l e .

To s o l v e  t h e  p r o b le m ,  we assum e a s o l u t i o n  o f  t h e  fo rm  

v ( x , t )  = X ( x ) T ( t ) ,  s u b s t i t u t e  t h i s  i n t o  t h e  e q u a t i o n ,  and 

s e p a r a t e  v a r i a b l e s  i n  t h e  u s u a l  way.

w here  C^,  A^ and A2 a r e  a r b i t r a r y  c o n s t a n t s .  I f  we r e q u i r e  

A0 = -At , t h e n  t h e  c o m p l e t e  e i g e n f u n c t i o n  would b e  _

S o l v i n g  t h e  s e p a r a t e  e q u a t i o n s ,

BJf) X  = exp ' j ' u  ^  '

132
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I n  o r d e r  t o  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s ,  we employ a 

s u p e r p o s i t i o n  o f  t h e s e  e i g e n f u n c t i o n s .

B -6) irtx .V ) =
i

Now make a  ch a n g e  o f  v a r i a b l e  UT =■ ... -  .  Then

-  *  -  r ®
b- 7) t r c x A ^  e. J 2 sw w x ir <\‘a r

0

w h e re

B -8 )  S ( - U J ^  Z i f t ( V T  a r ? ) H ^

Now s e t t i n g  t  = 0 g i v e s

B-9) a * ir(X,(A - I MtuH^NXUT^UT
0

X _
From t h i s ,  i t  a p p e a r s  t h a t  e * 1 v ( x , 0 )  and  A(w) a r e  a s i n e  

t r a n s f o r m  p a i r .  The i n v e r s e  t r a n s f o r m  g i v e s  ( s e e ,  e . g .  

T i t c h m a r s h  [V7] p 2 ,  e q .  1 . 1 . 5 )
&  X

B-10) ^  j e K u Cx.o ^s w m u x A \
o

Thus  A(w) may be  d e t e r m i n e d  f o r  an y  d e s i r e d  o d d - s y m m e t r i c  

b o u n d a r y  c o n d i t i o n .  A p p ly in g  t h i s  t o  t h e  b o u n d a r y  c o n d i t i o n  

o f  e q u a t i o n  ( 2 . 8 . 2 - 3 ) ,  we h a v e
-CD 1

B-ll) MUrt = ^
O'

w hich  may be  i n t e g r a t e d  ( B i e r e n s  de Haan [*f] T a b l e  36 I ,  1 ) ,  

p 50*f) t o  g i v e

4 . R A -U-T

B - 1 2 )  * C w ) ~

S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  e q u a t i o n  (B-7)  g i v e s

e  ^  XSi(YUJV(\*
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X ^  CO - ^ J r u u - 1 

B -13)  = 4 0 ?  e  N1 £HZ f   ^ - S \ V \ x U T ( A t c r
‘ *  oJ ( K ^ u r 1?  t o o x > 0

By a n  e n t i r e l y  a n a l o g o u s  p r o c e d u r e ,  we can  show t h a t ,  f o r

x < ° f  X i

B - 1 M  vcx,tf= -  .
, , C &  - J L S ' U T

4- irz - i i t  ~UT €  z  S»V\Xttr(Vu7 X^O
TT

i \ TCi +wAnurt y

The two r e s u l t s  may b e  combined i n  a s i n g l e  f o r m u l a .

, , 4  ,
B -1 5 )  v ( x , t t  =  scyn 4i  e  Mt 2,1 - u r e  ;  % i r \ y w x t f

J tt J  ( l + H W /
w hich  i s  t h e  s o l u t i o n  t o  t h e  f i r s t  p r o b l e m .

I n  t h e  s e c o n d  p r o b le m  ( s e c t i o n  2 . 8 . 3 ) ,  we h a v e  t h e  same 

d i f f e r e n t i a l  e q u a t i o n ,  b u t  a  d i f f e r e n t  b o u n d a ry  c o n d i t i o n .  

The new b o u n d a r y  c o n d i t i o n ,  e q u a t i o n  ( 2 . 8 . 3 - 2 )  a l s o  h a s  

odd sym m etry ,  so t h e  p r o c e d u r e  w i l l  b e  e x a c t l y  t h e  same 

down t h r o u g h  e q u a t i o n  ( B - 1 0 ) . U s ing  t h e  b o u n d a r y  c o n d i t i o n  

o f  e q u a t i o n  ( 2 . 8 . 3 - 2 ) ,
0 0 . ^

1-16) h ( u r V  j j L  ( e  s iiau tx A x
B   k‘ i t 0 .

T h i s  may be  r e a d i l y  i n t e g r a t e d  ( B i e r e n s  de JJaan [*+1 T a b l e  

2 6 1 ,  1) p 3 8 3 ) t o  g i v e

I f , . A  _ Z N X U
B -1 7 )

S u b s t i t u t i n g  t h i s  i n t o  e q u a t i o n  ( B - 7 ) ,o e q u a t i o n  ( a - / ) ,  .2. ,  .
- | u j  I

M 1 - m e .  s m x u r  x ^ o

(**■)*■+ ~U_T*
B - 1 8 )  -UCX.I ')-  N

Com bin ing  t h i s  w i t h  t h e  a n a l o g o u s  e x p r e s s i o n  f o r  x  <  0 ,
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- w  . L f ®  P i V i

B . 1 9 ,  v U , 0 -  HV  ^

which  i s  t h e  s o l u t i o n  t o  t h e  second p r o b l e m .

The method employed h e r e  was  sUB & e s t e d  & 

pp  2 1 8 - 2 1 9 .

g a t m *  ;t



APPENDIX C

SOLUTION OF THE FOKKER-PLANCK EQUATION FOR THE 
SECOND-ORDER LINEAR PROBLEM

The o b j e c t i v e  i s  t o  s o l v e  e q u a t i o n  ( 3 » 3 - 7 ) ,  s u b j e c t  t o

t h e  b o u n d a r y  c o n d i t i o n  v ( x , y , 0 ; y f g ) = y f g . As t h e  f i r s t
£

s t e p ,  we s i m p l i f y  n o t a t i o n  by  d e f i n i n g  |3-  , a  = 2 ^ 0 3 * , ,

so t h a t  t h e  e q u a t i o n  may be  w r i t t e n

o - D  t  ^ t ^ x 4 s r + ^ a < i i r - x ^ + 2 f A i TiU'
at z S ?  ‘ dx

and  t h e  b o u n d a r y  c o n d i t i o n  becomes .  *
-ZJ

c-2) i K x .^ .o  = ^
^  TTU

Now we a p p l y  t h e  p r o c e d u r e  s u g g e s t e d  b y  Wang and U h len b e ck  

[£l~] • A l i n e a r  t r a n s f o r m a t i o n  o f  v a r i a b l e s  f rom  x , y  t o  new 

v a r i a b l e s  x 1 , y i  i s  made.  I n  p a r t i c u l a r ,  i t  i s  t h e  same 

l i n e a r  t r a n s f o r m a t i o n  which  r e d u c e s  t h e  s e t  o f  e q u a t i o n s

X = - d X - A U

* . X  ^

t o  n o r m a l  f o r m .  T h i s  i s  a w e l l - k n o w n  p r o c e d u r e  ( s e e ,  e . g .  

Cunningham [ l l }  p 86 f f ) .  The a p p r o p r i a t e  t r a n s f o r m a t i o n  i s  

c - l t )  * ,  r  x  -V U)v> ( ^ - ^ - 7  )

c - 5 )  ^  :  X +

The i n v e r s e  i s

0 ‘ 6 ’ x * 1

1  i
C-7)  IA =  ”   j iiitf-..  ̂X v —  1 m nm̂- U  (

A p p ly in g  t h i s  t r a n s f o r m a t i o n  t o  t h e  F o k k e r - P l a n c k  e q u a t i o n

136
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( C - l )  g i v e s

w h e re   ^

° ‘ 9 )  / V  u M - f - ^ F T ' i

and t r a n s f o r m i n g  t h e  b o u n d a r y  c o n d i t i o n ,

c-io) xr(x , , a, ,0^ = <>xp 'iiSjSj ( " +  <Al ]
^ A, fUJ* A ll

To s o l v e  t h i s  p r o b le m ,  we make u s e  o f  a b i v a r l a t e  F o u r i e r  

t r a n s f o r m a t i o n . too _je,x,-J©2LJ,
c- i i )  cWA},

-00

A p p ly in g  t h i s  t r a n s f o r m a t i o n  t o  e q u a t i o n  ( C - 7 ) ,

° ' 12)  X l 0 ' & e ,+  X ' e * a s  “  f i t =

w h i l e  t h e  b o u n d a r y  c o n d i t i o n  t r a n s f o r m s  t o

\ i ( e „ e t , o U i ! i t , ( x , e , + A Je ^  w M c * - ' 1 •
4 iooJ

C-13)
V - >  z < r , <11( ^ 6 ,6 , ^ 1 6 4  ] |

vh«r® n „
c _l l0  it; -- -  ^  ; $1

Z11)y\ .̂'JUyn
E q u a t i o n  (C-12)  may be  s o lv e d  b y  t h e  method o f  c h a r a c t e r ­

i s t i c s .  The s u b s i d i a r y  e q u a t i o n s  a r e

C - l ? )

The e q u a t i o n

ASi  = A & .  -  A i  = M —  ,  . 
X A  X , 6 i '  - t
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c~16) he r ^
y i e l d s  t h e  e l e m e n t a r y  s o l u t i o n

c - l ? )  e , e ^ * c ,

w h i l e  t h e  e q u a t i o n

C-18)  ^  -- - A t
X»©i.

g i v e s  a n o t h e r  e l e m e n t a r y  s o l u t i o n :

C - 1 9 )  $ 2 . £ A' ^ - C t

F i n a l l y ,  t h e  e q u a t i o n s

C-20)  B-i ^  ^ ^
c  V  2. A \

c - 21) 6 , ^

may b e  a d d e d ,  and  t h e  r e s u l t  I n t e g r a t e d  t o  g i v e  a t h i r d  

e l e m e n t a r y  s o l u t i o n .

r - ?  4 .  l ? r C ,c-22) vl evp  ̂- 4 : (_ + z\
T h e s e  t h r e e  s o l u t i o n s  l e a d  t o  a g e n e r a l  s o l u t i o n  o f  t h e  fo rm

w h ere  ^  I s  a n  a r b i t r a r y  d i f f e r e n t i a b l e  f u n c t i o n  o f  t h e  two 

a r g u m e n t s .  To d e t e r m i n e  t h i s  f u n c t i o n ,  t h e  b o u n d a r y  c o n d ­

i t i o n  must  b e  a p p l i e d .  I f  t h i s  I s  d o n e ,  t h e  s o l u t i o n  i s

M ( a A . - 0 =  5 * $ ^  ( X , e , e u U i e t e u }  •

C-24-) „ . _  ,  ,  , . z i
e x p

T a k in g  t h e  i n v e r s e  F o u r i e r  t r a n s f o r m  o f  t h i s ,  and a p p l y i n g  

t h e  I n v e r s e  l i n e a r  t r a n s f o r m a t i o n ,
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C-25) 1 ‘ e  ' ^ e ' h " |

which  I s  t h e  d e s i r e d  s o l u t i o n .  I t  may be* v e r i f i e d  d i r e c t l y  

t h a t  t h i s  s a t i s f i e d  t h e  e q u a t i o n  and t h e  b o u n d a ry  c o n d i t i o n .



•APPENDIX D

AN H-THEOREM FOR APPROACH TO THE STEADY-STATE 

H ere  we c o n s i d e r  an  a l t e r n a t i v e  a p p r o a c h  t o  d e m o n s t r a ­

t i o n  o f  c o n v e r g e n c e  t o  t h e  s t e a d y - s t a t e  d i s t r i b u t i o n .  While 

t h i s  a p p r o a c h  i s  n o t  r i g o r o u s  a s  I t  s t a n d s ,  i t  p l a c e s  t h e  

p rob lem  i n  a d i f f e r e n t  l i g h t ,  an d  shows t h e  a n a l o g y  b e tw ee n  

o u r  p r o b le m  and c e r t a i n  p ro b le m s  in s t a t i s t i c a l  m e c h a n i c s .  

C o n s i d e r  t h e  q u a n t i t y

d - d  B f t ) = p « . t ; ^  > « ) [  ] Ax
-00 S

where  v ( x , t j g  i s  t h e  s e m i - g r o u p  a s s o c i a t e d  w i t h  t h e  F o k k e r -

P l a n c k  e q u a t i o n .  I f  j g ( x ) d x  = 1 and  g ( x ) ^ 0 ,  -oo<Tx^ + oo,
-00

t h e n  v ( x , t ; g )  may b e  i n t e r p r e t e d  as t h e  p r o b a b i l i t y  d e n s i t y  

a t  t i  0 ,  g i v e n  t h e  i n i t i a l  d e n s i t y  g ( x ) .

The a n a l o g y  b e tw e en  t h i s  f u n c t i o n  and B o l t z m a n n ' s  H- 

f u n c t i o n  i s  i m m e d i a t e l y  a p p a r e n t .  H ( t )  l o o k s  v e r y  much 

l i k e  a n e g e n t r o p y ,  and i t  b e h a v e s  l i k e  one .

S i n c e  - l o g  y i s  a convex f u n c t i o n  o f  y ,  i t  f o l l o w s  from 

J e n s e n ' s  i n e q u a l i t y  ( s e e ,  e . g .  Hardy ,  L i t t l e w o o d  and P o ly a  

[23] Theorem 2014.,  p l £ 0 )  t h a t *oo

-on J
-CO

-00

p r o v i d e d  H(t)<^ oo . The e q u a l i t y  n o l d s  i f  and o n ly  i f

v ( x , t ; g )  s  f s ( x ) . M u l t i p l y i n g  e q u a t i o n  ( D - l )  b y  - 1 ,  and

a p p l y i n g  J e n s e n ' s  i n e q u a l i t y ,  i t  may f u r t h e r  b e  shown t h a t
+00

d - 3 )  w a ) ±  ^  ' °

11|0
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w i t h  e q u a l i t y  i f  and o n l y  i f  v ( x , t ; g )  = f s ( x ) .  A s u f f i c i e n t

c o n d i t i o n  f o r  H( 0 ) <  oo i s  L-, ( -oo , +co ) .  I n e q u a l i t i e s
1 400

(D-2)  and (D-3)  would c o n f l i c t  i f  j v }  fa + ^  . T h i s
-CO S

c a n n o t  h a p p e n ,  h o w e v e r .  We s e e  t h i s  b y  an a p p l i c a t i o n  o f  

t h e  S c h w a r tz  i n e q u a l i t y .

D-w f  f-*Ax = S' M x > [ C ^  % Axl - i
J  - ®  - i A  L . i  J

3 y  s im p l e  i n e q u a l i t y  a r g u m e n t s ,  we have shown t h a t  H( t )  i s  

bounded  from below i f  i t  i s  f i n i t e .

Now d i f f e r e n t i a t e  K( t )  w i t h  r e s p e c t  t o  t i m e .  I f  t h e  

d e r i v a t i v e  can be  moved i n s i d e  t h e  i n t e g r a l  s i g n  o f  e q u a t i o n  

( D - l ) ,  t h e n ,
4-©

1 .

D-5)
-O O 400

The f i r s t  i n t e g r a l  v a n i s h e s  i f  ^vdx - 1 can  b e  d i f f e r e n -
- qd

t i a t e d  u n d e r  t h e  i n t e g r a l  s i g n .  I n t e g r a t i n g  t h e  r e m a i n i n g  

te rm  b y  o a r t s ,  +00

D - 6 ) ^400
it-

I f  v and ^  go t o  z e r o  s u f f i c i e n t l y  f a s t  a s  \xl-^oo, t h e n  

t h e  f i r s t  t e rm  w i l l  v a n i s h .  Prom e q u a t i o n  ( 2 . 5 - 8 ) ,  f ^  ■
o

- 2 b f g/N . U s in g  t h i s ,  t h e  e q u a t i o n  becomes
/-4CD 2. \ Z.

-00

Prom t h i s ,  we s e e  t h a t  H ' ( t ) t  0 ,  w i t h  e q u a l i t y  o n ly  i f  v ■ f ,
la

I f  t h e s e  s t e p s  a r e  j u s t i f i e d ,
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H C t ) > 0  , H ' f t X O  

D’ 8 > H ( i ) = 0  , H ' ( D - C )

The a n a l o g y  b e tw ee n  t h i s  p r o c e d u r e  and t h e  p r o o f  o f

B o l t z m a n n ' s  H - th eo re m  i s  a p p a r e n t *  The c o n c l u s i o n s  a r e

f r e q u e n t l y  d ra w n ,  f rom r e l a t i o n s  ( D - 8 ) t h a t  l i m  H ( t )  « 0 ,
t>00

and  v ( x , t ? g )  c o n v e r g e s  p o i n t w i s e  t o  f s ( x ) .  These  c o n c l u s i o n s

may be  t r u e ,  b u t  t h e y  do n o t  f o l l o w  from t h e  above r e l a t i o n s .

I f  H ( t ) >  0 i m p l i e s  H ' ( t )  < 0 ,  and H ( t ) >  0 ,  t h e n  H i s  

a bounded  m onotone  f u n c t i o n .  By a s t a n d a r d  th e o r e m  o f  

a n a l y s i s ,  i t  must  a p p r o a c h  a  l i m i t .  T h a t  l i m i t ,  ho w ev er ,  

n e e d  n o t  b e  z e r o .  T h i s  may be  shown b y  an  e x a m p le .  S uppose  

a f u n c t i o n  H obeys t h e  d i f f e r e n t i a l  e q u a t i o n

VAN ^
D-9)  )

I -  u ( 0 * a  u >

In  t h i s  c a s e ,  H ( t ) > 0  i m p l i e s  H ' ( t ) < 0 ,  b u t  i f  H ( 0 ) > a ,  t h e n

l i m  H( t )  s  a .  I f  H( 0) <Ta ,  l i m  H( t )  = 0 .  
t+co i.-*co

In  o r d e r  t o  show t h a t  H ( t  )-*•(), i t  would b e  s u f f i c i e n t  

t o  e s t a b l i s h  a l s o  t h a t  H ' ( t )  does  n o t  become i n f i n i t e s m a l l y  

s m a l l  u n l e s s  H( t )  i s  i n f i n i t e s n n l l y  s m a l l .  F o r  ex am p le ,  i f  

D - 1 0 ) W'c-Cl r - $C\<)

where  ^ ( 0 ) = 0 , Oj'(x) > 0 , 0 < x < a ,  t h e n  l i m  H ( t ) =  0 .
t-HD

T h i s  q u e s t i o n  i s  c l o s e l y  r e l a t e d  t o  a s y m p t o t i c  s t a b i l i t y  i n  

t h e  Lyapunov s e n s e .  ( S e e ,  e . g .  Hahn C2 2 ] ,  Theorems 2+ * 1 and 

I4. . 2 ) H i s  a n a l o g o u s  t o  t h e  Lyapunov f u n c t i o n .  H e re ,  H 

d ep en d s  on t h e  f u n c t i o n  v ,  w h ic h  i s  a p o i n t  i n  a f u n c t i o n  

s p a c e .  I n  Lyapunov t h e o r y ,  H c u s t o m a r i l y  d epends  on a
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v e c t o r  i n  a f i n i t e - d i m e n s i o n a l  E u c l i d e a n  p h a s e  s p a c e .  

N o n e t h e l e s s ,  p r o o f  t h a t  H ( t  )-*•(), g i v e n  (D-10)  would f o l l o w  

c l o s e l y  t h e  p r o o f  o f  H a h n ' s  Theorem 1 | .2 ,  c i t e d  a b o v e .

Even i f  a l l  t h i s  i s  e s t a b l i s h e d ,  t h e r e  r e m a in s  a 

q u e s t i o n  a s  t o  j u s t  what  i t  i m p l i e s  a s  t o  c o n v e r g e n c e  o f  v .

In  o r d e r  t o  p r o v e  t h a t  l i m  v ( x , t ; g )  s f s ( x ) ,  \ g ( x ) d x  ■ 1 ,
-GD

(w here  t h e  l i m i t  i s  in  norm) i t  a p p e a r s  n e c e s s a r y  t o  p r o v e

a s l i g h t l y  s t r o n g e r  r e s u l t  t h a n  t h e  H-Theorem m e n t io n e d  a b o v e .

C o n s i d e r  t h e  f u n c t i o n
VCD

D-ii) 3Tt) = .  j_

I t  was shown i n  e q u a t i o n  (D-lj.) t h a t  t h e  i n t e g r a l  i s  g r e a t e r  

t h a n  o r  e q u a l  t o  u n i t y ,  v^ith e q u a l i t y  o n l y  i f  v = f s . 

T h e r e f o r e ,

D -1 2 ) 3 ( V ) >  0

w i t h  e q u a l i t y  o n l y  i f  v -  f 3 . I f  d i f f e r e n t i a t i n g  u n d e r  t h e

i n t e g r a l  i s  v a l i d ,
iOO

00

I n t e g r a t i n g  b y  p a r t s ,

i  -CC -00 ^
I f  v-^O s u f f i c i e n t l y  f a s t  a s  |x \ -*oo,  t h e n  t h e  f i r s t  t e rm

w i l l  v a n i s h .  In  t h e  i n t e g r a l ,  s u b s t i t u t e  f o r  ^ 5  u s i n g
d \

e q u a t i o n  ( 2 . 5 - 6 )•

'  -00



m

C l e a r l y ,  J ' ( t ) £ 0 ,  w i t h  e q u a l i t y  o n l y  i f  v ( x , t ; g )  ■ f a ( x ) .

The u n i q u e  c o n d i t i o n  f o r  J ( t )  a 0 i s  a l s o  v ( x . t ; g )  a f s ( x ) .

The s i t u a t i o n  h e r e  i s  e x a c t l y  t h e  same a s  w i t h  H ( t ) .  I f

J ( t ) >  0 ,  t h e n  J ' ( t ) < 0 ,  and we e x p e c t  t h a t  l i m  J ( t )  a 0,  b u t
-t-*co

t h e  p r o o f  i s  l a c k i n g .  I f  t h i s  c a n  be  shown,  h o w e v e r ,  t h e n  

L-  ̂ c o n v e r g e n c e  o f  v t o  f s w i l l  f o l l o w .  Prom t h e  S c h w a r t z  

i n e q u a l i t y ,  we o b s e r v e  t h a t
+CD  Z lOO 7

d- i 6) av > I [ i inxA;aMsO0\<U 1
-A -i U oo * J

The f i r s t  i n t e g r a l  on t h e  l e f t  i s  u n i t y .  E x o a n d in g  t h e

s e c o n d  i n t e g r a l ,  i t  f o l l o w s  t h a t
- +00 ^

° ' 1 7 )  J  = [iV-CjIl]
-00

I f  J ( t ) - ^ 0 ,  t h e n  v - > f  s i n  no rm .  A l s o ,  H ( t ) -* -0 .  T h i s

may b e  s e e n  from ( D - 3 ) .
+<fc +00

d - i 8 ) m u  \ o & ^  [  j -  \ r

Thus J ( t ) > H ( t ) ,  and l i m H( t )  = 0 would f o l l o w  from l i m  J ( t )
-̂ -►oo i~*co

s  0 .  I f  t h e  . l a t t e r  p r o p o s i t i o n  can  b e  p roved  r i g o r o u s l y ,

a l l  t h e  d e s i r e d  r e s u l t s  w i l l  f o l l o w .

The a rg u m en t  a s  i t  s t a n d s  has  a num ber  o f  g a p s ,  and i s

i n c l u d e d  h e r e  o n ly  t o  i n d i c a t e  a n a l o g i e s  o f  o u r  c l a s s  o f

n o n l i n e a r  n o i s e  p ro b le m s  w i t h  B o l t z m a n n ’s H - th e o re m ,  and w i t h

t h e  Lyapunov s t a b i l i t y  t h e o r y .
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