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Abstract

There are many robot system configurations where external con-
tact forces on a robot play an impbrtant role in the system dynam-
ics. Such contact forces arise due to constraints on the motion of
the robot. Mathematical models of such robot systems naturally
give rise to a mathematical system of differential equations and
algebraic equations, that can be viewed as a singular system of dif-
ferential equations. Such singular models are developed for several
robot system configurations. VA general reduction approach is
presented that can, in principle, form the basis for the development
of planning and feedback control schemes for such robot system

configurations.
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1. INTRODUCTION

There has been considerable research on the dynamics and control of
robots. However, much of that research has been based on the assumption that
the robot does not interact with its environment in any significant way. In
some cases, the presence of external contact forces on the robot have been
taken into account but, usually, that has been done in a simple say by viewing
contact forces as disturbances. In fact a careful treatment of robot dynamics,
taking into account contact forces that arise as a consequence of motion con-
straints, is quite difficult. Development of general principles for planning and
feedback control of such robot system configurations is in its infancy, in large
part due to a lack of understanding of the robot dynamics in cases where con-

tact forces are important.

If robots are to be used to carry out more complicated manufacturing
tasks, a deeper knowledge of the dynamics of robot interactions with its
environment is required. Typical tasks of this type include: grinding, cutting,
drilling, insertion, fastening, joining, contour following, deburring, scribing,
drawing, sweeping, as well as all assembly related tasks. Recent papers
motivated by the applications of robots to performance of such tasks include
[1-2, 10, 12-15, 23, 27-29, 31]; but in no case was a mathematical model for the
robot system dynamics, taking into account relevant contact forces, used in the

development.
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In this paper certain nonclassical mathematical models of robot systems
are proposed, where the robot system can be viewed as a decomposition into
individual robot subsystems and environmental subsystems. These models are
proposed as being suitable for the characterization of robot dynamics strongly
constrained by environmental interactions [6, 19], where such strong interac-
tions are produced by contact forces through physical contact with objects in
the workspace or physical contact with other robots. These contact constraints
may give rise to the presence of closed kinematic chains in typical cases. The
focus in this paper is on the presentation of a class of mathematical models,
expressed as singular systems of differential equations; this framework is felt to
be the proper formulation for a subsequent careful consideration of the associ-

ated problems in robot planning and feedback control.

There are two objectives of this paper. First, it is intended to demonstrate
that a number of interesting and important robot system configurations can be
modelled using singular systems of differential equations; such configurations
include a single robot with end effector gripping an inertial load, a single robot
whose end effector is in contact with a rigid surface, and two robots with end
effectors gripping a common inertial load. The latter two cases involve the
existence of closed kinematic chains, and thus are characterized by substantial
dynamic complexity. Second, it is intended to propose a fundamental reduction
procedure whereby a singular system of differential equations, of the form con-
sidered, can be represented by an equivalent reduced system of differential

equations that is more mathematically tractable. The reduction procedure is
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introduced, and its advantages and disadvantages are discussed.

2. CONSTRAINED ROBOT SYSTEM CONFIGURATIONS

In this section, three different robot configurations are presented; in each
case mathematical equations, in singular form, are derived from the physical
assumptions. Although the first configuration is, in fact, a commonly studied
case, a mathematical model, in singular form, seems not to have been previ-
ously used. The latter two robot configurations are more complicated; but

mathematical models, in singular form, are naturally obtained.

Throughout the presentation, z,z* denote the first and second time deriva-

tives of z; and CT denotes the transpose of a matrix C.

One Robot with End Effector Gripping an Inertial Load

A simple schematic diagram of a single articulated arm robot with » links
is shown in Figure 1; it is assumed that the end effector of the robot rigidly
grips an inertial load as shown. Assuming that the load can be described as a
point mass, let peR™ denote the position vector of the load, in a fixed
workspace coordinate system. Let ¢eR" denote the vector of robot joint angles.
The equations of motion are most easily obtained by consideration of the free-
body diagrams shown in Figure 2, where feR™ denotes the contact force vec-

tor, in workspace coordinates, between the robot and the load.

Based on the usual Lagrangian formulation [9], the equations of motion of

the robot, taking into account the contact force, are given by

Singular Systems 3
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M{g)q + G(g,9) =T + J7(q)/ (1)

where M(q) denotes the inertial matrix function and G(qg,9) is a vector function
which characterizes the Coriolis, centrifugal and gravitational effects of the
robot. TeR™ is the input torque vector at the joints.

The equations of motion of the pure inertial load, taking into account the

contact and gravitational forces, are

mp =-f - mg (2)
where the scalar m denotes the mass of the load and g denotes the gravity vec-
tor.

Assuming that the load is rigidly gripped by the robot end effector, the

additional constraint

p = H(q) (3)
must also be satisfied, where H(g) is a vector function representing the direct
kinematic relations of the robot. The proposed view is that equation (3)
represents an equation of constrasnt rather than a definstion of kinematic rela-
tions.

The matrix function J(¢) in equation (1) can be shown to be given by the

Jacobian matrix

J(a) = 2440 (4)

The above equations can be conveniently represented in the vector form

4 Singular Systems
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M(g) 0 oOff ¢ T - G(g,9) + I7(g)f

0o ml oll p |= -f -mg (5)
H(q)-p

0o o o]| ;s

3

which are n + m differential equations and m algebraic equations in the n + 2m
unknowns ¢,» and f. The differential equations and the algebraic equations are
intrinsically coupled. Since the matrix of coefficients multiplying the deriva-
tives is necessarily singular, these equations are referred to as a singular system

of differential equations.

One Robot with End in Contact with a Rigid Surface

In this configuration the end of a single articulated arm robot with n links
is assumed to be in contact with a rigid constraint surface as shown if Figure 3;
it is assumed that contact between the end of the robot and the constraint sur-
face occurs at a point. Let peR™ denote the position vector of the contact
point, in a fixed workspace coordinate system. Let geR" denote the vector of
robot joint angles and let feR™ denote the contact force vector, in workspace

coordinates, between the end of the robot and the constraint surface.

The equations of motion of the robot, taking into account the contact

force, are given by
M(a)q + Gla.0) = T + J™(q)S (6)

where M(q) denotes the inertial matrix function and G(g,q) is a vector function

which characterizes the Coriolis, centrifugal and gravitational effects of the

Singular Systems 5
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robot. TeR™ is the input torque vector at the joints.

As indicated in Figure 3, it is assumed that the constraint surface can be

defined in algebraic terms by
o(p) =0 (7)

where &:R™ —»R! is a given scalar function. Assuming that the constraint sur-
face is rigid and frictionless and that &(p) has a continuous gradient, it can be

shown that the contact force vector has the form [9]
f =DTp)r (8)

where 7 is a scalar multiplier for the constraint function and D(p) is the gradient

of the constraint function

D(p) = 222} (9)

dp

As in the first configuration, the kinematic relation is p = H(g) so the matrix

function J(g) in equation (6) is defined by the Jacobian matrix
— SH(q)
)= =5, (10)

The above differential and algebraic equations can be represented in the

vector form

M(q) O

7 [-a(q,q') + T + J7(q)D "(H(q))r )

N 3(H(q))

which are n differential equations and 1 algebraic equation in the »n + 1 unk-

nowns ¢ and r. These differential equations and algebraic equations are intrin-
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sically coupled. Since the matrix of coefficients multiplying the derivatives is
necessarily singular, these equations are also a singular system of differential

equations.

Two Robots with End Effectors Gripping a Common Inertial Load

The final robot system configuration considered consists of two robots as
shown in the schematic diagram in Figure 4. It is assumed that the end effec-
tor of each robot rigidly grips a pure inertial load as shown. Assuming that the
load can be described as a point mass, let peR™ denote the position vector of
the load, in a fixed workspace coordinate system. Let ¢,eR™ denote the vector
of robot joint angles for the first robot and let ¢,cR "? denote the vector of robot
joint angles for the second robot. The equations of motion are most easily
obtained by considering the free-body diagrams as shown in Figure 5, where
f1eR™ denotes the contact force vector, in workspace coordinates, between the
first robot and the load; similarly, f.,cR™ denotes the contact force vector, in

workspace coordinates, between the second robot and the load.

The equations of motion of the first robot, taking into account the contact

force on it, are given by

Ml(?l).q.l + Gy(g1,91) = T1+ J(21)f (12)

where M ,(q,) denotes the inertial matrix function and G,(g,,4,) is a vector func-
tion which characterizes the Coriolis, centrifugal and gravitational effects of the
first robot. Here T,cR™ denotes the input torque vector at the joints of the

first robot.

Singular Systems 7
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The equations of motion of the second robot, taking into account the con-
tact force on it, are given by
Mz(‘]z).qcz‘*' Golg2,92) = T2+ J3(g2)f 2 (13)

where M,(q;) denotes the inertial matrix function and G4(¢,,¢,) is a vector func-
tion which characterizes the Coriolis, centrifugal and gravitational effects of the
second robot. Here T.,eR" denotes the input torque vector at the joints of the

second robot.
The equations of motion of the pure inertial load, taking into account the
contact and gravitational forces, are
ml.’.=-f1-f2-m9 (14)
where the scalar m denotes the mass of the load and g denotes the gravity vec-
tor.
Assuming that the load is rigidly gripped by the robot end effectors, the

additional constraints

p = H\(q,) (15)

and
p= Hz(?z) (16)

must also be satisfied, where H,(g,) and Hy(g;) are vector functions representing
the direct kinematic relations of the two robots. As previously, the proposed
view is that equations (15) and (16) represents equations of constraint rather

than definstions of kinematic relations. The matrix functions J,(¢,) and J,(g5)

8 Singular Systems



RSD-TR-86

in equations (12) and (13) are given by the Jacobian matrices

0H (g 1)

and
Had = (13)

The above equations can be conveniently represented in the vector form

(Myg) 0 o o o]| N . .
Ti- Gign91) + /i (g1)f 1

0 M.(q 0 0 O ;1.2 .
92) Ty- GAqp92) + IS (42)f 2

0 0 ml o0 ol p |= ~fi-famg (19)
0 0 0 0 0 j]_ HI(QI)-I’
Hz(dz)"l’
0 0 0O 0 O .
Il 2

which are n, + n, + m differential equations and 2m algebraic equations in the
n, + ny + 3m unknowns g¢,,q,p,f; and f, These differential equations and alge-
braic equations are intrinsically coupled. Since the matrix of coefficients multi-
plying the derivatives is necessarily singular, these equations are also a singular

system of differential equations.

Other Configurations

The above three robot configurations are illustrative of the fact that expli-
cit algebraic constraints may form an integral part of a mathematical model for
the dynamics of a robot system. Other cases where singular systems of dif-

ferential equations are suitable as mathematical models include robots with

Singular Systems 9
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linkages which are designed to include closed kinematic chains [33] and robot
biped locomotion [11]. Other examples involving two interacting robots are

given in [34].

3. SINGULAR SYSTEMS OF DIFFERENTIAL EQUATIONS

Special Singular Fo

The above three robot system configurations have been shown to be
described by mathematical models, directly derived from physical principles,
expressed as a nonlinear, multivariable singular system of differential equations.

In particular, the mathematical models developed above are each a special case

congsisting of an ordinary vector differential equation of the form
M(z)z" + G(2,2) = s + BT(z)\ (20)
and a vector algebraic equation of the form
8(z) =0 (21)
where the constraint function 8:R*—R™, with m < n and

B(z) = 2802) (22)

oz

zeR" MeR™, and ueR™.

Here, M(z) is a matrix function and G(z,z) is a vector function. Such differential
and algebraic equations can be represented in the form of a singular system of

differential equations given by

10 Singular Systems
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(23)

o ol 5| o(z)

[M(z) 0} z [u - G(z,3) + Bf(z)x]

Such mathematical equations are a special form of the general singular sys-
tem of differential equations considered in [4-5]. They are also referred to as
implicit. systems of differential equations, descriptor equations and generalized
state space equations. An extensive summary of the existing literature related
to singular systems of differential equations has been give in [5], including
numerous. references. The singular system (23) is a particular singular system
of index three [7,8]. Such higher index singular systems are known to involve

substantial difficulty. General higher index singular systems, and equation (23)

in particular, have not been extensively studied.

The special form of singular system of differential equations given by (23)
is such that a mathematical theory can be developed, so that such singular sys-
tems of differential equations can be effectively used as control theoretic models
for robot system configurations, such a those described. A basic reduction
transformation that has both theoretical and computational implications is now

described.

Reduction Transformation

The most natural approach to the analysis of a singular system of differen-
tial equations of the form given by (23) is to rewrite that system in an

equivalent but more mathematically tractable form.

Singular Systems 11
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One approach would be to use the algebraic equation (21) to solve for m of
the variables in terms of the other n - m variables of the vector z. An ordinary
differential equation in the reduced variables only can be developed from (20).
Such an approach is effective only for certain special forms of algebraic con-

straints.

Although the above approach to obtaining a reduced form may be suitable
in special cases, there is need for a more generally applicable approach. One
reduction approach has been developed for the special singular system of dif-
ferential equations given by (23); the approach is quite general and is presented
here as a fundamental approach for dealing with singular systems of differential
equations of the form (23). It has previously been used in a robotics context in
[11, 20] and in the context of numerical integration in [8, 25]. This reduction

approach is to find an equivalent representation for (23) of the form

10 z m(z,:},u,)\)
00

A \ - n(z,2,u)

A singular system of differential equations in this form is said to be reduced.
Thus the algebraic equations can be used to eliminate ) to obtain
z = m(z,z,u,n(z,2,4))
which effectively describes the dynamics of the system in the manifold defined
by the equality constraints [25].
Suppose that 6(z) = 0;
then (z) = B(z)s = 0

12 Singular Systems
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and 8 '(z) = B(z)z + B(z)s =0
where é(z) denotes the time derivative of the matrix function B(z). Assuming

that M(z) is always symmetric and positive definite it follows that
;= M(z)“{ s + BTz - G(z,i)} |
Substituting into the previous expression for © (z) obtain
B(z)M(z)“{ u+ BT(z)\ - G(z,i)} +B(z)i=0
or equivalently
A = B(z){M(z)-l[G(z,:;) - u]} - B(z)z (24)

where the mem matrix A(z) is defined by
A(z) = B(z)M(z)'B(z) (25)

Assuming that the Jacobian matrix B(z) is always full rank, it follows that A(z)
is symmetric and positive definite so that the multiplier A can be determined by

solving the linear algebraic equation (24) to obtain

A= [B(z)M(z)“B r(z)] 4{ B(z){ M(z)-l[a(z,é) - u]} - é(g)i}

\ 1= A(z,2,T)

(26)

Thus an explicit algebraic relation for \, expressed in terms of z,z,u, has been
obtained that can be used to simplify the singular equation (23). In particular,

(23) can be written in the equivalent form.

Singular Systems 13
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M(z)z" + G(2,z) = u + B'(z)A(2,2,T) (27)

A = A(z,2,T) (28)

Equations (27) and (28) are mathematically equivalent to equations (20) and
(21), under the stated assumptions. However, the form of (27) and (28) is con-
siderable simplified. In particular, the vector differential equation (27) does not
depend explicitly on the multiplier A so that the singular nature is avoided.
The methods for nonsingular ordinary differential equations can be directly
applied to equation (27).

Hence, if equations (20) and (21) represent a mathematical model for a par-
ticular robot system configuration, such as were considered previously, a reduc-
tion transformation can be carried out by solving a set of symmetric linear alge-
braic equations, namely (24), to obtain simplied algebraic and differential equa-
tions in the form of (27) and (28). However, note that'the function A(z,z,u)

appearing in equation (27) is a quite complicated function of its arguments.

4. APPLICATION TO ROBOT SYSTEM CONFIGURATIONS

In this section the above reduction transformation is used to obtain non-
singular models equivalent to the singular models developed previously. The
transformed nonsingular models could form the basis for an analysis of the
dynamics and control issues associated with the robot configurations. In each
case the reduction procedure is exactly as indicated in the previous section;

hence the details are omitted.
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One Robot with End Effector Gripping an Inertial Loa

The singular system (5) describing the dynamics of one robot gripping an

inertial load can be transformed into the following simplified form.

The contact force vector f¢R™ satisfies the linear equation

(w1 + st a7 1 = domeer[Gten) - 1] - Hai-0 (29)
If the matrix
[ + s@)a(ar 7o)
is nonsingular, the contact force is of the form f = F(q,q,T) where F(q,q,T) is the
unique function satisfying (29)
Consequently, the robot dynamics can be described by the differential
equation
M(9)g + G(0,0) = T + J"(q)F (4,0, 7) (30)
and the equations of motion of the inertial load, taking into account the con-

tact forces, can be described by the differential equation

mp = -F(g,q,T) - mg (31)
Equations (30) and (31) can be viewed as a nonsingular system of differen-
tial equations for the robot and load dynamics, with the contact force given as

the solution of equation (29). If initial conditions, consistent with satisfaction

of the constraints (3), are specified,

Singular Systems 156
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B(H(q(t,))) = 0

. (32)
D(H(q(t, )))I(a(to)a(t,) =0

equations (30), (31), (32) define a well-posed initial value problem on the con-

straint manifold if the usual smoothness assumptions are made.

As described previously, either the singular system (5) or the reduced form
(29), (30), (31) could be used to describe the dynamics of a robpt gripping an
inertial load. Although the singular system (5) is expressed in terms of func-
tions arising directly from the physical development, direct methods of analysis
for such equations are not available. The reduced form (29), (30), (31) can be
analyzed using methods based on ordinary differential equations, but the func-

tional forms involved are complicated functions of their arguments.

One Robot with End in Contact with a Rigid Surface

The singular system (11) describing the dynamics for one robot in contact

with a rigid surface can be transformed into reduced form. The multiplier reR!

satisfies the linear equation

(D@ M 7@ ()]« = Dt Hamtar [la,d) - 7] + (a)q] (33)

If the scalar
D(H(q))J(9)M(g)*77(9)D "(H(qg))
is nonzero, the multiplier is of the form

= Il(q,q,T)

16 Singular Systems
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where I1(g,¢,T) is the unique function satisfying (33).

Consequently, the robot dynamics can be described by the differential
equations
M(g)g + G(g,0) = T + J™(q)D "(H(g)}N(g,4,T) (34)
Equation (34) can be viewed as a nonsingular system of differential equa-
tions for the constrained robot, with the contact force as the solution of (33). If
initial conditions, consistent with satisfaction of the constraints (7), are speci-
fied,

®(H(q(t,))) =0
D(H(g(t, ))J(a(t, )a(t,) = 0

equations (34), (35) define a well-posed initial value problem on the constraint

manifold if the usual smoothness assumptions are made.

As described previously, either the singular system (11) or the reduced
form equations (33) and (34) could be used to describe the dynamics of a robot
with its end effector in contact with a rigid surface. Although the singular sys-
tem (11) is expressed in terms of functions arising directly from the physical
development, direct methods of analysis are not available. The reduced form
equations (33), (34) can be analyzed using methods based on ordinary differen-
tial equations, but the functional forms involved are complicated functions of

their arguments.
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Two Robots with End Effectors Gripping a Common Inertial Load

The singular system (19) describing the dynamics of two robots gripping a
common inertial load can also be transformed into a reduced form. The con-

tact force vectors f, and f , satisfy the linear equations

[1+ mi(aMia @] 71+ 1
= "'{Jl(ql)Ml(ql)-l[Gx(41,él) - Tx] - jl(ﬂl)él.— 9}
fi+ [I + m-’z(qz)Mz(q'.’)-l-’zr(Qz’)]fz

= m{ Jz(qz)Mz(h)—l[Gz(qz»éz) - Tz] - jz(h)éz- 9}

If the matrix

I+ mdy(g,:My(q:1)7\(q4) 1
I I+ mIfqa)MAq ) (q2)

is nonsingular, the contact force vectors are of the form

f1=Fi91,01T19292T))
[a2= F2(ql:q‘l:ThQ2:é2sTl)

where Fy(q1,41, 71,9242, T1),F¢1,41, T1,42,02 T1) are the unique functions satisfying

(36).
Consequently, the dynamics of the two robots can be described by the dif-

ferential equations

Ml(h)h + Gl(?l,él) =T, + Jl’(h)”l(ﬂnénTx,lIz,q.z,Tz)

. . . . (37)
Myg2)a2+ GAa292) = To+ I (22)F 9292, T 292,92, T2)

The equations of motion of the inertial load can be described by the differential

18 Singular Systems
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equations
mt". = —Fy(91,91,T1,42:412, T2) - FA01,02,T1,92,42,T2) - mg (38)

Equations (37) and (38) can be viewed as nonsingular system of differential
equations for the dynamics of the two robots and the load, with the contact
forces given as the solution of (36). If initial conditions, consistent with satis-
faction of the constraints (15), (16), are specified,

p(t.) = Hiy(g:(t,)) p(to) = Holqot, )

. . : . (39)
p(t,) = Dy(q l(to )a.(t,) p(t, ) = Dy(qoft, ))42“0 )

equations (37), (38), (39) define a well-posed initial value problem on the con-

straint manifold if the usual smoothness assumptions are made.

As described previously, either the singular system (19) or the reduced
equations (37) and (38) could be used to describe the dynamics of two robot
gripping a pure inertial load. Although the singular system (19) is expressed in
terms of functions arising directly from the physical development, direct
methods of analysis are not available. The reduced equations (37) and (38) can
be analyzed using methods based on ordinary differential equations, but the

functional forms involved are complicated functions of their arguments.

5. COMMENTS ON ROBOT PLANNING, CONTROL AND

SIMULATION

Some general comments are made regarding several fundamental robotics

problems, assuming the role of the robot system dynamies is critical.

Singular Systems 19
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In the case of constrained robot systems, robot planning involves not only
specification of desired robot motions (displacement, velocity and acceleration
time histories) of the end effector but it may also involve specification of
desired time histories of the contact force on the end effector. Given such
specifications which satisfy the imposed constraints, the joint torques necessary
to achieve such specifications, m principle, can be determined using the
developed mathematical models. The numerical computations required are not
significantly different from the unconstrained robot case [17]; there is need to
solve the inverse kinematic relations as well as to evaluate the appropriate non-
linear inertial, coriolis and gravitational functions. Optimal planning problems,
where the robot motions and contact force time histories are to be determined
to satisfy an optimality criteria can readily be defined. Such optimization prob-
lems, formulated to take into account dynamics of constrained robots, hé,ve not

received attention to date.

There have been several feedback control schemes that have been proposed
for control of robot motions and/or contact forces [18, 21, 24, 26, 30, 32]. Such
control schemes can be properly evaluated only in the context of dynamic
models which explicitly include the effects of contact forces. At present, there
are few theoretical results available. Conditions for closed loop stability of a
constrained robot, based on any of the proposed feedback schemes, are not
known, even for the simplest cases. It is suggested that the proposed form for
singular systems of differential equations constitute the proper mathematical

model for carrying out such an investigation.
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Computer simulation can be used to evaluate the dynamic performance of
a constrained robot system. However, numerical integration of the differential
equations, while maintaining satisfaction of the imposed constraints, represents
a nontrivial numerical problem. There is a growing literature on the numerical
soiution of singular systems of differential equations [3, 5, 7-8, 16, 22, 25] but a
number of difficulties remain. The numerical simulation of constrained robot
systems thus represents a substantial challenge. The presence of constraints
typically results in increased computational requirements and decreased accu-

racy.

6. EXTENSIONS

In the above development, the imposed constraints have been represented
as equality constraints. But a more general view of the particular robot system
configurations described previously suggests the need to allow the constraints to
be either active or inactive. A generalization of the singular form (23) to such a
case results in a nonlinear complementarity problem defined by the differential

equations
M(z)z" + G(z,2) = u + BT(z)\ (40)
with the inequality constraints
6(z)>0 (41)
and the conditions on the multipliers

A20 and A\'O(z)=0 (42)

Singular Systems 21
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Such mathematical models are significantly more complicated than the singular
systems of differential equations considered previously. In particular, the possi-
bility of impact forces must be considered whenever an inactive constraint
becomes active, thus giving rise to possible discontinuities in the velocity vari-
ables. One investigation into the numerical simulation of such systemvs has
been described in [16]. The study of mathematical models in this form is only
now being initiated, so that our current understanding of the fundamental
issues in dynamics, control and simulation of robotic configurations described

by such mathematical models is limited.

7. CONCLUSIONS

A class of robot systems has been presented for which mathematical
models represented by singular systems of differential equations arise naturally.
The use of such mathematical equations is felt to be the correct mathematical
formulation for describing the dynamics of constrained robot systems. Three
specific robot system configurations have been presented as illustrations, but
singular systems of differential equations are suitable representations for any

robot configuration where contact forces arise due to motion constraints.

A careful examination of the planning and feedback control issues for con-
strained robot systems should be based on use of singular mathematical models.
The complexity of the mathematical models is indicative of the practical diffi-
culties that are associated with the applications of robots to advanced manufac-

turing tasks. This work is an initial step in the process of development of a
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framework to deal with those complicated dynamics and control issues.
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Figure 1: One Robot with End Effector
Gripping an Inertial Load
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Figure 2: Free Body Diagram for Figure 1

Figure 3: One Robot with End in Contact
with Rigid Surface






Figure 4: Two Robots with End Effectors
Gripping an Inertial Load

Figure 5: Free Body Diagram for Figure 4



llﬂl|14|ll1l|4IIIIlllilﬂl||Nlllil$l||41\Hmﬂlililﬂlllﬂl

3 9015 03465



