
Flame Stabilization and Unsteady Dynamics in Complex Hydrogen-Fueled
Combustion Systems: Role of Finite-Rate Chemistry

by

Shuzhi Zhang

A dissertation submitted in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy
(Aerospace Engineering)

in The University of Michigan
2026

Doctoral Committee:
Professor Venkat Raman, Chair
Professor Andre Boehman
Professor Mirko Gamba
Professor Margaret Wooldridge



Shuzhi Zhang
szzhang@umich.edu

ORCID iD: 0009-0004-9165-695X

© Shuzhi Zhang 2026



To my parents and my dear friend River

ii



ACKNOWLEDGEMENTS

I would like to express my deepest gratitude to my advisor, Professor Venkat Raman,
for his guidance, support, and patience throughout my Ph.D. I am especially grateful for
the freedom he gave me, both intellectually and personally, to explore difficult questions
while always providing the perspective needed to move forward. I feel very fortunate to have
completed this work under his mentorship.

I would also like to sincerely thank my dissertation committee members, Professor Mar-
garet Wooldridge, Professor Andre Boehman, and Professor Mirko Gamba, for their time,
thoughtful feedback, and encouragement. Their questions and suggestions helped strengthen
this dissertation and broadened the way I think about combustion science and engineering.
I am grateful for their willingness to engage with my work and for the support they have
shown throughout this process.

I am thankful to my colleagues and collaborators during my Ph.D. for making graduate
school both intellectually rewarding and personally enjoyable. I have benefited greatly from
technical discussions, shared frustrations, and the everyday support of the people around
me. I am especially grateful to the members of our research group and to the friends and lab
mates who made the long days of simulations, debugging, writing, and revising much more
manageable. The sense of friendship I found during my Ph.D. made a meaningful difference
in this journey.

I want to thank my parents for their unconditional love, sacrifice, and belief in me.
Their support has been the foundation for everything I have been able to do. I am also
deeply grateful to my friends for their encouragement, understanding, and companionship
throughout this process. They reminded me to keep perspective, helped me through difficult
moments, and celebrated the milestones along the way. This dissertation would not have
been possible without the support of all of these people.

I would especially like to thank my beloved River, who was far more than a pet. He
was my companion, my comfort, and a source of unwavering emotional support throughout
my Ph.D. journey. During the most difficult times, his presence brought a kind of peace
that words cannot fully capture. Although he is no longer here, his memory remains deeply
woven into this journey. I believe he stayed with me until his mission was complete, and I
will forever be thankful for the love and strength he gave me.

iii



TABLE OF CONTENTS

DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

LIST OF APPENDICES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

LIST OF ACRONYMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

CHAPTER

1 Gas Turbine Engines and Coupled Flame Characteristics . . . . . . . . . . 1
1.1 Future of Gas Turbines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Axial Fuel Staging in Gas Turbines . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Flame Stabilization in Reactive Flows . . . . . . . . . . . . . . . . . . . . . 9
1.4 Transition to Combustion Instability . . . . . . . . . . . . . . . . . . . . . . 10
1.5 Unsteady Flame Dynamics in Hydrogen Combustors . . . . . . . . . . . . . 12
1.6 Role of Chemistry and Kinetic Uncertainty in Hydrogen Combustion and

Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.7 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.8 Scope of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Numerical Methods for High-Subsonic Hydrogen Combustion . . . . . . . 18
2.1 Conservation equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.2 Complex Geometry and Embedded boundaries . . . . . . . . . . . . . . . . 24
2.3 Characteristic boundary conditions for reacting flows . . . . . . . . . . . . . 26
2.4 GPU-Oriented Implementation . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Fluid-Chemistry Interactions and Modeling Challenges in Hydrogen Jets
in Crossflow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 Configuration and Modeling Approach . . . . . . . . . . . . . . . . . . . . . 40
3.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

iv



3.3.1 Flame Morphology . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.3.2 Cross-stream Flow Field . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3.3 Flame Branch Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.3.4 Flame Edge Characteristics . . . . . . . . . . . . . . . . . . . . . . 53
3.3.5 Hydrogen enrichment . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.3.6 Implications for stability-map construction . . . . . . . . . . . . . . 59

3.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4 Flame Stabilization and Characteristics in a Multi-Tube Micromixer . . 62

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.2 Experimental Configurations and Simulation Setup . . . . . . . . . . . . . . 63
4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.3.1 Flame structure validation . . . . . . . . . . . . . . . . . . . . . . . 65
4.3.2 Global flame dynamics . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.3.3 Local flame dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.3.4 Flow field dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5 Kinetic Uncertainty in Complex Reacting Systems . . . . . . . . . . . . . . 79

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.2 State-reconstruction UQ method . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3 Covariance-transfer UQ method . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.4 State-reconstruction UQ for Multi-tube Combustor . . . . . . . . . . . . . . 88

5.4.1 Trajectories with FFCM-2 for H2 fuel . . . . . . . . . . . . . . . . . 89
5.4.2 Local Chemical Timescales and Reaction Pathways . . . . . . . . . 90

5.5 Flame Stabilization and Dynamics for Hydrogen Enriched Jet Flames . . . . 94
5.5.1 Global Flame Structure . . . . . . . . . . . . . . . . . . . . . . . . 95
5.5.2 Strained Flame Front . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.5.3 Flame Edge Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.6 Covariance-transfer UQ for Hydrogen Jet Flames . . . . . . . . . . . . . . . 99
5.6.1 Eulerian Chemical State Dynamics . . . . . . . . . . . . . . . . . . 99
5.6.2 Lagrangian Particles . . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.6.3 Lagrangian Chemical State Dynamics . . . . . . . . . . . . . . . . . 102

5.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
6 Summary, Conclusions, and Future Directions . . . . . . . . . . . . . . . . . 108

6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
6.2 Scientific conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
6.3 Future directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

APPENDICES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

v



LIST OF FIGURES
FIGURE

1.1 Illustration of the mismatch between electricity generation and demand in
renewable-rich power systems. The left panel shows the California net-load “duck
curve,” including midday overgeneration risk and steep evening ramping demand,
adapted from CAISO materials [1]. The right panel shows a daily California
generation profile highlighting periods of excess renewable generation and later
dispatch requirements, adapted from IEA analysis graphics [2]. . . . . . . . . . 2

1.2 Projected growth in AI-related electricity demand, illustrating the increasing
power requirements associated with large-scale training and inference infrastruc-
ture. Adapted from Wells Fargo analysis [3] of AI-driven electricity demand. . . 3

1.3 Conceptual pathway linking renewable electricity, hydrogen production, com-
pression, storage, and subsequent gas-turbine power generation through hydro-
gen or hydrogen/natural-gas blended fueling. Adapted from Siemens Energy and
HYFLEXPOWER project materials [4; 5]. . . . . . . . . . . . . . . . . . . . . . 4

1.4 Representative axial fuel staging (Axial Fuel Staging (AFS)) combustor architec-
ture integrating a multi-tube mixer, a premixing head-end assembly, and down-
stream axial-fuel injectors. The configuration illustrates how upstream premixing
and downstream staging can be combined to distribute heat release across mul-
tiple combustor zones. Adapted from advanced gas-turbine combustor develop-
ment materials in Hughes et al. [6] and National Energy Technology Laboratory
and GE Power [7]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1 Example of block-structured adaptive mesh refinement used to concentrate res-
olution near localized reacting-flow structures in an AMReX-based solver [8]. . . 20

2.2 Computational domain showing the waves entering and leaving through inlet and
outlet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.3 Illustration of GPU-oriented execution strategies for AMReX-based reacting-flow
solvers, highlighting how mesh, physics, and chemistry kernels are organized for
accelerator performance [9]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4 Roofline analysis comparing baseline and optimized convection and chemistry
kernels, showing improved performance and hardware utilization in the GPU-
oriented solver implementation [9]. . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1 Computational domain with major dimensions and injector-region mesh view.
The hydrogen jet issues normally from a 2 mm injector into a hot crossflow,
while mesh refinement is concentrated near the flame front and other localized
reacting structures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

vi



3.2 Source terms plotted in progress variable–mixture fraction space for FPVA,
unstrained-FGM, and strained-FGM (S-FGM) tabulations from left to right,
adapted from Sharma et al. [10]. . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 3-D view of the S-FGM tabulation with vertical slices of reaction source visualized
at different Z levels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4 Mass fraction evolution showing diffusion of different species into a pure OH
region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.5 Instantaneous snapshot of Ux iso-lines for three outflow treatments: zero-gradient
extrapolation (left), NSCBC without transverse terms (middle), and NSCBC
with transverse terms (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.6 Contour of O2 mass fraction for Case B. . . . . . . . . . . . . . . . . . . . . . . 48
3.7 Temporal evolution of (a) temperature at the injector inlet, (b) temperature at

the channel inlet, and (c) pressure at the channel outlet. . . . . . . . . . . . . . 49
3.8 Contour plots (at the z centered planes) of temporally averaged velocity of DNS

overlaid with YOH iso-lines from both DNS and LES compared to experimental
findings (black dots). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.9 standard deviation of flow velocity (superimposed with streamlines and quivers)
profiles along the flow direction from both LES and Direct Numerical Simulation
(DNS) for case C. Planes taken at x/d = 2.25 and 4.00 downstream of the injector. 52

3.10 Flame Branch configurations (at the z centered planes) of Case C at different
time instances. Top row: LES results. Bottom row: DNS results. Background
is velocity magnitude contour overlaid with YOH iso-lines(black solid lines) rep-
resenting the flame front dynamic. The inset images show the zoomed-in view
of the key features for each time instance. . . . . . . . . . . . . . . . . . . . . . 53

3.11 Plots for temporal average data (at the z centered planes) from DNS and LES
at different points on the flame front. Points A, B and C are assumed close to
the edge of the flame and corresponding YOH vs. Z data is presented with low
strain and high strain solutions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.12 Point trajectories in Flamelet phase space for Case C. Path 1 and 2 are from DNS. 56
3.13 DNS mixture fraction data fit with β distribution at Point A. . . . . . . . . . . 57
3.14 Scatter plot of temperature versus mixture fraction at flame front location of

different cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.1 Plot shows the computational domain with major dimensions. Front view
presents the mid-section Y and Z planes. The inset at the injection plane high-
lights the jets and the approximate fuel trajectory, while the second inset depicts
the various AMR levels surrounding the flame front. All dimensions are in mil-
limeters (mm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2 Time-averaged YOH for both Cases. Top row shows the mid-section Y planes for
the combustion chamber, while bottom row presents one-to-one comparison for
the topmost tube element flame structures. . . . . . . . . . . . . . . . . . . . . 66

vii



4.3 Time-averaged heat release rate (HRR) and standard deviation of YOH fields
illustrating the global flame structure for Case B; The left three columns show
HRR on the mid-section Y plane, mid-section Z plane and transverse plane at
X = 5 mm downstream of the tube exit, respectively; The rightmost column
displays the standard deviation of YOH on the transverse plane at X = 15 mm
downstream of the tube exit; White solid line on mid-section planes are the
isoline of OH mass fraction YOH = 0.00125 as 30% of the maximum value; Green
and black solid lines on transverse planes are the isoline of mixture fraction
ZBilger = 0.0811 corresponding to ϕ = 0.53. . . . . . . . . . . . . . . . . . . . . . 67

4.4 Visual definition of RW and RL on the top row; Reaction zone length and thick-
ness for mid-section Y and Z planes on middle and bottom row respectively;
Element number are shown for each plane separately in Fig. 4.3. . . . . . . . . . 68

4.5 The local equivalence ratio profiles along the white dashed line indicated in
Fig.4.3, located at X=15 mm downstream of the jet exits. . . . . . . . . . . . . 70

4.6 Time series images of HRR and fuel concentration representing reaction pocket
and fuel filament advancement in Case B. The top row images show instantaneous
HRR, while bottom row images depict fuel concentration rescaled to highlight
reaction pocket and fuel filament. . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.7 KDE plots for joint PDFs of ε̇ and log10(HRR) at location A measured along
outer tube at Y-axis (marked 1 in Fig 4.3), B measured along outer tube at
Z-axis and C for center tube for Case B; Four probe locations are used along the
flame edge, downstream of the tube exit. . . . . . . . . . . . . . . . . . . . . . . 73

4.8 Instantaneous three-dimensional analysis of streamlines and recirculation zones
for Case B. The left image shows the streamlines around flame structure for
tube 2, and the right image depicts for tube 1; Image in the middle shows time-
averaged quiver plot for X slice at 5 mm indicating recirculation and reaction
zones. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.1 Conceptual sketch of the proposed trajectory mapping in composition space. The composition
space is spanned by Z, c, and an unconstrained species µ (not frozen during reaction evolution).
The blue-shaded surface M+

R(ξ): Reduced-mechanism reaction manifold. Red-shaded plane
Mc(ξS): iso-c manifold at state S for ξ. Green trajectory R(ξ, t → t0): reconstruction from a
given state S of ξ. Yellow trajectories R(Ψ, t0 → t∗): forward integration of Ψ from Z0 with
perturbed reaction rate coefficients ki towards Mc(ΨE), and reach the target composition
ϕΨc(ki). Dashed black lines: relaxation of different reaction trajectories toward equilibrium (E). 83

5.2 Instantaneous snapshot on the combustor mid-plane showing temperature. Blue arrows indi-
cate the flow direction of the oxidizer stream. Red arrows depict fuel stream issuing perpen-
dicular into the oxidizer stream (inset). . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.3 Ensemble of one-cell reaction trajectories in C, Z, µ space, and two different un-constrained
coordinate definition. Gray curves span different sample of reaction kinetics; one typical tra-
jectory is emphasized with a thick black dashed line. The blue plane marks Cξ = 0.8 constraint. 90

5.4 Instantaneous snapshot on the combustor mid-plane B showing time scale τ̃C in log-scale com-
puted from Ψ. Blue arrows indicate the flow direction of the partially premixed stream. Region
A represents the flame front, while region B represents the recirculation zone. . . . . . . . . 92

5.5 Scatter plot of T versus Z colored by τ̂E on the flame front (Region A in Fig. 5.4). . . . . . 93

viii



5.6 Scatter plot of T versus Z colored by τ̂E inside recirculation zone (Region B in Fig. 5.4). . . 94
5.7 Temporally averaged velocity magnitude for the different cases, with the isoline

of YOH for the 70% and 95% H2 by volume cases indicating the flame shape. . . 95
5.8 Instantaneous fields of normalized scalar dissipation rate χ̂ = χ/χext

st (log scale)
for different cases. The flame front is marked by an iso-contour of YOH at 10%
of its peak value (white line), and the black line indicates the stoichiometric
mixture-fraction contour Z = Zst (black line). . . . . . . . . . . . . . . . . . . . 97

5.9 Scatter plot of YOH versus mixture fraction at flame front location of different
cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.10 Lifted-branch diffusion-flame-front state space: scatter of temperature T versus
scalar dissipation rate χ for four cases (one per panel), extracted from a time-
averaged mid-plane slice and filtered by location and |Z − Zst| < ∆Z. Marker
color indicates the OH production-rate variability βω̇OH = σ(ω̇OH)/|µ(ω̇OH)| from
UQ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.11 Representative lifted-branch tracer-particle trajectories for CASE C7, shown in
multiple views and colored by temperature. . . . . . . . . . . . . . . . . . . . . 103

5.12 Lifted-branch diffusion-flame-front PDFs of OH production-rate variability,
βω̇OH = σ(ω̇OH)/|µ(ω̇OH)|. Red curve: estimated PDF f̂βω̇OH

(x) (left axis). Blue
bars: sample counts Ni in each histogram bin H(βω̇OH) (right axis). . . . . . . . 104

5.13 Lifted-branch diffusion-flame-front PDFs of scalar dissipation rate χ (s−1). Red
curve: estimated PDF f̂χ(x) (left axis). Blue bars: sample counts Ni in each
histogram bin H(χ) (right axis). . . . . . . . . . . . . . . . . . . . . . . . . . . 105

A.1 Plot of temporally averaged density values with standard deviation along three
lines shown in the mid-section contour plot of the simulation for three indepen-
dent grid levels (shown in inset). Level 3 results are shown in blue, level 4 results
in green, and level 5 results in gray. . . . . . . . . . . . . . . . . . . . . . . . . . 116

B.1 Ignition delay time (log-scale) comparison for H2 at P = 10 atm and ϕ = 0.5 as a function of
inverse temperature (1000/T), Predictions from the FFCM-2 mechanism ( color=mplblue)
are compared against the H2 mechanism [11]( color=mplorange); Bars indicate the FFCM-2
uncertainty band. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

B.2 Direct uncertainty propagation using the original FFCM-2 mechanism and covari-
ance matrix for a representative counterflow flame at JICF-relevant conditions.
Temperature is shown as a function of Bilger mixture fraction Z. The shaded
region denotes the 5–95% interval, the red solid line denotes the ensemble me-
dian, and the black dashed line denotes the baseline solution. Insets highlight
the uncertainty level near the stoichiometric mixture fraction. . . . . . . . . . . 120

B.3 Direct uncertainty propagation using the original FFCM-2 mechanism and co-
variance matrix for the same representative counterflow flame as in Fig. B.2.
The OH production rate ω̇OH is shown as a function of Bilger mixture fraction
Z. The shaded region denotes the 5–95% interval, the green solid line denotes the
ensemble mean, and the black dashed line denotes the baseline solution. Insets
highlight the uncertainty level near the stoichiometric mixture fraction. . . . . . 121

ix



B.4 Direct uncertainty propagation using the original FFCM-2 mechanism and co-
variance matrix for a counterflow flame at strain rates approaching the steady
extinction limit. The OH production rate ω̇OH is plotted as a function of Bilger
mixture fraction Z. The shaded region denotes the 5–95% interval, the green
solid line denotes the ensemble mean, and the black dashed line denotes the
baseline solution. Insets highlight the uncertainty level near the stoichiometric
mixture fraction. The broadening of the uncertainty band demonstrates that
OH-production variability increases substantially as the steady flame approaches
extinction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

C.1 Convergence history of the variational-inference optimization for the covariance-
transfer prior (Prior) and five additional runs initialized from randomized co-
variance matrices. The lower panel shows the normalized objective L̃(N) as a
function of iteration N , and the upper panel shows the normalized iteration-to-
iteration change, ∆L(N)/ max(1, |L(N − 1)|). The inset gives a magnified view
of the late-stage regime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

x



LIST OF TABLES
TABLE

3.1 Cases considered in the hydrogen jet-in-crossflow study. Cases A7 and C7 corre-
spond to the experimental configurations of Steinberg et al. [12], while Cases A9
and C9 are hydrogen-enriched numerical extensions. . . . . . . . . . . . . . . . 40

4.1 List of cases based on experiments [13; 14] . . . . . . . . . . . . . . . . . . . . . 63

xi



LIST OF APPENDICES
APPENDIX
A Grid Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

B FFCM-2 for Hydrogen Fuel . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

C Variational Inference Convergence . . . . . . . . . . . . . . . . . . . . . . . . 122

xii



LIST OF ACRONYMS

AFS Axial Fuel Staging

AMR Adaptive Mesh Refinement

DNS Direct Numerical Simulation

JICF Jet in Crossflow

LES Large-Eddy Simulation

FGM Flamelet-Generated Manifold

FPVA Flamelet Progress Variable Approach

S-FGM Strain-sensitive Flamelet-Generated Manifold

MTM Multi-Tube Micromixer

NSCBC Navier-Stokes Characteristic Boundary Conditions

UQ Uncertainty Quantification

ELBO Evidence Lower Bound

xiii



ABSTRACT

Hydrogen is an important low-carbon-intensity fuel pathway for dispatchable gas-turbine
power generation, long-duration energy storage, and utilization of renewable electricity that
cannot be used immediately by the grid. Its value in gas turbines is not that it is an
efficiency-neutral replacement for direct electrification, but that it can provide fuel-flexible,
high-power-density, dispatchable operation in energy systems where short-duration battery
storage and direct electrification are insufficient. The corresponding combustor problem is
substantially more difficult than conventional fuel substitution. Hydrogen’s high reactivity,
low ignition energy, broad flammability limits, strong differential diffusion, and intrinsic lean-
flame-front instability alter flame position, local heat-release structure, flashback propensity,
and unsteady response. For practical combustors, the relevant question is therefore not only
whether hydrogen burns stably at a nominal operating point, but how local flow structures,
mixture gradients, recirculation zones, and finite-rate chemistry determine where heat re-
lease anchors and whether a flame branch remains robust, lifts, extinguishes, or propagates
upstream.

This dissertation investigates flame stabilization and unsteady dynamics in hydrogen-
fueled reacting flows relevant to staged and distributed gas-turbine combustors. The study
combines a canonical hydrogen jet in crossflow with a more application-oriented pressurized
multi-tube micromixer. The jet-in-crossflow cases use a 2 mm injector, 70–95% hydrogen by
volume, jet-to-crossflow momentum-flux ratios J = 1.96 and 8.41, jet velocities Uj = 100–
342 m/s, jet Reynolds numbers Rej = 2600–6000, a hot-crossflow velocity of 55 m/s, and
Rec = 4.4 × 104. The multi-tube combustor contains 19 elements and is operated at ap-
proximately 11 bar, ϕ = 0.524–0.530, crossflow velocities Uc = 159–162 m/s, crossflow
temperatures Tc = 758–762 K, and fuel-jet velocities Uj = 213–303 m/s. The numerical ap-
proach combines large-eddy simulation with a strain-sensitive flamelet-generated manifold for
reduced-model assessment and AMReX-based three-dimensional compressible finite-volume
simulations with adaptive mesh refinement, embedded boundaries, detailed finite-rate chem-
istry, and mixture-averaged differential diffusion. The AMReX combustor simulations are
interpreted as implicit large-eddy simulations, or resolved-large-eddy calculations: no explicit
subgrid turbulence model is used, and the effective filter is set by the local AMR spacing and
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the dissipation of the finite-volume scheme. These calculations resolve the dominant flame
branches, shear layers, recirculation topology, wall-adjacent flow, and finite-rate chemistry,
but they are not claimed to be uniform-grid direct numerical simulations of every turbulent
scale in the full combustor.

The jet-in-crossflow results show that hydrogen flame stabilization is organized by branch-
specific flow and chemistry histories rather than by a single global flame topology. At
J = 1.96 and Uj = 100 m/s, the lee-stabilized branch anchors approximately two jet diame-
ters downstream of the injector, where wake recirculation and relatively low-strain transport
support a compact stabilization region. At J = 8.41 and Uj = 200–342 m/s, the lifted
branch occupies a broader and more intermittent thermochemical state space. Represen-
tative lifted-branch trajectories sample mixture-fraction excursions of ∆Z ∼ 0.4; the local
mixture-fraction distribution at one lifted-branch location has a mean Z̃ ≈ 0.18, close to
Zst ≈ 0.17, and a variance Z̃ ′′2 ≈ 0.03; and two trajectories passing through the same spatial
region differ in peak OH mass fraction by approximately a factor of five. These differences
explain why reduced flamelet descriptions can reproduce the mean flame topology while miss-
ing high-intensity radical-production events in strained, three-dimensional lifted branches.
Increasing the hydrogen content from 70% to 95% by volume at fixed J = 8.41 preserves the
gross jet-penetration scale but changes the local stability response: the lifted-branch edge
exhibits an ignition-extinction loop with T ≈ 550–2100 K near Zst, indicating that increased
reactivity does not uniformly increase robustness when shear-layer strain, density variation,
and differential diffusion are also modified.

The multi-tube micromixer analysis extends this branch-resolved interpretation to a pres-
surized, application-relevant combustor. The 19-element configuration is simulated at ap-
proximately 11 bar, with oxidizer velocities of Uc ≈ 159–162 m/s, oxidizer temperatures
of Tc ≈ 758–762 K, fuel-jet velocities of Uj ≈ 213–303 m/s, and global equivalence ratios
near ϕ ≈ 0.52–0.53. Under these conditions, no flame branch propagates upstream into
the tube elements. The stable response is associated with how heat release is distributed
across the tube bundle: the dominant HRR remains in the jet shear layers, while the char-
acteristic HRR in the low-speed recirculation regions is approximately 0.1 of the shear layer
value. The joint PDFs of principal extensive strain rate and log10(HRR) show that different
tube locations occupy different strain-response regimes. Outer branches exhibit fragmented
HRR distributions and earlier weakening by x = 15–20 mm downstream of the tube exit,
whereas the center branch maintains non-negligible HRR at strain rates near and beyond
the representative counterflow extinction band over the same axial range. This indicates
that the center flame is more strain-tolerant and more coherently stabilized, while outer
branches are more sensitive to wall confinement, neighboring-jet interaction, and transverse
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recirculation. Geometrically, the center flame has the longest and most symmetric reaction
zone, but its reaction zone width is still about 30% smaller in the closer-spaced transverse
direction than in the wider-spaced direction. These results connect local combustion physics
to gas-turbine design by showing that stability assessment should include flame penetra-
tion distance, recirculation-zone-to-shear-layer HRR ratio, local strain relative to extinction,
mixture-fraction stratification, pressure/velocity fluctuation amplitude, and hydrogen frac-
tion, rather than only bulk velocity or laminar flame speed.

Finite-rate chemistry and kinetic uncertainty provide a second quantitative measure
of local flame robustness. Two uncertainty-aware approaches are developed: a state-
reconstruction method for mapping reduced thermochemical states back to detailed-
composition reaction trajectories and a covariance-transfer method for constructing an uncer-
tainty model for reduced hydrogen chemistry. In the hydrogen jet-in-crossflow cases, the un-
certainty response depends strongly on both hydrogen content and scalar-dissipation history.
For the 70% H2 cases, the lifted-branch OH-production variability, βω̇OH = σ(ω̇OH)/|µ(ω̇OH)|,
spans a broad range of approximately 0.6–2.0, whereas the 95% H2 cases collapse primar-
ily around βω̇OH ≈ 0.55–0.7 with much weaker high-variability tails. The scalar-dissipation
PDFs show the same separation: the 70% H2 lifted branches sample broad high-χ distribu-
tions extending to approximately 20 s−1, while the 95% H2 cases are concentrated mainly
below about 1 s−1. Thus, increasing the hydrogen fraction from 70% to 95% shifts the
lifted diffusion flame toward lower scalar-dissipation histories and substantially reduces the
kinetic sensitivity of OH production. Across the jet-in-crossflow and multi-tube combustor
configurations, the central conclusion is that hydrogen combustor stability is governed by
local, branch-resolved quantities: heat-release placement, strain relative to extinction, scalar
dissipation, mixture stratification, and state-dependent chemical sensitivity. High-fidelity
implicit-LES calculations with finite-rate chemistry therefore provide a basis for identifying
which flame branches are robust, which are extinction- or flashback-relevant, and which op-
erating conditions should be targeted in future canonical experiments and simulation-based
stability maps.
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CHAPTER 1

Gas Turbine Engines and Coupled Flame Characteristics

1.1 Future of Gas Turbines

Gas turbines are expected to remain a central technology in future energy systems because
they provide dispatchable, high-power-density electricity generation with fast load-following
capability and mature large-scale infrastructure. Although renewable sources such as solar
and wind are expanding rapidly, their output is inherently intermittent and often does not
align with the temporal profile of electricity demand. This mismatch between generation
and demand creates a continuing need for flexible power-generation technologies that can
respond rapidly to fluctuations in grid conditions while maintaining grid reliability. Daily
and seasonal mismatches between renewable generation and grid demand produce periods of
excess energy followed by steep ramping requirements. This effect is illustrated in Fig. 1.1,
where the well-known California net-load “duck curve” shows midday over-generation risk
and a sharp evening ramp as solar generation declines, while the daily generation profile
further highlights how renewable-rich systems can simultaneously experience excess energy
during part of the day and significant dispatch needs later in the same operating cycle [1; 2].
These conditions place increasing value on grid assets that can start quickly, load-follow
effectively, and provide reliable power when renewable output is insufficient.

Recent changes in electricity demand further amplify this need. In addition to traditional
growth in industrial, commercial, and residential electricity consumption, emerging high-
power digital infrastructure—especially large-scale data centers supporting artificial intelli-
gence (AI) training and inference—is driving a substantial increase in projected electricity
demand. As shown in Fig. 1.2, projected AI-related electricity demand is increasing rapidly,
adding new pressure to already stressed electrical grids. This trend is especially important
because the growth of AI infrastructure is concentrated, power-intensive, and often coupled
with regions where electricity supply is already constrained.

Because of these system-level requirements, gas turbines remain highly attractive in future
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Figure 1.1: Illustration of the mismatch between electricity generation and demand in
renewable-rich power systems. The left panel shows the California net-load “duck curve,”
including midday overgeneration risk and steep evening ramping demand, adapted from
CAISO materials [1]. The right panel shows a daily California generation profile highlight-
ing periods of excess renewable generation and later dispatch requirements, adapted from
IEA analysis graphics [2].

low-carbon energy systems. They already play a major role in utility-scale and industrial
power generation, and they offer several advantages that remain important in a changing
grid: compactness, high specific power, relatively rapid startup, operational flexibility, com-
patibility with combined-cycle systems, and proven deployability across a broad range of
power generation environments. Even as the energy mix evolves, gas turbines are therefore
likely to remain indispensable as flexible generation assets that complement renewable power
and help maintain grid stability.

A key question, however, is what fuels will support this future role. Hydrogen is an im-
portant candidate, but it should be described as a low-carbon-intensity energy carrier rather
than as a universally zero-carbon fuel. Even when hydrogen is produced from renewable
electricity, the pathway includes electrolysis, compression or liquefaction, storage, transport,
and reconversion to mechanical or electrical power. These steps introduce life-cycle carbon
intensity, material requirements, and thermodynamic losses. This distinction is important
because direct use of electricity can be much more efficient than conversion through hydrogen
or synthetic hydrocarbon fuels in applications where batteries are practical. For example, the
International Council on Clean Transportation compared a battery-electric pathway with a
renewable-electricity-to-liquid-fuel pathway for passenger vehicles and estimated total path-
way efficiencies of approximately 72% and 16%, respectively [15]. Hydrogen combustion is
therefore most compelling where its system value is not simply energy efficiency but dis-
patchability, storage duration, fuel flexibility, high-temperature heat, or compatibility with
existing turbine infrastructure.
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Figure 1.2: Projected growth in AI-related electricity demand, illustrating the increas-
ing power requirements associated with large-scale training and inference infrastructure.
Adapted from Wells Fargo analysis [3] of AI-driven electricity demand.

The idea of hydrogen-containing turbine fuel is also not new. Hydrogen-rich syngas has
been central to gasification and integrated gasification combined cycle (IGCC) development
for decades. DOE gasification program materials describe gasification as a baseline technol-
ogy for producing hydrogen, substitute natural gas, fuels from coal, and concentrated CO2

streams for sequestration, and they identify syngas as a fuel for electricity and steam gen-
eration as well as a building block for chemicals and hydrogen production [16]. In the same
historical context, DOE’s Vision 21 program described fuel-flexible integrated energy plants
that could use gasification, advanced low-NOx combustion systems, fuel-flexible turbines,
fuel cells, hydrogen separation, and coproduction of electricity, syngas, hydrogen, chemicals,
liquid fuels, and process heat [17]. These programs are important context for the present
dissertation: hydrogen-capable gas turbines are not emerging from a blank technological
history, but from a long sequence of syngas, IGCC, fuel-flexible turbine, and coproduction
concepts.

The present opportunity differs from the earlier IGCC context because the fuel source and
system requirement have shifted. Instead of using coal-derived syngas primarily for baseload
power or coproduction, future low-carbon energy systems may use renewable hydrogen or
hydrogen blends for flexible, dispatchable turbine operation. As illustrated in Fig. 1.3,
renewable electricity can be converted into hydrogen, stored, and later supplied to a gas
turbine either as a pure fuel or in blended operation with natural gas [4; 5]. If that hydrogen
or syngas is not immediately required for electricity production, the historical gasification and
Vision 21 frameworks also show that it can be redirected toward other products, including
chemicals, liquid fuels, industrial hydrogen, or process heat [16; 17]. The combustor-design
implication is that future turbines must tolerate variable fuel composition, variable demand,
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Figure 1.3: Conceptual pathway linking renewable electricity, hydrogen production, com-
pression, storage, and subsequent gas-turbine power generation through hydrogen or
hydrogen/natural-gas blended fueling. Adapted from Siemens Energy and HYFLEX-
POWER project materials [4; 5].

and transient operation while still maintaining stable, low-emission flames.
Despite this promise, hydrogen-fueled gas turbines are not a straightforward extension

of existing natural-gas systems. Recent reviews emphasize that the central difficulty is not
simply fuel substitution but the need to control the stabilization and location of a highly reac-
tive flame while simultaneously suppressing flashback, limiting NOx formation, and avoiding
combustion instability [18; 19]. Hydrogen offers several favorable properties, including high
gravimetric energy content and broad flammability limits, but these same characteristics also
imply high reactivity, high burning velocity, low ignition energy, and increased sensitivity to
local flow structure and mixture distribution. In practical combustors, these features com-
plicate premixer design, flame stabilization, emissions control, and operability over a wide
range of conditions. As a result, hydrogen-capable gas turbines require combustor architec-
tures that do more than accommodate a different fuel; they must actively manage where and
how combustion occurs.

For this reason, the development of hydrogen-capable gas turbines has increasingly re-
lied on advanced combustor strategies that distribute reactant preparation and reduce the
burden placed on a single compact flame stabilization region. Recent reviews describe mi-
cromixer concepts, multi-tube premixers, distributed fuel injection, and staged or sequential-
combustion architectures as key technological pathways for managing flashback resistance,
heat-release distribution, emissions, and operational flexibility in hydrogen-fueled gas tur-
bines [18; 20; 21]. This broader design trend is reflected across the gas-turbine industry.
GE has developed AFS architectures for advanced heavy-duty turbines, Siemens Energy
has described hydrogen-capable combustion strategies for flexible gas-turbine operation, and
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Figure 1.4: Representative axial fuel staging (AFS) combustor architecture integrating a
multi-tube mixer, a premixing head-end assembly, and downstream axial-fuel injectors. The
configuration illustrates how upstream premixing and downstream staging can be combined
to distribute heat release across multiple combustor zones. Adapted from advanced gas-
turbine combustor development materials in Hughes et al. [6] and National Energy Technol-
ogy Laboratory and GE Power [7].

Ansaldo Energia has advanced sequential-combustion concepts for high-hydrogen systems
[22; 23; 24; 25]. Although the terminology varies across manufacturers, the underlying ob-
jective is similar: to achieve more effective control of flame position, mixture preparation,
and heat-release distribution than is possible in a conventional single-zone combustor.

Among these approaches, GE’s AFS system provides a useful representative example
because it combines distributed upstream reactant preparation with downstream staged fuel
addition in a single integrated combustor concept. The corresponding architecture is shown
in Fig. 1.4.

1.2 Axial Fuel Staging in Gas Turbines

Axial fuel staging (AFS) is one example of the broader shift toward distributed and multi-
zone combustor architectures for hydrogen-capable gas turbines. In contrast to a conven-
tional combustor, in which most of the mixture preparation and heat release are concen-
trated in a single primary zone, AFS combines distributed upstream premixing with a sec-
ond, axially separated fuel-delivery location. This arrangement provides additional control
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over flame stabilization, local equivalence ratio, and the axial distribution of heat release,
thereby improving flexibility over a broad operating range [22; 23]. Figure 1.4 shows a rep-
resentative AFS combustor architecture composed of a multi-tube micromixer (Multi-Tube
Micromixer (MTM)), a premixing head-end assembly, and downstream axial-fuel injectors.
Here, the term MTM refers specifically to the upstream distributed-mixing hardware, while
the term multi-tube combustor is used more broadly to describe the reacting combustor
configuration formed by the MTM together with the downstream reaction zone that it feeds.
The figure therefore illustrates that AFS is an integrated system in which distributed up-
stream reactant preparation and downstream staged fuel delivery are designed together to
create a multi-zone combustion process.

The first major component is the MTM, shown on the left side of Fig. 1.4. In this com-
ponent, air enters from upstream and passes through an array of small tubes, while fuel is
introduced through multiple distributed injection locations associated with these passages.
Mixing therefore occurs in a spatially distributed manner across many small streams rather
than in a single, highly loaded premixing passage. The resulting prepared reactive mix-
ture then exits the MTM and enters the downstream combustor. In advanced gas-turbine
combustor development, this type of hardware is intended to improve reactant preparation
and support high-efficiency, low-emissions operation by avoiding an overly concentrated sin-
gle mixing region [6; 26]. For hydrogen-rich operation, the MTM is especially important
because this distributed premixing strategy can reduce flashback susceptibility relative to
configurations in which the entire fuel flow is processed through a single compact premixer.
At the same time, it creates a combustion environment that is intrinsically nonuniform: the
mixture entering the downstream chamber is distributed across many jets and passages, so
local equivalence ratios, velocity gradients, and scalar gradients need not be spatially uniform
even when the overall operating condition is nominally steady.

The second major component is the premixing head-end assembly, located in the center
of the figure. This section receives the mixture prepared by the MTM and establishes the
primary upstream flame-supporting environment. In premixed gas-turbine combustors, the
head-end assembly governs how the prepared mixture is introduced into the combustor and
how the primary reaction zone is formed and stabilized. GE’s combustor descriptions empha-
size that this upstream premixer remains a central element of the overall combustion system
even when downstream staging is employed [22; 27]. Accordingly, the head-end assembly
forms the first stage of the staged-combustion process and defines the primary upstream
combustion zone. From a combustion-physics standpoint, this region is important because it
sets the initial flame topology and establishes the local balance among recirculation, convec-
tive transport, mixing, and chemical conversion that determines where the upstream flame
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can persist.
The third major component is the set of axial-fuel injectors, shown on the right side of

Fig. 1.4. These injectors introduce additional fuel farther downstream in the combustor,
thereby creating a second controllable combustion zone in addition to the upstream head-
end region. This downstream staged-fuel circuit is the defining feature of AFS. Its function
is not merely to add fuel downstream but to provide an additional degree of control over
flame stabilization, local equivalence ratio, and axial heat-release distribution. By shifting
part of the combustion process downstream, the combustor reduces the fraction of total heat
release confined to the primary upstream zone. This redistribution can shorten the residence
time of the hottest combustion products and thereby help reduce thermal NOx formation,
while also improving turndown capability and extending the emissions-compliant operating
window [22; 23].

These three hardware elements define the engineering rationale of AFS. The MTM pro-
vides distributed upstream fuel–air preparation, the head-end assembly establishes the pri-
mary upstream flame zone, and the downstream axial-fuel injectors provide a second, spa-
tially separated fuel-delivery location. As a result, combustion can be distributed across
multiple axial zones rather than being confined to a single compact reaction region. From
an engineering standpoint, this architecture is attractive because it can extend low-load op-
erability, broaden the emissions-compliant operating range, and provide greater flexibility in
responding to changes in load conditions and fuel composition [22; 6].

At the same time, the same features that make AFS attractive also make its combustion
behavior more difficult to analyze. In a conventional single-zone combustor, combustion
behavior is often dominated by one primary flame-stabilizing region. In an axially staged
combustor, by contrast, the overall response is controlled by the coupled interaction of up-
stream mixture preparation, head-end flame stabilization, downstream staged fuel addition,
and axial redistribution of heat release. The combustor, therefore, behaves as a multi-zone
reacting-flow system in which local burning modes can differ from one region to another and
can evolve differently over time. Within this multi-zone architecture, the upstream multi-
tube combustor is especially challenging because its behavior is controlled by the combined
effects of distributed injection, tube-bundle geometry, local transport, and multi-flame inter-
action. Upstream jet interactions within the MTM produce mixture stratification before the
flow enters the combustor, and this nonuniformity is subsequently amplified by geometry-
induced strain and confinement effects in the downstream chamber. Once combustion is
established, the flame branches associated with different tubes do not behave uniformly:
stabilization, heat-release structure, local radical production, and unsteady response can
vary substantially across the bundle, particularly between the center and near-wall regions.
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Further complexity arises from asymmetric recirculation, shear-layer burning, and the recur-
rent appearance of reaction pockets and fuel filaments. The upstream multi-tube combustor
should therefore be regarded as a coupled reacting-flow subsystem whose local flame behavior
is essential for understanding and improving the overall AFS architecture.

Multi-tube combustors should be regarded as coupled reacting-flow systems rather than
as collections of independent flame elements. In these configurations, combustion is shaped
by the interaction of distributed injection, geometric confinement, local flow redistribution,
recirculation, and flame-flame coupling, so the behavior of any one flame branch cannot be
interpreted in isolation from the surrounding flow and neighboring burning regions. This
complexity is further intensified in hydrogen combustion, where high reactivity, low igni-
tion energy, broad flammability limits, and strong sensitivity to local transport and mixture
nonuniformity amplify the effects of injector-to-injector variation and spatial flow nonuni-
formity. As a result, the key scientific challenge is not only to describe the overall flame
structure but also to understand how local burning modes are established, why different re-
gions of the combustor behave differently, and how local transport and chemistry shape both
flame stabilization and dynamic response. More broadly, this complexity also implies that
combustor stability cannot always be interpreted as a purely deterministic yes-no outcome.
Near operating limits, combustion systems often approach instability through intermittent
and fluctuation-sensitive transitions. Therefore, the relevant question is not only whether
the combustor is globally stable on average, but also how local regions move toward insta-
bility, which flame branches first exhibit intermittent behavior, and how likely such local
excursions are to grow into larger-scale unsteady responses. These questions motivate the
next four sections, which discuss flame stabilization, the transition to combustion instability,
unsteady flame dynamics, and the role of chemistry and kinetic uncertainty as the linked
physical themes that organize the remainder of this dissertation.

A useful distinction is needed before those topics are introduced. Hydrogen flames can
exhibit intrinsic flame-front or thermo-diffusive instabilities associated with differential diffu-
sion and preferential transport in lean premixed flames; these instabilities can increase local
flame wrinkling and consumption speed even without a combustor-scale acoustic mode [28].
This dissertation uses the terms flame-front instability, flashback, and combustor instability
for different phenomena. Flame-front instability refers to local cellular or thermo-diffusive
behavior of the flame surface. Flashback refers to upstream propagation of the reaction
zone into the premixer or tube elements. Combustor instability refers to larger-scale un-
steady response, including pressure-coupled thermoacoustic behavior. These mechanisms
can interact, but separating them is important for interpreting the simulation results and
for translating them into gas-turbine design guidance.
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1.3 Flame Stabilization in Reactive Flows

The complex behavior of hydrogen multi-tube combustors ultimately depends on a more fun-
damental question: where combustion is sustained, by what local mechanisms it is anchored,
and how those anchoring mechanisms change across different flow environments. Distributed
injection, local flow redistribution, geometric confinement, and multi-flame interaction all in-
fluence combustor response through their effect on flame stabilization. Viewed in this way,
flame stabilization provides a natural physical framework for understanding not only multi-
tube combustors but also reactive-flow systems more broadly, ranging from canonical jet
flames to practical staged combustors.

Flame stabilization is a central problem in reactive flows because it determines whether
a localized burning region can be sustained under continuous flow-through conditions. In
practical combustors, it governs where heat is released, how the flame interacts with the
surrounding flow, and whether operation remains efficient, robust, and safe. For this reason,
flame stabilization plays a fundamental role across a wide range of configurations, including
premixed flames, reacting jets in crossflow, micromixer combustors, and multi-injector gas-
turbine systems.

In general, flame stabilization arises from a balance among fluid transport, chemical con-
version, and thermal feedback. A flame can be sustained only when local mixing, residence
time, and reaction rates combine in a manner that allows heat release to persist against con-
vective losses, strain, scalar dissipation, and dilution. Depending on the configuration, this
balance may be established through different physical mechanisms, including recirculation-
assisted anchoring, shear-layer stabilization, autoignition-assisted burning, reaction in par-
tially premixed mixtures, or combinations of these processes. Previous studies of reacting
jets in crossflow, practical model combustors, and micromixer flames show that stabilization
is not governed by chemistry alone but by the coupled interaction of flame structure with
the surrounding flow field and geometric confinement [29; 30; 31; 32; 33; 34; 35].

This problem becomes especially important in hydrogen combustion because hydrogen’s
high reactivity, low ignition energy, broad flammability limits, and strong preferential trans-
port amplify the influence of small variations in the local flow environment. As a result, local
changes in strain rate, scalar dissipation, recirculation strength, wall proximity, or equiva-
lence ratio can substantially modify burning behavior, flame position, flashback propensity,
and local extinction resistance. Reviews of hydrogen gas-turbine combustion therefore iden-
tify flame stabilization, together with flashback, autoignition, NOx formation, and thermoa-
coustic response, as a central challenge in the development of practical hydrogen combustors
[18; 20; 21; 36].
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A physically predictive understanding of combustor behavior therefore requires more than
global performance measures such as pressure loss, overall emissions, or mean outlet tem-
perature. These quantities remain important for system-level assessment, but they do not
by themselves reveal why a flame stabilizes in one region rather than another, why a change
in geometry alters the burning mode, or why neighboring injectors behave differently under
nominally similar conditions. A more fundamental interpretation must instead identify the
local flow structures, mixture fields, transport processes, and reaction environments that
organize burning in space. This perspective is particularly important in spatially heteroge-
neous systems such as the multi-tube combustor, where stabilization is governed not by a
single uniform mechanism but by multiple interacting local environments.

1.4 Transition to Combustion Instability

Flame stabilization alone does not fully characterize combustor behavior because the loss
of stability is often not realized as a single abrupt threshold in practice. In turbulent
reacting flows, the transition to instability frequently proceeds through intermittency or
other intermediate dynamical states rather than through a clean deterministic jump. This
has been shown in canonical thermoacoustic studies, where instability emerges from com-
bustion noise through intermittent organized bursts, and also in flashback studies, where
flames can repeatedly intrude upstream and then retreat before a full transition occurs
[37; 38; 39; 40; 41; 42; 43; 44]. Experimental studies of swirl-stabilized combustors further
show that the onset of instability is closely linked to changes in flame macrostructure and
local stabilization mode, and that fuel composition can shift the transition points even when
the geometric configuration is unchanged [45; 46].

This transition pathway has been documented in several complementary ways. Nair et
al. [37] showed that combustion-driven oscillations are preceded by intermittent bursts em-
bedded within low-amplitude aperiodic fluctuations. George et al. [38] further showed that
the global transition begins in localized inceptive regions where heat-release fluctuations
strengthen before large-scale organized motion appears across the combustor. In annular
combustors, Roy et al. [39] reported a sequence from combustion noise to low-amplitude ther-
moacoustic instability through intermittency, while Singh et al. [40] showed that additional
intermediate states, including mixed-mode oscillations, can arise before high-amplitude in-
stability is reached. In the flashback literature, Schneider and Steinberg [41] observed that,
over a range of conditions between stable burning and total flashback, the flame intermit-
tently propagated through the bluff-body boundary layer into the reactant feed tube before
retreating back to the combustor. Willems [42] further concluded that unconfined flash-
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back is rather a statistical phenomenon, where the chance of flashback increases as the bulk
velocity is reduced. In a lean hydrogen reheat combustor representative of an industrially
relevant sequential-combustion configuration, Floris et al. [43] likewise treated intermittent
flashback as an extreme event and showed that identifiable precursor states exist before flash-
back onset. These studies indicate that near the instability boundary, combustion stability
is better interpreted statistically—in terms of the frequency, duration, and spatial growth of
intermittent excursions—than as a single sharply defined threshold [37; 38; 41; 42; 43].

This perspective is important because it shifts the problem from a purely binary classifica-
tion of stable versus unstable to a question of where instability first develops and what local
mechanisms amplify it. The relevant quantities are therefore not only the mean operating
condition but also the spatial distribution of heat-release fluctuations, the residence time
spent in intermittent states, and the sensitivity of local flame structure to perturbations in
flow, mixing, and reaction [38; 45; 47]. A combustor that is nominally stable on average
may still be close to transition if localized fluctuations repeatedly grow in flame-anchoring
regions, or if changes in flame macro-structure move the system toward a more strongly cou-
pled response [38; 45; 46]. This point is also relevant to axially staged combustors. Public
AFS studies show that first- and second-stage flames can couple to different acoustic modes
and timescales, and that the second-stage flame can exhibit flapping and periodic partial
extinction depending on its position relative to the acoustic mode shape [48; 49]. These
results support the view that transition in staged combustors should be interpreted locally
and branch-wise.

For hydrogen combustion, this issue becomes even more important because fuel chemistry
directly modifies the flame features that enter the instability mechanism. Hydrogen enrich-
ment changes flame shape, flame length, flame attachment tendency, burning rate, and the
location of the dominant heat release zone. These changes shift both instability limits and
the phase relation between unsteady heat release and acoustics [50; 51; 52; 53]. In partially
premixed systems, the feedback loop is also altered by interactions between velocity fluctua-
tions and equivalence-ratio fluctuations, which can produce local extinction, reignition, and
additional convective delay in the heat-release response [47]. More generally, even outside
thermoacoustic or flashback problems, detailed stability analyses of reacting flows have shown
that finite-rate chemistry and transport can shift flame structure and heat release location
enough to modify the predicted instability behavior [54]. The transition to combustion insta-
bility in hydrogen-fueled systems is, therefore, controlled by chemistry–transport coupling,
which determines how local perturbations are converted into sustained heat-release oscilla-
tions. This is one of the central motivations for the chemistry-focused and uncertainty-aware
analysis developed in this dissertation.
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1.5 Unsteady Flame Dynamics in Hydrogen Combustors

Beyond the onset of global instability, combustor behavior must also be understood within
each operating state because a flame that is globally stable can still exhibit strong local
motion, intermittent weakening, branch reorganization, or unsteady heat-release variation.
The transition problem discussed above concerns how instability emerges; the present section
instead focuses on how different flame regions behave dynamically over time once a reacting-
flow configuration is established.

Previous experimental studies of multi-nozzle and micromixer combustors have shown
that neighboring flames in nominally regular injector arrays can differ not only in mean
flame shape but also in fluctuation level, luminosity, and instability behavior [55; 56; 57; 58].
These observations indicate that local flow redistribution, injector interaction, and branch-
to-branch coupling can produce dynamically distinct flame environments within the same
combustor. Numerical studies support this interpretation by showing that hydrogen com-
bustors can contain multiple coupled burning regions associated with recirculation, mixing
layers, and shear-layer reaction, each with its own local timescales and dynamic response
[32; 35; 34].

In gas-turbine combustion, unsteady flame dynamics are particularly important because
heat-release oscillations can couple with acoustic modes, producing thermoacoustic instabil-
ity; however, important dynamic behavior also occurs below that level through local flame
displacement, intermittent branch motion, and nonuniform responses to perturbations. Hy-
drogen intensifies these issues because higher reactivity, shorter chemical timescales, and
stronger preferential transport can alter flame length, flame position, local heat-release dis-
tribution, and the sensitivity of the flame to flow forcing. Reviews of hydrogen combustion
dynamics, therefore, emphasize that hydrogen enrichment can substantially modify flame re-
sponse and thermoacoustic behavior through its influence on flame structure, flame position,
and local burning rates [18; 19; 20].

For multi-tube and staged combustors, this means that unsteady flame behavior must
be interpreted both locally and globally. Different flame branches may experience different
mixing histories, different recirculation environments, and different local transport balances,
so they need not respond identically even under the same nominal operating conditions.
A complete physical interpretation must therefore explain not only where the flame is an-
chored on average but also how different burning regions fluctuate, reorganize, and exchange
influence over time.
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1.6 Role of Chemistry and Kinetic Uncertainty in Hydro-
gen Combustion and Simulation

Chemistry plays a central role in this problem because flame stabilization, transition to
instability, and unsteady flame response depend not only on the surrounding flow field but
also on how chemical conversion proceeds under local transport conditions. In hydrogen
flames, this dependence is especially strong because the burning structure is controlled by fast
chain-branching chemistry, rapid radical-pool development, and strong differential diffusion
of light species and radicals. As a result, two regions with a similarly large-scale flow structure
may still behave differently if they occupy different thermochemical states or reach those
states through different transport histories.

This issue is especially important when combustor stability is viewed as a transition
problem rather than a purely binary outcome. If the onset of instability is fluctuation-
sensitive and proceeds through intermittent local reorganization, then the flame response
to perturbation depends directly on local chemistry. In hydrogen combustion, chemistry
influences flame position, heat release compactness, convective timescales, and the phase
relation between unsteady heat release and the surrounding flow or acoustic field. Previous
studies, therefore, report that hydrogen can alter thermoacoustic instability characteristics
in either a stabilizing or destabilizing manner through its influence on flame structure and
flame location. This means that chemistry is not merely an auxiliary closure embedded
within the simulation but an active part of the mechanism by which local fluctuations are
either damped or amplified.

The role of chemistry is also critical from a simulation standpoint. Many practical com-
bustor studies rely on reduced-order combustion descriptions because they are computa-
tionally efficient and often capture large-scale flame structures reasonably well. However,
hydrogen flames present a more demanding modeling problem because finite-rate chemistry
and differential diffusion can strongly influence local flame behavior. This is particularly
true when the objective is not only to reproduce the mean flame shape but also to inter-
pret branch-dependent flame structures, local reaction-zone differences, transition behavior,
and unsteady response. For these reasons, high-fidelity simulations with finite-rate chem-
istry remain essential for identifying the physical mechanisms that underlie hydrogen flame
behavior, especially in spatially heterogeneous combustors where local chemistry–transport
coupling is central to the problem.

This perspective also motivates the uncertainty-aware analysis developed later in the
dissertation. If chemistry materially influences whether local perturbations decay, persist in-
termittently, or grow toward instability, then uncertainty in the kinetic description becomes
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physically relevant to how robustly that flame behavior can be interpreted. Kinetic uncer-
tainty is therefore not introduced here merely as a numerical formality. It is used because
the chemistry itself helps determine the local robustness or fragility of the reacting state.
Uncertainty quantification provides a systematic way to assess that sensitivity, identify flame
regions that are especially chemistry-dependent, and distinguish conclusions that are robust
from those that depend strongly on uncertain reaction kinetics.

1.7 Chapter Summary

Hydrogen-capable gas turbines will play an important role in future low-carbon power sys-
tems because they combine fuel flexibility with the dispatchable, high-power-density oper-
ation required to complement renewable electricity. At the same time, hydrogen combus-
tion introduces a particularly demanding flame-control problem. Its high reactivity, broad
flammability limits, low ignition energy, and strong preferential transport make flame stabi-
lization, emissions control, flashback resistance, and unsteady flame response more difficult
to manage than in conventional natural-gas combustors. These challenges have motivated
the development of staged and distributed combustor architectures, including multi-tube
premixers, micromixer concepts, and axial fuel staging systems, which seek to distribute
mixture preparation and heat release across multiple regions of the combustor.

The preceding discussion shows that four linked combustion-physics themes are central
to this dissertation. The first is flame stabilization: understanding where combustion is
anchored, what local mechanisms sustain it, and how those mechanisms vary across recir-
culation zones, shear layers, and partially premixed regions. The second is transition to
instability: understanding how nominally stable operation approaches intermittent and ul-
timately global unstable responses. The third is unsteady flame dynamics: understanding
how different flame branches fluctuate, reorganize, and respond to perturbations in spatially
heterogeneous combustor environments. The fourth is the role of chemistry: understanding
how finite-rate chemistry, radical-pool development, and preferential transport influence lo-
cal burning behavior and, therefore, shape stabilization, transition, and dynamic response. A
predictive interpretation of hydrogen combustor behavior, therefore, requires a local, physics-
based framework that connects flow structure, transport, and chemistry to the observed flame
behavior. High-fidelity simulation is particularly well suited to this problem because it can
capture the coupled effects of flow, transport, differential diffusion, and geometric confine-
ment while also resolving the chemistry needed to explain why different regions of the flame
exhibit different stabilization characteristics and different dynamic responses. These ideas
define the physical scope of the dissertation and motivate the chapter organization below.
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1.8 Scope of the Dissertation

Based on the preceding context, this dissertation investigates flame stabilization and un-
steady dynamics in complex hydrogen-fueled reacting-flow systems relevant to advanced gas-
turbine combustion, with particular emphasis on the role of finite-rate chemistry. The overall
objective is to develop a predictive, physics-based understanding of how hydrogen flames are
established, sustained, and dynamically modified in spatially heterogeneous combustor en-
vironments. The quantitative operating envelope considered here spans hydrogen contents
from 70% to 95% by volume in the transverse-jet studies, jet-to-crossflow momentum-flux
ratios J = 1.96 and 8.41, jet Reynolds numbers Rej = 2600–6000, crossflow Reynolds num-
bers up to Rec = 4.4×104, and a pressurized multi-tube combustor at approximately 11 bar
with ϕ = 0.524–0.530, crossflow velocities of 159–162 m/s, and fuel-jet velocities of 213–303
m/s. These values are not intended to cover an entire engine operating map. Instead, they
define a set of combustor-relevant regimes in which local shear, recirculation, stratification,
and finite-rate chemistry can be isolated and interpreted.

The dissertation is organized around three connected research questions. First, what
local flow and mixture conditions determine whether a hydrogen flame branch anchors,
lifts, weakens, or approaches extinction? Second, which aspects of this behavior can be
represented by reduced flamelet-based descriptions, and which require finite-rate chemistry
with differential diffusion and three-dimensional transport? Third, how can high-fidelity
simulation results be translated into design-oriented stability information for hydrogen gas
turbines, including quantities relevant to flashback avoidance, branch robustness, and local
instability precursors?

The resolution regime is also defined explicitly. The reduced-order jet-in-crossflow com-
parison uses conventional LES with a strain-sensitive flamelet-generated manifold. The de-
tailed AMReX calculations are treated as implicit LES or resolved-large-eddy simulations
with detailed finite-rate chemistry, rather than as Reynolds-averaged calculations or full-
device direct numerical simulations. In these AMReX calculations, the flame front, domi-
nant shear layers, recirculation topology, wall-adjacent flow, and large coherent vortices are
resolved by AMR, while motions below the local grid scale are represented by the numer-
ical dissipation of the finite-volume scheme. The conclusions are therefore framed around
resolved branch-wise flame/transport mechanisms and grid-aware stability indicators, not
around claims of resolving the complete Kolmogorov-scale turbulence field of a practical
combustor.

The main contributions are as follows. The first contribution is a quantitative compar-
ison of reduced-order and high-fidelity descriptions for hydrogen jets in crossflow, showing
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that large-scale topology can be reproduced while branch-specific chemistry-transport be-
havior remains difficult to represent with a compact flamelet table. The second contribution
is a three-dimensional analysis of a pressurized multi-tube hydrogen combustor, showing
that nominally identical tube elements form distinct stabilization environments because of
confinement, recirculation, local stratification, and branch-to-branch interaction. The third
contribution is a chemistry-sensitive uncertainty analysis that uses kinetic uncertainty not
only as an output error bar but also as a diagnostic for chemically fragile flame regions. A
further practical contribution is the definition of local stability-map variables for simulation-
based combustor design: flame penetration distance, recirculation-zone-to-shear-layer heat-
release ratio, local strain/extinction proximity, scalar-dissipation level, thermochemical-state
variability, and pressure/velocity fluctuation amplitude.

These modeling and physics questions are pursued throughout the subsequent chapters
of this dissertation:

• Chapter 2: Numerical Methods for High-Subsonic Hydrogen Combustion.
This chapter answers what numerical framework is required to simulate the relevant
regimes. The detailed calculations use a three-dimensional compressible finite-volume
reacting-flow solver with adaptive mesh refinement, embedded boundaries, characteris-
tic boundary conditions, detailed finite-rate chemistry, and mixture-averaged differen-
tial diffusion. The chapter also clarifies the numerical scope: the jet-in-crossflow study
includes both large-eddy simulation with a strain-sensitive flamelet-generated manifold
and detailed finite-rate AMReX calculations, while the multi-tube analysis uses the
AMReX-based detailed-chemistry framework in an implicit-LES/resolved-large-eddy
regime to resolve local flame/transport interactions in a practical geometry.

• Chapter 3: Fluid-Chemistry Interactions and Modeling Challenges in Hy-
drogen Jets in Crossflow. This chapter answers how turbulence, three-dimensional
shear-layer dynamics, and differential diffusion alter hydrogen flame states relative to
laminar or tabulated flame references. It considers 70% and 95% hydrogen by volume,
J = 1.96 and 8.41, Uj = 100–342 m/s, Rej = 2600–6000, and Rec = 4.4×104. Its reso-
lution regime combines an LES-S-FGM reduced model with a detailed-chemistry refer-
ence in which the relevant flame branches and large-scale vortex structures are resolved
sufficiently to compare branch-wise thermochemical trajectories. The contribution is a
quantitative branch-wise interpretation of the lee-stabilized and lifted flame branches
and a demonstration that lifted-branch trajectories sample broad mixture-fraction and
progress-variable ranges that are not fully captured by the reduced manifold.

• Chapter 4: Flame Stabilization and Characteristics in a Multi-Tube Mi-
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cromixer. This chapter answers how a practical distributed-injection combustor re-
mains stable, and which local mechanisms could become flashback-relevant. The 19-
element combustor is analyzed at approximately 11 bar, ϕ ≈ 0.53, crossflow velocities
of 159–162 m/s, and fuel-jet velocities of 213–303 m/s. The AMReX calculation is
an implicit LES at approximately 5.0 × 108 cells, with finest spacing 48.75 µm and
near-wall y+ ≈ 0.5, so it resolves the dominant branch dynamics while remaining fil-
tered at the grid scale. The contribution is a quantitative connection between local
heat-release distribution and stability: in the stable cases studied here, dominant heat
release remains in the shear layers, while heat release in low-speed recirculation zones
is approximately one order of magnitude smaller and does not drive upstream flame
propagation into the tube elements.

• Chapter 5: Kinetic Uncertainty in Complex Reacting Systems. This chap-
ter answers how finite-rate chemistry and kinetic uncertainty influence the interpre-
tation of local flame robustness. It introduces state-reconstruction and covariance-
transfer methods and applies them to resolved thermochemical states extracted from
the implicit-LES AMReX fields and jet-in-crossflow calculations. The contribution is
to use chemistry uncertainty as a local diagnostic for fragile thermochemical states,
especially in partially reacted, high-scalar-dissipation, or near-extinction regions.

• Chapter 6: Conclusions and Future Directions. This final chapter synthesizes
the main results and translates them into gas-turbine design implications. It proposes
a simulation-based stability-map perspective in which global operating parameters are
supplemented by local quantities that identify whether a flame branch is securely sta-
bilized, close to extinction, or capable of upstream propagation.
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CHAPTER 2

Numerical Methods for High-Subsonic Hydrogen
Combustion

The simulations in this dissertation use two related but distinct numerical descriptions.
The reduced-order comparison in Chapter 3 uses large-eddy simulation (LES) with a strain-
sensitive flamelet-generated manifold. The detailed calculations in Chapters 3–5 use a three-
dimensional compressible finite-volume AMReX-based solver with adaptive mesh refinement,
embedded boundaries, detailed finite-rate chemistry, and mixture-averaged differential diffu-
sion. These AMReX calculations are interpreted as implicit LES or resolved-large-eddy sim-
ulations: no explicit subgrid-scale turbulence model or Reynolds-averaged Navier–Stokes clo-
sure is used, and the effective filter is set by the local AMR spacing together with the dissipa-
tion of the finite-volume discretization. The jet-in-crossflow detailed calculations are refined
enough to resolve the selected flame branches, near-wall region, and dominant wake/shear-
layer structures used for model comparison, while the multi-tube calculations should be
interpreted as AMR-assisted implicit LES of a practical combustor rather than as uniform-
grid direct numerical simulations of every turbulent scale in the full device. This distinction
is important because the conclusions below are based on resolved local flame/transport
mechanisms, while the remaining numerical uncertainty is assessed through grid refinement,
validation against OH-PLIF structure, and comparison between reduced-order and detailed-
chemistry descriptions.

High-subsonic turbulent hydrogen combustion is difficult to study because the relevant
flow and reaction physics span a very wide range of coupled spatial and temporal scales. In
multi-tube and micromixer combustors, distributed injection and complex internal geometry
generate strongly three-dimensional turbulent flow fields with thin shear layers, recircula-
tion zones, and localized mixing structures. In particular, MTM relies on many small,
high-velocity air passages and jet-in-crossflow fuel injection to intensify mixing and reduce
flashback risk, which further strengthens the small-scale turbulent character of the flow. A
fully detailed description of such turbulence would, in principle, require access to scales ex-
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tending toward the Kolmogorov scale, making the problem computationally demanding even
before combustion is considered [59; 35].

Hydrogen combustion adds a second and more severe scale-separation problem. Because
hydrogen flames can exist as very thin reaction fronts and remain highly sensitive to strain,
differential diffusion, and local mixture inhomogeneity, the flame front itself must be resolved
with sufficient fidelity to capture the chemistry–transport coupling that governs stabilization
and burning behavior [60; 61]. At the same time, the combustor is a much larger system,
with characteristic dimensions on the order of O(10−1) to O(100) m. The resulting problem
is therefore inherently multiscale: physically meaningful simulation must retain the full
three-dimensional combustor context while still resolving the small localized structures that
organize the flame.

The problem is further complicated by a substantial separation of characteristic
timescales. Because MTM configurations employ relatively high jet velocities to promote
rapid mixing and flashback-resistant operation, the flow remains in a high-subsonic regime
for which a compressible formulation is appropriate [59]. That choice, however, introduces
additional numerical difficulty, particularly in the treatment of open inflow and outflow
boundaries, for which characteristic-based formulations such as Navier-Stokes Characteristic
Boundary Conditions (NSCBC) are important [62]. At the same time, finite-rate hydrogen
chemistry is stiff, and the stable timestep can be driven down to the order of O(10−10) to
O(10−9) s by the combined constraints of acoustics, transport, and chemical source terms,
whereas the convective flow-through and flame-development times in the laboratory-scale
domains considered here are much longer, typically on the order of O(10−3)–O(10−2) s, with
still longer times required for full combustor transients. Time-resolved simulation of the
full problem is therefore limited simultaneously by the need to resolve very small numerical
timescales and much larger physical evolution times.

These combined difficulties motivate the use of a specialized numerical framework. The
simulations in this dissertation are performed with a finite-volume compressible reacting-
flow solver built on the AMReX framework [8; 63; 64]. The solver is designed specifically
for hydrogen-combustion problems in which the important physics are strongly localized in
space but dynamically coupled across a much larger three-dimensional domain. It solves
the compressible Navier–Stokes equations with multi species transport on block-structured
Cartesian meshes, represents practical injector geometry with embedded boundaries, and
employs Adaptive Mesh Refinement (AMR) to place the highest resolution only near flame
fronts, shear layers, and other dynamically important regions. In this framework, AMR pro-
vides a practical means of resolving the sharply localized structures that govern the flow while
avoiding the prohibitive cost of uniformly fine resolution over the full combustor domain.
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Figure 2.1: Example of block-structured adaptive mesh refinement used to concentrate res-
olution near localized reacting-flow structures in an AMReX-based solver [8].

Figure 2.1 illustrates the AMR strategy used throughout this dissertation. Rather than re-
solving the entire domain with a uniformly fine mesh, the solver places the highest resolution
only where strong density gradients and flame-associated structures appear. This capability
is essential for the present Jet in Crossflow (JICF) and MTM simulations, where the physi-
cally important reacting layers occupy only a limited fraction of the full domain. The solver
also targets the temporal and algorithmic difficulties associated with detailed reacting flow.
To reduce the cost associated with stiff finite-rate chemistry, the reaction integration uses
specialized chemistry treatment along with GPU-oriented acceleration strategies, including
matrix-based formulations of chemical source-term evaluations designed to improve the per-
formance of detailed kinetics on modern accelerators [65]. More broadly, the solver uses
custom GPU-oriented CUDA implementations within the AMReX framework to accelerate
large-scale three-dimensional reacting-flow simulations with strongly disparate spatial and
temporal scales, thereby making the present calculations computationally feasible [9].

2.1 Conservation equations

For clarity, the phrase high-fidelity in this dissertation does not imply that every simulation
is a uniform-grid DNS. It means that the resolved equations retain compressibility, finite-
rate chemistry, differential diffusion, and three-dimensional geometry without replacing the
flame by an empirical global reaction or RANS closure. The practical MTM calculations
are therefore filtered simulations in an implicit-LES regime. Their grid is selected to resolve
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the flame front and the large coherent structures that control stabilization, while smaller
turbulent motions are below the local grid filter.

The reacting-flow simulations are based on the compressible Navier–Stokes equations
with multi-species transport and finite-rate chemistry. Mass transport is described by the
following continuity equation

∂ρ

∂t
+ ∂(ρui)

∂xi
= 0, (2.1)

where ρ is the density of the fluid, t is time, xi and ui represent the spatial coordinate and
the velocity component in the i th direction. The momentum transport is given by

∂ρui
∂t

+ ∂ρuiuj
∂xj

= − ∂p

∂xi
+ ∂τij

∂xj
, (2.2)

where p is the fluid pressure, and τij is the viscous stress tensor, given by

τij = −2
3µ

∂uk
∂xk

δij + µ

(
∂uj
∂xi

+ ∂ui
∂xj

)
, (2.3)

where µ is the dynamic viscosity evaluated from a tabulated temperature fit over the solution
of collision integrals [66]. The total chemical energy transport is governed by the following
equation:

e =
∫ T

T0
CPdT − p

ρ
+

Ns∑
k=1

∆h0
f,kYk + 1

2uiui. (2.4)

In Eq. 2.4, T0 is the reference temperature (typically 298.15 K), T and Cp are the mixture
temperature and the mixture specific heat, Yk and ∆h0

f,k are the mass fraction and enthalpy
of formation for the kth species, and Ns is the total number of species in the mixture. The
transport of the total chemical energy e is given by:

∂ρe

∂t
+ ∂ujρh

∂xj
= ∂

∂xj
α

∂T

∂xj
+ ∂(uiτij)

∂xj
+

N∑
k=1

(
hk

∂

∂xi
(ρVk,iYk)

)
, k ∈ [1, Ns] , (2.5)

where h = e + p/ρ is the total enthalpy of the mixture (sensible, chemical, and kinetic), and
α is the mixture’s thermal conductivity. The enthalpy and internal energy are computed
relative to this minimum bounding temperature using the fixed specific heat. The gas is
treated as an ideal gas, and the governing equations are thus closed using an ideal gas equa-
tion of state. The viscosity and thermal conductivity for each species are fit as a function of
temperature and pressure to reduce computational cost [66]. Finally, the transport equation
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for a species Yk is given by:

∂ρYk
∂t

+ ∂ρuiYk
∂xi

= − ∂

∂xi
(ρVk,iYk) + ω̇k, k ∈ [1, Ns] (2.6)

The differential diffusion effects are modeled in this solver through diffusion velocity to
account for the fast diffusion of hydrogen and hydrogen-related radicals. The diffusion veloc-
ities can be modeled using various methods, including the mixture-averaged diffusion model
and the multicomponent diffusion model. According to the findings presented by Bruno et
al. [67], both models produce comparable predictions of fluid-dynamic and thermochemical
fields when applied to partially premixed hydrogen jet flames at high Reynolds numbers.
However, the mixture-averaged diffusion model distinguishes itself by accommodating vari-
able species diffusivity depending on the composition of the mixture, thus addressing the
differential diffusion effects. Such effects contrast with preferential diffusion, where the diffu-
sivity of individual species remains constant regardless of the composition of the mixture. In
the context of current research, where species composition undergoes significant changes due
to chemical reactions, the resulting variability in mixture composition requires accounting
for differential diffusion effects for accurate predictions. After assessing the balance between
computational effort and numerical accuracy, we selected the mixture-averaged diffusion
model as the most suitable method for this investigation. The mixture-averaged diffusion
model uses the mass-based mixture-averaged diffusion coefficients matrix, defined as [68]:

1
Dkm

=
∑
j ̸=k

Xj

Dkj

+ Xk

1 − Yk

∑
j ̸=k

Yj
Dkj

, (2.7)

where Dkj is the binary diffusion coefficient matrix. Then the diffusion velocity, Vk,i used in
Eq. (2.5) and Eq. (2.6) is defined as follows:

Vk,i = V D
k,i + V C

k,i = − 1
Yk

Dkm
∂Yk
∂xi

+
N∑
k=1

Dkm
∂Yk
∂xi

, (2.8)

Due to the modeling of diffusion velocity, the correction velocity, V C
k,i, was necessary to ensure

that ∑N
k=1 Vi,k

∂Yk

∂xi
= 0.

Chemical source terms are modeled using detailed finite-rate chemical kinetics. For a
mechanism with Ns species and Nr elementary reactions, the net production rate of species
k is obtained by summing the contributions of all forward and backward reaction steps.

ω̇k =
Nr∑
l=1

Mk

(
ν ′′
k,l − ν ′

k,l

)
(Rf,l − Rb,l) , (2.9)
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where Mk is the molecular weight of species k, ν ′
k,l and ν ′′

k,l are the reactant and product
stoichiometric coefficients, and Rf,l and Rb,l are the forward and backward rates for reaction
l. The forward rates are evaluated using Arrhenius expressions, while the reverse rates are
obtained from the corresponding equilibrium relations.

To reduce this cost, the present solver uses the matrix-based chemistry formulation devel-
oped by Barwey and Raman [65], in which the evaluation of detailed chemical source terms
is recast into a sequence of dense matrix operations that map efficiently to GPU hardware.
This formulation substantially accelerates chemistry integration in large three-dimensional
reacting-flow calculations while retaining the underlying detailed kinetic description [65; 9].
Because chemical timescales are much shorter than the characteristic transport timescales,
the solver advances reactions and fluid transport with an operator-splitting approach [69; 70],
allowing the stiff chemistry update to be treated separately from the convective and diffusive
evolution.

Thermochemical properties are obtained from the NASA polynomial representation,
which is used to evaluate species heat capacities, enthalpies, and internal energies. This
provides a consistent thermodynamic closure for the multi-species reacting system and al-
lows the mixture properties to be assembled directly from the species states. To broaden the
temperature range over which the thermodynamic model remains well behaved and to avoid
nonphysical behavior at low temperatures, the present solver applies a modified temperature
treatment: below a prescribed minimum temperature Tmin, the species heat capacity is held
at its value at Tmin, and the species enthalpy is evaluated relative to a reference state de-
fined at the same temperature. The internal energy is then obtained from the corresponding
enthalpy relation. This treatment preserves smooth and physically reasonable thermody-
namic behavior in under-expanded or strongly cooled regions without changing the standard
NASA-polynomial form in its normal range of validity [71].

A finite volume formulation is used to discretize the governing equations. Denoting the
conserved variables U, fluxes F, and source terms S, the governing equations can be formu-
lated in a generalized form as

∂U
∂t

+ ∂F
∂xj

= ∂S
∂xj

, (2.10)

where U = [ρ, ρuj, ρe, ρYk] are the conserved variables, F is the Euler term, and S rep-
resents the source terms that include bulk viscous dissipation, heat diffusion, viscous shear
dissipation, enthalpy diffusion, and species diffusion terms. The governing equations are
then integrated over each cell, which is treated as the control volume. Applying the diver-
gence theorem allows the time rate of change of the volume-averaged conserved state U to

23



be related to the sum of the fluxes and source terms evaluated on the cell faces:

∂U
∂t

+
Nf∑
j

FjAj =
Nf∑
j

SjAj, (2.11)

where Aj is the face area of the jth face over the total faces Nf enclosing a cell volume. The
finite volume update procedure then requires the following: (1) convert averaged conserved
states to cell-centered primitive states, (2) interpolate primitive cell-centered states to cell
face centers, (3) compute the average flux over each face, and (4) update the averaged
conserved states with a time integrator.

2.2 Complex Geometry and Embedded boundaries

Both the JICF and MTM configurations considered in this dissertation involve practical
injector and tube-bundle geometries that cannot be conveniently represented using body-
fitted structured meshes. To accommodate these complex internal surfaces, the present
solver employs an embedded-boundary formulation on Cartesian grids within our in-house
compressible reacting-flow framework [72]. For these complex geometries, the mesh gener-
ation process is often time-consuming and expensive. Meshing geometries in unstructured
grids is more complicated and computationally intensive than in Cartesian grids due to their
irregular and adaptive nature. Embedded boundary Cartesian grids vastly simplify the grid
generation process by reducing it to computing intersections of the geometry with the un-
derlying nonaligned Cartesian mesh. As a result, the mesh generation process becomes fast
and robust in handling geometries of arbitrary complexity. In addition, the meshes are com-
putationally efficient: typically, most of the mesh consists of regular Cartesian cells, with
no additional geometric metrics to store [73]. The challenge lies with the cut cells, which
are more irregular than unstructured meshes and impose a significant time step restriction
for explicit time integration methods. The geometry treatment in the present work is di-
vided into two steps. The first step is the construction of a functional representation of the
complex geometry. The second step is mapping the continuous functional representation of
the geometry onto the Cartesian mesh at all AMR levels and storing this information in an
AMReX-distributed database class. The embedded boundary formulation for the treatment
of complex geometries requires a mathematical implicit function that describes the relative
position of the point x (cell centers) with respect to the boundary of the geometry Ω. The
function takes in the position x as an input argument and returns a positive value at points
inside Ω, zero at the boundary of Ω, and negative outside of Ω. The geometries can be
constructed using implicit functions or directly from CAD-based representations in the form
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of stereolithography (STL) files.
Current framework uses a cut-cell Embedded Boundary (EB) approach [74; 75], enabling

the treatment of arbitrary non-mesh conformal geometries. The embedded boundary will
‘cut’ through cells arbitrarily, resulting in a new face on the interior of the cell and altered
cell volume, centroid, and face centroids and areas. AMReX provides the data structures
representing the cut-cell geometry. The cut-cells require special EB treatment to enforce
the desired boundary conditions. In particular, we must impose a new flux on the EB
face, and the cut-face fluxes are modified according to their shifted centroid and area. This
implementation interpolates the cut-face state to the shifted centroid before calculating the
fluxes. Thus, it ensures that the wave speeds in the HLLC flux calculation use the face
information at the corrected location.

While the EB implementation described above is sufficient to represent non-mesh con-
formal geometries, it suffers from a CFL constraint proportional to 1/κV , where κV is the
volume fraction of the cut-cell. This CFL constraint is also known as the small cell problem
and is prohibitive in complex geometries with cells where κV ≪ 1. To alleviate the small cell
problem, state redistribution [76; 77] is implemented in the solver through AMReX-Hydro
[78]. In state redistribution, cut-cells beneath a target threshold volume fraction redistribute
the fluid state to neighboring cells in their merging neighborhood. The desired target volume
fraction, with a default of 0.5, determines the merging neighborhood. This eliminates the
dependence of the CFL number on the volume fraction.

State redistribution has been successfully applied in compressible flows [76; 77], but in its
current form, it suffers from challenges of boundedness in the transport of passive scalars.
This arises from distributing the merged neighborhood solution to the computational cells
using a least squares limited reconstruction. The boundedness problem is thus analogous to
the boundedness problem in flux evaluation, in which face variables are reconstructed from
cell values. Previous work addressing boundedness errors within flux evaluation includes [79;
80], which is applied to state redistribution as described below. The primary source of error
in state redistribution is the limited least squares reconstruction of the conserved variables.
Reconstructing mass, ρ, and species mass, ρYi, separately results in∑ ρYi ̸= ρ, guaranteeing a
non-physical species mass fraction. A simple second-order accurate solution is to reconstruct
the mass, ρ, and mass fractions, Yi, separately; this will give the sum of the mass fractions
to be 1. However, to maintain the boundedness of individual mass fractions, the smallest
limiter among all species must be uniformly applied to the reconstruction of all the species
mass fractions. These modifications to ensure species boundedness are implemented in the
current solver.
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2.3 Characteristic boundary conditions for reacting flows

High subsonic turbulent hydrogen combustion analysis requires a compressible solver to cou-
ple pressure and density due to the high subsonic flow speed and density variations from
reactions. Because of this coupling between pressure and density, the treatment of inlet and
outlet boundaries must remain consistent with the characteristic structure of the governing
equations. Otherwise, spurious pressure waves can reflect back into the domain and contam-
inate the interior flame and flow response. The present solver therefore employs a NSCBC
treatment following previous work [81], based on the characteristic framework of Poinsot
and Lele [62]. It presents a characteristic boundary treatment, an extension of the original
NSCBC method proposed by [82]. The current implementation is for AMR-based codes that
utilize the embedded boundaries (EB) formulation for complex geometry treatment. We
also extended the previous implementations by [83; 84; 85] to include more boundary ghost
cells and species treatment for the AMReX framework with EB, respectively. The NSCBC
formulation is directly based on primitive variables; the non-conservative formulation of the
NS equations can be shown as follows:

∂ρ
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∂ρ
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+ ρ

∂ui
∂xi

= 0, (2.12)

∂uj
∂t

+ ui
∂uj
∂xi

+ 1
ρ

∂p

∂xi
= 1

ρ

∂τij
∂xi

, (2.13)

∂p

∂t
+ ρc2 ∂ui

∂xi
+ ui

∂p

∂xi
= (γ − 1)

(
τij

∂uj
∂xi

− ∂qi
∂xi

+
k∑
k=1

hk
∂

∂xi

(
ρD

∂Yk
∂xi

))
, k ∈ [1, Ns] ,

(2.14)
∂Yk
∂t

+ ui
∂Yk
∂xi

= ∂

∂xi
D

∂Yk
∂xi

+ 1
ρ

ω̇k, k ∈ [1, Ns] . (2.15)

τij = µ

(
∂ui
∂xj

+ ∂uj
∂xi

− 2
3δij

∂uk
∂xk

)
,

qi = −λ
∂T

∂xi
,

Using characteristic wave analysis [82] in the x direction, the wave propagation speeds
are

λ1 = u1 − c, λ2 = λ3 = λ4 = λ5+k = u1, λ5 = u1 + c,

, and the wave amplitudes are defined as:
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L1 = λ1

(
∂p

∂x1
− ρc

∂u1

∂x1

)
, (2.16)

L2 = λ2

(
c2 ∂ρ

∂x1
− ∂p

∂x1

)
, (2.17)

L3 = λ3
∂u2

∂x1
, (2.18)

L4 = λ4
∂u3

∂x1
, (2.19)

L5 = λ5

(
∂p

∂x1
+ ρc

∂u1

∂x1

)
, (2.20)

L5+k = λ5+k
∂Yk
∂x1

. (2.21)

Using these wave amplitudes, the non-conservative NS equations (Eq. 2.12 - 2.15) can
be recast as:

∂ρ

∂t
+ 1

c2

(
L2 + 1

2 (L5 + L1)
)

= −u2
∂ρ

∂x2
− ρ

∂u2

∂x2
− u3

∂ρ

∂x3
− ρ

∂u3

∂x3
, (2.22)

∂u1

∂t
+ 1

2ρc
(L5 − L1) = −u2

∂u1

∂x2
− u3

∂u1

∂x3
+ 1

ρ

∂τi1
∂xi

, (2.23)

∂u2

∂t
+ L3 = −u2

∂u2

∂x2
− u3

∂u2

∂x3
− 1

ρ

∂p

∂x2
+ 1

ρ

∂τi2
∂xi

, (2.24)

∂u3

∂t
+ L4 = −u2

∂u3

∂x2
− u3

∂u3

∂x3
− 1

ρ

∂p

∂x3
+ 1

ρ

∂τi3
∂xi

, (2.25)

∂p

∂t
+ 1

2(L1 + L5) = −ρc2 ∂u2

∂x2
− u2

∂p

∂x2
− ρc2 ∂u3

∂x3
− u3

∂p

∂x3
,

+ (γ − 1)
(

τij
∂uj
∂xi

− ∂qi
∂xi

+
k∑
k=1

hk
∂

∂xi

(
ρD

∂Yk
∂xi

))
k ∈ [1, Ns] ,

(2.26)
∂Yk
∂t

+ L5+k = −u2
∂Yk
∂x2

− u3
∂Yk
∂x3

+ ∂

∂xi
D

∂Yk
∂xi

+ 1
ρ

ω̇k k ∈ [1, Ns] . (2.27)

The left-hand side is the Local One-Dimensional Inviscid LODI system [82] with the
species transport equation, while the right-hand side represents the diffusion, reaction, and
transverse terms, which are referred to as the modified LODI in [84]. In order to clearly
define the transverse, diffusion, and reaction terms for each wave amplitude, Eq.( 2.22 -
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2.27) can be written as:

∂p

∂t
− ρc

∂u1

∂t
+ L1 + ℑ(x)

1 = D1, (2.28)

c2 ∂ρ

∂t
− ∂p

∂t
+ L2 + ℑ(x)

2 = D2, (2.29)
∂u2

∂t
+ L3 + ℑ(x)

3 = D3, (2.30)
∂u3

∂t
+ L4 + ℑ(x)

4 = D4, (2.31)
∂p

∂t
+ ρc

∂u1

∂t
+ L5 + ℑ(x)

5 = D5, (2.32)
∂Yk
∂t

+ L5+k + ℑ(x)
5+k = D5+k + R5+k, k ∈ [1, Ns] . (2.33)

Associating with each wave’s amplitude, the transverse term, ℑ(x)
i is defined as:

ℑ(x)
1 =

(
u2

∂p

∂x2
+ γp

∂u2

∂x2
− ρcu2

∂u1

∂x2

)
+
(

u3
∂p

∂x3
+ γp

∂u3

∂x3
− ρcu3

∂u1

∂x3

)
, (2.34)

ℑ(x)
2 = u2

(
c2 ∂ρ

∂x2
− ∂p

∂x2

)
+ u3

(
c2 ∂ρ

∂u3
− ∂p

∂x3

)
, (2.35)

ℑ(x)
3 =

(
u2

∂u2

∂x2
+ 1

ρ

∂p

∂x2

)
+ u3

∂u2

∂x3
, (2.36)

ℑ(x)
4 = u2

∂u3

∂x2
+
(

1
ρ

∂p

∂x3
+ u3

∂u3

∂x3

)
, (2.37)

ℑ(x)
5 =

(
u2

∂p

∂x2
+ γp

∂u2

∂x2
+ ρcu2

∂u1

∂x2

)
+
(

u3
∂p

∂x3
+ γp

∂u3

∂x3
+ ρcu3

∂u1

∂x3

)
, (2.38)

ℑ(x)
5+k = u2

∂Yk
∂x2

+ u3
∂Yk
∂x3

, k ∈ [1, Ns] . (2.39)
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Diffusion transverse term, Di are defined as:

D1 = (γ − 1)
(

τij
∂uj
∂xi

− ∂qi
∂xi

+
k∑
k=1

hk
∂

∂xi

(
ρD

∂Yk
∂xi

))
− c

∂τi1
∂xi

, (2.40)

D2 = −(γ − 1)
(

τij
∂uj
∂xi

− ∂qi
∂xi

+
k∑
k=1

hk
∂

∂xi

(
ρD

∂Yk
∂xi

))
, (2.41)

D3 = 1
ρ

∂τi2
∂xi

, (2.42)

D4 = 1
ρ

∂τi3
∂xi

, (2.43)

D5 = (γ − 1)
(

τij
∂uj
∂xi

− ∂qi
∂xi

+
k∑
k=1

hk
∂

∂xi

(
ρD

∂Yk
∂xi

))
+ c

∂τi1
∂xi

, (2.44)

D5+k = ∂

∂xi
D

∂Yk
∂xi

, k ∈ [1, Ns] . (2.45)

The reaction term only appears in species equations Eq. 2.33 where R5+k = 1
ρ
ω̇k. With the

temporal integration procedure in the solver, the ghost cell values are updated for each time
integration step (n, n+ 1

2), assuming that the ghost cells and the interior cells are in the same
timestep. Therefore, the time derivative in Eq.( 2.22 - 2.27) can be eliminated naturally.
The method of updating the primitive variables of the ghost cells is to express the spatial
derivatives of each primitive variable in Eq.( 2.22 - 2.27) in terms of the last interior cells
and ghost cells using some finite difference scheme [83]. To show the calculation for different
cells with compact equations, primitive variables are defined as Q = [ρ, u, v, w, p]. The main
modification is to extend the formulation for ∂Q

∂x1
to five ghost cells due to the requirement

for the implementation of EB in AMReX. From the LODI system in the x-direction, we can
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express ∂Q
∂x1

in terms of wave amplitudes as:

∂Q

∂x1
=



∂ρ
∂x1

∂u1
∂x1

∂u2
∂x1

∂u3
∂x1
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∂x1

∂Yk

∂x1



=
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1
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L2
λ2

+ 1
2

(
L5
λ5

+ L1
λ1

))
1

2ρc

(
L5
λ5

− L1
λ1

)
L3
λ3

L4
λ4

1
2

(
L1
λ1

+ L5
λ5

)
L5+k

λ5+k



(2.46)

All ghost cells are expressed in terms of the last interior and other ghost cells using certain
finite difference schemes, where the subscript i represents the last interior cell; the expressions
for the left boundary (i = 1) are as follows:

Qi−1 = Qi+1 − 2∆x
∂Q

∂x
, (2.47)

Qi−2 = −2Qi+1 − 3Qi + 6Qi−1 + 6∆x
∂Q

∂x
, (2.48)

Qi−3 = 3Qi+1 + 10Qi − 18Qi−1 + 6Qi−2 − 12∆x
∂Q

∂x
, (2.49)

Qi−4 = −4Qi+1 − 65
3 Qi + 40Qi−1 − 20Qi−2 + 20

3 Qi−3 + 20∆x
∂Q

∂x
, (2.50)

Qi−5 = 1
107

(
−27Qi+1 + 1162Qi − 2565Qi−1 + 2620Qi−2 − 1765Qi−3 + 682Qi−4 − 480∆x

∂Q

∂x

)
. (2.51)

As mentioned in [83], simple central finite schemes using two stencils only lead to numerical
instability. Instead, all available stencils will be used to form a particular scheme for each
ghost cell. For the first four ghost cells, the finite difference schemes are derived from the
method of undetermined coefficients [86] to obtain the highest order of accuracy possible
with the available stencils. In contrast, for the 5th ghost cell, to achieve numerical stability,
we use a scheme of zero-order accuracy with∂Q

∂x
= ∑r

j=−1 ajQj = 5
6
∂Q
∂x

+ 1
4∆x∂2Q

∂x2 + O (∆x2).
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For the right boundary (i = Lx), expressions can be shown as:

Qi+1 = Qi−1 + 2∆x
∂Q

∂x
, (2.52)

Qi+2 = −2Qi−1 − 3Qi + 6Qi+1 − 6∆x
∂Q

∂x
, (2.53)

Qi+3 = 3Qi−1 + 10Qi − 18Qi+1 + 6Qi+2 + 12∆x
∂Q

∂x
, (2.54)

Qi+4 = −4Qi−1 − 65
3 Qi + 40Qi+1 − 20Qi+2 + 20

3 Qi+3 − 20∆x
∂Q

∂x
, (2.55)

Qi+5 = 1
107

(
−27Qi−1 + 1162Qi − 2565Qi+1 + 2620Qi+2 − 1765Qi+3 + 682Qi+4 + 480∆x

∂Q

∂x

)
. (2.56)

Figure 2.2: Computational domain showing the waves entering and leaving through inlet
and outlet.

For outgoing waves, the wave amplitudes can be directly calculated from definitions in
Eq.( 2.16 - 2.21); the ghost cell values are updated from Eq.( 2.47 - 2.56). It is noteworthy
that the amplitudes of outgoing waves can be directly obtained from the LODI equations,
excluding transverse and diffusion effects, since they do not induce artificial waves entering
the domain that might alter the internal solution. In contrast, incoming waves do generate
such spurious waves, necessitating the incorporation of transverse and diffusion terms in the
amplitude calculations, along with the target value treatment [87]. For example, for outflow
at x = Lx, only L5 is an incoming wave, as shown in Fig. 2.2; it was originally defined
as L5 = K (p − pt) without any consideration of the transverse and diffusion terms. When
substituting this expression for L5 into Eq.(2.32), the result will be expressed as:

∂p

∂t
+ ρc

∂u1

∂t
+ K (p − pt) + ℑ(x)

5 = D5. (2.57)

From this equation, at steady state ( ∂
∂t

= 0), it leads to K (p − pt) + ℑ(x)
5 = D(x)

5 . This
implies that pressure p = D5−ℑ(x)

5
K

+ pt will not reach the target pressure pt, resulting in
pressure drifting. Including transverse and diffusion terms, L5 = K (p − pt) − ℑ(x)

5 + D(x)
5 ,

will lead to K (p − pt) = 0 at steady state. However, the transverse term leads to numerical
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instability when the mean flow direction does not dominate over the transverse direction
near the boundary layer. Therefore, a relaxation term defined as χ for the transverse term is
needed [84]. In the current implementation, diffusion and reaction terms are ignored in the
wave amplitudes approximation, while the transverse term is considered, as it is expected
to dominate over the diffusion terms, and reactions do not appear at the inflow region in
the case of interest. In the subsequent section, we present the formulation for flow along the
x1-direction (inflow (x = 0) and outflow (x = Lx) formulations). Although the formulation
for the x2 and x3 directions is not included, it is similar in structure and can be readily
extrapolated.

For subsonic inflow, there is one outgoing wave; all other waves are incoming waves, as
shown in Fig. 2.2. The amplitude of incoming waves with transverse terms can be expressed
as [85], [83]:

L2 = η2
ρcR
Lx

(T − Tt) − ℑ(x)
2 , (2.58)

L3 = η3
c

Lx

(v − vt) − ℑ(x)
3 , (2.59)

L4 = η4
c

Lx

(w − wt) − ℑ(x)
4 , (2.60)

L5 = η5
ρc2 (1 − M2)

Lx

(u − ut) − ℑ(x)
5 , (2.61)

L5+k = η5+k
c

Lx

(Yk − Ykt) − ℑ(x)
5 . (2.62)

The outgoing wave will be calculated directly from Eq.( 2.16). For derivatives in the x1

direction, a one-sided finite difference scheme needs to be used for any scalar ϕ (x = 0):

∂ϕ

∂x1
= −3ϕi + 4ϕi+1 − ϕi+2

2∆x
. (2.63)

The transverse terms are defined by Eq.( 2.35 - 2.39). To calculate these transverse terms,
a simple central finite difference method can be applied to derivatives in the x2 and x3

directions. Near the corner of the EB wall and the inflow, a one-sided finite difference method
was used. Previous work [88; 89] considered an additional unsteady term ∂u

′
i

∂t
for the wave

amplitude calculations in vortical and acoustic flow. In the current work, as described for
Eq.( 2.22 - 2.27), the time derivative vanishes for ∂ui

∂t
; therefore, this time derivative term

of unsteady fluctuation was ignored.
For subsonic outflow, in contrast to inflow, there is only one incoming wave and all other

waves are outgoing waves, as shown in Fig. 2.2. The amplitudes of the incoming wave along
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with transverse terms can be expressed as [85], [83] :

L5 = σc (1 − M2)
Lx

(p − pt) − (1 − χ)ℑ(x)
5 . (2.64)

The outgoing wave will be calculated directly from Eq.( 2.16 - 2.19 and 2.21). For derivatives
in the x1 direction, a one-sided finite difference scheme must be used for any scalar ϕ (x = Lx):

∂ϕ

∂x1
= 3ϕi − 4ϕi+1 + ϕi+2

2∆x
. (2.65)

The transverse terms are defined by Eq.( 2.38). In order to calculate these transverse terms,
a simple central finite difference method can be applied for derivatives in the x2 and x3

directions. At the corner of the EB wall and the outflow, a similar one-sided finite-difference
method is used. Based on previous work [82; 90], an initial optimal value of 0.25 will be used
for σ. Following the idea proposed in [85], the value of χ is set as a local Mach number or
some constant averaged Mach number. However, these parameters are highly case-dependent
and require further tuning.

In reactive flow simulations, the reaction induces significant temperature and species
gradients that result in density gradients and vortical flow near the outlet boundary. When
a transverse term is incorporated in L1 with χ as the local Mach number, the solution diverges
due to the mean flow direction gradients not being dominant over the transverse term under
such conditions. The solution involved tuning the value of χ to control the transverse term
T1 in L1 in the outflow equations after the reactions, combined with damping the fluctuations
by coarsening the mesh and decreasing the value of σ.

In this numerical implementation, the boundary update is constructed by solving the
LODI system within the ghost-cell region using approximated characteristic amplitudes,
along with a relaxation-based boundary treatment. The outgoing characteristic informa-
tion is taken from the interior solution, while the incoming characteristic information is
determined from prescribed target boundary states. In this way, the boundary treatment
remains consistent with the direction of wave propagation and avoids imposing nonphys-
ical information on characteristics that should leave the domain. Once the characteristic
update is obtained, the primitive variables in the ghost cells are reconstructed from the
updated LODI relations. The ghost-cell values are therefore not imposed directly as fixed
primitive states; instead, they are inferred from the local characteristic evolution implied
by the boundary treatment. The relaxation parameters control how strongly the boundary
state is driven toward its prescribed target values. At the inflow, the parameters ηi set the
relaxation strength for the incoming thermodynamic, velocity, and species characteristics
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and therefore determine how rapidly the boundary state approaches the desired inflow con-
dition. At the outflow, the parameter σ controls the strength of the pressure relaxation and
thus how strongly the outlet pressure is enforced, while χ modulates the contribution of
the transverse correction terms in the outflow treatment. These parameters must be chosen
to balance accurate boundary enforcement against excessive acoustic reflection or numeri-
cal stiffness. In practice, overly weak relaxation can allow boundary drift, whereas overly
strong relaxation can introduce spurious feedback into the computational domain. This
procedure is important for maintaining compatibility with the compressible finite-volume
solver, since it provides ghost-cell states that are consistent with both the interior solution
and the prescribed boundary behavior. As discussed in previous works [81], retaining the
transverse corrections in this reconstruction is particularly important in high-subsonic mul-
tidimensional reacting flows, where pressure drift and spurious wave reflection can otherwise
become significant.

2.4 GPU-Oriented Implementation

(A) (B)

1a

2a

3a

Timeline of events

Queue !!

Queue 1

Queue 2

1b

2b

1z...

2z...

3b 3z...

4a 4b ...

5a 5b ...

6a 6b ...

...

while time < final_time

update time

update grids

for levels 1 through L

for grids 1 through G

launch kernel a

launch kernel b

...

launch kernel z

barrier

Figure 2.3: Illustration of GPU-oriented execution strategies for AMReX-based reacting-flow
solvers, highlighting how mesh, physics, and chemistry kernels are organized for accelerator
performance [9].

The substantial computational cost of multiscale, three-dimensional compressible
reacting-flow simulation is further addressed in the present solver through a GPU-oriented
implementation within the AMReX framework, using custom CUDA kernels and execution
strategies designed specifically for this class of calculations [9]. The main performance chal-
lenges arise from the combined effects of memory-access efficiency, localized chemistry cost,
and the nonuniform workload associated with adaptive mesh refinement. The implementa-
tion is therefore organized to target these issues directly through data-layout optimization,
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chemistry-specific execution strategies, and AMR-aware load management.
Figure 2.3 summarizes the overall organization of the GPU implementation. Rather than

treating the solver update as a single monolithic operation, the major algorithmic compo-
nents—including hydrodynamic updates, chemistry evaluation, and mesh-management op-
erations—are decomposed into fine-grained kernels that are launched across the active AMR
hierarchy. This structure exposes concurrency across grid patches and refinement levels
while preserving the distinct performance requirements of the major solver components. In
practice, the execution model relies on many kernel launches and asynchronous work queues
so that operations with different memory and arithmetic characteristics can be scheduled
efficiently on the accelerator. This organization is especially important for reacting-flow cal-
culations, where chemistry is highly localized and significantly more expensive per cell than
the hydrodynamic update.
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Figure 2.4: Roofline analysis comparing baseline and optimized convection and chemistry
kernels, showing improved performance and hardware utilization in the GPU-oriented solver
implementation [9].

The performance implications of this design are illustrated by the roofline analysis in
Fig. 2.4. The figure compares baseline and optimized implementations for both convec-
tion and chemistry kernels. In both cases, the optimized kernels achieve higher sustained
performance and move toward more favorable arithmetic intensity, indicating improved uti-
lization of the underlying GPU hardware. The improvement is particularly significant for
chemistry, which remains one of the dominant costs in high-fidelity reacting-flow simulation.
These optimizations produce substantial overall speedup relative to the initial implementa-
tion and demonstrate that meaningful gains require coordinated improvement of the major
solver components rather than isolated optimization of a single kernel. Overall, the GPU-
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oriented implementation achieves its performance gains through coordinated improvements
in memory access efficiency, chemistry-kernel execution, and the scheduling of AMR work-
loads across the GPU. Additional details of the GPU-oriented implementation, including the
execution strategy and performance analysis, are presented in [9].
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CHAPTER 3

Fluid-Chemistry Interactions and Modeling Challenges in
Hydrogen Jets in Crossflow

3.1 Introduction

Numerical study of turbulent hydrogen combustion remains demanding even in canonical
configurations. Thin reaction zones, strong local strain, finite-rate chemistry, and differential
diffusion all interact with three-dimensional turbulent transport, so the flame response cannot
be inferred from the large-scale flow field alone [91; 32]. Reduced-order combustion models
remain attractive for Large-Eddy Simulation (LES) because they offer a practical route to
turbulent reacting-flow calculations at tractable cost, and flamelet-based approaches continue
to be among the most widely used formulations in this setting [92; 93; 94; 95]. Their use
in hydrogen flames, however, remains more delicate. The strong diffusivity of hydrogen and
the resulting sensitivity to local transport can move the flame away from the assumptions
embedded in tabulated manifolds, especially when multiple burning modes and strongly
non-uniform stabilization environments coexist [96; 97].

The reacting jet in crossflow retains these modeling difficulties in a flow configuration that
remains physically compact and well characterized. Despite its simpler geometry, it retains
features that are central to hydrogen combustion in more complex systems: strong shear
between dissimilar streams, inherently three-dimensional vortex dynamics, wake recircula-
tion, local extinction and re-ignition tendencies, and multiple candidate flame-stabilization
pathways [12; 98; 29; 99]. The broader relevance of JICF to combustor and flare applications
is also evident in prior work. Some works investigated reacting transverse hydrogen jets in
high-enthalpy supersonic crossflow, showing that the jet-to-crossflow momentum-flux ratio
reorganizes ignition, near-wall burning, and shear-layer reaction structure over J = 0.3–
5.0 [100; 31]; subsequent staged-transverse-jet work showed that a downstream pulsed-
detonation jet can reorganize the wake and increase cumulative heat release [101]. While
other works treated non-assist flare flames as reacting JICF configurations, explicitly linking
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crosswind turbulence to local strain, scalar dissipation, flame detachment, and degraded com-
bustion efficiency; in that methane-flare study, combustion efficiency dropped by about 10%
as crossflow turbulence intensity approached 20% [102]. A companion experimental/LES
study of utility-pipe flares showed that crosswind speed can reduce measured combustion
efficiency from nearly 100% at 0.3 m/s to 80.2% at 10 m/s for natural gas, while LES with
3–12 m/s crosswinds yielded combustion efficiencies from 99.45% to 95.89% [103]. Although
the fuels and Mach numbers differ from the present hydrogen cases, these studies support
the same physical point: jet momentum, crossflow turbulence, recirculation, and strain de-
termine whether a transverse reacting jet remains attached, lifts, locally extinguishes, or
shifts its dominant heat-release pathway. Related high-fidelity simulations by Sharma et al.
[104] showed that a hydrogen jet in high-speed crossflow can contain simultaneous wind-
ward flamelet-like reaction, lee-side distributed reaction, and counter-rotating-vortex-driven
jet-core breakdown. These same ingredients appear in staged and distributed combustors,
where fuel jets interact with hot crossflow gases and where the location of flame anchoring is
closely tied to operability and safety. In hydrogen-fueled configurations, the jet in crossflow
is therefore not only a canonical turbulent flame problem but also a compact representation
of the coupled flow-transport-chemistry interactions that appear more broadly in practical
combustors.

For gas-turbine design, the relevance of this configuration is most direct when it is in-
terpreted as a controlled representation of staged fuel injection, dilution-jet interaction, and
transverse fuel addition into a hot main stream. The important design variables are therefore
not only geometric, but nondimensional: the momentum-flux ratio J , the jet and crossflow
Reynolds numbers Rej and Rec, the fuel density ratio, the hydrogen volume fraction, the
stoichiometric mixture fraction Zst, and the scalar-dissipation and strain fields near the
flame edge. In the present study, these quantities span J = 1.96–8.41, Rej = 2600–6000,
Rec = 4.4 × 104, and hydrogen contents of 70–95% by volume. This range is used to connect
the canonical jet-in-crossflow flame to a combustor-design question: which branch of the
flame is robustly stabilized, and which branch is more susceptible to extinction, re-ignition,
or upstream propagation under hydrogen-enriched operation?

A range of combustion-modeling strategies has been applied to reacting jets in crossflow.
High-fidelity simulations and experiments have clarified many aspects of flame structure and
stabilization [98; 12; 105; 99], while flamelet-generated manifold approaches remain attractive
in LES due to their efficiency and their ability to represent turbulence-chemistry interaction
in a reduced form [92; 93; 94; 95]. Their performance in hydrogen-rich jets, however, depends
on how well the model captures the local burning mode and the transport processes that
feed the reaction zone. Recent work on high-speed hydrogen jets in crossflow has shown that
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strain-sensitive flamelet formulations improve the representation of the large-scale flame
organization, but it also leaves open the question of how differential diffusion and detailed
chemistry alter the local stabilization behavior [10].

Differential diffusion is particularly important in this context. Its influence has long been
recognized in flamelet theory [96; 97], and subsequent studies have shown that it can sub-
stantially modify local flame structure in hydrogen-rich reacting flows, including turbulent
non-premixed flames and hydrogen-containing ignition kernels [106; 107; 108]. In jets in
crossflow, its impact is not expected to be uniform throughout the flame. Regions domi-
nated by strong shear and turbulent mixing need not respond in the same way as low-speed
recirculation zones, where molecular transport can more directly alter the local mixture en-
countered by the flame [109; 110]. This makes the jet in crossflow a useful configuration
for separating where reduced-order combustion models remain adequate and where higher-
fidelity treatment of chemistry and transport becomes necessary.

The discussion that follows examines these issues through a combined view of flame
structure, local stabilization behavior, and thermochemical organization in hydrogen jets
in crossflow. Particular attention is given to the comparison between experimental mea-
surements [12] and numerical predictions, including both a strain-sensitive flamelet LES
description and a higher-fidelity detailed-chemistry simulation, in order to assess model per-
formance along with the underlying flame physics. The influence of differential diffusion
is then examined across the different branches of the flame and their associated transport
environments, yielding a more complete interpretation of hydrogen flame stabilization in
crossflow.

The resolution regime in this chapter is therefore mixed by design. The strain-sensitive
manifold calculation is an explicit LES closure for the filtered reacting flow, whereas the de-
tailed AMReX calculation is interpreted as an implicit LES/resolved-large-eddy finite-rate
simulation with no explicit subgrid turbulence model. In this regime, AMR resolves the
flame-front region, the jet shear layer, the wake recirculation, and the large coherent vortices
that organize the lee and lifted branches, while sub-filter turbulent motions remain repre-
sented by the numerical dissipation of the finite-volume scheme. Where DNS terminology
is retained in figure labels or model-comparison discussion, it should be read as the high-
resolution detailed-chemistry reference for this compact laboratory configuration, not as a
claim that the practical gas-turbine-scale problem is fully resolved down to all Kolmogorov
scales.
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3.2 Configuration and Modeling Approach

The reacting configuration consists of a round fuel jet injected normally into a hot crossflow.
The principal control parameter is the jet-to-crossflow momentum-flux ratio.

J =
ρjU

2
j

ρcU2
c

, (3.1)

where ρj and Uj denote the jet density and velocity, and ρc and Uc are the correspond-
ing crossflow quantities. This parameter controls the balance between jet penetration and
crossflow deflection and, therefore, strongly influences the large-scale flame topology. Prior
reacting-transverse-jet measurements have shown that J can separate distinct near-wall
and shear-layer burning regimes, including low-J lifted/wake-stabilized behavior and high-J
upstream-recirculation/shear-layer burning in high-speed hydrogen crossflow flames [31]. In
the present subsonic hot-crossflow cases, increasing J from 1.96 to 8.41 similarly moves the
controlling stabilization environment away from a compact lee-side branch and toward a
stronger lifted/shear-layer branch, although the absolute regime differs from the supersonic
configuration. The cases follow the hydrogen jet-flame measurements of Steinberg et al. [12].
In the reference configurations, a hydrogen-nitrogen jet issues perpendicularly into a hot
air crossflow, and the resulting flame morphology is compared against the measured branch
location and mean flame contour. Additional hydrogen-enriched cases are also considered
in order to examine how increased hydrogen content by volume modifies the local transport
and stabilization behavior. The cases used in the present analysis are summarized in Ta-
ble 3.1. Cases A7 and C7 correspond directly to the experimental conditions, while Cases
A9 and C9 extend the configuration to higher hydrogen content by volume for analysis of
differential-diffusion effects.

Table 3.1: Cases considered in the hydrogen jet-in-crossflow study. Cases A7 and C7 corre-
spond to the experimental configurations of Steinberg et al. [12], while Cases A9 and C9 are
hydrogen-enriched numerical extensions.

Case H2 Fuel
(vol.%)

J
Uj

(m/s)
Rej

Uc

(m/s)
Rec Exp.

A7 70 1.96 100 3000 55 44000 ✓

C7 70 8.41 200 6000 55 44000 ✓

A9 95 1.96 171 2600 55 44000 –
C9 95 8.41 342 5200 55 44000 –
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Throughout this chapter, Z denotes the Bilger mixture fraction, a conserved-scalar mea-
sure constructed from elemental mass fractions so that Z = 0 corresponds to the oxidizer
stream and Z = 1 corresponds to the fuel stream; this definition provides a common mix-
ture coordinate for comparing partially premixed and non-premixed hydrogen flame states
[111]. For the present 70% hydrogen-by-volume reference cases, the stoichiometric value is
approximately Zst = 0.17, which is used below to interpret flame-edge statistics and laminar-
reference comparisons.

The computational domain is shown in Fig. 3.1. A circular injector with a diameter
of Dj = 2 mm is mounted on the lower wall of a rectangular domain with dimensions
80 × 40 × 60 mm3 in the streamwise, spanwise, and vertical directions, respectively. The fuel
jet issues normally from the wall into a crossflow entering from upstream. This arrangement
generates the characteristic jet bending, upper-shear-layer roll-up, and lee-side wake recircu-
lation associated with flame stabilization in crossflow. Although the geometry is simple, the
reacting structures remain highly localized near the injector and in the downstream reaction
zone. The mesh is therefore refined dynamically in the vicinity of the flame front and the
surrounding vortical structures.

Figure 3.1: Computational domain with major dimensions and injector-region mesh view.
The hydrogen jet issues normally from a 2 mm injector into a hot crossflow, while mesh
refinement is concentrated near the flame front and other localized reacting structures.

Two numerical descriptions are considered for this configuration. One is a LES using
a strain-sensitive flamelet-generated manifold combustion model. The other is a highly
resolved finite-volume simulation with detailed finite-rate chemistry and differential diffusion.
The experimental comparison provides a reference for mean flame morphology, while the
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two numerical approaches provide complementary descriptions of the same reacting flow at
different modeling fidelity.

3.2.0.1 Large-Eddy Simulation with S-FGM

The LES employs a low-Mach-number reacting-flow solver coupled with tabulated chemistry.
The solver is formulated to retain second-order spatial and temporal accuracy while min-
imizing numerical dissipation of kinetic energy so that the resolved turbulent fluctuations
remain physically meaningful [112; 113]. Combustion is represented using a Strain-sensitive
Flamelet-Generated Manifold (S-FGM) formulation [10]. In this approach, the tabulated
chemistry includes the sensitivity of the source terms to local strain, which improves the rep-
resentation of multi-mode flame behavior relative to more conventional Flamelet-Generated
Manifold (FGM) and Flamelet Progress Variable Approach (FPVA) formulations.

The S-FGM formulation adopted here follows the approach presented by Sharma et
al. [10]. To incorporate strain effects into the tabulated chemistry description, a family
of strained counter-flow premixed flamelets is constructed. Consistent with the tabulation
framework, the manifold is parameterized by the mixture fraction, Z, and the progress vari-
able, C, defined as C = YH2O. To represent the effect of imposed strain, an additional coordi-
nate based on the OH mass fraction, YOH, is introduced. The flamelet solutions are computed
using the H2/O2 chemical mechanism of Li et al. [114] with FlameMaster [115]. Strain is
introduced through a counter-flow premixed flame configuration following the stretched pre-
mixed flame formulation of Rogg [116]. In the present implementation, a back-to-back con-
figuration is employed. Although previous studies have shown that back-to-back and fresh-
to-burned arrangements can yield different characteristics for laminar stretched flames [117],
they have also shown that the resulting flame structures become nearly identical for tab-
ulation purposes once the flamelets are mapped onto the same manifold coordinates [118].
For this reason, the back-to-back configuration provides a practical basis for the present
tabulation strategy.

The strained premixed flamelets exhibit the characteristic S-shaped response of peak
temperature with strain rate. The unstable branch of this response is difficult to obtain nu-
merically and requires an arc-length continuation procedure, as implemented in FlameMas-
ter [119; 115]. In addition, the flamelet-generation procedure is accelerated and stabilized
by using Cantera to provide a high-quality initial guess for the strain rate before the final
FlameMaster calculations are performed [120]. Unlike previous strained-FGM formulations
developed mainly for premixed turbulent flames [121; 122], the present formulation is de-
signed for the jet-in-crossflow configuration, where strong strain and fuel-air stratification
coexist in the windward shear layer. To account for this coupled effect, premixed flamelets
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Figure 3.2: Source terms plotted in progress variable–mixture fraction space for FPVA,
unstrained-FGM, and strained-FGM (S-FGM) tabulations from left to right, adapted from
Sharma et al. [10].

are generated over a range of fuel-air compositions rather than for a single premixed state.
In this way, the tabulated manifold accounts simultaneously for the effects of strain and local
fuel-air mixing. To be precise, 120 points were extracted from the mixing branch, and a total
of 4800 flamelets were solved to capture the S-shaped response for the sampled compositions.

The choice of the additional strain coordinate is important. A suitable marker must
vary rapidly over small spatial scales so that it remains sensitive to the local strained flame
structure. Several species could, in principle, be used for this purpose, including H2 and
excited hydrogen species, but prior analysis has shown that OH provides a more effective
parameterization of strain effects in strained flamelet manifolds [121; 118]. For this reason,
YOH is selected as the additional manifold coordinate in the present S-FGM formulation.

Figure 3.2 compares the tabulated source terms for FPVA, unstrained FGM, and S-FGM
in progress variable and mixture fraction space. The source term shown for S-FGM corre-
sponds to a specific level of the additional strain coordinate. The unstrained FGM formu-
lation exhibits the highest peak source term because it does not account for strain-induced
weakening of reactivity. In contrast, both FPVA and S-FGM show substantially reduced
peak values, reflecting the influence of strain. At the same time, the S-FGM source term
broadens over the composition space, particularly for 0.5 ≤ Z ≤ 1.0, indicating that burning
flamelet solutions remain available over a wider range of local mixture states. This broader
support leads to relatively larger reaction rates than FPVA in these regions and is important
for representing highly strained, partially premixed flames, where stabilization depends on
the coupled effects of mixing, strain, and chemical reactivity.

The tabulation is constructed using 4800 flamelet solutions in the (Z, C, YOH) space, as
shown in Fig. 3.3. The subgrid-scale distribution of mixture fraction is represented with a
β-PDF through the transported mixture fraction variance, while δ-PDF closures are used for
the progress variable and OH mass fraction. A unity Lewis-number assumption is adopted
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Figure 3.3: 3-D view of the S-FGM tabulation with vertical slices of reaction source visualized
at different Z levels.

in the LES description, consistent with the original formulation used for the high-Reynolds-
number hydrogen jet cases. The LES grid is strongly refined in the reaction region, with
an effective mesh count of approximately 30 million cells and near-wall resolution of about
y+ ≈ 5. The grid filter is chosen to resolve the dominant energy-containing structures in
the jet shear layer and wake while retaining a tractable computational cost; the remaining
subgrid scalar fluctuations are represented through the presumed-PDF closure.

3.2.0.2 High-Fidelity AMReX Simulations

The higher-fidelity simulations are performed with the compressible finite-volume solver de-
scribed in Chapter 2. The governing equations are solved on block-structured Cartesian
grids with adaptive mesh refinement and an embedded-boundary representation of the in-
jector geometry. Convective fluxes are evaluated using a limited interpolation procedure
together with an HLLC approximate Riemann solver, while viscous fluxes are computed us-
ing second-order central differencing. Detailed hydrogen-air chemistry is represented using
the 9-species, 21-reaction mechanism of Mueller et al. [11]. Differential diffusion is incorpo-
rated through a mixture-averaged transport model, allowing the local species diffusivity to
vary with the evolving mixture composition. The inflow and outflow boundaries are treated
using Navier-Stokes characteristic boundary conditions with species treatment, which is im-
portant for the subsonic reacting-flow regime of the present configuration [81]. The relaxation
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parameters are taken as σ = 0.25 at the outflow and ηi = 3.0 at the inflow. Turbulent inflow
fluctuations are introduced by mapping a homogeneous isotropic turbulence field to the inlet
plane. In the present configuration, the inflow fluctuation level is defined by an rms velocity
of 5 m/s and a Taylor length scale of λ = 0.125. The top and bottom walls are treated as
non-slip boundaries. Adaptive mesh refinement is used to resolve the flame front, the near-
wall region, and the surrounding vortical structures without uniformly refining the entire
domain. In the hydrogen-enriched cases, refinement is driven by the heat-release rate and
vorticity magnitude. With five levels of refinement, the minimum cell size is ∆ = 19.5 µm,
corresponding to approximately y+ = 0.65 in the near-wall region under cold-flow estimates.
A characteristic premixed flame thickness of about 247 µm yields roughly 12 cells across the
flame front at the finest level. In the 70% hydrogen-by-volume cases, the AMR study spans
multiple refinement levels, leading to approximately 50 million cells at level 3, 70 million cells
at level 4, and 130 million cells at level 5. Additional details of the grid-refinement study
and convergence behavior are provided in Appendix A. This refinement strategy makes it
possible to resolve both the flame surface and the surrounding transport structures while
keeping the full three-dimensional calculation computationally feasible.

Besides the use of finite-rate chemistry and differences in grid refinement, another impor-
tant distinction between the present high-fidelity AMReX-based solver and the previous LES
with S-FGM is the inclusion of differential diffusion (DD) and the use of characteristic bound-
ary conditions. Accordingly, a series of verification and validation cases was performed to
assess both the mixture-averaged diffusion model and the characteristic boundary condition
treatment within the current framework.

First, to verify the implementation of differential diffusion, a purely two-dimensional
diffusion case without convection was considered at T = 300 K and p = 1 atm. On the left
side of the domain, the initial composition was set to YH2 = 0.5 and YN2 = 0.5, while the
right side was initialized with YOH = 1.

Figure 3.4: Mass fraction evolution showing diffusion of different species into a pure OH
region.
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The results at three different time instants are shown in Fig. 3.4. They clearly demonstrate
the faster diffusion of hydrogen relative to nitrogen. In addition, even hydrogen diffuses to
the left and right at different rates because of the different mixture compositions on the two
sides of the interface; this asymmetric behavior is captured by the mixture-averaged diffusion
model. Quantitatively, the computed diffusivities of H2 and N2 agree with values obtained
from Cantera [123].

Next, a vortex-convection case was used to verify the basic implementation of the NSCBC
treatment. This two-dimensional test consists of a vortex convecting toward the right bound-
ary (x = L). The initial temperature is uniform at 300 K, while the pressure field is prescribed
as

p(x, y) = pref − ρref
G2

R2
v

exp
(

−(x − a)2 + (y − b)2

2R2
v

)
, (3.2)

and the density ρ is determined from the equation of state using the specified T and p. The
flow field is defined through the stream function

Φ(x, y) = G exp
(

−(x − a)2 + (y − b)2

2R2
v

)
, (3.3)

where G is the vortex strength, Rv determines the vortex size, and (a, b) denotes the vortex
center. The velocity components are then obtained as

Ux = Ux,ref + 1
ρ

∂Φ(x, y)
∂x2

, (3.4)

Uy = 1
ρ

∂Φ(x, y)
∂x1

. (3.5)

Figure 3.5 presents an instantaneous snapshot of the Ux iso-lines at t = 0.06 ms. The
left boundary is treated as an NSCBC inflow, the top and bottom boundaries are no-slip
walls, and three different right-boundary conditions are considered: Case A1 uses a zero-
gradient outflow condition, Case A2 uses NSCBC outflow without transverse terms, and
Case A3 uses NSCBC outflow with transverse terms. For the transverse-term treatment,
σ = 0.25, and β is taken to be the local outlet Mach number in each cell, approximately
0.1. The results in Fig. 3.5 demonstrate the importance of the transverse terms for this
vortex-convection problem. In Cases A1 and A2, the iso-lines show clear fluctuations near
the walls and distortion of the vortex core, indicating spurious reflections. In contrast, Case
A3 remains free of such reflections and preserves the vortex structure as it exits the domain.
This result highlights the importance of including transverse terms in NSCBC for accurate
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Figure 3.5: Instantaneous snapshot of Ux iso-lines for three outflow treatments: zero-gradient
extrapolation (left), NSCBC without transverse terms (middle), and NSCBC with transverse
terms (right).

treatment of multidimensional flow structures.
To further examine the role of species treatment in the NSCBC formulation, another test

case was considered in which the domain was initialized with a Gaussian distribution of O2

in the central region, while the remainder of the domain was filled with N2. The species
fields are prescribed as

YO2 = exp
(

−(x − a)2 + (y − b)2

2R2
v

)
, (3.6)

YN2 = 1 − YO2 , (3.7)

where (a, b) denotes the center of the Gaussian distribution. The inflow corresponds to an
air mixture, with YN2 = 0.767 and YO2 = 0.233, convecting in the x-direction at 20 m/s.

In this case, the NSCBC treatment for species becomes essential because the inflow compo-
sition differs from that inside the computational domain. Figure 3.6 shows that the NSCBC
formulation allows the user to prescribe an arbitrary inflow mixture independently of the
interior composition, while also allowing the Gaussian YO2 distribution to leave the domain
smoothly without spurious oscillations. By contrast, if zero-order extrapolation were used for
the mass fractions, the inflow composition would be artificially forced to match the interior
cell values adjacent to the boundary, thereby constraining the specified inlet mixture. This
issue becomes even more important in reacting flows, where strong chemical source terms
near the inlet can couple species and pressure variations. Under such conditions, zero-order
extrapolation of mass fractions becomes both inaccurate and nonphysical. The following
test addresses this more challenging situation.

Finally, the JICF configuration discussed above was used to assess the NSCBC treatment
under more realistic flow conditions. Figures 3.7c, 3.7b, and 3.7a show the temporal evolution
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Figure 3.6: Contour of O2 mass fraction for Case B.

of thermodynamic quantities at different boundaries. A cold-flow simulation was first run for
15 ms, with ηi = 3.0 at the injector inlet and ηi = 10.0 at the crossflow inlet, since a rapid
response to turbulent fluctuations is required there. It should be noted that increasing η

accelerates convergence but does not necessarily improve numerical stability. At the outlet,
σ = 0.8 was used so that the initial transients decay rapidly toward a steady cold-flow
solution.

As shown in the figures, the pressure fluctuation at the outlet remains within approx-
imately 10%, although its magnitude is influenced by both the mesh resolution and the
selected value of σ. During ignition at t = 15 ms, marked by the vertical black line, oscil-
lations at the injector inlet are observed before the boundary signals settle again. In this
transient oscillations stage, a relatively small η2 value is important for maintaining stability.
Because the flame stabilizes primarily in the jet-wake region, no additional reaction-specific
treatment is required at the inflow boundary. At the outflow, mesh coarsening helps minimize
wave reflection and suppresses upstream propagation of high-frequency disturbances.

3.3 Results and Discussion

These two modeling approaches provide a useful framework for further interpretation. The
LES with the S-FGM formulation offers an efficient reduced-order description of turbulence-
chemistry interaction and large-scale flame organization, while the higher-fidelity finite-
volume simulation resolves the detailed coupling among flow structure, transport, and finite-
rate chemistry. Their comparison, together with the experimental reference, helps separate
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(a) (b) (c)

Figure 3.7: Temporal evolution of (a) temperature at the injector inlet, (b) temperature at
the channel inlet, and (c) pressure at the channel outlet.

which aspects of the flame are governed primarily by large-scale flow organization and can
therefore be captured by a reduced-order model, and which aspects depend more directly
on local chemistry-transport coupling, differential diffusion, and branch-specific stabilization
behavior. In this way, this configuration serves not only as a canonical hydrogen flame prob-
lem but also as a basis for assessing what level of modeling fidelity is required to represent
the important stabilization physics.

3.3.1 Flame Morphology

Figure 3.8: Contour plots (at the z centered planes) of temporally averaged velocity of DNS
overlaid with YOH iso-lines from both DNS and LES compared to experimental findings
(black dots).

For Cases A and C, the temporally averaged iso-contour of the OH mass fraction was
plotted, overlaid on the contour of the magnitude of the velocity in Fig. 3.8 for both LES
and DNS. Using this contour, the flame shapes are compared with the experimental results
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in [12]. The comparison is not limited to visual agreement. The branch locations, attachment
distances, and connection points provide quantitative measures of how the three-dimensional
jet wake and upper-shear-layer dynamics change the flame relative to a laminar or two-
dimensional reference. In both cases for both LES and DNS, the flame separates into two
branches: a lee-stabilized branch controlled primarily by wake recirculation and a lifted
branch controlled primarily by upper-shear-layer strain and stratification.

Quantitatively, increasing the momentum-flux ratio from J = 1.96 to J = 8.41 increases
the jet velocity from 100 to 200 m/s for the 70% hydrogen cases and doubles the jet Reynolds
number from Rej = 3000 to 6000. This change modifies the dominant stabilization environ-
ment: the lower-J case is more sensitive to the weak lee-side recirculation region, whereas the
higher-J case produces stronger lifted-branch intermittency and a more distinct connection
region between the lifted and lee-stabilized branches. The measured and simulated connec-
tion locations differ by about one jet diameter: for Case C, the DNS places the concave
connection near y/d = 5, while the LES and experiment place it near y/d = 4. Because
d = 2 mm, this corresponds to an approximately 2 mm uncertainty in the mean branch-
connection height, which is a useful quantitative measure of model sensitivity in the most
multi-mode part of the flame.

In Case A with Uj = 100 m/s, both DNS and the experimental results show the flame
stabilized approximately two jet diameters (2d) downstream of the jet exit. This can be
attributed to the presence of a low-strength recirculation zone on the lee side of the jet
in Case A. This region is affected by combustion-induced volumetric expansion, leading to
a reduction in the local Reynolds number, which is attributed to the increased viscosity
resulting from elevated temperatures within the reaction zone. This phenomenon induces
laminarization of the mixing layer and spatial detachment of the vortical region from the
reaction zones that occur near the jet exit. This intensifies the differential diffusion effect
that causes the hydrogen gas to diffuse faster downstream, resulting in a detached flame
that stabilizes further downstream of the injector. Therefore, due to the unity Lewis number
assumption in the current LES, it still shows the flame completely attached to the jet in
the recirculation zone. In the lifted flame regime, the elevated velocity from the fuel stream
and the increased alignment between the crossflow and the jet stream intensify the role of
turbulent structures, significantly influencing local fuel stratification. As a result, differential
diffusion effects have a negligible impact on flame characteristics in this region, enabling both
LES and DNS to accurately predict the shape and position of the lifted branch.

In contrast, Case C exhibits a higher fuel-stream Reynolds number (Rej = 6000 at J =
8.41, with Rec = 44000 in the crossflow), which induces strong turbulent mixing. This
intensified turbulent mixing predominantly influences the flame characteristics, especially
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within the lifted flame branch. In this regime, LES demonstrates the capability to accurately
capture the flame shape and stabilization location as a result of second-order numerics with a
kinetic energy-preserving scheme. Moreover, due to the higher jet velocity of the fuel stream,
larger velocity fluctuations and local flame quenching are observed in the lifted flame branch
in both simulation results. In the lee region, both DNS and LES reveal that the flame
remains anchored to the jet, aligning well with experimental observations. This behavior is
likely attributed to the strong recirculation zone in Case C, which promotes the entry of the
oxidizer into the zone, leading to premixed-type burning. Furthermore, in the downstream
region of the lee-stabilized branch, the DNS effectively captures the flame elevation caused
by wake vortices originating from the side of the mid-plane. In contrast, the LES tends to
overpredict the extent of this lift, highlighting differences in the two methods in precisely
representing fluid-chemistry interactions in the boundary layer due to the varied level of
grid refinement. At the merging or connection point between the lifted and lee-stabilized
branches, the DNS (at y/d = 5), LES (at y/d = 4), and experimental (at y/d = 4) results
predict different locations for this concave connection point. These discrepancies highlight
the sensitivity of this region to the interplay between turbulence, stratification, and flame
dynamics, resulting in a high probability of multi-mode combustion. These observations
indicate that stratification strongly influences the unsteadiness of the flame and plays a
crucial role in shaping its characteristics in this connection zone.

3.3.2 Cross-stream Flow Field

To develop a more comprehensive understanding of strain effects on the flame, particularly
in Case C, the flow fields from DNS and LES at two cross-stream planes located at x/d

= 2.25 and 4.00 downstream of the jet are compared in Fig. 3.9. The background contour
plots represent the standard deviation of the velocity, highlighting fluctuations associated
with strain effects. The DNS quiver plot illustrates the direction of the velocity vectors,
while the LES streamlines depict the overall flow path, highlighting the trajectory of fluid
motion. The contours reveal that both DNS and LES capture similar recirculation regions
and strain distributions. Near the injection region, strong strain effects are observed along
the upper edge of the jet penetration region, which suppress flame stabilization. However, as
the flow progresses downstream, velocity fluctuations and strain effects diminish across the
cross-stream plane, facilitating flame stabilization at these locations. These findings align
with the flame stabilization characteristics depicted in Fig. 3.8 in the previous section. The
streamlines indicate that the flow begins to rise with the injection (marked by vertical red
arrows); further downstream, there is lateral recirculation in the cross-stream direction that
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Figure 3.9: standard deviation of flow velocity (superimposed with streamlines and quivers)
profiles along the flow direction from both LES and DNS for case C. Planes taken at x/d =
2.25 and 4.00 downstream of the injector.

subsequently converges at the center plane (z-centered), ultimately stabilizing the flame along
the mid-channel plane. The next section presents details on the flame dynamics resulting
from these velocity fluctuations.

3.3.3 Flame Branch Analysis

Figure 3.10 shows the distinct flame branches in Case C, where three instantaneous veloc-
ity fields are plotted with overlaid YOH contours to highlight three unique flame branches.
Three types of lifted branches are observed, as described in [12]. The left column illustrates
the "straight-edge" branch with narrow horizontal OH layers, depicting the continuous flame
surface on the upper-lifted branch. The flame surface is wrinkled, and the leading edge lo-
cation suggests that the flame has enveloped the jet. The edge of the flame branch depends
on the strain induced by the flow. The edge is usually seen downstream of the maximum
strain location, and this scenario can be viewed as a balance between volumetric expansion
due to heat release and the convection of the flow structure. As this branch moves down-
stream, it can be influenced by the normal directional velocity gradient, leading to wrinkling
at the flame’s leading edge. This wrinkling often results in the flame attempting to connect
with the lee-stabilized branch, forming the "hooked branch" as shown in the middle column.
Further downstream, the flame is fully lifted, but due to strain-induced fluctuations, local
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Figure 3.10: Flame Branch configurations (at the z centered planes) of Case C at different
time instances. Top row: LES results. Bottom row: DNS results. Background is velocity
magnitude contour overlaid with YOH iso-lines(black solid lines) representing the flame front
dynamic. The inset images show the zoomed-in view of the key features for each time
instance.

extinction is observed intermittently. This is where the lifted branch successfully merges
with the lee-stabilized branch, and the two move downstream together and are referred to
as the "merged branch" in the right column. It is important to note that even though these
three branches in LES and DNS appear in different locations, the repetition of this pattern
is consistent in both simulations. In Case C, both simulations successfully capture the tem-
porally averaged flame shape and qualitatively reproduce the instantaneous flame branches
with reasonable accuracy compared to the experimental results. An extended quantitative
comparison of LES and DNS results in the chemical space is presented in the next section.

3.3.4 Flame Edge Characteristics

Figure 3.11 presents a comparative analysis of the flame front in chemical space using the
Z and YOH. Scatter plot points, sampled at different times and a single location for each
subplot, are compared against strained and unstrained flame solutions from Cantera [123]
at varying strain rates. It should be noted that in the unstrained flame, YOH is lower than
the strained values; however, the temperature (not shown here) of the unstrained flame is
higher, as expected. Similarly, the peak temperature aligns with the stoichiometric condition
(Zst = 0.17), whereas the maximum YOH values occur under slightly leaner conditions.
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Figure 3.11: Plots for temporal average data (at the z centered planes) from DNS and LES
at different points on the flame front. Points A, B and C are assumed close to the edge of
the flame and corresponding YOH vs. Z data is presented with low strain and high strain
solutions.

At point A, located at the top edge of the lifted flame branch, the plot shows that
LES aligns with the strain rate curve of 50,000 s−1, while DNS data follows the curve
corresponding to a strain rate of 3,000 s−1. This is due to the limitation of the flamelet
table in covering the entire range of strain rates during the tabulation. Fig. 3.3 shows a
global view of the S-FGM tabulation, with multiple vertical slices (shaded) of the tabulated
reaction source for different levels of Z, where the effects of the strain rate are characterized
by YOH. It can be shown that only a certain range of YOH is tabulated due to converging
challenges during the canonical counter-flow flame calculations. The intermediate values are
interpolated along the Z and C axes to fill the table. However, both simulations display
a distribution over a wide range of Z values, indicating high flow fluctuations in the shear
layer that result in the stratification of the fuel mixture and intermediate reaction states.
In DNS results, many points are observed to follow the unstrained flame curve, particularly
near stoichiometric conditions (Zst = 0.17). Building on the discussion of the "straight-edge"
branch in the previous subsection, the wide range of Z and YOH values provides quantitative
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confirmation of the earlier findings. This suggests that the S-FGM effectively captures strain-
induced local flame quenching and accurately represents the shape of the lifted branch.

At point B, located at the concave region where the lifted and lee-stabilized flame branches
connect, the scatter plot shows a trend similar to that at point A. DNS results align with
a higher strain rate curve than LES, but both simulations show that the Z and YOH values
are concentrated in a very narrow range on the fuel-rich side. This is due to the constant
ingress of fresh hydrogen from the fuel stream into the zone. Unsteady flame anchoring at
this location prevents any upstream propagation of the flame due to the rich fuel region
behind the jet-bending location.

At point C, located inside the lee-stabilized flame branch, results from both simulations
follow the curve of the unstrained flame because of the low strain effects in this zone, and
the majority of the points are concentrated in a narrow region of Z values, indicating a
premixed reaction in this region. In addition, when the mixture fraction increases (Z >
0.1), both solutions show a deviation from the unstrained curve. However, similar to other
locations (A and B plots), the value YOH was again underestimated by the flamelet model.
This indicates that only when strain effects appear does the S-FGM model underpredict the
reaction intensity.

To further explore the reaction states in the simulations, a continuous time sequence is
represented in phase space to illustrate the ignition-extinction cycle observed at point A
(Fig. 3.12). In the DNS results, two distinct cycles, called Path 1 and Path 2, exhibit cyclic
burning characteristics. However, these cycles exhibit a substantial disparity in the YOH

values, with Path 2 displaying approximately five times the magnitude observed in Path 1.
This disparity highlights the variations in reaction intensities occurring at the same spatial
location. Both paths exhibit considerable variation in Z (∆Z ∼ 0.4), indicating a substan-
tial influence of large-scale flow characteristics during the cycle. This effect is particularly
evident in the role of stratification, which introduces irregularities in the availability of the
combustible mixture. During ignition, the progress variable exhibits a rapid and steep an-
gle change, suggesting a premixed trajectory. Subsequently, a slow extinction process is
observed, characterized by nearly straight-line motion towards the origin, indicative of a
diffusion-controlled phenomenon. The LES results at the same location reveal a trajectory
closely resembling that of Path 1. However, Path 2 is absent from the LES results, suggesting
that the S-FGM model can capture the ignition-extinction cycle at the lifted flame branch
despite underpredicting the intensity or YOH values compared to finite-rate chemistry results.
This observation aligns with the findings discussed in the previous section. Moreover, both
simulation results suggest the potential presence of a partially-premixed combustion regime
in this lifted flame branch.
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This trajectory analysis provides the quantitative comparison to a laminar flame reference
that is required for model interpretation. A laminar strained flame at a fixed strain rate
traces a narrow curve in (Z, C, YOH) space, whereas the three-dimensional turbulent lifted
branch repeatedly crosses multiple strained-flame families and samples ∆Z ∼ 0.4 during
a single local cycle. The progress-variable trajectory is therefore not a monotonic laminar
evolution at fixed mixture fraction. It contains a rapid premixed-like rise during ignition
followed by a slower diffusion-controlled return toward lower C and YOH. The absence of
the high-YOH Path 2 trajectory in the LES indicates that the reduced manifold captures the
lower-intensity ignition-extinction cycle but underpredicts the full range of finite-rate radical
production produced by the resolved three-dimensional flow.

Figure 3.12: Point trajectories in Flamelet phase space for Case C. Path 1 and 2 are from
DNS.

To analyze the stratification characteristics at point A, Fig. 3.13 plots the probability
density functions (PDFs) of the mixture fraction. The distribution is well-approximated
by a β-PDF, with a mean value Z̃ = 0.18, which is close to the stoichiometric condition.
However, the square of variance Z̃ ′′2 = 0.03 is relatively high, indicating a variability of
nearly 100%, with the probability density function exhibiting a prominent peak with a value
significantly greater than 1 on the lean side. This suggests that the stratification in this
region promotes predominantly non-premixed flame behavior, sustained by a continuous
supply of fresh oxidizer from the crossflow. Consequently, the presumed β-function PDF
[124; 125] for sub-grid scale mixture fraction closure, originally developed for non-premixed
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flames, remains valid in this region for representing the turbulent mixing process.

Figure 3.13: DNS mixture fraction data fit with β distribution at Point A.

3.3.5 Hydrogen enrichment

To better isolate the controlling stabilization mechanisms, high hydrogen-percentage-by-
volume cases are considered, since the increased reactivity enhances the sensitivity of the
flame to local transport and chemical effects. In Case C9, the fuel hydrogen content by vol-
ume increases to 95%, resulting in a lower density of the fuel stream. To achieve consistent jet
characteristics with Case C7, the jet-momentum ratio (J) of 8.41 was maintained constant,
resulting in an increased jet velocity of 342 m/s. The increased hydrogen content by volume
reduces the fuel density by approximately a factor of three relative to Case C7. Although
the higher jet velocity preserves penetration characteristics similar to those of Case C7, the
reduced jet density intensifies the shear effects (∇ρ increases) caused by the relatively denser
crossflow. The increased hydrogen content by volume also causes the shear layer burning
to be notably intensified. To further understand the differences in the flame characteristics
and mixing behavior between the two cases, a detailed thermodynamic analysis of the flame
front is presented in Fig. 3.14.

The scatter plot of T and Z for both Case C’s, with a constant jet momentum ratio, is
presented in Fig. 3.14 along the flame front. Furthermore, a stratified premixed unstrained
flame was simulated using Cantera [123], with equilibrium results included as a reference.
Based on the scatter plot for Case C7 in Fig. 3.14a, the lee-stabilized branch (for y≃6
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(a) Case C 70% H2 by volume (b) Case C 95% H2 by volume

Figure 3.14: Scatter plot of temperature versus mixture fraction at flame front location of
different cases

mm) shows a well-mixed state, with temperatures approaching those of an unstrained flame.
This region exhibits low-strain and elevated temperatures, indicating strong combustion. In
contrast, the lifted branch samples (for y≥8 mm) show a wide range of mixing levels and
combustion properties compared to the unstrained flame. The data points are distributed
across a wide Z-range, with distinctive lower reaction temperatures and states closer to
mixing rather than consistent burning. Occasionally, elevated temperatures are observed,
signifying sporadic burning. This behavior highlights the presence of intermediate reaction
states as fresh gasses mix with combustion products, where ignition and extinction are
equally probable. This behavior is attributed to the high strain rates and velocity fluctuations
characteristic of this flame branch, leading to richer fuel compositions.

For the high-hydrogen case shown in Fig. 3.14b, the points are again plotted in the
vicinity of the flame front (now shifted by 1 mm downstream). The points in the lee-
stabilized branch are more concentrated on the leaner side compared to Case C7; however,
they are spread across the Z-range and still align with the stratified premixed flame results.
This behavior is attributed to the increased velocity of the jet near the edge of the lee
branch. In contrast, the lifted branch in this case shows better stratification than in the
70% H2 by volume case because of the increased density gradient and the resulting increase
in shear-layer fluctuations. The points at the edge of the lifted branch (see y = 12 mm)
exhibit an ignition-extinction cycle, characterized by an elliptical spread in T ∈ [550, 2100]
K around the stoichiometric Z value (Zst). This behavior is absent at the edge of the lifted
branch in Case C7 (y = 10 mm) due to reduced mixing. Furthermore, the lifted branch
is located further below the unstrained flame than in the 70% H2 by volume case, as local

58



strain effects dominate in this region and promote flame extinction. Both observations in
the lifted flame branch can be attributed to changes in the level of fluctuations within the
mixing layer, driven by the reduced fuel density, which imposes a greater local strain on
the flame. Additional results and further details of the hydrogen-enrichment study will be
presented in Section 5.5.

3.3.6 Implications for stability-map construction

The quantitative branch behavior in this chapter can be translated into a simulation-based
stability-map framework for staged hydrogen injection. The natural operating coordinates
are J , Rej, Rec, hydrogen volume fraction, density ratio, and crossflow temperature, while
the local stability indicators are branch lift-off distance, flame-edge strain rate, scalar dissi-
pation rate, mixture-fraction variance, and the amplitude of ignition-extinction excursions
in (Z, C, YOH) space. The present cases show how such a map would be populated. Case
A7 at J = 1.96 and Rej = 3000 occupies a regime where lee-side differential diffusion and
weak recirculation shift the flame base approximately 2d downstream. Case C7 at J = 8.41
and Rej = 6000 occupies a regime where the flame remains anchored in the lee branch
but the lifted branch exhibits strong intermittent excursions. Case C9 preserves J = 8.41
but increases the hydrogen content to 95% by volume and the jet velocity to 342 m/s; this
moves the lifted branch toward a more strained and more extinction-sensitive regime, with
T ≈ 550–2100 K around Zst. For engine-relevant staged injection, these results indicate that
flame stability cannot be inferred from fuel composition alone. The relevant design question
is whether the flow places the flame edge in a low-strain recirculation-supported state or in
a high-strain shear-layer state with large mixture-fraction and progress-variable excursions.

3.4 Summary and Conclusions

This chapter examined flame stabilization in hydrogen jets in crossflow through a combined
comparison of experimental measurements, LES with a strain-sensitive flamelet-generated
manifold model, and higher-fidelity finite-volume simulation with detailed chemistry and
differential diffusion. Across the cases considered, the flame consistently organized into two
principal stabilization branches: a lee-stabilized branch supported by the wake recirculation
behind the jet and a lifted branch embedded in the upper shear layer. The results showed
that these two branches are governed by different local balances among strain, mixing, recir-
culation, and chemistry, so the flame cannot be interpreted as a single uniform stabilization
mode.
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The comparison with the experiment showed that both numerical descriptions capture
the dominant large-scale flame morphology and the two-branch structure of the reacting jet
in crossflow. At the same time, the higher-fidelity simulations revealed important branch-
dependent differences in the local combustion behavior. The lee-side branch was associated
with a lower-strain, more recirculation-supported transport environment and exhibited states
closer to stratified premixed burning, whereas the lifted branch sampled a broader range of
thermochemical states and displayed stronger intermittency, ignition-extinction behavior,
and sensitivity to the upper-shear-layer dynamics. Analysis in projected chemical space
further showed that the lifted branch cannot be described by a single narrow family of flame
states, but instead evolves through a wide range of partially reacted and intermittently
burning conditions.

The hydrogen-enriched cases provided a clearer view of how these transport effects change
with composition. Increasing the hydrogen content from 70% to 95% by volume at a fixed jet
momentum ratio preserved the large-scale penetration behavior but altered the local flame
response, especially in the lifted branch. The lower fuel density required a higher jet velocity
and produced stronger density gradients, enhancing fluctuations in the shear layer. As a
result, the lifted branch exhibited broader thermochemical excursions, stronger ignition-
extinction behavior, and a greater departure from the unstrained flame reference. The
lee-stabilized branch remained comparatively compact in state space and closer to stratified
premixed-flame behavior, indicating that the effects of differential diffusion and hydrogen
enrichment are strongly branch dependent rather than spatially uniform.

These results also clarify an important modeling point. Although flamelet-based hydrogen
models have been extended to include differential diffusion in differential premixed flames
and, separately, to include differential diffusion together with flame stretch in hydrogen flame
calculations [126; 127; 128], combining differential diffusion, strong mixing, and strain effects
into a single reduced-order manifold remains difficult for the present jet-in-crossflow problem.
In addition to the branch-dependent impact of differential diffusion, the flame-edge analysis
showed that the S-FGM tabulation does not fully cover the range of strained reaction states
sampled in the flow. In the lifted branch, where the flame experiences strong shear-layer
fluctuations and large local strain, the LES results were constrained by the limited tabulated
range of YOH and therefore underpredicted the local reaction intensity relative to the detailed-
chemistry solution. This limitation is less important in the lee-stabilized branch, where the
strain is weaker and both simulations remain closer to unstrained or weakly strained flame
behavior. These findings indicate that the present jet-in-crossflow flame spans stabilization
environments ranging from weakly convecting lee-side recirculation zones to high-subsonic
shear-layer regions, so the relevant physics cannot be represented adequately with a compact
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tabulation. A more complete manifold treatment would require additional coordinates and
auxiliary transport variables to retain the dependence on differential diffusion, local strain,
and mixing-history effects, thereby increasing the table size and diminishing the computa-
tional advantage of the flamelet approach. For the remaining studies, the AMReX-based
finite-volume solver is therefore used as the primary tool since it resolves the coupled flow,
transport, and chemistry interactions directly and is better suited for a detailed analysis of
flame stabilization in more complex hydrogen combustion systems.
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CHAPTER 4

Flame Stabilization and Characteristics in a Multi-Tube
Micromixer

4.1 Introduction

The broader experimental and numerical context for multi-tube hydrogen combustors has
been discussed in Chapter 1. Prior experimental and computational studies have shown that,
in these systems, the flame is shaped not only by the nominal operating conditions but also
by the coupled effects of confinement, injector arrangement, local mixing, flow redistribution,
and interactions among neighboring flame branches. At the same time, important limitations
remain. Experiments have revealed substantial spatial variation in flame structure and
combustor response, but the local mechanisms governing these variations are difficult to
measure in closely packed multi-flame configurations. Simulations, in turn, have provided
valuable insight into the internal reacting flow and design insights, yet often under simplified
numerical approaches that do not fully capture the dynamic coupling among distributed
injection, local transport, and spatially varying flame behavior. As a result, the detailed
mechanisms through which flame stabilization is established and maintained in multi-tube
hydrogen combustors remain incompletely understood. This issue is particularly important
because flame stabilization provides the organizing framework through which the overall
combustor behavior can be interpreted. Even when the geometry and boundary conditions
are nominally symmetric, multi-tube combustors may develop spatially nonuniform flame
structures, unequal branch intensities, and locally distinct burning states. Such behavior
indicates that the combustor cannot be understood as a simple collection of independent
premixed flames. Instead, combustion is sustained through a coupled multi-flame system in
which recirculation, transport, injector-to-injector interaction, and heat-release distribution
jointly determine where the reaction is anchored and how the combustor responds. For
hydrogen combustion, this problem is further intensified by the high reactivity of the fuel
and the strong sensitivity of flame behavior to local mixture and transport variations, so that
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relatively small differences in flow distribution or mixing can produce disproportionately large
changes in flame structure and stabilization.

Accordingly, this chapter examines the multi-tube combustor as a coupled reacting-flow
system, with emphasis on the physical mechanisms linking distributed injection, internal
flow redistribution, spatial flame variation, and local flame stabilization. The analysis is
directed toward clarifying how combustion is organized within the combustor and why dif-
ferent flame branches can exhibit distinct structures and stabilization behaviors, even within
a nominally regular distributed-injection configuration. In this way, the chapter establishes
the physical basis for interpreting flame behavior in multi-tube hydrogen combustors and
for understanding the broader stabilization challenges that emerge in more complex staged
combustion systems.

4.2 Experimental Configurations and Simulation Setup

Table 4.1: List of cases based on experiments [13; 14]

Name Crossflow Composition Crossflow
Velocity (m/s)

Crossflow
Temperature (K)

Fuel Jet
Velocity (m/s)

ϕ
(Global)YO2 YN2 YCH4

Case A 0.231347 0.761558 0.007095 159.09 761.50 212.70 0.524
Case B 0.233000 0.767000 - 162.16 758.30 302.84 0.530

Experiments [13; 14] were carried out using a premixed multi-element combustor operated
at a mean chamber pressure (pCC) of about 11 bar. The combustor is made up of three
primary sections: an air manifold, a staged fuel-air micromixer consisting of 19 discrete
injection elements, and a combustion chamber. Heated air is introduced into the air manifold
from a critical flow sonic nozzle and is isolated from downstream injector components with
19 choked orifices. The micromixer is divided into three segments for the independently
controlled injection of ammonia, methane, and hydrogen. A sonic nozzle at the exit of the
combustion chamber pressurizes the combustor. Planar laser-induced fluorescence (PLIF)
imaging of the OH (hydroxyl) radical was performed at 100 kHz.

High-fidelity numerical simulations are performed using the finite volume solver [72; 81]
based on block-structured AMR with an embedded boundary (EB) implementation for com-
plex geometry, as discussed in Chapter 2. The scenarios considered (Table 4.1) for the current
analysis are consistent with the experimental setup at a similar global equivalence ratio (ϕ)
with both hydrogen fuel (H2-N2 75/25 vol.%) at 294.3 K, issuing perpendicularly into the
crossflow. In case A, with both hydrogen and methane as fuels, a methane-air mechanism
with 13 species and 38 reactions [129] is used, while case B uses a H2-air mechanism with 9
species and 21 reactions [11] for detailed chemical kinetics. The domain has dimensions of
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Figure 4.1: Plot shows the computational domain with major dimensions. Front view
presents the mid-section Y and Z planes. The inset at the injection plane highlights the
jets and the approximate fuel trajectory, while the second inset depicts the various AMR
levels surrounding the flame front. All dimensions are in millimeters (mm).

250×80×80 mm, with a fuel injector diameter Dj = 1.1 mm and a tube element diameter of
De = 6.223 mm. Figure 4.1 shows the detailed schematic of the computational domain and
the mesh refinement on the flame front. The mesh was dynamically refined based on the heat
release rate (HRR) and vorticity magnitude to capture the flame and flow vortices. Regions
with HRR exceeding 5 × 109 W/m3 and vorticity magnitudes above 5 × 104 s−1 were refined
to the finest level. Using four refinement levels (∆ = 48.75 µm), the simulation reaches ∼504
million cells. Given an estimated flame thickness of 423 µm (from a 1D premixed flame of
similar composition with a spatial average equivalence ratio of ∼ 0.298 calculated from the
time-averaged transverse plane at the tube exit), this yields a resolution of nearly 10 cells
across the flame. Additionally, the resolution of the turbulent boundary layer was assessed
by computing the non-dimensional wall coordinate y+ = uτ δ

ν
from the simulation data [130].

The resulting value of y+ ≈ 0.5 confirms that the first grid point lies well within the vis-
cous sub-layer, indicating adequate mesh refinement for wall-bounded turbulence. However,
accurately resolving reacting flows involves complexities beyond specifying a target y+ or
a uniform cell density per flame thickness. As discussed further in Section 4.3, the com-
bustion chamber exhibits significant mixture stratification, requiring spatial resolutions that
vary with local conditions to accurately capture the flame front. Cantera calculations for
freely propagating premixed flames at 10 atm and 600 K with equivalence ratios in the range
ϕ ∈ [0.2, 1.3] show flame thickness variations from approximately 4512 µm to 30 µm. At the
current finest AMR level (∆x = 40 µm), the mesh resolution corresponds to roughly 115 cells
to just 1 cell across the flame front. While this confirms that the mesh adequately resolves
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the flame structure in most regions, it remains necessary to identify zones where the flame
front may be under-resolved. As highlighted later by Fig. 4.5, most of the domain operates
under lean conditions, with a small fraction of cells reaching stoichiometric or rich mixtures.
Therefore, although the current grid spacing is sufficient in most of the domain, targeted
mesh refinement in regions with richer mixtures would be necessary to ensure full resolu-
tion of the flame front. For subsonic flow, the boundary faces used characteristic boundary
conditions [81]. The relaxation parameters are set as σ = 0.1 for the outflow and ηi = 3.0
for the inflow. The walls are non-slip and isothermal, maintained at crossflow temperature
following the experiments.

The resolution regime of this chapter should therefore be interpreted as AMR-assisted
implicit LES with detailed finite-rate chemistry. The finest AMR spacing, 48.75 µm, gives
approximately 9–10 cells across the representative lean premixed flame thickness of 423 µm
and a wall resolution of y+ ≈ 0.5 in the near-wall region. Because the local equivalence
ratio is strongly stratified, the effective flame resolution varies spatially: lean regions are
well resolved, whereas locally richer and thinner flame segments can approach the grid-filter
limit. The MTM results are therefore used to interpret resolved branch-scale stabilization,
shear-layer heat release, recirculation, and flashback-relevant flame penetration, but they are
not presented as a uniform-grid DNS of all turbulent scales in the 19-element combustor.

4.3 Results

4.3.1 Flame structure validation

First, the global flame behavior is analyzed and validated with the experimental data for
both cases. Figures 4.2 present temporally averaged YOH contours from the simulation and
temporally averaged OH PLIF intensity from the experiment for Cases A and B, respectively.
The bottom row of Fig. 4.2 provides a comparison for the flame in the top row, where
the edges of the jet core are marked by the blue dashed lines, highlighting similar flame
stabilization locations for both simulations and experiments. Hereafter, the flow exiting
the tube element is referred to as the jet or streams. In addition, the contours of both
figures reveal that regions with significant OH intensity exhibit a conical shape around
the premixed mixture stream in both cases, indicating shear layer reactions in a narrow
region. For Case A, the overall flame structure closely matches the experimental results
and shows consistent reactions near the jet exit for all flame branches. In Case B (right
column of Fig. 4.2), the simulations reveal a distinct lifted flame detached from the tube exit,
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Figure 4.2: Time-averaged YOH for both Cases. Top row shows the mid-section Y planes for
the combustion chamber, while bottom row presents one-to-one comparison for the topmost
tube element flame structures.

attributed to fuel stratification for each flow stream caused by the high fuel injection velocity,
which will be discussed in Section 4.3.2. This phenomenon is consistent with the higher OH
PLIF intensity seen downstream in the experimental data. The simulation also successfully
captured the experimental trend that Case B exhibits a weaker flame-branch attachment at
the jet exits compared to Case A. However, the simulated attachment appears even weaker
than what is observed experimentally. This discrepancy can be partly attributed to the fact
that the experimental OH PLIF signal, normalized by the maximum pixel intensity, does not
correspond directly to the simulated OH mass fraction. Consequently, PLIF images enable
qualitative comparisons of the heat release structure (or spatial distribution of OH) relative
to simulations, but they are not treated here as calibrated absolute measurements of YOH or
heat release rate.

This distinction is important for interpreting the experimental uncertainty. The avail-
able 100 kHz OH-PLIF data provide high-speed information about relative flame structure,
branch position, and attachment/detachment trends, but the normalized PLIF intensity is
affected by laser-sheet nonuniformity, shot-to-shot energy variation, collisional quenching,
temperature dependence of the fluorescence signal, and image normalization. Therefore,
the validation metric used in this chapter is the spatial organization of the flame branches
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and their relative attachment behavior, not pointwise agreement in absolute OH magnitude.
The subsequent quantitative discussion is based on simulation-derived quantities that are
directly defined in the governing equations, including ϕ, YOH, heat release rate, strain rate,
velocity, and recirculation structure. This is also why the experimental comparison is used
to establish that the simulation captures the correct flame morphology before the simulation
fields are used to diagnose local stabilization mechanisms.

4.3.2 Global flame dynamics

Figure 4.3: Time-averaged heat release rate (HRR) and standard deviation of YOH fields
illustrating the global flame structure for Case B; The left three columns show HRR on the
mid-section Y plane, mid-section Z plane and transverse plane at X = 5 mm downstream of
the tube exit, respectively; The rightmost column displays the standard deviation of YOH on
the transverse plane at X = 15 mm downstream of the tube exit; White solid line on mid-
section planes are the isoline of OH mass fraction YOH = 0.00125 as 30% of the maximum
value; Green and black solid lines on transverse planes are the isoline of mixture fraction
ZBilger = 0.0811 corresponding to ϕ = 0.53.

The global flame features are examined for the complete tubular bundle by plotting
multiple temporally averaged slices as shown in Fig.4.3. The two plots on the left in Fig.4.3
present contours of the heat release rate (HRR) in the mid-section Y (five streams) and Z
planes (three streams). In the Y-plane slice, most flame branches exhibit attachment near
the jet exits, albeit with relatively weak flame anchoring for three flame branches at Y = ±
3.1, -9.18 and 22.5 mm. Similarly, in the Z-plane slice, two notably weak flame attachments
are observed at Z = ± 18.5 mm, indicating localized zones of reduced flame intensity and
stabilization. To visualize different global flame features, the white isoline of YOH = 0.00125
is overlaid on the heat release contour in the mid-section planes. This value corresponds to
30% of the maximum YOH value in the flow and tends to include regions exhibiting flame
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Figure 4.4: Visual definition of RW and RL on the top row; Reaction zone length and
thickness for mid-section Y and Z planes on middle and bottom row respectively; Element
number are shown for each plane separately in Fig. 4.3.

initiation along with the main reaction zone, thus marking the flame boundaries. The isolines
on both the mid-section Y and Z planes reveal that the central flame exhibits a longer and
more symmetric structure compared to those associated with the outer tubes. Additionally,
the magnitude and confined distribution of the HRR for the central tube indicate more
stable and consistent combustion over time. This flame suggests that the central region
of the combustor supports a more regularized flow with minimal fluctuations and less fluid
strain on the flame front.

To highlight the variation in flame structure, the width and length of the primary reaction
zone for each flame branch are measured and plotted as line graphs in Fig. 4.4. The numbers
1 to 3 or 5 are assigned in top to bottom order for the tubes shown in Fig. 4.3. The width of
the reaction zone RW is defined as the distance along the red dashed line (X = 10 mm). This
distance is measured between the two highest YOH values at the edge of the reaction zone
marked in white. The length of the reaction zone RL is measured from the beginning to the
end of the region along the X direction, contained within the white isoline of YOH = 0.00125,
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as shown in Fig. 4.4. The observed values are further normalized with De in the line plots.
The plots confirm that the center flame has the longest reaction zone on both Y and Z
mid-section planes. However, it also exhibits a 30% smaller flame width in the Y-direction
compared to the Z-direction, where neighboring tube elements are further apart, reflecting
non-uniform interactions among flow streams in each direction. In particular, based on the
plot in Fig. 4.4, the flame of element number 4 in the mid-section Y plane (also shown in
Fig. 4.3) presents the shortest reaction length and the narrowest width, consistent with the
weak and unstable top shear layer reactions observed in the corresponding HRR contour
in the mid-section Y plot in Fig. 4.3. In contrast, the flame of element number 5 has a
moderate reaction length but an unusually large width in the Y direction and appears inclined
toward the wall, suggesting lateral asymmetry induced by wall-bounded flow effects. The
observed variations in flame branch shapes and features are primarily attributed to strong
flow recirculation induced near the combustor walls.

To investigate the cause of flame structure variation, the mixing characteristics of fuel
and air are quantitatively analyzed in Fig.4.5. The top row of the figure shows the spa-
tial distribution of the local equivalence ratio (ϕ) on three transverse planes located at X
= 0 mm, 5 mm, and 15 mm downstream of the jet exits. The bottom plot presents the
ϕ profiles extracted along the black dashed line indicated in Fig.4.3, positioned at X =
15 mm. The transverse ϕ distributions illustrate the evolution of mixing characteristics as
the flow propagates downstream, while the line plot highlights the degree of stratification
across the mid-plane in the Y-direction, capturing the non-uniform distribution among the
five jet streams. These results clearly indicate that substantial mixture stratification per-
sists throughout the combustion chamber in all three dimensions, contributing to partially
premixed flame behavior. The influence of stratification on flame behavior is observed by
plotting the temporally averaged HRR contours and the standard deviation of YOH in the
transverse planes in Fig. 4.3. The transverse plane X = 5 mm presents quantities in the
shear layers burning, while X = 15 mm presents fields at the root of the primary reaction
zone. These fields are overlaid with the isoline corresponding to a well-mixed condition
(ZBilger at ϕ = 0.53), providing a spatial reference for the stratification boundary. In the
plane at X = 5 mm, the central flow stream shows the most symmetric circular isoline of the
mixture fraction ZBilger, which remains centered within the jet core. Despite uniform strati-
fication, the center flame shows a higher heat release and a thinner reaction layer along the
Z-direction, indicating directional variations in flame structure, possibly due to asymmetric
disturbances from adjacent jets, as previously demonstrated in this section. In contrast, the
outer tubes exhibit fuel stratification that is offset from the center of each jet stream. As a
result, the well-mixed region is displaced toward the jet core and is frequently quenched by

69



Figure 4.5: The local equivalence ratio profiles along the white dashed line indicated in
Fig.4.3, located at X=15 mm downstream of the jet exits.

colder upstream mixtures with elevated strain rates, leaving relatively lean mixtures along
portions of the jet stream edges. This leads to asymmetrical and weaker reactions along
one side of the shear layer. An exception to the general trend is observed in the flame of
element number 4 on the mid-section Y plane, where the fuel stratification remains centered
within the jet stream. Despite this, the flame exhibits unstable shear layer reactions on one
side, resulting in a shorter and narrower flame structure. This suggests that, in this case,
the strain effect from flow-stream motion directly quenches the flame along the upper shear
layer. The interactions between flow dynamics and flame structures are further discussed in
Section 4.3.4 and 4.3.3. Further downstream, at 15 mm from the jet exit, the shear layer
reactions have more time to develop, leading to more complex, non-circular flame shapes.
As seen in this plane, these shapes begin to follow a curvature-aligned pattern in the outer
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tubes, with higher magnitudes of YOH fluctuations closer to the walls. These distortions
are likely driven by high-amplitude fluctuations in the velocity field in the vicinity of each
stream that alter the lower density flame-containing flow during volumetric heat release.
This hypothesis is investigated in the next section.

These measurements also provide the first connection between the simulated flame field
and a design-oriented stability map. In the present stable operating point, the primary heat
release is concentrated in the annular shear layers surrounding the tube-exit streams, while
the low-speed inter-jet and near-wall recirculation zones contain substantially weaker heat
release. From the time-averaged fields, the characteristic HRR level in the recirculation-
dominated regions is approximately one order of magnitude smaller than the HRR in the
dominant shear-layer reaction zones. This ratio is important for flashback interpretation. A
recirculation zone is potentially dangerous when it stores enough heat and radicals to ignite
or push a flame upstream into a premixer; in the present cases, however, the recirculation
zones redistribute hot products and perturb the flame shape without becoming the dominant
heat-release region. Combined with the high axial velocities through the tube elements, this
prevents sustained upstream propagation into the tubes under the simulated conditions.

In this chapter, ZBilger denotes the Bilger mixture fraction, used as a conserved elemental
mixture coordinate for comparing stratified states across the fuel and oxidizer streams [111].
The isoline ZBilger = 0.0811 corresponds to the global well-mixed equivalence ratio ϕ =
0.53 for Case B. Relative displacement of this isoline from the jet centerline is therefore a
quantitative measure of local mixture stratification, not only a visualization feature. The
combination of ZBilger, local ϕ, HRR, and strain rate defines the local state variables used
below to interpret why some branches remain attached while others weaken or lift.

4.3.3 Local flame dynamics

The top row of Fig.4.6 presents a time series of flame front structures, visualized using HRR
contours over a duration of 40µs, and the corresponding fuel contours are plotted at the
same time in the bottom row for the three streams. The heat release contours reveal highly
wrinkled flame fronts, consistent with observations in [14], along with localized discontinuities
that are characteristic of partially premixed flame structures [131]. Following the flame in
the red square and blue ellipse regions, there are reaction pockets forming inside the cold
flow stream for the center and bottom jets [131]. These reaction pockets are formed on the
flame front of the orthogonal directions and contain hot products, as shown in the images
in the bottom row with the absence of hydrogen fuel. The pockets tend to convect towards
the jet core in the transverse direction and affect the flame behavior. The reaction pocket
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Figure 4.6: Time series images of HRR and fuel concentration representing reaction pocket
and fuel filament advancement in Case B. The top row images show instantaneous HRR,
while bottom row images depict fuel concentration rescaled to highlight reaction pocket and
fuel filament.

formed in the center stream that convected toward the side of the flame branch directly
altered the flame front and enhanced the unsteady flame structure. The second reaction
pocket (in the blue ellipse) that formed in the bottom stream convected toward the center
of the stream and cut the flame around 18 mm downstream of the jet exit, thereby changing
both the flame front and the flame length of this stream. This gives rise to small pockets of
unburnt fuel mass escaping from the main jet, called filaments hereafter.

The fuel filament (shown in the white ellipse) is subsequently consumed further down-
stream. Over the entire time history (not shown here), this pattern is observed to recur
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for different tube elements. Another factor contributing to the emergence of these filaments,
apart from the reaction pockets, is the presence of fuel stratification in the main flow stream,
leading to the shedding of rich fuel filaments at the tip of the flow streams. Similar observa-
tions have been reported in experimental studies involving ammonia fuel [13; 14].

Figure 4.7: KDE plots for joint PDFs of ε̇ and log10(HRR) at location A measured along
outer tube at Y-axis (marked 1 in Fig 4.3), B measured along outer tube at Z-axis and C
for center tube for Case B; Four probe locations are used along the flame edge, downstream
of the tube exit.

To provide a more quantitative analysis of the effect of strain on flame dynamics, the
correlation between the local strain rate and heat release behavior at the flame edges is
examined next. The strain rate is characterized using the principal extensive strain rate in
three-dimensional space, following the definition in [12]. Specifically, it is computed as the
largest eigenvalue of the symmetric strain rate tensor, Sij = 1

2(∂Ui

∂xj
+ ∂Uj

∂xi
),which captures

regions of high extensive deformation in the local flow field. Next, figure 4.7 is plotted,
representing the kernel density estimates (KDEs) of the joint probability density function
(PDF) for the local principal extensive strain rate ε̇ and the logarithm of the volumetric
heat release rate log10(HRR) obtained at selected probe locations along the flame edge.
The x-axis denotes the strain rate in s−1, and the y-axis represents the base-10 logarithm
of the heat release rate in W/m3. The colormap corresponds to the estimated joint density
f̂(ε̇, log10(HRR)), where higher values indicate regions of increased statistical occurrence in
the dataset. Isolines of constant density are overlaid in white for reference. Additionally,
the magenta vertical band is added as a reference to denote the range of extinction strain
rates for a premixed counterflow flame under representative conditions near the tube exit,
accounting for variations in mixture composition. The solid vertical line within the band
indicates the mean extinction strain rate.

Following the trends in plot A, at x = 5 mm, the distribution is broad and exhibits multiple
HRR modes, including a significant high-strain lobe (red arrow) that suggests the presence
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of transient or strain-tolerant flame structures. As the flow progresses downstream (x =
10–15 mm), the distribution becomes more localized near the extinction strain rate band,
indicating partial-flame stabilization in that region. By x = 20 mm, the KDE becomes more
compact with a slight reduction in peak HRR, suggesting a transition towards post-flame
behavior. Overall, the flame appears weakly attached and highly dynamic, with evidence of
both partial stabilization and sensitivity to local strain-rate fluctuations. In plots for location
B, at x = 5 mm, the flame initially stabilizes near the extinction strain rate band, similar to
location A. However, by x = 10 mm, the distribution broadens significantly (see black and red
arrows) with a prominent high-strain tail, indicating stronger local-strain interactions and
increased flame instability compared to A. Downstream at x = 15 mm and x = 20 mm, the
HRR magnitude diminishes and the distributions fragment further, reflecting earlier onset
of flame weakening and loss of coherence. Compared to plot A, the flame in plot B shows
weaker stabilization, greater sensitivity to local strain, and a more fragile attachment to
the tube exit. In contrast, Plot C (center tube) shows a distinctly different flame behavior.
At x = 5 mm, the HRR distribution is broad with a pronounced high-strain tail extending
well beyond the extinction limit (red arrow), indicating that substantial burning occurs
under strong strain conditions, possibly due to shear-driven ignition or transient premixed
flame elements. By x = 10 mm, while the peak remains near the extinction strain rate,
the high-strain lobe persists, suggesting a continued coupling between flow-induced stretch
and combustion. Compared to the A and B plots, the flame shows a stronger correlation
between elevated strain rates and sustained HRR, especially downstream. At x = 15 mm,
the distribution is still non-negligible beyond the extinction threshold, implying that the
flame is resilient to strain-induced quenching. Even at x = 20 mm, the presence of multiple
HRR modes across a narrow magenta strain range suggests localized re-ignition (reaction
pockets) or persistent strain-modulated burning. In contrast to A and B, this configuration
demonstrates more robust flame–strain coupling over a longer axial range, indicating that
the local flame response is more tightly governed by the local straining field than by passive
flame decay.

4.3.4 Flow field dynamics

Flame dynamics are directly influenced by the flow field variation induced by geometric ef-
fects. Figure 4.8 presents a time-instantaneous 3D streamline visualization (left and right
plots) around two representative tubes—labeled 1 and 2—corresponding to the locations
shown in the center plot with temporally averaged quiver data. In the 3D view, the in-
coming flow enters the combustion chamber in the positive X-direction. After entering the
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combustion chamber, the jets spread in the transverse YZ plane and sustain combustion
primarily within the shear layer regions surrounding each jet stream, as indicated by the
temperature colormap. Flow motion at the recirculation zone near the jet exits is shown by
the temporally averaged quiver plot on a transverse plane located 5 mm downstream of the
jet exit in the middle of Fig. 4.8.

In this quiver plot, flow moving into the plane (streamwise or towards the outlet) is
shown in red, recirculating flow moving out of the plane is shown in blue, and stagnant
or low-velocity regions are indicated by white arrows following values of Ux. Based on the
quiver plot, the center tube experiences relatively weak transverse flow motion, as indicated
by the short arrow lengths. In this region, the flow is primarily driven by the flame draft
and directed into the plane, as suggested by the red color representing positive Ux. Simul-
taneously, a weak transverse flow component in the Y-direction impinges on the flame front,
contributing to the observed directional asymmetry in reaction behavior between the Y and
Z axes for the center flame. In contrast, the outer tubes are subjected to stronger transverse
flow motions, resulting from both wall-induced confinement effects and interactions between
adjacent jet streams. In some cases, where fuel stratification is non-uniform, these tubes
also exhibit additional flow motions driven by hydrodynamic instabilities associated with
the stratification itself, as well as by asymmetric flame dynamics. These induced motions,
in turn, further influence the flame behavior, leading to strong fluid-chemistry interactions.

Figure 4.8: Instantaneous three-dimensional analysis of streamlines and recirculation zones
for Case B. The left image shows the streamlines around flame structure for tube 2, and the
right image depicts for tube 1; Image in the middle shows time-averaged quiver plot for X
slice at 5 mm indicating recirculation and reaction zones.

However, not all outer tubes behave in the same manner, as discussed in Section 4.3.2.
The flame of element number 4, located in the mid-section Y plane, displays a relatively short
and narrow flame structure despite having a comparatively uniform fuel stratification. This
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anomaly is attributed to the presence of transverse flow oriented perpendicular to the flame
front, combined with a strong streamwise velocity component—evident from the dark red
regions in the velocity field. This flow configuration imposes strain on the flame, contributing
to the observed unsteady and dynamic flame behavior. For the flame of element number 5
in the mid-section Y plane, the flame is influenced by a recirculation zone directed out of
the plane, which induces lateral flame motion. This results in the widest flame among all
branches and causes the flame to incline toward the wall, as described in Section 4.3.2.

To confirm the flow motions observed in the quiver plot, 3D streamlines—colored by
streamwise velocity—are examined next around the two representative tubes—labeled 1 and
2. Around tube 1, the streamlines display a relatively organized pattern (yellow arrows):
flow exits the tube downstream along the main stream, recirculates upstream within the
same XY plane, and re-engages with the main flow before wrapping around the tube. In
contrast, the streamlines near tube 2 exhibit chaotic, unstructured movement throughout the
3D domain, lacking a consistent recirculation pattern. This disordered behavior likely arises
from the more compact spacing and weaker confinement by adjacent tubes in that region.
Additionally, localized vortical structures further modulate the flame’s position and shape.
These observations align with the patterns identified in the temporally averaged quiver plot
that influenced tubes 1 and 2.

4.4 Summary

Before summarizing the physical results, it is important to restate the numerical regime of
this chapter. The MTM simulations are implicit LES calculations with detailed chemistry
and AMR. They resolve the dominant flame branches, recirculation zones, shear layers, and
wall-adjacent flow structures that determine stabilization, but unresolved motions below the
local grid filter are not modeled with an explicit subgrid closure. The stability conclusions
should therefore be interpreted as resolved branch-scale design indicators.

This chapter examined flame behavior in a pressurized 19-element multi-tube micromixer
using high-fidelity simulations validated against time-averaged 100 kHz OH-PLIF measure-
ments. The simulated conditions correspond to approximately 11 bar chamber pressure,
global equivalence ratios ϕ = 0.524–0.530, crossflow velocities of 159–162 m/s, crossflow
temperatures of 758–762 K, and fuel-jet velocities of 213–303 m/s. Validation was based
on flame morphology and attachment trends rather than absolute OH intensity because the
experimental PLIF data are normalized and are subject to fluorescence and optical uncer-
tainties. Within that validation scope, the simulations captured the major experimental
trend: the hydrogen-only case exhibits weaker attachment and a more lifted downstream
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reaction structure than the hydrogen/methane case.
The central conclusion is that the combustor cannot be interpreted as a simple array of

nominally identical premixed flame elements. The center and outer branches occupy different
local stabilization environments even though the global geometry is regular. The center flame
has the longest reaction zone and a more symmetric structure, while its reaction-zone width is
approximately 30% smaller in the closer-spaced transverse direction than in the wider-spaced
direction. Several outer branches exhibit weak attachment at specific transverse locations,
including Y = ±3.1, −9.18, and 22.5 mm in the mid-section Y plane and Z = ±18.5 mm
in the mid-section Z plane. These values show that branch-to-branch variability is spatially
organized, not random.

The current operating points are stable with respect to upstream flame penetration into
the tube elements. The reason is not only that the mean tube velocity is high, but that the
heat-release distribution is unfavorable for flashback. The dominant HRR remains in the
shear-layer reaction zones surrounding the tube-exit streams, whereas HRR in the low-speed
recirculation-dominated regions is approximately one order of magnitude smaller. Thus the
recirculation zones perturb flame shape and promote local branch asymmetry, but they do
not become strong upstream heat-release kernels. This observation links the detailed simula-
tion to a practical gas-turbine design rule: a low-speed recirculation zone is not automatically
a flashback source unless it also contains sufficient heat release, radicals, and residence time
to overcome the downstream convective flux through the tube.

The local flame dynamics reinforce this interpretation. Over a 40 µs sequence, the flame
does not remain as a stationary surface; it forms wrinkled fronts, reaction pockets, and fuel
filaments that convect and are consumed downstream. The strain-HRR joint PDFs show
that different branches occupy different strain-response regimes. Some locations remain
reactive at strain rates near or beyond the representative counterflow extinction band, while
others fragment and weaken by x = 15–20 mm downstream of the tube exit. This branch-
dependent strain response explains why a single representative tube element is not sufficient
for evaluating stability margins in a multi-tube combustor.

For design use, these results motivate a simulation-based stability map for distributed hy-
drogen injection. The global map coordinates should include ϕ, pressure, hydrogen content,
tube diameter, tube spacing, crossflow velocity, fuel-jet velocity, and jet-to-crossflow momen-
tum ratio. The local map coordinates should include flame penetration distance relative to
the tube exit, RL/De, RW/De, recirculation-zone-to-shear-layer HRR ratio, principal exten-
sive strain rate relative to extinction, mixture-fraction displacement from the jet centerline,
and pressure/velocity fluctuation amplitude. The present Case B occupies a stable region of
this map: the flame branches remain downstream of the tube exits, the recirculation-zone
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HRR is about 0.1 of the dominant shear-layer HRR, and the observed vortical structures
redistribute the flame laterally rather than driving it upstream into the tube bundle.

More broadly, this chapter provides a physical framework for understanding flame stabi-
lization in complex distributed-injection combustors. Its main contribution is not only to
document that neighboring flame branches differ but also to explain why they differ and
what that implies for combustor-level behavior. By showing how nominally regular injector
arrays generate locally distinct stabilization pathways, the analysis connects global com-
bustor performance to the underlying local fluid-chemistry interactions. The same coupled
mechanisms–nonuniform mixing, confinement-induced flow redistribution, branch interac-
tion, and local strain sensitivity–are expected to govern flame organization in more complex
staged hydrogen combustion systems.
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CHAPTER 5

Kinetic Uncertainty in Complex Reacting Systems

5.1 Introduction

The uncertainty analysis in this chapter is built on the same resolution regime used in the
detailed-flow chapters. The AMReX fields are treated as implicit-LES/resolved-large-eddy
reacting-flow fields: the sampled thermochemical states come from resolved flame fronts,
shear layers, recirculation zones, and Lagrangian trajectories, while sub-filter turbulence
below the local AMR spacing is not separately propagated through the chemistry-uncertainty
model. Consequently, the UQ results quantify kinetic sensitivity of the resolved reacting
states and should be interpreted as branch- and state-specific robustness diagnostics, not as
a complete uncertainty budget for every unresolved turbulent fluctuation.

The previous chapters examined flame stabilization in complex hydrogen-fueled configura-
tions primarily through flow-field and flame-structure diagnostics, including branch topology,
recirculation, scalar dissipation, strain, and residence-time effects. These analyses estab-
lished the fluid-mechanical structure of the flame, but they also pointed to a broader conclu-
sion: flame stabilization in these systems is sustained only where the local thermochemical
state created by mixing and transport remains compatible with finite-rate chemical processes
that can maintain heat release against mixing and strain effects. This point is especially im-
portant in complex configurations, where the same global flame regime can contain locally
different balances among mixing, residence time, heat release, and radical production. Even
with detailed finite-rate chemistry, the reaction model retains epistemic uncertainty because
its rate parameters are constrained by incomplete and uncertain combustion data; accord-
ingly, this uncertainty can be represented by a posterior covariance matrix in parameter
space for each reaction [132; 133]. The implication is that chemistry is not merely a closure
embedded within the simulation but is an active part of the flame stabilization mechanism it-
self. To isolate and interpret that chemical contribution more directly, this chapter adopts an
Uncertainty Quantification (UQ) perspective to investigate kinetic uncertainty in a complex
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combustion system. This use of perturbations as a diagnostic is consistent with the broader
fluid-mechanics tradition of using controlled perturbation analysis to reveal the mechanisms
that organize complex flows [134].

From this viewpoint, chemistry UQ is useful not only because it places uncertainty bounds
on model predictions but also because it reveals how sensitive local flame behavior is to the
underlying kinetic description. Uncertainty in rate parameters propagates into ignition ten-
dency, reaction progress, radical production, and characteristic chemical time scales, thereby
providing a measure of the chemical robustness of the flame under different flow conditions.
This is particularly valuable in practical reacting systems, where deterministic simulations
may reproduce the major flame structure while still obscuring how strongly the local solu-
tion depends on uncertain chemical pathways. More broadly, quantifying uncertainty from
chemistry models is increasingly recognized as necessary for establishing the credibility of
reacting-flow simulations [135; 136; 137; 138; 139]. Although substantial progress has been
made in estimating uncertainty in reaction-rate parameters [140; 141; 142], the develop-
ment of those uncertainties through reacting-flow calculations remains limited because of
the computational cost [143; 144; 145; 146].

Prior studies have also explored UQ together with dimensionality-reduction strategies
and response-surface approaches [147; 148; 149; 143; 150; 151; 152]. However, when reduced
chemistry is used in practical CFD, an additional difficulty arises: uncertainty information is
often available only for individual reactions or for a detailed mechanism, not for the reduced
mechanism actually used in the simulation. Since mechanism reduction may eliminate path-
ways, introduce lumped reactions, or rely on steady-state assumptions, there is generally no
one-to-one correspondence between the uncertainty model of the detailed mechanism and
that of the reduced mechanism. Some previous efforts in this direction have addressed parts
of this problem. For example, Oh et al. [153] proposed a hybrid response-surface network for
inverse UQ using a neural-network-based treatment of kinetic-rate uncertainty constrained
by ignition-delay data, while Su et al. [152] quantified the uncertainty of the kinetic param-
eters during the reduction of the mechanism by combining sensitivity and active subspace
analyses with a PCE surrogate and introducing a transition state to separate the changes
due to the truncation of the parameters from the reaction coupling. Notably, however, these
prior studies typically assume independent rate-parameter uncertainties, i.e., a diagonal co-
variance with no cross-correlations. That assumption simplifies the problem, but it does
not retain the correlated uncertainty structure available in detailed chemistry models and,
therefore, limits transferability across coupled sub-mechanisms.

To address this gap, the first framework used in this dissertation constructs uncertainty
information around the reduced-space operating states already produced by a reacting-flow
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simulation, rather than relying on repeated ensemble simulations. The procedure proceeds
in two steps. First, reduced-manifold simulation states are reconstructed uniquely in the full
detailed-composition space by initializing trajectories at the unburnt mixing state and inte-
grating along the reaction mapping until the target progress-variable condition is reached.
Second, correlated perturbations drawn from the covariance matrix of the detailed mecha-
nism are propagated along those reconstructed detailed reaction trajectories. In this way,
detailed-mechanism uncertainty is transferred to reduced-space operating points, produc-
ing spatially resolved variability estimates for chemistry-controlled quantities without re-
quiring prohibitively expensive full-field uncertainty propagation. This framework provides
a tractable means of identifying where chemistry-driven uncertainty materially affects a
practical flame simulation and where reduced-mechanism predictions may depart from the
detailed-mechanism reference.

A second and complementary framework addresses a different but closely related limita-
tion. Even if uncertainty can be propagated from a detailed mechanism to local reacting
states, the reduced mechanism used in practical simulations still often lacks a consistent
description of its own uncertainty. To overcome this, a covariance-transfer and refinement
procedure is introduced to construct an uncertainty model directly for the target reduced
mechanism, starting from the correlated covariance matrix available for a detailed mecha-
nism. Reactions shared between the detailed and reduced mechanisms are mapped directly,
while effective uncertainty factors are assigned to reduced mechanism reactions that do not
have a one-to-one counterpart in the parent mechanism. The resulting reduced covariance
is then treated as a prior and refined through variational-inference-based regression using
selected targets. The value of this second framework is that it moves the analysis beyond
state-conditioned propagation alone and provides a practical uncertainty model for the re-
duced chemistry employed in reacting-flow calculations.

These two frameworks, therefore, serve different purposes in the present dissertation. In
the first approach, hereafter referred to as the state-reconstruction UQ method, detailed
species compositions are recovered from reduced thermochemical information by using the
local state together with the conserved mixture fraction and reaction progress. After that,
correlated kinetic uncertainty is propagated along the reconstructed trajectories. Its role is
to evaluate chemistry-controlled trajectory measures, such as the equilibrate timescale, and
thereby clarify reaction-path behavior and sensitivity in selected regions of the flow. For the
second framework, termed as the covariance-transfer UQ method, a covariance model is first
constructed and refined directly for the target chemistry used in the simulation, and that
uncertainty description is then used to quantify local variability in reaction-zone quantities,
particularly radical-production metrics such as OH production, under the strain–mixing
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environments sampled by the flame.
The present chapter examines kinetic uncertainty in complex reacting systems using these

two complementary uncertainty methods. The state-reconstruction UQ method is applied to
the multi-tube micromixer, where reconstructed detailed states are used to evaluate uncer-
tainty in chemistry-controlled trajectory quantities and to interpret reaction-path sensitivity
within the stabilizing flow field. The covariance-transfer UQ method is applied to hydrogen
transverse jets in crossflow, where a covariance-transfer and refinement procedure is used to
construct an uncertainty description for the reduced mechanism employed in the simulation,
enabling a local analysis of uncertainty in reaction-zone quantities.

5.2 State-reconstruction UQ method

The state-reconstruction UQ approach is based on a mapping between the reduced and de-
tailed thermochemical spaces. To quantify uncertainty in the reduced space while using rate
uncertainty from the detailed mechanism, a two-step procedure is used here: (i) reconstruc-
tion—map reduced-manifold states into the full composition space; (ii) sampling—integrate
detailed reaction trajectories with perturbed rate coefficients drawn from the detailed mech-
anism’s covariance matrices. This propagates parametric uncertainties and evaluates their
impact on key trajectory targets in the reduced space. Reconstruction follows the attracting-
manifold assumption (cf. ICE-PIC [154]); however, unlike ICE–PIC, here the trajectories
are anchored at an unburnt mixing state defined by a conserved mixture fraction and are
integrated forward along the reaction mapping until the progress variable reaches the tar-
get state, ensuring a unique mapping. This eliminates intermediate search steps, improving
efficiency while preserving elemental conservation and manifold invariance (see Fig. 5.1).

This study assumes a gas-phase mixture (ϕg) of ns chemical species composed of ne

elements (E is the elemental matrix) in a closed, homogeneous, and ideal gas reacting system.
The thermochemical state of the mixture (at any time) is completely characterized by the
pressure p, the temperature T , and the ns-vector χ of the specific moles of the species,
ϕg = (p, T, χ). If p and T are held constant, the state is given by χ. Due to chemical
reactions, the composition χ(t) evolves in time t according to the set of ordinary differential
equations (ODEs) as d

dt
χ(t) = SΨ(χ(t)) (1), where SΨ ∈ Rns is the vector of chemical

production rates of the detailed mechanism (Ψ). A similar equation can be written using
the production rate vector of the reduced mechanism (ξ), Sξ ∈ Rnr . The production rate
vector S satisfies: (1) Elemental conservation: E⊤S = 0, ensuring that atomic elements
are conserved throughout the reaction; (2) Reactivity: The mixture remains reactive except
at chemical equilibrium, i.e., ∥S∥ > 0 for all χ ̸= χeq; (3) Thermodynamic consistency:
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Figure 5.1: Conceptual sketch of the proposed trajectory mapping in composition space. The composition
space is spanned by Z, c, and an unconstrained species µ (not frozen during reaction evolution). The blue-
shaded surface M+

R(ξ): Reduced-mechanism reaction manifold. Red-shaded plane Mc(ξS): iso-c manifold
at state S for ξ. Green trajectory R(ξ, t → t0): reconstruction from a given state S of ξ. Yellow trajectories
R(Ψ, t0 → t∗): forward integration of Ψ from Z0 with perturbed reaction rate coefficients ki towards Mc(ΨE),
and reach the target composition ϕΨc(ki). Dashed black lines: relaxation of different reaction trajectories
toward equilibrium (E).

The Gibbs free energy G(χ) is a strictly decreasing function along any reaction trajectory,
ST dG

dt
< 0 for χ ̸= χeq, with χ → χeq as t → ∞; and (4) Realizability: Consistent with

the law of mass action, the evolution of species concentrations is restricted to the realizable
region of the composition space, i.e., χi(t) ≥ 0, ∀i, t. These properties have been discussed
in detail in [155].

The two mechanisms (ξ and Ψ) are subject to the following assumptions: ξ ⊂ Ψ,
Sξ = P SΨ, and ξ, Ψ contain the same set of elemental types, where P is a projection that
ensures individual reaction rates remain consistent (values may vary) in both mechanisms.
The term R(χ, t) represents the reaction mapping, which is the solution to equation (1) at
time t, starting from the initial condition χ. Given an unburned state ϕξu = (p, T, χξu), the
mixture fraction Zξ can be calculated as outlined in [111]. This state is then advanced along
the ξ trajectory, and at time τ ξ, a progress variable (cξg) is defined as a linear combination of
selected species compositions. The initial state for Ψ can be defined as ϕΨ

u = (p, T, χΨ
u (Zξ)),

where χΨ
u (Zξ) = Bχξu(Zξ) with B ∈ Rns×nr serves as the constant species map to reconstruct

83



the detailed species composition from χ(ξ)(Z) B−−→ χ(Ψ)(Z). The system Ψ is initialized on
the corresponding unburnt mixing edge Ψ0 = Ψu(p, TχΨ

u ) and advanced along the detailed
trajectory t 7→ R(Ψ0, t) until the progress variable reaches the prescribed value cξg, i.e.,
cΨ
g (R(Ψ0, t⋆)) = cξg (see Fig. 5.1). The resulting detailed composition Ψ⋆ = R(Ψ0, τ ⋆) sat-

isfies both mixture-fraction and progress-variable consistency, Z(Ψ⋆) = Zξ and c(Ψ⋆) = cξg,
and thus represents the reconstructed detailed state corresponding to the reduced coordinate
ϕξ
g. If c evolves monotonically along the trajectory—i.e., if Sψ(R(Ψ0, t)) maintains a fixed

sign—the root τ ⋆ is unique [154].
Uncertainty in reaction rates for Ψ is represented by sampling correlated Arrhenius pa-

rameters from a multivariate Gaussian distribution with covariance ΣΨ. For each reaction i,
the normalized variables xA,i = ln(Ai/A0,i)/ ln fi and xB,i = (Bi − B0,i)/(Tref ln fi) describe
perturbations in the pre-exponential factor and activation energy. The corresponding log-
arithmic rate variation is xi(T ) = xA,i − (Tref/T )xB,i, yielding ki(T ) = k0,i(T ) f

xi(T )
i , with

xi = [xA,i, xB,i]⊤. The joint parameter vector X = [x⊤
1 , . . . , x⊤

I ]⊤ follows X ∼ N (µm, ΣΨ),
where ΣΨ encodes correlations between Ai and Bi. Samples are drawn by X(s) = µm +Lz(s)

with LL⊤ = ΣΨ and z(s) ∼ N (0, I). Repeated sampling and integration of the kinetic
model generate an ensemble of trajectories whose dispersion defines an uncertainty band
(see Fig. 5.1). The covariance matrix must be symmetric and positive definite.

5.3 Covariance-transfer UQ method

The covariance-transfer UQ method is used in this dissertation to construct an uncertainty
model for a reduced reaction mechanism starting from a detailed mechanism for which corre-
lated kinetic-parameter covariance information is available. The main motivation is practical.
In reacting-flow simulations, the chemistry model used in CFD or post-processing is often
reduced for computational efficiency, while the most complete uncertainty information is
typically available only for a larger parent mechanism. Because mechanism reduction can
remove reactions, lump pathways, and modify the representation of coupled chemistry, the
covariance information of the detailed mechanism cannot be applied directly to the reduced
mechanism without additional modeling. The present method addresses this difficulty in
two stages. First, covariance information is transferred from the detailed mechanism to the
reduced mechanism to define a prior uncertainty model. Second, that prior is refined through
Bayesian regression using ignition-delay time targets.

Let θ denote the uncertain kinetic parameters of the target reduced mechanism, and let
y denote the observational quantity used for calibration, here taken as the ignition-delay
time. The posterior probability density of the parameters, conditioned on the observations,
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is given by Bayes’ theorem.
p(θ | y) = p(y | θ) p(θ)

p(y) . (5.1)

In this expression, p(θ) is the prior distribution, which represents uncertainty in the kinetic
parameters before using the calibration data; p(y | θ) is the likelihood, which measures how
well a given parameter set reproduces the observed ignition delays; and p(θ | y) is the poste-
rior distribution, which represents the updated uncertainty after conditioning on the data.
For the nonlinear chemistry model considered here, direct evaluation of the posterior is not
tractable because each likelihood evaluation requires a reactive simulation. For this reason,
the posterior is approximated using variational inference. In this approach, a tractable trial
distribution q(θ; λ) is introduced, and its parameters λ are selected so that q is as close as
possible to the true posterior.

λ∗ = arg min
λ

DKL (q(θ; λ) ∥ p(θ | y)) , (5.2)

which states that the variational approximation is chosen to minimize the Kullback–Leibler
divergence from the true posterior. This minimization is equivalent to maximizing the
Evidence Lower Bound (ELBO),

λ∗ = arg max
λ

[
Eq

[
log p(y | θ)

]
+ Eq

[
log p(θ)

]
− Eq

[
log q(θ; λ)

]]
. (5.3)

The first term in Eq. (5.3) rewards parameter distributions that reproduce the calibration
targets well; the second term keeps the inferred parameters consistent with the prior infor-
mation, and the third term accounts for the entropy of the variational approximation. In
the present work, the variational distribution is taken to be Gaussian,

q(θ; λ) = N (µ, Σ), (5.4)

so that the approximate posterior is represented by a mean vector µ and a covariance matrix
Σ. This Gaussian form is particularly useful because it allows the parameter correlations to
be retained while keeping the optimization tractable.

The starting point for the method is a detailed parent mechanism for which a correlated
parameter covariance matrix is available. The covariance-transfer step constructs a prior
uncertainty model for the target mechanism from the detailed-mechanism covariance infor-
mation. This is carried out at the reaction level. Reactions are first identified that both
possess uncertainty information in the parent mechanism and appear explicitly in the target
mechanism. For these shared reactions, the corresponding uncertainty information is trans-
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ferred directly. For target-mechanism reactions that do not have a one-to-one counterpart
in the parent mechanism, such as lumped reactions or reactions absent from the detailed
mechanism, an effective uncertainty factor is assigned on the basis of the most closely re-
lated reactions in the parent mechanism. The resulting reduced covariance matrix is then
taken as the prior covariance for the target mechanism, so that p(θ) = N (µpr, Σpr), where
µpr is centered at the nominal parameter values of the target mechanism and Σpr is the
covariance matrix obtained from the covariance-transfer procedure. This prior supplies the
initial uncertainty description used in the subsequent regression step.

Once the prior has been constructed, it is refined through nonlinear Bayesian regression.
The calibration targets are ignition-delay times generated with the detailed mechanism over
a broad range of thermochemical conditions,

T ∈ [900, 2100] K, P ∈ [1, 15] atm, ϕ ∈ [0.1, 2.0]. (5.5)

These data serve as the observation vector y in the Bayesian formulation. The forward model
for the regression is written as

y = g(θ) + ε, (5.6)

where g(θ) denotes the ignition-delay predictions obtained by evaluating the target mech-
anism in Cantera for a given parameter vector θ, y is the selected target or observations,
and ε represents the noise or error term. In practice, each evaluation of g(θ) requires a
full Cantera ignition-delay simulation over the prescribed set of conditions. The additive
error or noise term in the regression model is introduced to define a probabilistic likelihood
and to account for the residual mismatch between the reduced-mechanism prediction and
the calibration targets, including numerical error and model-form discrepancy arising from
mechanism reduction. Following the source study, the likelihood is defined in log space using
a relative-error model,

log p(y | θ) ∝ − 1
2σ2

rel

∑
i

[log yi − log ŷi(θ)]2 , (5.7)

where ŷi(θ) is the predicted ignition delay for the ith condition, and σrel is the prescribed
relative noise level. The use of log space is important because ignition-delay times span a
wide dynamic range, and a logarithmic formulation, therefore, emphasizes relative agreement
rather than absolute error. With the prior and likelihood defined, the ELBO in Eq. (5.3)
becomes the objective function used to infer the posterior Gaussian parameters µ and Σ.
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After convergence, the refined posterior approximation is written as

θ′ ∼ N (µ′, Σ′). (5.8)

The posterior mean µ′ represents the updated central estimate of the reduced-mechanism
parameters, while the posterior covariance Σ′ represents the updated uncertainty and
parameter-correlation structure after conditioning on the ignition-delay targets.

A practical difficulty in this regression is that the forward model g(θ) is evaluated through
a black-box Cantera simulation, so the ELBO does not have a convenient analytic gradient
with respect to the variational parameters. An obvious initial option is finite-difference gra-
dient evaluation, in which the variational parameters are perturbed, and the corresponding
change in the objective is used to approximate the gradient. However, in the present prob-
lem, this approach is not sufficiently robust. Because ignition-delay prediction requires stiff
ODE integration, finite-difference gradients can be sensitive to numerical noise and subtrac-
tion cancellation, especially when the perturbation magnitude is small. In addition, the cost
grows rapidly with parameter dimension because multiple objective evaluations are required
for each gradient estimate. These difficulties motivate the use of simultaneous-perturbation
stochastic approximation (SPSA) for gradient estimation [156; 157].

Let x denote the vector of variational parameters and define F (x) = −ELBO(x). The
optimization is then recast as a minimization of F (x). At iteration k, SPSA perturbs all
components of x simultaneously using a random direction vector ∆k and evaluates the ob-
jective at two symmetrically perturbed points.

y+
k = F (xk + ck∆k), y−

k = F (xk − ck∆k), (5.9)

where ck is the perturbation scale. From only these two evaluations, the gradient estimator
is formed as

ĝk,i = y+
k − y−

k

2ck∆k,i

. (5.10)

The key advantage is that the cost of the gradient estimate does not increase in the same
way as coordinate wise finite differences, making SPSA more suitable for a noisy, high-
dimensional black-box objective. To further reduce estimator variance, the gradient can be
averaged over multiple independent perturbations.

ĝ
(M)
k = 1

M

M∑
m=1

ĝ
(m)
k . (5.11)

The resulting averaged SPSA gradient is then supplied to the optimizer to update the varia-
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tional parameters iteratively until the ELBO converges. In this way, the regression proceeds
by repeatedly sampling from the current Gaussian approximation, evaluating the correspond-
ing ignition-delay predictions through Cantera, estimating the ELBO and its gradient, and
updating the mean and covariance of the variational posterior. Additional implementation
details and convergence behavior of the variational optimization are provided in Appendix C.

After regression, the posterior covariance Σ′ provides a refined uncertainty description
for the target reduced mechanism. This posterior covariance can then be used to generate
parameter samples and propagate uncertainty through the reduced chemistry model in sub-
sequent reacting-flow analyzes. In the present dissertation, this method is applied to the
hydrogen jet-in-crossflow configuration, where the refined reduced-mechanism uncertainty
model is used to examine local uncertainty in chemistry-sensitive flame quantities.

5.4 State-reconstruction UQ for Multi-tube Combustor

In this section, the first proposed two-step procedure is further evaluated by the Multi-tube
Combustor. Partially premixed combustion and complex fluid strain effects from geometric
influences on chemical timescales and reaction pathways are investigated through this UQ
analysis. Here, the FFCM-2 mechanism, along with its covariance matrix [132; 133], will be
used as the basis for the UQ methods described in Section 5.2.

The numerical simulation models a multi-tube combustor with a subsonic reacting flow,
where a flame, potentially under a partially-premixed combustion mode, is anchored at the
exit region of a tubular bundle [158]. This simulation has been validated against experi-
mental data, and details of the computational domain are provided in Chapter 4. Case B,
corresponding to the pure hydrogen fuel configuration, is selected for the present UQ anal-
ysis. Two primary wall injectors, angled at 90° introduce hydrogen fuel within each tube
element, upstream of the combustion chamber. Vitiated air at 758 K and 162 m/s enters the
tubular bundle following the experimental setup. Here, the chamber region of the numerical
results is extracted only along the mid-section plane B (Fig. 5.2). Upstream fuel injection
induces mixture stratification that, along with evolving recirculation zones, modulates the
flame front. This coupling promotes periodic detachment of localized reaction pockets and
drives oscillatory flame dynamics, making this region a key focus for further investigation.
The simulations are performed using a fully compressible Navier-Stokes solver [72], employ-
ing an H2-Air mechanism with 9 species and 21 reactions [11]. In this study, cells with T >

900 K are termed chemically “active cells” and are considered in the analysis; however, if
the cell has a fuel concentration near zero, it is discarded.
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Figure 5.2: Instantaneous snapshot on the combustor mid-plane showing temperature. Blue arrows indicate
the flow direction of the oxidizer stream. Red arrows depict fuel stream issuing perpendicular into the oxidizer
stream (inset).

5.4.1 Trajectories with FFCM-2 for H2 fuel

In current and later sections, the FFCM-2 mechanism, along with its covariance matrix [132],
will be used as a basis to study the H2 fuel reactions. Since this is a nontrivial task,
first, to verify the applicability of FFCM-2 to hydrogen-fueled conditions, additional details
are provided in Appendix B. Further, to verify that the transferred uncertainty does not
introduce spurious variability, we compare it against direct uncertainty propagation with the
original FFCM-2 mechanism and covariance matrix in a representative counterflow flame;
the results are presented in Appendix B.1. To understand the species reconstruction method
and the generation of different reaction trajectories, one cell from the numerical simulation is
analyzed here. First, following Section 5.2, an unburnt mixing state is reconstructed. Next,
reaction trajectories were computed with perturbed kinetics defined by a scalar multiplier
s = fxk , where xk are components of the joint parameter vector X ∼ N (0, ΣΨ) [132]. Using
Cantera [123], perturbations uniformly rescale reaction rates for Ψ: pressure-independent
reactions set k → s k; falloff reactions use A0 → sA0 and A∞ → sA∞, preserving the reduced
pressure and the falloff shape; The PLOG type applies the same s to every node’s Am. Third-
body efficiencies were modified as [M ]eff = ∑

s ηs[s], shifting the pressure dependence (and the
low-pressure branch) without altering the high-pressure limit. The ensemble of 500 different
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sampled reaction trajectories for a representative cell is shown in Fig. 5.3. To map the results
to the simulation manifold ξ, the reaction process was evaluated using the progress variable
C = YOH + YH2O, which is defined based on the original cell state. The unconstrained
coordinate (representing species that are not frozen during reaction evolution) is defined as
the mass fraction of the intermediate species. The intermediate species OH begins with a
low radical concentration and shows a flat increase at low reaction progress levels. As the
reaction progresses, the path remains on a long, gently curved low-YOH branch for most of
its extent. Near the high-C end, the trajectory turns sharply and rises almost vertically,
indicating a rapid increase in YOH with comparatively small changes in C and Z. At the
same time, the trajectory for H2O2 begins with an almost vertical rise at relatively low C,
indicating a rapid build-up of H2O2 while C changes only weakly; as C increases into an
intermediate range, the path reaches a peak (or near-plateau) with YH2O2 ≈ Ymax, after
which it transitions smoothly into a long declining tail in which YH2O2 decreases gradually
as C continues to increase. In contrast to YOH, which tends to exhibit a delayed and abrupt
jump, the evolution of YH2O2 is more progressive and continuous, following a build-up →
peak → decay pattern. The thermochemical states at the intersection point of each reaction
trajectory with the plane C = cξ are used for the next analysis.

Figure 5.3: Ensemble of one-cell reaction trajectories in C, Z, µ space, and two different un-constrained
coordinate definition. Gray curves span different sample of reaction kinetics; one typical trajectory is em-
phasized with a thick black dashed line. The blue plane marks Cξ = 0.8 constraint.

5.4.2 Local Chemical Timescales and Reaction Pathways

In order to assess the UQ framework, we utilize the following performance metric: we define
a time τC , which is the time taken by a local unburnt fuel-air mixture (based on the mixture
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fraction) to reach the local thermodynamic state characterized by the progress variable. The
initial conditions are reconstructed using Zξ from each computational cell in the domain, and
the integration is carried out in a constant-volume reactor for Ψ, similar to the analyses pre-
sented above for the mapping procedure. A total of 100 samples are generated for each of the
90000+ cells. Fig. 5.4 shows this mean chemical timescale (τ̃C) on the combustor mid-plane
B. Interactions between the discrete jet flames (entering the combustion chamber) and the
recirculation flow generate order-of-magnitude variations in τ̃C , reflecting ongoing mixing be-
tween mixtures of different local compositions. Along the flame front, the chemical timescale
exhibits pronounced spatial variability. Regions characterized by near-stoichiometric condi-
tions display short chemical timescales on the order of 10−6 s, indicative of rapid reaction
kinetics, consistent with the behavior observed for the non-premixed diffusion flame front
discussed later in the current section. In contrast, portions of the flame front just down-
stream of the tube exit are associated with substantially longer chemical timescales, reaching
O(10−2) s, which can be attributed to fuel stratification within the main flow. This wide
range of chemical timescales along the flame front underscores the partially premixed nature
of the combustion process, wherein both kinetically fast, diffusion-controlled reactions and
slower, mixing-limited reactions coexist. Further downstream, the characteristic chemical
timescale τ̃C decreases to approximately 10−7 s, consistent with a flow region dominated by
fully reacted, post-flame products and rapid radical recombination kinetics occurring under
relatively low local strain rates. In contrast, within the inter-jet recirculation zone in the
near vicinity of the tube exit, interactions between the jet and the recirculating flow gen-
erate strong spatial variations in strain rate and enhance local fuel stratification, leading
to elevated chemical timescales and a significantly broader distribution. In this region, the
chemical timescale spans several orders of magnitude, ranging from ∼ 0.2 s to 10−4 s, reflect-
ing the combined effects of strain-rate-induced residence-time reduction and mixing-limited
chemistry.

We extend the UQ analysis to the time-to-equilibrium. Each cell is assumed to relax
via a constant-UV (internal energy and volume) equilibration process. We note that other
systems may require different equilibration assumptions (e.g., UV vs. HP). For every cell,
we integrate a constant-volume reactor with perturbed reaction rates and record the time at
which T=TUV , repeating this for 100 samples. Figures 5.5 and 5.6 show the local temperature
T as a function of mixture fraction Z, with marker color denoting the normalized variability
of the local timescale τ̂E = στE

/τ̃E. The two panels correspond to different regions—the flame
front and the recirculation zone—and exhibit distinct thermochemical coverage and scatter.
The flame-front samples span a broad range of mixture fractions (extending to substantially
higher Z) and reach higher temperatures (up to ∼ 2500 K), indicating strong heat release and
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Figure 5.4: Instantaneous snapshot on the combustor mid-plane B showing time scale τ̃C in log-scale
computed from Ψ. Blue arrows indicate the flow direction of the partially premixed stream. Region A
represents the flame front, while region B represents the recirculation zone.

intermittent exposure to richer and near-stoichiometric pockets. Correspondingly, this plot
shows substantial spread in T at fixed Z and a wider distribution of τ̂E, reflecting stronger
local stratification and more intense, unsteady reaction. By comparison, the recirculation-
zone samples are confined to leaner conditions (lower Z) and a narrower temperature range
(peaking near ∼ 2100 K). The points cluster more tightly along a mixing/ignition trajectory,
consistent with enhanced dilution by recirculated products, milder reaction, and reduced
thermochemical intermittency relative to the flame front.

Both on the flame front and in the recirculation zone, τ̂E varies by approximately 2%–18%,
with the largest dispersion occurring in the low-to-intermediate temperature regime corre-
sponding to induction and the onset of heat release. In this regime, we found that two
chain-propagation reactions, H + O2, (+M) ⇌ HO2, (+M) (R1) and H2 + OH ⇌ H + H2O
(R2), together with the chain-branching reaction H + O2 ⇌ O + OH (R3), govern the ap-
proach to equilibrium.

Consistent with findings in [159], under fuel-lean conditions, the chemical state is partic-
ularly sensitive to R2. Moreover, as shown in [160], the IDT exhibits strong sensitivity to R1
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in the low-temperature regime near 1000 K. In addition, as discussed in [161], the R1 path-
way is strongly pressure dependent and is enhanced at elevated pressures, thus isolating H
atoms into HO2 and reducing their availability for the chain-branching pathway R3, which in
turn effectively modulates the overall branching propensity. In the intermediate-temperature
range, the branching reaction R3 is frequently identified as one of the most sensitive elemen-
tary steps [162]. Collectively, these findings suggest that the elevated variability in τ̂E in the
low-to-intermediate temperature regime is attributable to the initiation and competition of
branching-related chemistry and its pressure-modulated coupling to propagation pathways.

A key inference that may be drawn from the analysis is that pronounced deviation in
the low-to-intermediate temperature regime is expected to influence ignition-kernel evolu-
tion in the presence of relatively cooler and stratified reactant streams. This is important
for studies focused on kernel growth or even auto-ignition behavior, as this may alter early
transient flame development. During the initial phase of the simulation, when mixing and
thermochemical perturbations are small but consequential, modest fluctuations in local com-
position and temperature can therefore yield disproportionately large changes in the effective
chemical timescale. At elevated temperatures, the hydrogen chemistry considered here ex-
hibits comparatively similar pathway evolution, even in hot states; consequently, τ̂E remains
bounded (typically ≲ 0.1).

Figure 5.5: Scatter plot of T versus Z colored by τ̂E on the flame front (Region A in Fig. 5.4).

When comparing these results along low and high T regime, the variation in the chemical
timescale at low temperatures is dictated by R1, where radical removal tends to control
the formation/consumption of HOx and therefore uncertainties in temperature/pressure can
strongly amplify the deviation in timescales [163]. However, as T increases, the dominant flux
shifts toward the chain-branching step H + O2 ⇌ O + OH (R3) as tested in Cantera [123];
indeed, Li et al. [164] reported that above ∼ 2000 K, the competing association channel
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Figure 5.6: Scatter plot of T versus Z colored by τ̂E inside recirculation zone (Region B in Fig. 5.4).

becomes insignificant relative to this branching reaction. However, predictions of hydrogen
oxidation (e.g., ignition delay and flame propagation) can still exhibit appreciable sensitiv-
ity to the remaining high-T controlling reactions and their rate parameters (most notably
H + O2 → O + OH and coupled HOx pathways) [163]. Therefore, the smaller variation ob-
served at high T should be interpreted primarily as an artifact of the current uncertainty
model (i.e., the assumed FFCM-2 covariance matrix Σ and its correlations/weights, which
can decrease variance propagation when high-T branching-rate parameters are treated as
strongly correlated), rather than as a physical statement that hydrogen kinetics are “not
sensitive" at high temperatures.

5.5 Flame Stabilization and Dynamics for Hydrogen En-
riched Jet Flames

Before introducing UQ, the hydrogen-enriched jet-in-crossflow flames were first analyzed
deterministically over a range of jet momentum ratios and hydrogen contents by volume
(as listed in Table 3.1) to establish the baseline flame-stabilization behavior and unsteady
flame dynamics of the system. The purpose of this analysis is to determine how the global
flame structure, branch topology, local strain environment, and temporal response change
with operating conditions, thereby distinguishing the effects of the flow field from those
associated with fuel composition. This deterministic characterization provides the physical
foundation for the subsequent UQ study, since the role of kinetic uncertainty can only be
interpreted clearly after the baseline stabilization mechanisms and flame dynamics have been
identified.
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5.5.1 Global Flame Structure

Figure 5.7: Temporally averaged velocity magnitude for the different cases, with the isoline
of YOH for the 70% and 95% H2 by volume cases indicating the flame shape.

In a previous study[165; 166], the 70% H2 by volume cases were validated against ex-
perimental results. This study focuses on the comparison of flame shapes as the hydrogen
content by volume changes, as shown in Fig 5.7. When the hydrogen content by volume
was increased to 95%, the fuel density decreased significantly. To ensure comparable jet
characteristics across different fuel compositions, the jet momentum ratio (J) was held con-
stant, necessitating an increase in jet velocity for the lower-density hydrogen-rich mixture.
Under this constraint, the jet trajectory remained consistent across the different hydrogen-
by-volume cases. However, the lower density in the 95% hydrogen-by-volume case led to
greater fluctuations in the fuel stream. This instability contributed to a broader flame
spread, driven by the increased volumetric heat release associated with the higher hydrogen
content. Notably, the flame continued to exhibit a dual-branch structure, similar to that
in the 70% hydrogen-by-volume case. While the flame front shifted slightly upstream, the
location where the two branches connected exhibited both upstream and downstream move-
ment. To further investigate the dynamic behavior of the flame under these conditions, a
time-resolved visualization of the flame branches is presented in the following sections.

5.5.2 Strained Flame Front

To visualize the coupled roles of mixing, strain, and chemistry, Fig. 5.8 overlays the flame
front on the field of normalized scalar dissipation rate and additionally includes the stoichio-
metric mixture-fraction contour, Z = Zst (black line). This combined view clarifies (i) where
the flame can persist relative to local quenching/under-mixing limits and (ii) how closely the
reacting layer follows the nominal diffusion-flame stoichiometric surface.
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The colormap shows the normalized scalar dissipation rate, χ̂, defined as:

χ̂ = χ

χext
st

, (5.12)

where χext
st is the stoichiometric scalar dissipation rate at extinction obtained from a one-

dimensional counterflow calculation in Cantera [123]. This normalization provides a phys-
ically meaningful chemical reference: values χ̂ ∼ O(1) correspond to local mixing/strain
intensities comparable to the laminar extinction limit, enabling direct comparisons across
cases.

Across all cases, the flame front does not coincide with the maximum-χ̂ regions. Instead,
the flame front consistently resides on the immediate low-χ̂ side of the high-χ̂ layer that forms
along the primary shear/mixing interface. This indicates stabilization where mixing remains
sufficiently strong to bring the mixture toward reactive compositions, yet the local scalar
dissipation has relaxed enough for chemical reaction to compete with strain. In the regions of
very large χ̂ (orange–magenta), no flame is observed, consistent with conditions approaching
or exceeding the extinction reference. Conversely, regions of very small χ̂ (blue–gray) are
also largely flame-free; although strain is weak there, scalar gradients (and thus interdiffusion
toward reactive compositions) are minimal, so the mixture remains close to the unmixed
streams. The flame front therefore occupies an intermediate range of χ, bounded by over-
strained (high-χ̂) and under-mixed (low-χ̂) zones.

The Zst contour further shows that the lifted branch behaves predominantly as a diffusion
flame: the flame front closely follows the stoichiometric surface as it threads along the mixing
layer, and the high-χ̂ band intersects the Zst contour in the upstream stabilization region.
Notably, the flame front typically appears slightly displaced from the peak-χ̂ ridge and from
the Zst line, reflecting finite-rate effects and the fact that the instantaneous reaction zone is
set by the local balance between strain effects and chemistry rather than by mixture fraction
alone.

The momentum-flux ratio J sets the dominant changes in flame topology. Comparing
J = 1.96 (Cases A7 and A9) with J = 8.41 (Cases C7 and C9) shows that higher J produces
a broader and more contorted high-χ̂ layer and a more pronounced lifted/arched structure,
consistent with stronger shear and enhanced turbulent mixing. In contrast, the lower-J cases
remain more compact and closer to the lee-stabilized configuration, with a comparatively
weaker and lower-lying high-χ̂ ridge. Despite these structural differences, the alignment of
the lifted reaction zone with the stoichiometric surface remains robust: the lifted flame front
tracks the Zst contour and resides on the low-χ̂ side of the strongest dissipation.

An important exception is observed for the lee-stabilized branch in Case A9, where seg-
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Figure 5.8: Instantaneous fields of normalized scalar dissipation rate χ̂ = χ/χext
st (log scale)

for different cases. The flame front is marked by an iso-contour of YOH at 10% of its peak
value (white line), and the black line indicates the stoichiometric mixture-fraction contour
Z = Zst (black line).

ments of the flame front do not coincide with the nominal Zst contour yet remain burning.
This behavior is consistent with differential-diffusion effects in hydrogen flames. As a result,
the reacting layer can appear on the fuel rich side of the nominal Zst line while still attain-
ing locally favorable conditions for reaction (i.e., an effectively closer-to-stoichiometric radi-
cal/enthalpy balance at the flame front). This is most evident in the near-wall/recirculation
region, where residence time and differential diffusion can enrich the local fuel content and
shift the apparent stoichiometric surface away from the inlet-based Zst.

Overall, using χ̂ normalized by χext
st together with the Zst contour enables a more rigorous

interpretation of stabilization: the flame persists where the flow provides sufficient mixing
to reach reactive compositions (often near Zst) while remaining below extinction-level scalar
dissipation so that chemistry can overcome local strain.

5.5.3 Flame Edge Analysis

Figure 5.9 presents a comparative analysis of the flame front in chemical space using the
Z and YOH. Scatter plot points, sampled at different times and a single location for each
subplot, are compared against strained and unstrained flame solutions from Cantera [123]
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Figure 5.9: Scatter plot of YOH versus mixture fraction at flame front location of different
cases

at varying strain rates. It should be noted that in the unstrained flame, YOH is lower than
the strained values; however, the temperature (not shown here) of the unstrained flame is
higher, as expected. Similarly, the peak temperature aligns with the stoichiometric condition,
whereas the maximum YOH values occur under slightly leaner conditions.

At point A, located at the top edge of the lifted flame branch, for 70 % cases, the scatter
plot exhibits an ignition-extinction cycle, characterized by an elliptical spread on the lean side
near the stoichiometric Z value (Zst). This behavior highlights the presence of intermediate
reaction states as fresh gasses mix with combustion products, where ignition and extinction
are equally probable. The points of 95 % cases follow the theoretical curve more closely and
spread on both the lean and rich sides, indicating much better mixing. At point B, located
at the concave region where the lifted and lee-stabilized flame branches connect, the scatter
plot shows a trend similar to that at point A. The scatter points mostly stay on the rich
side and closely follow the highly strained theoretical curve, indicating the unsteady strain
effects from the fuel stream. 70 % case points stayed on the 3000 s−1 strained line, while 95
% cases shifted between different strains, indicating more unsteadiness in the 95 % cases. At
point C, located inside the lee-stabilized flame branch, results from all cases follow the curve
of unstrained or low strained flame due to the low strain effects in this zone. The majority
of the points are concentrated in a narrow region of Z values, indicating a premixed reaction
in this region. However, for case Cs, the scatter points stayed on the lean side, while case As
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stayed on the rich side, indicating stronger differential diffusion effects in the lee-stabilized
branch side.

5.6 Covariance-transfer UQ for Hydrogen Jet Flames

The results and analysis in Section 5.5 showed that flame structure and stabilization are con-
trolled primarily by the jet momentum ratio, J , while changes in hydrogen content by volume
do not significantly alter the global stabilization mode. In all cases, the flame remains in the
same two-branch stable configuration, with lee-stabilized and lifted branches set by the local
strain–chemistry balance. Against this common global structure, the present section turns
to the more subtle differences in chemical state that appear when kinetic-parameter uncer-
tainty is applied to the chemistry model. The FFCM-2 mechanism, along with its covariance
matrix [132; 133], was used as a basis to transfer to the target H2-Air mechanism [11] by the
UQ method in Section 5.2.

5.6.1 Eulerian Chemical State Dynamics

Figure 5.10 isolates the lifted branch and visualizes how kinetic uncertainty manifests in the
local thermo-chemical state. The scatter points are extracted from a time-averaged mid-
plane slice and filtered by (i) spatial location (lifted branch region) and (ii) mixture fraction,
selecting points in a narrow band around the stoichiometric value, |Z − Zst| < 0.05Zst, so
that the statistics represent the diffusion-flame front associated with the lifted branch. Each
point is plotted in (χ, T ) space and colored by the relative variation (coefficient of variation)
of the OH production rate inferred from UQ,

βω̇OH = σ(ω̇OH)
|µ(ω̇OH)| , (5.13)

where µ(·) and σ(·) are the mean and standard deviation over the ensemble of kinetic-
parameter perturbations generated from the transferred covariance (Sec. 5.3). This diagnos-
tic is used because ω̇OH is a sensitive marker of H2–air reaction-zone intensity and directly
reflects shifts among chain-branching/termination pathways.

The lifted-branch points collapse onto a flamelet-like manifold: higher T occurs at lower
χ, while increasing χ corresponds to progressively cooler states approaching local quench-
ing, consistent with the SDR-flame front alignment discussed in the previous section. The
dominant separation in Fig. 5.10 is composition-driven: the 70% H2 cases populate a sub-
stantially higher χ-range than the 95% H2 cases. This shift can be interpreted through the
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stoichiometric mixture fraction Zst, which sets where the diffusion flame front can reside
relative to the jet shear layer and its vortical structures. Nair et al. [167] emphasize that
for small Zst (e.g. H2–air), the diffusion flame can sit well outside the fuel jet and, hence,
outside the shear layer in oxygen-rich environments; correspondingly, modest changes in Zst

can move the diffusion flame front toward or away from the shear layer or vortex zone. In
the present cases, the lower-hydrogen blend (70% H2) shifts the stoichiometric surface such
that the lifted diffusion-flame front samples more strongly strained/mixed regions associated
with the shear-layer dynamics, yielding higher χ. The higher-hydrogen cases (95% H2) place
the lifted diffusion-flame front farther from these regions on average, and the flame therefore
samples a lower χ-range.

The UQ-based coloring reveals a clear composition dependence in reaction sensitivity.
The 70% H2-by-volume cases (A7, C7) exhibit markedly larger βω̇OH over much of the lifted-
branch manifold, especially at intermediate T and moderate-to-high χ, whereas the 95%
H2-by-volume cases (A9, C9) remain predominantly low-variation. This difference is con-
sistent with the higher-χ, more strain-affected thermo-chemical states sampled by the 70%
by-volume lifted branch, where the flame more frequently resides in intermediate chemical
states with a weaker and less robust radical pool. Based on the reaction contribution ranking
obtained from Cantera at representative states along the lifted-flame branch, we hypothesize
that, under these conditions, OH production in the 70% cases is more sensitive to the three-
body recombination pathway H + O + M ⇌ OH + M. This pathway is uniquely important
only in the 70% cases; rather, its relative contribution to local OH production appears to
become larger in the 70% lifted branch, where the radical pool is less fully developed and
recombination pathways may play a more important role in sustaining OH. Under this inter-
pretation, perturbations to this reaction rate would be expected to produce larger changes
in ω̇OH, consistent with the elevated βω̇OH observed in the 70% cases. By contrast, the 95%
H2 lifted branch samples lower χ and appears to remain in a more chemically robust state,
so OH production may be less dependent on this recombination-mediated pathway and may
therefore exhibit smaller variability. To confirm these findings, a more rigorous analysis will
be conducted in the future to establish the attribution of the observed variability to specific
reaction pathways.

5.6.2 Lagrangian Particles

To complement Eulerian field analysis and to capture three-dimensional transport pathways
and time-history effects, this study also employs Lagrangian tracer particles injected from
the fuel jet. Lagrangian tracking has precedent in JICF research for relating mixing and
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Figure 5.10: Lifted-branch diffusion-flame-front state space: scatter of temperature T versus
scalar dissipation rate χ for four cases (one per panel), extracted from a time-averaged mid-
plane slice and filtered by location and |Z − Zst| < ∆Z. Marker color indicates the OH
production-rate variability βω̇OH = σ(ω̇OH)/|µ(ω̇OH)| from UQ.

dispersion to coherent structures and for quantifying scalar evolution along fluid pathlines;
for example, Campolo et al. [168] analyzed dispersion mechanisms in a jet in crossflow using
particle tracking, and Esmaeili et al. [169] coupled LES with a stochastic Lagrangian formu-
lation to study scalar mixing in (non-isothermal) JICF. Here, trajectories are conditioned by
location and by a narrow band around the stoichiometric mixture fraction to isolate particles
traversing the lifted diffusion-flame branch, enabling trajectory-conditioned statistics (e.g.,
PDFs of scalar dissipation and UQ-derived variability measures) that directly connect flame
branch behavior to strain–mixing histories.

Lagrangian particles are continuously injected during the Eulerian simulation to track
fluid properties in both time and space. These particles are defined as massless and exhibit
perfectly elastic collisions with walls. Particle trajectories evolve based on velocities inter-
polated from the background gas flow, and their positions are updated at each simulation
time step. As particles move from their injection points to the domain exit, they record the
history of gas-phase properties directly from the Eulerian cells they encounter. As such, the
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trajectories of these particles effectively represent pathlines of the Eulerian flow field. These
properties are taken directly from the underlying Eulerian cells with no interpolation method
used, so the accuracy of the recorded data is inherently tied to the resolution of the Eulerian
mesh [170]. For current simulations, the particles were initialized at both Dj below the wall
inside the injector and at the crossflow upstream in order to capture both the focusing of
the flame behavior and to visualize the vortical structures inside the whole JICF system.

5.6.3 Lagrangian Chemical State Dynamics

The Eulerian state-space analysis in Section 5.6.2 provides a compact view of lifted-branch
chemical sensitivity, but it does not capture the inherently three-dimensional transport path-
ways and the time history by which fluid elements reach, interact with, and traverse the lifted
diffusion flame front. To address this, Lagrangian tracer particles were injected from the jet
stream and tracked over time. Particles passing through the lifted branch were identified
and selected using the same physical conditioning used for Fig. 5.10, namely spatial filtering
in the lifted branch region together with a narrow band around the stoichiometric mixture
fraction.

Before examining the trajectory-conditioned statistics, it is useful to consider the particle
motion itself. Figure 5.11 shows representative lifted-branch trajectories for Case C7, colored
by temperature. The trajectories indicate that fluid elements do not follow a single mono-
tonic route toward the lifted flame front. Instead, several transport pathways are observed,
including direct convection into the lifted branch, lateral spreading within the shear layer,
and recirculation-driven looping near the lee side of the jet. In particular, the side view
and three-dimensional view show that some particles enter the recirculation zone, undergo
partial reaction there, and are subsequently re-entrained into the colder fuel stream. This
process can return heat, radicals, and partially reacted species to the low-temperature jet
fluid before it reaches the lifted branch. Such recirculation-mediated radical feedback is ob-
served in all cases, although its extent depends on the flow conditions. These trajectories,
therefore, show that the lifted diffusion flame front is shaped not only by the instantaneous
local state but also by the prior thermo-chemical history of the fluid elements feeding it.

Motivated by these distinct transport histories, trajectory-conditioned probability density
functions (PDF) were constructed using the instantaneous scalar dissipation rate χ(t) and
the OH production-rate variability βω̇OH(t) = σ(ω̇OH)

|µ(ω̇OH)| . For both figures, the PDF bin widths
were determined using Knuth’s rule, which provides a Bayesian, data-driven criterion for
selecting the optimal histogram binning [171; 172]. Figure 5.12 shows the lifted-branch
PDFs of βω̇OH . The 70% H2-by-volume cases (A7, C7) exhibit broad distributions with
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Figure 5.11: Representative lifted-branch tracer-particle trajectories for CASE C7, shown in
multiple views and colored by temperature.

substantial probability extending to large βω̇OH , demonstrating that OH production along
lifted-branch trajectories is strongly influenced by kinetic-parameter uncertainty over a wide
range of sampled conditions. In contrast, the 95% H2-by-volume cases (A9, C9) collapse
to narrow peaks at relatively small βω̇OH with only weak high-β tails, providing trajectory-
based confirmation that the lifted diffusion flame front is markedly less sensitive to kinetic
uncertainty at a higher hydrogen content by volume.

An additional feature of Fig. 5.12 is that the higher-J cases (C7 and C9) exhibit a bimodal
or shoulder-like distribution in βω̇OH , whereas the lower-J cases (A7 and A9) remain pre-
dominantly unimodal. This likely reflects the broader range of trajectory histories sampled
by the lifted branch at high J . In the C-cases, stronger shear-layer dynamics and greater
three-dimensional intermittency allow particles reaching the lifted branch to separate into
two characteristic groups: one that passes through more strongly strained, partially reacted
states with larger OH-production variability, and another that reaches the branch after ex-
periencing more relaxed mixing histories with lower variability. The A-cases, by contrast,
exhibit a more compact lifted branch and a narrower range of strain–mixing histories, so the
selected particles populate a single dominant thermo-chemical state and produce only one
main peak in βω̇OH .

Figure 5.13 reports the corresponding lifted-branch PDFs of the scalar dissipation rate
χ. In direct agreement with Fig. 5.10 and the flame–SDR alignment discussed previously,
the 95% H2-by-volume cases (A9, C9) are strongly concentrated at low χ, indicating that
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Figure 5.12: Lifted-branch diffusion-flame-front PDFs of OH production-rate variability,
βω̇OH = σ(ω̇OH)/|µ(ω̇OH)|. Red curve: estimated PDF f̂βω̇OH

(x) (left axis). Blue bars: sample
counts Ni in each histogram bin H(βω̇OH) (right axis).

fluid elements reaching the lifted diffusion flame front predominantly experience weaker
scalar-gradient dissipation along their histories. The 70% H2-by-volume cases (A7, C7),
by comparison, populate a substantially higher χ-range and exhibit broader distributions
with pronounced high-χ tails, showing that the lifted diffusion flame front at lower hydrogen
contents by volume more frequently resides in, or is fed by, strongly strained/mixed envi-
ronments. This behavior is consistent with the stoichiometric-surface positioning argument
noted by Nair et al. [167]: changes in Zst can shift the diffusion flame front relative to the jet
shear layer and associated vortical structures, thereby changing the χ levels sampled by the
lifted branch. While J modulates the detailed PDF shapes through three-dimensional mixing
and shear-layer intermittency, the dominant separation between the 70% and 95% H2-by-
volume cases remains the shift of probability mass toward higher χ for the 70% by-volume
cases.

The trajectory visualization and the Eulerian/Lagrangian statistics establish a consistent
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Figure 5.13: Lifted-branch diffusion-flame-front PDFs of scalar dissipation rate χ (s−1). Red
curve: estimated PDF f̂χ(x) (left axis). Blue bars: sample counts Ni in each histogram bin
H(χ) (right axis).

picture: although J controls the macroscopic stabilization and flame topology, hydrogen
content by volume systematically modulates (i) the scalar-dissipation environment sampled
by the lifted diffusion flame front and (ii) the sensitivity of radical-production chemistry to
kinetic-parameter uncertainty. The lower sensitivity and lower χ exposure in the 95% H2-by-
volume cases imply greater chemical robustness and improved predictive reliability of OH-
based reaction-zone metrics, whereas the 70% H2-by-volume cases operate more frequently
in higher-χ conditions and exhibit amplified kinetic sensitivity. The observed recirculation-
mediated return of partially reacted fluid to the cold jet further emphasizes that the lifted
branch is sustained by both local strain–chemistry balance and nonlocal trajectory history,
motivating uncertainty-aware interpretation for lower-H2 blends.
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5.7 Summary

The interpretation of these UQ results is resolution-aware. The identified sensitive regions
are sensitive within the resolved implicit-LES thermochemical state space, especially where
scalar dissipation, partial reaction, and transport history place the flame near marginal
chemical states. Additional uncertainty associated with sub-filter turbulent intermittency
would require either finer AMR, explicit subgrid modeling, or targeted canonical experiments.

This chapter examined kinetic uncertainty in complex reacting systems and showed that
chemistry UQ can be used not only to quantify predictive variability but also to clarify how
finite-rate chemistry contributes to flame stabilization. The analysis in the previous chapters
established that stabilization in these hydrogen-fueled configurations is governed by coupled
mixing, strain, and transport effects. The present chapter extends that picture by showing
that the local chemical response to uncertain kinetics is also spatially non-uniform and
strongly dependent on the thermochemical state sampled by the flow. Therefore, chemistry
uncertainty can also provide a means of identifying where the flame is chemically robust and
where it is more sensitive to perturbations in the kinetic description, gaining new perspectives
on flame stabilization and dynamics.

Two complementary uncertainty treatments were developed and applied. The state-
reconstruction UQ method was used for the multi-tube micromixer to reconstruct detailed
chemical states from reduced thermochemical information and propagate correlated uncer-
tainty from the detailed mechanism along the corresponding reaction trajectories. This
framework enabled local chemistry-controlled trajectory quantities, including the chemical
time to the sampled state and the equilibration time, to be evaluated throughout the com-
bustor. The results showed that these timescales vary strongly across the multi-flame envi-
ronment, with the largest variability occurring in low-to-intermediate temperature regimes
and in regions influenced by recirculation, stratification, and incomplete reaction progress.
These findings indicate that the chemical sensitivity of the MTM is concentrated not in
the fully reacted regions but in the partially reacted states where induction, branching, and
propagation pathways compete.

The covariance-transfer UQ method was then used for hydrogen transverse jets in cross-
flow to construct and refine an uncertainty model directly for the reduced mechanism em-
ployed in the reacting-flow analysis. In this configuration, the deterministic flame struc-
ture remained governed primarily by the jet momentum ratio, with all cases preserving
the same two-branch stabilization mode. The uncertainty analysis, however, revealed more
subtle composition-dependent differences in local chemical robustness. In particular, lower-
hydrogen cases sampled higher scalar-dissipation environments and exhibited significantly
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larger variability in OH-production-related quantities, while the higher-hydrogen cases re-
mained comparatively less sensitive to kinetic uncertainty. The Eulerian results showed that
this enhanced sensitivity is concentrated in intermediate thermo-chemical states along the
lifted diffusion flame branch, and the Lagrangian analysis further demonstrated that these
differences are tied not only to the local state itself but also to the trajectory history by
which fluid parcels reach the reaction zone.

The results of this chapter provide a broader interpretation of flame stabilization in com-
plex hydrogen combustion systems. The global flame topology is set by the mixing and
strain effects, but the local robustness of the flame depends on how uncertain chemistry
interacts with the strained and mixed states sampled by that flow. The chapter, therefore,
establishes that uncertainty-aware analysis can reveal physically important distinctions that
are not apparent from deterministic fields alone, particularly in partially reacted, highly
strained, or recirculation-influenced regions. More generally, these findings support the view
that predictive analysis of hydrogen-fueled combustors should account not only for mean
flame structure and transport processes but also for the state-dependent sensitivity of the
underlying chemistry.
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CHAPTER 6

Summary, Conclusions, and Future Directions

6.1 Summary

This dissertation examined flame stabilization and unsteady dynamics in hydrogen-fueled
reacting flows relevant to staged and distributed gas-turbine combustors. The work was
motivated by the fact that hydrogen combustors cannot be assessed reliably from global flame
shape alone. Hydrogen flames are sensitive to local strain, scalar dissipation, differential
diffusion, recirculation, wall proximity, finite-rate chemistry, and turbulent transport. In
practical combustor geometries, these quantities vary substantially from one flame branch
to another. As a result, the relevant stability problem is not only whether a flame exists
globally, but also where it anchors, how each branch responds to its local flow environment,
and whether any local pathway can support extinction, reignition, upstream propagation, or
instability.

The simulations were performed with an AMReX-based compressible reacting-flow frame-
work designed for high-subsonic hydrogen combustion in complex geometries. The solver
combines adaptive mesh refinement, embedded boundaries, detailed finite-rate chemistry,
mixture-averaged differential diffusion, and GPU-oriented chemistry acceleration. The full
combustor calculations are interpreted as implicit large-eddy simulations, or resolved-large-
eddy calculations, rather than full-device direct numerical simulations. No explicit subgrid
turbulence model is used; the effective filter is set by the local AMR spacing and finite-volume
dissipation. This approach resolves the dominant flame branches, shear layers, recirculation
topology, wall-adjacent flow, differential-diffusion effects, and finite-rate chemistry at the
targeted grid scale while sub-filter turbulent motion remains below the effective numerical
filter.

The first configuration was a hydrogen jet in crossflow, which provided a canonical
transverse-injection problem for examining branch-dependent stabilization and reduced-
model limitations. The cases covered hydrogen contents of 70–95% by volume, momentum-
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flux ratios J = 1.96–8.41, jet velocities Uj = 100–342 m/s, jet Reynolds numbers Rej =
2600–6000, and a crossflow Reynolds number Rec = 4.4 × 104. The configuration isolated
the coupled effects of jet penetration, wake recirculation, shear-layer reaction, lifted flame
dynamics, finite-rate chemistry, and differential diffusion. The results showed that the flame
is organized into distinct lee-side and lifted branches rather than a single stabilized struc-
ture. These branches occupy different regions of thermochemical state space, experience
different scalar-dissipation histories, and respond differently to reduced flamelet descrip-
tions. Reduced flamelet-based modeling captures important mean flame-topology features,
but finite-rate chemistry and differential diffusion remain important for branch connection,
radical-production excursions, and lifted-edge extinction/reignition behavior.

The second configuration was a pressurized 19-element multi-tube micromixer represen-
tative of distributed hydrogen injection in a gas-turbine-relevant combustor. The analyzed
cases were near 11 bar, with global equivalence ratio ϕ = 0.524–0.530, crossflow velocity
Uc = 159–162 m/s, crossflow temperature Tc = 758–762 K, and fuel jet velocity Uj = 213–
303 m/s. This configuration introduced geometric confinement, multi-jet interaction, wall-
adjacent recirculation, and branch-to-branch coupling that are absent from isolated canonical
flames. The simulations reproduced the experimentally observed downstream flame organi-
zation and showed that the stable operating points studied here did not produce upstream
flame propagation into the tube elements. The stability of these cases was not explained by
a bulk velocity argument alone. Instead, it was tied to the way heat release was distributed:
the dominant reaction remained in the jet shear layers downstream of the tube exits, while
the heat release associated with low-speed recirculation regions remained approximately one
order of magnitude smaller.

The chemistry and uncertainty analyzes provided a complementary view of flame robust-
ness. Finite-rate chemistry was used not only to compute source terms but also to diagnose
the local sensitivity of reacting states. The state-reconstruction and covariance-transfer
methods mapped kinetic sensitivity onto the resolved combustor states without requiring
a full three-dimensional ensemble of perturbed simulations. In the lifted JICF branch, the
OH-production variability βω̇OH = σ(ω̇OH)/|µ(ω̇OH)| depended strongly on hydrogen fraction
and scalar-dissipation history. For the 70% H2 cases, βω̇OH extended over approximately
0.6–2.0, whereas the 95% H2 cases were concentrated mainly around βω̇OH ≈ 0.55–0.7. The
scalar-dissipation distributions showed a similar separation, with the 70% H2 lifted branches
sampling values up to approximately 20 s−1, while the 95% H2 cases were concentrated
mainly below about 1 s−1. These results show that kinetic uncertainty is most useful when
interpreted locally, especially in partially reacted, high-scalar-dissipation, lifted-edge, or oth-
erwise marginal states where transport history and reaction pathways determine whether the
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flame strengthens or weakens.

6.2 Scientific conclusions

The results of this dissertation support a branch-resolved view of hydrogen flame stabiliza-
tion. In both the canonical JICF and the multi-tube combustor, the flame is not governed
by one global stabilization mechanism. Stabilization emerges from the local balance among
residence time, turbulent mixing, strain, scalar dissipation, heat release, and finite-rate chem-
istry. This point is clear in the JICF cases, where the lee-side and lifted branches occupy
different flow environments and respond differently to the same nominal operating condition.
At J = 1.96 and Uj = 100 m/s, the lee-side flame anchors approximately 2d downstream of
the injector, or about 4 mm for the 2 mm jet. At J = 8.41 and Uj = 200 m/s, the flame re-
organizes into a higher-penetration structure in which the lifted/lee connection appears near
y/d = 5 in the detailed simulation, compared with approximately y/d = 4 in the reduced
LES and experiment. This difference of roughly one injector diameter occurs in the region
where wake burning, shear-layer reaction, and lifted-edge chemistry interact, and therefore
represents a physical difference in the predicted branch-transition environment rather than
a minor visual discrepancy.

The lifted JICF branch illustrates why local state-space behavior is more informative
than mean flame images alone. Detailed-chemistry trajectories near the flame edge sample
mixture-fraction excursions of approximately ∆Z ∼ 0.4 during ignition/extinction motion.
At Point A, the mixture-fraction distribution has a mean Z̃ ≈ 0.18, close to Zst ≈ 0.17,
with a variance Z̃ ′′2 ≈ 0.03. The flame edge therefore does not remain attached to a single
stoichiometric surface; it repeatedly samples lean, near-stoichiometric, and rich states as
turbulent transport moves material through the reaction zone. This trajectory dependence
produces large differences in radical response. Two trajectories passing through the same
general flame-edge region can differ by approximately a factor of five in YOH. The reduced
S-FGM description captures the lower-intensity radical trajectory but misses the stronger
radical-production excursion, indicating that reduced models can reproduce mean topology
while still under representing finite-rate chemistry events that matter for local extinction
and reignition.

Hydrogen enrichment also changes stabilization through both chemistry and transport.
At fixed J = 8.41, increasing the hydrogen volume fraction from 70% to 95% requires
the jet velocity to increase from 200 to 342 m/s. The momentum-flux ratio maintains
comparable gross jet penetration, but the local flame response changes because density,
differential diffusion, scalar dissipation, and chemical timescales are altered simultaneously.
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In the 95% H2 case, the lifted-edge state near Zst undergoes an ignition/extinction loop with
temperatures spanning approximately T = 550–2100 K. This wide temperature excursion
shows that higher hydrogen content does not simply shift the flame toward a uniformly
more stable state. It can strengthen chemical reactivity while also modifying the transport
environment that controls lifted-edge intermittency. For combustor design, this distinction
matters because hydrogen addition changes the structure of the stability problem, not only
the laminar burning velocity.

The MTM combustor extends these same ideas into a realistic multi-injector geometry.
The 19 flame branches do not behave as independent copies of one representative element.
The center flame is the most symmetric and longest branch, but even this branch reflects
the geometric anisotropy of the tube bundle: its reaction-zone width is approximately 30%
smaller in the closer-spaced transverse direction than in the wider-spaced direction. The
outer branches are more strongly affected by wall confinement, neighboring-jet interaction,
and transverse recirculation. Weak attachment appears at repeatable locations, including
Y = ±3.1, −9.18, and 22.5 mm in the mid-section Y plane and Z = ±18.5 mm in the
mid-section Z plane. These locations reflect the organization imposed by tube spacing, local
equivalence ratio, transverse shear, and confinement. The combustor therefore cannot be
reduced to a single representative flame when the design objective is flashback margin, local
extinction resistance, branch-to-branch uniformity, or heat-release distribution.

The stable MTM operating points provide a useful physical picture of flashback resis-
tance in the simulated configuration. No flame branch propagates upstream into the tube
elements for the cases analyzed. This outcome is associated with the separation between the
regions that provide residence time and the regions that provide strong heat release. The
low-speed recirculation zones influence flame shape, hot-product redistribution, and branch
asymmetry, but their characteristic heat release remains approximately a factor of 10 lower
than the dominant shear-layer heat release. The shear layers downstream of the tube exits,
therefore, remain the primary burning zones. The recirculation regions are dynamically im-
portant because they affect local mixing and unsteady motion, but they do not form a strong
upstream heat-release pathway. In the simulated stable cases, the flow contains low-speed
structures that could influence flashback propensity, but these structures do not coincide
with sufficiently intense heat release to drive sustained upstream propagation into the tubes.

The HRR-strain statistics sharpen this interpretation. The joint PDFs of principal exten-
sive strain rate and log10(HRR) show that each branch occupies a different strain-response
environment. The center branch retains a more coherent population of reacting states over
the sampled axial locations and maintains non-negligible HRR at strain rates near, and in
portions of the distribution beyond, the representative counterflow extinction band. The
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outer branches show more fragmented HRR distributions and stronger downstream weaken-
ing, particularly by x = 15–20 mm downstream of the tube exit. This behavior indicates
that the center flame is more strain-tolerant and more coherently stabilized, while the outer
flames are more sensitive to confinement and transverse interaction. The same statistics also
explain why recirculation does not imply flashback in these cases: the strongest heat-release
populations remain associated with shear-layer burning rather than with the low-speed re-
circulation cores. A recirculation zone becomes flashback-relevant only if it also supports
sufficiently strong heat release and upstream transport. In the present operating regime,
that combination does not occur.

This finding connects directly to gas-turbine combustor design. For a distributed hydro-
gen injector, the stability margin is not determined solely by comparing bulk velocity with
laminar flame speed. The relevant design question is whether a local branch can combine
heat release, residence time, and upstream transport in a way that overcomes the downstream
flow through the tube. The present MTM cases occupy a stable part of that local stability
space: the flame remains downstream of the tube exits, HRRrecirc/HRRshear is approximately
0.1, and the resolved vortical motion does not organize into a coherent upstream-propagating
burning path. This interpretation does not imply that the same injector would remain stable
under all fuel splits, wall temperatures, pressures, acoustic forcing levels, or hydrogen frac-
tions. It does show which resolved quantities are most relevant to design: flame penetration
distance relative to the tube exit, recirculation-zone-to-shear-layer HRR ratio, strain rela-
tive to extinction, scalar dissipation, mixture-fraction stratification, and pressure/velocity
fluctuation amplitude.

Finite-rate chemistry is also part of the stabilization mechanism rather than an auxil-
iary modeling detail. The same global flame image can contain regions with very different
chemical histories. A fluid element that reaches the reaction zone through a low-strain
wake does not experience the same radical-pool evolution as one entering through a strained
lifted edge or a partially premixed recirculation path. In the JICF flame, this distinction
appears as trajectory-dependent radical production, broad mixture-fraction excursions, and
ignition/extinction loops. In the MTM flame, it appears as the separation between strong
shear-layer burning and weaker recirculation-zone reaction. These observations show that lo-
cal chemistry helps determine whether perturbations decay, persist intermittently, or become
relevant to extinction, flashback, or instability.

The uncertainty results make this chemistry sensitivity more concrete. In the lifted JICF
branch, the 70% H2 cases show broad OH-production variability, with βω̇OH ≈ 0.6–2.0,
while the 95% H2 cases remain concentrated mainly around 0.55–0.7. At the same time,
the 70% H2 lifted branches sample scalar-dissipation values extending to approximately
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20 s−1, whereas the 95% H2 branches are concentrated mainly below about 1 s−1. The
chemically fragile states are therefore not simply the hottest products or the regions of largest
mean heat release. They are partially reacted, high-scalar-dissipation, induction-stage, or
marginal states where transport history and competing reaction pathways determine the local
outcome. The state-reconstruction and covariance-transfer methods turn kinetic uncertainty
into a spatially resolved diagnostic: they identify where a prediction is chemically robust
and where it depends strongly on uncertain reaction rates. This is especially important for
hydrogen combustors because a single operating point can contain both robust branches and
intermittent, chemically sensitive branches.

The reduced-model assessment follows naturally from this result. Flamelet-based descrip-
tions remain valuable because they reduce costs and can reproduce the main mean topology
when the flame samples states close to the assumed manifold. The present results support
that use, but they also show where the approach becomes insufficient. The lifted JICF
branch samples broad mixture-fraction excursions, high strain, differential diffusion, and
radical-production histories that are not fully represented by the tabulated manifold. The
branch-connection difference between y/d ≈ 5 in the detailed simulation and y/d ≈ 4 in
the reduced/experimental comparison, together with the approximately fivefold spread in
possible YOH responses along nearby trajectories, shows that local radical production and
extinction/reignition dynamics are more demanding targets than the mean flame location.
Reduced models used for hydrogen combustor design, therefore, need diagnostics that indi-
cate when the flame leaves the assumed manifold, especially in lifted, strained, or marginally
burning regions.

The broader outcome of the dissertation is a branch-scale framework for interpreting
hydrogen combustor stability. In the JICF problem, the important coordinates include J ,
Rej, Rec, lift-off height, branch-connection height, ∆Z, mixture-fraction variance, scalar
dissipation, YOH trajectory spread, temperature excursion, and OH-production uncertainty.
In the MTM problem, the corresponding coordinates include pressure, ϕ, tube spacing,
flame penetration distance, reaction-zone length and width, HRRrecirc/HRRshear, HRR-strain
population structure, recirculation residence time, wall-adjacent velocity, and branch-to-
branch variation. These are not only post-processing quantities. They are the quantities
that determine whether a design is likely to remain stable as hydrogen fraction, fuel split,
pressure, or transient forcing changes. A useful hydrogen combustor stability map should
therefore identify which branch is closest to flashback, extinction, re-ignition, or acoustic
coupling, rather than classifying the entire combustor only as stable or unstable.
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6.3 Future directions

The immediate extension of this work is to convert the branch-resolved diagnostics into
simulation-based stability maps. For the JICF configuration, the parameter space should
include J , Rej, Rec, crossflow temperature, hydrogen volume fraction, density ratio, and con-
finement. The response variables should include branch lift-off distance, branch-connection
height, mixture-fraction variance, progress-variable excursion amplitude, scalar dissipation,
extinction/re-ignition frequency, radical-production variability, and uncertainty-weighted
chemical sensitivity. For the MTM combustor, the corresponding parameter space should
include tube spacing, tube diameter, fuel split, global equivalence ratio, hydrogen fraction,
pressure, inlet velocity, wall temperature, and acoustic forcing. The response variables should
include flame penetration distance relative to the tube exit, HRRrecirc/HRRshear, HRR-
strain population structure, pressure fluctuation amplitude, recirculation residence time,
local strain/extinction proximity, and branch-to-branch heat-release variation. The present
MTM cases suggest that HRRrecirc/HRRshear is a useful flashback-relevant coordinate be-
cause it separates a flame-shaping recirculation zone from a stronger upstream-propagating
heat-release pathway.

Targeted canonical experiments would be valuable for isolating the mechanisms observed
in the full simulations. A single optically accessible tube element with controlled trans-
verse fuel injection, adjustable wall temperature, and independent control of inlet velocity
and equivalence ratio would isolate the competition among shear-layer burning, tube-exit
flashback resistance, and recirculation-zone heat release. A three- or five-tube linear array
with variable spacing and sidewall distance would isolate branch-to-branch interaction and
wall-induced recirculation without the full complexity of a 19-element bundle. A forced
reacting jet-in-crossflow experiment with controlled acoustic or inlet-mixture perturbations
would test whether the branch-wise indicators identified in this dissertation predict intermit-
tent upstream propagation, lifted-edge extinction, or local re-ignition. Future experimental
validation should also move beyond mean flame images. Normalized OH-PLIF is useful
for comparing flame shape and branch location, but it does not provide absolute radical
concentration or heat-release rate. Future measurements should combine OH-PLIF with
PIV, pressure measurements, and mixture-fraction or temperature diagnostics where possi-
ble. Such experiments would make it possible to compare directly with the stability-map
quantities identified here rather than relying only on global flame appearance.

The modeling direction is to embed the branch-resolved diagnostics into lower-cost com-
bustor tools. Full AMR-based implicit LES with detailed chemistry is too expensive for
broad design optimization, but the present work identifies what reduced models need to
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retain: strain-sensitive progress-variable evolution, differential diffusion in hydrogen-rich re-
gions, scalar-dissipation effects near lifted edges, recirculation-zone heat release, HRR-strain
response, and a probabilistic indicator of chemical fragility. A reduced model that predicts
only mean flame shape is not sufficient for flashback or operability assessment. A useful
design model should identify whether a local branch approaches a high-risk region of the
stability map.

Finally, the same framework should be extended from statistically stable operating points
to transient operation. Load changes, hydrogen-fraction ramps, staging transients, wall-
temperature changes, and acoustic disturbances can move a flame through regions where
chemistry, transport, and recirculation are more strongly coupled than in the mean state. Ap-
plying state-reconstruction and covariance-transfer methods to transient simulations would
show whether an operating trajectory passes through chemically fragile states before large-
scale flashback or instability appears. This would extend the present dissertation from an
analysis of resolved stable cases toward a predictive assessment of hydrogen gas-turbine
operability margins.
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APPENDIX A

Grid Convergence

Figure A.1: Plot of temporally averaged density values with standard deviation along three
lines shown in the mid-section contour plot of the simulation for three independent grid
levels (shown in inset). Level 3 results are shown in blue, level 4 results in green, and level
5 results in gray.

A key aspect of the adaptive mesh refinement strategy is the ability to resolve the flame
front and the near-wall flow field with sufficient fidelity while avoiding the cost of a uniformly
fine resolution throughout the domain. The wall resolution can be characterized through
viscous scaling.

y+ = uτ∆
ν

, (A.1)

where uτ =
√

τw/ρ is the friction velocity and τw = ρν
(
dŨ/dy

)
y=0

is the wall shear stress
estimated from the Favre-averaged velocity gradient at the wall [130]. For the present grid,
the finest near-wall spacing gives y+ ≈ 0.66, indicating that the boundary layer is well
resolved.

The flame resolution can be estimated by comparison with a one-dimensional premixed
flame of similar composition. Using this approximation, the characteristic flame thickness is
about 550 µm. At the finest spacing of ∆ = 19.5 µm, the flame front is therefore resolved
with approximately 28 cells across its thickness. Although this estimate suggests adequate
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spatial resolution of the flame surface, additional refinement studies are needed to determine
whether the principal flow and thermochemical features have converged.

To assess this, three independent simulations were performed using refinement levels 3,
4, and 5. The temporally averaged density and its standard deviation along representative
sampling lines are shown in Fig. A.1. The agreement among the three levels indicates
that the bulk flame structure and mean density distribution are only weakly sensitive to
further refinement beyond level 4. Some localized features become sharper as the resolution
increases, but the overall system behavior and the principal stabilization characteristics
remain unchanged. On this basis, level 4 is taken to provide sufficient resolution for the
quantities of interest considered here, while level 5 is used when additional detail near the
flame surface is desired.

An additional estimate of the turbulent resolution can be obtained from the Kolmogorov
length scale,

ηk =
(

ν3

ϵ

)1/4

, (A.2)

where the dissipation rate is estimated from the Favre-averaged fluctuating strain-rate tensor
as

ϵ = 2νS̃ ′
ijS

′
ij. (A.3)

Using the minimum value obtained over several microseconds after the flow reaches statistical
stationarity yields ηk = 18.9 µm. The resulting ratio of flame thickness to the Kolmogorov
scale is consistent with the criterion discussed by Pope [130], and both the level-4 and level-5
meshes satisfy this requirement. These estimates support the conclusion that the present
refinement strategy is sufficient to resolve the principal flame and turbulence scales relevant
to the analysis.
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APPENDIX B

FFCM-2 for Hydrogen Fuel

Figure B.1: Ignition delay time (log-scale) comparison for H2 at P = 10 atm and ϕ = 0.5 as a function of
inverse temperature (1000/T), Predictions from the FFCM-2 mechanism ( color=mplblue) are compared
against the H2 mechanism [11]( color=mplorange); Bars indicate the FFCM-2 uncertainty band.

Here, the FFCM-2 mechanism, along with its covariance matrix, will be used to study
the H2 fuel reactions. Since this is a nontrivial task, validation is first conducted by com-
puting the ignition delay time (IDT) for FFCM-2 using only hydrogen as the fuel species.
Figure B.1 compares the IDT for H2 fuel with FFCM-2 and the H2 mechanism [11] under
the simulation conditions obtained using the dT

dt
|max ignition criterion. Across the full tem-

perature range considered, the IDT trends predicted by FFCM-2 closely match those from
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the H2 mechanism, with differences that are small relative to the overall variation in IDT
(spanning several orders of magnitude with temperature). In addition, the FFCM-2 predic-
tions remain consistent with its reported uncertainty band (0.001–0.999 quantiles), and the
alternative mechanism largely falls within this range. The strong agreement indicates that
using the FFCM-2 mechanism for H2 fuel reactions under these conditions is appropriate,
as it reproduces comparable ignition delay behavior to the reference mechanism without
introducing meaningful bias in the IDT predictions.

B.1 Validation of the uncertainty-transfer procedure
against direct FFCM-2 propagation

To assess whether the variability predicted by the transferred-UQ framework could arise
from the mapping/reduction procedure itself, we performed an additional canonical vali-
dation using a steady 1D counterflow flame at fuel composition and strain-rate conditions
relevant to the present JICF study. In this case, uncertainty was propagated directly with
the detailed FFCM-2 mechanism and its associated covariance matrix [132], without ap-
plying the transfer procedure. This comparison serves a specific purpose. The covariance
information is available only for FFCM-2, whereas the reacting-flow simulations in the main
study employ the reduced H2–air mechanism of Mueller et al. [11]. As discussed in the
main text, the uncertainty-transfer methodology allows the chemistry uncertainty encoded
in FFCM-2 to be mapped onto reduced-manifold CFD states in a mechanism-consistent way;
see Ref. [173] for details. The present counterflow calculation provides a direct reference case
using the original detailed chemistry and, therefore, serves as a validation check on whether
the transferred-UQ framework produces variability consistent with the parent mechanism.

Figures B.2 and B.3 show the uncertainty envelopes obtained from the direct FFCM-2
propagation for temperature and ω̇OH, respectively, plotted against Bilger mixture fraction
Z. In both cases, the baseline solution lies very close to the central tendency of the ensemble,
and the uncertainty bands remain relatively modest across the flame structure, including in
the vicinity of the stoichiometric mixture fraction. These results indicate that the chem-
istry uncertainty encoded by the original FFCM-2 covariance does not generate anomalous
variability in this canonical flame configuration.

To further examine whether large OH-production variability can emerge under extinction-
sensitive conditions, we also performed additional steady counterflow calculations in which
the strain rate was increased toward the corresponding extinction limit for the relevant fuel
cases. In these near-extinction counterflow flames, the direct FFCM-2 ensemble exhibits
substantially amplified variability in ω̇OH, particularly in the vicinity of the stoichiometric
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Figure B.2: Direct uncertainty propagation using the original FFCM-2 mechanism and co-
variance matrix for a representative counterflow flame at JICF-relevant conditions. Temper-
ature is shown as a function of Bilger mixture fraction Z. The shaded region denotes the
5–95% interval, the red solid line denotes the ensemble median, and the black dashed line
denotes the baseline solution. Insets highlight the uncertainty level near the stoichiometric
mixture fraction.

mixture fraction. As shown in Fig. B.4, the uncertainty envelope broadens markedly as the
flame approaches extinction, with relative variation becoming order-unity in some regions.
This provides a qualitative indication that the large variability observed in OH production
under the lifted-flame conditions is physically plausible near extinction and is not solely a
consequence of the uncertainty-transfer procedure.

This validation supports the conclusion that the larger variability observed in the lifted-
flame analysis, particularly in βω̇OH for the 70% H2 cases, is not an artifact of the uncertainty-
transfer procedure itself. At the same time, the limitations of the canonical configuration
should be kept in mind. A steady counterflow flame does not reproduce the unsteady re-
circulation, lifted-branch motion, or intermittent near-extinction behavior present in the
JICF configuration. In addition, for a given steady counterflow configuration, extinction is
approached through a single threshold in strain rate, whereas the lifted branch in the full
reacting-flow simulation samples a broader unsteady state space. Therefore, while the coun-
terflow results validate the mechanism-consistency of the UQ framework and provide a useful
near-extinction reference, they do not fully represent the dynamical flame-state sensitivity
sampled along the lifted branch in the full reacting-flow simulations.
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Figure B.3: Direct uncertainty propagation using the original FFCM-2 mechanism and co-
variance matrix for the same representative counterflow flame as in Fig. B.2. The OH
production rate ω̇OH is shown as a function of Bilger mixture fraction Z. The shaded region
denotes the 5–95% interval, the green solid line denotes the ensemble mean, and the black
dashed line denotes the baseline solution. Insets highlight the uncertainty level near the
stoichiometric mixture fraction.

Figure B.4: Direct uncertainty propagation using the original FFCM-2 mechanism and co-
variance matrix for a counterflow flame at strain rates approaching the steady extinction
limit. The OH production rate ω̇OH is plotted as a function of Bilger mixture fraction Z.
The shaded region denotes the 5–95% interval, the green solid line denotes the ensemble
mean, and the black dashed line denotes the baseline solution. Insets highlight the uncer-
tainty level near the stoichiometric mixture fraction. The broadening of the uncertainty band
demonstrates that OH-production variability increases substantially as the steady flame ap-
proaches extinction.
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APPENDIX C

Variational Inference Convergence

Figure C.1 shows the convergence history of the normalized objective L̃(N) and indicates
a consistent two-stage optimization process across all runs. In addition to the baseline case
initialized from the transferred covariance model (Prior), five additional runs were performed
using randomized covariance matrices as the initial prior covariance. These additional runs
were used to test whether the variational regression depends strongly on the exact initial
covariance specification.

The lower panel of Fig. C.1 shows that all six cases follow nearly the same overall evolution.
In the initial stage, L̃(N) decreases rapidly from approximately 1 to about 0.14–0.16 within
the first ∼ 200 iterations, indicating a major improvement in the posterior fit to the ignition-
delay targets y. After this sharp initial descent, the optimization enters a slower adjustment
stage, and a weaker secondary decrease is visible around N ≈ 600–700. Beyond this point,
all trajectories approach a nearly stationary level near 0.11–0.12. The inset in Fig. C.1
highlights this late-stage regime. Although small differences remain among the individual
runs, the objective values remain confined to a narrow band, and no trajectory shows a
continued systematic decrease relative to the others. Instead, the curves fluctuate weakly
about nearly constant values. This behavior is consistent with the practical convergence of
the variational optimization.

The upper panel provides a complementary measure of convergence through the normal-
ized increment

∆L(N)
max(1, |L(N − 1)|) .

During the early stage, this quantity becomes strongly negative, consistent with the rapid
drop in L̃(N). Around the transition near N ≈ 180–200, the magnitude of the negative
change reaches its largest value, marking the end of the main descent phase. Afterward,
∆L(N) fluctuates around zero with relatively small amplitude and without sustained drift.
This is an important indication that the optimizer has entered a stationary regime: the
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remaining variation reflects stochastic fluctuations in the estimated objective rather than
continued systematic improvement.

An important result of Fig. C.1 is that the five randomized-start cases converge to nearly
the same final objective level as the run initialized from the covariance-transfer prior. Al-
though the early trajectories differ slightly, especially during the first few hundred iterations,
the late-stage values are highly consistent. This indicates that the variational regression is
not strongly sensitive to the exact initial covariance matrix. In other words, the regression
remains stable even when the prior covariance used at initialization is not exact. This is a
useful practical result for the covariance-transfer UQ framework because it shows that the
inferred posterior is determined primarily by the combination of prior regularization and
ignition-delay information rather than by a single finely tuned starting covariance.

In the implementation, the objective function is

L(N) = −(1 − αw)Eq[log p(y | θ)] + αw wKL(N) KL(q(θ) ∥ p(θ)) ,

with fixed αw = 0.5 and a linear KL warmup,

wKL(N) = min
(

1,
N − Nstart

Nwarm

)
, Nwarm = 50, wmax

KL = 1.

Accordingly, relative to the current starting step, the effective KL coefficient increases linearly
from 0 to 0.5 over the first 50 iterations, while the likelihood term remains weighted by 0.5
throughout. The likelihood is defined in log space using a relative noise level σrel = 0.05,

log p(y | θ) ∝ − 1
2σ2

rel

∑
i

(log yi − log ŷi(θ))2 .

Optimization uses an adaptive learning rate and is performed using Rprop with lr= 10−3,
etas(0.2, 1.02), and step_sizes(10−6, 1.0). Gradients are estimated using SPSA with M =
64 and finite-difference scale fd_h= 0.1, and the ELBO is averaged with N_elbo_samples=
512. In addition, a scheduler with factor 0.1, patience 10, threshold 10−4, and minimum
learning rate 10−8 further dampens the updates once progress stalls. The weak residual
oscillations visible in both the inset and the ∆L(N) history are therefore expected and reflect
the combined effects of stochastic gradient estimation and adaptive step-size reduction in
the converged stage of the optimization.
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Figure C.1: Convergence history of the variational-inference optimization for the covariance-
transfer prior (Prior) and five additional runs initialized from randomized covariance matri-
ces. The lower panel shows the normalized objective L̃(N) as a function of iteration N , and
the upper panel shows the normalized iteration-to-iteration change, ∆L(N)/ max(1, |L(N −
1)|). The inset gives a magnified view of the late-stage regime.
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