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SOLUTIONS OF THE TWO-GROUP TRANSPORT EQUATION 
IN PLANE GEOMETRY

By Dale R. Metcalf

The main objective of this thesis is to obtain exact solutions to the two- 
group neutron transport equation utilizing the singular eigenfunction approach. 
By this method, exact solutions to a limited set of problems can be obtained 
against which the accuracy of conventional approximations may be tested.

A detailed study was made of the singular eigenfunctions of the two-group 
transport equation. A convenient linear combination of the continuum eigen­
functions was selected to simplify later analysis. Using these eigenfunctions, 
a full-range completeness proof for infinite medium applications is presented. 
For the half-range case, reliance is placed on a half-range theorem proved 
several years ago and (with this as authority) the general half-range problem 
is rederived in a form convenient for numerical analysis. Explicitly, two 
coupled equations are obtained where the unknowns are the discrete and one 
continuum mode expansion coefficients. Finally, the remaining continuum mode 
expansion coefficient is expressed directly in terms of the other two coef­
ficients. This general result is then applied to the solution of two typical 
half-space problems, the Milne and constant source problems. For comparison 
purposes the solutions of the two-group Milne and constant source problems 
are also obtained in the Pi, P3, and DPi approximations.

Special numerical methods developed for the computer solution to the exact 
problem are discussed in detail. Of particular importance is the development 
of a relatively fast and accurate method for calculating singular integrals.

. Computer codes are written in the Michigan Algorithm Decoder (MAD) lan­
guage and a complete listing is given. With these codes anyone can (with dif­
ferent cross section sets) test the accuracy of conventional approximation 
methods.

Calculations are performed for four light water systems with varying 
amounts of absorption. These calculations show that although the Pi approxi­
mation yields fairly good results for the total flux and current, the angular 
distribution is not so well represented especially at the interface. The P3 
approximation continues to give negative inward angular fluxes but of a re­
duced magnitude. The DPi method improves significantly on the Pi and P3 angular 
fluxes as well as on the total flux and current. The boundary condition at the 
vacuum-medium interface can be specified exactly in the DPi approximation; 
therefore, the exit angular distribution at the boundary is well represented.

An interesting result from this study was in the constant source case the 
exit angular distribution becomes less pronounced in the forward direction 
with increased absorption in the medium. This is in contrast to the Milne prob­



lem where the opposite effect is noted. Also of interest is the fact that the 
Pi approximation in two-group theory yields two eigenvalues in the continuum 
(as well as two outside the continuum) while in the one-group case both eigen­
values are outside the continuum. This means that in two-group theory more 
than just the asymptotic solution is obtained even in the lowest order approxi­
mation .

In two-group neutron transport theory, the P3 and DPi approximations pre­
sent essentially the same computational difficulty. We conclude that in re­
actor physics design analysis (with reactor parameters similar to those studied 
here) the DPi approximation is much to be preferred over the P3.
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I. INTRODUCTION

Essentially all of the (static) physical properties of a nuclear reactor 

are determined by a knowledge of the velocity and space dependent neutron 

flux. This quantity obeys to a very high approximation the neutron transport 

equation.1 In its full generality, this equation is too difficult to solve 

even for the present generation of digital computers. For this reason var­

ious approximation techniques have been developed through the years to deter­

mine the flux in nuclear reactor systems.2 The usual criterion for assessing 

the accuracy of the calculations has been to compare the results with critical 

experimentsThe three main sources of error in these comparisons are the 

cross sections used, the geometric model of the reactor, and the simplifica­

tion of the transport equation to a tractable approximate form. The calcula­

tions have often given results that compare quite well with critical experi­

ments.^ But there remains a certain amount of justified skepticism in the 

calculations when one attempts to study a new and different system on which 

no experimental data exist. Furthermore, the current requirements for 

economic performance of power reactors entail a great deal more than a simple 

knowledge of the static criticality factor. It has been well-documented that 

calculation of temperature coefficients, burnup, etc., require more sophis­

ticated treatments of the transport equation.^

In the absence of detailed experimental information, it is possible to 

use exact solutions of the transport equation as test cases to assess the 

validity of various approximation schemes. Needless to say, the physical model 

1



2

involved must be grossly simplified, but it is still possible to interpret 

the accuracy obtainable from the approximate methods when they are then ap­

plied to practical systems.

The first detailed numerical efforts along these lines were made by 

Mendelson^ who treated the one-speed model in some detail. Our purpose is 

to extend these results to the "two-speed" (or as it is generally called the 

"two-group") approximation. This is the next logical extension to the grossly 

inadequate treatment of the neutron energy spectrum in a reactor yielded by 

the one-speed approximation. In fact, many reactors are treated reasonably 

well with two-group theory.For those systems which do require more groups 

(fast and intermediate systems particularly) the present work serves as a 

guide for the extension to a multigroup approximation.

As a matter of fact, although there has been considerable effort ex­

pended in recent years to obtain exact analytical solutions to the transport 

equation (as is described in detail in Ref. 1), the reduction of these re­

sults to numerics has lagged. Obtaining numbers from the analytical formu­

lae is far from a trivial problem, the major reason being the different and 

unusual nature of the functions involved. This point is clearly made in 

Mendelson's work.5

Thus, two contributions are made in this thesis. First, the (singular) 

eigenmodes of the two-group transport equation are studied in some detail 

and the two-group equations are reduced to a form convenient for numerical 

analysis. Then, the numerical analysis is carried through and comparisons 

are made to standard approximation methods. Some attempt is made to draw 
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general conclusions as to the range of reactor parameters for which the com­

mon approximation schemes are valid..

The two-group case has "been studied previously by Zelazny and Kuszell.^ 

They succeeded in proving a "completeness theorem" which in effect tells us 

that the normal modes which we develop are adequate to solve all infinite 

and semi-infinite medium problems. We depend upon this theorem, but "because 

the results of Ref. 6 are not presented in a form convenient for numerical or 

analytical computation much of their analysis is redone. Siewert and Zweifel? 

have obtained analytical solutions to a very special two-group problem, "but 

their restrictions upon the parameters involved are invalid in the neutron 

transport case. (This work was applied to the problem of radiative transport. ) 

Siewert and Shieh® have carried out some preliminary work on the more gen­

eral problem considered here, but their results can be applied directly only 

to infinite medium problems. Recently some unpublished work along similiar 

lines to that described here has come to our attention and we are able to
Q incorporate some of these results into our work.

Aside from these very little work similiar to that presented here ap­

pears in the literature. Most of the effort expended upon the exact energy­

dependent transport equation has been applied to neutron thermalization prob­

lems .10

Specifically, we treat the one-dimensional two-group transport equation 

- - with isotropic scattering. The method, based on Case's singular eigenfunc­

tion approach^'^ï is a logical extension of that described in Ref. 7•
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In Chapter 11 we develop the appropriate eigenvectors and eigenvalues. 

In Chapter III we present a full-range completeness proof such as is neces­

sary in infinite medium applications. As we have mentioned, similiar the­

orems have been proved in Refs. 6 and 7, so our treatment is brief, and is 

presented only because we use a different (and we believe more convenient) 

notation. In Chapter IV we re-derive the half-space problem in a form con­
venient for numerical analysis. Zelazny and Kuszell^ have proved complete­

ness and we do not repeat their work. (Anyway, the completeness theorem is 

not constructive-^ so its utility is more or less academic.) In our final 

equation the presence of a nondegenerate Fredholm term prevents the usual 

Weiner-Hopf factorization. We develop a pair of coupled equations where the 

unknowns are the discrete and one continuum mode expansion coefficients.

These equations can readily be solved with a computer program which is pre­

sented in Appendix D. In Chapter V we solve the two-group Milne and con­

stant source problems. Some important simplifications are developed by using 

the X-function identities listed in Appendix A. Some of the special, unique 

numerical methods which were developed for the computer solution are dis­

cussed in Chapter VI. In particular, a relatively fast and accurate method 

for the evaluation of singular integrals is presented. In Chapter VII we 

develop the spherical harmonic solutions to the two-group Milne and constant 

source problems. These solutions are developed in the Pi, P3, and DPX approx­

imations.^ To solve the Milne and constant source problems in these approxi­

mations most efficiently, a series of computer programs were written. A 

listing of these computer programs is given in Appendix D. Some special 
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problems, which are not of great importance to the overall goals of this 

thesis, are discussed in Appendices B and C.



II. EIGENFUNCTIONS AND EIGENVALUES

The two-group transport equations with isotropic scattering in plane geom­

etry can be written?

li (.x.ju) + aiVi(x,n) 
dx

H + a21|;2 (x,p)
OX

= ^i(x,n)dn + 213. ^(x^p)d|i (2.1a)

= 2ax J ^i(x,p)dp + 222. J1 i|f2(x,p)dp (2.lb)
2 -1 -1 

^(xjp) and ^g(x^p) are the angular fluxes in groups one and two respec­

tively, Ci and 02 are the total macroscopic cross sections for each group and 

the o^j are the macroscopic scattering transfer cross sections which describe 

the transfer of neutrons from group j to group i. All o's are assumed to be 

spatially independent.

We make the nonrestrictive assumption that 02 < Oi and we divide Eqs. 

(2.1) by 02. By defining 0 = 01/02 and using the optical length z = 02X, 

we write Eqs. (2.1) in the same convenient matrix form as in Ref. 6:

p t(z,p) + Z ÿ(z,p) = C fl ^(z,p)dp (2.2)
dz — ” - = -1 -

where

) and C - z = -11 . 
c° 2%

jr(z,p)

6
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As usual we assume solutions of the form

= e F(ï],n) • (2.5)

This ansatz when substituted into Eq. (2.2), and after cancellation of the 

space dependence, yields the eigenvalue equation (-q is the eigenvalue),

AF(t),|i) = F(^,p)d^ (2.4a)
— — -1

where

/an-u 0 \
A =' I ) . (2.4b)

\ 0 n-n/

In contrast to the one-speed case where two eigenvalue spectrum con­

sisting of the discrete eigenvalues of magnitude |r| | > l and a continuous 

spectrum in the range ^e[-l,l],^ we must here consider three separate regions 

for the spectrum since in Eq. (2.4b) the term does not vanish in the 

intervals t|g[-1, g-] and ( ^l). (Recall that a > 1. )

7 ,
Following Siewert and Zweifel, we consider Region 1 of the continuous

spectra as i-, ^]. The eigensolutions in this region are twofold degen­

erate and will be denoted by F^ \t|,h) and F^ \rj,n). To obtain linearly 

independent eigensolutions, we first normalize by

/I =( ) (2.5a)

-1 \0 /

where

(2.5b)
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We substitute Eq.. (2.5a) into Eq. (2.4a) and solve for E^(q^q). Explicitly

. F^^qjn) = + ^.i(q)8(o^-^) (2.6a)
1,1

and

= +^(q )b(q-q) (2.6b)
x> q-q

where

/\i(n)\
X (q ) = ( )

\Xa(n ) /

is to be determined from Eq. (2.5a).

By integrating Eqs. (2.6) over d^ and using Eq. (2.5a),we find

Xi(q) = 1 - 2C11qT(oq ) (2.7a)

Xg(q) = -2CaiqT(q) (2.?b)

where

P J1 = in = 2 tanh-1(oq) = 2r(oq) . (2.7c )
-1 aq-|i \l-oq/

The symbol P in Eqs. (2.6) indicates that the integrals are to be interpreted

in the sense of the Cauchy principal value.

With Eqs. (2.7 ) inserted into Eqs. (2.6), we have

SaXQZ + [l-2qCnT (aq ) ]ô(aq~n ) 
œq-H

- 2C2XqT(q)&(q-q)

(2.8)
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A similar procedure with the normalization

(2.9)

leads to the result

H \ /ÇA2J1P - 2C]_2T)T(aT])&(aT]-p) \
. (2.10)

\ 522I1Z + [1-2t)C22t(ti ) ]5 (t)-|j )/
\ \ /

Thus the two linearly independent eigenvectors for T|e [ - are given by

Eq,. (2.8) and. Eq,. (2.10).

1 1Next we consider qe[-l, - ^-] and T)e[ y,l], (Region 2 ). Defining the eigen­

vector as F^2\ï],p) and noting that the normalization is arbitrary, we use

i /2nCi2T(i/cn) \
/ F (^,p)d^ = | ) = ( ) (2.11)
-1 k a2(n)/ \l-2C11-qT(l/m))/

where

-

From Eq,. (2.4), we have

Fp)(n,n) = Trilli + 212HasM (2.12a)
CTT|-H

F^2)(t],h) = + 022342(31?+ ^(^)b(^-^) . (2.12b)
3~U 3~d

We integrate each term in Eqs. (2.12) over d^ and use the normalization

given by Eq,. (2.11) to derive
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X(t0 = 1 - 2t]C22t(t)) - 2ï)CnT(l/aT]) + !iCt^2t(^ )t(1/cjti ) (2.15)

where

C = det C

Equations (2.11) and (2.15) are inserted into Eqs. (2.12) to derive the 

following eigenvector for Region 2 :

+ s(n-p)x(%) (2.14)

Here t (^ ) = O22-2^Or(l/o^ ) and \(t) ) is given by Eq. (2.15).

Next we consider T|^[-l,l] and define the associated eigenvector as

F(n^)

In this case, Eq,. (2.4) can be solved directly to give

r l 1 "
Fi(^,^) = -2— CX1 J Fx(t),|i ' )dp' + C12 J F2(^,p')dp7 

"1 -1 _

Fg(n,pJ = Cai / F1(t|,pl' )d|i' + C22 f F2(^,p/)dpJ 
Tki -1

(2.15a)

(2.15'b)

We integrate Eqs. (2.15) over du to obtain the following secular determinant 

whose zeros yield the discrete eigenvalues :

l-2CuTr(l/aT])

2C21t]t(1/t] )

2C12t]t(1/ot))

1-2C22t|t(1/t| )
= 0.. (2.16)
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By defining the dispersion function 0(z), we have

fi(z) = l-2c nZT (1/az ) -2C22zt ( 1/z )+toz2T ( 1/z )t ( 1/az ) = 0 . (2.1?)

We have replaced r| by the complex variable z to indicate that the roots can 

be real and/or complex. We can easily see from Eq. (2.17) that if q^ is the 

positive root then -t^ is also. And if is a complex root of Eq. (2.17), 

q*  is also. We have

= 0 (2.18)

n^) = ^(n*) (2.19)= 0 .

Zelazny and Baran have made a detailed study of Eq. (2.17 ) to determine

the number and type of discrete roots as a function of the C.Js and a. We

reproduce in Table 2.1 their results which take into account all possibilities.

For the two-group problems considered in this thesis we have only two dis­

crete eigenvalues. By virtue of Eqs. (2.18) and (2.19) these must be real 

or imaginary. In fact from Table 2.1 we note that the discrete roots are 

either real and/or purely imaginary. Therefore the eigenvalues occur in ± 

pairs and we denote these by with associated eigenvectors F^+(n).

The normalization in Eqs. (2.15) is arbitrary. If we use the same norm­

alization as in Region 2 (with •*  q ), we derive the discrete eigenvectors 

for q^[-l,l]; namely
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where

t(m) = C22-2T)^CT(1/(ÏT)^ ) .

We note that D(z) is analytic in the complex plane cut along the real 

axis from -1 to 1. Introducing the notation

) = 1, T)e Region i

= 0, otherwise,

we easily find

^(n) = 1 -2Cg2PT(p )-2CnHT(on )0],(n )-2C%( 1/on )©a(p )+^Cp2T (p)t(cp )©!(p ) 

+4Cp^T(p)T(l/crp)02(p)-n^p^C0i(p)±xip[C22+Cn®i(p)-2CpT(<Jp)9i(p)

-2CpT(p)0i(p)-2Cpr(1/ap)02(p)J . (2.21)

Here represent the boundary values of 0(z) as the branch cut is approached 

from (below)• That is, Q-(p) = lim n(p±ie).
e+0

It is. convenient to use the following linear combination of Region 1 

eigenvectors :

A (n,n) = 7T- F^\ï],p). (2.22)
Cn C12

Explicitly, 

/i—^(o^-p) \
= ( 11 , ) .
\-----SaF---- - - ^iLL [Ch^Cht^)]/ (2.25)
x CnCi2(n-p) C12C11

The following linear combination is a convenient eigenvector valid over 

the full range, t]€[-1,1]:
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= 2Cisi]T(aTi)ei(T))Fi^\n,n) + 

+ F^2^(t),h)92(t)) . (2.24)

Again the explicit form is

f CisnF/on-n \
^(n^) = ( , _ ) •

\ üfillüP + X(ï])ô(n-n)/ (2.25)
TH

Here we define

g(r) ) = C22-2Ct]t(ot) )@i(t) )-2Ct)t(1/ot] )©2(t) ), (2.26)

X(n ) = 1-2C22T]t(ti )-2CnT)T(aq )@i(q )-2Chtit (1/aq )e2(n )+4Ct)2t(t) )t(ot) )@i(i) )

+4Ct)2t(t| )t(1/ot) )©2(i] ) • (2.27)

In comparing Eq,. (2.27) with Eq,. (2.21), we note that we can write Eq,. 

(2.27) in the compact form

X(n) = + rt2q2C©1(n) . (2.28)

Also (for later use) we have from Eq,. (2.21) -

f(n) = -g”- = C22+c11e1(^)-2c^T(p)e1(^)
2ni|i

- 2Cp,T(on)@i(p)-2CpT(l/op)©2(p) • (2.29)

Thus the eigenvectors consist of the two continuum modes ^i(^p) [Eq,. (2.25)], 

t)e[- [Eq,. (2.25)], ^€[-1,1]; and the discrete modes F1±(^)

[Eq. (2.20)].



P
III. TWO-GROUP FULL-RANGE COMPLETENESS

The full-range theorem is stated as follows:

Any function of class G can be expanded using the eigenvectors

and F^+(p).

We follow the standard procedure of attempting an expansion in terms of 

the continuum modes "Only; namely,

/ i/a 1
vW) = ( ) = / , . (5.1)
" ■

We substitute the explicit form of ) and as given by Eqs.

(2.25) and (2.25) into Eq. (}.l), and perform the integrations where possible 

to arrive at

(ii) . 25^/01 + CiaP J-1 Tj^Cr^dn, 
oCu -1 aq-g

X"
2 c11e12 -1/a C12C11

+ p / + M } . (3.5)
-1

We solve Eq. ().2 ) for ai(p/a) and then make the change of variable, ^/a = q 

to obtain

Qih) = crCu^Caq) - CUC12 - (3.4)

The insertion of Eq. (5-4) for Q!i(q) into Eq. (5.5) yields

15
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+ §2- + S—
^12 -I/O C12 1

= c ^3. J1 Pn'^(n.'.)Èn: - 91(n)(2c^T(^)-c11) ê ^.'^(1')^'
-i/o vu -i n'-n -1

+ / Ba^MiL2a!L4.%(p)x(p) . (5.5)
-i n-n

The integration over q in the first term on the right-hand side of

Eq. (j.5) can now be performed by using the Poincaré-Bertrand formula1^

and the partial fraction decomposition

____ B_______
(n-d)(n'~n) n'-n \n-n n n /

b.6)

The result is

c Z1/” Bfez1 = -C^%(n)ei(p)-2C z''
-1/a q~n -1 n ' -T] -1 n'-ki

‘ [^(p)T(ap)+02(n)T(l/un)-9i(T] ’ )t(oh ’ )

- 0s(n')T(i/on')1 • (3.7)

We define

*■ (h) - *2(u) + S2_p s1/ 211^51+ -S_ 4,,(w)ei(n)[Cn-2CnT(n)].
C12 -I/O tC12 (5.8)

By using Eq. (5.7 ) and Eq. (3.8) and recalling Eqs. (2.28) and (2.29), we 

write

} = n+(n)-fr(n) p r1 + (^(^)+^-(^))o^(^) /
2nin -1 2 '
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As usual we introduce an auxiliary function

S(Z) = A- (5.10)
-1 T] -z

with boundary values given by the Plemelj formulae"*"^  :

N±(^) = P ± | . (5.Ha)
2ni -1 TkA d

Therefore,

, x N+(p)-N"(n) 
cfe(n) = ------------ (5-llb)

We write Eq.. (5.9) in terms of these boundary values to obtain the factored 

form

^'(kJ = N+(n)w+(n) - N-(n)n-(^) . (5.12)

This has the immediate solution

- ^) '1

From Eq. (5.10) we note that N(z) must be analytic in the complex plane cut 

from -1 to l._ In order that ïï(z) have this property for z = ±1^ we require

J1 = 0
"1 M+ %1

(5.14)

where we recall the are the discrete eigenvalues.

Our original expansion of ^(p) was only in terms of the continuum modes.

We have the discrete modes available to satisfy Eq. (5.14). Thus we make 

the replacement of ^(^) by
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♦ (h) - Z Ai+ f1+(h) - L Ai. FiJn) . (5.15)

We recall that ÿ(h) contains components and ^(h), and (p) is a func­

tion of these components as given by Eq. (5.8 ). Thus ♦'(h) in Eq. (3.14) 

is adjusted according to (5.15 ) and with two pairs of roots we would have 

four equations with four unknowns from which the discrete coefficients, A^+, 

could be found. With the discrete coefficient known we would then determine 

0(2(h) from Eq. (5.11b) where the boundary value of N(z) are determined from 

Eq. (j.lj). Also in Eq. (3.15) we must modify ♦’(p) according to (5.15).

With QsCh) known, ^(n) is calculated from Eq. (5.4). A better procedure for 

the full-range case is to prove an orthogonality theorem as Siewert and Shieh$- 

have done. This procedure makes possible the calculation of various normal­

ization integrals from which the expansion coefficient can be derived directly 

for any particular full-range problem by taking scalar products.



IV. TWO-GROUP HALF-RANGE CASE

From the completeness proof of Zelazny and Kuszell, we know that the 

normal modes of the transport equation provide us with sufficient eigenfunc­

tions to solve half-space problems. By a procedure which is in many respects 

similar to the completeness theorem proof described in the previous chapter, 

we develop equations for the expansion coefficients in a form convenient for 

numerical calculations.

The expansion for the half-range case, which we assume is valid from

the work of Zelazny and Kuszell, is

(4.1)

We note that we are using the continuum modes only, the discrete mode will 

be introduced later. Using the explicit form of ^i(q,u) and ^2(n,n) [Eqs. 

(2.5) and (2.25)] in Eq. p4.. t) and performing the integration over the 

delta functions yields

* (n) = Si+ c12P f1 UGaWhL (4.2a)
1 nun o

and

V2(n) = ~ T-™— P I / - ----— [Ch-2Cpt(^) ]cti(n)01(n)
c 11e 12 ° vu cnc12

+ p f . (4.2b)
° n-d

Making the change of variable n in Eq. (4.2a) and solving for ai(n), 

we obtain

19
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ctiU) = aClxK(pa) - CnC12 + I1 . (4.3)
1 o n-n

The insertion of Eq. (4.)) into Eq. (4.2b) gives

*2(ti) + ~~ P / + -2— [Ch-2Cht(h) ]4r (an)61(p)
ci2 o q-n c12 1

= c p n-l^ni p /1 + [C11-2^T(p)]e1(n) p f1 aSeÀn
° n'-n ° th' °

+ p J1 n%(n)6(n)^ + x(n)%(n) . (4.4)
° TP

The Poincare-Bertrand formula"^ and the partial fraction decomposition

n '_____
(n'-n)(n-n')

enable us to perform an integration over dq' in the first term on the right­

hand side of Eq. (4.4). The result is

cp j ° n'dn'P /1 
O T) * ° T] -T) ’

= P J1 H2&©itnîc^in (— - 1
° TP L '

We can write Eq. (2.26) as

sh) Caa-Cq/n ( 1 + — +C©2(t))t)/n ( 1 - — ) (4.7)
\ *1/

where we have used Eq. (2.7c ).

The insertion of Eqs. (4.6) and (4.7) into Eq. (4.4) yields, after some 

cancellation and rearrangement, the compact form
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!'(n) + C f1 
°

p J1 nQ2(n)dn + ^"(n)+n"(u) , x
2itin o TH 2 "

(4.8)

Here we have defined

*'w = ^2^) + p *1(cth)61(|j)[c11-2c^t^)] (4.9)

and

S 1 \ i \k(n,n) = n^n ^1 + —J - n/n (1 + y . (4.10)

We note that the second term on the left-hand side of Eq. (4.8) is a nonde­

generate Fredholm term. If this term were absent, Eq. (4.8) could be solved 

directly by standard procedures.1 If it were degenerate, the method of

15Shure and Natelson could be used. However, neither of these situations

obtains, and no closed form solution of Eq. (4.8) has been found. Thus, we 

describe in Chapter VI an iterative procedure similiar to that used by 

Mitsis1*1^ to solve the critical slab problem and by McCormich and Mendel- 

son1? in treating the slab albedo problem.

We define
(p) = ÿ'(p) + C f h )k(%) ,p)dT] (4 11)

° TP '

Next we introduce a function N(z) defined by

n(z) , -I./1 a^liLhn. . (4.i2)
2ni o t)-z

Following Case and Zweifel1 if Qs(T)) of class G exists then N(z) has the 

following properties:

1. N(z) is analytic in the complex plane cut along the real axis from

0 to 1;
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2. N(z)~^as | z | +00;

5. ™±(u) - -1- p J1 nsahüai ± 1 ( ,.
2^1 o TH <= (4.1))

We note from Property J that

Qs(n) = (4.14)

Inserting Eq.s. (4.11) and (4.1)) into Eq,. (4.8)^ we find (after some rearrange­

ment ) that

^"(p) = N+(p)fl+(n) - N~(g)n~(|i) . (4.15)

We recall that 0(z) is analytic in the complex plane cut from -1 to 1. We 

note from Property 1 that N(z) is analytic in the complex plane cut from 0 

to 1. This requires (as in one-speed theory1) the introduction of a func­

tion X( z) such that

The X(z) function satisfying the necessary restrictions1 for the half-range 

and for one pair of discrete roots only is

X(z) 1 
1-z

exp 1 f1 .

it o p-z (4.1?)

The ratio condition, Eq,. (4.16), is inserted into Eq,. (4.1)) to yield

7(p)y(n) = w+(p)x+(p) - N-(p)X-(n) (4.18)
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where

z(r) x+(u) (4.19)

Assuming that the left-hand side of Eq,. (4.18) is known, we can write the 

solution to Eq. (4.18) as

N(z) = --- i--- f1 . (4.20)
2xiX(z) o H-z

The Plemelj formulae give the boundary values of N(z) from Eq. (4.20). We

insert these boundary values in Eq. (4.14) to obtain

aaW . 1_______ P ? + + _L_\
2rtip \X (^) X"(n) / ° U'-H

* 7(n)*"(p)  • (4.21)

(However, this is not a solution because we note from Eq. (4.11) that the 

unknown ^(p) is still contained in ^"(p). ) We next define

Up) - - (4.22a)
2itip \ X (p ) X (p ) / 2rtiy (p )n+(p )n-(p) 

and

The last form of Eqs. (4.22) is derived from using Eqs. (4.16) and (4.19).

By defining the singular integral operator '

0(p) = ^i(n) P f1 ^^41 + i2(p) . (4.2J)
o H-H
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We can write Eq,. (4.21) in the compact form

Oatp) = O(n)i|r"(n). (4.24)

Property 2 requires that N(z) ~ as |z| oo. We note from Eq. (4.17)

that X(z) « - 1 as z + «. Thus from Eq. (4.20), we require

/ 7(p) 
o

|«(u) + C J1 
o du (4.25)= 0

where we have used Eq. (4.11) for ^"(^). For the case of one pair of discrete 

roots we have the discrete eigenfunction available to satisfy Eq. (4.25). We 

make the replacement of \|r(p ) in Eq. (4.25 ) by

- A+Ii+(n) • (4.26)

We recall that '(p) is defined by Eq. (4.9) and is a functional of the com­

ponents of i^(p ), i.e., \|f1(p.) and ^(p ). We define /+(p) as the corresponding 

functional of the components of F1+(p). Thus the replacement given by the 

expression (4.26) is equivalent to replacing '(p) in Eq. (4.25) by

V(n) - W+(n) . (4.27)

With this replacement made in Eq. (4.25 ), we then solve for A*  to yield

J1 7(h)»'(hMd + c ? y(d)dn z1
A+ = -2----------------- - ------- 2------------- 2----------22Ü--------- . (4.28)

7(n)^+(d)^

Likewise with Eq. (4.27) inserted into Eq. (4.11) and subsequently into Eq.

(4.24), we obtain
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%(n) = + c o(n) J1 .
° n’M (4.29)

Finally the replacement of ^(laa) "by )-A+F1+ ^(h) in Eq. (4.5) yields

ax(u) = °Cn Rr (an)-A+F^+ i (oh)] - CnC^ Pf .L1 ' ° n-n (4.50)

An iteration procedure for solving Eqs. (4.28) and (4.29 ) for A+ and ^(p ) 

is discussed in Chapter VI. Providing this procedure converges, we can then 

insert A+ and 02(11) into Eq. (4.50) and solve for Oi(n) competely determining 

all expansion coefficients.

A number of important simplifications are now made for the terms con­

taining /+(p) in Eqs. (4.28) and (4.29). First, from Eq. (4.9) we can write 

the explicit form

0 (q) = F1+ 2(p) + P / l+'l—-—— + -7— F, 1(o|i)91(|i) [Ch-2C|it (p) ].
+ Oi2 o q-p C12

(4.51)

Next we insert the discrete modes as given by Eq. (2.20) into Eq. (4.51) and 

perform the integration to obtain

0+(p) - — C22+Cii@i(p)+Cp9i(p)jn । 7— - 1) +Cp92(p)in (1 - —
qi-p L \CTP J \ op/

2C9i(p)pT(p)-CTUZn ( 1 (4.52)

It is easy to show that f(p) from Eq. (2.29) can be written as

C22+Cn9i(p)-2C9i(p)pT(p )-Cp9i(p)ln ^1 + +Cp9i(p)Zn ^1 -

Cp9a(p)Zn ^1 + i—+Cp9a(p)Zn 11 - J (4.55) 
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where we have used Eq. (2.7c). We insert Eq. (4.))) into Eq. (4.)2) [re­

calling Eq. (4.103 to write the compact form

/+(p) = [f (p)-Ck(q1,n) ] . (4.54)
ni-n

The substitution of Eq. (4.$4) into the integrand of the denominator of Eq.

(4.28) yields

J 7(p)^+(p)d|j = - - C / (4.35)
o °

where we have used the X-function identity given by Eq. (A.1) to write

xhi) = J-1 . (4.;6)
o p-qi

Next we consider the term 0(p)/+(p) in Eq. (4.2$). With 0(p) given by Eq.

(4.23 ) and ^(p ) by Eq. (4. 54 ), we write

o(p)pL(p) = fi(p) p ? + '2(pW(p) - co(p)
° (p-p')(ni-p') ni-P ni-d

(4.37)

The partial fraction decomposition

------------HJ----------- = 41 ( _1------------
(p-p*  )(qi~p') qi-p \p-p' ni-P1/

inserted into the first term on right-hand side of Eq. (4.37) yields

^(p)P J1 7.(k')qif(p')dp' 
° (p-p*)(qi-p' )

li(p) p /^(u’ )f(p' )dp' _ J1 y(p' )f(p’ )dp' 
° P~P' o qi~p'

(4.38)

The last term in brackets in Eq. (4.38) is -X(qi) [see Eq. (4.36)] and the 
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first term can "be written in terms of the boundary values of X(z ) (see Eq.

(A. 1)3 . Explicitly,

p j1 = _ . zM rn+(R)+n-(RJ3 . (u.59)
O p,-p ' 2

The last form in Eq. (4.)$) was derived by using Eqs. (4.16) and (4.19). We

insert Eq. (4.59) into Eq. (4.58) to obtain

p l1 <“*<• ‘>’"■«->21 •

(4.40)

We recall from Eq. (2.29) that

fW = . (4.41)
2nip

We insert Eqs. (4.22), (4.40) and (4.41) into Eq. (4.57) to obtain (after 

some cancellation)

0 W^+W = - c 0 W n]k(ni,u)
L (L.42)

Now Eqs. (4.55) and (4.42) can be substituted into Eqs. (4.28) and

(4.29) respectively to obtain a somewhat simpler form

?(p)an

o T|l-|l

and

- 0 (u)r(n) + CO I1 nadnAWLlâa 
° TU

^i(u)niX(m) (4.45b)
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We recall that the kernel k(-q,|i) is defined by Eq. (4.10). The operator 

0(^) is given by Eq. (4.2$) and /i(p) by (4.22a). Equations (4.4$) are the 

set which will be treated numerically, as simultaneous equations for the ex­

pansion coefficients A+ and Q£(p.). After A+ and o^(p) are obtained, O'i(p) 

is computed from

«i(p) C11C12P J1 üS&üüâa
o q-p

(4.44)

This completes the reduction of the general two-group expansion. In the 

next chapter, we shall obtain some specific forms for 1 (p ) in Eqs. (4.4j) 

and for ^^(np) in Eq. (4.44). In fact with these forms for ^'(p) and ap­

propriate X-function identities, the integrals in Eq. (4.43) can be partially 

performed.



V. APPLICATIONS OF TWO-GROUP SINGULAR 
EIGENFUNCTION EXPANSIONS

A. INTRODUCTION •

We have selected for detailed study the two-group Milne and constant 

source problems. These problems are representative of the type of two-group 

half-space problems that can be solved by our method. Two half-space prob­

lems appear also to be soluable. In fact one probably can solve any two 

group transport problem that is also soluable in the one-group case, although 

in the two-group case less analytical and more numerical analysis is required. 

Even in one-group theory the X-function must be generated by the computer or 

obtained from tables. Also in order to obtain the angular flux, total flux, 

and current in the medium, we must calculate principal value integrals on 

the computer. The point is that the computer is an essential tool to obtain 

complete results even in the one-group case.

We shall find some helpful simplifications similar to those obtained 

in Chapter IV before beginning the numerical work.

B. MILNE PROBLEM*

*This definition is correct only for two discrete eigenvalues.

We define the two-group Milne problem for one pair of discrete roots in 

a manner similiar to the one-group case.1 The solution must satisfy the con­

ditions

ty(o,p.) = 0, n > 0 (5.1a)

29
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and

Hzjh) ~ F£_(n)e . (5.1b)
Z"hx>

The solution which obeys Eq. (5.1b) is expanded in the two-group normal modes 

of the transport equation as

^(z,p) = A_F1_(p)e + A+F1+(p)e Qi(q )^(q,p)e ^^dr,

+ I O2(q)/2(q,p)e"z/^ dq . (5.2)

We use the boundary condition given by Eq. (5.1a) (normalize by setting

A_ = 1 ) to obtain

- F^.W = A+F1+(p) + / Qhh )^(q,p)dq + J1 O^(q )^(q^p)dq (5.5)

Therefore the arbitrary expansion function, denoted by ^(p ), becomes for 

the Milne problem (see Eq. (2.20 )J ,

The appropriate ^(p) for the Milne problem (see Eq. (4.$)) is closely re­

lated to the 0+(p) as defined by Eq. (4.31). In fact

= -/+(n,-ni) • (5.5)

This means that

V'W   a-L— [f (p)-Ck(-q1,p) ] (5.6)
n ni+n
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Thus we have from Eqs. (U.J5) and. (4.42 ) the result that 

/ y(h)vA(n)&^ = -nix(-ni) + c f1 
o u o

y(u' )nik(-m^' )^' 
ni+^

(5.7)

and.

O(n)^(n) - + co (n) ni4(-m,^) .
ni+p ni+n

(5.8)

We insert Eqs. (5.7) and. (5.8) into Eqs. (4.4$a) and (4.45b) to obtain

-ruX(-Tu)+C /1 Z.^.'.)llk(-ni,p')^' + c /\(^)dp J1 na&Wk(n,n)dT]

A+ . ------------ °------- --------------------2-------- °------- 22------- (5.9a)
-nix(ni) - c /12dHhAÙ2zE)ÉLL

a2(n) = - ^^^ix(-q^) + c o(p) |njk(.-ni^)
L qi+n .

+ C o(n)/1 n%(n)k(n,n)dn 
° q-n

^i(n)niX(nT) 
m-n

- c 0(h) (5.9b)

Since

,(an) = - .
a(qi+n)

We have from Eq. (4.50) [considering Eq. (2.2O^ that

Qi(n) = -CnC12ni + - CuCisP /1 ^h)^n (5.9c)
m-k/ ° n-kx

Equations (5.9) are the final reduced equations for the Milne problem. We 

note that Eqs. (5.9a) and (5.9b ) are two coupled equations with unknowns 

02(p) and A+. These equations are solved by an iteration process described 
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in Chapter VI. The operator 0(p) is a singular integral operator which 

requires special treatment otherwise;the solution is straightforward.

Finally with A+ and 05 (p ) known, we obtain Qi(n) from Eq. (5.9c).

The limiting case of C = 0 is of some interest. We note that the dis­

crete mode expansion coefficient becomes (see Eq. (5.9a))

x(-m)
X(tu)

(5.10)

We recall that this is identical to the one-group Milne problem result.This 

is apparently different from Siewert and Zweifel's result but we recall that 

they considered the case for C = 0 and the discrete eigenvalues were infinite. 

When the discrete eigenvalues are written in the form of Eq. (2.20) we are im­

plicitly assuming that the eigenvalues are finite.

Also from Eq. (5.9b), we have

o&w = - . (5.11)

In neutron transport theory, the physical problems for which C = 0 are quite 

specialized and we shall not consider this case further.

We can prove from the form of the operator O(p) and Eq. (4.45b) that

Që (p) •*  0 for |j, = i and 1. (5.12)

This result is important because otherwise the angular flux would be singular 

at these values of u. This follows from the fact that for any particular 

half-space problem the solution is written in terms of the expansion coef­

ficients and the discrete and continuum mode eigenvectors with these eigen­
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vectors containing terms with T(op), T(l/o^) and. t(4). We note that 7(04) 

and 7(1/04) are singular at 4 = i/o and 7(4) is singular for 4=1. To 

prove (5.12), we note from Eq. (4.22) that

-ii(p) ~ —7^—- * 0 (5.13a)
4*1/0-  7(04)

fi(p ) ~ —7^--- - * 0 (5.13b)
4*l/o+  t(1/04 )

41(d)---- ---- - - 0 . (5.13c)
4*1-  [T(4)1

Similar results follow for ^2(4). The operator O(4) as given by Eq. (4.25) 

contains in each term either ii(4) or £2(4) and we note from Eqs. (4.4^) 

that these functions always appear multiplying principal value integrals or 

functions which are bounded at these values of 4. At least this statement 

is true for 4 = i/o and we note from (5.13c) that things are still all right 

at 4 = 1 because of the squared function in the denominator.

With the expansion coefficients known from the computer solution of Eqs. 

(5.9), the two-group angular fluxes are calculated from Eq. (5.2). The eigen­

vectors given by Eqs. (2.20), (2.2$) and (2.25 ) are substituted in Eq. (5.2) 

and the integration performed where possible to derive

vjz,4) = ^smez/ni + clgniA+e-z/ni + J^Oi(4/j)e-^[@i(4)+G2( 
aHi+d oqi-4 C^o

+ c12p J1 n%(n)e"^dn

° an~d (5.14a)

where

- 1 < P < 1
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and

+ )A+e~z^1 _ C p y1/^ ^(t] )e“z^dn

Hi+n m-H C11C12 o T|~|l

- ----L_ Qi(n)[Cii-2CnT(n)]9i(nk^ + p ?
C12C11 ° n~n

+ X(p)&s(pje Z^[©i(n)+©2(^) ], - 1 < n < 1 . (5.14b)

For the angular distribution to the left we note that the integrals are 

not singular, A good criterion for the accuracy of the numerical methods is 

to see how closely condition (5.1a) is satisfied. For convenience in com­

puter calculation, the replacement in Eq. (5.14a) of p by per is made to yield

V (z,po ) = -- — + PizyA+e ----  + -A- oq(p)e ^^@i(p)
1 a(qi+p) o(qi-p) Cud

+ P f , - I/o < p < 1/a . (5.15)
° ° n-p

The total flux and current for each group are derived by appropriate 

integrals over dp and pdp, respectively. We shall use superscripts on the 

p's to indicate group number. Thus,

P^\z) = / (z,p)dp = 2C12qiT [eZ^1+A+e + —i—
° -l \dqi/ u

x / / Qi(p1 )e dp' - C12 f ^^(q )e (g(q )-C2a )dq (5.16a) 
o o
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P^hz) = /1 P*  (z,^)d^ = 1 + 2C12T)1e
- 1 Xar)! /

x A+[a^!T / -i— ) -1 ] + -— / / p 'ai(p ' )e du '
\ ai]i / cn o

- 2C12/1dnTia2(il )e Z^-aC12 / nZQ2(^)e Z^ )-C^22 )d^ (5.16b )
° o

p(2)(z) = f ^g(^)dn =
° -i \ ni/

- —---- J / nQi(n)T(n)e Z^dq - —i-— / ftcu-2CgT(n)]e Z^a (p)
CnCi2 o CiiCi2 o r

+ 2Ï r|g(r| )qs(t] )t(t] )e ^d^ + J" X(^)#2(n)e ^di) (5.16c)
o o

Pi ^(z) - P^(z,n)dn - 2^it(^i)e (l-T^^+2^ib(^i)c

x a+[t)it 6—) -1] - 77™— / n Q!i(n)e z^[nT(i])-i] dn 
xHiz Cilmis °

- ~T— / t)Q2(t] ) [Ch-2Ct]t (t) ) ]e Z^d^+2 ^g(^ )o^(^ )(^T(^ )-l)^|
12 ° °

x / n^-(n)c^(n)e"z^dn . (5.1^)

The extrapolation distance (the distance to the left of the interface at 

which the asymptotic component of the density vanishes) is given by either 

Eq. (5.16a) or Eq. (5.16c). Thus we wish to determine zo such that

. o . (5.17)

The solution for zo from this equation gives the same result as in the one- 

speed theory1; namely,

zo = - in (- . (5.18)
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Again we emphasize that for one pair of discrete roots the extrapola­

tion distances are equal for each group. For four discrete roots, we would 

calculate a different extrapolation distance for each group. Baran^ has 

studied this problem in detail.

C. CONSTANT ISOTROPIC SOURCE PROBLEM

Assume an isotropic source S02 in group two (the associated problem with 

a source in group one is virtually identical). We now seek solutions to the 

inhomogeneous transport equation which vanish at +00 subject to the condition

ÿ(o,h) = 0 for n > 0. (5.19)

The solution consists of a particular integral, ^(z,^), plus a solution of 

the homogeneous equations, (z,p)« The latter consists only of those modes

which vanish at +%, i.e.,

c (z^n) = A*e  W + / / ai(q)/i(n,d)e ^dq*  .^2(q )^(^,^)e~^dq

° ° (5-20)

The particular integral can be found from the two-group transport equa­

tions (Eq. 2.2 ) in the limit as z-*oo.  In this case, ^(z,^) approaches a con­

stant value denoted for each group by and ^g. With ty(z,|j) constant, Eq. 

(2.2) reduces to a pair of simultaneous equations which are easily solved to 

yield

^^2---------  = Si (5.21a
(I-2C22 ) (cr-2Cii )-4CigC2i
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and.

* = S(n-2Cii)
(1-2C22 ) (cr-2Cn ) -^C21C12 

where

S = S2q/cr2 .

We normalize all constant source problems to a 

group two, i.e., S2o = 1. The complete solution is

= s2 (5.21b)

unit source neutron in

written as

By setting z = 0 in Eq,. (5-22 ) and. applying Eq. (5.19), we obtain 

~(s2) = o / + l + a+f1+ (p) . (5.25)

We repeat here for convenience Eq. (4.8) of Chapter IV,

V'W - + _s_ * (an)^(p)[c,,.2CpT(n)J .
° h-h ci2 (4.8)

And we note from Eq. (5.25 ) that

/\(p)\ /Si\
ï (V) = = -( ) • (5-24)

\y2W \s2/

By inserting Eqs. (5-24) into the appropriate terms of Eq. (4.8) and then 

performing the integration on the second term on the right-hand side, we find
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Ÿg(M) -S2 - J + Cn0x(R)ln^ - 1) + Cp.02(p.) in I 1
ou/

-2Cht(h)9i(h)+C 11®1 (5.25)

The term in brackets in the second term in the right-hand side of Eq,.

(5.25) has terms similar to Eq. (^.55). In fact, we can write

-Sa aS
C12 La

f(u)+Cn/n (1 + (5.26)

We recall from Chapter IV that we need

0 (n)^(p) (5.27a)

and

1 7(p)Vc(d)&d
O b

(5.27b)

in order to calculate the expansion coefficients A+ and Qe(d)• By the same

S
C

method that was used in Chapter IV to simplify 0)^+(p ), we can easily 

prove

0(p)f(n) = 0. (5.28)

Also from Eq. (A.1) in Appendix A, we have that

lim ' zX(z)
Z"*oo

= - / y(^)f(p)dp .
o

(5.29)

But from Eq. (A.17 ), we see that

X(z) ~ - 1 (5-50)
Z-Kn



59

Therefore from Eq,. (5.29), we obtain

/ y(^)f(p)dp = 1
o (5.51)

Finally this gives the result that

0(n)^'(p) = 0(pi) w - p£n ( 1 +
S [_ ^12 \ o^/_

and

/ y(n)^' (d)dM. = - + / y(d) I w - n£n fl + i du
o 3 C12 ° L ^12 \ aH/J

(5.52a)

(5.52b)

where

SiC + aSiCaa
C12 C12

(5.52c)

Si and S2 are defined by Eqs. (5.21).

We insert Eqs. (5.52) into Eqs. (4.4$) to obtain

- 251 ^4^>4- 2515 ninii +
G12 O ^12 \ ^/ ° ° n-u

A+ =------------------------------------------------------------—
-nix(m) - cf 7(^)k(qi,p)dp 

o ni-p

(5.55a)

and

05(d) 0(d) w aSiC 
C12

liin
o(p) J1 n%(n)k(n,n)dn 

o q-q

w =

fi(u)mX(m) _ co
- ni-d

(5.55b)

The final equation for ctiW is obtained from Eq. (4.44) where

4f^(crd) = "Si .
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Explicitly,

aJu) = -oCiiSi - CiiCi2niA+ - C11C12 P / . (5.33c)
m-p o n

Equations (5.33) are the final reduced, equations for the constant source prob­

lem. We refer the reader to the paragraph following Eq. (5.9 c ) for comments 

concerning the solution to this set of equations.

The angular fluxes for the constant source problem are given by Eqs. 

(5.14) where we replace the first term in the right-hand side by Sj and S2, 

respectively. The neutron current in each group is given by Eqs. (5.16b) and 

(5.16d) if we delete the first term on the right-hand side. For the total 

flux we replace the first term (term with positive exponential) on the right­

hand side of Eqs. (5.16a) and (5.16c) by 2SX and 2S2, respectively.



VI. NUMERICAL METHODS AND COMPUTER SOLUTION 
TO HALF-SPACE PROBLEMS

A. PROGRAM FOR FINDING NUMBER, TYPE, AND VALUE OF THE DISCRETE EIGENVALUES

In solving Eqs. (5-9) and (5.55) for the expansion coefficients, the func­

tion 7(n) must be calculated. But (as shown in Appendix A) the roots of the 

dispersion equation must first be found. A computer program was written which 

first finds the number and type of eigenvalues from Table 2.1 and then deter­

mines the magnitude of these eigenvalues. The method that was found quite
I A effective was the false position method. For the problems studied in this 

thesis we have only one pair of real discrete roots. We concentrate on find­

ing only the positive eigenvalue because we know from Eq. (2.18) that the 

other eigenvalue is -qlt The false position method require two starting 

values which we denote by and q^\ The subscript here means that these 

are two starting values while the superscript is the iteration index.. To ob­

tain good starting values we calculate Q(q) for q = 1.000001. We then in­

crease q by .1 until 0(q ) changes sign. We select q^ ) and q^) such that 

G(q^) ) is opposite in sign to 0(q^)). From these four values a value of 

q3 is calculated according to

nil^qs^-qP^hl^) 
n 3 - - u

O(qPb-O(q^h

q3 is the intersection on the q axis of a straight line which joins the points 
(q!1 ^^(qi1 ) ) ) and (qs^^(qs^ ) ). For the next iteration the program selects

41
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and ^^2) from and such that the corresponding functional

values for Q(q) are smallest in absolute value. For the specific problems 

studied in this thesis only three iterations were required to find a root 

such that

0(11) < io‘Y .

This program is listed in Appendix D.

B. DISCUSSION OF MESH SPACING

In two-group, half-space problem there are always two basic integration 

intervals. We see from previous chapters that we have ordinary integrals and 

principal value intervals for integration ranges of

° C R < i 

and

- < R < 1- □

We shall see in the next section that in the evaluation of principal value 

integrals the singularity is subtracted This procedure gives rise to a 

Logarithm term which is singular at the end points of integration. There­

fore we use the midpoint approximation in the evaluation of all integrals. 

In this approximation the interval from 0 to i/o is divided into P equal in­

tervals and all functions are evaluated at the midpoint of each of the P 

intervals. A similar procedure is used for the mesh spacing in the interval

from I/o to 1.
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C. NUMERICAL EVALUATION OF SINGULAR INTEGRALS

In the solution of Eqs. (5.9) and (5-55) for A*  and 02(11) we must eval­

uate singular integrals of the type

P y1 .
o d'~d

The function F(^,) in two-group, half-space problems studied in this thesis 

always contain factors of y(^) as well as logarithmic functions. For example, 

from Eq. (4.^) all half-space problems have singular integrals where F(p) 

is of the form

F(n) = W'ÂMMnitd) (6.2)
m-d

where we recall that

k(q,q) = q/n ( 1 + —) - pin (1 + —.
\ ax\' V yd /

For the Milne problem we have in addition other integrals involving

F(n) = . (6.5)
m+d

While the constant source problem has another integral where

F(d) (6.4)

The details for evaluating y(p) are given in Appendix A. The presence of 

logarithm factors and y(p) in the function F(p) requires special care in 

order that an inordinate amount of computer time is not taken.



By usual procedures the singularity is subtracted to yield

A f + F(w)in . (6.5)
o H -d o n'-n \ d /

The functions F(p) and £n(l-p.)/a are now evaluated at the midpoint of all the 

intervals for between 0 and 1, and these values are stored in the fast ac­

cess memory of the computer. Let us assume that the singularity is at some 

midpoint value Then we approximate the principal value integral in Eq.

(6.5) by

o p'~d

D,
) + hjF'Cdj) + (6.6)

dj-di \ di /

The prime on the summation indicates that in the sum the term j = 1 is not 

included. This particular term is given by the second term on the right-hand 

side of Eq. (6.6). Also hj is the width of interval j. We are using the 

trapezodial rule with the midpoint approximation in the evaluation of the 

integral term on the right-hand side of Eq. (6.5).

We note that the second term on the right-hand side of Eq. (6.6) has a 

derivative factor. When the singular point is not in the interval ad­

jacent to the end points or adjacent to the intervals where an interval change 

is made, i.e., p = I/o, this second term on the right-hand side of Eq. (6.6) 

is approximated by

hiF'(di) = j [F(pi+1)-F(pi_1)] .

When the singularity is at the midpoint of one of the other four remaining

19 intervals we use v
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I 1
5

[F(n2)+5F(m)-4F(o)], i = 1 (6.7a)

hjF'tui)
- (

1 [4f(1/q)-3F(hp)-f(hp_1)], i = P (6.7b)

1
5

[F(hp+2)+3F(hp+1)-F(1/ct)], i = P+1 (6.7c)

1
< 5

[4F(l)-5F(nD)-F(nD_1)], i = D. (6.7d)

We have P intervals from 0 to i/o and a total of D intervals from 0 to 1.

Following to some extent Bareiss and Neumann,1^ we shall derive in de­

tail Eq. (6.7a). 1st us first calculate the contribution of the integral 

term on the right-hand side of Eq. (6.5) to one general interval of width h 

about n', i.e.,

H - I < H' < .

We have 

h 
2 [F(n* )-F(u)]dn' = jh/2 [F(y+n)-F(u)]dy (6.8)
I -h/2 y ‘

where we used the change of variable y = p'-p. We expand F(y+n) in a Taylor 

series about p. to yield

F(y+p) = F(u) + yF'(n) + F"(n) + ... (6.9)

Inserting this expansion in Eq. (6.8) and integrating over dy yields

(F'(^) + F"(^) + F'"(^) + ...)dy = hF'(^) + F"'(^) + ...
"h/2 5. 72 (6.10)

Thus by keeping only the first term on the right-hand side of Eq. (6.10) we 

are omitting terms of (9th3) or higher.
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For Eq. (6.7a) we need, to find a good approximation for h1F(p1) where

Pi = hi and hi is the width of the first interval. To this end we write 

a Taylor series for F(p+h); namely,

F(p+h) = F(p) + hF *(p ) + F"(p) + ^(h^) . (6.11 )

We insert p = hi in Eq. (6.11), and recalling from the midpoint values that

P2 = hi, we find 

2
F(p2 ) = F(pi) + hiF'(pi) + F"(pi) + ^(h?). (6.12)

Next we replace h "by -hi/2 and p by hi/2 in Eq. (6.11) to arrive at

F(0) = F(pi) - F’(pi) + & F”(pi) + ^(h3) . (6.1J)
d o

,2
Solving Eq. (6.1)) for —F"(pi) yields

2
2

2 F"(pi ) = 4f(0) - 4F(pi ) + 2hF’(pi) * 4 '(h3) . (6.14)

This result is substituted into Eq. (6.12) to eliminate the second derivative 

term. We then solve for hiF'(pi) to obtain Eq. (6.7a). Equations (6.7b), 

(6.7c) and (6.7d) are derived in a similar manner.

The nonsingular integrals are also evaluated by the midpoint approxima­

tion. For example the integral in Eq. (5.9a) is approximated as follows :

D
/1 V hik(^^j)hj (6 15)

° j=i ni-nj



D. ITERATION PROCEDURE FOR THE EXPANSION COEFFICIENTS

To solve Eqs. (4.28) and (4.29) In the general case, we first approxi­

mate A+ by

/rn / 7(n)^'(n)dp4 . (6.16)

/ /(^)^(^i)d^
o

The first iterate solution for c%(n) is given by

oi1\h) = O(^)[^'(^)-A^O)^+(pJ] . (6.17 )

The superscript on A+ and o^(^) specifies the iteration index. Equation 
(6.17) is then used in Eq. (4.28) to yield A^. and then the second iterate 

on 02(11) is found; namely,

O^tli) = O(;i)^'(q)-A^^)) + C O(^i) (6.18)
°

Continuing in this manner, we have for the n'th iterative solution

osn\p) = o(p)^'(p)-.^ ^+(p)] + c o(p) J (6.19)
°

We assume that for most physically interesting problems, e.g., Milne and con­

stant source, the above procedure converges in the sense that given an e > 0 

we can find an integer M such that for all m > M and pe[O,l]

|c^(p)-Q^ 1(p)I < e . (6.20)

For the problems studied in this thesis, convergence was achieved in seven 

• • -7iterations where e = 10 . An alternate method of solution by matrix inver­

sion is discussed in Appendix C.



VII. SPHERICAL HARMONIC SOLUTIONS TO THE 
CONSTANT SOURCE AND MILNE PROBLEM

In the present chapter some commonly used approximation methods are used 

to solve the Milne and constant source problems which have been treated 

exactly in the earlier chapters of this thesis. We restrict our attention to 

the Pt, P3, and DP^ cases/ and in the following chapter, compare results in 

order to derive a feeling for the validity of the various approximation 

schemes.

In the Pi and P3 cases the angular flux is expanded in a series of Leg­

endre polynomials as

00

Pf Wp/z) , (7.1)
4=0 

with

A(z,nj\ 
p/z) = and £(z,u) = .

(Zj/ __ . \*2(z,kl)/

The superscript on the p's denotes the group number. "

We follow the standard procedure1 of substituting Eq. (7.1 ) into Eq.

(2.2), multiplying by P^(^) and integrating over d|i. By including a source 

term in group two (consistent with Chapter V) and using the identity

with the orthogonality relation

48
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/ P,(n)Pk(u)dg = —6»k .
-1 * 2/4-1

the two group equations become

îîlIw + (k+i) dp^(z)

2k+l _ dz dz
□p^^z)

= ^CuP^ (z )+2Ci2p^2 (z ) ]Bko

1
2k+l k

dz

+ (k+i> âp^i(z)

dz

= [2C2 j p^ ).( z )+2Cg2P^ ( z )+2S ]&ko

where as before

S = §22. . 
02

The Pj approximation is made by truncating the expansion in Eq. 

i.e. ,

p (z) = 0 for m > I .
—m

In particular, the equations are

22^^-+ opO)(z) = 2CnpO)(z)+2Ci2P^)(z),

Ï2^+^p(i)(z) - o , 
dz i

- + p(2\z) = 2C21p^ ) ( z )+2Cs2p(2 )(z)+2S ,

(7.2a)

(7.2b)

(7-1)

(7-5)

(7.4a)

(7.4b)

(7.4c)

and



50

(2 )
ÉÊ2—^2 + 5p(2\z) = 0 . (7Ad)

dz 1

These equations are solved by first finding the eigenvalues of the homo­

geneous set. Assume solutions of the form

P^U) = Ajj e^jz (7.5a)

and

P^ \ z ) = Bjj e^JZ . (7-5b)

The substitution of Eqs. (7-5) into Eqs. (7.4) and cancellation of the space 

dependence yields the following eigenvalue equations :

Aijkj + (a-2C13.)Ao<j - 2C12Bo<j = 0 (7.6a)

Aojkj + 5oAij = 0 (7.6b)

B^jkj + (1-2C22 )Boj - 2C21Aqj = 0 (7-6c)

Bgjkj + = 0 . (7Ad)

A nontrivial solution exists to Eqs. (7.6) if and only if the secular deter­

minant vanishes :

k a-^Cu 0 -2C12

5a k 0 0

0 -2C21 k 1-2C22

0 0 5 k

(7.7)0
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The expansion of Eq.. (7.7 ) yields

k4 + Bk2 + D = 0 (7.8a)

where

B = -5[l-2C22+o(o-2Cii)] (7.8b)

and

D = 9o[a(l-2C22)-2C11+^C] . (7.8c)

For the problems studied in this thesis, we obtain four real roots to Eqs 

(7.8). We denote these roots by ±kT and ±k2 where kj < k2.

The particular integral solution to Eqs. (7.4) is derived by realizing 

as z-*oo  the total flux in each group becomes constant. From Eqs. (7.4b) and 

(7.4d),the current in each group is zero. Thus from Eqs. (7.4a) and (7.4c) we 

have a pair of simultaneous equations whose solution is

p!^(z) = -------- --------  = 2Si (7.9a)
° z"™ (1-2022)(0-2Cii)-4Ci2C21

and

p(2)(z) = ------- 2(g-2C11)S-------  = 2S2 . (7.9b)
(I-2C22) (cr-2Ci1)-4C12C2i

For the constant source problem the solutions as given by Eqs. (7.5 ) must 

be finite as z-*™.  This requires that we consider only the negative real roots 

of Eq. (7.8a). Also from Eqs. (7.6), Aqj and B^j can be found in terms of 

Aoj and Boj. Thus we write solutions to Eqs. (7.4 ) as follows :
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py\z) = Ao2e"klZ + AO4e"k2Z + 2Si (7-10a)

P^^(z) = Aogf i (k^ )e 1 + Ao4f i (kg )e 2Z (7.10b)

P^ (z) = Ao2f2(ki)e"kiZ + AQ4f2(k2)e"k2Z + 2S2 (7.10c)

P^2\z) = Ao2f3(k1)e'kiz + Ao4f3(k2)e"k2z . (7.101)

The functions fn(k) are given by

fi(k) = (7. Ha )

f2(k) = %o(o-2Cii)-k (7.11b)
6oCi2

f3(k) = kDoCp-2^!!)-^] _ (7.11c)
i8oC12

The corresponding Milne problem solutions to Eqs. (7.4) are

p(l)(z) = ekiz + Ao2e"klZ + Ao4e"ksz (7.12a)

P^^z) = fi(-k!)eklZ + AO2f1(k1)e"klZ + Ao4f1(k2 )e-k2Z (7.12b)

p(2)(z) = f2(k1)eklZ + Ao2f2(k1)e~kiz + Ao4f2(k2)e~kaZ (7.12c )

P^\z) = f3(-k! )eklZ + Ao2f3(ki)e"kiz + Ao4f3(k2)e-k2z. (?.12d)

Here we have used the same normalization as‘ in Chapter V. We note that there

are two arbitrary constants in Eqs. (7.10) and Eqs. (7.12) which are determined 

by the boundary conditions at z = 0. We approximate-the rigorous boundary con­

dition
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ÿ(o,h) = 0 for p 0 (7.13)

by the lowest order Marshak boundary condition,"*"

/ ^^(o,p)dp = 0 . (7.14)
o —

For the Px approximation the angular flux is given by Eq,. (7.1 ) where

p (z) = 0 for £ > 1. Thus we have in this approximation that

^(z,p) = 1 Po(z) + I pp^z) . (7.15)

The substitution of Eq. (7.15 ) into Eq. (7.14) and subsequent integra­

tion yields

^(c) + ^(c) = ° . (7.16)

For the constant source problem, the boundary condition given by Eq.

(7.16) [when related back to Eqs. (7.10)] yields

Aosg(ki) + AO4g(k2) - -ST (7,17a

and

Aosh(ki) + AO4h(k2) = -S2 (7-17b

where

g(k) = i + fx(k)

and

h(k) = 1 f2(k) + f3(k) .
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Likewise, from Eqs. (7.12)

Aosg(ki) + Ao4g(k2) = -g(-k]_) (7.18a)

and

Aoah(ki) + Ao4h(k2) = -h(-k^) . (7.18b)

With the coefficients determined, the complete solution in this approxi­

mation is given by Eq. (7.15) where the p's are given by Eqs. (7.10) and 

(7.12) for the constant source and Milne problem respectively. In the prob­

lems considered here the eigenvalues are real. One of these roots is less 

than unity (in absolute value) while the other is greater. Thus in two-group 

theory we obtain one of the continuum eigenvalues even in the PL approximation. 

In the one-speed case^ the P^ approximation yields only the asymptotic solu­

tion, i.e., the eigenvalues are all greater than unity in absolute value. 

(At least the above statements were found to be true for the two-group problems 

considered in this thesis.)

The two-group extrapolation distance is found from either Eq. (7.12a ) 

or (7.12c ). We set Aq4 = 0 and solve for the extrapolation distance Zo. 

This gives

1
Aq2

——— in 2k!

We note that the extrapolation distance is the same for each group and is 

given by Eq. (7.19). This result can be contrasted with the usual^ procedure 

of using an extrapolation distance for each group given in the isotropic 

scattering case by .710^X1 and .7104Xg where and X2 are the total mean 

free paths for Group 1 and Group 2, respectively.
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In the P3 approximation, we truncate Eq. (7-1) by

P;(Z)
—z

(7.20)= 0 for I > J .

This condition along with Eqs. (7.2 ) and setting k = 0,1,2 and J yields the 

following set:

—— + (a-2Cn)p^\z) - 2Cisp^\z) = 0 (7-21a)
dz

+ 3op(^\z) = 0 (7.21b)
dz dz i

)dp^21zl + 2dpj (£1 + 5apU)(z) = 0 (7.21c)
dz dz 2

+ 7op^(z) = 0 (7.21d)
dz

(2
--— + (l-2C22)Po^\z) -2CsiP^\z) = 2S (7.21e) 
dz

+ 3p(2)(2) . 0 (7.21f)
dz dz

+ (7.21g) 
dz dz

- 5dp^U) + yp(2)(z) = o . (7.21h)

dz

By a procedure analogous to the previous PT solution we obtain from Eqs.

(7.21) a secular determinant of order eight which, upon expansion, yields
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Ck8 + Dk6 + Ek4 + Fk2 + G = 0 . (7.22)

The coefficients in this equation are given by

C = 81

D = 990(C22+C11a) - 810(l+o2)

(7.25a)

(7.25b)

E - 100a(11C3,i-9ct) (llC22-9) + 9^5 [ 1-2C22+o2 ( a-2Cn ) ] - 11O2oC2iCi2 (7.25c )

F = 1050a(l-2C22 ) (llCn-9a) + 1050o3 ( o-2Cn) (llC22-9) + 210-110oC2iCi2(l+o2 )
(7.25d)

G = (105)2a3(a-2Cii)(l-2022) - (2lO)^a3O2iOi2 . (7.25e)

In analogy with the Pi solutions, we can write immediately the solutions 

for both the constant source and Milne problem. The constant source problem 

solutions are
4

AojfnCkjJe"^2 + 2Si6no (7.24a)

J=1 
4 n = 0,1,2,5

p(2)(z) = ^AQjf^(kj)e^j^ + 2S26no - (7-24b)

j=l

And the Milne problem solutions are given by 

4
P^^z) = Aojfn(kj)e kjZ + fn(-ki)e^1Z (7.25a)

n = 0,1,2,5
= 2 Aojfn+4(kj)e"kJZ + fn+u( -ki )ekiz . (7.25b)

j=l
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In Eqs. (7.24) and (7.2$) we define

fo(k) = 1 (7.26a)

f1(k) ,
5a(21oS-llk=)

f2(k) = ^afi.(k)
55 a2-9k2

(7.26b)

(7.26c)

f3(k) = f2(k)
7 cr

(7.26d)

. 10C21(21-llk2)
f 4 ( k ) —

k2(9k2-55)+5(l-2C22)(21-llk2) 

f5(k) = k^2^Lf4(k) 
5(21-llk2)

(7.26e )

(7-26f)

f6(k) = -^-f5(k) (7.26g)
55-9k2

f?(k) = 2kfs(k) . (7.26h)
' 7

The Milne problem is normalized as before and we identify the four pos­

sible positive roots of Eq,. (7.22 ) as k1? k2, k3, and k4 where kx is the root 

of smallest magnitude.

The unknown coefficients in Eqs. (7.24) or Eqs. (7.25) are now determined 

by two Marshak"*"  boundary conditions; namely,

o
Pi(dMo?n)dp (7.27a)= 0
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/ PaCuMo^dn = 0 . 
o —

(7.2Tb)

In this approximation the angular density at z = 0 is

^(o,p) = ^(0)+ j- P1(p)p1(o) + Pa(h)p^(o) + 2- P3(^)p3(o) . (7.28)

We substitute Eq. (7.28) into Eqs. (7.27) and perform the integration over dp

to derive 

2 + Pj.(°) + q Pp(o) 0 (7.29a)

and

i p^(o) + p (o) + po(o) + - p (o) = 0 . (7.29b)
4 5 -1 ° 5-3

Thus for the constant source or the Milne problem, Eqs. (7.29) give us

the four equations needed to determine the unknown coefficients. Specifically, 

we have for the constant source problem the following set of equations :

4
g(kj)Aoj = -Si (7.50a)

J=1
4
Z " f1 (7.50b)

j=i
4

t(kj )Aoj = -S2 (7.50c)

J=1
4
X s^koi - - • (7.50d)

j=l

And for the Milne problem,
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4 

g(kj)AOj = -gC-kJ (7.51a)

j=l
4
/ h(k.)A . = -h(-ki) (7.51b)
L_1 U vu 
j=l 
4
y t(kj)A^j = -t(-ki) (7.51c)

j=l
4

s(kj)A^j = -s(-ki). (7.51a)

j=l

Here we have

g(k) = I + fi(k) + I f2(k) (7.52a)

h(k) = i fl(k) + I f2(k) + - f3(k) (7.52b)
4 5 o 5

t(k) = I f4(k) + f5(k) + I f6(k) (7.52c)

s(k) = — f4(k) + 2. f5(k) + fg(k) + — (k) (7.52a)
4 5 ° 5

With the coefficients, i.e., A's, known from solving either Eqs. (7.51) 

or (7.52), we can obtain the total flux and. current from Eqs. (7.24) or (7.25) 

or the angular flux from Eq. (7.1). Also the extrapolation distance is given 

by Eq. (7.19) with A02 derived, in this approximation, from Eqs. (7.51).

An approximation method which permits the exact specification of the 

boundary condition at a free surface is the so-called double P1(DP1). This is 

in contrast to the ordinary Pmethod in which the boundary condition can be 

fulfilled only approximately (for example, in the previous section we used the 

Marshak condition). The angular flux is expanded as
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00

|(z,g) = (22+l)P^(2n-l)p*(z),  0 < n < 1

/=0 
00

= (2/+l)p/2p+l)p-(z), -1 < p < 0 . (7.55)

1=0

In the DPX approximation, we set

p+(z) = p"(z) = 0 for L > 1 . (7.54)

The boundary condition at the vacuum-medium interface is

Pq(°) = P^(o) = 0 . (7.55)

We shall see that this approximation is of the same computational difficulty 

as the P3 approximation, but apparently gives better accuracy.

For the solution of Eq. ( 2. 2) in this approximation we substitute the 

expansion given by Eq. (7.55) into Eqs. (2.2 ) and multiply successively by 

Po(2p-1), P1(2p-1), Po(2p+1), Pi(2p+1) and integrate over dp. The range of 

integration for the first two cases is from 0 to 1 while the latter two is 

from -1 to 0. We easily derive the following equations :

dz^ + (z) + = 2Cnp(l)(z) * 2Cisp(^)(z) (7.56a)

dz dz 1
(7.56b)= 0

^^^dz ~ ^dz = 2CnP^\z) + 2C].2p(2)(z) (7.56c)
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dpy(z) _ dpW( 
dz dz

dp^^tz) , dp(2)+(z) 

dz dz

। 
dz dz

dp(2)"(z) dp£2)~(z)

dz dz

dp^Hz) dp j2 ) " (
-------- ------- 5 —------

- + 6app^"(z) = 0 (7.36a)

+ 2p^^(z) = 2C2ipW(z) + 2C22p^2)(z) + 2S (7.56e)

- + 6p^2 ^(z) = 0 (7.56^)

+ 2p^2)"(z) = 2C2ip(D(z) + 2C22p(2)(z) + 2S (7.56g)

— + 6p^ )-(z ) = 0 . (7.56b)

Here the total flux in each group is

P^^z) = Vi(z,p)dp = p^1)+(z) + p^)"(z) (7.57a)

p(2)(z) = f ^(z,|i)dn = p^^(z) + p 2 ^ ( z ) . (7.57b)

We could now obtain a secular determinant from Eqs. (7.56) in a manner quite 

similar to the P3 approximation. It has been found convenient21 to derive an 

equivalent set of equations which are in form very similar to Eqs. (7.21). 

First we write the following identities

Pl(p) _ 1 
2 [P1(2n-1)+Po(2kl-1)] (7.38a)

Pl(n) = 1 
2

[Pi(2n+1)-Po(2n+1)] (7.38b)

Ps(p) = I
4

[P2(2p-l)+5P1(2u-l)J (7.38c)

p2(h) _ 1 
4

[P2(2p+l)-5P1(2p+l)] (7-38d)
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P3(n) = j [P3(2n-l)+5I*a(2u-l)+5Pi(2n-l)-P o(2n-l)] (7.38e)

P3(ki) = j [P3(2n+i)-5P2(2n+l)+$Pi(2|j+l)+?Q(2^+1 ) ] . (T.38f)

We use identities given by Eqs. (7.58a) and (?.58b) to obtain the net current

for each group, i.e.,

Pp\z) = Pi(p)* 1(z,n)du = 1 [p(D+(z)-p(^)-(z)] + 1 [pp) + (z)+p(D-(z)]

(7.59a)

p(2)(z) = Pi(p)4f2(z,p)dp = [p^2 ^ + (z )"P^2 ^“(z ) ] + 1 [p^2 ^(z )+p^2 ^"(z) ]

(7.59b)

Similiarly by using the appropriate identities above and considering the trunca­

tion given by Eq. (7.54), we obtain

(7.40)

and

2s(z) = I fe(z)-pj(z)] + • (7.41)

Pg(z ) and p (z) are approximate full-range moments because we omit terms of

p^ and pj for I > 1.

From Eqs. (7.57), (7.59), (7.4O), and (7.41), we can easily solve for the

half-range moments to yield

pj(z) = pjz ) - Pg(z) + P^(z) (7.42a)

pHz) = I" ^(z ) - ^(z) + Pg(z) (7.42b)
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£(z) = 7 Pg(z) +rP.(z) + PO(Z ) J —4 —1 —3 (7.42c)

p;(z) = 7 P, (z) + pjz) - I P-(z) • (7.42d)
—X Z| —1 —*5  p —c

By appropriate linear combinations of Eqs. (7.56), we derive an equivalent 

set of equations in terms of the full-range approximate moments; namely,

^—111+ (o-2Cii)p(l)(z) 
dz °

= 2Ci2p(2)(z) (7.45a)

dp^\z) + 2 dp^Çz) 

dz dz
+ 5op^\z) = 0 (7.45b)

5 dp^^z) + dpP\z) 

dz dz
+ ôapi1(z) = 0 (7.45c)

4pp ) + 6ap(d)
dz 3

(z) = 0 (7.45d)

( 2 )M+ (1-2022^2 >(z) = 2C2ip(D(z) + 2S (7.45e)

+ 2 + 5p^2 ) ( z ) = 0 (7.45f)
dz dz 1

5 + 4 d + 8p^2)(z) = 0 (7.45g)
dz az -s

dp^2)(z) 6p(2)(z) = 0 . (7.45h)
dz

For example, to obtain Eq. (7.45a), Eq. (7.56a) is added to Eq. (7.56c) where 

the derivative term is simplified by Eq. (7.5$a). The other equations are 

derived in a similar manner.

We now solve Eqs. (7.45) in a manner analogous to the P3 approximation.

The characteristic equation obtained (on expansion of the secular determinant) 

is
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Ck8 + Dk6 + Ek4 + Fk2 + G = 0 (7.44)

where the coefficients are now given by

C = -1 (7.45a)

D = 24[(j(a-Cn )+l-Cs2 ] (7.45b)

E - 576o[C21C12+(1-C22)(C11-o)] - 56 [ o8( cr-2Cii) + 1-2C22 ] (7.45c)

F - -864q[ (Cipa) ( 1-2C22 ) - o2(1-C22)(o-2C11)] - 1728c2i0i2o( o2*!  ) (7.45d)

G = -1296a3 (a-2C11)(l-2C22) + 5184C21C12o3. (7.45e)

The solutions to Eqs. (7.45) is exactly the same as the P3 solutions. For 

the constant source problem the solution is given by Eqs. (7.24) and for the 

Milne problem by Eqs. (7.25) where Eqs. (7.26) are replaced by

fo(k) = 1 (7.46a)

- a»
f2(k) = _9okfi(k)

2 ( 12 a2 -k2 ) 

f3(k) = k£aM

(7.46b)

(7.46c)

(7.46d)

f4(k) = 24c21(k2-5)________
k2(12-ka)+12(l-2C22)(k2-5)

f5(k) = k(kg-12)f4(k) 
I2(k2-J)

(7.46e)

(7.46f)
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f6(k) =
2 ( 12 -k2 )

f7(k) = 4fg(k) .
6

(7-46g)

(7-46g)

The boundary conditions in terms of the half-range moments are given by 

Eq. (7.55). From Eqs. (7.42a) and (7.42c ) we write the equivalent boundary 

conditions in terms of the full-range moments as

p + P, (°) - P„(o) = 0 (7.47a)
—u —1 —3

and

7 P,(o) + I p_(°) + P_(o) = 0 . (7.4Tb)
4 —1 5 -3

For the DP3. approximation, we define

g(k) = I + fjk) - f3(k) (7.48a)

h(k) = I fx(k) + I f2(k) + f3(k) (7.48b)

t(k) = 1 f4(k) + 2 fs(k) - fT(k) (7.48c)

s(k) = 1 f5(k) + I f6(k) + fT(k) . (7.48d)

The equations for determination of the unknown coefficients is identical 

[except we use Eqs. (7.48)] to either Eqs. (7.JO) or (7.51) depending on 

whether we are solving the constant source problem or the Milne problem. The 

total flux and current is given by Eqs. (7.24 ) or (7.25 ), respectively, the 

extrapolation distance by Eq. (7.19), and the angular distribution by Eq. (7.55) 
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with the truncation indicated by Eq. (7-5M. In terms of the full-range

moments the angular distribution from Eqs. (7.33) and (7.42) is

£(z,n) = 1 £o(z)-2p2(z) - 4pa(z) + p[4ps(z) + | p1(z) + 6p3(z)], 0 < p < 1 

■ (7.49a)

and

^(z,p) = P^(z)-2pg(z)+4p3(z)+p[-4p2(z) + Pi(z)+6pg(z)], -1 < p < 0.

(7.49b)

We note the discontinuity in the angular distribution at p = 0. In the next 

chapter, these solutions are evaluated numerically for some specific cases.



VIII. NUMERICAL RESULTS AND COMPARISONS

We have selected four problems for detailed study. These are all light 

water systems. The first problem which we label Set I is for ordinary light 

water. Set II, III, and IV consist of boarted light water at concentrations 

of 1.025, 2.99, and 6.55 barns/hydrogen atom respectively. The ranges of the 

energy groups are chosen as

Group 1: 0. eV < E < .0255 eV

and

Group 2: .0255 eV < E < .552 eV

The thermal spectra and cross section averaging procedures were performed by 

using the INCITE^ code. The McMurry-Russell^ HgO kernel was used at room 

temperature (295°K). The results of these cross section calculations are 

listed in Table 8.1.

TABLE 8.1

TWO-GROUP MACROSCOPIC CROSS SECTIONS

Set 
No. 01 02 01a 02 a °ll 022 °12 021

I 4.8822 5.2545 .05166 .01498 5.8180 2.8669 .5524 1.0526
II 4.9270 5.1686 .09725 .04424 5.7955 2.8005 .5259 1.0545

III 5.0914 5.0707 .28011 .11758 5.7659 2.6828 .2705 1.0454
IV 5.5220 2.9758 .58556 .22526 5.6906 2.5541 .2164 1.0481

Recall that these cross sections must be modified to

01/02
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and. 

ciJ = oij/2% .

A computer program as described in Chapter VI is then used to find the eigen­

values of Eq. (2.17) i.e., the dispersion equation. For the four problem 

sets listed in Table 8.1, two real roots are obtained.

In the process of solving the problems by approximate methods as detailed 

in Chapter VII,we also must obtain the roots of the characteristic equations 

i.e., Eqs. (7.8a), (7.22), and (7.44). The eigenvalues for the exact calcu­

lation and the approximate methods are given in Table 8.2 where from Eq.

(2.5) and Eqs. (7.5), we see that kj = 1/^j.

The eigenvalues for r; > I provide the asymptotic solution to the one- 

group transport equation. This is also true in two-speed transport theory and 

we note in Table 8.2 that the Px discrete eigenvalues are closer to the exact 

values for Set I and Set II than are the P3 or DPX values. But we observe 

that as more absorption is added to the medium the P3 discrete eigenvalues 

become almost identical to the exact eigenvalues (see Set III and Set IV in 

Table 8.2).

With the discrete exact eigenvalues determined for each case, four Milne 

problem were solved by using the computer program listed in Appendix D. The 

behavior of the expansion coefficients for Set I and Set IV is shown in Fig. 

8.1 and Fig. 8.2 respectively. For all problem sets, i.e., Milne and con­

stant source, we always obtained the sharp resonance-like behavior in a2 ( h ). 

The "resonance" always appeared for p. between i/o and 1. In comparing Fig.
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* -.00,

Fig. 8.1. Expansion coefficients for Milne problem, Set I.
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A* = -.4555

Fig. 8.2. Expansion coefficients for Milne problem, Set IV.
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8.1 with Fig. 8.2 we see that the added absorption causes the resonance to 

shift closer to 1/cr and to become much narrower and higher (note the change 

of scale for a2(n) in Fig. 8.1 and Fig. 8.2).

In solving the Milne problem we obtain the extrapolation distances by 

using Eq. (5.18). The extrapolation distances were also caculated from the 

approximate methods using Eq. (7.19). The results are shown in Table 8.5.

TABLE 8.5

EXTRAPOLATION DISTANCES FOR MILNE PROBLEMS

Set No. Exact Pi P3 DPi

I .6658 .6217 .6756 . 6944
II .6785 . 6286 .7IH .7520

III .7121 .6U76 .7976 .8177
IV .7615 .6755 .9279 .9452

We see from Table 8.5 that the Px results are consistently too low while 

the P3 results are two high and with increased absorption the PT and P3 results 

become progressively less accurate. The DPX extrapolation distances are about 

5# higher than the P3.

Angular distributions, total flux, and current are compared only for the 

constant source problems since the general conclusions should be valid for 

either problem. Also the constant source problem is of more interest for re­

actor applications. All distances into the medium are given in units of mean 

free path (m.f.p.) where we use the larger m.f.p. of the two energy groups, 

i.e., 1/02.



7)

In Fig. 8.3 the exact angular distribution of Group 1 at the interface 

is compared to that obtained by the three approximation methods. The P^ exit 

distribution fits the exact fairly well. As expected the PT approximation 

gives both positive and negative inward components. The P3 calculation also 

gives a negative inward contribution which is difficult to show on the scale 

that we use in Fig. 8.3. We have indicated the DP^ results by points at ±90° 

and at ±101.5°. For 9 > 101.5° the points for the DP^ calculation were very 

close to the exact results. We note the discontinuity in the angular distri­

bution at 9 = ±90° for the exact and DP% calculations.

In Fig. 8.4 we make a similar comparison of exit angular distribution for 

group 2. We observe the change of scale; otherwise the distributions are quite 

similar.

The angular distribution at a distance of 1 m.f.p.Tn the medium is shown 

in Fig. 8.5. As can be seen from the figure the P3 and DP^ results are very 

close to the exact results. The DP^ results are slightly closer to the exact 

results than are the P3.

We show in Fig. 8.6 the change in the exact angular distribution as a 

function of distance into the medium for group 2. We observe how the angular 

distribution becomes progressively more isotropic and increases in magnitude 

with distance into the medium.

The effect of added adsorption on the exit angular distribution for group 

2 is shown in Fig. 8.7.

As a measure of the peaking of the exit angular distribution, we compute 

the ratio of the angular flux at P = -1 to that at p = 0. In the constant
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VACUUM

। > ■

MEDIUM

LEGEND
Exact

9 s cos"1/!
.6 B 1.0

°DF>

Fig. 8.J. Constant source angular distribution for Group 1, 
^(0,9), Set I.
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VACUUM MEDIUM

•I y

LEGEND 
........ Exact 
— Pl 
........p5 

° DR

Fig. 8.4. Constant source angular distribution for Group 2, 
Ÿ2(0,0), Set I.
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' %
° DH

LEGEND 
--------  Exact

-r^T , >cqs> 
20 -, 60 10.0

Fig. 8.5- Constant source angular distribution for Group 2
t2(Le)> Set I. *
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30.0

Fig. 8.6. Modifications in exact angular distribution with 
distance into the medium, Set 1.
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source problem, this ratio is 2.48 for Set I (pure water) while for Set IV 

(most poisoned case) it is 2.10. Thus with increased absorption the peaking 

in the forward direction becomes less pronounced. We observe the opposite . 

effect for the Milne problem which is in agreement with the one-speed theory. 

Specifically, the ratios for the Milne problem are 2.$1 and 5.77 for Set I 

and IV respectively.

In reactor physics analysis the total flux and current are of most 

interest and utility. In Figs. 8.8 and 8.9 we show the exact total flux for 

Group 2 using Set I and Set IV, respectively.- The approximate methods give 

a total flux quite close to the exact results, thus making a compariton of 

results difficult on the scale that we are using in these figures. Neverthe­

less we attempt to show in Fig. 8.9 the exact total flux and the approximate 

total flus. The DP^ calculation gives a total flux so close to.the exact value 

that a separate line could not be drawn. We indicate in each figure with a 

horizontal line the asymptotic total flux.

Numerical results for Set I and Set IV and Group 1 and Group 2 are given 

in Tables 8.4 to 8.6. Also the error is given in percent where we define 

[p (approx)-p (exact)] •100 
error = ------------- .

Pq (exact)
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60.0
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80.0
7844

^Z)

10
Z

Fig. 8.8. Exact total flux for the constant source vs. distance 
into the medium, Group 2, Set I.
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LEGEND
--------Exact, DP|
■.......p3

Fig. 8.9* Total flux for the constant source vs. distance into 
the medium, Group 2, Set IV.
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TOTAL FLUXES FOR GROUP 1, SET I

TABLE 8.4

Distance 
(m.f.p. ) Exact Pi Error P3 Error DPi Error

0 1.4106 1.5966 +15.1 1.4650 +5.7 1.5975 -.9
.5 5.4424 5.5089 - 5.9 5.5768 -1.9 5.4564 -.2

1.0 5.0450 4.8649 - 5-6 4.9675 -1.5 5.0164 -.6
1.5 6.4926 6.2946 - 5.0 6.4008 -1.4 6.4449 -.7
2.0 7.8245 7.6194 - 2.6 7.7207 -1.5 • 7.7615 -.8
5.0 10.2009 9.9946 - 2.0 10.0829 -1.2 10.1198 -.8
5.0 14.0417 15.8550 - 1.5 15.9155 - .8 15.9427 -.7

10.0 20.0287 19.8987 - .6 19.9202 - . 5 19.9562 -.5

TOTAL FLUXES FOR GROUP 2, SET I

TABLE 8.5

Distance 
(m.f.p.) Exact Pi Error Ps Error DPX Error

0 5.7604 6.5009 +12.9 6.2100 +7.8 5.6877 -1.2
.5 H.6554 H.2556 - 5.5 11.5858 -2.2 11.5746 - .5

1.0 16.2810 15.6776 - 5.7 15.9721 -2.0 16.1772 - .6
1.5 20.5104 19.8405 - 5.5 20.1670 -1.7 20.5504 - .9
2.0 24.4259 25.7555 - 2.8 24.0507 -1.5 24.1878 -1.0
5.0 51.4545 50.7665 - 2.2 51.0581 -1.4 51.1478 -1.0
5.0 42.8775 42.2595 - 1.5 42.4245 -1.1 42.5066 - .9

10.0 60.7205 60.2540 - .8 60.2984 - .7 60.5425 - . 6
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TABLE 8.6

TOTAL FLUXES FOR GROUP 1, SET IV

Distance 
(m.f.p.) Exact Pl Error p3 Error DPi Error

0 5.2685 5.6565 +11.8 5.4226 +4.6 5.2625 -.2
.5 8.5076 7.9157 - 4.7 8.2512 - .9 8.5725 + .8

1.0 11.5025 11.1189 - 5.5 11.4584 - . 4 11.5592 + .5
1.5 15.8524 15.5487 - 2.2 15.8201 - .2 15.8656 + .1
2.0 15.6174 15.5999 - 1.4 15.5924 - .2 15.6174 0
5.0 17.9790 17.8879 - .5 17.9585 - .1 17.9702 0
5.0 20.1820 20.1908 + 0 20.1717 - .1 20.1776 0

10.0 21.2945 21.5055 + 0 21.2945 + 0 21.2959 0

We note the accuracy of the P3 calculation which is always within one or 

two percent of the exact value except at the interface. Even at the interface 

the error is always less than 8%. The error is always negative for the Px 

and P3 approximations except at the boundary where the error is several per­

cent positive. We observe that the DPj calculation gives a significant im­

provement in accuracy over the P3 especially at the interface.

Finally, we compare in Fig. 8.10 the current for the exact calculation 

with that obtained by the approximation methods. The P3 and DPX currents were 

very close to the exact. Nevertheless, the DPj calculation gave the best re­

sults in every case studied.
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16.0

LEGEND

Fig. 8.10. Constant source current vs. distance for Group 2, 
Set IV.



IX. CONCLUSIONS

In the general two-group transport problem an exact analytical solution 

has not been found. Nevertheless by the Case11 approach we have succeeded 

in deriving a pair of coupled equations (one is a singular integral equation) 

which are conveniently solved by numerical methods. Singular integral equa­

tions are often easier to solve than Fredholm equations. This is true in 

this thesis and may be generally valid.25

We develop in this work computer codes in the Michigan Algorithm Decoder 

language (MAD) from which anyone can (with different cross section sets ) test 

the accuracy of conventional approximation methods.

The numerical calculations show that although the Px approximation yields 

fairly good results for the total flux and current, the angular distribution 

is not so well represented especially at the interface. The P3 approximation 

improves on the Px but we continue (as in the Px) to obtain negative inward 

angular fluxes at the interface. The DPX method improves significantly on 

the P3 angular fluxes as well as on the total flux and current. The DPX 

method has the important property that the boundary condition at a vacuum­

medium interface can be specified exactly even in the lowest order approxi­

mation. Thus the exit angular distribution at the boundary is well-repre­

sented.

An interesting observation from this work is that in the constant source 

case the exit angular distribution becomes less pronounced in the forward 

direction with increased absorption in the medium. This is in contrast to 

85



86

the Milne problem where the opposite effect is noted.

We recall that the P3 and DPX approximation present the same computa­

tional difficulty. From this study we conclude that in two-group reactor 

physics design analysis (with reactor parameter similar to those studied 

here) the DPX approximation is to be preferred over the P3 approximation. 

This conclusion has also been stated by Weinberg and Wigner2^ in the one 

group case but never (to our knowledge) has it been tested against exact cal­

culations in two-group problems. Of course, we realize that for complete 

core design calculations on complicated power or research reactors multi­

group diffusion theory may still be the only feasible approach.
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APPENDIX A

THE EVALUATION OF y(p)

Half-space identities quite similar to those in the one group case1 exist 

for the two group case. As the method of proving these identities parallels 

closely that for the one group case as given in Case and Zweifel^ we shall 

omit the details in this work. The X-function identities that we use in this 

work are

X(z) = f1 7(n)f(u)du 
O |1-Z

( A. 1 )

X(z)X(-z) (A.2)

J1 
o

pf(p)dM
&(oo)(qi-n2)X(-n)(n-z)

(A.5)

We are considering only the case of one pair of discrete eigenvalues. Actually 

the only modification needed for the four eigenvalue cases is that we must 

make the replacement in identity (A.2) and (A.j) of qf-z2 by (q2-^)•(q2-z2) 

where q% and q2 are the two positive eigenvalues. Also in the above iden­

tities from Eq. (2.29),

f(n) = = C22 + [Cii-2CnT(n)-2CpT(o|j) ]@i(n)-2Cqr(l/np)@2(p)
2,1111 (A.4)

and from the dispersion equation we have

n(°o) = 1 ~ - 2C22 + — . (A.5)
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The method developed by Shure and Natelson1^ is now used to obtain a

(A.6)

(A.7)

rapidly convergent integral equation which is then used to calculate the

X-function and /(p). We write from Eq. (A.2) , 

1 z2 
QM = 1 ~ 

X(z)X(-z) X2(o)

We then define a new function k(z) such that 

k(z ) = ( —----- z ] x(z )
\X(o) /

and note that k(o) = %(w) = 1.

We solve Eq. (A.7) for X(z) and substitute in Eq. (A.6) to arrive at 

zg

------------------------ . (A.8)
K(Z )K(-Z ) l-z2X2(o)

Boundary values are now taken of Eq. (A.8) to

(A.9)

nï

We observe that the function(K(z)-l/z is analytic in the complex plane

with a cut from 0 to 1 along the real axis. A direct application of Cauchy's 

theorem around this cut gives

- K-(g) = PhH>-n~(R>
1 - 4 L -(f) .

= 1 f1 K+(u)-K~(p)du
z 2ni o |j.(|_i-z )

We substitute into Eq. (A.9) the boundary value of 0(z) as given in Eq. (A.4) 

and then insert this result, into Eq. (A.10) to obtain an integral equation 

for k(-z ). This integral equation is
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«(-2) - 1 - 3 ? • (A.ll)
° (1 - ) (p.+z)k(“p)

\ 11/

In the monoenergetic case this integral can he carried out explicitly in the 

first approximation,i.e. , for k(-z) = 1, but in Eq,. (A.ll) above the func­

tion f(n) occurs and thus numerical procedures must be resorted to immediately. 

Actually Eq. (A.ll) is a nonlinear singular integral equation because from 

Eq. (A. 4) and for C / 0 f(p.) ■*  too as p — . 
a

To simplify the notation, we define

g(p,z) [l-H2X2(o))u
(A.12)

By using Eq. (A.4) for f(p) in Eq. (A.ll) and by standard techniques of sub­

tracting the singularity, we easily obtain

k(-z) - 1 - z J (C22+(C11-2Cht(p) )Qi(n) ]dq
o U

+ 2Cz J [g(p,z )-g(”,z ) ] [T(a|i )©i(p )+t(1/oh )02 (h) W 
o

+ 2Cz g(i,z) / [T(an)0i(n)+T(l/ap)92(|i)]dn . (A. 15 )

This last integral in Eq. (A.I3) can be performed to yield

f [T(a^)G1(^)+T(l/ap)92(^l)]d^l 
o

[aT(l/a) + ~ ^n(a^-l)] . (A.14)

Because of the form of the integrands in Eq. (A.lj) the integration is per­

formed separately for 0 < n < I/o and i/o < ^ < 1. Eight point Gauss 

quadrature is now used to evaluate the integrals and we iterate on k(-z) = 1



92

for the first iteration. In a sample problem after five iterations the maxi­

mum difference in any of the J2 values of k was less than 10"^.

From Eq. (A.7 ) we see that

X(-n) (A.15)

and if we recall that

^(u) 
w+W

(A.16)

then from Eq. (A.2 ),

(nî-uf)K(-pJ
(A. 17)

Once k(-z) is found then Eq. (A.17 ) gives y(p). The K-function for one-speed

theory and isotropic scattering can be obtained from Eq. (A.11) by defining

f(n)

and

^(o)
nid-c)

Ç
2

where C has its usual one-speed definition.

The computer code for calculating y(^) is an integral part of the com­

puter code which solves the exact Milne and constant source problems. This 

code is listed in Appendix D.



APPENDIX B

NECESSARY MODIFICATIONS FOR TWO PAIRS OF DISCRETE ROOTS

We have briefly noted in Appendix A the slight modification in the pro­

cedure to obtain y(p ) if there exists two pair of discrete, finite roots. If 

the modification is carried through we can easily derive for y(p),

* ^(°) (B.i)

(ni"u2 ) )k(~h)

where

X2 (o ) = --- ----- (B.2)

and the integral equation for «(-z) has the form

- 1 - Z f . (B 5)
O / u2 ' / ,,2 \ , s x(l-*= — ill-tl—) (p+z )k(~p) 

\ nW

Her qx, and qa are the two positive discrete eigenvalues.

The appropriate X(z) function for two pair of discrete roots is

X(z ) = —----  exp - J"1 . (B.4)
(1-z)2 * o d-z

And in order that N(z ~ — as z -> oo we require from Eq. (4.20) that

/ y(p) (p) + C J 
o o

dnnqa(n)k(n,u) 
n-p

dp (B.5)= 0

and

1
I py(p) ^'(p) + C / 
o o

dnna2(Ti)k(n,p) 
q-p dp = 0 . (B.6)
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We have two discrete modes available to satisfy Eqs. (B. 5) and (B.6) and 

thus we make the replacement of ^'(p) by This

gives two equations with two unknowns assuming ^(h) has been determined. 

The equations are

(n)dp - A1+ - Ag+ J1 + C ?(n)dh

(x) J1 = 0 (B<7)
°

and

J1 - A1+ J""*"  ny(^1+(n)d|j - Ag+ J n7(n)^2+(n)dn

+ C J1 p7(n)dp I1 = 0 . (B.8)
o o q-p

We solve these two equations for A^ and A^+ to obtain

A / 7(k)^o+(^)dh / h7(^)^'(^)dh 
o o

1

- / h7(h)^9 (p)dp J
o o

(n)V (^)d^

o

?
o

J1
o

Z1 dW7(n) J 
O O

H'7(p' )^2+^' J d^7(n) / 
oo

.1

anno&(n)k(n,h) 
q-p

d.nna^(n)k(n,d) 
q-p

P7(p)^l+(p)dp - J1 n7(p)/2+(p)dn f1 7(^)^^S1+(^l)dn (B.9)

1

J1 
o
.1

7(n)^i+(p)dh / H7(^)^' (n)dM. - J H7(p)^1+(p)d|i J1

7(n')^i+<u')cin' J1 dW7(n) z1 - !1 uXu'JMtp’lau’
o o q~n o

I1 
o

d^7(^) /1
° n-p

- I ^7(^)^:L+(^l)d^ f

/ 7(p)^i+(p)dW. / 
o o

. (B.10)
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The only fundamental difference,other than more terms in this result, 

from the case treated in the text is the presence of terms of the type

/ pyCp)/, (p)dp . 
o

(B.11)

We recall that

^ + (d) = [f(p)-Ck(m,n)] . (B.12)

Inserting this into the above integral we find

I P7(p)^1+(n)dn = J1 py(p) f(p)dp - C J p?(p) kGqi,p)d^.(B.l))
o ° ° ni-u

The first integral can be written as

1 1 1 2J P7(n) 111 f(p)dn = -T)i J 7(n)f(p)dn + / 7(p) f(^)d^ . (B.14)
o o o

We recall the X-function defined by Eq. (A.l) is also valid for the two pair 

case, i.e.,

X(z ) = f . (A.l)
o p-z

We note that

lim zX(z) = - f 7(p)f(p)dp . (B.15)
Z"*oo °

But from Eq. (B.4) "

X(z) 4» (B.16)
Z-»oo Z

thus 

- / 7(p)f(p)dp = 0 .
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And we find for the integral expression (B.ll) that

1 1 2/ (^)d^ = - niX(m) - c / n?(n) . (B.17)
o J-*  o T)i-p

Similar results can easily be derived for the other integrals of this type 

in Eqs. (B.9) and (B.10).

The basic equations for finding %(p) would be the same as before except 

V'(k) is replaced by Of course quite basic to

the solution of is the shape of the function y(p) which would certainly

have a different functional form.

Lastly the equation for »i(p) is modified as follows :

Cti(p) = o€2.1^1 (op) - A1+F1+ (ap) - Ag^F^\op)]-CnCi2 / ^^2
° n-p

(B.18)
Here the functions F^\op) and Fg^(ap) are given by

F^\op) = (B.19a)
o(ni-p)

Fg+ . (B. 19b )
a(ï)2-p)

The simplification of 0(p)^+(p) and 0(p)^^(p) would proceed in exactly the 

same manner as for 0(p)^(p) in Chapter IV.



APPENDIX G

AN ALTERNATE SOLUTION METHOD TO EQ. (4.29)

It is possible that there are values of C for problems of interest where 

the iteration technique described in Chapter VI will not converge at all or 

will converge very slowly. The method of solution outlined in this appendix 

will give a solution for these cases.

For convenience we repeat Eqs. (1.28) and (1.29) of Chapter IV:

fl 7(n)r(p)dn+c J1 7(nW1 ^%(Ti)k(n,u)
A. = ? ° o q-p

7 '— ----------- (4.28)
i 7(d)^(p)dp

and

o'z W = W-A+/+W] + c oW J1 ^nnc>2(n )k(n >p) . (4.29)

° n-d

We define

Mo+ = £ 7 WA-(C.l)

/ \ f y(d)V (p)dp 
- 2-------- . (c.2)

Mq+

We substitute Eq. (4.28) into Eq. (4.29) to arrive at

, , , , OMM)os(p) = O(p)^' (^) - A^° 0(p)/+ (p) - C ----------- -------- -------Ui------
Mq+

+ c 0(u) J-1 Énn%(n)k(n,u) 
° n-d (c.^)
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Equation (C. 5 ) is now reduced, to a set of linear equations. We again 

use the midpoint approximation to evaluate the integrals. For example the 

last integral in Eq. (C.)) is

D
J1 ^TinagCn )k(n .u) „ V

° " 6 npp

h^ is the width of the ith interval.

For the integral in the third term on the right-hand side of Eq. (C.})

we write

f 7 Wdh 
o

D
9i<^2(9i^(^i^)^j

D D
y cte(Tll)hi y )hj

When j=i in the sum over j, we use L'Hospital’s rule to write

= q. log( 1 + -L.) - JL--  . 
œii l+oq^

(c.6)

Thus we have for Eq. (C.5 ) the set of equations

= . o(nk)i|f' (n) - A+°^o(uk)^+(n) CO(ktk )/+(h )

Mo+

D
y Of2(qi)hi 

i=l
D

(x) )nikhi,nj)hj t c0(^k) J1 qa(n1)nik(ni^)h1 

Hi-Fi
(C.7)

For clarity, we write the explicit form for 0(^k,

0(nkh'(n) - y (C.8)
° Pr-FI K
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Equation (C.?) in matrix-vector form is

A &

where

A£m ""

A IL

(C.9)

)lm^(lm^j )hj _ c q j )hm
^m"^ 1 L _

(C.10 )

D
1 ♦ hj V 7(pj)n,k(q,^,)h, _ c0(^} ^k(qp|a)h;

"of j=i L Tn _
(C.ll)

aa(m)

«2(M2 )

0 ( |U1 ) x|z * ( p ) -a£° 0 ( p.J. )jzJ+ ( p )

(C.12)

-O ( U Y ~A+° (nY^+(n )

C
D

0(p/)^+(p) V m À

Equation (C.9) is now solved by standard matrix inversion. It was 

found that the iteration method (discussed in Chapter VI) was much faster 

with the same number of points. Nevertheless this matrix inversion method 

can always be applied for any value of C. One obvious requirement for a 

solution to Eq. (C. 9) is

det]A| f 0 .



APPENDIX D

COMPUTER CODE LISTING

Five computer programs are listed in this appendix. We denote these 

programs "by Program 1, 2, 4, and 5. For Program 1 we tabulate a list of

principal variables and refer the reader to Table 2.1 for information on the 

number and type of eigenvalues. The false position method for finding the 

roots of a transcendental equation is discussed in Ref. 18. We have inserted 

remark cards into the other programs to give details of the solution pro­

cedure. In many cases these cards refer to the appropriate equations in the 

text.

We have listed the replacement cards at the end of Program 2, 5, and 4 

which, when inserted into the previous program, will give a program for the 

solutions to the constant source problem. In Program 5 the changes for the 

DP1 are almost analogous to the P3, therefore, we have not listed these cards 

i.e., we have listed only the solution to the constant source problem in the 

DPi approximation. At the end of each program is a list of sample input 

data. All programming was done in the Michigan Algorithm Decoder (MAD) 
n 26language.
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Program Number 1: List of Principal Variables

Program Symbol Definition
D1 det |C|

Cl On (See Eq,. (2.2))

C2 0%2

03 C21

cu C22

SIG cr

OMEGAX. Subroutine for calculating Q(z) for z real (see 
Eq. (2.17))

OMEGAY. Subroutine for calculating G(z) for z pure imaginary

ITMAX Maximum number of iterations permitted for converg­
ing on the roots of G(z). -^

EPS1 Convergence criterion for n(z).

EPS2 Criterion for terminating program when denominator 
is too small in false position method.

ITX Number of iterations, k.

FX(1) 0(xk)

FX(2) n(xg )

FX(5) a(x^)
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PROGRAM 1

R PROGRAM FOR FINDING the REAL and/or imaginary ROOTS OF THE 
R DISPERSION EQUATION FOR TWO GROUP TRANSPORT THEORY BY THE 
R FALSE POSITION METHOD

DIMENSION X(3 ) » FXC3), Y(3), FY(3) 
INTEGER IThAX# ITX, ITY, I» J, R 

START READ AND PRINT DATA ITMAX» EPS 1 > EPS2» 
ICI, C2• C3» C4> SIG

D1=C1*C4-C2*C3  
D2sCl*SIG*C4  

03aCl*SIG*C4-2,*Dl  
D4»D1*ELDG.(CSIG41 .)/(SIG-1.)) 

WHENEVER Dl.E.O.
WHENEVER D2.L.SIG/2. 
R=1

PRINT COMMENT $ TWO REAL ROOTSS 
OR WHENEVER D2.G.SIG/2.
R = 2 
PRINT COMMENT S TWO IMAGINARY RQÜTSS 
OR WHENEVER D2.E.SIG/2.
R = 3 
PRINT COMMENT $ TWO INFINITE ROOT SS 
END OF CONDITIONAL

OR WHENEVER Ü1.L.O. 
WHENEVER D3.L.SIG/2. 
R = 1 
PRINT COMMENT S TWO PEAL ROOTSS 
OR WHENEVER 03.G.SIG/2.
R-2 
PRINT COMMENT S TWO IMAGINARY ROOTSS 
OR WHENEVER D3.E.SIG/2.
R = 3 
PRINT COMMENT $ TWO INFINITE ROOTSS 
END OF CONDITIONAL

OR WHENEVER D1 . G,0,.AND.C4.G.04 
WHENEVER 03.L.STG/2.
R= 1 
PRINT COMMENT S TWO REAL ROOTSS 
OR WHENEVER D3.G.SIG/2.
R = 2 
PRINT COMMENT S TWO IMAGINARY ROOTSS 
OR WHENEVER 03.E.SIG/2.
R= 3 
PRINT COMMENT S TWO INFINITE ROOTSS 
END OF CONDITIONAL

OR WHENEVER D 1 .G.0..AND.CA.LE.Ü4 
WHENEVER Cl .LE.S1G/2.AND.C4.GE.(1,/2.).0R.

1 C1.GE.SIG/2..AND.C4.LE.C1./2.)
R = 4
PRINT COMMENT S FOUR HOOTS TWO REAL AND TWO IMAGINARY;
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PROGRAM 1 (Continued)

OR WHENEVER C 1.1.S IG/2..AND.CA,L.(1./2.) 
WHENEVER D3.L.SIG/2. 
R«5 
PRINT COMMENT * FOUR HEAL ROOTS*  
OR WHENEVER D3.G.SIG/2. 
Rs A 
PRINT COMMENT S FOUR ROOTS TWO REAL AND TWO IMAGINARY*  
OR WHENEVER D3.E.SIG/2. 
R=!
PRINT COMMENT * TWO REAL AND TWO INFINITE ROOTS*  
END OF CONDITIONAL

OR WHENEVER Ct.G.SIG/2..AND.C4.G.(1,/2.) 
WHENEVER 03.L.SIG/2.
R = 6 
PRINT COMMENT S FOUR IMAGINARY ROOTS*  
OR WHENEVER Ü3.G.SIG/2.
R = 4
PRINT COMMENT I TWO REAL AND TWO IMAGINARY ROOTS*  
OR WHENEVER D3.F.SIG/2.
R = 2
PRINT COMMENT 8 TWO IMAGINARY AND TWO INFINITE ROOTS*  
END OF CONDITIONAL 

END OF CONDITIONAL 
END OF CONDITIONAL

WHENEVER R.E.I 
X«1.000001 
OmEGAR=OMEGAX.(X,C1,C4,D1,SIG) 
WHENEVER OMEGAR.L.O.
through serchi, for x=i.iooooi,.i, omegar.g.o..or.x.g.20. 
WHENEVER X.G.19.75 
PRINT COMMENT 8 NO SIGN CHANGE FROM NEG TO POS*  
through printi» for z=i.000001,.i, z.G.20.

PRINTl PRINT RESULTS Z, OMEGAX.CZ,Cl,C4,Di,SIG) 
TRANSFER to start 
END OF CONDITIONAL

SERCHI OMEGARzOMEGAX.(X,C1,CA,D1,SIG) 
OR WHENEVER OMEGAR.G.O.
THROUGH SERCH2, FOR X=1.200001,.2, OMEGAR.L.0..OR.X,G.20. 
WHENEVER X.G.19.75
PRINT COMMENT $ NO SIGH CHANGE FROM POS TO NEG*  
through print2, for Zsi.000001,.2, z.G.20.

PRINT2 PRINT RESULTS Z, OMEGAX.(Z,C1,C4,DI,SIG) 
TRANSFER TO start 
END OF CONDITIONAL

SERCH2 OMEGARsOMEGAX.CX,C1.C4,01,SIG) 
otherwise 
PRINT COMMENT 8 X=l.000001 IS A ROOT*  
TRANSFER TO START 
end of conditional 
X(l)=X-.2
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PROGRAM 1 (Continued)

X(2) = X-. 1 
PRINT RESULTS X( 1 ), OMEGAX.(X(1),C1,C4,D1,SIG), 

1 X C 2 ) » ONEGAX.(X(2),C1,C4>D1,SIG)
FX(1)=OMEGAX.(X(1),C1»C4,D1,SIG) 
FX(2)=0MEGAX.(X(2).Cl»C4»Dl,SIG) 
THROUGH LOOPXA, for ITX = U1,ITX.G.ITMAX 

NUMER=X(2)«FX(1)-X(1)*FX(2)
DENOH=FX(t)-FX(2) 
WHENEVER .A8S. OENOM.L..ABS.NUMER*EPS2  

PRINT COMMENT S DENOMINATOR TOO SMALL» 
TRANSFER TO START 
END OF CONDITIONAL 
X(3)=NUMER/DENOM 
FX(3)=0MCGAX.(X(3)eCl»C4>DUSIG) 
WHENEVER.A8S.FX(3).LE.EPSl 
PRINT COMMENT S PROCEDURE CONVERGED*  
PRINT RESULTS ITX>X(3)»FX(3),R 

transfer to start 
END OF CONDITIONAL 
through loopxa, for i=i,i»i.G.2 
through loopxa, for J=I*1, 1,J.G.3 
whenever ,A8S.FX(I).G..A8S.FX(J)

TEMP=FX(1) 
FX( I ) = FX(J) 
FXCJ)=TEMP 
TEMP = X(I ) 
X( I ) = X(J) 
X(J)=TEMP 

LOOPXA END OF CONDITIONAL 
PRINT COMMENT ! NO CONVERGENCE*  

TRANSFER TO START 
OR WHENEVER R.E.2 
THROUGH SERCH3, FOR Y=,0001,.2, OMEGA I.L.0..OR.Y.G.40 
WHENEVER Y.G.37.5 
PRINT COMMENT ! NO SIGN CHANGE FROM POS TO NEG! 
Through print3, for m=.oooi,.2» m.g.ao.

PR INT3 PRINT RESULTS M, OMEGAY.(M»C1»C4»D1,SIG) 
TRANSFER TO START 
End of conditional

SERCH3 0meGAI=0mEGay.(Y,C1.C4»D1»SIG) 
WHENEVER OMEGAY.(.0001,C1,C4,01,SIG).L.O. 
Y( 1 ) = .OOO1 
Y(2)=.200l 
OTHERWISE 
Y( l) = Y-.4 
Y(2)=Y-.2 
END OF CONDITIONAL 
PRINT RESULTS Y(l), OMEGAY.(Y(1)»C1,C4,D1,SI G), 

1 Y C 2 ) » OMEGAY.(Y(2),C1,C4,D1»SIG)
FY(1 ) = OMEGAY.(Y(1),C1,C4,D1,SIG)
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PROGRAM 1 (Continued)

F Y(2)=OMEGAY.(Y(2),C1,C4,O1,SIÜ) 
through loopys.fdr ity=i>i»1ty.g.itmax 
NUM£H=Y(2)«FY(1)-Y(1)*FY(2)  
OENUM=FY(1)-FY(2)

WHENEVER . ABS.DENnM.L..A8S.NUMLR*EPS2  
PRINT COMMENT $ DENOMINATOR TQU SMALLS 
TRANSFER TO START 
END OF CONDITIONAL 
Y(3)=NUMtR/OENOM

FY(3)=OMEGAY.(Y(3),C1,C4»U1,SIG)
WHENEVER .A8S.FYC3).LE.EPS1 
PRINT COMMENT I PROCEDURE CONVERGED» 
PRINT RESULTS ITY- Y(3)>FY(3).R 
TRANSFER TO START 
END OF CONDITIONAL 
THROUGH LOUPYR, FOR l=l,l,l,G.2 

THROUGH LOOPYd, FOR JsI♦1,1,J.G . 3 
WHENEVER .ABS. FYC1).G,.AbS.FY(J)

TEMP = FY( 1 ) 
F Y(I) = FY(J) 
FY(u)=TEMP 
TEMP = Y( I ) 
Y(I ) = Y(J) 
Y(J)=TEMf 

L00PŸ8 ENO OF CONDITIONAL 
PRINT COMMENT I NO CONVERGENCES 
OR WHENEVER R.E.4 
through serchm, edr x=i.000001».os.omegar.l.o..or.x,g.2o 
WHENEVER X.G.19.75 
PRINT COMMENT S NO SIGN CHANGE FOR REAL ROOTS» 
THROUGH PRINTS, FOP N=1.000001 ».2, N.G.20.

PRINT» PRINT RESULTS N, QMEGAX.(N,C1,C4,D1,bl G) 
TRANSFER TO IMAGR 
ENO OF CONDITIONAL

SERCH4 OmEGAR=OmEGAX.(X,ci»C4#01»SlG)
WHENEVER OMEGAX. ( 1.000001»Cl,C4,01,SlG).L.O. 
X( 1 1 = 1.000001 
X(2)=l.100001 
OTHERWISE 
X( 1 ) = X-.1 
X(2)=X-.O5 
ENO OF CONDITIONAL
PRINT RESULTS X(l), ÜMEGA X . (X(1)»C1,C4»01, SIG), 

1X(21 » OMEGAX.(X(2),Cl,C4,D1»SIG)
FX(1)=OMEGAX.C XC1)»C1>04,01»SIG) 
FX(2)=OMEGAX.(X(2),C1»C4,D1,SJG) 
THROUGH LOOPXC» FOR ITX = 1 » 1, I TX.G.I TMAX 
NUMER = X(2)*FX( 1 )-X(1)*FX(2)  

DENOM=FX(1)-FX(2) 
WHENEVER .ARS. DENOM.L..A8S.NUMER*EPS2
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PROGRAM 1 (Continued)

PRINT COMMENT & DENOMINATOR for real roots too small* 
TRANSFER to 1MAC.R 
END OF CONDITIONAL 
X(3)=NUMER/DENOM 
FX(3)=0MEGAX.(X(3),Cl,C4»0USI(i) 
PRINT RESULTS X(3)» FX(3) 
WHENEVER .A8S.FX(3).LE.EPS1 
PRINT COMMENT * PROCEDURE FOR REAL ROOTS CONVERGED*  
PRINT RESULTS 1TX, X(3), FX(3). R 
TRANSFER TO IMAGh 
ENO OF CONDITIONAL 
through loopxc» for i = i » i, I. G. 2 
through loupxc» for j=i*i.uj.g,3 
WHENEVER ,A8S.FX(I).G..A8S.FX(J) 
TEmP=FX(I) 
FX(I)=FX(J) 
FX(J ) = TEMP 
temp=x(i) 
x< I )=X(J) 
X(J)=TEMP 
PRINT RESULTS X(l), FX(1). X(2), FX(2)

LOOPXC END OF CONDITIONAL
PRINT COMMENT S NO CONVERGENCE FOR REAL ROOTS*  

IMAGR THROUGH SERCHS, FOR Y=.OOO1,.05»OMEGA I.L.0..OR.Y.G.40. 
WHENEVE i Y.G.4Q. 
PRINT COMMENT $ NO SIGN CHANGE FOR IMAG ROOTS*  
Through prints» for t=.oooi,.2, t.g.ao.

PRINTS PRINT RESULTS I » OMFGA Y,(T>C1 »C4,D1,S I G ) 
TRANSFER TU STAR] 
END OF CONDITIONAL

SERCH5 0meqaI=ûmEGAY.(Y,C1»C4»D1»SIG)
Y(1)=Y-.10 
Y(?)=Y-.OS 
PRINT RESULTS Y(l), 0«EGA Y.(Y(1)»C1,C4 » 01,S1 G)» 

1 Y(?)» OMEGAY.(Y(2),C1,C4»D1»SIG)
FYC1)=0MEGAY.(Y(1),C1»C4,01,SIü) 
FY(2)=OMEGAY.(Y(2),C1,C4,D1,SIG) 
through LOOPYD» FOR ITY = 1>1,ity.g. ITMAX 
NUmER=Y(2)»FY(1)-Y(1)*FY(2)  
UEN0M=FY(l)-FY(2) 
WHENEVER .Ads. DENQM.L..ABS.NUMER*EPS2  
PRINT COMMENT I DENOMINATOR FOR IMAG. ROOTS TOO SMALL*  
TRANSFER TO START 
END OF CONDITIONAL 
Y(3)=NUMER/DENOM 
F Y(3)=OMF GAY.(Y(3),C1,C4,D1»SIG) 
PRINT RESULTS Y(3), FY(3) 
WHENEVER • A8 S• FY(3).LE.EPS1 
PRINT CUMMENT * PROCEDURE FUR IMAG, ROOTS CONVERGED*  
PRINT RESULTS I TY,Y(3)»FY(3),R
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PROGRAM 1 (Concluded)

transfer to start 
END OF CONDITIONAL 
THROUGH LOOPYD, FORJxI♦1,1,J.G.3 
WHENEVER . ABS . FVCI).G..ABS.FYCJ) 
through loopyd»fori«i>1»i.g.2 
THROUGH LOOPYD, FOR J=I♦!#1 » J.G.3 
TEMP=FY(I) 
FY(I)=FY(J) 
FY(J)xTEMP 
TEMPxYd) 
Y(I)=Y(J) 
Y(J)=TEMP 
PRINT RESULTS Yd ), FY(1), Y(2), FY(2) 

LOOPYD END OF CONDITIONAL
PRINT COMMENT S NO CONVERGENCE FUR IMAG ROOTS! 
OTHERWISE 
PRINT COMMENT S ROOTS ARE INFINITE OR WE HAVE 

1 FOUR REAL OR FOUR IMAGINARY ROOTS!
END OF CONDITIONAL 
TRANSFER TO START 
END OF PROGRAM 

! COMPILE MAD, EXECUTE
EXTERNAL FUNCTION (X,C1,C4,D1,SIG) 
INTERNAL FUNCTION Tl.(X)=X«ELOG.((S!G*X*1 .)/(SIG»X-i.)) 
INTERNAL FUNCTION T2 . (X ) = X«ELOG.(CX*I ,)/(X-1.)) 
ENTRY TO OMEGAX. 
0MEGAX=1.-C1«T1.(x)-C4»T2.(X)*D1»T1.(X)*T2.(X)  
FUNCTION RETURN OMEGAX 
END OF FUNCTION 

$ COMPILE MAO, EXECUTE
EXTERNAL FUNC T I ON(Y.C1,C4,D1,SIG) 
INTERNAL FUNCTION S1 . (Y ) = 2.* Y*ATAN .(1./(S IG*Y )) 
INTERNAL FUNCTION S2.(Y)«2.* Y* ATAN.(1./Y) 
ENTRY TO OMEGAY. 
OMEGAY=1.-C1*S1.(Y)-C4*S2.(Y)*O1*S1.(Y)*S2.CY)  
FUNCTION RETURN OMEGAY 
END OF FUNCTION 

$ DATA 
8 DATA

ITMAX = 50, EPS 1=1.E*7#  EPS2=l,E-20, Cl=.59023, C2=.05446, C3-, 15963 
C4x.44320, SIG=1.50951 •
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PROGRAM 2

S COMPILE MAD, EXECUTE 
R THIS IS THE SOLUTION FOR THE EXACT MILNE PROBLEM OM

DIMENSION V ( 16 ) , S ( 16 ) » WH16), W2(16), T(16), TK16), RC16),
1 R 1 (16), K Y(16), KS(16), KY1C16), KS1(16), 0IFFC32), 
1 Z1(92), KAPPC92), GU(96), ELGC92), ELGl(92), FK(8646,0lN), 
1 FU(846,VIM), FUL(10), FUU(IO), FUM(10), XFMI(92), 0MAG1C92), 
1 0MAG2(92), ALPHA2(828,VIN), SU(96), DIF(92), FKK(92), 
1 FKU(92), FTK(92 ) , ALPHA 1(92), ANGR1CI 64)*  FUMM(IO), 
1 FUMP(IO), ANGC92), ANG0(92), ANG1(92), AGDIP2(92), 
1 AGO I M2( 92 ), AGDIPK92), AGJIMK92), Z2(92),XFPI(92), 
1 OPHI(92), OPS I (92 ) » FBX(92), EXP0(92), Z3(20), ANGR(184) 

INTEGER Pl, K, P, J, I, L, ITMAX, ITMAXX, Li, P3, 0, ZEE 
VECTOR VALUES VlM=2»0,0 
VECTOR VALUES VIN=2,O,O 
VECTOR VALUES DIN«2,O,O 
PROGRAM COMMON Fu, Ful, FUM, FUU, N, ELG, Zl, Hl, H2, P3, 0,

1 SG
R VECTOR VALUES FOR GAUSS QUADRATURE 

VECTOR VALUES X( 1 )«,0950125098, .2816035508, .4580167777, 
1 .6178762444, ,7554044084,.8656312024, .9445750231, 
2 .9894009350

VECTOR VALUES Kl)=.1894506105, .1826034150, .1691565194, 
1 .1495959868» .1246289713» .0951585117» .0622535239, 
2 .0271524594 
ftrap. 

r internal functions for kappa function calculation
Internal FUNCTION F.(V1»Y1,KAP)=(1,-V1*V1*XO2)*V1/((1. -V1*V1/  

1 (ETA*ETA))»CV1*Y1)»KAP)
internal function fg.(vi»yi,kap)»i./((vi*yd*kap) 

start read and print data
R NOTE that P, P3 AND D ARE DECLARED TO BE INTEGERS 

P = N
P3-N3
D*P+P3
VIM(2)«D*2
VIN(2)=0 
DIN(2)«D*2  

R THIS PART OF PROGRAM OBTAINS A KAPPA FUNCTION WITHIN A 
R SPECIFIED ACCURACY EPS 
R PARAMETERS FOR GAUSS QUADRATURE INTERVAL FROM 1./SIG TO 1.
A®(SIG-1.)/(2.«SIG) 
B«(SIG* 1.)/(2.*SlG)  

RCALCULATION OF DETERMINANT of C MATRIX SEE EQ.(2.2)
D1=C1*C4*C2*C  3

R R.H.S. OF EQ.(A.14) MULTIPLIED BY C 
Q=D1/SIG*(SIG*(ELOG.((SIG*1.)/(SlG-l .)))*ELOG .(SIG*SIG-l .)) 

R SEE EQ.(A.2) ANO EQ.(A.5),(X(0 ) SQUARED)
X02«l ./((1.-2.*C1/SIG-2.*C4*4.*D1/SIG)*(ETA*ETA))  
THROUGH EVAL, FOR K=1,1, K.G.8
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PROGRAM 2 (Continued)

R NEW VARIABLES CALCULATED FOR GAUSS QUADRATURE» REGION 1 
R SEE REF. (16)
Y(K)«X(K)/(2.-SIG)*l./(2,*SIG)
Y(K*B)=-X(K)/(2.*SIG)*1./(2.*SIG)
W1(K)=W(K)/(2.»SIG)
W1(K*8)=W(K)/(2.*SIG)

R NEW VARIABLES CALCULATED FOR GAUSS QUADRATURE» REGION 2 
S(K)=X(K)*A*B  
S(K*8)=-X(K)*A*R
W?(K)=W(K)*A

EVAL W2(K*8)=W(K)*A
THROUGH EVAL2» FOR J=l»l, J.G,16

R FUNCTIONS IN EO.(A.13) THAT ARE DEPENDENT ON INTEGRATION IN- 
R TERVAl (MU) ONLY (NOTE GAUSS WEIGHTS ARE INCLUDED)
T(J)=(C4*C1-U1»Y(J)*ELOG.((1.*Y(J))/(1.-Y(J))))*(1.-Y(J)»Y(J)  

1 *XO2)*W1(J)/(1.-Y(J)*Y(J)/CETA»ETA))
T1(J)=W1(J)*U1«ELOG.((1.*SIG*Y(J))/(1,-SIG»Y(J)))
R( J) = W2( J)*C4*(  1 ,-S( J)*S(  JXX02)/ (l.-S(J)*S(J)/(ETA*ETA))

EV AL2 R1(J) = W2(J)*D1»ELOG.((S1G*S(J)*1.)/(SIG*S(J)-1.))
INTERNAL FUNCTION (?) 
ENTRY TO G.

R THIS INTERNAL FUNCTION CALCULATES KAPPA FOR A SPECIFIED Z 
SUM = O 
THROUGH EVAL3» FOR L=1,1, L.G.16

EV AL 3 SUM = SUM*T(L)*FG.(Y(L)»Z»KY(L)  )-Tl(L)*(F.(Y(L)»Z»KY(L))-F.(l ./ 
1 SIG»Z»KSG))*R(L)*FG,(S(L)»Z»KS(L))-R1(L)*(F.(S(L)»Z»KS(L))-  
2 F.d./SIG.Z'KSG))

FUNCTION RETURN 1 . - 7* SUM*Q*Z»F .(1./S I G»Z,KSG) 
END OF FUNCTION

R AN ITERATION PROCESS COMMENCES AT THIS POINT WHERE FOR 
R INITIAL VALUS OF KAPPA WE SET KAPPA=1. THE ITERATION 
R CONTINUES UNTIL THF MAXIMUM DIFFERENCE BETWEEN ANY TWO 
R VALUES OF KAPPA IS LESS THAN EPS

MAX=I.
KSG=1.
THROUGH EVAL4, FOR L=1»1, L.G.16
KY(L)=1.

EVAL4 KS(L) = 1 .
THROUGH EVAL5» FOR J=1» 1 » J.G.UMAX,OR.MAX.L.EPS
THROUGH EVAL6, FOR K=l,l» K ,G.16
KYt(K)=G.(Y(K))
KS1(K)=G.(S(K>)
DIFF(K)=.ABS.(KY(K)-KY1CK))

EVAL6 DIFF(K*16)=.ABS.(KSCK)-KS1(K))
KSG1=G.(1./SIG)
MAX=DIFF(1)
THROUGH ALPHA, FOR 1=2,t, L.G.32

ALPHA WHENEVER D1 FFCL).G.MA X » MAX = DIFF(L) 
WHENEVER J.G.ITMAX 
PRINT COMMENT $ MAXIMUM NUMBER OF ITERATIONS FOR KAP EXCEEDS
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PROGRAM 2 (Continued)

PRINT RESULTS MAX, J 
TRANSFER TU START 
UR WHENEVER MAX.L.EPS 
PRINT COMMENT 1 PROCEDURE FOR KAPPA FUNCTION CONVERGED*  
PRINT RESULTS MAX, J, KY( 1 ) , . , KY( 1 6 ) » KS(1 ) . . .KS(16) 
transfer th go 
OTHERWISE 
KSR=KSG1 
through switch, for li = ui# li.g.u 
KY(Ll)=KYl(Lt) 

SWITCH KS(L1)=K$1(Ll)
EVALS END OF CONDITIONAL

R THIS CONCLUDES THE CALCULATION of kappa 
GO CONTINUE

R NUMBER NEEDED FOR X-FUNCTION ANU GAMMA FUNCTION 
SR=1./SQRT»(X 02)

R SET-UP MESH SPACING MIDPOINT VALUES 
SG=1./SIG

R INTERVAL SPACING FOR REGION. 1 
H1=SG/N

R INTERVAL SPACING for REGION 2 
H2=(1,-SG)/N3
K = 1

R MIDPOINT VALUES OF MU VARIABLE DETERMINED 
through compi, for u=i.,i., k.g.d 
WHENEVER K.LE.P 
21(K)=(U-.5)*H1  
otherwise 
21(K)=21(P)*.5«H1*(U-N-.5)*H2  
END OF CONDITIONAL 

COMF1 K = K♦1
PRINT RESULTS SG, Hl, H2, 21(1)...21(D) 

R VARIOUS CONSTANTS NEEDED LATER 
R IF WE WANT TO SOLVE THE EXACT CONSTANT SOURCE PROBLEM WE 
R INSERT CARDS NO. IS, 2S, 3S AND AS
PI=3.14150265

R HERE WE CALCULATE KAPPA FIRST AT 1./SIG AND 1. AND THEN 
R GAMMA AT THESE SAME VALUES

KAPSG=G.(SG)
GU(D*1)=SG»ETA*ETA*(SR*SG)*X02/((£TA*ETA-SG*SG)*KAPSG)  
KAONE = G. ( 1 . )
GU(D*2)=ETA*ETA*($R*1 .)*X02/((ETA*ETA-1 .)*KAONE ) 

R KAPPA AT TWO DISCRETE ROOTS
KAPM = G.(ETA ) 
KAPPsG.(-ETA ) 

R FIRST TERM IN EQ.(4.10) FOR DISCRETE HOUTS ONLY 
ELGETP=ETA*ELOG.(1.+SG/ETA)

R MILNE CARD ONLY 
ELGETM=-ETA*ELOG. (1.-SG/ETA) 

R SEE EQUATION FOLLOWING EQ.(2.20)
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in

ANGC=C4-D1*(ELGETP+ELGETM)
« THE last term in EQ,(A.10) CALCULATED For 1. AND 1,/SIG 

ELGONE=ELOG.(1,*SG)
ELGSG=SG*ELOG. (2.)

R EQS,(6.2) ANO (6.3) EVALUATED AT 0.» l./SIG AND 1.
FUL(1)=U.
FUL(2)=0.
FUM( 1 ) = GU(D*1)*ETA/(ETA*SG)*(ELGETM-ELGSG)  5M
Fum(2) = GIJ(D*1  )*ET  A/(ETA-SG)*(ELGETP-ELGSG)
FUU(1) = GU(Ü*2)*ETA/(ETA*1 . )*(ELGETM-ELGONE)  6M
FUU(2) = GU(D*2)*ETA/(ETA-1 . )*(ELGETP-ELGONE)

R X-FUNCTIÜN EVALUATED AT DISCRETE ROOTS (SEE EQ.(A.15)
R MILNE CARD UNLY

XFM=KAPM/(SR*ETA)
XFP = KAPP/(SR-ETA )
PRINT RESULTS KAPSG. GU(D+1), KAONE, GU(D + 2), KAPM# ELGETM.

1 ELGONE» ELGSG, XFM, XFP
R INTERNAL FUNCTION FOR THE BOUNDARY VALUES OF OMEGA EQ.(2.21)
Internal function oma.u)=z
INTERNAL FUNCTION O1.(2)=Z«ELOG.((1.+Z)/(1.-Z))
INTERNAL FUNCTION 02,(Z) = Z»ELOG.((1,♦$IG* Z)/(1.-SIG*Z  ) )
INTERNAL FUNCTION 03.(Z)=Z*ELOG .((SI G* Z*I .)/(SIG*Z- 1. ) )
THROUGH C0MP2, FOR K = 1» 1, K.G.D

R COMPUTATION TO CHANGE MU VARIABLE TO ANGLE IN DEGREES FOR
R EASIER PLOTTING

ANRP = ARCCOS,(Z1(K) )
ANRM=ARCCOS.(-Z1(K))
ANGR(K) = ANHP»360./(2,*PI  )
ANGR(K+O) =AMRM»360./(2.*PI)
WHENEVER Z1(K).L.SG
Zl l=Zl(K)*SIG
ANRP1=ARCCUS.(Z11)
ANRM1=ARCCOS.(-Z11)
ANGR1(K) = ANRP1»36O./(?.♦?! )
ANGRKK+P) =ANHM1*36O,/(2.»PI  )
END OF CONDITIONAL

R CALCULATION OF KAPPA THEN GAMMA FUNCTION FOR ALL MIDPOINT
R VALUES (SEE EQ.(A.17))
KAPP(K)=G.(Z1(K))
GU(K)=Z1(K)*ET a*ETA»(SR*Z1(K))«X02/((ETA*ETA-Z1(K)*Z1(K))*

1 KAPP(K))
R CALCULATION OF LOGARITHM TERM IN EQ.(6.6)

ELG(K)=ELOG.((1,-Zl(K))/Zl(K))
R LAST TERM OF EQ,(A.10) EVALUATED AT ALL MIDPOINT VALUES
ELG1(K)=Z1(K)*ELOG.(1.+SG/Z1(K))

R CALCULATION OF £0.(6.2) ANO EQ.(6.3) AT ALL MIDPOINT VALUES
FKU(K)=ETA/(ETA-Z1(K))*(ELGETP-ELG1(K))
FU(2>K)=GU(K)*FKU(K)

FKK(K) = ETA/(ETA*Z1  (K) )*(ELGETM-ELG1 (K ) ) 7M
FU(1»K)=GU(K)*FKK(K)
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PROGRAM 2 (Continued)

R EQS.(4.22) EVALUATED FOR EACH REGION 
WHENEVER Z1(K).L.SG 
S1=OI.(Z1(K)) 
S?=O2.(Z1(K)) 
S3=OM4.(Z1(K)) 
S4=S3*S3
DENOM1=(1.-C4«S1-C1*S2*D1»S1*S2-PI*PI*D1*S4),P.2*PI«PI*S4*  

1 (C4*C1-D1*(S2*S1)).P,2
NUMNlaS3*(C4*Cl-Di*(St*S2)  ) 
NUMP1*1 .-C4*S1-C1*$2+D1*S1*S2-PI*PI*D1*S4  
OMAGl(K) = NUMN1/(DENOM1*GI)(K))  

0MAG2(K) =NUMP1/DENOM1
R FIRST TERM OF EOS.<4.42) AND (5.6) EVALUATED 
R MILNE CARD ONLY

XFMUK)=ETA*XFM/(ETA*Z1  (K) )»OMAG1 (K) 
XFPI(K)=OMAG1(K)*ET»*XFP/(ETA-Z1(K))

R FUNCTIONS NEEDED LATER FOR ANGULAR DISTRIBUTIONS 
ANG(K )=C4-D1»S2
ANG1(K)=C1-O1*S1
ANGO(K)=NUMP1*PI*P1*O1*S4

R SAME REMARKS AS ABOVE RUT FOR REGION 2 
OTHERWISE 
T1=O1.(Z1(K))
T2»O3.(Z1(K)) 
T3=OM4.(Z1(K)) 
T4=T 3*  T 3
DEN0M2* (l.-C4*Tl-Cl*T2*01«T 1 *T2).P.2*PI*PI*T4* (C4-D1*T2)  P.2 
NUMN2 = T3»(C4-01» T2) 
NUMP2=1.-C4»T1-C1*T2*O1*T  1*T2  
OMAGKK) =NUmn2/(DEN0M2»GU(K ) ) 

0MAG2(K ) =NUMP2/DEN9m2
R MILNE CARD ONLY

XFMI(K)=ETA*XFM/(ETA*Z1 (K))*OMAG1(K)  
XFPI(K)=OMAG1(K)*ETA*XFP/(ETA-Z1(K))  
ANG(K)=C4-D1»T2
ANGO(K)*NUMP2  
ANG1(K)=O.

COMP2 END OF CONDITIONAL
R integrals in eq.(5.9a) evaluated except integral with alpha2
R A SUBROUTINE IS USED WHICH IS FOUND AT END OF PROGRAM 

INTEGM = INT.( 1) 
INTEGP=INT.(2)

R EQ.(4.35) EVALUATED 
APLDEN=-ETA*XFP-D1*INTEGP

R EQ. (6.16) EVALUATED 
APLUS1=(-E1A*XFM+D1*INTEGM)/APLDEN  8M
PRINT RESULTS KAPP(1)...KAPP(D), GU(1)...GU(0 ) >

1 ELG(1)...ELG(D), AMG0(1)...ANGO(D), FKK(1)...FKK(D ) > 
1 FU(1,1)...FU(1»D). XFMI(1)...XFM1(d)» FUM(1)> FUU(l), 
1OMAG1(1)...OMAG1(D), 0MAG2(1). . .0MAG2(D),
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PROGRAM 2 (Continued)

1 XFPim...XFPI(D), APLUSU APLDEN, INTEGP# INTEGM
through comp3> for k=i»i, k.g,o

R EQS.(4.42) AND (5.8) EVALUATED*  PVI. IS A SUBROUTINE LISTED 
R AT THE END WHICH CALCULATES PRINCIPAL VALUE INTEGRALS
0PhI(K)=D1*(0MAR1(K)*PVI.(1»2>K) -0MAG2CK)*FKU(K))*XFPI(K)
OPSI(K)=-D1*(OMAG1(K)*PVI.(1»1.K)-OMAG2(K)*FKK(K))-XFMI(K)  9M 

R INITIAL VALUE OF ALPHAS CALCULATED SEE EQ.(6.1Z)
ALPHA2(l,K)=OPSI(K)-APLUS1*OPHI(K)

COMP3 PRINT RESULTS Zt(K)» ALPHA2(1,K)> OPHI(K), OPSI(K) 
R INTEGRAND IN SECOND TERM UF NUMERATOR OF EQ.(4.43A) 
R CALCULATED EXCLUDING ALPHAS
through compa» for j.g.d
THROUGH COMP4, FOR K=1»1, K.G.D+2
WHENEVER K•E•D* 1
FK(J,K)=Z1(J)/(Z1(J)-SG)*(ELG1(Jl-ELGSG)  
OR WHENEVER K.E.0*2
FK(J,K)=Z1(J)/(Z1(J)-1.)»(ELG1(Jl-ELGONE) 
OR WHENEVER J.E.K
FK(J,K)»ELGHK)-Zl(*<)/(l.*SIGeZl(K>)
OTHERWISE
FK(J,K) = Z1(J)/(Z1(J)-Zl(K))*(ELG1(J)-ELGl(K)  )

COMPA ENO OF CONDITIONAL
R HERE WE START THE ITERATION PROCEDURE FOR APLUS ANO ALPHAS 

MA XX = 1 .
THROUGH C0MP5, FOR J = 2*l»  J.G.ITMAXX.OR•MAXX.L.EPS I
through compô* for k=i,i, k.g.d*2

R FIRST INTEGRATION PERFORMED IN EQ.(4.43A) 
SUMIKO.
SUMS-O.
Through compz. for i=t»i. i.g.d
WHENEVER I.LE.P
SUM1=SUM1*FK(I,K )* ALPHA?(J-1, I ) 
OTHERWISE
SUMS = SUMS*FK(I.K)«ALPHA2(J-l>I  )

compz end of conditionai.
SU(K)=SUM1*H1*SUMS* h2

C0MP6 FU(J»K)=SU(K)*GU(K)
R SECOND INTEGRATION PERFORMED IN EQ.(A.43A) 

INTG=INT.(J)
R NEW VALUE OF A+ CALCULATED 

APLUS=APLUS1*INTG/APLDEN»DI  
PRINT RESULTS FU(J, 1 ) . ..FU(J,0*2)>  SU(l)...SU(D + 2) , INTG 
FUL(J)=0,

R FUNCTIONS NEEDED FOR NEXT PRINCIPAL VALUE INTEGRAL 
FUM(J)=FU(J» D+l) 
FUU(J)=FU(J*0*2)  
PRINT RESULTS FUL(J). FUM(J). FUU(J)> APLUS 
THROUGH COMPS*  FOR K=1,1, K.G.D 

R NEW VALUES OF ALPHAS
ALPHAS(J,K)=OPSI(K)-APLUS*OPHI (K)*D1 *( -OMAG1(K)*PVI .(1,J,K)*
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PROGRAM 2 (Continued)

1 0MAG2(K)*SU(K))
R DIFFERENCE BETWEEN PREVIOUS AND NEW VALUES OF ALPHA?

C0MP8 DIF(K) = ALPHA2(J,K)-ALPHA2( J-1,K) 
PRINT RESULTS DIF(1)...DIF(D)

R LOCATE MAXIMUM DIFFERENCE
MAXXs.AUS.(DIF(1))
Through comi, for l=2#1» l.g.o

C0M1 WHENEVER .A8S.(0IF(L)).G.MAXX, MAXXx.aBS.(OIF(L))
WHENEVER J.E.ITMAXX
PRINT COMMENT S MAXIMUM NUMBER OF ITERATIONS FOR ALPHA? EXOS 
PRINT RESULTS MAXX, J 
TRANSFER TO START

R EPSI IS CRITERION FOR TERMINATION OF ITERATION PROCEDURE 
OR WHENEVER MAXX,L.EPSI 
PRINT COMMENT I PROCEDURE FOR ALPHA? CONVERGED! 
TRANSFER TO GOO 
OTHERWISE 
PRINT RESULTS MAXX, J, ALPHA?(J,I)...ALPHA?(J,D)

COMPS END OF CONDITIONAL
GOO PRINT RESULTS ALPHA2(J,1)...ALPHA2(j,D), Z1(1 ) ...Z1(D ) > MAXX

R FINAL CONVERGED CALCULATION OF A+ (SEE E0.(5.9C)) 
through coms, for k=i,i, k.g.o 
Sum 1x0, 
SUM2=0. 
through comô, fur 1=1,1» i.g.o 
whenever i.le.p 
SUM1=SUM1+FK(I,K)*ALPHA2(J,I ) 
OTHERWISE
SUM2 = SUM2*FK(  I»K)•ALPHA2(J»I)

C0M6 ENO OF CONDITIONAL
SU(K)=SUM1*H1*SUM2«H2

COMS FU(J,K)=SU<K)*GU(K)
ALPA1=INT.(J)
PRINT RESULTS SU(1 ) . .,SU(0), FUCJ,1)...FU(J,0) 
through coma, for k=i,i, k.g.o 

COMA FU(J*1,K)=Z1(K)*ALPHA2(J,K)
APLUS=APLUSt+ALPAI/APLDEN*Dl
FUL(J+1)=O.
FUM(J*1  ) = 0.
FUU(J+l)=0.
THROUGH COM3, FOR K=l,l. k.g.o
ALPHA1(K) = -ETA*C2*C1*( 1./CET A*Z 1(K))♦APLUS/(ETA-Z1(K)))-C2*Cl  10M

1*PV  I.(1 » J* 1 » K )
COM3 PRINT RESULTS Z1(K), ALPHA 1(K) 

R INTERNAL FUNCTION FOR QUADRATIC INTERPOLATION
INTERNAL FUNCTION QUAD.(Z,X0»FO,X1,F1,X2,F2)=F0*(Z-XO )*( F 1- 

1 FO)/(X1-XO)*(Z-XO)«(Z-X1 )/(X2-XÜ)*( (F2-F11/CX2-X1)-(Fl-FO) 
1 /(Xl-XO)) 
R MILNE CARO ONLY

EXTRAP=-ET»/2.*EL0G. (-1,/APLUS)
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PRINT RESULTS APLUS. EXTRAP, AlPAI
R CALCULATION OF ANGULAR DISTn Itiu.ION FOLLOWSCSEE EQS. (5.14)
R AND (5.15))

THROUGH C04, FOR L=l,1> L•G.ZEE 
through coe, for k=i*i, k.g.o 

C06 EXPO(K)«EXP.(-Z3(L)/Z1(K))
THROUGH CO1, FOR K«l,l. K.G.O
SUM1=O.
SUM2=0.
SUM 3 = 0. 
SUM4=0. 
SUM5=0. 
SUM6=0.
FU(1,K) = Z1(K)«ALPHA 1(K)«EXPO(K)
FU(2,K)=Z1CK)»ANG(K)*ALPHA2(J,K)*EXPO(K)

FU(3»K)=Z1(K)»ALPHA2(J,K)*EXPO(K)  
THROUGH C03, FOR 1=1,1, I.G.O 
WHENEVER I.LE.P
SUM1«SUM1*Z1(I )* ALPHA1(I )/(Zl(I)*Z1(K))»EXPO(  I) 
SUM2 = SUM2*Z 1(I)*ANG(I)*ALPHA2(J,I )/(Z1(I)*Z1 (K) )*EXPO(I ) 
SUM3 = SUM3*Z1(I)»ALPHA2( J»I )/(Zl( I)*Z1(K))*EXPO(I )
WHENEVER Z1(K).G.SG,SUMS =SUM6 *Z 1(I)* ALPHA 1(I)/(Z1(I)-Zl(K) ) 

1 *EXPO(  I )
OTHERWISE
SUM4=SUM4*Z1(I)*ANG<I)»ALPHA2(J,I )/(ZI(I)*Z 1CK))*EXPO (I) 
SUMS «SUMS +Z1(I)*ALPHA2(J,I)/(Z1(I)+Z1(K))*EXPO(I )

C03 END OF CONDITIONAL
FKK(K)=SUM1«H1
FKU(K)=SUM2*H1*SUM4*H2  
FTKCK )«SUM3*H1*SUM5*H?

C01 FBK(K )=H1*SUM6
FUL(1 )=0.
FUMCl)=SG«QUAO.(SG,Z1(P-1),ALPHA 1(P-1),Z1(P)#ALPHA 1(P),Z1(P*l  

1),ALPHA1(P+1))»EXP.(-Z3(L)/SG)
FUL(2)=0.
SG1 = ALPHA2(J,P-1 )»ANG(P-1) 
SG2=ALPHA2CJ,P)*ANG(P)  
SG3=ALPHA2(J*P*1)*ANG(P*l ) 
FUM(2)=SG»0UA0.(SG,Zl(P-l ),SG1,Z1(P)#SG2,Z1(P*1),SG3)*EXP,(  

1 -Z3(L)/SG)
PRINT RESULTS SGI, SG2» SG3, FUM(2) 
FUU(2)=0, 
FULC3)=0.
FUM(3)=0. 
FUU(3)=0, 

R MILNE CARO ONLY
EXPETM=EXP.(Z3(L)/ETA) .
EXPETP = EXP. (-Z3CD/ETA) 
THROUGH C02, FOR K=l,l, K.G.O 
AGDIM2(K) = ETA*ANGC/(ETA-Z1(K))*EXPETM*ETA*ANGOAPLUS/(ETA*Z1(  UM
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PROGRAM 2 (Continued)

1 K))»LXPETP-Ü1/(CI*C2)»FKK(K)*FKU(K)  
WHENEVER Z 1 (K ). l * sg
AGDtP2(X)=LTA*ANGC/(ETA*ZHK))»EXPETM*ETA*ANGC«APLUS/(ETA-Z1( 12M

1 K))*EXPETP-Üi/(C1*C2)*PV1 .(2»1»K)-ALPHA1(K)/(C2* C1)* ANG1(K)*  
1 EXPO(K)+PVI . ( l»2,K)*ANG0(K)*ALPHA2(  J,(<)*EXPOCK)
AGD!P1(K)=C2*ETA/(S1G*(ETA + Z1(K)))*EXPETM*C2*ETA *APLUS/(S I G* 13M

1 (ETA-Z1(K)))*EXPETP*ALPHA1 (K)/(Cl*SIR )* EXPO(K)*C 2/S1G»PV1.(1 
1 » 3> K )
AG0lMl(K)=C2*ETA/(S I G•(ETA-Z1(K)))*EXPETM*C2*ET A*APLUSZ(5 IG« 14M

1 (ETA*Z1(K)))»EXPETP*C2/S1G«FTK(K)
PRINT RESULTS ANGRl(K), AGOIPKK), ANGRllK + P), AGDlMl(K) 
OTHERWISEAGDIP2(K)=ETA«ANGC/(ETA*Z1(K))*EXPETM* lTA*ANGC/(ETA-Z1(K))*  15M 

1 APLUS*EXPETP-O1/(C1*C2)»FBK(K)*PVI. (1,2,K)*ANGO(K)*ALPHA2(J,  
1 K)*EXPÜ(K)

END OF CONDITIONAL
C02 PRINT RESULTS ANGR(K). AGOIP2(K)> AnGR(K*D),  AG0IM2(K)

AGDIP2(P)=QUAO.(Z1(°), ZKP-2), AGO I P2 ( P-2 ) , Z 1 ( P- 1 ) , AGO IP2 ( P
1 -1),Z1(P+2).AGDIP?(P*2))

AGOIP2CP+1)=ÜUAO.(Zl(P+1)» Z1(P-1),AGD1P2(P-1)»Z1(P+2),AGDIP2 
I (P+2)»Zl(P+3)>AG0Ip2(P+3))

PRINT RESULTS AGDIp2(P), AGÜIP2CP+1) 
R APPROPRIATE INTEGRALS TO OBTAIN THE TOTAL FLUX ANO CURRENT 
R FOLLOWED by A CALCULATION OF THE ASYMPTOTIC FLUX ANÜ CURRENT 
R SEE EQS.(5.16)

SUMI=0.
SUM2=0. 
Sum 3=0. 
suma=o• 
SUM5=0. 
SUM6=0. 
SUM7=0. 
SUM8=0. 
SUM9=0. 
SUMIO=O. 
Sumii=o. 
SUM 12 = 0. 
through cos. for k=i»i. k.g.o 
whenever k.l.p+1 
Z2(K)=Z1(K)*SIG  
SUM1 = SUM1+AGUIM1(K ) 
SUM2=SUM2+AGOIP1(K) 
SUM3=SUM3+AGDIM2(K) 
SUMA = SUMA + AGl)lP2(K) 
SUM5 = SUM5-Z2(i<)*AGDIM1  (K ) 
SUM6 = SUM6 + Z2(O + AGDIP1(R) 
SUM7=SUH7-Zl(K)«AG0lM2(K) 
SUM8 = SUMd + Z1(K)•AGO IP 2(^) 
OTHERWISE
SUM9=SUM9+AGUIM2(K)
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SUM10=SUM10*AG0IP2(K)
SUMll = SUMli-Zim*AGDIM2(K)  
SUM12=SUM12*Zt(K)*AGDIP2(K)  

C05 END OF CONDITIONAL
FLNEG1 = SUM1*H1_»SIG-
FLPOS1=SUM2*H1*SIG  
1OTFL1=FLNEGI*FLPOS1  
CUNEG1=SUM5»H1*S1G  
CUPOS1=SUM6»H1*S1G  
TOTCU1=CUNEG1*CUPOS1  
FLNEG2=SUM3»H1*SUM9*H2  
FLPOS2=SUM4*H1*SUM1O*H2  
TOTFL2=FLNEG2+FLPOS2 
CUNEG2 = SUM7«H1*SUM11  *H?
CUPOS2=SUM8*Hl*SUMt2*H2  
T0TCU2=CUNEG2*CUP0S2  
PRINT RESULTS FLNEGl. FLPOSl, TOTFL1» CUNEG1*  CUPOSU TOTCU1*

I FLNEG2, FLPUS2, TUTFL2» CUNEG2, CUPOS2, T0TCU2
ARCSIG=ELGETP*ELGETM
ASYFL1=C2»ARCSIG»(EXPETM*APLUS«EXPETP) 16M
ASYCU1=C2»ETA*EXPETM»(2,-SIG*ARCSIG)*C2*ETA*EXPETP*APLUS*( 17m

1 SIGeARCSIG-2.)
ARCETA=ETA»ELOG.((ETA*1.)/(ETA-l. ))
ASYFL2=ANRC»ARCETA*(EXPETM+APLUS*EXPETP) 18M
ASYCU2=ETA*ANGC*EXPETM*C2.-ARCETA)*E TA*ANGC*APLUS*EXPETP*( 19m

1 ARCETA-2.) 
COA PRINT RESULTS A SYFL1 » ASYCU1» ASYFL2# ASYCU2

TRANSFER TO START 
end OF program 

$ COMPILE mad» execute
R SUBROUTINE FOR THE CALCULATION OF INTEGRALS BY MIDPOINT 
R APPROXIMATION- TRAPEZOIDAL RULE

EXTERNAL FUNCTION INT.(J) 
INTEGER K, 1, Q4, P, P1, P3» D, J 
DIMENSION FU(846» V IM)• FULC10), FUM(IO), FUU(IO), ELGC92), 

1 Z1(92)
VECTOR VALUES VlM=2»0,0
PROGRAM COMMON Fu, FuL» FUM, FUU, N, ELG, Z1» Hl, H2» P3, C, 

1 SG
VlM(2)=D+2 
P = N 
SUM 1 = 0• 
SUM2=0. 
through eval, for k=i,i. k.g.d 
WHENEVER K.LE.P 
SUM1=5UM1*FU(J,K)  — -
OTHERWISE 
SUM2=SUM2+FU(J,K) 

EVAL ENO OF CONDITIONAL 
FUNCTION RETURN SUM1*H1*  SUM2»H2
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eno of function
» COMPILE MAO, EXECUTE

R SUBROUTINE FOR CALCULATING SINGULAR INTEGRALS SEE CHAPTER 6 
EXTERNAL FUNCTION PVI.(J,I,Q4) 
DIMENSION FU(B46,VIM), FUL(IO), FUM(IO), FUU(IO), ELGC92),

1 Z1 (92 ) 
VECTOR VALUES VlM=2,0,0 
INTEGER K, 1, 04, P, Pl, P3, D, J 
PROGRAM COMMON FU, FUL, FUM, FUU, N, ELG, Zi, Hl, H2, P3, 0,

1 SG 
P = N 
V IM(2)=0*2  
SUM-O.
SUM 1=0.
SUM2=0. 
through co«pi, for k=i,i, k.g.d 
WHENEVER K.E.Q4 
WHENEVER 04.E.1
SUM=SUM+1./3.*(FU(I,2)+3.*FU(I,1)-4.*FULCD)  
OR WHENEVER 94.E.P 
SUM=SUM*1,/3.*(4,*FUM(I)-3.*FU(I»P)-FU(I#P-1 )) 
OR WHENEVER W4.E.P+1 
SUM=SUM*1  ,/3.*<FU(I,P*2)*3.*FU(I,P*1)-4.*FUM(I )) 
OR WHENEVER Q4.E.0 
SUM=SUM*1,/3.»(«.«FUUCI ) -3.*FU(I,D)-FU(l,0-l) ) 
OTHERWISE
SUM=SUM*1./2.*(FU( 1,04*1 )-FU(I»Q4-l)) 
END OF CONDITIONAL 
OTHERWISE 
whenever K.LE.P
SUM1=SUM1*(FU(I.K)-FU(I,Q4))/(Z1(K)-Z1(Q4))  
OTHERWISE
SUM2=SUM2*(FUC1,K)-FU( 1,04))/(Zl(K)-Zl(Q4)) 
END OF CONDITIONAL

C0MP1 END OF CONDITIONAL
WHENEVER J.E.l
FUNCTION RETURN SUM*F U(I,04)*ELG (04)*H 1•SUM 1*H2»SUM2  
OTHERWISE

R singular integral for region i only
FUNCTION RETURN SUH*FH(I,Q4)»ELOG.(SG/Z1(O4)-1.)*H1*SUM1  
End OF CONDITIONAL 
END OF FUNCTION

S DATA
Cl = .61320, C2=.04404, C3=. 17023# C4=.4366b, SIG=1.65609, ETA-2.595625 
EPS=.000001, N = 22., ITMAXX=10, EPSI = .000001, N3 = 70., 
Z3C1 ) = 0 . ».5,1.,1.5,2.» 3.,5.,6., 10.,20., ZEE=10, ITMAX = 10 *

R THE SOLUTION TO THF CONSTANT PROBLEM IS OBTAINED BY 
R REPLACING IN THE PREVIOUS PROGRAM THE CARDS WITH M IN 
R COLUMN 77 BY THE FOLLOWING CARDS WITH S IN COLUMN 77. THE 
R NUMBERS MUST ALSO MATCH, FOR EXAMPLE 5M IS REPLACED BY 5S,
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R ETC. ALSO WE MAY REMOVE FROM THE PREVIOUS DECK ALL CARDS
R PRECEDED BY THE REMARK SMILNE PROBLEM ONLY*.  NOTE THAT
R THE FIRST FOUR CARDS AFTER THE FIRST ARE PLACED IN THE 
R PREVIOUS DECK AT ONE DESIGNATED LOCATION.
R THIS IS THE SOLUTION FOR THE EXACT CONSTANT SOURCE PROBLEM OS
CSl=2.*C2/((l.-2.«C»)*(SIG-2.*Cl)-A.*C?*C3) IS
CS2=(SIG-2.*C1)/((1.-2.*CA)»(S1G-2.*C1)-A.*C2*C3) 2S
CSW=-CS2-CSt*Dl/C2+SIG»CSl*CA/C2 38
CS3=SIG*CS1*D1/C2 IS
FUM(1)=GU(O*1)*(CSW-CS3*ELGSG) 58
FUU(1)=GU(D*2)*(CSW-CS3*ELGONE) 68
FKK(K)=CSW-CS3*ELG1(K) 78
APLUS1=(-SIG*CS1/C2*INTEGM)/APLDEN 68
OPSI(K)=-OMAG1(K)*PVI,(1,1>K)*OMAG2(K)*FKK(K) 98
ALPHA 1 (K) = -CS1«SIG*C1-ETA*C2*C1 *APLUb/(ETA-ZUK ) )-C2*Cl 108
AGDIM2(K)=C52 +E T A * ANGC * APLUS/C ET A + Z1 C K US
AGDIP2(K)=CS2 ♦ETA*ANGC*APLUS/(ETA-Z1(  128
AGDIP1(K)=CS1 ♦C2*ETA*APLUS/CSIG* 138
AGDIM1(K)=CS1 *C2*ETA*APLUS/(SIG*  IAS
AGDIP2(K)=CS2 +ETA*ANGC/(ETA-Z1(K))* 158
ASYFL1=2.*CS1+C2*ARCSIG*APLUS*EXPETP 168
ASYCUi: ♦C2*ETA*EXPETP*APLUS*( 17S
ASYFL2=2.*CS2+ANùC*ARCETA*APLU$*EXPETP 188
ASYCU2= +ETA*ANGC*APLUS*EXPETP*( 198
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PROGRAM 3

S COMPILE MAD, EXECUTE, DUMP, PRINT OtiJECT 
R PROGRAM FOR SOLUTION OF THE MILNE PROBLEM 
R SPHERICAL HARMONICS-P1 APPROXIMATION

DIMENSION X( 3 ) , F X ( 3 ) , RO(A), C0PK2), C0P2(2),
1 F 1(2), F2( 2 > » EXP01(50), EXP02OO), RH0K50), RHU(SO), 
1 RH02(50), RH12(50), 73(50), PS 11 (1050,V IM ) , PS 12(1050,DIM), 
1 COP3(2), ANGLE(21)» EXP03(50), 
1 ASYO1(50), ASV11(50), ASY02(50), ASY12(50) 

INTEGER I,J, Q, ZEE, ITMAX, ITX, ITY 
VECTOR VALUES VlM=2»0,21 
VECTOR VALUES DlM=2.0,2l

START READ ANO PRINT DATA 
PI=3.14159265 

R THE ROOTS OF EQ.(7.BA) ARE OBTAINED BY THE FALSE POSITION 
R METHOD (SEE REF, (28))

D1=C1*C4-C2»C  3
B =-3.*(l.-2.«C4*SlG»SIG-2,»SIG*Cl)  
0 =9.*SIG»(S1G-2.»C1-2.»C4*SIG*4,*O1 ) 

PRINT RESULTS B. D, Dt 
INTERNAL FUNCTION CHAR.(Z)=Z.P.4*B«Z,P.2*D  
T=.00000001 
0= 1 

ITER CHAR0 = CHAR.(1 ) 
WHENEVER CHAHO.L.O.
THROUGH SERChI, FOR Y=T, . 02,CHAH 1.G.0..OR.Y.G.40. 
WHENEVER Y.G. 40. 
PRINT COMMENT 6 NO SIGN CHANGES 
TRANSFER TO START 
END OF CONDITIONAL 

SERCHI CHAR1=CHAR.(Y)
OTHERWISE 
THROUGH SFRCH2, FOR Y = T.,02,CHAR 1.L.0..OR.Y.G.40. 
WHENEVER Y.G.40. 
PRINT COMMENT S NO SIGN CHANGES 
TRANSFER TO START 
END OF CONDITIONAL

SERCH2 CHAR1=CHAR.(Y ) 
ENO OF CONDITIONAL 
X(1)=Y-.O4 
X(2)=Y-.O2 
FX(1) = CHAR. (X( 1 ) ) 
FX(2)=CHAR.(X(2)) 
PRINT RESULTS X(l), FX(1), X(2), FX(2) 
THROUGH LOOPXA, FOR ITX=1,1, ITX.G.ITMAX 
NUMER=X(?)*FX( 1)-X(1)*FX(2)  
DENOM=FX(1)-FX(2) 
whenever .abs. denom,l..abs.numer*epS2 
PRINT COMMENT S DENOMINATOR TOO SMALLS 
TRANSFER TO start

OM
OM
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PROGRAM 3 (Continued)

ENO OF CONDITIONAL 
X ( 3)=NUMER/0LNI)M 
FX(3)=CHAR.(X(3)J 
whenever .ars.fx(3).le.epsi 
PRINT COMMENT S PROCEDURE CONVERGED» 
TRANSFER TO I TER 1 
END OF CONDITIONAL '
THROUGH LOOPXA, FOR 1=1»1, I.G.2 
THROUGH LOOPXA, FOR J=I+1»1» J.G.3 
WHENEVER .a6S.FX(I),G..A9S.FX(J) 
TEMP = FX( I ) 
F X( I ) = FX(J) 
FX(J)=TEMP 
TEMP=X(I) 
X( I ) = X(J) 
X(J)=TEMP 

LOOPXA END OF CONDITIONAL 
PRINT COMMENT $ NO CONVERGENCE! 
through cvalb, for vi=i.e-b, ,U2, yi.g.3O, 
CHAR3 = CHAP.(Y 1) 

EVAL6 PRINT RESULTS Yl, C"AR3 
TRANSFER to start 

ITER1 RO(Q)=X(3) 
PRINT RESULTS ITx, X(3), F X(3 ), Q 
T=Y-.D2 
Q = Q*1  
WHENEVER O.E.3, TRANSFER TO GO 
TRANSFER Til ITER 

GO PRINT RESULTS HO C1 )» ROC 2)
R END OF PROGRAM FOR OBTAINING THE ROOTS 

THROUGH EVAul, FOR I = 1. 1, I.G.2 
R EQS.CZ.11 ) EVALUATED 

COPIC D=R0< I )/C 3.*SI  G) 
COP2CI)=C3.*SIG*CSIG-2.*C1)-ROCI)*ROCI))/C6.*SIG*C2)  
COP3CI)=COP2CI)»ROCI)/3.

R SEE EQS■ FOLLOWING EQS.C7.17) 
F 1CI) = .SO + COP1CI) 
F2(I )=CUP?CI)/2.+COP3Cl)

EVALI PRINT RESULTS COPKI ), CQP2C I ) » COP3C I ), F1CI), F2C I ) 
R NEXT THREE LARDS FUR MILNE CASE ONLY CSEE EQS.C7.ldA) 

C0PA = -RU(1)/C3.•S I G) 
C0P5=C0P?(1) 
C0P6=-RUC1)*COP5/3.  
F3=.5+COPA 
F4=.5~CJP5+ CQP6 

R SEE EQS.C7.IBA) 
8O2=(F4«F1C2)-F3*F2(2))/CF1(1)*F2C?)-F1C2)«F2C1))  
B04=(F3«r2Cl)-F4*Fl(l))/CFlCl)»F2C2)-FlC2)*F2(l))  
PRINT RESULTS F3» FA » 302» BOA 
through eval?, fur 1=1,1, i.g.zee

IM 
2M

34
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EXPO1 ( I)=EXP.(-R0m*Z3(  I ) ) 
EXPO21 I )=EXP.(-R0(2)*Z3(I )) 

R MILNE CARO ONLY
EXPO3(I)=EXP.(RO(1)*Z3(I )) 

R SEE EQS.(7.12)
RHO1 ( I ) = EXPO3(I)*PO2»EXPO1(I)*60A*EXP02( I ) SM
ASYO1CI)=EXPO3(I)+BO2*EXPOl(I) 6M
RH1 H I ) = C0P4»EXP03(I)*R02»C0Pl(1)*EXPQ1(I)*B04*C0P1 ( 2)*EXPO 7M

R MILNE CARD ONLY 
1 2(1)
ASY1KI)=C0P4»EXP03(I)*8O2»COP1(1)*EXPO1(I) 6M
RH02(I)=CnP5*EXP03(I)*902*C0P2(l)*EXP01( l)*B04*C0P2(2)» 9M

R MILNE CARD ONLY 
1 EXP02( 1 )
ASYO2(I)=C0Pü»EXP03(I ) ♦B02»C0P2( 1 ) »EXPO 1 (I ) 1OM
RH12( I )=C0P6*EXP(J3( I )*802wC0P3( D*EXP01( I )♦ BO4*COP3(2)* 11M

R MILNE CARD ONLY 
1 EXP02(I)

ASY 12(1) = COP6»EXPO3<I)♦B02«C0P3(1)*EXPO1(I) 12m
EVAL2 PRINT RESULTS Z3(I), EXPO1 (I), EXP02d)> RHO1CI), RHIl(I),

EVAL4

EVAL3 
EV AL7

$ DATA

1 RH02( I ) » RH12(I ) » ASYOl(I)» ASYli(I), ASYO2(I), ASY12(I) 
R ANGULAR DISTRIBUTION FOLLOWS

0=1
through eval»» for l=i..-.i. l.l.-i.
ANGLE(O)=36O./(2,*PI)»ARCCOS.(L)
Q = Q+1
ANGP=360./(2.«PI)*ARCCOS.( .975)
ANGM=360./(2.*PI )»ARC COS.(-.975)
THROUGH EVAL7> FOR J=!,l, J.G.ZEE
PSPl=.5*RH0l(J)*l,5*.975*RH1 1(J)
PSM1 = .5*RHO1 (J)-l .5*  ,9 75»RHf1(J)
PSP2=.5«RH02(J)*l ,5* ,975*HH12(J)
PSM2=.5*RH02(J)-l .5* .975»HH12(J) 
0=1
THROUGH EVAL3» FOR L=l.»-.l, L.L.-l,
PSIl(J>Q)=.5*RH01(j)*i.5*L*RHll(J)
PSI2CJ»Q) = .5*RH02(J)*l  ,5*L»RH12(J)
PRINT RESULTS ANGLE(Q), Z3(J), PSI1(J,Q), PSI2(J,Q) 
0 = 0*1
PRINT RESULTS ANGP, PSP1, PSP2» ANGM» PSM1, PSM2 

R NEXT TWO CARDS ARE MILNE CARDS ONLY
R SEE EQ.(7.19)

EXTRAP = -1,/(2.»R0(l ) )*ELOG.(-1./BO2)
PRINT RESULTS EXTRAP
TRANSFER to START 
eno OF program

Cl=.59023» C2=.05448» C3=.15963, C4=.44320# Z3(1)=0.».5#1.»1.5*2.»
Z.5»3,»3.5,4.»4.5»5.6.» 10.» 20.» EPSl=l.E-6, EPS2=1.E-2O» 516=1,50951» 
ZEE=14» ITMAX=50 *
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PROGRAM 3 (Concluded.)

R FOR THE CONSTANT SOURCE PROBLEM WE MAKE THE REPLACEMENT OF 
R THE FOLLOWING CARDS EXACTLY AS WE DID IN THE PREVIOUS CASE 
R PROGRAM FOR THE SOLUTION OF THE CONSTANT SOURCE PROBLEM OS
R BY SPHERICAL HARMQNICS-PI APPROXIMATION OS

Sl=2.*C2/((1.-2.*C»)*(SIG-2.*C1 )-A.*C2*C3) IS
S2=(SIG-2.»C1)/((1.-2.*CA)»(SIG-2.*C1)-4.*C2*C3) 25

AO2=(S2»F1(2)-S1*F2(2))/(Fl(1)»F2(2)-F1(2)*F2(I)) 3S
A04=CSl*F2Cl)-S2*Ft<!)>/(Fl(l)*F2(2)-Fl(2)»F2(l)) AS
RHOKI)=A02«EXP01(I)*A04*EXP02(I)*2.*S1 5S
ASYO1(I) = AO2*EXPQ1(I )*2« *S1 6S
RH11(I ) = COP1(1)*A02*EXP01(I)*C0Pl(2)*A04»EXP02(I) ?S
ASY11(I)=COP1(1)*A02*EXP01(I ) 6S
RH02(I)=C0P2(l)*AO2*EXPO1CI)*C0P2(2)*A04*EXP02(I)*2.*S2 98
ASY02(I)=COP?(1)»A02*EXP01(I)*2.*S2 IOS
RH12(I) = COP3l1)*A02*EXP01(I)*COP 3(2)*A04»EXP02(I) 1 IS
ASY12CI)=C0P2(1)*A02*EXP01(I) 12S
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PROGRAM 4

S COMPILE MAD, EXECUTE, DUMP, PRINT OBJECT
R PROGRAM FOR THE SOLUTION OF THE MILNE PROBLEM BY 
R SPHERICAL HARMONICS-P3 APPROXIMATION 

DIMENSION X( 3), FX(3), ROCA), COP1C4), C0P2C4), COP3C4), 
1 COP4C4), COP5C4), C0P6C4), C0P7C4), F1C4), F2C4), F3(4), 
1 F4(4), EXPO 1(50), EXP02(50), EXP03(50), EXP04(50), RH0K50), 
1 RH11 ( 50 ) , RH21 (50 ) • RH3K50), RH02(50), RH12(50), RH22(50)» 
1 RH32(5ü), Z 3(50), PSI 1(1050,V IM), PSI2(1050,DIM), ANGLE(21), 
1 Y(4 ) » A(20,VIN), ASY01(50)» ASY02(50), EXP05(50) 

INTEGER I,J, Q, ZEE, ITMAX, ITX, ITY 
VECTOR VALUES VIM=2»O,21 
VECTOR VALUES OIM=2»O,21 
VECTOR VALUES VIN=2»0,5

START READ AND PRINT DATA 
D1=C1*C4-C2*C3  
PI=3.14159265
C»81.
D»990.*(C û+C1*SIG)-810.*( 1.♦SIG*SIG)  
E»(110.*SIG*C 1-90. *SIG*SIG)*( 11O.*C4-9O.)+945.*( 1.-2.*C4+SIG  

1 P.3*(SIG-2.*C1 ))-lIO.*11O.*SIG*C2*C3
F=105.*(l.-2.*C4)*(110.*SlG»Cl-90,*SlG*SIG)*105.»SIG.P.3*(  

1 SIG-2.*C1  )*(1 10..C4-90.) + 210.*l 10.*SIG*C2*C3*(l.*SIG*SIG)  
G»105.*105.»SIG.P.3*(SIG-2.*Cl)*(l.-2.*C4)-210.*210.*SIG,P,3  

1 *C2*C  3 
PRINT RESULTS C, 0, E, F, G
Internal function char.(z)«c»z.p.6* d*z.p.6* e*z.p.4* f*z.p.2* g 
Te.00000001 
0 = 1

ITER CHARO=CHAR.(T) 
CHAR1=O. 
WHENEVER CHARO•L•0• 
THROUGH SERCH1,FQR Y 1 = T,.0 I ,CHAR 1.G.0..OR.Y 1,G.40. 
WHENEVER Y1.G.40, 
PRINT COMMENT S NO SIGN CHANGES 
transfer to start 
end OF conditional

SERCHl CHAR1=CHAR.(Y1) 
OTHERWISE 
THROUGH SERCH2,FOR Y 1=T,.01,CHAR 1.L.0..OR.Y1.G.40. 
WHENEVER Y1.G.40. 
PRINT COMMENT $ NO SIGN CHANGES 
TRANSFER TO START 
End OF CONDITIONAL

SERCH2 CHAR1=CHAR.(Y1) 
END OF CONDITIONAL 
X( 1 ) = Y1-,O2 
X(2)=Y1-.O1 
FX(1) = CHAR.(X(D) 
FX(2)=CHAR.(X(2))
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PROGRAM 4 (Continued)

through loopxa, for itx.g.itmax
NUMER=X(?)*FX( 1)-X(1)*FX(2)  
OENOM=FX(1)-FX(2) 
WHENEVER . ABS. OENOM.L,.ABS.NUMEJ*EPS2  
PRINT COMMENT S DENOMINATOR TOO SMALLS 
TRANSFER TO START 
END OF CONDITIONAL 
X(3)=NUMER/DENOM 
FX(3)=CHAR.(XC31) 
WHENEVER ,ABS.FX(3).LE.EPS1 
PRINT COMMENT S PROCEDURE CONVERGED: 
TRANSFER TO I TER I 
OR WHENEVER Q.E.2.ANO..ABS.FX(3).L..OOO3 
TRANSFER TO I TER I 
OR WHENEVER Q.E.3.AND..ABS.FX(3).L..003 
TRANSFER TO ITER1 
OR WHENEVER Q . £ . A.AND..ABS,FX(3).L..1 
TRANSFER TO 11 ER 1 
Eno OF CONDITIONAL 
THROUGH LOOPXA, FOR 1=1,1, 1.G.2 
through loopxa, for j=i*i,i, j.g.3 
WHENEVER .A8S.FX(I).G..ABS.FX(J) 
TEMP=FX(1) 
FX(I)=FX(J) 
FX(J)=TEMP 
temp=xci) 
X(I)=X(J) 
X(J)=TEMP 
PRINT RESULTS X(l), FX(1 ) , X(2 ) , FX(2)

LOOPXA END OF CONDITIONAL
PRINT COMMENT $ NO CONVERGENCES 
THROUGH EVALS, FOR Y1=O.,.l# Y1.G.30. 
CHAR3=CHAR.(Y1)

EVALS PRINT RESULTS Yl, CHAR3 
TRANSFER TO START

I TER 1 R0(Q) = X(3)
PRINT RESULTS ITX, X<3), FX(3)» Û 
T=Y1-.O1 
6 = 0*1  
WHENEVER 0.E.5, TRANSFER TO GO 
TRANSFER TO I TER 

GO PRINT RESULTS RO(1)...RO(4)
R End of program for calculating the roots SEE chapter 7 FOR 
R appropriate equations FOR the following program 
through evali, for t=i,i, i.g.4 
SQRsRO(I)*RO ( I ) 
SQSG = SIG*S  IG
COP1(I)=ROCI)*<35.*SQSG-9.»SQR)/C5.*SIG*(21.*SQSG-11.*S6R))  
C0P2(I ) = 14.*R0CI)*SIG*COP1(I )/(35.*SQSG-9 .»SQR) 
C0P3(I ) = 3.*R0(I)*C0P2( 1)/(7.*  SIG)
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PROGRAM 4 (Continued)

C0P4(I ) = 10.*C3*(21 .-11,*SOR)/(SQR*(9.»SQR-35.)*5.*(1.-2.*C4)  
1 *C21.-11.*SQR))
C0P5( I ) = R0( 1 )*(35.-9.»SQR)*COP4(  1 )/(5.*(21  .-U.*SQR)  )
C0P6(I)=14.*RÜC I)*C0P5(I )/(35.-9,*S0R)
C0P7(I ) = 3.*R0(I)»C0P6(I)/7,  
Fl( I ) = .5*COP1(I)*5.*COP2(I)/8.  
F2(I)=.25*3,«COP1(1)/5.*5.»COP2(I)/8.*2.«COP3(I)/5.  
F 3( I )=.5*C0P4(I)*C0P5(I )*5  « *C0P6 (I)/8, 
F4(I)=.25*C0P4(I  )4 3.* cOP5(I)/5.*5. *C0P6CI)/4.*2,*C0P7(I)/5.

EVALI PRINT RESULTS R0(I), COPIC I), COP2CI), COP3CI), COP4CI), 
1 C0P5CI), C0P6C I ), COP7CI), F1C I ), F2C1), F3CI), F4(1) 
R FOR THE CONSTANT SOURCE PROBLEM WE INSERT CARDS IS AND 2$

AC1,5)=-.5*COP1C1)*S./8.*C0P2(1) . 3M
AC2,5)=-.2543./5.*COP1C1)*5./6.*COP?C1)+2,/5.«COP3Cl) 4M
A(3,5)=-.5*CUP4( 1 )*Cl)P5C 1 )*5./8.*C0P6( 1) 5M
A(4,S) = -.25wC0P4(l)♦3./5.*C0P5C1)*5./8.»C0P6C1)*2./5.*C0P7C1 ) 6M
THROUGH EVALS, FOR 1=1,1, I.Ü.4
AC1,I)=F1(I)
A(2»I)=F2CI)
AC 3,I )=F3( I )

EVALS A(4,I)=F4(I)
PRINT RESULTS AC 1 , 1 ) . ..A(4 »S)
EPSS=1.E-20
DETER = 5IMUL.C4,A, Y.EPSS)
PRINT RESULTS AC 1,1 ) , , ,A(a,5), YCD...YC4), DETER 
THROUGH E V AL 2• FOR 1 = 1,1, I .G.2EE
EXPO1CI)=EXP.C-ROC 1 )*Z3C  I ) ) 
LXPO2C1) = EXP.(-ROC2)«73C I ) ) 
EXPO3CI) = EXP.C-ROC 3)*Z3C  I ) ) 
EXP04CI) = EXP.C-R0C4)*Z3CD)  

R MILNE CARD ONLY
EXPOSC1) = EXP.(RO(1)«Z3( I ))
ASYO1CI) = YC1)*FXPoK D+EXPO5C I ) 7M
RH01(I) = YCl)«EXP01(I)*Y(2)*EXP02CI)*Y(3)»EXP03CI )*Y(4)* 8M

1 EXP04CI)*EXPOSCI ) 9M
RH11(I) = YC1)*COP1(1)*EXPO1C I ) + Y(2)*COPl(2)*EXPO2CI) + YC 3)» 1OM

1 COP1C 3)»EXPU3(I)*YC4)*COP1C4)*EXP04CI)-EXP05(I)*COP1C1 ) 11M
RH21(I)=YC1)*COP2(1)*EXPO1CI)*Y(2)*C0P2C2)*EXP02CI)*YC3)* 12M

1 C0P2C 3)»FXPU3(I)*YC 4)*C0P2C4)»EXPO4CI)-EXP05CI)*C0P2C1) 13M
PH31(I) = YC1)*COP3C1)*EXPO1CI)♦Y(2)*COP 3C2)*EXP02(I>♦Y(3)* 14M

1 COP3C3)»EXPO3CI )*YC4)»C0P3(4)*EXP04CI)-EXP05(I)»COP3(1) ISM
ASYO2C1)=YC1)*COP4(1)«EXPO1(I)+EXPO5CI)«COP4C1) 16M
RH02(I )=Y(1 )«CDP4(1 )*EXPülCI) + YC2)*cOpuC2)*EXP02CI) + Y(3)* 17m

1 C0P4C3)*EXP03CI )*Y(4)*C0P4(4)»EXP04CI)*EXP05(I)*COP4C1) 18M
RH12CI) = YC1)*C0P5C1 )*EXPQ1CI )*Y(2)*C0P5C2)*EXP02CI ) ♦Y C 3 ) * 19M

1 C0P5C3)*EXPO3(I ) + Y(4)*C0P5C4)*EXP04CI)-EXP05CI)*C0P5C1) 20M
RH22CI) = YC1)*C0P6(1)*EXPO1CI)♦Y(2 )*COP6C2)*EXP02CI) + Y(3)* 2IM

1 C0P6C3)*EXP03CI)*Y(4)*COP6(4)*EXPO4CI)-EXPOSCI)*C0P6C1) 22M
RH32CI)=YCl)»C0P7(l)*EXP01CI)*Y(2)*C0P7C2)*EXP02CI)*Y(3)* 23M

1 C0P7C3)*EXP03(I)*yC4)*C0P7C4)*EXP04CI)-EXP05CI)*C0P7C1) 24M
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PROGRAM U (Continued)

EVAL2 PRINT RESULTS Z3( I), RHOl(I)# RhIICI), RHO2CI), RH12( I ), 
1 ASYO1(I)> ASYO2(I) 
R NEXT ThO CARDS ARE MILNE CARDS ONLY 
EXTRAP=-.5/RÜ(l)*EL0G.(-l./Y(l))  
PRINT RESULTS EXTRAP 

R ANGULAR DISTRIBUTION FOLLOWS 
0=1 
through evala, for l=i.,-.i, l.l.-i. 
ANGLE(Q)=3bO./(2.»Pl)*ARCCOS.(L)  

EVALA Q = Q*  1 
THROUGH EVAL3, FOR J=l,t, J.G.ZEE 
0=1 
Through evals, for l=i,,-.i> l.l.-i.
PSIK J>Q) = .5»RhO1(J)* i .5*L»RHH(J)* i,25*(3.*L»L-1.  )*RH21(J)  

1 ♦7./A.«(5.«L.P.3-3.*L)*RH31(J)
PST2(J,Q)=.5«RHD2(J)*l,5*L*RH12(J)tl.25*(3.*L*L-1,)*RH22(J)  

1 ♦7./A.«(5.«L.P.3-3.*L)*RH32(J)
PRINT RESULTS ANGLE(Q). Z 3 ( J ) » PSIKJ.Q), PSI2(J>Q) 

EVAL3 Q=Q+1 
transfer to start 
end of program 

$ COMPILE MAD, EXECUTE, DUMP, PRINT OBJECT
R THIS SUBROUTINE SOLVES THE SET OF SIMULTANEOUS EQUATIONS 
R SEE EQS.(7,30) AND (7.31) FOR DETAILS SEE REF. (18) 
External function stmul.(n,a,x,eps) 
DIMENSION IR(50), JC(50), CJ(5O) 
normal mode is integer 
floating POINT A, RIGA, X, DETER, EPS, AJCK 
N°1 = N+ 1 
UETER= 1 • 
through li, FOR k=i,i, k.g.n 
biga=o. 
through l?» for i-i,i, i.g.n 
through l2, for j=i,t, j.g.n 
through l3, for 11=1,1^ ii.e.k 
through l3, for ji=i,i, ji.e.k 

L3 WHENEVER I.E . IR(11 ) .OR.J .E.JC(JI ), TRANSFER TO L2
WHENEVER .ABS.A(I,J).G.BIGA 
BIGAs.A8S.A(I»J) 
IR(K)=I 
JC(K)=J 

L2 end OF CONDITIONAL
WHENEVER HIGA,L.EPS, FUNCTION RETURN 0 
BIGA = A(IR(K),JC(K) ) 
DETER = D£T£R*HIGA  
through la. FOR J=l,l, J,G.NP1

LA A(IR(K),J)=A(IR(K),J)/3IGA
through li, for 1=1,1, i.g.n 
WHENEVER I.NE.IR(K) 
AJCK = A(I,JC(K ) )
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PROGRAM U (Concluded)

THROUGH L6, FOR J=1 » 1 » J,G.NP1
L6 A(I,J)=A(I,J)-AJCK*A(IR(K),J)
li eno of conditional

THROUGH L7, FOR [=!»!, I.Ü.N 
Cj(IR(I ) ) = JC(I )

17 X(JC(I))=A(IR(I),NP1)
COUNT=0
THROUGH L9, FOR 1 = 1,1, I.E.N
THROUGH L9, FOR J=l*l,l,  J,G•N
WHENEVER CJ(J).L.CJCI ) 
TEMPsCJ(J)
CJ(J) = CJ(I ) 
CJ(I)=TEMP 
COUNT = COUNT+1

L9 END OF CONDITIONAL
WHENEVER COUNT/?.2.NE.COUNT, DETER=-DETER 
FUNCTION RETURN OETFR
END OF FUNCTION 

S DATA
Cl=.59023, C2=,05A4«, C3=. 15963, C4=.44320, Z3(1) = 0,,.5,1.,1.5,2.,
2.5,3.,3.5,4.,4.5,5.,ti.,10.,20., EPSl=l.E-6, EPS2 = l.E-20, S!G=1.50951»
RO(1)=.1376522, 1.162925, 2.06R132, 3.289316, 
ZEE = 14, 1 Tmax = 50 •

R FOR THE CONSTANT SOURCE PROBLEM WE REFER THE READER TO THE 
R PREVIOUS INSTRUCTIONS FOR THE Pl CASE 
R PROGRAM FOR THE SOLUTION OF THE CONSTANT SOURCE PROBLEM 
R BY SPHERICAL HARM0N1CS-P3 APPROXIMATIF

Sl=2.*C2/((l.-2.*c4)*(SIG-2.*Cl)-4.wC?*C3)
S?=(SIG-2.*C1  )/((1.-2.»C4)♦(SIG-2.*C 1)-4.»C2*C3)

A(1,5)=-S1 .
A(2,5)=-Sl/2.
ASYO1(1)=Y(1)*EXPOI(I)+2..S1
RH01 ( I ) = Y( 1 )*EXP01  ( I )tY(2)* ,EXP02( I )**(  3)*EXP03(  I )*Y(4  )*  

1 EXP04II U2..5Î 
RH11(I)=Y(1)»COP1(1)*EXPO1U)*Y(2)»COP1(2)*EXPO2(I)*Y(3)*  

1 C0P1C 3 ) *EXP03(I  )*Y(4)*C0Pl(4)*EXP04(I )
RH21(I)=Y(l)»C0P2(l)*EXP01(I)*Y(2)*C0P2(2)»EXP02Cl)*Y(3)*

1 C0P2(3)*EXPU3(I  ).Y(4)*C0P2(4)*EXP04(I ) 
RH3KI)=Y(1)»CUP3(1)»EXP01(I)*Y(2)»C0P3(2)*EXP02(I)*Y(3)*

1 C0P3(3)*EXP03(I  ).Y(4)*C0P3(4)*EXP04(I ) 
ASY02(I) = Y(1)*C0P4( 1)*EXP01 (I)*2,*  S2 
RH02(I ) = Y(1 )«C0P4(1).EXPOK I)* Y(2)*COP4 (2)*EXP02(I )♦Y(3)»

1 C0P4(3)*EXP03(I)*Y(4)*C0P4(4)*EXP04(I)*2.*S2  
RH12CI)=Y(1)*C0 p5(1)*EXP01CI)*Y(2)*C0P5(2)*EXP02(l)*Y(3)*

1 C0P5C 3 ).EXPO3(I )*Y(4)*C0P5(4)*EXP04(I )
RH22CI) = Y(1)*C0 p6(1 )*EXP01 (I)*Y(2)* c0P6(2)*EXP02C I)♦Y(3)*

1 CDP6C 3)*EXP03(I  ).Y(4)*C0P6(4)*EXP04CI ) 
RH32CI ) = YC1)*C0P7( 1)*EXPQ1 (I)♦Y(2)*COP7 (2)*EXP02 (1) + Y(3).

1 C0P7C 3)*EXPU3(I  ).Y(4)*C0P7(4)*EXP04(I )

DS 
OS 
18 
25 
38 
48 
78 
as 
95 
108 
US 
125 
1 35 
145 
155 
165 
175 
165 
195 
205 
215 
225 
235 
245
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PROGRAM 5

s COMPILE mad. EXECUTE, DUMP, print object
R PROGRAM for the solution of the constant source problem by 
R SPHERICAL HARMONICS-DP1 APPROXIMATION 

DIMENSION X ( 3 ) » F X ( 3 ) » R0C4), CDPK4), COPIAI, COP3C4),
1 CORA(4 ) » C0P5(4 ), COP6C4), C0P7(4), Fl(4), F2(4), F3(4), 
I F 4 ( 4 ), EXPO1 (50), Fxp 0^(50), EXP03(b0), ExP04(50), RH0K50), 
1 RH1K50), RH2K50)» RH31C50), RH02(50). RH12(50), Rn22(5O), 
1 RH32(50), Z 3(50 ) , P S11( 1050,V I M ) , oS I 2( 1050,0 IM ) , ANGLE(21), 
1 Y(4 ), A(?O,VIN), EXP05C50), ASYUt(SO), ASY02(50) 

INTEGER I,J, Q, ZEE, IT<AX, ITX, I Tv 
VECTOR VALUES VIM=2,O,21 
VECTOR VALUES DlM=?.0,21 
VECTOR VALUES VlN=2,0,5

START READ AND PRINT DATA
PI=3.1415926b 
D1=C1*C4-C2*C3  
C = -1 . 
D=24*(SIG*SIG-C1*SIG*1.-C4)  
E=576.»SIG*(C2*C3*(1.-C4)*(C1-SIG))-36.*(SIG.P.3*(SIG-2.*C1>*  

1 l.-2.*C4)
F = -86 4.*SIG«((C1-SIG).(1,-2.*C4)-(1.-C4)*S1G*SIG*(SIG-2.*CD)  

1 -1726.*C?*C3»SIG*(SIG*SIG*1.)
U=-1296.*SIG.P.3-(SIG-2.»C1)*(1.-2.*C4)*5164.»C2*C3*SIG.P.3  
PRINT RESULTS C « 0, E, F, G 
INTERNAL FUNCTION char.(z ) = C»Z.p.B + D*z .?.6*E»Z.P.4*F»Z.P.?*G  
T=.00000001 
0=1 

ITER CHAR0 = CHAR.(T ) 
CHAR1=O. •
WHENEVER CHARO.L.O.
through serchi,fqr yi=t,.01,chari,g.u..or.yi.g.ao. 
WHENEVER Yl.u.40. 
PRINT COMMENT $ NO MGN CHANGES 
TRANSFER TO START 
END OF CONDITIONAL

SERCH 1 CHAR 1 =CHAR . CY 1 ) 
OTHERWISE 
THROUGH SFRCH2, FOR v 1 = T , . 0 1 , C H AR.l . L . 0 . . OR . Y 1 . G . 4 0 . 
WHENEVER Y 1.0.40. 
PRINT COMMENT S NO SIGN CHANGES 
TRANSFER TO START 
Eno OF CONDITIONAL

SERCH2 CHARI=CHAR.(Y 1) 
END OF CONDITIONAL 
X( 1 ) = Y1-.O2 
X(2)=Y1-,O1 
FX( 1 ) = CHAR.(X(1 ) ) 
FX(2)=CHAR.(X(2)) 
through loopxa, for itx=i,i, itx.g.itmax
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PROGRAM 5 (Continued)

NUMEH = XC2)*FX(  1)-XU)*FX(2)  
DENOM = FX(1)-F X(2)
WHENEVER .ABS. OEnOM.l. . AdS.NUn1EH»EPS2 
PRINT COMMENT I DENOMINATOR TOO SMALLS 
TRANSFER TO START 
END OF CONDITIONAL 
X(3)=NUMER/DENOM 
FXf3)=CHAR.(A(3)) 
WHENEVER .A9S.FX(3).le.EPS1 
PRINT COMMENT S PROCEDURE CONVERGED# 
TRANSFER TG I TERI
OR WHENEVER W.E.3.A ND..A 8 à.F X(3 ) .L . .005 
TRANSFER TO 1 TER 1 
OR WHENEVER U.E.A.AND,.ABS.FXC3).l..01 
TRANSFER to I TERI 
END OF CONDITIONAL 
through LOOPXA, FAR 1 = 1,1, I ,G,2 
Through loopxa, f-jr j=i + i,i, j.g.3 
WHENEVER .APS.FX(I).G..A9S.F X(J) 
temp = fx( i ) 
FX(I )=FX(J) 
FX(J )=TEMP 
TEMP = X(1 ) 
X(I)=X(J) 
X(J)=TEMP
PRINT RESULTS X( 1 ), FX( 1 ) • X(2 ) » FX(2) 
WHENEVER FX(1 ) .E.FXC2) 
FX(3)=FX(1 ) 
X(3) = X( 1 ) 
TRANSFER TO 1 TER 1 
END OF CONDITIONAL

LOOPXA END OF CONDITIONAL
PRINT COMMENT S NO CONVERGENCES 
through evalô, for *1=0.,. i, yi.g.30. 
CHAR3 = r. HAR.CYl )

EVALS PRINT RESULTS Y 1, CHAR 3 
transfer TO START

I TER 1 RD(O) = X(3)
PRINT RESULTS l T X, X(3), FX(3), Q 
T = Y 1-, 01 
Q = Q*  1 
WHENEVER Q.E.5, TRANSFER TO GO 
transfer to iter

GO PRINT RESULTS RO(1)...RO(4)
S1 = 2.*C2/((1.-2,*CM*(SIG-2.*C1)-A.*C2*C3)
S2=(S1G-2.*C1)/((1.-2.*C4)«(SIG-2.»C1)-4.*C2*C3)  

THROUGH EV AL 1 » FOR 1 = 1,1, I.G.4 
SOR = RQ(I)»R0( I )
SQSG=SIb*SIG
C0PKI)=R0(I)»(12.*SQSG-SQR)/(12.*SIG«(3.*SQSG-SQR) )
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PROGRAM 5 (Continued)

C0P2(I)=9.*Slü*RO(î)*COPt< I)/(2.*(12.*SQSG-$QR))
COP3C I )=RDC I )*CDP2(I  )/(6.*SIG)  
C0P4CI)=24.*C3*(SQR-3.)/(SQR*(12,-SQR)♦12.*( 1.-2.*C4)*(SQR  

1 3.))
C0P5U )=R1(I )«(SQR-12.)*C0P4(I)/(12.*(SQR-3. )) 
C0P6(I) = 9.»RU(I)*C0P5( Î)/C2.»(12,-SQR) ) 
COP7( 1 )=ROCI )*COP6(I>/6.
Fl(Î ) = .5*.75*COP1(  I )-COP3( I ) 
F2(I ) = ,25*COP1 (I )♦?./3.*CUP2(I  )*C0P3( 1) 
F3(1 ) = .5*C0P4(I  )*.7S*C0P5( 1)-COP7(I) 
F4(I ) = .25*C0P5(I  )*2./3.*COP6(I  )*C0P7(  I )

EVALI print RESULTS RO(I), COPKI)» COP2(I), CQP3(D» C0P4CD# 
1 C0P5(I), C0P6( I ), CQP7C1), F1(I), F2(I), F3(I), F4(I)
A(1,5)=-S1 
A(2,5)=0. 
A(3»5)=-S2 
A(4,5)=0. 
Through evals> for 1=1.1, i.g.u 
A(1,I) = F1( I) 
A(2,I)=F2(I) 
A(3. I )=F3(I ) 

EVAL5 A(4,I) = F 4 ( I )
PRINT RESULTS A(1.1),,.A(4,5 ) 
EPSS=1.E-20
DETER=SIMUL.(4,A,Y.FPSS)
PRINT RESULTS A( 1 , 1 ) . , . A(4,5)> Y(1),..Y(4)> DETER
THROUGH EVAL2. FOR 1=1,1» I.G.ZEE
EXPOK I )=EXP.(-RO( 1 )*Z3(  I >)
EXPO2CI) = EKP.(-RO(2)*Z3(D)  
EXPO3(I)=EXP.(-RO(3)*Z3(I))  
EXPO 4 ( I) = EXP,(-RO(4)*Z3(D)  
RHO1(I)=Y(1)*EXPO1 (I)*Y(2)*EXPU2CI)*Y(3)*EXPO3(I )♦Y C 4)• 

1 EXP04(I)*2.«S1
ASYO1(I)=Y(1)»EXPO1(I)*2.»S1  
RH11(I)=Y(1)*COP1(1)*EXPD1(I)*Y(2)*c0Pl(2)*EXP02(I)*Y( 3)*  

1 COPIC3)*EXPO3(I)*Y(4)*C0Pl(4)*EXP04CI)
RH?1( I) = Y(l)«C0P2(l)*EXP01CI)*Y(2)*COP2(2)*EXPO2(I)*Y(3)*  

1 COP2(3)*EXPU3(I)*Y(4)*C0P2(4)«EXP04(I )
RH31( I ) = Y(1)*C0P3( 1)*EXPO1CI)*Y(2)»C0P3(2)*EXP02(I )♦Y(3)*  

1 C0P3(3)*EXP03(I)* yC4)*C0P3(4)»EXP04(I )
RH02CI ) = Y(1)*C0P4( 1)*EXPO1 CI)♦Y(2)»COP4(2)*EXP02(I )♦Y(3)*  

1 C0P4(3)*EXP03(I)*YC4)»C0P4(4)«EXP04(I)*2.*S2
ASY02(I)=Y(1)*C0P4( 1)»EXPO1(I)*2.*S2
RH12(I ) = Y(1)*Cl)P5( 1)*EXPQ1 (I)*Y(2)*c0P5(2)*EXP02(I)*Y(3)*  

1 C0P5(3)*EXPO3(I)*Y( 4)«C0P5(4)*EXP04 (I)
RH22( I ) = Y(1 )*C0P6( 1)»EXPQ1(I)*Y(2)*c0P6(2)*EXP02(I)*Y(3)*  

1 C0P6(3)*EXPO3(I )♦¥(4)*C0P6(4)*EXP04(I )
RH32(I ) = Y(1)*C0P7( 1)*EXPO1( 1)*Y(2)*C0P7(2)*EXP02(I)tY(3)*  

1 COP7(3)*EXPU3(I)*Y(4)*C0P7(4)«EXPQ4( 1)
EVAL2 PRINT RESULTS Z3(I), RHOl(I)» RHll(I), RH02CI)» RH12CD»
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PROGRAM 5 (Continued)

1 ASYO1CI), ASY02(I)
R ANGULAR DISTRIBUTION FOLLOWS 

0=1 
through evala» for L=i.,-.i. l.l.-i. 
ANGLE (Q ) = 36O./(2,*PI  * ARCCOS . ( L )

EVAL4 0 = 0 + 1 
THROUGH EVAL3» FOR J=t,l, J.G,ZEE 
0=1
through evals, for l«i.,-.i, l.l.-i.
WHENEVER L.G..001
PSlltJ»Q)=.5»RH0t(J)-2,*RH21(J)-*.»RH31(J)+L*C4.*RH21 (J)+

1 3./2«*RH11(J)+6,*RM3 i(j))
PSI2(J»0)=.5*RH02(J)-2,*RH22( J)-A.»rH32(J)+L*(4.*RH22(J)+

1 3./2.«Rh12(J)*6.*RH32(J) ) 
OR WHENEVER L.L.-.001
PSI 1(J#0) = .5«RH01(J)-2.*RH21( J) + A.* rH31(J)+L = C-4.*RH2 1(J) + 

1 3,/2.*RH11(J)+6.«RH31(J))
PSI2(J,0)=.S*RH02(J)-2.*RH22( J)+4.* rH32(J)+L*<-4.*RH22(J)+  

1 3./2.*RH12(J)+6.*RH32(J) )
R HERE WE CALCULATE THE DISCONTINUITY IN THE ANGULAR 
R DISTRIBUTION AT MU»0.

OR WHENEVER Q.E.ll
0I SP 1 =»5»RHO1(J)-2.*RH21(J)-4,*RH31CJ)+L*C4.*RH21(J>*

1 3./2.«RH11(J)*6 e*RH31(J)  )
DISP2 =.S*RH02(J)-2.»RH22(J)-4,»RH32CJ)*L*(4,*RH22(J>+

1 3./2.*RH12(J)+6.*RH32(J))
DI SMI =.5»RH01(J1-2. + RH21(J)+4,*RH31(J )+L*C -4,»RH21(J) +

1 3,/2.«RH11(J)+6.*RH31(J))
0ISM2 =»5*RH02(J)-2.*RH22(J)*4.»RH32CJ)+L*C-4.*RH22(J)+

1 3./2.*RH12(J)+6,»RH32(J))
PRINT RESULTS DISP1» DISP2, 0ISM1, DISM2> ANGlE(O) 
END OF CONDITIONAL
PRINT RESULTS ANGlE(O)> Z3(J), PSI1(J,O), PSI2(J,Q)

EVAL3 0=0*1  
TRANSFER TO START 
END OF PROGRAM

S COMPILE MAD*  EXECUTE*  DUMP, PRINT OBJECT 
EXTERNAL FUNCTION S1MUL.(N*A*X*EPS)  
DIMENSION IR(50 ) * JC(50)*  CJ(50) 
NORMAL MODE IS INTEGER 
FLOATING POINT A, RIGA, X*  DETER*  EPS, AJCK 
NP1=N*1  
DETER=1 .
through li* for k=i*i, k.g.n 
biga«o.
through 12*  for 1=1,1, i.g.n 
through lz* for j=i*i, j.g.n 
THROUGH L 3*  FOR 11 = 1,1. Il.E.K 
THROUGH L3, FOR Jl = l*l*  Jl.E.K

L 3 WHENEVER I.E.IR(It).OR,J.E.JC(Jl), TRANSFER TO L2
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PROGRAM 5 (Concluded)

WHENEVER ,ABS.A(I,J).G.8IGA 
BIGA=.A8S.A(I,J) 
1R(K)=I 
JC(K)=J 

12 END OF CONDITIONAL
WHENEVER RIGA.L.EPS» FUNCTION RETURN 0 
eiGA=A(IR(K),JC(K)) 
DETER = OETER*BIGA  
through la# for j«i#i, j.g.npi 

LA A(IR(K)#J)=A(IR(K),J)/BIGA
THROUGH Lt# FOR 1=1#1# I.G.N 
WHENEVER I.NE.IR(K) 
AJCK=A(I,JC(K) ) 
through lg* for j.g.npi 

L6 A(I,J)=A(I#J)-AJCK*A(IR (K)# J)
LI ENO of conditional 

THROUGH L7# FOR 1=1.1, I.G.N 
CJ(lR(I))=JCCl) 

L7 X(JC(I))=ACIR(I),NP1)
COUNT=O 
THROUGH L9# FOR 1=1.1, I.E.N 
through L9# for j=i+i,i, j.g.n 
WHENEVER CJ(J).L.CJd) 
TEMP=ÇJ(J) 
CJ(J)=CJ(I) 
CJ(I)=TEMP 
COUNT = COUNT♦1 

L9 ENO OF CONDITIONAL
WHENEVER COUNT/2*2. NE.COUNT, DETER = -DETER 
FUNCTION RETURN DETER 
end of function 

$ DATA _ .
Cl = .59023, C2=.05AA8, C3 = . 15963, CA=.A4320, Z3(1)=0.,.5,1.,1.5,2. , 
2.5,3.#3.5,A.,A.5,5.#8.,10.,20., EPSl=l.E-6, EPS2=l.E-20# SIG=1.50951 
ZEE-lA# ITMAX=50 * 

R FOR THE SOLUTION TO THE MILNE PROBLEM IN THIS 
R APPROXIMATION WE REFER THE READER TO THE PREVIOUS P3 PROGRAM 
R FOR THE APPROPRIATE CHANGES, ALSO SEE CHAPTER 7


