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SOLUTIONS OF THE TWO-GROUP TRANSPORT EQUATION
IN PLANE GEOMETRY

By Dale R. .Metcalf

The main objective of this thesis is to obtain exact solutions to the two-
group neutron transport equation utilizing the singular eigenfunction approach.
By this method exact solutions to a limited set of problems can be obtained
against which the accuracy of conventional approximations may be tested.

A detailed study was made of the singular eigenfunctions of the two-group
transport equation. A convenient linear combination of the continuum eigen-
functions was selected to simplify later analysis. Using these eigenfunctions,
a full-range completeness proof for infinite medium applications is presented.
For the half-range case, reliance is placed on a half-range theorem proved
several years ago and (with this as authority) the general half-range problem
is rederived in a form convenient for numerical analysis. Explicitly, two
coupled equations are obtained where the unknowns are the discrete and one
continuum mode expansion coefficients. Finally, the remaining continuum mode
expansion coefficient is expressed directly in terms of the other two coef-
ficients. This general result is then applied to the solution of two typical
half-space problems, the Milne and constant source problems. For comparison
purposes the solutions of the two-group Milne and constant source problems
are also obtained in the P;, P3, and DP, approximations.

Special numerical methods developed for the computer solution to the exact
problem are discussed in detail. Of particular importance is the development
of a relatively fast and accurate method for calculating singular integrals.

Computer codes are written in the Michigan AlgorithmDecoder (MAD) lan-
guage and a complete listing is given. With these codes anyone can (with dif-

ferent cross section sets) test the accuracy of conventional approximation
methods.

Calculations are performed for four light water systems with varying
amounts of absorption. These calculations show that although the P; approxi-
mation yields fairly good results for the total flux and current, the angular
distribution is not so well represented especially at the interface. The Pa
approximation continues to give negative inward angular fluxes but of a re-
duced magnitude. The DP; method improves significantly on the P; and P3 angular
fluxes as well as on the total flux and current. The boundary condition at the
vacuum-medium interface can be specified exactly in the DP; approximation;
therefore, the exit angular distribution at the boundary is well represented.

An interesting result from this study was in the constant source case the
exit angular distribution becomes less pronounced in the forward direction
with increased absorption in the medium. This is in contrast to the Milne prob-



lem where the opposite effect is noted. Also of interest is the fact that the
P, spproximation in two-group theory yields two eigenvalues in the continuum
(as well as two outside the continuum) while in the one-group case both eigen-
values are outside the continuum. This means that in two-group theory mcre

than just the asymptotic solution is obtained even in the lowest order approxi-
mation.

In two-group neutron transport theory, the Ps and DP; approximations pre-
sent essentially the same computational difficulty. We conclude that in re-
actor physics design analysis (with reactor parameters similar to those studied
here) the DP, approximation is much to be preferred over the Ps.
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I. INTRODUCTION

Essentially all of the (static) physical properties of a nuclear reactor
are determined by a knowledge of the velocity and space dependent neutron
£lux. This quantity obeys to a very high approximation the neutron transport
eq_uation.l In its full generality, this equation is too difficult to solve
even for the present generation of digital computers. For this reason var-
ious approximation techniques have been developed through the years to deter-
mine the flux in nuclear reactor systems.2 The usual criterion for assessing
the accuracy of the calculations has been to compare the results with critical
experiments.3 The three main sources of error in these comparisons are the
cross sections used, the geometric model of the reactor, and the simplifica-
tion of the transport equation to a tractable approximate form. The calcula-
tions have often given results that compare quite well with critical experi-
ments.5 But there remains a certain amount of justified skepticism in the
calculations when one attempts to study a new and different system on which
no experimental data exist. Furthermore, the current requirements for
economic performance of power reactors entail a great deal more than a simple
knowledge of the static criticality factor. It has been well-documented that
calculation of temperature coefficients, burnup, etc., require more sophis-
ticated treatments of the transport equation.h

In the absence of detailed experimental information, it is possible to
use exact solutions of the transport equation as test cases to assess the

validity of various approximation schemes. Needless to say, the physical model



involved must be grossly simplified, but it is still possible to interpret
the accuracy obtainable from the approximate methods when they are then ap-
plied to practical systems.

The first detailed numerical efforts along these lines were made by
Mendelson’ who treated the one-speed model in some detail. Our purpose is
to extend these results to the "two-speed" (or as it is generally called the
"two-group") approximation. This is the nex;‘logical extension to the grossly
inadequate treatment of the neutron energy spectrum in & reactor yielded by
the one-speed approximation. 1In fact, many reactors are treated reasonably
well with two-group theory.5 For those systems which do require more groups
(fast and intermediate systems particularily) the present work serves as a
guide for the extension to a multigroup approximation.

As a matter of fact, although there has been considerable effort ex-
pended in recent years to obtain exact analytical solutions to the transport
equation (as 1s described in detail in Ref. 1), the reduction of these re-
sults to numerics has lagged. Obtaining numbers from the analytical formu-
lae is far from a trivial problem, the major reason being the different and
unusual nature of the functions involved. This point is clearly made in
Mendelson's work.>

Thus, two contributions are made in this thesis. First, the (singular)
elgenmodes of the two-group transport equation are studied in some detail
and the two-group equations are reduced to a form convenient for numericsal
analysis.. Then, the numerical analysis is carried through and comparisons

are made to standard approximetion methods. Some attempt is made to draw



general conclusions as to the range of reactor parameters for which the com-
mon approximation schemes are valid.

The two-group case has been studied previously by Zelazny and Kuszell.6
They succeeded in proving a "completeness theorem" which in effect tells us
that the normal modes which we develop are adeguate to solve all infinite
and semi-infinite medium problems. We depend upon this theorem, but because
the results of Ref. 6 are not presented in a form convenient for numerical or
analytical computation much of their analysis is redone. Siewert and Zweifell
have obtained analytical solutions to a very special two-group problem, but
their restrictions upon the parameters involved are invalid in the neutron
transport case. (This work was applied to the problem of radiative transport.)
Siewert and Shieh8 have carried out some preliminary work on the more gen-
eral problem considered here, but their results can be applied directly only
to infinite medium problems. Recently some unpublished work along similiar
lines to that described here has come to our attention and we are able to
incorporate some of these results into our work.9

Aside from these very little work similiar to that presented here ap-
pears in the literature. Most of the effort expended upon the exact energy-

dependent transport equation has been applied to neutron thermalization prob-

lems.lo

Specifically, we treat the one-dimensional two-group transport equation

with isotropic scattering. The method, based on Case's singular eigenfunc-

tion a.pproa.chl’ll is a logical extension of that described in Ref. 7.



In Chapter II we develop the appropriate eigenvectors and eigenvalues.
In Chapter III we present a full-range completeness proof such as is neces-
sary in infinite medium applications. As we have mentioned, similiar the-
oreﬁs have been proved in Refs. 6 and 7, so our treatment is brief, and is
presented only because we use a different (end we believe more convenient)
notation. In Chapter IV we re-derive the half-space problem in a form con-
venient for numerical analysis. Zelazny and Kuszell6 have proved complete-
ness and we do not repeat their work. (Anyway, the completeness theorem is
not constructivel? so its utility is more or less academic.) In our final
equation the presence of a nondegenerate Fredholm term prevents the usual
Weiner-Hopf factorization. We develop a pair of coupled equations where the
unknowns are the discrete and one continuum mode expansion coefficients.
These equations can readily be solved with a computer program which is pre-
sented in Appendix D. 1In Chapter V we solve the two-group Milne and con-
stant source problems. Some important simplifications are developed by using
the X-function identities listed in Appendix A. Some of the special, unique
numerical methods which were developed for the computer solution are dis-
cussed in Chapter VI. In particular, a relatively fast and accurate method
for the evaluation of singular integrals is presented. In Chapter VII we
develop the spherical harmonic solutions to the two-group Milne and constant
source problems. These solutions are developed in the Py, Pa, and DP; approx-
imations.13 To solve the Milne and constant source problems in these approxi-
mations most efficiently, a series of computer programs were written. A

listing of these computer programs is given in Appendix D. Some special



problems, which are not of great imporfance to the overall goals of this

thesis, are discussed in Appendices B and C.



II. EIGENFUNCTIONS AND EIGENVALUES

The two-group transport equations with isotropic scattering in plane geom-

etry can be written7

1 .
" gg] (1) 4 gyyy(x,u) = 2%1 fl Vo (x,u)dp + géa-fl Vo (%, )dp (2.1a)
X - -

s (%, 1 |
B 3\);; x W o O2ys(x,n) = 9:-1 fl vy (x,u)dp + 953 {i Vo (X, )du (2.1b)

wl(x,p) and wz(x,p) are the angular fluxes in groups one and two respec-
tively, o0, and oz are the total macroscopic cross sections for each group and
the Uij are the macroscopic scattering transfer cross sections which describe

the transfer of neutrons from group j to group i. All g's are assumed to be

_

spatially independent.
We make the nonrestrictive assumption that oz < o and we divide Egs.
(2.1) by 0z2. By defining o = 0,/02 and using the optical length z = 02X,

we write Egs. (2.1) in the same convenient matrix form as in Ref. 6:

1
b v + Tylen) = g [ ylewa (2.2)
where
fo 0 Wl(z,u)
; = ’ E(Z:U-) = )

o 1 Vo (2,n)

Cix Ci2 s s

g = a.nd. Cij = 1

- Cz21 Caz 202



As usual we assume solutions of the form

i(z)ll) = e-z/q E(n,u) . (2.3)

This ansatz when substituted into Eq. (2.2), and after cancellation of the

space dependence, yields the eigenvalue egquation (n is the eigenvalue),

1
AF(m,u) = ng fl F(n,n)du (2.4a)
where
_/on-u 0"
A = . (2.4b)
0 =K

In contrast to the one-speed case where two eigenvalue spectrum con-
sisting of the discrete eigenvalues of megnitude |n| > 1 and a continuous
spectrum in the range ne[-l,l],l we must here consider three separate regions
for the spectrum since in Eq. (2.4b) the term on-p does not vanish in the
intervals nel-1, =] and nel =,1]. (Recall that 1.)
in s ne y 3/ end nel 7,11, eca at o > 1.

Following Siewert and Zweifelj we consider Region 1 of the continuous
spectra as nel- %, l]. The eigensolutions in this region are twofold degen-

o
1)

erate and will be denoted by Ei (n,u) and Eél)(n,p). To obtain linearly

independent eigensolutions, we first normalize by

1 /i
e e =< ) (2.50)
0
where
Fl 2('{])“)



We substitute Eq. (2.5a) into Eg. (2.4a) and solve for F(l)(n,u)- Explicitly

=1
P = IR ()8 (onw) (2.6a)
and
P ) - 2?1z (n)s(now) (2.6b)
where
Mn)
Alm) = >
Na(n)

is to be determined from Eq. (2.5a).

By integrating Egs. (2.6) over du and using Eq. (2.5a),we find

A(n) = 1 - 2Cyant(on) (2.72)
“aa(n) = -2Caint(n) (2.70)
where
1
P/ S - liﬂﬂ> = 2 tanh™(on) = 2r(on) . (2.7¢)
-1 an-p 1l-om

The symbol P in Egs. (2.6) indicates that the integrals are to be interpreted

in the sense of the Cauchy principal value,

With Egs. (2.7) inserted into Egs. (2.6),we have

CaanP + [l-2nC11T(Uq)]6(0q-p)
on~p
B -  es

Qﬁ;nz - 2C2177 (n)8 (n-n)
-



A similar procedure with the normalization

1 _(1) 0
‘Il Fa ('ﬂ:ll)dl-l = (l) (2.9)
leads to the result
(1) g&?ﬂz - 2C12'r]'r(0'r\ )6(01’1-;1)
Fa '(n,u) = ( V¢ . (2.10)
CaznP . [1-2nC227(n) 18 (n-p)
\ n-p
Thus the two linearly independent eigenvectors for qe[- %, %J are given by

Eq. (2.8) and. Eq. (2.10).

Next we consider ne(-1, - %] and ne| %,1], (Region 2). Defining the eigen-

-

vector as Eﬁ2)(n,p)‘qu noting that the normalization is arbitrary, we use

) a1(n) 2nCi27(1/on)
fl Eﬂa)(n,u)du = j) = <f (2.11)
-1 az(n) 1-2C11nT(1/0n)

(2)
F1%7(n,u)
E(E)(U:N) = (2) .
Fz (T])IJ)

From Eq. (2.4), we have

where

PP, - Szl Ganez(n) (2.122)
- on-H

(2.12p)

Fég)(n,u) = M+ gaﬁ%ﬁa-gglp+ )\.(n)f)('q-p.) .

n-w

We integrate each term in Egs. (2.12) over du and use the normalization

given by Eq. (2.11) to derive
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AMp) = 1 - 2nCazt(n) - 2qCya7(1/on) + 4en2t(n)v(1/on) (2.13)

where

C = det

o

Equations (2.11) and (2.13) are inserted into Egs. (2.12) to derive the
following eigenvector for Region 2:
Cazn/on-u
F(z)(ﬂ,u) =
)P, s(q-uinin)/ . (2.1k)
n-H
Here t(n) = C22-2qCt(1/on) and A(n) is given by Eq. (2.13).
Next we consider n¢[-1,1] and define the associated eigenvector as
Fl(T\JU-)

E(T\:l-l) =
Fz(ﬂ,u)

In this case, Eg. (2.4) can be solved directly to give

-
1 1

Fi(q,u) = J— [C1a fl Filn,u')ap' + Ci2 [ Falq,n')dp’ (2.15a)
on=-H - -1
1 1

Falq,u) = H?; C2y {1 Fy(n,u')dp' + Caz [1 Fz(n,u')duf] . (2.15b)

We integrate Egs. (2.15) over du to obtain the following secular determinant

whose zeros yleld the discrete eigenvalues:

1-2C31n7(1/0on) 2C12n7(1/0on)
= 0. (2.16)

2Cgln-r(l/q) 1-20221]1'(1/1])
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By defining the dispersion function Q(z), we have
Q(z) = 1-2cyy27(1/0z)-2Cozz7(1/2)+4C227(1/z)r(1/0z) = 0O . (2.17)

We have replaced n by the complex variable z to indicate that the roots can
be real and/or complex. We can easily see from Eq. (2.17) that if n{ is the
positive root then N3 is also., And if 14 1s a complex root of Eq. (2.17),

ﬂf is also., We have

2(-ny) = alny) = 0 (2.18)

n,) = ) = o . (2.19)

Zelazny and Baran9 have made a detailed study of Eq. (2.17) to determine
the number and type of discrete roots as a function of the Cij‘s and g, We
reproduce in Table 2.1 their results which take into account all possibilities.
For the two-group problems considered in this thesis we have only two dis-
crete eigenvalues. By virtue of Egs. (2.18) and (2.19) these must be real
or imaginary. In fact from Table 2.1 we note that the discrete roots are
either real and/or purely imaginery. Therefore the eigenvalues occur in #*
pairs and we denote these by #n; with associated eigenvectors Fj.(p).

The normalization in Egs. (2.15) is arbitrary. If we use the same ;orm-
alization as in Region 2 (with n; n)s we derive the discrete eigenvectors
for n¢(-1,1]; namely

Ciong/oniu Eii,l(“)

E’ii(u) = = (2.20)
n1t(ng)/ng-n Eii,z(ﬂ)
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93 TUTJUI g pu® Assuideul g g/o = D2~80o+TT)
KArgutSewy g PUB TB3Y C 2/o < p2=28po+TT) 2/T < @9 pue g/o < 1D
Laeurdeul + 2/o > 0e-22po+TTY
93JUTJUI g PuB TB3Y ¢ 2/o = d2-%800+TTp (9/T)102 > €8
LrsutBeul g pus TB3Y ¢ g/o < 02-82o+11) 2/1 > &0 pue g/o > TTp 0<9D
Tesy # 2/o > Je-220owT11)
Lreutdeul g 2/1> 280 pue g/o < 1)
pue JI0
189y ¢ 2/T < 28 pue g/o > TTp
2 TUTIUI 2 g/o = 02-28po+11)D (o/T)102 < 22D
Lxeuilewy 2 2/o < 02-8%00+1TD 0<D
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93 TUTIUL g g/o = 02-2200+TT)
LreutdeuI g 2/0 < 02-8%00+11) 0>90
TesY ¢ g/o > 02-88Do+T1D
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T894 C g/o > 2200411 3

sq.004
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where
t(qi) = 022-2quT(1/Uﬂi)

We note that Q(z) is analytic in the complex plane cut along the real

axis from -1 to 1. Introducing the notation

Qi(n) = 1, ne Region i
= 0, otherwise,
we easily find
0t (n) = 1-2Cazpt(p)~2C3yp7(op)8; (1) =2C1 1u7(1/0p )62 () +4Cu®r (u)T(on )6y ()

+4Cp21 ()7 (1/0p )02 (k) -n2p2CO; (u)2nip(Ca2+Cy168; (W) -2CuT(on )0, (1)

-QCu‘r(u)Gl(p)-2CpT(l/Up.)Ge(u)] . (2.21)

Here Q% represent the boundary values of Q(z) as the branch cut is approached

above)

from (B299%). That is, 0¥ (n) = Lin Q(ptie).

It is convenient to use the following linear combination of Region 1

eigenvectors:
1 (1) 1 p{l)
, = X S SH). 2.22)
g, (n,u) coh (n,u o (nsu (
Explicitly,
i ) é:s(cﬂ'l-l)
W) = )
b . CnP - 8(n-u) [Cy1-2CnT(n)] (2.23)

C11Ci2(n=-p) Ci2Ciy

The following linear combination is & convenient eigenvector valid over

the full range, nel-1,1]:



14

ﬁz(n,u) = EClzn'r(on)Gl(n)F_l(l)(n,u) + [1-2011717(011)lel(n)-lf_“él)(n,u)

+ £@)(q,m)02(n) . (2.24)

Again the explicit form is

) Ci2nP/on-u
2\, .
n&(n)P . N ) (n-u) (2.25)
n-u
Here we define
g(n) = Caz2-2Cy7(on )01(n)-2Cn7(1/0on)62(n), (2.26)
AMn) = 1-2C22n7(n)-2Cy11n7(0n )81 (n)-2C11n7(1/0n)62(n)+4Ch27(n)r(on)e1(y)
+4Cn2t(n)7(1/0n)e2(y) . (2.27)

In comparing Eq. (2.27) with Eq. (2.21), we note that we can write Eq.

(2.27) in the compact form

am) = SRE) |, r2nzce,(q) | (2.28)

Also (for later use) we have from Eq, (2.21) -

+ -
f(u) = g (;)-Q W) C22+C1103 (p)~2CuT ()83 ()
i

- 2Cut(ou)ey(u)=-2Cur(1l/ou)ea(n) . (2.29)

Thus the eigenvectors consist of the two continuum modes él(n,u) [Ba. (2.23)],
nel- %%ﬁ%ﬂi‘ég(ﬂ,u) (Eq. (2.25)], nel-1,1]; and the discrete modes Fy.(u)

[(Eq. (2.20)].



III. TWO~GROUP FULL-RANGE COMPLETENESS8

The full-range theorem is stated as follows:

Any function !(u) of class Gl can be expanded using the eigenvectors
Ba(nou)s galn,n), and Fyelp).

We follow the standard procedure of attempting an expansion in terms of

the continuum modes only; namely,

\Vl(u) 1/0 1
ylp) = = J ar(n)g, (n,uldn + [ oa(n)da(n,nl)dn . (3.1)
— -l/o‘ L B "l -y
Vo lu)
We substitute the explicit form of él(q,u) and é?(q,u) as given by Egs.

(2.23) and (2.25) into Eq. (3.1), and perform the integrations where possible

to arrive at

1
G - B cpp g e (3.2)
¢ o Moqoa(n)ay | oa(w)ealu) )
tau) = C11Ca12 F {l/c n=n C12C13 (Caa-2Ck (u)]

1
R R (5.3)

We solve Eg. (3.2) for oy(u/o) and then make the change of variable, u/o =y

to obtain

1 ' ' ' .
ar(n) = oCyav, (on) - C11Ci2 Il Pn:?f: Mon' (3.4)

The insertion of Eq. (3.4) for ai(n) into Eq. (3.3) yields

15
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+

Valu) + S fl/o Pny, (on)dn - v, (ou)ey (u) [C11-2CuT ()]

Gz ~1/0 N-n
- ¢ /M may g Pwe(“ L - oy (u)(2Cut(p)- Cn)f Enloz(n')dn’
-1/ MK -1 -1 n'-n

+

fl Pnoz(n)g(n )dn + oo (pIn(pn)

[, Bl (5.5)

The integration over n in the first term on the right-hand side of
Eq. (3.5) can now be performed by using the Poincaré-Bertrand formulall

and the partial fraction decomposition

1 = X B, > . 6
renTeres Bl Cemi e e
The result is
/0 B b BeRllan’ L ceezon(we, ()20 [ PLcain )
-1/0 n-p -1 n'-n B

+ [8fu)t(op)+62(u)T(1/on)-81(n " )r(on ")

- 620" )r(1/on")] . (3.7)
We define
V) = vl + S B O (on)an o oy ()6, () (Csy-20ur ()]
Cl2 -1/0' n-H Cla (3.8)

By using Eq. (3.7) and Eq. (3.8) and recalling Egs. (2.28) and (2.29), we

write

+ - + -
v'(n) = Q 21;3 p Ii naﬁfﬁ)dn+ £9) (u)+§ (w)loo(u) . (5.9)
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As usual we introduce an auxiliary function

- 1 ! onoe(nldn
Nz) = Fx [ m—s (3.10)
with boundary values given by the Plemelj formulaelu:
+ 1 1
N(u) = L-p/J naz(nldn , 5 noz2(n) . (3.11a)
2ri -1 7q-u
Therefore .
+ -
N (u)-N" ()
az(pn) = — (3.11b)

R

We write Eq. (3.9) in terms of these boundary values to obtain the factored

form

et (p) = Nt (p) - N (u) . (3.12)

This has the immediate solution

N(z) = Lt fi&\“u_.s_)_@&_

oxi 0(z) - (5.15)

From Eq. (3.10) we note that N(z) must be analytic in the complex plane cut

from -1 to l.. In order that N(z) have this property for z = tn; we require

flm = 0 (3.14)
-l pFay

where we recall the iny; are the discrete eigenvalues.

Our original expansion of y(p) was only in terms of the continuum modes.
We have the discrete modes available to satisfy Eq. (3.14). Thus we make

the replacement of y(u) by
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W(P) - § Ay Ei+(u) - % Ai- Ei-(u) . (3.15)

We recall that H(“) contains components ¥,(u) and y,(p) and y'(p) is & func-
tion of these components as given by Eq. (3.8). Thus y'(n) in Eq. (3.1L)

is adjusted according to (3.15) and with two pairs of roots we would have

four equations with four unknowns from which the discrete coefficients, Ay,
coul@ be found. With the discrete coefficient known we would then determine
o2(pn) from Eg. (3.11b) where the boundary value of N(z) are determined from
Eq. (3.13). Also in Eq. (3.13) we must modify y'(u) according to (3.15).

With az(u) known, @;(u) is calculated from Eq. (3.4). A better procedure for
the full-range.case is to provean orthogonality theorem as Siewert and ShieHBQ
have done. This procedure makes possible the calculetion of various normal-
ization integrals from which the expansion coefficient can be derived directly

for any particular full-range problem by taking scalar products.



IV. TWO-GROUP HALF-RANGE CASE

From the completeness proof of Zelazny and Kuszell,6 we know that the
normal modes of the transport equation provide us with sufficient eigenfunc-
tions to solve half-space problems. By a procedure which is in many respects
similar to the completeness theorem proof described in the previous chapter,
we develop equations for the expansion coefficients in a form convenient for

numerical calculations.

The expansion for the half-range case, which we assume is valid from

the work of Zelazny and Kuszell, is

Wl(l-l) 1/0 1
¥l) = (W ( )) = é a1 (n)g, (n,u)dn +(!; oz(n)d,(n,u)dy . (4.1)
2k

We note that we are using the continuum modes only, the discrete mode will
be introduced later. Using the explicit form of @ (n,u) and p=(n,u) [Egs.

(2.3) and (2.25)] in Eq. (4.}) and performing the integration over the

delta functions yields

_ a) 1 naa(n)a
v, (w) = géé"flL + Cy2P £ naa__a_q (4.2a)
and
- et MTmma L 1 (o, () oy (e ()
Yo (1) cem T o " oo ou ut(p) Jog (p)ey (n
+ P (f)l noz(nlelnldn 4 o (1 )os(u) . (4.2b)
n-K

Making the change of variable u -+ po in Eq. (L.2a) and solving for oy (u),

we obtain

19
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1
oy(p) = Ucllwl(ud) - C11C32 + é Dgﬁéﬁlﬁﬂ . (4.3)

The insertion of Eq. (4.3) into Eq. (4.2b) gives

yo(w) + S p paalonkdn | o

Cy;-2C e
Cia o — Cio 11 MT(H)]WI(UP) 1(p)

cPp fl/o 1'dn' p fl noz(n)dn , [Cr1-2CuT(n)]61(u) F fl n%2(n)dn
o T\"l-l o T]-n' °© n=u

+ P £1 ne2 (n)&(n)dn + x(u)om(n) . (h.4)
n-n

The Poincardé-Bertrand forrn.ulall‘L and the partial fraction decomposition

' _ 1 B, Tl> X
) e (n'-p —" (1.5)

enable us to perform an integration over dn' in the first term on the right-

hand side of Eq. (4.4). The result is

1 ' 1 1
cp [0 an'e (Y noe(nlan . p f nceln)an el(u)cu,n(l_- )
o n'-p O n-n' o n-n on

+

10 g
02(u)Cusn (1 - o) Galnlenrn (5 - 1)

N (4.6)
8z(n)Cnin (} - %R)j -Cn2uPaa ()6, (u) .«

We cen write Eq. (2.26) as

! N\
g(n) = Caa-Cnin Kl + %;) +C6, (1)n4n G—" - 1> +C02 (1)1 tn (1 - %) (4.7)

where we have used Eq. (2.7c¢).

The insertion of Egs. (4.6) and (4.7) into Eq. (4.4) yields, after some

cancellation and rearrangement, the compact form
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(adén | 27()-07(u) p [ no(n)an , 8%(u)+0" ()
M 2‘Ifip. fo) n-n 2

o=(p).

(4.8)

Here we have defined

Vi) = yo(u) + 8“— P/ Wy lonldn | o

12 o n-d Ciz Wl(Uu)el(u)[Cll-ECuT(p)] (11-,9)

and

s \
Klnu) = ntn (14 go) - um {1+ ). (4.10)

We note that the second term on the left-hand side of Eq. (4.8) is a nonde-
generate Fredholm term. If this term were absent, Eq. (4.8) could be solved
directly by standard procedures.l If it were degenerate, the method of
Shure and Natelson15 could be used. However, neither of these situations
obtains, and no closed form solution of Eq. (4.8) has been found. Thus, we
describe in Chapter VI an iterative procedure similiar to that used by

Mitsisl’16 to solve the critical slab problem and by McCormich and Mendel-

sontT in treating the slab albedo problem.

We define

1
¥ () y'(p) + ¢ [ noa(nk(n,u)dn | (%.11)
o =K

Next we introduce a function N(z) defined by

2ni O

N(z) = Lf1 ngai_glén. (4.12)
1-

Following Case and Zweifell if az2(n) of class G exists then N(z) has the

following properties:

1. N(z) is analytic in the complex plane cut along the real axis from

0O to 1;
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2. N(z) ~ % as |z| + o«

+ 1 1 qop(nldn , 1
. N = —— P + = . b1
3 (u) 51 g o 5 uoz(p) (4+.13)
We note from Property 3 that
+ -
con) = HEoRw) (4.14)

Inserting Egs. (4.11) and (4.13) into Eq. (4.8), we find (after some rearrange -

ment) that

py"(w) = Nt (u) - NT()e(u) . (4.15)

We recall that Q(z) is analytic in the complex plane cut from -1 to 1. We
note from Property 1 that N(z) is analytic in the complex plane cut from O

to 1. This requires (as in one-speed theoryl) the introduction of a func-

tion X(z) such that

X | 2w L, (4.16)
X" () Q™ (u)

The X(z) function satisfying the necessary restrictions! for the half-range

and for one pair of discrete roots only is

X(z) = i eXP% glm_ (4.17)

H=Z

The ratio condition, Eq. (4.16), is inserted into Eq. (4.15) to yield

" (1) = N(Xr(u) - N ()X~ (n) (4.18)
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where

x+

yu) = n o) (4.19)

Assuming that the left-hand side of Eq. (4.18) is known, we can write the

solution to Eq. (4.18) as

N(z) = 1 jl (v (plds (4.20)
2xiX(z) o H-2Z

The Plemelj formulae give the boundary values of N(z) from Eq. (4.20). We

insert these boundary values in Eq. (4.14) to obtain

_ 1 2 Loy (uau , L (1 1
atn) anip <X+(u) X'(u)> P(J; u'-p " o (X+(u) i X'(u)>

(v (p) . (k.21)

(However, this is not a solution because we note from Eq. (4.11) that the

unknown ¢o(p) is still contained in y"(p).) We next define

) = -2 (2.1 > - e (4.222)
1M 2nipy \X+(u) X" () 2ﬁ17(u)Q+(u)Q-(u) :

and

) - 1 T2 1 > = M° y_ oo
2l 2u\ x*(n) . X" (u). 7(u) 20% (u)Q= () ( >

The last form of Egs. (4.22) is derived from using Egs. (4.16) and (4.19).

By defining the singular integral operator

olw) = £2(n) Pcf;L ﬁﬁ)—d&—«» t2(u) (4.23)
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We can write Eg. (4.21) in the compact form

oz(n) = 0o(uhy"(n). (h.2h)

Property 2 requires that N(z) ~ % as |z| + ». We note from Eq. (k.17)

that X(z) ~ - % as z + o, Thus from Eq. (4.20), we require

1l 1
[“7(u) [}-(u) +CJ énngainlﬁiﬂzﬁ%] du = 0O (4.25)
0 ) n-p
where we have used Eq. (4.11) for ¢¥"(p). For the case of one pair of discrete

roots we have the discrete eigenfunction available to satisfy Eq. (4.25). We

meke the replacement of y(u) in Eq. (4.25) by

K(P) = A...El.*.(p) . (L|'.26)

We recall that y'(u) is defined by Eq. (4.9) and is a functional of the com-
ponents of y(p), i.e., y (p) and wa(u). We define g,(p) as the corresponding
functional of the components of Fy,(u). Thus the replacement given by the

expression (4.26) is equivalent to replacing y'(u) in Eq. (4.25) by

V() - Ada(p) . (k.27)

With this replacement made in Eq. (4.25), we then solve for A, to yield

él y(u)y'(pldp + C gl y(p)dp gl noz (n)k(n,u)dy

A - n-u . (4.28)

[y (s (w)a

Likewise with Eq. (4.27) inserted into Eq. (4.11) and subsequently into Eq.

(k.2L4), we obtain
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1
c2(n) = Oy (W)-Ade(w)] + € o) / n0e(n)k(n,p)dn
noH (4.29)

Finally the replacement of y,(ug) by Wl(po)-A+Fl+,l(u) in Eq. (4.3) yields
ap(u) = oCyy [‘Ul(UM)‘Athl(U“H - C11Ca2 Pél ngﬁj.ﬂm )
(4.30)
An iteration procedure for solving Egs. (4.28) and (4.29) for A, and o=(p)
is discussed in Chapter VI. Providing this procedure converges, we can then
insert A4 and o=(n) into Eq. (4.30) and solve for a;(p) competely determining
all expansion coefficients.

A number of important simplifications are now made for the terms con-

taining ¢, (u) in Eqs. (4.28) and (4.29). First, from Eq. (4.9) we can write

the explicit form

1 0Fy4 a(owldn o

: Cao
(W) = F + = p
8, (u 14+,2(1) to F ! m "

F1+’1(O'|.l)el(l.l)[Cll'ECIJ-T(U-)]«

(k.31)
Next we insert the discrete modes as given by Eq. (2.20) into Eg. (4.31) and

perform the integration to obtain

¢ = T |Con+C140 +Cpd in "L . 1) scue in (1 - l-)
és(n) v Lez 1101 (1 )+Cpd; (p) \ 55 ez (p) oo

- 200, (p)ut(n)=Cn1tn Kl + O;L—l:] . (4.32)

Tt is easy to show that f(u) from Eg. (2.29) can be written as

(k) = Cz22+C1101(k)-2C01 (p)uT(j)-Cudy(u)in (l + %ﬁ) *Cn61 () tn (l B %E)

- Cuda(u)in (2 + i_u> *Ouez(u)tn (1 - i—u) (4.33)
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where we have used Eq. (2.7c). We insert Eq. (4.33) into Eq. (4.32) [re-
calling Eq. (4.10]] to write the compact form
fo(u) = D [£(u)-Cklny,n)] . (k.34)
Ni-K
The substitution of Eg. (4.34) into the integrand of the denominator of Eq.

(4.28) yields

1 — o
o © Ni-H

where we have used the X-function identity given by Eq. (A.1l) to write

)P (u)d
H-T1

X(T]].) =

O—,
fu

(L.36)

Next we consider the term O (u)@g,(u) in Eq. (4.29). With 0(u) given by Eq.

(4.23) and @4, (u) by Eq. (L.34), we write

1 v v ' __.‘
0(u)¢+(u) = 20,(u) P [ r(p ?1f(u )?u + 2@ flu) | co(n) nak(ng,u)
o (u-p")(na-un") M- N1-H
(%.37)
The partial fraction decomposition
N1 - N1 ( 1 _ 1 >
(p=p')n1-u") N1-H \p=p'  f1-p'
inserted into the first term on right-hand side of Eq. (4.37) yields
1 ( r) f( l)d' 1 ( |)f ')d ' 1.( l)f( ')d'—i
pp(p)P [0 Al e = gy () - 'P [ LM ZAW JeH L T 2AM SR o
(u=n'")(na-u") ni= | 0 -y o n1-u'

(4.38)

The last term in brackets in Eq. (4.38) is -X(ni) [See Eq. (4.36)] and the
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first term can be written in terms of the boundary values of X(z) [Eee Eq.
(A.1)]. Explicitly,

1oy

P J

u)ay' - _ﬂ%(ﬁ i, -ﬁgﬁ_)[m(“)m‘(u)‘_l.

) (4.39)
e

The last form in Eq. (4.3%9) was derived by using Egqs. (4.16) and (4.19). We

insert Eq. (4.3%9) into Eq. (4.38) to obtain

ll(}-’-) P él 7(H')ﬂlf(uy)du'

_ - ) (W) . ) _
(“'H')(ﬂl‘ul) 2;(p) Do L*(nl) ZEE— (7 (n)+0 (p)ﬂ .

N1-H
(4.40)

We recall from Eq. (2.29) that

plu) = L)@ ()

(L.41)
2nip

We insert Egs. (4.22), (4.40) and (4.41) into Eq. (4.37) to obtain (after

some cancellation)

0 (wige(n) = £3 () X(ny ) -co(p) |mkl,p) | (L.42)

Lt B 8 Ni~H

Now Egs. (4.35) and (4.42) can be substituted into Egs. (4.28) and

(L.29) respectively to obtain a somewhat simpler form

1

1 1
A, = L7 )y (n)apsc é y(w)dp é HQE(ﬂgfﬁn,u)dn s
Ly (pingk(ng,uldy
and
az(u) = 0 (W' () + €O (1) él m(gzi(n,p)dn

i

- Ay Vl(u)nlxml) - €0 (u) k) } : (4.43b)

Ni~p Ni1-H
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We recall that the kernel k(m,u) is defined by Eq. (4.10). The operator
O(u) is given by Eq. (4.23) and £,(u) by (4.22a). Equations (L4.43) are the
set which will be treated numerically, as simultaneous equations for the ex-
pansion coefficients A, and az(u). After A™ and oo(u) are obtained, oy (u)

is computed from

C -
al(l-'-) = O'Cll [lp’l(ﬂp,) - ﬁﬁj - CllclaP gl Laﬁgﬁ‘)_dn' . (14*.,-“4)

This completes the reduction of the general two-group expansion. In the
next chapter, we shall obtain some specific forms for y'(u) in Egs. (4.43)
and for y,(op) in Eq. (4.4k). In fact with these forms for V¥'(un) and ap-
propriate X-function identities, the integrals in Eq. (L4.43) can be partially

performed.



V. APPLICATIONS OF TWO-GROUP SINGUIAR
EIGENFUNCTION EXPANSIONS

A. INTRODUCTION

We have selected for detailed study the two-group Milne and constant
source problems. These problems are representative of the type of two-group
half-space problems that can be solved by our method. Two half-space prob-
lems appear also to be soluable, In fact one probably can solve any two
group transport problem that is also soluable in the one-group case, although
in the two-group case less analytical and more numerical analysis is required.
Even in one-group theory the X-function must be generated by the computer or
obtained from tables. Also in order to obtain the angular flux, total flux,
and current in the medium, we must calculate principal value integrals on
the computer. The point is that the computer is an essential tool to obtain
complete results even in the one-group case.

We shall find some helpful simplifications similar to those obtained

in Chapter IV before beginning the numerical work.

B. MILNE PROBLEM*

We define the two-group Milne problem for one pair of discrete roots in

a manner similiar to the one-group ca.se.l The solution must satisfy the con-

ditions

ylosu) =0, w>0 (5.1a)

*#This definition is coxrrect only for two discrete eigenvalues.

29
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and

y(z,u) ~ E{_(u)ez/nl . (5.1b)

20

The solution which obeys Eg. (5.1b) is expanded in the two-group normal modes

of the transport equation as
- 1 -
E(Z,p) = A_El_(p)ez/nl + A+E1+(p)e Z/nl + é /Ual(n)él(q,u)e z/ndq
1 -z/
+ £ cz(n)gy(n,u)e™ M ag . (5.2)

We use the boundary condition given by Eg. (5.l1a) (normalize by setting

A. = 1) to obtain

-E o) o= AF )+ gl/oal(n)él(n,u)dﬂ + £1 oz (n)g, (n,n)dn (5.3)

Therefore the arbitrary expansion function, denoted by (u), becomes for

the Milne problem (see Eg. (2.20)],

v, (W) Cyzna/on1tu
. (5.4)
n1t(na)/na+n
The appropriate Wﬁ(u) for the Milne problem (see Egq. (4.9)) is closely re-

lated to the ¢, (u) as defined by Eq. (4.31). In fact

VARATY)

n

-4, (u,-n1) . (5.5)

This means that

vi) = - e () -Ck(-na,m)] (5.6)
nitu :



31

Thus we have from Egs. (4.35) and (4.42) the result that

gl 7wy (n)dp -mX(-n,) + C ozl ngk(ongpu ddy

= . Tt (5.7)
and
ol (n) = - falwimaXCm) o () 1&(_%“_)] : (5.8)
Natu N1ty
We insert Egs. (5.7) and (5.8) into Egs. (4.43%a) and (4.43b) to obtain
~n1X(-nq )+C £l z(g')nli(-nl,u')du' + 0 f17(u)du él nog(ngk(n,u)dn
" o -u
A, = i (5.9a)
-n2X(n1) - C le(N)ﬂlk(D;;u)du
°© Ni-H
az(n) = - £2(p)naX(-ny) +C 0(u) [M(LQLL)] +C 0(“”‘1 ﬂ%(n)k(n,p)dn
nity NaitH © n=u
_ A+{;£1(u)n1X(n1) -Co(n) [élﬂiﬂng%l} ) (5.9b)
N1~k N1~H
Since
vy (op) = - -Sa2l
o(naytu)
We have from Eq. (4.30) [considering Eq. (2.20ﬂ that
A
o {p) = =C11Cyomy ( L +‘> = C11Cy2P fl noe(nldn (5.9¢)
itk Ma- o) -

Equations (5.9) are the final reduced equations for the Milne problem. We
note that Egs. (5.9a) and (5.9b) are two coupled equations with unknowns

oz(un) and A, These equations are solved by an iteration process described
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in Chapter VI, The operator O(u) is a singular integral operator which
requires special treatment otherwise;the solution is straightforward.
Finally with A_ and oz(p) known, we obtain oy (u) from Eg. (5.9¢).

The limiting case of C = O is of some interest. We note that the dis-

crete mode expansion coefficient becomes (see Eq. (5.9a))

= Xlma) (5.10)
X(Tll)

We recall that this is identical to the oﬁe-group Milne problem result.l This
1s apparently different from Siewert and Zweifel's result but we recall that
they considered the case for C = O and the discrete elgenvalues were infinite.
When the discrete eigenvalues are written in the form of Eq. (2.20) we are im-
plicitly assuming that the eigenvalues are finite.

Also from Eq. (5.9b), we have

02(“) = - Qll(H)HEX('Hl) . (5.11)
ng-u2

In neutron transport theory, the physical problems for which C = O are quite

specialized and we shall not consider this case further.

We can prove from the form of the operator O(u) and Eg. (4.43b) that

cz(u) + 0 for . = % and 1. (5.12)

This result is important because otherwise the angular flux would be singular
at these values of uw. This follows from the fact that for any particular
half-space problem the solution is written in terms of the expansion coef-

ficients and the discrete and continuum mode eigenvectors with these eigen-
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vectors containing terms with v(ou), 1(1/op) and v(u). We note that T(op)
and 7(1/on) are singular at p = 1/0 and +(p) is singular for p = 1. To

prove (5.12), we note from Eq. (4.22) that

() ~ + 0 (5.13a)
u+1/g- T(UH)

f(p) ~—2— 0 (5.13b)
prl/o+ 7(1/on)

() ~ —=—5 >0 . (5.13¢)
u>l- [7(n))

Similar results follow for 4z(u). The operator 0(u) as given by Eq. (4.23)
contains in each term either £;(u) or f2(u) and we note from Egs. (4.43)
that these functions always appear multiplying principal value integrals or
functions which are bounded at these values of p. At least this statement
is true for p = l/c and we note from (5.13c) that things are still all right

a8t u = 1 because of the squared function in the denominator.

With the expansion coefficients known from the computer solution of Egs.
(5.9), the two-group angular fluxes are calculated from Eq. (5.2). The eigen-
vectors given by Egs. (2.20), (2.23) and (2.25) are substituted in Eq. (5.2)

and the integration performed where possible to derive

v (Z;H) = glznleZ/nl + 012n1A+e'Z/ﬁ1 + 1
1

o (w/o)e %% M6 (u)+02(n)]
anaitu any-p Cy10 _

1 -
+ C12P f ﬂQgQLELf!EQﬂ
© on=p (5.14a)

where
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and

¥ (z. u) = nlt(nl)eZ/nl + ﬂlt(ﬂl)A+e-z/nl _ C P fl/O T]O.'J_(T] )e‘z/ﬂdn
b4
il BN N1~k C11C12 o n-u

- 1 Ol(u)[Cll-QCpT(u)]gl(u)e-z/p + P fl ng(n)oe(n)e'z/“dn
Pt © n-u

# Awoalple M6, (W+2(u)], -l<u<l. (5.1kn)

For the angular distribution to the left we note that the integrals are
not singular. A good criterion for the accuracy of the numerical methods is
to see how closely condition (5.la) is satisfied. For convenience in com-

puter calculation, the replacement in Eq. (5.1ka) of p by po is made to yield

Z/ﬂl ‘Z/nl o/
v (z,puo0) = Cazmpe  ° + Eigﬂiﬁ+e + L o1 (u)e Z/uel(u)
1 o(nyi+u) o(ny-u) Ci10
c 1 nop(n)e?/Na -
+_éapf nezin 1, -1lfo<pu<l/o. (5.15)
o)

n-u
The total flux and current for each group are derived by appropriate

integrals over du and pdu, respectively. We shall use superscripts on the

p's to indicate group number. Thus,

(1) 1 1 z - 1
O A Cro LR
1 z/y 1 -
* £ fe axu')e 2/ dp' - Ci2 g noz(n e Z/n(g(n)-caa)dn (5.16a)
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o&l)(z) = {1 ny, (z,u)dn = EClanleZ/”l[l-oan (;ilf)] + 2C12n1e_2/n1
X A+[UT]1T (_l_)-]_] 4 .O_ fl/O' “val(“.)e'z/u'duv
on1 Cia o)
1 -
- 2012£ldnn02(n)e'2/”-0012 I7 nBaz(n)e M (g(n)-Can)an (5.16b)
o
(2)(2) = fl Volpddp = 2n1t( )T</l_ [ez/n1+A e‘z/ﬂl]
DO o 2\H/au Nitina T]l) +
1/c - 1 -
. =2cC L 2/Mgp - e ocu 2/n
C11Ci2 g nox(n)r(n)e an C11C12 g H{C1a-2Cur(u)le @ ()
v 2]" natndoetn)rn)e ™ Yan + I A(leztne ™ My (5.16¢)
1
p§2)(z) = {1 o (z,u)du = 2q1t(ﬂ1)ez/nl[l-n1T(f%;j>]+2n1t(n1)e-z/nl

x Ayl <%::)-JJ - —=2C fl/on al(ﬂ)e-z/n[ﬂT(ﬂ)'l] dn

C11C32 ©
1 : -
- J /Onae(n)[cll-QCnT(n)]e Z/ndn+2 féng(n)aé(n)[nT(n)-lln
C11C12 © o
=2/n 1 ‘Z/T\
x e + [ on(q)oz(n)e dn . (5.16d)

o}

The extrapolation distance (the distance to the left of the interface at
which the asymptotic component of the density vanishes) is given by either

Eq. (5.16a) or Egq. (5.16c). Thus we wish to determine zg such that

eZo/M1 | A+e'z°/“1 = 0 . (5.17)

The solution for zy from this equation gives the same result as in the one-

speed theoryl; namely,

w o= B (1) (5.18)
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Again we emphasize that for one pair of discrete roots the extrapola-
tion distances are equal for each group. For four discrete roots, we would
calculate a different extrapolation distance for each group. Baran9 has

studied this problem in detail.

C. CONSTANT ISOTROPIC SOURCE PROBLEM
Assume an isotropic source Spgz in group two (the associated problem with
a source in group one is virtually identical). We now seek solutions to the

inhomogeneous transport equation which vanish at 4w subject to the condition

E(O,p) = O for p > O. (5.19)

The solution consists of a particular integral, EP(Z’“)’ plus a solution of

the homogeneous equations, ¥, (z,u). The latter consists only of those modes

which vanish at +w, i.e,,

¥ (2 = A+e-2/nl£1+(“) " c{l/co’l(ﬂ)él(n,u)e-z/“dv ({la'e(n )ég(n,u)e'z/“dn
(5.20)

The particular integral can be found from the two-group transport equa-
tions (Eg. 2.2) in the limit as z+w. In this case, y(z,p) approaches a con-
stant value denoted for each group by y;o and ypg. With v(z,p) constant, Eq.

(2.2) reduces to a pair of simultaneous equations which are easily solved to

yield

25C
\ylS - g
(1-2C22)(0-2C1, )-4C32C2,

= 8, (5.21a)
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and

Vog = S(o-2C1,) = Sa (5.21p)
(1-2Cp22)(0-2C;4)-4C21C12

where

S = 820/0'2 .

We normalize all constant source problems to a unit source neutron in

group two, i.e., Sgo = 1. The complete solution is written as

S, i _ 1
Wem) = <82 ) a0 s 10 (0, (e e Laa()gatn )

x e 2/ dn (5.22)

By setting z = O in Eq. (5.22) and applying Eg. (5.19), we obtain

S 1/o 1
-<82> = [ oaln)g, (n,uldn +(fJ oz2(n)g,(n,uddn + AvF, () . (5.23)
We repeat here for convenience Eq. (4.8) of Chapter IV,

v'(p) = wa(u)+cifl/° Pny, (on)

Ciz2 O M+ 2 ¥y (on)ea(u)Cry~2Cur(u)] o

ygit! Ciz (4.8)

And we note from Eq. (5.23) that

Wl(u) S1)
¥ (u) = = -( > . (5.24)
\lr'a(l-l) Sz

By inserting Egs. (5.24) into the appropriate terms of Eq. (4.8) and then

performing the integration on the second term on the right-hand side, we find



38

' _ S1 1€ 1
‘Us(u) = =82 = 8_1: I:g + Cuel(u):n(a - l) + CuBz(u)in (1 - i—“>
-2Cpf(u)91(u)+01191(u)J . ' ' (5.25)

The term in brackets in the second term in the right-hand side of Eq.

(5.25) has terms similar +to Eq. (4.33)., Tn fact, we can write

' (n) = -8 - B [9 & £(u)+Cutm (1 + l—) -C ] (5.26)
5 B 2 Ciz LO B)+Cu \ o 22| . .

We recall from Chapter IV that we need

O(M)Wé(u) (5.27a)

and

1
/ Y(H)Wé(u)du (5.27b)
(o]

in order to calculate the expansion coefficients AL and 02(“). By the same

method that was used in Chapter IV to simplify o(p)¢+(p), we can easily

prove

o(u)f(p) = o. (5.28)

Also from Eq. (A.1) in Appendix A, we have that

1
lim “2X(z) = =~ [ y(p)f(p)du . (5.29)
2-+00 °

But from Eq. (4.17), we see that

X(z) ~ - 2 (5.30)
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Therefore from Eq. (5.29), we obtain

517(u)f(u)du = 1

Finally this gives the result that

agS,C
o(ulv' (n) = o(p) |w - ==
S Ci2
and
1 O'S 1
J 7(u)ﬂfé(u)du = -C—J'+f y(u)
0 12 o)
where
w = -5p - SaC, 981C2p
Clg c12

S; and Sp are defined by Egs. (5.21).

uh1(1.+ %;)}

~ !
_ 05;C ( 1
w Cio min {1 + on —Jdp

We insert Egs. (5.32) into Egs. (4.43) to obtain

2% ) ﬁ,_ g_sﬁ pZnQ. + i_u>:|du+cély(“)d“£1naa(n)k(n,u)dn

Ciz o 12 n-n
A, = -
“n1X(ny) - cf 2lelk(ny,pidy
o N1-H
and
[ 0S4C 1 1 (n)k( )
oz(p) = o(u)Lw -—l—uzn(l +—) + ¢ o(p) [ no2in)kin,u)dy
Ci2 op 5 -

- A, £ (winiX(ny) _ co (u) (n]kgn;zg) ] .

N1~k

N1~k

The final equation for o,(p) is obtained from Eq. (L4.44) where

¥, (o)

-S; .

(5.31)

(5.32a)

(5.%2b)

(5.32¢)

(5.3%3a)

(5.33p)
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Explicitly,
a(p) = -0C118; - ___Clifiﬂl“* - C11Cy2 P ({1 ﬂ%‘{ﬁﬁl . (5.33¢)
Equations (5.33) are the final reduced equations for the constant source prob-
lem. We refer the reader to the paragraph following Ea. (5.9¢) for comments
concerning the solution to this set of equations.

The angular fluxes for the constant source problem are given- by Egs.
(5.14) where we replace the first term in the right-hand side by S, and Sp,
respectively. The neutron current in each group is given by Egs. (5.16b) and
(5.164) if we delete the first term on the right-hand side. For the total
flux we replace the first term (term with positive exponential) on the right-

hand side of Egs. (5.16a) and (5.16c) by 2S; and 25z, respectively.



VI. NUMERICAL METHODS AND COMPUTER SOLUTION
TO HALF-SPACE PROBLEMS

A. PROGRAM FOR FINDING NUMBER, TYPE, AND VALUE OF THE DISCRETE EIGENVAIUES

In solving Egs. (5.9) and (5.33) for the expansion coefficients, the func-
tion y(u) must be calculated. But (as shown in Appendix A) the roots of the
dispersion equation must first be found. A computer program was written which
first finds the number and type of eigenvalues from Table 2.1 and then deter-
mines the magnitude of these eigenvalues. The method that was found quite
effective was the false position method.18 For the problems studied in this
thesis we have only one pair of real discrete roots. We concentrate on find-
ing only the positive eigenvalue 7, because we know from Eg. (2.18) that the
other eigenvalue is -ni. The false position method require two starting
values which we denote by qgl) and qél). The subscript here means that these
are two starting values while the superscript is the iteration index. To ob-
tain good starting values we calculate Q(y) for n = 1.000001. We then in-
crease n by .1 until Q(n) changes sign. We select qgl) and qél) such that

(1),

Q(ql is opposite in sign to Q(qél)). From these four values a value of

na is calculated according to

INCOTSY COTR DA €O

et -an{t))

Na is the intersection on the n axis of a straight line which joins the points

(n§ 1) Q(n1 (1 ))) and ( él),Q(nél))). For the next iteration the program selects

b1
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(2)

n1 and q£2) from na, qgl), and qél) such that the corresponding functional
values for Q(q) are smallest in absolute value. For the specific problems

studied in this thesis only three iterations were required to find a root ny

such that

2(ny) < 1077 .
This program is listed in Appendix D.

B. DISCUSSION COF MESH SPACING

In two-group, half-space problem there are always two basic integration
intervals. We see from previous chapters that we have ordinary integmls and

principal value intervals for integration ranges of

and

We snall see in the next section that in the evaluation ¢f principa: value
integrals the singularity is subtracted. This procedure gives rise to a
togarithm term which is singular at the end points of integration. There-
fore we use the midpoint approximation in the evaluation of all integrals.
In this approximation the interval from O to 1/0 is divided into P equal in-
tervals and all functions are evaluated at the midpoint of each of the P

intervals. A similar procedure is used for the mesh spacing in the interval

from 1/0 to 1.
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C. NUMERICAL EVALUATION OF SINGULAR INTEGRALS

In the solution of Egs. (5.9) and (5.33) for A, and a=(p) we must eval-

uate singular integrals of the type

The function F(u') in two-group, half-space problems studied in this thesis

always contain factors of y(u) as well as logarithmic functions. For example,

from Eq. (4.43) all half-space problems have singular integrals where F(u)

is of the form

Fp) = Mxlwk(nip) (6.2)
Ni-K
where we recall that
1 1
k - nfn l+—)-£n 1+ -
(n,m) 1 ( o) T H ( o

For the Milne problem we have in addition other integrals involving

F(l.l) = nly(“)k('nl)u) (6.5)
Natu
While the constant source problem has another integral where
0S,C '
F(u) = W - —= in (l + L)J YATOR (6.4)
Ci2 ap

The details for evaluating ¥(u) are given in Appendix A. The presence of
logarithm factors and 7(u) in the function F(u) requires special care in

order that an inordinate amount of computer time is not taken.
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By usual procedures1 the singularity is subtracted to yield

e E ")d R S (DL J(TO) - TR T Y (_1_&> (6.5)
o TR o H'-u .

The functions F(u) and fn(l-u)/u are now evaluated at the midpoint of all the
intervals for p between O and 1, and these values are stored in the fast ac-
cess memory of the computer.

Let us assume that the singularity is at some

midpoint value My -

(6.5) b

Then we approximate the principal value integral in Eq.

D'
fp.ﬂ.l:l_‘ﬁL‘ ~ Z [Flug)-Flui)lny | {F'(ug) + Fluy) £n<l u1> (6.6)
o) [ 3 .

= HjTHi

The prime on the summation indicates that in the sum the term J =1 is not

included. This particular term is given by the second term on the right-hand

-

side of Eg. (6.6). Also h. is the width of interval j.

] We are using the

trapezodial rule with the midpoint approximation in the evaluation of the
integral term on the right-hand side of Eq. (6.5).

We note that the second term on the right-hand side of Eq. (6.6) has a

derivative factor. When the singular point u; is not in the interval ad-

Jjacent to the end points or adjacent to the intervals where an interval change

is made, i.e., u = 1/0, this second term on the right-hand side of Eq. (6.6)

is approximated by

RF ) = 5 (Plug,)-Flug )] .

When the singularity is at the midpoint of one of the other four remaining

. 1
intervals we use 9
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3 [Flu2)+3F (na)-4F(0)], 1 =1 (6.72)

hiF'(uy) = % % [4F(1/0)-3F(up)-F(up_1)], 1 =P (6.7b)
= [Flupyp)#3F(up, 1 )-F(1/0)], i = P+l (6.7¢)

X g [4F(1)-3F(up)-F(up_1)), 1 = D. (6.74)

We have P intervals from O to 1/c and a total of D intervals from O to 1.
Following to some extent Bareiss and Neumann,l9 we shall derive in de-
tail Eq. (6.7a). Let us first calculate the contribution of the integral

term on the right-hand side of Eq. (6.5) to one general interval of width h

about p', i.e.,

H -% < u' Lo +§
We have
h
"B FO-RGlant | P2 (R Fu)lay (6.8)
- 121 TRRT -h/2 y

where we used the change of variable y = p'-y. We expand F(y+u) in a Taylor

series about pu to yield

Fly+u) = F(u) + yF'(n) + %i F'(u) + ... (6.9)

Inserting this expansion in Eq. (6.8) and integrating over dy yields

h/2 3
/.2 (F'(u) + & F" () + Bﬁ:F'“(u) + ...]ay = hF'(p) + .?—EF'"(M) + .

/

(6.10)

Thus by keeping only the first term on the right-hand side of Egq. (6.10) we

are omitting terms of &Mh®) or higher.
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For Eq. (6.72) we need to find a good approximation for hiF(py) where
My = % hy and h; is the width of the first interval. To this end we write

a Taylor series for F(u+h); namely,

F(p+h) = F(u) + hF'(pn) + ;—?F"(u) + A(n%) . (6.11)

L

We insert p = 5 hy in Eq. (6.11),and recalling from the midpoint values that

B2 = % h,, we find

2
Fluz) = Fluy) + hyF'(uy) + gw"ml) + Snd). (6.12)

Next we replace h by -h;/2 and u by hy/2 in Eg. (6.11) to arrive at

2
P(0) = PF(uy) - ngvml) + %lzv"(pl) + G2 . (6.13)

2
Solving Eq. (6.13) for 2L F"(4,) yields
2

2
g-'l-p"(pl) = 4F(0) - UF(uy) + 2hF ' (uy) - & ‘(n3) . (6.14)

This result is substituted into Eq. (6.12) to eliminate the second derivative

term. We then solve for h;F'(u;) to obtain Eq. (6.7a). Equations (6.7bv),

(6.7c) and (6.7d) are derived in & similar menner.
The nonsingular integrals are alsc evaluated by the midpoint approxima-

tion. For example the integral in Eq. (5.9a2) 1s approximeted as follows:
D

fl Lﬁ&hﬁlﬂuﬁ%& ~ Z 7(&;])T]1k(ql,u.‘j)h‘j

(6.15)
°© Ni~H

J=1 N1=Hj
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D. TTERATION PROCEDURE FOR THE EXPANSION COEFFICIENTS

To solve Egs. (4.28) and (4.29) in the general case, we first approxi-

mate A, by

1
7wy (n)du

7 . (6.16)
7 (), ()

(0)

™
4
1]
0 — |O—

The first iterate solution for as(u) is given by

a2 (w) = 0 Gu)ly (w)-al9) ()1 . (6.17)

The superscript on Ay and oo=(u) specifies the iteration index. Equation
1
(6.17) is then used in Eq. (4.28) to yield Ai ) and then the second iterate

on g2(u) is found; namely,

(1)
() = oty (w-a8 (1 + ¢ o) s 0t
(0]

plk(n,u)dy (6.18)
ug

Continuing in this manner, we have for the n'th iterative solution

—_—

- 1 -1)
a2 (w) = oGl (-7, ()] + o) [ ndd Aulk(nwlan (5 10
=k

We assume that for most physically interesting problems, e.g., Milnc and con-
stant source, the above procedure converges in the sense that given an e > 0O

we can find an integer M such that for all m > M and pe(0,1]

1B (w)-aB (W) < <. (6.20)

For the problems studied in this thesis, convergence was achieved in seven
iterations where € = 10-7. An alternate method of solution by matrix inver-

sion is discussed in Appendix C.



VII. SPHERICAL HARMONIC SOLUTIONS TO THE
CONSTANT SOURCE AND MILNE PROBLEM
In the present chapter some commonly used approximation methods are used
to solve the Milne and constant source problems which have been treated
exactly in the earlier chapters of this thesis. We restrict our attention to
the P,, Ps, and DPy cases,l and in the following chapter, compare results in
order to derive a feeling for the validity of the various approximation

schemes.

In the P, and P3 cases the angular flux is expanded in a series of leg-

endre polynomials as

0o

E(Z}“ z afrl P “)pl(z ) (7°1)
£=0

ogl)(Z) v, (z,u)
El(z) = and _‘U_(Z;H) =
0(?)(2) o\l

The superscript on the p's denotes the group number.

with

We follow the standard procedurel of substituting Eq. (7.1) into Eq.
(2.2), multiplying by Pk(p) and integrating over du. By including a source

term in group two (consistent with Chapter V) and using the identity

) = o= ey (R, ()]

with the orthogonality relation

L8
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1
J P, (WP, (n)ap = 2 B, .
SR Akl Sy ope1 Ik

the two group P, equations become

(1) (1)
-—l—-[; EEE:££31.+ (k+1) EEEI&EE;J + opﬁl)(z)
2k+1 dz dz

= [2C110é1)(z)+2clapé2)(2) 18%0 (7.2a)

(2) (@), -
1 Ed.pk___'l(z) + (k+1) d———pk+l(z)J + 9(2)(2)

2k+1 az dz k
= 120y, p{1 )(2)+202202) (2 )+25 5y (7.2v)
where as before
S = Sao
O2

p(z) = 0 for m> 1 . (7.3)
—~n

In particular, the P, equations are

(1)
dpél)(z) - 3cp(l)(z) = 0, (7.4p)
dz 1
(2)
dDJdZ(Z) + 052)(2) = gcalpél)(z)+2022pé2)(z)+25 s (7.b4e)

and
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(2)

EEQ__iEl + 3p§2)(z) = 0. (7.4a)
dz

These equations are solved by first finding the eigenvalues of the homo-

geneous set. Assume solutions of the form

pgl)(z) = }: Aij eka (7.5a)
and
pge)(Z) = ZE:BiJ SE (7.5b)

The substitution of Egs. (7.5) into Eas. (7.4) and cancellation of the space

dependence yields the following eigenvalue eguations:

Ayjky + (0-2C11)A55 - 2C12Byy = O (7.6a)
Agjky + 30A15 = O (7.6v)

Byjky * (1-2C22)By5 - 2Ca1Ag; = O (7.6c)
Bojky + 3By = O . (7.64)

A nontrivial solution exists to Egs. (7.6) if and only if the secular deter-

minant vanishes:

k 0'2011 0 ‘2012
30 k 0 0

0 -2C2; k 1-2Caz
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The expansion of Eg. (7.7) yields

k* +Bk¥® +D = O (7.8a)
where
B = -3[1-20224'0(0'2011)] (7.8b)
and
D = 9olo(1-2Ca2)-2C, +4C] . (7.8¢)

For the problems studied in this thesis, we obtain four real roots to Eags
(7.8). We denote these roots by tk; and *ko where k; < ka.

The particular integral solution to Egqs. (7.4) is derived by realizing
as z+w the total flux in each group becomes constant. From Egs. (7.4b) and
(7.4d), the current in each group is zero. Thus from Egs. (7.4a) and (7.4c) we

have a pair of simultaneous equations whose solution is

o7y = 45C12 = 28; (7.92)
o 270 (1-2C22)(0~2C1;)-4C312C2;

and

pé2)(z) = 2(0‘2011)8

z = 2S5 . (7.90)
z (1-2C22) (0-2C1 3 )~4C312C2y

For the constant source problem the solutions as given by Egs. (7.5) must
be finite as z#*w, This requires that we consider only the negative real roots
of Eq. (7.8a). Also from Egs. (7.6), Ay s and By j cen be found in terms of

A,; and Bys. Thus we write solutions to Egs. (7.4) as follows:
0J oJ
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pél)(z) = Aoae-klz + A04e-kaz + 25, (7.10a)
pgl)(z) = Aogfl(kl)e-klz + 15.0,,;"1(1{2)&1‘2Z (7.10v)
0{2)(2) = Boafa(ky)e™ % + Agufa(ka)e ™ 2% + 25, (7.10¢)
p§2)(2) = Aoafa(ky)e ™% 4 Ag,fa(ka)e k22 | (7.104d)
The functions f,(k) are given by
_ k
fl(k) = 5—0 (7.11a)
£2(k) = 30(0=2C15)-K (7.11b)
6oCy2
fa(k) = K[30(0-2Cy;)-k?] (7.11c)
186C;2
The corresponding Milne problem solutions to Egs. (7.4) are
p(l)(z) = Kz Aoge-klz + Ag,e k2 (7.12a)
D§l)(z) = fl(‘kl)eklz + Aoafl(kl)e—klz + Ao4f1(k2)e-k22 (7.12b)
pc(f)(Z) = f.a(kl)eklz + Aoofa(ky )e™F12 4 AL, fo(ka)e K22 (7.12¢)
0B (2) = £3(-k1)e¥2% 4 nostalky)e™iZ + Agufa(ka)e™ 22, (7.12a)

Here we have used the same normalization as®in Chapter V. We note that there
are two arbitrary constants in Egs. (7.10) and Egs. (7.12) which are determined

by the boundary conditions at z = 0. We approximate—the rigorous boundary con-

dition
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y(o,u) = O for p >0 (7.13)

by the lowest order Marshak boundary condition,l

gl wy(o,uldy = O . (7.14)

For the P; approximation the angular flux is given by Eq. (7.1) where

pl(z) = 0 for £ > 1. Thus we have in this approximation that

vizm) = 2o.(2) + 2, (2) . (7.25)

The substitution of Eg. (7.15) into Eg. (7.14) and subsequent integra-

tion yields

e o)+ pylo) = 0. (7.16)

AN o

For the constant source problem, the boundary condition given by Eq.

(7.16) [when related back to Egs. (7.10)] yields

Agzg(ky) + Apgse(ka) = -85 (7.17a)
and
Aozh(ky) + Aosh(kz) = -S2 (7.170)
where
g(k) = % + £3(k)
and
n(k) = 2 fa(k) + fa(k)
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Likewise, from Egs. (7.12)

Aoog(ky) + Agag(kz) -g(-ky) (7.18a)

and

Apzh(k;) + Apgh(ka)

-h(-k;) . (7.18b)

With the coefficients determined, the complete solution in this approxi-
mation is given by Eq. (7.15) where the p's are given by Egs. (7.10) and
(7.12) for the constant source and Milne problem respectively. In the prob-
lems considered here the eigenvalues are real. One of these roots is less
than unity (in absolute value) while the other is greater. Thus in two-group
theory we obtain one of the continuum eigenvalues even in the P; approximation.
In the one-speed casel the P, approximation yields only the asymptotic solu-
tion, i.e., the eigenvalues are all greater than unity in absolute value,
(At least the above statements were found to be true for the two-group protlems
considered in this thesis.)

The two-group extrapolation distance is found from either Eq. (7.12a)
or (7.12c). We set Agy = O and solve for the extrapolation distance Zg.

This gives

Zg = - =—In (- —) . (7.19)

We note that the extrapolation distance is the same for each group and is
given by Ea. (7.19). This result can be contrasted with the usual” procedure
of using an extrapolation distance for each group given in the isotropic
scattering case by .7104A; and .710kAz where A; and Az are the total mean

free paths for Group 1 and Group 2, respectively,
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In the Pz approximetion, we truncate Eq. (7.1) by

el(z) = O for £ >3 . (7.

20)

This condition along with Egs. (7.2) and setting k = 0,1,2 and 3 yields the

following set:

(1)
EEL__gil + (0-2C11)pé1)(z) - 2C12p

(2)(Z) = 0 (7
dz

o

240t (2) |, ap{ (2)

.21a)

1) _ :
dz FEER 5°°§ (z) = 0 (7.210)
3dpa(1)(z) + 2——L-—_d°;l)(z) + 5cp£1)(2) = 0 (7.21c)
dz &
3dpél)(2) + 7cpél)(z) -0 (7.21d)
dz
@)
d
—DL(;;(Z_)’“ (1-2C22)0{2)(2) - 2Co30{1)(z) = s (7.21e)
2dpée)(2) + dpc(,a)(Z)‘ + 3‘)(2)(2) = 0 (7°21f)
dz dz 1
(2) (2)
a (z) 2d )
3 Dzz z N D;z (z . 5pé2)(z) = 0 (7.21g)
) 2
- 3@ ),y Lo, (7.21h)
dz

By a procedure analogous to the previous P; solution we obtain from Egs.

(7.21) a secular determinant of order eight which, upon expansion, yields
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Ck® + Dk® + Ek* + Fk2 + G = O . (7.22)

The coefficients in this equation are given by

c = 81 (7.23a)
D = 990(C22+Cy30) - 810(1+2) (7.23b)
E =

1000(11C;;-90)(11C2-9) + 9U45[1-2C22+0% (0-2C1;)] - 110%0C21C12  (7.23c)

F = 10500(1-2C22)(11C;31-90) + 10500°(0-2C11)(11C22-9) + 210:1100C2:Cy2(1+c2)
(7.23d)
G = (105)%02(0-2C;11)(1-2C22) - (210)20%C2;C12 . (7.23¢)

In analogy with the P, solutions, we can write immediately the solutions

for both the constant source and Milne problem. The constant source problem

solutions are

4

oD(z) = ) hostaliy)e™7 + 28180 (7.24)
J=1
L n = 0,1,2,3

ol2)(z) = Z Aojfn_._u(kj)e-ka + 288y - (7.24b)
J=1

And the Milne problem solutions are given by

L
J)-:}l n=0,1,2,3
pr(1.2)(z) = Z Aojfn+4(kj)e‘ka+fn+l+(-kl)eklz . (7.25b)

J=1
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In Egs. (7.24) and (7.25) we define

fo(k) = 1

£1(k) = k(352-9%%)
50(2102-11k2)

3502-9k2

fa(k) = gg'fz(k)

10Cz, (21-11k2)
fa(k) =

k2(9k®-35)+5(1-2C22 ) (21-11k2)

fo(k) = k(35-9k%) £,(k)

5(21-11k%)
fo(k) = —E_ (k)
35-9k2
£(k) = ?5 £e (k)

(7.26a)

(7.260b)

(7.26¢)

(7.264d)

(7.26e)

(7.261)

(7.26g)

(7.26h)

The Milne problem is normalized as before and we identify the four pos-

sible positive roots of Eg. (7.22) as k;, ks, ks, and k4 where k; is the root

of smallest magnitude.

The unknown coefficients in Egs. (7.24) or Egs. (7.25) are now determined

by two M’arshakl boundary conditions; namely,

[ Ryl = o

(7.27a)
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1 -
I” Pa(u)y(o,pdap = 0. (7.27p)
o
In this approximation the angular density at z = 0 is
wlom) = L (0)+ 2 Pi(nlp,(0) + 2 Palnlpa(o) + L Palulpgy(o) (7.28)
hANe > %o 2 =2 =2 5 "3\k/Es ’ :

We substitute Eq. (7.28) into Egs. (7.27) and perform the integration over dp

to derive

Fp,(0) + p,(0) + 2p,(0) = 0 (7.292)
and
L eol0) + 2 py(0) + § palo) +Zp,00) = 0. (7.290)

Thus for the constant source or the Milne problem, Egs. (7.29) give us
the four equations needed to determine the unknown coefficients. Specifically,

we have for the constant source problem the following set of equations:

4
Z g(kJ)Aoj = -5, (7.30a)
J=1
i
Z nlkyhyy = -2 (7.300)
J=1
+,
t(kyhyy = -S2 (7.30c)
J=1
L
z s(kylagy = -gﬁ . (7.304)

C o
]
=

And for the Milne problem,
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gt

glk;)hyy = -g(-ky) (7.31a)
Jj=1
N
}; h.(kj)Aoj = -h(-kq) (7.31b)
J=1
in
j{: t(kjlAgy = -t(-ky) (7.31c)
j=1
L
}2 s(kj)Aoj = =s(-k;). (7.314)
J=1
Here we have
g(k) = §+ £1(k) + g- fa (k) (7.32a)
h(k) = T +2 20k + 2 £2(k) + 2 £a(k) (7.320)
5 5
t(k) = %m(k) + fo(k) + % fe (k) (7.32¢)
s(k) = % £4(k) + % £5(k) + 2 fo(k) + % £ (k) (7.324)

With the coefficients, i.e., A's, known from solving either Egs. (7.31)
or (7.32), we can obtain the total flux and current from Egs. (7.24) or (7.25)
or the angular flux from Eq. (7.1). Also the extrapolation distance is given
by Eq. (7.19) with Apz derived, in this approximation, from Egs. (7.31).

An approximation method which permits the exact specification of the
boundary condition at a free surface is the so-called double P;(DP,). This is
in contrast to the ordinary P, method in which the boundary condition can be
fulfilled only approximately (for example, in the previous section we used the

Marshak condition). The angular flux is expanded as
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) (erp,urlel(z), 0%y

‘l’(zyu) = S_l

1=0

00
= Z (21+1)Pl(2p+1)32(z), -1<u<o0 (7.33)

1=0

In the DP; approximation, we set
pj(z) = g3(z) = 0 for £>1 . (7.34)
The boundary condition at the vacuum-medium interface is

palo) = p¥(o) = 0. (7.35)

We shall see that this approximation is of the same computational difficulty
as the Pa approximation, but apparently gives better accuracy.

For the solution of Eq. (2.2) in this approximation we substitute the
expansion given by Eq. (T7.33) into Egs. (2.2) and multiply successively by
Py(2u-1), Py(2p-1), Po(2p+1l), Py(2u+l) and integrate over du. The range of
integration for the first two cases is from O to 1 while the latter two is

from -1 to O. We easily derive the following equations:

apd M (2) | ap{t*(2)

— —2 v 20p{1)*(2) = 201;0{1)(2) + 20120{2)(2)  (7.36m)
(1)+ (1)+
d_pOﬂ + 3 u + 6UD(l)+(Z) = 0 (7.561))
dz dz 1

ao{t)(z) _ap{})"(a)
dz dz

+ QUDél)-(Z) = 2Cllpél)(2) + chapée)(z) (7.56C)
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(1) (1)-
dog” 12) 5% 7)) - o (7.36a)
dz dz
(2)+ (2)+
dog” (=) + 20 (=) + 20y = 2C21p{1)(2) + 20220(2)(2) + 25 (7.36e)
dz dz o o o
(2 (2)+
dz(z +3 dpldz S 60{2)*(z) = o (7.36%)
(2)- (2)-
dpldz =) dp°dz (=) + 2pé2)°(z) = 20210él)(z) + 20229é2)(2) + 25 (7.3%6g)
(2)- (2)-
EEQ...&EL -3 EEL———S—l + 6p(2 (z) = 0. (7.36h)
dz dz
Here the total flux in each group is
1
oM (2) = [ vt = ol (z) + o{1)=(2) (7.37a)
pée)(Z) = {i Volz,ul)dp = pé2)+(2) + pée)'(Z) . (7.37b)

We could now obtain a secular determinant from Egs. (7.36) in a manner quite
similar to the Ps approximation. It has been found convenient21 to derive an
equivalent set of equations which are in form very similar to Egs. (7.21).

First we write the following identities

Pi() = 3 [Py(2u-1)+B;(2p-1)] (7.38a)
Py(p) = % [Py (2u+1)-Py(2u+1)] (7.38b)
Po(p) = = [P2(2u-1)+3Py(2p-1)] (7.38¢)
Pau) = & [Pa(2url)-3Py(2p+1)] (7.384)



We use identities

for each group, i
(1) -t
(2) -t

P/ (2) = £l Py

Similiarly by usi

tion given by Eq.
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{P3(2u-1)+5Pb(2u-l)+3P1(2p-l)-PO(2p-l)] (7.38e)

Oof -

[P3(2p+1)-5P2 (211 +1)+3P; (2u+1)+P, (2u+1) ] . (7.38f)

o)+

given by Egqs. (7.38a) and (7.38b) to obtain the net current

€.,

(W (2,008 = 2 {1 (2)-0{1) ()1 + L [0l ¥ ()40 (1) (2))
(7.39)

(Wi (zmdan = 5 (082 (2)-pf2)7(2)] + L 1612 *(2)40(2)" (2))

(7.390)

ng the appropriate identities above and considering the trunca-

(7T.34), we obtain

pa(2) = 2 [pt(2)-p1(2)] (7.40)
and
p5(2) = 5 [p5(2)-gl(2)] + 3§ [ef(z)+p;(2)] - (7.41)
Ee(z) and ge(z) are approximate full-range moments because we omit terms of
EI and E; for £ > 1.

From Eqgs. (7.37), (7.39), (7.40), and (7.41), we can easily solve for the

half-range moments to yleld

et(z) = %g (z) - p,(2) +%go(2) (7.42a)
ES(Z) = %p (z) - Egl(Z) + p.(2) (T.42b)
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A

pt(z)

W

(z) + £ p,(z) + p (2) (7.42¢)

p;(z) %31(2) + p,(z) - % (z) . (7.424d)

By appropriate linear combinations of Egs. (7.36),we derive an equivalent

set of equations in terms of the full-range approximate moments; namely,

(1)
dpl (Z) + (0'2011)9(1)(2) = 2C120(2)(Z) (7-1*38')
dz ° ©
(1) (1)
a ) d
Dodz(z .2 pgdz(z). + 30(3](_1)(2) =0 (7.4%b)
(1) (1)
5801 (2) ) deg (2) 4 gooll)(s) -0 (7.43¢)
dz dz
1
Eé )Q__ + 600( (z) = 0 (7.43d)
(2)
Bor 12) 4 (120220020 (2) = 2Cazoft)(e) + 28 (T.13e)
(2) (2)
___Ezﬁil 2 __a__i_l + 5p(2 z) = 0 (7.43F)
{2 (z) , ) @) (2)
3 — — p,°'(z) = 0 (7.43g)
- do§2)< +63)(z) = 0. (7.43h)
Z

For example, to obtain Eq. (7.43a), Eq. (7.36a) is added to Eq. (7.36c) where
the derivative term is simplified by Egq. (7.39a). The other eQuations are
derived in a similar manner.

We now solve Egs. (7.43) in a manner analogous to the P5 approximation.

The characteristic equation obtained (on expansion of the secular determinant)

is



n

Ck8® + Dk + Ek4 + Fk2 + G = O (7.44)

where the coefficients are now given by

cC = -1 (7.k452)
D = 24[g(0-C;,)+1-C22] (7.45b)
E = 5760[(C21C12+(1-C22)(Cy1-0)] - 36[03(0-2Cy;) + 1-2Casn) (7.45¢)
F = -86ko[(C11-0)(1-2C22) - o®(1-C22)(0-2Cy1)] - 1728C2;C120(0®+1) (7.45d)
G = -12960°(0-2C31)(1-2C22) + 5184Cs;Cy20°. (7.45e)

The solutions to Egs. (7.43) is exactly the same as the P, solutions. For

the constant source problem the solution is given by Egs. (7.24) and for the

Milne problem by Egs. (7.25) where Egs. (7.26) are replaced by

fo(k) = 1 (7.168a)
_ k(12g2-k2)
(k) 120 (5E-K2) (7.461b)
_  _9okfi(k)
fa(k) - FEOLUL (7.46c)
fa(k) = kfzlk) (7.464)

(o

folk) = 2UCay (-3 (7.46¢)
k2(12-k2)+12(1-2C22 ) (k2-3)

po(k) = K(x2-12),(k) (7.46¢)
12(x2-3)
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fo(k) = 2fs(k) (7.46g)
2(12-k2)
£ (k) = _ai_.kf6 ) . (7.46g)

The boundary conditions in terms of the half-range moments are given by

Eq. (7.35). From Egs. (7.422) and (7.42c) we write the equivalent boundary

conditions in terms of the full-range moments as

% p (o) + % 91(0) - gs(o) = 0 (7.472)
and
L e,(0) + S (0) + g lo) = 0 (7.470)
For the DP, approximation, we define
glk) = 2+ ﬁ £1(k) - £3(k) (7.48a)
(k) = § fa(k) + % fa(k) + (k) (7.48b)
tk) = 2 fa(k) + £ £5(k) - £7(k) (7.48¢c)
s(k) = % £ (k) + % (k) + T (k) . (7.484)

The equations for determination of the unknown coefficients is identical
[}xcept we use Egs. (7.&8)] to either Egs. (7.30) or (7.31) depending on
whether we are solving the constant source problem or the Milne problem. The
total flux and current is given by Egs. (7.24) or (7.25), respectively, the

extrapolation distance by Eq. (7.19), and the angular distribution by Eq. (7.33)
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with the truncation indicated by Eq. (7.34). In terms of the full-range

moments the angular distribution from Egqs. (7.33) and (T7.42) is

v(z,n) = %QO(Z)'QQ‘?(Z) - bp_(2) + ulhpa(z) + gpl(Z) +6p,(2z)], 0<p<i
(7.49a)

and

viz,u) = %‘eo(z)'ggz(z)“’rgg(z)+u[-hpa(2) + g p1(z)+6pa(2z)], -1 <pu <o,
(7.49v)

We note the discontinuity in the angular distribution at p = O. In the next

chapter, these solutions are evaluated numerically for some specific cases.



VIITI. NUMERICAL RESUITS AND COMPARISONS

We have selected four problems for detailed study. These are all light
water systems. The first problem which we label Set I is for ordinary light
water. Set II, III, and IV consist of boarted light water at concentrations
of 1.025, 2.99, and 6.35 barns/hydrogen atom respectively. The ranges of the
energy groups are chosen as

Group 1l: O, eV < E < ,0253% eV
and

Group 2: .025% eV < E < ,53%32 eV
The thermal spectra and cross section averaging procedures were performed by
using the INCITES? code. The McMurry-Russell25 Ho0 kernel was used at room

temperature (293°K). The results of these cross section calculations are

listed in Table 8.1.

TABIE 8.1

TWO-GROUP MACROSCOPIC CROSS SECTIONS

Set

No. (o4} 02 O318 J2a, 0311 022 012 C21
I 4,8822 3,2343 03166 .01498 3,8180 2.8669 .3524 11,0326
IT  4,9270 3.,1686 .09725 .okhk2h 3,7953 2,8005 ,3239 1,0345

ITT 5.0914 3,0707 .28011 .,11738 3,7659 2.6828 ,2705 1.045k
IV 5.3220 2,9738  .58336 ,22326 33,6906 2.5341 2164 1,048l

Recall that these cross sections must be modified to

o = oy/02

67



68

and

Cij = 013/20’2 .

A computer program as described in Chapter VI is then used to find the eigen-
values of Eq. (2.17) i.e., the dispersion equation. For the four problem
sets listed in Table 8.1, two real roots are obtained.

In the process of solving the problems by approximate methods as detailed
in Chapter VII,we also must obtain the roots of the characteristic equations
i.e., Egs. (7.8a), (7.22), and (7.44). The eigenvalues for the exact calcu-
lation and the approximate methods are given in Table 8.2 where from Eaq,

(2.3) and Egs. (7.5),we see that kj = l/qj.

The eigenvalues for n > 1 provide the asymptotic solution to the one-
group transport equation. This is also true in two-speed transport theory and
we note in Table 8.2 that the P, discrete eigenvalues are closer to the exact
values for Set I and Set II than are the P; or DP; values, But we observe
that as more absorption is added to the medium the Ps discrete eigenvalues
become almost identical to the exact eigenvalues (see Set III and Set IV in
Table 8.2).

With the discrete exact eigenvalues determined for each case, four Milne
problem were solved by using the computer program listed in Appendix D. The
behavior of the expansion coefficients for Set I and Set IV is shown in Fig,
8.1 and Fig. 8.2 respectively, For all problem sets, i.e,, Milne and con-

stant source, we always obtained the sharp resonance-like behavior in op(u).

The "resonance" always appeared for u between 1/c and 1. In comparing Fig.
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8.1 with Fig. 8.2 we see that the added absorption causes the resonance to
shift closer to 1/c and to become much narrower and higher (note the change
of scale for az(u) in Fig. 8.1 and Fig. 8.2).

In solving the Milne problem we obtain the extrapolation distances by
using Eq. (5.18). The extrapolation distances were also caculated from the

approximate methods using Eq. (7.19). The results are shown in Table 8.3.

TABLE 8.3

EXTRAPOLATION DISTANCES FOR MILNE PROBLEMS

Set No. Exact Py Ps DP,
I .6658 L6217 L6736 . 6oL

I1 .6783% L6286 L7111 .7320
III .7121 L6476 .7976 8177
v .7613 .6735 .9279 L9432

We see from Table 8.3 thet the P, results are consistently too low while
the P3 results are two high and with increased absorption the P; and P53 results
become progressively less accurate. The DP; extrapolation distances are about
3% higher than the Pj.

Angular distributlons, total flux, and current are compared only for the
constant source problems since the general conclusions should be valid for
either problem, Also the constant source problem is of more interest for re-
actor applications. All distences into the medium are given in units of mean
free path (m.f.p.) where we use the larger m.f.p. of the two energy groups,

i.e., 1l/o2.



75

In Fig. 8.3 the exact angular distribution of Group 1 at the interface
is compared to that obtained by the three appfoximation methods. The P; exit
distribution fits the exact fairly well. As expected the P, approximation
gives both positive and negative inward components. The Pg calculation also
gives a negative inward contribution which is difficult to show on the scale
that we use in Fig. 8.3. We have indicated the DP; results by points at *90°
and at #101.5°. For @ > 101.5° the points for the DP, calculation were very
close to the exact results. We note the discontinuity in the angular distri-
bution at 6 = £90° for the exact and DP, calculations.

In Fig. 8.4 we make a similar comparison of exit angular distribution for
group 2. We observe the change of scale; otherwise the distributions are quite
similar,

The angular distribution at a distance of 1 m,f.p. in the medium is shown
in Fig. 8.5. As can be seen from the figure the P53 and DP; results are very
close to the exact results, The DP; results are slightly closer to the exact
results than are the Pg,

We show in Fig. 8.6 the change in the exact angular distribution as a
function of distance into the medium for group 2. We observe how the angular
distribution becomes progressively more isotropic and increases in magnitude

with distance into the medium,

The effect of added adsorption on the exit angular distribution for group

2 is shown in Fig. 8.7.

As a measure of the peaking of the exit angular distribution, we compute

the ratio of the angular flux at M = -1 to that at 4 = 0, In the constant
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source problem, this ratio is 2.48 for Set I (pure water) while for Set IV
(most poisoned case) it is 2.10. Thus with increased absorption the peaking
in the forward direction becomes less pronounced. We observe the opposite
effect for the Milne problem which is in agreement with the one-speed theory.1
Specifically, the ratios for the Milne problem are 2.91 and 3.77 for Set I
and IV respectively.

In reactor physics analysis the total flux and current are of most
interest and utility. In Figs. 8.8 and 8.9 we show the exact total flux for
Group 2 using Set I and Set IV, respectively.- The approximate methods give
a tctal flux quite close to the exact results, thus making a compariton cf
results difficult on the scale that we are using in these figures. Neverthé-
less we attempt to show in Fig. 8.9 the exact total flux and the approximate
total flus. The DPl calculation gives a total flux so close to.the exact value
that a separate line could not be drawn. We indicate in each figure with a
horizontal line the asymptotic total flux.

Numerical results for Set I and Set IV and Group 1 and Group 2 are given

in Tables 8.4 tc 8.6. Also the error is given in percent where we define

[Qo (approx)—go(exact)] -100
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Fig. 8.8. Exact total flux for the constant source vs. distance
into the medium, Group 2, Set I.
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- TABLE 8.4

TOTAL FLUXES FOR GROUP 1, SET I

Distance Exact Py Error P Error DP, Error
(m.f.p.)
0 1.4106 1.5966 +13.1 1.4630 +3.7 1.3975 -.9
.5 3, L42) 3.3089 - 3.9 3.3768 -1.9 3. 4364 -.2
1.0 5.0450 4, 8649 - 3.6 4, 9675 -1.5 5.0164 -.6
1.5 6.4926 6.2946 - 3.0 6.4008 -1, 4 6. 4449 -7
2.0 7.8245 7.6194 - 2.6 7.7207 -1.3 . 7.7613 -.8
3.0 10,2009 9.9946 - 2.0 10.0829 -1.2 10,1198 -.8
5.0 14,0417 13.85% - 1.3 13,9153 - .8 13,9427 -.7
10.0 20,0287  19.8987 - .6 19,9202 - .5 19.9362 -.5
TABLE 8.5
TOTAL FLUXES FOR GROUP 2, SET I
lz;s:‘a;ce) Exact Py Error Pa Error DP, Error
| 0 5. 7604 6.5009 +12.9 6.2100 +7.8 5.6877 -1.2
.5 11.6354 11,2336 - 35 11,3838 -2,2 11,5746 - .5
1.0 16.2810 15.6776 - 3,7 15,9721 -2.0 16,1772 - .6
1,5 20,5104 19.8403 - 3,3 20,1670 -1.7 20.3304 - .9
2.0 24,4239 23,7335 - 2,8 24,0507 -1.5 24,1878 -1.0
3.0 31.4543 30,7663 - 2,2 31,0381 -1.4 31,1478 -1.0
5.0 42,8775 L2.2395 - 1.5 k42,4243 -1.1 42,5066 -.9
10.0 60,7205 60.2340 - .8 60,2984 - .7 60, 3425 - .6
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TABLE 8.6

TOTAL FLUXES FOR GROUP1, SET IV

Distance
(m.f.p.) Exact Py Error Ps Error DP, Error
0 3.2683 3,6563 +11.8 3, 4226 +4.6 3,2625 -2
.5 8.3076 7.9137 - 4,7 8.2312 - .9 8.3723 +.8
1.0 11.5025 11,1189 - 3,3 11.4584 - .4 11.5392 +.3
1.5 13.8524 13,5487 - 2.2 13.8201 - .2 13.8656 +,1
2.0 15.6174  15.3999 - 1.4 15,5924 - .2 15.6174 0
3.0 17.9790 17.8879 - .5 17.9585 - .1 17.9702 0
5.0 20.1820 20.1908 + 0 20.1717 - .1 20.1776 0
10.0 21.2945 21.3033 + 0 21,2945 + 0 21.2959 0

We note the accuracy of the Pg calculation which is always within one or
two percent of the exact value except at the interface, Even at the interface
the error is always less than 8%, The error is always negative for the Py
and Pa approximations except at the boundary where the error is several per-
cent positive, We observe that the DP; calculation gives a significant im-
provement in accuracy over the Ps especially at the interface.

Finally, we compare in Fig. 8,10 the current for the exact calculation
with that obtained by the approximation methods., The P35 and DP; currents were

very close to the exact, Nevertheless, the DP; calculation gave the best re-

sults in every case studied.
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(2) Exact. P, .DP
P (2) 20l LEGEND —o—o—P, 370

2 4 6 8 |0

Fig. 8.10. Constant source current vs. distance for Group 2,
Set IV.



IX. CONCLUSIONS

In the general two-group transport problem an exact analytical solution
has not been found. Nevertheless by the Casell approach we have succeeded
in deriving a pair of coupled equations (one is a singular integral equation)
which are conveniently solved by numerical methods. Singular integral equa-
tions are often easier to solve than Fredholm equations. This is true in
this thesis and may be generally valid.25

We develop in this work computer codes in the Michigan Algorithm Decoder
Languége (MAD) from which anyone can (with different cross section sets) test
the accuracy of conventional approximation methods.

The numerical calculations show that although the P; approximation yields
fairly good results for the total flux and current, the angular distribution
is not so well represented especially at the interface, The P5 approximation
improves on the P, but we continue (as in the P;) to obtain negative inward
angular fluxes at the interface., The DP; method improves significantly on
the P3 angular fluxes as well as on the total flux and current, The DP,
method has the important property that the boundary condition at a vacuum-
medium interface can be specified exactly even in the lowest order approxi-
mation. Thus the exit angular distribution at the boundary is well-repre-
sented,

An interesting observation from this work is that in the constant source
case the exit angular distribution becomes less pronounced in the forward

direction with increased absorption in the medium, This is in contrast to
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the Milne problem where the opposite effect is noted.

We recall that the P and DP; approximation present thz same computa-
tional difficulty. From this study we conclude that in two-group reactor
physics design analysis (with reactor parameter similar to those studied
here) the DP; epproximation is to be preferred over the Py approximation.
This conclusion has also been stated by Weinberg and Wigner2u in the one
group case but never (to our knowledge) has it been tested against exact cal-
culations in two-group problems, Of course, we realize that for complete
core design calculations on complicated power or research reactors multi-

group diffusion theory may still be the only feasible approach,
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APPENDIX A

THE EVALUATION OF vy (u)

Half-space identities quite similar to those in the one group casel exist

for the two group case, As the method of proving these identities parallels
closely that for the one group case as given in Case and Zweifel} we shall
omit the details in this work.

The X-function identities that we use in this

work are

X(z) = [ xl)f(u)du (A.1)
o

Q(z)
X(z)X(-2 = —————L————— A2
(2)%(-2) = e (8.2)
X(z) =[5 ) (.3)
° Q) (nI-p®)X(-p)(n-2)
We are considering only the case of one pair of discrete eigenvalues. Actually

the only modification needed for the four eigenvalue cases is that we must
make the replacement in identity (A.2) and (A.3) of n3-2z% by (15-D.(13-22)

where 1, and nz are the two positive eigenvalues. Also in the above iden-

tities from Eq. (2.29),

£(u) = QO (p)-0-(n)

Coz + [Cy1-2CuT(p)-2CpT(op) 161 (n)-2Cur(1/on)ez ()

2nip (A.L)
and from the dispersion equation we have
4
) = 1 - Zr oo, + 2 (8.5)
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The method developed by Shure and Natelson15 is now used to obtain a
rapidly convergent integral equation which is then used to calculate the

X-function and y(p). We write from Eq. (A.2),

1 - 22
alz) g (A.6)
X(z)X(-z) (o)
We then define a new function x(z) such that
k(z) = 1 -z>X(z) (A.7)
X(o)

and note that k(o) = k(o) = 1.

We solve Eq. (A.7) for X(z) and substitute in Eq. (A.6) to arrive at

22
1 .=
_Mz) . 2§ (A.8)
k(z)e(-2) 1-22%X2(0)
Boundary values are now taken of Eq. (A.8) to
K (u) - k7 (p) = 1-3"X% (o) Q+(“)'Q—(“)1 (A.9)
1 - Li K(H) _l
ni

We observe that the function(n(z)-lYZ is analytic in the complex plane
with a cut from O to 1 along the real axis. A direct application of Cauchy's
theorem around this cut gives

k(z)-1 _ _1 fl et () -k”(u)dp
2 2ni o u(u-2) )

(A.10)

We substitute into Eq. (A.9) the boundary value of Q(z) as given in Eq. (A.L)
and then insert this result. into Eq. (A.10) to obtain an integral equation

for g(-z). This integral equation is



91

. fl [1-EX%(0))f (u)du

° ( ] Ei) (2 )i (=)
n%

c(-z) = 1

(A.11)

In the monoenergetic case this integral can be carried out explicitly in the
first approximation,” i.e., for k(-z) = 1, but in Eq. (A.11) above the func-
tion f(u) occurs and thus numerical procedures must be resorted to immediately.

Actually Eq. (A.11) is a nonlinear singular integral equation because from

Eq. (A.4) and for C £ 0 £(u) + *x as y + % .

To simplify the notation, we define

[1-p®XZ(0) Ju

\
1 ) (utz )k ()
( )

By using Eq. (A.4) for f(u) in Egq. (A.11) and by standard techniques of sub-

8(“)2) =

(A.12)

tracting the singularity, we easily obtain

1
e(-z) = 1-2] Eiﬁiél [Caz+(C11-2CuT(1))8y (n)ldu

e}

1
+ 2Cz £ {g(u;Z)-g(%yz)][T(Uu)el(u)+T(l/0u)92(u)]dp

v 20z gld2) [ [r(ow)ea ()t (1/ow)0e () lau (A.13)

This last integral in Eg. (A.13) can be performed to yield

gl [v(op)ey(p)+r(1/on)e2(u)ldy = % lor(1/0) + % m(c®-1)1 . (A.14)

Because of the form of the integrands in Eq. (A.13) the integration is per-
formed separately for O < p < 1/c and 1/0 < u < 1. Eight point Gauss

quadrature 1s now used to evaluate the integrals and we iterate on g(-z) = 1
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for the first iteration. 1In a sample problem after five iterations the maxi-
mum difference in any of the 32 values of ¢ was less than 10'6.

From Eq. (A.7) we see that

X(-p) = alow) (A.15)
1 +
X(o)
and if we recall that
+
(o = i lu) (A.16)
Q" (u)

then from Eq. (A.2),

l \
2( =~ +pn) ¥(o)
y(u) = “nl(x(o) ) . (A.17)
(nF-12)k (-n)

Once k(-z) is found then Eq. (A.17) gives y(p). The gx-function for one-speed

theory and isotropic scattering can be obtained from Eq. (A.11l) by defining

£(p) = g

and
R(o) = _;_l___
n3(1-C)
where C has its usual one-speed definition.
The computer code for celculating y(u) is en integral part of the com-

puter code which solves the exact Milne and constant source problems. This

code is listed in Appendix D.



APPENDIX B

NECESSARY MODIFICATIONS FOR TWO PAIRS OF DISCRETE ROOTS

We have briefly noted in Appendix A the slight modification in the pro-

cedure to obtain y(u) if there exists two pair of discrete, finite roots. If

—

the modification is carried through we can easily derive for y(u),

1
y(w) = uqﬁné(m+p)x2(o) (B.1)
(nE-12)(n8-p2 )k (-p)

where

®(o) = —= (B.2)
Q(0)nind

and the integral equation for k(-z) has the form

1 1-u2X2(0)1f(p)d
K(‘Z) - 1 - Zf [ [ ( )] ('J-) M . (B.5)
o 2° 2
(1 - “—)(1 - ) (wrz )k (-u)
nz n3
Her n;, and nz are the two positive discrete eigenvalues.
The appropriate X(z) function for two pair of discrete roots is
L Arg 0% (u)dy
X(z) = - exp 1 [T Arg @ et . (B.4)

(1-2)% T o H-2

And in order that N(z) ~ % as z + o we require from Eq. (4.20) that

r
fl 2(n) Lw,(“) + 0 fl dnnoa (n)k(n,p) dp = 0 (B.5)
° © n-u
and
r 1
({1 by () LW'(u) +C g dnmﬁfz)k(n’“):l du = O . (B.6)
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We have two discrete modes available to satisfy Egs. (B.5) and (B.6) and

thus we make the replacement of ¥'(u) by ¥'(n)-A14f14+(R)-As,@o,(n). This
gives two equations with two unknowns assuming oe(u) has been determined.

The equations are

élV(u)w'(u)du - Ay £l7(u)¢1+(u)du - Ay, gl 7(n)go,(u)dn + C 417(u)du

(x) fl dnnoz(nk(n.u) _ 4

(B.7)
o n-u
and
1 1 1
é py (v (p)dp - Ay, g wy (w)gy (uldn - Asy g wy (u)gs, (n)dp
+ C j uy (n)dp f dnnog (pk(n,p) - o | (B.8)

n-H

We solve these two equations for A, and Ay, to obtain

1 1
[g 7 (0)go, (n)du él py (py'(plap - £ ky (k) (1)du gl y(p)y' (p)du

Ay =
+ gl 7k )by, (nt)an! gl dppy (1) f dnnogﬁnik ulty
- gl w'y (' )go, (u')dp! f dpy (u) fl dnnaﬁgz)k(n’gé]///[gIV(u)¢2+(u)d
x) gl my (p)gy, (wldn - f wy (g, (n)dp él 7(u)¢1+(u)d€] (B.9)

1
Ap, = [; 7 (W)@ (n)dp £1u7(u)w'(u)du - élu7(u)¢l+(u)du rt y (' (p)dp

¥ é (e g1t )ap! f dppy(p) f dnnozsnik(n,u) - f 'y (g, (n)an!

f dpy (u) fl d“”aa(" k(“’“) :l/[f 7 ()B4 (k)dn f wy (w)dy . (u)

- [ e [ s, ) du:] . (.10)
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The only fundamental difference,other than more terms in this resulu,

from the case treated in the text is the presence of terms of the type

1
[" wrlugy, wan (B.11)
We recall that
Br(n) = n—}‘_: [£(u)-Ck(ny,u)l . (B.12)

Inserting this into the above integral we find

1
(g (wan = cf)l wr(u) I £(w)dn - ¢ [ruy(w) ~— k(ny,p)dp. (B.13)
o M1 H o N1~K

The first integral can be written as

1 1 1 2
() D= f(p)dp = -1 [y (Wf(p)dp + [y () = f(u)dy . (B.14)
o) LI Bt o] o} N1-H

We recall the X-function defined by Eg. (A.1) is also valid for the two pair

case, i.e.,

x(z) = [ 2w (A.1)
(¢] K=z
We note that
1
lim 2X(z) = - [ y(u)f(p)du . (B.15)
Z-r00
But from Eg. (B.4)
X(z) » lg (B.16)
700 z

thus

1
-cf, y(u)f(p)dp = 0.
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And we find for the integral expression (B.1l1l) that

1 2
fl u?(u)¢l+(u)du = - mX(n1) - ¢ [ py(u) A k(ny,u)dn . (B.17)
°© °© N1-p

Similar results can easily be derived for the other integrals of this type

in Egs. (B.9) and (B.10).

The basic equations for finding o=(p) would be the same as before except

v'(n) is replaced by w'(p)-A1+¢l+(p)-A2+¢2+(p). Of course quite basic to
the solution of 0z(u) is the shape of the function y(p) which would certainly

have a different functional form.

Lastly the equation for oi(p) is modified as follows:

1
oa(n) = oCaa[valon) = AFiE (on) - ApFEY) (w))-Cascye [ Pno2(nlay

n-u
(B.18)
Here the functions F(l)( ) and F(l)( ) i
1+ (oM o4+ (ou) are given by
Fi}.)(ou) - Siam (B.19a)
c(ﬂl'u),
Rt ow) = Ciznz (B.190)
o(na=p)

The simplification of 0(u)@,,(u) and 0(p)@s, (u) would proceed in exactly the

same manner as for O(p)¢+(u) in Chapter IV.



APPENDIX C

AN ALTERNATE SOLUTION METHOD TO EQ. (k.29)

It is possible that there are values of C for problems of interest where

the iteration technique described in Chapter VI will not converge at all or

will converge very slowly. The method of solution outlined in this appendix

will give a solution for these cases.

Far convenience we repeat Eqs. (L.28) and (4.29) of Chapter IV:

£1 7 (L)' (n)du+c él 7(p)dufl dnnoz (n)k(n,p)

A, = o) N =~u
1 (4.28)
I 708, ()
and
o2(u) = O(u)ly' (W)-Aub ()] + ¢ o) [7 Smmoa(lk(nw) | (4.0,
© n-u
We define
1
Mow = £ 7 (0)g4(u)dn (c.1)

( fl (v (p)du
alo) )

- ) (c.2)
* Mg

We substitute Eq. (4.28) into Eq. (4.29) to arrive at

O(p)gde(p) 117(u)duflgnn02(?)k(“i“)
o2(k) = 0y (W) - Ao, (W) - o Ty T
Mo+
+ coo(u) [ Sance(n)k(n,p)
"o n-i ) (c.3)
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Equation (C.3) is now reduced to a set of linear equations. We again

use the midpoint approximation to evaluate the integrals. For example the
last integral in Eq. (C.3) is
D
fl dnnoz(n)k(n,.u) }Z ny02(ng Me(ni,ulhy (c.4)
o) n-K - -
i=1 Nyt

hy is the width of the ith interval,

For the integral in the third term on the right-hand side of Eq. (C.3)

we write

D D D
fl 7 (W)du }Z nice (ng Jk(ng,u)ny ~ }Z oz(n, Jhy }: 7 (pgnik(ng,uj)h;
5 ~
o M7k i=1 =1 Mi7H;5
When j=i in the sum over j, we use L'Hospital's rule to write
ﬂik(ﬂi;uj) 1 ns
= = 7, log(l + ) - A . (C.6)
117y * Mi  1+ony
Thus we have for Egq. (C.3) the set of equations
D D
) = Yyt - A( o), - Hk ¢+(u
o) = 0l )v (b)) = Ay 70(u )é, (u)
= j=l
D
ik(nsi,us)h : I .
(x) 7{ugini (nimy) J 4 CO( ) }2 az(ny Ingkng ,uhy (c.7)
For clarity, we write the explicit form for O(“k)W'(u),
1 ] 1 Ydy !
O ' (n) = 23(y) g Br(ut e (ut)du' f2 (uye )" (g ) (c.8)

uk-u'
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Equation (C.7) in matrix-vector form is

Ao = g (c.9)
where
D -
Ag c O(Ut ¢+ }Z “J nmk(nm:HJ)h -C O(Ml) ﬂmk(ﬂm:u)hm
MO J=l nm-uj nm-“
(c.10)
D
Ay - 148 O(ng)ge(u) z (j)ngk(ngomugdng SOV BLTLLATIIOLY
Mo+ Pac} e gk
(c.11)
EXS) 0 (u ) ()840 )y () |
aa(ue)
L2 = . g = ' (c.12)
v (o)
_OE(HD)_ _o(uD)W\u)-A+ (uD)¢+(u) |

Equation (C.9) is now solved by standard matrix inversion. It was
found that the iteration method (discussed in Chapter VI) was much faster
with the same number of points. Nevertheless this matrix inversion method

can always be applied for any value of C. One obvious requirement for a

solution to Eq. (C.9) is

det|A] £ 0.



APPENDIX D

COMPUTER CODE LISTING

Five computer programs are listed in this appendix. We denote these
programs by Program 1, 2, 3, L, and 5. For Program 1 we tabulate a list of
principal variables and refer the reader to Table 2.1 for information on the
number and type of eigenvalues. The false position method for finding the
roots of a transcendental equation is discussed in Ref. 18. We have inserted
remark cards into the othér programs to give details of the solution pro-
cedure. In many cases these cards refer to the appropriate egquations in the
text.

We have listed the repiacement cards at the end of Program 2, 3, and L
which, when inserted into the previous program, will give a program for the
solutions to the constant source problem. In Program 5 the changes for the
DP; are almost analogous to the P5, therefore, we have not listed these cards
i.e., we have listed only the solution to the constant source problem in the
DP, approximation. At the end of each program is a list of sample input

data. All programming was done in the Michigan Algorithm Decoder (MAD)

2
language.
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Program Number 1: List of Principal Variables

Program Symbol Definition
D1 det |C|
Cl Ciy (See Eq. (2.2))
c2 Ci2
C3 Cay
Ch Cosn
SIG o]
OMEGAX. Subroutine for calculating Q(z) for z real (see
Eq. (2.17))
OMEGAY. Subroutine for calculating Q(z) for z pure imaginary
ITMAX Maximum number of iterations permitted for converg-

ing on the roots of Q(z).18
EPS1 Convergence criterion for Q(z).

EPS2 Criterion for terminating program when denominator
is too small in false position method.l

ITX Number of iterations, k.
FX(1) a(x§)

kK
FX(2) Q(xz)

FX(3) a(x5)
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PROGRAM 1

R PROGRAM FOR FINDING THE REAL AND/OR IMAGINARY ROOTS OF THE
R DISPERSIDON EQUATION FOR TWO GROUP TRANSPORT THEORY BY THE
R FALSE POSITION METHON
DIMENSION X(3)»s FXC3)y Y(3)s FY(I)
INTEGER 1TmMAX, ITX, ITY, I, J» R
START READ AND PRTINT DATA ITMAX» EPSI,
1C1, €25 C3» Ca» SIG
D1=C1%C4=-C2=«C3
N2=C1¢5]1G+C4
D32C1+51G6+Ca=2,+D)
D4=DI*ELUG.((5]G+1,)/7(SIG=1.))
WHENEVER D1.,E40.
WHENEVER D2,.,L.S1Gr2.
R=1
PRINT COMMENT $ TWO REAL ROOTSS
OR WHENEVER D2.6.S51Gr2.
R=2
PRINT COMMENT & TwO IMAGINARY ROUTSS
OR WHENEVER D2,E.,51G/2,
R=3
PRINT COMMENT 8 TwO INFINITE ROOTSS
END OF CUNDITIONAL
OR WHENEVER D1.L,0,
WHENEVER D3.L.S1G/2,.
R=1
PRINT COMMENT § TwWwQ PEAL ROOTSS
OR WHENEVER D3,6.51G/2.
R=2
PRINT COMMENT & TwD IMAGINARY ROQUTSS
DR WHENEVER D3,F.S1G/2.
R=3
PRINT COMMENT 8 TwWn INFINITE ROQOTSS
END OF CONDITIONAL
UR WHENEVER D146G,0,.AND,CA:eG,D4
WHENEVER 03.L.SYG/2.
R=1
PRINT COMMENT & TwWwD REAL ROOTSS
OR WHENEVER D3,G.S1G/2.
R=2
PRINT COMMENT & Twn IMAGINARY ROOTSS
OR WHENEVER D3,FE.S51G/2
R=3
PRINT CUMMENT 8 Twin INFINITE RODTSS
END OF CONDITIDNAL
OR WHENEVER D1.Ge0so.ANDCU LELDY
WHENEVER Cl-LE.SlG/?.AND.CQ.GE-(1./2.).0R.
1 CleGESIG/2,.4ANNGCULECC14/20)
R=4
PRINT COMMENT & FOUR ROUTS TW0O REAL AND TWO IMAGINARYS

EPS2,



PRINT1

SERCH1

PRINT2

SERCH2
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PROGRAM 1 (Continued)

OR WHENEVER C1.LeSIG/24¢.ANDsCO,LeC1c/2.)
WHENEVER D3.L.S51G6/2,
R=5
PRINT COMMENT $ FOUR KEAL ROOTSS
OR WHENEVER D3,G.SIG/2.
R=4
PRINT COMMENT $ FOUR ROOTS TwO REAL AND TWO IMAGINARYS
R=1
PRINT COMMENT 8 TWO REAL AND TWO INFINITE ROOTSS
END OF COUNDITINNAL
OR WHENEVER C1,G4S16G/24eAND4CBeGo(1,/2.)
WHENEVER D3.L,51G/2.
R=6
PRINT COMMENT s FQUR IMAGINARY RODTSS
OR WHENEVER D3«GeSIG/2
R=4
PRINT COMMENT § Twn REAL AND TWO IMAGINARY ROOTSS
OR WHENEVER D3.F.51G/2.
R=2 _
PRINT COMMENT $ TwQ IMAGINARY AND TWO INFINITE ROOTSS
END OF CUNDITIONAL
END OF CONDITIONAL
END OF CONDITIONAL
WHENEVER R.E.1
X=21,000001
OMEGAR=0MEGAX(X,C1sCa,D1551G)
NHENEVER OMEGAR.L.O.
THROUGH SERCH1, FOR X=1.100001,.1, NMEGARGeOos0ReXeGe20s
NHENEVER X4Go19,.75
PRINT COMMENT & NO SIGN CHANGE FROM NEG TO POSS
THROUGH PRINT1, FOR Z=1.0000015,15 Z4G<20,
PRINT RESULTS Z, OMEGAX.(Z»C15CasD1,516)
TRANSFER TU START
END OF CONDITIONAL
OMEGAR=0OMEGAX«{X,C15sCa,D155IG)
OR WHENEVER OMEGAR.G.0,
THROUGH SERCHQD FDR X=1.200001:.2; n"EGARtLQOIIOROXQGCZOQ
WHENEVER X4Go19,7S
PRINT COMMENT $ NO SIGH CHANGE FROM POS TO NEGS
THROUGH PRINT2, FOR 2=1.0000015.25 Z+Ge20.
PRINT RESULTS Z, OMEGAX.(Z»C1,C45D1,51G)
TRANSFER TO START
END OF CONDITIONAL
OMEGAR=0MEGAX «(X»C1sC4»N1»SIG)
OTHERWISE
PRINT COMMENT & X=1.000001 IS A ROOTS
TRANSFER TO START
END OF CONDITIONAL
X(1)=X=.2
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PROGRAM 1 (Continued)

X¢(2)=X=,.1
PRINT RESULTS X(C1)» OMEGAX+(X(1)sC1,Ca,01,51G),
1X(2)s OUMEGAX.(X(2)5C1,C4,D1,51G)
FXC1)=OMEGAX+(X(1)»C1,C4,D1,S1G)
FXC2)=0OMEGAXa(X(2)sC1sCU4»D1,SIG)
THROUGH LOOPXA, FOR ITX=1,1,ITX.G.ITMAX
NUMER=X(2)*FX(1)=X(1)eFX(2)
DENOM=FX(1)=FX(2)
WHENEVER <ABS. DENDM.L .+ABS<NUMER«EPS2
PRINT COMMENT 8 DENOMINATOR TOO SMALLS
TRANSFER TO START
END OF CUNDITIONAL
X(3)=NUMER/DENOM
FXC3)=0MEGAX «(XC3)»C1+CG»D1,S16G)
WHENEVER ABS«FX(3)LEL.EPSI1
PRINT COMMENT 3 PROCEOURE CONVERGEDS
PRINY RESULTS ITX»sXC3)»FX(3)»R
TRANSFER TU START
END OF CONUVITIONAL
THROUGH LDOPXA, FOR Iz1s1s1.G,2
THROUGH LOUPXA, FQR Jalelrtlrdetied
WHENEVER JABSeFX(])eGoesABSFXC(CJY)
TEMP=FxXx(1)
FXCIY)=FX(J)
FXCJI=STEMP
TEMP=X(]1)
XCH)=x0J)
XCJII)=TEMP
LOOPXA END OF CONDITIONAL
PRINT COMMENT § NO CONVERGENCES
TRANSFER TO START
OR WHENEVER R.E.2
THROUGH SERCH3» FQOR Y=.00015¢2» OMEGATI +L+0eeOReY4Gsg0,
WHENEVER Y4G.37.5
PRINT CUMMENT $ NN SIGN CHANGE FROM PDOS TO NEGS
THROUGH PRINT3, FOR M=,0001,,2» MeG,40,
PRINT3 PRINT RESULTS ™, OMEGAY«(MsC1,C4501,516)
TRANSFER TU START
END OF CONDITIUNAL
SERCH3 OMEGAI=0MEGAY.(Y»C1sCas»D1sS16)
WHENEVER OMEGAY.(,0001,C1»C4501,51G)eL o0
¥Y(1)=,0001
¥(2)=,2001
OTHERWISE
Y(1)=Y=.4
Y(2)=¥=,2
END OF CONDITIOMAL
PRINT RESULTS Y(1), OMEGAY «(Y(1)»C1,Ca,01,S1G)>»
1Y(2)» OMEGAY,.(Y(2),C1,C0,01,51G)
FYC1)=OMEGAY.(Y(1),C1.C4,01,514)
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PROGRAM 1 (Continued)

FY(2)=0OMFEGAY.(Y(2),C1,C4,01,51G)
THROUGH LOOPYB-FOR I1TY=1,1,1TYeGeITMAY
NUMER=Y(2)*FY(1)=Y(1)+FY(2)
DENUM=FY(1)=FY(2)
WHENEVER +ABS.DENNM, L+ ABS.NUMLR#EPS2
PRINT COMMENT & DENOMINATOR TOU SMALLS
TRANSFER TU START
END OF CUNDITIOMAL
Y(3)=NUMER/DENOW
FYC3)SOMEGAY (Y (3),C1,C4,U1,S]IG)
WHENEVER JABS.FY(3),LE,EPSY
PRINT COMMENT 8§ PROCEDURE CONVERGEUS
PRINT RESULTS ITYs Y(3)sFY(3)0R
TRANSFER TU STARTY
END OF CUNDITIONSAL
THROUGKF LOUPYRs, FNR 121s1,s14G,2
THROUGH LNUPYBs FNR JzI1+1515JeGe3
WHENFVER oABSe FY(1)eG.oABSFY(J)
TEMP=FY(I)
FYcld)=FyYCy)
FYCUI=TEMP
TEMP=Y(T)
YCI)=Y(D)
YCJI=TEMP
LonNPYB END 0OF CONLITIOMAL
PRINT COMMENT & NO CONVERGENCES
UR WHENEVEKR ReEou
THROUGH SEKCHA» FNR X=1.0000015 0S»0OMEGARL 404 eOReXeGo20,
WHENEVER XeGo19.75
PRINT CUMMENT & NO SIGN CHANGE FOKk REAL ROOTSS
THROUGH PRINT4s FOR Nz1,0000015.25 NiGe20,
PRINTA PRINT RESULTS N» OMEGAX(N»C1,C8»D1,51G)
TRANSFEX TUO [MAGR
END OF CONDITIONAL
SERCHA OMEGAR=UMEGAX 4 (X,C1sC4501»51G)
WHENEVER OMEGAX.(1,000001,C1,C4,01,58G)sL o0
X(1)=1.000001
X(2)=1,100001
UTHERWISE
K(1)=X-.1
X(2)=X=,05
END OF CONDITIONAL
PRINT RESULTS X(1)» UMEGAXe(X(1)5C1,C85D1,51G)>»
1X(2), OMEGAX . (X(2)»C1,C4,01,S1G)
FXC1)=OMEGAX«(X(1)2C1,CU8»01,SIG)
FX(?2)=0MEGAX+(X(2)»C15C45D1,5]0G)
THROUGH LODPXC, FOR I1TX=1,51,1TX.G,ITMAX
NUMERSX(2)*FX(1)=XC1)*FX(2)
DENOM=FX(1)=FX(2)
WHENEVER +ARSe NDENOMJLsosABSNUMER®EPS2
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PROGRAM 1 (Continued)

PRINT CUMMENT & DENOMINATUR FOK REAL RDOTS TOO SMALLS
TRANSFER TO 1MAGR

END OF CONDITIONAL

X(3I)=NUMER/DENOM

FX(3)=NMEGAX.(XC3),C1,C4,01,S1G)

PRINT RESULTS XC3), FX(I)

WHENEVER oABSFX(3).LELEPS]

PRINT CUMMENT § PRGCEDURE FOR REAL RODOQTS CONVERGEODS
PRINT RESULTS ITX, ¥(3)» FXC3)» R

TRANSFER TU I[YAGR

END OF CANDITINNAL

THROUGH LOOPXC» FOR 1=1s1s51.6G.2

THROUGH LOUPXC» FOR JslelslsdeG,e3

WHENEVER +ARSFX(I)eG,.eABSFX(J)

TEMP=FX(T)

FXCIY=FX(J)

FXCJ)=TEMP

TEMP=X(])

XC1)=XCJ)

XR(J)=TEMP

PRINT RESULTS Xx(C1), FXC1)» X(2)s FX(2)

END OF CONUITIUNAL

PRINT CUMMENT $ NN COMVERGENCE FOR REAL RDOTSS
THROUGH SERNCHS, FOR Y=2.0001,:05,0MEGAT oL s0seOReYeGod0,
AHEMEVER YoGodO,

PRIMT COMMENT & NO SIGN CHANGE FUR IMAG KROOTSS
THROUGH PRINTS, FNR T=,0001542s T,G,40,

PRINT RESULTS T» NMFGAY.(T»C1,C4»D1,S1G)

TRANSFER TU STARY

END OF CONDITIONAL

OMEGAI=OMEGAY«(YsC1sCU4sD1»SIG)

Y(1)=Y=,10

Y(?2)=Y=,05

PRINT RESULTS Y(1)s OMEGAY4(Y(1)sC1,C085D1,516G),»
1Y(2), OMERAY . (Y(23,C1,C4501,51G)
FYC1)=OMEGAYCYC(1)5C1,C4,D1,516)
FY(2)=0MEGAY . (Y(2)sC1,04,D1551G)

THROUGH LOQPYDs FOR ITY=151,ITY,GeITMAX
NUMER=Y(2)*FY(1)=Y(1)eFYV(2)

DENDMSFYC1)=FY(2)

WHENEVER 44885, DENO“.L..ABS-NUHER#EPS?

PRINT COMMENT 8 DENNMINATOR FOR IMAG. ROOTS TUO SMALLS
TRANSFER TO STARTY

END OF CoNbITIONAL

Y(I)=NUMER/DENOM

FY(3)=OMFGAY..(Y(3)»01,C8,01,51G)

PRINT RESULTS Y(3), FY(3)

WHENEVER +ABS. FY(3I)LELEPSE

PRINT CUMMENT 8 PROCENURE FDR [MAG, ROOTS CONVERGEDS
PRINT RESULTS ITYsYC3)»FY(3)sR
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FROGRAM 1 (Conecluded)

TRANSFER TO START
END OF CONDITIONAL
THROUGH LOOPYD» FORJ=I+1s1sJeGe3
NHENEVER +ABSe FY(I):eGosABSFY(J)
THROUGH LDOPYD»FURI=1,15]4G.2
THROUGH LOOPYD, FOR J=I+1s1sJ.,s3
TEMP=FY(I)
FY(l)sFY(J)
FYCJI=TEMP
TEMP=Y(])
Y(I)=Y(D)
Y(J)=TEMP
PRINT RESULTS Y(1)» FY(1)s» Y(2)s FY(2)
LOOPYD END OF CONDITIONAL
PRINT COMMENT $ NO CONVERGENCE FUR IMAG ROODTSS
OTHERWISE
PRINT COMMENT $ RNOTS ARE INFINITE OR WE HAVE
1 FOUR REAL UR FOUR IMAGINARY RUOQTSS
END OF CONDITIONAL
TRANSFER TO START
END OF PRNGRAM
$ COMPILE MAD, EXECUTE
EXTERNAL FUNCTION (XsC15C45D1,51G)
INTERNAL FUNCTION T1.(x)=X*ELO0G.((SIGaX+1,)/(SIGeX"1,))
INTERNAL FUNCTION T2,(X)=X*ELOGC((X+1,)/7(X"1,:))
ENTRY TO OMEGAX.
OMEGAX=1,=C1eT]1 ,(X)=CaeT2,(X)+01oT1,{X)I*T2,(X)
FUNCTION RETURN OMEGAX
END OF FUNCTION
$ COMPILE MAD, EXECUTE
EXTERNAL FUNCTION(YsC1,C45D1+S1G)
INTERNAL FUNCTION S1,CY)=2.*Y*ATAN,(1,/7/(SIG*Y))
INTERNAL FUNCTION S2.(Y)=2,%Y+#ATANL(1,/Y)
ENTRY TO OMEGAY,
OMEGAY=1,=C1#S1,(Y)=Ca+S2.(Y)+01#51,CY)*S52,(Y)
FUNCTION RETURN OMEGAY
END OF FUNCTION
$ DATA
$ DATA
ITMAX=50, EPS1=1,E=7» EPS2=1,E=20, C12,59023, €2=,05448, C3=,15963,
€4=5,44320, SIG=1.50951 *
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PROGRAM 2

$ COMPILE MAD, EXECUTE

START

R THIS IS THE SOLUTION FOR THE EXACT MILNE PRDBLEM
OIMENSION Y(16)» S(16), W1(16)» W2(16)» TC16)s T1(16)s RC16)»
R1€16)» KYC16)» KS(16)» KY1C16)» KS1C16)» DIFFC32),
21(92)» KAPP(92)s GU(C96)» ELG(92), ELG1(92)» FK(B64E,DIN)»
FUCBa6sVIM), FULC10), FUUC10)s FUMCL10), XFNIC92), OMAGL1(92),
OMAG2(92)» ALPHA2(B28,VIN)s SUCY96), DIFC92)» FKK(92),
FKUC92), FTK(92), ALPHA1(92), ANGR1C168)» FUMMC10),
FUMP(10)» ANG(92)» ANGO(92)» ANG1(92)» AGDIP2(92),
AGDIN2(92), AGDIP1(92), AGUIMI(92), 22C92)»XFP1(92),
OPHI(92)» OPSI(92)s FEA(Y2)s EXPDC(92)» 23(20)» ANGR(184)
INTEGER P1» K» P, Js I, L» ITMAX, ITMAXX, L1» P3, D, ZEE
VECTOR VALUES VIM=2,0,0
VECTOR VALUES VIN=2,0,0
VECTOR VALUES DINE2,0,0
PRNGRAM CNMMON Fu, FuL, FUM» FUU» N, ELG» 21, H1, H2, P3, D»
1 SG
R VECTDR VALUES FOR GAUSS QUADRATURE
VECTOR VALUES X(1)=.0950125098,» ,2816035508s .4580167777»
1 .6178762448, ,75540440845,8656312024, ,9445750231,
2 9894009350
VECTOR VALUES W(1)=2,1894506105, ,182603a150» 1691565194,
1 «1495959888, .1246289713» 0951585117, .0622535239,
2 .0271524594
FTRAP.
R INTERNAL FUNCTIDNS FNR XAPPA FUNCTION CALCULATION
INTERNAL FUNCTION FoCV1sY1sKAP)I=(l,@VioV1aX02)*Vi/CCle=Viaylys
1 (ETAYETA))»(V1eY])*KaAP)
INTERNAL FUNCTION FB (V1»Y1sKAPI=E] /7C(VI+Y1)eKAP)
READ AND PRINT DATA
R NOTE THAT P, P3 AND D ARE DECLARED Tp SE INTEGERS
P=N
P3aN3
DaP+P3
VIM(2)=D+2
VINC2)=D
DINC2)=D+2
R THIS PART OF PROGRAM QOBTAINS A KAPPA FUNCTIDN WITHIN A
R SPECIFIED ACCURACY EPS
R PARAMETERS FOR GAUSS QUADRATURE INTERVAL FROM 1./SIG TO 1.
A2(SIG=1,)/C2.%S1G)
Be(SIG+1,)/(2.%S1G)
RCALCULATION OF DETERMINANT OF C HMATRIX SEE EQe(2.2)
D1=C1eC4=C2+C3
R ReH,S« OF EQGeCA,18) MULTIPLIED BY ¢
Q0=D1/SIG#(SIG*(ELOGeCCSIG+14)/C¢SIG=14)))+ELDG.C(SIG*SIG=1,))
R SEE EQ+(A+2) AND EQ.(A.S)»(XC0) SQUARED)
X0221e/0(1e=2.%C1/516G=2,¢CU+4,wD1/SIGINCETA*ETA))
THROUGH EVALs FOR K=1,1» KeGo8

P Y o

oM



EVAL

EvaL2

EVAL3

EVALS

EVALSG

ALPHA

109

PROGRAM 2 (Continued)

R NEW VARIABLES CALCULATED FOR GAUSS QUADRATURE» REGIDN 1
R SEE REF, (18)
YCK)ZX(K)I/(2.=*STGY+14/7(24*51G)
Y(K+B)==X(K)/(2.#S16)+1.,/7(2.*S1G)
W1(K)=W(K)/(2.,*5]G)
W1(Ke+B)=W(K)/(2.%51G)
R NEW VARIABLES CALCULATED FOR GAUSS QUADRATURE» REGIQN 2
SCKI=X(K)nA+B
S(K+8)==X(K)*A+R
HW2(K)=W(K)*A
W2(K+8)=W(K) A
THROUGH EVALZ2, FOR J=1,1, JeGolb
R FUNCTIONS IN EQ.CA.13) THAT ARE OEPENOENT ON INTEGRATION IN=
R TERVAL C(MU) UNLY (NDTE GAUSS WEIGHTS ARE INCLUDED)
TCJIZC(CA4CI=ULaY(UI*ELNG.CCLa+Y(UD)I/ZCLe=Y(J)I)) (1, =Y(JIRY(J)
1 *X02)wr1(J)/(1.=Y(JI)xY(JI/CETA®ETA))
T1CJISWICUIRDLIwELDG(C1+SIGaY(JDI/(1,=51GeY(J)))
RCJUIZH2CJ)I*CUrC]l ,=SCJ)es(JI*X02)/ (1e=SCJ)*SC(JI/(ETAYETA))
RY1(JI=W2(J)I*DL*ELOGe((SIG*S(J)+1)/(SIG*5(JI=1+))
INTERNAL FUNCTION (2)
ENTRY TO G.
R THIS INTERNAL FUNCTINN CALCULATES KAPPA FOR A SPECIFIED 7z
Sum=90
THRQUGH EVALI» FOR L=1,15 LeGolé
SUMZSUMSTCL)*F G CYCL)»ZoXYCL)I=TLIC(LINMCF C(Y(L)pZoKYC(L)I=Fo(l.:/
1 SIGrZsKSGII+RILIWFG4C(SC(L)»2,K3(L))=RICLI*(F.(SCL)»2sKS(L))=
2 Foe(1s/7S1GeZ»%S5G))
FUNCTION RETURN 1,=7#SUMeQ*Z*F . (14/SIG»Z»KS5G)
END OF FUNCTION
R AN ITERATION PRDCESS COMMENCES AT THIS POINT WHERE FOR
R INITIAL VALUS OF KAPPA WE SET XAPPA=1. THE ITERATION
R CONTINUES UNTIL THF MAXIMUM OLFFERENCE BETWEEN ANY TwWO
R VALUES OF KAPPA IS LESS THAN EPS
MAX=1.
KSG=10
THROUGH EVAL4» FOR L=1,1» L4G416
Ky(L)=1.
KSC(LI=1,
THROUGH EVALS, FOR J=1»r1s JeGoeITMAX,OR.MAX.LJEPS
THROUGH EVALG6» FOR X=1,1» K.Gelb
KY1(K)=G,(Y(K))
KS1(K)=G(S(K))
DIFFC(K)=ABS e (KY(K)=KY1(K))
DIFF(K+16)=eABS«(KS{KI=KS51(K))
KSG1=G.(1./51G)
MAX=DIFF (1)
THROUGH ALPHA» FOR lL=2,1, L.G,32
WHENEVER DIFFC(L)aGoMAX, MAXSDIFF(L)
WHENEVER JeGsITMAX

PRINT CUMMENT & MAXIMUM NUMBER OF ITERATIONS FOR KAP EXCEEDS
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PROGRAM 2 (Continued)

PRINT RESULTS MAX, J

TRANSFER TU START

UR WHENEVER MAX.L,EPS

PRINT CUMMENT $ PROCENURE FOR KAPPA FUNCTION CUNVERGEDS
PRINT RESULTS MAX, Js KYC1)oeoKY(16)2 KS(1)eeoKS(16)
TRANSFER TO 6O

OTHERWISE

KSG=2KSG1

THROUGH SWITCHs FOR L1=1s15 L1.Gel6

KY(L1)=sKY 1 (L)

KS(L1)=KS1CL1)

END OF CONDITIONAL
R THIS CUNCLUUES THE CALCULATION UF KAPPA

CONTINUE
R NUMHER NEEDED FOR X=FUNCTION ANU GAMMA FUNCTION
SR=1,/SURT.(Xx02)
R SET=UP MESH SPACING MIDPOINT VALUES

S6=1./516
R INTERVAL SPACING FNR REGION 1

Hi=SG/N

R INTERVAL SPACING FNR REGION 2

H2=(1.,=5G)/N3

K=1
R MIDPOINT VALUES OUF MU VARIABLE UETERMINED

THROUGH COMP1s FUR UZ1erlesr KeGob

WHENEVER K.LELP

21(K)=(U=,5)*H]

OTHERWISE

Z‘l(K)=Zl(P)O.S'Hla-(U-N‘oS)'HZ

END DF CONDITIONAL

K=K+

PRINT RESULTS SG, K1y, H2, 21(1)ees21¢(D)

R VARIUOUS CONSTANTS NEENED LATER
R IF WE WANT TU SOLVF THE EXACT CONSTANT SOURCE PRUBLEM WwE
R INSERT CARDS NO. 1S, 2S5, 35S AND 4§

PI1=3,14159265

R HERE WE CALCULATE KAPPA FIRST AT 1,/SI3 AND 1. AND THEN
R GAMMA AT THESE SAMF VALUES

KAPSG=G4+(SG)

GUCD+1)=SG ETA*ETAR(SR+SGI*X02/C(ETAYETA=SG*SG)I*KAPSG)
K‘ONE=G.(1-)
GUCD+2)=ETA®ETA*(SR+1,1+X02/C(ETAWETA=],)*KAONE)

R KAPPA AT TwW0Q DISCRETE ROOTS

KAPM=G,(ETA)

KAPP=G,(=¢TA)

R FIRST TERM IN EQ.(4,10) FOR DISCRETE ROUTS ONLY
ELGETP=ETA*ELOG. (1 ,*+SG/ETA)
R MILNE CARD OUNLY

ELGETM==ETAYELDG,(1.=SG/ETA)
R SEE EQUATION FOLLOWING £Q,(2,20)



111

PROGRAM 2 (Continued)

ANGC=C4=D1*(ELGETP+ELGETM)
R THE LAST TERM IN EQ.(4.10) CALCULATED FOR 1. AND 1,/SIG
ELGSG=SG#ELOG.(2,)
R EQS.(6+42) AND (6.3) EVALUATED AT O.» 14/SIG AND 1,
FuL(1)=0,

FuL(2)=0,

FUMC1)=GUCD+1)eETA/(ETA+SGI*(ELGETM=ELGSG)
FUM(2)=GU(D+1)*ETA/(ETA=SG)*(ELGETP=ELGSG)
FUUC1)=GUCLD+2)*ETA/(ETA+1.)*(ELGETM=ELGONE)
FUUC2)=GUCD+2)*ETA/C(ETA=1 )2 (ELGETP=ELGONE)
R X=FUNCTIUON EVALUATED AT LISCRETE ROOTYS (SEE EQ.C(A415)
R MJILNE CARD UNLY

XFM=KAPM/(SR+ETA)

XFP=KAPP/(SR=ETA)

PRINT RESULTS KAPSG» GU(D+1)s, KAONE, GU(D+2)» KAPM» ELGETM»
1 ELGONE» ELGSG» XFMe XFP

R INTERNAL FUNCTIQOM FOR THE BOUNDARY VALUES OF OMEGA €Q.(2,21)

INTERNAL FUNCTINN nNM8,(2)=s2

INTERNAL FUNCTION D01,(2)=2*EL0GeC(1.+Z)/C1e=2))
INTERNAL FUNCTION 024(2)=2*ELDG.((1,+45]G#2)/(14=51GwZ))
INTERNAL FUNCTIUN N3.¢C€2)=2%ELOG,((SIGeZ41.)/7(5IG*Z2=1,))
THROUGH COMP2, FOR K=1s1) Ko.GoD

R CDOMPUTATION TO CHAMGE MU VARIABLE TO ANGLE IN DEGREES FOR

R EASIER PLOTIUING
ANRP=ARCCNS.(Z1CK))

ANRM=ARCCOS.(=21(K))
ANGR(K)=SANRP*360,/7(2.%P1)
ANGRC(K+D) =AMRM®*350./(2.*P1)
WHENEVER Z21(XK).L.SG
211=21(K)I*S1G
ANRP1=ARCCUS.(Z11)
ANRM1=ARCCOS.(=211)
ANGR1(K)=ANRP1#360,/(2.*P1)
ANGRI(K+P) =aNRM1e360,/(2.*P1)
END OF CONDITIONAL

R CALCULATION OF KAPPA THEN GAMMA FUNCTION FOR ALL MIDPOINT

R VALUES (SEE EQ.(A.17))

KAPP(K)=G,(21(K))
GU(K)=Zl(K)iETﬁtETA*(SR¢Zl(K))-x02/((ETAtETA-Zl(K)tZI(K))t

1 KAPP(K))

R CALCULATIUN OF LNGARITHM TERM IN EQs(646)
ELG(K)IZELDOG.((1,=21(K))/7Z1(K))

R LAST TERM UF EQ,C4.10) EVALUATED AT ALL MIDPOINT VALUES
ELGI(K)=21(K)*ELDG.C1,+SG/21(K))

R CALCULATION OF EQ.(6.2) AND EQ.(6,.,3) AT ALL MIDPOINT VALUES
FKUCK)=ETA/(ETA=Z1(K))*(ELGETP=ELG1CK))
FUC2,K)=GU(KI*FKUCK)

FKKC(KI=ETA/(ETA+Z21(K))*(ELGETM=ELG1(K))
FUCL»X)=GUCKI*FKK(K)

SM

oM

™
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PROGRAM 2 (Continued)

R €E0S,(4.22) EVALUATED FOR EACH REGIQN

WHENFVER Z21(K),L,S6

$1=01.¢21(K))

$2=202.021(K))

$3=0M4,(21(K))

54=53+53

DENOMI=(] ,~Cu*S1eC1#S2+401+S12S2=PI#PIwD14S4) Pe2+4P[ePI*S4w
1 (CA+C1=D1+(S2+S1)).P,2

NUMN12S34(C3+C1=D1e(S1+52))

NUMP 121 ,=C4*51=ClwS2+4D1#512S52=P]#pPlaD1#5y

OMAGI(K) = NUMNL1/CDENOM1#GUCK))

OMAG2(K) SNUMP1/DFENDOMY

R FIRST TERM OF EWS,(4,42) AND (5.8) EVALUATED
R MILME CARD UNLY

XFMUCK)I=ETA*XFM/(ETA+Z1(K)I*DMAGL(K)
XFPICK)=OMAGI(K)®ETACXFP/(ETA=Z1(K))
R FUNCTIUNS NEEDED LATER FOR ANGULAR DISTRIBUTIONS
ANG(K)=C4=D1+S2

ANG1(X)=C1=D1+51

ANGOCK)=SNUMPL1+PlePl*D1#54
R SAME REMARKS AS ARNVE RUT FOR REGINN 2

OTHERWISE

T1=201.021(K))

T2=203,021¢(K))

TI=OMA,(Z21(K))

T4=T3+T3

DENOM2=(1 =C4rT1=C1oT2401*T1%T2)eP,2+P14PI#T4n{CU4=D1*T2)P,2
NUMN2=T3«(C4=D1eT2)

NUMP2=1.=CU4wT1=ClaT?¢N1aT1eT2

OMAGI(K) =NUMN2/(DENOM2+GU(K))

OMAG2(K) =SNUMP2/DENUM2

R MILNE CARD ONLY

XFMICK)SETA#XFM/(ETA+Z1(K))*OMAGIC(K)
XFPICK)I=OMAGI(K)«ETAeXFP/(ETA=Z1(K))

ANG(K)=C4=D1+T72

ANGO(K)ISNUMP2

ANG1(K)=0,

COMP2 END DOF CONULITIONAL

R INTEGRALS IN EN.(5.94) EVALUATED EXCEPT INTEGRAL WITH ALPHA2
R A SUBROUTINE IS USED WHICH IS FOUND AT END OF PROGRAM
INTEGM=INT. (1)

INTEGP=INT.(2)
R EQ.CA.35) EVALUATEDN

APLDEN==ETAwXFP=01+INTEGP
R EQ.(6.16) EVALUATED
APLUS1I=(=ETA*XFM+D1*INTEGM)/APLDEN

PRINT RESULTS KAPPC1),..KAPP(D)» GU(1)e..GUCD)>»

1 ELG(1)easELGCDI, ANGOC1)se«ANGOCD), FKK(C1)eooeFKK(D)>»
1 FUC121)eeeFUCLSD)s XFMIC1)eeuaXFMICD)» FUMC1)» FUUCL)S
10MAGY1(1).4+0MAGI(D)» DMAG2C1)4.40MAG2(D),
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FROGRAM 2 (Continued)

1 XFPI(1),eeXFPICD)» APLUS1» APLDEN, INTEGP, INTEGM
THROUGH COMP3s FOR Kz=1s1), K.GoD

R ERS.C4,82) AND (SeB) EVALUATED» PVI. IS A SUBROUTINE LISTED

R AT THE END WHICH CALCULATES PRINCIPAL VALUE INTEGRALS
OPHI(K)=DI*(UMAGRI(K)I*PVI.C(1,2,K)=0OMAG2(KI*FKUCK)I+XFPICK)
OPSI(K)==DI*#(OMAGLI(X)aPVIaC(ls1sK)=OMAG2(KI*FKK(K))=XFMI(K) 9M

R INITIAL VALUE OF ALPHA2 CALCULATED SEE EQ.(6.17)
ALPHA2(1,K)=0PSTI(K)=APLUSI*0PHI(K)

COMP3 PRINT RESULTS Z1(K)» ALPHA2(1,K)» DOPHIC(KX)» OPSICK)

R INTEGRAND IN SECOND TERM OF NUMERATOR OF EQ.(4.43A)

R CALCULATED EXCLUDING ALPHA2

THROUGH COMP4» FOR J=1sl, JeGaD

THRUUGH COMP4, FOR K=151, K G402

WHENEVER Ko.ELD+1

FRKCJIpKI2Z1(UIZC21€U)=SGICELGI(J)=ELGSG)

OR WHENEVER K.E.D+2
FROJUSKIZZ1(IIZCZ1CII=1e)Iw(ELGICJUI=ELGONE)

OR WHENEVER JeE.K

FKCUsKISELGICK)I=21(X)/C1,+SIG*Z1(K))

OTHERWISE

FKCI»KIZZICII/Z(21CUI=Z1C(KII*(ELGICJI=ELGI(K))

cOoMP4 END OF CONDITIONAL

R HERE WE START THE TTERATION PROCEDURE FOR APLUS AND ALPHA?2
MAXX=1,
THROUGH C1IMPSs FOR J=2s1s JeGeITMAXXsOR.MAXXoL+EPSI
THROUGH CNMP6s FOR K=1,1, K,G,D¢2

R FIRST INTEGNATION PERFORMED IN EQ.(4,434)
SuMi=0,
SUM2=0,
THROUGH CNMP7» FUR I=1s1, 1,G.D
WHENEVER T.LE.P
SUMI=SUM1+FKCI,K)«ALPHA2(J=1,1)
OTHERWISE
SUM2=SUM2+FK(1sK)sALPHAZ2(J=151])

camMP?7 END OF CONDITIONAL
SUCKI=SUMI*H]1+SUM2wH2
COMP6 FUCJrKIZSUCKI*GU(K)

R SECOND INTEGRATINN PERFORMED IN EQ.(8.43A)
INTGSINT,(J)

R NEW VALUF OF A+ CALCULATED
APLUS=APLUSL+INTG/APLDEN=D1
PRINT RESULTS FUCJs1)4eeFUCUSD+2)s SUCI)eaeSUCD+2) » INTG
FUuL(J)=0,

R FUNCTIONS NEEDFD FNR NEXT PRINCIPAL VALUE INTEGRAL
FUMCJ)I=SFUCJsD+1)
FUUCJI=FUCJ»D+2)
PRINT RESULTS FULCJ)Ys FUMCJ)» FUUCJY)s APLUS
THROUGH COMP8, FOR ¥=1,1, K.GeD

R NEW VALUES OF ALPHA2
ALPHA2(JsK)ISUPSTI(K)=APLUS*OPHIC(K)+D1*(=OMAGLCK)I*PVI(1podsrK)+
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PROGRAM 2 (Continued)

1 OMAG2(XK)*SU(K))
R DIFFERENCE BETWEEMN PREVIOUS AND NEW VALUES OF ALPHA?
DIF(K)I=ALPHAZ2(JrK)=ALPHA2(U=1,K)

PRINT RESULTS DIF(1)eesNIFCD)
R LOCATE MAXIMUM DIFFERENCE

MAXX=.ABS,C(DIF(1))

THROUGH COM1l, FOR L=251» LeGoD

WHENEVER JABS(DIFCL))G,MAXX, MAXXZsABS.C(DIF(L))

WNHENEVER J.E.ITMAXX

PRINT COMMENT & MAXIMUM NUMBER OF ITERATIONS FOR ALPHA2 EXDS
PRINT RESULTS MAXX, J

TRANSFER TO START
R EPSI 1S CRITERION FOR TERMINATION of ITERATION PROCEDURE
OR WHENEVFER MAXX,L.EPSI

PRINT CUMMENT $ PRNCEDURE FOR ALPHA2 CUNVERGEDS

TRANSFER TO GOO

OTHERWISE

PRINT RESULTS MAXX, Jy, ALPHA2(J»1)eeALPHA2(J,D)

END OF CONDITIDNAL

PRINT RESULTS ALPHAZ2(Jsr1)eeeALPHA2CU»D)» Z1(1)eeeZ1(D)s» MAXX
R FINAL CONVERGED CALCULATION OF A+ (SEE EQ.(5.9C))

THROUGH COMSs FOR K=1s1, K.G,.D

SuMi=0,

SU"2=0'

THRQUGH COM6»,» FUR I=1,1, 1.G.0

WHENEVER J+LE.P

SUMI=SUMI+FKC(I»K)eALPHA2(JHI)

OTHERWI]ISE

SUM2=SUM24FK(IsK)«ALPHAZ(Jr])

END OF CONDITIONAL

SUCK)I=SUMI*H14+SUMR2*H2

FUCJ»KI=SUCK)*LGU(K)

ALPALI=INT, (D)

PRINT RESULTS SUC1)eeoSUCDY» FUCJII1)eesFUlJPD)

THROUGH COM4, FOR K=1,1, K GeD

FUCU+1,%X)=21(KI*ALPHA2(J,K)

APLUS=APLUS1+ALPAT/APLDEN®D]

FULC(J+1)=0.

FUM(J+1)=0.

FUUCJ+1)=0.

THROUGH COM3s FOR K=1,1s K.G,D
ALPHAL(X)==ETA«C24C1#(1./CETA+Z1(K)I+APLUS/(ETA=Z21(K)))=C2+C1
1*PVI, (1sJ41,K)

PRINT RESULTS 21(x)» ALPHAl(K)
R INTERNAL FUNCTION FOR QUADRATIC INTERPOLATION

INTERNAL FUNCTION QUAD.(ZsXO0sFOsX1sF1l,X2,F2)=F0+(Z=X0)*(F1=
1 FOI/ZUX1=X0)4CZ=X0)*(Z=X1)/(X2=X0)w((F2=F1)/(X2=X1)=(F1=F0)
1 /7(X1=X0))

R MILNE CARU ONLY

EXTRAP==ETA/2.,+ELOG.(=1,/APLUS)

10M



Coé6

co3

cD1

115

PROGRAM 2 (Continued)

PRINT RESULTS APLUS»,» EXTRAP, ALPAL
R CALCULATION OF ANGULAR DISTARIBLUVION FOLLOWS(C(SEE EQS.(5.18)
R AND (5.15))
THROUGH €04, FOR L=1,1» LeG.ZEE
THROUGH C06» FOR K=1,15 KeG,oD
EXPOCK)ZEXPW(=23(L)/ZL1(K))
THROUGH €01, FOR K=1,1s KeGoD
SU"]=°.
Sym2=0,
SUM3=OQ
SUM4=OQ
SUM5=00
SUM6=0.
FUCI)K)I=Z1(KI*ALPHAYI(XK)*EXPO(K)
FUC2oK)ZZ1{KI*ANGC(K)IALPHA2(JsKI*EXPOCK)
FUC3sK)=Z1C(KIRALPHAR(U»XI*EXPU(K)
THROUGH €03, FOR I=1,1, 14G,0
WHENEVER l.LE.P
SUMI=SUMI+Z1C1)»ALPHAL1CT)/ZCZ1CI)*Z1CK))*EXPOCT)
SUM2=SUM2+21 (1) «ANGCIY*ALPHA2(J»1)/7CZ21CI)+Z1(K))I«EXPOCI)
SUM3I=SUMI+Z1CTI)»ALPHA2(J,1)/7CZ1C1)+71CK))I*EXPOCI)
WHENEVER Z1(K)eGeSGrSUMS =SUME +Z1(ID)*ALPHALCI)/ZC21CI)=21¢CK))
1 «EXPOCI)
OTHERWISE
SUMA=SUMA+ZICII*ANGCIIALPHA2(J» 1) /7CZ1C1)+Z1CKIICEXPOCI)
SUMS =SUMS +21(1)*ALPHA2(J»I)/CZ1CI)+21CK))*EXPOCI)
END OF CONDITIONAL
FKK(K)=SSUML*H]
FKUCK)=SUM2¥H1+SUML®H2
FTIKCK)ISSUMI*HL +SUMS*H2
FBKC(K)=H1*#SUM6
FuLc13)=0,
FUMC1)=SG*QUAD(SG,21(P=1)sALPHAL(P=1),Z1C(P),ALPHAL(P)»21(P+1
1),ALPHAL(P+1))*EXP,(=Z3(L)/SG)
FuL¢2)=0,
SG1=ALPHA2(JsP=1)#ANG(P=1)
SG2=ALPHA2(J,P)I*ANG(P)
SGI=ALPHA2(JsP+1)*ANG(CP+1)
FUM(2)=5G#QUAD(SG,Z1(P=1)55G1,Z1(P)»5G2,21(P+1),5GI)I*EXP,(
1 =23(L)/7SG)
PRINT RESULTS SG1, SG2, SG3» FUM(2)
Fuu¢2)=0,
FuLc3d=0,
FUM(3)=0,
Fuucid=o,
R MILNE CARD ONLY
EXPETM=EXP.+(23(L)/ZETA)
EXPETP=EXP.+(=23(L)/ETA)
THROUGH C02» FOR K=1,15 K«G,D
AGDIM2(K)=ETA*ANGC/(ETA=Z1(K))*EXPETM+ETA®ANGC*APLUS/CETA+Z1(
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PROGRAM 2 (Continued)

1 K)I#EXPETP=R1/(CIwC2)+FKK(K)+FKU(K)

WHENEVER 21(K).L,SG

AGNIP2C(K)I=t TAYANGC/CETA+21(K))*EXPETM+ETAANGC*APLUS/CETA=Z1(
1 KI)*EXPETP=D1/C(C1%C2)14PV1a(2s1oK)=ALPHATIC(K)/C(C2*C1I*ANGLI(K)»
1 EXPDC(KI+PVI (152,K)I+ANGO(K)I*ALPHAZ2(J,K)*EXPO(K)

AGDIPIC(K)=C2*ETA/(SIGW(FTA+Z1(K)))I*EXPETM4C2+ETA®APLUS/(SIGY
1 CETA=Z21(XK))I*EXPETP+ALPHAL(K)/Z(CLeSIG)WEXPOCK)I*C2/S1G#PV]I. (1
1 »3,K)
AGDIMICK)=C2*ETA/(SIGe(ETA=ZI(K))IICFEXPETM¢C2*ETAAPLUS/(SIG»
1 CETA+Z1(XK))I*EXPETP+CR/SIGFTK(K)

PRINT RESULTS ANGR1(K), AGDIP1C(K), ANGR1I(K+P), AGDIMI(K)
DTHERWISFE
AGDIP2(K)=ETAANGC/(ETACZ1(K))I*EXPETM+ETA*ANGC/(ETA=Z1(K))w

1 APLUS®*EXPETP=D1/(C1+C2)wFBK(KI+PV]I (1,2,K)+ANGO(KI*ALPHA2(J>
1 K)«EXPUCK)

END OF CONCITIOMAL

PRINT RESULTS ANGR(X), AGULIP2(Kx)» ANGR(K+D)» AGDIM2(K)
AGDIP2(P)=QUAD.(21(P), Z1(P=2), AGDIP2(P=2),21(P=1),AGDIP2(P
1 =1),21(P+2)sAGDIPZ(P+2))

AGDIP2(P+1)=QUAD,(Z1(P+1)» Z21(P=1),AGD1IP2(P=1),21(P+2),AGDIP2
1 (P#+2)»Z1(P+3),AGDIP2(P+3))

PRINY RESULTS AGDIP2(P), AGLIP2(P+1)
R APPROPRJATE INTEGRALS TO OBTAIN THE TOTAL FLUX AND CURRENT
R FOLLNWED %Y A CALCULATION OF THt ASYMPTUTIC FLUX AND CURRENT
R SFE EQS5.(5.,16) -

SUM1=00

SUM2=00

SuUM3=0,

SUM4=0,

SUM5=Oc

SumMe=0,

SUq7=0.

S5UM8=0.

SUM9=0.

SUM10=0|

SUM11=0,

SUm12=0.

THROUGH CNSe FOR K=1s1s KGO

WHENEVER Kol P+l

22(K)=21(KI*SIG

SUM1=SUMI+AGDIMI(K)

SUM2=SUM2+AGDIP1(K)

SUM3I=SUM3+AGDIM2(K)

SUMA=SUM4+AGD]IP2(K)

SUMS=S5UMS=22(K)*AGDIMY(K)

SUME=SUMB+22(X)*AGDIPYI(K)

SUMT=SUMT7=21(K)*AGDIM2(K)

SUMA=SUMB+Z21(K)=AGDIP2(n)

DTHERWI]SE

SUM9z=SUMO+AGD IM2(K)

12M

13M

14M

15M
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PROGRAM 2 (Continued)

SUM10=SUM10+AGDIP2(X)
SUM11=SUMI1=21(K)*AGDIM2(K)
SUM123SUM12+21(K)=AGDIP2(K)
END OF CONDITIONAL
FLNEG1=SUM1*H1*SIG.
FLPDS1=SUM2*H1+S]G
TOTFLI=FLNEG1+FLPODS!
CUNEG1=SUM5+H1+S516
CUPDS1=5UMb6*H1+S]G
TOTCULI=CUNEGL+CUPDS1
FUNEG2=SUM3*H1+SUM9wH?2
FLPOS2=SUM4*H1+SUMI10+H2
TOTFL2=FLNEG2+FLPOS?
CUNEG2=SUMT*H1+SUM11#H2
CUPOS2=SUMS*H1+SUML 2+ K2
TDTCU2=CUNEG2+CUPDS?

PRINT RESULTS FLNEG1, FLPOS1» TOTFL1» CUNEG1, CUPOS1, TOTCUL,
1 FLNEG?, FLPUS2, TOTFL2» CUNEGZ2» CUPDS2, TODTCU2

ARCSIG=ELGETP+ELGET™
ASYFL1=C2~ARCSIG#(EXPETM+APLUS*EXPETP)
ASYCUL1=C2+ETA*EXPETM#(2.=SIG*ARCSIG)+C24ETAYEXPETP*APLUS*(
1 SIGeARCSIG=2.4)

ARCETASETA*ELOG.(CETA+1)/(ETA=14))
ASYFL2=ANGC*ARCETA+(EXPETM+APLUS*EXPETP)
ASYCU2=ETA*ANGC*EXPETM#(2+s=ARCETA)+ETAANGC*APLUS*EXPETP*(
1 ARCETA=2,)

PRINT RESULTS ASYFL1, ASYCUl» ASYFL2», ASYCU2

TRANSFER TO START

END DF PROGRAM

$ COMPILE MAD, EXECUTE

EVAL

R SUBROUTINE FOR THE CALCULATION OF INTEGRALS BY MIDPOINT
R APPROXIMATION= TRAPEZOIDAL RULE

EXTERNAL FUNCTION INT,C(J)

INTEGER K» Is Q4,5 P» P1, P3, D» J

DIMENSION FU(B486,VIM). FULC10)» FUMC10)» FUUC10)» ELGC92),
1 21(92)

VECTOR VALUES VIM=2,0,0

PROGRAM COMMON Fu, FuLs, FUMs FUU» N, ELGs» Z1» H1, H2s P35 G»
1 SG

VIM(2)=D+2

P=N

SUMI:O.

SUM2=0.

THROUGH EVAL»s FOR K=1,1s KeGaD

WHENEVER KelLESP

SUM1I=SUMI+FUCJ»K) -

OTHERWISE

SUM2=SUM2+FU(CJsK)

END OF CONDITIONAL

FUNCTION RETURN SUMI#H1+ SUM2#H2
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FROGRAM 2 (Continued)

END OF FUNCTION
$ COMPILE MAD, EXECUTE
R SUBROUTINE FOR CALCULATING SINGULAR INTEGRALS SEE CHAPTER 6
EXTERNAL FUNCTION PVI, (J,r1rQ48)
DIMENSION FUCB46,VIM), FULC10)» FUMC10), FUUC10), ELG(92),
1 21¢(92)
VECTDR VALUES VIM=2,0,0
INTEGER K» 1» Q4 Py» P1» P3, D» J
PRNOGRAM COMMON FU, FuLs FUM, FUUs» N, ELG, 21, Hi, M2, P3, D»
1 SG
P=N
VIM(2)=D+2
5UM=O.
SuMi=0.
SUM?=0.
THROUGH COMP1, FOR K=151, K. G,.0
WHENEVER K. .E.Q4
NHENEVER Q4,b .1
SUMS=SUM+1 4/3s%(FUCT»2)+3.*FUCIs1)=b *FULCTI))
OR WHENEVER Qu.E,.P
SUMZSUMEL (/30 (4, vFUM(T)=3.4FUCI+P)=FU(I,P=1))
OR WHENEVER W4.E.P+1
SUMZSUMEL /3 ,%(FUCTsP+2)¢3xFU(IsPa)=4,+FUM(I))
OR WHENEVER Q4,.E,D
SUM=SUM®Y /3. % (4, «FLUUCT) =3.«FUCI,D)=FU(I»D=1))
OTHERNWISE
SUMSSUM1,/72.*(FU(T»Q4+1)=FU(TI»Q4"1))
END OF CONDITIONAL
OTHERWISE
WHENEVER KJ.LELP
SUMEI=SUMI+(FUCTKI=FU(T1,Q4))/7C21(K)=21(Q4))
OTHERWISE
SUM2=SUM2+(FUCT»KI=FUCT»Q4))/7C21(K)=21(Q4))
END OF CONDITIONAL
coMPY END OF CONDITIONAL
WHENEVER Je.E.1
FUNCTION RETURN SUM+FUCI,QU)*ELG(QO)+HI*SUMI+H2#SUM2
OTHERWI1SE
R SINGULAR INTE@@AL FOR REGION 1 ONLY
FUNCTION RETURN SUM+FUCI,QU)I*ELOG.(SG/Z1CQ4)=1+)+HI1*SUMI
END OF CONDITIONAL
END OF FUNCTION
$ DATA
€1=,61320» Cc2=,04404, C3=,17023» C4=,43685, SI1G=1,65809, ETA=2,595825,
EPS=.000001, N=22,, ITMAXX=10, EPSI=.000001, N3=70Q.»
23€1)=2042:5510216552453025,984510,020,» ZEE=10, ITMAX=10 *
R THE SOLUTION TO THF CONSTANT PROBLEM 1S OBTAINED By
R REPLACING IN THE PREVIOUS PROGRAM THE CARDS WITH M IN
R COLUMN 77 BY THE FOLLODWING CARDS WITH S IN COLUMN 77. THE
R NUMBERS MUST ALSO MATCH, FOR EXAMPLE SM IS REPLACED 8Y 5%,
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PROGRAM 2 (Concluded)

ETC. ALSN WE MAY RFMNVE FROM THE PREVIOUS DECK ALL CARDS
PRECEDED 8Y THE REMARK SMILNE PROBLEM ONLYS, NOTE THAT
THE FIRST FOUR CARDS AFTER THE FIRST ARE PLACED IN THE
PREVIOUS DECK AT ONE DESIGNATED LOCATION,

THIS IS THE SULUTION FOR THE EXACT CONSTANT SOURCE PROBLEM
CS122.#C2/(C1¢=2.#CU)a(SIG=2,%C1)=4,%C2%C3)
CS2=(S51G=2+*C1)/((1e=?.2CU)*(516=2,#C1)=8,+C2+C3I)
CSW==CS2=CS1#D1/C2+SIG+CS1+C4/C2
€53=S1G*CS1*D1/C2
FUMC1)=GUCD+1)#(CSW=CS3I*ELGSG)
FUUC1)=GUCD+2)*(CSN=CSI+ELGONE)

FKK(K)=CSW=CSI*ELG1(K)
APLUS1=(=SIG*CS1/C2+INTEGM)/APLDEN
OPSICK)I==DMAGL(K)«PVI (1,1,K)+0MAG2(K)I*FKK(K)
ALPHAL1(K)==CS1wSIG+C1=ETA*C2+C1#APLUS/(ETA=Z1(K))=C2»C]

AGDIM2(K)=CS2 +ETAANGC*APLUS/CETA+Z21(K
AGDIP2(X)=CS2 +ETA*ANGC*APLUS/(ETA=Z1(
AGNIPI(K)=CS1 +C2*ETA®APLUS/(SIGw
AGDIML(K)=CS1 +C2*ETA*APLUS/(SIG*
AGDIP2(K)=CS2 +ETA®ANGC/(ETA=Z1(K))w
ASYFL1=2,+CS51+C2+ARCSIG*APLUS*EXPETP

ASycul= +C2HETA*EXPETPRAPLUSH*(
ASYFL2=2,%CS2+4ANGC*ARCETA*APLUS*EXPETP

ASycu2= +ETA*ANGC*APLUS#EXPETP*(

0s
1s
28
3s
()
58
65

8s

95

105
11§
128
138
14§
158
165
17s
185
195



120

PROGRAM 3

8 COMPILE MAD, EXECYTE, DUMP, PRINT OBJECT

START

1TER

SERCH1

SERCH2

R PROGRAM FOR SOLUTION OF THE MILNE PRQBLEM oM
R SPHERICAL HARMONICS=P1 APPROXIMATION oM
DIMENSION X(3)» FXx(3), ROC4), COP1(2), COP2(2),

1 F1¢2)s F2(2)» EXPO1(S0)» EXPO2(50), RHO1(S0), RH11(¢S0)»
1 RH02(50), RH12(50), 73(50), PSI1C1050,VIM)» PSI2(1050,DINM)»
1 COP3(2), ANGLE(21)s EXPO3(50),
1 ASYO1(30)» ASY11(50), ASYV2(S50)» ASY12(50)
INTEGER I»J» Qs ZEEs ITMAX, ITX, ITY
VECTOR VALUES VIM=2,0,21
VECTOR VALUES DIm=2.0,21
READ AND PRINT DATA
PI=3,14159265
R THE ROOJTS OF EQ,(7.84) ARE OBTAINED BY THE FALSE PQSITION
R METHOD (SEE REF, (28))
D1=C1+C4=C2+C3
B ='3oﬁ(l.'2.'Cﬂ#SIG'SIG'Z.'SXG'Cl)
D =9.*SIG2(SIG=2,#C1=2,%CUaS[G+U4,»01)
PRINT RESULTS B» D» Dt
INTERNAL FUNCTION CHAR((Z)=2.Pou¢8e2.P.2+D
=,00000001
Q=1
CHARD=CHAR.(T)
WHENEVER CHARQ.L,0.
THROUGH SERCH1» FNR Y=T»,02,CHARL 4G VaaIRsYeGodO,
WHENEVER YoG.40,
PRINT CUMMELNT 3 ND SIGN CHANGES
TRANSFER TUO STARY
END OF CNNDITIONAL
CHAR1=CHAR,.(Y)
OTHERWISE
THROUGH SFRCH).D FOR V=T-.OZ;CHARloL.O..ORoY.G.QO.
WHENEVER Y.Ged0,
PRINT CIMMENT & NO SIGN CHANGES
TRANSFER TU START
END OF CONODITIONAL
CHAR1=CHAR,L(Y)
END OF CONDITIONAL
X(1)=Y=.04
X(2)=Y=.02
FXC1)SCHARL,(X(1))
FX(2)=CHARL(X(2))
PRINT RESULTS X(1), FXC1)s X(2)» FX(2)
THROUGH LOOPXAs FOR ITX=1»1» ITXeG.ITMAYX
NUMER=X(2)*FX(1)=XC1)*FX(2)
DENOM=FX(1)=FX(2)
WHENEVER ABS. DENOM,L.+¢ABS.NUMER*ERPS?2
PRINT COMMENT $ DENNMINATOR TOU SMALLS
TRANSFER 7O STARTY
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PROGRAM 3 (Continued)

END OF CONDITIOHAL
XCI)=NUMER/DENDM

FXC3)Y=CHAR.(X(3))

WHENEVER JABSFX({(3).LE.EPSI]

PRINT CUMMENT 8 PROCEDURE CUNVERGEDS
TRANSFER TO ITER1

END OF CONDITIONAL

THROUGH LNUPXA, FNR I=1s1r 1,Ge2
THROUGH LAUPXAs FNR Jz=J+1s1r JeGeld
HHENEVER +aBYeFX(1)i6GeaABIWFXR(J)
TEMP=FX(I)

FXCI)=FX(JD)

FXxeJ)=TEMP

TEMP=X(])

X(1)=x{J)

ACJ)=TEVP

END OF CONOITIONAL

FRINT CUMMENT $ NO COMVERGWENCES
THRNOUGH CVALbs FOR Y1=1.E"8s 4U2¢ Y1eGoe30,
CHAR3=CHAP.(Y1)

PRINT RESULTS ¥Y1, CcHar3

TRANSFER TO STaRT

RNOCQ)Y=Xx( )

PRINT RESULTS ITx, X{3)s FX(3)s W
Taye,02

Q=Q+}

WHENEVER QeEa3s TRANSFER TU 40
TRANSFER TO [TER

PREINT RESULTS ROC(1)» ROC2)

R END OF PRUSKAM FQR D3TATINING THE RODTS
THROUGH EVALY» FOR I=141, 1.6,2

R EQS.C7«11) EVALUATED
COPICII=ROCII/(3.+5]6G)
COP2CIN=(3a25]G2(S1G=2,C1)=RDCIIXROCI))I/COe*SIGHC2)
Coracli=coP2(l)ern¢l) /3.

R SEE EGS. FOLLOWING EQSC7417)
F1¢1)=e50+C0MICT)
F2C13¥=CUP2C1)/2.+430P3(C1)

PRINT RESULTS COP1(T), fOP2C¢1)» COP3C(I)s F1CI)» F2C1)

R NEXT THREE CARDS FNR MILNE CASE ONLY (SEE EWS(7.184)
COPy==RUC1I/(3,=5][G)

cnes=Cc0P2(1)

COPE==RU(C1)*CYPS/3,

F3=,5+C0P4

Fa=,5=CIUPS+ COP6
R SEE EQS.(/.18/)
BO2=(FA*F1(2)=F3aF2(2))/(FI1(1I*F2(2)=F1(¢2)=F2¢1))
BNU=(F3«F2(1)=Fa4+F1C1))/(F1(1)=F2(2)"F1(2)«F2C1))
PRINT RESULTS F3, Fa&s 302, BUG

THROUGH EVALZ» FUR I=1,1, l.G.ZEE

1M
M

34
4M
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EVALA

EVAL3
EVAL?7
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PROGRAM 3 (Continued)

EXPOICI)=FXP,(=ROC1)*Z3C1))

EXPO2CI)=EXP(=RO(2)*Z3(C]))

R MILNE CARD ONLY
EXPO3CI)=EXP(RNC1)I*Z3CI))

R SEE EQS,(7.,12)
RHO1CI)=EXPO3(1)+RD2+EXPO1CI)+8084«EXPO2C])
ASYO1(CI)=EXPU3(I)+BN2+EXPOIC(])
RH11CI)=COPYU=EXPN3CI)+A02¢COP1(1)*EXPOL(I)+B04*COPI(2)*EXPD

R MILNE CARD OUNLY

1 2¢1)

ASY11CI)=COP4+«EXPQIC])+BN2*COPICL1IwEXPOLICT)

RHO2(I)=CNPS*EXPD3(1)+802+COP2(1)*«EXPNI(I)+B04*COP2(2)*
R MILNE CARD UNLY
1 EXPO2CI)

ASYO2(1)=COPS*EXPO3(1)+BU2+COP2C1)«EXPO1(])

RH12(I)=CNP&6*EXPU3(T)+802*COP3I(1)I*EXPOICI)¢+ BODU*COP3IC2) ™
R MILNE CARD ONLY
1 EXPO2CI)

ASY12C1)=COPO6*=EXPO3CI)+302+COPI(1)«EXPOLCI])

PRINT RESULTS Z3CI)» EXPO1CI), EXPO2(I), RHOICI), RHI1CI),
1 RHO2CI)» RH12CTI)» ASYOLI(CI)» ASYIR(I)Ds ASYO2CI)» ASY1I2(I)
R ANGULAR DISTRIBUTINN FOLLOWS

Q=1

THROUGH EVAL4s FOR L=tes=sls LelLa=1,

ANGLEC(Q)=3060,/(2,+Pl)«ARCCOS,(L)

Q=Q0+1

ANGP=360,/(2.*PI)#ARCCNS.(+975)

ANGM=360,/(2.%PI)*ARCCYS,.(=.975)

THROUGH EVALT7» FOR JU=1,1, J.Go2EL

PSP1=.5¢RHOL1(JI+1,5+,975+«RH11(y)

PSM1=¢S*RHO1(J)=1 5+ ,975«RH11(J)

PSP2=eS5#RHO2(JI+1,5%,975«RH12(J)

PSM22.54RH02(J)=1,5+%,973«RH12(J)

Q=1

THROUGH EVAL3» FOR L=1,s=s1s LaelLe=1,

PST1(JrQ)=e5*RHOL1(JI*+1,52L*RH11(J)

PSI2(JsQ)=eS5*RHO2(JI+1,5«L*RH12¢J)

PRINT RESULTS ANGLE(Q)s 23(J), PSI1CU,0), PSI2(J,Q)

Q=0+1

PRINT RESULTS ANGP, PSP1, PSP2s ANGM» PSM1» PSM2
R NEXT TWw0 CARDS ARE MILNE CARDS UNLY
R SEE EQ.(7.19)

EXTRAP==1,/(2.%R0(1))«ELOG.(=1,/802)

PRINT RESULTS EXTRAP

TRANSFER TO START

END OF PROGRAM

€1=.59023s C2=,054488, C3=,15963, C4=.44320, 23(1)20,54551451.522,»

2¢5534234055849845,54584» 10,» 20., EPSI=1,E=6, EPS221,E"20, $IG=1,50951,

ZEE=14,

ITMAX=50 *

SM
6M
7™

8Mm

10M
11M

12M
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PROGRAM 3 (Concluded)

FOR THE CUONSTANT SNURCE PROBLEM WE MAKE THE REPLACEMENT OF

THE FOLLO®ING CARDS FEXACTLY AS wE DID IN THE PREVIQUS CASE
PROGRAM FUR THE SOLUTION OF THE CONSTANT SOURCE PROBLEM

Ay SPHERICAL HARMONICS=P1 APPROXIMATION

S1=22,%C2/C(1e=2,+C8)#(SIG=2,%C1)=4,*C2+CI)

$2=(S1G6=2.#C1)/((1¢=2,2CH)*(S1G=2,#C1)=4,2C2+C3)
AD2=(S2+F1(2)=51+F2(2))/(F1(1)#F2(2)=F1(2)+F2(1))
A04=(S1+F2(1)=52+F1(1))/(F1(1)eF2(2)=F1(2)*F2(1))
RHO1(I)=A02«EXPDI(I)+A04«EXPO2(])42,%51
ASYQ1(1)=A02+EXPDI(T)+2,251
RH11(I)=CNP1(1)+A02*EXPO1(1)+COP1(2)*A04«EXPO2(])
ASY11(I1)=COP1(1)=A02+EXPDIC(])
RHO2(1)=COP2(1)»A02+EXPOL(I)+COPEL(2)*A04+EXPO2(I)+2,#52
ASYQ2(I1)=COP?2(1)%A02#EXPD1(])+2,%52
RH12(I)=COP3t1)*A02+EXPI1(1)+COP3I(2)*A04~EXPD2(])
ASY12(1)=COP2C1)«A02«EXPOIC])

0S
0Ss
a5
3$
4S
5%
65
7S
8s
9s
105
118
128
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FROGRAM L

§ COMPILE MAD, EXECUTE, DUMP, PRINT 0BJECT

START

ITER

SERCH1

SERCH2

R PROGRAM FUR THE SOLUTION OF THE MILNE PROBLEM BY

R SPHERICAL HARMONICS=P3 APPROXIMATIDN

DIMENSION X(3)» FXC3), ROC4)» COP1C4), COP2C4)» COP3CA)»

1 COPac4), COPS5(4), CNP6CA), CAP7(8), F1C4), F2(4), F3C4),

1 Faca), EXPO1(50), EXPD2(50), EXP03(¢50), EXP03(S50), RHO1(50),
! RH11(50)s RH21(S50)s RH31(50)» RHO2¢50)» RH12(50)» RH22(50)»
1 RH32(50), Z23(50), PSI1C(1050,VIM), PSI2C1050,0IM), ANGLE(21),
1 Y(a)» AC20,VIN)» ASY01(50), ASY02(¢S50), EXPDS(S50)

INTEGER T»Js Q» ZEE» ITMAX, ITX, ITY

VECTOR VALUES VIM=2,0,21

VECTOR VALUES DIM=2,0,21

VECTOR VALUES VIN=2,0,5

READ AND PRINT DaTA

D1=C1+4C4=C2+C3

PI=3,18159265

C=81.

D2990.+(Ca¢C1*SIG)~R10,%(1.+S1G#SIG)

E2(110.*SIG*C1=90, *SIG*SIGI*(110,2C8290,)+4985,%#(1,22,*C84+51G.
1 Po3n(SIG=24%C1))=110,4110,#51GeC2+C3
F2105¢#(1,2,%C8)2(110,%51G*C1=90,9SIG*SIG)+105,%#SIG.Ps3*(

1 SI1G=2¢#%C1)%(110,2C8-904)+21042110,#SIG#C2+CIe(1,+SIG+S1G)
621054%105.#SIG.P,3*(SIG=2,#C1)#(],22,2C4)2210,%210,+#SIG,P,3
1 #C2+C3

PRINT RESULTS €C» Dy E, Fy G

INTERNAL FUNCTION CHARG(Z)ZCOZ Pe84D*2,P6+ERZP.A+F#Z,P.24G
T=,00000001

Q=1

CHARO=CHAR.(T)

CHAR1=0.

WHENEVER CHARQO.L,.0.

THROUGH SERCH1sFOR Y1=T5.01sCHARL14G404sOReY1¢Gs4d0,

WHENEVER Y1,G.40,

PRINT COMMENT & NN SIGN CHANGES

TRANSFER TO START

END OF CONDITIONAL

CHAR1=CHAR. (Y1)

OTHERWISE

IHRUUGH SERCHZ!FDR Y1=T) 'OI’CHARI'LQOQ.OR.Yl.GIao.

WHENEVER Y1.6.40,

PRINT COMMENT $ NO SIGN CHANGES

TRANSFER TD START

END OF CONDITIONAL

CHAR1=CHARL(Y1)

END OF CONLITIONAL

X(1)=Y1=,02

X(2)=Y1=,01

FXC1)=CHAR.(X(1))

FX(2)=CHAR.(X(2))
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FROGRAM L (Continued)

THROUGH LOOPXA» FOR ITX=1s1s ITXeG,ITMAX
NUMER=X(2)*FX{1)=X(1)2FX(2)
DENOM=FX(1)=FX(2)

WHENEVER .ABS. DENOM.L,«ABS.NUMER®EPS2
PRINT COMMENT $ DENDMINATOR TOOD SMALLS
TRANSFER TU START

END OF CONDITIONAL

X(3)=NUMER/DENDM

FX(3)=CHAR.(X(3))

WHENEVER LABS.FX(3).,LEL.EPS]

PRINT COMMENT $ PROCEDURE CONVERGEDS
TRANSFER TO ITER1

OR WHENEVER QeE.2,AND,.ABS.FX(3)eL.,0003
TRANSFER TO ITER}

OR WHENEVER QeEoe3oAND, . ABS FX(3)elL,,003
TRANSFER TO ITERY

DR WHENEVER O-E.H.AND..ABS-FX(3).L..1
TRANSFER TO ITER1

END OF CONDITIONAL

THROUGH LOOPXA, FOR I=1515 1¢Go2

THROUGH LOOPXA» FOR J=1+1s1s JeGe3
WHENEVER oABS«FX(1)eGseABSSFXC(Y)
TEMP=FX(I1)

FXCI)=FX(J)

FXCJI=TEMP

TEMP=X(1)

XC1)=x0J)

X(J)=TEMP

PRINT RESULTS X(1), FX(1)» X(2)» FX(2)
END NF CONDITIONAL

PRINT COMMENT 8 ND COUNVERGENCES

THROUGH EVALﬁb FUR Y1=0-D01' YloGo3°-
CHAR3=CHAR. (Y1)

PRINT RESULTS Y1, CHAR3

TRANSFER TO START

ROCQ)I=X(3)

PRINT RESULTS ITXx, X(3)s FX(3)s @
T=Y1".01

G=0+1

WHENEVER QeE+S5» TRANSFER T0 GO

TRANSFER TO0 ITER

PRINT RESULTS RO(1)se.ROC4E)
R END OF PROGRAM FDR CALCULATING THE ROOTS SEE CHAPTER 7 FQR
R APPROPRIATE EQUATINNS FOR THE FULLOWING PROGRAM
THROUGH EVAL1» FOR T=1,1, 1.G.4
SQR=ROCI)*ROCI)

S38G=SIG#SIG
COPICII=ROCII*(35,%#SQ85G="9+*SARI/ (S, #SIG#(21*SQSG=11,.%#SQR))
COP2(I)=14«*ROCI)*SIG*COP1CI)/(35,+#5Q5G=9,*5QR)
COP3I(II=3,*ROCII*COP2(})/(7.%S1G)
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PROGRAM L (Continued)

COPA(I)=1042C30(21,=1),%5QR)/(SQOR*(9,#S5SQR=354)+5.¢(1.,-2,+%C4)

1 «(21,~11,*5QR))
COPS(I)=ROCI)I*(35,=9,«SQR)I*COPUCII/(S,*(21,~11.%*5QR))
COPO(I)=14.%ROCIIeCOPSIII/(35,-9,*SQR)
COPT(1)=3.*RU(1)eCOPOLI)/T,
F1(1)=.54C0P1C1)+5,+COP2CI)/8,
F2CI)=42543,2C0P1(1)/5.+45.%C0OP2(1)/B.+2.«COP3CI)/S,
F3(I)=.5«C0P4CII+COPS(I)*+S.«COPO(1)/8,
FAa(1)=e254COP4UCTII*3o¢COPSCI)/S.a¢5,COPBCI)/4.42,#COP7C1)/S.,
PRINT KESULTS ROCI)» COP1CI), COP2C1), COP3CI)s COP4(L1)»

1 COPS(1), COP6(I), COUPT(I)» FI1(Id» F2C1)s F3ICI)» FaGCI)

R FDR THE CUNSTANT SNURCE PROBLEM WE INSERT CARDS 1S AND 25
A(155)==,5+C0P1(1)45.78,«COP2(1) .
A(255)==,25434/5,2C0P1(C1)+5./76.,2C0P2(1)+42,/5.+COP3(1)
A(3,5)==,5%CUPGC1)+CUFS(1)+5,78,*COPOCL)
AC8,5)==,25«COPA(C1)+3,7/5,+COPS(1)+45,/B.,+COP6(1)+2./5.+COPT(1)
THROUGH EVALS» FOR I=1sls l.Got
AC1,1)=F1CI1)

AC2,1)=F2C1)

AC3,1)=Facl)

ACaslY=FaCl)

PRINT RESULTS AC1,1)4e0AC455)
EPSS=1.E=20
DETER=SIMUL (4 A5 Y,EPSS)

PRINT HESULTS A(1,1).,44(455), Y(1).e,Y(4)s DETER
THROUGH EVAL2» FOK I1=1,1, l.G.2EE
EXPOICII=EXP.(=ROC1)%23C1))
EXPO2(1)=EXP,(=RD(2)+73C1))
EXPO3CI)=EXP.(=RO(3)*23CI))
EXPOUCI)I=EXP,(=ROC4)*Z3(1))

R MILNE CARD ONLY
EXPOSC1)=EXP . (RNC1)I*Z23C1))
ASYOICI)=Y(L)*FXPOIL(II+EXPOSC(I)
RHO1CI)=Y(1)=EXPOLICI)+Y(2)*EXPO2CT)+YL3IEXPOICIdeY (U ®

1 EXPO4CI)I+EXPOSC])
RH11CI)=Y(1)*COPICIY*#EXPOLCI)+Y(2)2COP1C2)*EXPO2CI)+Y(3)*

1 COPI(3)«EXPU3CII+YCa)aCOPICUI*EXPOA(TI)=EXPUSCI)*CDPLIC(Y)
RH21(I)=Y(1)*COP2C1)*»EXPOICI)+Y(2)eCOP2C2)*EXPO2CI)+Y(3)%

1 COP2(3)«FXPU3(I)+v(4)+COP2(4)*EXPO4(I)=-EXPOSCI)*COP2(1)
RH31CI)=Y(C1)*COP3ICII*EXPDOICI)¢Y(2)2COPIC2I*EXPO2CI)+Y(3)*

1 COP3(3)+«EXPO3CIN+Y(u)*COPICLHI*EXPOSGL(TI)=EXPOSCI)*COP3CL)
ASY02(C1)=Y(1)+COPLUC1)*EXPOICI)+EXPDSC(TI*COP4CY)
RHOZ2(1)=2Y(1)»COPUCIINEXPOLCII+Y(2)#COPUC2)#EXPU2CTII+Y(3)n

1 COP4CIIEXPO3(I)+Y(4)*COPUCU)I*EXPOLCT)+EXPDSCII*COPLCL)
RH12CI)=Y(1)+COPSCII*EXPOICI)I+Y(2)«COPS(2I%EXPU2CI)+Y(3)+

1 COPSC3IEXPOI(I)eY(L)*COPSILI*EXPOGCT)=EXPOSCII*COPS(])
RH22(I)=YC1)«COP6CII*EXPULICII+Y(2)*COP6C2)*EXPO2CII+Y(3)*

1 COPACII*EXPOICII+YCUI+COPO(U)I*EXPO4C(T)=EXPOSCId*COPOHCL)
RH32(I)=Y(1)=«COP7C1)*EXPOICI)+Y(2)wCOPT7(2)+EXPL2CII+Y(3)»

1 COP7CI)+EXPO3CI)+YCU)*COP7(U)*EXPOGCI)=EXPOSCI)*COPT (1)

IM
amM
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PROGRAM 4 (Continued)

EVAL?2 PRINT RESULTS Z3(I)s RHO1CI)» RH11C1), RHO2(I)» RH12(1)»
1 ASYOI1(I), ASYO2(I)
R NEXT Tw(Q CARDS ARE MILNE CARDS ONLY
EXTRAP==,S5/ROCII*ELNG,(=1.7Y(1))
PRINT RESULTS EXTRAP
R ANGULAR OISTRIBUTION FOLLOWS
Q=1
THROUGH EVALY4» FOR L=14s=¢1s Laele=~1,
ANGLE(Q)=36047/(2.+PI)#ARCCOS (L)
EVAL4 W=Q+1
THROUGH EVAL3» FOR J=1,1, J.Ge.Z2EE
@=1
THROUGH EVAL3» FOR L=1¢s=els LoebLoe=1,
PSII(J;Q)=.5tRH01(J)41.StLORHll(J)+1-25*(3.‘L-L'1.)tRHZI(J)
1 ’7./“.'(SQ'L-P-3-3|‘L)'RH31(J)
PST2(JrQ)=eS5eRHO2(J)+1,5eL*RH12(JI+1 425+ (3 0L al=1,)wrH22(J)
1 *7./“0'(5-'Lopl3‘3-‘L)'RH32(J)
PRINT RESULTS ANGLECG)Ys 23(J)s PSI1CJeR)» PSI2(JsQ)
EVAL3 9=0+1
TRANSFEK TO START
END NF PRNGRAM
$ COMPILE MAD, EXECUTE, DUMP, PRINT OBJECT
R THIS SUBRUUTINE SOLVES THE SET OF SIMULTANEOUS EQUAYIONS
R SEE EQS5,(7,30) AND (7,31) FOR DETAILS SEE REFs. (18)
EXTERNAL FUNCTION STMUL(N»AsXSEPS)
DIMENSION [R(50), JC(S50), CJ(SO)
NORMAL MDDE IS INTEGER
FLNATING POINT 8, BIGA, X» DETER, EPS, AJCK

hPLaN+]

VETER=1.

THROUGH L1» FOUR K=1s1) K,.GeN
BIGA'—'-O'

THROUGH L2» FOR I=1sl, [,L.N
THROUGH L2, FOR J=lsl, Ja.GeN
THROUGH L3» FOR 112151, I1.E.X
THROUGH L3» FUR Jlzt,s1s JleEoK

L3 WHENEVER T+.E4IR(11)e0RsJEeJCC{JL1)e TRANSFER TO L2
WHENEVER JABSACI,U).G.BIGA
BIGA=.ABSA(]sJ)

IRC(K)=1
JC(K)=Y

L2 END OF CONDITIONAL
WHENEVER BIGA.L.EPS» FUNCTION RETURN 0
BIGA=ACIR(X),»JCC(K))

DETER = DETER+HIGA
THROUGH L4s FOR U=1s1, J,GeNP1

L4 ACIR(K)»JISACIRCKY»J)/3IGA
THROUGH L1» FOR I=1s1, I,GeN
WHENEVER TeNE+IR(K)

AJCK=ACI,JC(K))



PROGRAM L (Concluded)

THROUGH L6, FOR Jzisil,

128

JeGeNPY

L6 ACTS»JI=ACTr»JI=AJCKRACTIR(K)»J)

L END OF CONOITIONAL
THROUGH L7» FOR I=1s1,
CIUCIRCID)=uC(])

L7 XCICCIII=ACIRCIDI»NPL)
COUNT=0 -
THROUGH L9 FOR I=1»1,

THROUGH L9» FOR J=1+1,1,

NHENEVER CJ(J).L,CJC(I])
TEMP=CU(J)
Cdeur=cucn)
CJ(l)=TEMP
COUNT = CDUNT+)
L? END OF CONDITIONAL

T.GeN

I1.EeN
JeG N

WHENEVER COUNT/2e2 ,NE,COUNT,

FUNCTION RETURN DETFR
END DF FUNCYION
$ DATA
C1=,5%023, €C2=,05448, C3=,15963,
2¢5030934558.0445554580510,520.»

RO(1)=341376522, 1.162925, 2,008132,

ZEE=14, 1TMAX=S0 .

DDV

DETER==DETER

Ca=,44320,
EPS1=1.E=5,
3.289316,

EPS2=1,E=20,

S122.#C2/((14=2,#CU8)#(S]G=2,%C1)=4,%C24C3)
$2=(SIG=2+2C1)/((1a=2,4C8)*(S]IG" 2.-Cl) 4.¢C2+C3)

A(1,5)==51
A(2y5)==51/2.

ASYD1(1)=Y(1)+EXPOLIC])+2,

'SA

Z3€1)20454551401.552,»

$1G=1,50951,

FOR THE CUNSTANT SNURCE PRUBLEM Wt HEFER THE READER TO THE
PREVIOQUS INSTRUCTINNS FOR THE Pl CASE

PROGRAM FOR THE SOLUTION OF THE CONSTANT SOURCE PROBLEM

BY SPHERICAL HARMQAMICS=P3 APPRUXIMATIUN

RHO1CI)=YC1)*EXPOLCTI4YC2IYEXPO2CT)+Y(3)+EXPOICI)+Y (L) w

1 EXPDACI)+2.#51

RH11(1)=Y(31)*COPIC1I*EXPOLICID+Y(2)eCOPLC2)#EXPO2CI)4Y(3)»

1 COP1C3)«EXPO3CI)+Y(4)»COPL(U)IYEXPODAC])

RH21CI)=Y(1)I%COP2C1I*EXPOLCII+Y(2)#COP2(2)+EXPO2CI)+Y(3)»

1 COP2(3)+EXPD3IC(I)ev(4)«COP2(4)*EXPDACT)

RH31¢I)=Y(1)«CUP3CIIEXPOLICID+Y(2)«COP3C2I*EXPD2CI)+Y(3)+

1 COP3(3)«FEXPO3(I)+Y(4)*COP3(LI*EXPDA(T)
ASY02(I)=Y(1)*COPACIIEXPOLICI)+2.282

RHO2CI)=Y(1)«COPUC1)I*EXPOLCI)+Y(2)#COPUC2)*EXPO2CI+Y(3)w
1 COP4C3)+EXPU3(I)+Y(8)*COPUCU)I*EXPDACT)I+2,%52
RH12C(I)=Y(1)«COPS(1)+EXPDICI)I+Y(2)#COPS(2)+EXPO2C])+Y(3)»

1 COPS(3)#EAPQ3CT)+YC4)nCOPS(4)*EXPO4(])

RH22(1)=Y(1)+COP6C1)+EXPDICII+Y(2)«COP6(2)+EXPO2CEI+Y (3w

1 CRP6(3)#EXPU3I(I)+Y(a)*COP6(4)I*EXPOL(])

RH32(I)=Y(1)+COP7C(1)I«EXPOLICII+Y(2)wCOP7(2)#EXPO2CI)+Y(3)

1 COPTCI)«EXPUICTII+Y(4)+COPT(4)*EXPD4(])

0s
0s
1§
28
3s
45

8s

9s

108
118
128
135
14S
158
1685
178
18§
195
208
218
228
235§
245
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PROGRAM 5

MAD., EXECUTE, DUMP, PRINT OBJECT

R PROGRAM FOR THE SJQLUTION OF THE CONSTANT SOURCE PROBLEM RY
R SPHERICAL HARMONICS=DP1 APPROXIMATION

UIMENSIOUN XC3)s FX(3), ROC4)s CNP1C4), COP2C4), COP3CA),
COPAa(4), CUPSCu), CNPOC4Ys COP7C4), F1C4)s F2C48), FJIC4)»
Facd)s EXPO1(50), FXPN2(50), EXPN3(50), EXPO4(S0), RHO1(S0),
RH11(50)» RH21(50)» RH3I1(50)s RHO2(50)» RH12(50)s RH22(50)»
RH32(50)s 23(50), PSI1(1050,VIM), ©512(1050,0IM), ANGLE(21),
YC4)» AC20»VINYs EXPOSCS0)s ASYUL(SO0), ASY02(50)

INTEGER I,Js Q» ZFE, IT4AX» ITXs ITYVY

VECTOR VALUEY> VIM=2,0,21

VECTOR VALLES DIM=2+0G,21

VECTOR VALUES VIN=2,0,5%
READ AND PRINT DATA
P1=3,1415926%

Di=Ci1eC4=C2+C3

C==1,

D=24#(SIG*SIG=C1eSIG+Y,=C4)
E=576.057G*(C2#4C34(1¢=CUI*(C1=5]G))Im36+0(SIGaPe3I*(SIG=2,#C1)+
1 1,=2.+C4)
FzwBAle*STGr((C1=SI6)e(l,*2.%CU)"(1,=CU4)*SIGeSIGe(SIG=2+%C1))
1 =1728,2C22C3«S[Gw(SIGeSIu+l,)
h=-1296-iSlG.Po3'(516'2.'(:1)'(l-'2.'Cll)*SIGQ.OCZ"C.itSIGoP.l!
PRINT RESULTS Cs N, E, Fy G

INTERNAL FUNCTIUN CHAQ.(Z)=C'loP.B+[)tz.P.6¢E'loP.00FtZ.P.2+G
T=,000060001

Q=1

CHARO=CHAR.(T)

CHAR1=0-

WHENEVER CrHARQ.L,.N,

THROUGH SERCHLISFOR Y1=T, 401 sCHARL GG, UanaMReY14God0,

WHENEVER Yleuelt),

PRINT COMMENT % NO SIGN CHANGES

TRANSFER TO STaRTY

END OF CONDITIONAL

CHAR1=CHAR.(Y1)

OTHERWISE

THRUUGH SFHCH2!FOR vl‘-‘TDQOIICHAR,I0L|U.00RCY10GO“0.

WHENEVER Y1l.Ge40,

PRINT COMMENT 5 NN SIGN CHANGES

TRANSFER TO STAWT

END OF CONDITIONAL

CHARI=CHARL (Y1)

END OF CONDITIONAL

X(1)=v1=,02

X(2)=vy1=,01

FX(1)=CHAR(X(1))

FX(2)=CHAR.(Xx(2))

THROUGH LNOPXAs FAR ITX=1s1» ITXeGoITMAX

o I o
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PROGRAM 5 (Continued)

NUMER=X(2)*FX(1)=X(1)aFX(2)
DENOM=FX(1)=FX(2)
WHENEVER LABSe NDENNM,L.cAHS.NUMER®EPS2
PRINT COMMENT & NENDMINATUR TOO SMALLS
TRANSFER TO START
END OF CONUITIONAL
X(3)=NUMER/DENDM
FX€3)=CHAR.C(A(3))
WHENEVER LABS.FX(3).LE.EPSI
PRINT CUMMENT $ PRNCEDURE CONVERGEDS
TRANSFER TG ITERY
UR WHENEVER WeEe3,AND.AB3+FX(3)el,.005
TRANSFER TU ITERY
OR WHENEVFR WeEal AND,  AHSFX(3)elos,01
TRANSFER T0O ITER]
END OF CONDITIOvAL
THROUGH LNOPXA, AR I=1,s1s 1.G,2
THROUGH LOOPXA, FOR Jsl+1s15 JeGie3
WHENEVER «ABSeFX(I1)eG.eAB5.FXCJ)
TEMP=FX(])
FXC1)SFXCJ)
FXCJI=TEMP
TEMP=x(1)
X(I1)=xCJ)
X(J)=TEMP
PRINT RESULTS XC1)s FX{1)s X(2), FX(2)
NHENEVER FX(1).E,FX(2)
FXe3)y=Fxct)
X(3)=x(1)
TRANSFER T0 1TER1
END OF CONDITIONAL

LOOPXA END OF CONDITIONAL
PRINT COMMENT 8 NO CONVERGENCES
IHRUUGH EVALOI FOR V1=0.,.1; YI.G'BO'
CHAR3= HAR.(Y1)

EVAL6 PRINT RESULTS Y1, CHARY
TRANSFER TU START
ITERY ROCQI=X(3)

PRINT RESULTS 1Tx, X(3)» FX{3)s @
T=Y1=,01
0=Q+1
WHENEVER Q.E+5» TRANSFER TO GO
TRANSFER TU 1TER

GO PRINT RESULTS RDO(1)eoeo RN(A)
S132.#C2/7((1s=2,#C8)u(SIG=2,%C1)=8,%C2%C3)
S22(S1G=2.%C1)/((1,s=2.%C8)W(SIG=2,#C1)=4 ,wC2+C3)
THROUGH EVAL1s FOR T=1,1, [.G.4
SOR=RO(CI)*ROCI)
SQSG=SIu»SIG
COPI(I)=RU(l)'(12.-SQSG-SQR)/(lZo*Sth(S.*SQSG'SQR))



EVAL1L

EVALS

EVALZ
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PROGRAM 5 (Continued)

COP2¢1)=09,*S1G*ROCTII*COPILII/(2,%(12.*#505G=SQR))
COPICII=RNCLI*CNP2(T)/(6.*S1G)
COP4(I)=28,+C3*(SAR"3.)/(SOR*(12,=SQR)+12,%(1,"2,+CY)*(SQR~
1 3.))

COPSCII=RNCII*(SQGR=12,)%COPL(I)/(12,%(SAR=3.))
COPBC1)=9,*RUCIINCOPS(TII/(2,2¢12,=5QR))
COPZ(I)=RN(LI)I*CNP6GCLI)/6.

F1C1)=e5+,75+COP1CI)=COPICI)
F2¢1)=,25+C0P1CI)42./3.+CUP2CI)+COP3(1)
F3(I)=e5«COPUCI)+,75eCUPSCL)=CUP7(])
FACI)=e25¢COPS(I)#2./73,2COP6CIY+COP7CT)

PRINT RESULTS RO(C1)» c0OP1C1)» COP2C1)» COP3CI1)s COPACI)»
1 COPS(I), COPO6(1), COP7C1)s FIC1), F2CI), F3CI)» F4CI)
AC1,5)=~S1

A(2,5)=0,

AC3,5)==S2

ACa,5)=0,

THROUGH EVALS» FOR I=1s1s l.Ged

ACt,1)=F1C D)

AC2,1)=F2¢(D)

AC3,1)=F3CD)

ACa,1)=Fucl)

PRINY RESULTYS A(1,1)4,eA0(4,5)

EPSS=1,E=20

DETER=SIMUL.(UsB,Y,FPSS)

PRINT RESULTS AC1,1)e4eAC455)5 YC1)seaYC(4)» DETER

THROUGH EVALZ2» FOR I=1,1, [.G.ZEE
EXPOLCI)I=EXP.(=ROC1)I*Z23CI))

EXPO2CII=EXP . (=RO(C2)*23(1))

EXPNICIISEXP.(=ROC(3II*23(C]))

EXPOG(T)=EXP,(=ROC4)I*23(]))
RHOLCI)=Y(1)*EXPOLICI)+Y(2)*EXPU2CT)+Y(3)+EXPOICTI)+Y(4)*

1 EXPUACI)+2,+51

ASYOL1CI)d=YC(1)»EXPN1C(I)+2,*S1
RH11CI)=Y(1)*COPY1 (1) *FEXPOLCI)+Y(2)+COP1(2)*EXPO2CI)+Y ()%
1 COPL(3I+EXPO3CTI)+Y(4)*COPLICUICEXPOLIT)
RH21(I)SY(1)~COP2CI)*EXPOLII)+Y(2)4COP2(2)*EXPDO2CI)+Y(3)+
1 COP2(3)#EXPU3(T)+Y(4)«COP2C4)*EXPOG(T)
RH31CII=SY(1)*COP3CII*EXPOLICI)+Y(2)#COP3I(2)I*EXPO2CT)I+Y(3)%
1 COPICIIXEXPO3(I)+Y(U)«COPICYI=EXPOLCT)
RHOZ2(T)=Y(1)*COP4(C1)I+EXPOLTII+YC2)#COP4C2)*EXPO2CI)+Y(3)w
1 COPA(3)+EXPU3(I)+Y(4)*COPACL)=EXPOG(T)+2,#52
ASY02(IX=Y(1)*COPU4C1)«EXPOI(])+2.%82
RH12CI)=Y(1)*COPSCII#EXPOLICI)+Y(2)#COPS(2)*EXPU2CI)+Y(3)»
1 COPS(3)«EXPO3(I)+Y(4)~COPS(4I=EXPDO4LC])

RH22CT)=Y (1) *COP6C 1) «EXPOLCI)+Y(2)#COPOC2I%EXPD2CI)+Y(3)w
1 COPA(IIXEXPOICTII+Y(4)ICOPECLI*EXPQOG(T)
RH32CI)=Y(1)«COP7C1Y*EXPOICI)+Y(2)*COPT(2)%EXPU2CI)+Y(3)»
1 COP7(3IXEXPU3CII+Y(4)*COP7(4)*EXPQ4CY])

PRINT RESULTS Z3(1)» RHO1CI)» RH11(CI), RHO2CI)» RH12(I)»
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PROGRAM 5 (Continued)

1 ASYO1CI), ASYO2(I)
R ANGULAR DISTRIBUTION FGLLOWS

Q=1

IHROUG".EVAL‘J‘ FOR L=1.:"els LeLo~1,
ANGLE(Q)=360./(2,«P1Y+aRCCO5.CL)

EVALa Q20Q+1

THROUGH EVAL3» FOR J=1,1, J¢G,2EE

Q=1

THROUGH EVAL3s FOR L®i.s=els LoelLe=1,

WHENEVER LoGeos001
PST1(Jr0)=eS5*RHOL(UI=2,oRH21(J) =8 »RH3L1(J)¢L*Ch*wRH21CJ)+
1 3,/72.*RH11(J)+6,+RHI1(JY))
PSI2¢JrQ0)=e5#RH02(JU)I=2,*RH22(J) =4 #RH3I2(J)*L* (U #RH22(J)+
1 3./72.*RH12(¢JI+6,%RH32(J))

OR WHENEVER LelL.=,001
PSI1(JsQ)=e5%RHO1( I =2, *RH21(J) ¢4 *#RHITCII+L* (=G, #RH21CJU)+
1 3./72.+RH11(J)+6,+RH3I1(J))
PST2(JsQ0)2e5¢RH02(U)I =2, *RH22(J)I+4*RH3I2(CJ)+L*C =0, 4RH22(J)+
1 3./72.*RH12(J)+6,*RH32(J))
R HERE WE CALCULATE THE DISCONTINUITY IN THE ANGULAR
R DISTRIBUTION AT myu=0,

OR WHENEVER QesEe1t

DISP1 ZeS*RHO1(U)=2,*RH21(U) =4, 2RHIL1CJUI+LP (B *RH21(JU)+
1 3,/72,*RH11(J)+6,+#RH3I1{J))

DisP2 SeS*RHO2(U) =2, *RH22(J) =4 . *RHIZ2CJI+L* (4, *RH22CJ) +
1 3,/72.%RH12(J)+6,+RHI2(J))

DIsmy 2, S5%RHO01(JI=2,*RHZ21(J)+4,*RHIL(JI+L* (=8, 2#RH21(CJ)+
1 3,/72.*RH11(J)+6,+RH31(J))

0DIsM2 2e50RHO02( ) =2,*RH22(J)+4,*RHI2CJI*L* (=4, *RH22(J)+
1 3./72.#RH120J)+6,»RH32(J))

PRINT RESULTS DISP1» DISP2, DISM1, DISM2, ANGLE(Q)

END OF CONDITIONAL

PRINT RESULTS ANGLE(Q), Z23CJ)» PSI1¢J,Q), PSI2€J,Q)

EVAL3 Q0=Q+1
TRANSFER TO START
END OF PRDGRAM
$ COMPILE MAD, EXECUTE, DUMP, PRINT QBJECT

EXTERNAL FUNCTION SIMULLC(NsAsXsEPS)

DIMENSION IR(S50), JC(50)s CJ(S0)

NORMAL MODE IS INTEGER

FLOATING POINT A, BIGA, X» DETER» EPS, AJCK

NP1aN+1

DETER=1.

THROUGH L1» FOR K=151, KoGaN

81GA=0,

THROUGH L2» FOR I=151, I1.GeN

THROUGH L2» FOR JUstsl, J.G.N

THROUGH L3, FOR I1=21,1s 11.E.K

THROUGH L3» FOR Jl=1,1s J1.E.K

L3 WHENEVER TeE.IRCI1)eORWJoECJIC(IL1), TRANSFER TO L2
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PROGRAM 5 (Concluded)

WHENEVER .ABS<A(1,J).G,BIGA
BIGA=+ABSA(CI»J)
IR(K)=1
JC(KI=J
L2 END OF CONDITIONAL
WHENEVER BIGAJL+EPS» FUNCTION RETURN 0O
BIGA=ACIR(K),»JC(K))
DETER = DETER#BIGA
THROUGH L4, FOR JUmisl, J,GsNP}
4 ACIRC(K)Y»JI=ACIRCK)»J)/BIGA
THROUGH Lt» FOR I=1,1, I,G.N
WHENEVER T.NE«JR(K)

AUCK=ACI,JC(K))

THROUGH L6» FOR J=1s1, J,G.NP1
Lé ACTsJ)=ACT»J)=AJCK#ACIR(K)»J)
L1 END OF CONDITIONAL

THROUGH L7» FOR I=1s1, 1,GeN
CICTRCIII=JICCT)

L7 XCJCCI)I=ACIRCII,NPY)
COUNT=0
THROUGH L9» FOR I=1s1, [.E.N
THROUGH L9s FOR J=I+1,1, JoGoN
WHENEVER CJCJ)eLoCJCT)
TEMP=CJ(J)
CJCII=CHD)
CJCI)=TEMP
COUNT = COUNT+1

L9 END OF CONDITIONAL
WHENEVER COUNT/2#2,NE,COUNT, DETER=z=DETER
FUNCTION RETURN DETER
END OF FUNCTION

$ OATA .
Cl=.59023; €c2=.05448, C3=,15963, C4=.,44320, 23(1)=°|505!10'1c5’2.p
2¢553023¢598458:525028¢510.520,» EPS1=1,E=6, EPS2=1,E=20» 51G=1,50951,

ZEE=14, 1TMAX=50 »
R FOR THE SULUTION TD THE MILNE PROBLEM IN THIS
R APPROXIMATION WE REFER THE READER TO THE PREVIQUS P3 PROGRAM
R FOR THE APPROPRIATE CHANGES. ALSDO SEE CHAPTER 7



