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NONLINEAR INTERACTION THEORY FOR CROSSED-FIELD 
DISTRIBUTED-EMISSION AMPLIFIERS

by Thomas Andrew DeMassa

A generalized nonlinear electron-wave interaction theory is 
developed for the crossed-field emitting-sole amplifier in order to 
explain the physical phenomena involved in the interaction and 
ultimately to provide a basis for design. The system equations are 
nonlinear integro-differential equations developed from the Lorentz 
force equation, the continuity equation, Poisson's equation and the 
one-dimensional equivalent transmission-line equation.

The effects of d-c, r-f and space-charge forces are taken into 
account and secondary emission from the sole electrode is included in the 
theory. Space-charge forces are evaluated using the Green's function 
for space-charge flows in a rectangular geometry. Solution of the 
system equations on a digital computer involves following a set of N 
charge groups through the interaction region using electron phase 
position and interaction length as the independent variables. The 
number of system equations then becomes 4n + 2.

The large-signal charge group and r-f wave variables as calcu­
lated using the 4n + 2 equations are illustrated in graphical form 
for various d-c and r-f conditions. These graphs display the positions 
and velocities of the electrons in the interaction region and the 
amplitude and phase of the r-f wave as functions of longitudinal 
distance. The d-c parameters are chosen in most cases to correspond to 
synchronous operation with the average electron drift velocity equal to 
the phase velocity of the unperturbed r-f wave. At the same time, 
however, these parameters are chosen for d-c operation above, below and 
at the magnetron cutoff condition (the d-c crossed-field condition at 
which electrons emitted with zero initial velocities are just able to 
graze the anode). Solutions for operation above, below, and at cutoff 
are obtained and it is observed that below cutoff operation results in 
higher amplifier gain. An enhancement in amplifier gain is also 
observed for larger initial amplitude r-f signals.

An approximate set of equations is derived by neglecting space- 
charge forces and assuming the gain parameter D to be small. This set 
of equations is then made amenable to solution by further assuming that 
the electrons coalesce into charge groups called "hard-kernel bunches . 
This assumption implies that the bunching process has proceeded to the 
ultimate state after which maximum energy transfer takes place as the 
ideal bunches approach and withdraw from the circuit. Solutions for 
various sets of d-c parameters, using this "hard-kernel-bunch" approxi­
mation, are presented. It is found that the gain of the amplifier is 
increased when more charge is injected into the interaction region. In 
addition, the solutions are found to be in good agreement with those 
obtained from the 4n + 2 system equations.
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CHAPTER T. INTRODUCTION

1.1 Crossed-Field Microwave Devices

Crossed-field devices (also called magnetron-type or simply 

M-type devices) are those in which the electric field and the d-c 

magnetic field are mutually perpendicular. The first use for this 

type of device was as a generator of microwave power, and the first 

such device was called a magnetron oscillator. The interaction 

process that takes place in a magnetron is the same as that which takes 

place in all crossed-field devices. Namely, electron potential energy 

is converted into r-f energy. However, there are significant differences 

between magnetron oscillators and crossed-field amplifiers. The major 

difference is that the oscillator generates microwave energy, whereas 

the amplifier enhances this energy by amplifying an input r-f signal. 

Another difference is that the r-f circuit of the magnetron is reentrant 

while that for the amplifier is nonreentrant; thus the magnetron is per­

mitted to support a standing r-f wave, whereas the amplifier supports a 

traveling r-f wave. Nonetheless, since the energy conversion process for 

both the oscillator and the amplifier is internally the same, a general 

description of crossed-field electron-wave interaction is appropriate.

Before discussing the interaction process, it is convenient 

at this point to describe the various types of crossed-field amplifiers 

or OFA's (the abbreviation CFA will be used interchangeably with 

crossed-field amplifier throughout this dissertation). There are two 

basically different types of CFA’s; the injected-beam amplifier and
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the emitting-sole or distributed-emission amplifier. The injected-beam 

amplifier differs from the emitting-sole amplifier in that the electron­

gun region is separated from the interaction region. Figures 1.1 and 

1.2 display these two types of amplifiers in both the linear and 

cylindrical forms in which they are constructed. A special feature 

which the cylindrically built tube possesses is the possibility of 

beam reentrance (the electrons are able to traverse the interaction 

region more than once) as shown in Fig. 1.1a. This is advantageous in 

the emitting-sole tube because with beam reentrance the electrons 

emitted near the r-f output end of the sole are able to interact more 

completely with the slow wave until collection on the r-f circuit 

occurs. This greater interaction necessarily results in higher 

electronic efficiency. However, a reentrant beam also produces feed­

back and hence undesired oscillations.

Injected-beam amplifiers, illustrated in Fig 1.2, do not use 

a reentrant beam for the simple reason that the interaction length 

between the r-f input and output is already long enough to provide 

almost complete electron-wave interaction. Despite this, injected-beam 

amplifiers are frequently built in cylindrical form in order to achieve 

a compact magnet system. A family tree of these "M" (magnetron)-type 

traveling-wave amplifiers is shown in Fig. 1.3, illustrating the 

various kinds of crossed-field amplifiers.

While discussing reentrant beams, it is important to also con­

sider the reentrant circuit. This type of circuit is one which 

closes back upon itself, and is used in magnetron oscillators, 

but not in CFA's. This is because a resonant transmission circuit 

results and only a wave with frequency inversely proportional to an
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integral number of wavelengths around, the closed path can exist in a 

steady state. This is acceptable in the magnetron because it is 

essentially a single frequency device, whereas in an amplifier, wideband 

frequency operation is desirable.

1.2 Crossed-Field Interaction Mechanism

The mechanism which produces r-f amplification in a crossed-field 

microwave device is most easily described by considering the linear 

form of the tube. Linear crossed-field geometries are shown in 

Figs. 1.1c and 1.2b. The cylindrical form of a crossed-field amplifier 

can also be analyzed using this linear geometry when the sole-to-circuit 

spacing is much less than the sole radius. As can be seen in the figures 

the d-c magnetic field Bq, the d-c electric field Eq, and the direction 

of wave propagation (z-direction) are all mutually orthogonal.

The cathode or sole electrode is a source of electrons and when 

no r-f wave is present these electrons follow cycloidal trajectories 

which are calculable when the d-c field and the initial coordinates of 

the electrons are known.

R-f wave propagation is supported by the r-f structure (or anode 

in the diode geometry of Fig. 1.2b), which slows the wave to a speed 

comparable to that of the electrons. This structure must also be capable 

of dissipating d-c power since electrons are collected on it. In the 

absence of electrons, the output energy of the r-f wave will be less than 

the input energy because of resistive heating of the circuit by the r-f 

currents.

A simplified description of the electron-wave interaction process 

will now be given neglecting space-charge fields. The average net 

longitudinal drift velocity of all of the electrons under these conditions 
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is the same and is equal to the ratio of the d-c electric field to the 

d-c magnetic field (v = Eo/Bq). In order for efficient interaction to 

take place,the phase velocity of the r-f wave must be nearly synchronous 

with this drift velocity, i.e., the two velocities must be approximately 

equal. Under synchronous conditions and in a coordinate system moving 

at the synchronous velocity, the electrons begin to move in a direction 

perpendicular to the r-f electric field (Ï? x ïQ. This motion results 

in the formation of electron bunches (one in each cycle of the r-f wave). 

The movement of these bunches is against a retarding r-f field and hence 

toward the r-f circuit into a region of lower potential energy. As the 

bunches move toward the circuit a stronger interaction occurs due to the 

larger r-f field closer to the circuit. The bunches remain in proper 

phase with the r-f field and thus give up potential energy to the r-f 

wave as they move toward the circuit when the average electron longi­

tudinal velocity and the r-f wave velocity are synchronous. On the other 

hand, electrons in the accelerating r-f field region, instead of bunching, 

become rarefied. These "unfavorable" electrons gain potential energy 

from the r-f wave and approach the sole electrode. In so doing, these 

electrons move into a weaker r-f field region and interact less strongly 

with the r-f wave than the "favorable" bunched electrons. Hence, an 

exchange of energy takes place between the potential energy of the 

electrons and the r-f energy of the wave. This exchange yields a net 

gain in r-f energy, because the retarded electrons give up more potential 

energy to the r-f wave than the accelerated electrons extract.

Hence, crossed-field devices, unlike their traveling-wave 

amplifier counterparts, possess an inherent mechanism for maintaining 

bunches of electrons in favorable r-f phase positions. This is because



-Ô- 

kinetic energy is not extracted from the electrons and hence the 

favorably phased electrons do not slip out of the retarding field 

region of the wave. The conversion of potential energy leads to 

theoretical electronic efficiencies of about 90 percent with practi­

cally realizable efficiencies ranging from 50 to 75 percent. This 

high conversion efficiency is one of the chief advantages to be gained 

by using crossed-field devices.

1.5 Previous Studies of Crossed-Field Microwave Devices

The early work done by crossed-field device researchers was 

concentrated on the magnetron. Probably the most significant work was 

contributed by Hull1 in 1921 when he laid the foundation for the theory 

of operation of cylindrical magnetron oscillators, which included the 

very important derivation of the magnetron cutoff condition. Another 

significant advance was contributed by Hartree and Buneman2 who 

developed an expression for the lowest voltage, for a given magnetic 

field value, at which the magnetron oscillations can start (the Hartree 

condition). Further understanding of the magnetron was also contributed 

by Tibbs, Wright and Hartree3 (1948) and later by workers at Raytheon4 

(1959) through their study of electron trajectories under the influence 

of space-charge forces. However, using a method of successive approxi­

mations these researchers found that the electron trajectories often did 

not converge to self-consistent solutions. Contributions toward explain­

ing magnetron behavior were also made by Welch5 (1955) and later by Hull6 

(1958) who both used simplifying stream assumptions to obtain useful 

results.

Because of the success achieved with magnetron oscillators, 

researchers decided to attempt to use the crossed-field device as an 
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amplifier. Shortly after World War II, experiments7'8 on both the 

linear and nonreentrant cylindrical crossed-field distributed-emission 

tubes were performed, but very low gain and efficiency were obtained. 

The conversion from an oscillator to an amplifier was achieved by using 

a slow-wave propagating structure instead of resonant cavities.

Due to the lack of success in this early work, researchers were 

prompted to consider injected-beam amplifiers. The CSF group8 in France 

initiated injected-beam crossed-field amplifier research in 1952. 

Pierce10 also began work in this area and was the first to derive a 

small-signal theory, although his theory considered only thin beams. 

Later, MacFarlane and Hay11 studied the thick beam case and observed 

the presence of growing waves in a slipping stream (the diocotron 

effect). Small-signal theories for the injected-beam device were also 

derived by Dombrowski12 and Gould13 who considered the effects of space- 

charge forces. However, these small-signal theories are inadequate for 

explaining the characteristics of saturated amplifiers which inherently 

operate at large-signal levels.

The first quasi-large signal injected-beam analysis was that of 

Feinstein and Kino14 (this theory also applies to the emitting-sole 

amplifier since a beam configuration is not specified.). By neglecting 

space-charge fields and assuming beam-wave synchronism along with 

adiabatic motion (neglect of acceleration terms in the force equations), 

they were able to obtain solutions for the electron trajectories in closed 

analytic form. Then by numerical integration over these electron 

trajectories a prediction of the r-f wave growth as a function of 

longitudinal distance was obtainable. However, because of the 
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adiabatic assumption, this theory represents a good approximation only 

for small interaction parameter D values and a large ratio of cyclotron 

to r-f frequency
Another large-signal analysis accounting for nonsynchronism 

between the beam and the wave was derived by Sedin15 although, again 

only results for small D were obtained.

In 1960, however, a very general large-signal injected-beam 

theory was developed by Gandhi and Rowe1 Through use of the 

Lagrangian method of analysis, six nonlinear integro-differential 

equations were obtained and were solved by numerical methods. This 

analysis considered space-charge forces, nonsynchronism, and non- 

adiabatic motion. As a result of this theory solutions for both large 

and small D values were obtained. Rowe and Gandhi found that space- 

charge forces enhanced the amplifier gain. Volkholz extended this 

theory to include circuit tapers in an attempt to optimize gain and 

efficiency. An improvement of up to 2 db was achieved with the tapered 

circuit. Volkholz also obtained closed-form solutions by assuming that 

mli of the charge coalesced into hard-kernel bunches. This approach 

was seen to agree closely with that of Gandhi and Rowe .

Recently, renewed effort has been directed toward achieving 

higher gain crossed-field emitting-sole amplifiers. This new interest 

was encouraged because of the fact that the emitting—sole amplifier is 

suitable for much higher power operation than the injected-beam ampli­

fier. This is a result of the availability of many more electrons in 

the interaction region which results in greater current and hence 

greater power. Thus, if a means of improving the saturation gain of 
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this high-power device were achieved, a satisfactory large-signal 

high-power amplifier could be obtained.

In 1957> research at Raytheon evolved a device called the 

platinotron18, which is a cylindrical distributed-emission reentrant 

beam device that can be used either as an amplifier or oscillator. 

This device differs from the conventional crossed-field amplifier 

in that it operates with backward-wave rather than forward-wave 

interaction. Experimental gains of 6 to 10 db (at high power levels) 

have been achieved when the tube is used as an amplifier (it is then 

called the amplitron).

A theory of the amplitron has been developed by Dombrowski19. 

He obtains relations which form the counterpart of Pierce's traveling­

wave tube circuit equation by using series expressions for the amplitude 

and phase of the forward and backward traveling waves. A Fourier 

expansion of the space-charge induced wave (the sum of the forward and 

backward traveling waves) and the input-signal wave yields an expression 

for the phase angle between these two waves by comparing the kth 

harmonics of each. From this relation the gain of the amplitron is 

obtained and the results range from 10 to 50 db for lossless circuits. 

However, this theory omits the detailed description of electron stream 

behavior and hence would be inadequate for a complete description of 

emitting-sole amplifiers.

Experimental research using a forward-wave reentrant beam 

emitting-sole amplifier has been carried out by the SFD Laboratories. 

Amplifiers have been built and operated in both the L and X frequency 

bands. The L-band research20 has resulted in the construction of an 

amplifier with 15 db gain for input powers of 2 to 5 kw. However, the 
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X-band work21 has not been as successful, since the device has 

achieved only 10 db maximum gain.

Emitting-sole theories involving nonreentrant electron beams 

have also been developed. One of these is that of Chen22, who 

extended Buneman's small-signal or linear magnetron theory to the 

magnetron amplifier and calculated a gain figure of 1.4 db/cm. 

This gain was measured to be 1.1 db/cm under small-signal conditions. 

However, an extension of this theory to include large r-f signals would 

not be valid because in the large-signal region the amplifier does not 

behave linearly.

Hull23 has also given renewed attention to the linear emitting- 

sole nonreentrant beam device. His latest design theory, which is 

heuristic, is based on a magnetron comparison technique, i.e., equivalent 

magnetron oscillators in which the fields are identical to those in the 

amplifier are assumed to represent the interaction region. An exten­

sion24 of this work has included a magnetic field taper which would 

affect the electric field space-charge depression and keep the total 

electron drift velocity the same as that of the r-f wave. The name 

coined for this tapered B-field emitting-sole amplifier is the dematron, 

and experimental results have yielded gains of 6 to 15 db.

Another large-signal theory for the emitting-sole amplifier was 

derived by Monosov25. In this analysis a single integro-differential 

equation is obtained from an energy balance equation relating the 

electron’s kinetic and potential energy to the r-f energy and joule 

losses. This equation is solved by numerical methods and a distribution 

of the r-f potential amplitude as a function of longitudinal distance 
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showing saturation characteristics is presented. However, this theory 

neglects the change in the phase velocity of the r-f wave which occurs 

when an electron stream perturbs the wave. Also, the theory is only 

valid for » 1 and zero space charge.

Finally, the first theoretical large-signal analysis of the 

nonreentrant beam emitting-sole amplifier considering space-charge 

forces and including an analysis of electron trajectories was recently 

done by Yu et al., at Litton34. The results of this work are similar 

to those presented in this thesis. The analyses are different in that 

Yu et al. use time as the independent variable (time dependent 

analysis), whereas this analysis uses longitudinal distance. Yu also 

computes the space-charge forces differently. In each analysis useful 

results are obtained by assuming that a finite number of electrons are 

present. However, both theories are limited by computer capacity, 

which limits the number of electrons that can be tracked through the 

interaction region. When the time analysis is used, only about 400 

primary electrons and 2500 secondary electrons can be followed, while 

in this presentation about 2?00 primaries and the same number of 

secondaries are possible.

A complete summary of Yu’s theory and a comparison with the 

theory presented in this dissertation are given in Appendix F.

1.4 Outline of the Present Study

This investigation considers a large-signal analysis of crossed- 

field emitting-sole amplifiers. The purpose of this work is mainly to 

develop a physical understanding of the interaction process which 

takes place. Since the nonlinear equations representing the crossed-field
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electron-wave interaction are very complicated, computer methods 

are used to obtain the solutions on a case-by-case basis. By varying 

the d-c parameters, such as the electrostatic field, the magnetic 

field, and the sole-to-anode spacing, the gain of the amplifier is 

improved. This procedure can therefore be thought of as a computer 

design method whose results can be used to develop practical devices.

Chapter 11 contains the derivation of a set of large-signal 

equations with most of the detail relegated to the appendices. The 

Lagrangian approach is used in which each electron is followed from 

initial coordinates through the interaction region until collection 

on an electrode. Thus, the problem is set up as an initial-value 

problem. The continuous equations obtained are nonlinear integro­

differential equations, and thus an exact analytic solution is 

impossible. These equations must either be solved approximately or by 

digital computer techniques.

The final form of the equations is presented in difference form 

in Chapter III. The numerical method used is described in symbolic 

form and again the details are relegated to the appendices. The 

special numerical integration procedure used for the space-charge and 

induced-current integrals is also described along with the initial 

conditions for the dependent variables.

Numerical solutions neglecting space-charge forces are presented 

and discussed in Chapter IV. These include solutions for the emitting­

sole amplifier, both with and without secondary emission. Solutions 

for various initial r-f wave amplitudes are also discussed.

In Chapter V the computer solutions including space-charge 

fields are presented for the emitting-sole amplifier and also a 
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multiple-cathode amplifier. The d-c parameters chosen in most of the 

cases satisfy the synchronism condition, which stipulates that the 

unperturbed phase velocity of the r-f wave (v ) is equal to the average 

longitudinal drift velocity of the electrons (v^ = Eq/Bq). The effects 

of nonsynchronous operation are also discussed. By changing CD^/cn 

and quantities dependent upon this input variable, three sets of d-c 

parameters for operation above, at and below d-c magnetron cutoff are 

obtained. The solutions for these cases are presented and discussed. 

Also in Chapter V, the effects on the gain of the amplifier are 

investigated when a magnetic field taper (a linear decrease with 

longitudinal distance) is applied.

Chapter VI contains a simplification of the general large- 

signal equations using the hard-kernel-bunch assumption. A closed- 

form solution is obtained for the hard-kernel-bunch trajectories and 

the resulting r-f wave amplitude. Although this is an idealized 

assumption, it does lend insight to the actual phenomenon taking 

place in a crossed-field emitting-sole amplifier.

The final chapter summarizes the conclusions reached in the 

preceding chapters. Suggestions for further study are also given.



CHAPTER II. DERIVATION OF THE LARGE - SIGNAL EQUATIONS

2.1 Introduction
The analytical treatment carried out in this dissertation is aimed 

at presenting a satisfactory explanation of the interaction which takes 

place in the crossed-field emitting-sole amplifier. Figure 2.1 displays 

the assumed linear geometry for this device. The large-signal equations 

for this system are derived using a Lagrangian approach in which each 

electron is followed through the interaction region from initial 

coordinates until collection on an electrode. The solutions obtained 

from these equations will provide the necessary information needed for 

the physical interpretation of the phenomena taking place.

The fundamental equations which are to be used to describe the 

interaction process in crossed-field emitting-sole devices are.

1. The one-dimensional equivalent transmission-line equation,

2. The Lorentz force equation,

J. The continuity equation, and

4. Poisson’s equation.

These same equations were used by Gandhi16 in his large-signal analysis 

of injected-beam crossed-field devices. The similarity is to be expected 

since the emitting-sole device simply has a modified source of electrons 

while the field configurations are the same in both devices. The above 

equations are therefore the starting point for a Lagrangian analysis of 

crossed-field devices. From this point, however, modifications are 

made in each theory to fit the particular device.

—16—
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This theory differs from that of Gandhi in the following 

respects :

1. A new set of normalizing parameters is used, including differ­

ent initial conditions for the electron coordinates.

2. A derived expression for the "input plane" charge density is 

used instead of the ratio of beam current density to beam velocity.

3. A different electron coordinate transformation is used.

4. An emission model must be considered in the emitting-sole 

amplifier analysis because the gun region and the interaction region 

are no longer separate.

5. Secondary electrons from the sole are taken into account.

A particle dynamic treatment called Lagrangian mechanics (to be 

discussed in greater detail later) is used in conjunction with the 

basic equations. The final equations obtained are nonlinear integro­

differential equations which are not amenable to exact closed-form 

solution. The continuous system equations will be derived in this 

chapter.

2.2 Assumptions Used in the Analysis

The following assumptions are made in this analysis :

1. Nonrelativistic mechanics are utilized (v2/c2 « 1).

2. The r-f magnetic field force on an electron is neglected 

(the guide wavelength is much less than that of free space).

3« À linear (Fig. 2.1) two-dimensional model is used (d/dx = o).

4. The magnetic field is confined to the x-direction and is 

uniform.

5. Electron-wave interaction is neglected with all except one 

space harmonic of the r-f wave.
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6. In the charge density derivation a Maxwellian distribution in 

the x- and z-emission velocities and a half-Maxwellian distribution in 

the y-emission velocity are used. The final expression is the ratio of 

thermionic emission current density to average emission velocity.

7. Particle-particle collisions are neglected.

8. The r-f structure is terminated in its characteristic impedance 

so that there are no reflected waves.

2.5 Lagrange Variables

In an Eulerian approach for M- and O-type devices, the hydro- 

dynamic equation of continuity is utilized. This theory is inadequate 

in the case where individual electrons overtake one another as is the 

case in an emitting-sole device. This type of interaction (electron 

crossings) has been discussed by Gandhi16 and Rowe26’2 and a further 

discussion is not necessary here, except to mention that when electron 

flight lines intersect, a particle-dynamic treatment must be used in 

place of the Eulerian approach in order to treat the multivalued 

(more than 2) functions which arise.

The reformulation of the problem, therefore, consists of elim­

inating this flight-line crossing difficulty. This can be done by 

introducing new independent variables which will be called Lagrange 

variables. The independent variables to be used are the initial posi­

tion of an electron zo, initial phase of an electron relative to the 

r-f wave $o, and longitudinal position along the tube z. These 

quantities will be normalized with respect to the phase velocity (vo) of 

the "cold" circuit wave, since a single average beam velocity cannot be 

defined in the case of a crossed-field emitting-sole device. The 

physical interpretation of this transformation of coordinates is a shift 
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from a stationary coordinate system to one moving with the undisturbed 

phase velocity vo. This causes the dependent variables to vary more 

slowly with both time and distance.
Normalized independent variables are defined as follows

0 = [$] >
° (%'V

and
△ Dmz

* = V '
o

(2.1)

(2.2)

(2.5)

where z is the longitudinal position at which an electron is emitted, 
o

t is the time of emission, D is the gain parameter to be defined later; 
o
and cd is the radian frequency of the r-f wave. Physically, % is the 

entrance phase position of an electron relative to the r-f wave, q is 

the longitudinal distance proportional to the number of circuit wave­

lengths and qQ is the initial longitudinal position of an electron.

Along with these independent variables, it is convenient to 

define the dependent velocity and phase variables in the following 

manner:

△ æc 1_ d£ (2.4)
\ - CD v dt ’V O

= v (1 + 2Du ) (2.5)
dt o' z

and .* △ - cut - 6/z) ’ (2'6) 
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where cuc is the cyclotron frequency, Uy and uz are the dimensionless 

y and z electron velocities, 0 is the phase position of an electron in 

the stream relative to the r-f wave, and 9c(z) is a perturbing quantity 

representing a change in phase position due to interaction with the beam, 

i.e., with no beam present 9C = 0 and 0 = œz/vQ - cut. Figure 2.2 is a 

flight-line diagram or phase diagram indicating the way in which 

Eq. 2.6 was obtained. The curve marked u(z) represents a flight line 

for a beam of particles moving with velocity u(z), while the curves 

marked vo and v(z) represent a constant and varying wave velocity 

respectively. It has been shown27 that 0 has an even simpler physical 

meaning. It is the phase angle of the r-f traveling wave at any q-plane.

2.4 Circuit Equations
In this section two circuit equations will be derived from the 

one-dimensional transmission-line equation. This equation is a second- 

order partial-differential equation relating the r-f potential along the 

slow-wave circuit to the induced charge on this circuit due to the 

presence of the electron beam. It is used as a substitute for Maxwell's 

field equations in order to make use of the well-known transmission­

line techniques to solve the r-f field problem. This substitution has 

been verified by Schelkunoff28 for general cases consisting of TE and TM 

mode waveguide propagation, and is valid in this case when it is assumed 

that only one space harmonic of the total field is involved in the 

interaction.
The transmission-line equation represents the circuit interaction 

as an equivalent network consisting of distributed L, R and C elements. 

Both forward- and backward-wave circuits can be analyzed in this manner,
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the phase velocity and impedance in the forward-wave case being given 

by

v = —L- , (2-7)
°

zo = ^Mcf ^2*8^

and for the backward-wave circuit

v = -co2 Vl7c7 , (2-9)
o o b

zo = '/E7% • (2-10)
The equivalent networks are illustrated in Fig. 2.3 with resistance 

elements appearing in each case to account for loss in the circuit. The 

differential equations for the r-f potential in both the backward- and 

forward-wave cases can be written as

+ mm . tv Z
at2 ° az2 at ° ° at2

± 2cnDdv Z . (2.11)
O O X.

In Eq. 2.11 the upper sign represents forward-wave interaction and the 

lower sign represents backward-wave interaction. The resistance was 

eliminated by defining the loss factor d as b/L = 2coDd. The inhomo­

geneous terms on the right side of Eq. 2.11 are the driving terms with 

p(z,t) representing the induced charge on the circuit created by the 

electrons in the "stream".
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To evaluate these driving terms the continuity equation is used, 

and must be viewed in a form consistent with Lagrangian mechanics. The 

form to be used arises directly from the conservation of charge which 

is written as follows:

p(y,z,t)|dydz| = Po^o'V Z ' ' (2.12)

where the absolute value signs imply that p and pQ have the same signs, 

and where p(y,z,t)| dydz| is the charge at some position (y,z) at a time 

t > 0 which emanated from that at the input plane (the emitting sole) 

given by Po(yo>zQ) % ! dy^o I • The summation over initial elements of 

area |dyQdzo| accounts for the fact that the space-charge density in 

several initial elements contribute to the charge density at |dydz| and 

time t. Also, Po(yQ, zq) is outside the summation sign because it is 

assumed to be constant along the entire sole. To obtain p(y,z,t) in 

terms of Po(yo,zQ) the Jacobian of the transformation from (yQ,zQ) to 

(y,z) is obtained. Equation 2.12 can be rewritten as

p(y,z,t) (2.15)

where the Jacobian for one element is given by

dy dz dz dy /
(2.14)

The partial derivatives appearing in this equation will now be evaluated 

individually to obtain a final expression for J
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From the definitions of $ and dz/dt the partial derivative dzo/dz 

can be rearranged as

àzo a%/at -mAo(àzo/à»o)(ato/at)
= âvâT ’ ‘ ’

By definition of », »Q & , =nd hence by partial differ-

entiaXion, Eq. 2.15 becomes

_________ , (2.16) 
dz (1 + 2Duz)(1 - D[dec(qo)/dqQ]}

where Qq/^^q has been substituted for .

Next, by the chain rule,

, (2.17
dy dzo dy

and by using the trajectory equation, given by

p r u dzy - y» " / ■ yo+ / J +

or in differential form

(2.19)
CD^/œ (1 + 2Duz)

Eq. 2.17 can be rewritten as

fr cdc/o) (1 + 2Duz ) fr
(2.20)
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Finally, the partial derivative dyQ/dz is rearranged as

dyQ (^y(8$/ôt) 

dz/dt

but Qq is not a function of y , and therefore

dyo 
S ° • (2-^1)

Substitution of Eqs. 2.16, 2.20 and 2.21 into Eq. 2.14 yields the

following value for the Jacobian:

(2.22)

where

v r

u 
yo

1 + 2Du~ 
~o

_______ 1_________
1 - D[d6c(qoydqo]

When Eq. 2.22 is combined with Eq. 2.15 the desired continuity of 

charge equation is obtained:

p(y,2,t) - P0(y0,%) X % "r |1 + 2Du, dz d® __ o __o
dy d* (2.25)

To obtain p(z,t), the induced charge on the circuit, Hamo’s induced 

current theorem29 is used. This can be formulated to yield the follow­

ing expression for the charge induced on the r-f structure for a 

rectangular interaction configuration
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p(z,t)

b'
h J p(y,Z;t) *(y)dy 

o

(2.24)

where i|r(y) = s inh py/sinh 0b*, b’ is the sole-to-circuit spacing, h is 

the width of the emitting sole and 0 is the propagation constant of the 

r-f wave. The coupling function f(y) indicates the coupling of charge 

in the stream to the r-f circuit and also measures the falloff of r-f 

potential away from the r-f circuit. By using Eq. 2.25, p(z,t) may be 

transformed to a function of $ and z and is given by

b '
P(^z) = / Po^o'V E

c 0
1 + 2Du (z ,z) 

zoo

dz 8®
• *(y)dy • (2.25)

dy o*

The usual assumption of large interaction of the "stream" 

electrons with the fundamental component of the total field and negli­

gible interaction with all other harmonics will now be employed. Thus, 

expanding the charge density into a Fourier series in the periodic 

variable t yields

00

p(®,z) = / (a sin n* + b cos n$) , (2.26)
L_ 1 ft ft
n=i

where the coefficients are given by

2%
an = y p($,z) sin n$d@ (n = 1, 2,...) (2.27)

0
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and

n

2jt
/ p($, z) cos n$d$ (n = 1, 2, ...) . (2.28)

0

By neglecting all harmonics except the fundamental, Eq. 2.26 becomes

p(@,z) = p (@,z) = a sin $ + b cos $ (2.29)

Substitution of Eq. 2.25 into Eqs. 2.27 and 2.28 (for n = 1) yields

and

2%
cos $

JtCD 
C

2x 
cd h r V ________ r________  

1 + 2Duz(yo,0>o,z)

v ________ r________  
1 + 2Duz(yo,®o,z)

^(y)dyd<0 (2.50)

o

dz 8$__ o __ o 
dy 8®

• i|r(y)dyd® . (2.51)

When the indicated summations are carried out and the normalized 

distance variables qQ = D(cd/vq)zo and p = y/b ' are inserted, the funda­

mental coefficients a^ and b^ become

and

° X
1 
^o 1 + 2Duz(yo,®o,z)

t(p)dqQd®o (2.52)

2*

0

CD
CD 

C

t(p)dqod®

(2.55)
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where to/vq, and

i|r(p) △ sinh ftb'p 
" sinh Ph'

(2-34)

Substituting the fundamental component of induced space-charge 

density into the general transmiss ion-line expression, Eq. 2.11, for 

propagation in the z-direction, and changing to the longitudinal normal 

ized variable q yields

a%/q,o) 

dt2

a2v .(q,$) av _(q,$)
- m^D2 --- -------  + 2œDd ---------

aq2

■ a2pi(q,

dp (q,*)
+ 2œDd ---—---ot _

(2-35)

This equation may be put into a more convenient form by defining the r-f 

potential in terms of a normalized amplitude A^q) and phase @(q?t)

by the relation r Z I o o

where Z_ o
Io

Voc

Vrf(q,») = Re Arf(q) exp(-jO)

characteristic impedance of the r-f circuit,

thermionic emission current at the sole,

(2.36)

[(œc/œ)(lozo/2Vo )]^/2, the gain parameter of the tube, and

the d-c voltage equivalent of the unperturbed wave

velocity (where 13 is the charge-to-mass ratio of an elec­

tron) .

Substituting Eq. 2.36 along with the integral expression for p± into 

Eq. 2.35 and equating the coefficients of the orthogonal functions 

sin » and cos $ to zero yields two integro-differential equations as

follows :

D

D A
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a2e
___ c
dq2

2n

0

2Dd ikdq d* o o

ikdq d$ o o

2k
*dq d®Y o I

+ 5±
D2

2jt
sin ®

0
^dq

11 + 2Du | °
1 z1

(2-58)

1
D

KP L D2 
o e

where vc = (2kT/m)1/2 and the negative sign has been extracted from pQ. 

Also, the equation

po - -KV’cM ' (s-}9)

where Jt - I^/hL^ derived in Appendix A, has been substituted. Equa­

tions 2.57 and 2.58 are the circuit equations in final form which 

must be coupled with four other relations between the dependent variables 

in order to solve for the six unknowns A^, 0^ », u , u^ and p. Two 

other equations will be derived from the Lorentz force equation, and the 

remaining two equations will be obtained from the defining relations of 

the dependent variables.



2.5 Force Equations

The motion of charged particles in electric and magnetic fields 

is described by the Lorentz force equation

dv 
dt

n(-wT + V x b) , (2.40)

where v is the velocity vector of a charged particle, t is time, Wæ is 

the gradient of the total potential and B is the magnetic field vector. 

Applying Eq. 2.40 to the specific case of electrons moving in a two­

dimensional electromagnetic field including the space-charge field 

yields the following Eulerian equations of motion: 

and

2z 
dt I’ll S+ Vy ’ IllE (2.41)

dv
dt

hl - % " h^sc-y , (2.42)

where Esc and E^ z are the y- and z-components of the space-charge 

field, v and v are the y- and z-components of velocity, and V is the 
y z

sum of d-c and r-f potentials.

The independent variables appearing in these equations are time 

and displacement which correspond to the Eulerian or small-signal 

variables. To transform these equations to the Lagrangian system, 

distance and time are eliminated in terms of normalized distances (p 

and q) and the initial phase (®Q)- Also, the dependent phase variable 

and normalized y- and z-velocities will be used.
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To transform Eq. 2.41, note by the properties of differentiation 

that

dv dv dgz
dt dq dt

(2.45)

and also from Eq. 2-5 that

dt aS [1 2Du (z z o
(2.44)

Thus, from Eq. 2.5

and therefore from Eqs.

dt

Substituting Eq. 2.46

z 
dq

2.45

2v D —° dq

through 2.45

2v uD2 o

into Eq.

(2.45)

du
(1 + 2Du ) 

dq "
(2.46)

2.41 and eliminating z in terms of q

yields

duz
(1 + 2DU ) 

oq z
1

2v mD2 
o

dq c Y
(2.4?)

o

To transform Eq. 2.42, the normalized y-velocity (Eq. 2.4) is 

used. Making a change in the independent variable, differentiation of 

the y-velocity and substitution of the normalized form yields

dv
dt

>v , v o^D du
àf £ = C1 * ^z) (2.48)
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Substitution of Eqs. 2-5 and 2.48 into Eq. 2.42 yields

2
) 5

% Adv g
. œ2D/ dq v œ2D sc-y 
O °

du 
dq

(2.49)

where a transformation of independent variables (p = y/b’) has also been 

carried out.
The scalar potential V is the sum of both the d-c and r-f 

components and in general is given by

V(y,z,t) = Vdc(y,z) + Vrf(y,z,t) .

This will now be obtained in normalized form before substitution into

Eqs. 2.47 and 2.49»

The r-f potential can be written as

Vrf v(z,t) v(y) >

where

*(y) sinh Py 
s inh 3b '

(2.52)

as can be seen if the wave equation is solved assuming that a slow r-f 

wave is propagating in the z-direction along a rectangular structure 

with propagation constant 3 « In terms of the normalized distance 

variables p and q, and the phase *, the total r-f potential can be 

normalized as in Eq. 2.56; that is,
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△Vrf(p,q,®) Re
r Z I
-g-2 Arf(q)*(p)exp(-j») (2.53)

The d-c potential V^(y, z) can be similarly written as a product of 

functions. The d-c potential is assumed to be a function of z, as well 

as y, to allow for a variation in the d-c potential with longitudinal 

distance. The z-variation of the d-c potential, which is considered to 

be a known quantity, will be denoted as A^(z) and the normal 

y-variation by X(y). For a linear untapered geometry A^ is a constant 

dependent upon the anode potential and X (y) = P. Thus, the d-c 

potential can be defined in general as

Substituting Eqs. 2.55 and 2.53 into Eq. 2.50 yields

△ Vo 
D

Adc(z)^(y) 9 (2.54)

or in terms of normalized distance variables,

△ Vo 
D Adc(q)Up) •

(2.55)

V(p,q,®)
Vo 
D

Adc(q)6(p) + Arf(qH(p) cos $ (2.56)

Substituting this expression into Eqs. 2.4? and 2.4g and using the

explicit expressions for the space-charge-field terms as derived in

Appendix B yields

du

ar (1 +
dA Arf / dSA

6 +-ar ~ ' D otJ
. i|f sin 0

uT (%c/^<mPC/%)ip;iTr,

2D2 b’D3 '
o

(2.57)
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and

r du
(1 + 2Du ) 

z L dq
1

my d
+ Pob'Arf cos

cosh
- 0 d?) F

dq/
sinh

it^b’D2
(2.58)

P b ' {Adc 
o 1

$

1 2
2
) IpJV:

• ( 1 - D I y

Equations 2-57 and 2.58 are the final continuous form of the large-signal 

force equations.

2.6 Relations Between Dependent Variables

Thus far, four equations have been derived containing the

unknowns A^, 6Q> u^, u^ and

needed and may be obtained from

P-

the

terms of one another. One equation

Two more independent equations

definitions of these variables

is obtained by differentiating

are

in

the

dependent variable $ with respect to the time t; that is, Eq. 2.6

is rearranged as

q D^ + at (2.39)
c

and, by differentiating with respect to t, the result is

dt CD
5= 
dq

(2.60)D

However

dt
cuD(l 2Du2) (2.61)
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and therefore substitution of Eq. 2.61 into Eq. 2.60 gives

d» + ^= . z 
dq dq 1 + 2Du%

(2.62)

To obtain the second equation relating the dependent variables, 

note that the vertical position can be written as follows:

t
y = y + A^dt . (2.65)
J Jo J dt

0

Substitution of the normalized variables p and u^> and eliminating t in 

terms of q, gives

Q „ . r u dqP = Po + J 1 + 2Du ' (2'64)

c 0

where Pc is defined as œ/v^ By combining Eqs. 2.62 and 2.64 with the 

two circuit equations and the two force equations, the two-dimensional 

emitting-sole problem can be solved.

2.7 Large-Signal Equations for the Emitting-Sole Device

The following six equations are continuous equations containing

A $ 9 , u , u and p as continuous dependent variables, and are the 
rf c’ z’ y

complete set of large-signal equations for the emitting-sole device.
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Force Equations

a*z / \
—— (1 + 2Du ) - 
oq z

co ^dc 
2coc _ dq £

^rf
—-— * cos <T dq v

d0Arf 
D

• i|r sin
uy + ^pç/^^pc^c^PÔ^r J

2D2 rtPQb 'D3
(2.65)

(1 + 2Duz)

2
(2.66)

sinh
I 
y' ae

1 " D dq .

cosh 6 b o

Circuit Equations

A 2.,

dq2 D'
rf
2

1
np L D2 

o e

2n
(cos 0 + 2Dd sin @)dq dî o o (2.67)

0 0 z

1 ^rf
D dq - D 1

2

d%' 

dq2'

^%(VVc

^w2
2n

0 0

vJPqMp) 

|1 + 2Duz|
(sin t - 2Dd cos $)dqQd$Q (2.68)
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Relations Between Dependent Variables

, Z9 u dq , x
p = ?o + @yn f

The above equations are solved using a digital computer and the equa­

tions must therefore be transformed into difference form. This will 

be carried out in the next chapter. The next section discusses the 

initial conditions imposed on the dependent variables.

2.8 Initial Value Problem
The six nonlinear integro-differential equations are to be solved 

in conjunction with specified boundary conditions or initial conditions. 

Since the nonlinearities of the equations necessitate the use of a 

digital computer, and since a boundary-value problem would require a 

trial and error method of solution, an initial value problem will be 

specified and eventually solved. •

The differential equations themselves dictate the number of 

initial conditions which must be specified; that is, if the first 

derivative of a dependent variable appears in any of the equations, 

only the initial value of the variable need be specified, while if the 

second derivative of a variable appears, both the variable and its 

first derivative must be known initially. Thus initial values must 

be given for and ©c and their derivatives while only the initial 

values are needed for the variables Uy, uz, p and ®.
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2.8.1 Initial R-f Conditions. The magnitude of the input r-f

signal is given by

%
(2.71)

Also, since interaction between the electron and the wave has not yet 

occurred, there is no perturbation of the traveling wave at the input 

by the beam and hence

el = 0 . (2.72)
C * q=o

To determine the remaining initial r-f conditions on A^ and 0^, 

recall the definition of the r-f potential:

vrf(y,z,t) 6 Re Arf(z)exp[-J»(z,t)]}

or at the input

Vrf(y,z,t) = Re exp[j(«t , , (2-75)

where V^n is the peak r-f input voltage. Differentiating with respect 

to z, setting z = 0 and equating the above two expressions yields

-Vin =

Equating the real part 

z gives 

q=o

of this equation to

dq

5? z=o
(2.74)

zero and substituting q for

0 (2.75)



-41-

which is the second condition needed for Arf. Similarly, equating

imaginary parts in Eq. 2.?4 yields

6# = PoVin

à= Wrf/11
(2.76)

Also from the definition of $

x. dedO _ œ __ c 
dz vq " dz ' (2.77)

and by equating Eqs. 2.76 and 2.77, and substituting q for z,

de__c 
dq

° , (2.78)

which is the other initial condition required for 6^.

2.8.2 Initial Electron Coordinates. Each electron in the 

interaction region between the emitting sole and the anode begins its 

flight at the sole electrode. The trajectory of this flight is 

characterized by position and velocity coordinates, and the initial 

values of these quantities must be specified in order to complete the 

statement of an initial value problem.

The initial position of an electron in the selected normalized 

coordinates is given by

(p,q,*)i = • (2-79)
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The quantities qQ and »q are labels for each electron, and represent 

the relative longitudinal entrance position and the relative time of 

entry, respectively, for each electron.

The magnitude of the average emission velocity of an electron is

given by
Mi = l^th/%1 ' (2.80)

where J is the thermionic emission current and pq is the charge 

density at the sole (as given in Appendix A). This velocity is small 

compared to the average d-c field electron velocity obtained in the 

interaction region.
In order to separate the total initial velocity into vertical 

and longitudinal components, electrons are assumed to be emitted in four 

directions, distributed symmetrically about the normal as shown in 

Fig. 2.4. The magnitude of the total initial velocity is assumed to be 

the same in each of these directions. However the y- and z-components 

vary with the direction of emission as follows :

(Vy,vz)i = (Mi cos Q, sin ü) , (2.81)

where the angle SI takes on the values -5a, -a, a and 5a to achieve 

symmetric emission. Thus the normalized initial electron velocities 

are given by

/ co M. |v| sin Q - v \(y^i = 2dT ) * <2-82)

A further discussion of the initial electron velocities is given in

Appendix D.
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*

FIG. 2.4 ELECTRON EMISSION DIRECTIONS.



-44-

Finally, the initial value of the phase » of an electron relative 

to the r-f wave must be specified. This initial phase is labeled and 

in the continuous case is given by

—° - u)t - 9 (z ) , (2.85)
v o co o

longitudinal coordinate of the electron and t

digital computer model specifies this quantity 

$ = 
o

where z is the initial o
is its entry time. The

more explicitly and this will be discussed in the next chapter.

The initial value problem is thus completely specified by the

six integro-differential equations and the above initial conditions.



CHAPTER III. DESCRIPTION OF THE DIGITAL COMPUTER

SOLUTION METHOD

3-1 Introduction

The six integro-differential equations for the emitting-sole 

device have been presented in the previous chapter. These equations 

are very nonlinear and thus an exact analytical solution cannot be 

carried out.

There are a number of numerical methods which can be used to 

solve a set of nonlinear equations. One of the most obvious is to 

replace the nonlinear portions of the problem by linear ones. Thus, 

nonlinear problems can be solved by breaking them up into piecewise- 

linear " problems, a method which has been widely used in the analysis 

of vacuum tube circuits. Such a process is carried out by making power 

series expansions of the dependent variables around a starting point, 

and then obtaining the solution for that starting point while ignoring 

second- and higher-order terms. A new starting point is then obtained 

and the process can be carried on as before. This method of solution 

can be employed regardless of the degree of nonlinearity as long as the 

increments in the power series expansions are chosen to be sufficiently 

small. This is the method of solution which will be used to solve the 

emitting-sole equations. Since the degree of nonlinearity is quite 

large for this problem, very small increments must be used in the 

expansions. This means that many iterations are necessary and the use 

of a digital computer is warranted. The IBM-7O9O data processing 

system was the machine available for this purpose.

-4^-
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The numerical calculations will be carried out by also assuming 

a finite number of charge groups or electrons to be present (the words 

"charge group" and " electron" will be used interchangeably throughout 

this dissertation to denote one of the assumed finite number of groups 

of charged particles). These electrons are actually rods of charge in 

the selected two-dimensional geometry.

3.2 Explanation of Dependent Variable Indices

Keeping track of the dependent variables for each electron (charge 

group) in the discrete problem requires an efficient method of symbolism. 

The method used is basically one of indexing. Each electron has four 

dependent variables (called per electron quantities) which are 

normalized y- and z-directed velocities, normalized height p and phase 0. 

In the exact analysis these functions are continuous, but due to the 

assumption of a finite number of electrons they now become discrete. 

The discrete variables will be given three subscripts and will appear 

as follows :

%j,k

where the index i indicates evaluation of the function at the ith 

q-plane, the index j indicates that the function is to represent an 

"electron” emitted from the jth emission point, and k stands for the 

kth electron out of the total which is emitted from each emission point. 

The emission points are numbered in order from j = 1 to M as one 

progresses along the tube in the longitudinal direction, while the 

electrons from each emission point are numbered from k = 1 to m. Thus, 
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for example, for the thirteenth electron from the third emission point 

at a particular q-plane (the ith), the per electron quantities are given 

by 

5.5 Large-Signal Equations in Difference Form

The method of solution for the emitting-sole device equations, 

that is, a piecewise-linear solution with very small increments for each 

linear segment, has been outlined above. To apply the method and obtain 

the equations in difference form, it is necessary to substitute the 

familiar Taylor series expansion of a function F(x) about a point 

x = x for each of the unknowns. The exact expansion is given by

F(x) = F(xJ + F'(x^)(x - x^) + F"(xJ(x - x^)^ + ...

+ F^(x ) (x - x )n + .... (5-1)
n. o °

Considering only the first two terms, the expansion becomes

F(x) ~ F(xo) + F'(x0) (x - xo) , (5.2)

or by transforming to discrete notation,

F,+1 = F, +F; Ax . (3-3)
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Thus using the notation of the previous section, the dependent 

variables at the (i+l)th q-plane may be written in terms of the ith 

q-plane variables as follows :

Arf.4.
1+1 1 1

(3-4)

and

e = e + e1 Aq , 
Ci+i Ci Ci

u = u + u ’ Aq ,
yi+i, j,k yi, j,k yi, j,k

uz = uz + u* ^9 ,
i+i,j,k i,j,k Zi,J,k

().5)

(5-6)

(5-7)

(5.8)

*1+1, j,k - ' 0-9)

where the primes refer to derivatives with respect to the independent 

variable q. Substitution of these expansions into the continuous 

emitting-sole device equations and solving for the (i+l)th variables 

yields the following discrete equations.
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Circuit Equations

Arf.
% 

D -2Aq - 8 ) + D(0 
Ci c. \)2

+ Aq^A. + “"1 ■ ^l-l (5.10)

“Arf. d D
" 2

8 -2 8
Ci+i Ci

Arf. Arf.

1 - D

where A and X represent

(6q)^
+ X. D

8 -8c.,, c.
△ q

the induced current terms defined by

Al

2a qi

0 0
*1,j,k 0

2 Du 
Zi,j,k

*i, j,kd%, j,kd% j,k

and

X.

+ 2Dd

2a Qi

00

0' \ *i,j,kdqo,j,kd%J,k

Zi,j,k

- 2Dd

2a Qi

0 0

2a Qi

sin
0 0

0
2 Du

o ^i, j Adq°^ J *0, j, K
z
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where

K1 = «P0LeD2

Force Equations

A

and

*c

Adc
Aq______

1 + 2 Du
i,JA

where I 
yi

and I
zi

are defined in Appendix B, and where
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and

D

e c

e c

△q
---c. .

sinh ’ 1

sinh -|Pob ’ 1

9/ c 
D ( —

Relations Between Dependent Variables

2U, x
--- ) △« - 9 +9 (5.18)

1 + 2Du J c c±
i, j,k

and

u
_ 4.Plti,d,k " Pl,J,k Pcb'D <1. 2Du2

To obtain the general equations above, it was necessary to assume 

that the entering charge consists of a finite number of electrons given 

by N. This means that the six difference-form equations now represent 

(4N+2) equations (2N force equations, 2N relations between dependent 

electron variables and 2 circuit equations).

The (4N+2) difference-form equations presented above are not 

quite in soluble form, since there is no explicit expression for the
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dependent variable 0 • This is easily obtained by eliminating
Ci+i

from the two circuit equations. The result upon solving for

is the following cubic equation:

< + * %aci+1 - + + e46=1 + % «
1+1 1 + 1 1+1 1 -L

(3.20)

and

e
2

e
3

€
5

1 
2

e c.__ 1
D

where €

Ai 
Arf.

i

%.

^1 

Arf. 
i

Arf. •

e 
Azi

2

This equation is now used in place of the second circuit equation and 

is solved by using the well-known Newton-Raphson process.

With initial values for the dependent variables given at the 

ith q-plane, the six difference equations, Eqs. 5-10, 5.14, 5.15, 5.18, 

5.19 and 5.20, can be solved for the six dependent variables at the 

(i+l)th q-plane. The procedure that the computer follows to obtain 

these solutions can be explained as follows. The two induced-current 

integrals are computed first, thus enabling solution of Eq. 5.20 for 

0 and hence A „ from Eq. 5.10. Next, the space-charge integrals 
Ci+i 1+1
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are calculated, thereby enabling u and u to be obtained
i+i, j,k Ji+i,j,k

from the force equations. Finally, the variables ?i+i,j,k

are calculated from Eqs. 5-18 and 5-19- The index i is then increased 

by one and the process is carried out again, continuing until a suitable 

number of q-planes have been passed. A simplified flow diagram for

this process is shown in Fig• 5-1-

3.4 Computer Simulation of Electron Emission

3.4.1 Primary Electron Emission and Subsequent Calculations. 

In the emitting-sole amplifier, an r-f wave is propagated along the slow- 

wave r-f structure and the fields of this wave interact with electrons 

emitted from the sole. The digital computer simulation of this ampli­

fier is displayed in Fig. 3.2. The emitting sole is represented in the 

figure by a plane at p = 0 and the r-f structure is represented by a 

plane at p = 1.0 (recall that p = y/ b' )• The r-f signal is injected 

at q = 0 and extracted at q = q •
In order to simulate uniform emission of electrons, M groups of 

primary electrons (those which are not emitted due to backbombarding 

electrons) are emitted from discrete points which are uniformly spaced 

along the sole from (qo,pQ) = (0,0) to (qo,Po) = (qe,°)- The tri­

angles along the sole in Fig. 3-2 represent the M emission points. 

From each of these M emission points there are m/4 electrons injected 

in each of the four different directions of emission, but with the same 

total magnitude of velocity as discussed in the previous chapter.

The initial phase of the primary electrons from the first 

emission point is selected by distributing these electrons uniformly 

over one cycle of the r-f wave. Only this particular cycle of the wave
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is then followed in the calculations and all succeeding emission points 

also distribute m electrons uniformly over this cycle. For convenience, 

the wave cycle of 0 to 2x is chosen, and thus the initial value of 0 

for each electron is given by 

% j,k k
(5-21)

where

— 0,1,2,..., m-1

respectively for

k = 0,1,2,..., m-1 .

The succeeding values of phase as well as uy, u% and p for each 

electron are obtained from the difference-form equations as the calcu­

lations proceed in an iterative manner in the +q-direction. Calculations 

are carried out at q-planes separated by a distance Aq and each q-plane 

calculation depends upon the variables at the previous q-plane.

When the calculated phase of an electron leaves the 0 to 2x 

range, this phase value is normalized by adding or subtracting 2%, 

(depending upon whether the phase value becomes less than zero or greater 

than 2n). Thus it is assumed that an identical interaction takes place 

in every cycle of the r-f wave, and that a mirror electron therefore 

replaces the one which leaves the selected cycle of the r-f wave.

It is also assumed that electrons are collected on the anode. 

That is, when the p value of an electron exceeds 1.0 it is eliminated 

from the computer problem by setting its velocity and position equal to 
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zero. On the other hand, when an electron returns to the cathode 

(p = o), secondary electrons may be emitted, but this will be discussed 

in the next section.

Reiterating, one cycle of the r-f wave is followed in the 

longitudinal direction and as each emission point is passed, m electrons 

are injected with a uniform distribution in phase over this cycle of 

the r-f wave. Hence, the charge builds up in the longitudinal direction 

as the wave progresses from input to output, and the effects of this on 

all six dependent variables are computed by using the difference-form 

equations.
^.4.2 Secondary Emission Model. In general, secondary electrons 

are emitted from the cathode due to the bombardment of the cathode 

by other particles. In the specialized case of an emitting-sole 

amplifier, electrons originally emitted by thermal excitation are 

able to return to the cathode because of the bending effect of the d-c 

magnetic field. When they strike the sole electrode, secondary elec­

trons may be emitted and these particles must also be included in the 

analysis of this device.

The secondary emission model to be used must precisely fix the 

following four quantities:
1. The energy distribution of secondary electrons,

2. The secondary emission ratio ô (the ratio of secondary to 

primary electrons),

J. The angle of emission of a secondary electron, and

4. The phase of the secondary with respect to the wave. 

These quantities will now be discussed and specified individually.
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The general shape of the energy distribution of secondary 

electrons is shown in Fig. and has been the subject of many

investigations. The ordinate in the figure is a measure of the relative 

number of secondaries emitted and the abscissa is the energy of these 

secondaries. The curve shows that more than 90 percent of all secon­

daries have energy values of less than 20 electron-volts with a maximum 

near ten. The spike at the right of the curve indicates secondary 

electron energy equal to that of the primary electrons, and hence con­

sists of scattered primary electrons. It is found experimentally that 

this spike contains less than three percent of the total secondary 

electrons and will be neglected in this model. Also, since most of 

the electrons are emitted with energies near 10 eV, it will be assumed 

that the energy distribution of secondary electrons is independent of 

the prima ly energy and that all secondaries are injected with an energy 

of 10 eV (this is about ten times greater than the energy of the 

thermally emitted electrons).

The secondary emission ratio 5 has also been investigated quite 

extensively and has been found to vary with incident electron energy. 

The emission ratio is also a function of the material being bombarded. 

The emitting sole in this investigation is assumed to be an impregnated 

cathode consisting of porous tungsten impregnated with barium. The 

emission ratio curves for tungsten and barium are displayed in 

Fig. 3.432. The composite curve will fall between these and will be 

assumed to be flat with 5 = 1.0 (see Fig. 3*4).

The emission angle for secondary electrons follows a cosine dis­

tribution curve32, but for simplicity a single emission direction will
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be assumed. This is chosen to be 10 degrees, which makes the normal 

component of initial velocity greater than the tangential component.

Finally, the initial phase of a secondary electron will be 

assumed to be equal to that of the incident primary electron.

5,4.5 Computer Procedure to Account for Secondary Emission. In 

the computer program all electron trajectories are followed, and as 

previously mentioned the per electron quantities are calculated in a 

step-by-step piecewise-linear procedure. When an electron returns to 

the cathode, its incident energy is computed and it will be assumed 

that a secondary is produced if the primary energy is greater than 

100 eV (one secondary for each primary because of the assumption 

B = 1.0). Regardless of whether a secondary is produced or not, the 

primary electron is removed from the problem. The emitted secondary 

electrons are followed through the device and are treated in the same 

way as primary electrons upon returning to the cathode. Thus, in sum­

mary, all secondaries are injected at an angle of 10 degrees, with an 

energy of 10 eV, and at a phase equal to that of the incident electron.

5.5 integration of Induced-Current Integrals

The inhomogeneous terms appearing in the circuit equations are 

the induced-current terms which have been defined previously as A± and 

By inspecting Eqs. 3-12 and 3-13, it can be seen that only two 

induced-current integrals require evaluation in order to calculate 

and These integrals are given by

2n qi

0 0

i,j,k
$-------------------

1,j,% 11 + 2Du 
I =i,j,k

(5-22)
1
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and
’r

■ J J cos I
0 0 I zi,j,kl

(3.23)

In order to discuss the evaluation of these equations more efficiently, 

a single integral is defined to represent both as follows:

2n qi
F1 ‘ J J f<% •

0 0

The evaluation of this double integral on the computer is 

accomplished using both Simpson’s rule and the trapezoidal rule.

Simpson’s integration rule, which is more accurate than the trapezoidal

rule but also more time consuming, is given by the following formula:

y g(xo) + MxJ + 2g (x2) + Ug(xa)

■j mg(4\x)hj
+ "" + ^m-J + ------90---- (3-25)

while the trapezoidal method represents the integral as

ym

yo
h2 g(yo) + g(yx) + g(y2)

+ + sCy^) + j s(ym)
mg' ^(y)h:

(3.26)
2
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where x^ and yQ, ym are equally spaced In the

X- and y-directions respectively, and

h distance between equally spaced points in x, 
1
h - distance between equally spaced points in y, 
2

g(2)(y) = value of the second derivative with respect to y and

g(4)(X) ê value of the fourth derivative with respect to x.

The last term in Eqs. 3.25 and 3.26 is the error term and is neglected

in the actual calculations.
The integration over is carried out first using Simpson’s

rule and the range 0 to 2n is subdivided into m parts. Expanding 

according to Eq. 3.25 yields

qi

0

+ 2f(3h,q^ j ^,q.) + ••• + 2f([m-l]\,q^^^,q.)_ d%d,k 

where h = 2n/m and the following relationship has been used

(3.28)

rule.

The integration over q is now carried out using the trapezoidal 

Expanding Eq. 3.27 according to Eq. 3.26 yields
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F! ’ ^{i + + +

+ ... + 2f([m-l]h1,qOjijm,q1)]

+ tf<°’%=,o'11) + 2f<\’%=,l'ql) + î(2t'^,^’^'> +

+ ... + 2f([m-l]hi,q0)2j]n,q1)]

+ + 2^’%,,,^ + r(^l'%,s,z'qi) +

+ ... + 2f([m-l]h1,qOj3;m,qi)] 

+ • • •

+ ... + 2f([m-i\,qo>M>B.ql)]} > (3-29)

where h£ = the distance between emission points.

The group of terms enclosed by the first pair of square brackets 

corresponds to the first emission point. The group enclosed by the 

second pair corresponds to the second emission point, and so on. Thus, 

if only one emission point has been passed, the integral is equal to the 

first term in the square brackets. If two emission points have been

passed, is the sum of the first and second square-bracketed terms. 



Finally, when all M emission points have been passed, F± has the 

total value indicated in Eq. 3.29.

The summations indicated in Eq. 3.29 are carried out at each 

q-plane and begin at the first q-plane by calculating the f functions 

(the integrands of Eqs. 3.22 and 3.23) for the m electrons which have 

been emitted from the first emission point and are present at this 

particular plane (q = 0). At q « 0 the initial values of phase and 

velocity are used to calculate these functions. At later q-planes, 

but when still only one emission point has been passed, the values of 

phase and velocity used in the calculations of the f functions are the 

values from the preceding q-plane.
As q increases and new emission points are passed, each of 

these is accounted for by adding m additional quantities to the sum- ■ 

mation (or one square-bracketed term). With the values of electron 

phase and velocity taken from the preceding q-plane, the f functions 

are calculated at this ith plane and again summed using Eq. 3.29, thus 

completing the integration.

3.6 Integration of Space-Charge Integrals

Poisson's equation is solved in Appendix B for the space­

charge fields by using a Green’s function technique2"7. Appendix C 

extends this space-charge-field calculation by defining weighting 

functions, which are infinite summations arising in the integrands 

of the y- and z-space-charge forces. A thorough discussion of these 

weighting functions appears in Appendix C.

The weighting functions for various vertical positions and 

electron phase positions were calculated in a separate computer program 
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in order to save computer time. The results were then tabulated on 

IBM cards. Thus, in the main digital computer program the appropriate 

weighting function for each particular electron (determined by its 

vertical position and phase) is obtained by interpolation of these 

weighting function tables and a separate calculation for each electron 

is not necessary.
When the space-charge-weighting functions have been obtained 

the integrals are calculable. The space-charge integrals, defined by

2% f

J j,k o,j,k u + 2Du |

0 0 =i,j,k

and

2a qi F
P F %i,j,k _

Xz. " J J j,k o, j,k u + 2Du |
1 0 0 =i,j,k

are evaluated by using essentially the same procedure as that used for 

the induced-current integral calculations. That is, the arguments of 

each integral are calculated for all electrons present at a particular 

q-plane and then Simpson’s rule and the trapezoidal rule are used to 

evaluate the integral over and q^^, respectively. The only

difference in the integration methods is that in the space-charge 

calculation the values of the space-charge-weighting functions
1, J , K 

and F for each electron are interpolated from the weighting
zi, j

function tables by using the calculated per electron quantities, 
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while in the induced-current calculations the f functions are 

calculated without interpolation.



CHAPTER IV. AMPLIFIER SOLUTIONS NEGLECTING 

SPACE-CHARGE-FIELD EFFECTS

4.1 Introduction
The continuous equations describing large-signal electron-wave 

interaction in crossed-field emitting-sole amplifiers have been derived 

in Chapter II. The difference forms of these equations, suitable for 

solution on a large-scale digital computer, were developed in the last 

chapter. These equations together with appropriate initial conditions 

are now in a form amenable to solution. The first set of solutions to 

be presented are those for which space-charge forces are assumed to be 

negligible compared with r-f and d-c forces. Thus, in this chapter

I = I = 0 . (4.1)
yi,j,k =i,j,k

In the first set of solutions presented, secondary emission will also 

be neglected. This effect will then be included and the differences 

will be discussed. Lossless circuits are also assumed.

4.2 Specification of Computer Quantities

The quantities to be discussed in this section are the number 

of electrons per emission point m, the number of emission points M, 

the integration increment Aq, and the distance between primary electron 

emission points. A general description of these quantities was given 

in Chapter III in Section 5-4.1. As stated in that chapter, the dis­

crete electron model which best represents a continuously emitting 

cathode is a model with uniformly distributed emission points. Ideally 
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these points should be located as close to one another as possible and 

a large number of electrons should be used for greatest computational 

accuracy. However, the maximum number of usable electrons is limited 

by the computer storage capacity. The capacity of the IBM-7^90 

digital computer used in this investigation is approximately equal 

to 27OO primary electrons. Thus, there is an upper limit to the 

number of emission points as well as the number of electrons per 

emission point which may be used.

As previously established by Rowe26 and later by Gandhi , a 

distribution of 52 electrons over one cycle of the r-f wave yields 

sufficient accuracy in the calculations. Thus, in the emitting-sole 

solution, m is chosen to be 52, i.e., 52 electrons are injected per 

emission point. The number m and the computer capacity therefore 

determine the number of emission points. Consequently this is chosen 

to be M = 81.

The integration increment, Aq, must also be decided a priori. 

This must be a compromise between computer time consumption and 

accuracy. If too large an increment is selected the accuracy will be 

poor because of the fact that electrons are emitted almost vertically 

(small thermal initial velocities) and a large value of Aq will result 

in too high a trajectory, i.e., very rapid collection on the anode. 

On the other hand, too small an increment leads to excessive computer 

time and also introduces undesirable round-off errors. A good com­

promise was found to be Aq = O.OO5 and this value has been used in all 

of the cases. A comparison with the ballistics of a d-c electron 

provides a check on the computer accuracy.
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Finally, the emission point spacing must be specified. It was 

found that a good overlapping of trajectories (more than 10 emission 

points per cycloidal length) is obtained with a spacing of 10 Aq and 

this value is therefore used.

4.3 Normalized Computer Input Parameters

In addition to the specification of the initial values of the 

dependent variables (as discussed in Chapter II) and the above-mentioned 

computer quantities, the following dimensionless d-c parameters must 

also be specified:

A the normalized d-c voltage amplitude,
de

a t' △ the normalized sole-to-anode spacing, 
o
poLe = the normalized emitting-so le length,

D = the gain parameter,

v /v = the ratio of constant wave velocity to characteristic 
o' c

thermionic velocity, 

o)c/u) = the ratio of cyclotron frequency to r-f frequency, and

= the ratio of electron plasma frequency at the cathode

to r-f frequency.

These quantities are constants which determine the physical dimensions, 

and d-c fields and velocities which are appropriate for the emitting­

sole amplifier.

4.4 Solutions Neglecting Secondary Emission

4.4.1 Large -Signal Electron Ballistics. A study of the electron 

ballistics for any electron-wave interaction process is a very important 

part of the theoretical analysis. To obtain a full understanding of 

such a process, it is necessary to have a knowledge of the effects of 
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the wave on the electrons as well as a knowledge of the effects of the 

electrons on the wave. In this section the electron ballistics in the 

emitting-sole amplifier will be discussed, neglecting space-charge and 

secondary emission effects in order to determine the effect of the 

wave on the electron motion. In the next section the action of the 

beam space charge in amplifying an r-f voltage on the structure will 

be discussed.
Equations $.14 through $.18 are the difference-fonn equations 

whose solutions yield the normalized position, p, the normalized 

velocities, uy and u%, and the phase position, », of each electron. 

Results have been obtained for the following set of parameters: 

Adc = 20, pob' = 2, poLe = 40, vo/vc = $7-5, œc/œ = 1, 8 = 0, and 

m /cd = 0. These variables were chosen to satisfy two conditions; 
pcz ______
namely, the d-c magnetron cutoff condition 811(1 syn­

chronous operation (vQ = vd = E/Bj. The second condition is used 

because as discussed in Chapter I the average velocity of the electrons 

must be approximately equal to that of the wave in order to obtain 

efficient electron-wave interaction. Solutions for various values of 

the initial r-f voltage amplitude are also obtained. Electron phase 

positions, trajectories and velocities for these cases are shown in 

Figs. 4.1 through 4.1$. It should be noted that the electron quanti­

ties have been plotted for the first emission point only. This is 

because the r-f amplitude did not grow appreciably, and thus the tra­

jectories from the various other emission points were the same except 

for small perturbations.
Figures 1.1, 4.2 and 4.) show the variation of electron phase 

position as a function of longitudinal distance with *o as a parameter
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f°r A f = 5, 10 and 20, respectively. These curves were calculated 
o

for one pair of electron velocity components, namely, those with an 

injection angle of -30 degrees with respect to a vertical line pro­

jected normal to the cathode (see Appendix D). Thus the curves 

represent one fourth of the electrons emitted from the first emission 

point, while the other three fourths of these electrons are omitted 

for reasons of clarity. As can be seen from the curves, some bunching 

about the phase position 0 = k/2 occurs for the case of Arf° = 20, a 

lesser amount for the case of Arf = 10, and no bunching occurs for the 

case of A f =5- The gain vs. distance curves for these three cases 

agree with these facts in that there is no gain for the case in which 

Apf = 5, and only a slight amount in the other two cases. This will 
o

be discussed further in the next section.

The first emission point electron trajectories for the cases of 

A = 10 and A = 20 are shown in Figs. 4.4 through 4.11. Four 

electrons per graph have been used in order to distinguish the trajec­

tories from one another. Each of these electrons on one graph also 

has a different initial velocity which corresponds to emission angles 

of -30, -10, 10 and 30 degrees with respect to a normal to the cathode 

(the exact values are given in Appendix D). Figures 4.4 to 4.11 also 

display a zero initial velocity d-c trajectory, i.e., a trajectory 

without r-f fields. It can be noted from these figures that the r-f 

field decelerates electrons with phase positions near a/2 causing col­

lection of these electrons upon the anode in a shorter distance than 

the grazing distance of the d-c trajectory. Similarly, it is observed 

that the r-f field accelerates electrons with phase positions near 

3^/2 resulting in shorter backbombardment lengths for the r-f
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trajectories as compared to the d-c trajectory. The slight discrepancy 

which is observed near the emission point is due to the small thermi­

onic velocity which is assumed in the r-f solutions. Also depicted in 

the trajectory figures is the fact that some of the electrons give up 

energy to the r-f wave while others extract energy from it. This is 

observed by recalling from the discussion of Chapter I that electrons 

collected on the r-f structure give up energy to the r-f wave, while 

those returning to the cathode extract r-f energy. In Figs. 4.4 

through 4.11 it can be seen that, in general, electrons with $o values 

between 0 and it approach the r-f circuit while those with between 

% and 2n recede from the circuit. This indicates the existence of 

both favorably and unfavorably phased electrons as in the injected- 

beam crossed-field amplifier. The actual energy conversion mechanism 

which is occurring can be explained as follows. Upon approaching the 

r-f circuit, electrons enter regions of higher electric potential and 

therefore lower potential energy and hence these electrons must suffer 

a decrease in potential energy. On the other hand, electrons which 

approach the sole must gain potential energy. However, the electrons 

which recede from the r-f circuit interact with weaker r-f fields 

which are present closer to the cathode. Thus, electrons which 

approach the circuit are able to interact more effectively with the 

r-f wave and a direct conversion of d-c potential energy to r-f energy 

is achieved since the kinetic energy of the electrons is not modified 

significantly.

Figure 4.8 shows that electrons with <D values near x/2 follow 

similar trajectory paths. This implies bunching in coordinate space 

since bunching in phase-coordinate space is occurring (see Fig. 4.J).
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The trajectories for A f = 10 and $0 values near a/2, seen in 
o

Fig. 4.4, show only a slight similarity and hence imply that for this 

case less coordinate-space bunching is occurring. This again indicates 

that a greater interaction is occurring in the cases with a larger

Arf * 
o

Finally the trajectory curves also show that not only do elec­

tron flight lines cross for electrons from different emission points, 

but they also cross for electrons emitted from the same emission 

points, which thus substantiates the necessity of using a Lagrangian 

analysis.
The normalized velocity variations with longitudinal distance 

are displayed in Figs. 4.12 through 4.15- The figures indicate the 

large initial acceleration that the electrons experience at emission 

(a correspondingly large acceleration is also observed for the d-c 

trajectory). Thus, each electron is accelerated from its initially 

small thermal velocity to its large d-c velocity almost immediately 

after emission. This effect is more apparent in the y-velocity curves 

than in the z-velocity curves. It is to be noted that the electrons 

attain a maximum y-velocity quite rapidly, and then this velocity 

decreases, indicating an apparent deceleration. However, such behavior 

does not necessarily imply deceleration of these electrons since the 

z-velocity may be increasing. Calculations of the change in total 

d-c energy (kinetic energy plus potential energy) of an electron in 

a distance Aq show a decrease for electrons with initial phases near 

rt/2 and an increase for electrons with initial phases near 3n/2 thus 

indicating an exchange of energy with the r-f wave.

It should be mentioned here that one further assumption was 

necessary in order to eliminate a computer problem which arose. When 
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the initial r-f voltage amplitude is large (of the same order of 

magnitude as the d-c voltage amplitude), one or two electrons from a 

single emission point (about 3 to 6 percent of the total charge) are 

influenced to such an extent that their trajectories actually form a 

loop, causing these electrons to begin traveling in the negative 

z-direction. This is recognized when u% becomes less than -1/2D and 

occurs in Figs. 4.14 and 4.15 for the electrons with = 5*/4.

However, the computer simulation of the emitting-sole problem dictates 

that the electrons must be moving in the positive z-direction since 

this is the direction of coordinate integration. It is therefore 

necessary to eliminate these electrons from the program. This can be 

justified because these electrons are few in number and close to the 

cathode where the r-f field is weak. Therefore their absence does not 

appreciably influence the r-f quantities.

Figures 4.14 and 4.15 also show that the maximum z-velocity 

occurs at the top of each trajectory as it should. This maximum varies 

with the initial phase of the electrons and is seen to range from 

approximately vQ to 3^. For d-c fields only, and zero emission veloc­

ities, the maximum z-velocity would have been 2vq at the peak of the 

trajectory.

4.4.2 Results for the R-f Circuit Variables. Although the 

results thus far seem fairly favorable, with noticeable electron 

bunching in both coordinate and phase-coordinate spaces, the gain 

obtained in solving the equation for A^fq) is rather disappointing. 

Figure 4.16 shows the variation in r-f voltage amplitude with distance 

for three values of the initial amplitude. The saturation gain for 

the two cases which display growth is only about 3 db. The curves
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also show that the growth rate, dApf/dq, is larger for a larger initial 

r-f voltage amplitude. This indicates that a stronger electron-wave 

interaction occurs for larger initial amplitudes. Physically, this is 

quite logical because electron trajectories obviously can be modified 

more effectively by large r-f fields than by small fields. Thus elec­

trons can be decelerated more easily by large fields, indicating that 

more potential energy is extractable under these conditions. It is 

also observed in Fig. 4.16 that a minimum initial r-f voltage amplitude 

is required if gain is to occur at all. This is in agreement with the 

results obtained by Yu et al.34.

The phase angle @c(q) is defined as the phase angle between the 

actual wave on the r-f circuit and the unperturbed traveling wave 

which has phase velocity v . Figure 4.17 shows the variation of 9c(q) 

as a function of longitudinal distance with A f used as a parameter.rxo
The slope of these curves (d9^/dq = 9^) is an indication of the amount 

of stre am-loading upon the r-f wave, in that the propagation constant 
of the wave is given by 6 = (l-D9^ . From t\iis equation, the phase

velocity of the r-f wave can be written as

v
v = °
ph 1 - D9* *c

(4.2)

If 9 increases with q, 9* is c c

o' On the other hand, if 6

positive and v^ becomes greater than 

decreases with q, 9will be negative

vph will be less than v . o
average drift velocity of the

Since vq is chosen to be equal to the 

electrons (v = Eo/Bq, the synchronous

condition) a nonzero 9^ indicates that operation is further from 

synchronism. Thus, the observed variations in Fig. 4.17 are physically
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correct, showing 9’ largest for — 5 (no gain) and smallest for 
c ±o

A „ = 20 (largest gain). 
rio

Note that both Figs. 4.16 and 4.17 display ripple variations. 

These variations are seen to be most prominent for small q and large q. 

They are therefore thought to be due to an insufficient number of 

electrons being used to calculate the induced current integrals, thus 

upsetting the averaging process. The reason for this insufficient 

number is that for small q not enough electron emission points have 

been passed, and for large q many electrons have been collected on the 

electrodes and eliminated from the problem.

4.5 Solution Considering Secondary Emission

In Section 4.4.1 the types of trajectories (including curves of

*' p- uy and u z vs. q) obtained without secondary emission are des­

cribed. In this section the more interesting cases including secondary

emission will be presented. Also, a comparison of the r-f quantities

for the cases both with and without secondary emission will be given.

4.5.1 Secondary Emission Trajectories. Figures 4.18 through 

4.22 display the electron trajectories and velocity variations for 

electrons emitted from the first emission point, neglecting space charge 

but with secondary emission included. The d-c parameters chosen for 

this case are the same as those in the previous section, except that 

now 5 = 1.0. It should be noted that the trajectories for this case 

are almost identical to those for the zero secondary emission case 

except that here secondaries are emitted when primary electrons strike 

the sole electrode.

For clarity, the p-curves shown in Fig. 4.18 include only one 

fourth of the total number of electrons emitted from the first emission



-95-

d ‘ NOIHSOd 1V0I1H3A Q3ZnVWaON

> Œ 4 O 
I 

tn

2 
I

CM
IIID 6

Id 
Œ 
g 
O 
D Œ
CD

U.
I 

œ

o iiA

8

II 
a

n

2°

!
a

II 
o* -O UI o z

w o

I 
8 
Pm

B 

I

5

B 
g 
i

0 I 
a '

h 

CM

° I
00

6

5o e 
I 
g

! 
i
EH



-96-

CM
II

o 
II 
A

II 
tO

u 
D 
oc
co

s

co 
y 
K 
4 O 
z 
8 
w co

II
01°

II 3 
3°

g
CM

II 
u 

4° 

=HO 

<

CD 
5
§ 

B

I
«
B pH o 
i
§ 

EH

!

Eh 

I 
§

co 
I

I

< 
s 

* Ç

•I I 
8
I 
B

d'NOIllSOd 1VDI1M3A Q3ZnVWdON



-97-

sNviavd "o'asvHd NOdioaia

o iiA

CM
II

O 
UI 
N

> 
CE 
< 
Q 
Z 
o 
o 
UI 
V)

II

II

jd

k
CM

3°H 
8

h 
io|y

/

j 
I

8 
g

<

e°

' I
I 
B A
I4 

J 

o

§ a
§
M -

1 i



CM

CM
II

O 
II
O

> 
tr

o 
z 
o 
o 
UJ 
co

8

g coo
a Q

O

II
^<U
<n°

Q 
ÜJ 
N

< 
s 
or 
o 
z

k 
CM
,O

II

3°

B
I
I

& 5
e
I EH % g

II 
o

I 
I

§
§

£
S3
o e 

g

h
rop |t 

k 
hjcM t-]*

‘A1I0013A -X a3ZHVWH0N



-99-

Id 
O 
z

o ii
Ak 

m|cM

o Id N

CM
II

at 
o 
z 
o 
o 
ld V)

8 
Pm

U8

II
0)

II

rd

h
CM

O

II
3
3°

zn 'A1I3013A-Z 03ZnVWH0N

o

i 
i
8

e
H

I B A

R
I
B
I 
c 
3

g BO 
i 
1

H



-100-

point. Also, as in Section 4.4.1, the initial electron velocity 

components used for the calculation of these curves are for an injec­

tion angle of 0 = -50 degrees. The parameter used is % and it ranges 

from 0 to 2« in steps of n/4. As previously observed in the zero 

secondary emission case, the trajectories indicate collection of 

electrons on the r-f circuit if the initial phase of an electron is 

in the range 0 to it, whereas the electrons with initial phase values 

between it and 2jt are returned to the sole. Figure 4.19 shows this 

acceleration effect for electrons near the maximum accelerating r-f 

field ($ = 5it/2), which causes them to return to the sole and emit 

secondaries. This curve also displays the large number of trajectory 

crossings which are occurring.

The variation of electron phase relative to the r-f wave as a 

function of longitudinal distance is shown in Fig. 4.20. Again, 

is the parameter and only one fourth of the electrons from the first 

emission point are plotted. It should be noted that bunching is 

occurring about the phase position $ = it/2. Evince this is the maximum 

deceleration phase of the r-f wave, it would appear that energy is 

being extracted from these bunching electrons. This indeed is the 

case and will be discussed in the section on r-f voltage amplitude.

The curves for Uy and u% for one fourth of the electrons emitted 

from the first emission point are shown in Figs. 4.21 and 4.22. The 

same variations as previously obtained for the zero secondary emission 

case are obtained here. However, one difference is evident and that 

is that a jump in velocity occurs when a secondary electron is emitted. 

The electron with $o = 5«/2 is an example of this velocity discontinuity.
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This, nonetheless, is entirely reasonable since the energy distribution 

of secondary electrons is independent of primary energy.

4.5.2 Results for the R-f Wave Variables. Since the optimum 

growth rate and therefore gain was achieved for the zero secondary 

emission case when was chosen to be equal to A^c, only this 

particular case has been investigated here. Figure 4.25 shows the 

variation in r-f voltage amplitude with distance. This figure indi­

cates that the deceleration and bunching of the electrons as described 

in the previous section has produced an increase in r-f energy, which 

is attributable to a decrease in electron potential energy due to the 

constant average kinetic energy of the electrons. Although growth of 

the r-f amplitude is achieved in the zero space-charge case, both with 

and without secondary emission, the saturation gain is still disap­

pointing. The saturation gain for the secondary emission case is about 

5.5 db and without these "extra" electrons it is only about 2.6 db. 

This increase can be explained by realizing that more electrons, namely 

secondaries, are able to give up their potential energy to the wave. 

The effect of a higher secondary emission ratio (ô > 1) should also 

lead to greater saturation gain.

The curve of G (q) vs. q for this secondary emission case is 

shown in Fig. 4.24. Again, as discussed in Section 4.4.2, the 

important quantity to note from this curve is the slope, 6^(q). As 

can be seen from Fig. 4.24, the slight variations in 6q imply that 

operation is near synchronism and thus gain in the r-f voltage ampli­

tude results.
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CHAPTER V. AMPLIFIER SOLUTIONS INCLUDING SPACE-CHARGE-FIELD EFFECTS

5.1 Introduction

The computer solutions to be presented in this chapter also were 

obtained from the difference-form equations of Chapter III. In these 

cases, however, the space-charge fields are no longer assumed to be 

negligible and thus the space-charge force terms are included in the 

dynamic equations of motion. These terms are included by giving a 

finite value to the parameter œ^g/ü). The definition of 0^ is 

where q is the charge-to-mass ratio of an electron, is the ther­

mionic emission current density, is the dielectric constant of 

free space and vc is the characteristic thermionic velocity given by 

(PkT/m)1/2. The values chosen for the ratio of cathode plasma 

frequency to r-f radian frequency, cocorrespond to thermionic

current density values which can easily be obtained from an impregnated 

tungsten cathode at temperatures ranging from 1050°K to 1200°K and r-f 

signals in the S-band frequency range. Under these conditions the 

parameter may have values ranging from one to ten. For X-band 

frequency operation and the same cathode temperature this parameter 

would necessarily be reduced.

The same emission model as used in Chapter IV is used in this 

chapter to obtain the emitting-sole amplifier solutions, although a 

different model is used in the case of the multiple-cathode amplifier 

solutions (this will be discussed in Section 5.4.1). In all cases

-104-
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52 electrons are emitted from each emission point and there are 81 

emission points uniformly spaced a distance of 10 Aq apart from one 

another, where Aq is the integration increment (Aq = 0.005). Also, 

the normalized computer input parameters are defined in the same 

manner as those in Section 4.5.

5.2 Emitting-Sole Amplifier Solutions

5.2.1 Selection of the D-c Parameters. In specifying the d-c 

parameters, the following two conditions are to be satisfied:

vo - ’ Td

and 
œb* = K \/2h|V •
c a

Equation 5-2 is the synchronism condition which stipulates that the 

unperturbed phase velocity vQ of the fundamental r-f wave component is 

exactly equal to the average drift velocity v^ of the electrons. It has 

been found19'23'24 that when this relation is approximately satisfied an 

effective electron-wave interaction takes place. However, when space­

charge forces are considered the situation becomes more complicated 

than the first d-c relationship indicates and a thorough discussion 

of this will be presented in this chapter. The second relation, 

Eq. 5.5, can be recognized as the magnetron cutoff condition for a 

parallel-plane geometry with crossed d-c fields when K is set equal 

to unity. For K > 1 the electrons emitted from the zero potential 

planar electrode describe a cycloid between this electrode and the 

higher potential electrode, whereas for K < l the electrons again 

exhibit cycloidal motion but in this case the trajectories are high 

enough to result in electron interception on the higher potential
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electrode. This situation is altered when the higher d-c potential 

electrode is an r-f slow-wave structure and an r-f signal is applied. 

However, the constant K retains its significance in that its value 

gives an indication of the vertical position of the majority of 

electrons, i.e., for K < l the electrons will approach the r-f 

structure more closely than for K > 1. In the next section trajectory 

solutions are obtained for values of K greater than, less than and 

equal to unity. These values of K correspond respectively to d-c 

operation above, below and at the magnetron cutoff condition.

5,2,2 Large-Signal Electron Ballistics. The large-signal 

electron ballistics to be discussed in this chapter include the effects 

of the crossed d-c electric and magnetic fields, the r-f field and 

the space-charge field. The electron variables p, », uy and u% in 

this case are similar to those obtained in Chapter IV in which the 

space-charge fields were neglected. However, variations are present 

as will be seen.
The first variable to be discussed is the phase parameter », 

which indicates the phase position of an electron relative to the r-f 

wave. Figures 5.1 through 5.5 show the variation in » with longi­

tudinal distance for the electrons emitted from the first emission 

point. The computer input parameters used for these cases include 

D = 0.1, 5 = 1, Pob' = 2, PoLe = 40 and /A^ = 1- Also, each 

figure exhibits the solutions for a different value of œc/œ. As in 

Chapter IV only one fourth of the electrons from this emission point 

are displayed for an injection angle D = -50 degrees (see Appendix D).

Figure 5.1 shows the phase vs. distance variation for electrons 

with a value of magnetic field above the d-c cutoff value,
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= 1.5 (K2 = 1-5). The figure indicates that there is only a 

slight amount of bunching occurring in the maximum deceleration phase 

of the r-f field, i. e., the curves are very nearly parallel to one 

another and are only very slightly converging toward the phase position 

J = k/2 as a function of distance. The phase vs. distance curves for 

a reduced magnetic field equal to the cutoff value = 1 and K = 1)

are displayed in Fig. 5«2. These paths show a slightly greater tendency 

to converge into the region of maximum decelerating field. Finally, 

Fig. 5-5 indicates the phase vs. distance variations for electrons 

subjected to a magnetic field value which is less than the cutoff value 

(a^/d) = 0.5 and K2 =0.5). This figure shows greater bunching 

tendencies than those observed in Figs. 5•1 and 5-2. It should also be 

noted that the phase values for each electron show divergent tendencies 

away from the phase region of maximum acceleration, i.e., the phase 

position $ = /2. The results of convergence toward $ = a/2 and

divergence away from 0 = Ja/2 were also obtained in Chapter IV when 

space-charge forces were neglected.

The physical significance of these results is that,due to bunching 

in the decelerating field region as the electrons approach the slow-wave 

structure, there is a conversion of electron potential energy into r-f 

energy which results in a growth of the r-f wave amplitude. Under 

ideal conditions all of the electrons would form a bunch in the maximum 

decelerating field region and become rarified in the maximum acceler­

ating field region. Furthermore, this bunch remains in synchronism 

(vd = vo) with the r-f wave and approaches the r-f structure, thus 

giving up its potential energy to the r-f wave. This would then lead
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to a large amplification of the r-f signal. Such an ideal behavior, 

however, is never actually achieved, although even a slight amount 

of bunching as observed in Figs. .1 through 5-5 will be shown to be 

sufficient to produce r-f amplification. Also, as expected, it will 

be shown that larger r-f growth rates and greater amplification is 

obtained for the cases that display better bunching tendencies, i.e., 

when convergence about $ = a/2 is achieved in shorter longitudinal 

distances.
The phase position variations with longitudinal distance 

displayed in Figs. 5.1 through 5.5 demonstrate a greater amount of 

bunching in shorter distances than was observed in Chapter IV for the 

zero space-charge-field cases. This implies a greater r-f amplitude 

growth, as will be discussed in the next section. Thus, the inclusion 

of space-charge forces tends to aid the bunching process. A compar­

ison of the growth rates for these three cases will be given in the 

next section.
The first emission point electron trajectories for the same 

three cases of d-c magnetic field (o)c/cü =1.5, 1 and 0.5, or K2 =1.5, 1 

and 0.5) are shown in Figs. 5-4 through 5-6. It is seen that the trajec­

tories for cases with space-charge fields included are similar to the 

zero space-charge trajectories of Chapter IV. However, variations 

are present as can be seen in Fig. 5-5 by noting the path of the 

electron with = 5*A. This type of trajectory did not occur in the 

zero space-charge cases, and as observed in Fig. 5-2 the space-charge 

force on this electron has forced it into the deceleration phase of the 

r-f wave and hence to the r-f circuit.
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Each of the curves illustrates the fact that electrons with 

initial phase values relative to the r-f wave of 0 to n are in genera^ 

collected on the r-f circuit. On the other hand, electrons with phase 

values between it and 2n are in general forced to return to the sole 

electrode and produce secondary electrons.

It should be noted, however, that for magnetic field values 

below the cutoff value (<dc/<u = 0.5 and = 0.5), the electrons 

experience weaker downward magnetic field forces and thus some of the 

electrons with initial phase values in the accelerating field region 

($ = rt to 2a) are collected on the r-f structure and do not back- 

bombard the sole (see Fig. 5-4) as they would if the magnetic field 

were stronger. Also, for d-c magnetic fields above the cutoff value 

(ao /œ = 1.5 and K2 = 1.5), it is observed that some of the electrons 

with phase values in the decelerating phase region of the r-f wave are 

subjected to larger downward magnetic field forces and are not col­

lected on the r-f structure but instead return to the sole and produce 

secondary electrons. Thus as a result of a larger magnetic field it 

can be concluded that lower vertical positions of the trajectories 

are obtained on the average. This conclusion will be used to formulate 

an argument to partially explain the gain results in the next section.

The same problem as discussed in Chapter IV of electrons 

reversing their directions when they return to the sole also occurs 

here. It should be recalled that electron motion in the negative 

z-direction is inconsistent with the direction of integration used in 

the numerical solution method. Hence to eliminate this problem, 

backward-traveling electrons are removed in the computer analysis by 
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setting their coordinates and velocities equal to zero. An example 

of this is shown in Fig. 5-5- H is observed that the secondary 

electron produced by the primary electron with % = 5«/2 is eliminated 

from the computer analysis when this secondary electron reverses its 

longitudinal direction close to the sole. The justification for the 

elimination of this electron and others similar to it is again that 

this electron is quite far from the circuit, in an unfavorable phase 

position, and hence its absence does not appreciably influence the r-f 

quantities.
When the r-f amplitude grows with longitudinal distance due to 

a strong electron-wave interaction, the trajectories for electrons 

emitted near the r-f input end of the amplifier will be significantly 

different from those emitted near the r-f output end of the amplifier. 

This is because larger r-f fields are then acting upon the electrons. 

Since the gain achieved by this amplifier is not very large, a good 

comparison between different emission-point trajectory solutions can 

be made by comparing those from the first emission point with those 

from the last. Figures 5*7 and $.8 display the phase of the electrons 

relative to the r-f wave and the vertical position of the electrons, 

respectively, for one fourth of the electrons emitted from the 81st 

emission point. The d-c parameters used in these figures are those 

for magnetron cutoff operation, i.e., oic/co = 1 and K2 = 1.

Again it is observed that these trajectory results are quite 

similar to those previously discussed. However, several differences 

between the trajectories for the first emission point and those for 

the 81st can be noted by careful inspection. First of all, the 

trajectories for the 81st emission point are shorter, i.e., collection
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occurs on the r-f slow-wave structure in shorter longitudinal distances 

(from 1/4 to 1 circuit wavelength) and the backbombardment longitudinal 

lengths for electrons which return to the emitting sole are shorter 

(from 1/2 to 3/2 circuit wavelengths). Also, it can be observed that 

the phase positions of the electrons for the 81st emission point are 

slightly different from those of the first. The electrons with initial 

phase positions between 0 and « for the 81st emission point have phase 

trajectory solutions slightly greater than those for the first. 

Similarly the phase trajectory solutions for initial phase values 

between m and 2m are in general lower for the 81st emission point. 

These results are due directly to the larger r-f voltage amplitude at 

this position. The observed bunching, nonetheless, remains about the 

same.
The normalized velocity variations with longitudinal position 

for cutoff operation Wœ = 1 and K = 1) are displayed in Figs. 5-9 

and 5.10. For brevity, only this particular case will be examined 

because the inclusion of the other two cases would not lead to any 

significantly different conclusions. The behavior of these dependent 

variables is also characteristic of the previous cases: a large 

initial acceleration just after emission and jump discontinuities in 

the velocities when secondary electrons are produced. The large 

acceleration values are due to the fact that the electrons are emitted 

with small thermionic velocities (about one tenth the value obtainable 

due to the d-c fields) and are accelerated over short distances by the 

d-c electric fields. The jump discontinuities in the velocities are 

obtained because the secondary electron energy was assumed independent

of the primary energy.
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5.2.3 Results for the R-f Circuit Variables. The solutions 

obtained for the r-f gain of the emitting-sole amplifier when space­

charge forces are included and when the computer input parameters 

are given by d) /a) = 5, D = 0.1, 6 = 1, Arf /Ajc = 1, = 2
pc o

PoLe = UO are shown in Fig. 5.11. These results are displayed using 

the d-c magnetic field as a parameter. It can be seen from this 

figure that larger growth rates and hence greater saturation gain 

occurs for smaller values of the d-c magnetic field and as the d-c 

magnetic field is increased, the growth rate and saturation gain 

decrease. This result is due to the fact that for larger magnetic 

field values the major beam position is closer to the emitting sole 

and hence interacts with weaker longitudinal r-f fields resulting in 

smaller r-f amplitude growth. On the other hand, for smaller mag­

netic fields, the majority of electrons have average vertical positions 

which are closer to the r-f circuit and hence are able to interact 

more strongly with the larger longitudinal r-f fields which are present 

there. Thus, larger r-f amplitude growth rates and saturation gain 

are achieved for a d-c magnetic field below the cutoff value than for 

one above this value.
The resulting solutions from the time analysis by Yu34 

show an equivalent conclusion. Yu deduces from his solutions that a 

larger saturation gain is achieved from larger anode potentials when 

the magnetic field and the wave velocity are held constant. This is 

exactly equivalent to the statement above and can be seen by recollec­

ting Eq. 5.5. From this equation it is observed that increasing V& 

while leaving , b ' and vq unchanged is identical to decreasing 

while leaving V , b ' and vq unchanged. In other words, K > I implies
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that either is increased above the cutoff value of d-c potential 

or co is decreased below the cutoff value of magnetic field. Excellent 

agreement between Yu's results (see Appendix F) and the results presented 

here are therefore observed.
Figure 5.12 gives a comparison of the solutions obtained with 

and without space-charge forces. The d-c parameters are chosen to 

satisfy the d-c magnetron cutoff condition (%/w = 1 and K = 1). The 

curves indicate that with space-charge forces included a larger growth 

rate and hence larger saturation gain is achieved than for the zero 

space-charge solution of Chapter IV. This result is due to the more 

efficient bunching process which is taking place when the space-charge 

fields are included. A similar increase in saturation gain was also 

obtained by Gandhi in his large-signal analysis of injected-beam 

devices, so these results are also in agreement with previous work. 

It appears as though the electrons are being modulated more effectively 

by the space-charge forces and therefore better beam focusing is 

occurring. Note that the saturation gain for'the space-charge case is 

now about 7 db, whereas for zero space charge only 5 db was obtained.

The variations in the r-f phase angle dQ representing a 

perturbation in the phase of an electron relative to the wave are 

displayed in Fig. 5-15 with the magnetic field as a parameter. It 

should be recalled that this dependent variable gives an indication 

of the amount of stream-loading upon the r-f wave and the phase veloc­

ity of the r-f wave when written in terms of this quantity is given 

by v h = vQ/[l - D9^(q)]. To explain the variations observed in 

Fig. 5.15 an extension of the argument given in Chapters I and IV 

concerning synchronism will be presented.
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It has been mentioned previously that for the zero 

space-charge-force case the greatest electron-wave interaction occurs 

when nearly synchronous conditions exist between the electrons and the 

r-f wave, i.e., v h = v^, where v^ is the average drift velocity of 

the electrons given by Eq/Bq, and where Eq and Bq are the d-c crossed 

electric and magnetic fields, respectively. The synchronism condition 

is necessary because continued operation away from synchronism would 

force the electrons and the wave to remain out of phase with one 

another which would result in an attenuated rather than amplified r-f 

wave. Thus, when D9^(q) is small compared to one, the zero space­

charge synchronous condition becomes vQ = v^ which is one of the two 

stipulated conditions for the d-c parameters (see Eq. ^-2).

However, when space-charge fields are included in the analysis 

the above discussion of synchronism is over-simplified. The following 

description of the more complicated interaction is that of Hull 

et al.24. Their calculations have shown that the electrons which 

bunch (those which give up potential energy to the r-f wave) in the 

retarding phase of the r-f field move in a rotary motion about the 

center of the bunch in addition to the longitudinal drift motion. 

Furthermore as bunching progresses, the main portion of the bunch 

tends to remain in synchronism with the r-f wave, while the portion 

near the sole electrode drops backward in phase due to the space-charge 

fields. The result is a decrease in the average electron drift veloc­

ity and hence the electrons gradually depart from synchronism with 

the r-f wave. In order to maintain synchronism either the phase 

velocity of the wave must be decreased or the average electron drift 

velocity must be increased. In Section 53, solutions with a linear 
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decrease in the magnetic field which produces an increase in are 

presented and the results are seen to produce larger saturation gain. 

However, in Fig. 5-13 it can be seen that for smaller values of magnetic 

field an inherent mechanism causes vph to decrease, i.e., the curves 

indicate that the values of 8^ are in general more negative for smaller 

magnetic field values. This is due to greater stream-loading upon the 

r-f wave. From the argument presented above, a greater saturation 

gain should and does occur for smaller magnetic field values as was 

displayed in Fig. 5.13-
Another reason for obtaining higher gain for smaller œc/u) can 

be seen by observing the gain parameter D. This parameter is a 

constant in each of the above solutions and was chosen equal to 0.1. 

The definition of D is

°C

Now if D is to remain constant for a decrease in coc/a), one of the 

other parameters must be changed. However, if the characteristic 

impedance of the r-f circuit, Zo, and the voltage equivalent of the 

circuit phase velocity, VQ , are kept constant, the thermionic emission 
c

current, IQ, must be increased when o^/co is decreased in order to keep 

D the same. Hence under these conditions as <dc/cü decreases and D is 

kept constant, the r-f saturation gain should increase due to a 

greater amount of emission current. With more current the electron­

wave interaction should be stronger and therefore more gain should be 

possible.

It should be noticed that in Figs. 5.11 and 5.13 a periodic 

perturbation in the parameters Arf(q) and 8c(q) is occurring. These 
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are presumed to be due to the collection of electrons on the anode, 

which results in a disturbance in the averaging process being carried 

out in the circuit integrals and the space-charge integrals used in 

the calculations. The results of Gandhi16 for the injected-beam 

crossed-field amplifier also indicated similar perturbations.

In an attempt to increase the saturation gain of the amplifier 

the gain parameter D was increased to a value of 0.125. The computer 

solutions for Arf(q) and 6c(q) for this case are displayed in Figs. 

5.14 and 5-15- Figure 5.14 indicates that increasing D has little 

effect upon the saturation gain. This is apparently because D was 

only increased by a small amount. However for larger values of D the 

resulting interaction causes a significant number of electrons to 

reverse their longitudinal directions and travel in a direction 

opposite to that of the traveling wave. Since this direction, as 

mentioned in Chapter IV, is inconsistent with the computer simulation 

of the problem, incorrect solutions result and therefore solutions 

for larger values of D were not investigated.

Figures 5.14 and 5.15 show similar results to those obtained 

with D = 0.1 and the other parameters unchanged. Figure 5.14 shows 

that larger r-f growth rates and saturation gain are achieved for a 

smaller magnetic field value. Also, Fig. 5.15 again displays the 

result that the phase velocity of the traveling wave is more nearly 

equal to the average electron drift velocity (with space-charge fields) 

for a magnetic field value of =0.5. Thus for this case oper­

ation closer to synchronism is occurring which results in a greater 

conversion of d-c potential energy to r-f energy which leads to 

greater gain.
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Emitting-Sole Amplifier Solutions with a Tapered Magnetic Field

5.3.I Discussion of the Magnetic Field Taper. As discussed in 

the previous section, electron-wave synchronism is necessary in order 

to obtain appreciable interaction. However, when space-charge forces 

are considered, the synchronous condition is altered from that of the 

zero space-charge case and the electrons begin to s±ip out of phase with 

the r-f wave. Hence synchronizing the wave velocity vq with Eo/Bq at 

the r-f input end of the amplifier is not sufficient to maintain 

approximate synchronism over the entire interaction length. The 

decrease in the electron drift velocity near the cathode can be 

countered by applying variable d-c fields in either of two different 

ways. One method would be to gradually decrease the sole-to-anode 

spacing with longitudinal distance and thus increase the d-c electric 

field. Another method would be to gradually decrease the d-c magnetic 

field. The result of either (or both) of these d-c field tapers applied 

in the correct manner would then adjust the average electron drift 

velocity such that it remains in synchronism with the r-f wave. 

Hull et al.24 have found experimentally that a linear decrease in the 

d-c magnetic field with longitudinal distance does in fact produce 

larger r-f wave amplification and hence it was decided to investigate 

this result theoretically using the Lagrangian analysis.

In order to carry out this study a linear d-c magnetic field 

taper is used. Thus, the following equation replaces the previously 

constant parameter œ^/a):

%(q)/œ = - a(q-cg ] ,
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where (œ,/«) )Q is the ratio of cyclotron to r-f frequency at the r-f 

input end of the tube, CL is the slope of the linear taper and q$ is the 

longitudinal position at which the d-c magnetic field begins to decrease. 

For q < q^ the d-c magnetic field has the same value as that existing 

at the r-f input of the amplifier. Due to this taper in the x-component 

of magnetic field, a z-component of magnetic field must also exist in 

order to satisfy Maxwell's equations. However, in practical devices the 

magnet system can be aligned in such a manner that this z-component is 

negligible and thus the forces due to this component are neglected.

5-3.2 Results for the R-f Circuit Variables. It will be noticed 

from the solutions for the r-f potential amplitude (q) that the d-c 

magnetic field tapers did not enhance the gain in all of the 

cases investigated. Figure 5-16 is an example of this behavior with the 

initial (q = 0) d-c parameters satisfying the magnetron cutoff con­

dition. This variable magnetic field solution is for the case of a 

linear taper applied over the entire length of the tube (q^= 0 and 

CL = 0.125). The figure indicates that the growth in r-f amplitude is 

more rapid for the linear taper case than for the case without this 

taper for values of q less than three. However, the amplifier with a 

tapered magnetic field eventually saturates at a lower value of the 

r-f amplitudes and therefore for a tube length of q^ = 5, less gain is 

obtained.

The following is an explanation of this result. From Fig. 5.16 

it can be observed that the taper was aiding the amplitude growth 

from q = 0 out to approximately q = 5, after which growth continued to 

occur but at approximately the same rate as that for the untapered 

tube. From Fig. 5.17, it can be seen that just prior to the value
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q = 5, the r-f phase angle 9c(q) is perturbed by the electron-wave inter­

action and begins to increase. This increase necessarily forces 0^(q) 

to also increase (positively) and hence the phase velocity of the wave 

increases. Therefore the effects of increasing the average drift 

velocity of the electrons by tapering the d-c magnetic field are being 

canceled by an increase in the phase velocity of the wave. Thus the 

taper is not beneficial in this case over the entire length since the 

interaction forces the phase velocity to increase and as a result the 

amplifier saturates at a smaller value of (q).

In an effort to increase the r-f saturation amplitude at the out­

put, the magnetic field taper was shifted to a value of q^ = 2, leaving 

the slope of the taper unchanged. These results are shown in Figs. 5.18 

and 5.19. It is observed that an increase in the r-f saturation ampli­

tude has been achieved, but the amount of increase is still disappointing.

A comparison of the 0^(q) solutions with and without this 

magnetic field taper is shown in Fig. 5-19- From this figure the 

reason for the increase in r-f saturation amplitude becomes evident. 

It is observed that with the taper B^(q) decreases slightly with 

increasing longitudinal distance and remains below the value without 

a taper. Thus the phase velocity of the r-f wave decreases slightly due 

to this perturbation caused by the interaction, while the average 

electron drift velocity is being increased and approaches that of the 

wave via the magnetic field taper. Thus, operation closer to syn­

chronism is being achieved when this magnetic field taper is applied 

and a larger r-f saturation amplitude results.

A solution with a larger magnetic field taper (a = 0.25) applied 

at a = 2 was also obtained. However, this did not yield a further
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increase in the r-f saturation amplitude and hence the results are not 

presented.

Further comparisons for other sets of d-c parameters are given 

in Figs. 5.20 through 5.25. These solutions were obtained for D = 0.125 

and with initial (q = 0) d-c operation above and below the magnetron 

cutoff condition. The linear magnetic field taper is applied at = 0 

and the slope of the taper used is a = 0.125• Again the solutions 

without a magnetic field taper are included in the figures for compari­

son.
In Figs. 5.20 and 5.22 for d-c magnetic field values below and 

above the cutoff value , respectively, significant enhancement in the 

saturation r-f amplitude is observed. For below cutoff operation, the 

r-f saturation gain values are approximately 11 db with the taper and 

9.5 db without the taper. A similar increase is shown in Fig 5-22 for 

above cutoff operation. The r-f saturation gain values are about 7 db 

with the taper and 4 db without the taper.

The enhancement in r-f output signal level in both cases is 

attributed in part to operation closer to synchronism between the elec­

trons and the wave. Figures 5.21 and 5.25 show justification for this 

conclusion. Both of these figures indicate that the ^(q) solutions 

for the cases with a magnetic field taper are less than those without 

a taper. Again this implies that the interaction has perturbed the 

phase velocity of the r-f wave in such a manner that a decrease 

(however slight) has been brought about. At the same time, however, 

an increase in the average drift velocity of the electrons has been 

accomplished. The end result of these two alterations is operation
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closer to synchronism (the electrons and the wave are more nearly in 

phase with one another) and hence higher gain occurs.

In addition to the synchronism argument predicting higher gain 

presented above, it will be shown in the next section that a linear 

decrease in the d-c magnetic field forces the electron trajectories to 

be closer to the r-f structure. This results in a larger interaction 

and is another reason for the resulting larger gain when a magnetic 

field taper is applied.

5.3.3 Effects of a Variable Magnetic Field Upon the Trajectories. 

The inclusion of a linear decrease in the d-c magnetic field with 

longitudinal distance forces the trajectory solutions to be different 

from those obtained with a constant d-c magnetic field. However, since 

the taper is applied gradually the trajectory solutions for the first 

few emission points remain essentially the same for both cases. There­

fore the first emission point trajectories to be presented will 

represent both the tapered and untapered cases. The differences in 

the trajectories at the other end of the amplifier, where the appli­

cation of a magnetic field taper has significantly changed the magnetic 

field value from the constant value, will be illustrated by comparing 

the solutions for the 81st emission point.

In this section the trajectory solutions for the cases with 

D = 0.125 and d-c operation above and below cutoff will be discussed 

and the results obtained with and without a magnetic field taper will 

be compared. The linear taper considered here is specified by qQ = 0 

and Ct = 0.125.

Figures 5-24 and 5-25 show the electron phase and position 

solutions obtained for input (q = 0) d-c operation below the
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magnetron cutoff value =0.5 and K2 = 0.5). These figures display 

the variations in phase and vertical position, respectively, for the 

electrons emitted from the first emission point. Higher gain for this 

case (below cutoff), as indicated in the previous section, is partially 

attributed to motion such as that displayed by the electron with ® = 

5*/2 (Fig. 5.25). This electron was initially in the phase position of 

maximum acceleration, but its trajectory indicates that deceleration has 

taken place, and hence a conversion of some of this electron's energy 

into r-f energy has occurred.

It should be observed that the interaction occurring here 

(bunching about 4 = n/2 and divergence away from 0 = 3n/2) is more 

striking than that obtained in Section 5-2.2 for the below cutoff case. 

Apparently the larger interaction parameter D is responsible for this.

Figure 5.26 shows the variations in phase position and vertical 

coordinate for the below cutoff case for the electrons from the 81st 

emission point with and without a magnetic field taper. It is observed 

that all of the trajectories are noticeably shorter for this emission 

point than those from the first. Because of this shortness, bunching 

about 0 = n/2 is not easily detectable, but divergence away from 3*/2 

is still noticeable. By observing Fig. 5-26 carefully, it can be 

noticed that electrons with initial phase values between 0 and n for the 

taper case are collected on the r-f structure in shorter distances than 

those without a taper. This result is not only due to the weaker 

magnetic field, but also to the stronger r-f field at this longitudinal 

position. On the other hand, the most strongly accelerated electron 

(® = 5n/2) returns to the sole in a shorter distance for the tapered
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case. This is because the acceleration imparted to this electron by 

the r-f field overcomes the effect of the weaker magnetic field.

The phase and vertical position solutions for above cutoff 

operation (æ /a) =1.5 and = 1-5) and D = 0.125 are shown in Figs. 

5.27 through 5.29. Again the first and 81st emission point trajectories 

are presented for comparison. In Fig. 5-27 it is observed that the 

bunching process for the electrons from the first emission point is 

weaker than that obtained in the above cutoff case. This figure also 

shows that the longitudinal distances of electron collection on the 

r-f structure are longer for this case due to the stronger magnetic 

field. These results are in agreement with those obtained for D = 0.10.

Figures 5.28 and 5.29 indicate the solutions for above cutoff 

operation for the 81st emission point with and without a magnetic 

field taper, respectively. Again the electrons initially in the 

decelerating phase of the r-f wave reach the r-f structure in a 

shorter distance for the case with a variable magnetic field. Also, 

the backbombardment lengths for the accelerated electrons with a 

magnetic field taper applied are shorter. This result is again due 

to the larger r-f amplitude at this longitudinal position which 

overcomes the effects of the weaker magnetic field.

It can be concluded from the trajectory solutions presented 

above that a decrease in the magnetic field with longitudinal distance 

results in higher average electron vertical positions. Furthermore, 

since the r-f longitudinal field is stronger closer to the r-f struc­

ture, a stronger interaction with the electrons occurs, resulting in 

greater amplification. Thus, the application of a magnetic field
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taper not only leads to operation closer to synchronism but also to a 

greater electron-wave interaction.

5«4 The Multiple-Cathode Amplifier Solution

The multiple-cathode amplifier is a degenerate case of the 

emitting-sole amplifier in that the electron emission is staggered. 

In order to simulate this emission using the digital computer, electrons 

are emitted uniformly over a short longitudinal distance with no 

emission over the next short distance, and then again there is uniform 

emission and so on depending upon the number of cathodes that the ampli­

fier is assumed to have. As in the emitting-sole solutions, there are 

81 emission points assumed and 52 electrons are emitted from each point. 

In this case, however, the emission points are necessarily more closely 

spaced since the same number of electrons is used and the emission length 

has been shortened.

5.4.1 Computer Input Parameters and the Digital Computer Emission 

Model. The computer input parameters selected for this case are the same 

as those used previously in this chapter for the emitting-sole amplifier 

operating at cutoff, except that the emitting portion of the sole is now 

shortened = 8 instead of 40). The secondary emission ratio has

not been changed since portions of the sole other than the cathode also 

emit secondaries.

The emission model selected consists of four cathodes distrib­

uted uniformly along the sole. The first three cathodes have 20 separate 

emission points spaced equidistantly (2Aq, where Aq = 0.005)• 

However, the fourth cathode has 21 emission points (distributed in the 

same manner) in order to keep the total number of electrons the same 
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as that used in the emitting-sole solutions. Again, 52 electrons are 

emitted from each point.
5.4.2 Solution with the Magnetic Field at the Cutoff Value. 

For brevity, only the coordinate trajectories for the first and second 

cathode will be dispalyed and discussed, and the variations for the 

other electron variables will be omitted because no new information 

would be added by including them. Figure 5-50 shows the trajectories 

of some of the electrons emitted from the first, tenth, 20th and 21st 

emission points. For the first and 21st emission points, one fourth 

of the electrons are shown, while for the tenth and 20th emission 

points only the primary electrons which produce several secondaries 

are displayed for reasons of clarity. It can be observed that the 

trajectories in Fig. 5-50 are very similar to those obtained for 

the emitting-sole amplifier. Furthermore, acceleration of electrons 

with initial phase values between 0 and n (leading to collection 

on the r-f circuit) and deceleration of electrons with phase values 

between it and 2x (causing backbombardment of the sole electrode) is 

again observed. This implies the direct conversion of d-c potential 

energy to r-f energy since the electrons which approach the r-f cir­

cuit are able to give up more potential energy than can be gained by 

the electrons receding from the r-f circuit. This is because the r-f 

fields are strongest in regions closer to the r-f structure, which 

results in a stronger electron-wave interaction between the r-f wave 

and the electrons which approach the r-f circuit than that which occurs 

between the r-f wave and the electrons which recede from it.

It is further observed in Fig. 5-50 that the electron 

trajectories of the 21st emission point display greater deceleration and
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acceleration effects than those obtained for the first emission point, 

i.e., the decelerated electrons emitted from the 21st emission point 

have shorter longitudinal collection lengths than those obtained for 

the first emission point and the cathode backbombardment lengths of 

the accelerated electrons are also shorter. The reason for this is 

that the r-f amplitude is increasing with longitudinal distance and 

hence stronger r-f fields are accelerating and decelerating the elec­

trons at larger longitudinal q-positions. This effect was also observed 

in the emitting-sole amplifier solutions. Secondary electron trajec­

tories are also shown in Fig. 5*30 and it is seen that these are also 

very similar to the secondary trajectories obtained previously.

Figures 5-51 and 5-32 are the computer solutions for Arf(q) 

and O^fq) for the assumed four-cathode amplifier. In these figures 

the cathodes are represented by dark lines along the abscissa. The

Arf (q) curve shows significant growth with a saturation gain value of

5.5 db. For the same set of input parameters (except PQLe = 8) and the 

same number of emitted electrons, the result for the emitting-sole 

amplifier showed a resulting saturation gain of 7 db. This difference 

can be attributed to a weaker interaction in the multiple-cathode 

amplifier due to a lower total current, since the emission current 

densities were chosen to be the same but the emission area for the 

multiple-cathode amplifier is smaller.

The variation in r-f phase angle, Fig. 5-52, implies that the 

perturbed circuit wave velocity is at times greater than v^ and at 

other times less than v^. However, since vq = v^, this type of fluctu­

ation corresponds to operation both above and below synchronism with an 

r-f wave velocity oscillating approximately sinusoidally about v .
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Both Fig. 5.51 and Fig. 5-52 exhibit periodic fluctuations. 

Since there are 16 minima in a normalized distance q = 5, the average 

normalized wavelength of the fluctuation is = 5/16 = 0.5125• This 

value is not constant, but decreases slightly for increasing q.

The above wavelength will now be shown to be approximately 

equal to half the d-c backbombardment length. Under d-c conditions 

only, i.e., when space-charge and r-f forces are omitted, and for 

zero initial electron velocities, the backbombardment length is given 

bv x = ny , where y is the maximum vertical position of an 
J o max max
electron. For d-c magnetron cutoff operation this becomes xq = nb ', 

where b' is the sole-to-anode spacing. In terms of the normalized 

coordinate q, this becomes

o

or since 6^ ' = 2 and D = 0.1, 

q = 0.628 . 
xo

Thus, the period of oscillation for the r-f variables corresponds to 

half the d-c backbombardment length. A physical argument consistent 

with this result can be formulated as follows.

As discussed previously, the electrons in a crossed-field device 

have cycloidal trajectories with an average drift velocity in the 

longitudinal direction given by v^ = Eq/Bo. Figure 5-55 shows quali­

tatively the common cycloidal trajectory for an electron emitted with 

zero initial velocity in the presence of d-c fields only. This tra­

jectory can also be considered as the average path for electrons in the 

presence of an r-f wave, recalling that some electrons are accelerated 

while others are decelerated with the unaffected electrons (the d-c
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trajectories) being the dividing line between these groups. R-f 

acceleration and deceleration paths are also shown in Fig. 5-55- Now, 

the decelerated electrons are absorbed on the anode in a distance of

less than x /2, while the accelerated electrons return to the cathode 

in a distance greater than x^/Z but less than xq. This collection of 

decelerated electrons disturbs the averaging process used to calculate 

Arf(q) and and thus produces fluctuations. The first maximum in

Arf (q) therefore is caused by the decelerated primary electrons

converting electron potential energy into r-f energy. The first 

minimum, on the other hand, is brought about by accelerated primary 

electrons, and the extraction of energy from the r-f wave. After 

this initial energy conversion process, the fluctuations are carried 

on by secondary electrons. It should be observed that the fluctuations 

are largest immediately after each cathode and then gradually taper 

off. This is due to the presence of more primary electrons than 

secondaries, which results in a greater disturbance in the averaging 

process and hence greater fluctuations.

Further evidence for this argument is the fact that the period 

of fluctuation decreases with increasing q. This is caused by the 

growth in the r-f wave amplitude, causing greater acceleration and 

deceleration of the electrons in shorter distances.

5.5 Summary
in this chapter the digital computer solutions of the large 

signal nonlinear equations of Chapter II including the effects of 

space-charge fields were presented. The following characteristics 

were observed:
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1. The inclusion of space-charge fields enhances the bunching 

process and results in larger r-f voltage amplitude growth rates and 

saturation gain than were obtainable in the zero space-charge-field 

cases.

2. A constant d-c magnetic field value below the d-c magnetron 

cutoff value was seen to yield greater r-f amplification than was 

obtained with a value above cutoff• The reason for this result was 

attributed to a greater electron-wave interaction taking place for a 

weaker d-c magnetic field. When a weaker magnetic field is present, 

the electrons are able to approach the r-f structure more closely and 

interact more strongly with the larger r-f longitudinal field which is 

present closer to the structure. •

5. It was found that an improvement in the gain of the amplifier 

is achieved when the d-c magnetic field is linearly reduced in the 

longitudinal direction. It was concluded that operation closer to 

synchronism and higher average vertical electron positions are 

responsible for this.

4. For d-c cutoff operation the multiple-cathode amplifier did 

not achieve as much gain as the emitting-sole amplifier for the same 

tube length and number of charge groups. This is a result of having 

less cathode area and hence less total current in the interaction region.



CHAPTER VI. APPROXIMATE SOLUTIONS ASSUMING A HARD-KERNEL-BUNCH MODEL

6.1 Approximate Equations from the Lagrangian Formulation

The large-signal equations for the crossed-field emitting-sole 

amplifier, as given in Chapter 11, can be considerably simplified when 

space-charge forces are neglected and the interaction parameter is 

considered very small compared to one. Under the small-D assumption, it 

has been shown by Gandhi16 that the adiabatic equations of motion may be 

used (actually, Gandhi found that the adiabatic approximation is valid 

when (coc/cbD) » 1), i.e., the acceleration terms in the force equations 

may be neglected. The trajectories obtained by solving the adiabatic 

equations will then be average paths resulting in the elimination of 

cycloidal motion, which is of no importance in the present analysis.

Thus, for weak interaction (D « 1), zero space-charge forces, 

and also for lossless circuits (d - 0), the crossed-field emitting-sole 

equations become

1 + 2Duz = (D(c^)^/(^b')^A^ + ^b'A^^.(q)^(p) cos $]

u y

dA /q)
(to/o)c)D [Arf(qH(p) sin » - D --—--

(6.1)

(6.2)\lf(p) cos $]

de (q) cos/ / ---------- - dq d$J J 1 + 2Du \ ° °
0 0 1 z1

(6.3)

2^ i|r(p) sin $
1 + 2Duz| dq d$ o o

(6.4)

c $

c
o o

-165-
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6$ = _ (6.5)
dq 1 + 2Du% 

and
d£ = , (6.6)
dq (ü)^/œ) 6^ ' D(l + 2Duz) 

where

at(œ/œ)

and the other parameters have been defined in Chapter II •

6.2 The HKB Equations from the Lagrangian Formulation

Although the above equations do not seem to be soluble in their 

present form, an approximate solution may be obtained by assuming that 

the electrons in the interaction region of the emitting-sole amplifier 

coalesce into giant charge groups called hard-kernel bunches17 (HKB). 

This assumption dictates that the charge is concentrated at particular 

phase positions in each period of the r-f wave. These phase positions 

are naturally chosen to be = k/2, the phase region of maximum 

decelerating electric field, and $2 = -(n/2),% the maximum accelerating 

electric field region. This favorable and unfavorable bunch-pair model 

corresponds to the actual bunching of the decelerated electrons about 

= n/2 and it accounts for the accelerated electrons which return to 

the sole by assuming another bunch at $2 = -(n/2). The HKB approx­

imation therefore implies that the bunching process has proceeded to 

the ultimate state after which potential energy transfer takes place as 

the ideal bunches approach and recede from the circuit.

When the hard-kernel-bunch (HKB) assumption is used and synchro­

nism is assumed between the r-f wave and the d-c fields (vQ = Eo/Bo), 

Eqs. 6.1 to 6.6 reduce to
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u = ± d(co/<jD ) ) A (q) , (6.7)
yi,2 ° ’

A^f(q) = 2nC^q[\|r(p^) - V(Pg)] > (6-8)

$ = ± (n/2) (6.9)
1,2

and 
u

D. = --- (6.10)
yi,2 (œ /œ) 3ob*D '

where the primed functions imply differentiation with respect to q• 

Also, the upper sign and the subscript 1 in Eqs. 6.7, 6.9 and 6.10 refer 

to the bunch at 0 = jt/2 and the lower sign along with the subscript 2 

in each equation refers to the bunch at $2 = - Gt/2). It should be noted 

from Eq. 6.1 and the synchronism assumption that uz = 0, implying that 

the energy conversion process excludes kinetic energy transfer. It 

should also be noted from Eq. 6.5 that 9^ = 0 when the HKB approximation 

is applied. However this was implied by the assumption of weak inter­

action and therefore this result is not surprising. Eliminating uy from 

the above set of equations yields the following system of equations:

A^(q) = 2jrCiqC^(P1) - ^(Pg)l (6.11)

and
P' = ± C A (q) ^(P ) , (6.12)
1,2 2 ri 1,2

where P± 2 = P^b'p^ 2 and C2 = (o/^)2. An identical set of equations 

is derived in Appendix E using an energy analysis. The solution of 

these equations for P/q), P/q) and A^(o) is presented in the next 

section.
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6.^ The HKB Model and Solutions

This section contains several solutions of the HKB equations for 

various operating conditions• These conditions, as in Chapter V, are 

for synchronous operation and also for operation above, below and at 

the magnetron cutoff value of crossed d-c fields. The same parameter 

values are used in these calculations as were used in Chapter V for the 

cases with D = 0.10 and a)^/iD = 0.5, 1.0 and 1.5 ■

Solution of the HKB equations requires the stipulation of a bunch 

model. This model must simulate the bunching process as closely as 

possible. This cannot be accomplished by only one pair of hard-kernel 

bunches, since this pair would have to represent the entire set of 

electrons emitted from the entire length of the cathode. A more accurate 

model is obtained by assuming that several HKB pairs interact with the 

r-f wave. These pairs are assumed to be distributed uniformly in the 

longitudinal direction and their effects upon the r-f wave are then 
individually determined (for q > q^) from the following equation:

N
A£f(q) = Z (q ’ - ^(4)1 , (6.13)

k=l

where N is the number of HKB pairs and qQ is the initial longitudinal 

position of the kth HKB pair. Equation 6.13 is the same as Eq. 6.11 

except that a summation is used over all of the assumed HKB pairs. The 

trajectory equation for each bunch pair (assuming several bunch pairs) 

is then given by
apk

- ± C^rftq) , (6.14)

where k= 1, 2, 3, •••, N.
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The solutions for the r-f amplitude for three different values 

of the d-c magnetic field and with the total number of assumed bunch 

pairs as a parameter are shown in Figs. 6.1 to 6.3. In each case the 

bunches were distributed uniformly over a length = 4. These figures 

demonstrate that the inclusion of a greater number of bunch pairs 

enhances the gain of the amplifier. This result was not unexpected, 

since increasing the number of bunch pairs implies increasing the 

total charge in the interaction region and hence the emission current. 

As a result of a larger current a stronger electron-wave interaction 

is then possible which leads to greater gain. The reason for greater 

gain when the injection charge is increased is simply that more elec­

tron potential energy is made available for conversion. In a practical 

device this increase in current could be achieved by increasing the 

primary or the secondary electron emission from the cathode. Figures 

6.1 to 6.3 also illustrate the result that for the same number of hard- 

kernel-bunch pairs, a d-c magnetic field value (a^/ci) = 0.5) below the 

d-c magnetron cutoff value results in the largest r-f amplification. 

This is due to a stronger interaction which results under these d-c 

field conditions and will be discussed more completely in connection 

with the bunch-pair trajectories.

Trajectory solutions for the 20 and 40 bunch models are indicated 

in Figs. 6.4 and 6.3 for the separate cases of operation below (a>c/œ 

= 0.5), above = 1.5) and at = 1.0) the magnetron cutoff 

value of the d-c magnetic field. Similar results were also obtained for 

the 60 and 80 bunch-pair models, but for brevity are not included here. 

In the 20 bunch model, the favorable and unfavorable kernels of charge 

are injected at longitudinal positions corresponding to q = 0, 0.2,
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0.4, .3-8, but only the first five hard-kernel-bunch pairs are shown 

in Fig. 6.4 in order to compare these trajectories with those of Chap­

ters IV and V. Figure 6.3 shows the trajectory solutions for the 40 

bunch-pair case in which the distance between initial bunch positions 

is now 0.1 instead of 0.2 as in the 20 bunch case and hence 10 bunch 

pairs are shown in the range of q values 0 to 1 (one unit in q corres­

ponds to approximately two circuit wavelengths). For the 60 and 80 

bunch-pair models this spacing was 0.07 and Q.05, respectively. It can 

be seen that the favorable bunches in each case are collected on the 

r-f circuit over very short distances. This corresponds to the rapid 

collection of the electrons with initial phases between 0 and « which 

was observed in Chapters IV and V. Also, the unfavorable bunches are 

seen to approach the sole as did the electrons in Chapters IV and V 

which had initial phase values between a and 2rr.

This motion is due to the decelerating and accelerating r-f 

forces on the electrons with initial phase positions in the deceler­

ating and accelerating phase of the r-f wave. Thus, since the magnetic 

field force is proportional to velocity, a favorable electron bunch, 

which is in the maximum decelerating phase of the r-f wave (« = a/2), 

experiences an increase in total force directed toward the r-f structure 

This is due to a decrease in the vertical magnetic field force on 

this bunch. The favorable bunches are hence strongly decelerated by 

the r-f field and are therefore collected on the r-f structure. On 

the other hand, the unfavorable electron bunches have phase positions 

corresponding to the maximum accelerating phase of the r-f wave and 

thus approach the sole due to an increase in the magnetic field force 

toward this electrode.
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It is also observed in comparing the trajectories of Fig. 6.4 

with those of Fig. 6.5 that for the 40 bunch-pair case the favorable 

electron bunches approach the r-f structure in shorter longitudinal 

distances. This becomes more evident as q increases and can be observed 

by comparing trajectories which are injected at the same q location, 

such as the P® trajectories of Fig. 6.5 with the P® trajectories of Fig. 

6.4. This result is due to the greater effect of the stronger r-f field 

which prevails for the cases with more electron bunches. This increase 

in r-f field for a greater number of bunch pairs was observed as an 

increase in r-f potential amplitude and was displayed in Figs. 6.1 to 

6.3. Hence, because of a stronger r-f field, the favorable bunches are 

decelerated more effectively (in shorter longitudinal distances). In 

turn, the r-f wave receives more energy (.for the same longitudinal 

distance) as these bunches approach the r-f structure via potential 

to r-f energy conversion. Thus, two mechanisms are causing greater 

amplification of the r-f wave when greater numbers of bunch pairs are 

assumed. First, more charge is being injected into the interaction 

region, thereby increasing the potential energy available for conversion. 

And second, larger r-f fields are produced as a result of this greater 

current which enables a more effective energy conversion process to 

take place.

It should be noted that the initial vertical position of the 

bunches in Figs. 6.4 and 6.5 is chosen to be the same for all bunch 

pairs and equal to 0.6. This value was selected because it yielded the 

most favorable results, i.e., when a larger initial vertical position 

was selected the unfavorable electron bunches had too great an effect 

upon the r-f amplitude which resulted in very little gain. On the 
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other hand, a smaller value of initial vertical position yielded 

unreasonably higher gain.

These results are explained as follows. In the derivation of 

the HKB equations it was implicitly assumed that each bunch contained 

the same amount of charge, i.e., each bunch was weighed equally in 

Eq. 6.15. However, in the actual device there is a transfer of elec­

trons from the unfavorable (% to 2ir) to the favorable (0 to x) portion 

of a cycle of the r-f wave. This implies that more charge should reside 

in the favorable bunches than in the unfavorable bunches. However, a 

mixing of electrons has not been accounted for in this HKB model and the 

effect of this upon the r-f wave amplitude is directly related to the 

selection of the initial vertical position of the bunches. Thus, by 
using an initial value of / =0.6, the unfavorable bunches are, in

effect, being assigned smaller charge values than the favorable bunches 

and their effects are hence being accounted for in a more correct manner.

The trajectories of Figs. 6.4 and 6.5 agree physically with the 

magnetron cutoff condition. It can be seen that the favorable HKB tra­

jectories for operation below cutoff = 0.5) reach the r-f circuit 

in the shortest distances, while those for operation above cutoff (œ/œ 

= 1.5) reach the r-f circuit in the longest distance and the trajec­

tories for operation at cutoff (œ/d) = 1.0) have collection distances 

between these values. This result is due to the weaker magnetic field 

for smaller values of œ/œ, which increases the total force on an 

electron directed toward the r-f structure.

Figure 6.6 indicates the variation in the gain of Arf(q)/Arf 
o 

of this amplifier with the d-c magnetic field as a parameter. In this 

figure the HKB approximate solutions for 40 bunch pairs are shown along
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with the Lagrangian solutions of Chapter V in order to compare the 

results. It is observed that this bunch-pair model is in very good 

agreement with the digital computer solutions of Chapter V- Again it 

is seen that the d-c field conditions for operation below cutoff 

((ü/œ =0.5) yield the best gain and growth rates, while for larger 

values of the gain and growth rates are reduced. The physical 

significance of this result, as stated more completely in Chapter V, 

is that for a smaller value of d-c magnetic field the electrons are 

able to interact more strongly with the r-f fields because they are 

closer, on the average, to the r-f structure where the r-f fields are 

stronger.

Figure 6.6 also shows that the initial amplitude growth rates 

obtained using the HKB approximation are larger than those obtained 

using the difference-foim equations. This is because the first HKB 

pair is injected at the left-hand end of the emitting sole (q = 0) 

and in the actual device bunching does not occur until the wave has 

interacted with the electrons for a finite (nonzero) distance.

The rippling effect seen in the r-f amplitude figures is due 

to the abrupt collection of favorable bunches on the r-f circuit. A 

similar variation was also observed in Chapters TV and V and was also 

due to collection of the electrons.

Although this approximate analysis is very hypothetical, it lends 

physical understanding to the interaction process taking place. Further­

more, it generally agrees with the computer solutions obtained in the 

previous chapters.



CHAPTER VII. SUMMARY, CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH

7.1 Summary and Conclusions

A generalized two-dimensional electron-wave interaction theory has 

been developed in the previous chapters for the crossed-field emitting­

sole device. The basic equations used in the analysis were (1) the 

Lorentz equations of motion, (2) the one-dimensional equivalent 

transmission-line equation, (5) Poisson’s equation, and (4) the conti­

nuity of charge equation. The effects of d-c, r-f and space-charge 

forces were taken into account and also secondary emission from the sole 

electrode was included in the theory.

The space-charge fields were calculated from the three-dimensional 

Green's function for a rectangular geometry. Simplified two-dimensional 

integrals were then obtained for the space-charge fields by defining 

weighting functions and averaging over the magnetic field direction. 

The final integral expressions were then obtained by using a transfor­

mation from final electron coordinates to initial electron coordinates.

In order to investigate the effect of the electrons upon the r-f 

wave, it was necessary to obtain an expression for the induced charge 

on the r-f slow-wave structure. From induced current considerations, 

this charge was obtained in integral form and the integrals were called 

the circuit integrals. These integrals are essentially averages over 

the total charge in the interaction region. The same transformation 

as that used in the space-charge integrals was also used to obtain the 

final induced-charge expressions. -

The nonlinear integro-differential equations were then derived 

from the basic equations using the integral expressions for the 

-I78-
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space-charge fields and the induced circuit charge. These equations 

were solved by numerical methods assuming that N electrons were emitted 

into the interaction region. The problem then consisted of solving 

4N+2 equations. Numerical solutions were obtained for different values 

of the gain parameter D and the magnetic field parameter œc/œ for cases 

with and without secondary emission and also with and without space 

charge. The numerical solutions were presented in graphical form and 

the analysis of the results allowed various conclusions to be reached. 

These will now be reiterated.

First of all, it was noticed for the zero space-charge cases 

that the bunching process and the r-f amplitude gain were dependent 

upon the initial r-f voltage amplitude. For low input r-f signal 

levels, very little bunching occurred and no gain was obtained. In 

fact, for an initial r-f amplitude equal to one fourth the d-c ampli­

tude, the r-f voltage amplitude was attenuated with distance and 

actually decreased from that at the input. It was therefore concluded 

that a minimum initial r-f voltage amplitude is necessary in order for 

gain to occur at all. This is because large r-f fields are needed to 

bunch the electrons and create an effective electron-wave interaction 

in the crossed-field emitting-sole device.

It was also demonstrated that when secondary electron emission 

(with a secondary emission ratio of one) is included, the gain of the 

amplifier is increased above that obtained without secondaries. This 

indicates that the unfavorably phased electrons, those which are 

accelerated by the r-f wave and collected on the sole, will eventually 

produce favorably phased secondary electrons which convert their 

potential energy to the r-f wave and therefore enhance the gain.
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The effect of including the space-charge fields was a further 

increase in the gain of the amplifier. The electron trajectories with 

space-charge forces included also showed better bunching character­

istics. Thus, it was concluded that the space-charge forces improve 

the phase focusing of the electrons which results in greater energy 

conversion to the r-f wave.

Upon comparing the solutions for the values of constant d-c 

magnetic field above, below and at the d-c magnetron cutoff value, it 

was found that below cutoff operation resulted in the largest r-f 

growth rates and saturation gain, and also the best bunching properties. 

Furthermore, using smaller values of constant d-c magnetic field was 

shown to be equivalent to using larger d-c anode potentials. Since 

the electrons under these conditions are able to approach the circuit 

more closely, it was concluded that the higher gain could be attrib­

uted to a greater coupling of electrons to the circuit.

In an endeavor to optimize the gain of the amplifier a linear 

decrease in the d-c magnetic field with longitudinal distance was 

introduced into the nonlinear equations. The purpose of this taper in 

magnetic field was to counteract the effects of space-charge potential 

depression and so keep the average electron drift velocity approxi­

mately equal to the unperturbed wave velocity. This is the synchronous 

condition under which greatest electron-wave interaction takes place. 

By using a linear magnetic field taper over either the partial or entire 

lengths of the tubes, an enhancement in the gain of the amplifier was 

achieved. A similar enhancement in the bunching properties was again 

obtained for the cases of higher gain. It was also noticed that in 

addition to allowing the operation to be more nearly synchronous, the 
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application of a magnetic field taper also forced the electron trajec­

tories to approach the r-f structure more closely which resulted in 

a greater interaction.

Solutions for two values of the gain parameter D were obtained 

for d-c operation above and below the magnetron cutoff condition. 

However, this change had little effect on the gain and trajectory 

characteristics, and further increases in this parameter were 

prohibited by the numerical method of solution.

Theoretical solutions for a multiple-cathode amplifier were 

also obtained from the integro-differential equations by altering the 

electron emission model. This emission model consisted of uniform 

emission of electrons from parts of the cathode and no emission from 

other parts. Four emission portions were assumed to be equidistantly 

spaced along the sole electrode• The solutions indicated that r-f 

amplitude gain is achieved by this amplifier; however, the gain was 

less than that obtained for the emitting-sole amplifier. This result 

was due to a lower total current value than that obtainable in the 

emitting-sole amplifier, which leads to a weaker electron-wave 

interaction.

Finally, approximate solutions of the nonlinear integro­

differential equations were presented. Under the assumptions of small 

interaction parameter D and negligible r-f space-charge forces, the 

equations were considerably simplified. Furthermore, by assuming that 

the electronic charge in the interaction region coalesces into hard- 

kemel bunches, closed-form solutions were obtained for the bunch 

trajectories and the amplifier gain. Inspection of the approximate 

trajectory solutions indicated that the favorably phased (* = x/2) 
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electron bunches are decelerated and approach the r-f circuit, while 

the unfavorably phased ($ = -%/2) electron bunches are accelerated and 

approach the sole. At the same time an approximate solution for the 

r-f voltage amplitude showed a significant increase with longitudinal 

distance. These results imply the conversion of the potential energy 

of the bunches into the r-f energy of the wave.

The approximate solutions yielded very good agreement with the 

numerical solutions obtained with a digital computer, and verified the 

results which predicted larger amplification for d-c magnetic field 

values below the cutoff value. It was also found that an increase in 

the amount of injected charge per wavelength of the r-f wave increases 

the gain of the amplifier. This increase in charge could be obtained 

from a cathode with a higher secondary emission ratio or by simply 

increasing the temperature of the cathode.

In conclusion, the HKB analysis provided a quick method of 

solution and was found to be helpful in gaining better physical under­

standing of the interaction process.

7.2 Experimental Results

Experimental research on the crossed-field emitting-sole ampli­

fier has recently been performed by Hess39. Although this work is 

still incomplete the results thus far appear to be very promising. 

The following list is a summary of the results of this experimental work:

1. For a power input of 2.5 kw a net power gain of 18 db was 

achieved for an r-f frequency of 8.3 GHz, and more than 13 db net 

gain was realized over the frequency range of 8.3 to 8.8 GHz.
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2. For a power input of 20 kw, a net power gain of 9 db was 

achieved for an r-f frequency of 8.J GHz, and more than 7 db net gain 

was realized over the frequency range of 8.3 to 8.8 GHz.

3. For values of eu /o> between 1.25 and 1.6 the power gain was 
c

observed to increase slightly (approximately 2 db) with an increase in 

co /cd which is in opposition to the predictions of this theory. The 

increased gain observed when æ A0 is increased beyond one may stem 

from a nonuniformity in the electron motion not considered in the 

present theory.

7.3 Suggestions for Further Research

Since the application of a linear decrease in the d-c magnetic 

field in the longitudinal direction was shown to improve the gain of 

the emitting-sole amplifier, it would be of considerable interest to 

obtain additional solutions for many different types of magnetic field 

tapers. Linear quadratic and higher order magnetic field variations 

can easily be incorporated into the computer analysis.

It would also be of interest to include magnetic field vari­

ations in the HKB analysis. However, an extension of the analysis 

presented herein would be necessary, since the phase position of the 

hard-kernel bunches would now vary with longitudinal distance. Thus, 

solutions could be obtained by using the expanded HKB method to find 

an optimum taper and then using the computer method to improve the 

accuracy of the solution with the inclusion of space-charge fields.

In a further attempt to enhance the gain, the application of 

a magnetic field variation in the vertical direction could also be 

investigated. This could consist of a stronger d-c magnetic field 
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closer to the emitting sole which would result in the removal of 

unfavorably phased electrons in shorter distances. Also, more secondary 

electrons could then be produced and the possibility of a greater energy 

transfer to the r-f wave could conceivably result.

The combination of injected-beam emission with emitting-sole 

emission in a single device could also be studied by using this anal­

ysis. This might also bear fruitful results in that the higher gain 

characteristic of the injected-beam amplifier and the greater avail­

ability of current from the emitting-sole amplifier could understandably 

be combined into one amplifier by using both types of emission. Along 

these same lines, the reentrant-beam tubes could also be analyzed 

(ever though this analysis has considered a linear geometry) by 

injecting electrons at the r-f input with velocities and coordinates 

identical to those for electrons at the r-f input. This type of 

analysis would be valid for L » b '. Furthermore, with the inclusion 

of a reentrant beam, a study of backward-wave devices, such as the 

amplitron and stabilotron, could also be carried out.



APPENDIX A. CHARGE DENSITY AT THE SOLE" ELECTRODE

To obtain a closed-form expression for the charge density p(y, z,t) 

in the interaction region, taking the d-c, r-f and space-charge fields 

into account, requires the solution of an extremely complex system of 

equations. A somewhat simplified approach to the problem starts from 

a statement of the conservation of charge for the interaction region.

This is given symbolically by

p(y,z,t) |dydz| = E |dy(dzj , (A.l)

where p(y,z,t) is the charge density at position (y,z) and time t which 

emanated from the elements of area |dyQdzo| along the sole at a different 

time t . Assuming that the charge density along the emitting sole is 

the same function of yand zq and independent of time, Eq. A.l may be 

rewritten as

p(y,z,t) |dydz| = po(yo,zo) ky^ol • (A'2)

A closed-form expression for p(y,z, t) is now no longer necessary. 

Instead, only the d-c charge density pQ(yo,zq) at the input plane (the 

emitting sole) need be obtained. This will now be carried out using a 

density function method.
The density of electrons in six-dimensional phase space (three­

dimensional position and velocity spaces combined),

(x,v) = (x,y,z,vx,vy,vz) , (A. 3)

is given by

F(x,v) = N(m/2kT)3/2 exp (-g/kT) , (A. 4)

-185-
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where £ = (m/2)|V|2 - |e|V(x,y,z), (A.5)

k - Boltzmann's constant, 

N = total number of electrons per cubic meter at the cathode 

surface, 

m = mass of an electron, 

T = temperature of the cathode

and where V is the potential acting on an electron.

Equation A.4 is the well-known distribution function of Maxwell-Boltzmann 

statistics33, where physically F represents the expected value of the 

number of electrons per (meter)3 and per (meter/sec)3.

Since the concentrations of particles N have not been tabulated 

as thoroughly as the emission current densities have been for various 

cathode meterials and temperatures, N will be eliminated in favor of

The electrons leaving the surface of an emitter (in the x-z plane) 

produce an element of current on this cathode of density

IdJ, I = ev dN . (A.6)1 th1 y '

By integration, the average current density of emission from the cathode 

in the y-direction is given by

00 00 00

;r r f \3 / 2
dVx J d\ J “W” ($Ct ) **

—00 -00 0

-1 - .

Solving for N yields

e
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The distribution function for electrons emitted from an infinite plane 

surface into a constant magnetic field in the x-direction and a general 

potential distribution (electric field in all directions) can therefore 

be written as

F = N' exp (A.8)

where

(A. 9)

The function F, appearing in Eq. A.8, is the distribution function 

for an infinite plane emitting surface. The charge density (coulombs 

per cubic meter) for an emitting-sole device may now be calculated by 

integrating this function over the existing rectangular velocities. The 

problem that now arises however is that all velocities are not possible 

for the electrons in an emitting-sole device, i.e., the electrons will be 

obstructed by the cathode and anode, and in order to obtain the charge 

density the proper velocity limits must be used in the integration. The 

velocity limits are obtained by performing one integration of the equa­

tions of motion. -

To obtain the limits of integration, it will be assumed that the 

space-charge fields are negligible. The velocity limits are then obtain­

able from the Lorentz equations by performing one integration. Lindsay36 

has carried out this analysis for the same parallel plane crossed-field 

geometry. His results yield the following equations for the boundary 

limits of the electron velocities when the potential is only a function 

of y:

v2 = (co^b ' - o)cy) (cocb' - u)cy + 2vz) + 2| [V(y) “ V(b’)] (A. 10) 
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and

- 2v%) + 2] T)| [V(y) - V(0)] . (A. 11)

The solutions of Eqs. A.10 and A. 11 will be denoted as Vj(y) and v^j(y), 

respectively. These solutions are plotted in Fig. A.l in the (v^.,v%) 

plane for a particular value of y. This figure indicates the regions in 

which electrons may exist and those which are not allowed due to the 

obstructions caused by the electrodes. The intersections with the 

v - and v -axes are given by 
y z

a; = (a£(b* - y)2 + 2%[V(y) - V(b')]}^ ,

aIZ = ((u)cy)2 + 2n[V(y) - V(o)])1/2 ,

_ -T|[V(y) - V(b ') ] ~ y)
bI = œc(b’ - y) " 2

and
n[V(y) - V(0) ] V 

bII " ----- ---------  +~ •

The two-dimensional charge distribution between the two parallel 

electrodes will now be obtained by integrating the distribution function 

over the allowed electron velocities. To include the secondary emission 

electrons in this calculation, which Lindsay has omitted, the charge 

density is written as the sum of two integrals as follows :

p(y) = p/y) + p2(y)

or
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-190-

p(y) =

V 
allowable

dvxdVydvzF

returning

dvxdVydvzF(y,v).

(A.12)

The first integral is an integration of the density function over all of 

the allowable electron velocities between the two electrodes (represented 

by all of the shaded regions in Fig. A.l). This is the primary electron 

contribution to the total charge density. The second integral is an 

integration over only those electrons which return to the cathode 

(illustrated by the double cross-hatched region in Fig. A.l). This inte 

gral represents the secondary electron charge density when it is multi­

plied by the secondary emission ratio 6. Writing p1 and p2 separately

with the correct velocity limits yields

2

0
and

2

where

dv F 
y

dv F y

dv z
""y

d = (V%b*)tV(b*) - V(0)] + œjy - (b'/2)]
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Substituting the distribution function F, integrating over v^ and v^ 

(using the transformation u* = (m/2kT)1/2 v ) and combining pi and P2 

yields

du z• / du exp ( - u2
J Z \ Z 

dAc

where the following definitions have been made:

v = (2kT/m) V2, the characteristic velocity,

A(y) = - (Jth/ vc ) exp[eV(y)/kT] and

x 
erf(x) = 2//it / exp(-r )dr.

O
To obtain the charge density at the input plane (the sole is the input 

plane), y is set equal to zero in Eq. A.15, yielding

- — & vc u%
00 >

I du exp ( - u2
J z \ z, 

d(o)Ac 

• erf W m^b ' (m^b ' + 2v^u^) - 21 q | V(b ')/vc (A.16)

where V(0) has been assumed to be zero. Equation A. 16 can now be written 

in terms of two dimensionless charge densities as follows:
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po = - (p^ + p" + 20pg) . (A.17)
c

The definition of p^ and p^ can be seen by comparing Eq. A.16 with A-l?- 

The first term in this expression represents the charge density due to 

thermionic emission, the second term is the additional charge density 

due to electrons which have been returned to the sole by the magnetic 

field, and the last term is the additional charge density produced by 

secondary electrons. Equation A•17 is the final form for the input 

plane charge density.
The above expression represents an average one-dimensional result 

and therefore does not account for end effects. However, in the digital 

computer program where it has been assumed that only a finite number of 

charge groups are present, end effects are definitely important. This 

can be seen by noting that the actual starting point of the computer 

program calculations is at one end of the sole electrode. Thus, the 

above value of pQ at this position will be too large, since there have 

not yet been any electrons returned to the sole and, consequently, there 

are also no secondaries. Hence, in the computer program, the input 

plane charge density will be represented by only the first term in the 

above expression, and secondary emission will be accounted for in a 

different manner. This is discussed in Chapter III.

It is interesting to observe the results of carrying out the 

indicated integration in Eq. A.16. Figure A.2 indicates the variation 

in p” for variations in the d-c potential, the d-c magnetic field and 
po 

the cathode temperature. The velocity parameters appearing in the 

figure have the following definitions:
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and

[2|n|v(b*)]V2

(2kT/m)1/2

It is to be noted that all of the curves have an approximate step 
function variation; that is, pg is approximately either V7 or zero. The 

significance of this variation may be seen from the cutoff condition for 

a linear magnetron.
The cutoff condition is derived from the Lorentz force 

equations for crossed d-c fields in a two-dimensional parallel 

plane geometry. The pertinent equations, given by

dt2
(A. 18)

and

(A. 19)
dt2 c dt '

are integrated once and used simultaneously to eliminate dz/dt, yielding

(A.20)

where initial velocities at the cathode have been assumed to be zero.

The y-velocity is now set equal to zero at y = b’, yielding the cutoff

relation

V2|-||Va (A. 21)
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which is the condition for an electron to just graze the anode. For 

smaller values of the magnetic field is said to be below the 

cutoff value.

Thus to explain the step function variation of it can be seen 

in Eq. A. 17 that is multiplied by the secondary emission ratio S and 

when p^ is zero the contribution to the total charge density due to 

secondary emission must also be zero. From Fig. A.2 the condition for 

p^ to vanish is given by
V (A. 22)

> œ b ' , (A.25)
c

which is the operating condition for a linear magnetron below cutoff. 

The fact that there is no contribution from secondary emission when this 

inequality holds is physically quite logical, because under these con­

ditions of d-c potential and magnetic field, there are no electrons 

returning to the cathode; i.e., all electrons are collected on the anode. 

The charge density at the sole in this case consists of newly emitted 

electrons only.

When the inequality sign in Eq. A. 25 is reversed, the inequality 

becomes

V2I ni V < to b1 , (A.24)1 " a c

which represents operation above cutoff such that none of the electrons 

can reach the anode. In this case either the electrons return to the 

cathode or they drift in the longitudinal direction until they reach the 

collector at the end of the structure.



APPENDIX B. SPACE-CHARGE-FIELD EXPRESSIONS

The space-charge potential V^Cr ) at any point "r = (x,y, z)

in a region of space must satisfy Poisson's equation

= - ' (B.l)

where p is the space-charge density, and is the dielectric constant 

for free space. The solution of Eq. B.l can be written in integral 

form by employing a Green's function as outlined by Rowe27. The 

integral solution is given by 

he (?)
JJJ

p(r ' )G(r,r ' )dr ' (B.2)

where Vsc(r ) is the space-charge potential, and the integration extends 

over all regions containing space charge. The Green's function G(r,r') 

or weighting function must satisfy

V2G(^r') = - , (B.5)
o

along with appropriate boundary conditions. The general solution of 

Eq. B-3, which also satisfies the boundary conditions for the rectangu­

lar geometry (V = 0 at x = 0, a , and V = 0 at y = 0, b *) is given by

-196-
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00

V a . knx 
) A . sin —— mk a
m=0

sin JW b'

exp (A2 + - z'| • (BA)

The general constants are found by applying Gauss ' theorem to a

unit charge located at the point r - r', yielding

G#r')
J- f (m2a= + sin tel sin

0 k=0 m=0

sin —y- exp (m2a2 + k2b *2) |z - z (B-5)

By superposing these solutions, the solution of Poisson s 

equation for the general charge distribution p(r ) with rectangular 

geometry can be written as

X £ £ (m2a2 + k2t'2)-2^sln iS sin te 

° k=0 m=0

sin KI sin exp (m2aE + k2b'2)^2|z . z' dr' (B.6)

To enforce the two-dimensional assumption made in the text, x is set 

equal to a/2 (the average value of x), and integrating over x' from 

(a-h)/2 to (a+h)/2, where h is the emitter width, yields
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00 00

V (y,z) = f [ dy'dz 'p(y',z ' ) V } (m2a2 + k2b’2)

o k=o m=o

. 2 kg. r. ^_2 sin Ml sln m sin mi exp («V + k=b'=)i/=|z - z' 
k 2a D d l au

(B.7)

The space-charge fields are now obtained by differentiating

Eq. B.7 with respect to the observation coordinates y and z. Thus, by 

partial differentiation, the y- and z-components of the space-charge

fields are

dV
E ------- —sc-y 

q
“ œ J d$ô J

jte p2b ' — D 0 0
o o co

r / \2-] -1/z

. m2 + (^) ] =1"2 T s:

f 2

• exp jp bf

and

00 oo
1 Vo | y y ™ 

) 1 1 + 2Du \ L L
z k=o m=o

in cos mjtp sin imtp'

+ (S~) ] !* - *' l}
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- . sc-z dz

-4
" co

D

2jt q oo oo

J "ô J iT k

3 q . z k=0 m=0

• sin2 ^-sin^^ sin nutp sin nutp ' IPob '
(B-9)

where sgn($-$') 3 1 for 0 > $' and -1 for $ < 1 •

A transformation to initial coordinates has also been carried

out in Eqs. B.8 and B-9, and it has been assumed that D6H « 1 so that

P = 3O- .
It will be convenient to define space-charge-weighting functions

as

Fy(p,p’,M’)
no oo

Z Ze
m=O k=0

. cos mrtp sin nutp*
} (B.10)

Po J

and
Fz(p,p',*.*') - Ï i sin2 f sm sin «P Sin «P' 

m=0 k=0

The calculation of these functions appears 

space-charge fields may be written as

in Appendix C. Thus the
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E
sc-y

4 
co

ne P b*
O O CD

r |v p i
° J ° |i + 2Duzl J

(B.12)

and

E sc-z

. r |v p I

«0^0»' -f ° °

(B.13)

Substituting for pQ in terms of the dimensionless charge density defined

in Appendix A

and defining the integrals, 

2n q
I (p,*) = /d*' (B.15)

0 0 ' ''

and 

2n 9
i (p,o) = /a»' rdq; - (B.16)

Z u o u O 1 + cUU I0 0 Zl

yields the following expressions for the space-charge fields : 

and

where

Esc-y

E sc-z

K2Iy

(B.18)
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and the frequency cd has been defined as

2 △
pc (B.19)

This will be called the cathode plasma frequency and Eqs. B.17 and B.18 

are used in the derivation of the force equations.



APPENDIX C. SPACE-CHARGE-WEIGHTING FUNCTIONS

In the derivation of the two large-signal force equations in 

Chapter 11, space-charge forces were accounted for by solving Poisson's 

equation using a Green's function. This Green's function solution 

is presented in Appendix B and resulted in the representation of the 

space-charge forces as definite integrals over doubly infinite sum­

mations. These infinite summations were called the space-charge- 

weighting functions and were defined as follows:

. kith sin ----  a

and
00 00

F (p,p',$,$') = k sin2 sin sin imtp sin mnp*
m=l k=l

where a = width of the interaction region in the magnetic field 

direction,

h = width of the emitting sole,

p = y/b ', normalized vertical coordinate of the observed 

electron,

Pf = y'/b', normalized vertical coordinate of a source electron

-202-
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$ = r-f phase of the observed electron, 

$' = r-f phase of a source electron and 

B = co /v , phase constant of the cold circuit wave,o o' o' r
These weighting functions can be computed rapidly by utilizing a 

digital computer. The results for a typical set of normalized 

dimensions, given by pQa = 8.0, PQh = 6.4 and PQb1 = 2, are shown 

in Figs. C.2 through 0.1}• In order to carry out the calculations using 

the data above, it was necessary to divide the interaction region 

into sections (following a procedure suggested by Rowe27). Since 

the functions Fy and F^ do not vary in the magnetic field direction 

(the integration over x* has been carried out and the average value 

of x(x = a/2) was used to replace x), it was only necessary to sub­

divide the normalized vertical distance p. It was decided that 

eight subdivisions would yield sufficient accuracy and these divisions 

are shown and numbered in Fig. C.I. Each charge group can now be 

represented by a p(or p1) depending upon which section it is in and 

these particular values are substituted into the space-charge-weighting 

functions, thus enabling their calculation. The weighting functions 

shown in Figs. C.2 through C.I? are labeled according to the numbered 

subdivisions in Fig. C.I which they represent.

The results shown in the curves indicate a number of interesting 

characteristics. It is seen that the magnitudes of both Fy and Fz are 

greatest for two elements, represented by values of p and p’, which 

are closer together than for two which are farther apart. This is in 

agreement with the Coulomb force law since Fy and Fz are multiplicative 

factors of the y- and z-directed space-charge forces. It can also be 

seen that for an element represented by a given p, Fy has an opposite



-204-

VA
LU

ES
 OF

<M

I

in 
cm

o 
6

co

II 
a) 
«1°

8 co 6

S 
g a a Q

§ 

§ 

I 
M 
g 

co

ID 
CM
K)6

ID

86

co
I

I ë 
I
I 

o 
g 

I 

co 
g
B



-205-

9 0

♦
to

►IO

-J® m \ co \

I •
6

z

FI
G

. C.
2 F 

SP
A

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S,
 (p = 

0.
06

2$
, 0.9

57
5;

 P1 
V

A
RI

A
BL

E)



—2o6-

9 0

► 
io

FI
G

. 0.5
 F S

PA
CE

-C
H

A
RG

E-
W

EI
G

H
TI

N
G

 FU
N

CT
IO

N
S,

 (p = 
0.

18
7%

, 0.8
12

%
; p’

 VA
RI

A
BL

E)



-207-

m rô

6
* 
rn
s

ro i 
to I 
<0 I

FI
G

. C.
4 F 

SP
A

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S,
 (p = 

0.
J1

25
, p’

 = 0
.6

87
5;

 p’ 
V

A
RI

A
BL

E)



-208-

co
►

IO

in
in 
y

00

N 
in

/' I
(\l ' '

\ . co

FI
G

. C-
5 F 

SP
A

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S,
 (p = 

O
.U

37
5,

 P* 
= O

.5
62

5;
 p’ 

V
A

RI
A

BL
E)



-209-

FI
G

. C.
6 F 

SP
A

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S,
 (p = 

0.
0Ô

25
; p'

 VA
RI

A
BL

E)



-210-

ro 
। 

CM

co CM 
i

CM

FI
G

. C.7
 F SP

A
CE

-C
H

A
RG

E-
W

EI
G

H
TI

N
G

 FU
N

CT
IO

N
S,

 (p = 
0.

10
75

, p*
 VA

RI
A

BL
E)



-211-

N

FI
G

. C.
8 F SP

A
CE

-C
H

A
RG

E-
W

EI
G

H
TI

N
G F

U
N

CT
IO

N
S.

 (p = 
O

J1
25

; p
’ VA

RI
A

BL
E)



-212-

À ?

* . «t FI
G

. C.
9 F 

SP
A

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S,
 (p = 

0.
4)

79
; p’

 VA
RI

A
BL

E)



-215-

io 
m

CO

N 
IO

\\
i \\

\ 
\

FI
G

. C.
10

 F S
PA

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S,
 (p = 

0.
56

25
; P*

 VA
RI

A
BL

E)



-214-

03

FI
G

. C.
ll F 

SP
A

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S.
 (p = 

0.
68

75
; p*

 VA
RI

A
BL

E)

co
►

m

co
h 

m

CM

CD

N 
IO

u* Id,



-215-

8 0

m

N in

FI
G.

 0
.1

2 
F 

SP
AC

E-
CH

AR
GE

 -W
EI

GH
TI

NG
 F

UN
CT

IO
NS

, (
p 

= 
0.

81
25

; 
p'
 V

AR
IA

BL
E)



-216-

9 0

FI
G

. 0.1
5 F 

SP
A

CE
-C

H
A

RG
E-

W
EI

G
H

TI
N

G
 FU

N
CT

IO
N

S,
 (p = 

0.
95

75
; P*

 VA
RI

A
BL

E)



-217-

sign for elements (represented by values of p1 ) above and below this 

particular subdivision. Thus, the space-charge-weighting functions 

also give information regarding the direction of the space-charge 

forces.
The resulting values of F and obtained from the computer 

showed a great deal of symmetry and antisymmetry about the midpoint M-M 

in Fig. C.I. The function F% displayed complete symmetry about M-M, and 

in fact it was only necessary to compute F% for half the values of p 

and p*. This symmetry property is apparent from Eq. C.2, since 

interchanging p and p' leaves F unchanged.
The function F showed approximate antisymmetry about M-M;

that is, when two values of both p and p* equidistant above and below 

M-M are substituted into F , the magnitude of F remains approximately 
y J

the same, while the sign is reversed. For example, Fy with p = 0.8125 

and p* = O.O625 (cell 7 on 1) is approximately equal in magnitude, 

but opposite in sign to Fy with p = 0.1875 and p* = 0.9375 (cell 2 

on 8). The fact that the magnitudes are approximately equal can be 

seen by considering only the first few terms in Eqs. C.I and C.2. 

From Eq. C.I, when only the first term is considered, the antisymmetry 

of F is seen immediately by observing the factor cos np sin np .
y

Since p and p* range from zero to one, the sine factor has symmetry 

about p* = O.5O (M-M in Fig. 0.1), while the cosine factor leads to 

antisymmetry about p = 0.50.

A small computer program, separate from the large-signal 

Lagrangian program, was used in calculating these weighting functions. 

The solutions were printed out on the usual tabulating paper to enable 
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plotting the curves in Figs• C.2 to C. 13, and also on IBM cards to be 

used in the solution of the six large-signal emitting-sole equations. 

There were 128 cards punched, each of which contain 32 values of F 

or F g corresponding to a single value for p and p*. Each card is 

called a table. In the main program at a particular q.-plane, the 

computer is programmed to scan all of the tables when particular values 

of p, p* and | are given, and for these values obtain the appro­

priate weighting functions and thus the space-charge forces.



APPENDIX D. INITIAL VELOCITIES

The initial velocities of the electrons were discussed, in 

Chapter II. It was assumed there that electrons are emitted in four 

different directions in the y-z plane and that these directions are 

distributed symmetrically about a normal to the cathode. It was 

further assumed that the magnitude of the total initial velocity is the 

same in each of these directions. However, if the normalized y- and 

z-directed velocities are computed from these assumed values and used 

in the computations, the resulting solutions are erroneous. This is 

because of the assumption that half of the electrons are injected with 

negative z-directed velocities. This assumption is inconsistent with 

the direction of integration used in the space-charge integrals as 

well as that used in the induced-current integration.

To eliminate this problem, initial z-velocities are first com­

puted at a y-plane very close to the cathode, but far enough from it 

to make all initial z-velocities positive. The initial velocities 

at such a y-plane are derived using Poisson's equation and Lorentz s 

force equation along with the assumption that constant space-charge 

density exists near the cathode (this assumption is consistent with 

the derivation of the large-signal equations). For the assumed 

rectangular geometry, Poisson's equation is given by

SEsc-y 
dy

lppl
e o

(D.l)

-219-
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and the y- and z-component Lorentz force equations are given by

dv
dt I'll (D.2)

and

co v (DC)c y

Integration of Eq. DC yields

(0) + co^y . (DC)

Substituting this along with Eq. D.I into Eq. D.2 and integrating 

yields

Vy(0) + 2( HlEo cd v (0)}y - (of h%l (d.5)
where it has been assumed that the emission material has infinite 

conductivity.
For a negative value of thermionic emission velocity in the 

z-direction, it can be seen from Eq. DC that v% will be positive for 

values of y greater than | v% (0)/co^ |. For a negative emission velocity 

vz(o), corresponding to a cathode temperature of 1200° K, and a magnetic 

field of 57O gauss, a y-value of 2 x 10 5 meters yields a positive v%- 

velocity. This is less than one thousandth of the sole-to-anode spacing 

and is neglected in the computer calculations.
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The initial electron velocity components used in the computer 

calculations are tabulated below for the given values of D and o^/œ.

Table D. 1

Normalized Initial Velocities

Case n uy Uz

D = 0.1, = 0.5 -50° 0.124 -4.865
-10° 0.124 -4.8495
10° 0.124 -4.8325
50° 0.124 -4.8165

D = 0.1, mVcD = 1.0 -30° 0.248 -4.865
-10° 0.248 -4.8495
10° 0.248 -4.8325
30" 0.248 -4.8165

D 0.1, Og/co = 1.5 -30° 0.372 -4.865
-10° 0.372 -4.8495
10° 0.372 -4.8325
500 0.372 -4.8165

D = 0.125, O)c/o> = 0.5 -30° 0.11 -3.905
-10° 0.11 -3.894
10° 0.11 -5.881
30° 0.11 -3.870

D = 0.125, m /m = 1.0 -30° 0.22 -3.9057 c' -10° 0.22 -3.894
10° 0.22 -3.881
30" 0.22 -3.870

D = 0.125, (0c/co = 1.5 -30° 0.33 -3.905
-10° 0.33 -3.894
10° 0.33 -5.881
30° 0.33 -3.870

These values were calculated by also assuming a cathode temperature of 

1200*K, an r-f frequency corresponding to S -band, and emission angles 

n of -50°, -10°, 10° and 50° with respect to a line projected 

normal to the cathode (this corresponds to a = 10° using the notation 

of Section 2.8.2).



APPENDIX E. DEVELOPMENT OF HKB EQUATIONS FROM AN ENERGY ANALYSIS

It will be shown in this section that exactly the same form of 

the HKB equations can be obtained from an energy analysis of the inter­

action. An analysis similar to that of Feinstein and Kino14, and 

Monosov25 is used in conjunction with the HKB assumptions.

The following assumptions are made in this analysis:

1. Adiabatic equations of motion are assumed.

2. Space-charge forces are neglected.

5. Synchronism between the electrons and the wave are assumed.

4. The amplitude of the r-f wave is a slowly varying function of 

longitudinal distance.

5. Nonrelativistic mechanics are assumed.

6. Interaction occurs with only one space harmonic of the r-f wave.

7. There is negligible circuit loss.

8. Ideal hard-kernel bunches are assumed.

9. Kinetic energy transfer is neglected.

The general conservation of energy equation for a crossed-field 

continuously emitting-sole electron-wave interaction can be written as

dP (z)dz 
Li

where

V dZ'/= ♦WT(z,Z',Oo)] -PR(z) ,

(E.l)

A power flow in the direction of the load

E(z)

[E2(z)/(2P2K)J,

the magnitude of the total r-f field,

the propagation factor for the r-f wave,

-222-
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K = the circuit impedance,

PR(z)

Wy(z,z',$^)d$

= joule power loss per unit length,

= potential energy of electrons in a length 

z emitted from a section of the cathode

with length z' in the interval of phase

wT(z,z’,*o)d*

to 0 +d$ per unit length, and 
o o

= kinetic energy of electrons in a length z

emitted from a section of the cathode with

length z* in the interval of phase to

$ +d$ per unit length. 
o o

The coordinate system selected for this analysis is shown in Fig. E.I.

By neglecting the kinetic energy transfer between the electrons and the 

wave and by neglecting the joule power loss, Eq. E.I becomes

dE 
dz

z
i r
2k J 

0

2«
/a* & [wv(z,z’,®o)]

0

(E.2)

An explicit function for Wy(z,z',@,) will now be obtained.

The potential energy function W/z,z',^)d0 can be written as 

W (z,z',$o)d@ = -(^ydO/X , C

where X is the wavelength of the r-f wave, or by inserting the conser­

vation of charge (qd® = d®oIo/vQ),

w (z^'^d® = - yd% ’ 
* o

Differentiating with respect to z gives
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Thus, Eq. E.2 becomes

dz dz

z
i r
2n J

0

(E.6)

An expression for dy/dz will now be obtained from the Lorentz equations 

of motion and substituted into the above expression.

It should first be recalled that in the absence of an electron 

stream the r-f field in the interaction space of a crossed-field device 

is represented by an infinite summation of space harmonics. Each of 

these moves along the z-axis with different phase velocities v^. For 

the assumed two-dimensional geometiy of Fig. E.l, the components of the 

r-f field are given by

CO

Ey(y,z,t) = £ An cos(mt - Pnz) (E.7)

n=-” n

and

sinh By . .Ez(y,z,t) - 2 An sinh Pnb' sinfe* " 

n=-*

When electrons are present in the interaction region, it is assumed that 

the r-f field has the same form except that the amplitudes An become 

slowly varying functions of the longitudinal coordinate z, i.e., the 

amplitude is given by
An = An(z) > (E-9)

where
dA (z)
-2— « PnAn(z) . (E.10)
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The equations of motion for electrons in the crossed-field inter- 

action region of Fig. E.l, under the influence of an r-f field and 

neglecting the space-charge forces, can now be written as

- hlA(z) - P") - "c (E.U)

and. 

= - h|A(z) +“c « '
dt2 

where it has been assumed that only one space harmonic of the r-f wave 

is interacting with the electrons and the subscript n has therefore 

been omitted.

In order to simplify these equations the adiabatic assumption 

is introduced. Under this assumption the acceleration terms in the 

force equations (the left-hand sides of Eqs. E.11 and E.12) are 

neglected. This assumption results in an averaging over electron 

trajectories with an elimination of the cycloidal motion, and applying 

it to Eqs. E.11 and E.12 yields

1 - Vd-M AW cos(œt . Pz) (E.13)

and

g - AW 
c

where v, = E /B. a o
Dividing Eq. E.1J into Eq. E.14 yields the following trajectory 

equation:
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¥ AM slnCmt -

ÏL =----= ----------—5----------------- . (E.15)
d2

c

The hard.-kernel-bunch-pair mod.el of Chapter VI is now applied. 

This assumption stipulates that the charge has become concentrated at 

two phase regions of one period of the r-f wave. These phase positions 

are chosen to be $ = n/2 and = -(«/2), corresponding to the phase 

region of maximum decelerating r-f field and maximum accelerating r-f 

field, respectively. Two trajectory equations therefore result, one for 

the decelerated bunch of electrons and one for the accelerated bunch 

as follows :

A(z) sinh 0y
E sinh 0b’

and

ay2 _ A(z) sinh 0y 
dz ~ ~ Eq sinh 0b' "

(E.16)

(E.17)

Hence, carrying out the integration indicated in Eq. E.6 using

the hard-kernel-bunch assumption yields

dA(z) 
dz

sinh 0y^ sinh 0y 2
sinh 0b ’ "" sinh 0b ’ (E.18)

where A(z) = E(z) when only one space harmonic is present. By using

the normalized variables of Chapter VI, Eqs. E.16 through E.18 can be

o
z

written as

and

A1 (q) 2*C'q[V(P ) - V(? )] 
11 2

(E.19)
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P’ = ± C'A(q) V(P* ) , (E.20)
1,2 2 1,2

where C = (PKIq)/(XvqD), C1 = Pb'/E^, and where the subscript 1 

corresponds to the upper sign, while the subscript 2 corresponds to 

the lower sign. Although the constants appearing in this set of 

equations are not the same as those in Eqs. 6.11 and 6.12 due to the 

different defining symbols which were used, it can be seen that the 

form of these two sets of equations is identical.



APPENDIX F. COMPARISON WITH THE TIME-DEPENDENT ANALYSIS OF YU ET AL.

A large-signal crossed-field distributed-emission analysis has 

been carried out by Yu et al.®* using time as an independent variable 

rather than longitudinal or interaction distance as used in this 

investigation. Essentially the same basic equations are solved in 

each analysis and thus similar results should be obtained. Yu's 

analysis is outlined and summarized in this appendix and comparisons 

with the present study are given.

The model used in the time-dependent analysis is shown in 

Fig. F.I. This theory considers the electron-wave interaction in one 

wavelength Xr (as seen in Fig. F.I) of the r-f wave. As is observed, 

a linear two-dimensional interaction region in a moving y-z reference 

frame is used and it is assumed that all quantities are independent of x. 

g2he r-f slow-wave structure is located at y = a and the emitting 

sole is at y = 0.

The expression for the location of the moving reference frame 

referred to a fixed coordinate system can also be used as a transfor­

mation equation from time to longitudinal distance. This integral 

expression is given by 

t
/(t) = WPr(t)] dt , (F»l)

o
when only one space harmonic (the rth) component of the r-f wave is 

taken into consideration. The length f (t) is shown in Fig. F.I and the 

quantities co and denote the r-f radian frequency and phase constant 

of the rth harmonic component of the wave respectively. The integrand
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in the above equation is the longitudinal phase velocity of this 

particular space harmonic and is in general a function of time. 

Equation F.I will be used in comparing the r-f amplitude growth results 

which are obtained from the two analyses.

The motion of each electron, or rod of charge in the assumed 

linear two-dimensional model, is again determined by using the Lorentz 

equations of motion. By defining two complex quantities as

Z = y + jz (F.2)

and
E = Ey + jEz , (F.5)

where y and z are the vertical and longitudinal coordinates of an 

electron, respectively, and E is the total electric field, the two 

component equations of motion are reduced to one equation given by

- [qE + j [œ/Pr(t)]] . (F.4)

The general solution of this equation is obtained by using the vari­

ation of parameters method, yielding

Z = ZQ + (Zo/jœc){exp [jœc(t-tQ) - 1]} 

where E has been assumed to vary slowly with position and time.

Physically this is justified by assuming that only one harmonic of the 

wave interacts with the stream charge. This assumption is valid when 

the computer integration increment At is kept sufficiently small and 
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the coordinate mesh analysis is sufficiently fine. Equation F.5 is 

solved using a digital computer and yields the y- and z-coordinates as 

well as the y- and z-velocities for each electron. It is observed in 

the above equation that time is the independent variable. The use of 

Eqs. 2.65, 2.66, 2.69 and 2.70 in this dissertation, using longitudinal 

position as the independent variable, is equivalent to the usage of 

Eq. F.5 by Yu et al.

In order to determine the space-charge fields, Poisson's 

equation is solved for the postulated interaction region. However, a 

different method of analysis than the Green's function method presented 

in this report is utilized. The method used was first suggested by 

Hockney13 and consists of dividing the interaction region into rec­

tangles and solving for the space-charge potential at the corners of 

each rectangle. This results in a system of equations for the potential 

functions. The method also uses a Fourier analysis to decouple these 

unknown potentials in the system of equations instead of inverting the 

system matrix. The specific mesh configuration used consists of 48 

vertical divisions and 96 horizontal divisions and thus there are 48 x 96 

potential function equations.

The effect of the electrons upon the wave is calculated in the 

time analysis by writing an expression for the work done by a small 

element of charge phdydz due to an arbitrary displacement As. This is 

given by
AU = -phdydz E^'As , (F.6)

where h is the dimension of the interaction space in the direction 

of the d-c magnetic field and f is the r-f electric field. This 
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expression is differentiated with respect to time and integrated over 

distance to yield the power generated per unit wavelength as follows :

= \
P (t) = -wg r dy J dz[p(E^f ÿ + E^f i)] , (F.T)

0 0

where Xp is the wavelength of the rth space harmonic of the wave and a 

is the sole-to-anode spacing. It should be noticed that this expression 

follows immediately from Poynting’s power theorem37 which is derived 

from Maxwell's equations. This is the specific term due to the motion 

of free charges. Furthermore, when it is assumed that only one space 

harmonic of the total r-f field is involved in the interaction it was 

explained previously (in Chapter II) that the equivalent transmission­

line equation can be used as a substitute for Maxwell’s equations. 

Hence, Eq. F.T and the one-dimensional circuit equation (Eq. 2.11) are 

equivalent calculating procedures to determine the effects of the 

electrons upon the r-f wave.

The continuity of charge equation is also incorporated into the 

time analysis. This expression is given by

p|dydz| = Z PoldyodzoI (F.8)

and relates the charge at position (y, z) and time t to the elements of 

charge emitted from the cathode at initial positions (yo,zQ) and time tQ. 

This relation is used to perform a transformation from final electron 

coordinates to initial coordinates as was also done in this text.

The above equations are solved numerically by Yu et al. utilizing 

a digital computer. The trajectory solutions obtained are "beam 

profiles" of the interaction at various times t, i.e., the trajectory 

positions of the electrons in the interaction region are read out of 
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the computer for several different values of t and each indistin­

guishable electron is represented as a point in the rectangular 

configuration of dimensions Xr by a. Examples of the beam profiles 

obtained are shown in Fig. F.2 for various times T, where is defined 

as one cyclotron period. Notice that the electrons are bunching as 

time is increased. This is qualitatively equivalent to bunching with 

longitudinal distance as observed in this analysis. The equivalence 

is established by recalling Eq. F.I and assuming that Pr is independent 

of time (this would be true for a weak interaction). Under this 

condition longitudinal position and time are linearly related and hence 

bunching in time is the same as bunching with distance except for a 

multiplicative constant. However, a qualitative comparison of the 

trajectories is not possible since individual electrons were not 

followed in the time-dependent analysis.

In order to compare the r-f gain results obtained in each anal­

ysis, the following summary of normalized potential parameters used in 

the time analysis are presented:

1. The normalized anode potential is defined as

Ta = (2nVa)/(aœc)2 •

2. The normalized synchronous potential, which is derived from the 

relation Eq/B = œ/Pr, is given by

(Pg = ((4/%)/(W\) •

3. The normalized r-f potential is defined as

<prf - (2nvrf)/(=<D.)2 .
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In the above definitions is the sole-to-anode potential and the 

other parameters are as defined previously.

Figure F.5 indicates the normalized r-f power as a. function of 

time with anode potential as a parameter as computed using the time­

dependent analysis. This figure shows that increasing the d-c anode 

potential cpg while keeping the d-c magnetic field <oc/a> constant 

increases the gain of the amplifier as time increases. This variation 

is similar to keeping (pa constant and decreasing coc/a), since increasing 

the d-c electric field or decreasing the d-c magnetic field, while 

keeping the other parameters fixed, results in greater vertical forces 

on the electrons. Thus, under either of these conditions the electrons 

approach the r-f structure more closely where the r-f fields are 

stronger. Under the influence of stronger r-f fields the electrons are 

then decelerated and bunched more effectively and a greater energy 

conversion is achieved. In Chapter V (see Figs. 5-11 and 5.14), 

it was found that decreasing the d-c magnetic field did produce the 

anticipated larger r-f gain. However, these results were obtained as 

a function of longitudinal distance and an exact comparison with the 

results of the time-dependent analysis is therefore difficult. None­

theless, longitudinal distance and time are related by Eq. F.l which 

shows qualitatively that as time increases, longitudinal distance 

increases. Thus, the r-f gain solutions obtained in both of the anal­

yses showing larger gains for similar d-c variations are seen to produce 

qualitatively equivalent results.

A further comparison of the r-f potential solutions in each 

theory can be made by observing Fig. F.4. This figure indicates, as 

in Fig. F.5, that increasing the d-c anode potential increases the
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amplifier gain. However, in addition to this, Fig. F.4 shows the 

same results as were deduced in Chapter IV (see Fig. 4.16), namely, 

that a minimum r-f input signal level is required if gain is to occur 

at all. This implies that in order to obtain a favorable electron­

wave interaction, it is necessary to have large r-f potentials and 

hence fields. Under these conditions, as explained above, a stronger 

interaction is then possible.

Yu's solutions also include an investigation of nonsynchronous 

operation with the parameters adjusted such that vq * v^. However, 

the solutions indicate that near synchronous operation results in 

the greatest gain.

The theory and results of the time-dependent analysis have thus 

been outlined and compared with the present study. Electron bunching 

in the interaction region was evident in both analyses; however, a 

specific electron trajectory comparison was not possible because this 

information was not obtained in the time-dependent analysis. Compar­

isons of the solutions for the r—f amplitude for different d-c field 

conditions and various input r-f signal levels were also made and the 

results were observed to be equivalent.



BIBLIOGRAPHY

1. Hull, A. W., "The Effect of a Uniform Magnetic Field on the Motion 
of Electrons Between Coaxial Cylinders", Phys. Rev., vol. 18, 
pp. 31-58; July, 1921.

2. Slater, J. C., Microwave Electronics, D. Van Nostrand, Inc., New 
York; 1950.

3. Collins, G. B. (ed.), Microwave Magnetrons, M. I. T. Radiation 
Laboratory Series, vol. 6; McGraw Hill, Inc., New York; 1948.

4. Dombrowski, G. E. et al., "Study of Crossed-Field Re-Entrant Beam 
Electron Devices", Quarterly Progress Report No. 1, Contract No. 
77592, Spencer Laboratory, Raytheon Co., Burlington, Mass.;
October 15, 1959­

5. Welch, H. W., "Prediction of Traveling-Wave Magnetron Frequency 
Pushing and Voltage Tuning", Proc. IRE, vol. 41, pp. 1651-1653; 
November, 1953•

6. Hull, J. F., "Crossed-Field Electron Interaction in Space-Charge 
Limited Beams", Engineering Report No. 1, Litton Industries, 
San Carlos, Calif.; June, 1958. .

7. Dain, J. et al., "A Review of Experiments with a Linear Magnetron 
Amplifier", AERE Report No. GPR 1227, Ministry of Supply, Harwell, 
Berks., England; 1953*

8. Hull, J. F., "High Power Magnetron Amplifier", Technical Memorandum 
No. M-1450, S. C. Project No. 322A, Signal Corps Engineering 
Laboratories, Fort Monmouth, N. J.; June, 1952.

9« Warnecke, R. et al., "Amplification par Ondes de Charge d'Espace 
dans un Faisceau Electronique se Déplaçant dans les Champs 
Electrique et Magnétique Croises", Acad, des Sciences, Comptes 
Rendus, vol. 235, pp. 470-472; September, 1952.

10. Pierce, J. R., Traveling-Wave Tubes, D. Van Nostrand, Inc., Chap. 
XV, Princeton, N. J.; 1950.

11. MacFarlane, G. G. and Hay, H. G., "Wave Propagation in a Slipping 
Stream of Electrons: Small Amplitude Theory", Proc. Phys. Soc., 
vol. 63, Section 6-B, pp. 407-427; 1950.

12. Gould, R. W., "Space-Charge Effects in Beam-Type Magnetrons", 
Jour. Appl. Phys., vol. 28, pp. 599-6o4; May, 1957.

15. Hockney, R. W., "A Fast Direct Solution of Poisson's Equation 
Using Fourier Analysis", Tech. Report CS6; Computer Sci. Div., 
Stanford University; April, 1964.

-240-



-241-

14. Feinstein, J. and Kino, G., "The Large-Signal Behavior of Crossed- 
Field Traveling-Wave Devices", Proc. IRE, vol. 4$, pp. 1)64-1575; 
October, 1957-

15. Sedin, J. W., "A Large-Signal Analysis of Beam-Type Crossed-Field 
Traveling-Wave Tubes", Tech. Memo. No. 520, Hughes Research and 
Development Laboratories, Culver City, Calif.; July, 1958.

16. Gandhi, O. P., "Nonlinear Electron Interaction in Crossed Electric 
and Magnetic Fields", Tech. Report No. 59, Contract No. DA-56-059 
SC-78260, Electron Physics Laboratory, The University of Michigan, 
Ann Arbor; October, 1960. (Ph.D. Dissertation)

17. VDlkholz, K. L., "Energy Exchange in Crossed-Field Systems", Tech. 
Report No. 75, Contract No. DA-56-059 AMC-00027(E), Electron 
Physics Laboratory, The University of Michigan, Ann Arbor; June, 
1964. (Ph.D. Dissertation)

18. Brown, W. C., "Description and Operating Characteristics of the 
Platinotron--A New Microwave Tube Device", Proc. TRE, pp. 1209­
1222; September, 1957•

19. Dombrowski, G. E., "Theory of the Amplitron", IRE Trans, on 
Electron Devices, vol. ED-6, pp. 419-428; October, 1959-

20. McDowell, H. L., "Research and Development on L-band Crossed- 
Field Amplifier Chain", Quarterly Progress Reports, Contract No. 
AF50(602)-2555, SFD Laboratories, Union, N. J.; 1965-1966.

21. Sussman, S., "X-Band Phased Array Tube Development", Quarterly 
Progress Reports, SFD Laboratories, Union, N. J.; 1964-1965•

22. Chen, D., "An Emitting-Sole Linear Magnetron Amplifier", . 
Crossed-Field Microwave Devices, vol. 2, pp. 225-246, Academic 
Press, Inc., New York; 1961.

25. Hull, J. F., "Crossed-Field Electron Interaction of the 
Distributed-Emission Space-Charge-Limited Type", IRE Trans, on 
Electron Devices, vol. ED-8, pp. 509-524; July, 1961.

24. Hull, J. F. et al., "The Dematron—A New Crossed-Field Amplifier , 
IRE Trans, on Electron Devices, vol. ED-9, PP* 557*5^5; July, 1962.

25. Monosov, G. G., "Electronic Theory of Magnetron-Type Devices with 
Cathode Emitters", Radio Engr. and Elect. Hi^s., vol. 8, No. 2, 
pp. 216-224; February, 1965.

26. Rowe, J. E., "A Large-Signal Analysis of the Traveling-Wave

Ann Arbor; June, 1955• (Ph.D. Dissertation)



-242-

2y» Rowe, J. E., Nonlinear Electron-Wave Interaction Rienomena, 
Academic Press, Inc., New York; 19^5•

28. Schelkunoff, S. A., "Transmission Theory of Plane Electromagnetic 
Waves", Proc. IRE, vol. 25, pp. 1457-1492; November, 1957.

29. Ramo, S., "Currents Induced by Electron Motion", Proc. IRE, vol.
45, pp. 260-277; March, 1955­

50. Hachenberg, 0. and Brauer, W., "Secondary Electron Emission from 
Solids", Advances in Electronics and Electron Physics, vol. XI, 
pp. 415-511; 1959.

51. Hemenway, C. L. et al, Physical Electronics, John Wiley and Sons, 
Inc., New York; 1965.

52. Bruining, H., Physics and Application of Secondary Electron 
Emission, Pergamon Press, Inc., London; 195^

55- Beck, A. H. W., Thermionic Valves, Cambridge University Press, 
London, p. 140; 1955.

54. Yu, B. P. et al., "Applied Research on Time Sequence Analogue of 
Basic Distributed-Emission Crossed-Field Interaction", Tech. Report 
AFAL-TR-64-510, Electron Tube Division, Litton Industries, Air 
Force Avionics Laboratory, Research and Technical Division, Air 
Force Systems Command, Wright-Patterson Air Force Base, Ohio;
April, 1965.

55. Lindsay, P. A., "Velocity Distribution in Electron Streams", 
Advances in Electronics and Electron Physics, Academic Press, 
Inc., New York, vol. 15, pp. 181-511; i960.

56. Lindsay, P. A., "Steady State Theory of Linear Magnetrons", 
Jour. Electronics, vol. 8, No. 5, pp. 177-206; March, i960.

57• Ramo, S. et al., Fields and Waves in Communication Electronics, 
John Wiley and Sons, Inc., New York, pp. 2^2-245; 1965.

58. Yu, S. P. et al., "Time-Dependent Computer Analysis of Electron­
Wave Interaction in Crossed Fields", Jour. Appl. Phys., vol. 56, 
pp. 2550-2559; August, 1965.

59. Hess, P. N., "Production Development of the L-5968 Dematron", 
Final Tech. Summary Report AF50(602)5592, Electron Tube Division, 
Litton Industries, San Carlos, Calif.j March, 1966.



LIST OF SYMBOLS

A^c(q) Normalized d-c potential anplitude defined as a
function of normalized distance q in Eq. 2.55»

A^c(z) Normalized d-c potential amplitude defined as a
function of longitudinal distance z in Eq. 2.^4.

Apf(q) Normalized amplitude of the r-f potential defined
as a function of normalized longitudinal distance 
q by Eq. 2.56.

^rfNormalized amplitude of the r-f potential defined 
as a function of longitudinal distance z by 
Eq. 2.75.

A^ Normalized amplitude of the r-f potential at the
° r-f input plane q = 0.

a Width of the interaction region in the magnetic
field direction, m.

B D-c magnetic field intensity in the x-direction,
webers/m2.

b' Sole-to-anode spacing, m.

Cb Capacitance per section for a backward-wave
structure, farads-m.

Cf Capacitance per section for a forward-wave
structure, farads/m.

D Gain parameter of the tube defined by
nâ [<uc/œ(IoZo/2Vo

c
d Loss parameter of the slow-wave circuit, 

d = R/2mLD.

E D-c electric field between the sole and the anode,0 E = V /b*. 0 a7
E .E^ y-directed and z-directed total electric fieldy z components.

ÎM 
ÎM

D-c electric field, volts/m.

Space-charge electric field, volts/m.
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Esc-y'Egc-z y-directed and z-directed space-charge electric 
field components.

£ The sum of the kinetic and potential energy of an 
electron defined by Eq. A-5•

Fy'Fz y- and z-component space-charge weighting functions 
defined by Eqs. B.1U and B.ll. ----

f R-f frequency, cycles/sec.

h Width of the emitting-sole electrode, m.

•^o Thermionic emission current from the sole electrode 
given by Io = hLeJth.

Iy’Iz y- and z-component space-charge integrals defined 
by Eqs. B.15 and B.16.

Jth Thermionic emission current density, amp/m2.

k Boltzmann’s constant, joules/°K.

L Length of the crossed-field tube from r-f input to 
r-f output, m.

Le Length of the emitting-sole electrode, m.

Self-inductance per section for a backward-wave 
structure, henries«m.

Lf Self-inductance per section for a forward-wave 
structure, henries/m.

M Number of electron emission points.

m Number of electrons injected from each emission 
point.

P Normalized vertical coordinate, p = y/b’.

po Normalized vertical initial coordinate of an 
electron (pQ = 0).

Pl,2 Normalized vertical position of the favorable and 
unfavorable hard-kernel bunches given by
Fi,2 -

Pl,2 Normalized vertical position of the favorable and 
unfavorable hard-kernel bunches given by 
Pl,2 = ^1,2'

q Normalized longitudinal coordinate defined by 
q = DPqz.
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Normalized initial longitudinal position of an 
electron.

Normalized longitudinal distance from the r-f 
input plane to the r-f output plane.

Normalized longitudinal length of the emitting­
sole electrode.

Normalized longitudinal distance at which the d-c 
magnetic field begins to decrease linearly.

Resistance per section for a backward-wave 
structure, ohms/m.

Resistance per section for a forward-wave 
structure, ohms/m.

Temperature of the cathode, °K.

Time variable, sec.

Emission time of an electron, sec.

Normalized y-directed velocity parameter defined
by Uy = (%/œVq ) (dy/ dt ).

Normalized z-directed velocity parameter defined 
by (dz/dt) = vn(l+2Duz).

Initial y-directed electron velocity.

Initial z-directed electron velocity.

Normalized y-directed velocity parameters for the 
favorable and unfavorable hard-kernel bunches 
given in Eq. 6.7«

D-c sole-to-anode voltage, volts.

R-f voltage impressed upon the slow-wave circuit, 
volts.
Voltage equivalent of the r-f wave phase velocity 
defined by Vq = v^/2r], volts.

Scalar sum of the d-c and r-f potentials defined 
by Eq. 2.50, volts.
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V(p,q,$) Scalar sum of the d-c and r-f potentials defined 
as a function of normalized coordinates by
Eq. 2.56, volts.

Vsc(y^) Space-charge potential given by Eq. B.?, volts.

VT Total electric potential including the d-c, r-f 
and space-charge potentials, volts. '

D-c potential defined by Eq. 2.^4.

Vdc(p,q) D-c potential in terms of normalized variables 
defined by Eq. 2.55.

vrf(z,t)

Vrf(q,*)

R-f potential along the slow-wave structure, volts.

R-f potential along the slow-wave structure defined 
as V^(q,$) = Re[(loZo/D)Arf(q)exp(-j$)], volts.

Vrf(p,q,*) R-f potential in the interaction region defined 
as a function of normalized coordinates by
Eq. 2.53, volts.

V Velocity vector of the electron, m/sec.

ve Characteristic velocity corresponding to the 
cathode temperature defined as vc = (2kT/m)x/2, 
m/sec.

vd Average electron drift velocity defined by

SC
Vd

vd = Bo/Bo' Vsec.

Average electron drift velocity due to the d-c and 
space-charge fields defined as v^ = CsL +E )/b .

d ' de sc ' 0^
m/sec.

Vo Unperturbed circuit phase velocity of the r-f 
wave, sec.

Vph The phase velocity of the r-f wave defined by 
Eq. 4.2, m/sec.

V r Velocity coefficient defined by v = /l+2Du |
•|l/l-D(èec/dq)1, m/sec. ° °

Vx# Vy, Vz Velocity components of the electron in three­
dimensional velocity space, m/sec.

y Vertical position of an electron, m.

yo Initial vertical position of an electron (y = 0).
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Zo Characteristic impedance of the r-f structure, ohms

Z Longitudinal coordinate, m.

zo Longitudinal initial position of an electron, m.

a Emission angle as displayed in Fig. 2.4, radians.

a Slope of the linear d-c magnetic field taper in the 
longitudinal direction.

3 Phase constant of the r-f wave given by 3 = d<t/dz, 
1/m.

Pc Cyclotron phase constant defined by 3C = œc/vo> 
l/m«

Phase constant of the "cold" circuit wave defined 
by 3O = a/vo, 1/m.

6 Secondary emission ratio.

%
Dielectric constant of free space, farads/m.

n
Charge-to-mass ratio for the electron.

9c Phase angle of the r-f potential relative to the 
electron. '

X,A Induced current integrals defined by Eqs. 3.13 and 
3.14, respectively.

t(y) D-c potential parameter given by ^(y) = y/b’ •

s(p) D-c potential parameter as a function of the 
normalized vertical coordinate given by |(p) = P*

p(y,z,t) Instantaneous charge density of the electron 
stream, coulombs/m3.

pi
First forward space harmonic of the r-f induced 
charge, coulombs/m .

p(z,t)
Induced charge on the r-f structure, coulomb s/m.

po
Space-charge density at the entrance plane (y = 0) 
defined by Pq = - (Jth/vc )p^ coulombs/m3.
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pâ Normalized charge density at the entrance plane 
(y = o) given by = Vît- -

$(z,t) Instantaneous phase of the fundamental r-f wave 
component relative to the stream defined by 
$ = ojz/Vq - mt - 9^.

$ o
Entrance phase of an electron.

*(y) R-f coupling function defined by 
\|r(y) = sinh py/sinh Pb*.

t(p) Normalized r-f coupling function defined by 
t(p) = sinh pob’p/sinh pQb’.

0) Angular frequency of the r-f wave, radians/sec.

%
Cyclotron angular frequency defined by m= = nBy 
radians/sec.

°pc
Cathode plasma frequency, defined by Eq. 5.1, 
radians/sec.

n Emission angle of an electron with respect to the 
cathode normal.


