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I. Introduction

Let gy'be a group of even order g and let /\ denote
the center of the group ring of gz formed with regard to a
field of characteristic 0. As 1s well known, the classes
of conjugate elements Ky» Ké,---, Kk of 2% form a basis of
/\s Where each class is Interpreted as the sum of its ele-~

ments.e We then have formalae
(1) KK zZ;aijth

where the aijt are rational integeras = O,

In sectlon II we will obtaln some information concern-
ing the mmltiplication of classes of elements of order 2.
These results will have frequent application throughout this
paper. They lead easily to our first theorem, which states
that 2%—properly contains a normal subgroup of bounded index,
the bound depending only on the ratio of the order of 2? to
the nurber of elements of order 2 which are contained in 57.

When we speak of a representation or a character of(;%
we mean a representation in the field of complex numbers and
the corresponding character.

If p 1s a given prime dividing the crder g of 2%} then

the irreducible characters of gV are distributed into "blocksa"

such that every character belongs to one and only one block.?t

" Tgee Re. Brauer and C. Nesbitt, "On the Modular Characters of
Groups," Ann. of Math. 42, No. 2, 1941.
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If pa is the highest power of p dividing g, then a charace-
ter of a degree divisible by pa forms a block consisting of
this one character alone. Such a block is said to have
"defect" 0. More genereslly, a block B 1is sald to have
"defect" 4 if pa""d is the highest power of p which divides
all the degrees of the characters belongling to B.

R. Brauer has shown2 that the gquestion of finding the
number of blocks of defect 4 > O can be reduced to the study
of grouns of order smaller than g, The methods employed do
not give results of the same kind for blocks of defect 0, and
in general very little 1s known concerning conditions suffi-
cient for the exlistence of such blocks. We propose, in sec-
tion IV, to obtaln some information in this connection.

In sections V and VI we will Investigate groups gycd‘
even order which contain no elements of order 2p for p an
odd prime. Our main result will be a characterization of
the linear fractional group LF(2, 2%) consisting of all
matrices of degree 2 and determinant 1 with coefficients in
the Galois fileld with 2% elements. In this connection we
have the following theorem:

Let ;Z‘be a group of order 2%g’, g’ odd. If ;Z contains
no element of order Z2p for p an odd prime, and if the 2~
Sylow subgroups & are Abellan, then one of the following
| cases rust hold:

(a) # 1s a normal subgroup of gﬁ.

zR. Brauer, "On the Arithmetic in a Group Ring,” Nat. Ac.
of Sciences, 30, No. 5, 1944, p. 112, Th. 4.




(b) /& 1s eyelic and ? contains a normal subgroup
of index 2a.

(e) % is 1somorphic to LF(2, 2%).




ITe Onn the Multiplication of Classes

We shall use the following notation:

Gt denotes an element of the class Kt'

7?(Gt) 13 the normalizer of Gt'

gt i1s the number of elements in Kt‘

= £ 1s the order of 77(Gt).

n
t gt

T s the element of /\ which 1s the sum of all ele-

ments of order 2.
2
% =) b K,
where the b, are rational integers = O.

”;} For G, not of order 2, bt 1s equal to the numbsy of

t
olements of order 2 which transform Gt into Gt'l. For Gt

of order 2, bt is one less than the number of elements of

order 2 in 7{(G.). For every t, b, = n..

Proof: For Gt fixed, bt 13 the number of solutions of the

equation PQ = Gt with P and Q elements of order 2. Ifr

(P, Q) 1s a solution, then P']‘GtP = ¢ L.
1

for P of order 2, we get Q = PGt' Then

Conversely, 1if
-1 L
P GtP = Gt

PQ = Gy and Q wlll have order 2 provided that G_ # P,

t
The last statement in (A) follows from the fact that

the total number of elements in ?which transform Gt into

¢, "1

t is etther O or Nye
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As an immediate consequence of (A), we have

(B) 1If Ky and Kj are classes of elements of order 2, then

aijt'ﬁ Nys and aijt = 0 1if Gt 1s not conjugate to Gt'l.

It may be advantageous (for example, in applying theo-
rem 3 on page 1l3) to know conditions under which bt is
actually egqual to n,. Our first result of this kind will
be found useful in IV.

-1
(c) 1r Gt

the 1dentlty commutes with Gt and an element of order 2,

1s conjugate to G, and no element in é?’except

then bt = nge Moreover, there exists a class Kr of elements

of order 2 such that arrt

classes of elements of order 2, then aijt = 0 except when

= N3 and if Ki and KJ are two

both 1 and J are equal to r.

Proof: Let G = Gt and let A be any element such that

A-lga = 6=1l. Denote the order of A by 2%v, where v 1s odd.
Then ¢ # O, since A i3 in 2UG) and A is not in FUG).
The element A can be written in the form A = PV = VP, where
P is of order 2% and V is of order v. Moreover, V 1ls an
even power of A. The last remark implies that V is in

1GP = G-l. Since P2 lies in UG), P2 mast have

NG) and BT
odd order. Then P has order 2.

Under our assumption, the n, elements N™1PN with N in
UG) are distinct. They are therefore the only elements
which transform G into G~Y. Let Q = PGe. Since Q transforms
G into G™}, Q is conjugate to P. Statement (C) then follows

from the fact that (N-IPN)(N-lQN) = @ for every N in 7UG)e.
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(D) Assume that G 1s conjugate to Gt'l and that the only

elements of U(Gy) which commute with elements of order 2
are powers of G, . ‘hen either by = ng or b, = 0. 1In the
latter case, G¢ has even order and generates 77?(Gt).

Proof: We again set G = Gyg. If G has order 2, then 27U(G)
has just two elements and by = O by (A). Therefore we may
assume that G # 1, Let A be any element such that A~lga = g~
As in the last proof, A = PV = VP, where P is of order 2c,

¢ Z1, and V 1s of odd order. Moreover, V lies in 27{(G) and
P’lGP = g-t, By our hypothesis, V 13 a power of G. Hence

-1 V, V2 =1, V=1, A has ofder}zc. Since A2

p=lyp = v
l1ies in )?(¢), AZ 1s a power of G. This implies that
A=la%A = A“g, and therefore A has order 2 or 4.

Suppose that A has order 4., Then G must have even order
and a power of G has order 2, This means that »{(G) is
generated by G.

Now the most general element transforming G into a-1
is of the form.AGd. Such an element has order 4, since its
square is egual to A2, We have thus shown that all the ele-
ments which transform G into G~ have the same order, which

is either 2 or 4. Since the number of such transforming

elements is n., we obtain (D) by applying (A).




IXII. Proof of Theorem 1

In preparation for the proof of theorem 1, we establish
two results, the first of which 1s:
(E) Let h equal the number of conjurate classes in ?each
of which i1s egqual to its inverse class. Let m denote the

total number of elements in ? each of which is of order 2.

Then

Proof: Let KO be the l-class and let Kl’ Kz,* ., KS be the
8 classes contalilning elements of order 2. For any class Ki’

let Ki"l denote i1its inverse class. Then
o, o '
T = mk, +2 byK, + 2. b,K,,

where the last sum is to be taken over the (h - 1 - s)

classes Ki with Ki = Ki"l and 1 #¥# 0, 1, 2,°***, 3. HKach side
of the last equ-tion 1s the sum of a certain number of ele-

ments of g. If we count the number of elements we obtain

2 ' d
m< = m +ibigi + Zbigi'

By (A), bi:—’: n, ; and for i = 1,°*+*, s, biS n, = 2., Then

s
< -
%bigi“‘ gs 2me.




e

e R

el B e

T

Thls glves
m25m+gs-2m+g(h-1—s),
h = 1;2.£fi;LJE.

g

(F} There exists a degree f of a real character distinct

N

from the l-character such that
£ <&
m

Proof: If we denote by fi the degrees of irreducible repre-

sentations, we have

1+3r5°%<g,
where the sum IE 1s taken over the degrees of all the real
characters distinct from the l-character, There will be
h -« 1 terms in the sum EE, since the number of real charac-
ters of a group 1s the same as the number of conjugste classes
each of which 1is equal to 1ts nverse class.5 If we denote

by £ the smallest of the degrees appearing 1in Z, then

(b - NP =g - 1,
-1

- »

2 <
r~ =g

2 « - 1
f“mm-&» 4

by (E).

Theorem l: Let g have even order g and let m be the number

of eleents in ?of order 2. Then either 7contains a

normal subgroup of index 2 or ? contains a normal subgroup

5G. Frobenius and I. Schur, "Uber die reelen Darsteliingen

der Gruppen,'' S.=B. Preuss. Akad. Wiss., Berlin, 1906, p. 186.
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O, distinct from %, such that the index of JU is not

greater than
] (n—l)[Z(n)+2J
Ne 5 t 4

where n is the greatest integer not exceeding g/m and Z(n)
denotes the number of primes smaller than n + 1l.
proof: By (F), % has an irreducible representation <~ which
1s dlstinct from the l-representation, has a real character,
and i1s of degree f = n, If J~ 13 an imprimitive group of
linear transformations, then there exists a homomorphism of
gf onto a transitive permitation group on k letters, where
2=k = f.4 Let X be the kernel of thls homomorphism.
Or # % and the index of <7 in ? is not greater than nl.

If & 1s a primltive group, let /& be the kernel of the
representation :/E. Then fis a one-to-~one irreducible

representation of %. Denote by %the center of %’.

Here X 1s a normal subgroup of %. By a result of Blich-
feldt,s the index of OT in gZdoes not exceed

al S(n-l) [Z(n)+2j .

Therefore theorem 1 is established provided O( is not equal
to 7. But 1if Ol is equal to ?, then f rmust be 1, since %
is 5belian. The character of & being real then implies that
J (@) =% 1 for all G in %. Since o~ 1s not the l-represen-
tation, the index of//é/in gis 2e .

4}1. Fe Blichfeldt, Finlte Collineatlion Groups, Univ. of

sChicago Press, 1917, p. 77.
Ibidn, Pe 103.




IVe On the Existence of Blocks of Defect O

A block of defect O 1s sometimes referred o as a
"block of highest kind"j; one of defect a 1s often called s
slock of lowest kind."

Our first result in thls section, namely theorem 2,
holds for any group g, whether of odd or even order.

It 1s well known that the lrreducible representations
ol % in the fleld of complex numbers can be so chosen that
thelilr coc.'7icients lise in an algeb:i'aic number field ﬂ. We
denote by /\ the center of the group ring of % formed with
regard to {)l. Thon every irreducible churacter XL of %

determines a linear chairacter &p. of /\; m“. i1s given by

(2) o (K ) = 51 Aul
o1

where
Xy = AR

and fp 1s the degree of K‘, and 84 1s the number of ele-

ments in Ki. Applying w“‘ to both sides of (1) we obtailn

cou(Kr)cou(Ks) = %arst&’u(Kt) .

By (2), this can be written

- 10—
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><hr‘)gs = arstgt;)gt

o Erfq

Multiplying both sides of the last eguation by :X&h’ where

———

the bar denotes "complex conjugate,” next summing over all
ps, and then applying the orthogonality relations for group

characters, we obtain

—————

é%%; >%rj§§sj)ah = a

nn
rsh »r s8°

R
v

We shall use (3) to derive a result concerning the
exlstence of blocks of defect O,

Let gfhave order g = p°g for p a prime and (g”, p) = le.
Let(yP be a prime 1ideal divisor of p in.fl, @a1d denote by
the center of the groun ring of 5[ formed with regard to the
residue class fleld of the ’‘ntegers of _rZ(nxxigf Jeo Ve now
prove:

Theorem 2: The claosses Kr of’ gz with n, prime to p form the

——

basis of an invariant subalgebra M of A . There exist blocks
of 27 of defect 0 if =-nd only if M= # 0. If K. 1s a class

in M, then Kr will be nilpotent only if Krz is already O.
Proofs Let Gy, be a flxed element of the clszas Kpe Then

a i1s equal to the number of ¢ astinct solutions (A, B),
with A in Kr and 12 in Kos of thie eyuation AB = G, . If (A, B)

h
is a given solution let 7ﬂL;be the intersection of Z2¢(A) and

2UB). It is easlly seen bthat the number ol dilstinct solu~

l }1\

tions of the form (N~ AN, N~YBN) for W in 2U(G,) 1s equai to

the index of 72' in ?’((Gh). This index will be divisible

by p if n, is divisible by p and o is prime to pe. It

i)
follows that




8 ah = 0 {mod p)

for Kr in M and K  not in Me 7This proves the first statement

in theorem 2.

Now we let Kr' and Ks be any two classes in M and set

a
fp' = p r‘:t‘l; for (f; s P) = 1. Equation (3) then becomes

, Zpa"d” Xtri%{;s K -

(4) & rsh v 8"

Ir K K ‘#- 0 (mod p), that i1s, 1f there exists an h such that
rsh# 0 (mod p), we take this h in (4). i#ach side of (4) 1is
then a p-integer #O (mod} ). Hence there exists some .

such that
f =Z0 (mod p )

Xm. #0 (moa g),
7@3 £0 (mod ),

Thls moans that if g has no p-blocks of defect O, then MZ = 0,
The converse follows from a theorem of R, Brauer.7

To get the last statement in our theorem, we take r = s
in the above. Then Krg # 0 (mod p) implies there exists an
cop. such that mu.(Kr) # 0 (modf )e S:T;r.lce mu taken {(mod f)
1s an irreducible representation of A, Kr cannot be in the

radical of A . Then since A is a commtative algebra, K,
cannot be nilpotent. This completes the proof of theorem 2.

G4 ~integer 18 a number which can be expressed in the form

a./p where a and p are Integers of fL and B is prime to R
ﬁso(modg)m@ansa——o(mod le

Th0n the AmithGetic in a Group Ring," National Academy of

Sciences, Vol. 30, 1944, p. 112, . B




We return now to a group of even order. As before, we

denote by T the sum of all elements of order 2 in %7’
2
= b .
¥ =D b K,
a
Let 2 © be the highest power of 2 dividing ge. Let p be a
fixed odd prime dividing g,

a ’
g=pag’, (87 p)=1,
and let pc be the highest power of p which divides any of

a
the degrees fu not divisible by 2 °. We now prove:

Theorem 3: Assume é? contains no element of order 2p, for
some flxed p. Then pa-c divides bt for every t. If for
some t (bt’ p) = 1, then there exists a )Ch such that

i

T
"

£, #0 (mod 2% ),

0 (mod p?),

(G.) 0O (mod . ) where . 1is a
jZ? t * F F
prime ldeal divisor of p,

XH(A) 750 (modég) for some A of

order 2.

(5)

Proof: Let Kl’ Kg,---, K be the classes of elements of
order 2, so that T =:§;K1. Then
2 Z
TV = KX, = b, K, .

Using the same method applied in deriving (3) we obtain




Here we need sum only over p such that fu # 0 (mod 2%),
= a
since if fu:= 0 (mod 2°°), then 7(ﬁ vanishes for all ele-
8
ments of order 2 in ?L. Settling

N = > j(ﬁijxﬁj’

S R N

d
£f =p ”f; for (f; s P) = 1, and o, =c - d = 0, we then

n N
have -
S
(6) o S 2 etk L By
B B P

Since i? contains no element of order 2p, (n,, p) = 1 for
i=1, 2,***, 8. Then fiu is a p-integer, each side of (86)

i1s a p-integer, pa-e divides bt' 1r (bt’ p) = 1, then for

some u
O moad

and the theorem l1s proved.

For any element 3, we denote by n(G) the order of the
normalizer J{(G) of G.
Corollary 1l: Let g = p®g”, p an odd prime. If

(a) % contains no element of order 2p, and

(b) e% contalins an element G not of order 2 such that
n(G) is prime to p, 2{G) is Abelian, and there
exists an element Q of order 2 trausforming G into

G‘l,

8
See R. Brauer and C. Hesbitt, "On the Modular Characters
of Groups," p. 565, The. le.
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then there exlsts an irreducilble character ;(L such that
Proof: We set G = Gt' By (A) bt equals the number of ele-

moents of order 2 which transform G into G'l. The most general

element transforming G into G"‘1 1s QN for N an element of

M(G)e If QN has order 2, then QNQ = N-l. Conversely, if

QNQ = N1 for N an element of 7U(G), then QN has order 2,

O e

since Q 1s not an element of Y{(G). Therefore by equals the

number of solutions N, for N an element of 7{(G), of the

equation QNQ = N-l. Since J1(G) is Abelian, these solutions

g o e R

£ 2

o

form a group of order b,. Hence bt divides n(G) and 1s
therefore prime to pe.

Remark: It 1s obvious that Corollary 1 remains valid if we
replace (b) by the following assumption:

(b”) There exists an element G not of order 2 such that G

is conjugate to G’l, all elements which trasnsform G Into G

-1
have order 2, and n(G) 1is prime to pe
¢ As a speclal case of Corollary 1 we have the followlng

results

. Corollary 2: Let %7 have even order g divisible by an odd

prime Py Assume that contains no element of order pyn

for n prime to pq (n # 1), and that some element of order
plm, m >0, 1s conjugate to its inverse. Let p be any other
prime dividing g (p ¥ 2 or pl). Then 1f ?} contains no ele-
ment of order 2p, there will exist a ;(ﬁ which forms a p-

block of highest kind, which belongs to the ploblock of
lowest kind, and which does not form a 2-block of highest
kind.




Proof: For any prime q, a class XK 1s called "geregular"
if 1ts elements have an order not divisible by qe¢ A class
which 1s not g-regular is called "q-singular." R. Brauer
has shown that the number of g~blocks of defect 4 is less
than or equal to the number of g-regular classes Kt for
which qd is the highest power of q dividing nt.g Since 27
contains no element of order pln for n prime to pl, the only
pl-regular class Kt with n, divisible by p1 1s the l-classe.
Hence there 1s exactly one pl-block of lowest kind and all
other ploblocks are of highest kind.

By hypothesis, there exists an element P of order
plm, m > 0 with P conjugate to p~L. Since & contains no
element of order pPyn for n prime to pl’ it follows that
n(P) 1is a power of Py and that no element except the identity
commmutes with P and an element of order 2, Ve now anply (C)
with Gt tdcen as P, and find that

b, = n, = n{P).

By theorem 3, there exlists a ;(; such that

f“ = (mod pa)’
£, 7 (mod 2%y,
7%(?) # 0.

10
:Xi cannot form a pl-block of highest kind, and so rust
belong to the pl-block of lowest kind,

gR. Brauer, "On the Arithmetic in a Group Ring," p. 111, Cor. 1.

loSee Re Brauer and C. Nesbitt, "On the Modular Characters of
Groups," pe. 565, Th. 1.
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Ve On Groups Containing No Flement of Order 2p

for p an 0dd Prime

In this section we shall consider groups gy.satisfying
the following assumption:

(*) ? has even order and contains no element of order 2p
for p an odd prime,

It follows easlly that the order of an element of g%.is
either odd or a power of 2, and that i1f P is an element of
order 2k, k =1, then n(P) 1is a power of 2.

If o7 has order 2%g“, for g’ odd, then the number m of
elements of order 2 in ? 1s at least g’ Theorem 1 then
yields:

(G) For a fixed integer a and an arbitrary odd integer g%,
there exist only a finite number of simple groups of order

g = 2%g” which satisfy (. In fact,

g = 22 5(2°-1) [z(2%)-2]

a
(H) 1f g} has order g = 2 g° (g odd) and satisfies (#¥),
then either g = 22a(2a - 1) or all elements of order 2 are

conjugate.

Proof: A class K will be Z2-singular 1f and only if the

order of its elements 1s a power of 2, We will always denote

the r 2-singular classes by Kl’ Ké,*-v, Kf. Since every
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element whose order 1s a power of 2 1s conjugate to an ele-
ment of a given fixed 2~Sylow subgroup, it follows that
r=2% _1,
Suppose that K, and K2 are two dlstinct classes con-

1
talining elements of order 2.

KKy = ;E:aleth

Let G, be an element of K,. For G, of odd order, alzt = 03

t t t
this follows from (B) if ¢, 1s not conjugate to Gt'l, and
from (#) and (C) ir Gt 1s conjugate to Gt"l. Hence
r

(7) 1K = :gzaltht'

This implies that

I &
= a
s T T 12t ng
By (B)
B
= gy
nyn, ’

g = nlnzr,

g = 228(2% o 1)
() Let % have order g = 2ag' (g7 odd) and assume % satis-
fies (¥). If a 2-Sylow subgroup contains more than one ele-

ment of order 2, then

a=1
& = 22a(2 2

2a | 2% L 1) .

Remark: If a 2-Sylow subgroup 7 contains only one element

of order 2, then either / is cyclic or A’ is the generalized
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11
quaternion groupe. It can be shown that in either case %7
contains a normal subgroup of Index 2a.

Proof of (I): Because of (¥), %7 has exactly one block of

lowest kind and 811 other blocks of %7 are of highest kind.
Denote by x the number of degrees fu in the block of lovest

kind and by y the number of blocks of highest kind. Then
z 2
= £2+ 2% =g = 2%
3

Let h be the number of classes of 57 each of which is equal

to its Inverse class, snd let h” be the number of the remain-

ing classes,.

y = h + h - x.

By (E),
Pe
h_lzs_g_.:_!: .
o2
An easy calculation then yields
3 2 2 a
(8) er’ﬁ-z‘x-ega-z.
1l

We next show that x = 2%, ILet P be an invariant element
of crder 2 of a 2-Sylow subgroup . We consider the matrix
of the generalized decomposition numbers of %y.for 2.12 The
submatrix which corresponds to the section P wlll have but
one columm (d ), since /U(P) =+ The d are rational

B B
integers and :E du.2 == 23‘.15 Moreover, du, for p = 1,..+, x
&

IIW. Burnside, Theory of Groups of Finite Order, Sec. Hd.,
Cambridge, 1911, pe 132« '

12:. Brauer, "On the Connection between the Ordinary and the

Modular Characters of Groups of Iinilte Order," Ann. of Mathe.

42, Noe. 4, 1941, pp. 927-929,

131b1d., p. 930, Th. 4.




- 20 -

14

cannot be zeroe. Hence

x = 22,

Now let Kl be the class containing P, 3Jet g = 2aﬂbia1
where the p; are distinct odd primes, and let pici be the
highest power of Py dividing any of the fu in the 2=block of
lowest kind. By theorem 3, TTpiai-ci divides bye Because
of (A) and our assumption on 77, bl 7# 0. Hence

8. =C-
TTpi =0,

a. . C-
(8 ) g’ = Trpi i = biﬂ'pic* = 2£LTTp1 4

By a theorem on the gecometric and arithmetic means,
1/x

X x
ITe 2) 1> ¢ 2
1 U X7

B

By (8) and the 1nequality x f52a, we obtain

(TT )1/:: 28 _ 2% |3,

Since 77'p1 % g1vides TT'f .

. 2
TTbic* fg(zz. - 2a - l)x/
a=1
=(2°® _ 2 _ 1)2 .

This last inequality together with (87) establishes (I).
(J) Let iy,satisfy (¥). If the 2-Sylow subgroups of 27 are

1z

Re Brauer, "On Blocks of Characters of Groups of Finite
Order II," Nat. ic. of Scilences 32, No. 8, 1946, p. 217,
The 4.




Abelian, then the in:ersection of any two distinct ones

is 1.

Proof: Let 2C3 and Zz; be two distinect 2-Sylow subgroups.
IfQ# 1 1is 1in ch, then 70Q) = Zzi because of (¥ .

(K} If the 2-Sylow subgroups of %y are Abelian and if A 1is
any element of order 2, n = 2, then A is not conjugate

to AL,

Proof: If B™IAB = A_l, we may assume that the order of B

1s a power of 2. Then the group Zﬁ_generated by A and B

is a group whose order is a power of 2, Henceﬂzﬁ is con-
tained in a 2-Sylow subgroup. Since the latter is Abelian
and_zﬁ.is non-Abelian, we have a contradiction.

(L) 1I1r 3? satisfies (#) and if its 2-Sylow subgroups 7= are
Abelian, then elther 7~ is a normal s bgroup of %7.or all
elements of order 2 are conjJugate in gz. In the latter case,
A mast be of type (2™, 2M,<++, 2M),

Proof: If not all elements of ordsr 2 are conjugate, let

K1 and K, be two classes containing slements of order 2. By

2
(K) and (B), (7) becomss

._s—-
(%) e = Zl *12¢%¢

Pt

where Kl' K2,"', Ky are the classes containing elements

of' order 2.

Let Gi be an element of Ki and denote by 76; the Sylow

subgroup containing Gl. Now let Z° be any 2-Sylow subgroup.

We may sssume Gz ig in A, By (9), Gle = } 1s an element
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of order 2, Hence G_ i3 an element of 7’2((}1) == ?91. But

P

{}2 1s in 7. By (J), P = Wl and (é{contains only one 2«

Sylow subgroup. Hence the normalizer of 7- 1is g. This
proves the first part of (L).

To prove the second parkt, we first show that if 3 1s
any element of 7~, then the normalizer (7)) of 7 has
order n = 2ab, where 2° 1s the o:rder of # and b is the number
of elements in 77 which aro conjuzate to Q in %. Denote
these b elementa by 0 = Q_l, Q_p*"*, Qb. Since O is conjugate

2
to 0, In U F), there existz an N, in 2U(7) such that

Y
-1 ,
Ny "QNy = Qs
tinet cosets of U A) mod . Since Q) = 72, every N

in 7(A) 1is in one of these b cosets. Hence n = 2%b,

for i = 1, 2,***, bse The N3 represent b dis-

Under our assumption that all elements of order 2 are
conjugate, n = 2a'b, where b is the number of elements of
order 2 in F. By what we have just proved, the elements of
7 distinct from 1 are distributed into r families, two ele-
ments being in the same family 1f and only if they are con-
Juzate 1in ? » and ench family contains the same number b of
elements. It follows that the number of elements in 7~ of
order Qm, for any filxed m, is dlivisible by be.

Suppose now that #A’ 1s of utype

m k k k
(2m, 2 ’Qo.’ 2301’ 2‘.’ 2 z’o-o' 2-&.),

s terms c=8 terms

with m > kl = ki > Do then b = 2° - 1 and the number of




m -
elements 1in Zp’of orier 2 is Za s

s
2 - 1, we rmst have ¢ = s, c

L

of (L)c

(23 - 1l)e 3ince b divides

fhis completes the proof

i
@
»
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VIe A Characterization of LF(2, 2%)

Lemma: Assume Q? has the following properties:
(a) Its order is g = 2%g’, g’ odd, a = 1,
(b) Its 2-Sylow subgroups / are Abelian.
(c) It contains no element of order 2p for p an odd
prime.
Then we must have one of the following cases:
(a) 7° is a normal subgroup of g{.
() 7° 1s cyelic and gy'contains & normal subgroup of
index 2%.
(v) P is of type (2, 2,°**, 2).
Proof: Because of property (c¢), %7 has exactly one 2=block
of lowest kind and all other 2-blocks are of highest kind.
We shall adopt the following notation:

?(p is an irreducible character of 27 of degree f .

X 1s the number of characters 1n the block of lowest
kind., We take 7<b’ k= 0, 1l,***, x-1, as these characters.
¥ 1s the number of blocks of highest kind.

r, = za'wp for u > x-=1 (wu is odd =1).

b equals the number of elements of order 2 in a 2-Sylow

subgroup 7.

Pl’ P2,°--, Py are elements of 7 which represent the r

2-singular classes; Py has order 2,
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We assume that the case (a) does not hold. Then‘by
(L) and 1ts proof, all the elements of order 2 are conju-
gates b 1s equal to the number of elements in 7~ which are
conjugate to P1 in %7 (i =1, 2,***, r); and the normalizer
72 (P) of P has order
(10) n = 2%b,
We also have
(11) br = 2% - 1,

If we consider )(u as a character for 7~ and denote by

m, the maltiplicity of the l-character of Zzyin'>(u, we

obtain
r
= a -
(12) £, =2%m, -b glxuwi)'
By (11) r
— a
e, = 2 X,(r;) (moa 2%),
a
(13) rfu = ;i;j{#(Pi) + 2 Z, zuEZ O

That z cannot be negative follows from the ineguality

I, = L.

We denote by gﬁi the representation corresponding to the
character ><p and by A%; the kernel of JCL. We now prove that
/# is contained in /€ 1T and only 1if 2, = O« The "only if"

part is trivial. Assume then that z, = 0, so that (13)

becomes
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r
‘ f=z’><1p.
(137) rf, & (1)

Then

xr
rr, < izzi\)(ﬁ(l:i)l =

iriplies that
)Xu(?i)] = £, for all 1.

If we express Xp.(Pi) as a sum of fp' roots of unity, it

follows c¢nally that these roots of unity mast all be egual.

X(e) =£,7,,

where is a root of unity. We now have
pi

r
rf, = fu) 1281 }7.“’.

which shows us that all the 17“1 mast be equal (for
1 =1, 2,***, r)e. Denote thelr common value by /f. It
follows from (13°7) that )7 rmust be 1., Hence /#~ 1s contained

in Jé; 1f and only if zp‘ = Qe
Since Xu.(Pi) = O for pu> X = 1,15 the orthogonaliity
relations for characters give
X-1

(14) % £, X (py) = o,

15z, Brauer and C. Nesbitt, op. cit., p. 565, Th. 1.
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X-1
(15) > Xutr, )X},(P ) =0 for1 ¥4,
uz

Multiplying both sides of (13) by X (P.) 4(P;) and summing

over u from O to x = 1 we obtailn:

(16) Z zu)q‘(Pi) = -1.

w=0

Multiplying both sides of (13) by rfu and summing over

pw from O to x - 1, we obbtain:

o X-1 X=l
r f12 = o2 z rf
Z;F D 4;,; DT
X-=1
a
= 2 (P )y + 22z
Zu.z i=1 *"74‘ ]'
x=]
xz -Zar + 22& E Z 2
u=0 ¥
because of (16). Since
E?l 2 2a E? 2
= h iy + 2 W
g " T
we have
X1

2
(17) rg'=2a2 zu2—r+2r§w.

Denote by K the class of elements of order 2, and by

Ky The l-class. It follows from (A), (C), and (K) that

2 - Z’
K™ =g Ko + (b - 1)K + nth,
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L d

where there are h - 2 terms in :E_. This yields

(18) g’ =b + 2%n - 2).
Then (17), (18), and (il) give
2 x-1 2
(19) r+r(a-2) = > zu2+r2iwﬂ.
0

It follows from (11), (12), and (13) that

zu =mr - 2;:;K#(Pi).

Multliplying both sidses of the last eguation by zu, and sSuni-
ming over u from 0 to x - 1, and finally making use of (16)
we obtain

E=l X-1

(20) E z,” =71 Z muzp+r.

If we let 2h’ be the number of classes each of which
is not equal to 1ts inverse class, then
¥y =h + 2h’ - x.
We put i:;‘-w‘, 2 = 8t + ¥, t =0, so that (19) becomes

X=-1
(21) 2 Zuz + 8r2t + 2r°h” = r + rox - 2r2.
0

We now turn our attention to 21 =72 (). So far in
this proof we have assumed, in addition to (a), (b)), and
(c), only that case (a) does not hold. Actually the only
implication of thils added assumptlion which we have used is
that all elements of order 2 in 67 are conjugnte., Since two

elements of 7 are conjugate in 2% only 1f they are conjugate




in 77, it follows that all our above results hold for 77.

For the next few pages we will not refer to 27, and will

use the same notation for 77 as we used above for gz.
Suppose 7| has an irreducible representation of =a

degree 2°w. Since the order of 27 is 2%b,
2% = > r %,
m

28, = 2%,

But this 1s a contradiction. Hei.ce
Y = O.
Now the irreducilible representations of \Z}é¢7are Just
those of 77 for which 72 is contained in the kernel, 1.4y

for which z, = O. Since the order of ‘Y 7° is b, we have

I'd
2
(22) b= £°,

where the prime denotes that the sum is to bhe taken over
all p with zp = Qe
By (18), h = 2, Then (19) and (20) become respectively

Xel

S oafax

o)

and
X=1

Zmuzp‘ = O

©®=0

Since mp=2 0 and.zu = 0, the last eguation implies that

m, = 0 for ZM;> O« It follows from (11), (12), and (13)
that

T b b i = Qe
" = zu, or zu O
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This means that fﬂ’ for z“ > 0, forms o p-block of highest
kind for every odd prime p dividing n = 28y, Hence

KL(N) = O for every element N of odd order (not equal to 1)
and every p with zu:> Oe. The table of characters for 7 then
has the following form:

1 Pl Pg' s »pP

r
1 1' ¢ o @ 1 1 10‘. S 1
h f £ o o« F
2 N 15
bz (::) & = the num-
v bex of
2. > 0O
e — - ‘J'
r

Since the columms of the btable are linearly independent,

r = g. DBut by (17),

zﬁfo
Hence £ = r and every z, = l. Then by (13)
r
(227) jZ: >Cu(P1) = -1, for fu = b

1=1

We now change our notation for /l. We denote the
characters of 7] of degree b by éa} éé,°'°, éi; the
*
remaining ones b and their degrees by £ .
g y% v T,




1 P1P2...PI’
o PR R
e Boop 1)
b
SO

.
b

In our new notation, (22), (227), and (16) become respec-

tively 2
* -
(23) | Z £ = b,
(24) i B .(p,) = -1,
1=1 S T
- ,
(25) ;@“(Pi) = ~1.

We use (23) and the orthogonallty relations (15) to

obtain
2
(26) Z;I 9“(?1)] = 2% _ b,

If O 1is a subgroup of'%?, then every character ?(/of

C?;may be regarded as a character X.(O() of Ol. We now apply

the following theorem:16

Igéhe proof of this theorem will appear in a paper to be
published by Re. Brauer,
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i

Let O be a subgroup of g » Z a syatem of classes I¥
cse, Qr (r =2) a system of irreducible

of %{, and 91, 92,
characters of O({, Let Vi denote the other irreducible charac-
ters of Ol . Assume

S

(1) BEvery K, in 2. contains one and only one class Ky

1
of OT;
(2) For sultable A in Ki’ FUA) = OF.
(3) 9;] = Sk for every class of O which 1s not a R;:.

Then exactly r characters 741,-..’ X

T of g are of the

following type: r
Type TI: XJ(OT)=S%EQ1+J‘QJ+ZG.1% where

d =*1, s and 4, are rational Integers =0, s + d = o,

and f, 8, and the di are independent of J = 1,***, r,

Every other xof is of the following type:
r
Type II: X}.( a) = by %@1 + _S_p’ alp.w, where the b,,

alu are rational integers = Q.

The assumptions of this theorem are satisfiled 1f we
take OT = 77 and 2_ as the family of the 2-singular c::las:azes.r7
We then have

(27) X (py) = > aMf* - b, )
K H for ><k of
T Ix.
(28) £, = 2%, + X (p,) ee
TI7

Strictly speaking, this 1s true only if r = 2, But if
r = 1, then we have case (y) of the lemma.




Now (27) shows that ;(x(Pi) is independent of i. Then (13)
and (28) give

(29) rbh = 2z, for A of Type II.
Setting ¢ = zz_difid'- s, we have
(30) X (P,) = e + 4 B.(p,)
31 1 for j of
(31) fj =2%3 + ¢ + b J Iype I

From the orthogonality relations (15) we have

2 | Xep)® = 2®,

all .

which can be written

J};f [o + s8] [e + S6ED] + 5 |Xpapy| ® = 2.

A of
type 1 Type II

Because of (25) and (26), this becomes
Z_ Xl(Pi)z + 1'52 -2 C J = be

A of
Type IX
We take ><O as the l-character. Then
S >< 2 2 2
(32) 22 K(Pi) + (r -« 1)e” + (¢ = J)° = b,
A of
Type II
but AFO

We now show that we may assume » - 1 > b, 1n which case
(32) implies ¢ = 0. Suppose on the contrary that » - 1 =< b,
We ¥now from (L) that 7~ rmst be a direet product of u eyeclie

groups each of the same order 2%, Then it follows easlly




from the following relations

a = ua,

b = 2% . 1,

br = 2% - 1
that a = 1 and our lemma 1s proved. Thus we may assume
r - 1 > b and hence ¢ = 0,

From (13), (30), and (24) we obtain

(33) rfj = 23‘23 - J, for ] of Type I.

This last result showa that the characters )(i, :X%,"',')Cr
of Type I are 1n the 2-block of lowest kind. Moreover, (33)
together with (31) yields

(34) 2y = srt 1 for j of Type I.

We now prove the lemma by an induction on the order of
the group. Before dolng so, however, let us remark that 1if
b i1s 1, then we must have case (B). Indeed, since b is the
number of elements of order 2 in #’, and since 7 has order
Za'b, we see that 1f b eguals 1 then P 1is cyclic and 7/( is
equal to 79. The Burnside-Frobenius t:heorosnnl8 implies that
(? contains a normal subgroup of index 2%, and we have case ().
We make the induction hypothesis that the lemma is true
for all groups Agof order smaller than g. We propose to show
that we may assume that

ZMZ]‘ for u # O.

18See, for instance, Burnside, ope. cit., pe. 527,
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Suppose some z_ = 0 for u # Oe Then 7 is contalned in the
kernel /»é/of «/C';. The group jsatisfies the aasumptions of
the lemma and has order smaller than ge. Hence by our induc-
tilon hypothesis,/)évis of type (a), (B), or (¥v).

Ir /ré/is of type (a), then 7° 13 the only subgroup of
order 22 in /ré/. Since Jélis a normal subgroup of g, every
con jurate of » in is contained in /é/and rust then be
ﬂ?itseli‘. Hence Jéi)f type (a) implies %f i3 of type (a)e

If/é/is of type (B), b equals l. As we mentioned
above, ?/13 then of type (B)e

Suppose /é/is of type {v) but not of type (a). By (L),
all elements of order 2 in /gare conjugate in//é/. Let Q
be an element of order 2 in W axd let G be any element of g.
Since Q lies in /fé’and % is normal in g, it follows that
G"]‘QG = K-lQ,K for some K in e This means that GK‘l lies
in 7U(Q) = 7, and therefore G is in A, Hence 7 =4€, and
we have reached a contradiction.

We have thus shown that under our induction hypothesis,

we may assume that

zu_?_l for pu # O.

Now since ¢ = 0, s = Zdif: Z O« UWe consider two
casess
(1) ' s >0

Equation (29) shows that zlz r for A # 0 of Type II.
On the other hand, (34) shows that zJ Z r - 1 for j of Type I.
It follows that




X=1
2

(x -« 1 -~ r)r2 + r{r - 1)2 féjz: zp -
1

By (21),

x-1
Zi: zuziﬁ-r + r2x - 2r2 - 2r h.

»

Hence 2h% = 1, = = 0. But by (XK), onh’ = r = 1l Therefore
r =1, b = 2a - 1, and we have case (vy)e.
(11) s =0

ZZdif;f = 0 iImpliies that every di = Os Then (Blf and
(30) become respectively
f = b, for j = 1, 2,***, v,

J

;<$(Pi) = EB&(PI), for j = 1, 2,***, 1,

Then the tables of characters of 7 and 2?’w111 have the

following forms:
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For 771 : For eg :
el £* 1 1
n n

S S

b d b d

1 r . .2

2 e : X

b dr fr+1 ?r+1
fx—l ¢ x=1

a
2
et T B
L J L ]
» L
2&w' o)
c

The orthogonallity relations and (23) give

and

Hence

By (28)

b + ;E:diz = 2%

1l + Zz'diz + :E;clz = Za‘

l + E:ng = b,

‘cll < Vb, (A = r+l1, r+2,°**, xX=1).

f. = 2%

A y WS

Since z, # 0, (29) shows that b, # 0. Hence




(35) £, > 2% Vb, (A = r+l,ese, x-1).
Now (L) tells us that 7° 1s a direct product of u ecyclic
groups each of the same order :?,a', so that
A = au.
Since b 1s the number of elements of order 2 in 72,
b = 211 - le
Since br = 22 - 1, we find that

r =2 -1

=1+ 2% 1fra #2,
Z b + 2.

Hence

(36) 2® _ 1= b2 + 2.

By (35) and (38),

(37) £, > b=,

Now let X be any character of (51_’ of degree be X X
is a sum of irreducible characters of 9’. In this sum, the
lecharacter XO occurs exactly once., Since the character
X’)Z has degree bz, (36) and (37) imply that the only charac-
ters other than XO which do occur in the sum are all of
degree be It follows that b must divide 1,

b = 1.

By the remark on page 34, ? is of type () in this case,.




We are now ready to prove the main result of this paper.

Theorem 4: Assume ? has thekfollowing properties:
(a) Its order 13 g = 28z’, g° odd, a = 1.
(b) Its 2~Sylow subgroups Z° are Abelian.
(e) It contains no element of order 2p for p an odd
pPrime.
Then we mast have one of the following cases:
(a) 7 is a normal subgroup of g .
() 72 1s cyclic and g contains a normal subgroup of
index 2%.
(v) oOL‘ELF(z, 2%).
Proof: We use the same notation as in the proof of the lemma,
Let us make the induction hypothesls that the thesorem is true
for all groups of order less than g. We may assume that ?
is not of type (a) or () and that1®

z, =1 for p # 0.

As the lerma shows, our assumptions imply that
b =2%_1
and
r=1,
As before, Pl denotes an element of order 2. We set
X,(Py) =4 .
The d are rational integers different from O for

g =0, 1l,***, x-1; and equal to O for 1 Zx.go

gQSee the proof beginning on p. 35.
Osee R. Brauer and C. Nesbitt, p. 565, Th. 1, and p. 585,
The 10.




By the orthogonallity relations,

Xel o -
since the du in the last sum are different from O,
(37) x = 2%,

We see that (13), {(16), (18), and (19) become respectively

the following:

+ 2%z z =0
(38) fu» = dp' we w »
X1
(39) 2 zudﬁ = 1,
p=0
» + 1
(40) &-;-a-— = h -« 1,

X=1
(41) Z z 2 + 2 @“2 = h = 1.

o 1
Since zu‘i 1 for 4 ¥ 0, (41) gives x + ¥y =< h, Since
X + ¥y 1s the total number of classes of 37, we must have

h =x + y, all the characters of %7 are real, and zu = 1 for

all p # 0. Moreover, every w, = l. We now have

v
£, =1,

(42) £, =4, + 2% for u =1, 2,%-, x-1,
£, = 2% for p = x,

and (39) becomes

(43) > a, = C.

=0
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If we consider )C@ as a character for 7= and denote by
m, the miltiplicity of the l-character of 2 1n‘><u, we find
that 1 + 4, = =, for p # 0. This gives

(< 4) du:z -1 for u # O.

We now turn our attention to 27 = J1(Z2). Recalling that
b = 2% _ l] and r = 1, we see from the table of characters on
page 31 that 77 has one irreducible representation of degree
2% . 1 and that every other irreducible representation of 77
13 a representation of 73/59. We denote the characters of
N by fli, and let f)*,be the character of dorree 22 - 1.
We obtain immedist ely from (22°) and the table on page 31
that

,[25?) = .1 for P of order 2,

(45)
{L(§) =0 for N in 7T and NZ ¥ 1.

Let')(.}L be an irreducible character of ¢f distinct from
7(0, and consider ;(? as a character ;KU(71) of 71. Let m,
be the multiplicity of lig_in j(a(WQ). Denote by n the order

of /{, by K:' the classes of 71, and by g;' the number of

slements 1in K:'. Then

v g b ¢ *-1
nm, = Zgi X Qagr~h.
It follows from (45) ard (42) that the last equation becomes
a2 a a a
22" - 1)m, = £ (2% - 1) - (2% ~ 1)(r, - 2%),
which reduces to

mp'—”:l.
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Hence each character X of %’ distinct from 7%, when re-
garded as a character of }{, contains _(7;" with multiplicity
oqual to 1. For X of degree 2%, X () = _Q_*+ () for some
real character (2 or degree l. Slnce 0 is a character of

/50, a group of odd order, (). must be the l-character ﬂo

of ﬂo
We set
X ) = 2_ay
J
where the a are rational integers greater than or equal

13
to O Then

Zifixi(n) = ZJ 2 T2y Ly

By the orthogonallity relations for the 7(1, we obtaln

Z Zfiaijﬂ (N) =g, for N =1,
= 0, for N # 1,

where M denotes an element of (. Denoting the degree of

‘(2;} by f?, we also have

— &
2 £, ) (N) =n, for N =1,
3 J J

It readily follows that
?(%fiaij) Qj =2 Zj f.‘-i*“()“j’
and hence
Zifiaij = % f? .

In particular, writing a. for a, s We have
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z fiai = *2.

For £y = 2% 4 di’ we know that Xi(‘?’l) containg the charac-
ter _Q_*with maltiplicity equal to le. Since the degree of
Q* 13 28 . 1, we see that

23‘+d1223-1+ai,

We now haves

For fo, a. = 1.
For fi = 2% . 1,
For £, = 2% + &

For £, = 27, a = 1.

Hence

g a
(46) 1+Zf1a1+ey=%,

»~
where the sum Z 1s taken over all fi with di > 0, excluding

fo. Because of (40) and the fact that n = 2%(2% - 1),

-§=1+28’u

for some ue. <Then (46) becomes

>
(46°) > (2%« a;)a, + 2% = 2%,
from which we obtain
P g
(47) Zdia’i = 0 (mod 22).
Since a, = 4, + 1, we have

1 1
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4 ’
< 4 2
(48) z diai = E \di + di)'

Now by (36) and (43),

X-1

2 =
% (di + di) = 28

’ 2 o, o a
E(di+di)+§ (6, + 4,) = 2.

d 1>° over
a a
150 gi:’jl

But

Y & .4
Z = 2,
”~
2 a
< .
E (di + di) 2
Then (47) and (48) imply that

> ’diai = 0,

aizo

for every 1. By (467),
u = y.
Since
g’ = (2% - 1)(1 + 2%,
we see Trom (40) that
h=2+ 2%y - y.

Now

h=x+1y,
and from (37)

(2 - 2)y=x - 2= 2% _ 2,




Hence for a ¥ 1,
y =1,

g = 2%(2® - 1)(=2® + 1).
If we can show that Cy has a triply-transitive P&Srmitation
representation of degreo 2% 4 1, then our theorérrm will be
proved.21 To this end, let m = 2° + 1 and denota by
P = ?91, ‘ZDQ,‘-', 72, the 2-Sylow subgroups of g. To every
G in %l we assoclate the vermutation F(G) of the ‘7‘_,2 which

‘sends 791 into G“lﬂDiG. The representation F(G) ias of course
simply-transitive.

Let 777 be the subgroup of 71 = 7U( A) conslmting of those
elements which transform '@ into itself. The Nmmber of dis-
tinct %é into which elements of 7{ can transform 292 is equal
to the index (71:/M) of 777 in 7?1l. Ve see that

2% = m - 1 = (707D
Now the order of 7?7 must be odd; this follows from the fnct
that the intersection of 77 and Zg is 1. This meaa s that
(70:M) 1is at least 2% and hence exactly 2%. Therefore F(G)
1s doubly~transitive.

Now let 7 be the subgroup of 777 which leave s ﬂ% fixed,
All that remains for us to show 1s that the index of 27 in 7277
1s 2% - 1, 1.8., that 7 consists of only the ldemtity. Since
F(G) 1s doubly-transitive, 1t can be split up intes the l-repre-

sentation and one other lrreducible representatiom of g[of

iH. Zassenhaus, Abhandlungen aus dem Math. Semin=r der
Hamburgischen Universitat, vol. 11, De . -
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of degree 2°. Let X be the chusacter of the latter. For
any T in 7, the troce of F(T) is 1 + X(T) =3, X{T) = 2,
wow ), regarded as a character of 71, 1s the sum of !7;_and
the l-chavacter of 7.

Then (x5) implies that T = 1. This completes the proof

of theorem 4.
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