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CHAPTER 1

INTRODUCTION

In this paper we investigate existence and uniqueness of solutions of the 

Riemann problem (R.P.), with arbitrary initial data, for the equations of com­

pressible fluid flow in one space variable. The results depend on the energy 

function e = e(r, S) (t = specific volume, S = specific entropy). In addition to 

the assumptions normally made (see (1.2) - (1.7)), we always assume some 

physically reasonable limiting behaviors of the energy and pressure functions 

near the boundaries of the domains on which they are defined (see (1. 8) - (1. 10)); 

ideal gases, for example, always satisfy these assumptions. We prove (Chap­

ter 3) that the R. P. always has a solution. However, solutions need not always 

be unique, even if they satisfy the entropy condition and the Lax shock condi­
tions. Our analysis is based on the behavior of the Hugoniot curve H (see 
(1.20) ff.) in the (r, p)-plane (p = pressure). It is sometimes assumed (see [Y]) 

that H is monotone in the sense that along H , one of the variables r, p is a 

decreasing function of the other. This holds for polytropic gases, but need not 

hold for ideal gases. (See Ideal gases, Chapter 6.) It turns out that whether 

uniqueness fails, and if so how drastically, depends on how much H deviates 

from this monotonicity. We introduce three conditions on e : WEAK, MEDIUM 

and STRONG (see Def. 1.4, Prop. 1.5), which we relate to the behavior of H 

(see Lemmas 4. 1, 4.2, 4.10, 4.11, 4. 12 and Conventions 4. 6, 4.7). WEAK 
and STRONG are already known ([2], [4]). The following implications hold:

(*) polytropic gas => ideal gas => STRONG => MEDIUM —WEAK , 

where all implications are proper. In Chapter 4 we prove that whenever 

MEDIUM holds, solutions of the R. P. are unique. However, whenever MEDIUM 

is violated, it is possible to construct initial data (Uf, U^) for which the R. P. 
has three distinct solutions; we call this particular situation type I nonunique­

ness. We show that whenever WEAK fails, one can not only obtain type I non­

uniqueness, but also get nonuniqueness a different way, by a different con-

1
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struction; this is called type II nonuniqueness. The initial data that exhibit type 

H nonuniqueness also exhibit type I, and we then obtain five distinct solutions of 

the R. P. In Chapter 5 we show that for both types of nonuniqueness the data 

can always be chosen so that the non uniqueness is stable under perturbation of 

the initial data. In Chapter 6, we show by constructing various examples of 
energy functions, that all the possible situations abstractly considered in Chap­

ters 1-5 do indeed occur, e.g., that the implications (*) are proper, and that 

it is possible to have five solutions of one R. P. For all solutions considered, 

the shocks always satisfy the entropy condition (see ( 1. 18) ) and the Lax shock 

conditions (see (I. 19)).
The equations of compressible flow in one space variable (in Eulerian 

coordinates) are

(1. 1) P( + (pu)x = 0

2
(pu)^ f (pu f p)% = 0

2 L . u + e) I , 1 : + pu( -u% + e) + up^^ = 0

where t > 0 is time, x is position, p is density, p is pressure, e is specific 

internal energy, and u is flow velocity. We also let S = 8|)ecific entropy, 
T = temperature. and t = s|>ecific volume ( = p b. Here e is assumed to be 

3
a C' function e(r.S) of t and S, p = -e , and T = eo. The letter g will T D
always denote the function -e^. i.e. , p — g(t, S). The function e is assumed 

to satisfy the following

Standard Assumptions:

(1.2) e > 0

( 1.3) p > 0 (i.e., g > 0)

(1.4) T 0 (i.e. , eg > 0)

(1.5) K 07
(1.6) ktt>°
(1.7) ° -
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In addition, we shall always assume that e satisfies the following

Limit Assumptions:

(1.8) lim g(t, S) = 0 , 
S —> -oo

(1.9) lim e(r, S) = 0 , 
S —> -oo

(1.10) lim + e(r, p) = 0 . 
T —> 0

lim g(T, S) = +oo 
S —>4-00

lim c(t, S) = 4- oo 
S —>4-00

Here the expression "e<7, p)" requires definition. Suppose t, p > 0. Then by 

(1.8), there is an S such that g(r, S) = p, and by (1.7) S is unique; we denote 

S = S(t, p). Then we define

(1.11) e(T, p) = e(T, S(t, p))

(whenever p is understood to be a pressure rather than an entropy; cf. [f], 

§64). We also define g^r, p) = g^r, S(r, p) ), etc.
Analogously, by (1.9) and (1.4) we can use p.e (i.e. , t, e) as indepen­

dent variables so that S and p are functions of (p,e). If we let U = (p,u,e), 

then the equations (1.1) can be written as

(1.12) Ut 4- A(U)Ux = 0 , 

for a 3 x 3 matrix A(U) with eigenvalues u -c, u and u + c, where c (the 

sound speed) is defined by
2

(1.13) c = fp

-1
where f(p, S) = g(p , S).

The Riemann Problem (R. P. ) (see [1?, [4], [bj) for (1. 1) or (1.12) is

the initial-value problem for (1.1) with data

(1. 14) U(x, 0) = -
u, ■ if x < 0

r
if x > 0
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where U< = (pf , ^.e^), Ur = (p^, u^,e*) are arbitrary constant vectors.
By a solution of ( 1.1), (1.12) we mean a function U(x/t) consisting of 

at most four constant states, U*,,Ug, U^. Here (on the left) is connected 

to (on the right) by either a 1-shock or a 1 -rarefaction wave, (left) is 

connected to U„ (right) by a contact discontinuity, and U„ (left) is connected to3 J
U (right) by a 3-shock or a 3-rarefaction wave. (See [1] or [d] for the defini- 

r
tion of these terms.)

From now on, we shall use the notation "U^ 1 shock express the

fact that (on the left) is, or can be, connected to Ug (on the right) by a 1- 
shock. We define similarly the expressions "U 1 "U

"U ^^U2” and ”U1—^^-Ug", where *’ 1 -wave" (resp. "3-wave") is 

just an abbreviation for "1-rarefaction wave" (resp. "3-rarefaction wave").

We also abbreviate the sentence "U ilzSho=kU2 or u by

Ug", etc. Thus for a solution of the R. P. with initial data (U^.up 

we must have and U$ such that

U( contact u3-3_Ur .

Finally, since (p, e) and (t, p) determine each other, we can, and shall, 

describe states U ,Ug,... by triples (T^, p^, u^), (Tg, Pg, Ug)..........

By definition, Ug iff u^ = Ug and p^ = Pg. For shocks, we

have the following well-known result (see [1]):

Proposition 1.1. UQ (left) can be connected to U (right) by a shock with shock 

speed s iff the following hold.

Jump Conditions:

(1. 15) pv = pQv0 = m 0

(1.16) (pu)v + p = (Pouo)vo + pQ

i 2 12(1.17) p(-u + e)v + pu = p0(-uQ + eQ)v0 + pouq ,

where v = u - s , vQ = uQ - s ;
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Entropy Condition:

(1.18) mSQ < mS .

Moreover, the shock is a 1 -shock (resp. 3-shock) iff s < u,uQ (resp. s > u,uQ).

In this paper, shocks will also be required to satisfy the

Lax Shock Conditions:

(1.19) 1-shock v =>v2>c2 and y2 < c2 ;

^3zshoçk^^^2^2

(See (1. 13).)
The Hugoniot function with center (tq, Pq) is defined by

(1.20) H(t,p) s e(T,p) -e(T0, p0) + (t-t0)“2 (t, p > 0) .

We define the Hugoniot curve H with center (tq, pQ) by

H = {(t, p) | H(t, p) = o} .

Let U, UQ be constant states, and let H have center (tq, pQ). For a > 0, let 

% be the upper branch of the hyperbola, 
a

(t0-t)(p-p0) = a ;

Let be the lower branch. (See Fig. 1.) The importance of the Hugoniot 
£1

curve lies in the following two facts.

Proposition 1.2. U iff u < u^ and (t, p) e ^(u^- u)2

Proposition 1,3. U UQ iff u > uQ and (t, p) € _ ^2 Û H.

These will be proved in Chapter 2.

Definition 1.4. e = e(r, S) is an energy function iff it satisfies the Standard

Assumptions (1.2) -(1.7) and the Limit Assumptions (1.8) -(1.10).
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Fig. 1: The hyperbola a Hugoniot curve H.

O' r0

T
T

We introduce the following conditions on an energy function e (see (1. 11)):

STRONG 7-e(-r, p)>0 (t, p>0)
07

, 2
MEDIUM ( 512. \ < E— (t, e > 0)

\ 9t / — 2e e

WEAK e(T, p) > - ^ (t, p > 0) .
OT

Proposition 1.5. The conditions STRONG, MEDIUM and WEAK have the 

following equivalent formulations :

STRONG

MEDIUM
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WEAK e(T. P) > _2g^ (T' P'"' '

Proof: We have

(1.21) e(r, P) = e(r, S(r, p)) = e S(t. p) = — •dp dp ° op be

Here we have abbreviated e (t, S(t, p)) (= e (r, p)) by eQ; we shall do this often, 

e.g., g = g (t, p). In particular

(1.22) ~ e(r, p)> 0 .

Moreover

e<T, p) = ~- c(t, S(t, p)) - e + e % S(t, p) 
dT dT T o U 7

But P = g(T, S(t, p)), so taking 9/9t of both sides yields 0 = g^+ gg — S(t, p);

hence

9 . .T- e(r, p)
OT

so

(1.23) e(T,p) = -p +(-g ) “ e(T,p)9t T dp

by (1.21).
From (1.23) and -g > 0, the formulations for STRONG and WEAK are

obvious. For MEDIUM, writing = 77- e(r, p), etc., we have 
d T dT

-gT = 9e
9p

so that
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9e 2e

’’'VT*’
de
Bp

2ep

9e
9p

2e + p2

2e 9e 2-p >2ep 2e

9e
9t

9e 
dp

2

e

MEDIUM.

Lemma 1.6. Let 0 be defined on (0, +oo) with 0 > 0, 0* < 0 and 0" > 0. Then 

for every t > 0,
p+oo 

^(r)2 < -20'(t) \ $ .

Proof: Let C = (t. 0(t)). Let L be the line tangent to 0 at C; then L has 

slope ^'(t) < 0 and intersects the T-axis at a point B = (t + x, 0) where x > 0.

(See Fig. 2.) Let A = (t, 0). Since the line-segment CB has slope

0

Î+ co

T
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^(t)
0' (t) Since > 0, 0 lies above L; hence

2 (- m) = x0(t) = area AABC <

Then since -0'(t)> 0, the desired conclusion follows.

Proposition 1.7. STRONG => MEDIUM => WEAK.

Proof: By Prop. 1.5, it suffices to prove

-B- > --------2e£----- > B
-®T " -g • 2e + p2 - "2Bt

T

for arbitrary t, p > 0. Now

2ep
2

-g 2e + p

2ep
-gT • 2e

proving the first inequality. For the other, note that p = g(T,S), where
S = S(t, p). By ( 1.3), (1.5) and (1.6), the function g( •, 8) satisfies the hypo­

thesis of Lemma 1.6; therefore

( 1.24)
2 C

g(T,S) < -2g (T, S) \ g(v,S)dv

But for every t > t,

1 ( 1
g(v,S)dv = \ -e (v,S)dv = e(r, S) - etr^S) < c(t, S) ;

thus

g(v, S)dv < c(t, S)
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2 2Then (1.24) yields g(r, S) < -2g (?, S) e(7, S), i. e., p <-2g^e. Then

2ep 2ep _ P
-g .2e+p2 -^T ’

T

We conclude with a rough summary, in table form, of what will be proved in the 
remainder of this paper regarding the connection between: (1), the conditions 

MEDIUM and WEAK; (2), the behavior of the Hugoniot curve H; and (3), exis­

tence and uniqueness of solutions of the R. P. The properties marked with a 

(*) are proved to hold for some choice of (Tq, p^) as center of H, or of 

(Uf, up as initial data; the others hold 

polytropic

H is monotone
existence and uniqueness

MEDIUM or ideal

t is a function of p along H

Va > 0, pH consists of one 
point a

(H may not be monotone) 
existence and uniqueness

in general.

T,
T

P

0
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WEAK and not-MEDIUM

t is a function of p along H

(*) 3a > 0 a % n H contains .. a .more than one point
existence 

(*) type I nonuniqueness

not-WEAK

(*) 3p > 0, r2e(0, tq) a
(t^ p),(t2> p) € H

existence

(*) both type I and type II 
nonuniqueness

0

P0

H

0



CHAPTER 2

PROPERTIES OF THE HUGONIOT CURVE

This chapter establishes some properties of H that hold for all energy 

functions e, under no additional assumptions. We first summarize some known 

results due to Weyl; these are proved in [l]. §65.

Proposition 2. 1. (Weyl) Let H have center (tq, pQ) and let (t^ e H\^(t0, Pq 

Let Æ be the line through (tq, pQ) and (t^p^, (parametrized by

p(s) = p + as

t(s) = tq+ bs

where a = p - p^, b = Then

" S(t(s), p(s))| > 0 ;
ds s=0

S(t(s) . p(s))| < 0 .
ds Is=l

Corollary 2.2. Let II have center (t . and let <r1, p^ e H \((ty. pQ)l. Let 

L be the line through (t^, p^) and (t ,pj). Then L cannot be tangent to H at 
(7 0); i.e. . if the C* functions t(D. p(0 , t in a neighborhood of t(, satisfy

(rft^, pUp) = (t[ . pp .

(t(0 . p(t)) c H for all t ,

then there cannot exist ? / 0 such that

(T'Up. p’d^) = 7<71 - t0. Pj - p0) •

Corollary 2.3. dS 0 along H except al ( p0>; i.e., if p^ t^ t(0 . p(t)

are as in Cor. 2.2. and (t’U >, p'(t^)) 4 °- th"n

12
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S(T(t), p(t))l y 0 .
dt lt = t1

Corollary 2. 4. Whenever t < rQ and (t^ € H,

Pi ' Po
-gT(T0,S0)< —— < -g^.sp;

thus if U()12Sh2=kUi or then and (Cf. (1.19)

and Props. 1.1 - 1.3.)
The proofs that follow are long and tedious; hence we preface the formal 

proofs with an informal introduction. We define two subsets. Q and Q', of the 

(t, p)-plane by

(2.1) Q = {(t,p)|O < t < tq and p> pQ] .

Q' = {(t, p) I t > tq and 0 < p < pQ] ,

where (tq, pq) 
everywhere on

is the center of the Hugoniot curve H.
H. and that HCQUQ'U{(t0.p0)J.

We prove that grad H / 0

Definition 2. 5. For all t, p > 0, define

9 = 9(t, p) = if T y To ;

% - ^O’ po’ = along H.
O’ p0>

(See Fig. 3.) Then we find that the function 0 is C on H; we plan to use 8 as 
parameter along H. We shall be concerned only with the "compression branch" 

HHQcf of H. For all 9, let L0 be the line through (t0,pq) with slope -8. We 
want to prove that along H. (t, p) is a C1 function of 8; i.e. , as L0 sweeps 

through Q in the clockwise direction, starting at 9Q, there is always exactly one 

(T(e), p(0)) c H HL0. (See Fig. 4.) This is true locally by Cor. 2. 2 and the fact 

that grad H 0 on H. since then d0 / 0 along H. In particular, H is repre-
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P

Fig. 3: The definition of 6.

Kt, p)

T,
- T

Tan l0

KtW , p(9))

T,

Fig. 4: (t, p) is a function of 6 along H.

sented by (t(0) . p(0)) uniquely in a neighborhood of ( r^, p^). Here (t(0> . p(0)) is 

defined for 0 in some neighborhood of 0Q. We try to define (t(O) . p(0)) on the 

largest possible interval [^,0^. Any two such functions <7^0), p^©)).
must be the same(t2(0) , p2<0)) on 

first point (r, p)

since otherwise there would be a

along H at which the two curves begin to separate, which
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contradicts grad H 0 at (^p). (See Fig. 5.) Hence there is a maximal inter­

val [Q 0 ) on which such a function (t(0), p(0)> can be defined. Then we
L O' max

(t, p)

T,
T

Fig. 5: The images of (jppp and (t2, p2> begin to 
separate at (t, p).

Drove 0 = +co by showing that if not. then we can obtain an accumulation
1 max
point in Q of (r(0),p(0)) as and this, extend (t(0), p(0)) to some
[ft 0 ) 0 > 0 . Thus we have a C1 branch H'CH along which (7. p) is a
*- 0 ' 1 1 max
function of 0 e [o^.+oo). and we also prove that along H', p-^+00 as 0 ^+00;
moreover, for every a >0, (Cf. Fig. 1.) Finally we show

H* = H as follows: we pick any (r, p) € HAQ; we start with a representation 

(7^0), Pt(0)) (0 near 0 =0(r,p)) of H near (t, p); we extend (t^P^ to a max­

imal left interval of existence we then prove that this curve
j= p7 (0),p^(0))| ^^(^^inmust intersect H', so J GH'; hence (t,p)€H*.

We hope the above will aid the reader in understanding and ignoring var­

ious tedious details of the proofs that follow.

Lemma 2.6. (a) p) > 0 for 0 < p < pQ; (b) H^r, p) > 0 for 7 > 7Q;

(c) grad H Y 0 everywhere on H.
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Proof: We have (see (1.20))

3 P+Pn g P ‘ P0
(2.2) = — e(T,p)+ =(-gT)^e(T,p) -

by (1.23); 
a t0- t

(2.3) H (t, p) = — e(t. p) - —5— •p dp Z

These, with (1.5) and (1.22), yield (a) and (b). For (c), it suffices to prove

grad H(t, p) =/0 for (t, p) € H ClQ. Suppose H^t, p) = 0. Then by (2.3),

a , . To~T 
^e(T, p) = % ■

so by (2.2), 

r -r p- p 
HT(r.p) -----------—

by Cor. 2.4, since (t. p) eQ (see (2. 1)).

Corollary 2.7. HcQUQ'uf^, pQ)} .

Proof: By Lemma 2.6(a) and (b),

H(t, p) > 0 for t > t0, p > pQ, (t, p) 4 (tq, pQ) ;

H(t, p) < 0 for t < t0, p< Po. (t, p) 4 (rQ, pq) .

Notation. For xe(-oo,+oo), 6 > 0, let

(2.4) N£(x) = (x -€, x+e) .

2
We know ( [1], § 65) that there exist 6,o > 0 and a C function G on

N c(t ) such that Ô o

(2.5) G(tq) = pQ , G'(t0) = gT(T0,SQ) , G"(r0) = gTT(T0,S0) ,

and for all (r, p),
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(t, p) €Hn(Nô(TQ) X tHp0)) iff P = G(t) .

Then Def. 2.5 implies

(2.6) % 5 p0> = > ° ■

by (2. 5) and (1.5). Cor. 2.7 then yields

(2.7) 0(t, p) > 0 for every (t. p) c H .

Lemma 2, 8. De fine

0(t) = 6(t, G(t))

Then 6 is Cl and GX^) < 0.

Proof: Clearly 9 is C1 on We have

for teN.(tJ . o U

0(r) =
G(t) - pQ

(t T0> *

Then since = G(Tq),

lim 0(t) = -G*(r0) = S<tq. Po) = ^(^) ;

hence 0 is C on N.(Tn). o U
To find 0'(tq). observe that

By L'Hopi tai's rule.
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6(7) - 0(rJ G'(r) - G’(t )
lim —----------- llm «T-TJ = '

T^T0 ° T"^T0 ° 

thus @'<TJ exists and e'(TQ) = -^C”(rg) < 0. For T ÿ tq ' ’ nave

(T -t)G'(t) + G(r) - Po

<T0 - T)2

then by L’HÔpitai's rule, 

(t - t)G"(t) - G'(t) + G'(t)
Hm 0'<t) = llm ----------- _2(t --------------  = -jG"(t0) =«'<T0) ;

T-*To T^T0 °

hence 0 is C1 on N (t ). ■
0 u

Lemma 2. 9. d0 / 0 along H.

Proof: d0 y 0 at (t0>p0) by Lemma 2.8. Let (t^ p^ € H\{(70> pQ)} , and let 
(t(0 , p(t)) be defined and C1 on a neighborhood of t^, with (rd^), p(t^)) = 

(T,,pJ, (r'ttl.p'd,)) 4 0 , and (r(t), p(t)) e H for all t. Then 
11 1 1

d , d "W - Po

(tq - rdpip'ftp + (p(t1) - P0)7'(tT)
- 2 '

<T0 - T(tL>)

Thus 9(t(0, p(l) )|t-t = 0 implies

(Pl-P0. -(r^T^iT'it^.p'ftp)

so that (r'(t ).p'<Y> is a nonzero 

which contradicts Cor. 2.2; hence 

linear combination of (r^ 
^e<-r<t). P<t»| t = t ¥ o.

"V i'i"Po''
Thus d0 4 0 at

(r^pp.
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Definition 2.10. A 0-parametrization (0 -p) on an interval I is a C vector 
function (t°, p°) defined on I such that

(a) (r°(0), p°(0))€H (0ci) ;

(b) 0(t°(0), p°(0)) = 0 (0 € I) ;

(c) if 0 61 and 0 > 0Q, then (t°(0) , p°(0)) e Q .

(See Def. 2. 5 for 0Q. ) A 0 - p is centered (c -0 -p) if 0Q e I implies

Remark: The superscript "0" of (t°, p°) refers to the subscript in (tq, pQ), 

the center of H. Later, this superscript will be varied to distinguish functions 

arising from Hugoniot curves with different centers.

Lemma 2.11. Let (t, p) € HAQcf, 0 = 0(t, p). Then there exist 0,

a 0 -p (t* , ) on (0 and an open rectangle R about (t, p), such

that (t*(0),p*(0)) = (^ph and V(t,p)€HHR, 0(t, p) € (0, 0*^ and 

(t, p) = (t'^COCt, p)), p (0(T, p))).

Proof: By Lemma 2.6(c), gradH 0 at (t, p).
Case 1. Hp(r, p) =/0 or (t,p) = (tq,p0). Then p) 4 0, so by the 

implicit function theorem, 36, a > 0 and a C1 function G on N&(^ such that 

for all (t, p),

(2.8) (t, p) c H n(N0(r) x N^(p)) iff p = G(t) .

Define

(2.9) 0 ‘(t) = 0(t, G(t)) (t€ N0(t)) .

Then by Lemma 2.9 if t < tq, or by Lemma 2. 8 if t = tq, 0 is C1 on a 

neighborhood of t and (0:‘)'(t) 4 °- Thus there exist 6^(0, ôj and > 0 

such that

(2.10) 0* is a C1 diffeomorphism of (t) onto (O-e^O + e^ .

Let

(2. 11) t* = (0*) 1 ;
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then T* is a diffeomorphism of (Q-CpO+Cg) onto (t). Let p — Got*; 

then p* is C1 on (0 Since p = G(t), Ô = O^r), so

(T*(0),p^0)) = (T,p). Clearly for 0e(0-e^ 9 + e2) we have
(T*(0), p*(0)) = (t*(0), G(t*(0)))cH and 9(t*(0), p*(0)) = 0*(T (0)) = 0. We 

claim that 0 > 0Q implies (t*(0), p (0)) € Q. If (t, p) = <tqi Pq^ then 6 is 

decreasing on (r) by Lemma 2.8 and the fact that it is a diffeomorphism; 

hence t* is decreasing on (0 , 0 + (g) and we are done by Lemma 2.7. If

(t, p) 4 (T(), pQ), then (t,p)€Q. Thus we can make the above 6 and a (for 

(2.8)) sufficiently small so that N^r) x N^(p)CQ, and the claim is proved. 

Hence (r*, p ) is a 0 -p on (0 , 0 + e^). Let R = N& (t) x N^tp). Let

(t, p) e H AR. Then (t, p)€N6(t) x Na(p), so p = G(t). Since tcN^t), we 

have

0(r, p) = 0"(t) e(0 - 0 + e2^

T^(0(T, p)) = t ,

p: (0(r, p)) = G(t*(0(t,p») = p .

Case 2. H (t, p) 4 0 and (t, p) 4 P^. Then (t, p) € Q, and there
exist 0,o >0 and a C1 function V on bMp) such that N^(?) xNjiKQ and 

for all (t, p),

(t, p)£HA(N6(t) x Nff(p)) iff t = V(p) -

Let 0*(p) = 0(V(p).p) (peN (p)). Then 0* is C1 and by Lemma 2.9, 
o *

(0*)'(p) 4 0. so there exist CT €(o,aj and EpCg > o such that 0 is a C dif­

feomorphism of (p) onto (0 -E, 0 + e^). Let p — (0 ) , t — V o p ,
R = N (t) x N (p),1 and proceed as in Case 1. ■ 

& _
Corollary 2.12. Let (r° p?). <T° p5 be 0 - p's on an interval I; let 0eI 
---------- nt n~- o t cl , 0 0, ,0 Œ_______with (T°(0’),p°(0)) = (t2(0), P°(0))EQ^. Then p°) = (t°. Pg) on some 

neighborhood (in I) of 0.



21

Proof: Let (t,p) = (t°(0), p®(6)). Then 9(t, p) = 0 by Def. 2.10(b), and 

(Tj p) € H AQC^ by Def. 2.10(a). Hence Lemma 2.11 applies; let (t , p )
and R be as in Lemma 2.11 for (t, p), ë. 3e > 0 such that V0cN^(Ô)ni, 
(T°(e>, p”(6>), (r”(e),p°(e»eR. Then V0sN£(0)ni.

e<T°<e>, p°(e» = e = e(T°<m. p^e»

by Def. 2.10(b), so

(y°W), p^e» = (t’W), p^ô» = (TgW), p”(e»

by Lemma 2.11.

Lemma 2.13. Let (t° p^), (t°, p°) be c-0-p’s on Then
. 0 0. . 0 0.
Ty ' P? =(?2' P2b

Proof: Suppose not. Let 6 -n = inf{® > ®qKti^' P^^^ ' P2^^^ *
*min^ ^mln" ° ®Ut by

Cor. 2.12 (see Def. 2.10(c)), (t°, p°) = (t°. p") on a neighborhood (in

of 0 , a contradiction,min
Proposition 2.14. There exists a maximal right-open interval [0Q, 0max> on 
which a c-0-p can be defined; i.e. , there is a c-0-p (r , p ) on [0Q, ^max>> 

and there cannot be a c-0-p on any larger interval [0Q,0^), ^max* 

^max'^O'^]-

Proof: Let 6 = {opOjSa c-0-p on [0^,0^. Let0^ = sup0. With 

e2 as in Lemma 2.11 for (^p) = (^.Pg), hence »max > %• We
define (t°, p°) on [0»,0^ ) as follows:

U maA

Let 0 e f0,0 ). Choose some 0, € (0, +oo)n 0. 3a c 0-p
_ _ L 0 max n n L n 0

(t°, P°) on [0Q, op. Let (t (0), p (0)) = (t^O), p/O»-

By Lemma 2. 13, (t°, p°) is well-defined by this process and is a c-0-p on

Proposition 2. 15. 0max — + œ•
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Proof: Suppose Then L_ has p-intercept y max
Pmax ° VmaxW 6.) Since e(r0, p^) > 0, and

max

T . min

Kmax

Fig. 6: The region T.

lim e(-r, p ) = 0 by (1. 10), 3t . > 0 such that VT > 0, t < t _. max min min
T —> UT
implies e(r, P ) < e<TQ« Po^ we maY assume < tq. Now suppose
0 < t < t and 0 < p < p . Then from (1.20) and (1.22), we get — min — max

P+Po P+Po
H(t,p) <e(T,Pmax)-e(T0,p0) + (T-T0) —— <(t-t0) <0 ;

thus

(2. 12) & 1 and .
and the linesLet T be the open triangular region bounded by L$ 

max
Tp = p A and [r = t I. (See Fig. 6.) We assert that (tu(0) , p°(0)) e T
1 0J 1 "lin J 0 0
V 0 e (0 Q ). For we know (Def. 2. 10) that (t (0), p (0)) c H OQ and

n 0 jnax 0 Q
0(T (0), p (0)) = 0 < 0 . Hence (t (0), p (6)) lies below L , which then

max max
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implies p°(0) < p . From (2.12) we conclude T%) >t , , and the assertion 
max min

is proved.
Now choose a sequence [o ] from (0n, f co) such that 0 T0 . Then 

0 0 ct n ° n max
(t (0 ), p (0 )) c T Vn, so there exist a subsequence of ]0 /, which we call 
r in n - - cf n
10 > again, and a point (t, p)eT such that 1 n 1

(2. 13) 0 0 - -
(r (0n), p (0n)) ->(t,P) .

Suppose (r, p) = (f , p ); let e € R be as in Lemma 2. 11. Let N be so
0 uo U 1 2

large that (r (0 ), p (0 )) c R whenever n > N; then from Lemma 2. 11 we con­
n ° 0 0

elude that Vn > N, 0 = 0(t (0 ), p (0 )) e (0 -e 0 + e ). But by Lemma — n n n u 1 uo “ ।
2.13 and (2. 9) - (2. 11) of the proof of Lemma 2. 11, t is a C diffeomorph- 

ism on (0 -e , 0_ + c ), hence (strictly) monotone. Then since [8 1 is in-
0 1 0 ° 20 o I")

creasing and (t (0^), p (0^)) = (tq, p^), we cannot have t (0^) —> this con­

tradicts (2. 13). Therefore (7, p) (t pQ). But since H is closed, (t, p) e H; 
then Cor. 2.7 gives (r, p) c Q. Since 0 is continuous on Q,

- - 0 0
0(7, p) = lim 0(7 (0 ), p (0 )) = lim 0=0 ;n n n maxn—>cn n—>00

hence Lemma 2. 11 applies with 0=0 ; let e , e R, (7 ', p ) be as in
- - - 0 max 0 1

Lemma 2.11 for (7, p), 0. Then (7 (0 ), p (0.,)) G R OQ for some N, and we N N 
have

<t°(on). p°Wn» - i’s<eN» •

(See Fig. 7. ) Then (7^, p^) and (7 \ p ) arc c-O-p's on a neighborhood of 0 
0 0 :!cthat agree at 0 , so by Cor. 2. 12, (7 , p ) = (7 , p ) on some neighborhood of 

0 . Thus we may extend (7^, p°) to [0 , 0 + e ) by defining (7°, p^) =
^1 u 1 max m

(7^, p ) on tà,, 0 + co) and obtain a C function, hence a c-0- p, onN max 2
[0^, 0 be.J, which contradicts the maximality of 0 . Hence 0 = +00.L 0 max 2 max max
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max

0

0 T0 
0 0 * *Fig. 7: Finding 0^ at which to join (t , p ) and (t , p )

Proposition 2. 16.
- - - - o 0

Let (t, p) c H OQ. Then (r, p) = (t (0), p (0)) for some

O’

Proof: Suppose

(2. 14) (t, p) i {(T°(0). p°(0))|0 >0O} .

Let 0 = 0(t, p). be as in Lemma

2. 11 for (tq, pQ), 00- Let R be the closed rectangle concentric with and

0 > 0

having half the length and width of RQ. (See Fig. 8.) Then we assert

Claim 1. For any 0 - p (t®, p®) on (0^ 0] with (r®(0), p^(0)) = (t, p), we

have

(t®(0) . P^O)) e Q\R { V0e (0r0j .
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P

T, " T

Fig. 8: The rectangles R_ and R .

To prove this, suppose 30 € (6 ,êj such that (t^(09), P?(0 J) (Q\R )^. 
Z 1 l fa l Z 1

— — Q « « p — —
Case 1. (t, p) t (Q\R ) . Thus (t, p) e Q L/R so (t, p) e R i.e., 

0 - 0 - 1 1 u
Pl(0))eRo. 

- - 0 0
Case 2. (T,p)eQxR Then either (t (0 ), p (0 )) € 9(Q\R ), or 

00 1 fa 1
(t (0 ), p (0 )) € Int[(Q\R )C], in which case 30 t(0 ,0) such that

L 6 16 1 U 6
(t?(03), p.(03)) e OCQxRp. (See Fig. 9.) Thus we may assume
(t,(0J, p,(0j)€9(Q\R ). Then by Cor. 2.7, (t% ), p% )) € R OQ.

1 fa 1 fa 1 L £ 1 fa q U
Thus in either case, 30 6 (0 0] such that (t (0 ), p (0 )) eR OQ.

0 T) 1 0 o 1 2 12 u
Then by Lemma 2. 11, (r (0J, p (0J) = (t (0J, p (0J). By Lemma 2.8 and 

' 1 z 00 00
(2. 9) - (2. 11), we must have 8% > %• Thus by Cor. 2. 12, (t^ p^ = (r , p ) 
on some neighborhood, in (max^O^, 0 J, 0 J, of 0^. Define

n n r<T°(0>. vW if e <e<e
(r>,p>))= 0 0 ° /

1<t"(9>, P|(6», if e2 'e<o .

Then (t^, p^) is a c-0-p on [0 Ô], so (t^, p^) = (t°, p°) on [0Q, 0 J by
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(t, p)

Q\R

(T;(6^,p/e^)

d(Q\R.)

T

Int [(Q\R

T0
Fig. 9: The image of (t^, p^) must cross 9(Q\R p.

Lemma 2. 13 and continuity. Thus (t, p) = (t^(0), p^(6)) = (Tg(9). p^9^ = 

p°(6)), which contradicts (2. 14). The claim is thus proved.

Next, in analogy to Lemma 2. 13, we have

Claim 2. Let (t®, p^), (t°, p5 be 0-p's on (0^ Ô] with (t®(0), p^(0)) = 

(t,p) = (t^O), p°(6)). Then (t^ p®) = (t^, P^).

We prove this like Lemma 2. 13. Suppose (t^, p ) (t^. Pg)« Let
02 = supfee (^,0)1 p°(0)) Y (Tg(0), p°(0))}; then 0^ < 0^ <0 and

(T?(0J, p°(0J) = (7%0_), p°(0J)€Q\R by Claim 1. Cor. 2. 12 then yields 

(t?, p?) = (T° p% on some neighborhood (in (0 , 0} of 0 a contradiction. 
11 2 2 1 6

Now define
O = {©I e (0,0)|3a 0 - p (T^, p^) on (0^,0] with (t^(0), p^Ô)) = (r. p)J .

0 4 6 by Lemma 2. 11. Let 0 , = infO; then 0 < 0 <0. By Claim 2, we
' 0 0 min — min

can define a 0 - p (t., p ) on (0 , 0 ] as follows:
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Let 0 e (0 , , 01. Choose some 0 .€ (0 . ,0) such that 0 eG. min J L mm _ _ _ 1
3a 0-p (T°,pp on (0^0] with (^(0), p^<0» = (r,p). Define 

(t%), p?(0)) =(t%), p°(0)>. 
1 1 4 4

0 — Q — — —
Moreover, (t^(0) , p^(0)) = (t, p). Claim 1 gives

(2. 15) (7°(0), p°(0))GQ\R1 V0e(0m.n, 0j .

Then Def. 2. 10(b) implies

(2. 16) (r^(0), p^(0)) is never above for 0 e (Smin. 9 J .

Let p be the p-intercept of L-. Then as in the proof of Prop. 2.15, we 
max 0

can find t c (0, t/1 such that (2. 12) holds. It follows from (2. 15) and (2. 16) 
min 0J

that

(2.17) t°(9) > Tm.n V9e(9^.9].

(See Fig. 10.) So by (2.15)-(2. 17) we have

max

0(Q\Rp

Fig. 10: The region F.
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(t°(0), p^DéF '

where F is the shaded closed region in Fig. 10. Thus (as before) 3a
0 0 - -sequence 0 4^0 . such that (t.(0 ), p.(0 ))—(t. , p.) e F, and we must have n min Ln in 1 1

(t-.pJehAQ; hence 0 . =0(t ,p ). Let E e R and (r\p^) be as in
1 1 min i 1 i q q

Lemma 2. 11 for (t , p ), 0 , . Then for some N, (tJO), p.(0XT)) € R, and1 1 min IN i N,
as before, we can construct a 0 -p on (0 -e 0 J by joining (t , p^) and

0 0 min 1 -
(t^, pp together at 0^. contradicting the minimality of 0^.^. *

Thus, combining Props. 2.14 - 2.16, we see that the entire curve
H is given as a function of 0 by the function (t°, p^) on |© , +oo).

c fLemma 2.17. Along H nQ , S increases with increasing 0.

Proof: We know ( [1], § 65) that near (tq, p^), S increases along H with
cf

decreasing t. Then by Lemma 2.8, S increases along HAQ with increas­
ing 0 for 0 near 0^. Lemma 2.11 and its proof imply <(t^)'(0), (p^)'(0)) 4 

for 0 > 0^; hence

S(r°(0), p°(0)) 4 0 for 0>0Q ,

by Cor. 2.3. Then we must have

S(t°(0), p°(0)) > 0 for 0 > 0 ;
On . U

hence 0 i—>S(t°(0), p°(0)) is increasing on f0Q, +oo). ■

Lemma 2. 18. H n(Q') is given by a decreasing C function t = V(p) from

(0. pronto [t0. Tmax>, where

2e(T0,p0) 
T = ------------- .max 0 p

Proof: Let 0 < p < p . Using (1.2), ( 1. 10) and ( 1.20) we get

lim H(r, p) " 0 , lim H(t, p) = +oo .
T —> 0+ T —> fOO
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By Lemma 2. 6(a), H (r, p) >0 Vt > 0. Hence there is exactly one t€ (0, +oo) 

for which (r, p)eH; let V(p) = T. V is C on (0, p^J by the implicit function 

theorem. Moreover, V(p) > for 0 < p < p^ by Cor. 2.7, so Lemma 2.6(b) 

gives H (V(p),p) > 0 for 0 < p < pQ; hence V*(p) = -H^(V(p), p)/H^(V(p), p) < 0, 

so V is decreasing. (See Fig. 11.)

T,

H n(Q') : t = V(P)

rT max

Fig. 11: H for p < pn.

For 0 < p < pQ we have, by (1.20),

2e(Tg,PQ) P + Po
'“’max' P* = p) " e<T0' "o’ + "o ■ 2

4-oS
> e(r~u 'o*p0 p0

then since H(V(p),p) = 0 and H (t, p) > 0 Vt, we must have V(p) < Tmax* 
Hence V«0, P()) c [tq.

Now let t € R , t ). Let us remark that our assumptions (1.8) and 1 u 0 max
(1.9) imply

(2. 18) lim
P^0^

e( t . p) = 0 VT > 0 .

Then
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P0 P0
Hm Wt^p) = -e<T0,p0) + (T1 -rQ) y < -=%. PQ) y =0 .

p —> u •

and pQ) > H(tq, pQ) = 0 by Lemma 2. 6(a); hence 3pe (0, p^J such that 
H(t , p) = 0, i.e., t = V(p). Thus V maps (0, p J onto [?_, T ).

1 1 0J u 0 max
c/ 

Corollary 2.19. Along HD(Q') , S increases with increasing p.

Proof: Similar to that of Lemma 2. 17, using Cor. 2.3, the function G of 
Lemma 2. 8, and Lemma 2. 18.

We can now give the

Proof of Propositions 1.2 and 1.3: We prove Prop. 1.2; Prop. 1.3 is similar.

Suppose UQ u with shock speed s. By Prop. 1.1, the condi­
tions (1. 15) -(1. 18) hold. It is known ([1], §§54, 55, 59, 64) that (1. 15) - 

(1. 17) imply

(T,p)e(^ JHH ,
(u0-u) (u0-u)

where H, 5/, <^' have center (tq, pQ). Prop. 1. 1 also gives v, vQ > 0. Then 

(1. 18) yields S > SQ (where S^ = S(tq, pQ), S = S(t, p)). From Cor. 2. 19 we 
then conclude (t, p) (Ql)C^ ; hence (r,p)e^ «OH. In particular (r, p) eQ, 

("o'")
so t < r^; then (1. 15) yields v < v^, so u < u^.

Now suppose u < u and (r, p) n H. If s is to be the shock
%-u)

speed, then ( 1. 15) is satisfied iff

pu ’pouo 
s = ------------- .

P-Po

Using this value of s, one shows easily, by reversing the arguments of [1]

cited above, that UQ, U and s also satisfy ( 1. 16) and ( 1. 17). Since

(t, p)€# g' P > Po and P > Pq' Then
(u0-u)
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Pu -PouQ pu - pQu 
S = -------------  < ------------ = U .

P-PO P-Pq

So s < u, Uq, and m > 0. But S > S^ by Lemma 2.17 (and Props. 2.14-2. 16, 
etc.), since (r, p) c H AQ; thus (1.18) holds, and L_®h2£l£y

Now recall that in this paper, all shocks are required to satisfy the Lax 

shock conditions (1. 19). Thus for the purposes of this paper, the proof is not 

complete until ( 1. 19) is proved. But ( 1. 19) is a simple consequence of Cor.
2. 4 and the fact that p > p^ and (r, p) e H. ■

Observe that the above proof also establishes

Proposition 2,20. Shocks always satisfy (1. 19).

Lemma 2. 2L lim p^(0) = + co . 
6 —>+oo

Proof: Suppose not. Then we can find M > 0 and a sequence ^6 J from 
0 n

(Oq,+od) such that 0^—>+oo and p (0^) < M Vn. We have, for each n.

en = =
P^n1 ~p0 M~P0 

o — o
T0'T T0'T

since (t^(0 ), p^(0 )) eQ. (See Def. 2.10(c).) Since 0 —>+œ, we must have
0 n n n

t (0^) —> Tq. There exist a subsequence of {0^j, which we call J again, 
and a number pc [p , mJ such that p^(0 ) —>p. Suppose p = p . Let R be as

u n o 0 U -
in Lemma 2.11 for (rA, pj, 0_. Then since (t (0 ), p (0 ))—>(t , p) = (r , pj, 

q u u u n n u u u
(tU(0 ), p (0 )) c R for arbitrarily large 0 , a contradiction. Hence p>p . 

n n n u
But since H is closed, it follows that (t^, p) e H, which contradicts Cor. 2. 7. ■

Lemma 2.22. For every a > 0, % AH 0. In other words, the function 
Or a

a (0), 0 e [0Q,+oo) defined by

a°(0) = /(7^--T^(0))(p^(0)-p^

assumes all nonnegative values.
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Proof: Suppose 3a > 0 such that V9 > (r°(6), p°(0)) lies to the right of

i e.,

(2.19) t°(0) > t - -Q—------- (0 > e0> •
° P (6) - Po

(See Fig. 12.) Then from ( 1.20) and (2. 19),

n P (0) + Po aP <6> + P0 a o x

Fig. 12: H lies to the right of

T

by Lemma 2. 21. Hence e(r (0), p (0)) is bounded above for 0 > 0Q.

Choose 0 , > 0 1—0

7 > 0. Then VO > 0^

so large that L_ A# is a jx>int (t , p ) € Q, ie., u i a.
(T°(0), p°(0)) lies above and to the right of

thus
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(2.20) t°(6) > t1 (e ▻op .

Let S°(0) = S(T%), p°(0)) (0 >0O) and suppose JM> 0 such that 
V0 > 0Q, S°(0) <M. By Lemma 2. 17, S°(0) > S(tq,pQ) V0>0Q. Thus V0 > 0^, 

(t°(0), S°(0))e fr.,7 ]x [s(t p ), Mj. But g is bounded above on 

&vT0> [s(t0,p0), M], so p (0) = g(t (0), s (0)) is bounded above for 0 ▻ 0^ 
which contradicts Lemma 2.21. Therefore S°(0) assumes arbitrarily large

values for 0 > 0.. — 0
Finally, observe that V0 > 0^,

(2.21) e(r°(0), p°(0)) = e(r°(0), S°(0)) > e(T^, S°(0)) , 

by (1.3). But the left member of (2.21) is bounded above, whereas by (1. 9) 

the right member is not, yielding a contradiction.

Therefore Va > 0, 30 > 0^ such that

T°<01’ < To - a

But for 0 > 0Q, 0 near 0Q,

Hence 30 £ (®0>0 P such that

0 -
T m = To

a 
n - 

P (0) - p0

i.e., (t°(0), p°(0))£^a.



CHAPTER 3

EXISTENCE OF SOLUTIONS

In this chapter we prove that for any energy function e (see Def. 1. 4), 

the R. P. with arbitrary initial data (U^ .U^ always has a solution. In order to 

do this, it is sometimes necessary, as usual, to allow a "void" constant state 
(p e, p = 0), corresponding to a region in which there is no gas. (See [s], and 

Theorem 3.5, below.)
We first use the results of Chapter 2 to investigate shocks. Throughout 

this chapter we assume that we are given arbitrary fixed initial data (Uf, U^). 

We define

Recall U = (t , p , u ), U = (r , p , u ). Let H ,Q ,0 ,0r L0, (t , p ), 
û * ' * * 0*0 0

and a be the H,Q,0,0n, L_,(t ,p ), and a of Chapter 2 referred to the u y a
center (t£,p£) instead of (tq, pQ); thus, for example, H is the Hugoniot curve 
with center (t£ , p£), 0^( t, p) = (p-p£)/(t£-t) for r r£ , and

a^O) = /ëi^7(0Dü7(^^ (0€ [Ôf,+œ)). Define Hr,Qr,0r,0r, L^,

(7, pr), similarly relative to (i^, p^. Then we have

Proposition 3. 1. S^ = {0^0)10 > 0£] where U^O) = (7(0), p£(0), 7(0)) 

(0>0 ), and 7(0) = u£ -7(0) (0 >0£). Thus (7,7) is C1 on [0£, +œ) with 

(t (0£), p (0£)) = (r£,p£), and

$ e ill
(3.1) (t (0), p (0)) CH AQ HLg for 0 > 0£ .

A £ p
Moreover, (p , u ) is continuous and injective on [0£, +oo), 
(P£(0J,7(0J) =(p ,u ), lim 7(0) = +œ, and u (0) is 

’ 1 £ 1 1 0 —> + co
as 0 —> + oo.

not bounded below

Proof: Props. 2. 14 and 

[0„, + oo). Thus by Def.

2. 15 imply the existence of a c-0-p (t , p ) on
2.10, (7,7) is c\ (7(0£), 7(0f)) = (t£,P4), and

34



35

t t(3.1) holds. By Lemma 2.21, lim p (8) = + oo; by Lemma 2.22, u (9) is 
0 —>+00, I

not bounded below as 0 —>+oo. Also u is clearly continuous; hence so is 

(p ,u ).
Let us prove

St = [u1(e)|e>gj .

£ £
Let U e S . Then by Prop. 1.2, u < u and (r, p) € # 9AH . Thus1 K-u/

it it1(t, p) e H A Q , so by Prop. 2. 16, (t, p) = (t (0), p (0)) for some 0 > 0 . Then 
? £ *

a (0) = u -u, so u = u (0). Hence U = U (0). 
1 £ 1 £

Next, let 0 > 6^. Then u (0) = u^ - a (0) < u^, and by (3.1), 
(7(0), p'(0))e/ nn£ , 9nn£, so

aW (u -u (0)7
£ £ £ f

0^0) = (t (0), p (0), u (0))eS1 by Prop. 1.2.
Finally, we show (p£,u£) is injective. Let 0 ,0 >0 and suppose 

ft it l f 1 1 f t
(p (Op, u (0^)) = (p (0g), u (02>). Then p (0^ = p (0^) and a (0^ = a (0g). 
If p£(0 ) = p , then 0=0= 0 by (3. 1). If p£(0 ) / p then (3. 1) gives 

f 1 l ^ £ ^ £ If? g
p (0 ) > p and we conclude t (0 ) = r (09). Hence (r (0 ), p (0 )) = 

a f 1 I I £ 1 1
(t (0g), p (0^), so Def. 2. 10(b) gives 0^=0 (r (0^, p (0^) = 
0£(7(0g),p£(0g)) =02. ■

Similarly we have

Proposition 3. 2. S = iu„(0)| 0 > 0 } where U„(0) = (7(0), p\0), u^(0)), 
J 1 j r . J

ur(0) = u + aF(0) (0 > 0 ). Thus (tF, p ) is C on [0 , + co) with 
r — r r

(Tr(0r), pr(0r)) = (t^ pr), and

(3.2) (7(0), pr(0D e HrO Qrn lJ for 0 >0^ .

Moreover, (pr, ur) is continuous and injective on [o^, + co), 
(pr(0r), u^(0p) = (p^, u^), lim pr(0) = +oo, and ur(0) is not bounded above

We now study the rarefaction wave curves. Let
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«rî'lu,—

Proposition 3, 3. Along U is a continuous function U^p) = (r^p), p, u^p)) 
of pE (0, p^]; u^ is continuous and decreasing and maps (0, p£] onto 

["(- “max’ ,or 80me “max8<“r^™]-

Proof: Suppose and Vg are independent 1-Rierrann invariants. Then by 

[3], U€W1 iff

(3.3) vL(U) =

v2(U) = v2(Uf)

u-c> u. - c„ . — t i

Moreover, using equations equivalent to ( 1. 1) with unknowns p, u, S, we see

( Qf]) that we may take

(3.4) v^U) = S

Vg(U) = u + h(p, S) ,

where

h(p, S) = \ p 1 \/fp(p, S) dp , 

Jp£

so that

(3.5)

(Here f(p, S) = g(p"\s); see (1. 13).) Then by (3.3) and (3.4), U e iff

(3.6) S = S£

(3.7) u+h(p,Sf) = uf + h(p£ , sp
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(3.8) u-c> u£ -c£ .

By (3.7) and (3.5), u is a decreasing function of p along Its domain is 
restricted by (3.8) as follows. Since g^^r, S) = p3 [pf^(p, S) 4- 2f^(p, S)] , 

(1.7) implies

(3.9) pf + 2f > 0 .
PP P

Then along we have

<2fp+ pfpp> < 0 .

So assuming (3.6) and (3. 7), (3.8) is equivalent to p e (O,p£J; thus along W^, 

u is a continuous, decreasing function of p, defined for pf (0,p£] . Since 
p = g(p"\sf) along W , (1,2), (1.3) and (1.5) imply that along p is a 

continuous, increasing function of p mapping (0,p£3 onto (0, p£] . It follows 
that along W^, t is a continuous, decreasing function T^(p) of pf (0, p£ J, and 

u is a continuous, decreasing function u^p) of pf (0, p£], with range 

[u , u ) for some u f (u., + ool. Thus along W , U is a continuous u f max max t a 1
function U^p) = (t (p), p, u^p)) of pf (0, p^] as desired. ■

Similarly we have

Proposition 3. 4. Along W^, U is a continuous function U3(p) = (r^p), p, u^(p)) 
of pe (0, p^J; u3 is continuous and increasing and maps (0, p^] onto 

(u . , u 1 for some u f [-co, u ).
min rJ min u r

Theorem 3.5. If u , < u , then the R.P. (with initial data (u, ,U )) has a ------------------- min max 1 r 
solution. If u > u , then the R.P. has no solution; however, if we allow min — max
p,p,e = 0, then the R. P. has a solution.

Proof: Let C. = SU W C = S UW . Thus —L 1 1 u u u

= [u|u£ —uj ,

C3 = {u|u Ur J .
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Case 1. u > u . Our plan is to find U. €C, and Uo € Co such ---------- max min 11 3 3
that Pj = Pg and u^ = u^. Then we will have a solution.

contact

(Cf. (3.22), below. ) We shall do this by looking at the projections of and

Cg onto the (p, u) -plane and proving that they intersect. By Props. 3.3 and 

3.4, lim u,(p) = u and lim u_(p) = u . . Hence 35 > 0 with 
p —>0 p —>0

5 < p,, p such that t r
(3.10) uT(5) > Ug(5) ;

we also have

(3.11) u^d) > u£ , Ug(5) < ur .

Let(See Fig. 13.)

u»(6)

min

u
w1o{p

R

Fig. 13: C and C„ must intersect.

max

u.
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c+ = siu|w1nfp> 0}] ,

Cg = s3u[w3n{p> 0}] .

Then we have, from Props. 3.1-3.4,

(3.12) pc (6, Pg] => u^(p) < u^(6) ,

Pe (5, Pr] => u3(p) > u3(5) ;

(3.13) 9 > 0g p^(0) > Pg and (0) < Ug ,

0 > 0 => pr(0) > p and uF(0) > u . 
— r — r — r

-j- "I* -J-
Let (reap. Cy) be the projection onto the (p, u)-plane of (resp. C3>.

Then from (3.11) -(3. 13) we get

(3.14) (p, u) e => p > 6 and u < u^ô) ,

(p, u) e C3 => p > 6 and u>u3(ô) .

By adjoining the curve (^{p > ô] (resp. W3 O {p > ô] ) to the curve (resp. 

S3>, we can, in an obvious fashion, extend the domain of the function (resp. 

UJ to a larger interval (0 , +00), 0 < 0 (resp. (0 , +co), 0„ < 9 ), so that
15 lit a O r

we have

(3.15) = U,((0., + oo)) , = U„((0„, + oo)) ,
L 11 0 0 0

lim (p^(0),/(0)) =(6,u (6)) , 

^^1

(3.16) lim (p%),u^(0)) = (6, u (Ô)) ,
_ _T O
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and (p\uS, (pT, ur) are continuous and injective. Let P = (ô, u^ô)), 

Q = (6, Ug(6)); Let (resp. Hg) be the horizontal line through P (reap. Q). 

(See Fig. 13.) By (3.10) and ( 3.16), for 9 > sufficiently near 0g, 
(pr(0),ur(0)) lies below Hp But since 7(0) is not bounded above as 0 —> + oo, 

30 >0 such that (pr(0), ur(0)) lies above Hence 30e(0g, + oo) such that 
(pr(0),ur(0))€H1; let 0g be the smallest such 0. Let R = (pr(0g), 7(0g)). By 

(3.14) and (3. 15),

(3. 17)
r *P (0 g) > 6 .

Similarly, 30^ > 0^ such that (pf(0*), 7(0^)) € Hg. Let S - (p (0p, u (0^)). 

We have

(3.18) p'(0*) > 6 .

Let PR (resp. PQ) be the_line-segment joining P and R (resp. P and Q), and 

let QR be the portion of Cg strictly between Q (0 = 0g) and R (0 = 0g). Let 

P = pr UPQ UQR. By (3. 14), (3.17) and the minimality of 0g,

(3.19) (p, u) € PR => p > Ô and u = u^(6) ;

(p, u)e PQ => p = 5 and Ug(ô) < u < u^ô) ;

(p, u) eQR => p > Ô and Ug(6) < u < u^ô) .

By (3.19), (3. 16) and the injectivity and continuity of (pr,ur), F is a Jordan 

curve. By (3.18), Let D be an open disk centered at P such that

Dc[p> Oj. Let

DL = D Fi{p < 6 or u > u^d)} ,

Dg = D F^p > 6 and u < u^(^ .

(See Fig. 14.) By (3.19), FC [&,+co) x u^(6)] . Hence D^P - $6, and

any T e can be joined to S by a path y with y OF = But Se ExtF, 
since the ray d? = ^p (0 j) } x (-co, Ug(60 is unbounded, Se 6?, and d? F F — 0,
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P0

u^ô)

Ug(6) H3

H1

___-T n />i N
\

\ 1 n /

Fig. 14: D^C Ext V .

hence Te Ext T. Thus D.CExtP. Now suppose (t, p, u) e S . Then p = pr(0) 
1 «J

for some 0 > 0^, whence P > Pr by (3. 13). Thus

(3. 20) (t, p, u) e S3 => p > Pr .

Next (see (3. 10)), pick any uqe (u3(6), u (6)). Then by Prop. 3.4, 
3pgE(6,p^] such that VpE(6,p^), ug(p) < uQ. Now suppose 

(t, p, u) e W3 p [p > 6 Then u = u3<p) by Prop. 3. 4, so by the preceding, 

p < p implies u < uQ. Thus we have

(3.21) (r,p,u)cw3n{p> 6} =>[p> Po or u < uQJ .

Combining (3.20) and (3.21), we conclude

(p,u)EQR => ["p > pQ or u < u^] .

Hence we may choose D so small that D AQR = Then D P = Now 
p € P = 9(IntP ), so 3 a sequence £ P^ j from Int P such that P^ —> P. Then
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for some n, P e D. But also P i P, so P e D. U Do; hence P e Do since n n n l z n z
D.CExtr. Hence D9 C Int P. But by Prop. 3. 3, for all 6 > 6 sufficiently 

1 £ £ 2 £ 1 £
near 0 , (p (6),u (8)) e (since u^ is decreasing), so (p (0), u (0))elntT;
whereas (p^(0'), u^(0Ô) = S€ ExtP. Hence 30 e (0 ,0Ô such that

6 _ o _ L 1 ^ £ - £ - __
(p (0 ))eP. Then by (3.14), (3.15) and (3.19), (p (©p.u (0 )) eQR, so

30 e(0 ,0 ) such that (p (0 J, u (0 )) = (p (0 ), u (0 )). Then the R. P. has U O O d U 1 1
the solution,

(3.22) Uf — ^^U^) — Ur .

Case 2. u < u . . If the problem had a solution, then there would -------- max — min
exist states U and Ug such that

u{ —U1
contact >T 3
---------- U3----- U r

These relations imply U. e C., u. = uQ and U„€C„; then, using Props. 3.3 
111 d d d

and 3.4 and (3.14), also u, < u and u_ > u . , a contradiction. Hence 1 max 3 mm
there is no solution. But if we allow p, p,e = 0 (corresponding to a vacuum),
then we can connect and U? each by a (complete) rarefaction wave to a con­
stant "void" state (p, e = 0, u undefined). (See [b], and Fig. 15.) To see that 

ax

void (p.e = 0)

x

u + c r r
3-rarefaction
' wave

"£~C£ 1-rarefaction 
wave

"mi

Fig. 15: The case of the vacuum.
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these two waves do not overlap, we note that u - c < umax on W 

u+c > u on W_. Thus our "solution” ismin 3

and

„ 1 -wave ., 3 -waveU,---------- void----------- U .£ r



CHAPTER 4

UNIQUENESS AND NONUNIQUENESS OF SOLUTIONS

In this section we show that the condition MEDIUM is necessary and 

sufficient for uniqueness of solutions of the R. P. (See Th. 4. 5 and Th. 4.13.) 

We first prove the sufficiency. To obtain uniqueness, we replace Props. 3.1 

and 3.2 by Props. 4.3 and 4.4, which assert that when MEDIUM holds, the 

curves S and S^ have a simpler form: along S^ (the projection of S^ onto the 

(p, u)-plane), u is a decreasing function of p; along S^, u is an increasing 

function of p. Then the curves and can intersect in at most one point. 

(Cf. Figs. 13 and 17.)

Lemma 4. 1. Suppose e satisfies WEAK. Then along H, t = V(p), where V 

is a function defined on (0, +oo).

Proof: For any (r, p)€H,

3 P+Po
H (t, p) = — e(r, p) + —-— ,

by (2.2). But by WEAK, 

e<T, P> > - | •

Hence

(4. 1)
0H^(t, p) > -y > 0 V(t, p) € H.

Let p>0. As before, using (1.2), (1.10) and (1.20), we have

lim H(r, p) < 0 , Hm H(t, p) = +oo ;
r —> + oo

hence H(t, p) = 0 for some t, and by (4. 1) there can be only one such r, which 

we denote by V(p). V is by (4. 1) and the implicit function theorem. ■

When WEAK holds, we define

44
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(4.2) aQ(p) = pÎHp^p^)

Lemma 4. 2. Suppose e satisfies MEDIUM. Then

d
0

Proof: Let H denote the Hugoniot curve with center (r , p ). Since WEAK 
0 0 0 0

holds, we have r = V (p) along H by Lemma 4. 1. As in (4.2), we define a 

by
^V&Po)

Then

Hp(V°(p), p)

II (V°(p),p)

We write 0, v , (p); then7 = V

= -

a
211

(-g । T
3 

op

o__ _•
2_______

P - PQ

by (2. 2) and (2. 3). Hence

1
2a0(p)

&0-v% - v°<p>d .

But (-g ) " e(t, p)

1 
2a0(p) 0

3 , x 0— e(T, p) - 
'° a '""o

P " PQ
2 0 by (4. 1) and (2.2), so
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<4 3> a0<P> > 0

*=MP-PO)
d

9p
To'Tl , .r . a , . p-po‘ 

2

_9_ , . <P-P0^q-t)
3p 6 T,P > (S^ITq-t) + (P~P0>

We also have

(4.4)
d ............... a , . . <P-Po^o-)
- a0(p) < 0 <=» - e(T, p) < <-gT)(To.T) + (p-po) 

which we shall use later.
Let (r ,p )€H°nQ (see (2. 1)); then = V^p^. We must prove 

a^(p)| > 0. By (4.3), it suffices to provedp 0 1 | p= pL

a (pi "P0)(T0 "Tl>
(4.5) — e<Tr pt) > ■

Let H1 be the Hugoniot curve with center (r , p ), and let t = v\p) along H
1 1 1 1

as in Lemma 4. 1. Then (tq, pQ) e H , so tq = V (pQ). Since tq > and
p < p , Lemma 2. 18 gives r = v\p ) e [t , / ), where

U [ U U 1 llldA

= "enee

(4.6)

Also,

(4.7)

20(7^ pp
0<T0-Tl< ~7—

0 < P[ -Po < Pl •

Now observe that
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(Pi-PqXtq-7!)
("B^^iPpXTQ-Tj) + (pl-Po) ” f^T0 ?Ï'P1 Po} ' 

where f is the function

f(x, y) = xy
ax + by (x, y > 0) ,

where a = -g (r., pj > 0, b = 1 > 0.
Til

from (4. 6) and (4. 7) we get
But f satisfies —- > 0, —- > O' hence dx dy

/2e(T^, pp \
«T0 -Tr Pj -P„> < . P^

= ^.p )— ■

——+pi

by MEDIUM and Prop. 1.5. This, together with (4. 8), proves (4. 5).

Proposition 4,3. Suppose e satisfies MEDIUM. Then along S^, U is a
continuous function U^p) = (r^(p), p, u^(p)) of p> p^, and u^ is a continuous, 
decreasing function mapping (p^, + oo) onto (-co, u^).

t £
Proof: Let H be the Hugoniot curve with center (t^ , p^); let t = V (p) along

H as in Lemma 4. 1, and define a (p) = J(t. - V (p)) (p -p ) (p > 0). Define
£ lit £

T1 = v and U^(p) = u£ -a£(p) (p > pf). 
£ £ ft

Let p > p . Then (V (p), p) e H , a.(p) > 0 and (V (p), p) c 9. (See 
a.fp)

£ £ 1 £
Fig. 1. ) So u (p) < u and (V (p), p) 6^ Then since t (p) = V (p),

(uf -u^p)) 1

Prop. 1.2 gives U^p) = (t^p), p, u^p)) e S^. (Recall S^ = {u| U£ - u] .)

Now let U e S . Then by Prop. 1.2, u < u and (t, p) e .
(u.-u)2

£ *
By Lemma 4. 1, t = V (p). By (4. 8), u£ - u = a£ (p). Hence
U = (r^p), p, u^p)) = Ujp). Thus we have shown S^ = {u^(p)| p > p£J. is 

decreasing by Lemma 4. 2; it maps (pf, + co) onto (-co, u£) by Lemma 2.22. ■
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Similarly we have

Proposition 4. 4. Suppose e satisfies MEDIUM. Then along S^, U is a 

continuous function U„(p) = (ro(p), p, u_(p)) of p > p , and uo is a continuous, d d o rd
increasing function mapping (p^ + œ) onto (u^, + oo).

Theorem 4. 5. Suppose e satisfies MEDIUM. Then the R.P. always has a

unique solution (in the sense of Th. 3.5).

Proof: We are given arbitrary initial data (U^Up. As in Th. 3.5, let

C = S Uw , C =S UW . Combining Props. 3.3 and 4.3, we have 1 1 1 J J u

(4.9) Along Cp U is a continuous function U^p) = (r^p), p, u^p)) of 

p > 0; u^ is a continuous, decreasing function mapping (0, + oo) 
onto (-oo, u ), for some u € (u. , + oo] . max max t J

(See Fig. 16.) Similarly, Props. 3. 4 and 4.4 give

max

Fig. 16: u is a decreasing function of p along

u£
0 ---------------- — P

S = graph of u I 
^(Pp + oo)



49

(4.10) Along Cg, U is a continuous function Ug(p) = <Tg(p), p, Ug(p)) of 

p > 0; Ug is a continuous, increasing function mapping (0, + oo) 

onto (u , , + m), for some u . e R-oo, u ).min min *- r

Case 1. u > u . Let C. (resp. C») be the projection of C ---------- max min 1 __  3 __ 1 
(resp. Cg) onto the (p, u)-plane. Then is the graph of u^, and Cg is the 

graph of Ug. A solution of the R.P. is uniquely determined by states Up Ug 

such that

-contact-3

For such states U., UQ we must have U. EC., U» c and (p , u ) — (p_, uJ. 1 o 1 1 u u L 1 u u
In this case, denote p^ and Pg by p; then by (4. 9) and (4. 10), p uniquely 

determines Ü” and Ü7, and u (p) = u„(p). But u is decreasing and u is 1 O 1 u 1 V
increasing, so - Ug is decreasing; hence u^(p) = Ug(p) can hold for at most 

one p. (See Fig. 17.) Thus there can be at most one solution of the R.P.

u

u.(p) = u_(p)

max

u
C.

u min

Fig. 17: The strict monotonicity of C^ and Cg assures 
uniqueness.

■P
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Here it is necessary to stipulate that in the case umax> umin* we do 
not admit the void state (p,e = 0, u undefined). (See Th. 3.5, Case 2.)

Case 2. u < u . . Clearly there is only one way to connect
—‘-----’ max — min

(left) to the void state on the right by a complete 1-rarefaction wave; similarly 

for

void3rwayeUr . ■

We turn now to nonuniqueness. We begin by showing two different ways 

in which a property of the Hugoniot curve allows one to construct initial data 

(Uf,U ) for which the R. P. has more than one solution.

Convention 4.6. H will always denote the Hugoniot curve with center (tq,p0). 

Similarly, we shall always denote

Q = (0, tq) x (pQ, + co) ,

0 = (7 4 T0) .To'T 0

% = upper branch of hyperbola (tq -t)(p - pQ) = a ,

L- = line through (tq, pq) with slope -0 (0 > 0) .

(See, for example. Lemma 4. 10, below.)
First, suppose we have two distinct points (tpp, (7^, p^) and a > 0 

such that

(4.11) (r^pjE# 2 nH
a

for i = 1,2. (See Fig. 18.) Let u, be arbitrary and let = (^, P^,^), 

U =(t0,P0.u£ -2a). Then (4. 11) and Props. 1.2 and 1.3 yield the following 

two solutions of the R. P. with data (U^.U^):

(4.12)
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Fig. 18: The behavior of H that gives rise to 
type I nonuniqueness.

(t„, pJ

T, T

(4. 13) .

Clearly, if we have n distinct points (t^ , p ), ... , (t , Pn> that satisfy (4. 11) for 

i = 1, ... , n, then we obtain n distinct solutions of the R. P. with data (U; , U^). 

Motivated by the above, we make

Definition 4. 7. We say that type I nonuniqueness holds for (Uf .LH if and 

U have the same thermodynamic variables (Tq, p^) and there exist distinct 

(t ,p) and (t2> p2) that satisfy (4. 11), where 2a = uf-ur; then the R. P. with 

data (Uf ,U ) has the two distinct solutions (4. 12) and (4. 13), which we call 
type I solutions. The (type I) nonuniqueness is n-foldif there exist n (type I) 

solutions.

Now suppose we have p > p^ and 0 < < T2 < tq such that

(4.14) (t^p),^,^!!.

(See Fig. 19.) Let a and b satisfy
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P

P

I II

Fig. 19: The behavior of H that gives rise to type II
nonuniqueness.

(4.15) (t1 , p) e 2 , (t2, p) e 2
b a

(e.g. , a =^(t0-t2)(p-P0)); then b > a > 0. Let u£ be arbitrary and define 

U£ = <T0-P0>uf>> ur = (T0»P0,u£-(a + b)). Then by (4. 14), (4.15), Props. 1.2 

and 1.3, and the meaning of contact discontinuity, the R. P. with data (U£ , LU 

has the following two solutions:

(4.16) Ufllî!H£^Ti,p.Ui-MSS^ .

(4.17) u( -^2£k (T2, -, U( . a) £°2l«£t , - U( _a) ^stock

Definition 4. 8. We say that type II nonuniqueness holds for (U£ , U^) if U£ and 

have the same thermodynamic variables (tqi pQ) and there exist p > pQ, 
r , t e (0, t ) with t < r , a > 0 and b > 0 such that u - u = a + b and (4. 14)1 u 12 «.I*
and (4. 15) hold; then the R. P. with data (U£, has the two solutions (4. 16) 

and (4. 17), which we call type II solutions.
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We now prove that MEDIUM is necessary for uniqueness. Some of the 

lemmas below are stronger than necessary; these strengthened statements will 

be used in Chapter 5 to obtain stability.

Convention 4. 9. We shall henceforth often use a more informal notation, in 

which all derivatives are assumed to be taken along H. Here are two examples:

£de
dr

e =eY

where .p are as above and 6^ = 6(t^ . p);

when WEAK holds and V is as in Lemma 4. 1.

Lemma 4. 10. Suppose e satisfies WEAK, but violates MEDIUM. Then there 

exist (t"q, Pq) , and (t^ , p^) e H HQ, such that

0da 
dp

(See Conventions 4.6 and 4.9; here. and often in what follows, we also denote

a = -p0).)

Proof: Since e violates MEDIUM, then by Prop. 1.5 there exists (r^pj such 

that

B 2e(T1,p1)
(4.18) ---------------------------2^7^) •

— "*l

Let H1 be the Hugoniot curve with center (t^p^, and let T = V (p) along H 

as in Lemma 4. 1. By Lemma 2. 18.
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lim V V’) = = t
_+ ' max 1p^O

Hence, writing t = V^p), we have

(-g (t . P ))(t "T ) t (p -p)
P —> U T 1 l 1 I

2e(Tr pp

P1

2c(t1. p|)

Therefore by (4. 18), 3pQe(0, p^) such that, writing rQ = V (p^), we have

19) '

But also 7^ = V(p^), where t = V(p) along H as in Lemma 4. 1; hence by (4.4) 

and (4. 19),

d , . 
a; "o'"' 0 .

For the other inequality, observe that since 0 = (p - Pq)/(Tq-t) for

o we have

. . . . dj

(4.20)

(p 4 p0).

by WEAK. Cor.
( p > 0), so

a p-i’o
2.7, (2.2) and (2.3). But by WEAK, (-g ) — c(t. p) - ——> 0

T dp X
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>0 p> - e(r-p) " A

^=> e(r, p) [(-gT)(70 - t) - (p - po)] > 0 (p 4 p0)

which is true for p > p^ by Cor. 2.4 and (1.22). (Here (r, p) e H, since the 

derivative d9/dp, along H by Convention 4.9, is involved.) Hence also 

dp/d0 > 0 for p > pQ. In particular,

> 0 .
P1

Now suppose (7, p) satisfies H(7, p) = 0 and H^(7, p) 4 0. Then t is a 

function of p along H, near (7, p); hence d7/dp exists and (4.20) holds if

by Lemma 2.9, d6/dp 4 °; thus dp/d0 exists and is nonzero. In par-

ticular, if (7. p) e H, P > PQ and ^(7. p) 4 0, then by (4. 20) the following hold:

(4.21)

(4.22)
dp dr T T0
—' > 0 <=> — > -------  d£> dp p - pQ

(4.23)
. 0 dr < T T0

d0 dp p - pQ dp

Lemma 4. 11. Bup^se e violates WEAK. Then there exist (7^, p^), and

(t ,p)€HnQ. such that

dr 
dp

dB . 0

Proof: Since WEAK fails, 3(7^, p) such that

(4.24) 9 . -, ____ p____
5^2 '^ -2gT(T2.p)
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Let H be the Hugoniot curve with center (r^, p), and let t = V(p) _along H for 
pe (0, p J, as in Lemma 2.18. By (4. 24), (-g (t p)) e(r , p) - £ < 0; hence 

T z dp z z
we can find p^ e (0, p) such that

(4.25)
, , a , -, p'po

T2* P *3pe T2‘ P ~ 2 <o •

Write rn = V(pn); then (Tn,pn)eH, so (r , p)eH. But (4. 20) holds for any U U U v z
(r.p)eH for which p) 0 and p> p^; in particular (4.20) holds for

(r.p) =(t p), by (4. 25) and (2. 2). Then by (4. 25) we see that

F - a - p-pol 
o ■*=>[<-gT(T2.P» - -g—J <t0-t2)

r T» 1 "1 to’t2' 
'"-'Vl.^^2 - —T~ J

9— e(T2,p) (-gT(T2.p))(T0-T2)-(p-p0) >0 ,9p 2

which is true by Cor. 2. 4 and ( 1.22). Then also

It follows from (4.23) that

dr 
dp

Combining Lemmas 4. 10 and 4. 11 gives

Lemma 4. 12. Sup;>ose e violates MEDIUM. Then there exist (tq-Pq)- and

(t^cHHQ. such that

da 
d 0

dp 
dfi / 0 . 

h "P
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Proof: If e satisfies WEAK, then by Lemma 4.10 there exist (tq, pQX and

(t ,p )€KnQ. such that

dal dp I

But since —■ = ~~ • , the above also yielddO dp dO

da 
dO

If e violates WEAK, then by Lemma 4. 11 there exist (t^, Pq) , and

pPptHnQ. such that

dr 
dp

i” i
dO . .Ktj.pP

Since a (see Convention 4.6 and Lemma 4. 10),

da 
dp

i n . , x dr i (P 4 Pg) •

Hence

da 
dp

r11

Theorem 4. 13. Suppose e violates MEDIUM. Then uniqueness fails; there 

exist initial data (U£ ,U ) for which 3-fold type I nonuniqueness holds.

Proof: By Lemma 4. 12, there exist (tq, pq), and pp € H nQ. such that

da 
dO

2' P2)

Let 0 = 0(t2,p2) (and. as always, 0Q = 0(tq,p0) = - ). Then

O'1 0
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Fig. 20: The behavior of a .

0 a _

Moreover, by Lemma 2.22, we can find arbitrarily large 0 such that
a0(0) > a°(0J, so 30oc(0n, + œ) such that a% ) = a°(0J. Let a = a°(0 ), 

n (f t t
and let (t., p.) = (t (0.), p (0.)) for i = 1,2,3. Then the (t., p.)'s are distinct
and satisfy (4. 11). Let Uf = (tq. pQ, u(), = (^,p^,u^-2a), where u£ is
arbitrary. Then 3-fold type I nonuniqueness holds for (U£ , U^). (See Fig. 21.)

Thus we see from Th. 4. 5 and Th. 4. 13 that the condition MEDIUM is 

necessary and sufficient for uniqueness of solutions of the R. P.
We conclude this chapter by showing that when WEAK fails, tyj>e II 

nonuniqueness occurs.

Lemma 4. 14. Suppose e violates WEAK. Then there exist a point (tq. pQ). an 

open interval NC (p^, + 00) and three C functions , Vg, on N such that

(V.(p),p)cH (pe N, i = 1,2,3) ,
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(to,Po)

not-WEAK

(tq, pq),

T
T

To

WEAK and not-MEDIUM

If a
(t_, pj I

Fig. 21: 3-fold type I nonuniqueness occurs whenever MEDIUM 
fails.

(4.26)

(4.27)

(4.28)

VL(p) < v2(p) < v3(P)

V^(p) < 0

H (V.(p).p) y 0 T 1

(peN),

(PEN),

(p€N. i = 1,2,3).

(See Fig. 22.)

Proof: By Lemma 4. 11, there exist (tq, pQ), and (T^p^eHOQ, such that

(4.29) d?| <0.^1 <0 .d"l<T2.P2) del(r2.P2>

We know by the meaning of

H (r , p ) y 0; thus 3 a C1 
T 4 A

— I (and the proof of Lemma 4. 11) that
dp . x

t2' P2
function Vg defined on some neighborhood N^(p^)

of p (6 > 0) such that V (pj = t and

(4.30) (V2(p),p)eH . H/Vg(p).p) y 0 Vp€N6(p2) .



60

Fig. 22: The objects (rQ, pQ), N, V2 and Vg 
to be constructed.

Also by (4.29). (p°)'(02) < 0. where &2 = 6(^. P2). Thus p°(6) < p^ for all

0 > 9 sufficiently near 0o. (See Fig. 23.) But by Lemma 2. 21, p (9) > p for
2 2 0

9 sufficiently large. Hence p (9) = p2 for some 9 > 9^ let 9g be the smallest 
such 9. and let Tg = /(9g). Then Tg > since 9g > 92 and p (9g) = p (62).

Now pick any c(Tg, Tg). By (4.30), Vg(p2) < 0. Since 

V^(p) = -Hp(V2(p). p)/Hr(V2(p). p) (Pe N^(p2» • we may assume, 
smaller if necessary, that VpeN^tPg),

by making 5

(4.31) V2(P> < t4

(4.32) v^(p) < o .

By continuity, such tint V9 c (p^.Og).

(4.33) P2 > p°(0) > P2 - ô

(4.34) t°(9) > t4 .

Since (4.33) holds for 9 = 9^, we can find 9 c (94,9g) such that
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(4.35)

0

0
P y

Fig. 23: Obtaining (v^, p^)

p0

P2

0
P

I
HP

0=0

P°(®3) -P (8^) 

03"04

since p°(03) = P2. Let p3 = P°(0). v3 = 7°(0). We assert that H/Vg.p^) 0.

In general, suppose we have a point (t. p) e H for which dp/d0 y 0. By

Lemma 2.6(c), either y 0 or H 4 ®• But if 
(near (t. p». so £ • 4 °, whence 4 

H y 0, then p = p(t) locally 
P

0; hence H 4 °- Thus we T

have proved

(4.36)
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Now by (4. 35), dR 
d0 ¥ o. so our assertion H^(Vg, P^) / 0 follows

from (4.36). Next, observe that by (4. 31), (4.33) and (4.34), we have 
0 - 1pQ €N.(po) and V_(pQ) < t < r (0) = v_. Thus there exist ct > 0 and a C o o Z Zu 4 u

function Vo defined on N (pJ such that N (p„)CN (p ), V„(p„) = v , and »j (J u O U Um u u u
VpeNa(p3).

(4.37) (VgfphpHH . HT(V3(p),p) 4 0 and V2(p) < V3(p) .

(See Fig. 24.)

P

0

Fig. 24: Defining V3>

We next argue analogously to get V . By (4. 33), > p3> Since
(p°)'(02> < 0, p°<0) > p2 > p3 for all 0 < 02 sufficiently near But 

p°(0o) = p0 < p3 (because (Vy.P^^Q by Def. 2.10(c), since 0 > 04 > 02 > 0Q). 
Thus p°(0) = p„ for some 0 e (0 ,0 ); let 0 be the largest such 0. and let 

T = t (0 ). Then r, < rn. Pick any t c(t t ). (See Fig. 25.) By making 1 1 1 □ L Z
a smaller if necessary, we may assume that Vpc N^(p3),

(4.38) V2(p) > t5 .
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Fig. 25: Obtaining (v ,p ).

2

0 
P

P2

P3

30_c(G ,,0n) such that V0 G (0 ,0 D 12 10

(4.39) P3 < P°(6) < P3 + cr

(4.40) t°(0) t5 .

Then as before, 30c(0 ©5) such that (p°)'(0) / 0. Let = p°(0), = r°(0);

then by (4. 36), H (v , p ) =/ 0. Also, by (4.38) -(4.40), T^. < Vg(pp.
Hence there exist an open interval N and a C function V on N such that
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p^NCN^pg), V/Pp = vr and VpeN,

(4.41) (Vjrf.pJeH , H^V^pJ.p) y 0 and V^p) < V2(p) .

(Cf. Figs. 22 and 24.) Since NcN^p^cN^, if we restrict V2 and Vg to 

N, then V . V2 and satisfy the desired conditions by (4.30), (4.32), (4.37) 

and (4.41). M

Theorem 4. 15. Suppose e violates WEAK. Then there exist initial data

(U; . up for which type II nonuniqueness holds.

Proof: Let (t_, pn). N. V., V„ and V„ be as in Lemma 4. 14. Choose peN, 

and let t = V^p). ?2 = Vg(p); then (r^, p), (t2, p) e H. Also, p > Pq, so by 

Cor. 2.7, t ,to < rn; by (4.26), t <t . (See Fig. 26.) It is now clear from 12 U 1 Z

0

p

Fig. 26: Type II nonuniqueness.

Def. 4. 8 and the remarks preceding it that data (U; , U^,) can be found for which 

type II nonuniqueness holds. "

Observe that, although the violation of WEAK implies the occurrence of 

both type I and type II nonuniqueness, the data (U^ ,up given by Theorems 4.13 

and 4. 15 need not be the same. In the next chapter we shall prove that (when 

WEAK fails) there always exists one set of data (U£ , Up for which type I and 

type II nonuniqueness hold simultaneously, and for which the resulting 5-fold 

nonuniqueness is stable.



CHAPTER 5

STABILITY OF THE NONUNIQUE SOLUTIONS

We begin by providing a meaning for the title of this chapter.
Suppose we have initial data (U , U ) for which n-fold nonuniqueness 

* 0 0
(tyiie I, type II, both, or neither) holds, i.e. , theR.P. with data (U*, U^) has 

n distinct solutions,

(5.1) U° — U*' ° S2ÜÎ224 ° — u° (l<i<n).

Definition 5.1. We say the n-fold nonuniqueness is stable if there exists a 

neighborhood fZ of (U^, U^) such that

(a) for any <U^,U^)^ theR.P. with data (U^,up has n solutions;

(b) these n solutions can be expressed,

u£^u‘(u,,ur)=u‘(W
<(Uf ,U2<?L i = 1.

in such a way that

Uj(Uf,Ur> —> U^ (j = 1,3; i = l,...,n)

as (U;, Uf) (U°,U°).

In this chapter we shall prove th&t for all types of n-fold nonuniqueness 

considered, the data can be chosen so that the n-fold nonuniqueness is stable. 
Thus when MEDIUM fails, there exist data that exhibit 3-fold type I nonunique­

ness, and for which the 3-fold nonuniqueness is stable. (See Th. 5.4.) When 

WEAK fails, we can find data that exhibit simultaneously 3-fold type I non­

uniqueness and (2-fold) type II nonuniqueness, and for which the 5-fold non­

uniqueness is stable. (See Th. 5.6.)
We begin with type I nonuniqueness; the following two lemmas provide 

sufficient conditions for stability.

65
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Lemma 5. 2. Suppose 0^ < 9 < 0% < 63, a > 0 and

(5.2)

(5.3)

(5.4)

(i = 1,2,3),

(i = 1,2.3),

(i = 1,2,3).

Let Uq be arbitrary and let Uf = (t0, pQ, uQ), Ur = (tq, Pq, uQ-2a). Then the 
R. p. with data (U^,U^) has three type I solutions for which the 3-fold non­

uniqueness is stable.

Proof: Let (r., p.) = (t^(0.) , p^(9.)) (i = 1,2,3). Then by (5. 4), the R. P. with 
0 0 1 1 1 1

data (U^, Up has the three type I solutions,

(5.5) v0 l^ho=k(T[|Pi,Uo.a) contact (Tj P[ Uo.a) S^shockyO (1 = , 2 3)

which we have expressed in the form of (5. 1). By (4. 36), H^(t. , p^) 4 0

(i = 1,2,3). For any point (r^, p^ as center, we define

P+pc
(5.6) H(t , p ; t, p) = e(T, p)-e(r , p )+ (t-t ) —~— (t,p,t,p>0).C C CC C 6 U v

Then H^Tq, pQ; r., p.) 4 ° d = 1,2, 3), so by the implicit function theorem 

there exist neighborhoods N. of (tq> Pq-and functions V. on such 

that

(5.7) ^i^O'^O" \ (i = 1,2,3),

(5. 8) H(t ,p ; V (t , p ; p), p) = 0 dr , p , p) e N i = 1,2, 3),
0 C ICC C C 1

and we may assume

(5.9) N. nN. = 4 
1 J

( 1 < i < j < 3),
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(i = 1,2,3).

For brevity, we shall usually write

(5.10) V°(p) = V (t , p ; p) ((t ,p ,p)£N).
1 ICC C C 1

We also define

(5.11) H(tc> Pc; t, p) = y(Tc-r)(p-pc) ,

and we abbreviate n^(T, p) = rX^, Pc; r, p). In similar fashion, we define 

(5.12) a^(p) = H (V. (p), p) when (%^, p^, p) € N. .

By Lemma 2. 9, (5.2), and the fact that H^t., p.) 4 0, we have

which, in

(5. 13)

da 
dp

da 
d0

the notation (5. 10) -(5.12),

0"i

dO 
dp

can be expressed,

(i = 1,2,3),

(i = 1,2,3).0

i

A o

Define

$<7,, Pf, u;, T?, pr, p) = (t£ , Pr uf, rr< pr, u f - (a#(p) + ar(p)))

for all

(Here,
^f'Pf "f'\'Pr'P^ which (t# , p# , p), (T^, Pf, p) € N. for some i. 
for example, a#(p) = r/(V^(p), p) when (rf, p*, p) e N{; see (5. 10) -

(5.12).) 0 is a CI function defined on an open set containing

{(To, Pq, Uq, -r , pQ, pp| i = 1,2,3}, and has Jacobian matrix of the form

(uf ~(a*(p) + ar(p)))



68

hence its Jacobian determinant is given by

"r V Pr' (uf-(a£(p) + ar(p))) = -(aj(p)+ a^(p)) ,

whence

^o'Po'%'^'Po'P? = "^Pi^^P?1 = '^P? •

Moreover,

(5.14) ^(Tg. Pg. Uq. Tg, Pg. = (7^. p^. u^. T^. UgHa^p.) + aq(p.)))

= <^o Po'"o'^o ° = 1’2'3}
since aQ(p.) = n0^, p.) = a°(0.) = a by (5.4) and (5.7). Hence there exist

may assume
neighborhoods of (tq, pQ, uQ, rQ. pQ, p.) and of %,P0,u01T0,p0,u0-2a) 
such that ÔL is a diffeomorphism of Tn. onto "H_; we 

'Tn. i :

, FIT?) = 0(5. 15) (l<i<j<3) .

In addition, (5.9) implies

(5. 16) (T,, Pr ur Tr, Pr, p) e 77 p > p£ , pr (i = 1,2,3) .

Observe that (U®, U®) = Pg,^, T^, PQ,u^-2a). Let T\= is

a neighborhood of (U^.U^). Let (U^ , Ur) Then Vi, • P; » u; * Tr' ur^ ~ 

(U^upeH., so there is a p^ > 0 with (t# , p;, u; , Tr> Pr» p.) e 7^. such that 

$(Tf . P t. u£ . Tr. Pr. [Ô = (Tr P£> U# ,Tr. Pr, up. Since also_ 

$(Tf ,Pru£,Tr,Pr, P.) = (t£ , pf, u; , Tr, Pr, Uf -(a£(p.) + ar(p.))), we have 

(5.17) ur = u£ -(a£(p.)+ar(pi)) 1,2,3) ;

function of (U£ , up ; in fact,moreover p > p£, pf by (5.16). Here p. is a C _ . f. r -
it is the last coordinate function of the C1 diffeomorphism (^^ ) . Note

that by (5. 15), the p *s are distinct. Thus from (5.8) and (5. 17) we see that 

the R. P. with data (U£ , U^) has the following three distinct solutions, for 

i = 1.2,3:
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(5.18) ^l^Çk(y^p) p

(V^). pv ur + ar(fj» Ur

which establishes condition (a) of Def. 5.1.
By (5. 14) and the fact that (ÿ| ) 1 is continuous on "h, p —> p. as0 0 1 "Ji i i i

(U£ , up (U£, up. Letting

i t — — —Ul<uruP = (vpp.), Pr u£-a£(p.)) ,

= (v^^'P7,ur + ar(ix)) .

we see that the solutions (5. 18) are expressible as

u -u‘(u up—U> u)-u (i = 1,2,3) ,
and Uj(U£,up ^(T.,p.,u0-a) as (U£ , up -»(U£, U°) (i = 1,2,3; j = 1,3).

(See (5.17).) Referring to (5. 1) and (5.5), we see that condition (b) of Def. 5. 1
holds. ■

Q — Q ■ 0
Lemma 5. 3. Let 0 < Q < 6 < 6 and suppose a (6 ) > a (9) > a (9 ), 

0 — qD 1 “ Q
(a )'(0) y 0 and (p )’(0) 4 °- Then for any open interval I containing a (9), 
there exist 0 ,0_,0„ and ae I with 0 < 0 < 0 < 0 , such that a°(0 ) = a, 
. 0.... . , . 1 Z U 1 Z 3 i
(a )'(0.) 4 0 and (p y(6J 4 0 (i = 1,2,3).

— 0 0 - —Proof: By Lemma 2.22, 30 > 9% such that a (0) = a (0); let 9^ be the

smallest such 9. (See Fig. 27. ) Choose e > 0 such that 9 € Np0) implies 
0e(0 ,0 ), (a^)'(0) 4 0 and (p^)'(O) 4 0. is a C1 diffeomorphism of a 

1 2 - o -
neighborhood of 9 onto a neighborhood of a (0); hence there is an open interval 

0- 0 - 0 — 0 -J with a (0) € JC I n(0, + oo) such that JC a (N (0)). Then since a (0_) = a (0), 
0 — _ — — e J

a (0 ) e J; so 3o > 0 such that 0^-ct > 9^ and

(5.19) a (0) e J whenever 0 € [0^ -a, 0p .
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a
a°(ë)

0, 6-e 0 0+e Q 0* 0q
1 2 03-a 3 3

Fig. 27: Constructing 0„.

Thus a^(0„ -o) < a^(0 J. 30 ' e (0 -a, 0 ) such that
O J *5 O J

a°(0 ) -a°(0„ -a)
(5.20) (a°)’(0j= -—^—>0 .

Also. 0'€(03,03), so 0 < a°(0.') < a°(03). By (5.19), a°(0 ) € J.
J Zu □ □ ।
For a,0 > 0, a and 0 determine p; the function p = p(0,a) is C and 

satisfies

(5.21) p(0,a) > 0 , p(0,a) > 0 (0,a>O) .
dU u»

Thus p^(0) = iX0,a^(0)) (0>0q), and

(5.22) (p°)'(0) = |^(0, a°(0))+|^(0, a°(0))-(aO)'(0) (0 > 0Q) .

By (5.20) - (5.22), (p0)'^) >0.

Since also 0$ > 0^ -a > 0^, 36 > 0 such that

(5.23) 0€N (0‘3) =^> 0 > 02 and (p°)’(0), (a°)'(0) > 0 .



71

As before. by (5. 19), there is an open interval K with a%3) € K c J such that 
KC a°(N/e)). Since 0 < a°(0J < a°(0j = a°(0) < a°(0p, and a°(0o) = 0,

U v n 0 1
30€(6 ,e") such that a (0) = a (6 ); let 8 be the smallest such 6. (See Fig.

0 1 ... J i
28.) > 0 such that 0 ‘ -n > 0^ and

a

K-

n e

0,0 0

NXej

a

Fig. 28: Constructing 0 ^^2'^3 a’

J < a°(^

(5.24) a^(0) € K whenever 0 € [0 - 0, 0 p .

Then a°(0^ -n) < a°(0p. 30^(0^ -n, ©’) such that

a°(0 J -a°(0* -n)

moreover, a^(0 p c K by (5. 24). Using (5. 21) and (5. 22), we see that 
(p°)*(0p > 0. Since Kca^N^O*)), a°(0 p e a°(Nô(0'^)), Bo30^^ hi^^) such 

that a30p = a°(Op. Then by (5.23), 0g > 0^, (p°)'(03) > 0 and (a )'(0g) > 0. 

But since KC Jca^NjO», a°(0 p e a°(Ne(0)), so 30^6 N^(0) such that 
a%g) = a°(0p; then also 0 and (p°H02> °' Let

a = a°(0 p. Since KGJd, ael. Finally, 0Q 0 * - n c 0 { < 0 ' < 0 { < ©2 <
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As a corollary to the preceding two lemmas and Lemma 4. 12, we have 

Theorem 5.4. Suppose e violates MEDIUM. Then there exist data (U^U^) 

for which 3-fold type I nonuniqueness holds and the 3-fold nonuniqueness is 

stable.

Proof: By Lemma 4. 12, 

(t,p)c HHQ (see (2. 1)),

there exist a center

such that

(t0, pQ), and a point

da 
d# 4 o •de

Then there existLet 6 = e(T, p); then 9 > e^ (a°)'(ë) < 0 and (p°)'(0) 4 °-

e“ e (e ,e) and Ô7 > e such that a°(ë“) > a°(ë) > a°(ëj. By Lemma 5.3, there
10 2 V g

exist e,,eo,eo and a > 0 with 9n <6 <9 <9 such that a (9 ) = a, i 2 3 0 v L 4 o i
(a )'(e.) 4 0 and (p >'(0.) 0 (i = 1,2,3). Let uQ be arbitrary and let
U® = (tqj pq, uq), U® = <T0*P0,u0-2a). By Lemma 5.2 the R. P. with data

(U^,U^) has three type I solutions for which the 3-fold nonuniqueness is stable.

In preparation for Th. 5.6, we prove the following lemma, which gives 

a sufficient condition for stability in the case of tyiie II nonuniqueness.

Lemma 5.5. Suppose (t , p), (^, p) c H HQ with < t2 and

(5.25) il^T^ p) , 1HT2, p) 4 0

(5.26) da da , 0
d" (T^p) <T2.P>

u°
Let uQ be arbitrary and let = (tq, Pq, uq),
a = n°(T , p), b = n°(t , p). Then tyixi II nonuniqueness holds for the data 

0 2 0 1
(Uf, U ), and the (2-fold) nonuniqueness is stable.

= where

Proof: First recall that the R. P. with data (U°, U^) has the two type II 

solutions,

(5.27) uOl^shock^-, contact . - . x 3-shock 0
---------- <T2. I>, u, - b0)------------ U
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^0 3-shock ^0 
r *

By (5.25), H <Tn, p • t, , p), H (t , p ;r p) 4 0 (see (5.6)); hence we can find T U U 1 T U U i Z
a neighborhood N of (tq, pQ, p) and C functions and Non N such that, 
abbreviating V.(rc, Pc; p) = vf(p), we have

(5.28)
n -

V.(p) = T. (i = 1,2) ,

(5.29) H(rc, pc; V^p), p) = 0 «T , p , p) € N, i = 1,2), c c

(5.30) (tc, pc, p) eN ==> p > Pc ,

c d(5.31) (T^, Pg, p), (T^, Pj, q) € N V^(p) < Vg(q) .

Let V-={(Tr pf,Tr,Pr,p,q)|(Tr pf,p),(T£, prq), (t^ pf,p), Vr^ pr> q) e n] ; V 

is an open set containing (rQ, pQ, tq, pQ, p, p). For (Tf , pf , T^, Pr, p, q) E V, we 

define

ar = 7(Vg(p), p) ,

bp = nr(V^(q),q) ,

£ £ 
a£ = n (V2(q),q) ,

£ £ 
bf = n (v/p), p) .

(See Fig. 29; is upper branch of the hyperbola (-r^-rXp -pj = a.) 

Supjxfse u^ and u^ satisfy

(5.32) ur = u£ -(ar+ b£) ;

then by (5.29) and (5.30), the R. P. with data (U£,Up) = (t£ , p£ , u£ , r?, Pp, Up) 

has the solution,
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P
P

Fig. 29: One of the solutions.

t 
H

a 
r

Hr

'V 

;(to- 'V 
*---- -—T

(5.33) u,j^=k(v‘1(p).p,u(-bf) S^(V^(p).P.u^a; .

since u#-b; = u^ + a^. by (5.32). (See Fig. 29.) If, on the other hand, uf and 

u satisfy r
(5.34) ur = u£-(a£+br) ,

then u£ -af = b^, and the R. P. with data (U£ ,up has the solution,

(5.35)

Thus if u£ and Uf satisfy (5.32) and (5.34) simultaneously, then the R. P. with 

data (U£,ig has the two solutions (5.33) and (5.35), which are distinct by

(5.31). But (5.32) and (5.34) hold iff

(5.36) af + br = ar+ b£ .

Define $(t£ , p£ , p^, p, q) = a£ + b^-a^-b£ ((t£ , p£ , pp, p, q) eV). (Note
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that, for example, af is defined as a number depending on the variables rf ,

p q.) Then $(t p t , p , p, p) =0 (since, for example, 
£ _U _ u uo uo _ _ Q _

MTn'Pn-Tn-pn’p’p> = n (VJp), p) = H (t9> p) = a ). Moreover, t U u U v m 4 V
a a 3br

55i>(r,.n,.7r,pr,p,q) = ^(at+br-ar-b,) = — -0-0

H f f d r r
= n (v (q),q) + — n (V (q),q) ;dq 2 dq 1

then

% ^O-"o'V"o '' ^= ^"^(q),q)| _+^n°<v“(q),q) .
M q = p q = P

= o ,
P (7g, p) P (TpP)

by (5.6), (5.28), (5. 29), Conventions 4.6 and 4.9, and (5.26). Thus by the 

implicit function theorem, there exist a neighborhood IV of (^, p^, T^, p^, p) 

and a function q = q(rf , pf, r , p , p) ((r^, p^, 7^, p^, p) c TV) such that 

^o-Po-Wû'1* = p and

(5.37) ^(7£, p^ 7r, pr, p,q(7f, pf ,7r,pr,p)) = 0 "

Henceforth we shall abbreviate q(r^, p^, t , p^, p) = q. Thus q is a number 

depending continuously on the variables , p^ , r^, p^ and p. Using this q in 

the definitions of a. and b above, we see that a , b , a. and b. likewise are f r r r l (
numbers dei>ending continuously on the variables , p£, t , p and p. Here q,

a^, b , a^ and b^ are defined whenever (7^ , p^, p^, p) < W. Thus (5.37) be­
comes

(5.38) af+br = ar + bf ^^'Pr\'Pr'P^^ '

Now for (t$ , Pf , t , Pr< p) cW and uf arbitrary, we define

(5.39) t(7f ,Pf. u£,7r, Pr>p) = (7f ,pf -uf,Tr,pr, Uf-(ar+bf)) .

Clearly ? has Jacobian determinant given by
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' Uf* Tr> pr- = ^<T<Vp) = " V ai bf)

= "(^ ir(V2(p).p) + ^n,(v'l(.,).ti)

Then

'Y"o'"o "o ^o'"o p' = n°(V2(p),p)| n°(v®(p),p)

I P = p p = p

dp fr2, p) dp (t1,p)

moreover f (t0> Pg, Ug. Tg, Pg, p) = <Tg, Pg, Og, r 

Hence there exist neighborhoods of (t^, p^. uo* To* po'p) and 71 of u2

such that

(Tf , pf , uf , Tr, Pr, p) € >7 => (Tf , Pf , Tr, Pr, p) G Tv, 

and is a Cl diffeomorphism of M onto 77. Thus, for any data 

(U^ , up G H, there exists a number p such that

(5.40) ^rPr ^r' ^r'p^^'

(5.41) 

(the latter by (5.3!))); p dcixnids continuously on (U^,U ), and p = p when 
(Uf,U ) = (U^, U^). Moreover, by (5.40) there is a number q, also depending 

continuously on (U, U^) G 7?, such that (5. 36) holds; q = p when (U^ , U^) = 
(U°U°). Therefore whenever (U£, up g 7?, numbers p and q exist such that 

the R. P. with data (U^, up has the two distinct solutions (5.33) and (5.35); as 
(Uf, U ) —> (Uf, Ud), the constant states of the solutions (5.33) and (5.35) 

approach the respective constant states of the solutions (5.27), since p, q—> p.
■

Lemmas 5.2, 5.3 and 5.5 give sufficient conditions for the occurrence 

of type I and tyi>e II nonuniqueness and their stability. Thus for our final
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result-that when WEAK fails we can get type I and type II nonuniqueness simul­

taneously, as well as their stability, for the same initial data—we shall have to 
construct data (U°,U°) that at once satisfy the hypotheses of Lemmas 5.2 -5.3 

and those of Lemma 5.5.
Theorem 5.6. Suppose e violates WEAK. Then there exist data (U°,U°) for 

which both 3-fold type I nonuniqueness and type II nonuniqueness hold, and the 

5-fold nonuniqueness is stable.

Proof: Let (r_ pJ, N, V,, V„ and V be as in Lemma 4.14. Choose a peN.

Define

(5. 42) a.(p) = n\v.(p), p) <Pe N, i = 1,2,3).

Bv (4 27) — < 0; hence ~ >0, i. e. , a' (p) > 0. Ity ■ "" <v2(s.ij d" (v2<r»,a 2

follows that for some i, j with 1 ■_ i j < 3, aHp) + a!(p) 4 °- By making N 

smaller if necessary, keeping pc N, we may assume

(5.43) ^[a.(p) + a.(p>3 4° (p^ N) .

To simplify notation, we replace ”i" by "1" and "j" by "2"; then the follow­

ing still hold;

(5. 44)-- N is an o|M3n interval; •

(5. 45)- V and arc C* on N ;

(5.46)* (V.(p),p)c H, HT(V.(p),p) 4 ° ( p e N, i = 1,2) ;

(5.47) := V (p) < V2(p) (p«N).

(The asterisk is here used to single out a class of im|)ortant conditions, as will 

become apparent shortly. ) Do line the function b by
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(5.48) b = a2) ;

then

(5.49)* b'(p) y 0 (p€N) .

Consequently

(5. 50) b(N) is an open interval.

Let 9? = 0(V.(P),P) (i = 1,2); then 0? < ÔT. (See Fig. 30.) Moreover, 
I 1 LA

N <p

Lr

T

J \i __V_ j

v/n> v2(p) r0

Fig. 30: The functions and V^.

a°(0.) = a.(p) (i = 1,2), so by (5.47) and (5.48),

(5.51) a°(0^) < a°(0p ,

b(p) = + .

Thus a°(Ü < b(p) < a°(07>. 60 36 c (oLo?) such that a°(0) = b(p). (See Fig. 
2 1 L £

31.) Thus 0 satisfies

(5.52)* ^O ^2 '
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Fig. 31: The behavior of a

0 a „

02
0

^iwp)

(5. 53)*

(5.54)*

0 ~ 0 *• 0 — — ■> au(0) > a (02) ,

0 -a (0)€ b(N) .

Notice that by (5. 44), (5. 46), (5.47) and (5.49), any pc N yields points

(V^p), p), (V2(p), p) to which Lemma 5. 5 can be applied. But in order to apply

Lemma 5.3 to 0 0, 0^ and b(N), we must have

(5.55) (a°)'(0) 4 0 ,

(5.56) (p°)'(0) 4 0 , 

either of which may fail. (See Fig. 31.) We denote the conditions (5.44) -(5.47),

(5. 49), (5. 52) -(5.54) together by (*). We have constructed objects (t , pQ), N, 
from these, we shall proceed to construct92 that satisfy (*);

corresponding objects that satisfy (5.55) and (5.56) as well as (*).
We begin with (5.55). In the above, 0 can be taken to be the smallest 

0 e (0^, fiÿ for which a°(0) = b(p). (See Fig. 31.) Next, by (5.52) we may pick 

0’1 such that

(5.57)
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Then, by making N smaller if necessary, keeping peN, we may assume

(5.58) W^pLp) <0^ ,

0(V2(p),p) >0 (p€N) .

Now by (5.50), the minimality of 0, and the usual mean value theorem argu­

ment, we can find 02c(0^,0) such that

(5.59)

(5.60)

a°(02)€b(N) , 

(a°)'(02) <0 .

By (5. 59), Bp' € N such that

(5. Cl) a°(02> = b(p’) .

Then by (5. 58),

(5.62) 0O <0(Vl(p'),p') <0J <02 <0 <0(V2(p’),p') .

Let us now substitute into (*) and (5.55): 02 for 0, 0(V^(p'),p’) for 0^, 

0(V2(p'), p’) for 0^. Clearly (5. 44) -(5. 47) and (5. 49), being unaffected, remain 

true. (5.52) follows from (5.62). But (5.62) also implies a^p1) > a^p’).
Then (5.53) is a consequence of (5.61) and the definition of b. (5.54) and (5.55) 

follow from (5.59) and (5.60). Thus (*) and (5.55) hold under this substitution.

Finally, we must find (t , p ), N, V , V„,0. ,0 and 0 that satisfy (*), U U 1^1
(5. 55) and (5. 56). If (5. 56) holds under the above substitution (using

0(V (p'), p') for 0 etc.), we are done. Hence we may assume (5.56) is false 
1 1 0 0 0

under this substitution, i. e., (p ) (O^ = 0. Let (t2, p2> = (t (0g), p (02));

then

(5.63) 02 = 0(t2,P2) ,

(5.64) d£ 
d0 = 0 . 

(t2, p2)
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d0 
dp

7' 2'^2
1 function of p along H near (r^, p^).

exists, which contradicts (5.64). Hence H (t_, pj = 0, T 4 4 so

so

by

Lemma 2.6(c), H^r^.p^) 0. Then p is

(72,p2). Thus exists, and

function of 7 along 
d71 da

2^2 2" 2 2" 2

near

yo, 
2' P2>

2' p2
a H

by (5. 60) and the chain rule; hence

(5.65) da 
dr /0 . 

2' P2>

We now return to our expanded notation, defining H^, p^; T, p) and 

rX7c, Pc; r, p) by (5. 6) and (5.11), and also defining

(5.66)
P"Pc 

e<Tc,Pc;T.p) = — 
c

By (5. 46), we have

(5.67) H(7q, PQ; V.(p*), p') = 0 , ^(7^, p^;V.(p'),p') 0 (1=1,2).

Hence there exist a neighborhood K. of (7 , p^, p1) and functions and

V2 defined on U such that

(5.68) ^i^O' P0' P = (i = 11 J

(5.69) H(7c»pc;V1(7c,pc;p).p) = 0 (^c'Pc'P^^' '

(Note that we do not assert V.(7Q, p^; p) = V.(p) (pc N, i = 1,2).) Define

(5.70) ^o'Pc^2'P2> ^^2'P2^

(5.71) b(7c,pc;p) = P^; V/T^, p^; p), p) + H<7^, p^; Vg(7^, p^; p), p)]

= ^(^(p). p) + O^(^(p),p)^ ((r , p , p)eK) ,
Z 1 4 t L

where we have abbreviated (p) = V.(7^, p^; p), 0 (7, p) = Pc; T< P) • Then
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Pc; ri - | Po;V,(to, pc; p). ri V^, pc; ri

+ VTc' Pc-'^P^P^ ;

Hence

l;(To ^p')= i ^?=i
HjV^p’ï.p') 0
ht(v.(p*),p') + V^p'^p'^ 

= | S^=1 ^(V.fp'hpWfp'J + HpCV^p^^ = b'(p') ,

by (5.48), (5.42) and (5.46). Then since b'(p') 4 0 by (5.49),

(5.72) '^o'Po'P'' ° '

Moreover, from (5.68), (5.47), (5.46), (5.62) and (5.63) we get

(5.73) ^1^0' ^0' P') ^2^0' PQ' '

(5.74) H (T_,pn;V°(p'),p') y 0 (1=1,2),
T U U 1

(5.75) ^^o'Po^^(p'),P') C^Tg.Po^g.Pg) <6(TQ,p^V°(p'),p') .

Hence 3 a neighborhood "W of (tq, Pq, p1) with Wc U such that V(tc> Pc, p) e TV, 

we have

(5.76) P > Pc .

(5.77) H (t ,p ; V^(p), p) / 0 (1=1,2) ,
t c c i

(5.78) |(w^0 ■
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(5.79) 8(t ,p ;V^(p),p) < 6(t ,P ;t ,PJ < 0(t , p ;¥%), p)
CCI C L 6 6 v U *

(5. 80) V°(p) < V^P) •

Define ^{Tc' (tc' Pc' Pc: p)) Pc' P) C ^^0' P0’ p,) "

— (7 p ; p') y 0 by (5.72), so 3 an open set V such that 
dp 0 0

(5.81)

Now define ^(r , p ) = (t , p , a(T , p )); ? is continuous. By (5.61), (5.63) C C C C qC C q
and the definitions, a(TQ, pQ) = n (^, p^) = a (6^ = b(p’) = b(T0,p0;p'); hence 
y<T0,Po) = <vpo-a(T0-'V* p0=^0'p0 

so

(5.82) ^(t0' E V *

2 . 2Let H be the Hugoniot curve with center (t^. Pg)- Then if (tc, pc> € H and 

HC is the Hugoniot curve with center (T^, p^), we have

(5.83) da 
dr

(along HC) 
^2* P2^

______ 1_______
2p(t p9) c c z z

/d£
X dr

(along H^y-(Pg- p^) 
^2' P2^

1 r
2nC(r . pj U T= Hp(tc,Pc:T2'P2)

whenever

7' 2'^2

H (t ,p ;rn,pj y 0. (Here a = J(t -r)(p-p ).) We know that p C C 2 Z vc c
= 0 and H (t9, p9) 4 °- Thus

P 6 Z

(5. 84) Hp<T0' P0* T2’ P2

(5. 85) Ht^t0’ p0: t2' '9 = 0 '

(tc-t2)
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g ^2
Also by (2.2), Ht(tc,pc;t2,p2) =(-g/T2,p2)) —e(T2,p2>- — 
((t , p ) € H2); this and (5. 85) imply 

c c
2

(5.86) ° ' Pc Po^ -

Also by (5. 65),

(5.87) da 
dr

(along H®) / 0

<t2‘ P2>

Combining (5. 83) and (5. 87), and using (5. 84) and (5. 82), we see that we may 
n

choose (t , p ) g H sufficiently near (r , p ), with p pn, so that c C U U LU

(5.88) (along H°) 0 ,
dT . .

<t2‘ p?

(5.89) H (t_,Pc; p2> 4 0 .

(5.90) ^^c'Pc^ 

and then it also follows from (5. 86) that

(5.91) H/V Pc' ^2' Pg^ ° '

By (5.81) and (5.90), P^) = d>(^, p^, p) for some ,

' ^d'pd ^d'Pd:P"' whence ^d'pd' " pc' and

(5.92) ^VP? = h^c’Pc'P^ '

Since (r , p , p) G 3 an open interval N' such that 
c c

(5.93) peN* ,

(5.94) {(tc, Pc)}x N'C/T .

Now in (*), (5.55) and (5.56), let us replace the symbols on the left, in the 

table below, by the objects on the right.
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<Wo' 'Vo*

N N'

V1 V1

V2 V2

We assert that (5.55) and (5.56) are true under this replacement. By 

(5.76) and (5.94), (5.44) holds. Since VcU and and are C on U, 

(5.94) also yields (5.45). (5.46) follows from (5.69) and (5.77). (Note that 

under our replacement, "H" in (5.46) is replaced by H . ) (5. 80) implies 

(5.47). (5.49) follows from (5.48), (5.42), (5.71) and (5.78). (5.52) follows 
0 cfrom (5.79). Now in (5. 53) and (5.54), a is replaced by the function a 

defined by

(5.95) aC(0') = HC(t’,p') , where 0(7,, Pc;t', p') = 6' , 

and b is replaced by b(^, p^; ). Since a(?^, p^) - H (r^Pr), (5.54) follows 

from (5.92) and (5.93). Moreover, (5.92), (5.71) and (5.95) together yield 
a^VPc^’P? = 2 ^^^c' P(J PM »(tc.Po;V2^

implies (5. 53). By (5. 88), (5. 89) and (5. 91), the following also hold under our 

replacement:

(5.96)

(5.97)

"p^2' P2> * °

¥ 0 •da

(5.98) ° '

By (5.96), p is a C1 function of 7 along H near (7^, p^), so d0 
dr

<^"2'
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exists. Then —

da 
de

de
cIt

(t2. Pj (t2, p2>

da 
dr y 0 by (5.97); hence

4».
(t2- p2*

Thus (5.55) holds under our replacement. Moreover, by

(5.98) dS 
dp exists, so 

^2. P2)

dE 
d0 / 0, i.e., (5.56) holds under our re- 

^2- P?
placement. Thus our assertion is proved, and we have constructed (T^, p^), N, 

V^, V2, Qy G and 0% that satisfy (*),(5. 55) and (5.56).
By (5. 49), b(N) is an open interval. Hence by (5. 52) -(5. 56) and

Lemma 5.3, there exist 0 , 0_, 0Q and aeb(N) with 9 < 0 < 6 < 0 , such 
n n 1 ^0 u 1

that a (0.) = a, (a )'(0.) / 0 and (p )'(0.) 0 (i = 1,2,3). Let u be arbi­
* 0 1 0 1

trary, and let IL = <Tp»P0»u0)' ur = <T0' Then by Lemma 5.2 the
R. P. with data (U^,Uj has three type I solutions, and 3 a neighborhood
of (U° such that conditions (a) and (b) of Def. 5.1 hold for 77= n = 3;

i.e., for any data (U^U^e^. the R. P. has three solutions, whose constant

states approach the corresponding constant states of the three type I solutions 
of the R. P. with data (U®,U°) as (U.,U )—>(U®,U°). But since aeb(N), 

_"r " r ' r q _
a = b(p) for some p£N. Let t = V^p), 7^ = ^(p), aQ = n (t^, p), 
b = n°(r ,p). Then aQ = a^p) and bQ = a^p), so aQ+b0 = 2b(p) = 2a; thus 

U = (t_, p_, u^-ta.+ bj). By (5. 44) and (5.46), (t_, p) e H AQ (i = 1,2) and r u u U u u 1
(5.25) holds. (5.47) implies t < t ; (5.49) and (5.46) imply (5.26). Hence by 

1 0 0
Lemma 5.5, type II nonuniqueness holds for the data (U^,up, and 3 a neigh­
borhood 7i of (u® such that for any data (U;, up c 7]^, the R. P. has two 

solutions, whose constant states approach those of the two type II solutions for 
data (Ug,U^) as (U^up —>(U^,U^). Since type I solutions are always dif­

ferent from type II solutions, we can find a neighborhood V such that 
(U°, U°) e7! cn^n and the R. P. with data (U#, up e always has five dis­

tinct solutions; clearly also satisfies condition (b) of Def. 5. 1 for n = 5. ■



CHAPTER 6

EXAMPLES

6.1 Energy functions that distinguish the conditions WEAK, MEDIUM and 
STRONG

All energy functions e considered in this section are assumed to satisfy

(6. 1) lim c(t, S) = 0 .
T —> + OO

We shall focus throughout this section on the one-parameter family of functions 

g(.,S), -oo < S < + oo; each function is defined on (0, + oo) with t as independent 

variable. To see what properties these functions have in general, let us fix 

Se(-oo, + oo) and define 0(t) = g(r,S) (t> 0). We see immediately from (1.3), 

(1.5) and (1.6) that

(6.2) 0 >0 , 0’ <0 , 0"> 0 .

Now let r, V > 0. Since g = -e , we have 

nV nV nV
\ 0= \ g(v,S)dv=-\ e^v, S)dv = c(t. S) -e(V, S) < e(r, S) < +co .

For t = 1 we conclude

pf oo
(6.3) \ < +oo ;

Jl

moreover, letting V —> + oo, (6.1) gives

n+ oo 
(6.4) e(r, S) = \ g(v,S)dv .

Finally, we assert that

(6.5) lim 0(t) = f oo .
T ^0^

87
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For suppose not. Then since is decreasing, 3p^ > 0 such that 
g(T,S)=#r) < p^ (T> 0). (See Fig. 32.) Let re(0,1). By (1.8), 3S1 such that

P1

0 T

;( •, s)

1

g(-.s

T

Fig. 32: g( , S) cannot be bounded above.

g(r, sp = p^. Then g( t, S) < g(r, S^, so by ( 1.7), S < S^. Then by (1.3) and 

(1.4), e(T,pp = e(T,sp > e(T,S) > e(l,S). Thus e(T, > e( 1, S) > 0 Vre(0, 1), 

which contradicts ( 1. 10). Hence (6.5) holds. Note that is C .

Motivated by the fact that the functions g( ■ , S) always satisfy (6.2), (6. 3)

and (6.5), we make
2

Definition 6. 1. Let P be the set of all C functions f defined on (0, + qo) for
r+ oo 

which f > 0, f' < 0, f" > 0, \ f < +oo and lim f(r) = + oo .
^1 T —> 0+

signifies pressure. We have just proved

(6.6) g( - , S) < (-oo < S < + oo) ,

for every energy function e. (Remember that e always satisfies (6. 1) in this 

section. ) In what follows, we shall construct and analyze one-parameter fam­

ilies g( • , S), -oo < S < + oo, and get our energy functions via (6.4).

Lemma 6. 2. Suppose e satisfies (1.2) -(1.9) and (6.1). Suppose also that
g( • , S) eP for all S. Then e satisfies (1. 10); hence e is an energy function.

Proof: Fix p > 0. We first prove
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(6.7) lim S(t, p) = -cd .
t-^0+

(See (1.7) -(1. 11) ff.) Let SQe (-co,+ co). Since g(-, SQ) e P, we may choose 

rQ > 0 such that g(^^S^) = p. Let te(O,to) and suppose S(t, p) > SQ. Then 

p = g(r, S(t, p)) > g(r0, S(t. p)) > g(TQ. SQ) = P, a contradiction. Hence 

S(t, p) < Sn. Thus (6. 7) is proved, 
w y

Now let e > 0. Choose t > 0 so that r^p < -e. Fix any S^ and note 

that since g( • , S ) CfP, 

p + co 
\ g( • ,8^ <+oo .
^1

By (1.7), g( •, S) < g( *, S ) whenever S < S^. By (1.8), g( • , S) —> 0 pointwise 

on [t , + co) as S —» -oo. Hence by the Lebesgue convergence theorem, 

n + oo
lim \ g( - , S) = 0 .

S —> -oo \Jti
Thus 3m > 0 such that

(6.8) whenever S < -M .2

By (6.7), 36€(0,t ) such that S(t, p) < -M whenever re (0,6). Let tc(0,6).

By ( 1.5), g(v, S(t, p)) < g(t, S(t, p)) = p whenever v > r. Then from (6.1) and

(6. 8) we get

e<T, p) = e( t, S( t, p)) g(v,S(T,p)) dv

T

coni.
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OTi CTi
= \ g(v,S(T, p))dv+ \ g(v,S(r, p))dv < \ pdv+-€

Jr Jt Jr

= < 7^+ = € .

Thus ( 1. 10) is proved. H
3

Proposition 6.3. Let Let 6 be a C function mapping (-oo, + oo) onto

(0, + oo) such that O' > 0. Define 

p+ oo
e(T, S) = 0(S) \ 0 (t > 0, -oo < S <+oo) .

Then e is an energy function satisfying MEDIUM. 0 can be chosen so that e 

violates STRONG.
3

Proof: Clearly e is C in (t, S) and e > 0. Define g = -e . Then for all 

t > 0 and Se (-oo, + oo),

g(r, S) = 0(S)0(t) > 0 ,

g/T, S) = 9(S)0'(t) < 0 ,

g (t,S) = 0(S)0"(t) > 0 , 
TT

gs(T. S) = OXS)0(7) > 0 ,
00 

eJr.S) = 0'(S) \ 0 > 0 .O I
Jt

Thus the Standard Assumptions hold. To prove the Liait Assumptions (1.8) and 

(1.9), observe that

lim g(r, S) = lim 0(S)0(t) = f lim 0(S)^ 0(t) = 0 " 0(t) = 0 ; 
S —> -oo S —3* -oo S —> -oo

the other three relations follow similarly. Clearly g( • ,S)c {P VS. Then (6. 1)
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also holds. Hence by Lemma 6.2 e is an energy function.

Let t, p > 0. Let S satisfy g(r, S) = p; then

(6.9) 0(S)^(t) = p .

p+OO
Moreover, e(r, p) =c(t,S) = 0(S) \ 0; this, together with (6. 9), gives

Jr

(6. 10)

We also have

(6.11)

(6.12)

g^T, p) = g^T, S) = 0(S){6’(t) ,

9 , .— e(T, p) = 1 
^(t)

(t, p > 0) .

Then, using Prop. 1.5 and (6.9) -(6. 12),

MEDIUM <=> e(T. p) > ^^(t. pT~~
-g/T, p) • y r + p

2 %  

r>^oo
2 \T

-0(S)^*(t) • ------------------ + P

z-l+ OO 
1 \ 

^(t) \ ’
J T

-0(S)0'(t)
P
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1 > 2

0(t>

+ GO
0+1

It

2 
$4(t)

20'(t) 
0(t)2

which holds by Lemma 1.6. Thus e satisfies MEDIUM.

Finally,

STRONG «#=>
6(S)0(t)
-0(S)0’(t)

Referring to Fig. 33, we see is the area of the rectangle

D

0

Fig. 33: 0 can be chosen so that STRONG fails.

p+ 00
A BCD, whereas 0 can be chosen so as to make \ 0 arbitrarily close to

J J
the area of A ABD. In particular
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n+œ
*< (4%)

for suitable choice of STRONG fails for such fk I

As a corollary we have

Theorem 6.4. There exists an energy function that satisfies MEDIUM but 

violates STRONG.

. To get an example of an energy function that satisfies WEAK but 

violates MEDIUM, we shall begin by establishing a criterion for WEAK in 

terms of the one-parameter family g( ,S), -co < S < + co, of elements of tP. 

Definition 6.5. Let f, g e {P. We say f X- g iff f < g and for any p > 0 

such that t, < t„ and «tJ = g(r ) = p, we have 1—2 1 *
pf œ p+oo
\ e>\ -

Jt2 Jtj

Proposition 6,6. e satisfies WEAK iff for all Sp Sg€ (-co, +co), S^ < Sg 

implies g( •, sp g( ', Sg).

Proof: (1.7) implies that g( •, sp < g( • , Sg) whenever S^ < S . Now suppose 
there exist S^Sg with S^ < Sg such that [g( •, sp X g( •, Sg)J is false. Then 

there must be T^,Tg,p> 0 with < Tg such that g(T^,sp = g(?g, Sg) — p and

(6.13)

2

+ co
g(v, spdv - (Tg-Tp ^p

But by (6. 4),

co
(6. 14) \ g(v,S.)dv = etr^Sp = c(t.,p) (1=1,2) ;
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thus (6.13) becomes

(6.15) e(Tg,p)<e(TpP)-(Tg-Tp^p .

If t = to, then (6.14) and (6. 15) imply e(r , S ) < e(r , S ), which is false by 1 2 12 11
(1.4). Hence r < Tg, so (6.15) yields

e(T2,p) - e(T1,p)
(6. 16) ------ —----------  <-2P *

2 1

3te (t , Tg) such that

e(r , p) - e(r , p)

this and (6. 16) imply WEAK is false.
For the reverse implication, suppose VS^, Sg € (-œ, + co), < Sg

implies g( • , B^)^ g(- , Sg). Let p > 0 and let 0 < < Tg. Let and Sg sat­

isfy g(T1,S1) = p = g(Tg,Sg). Then < Sg; for otherwise p = gfT^.S^) > 

g(r^, Sg) > g(Tg, Sg) = p, a contradiction. By assumption, g( •, S^ ~ g( • , Sg); 

hence
p + oo p + 00

(6. 17) \ g(v, Sg)dv > \ g(v,S^)dv - p -
^2 T1

But (6. 14) holds in this situation, so (6. 17) becomes

e(T , p) - e(T , p) 2 
(6. 18) --------i - 2 p '

Since (6. 18) holds for all Tg, p > 0 with 4 T2’

c(t, p) > - ^ p (t, P>0) ;
OT — 2

thus WEAK holds.
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Proposition 6.7. The relation has the following properties.
W w(a) f ~ g and a > 0 => of ~ ag .

(b) f e and 0 < a < 3 =* cd f .
(c) f/% g and g ~ h => f X h .

(a) Clearly af<ag. Let 0 < t <t^ with (c^Xt^ = (ag)(r^ = p. Then 

= g(r2) = p/a, so

^+oo p+ oo
\ g>\ t-<VT?2a •

Jt2 Jtl

whence

(b) If a = ft, the result is obvious. So assume a < ^. Pick any S^ 

and S2 such that < Sg. Let 6 be as in Prop. 6.3 with

(6.19) e(sp = » , 0(S2) = 3 .

Then by Prop. 6.3, the function e defined by

p+oo
e(r, S) = 0(S) \ f (t>0, -oo<S<+oo)

is an energy function satisfying MEDIUM; hence e satisfies WEAK. Then by 

Prop. 6.6,

(6.20) g( ,B^)^g( ,S2) ,

where g = -e . But g(r, S) = 0(S)f(r) (t > 0, -oo < S < + cd), i.e. , g( • , S) = 

0(S)f (-oo < S < + oo). Hence of ~ 3f by (6. 19) and (6. 20).
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(c) Since f < g and g < h, f < h. Let 0 < r < with

f(Tt) = h(Tg) = p. Let Tq > 0 satisfy g(tq) = p. Then < tq < (For if,
say, 7 > Tq, then p = ftr^ < f(TQ) g(TQ) = p.) By Def. 6. 5, we have

0

2

-T ) -2 O' 20 Tl) 2

2'^2

Hence f h.

Lemma 6. 8. Let f, g €0» with f < g, and define tt( • ,X) = (1 -X)f + Xg.

Suppose for all t > 0,

2 
g( t) - f(T) S(T) 

g'(T)

Then r( ,X^)^ 7r( • ,X2) whenever 0 < X^ < Xg < 1.

Proof: Since f, ge^P, we may define

(6.21)

Then e is C in (t,X) . We have

7r^(r,X) = g(t) - f(r) > 0 ,
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so we can define for any t, p > 0,

€(t, p) = e(r,X) where X satisfies a<T,X) = p.

(We then denote X = X(r,p).) Similarly, define Hr, p) = tt (t,X(t,p)) 
n - f ( t) _ k(t) -p

(r,p>0). Now let t, p > 0, and let X = - T^n 1-X - g(T)_f(T) >

and 7t(t,X) = (1 -X)f(r) + Xg(r) = p, whence

(6.22)

Also note that

(6.23)

We assert that

(6.24)

, , V p-f(T)
p> - (t, p > 0) .

7T (T.X) = (1 -X)f’(T) + Xg'(T) . T

p> > (f(T) < p < g(r)) .

For by (6.21) and (6.22),

€(t, p) = €(t,X(t, p))
p+co= B^) -P \ f+

g( t) — f( t) j g( t) — f( t)

whence

(6.25)
1 

g( t) - f(r)

Let us temporarily hold t constant; define

- _________ —p_____
" (g(r) - p)P(t) + (p - f(T»g*(T)

is defined on an Ofjen interval I containing [f(?). g(f)] . For p€ I, (6.22) 

and (6. 23) yield



98

(6.26) P___
2TT (t,p) 

T

We have

W - r ----------- (pen ;
[(g(r) -p)f'(T) + (p -f(T))g'(r)j

thus, depending on the sign of f(T)g'(T) - g(T)f’(r), either >0 on I or
$* < 0 on I. Hence attains its maximum on [f(r),g(r)J at an endpoint, f(r) 

or g(r). But

= (g(T) -f(T))f'(T) *

= (g(r) -«T))g'(T) •

Using (6. 26), we conclude that -p/2^(^, p) attains its maximum value for

p€ [ffr), g(rQ either at p = f(r) or p = g(r),*and its maximum value is either
or . But by (6.25) and the hypothesis, ~ e(t, p) is always-2g’(T) -2f*(T) dp

greater than or equal to each of these values; hence (6.24) holds.
From here we proceed by analogy with the proofs of Prop. 1.5 and

Prop. 6.6. We denote 

etc. Then

9 9— e(T,p) — X<t, p) ;

p = tt(t,X(t, p)) ;

g
0 = 7r + 77. — X(t, p) .T X Dt
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Hence
/-r (t, p)

£ c(t,p) = =T(r,p)«x<t.p) (
g

= —p+(-7T (r, p)) — €(r, p) 
T OP

by (6. 21). Then by (6.24) and the fact that tHt, p) < 0 for p€[f("r), gM] ,

(6 27) e(r, P) > - § (f(T) < p < g(r), .

Now suppose we have 0 < < Xg < 1 such that ‘ iXp
Since f <g, we know %( • .X^ < M • A2); thus there exist T^Tg.pX) with 

t < t_ and tt(t ,X.) = ,X») = P such that1 — 2 1 i
p+ CO p + oo
\ ?(v,Xg)dv< \ Hv.xpdv - (T2-Tt) 2 P »
^2 T1

i. e.,
(6.28) €(t2,p) <€(t1,p)-(t2-t1) |p .

(See (6.21) ff.) But for Tcfr^T^ we have 

p = TftT^Xp > 7T<7,Xp > f(?) , 

P = TTfTg.Xg) < ^T.Xg) <g(T) •

(See Fig. 34.) Thus f(r)<p<g(r) (^ < r< Tg). so (6.27) yields

(6.29) e(T, P) > ' § Tg) .

On the other hand, (6.28) gives

€(t2,p)-«(t^p)

which contradicts (6.29). Hence ir( • ,xp ~ w( • ,Xg) whenever 0 < XL < Xg < 1.
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2> Y

Theorem 6. 9. There exists an energy function e that satisfies WEAK but 

violates MEDIUM.

Proof: Choose any 6AC (0, + œ) that satisfies < 0. Define

(6.30) ^(t,S) = 0q(t)(1 -S0q(t)) (t>0, -oo<S<+oo) .

Then

(6.31) |0(t,S)| < ^0(t) + |s|^0(t)(-^(t)) (t > 0) .

Now
pM 
\ 1 2(6.32) \ -0o(v)^(v)dv = - 0Q(v)

v = M 1 T 2 2
2l 0^T) "^0(M) . (t.M > 0).

With t = 1, (6.32) yields

_0q(v)v)dv < +oo

Since also
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we obtain from (6.31)

(6.33) < + CD .

Thus we may define

(6.34)

p+ oo
€(t, S) = \ ^(v, S)dv (t > 0) ;

in fact, by (6.30) and (6.32) we have

(6.35) E<T, S) = (t > 0) ,

which shows e is C3 in (t.S). By (6.34), ^(r.S) = ~^(t,S) (t> 0). By

(6.30), ^s(t, S) = > 0 (t> 0); thus we may, as usual, define

e(T, p) = c(t, S) (t > 0, -œ < p < + oo) ,

where S = S(t, p) is the unique solution of ^(t,S) - p. 

We assert that

(6.36) 0( * -S)e P (S> 0) .

Clearly ^(t, S) > 0 (7 > 0, S > 0). Differentiating (6.30) with respect to t 

gives 
- 21

(6.37) (T>0) , 

whence 0 ( • , S) < 0 (S > 0). Differentiating (6.37), we get
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0

W-.S), S<0

T

M(-,S), S> 0

( •. °) = X

Fig. 35: The family , S), -œ < S < +œ.

^/T,S) = ^(t) -s[#S0(t)^'(t) + 3^(t)^(t)] >0 (t> 0, S> 0) .

n+oo
By (6.33), ^( • ,S) <+oo (S> 0). Since -, S) > (S > 0),

lim S) = +oo (S > 0). Thus (6.36) is proved.
T —> 0+

Now for r > 0 and all S, we have

by (6. 34) and (6. 35); and by (6. 30),

^(T,S) -^(T) = -S0q(t)^(t) .

Thus
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(6.38)

+ 00 a+ 00
® " \ 0O

*t Jr
^(t, S) -^(T)

1
2 ^(T)

For S = 1, (6.38) becomes

(6.39) 2
0(t, 1) -^q(t) ^o>

1*0^'
~0J(t)

Now observe that for t, S > 0,

sMt) 0(t,S)
7^(71) ♦*

*=> -0o(t>[7q(t) >

o

by (6.30) and (6. 37). Hence

jM^) 0(t,S)

- -//T, S)

(t>o, s y o) .

(r> 0) .

)(T>

-0O(T)(1-S0^(t))^(t)

9

<T, S > 0) .

It follows from (6.39) and (6.40) that VT > 0,

2
0(t, 1) -0o(t)

A

-fU?,
Note that ^( • , 1) > so Lemma 6.8 applies. Define

tt(t,X) = ( 1 -X)^q(t) 4-X0(t, 1) > 0, - oo < x < + oo) ;

then by Lemma 6. 8,
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~ îK • ,x2> (0<a1<a2<0 .

But

tt(7,X) = (1 -X)^(T) + X^(T)(1 -^(t))

= ^(T)(l-X+X(l -^(T))) = ^<T)(1 -x^tr)) = 0(t,X) ;

hence

(6.41) 0(-,s2) (0 < S. < S9 < 1) . — 1 — 2 —

Now let T > 0; we shall compute c(t, p)|^ 

0(t,O) = 0o(t), S(T,^(?)) = 0, so

Since

Also, with p = 0(t,S), i. e., S - S(r, p) (t fixed), S->0 as p—»^<T) and

vice-versa. Thus

' '^0
(6.42) a 

ap
= lim

(7,^(7)) P —

> F" ' > rg' *
\ ^(7,§(7,p)) -^(7)

^Pg(T) U
lim ^(7, S) -^(7)

= lim
S —> 0

+ oo 00
^( - , S) - \ 0O 

17 J?
0(t,S) -^(7)

1 w _ 1
S^O -N'(T>'-U'(T)

by (6.38). We define ^(7, p) = ^(7,8(7, p)); then, with ^(7) understood to 

be p, we have

(6.43) fH7,^0(7)) = pH7,0) = ^(7) .

0
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By (6.34), (6. 36) and Lemma 1.6,

9
#T,S) < -2^t(t,S)€(t,S) (S>0) ;

by (6.43), this becomes for S = 0,

2
(6.44) ^(r) < -2^(T,^(T))e(T,^(T)) .

Using (6.43), (6.42) may be written

(t,0o(t)) -2^t(t,0o(t))

2€(7,^(T))^(T)

then using (6.44) and dividing numerator and denominator by ^(r), we get

(6.45) p)

(t, ^(T))

2€(t,>0(t))
2€(t, ji (t))

(t > 0) .

Now fix t1 > 0. Since e(r, p), ^(t, p) and 

it follows from (6.45) with t = that

n
— €(7, p) are continuous in (7, p), 
9p

(6.46) T" e(T, p)
2€(T^,pp

2€(7 ,p )
+P1

for some p^ with ^(7^) < p^ < ^(7^, 1). Let satisfy 0(7^, sp p^; then 

0 < < 1. Choose 6 > 0 such that 6 < < 1 - 6. Let X be a C function

defined on (-00,+ 00) such that

(6.47)

(6.48)

(6.49)

X'(S) > 0

X(S) = 0

X(S) = 1

(-6 < S < 1 + 6) ,

(S < -5) ,

(S> 1 + 6) ,
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(6.50) X(S) = S (6 < S < 1 - 5) .

(See Fig. 36.) Let a be a C function defined on (-oo, + oo) such that a> 0

and

(6.51)

(6.52)

(6.53)

(6.54)

S

Fig. 36: The function X

a'(S) > 0

o(S) = 1

lim o(S) = 0 ,

lim o(S) = +oo .

(S < 0, S> 1) ,

(0 < S < 1) ,

S —> -co

S + 00

(See Fig. 37.) Define

(6.55) g(r.S) = a(S)#T,X(S)) (t > 0, - co < S < + oo) ,

(6.56) e(T, S) = o(S)€ (r,X(S)) (t > 0, - oo < S < + oo) .

(See (6.30) and (6.34).) Then clearly e is C in (r, S). and e > 0 by (6. 35) 

since X > 0. We have

(6.57) e (t, S) = o'(S)6(T,X(S)) + a(S)g (T,X(S))X'(S)
b w

(t > 0, -oo < S < + oo).

By (6. 35). € > 0. Since X > 0, we know c(t,X(S)) > 0 by (6. 35). Moreover,
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Fig. 37: The function a.

a

S

a > 0, X* > 0 and a1 > 0. By (6. 47) and (6.51), for all values of S, either 

o-* > 0 or X1 > 0; it now follows from (6. 57) that e$ > 0. Again because X > 0, 

(6.58) g( •, S)e <? (-co < S < + oo)

by (6.36) and (6.55). We have e^r.S) = <*(S)€t(t, X(S)) = o(S)(-^(t,X(S))) = 

-g(t, S). By (6. 58), g > 0, < 0 and > 0. Finally

gjr.s) = o'(S)^(T,X(S))+o(S)^_(7, X(S))A'(S) (t > 0, -oo < S < + oo) ; b &

then 0(t,X(S)) > 0 by (6.30) and the fact that X >0, and since also > 0, we 

conclude as before that gg > 0. Thus e satisfies the Standard Assumptions 

( 1 2) -(1.7). Let S—> -oo. Then by (6.48), for all S < - 6, X(S) = 0, so 

0(r,X(S)) = ^(t,0), whereas o(S)^0. Thus lim g(r, S) = 0. Similarly, 
S —> -co

lim e(r, S) = 0. Let S —> + oo. By (6. 49), for all S > 1 + ô, X(S) = 1, so 
S —> - CD
0(t,X(S)) = 0(t, 1) > 0 and €(t,X(S)) = e(t, 1) > 0, whereas o<S) —> Foo. Thus 

lim g(r, S) = + CD and lim e(?, S) = f oo. Thus (1.8) and (1.9) hold. By
S —» + oo S —> + oo
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(6. 34), (6.36) and (6. 56), (6.1) holds. Thus by (6. 58) and Lemma 6. 2, e Is 

an energy function.

To establish WEAK, we shall apply Prop. 6.6. Let Sp Sg e(-oo, + oo) 

with < Sg. Then certainly 0 < X(sp <X(Sg) < 1, so by (6.41),

^(•^(S^) ~ 0(-,X(Sg)) .

Moreover, 0 < «(S^) < o^Sg), so by Prop. 6.7(a),

(6.59) «(S^t-.XtS^^atS^t-.XtSg)) ;

and by Prop. 6. 7(b),

(6. 60) ofsp# ,X(Sg)) ~ otSg)^ ' ,X(Sg)) .

Applying Prop. 6.7(c) to (6.59) and (6.60), we obtain

• ,x(sp) - ^Sg)^ • ,X(Sg)) ,

i. e. ,

g( •, sp g( •, Sg) .

Since and Sg were arbitrary, e satisfies WEAK by Prop. 6.6.

By (6. 50) and (6. 52), X(S) = S and a(S) = 1 whenever 6 < S < 1 - 6;

hence

(6.61) g(t, S) = #T,S) ,

(6.62) e(r,S) = <(r, S) ,

whenever (t, S) € (0, + co) x (6, 1-6). Since (?^, sp c (0, + co) x (6, 1-6), we see 

that g = 0 and e = e on a neighborhood N of (r^sp. Define $(t, $) = 

(T,g(T, S)), ^(r.S) = (t, ^(t, S)); then

(6.63) (|) = T on N,

and the Jacobian determinant , S^) = > 0. Hence by making N

smaller we may assume (j) maps N (injectively) onto an open set M containing
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<7p pp. (Recall that 0(t ,S ) = p^.) For (t, p)eM, we have

4* p) = (t, S(t, p)) , 

^T, p) = (r, S(t, p)) ;

hence by (6. 63), S = S on M. Then by (6. 62), V(t, p) e M, e(T, p) = 

e(r, S(t, p)) = e(r, S(r, p)) = e(r, S(t, p)) = e(t, p). From this it follows that

(6.64) 9 / ii
. ■ p) 

1p? r^i
Also, by (6.61), g (t , p ) = g (r ,S ) = (t , S ) = 0 (t , Til Til Til T 1 pp. From this,
(6.64) and (6. 46), we obtain

% p)
2e(Tt, pp

-g/7^pp-
2e(Trpp

P1
P1

thus e violates MEDIUM.

6.2. An energy function that violates WEAK.

Theorem 6.10. There exists an energy function that violates WEAK.

Proof: For convenience, we shall set v = 1 - Fix ae (0, 1/2), and define

(6.65) f(v, S) = e^+ o(l - e 5 exp -(v+S)

After some computation, we shall almost get the energy function we want by 

replacing "v" by ”1-t”. We have

(6.66) fy(v, S) = e^+(l -e exp (v + S)

f (v, S) = eV+ — ( 1 -e exp - (v+S) 
vv a La .
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fvvv(v, S) = eV+ (1-e exp(v + S)J. 
a

From (6. 65) and (6. 66) we see that f, f , f and f have the form v vv vw

(6.67) h(v,S) =eV + /3(l-e ^exp ^(v+S)

_2
where 0 < 3 < a . But h(v, S) > 0 iff

(6.68)
" 1 

exp (1 - - -S - Do8/"

Also, since 1_
a

(6.69)
" 1

exp (1 - — )v > exp — I whenever v < 1 . a / —

Choose 6 j > 0 such that

(6.70) — (e - l)e < exp fl - — ) whenever S > -ô .
2 \ a J — 1a

Combining (6.67) -(6.70), we conclude

h(v, S) > 0 whenever v < 1, S > -ô^ ,

so that

(6.71) f,f ,f ,f V vv wv 1

We also have

fs(v, S) = exp ^(v+S) • _C~
1 - ( 1 - O') e

Choose ôg > 0 such that (1 -o)e $ < 1 whenever S > -6g. Then

(6.72) fS* fvS > 0 (v < 1, S > -63 .— — 2



in

Let 6 be the smaller of 6^ and Then by (6,71) and (6.72),

(6.73) (v<l, S>-0).

Now define

(6.74) c(t, S) = f(l -T, S) (t > 0, s> -6).

Since T > 0 iff 1 - t < 1, we see that (6.73) yields

(6.75) e > 0, € < 0, c > 0, e < 0, € > 0, e „ < 0 (r> 0, S> - 6) ,
T TT TTT S tS —

which, except for the restriction on S, is equivalent to (1.2) -( l. 7) for e in 
3

place of e. Let Ç be a C function defined on (-oo, + oo) such that

(6.76) €'>0 ,

(6.77) Ç(S) = S (S> -6/2) ,

(6.78) lim Ç(S) - -6 .
S —> -co

3
(See Fig. 38.) Let 0 be a C function defined on (-oo, + oo) such that 0 > 0

" -6/2

-6

S

Fig. 38: The function F.
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and

(6. 79) 6’ >0 ,

(6.80) 0(S) = 1 (S> -5/2) ,

(6.81) lim 0(S) = 0 .
S —> -oo

3
(See Fig. 39.) Let 7 be a C function defined on (0, + oo) such that

S
-6/2 0

Fig. 39: The function 6.

(6.82) 7' < 0, 7" > 0, Y" < 0,

(6.83)

(6. 84)

(See Fig. 40. ) Define

(6.85)

Since 7, 9 > 0 and Ç >

(6.86) g(r, S) = -

7(7) = 1 (r > 1 - 2 ) .

lim 7(7) = + 00 .
7 —> o+

e(7,S) = 7<7)9(S)e(7,<(S)) (7 > 0, -00 < S < +00) .

- 6, we see from (6.75) that e > 0. Let g = -e^. Then

e (7, S) T
0(S) [7'(7)e(7,Ç(S)) >7(7)e (7,Ç(S))l>0 (7 > 0)

by (6. 75), (6.82) and (6.85) (since Ç > -6); moreover
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1

0
T

14 1
Fig. 40: The function y.

(6. 87) g^T, S) = -e(S)[r(T)€(T, Ç(S) + 2y'(t)Et(t, Ç(S)) + T(t)£tt(t, Ç(S))] < 0 , 

(6.88) gTT(r,S) = -0(S) [y"(T)€(r, Ç(S)) + Ç(S))

+ 3t’(t)€tt(t, g(S))+T(T)E^(T, e(S))] > 0 (t > 0) .

Also, by (6.75), (6.76), (6.79), (6.85) and (6.86),

es(r,S) = t(t)[0’(S)€(t,€(S))+ 6(S)€s(t,Ç(S))Ç'(S)] > 0 ,

gg(T, S) = 0*(S) -0(S) [y*(t)€s(t, Ç(S)) + t(t)€tS(t, <(S))] Ç'(S)

> o (t > 0) .

Thus e satisfies (1.2) -(1.7).
The following are clear from (6.65) and (6.66): 

lim f(v, 3) = 0 , lim f(v,S)=+oo, Mv,S) = +oo .
V —> - CD S —CD S + CO

Then using (6.74), (6.77), (6.78), (6.80), (6.81), (6.85) and (6.86), we get:
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lim e(T, S) = lim t(t)9(S)g(t, Ç(S)) = *Y<t) lim e(r, S) 
S^ + oo S —>+ oo S —>+ oo

= 7(7) lim f( 1 -t, S) = +00 ;
S —>+00

lim e(7. S) = lim 7<T)0(S)e(7, Ç(S))
S —> - 00 S —> - 00

= 7<t) lim 6(S) • lim g(T,Ç(S))
S > — 00 S —— 00

= 7(7) lim 6(S) • lim 6(7, S) = 7(7) • 0 • 6(7, - 6) = 0 ;
S —- 00 S —- 5

lim g(T,S) = lim -0(S) j7*(7)c(7, Ç(S)) + 7<7)^(7, Ç(S))]
S —> + 00 S —>+ co

= -lim Qy*(7>f(l - t, S) -7<7)fv(l -7, S)J = +oo
S —> + 00

(since 7' <0) ;

lim g(7, S) = -lim 0(S) • lim ^r'(7)c(7, S) + 7(7)^(7, S)]
S —> - co S —> -00 S —- 6

= 0 • [7'(7)e(7, - Ô) + 7(7)g^(7, - 0)J = 0 .

Thus (1.8) and (1.9) hold for e. Moreover, for any S,

lim e(7,S) = lim 7<7)0(S)g(t, Ç(S)) = 0(S) lim f(l-7, Ç(S))
7—>+00 7 —> + 00 7 —> + 00

= 0(S) lim f(v,?(S)) = 0 , 
v —> -00

by (6.74), (6.83) and (6.85). Thus e satisfies (6.1). Since the proof of (6.3)

does not require (1. 10), we conclude

p + CD
(6.89) \ g( • , S) < + 00 (-00 < S < +00) .

Fix Sc (-oo, + œ), and observe that by (6. 75), c^(0, Ç(S)) < 0. Then using (6. 75),
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(6.82),(6. 84), (6.86) and the fact that 0(S) > 0, we get

lim g(T, S) = 9(8) lim -^'(^))^(T, ^(8)) + ^f^)(-^(^, ^(8))^|
t->0+ t^0+

> 9(8) lim t(t)(-e (t, Ç(S)))
"" T-^0+ T

= 9(8) lim t(t) -(-Gt(0,Ç(S))) = +oo .
T —>0

This, together with (6. 86) -(6.89), shows that g( -, 8) e for all 8. Hence by 

Lemma 6. 2, e is an energy function.
We shall prove that WEAK fails at t = 1, p - 1. For clarity, we let 

p = 1 throughout. Now let t > 1 - . Then t - 1 > - , and from (6.77),

(6. 80) and (6. 83) we conclude Ç(t - 1) = 7-1, 9(7 - 1) = 1, 7(7) = 1 and 

7*(r) = 0. Then from (6.85) we see that

(6.90) e(r, 7-1) = 7(7)9(7 - l)c(7,5(7 - 1)) = e(7, 7-1) .

Similarly, we have by (6.74), (6.66) and (6.86), 

g(7, 7-1) = -<t(7, 7-1) = Hl-T, 7-1) 

= T + ( 1 -e~^T ^)exp (1 - 7+ (7 - 1)) - P .

This means that 8(7, p) = 7-1, so

(6.91) e(7, p) = e(7, 8(7, p)) = e(7, 7 - 1) = €(7,7-1) = f(l -7, 7 - 1)

= el ~T + ^)exp^ ( 1 -7 - (7 - l))j= »+ (1 -a)e

Since (6. 91) holds Vt > 1 - ,

9 . .— e(7, p)
. 1 -7= {a - l)e

(r, p)

(7> 1- |) ;

in particular.
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àe<T'p) (1,P>

so WEAK fails at(l,p).

6.3. Ideal gases.
In this section we construct an example of an ideal gas e for which no 

Hugoniot curve is monotone.
An ideal gas is a medium that satisfies (1.2) -(1.7) and

(6.92) PT = RT ,

where R > 0 is a constant. In [1], (6. 92), together with ( 1.2) - ( 1.7), is shown 

to be equivalent to

(6.93) e(T, S) = h(tH) ,

where H = exp(-S/R). Here h is a function defined on (0, + co) satisfying:

(6.94) h maps (0, + co) onto (0, + co) ,

(6.95)

o V o A i o
 V o' A ■C

(6.96) k maps (0, + co) onto (0, + co) ,

(6.97) k* < 0 ,

where k(x) = -h'(x)x. In this situation we have

(6.98) p = g(T, S) = -h'(rH)H ,

T = - ~ h’(TH)rH .

By (6.98),

pr = -h*(rH)tH = k(rH) ,

so that

(6.99) c(t, p) = e(r, S) =Y(pr) ,

where Y= hok"1. Thus V maps (0, + oo) onto (0, + co) and Y' > 0. From this 

it is clear that e for an ideal gas is an energy function that satisfies STRONG.
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Note that (6.99) can also be expressed, 

(6.100) e(T, p) = h(x), where pr = -h*(x)x .

We now give an example of an ideal gas for which every Hugoniot curve 

H is not monotone, i.e., along H, T is not a nonincreasing function of p. Let 

(6. 101) h(x) = e1^ - 1 .

Then

e^x
(6.102) h’(x) = - -y ,

, x

eVx 
h'(x)x = - ------ ,

and h satisfies (6. 94) -(6.97); therefore (6.100) defines an ideal gas. Fix

T0’ Pg > 0 and let H be the Hugoniot curve with center (t^, p^). Then 

(T, p) € H iff

e(7,p)-e(70,p0) = |(t0-t)[p+p0] .

By (6.100), (t, p) £ H iff

(6.103) h(x) - h(xQ) = |-(t0 -t) [p+Pq] 

where

(6.104) pt = -h’(x)x , PqTq = -h*(x0)x0 .

We show that along H, r comes arbitrarily near tq as p —»+ œ. (See Lemma 

4.1.) Suppose not. Then 36, P > 0 such that along H,

(6.105) Tq- t > 6 whenever p > P .

Then we must have x —>0 as p—> + oo along H. For otherwise, there would
exist ct > 0 and a sequence Ip ] such that p —>+co and, with (t , p ) £ H and l n) n n n
p t = -h'(x )x (n = 1,2,...), x > ct Vn. Then by (6. 94) and (6. 95), for the n n n n n —
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values x , t and p the left member of (6.103) would be bounded as n —>+oo 
n n n

while the right member would approach +m as n —>+co, a contradiction.

Using (6.104), (6.103) becomes

h(x) - h(xQ) = £(t0-t) h'(x)x
To _

Then by (6.101), (6.102) and the above, we get

(p > Po> •

Thus

T> ->To as '

which contradicts (6.105). Hence along H, t comes arbitrarily near tq as 

p —^ + oo. In particular, H is not monotone.
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