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CHAPTER 1

INTRODUCTION

In this paper we investigate existence and uniqueness of solutions of the
Riemann problem (R.P.), with arbitrary initial data, for the equations of com-
pressible fluid flow in one space variable. The results depend on the energy
function e = e(1, 8) (r = specific volume, S = specific entropy). In addition to
the assumptions normally made (see (1.2) - (1. 7)), we always assume some
physically reasonable limiting behaviors of the energy and pressure functions
near the boundaries of the domains on which they are defined (see (1.8) -(1.10));
ideal gascs, for example, always satisfy these assumptions. We prove (Chap-
ter 3) that the R. P. always has a solution. However, solutions need not always
be unique, even if they satisfy the entropy condition and the Lax shock condi-
tions. Our analysis is based on the behavior of the Hugoniot curve H (see
(1.20) ff.) in the (7, p)-plane (p = pressure). It is sometimes assumed (see Ef])
that H is monotone in the sense that along H , one of the variables T,p is a
decreasing function of the other. This holds for polytropic gases, but need not
hold for ideal gases. (See Ideal gases, Chapter 6.) It turns out that whether
uniqueness fails, and if so how drastically, depends on how much H deviates
from this monotonicity. We introduce three conditions on e : WEAK, MEDIUM
and STRONG (see Def. 1.4, Prop. 1.5), which we relate to the behavior of H
(see Lemmas 4.1, 4.2, 4.10, 4.11, 4.12 and Conventions 4.6, 4.7). WEAK
and STRONG are already known ([2], [4]). The following implications hold:

(*) polytropic gas => ideal gas => STRONG = MEDIUM => WEAK ,

where all implications are proper. In Chapter 4 we prove that whenever
MEDIUM holds, solutions of the R. P. are unique. However, whenever MEDIUM
is violated, it is possible to construct initial data (Uf, Ur) for which the R. P.

has three distinct solutions; we call this particular situation type I nonunique-

ness. We show that whenever WEAK fails, one can not only obtain type I non-

uniqueness, but also get nonuniqueness a different way, by a different con-

1



struction; this is called type II nonuniqueness. The initial data that exhibit type

IT nonuniqueness also exhibit type I, and we then obtain five distinct solutions of
the R. P. In Chapter 5 we show that for both types of nonuniqueness the data
can always be chosen so that the nonuniqueness is stable under perturbation of
the initial data. In Chapter 6, we show by constructing various examples of
energy functions, that all the possible situations abstractly considered in Chap-
ters 1-5 do indeed occur, e.g., that the implications () are proper, and that
it is possible to have five solutions of one R. P. For all solutions considered,
the shocks always satisfy the entropy condition (see (1. 18)) and the Lax shock
conditions (see (1.19)).

The equations of compressible flow in one space variable (in Eulerian

coordinates) are
(1.1) p, +(pu)_ =0
t X

(pu), + (pu’ + M =0
E)(é'uz + e):|t + E;u(-é—uz + e) + up:lx =0

where t> 0 is time, x is position, p is densily, p is pressure, e is specific
internal energy. and u is flow velocity. We also let 8 = specific entropy,
T = temperature, and 7 = specific volume (= p-l). Here e is assumed to be
a 03 function e(r.S) of T and S, p = -e_. and T = eg: The letter g will
always denote the function —c_r. i.c., p=g(7.8). The function e is assumed

to satisfy the following

Standard Assumptions:

(1.2) e>0

(1.3) p>0 (i.e., g>0)
(1.4) T>0 (i.e., es>0)
(1.5) 5. -0

(1.6) g77>0

(1.7) gS>O.



In addition, we shall always assume that e satisfies the following

Limit Assumptions:

(1.8) lim g(7,8) =0, lim g(7r.8) =+
S— - S —>+mw
(1.9) lim e(r,S) =0, lim e(7,8) =+m
S—> - S—>+o
(1.10) lim  e(r,p) =0 .
+
T—=>0

Here the expression "e(r,p)" requires definition. Suppose 7,p> 0. Then by
(1.8), there is an S such that g(7,8) = p, and by (1.7) 5 is unique; we denote
S = S(t.p). Then we define

(1.11) e(7.p) = e(7, S(T,p))

{(whenever p is understood to be a pressure rather than an entropy; cf. [1_],
§64). We also define gT('r,p) = g_r('r, S(r,p)), etc.

Analogously, by (1.9) and (1.4) we can use p,e (i.e., T,e) as indepen-
dent variables so that S and p are functions of (p,e}). If welet U = (p,u,e),

then the equations (1. 1) can be written as

(1.12) Ut+A(U)Ux=0 ,

for a 3 x 3 matrix A(U) with eigenvalues u-c, u and u+c, where c (the

sound speed) is defined by

(1,13) c =f
-1

where f(p.S) = glp . 9.

The Riemann Problem (R.P.) (see [1} [4] [5]) for (1.1) or (1.12) is
the initial-value problem for (1.1) with data

Ue , if x<0
(1.14) U(x,0) = {

U ., if x>0
r



where Ul = (pl,ul.ei), U = (p u.e ) are arbitrary constant vectors.
By a solution of (1. 1), (1. 12) we mean a function U(x/t) consisting of

at most four constant states, Ul U U3, .

to U1 (on the right) by either a l—shock or a 1l-rarefaction wave, Ul (left) is

Here U ‘ (on the left) is connected

connected to U3 (right) by a contact discontinuity, and U3 (left) is connected to
Ur (right) by a 3-shock or a 3-rarefaction wave. (See [1] or [3] for the defini-

tion of these terms.)
1 -shock

1
fact that U (on the left) is, or can be, connected to U2 (on the right) by a 1-

From now on, we shall use the notation ''U U2" to express the

shock. We define similarly the expressions "U, i-wave U, "U, contact U,
"UIS—-MUZ" and "UI-S—MU ", where "1-wave' (resp. ''3-wave'") is
just an abbreviation for ''1-rarefaction wave' (resp. "3-rarefaction wave”).
We also abbreviate the sentence "U1 l;muz or U, 1—-—“-@-*‘EUz" by
”UILU2"' etc. Thus for a solution of the R. P. with initial data (U,,U )
we must have U, and Ug such that

u, 1 Ulcontact U3 3 Ur ]

Finally, since (p,e) and (7,p) determine each other, we can, and shall,

describe states UI'U2' ... by triples (Tl' Py ul), (72, Py, u2). v .
By definition, Ulg)lﬁl-ta—ctU2 iff u = u, and p, = Py For shocks, we

have the following well~known result (see [1]):

Proposition 1. 1. U0 (left) can be connected to U (right) by a shock with shock
spced s iff the following hold.
Jump Conditions:

(1.15) pv=p0v05m=f0
(1.16) (pulv + p = (pouo)v0 *+ Py
(1.17) (lu2+e)v+ n = (—u2+e )v + p.u
: Pla PU=Pot 2 Y Poto -

where v=u-s, v, =u, -5 ;
0 0 ’



Entropy Condition:

(1.18) mSOSmS .
Moreover, the shock is a 1-shock (resp. 3-shock) iff 8 < u, u, (resp. 8> u, uo).
In this paper, shocks will also be required to satisfy the

Lax Shock Conditions:

1-shock 2

(1.19) U0 U= Yo
3-shock 2

U 0

Uoév

> ¢,.. and v2<c2;

2
0
> c2 and v2 < 02
0

(See (1.13).)

The Hugoniot function with center (-ro, po) is defined by

ptp
(1.20) Hir.p) = e(r,p) - elrg,p) + (7-70) 0 (r,p>0) .

We define the Hugoniot curve H with center (70, po) by

H= (('r, p)|H('r,p) =0} .

Let U,U0 be constant states, and let H have center ('ro, po). For a> 0, let

J{a be the upper branch of the hyperbola,

(TO-T)(p-po) =a ;

Let '}f:'l be the lower branch. (See Fig. 1.) The importance of the Hugoniot
curve lies in the following two facts.

Proposition 1.2. U l-:‘;-MU iff u<u, and (7,p) € K 9 N H.
0 (uo-u)

0

Proposition 1.3. U 3-shock

U, iff u>u, and (7,p)€ J{(u—uo)z NH.

These will be proved in Chapter 2.

Definition 1.4. e = e(r,8) is an energy function iff it satisfies the Standard

Assumptions (1.2) - (1.7) and the Limit Assumptions (1. 8) - {1.10).
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PO !

Fig. 1: The hyperbola ;(au;(“'l and a Hugoniot curve H.

We introduce the following conditions on an energy function e (see (1.11)):

STRONG ai_re('r, p) >0 (r,p>0)
3 2
MEDIUM —E) < B (r.e > 0)
or/ — 2e
e
2 P
WEAK P e(r.p) > ) (r.p>0) .

Proposition 1.5. The conditions STRONG, MEDIUM and WEAK have the

following equivalent formulations:

KA P
STRONG op e{r,p) > -g’T(’r, 5 (r,p>0)
MEDIUM 59)- e, p) > 2e(7:2f3’)(7 ) (r.p>0)
! -gT(T.P) e

P



9 S
P> ,p>0) .
WEAK Bp e(t.p) > _2g7(7‘p) (r.p>0)
Proof: We have
3 2 ) °s
. 1 , = = R , —i — , — —
(1.21) _-"ap e(7, p) 2p e(r, S(T,p) eg B0 S(T,p) 2

Here we have abbreviated eS('r, S(7,p) (= eS('r, p)) by eq; we shall do this often,
e.g., g = gT(-r, p). In particular

8

3p e(t,p>0 .

(1.22)

Moreover

9
oT

2

_ 9
Py e(r, S(t,p) = eT+ eS By S(t, p)

e(r,p) =

But p = g(r, S(r,p)). so taking 3/37 of both sides yields 0 = gT+ Eg 58: S(7,m;

hence

2 (r.p) =e +e (-g—T

8767" T S\ g

S

S0
(1.23) —a-e(‘r ) = -p+ (- )ie('r )
) a7 P p g'r ap P
by (1.21).

From (1.23) and 8 > 0, the formulations for STRONG and WEAK are

obvious. For MEDIUM, writing g%r-' % e(7,p), etc., we have

de

9T

T e
ap

-g

s0 that



de 2e < ode 2ep
op = . 2e p op — ode
g'r p aT . %6 + p2
de
ap Je
2 e ——
de de 2 p_ aT (QE)
T | — + -_ =
(87 p>2e+ ap P 228P 50 2 e o7 /.
ap
<=> MEDIUM. .

Lemma 1.6. Let ¢ be defined on (0, +a) with ¢ >0, ¢'<0 and ¢" > 0. Then

for every 7> 0,

+00

s < 28n \ 4.

T

Proof: Let C = (7. #(7)). Let L be the line tangent to ¢ at C; then L has
slope ¢'(1) <0 and intersects the T-axis at a point B = (7+x, 0) where x > 0.

(See Fig. 2.) Let A = (7,0). Since the line-segment CB has slope (7,

P = — —— === L, slope ¢'(7)

0 T T+ X

+

Fig. 2: The area of AABC is less than S é.
T



-‘é—(?- . Since ¢" >0, ¢ lies above L; hence

XZTH
+mo
1 $(71) _ 1 _
2 \ é'(7) p(7) = 2 x¢(7) = area AABC < p .
-
Then since -¢'(7)> 0, the desired conclusion follows. [

Proposition 1.7. STRONG => MEDIUM = WEAK.

Proof: By Prop. 1.5, it suffices to prove

for arbitrary 7. p> 0. Now

2ep < 2ep  _ P
- . 2e - -g !
&, T

2
_gT.2e+ p

proving the first inequality. For the other, note that p = g(t.S), where
S = S(7,p). By (1.3), (1.5) and {1.6), the function g(.,S) satisfies the hypo-

thesis of Lemma 1.6; therefore

+c0
(1.24) g(—r,S)2 < -2gT('r, S) glv, S)dv
T
But for every T > T,
" "1
g{v, 8)dv = -eT(v.S)dv =e(r,8) - e('rl.S) <e(7.,8) ;
T T
thus
+m

g(v,S)dv < e(7. 8} .
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Then (1.24) yields g(7, S)2 < —2gT(—r,S) e{r,9), i.e., p2 < -2g_re. Then

2ep 2e
B %e + p° 7 g, 2% : %8.© i -Zl; .
We conclude with a rough summary, in table form, of what will be proved in the
remainder of this paper regarding the connection between: (1), the conditions
MEDIUM and WEAK; (2), the behavior of the Hugoniot curve H; and (3), exis-
tence and uniqueness of solutions of the R. P. The properties marked with a
(*) are proved to hold for some choice of (-ro, po) as center of H, or of

(Ul‘ Ur) as initial data; the others hold in general.

polytropic 'i
H is monotone
existence and uniqueness
PO — = - - - - - =
0 T
MEDIUM or ideal i ;
T is a function of p along H :
va>o0, y(ar\ H consists of one |
point f
|
{H may not be monotone) |
existence and uniqueness o[-~ ————
|
T




WEAK and not-MEDIUM

T is a function of p along H

(*) Ja >0 3% NH contains
a .
more than one point

existence

(*) type I nonuniqueness

not-WEAK

2 )
() Ip>0, 371 , 726(0, -ro)

('rl.p).('rz.D)EH
existence

(*) both type I and type II
nonuniqueness

11




CHAPTER 2
PROPERTIES OF THE HUGONIOT CURVE
This chapter establishes some properties of H that hold for all energy

functions e, under no additional assumptions. We first summarize some known

results due to Weyl; these are proved in [1]. 865.

Proposition 2, 1. (Wey!) Let H have center (To,po) and let (Tl’ Pl) € }{\{(70, po)}.

Let & be the line through (7 ) and ('rl, pl), parametrized by

o’ Po

i(s)

+ as

1t

PO

7(s) = -ro+ bs

where a = pl - Py h = Tl "o Then

{; S(7(s). (o)) . >0 ;

d -
Is S(T(S).i)(S))‘s=l <0 .

Corollary 2.2. Let H have center ('ro.po) and let (Tl'pl) € H\{(TO.;JO)}. Let

. be the line through (70.;;0) and (71,;)1). Then L cannot be tangent to H at

(-rl,;.l); i.c.. if the C  functions 7{t). p(1), t in a neighborhood of tl. satisfy

(T(tl).p(tl)) = (7 .pl) :

1
{(7(t).p() € H for all t ,
then there cannot exist ¥ # 0 such that

(’r'(tl)- i"(ll)) = 'Y(‘rl " Ty by pO) )

Corollary 2.3. dS # 0 along H except at (',0,;)0); i.e., if T Py tl, (1), p(t)

are as in Cor. 2.2, and ('r'(tl), p'(tl)) # 0, then

12
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d
at S(T(t), p(t)) #0 .

t=tl

Corollary 2.4. Whenever 7. <7, and (Tl' pl)e H.

1° 70

P1 " Po
- & — , .
g7y S T0"7, LAUTEE

. 1 -shock 3-shock 2 2 2 2
thus if UO—_ U1 or Ul_—UO’ then v0>c0 and v, <cl' (Ccf. (1.19)

and Props. 1.1 - 1.3.)

The proofs that follow are long and tedious; hence we preface the formal

proofs with an informal introduction. We define two subsets, Q and Q', of the

(7. p)-plane by
(2. 1) Q={('r,p)|0<-r<'r0 and p>p0},

Q' = [('r,p)|7> o and 0 < p< po} ,

where ('ro. po) is the center of the Hugoniot curve H. We prove that gradH # 0
everywhere on H, and that HCQUQ'U{(TO.pO)}.

Definition 2.5. For all 7,p> 0, define

P - Py

6 =6(r,p) = —— if'r#'rog
0

6. = 6( )=_gp_ along H

o~ Vo' Po ar g -

('ro. po)

(See Fig. 3.) Then we find that the function @ is C1 on H: we plan to use 6 as
parameter along H. We shall be concerned only with the "'compression branch"
HnQCt of H. For all 8, let L9 be the line through (-ro,po) with slope -8. We
want to prove that along H, (r.p) isa C1 function of 8; i.e., as L6 sweeps
through Q in the clockwise direction, starting at 90, there is always exactly one
(r(8), p(6)) € H f\Lg. (See Fig. 4.) This is true locally by Cor. 2.2 and the fact
that gradH # 0 on H, since then df # 0 along H. In particular, H is repre-
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(1(68), p{6))

e v e— d— s e Smas S e eE—ES G e

Fig. 4: (7,p) is a function of & along H.

sented by (7(8). p(6)) uniquely in a neighborhood of (-ro,po). Here (1(6), p(6)) is
defined for 8 in some neighborhood of 60. We try to define (7(8), p{6)) on the
largest possible interval [00,01). Any two such functions (71(9), pl(O)),

(72(6). ;)2(9)) on [60,91) must be the same, since otherwise there would be a

first point (1, ;-)) along H at which the two curves begin to separate, which
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contradicts gradH # 0 at (t,p). (See Fig. 5.) Hence there is a maximal inter-

val [eo’emax) on which such a function (7(8), p(6)) can be defined. Then we

i ('rl,pl)

o
[\~
~—

Po

0 TO

Fig. 5: The images of (‘T ) ) and (-rz,pz) begin to
separate at (T, p)

prove 0 max = +o by showing that if not. then we can obtain an accumulation

point in Q of (7(9),p(0)) as 618 max’ and using this, extend (7(68), p(6)) to some

[Qo,el), 61 > omax' Thus we have a C branch H'C H along which (7,p) is a

function of 6 € [_60,+oo), and we also prove that along H', p—>+m as § —> +cw;

moreover, for every a >0, }iaﬂ H' # 4. (Cf. Fig. 1.) Finally we show

H'=H {\ch as follows: we pick any (. f)) € HN Q; we start with a representation

(~r (6), Py (8)) (6 near 6 = 0(T, p)) of H near (7, p); we extend (-r Py ) to a max-

1ma1 left interval of existence (6 min 6] we then prove that this curve

J = {(71(6).p1(6))| 6e (B min 6]} must intersect H', so J CH'; hence (t, p)eH'
We hope the above will aid the reader in understanding and ignoring var-

ious tedious details of the proofs that follow.

Lemma 2.6. (a) H ('r p)> 0 for 0< <P <Py (b) H (-r p) >0 for 7> T
(c) gradH # 0 everywhere on H.
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Proof: We have (see (1.20))

ptp P-P
_ 9 0 _, .2 _ 0
(2.2) HT(T.p) = 5 e(r,p) + 5 = ( gT) 3p e(T, p) 5
by (1.23);
T T
_ 2 7o
(2.3) Hp('r,p) = 3 e(r,p) 5

These, with (1.5) and (1.22), yield (a) and (b). For (c), it suffices to prove
grad H(7,p) # 0 for (7,p)€ HNQ. Suppose Hp(-r,p) = 0. Then by (2. 3),

_a-e(,- - To~ 7
op P 2 ’

so by (2.2),

HT('r,p) - (-g'r) 2 T2 >0

by Cor. 2.4, since (7.p)€Q (see (2.1)).

Corollary 2.7. HCQUQ'U {(70, po)} .
Proof: By Lemma 2.6(a) and (b),

H(r,p) >0 for 7> 7 p> Py (.p # (‘ro, po) ;

Ol

H(T,p) <0 for 1<7,, P< Py (1.p) # (‘TO, po) )

0’
Notation. For x€(-oo, +o0), € >0, let
(2.4) N (x) = (x-¢€, x+€) .

We know ([l], § 65) that there exist 6,0 >0 and a C2 function G on

Né(TO) such that

(2.95) G('ro) =Py G'('ro) = gT('rO,SO) , G"('ro) = g_r_r(-rO,So) ,

and for all (7, p),
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(r.p) € Hﬁ(Né(TO) x Na(po)) iff p=G(7) .

Then Def. 2.5 implies

(2.86) 90 = B(TO, PO) =

by (2.5) and (1.5). Cor. 2.7 then yields

=1
G('ro)>0 ,

(2.7 6(r,p) >0 for every (7.p)€H .

Lemma 2.8. Define

0(7) = 0{7,G(7) for TEN(S(TO) .

Then 6 is C' and 0'(ry) < 0.

. 1
Proof: Clearly 8 is C on Né(TO)\{TO" We have

G(7) -

p
e{r) = 9

'TO""T

Then since Py = G('ro).

lim 6(7) = —G'(TO) = 9(70.1)0) = 9(70) ;

T—>T
47y

0
hence 0 is C on Né(TO)’
To find 6'(70), observe that

G(7) - P

7o

+ G'('ro)

T~7T

0

+ (70 - T)G'(TO)

e(1) -6(70)
lim _-r_-_ = lim
1—970 TO T—>T
G(7n -p
= -lim 0
T —91’0

By L'H&pital's rule,

2

(‘TO -7)

(7 # 'ro) .
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8(7) - 6(r,) G'(7) - G (1,
. 0
lim — ;. - - lim 7 =) = - EG"(‘TO) ;
T—>7g 0 T=>T, ™70

1
1 i 4 - - 11" A Vi ¥
thus 6 (-ro) exists and 6 (-ro) 5 G ('ro) <0. For 7 ¢ Ty 7 nave

d G(T) - Pq ('r0 -7G(7) + G(71) - Py

1 —- — - .
6'(7) dr T. =T 2 '
0 ('r0 -7)

then by L'Hbpital's rule,

('r0 -G (1) - G'(7) + G'(7)
-2(70 -7

lim 6'7) = lim

- —>
T TO T 'r0

1 1 — ] .
=-5G (TO) =0 (70) H

. 1
hence 8 is C on Né(TO)’ P

Lemma 2.9. dd # 0 along H.

Proof: d9 # 0 at ('ro,po) bly Lemma 2.8. Let (Tl,pl)EH\{(TO,pO)}, and let
(1(t), p(t)) be defined and C on a neighborhood of tl, with (-r(tl),p(tl)) =
(m,0p)), (T'(tl),p'(tl)) # 0, and (7(t), p{t)) €H for all t. Then

d d p(t) - py
EG‘T(t).p(t)) T dt T - 7(t)

t=t 0 t=t1

(To - 'r(tl))P'(tl) + (p(tl) - po)""(t1)

(1 - Tt )

Thus 4 a(r(t), p(t))| . _, = 0 implies
dt t.-f.1

by ~pg: ~(ry =T L) P

so that (7'(t ) p (t }) is a nonzero lmear combination of (‘r1 Tor ) -po)

which contradicts Cor. 2.2; hence G(T(t) p(t))lt ‘ # 0. Thus d8 # 0 at

1
('rl.pl). [
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Definition 2.10. A @-parametrization (6 -p) on an interval I is a C1 vector

function (-ro,po) defined on I such that

(a) @), @) eH ©€D
(b) 6(:°@), p(e) =6 ©eD ;
(e) if 6€l and 6 >90, then (70(6), po(a)) €EQ .

(See Def. 2.5 for 90.) A 6 -p is centered (c -0 -p) if 8 _€1 implies

0
(%0 PO = (75, p)-

0

Remark: The superscript ''0" of (To,po) refers to the subscript in (70, po),
the center of H. Later, this superscript will be varied to distinguish functions

arising from Hugoniot curves with different centers.

Lemma 2.11. Let (7,p)€ HﬂQcE, 6 =6(7,p). Then there exist €€ >0,
a@-p(re,p’) on (5-61, §+€2), and an open rectangle R about (7,p), such
that (*(8),p*(6)) = (7.}, and V(r,p)€HNR, O(7,p)€(6~€ , 6+€,) and
(r,p) = (7*6(1. ), P O(r. P)).
Proof: By Lemma 2.6(c), gradH #0 at (7, p).

Case 1. Hp(?, P #0 or (7,p) = (7,,py). Then Hp(;,l-l) 40, so by the
implicit function theorem, 35, 0>0 and a c! function G on Né(;) such that

for all (7, p).

(2. 8) (mMEHﬂWéaxNé&)iﬁp=Gh).
Define
(2.9) 8™ (1) = 6(r,G(7)) (TeN (T) .

0 or by Lemma 2.8 if 7= To’ 8% is C1 ona

neighborhood of 7 and (87 (1) # 0. Thus there exist 61 € (0, 6] and 61,62 >0

Then by Lemma 2.9 if T<T

such that

(2.10) 6™ is a C1 diffeomorphism of N, (7) onto (6-—61,6-+62) .
1

Let

(2.11) A N
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then 7" isa C1 diffeomorphism of (5-61, 5+€2) onto N6 (7). Let p* = Go-r*;

1

then p* is C1 on (@ - -€,s 5+62). Since p = G(7), 5=9*(-?) S0

(r%(8),p (6)) = (7,p). Clearly for 0e(d - -€,. g+e€ ) we have

(+%(9), p (@) = (7*(8), G(7*(8))) €H and 6(r(0), P’ (6)) =6%(r () =0. We
claim that 6 > 90 implies ('r 6, p (6))€Q. If (T, p) = ('ro,po), then 8™
decreasing on Né (7) by Lemma 2.8 and the fact that it is a diffeomorphism;

hence 7" is decrelasing on (8 -€1, §+€2) and we are done by Lemma 2.7. If

(7, r-J) 4 (TO, po). then (7, f_u)eQ. Thus we can make the above & and o (for
(2. 8)) sufficiently small so that Né(;) X NU([-))CQ, and the claim is proved.

Hence (-r*,p'::) isa 6-p on (6-61, 8+ 62). Let R = N6 (n x NG([-)). Let
1

(r,p)€HNR. Then (7, p)ENb(v-) xNo(p), so p = G(7). Since T€N6 (1), we
have !

8(r.p) =6 (Ne@d -€ . 6+e,)

and
7o, p) =T,

pE@(r, M) = G(=* (T, ) =

Case 2. H (-r p) # 0 and (1. ™) # ('ro,p0 Then (T, y-))eQ and there
exist 6,0>0 and a C function V on N (p) such that N (-r) x N (p)CQ and

for all (7.p),

(r, p)EH(\(Né(;) X NU(())) iff = v(p) .

Let 6%(p) = 8(V(p), P (ch (). Then 6" is Cl and by Lemma 2.9,

6*)'(p) # 0, so there exist o, €(0, o] and €€, > 0 such that 0" isa C dif-

feomorphism of Nc (p) onto (6 61,9+€2). Let p* (9 ) = Vop ,

R = Né(';) X N0 ([;),1 and proceed as in Case 1. [

1

Corollary 2.12. Let (70, po), (-ro, po) be 6 - p's on an interval I; let el
0.- 0~ ol g % 0 0 0 0

with (71(9), pl(e)) = (72(9), pz(e))fQ . Then (’Tl, pl) = (72, p2) on some

neighborhood {in I) of 6.
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Proof: Let (‘T p = ('r 6), pl(O)) Then 6(7, 5) =6 by Def. 2.10(b), and

('r p)GHr\Q by Def. 2.10(a). Hence Lemma 2.11 applies; let 61,62, (-r*,p*)
and R be as in Lemma 2,11 for ('-r', ;-)), 0. e > 0 such that VBGNE(é)ﬂ I,
(7(1)(6). p(l)(e)). (frg(e), pg(e)) €R. Then V6 eNe(é')n I,

0 0
6(r(6), p(6) = 8 = 6(7y(0), Py(6)
by Def. 2.10(b}, so
(261, DN = (@), B(O) = (15(6), PO

by Lemma 2.11. m
Lemma 2.13. Let (-ro, po

1
( )—<T° °

), ('r p2) be c-8-p's on EB ,0 ) Then

. 0 0 0 0
Proof: Suppose not. Let 6 in = 1nf{0 >0 I('r (9), pl(G)) # (72(6), p2(9))} .

0

Then 6 . € (64,6 and (7,6 .0, p (6 ) = (70 L0 py(e ). But by

Cor. 2.12 (see Def 2. 10(c)) ('r , p(l)) = (-ro po) on a neighborhood (in [6 2] ))
I

of 6 min’ a contradiction.

Proposition 2.14. There exists a maximal right-open interval I_—GO, 0 ax) on

which a ¢-8-p can be defined; i.e., there isa c-0-p ('r , P ) on [90,6 x),

d -0~ .
and there cannot be a ¢c-0-p on any larger interval [60,91), 61 > ema.x Here

AL Y +].

Proof: Let 8 = {61 > 00| B_a -c-B-p on [60,61)}. Let Bmax = sup ®. With
€ asin Lemma 2.11 for (7,p) = (-ro, pO)’ 60+€2€9; hence emax > 90. We

2 0 O
define (7 ,p ) on [6 'Gmax) as follows:

1

Let 66 [9 6 ). Choose some 6 €(6, +00)N @, 3Fa c-6-p
max 0 0 0 0
(7 . Py % on [9 6,). Let (7 6), p (8)) = (7,(6), p,(O)).

By Lemma 2.13, ('r , P ) is well-defined by this process and is a c¢-8-p on
6,0 ). | =
0’ max

it 2.15. = + 0.
Proposition emax
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: <+, =i
Proof: Suppose emax . Then LBmax has p-intercept

Py = 700 max ™ Po (See Fig. 6.) Since e(-ro,po) >0, and

-— e e e RS P e e e—

4 A —fm— T

min 0

Fig. 6: The region T.

lim e(7,p ) =0 by(1.10), 37 ., >0 suchthat V7>0, 7<7
- —>0F max min -

implies e(7, p y<e{r.,p.): we may assume 1t . < 7T
i { Pk 0.io). y min =

min

o Now suppose

0<7<7 , and 0<p<p . Then from (1.20) and (1. 22), we get
= min — “max

Ptp pt Py
H(7,p) < el(7, pmax) -e('ro, po)-i-('r —-ro) 3 < (T -'ro) 2 <0 ;
thus
(2.12) Er <7 op 2Md P< pmax:|=> (T.py¢H .
Let T be the open triangular region bounded by LG and the lines
ax

. 0
{p = pO]J and 7 = ’Tmin}. (See Fig. 6.) We assert that (7 (0), p (6)) €T

Voe (60, 0 ax). For we know (Def. 2.10) that (70(0), pO(G)) e HNQ and

6(70(6), p (B) =0<6 . Hence (‘TO(B), pO(B)) lies below L ,
max Bmax

which then
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implies pO(O) <p . From (2.12) we conclude 1-0(6) >T , and the assertion
— ' max min

is proved.
Now choose a sequence {0 } from (0 0’ +00) such that 6 'I‘B max” Then
ct
(T (0 ). P (0 )) €T Vn, so ther(, exnst a subsequcnce of {0 , wluch we calil

{Bn again, and a point (7,p)e T such that
0 0 - -
(2.13) (r (Bn), p (Gn)) —>(7,p) .

Suppose (7, 1—)) = (70,p0)° let €1,€2,R be as in Lemma 2.11. Let N be so
large that (v (0 ), pO(G )) CR whenever n> N; then from Lemma 2.11 we con-
clude that Vn zN, B = 9(7 (2] ), ) (6 ))C(B 1, 00+€2). But by Lemma
2.13 and (2.9) - (2. 11) of the proof of Lemma 2.11, v isa C1 diffeomorph-
ism on (80 —el, 60+ 62), hence (strictly) monotone. Thenosince {Bn } is in-
creasing and (7 (60), p (00)) = (70, po) we cannot have 7 (0 )——>70, this con-
tradicts (2. 13). Therefore (7, p) # (70, po). But since H is closed, (’r, ;-;) € H;

then Cor. 2.7 gives (';,[;)EQ. Since 0 is continuous on Q,

- - 0
{r,p) = lim 6(70(0 ),p(@O®N=1lime =6 :
n n n max
n—> w n—

hence Lemma 2. 11 applies with 6 = 0 ; let € ,€_,R,(T%,p") be as in
max 1’ 2

Lemma 2. 11 for (7, [—)), 0. Then (7 (ON), p (ON))GR NQ for some N, and we

have
0 =020 ), 20 Nc©® -c .6 +e)
N N’ N max ! 2"
U 0 B 0
(7 (ON), P (ON)) = (7 (()N). P (GN)) .

(See Fig. 7.) Then (70,[)0) and ('r;::,l)'::) ar¢ ¢-0-p's on a neighborhood of GN

0 0 e o
that agrec at 6 so by Cor. 2.12, (v ,p ) =(7 ,p ) on some neighborhood of

N’ 0 0 0 0
3 3 b » 3 ) + 3 3 s —
ON. '.I‘hus we may extend (1 ,p ) to [60 Omax 62) by defining (7 ,p)
(%, p) on (6__, Om' +62) and obtain a C° function, hence a ¢ -¢-p, on
[9 , 0 +€ ), which contradicts the maximality of 6 . Hence 6 = +q0.
0 2 max max
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Fig. 7: Finding GN at which to join ('rO, po) and ('r*,p*).

Proposition 2. 16. Let (1, € HNQ. Then (7.p) = (70(6), po(O)) for some

6>60.

Proof: Suppose

- - 0 0
(2.14) (7.1 ¢ {(r(0). p (00| 6 >90} .
Let 8 = 8(7,p). Let e?, 6(2), Ro (and (-ro, po)\ 0 0 ) be as in Lemma
(05 -€p. 0+ €y

2.11 for (’ro,po), 60. Let Rl be the closed rectangle concentric with RO and
having half the length and width of RO. (See Fig. 8.) Then we assert

_ 0- 0.- - -
Claim 1. Forany 6 -p ('r(:, p?) on (61, 6] with (71(0), pl(O)) =({7,p), we

have

(T?(O). p(l)(O)) € NR, Ve € (91,5_] .



25

p
l |

|

|

|

|

|

L

i

|
————————— . .4—--——-—

pO = '

|

1 —T
0 'ro

Fig. 8: The rectangles R0 and Rl'

To prove this, suppose 36 €(6 ,5] such that (7(1)(92), p?(@z))e (Q\Rl)c.

S0 (;,[-))GR , i.e.,

Case 1. (-r p)c(Q\R ) Thus (7, [;)EQCUR 0

('r (9) Py (9))€R

1
0

Case 2. (T, [—))GQ\R Then either (70(8 ) po(e )) € 3(Q\R )
(70(6 ), p ))EInt[(Q\R ) ] in which case 36 E(O 6) such that

6 2

('T (@ ) p,(6 ))ED(Q\R ) (See Fig. 9.) Thus we may assume
(7)(8,). p,(8,)) € QR ) Then by Cor. 2.7, (1(6,), p)(0,) € R, NQ.
Thus in either case de 6(9 6] such that (10(9 ), po(o ))ER naQ.

)
Then by Lemma 2.11, (7 (6 ) 1:)20(6 N = ('r (2] ), p (6 )) By Lemma 2 8 and
0 O 0 O

(2.9) -(2.11), we must have 8. >6 Thus by Cor. 2. 12, (7 P Y={(r,p)

2 0
on some neighborhood, in (ma.x{BO,Gl}, 5], of 62. Define

0 0 (TO(O), ;)0(9)). if 90 <6 -592
(72(0), ;)2(9)) = o 0 )
(r,(6), p (6)), if6,-6<0

0 0 . = 0 0 _ ,0 O -
Then (72,|)2) isa c-6-p on [-60, OJ, S0 (72, |)2) =(r ,p) on [60,6] by
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Q\R,
AQ\R))

(7, D)

C
. > Int [(Q\R 1) ]
(71(93" p1(93))

0 0
(7,(8,). P (0,)

Fig. 9: The image of ('r?, p(ll) must cross 3H{Q\R 1).

Lemma 2.13 and continuity. Thus (7,p) = (1’?(6-), p?(é)) = (73(5), pg(é)) =
(70(6-), pO(G_)), which contradicts (2.14). The claim is thus proved.

Next, in analogy to Lemma 2. 13, we have

Claim 2, Let (-:v-1 oN ) (72, p) be e - p s on (9 6] with (r (6) P (6))
0

0
(1,p) = (T (0) Py (6)). Then ('r Py ) -( 2).
0
We prove this like Lemma 2. 13 Suppose ('r , p ) # (-r 2 Let

6, = sup{ee(e ,6)| (7 [(6), 1 %en # ('r 6), p2(9))} then e1 < 92 <6 and

(7?(6 ), P, (9 )) = (7 (6 ), ;)(2)(62))€Q\Rl, by Claim 1. Cor. 2.12 then yields
(‘r?. pl) = (72, p2) on some neighborhood (in (91, 5]) of 62, a contradiction.

Now define

o - {Ble(o,é)laa 9-p(’r?,p(1)) on (6,6 with (1206, p?(é)) - (?,5)}.

- s . < . * 2
@ # ¢ by Lemma 2.11. Let 6 . =inf@®; then 06 . 0. By Claim 2, we

, 0 0 - )
can definea g-p (Tl' pl) on (emin' 6] as follows:
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Let 6€(d . ,8]. Choose some 6 €(0 . ,6) such that 6 €©.
mbn 0 _ _ min’ L 1
3a 6-p(7,,p,) on (6 1,a] with (7,(8), p,(6)) = (7,p). Define

0 0

0 0 B
(71(6), p1(6)) = (72(6). 92(6)).

Moreover, ('r(l)(é), p(l)(é)) = (7,p). Claim 1 gives
(2.15) (+2(60), p(6)) € Q\R V€O 6]
’ 119 Py 1 min’ )

Then Def. 2. 10(b) implies

0 0 . -
(2.16) (71(6), pl(G)) is never above Lé for GE(Bmin, 6] .

Let Pnax be the p-intercept of Lé' Then as in the proof of Prop. 2.15, we

can find Toin € (0, 70] such that (2. 12) holds. It follows from (2. 15) and (2. 16)

that
0 -
v
(2.17) O > oe@ . . 6] .
(See Fig. 10.) So by (2.15) -(2.17) we have
p |
-
|
Prmax |
AQ\R )

Fig. 10: The region F.
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0 0 -
(70, p /(@) €F Voe@ . .6].

where F is the shaded closed region in Fig. 10. Thus (as before) 3Ja
0 0 - -
s_equ:ance en‘j’emin such that ('rl(en), pl(On)) —> (-rl, pl) € F, and we must have
('rl. pl) €EHNQ; her:ce-emin
Lemma 2.11 for (v, ,p.), 0
1°71 m

1" 2

=9(’;1.[;1)- Let €, €., R and (77, p") be as in
0 0
Then for some N, ('rl(ON), pl(GN))ER, and

in’

as before, we can construct a 8 -p on (Gm €., 6 ] by joining (r", p’) and

in
0 0 .
(71. pl) together at ON' contradicting the minimality of emin' |

Thus, combining Props. 2.14 - 2,16, we see that the entire curve

{
Hch is given as a function of 8 by the function ('ro, ;)0) on [80, + ).

{
Lemma 2.17. Along H ch , S increases with increasing 0.

Proof: We know ([1], §65) that near (1,,py). S increases along H with
decreasing 7. Then by Lemma 2.8, S increases along H ﬂch with increas-
ing 0 for 6 near 90. Lemma 2.11 and its proof imply ((70)'(9). (po)'(e)) #0
for 6 > 90; hence

d 0 0
0 S(t(0), p (@) #0 for 6 >60 ,

by Cor. 2.3. Then we must have

4 S(TO(G). po(e)) >0 for 6>0, ;

do
0 0
hence 8 —> S(7 (0), p (9)) is increasing on [90, + o). [ ]

34
Lemma 2.18. H n(Q')C is given by a decreasing Cl function 7 = V(p) from

(O,po__] onto Ero, Tmax)' where
2e('ro,p0)

7o
max Po

Proof: Let 0 <p< Py- Using (1.2), (1.10) and (1.20) we get

lim H(r,p ~ 0, lim H{7,p) =+w .
T —> 0" T =+
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By Lemma 2. 6(a), H_r('r, p) >0 V7> 0. Hence there is exactly one 7€(0, +0o0)
for which (7,p)€H; let V(p) = 7. V is c! on (0,p0] by the implicit function
theorem. Moreover, V{(p) > TO for 0<p< po by Cor. 2.7, so Lemma 2. 6(b)
gives Hp(V(p), p)>0 for 0<p< Py hence vVi(p) = —Hp(V(p), p)/HT(V(p).p) <0,

so V is decreasing. (See Fig. 11.)

Fig. 11: H for p<p0.

For O < p < p. we have, by (1.20),

0
2 , +
H(T p) = e(T P -el7,.,p) + 9(70 PO) . P %o
max’ max’ 0'"0 Po 2
2e(r,.,p) P
00 0

then since H(V(p),p) = O and HT(-;-, p) >0 V7, we must have V(p) < T max"

Hence V{((0, po} c Ero, Tmax)'

Now let 1_¢€ Er , T ). Let us remark that our assumptions (1. 8) and
1 0’ max

(1.9) imply

(2.18) lim e(r.p) =0 V>0,

p—>0

Then
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P P
- 0 __ 0 _
lim + H(‘rl, p) = e('ro, p0)+('1-l 'ro) 2 < e(-ro, po) +(-rmax 70) 5 = 0,
p—=>0 .
and H(7, po) > H(7y,py) = 0 by Lemma 2.6(a); hence Jpe (0, p0] such that

H('rl,p) =0, i.e., T, = V(p). Thus V maps (0,p0] onto [TO'Tmax)' [ ]

£
Corollary 2,19. Along Hﬁ(Q')c , S increases with increasing p.

Proof: -Similar to that of Lemma 2. 17, using Cor. 2.3, the function G of

Lemma 2.8, and Lemma 2. 18,
We can now give the

Proof of Propositions 1.2 and 1.3: We prove Prop. 1.2; Prop. 1.3 is similar.
1 -shock

0

tions (1.15) -(1.18) hold. It is known ([1], 8§54, 55, 59, 64) that (1.15) -

(1.17) imply

Suppose U U with shock speed s. By Prop. 1.1, the condi-

(P e  ,ux  JNH,

(uO-u) (uo-u)

where H, J¢, H#' have center (70, po). Prop. 1.1 also gives v, Vo> 0. Then
(1.18) yields S> S0 (where S0 = S(-ro,p ), S=8(7,p)). From Cor. 2.19 we

4
then conclude (7,p) ¢ (Q')c ; hence (1,p)e€g¢ zﬁ H. In particular (7,p)€eQ,
(uo-u)
g0 T < ol then (1.15) yields v < Vor S0U < uo.
Now suppose u < u0 and (1,p)e 2(\ H. If s is to be the shock
(uo-u)

speed, then (1. 15) is satisfied iff

PU =Py
p -0,

Using this value of s, one shows easily, by reversing the arguments of [1]

cited above, that UO' U and s also satisfy (1.16) and (1.17). Since

(t.p) € o p>p0 and p> Py Then

(uo-u)
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pu-pou,  pu-pu
8 = ~ < - =u.
P-p, P-py

So 8<u, Ugs and m> 0. But S> SO by Lemma 2,17 (and Props. 2,14-2, 16,
etc.), since (7,p) € HNQ; thus (1. 18) holds, and UO-I;SM-EU

Now recall that in this paper, all shocks are required to satisfy the Lax
shock conditions (1.19). Thus for the purposes of this paper, the proof is not
complete until (1. 19) is proved. But (1.19) is a simple consequence of Cor.

2.4 and the fact that p > o and (7, p) € H. n

Observe that the above proof also establishes

Proposition 2.20. Shocks always satisfy (1.19).

Lemma 2,21 lim pO(B) =+q .
8 =+

Proof: Suppose not. Then we can fmd M > 0 and a sequence {9 } from

(G ,+m) such that 6 —>+m and p (6 ) <M Vn. We have, for each n,

0
On = 6(T (Bn),p (On)) = 0 < ,

0
o~ T (Bn) To ™7 (Gn)

smce (7 (9 ) p (6 ))EQ (See Def. 2.10{(c).) Since 6 —>+0m, we must have

T (9 ) —> Ty There exist a subsequence of {8 i, which we call {-6 again,
and a number pe [pO,M] such that p (9 )—)p Suppose p = py- Let R be as
in Lemma 2.11 for ('r /P ), 6,- Then since ('r 6 ) p (9 ))—>('r P = (74 po),
(-r 6 ) p (6 ))ER for arbltrarily large 6 n 2 contradiction. Hence p > Po-

But since H is closed, it follows that (-ro, p) € H, which contradicts Cor. 2.7.1

Lemma 2.22. For every a >0, 3{ NH # ¢. In other words, the function

a (9) 66[9 ,+o0) defined by

2%0) = \J(ry-7 @) (°®) -p)

assumes all nonnegative values.
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Proof: Suppose Ja >0 such that V8 260, (-rO(B), pO(O)) lies to the right of

J{a, i.e.,

0 a
(2.19) TO >T - ©>6, -

0
p (6) - Py

(See Fig. 12.) Then from (1, 20) and (2.19),

0 0
p (6)+p, p () +p, a

e(+(@), (6N —elry,p) = {7g=7 @) —5— < 2 52 45 0>+,
p (6) -p,

0
by Lemma 2.21. Hence e(T (6), pO(O)) is bounded above for 8 290.

H

a

g T

_____9.___|_._.____._ —_— — ——

1 1 'T

0 'rl ‘ro

Fig. 12: H lies to the right of J(a.

so large that L

Choose 9120 0 r\;‘(’a is a point (-rl,pl)EQ, i.e.,

0 1

) > 0. Then VO 201, ('rO(O), pO(O)) lies above LO and to the right of J(’a;
1

thus
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(2.20) 70(6) 27 (e 291) .

Let S (9) = S(-r ), p (9)) 6>0 ) and suppose 3M > 0 such that
ve 290 S (9) <M. By Lemma 2.17, S (9) > S(7 ,po) Ve >90 Thus V@ 261,
(70(8), S (e e [-r ij (s(r ,po) M]. But g is bounded above on
Erl, 70]x [S('ro, po), M], S0 pO(B) g(-r 9, S (9)) is bounded above for @ > 61
which contradicts Lemma 2.21. Therefore S (6) assumes arbitrarily large

values for 6 2_60.
Finally, observe that VO 290,

0 0
(2.21) o=@, p%(6) = e(=%6), 6N > etry, S'O)
by (1.3). But the left member of (2.21) is bounded above, whereas by (1.9)

the right member is not, yielding a contradiction.

Therefore Va > 0, 361 > 6. such that

0
Qo)< - —2——
! 0 0(9 Y-p
P19y =Py
But for 0 >60, 6 near 90,
70(6) >7T. - a
o % -
p Po
Hence 356(60,91) such that
20 =1 - —2—
0 0, -
p (0) - Py

ee., (1%6), p @€k, . -



CHAPTER 3

EXISTENCE OF SOLUTIONS

In this chapter we prove that for any energy function e (see Def. 1.4),
the R.P. with arbitrary initial data (Ul ’Ur) always has a solution. In order to
do this, it is sometimes necessary, as usual, to allow a "yoid' constant state
(p.e,p = 0), corresponding to a region in which there is no gas. (See [5] and
Theorem 3.5, below.)

We first use the results of Chapter 2 to investigate shocks. Throughout
this chapter we assume that we are given arbitrary fixed initial data (UE , Ur)'
We define

1-shock
Sl= {U\UE—S_OE—U}.

3-shock
SB= {U‘U__S_oi_ur} .

[ £ ? f 2

Recall U, = (T ¢ Py Yy ). U = {7 L ). Let H ,Q ,0 'BE'LG'(T .pe).J(;
[

and a be the H,Q,0, 90 0’ ('ro,po) ){ and ao of Chapter 2 referred to the

center (Tl‘pt) instead of (-ro,po); thus, for example, H! is the Hugoniot curve

with center (-rf,pf), 92(7, p) = (p-pl)/('r2 -1) for 1 # Ty and

[] [ .
al(e) = \/(Tl -7 @N(p (0) -p,) ©€[B,.+oN. Define Hr,Qr,Gr,er, L;,
('rr, pr), Jl: and ar similarly relative to ('r P ). Then we have

Proposition 3. 1. {U e)l6>6 } where U (0) = ('r (9) p (0) u (9))
-a () (9>9 ). Thus ('r ,pe) is C on [6 + o) with

(9>6) andu(e)-ul
(7(9) P(ﬂ))—('r pe and

(3. 1) '@, plon e n'na’ oL, for 6>,

Moreover, (pz u } is continuous and injective on [6 + ),
¢
(pe(ez), ue(ee)) = (pﬂ'ul)‘ lim p (9) =+, and u (6) is not bounded below

8 >+
as 8 —>+00.

Proof: Props. 2.14 and 2. 15 imply the existence ofa c- 6 -p ('r ) ) on
[} l
[90,+oo). Thus by Def. 2,10, (7 ,p ) is C ('r (e ), P (9 ) = (7 E'pﬂ)’ and

34
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£
(3.1) holds. By Lemma 2,21, lim p () =+om; by Lemma 2. 22, ua(G) is
6 —>+ ool
not bounded below as 8 —>+ . Also u is clearly continuous; hence so is

£ @
(p ,u).
Let us prove

s, = {U1(9)|6>9£} .

2
Let UeSl. Then by Prop. 1.2, u<u€ and (7,p e}t zﬂHE. Thus
(u -u)

(r, p)eHef'\ Q2 so by Prop 2.16, (7,p) = ('r 6, p (6)) for some 8 > 92 Then

ae(B) =u,-u, sOou=u (9) Hence U=U (9)
Next, let 0 > 9!. Then u (B) = uf -a (9) < u,. and by (3. 1),
('@, pnex', nu b=t nHl s
a (6) (u, —u {6)

4
u,@ = ('@, p'@), i@V es by Prop. 1.2.
Finally, we show (pe,ul) is injective Let 6 62>6 and suppose
4 £ £
(o' (e) a‘©e ) = k'@, u'e). Then e )-p(9 ) and a’®)) =a'(6,).

If P (6 ) = Py then 6 9 =6, by (3.1). If pe(G ) # P, then (3 1) gives

1 2
p (6 )> p, and we conclude Te(e ) = 2(92). Hence (—rl(ﬂ ) p (9 )) =
(-r (92) p (62) so Def. 2. 10(b) gives 6 =0 ('r (9 ) o) (9 ))

6(1’(9)p(9))-92

Similarly we have

Proposition 3. 2. S {U ©le>o0 } where U (9) (Tr(ﬂ).pr(ﬂ),ur(e)),
u'(e) = u_+ a"(0) (9 zer). Thus (+*,p") is C' on [6_. +c0) with

r r
(1760 ).p (Gr)) =(r,p). a

(3.2) (76, pFeN) e ' NQ N L; for 6>6_

Moreover, (pr, ur) is continuous and injective on [Br,+oo),

(pr(Gr), u'(er)) = (p ,u), lim pr(e) = +o, and ur(e) is not bounded above

8 =+
as 8 > +oo.

We now study the rarefaction wave curves. Let
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W, = {ulu,==2u},

w, = fuluiarey .

Proposition 3.3. Along W_, U is a continuous function Ul(p) = ('rl(p),p,ul(p))

1)
of pe (0, pz:]; u, is continuous and decreasing and maps (0, plj onto

[ul, umax) for some umaxe(ue,+oo] .

Proof: Suppose v1 and Vo are independent 1-Riemann invariants. Then by
3], Uew  iff

(3.3) vl(U) = vl(Uf)

v2(U) = V2(U£)

Moreover, using equations equivalent to (1. 1) with unknowns p,u,S, we see

([3) that we may take
(3.9 vl(U) =8

V2(U) =u+t h(p,S) »

where
P
-=1 = -
hip,S) = p \]fp(p.S) dp ,
Py
so that
(3. 5) 2 w9 = & .

(Here f(p,S) = g(p-l,S); see (1.13).) Then by (3.3) and (3. 4), UoEW1 iff
(3.6) S=8

(3.7 u+h(p.S') = uf+h(pl,S[)
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(3.8) u-c>u,-c, .

By (3.7) and (3.5), u is a decreasing function of p along Wl. Its domain is
restricted by (3. 8) as follows. Since gT_r(-r, S) = p3 [pfpp(p, S) + pr(p. 9],
(1.7) implies

(3.9) f +2f >0 .
Pop " “p

Then along W1 we have

d d i) 1
— - = - — h - —_ -
dp (u-c) 30 (p,SE) 0 /fp(p,Sl) 250 (2fp+ pfpp) <0 .

So assuming (3.6) and (3.7), (3.8) is equivalent to p€ (0'92]; thus along Wl,

u is a continuous, decreasing function of p, defined for pe(O,pl:]. Since

p= g(p_l,Sl) along Wl, (1,2), (1.3) and (1.5) imply that along Wl, p isa
continuous, increasing function of p mapping (O,pf__] onto (O, pl] . It follows
that along Wl, 7 is a continuous, decreasing function -rl(p) of pe(O,pl], and
u is a continuous, decreasing function ul(p) of pﬁ(O,pE], with range

[ul, umax) for some U ax© (ul,+oo]. Thus along Wl, U is a continuous
function Ul(p) = ('rl(p), P, ul(p)) of pe (0, pJ as desired. [

Similarly we have

Proposition 3.4. Along W3, U is a continuous function U3(p) = (73(p), p, u3(p))

of pe(0, plj; u, is continuous and increasing and maps (0, pr] onto

(u , u ] for some u e[—oo, u).
r min r

min i

Theorem 3.5. If u <u , then the R. P. (with initial data (U,,U_)) has a
min max £’ r

solution. If umin > um , then the R. P. has no solution; however, if we allow

p,p,e = 0, then the R, P. has a solution.

Proof: Let C1 = SIU Wl‘ C3 = SBUWB' Thus

]
|

{UIUZ-—L—U},

C, = fulu—'g—ur} )
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Case 1. u > Ui’ Our plan is to find U1 €C1 and USE C3 such

max
that P, = Py and u = ug. Then we will have a solution,
U 1 U coni:actU 3 U

[4 1 3 r

(Cf. (3.22), below.) We shall do this by looking at the projections of C1 and
onto the (p,u)-plane and proving that they intersect. By Props. 3.3 and

C3

3.4, lim ul(p) =u and lim us(p) =u_. . Hence 36 > 0 with
p —)0+ p——>0+ m

6 < Pg: P such that

(3.10) ul(é) > 03(6) ;

we also have

(3.11) ul(é) > u, u3(6) < ur

(See Fig. 13.) Let

‘uw =
D,

Fig. 13: C

l and C_3 must intersect.
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c;=s ufw Nip> s1] .

+
c; =s,ulw,nfp>e}] .
Then we have, from Props. 3.1-3.4,
(3.12) pe(s,p,]=> u (p) <u (8) ,

pe(8,p ] = ui(p) > ug(é) ;

(3.13) 0>0 '=>»pl(9)2pe and ul(0)§_u

£ £’

r r
BZBr:p(B)Zpr and u(B)Zur.

Let C:_ (resp. C;) be the projection onto the (p, u)-plane of Ct (resp. C;).
Then from (3.11) -(3.13) we get

(3.14) (p,u)ec’; =>p>5 and u<u(s)
(P.U)GC;=#’p>6 and u>u3(6) .

By adjoining the curve W1 r\{p > 6} (resp. W3 ﬂ{p) 6}) to the curve S1 (resp.

SB)‘ we can, in an obvious fashion, extend the domain of the function U1 {resp.

U3) to a larger interval (61, + o), 61 <9£ (resp. (03, + oD), 93 <6r), so that

we have
+ +
(3.15) C, = Ul((61,+00)) , C, = U3((63.+m)) ,
¢ ¢
lim (p (), u () = (6,u1(6)) ,
8 —>0
1
(3. 16) lim | (p(6), u"(8)) = (6,u,(8) ,
6 —>6

3
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and (pl,ul), (pr. ur) are continuous and injective. Let P = (6, ul(b)),

Q = (6, u3(6)); Let H1 (resp. HS) be the horizontal line through P (resp. Q).
(See Fig. 13.) By (3.10) and (3.16), for 6 > 93, sufficiently near 63,

(pr(e), ur(G)) lies below Hl' But since ur(e) is not bounded above as 6 —>+ @,
¥ > Or such that (pr(B),ur(O)) lies above Hl' Hence 396(63,+oo) such that
(pr(e),ur(O))Eﬂl; let 6,; be the smallest such 6. Let R = (pr(Gg), ur(B’;)). By
(3.14) and (3. 15),

(3.17 PO, > 6.

. . % l b ! £ l P [ %
Similarly, 361 >91 such that (p (61), u (61))€H3. Let S =(p (91), u (01)).
We have
(3.18) ;)‘(e’l‘) >6 .

Let PR (resp. PQ) be the line-segment joining P and R (resp. P and Q), and

; strictly between Q (8 = 63) and R (@ = 6;). Let

M= PR UPQ UQR. By (3.14), (3.17) and the minimality of eg,

let QR be the portion of C

(3.19) (p,u)€51_i= p>46 and u=u1(6) :
(pwePQ =>p=6 and ug () <ugu,(8);
(p,u)€é§=> p>é6 and u3(6) <u< ul(b) .

By (3.19), (3.16) and the injectivity and continuity of (pr, ur), (" is a Jordan
curve. By (3.18), S¢I". Let D be an open disk centered at P such that

DC{p>0}. Let

D

! Dﬂ{p<6 or u> ul(é)} s

D2 = Dﬂ{p> 5 and u < ul(b)}

(See Fig. 14.) By (3.19), 'C [6, + ) X [_u3(6), ul(é)]. Hence le\r‘ = ¢, and
any Te D1 can be joined to S by a path ¥ with v N[" = 4. But Se Extl",
since the ray & = {pe(e’:) } x (- oo, u3(6)-_-] is unbounded, Se&, and RN =¢;
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ul(é)q \TIb

u3(6)

Fig. 14: D CExtl.

hence T€ Ext(". Thus DLC Ext”". Now suppose (7,p,u)€ SB' Then p = pr(B)

for some 6 > Or, whence p > pr by (3.13). Thus

(3.20) (r,p,u) €S :pgpr .

3

Next (see (3.10)), pick any Uy € (u3(6), ul(é)). Then by Prop. 3.4,
Bpoe (6,pr] such that Vpﬁ(é,po), u3(p) < Ug- Now suppose
(7,p,u) €w3 a {p > 6}. Then u = u3(p) by Prop. 3.4, so by the preceding,

p < Py implies u < Uy- Thus we have
(3.21) (T,p,u)cwar\{;» 6}=[p3p0 or uguo:[ .
Combining (3. 20) and (3. 21), we conclude

(p,u) €EQR => ['pz Py OT U SUO] .

Hence we may choose D so small that DNQR = ¢. Then Dzr\r' = ¢. Now
Pel” = 3(Int{"), so 3 a sequence {Pn} from Int[" such that Pn —> P. Then
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for some n, P _€D. But also Pnff", so P_€D UD,; hence P_€D, since
D1C Ext(". 2Hence chlntr' But by Prop. 3.3, for all 9£> 61 :;ufficiently
near 9 (p (6) u (6))€D (since u, is decreasing), so (p (9),u (0)) €Intl;
whereas (p (9 ) u (6 ')) = Se Extl". Hence 360 E(B 0 ) such that

(P (0) u (9 ))Ef' Then by (3.14), (3.15) and (3 19) (p ] ) u (9 ))GQR 80
3636(63,63) such that (p (93),u (93)) (p ) ) u (6 )) 'I‘hen the R.P. has

the solution,

1 - . contact ~ 3
(3.22) Ul U1(6 1) U3(63) Ur
Case 2, u <u , . If the problem had a solution, then there would
—_ max — min
exist states U1 and U3 such that
1 contact 3
U2 U1 U3 Ur .

These relations imply U1 6C1, u, = ug and USGCS, then, using Props. 3.3

and 3.4 and {3.14), also u, <u and u, >u . , a contradiction. Hence
1 max 3 min

there is no solution. But if we allow p,p,e = 0 (corresponding to a vacuum),
then we can connect U2 and Ur each by a (complete) rarefaction wave to a con-
stant "void'" state (p,e = 0, u undefined). (See [5] and Fig. 15.) To see that

t u

max ‘ mi ////
\ ) 3-rarefaction /
\ void |(p,c = 0) wave utc,

l1-rarefaction
wave \

Fig. 15: The case of the vacuum.
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these two waves do not overlap, we note that u-c < Uoax on W 1’ and

u+ec>u on W_.. Thus our '"solution" is
min 3

1-w 3-wa
. Wave void ve U



CHAPTER 4

UNIQUENESS AND NONUNIQUENESS OF SOLUTIONS

In this section we show that the condition MEDIUM is necessary and
sufficient for uniqueness of solutions of the R. P. (See Th. 4.5 and Th. 4.13.)
We first prove the sufficiency. To obtain uniqueness, we replace Props. 3.1
and 3.2 by Props. 4.3 and 4.4, which assert that when MEDIUM holds, the
curves S1 and S3 have a simpler form: along 5-1- (the projection of Sl onto the
(p,u)-plane), u is a decreasing function of p; along SB' u is an increasing
function of p. Then the curves C1 and C3 can intersect in at most one point.

(Cf. Figs. 13 and 17.)

Lemma 4.1. Suppose e satisfies WEAK. Then along H, 7= V(p), where V

is a C1 function defined on (0, +m).

Proof: For any (r,p)€H,

p+p
o . 0
HT('r, p) = p e(t,p} + > ,
by (2.2). But by WEAK,
9 e
—— > - .
ar ST P 2y
Hence
Po
(4.1) HT(T, p) > > >0 V(T, p) € H.

Let p> 0. As before, using (1.2), (1. 10) and (1. 20), we have

lim H(r,p)<0, lim H(r,p) =+ ;
r—>0" T—=>+0

hence H(t,p) = 0 for some 7, and by (4.1) there can be only one such 7, which

we denote by V(p). V is C1 by (4. 1) and the implicit function theorem. [ |

When WEAK holds, we define

44
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(4.2) a (p) = \[(70 - V(o) (p - py) (p>0).

Lemma 4.2. Suppose e satisfies MEDIUM. Then

d
ap ao(p) >0 (p > pO) .

0
Proof: Let H denote the Hugoniot curve with center (-r . Dy ). Since WEAK
0
holds, we have 7 = V (p) along H by Lemma 4.1. As in (4.2), we define a,

by
ao(p) =\/(—ro-v0(p))(p—|)0) (p>0) .
Then
0
H (V(p}, )

0
H (V (), p}
. 0
We write 7 = V (p); then

T~ T.

2

J
0 Ip e(r. p) -

p-p

(-gT(T. P) % e(T, p) - > 9

by (2.2) and (2.3). Hence

d 1 0 _(_i_ 0

™ aO(I)) = ZaO(p) [TO- VvV (p) - (p—po) ap \Vi (p)]
T =T

E)% e(r,p) - 02

(1'0-7) + (P'Po) b

1
2:10(}))

0
(-g_r)ap e(r,p) - 5

. p-p
J

But (-g ) — e{7.p) - — >0 by (4.1) and (2.2), so
T op

2
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SR §
(4.2) dp ao(p) >0

TN =T pP-p
0
<=>(p~p0) [—5% e(r,p) + 5 ] < (-ro—-r) [(-g,r) % e(r,p - 5 0}

(p-p)(7y -7

B
S 5p e(r, p) > (-g-r)(TO -7) + (p—po)

We also have

(p- pO)("r0 -7)

(4.4) 4 ao(p) <0 => 2 e(t,p) <

dp ap (-g,r)(v'0 ~7) + (p*po)

which we shall use later.

Let ('rl,pl)eHOf\Q (see (2.1)); then 7 = Vo(pl). We must prove

1

d
— a_(p) > 0. By (4.3), it suffices to prove
dp 20" p= P, y( P
ap 1’1 (-g_r(-rl, pl))('ro -t (p, -py)

Let Hl be the Hugoniot curve with center (7_, pl), and let 7 = Vl(p) along Hl

1
. 1 ool .
as in Lemma 4.1. Then ('rO,pO) €EH , so To = \'4 (po). Since To > ) and

1 1
=V (PO)E [-Tl'Tmax)’ where

p.<p,, Lemma 2,18 gives 7
(1) 1 0
Toax = 71t [2e('rl, pl)/pl]. Hence
20(71.91)
(4.6) 0<70-71<—Tl——
Also,
(4.7) O<pl—p0<p1

Now observe that
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(p, -py)(7, -7))
(-g,r('rl. Pl))('ro -'Tl) + (Pl ~Py

(4.8) ) = f('TO'Tl:pl 'PO) ’

where f is the function
f(x,y) = —t—— (x,y>0) ,

where a = -gT('rl,pl) >0, b=1>0. But f satisfies oL >0, %;—; > 0; hence

ox
from (4.6) and (4.7) we get

2e(7,,p,)
f('ro—'rl. P -PO) < f<_p'1'— , Pl)

2e(71, pl)

2e('rl, pl)
(-g‘_r('rl, pl)) T+ Py

by MEDIUM and Prop. 1.5. This, together with (4. 8), proves (4.5). u

Proposition 4. 3. Suppose e satisfies MEDIUM. Then along Sl‘ U isa

continuous function Ul(p) = (‘rl(p), p,ul(p)) of p> Py and u, is a continuous,

decreasing function mapping (p€,+oo) onto (-, ul).

£ ]
Proof: Let H be the Hugoniot curve with center (Tl,pf); let 7 = V (p) along

Hl as in Lemma 4.1, and define al(p) = \/(Tt -Vl(p))(p-p[) (p > 0). Define
£
T, =V and ul(p) =u, -a,(p) (p>p,).

¢
Let p>p,. Then (Vl(p),p)eﬂl, ae(p) >0 and (Vi(p),p)f-'x o (See

a,(p)
f{ [}
Iig. 1.) So ul(p) <u, and (V (p),p)GJ(! 9" Then since Tl(p) =V (p),
(u, -u,(p))
1-
Prop. 1.2 gives U,(p) = (7,(p),p,u (M) €S . (Recall § = {U|UlMU}.)

Now let UESl. Then by Prop. 1.2, u< u, and (T, p)GHEﬂJll
(u, -u)
4

¢
By Lemma 4.1, 7 =V (p). By (4.8), u, -u = al(p). Hence
U= ('rl(p),p,ul(p)) = Ul(p). Thus we have shown Sl = {Ul(p)]p> pf}. u, is

decreasing by Lemma 4.2; it maps (pe,+oa) onto (-oo,u,) by Lemma 2.22, B
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Similarly we have

Proposition 4. 4. Suppose e satisfies MEDIUM. Then along SB' U isa

continuous function U3(p) = (73(p), P, u3(p)) of p> pr, and ug is a continuous,

increasing function mapping (pr,+oo) onto (ur, + ).

Theorem 4.5. Suppose e satisfies MEDIUM. Then the R. P, always has a

unique solution (in the sense of Th. 3.5).

Proof: We are given arbitrary initial data (UE ,Ur). As in Th. 3.5, let

=S U
C1 S1 Wl, C3
(4.9) Along Cl'

p>0; u, is a continuous, decreasing function mapping (0O, + c0)

onto (-oo,u , for some u €{u,,+m].
(-0, max) max (l‘ ——]

= SSU W3. Combining Props. 3.3 and 4.3, we have

U is a continuous function Ul(p) = ('rl(p), P, ul(p)) of

(See Fig. 16.) Similarly, Props. 3.4 and 4. give

W = graph of u
1|(0, Py

Fig. 16: u is a decreasing function of p along C1
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(4.10) Along C,, U is a continuous function U3(p) = (73(p),p, u3(p)) of

3l
3
mi

p> 0; u, is a continuous, increasing function mapping (0, + o)

onto (u n,+c:o), for some u EI:-m,ur).

min

Case 1. umax> 4 i’ Let C1 (resp. CB) be the projection of C1

(resp. 03) onto the (p,u)-plane. Then 61- is the graph of u, and (-:‘_; is the

graph of Ug. A solution of the R.P. is uniquely determined by states u,, U—3

such that
1 —-contact — 3

UZ U1 U3 Ur .

— —_ — - = _ = =
For such states Ul' U3 we must have Ulecl. U3 C3 and (pl,ul) (p3,u3).

In this case, denote p_1 and p_3 by p; then by (4.9) and (4. 10), p uniquely
determines U_1 and LTB', and ul((;) = u3(§). But u1 is decreasing and u3 is

increasing, so u_ -u, is decreasing; hence ul(;-)) = ug(;-)) can hold for at most

1 73
one p. (See Fig. 17.) Thus there can be at most one solution of the R. P.

0

-p

0

”1(5) = u3(5)

min

—

Fig. 17: The strict monotonicity of 01 and C—3' assures
uniqueness.
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Here it is necessary to stipulate that in the case u >u , , wedo
max min

not admit the void state (p,e = 0, u undefined). (See Th. 3.5, Case 2.)

Case 2. u <u . . Clearly there is oaly one way to connect U
— max — min £
(left) to the void state on the right by a complete 1-rarefaction wave; similarly

for

. . 3-wave
v01d———"——Ur . |

We turn now to nonuniqueness. We begin by showing two different ways
in which a property of the Hugoniot curve allows one to construct initial data

(Ul'Ur) for which the R. P. has more than one solution.

Convention 4.6. H will always denote the Hugoniot curve with center (1—0, po).

Similarly, we shall always denote

Q = (0,7 x (py,+ ) ,

p- po
0
Ha = upper branch of hyperbola (-r0 - p -po) =a ,
L5 = line through (1'0, po) with slope -0(0>0) .

(See, for example, Lemma 4.10, below.)
First, suppose we have two distinct points (71, pl)' (72, p2) and a>0
such that
(4.11) (Ti,pi)EJ( 2(‘\}1
a
for i = 1,2. (See Fig. 18.) Let u, he arbitrary and let Ul = (-ro,po,ul),
Ur =('ro,p0,ul -2a). ‘Then (4.11) and Props. 1.2 and 1.3 yield the following

two solutions of the R. P. with data (Ul'Ur):

’

1-shock (r..p..u, -a) 3-shock U

(4.12) 4 | Y ¢ r
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Po

Fig. 18: The behavior of H that gives rise to
type I nonuniqueness.

1- -
(4.13) U —M(Tz.Pz,ue-a)MU

¢ r '

Clearly, if we have n distinct points ('rl, pl), cen ,('rn, pn) that satisfy (4.11) for

i=1,...,n, then we obtain n distinct solutions of the R. P. with data (Ul , Ur)'

Motivated by the above, we make

Definition 4.7. We say that type I nonuniqueness holds for (Ut ,Ur) if Uﬂ and

Ur have the same thermodynamic variables (-ro, pO) and there exist distinct
('rl, pl) and (72, p2) that satisfy (4.11), where 2a = u,-u then the R. P. with
data (Uf , Ur) has the two distinct solutions (4. 12) and (4. 13), which we call

type I solutions. The (type I} nonuniqueness is n-foldif there exist n (type I)

solutions,

Now suppose we have |_)> Pg and 0 < 'rl < 72 < o such that
(4.14) (r,.1), (75, p) € H.

(See Fig. 19.) Let a and b satisfy
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Fig. 19: The behavior of H that gives rise to type I
nonuniqueness.

(4.15) (Tl,ﬁ)exbz : (vz.ﬁ)exaz

(e.g., a =\/(70-72)(ﬁ—p0)); then b >a > 0. Let u, hbe arbitrary and define

UE = (TO’l)O’uE)' Ur = (70'p0’u£—(a+b))' Then by (4. 14), (4.15), Props. 1.2
and 1.3, and the meaning of contact discontinuity, the R. P. with data (U[ , Ur)

has the following two solutions:

1 -shock - contact - 3-shock
(4.16) Ut (-rl,p,uz-b) (Tz,p,ut-b) Ur ,

1-shock - contact - 3-shock
(4.17) UE (72,p,ul-a) (-rl,p,u’-d) ——Ur .

Definition 4.8. We say that type II nonuniqueness holds for (Ul'Ur) if U! and

Ur have the same thermodynamic variables ('rO, pO) and there exist f)) Pg

7 ,71..€(0,7,) with 7. <7,., a>0 and b>0 such that u, -u_=a +b and (4.14)
1’2 0 1 2 [} r

and (4. 15) hold; then the R. P. with data (UB'Ur) has the two colutions (4. 16)

and (4.17), which we call type II solutions.
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We now prove that MEDIUM is necessary for uniqueness. Some of the
lemmas below are stronger than necessary; these strengthened statements will

be used in Chapter 5 to obtain stability.

Convention 4.9, We shall henceforth often use a more informal notation, in

which all derivatives are assumed to be taken along H. Here are two examples:

dr d O
- = — 1 (6)
de T )
('rl.p) 0 —61
where 'rl,;; are as above and 9l = 9(71. p);
dr _
dl) - v (P)

when WEAK holds and V is as in Lemma 4. 1.

Lemma 4.10. Suppose e satisfies WEAK, but violates MEDIUM. Then there

exist ('rO.pO). and ('rl,pl)EHﬂQ, such that

da <0, dp >0 .

dp - de
(Tl.pl) (Tl,pl)

(See Conventions 4.6 and 4.9; here, and often in what follows, we also denote

a= \[(-ro--r)(p -pg)-)

Proof: Since e violates MEDIUM, then by Prop. 1.5 there exists (Tl'Pl) such

that

2e(71, pl)

(4.18) ie('rl,pl)<

op 2e('rl.p1)

BT ) T vy
1
ol . 1 1
Let H be the Hugoniot curve with center (-rl.pl), and let 7 = V (p) along H

as in Lemma 4.1. By Lemma 2.18,
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2e(7_,p,)
lim Vl(;)) = T ax = 'rl+ L
p—>0 Py

Hence, writing 7 = Vl(,:), we have

(pl—p)('r-'rl) 20(714)1)
lim . - T3 = o
p—>0" Gy (r oM T =7 )0 -p) 2e(7). 1))
-gT(Tl. "1)' —,

Therefore by (4.18), Bpoe(o,pl) such that, writing To " Vl(pO), we have

(pl- 797,

(-gT(Tl.pl))(TO-'rl) + (pl-po) >

3]
(4.19) gl—) e('rl.pl) .

But also T T V(pl), where 7 = V(p) along H as in Lemma 4. 1; hence by (4. 4)

and (4.19),

d
dp g0 0.

p=p

]

For the other incquality. obscrve that since 0 = (p-po)/('ro—'r) for

T # 7,- We have

dr
(r.-+{p-p) —
(4.20) 92 - 0 _9 dp
dp ( -‘T)Z
0
T -7
d
—e(T,p) -
_ -2 _ Ap 2
= (-;r0 7) ('TO 7y -(p po) ’ LoD
(-')-Q*c(T - 0
8, dp ! 2
(p # po)’
pP-p

}
hy WEAK, Cor. 2.7, (2.2) and (2.3). But by WEAK, (-g ) —ec(7r.p) - ——> 0
T Op 2

'

(p>0), so
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do 2 P "% 2 o "
do >0 = E-gT) 2p e(r,p) - > 1(70-7)> (p-po) [ap e(t.p) - 2 :I

5}
= o er.p g7y -1 - (p-p)] > 0 ey

which is true for p> Py by Cor. 2.4 and (1.22). (Here (7,p)€H, since the

derivative d9/dp, along H by Convention 4.9, is involved.) Hence also

dp/d8 > 0 for p> py- In particular,

>0 . [ |
.pl)

5lE

('r1

Now suppose (7, p) satisfies H(r,p) =0 and H_r('r.p) #0. Then 7 isa
function of p along H, near (r,p); hence dr/dp exists and (4.20) holds if
T # Toi by Lemma 2.9, d8/dp # 0; thus dp/dd exists and is nonzero. In par-
ticular, if (t.p)eH, p> Pq and H-r(T' p) # 0, then by (4.20) the following hold:

dp
4,
(4.21) =40,
T-T

{4.22) (—12>0<:9-1>-——9

d6 dp P-Pg

T-7T
(4.23) S’-}3<0‘:=;'d—7< 0=’91<0.
de dp PP dp

Lemma 4.11. Suppose e violates WEAK. Then there exist ('ro,po), and

(1'2, p) € HNQ. such that

d—T << 0 s (—J'l)' <’ 0 .
dp (r %) dé (1. D)
2'[ 2'[

Proof: Since WEAK (ails, 3(72. ) such that

g - p
(4. 24) op e(72, p) < '2}5,’_(7’2-[_;)
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Let H be the Hugoniot curve with center (72, p), and let T = V(p) along H for
>1 as i 2 e 3 B o,
pe(0, p], as in Len-lma 2.18. By (4.24), ( gT(Tz, p)) ap e(72. p) ) < 0; hence
we can find p0€ (0, p) such that
p-p

(4. 25) (-gT(Tz.a))%e(Tz.ﬁ)- — <0,

Write To = \—/(po); then ('ro, po)eﬁ. 80 (72, [-)) € H. But (4. 20) holds for any

(t.p) € H for which HT(T, p) # 0 and p> Poi in particular (4. 20) holds for
(v.p) = (72, 1. by (4.25) and (2.2). Then by (4.25) we see that

pP-p
do — -8 - 0. _
dp <0 = E—gT(Tz,p)) ap e('rz,p) -3 } ('r0 72)
(15, D)

TA~=T

- ) -
>(p-po)[5'[-)“ e('r2.p) - 02 2]

= a_?) e('rz.f)) |}"g7(1"2.6))(1’0-1'2) -(ﬁ-po)] >0 .,

which is true by Cor. 2.4 and (1.22). Then also

dp -
d \0 -

(72. p)

It follows from {(4.23) that

dr

dp

<0 .
(7,. 1)

Combining Lemmas 4. 10 and 4. 11 gives

Lemma 4.12. Suppose e violates MEDIUM. Then there exist (-ro, pO), and

(Tl.pl)clmQ. such that

[5

da P dp
do “ 0 do 70
(Tl'pl) (r ,pl)



57

Proof: If e satisfies WEAK. then by Lemma 4. 10 there exist ('ro, po), and

('rl. pl) € HNQ, such that

da

dp
dp <0.

>0 .

(Tl,pl) (Tl,pl)

o da_da dp .
But since B dp dg the above also yield

da

<0 .
(Tl.pl)

If e violates WEAK, then by Lemma 4. 11 there exist ('ro, po), and
('Tl. p) €HNQ. such that

dr

dp
dp <0 ,

<0 .
.pl)

(TI.PI) (71

Since a = J(TO-T)(l) -po) (see Convention 4.6 and Lemma 4. 10),

da _ 1 (o 9T
dp _ 2a [("0 ) - (p-ppy) dp:l (b # pg) -

Hence

da

dp >0 .

.pl)

('r1

Theorem 4.13. Suppose e violates MEDIUM. Then uniqueness fails; there

exist initial data (UB 'Ur) for which 3-fold type I nonuniqueness holds.

Proof: By Lemma 4.12, there exist (’ro, po), and (72. pz) € HNQ, such that

da
do

<0.
)

(72-P2

- - - _4d
Let 0, = 9(72,[)2) (and, as always, 00 = O(To,po) = "3 ). Then

2 (74 0p)
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4 % <0 .

do -
6-62
0 0 0 0
Thus a () > a (62) for 6 <62, 0 near 62; a (0) <a (92) for 0 >92, near 92.

(See Fig. 20.) But aO(OO) =0, s0 30 €(8,.6,) such that 2% )= ao(ez).

b o, vy S —— —— g— —

-9

0 ) e 6 6

(=3
—
[\~

Fig. 20: The behavior of ao.

Moreover, by Lemma 2.22, we can find arbitrarily large 6 such that
0

aO(G) > a0(92), SO 3836(9 ,+ ) such that a (93) = aO(Gz). Let a = ao(ez),
and let ('ri, pi) = (-ro(ei), p (Oi)) for i =1,2,3. Then the ('ri, pi)'s are distinct
and satisfy (4.11). Let U2 = (70,p0,ul), Ur = (70, pO,uE-2a). where u, is
arbitrary. Then 3-fold type I nonuniqueness holds for (UE'Ur)' (Sce Fig. 21.)
n

Thus we see from Th. 4.5 and Th. 4.13 that the condition MEDIUM is
necessary and sufficient for uniqueness of solutions of the R. P.

We conclude this chapter by showing that when WEAK fails, type II

nonunigqueness occurs.

Lemma 4.14. Suppose e violates WEAK. Then there exist a point ('rO, po), an

open interval NC(pO,+oo) and three Cl functions Vl, V2. \J3 on N such that

(Vi(p).p)CIl (peN, i=1,213) ,
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WEAK and not-MEDIUM not-WEAK

Fig. 21: 3-fold type I nonuniqueness occurs whenever MEDIUM

fails.
(4. 26) v,(p < Vo) < V4(p) (peN),
(4.27) V'2(|)) <0 (peN),
(4.28) nT(vi(p).p) #0 (peN, i =1,2,3).

(See Fig. 22.)

Proof: By Lemma 4.11, there exist ('rO. po), and (—rz. p2) € HNQ, such that

dr
dp

<0 , dp

(4.29) <0 .

(7

(72 ’ l)2) 2 ’ pz)
dr

We know by the meaning of an (and the proof of Lemma 4. !1) that

(15 Py
“—r(T2' p2) # 0; thus Ja Cl function V2 defined on some neighborhood Né(pz)
of Py (6 > 0) such that V2(p2) =T, and

(4.30) (Vz(p),p)EH , I[T(Vz(p).p) F0 Vpe Nb(pz) .



VARV

S

——.——————

9
o

0

Fig. 22: The objects (7,,p,), N, V., V and V
0’0 1 2 3
to be constructed.

0
Also by (4.29), (p )'(92) <0, where 8, = 9(72.:)2). Thus pO(G) < p, for all

2

5" (See Fig. 23.) But by Lemma 2.21, p (8) > Py for
0

0 sufficiently large. Hence p (0) = Py for some 8 > 62; let 93 be the smallest

, 0. ._ O
3 3> Ty, Since 93> 62 and p (93) =p (92).

. ' )
Now pick any 746(72, 1'3). By (4.30), V2(p2) < 0. Since

e > 92 sufficiently near 0

such 6, and let 7, = 70(63). Then T

! = =
Vz(p) Hp(Vz(p). p)/lIT(Vz(p), P (pe Né(pz)). we may assume, by making 8
smaller if necessary, that Vché(pz),

(4.31) Vz(p) < Ty

(4.32) Vi <0 .

By continuity, 3046 (92,03) such that V6 € [:94.93).

(4.33) P, > pO(G) > Py - 6,

2
. 0
(4. 34) T (0) > Ty

Since (4. 33) holds for 0 = 84, we can find 0 € (64.93) such that



(4.35)

61

.p I |
|
)l
p . e mee
2 |
} | |
| | |
! | |
| |
| ! '
I ]
! I I
! |
Ppt———~ 1= ~
I L ——
0 To T, T T T
2 4 '3 0
*P
) |
P '
I [
' | Iy
| o
| | [ |
| I U
pl-=-xrK—=—=—1r- -+ f
0 ! roo
! L 1 y 1 _,-9
0] 90 62 64 963

Fig. 23: Obtaining (v3,p3).

0 0
d 0 p(63)-p(64)

|
o
2
|

>0 ,
6=6 0,-9,

) 0 B _ 0, _ .0~z . ,
since p (63) = Py Let p, =P ), Vg =T (6). We assert that HT(VB.pB) # 0.

In general, suppose we have a point (7.p)€H for which dp/dg # 0. By

Lemma 2.6(c), either II_# 0 or Ilp # 0. Butif HI) # 0, then p = p{7) locally

(near (T.p)). so

have proved

(4. 306)

dp dr _dp dp 4 4.
il # 0, whence rm # 0; hence H_ # 0. Thus we

dp 4§ —
” 40——:’!{7#0.
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d
Now by (4. 35), Eg # 0, so our assertion H_r(v3, p3) # 0 follows
(v3. 93)
from (4.36). Next, observe that by (4.31), (4.33) and (4.34), we have
0 -
p3€N6(p2) and V2(p3) < 74 <TA{0) = Vg Thus there exist ¢ > 0 and a C1
function V3 defined on Ng(p3) such that NG(pB)CNé(pz), V3(p3) = Vg, and

Vpe NO(PB).
(4.37) (v3(p),p)eH , HT(V3(p).p) #0 and Vz(") < V3(p) .

(See Fig. 24.)

Fig. 24: Defining V

3°

We next argue analogously to get Vl' By (4. 33), Py > Py Since
(;)0)'(62) <0, pO(B) > Py > g for all 6 < 62 sufficiently near 92. But

0 5 -

p (60) ;) Py < Py (because (v3, p3) €Q by Def. 2.10(c), since 6 > 94 > 92 > 90).
Thus p (6) = Pq
T, = 70(61). Then 1

1 1 5
o smaller if necessary, we may assume that Vpe Na(p,3),

for some 66(60.92); let 91 be the largest such 6, and let

< Ty Pick any 7 6(71,72). (See Fig. 25.) By making

(4. 38) V2(|)) > g -
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Fig. 25: Obtaining (vl,pl).

30,<(0,.,0,) such that voc(el,ef’].

(4.39) Py < [)0(6) < p3+ g

(4. 40) o) < 7, .

Then as before, 356(01,05) such that (po)'(é) # 0. Let b, = po(é). v, T -ro(é);
then by (4. 36), ”’r(vl' pl) # 0. Also, by (4.38) -(4.40), vy < Vz(pl).

Hence there exist an open interval N and a C1 function Vl on N such that
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PIENCN0(133). Vl(pl) = v and vpeN,
(4.41) (V (o). preH , HT(Vl(p),p) #0 and V (p) <Vy(p) .

(Cf. Figs. 22 and 24.) Since NCNo(')B)CNé(pZ)' if we restrict V2 and V3 to

N, then Vl. V. and V_ satisfy the desired conditions by (4.30), (4.32), (4.37)

2 3
and (4.41). [ ]

Theorem 4.15. Suppose e violates WEAK. Then there exist initial data

(Ul ’Ur) for which type II nonuniqueness holds.

N, Vl. V. and V., be as in Lemma 4. 14. Choose EeN,

Proof; Let (7 9 3

0’ po) ,

and let T, = Vl(p). Ty = V2(p); then (-rl.p), (Tz,p)EH. Also, p> Py so by

: by (4. 26), ™) < Ty (See Fig. 26.) It is now clear from

1

Cor. 2.7, Ty Ty < Ty

Fig. 26: Type II nonuniqueness.

Def. 4.8 and the remarks preceding it that data (Uf . Ur) can be found for which
type II nonuniqueness holds. .
Observe that, although the violation of WEAK implies the occurrence of
both type I and type II nonuniqueness, the data (Uf ’Ur) given by Theorems 4.13
and 4. 15 need not be the same. In the next chapter we shall prove that (when
WEAK fails) there always exists one set of data (U2 . Ur) for which type I and

type II nonuniqueness hold simultancously, and for which the resulting 5-fold

nonuniqueness is stable.



CHAPTER 5

STABILITY OF THE NONUNIQUE SOLUTIONS

We begin by providing a meaning for the title of this chapter.

0 Ug) for which n-fold nonuniqueness

¢
(type I, type II, both, or neither) holds, i.e., the R.P. with data (U?,Ug) has

Suppose we have initial data (U

n distinct solutions,

0
; 1 Ui,OcontactUi,O 3

0 .
1 3 U, (1<i<n).

(5.1 U

Definition 5.1. We say the n-fold nonuniqueness is stable if there exists a

neighborhood 7L of (U?,Ug) such that
(a) for any (Ue,Ur)e h, the R.P. with data (UE'Ur) has n solutions;

(b) these n solutions can be expressed,

1

i contact _.i
UE _Ul(Ul'Ur) —_—

3
UB(Ul,Ur) Ur
((Ul,Ur)C'h, i=1,...,n),

in such a way that

0

i i
’ i o= . -
Uj(UB'Ur)—>Uj (j=1,3;i=1,...,n)

as (U,,U ) —> (U?,US).

In this chapter we shall prove thzt for all types of n-fold nonuniqueness
considered, the data can be chosen so that the n-fold nonuniqueness is stable.
Thus when MEDIUM fails, there exist data that exhibit 3-fold type I nonunique-
ness, and for which the 3-fold nonuniqueness is stable. (See Th. 5.4.) When
WEAK fails, we can find data that exhibit simultaneously 3-fold type I non-
uniqueness and (2-fold) type Il nonuniqueness, and for which the 5-fold non-
uniqueness is stable. (See Th. 5.6.)

We begin with type I nonuniqueness; the following two lemmas provide

sufficient conditions for stability.

6H5
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Lemma 5.2. Suppose 90<61<92<93, a>0 and

(5.2) — #0 (i=1,2,3),
o 6=0,
i
dp X
(5.3) o #0 (i=1,2.3),
6=0,
i
0 .
(5.4) a (Oi) =3 (i=1,2,3).
Let b bitrar nd let U0 ( ul), "( -2a). Then th
et u, be ar y a ‘ o' Po: Yo r o' Po Yo a en the

R. P. with data (U U ) has three type I solutions for which the 3-fold non-

uniqueness is stable.

Proof: Let ('rl p) (70(6.).90(9.)) (i =1,2,3). Then by (5.4), the R.P. with

data (U0 UO) has the three type I solutions,

0 1-shock contact 3-shock _ O _
(5.5) v, ('ri.pi.uo-a) ('ri,pi.uo-a) — U, (i=1,2,3),

which we have expressed in the form of (5.1). By (4. 36), HT(Ti' pi) #0
(i=1,2,3). For any point (-rc, pc) as center, we define
pt+p

C
(5.6) H(TC.DC. T.p) = e(7,p) -e(Tc,pc)+ ('r-'rc) 2 (Tc.pc.v.p> 0).

Then H ('r ' Pgi T p) #0 (i =1,2,3), so by the 1mpl|cit function theorem
there exnst nelghborhoods N of (-r ' Pge pi) and C functions V on N such

that
(5.7 Vi('ro.pO; pi) =T (i=1,2,3),
(5. 8) H(‘rc,pc; Vi(‘rc.pc; p.p) =0 ((Tc.pc.P)€Ni, i=1,23),

and we may assume

(5.9 N.NN =¢ (1<i<j<3),
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(’rc,pc,p)cNi:p> P, (i=1,2,3).
For brevity, we shall usually write
c

We also define

(5.11) w7, e 7P =T -T)p-p) .
and we abbreviate nC(T, p) = n('rc, Py T p). In similar fashion, we define
c,..C
(5.12) ac(p) =n (Vi(p).p) when (-rc.pc,p)eNi .
By Lemma 2.9, (5.2), and the fact that HT(Ti' p,) # 0, we have

da do

da da e £0 G=1,2,3),
Wl oy Cla.py Pler,p)
i’ i i
which, in the notation (5. 10) -(5. 12), can be expressed,
(5.13) a(')(pi) #0 (i=1,2,3).
Define

(I)(‘r Py T PP = (7P, TP u - (a,(p) e (p))

for all (7 'pf'ul’T N ,p) for which (-rl,pl,p), {1 ,p ,p)eN, for some i.
(4

(Here, for example, a (p) = nZ(V (p),p) when (Tl'p )EN see {5.10) -

{(5.12).) (I) isa C1 function defined on an open set containing

{(‘ro, Py- uo, o’ Por pi)f i = 1,2,3}, and has Jacobian matrix of the form

o 0

e —

e o o om i -
: p(ut (al(p)+ar(p)))

—
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hence its Jacobian determinant is given by

TGy P Uy Ty P ) = 3 (ol (9 +a () = -(ay @) ra(e)

whence

Jq)('ro,po,uo,ro.po,pi) = -(a(')(Pi)+a(')(pi)) = -2a:(p,) #0 (i=1,23).
Moreover,
(5.14) @(TO. Pg: Y9 To’ Po? p) = (7. Py: Uy Tg- Py uo-(ao(pi) +ag(p))

= (-ro, Py Ugr To po,u0—2a) (i=1,2,3),
. 0 0
since ao(pi) =n ('ri, pi) =a (Oi) = a by (5.4) and (5.7). Hence there exist

neighborhoods 7'qi of ('rO, Po uo. o’ po,

such that ﬁ)\m isa C diffeomorphism of T"li onto 7).; we may assume
i

pi) and ‘ni of ('ro, po, uO, To’ po, u0—2a)

(5. 15) ""liﬂ*’lj=¢ (1<i<j<3.

In addition, (5.9) implies

(5.16) ('re.pe,ue.'rr.pr.p)e""7i=*p>pl,pr (i=1,2,3).

Observe that (U?,Ug:) = {7, Py Yy To* Py uy-2a). Let nh=7nn nznns; Nis
a neighborhood of (Uf.Ur). Let (Ul'Ur)en' Then Vi, (Tf‘pl’ ul'Tr‘pr’ ur) =
(Ul \ Ur) € ni, so there is a ?)_i > 0 with (Tl' Py u, ’Tr’ pr, 5;) tET']i such that

(I)('i'2 PPy U TP p_i) =(7p Py uy. T pr.ur). Since also

Qlry Py TP p,) = (Ty. 9y 0y, 7, pr,ul-(a!(pi)+ar(pi))), we have
.17 =y4 -(a (5 — o ,
(5.17) u =u, (ae(pi)+ar(pi)) (i=1,2,3);

moreover ﬁi-> Py Py by (5.16). Here p_l is a C1 function of (UE'Ur); in fact,
it is the last coordinate function of the cl diffeomorphism (d)‘m )_lln. Note
i

that by (5. 15), the [—)—i's are distinct. Thus from (5.8) and (5.17) we see that

the R. P. with data (Ul , Ur) has the following three distinct solutions, for
=1,2,3:
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1-shock

P — — —_
(5.18) u, (Vi(pi).pi.u‘-az(pi))

contact ,. r,— — — . 3-shock
T ——— + [
(Vi(pi),pi,ur ar(pi)) u. .

which establishes condition (a) of Def. 5.1.

By (5. 14) and the fact that (d)lm
(U U )-9 (UO U ) Letting

-1 ; - ~
is continuous on /]i, p

{—>p, as

i 0, — — —

i T o —
we see that the solutions (5. 18) are expressible as

1 i contact _ i 3 s
U, Ul(Uz,Ur) U,(U,.U) u. (i=1,23),

i 0.0 , _ o
and Uj(UB‘Ur) —)('ri,pi,uo—a) as (UE'Ur) —>(U2,Ur) (i=1,2,3; j=1,3).
(See (5.17).) Referring to (5.1) and (5.5), we see that condition (b) of Def. 5.1
holds. .

Lemma53 Let90<6 <6<6 andsupposea(9)>a(6)>a(6)

(a ) (6) # 0 and (po)'(G) # 0. 'I‘hen for any open interval 1 contaimng a (0)

there exist 61 62,6 and a€l with 60 <0 <62 <63 such that a (Oi) = a,

(a )(e)#o and (p)(9)¢0(1—1 2,3).
9 such that aO(B) = aO(B_)' let 9—; be the
smallest such 6 (See Fig. 27. ) Choose € > 0 such that 8 €N (6) implies

Proof: By Lemma 2.22, 36 >0_

96(6 ,0 ) (a )'(6) # 0 and (p ) '(0) # 0. a0 is a C dlffeomorphism of a
neighborhood of & onto a neighborhood of a (6) hence there is an open interval
J with a (B)EJC I N(0,+o0) such that JC a (N (9)) Then since a (03) =a (9),

a(B )EJ so Jo > 0 such that 93 o>62 and

(5.19) aO(G) €J whenever 6¢ [(g -a, 63) .
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N |
}‘ | |
”n | ]
oIt - — sl A ———— =
IS 1 : ' | |
| ' |l
P ' P! | I
I ! (I (A
S T T R
O T N N
T T T T '
1 |k | 1 | L1 1 o
0 9y 51 f-€ 6 6O+€ 9'2 _ eé 6,
93—0

Fig. 27: Constructing 63‘

0 —_— 0 - b3 — ——
Thus a (93 -g)<a (63). 3636(63 -a, 93) such that

0 # ao(e_;) _a0(9_3
(5. 20) (a) (93) = 6—3—_@—3 p) >0 .

Also, 6 6(9 9) 80 0<a(6)<a(6) By (5.19), a(6)€J
Fora6>0 a and 9 determine p; the function p—p(B a) is C and

satisfies

9 9
(5.21) 0 p{6,a) >0, a p(6,a) >0 (6,a>0) .

o

Thus pl(@) = p(6,ae)) (6 > 6. and
(5.22) ()6 = %(o.a"(em gf(e,a"(e» -(a®)"(6) ©>6, .

By (5.20) - (5.22), (po)'(o”‘) >0.

Since also O; > 9,3 o> 92, 36> 0 such that

(5.23) 0N (05) => 0>, and (1)@, (a0 >0 .

2
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As before by (5. 19}, there is an open interval K with a (BB)GKCJ such that

Kca(N (9 )) Since 0<a(6)<a(9)—a(6)<a(9) anda(60)=0,

396(6 9 ) such that a (9) = ao(e ) let 61 be the smallest such 8. (See Fig.

28.) 3n>0 such that 6" -n>60 and

[oo YT S .

Fig. 28: Constructing 61,62,93 and a.

(5.24) a%0) €K whenever 8¢ [e"; -n,6)) .

Then aO(GT -n) < ao(e::;). 361 € (9’;‘ -n, 9:;) such that

0 2%@’) -a%07 -
(o) = —— >0 ;

91-(91-n)

moreover a (6 )cK by (5 24). Using (5.21) and (5.22), we see that
(p )'(6 )y > 0. Smce Kc a (N (8 )). ao(e )eao(N (6*)) 80 39 €N (6*) such

J

that 2(0,) = a %0 .). Then by(5 23), 6, >9 (po) '©,) >0 and (a)(O ) >0.
But since KCJca (NE(O)) a (9 )ea (N (6)) so 39 €N (6) such that

a0(92) = aO(GI); then also 626(9l R ) (a )'(0 ) # 0 and (p ) (6 ) # 0. Let

a=a0(01). Since KCJ<cl, a€l. Finally, 60<6 ~n<61 6 <0, <92/

0, <0y o
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As a corollary to the preceding two lemmas and Lemma 4. 12, we have

Theorem 5.4. Suppose e violates MEDIUM. Then there exist data (U?, U(x)')

for which 3-fold type I nonuniqueness holds and the 3-fold nonuniqueness is

stable.

Proof: By Lemma 4.12, there exist a center (TO’ pO), and a point

(7, e HNQ (see (2.1)), such that

gg— <0, g—g o #0 .
(7, (7,p)

Let 6 = 6(7, p); then 6>8 (ao)'(é) <0 and (po)'(é) # 0. Then there exist

916(90,9) and 02
excl)st 61,92,63 andoa > 0 with 90 < el <92 <93,
(a )'(Oi) # 0 and (p)'@)) #0 (i =1,2,3). Let u. be arbitrary and let

0!
- 0 — - —
> 6 such that a (0 l) > 30(9) > a0(92). By Lemma 5.3, there

such that aO(Bi) = a,

0

0
U, =(r.,p.,u.), UO = (1 2a). By Lemma 5.2 the R. P. with data

i, g0 lo0 Tr e Por Yo~
(Ul , Ur) has three type I solutions tor which the 3-fold nonuniqueness is stable.

In preparation for Th. 5.6, we prove the following lemma, which gives

a sufficient condition for stability in the case of type II nonuniqueness.

Lemma 5.5. Suppose ('rl, l—)), (72, p} cHNQ with T < Ty and

(5.25) HT(-rl, DR Il_r('rz,p) #0
(5.26) da da F0.
d]) ( -)) d|) ( -))
'rl,i 7’2.i

. 0 _ 0_ . s
Let uOO be arbitrary agd let—Ue = ('rO, Py uo), Ur = (10, Por Yo (‘10+ bO))’ where
a, = n (72, m, bO =n (71, p). Then type II nonuniqueness holds for the data
(U(;, Ug). and the (2-fold) nonuniqueness is stable.

. . 0.0
Proof: First recall that the R. P. with data (Uf , Ur) has the two type II
solutions,

0 1-shock - contact - 3-shock O
| Pl - e — - —_
(5.27) Ul ('rl,p, u, I)O) (72,[), u, bO) Ur ,
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0 l-shock - contact

- 3-shock . O

r
By (5.25), H_r(-ro, Poi Ty P, lf'r(TO' po;;rz, p) # 0 (see (5.6)); hence we can find
a neighborhood N of ('ro,po,p) and C f{unctions V1 and V2 on N such that,

abbreviating Vi('rc, P p) = Vic(p), we have

(5.28) v =7, (i=1,2,
(5.29) (7,0 VP, P) = 0 ((7_.p.PeEN, i=1,2),
(5.30) ('rc.pc,p)EN =>p>p, .

(5.31) (00, (7,0, DEN = V(P < V@

V= ;
Let {("e'pe'Tr'pr'p'Q)\(Tz’pe"’)'(Te'pz'Q)' (TP, P, (Tr.pr,q)eN}. L4

. P - = - -V-
is an open set containing (-ro, Py To’ P’ Pr p). For (Tl ' Py T PP, QeV, we

define
a_=n"(Vyph.p
b, = nr(vf(q).q) ,
a, = ne(vg(q).q) ,
b, = ne(vgl(p).p) .

(See Fig. 29; ﬂ; is the upper branch of the hyperbola (Tc—-r)(p-pc) =a.)
Suppose u, and ur satisfy

(5.32) ur = up -(ar+ bl) ;

then by (5.29) and (5.30), the R. P. with data (Uf 'Ur) = (Tl‘ PprUy TP ur)

has the solution,
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l

|

: | /l/(n,pe)
: ' l.—(:, 'pr)

p o — -— ke e e am er e e —— l—’ - .L r
0 = ! | I (., p.)
| i | 1 L 00
¢ r T
0 Vl(p) ™ Ty Vz(p) To
Fig. 29: One of the solutions.
l-shoek , £ contact ,_.r 3-shock
(5.33) U, (Vl(p),p.ue-be) (V2(p),p, ur+ar) Ur ,

since u‘-b2 = ur+ar by (5.32). (See Fig. 29.) If, on the other hand, u, and

ur satisfy
(5.34) u = ut-(af br) ,
then u.-a. = u +b , and the R.P. with data (U,,U ) has the solution,
e ¢ r r £’ r
1 -shock ,_ £ contact ,_ 1 3-shock
(5.395) u, (Vz(q).q. “z'ae) (Vl(q),q.ur+ br) u. .

Thus if u, and ur satisfy (5.32) and (5. 34) simultaneously, then the R.P. with

data (Ug: Ur) has the two solutions (5.33) and (5.35), which are distinct by
(5.31). But (5.32) and (5. 34) hold iff

(5.36) a, + br = ar+ bf

»fi =a +h -a - V).
Define (I’('Tﬂ:l’ VTP P, q a, I)r a bl ((-rl,pf,'rr,pr,p,q)c ). (Note

£
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that, for example, a, is defined as a pnumber depending on the variables Tgo

P-4 q.) Then g)('ro, Py 0,po,p, p) =0 (smce for example,
a,(75.Py: T Py p,p) =n(V (I)) p) =1 ('r p) =a ) Moreover,

3 9 oa, b,

= = —= -4 -h.)= — + — -0-0

3q O, 0,7 P 0@ hq (Bt Pemab) = 5ot o
=d—n(v(q)q) —n(v(q)q)

then

ad - d d

™ (7 Py Tgs Py D, D) aq " (V o), q)l aq n( (q) q .
= d—a) _ g—?—)- _ # 0 s

(72, P (71, p)

by (5.6}, (5.28), (5.29), Conventions 4.6 and 4.9, and (5.26). Thus by the

implicit function thecorem, there exist a neighborhood W of (-r0 s po, TO’ po, |-J)

and a Cl function q = q(7,, Py T oo P, ) ((Tl’pf’ , r,l))cw) such that
Q(TO,PO,TO.DO.I)) = p and
(5.37) (I)('r Py T PP, Q(Tl")l’ P P =0 ((Tl‘pB'Tr’pr‘p)ew) .

Henceforth we shall abbreviate q(-r P, T o P . =4q. Thus q is a number

BI

depending continuously on the variables TgoPys TPy and p. Using this q in

BI
the definitions of a, and b above, we see that a., br’ a, and be likewise are
numbers depending conunuously on the variables Tor Pgr T Py and p. Here q,

a ,b ,a, and b, are defined whenever (7,,p,,7 .p ,p)ch’. Thus (5. 37) be-
r' r f f £ rr

comes

(5.138) aﬂ+b(‘ = ar+ bi ((+ E‘pﬂ‘ D ,prewy

arbitrary, we dcfine

Now for (7 ,p,,7 ,p ,pP €W and u
4 r.r

¢’ ?

o id = -
(5.39 “P('re,pp.uﬂ,'rr.pr,p) (T‘,,pg,u‘?,'rr,pr,u2 (ar+bg)) .

Clearly ¥ has Jacobian determinant given by
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= 2 - _._(E. 2
Jq/('rl: leuea Tr) pr: p) - ap (uf (ar+bl)) = ap ar+ ap be)

d 2, 1
- (d—p nr(V;(p). p)+ d—c:) n (v, (), p))

(( TB ’ pe :Trl l)rt I)) CW)'

_ - _d 0.0 d 0,0
J\{,(..O, pO,uO,TO,pO,p) = n (Vz(p),p)\ _+ an n (Vl(p),p)‘ _
p=p p=p
= d—a + % # 0 .
dp o —) dp ( -)) ’
zlp Tlll

- 0.0
moreover (7, by, Uy, 7o, By, P) = (7, By Uy, T, Py g~ (ag+b = (U, U ).

Hence there exist neighborhoods 1 of (-ro, P

- 0
0" %’ "o’ Po’ p) and N of (UQ,UP)

such that

('rﬂ Py Uy, TP pcm= (Te P TP pe n,

1 ) .
and \{’|ﬁrl isa C diffeomorphism of ym onto 7. Thus, for any data

(UE’Ur) €N, there exists a number p such that

(5.40)

(5.41)

(r,.p

c W
g P T P 1) ,

ur = uf-(ur+ bﬂ)

(the katter by (5.39); p depends continuously on (U, U ), and p = |-) when
| £’ r

0O 0
(Uﬂ , Ur) = (Uf , Ur)' Moreover, by (5.40) there is a number q, also depending

continuously on (UE,U[_)CTI, such that (5. 36) holds; q = p when (UE’Ur) =

0 0
(Uf'Ur)' Therefore whenever (UB'Ur)E 71, numbers p and q exist such that

the R. PP, with data (U
(Ul'Ur) — (U

0’ Ur) has the two distinct solutions (5. 33) and (5.35); as

0
0 Ur)’ the constant states of the solutions (5.33) and (5. 35)

f’

approach the respective constant states of the solutions (5. 27), since p,q —>» |_)

Lemmas 5.2, 5.3 and 5.5 give sufficient conditions for the occurrence

of type I and type II nonuniqueness and their stability. Thus for our final



71

result—that when WEAK fails we can get type I and type II nonuniqueness simul-

taneously, as well as their stability, for the same initial data—we shall have to
0

construct data (Uf , Ug) that at once satisfy the hypotheses of Lemmas 5.2-5.3

and those of Lemma 5.5.

0_0
Theorem 5.6. Suppose e violates WEAK. Then there exist data (Ul' Ur) for

which both 3-fold type I nonuniqueness and type II nonuniqueness hold, and the

5-fold nonuniqueness is stable.

Proof: Let (-rO, pO), N, Vl’ V2 and V.. be as in Lemma 4.14. Choose a p€N.

3
Define
0 .
(5.42) ai(p) =1 (Vi(p),:)) (peN, i=1,2,3).
By (4.27), ;ﬁ < 0; hence ?Ta_ >0, i.e., a'2(|—)) >0. It

Plevym, Plv ), B

follows that for some i,j with 1-7i-j <3, a3(|_))+aJ!(|-)) # 0. By making N
- - 1

smaller if necessary, keeping ;_)c N, we may assume
. d
(5. 43) d—p[ui(p) + aj(l’)] #0 (peN) .

To simplify notation, we replace "i" by "1" and "j" by 12! then the follow-

ing still hold:

(5. 44 N is an open interval; NC(|JO,+00) R

(5. 45)* \/1 and V2 arc Cl on N ;

(5. 46)% (V) ) € 1L, H_(V(0), ) 70 (peN, i=1,2);
(5.47) v, (1) 7 V() (peN) .

(The asterisk is here used to single out a class of important conditions, as will

become apparent shortly,) Detine the function b by
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(5. 48) b= 3(a+a) ;

then

(5. 49)* b'(p) # 0 (peN) .
Consequently

(5. 50) b(N) is an open interval.

Let 9_l = O(Vi(l-)),[-)) (i =1,2); then (ﬂ <£g. (See Fig. 30.) Moreover,

P
A IJ(')'
F Sl
N{plb- — — = — ——
[ ¥ R B
|
|
1 [ DR, J— - ——
0 | ' |
1 | | —
= -, T
0 v, (P Vo(n 7,
Fig. 30: The functions V1 and V2.

ao(fi) = ai(I;) (i =1,2), so by (5.47) and (5. 48),

(5.51) ao(o_é) <a°(é_1) ,
b = 5% +a%6)] .

Thus a0(9_2) < b(p) < aO(ETI), s0 366(6:,9—2) such that ao(é) = b(p). (See Fig.
31.) Thus 0 satisfies

b .’—.{_‘—
(5.52)* 00~61 9(02,
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Fig. 31: The behavior of ao.

(5.53)% aO(G_:) > 29(6) > ao(ei; ,

(5.54) 22%6) € b(N) .

Notice that by (5. 44), (5.46), (5.47) and (5.49), any pcN yields points
(Vl(p), P, (V2(|)), p) to which Lemma 5.5 can be applied. But in order to apply

Lemma 5.3 to fi, 6, 6. and b(N), we must have

2
(5.55) @)@ 4o,

(5.56) (po)'(é) 40,

either of which may fail. (See Fig. 31.) We denote the conditions (5. 44) -(5. 47),
(5. 49),(5.52) -(5.54) together by (*). We have constructed objects (-ro, pO), N,

vl’v2'91’ 8 and 62

corresponding objects that satisfy (5.55) and (5.56) as well as ().

that satisfy (*); from these, we shall proceed to construct

We begin with (5.55). In the above, 0 can be taken to be the smallest
66((9—1,5;) for which aO(G) = b(p). (Sce Fig. 31.) Next, by (5.52) we may pick
6'1 such that

(5.57) 01<6'1<6 .
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Then, by making N smaller if necessary, keeping BEN, we may assume

(5.58) G(Vl(p)’ p) < 91 s
0(V(p). P >0 (peN) .

Now by (5.50), the minimality of 6, and the usual mean value theorem argu-

ment, we can find 9 6(6'1,5) such that

2

(5.59) ao(ez)eb(N) ,
(5. 60) (% 46,) <0 .

By (5.59), Jp'eN such that
(5.€1) a0(92) = b(p") .
Then by (5. 58),

(5.62) 60 < O(Vl(p'). p" <¢9'1 <0,<0< e(vz(p'). p" .

2 for 6, O(Vl(p'),p') for 5;,
Clearly (5. 44) -(5.47) and (5. 49), being unaffected, remain

Let us now substitute into (*) and (5.55); 0

6(V2(p'), p') for 62.

true. (5.52) follows from (5.62). But (5.62) also implies al(p'} > az(p').

Then (5.53) is a consequence of (5.61) and the definition of b. (5.54) and (5.55)

follow from (5.59) and (5.60). Thus (*) and (5.55) hold under this substitution.
Finally, we must find ('rO, po), N, Vl’ V2,6_1',5 and 6_2 that satisfy (%),

(5.55) and (5.56). If (5.56) holds under the above substitution (using

o(v (p",p") for 0
! L 0 0 0
under this substitution, i.e., (p )'(62) =0, Let (72, pz) = (7 (92), p (62));

, etc.), we are done. Hence we may assume (5. 56) is false

then

(5.63) 92 = 9(72,p2) ,
dp =

(5.64) g 0

(72. pz)
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If HT('rz,pz) #0, then 7 isa C1 function of p along H near (72,p2), 80

4 exists, which contradicts (5.64). Hence HT('T2, p2) = 0, so by

dp
P (Tz,pz)
Lemma 2.6(c), H (72,p2) #0. Then p isa C1 function of T along H near
da’) . da dr da
{(7.,p.). Thus == exists, and —— .« = —= #0,
2 (s, p,) e p) Clepy Plir,.p,)
2'72 2’2 2’72 272
by (5. 60) and the chain rule; hence
(5. 65) da 40 .
dr (7., p,)
2’72
We now return to our expanded notation, defining H('rc, pc; 7,p) and
n('rc, P T p) by (5.6) and (5.11), and also defining
P-P,
(5.66) 6(r . Pc;‘T.P) = T T (1 # T -
By (5.46), we have
. ' "N — . 1 1 P =
(5.67) H(7,, Py V, (P, p") =0, H_ (74, P V,(P"), P #0 (i=1,2).

Hence there exist a neighborhood W of (-ro, pO' p") and C1 functions V1 and
V.. defined on U such that

2
ey = ' : =
(5.68) Vi('ro, po.p) Vi(p) (i=1,2,
. . = U {=
(5.69) H('rc,pc,Vi('rc.pc,p),p) 0 (("rc,pc,p)f , i=1,2).

(Note that we do not assert Vi('ro, Py’ p) = Vi(p) (peN, i =1,2).) Define

C
(5.70) a(r_,p ) = LS TgrPg) = 1Ty, Py)
1
(5.71) b7 .pP,iP) = ["("c'pc'vl("c"’c"’)'p’”’("c'pc‘vz("c"’c‘p)"’)]

= 2D R’ vRie ) (rp pEW

where we have abbreviated Vf(p) = Vi('rc, P P, nc(—r, p) = n(-rc, Py T p}. Then
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9 = L &2 . . 2 .
ap b(-rc,pc,p) T2 2i=1 [n_r('rc,pc,Vi(Tc,pc,p),p) op Vi(Tc’pc’p)
+ . -
np(fc.pc.vi('rc.pc.p).p)]
| 2 e H(T,p VR, p)
= =%, [Fntr.,p;V.(D.DP
2 i=1 T e ¢ i H (7 .Vc() )
¢ Pl Vi 'P P
C
+n (7P Vi(PLP)
Hence
H (v .(p"), p"
@ ey = l 2 - 0 1 ' i 0 [ 1
o (g PP = 5 S [ vien.p) v G0, " n (Vy(p).p"]

2 ~0 0
2 [ (v (e, pvie + n(Vy(p", ph] = b(p" ,

N | =

by (5.48), (5.42) and (5.46). Then since b'(p') # 0 by (5.49),
ab -
(5.72) ™ (79, PgiP) # 0 .

Moreover, from (5.68), (5.47), (5.46), (5.62) and (5.63) we get

. ] . 1
(5.73) v, (7 Pgs P') < V(19 Pgi P
(5.74) H (1,0 V(p),p) # 0 (i=1,2
7ottor it 1ol
(5.75) 6(t.,p °V0(p') p" <8(1..Pn; T, P,) <O(T ., P 'Vo(p') p"
g o’Fo’r V1P i e o I L AL ’

Hence 3 a neighborhood W of (T5:Pg. P With Wc U such that ¥(7_,p_,p) €W,

we have
(5.76) p> Py
c
. ’ = 2
(5.77) H (7_,p iV (P, ) #0 (i=1,2,
ab
5.78 — .
( ) ap (Tct pC, p) # O 4
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(] ' (o]
(5.79) B(Tc.pc.Vl(p),p) <9('rc,pc.72, p2) <B('rc. pc.Vz(p).p) ,

(5. 80) vilp < v .

Define (I)(‘Tc Py P) = (7P, ,b(7_,p ;b)) (r . P, p) €W); then Jq)(T Py P =

g—(-ro, Pyi P Py # 0 by (5. 72), so 3 an open set ¥ such that
(5.61) Biry. pg. 0 € VD) .

Now define l{'('rc,pc) ('r .P, a('Tc P, ):; ¥ is continuous. By (5.61), (5.63)
) = 110(7' .p2) =a (9 ) = b(p'} = b('ro,po, p"); hence

and the definitions, a('ro, po
- = = '
$(rgs B = (7, g, alTg, pe)) = (7., Py, b7y, Py P )) $(7g. P, PY €V by (5.81),
80
(5. 82) ?(TOJ po) € V .

2
Let H be the Hugoniot curve with center (72, p2). Then if ('rc, pc) € Hz and

HE is the Hugoniot curve with center ('rc, pc), we have

(5. 83) gﬁ (along H®)
(7, p,)
2° 72
- 1 _+y. (92 c -
T 25T P T Py) I:(Tc 72) (d-r (along H 9*([)2 pcil
¢’ e’ 2772 (72,[)2)
H ('r Pgi T Py )
- c 1 r_(T _72) H{(r ,p 72 p)]
2n (Tz.pz) p c’ et T2 2

whenever H ('r BT ,p2) # 0. (Here a = Wrc-‘r)(p-pc).) We know that
| H-r(T p2) = 0 and H (72,p2) # 0. Thus

(5. 84) Hp(‘ro, Pg: To» Py) #0,

y=0.

(5- 85) H (TOJ [)O; 2' pz



84

Also by (2.2), H ( ; ) =(-g (7 ) 2 e(r ) - P2 %
S0 BYRE.2 Py Te'Pei Ty’ Po E\Ty: Po) 3 1792 Py 2
((-rc, pc) € H"); this and (5. 85) imply

2
(5. 86) HT(TC,PC.Tz.Pz) #0 (('rc,pc)GH . P, 7 py -

Also by (5.65),

da

(5.87) —

0
i (along H) # 0 .

(72. p2)

Combining (5. 83) and (5. 87), and using (5. 84) and (5. 82), we see that we may
2 .
choose ('rc,pc) € H™ sufficiently near ('ro, po), with P, # Py 8O that

(5. 88) ;—"—;— (along H) # 0 ,
(75, Py)

(5. 89) Hp('rc.pc: Tos Py 40,

(5. 90) ?(-rc, p)e Vv,

and then it also follows from (5. 86) that
(5.91) HT('rc.pc;'rz, p2) #0 .

By (5. 81) and (5. 90), \P('rc, pc) = d)(-'rd, Py’ p) for some (‘Td, Py prew; i.e.,
('rc,pc,a('rc.pc)) = ('rd. pd,b('rd, Py p)), whence ('rd, pd) = (Tc.pc) and

(5.92) a('rc,pc) = b('rc,pc;p) .

Since ('rc,pc, p) € W, 3 an open interval N' such that
(5.93) peEN' ,
(5, 94) {('rc,pc)}x N'c v .

Now in (*¥), (5.55) and (5.56), let us replace the symbols on the left, in the

table below, by the objects on the right.
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N N!'
C
vy vy
C
\L Vo
— c - -
91 O(Tc,pc,Vl(P),P)

D

— c - -
0, (7, P, Volp), p)

We assert that (), (5.55) and (5.56) are true under this replacement. By
(5.76) and (5.94), (5.44) holds. Since Wcld and V1 and V2 are C1 on W,
(5.94) also yields (5.45). (5.46) follows from (5.69) and (5.77). (Note that
under our replacement, "H'" in (5.46) is replaced by Hc.) (5. 80) implies
(5.47). (5.49) follows from (5. 48), (5.42), (5.71) and (5.78). (5.52) follows
from (5.79). Now in {5.53) and (5.54), a0 is replaced by the function ac

defined by

(5.95) a%e" = (', p" , where 8(r_,p_;7',p") =6' ,

and b is replaced by b('rc,pc; -}. Since a(-rc,pc) = nc('rz,pz), (5.54) follows
from (5.92) and (5.93). Moreover, (5.92), (5.71) and (5. 95) together yield

c _lpc N P c oSy Twl.
a (O(Tc'pc"’z’pz)) = 2fa (B(Tc,pc.vl(p).p))+a (G(TC.pc.Vz(P).P)):], this
implies (5.53). By (5.88), (5. 89) and (5.91), the following also hold under our

replacement:
(5.96) Hp('rz.Pz) 40,
(5.97) ‘i“-L 40,
dr
790 Py
(5.98) H_(7,, ) £0.

By (56.96), pisa C1 function of 7 along H near ('rz,pz), 80 -
(72,132)
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de

da da

exists. Then d?

# 0 by (5.97); hence

T T
(Tz'pf (72. 2) (72,92)

# 0. Thus (5.55) holds under our replacement. Moreover, by
)

da

(72. Py
do

a8 dp
(5.98)

#0, i.e., (5.56) holds under our re-
(75, p))

exists, so

placement. Thus our assertion is proved, and we have constructed ('ro, po), N,

Vl' Vz, 91, 6 and 6 that satisfy (*),(5.55) and (5.56).

By (5. 49), b(N) is an open interval. Hence by (5.52) - (5. 56) and
Lemma 5.3, there exist 9 92, 2] and a€b(N) with 90 <9 <6 <6 such
that a (0 ) =a, (a ) (9) 7!0 and (p )’(9) #0 (i =1,2,3). Let Uy be arbi-
trary, and let Uo (1 + Py u ) U0 (T + Py Yy -2a). Then by Lemma 5.2 the
R.P. with data (UU U ) has three type I solutions and 3 a neighborhood TI

of (U U ) such that condmons (a) and (b) of Def. 5.1 hold for 71= 7'[ 3;
, for any data (Ue, Ur) € 7)I the R. P. has three solutions, whose constant
states approach the corresponding constant states of the three type I solutions
of the R.P. with data (Uy,U") as (U,,U ) —(U,,UD). But since acb(N),
a= b([é) for some peN. Let T, = Vl(l;), Ty = V2(l3), 2y = ﬂO(Tz,!-)),

b =n (-rl,p). Then ay = a2(p) and b0 = al(p), so a0+ b0 = 2b(p) = 2a; thus
= (75,9, 8y~ (a5t b)) By (5.44) and (5. 46), (r.P€EHNQ (i =1,2) and
(5.25) holds. (5. 47) implies Ty < T, ; (5.49) and (5. 46) imply {5.26). Hence by
Lemma 5.5, type II nonuniqueness holds for the data (U U ) and 3 a neigh-
borhood hII of (U U ) such that for any data (U Ur)e nll’ the R. P. has two
solutions, whose constant states approach those of the two type II solutions for
data (U?,Ug) as (Ut‘Ur) —>(U(:, US). Since type I solutions are always dif-

ferent from type II solutions, we can find a neighborhood 1 such that
(U(c), U?_) en C’?I ﬁﬁn and the R. P. with data (Ul‘ Ur) € 71 always has five dis-

tinct solutions; clearly 77 also satisfies condition (b) of Def. 5.1 for n =5. W



CHAPTER 6

EXAMPLES

6.1 Energy functions that distinguish the conditions WEAK, MEDIUM and
STRONG

All energy functions e considered in this section are assumed to satisfy

(6.1) lim e(7,8) =0 .
T—>+@@

We shall focus throughout this section on the one-parameter family of functions

g(-,S), - < S < +m; each function is defined on (0,+00) with 7 as independent
variable. To see what properties these fur.ctions have in general, let us fix

S€ (-, +m) and define ¢(7) = g(7,S) (7> 0). We see immediately from (1.3),

(1.5) and (1. 6) that

(6.2) 6>0, ¢'<0, ¢">0 .

Now let 7,V > 0. Since g = -eT, we have
v AY \%
¢ = g(v, S)dv = - eT(v,S)dv =e(T,8) -e(V,S) <e(1,8) <+ .
T T T

For 7 = 1 we conclude

+ 0
(6. 3) p < +o ;
1

moreover, letting V—>+o0, (6.1) gives

+

(6. 4) e(r,8) = glv,Sdv .
T

Finally, we assert that

(6.5) lim +¢(’r) =+m .

T—=>0

87
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For suppose not. Then since ¢ is decreasing, 3p1 > 0 such that
g(r,8) =¢(7) < P (> 0). (See Fig. 32.) Let 7€(0,1). By (1.8), 351 such that

—"T

|
|
|
|
-
Fig. 32: g(-,S) cannot be bounded above.

g('r,Sl) =P, Then g( 7,9 Eg('r,Sl), so by (1.7), S gsl. Then by (1. 3) and
(1.4), e(7, pl) =e(T, Sl) >e(7,9) > e(1,8). Thus e(r, pl) >e(l,8) >0 vre(0,1),
which contradicts (1. 10). Hence (6.5) holds. Note that ¢ is Cz.

Motivated by the fact that the functions g( -, S) always satisfy (6.2), (6. 3)

and (6.5), we make

Definition 6.1. Let # be the set of all C2 functions [ defined on (0,+ m) for
+
which >0, f'<0, >0, g f<+o0 and lim f(1) =+ .

1 r—>0"
"®" gignifies pressure. We have just proved

(6.6) gl-,8) e P (-m<S<+w) ,

for every energy function e. (Remember that e always satisfies (6. 1) in this
section.) In what follows, we shall construct and analyze one-parameter fam-

ilies g(+,S), -0 < S <+, and get our energy functions via (6.4).

Lemma 6.2. Suppose e satisfies (1.2) -(1.9) and (6.1). Suppose also that

g(+,Se® for all S. Then e satisfies (1.10); hence e is an energy function.

Proof: Fix p> 0. We first prove
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(6.7) lim $(r,p) = - .
r—>0t

(See (1.7) -(1.11) ff.) Let Soe(-oo,+a)). Since g(-,SO)Eﬁ, we may choose

To

p = g(7,S(7,p) > glr,, (7. p) zg(-ro,So) = p, a contradiction. Hence

> 0 such that g('rO,SO) = p. Let 'rE(O,-rO) and suppose S(t,p) > SO' Then

S(T, p) < SO' Thus (6.7) is proved.

Now let € > 0. Choose A > 0 so that 7,P < ~€. Fixany S1 and note

N | —

that since g( - 'Sl) €P,

+ 0

By (1.7, g(-,8) <g(',Sl) whenever S<Sl' By (1.8), g(-.S) —> 0 pointwise

on [-rl,+oo) as S—>-m. Hence by the Lebesgue convergence theorem,

+o
lim g(-,8)=0.
S—> -
T
1
Thus 3M > 0 such that
+ oo
(6.8) g(*,8) < %6 whenever S < -M.
T

1

By (6.7), 366(0,71) such that S(7,p) < -M whenever 7€(0,8). Let 7€(0,9).
By (1.5), g(v,S(T,p) <g(r,S8(T,p) = p whenever v > 7. Then from (6. 1) and
(6.8) we get

+00

e(t,p) =e(r,S(7,p) = g{v,S(7,p)) dv

cont.
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™y + 00 T
1
= glv,S(7, phdv + g(v, S(7, p)dv < pdv + Y €
T ) T
1 _ . 1 1 1 _
—('rl-'r)p+ 2e-\-r1p+ 265261- 26 =€
Thus (1. 10) is proved. [ |

Proposition 6.3. Let d€¢°. Let 6 be a C3 function mapping (-0, + ) onto
(0,+ o0} such that 6'> 0. Define

+ o
e(r,8) = {S) é (>0, -®<S<+m) .

T

Then e is an energy function satisfying MEDIUM. ¢ can be chosen so that e

violates STRONG.

Proof: Clearly e is C3 in (7,8) and e > 0. Define g = e . Then for all

7> 0 and S€(-o0,+m),
g(T,8) =0(S)g(1) >0,
g,r('r, S) = 8(S)p(1) <0 ,
gTT(T,S) =8(9)g"(1) >0 ,
B (7.5 = 8'(S)g(1) >0 ,

+

e (7.9 = 6'(S) >0 .

r

Thus the Standard Assumptions hold. To prove the Limit Assumptions (1. 8) and

(1.9), observe that

lim g(7,8 = lim 6(S)¢(7n) = ( lim 9(S)> g(7) =0°g(1) =0 ;
S— - S— - S—-o

the other three relations follow similarly. Clearly g(:,S)€ P VS. Then (6.1)
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also holds. Hence by Lemma 6.2 , e is an energy function.

Let 7,p> 0. Let S satisfy g(r,S = p; then

(6.9 o(9)g(7) =p .

+ 00
Moreover, e(7,p) = e{T,8) = 6(S) S $; this, together with (6.9), gives
T

+ o
(6.10) e(r,p) = E(%) S é (r.p>0) .
T
We also have
(6.11) g (7.p) = g (7,8) = 6(8)$'(7) ,
+
(6.12) % e(r,p) = ¢(+) é .
T

Then, using Prop. 1.5 and (6.9) ~(6.12),

) 2e(T, p)
MEDIUM <= — e(7,p) >
p -g'r(T' ) - 2e(7,p) +p
)
e + oo
1 + @ 2¢('r) gT $
= 5 $> N sy
T 2 ¢(T) gT ¢
-0(S)g'(7) - 5 +p

= 1> 2!')

B p ("®
2 #(1) g p
-6(S)$'(7) - —pT— +p
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+m
= 1> 2 @-2'7) p+1>2,
- + 0 2 -
(w2 (% ()
T I
which holds by Lemma 1.6. Thus e satisfies MEDIUM.
Finally,
+
2 B L B()(7)_
STRONG <> P e(r,p) > -y = 5 $> 6(94'(7)
T
+m
{0 ()
-

Referring to Fig. 33, we see that $(7) (‘¢'((?)) is the area of the rectangle

pot——— 7

slope $'(7)

0 T T+X

Fig. 33: ¢ can be chosen so that STRONG fails.

+ ao

ABCD, whereas ¢ can be chosen so as to make g $ arbitrarily close to

the area of AABD. In particular T
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+ 00

r
for suitable choice of ¢; STRONG fails for such g. ]
As a corollary we have

Theorem 6.4. There exists an energy function that satisfies MEDIUM but

violates STRONG.

To get an example of an energy function that satisfies WEAK but
violates MEDIUM, we shall begin by establishing a criterion for WEAK in

terms of the one-parameter family g(-,8), -0 <8<+, of elements of .

Definition 6.5. Let f,ge/. We say fr\zfg iff f <g and for any 71,72,p> 0

such that 7. <

) and f('rl) = g('rz) = p, we have

2
+ + 00
1
g> t'—('rz-'rl)zp.

T T

2 1

Proposition 6.6. e satisfies WEAK iff for all Sl,Sze(—oo,+oo), Sl < 52
implies gl -,sl),\“i g(-.S)).

Proof: (1.7 implies that g(-, Sl) <gl- 'SZ) whenever S1 < S.,. Now suppose

there exist Sl’ 52 with S1 < 82 such that [g( ., Sl) ~ g, Sz)j is false. Then

there must be 71,72,p> 0 with T 372 such that g('rl,Sl) = g('rz,sz) = p and

+ + Q0
1
(6.13) g(v,Sz)dv < g(v,Sl)dv - (72-71) g P -
T2 A1
But by (6.4),
+ ao
(6. 14) g(v,Si)dv = e(Ti'Si) = e('ri,p) (i=1,2 ;
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thus (6. 13) becomes

1
(6. 15) e(-rz. p) < e('rl,p) - (72-71) 5P

If T, = T then (6.14) and (6. 15) imply e(-rl, 82) < e('rl, Sl)‘ which is false by

(1.4). Hence 7, < To» so (6. 15) yields
e(T ’ P) - e(T » P)
(6. 16) 2 e 1 < - ';- P .
To™ T

Fre ('rl, 72) such that

3 e('rz, p) - e('rl, p)

ar e(r,p| _ - T =T ;

(7, p) 2 1

this and (6. 16) imply WEAK is false.

) 26(—a),+m), Sl <82

implies g( -, Sl)/‘\‘.’z gl ‘SZ)' Let p> 0 and let 0 < ) < o Let S1 and S2 sat-

isty g('rl,Sl) =p= g('rz,Sz). Then S1 < SZ; for otherwise p = g(Tl’Sl) >

g('rl, S2) > g(‘rz, SZ) = p, a contradiction. By assumption, g(-, Sl) ’\\v, (- ,Sz);

For the reverse implication, suppose VS _,S

hence

+ 00 .+
1
(6.17) g(v,Sz)dv > g(v,Sl)dv - (72-71) o P -

To 71
But (6. 14) holds in this situation, so (6.17) becomes

e(-rz, P - e('rl, p)

1
(6.18) >--p .
72 'r1 2
Since (6. 18) holds for all T 1'2,p> 0 with T # Ty
0 1
5y TP > - 5P (r,p>0) ;

thus WEAK holds. ]
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Proposition 6.7, The relation fg has the following properties.

(a) fr‘yaganda>0='—>affxafg .
(b) fe and 0< asﬁ:af/v\vvﬁf .

(c) ffylgand gr‘xh:fﬂ-h.

Proof:
(a) Clearly af <ag. Let 0< ™ 572 with (aﬂ(—rl) = (ag)('rz) = p. Then
f('rl) = g(-rz) = p/a, so
+ +mo
lp
g > f—('rz-'rl)za ,
T2 "1
whence
+ +a
1
ag > af - (1'2-7'1) 5 P
T2 T

(b) If a = f3, the result is obvious. So assume a <f3, Pick any S

and 82 such that S1 < Sz. Let 8 be as in Prop. 6.3 with

1

(6.19) o(s) =e, o(s,) = B .

Then by Prop. 6.3, the function e defined by

+00
e(r,S) = 6(S) f (t>0, -0 <8 <+o0o0)

T
is an energy function satisfying MEDIUM; hence e satisfies WEAK. Then by

Prop. 6.6,

w
(6.20) g(',Sl)f\,g(',Sz) p

where ¢ = -e_. But g(7,8) =0(S)f(7) (>0, —~-®<S<+w), i.e., g(-,8) =
8(S)f (-0 < S < +m). Hence af A ff by (6.19) and (6. 20).
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(c) Since f<g and g<h, {<h. Let 0<'r15'r2 with
f('rl) = h('rz) = p. Let 'rO> 0 satisfy g('ro) = p. Then ) g'ro 572. (For if,
say, T, > o’ then p = f(-rl) <f('ro) gg('ro) = p.) By Def. 6.5, we have
+ + 00
1
g> f-(TO-'rl) 5P
"o ™
+ 00 + o + QD
h> T Ep> \ f-lr-T)ap - (T
= E-{Tg=Tg’ 3 P2 To~ T 2P T TT Ty 3 P
T2 "o T
+ D
= f ~(7.-7.) L
2T 2P
T

Hence f,‘!’, h.

Lemma 6.8. Let f,g €@ with f <g, and define #(-,2) = (1 -f+ Ag.

Suppose for all 7> 0,

f(1)

+eo ~-f'(7)

2 (g-0 >
g(7) - (1) = (7)
-g'(7)

Then 11(',7{1),\“5 n(',)\z) whenever 0 <A, <A, < L.

Proof: Since f,ged, we may define

+ + oo +00
(6.21) €(T,2) = a(v,\)dv = (1 -X) f+ X g -

T T T
. 3 .
Then € is C in (7,A). We have

ﬂh(T'M =g(1) -(7) >0 ,
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so we can define for any 7,p> 0,
e(7,p) = €(7,)) where A satisfies n(7,2) = p.
(We then denote X = A(7,p).) Similarly, define 1r1(7, p) = ‘”T('T.M'T, )

(r,p>0). Nowlet 7,p>0, andlet A = _p-f(n) . Then 1-) = N -p ,
g() -1(1) g(7) - 1(7)

and 7{(7,2) = (1 -(7) + ag(7}) = p, whence

_ _p-f(n
(6.22) MT,p) = (1) - (1) (r.p>0) .

Also note that

(6.23) 7r_r(-r,70 = (1 -7 +ag" (1 .
We assert that

9 .
(6.24) op €(7,p) > Zn (7, ") (f(1) <p <l .

For by (6.21) and (6.22),

e(r,p) = €(7, (1, p)
+ oo + oo
- B -p (4 —L=f1)
g(1) -1(71) g{r) -1(7) & .
T T
whence
+m
(6. 25) D (rp) = ———— (g -1
ap ' g(7) - 1(7) )
-

Let us temporarily hold 7 constant; define

_ -p
G(p) = (g(7) -p (1) + (p-H(Ng(7)

¢ is defined on an open interval I containing [f(’r),g("r)]. For pel, (6.22)
and (6. 23) yvield
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___p _ -p =1 -
20 "o T [ ED e gy, 2ED R (&) - () (o) .
(1) - (1) g(n) -f(n 87
We have
dp) = f(Ng'(7) -~ glr)f'(7) (peD :

- 2
[(e(n) - P + (p - HeNg ()]
thus, depending on the sign of f(7)g'(7) - g(7){'(7), either (I)' >0 on I or
®' <0 on I. Hence § attains its maximum on [f(7),g(7)] at an endpoint, f(7)

or g(7). But

_ -f(7)
(it = (g(7) -E(E'(7) :

_ -g(7)
e = ke

Using (6.26), we conclude that -p/21r_r('r, p) attains its maximum value for
pe [K7),g(7)] either at p = (1) or p = g(7),”and its maximum value is either
__g(7) (1) 9 .

or But by (6. 25) and the hypothesis, €(r,p) is always

-2g'(71) =2f'(7)° op
greater than or equal to each of these values; hence (6.24) holds.

From here we proceed by analogy with the proofs of Prop. 1.5 and

Prop. 6.6. We denote

67(7, p) = a% €(7,2) ,
(7,2 = (7,A(T,p)
etc. Then
3 D 9 A
op €(r,p) = a)' €(r,A(7,p) = € ap AT, p) = a R
) 9.

— €(7,p) = E'r+ € Mt p) o

oT A OT

p=mr.X7,p) ;

_ 9.
0= nT+ FA o AT p) .
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Hence
5 -1rT('r. P 3
3y e(r,p) = ET('r.p)+€l('r. p) W = -p+(-7r,r(7. P) EYY €(7,p ,

by (6.21). Then by (6.24) and the fact that 711_(1', p) <0 for pe[f(-r), g('r):] ,

(6.27 2 e(r,m 2 -5 (€7 <p<gr .

Now suppose we have 0 <A, <A, < 1 such that [ﬂ( . ,7\.1) AT ,12)] is false.

Since f < g, we know (- ,)Ll) <a(- ,)m2); thus there exist Ty Tgr P > 0 with

7, <7, and 7r('rl,)tl) = 7(72,)12) = p such that

+ 0 + o0

1
w(V.kz)dv < W(V.Al)dv - ("2'71) 2P

To T

i.e.,
1

(6.28) E(Tz,p) < 6(71.p) -(72-71) 5P -

(See (6.21) ff.) But for 7€ [11, 'rz] we have
p=alr ,A)2> m(7,X,) > f(7) ,
p= 1r(72,12) < Tr('r,hz) <gln) .

(See Tig. 34.) Thus f(7) <p < g(7) ('1’1 <T 5_72). so (6.27) yields

2 iyl
(6.29) 5y (1P 2 -5 (1, <77y .

On the other hand, (6.28) gives

6(72,p) ‘€(71,P) _
1'2- 'rl 2

which contradicts (6.29). Hence m( ,7\1) N/ 7( - ,hz) whenever 0 5)\1 g}\z <1
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Fig. 34: n(-,X) curves (0 < )\1 < Az

< 1.

Theorem 6.9. There exists an energy function e that satisfies WEAK but

violates MEDIUM.

Proof: Choose any ¢OGCPnC3(O,+oo) that satisfies ¢8' < 0. Define

(6.30) #(7,8) = ¢0(-r)(1 -S¢(')('r))
Then
(6.31) | 8¢+, s)| S¢0(T)+|S|¢O(T)(-¢b(7))
Now

M

, 1 2 |V
(6.32) -¢O(v)¢0(v)dv = - §¢0(v)

T

With 7 = 1, (6.32) yields

+

—¢0(v)¢6(v)dv <+ .

Since also

=M
1 2
- 2[1;0(7)

(>0, -0<S<+m).

(r>0) .

-¢0(M)2] (.M > 0),
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+ oo
¢0 <+o ,
1
we obtain from (6.31)
+ 0
(6.33) |¢(¢,S)| <+m .
1
Thus we may define
+
(6.34) €(r,8) = $(v, S)dv (>0 ;
T

in fact, by (6.30) and (6. 32) we have

+ 0o
(6.35) er, 9 =\ Byt Shy(n’ (>0,

T
which shows € is C3 in (7,8). By (6.34), e_r('r,S) = ~¢#(7,8) (r>0). By
(6.30), ¢S('r,S) = -¢0('r)¢6(-r) >0 (7> 0); thus we may, as usual, define

€(r,p) = €(7,5) (tr>0, —co<p<+wm) ,

where S = §(7, p) is the unique solution of ¢(7,8) = p.

We assert that
(6. 36) #(:,8) eP (Szo) .

Clearly #(7,8) >0 (>0, S > 0). Differentiating (6.30) with respect to T
gives

(6.3 67,9) = 4o - [ + i | (>0,

whence ¢-r( -,8) <0 (S>0). Differentiating (6.37), we get
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Fig. 35: The family #(-,S), - < S< +am.

¢'r'r(T’ S) = ¢8('r) -S[¢O(T)¢b"('r)+3¢(')('r)¢b'('r)] >0 (r>0,8>0) .

+ o
By {6.33), $(-,8) <+ (S>0). Since ¢(-,8) ngo (s> 0y,
1
lim ¢(r,8) =+ (S>0). Thus (6.36) is proved.
'r——>0+
Now for 7> 0 and all S, we have

+ + 00
2
& ¢<-.s>-% bo= 5 (D

T T
by (6.34) and (6. 35); and by (6. 30),

7,9 -¢O(T) = -S¢0('r)¢(')('r) .

Thus
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+0 + 00
g ¢("S)'S %o EXC

T T _ .1
(6.38) 5.9 "so(") =-3 ¢6(T) (r>0,84#0) .
For S=1, (6.38) becomes
\ + ¢0(-r)
(6.39) m (-, 1 -4 = “fe(D (t>0) .
T

Now observe that for 7,S> 0,

¢0('r) #(1, S)
N pd
-¢0(‘r) -¢T('r, S)

<> -§(f (1.9 2 -plr, 9y(7)
= - g (D [By(1 -SB (P + B3] > - B (DL - Sh (B
=5 54 (DY + By 2 Sp(py(n <> B (MY 20,

by (6.30) and (6.37). Hence

¢0('r) #(1, S)

(6.40) -¢(')(T) Z _¢ (T,S) (7.S> 0) .
T
It follows from (6.39) and (6. 40) that V7 > 0,
¢0('r)
, + 00 -¢(')('r)
Frnggn | BNz
T - (1,1)
-
Note that ¢(+,1) > ¢0, so Lemma 6.8 applies. Define
(T, ) = (1-A)¢O(T)+A¢(7, 1) (1>0, ~-m <A <+m) ;

then by Lemma 6.8,
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w

- 2g) ~ m(e,2,) (EPWESPESE

But
{7, x) = (1 -A)¢0('r)+l¢0('r)(1 —¢(')(-r))
= By (LX) = B(THL M) = Blr. 1)
hence
] w .

(6.41) pl-.8) ~ $(*.8)) 0<8, <8, <) .

0 ,
Now let 7> 0; we shall compute ™ €(T, p)l(_r‘ ¢O(T)). Since

$(1,0) = go(n), S(r,4(1h =0, so

+ ao

+
(7,97 = €(r,0) = % #(v,0)dv = g $o -
T

-
Also, with p=¢(r,9), i.e., 8= 8(r, p) (7 fixed), 8—> 0 as p——>¢0(7) and
vice-versa. Thus

€(1, p) -6(7,¢0(-r))
= lim b '¢0(7)

6.42) 2 e(r,p

ap (7,¢0(’r)) p-—>¢0(-r) o
e(r, Str, p) -6(7,¢0(-r)) (7.9 - ST o
= lim = lim
p—>#(" B B Bgm g ag TS -hy(D
+ @ + QD
¢(-,S)—g y
= lim ST T 0 _ lim --1_ ¢O(T) _ l ¢O(T)
S—50 $(7.9) -$,(7) s—0 27 2 ()

by (6.38). We define ¢_r(-r,p) = ¢T(T,§('r.p)); then, with ,50(7) understood to

be p, we have

(6.43) ¢T('r, Bo(m) = ¢T('r,0) = ¢6(7) .
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By (6.34), (6.36) and Lemma 1. 6,

§7,9° < -2 (7, 9€(r, 9 (>0 ;
by (6.43), this becomes for § =0,
(6.44) Bo(n% < 28 (v, B (Me(r, Bl .

Using (6. 43), (6.42) may be written

3 ¢0('r)
A €1, p) =
op (7, $,() -2¢ (7. Pl
2¢(T, ¢o( 'r))¢0( )

T TR (T By -2e(r, B[ ~$ (7, f (7 -2e(T. ()

then using (6. 44) and dividing numerator and denominator by ¢0('r), we get

3 26(7,_¢0('r))
i & — .
T (, $,(7) ) 2¢(7. pg( 7)) 7>
0 '¢_r('r.¢0('r)) . ———¢O(T) +¢O('r)

Now fix ) > 0. Since €(7,p), ¢_r('r, p) and 3_?) €(7,p) are continuous in (7, p),

it follows from (6.45) with 7 = 7 that

2¢(t,,p,)

9 171
(6. 46) % €(7,p < 2e(r
('rl,pl)

,p)
1°71
- ¢ —+
¢'1'(71")1) P, P

for some P, with ¢0('rl) <p; <¢('rl, 1). Let S1 satisfy ¢(71,Sl) =Py then

0< S1 < 1. Choose 6> 0 such that 6 < S1 <1-6. Let A bea C3 function

defined on (-0, + o) such that
(6. 47) ANSY> 0 (-6 <8< 1+¥6) ,
(6.48) AS) =0 (§< -8,

(6. 49) A(S) =1 (8> 1+9) ,
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(6.50) A(8) =8 (6<S<1-8) .

(See Fig. 36.) Let a be a C3 function defined on (-oo0,+®) such that a> 0

IL.___._..__..-.__.__

51
)
-6 1+6 8
Fig. 36: The function A.

and
(6.51) a'(S) >0 (<0, S>1) ,
(6.52) a(s) =1 (0<s<1),
(6.53) lim aS) =0,

S—-m
(6.54) lim a(S) =+ .

S—>+wm
(See Fig. 37.) Define
(6.55) g(71,8) = aS)g(7,A(8) (r>0, ~-0<S<+o) ,
(6.56) e(7,S) = a(S)e (7, A(S)) (>0, —~-0<S<+00) .

(See (6.30) and (6.34).) Then clearly e is C3 in (r,8), and e > 0 by (6. 35)

since A > 0. We have

(6.57) eS('T, S) = a'(S)e('r,A(S))+a(S)€S('r,A(S))>U(S) (>0, —~-w <S<+om)

By (6. 35), es > 0. Since XA >0, we know €(7,x(S)} >0 by (6.35). Moreover,
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‘ /
1
}
I
i
I
l
|
I
|
1 —
0 1

Fig. 37: The function a.

@>0, X'>0 and a' > 0. By (6.47) and (6.51), for all values of S, either

a'>0 or A'> 0; it now follows from (6.57) that eg> 0. Again because )\ > 0,
(6.58) g(-,9e@ (-0 < S<+w)

by (6.36) and (6.55). We have e_r('r,S) = a(S)e_r('r, A(S) = a(S)(-¢(7,X(9)) =
-g(7,9). By (6.58), g>0, g_r <0 and gﬂ_ > 0. Finally

SS(T, S) = a'(S)g(T,A(S)) +0(S)¢S('r, A(SHA'(S) (7>0, ~-<S<+) ;

then ¢(7,X(S)) > 0 by (6.30) and the fact that X > 0, and since also ¢S >0, we
conclude as before that 8g > 0. Thus e satisfies the Standard Assumptions
(1 2)-(1L.7). Let S—> -m. Then by (6.48), for all S< -6, A(S) =0, so
$(7.M(S) = ¢(r,0), whereas o{S){/0. Thus lim g(7,8 = 0. Similarly,
S— -

lim e(r,S) =0. Let S—>+w. By (6.49), forall S> 1+ 4, A(S) =1, so
S—>-w
(7, X(9) = @(7,1) >0 and €(7,A(8)) = €(7,1) >0, whereas oS) —> +w. Thus

lim g(r,8) =+om and lim e(7,8) = +o0. Thus (1.8) and (1.9} hold. By
S§—>+w S—>+m
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(6.34), (6.36) and (6.56), (6.1) holds. Thus by (6.58) and Lemma 6.2, e is

an energy function.
To establish WEAK, we shall apply Prop. 6.6. Let Sl,S2 € (-00, + o)
with S, < S_.. Then certainly 0 5).(81) 5)\(82) <1, so by (6.41),

1 2
w
#( - ,MSI)) ~ #(: ,MSZ)) .

Moreover, 0 < a(Sl) Sa(Sz), so by Prop. 6.7(a),
(6.59) a(sl)¢( M8 a(Sl)¢( S,
and by Prop. 6.7(b),

w -
(6.60) O(SIM( * .MSZ)) ~ 0’(82)95( ,A(Sz)) .

Applying Prop. 6.7(c) to (6.59) and (6.60), we obtain

w
a(sl)¢( . ,A(Sl)) ~ a(szw( . ,A(Sz)) ,

- w -
ﬂ,sgmg(ﬁg.

Since S1 and S, were arbitrary, e satisfies WEAK by Prop. 6.6.

2
By (6.50) and (6.52), A(S) = S and a(S) = 1 whenever 6§ <S<1-6;

hence
(6.61) g(r,S) = §(1.9 ,
(6.62) e(r,8) =¢(1,9) ,

whenever (7,8 €(0,+om) x (6, 1 -68). Since (1’1,81)6(0,+m) x {6, 1 -6), we see
that g = ¢ and e = € on a neighborhood N of (-rl,Sl). Define §(7,8) =
(1.8(7.9), Y(r.9) = (7,4(7,9)); then

(6.63) b =" on N,

and the Jacobian determinant J‘{’(Tl , Sl) = ¢S('rl, Sl) > 0. Hence by making N

smaller we may assume ¢ maps N (injectively) onto an open set M containing
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(Tl,pl). (Recall that ¢(‘rl,Sl) = pl.) For {(T,p) €M, we have

& Hr.p) = (r.S(r. P ,

l1’_1(7. p) = (7,8(, p)) ;

hence by (6.63), S = S on M. Then by (6.62), V(T,p)eM, e(r,p) =
e(t,S(t,p) = €(7,S(7,p)) = €(7,S(7, p)) = €(7,p). From this it follows that

i1
ap

e(7,p = 5% €(7,p)

('rl. pl)

(6.64)
(71. Pl)

Also, by (6.61), gT('rl,pl) = g-r(Tl’Sl) = ¢T('rl, Sl) = ¢'r(71' pl). From this,
(6.64) and (6. 46), we obtain

2 e ) . 2e(71,p1) .
ap ds (r..p.) 2e('rl,p1) !
1’71 -gT('rl, pl) . T + P,

thus e violates MEDIUM.

6.2. An energy function that violates WEAK.

Theorem 6.10. There exists an energy function that violates WEAK.

Proof: For convenience, we shall set v =1-7. Fix @€{(0,1/2), and define

(6.65) f(v,S) = e’ + ol _e-S) exp[&(v+ S)] .

After some computation, we shall almost get the energy function we want by

replacing "v'' by "1 -7". We have
(6.66) fv(v,S) = ev+(1 —e-s) exp E; {v+ S):I .

fvv(v,S) =e'+ })(l _e-S) exp[é (v+ S)] ,
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v 1 - 1
fvw(v,S) =e + ;5 (1-e S)exp[;(v*-S)].
From (6.65) and (6.66) we see that f, f , f and f have the form
v' wv vvv

(6.67) h(v,S) = eV+B(I -e—s> exp [é (v+ S)] ,
where 0 < B ga'z. But h(v,S) > 0 iff
(6.68) exp[(l - ‘%)v] > B(e.S - l)es/a .

Also, since 1 - é <0,

(6.69) expEl - i-)v] Zexp(l - %) whenever v<1 .

Choose 61 > 0 such that

(6.70) —12' (e-S- 1)es/a < exp(l - é) whenever S > -61
a

Combining (6.67) -(6.70), we conclude

h(v,S) >0 whenever v<I1, S_>_--¢‘.51 ,

so that

(6.71) f,f ,f ,f >0 (v<l, 8> -6).
v vV vvy - - 1

We also have

fs(v,S) = exp[ﬁ (v+S)] [1 -(1 -0’)8_8] )

1
LVS(VJ S) - a fS(VJ S) .

Choose 62 > 0 such that (1 —ar)e-S <1 whenever 82> -6,. Then

(6.72) fgr g >0 (v<l, S2-6,).
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Let 6 be the smaller of 61 and 62. Then by (6.71) and (6. 72),

(6.73) f,f ,f ,f f.,f >0 (v<1, §>-9).

Now define
(6.74) €(7,8) = f(1-7,8) (r>0, s> -é).
Since 7> 0iff 1-7<1, we see that (6.73) yields

(6.75) € >0, e_r<0, € >0, € <0, €

>0, € <0 (r>0,8>-9¢),
TT TTT S T -

S

which, except for the restriction on S, is equivalent to (1.2) -(1.7) for € in

3
place of e. Let £ bea C function defined on (-, +m) such that

(6.76) £'>0,
(6.77) £(8) =8 (5> -6/2) ,
(6.78) lim £&(S) = -6 .

S—>-m

(See Fig. 38.) Let 0 bea 03 function defined on (-co,+ ) such that 8 >0

IFig. 38: The function £.
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and

(6.79) 0'>0 ,

(6. 80) a(s) = 1 (8> -8/2) ,
(6.81) lim 6(s) =0 .

S—=-w

(See Fig. 39.) Let v bea C3 function defined on (0,+ o) such that

0
1
|
|
!
|
|
|
R ——
-6f2 0 S
Fig. 39: The function 6.
(6.82) v'<0, ¥ >0, ¥'<0,
(6.83) Y7 = 1 (r>1-2),
(6.84) lim 1) =+,
T —>0+
(See Fig. 40.) Define
(6. 85) e(r.,8) = NU7NB(Se(r, £(S)) (r>0, ~-w<S<+m).

Since v,0 >0 and £ > -6, we see from (6.75) that e > 0. Let g = -e_r. Then

(6. 86) g(7.8) = -eT('r,S)

~0(8) [y(e(r &) + A< _(7,88N)]> 0 (> 0)

by (6.75), (6.82) and (6.895) (since £ > -6); morcover
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o o o - e - onf

Fig. 40: The function 7.

6.8 g(1.9 = -8@[velr, £ + 2y (7, 56N +ADe_ (7,8 <O,

(6.88) g (7.8 = -0(S) [y !(ne(r, §(S) + 3y"(ne (7, E(S)

+ 3y (e (T, 8(M+v(ne__ (T,E(8)| >0 (7> 0).
TT TTT

Also, by (6.75), (6.76), (6.79), (6.85) and (6. 86),

eg(r.8) = 7 [0(S)e(r. E(S) + O(Se (. E(NENS] >0 .

_ oy BLS) | . '
5 (7.9 = 0'(9) B _o(9) [yi(me(r. &8 +2tme (. 6] €'

>0 (r>0).

Thus e satisfies (1.2) - (1.7).
The following are clear from (6. 65) and (6.66):

lim f{v,3) =0, lim f(v,S) =+, lim (v, =+m.
v—>>-m S—>+om S—)+oov

Then using (6.74), (6.77), (6.78), (6.80), (6.81), (6.85) and (6. 86), we get:
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lim e(r,8) = lim Y7NO(S)e(T,E(S) =v(r) lim ¢€(r,5)
S—=>+0o S—=>+m S—=+wm

=v7) lim f(1-71,8 =+w ;
S—->+wm

lim e(r,8 lim Y(1N6(Se(r, £(S))
S—>-m S—>-m

=v7) lim 6(S)- lim e€(r,E(S))
S—>-mwm S—=> -

=v(1) lim 6(S)- lim €(7,8) = A71)-0-€(1,-6) =0;
S— - S—=>-6

lim g(r,9 = lim -8(9 [y(ne(r, &N+ vine (7, 8(S)]
S—=>+o00 S—>+o T

= dim [y -7, 8 -ADL(1-7, 9] =+
S—>+o v
(since ¥' <0) ;

lim g(r,8) = -lim 6()- lim [y(De(r,9)+ e (1,9)]
S—> - S —> - S—> -6 T

= 0-[y(ne(r, - &)+ Ane _(1,-8)] =0 .
Thus (1. 8) and (1. 9) hold for e. Moreover, for any S,

lim e(1,8) = lim Y76(S)e(7,E(8) =6(9) lim f(1 -7, &(8))
T —>+m T —>+ 0 T—>+00

=0(S) lim f(v,§8) =0,
vV— -

by (6.74), (6.83) and (6.85). Thus e satisfies (6.1). Since the proof of (6.3)

does not require (1.10), we conclude

+
(6. 89) S g(-,8 <+ (- <S<+wmw) .
1

Fix Se(-o,+00), and observe that by (6. 75), ET(O,E(S)) < 0. Then using (6.75),
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(6.82),(6.84), (6.86) and the fact that 8(s) > 0, we get

lim g9 =68 lim _[(-7(Melr, N + A€ (7, &M
'r-—>O+ -r—>0+ T

>6(9) lim 7(7)(-€_(7,£(S))
T—>0 T

= 6(S) lim +1'(‘r)'(-€ (0,E(S))) =+ .
T
T~>0
This, together with (6. 86) -(6.89), shows that g{-,8) e for all S. Hence by

Lemma 6.2, e is an energy function.

For clarity, we let
, and from (6.77),
1, {7) =1 and

We shall prove that WEAK failsat 7 =1, p=

p = 1 throughout. Now let 7> 1- % Then 7-1> -

1.
]
2
(6.80) and (6. 83) we conclude E£(r-1) =7-1, 6(7- 1) =
¥'(7) = 0. Then from (6. 85) we see that

(6.90) e(r, 7-1) = ANO(7 -1e(1,E(T-1) = €(7, T-1) .

Similarly, we have by {6.74), (6.66) and (6. 86),

i

g(r, 7-1) -e_r(-r, 7-1) = fv(1-¢, T-1)

e1 "1 -e-(T_l))exp[}r(l -'r+(7—l))] =p.

This means that S('r,[;) =7T~1, 80
(6.91) e(r,p) = el7,S(r. M) =elr,7-1) = €1, 7-1) = (1 -7, 7-1)

el "Trafd -e'”'”)exp[éu -T-(T-nﬂ: at(l-a)e’ 7.

Since (6.91) holds V7> 1~ %

T

oo
'

ie(.,'p) =(a_1)e1' (r>1-

aT (r, [;)

in particular,
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ie('r.p) =a-1<-pf2,
oT -
(1, p

so WEAK fails at (1, p). [ |

6.3. Ideal gases.

In this section we construct an example of an ideal gas e for which no
Hugoniot curve is monotone.

An ideal gas is a medium that satisfies (1.2) -(1.7) and
(6.92) pT = RT ,

where R > 0 is a constant. In [1] (6.92), together with (1.2) -(1.7), is shown

to be equivalent to
(6.93) e(r,S) = h(7H) ,

where H = exp(-S/R). Here h is a function defined on {0, + o) satisfying:

(6. 94) h maps (0,+o) onto (0,+ ) ,
(6.95) h>0, h'<0, h*'>0, h"<O0,
(6.96) k maps (0,+m) onto (0,+) ,
(6.97) k'<0 ,
where k(x) = -h'(x)x. In this situation we have
(6.98) p=g(r,8 = -h'(TH)H ,

T= - % h'(TH)TH .
By (6.98),

pt = -h'(TH)7H = k(7H) ,
so that

(6.99) e(t,p) = e(1,8) =W (pT1),

where Y= hOk—l. Thus ¥ maps (0,+ ) onto (0,+c0) and W' > 0. From this

it is clear that e for an ideal gas is an energy function that satisfies STRONG.
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Note that (6.99) can also be expressed,
(6. 100) e(7,p) = h(x), where pr = -h'(x)x .

We now give an example of an ideal gas for which every Hugoniot curve

H is not monotone, i.e., along H, 7 is not a nonincreasing function of p. Let

(6. 101) hx) = e /%1 .
Then
el/x
(6.102) h(x) = - 3 )
. x
1/x
h'(x)x = - g s
X

and h satisfies (6. 94) -(6.97); therefore (6.100) defines an ideal gas. Fix

> 0 and let H be the Hugoniot curve with center (7 Then

Tol po Ol po)'

(1.p)€H iff

e(T, p) -e('ro, po) = %('ro-'r) [p+ po] .

By (6.100), (7,p)€H iff

(6.103) h(x) -~ hix ) = -;—('ro-'r) [p+p, ]
where
(6.104) pT = -h'(x)x , PoTo = -h‘(xo)x0 .

We show that along H, 7 comes arbitrarily near To 38 p—>+0m. {(See Lemma

4.1.) Suppose not. Then 36, P> 0 such that along H,

{6.105) 7.~T7>6 whenever p> P .

0

Then we must have x —>0 as p—>+0o along H. For otherwise, there would
exist o > 0 and a sequence {pn} such that pn—>+a) and, with (-rn,pn)e H and

= -h' =
P, Ty h (xn)xn (n=1,2,...), X > o Vn. Then by (6.94) and (6. 95), for the
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values xn, T and pn the left member of (6. 103) would be bounded as n >+
while the right member would approach +c as n—>+mo, a contradiction.

Using (6. 104), (6.103) becomes

h'(x )x
_ 1 _ _ h'(x)x _ 00
h(x) —h(xo) = 3 ('r0 T) [ - o ] .

Then by (6.101), (6.102) and the above, we get

1/x

el/x>e1/x__e1/x0=(7 ) ellx - 0 > (r.-7) el/x (0> )
- 0 2xT 2x070 0 2xT (0 )
Thus
T
7> 2x+1 -—>TO as p—=>+o ,

which contradicts (6.105). Hence along H, T comes arbitrarily near TO as

p—>+m. In particular, H is not monotone.
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