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8. C(Closure and Lower Closure Theorems for Multidimensional Problems

8.1. Closure Theorems for Orientor Fields

Here G denotes as in (7.1) an open bounded subset of the t-space Ev’ for
every t € cl G we denote by A(t) a given subset of the y-space Es’ and by A the
set of all (t,y) with t € ¢c1 G, y € A(t). We assume A to be closed, and for

every (t,y) € A we denote by Q(t,y) a given subset of the z-space Er' We con-

1 r 1

s
sider here pairs z(t) = (z ,...,2 ), y(t) = (y ,...,¥y ), t € G, of vector func-

tions z € (Ll(G))r, v € (Ll(G))s, such that

y(t) e A(t) , z(t) e Q(t,y(t)) a.e. in G. (8.1.1)
We may say that the pair (z,y) is an abstract solution of the orientor field
(8.1.1). 1In applications there are suitable functional relations between z and

y, that here are not needed.

(8.1.1) A first closure theorem. Let G, A(t), A, Q(t,y) be as above, G open

and bounded, A closed, and let us assume that the sets Q(t,y) satisfy property
(Q) in A. Let y(t), yk(t), t € G, be s-vector functions, Y,¥, € (Ll(G))S,
and z(t), zk(t), t € G, be r-vector functions, 2,2, € (Ll(G))r, with yk(t) €
A(t), zk(t) € Q(t,yk(t)) a.e. in G, k = 1,2,... . If Ve T strongly in

(Ll(G))s, and z. » z weakly in (Ll(G))r, then y(t) e A(t), z(t) e Q(t,y(t))

k

a.e. in G.

This theorem is a particular case of (8.2.i) below.



8.2 A Closure Theorem for Trajectories With Singular Components

Let G be as above a bounded open subset of the t-space Ev’ and let IO be

an interval containing ¢l G, G< cl1 G CZIO CZEV. It is not restrictive to assume

1

I = [,u, or [0,...,0,b,...,b] for some b >o0. For every t ¢ I, t = (t ,...,tv),

o

let [o,t] denote the interval [o,...,o,tl,...,tv]. Then, given any real-valued

L-integrable function z(t), t € Io, we may consider the function F defined by

t
F(t) = [ z(t)dt = [ z(v)dt , t e I, (8.2.1)
[o,t] o

t
where the integration in [o,t] will be often denoted simply by [ , and where
o

dt = dTl cee dTv as usual. Note that F(t) is then a continuous function on IO

1

1
with F(t) = o whenever t = (t ,...,tv) € Io, t...tY = o.

1
We shall consider the countable system {tp} of points tp = (t',...,tv)
with tJ = pjb’ jJg=121,...,v, and pj rational, and the countable system {I} of all

) 1 v 1 v i i
intervals I = [a,B] © I,as= (@ yeeesa )y B= (B yeeesB )y @ <B, QsB € {tp}.

For any given F(t), t € IO, we may then consider the usual differences AIF of

order v relative to the 2’ vertices of I; in other words

AF F(p) - F(a) if v = 1,

]

AF F(Bl,Be) - F(al,ﬁg) - F(sl,ae) + F(a;,a2) if v = 2, ete.

If F is obtained by integration in [o,t] of a function z ¢ Ll(Io) as in

(8.2.1), then

B
6 F = [ z(t)at = [ z(t)dt, I= [ao,BlcSI , (8.2.2)
(o]
[a,B] a



with the usual conventions.
We recall here that for a function F as in (8.2.2) the following holds:
For almost all to € Io and hypercube of‘I,toe I CIIO, of side length h > o we

have lIl-l ALF > z(to) as h > o+.

An arbitrary function S(t), t € I is said to be singular in I if for
almost all to € Io we have |I|-1AIS + 0 as h » o+, where as above I denotes any

hypercube of side length h with to e I < Io.

Let G, A(t), A be as in (8.1.i). For every (t,y) € A we shall consider

~ ~ ~ 1 rto .
subsets Q(t,y) of the z-space Er+0, z=(z",...,2 ), r>0, 0>o0, with the

following properties:

1. There is an L-integrable function V¥(t) >0, t € G, such that if

1 r r+l r+g ~ i
(27500052, 2 yeees2 ) € Q(t,y) , (t,y) € A, then z Z‘V(t))

z
i=r +1,...,r + g.

= -1 - -r+]1 —] ~
2. Ifz = (z ,...,zr,zr ,...,zr % € Q(t,y) for some (t,y) € A, then

. ~ -1 -r r+l r+g . i -i
also every point z = (2 ,4e0,2 , 2 ,...,2 ) With z= > 27,

i=r+1,...,r + g, belongs to Q(t,y).

(8.2.1) A second closure theorem. Let I, G, A(t), A as above, A closed, and

for every (t,y) € A let a(t,y) be a given subset of the z-space Er+0 satisfying

properties 1 and 2 above, and in addition satisfying property (Q) in A. Let

1 s 1 S s
v(t) = (y e,y ), yk(t) = (yk,...,yk), t € G, be elements of (Ll(G)) , let

r+g

+
. ), t € G, be elements of (Ll(G))r °

~ + ~
2(8) = (2he00s2" %), B(8) = (2500002

]

. t s . t
kK =1,2,..., and take F(t) It 2" (7)ar, F;(t) = z;(T)dT for t € I_, with
(0]
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o for all t € IO -G, k=1,2,... . Let us assume that yk(t) €

A(t), zk(t) € a(t,yk(t)) a.e. in G, k = 1,2,..., that yi > yi strongly in Ll(G),
i=1,...,8, that zi + gz weakly in Ll(G), i=1,...,s, and that Fi(t) > Fi(t) +
Si(t) pointwise for all t € [tp},.i =r +1l,...,r + g, as k> «, where si(t),

t e Io’ are nonnegative singular functions on IO. Then, y(t) e A(t), ;(t) €

S(t,y(t)) a.e. in G.

~ J. r+

Proof. We denote by N the sum N = r + g, and by z(t) = (z],...,z 9,

1 r+g
(zk,...,zk

), t e I_, the same functions sbove with z(t) = E?(t) = o

for t € I -G, k = 1,2,..., and we take also ¥(t) = o for t € I_-G. Note that
z;(t) >-¥(t), t eI, i=r+1,...,r +0, and that ;£(t) € a(t,yk(t)) a.e.

in G, k = 1,2,‘.I

1
For every t € G, t = (t ,...,t'), let 8 =8 (t ) > o denote the distance
[0} o] (o] (o] (o] [o 2]

qb = [t, t+h] denote any closed hypercube

of to from oG, and let q

g=[EJ5tJ<E

+h, j=1l,...,v], witht, t +h e (tp}, o<hc< so/v,

< tg < Ej +h, j=1,...,v. Then to € q € G, and we denote here, for the
sake of simplicity, by h also the v-vector (h,...,h). Since yk + y strongly

in Y, there is a subsequence which converges also pointwise a.e. in G. For

the sake of simplicity, let us denote this sequence still [yk]. Then, for
almost all t_ e G, we have yk(to) > y(to), (to,yk(to)) € A, k =1,2,...,

where A is a closed set. As k -+ « we obtain (to,yo(to)) € A, or go(to) € A(to),

and this relation holds for almost all to € G.

Also, for almost all to € G we have, as h +» ot ,

lql‘l fq zi(t)dt > zi(to) , i=1l,...,r +aq, (8.2.3)

I



|'l rst+o , i=r+1l,...,r +o. (8.2.4)

|q
Because of the pointwise convergence yk(t) + y(t) a.€. in G, we have
yk(t) + y(t) is a subset G of G with IGOI = |G|, and we know that there are

closed sets C , A = 1,2,..., with C, < G_, C 'Cx| > IGol - x'l, such

(e
N A Cx+1’

that y(t) is continuous on Cx and yk(t) + y(t) uniformly on Ck as k >« for
each A = 1,2,... . Since G is bounded, and CX CZGb C G, each set Ch is compact,
and hence y(t) is uniformly continuous on each Cx.

Let A be any fixed integer with A > |G|—1, hence ICAI >o0. Let € >0 be
an arbitrary number. There is some ' = 55(8,x) > o such that |t-t'| < 5,
t,t' € Cy s implies |y(t)-y(t")| < g/2. Also, there is some k(g,\) > o such
that k > k(g,\), t ¢ C, implies |yk(t)-y(t)| < g/4. Then, for t,t' e C, 5

|t-t'] < Bé(s,x), k > k(g,\),we have also

IA

1y, ()=, (8] < Iy, (£)-3(e)| + [y(e)-y(t")| + [y(e")-y, (¢1)] <

IN

e/h +ef2+e/h = €.

Let Xh(t)’ X{(t), t € G, be the characteristic functions of the sets Cx
and G—Cx, so that Xk + X{ =1 everywhere in G. All functions Xk(t) and
Xx(t) zJ(t), j=1,..., are of class Ll(cl)’ end for every t_ e C, we have

J
= * = .
Xx(to) 1, Xx(to) z (to) o

Then, for almost all t € C, we have also, as h » ot ,
) 0o >\ 2
-1
ol J, X (B)ae > X (6)) =1, (8.2.5)
-1 i i .
IQI fq )g):(t) 4 (t)dt - X;:(to) Z (to) = O, 1= l,""r + O, (8'2-6)

lal ™ J, () w(t)at > o (8.2.7)



Let Cx be the subset of CX where this occurs. Then Ci is measurable,

' c c i ' yc'
CA CA GO G, and, if G' denotes the set XCK’ also

' — -1 ' = ! = =
le)l = lel >le | -2 >0, la| =luc| =la| =lcl . (8.1.12)
Let H and H* be the sets
H = 4gn Cx , H*=Qq -H=4q-4anN CX =q - CX .

Let 1 > o be any positive number independent of €. Let to be any point of

C L

- ) o 1 r -
NE let v, = y(to), z = (zo,zo) = (zo,zo,...,zo) = z(to), and let

M, = IE(to)l +1. Let us fix h > o0 so small that h <e/v, h <8 /v, h <8 '/v,

where 8 =28 (t ), 8' = 8'(e,\), and also so small that
) o' o o o

i -1 i , =1 .
Iz;(to)—lq} I 27 (t)dt] < min {q8 ", 1], i =1,...,r + o, (56.2.8)

o<1-lq|/|H < min [nN—lMl_l,l] R (8.2.9)
-1 i -1 .

Hal ™™ J, %) 27()as | <nv™, 1 =1,...,r, (8.2.10)

ol ™ ol <™, t=r+ir o, (8.2.12)
-1 -1

ol 77 J, %(8) w(t)as <o . (8.2.12)

This is possible because of relations (8.2.3-7).

For t ¢ H, and k > k(g,\) we have now

It-tol < vh < min [8’50’551:

ly, (8)-y | = [y (£)-y, (s )| + [y (s )-y(t )| <€ +e = 2,



and hence (t,yk(t)) e N (to,yo) for t € H and k > k(eg,\). Therefore, we have

2
also
E%(t) ¢ E(to,y(to),3s) for t ¢ H and k > k(g,\) . (8.2.1%)
and finally
IHI'l fH Zk(t)dt € cl co E(to,yo; 3€) , k>k(g,\), (8.2.1k)

since the last set is convex and closed.
1 1 T,
Because of the weak convergence of Zk(t) = (zk,...,zk) to z(t) = (2 ,...,2 )

in (Ll(G))r, we can determine an integer k' = k'(to,e,x,n,h) > k(e,\) such that,

for k > k'(to,a,K,n,h),we have

i i 'l . \
[fH zk(t)dt - fH z (t)at] <N "|H , i=1,...,r. (8.2.15)

Now, for k > k'(to,s,h,n,h) and i = 1,...,r, we have

|27t - 6™t [ 2 (6)at]

IA

|2 ()=l 7 2 eat] + (el w2 (e)ael

+

1B 7 (2 ()2 (80)as] + [ (gl /18 ™)+ o) ™M, 2" (6)at]

dl + d2 + d3 + d4 . (8.2.16)

i

By (8.2.8) we have d; < N-ln, by (8.2.15) we have d3 < N-ln, and by (8.2.9),

(8.2.10) we have d, < 2N—ln. Also, by (8.2.8),(8.2.9) and the definition of

L

Ml’ we have



a, = [1-]q] ,HII'llq!-lfqzi(t)dtl < nN-lMil "M = N7

Thus, (8.2.16) yields, for k > k'(to,e,x,n,h),
i -1 i -1 .
| (t) - | H] IH zk(t)dtl <sN m, i=1,...,r. (8.2.17)

We shall now obtain analogous estimates for i = r + 1,...,r + 0. We know
that z;(t) > - ¥(t), t € G, i = r+l,...,r+o, and hence, by force of (8.2.12)

we have for all k

lol 7

i - -1
H*Z;(t)dt > -4l 1 jq X*(t)¥(t)dt > - N "q, i = r+l,...,r+q .

(8.2.18)

Let F;(t) = F(t) +87(t), t e I, i=7rH,...,r40, so that F;(t) > FZ(t)
as k > » pointwise at all points t ¢ {tp}. By (8.2.2) and the definitions of

Fk and F we have now

-1, i -1 i -1, i -1 i
|4l foz;(t)dt = |4 b Fer lql jqz (t)at = |q 8 F, 1m0t rto.
. . . (8.2.19)
On the other hand, by F; = Fl + Sl, we have
_ . _ . 1
lql Ty F; = |q] Lhrt o+ lq] "a st ,i=r+1l,e..,r+0. (8.2.20)
q q q

i i
The 2” vertices of g are points of [tp), hence A F. - %qFo as k » «, and

q k

we can determine the number k'(to,e,x,n,h) above so that, for k > k'(to,a,A,n,h)

we have also

-1 i -1 i -1
[al b Fi - | o AqFOI <N m. (8.2.21)



Finally, (8.2.19), (8.2.20), (8.2.21), and (8.2.11) yield

[lal™ 1 2 (0at - Jol ™ [ 2 (6)atl

]

-1 i -1 i
A F o~ | AF
[lal™ s ¥ - ol ™ F"

IA

N -1 i -1 i
AT - AF |+ A S
|l F | of o [ + 114 . l
< N"lq + N'ln = 2N'ln ,i=r+1,...,r + 0. (8.2.22)
We have now, for i = r + 1,...,r + ¢ and k > k'(to,e,x,q,h),
i -1 i
z (to) - |ul T [z (t)dt >
i -1 i
>-la (6 ) - [l T 27 (t)at]
o
q
-1 -1 i
L™ - 18T S 2 (vt
1 . .
A /E) R T T () - g (6))as
SIEVIEDRE Rl SO
d H* °k

= 4_+a (8.2.23)

+d, +4d
5 6 T

g -
By (8.2.8) we have d > -N"'n, by (8.2.9) and (8.2.22) we have a, > oty

and by (8.2.10), (8.2.18) we have d, > -EN-ln. Finally, by (8.2.8), (8.2.9)

8

and the definition of M

L also

dg = - 1 (-lal/1H) 1ol ™ 12t (0)as] > v gt - = o

Thus, (8.2.23) yields, for k > k'(to,e,x, n,h) ,



‘ - -1
26 ) - |u7t S t)at > - 8N n , i =rtl...,rto . (8.2.2L)

zi(
o] H k
Note that relations (8.2.17) and (8.2.24) can be written in vector form

~ ~

+ -1
2(t ) =z *¢ +¢ , oz =la T [ z(t)ar , k>k'(t ,e,n,m,0),
(8.2.29)
) + r+1 r+o ]
where ]Ckl < 8n , 6 =(o_,.,.,o,gk yeee b ), 6 = > 0seees b >0

By force of (8.2.1L4) we have then

2, € el co Q(to,yo,BE) 5

hence, by property 2 of the sets a, also

~ + ~
+
7, * L € clcoqt ,y ,3€)

and finally

~

2t) =7ttt alt
z(t ) =z + & *+ ¢ e (cl coqf O,yo,5€)8n

Since n is arbitrary and the set in parenthesis is closed, we have
z(t ) € cl co Q(t
2(t ) € el co Q(t_,y _,3€)
and this relation holds for every € > o. Then, by property (Q) we have also
=k N = _ B
z( O) € £>0 cl co Q(to;yO}BS) Q(tO,yO) s

for every point to € QK. Thus, we have z(t) e Q(t,y,(t) ) for all t e G' =

ch’ that is, almost everywhere in G.

10



8.3. A Third Closure Theorem for Orientor Fields

. 1.
We consider here the case where some or all of the r-components 2o i=1l,...,r,

of the vectors z, , or ;k’ of theorems (8.1.i), (8.2.i), converge strongly to 2"

instead of weakly. As we shall see below if all components z1

K LT l,...,r, con-

verge strongly, then instead of property (Q) we need only require property (u).

If, say, p components z;,...zﬁ converge weakly and the remaining r-p components
+1
ZD

r
K 2o

K converge strongly, then the intermediate property (Qp) can be re-

quired. We discussed this property (Qp) in Appendix A, and we proved there that
property (QO) is equivalent to property (U), that property Qr is equivalent to

property (Q), and that property (Qp) implies property (Qp ), L<p<r.

1

~ r+ ~
Let us mention here that, if zO = (zo,...,zO 0) is any point of the z-space

Er+ , r >0, g>o0, if p is any integer, o < p<r <r + g, and B any positive
o Z Z > RP>r =

number, we denote by NB(;o’p’r) and N(;O,p,r) the subsets of Er+ defined by
o

~

~ i i .
N (zo,p,r) = [z e Er+of|z -zo| < B, i=p+1,...,r],

p
N(; ;0,v) = N (z ,o,r) = [z ¢ E Izi = z:‘L i=p+1,...,r].
O’ ) 1) O, ) r+o o ) J J
. ' ptl r
Equivalently, we could take z' = (zO ,...,zo) € E 5 and then

NB(ZO’p’r) = NB(ZO) X Er+o-p ’ N(zo,p,r) = {ZO} X Er+o-p .

Given G C Ev, A(t) ES, AcC Ev+s, Q(t,y) < Er+0 as in (8.2) we say that

the sets a(t,y) satisfy property (Qp) at the point (to,yo) € A provided, for

every point 2z, = (zl;...,z 0)

c E we have
o o} rt+o

11



3 z = a .5 z )
Q(to,yo) N N(zo,o,r) Neso ﬂB>o Q(to,yo, ) N NB(zo,o,r)

(8.3.1) A third closure theorem for orientor fields. The same as (8.2.1) where
the sets E(t,y) C:Er+o’ r > o0, o> o, satisfy property (Qp) for some p,
o<p<r<rtaog, and where the n-p components zi(t), i=p+1l,...,r, of
gk(t), teG, k=1,2,..., converge strongly to the components zi(t) of z(t),

t € G, as k > ». Then the same conclusion holds as in (8.2.1).

Proof. The initial steps are the same as for the proof of (8.2.1). Now

Ve Y strongly in (LI(G))S, z; > 7= strongly in Ll(G), i=p+1,...,r; hence,

there is a subsequence, say still [k] for the sake of simplicity, such that

yk >y, z; - zl, i = p+1,...,r, pointwise a.e. in G, say in a subset
G_ of G with IGOI = |G|. There are now closed subsets C» A =1,2,. ., with

-1 1 S i,
¢ < GO, C. S C s lcxl > |GO[ - N 7, such that all y(t) = (¥ ,...,¥y ), z (t),

i=p +1,...,r, are continuous on Ck’ and yk(t) + y(t), zi(t) > zi(t),
i=p+1,...,r, uniformly on CK as k » . As in the proof of (8.2.1i) we take
N> !G!-l, so that |Ck| > o0, and two numbers € > o, B > o arbitrary. Then
there is some 8’ = 8é(s,K,B) > 0 so that |t-t'| < 8_,t,t'e C implies

(ly(t) - y(t")] < E/E,)[zi(t) - zi(t’)l <B/2, i=p +1,...,r. Also, we choose
k(e,\,B) > o such that k >k (g,\,B), t € C_ implies |yk(t)—y(t)l < g/h,
h;t)—z%t)lfﬂﬂh Then, mrt,Ve%ultw'ygaeAJQ,kzk@J"m

we have, as in the proof of (5.2.1),

ly (£)-y (t')] <& |z(t) - z(t')] <B, i = p +1,...,r
k k k k

12



We proceed now as for (8.2.1): we define the sets Ci, we take any
t, € C, and we fix h > o so that h < ge/v, h < so/v, h < 68/v, where & = 8 (t ),
8$ = 83(5,%,5), and so that the corresponding hypercubes q of side length h and
the sets H = g N C,. satisfy relations (8.2.8-12). Thus, relations (8.2.13) holds
now for all t ¢ H and k > k(e,\,B). On the other hand, for t ¢ H= g N CX’

k > k(e,\,B), we certainly have
i i i i .
]Zk(t) -2 (t)I < B IZ (t)-z (to)’ <B,1i1=p+tl,...,r,

and hence

i

]zi(t) -z (to)l <28 , i=p+1l,..0,r.

Thus, relation (8.2.13) can now be rewritten in the stronger form

Zk(t) € Q(to:yo;Be) n NBB(Z(tO)’r’p)’

and consequently (8.2.14) becomes

~ 1]

1™ 1, %, (£)at e el co [R(t,y _33€) N Ny (2(t),7,0)] (8.2.27)

for all k > k(e,\,B) -

Note that strong convergence in Ll(G) implies weak convergence. Thus the

arguments of (8.2.i) concerning the components z1

K’ i=1...,r + 0, hold without

change. In other words, we can determine some number k'(to,e,x,n,h) > k(e,N,B)

such that, for k > k'(to,e,x,a,n,h), we have

i -1 i -1 .
|25t ) - [H T oz (t)at | <N, 1=,y

13



i _ i a
zl(to) - |H| 1 fH z;(t)dt >-8N "M, i=r+1l,...,r +o.

Thus, the same relation (8.2.25) holds

~ ~ + ~ -1 ~
- + + t)dt
Z(to) Zk Ck Ck ’ Zk IHl fH Zk( ) P

+i

as in the proof of (8.2.i), where ngl > 81, §k

>0,i=r+1,...,r + g,
k > k'(to,e,x,ﬁ,n,h), and where the pointu zZ, is now in the right hand set

(8.2.27). Thus, instead of (8.2.26) we have

Z(to) € (Cl co [Q(to)yo§5€) n NQB(Z(tO)’r,p)])Bn
where €,B,1 are arbitrary positive numbers. Finally

z(t_) € cl co [Q(to,yo,BE) N NQB(Z(tO),r,o)]
where € and B are arbitrary. By property (Qp) we have

;(to) en N cl co [a(to,yosie) n NEB(Z(tO),r,p)]

p>0

2(t) ealt,y) N NG(s),r,0)

Thus, ;(to) € Q(to,y(to)) for every t € Ck' where N is arbitrary, and finally

2(t) € a(t,y(t)) a.e in G.

8.4 C(Closure Theorems for Control Problems

We shall use here again the notation of (7.1). Thus, G is a bounded
1
open subset of the t-space Ev’ t = (t ,...,tv), and for every t € cl co G a
subset A(t) of the y-space ES is assigned. Let A denote the set of all (t,y)

with t € c1 G, y ¢ A(t). For every (t,y) € A a subset U(t,y) of the u-space

1L



Em is assigned, and M denotes the set of all (t,y,u) with (t,y) € A, u € U(t,y).

Let f£(t,y,u) = (f.,...,f ) be a given vector function on M. For every (t,y) € A
r

1
let Q(t,y) denote the set

Q(tJY) = [z e EI‘ I z = f(t)y)u)) u € U(t:y)] < Er .

We first state and prove the implicit function theorem for orientor fields

which we need below and which is similar to statement (1.6.1).

(8.4.1) An implicit function theorem for orientor fields. Let G, A(t), A,

Q(t,y) be as above, G open and bounded, A and M closed, f continuous on M. If
1 r 1 s

z(t) = (z7,..0527 ), y(t) = (y .-,y ), t € G, are any two measurable vector

functions such that y(t) e A(t), z(t) € Q(t,y(t)) a.€ in G, then there is some

1
measurable vector function u(t) = (u',...,dn), t € G, such that
y(t) € A(t), u(t) e U(t,y(t)) , z(t) = £(t,y(t), u(t)) a.e in G.

Proof. The proof is only a modification of the one for (1.6.1) in Section

1. First, M is a (closed) subset of the Euclidean space E ; hence, a

vts+m’
metric space which is the union of countably many compact subsets. Let F: M>N

be the continuous mapping defined by (t,y,u) > (t,y,f(t,y,u) so that N = F(M)

with (t)Y) € A, z = f(t:Y)u) » W€ U(tJY):

is the subset of all (t,y,z) ¢ Ev+s+r

or (t,y) ¢ A, z € Q(t,y). Finally, let o: G > N be the measurable map defined
by t > (t,y(t),z(t)). If ¢: N -~ M denotes the partial inverse of F defined in
(1.7.iii) such that Fp is the identity map on N, then the map ¥: G - M defined

by ¥ = ¢o is a mapping t + (t,y(t),u(t)) such that z(t) = £(t,y(t),u(t)) a.e
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in G, u(t), t € G, is measurable, and -—
u(t) e U(t,y(t)) a.e. in G. F
s o]

Let Y = (Ll(G))S, Z = (Ll(G))r, and let T denote the set of all measurable

vector functions u(t) = (ul,...,um), t e G.

(8.4.ii) A closure theorem in G. Let G be open and bounded, A and M closed,

f continuous on M, and let us assume that the sets Q(t,y) satisfy property (Q)

in A. If Vier Zr Yo k=1,2,..., is a sequence of elements yk €Y, z €2,

k

u, € T, with yk(t) e A(t), uk(t) € U(t,yk(t)), zk(t) = f(t,yk(t), uk(t)) a. S

in G, k =1,2,..., and Vi + y strongly in Y and z, + z weakly in Z, then there

k
is at least one element u ¢ T such that y(t) € A(t), u(t) e U(t,y(t)),

z(t) = £(t,y(t), u(t)) a.e. in G.

Proof. First the elements yk, Z k=1,2,..., satisfy the orientor field

K’
relations yk(t) e A(t), zk(t) € Q(t,yk(t)) a.e. in G, k = 1,2,... . Hence, by
force of closure theorem (8.1.i) we have also y(t) € A(t), z(t) e Q(t,y(t))
a.e. in G. Finally, by force of the implicit function theorem (8.4.1) there

is a measurable vector function u: G - Em, or u € T, such that u(t) ¢ U(t,y(t))

and z(t) = f£(t,y(t), u(t)) a.e. in G.

Closure theorem (8.4.ii) has an analogous version for boundary controls.
Let ' © dG be a set which can be decomposed into finitely many nonover-

lapping parts T I , each Fj being the image under a transformation'?f: I~>T,

IERRRERR 5

of class K of the unit interval I of dimension v-1, so that a natural area measure
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function o is defined on T.
As usual we assume that for any t € I' a subset B(t) of the §-space ES’ is
assigned, and we denote by B the subset of Ev+s' of all (t,¥) with t ¢ I,

¥ € B(t). For every (t,¥) € B let V(t,¥) be a given subset of the v-space Em"

o

and let M be the subset of EV of all (t,¥,v) with (t,¥) € B, v € V(t,¥).

+s'+tm"
Let g(t,¥,v) = (gl,...,gr,) be a given function on M, and for every (t,y) € B

1

1
let R(t,§) denote the set of all £ = (2 ,...,27 ) with 2 = g(t,%,v), v e V(t,§).

° "o ' °
Let Y = (Ll(F))S , 7 = (Ll(F))r , and let T be the set of all o-measurable

1 1
vector functions v(t) = (v ,...,vm ), t eI

(8.L4.iii) A closure theorem on I. Let he as above, I',B,M closed, g continuous

on M, and let us assume that the sets R(t,y) satisfy property (Q) in B. If

o
K Vi k =1,2,..., is a sequence of elements ﬁk €Y, ﬁk € Z, Vv

o

f’k) 4

with §, (t) e B(t), v, (t) e V(t, ¥,(t)), 2 (t) = g(t,9 (%), v (t)) o-a.e. in
ry x=1,2,..., and ﬁk + ¥ strongly in Y and 2k + 2 weakly in 2, then there is
at least one element v ¢ T such that §(t) e B(t), v(t) € V(t,9(t)), 2(t) =

g(tyﬁ(t))v(t)) c-a.€ in T.

Proof. Here I' is the finite union of sets Fi. We can limit ourselves to
one set Pi. Note that Fi is the image of an interval I C E 1 under a map

in: I~ Fi, say t = t(1), T € I, of class K. Thus, sets of og-measure zero

on Fi and sets of measure zero on I correspond. Note that ﬁk(t) + ¥(t) strongly

17



in Ll(P) (with respect to the measure ¢) if and only if ﬁk(t(T)) > §(t(1))

strongly in L. (I); analogously, ﬁk(t) + 2(t) weakly in Ll(F) if and only if

1

Ek(t(T)) » 2(t(t)) weakly in Ll(I). The problem under consideration, which

concerns the orientor field
F(t) € B(t), 2(t) € R(t,¥(t)) g-a.e. in T,

where R(t,¥) = g(t,¥,V(t,¥)), is now transformed into a problem concerning the

orientor field
J(t(t)) e B(t(T)), 2(t(7)) e R(t(T)), F(t(T)) a.e. in I.

We have proved in (App. A) that, the sets R(t,§) have property (Q) in Fi if
and only if the sets R(t(7),¥) have property (Q) in I. We can now, therefore,
apply theorem (8.k4.i), or, equivalently, first closure theorem (8.1.i) for

orientor fields, and then implicit function theorem (8.k4.i).

8.5. Lower Closure Theorems

Let G, A(t), A, U(t,y), Mbe as in (8.4), and let f(t,y,u) = (fl,...,fr),

fo(t,y,u) be continuous functions on M. For every (t,y) € A let Q(t,y) denote

the set

E(t)y) = [(ZO:Z) € E IZO > fo(t)y)u)) z = f(tyy,vu); u € U(tJY)]CEr

r+l +1°

As before let Y = (Ll(G))S, 7 = (Ll(G))r, and let T be the set of all measurable

1

vector-functions u(t) = (u ,...,um), t e G.

We say that the property of lower closure holds in G provided the following

occurs: For every sequence yk, Zk’ uk, k =1,2,..., of elements yk €Y, z. € Z,

k
18



u € T, with yk(t) e A(t), uk(t) € U(t,yk(t)), zk(t) = f(t,yk(t),uk(t)) a.e. in

R o .
G, with zk(t) = fo(t,yk(t),uk(t)) € Ll(G), and Ve > Y strongly in Y, z, > 2
weakly in Z, and lim fG z;(t)dt < + o, then there is at least one element u e T
such that y(t) e A(t), u(t) e U(t,y(t)), z(t) = £(t,y(t),u(t)) a.e. in G,

20(t) = £ (t,5(t), u(t)) € L,(G), and [ z°(t)at < lim [, z](t)at.

(8.5.1) _A lower closure theorem in G. Let G be open and bounded, let A(t), A,

U(t,y), Mas in (8.4), A and M closed, let f, fo be continuous on M, and let
us assume that the sets Q(t,y) have property (Q) in A, and that fo(t,y,u) > -
V(t) for all (t,y,u) ¢ M and some ¥ > o0, V¥ ¢ Ll(G). Then, the lower closure

property holds.

Proof. First, let us consider an interval Io containing G. It is not

restrictive to assume Ib:=[0 <t"<b, j=1,...,v], or IO = [o0,b], where o

and b denote the v-vectors (o0,...,0), (by...,b).

. o o
We shall now introduce the auxiliary variables z and u , the vector

~

= (u%,u), the vector function ?(t,y,a) = (fo,fl,...,f )

1 m
) r

~ o
u=(u,u y..0.,u

Il

with 50 = uo, the control space 5(t,y) = [u (uo,u)[uo > fo(t,y,u), u e U(t,y))

cE , and the functional relations
m+1

z(t) = £(t,y(t), u(t) , zo(t) = %g = uo(t) a. €. in G,

1 s 1 r
where y(t) = (¥ yeeery ), z(t) = (z ,...,2 ), t €@,
and we shall take
0 t o
F(t) = [ =z (7)ar,
o
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(o]
where the integration ranges over the interval [o,t] C Io’ and z (1) = o for
Tel - G.
o
In the new notations the usual sets Q(t,y) C:Er, Q(t,y) < Er+l have now

the interpretatioh

E(t)Y) = [; = (ZO)Z) I ZO > fo(t::)':u): z = £(t,y,u), u e U(t,y)]
= 'E(t:y, a(t;Y)) < EI‘+l )
Q(t)Y) = [ZIZ = f<t)y’u)) u e U(t:Y)J = f(t,y, U(t)y')) = Er .

It is convenient to define fo and fo outside G by taking f = fo =0
o

fort el -G
o)

Note that fo(t,y,u) > - y(t) for all (t,y,u) € M; hence

[qz (t)at = [, £ (t,y(t),u(t))at > - [, ¥(t)at = - L,

where L > o is a fixed number. Hence, 1if Xk’ uk, k =1,2,..., is any sequence
of admissible pairs with xk + x weakly in S, lim fG zo(t)dt < +» as k > «, and
we denote by i this lim, then -L <i< + », that is, 1 is finite. We take a sub-
sequence, say still [k] for the sake of simplicity, so that fG z;(t)dt > i as
k >~ o, and we can even assume that fG z;(t)dt <i+ k-l < i +1 for all k.
o} ~ 0 _
We take zk(t) =f = uk(t) = fo(t,yk(t),uk(t)), t € G, and
o t o t
Fk(t) = i uk(T)dT = [ fo(T,yk(T), uk(T))dT, tel,k=1,2,...

o

Then Zy + z weakly in Z, Ve 7Y strongly in Y, and
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v, (t) € A(t) , (z;(t), z, (t)) e 3(t,yk(t)) CE_, @€ inG k=1,2,...

o+ ot
= + = -
Let z, (t) fo(t,yk(t),u (t)) + ¥(t) for t € G, z_ (t) = o for t ¢ IO G,

ot o+ +
. +i+ 1.
and note that z (t) >0 in I, and fI z, (t)dt <L +4i + 1. Let Fk(t), tel,
+ t o+ ° -
be defined by Fk(t) = [ z, (t) d71, t € I Let z (t) = ¥(t) for t ¢ G,
o

- t .
z (t) = o for t ¢ I -G, and let F (t), t e I, be defined by F (t) =) =z (7)dr.
o]

Then

t

R (t) = I 2 (mn (), wy(m)ar - F(t) - F (), tel_ .

Here F (t) is a fixed nonempty continuous function of t in I, while the

+
functions Fk(t) are nonnegative continuous functions of t in IO with a common

bound

+ + +
O<F (t) <F(b) =/ 22 (t)dt <L +i +1 .
SRV sy T <
(@]

+
For every interval I € R we denote as usual by AIFk the differences of

+
order v of Fk relative to the 2v vertices of I; hence

AF = zE+(t)dt >0 , AF =[¥(t)dt >o .

I

+
Of course, each of the interval functions AIzk is also absolutely con-
tinuous, but this does not play an essential part below. It interests here

to know that the nonnegative interval functions A are nonnegative, additive,

I’k
and of uniform bounded variations, the total variations being all <L + i + 1.
Let us consider the countable lattice point {tp}, or t = bP ¢ IO,

o= (pl,...,pv), where Pyse--sp, BTE arbitrary rational numbers, o < oy <1,

j=121,...,v. Let (I} be the countable system of intervals I € R whose vertices
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are points t ¢ {tp]. We may order the points tp into a sequence. Since the
functions z;(t), t € R, are uniformly bounded in R, (and, hence, at each t = tp),
we can successively select subsequences which are convergent at t = tp, and then,
by the diagonal process, we can select a unique subsequence, say [ks], of in-

+ +
tegers ks, such that the limits z, (t) > F (t) as s » o exist for every t e {tp].

s
+ +
Then, the interval functions AIzk > AIF also have limits as s + « for every in-
+
terval I of the countable collection {I}. The limits AIz is a nonnegative ad-

ditive interval function for I € (I}, and AIz+ has bounded variation, namely a
total variation < L + i + 4 (for I describing the collection (I}).

For every to € IO and interval I ¢ {I} with to € I we may consider the
quotients AIF+/meas I. We know that for I a hypercube, I ¢ (I}, to € I, and
almost all to € IO, the limit AIF+/meas I - z(to) exists as diam I > o [App.
B.6.i, in conjunction with B.l. Remark 2, case 3]. Moreover, z(t) is finite

almost everywhere in Io, nonnegative, L-integrable in Io’ and zero in I-G.

Furthermore, if

t
F(t) = [ z(t)dr , t e I
o
hence
= t c .
AF fI z(t)at , I I
+ +
then o < AIF < AIF for every I ¢ (I}, and the difference AIS = AIF - AIF is

a nonnegative interval function for I e {I}, of bounded variation, and singular,
that is, AIS/]I] > 0 as diam I > o for almost all t_ e I (witht e IC I,

+
I ¢ (I}, I a hypercube). Equivalently, F possesses a Lebesgue decomposition
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+
F (t) = F(t) + s(t), F an integral function, S singular, S > o, 8.8 > o.

By subtracting the fixed function F we have

0 + - + -
F(t) =F (t) - F (t) = (F (t) - F (t)) +8(t),
or
o
F (t) = F(t) +8(t),
+ -
where F = F - F 1is an integral function, S is singular, (S >0, AS >0

for I ¢ (I}, and
t
F(t) = [ (a(7) - ¥(n)ar , t e T
i o
We can now apply closure theorem (8.2.i) with ¢ =1, N=1r + 1. We con-

clude that

v(t) e A(t), (z°(t), z(t)) e Q(t,y(t)) a.e. in G .

Then, by implicit function theorem (8.4.i), there is a measurable function

o} 1

u(t) = (u°,u) = (uo,u ,...,um), t € G, such that

y(t) e A(t), u(t) e U(tJy(t))}

(6) > 2 2(1)2 £ (4,5(¢), u(t) > - ¥(t),

Il

z(t) £(t,y(t),u(t)).

Note that z° is certainly integrable in G, and so is fo(t,y(t),u(t)) and

I 2(t)dt < [ £,(6,¥(8),ult)ae < J, w(t)dat = ro ?Odt
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Theorem (8.5.i) is thereby proved.

Statement (8.5.i) has an analogous version for boundary controls. Let
rc 3, B(t), B, V(t,§), M, ¥, Z, T as in (8.h.iii). Let g(t,§,v) = (8)s-+18,1)
go(t,ﬁ,v) be continuous functions on M. For every (t,¥) ¢ B let E(t,ﬁ) denote

the sets

=~ (o] o o o
R(tyﬁ) = [(ZO;Z) € E IZ > go(t:Y;V); z = g(t)y,v): Vv € V(t)Y)]<: Er'+l

r'+l

We say that the property of lower closure holds in I’ provided the follow-

o o o
ing occurs: For every sequence yo, z k=1,2,..., of elements yk ey,

k> %k’ Vi’

o o ) o ) o
Zk € Z, Vk € T, with y k(t) € B(t)) Vk(t) € V(t)yk(t)): Zk(t) = g(t)yk(t):
. . o — O o o
vk(t)) o-a.e. in T, with zk(t) = go(t,yk(t), vk(t)) € Ll(P), and §_ > §

strongly in Y, ZE >z weakly in E, and lim [ 0(t) do < + ©, then there is at

=8 Jp %
least one element v ¢ T such that $(t) e B(t), v(t) e V(t,$(t)), 8(t) =
g(t,§(t),v(t)) o-a.e. in T, 2°(t) = g(t,§(t), v(t)) € L (@), and

J Zo(t)dc < lim [ zi(t)dc.

[}

(8.51i) A lower closure theorem on 3G. ILet I', B(t), B, V(t,y), M as in (8.k4 iii),

B, M closed, let g,go be continuous on ﬁ, and let us assume that the sets
E(t,ﬁ) have property (Q) in I', and that the following condition holds (V):
g (t,5,v) > - ¥(t) for all (t,§,v) e M and some ¥ > o0, ¥ e L (F). Then, the

lower closure property on I' holds.

Proof. As in the proof of (8.4.iii) we consider only one set Pi as the image

of an interval I C Ev under a transformation'T'i of class K, or t = t(71),

+1
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T e I. Then

[ 22(8(7)) a(r)ar

/ zo(t)do I

T

-1
where J(7) (Jacobian) is a measurable function on I with 6 < K~ < J(7) < K< +
for some constant K > 1. Thus, the given problem on I' can be transformed into an

analogous problem on I concerning the integral (7A1.1) and the functional relations

F(t(1)) € B(t,7), z°(+(7))I(7) = £(t(7), $(t(7)), v(t(r))I(7) ,
v(t(T)) e v(t(7), y(t(7)) a.e. in I .

Now, sets of o-measure zero in Fi and sets of measure zero on I correspond.

Also, §k(t) + $#(t) strongly in L.(TI') (with respect to the measure o) if and

1
only if &k(t(T)) + ¥(t(7)) strongly in Ll(I); and zi(t) - zo(t) weakly in
Ll(F) if and only if ZE(t(T))J(T) -> zo(t(T))J(T) weakly on Ll(I). The problem

under consideration, which concerns the orientor field
o o = o .
y(t) € B(t), (z (t), z (t)) e R(t,5(t)) o-a.e. in r,

where R(t,§) = [2° > go(t,ﬁ,v), z = g(t,¥,v), v e V(t,¥) , is now transformed

into a problem concerning the orientor field
§(t(1)) e B(t(7)) , (2°(£(7))I(7), 2(t(1)I(7)) € R*(7,§(t(7))), a.e. in I,

(0] o ° -]
where R*(7,§(t(7)) = [z~ > g(t(7),¥,v) J(7), z = g(t(7),¥,v)I(7), v e V(t(7),¥)].
We have proved in (App.A ) that the sets R(t,§) have property (Q) in Fi if and
only if the sets E(t(T),ﬁ) have property (Q) in I, and this in turn if and only

if the sets R*(1,§¥) have property (Q) in I. We can now, therefore, apply theorem

(8.5.1).
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Remark. Under the same hypotheses of (8.3.i) the following is true: If

X0 W k =1,2,..., is any sequence of admissible pairs with X + X weakly in

S and 1lim I [xk,uk] < + o, then there is some u € T such that the pair x,u is

admissible, and for every open set Gb C G we have

[, £, (6,5(t)u(8))at <=8

f £ (t,y, (t),u, (£))dt .
O O

In particular, for GO = G this relation reduces to I[x,u] < lim I[xk,uk].

To prove this stronger form of (9.3.i) we must first consider the family
{J} of all cubes J< G, J = [bp,bo], p = (pl,...,pv), o= (ol,...,cv),

pj < Gj’ pj,oj rational. This collection is countable. Then, by the diagonal

process, we can extract the subsequence, say now [kS], in the proof of (8.3.i)

in such a way that

lim

S*o0

lim
f.,. fo(t’yks(t)’uk (t))at = >

. IJ fo(t)yk(t):uk(t))dt )

as well as

lim

S=> 00

lim

f f (t,y (t))uk (t))dt = k>0

K, [q £, (t),u, (t))at .
s
We can proceed now as in the proof of (9.3.i), and obtain an element u ¢ T
. A lim l
such that x,u is admissible, and I[x,u] S I[xk ,uk ] = — I[xk,uk]. If
Go is any open subset of G, then G0 is the union of countably many disjoint

(closed) intervals J e {J}. Given € > o there is a finite set of these intervals

say Jl,...,JN, such that
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/ Ifo(t,y(t), u(t))]at <e [ w(t)at < e .

Hence

/ fo(t,y(t),u(t))dt < ZS fJ £at +e =

G
(0] S
Mmoo p gy o+ 1AW [ (£ +vy) at +e
S oo (o] S+ oo (e}
uJ G -UJ
S (o] S S
Lo e e by (8),u (t))dt + 2
—krw TG o VkTk ’

where € > o is arbitrary. This proves the statement.

Remark. Condition (¥) in statement (9.3.i) is certainly satisfied if, for
instance, fo(t,y,u) > o for all (t,y,u) e M, or fo(t,y,u) > v for all (t,y,u) e M
where v is some real constant. Nevertheless, condition (¥) in (9.3.i) can be
reduced. A generalization of (9.3.i) will be given below (9.3.ii), where we

shall use the following weaker assumption.

Condition (W:). For every t e cl G there are a neighborhood N(t) of t in

cl G, an L-integrable function ¥(t) > o, and real numbers bl,...,br (all bl,...br
and ¥ may depend on t and N(t)) such that

- r

£(t,y,u) = £_(t,y,u) - ZJ.=1 Ly fj(t,y,u) >~y (t) (8.5.2)

for all (t,y,u) € M with t e N(t), with exception perhaps of a set of points

(t,y,u) whose t-coordinate lies on a set of measure zero in G.
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We shall note that, under condition (Wt*), it is natural to consider the

sets

E(t,y) = [(zo,z)lzO > fo(t,y,u), z = £(t,y,u), u e U(t,y)] ,
or the analogous sets

A (t,y) = 1(2%,2)]2° > E_(t,7,u), 2 = £(t,5,0), u € U(t,y) .

It is easy to see that the sets 6 are closed, or convex, or satisfy property
(Q) if and only if the same occurs for the sets 5*. Indeed, the sets above are

transformed into one another by the fixed affine transformation

z2° = 2°bz,2 = z.

(8.5.ii) The same as (8.%.i) with hypothesis (&t*) replacing (wt).

Proof. The set cl GC Ev is closed and bounded, hence compact. For every

t € cl G there is a neighborhood NS(E) and constants b = (b ,...,br) as stated

1

in assumption (wt*). These neighborhoods form a covering of cl G. Thus,
finitely many of the same neighborhoods cover G, say Ng (ty), y=1,...,N.
4

Let b l""’byr be the corresponding constants, so that
Y

r
E‘Oy(tJyJu) = fo(t:Y;u) = ;El byjfj(t’y,u) > Wy(t)

for all (t,y,u) e M, t e Ny (t7), where ¥ (t) is L-integrable in Ny (ty)’ and
V4 Y Y

N
U Ns (t ) Dcl G.
y=1 67 Y
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The set H = (t||t-t | =& , y = 1,...,N} is closed and has measure zero in
V4 Y
E . Hence, G-H is open, meas (G-H) = meas G, and each component of G-H is also
v

open. If we now take

(]
1

(G-H) N (int Ny (tl))
1

(]
1

(G-H) N (int Ny (ty)) =G -l - Gy_l, y = 2,...,N ,
14

we see that G-H has been divided into TI' disjoint open sets Gy’ y =1,...,N,
G7 < Ny (ty)’ and each component of G-H belongs entirely to one and only one
4

set Gy. Possibly empty sets G above can be eliminated by suitable reindexing.
4

Since meas H = o we have now

N
s z;(t)dt =J, £ (ty (t))at = [ £ at = Z§=1 [, f.at
G-H ¥
N r (8.5.3)
= z;=1 ngfo(t,yk(t),uk(t))dt +JE.JL B £5(8,y (8),u,(£))] at

Let L = lim [ zE(t)dt as k +o, L < +w .
On each open set G7 < Ny (ty) we have fo(t,y,u) z-wy(t) for all (t,y,u) e M,
4

t €eG, ¥ e L(G ), and we denote by L the constant L = [ ¥ dt, v = 1,...,N.
vAR 4 e b4 14

G
Y

Also, v. > v weakly in V as k + ». Thus, v € L(G), and if Xy(t)’ t € G, denotes

k

the characteristic function of G in G, then
4
fG zk(t)dt > fG z(t)at , fG Xy(t)zk(t)dt > foy(t)z(t)dt ,
y =1,...,I, as k > o, where zk(t) = f(t,yk(t),uk(t)) a.e. in G. Hence

fG7 £(t,y, (t),u (t))at > fGyz(t)dt y 7 = 1,.. 0N (8.5.4)
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Again, for every y = 1,...,N, we have

[ T (8)ya (6))at = [, (£ -b f)at
4 4
= [, £, at - ZS#7 IGS £ at - Zj b3 fG7 £5 at
< Jg f(6 (B (8))at + o fGS IACUEDIL fG7 £5(t,y, (t),u, (t))as.

As k + o, we have now

< 1i T (t t t))dt < + -
L, < lim fG7 oy (t)yu (8))ae < L ZS#7 b 7 % Py fG7

zj(t)dt,
for every ¥y = 1,...,N. Since L < + o, each of these lim is finite. In addition
certainly L > - «, and thus L is finite.
The sets E*(t,y) are closed, convex, and satisfy property (Q) in Ay, as
pointed out in Remark before (8.5.ii), and where A7 = [(t,y)]| t € Gy, (t,y)e AJ.
We can now apply (8.5.i) to the integrals fG ?o dt, y = 1,...,N. By
N successive applications of (8.5.i) and successize extractions, we obtain a

subsequence which we shall still call [k] for the sake of simplicity, and

measurable functions E&(t), t € G , such that
4
Ey(t) € U(t)Y(t>): z(t) = f(t:Y(t):Ey(t)): a.e. in Gy:

Iq ?O(t,y(t>,ﬁy(t))dt < Lm [ £ (6,y(t),u (t))dt, 7 = 1,...,N.

Y 7 (8.5.5)

If now u(t), t € G, is defined by taking u = u7 in G , and u arbitrary in
Y

HN G, then
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u(t) e U(t,y(t)), z(t) = £(t,y(t),u(t)) a.e. in G,
/s 'f'o(t,y(t>,u(t>)dt < Um [, T (5,y (8),u (8))at, 7 = 1,...,N.
7 7 (8.5.6)

Now relation (8.5.4) becomes

/

£(t,y(t),u(t))at = Llim [, £(t,y (t),u (t))at, y = 1,...,N.
7 7 (8.5.7)

G
By relations (8.5.3), (8.5.5), and (8.5.7), we have

O —
fG z (t)dt = fG fo(t,y(t),u(t))dt = Z.7 [ £ at

- T, T (e(e)ule)as v 3 T

fj(t,y(t),u(t))dtj
Y 4

IN

L [Lin [, T (6,5, (6),u (8))at + 200 o dim [0 28,5, (8),u, (¢))at]

IN

lim [Z F at+2. b . [
Hm [ Y fGy o J 7 Gy

£, dt]
d

= lim [, £ (t,y, (%), (t))at = Llim [ z;(t)dt.

This proves statement (8.5.ii).
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