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Introduction:

Waring's problem is to prove that for every integer k >2 there
is an integer s = s(k) such that every positive integer N can be written

as a sum

N=Pk+--- +Pk,
1 8

where Pizo, PieZ(, i=1, ..., 8, .
In the last two centuries much work has been done on this problem,
Essentially three different methods of proof have been given. The first by
Hilbert, using identities, and the third by Linnik, using addition of sets,
showed the existence of s(k). The second by Hardy and Littlewood, and
perfected by Vinogradov, uses analysis and p-adic methods and gives
explicit bounds for s(k), * In terms of subsequent research the most
productive of these methods has been the second and, indeed here research
has been so great that we well recognize the vHardy-Littlewood-Vinogradov "
method. As proofs using this method are necessarily long and detailed it
is of interest to find, specifically, what properties of Z are essential
and how they are used, One convenient way to do this is to look at Waring's
problem not as a problem over Z but over other rings (especially where
the result may have interest in itself), For rings of algebraic integers this
was first done by Siegel [ 2, 3].

*
The interested reader may see Ellison [1] for an introduction to the
extensive literature on the subject,



Let Fq be l;lle finite field of q elements, Let Fq[ x] be the
ring of polynomials in one variable over Fq' It has long been known that
one can do number theory over Fq[ x]) and that Fq[ x} bears a close
resemblance to Z . Thus, for example, both Fq[x] and Z are
Euclidean domains, and modulo a prime ideal they are finite fields, The
monic polynomials in Fq[ x] correspond to the positive integers and the
monic irreducible polynomials correspond to the rational primes. The
vabsolute value '* of a polynomial P is |p| = qn where n=deg P, It
is quite easy to prove the "prime number theorem" in Fq[x] , even with
Riemann hypothesis sized error term, i.e., if w(n) = number of monic

irreducible polynomials of deg < n then

q" /2,

m(n) = uh 0((1'n

Perhaps the first deep number-theoretic result for Fq[ x] was that of
Artin [4] in 1924 showing that the number of primes in arithmetic pro-
gression was the correct size (though of course he did not show it with
generalized Riemann hypothesis sized error). Later Hayes [ 6, 6]
considered Goldbach's conjecture for Fq[ x] and the extension to Fq[ x]

of Vinogradov's result on the sum of three primes. Thus it is a natural line
of research to investigate Waring's problem in Fq[ x]. The only previous
research on this problem that has come to the knowledge of the present
author is a short paper by R, Paley [ 7], in 1933, where he showed by
means of identities that (k) = §(k, q) exists, where g(k, q) is the least

integer 8 such that every polynomial that is the sum of kth powers of



polynomials is the sum of s kth powers of polynomials, and found
#(k) in specific instances.

In additive problems in Fq[ x], it is not natural to restrict
ourselves to monic polynomials (which in some respects are the analogues

of the positive integers). This is because if P were a "positive

polynomial" then so also is

P+...+ P=-P
W

p-l times, p =char Fq.

Therefore, in this paper, we consider the number of representations,

say r(N, m, s, k, q) of a polynomial N as

N=P:‘+---+P:,
(2)

where P, e Fq[ x], deg P

; <m, i=1,---, 8.

i

The principal theorem proven is the following (see Theorem 30):

Theorem: If k < char Fq and s >max(3k+1, 2k+1) and N is

1

a polynomial of degree < (k -1+ ¢)m where 2k < g <1, then there

exists 6 >0 such that

r(N, m, 8, k, @) = B4l Yy 6, K, g JEom o (5-k-6)m,
-1
where a3)
1< < —‘—-—-—9“:_"0 YN,s, kq<< I,
q -1

and U(s, 0, q) is the number of s-tuples Cpp oot Cg such that



k k
c 4 e =0 where c,e Fq, and not all C; =0. (4)

Usgs-kl 0,9 q(s -k)m and
-1

The value of the '"singular integral" is
Y (N, s, k, q) is the "singular series".
The method of proof is as follows: Let Koo be the field of formal

power series in x-l over Fq, i.e., the set of all expressions (for all

mel)

(together with 0) with the usual operations. We define m =ord a
(with -0 = ord 0). Then much as Z lies in TR (the completion of @
with respect to | ’]), Fq[x] lies in the completion K of the field of

rational functions in one variable over Fq with respect to the valuation

la| = qm We define an exponential function e: K_-% € with the

properties required for the Hardy-Littlewood method (Lemma 1), This
may not be the only possible definition for e but it is a natural one in many
ways. The Haar integral plays the role of the Riemann integral and

{a]ord @ < 0} plays the role of the unit interval. Thus (see Lemma 2) if

T(a) = Z_ ela Pk), then
ord P<m
P a polynomial

r(N, m, s, k, q) = f T"(a) e(-Na) de . (5)
ord <0

As in the case of Z., if a is "near" (under | |) to -%, A,Q
polynomials, where Q has small (large) degree, we say that a is ina

major (minor) arc about % . The integral in (5) is split into an integral



over the minor arcs which is of the order of the error term (see ) 4,
especially Theorem 14) and an integral over the major arcs, The integral
over the major arcs is replaced (Theorem 30) with acce.ptable error by a
product of the singular integral (see 9 5, especially Theorem 18) and the
singular series (8 6, especially Theorem 29). The work on the singular
integral is different from the case of Z as they have different values
but the work on the singular series is quite similar, the proofs being
lifted almost veggm from Davenport's lectures [8, Chapter 5, 6] (who
follows Vinogradov [ 9, Chapter 2] ).

We now turn to five remarks on the principal theorem,

1) Since we are considering Pi of deg < m we would expect
information on representations of N up to degree =k(m - 1) rather than
(k -1+ ¢)m as stated. This is possible but a bit messy (see Lemma 17).

The difficulty arises because now we must also consider the solutions of

where b is the leading coefficient of N in the evaluation of the singular

integral,

2) We must have 8 > 3k + 1 in order to prove that the singular series
converges absolutely (Lemma 23) and s > k + 1 in order to show that the
singular series is positive (Lemma 27). In the classical case, if
8 > 2k (k odd) or s> 4k (k even) the singular series is positive and if
8 > 2k + 1, the singular series converges absolutely,

3) Since we have assumed k < p, every polynomial N js a sum



of kth powers, In general, this is not true, For example, if k= ph -1,
q-= ph, h>1, p aprime, then the constant term of any polynomial Pk
(over Fq) is either 0 or 1. Therefore no polynomial N whose
constant term is in Fq \ Zp is a sum of it powers, It is true
(Theorem 37) that if char Fq Tk then N is a sum of K powers if
N is congruent to a sum of kth powers, mod P, for all irreducible P
such that [P| < (k-l)z, (See Theorem 40 and Example 4l for further
considerations,)

4) The principal defect in the theorem is the restriction k < char Fq.
It seems likely that char quf k is the proper restriction, The difficulty
arises in the proof of Weyl's Lemma (Proposition 12) which states that if
k < char Fq, ae¢ minor arc and

s = 2 el(P)
ord P<m

where
£(v) = k k-1 h
(y) = ay +aly +-n+ak,were “-“i‘Koo'

(here k =deg f.) Then for every € >0,

(1- L_l +€)m

ISk(f)l <<q (6)

The idea of the proof is essentially a recursion, We relate the sum Sk(t')
to several similar sums Sk_l(A Y f) where Ayl f(y) has degree k-1

in y. Using this reduction k-1 times, we arrive at sums

sl(Ayk—l( cen (Aylf)). ..) where Ayk_l( R (A.yl fly)...)



is linear in y, sums which we can estimate. Here
Ay, f(y) =fly + y)) - fly),
and

Ayk-l -+ Ay, f(y)) ---) = kl ay + terms independent of y. (7

When k <char F , k! $0, and (7) is linear in y. When k >char Fq,

q’
kt =0 and (7) is no longer linear in y so the proof of Weyl's Lemma
falls apart,

5) The restriction s > 2% 1, in the case of ZZ, is not the best
known (for large k). Indeed, Vinogradov [9] has shown that s >c k2 log k,
c a constant, suffices. Incase k < char Fq, although the work has not
been carried out, the present author foresees no difficulty in proving a
Vinogradov -type result, However when Kk > char Fq there is again a

difficulty in principal. Vinogradov's proof is essentially an intricate

reduction based on the fact that the sums

x1+...+xk
2 2
xl+...+xk
k k
xl+...+xk

where x. >0, xieﬂ, i=1,---k

i

are independently distributed (in intervais of size proportional to the

exponents j§, 1 <j <k, involved) when the x, are in '"well -separated"



intervals, This is false in Fq[ x] when k> char Fq since then

(xl+...+xk)p=xf)+...+{'

Let g(k) =gk, q) be the least s such that every polynomial that is
a sum of l-:th powers is a sum of 8 kth powers, Let G(k) = G(k, q) be
the least 8 such that every polynomial of sufficiently large degree that is
a sum of kth powers is a sum of s k':h powers., By the proof for Z
given by Vinogradov [10], that G{k) <c k log k, we show that in Fq[ x},
Z(K) < c k log k (see® 8, Theorem 37). The improvement from G(k) to

g(k) is due to a difference in structure. Consider, for N >0

N=P:‘+~-.+P:, where Pizo' PieZ{,i:l,-n,s. .

The asymptotic formula gives the number of representations (if s is

sufficiently large) as,
r(N)asc . Na/k -l.

So for small N, the number of representations is fairly small, In

Fq[ x}, if k <char Fq, the number of representations (for s sufficiently
large) is

r(N)-Vc-q(s.k)m

when the Pl are restricted to ord Pi <m, i=1,---, 8., So the number of
representations of small N is about the same as the number of repre-

sentations of large N. This behavior persists for char quk, and



naturally leads to a proof for g(k) not G(k).

In the case of Z, Vinogradov's estimate G(k) <cklog k is thought

to be a profound analysis since, among other things
Gk)>k+ 1.

The known proofs for bounds on G(k) depend on the size of k, and not
that k may have a particular form,

In the case of Fq[ x]), it is unlikely that a Vinogradov-style proof
that (k) < ¢ klog k is anywhere near as profound. E.g., we show that

(Theorem 39) for every q there exists q’, q|q’ such that
Bk, 9" < k.

Indeed, if gl(k) is defined analogously to E(k) except that we consider

representations

k k
N=+P 4 -+ P

(The so-called weak Waring’s problem), Paley[op. cit.] has shown that
if k= ph + 1 then gl(k) < 6. The essential point of the proof is that the

various powers k = ph + 1 satisfy an identity based on the identity

k-1 k
+

A+B=aki aA¥ B aB" "+ B

and this leads to the uniform bound for gl(k). So in this respect the result
for Fq[ x] is not very satisfactory but the present author does not know

how to adequately exploit the difference,
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The rings Fq[ x] may be described as the ideal ones for the
Hardy—Littlewoc;d method, After the correct definitions are set up, the
proofs generally follow quite closely to those for Z orare simplified.
The results that follow from these proofs are naturally as good or better
than for ZZ. It is quite evident that the many variations of problems in
Z susceptible to this method are also susceptible in Fq[ x] to the same
method with minor alterations, except of course that Weyl’s Lemma is

shown only for k < char Fq,



1

1. Preliminaries: Let Fq denote the finite field of q = pf
elements, Members of Fq, the constants will be denoted by a, b, ¢, -- -
Fq[x] will denote the polynomials in one variable with coefficients in Fq.
Polynomials will be denoted by N, P, Q, A, B,..., The field of formal
power series in :bc-'l over Fq, that is, the set of all expressions
a= i—_ a, xi, at$0 (and a = 0) with the usual operations will be denoted

—-00
by Kw, We define ord & =t with ord O = -, Thus if o is a polynomial,

ord o = deg a. The field KQo is a locally compact field under the valuation

t d
la| =q" =q°" “. 1)

We define @ = {a| orda< 0} and x-n,on ={a|ord @< -n}. Then
X l,o/w is a compact (additive) subgroup of K_, and so we may normalize

the Haar measure on Km by

1-da =1, (2)
orda<0

This implies that for any f¢K_ andany neZ,

J‘ 1-da=q ', (3)
orda-8<-n
that is, the measure of the coset 8 +x "0 is " The polynomials

o0

form a discrete subring of K.

For ae Fq, we have the usual trace function which we denote by

trace of a = trFq"Zp a=tra, If, inthe homomorphism Z/ -oz),

u- tra and v-tr a, then e2Mu/p = ¢2Mv/P, Therefore we may

define eq: Fq-;c by :
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e (@) = eZTiU/P )

where u is any preimage in Z of tr a,
: i
For a= z_ a x, we define the residue of a as
-0

res a = a_l, (5)

with res 0 = 0. The exponential of a is defined as

ela) = eq(res @) = eq(a_l), (6)

Lemmal: (a) If |a-8|< q_l then e(a) =e(B), thatis e(a) is a locally
constant function of a.

(b) e: K - € is a continuous function,

(c) e is not identically 1,

(d) e(a+B) =ela) e(B).

(e) e(P)=1, if P is a polynomial,

(f) If N is a polynomial, f e(Na) dae= | q ", if ord N < n,
ord x< -n
0, otherwise,

1 A
() Tql E_ e(QN)— 1, if Q|N,

ord A< ord Q
o, if QtN.

(We recall that A, Q, N automatically are restricted to polynomials,)

t t’
Proof: (a) Suppose a = Z a xi and =3 bi xi, Then |a-p|<q-l,
- Q0 - Q0
i.e., ord(a-8)< -l, says that
a =b for i>-1.
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So e(a) = eq(a_l) = eq(b_l) = e(B).
(b) is trivial since any locally constant function is continuous,
(c) follows since the trace is not identically 0.
(d) e(a) e(p) = eq(a_l) eq(b_l) = eq(a_l +b_)) = e(a+ B),
(e) If P is a polynomial then res P=0, and e(P)= eq(O) =1,
() If N=0, then e(Na)=1, andthe formula (f) is our normal -

ization convention {(3). Now let N = bo+ bl X+ o0+ bil x , with bl $0.
-n-

Since by assumption ord @< -n we can write a = Z_ a, xl. If £<n

- 00
then res(Na) =0 and e(Na) =1 and so the conclusion (f) follows again

from equation (3), If £ >n then

e(Na) = eq(a—n-l bn + a_n_2 bn+l 4+ - + a_l a bl)‘

Therefore,
j‘ e(Na) da
ord a< -n
Z i GF e{'! L Cqaa Pt R b )dY
-n-l q n-Z q -! -1 Y Do

= Z_ Z’ eq(a-n-lbn+'“a-lb+i-l)x

an_le Fq a_le Fq

« 2 ®q'®--1°¢ ‘r—e-z L dv.

_!_lqu YeX A
But J:‘ o ldv= q-l 1 and since b,# 0, this last sum is simply
yex '0'00 2mi
—tra
T v
e (a) e . Since the trace is not identically 0,

aeF aeF
q q
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the trace maps Fq onto Zp and the number of times any particular p

root of 1 is the image of some ac Fq is simply the cardinality of the kernel

of the trace,
p-1 2:;;—11'
Z e (a)=(2 e ) - card er(tr)}= 0.
acF 3 =0

q

Hence our integral has value 0 when the polynomial N has ord not less

than n,
(g) If QN then e(% N) = e (polynomial) =1, and
1 E A 1 Z.
e(—T N) = 1=1.
Rl L aAcoraq @ Q] raATorde

N

If Q{ N then we may reduce %’ to lowest terms Q—l , Wwith Ql + constant,
1

As A runs over a complete set of residues mod Q, ANl runs over

.iﬂl[ complete sets of residues mod QI’ so that

Ql
T 1
e<— N) = -*317 elgo-
ord R < ord Q 1

ord A< ord Q

R nr

n-1 1 _ _n-l i
+#r ,x . Then ) = g7 x4 z a x. This implies that

e(—l;—l') Z_ Z_ [rz eq(r:-l)

ord Rl<orJQ r e¢F eF

Suppose Ql=q0+---+q xn where n>l and q $0, and Rl=r0+---

since, as in part (f) the sum in brackets is zero,
Lemma 2: Let k be an integer, k>2, m and s be integers, m, 8 >1
and N a polynomial. Let r(N, m, s, k) be the number of ordered s-tuples

(P Ps) where each l"i is a polynomial of degree <m and

P



k k
P+ -+ P =N (7
Let
Te) =T_(a) = Y. e@P. (8)
ord P<m
Then
r(N, m, s, k) = J\ (T(a:))S e(-Na) de, (9)
o&x"l,dw
Proof: j\ Ts(a) e(-Na) da=
3 S
= Z. Z J e((P:{+~--+P:—N)a)da.
ord Pl<m ord Ps< m aex"!d‘w

By Lemma 1 (f) (with n=0) the integral inside the summationis 1 or 0

depending on whether P:‘ + o0+ P: =N or not, and so the Lemma is proved.
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2. The Farey Arcs: For aeK there are a unique Pqu[x] and

a unique Bex-lo:o such that a= P+ 8. We define {a] =P and
((a)) = B, the integral and fractional parts of a. [a] and ({a)) are
Fq- linear functions of o.
Lemma 3: Let r be a positive integer. For every aex_la'w there are
unique polynomials A, Q such that

(a) ordQ <r, Q#£0,

(b) Q is monic,

(c) ord A < ord Q,

(d) (A, Q) =1,
A 1
e |la-=|<—.
r
T el
Proof: If a=0, the result holds trivially with A =0, Now suppose afO,
r+l r+l
There are q polynomials R of degree <r, sothere are q power
series ((Ra)). These are distributed in qr equivalence classes of

-1 -r-1
x 0 (mod x = A,). Consequently, there are R, R, such that R, +R2

and

(R o) = (®,@).  (mod x " J6r,).

Put Q1=R1-R2 and A =[Qel. Then Ql*o, ordQ <r and if Al+0

then ord Al < ord Ql a < ord Ql' Also, ord(Qla - Al) = ord( (Ql a))
A

= ord (R, a)) - (R, ) < -1, thatis |°"Tl | < qT

C
q|

Dividing Ql and A, by the leading coefficient of Ql and by their greatest

1
common (monic) divisor, we get Q and A satisfying (a) - (e).

For uniqueness, suppose that A, Q and B, R are two pairs that
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satisfy the lemma, Then

'£I<max(|°"£‘| I""']'3'|)<-l—max(l l—)
R'=" Q" RV " r IS

ol»

Therefore |RA -QB| <1 and since RA - QB is a polynomial, we must
have RA =QB. Thus '% = -g- , but such a representation is unique when
the denominator is monic and numerator and denominator are relatively
prime,

For the next four sections, we let k>2 and m be fixed positive
integers., Let r = (k -1) m, and consider all pairs A;Q satisfying

(a) - (d) of the lemma, The Farey arc about % is the set

-1 A, L 1
M(A, Q) = {aex O’wl e - Q| < g-hm 'IET}'

We shall say M(A, Q) is a major (minor) arc if ord Q < m(ord Q > m).

From Lemma 3, it follows that the Farey arcs are pairwise disjoint and

their union is x l/O'w.
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3. The Contribution of the Major and Minor Arcs:

Proposition 4: If M(A, Q) is a major arc and a= —3—+P ¢ M(A, Q), then

1

= — S(A T

T = jqj S @ T(H), (10)
where

T = ). e@P9, (1)

ord P<m

and

SAQ = 2 e(% z%). (12)

Z(mod Q)

Proof: We may write P uniquely as
P=QY+ Z, with ordZ <ordQ ¢ m,
In (11) we have ord P < m, therefore ord Y<m -ord Q. Also,

e(—(‘-;L P =e('% QY + 2)5

A k_k, Ak
—e(Q((QY+Z) Z)) e(QZ).

But the first factor being the exponential of a polynomial is equal to 1, and B0

L LY

Q QZ)

Then

Ta@= e e(re+p P

ord P<m Q

- 2n edpPNeprh,

ord P<m Q

and by the preceding comment,
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> > e(% 25 ey + 205

ordZ<ordQ ordY<m -ordQ

ST ez Y e(BQY + Z)1.

ordZ < ord Q Q ord Y<m -ordQ

T(a)

(13)

To handle the inside sum, notice that since a = -%+ B where

ord< -(k -1)m - ord Q, we have

ord(3 (QY + 2)¥ - QYY) < ord f+ max ord(l‘:)(QY)k—v z"

l<vsk

< - (k-)m -1 - ord Q@ + max {(k-v)m + v(ord Q-1}.
l<vek

Since ord Q < m, we conclude that
ord(8 (@Y + 2)° - 8@V < -1,
and, therefore,
e(B(QY + 2)%) - e(3 @Y. (14)

Summing over Y, we get the inside sum of (13) as

2 cp@y+nS= 2. e@nd, (s

ord Y<m-ord Q ord Y< m~onN Q
which is independent of Z. On the other hand, summing (14) over Y
and the |Q| residue classes Z(mod Q),

- L Y e(BQY + Z)Y
ordZ<ordQ ord Y<m-ordQ

S-] 2 3@V, 16)

ord Yc<m-ord@
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Substituting this back into (13), using (12), we get the proposition,

Proposition 5: If M(A, Q) is a minor arc and a<M(A, Q) then

T(a) = 'r(%). (17)

Proof: Suppose a=A+ B. Then

Q

T(a) = Z, e(2 Xy e PN,

ord P<m Q
However, ord f Pk =ord B+ kord P< - (k-l)m - ord Q + k(im-1}, Since

M(A, Q) is a minor arc, ordQ>m+ 1, so ord 8 Pk < -1 and so
e(B Pk) =1,

Hence (17) holds.

Definition: Let MY, denote the set of major arcs, Let 77 denote the

set of minor arcs,

Lemma 6: (a) I Ts(a) e(-Na)da =

- 2 2. (qoT sS4 @) e- 1gH J T°(8) e(-Ng) dB.
Q monic ord A < ord Q ord p < -(k-1)m - ord Q

ordQ<m (A, Q)=1
b) If ord N < kmm then

j:h T%(a) e(-Na) da =

Q monic ord A<ord Q
m< ord Q< (k-)m (A, Q) =1

Proof: (a) If a= —%4- B then e(-Na) = e(-% e(- Ng). By Proposition 4,
the integral over M(A, Q) gives the corresponding term on the right,

(b) If a=%+3, then e(-Na) =e(--NQ—A) e(-NB). If ord N < km,

then



2l

ord(-NB) < km - (k-l)m -ordQ -1 < -1,

Therefore e(-NB) =1, By Proposition 5, the integral over M(A, Q) gives

the corresponding term on the right,
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4. Weyl’'s Lemma: The purpose of this section is to show that

T(a is relatively small on the minor arcs provided k < char Fq, and
so the contribution of the minor arcs is negligible,

Lemma 7: Z e(BP) = { q™", if ord ((8) < -m,

ord P<m 0, if ord ((8)) > -m. (18)

Proof: If ord ((8)) < - m, thenfor each of the qm polynomials P of

deg < m, we have res BP =0, and so e(BP) = 1. On the other hand, if

-t-1 .
i
=2 b x where b—t-1+0 and 0> -t -1>-m and

- Q0
m-l i
P= ZO: p, X, then

res BP = pt b-t-l + p“_l b-t-Z + .- + pm-l b_m.

Again,in the sum (18), we are summing (perhaps several times) over all the

pth roots of 1.

Lemma 8: Let d(R) be the number of monic polynomials dividing R.

If R 1}0 then for every ¢ > 0,
d(R) << |R]S, (19)

that is d(R) < C(e) |[R|¢, where C(e) is a constant depending only on ¢

(not on R),
Proof; If P =constant, d(P)= 1 and the result is trivial, so we may
assume ord P> 0,

If P is an irreducible polynomial, then, for n>1,
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dPY) n+l

Tp ne ~

< n+l< n+l < 2
|p]ne = gqM¢ = ne logq = clogq

1
Furthermore, if ord P > %—, that is, if |P| >q € then

n

d(P n+l

For arbitrary R # 0,

am) TT a@™) ﬂ_ 2 TT 2
RIE= PR

< 1 elogq"
P|R P|R clogq ordP< o © o8 9
Pirred ord P<¢ P irred
P irred

This last term is a function only of ¢ and so the lemma follows,
Lemma 9: If a= -%+ B where ord Q < (k-1) m, A, Q are relatively

prime, A $0, and

18] < == , (20)
Q]

then the number D of ordered (k-1)-tuples of polynomials Pl, vy pk-l

where ord P <m, i=1, -

ord ((a Pl ces Pk_l)) < -m (21)

is:

(k-)m
D << q™1+ ‘Bn'l")(l + _qﬁl_—)' (22)
q

Here and in all subsequent work the constant implied by << will be

independent of m, though it may depend on k, q, € etc,
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Proof: Let us collect together those (k-1)-tuples with the same product,
say, U= Pl coe Pk-l' By Lemma 8, the number of such tuples is not

more than

I(k-l)e’<< qem (23)

(a4 dun*? << * v

since ord U< (k-1)m and the factor qk-l may be absorbed in q‘m,

Now any U may be written as
U=V+QW (24)

where ord V<ordQ and ord W < (k-1)m -ord Q.

Suppose a particular U_ =V 0 + QW 0 satisfies the inequality

0

ord ((aU)) < - m, (25)
Then any other U of the form U=V + QWO satisfies (25) iff
ord ((e(U - UO) )) = ord ((aV -VO) )) < -m, (26)

Since a= -&+ 8,

Q

A
ord((a(V -V,))) = ord {(( Q(V -V )+ (B V-V, Ny, (@0

Now ord((B(V-VO)))< -2ordQ+ordQ< -ord Q, and if V#V0 then

A
Q

the ord of the sum on the right of (27) is simply the larger of the two

A(V- VO) § 0 (mod Q), 8o that ord (—(V - VO) )) > - ord Q. Therefore,

A

ord ((a(V —Vo) )) = ord (( Q

(V=-Vn.
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Since (A, Q) =1, as V runs over a complete set of residues (mod Q)
so does A(V - VO). There are precisely max(l, q-'m |Q|) residue

classes Y such that ord((l)) < - m. (The max depends on whether

Q

ordQ <m or not,)

As there are at most O(qE m) tuples leading to a particular value

(k-1})m
U=V +QW, and at most max(l, ]Q ) choices of W, and for
each W, at most max(l, -l%l) choices of V, we have
q
(k=1)m
€em
D<<q ™1 + iQLm )1+ 9161—).

q

Lemma 10: Let f(y) = ozyk + .-+ o be a polynomial in Kw[ y]. For

each ze Fq[x] , we define
A (f) =fly +2) - f(y). (28)

Then Az: Kw[ y] =~ Koo[ y] is a map such that
(a) A is linear over K .
z o0
{b) AO =0,
{c) If f has polynomial coefficients, that is fe Fq[x, y], then
Az(f) has polynomial coefficients and z]content (Az f).

(d) If degf =k < char Fq and z $# 0 then
degAzf=k-l,

and the leading coefficient of Azf is kaz,

(e) If degf =k < char Fq, and Zio Tt zk_lfo then

A -1(...(A21f))=kg azl... zk_ly+terms free of y.
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Proof: (a) and (b) are trivial, (c) and (d) follow from (a) and the fact

that
k-1 k 2 k 2 k

Az(yk)=kzy +()z e +Z,
(e) follows from (d) by induction,

Lemma 11: If fe Koo[y] and S(f) = z e(f(P)) and n>1, then
ord P<m

n n
]S(f)lzsqm(z -n-1) Z_ Z . Z_ s(A( Ap(f)))_
1

ord Pl< m ord P2< m ord P <m

Proof: We proceed by induction, For n=1,

1s(n|% =56 8O = Y e@) Z e(-f(P))

ordQ<m ord P<m

= Z z. e(f(Q) - f(P)).

ordP<m ordQ<m

Writing Q=P + Pl, and summing instead over Pl'

ISt |* = Z Z_ elf(P+P,) - £(P))

ordPl<m ordP<m (30)

- 2 s, 0.

ordl'-’l<m 1

This is (29) for n=1,

Now suppose we have shown (29) for n, where n>1. Then

ml n

Isin|® =(sm|*)°

@™ D Z{ e o}
l' ce., P ) n
i(qm) -(n+l)-l-n{ z_ IS(A . Ap ﬁl}
(P A ) P )

1’ n

(29)

(31)
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since 2(2"-n) = 2" - 2m+ 1) =2"" - (n+ 1 -1 -n. Now we apply

Cauchy's inequality
2 2 2
(= a bi) <(Z ai)(z bi ),

with i= (P, -+, P), a =1, b = IS(APn--- Apl(f))l, to get

n+l n+l
2 - -
sol% ca™? SN 3T seay - apm® (2
n 1

(B, -+, P)

1’ n

To each of the terms of the sum on the right we may apply the first

induction step (30) for f=A . Ap (f) to get the lemma for n+1,

1

"o k k-1
Proposition 12 (Weyl): 1If f(y) =ay + oy oo, e K, and

(a) 2 <k <char Fq,

(b) a= —%+ B where A and Q are relatively prime and

|8l <——|llz. (33)
Q

then, for every ¢ > 0,
1

-
8] = | O ey << g™y A, 18125 gy
m Q km
ord P<m q

In particular, when m < ord Q < (k-1)m,

m“':-,_'kl_—l* €)
|s(h| << q .

Proof: From Lemma 11, when n =k -1, we find that

k- k-l
Ism)% <q™¢ 0 Z: 2 S8, ---Ap0). (36)
1

ord Pk l ord Pl< m k-



28

In this sum, when any Pi= 0, it follows from Lemma 10 (a) and (b)

that
A =0,
“Bea P
so that
m
e () = Z e(dp, - 8p N =q . (36)
k-1 1 ordP<m k-1 1
There are qm(k-l) choices of Pl’ ceey, pk-l and (qm- l)k"l choices

with each Pi $ 0. Therefore the number of choices when some Pi =0 is

m k-1

@™ - (qmopET = (k-1 gD (k) g3,

&
k-1
-2 - i
< g2y (k) (L
1 ! q

S_qm(k—?.){(H+m)k-1 1)
q

< (T gmlk-2)

5 (since qmz 2)

<< qm(k-Z)-
Therefore (35) becomes

k-1 k-1_ k-1_ *
IS(f)IZ <<(qm)Z l+(qm)2 k Z z S(Ap ...Apf)’ (37)
P, P k4

where * indicates the sum is over those P, $o.

By Lemma 10 (e)

ISAPk—l --~Apl(f)| =| 2_ ekap P P

ord P<m
By Lemma 7, the sum on the right is either 0 or qm depending on whether

ord ((kt @ P, ... pk_l))z -m or not, Since k < char Fq , k! i8 a non-zero
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unit and,
ord ((k! azPl oo Pk-l)) = ord ((a Pl . Pk_l)).
By Lemma 9, the number of tuples Pl cen, Pk-l contributing to the sum
cm g l (k=-1)m
is Olq (1+ m)(l + IQ )). Therefore (37) becomes
q
k-1 k-1 k-1 (k-1)m
IS(f)IZ < qm(Z D, qm(Z k) ™ o<1+ -I%)(l L )
q
k-1
m(2 +e) 1 1 Q]
<< q ( m-l——lQ + e ).
q q
Proposition 13 (Hua): I S(aG) = 2 e(aG(P)) where G(y)eF [x][y]
ord P<m q
and if p is an integer such that Ay,, ce Ayl G(y) € Fq[x] [y, Yoo y”]
satisfies
A .o A G 0. (38
v, y, (y) $ )
v v
Then, for every € >0, I = j\ | S(aG) |2 do << qm(Z vt e? (39)

ae x'ldw

In particular, if k = degy G(y) < char Fq,

k
[k << qm(Z ~k+e€) (40)

Proof: The last remark is an instance of (39) since (38) is automatically
satisfied if k < char Fq. We proceed by induction noting that (38) for v
implies the stronger condition
deg & -+ A G>1
y y“ A

for p<py For p=1, condition (38) says that k = degy G >1. Also,
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II= J.-l Z e(+aGPl)) Z:. e(-aG(Pz))da= Y
<X o ordPl<m ordPl<m

where )¢ is the number of tuples (Pl' PZ) such that ord Pl< m,

ord PZ< m and

G(P)) =G(P,).

(See Lemma 1 (f)). Picking P, arbitrarily, there are at most k solutions

1

P2 of G(PZ) =G(Pl), Therefore

1
11 <k- qm<< qm(< qm(?_ -l+e).

Suppose we have proved the proposition for v and that (38) holds
also for v+1. Formula (29), Lemmall, for n=yp and f=aG, reads

14
Is(aG)F < g™@ V7Y > 2 8(Ap -+ Ap (@G)).

ord PV< m ord Pl< m v 1

v
Multiplying this inequality by IS(aG‘2 and integrating we have

4

. m(Z You-l) J Z_ z-_ S(A <o+ Ap (@G)) '|S(OG‘2 da.

va= 4 aex ,a— P 1
v l

v
S.qm(Z-u-l) 'IL- (41)

where 7{ is the number of solutions (P, P,, Qj' R,) of

0= Ap - A G(P)+G(Ql)+---+G(Q V- G(R,) - - R
= %V. .o Apl G(P) + B(Ql' cen, sz_l, R, -+, Rzu-l)’ (*)

where all variables run over polynomials of degree < m,
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We show by induction the following: If H(yl. ceey, yn) * 0 is an

mi(n-1)

arbitrary polynomial of total degree << 1 then there are O(q )

solutions Y Yn of H(Y,, -.-, Yn) = 0, where each Yi isa

TRRRY

polynomial of degree <n, We may suppose H actually involves Yn’ thus

t
Hly, -+, yn)—Ht(yl. yn_l) yo+ o v Hyy, ey yn_l).

TR Yn-l not on the hypersurface H0=Hl =... =Ht=0

m(n-1)

Given Y

)

there are at most t = O(l) choices for Yn, thus at most O(q

choices not on the hypersurface. To be on this hypersurface, indeed to

m(n -2)

be on Hn = 0, the induction hypothesis says there are at most Olq )

choices for Yl’ ceey, Yn-l' As Yn may then be chosen arbitrarily,

there are O(qm(n —l)) choices in all.

As there are exactly Iu solutions Qj' RI of B =0, there are

<< qm v Iu solutions of (*) with B =0, For fixed B # 0, then outside
the hypersurface where the coefficients of the powers of y disappear,
given Pl’ ey, PV there are O{l) choices for P such that (*) holds,.

By Lemma 10 (¢}, P, |B, i=1,...,v. Thus, by Lemma 8, there are at

4
most << {(q-1) d(B))” << qk- qke M. <q™* choices for P, -, P

vV
(2% ¢)m

Taking Qi' R j arbitrarily there are at most 0O(q ) solutions

P, Pl' Q,, R, off the hypersurface,

| I
On the hypersurface P may be picked arbitrarily. But to be on the

hypersurface, there are O(qm(u-l)) choices for Pl' . Pv and so at

most 0(qm(v-l)) choices for B. For any particular value of B, the

number of Qj’ R! giving B is
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v v
r(1= J‘ |S(aG)|2e(-aB)da51v<< gmEmvre),

aexL
[+ o}
There are, therefore,
v
g™ qm(u-l) qm(Z -v+e)
P
e qm(Z +¢€)

solutions when B # 0 and on this hypersurface,
my m(ZV+ €)
Therefore n <«q I +q . Together with (41) and
v

the induction hypothesis,

m(ZV- v=1), mp m(2V+ €)
a1 << 4 {a"71 +q }

mz2’ o e+ o).
<< q

Theorem 14: If k < char Fq and s> 2k+ 1 then there is an € >0

such that

| fh T%(@) e(-Na) da| << g™ ¥, (42)

Proof: Since 532k+ 1,

I = lIhT(a) e(-Nam) dal < J}JT(a)‘s |e(-Na)|da .

< { max |T(a)’}s -2 JfT(a),Z da.
m

aecly
The factor in braces may be estimated using Weyl’s Lemma

(Proposition 12) and the integral may be estimated using Proposition 13,

Thus: 1 k
m(l - _zk-l +6)(8-2") m(?.k-k+ 6')
I1<«<q - q

1 .
e @R -{l -2 (s -9 -8 h
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1 , 1
Taking 6 = k'6 = R4l we have
2 2

1
m(s -k - —g7T1)
I1<<q 2 .
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5. The Singular Integral: In this section we evaluate

J\ T(8) e(-Ng) dB.
ordg< -(k-I)m - ord Q

Lemma 15: For m’>0, let V(s, N, m’} be the number of ordered tuples

Pl' sy P!5 such that ord Pi< m, i=1,:---, 8 and
ord(P:(-i- e P: -N)<m’, (43)
Then
8 -m’ ,
J T (B) e(-NB)dB =4g V(s, N, m’), (44)
ordB< -m’
Proof: The integral is j Z ce Z e((P:(+ x -+Fk-N)B)dB.
ordg<-m’ ord Pl<m ord Ps<m S
According to Lemma 1 (f), Pl' cee, Ps contributes
-m’ k k
q or 0 according to whether ord(P‘l + e+ Ps - N) <m’ or not,

Lemma 16: Let m’, n be integers such that 0 < n<m, and
(k-1)m <m’ < kn, Let N be a polynomial of degree £ < kn and
leading coefficient b (where if N =0, we take £ =0, b= 0). Suppose

c c, are in Fq, not all zero, such that

P

c:t+---+c:= 0, if € <kn,
(45)

b, if ¢ =kn,
If p=char Fq'f k then the number of tuples P, ---, Pg such that
Pi=c x" + P’ ord P'<n, i=1,---, 8, (46)

i i’ i

and such that



35

ord (P:{-r +P:-N)<m’, (47)

- ’
is q(s kin+ m '

Proof: Let t be the least index such that c, $0. Let P =c, X

n-l1 Kk &y
+d X + ... +d_.. Let R=N-—ZPi=Zrix. Let

n-1 0 K it 0

s
k k i
! = -N-= - = 4
R’ = 2: P -N=P -R=} r/x.
i=1 0
A particular tuple Pl’ cee, Ps is to be counted iff ord R’ < m’,
that is, iff

ri’=0. i=kn, kn-l, ---, m’ . (48)

Condition (45) of the hypothesis insures rk,n = 0. For the remaining i,

.. kA _
O=rpa=%% 9 " Tkn

A k) k-2 ,2
0=rpn 2= ke dy-2 *( Z)Ct dp1 ~ Tkn-2 (49)

Ly kA ;
0=r ,= k c, dm’-(k—l)n+ tef'ms involving dy,( -r_, .
m’-(k-l)n<i<n

(Here m’ - (k-1)n >0 since m’>(k-1)m > (k-1)n.)

Thus any tuple Pl’ ceey Ps to be counted satisfies the set of
equations (49). Conversely, since k cr-l+ 0, we may pick P/, i $t
arbitrarily, and pick di' i<m’-(k-1)n arbitrarily and determine the
remaining dl’s by (49). This gives us a tuple Pl' cee PB to be counted,

In all, the number of choices is

q(s-l)n +m’-{(k-)n _ q(s-k) n+m’ -
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Lemma 17. Let m’ be aninteger, (k-llm<m’<km. Let N bea
polynomial of degree { < k- (m-1) and leading coefficient b (where,

for N=0, wetake ¢ =0, b=0). Let U(s, b) be the number of tuples

c ¢ such that c.¢ F i=1,---,s, notall ¢, =0, and
8 i q i

lo"'o

If p=charFq‘|'k and s > k and if

U(s, 0) >0, if £ <k- (m-1), (50)

Us,b)> 0, if L=k- (m-1), (51)

then

(s -k)m’ (52)

J\ T%(8) e(-NB) d8 = C(s, N, m’) q

ordB<-m’

where 0 < C(s, N, m’) << 1. The actual value of C{(s, N, m’) is given
according to the following formulae:

Case (a). If kT2 and m’ < £ then

£
C(s, N, m’) = —;’{%—91 (1 -q &R m-1-[kl)) (53)
q -1

Case (b). If k|¢ and m’ < ¢ then

{ £
Cle, N, m1) = U8 Qg _ g -1-[KD) , yia, pyq @ WAKD. (59
-1

Case (c). If t< m’ then

m’-1 m’-1 ,

C(s, N, m") = —Ué“:-k—o)-(l g eRm-1-[Tx] )y 4 2K 1+D-(8-km-m’,
-1

(55)
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Proof: According to Lemma 15, f TS(B) e(-Npg)dg =
ordB< -m’

- ’
=q m V(s, N, m’). For any tuple of polynomials Pl' ces, PS, let

n =max ord Pi' We propose to calculate V(s, N, m’) directly using
l<i<s
Lemma 16, in each of the three cases,
Case (a). If k12 and m’ < £, then for values of n i[l%];

there are no tuples to be counted in V(s, N, m’). For the remaining

values of n, [l%] +l<n<m-1. Hence, by Lemma 16,

m -1 (s-k)n+ m’
V(s,N,m)= »_ Uls,0q° "

g
n=[E]+l ¢
0 b (s-k)m -] -1 ,
B m’'+ (8-K)([ ]+ q -
=Uls, 0 q k g
q -1
~(s-k) (m -1 ~[§])
__U(s, 0) 5 m [k] (s-kkm+m’
= 5.k 4-d )q .
q -1
, -(s-kkm -m’ ,
Therefore, C(s, N, m’) =q V(s, N, m’)
U0 -(s-k)(m-l-[]lz] )
s-k ] 1 :
q -

Since s>k and k1 and £ <k - (m-1),
(s-k)(m-l-[i ) >1
k)2l

Therefore 0 < C(s, N, m’) << 1,
Case (b). If k| £ and m’ < £, then there are no tuples to be counted with
n< [i—] . Using Lemma 16

] , ’
V(s, N, m’) = U(s, b) q(s—k)[gl+m N Uls, 0) q(s-k)n +m .
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Arguing as in case (a) we obtain

L e L
C(s, N, m") = U(s, b) q-(s-k)(m-[k])+ ;I-‘s{ 0 1-q (8-k)(m -1 [k])) (56)

q -1
Since s >k and £ < k(m -1},

(s -K) (m - [£] - 1) >0,

and (s -K) (m-[f?])>0,
Therefore

~(s-K)[m- 1

0<Us, bg k<1,

£
0< Uﬁ(ﬂ_k. 0) a _q-(s-k)(m -1-[il )) <l
q -1

However conditions (50) and (51) of the hypothesis insure that at least one of

these terms is strictly positive,
Case (c). If m’>¢ thenfor n 5_[m—k-—l—] , that is, for ord Pl:< m’,
i=l, .-, 8; Pl' AN PB may be picked arbitrarily. There are

m’-1

m'-1
qs([ k- J+1 5uch choices. Using Lemma 16 for [ ] +l<n<m-l,

m’'-1 m -1 '
V(s, N, m’) =q8([ k| +D + U(s, 0) E q(s-k)n+ m .
m’-1
n=| K ]+1

Again, arguing as in case (a),

-(s-k)m -m’

C(s, N, m’) =q V(s, N, m’)

(B +1-(s-m -m’, U(s, 0 ~(8-k)(m-1-{ Bg=])
q -

Since m’ <km and 8 >k we have

m'-1
1)>0,

(8 ~k)m -1 - [=p >
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and

])+k[ ]+k m’

s([ ]+l) -(s~k)m-m’ = -(g-k)(m -1 - [

< k-1, (57

Therefore 0<C(s, N, m') << 1,
Theorem 18: Let ¢ be areal number, 0 <e <1, Let Q be a polynomial
such that ord Q <em. Let N be a polynomial such that
ord N<(k-1+¢)m, If p=char Fq'f k and s >2k and U(s, 0) >0 then
for all sufficiently small 6 >0,
J e etonp ap - el ohim glakdimy (g
ord 8 < -(k-l)m -ord Q q —l

Proof: We use the three cases of the previous lemma with
m’=(k-Im+ordQ< (k-1 +¢ )m,

and £ =ord N < (k-1+¢)m, According to the hypothesis of
Lemma 17, we must have [ < km -k instead of £ < km - (1 -¢)m. Since

we consider k fixed and m large, any discrepancy for small values of

=11)26,m,

m may be absorbed in the error term. Then (s -k)(m -1- [ 1

and (8 -k)(m -l-[E] ) > ﬁlm, where 61>O is sufficiently small,

According to formula (5§7),

m‘

s([ ]+l)-(s-k)m m’ < -(8-k){(m -1 - (l-l+ -)m)+k -1

< -(s-k)(—k—)m + 8-l < -62 m,

The theorem follows,



40

6. The Singular Series: We have already defined

SA Q= 2 e(‘-"é—P"). (58)
P(mod Q)
Let
1 8 NA
01 Q,N,8 =01(Q) = > (T S(A, Q) e(- —=). (59
A{mod Q) W Q
(A,Q)=1
Let
¥~ (em, N, 8) = Y (em, N) = Z ol Q). (60)
Q monic
ordQ< m

P~ (m, N) has already been seen in Lemma 6 (a). If 0<e<l is fixed,

then Y~(em, N) (as m -~ ) closely approximates Jtm, N). Let

TN =TmNm= ) ae. (61)
Q monic

The purpose of this section is to show that ‘Y“(em, N) may be replaced

by ‘]‘-'(N) with an acceptable error and to show the connection with the

number of solutions to

P:‘+---+P:EN. (mod Q).

Lemma 19: (a) If (Ql' QZ) =1, (Al, Ql) =1 and (AZ, QZ) =1, then
S(A, Q) S(A,, Q,) =B(A, Q,+ 4, Q, Q Q). (62)
(b) If (Q, Q,) =1 then

01Q) 01 Q) = 01(Q Q). (63)
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Proof: (a) Since Ql and Qz are relatively prime,

A

A k 22
S(A,Q)S(A, Q)= > o=@, P)% 2q PN,
i Ut P (mod Q) P,(mod Q,) Q 21 QzQ‘ 2

(64)

Since e(polynomial) =1,

A A A A
1 k. 2 k1 22

As Pl and P2 run independently over complete residue systems mod Ql
and mod QZ' respectively, QZ Pl + Ql P‘2 runs over a complete residue
system mod Ql QZ' and thus, the expression on the right of (64) is
S(A Q,+A,Q, QQ,.
(b) Using part (a),
8
01 Q0] (@, = > > . s°%A,Q,+4,Q,QQ,)%

IQQI A, mod Q Azmon

X e(-N(——+57).

Q 9
Since,by the Chinese remainder theorem, AI QZ + AZ Ql runs over a
reduced system of residues, mod (i!1 QZ' the right hand side is
e, Q,).
Lemma 20: Suppose P is an irreducible polynomial and A _#_0 (mod P},

Let k'’ =(k, |[P| -1). Then,

1
|S(A, P)| < (k'-1) |P|Z (85)
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Proof: The non-zero elements of Fq[ x]/(P) are a cyclic group of

order |P| -1, generated by a primitive |P| -1 root of unity,

’

(say) G. Then Yk(Y $ 0) runs over the subgroup generated by G

k’ times so that

S, P = P eRvN= ) e(h(Y k'yk/k)
Y mod P Y mod P
- ¥ e(—%y“') (66)
Y mod P
|P|-1

- A _k'y
_1+E e(PG ),
y—_'

A
where G is a primitive root. Since e(—p G °) depends only on the

’
equivalence class of Gk y (mod P), that is, only on the equivalence

class of k’y (mod |P| -1),

|P|-1/k’ ,
S(A,P)=1+k Z e(—"‘P-Gk Y. (67)

y=1

k’-1
i k' if kK'|y
Also, vz=oexp( T Vy) = {0 if K4y - Therefore,
|Pj-1 ani y
S(A,P) =1+ Z Z_ exp(—kr vy)e(—"G)
y=1 v=0
1 |P[-1
e 2 e(—Y)}+}: ): explS5t oy e a),
Y mod P v=l y=
Y40

The term in brackets is Z. e (A Y)=0, a8 A £0 (mod P).
P
Y mod P

Therefore,

k’-1 |P|-1 2ni y
s, P *<{ L | 3= exltrve s G)I}

v=1 y=l
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By Cauchy’s inequality, (Z1 - ai)z 5{#of terms} * (Z aiz), we have

2 k’-1|P]-1 |P| -1 o
IS(a, P)|° < k-1 3 ): S explS5 vy -2))- e(—(Gy G%).

v=1ly= z =1
Summing instead over w=y -z,

k=1 |P|-1
A, P)[ %< (k’-1) 2 Y exp( vw){Z: e(—%(Gw-l) GM)}.
=1 w{mod |P|-1)

The sum in brackets is

e AW o _
Z A w |P|-1 if G -1 =0 (mod P)
e(—I;(G -1)z) = W .
z §£0 -1 if G -1%0 (mod P)

z(mod P)
But G" =1 only when w = |P| -1. So that

z k-1 [P|-1
IsiA,P) | <k'-1 - 3 {|P| - ):'_' exp( L yw)}
v=1 =1

<k-1n°- [P,

since the sum over w is a (repeated) sum over all the k’th roots of 1,
and thus is equal to zero, Taking square roots, the lemma follows,

Lemma 2l: If char Fq{k, P is an irreducible polynomial and A # 0 (mod P),

then

(a) f 1<n<k then
s, p" = |p|™? (68)
(b) if n> k

s(A, PY = |P[* T sa, P"7K. (69)
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-1

Proof: As U and V run over complete sets of residues mod P"™ and

mod P, respectively, Y=U+ VPn—l runs over a complete set of

residues mod Pn_ Also,

= ety el (mod PM).
A _k A .k kA vty

Therefore e(— Y )=e(— U + ——), and
Pn Pn P

sa,PH= 2 e(invk)

Y mod P* P
k-1

A _k kAU 'V
= Z: e(—nU ) Z.. e(—'P—).
Umod PP-1 P V mod P

The sum over V gives 0 unless P]kAUk-l i.e., unless P|U, in
which case the sum is equal to IPI:
A k
s(A, P = |P] - Yy e(—= (PU)").
Umod P2 P

When n <k, e(-—Al-;(PU)k) =1, and since there are IPIn_2 terms we

P
have
s, P = [p|™".
When n >k,
A k
s(A,P" = | P| > e(——-U).
Umod P2 p
A K) n—]S
But e( -k U') is a function only of the residue class of U(mod P
P
and there are |P|k-z complete sets of residues (mod P"*) ina single
complete set of residues (mod pn-Z)‘ Therefore

s(a,p" = |p|* ' s(a, P"H).
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Lemma 22: If char Fq‘r k then

1
@ [saQ] <« Q' k, (70)

b 00 @, N, 8] << |@]' 27k, (1)

The constants implied by << may be taken independent of q and N
depending only on k.,

Proof: (a) We first prove (a) for the prime powers pH. Writing
p=k- [-E—l:—l-] + i, where 0< i<k, we see that we may apply

Lemma 2l(b) [El:—l] times.

oL,
s(a, p" = |p) k-1 S(A, P,

If i $1, by Lemma 2l (a)

-1 1
s(A, PH) = ]PI“"”[EF' BT ERIPE P L 3

If i=1, by Lemma 20,

-1
8, M) < [p|® DT gy oy ®
-1
ﬁ(k'-l)lplp_[ k ]-%

1 1L
i(k_l) |PIP--EP'-(2 k)

il - 1)
Thus when k =2, [S(A, PM] < |P] k', (*)

1
and when k>3, [S(A, P*)| <{(k-1) [pl"/"} . lpl"‘l " K, (**)
The formula (70) for k = 2 now follows from Lemma 19 (a) and (*). For

e
k>3, write Q=T\'Pj ) Let ij be defined by
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THED
pj=k[--'l--—k ] +ij.

By Lemma 19 (a) and (**), we have

1=
|S(A, Q)|gTjT|Pj| 1jj'maxu, (k-1) IPJ.I

1
cle' k. T T xa

P irreducible
|P|< (k-1)6

(k-l)6 ) IQII-—%‘

-1/ 6,

< (k-1)

(v lo1Q. N, s)| < |—r‘|(; m ZEQ s%A, Q) e('%A)I
A mo

(A, Q=1 . ;
(1-xs 1-%
- |Ql - 1<l « Q] *.

<<

lQ|®

Lemma 23: For P irreducible, let

o0
X(P,N,s) =1+ J_ OT(P*, N, s). (72)
p=l
If char F £k and s> 3k+1 then Y“(N,8) = ¥ __ O1(@,N,s) and
1 Q monic

X(P, N, 8) converge absolutely and

v, 0= 1| X(P, N, s). (73)
P irreducible
P monic

Also if Y~(em, N, 8) = 2 O[Q, N, 5) then
Q monic
ord Q <em

| YN, 8) -PMem, N, 8)| << q

-(1+ 1l§)em

(Here the constant in << may depend on k, q, € but not on m),
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Proof: By Lemma 22 (b), since 8 >3k +1,
1

l—% -2-%
| 01(Q, N, s)] << |Q] k<< |Q] :

It follows that

o0 1
xp, N, 5| <1+ 3 |p| TR

p=1
converges absolutely. Also
I*N, 9] < $ ; 01@, N, 8| < 3 Z (@) k,
£=0 ordQ=1 E=0ordQ-=1¢
Q monic Q monic

and since there are q2 monic polynomials of order £, the series

converges absolutely, Also

| (N, 8) ¥ (em, N, 8| < Y [01@Q, N, )]

Q monic
ord Q>em

®  g-1-1 casbrem 1 ~(1+ 1) (em)

< S @) <q —-T<<a KT
£ =[em]) 1-q k
Finally,
/
[ I X(P, N, 8) = Z_ o1(Q, N, s) +/ 01(Q, N, 8)
P monic, irreducible Q monic

ord P <t ordQ < ¢

where the second sum is over those Q which are monic, of degree >
and all of whose irreducible factors has order < £. This sum tends to
zero since |07(Q, N, 8)| < |Q] -e- 11'-‘ The first sum on the right tends
to Y“(N, s), while the product tends to ’rr X(P, N, 8)

P monic, irreducible
Thus (73) is shown,
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Lemma 24: Let M(Q, N, s) be the number of distinct tuples

(Pl’ ceey PS) mod Q such that
P:(+... +P:sN, (mod Q) (74)
then
MQ, N, 5 = [Q°T 2= 01 @,N,s). (75)
QlQ
Q monic

Proof: By Lemmal (g),

M@, N5 =Tar T % - T elpE BN,

@ R mod Q leon Psmon

Gathering together those R with the same value of (R, Q)

M(Q,N,s)=|:QI Z 2 > ... e(—(P+ +P:-N)).

mod Q1 P mod Q PS modQ C‘)1
A Ql monic (.‘{l Ql) =1

But e(al- Pli‘) is a function only of the congruence class of P:{ mod Ql
1

not mod Q. Thus

A
7_:- e('éTP) ‘llQ'L] Pmon (E'P)“*Q‘Lls(ﬁ Q).

Pimon

Therefore

M@, N0 {3 T L s, q® e
" Od Ql l

QIIQ Pjﬁm
Q monic (A, Q)=1

= leI*™ Z: O7 Q. N, 9.

Q: monic

A

L
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Lemma 25: If char Fq =p4 k, P isirreducible, P4 B and

y'; = B (mod PY (76)

then for p >, there is a solution Yl of

Y =B, (mod PM

! (77)

Y =Y . (modPV)
1 o

Proof: We proceed by induction, For p=v¢+1, Yl must have the form

_ v
Yl—-Y0+RP .

k .
Then Y:{—: Y:;+ kY:;-lRP"-f»Z_ (l:)Yl;-l(RP)Vi. But vi>2v>v+l so
2

that
Y = Y:; +kYy 'RPY  (mod p’*h),
If Yl(; + HPY=B then Yl satisfies the conclusion iff
H=kYy R (mod P).

Since pfk and P‘I’YO, we may solve for R(mod P) tofind Y,.

Suppose now we have shown the lemma for v+1, ..., p - 1, Taking the

solution Yl for p-1

Y:(EB, mod P""“l

Y, =Y mod P¥

1~ "0

k M
we find YZEB, mod P

Y.=Y mod P* !
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as in the first part of the proof. Then Y2 = Yl = Y0 (mod PV), 80

Y2 satisfies the lemma for u.
Lemma 26: If char Fq =pfk, P is an irreducible polynomial and

P:‘+ +PEN, (modPV

PfPi, for some i,
then, for p > v, the number of tuples (Rl’ ceey Rs) mod p" such that
R:(-l- +R:EN, (mod P")

R =P, (mod P*) i=1,..-,8

is >> IPI(S-I)(p- V).

Proof: Suppose P{'P. For itt, let R =P +V, PY, ord v, <
<ordP*" Y. Then N- L RN =N- 1L p"spf#o. (mod P),

T ift !

By the previous lemma, there is Rt mod P" such that

Rt‘EN- Y RX,  (mod PY

ift i
R =P. (mod P”)
In all, there are at least [P|®V*™ " choices for (R, .-, R )mod P
Lemma 27: If P is irreducible and s >k +1 and N is congruent
(mod P) to a sum of (arbitrarily many) kth powers then 3 Pl, cen, Ps

not all divisible by P such that

k

PXe e P =N. (mod P) (78)

Proof: It suffices to show that when P4 N the congruence (78) is

solvable for some value of 8 < k since incase P | N, we may solve (78)
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instead for N - lk and transpose., Let t =t(N) be the least s for

which (78) is solvable, say

pk+ k

AR Pt(N) =N (mod P). (79)

We collect those polynomials with the same value of t into equivalence
classes, If R % 0 mod P then t(Rk N) = t{(N) since we may multiply

{79)by Rk, and on the other hand, if

(Pl')k+-~-+(P;)kstN mod P

with 8 < t(N), we may divide Rk which is a unit (mod P). There are
exactly '(lk—p.‘-‘-%ll—_-l-) distinct values of Rk mod P and therefore at least
that many polynomials with the same value of t. Therefore there are at
most (k, IP] -1) < k classes. Since 1= l_l,( t(1) =1.. Suppose we have
shown that there are non-zero polynomials with t(N) =1, 2, ..., t’.
Either we have exhausted all the non-zero polynomials or there is an N’
with t(N’) >t’. Since N’ exists, there is an N with t(N) =t’+1. Thus
we have shown there are at most k values of t, and that they are
consecutive, and so the lemma follows,

Lemma 28: If P is irreducible and |P| > (k-1)> then N is congruent
{mod P) to a sum of kth powers, If p =char Fq <k, then N is
congruent (mod P} to a sum of kth powers for arbitrary irreducible P.
Proof: If ord P =1 then F[x] /(P) ‘-—‘—'qu = Fp,.. Let R(Pq,k = R
be the set of those polynomials which are sums of kth powers (mod P),

Then Q being closed under addition and multiplication and a subset of
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a finite field is again a finite field, say & = th. Suppose Q is a

proper subfield, i.e., h < f’. We must have h|f’ and also the order

of the multiplicative subgroup 62‘ must divide the order of the whole
oup F 4, \10}:
group pt {o}

p -1 _&'-h 2_2h+..-+ph+l,
p -l

’

Let a be a primitive p2 -1St root of 1. Then ake & so that

h
@9P -,
’ ' 1
It follows that pE -1 |(ph- 1)k. Therefore pl h, pi h, s ph+l k.
Therefore
2/2+lgp2 _h+--- +ph+lgk,
or | P| 5_(k—l)2.

To prove the second statement of the lemma we start from

!I
p - ll(ph— Dk,

Since k< p,

pl -1 <_(ph-l)k _<_ph+ L P.

If & is a proper subfield, i.e., h<t’ or h+1<t’, the inequality
above is contradictory,
Theorem 29: U char Fq‘f k, 8 >3k+1, and either

(a) N is congruent to a sum of kth powers mod P, for all

irreducible P such that |P| g_(k-l)z or,
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(b) k < char Fq then

1 << (N, 8) = 1 X(P, N, s) << 1.

P irreducible, monic

Proof: We have only to show T| X(P, N, s) >>1 since Lemma 23
P

together with Lemma 22 (b) assert the remaining statements,

By Lemma 24, 26, 27, 28, for any p>1, we have

p - - - - - -
')llpouQ, N, s) = __(_._._lllﬂ Tmlil)s 5 (D=1 = (6 k jpy e,
QP P

Therefore, |X(P, N, s)| > |P|_S-l, Also

o 00 1
IX(P, N, 8)-1] = ¥ |o1(P¥, N, 8)] << 2 |p|"('2’Tt’
p=1 s =1

1
<< |P|-2-T‘.

It follows that ’ ’ X(P, N, 8) >> 1,
P monic, irreducible
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7. The Asymptotic Formula,

Theorem 30: If k < char Fq and s >max(3k +1, Zk+l) and N is
a polynomial of order < (k -1+¢)m, ;—k < € < 1, then there exists & >0

such that if r(N, m, s, k) is the number of representations of N as a

sum of s kth powers of order < m then

r(N' m, 8, k) = HS(E;-II(—OLYI(N. 5) q(s"‘k)m +0(q(S—k-6)m)'
-1

U(s, 9) o (n, 5) << 1.
s-k 1

Furthermore 1 <<

Proof: The number of representations r(N, m, s, k) is given by Lemma 2

as

r(N, m, s, k} = J'\ (T(a))s e(- Naj) da.
orda< 0

= [ (T(@)° e(-No) da+ [ (T(ah)® e(-Na) de.
I T

where I and 7% are the set of major arcs and minor arcs, resp.

m(s-—k-ﬁ))

Theorem 14 gives the contribution of the minor arcs as Olq

Lemma 6 (a) gives the contribution of the major arcs as

[ T°(a) e(-Na) da
9N
- L T gy A, Q@ e-Tgh 1 T(B) el-Np) da
Q monic ord A< ordQ ordB < -(k-l)m-ord Q
ordQ<m (A, Q)=1

Let 0< € <1, We split the sum over Q above into

z + Z

Q monic Q monic
ord Q < €em em<ordQ<m
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In the first sum the integral is given by Theorem 18 as:

J T®(8) e(-NB)dB = {-%-—91 q(s’k)m+ O(q(s—k-el)m).
q -1

ord B< ~(k-1)m - ord Q

Therefore Z Z (T%I_S(A' Q) el -gA) tr T°(8) e(- NB)dB
Q monic (A Q=1 ordg < -(k-1)m - ord Q

ordQ < em ord A< ordQ

= J(em, N) %%'(-Q- ®H L o (em, N) g Bk pPm,.
-1

Lemma 23 and Theorem 29 gives this to be

_ T'(N- 5) Usgs-kl 0) q(s-k)m + O(q(s-k-f))m).
q -1

Consider now the second sum:

1 8 NA 8
-— S - -
Z Z— ( IQI (A, Q) el Q ) J' T (B) e(-Np)dB

Q monic (A, Q) =1 ordB< -(k-l)m - ordQ "’
em<ordQ<m ord A<ordQ
- 2 Ol @, N, s) f T®(B) e(-NB) dB (%)
Q monic ord < -(k-1)m -ordQ

em < ordQ< m
Using the trivial estimate |T(8)| <q™, the integral is

| .f T(B) e(-NB)dB | iqsm J 1 ds
ordfB< -(k-1)m -ordQ ordB< -(k-1)m -ordQ

q(s-k+ 1)m x 1
= IQI

According to Lemma 22 (b), |07(Q, N, 8} << IQll-s/k. Therefore the

second sum is



56

|Z£ | << E IQll-s/k -1 q(s-k+l)m'

Q monic
em<ord@ <m

Since s >3k+ 1, the double sum is

LT | < o8-k +m Z i
Q monic
emx ordQ < m

1
< q(s-k+l)m z_ (qn)-zk- %

[em]<f<m

1
< q(s-k+l)m ) qu(-Zk- k)'

Taking zli- < € <1, the asymptotic formula follows, The singular series
M>> 1 since as

is not zero since k < p (see Theorem 29). _— ,

usual, the constant in >> may depend on q qand s, k but is independent
of m,

Note: We can in fact prove a much sharper result for k =2, since

there are no minor arcs. But this requires some effort as we must

sharpen all the estimates on the major arcs.
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8. Estimates for g(k),

Theorem 31: Let g(k, Q) be the least number r such that every

polynomial in Fq[x] is the sum of at most r kth powers, If

k < char Fq =p then

gk, q) = gk <k(p-1).

Proof: We consider first whether it is possible to write

k
K
X + b_izzl a (x1i), aieZp.

(82)

(83)

where beZp will be chosen later to suit our convenience, Solving for

the coefficients of xJ, 0< j<k, in(83) we obtain:

k-Za -i=0

‘:)-Zai- i°=0

kY 5. k-2
(i) Z, - =0

Since k < p, the binomial coefficients are non-zero and we may divide

by them, Choosing b =Z a ik, the remaining equations are

k linear equations in the k unknowns a, with determinant:
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1 11 1

1 2 3 k

2 22 .. , =TT u-jp+o. (84)
: i>]

kel - |

a,

i
it follows that we can solve for the a. Since each a, =Z: I is a sum
1

of at most p-l kth powers, it follows that x + b can be writtenas a

sum of not more than k(p -1) kth powers. To write an arbitrary pol ynomial,

say c_ X 4 .. dC ,as a sum of kth powers, we may just substitute

0
cx =c_ . c, -~ b into the identity (83) in place of x:
n - k
cnx +...+co=lzai(C(X)+i). (85)

This proves the theorem,

Suppose char Fq'fk. We shall show that g{k)* exists and in fact
is less than 3k + 1+ 2¢ + £’ where eventually we shall choose
£=0'<k log(3k2- k)+1, Todo so’it suffices to show that every

polynomial N that is a sum of kth powers may be written as

k k k
N—Pl+---+P3k+l+ U1+U2+V1W (86)

where: (a) ord P, <m, l<i<3k+1, klm and (87

i
m is sufficiently large,

(b) Ul and Uz run through all the different monic polynomials

of order km that are representable as a sum of { kth powers,

(c) ordw=% m, W monic,

= _
See p, 8.
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(d) Vl runs through all the different monic polynomials of
order (k-1)m that are representable as a sum of £’ k':h powers,
The restriction kim is not essential but is taken to ensure
%{m is integral and to thereby avoid additional notational mess,
The choice of the variables is not arbitrary but related to three
different ideas that combine to show that N is a sum of kth powers,
The first idea accounts for the contribution of the major arcs
and gives rise to the first 3k +1 kth powers Pi' It arises in the

following way: Consider the number, say r’(N) of representations of

N as a sum of kth powers of the form

P:(+---+P:+Z, (88)

2
i

where (a) ord Pi <m, l<igs, (89)

(b) Z is a sum of kth powers of some to be specified set ’b .

Let H{a) = Z e(aZ), where the summation is over these Z in 'b .

z
Let T(a) = Z e(aP). Then
ord P<m
r'(N) = f T%(0) H(a) e(-Na)da. (90)
ord a< 0

The contribution of the major arcs is

§ =2 s r°(@ et-aN-2)) da. (91)
Zm
In the summation over Z there are H(0) = number of Z terms, and
m(s -k)
for each of these terms, the integral is >> q , provided

8 >3k + 1. Therefore, if 8 > 3k+1
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§ >>a™ Y n. (92)

In order to prove r’(N) >0 it would suffice to find some set 5 of

polynomials Z for which the contribution of the minor arcs to r’(N),

say 9-2, is

d, <<a™® Ty, (93)
Now we have

Jd , = J T (a) H(0) dar
™
- (94)
<q [ |H(|de
T

The second and third ideas arise when we try to find a set of Z

for which we can give an estimate for the integral in (94) which is of

the type needed in (93).
Suppose Y runs through a set Td of polynomials of some

gpecial form, Let

L(a) = Z elaY), (95)

Yé‘a

where the summation is over these special Y. Since |e(aY)| <1

= e(0), we know (the trivial estimate}
|L(a) | < L(0). (96)

But suppose we could prove that for a¢7y, the union of the minor arcs,

|L(a)| < L(0) g~ ™. (97
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Let Z be of the special form

Z=Yl+---+Yt, (98)

where each Yi is in'%, We would have

H(a) = LY(a), (99)

and in particular,
H(0) = LY(0). (100)

Using (100), (99) and (97) in (94) we have

3, “"no. (01)

This is of the form (93) that we want, provided t¢>k+ 6, that is,
provided t is taken large enough, The estimates of the form (97)

are analogous to Weyl’s Lemma where we took the special form of Y

to be simply

Y=Pk ord P < m,

’

In that case (see Proposition 12), we showed (if k < char Fq)

1
- — - ’)m
IL((!) I << L{0) q 2k-1

where ¢’ could be taken arbitrarily small, Here however we make a

different choice for Y and prove an inequality of the type (97) ina

different way. This is done in Lemmas 34 and 35 below and gives
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rise to the £’ kth of the form V Wk,

1
The estimate (101) may be thought of as analogous to what could
be obtained by using Weyl’s Lemma alone in proving the asymptotic
formula. A much more efficient estimate was obtained by combining
Weyl’s Lemma with Hua's Lemma (Proposition 13)., The third idea may

be thought of as analogous to Hua’s Lemma, It arises in the following

way: Instead of taking Z in the form (98), we take

Z=Y1+---+Yt+Ul+UZ, (102)

where each Yi is from the set ‘H and each Ui is to be from a

special set w of distinct polynomials to be specified later. Let

Ra) = 2 e(al). (103)
Ue U
In particular, R(0) =card}JJ . (104)
It follows that
H(a) = LY(a) R(a). (108)

The contribution of the minor arcs is
3, <a® ™ Yo s IR da (106)

Since |R(a |Z is non-negative we may extend the domain of integration

in (106) to the whole interval ord @< 0. Since

J‘\ 0 if Ul = Uz
e(a(Ul - UZ)) da =
orda<0 1 if Ul = UZ’
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it follows that

J |ma>|’-da£ZZ f ela(U, - U,)) da {107)
U u

ord <0 1 > ord <0

< R(0).

If we could pick the set w such that its cardinality, i.e., R(0),

is at least

R(O)>> q° ™, (108)

then
92 ca®*tm 180 1 R da
™
< ql(S-l;e)m Lt(O) R(0) (109)

-’
¢t 7MLt r%(0).
This estimate is of the form (93), that we desire, provided
te+e’">k+5,

Proving an estimate of the type (108) is done in Lemma 32 and gives
rise to the 2{ kth powers in the terms Ul and U2 in (86).
In the end, it will be convenient to take t =1, and £ =£'
= smallest integer r > k log(3k2- k). We now proceed to the proof of
the lemmas,
Lemma 32: Let U l(m) denote the number of different monic polynomials

of order km that are representable as a sum of £ kth powers of
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polynomials, If char Fq‘f k then

[
Uﬂ(m) 5> qkm(l -\), (110)

where \ =1 - ':-{ and the constant implied by >> may depend on

q, k and ¢ but is independent of m,

Proof: We proceed by inductionon ¢, If £ = 1, then there are qm
different monic polynomials Pk where ord P =m. Thus Ul(m)> > qm
Consider those polynomials of the form Pk + Q, where ord P =m,

P is monic and Q is a monic polynomial of order k - [%{(k -1)m]
which is the sum of £ -1 kth powers of polynomials,

We assert that pol ynomials of this form are distinct for distinct

choices of (P, Q). For suppose

k k
Pl + Ql = P2 + QZ' (111)

-1

m m- m m
Let Pl—aox +a1x +...+am, and let Pz—box +blx

+ o0 + bm, Since we have supposed Pl’ PZ monic, ao = b0 =1,
Proceeding by induction, suppose we have proved a = bi’ O<i<n<m,

To show a = bn’ consider the coefficient of ka "™ on both sides

of the equation (111). If n<m or k f(k -1)m then this coefficient is

k-1 k-1
F(aO' N an-l) +k ao an = F(bO' cee, bn-l) +k b0 bn (112)

Here the same form F involving only a., bi for i < n appears on both
sides and the coefficients of Ql and Q2 do not appear a8 km-n 2

>(k-I)m> orin=k[i(k-l)m], Since ai=bi' i<n, and ao=bo=l
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and char F_{k, we conclude that a_=b_.
q n n
If n=m and k|(k-1)m the leading coefficients of Q and Q,,

namely 1, since Ql and QZ are monic, appear in the coefficient of

Jk-lm o oth sides of the equation (111):

We againconclude a_ =b
m m

It follows that Ul(m) is at least the number of choices for P

times the number of choices for Q,

m 1
U (m) > 4" U, ([ k=hm])

1 £-1
. qmqk[ k(k-l)m](l -\ )

T, M l-Dm - _ka ot

g~
5 qm +{k-1)m (I -\ 1)

24
(since q-k(l -N )>> 1)

1 1 1.2 -1
) gkmik+ A-A-0-5) )

0
km (1 - \
gkm -2

Lemma 33: Let R(a) = 2 e(aU) where U runs through the different
U

monic polynomials of order km that are sums of ¢ kth powers, Then

L

-km(l -\")

J IR(a) |© da = R(0) << q R%(0). a3)

orda<0
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1 2

‘f |n(a)|~’-da=ZZ J\ e(a(U, - U,)) der.

U, U, ord a<0

The integral on the right is 0 unless Ul = U'2 when it is 1, Therefore

summing over U1 and U2 is the same as counting the number of U,

which is also given by R(0).

Thus the first equality in (113) is

established. The second inequality follows from the previous lemma,

since the number of U is

Lemma 34: Suppose V is a set of polynomials of the form:

R(0} = Ue(m) >> q

V=xv+V

km(l - xi)

I’ 1

Also let w be a set of polynomials of the form:

Let

If (a)

(b)
(c)
(d)
(e)
(f)

U=x"+U, ordU <nu,

| 1

L@ =2_ 2_ elaUV),

Ve Uelf

v0 = card —U"

ord V. < v,

(114)

(115)

(116)

(117)



67

then

|L(a)| UV, q (118)

Proof: Employing Cauchy’s inequality in the form
2 2
|z ail < (# of terms) = |ai| .

we conclude that

|L(a)| |2: Z (aUV)I

Vel Uel

<V, Z'_ | 2= e(aUV)IZ
Ve' UeVf

cvy, 2 | T eetw|’

ord Vl<v Ue U (119)

V= x"+Vl

cv, 2 2. Z. elaU-uw).
ord Vl<v Uelf UeUT
V= x"+vl

where now the summation over V is over all pol ynomials of the form

V=x + Vl' ord Vl < v. Inthe summation over U and U’ in (119),

there are at most u, pairs (U, U’) giving any particular value of

U” =U-U’, Alsosince U=X"+ U, U =x"+ Uj, ord U, Uj <u

we conclude that ord U” < u, It follows that

L@ < v, u Z | 2  elauW), (120)

00 ord U u ordVl<v

V=x +Vl
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where U” now ranges over all the polynomials of order <u, It

follows from (b) of the hypothesis that ord g8 U”V < -1, Therefore

| L eauvi=] 2—  eRurv]

ord Vl< v ord Vl<v Q
V=xV+V, V=x"+Vl
A
= | E e("Q— u” Vl)l'
ord V,<v

1

(Here e(—A- xv) is a uniform constant factor and so may be omitted in

Q

the sum.) Summation over Vl gives 0 or qV depending on whether

ord ((% U”)) > -v or not, Writing U” = QU2 + U3, ord U3< ord Q,

L@Pcvgu, 2 |2 eRa@upuyvyl

00
ord U2< u-ordQ U3 modQ ord\{<v

u
< v u S Z_—_ | Z e(AU V1)|.

=700 |Q| U3(mon) ordVl<v Q 3

But as U_ runs over a complete set of residues mod Q, so does AU3.

3
-IQV-L residue

Out of this complete set of residues there are precisely

q
classes whose fractional parts have order less than -v. For each such
residue the inner sum has value qv and for the remaining classes the

inner sum is zero., Thus

u

2 cdQl v
[Lia)| gvouo-l%r k. q

1 (a21)
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Lemma 35: Suppose k]m. Let W run through all the monic

polynomials of order %‘ m, Let Vl run through all the monic poly-

nomials of order (k-1)m which are the sums of ¢’ kth powers, Let

L{a) = Z Z:, e(aVl Wk). Suppose ae¢ minor arc M(A, Q). Then

vV, W ,
: (- 3 + 30 - (k-D)m
|L(a}] << L(0) q : (122)

Proof: We use Lemma 34 with V = Wk and U= Vl' Then v =m,

v =c:1-ﬁm u=(-1)m and u

0 ’

Lemma 34 are easily seen to be valid so it follows that

1
0= UE’(k(k -1)m). The hypotheses of

L4k -1)m
L@® cuyvgatca U, (i (k- Dm) (123)
Also L(0) =#fof terms in L(a)
)
- U, (¢ (k-Dm).- gK™,
Therefore
1
(-+ 4+ k-I)m
L@ ? < Lo Ui,l(i(k -)mgq K ) (124)

Jk-Da -kl')m.

By Lemma 32, Ul ,(i (k-1)m) >> Therefore

L 1, 1.2
(-3p+ 51-%) Ge-D)m

|L(@] < |L(0)] q

Lemma 36: Let 7y denote the set of minorarcs, If £=2'>k log(3k2— k)

then for some b6 >0,

fT@**! R@ [ L@ da <<

!
cc @+ 1-8) g200) L(0). (125)
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Proof: We use the trivial estimate |T(a)] gqm, Lemma 33 and
Lemma 35, We conclude that

3+l p@)? |Li@] de <<

mk +1-++ —(l-—)l"(k—l) ke ka-ph

<< q 2K R (0) L(0)

IT(]

m(zk +1- ;k+ - —)‘(3k-1) ,
<< q R(0) 1{0).
We want —(1 R
< 2k’
1 1
or £ log(l - T() < - log 2k - log '2‘(3k -1).

This is true if £ log(l- -lﬁ) < --l% - log 2k - log (3k 1)

1
g (3k-1) - 2K

R

or

that is if ¢ >k log (3k°- K.

Theorem 37: If char Fq = p‘fk then a polynomial N is a sum of kth

powers iff it is a sum of kth powers mod P for all irreducible P

such that |P] 5(k-—-1)2, In that case, it is a sum of
~ 2
g(k) < 3k+ 3k log(3k -k)+ 4 (126)

kth powers. If pv" k then N is a sum of kth powers iff N is a pvth
power of a polynomial N1 where Nl satisfies a similar condition for

k = k/p¥. In this case E(k) ='§(kl) satisfies a condition similar to (126)

with kl in place of k.
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Proof: The case p ! k is obvious provided we show the case p‘rk,
Suppose pTk. We consider representations of N in the form (86)
with the provisions 87 (a) - (d). The number of such representations,

say r'(N) is

r(N) = 5\ Te)* ! R%(a) L(o) da.

orda< 0

The contribution of the major arcs is

S lzZ Y 2 2 ¥y e(a(-N+Ul+U2+VWk)da,
U U,V W W

1 2
There are RZ(O) L(0) such terms, and for each, the contribution of the
integral is >> qm(ZkH) (Theorem 30), In all, the major arcs give

S‘l os RZ(O) L(0) c‘m(?.k+l).

According to Lemma 36, the contribution of the minor arcs is

< qm(2k+l -5) RZ(O) L(0).

Thus r’(N)—- as m -~ through values divisible by k, It follows that

gk) < 3k+ 1+ 3¢2

< 3k + 3k log(3k>~ k) + 4,

Corollary 38: There exists polynomials B, Bl’ cee, BM such that a polynomial
N is a sum of kth powers iff N:—:Bi(mod B) for some i, If p =char Fq‘]'k
then B is a product of distinct irreducible polynomials P such that IP|< (k-l)z.

If p’l|/k then B is a product of p’th powers of distinct irreducible
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polynomials P such that |P| < (k-1)°. The B form a ring (mod B).

Proof: This follows from Theorem 37, The Bi form a ring mod B

since the polynomials that are sums of kth powers are closed under

subtraction and multiplication since -1 =M

p-l times

Theorem 39: Given k and Fq, If char Fq‘f k there is an extension

F _, of F_ such that
q q
gk, q) < k.

In particular, every Ne Fq[x] is a sum of k kth powers of pol ynomials

qu,[x] .

Proof: The proof is similar to the proof of Theorem 31. Let F‘:l be an
1

extension of Fq with at least k different elements bl’ ceey bke Fq .
1

Their Van der Monde determinant is

1 ‘

b b by

be bl b2 | =TT (b -b)+o0.
1 P2 k 7P

. i>j

k-1 k4 k-1
L P2 e K

It follows that there is a solution TR a e Fq of the equations
1
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k

Z ai=0

1
Zaibi=0
Z a bf‘zo

Thus with b= 3 a, bl;, we have
1
k k
X+b=3_ a(x+b). (126a)
1

1
Let F_, be the extension of F_  with ¢ =aii, 1<i<k, adjoined.
1
We find
k

x+b=3_(c, x +c bi)k. (126b)
1

An arbitrary polynomial Pe Fq,[x] may be written as a sum of k kth
powers by substituting P -b for x in the identity (126 b).

Theorem 40: Let p = char Fq, with say, q = pn. The set of sums of kth
powers of constants from Fq is a field, say Fp,,'_. Let Q(q, k) be

the ring of polynomials over Fq which are sums of kth powers, If

pfk then

dimzP Fq[ x)/R(q, k) < l‘_(%_ll n-(k-1) n. (127)

Proof: Any subset of a finite field closed under addition and multiplication

(and containing 1) is a field. Therefore the sums of I:(':h powers of constants
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is indeed a field, Since 1 = lke Q(q, k), &(q, k) can be viewed as a
vector space over ﬂp. For A(x)e Fq[ x], Ak(x) ea (q, k).

To prove the theorem it will suffice to show that an arbitrary
polynomial P can be writtenas P = P1 + P2 where Pl € Q (q, k)

and PZ is in a vector space of the indicated dimension, We first show

by induction that we can reduce P toa pol ynomial of order < (k-l)2 by
adding a polynomial P, e®R(q, k). If ord P<(k -'l)2 there is nothing

to show. Now suppose t =ord P > (k -l)Z and that we have proved the
assertion for all polynomials Q of order <t. Write t=(k-Du+v
where 0<v < k-1, Since t_;_»(k-l)?, u>k-1>v. Suppose

P=bxt+P' where ord P’ <t -1. Let a=%‘b, Then

P+ xku - (xu + axv)k

k
- bxt + P+ xku _ (xku + bx(k-l)u+v+ Z-_ (I;)ai x(k—i) u+v).
i=2

Therefore
ord(P + xku - (xu + axv)k)
< max(ord P’, (k-Du+iv, 2<ick)

< max(t-1, ku -min (u-v)j)
2<jk

< t,
(Here u>v, so ku- min (u-v)j=ku-2(u-v) <(k-Du+vs= t.)
2<jck
Now the induction hypothesis gives the assertion,
Next we note that we can still use the same trick to eliminate the

powers xt, for t< (k-l)z, provided u >v, Starting from
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u=(k-2) v=k-3 k-4,...,0

u=k-3 v=k-4, k-5 ---,0

to u=1 v=0,
we may eliminate powers o = KDY 1 a0l there are

142+ ... +(k=-2)= —(k—-—?'zl(ﬂ less powers of x, We can also
eliminate those powers of the form (axw)k of degree < (k -l)2 hence
with 0 <w <k -2, togive (k-1) n fewer dimensions. In all there
are at most

{(k-l)?' _.(&:_Z)ZL&__U-} n —(k-l) “1

K-k

2

n-(k-1) n1

dimensions in Fq[x]/&(q, k).
Example dl: k=p +1, F -7, Inthscsse, n=n =l Infact,

equality holds in (127) of the previous theorem:

2_ 3k¢+2

h k
dimzP Zp[xl/oup. p +1) = >

Proof: We define an n-nomial as a polynomial in which n distinct
powers of x appear, Thus there are monomials, binomials and so forth.

We show by induction that the kth power of an arbitrary n-nomial.
can be written as the sum of kth powers of monomials and binomials,
For n=1, 2 there is nothing to prove. Suppose we have shown the

assertion for arbitrary m-nomials, m<n -1,
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Any n-nomial can be written as axt +bx"+ P where P is an

{n -2)-nomial, Its kth power is

h
(axt + bxu + P)k = (axt + bxu + P)p (axt + b:\cu + P)

h
= {(axt)ph + bxP 4 Pph}(axt +bx + P)
= (.':u:t + bxu)k + (axt + P)k+ (bxu + P)k

- @xhH® - b - X,

The induction hypothesis now shows that (axt +bx" + P)k is a sum of
kth powers of monomials and binomials.
Instead of using kth powers of binomials (axu + bxv)k it will be

convenient to use truncated binomials of the form

hl.l-l-V u+ hV
a(xp +x07P ).

No generality is lost since the k' power of an arbitrary binomial, with

k=1+ ph, is: the sum of kth powers of monomials and a truncated
binomial and conversely; for we have

h

@ax" + bx")¥= (axhP + (bxv)ph)(axu +bx")

h h
(xp u+v + xu+p v) + (bxv)k,

= (axu)k + ab

We will assume u$ v when we write a truncated binomial. The reduction

process in Theorem 40 left the powers

h
xt - x(k-l)u+ v _ xp u+v (129)

where t<(k-l)z,05u<v<k-l.
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That is, those values of t for which

u=0, v=l, , k-2
u=1 v=2,. , k-2

(130)
u=2 v=3,.-., k-2

Let tO = ph u0 + VO be one of these special exponents of the

form (129). We show by induction on n that there is no chain

( Vo). (ul. v (u,, v,), == (u, vn) (131)

u o’
such that

h h .
ui_l+p vi_l—uip + v I<ig<n (132)

and either
h

(a) kltn = un p + vn
or

(b) t =u h + v_ is of the form (129) different fr t, = hu +V

n- P n om =P Y-

In case n =0 there is nothing to prove, Suppose there are no such
chains of length n -1 but there is such a chain of length n.

If kfu ph+ v then also
n n

=Uu h+V
= np .

h h
p+l—k|un_l+pv 0

n-1

Therefore
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h
k‘u'n--l -vn-l—un-l+vn-lp -kvn—l’

and also

h h _ h
k|u +v P +(p —1)(un_l-v )—un_lp +Vo.

n-1| n-1

This contradicts the induction hypothesis since

( )

)| ct %y (u

Yo Yo n-1" Yn-1

would be a chain of length n -1,
Therefore it must be that tn = un ph + vn is one of the special
powers different from to. But

ph(u ph +4V) = u+v ph, (mod th -1).

Using this relation repeatedly with (132), we conclude that

hn(h +v)= h(n-—l)( h+v)=- _ hu+v
P P U+ Vy =P ye )= =P W vV,
(mod p™-1).
Therefore either {for n even)
h h 2h
= - *
P u0+v0_p un+vn, {(mod p 1) (%)
or (for n odd)
h h 2h
= - Nk
P Vot Uy =p u V. (mod p = 1) (%)

Neither of these two congruences (*) or (**) is possible for two values
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(ug, v + (u, v) from table (130) as can be seen by the following

argument: Suppose two integers, say r 0’ rn,are given in base ph

i.e.,
r =a_+ hoa pPea, pis
0-2t3{P *2,P 3Pt
h
rn-b +bp +-..

0o 1

where 0 <a, bi < ph— 1.

zh .
Then r,=T, mod p -1 iff
Z. ai+ph Z a, = Z bi+ph Z bi(modp?'h—l).
i even i odd i even i odd

If, in addition, each of the four summations in this congruence are less

than ph then
T oa- Lo
i even i even
2 a = 2_ b
i odd iodd

h h
= = 3
Therefore taking Ty Vo +u,p, and r vn+ u p and assuming (%)

we see that

h h
= = ok
A similar argument holds for r 0=Y*tVoP> ro=v, +u p and (*¥),

Suppose that inequality holds in (127), It must be that some

polynomial Peﬂ(q, k) is of the form
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[ ti
P=)_ a x, (133)
1
where

(a) each ti is of the form t in (129),
(b) the ti are distinct,

(c) the a, $ 0.

It follows that P is
the sum of kth powers of monomial and truncated binomials:

£ l:i m w: k n h 43 4 h
Toaxi=3 b 4y o i i it PR (134)
i=1 . T
We may assume yi*’éi‘ l<i<n,

Let Wbe the following set of integers:

(a) te%,

(b) if ph yi+3 ieﬂ', l<i<n, then v+ phaieﬂ’,

(e) if y + ph’b ifﬁ. l1<i<n, then ph A +?i£%'
(Here Yo } { are those that appear in (134),) After renumbering we may
assume that the first n, truncated binomials have their powers in ﬂ’

Since there is no chain of the form (131)-(132) we may conclude

that:

t. "o

1 h . h
axl=T o (P YA LT PYL, (135)
1

Here Y #'bi, 1<1i <n,.

Now define the sets g j> -1 of powers of x:
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(a)"r_l= ¢,

® T, ={t}.

(© if p" yi+;i‘qj- l<ign, and Yi”’hZi#Tj-l
then yi*"h?i‘%n'

(d) if yi+pllaieﬂ’j, l<ign, and phyiwbififj_l,

then ph A +g ie%’j +

We show by induction on j the sets %j are pairwise disjoint, Clearly

W_lﬂ’ ,% ,‘H’; are pairwise disjoint. Suppose we have shown

q-l' e ’Wj’ j >2 are pairwise disjoint. Clearly Wj +ln%; =

=K " A 0Ky = ¢ Suppose an"%z to,

-l<f<j=-2, Say ph A +3i€%j+ln%2 where y;+ phf)i E%j'

Then either y, + ph?ie‘jr! _p oF Yt pha ieﬂ'l ,1 contradicting the

induction hypothesis. A similar argument holds when y; + phra i ‘Xj . lﬂﬂ;.
In particular tl¢ﬂ' , J>0.

h
Let’&jz{illiisno. ph yi.g.gie% or yi+p9ieqj}.

t
In equation (135) the coefficient of x ! g
a=2_ c.
1 ied i
1
The sum of the coefficients of xu, ue‘f , J>1 in equation (135) is:
0= Z: c, + 2; c,.
i i
iejj_l ie},

Since &, $ 0, it follows that
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a—j c, 0, jzl

This is a contradiction because the T j (and so the ,& j) are eventually

empty.



Bibliography

1., W, J. Ellison, "Waring's Problem, ' Am, Math, Monthly

78 (1971): 10-36.

2. C. L. Siegel, "Additive Theorie der Zihlkorper, II,
Math. Ann, 88 (1923): 184-210,

3, C. L. Siegel, "Generalization of Waring's Problem to

Algebraic Number Fields," Amer. J. Math., 66 (1944): 122-136,

4, E. Artin, '"Quadratische Korper im Gebiete der hoheren
Kongruenz, II, " Math, Z, 19 (1924): 207-246,

5. D. Hayes, "A Polynomial Analogue of the Goldbach Conjecture, '
BAMS 69 (1963): 115-116,

6. D. Hayes, "The Expression of a Polynomial as a Sum of
Three Irreducibles, '* Acta Arith, 11 (1966): 461-488,

7. R.E.A.C. Paley, "Theorems on Polynomials in a Galois

Field, " Quart. J, Math, (Oxford) 4 (1933): 52-63,

8. H. Davenport, Analytic Methods for Diophantine Equations

and Diophantine Inequalities, Ann Arbor Publishers, Ann Arbor (1962).

9, I. M, Vinogradov, The Method of Trigonometrical Sums in

the Theory of Numbers, Interscience Publishers, Inc,, N, Y, (1954).

10. I. M, Vinogradov, "On Waring's Problem, ' Ann. of Math,

36 (1935): 395-405,

83



