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CHAPTER 1

OUTLINE OF RESEARCH TOPICS AND STATEMENT OF RESULTS

1.1. INTRODUCTION

In this work, two research topics are studied, one in applied math-
ematics dealing with the notion of matrix derivatives and the other in
statistics dealing with the application of matrix derivatives to maxi-
mization and minimization problems connected with estimating the unknown
parameters of a linear structural.relationship having errors-in-varisbles
and/or errcrs-in-equations. Chapters 2 and 3 pertain directly to the
topic of matrix derivatives while Chapters L and 5 are concerned with the
application of these notions to estimation problems in statistics. Thus
the reader who is interested in exploring techniques of matrix differen-
tiation of matrix functions of & matrix variable may confine his atten-
tion to reading only Chapters 2 and 3, while the reader more interested
in the stat%stical applications may go directly to Chapters 4 and 5 al-
though in places he may find it necessary to refer to certain theorems
stated in the preceding two chapters in order to follow each detail of
the derivations given there. Accordingly, for convenience in exﬁosition,
we review separately in Sections 1.2 and 1.3 &he topics of matrix deriv-
atives and their applications to estimation problems in statistics in-
volving errors-in-variables and/or errors-in-equations and summarize the

new results that have been obtained in these areas in applied mathematics

and statistics. In addition, in Section 1.4 we briefly list several

1



AV}

problems related to these topics as a basis for future research.

1.2. MATRIX DERIVATIVES

The notion of "derivative" of a matrix function of a matrix vari-
able has been studied in applied mathematics by several authors; amd we
make no attempt here to provide a complete survey of these works, al-
though in [23] a fairly extensive bibliography on this topic current to
1955 can be found. Rather we concentrate our attention on one such no-
tion of matrix derivative which has proven especially relevant to ap-
plications in statistics. In many problems in statistics one is fre-
guently faced with the task of maximizing or minimizing a function of a
matrix variable or of expanding some complicated functional of a matrix
variable in a meaningful series expansion in order to gchieve a useful
approximation. In these types of problems, therefore, there is found
ample motivation for providing matrix differentiation techniques which
enable one to obtain explicit matrix expressions for the derivative of a
function of a matrix variable simultaneously with respect to each of the
elements of the matrix variable.

Prior to the development of the metrix derivative suggested in [32]
by Dwyer and Macphail, such extremal problems were usually handled by
reinterpreting the matrix problem in terms of associated scalar problems,
applying the ordinary differential calculus for real or complex func-

tions of real or complex variables to the equivalent scalar problems and

then, once again, reassembling the derived results into a matrix state-



ment, the details of these calculations generally being omitted from
the mathematical presentation.
Thus, for example, when x is an nxl column vector and A is an nxn-

matrix, we find that Fragzer, Duncan and Collar [35] give the result

as the derivative with respect to x of the quadratic form,

y = f(x) = x%Ax .

Here B/BX may-be interpreted as an operator having the same row and
column orders as x whose components d/dxx, k = 1,2,...,n, are the ordi-
nary scalar differentiation operators.

In order to provide a concise systematic foundation for using ma-
trix derivatives in statistical applications so that'matrix differentia-
tion can be carried out in a straightforward manner without the neces-
sity of reverting to and from equivalent scalar expressions and differ-
entiation operations when examining extremal properties of matrix func-
tions, Dwyer and Macphail in [32] developed a calculus of matrix differ-
entiation for scalar functions of a matrix variable. Thus if Y = F(X)
is a pxg-matrix function of an mxn-matrix variable X, they define the
derivative of the rsth element function < Y >.; = frg(X) of

F(X) = [fyrs(X)] with respect to the matrix X simply as the mxn-matrix



Afrg(X) f rs(X) dfrs(X)
X131 X312 OXin

bfrs( X) afrs( X) afrs( X)
AX21 Moo OXzn

d <Y >pg
oX .

3frs(X) frs( X) frs(X)

axm]_ axm2 aan

where afrs(X)/Bxij is the ordinary partial derivative of frg(X) inter-
preted as a function of several scalar variables xjj which are the mn-
elements of the matrix X.

In their original paper, Dwyer and Macphail concentrated on provid-
ing methods for deriving this type of matrix derivative for a wide class
of functions given as sums of products of constant and variable matrices.
They established three rules which involved certain special matrices and
their transposes for obtaining this type of matrix derivative for such
matrix functions. These rules could be used symbolically in the sense
that one could interpret them as specifying when certain symbols were to
be replaced by certain other symbols and how these symbols were to be
arranged in order to obtain this type of matrix derivative.

It was the symbolic interpretation of these three rules prescribing
how this type of matrix derivative could be written down from the ordi-

nary matrix derivative of a related matrix function of a scalar variable



which led originally to these matrix derivatives being called "symbolic"
metrix derivatives. It is this author's feeling, however, that the ad-
jective "symbolic'" in this context imputes a secondary or colored mean-
ing to this basic mathematical notion of a matrix derivative of a scalar
function of a matrix variable; and it is for this reason that this con-
cept is called the "Dwyer-Macphail matrix derivative" throughout this
presentation.

In addition to providing an almost mechanical basis for calculating
such matrix derivatives, these rules also made it possible to derive
the Dwyer-Macphail matrix derivative of a scalar function of a matrix
variable without having to give explicit consideration to the representa-
tion of such a function as a scalar function of several scalar variables.

In other words, if we desired to find the derivative of the function
y = < X2 >ij: where X is an nxn-matrix

for example, then o < Ve >ij/8X could be obtained by applying these rules
without having to write down explicitly the representation of y as a
function of several scalar variables, namely

n
J =Z Xk¥ky © <X >
k=1

and forming successively the partial derivatives ay/axrs for 1=srs=n
and 1 £ s £ n.

The usefulness of this matrix derivative calculus is well illus-

trated in [31] where Dwyer uses the Dwyer-Macphail matrix derivative to



present for the first time self-contained derivations of several genera-
lizations of a Gaussian theorem. In particular Dwyer is able to derive
a general formula for simultaneous unbiased estimates of linear func-
tions of parameters (when these parameters are subject to linear restric-
tions) and a formula for the variance matrix of these estimates. He
proves, moreover, without arbitrarily having to introduce special matrix
expressions which implicitly contain the desired results—but rather by
the direct application of the Dwyer-Macphail matrix derivative methods—
that these estimates have minimum variance among all unbiased linear
estimates.

Although the calculus for functions of a matrix variable based on
the notion of Dwyer-Macphail matrix derivatives has already been refined
to the point where its application has led to important new results in
statistics, nevertheless, there are some theoretical areas that remain
to be investigated and these provide the main topics for this research
in applied mathematics on matrix derivatives.

Our first result on matrix derivatives is related to an attempt to
extend the three rules obtained by Dwyer and Macphail for deriving ﬁhe
Dwyer-Macphail matrix derivative of a function given as a sum of products
of constant or varisble matrices to a larger class of matrix functions
of a matrix variable. We accomplish this by proving for the first time
a duality type theorem between the ordinary (or J-type) matrix deriv-
ative and the Dwyer-Macphail (or K-type) matrix derivative of a general

matrix function. 1In turn the three rules originally established by



Dwyer and Macphail have been rigorously established by an application of
this more basic duality type theorem and certain properties of the Trace
operator. Then this same duality type theorem is used to establish a
new compound function differentiation thecrem for matrix functions of a
matrix variable which features the Dwyer-Macphail matrix derivatives of
the functions defining the compound matrix function, and this matrix dif-
ferentiation theorem for compound matrix functions plays an important
role in our subseguent developments related to the estimation problem
for stochastic structuresbrepresenting linear structural relationships
having errors-in-variables and errors-in-equations.

Having established these results for first order Dwyer-Macphail ma-
trix derivatives, it is natural to inquire as to whether or not a satis-
factory notion of higher order Dwyer-Macphail matrix derivative can be
introduced which extends the theory developed for first order Dwyer-Mac-
phail matrix derivatives while, at the same time, leading to identical
theorems when first order matrix derivatives are considered. Following
this line of inquiry, five types of higher order matrix derivatives have
been defined and their properties studied.

To this author's knowledge, none of these five higher order matrix
derivatives has been previously introduced or investigated. Our re-
search has led to a generalized duality type theorem among these various
types of higher order matrix derivatives which contains the duality the-
orem for first order matrix derivatives as « special case and which al-

lows all of these five new types of higher order matrix derivatives to



be derived for many matrix functions by direct reapplication of the three
simple rules which previously were known to be valid only for the first
order matrix derivatives of the J or K types mentioned above.

In addition one of these five types of higher order matrix deriv-
atives, namely higher order Dwyer-Macphail matrix derivatives, has pro-
vided a basis for developing a matrix function of a matrix variable in
an infinite series expansion which explicitly features its matrix deriv-
atives. An application of this extended calculus of Dwyer-Macphail

matrix derivatives, for example, leads to the expansion

- T :
XAt = XX + XA(X-X)" + (x-i)AxT +(X-EA(X-ET

of the matrix function Y = F(X) = XAXT about the matrix X = X where A

and X are nxn-matrices.

Thus the introduction of these new higher order Dwyer-Macphail ma-
trix derivatives and their use in developing a matrix function of a ma-
trix variable in a series expsasion are two new extensions of the Dwyer-
Macphail matrix derivative calculus which maintain the simplicity of
the original development of the calculus of first order Dwyer-Macphail
matrix derivatives.

These results are developed in Chapter 2; then in Chapter 3 we shift
the orientation of our research on matrix derivatives quite sharply, this
change of emphasis being motivated by the following question: What re-
lationship exists between the Dwyer-Macphail matrix derivative and cer-

tain notions of matrix differentials which are adapted interpretations



to matrix spacés'of differentials for functions from and to more general
abstract spaces. In particular we seek the relationship between Dwyer-

Macphail matrix derivatives and Gateaux or Frechet differentials [38,39,
40] of matrix functions of a matrix variable.

In several sections of Chapter 3 we summarize in their present form
parts of the theory of Frechet and Gateaux differentials for functions
from and to real or complex Banach spaces or Banach algebras, this sum-
mary dealing mainly with those parts of the theory which are especially
significant to our work involving matrix derivatives and matrix differen-
tials. We find, under certain regularity conditions, that the Frechet
differential and the Gateaux differential of an abstract function co-
exist and are co-equal; and in these circumstances we refer merely to
the Frechet-Cateaux differential of the abstract function. The Frechet-
Gateaux differential is in fact an abstract homogeneous polynomial of
degree one (i.e., it is an abstract linear function). Similarly higher
order Frechet-(Gateaux differentials are abstract homogeneous polynomials
of degree corresponding to their order (i.e., higher order Frechet-
Gateaux differentials are abstract symmetric multilinear forms each of
whose variables is assigned a common value).

In the case of a function from and to matrix Banach spaces or al-
gebras over the real or complex fields, we can anticipate that its
Frechet-Gateaux differential is functionally related to the ordinary par-
tial derivatives of the element functions of the given matrix function ;

3

and, therefore, since the Dwyer-Macphail matrix derivative is also de-
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fined in terms of these same partial derivatives, that the two notions
of Frechet-Gateaux matrix differentials and Dwyer-Macphail matrix deriv-
atives are most certainly related to one another. But this is an over
simplification of the question which we raised earlier>regarding the re-
lationship between these two notions of matrix differentials and matrix
derivatives.

Clearly, we can expect that these two matrix concepts are related
to each other through the functional dependence of each of these two no-
tions on the same ordinary partial derivatives of the element functions
of the given matrix function, but the significant point is that the fun-

damental mathematical structure of the Frechet-Gateaux matrix differen-

tial as an abstract homogeneous matrix polynomial is directly, explicitly

and uniquely determined in terms of the corresponding Dwyer-Macphail ma-
trix derivatives of the matrix function., This cannot be sald of other
notions of matrix derivatives such as that studied by Rinehart [123].
In other words, although the Rinehart matrix derivative (again through
the ordinary partial derivatives of the element functions of the given
matrix function) is also functionally related to the Frechet-Gateaux
matrix differential, nevertheless, this relationship cannot be expressed
in terms of an abstract homogeneous matrix polynomial (i.e., by a sym-
metric, multilinear matrix form).

For our purposes the operational consequence of this observation is
this: Many of the properties known to hold in the elementary calculus

for derivatives and differentials of real functions of a real variable
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can be extended to derivatives and differentials of matrix functions of
a matrix variable by virtue of the special relationship that exists be-
tween Dwyer-Macpheil matrix derivatives and Frechet-Gateaux matrix 4if-
ferentials. For example, in the elementary calculus the derivative of
a function is zero if and only if its differential vanishes identically
as a function of its increment, while for matrix functions of a matrix
variable, the Dwyer-Macphail matrix derivatives vanish if and only if
the Frechet-Gateaux matrix differential vanishes identically as a func-
tion of its (matrix) increment; and, therefore, necessary conditions for
critical points of a scalar function of a matrix variable can be stated
equivalently in terms of either matrix differentials of the Frechet-
Gateaux type or in terms of matrix derivatives of the Dwyer-Macphail
type.

These issues are clarified in the course of our treatment of matrix
differentials and matrix derivatives found in Chapter 3, and it suffices
to say at this point as a summary statement that new extensions of the
Dwyer-Macphail matrix derivative have been obtained in the form of cer-
tain basic relationships which exist between them and the Gateaux and
Frechet differentials of matrix functions o1 matrix variables.

Other notions of differentials for abstract functions have been pro-
posed by various authors and their properties explored such as the no-
tion of lorch differential [94] for functions from and to commutative
Banach algebras and Hausdorff differentials [57] for functions from and

to associative linear algebras with a unit element over the real or com-
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plex field. It appears, moreover, that the Rinehart matrix derivative
may be related to the Hausdorff matrix differential just as the Dwyer-
Macphail matrix derivative is related to the Frechet-Gateaux matrix dif-
ferential.

We do not, however, pursue this or related investigations further
in this dissertation. Rather we have mentioned the notions of Lorch
differentials, Hausdorff differentials, and Rinehart matrix derivatives
only to call the reader's attention to the fact that our discussions in
no way exhaust all possible approaches to the study of matrix derivatives
and matrix differentials. But this point notwithstanding, it does ap-
pear that the study of Dwyer-Macphail’matrix derivatives and Frechet-
Gateaux matrix differentials offers a rich selection of theory and tech-
niques which are quite useful and adequate for solving many of the com-
plicated types of optimization problems that occur in mathematical sta-
tistics.

1.3. ESTIMATION PROBLEMS INVOLVING ERRORS-IN-VARIABLES AND/OR ERRORS-
IN-EQUATIONS

In Chapters 4 and 5 we turn our attention to applying the extended
calculus of Dwyer-Macphail matrix derivatives to certain estimation prob-
lems in statistics which involve errors-in-variables and/or errors-in-
equations. The basic statistical model with which we are concerned in-
volves a linear relationship between sure and random variables in which
random "errors-in-equations" or "shock" disturbances may be present and

in which the sure and random variables of the structural relation are
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non-observable, their values being masked by random "errors-in-variables,"
When both wvariable and equation disturbances are present we say
that we have an EVE (error—in-variable-and-equation) statistical model,
nemely a model of the form
P q
2 ajri(k) + Z B;S;(k) = ¢&(k)
i=l j:l

where for 1 £ k = n we observe
x3(k) = ri(k) +8;(k) and y;(k) = 55(k) + (k)

Here the ri(k) are non-observable sure variables and the Sj(k) are non-
observable random variables, &j(k) and nj(k) being random "errors-in-

1

variables" and t(k) being an "error-in-equation;" and when the random
elements Sj(k) and ¢(k) are zero with probability one, so that the linear

structural relation is merely an implicit linear function,
alrl(k) + agrg(k) + ... + Otprp(k) = 0,

and for 1 £ k £ n we observe x3(k) = rj(k)+5;i(k) instead of rj(k) di-
rectly, we say that we have an EV (error-in-variable) statistical model.
We apply the theory and techniques of matrix derivatives and matrix
differentials as developed in Chapters 2 and 3 to the problem of estimat-
ing the unknown parameters of a linear structural relationship having
errofs-in-variables and/or errors-in-equations. In our development the
variable and equation errors Jjointly are allowed to have general second

order covariances rather than more simplified covariance structures
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and associated, for example, with the assumption of independently dis-

tributed variable or equation errors.

In Chapter 4, adopting a generalized least squares estimation pro-
cedure whose weights turn out to depend on the unknown parameters being
estimated, we find that such GLS (generalized least squares)-estimators
of the unknown parameters of a linear structural relationship whose equa-
tion and variable errors are assumed to have a known out general covar-
iance matrix, are given as critical points of a very complicated func-
tional which is a compound function of vector and matrix functions on a
certain vector space. Consequently, following a GLS-approach to this
estimation problem, we are led to differentiating scalar, vector, and ma-
trix functions of a vector variable, and thus we can expect the Dwyer-
Macphail matrix derivative techniques to play a significant role in
these investigations.

In the last chapter, we examine the estimation problem for modified
EV and EVE statistical models in which additional assumptions are made
about the probability distributions of the random elements of these two
stochastic structures. One of the strongest additional specifications
that we make is to assume that the equation or variable disturbances are
Jointly normally distributed. When the model errors are normally dis-
tributed, the maximum likelihood estimation procedure is readily appli-
cable, of course, and we investigate the ML (maximum likelihood)-esti-
mators of the unknown parameters of these modified EV and EVE statistical

models in which additional assumptions are made about the variable and
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equation errors.

As a summary of the results to be found in Chapters 4 and 5 on the
estimation problem for EVE and EV statistical models, we briefly point
out that maximum likelihood estimators or generalized least squares esti-
mators have been derived for the first time for the unknown parameters
of a linear structural relationship having both error-in-variables and
errors-in-equations and without restrictions on the covariance matrices
of the unknown errors, except of course, that the errors are a second
order random process (i.e., that their variances and covariances are
finite); and the maximum likelihood estimators of the structural param-
eters of a linear structural relationship are shown to be identical to
the generalized least squares estimators of these parameters.

In addition, by means of the relationships existing between Dwyer-
Macphail matrix derivatives and Frechet-Gateaux matrix differentials we
have established not only the necessary conditions for critical points
of the complicated functional associated with GLS-estimation of the un-
known parameters of an EV or EVE statistical model but, as important,
we also have established a sufficient condition for a critical point of
this functional to be a local minimum, this sufficiency condition being
stated in terms of explicit relationships that are to be satisfied by
the observations and the variances and covariances of the variable and
equation disturbances. This new result is especially significant for
the applications since it can be used to verify whether or not a crit-

ical point is in fact a local minimum, a verification which is not to
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be overlooked since this question cannot be resolved for the GLS-func-
tional through a simple convexity argument as is done in the usual de-
velopment of ordinary least squares theory when the errors are assumed
to be independently distributed.

Finally we show that our results on estimating the parameters of a
linear relationship having only "errors-in-variables" are general enough
to include as special cases previously known and valid maximum likeli-
hood or weighted least squares estimators for such stochastic structures
derived by other authors under different assumptions. In particular we
find that the celebrated Gauss-Markoff-Aitken [41,101,2] least squares
estimators developed under the assumptions of uncorrelated or correla-
ted errors in only the dependent variable can be obtained from our re-
sults. The works of Norton [113] and Parel [11L4] who worked with the
linear regression model in which all variables are subject to errors is
seen to be a special EV model, and their results can be written down
immediately once this identification with our work on the EV model is

?made. Next the Kummel-Lindley [89,91] weighted least squares estimators
for the parameters of a two variable linear relationship, derived under
the specification that the errors-in-variables are uncorrelated and the
ratio of their variances known, are seen to be a special case of these
general results. Then the Koopmans-Tintner [84,144] maximum likelihood
estimators for the parameters of a linear structure relationship in sev-

eral variables in which all the variables are observed with errors which

are intercorrelated within a multivariate observation, but not serially
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correlated between observations, are obtained by adopting this specifica-
tion in our analysis. As the last special case, we derive from our gen-
eral results the recent work of C. Villegas [152], published in 1961 in

the Annals g£ Mathematical Statistics in which he assumes that errors in

all variables of a linear structure relationship are present, but not
errors-in-equations, that these errors are not necessarily identically
and independently normally distributed but rather that they may have in-
tercorrelations and serial correlations of a nature whereby they Jjointly
have a variance-covariance matrix which can be represented as the direct

product of two known positive definite matrices.

1.4. PROBLEMS FOR FUTURE RESEARCH

We remark here that by no means have we given a unified exposition
of the complete literature on the topic of the estimatiop problem for EV
and EVE statistical models. Nor do we intend to imply by not having
presented such a discussion of the many other important works on this
topic in statisﬂics that they are not necessarily to be preferred to the
methods that have been mentioned. To do full justice to the literature
and to explore the implications of other research topics connected with
the estimation problem in EV and EVE statistical models would simply have
carried us far beyond the scope of the present study.

Some of the problems which remain to be examined within the context
of this work are the following: What properties such as weak or strong
consistency or minimum variance do ﬁhgge ML- or GLS-estimators possess?®

Are there efficient computational algorithms for the numerical solution
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of the non-linear normal equation systems that appear in this work? Can
these results on estimating the unknown parameters of a single linear
structural relationship having errors-in-variables and errors-in-equa-
tions be extended to multiple equation system in which such disturbances
are jointly present? When prior information about the variances and co-
variances of the variable and equation errors is not available, can these
additional unknown parameters be estimated jointly together with the
parameters of the linear structural relationship if the model is identi-
fiable? What are necessary and sufficient conditions for an EVE model
to be identifiable? Or, when prior information about the parameters of
an EV or EVE statistical model is available in the form of subjective or
personalistic probability distributions [127], what are the implications
for statistical inference of a Bayesian analysis?

Although we have not explored every aspect of the theory of estima-
tion for EV and EVE statistical models, the contributions of our research
to this topic cannot be placed in fyll perspective merely by a comparison
of the several new results summarized in Section 1.3 vis-a-vis the prob-
lems which remain for future research. This research should also be
viewed against the background of existing statistical literature concern-
ing the theory of estimation in interdependent stochastic equation sys-
tems generally.

By reviewing the literature related to multiple equation systems

where only serially independent eguation errors are present and where

non-linear equation systems for the estimators are also obtained [e.g.,



19

6,54,61,71,78,80,87,88,139,14k4,160], one finds that after about two dec-
aées of active research the problems listed above have not yet been
fully resolved even for such interdependent stochastic equation systems.
From this experience it appears that any one of these remaining problems
for the EVE model involves a major investigation.

Thus the full contribution of our findings in this area of statis-
tics stems not only from the several new results on this estimation prob-
lem which have been obtained, but from the following observations as
well: First, the application of the Dwyer-Macphail matrix derivative
calculus in this work clearly demonstrates the potential use of these
same techniques for deriving the non-linear normal systems for the ML-
or GLS-estimators of the parameters of a multiple equation EVE model

whose variable and equation errors are both intercorrelated and se-

rially correlated. Second, either by direct analysis of our non-linear

system of normal equations for the general single equation EVE statis-
tical model or by Monte Carlo techniques, the ML- or GLS-estimators can
be expressed as functions of the variances and covariances of the dis-
turbances, thus permitting the effects of variable or equation errors

on these estimators to be evaluated more fully in a particulaf applica-
tion than was previously possible. For these reasons, the author feels
that the results of this study on estimation in EV and EVE statistical

models provide new and useful contributions to statistics.



CHAPTER 2

EXTENSIONS OF THE DWYER-MACPHAIL MATRIX DERIVATIVE

2.1. INTRODUCTION

In this chapter we introduce higher-order Dwyer-Macphail matrix
derivatives and then proceed to examine whether a scalar or matrix func-
tion of a matrix variable can be developed in a series expansion featur-
ing its Dwyer-Maéphail matrix derivatives., Before attempting a more
complete presentation of these results, in order to provide the neces-
sary insight and motivation, we first give a brief sketch of the elements
of the calculus of Dwyer-Macphail matrix derivatives that had been de-

veloped before this research was undertaken.

2.2, THE DWYER-MACPHAIL MATRIX DERIVATIVE
Let ® denote the real number system R or the complex number system

C and

®(m,n) = x = [Xij]]xije¢}

the matrices of row order m and column order n with elements xjj in &.

Consider a scalar function of a matrix variable, say
£f: ¢ > ¢ =
(m,n) or y = f(X)

The matrix space Q( ) together with scalar multiplication and matrix

addition is an mxn-dimensional vector space. Thus choosing a basis

20
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In this connection we note the following

Theorem 2.2.1. If y = f(X) is a well-defined function, in other

words if f(X;) = f(Xz2) whenever X; = Xz, then its representation £(xx|B)

with respect to the basis B is a well-defined function too.

Proof. Suppose y¥ = f(xi )|B) and y% = f(x(2)|B) where xil) = xiz).
Since x(l) = xgg), for every i1 and j, xgﬁ) = xgg) where x( ) is the ij-th

component of xik) for k = 1 and 2. Hence

EI n l m n
N A LR
i=1 j=1 i=1 j=1
and therefore
v o= e B) = £(x) = £(xe) = £(x{®|B) = y¥

We are now in a position to formally introduce the notion of the
Dwyer-Macphail matrix derivative of a scalar function of a matrix vari-
able. Consider a scalar function y = f(X) of a matrix variable Xe@(m,n)
and its representation f(x*lB) with respect to the basis
B = [Bij = [big]mxn} for @(y n)- Whenever the first partial derivatives
Bf(x*|B)/8x;j exist for each 1 S i =mand 1 £ j £ n we say as in

Definition 2.2.2. The Dwyer-Macphail matrix derivative of y = £(X)

with respect to the basis B is the mxn-matrix,

n

i=1 j=1 1J i=1 j=1 mxn
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B = {(Bij = [bp2lmenl|i =1,..,m&j =1,..,n)

for Q(m,n) we may write each element Xe@(m,n) uniguely as a linear com-

bination of the Bj jeB:

m n m n
N * s =
i =
X = Z, Z fo Bij = Z Z X433 brg = [X]B
i=1 J':]_ i=1 J=l mxn
where each xfj is an element of ¢. Now the vector
Xx = (Xflxxfe,- . ;an,;- .3 Xf1,Xfi2,. . »Xfdn)

whose components are the (unique) coefficients of X written as a linear
combination of the elements B;j of the basis B is a point in PIXD (the
mn-dimensional cartesian product of ®) and thus the function y = £(X)
from Q(m,n) to ¢ (a scalar function of a matrix variable) may be repre-
sented by the function f(x*lB) from ¢mxn to & (a scalar function of sev-

eral scalar variables) defined by the correspondence,

m n
\ *

f(xx|B) = £ Z Z X3 B4 3 = f£(X)
i=1  §=1

Hence for a function y = f(X) from ¢(m,n) to ¢ and a basis
B = (Bjj] for &y ,) we state the

Definition 2.2.1. The representation of y = f(X) with respect to

(Dmxn

the basis B = {Bij} is that function from to @ defined by the cor-

respondence f(xx|B).
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In this connection we note the following

Theorem 2.2.1. If y = f£(X) is a well-defined function, in other

words if f(X;) = f(Xz) whenever X; = Xz, then its representation f(xx|B)

with respect to the basis B is a well-defined function too.

Proof. Suppose y¥ f(x£ )IB) and yX = f(x$2)|B) vhere x&l) = xie).
Since x(l) = xgg), for every i and j, x§§) = x§§) where x§§) is the‘ij-th

component of xik) for k = 1 and 2. Hence

m

i=1 j=1 i=1 j=1
and therefore
vt = e B) = £(x) = f(x2) = =P [B) = ¥}

We are now in a position to formally introduce the notion of the
Dwyer-Macphail matrix derivative of a scalar function of a matrix vari-
able. Consider a scalar function y = f(X) of a matrix variablevXGQ(m)n)
and its representation f(x4|B) with respect to the basis
B = (Bij = [b%g]mxn} for Q(m’n), Whenever the first partial derivatives
Bf(x*|B)/8x;j exist for each 1 € i Smand 1 £ j S n we say as in

Definition 2.2.2. The Dwyer-Macphail matrix derivative of y = f(X)

with respect to the basis B is the mxn-matrix,

i=1 j=1 1d i=1 j=1 mxn
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We refer to this matrix simply as the Dwyer-Macphail B matrix derivative

of y = £(X).
Usually in the applicationsthat basis E whose elements are the mxn

matrices Ej with 1 in the ij-th place and O elsewhere is most convenient

J
to use and the development of the Dwyer-Macphail matrix derivative was
originally presented in [32] and later studied in [23] and [114k] with
this particular basis tacitly being assumed. In this case, surpressing
any explicit notational reference to E we merely write

HE IR

Ble mxn

and call Of/dX the Dwyer-Macphail matrix derivative of y = f£(X) with re-

spect to the basis E—or even more briefly-—the Dwyer-Macphail matrix

derivative of f. As we presently see there is no loss of generality or
other disadvantage arising by restricting our attention to the Dwyer-
Macphail matrix derivative df/dX.

Suppose B = {Bij) and B = {ﬁij} are any two bases for the vector

space Q(m,n)' An element X of Q(m,n) has the representation



2l

with respect to the basis B. Now the correspondence which associates
the vector x*€®mxn (whose components are the coeffipients {x:j] of the
representation of X with respect to the basis B) with the vector Xycd™n
(whose components and the coefficients (i;j] of the representation of X
with respect to the basis B) is a well-defined function X, = h(xx) from

o™ o ¢mxn-—for if i&l) = h(xil)) and ;&2) = h(xiz)) with x&l) = x£2),

(1)
iy

m n n n
(1) (2)
Xl = 2 Z xij Bij = xij BlJ = X2 K
i=1l j=1 i J=1

i=1

then since the components x and x§§) of'xgl) and xie) are equal,

and, therefore, since an element of Q(m,n) has a unique representation

with respect to any basis we must have i&l) = i&g) or h(xil)) = h(x&g)).
Next, turning our attention to the representations of a scalar func-

tion y = f(X) of a matrix variable Xe@(m,n) with respect to the bases B

and B, namely f(xx|B) and £(X,|B) respectively, we find (provided the

necessary partial derivatives exist), that

—
3(x,]B) _ rFlB) . %Kiy
ax;j 8§§j Bx;j

since f(x4|B) = £(Xx|B) and X, = h(xy); or, in terms of the ij-th com-

ponents, i;j = hij(x*)° Thus we obtain the relation
m n m n
[g_f:l _ Z Z df(x,|B) s - Z Z Of (% |B)
* 1J — ij -
= oxi ‘ dXX, J


eq.ua
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where

B* - Fy o
ij * ij
ox

ij

Recalling that the Trace operator of a square matrix As®(k k) is
2

the sum of its diagonal elements or

Tr [A] = E: 844

i=

we now state

Theorem 2.2.2. If [af/ax]B is the Dwyer-Macphail matrix derivative

with respect to the basis B = {Bjj)} of the function y = f(X) from ®(m,n)

to ¢ and Of/dX is its Dwyer-Macphail matrix derivative with respect to

the basis E = (E;j), when both [af/BX]B and Of/dX exist, then

m n
o) Y ) m(x ET.)B*.*.,
XB La OX 1J iJ
i=1 j=1
X1 3
where B;j = ——ii Bjj and x34 = hij(y*) or x = h(yy) is that function
ayij

which represents the correspondence between the coefficients in the lin-

ear combinations expressing X in terms of the two bases B and E.

Proof. This theorem follows immediately from the expression for
f(x,|B) when the basis B is taken to be the basis E and from the defini-
tion of the trace of a square matrix.

This result permits us to draw the important conclusion that there

is no loss of generality in restricting our attention to df/dX, the
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Dwyer-Macphall matrix derivative with respect to the basis E, since
[Bf/BX]B, the Dwyer-Macphail matrix derivative with respect to the basis
B, can readily be computed from a knowledge of Jf/dX and the function

X = h(y*) relating the vector variables x and y, whose components are
the coefficients of th2 linear combinations expressing an element X of
¢(m,n) in terms of the bhasis E . and the basis B respectivély.

An important source of scalar functions of a matrix variable are

the element functions of a matrix function of a matrix variasble. 1In

this connection consider a matrix function of a matrix variable from
) tc ¢ sa
(m,n) (p,a)’ °%

(m,n) -><b(p’q) or Y = F(X)

where Yed and Xed . Choosing & basis in ¢

(p,q) (m,n) (m,n)’

[y
W

1,2,. ,mkj

[}
-
-
n
-

-
o]
—

-

and a basis in ¢(p Q)’
2

C = (G = L&) |k = 1,2,..,p&!

uv qu 1’27")q-] b4

we may express Y = F(X) in terms of the basis C and X in terms of the

basis B:

and

q P 4
[Yle = i Z Vet Sk 2 Z fg(Xle)Cgy = [FNg -

k=1 2=1 k=1 £=1
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In turn each element function fkl(X|C) in this representation of the
matrix Y = F(X) with respect to the basis C has (as a scalar function
of a matrix variable) a representation fkl(x*|B,C) with respect to the

basis B, namely
m n
i=1 j=1

In this manner we arrive at two representations for Y = F(X),

q P a
i 2 fkl(X|C)Ckl = F(X) = 2 Z fkl(x*IB’C)Ck[ ,

k=1 £=1 k=1 f=1

the right hand side being an expression for F(X) which expresses it in
terms of its element functions with respect to the basis C and the left
hand side being an expression for F(X) which expresses it in terms of
the representations of these element functions in the basis C (considered
as scalar functions of a matrix variable) with respect to the basis B.
Now we use the notation < A >,, to denote the uv-th element of the
matrix Aeo(p,q); then if A is expressed as [A]p = [a.kl(C)]qu in terms

of the basis C for ¢ s
(p,d)

Observing this notation, we find that for the matrix function Y = F(X)

expressed in terms of the basis C,
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P aq
<Y >y = ¥y (0) }Z }Z fkl(XIC)cﬁi_ = <KX >
k=1 £=1

and as a scalar function of a matrix variable, it has a Dwyer-Macphail

matrix derivative with respect to the basis B for °(m n)’ namely
-ty

2 g _
d < K(X) >uv] i [Z Z iy (xuB,0) 1 |
X B k=1 £=1 xrs )

Finally when we consider the basis D for o(p Q) whose elements are
)
the pxq matrices Dkl (with I in the kZ-th place and O elsewhere) we

merely write

Y = [ykl] = [fkl(x)] = KX

and for the Dwyer-Macphail matrix derivative of < F(X) >,, = f;(X) with

respect to the basis E for o(m n)’ we write
3

d < F(X) >yy afuv( x) | afu\r( X)
oX IMXyg

Now that we have introduced these basic notions in the theory of
Dwyer-Macphail matrix derivatives for scalar functions of a matrix var-
iable and the notation that we are going to use for these mathematical
ideas, in Section 2.3 we explore these notions in terms of particular
matrix functions and later we indicate how the Dwyer-Macphail matrix
derivative may be readily calculated for many functions by using several
symbolic operational rules which relate the matrix derivative of a ma-

trix function of a scalar variasble to the Dwyer-Macphail matrix deriv-
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ative of a-scalar function of a matrix variable.

2.3. TILLUSTRATION OF DWYER-MACPHAIL MATRIX DIFFERENTIATION

We present an illustration of the ideas reviewed in Section 2.2 by
deriving the Dwyer-Macphail matrix derivative of the element functions
of a matrix function of a matrix variable arising from the extension of
a scelar function of a scalar variable to the space of 2x2 matrices over
the real or complex scalar field.

Accordingly let f(\) be any twice differentiable scalar function of
& scalar varisble from ¢ to ¢; e.g., £(A) = AR, £(A) = €M, £()) = sin A,
etc. Now R. Rinehart [122] has shown that the Sylvester-Buchheim defini-
tion of a matrix function leads to the following extension of f(A) to
a matrix function from and to the space of 2x2 matrices over the real

or complex numbers: If Xed and A; and Ao are the eigenvalues of X,

(2,2)
then the function Y = F(X) which represents the extension of y = f(x)

to @(2,2) is
F(X) = aX - bl when A; # Ao

or

F(X) = a*X - b*I when Ay =Xo =\,

where I is the 2x2 identity matrix of @ and

(2,2)



30

£(N) -£(2p)

a = a(Mﬂ\-z) =
A=Az
‘o
b = b(r,he) = 2RI -MT
A=A
a* = a*()) = fim a(\x + h, A - h)
h-+0
= £'())
b* = b*()\) = fim o{(A + h, A - h)
h-0
= AP'(N) - £(N)
A o= Aa(x) = A(x11,X12,X21,X22)
Xq1+X 1 1/2
- _11.5.32 * 3 [(x11-%22) % + bxioX2, ] /
Ao = Ao(x) = Ae(X11,X12,%X21,X22)
Xq1+X 2 2
= —Ll—é—?g - 22'- [(x11-%22)" + Lxy2X2;] 1/
A= Nx) = NX11,X12,%X21,%X22)
- X;31tXo2
2

From this explicit representation of F(X) we can immedistely calculate
the Dwyer-Mecpheil matrix derivative of y,; = < F(X) >,,, yi2 =< F(X)>12,

Y21 = < H(X) >,,» &8nd ya2 =< F(X) > o Thus since

< F(X) >3 = axyy - bdyy when Ay # Na
or

< F(X) >i:| = a*xiJ - b*sij when M =A2 = A
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we have

Y4 oY1
ax X150
3 < AX) >ij 11 12
oX B
ayij ayij
X2 OXa2
- -

where, provided A, # Ao,

IXrg OXyg *d g  OXypg ON\g OXpg

2 .2 '
TR RN AN a>< o
k=1 k=1

or, provided A; = Az = A,

oyij ax O j L Xig A x11+x2) dax* _ B4 N x11+xz2) db*
dXrg OXrg 2 Xrs ax 2 OXrg ar

As this example illustrates the calculation of the Dwyer-Macphail
matrix derivative of a scalar function of a matrix variable by a direct
application of Definition 2.2.2 can become extremely detailed. And it
was this need to provide a more systematic way for finding the Dwyer-
Macphail matrix derivative that certain rules were introduced into the
calculus of Dwyer-Mécphail matrix derivatives which had a symbolic inter-
pretation and which enabled one to derive the Dwyer-Macphail matrix
derivatives for a wide class of scalar functions of a matrix variable
without requiring that a function of this class be explicitly expressed

in terms of its representation as a scalar function of several scalar



52

variaebles, then having to compute all the partial derivatives of this
function and arranging them into a matrix in accordance with the defini-
tion of the Dwyer-Macphail matrix derivative. It 1s our goal to develop
a generalization of these rules by means of a duality type theorem be-
tween the Dwyer-Macphail metrix derivative of a scalar function of a ma-
trix variable and the ordinary matrix derivative of a related matrix
function of a scalar varisasble.
2.4. GENERALIZATION OF A USEFUL DUALITY TYPE THEOREM IN THE CALCULUS OF

DWYER-MACPHAIL MATRIX DERIVATIVES

Ir this section we extend a basic result in the calculus of Dwyer-
Macphail matrix derivatives which provided an ingenious method for de-
riving the Dwyer-Macphail matrix derivatives for a wide class of scalar
functions of a matrix variable. This result was first established in
[32] as a set of three rules which involved certain special matrices and
their transposes. These rules could be used very abstractly or sym-
bolically in the sense that one could interpret them as specifying when
certain symbols were to be replaced by certain other symbols and how
these symbols were to be arranged in order to obtain the Dwyer-Macpheil
matrix derivative. In this manner then these three rules made it pos-
sible to write down the Dwyer-Macphail matrix derivative for many scalar
functions of a matrix variable gquite routinely and mechanically once
the orindary matrix derivative of a related matrix function of a scalar

variaeble was given.
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Before developing the generalization of this key result in the cal-
culus of Dwyer-Macphail matrix derivatives as a duality type theorem
between the Dwyer-Macphail matrix derivative of a function of a matrix
variable and the ordinary matrix derivative of a related matrix function
of a scalar variable, however, we first explore some of the properties
of the Trace operator.

The following notation is especially well suited for the purpose
of presenting these properties of the Trace operator. For a matrix
A€°(m,n) we write
[ (8)4]

(A) 2

(8,

when we wish to consider the rows of A as row vectors
A = a a .. 8 ed 5
( )k ( k1282 ) kn) (l,n) H
and we write
A =[(A)y {Alz ... (Aly]

when we wish to consider the columns of A as column vectors



3L

81k
8ok
A = . €
(Al . (m,1)
We note tha£ in this notation
(AT)I
(A¢)2
. T
At and AT = [(aT); (aT)2 ... (aT)]
T
(A5)
— -
where
T T T T
(A = (A}, end (A7), = (&), .

Keeping this notation in mind, consider A, XA, Ao€d; x,ye¢(l m);
)

; ; ;3 Vi ; A ; ; d
zeQ(l’n), P,Qem(m,m), Uem(m’n), €°(n,m)’ ew(r’s), Be¢(s,u), an
C(-:<I>(u r)” An important theorem which we use over and over again through-
J

out the remainder of this work is

Theorem 2.4.1. The Tr-operator enjoys the following properties:
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2.4.1.1 X = Tr A

2.4.1.2 Tr(a\P + 22Q) = Ay TrP + Az TrQ
2.4.1.3 TrP = Trpv
2.4,1.4 Trppt = i (P)k(P)i
k=1
2.4.1.5 TrUV = TrW = Trutve = meyTyT
2.4.1.6 Tr(xly) = Pr(yrx)
2.4.1.7 yUzT = Tr(UTyTz)
2.4.1.8 Tr(ABC) = Tr(BTATcT).

Proof. Properties 1 through 5 follow quite directly from the defini-
tion of the Tr-operator of a square matrix as the sum of the diagonal

terms of the matrix. Property 6 follows from the fact that

xyL = (xyD)7T = yxT, hence from Property 1 that Trxyl = TryxI. Finally
. . T
lying Propert with U = o and V = ed we have that
applying P Yy 5 Xe (l,m) y (m,l) Vi a
TryTx = TrxyT = TryxT = TrxTy .

The last two properties, Property 7 and Property 8, are not quite as

trivial to prove. First we establish Property 8. Obviously

(A | BI(C)1 (Cla ... (C)y]

(A2

(A) .
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or

(4),B{C), (A)B(Cl2 ... (4) 1B(C)y

(A) 2B(C), (A)2B(C)l> ... (A)=B(C)p
ABC =

(A) yB(C), (A)pB{C)z ... (A B(Cly

Therefore, we find that

r;
Te(ABC) = ) (M),BlC)

= Tr( BTATCT) |

This last statement is merely a recognition of the fact that if He®(p q)
’

and G€0( q,w) then



HG

q
Ei By

k=1 pxw

k=1

Z (H) (O

To establish Property 7 we first note that

q
Z (B35 ) e
q

B (UT)]_ ] {yTZ]_ yTZE “ e e yTZn]
(UT)z
uTyTy -
(vD)
" ((UT) 13T) 2, (D Dz o (D) yDazn |
((UD) 2y7) 2, (D ayDze ... (WD ayDzy
(D) D) 23 (D pyDze ... (VD) 2,

Therefore



Tr(UTyTz)

>

((UD) (T 2

o
Il

1

> 1s

U™ zi

o
Il

1

> 1=

((U)EyT) Tz

k=1

n
= Z (Y{U]k)zk

k=1
= [y(u); yUlz ... ylUl,l2T
= yl(U)y (U)z ... (U)ylzT
= ¥y Uzl .

With the proof of Theorem 2.4.1 completed, we are now in a position
to derive a generalization of a significant result in the calculus of
Dwyer-Macphail matrix derivatives which takes the form of a duality type
theorem between Dwyer-Macphail matrix derivatives of scalar fﬁnctions of
a matrix variable and ordinary matrix derivatives of related matrix func-
tions of a scalar variable. In what follows, whenever we refer to the
bases E and D, respectively, for the matrix spaces Xsw(m’n) and YeQ(p’q)
in the context when these matrix spaces are the domain and range spaces
of a matrix function of a matrix variable, Y = F(X), in order to em-
phasize that the matrices of these bases are understood to have the same

row and column orders as an independent matrix variable X and a matrix
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function Y = F(X), we use the notation Jij to denote that member of the
basis E for the domain space ¢(m,n) of F(X) with 1 in the ij-th place
and O elsewhere and K.g to denote that member of the basis D for the
range space ¢(p,q) of F with 1 in the rs-th place and 0 elsewhere.

Consider a matrix function of a scalar varisble

H: ¢ - ¢(p’q) or H(N) = [hy;(N)] pxq

if each hij(x) is a differentiable function (in the usual sense in which
differentiability of a scalar function of a scalar variable is under-
stood) we say as in

Definition 2.4.1. The matrix function H = H(A)eQ(p a) is a differ-
2etinition ,q) 18 & ailler

entiable matrix function gi the scalar variable Ae® and the derivative

92 this matrix function of a scalar variable is defined as the matrix

—

aE _ |dhi3(N)
aa an PXq :

Moreover, dH/dk simply is called the ordinary (9£ scalar) matrix deriv-

ative of H = H(\).

Whenever we have a matrix function of a matrix variable, say

F or Y = F(X) ,

F%mm) T %(p,9)

by holding all elements of the matrix variable X constant except one,
say Xj j (which we denote by A), we obtain a matrix function of a scalar

variable, namely
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HAN) = FX) = [£13(X)] pxq ’

when X5 denotes the matrix variable X when all of its elements are as-
sumed to be held fixed or constant except one, X3 3> which is assumed to

be a scalar variable Ae®. In this case we have

ﬂ - BF( X)\) afla( x)\
oA

where fij(xk) is the representation of the ij-th element function
< F(X)) >33 = fij(xk) of F(X,). 1In this case, however, we use the more

direct notation

oY _ _oF
d< X >i‘j d< X >iJ.
instead of
E - aF(Xx)
OA O\

Keeping these notions firmly in mind we can now state the follow-
ing duality type theorem involving Dwyer-Macphail matrix derivatives
and ordinary matrix derivatives, namely

Theorem 2.4.2. Consider a matrix function of a matrix varisble,

= F(X), where Xeo(m’n) and Ye@(p,q)' Then

S

oxX 3< X >
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oY - d <Y >pg JEJ
d< X >ij oX pXq

provided each of these matrix derivatives exists

Proof. We first note that by definition the Dwyer-Macphail matrix

derivetive is given by

AWrs drs Wrs
X1, OX12 OXin
d¥rs Wrs .. Wrs
Ox2y OXz2 OXon
d <Y >pg
dX ) ’
Nrs drs ors
axm 1 axmg axmn

while the ordinary matrix derivative is given by

i Oy11 Y12 o 5Y1g ]
ox4 j A% 3 3% j
dyz1 dyz2 . dYag
Bxij axij axij
- S
Q< X >4
9Ypa dyp2 ... 9¥pq
axij axij axij
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Hence we find by a direct analysis that

d d <Y >
Tr —L Kgs = Jrs = Tr —I‘S J;I_'J
d <X >3j axij X

and the theorem follows immediately.

Let us consider for a moment the following matrix function of a ma-

trix variable,

where Aed Xed d Yed .
e Ae (P:m), (m’Q), an (P)Q)

Then

Y

2 i3
3 <X >3

and , therefore,

™~
oY T T
Tr | ———————— K = Tr((AJ~-)K )

(8 <X >ij rs) rors

= (37 ;A K,g)
= Tr((ATKg)T3)

= < ATKrs >l,j .

Thus from Theorem 2.4.2 we conclude that

d <Y >pg oo T
__—EBE—_—_ = Lf A Kfs >i;] = A Kfs .

Similarly, consider the matrix function of a matrix variable,

where Xe¢(p’n), BeQ(n q)’ and YeQ(p Q)"
J 2
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Then
oY
—_ _ = Ji;B
O <X >y
and,therefore,

o —9L ki) = Tr((Jy5B)Kps)
d <X >3

J
- T.T
= Tr(B Jinfs)

= Tr((XsBT)375)
T

= < KrsB >lj o

Again from Theorem 2.L4.2 we conclude that

O <Y >pg - T
__——ax = < KrsB >i._ﬂ = KI'SB .

These examples illustrate an important theorem in the calculus of
Dwyer--Macphail matrix derivatives, of which Theorem 2.4.2 is a generali-
zation, which enables one to derive the Dwyer-Macphail matrix deriva-
tives for many scalar functions of a matrix variable from the ordinary
matrix derivatives of related matrix functions of a scalar variable by
applying a few simple rules which can be given a symbolic interpretation.
The proof of this theorem given below, as in the particular derivations.
for these two examples, is based directly on Theorem 2.4.1 and Theorem
2.4.2 and it is developed after the pattern of the derivations of these
specific examples without need of new concepts or techniques. And‘it

should be pointed out, moreover, that the proof of the following theorem
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carried out along the lines suggested above is different from that given
for the same theorem in [23] or [32].
We now state

Theorem 2.4.3. Suppose dY/d < X >;j when expressed in terms of Jjj

and JEJ has the form

G H
dY T
—or - Z AgJy 5By + Z ChJ13Dh

< > .
S X 1J g=1 h=1

in other words, that

G H

bl T e
Y = ZAgXBg+LChX% = F(X)
h=

(o
[

g:

€ . <Y >
where Age®(p n)s Bge®(p q)» Che®(y, ny» and Dped ). Then d <Y rs/OX

can be written down immediately by

a. changing each Jjj to Krs and each J'iI'j to Kgs:

b. changing the pre (or post) multipliers of Jjj to their trans-

ses, and
a=

c. changing the pre (or post) multipliers of Jgj to post (or pre)

multipliers of Kgs -

Hence 3 G H
T3k = Z BgKrshg + Z ChKrsDh -
g=1 h=1

Conversely, 9Y/d < X >; ; can be obtained from d <Y >yp/0X by applying

T
the same rules interchanging Jijj and Jjj with Kyg and Kgs.
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Proof. From the properties of the Tr-operator we find that

G
Tr T Tr(Ag JT
(8 <X >y KT9 Z‘ H gKrs

8

+ Z Tr(CnJ sDpKrs) -
h=1

Now
Tr(Agd] B Kry) = Tr((Aglly) (Bgkis))
= Tr((BgKrs)(Ag 13))

= Tr((BKreAg)ITs)
= < BgI%TSAg >ij
Tr(ChJi-DhKES) = Tr(Jngg)(KrsDE)
J

= Tr(ij(chrsDE )

= Tr((CpkpgDR)IT )

T T
< ChKrSDh >ij °

Thus we find that

Tr(:;__éz___— Kg;)
a<x>ij

iz

T
< BgKrSAg >1j

N

12}
ML

T T
< CpKrsPh 215 -

+
il
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Finally, applying Theorem 2.4.2, it follows that

H
d<Y >Ts }; L_ KE A s . = [% CEKT DE N :]
.a £T5€¢ 1J|mxn 5 1J mn
g=1 h=1 '
or, simply,
3 G H
<Y >rg T T T
— - ) nedeng t ) Cah
g=1 h=1

By reversing these steps we find that the converse of this theorem is
also valid. Thus the proof of Theorem 2.4.,3 is completed.

The following remarks make it evident that Theorem 2.4.3 (with a
slight modification) can be used quite extensively as a basis for deriv-
ing Dwyer-Macphail matrix derivatives from ordinary matrix derivatives

or vice versa. We note, first, that the conclusions of Theorem 2.4.3

" 1

are valid even when "G = «" or "H = «»" provided that the elements of
the corresponding (infinite) matrix series are finite. Now we know

[60] that whenever f{A) is a (single-valued) function from ® to ¢ which

is analytic in the sphere |K-KO| < r, then the matrix function,

o]

2, ok
Y = F(X) = Z igl?l(x-xol)k ,
h=0 )

whose domain and range is the Banach algebra of mxm matrices Q(m m) ?

2
is uniquely defined and analytic in the sphere "X-kOI" < r where
Xed(p ny and ||All denotes the norm of the matrix Ae®(p n). For such ma-

trix functions of a matrix variasble we find that
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- T B 00) 3(x-reT)E

< X >3 B k. O< X >y

provided the limiting operationscan be interchanged.

Next;a direct computation shows that

d(xaD® T
- s k-5~
N zz (X-7oI) Iy 3(X-NoI) s-1 |
8<X>ij
s=0
For example, let
U = Vk and V = X = NI

then Z = (X-)x.oI)k is the composition of U with V. Let us choose an el-
ement < X > of the matrix variable X and denote this element by 7n; sim-
ilarly, denote the corresponding element < V > =< X > - Ao < I > of the
matrix variable V by €. We also note that the matrix function Zﬂ of the
scalar variable 1 (obtained by holding all elements of the matrix vari-
able X constant except < X >) is merely the composition of the matrix
function Ug of the scalar variable ¢ (obtained by holding all elements
of the matrix variable V constant except < V >) with the scalar function
E =g(n) (or <V >=<X>- A, <I> of the scalar variable f; in

other words,

Zy = Uy = Vg where ¢t = g(n) .

Thus from the "function of a function" differentiation theorem we have

that
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or

d7 vk a<v >

d <X > d<V> d<X >~

since 0Z/dn is merely 3Z/0 < X > and dUg/dt is merely VK/3 <V > Now

from [32] we know that

« k-1
e
AV - 24 VsJVk-s-l ;
3 <V >
and, of course,
d<v> _ 1.
d<X >
Thus we obtain for 3Z/d < X >, where Z = (X-%.OI)k
k-1
dZ Z s k-s-1
—_— = (X-2NoI)” J(X-NoI
8<X> 1 >"O) O) ’
s=

as had been indicated above.
Consequently for those matrix functions of a matrix variable de-
fined as extensions of analytic scalar functions of a scalar variable in

terms of infinite matrix series we find that

o0

(k)
o) \' T -s-
Pl N L (eD)? 745 006" 7

1J k=0
and by a direct application of Theorem 2.4.3 (with the modification
noted) the Dwyer-Macphail matrix derivative of the function Y = F(X) so

defined is

a———;i =L Z (k)(w Z (X" 2oT)® Krs (xT-noT)H-8"1
k=0 s=0



49

vhere we recall that (As)T = (AT)S.

Through this -brief analysis, the scope of application of Theorem
2.4.3 and its usefulness in the calculus of Dwyer-Macphail matrix deriv-
atives can be more fully appreciated.

For later applications of the Dwyer-Macphail matrix derivative in-
volving estimation of unknown parameters in error-in-variable and error-
in-equation statistical models, it is useful to note at this point that
the Dwyer-Macphail matrix derivative of the matrix function Z = (X—koI)k,
rather than being obtained by a direct computation as presented in the
above analysis, can be found by an application of a géneral theorem
giving a Dwyer-Macphail matrix derivative "chain" rule for compound ma-
trix functions of matrix variables, which for the calculus of Dwyer-
Macphail matrix derivatives generalizes the usual 'chain" rule of the
ordinary calculus for differentiating compound scalar functions of
scalar variables, Thus we state

Theorem 2.4.4. Consider a matrix function Z = U(Y)e®(u V) of a ma-
Zheorem a ,v) &L ama

trix variable Y which in turn is related by another matrix function

= V(X)ed(5 4) to the matrix variable Xe®d(p ). Then the Duyer-Mac-

phail matrix derivative with respect to the index (i,j) of the matrix

function Z = U(V(X)) = W(X) is given by

a<w>13 ZZ B<U>IJ> C 3 <V >pg

r=1 s=1

for 1 =1 &1 and 1 = j = v provided the Dwyer-Macphail matrix deriva-

tives with respect to the necessary indices of 2z = U(Y) and Y = V(X)

exist.



Proof. Writing

Z = U(Y) = [u]_J(y)](i,J), Y = V(X) = [vrs(x)](r’s)

and

Zz = WX) = [wij(x)](i,j) 3

where, of course,

wij(x) = uij(Y) with y = (vii(x), V12(X):---;qu(x)) ’

upon forming the appropriate scalar partial derivativesappearing in the
ordinary matrix derivative of Z, = U(V(X))) = W(X)\) with respect to the
element N = < X >k£ of X in accordance with the usual chain rule for com-

pound scalar functions of scalar variables, we obtain

3z _ [2¥a(xn)
d <X >, o (1,3)
ouy 5(y)  Ovrs(x)
O¥rs O\

>~

(1,3)

Ovrs(x) | duyj(y)
N Yrs (i,3)

Vpg(x) U
ox d < Y >pg

Now, applying Theorem 2.4.2, we find that

]
Do

L]
]
—

Inglc
Je E[\“ﬁﬁ° EJC\/jp

H
il
=
4]
1
—
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A <W >i,j _ f_Tr >
oX _<a<x>k, ](kl)
ovpg(x) U T
T .
oA r(a <Y >pg Ki'3>
(k,2)

v U Ivrg(x)
! <a <Y >pg K‘)E j|(k,l)

O <U>ij; _5<V>rs
oY oX

L
e E}J[\/J,Q

o '

H
1]
~
]
]
[

[~
M"’

Lo
]
[
0]
1]
]

and this completes the proof of Theorem 2.4.4.

As an immediate application of Theorem 2.4.4 we obtain the Dwyer-
Macphail matrix derivative of Z = (X-AoI)®. Putting Z = U(Y) = YX and
Y = V(X) = X-AoI we see that Z = W(X) = (X-KOI)R where W(X) = U(V(X)).

Now.

oV - g 3 <V >
_— = and, conseguently, = K ;
d <X > X

thus, according to Theorem 2.4.4, we find that

m m
. — Ve k ~N
a_<_%_il = Z Z Tr __a‘i__ K’iTj Kps
oX d <V >pg

il
e |
2]
YN

Q/
o
3
HV
[()]

Kol
S
L1
=
&

this last statement being a consequence of Theorem 2.4.2. And as we

have indicated,
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3 < vk &
< > -
bR 1 B }; (VT)S Kij(VT)k s-1
o)A
s8=0
or
d «(X-2DE > o
- id ' k-s-1
- - Z (XT-xoD) ® Ky 5(XT-A,D) 7570,
. s=0

the same result as obtained previously by a more direct computation.

2.5. HIGHER ORDER DWYER-MACPHAIIL MATRIX DERIVATIVES

In this section we introduce several types of higher order matrix
derivatives for matrix functions of a matrix variable; and in the course
of this development, we obtain new results which correspond to the duality
type theorem between Dwyer-Macphail matrix derivatives (of scalar func-
tions of a matrix variable) and ordinary matrix derivatives (of matrix
functions of a scalar variable) but which involve the higher order coun-
terparts of these two types of first order matrix derivatives. These re-
sults permit us to derive such higher order matrix derivatives, one from
the other, for many matrix functions, by repeated application of the same
three simple rules given above in Theorem 2.L4.3.

One of the five types of higher order matrix derivatives to be in-
troduced'below, namely the higher order Dwyer-Macphail matrix derivative,
stands at the apex of a hierarchy of such constructions whose building
blocks are the other four types of higher order matrix derivatives. 1In
addition to being a natural generalization of the first ofder Dwyer-

Macphail matrix derivative, it is in terms of these higher order Dwyer-
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Macphail matrix derivatives that a series expansion for a matrix function
of a matrix variable may be developed. We return to this point in Sec-
tion 2.6; for the moment, however, we concentrate on presenting a the-
oretical development for these five new types of higher order matrix de-
rivatives.

Thus let us consider a matrix function of a matrix variable, say

Y = KX
where Yed and Xed . In what follows we frequently write
(p,q) (m,n)
!— -_—
% x71 x72 Xy !
Xyn+l *rn+2 R P
X =
X X ce X
7(m-1)n+1 7(m-1)n+2 Ymn i
and
Yy Yo Yy
Vg4l Yitgeo Tnog
Y =

y Y ...
"(p-1) g+l T(p-1) q+2 pa
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etc.; in other words, the ordered pair of integers (i,J) with 1l =1ism
and 1 £ j S nand (r,s) withlsrspandlss s qdenoting the row
and column positions of the elements of the matrix X and the matrix Y,
respectively, have merely been relabeled in a way which emphasizes the
cardinality of these matrix elements considered simply as a set of points,
while giving secondary consideration to their row and column positions
as elements of a matrix.

Keeping in mind the meaning of the indices T4 for u = 1,2,...,mn
and ny for v = 1,2,...,pq, while denoting the generic pair (i,3) with

1l=s1i

1A

nand 1 £ Jj=nbyy, and the generic pair (r,s) with 1 s r s p

and 1 = s £ ¢ by n, and setting

€1 =n, E2 = 7m1""’gk-l = 7mk-2, gk = 7mk-l

T]1=7n11 T!2=7n27---)nk_l=7n ) T]k=7 p)

k-1

we introduce the following types of higher order matrix derivatives for

—

the matrix function Y = F(X)€¢(p q) OFf the matrix variable Xe®(m n)
) 2

The k-th order ordinary or scalar matrix derivative of Y = F(X)

with respect to the indices {nl,ng,...,qk} and denoted by

Ky
3<X> o0<X> .. 0< X> 5
Mk Mk-1 LB

The k-th order partial Dwyer-Macphail matrix derivative of Y = F(X)

with respect to the indices {£;,E2,...,E; ) and denoted by
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ak <X >(§1,§2;---;§k)

axk

Two k-th order mixed partial matrix derivatives of Y = F(X) with

respect to the indices [gl,ga,..,gk-i,qk_(i“l),...,qk] and

{§1;§2;---:§j: ﬂj+l,---:ﬂk] and denoted by

. k-1
ot 3 <Y >(§1;§2:-'-)§k-i)
R X> ... XX> axk-1
Mk Mk-(i-1)
and

. K- 3

BJJ<' — 1,k £)
X x X >hk ee. O< X >ﬂj+l 158250y J

Finally, the k-th order Dwyer-Macphail matrix derivative of Y = F(X)

with respect to the index x and denoted by

M <y >,
dxk
Having introduced these five new types of higher order matrix de-
rivatives by name together with the notation by which they are to be
denoted, we now present a formal definition for each of these higher
order matrix derivatives.

Definition 2.5.1. The k-th order ordinary or scalar matrix deriva-

tive of Y = F(X) with respect to the indices {ni,N2,...,M_1,Mx) is the

pxq matrix
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oy d ( -ty
> X> ... X > = > > cee X X >
X X qla< o Pe .8 a1 K X y x X kol na

where the notational convention

aOY
X X >

ig adagted.

Theorem 2.5.1. If the k-th order partial derivatives of each of

the element functions ypg = frg(x) of Y = F(X) all exist then the k-th

order ordinary matrix derivative of Y = F(X) with respect to the indices

{Tllﬂlz, e ,le] iis_t_s and

r k
ky d £ (x)
X X> X X> ve. XX X > = | ax ox
Mk Mk-1 M1 7

ox
4 7
fk-1 1 7‘«'=( r, S)
Proof. This theorem is an immediate consequence of a direct exam-

ination of Definltion 2.5.1 in which

3ty

X X> X X> e XXX >
Nk k-1 N1

is recursively defined in terms of

> 1y

XX > cee X X >
Nk-1 N1

Definition 2.5.2. The k-th order partial Dwyer-Macphail matrix de-

rivative of Y = F(X) with respect to the indices (E1,E2,...,E,_1,Ex) is

the mxn matrix
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< v ey >

>(§1:§2)'-~}§k) _a_ < (§1)§2:"')§k_1) S

where the notational convention

ax°

is understood.

Theoreﬁ 2.5.2. 1If the k-th order martial derivatives of the ele-

ment function yrgs = frg(x) of Y = F(X) exist with respect to

x§2’x§3""’x§k_l and X4 j in that order and for 1 s i smand 1= j=n

then the k-th order partial Dwyer-Macphail matrix derivative with respect

to the indices {E1,E2,...,8) of F(X) exists and

k
o< >(gl,§2,-.-,§k) i ()

axk E’(7ax7nk-l o« s e axynl

7=(i;j)

Proof. By direct reapplication of the recursive Defintion 2.5.2

/
to the matrix derivative X 1< Y > Ex l)//BXk'l of order k-1
’ -

(E1,62,..-
rather than k, we find that
ak-l<Y>(
< ‘gl’ge"”’gk‘l)> - <. < cYs> > >
axk-l Ex oX X X E1 E2  Ex.1 Ex
In turn we find that
k-1
d £ {x
< <. . < <cy> CPRTHE R {X) 3
oX X oX €1 B2 k-1 °k ox ox e OX
Top 1 Moo "ny
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consequently,

<y >

(61,82, -080) 5 3 Le (x)
oxk X \ax AU

Y1 oy o "ny
from which Theorem 2.5.2 can be established by a straightforward applica-
tion of the notion of first order Dwyer-Macphail matrix derivative to
the scalar function of a matrix variable

ox ox ve. OX
7nk-1 7“1«.-2

y = h(X)

7n1

From these results a theorem directly analogous to Theorem 2.4.2
relating first order ordinary and Dwyer-Macphail matrix derivatives to
each other can now be established for these higher order matrix deriva-
tives, namely

Theorem 2.5.3. If 1, = £z, N2 = Eas---5Mp] = Ex and the necessary

k-th order partial derivatives exist +then

k
o< Y >(7f)§2)"',§k) . Tr / akY KT>
k ) Ka< 8
X x>7...a<x>nl y
and
BkY < Y >
Tr JT
a<x>7a<x> cee X X >
Mk-1

Proof. Using Theorem 2.5.1 and Theorem 2.5.2, a direct computation

shows that
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k.
/a <Y >(§l;§2;'--)§kl JT\ .
axk "15) ’

and from these considerations the theorem follows directly.

Unlike Theorem 2.L4.2 relating first order ordinary and Dwyer-Mac-
phail matrix derivatives, Theorem 2.5.3 by itself does not have the same
direct import in the calculus of higher order matrix derivatives to the
problem of deriving, generally, such higher order matrix derivatives from
one another, since in the derivation of Theorem 2.5.% we assumed that
N1 = €2, N2 = £3,..., and Mgl = - In order to remove these restric-
tions and gain a more flexible result which allows us to derive each of
these higher order matrix derivatives, one from the other, in a stepwise
manner even when two given higher order matrix derivatives may be based
on completely different indexing sets, we find it convenient to intro-
duce the two types of mixed higher order matrix derivatives mentioned
above.

Definition 2.5.3. The mixed k-th order partial ordinary matrix de-

rivative of Y = F(X) with respect to the indexing set

(-SRI S nk—(i-l)""’nk] is that metrix which is obtained by form-

ing the i-th order ordinary matrix derivative with respect to the indices

(ﬂk-(i-l)""’nk] of the (k-i)-th order partial Dwyer-Macphail matrix

derivative with respect to the indices {&:,...,8x-1) of Y = F(X); in
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other words,

] k-1
S+ 9 <Y >(§1)°"i§k-i) = aiU
ox -1 < X > .. 3< X >
X X >ﬁk"'a< X >ﬂk-(i-1) M M-(1-1)
where
k-1
U = o) <Y>(§1;--')§1L-i) = u(x)

oxk-1
This mixed k-th order partial matrix derivative is defined for
i=1,2,...,k-1 and accordingly our notation for this matrix derivative
is meaningful only in these cases. By adopting the convention, however,

that for i = O the undefined operator d1/3< X >ﬁk°"a< X >ﬁk-(i-l) is

to be interpreted as ao/a<x>o and that for i = k the undefined operator
ak-i

axk- i

previously adopted convention that Y =

-—

< ?E " \ils to be interpreted as BO/BXO, when we recall the
1ree+3Bp_1)

0 (0]
9 Y and Y = ke <Y >, our

ox°

notation for this matrix derivative can be extended in the obvious man-

ner for i = 0 or i =k ﬁo include these cases.

Before discussing this mixed k-th order ordinary partial matrix
derivative in detail, we first define the second type of mixed k-th order
matrix derivative previously mentioned which we call the "mixed k-th
order partial Dwyer-Macphail matrix derivative.'

Definition 2.5.4. The mixed k-th order partial Dwyer-Macphail ma-

trix derivative of Y = F(X) with respect to the indexing set

{gl,gg,...,gj, nj+l,...,nk] is that matrix which is obtained by forming

the j-th order partial Dwyer-Macphail matrix derivative with respect to
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the indices [gl,gz,...,gj} of the (k-3) -th order ordinary matrix deriva-

tive with respect to the indexing set {nj+l,...,nk] of Y = F(X); in

other words,

33 ak-dy P Ve, e
3% <a<x> cee XX > >(§1”"’§J') ) ax!
Mk My+1
where
vV = ak-JY'- = V(X)
X X >ﬂk e XX >T1,j+1

Again this mixed matrix derivative is defined by Definition 2.5.4
for j = 1,2,...,k-1; and the notation introduced for it is meaningful
only in these cases. But, exactly as in the case of the mixed matrix
derivative defined by Definition 2.5.3, this notation may be extended
to include the cases §J = O or j = k. With this understood, we now move
on to establish exactly how these two types of mixed matrix derivatives
contribute to the development of a more general result than Theorem
2.5.3 which, as a by-product, allows us to derive either the k-th order
partial Dwyer-Macphail matrix derivative or the k-th order ordinary
metrix derivative, one from the other, even when these two higher order
matrix derivatives are based on completely different indexing sets.

First, however, rather than state these general results immedi-
ately, let us explore their nature in a particular case. For the matrix

function Y = F(X)eo(p a) of the matrix variable Xed we find by
>

(m,n)

direct application of the various definitions involved that
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2
TSTAeata) | op XY
3x2 X X t2

) ax <a<x>

d 8<Y>§l
a<x>7 a<x>§
2

4

and

Y _ <Y >, .
X X> X X> Tl X> X X>
N2 M1 N2 Na <

Now if n; = E2 we find that

8<Y>
a<x> a<x> = a<x> a<x> Kzg[‘

and, consequently,

2
Y e ,e0) g,
ox= a<x> a<x> €1 )
na=7>

We also note that

2 2
B<Y>§1r = TrC<Y>(§1,§2) JT>
X X >n28< X >T]1 3x2 N2

and therefore,

%Y - (:Tr<82< Y >(§1,-§_2i 5T ]
< X >n23< x> 3x2 n2)| g g
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%< ¥ > 2
These expressions for igl’gg) in terms of o7y
oX
N 3 <X >n28< X >p,
2 O"< Y >(g,,t2)
and for oY in terms of > -2 , under the restric-
KX > <X > oX
N2 M

tion that n; = €2, are in accord with the results of Theorem 2.5.3. But

vhat if m; ;4 £2? Under these circumstances let us examine the 2-nd order

<Y >

mixed matrix derivatives 9 §l> and 5_ < ——al— >
8< X >n2 BX BX a< X > gl
Na
Now
> O Y >, > I >y
= —_— LTr —_5< x> Kgl
3< X >, oxX < X >, n1 N1
T

o< X > a< X >, 1

In turn,

3 < Y >, 3 o< Y > T
d< X > = Mlxxs Jez) 3
< X e < X > na oX

and, therefore,

%<y >(&1,82) - I: %<y E1 ]
2
X < X >n25< X >, na

<Y >
or [ d €1 Jge
o< X >n2 X ns
2
Tr |Tr oY g .
\a< X > 3<K > 7 Tu Nz




6L

d o< Y >,
Thus when 1; # £z, via the mixed derivative ,
) o< X > X
nNea
we have obtained a generalization of the previous relationship of The-
d3< ¥ >
orem 2.5,3 expressing (€1,¢2) in terms of 9%y
X2 A< X >3 d< X >p.

where we assumed thatmn, = E>. Moreover, when in fact n; = €2, we find

Kt S 0%y Kg
A< X > a< X > 1) * K
/1 O< X > < X >

and the more general relationship reduces to the special relationship
holding under this more restrictive assumption.

Next, we see in a direct fashion that,

——

< JY 3 a<y>§ _|

o)
X 3cx> Et1 T J
< X - _a<x>§ a<x> 6.

[ /3%< Y (e, e0) S ‘)
N2
2

) jr \ dx*=

provided the scalar 2-nd order partial derivatives appearing in these ex-

pressions are continuous. In turn,

/a<y> \ ’
d - Bl . Tr%-<i—>glJ%l ,
a<x> a<x> X 6<X>nz

and, therefore,
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5%y r <Y > “J
o< X >naa< X > o< X >n26< X > ey
r
= |Tr @-— < oY >
= X o< X >,r,l 3

— 2
) Trﬁ‘r(a <Y Xt1,82) ST >] J%il
N2 1 :
a ox= 2 |1

And again when 13 % Eo, by using the mixed matrix derivative

%f < 527%X;—— >E1 , we obtain a generalization of the previous relation-
N2
2
ship of Theorem 2.5.3 expressing 0%y in terms of
o< X >n28< X >

2
O <Y >y, e5)
ox2

we see that

_ > h 2
oo [or (S5 Y 281, 82) 73, iA) = (3°<Y (¢, b,) 5T
0x* €2 y K. 39X~ e

and in this case too the more general result developed under the assump-

where we assumed that 7; = 2. Similarly when n; = &5,

tion that 73 % E2 reducing to the special result developed under the as-
sumption that n; = Eo.

In summary, when 7n; = &2, direct application of Theorem 2.5.3 per-
mits us to derive higher order partial Dwyer-Macphail matrix derivatives
from higher order ordinary matrix derivatives and vice versa through
the following sequence of steps illustrated for second order matrix de-
rivatives, namely:

2
Y R d%y o<y >(§1;§2)

_>
< X > KX > <X > ox2

M Ne N1
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and

2 2
o< Y >E1, > o<y “(£1,82) - o7Y

X X2 KX > <X >
nNa T

On the other hand, when 13 # tE>, the above example suggests that by using

mixed types of higher order matrix derivatives it is still possible to
pass from one type of non-mixed higher order matrix derivative to the
second type of non-mixed higher order matrix derivative through the re-
application of the same kind of Basic relationship among these derivatives
as appears in Theorem 2.5.3 via a sequence of steps illustrated below for

second order matrix derivatives:

>

/- 2
3y %Y d C< ! >§l> LS Meaka)

d< X > <X > <X > d< X > X %=
M1 N2 N1 Nz
and
<Y > R d <Y >(e1,E2) R 3 - JY - 32y
2 1
oX X X < X >n2 o< X >naa< X >Tll

Keeping this discussion and the tableau above firmly in mind we now
present a rigorous development of these notions which generalizes The-
orem 2.4.2. We begin with

Theorem 2.5.4. Provided the necessary scalar k-th order partial

derivatives exist and are continuous

k k-1 N
<a <Y>(§l)§2)°-')§k) > = d 9 <Y >(§l;--')§k-l) T
e T T 3

oxk SxE-1

and more generally for i = 1,2,...,k-1,
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k-(i-1)
< 3 <Y >(§l:""§k-(i-1))
ax-(i-1) M- (i-1)
k-i
- Tr( ) 9" <Y (B2, e Exoi) J'.;L‘ \ .
< X >hk-(i-l) dxk-1 k-(i-1)

Proof. First we note as a consequence of Theorem 2.5.2 that

k_l k-l
OTTSY gy, k1) O <Yy,
k-1 -
dX L§< X >ha< X >§k-1 ce. O<X >t 5 n
Consequently,
k-1 k-1
ey > O <Y Mea,estk)) g
S Ir SxE-L JEx | »
o< X >§ka< X >§k_l e.. O< X t o

and the first part of this theorem follows immediately since

Kk k
a<y>(§l,”_,§li> ) <Y >,
dxK Mk <X > d<K X > ... <X >
T]k gk Eo
k
3 / )

ey > )
£y
o< X >le Ka<x >§k e, O X >§2

k-1
d Tr<a <Y (61,0 ,EKk-1) JT\
Kk

= - 4
< X > oxk-1 k}
1o
o gl S (s sEra1) LY.
o< X >nk axk‘l k

Now with an appropriate concern for the indices which appear in these re-
lationships developed for the case i = 1, we see that the same arguments
remain valid in the cases i =2, 1 = 3,..., or 1 = k-1 too., Thus the

proof of Theorem 2.5.4 can be completed in a direct fashion.
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We now use the result of Theorem 2.5.4 to establish the following

generalization of the first part of Theorem 2.5.3%, namely

Theorem 2.5.5. Provided the required scalar k-th order partial

derivatives exist and are continuous, then even without the restric-

tions that 11 = €2, N2 = £€3,..., and M1 = €x, the matrix derivative

k
<Y > - . .
S (81,.:,Ek) may be expressed in terms of the matrix derivative

dxk

k

oY El the relation
< X > e, O<X >

Nk ML

k
O <Y (gL, E)
XX

1

o k \ N
= Tr L:.. L?r oY K€{> ";J JE%J )
o< X >nk .. O X >T]l 1 Nk-1 Nk

Proof. Upon application of Theorem 2.5.4 we find that

k k-1
<5<Y>(§1,,--,§k) s d 0" <Y >(E1,...,Ek-1) .
3x* Tk < X > yx-1 Ex
k-1 k-2
<a <X >(§l)°-~)§k-l) > = Ty o) 9 <Y>(§11---}§k-2) T
axk-1 Mk-1 3<X >y -2 %

etc., continuing to i = k-1, where we get

<a<Y>;§1§2) = Tr 9 8<Y>£;JT .
oX “na d< X >0o dX £z

Moreover, from Theorem 2.4.2 it follows that

I (o),
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Finally, since

K K
O My, nty) L [0S ey y)
axE | oxk leJ e ’
k-1
k-1
a <X >(§l:"')§k-l) !—— a <Y>(§l,---,§k-l) _]

= < >.
axk-t L oxk-1 Te-1 __l

etc., for i = 3,4,...,k-1, where for i = k-1,

2 2
<Y >(g, k) . O"< Y (¢, g,) >_1
ox® OX= ijnz ’

upon successive substitution of the expressions for each of the elements
of these matrices in terms of the Tr-operator of the product of the cor-
responding mixed partial ordinary matrix derivative and the transpose of
an appropriate basis matrix, we obtain the desired expression and thus
the proof of Theorem 2.5.5 is completed.

Thus Theorem 2.5.5 generalizes the first part of Theorem 2.5, 3;
and, moreover, if My = fz,0..,Mg_] = § wWe find that Theorem 2,.5.5 re-

duces to the former Theorem 2.5.3 and becomes

k
o <Y >(§l)°-';§k) - Tr EakY KT>
Xk 8<X>n 3 x> '
k

M1 T]k

Next we undertake a generalization of the second part of Theorem
2.5.3; and, in so doing, we find the following theorem as useful in this
task as Theorem 2.5.4 was in the generalization given of the first part

of Theorem 2.5.3. Thus we state
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Theorem 2.5.6. Provided the necessary scalar k-th order partial

derivatives exist and are continuous,

K k-1
* <X > ... < |
and more generally for j = 1,2,...,k-1,
J-1 k-(3-1)
< S - < 9 Y > >}.
axd-t KX > ... d<X > (E1,82,-..,85-1) &3
Mk ) le
= (& o ‘¥ > y I, -
dXJ <X > ... <X > €1,...,83 j
Nk nj+]_

Proof. From Definition 2.5.4 we see that

k-1
d o -1y . d TS >,
X 5<X>nk"'a<X>n2 £1 AKX > <X > ... <X > |q

| Mk n
Hence we readily obtain
' k
< oy > - O <Y >,
KX > ... xX> 1 >
Tk M1 a< X >ﬂk c.. 0< X >n28<x na
k-1

3 ( d <Y >
a<X>n1 a<x>nk... a<x>n2

o) 3y > JT .
X d<X > ...d<X> f1 M
Nk N2

Similarly for j = 2,3,...,k-1 we find applying Definition 2.5.4 that
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< >
X yex> ... x> (51:---:§3)
M M5+1
5 k-3
- 9« -1 < 3y > >
X 3xdl S<cx> ... <X> (E1,-..,85.1) 783
Mk Mj+1
. k-j
d JJ-1 > Yy
= <9 < > > ;
<X > It cx> ... 3<x> (51"'°’§J+l) gj
n Mk M+1 |

and as for the case j = 1 we again obtain

J-1 k-(j-1)
d . d Y S S
dxI=L d3<x > ... d<x > (Bi,e..,8507) &y
Mk N3
j-1 k-J
N S P . S
< X aXJ' X > . <X > 19e0e s J
3 o< Mk ° M3+1 Tt
j k- \
I x> ... dX> (il,---,ﬁj) J
M N3+1

This then completes the prcof of Theorem 2.5.6.
Using Theorem 2.5.6 we can readily establish the following important
theorem:

Theorem 2.5.7. Provided the required scalar k-th order partial de-

rivatives exist and a.e continuous, then even without the restrictions

that 11 = €2, N2 = E5,. .., and Mk-1 = &k, Lthe matrix derivative
oy

<KX > ...03<X>

Qk 1

a <Y >(§l.v”

dxk

may be expressed in terms of the matrix deriva-

tive

-2 Ex) by the relation
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Ky
< > < > o s >
o< X nka X M1 o< X e

= Er[ [ /25< ¥ >(81,80,- ., &) ﬁ) ] Jﬂ .
LK oxk . Ex _’Ez €1

Proof. In view of Theorem 2.5.6 we have

k / k-1
< oY > = mr(o o Y 1 Jﬁl
d3< K> ... d<x> 52 X d<X> ...9<X > 1
Nk m Mk na
k-1
<= < o Y > >
X <X > ...d3<x> Gt k2
Nk N2
2 k-2
= Tr a > < a b4 > J%E
X% “3<x > ...d3<x > (E1,82)
Tk - Ta
etc., continuing to j = k-1 which gives
32 d%y
< > >
XE-2 < x> x> (E1y.-0 58k 0) Ex.1
T Mg-1
k-1
= Tr 9 T < oY > JT
QXA <X > (Eiyeeesyp_y) Mk-1
k-1
that we may

In addition we see tti Z = <Y >
» PUbLing SxE-TI (B1,eestx-1)’ -

write the mixed matrix derivative which appears as a factor in the matrix
product whose Trace is formed in the very last expression written
above as follows:

k-1 dY d 3

< >. . =
axE-l < x> (Biy.--5Ek-1)  d< X >
Mk Nk

and applying Theorem 2.&,2 to the right hand side of this expression we

find that
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d , - /a<z>§k,l,>-|
Ex

<X > X Mk
<X Mk
0< Z > Jk
And since k = <Y > , we obtain the relation
X axk (§11°":§k)

Bk -1 aY a <Y >(§l} '}gk) JT \_|
axkl 8<X > (gl) --;gk ]_) nk)J ’

Ex
Finally, noting that
oy f; Sky N
J
< X > d< X > > .. > &
K 11 o< X < X N £y
k-1 _
3 > ly S led 351y o 5 ]
X 3 B X E1 E2 ?
K d<x > ..3<K > E2 LBX <K > L..I<X >
i N2 Mk Na 2
etc., continuing to i = k-1, where we have
k-2 2
d < o%Y >
axk-2 <X > oKX > (gl:"')gk_g)
Tk k-1
- ak -2 < O3y S S .
3X"° a<x> a<x> (E1,eeesB n)  “Exo]
M1 Ek-1

upon successive substitution of the first set of expressions for each of
the elements of these matrices, given in terms of the trace of the ma-
trix product involving the corresponding mixed partial Dwyer-Macphail
matrix derivatives and the transpose of an appropriate basis matrix, we
obtain the desired expression thus completing the proof of this theorem.

We note for Theorem 2.5.7 too that it is a generalization of the
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second part of Theorem 2.5.3 where vwe assumed that n1 = £2,..., and
Mk-1 = Exs and Theorem 2.5.7 reduces to Theorem 2.5.3 under these re-

strictions giving us

k
akY <X >(§11---:§k) T
= Tr J
AKX > ... <X > dxk u :
| M1 €1

k

At this point it is instructive to review the calculus of higher
order matrix derivatives (for those matrix derivatives defined in Defini-
tions 2.5.1, 2.5.2, 2.5.3, and 2.5.4 as it has been developed in Theorems
2.5.3, 2.5.5, and 2.5.7) by applying these results to a matrix function
of a matrix variable which is given as a product of constant and vari-
able matrices. By so doing we arrive at a restatement of these theorems
for a wide class of matrix functions of a matrix variable consisting of
those matrix functions which are sums of products of constant and vari-
able matrices. This result is analogous to Theorem 2.4.3 and allows us
to derive these higher order matrix derivatives for such matrix func-
tions by simply reapplying successively the same three basic rules stated
in Theorem 2.4.3 for first order matrix derivatives of such matrix func-
tions. The only modification of these rules necessary in applying them

to the derivation of higher order matrix derivatives is that for higher

order matrix derivatives like 9 <Y > the matrices J or JT must
| <X >\ X
be used in these'rules in place of K or KT to reflect the fact that this

derivative has the same row and column orders as the matrix <Y >/3X

which, of course, are the row and column orders of X rather than Y; while
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for the first order matrix derivative dY/3< X >, the row and column orders

are those of Y and hence K and K'T are used rather than J or JT.

Consider the matrix variable Xed and the matrix function

(2,2)

Y = F(Y) = XAXTBX where A and B are constant matrices with A,Be¢(2 2)
b4

too. We denote X by

Xy x72
X =
| *ra %ra |
and Y by
Ya, Yo
Y =
yﬂs yﬂ4
— —

We find by a direct computation that

—OY . g AXTBX + XAJL BX + XAXTBI
M1 URY 1
A< X >
M
and
2
oY = J_ AT BX +J_ axTBI. + J_ aJ¥ BX
KX > d< X > M1 M= M1 N2 N2 M1
ne N1
T T T
+ + + .
XaJT BI, o+ Jp AXTBI, + XAJL BT

and
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%Y

- T T 0
ICK> ICK> d<X > InPInaBing + In Al BIn, + I Adq, Blqg,
na N2 N
T T N 0y

* I e T InAIn e, I B, s
and, finally, for k 2 4, that
PRa ¢

<X > o< X > . o<x> = 0-12
Mk k-1 N1

Next applying Theorem 2.5.3 under the assumption that n1 = E2,
Nz = 3, and Na = &4, etc., and using the properties of the Tr-operator

established in Theorem 2.L4.1 we find that

2
OT<Y > k2) I—Tr 32y :l
2 = §
X L o< X > a< X > J/ na

_ T T T
= E‘r(JnlAJn2BXKEl) s + Eﬂr(Jnle BJ Kgl)]

T N T T
+ E‘r(Jn AJ g ) + Er(XAJn BJT12K§1£| 0

[ T
+ E‘r(anAXBJ :I E‘r(XAJ.m2 anglﬂﬂe

par=-

—] g
- T T T Ty, T;T
= Er(B}(KglJnlAan)’jng + Er(JnaB XA J’“Kgl{‘ne

T T.T T ! ‘ T T T I
R +
+ Tr(J Kng B JTIlA )l Tr(Jn B J_ AX K§1)

N1
+ Tr(J K, J° BXAT) [;r(BJ KT XAJT)
nefeyTn, B XA |, TR (BT ey .
_ T . T, T TP, T
= BXK] J A + BUXATIL K, + K, X'B'J, A
T. DT T QT iy

+ .
+ B J§2A X K§:L KE.)_JE.QB XA” + BJ§2K§1XA H
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O°< Y >(g),t2,ta) Tr< 33y K
ox® 3K > <K F XK > gl)Jns

T
Er(J AJ nsgi\ Er'r(J AJ BJT]2 gl)Jna

+ Er(J AJT BJnsg)J + E_rr(J ATE B.Ineg_l

T
+ Tr(J AJnS ni 51] E‘rJ AJT mnlxglﬂ e

T.T T
E?r(J B JT] A Jq J LTr(BJn K JnlAJns;J N

—

T . T.T_ | T T T
Tr(JT B'J. AT K +TJKJBJ
[( 1t Ine)| g r( na €1 nz TllA),lns

+

+

.
l_Tr(BJ Ke lJneAJ%{) E[‘r(J.q Xt lJ _| ns

T 1‘ T T T T
BJg A Jg g, T Bl K e A B AT K

T T LT, 7 PSR N .
K J§ BJ§2A BJ§2K§1J§3A K§1J§2B JésA ?

+

and, also, for k 2 L,

k
a <Y >(§1;g2)---)§k)

[ dky T\ .
X = Tr g =0 I2
oX <X>  d<X>  ...d<X> 1)
T ko1 na e

Next, without making the assumptions that 7n; = 2 or n= = €2 or
Ns = €4, etc., we derive these same matrix derivatives again, using the
properties of the Tr-operator established in Theorem 2.4.1, but applying

Theorem 2.5.5 instead of Theorem 2.5.3. Thus, for example,

3<Yﬁhga
Tri|Tr
a<x> a<x> na N
2
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now,

Tr Kr'§['>j|
3< X > a< X > A RN

g ey

[ T T T T T ]
Tr(JnlAanB)G{glﬂ mt L’I‘r(JnlAX BJT]ZKgl)_ fu + E*r(an ThBXKgl)_ .

TI‘r(XAJTBJ KL ) +r-(J AXB.IK; +rT.'r(XAJTBJ KT;
- moon2 € g, T |7z €17y n, t_ n2"" M §1dnl

T T T, T
Er(Jang xTBly A] Err(J K¢ 5B XA:} E‘r(BXKg anAJnlzl

T T, T.T M T
TJBJ Kgl m] Evr(JnBXAJK] L BJ AXKEE}T]J.

T, T T T Ty, T T T
Kng B J'r]gA + K§1Jn2B XA™ + BX.KglanA + BJ"]eKEJ.XA

T, T T T 7T
B "XA*J- K + B*J AX
M2 €, N2 K§1
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In turn, we find that

2
{;r [;‘r oY K?J J;rg:]
o< X >n28< X > na na

- - M1

T.T  ,r.T [ T _T, T.T
Er(Kng B Ingh Jggﬂ na " trr(KélJﬂzB XA J§2i| N2

I T T T T
+ Er(BXKglanAngﬂ na + Er(BanKngAngﬂ 0

_ _
T, T-T T m T T
* A JT]2K51J§2_)‘J n, !_Tr(B Inah ’&gflgeﬂ s

(3T T JE S T
N Er(JngBXKE.ngzAa ne TR K T

[ r
T T, T T T T 7,7
+ J_ K, X'B A +
Er( N2 €1 Jég ﬂ N2 Er(anB Je AX Kil)] N2

I T _T, T T—’ T T
B
+ _Tr(Kgngz XA an)_ na + Err(JnEBJggKngAﬂ na

T T, T.T N T
BXKg Jg A + BXATJE Ke, + K X"BJg A

T T, T T T7,,T T
T B Jg AKX K§1 + K§1J§2B XA© 4+ BJg K XA
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Thus we see that under the assumption that 1, # E2, an application
of Theorem 2.5.5 leads us to the same result as that obtained through an
application of Theorem 2.5.3 under the assumption that n; = €2. More-
over, under the further assumption that 72z # t3 and 13 f E4, a similar
application of Theorem 2,5.5, but involving three and four rather than

two reapplications of the same type of basic derivations as that Jjust
2
O°< Y >(gy,¢0)

X2

3
<Y (e, tn,80) g XY Z(k1,E2,E5,Ea)
ox°3 ox*

given for when 13 # £> would lead us to the same expres-

sions for

as previously de-

veloped by application of Theorem 2.5.3 when it was assumed that nz = €3
and ns = £4. The verification of this statement is omitted, however.

In turn by applying the second part of Theorem 2.5.3 (under the as-
sumption that 11 = €2, N2 = €3, and n3 = £.) or Theorem 2.5.7 (under the
assumption that 7y # &2, N2 # £a, and na # £4) and using the same prop-

erties of the Tr-operator as were used above, we may derive the matrix

derivatives
%Y 33y
o< X >h2a< X >h1 ’ o< X >ﬁsa< X >hea< X >h1
and
d*Y
o< X >h4a< X >hsa< X >h25< X >

from the matrix derivatives

3
OF<Y >e1,e2) O <Y Ze1,en,t0) <Y e tpbayts)

axa ’ BX 3 and a X4 .
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We omit these computations, however, since they proceed in the same manner
as those already given above taking into consideration, of course, the
modifications implied by the two Theorems 2.5.3 and 2.5.7. In fact, this
example is merely an illustration of the following theorem which is & re-
statement of these results for matrix functions of a matrix variable

given by sums of products of constant and variable matrices, namely

Theorem 2.5.8. If the matrix function Y = F(X) of the matrix var-

igble X is a sum of products of constant matrices and varisble matrices

< v >

§1,§2,- o o )g}L) and
XK —

can be derived, one from the other, by re-

T
X or X , then the matrix derivatives
3"y
< >, < > ...0< X >
o< X 'ﬂka X Mk-1 S 1

peated reapplication of the three simple rules previously established

for the first order derivatives 3< Y >;/0X and dY/d< X > of such matrix

functions, the only modification required of these rules for higher

order matrix derivatives being that, except for the first step, the ma-

T
trices J and J appropriately indexed are to be used in place of the ma-

trices K or KT similarly indexed in each subsequent step.

This theorem follows directly as an immediate consequence of the ap-
plication of Theorem 2.5.3 or Theorem 2.5.5 and Theorem 2.5.7 and the
properties of the Tr-operator to any matrix function given as a sum of

products of constant and variable matrices as illustrated in the example

for the matrix functions Y = F(X) = XAXTBX with X,A,Be?d which we

(2,2)

discussed above in detail.
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2.6. SERIES EXPANSIONS FEATURING DWYER-MACPHAIL MATRIX DERIVATIVES

Before introducing our fifth and last type of higher order matrix
derivative, the k-th order Dwyer-Macphail matrix derivative, a matrix de-
rivative which generalizes the first order Dwyer-Macphail matrix deriva-
tive and in terms of which a matrix function of a matrix variable may be
expressed as an (infinite) matrix series expansion featuring its first
and higher order Dwyer-Macphail matrix derivatives, we need to introduce
first a few preliminary notions which facilitate this investigation.
Specifically, we need to recall the notion of a "direct product" of ma-
trices which has been explored by other authors as, for example, by
Halmos [55].

Definition 2.6.1. The (right) direct product A 8 B of

A = [aij]eQ(m’n) and B = [brs]€®(p,q) is that mp x ng matrix obtained by

replacing each element ajj of A by the matrix ajj-B as a block; in other

words,

A®B=I[a;s),. .\ 8B=1[a;:B],. ., = [a;4[b % J =[[ajibpg] 1=
13°(41,9) 1 70(4, ) TS ) (1,3) T (ge) Bad)
The following theorem is useful:
T T T
Theorem 2.6.1. If Acd and Bed then (A 2 B)” = A" R B™;
—_— - (m,n) =— (pya) ——

and more generally, for any positive integer k, if

Bl€¢(ml,nl),B2€ .. 3Bged

Qo .
(mz,nz)’ (mye,ny)

then

T T T
(B,2B>Q ... @ B)" = B @ B, @ ... 2 Bf .
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Proof. Since A 2 B = [aij-B] it follows that

(a2 B)7T = [a;:B]T = [a..-BY]

T
13 i =A @ BT. Now assume that the theorem

holds for a particular positive integer k and let us consider
By B2 ... 8 B,;. PFutting A = B; & ... & By it follows that

T T T T T
= Ap ® B,p = (By 8...8 By)” @ Biy) =

(B, 2...8 Bk+l)T = (Ag 2 B,,q)
Bf 7] Bg Q...8 BE 2 BE+1 by virtue of our induction hypothesis. We have
demonstrated, therefore, that if the proposition holds for k then it
holds for k+l too; and knowing that the theorem is valid for the direct
product of two matrices, we may conclude by mathematical induction that
the theorem is valid for any (finite) number of factors.

Whenever B; = B = ... = Bk = HEQ(m,n)’ rather than writing
B 2 Bo 2 ... & By we merely write gk as a shorter notation for denoting
the direct product of H with itself k-times. Although, when H is a square
matrix, this interpretation of the notation Hk conflicts with an estab-
lished meaning that Hk denotes the matrix product (rather than the direct
product) of H with itself k-times, in the specialized context in which
the symbol Hk appears in this work, there need be no confusion or ambig-
uity as to which meaning is intended for the notation Hk when H is a
square matrix. Thus, when H is a square matrix, it will be quite clear
from the context in which the notation HE appears in this work that this
notation is to be interpreted as the direct product—not the matrix pro-
duct—of H with itself k-times.

Moreover, adapting the notation Hk to denote the direct product of

H with itself k-times, when the k matrix factors B;,Bz,..., and By ap-
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pearing in Theorem 2,6,1 are all identical, this theorem can simply be

restated in the simple form
(9T = (@h)"

where H denotes the common matrix value of the k matrix factors
By,B2,...,Bx appearing in this theorem.
Having disposed of these few preliminary, but essential notionsgwe

now find ourselves in a position to introduce

Definition 2.6.2. For a matrix X€®(m n) let us take as the mxn-
)

matrix operator B/BX that matrix obtained by replacing each element

..

<X > of X by the scalar partial differentiation operator 9/0< X >4 3

Then the k-th order Dwyer-Macphail matrix derivative with respect to the

index n = (r,s) of the matrix function Y = F(X)ecb(p a) of the matrix var-
b

iable Xe¢(m n) is the mp X ng-matrix
8- , === =i 2

k
6<Y>ﬂ d d d

= 8 =8 ...  =<Y >
TSxE 3x X X n

where the matrix operator B/BX is understood to appear k-times on the

right hand side in this expression.

Recealling that for a matrix Xe®( n) we have labeled by 7y = (ik,jk)

)
for k = 1,2,...,mn the ordered pairs whose components are the row and
column indices, respectively, of the element < X >ikjk of X, this label-

ing being done from left to right in each successive row of X, let us

consider the matrix whose elements are these indices, namely
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— -
71 7o R
Tn+l Tn+2 v Ton
r =
I 7 (m-1)n+1 7(m-l)n+2  Tmn

We take as the product 7nl'7n of any two elements 7n1 and 7n2 of the ma-

2
trix ' the ordered pair (7n1’7n2) and form the direct product of I' with

itself k-times on the basis of this notion for the '"product" of the ele-

ments of I'' Thus, for example,

rers=>iml 2r=1[n Tl = mmal, = [ny,7m)]) )

na nan na"nj

Keeping these remarks in mind we now present

Theorem 2.6.2. Provided the required k-th order scalar partial de-

rivatives exist and are continuous, the k-th order Dwyer-Macphail matrix

derivative with respect to the index n = (r,s) of the matrix function

Y = F(X)e®(p,q) of the matrix variable X€¢(m,n) is given by the mp x mg-

matrix
k k .
8<Y>II ) 8<Y>(“:§2ﬁ:-“:§k)
oxX ax*
where the indices £o = 7m1""’§k = ymk 1 are chosen by identifying the
k -
<Y >
metrix block (r82,. .., &) of A*< Y > yith the identically posi-
axk axk

tioned element y,. <7p, --- in the direct product of the matrix I

Tmy 1
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with itself (k-1)-times and taking the factors of this product

(7m1,7m2,...,7mk l) in the order in which they appear as the values for

52,...,§k in the same order in the indexing set for the corresponding

k
<Y >a,ka,..u,by) o <Y >

matrix block f of
X dxk

Proof. From the Definition 2.6.2 of the k-th order Dwyer-Macphail

matrix derivative we find that

< v >x ) k-1 <:a< Y >€>
3x*s d3< X >ﬁ < X > ... 0< X >ﬁ dX

k
o'< Y >(“)§2)---;§k)
BXK {§J+l=7]J] ?

and thus the proof of this theorem is simple and direct.

To provide an illustration of these notions let us find the higher
order Dwyer-Macphail matrix derivatives of the matrix function
Y = XAXUBX = F(X) where A,B,Xe®(2,2) which we examined in some detail in

Section 2.5. For this function we find that,

o< Y >

= - K XTBTXAT + BxkIxa + BTxaTxTx, ;

and
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o< Y >(ﬂ,71) o< ¥ >(ﬂ:72)
dx2 dx2
3% ¥ >,
x2
Y >y ) OFY >y y,)
| ox2 X2

where for k = 1,2,3,4,

82< Y >(’f)7k)

- T TyaT T TpT: AT
NG = BXKﬁJykA + B-XA JykKn + K X'B J7kA
T TyT T I, ,T T
+ B J7kA XK, + KﬁJ7kB XA® + BJykK“XA .
%< ¥ >
Next, to determine ——:535—— » we first compute the direct product of the

matrix

with itself two times where y; = (1,1), 72 = (1,2), ya = (2,1) and

74 = (2,2). We obtain, following the various definitions required,

[ (71,71) (y1,72) (72,71) (r2,72) ]
(71:73) (71,74) (72,73) (72,74)
rear =
(73,71) (73,72) (74:71) (74:72)
(73,73) (73,74) (74,73) (74574)
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and; therefore,

3
<Y > _
x>
- 7]
3 3 3 3
<Y >(ﬁ:71:71) o< Y >(ﬂ;71,72) 97< Y >(ﬂ:72;71) o7< Y >(ﬂ:72,72)
X3 X3 X3 X3

3 3 3 3
O3 Y > ya,y8) O <Y Z(,y1,74) <Y (n,y2,73) O <Y Ax,72,74)
dx3 ox3 ox3 X3

3 3 3 3
%< Y >(y,ya,71) O Y >(x,75,71) XY Hn,y4,71) <Y >(x,74,72)
Ax3 X3 dx=3 oxs

3 3 3 3
O Y >y naiva) O <Y Znnavs) XY X ya,98) O <Y 2(x,y4,74)

ox=3 ox3 X3 ox3

where, for i = 1,2,3,4 and J = 1,2,3,k,

3
o< Y >(“:7i:7j) T T o T
3% = B J7JA J Kﬁ + BJ, KﬁJ A + B J A J7 Ky
T T T T T
+ + K A+KJ, BJ A
K’rJ7,jB J71A BJ ) 75 ys ™ Iy

Finally, for k 2 4, we find that

k
d<Y >

This, then, completes the derivation of the Dwyer-Macphail matrix

derivatives of all orders for the given matrix function Y = XAXTBX = F(X).
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We now go on to show that these Dwyer-Macphail matrix derivatives play

an important role in the question of whether or not a matrix function of
a matrix variable can be expanded in an (infinite) matrix series analogous
in form to the Taylor's series expansion of a scalar function y = f(A) of

a scalar variable, namely

(o]

- 1 (k) k

£f(x) = Z = T (M) (A-20) T
k=0 i

In other words is it possible to replace the f(k)(xo) by the Dwyer-
< F >

Macphail matrix derivatives in this formula when instead of a

oxK

scalar function of a scalar variable we consider a matrix function

Y = F(X) of a matrix variable X%

Of the previous attempts that have been made in this direction, Miss
Parel in [114] succeeded in giving a matrix development for series ex-
pansions of scalar functions of vector variables. 1In order to accomp-
lish this she defined certain types of higher order matrix derivatives
for scalar functions of vector variables which are different than the
higher order matrix derivatives that have been introduced here. More
specifically consider a scalar y = f(x) of a column matrix (vector)
xe®(m 1) For this function, of course, the first order Dwyer-Macphail

2
matrix derivative df/dx is also a column matrix (vector) belonging to

Q(m 1)¢ Miss Parel then defined a second order type of matrix deriva-
2

tive by

gx) axla
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which can be interpreted as that mxm-matrix obtained by (matrix) multi-
plication of the column matrix operator (%;) eQ(m,l) of scalar partial

differentiation operators formed from the components of x by the row ma-
trix (%)Te(p(l,m) of scalar partial derivatives of f with respect to the

components of x. She then introduced a mixed type of matrix derivative,

T

a_a_(g_f.: for i =1,2,...,m, and noting that
<X > X

i

d gx;)T ]
o< X >1 ox
d (a_f S
K x > ox
d \/ar\T _ . )
) - .
T
o< i >0 %:9

T T
she introduced a new rule for deriving (_6__) (éﬁ) from the _é_ (B_f_) .
x/ \ ox o< x > ox

Finally she defined other mixed types of higher order matrix derivatives

of the form

3 3 \ar\E
<a< x> 3 x>y ... < x >is>(§£) ('a—x)

_ | as (aZf >
< x >ila< X > .. o< x >is axiaxj, (1,4)
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and then developed a series expansion for scalar functions of vector vari-
ables which featured these types of higher order matrix derivatives.

As previously noted, in her approach she gave new rules in order to
effectively derive the higher orde;-matrix derivatives of the types that
she had introduced and in terms of which she presented this matrix de-
velopment for series expansions of scalar functions of vector variables.
The application of these new rules for deriving higher order matrix deriv-
atives of the type used by Miss Parel, while reasonably convenient for
obtaining second order matrix derivatives of this type, can become quite
complicated for third and higher order matrix derivatives of the type that
she studied. Thus, in effect, for many scalar functions of vector vari-
ables, one is frequently limited to an explicit development in matrix
notation of only second degree series expansions when her types of higher
order matrix derivatives are used.

Further, neither the higher order matrix derivatives introduced by
Miss Parel nor the rules that she presented for their derivation appear
to be readily adaptable to scalar functions of a matrix variable or ma-
trix functions of a matrix variable. Thus her higher order matrix deriv-
atives do not possess the same degree of simplicity nor the same degree
of generality as do the higher order Dwyer-Macphail matrix derivatives
introduced for the first time in this work.

Returning to our own development for an (infinite) matrix series ex-
pansion of a matrix function of a matrix variable which features its

Dwyer-Macphail matrix derivatives, the following theorem expresses a key
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observation upon which we build such a series expansion:

Theorem 2.6.3. If the scalar function y = £(X) of the matrix vari-

able Xe¢(m n) has Dwyer-Macphail matrix derivatives of all orders, then,
g4

for each positive integer k,

K
Tr<-a—-£ (#T)*
oxk

kK k X .

Q' f ky ko Kmn
Lo Lo ) SR e
k1=0 k2=0  kgp= 0 ¥y, Py, +-+ % :
(Ky+kot. .. +kp, = k)

7mn

where He¢(m’n) is any matrix whatsoever.

Proof. Clearly this theorem is true for the case k = 1 since we

have in this case

ar .| _or | [y 1T
oX A< X >y 1]
= r:__jzi___ (h..]
= "
_§<x>ij_ J
T n
of
= h
Z <X > Ja
1= (1,J)
Hence we see that,
m n
Of 4T) - z _of
A H> d< X > "ra
p=1 g=1 n

Next, suppose we assume that the theorem is true for a particular

k-value, k > 1. Now, we first note that
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K+ l k
:—xwrr (BT - (g—x 2 -2?12) (2" @ (al)k)

_ s ) Tyk
B a<x iy (B

n
d Fr .TK)
= ()"} n
Z 3K > (axk J da

=1
Lt (1,3)

From this expression, we see that

e+t K+l ‘3Fe ik
Tr <5Xk+l (HT) > )_J Z a< X > Tr& (H*)

p=1 g=1

But, since our induction hypothesis is that

dkf Tk i1k Kmn

‘I‘r( (B ) Z Z Z ht2 ... p’mn ,

SYk 7 4 Y

X e S S axl;lax?; . a)émn 172 mn
(k1+kot. .. +kmn—k)

k
we see, upon substitution of this expression for Tk'<§§§ (HT)%> into the

k+1
. . 9~ Tf (4 TyKtL . .
given expression for Tr ST () and making notational adjustments
X

that this theorem also holds for the case k+l. Consequently, through
mathematical induction, we conclude that this theorem holds for all k-
values.

We remark here that by adopting the convention that for k = O the

7,0 . T .

symbol (H*) "~ is to be interpreted as Jii, since by previous agreement

0
we have written f = §§U f, we find under these interpretations that

0 0
Tr(i—){% ) ) = Tr(fJY,) = £ TrJi=f



ok

and thus Theorem 2.6.3% can be extended in this manner to all non-negative
integers and this is understood to be the case in the subsequent develop-
ments.

The preceding results have brought us close to our goal of giving a
matrix series development for a matrix function of a matrix variable feat-
uring its Dwyer-Macphail matrix derivatives. Thus let us first consider
a scalar function y = f(X) of a matrix variable X€¢(m,n)‘ In this con-

nection we write, where fe¢(m n) is a fixed but arbitrary matrix and
4

B = XX = [xg3%15)(1,9) = Mazly s o

- =
X, Xy e Ty
x7n+l x7n+2 e x72n
X = . . ’
x7(m-l)n+1 x7(m-l)n+2 ) x7mn
L —
P — —_ —_ -
Xy, x72 cer Ry
x7n+1 x7n+2 tee x72n
z = L] . . J
4 b4 ... X
32;)'(m-l)n+1 7 (m-1)n+2 7mn

and
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hy(m-l)n*l h7(m-l)n+2 o hymn J

Suppose that the representation of y = f(X) as a scalar function of

several scalar variables y = f(x) where x

(X71’x72""’x7mn) can be ex-

panded in a Taylor's series about the point X = (X

71,x72,...,x7mn); in

other words,

£(x) = E:k' zJ ZJ Z: kf afﬁnlﬁﬁﬁe.”réﬁ

x=0 1=0 kp=0 k=0 aX7
(ki+kot...+k mn=k)

Under these circumstances we say that the scalar function y = £(X)

of the matrix variable Xe¢( n) has a "Dwyer-Macphail matrix derivative

2

series expansion about X = X" given by the infinite series

. .
£(X) = E: R o e (aT)k
k . an X=¥
k=0

and this series expansion for a scalar function of a matrix variable
featuring its Dwyer-Macphail matrix derivatives is justified in light of

Theorem 2. 6. 3.

We note, moreover, for a row matrix (vector) xed that we ob-

(1,n)

tain the Dwyer-Macphail matrix derivative series expansion in the form
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[}

K

. _ Z 1 d°f Ty K

(x) k! dxklx=% (8%)
k=0

-

where h = x-X and X are elements of ¢(l,n) too. Thus the Dwyer-Macphail
matrix derivative series expansion of a scalar function of a vector vari-
able is directly analogous in form to the Taylor's series expansion of

a scalar function of a scalar variable.

Finally, let us consider a matrix function of a matrix variable from

¥(m,n) *° ¥(p,q)’ 5
Y = [frs(x)](r’s) = F(X) H

as before consider Xe@(m,n) and H = X-X. If the representation y, =f;..(x)

where xe® of each element function ypg = frg(X) of the matrix

(1, m)

function Y = F(X) has a Taylor's series expansion about x = X we would

have for each pair (r,s) withl1 S r s pand 1l s = q.

£..(X) = Z % Ejé;_ . (HT)> ;

k=0

and then under such circumstances we say as in

Definition 2.6.3. The matrix function Y = F(X)GQ(P Q) of the matrix
)

variable XeQ(m n) has a Dwyer-Macphail matrix derivative series expansion

s

about X = i given by the (infinite) matrix series

- <F> T
S Z k! [G X—'}'(' (H)‘](r 5) .
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In this manner we have obtained an extension of Taylor's theorem
for scalar functions of a scalar variable to matrix functions of a ma-
trix variable which features the Dwyer-Macpheil matrix derivatives of
its element functions. Moreover, the same expansion holds equally as
well, if instead of a matrix function of a metrix variable, we consider
elther a scalar function of & metrix variasble or a scalar function of a
vector variable or simply a scalar function of a scalar variable.

It might be instructive at this point to give an illustration of
the Dwyer-Mecphail matrix derivative series expansion for a specific ma-
trix function. Let us consider, therefore, the matrix function of & ma-

trix variable
Y = xaxt = F(X)

where A,Xed and where we write

(2,2)

b
I
)
oS
o)
=
I

Now applying the appropriate theorems from Section 2.5 we find that for

this matrix function of & matrix variable,
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oY
— = g AT + Xl ;
a<x>7 4 4

) /a<r>,,\

- T T ]
| = K + K ;
a<x>7\ax / “J7A “J7A
Y >
(LA | yasxgaT
3x2 * Y oy

and, for k 2 3,

K
o< Y >(7f:§2"--)§1L)

BXk © Texe

In turn we find that

XY > .
- ax = KﬂXA + KI‘R(A H

and

Y >, 7). < Y >(x,72)

2 2
Ye y >n oX X _
S
2,
F<Y >0 ya) <Y >,94)
axe ax2

— T
KﬂKylA K£K72A

| Kiah Kk A

[ T
Kn'K Y 1A KﬂK’)’aAT

] .
L = I

bome
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and, finally, for k =z 3,

M< ¥ >
% 0.1
oxk okyok
Using these results we now seek the individual terms of the series
expansion for Y = XAXi featuring its Dwyer-Macpheaeil matrix derivatives.

Thus we note first that

Ka< X ¥ > >]X- (X-X)T\)

Tr( (KI8T + KXA(x-T) "

= Tr(k XAT(X-X) Ty 4 1r( K-XA( X-X) T
- (KX AXD) + Tr(Ra(x-%) " KD)

= ((X-_)AXK) + Tr(XA(X-X) K,f)

= (x-RAXT >+ < FAx-DT >

Therefore we find that

[ XX Y > (-9 >]
X x—x

E(x-i) AXT >:;| + ij TA(X-%) T >g
™

(X-%) A% + TA(X-F) T

n

Next we write

[ by HY ho HL |

(x-5H2 = (g2

| hlEHT hpoH _
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and find that

2.
a<y>ﬁ

X2 (£)% =

r— .
x";'-‘r:\'.hAhnHT + K',I'rK72Ah12HT K?rx.hAhZIHT + K£K72Ah22HT

T T T T T T T T
Ah + Ah +
K“K7 11 H K K7 12H K“KysAhalH KﬂK&4Ah22H

-

KoKy AThy B + KKy AThyoHY KKy AThe B + K Ky AThopH'

T T T T
KTrK_),SAThnHT + KK, A h,oHT KKy ATha B + KoK, A hooHT

< Y >
From this expression for ————_% . (HI)2 we obtain the result that

oX2
2,
(5<Y> ] (XT-}_(T)2>
X2 X=X

T T T
Tr(K K, Ah1 B + KK, AhyoH)

+ Tr( K?tKyaAhngT + K?rKnAhggHT)

+ Tr( Kﬁl(ylAThllHT + KK, Ay oH)

+ Tr(K ﬂKysAThngT + K KK74ATh22HT)

Once again using the properties of the Tr-operator established in Theorem

2.4.1 we see that

2
Tr <3_<._Yir] (xT-iT)2> = Tr(h, K, AHK}) + Tr(h, K, _AHTKY)
ox2 x=x%

+ Tr( h7aK73AHTK?r) + Tx( h74K74AHTK?r)

+ Tr(h, HAKD K&) + Tr( hyzm'-.ﬁzxrfr)
+ Tr(h, HAK, K1) + Tr(h, 50 kD) ;
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or, equivalently,

B Y > N

Tr | ——X (XE-ET)E = (< b, K AH: > +<h HAK: > )

2 7k 7k i Tk Tk W

X =
X=X k=1

We see, therefore, that the 2-nd degree term of the Dwyer-Macphail

matrix derivative series expansion of Y = XAXT about X X is given by

the expression

B "
a <Y > ~
(xT-3%)2 =Zl<h K. AHL > +<h, HAKT
R x—-i g xR T T
- T T
L (h7 KykAH + h, HAK; )

I
>+
=
~
-~
I
.
mi-ﬂ
+
>
E
o
Jis
W\J

K
L L
= E: h K AHT + HA E: h KT
e Tk Y4y
k:l k=l
= HAHY + HART

2(X-X) A(X-X)

. Now, since for k 2z 3,

= 0 -1
2kx2k ?

3rd and higher order terms of the matrix series expansion for Y = XaxT

are merely the zero matrix OQOed Therefore the matrix series expan-

(2,2)°

sion of the matrix function Y = XAXT = F(X)ed of the matrix varisable

(2,2)

e¢(2 2) about the matrix X = X obtained by using its Dwyer-Macphail ma-
s
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trix derivatives is given by the expression

1T = TXT + FAx-DT + (X3 8XT + (X-DAX-DT

When A = AL,

X(x-%" = (x0T,

and we may write this matrix series expansion in the form
xaxT = TaXT + FAX-BT + (FAx-DDT +(x-DAx-DT .

We note the analogy between this formula for the Dwyer-Macphail matrix

derivative series expansion of the matrix function Y = XAXT = F(X)ed

(2,2)
gbout X = X and the Taylor's series expansion of the scalar function

y = ax2 of the scalar variable x about X = X, namely
ax2 = aX2 + 2ax(x-%) +a(x-X)Z .

With the discussion of this example completed, we bring to a close
these direct extensions of the calculus of Dwyer-Macphail matrix deriva-
tives. We return to these ideas in later chapters when we undertake a
development of the problem of estimating the unknown parameters of com-
plex stochastic structures representing linear structural relationships
having both "errors-in-variables" and "errors-in-equations."” First, how-
ever, before applying the Dwyer-Macphail matrix derivative calculus to

these important estimation problems in statistics, we develop some
interesting and basic connections between the Dwyer-Macphail matrix

derivative and the Frechet-Gateaux matrix differential in the next chapter.



CHAPTER 3
DWYER-MACPHAIL MATRIX DERIVATIVES AND
FRECHET-GATEAUX MATRIX DIFFERENTIALS
3,1. INTRODUCTION

Besides the use of the ordinary differential calculus for scalar
functions of several scalar variables or the more advanced techniques
of Dwyer-Macphail matrix differentiation as applied to matrix functions
of a matrix variable, one occasionally finds in the literature another
method of maximization or minimization involving the use of differen-
tials of scalar or matrix functions of vector or matrix variables. One
such illustration involving the use of differentials of a matrix func-
tion of a matrix variable is provided in [21] where Chipman and Rao ,
using matrix differentials, show that when A is an rxn-matrix, X is a
fixed nxk-matrix of rank k, and y is a fixed rxk-matrix, then the diag-
onal elements of AAT reach their simultaneous minima subject to the
constraints AX = | when A = ¥(xTx) ~2xT.

Chipman and Rao did not indicate the conditions under which such
matrix differential techniques can be applied to yield valid mathematical
derivations nor did they suggest the possibility that these matrix 4if-
ferential methods might be related to other well established techniques
of matrix differentiation.

Actually these matrix differential methods can be given a rigorous

mathematical formulation, and they are intimately connected with the

103
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Dwyer-Macphail matrix derivative methods. In this chapter we undertake
a more complete investigation of these issues and in the course of re-
solving them we discover new extensions of the Dwyer-Macphail matrix de-
rivatives in the form of certain basic relationships which exist between
them and the Gateaux and Frechet differentials of matrix functions of
matrix variables.

The fundamental notions of differentials, polynomials and power
series as‘they apply to abstract functions were introduced in [56,57]
by M. Frechet around 1909. A few years later R. Gateaux in [39,40] ap-
plied the ideas of Frechet to certain concrete problems and his work
which was published posthumously provided a basis for many of the subse-
guent developments in this area of functional analysis.

Since these initial efforts, the theory of Frechet and Gateaux dif-
ferentials of abstract functions has been greatly expanded and refined
by such mathematicians as A. D. Michal [103], I. E. Highberg [59] and
R. S. Martin [102], who were students of Michal, and by L. M. Graves [50]
and A. E. Taylor [135]. Recently in [94], R. M. Lorch developed a some-
what different notion of differentiability for functions with domain and
range in a commutative Banach algebra.

In several of the following sections of this chapter we have sum-
marized in their present form parts of the theory of Frechet and Gateaux
differentials for functions from and to real or complex Banach spaces or
Banach algebras. This summary deals mainly with those parts of the the-

ory which are especially significant to our work involving matrix deriv-
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atives and matrix differentials.

The somewhat explicit and detailed presentation accorded these re-
sults here has been made primarily to establish an orientation for our
main results on metrix derivatives and differentials presented in Section
3.5. But also it is hoped that by making our review of these general
notions at this level, the reading of this thesis can be facilitated by
reducing the number of cross-referencesto other works that wouid other-
wise be necessary in order to follow some of the proofs for the new de-
velopments relating to derivatives and differentials of matrix functions
of matrix variables.

Under certain regularity conditions the Frechet differential and
the Gateaux differential of an abstract function co-exist and are co-
equal. Under these circumstances wevrefer merely to the Frechet-Gateaux
differential of the abstract function. It turns sut in the case of a
function from and to matrix Banach spaces or algebras over the real or
complex fields that Frechet-Gateaux matrix differentials are uniquely
specified in terms of the Dwyer-Macphail matrix derivatives of the func-
tion. 1In other words, there exists an abstract homogeneous metrix poly-
nomial completely defined in terms of the Dwyer-Macphail matrix deriv-
atives which is in fact Jjust the Frechet-Gateaux matrix differential of
a given matrix function of a matrix variable.

Other notions of differentials for abstract functions, as well as
matrix derivatives for matrix functions, have been proposed by various

authors and their properties explored. We have already mentioned the
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notion of Lorch differentiability for abstract functions whose domain
and range are a commutative Banach algebra. Along a different approach,
however, F. Hausdorff in [57] defined a notion of differential for func-
tions on and to an associative linear algebra with a unit element over
the real or complex field. The Hausdorff differential df of a function
z = f(x) from and to an associative linear algebra A with unit element
over the real or complex field ¢ is an additive homogeneous funcfion of

the differential dx of the form

n
df = }: uj dx vy
i=1

where uy and vy are elements of the algebra A which depend only on Xx.
Based on this notion of differential, Hausdorff proceeded to develop a
theory of analytic functions for associative hyper-complex systems hav-
ing a unit element.

Hausdorff's work was published in 1900; in 1957, R. Rinehart in
[123] defined a notion of matrix derivative for matrix function from and
to the matrix algebra °(k,k) of square matrices of order k. The Rine-
hart matrix derivative Z = F*¥(X) of a matrix function Y = F(X) on and

to ¢ is defined as
(k,k)

n

F*(X) = f£im }: gfm) ylm)
m-roo 1 1
i=1
(m) (m) . ,
where U and V' are matrices belonging to ¢ for which
i i (k, k)
2
(m) (m)
+ - =
F(X+H,) - F(X) Z‘ Uy BV

i=1
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and where (H,} is any sequence of matrices of ¢ which converges to

(k, k)

the zero matrix in terms of a metric topology associated with the metri-

zation of o(k X) via the selection of one of the several norms that can
$4

be introcduced in ¢ .
(k,k)

It appears that the Rinehart matrix derivative may be related to
the Hausdorff matrix differential just as the Dwyer-Macphail matrix de-
rivative is related to the Frechet-Gateaux matrix differential. One dif-
ference between the Rinehart matrix derivative and the Dwyer-Macphail
matrix derivative, of course, is that the former is defined only for
functions of square matrices while the latter matrix derivatives are de-
fined for rectangular matrices as well.

We do not pursue this question concerning the relationships between
various matrix derivatives or related investigations further. Rather we
have mentioned these other notions of abstract differentials and matrix
derivatives only to call the reader's attention to the fact that our dis-
cussion in no way exhaustsall possible approaches to the study of matrix

derivatives and matrix differentials.

3.2. BASIC ALGEBRAIC AND TOPOLOGICAL CONCEPTS

In this section we explore certain fundamental algebraic and topo-
logical concepts relevant to the notion of abstract spaces. Later we
examine the idea of a differential of an abstract function or operator
whose domain and range are real or complex Banach spaces or Banach alge-

bras, and this study requires that we have a summary of some of the alge-
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braic and topological properties of these two types of abstract spaces.

Consider a set S with at least two distinct elements which together
with two operations from SXS to S called "addition" and "scalar multi-
plication"” satisfy the following axioms:

A.l. S is an additive abelian group;

A.2. Scalar multiplication is such that (a), to every scalar A in
® {the real or complex field) and every x in S there corresponds a unique
"scalar product' A+x in S with A-x = x-A; (b), (a+8)-x = a-x+B-x and
(oR) -x = a-(B-x) for every & and B in ¢ and every x in S; (c),

A (x+y) = A-x+A.y for every A in ¢ and every x and y in S; and (a),

l-x = x for every x in S.

Then S is called a "linear (vector) space" (or a linear system or module)
over the scalar field ¢ of real or complex numbers and its elements are
called "vectors." If in addition there is a third operation from SXS

to S called "multiplication" which satisfies the additional axioms 3.e
to 3.g below, then § is called a "lineéfrassociative algebra" over the
scalar field ¢ of real or complex numbers:

A.3. Multiplication of the elements of S leads to a uniqgue "pro-
duct" such that (e), (xy)z = x(yz) for every x,y and z in S; (f),
x(y+z) = xy+xz and (x+y)z = xz+yz for every x,y and z in S; and (g),
(ox)» (By) = (ax)-(By) for every a¢and B in ¢ and x and y in S.

We say that S is an "algebra with a unit element" if there exists
an element e such that ex = x = xe for every x in S; and we say that S

is a "commutative" or "abelian'" algebra if xy = yx for every x and y in
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S. Moreover, we simply say that "S is a real (or complex) vector space
or algebra" rather than saying that "S is a vector space or algebra over
the real (or complex) scalar field ¢."

For our purposes we need not develop the general algebraic theory
associated with either of these two types of algebraic systems. Instead
we are primarily concerned here with certain parts of a theory of ab-
stract functions in which the domains and ranges of the functions are
such algebraic systems as a vector space or algebra in which a suitable
topology also has been introduced. On the other hand, for this purpose,
algebraic notions cannot be completely ignored since concepts of anal-
ysis originate from algebraic operations by passage to a limit.

A linear space or an algebra S is called a "normed linear space" or
a "normed algebra" whenever there corresponds to every x in § a unique
real number ||x|| called the "norm of x" with these properties:

N1l

v

0 for every x in S;

N.2. ||

Q0 if and only if x = © where 8 is the unit or zero of

S as an additive group;

N.3.  |ax] IKI - |Ix|| for every A in ¢ and x in S where lk| de-
notes the absolute value of the scalar A in the usual sense; and

N.L.  |x+yll = llxll + |lyll for every x and y in S.

Given that S is a normed vector space or normed algebra over § we
may introduce a "metric" d which gives the "distance"” d(x,y) between

elements of S by considering the function d(x,y) = [|x-y|| from SXS to R.

We find that this metric satisfies the following properties:
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M.1. d(x,y) = O for every x and y in S;

M.2. d(x,y) = O if and only if x = y;

M.3. da(x,y) d(y,x) for every x and y in S; and

M.k, d(x,y) s d(x,z) + d(z,y) for every x,y and z in S.

In a normed space S the concepts of "limit of a sequence'" and of
"Cauchy sequence" or "fundamental sequence' can be introduced in terms
of the metric arising from the norm of the space; and S is called a "com-
plete" space whenever each of its fundamental sequences converges to a
limit in S. For convergent sequences of points of S the following well

known theoremscan be established:

Theorem 3.2.1. If a sequence of points of S converges to a point

in S then every subsequence of this sequence converges to the same point;

and

Theorem 3.2.2. é sequence 2{ points of S can converge to at most

one limit; in other words, a convergent seguence has a unique limit.

In turn, in a normed space S, the notions of open and closed spheres
with center x and radius r, of a neighborhood of a point x of S, of a
bounded set, of a limit point of a set, of the closure of a set, of a
closed set, of an open set, of a compact set, and other topological no-
tions can be introduced in S in the usual manner. Thus 1f S is also a
vector space or algebra, we arrive at a mathematical system which is
simultaneocusly an algebraic system and a topological space.

When S is a normed linear vector space, from the relations
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[(x+y) = (xpry) | = Ilx-xpll + lly-yyll

and

[x=nxnll = IN] flx=xp]l
and

Ipx-axll = Iap=ad x|l
and

| lIxll = dxpll |5 llx=xpll

we see that if xp +» X, y, > ¥y and Ay * A, then xpt+yy, > X+y, AXp > NX,
AnX + AX, ApXp > Ax and |xpll + [[x|| . Thus the arithmetic operations of
S as well as the norm of S are continuous functions of their arguments.
And if S is a normed linear associative algebra over ¢ and its norm
satisfies the additional property,

N.5. |lxyll = x|l - |lyli for every x and y in S, from the relation

lxy-xpynll = lxll ly=yall + lyall llx-xq]l

it immediately follows that whenever x, -+ x or yp = y, then xpy »+ xy or

Xyp * Xy Or Xpypn > Xy. Consequently, multiplication is a continuous

operation too.

We are now in a position to define a real or complex Banach space

and a real or complex Banach algebra:

Definition 3.2.1. A normed linear space S over the real (cogglex)

field ¢ which is complete in the metric topology based on its norm is

called a real (complex) Banach space; and a normed linear associative
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algebra S over ¢ whose norm satisfies the property N.5 is called a real

(complex) Banach algebra if it is complete as a metric space in its norm

togologx.

This completes our review of some of the fundamental algebraic and
topological notions found in the theory of abstract spaces, particularly
real or complex Banach spaces and Banach algebras. In Section 3.3 we
proceed to introduce the Frechet differential and the Gateaux differen-
tial of an abstract function from and to Banach spaces or Banach algebras

over o.

3.3. GATEAUX AND FRECHET DIFFERENTIALS OF ABSTRACT FUNCTIONS

Tt is not our purpose here to develop the theory of Gateaux and
Frechet differentials for abstract functions either rigorously or in com-
plete mathematical detail. Rather in the first part of this chapter,
Sections 3.2, 3.3 and 3.4, we state some of the fundamental concepts of
this theory in order to give a partial orientation for our main results
which follow in Section 3.5. TFor all details and further information we
refer the interested reader to those articles and bocks on this part of
functional analysis that are listed in the Bibliography, namely Refs.
(3,36, 37,38, 39, 40,49,50,51,59,67, 75, 76, 102,103, 104, 116,134,135, 146,167,
168]. We do single out for special mention, however, the book by L. A.
Lustenik and V. J. Sobolev [95] and the book by E. Hille and R. S.
Phillips [60] because this summary has been influenced to a considerable
degree by these two general and excellent works on functional analysis

in abstract spaces.
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Let X and Y be two real (or complex) Banach spaces or algebras and
y = f(x) an operator with domain D contained in X and range R contained
in Y. We assume that D has a non-empty interior, and let x be an inte-
rior point of D and h an arbitrary non-zero element of X; there exists
a p =p (x,h) >0 such that whenever A\ is a scalar for which |K| <£p,
then the element x+\his contained in D too (e.g., take p(x,h) < ry|h|~?t
where ry is a radius of an open sphere about x that is properly contained
in D).

Definition 3.3.1. The abstract function y = f(x) on X to Y, real

or complex Banach spaces or algebras, defined in a domain D of X having

a non-empty interior, has a Gateaux differential df(x;h) at an interior

point x of D with increment h, provided for every positive € there exists

a positive & such that

|£(x+3h) - £(x) - Adf(x;h)| = e|A]

whenever |A| = 5; or, equivalently, when

fim ” f(x+nh) =F(x)

- af(x;h)j = o .
A0 A

Ify-= f(x) has a Gateaux differential at x for every increment h in X

then y = f(x) is said to be Gateaux differentiable at x; and if y = f(x)

is Gateaux differentiable at every point of an open set D, contained in

To illustrate this notion of Gateaux differential let X be the or-

dinary euclidean plane and Y the real line. Then the real function
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f(x1,x2) of two real variables has a Gateaux differential at a point

e
]

= (x1,X2) of an open set Dy in EZ with increment h = (hj,hg) if

]
|

+ +tho) -
df(x;h) = Lim £(xa+thy,Xottha) (%3 ,%2)
£>0 t

exists. This obviously is equivalent to requiring that the directional
derivative of y = f(x1,X2) exists at x = (x3,xz) for the direction vector
h = (h3,ho).

Clearly, if an abstract function possesses a Gateaux differential
at x with increment h then df(x;h) is unique. The Gateaux differential
can be given another useful characterization as follows: For fixed but

arbitrary elements x and h,
u(h) = f(x+\h),

may be interpreted as an abstract function z = u(N) from ¢ to ¥Y; and we
may speak of the derivative u'(\) = %X u(A) of z = u(A) with respect to
A in the sense that

u'(N) = fim u(A+an) -uln)
ANO AN

is understood to exist as a limit in terms of norm convergence—in other

words, if

fim | u{A+an) —u())

- u'(n\) = 0.
ANFO AN ”

Then the Gateaux differential df(x;h) exists and is continuous in x in

the set Cp(x,h) = {x+An| |N| = p ) if and only if u(A) = £(x+Ah) has a
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continuous derivative u'(A) in the interval [-p,p]; and then,

af(x;h) = Zim %X f(x+\h) = f'(x+hhi]x_o .

A0

In addition, it can be shown that whenever the Gateaux differential of
an abstract function y = f(x) exists at x with increment h and is con-
tinuous in x, then df(x;h) is a homogeneous and additive function in h;

i.e.,
af(x;nihi+Ashs) = Adf(x;hy) + Az2df(x;h2) .

The notion of Frechet differential of an abstract function is not
quite as general as the notion of Gateaux differential as the following
definition indicates;

Definition 3.3.2. An abstract function y = f(x) on X to Y, real or

complex Banach spaces or algebras, defined in a domain D of X having a

non-empty interior, is said to be Frechet differentiable at an interior

point x of D provided there exists an abstract function 8f(x;h) of h

from X to Y and depending also on x with the following properties: (a)

5f(x;h) is a continuous, linear function in h; and (b) for every posi-

tion € there exists a positive 1 such that whenever “h“ s 7,

l£(x+h) - £(x) - &f(x;h)|| = e|nfl ;

or, eguivalent, when

1

£im |£(x+h) - £(x) - df(x;h)|| = O
[nf>o Il
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When 5f(x;h) exists it is called a Frechet differential of y = f(x) at

X

Again, as with the Gateaux differential, a Frechet differential is
unique. Moreover, as the following theorem indicates, provided certain
regularity conditions are satisfied, the Frechet and Gateaux differen-
tial are co-existent and co-equal.

Theorem 3.3.1. If the Frechet differential 5f(x;3h) of an abstract

function y = f(x), exists, then a fortiori the Gateaux differential

-

df(x;h) exists and the two differentials are equal: df(x,a) = ®&f(x;h).

Conversely, if the Gateaux differential df(x;h) exists and is continuous

in x and h, then the Frechet differential 5f(x;h) exists and again the

two differentials are equal: df(x;h) = df(x;h).

Proof. Suppose 5f(x;h) exists; then

f(x+h) - £(x) = B&f(x;h) + ¥v(x;h)

where |[W(x;h)|| = o(||h|]). Now since &f(x;h) is homogeneous in h, we find

that for an arbitrary scalar A,

f(x+Ah) - £(x)

5f(x;Ah) + V¥(x;Ah)

MMf(x;h) + y(x;Ah)

Consequently,

| ) sy -l (M
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and,therefore,
pim B -2(0 _ se(xin)|| = |n tin
A0 A Mth

Hence the Gateaux differential af(x;h) exists and is simply 5f(x;h).
Next, suppose that the Gateaux differential df(x;h) exists and is

continuous in x and h. First we note that since df(x;h) exists at x for

arbitrary increments h, a fortiori for increments h, having |h,|| = 1, to

every positive € and fixed x and h, there corresponds a positive

1 = n{e,x,hy) such that

Igf(x"')‘-*h*) "'f(x)
I o

- af(xzhy)|| = €
whenever IK*I £ 1. Now, for arbitrary h, write

f(x+h) = £(x+N\yhy)

where Ax = [h]| and h, = h|jn||™* with |hs|| = 1. Then, since af(x;h) is

continuous in x, it is homogeneous in h, and
df(x;h) = af(xshghe) = Mydf(x5hy)

and, therefore, for this particular choice of A, and hy the inequality

above leads to the conclusion that for every positive €,
[£(x+nahye) - £(x) - af(xsnehn) || = €[hy]

whenever |Ax| = nx and nx = inf {n(e,x,hx)| ||hxll = 1) ; and this is

equivalent to
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tim 1 ||f(x+h) - £(x) - af(x;h)|| = O.
[nfl>0  |nll

Thus, df(x;h) is a continuous, linear function in h (since it was assumed
to be continuous in x and h) satisfying conditions (a) and (b) of Defini-
tion3.3.2.; and since the Frechet differential is unique, &f(x;h) = df(x;h).
We now summarize briefly some of the other important properties of
the Frechet differential of an abstract function. Let £(x), u(x) and
v(x) be Frechet differéntiable functions; then:
P.1. f(x) = c identically in x(i.e., f(x) is a constant function)
if and only if &f(x;h) = © identically in h and x.

P.2. If g(x) = u(x)+v{x), then dg(x;h) = du(x;h)+dv(x;h).

P.3. If g(x)

u(x) xv(x), where x is an associative multiplication,
then 8g(x;h) = du(x;h) x v(x)+u(x) = &v(x;h).

P.4k. If y = f(x) is non-singular at x (i.e., y = £7%(x) exists at
x), then f-1(x;h) = £ (x)8f(x;h) £ (x).

P.5. If g(y) = u(v(y)), then 8g(y;h) = du(x;5v(y;h)) where x = v(y).

The linear transformation f'(x) = ®f(x; ) from X to Y has the prop-

erty that there exists a positive scalar M such that

£ (x)nll = M|

for all elements h of X since

5f(x;h) = f'(x)h
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is continuous in h and therefore bounded in h; in fact, any linear func-
tion from and to Banach spaces over ® is continuous if and only if it is
bounded. Thus f'(x) is itself an element of the Banach space L(X,Y) of

all bounded linear transformations from X to Y where

Izl = sup (lzx|] | lx|| = 13

is taken as the norm of an element y = T(x) of L(X,Y).

Defintion 3.2.3. The bounded linear transformation f'(x) from X to

Y is called the Frechet derivative at x of the Frechet differentiable

function y = f(x).

We can restate properties P.1 through P.5 in terms of f'(x) rather
than 8f(x;h) as follows:

Q.1. f(x) = ¢ if and only if f'(x) = O identically in x; and
8f(x;h) = O identically in h if and only if f'(x) = O.

Q.2. If g(x)

u(x)+v(x), then g'(x) = u'(x)+v*(x).

u(x) = v(x) where x is an associative multiplica-

Q.3 If g(x)

tion, then g'(x) = u'(x) x» v(x)+u(x) = v'(x).
Q.4. If y = f(x) is non-singular, then (f-3(x))' = £ 1(x) £ (%) ().
Q.5. If g(y) = u(v(y)) then g'(y) = u'(v(y))v'(y).
This concludes our review of some parts of the theory of first order

Frechet and Gateaux differentials for abstract functions whose domain and

-
r

ranges are real or complex Banach spaces or algebras. In the next sec-

tion we proceed to give a short summary of some parts of the theory of
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higher order Frechet and Gateaux differentials and this requires that we
first introduce the notion of an "abstract polynomial."
3,4, ABSTRACT POLYNOMIALS AND HIGHER ORDER GATEAUX AND FRECHET DIF-

FERENTTALS

Before higher order Frechet differential can be introduced, we need
a meaningful concept of "abstract polynomial." In elementary analysis,
of course, a polynomial P(x) is simply a sum of homogeneous forms in x
of different degrees, while a homogeneous form in x of degree k is merely
the product of a constant with x multiplied by itself k-times. But in
a Banach space there is no ready made notion of "multiplication" upon
which a theory of abstract polynomial like that found in the ordinary
calculus can be easily constructed. Thus we must first search for an ap-
propriate notion of "product" to serve as a basis for a theory of poly-
nomials in real or complex Banach spaces.

Whenever y = A(x) is a linear transformation from and to real or
complex Banach spaces or Banach algebras, we may interpret y = A(x) as
a "product" y = Ax formed by "multiplying" the elements A and x of two
different normed linear spaces. Moreover, the product y = Ax satisfies

the following properties:
(Aj+An)x = Aix + Apx;  A(xy+xz) = Axy + Axp ;
(ca)(Bx) = (oB)(Ax); and |ax] = [lafl x|l ,

where we take ||A| to be the non-negative real number given as

sup(|lax|| | Ixll = 1}. 1In addition, when Ap -~ A and xn + x, A, bounded,
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then A x + Ax, Axy - Ax and Apxy * Ax; i.e., the product y = Ax when re-
stricted to bounded linear operators is a continuous function of its
arguments A and x. This continuity property of the product y = Ax fol-
lows as a consequence of Banach's theorem which states that a sequence
of strongly convergent bounded operators has a bounded sequence of norms.

These properties justify our interpretation of y = Ax as a "product"
of the elements A and x. In fact, going one step further, we might even
call y = Ax a homogeneous form of degree one in x or an abstract homo-
geneous polynomial of degree one.

Accepting this possibility, why not interpret products of the form
Yy = AXiXz2 ... Xy
involving more than two factors as the image
Y = A(x1,Xz,...,%)

of a point x = (X1,X2,...,%,) under an abstract operator A which is a
miltilinear form in k-variables?

Next consider a symmetric k-linear form,
k
y = a( )(xl:x2:“-:xk) H

a(k) is a multilinear form in k-variables in which each X3 for 1l =J sk

is an element of the same abstract space and which has the same image

a(k)(xl,X2,...,xk) = a(k)(xc(l),xo(z),...,xo(k))
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for any point x4 = (xo(l)’xc(2)""’xc(k)) obtained by permuting the com-
ponents of x = (X1,X2,...,Xx). We may obtain then a homogeneous form

(k) k . " " (k) " s s an
a\®/x* of degree k in x, or a "product’ of a with x "multiplied” by

itself k-times, by setting
a(k)xk = a(k)(x,x,...,x)

where each of the k-variables of a(k) has been assigned a common value

X3

Finally, as in elementary analysis, a sum of abstract homogeneous

forms in x of degree not exceeding k, say
P (x) = 2(0) 4 alllx +.. .4 o (k) Kk ,

is called an abstract polynomial of degree k in x whenever a(k)xk #-e
identically in x.

It turns out that these notions presented here in summary form can
be made to serve as a basis for establishing an interesting and fruitful
mathematical theory of abstract polynomials in Banach spaces; but we do
not pursue the development of this theory beyond the motivation presented
here. Instead, once again, the interested reader is referred to the
references listed in Section 3.3 and especially to [60] and [95] for all
details.

Using this theory of abstract polynomial, we are now in a position
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to introduce higher-order Frechet differentials for abstract functions.
Thus let y = f(x) be an operator from the real or complex Banach space
or algebra X to another real or complex Banach space or algebra Y, and
assume that y = f(x) is defined on a domain D of X which has a non-empty
interior. Then we say as in

Definition 3.4.1. The abstract function y = f(x) is k-times Frechet

differentiable at an interior point x of D provided there exists an ab-

stract function fk(x;h) of h from X to Y and depending also on x such

k oy s
that (a) fi(x;h) = 'Zi a(J)hJ is a continuous abstract polynomial of de-
J=

gree k in h; and (b) for every positive e there exists a positive n for

which
l£(x+h) - £(x) - BGsR)| s elnl*

whenever Hh“ = n; or, eguivalently, such that

oo (ﬁ‘uy leGern) - G0 - glxsm)| = O

When f} (x;h) exists it is called a k-th degree Taylor's sum of y = £(x),

about x and Wwe denote n‘.a(k)hk vy 85f(x;h) = f(k)(x)hk and call this

homogeneous polynomial of degree k in h a k-th order Frechet differen-

tial at x and f(k)(x) its k-th order Frechet derivative at x.

It can be .shown that if y = f£(x) is k-times Frechet differentiable
at x having a k-th order Frechet differential 8%f(x;h) = f(k)(x)hk there,
then for 1 S m sk, y = f(x) is also m-times Frechet differentiable

having an m-th order Frechet differential 8™f(x;h) = f(m)(x)hm at x.
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Thus any k-th degree Taylor's sum of y = f(x) can be written in the form

1 80fr(x;h)

T (x;h) -
m.

>

or, equivalently, in the form

fk(x;h)

k
AL
m
m=1

Moreover, a Taylor's sum and Frechet differential of a k-times Frechet
differentiable abstract function are unique. In addition, whenever

8kf(x;h) and 85*1f(x;h) both exist, then

k+
L |e¥e(x+h;h) - 8K£(x;h) - & 1

fim £(x;h)|| = 0 ;

Inj>0 linl

in other words, the first order Frechet differential of a Frechet dif-
ferential (interpreted as an abstract function of x) is merely the Frechet
differential of next highest order of the given abstract function.

In introducing higher order Gateaux differentials of abstract func-
tions, we find it convenient to denote the first order Gateaux differen-
tial of y = f(x) by the notation df(x;h) or d§f(x) and to use the two
designations for first order Gateaux differentials interchangeably. Now
for fixed but arbitrary h = h; the Gateaux differential df(x;hy) is
called the "first variation at x" with increment h; of the abstract func-
tion y = £f(x). If for each h;, the abstract function df(x;h;) of x is

Gateaux differentiable at x (and therefore d&df(x;hl) exists for every

h
h; and h), then for fixed but arbitrary h = ha, dxadf(x;hl) is called
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the "second variation at x" with increments h; and hp of the abstract

function y = f(x) and denoted by d2f(x;h;,hp). More generally, provided

k-1

d f(x;hl,hg,...,hk_l) exists for fixed but arbitrary increments and

as an abstract function of x is Gateaux differentiable at x for all these
increments (so that d%df(x;hl,hg,...,hk_l) exists for every hi,hz,...,h _;

. . hk k-1
and h), then for fixed but arbitrary h = hk, dy d

f(x;hy,h2,... ’hk-l)
is called the "k-th order variation at x" with increments h;,hz ..., and

hix of the abstract function y = f(x) and denoted by dkf(x;hl,hg,...,hk).

Definition 3.4.2. A k-th order variation d¥f(x;hi,hz,...,h) of

the abstract function y

i

f(x) whose increments are assigned a common

value h; = ho = ... = hxy = h is called a k-th order Gateaux differential

at x of the abstract function y = f(x) and denoted by ake(x;h); in other

words,

k

a&f(x;n) = & f(x;h,h,...,h)

where the element h appears k-times in the expression for the k-th order

variation on the right hand side.

Let o = (p1yp2,---,Pk) and denote by Cp(x;hl,hg,.,.,hk) the col-
k

lection of all elements of the form x + ,Zi Aihy where lhil s p; for
1=

1 =i = k. Then the k-th order variation dkf(x;hl,hg,...,hk) exists and

is continuous in Cp(x;hl,hg,.,.,hk) if and only if

> :
hohe ... o AT T Ez Mby
i=1
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exists and is continuous for A = (A1,A2,...,\) when |[A;| S p; for
1 =i = k. Also, when these mixed partial derivatives are independent

of the order of differentiation,

k
K oK
d f(xihl}hE:"‘Jhk) = filx+ Z Aihy ;
ON10A2 ... ONg
i=1 }\1 = Kz =...=>\k=0
andif‘h1=h2- .-’-hk—h,
4k
adkf(x;h) = = f(x+Ah
ar A=0

As in the case of first order Gateaux differentials, moreover, a k-th
order Gateaux differential is unique and if dKf(x;h) exists and is con-
tinuous in x then d¥f(x;h) is a homogeneous polynomial of degree k in h.

Having introduced higher order Frechet and Gateaux differentisl of
abstract functions, we now state a key result insofar as the purposes of
this summary are concerned which shows that under certain regularity con-
. ditions higher order Frechet and Gateaux differentials co-exists and are
co-equal too,

Theorem 3.4.1. If an abstract function y = f(x) has a k-th order

Frechet differential 8Xf(x;h) and the remainder term ¥(x;Ah) of its k-th

degree Taylor's sum has a continuous derivative in a neighborhood of

A = O for fixed x and h, then y = f(x) also has a k-th order Gateaux

differential d¥f(x;h) which is continuous in x and h and &%f(x;h)=8%f(x;h).

Conversely, if y = f(x) has a k-th order Gateaux differential and a¥f(x;h)

is continuous in x and h, then y = f(x) has a k-th order Frechet differ-
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ential and 5%f(x;h) = d*f(x;h).

Proof. A proof of this theorem would take us far beyond our im-
mediate interests and the reader is referred to [95] where on pages
188 to 191 this theorem is rigorously established.
3.5. A BASIC RELATION BETWEEN DWYER-MACPHAIL MATRIX DERIVATIVES AND

FRECHET-GATEAUX MATRIX DIFFERENTIALS

Returning to our main topic in this section of Chapter 3, we pre-
sent new extensions of the theory of Dwyer-Macphail matrix derivatives
in the form of connections between these matrix derivatives and Frechet-
Gateaux matrix differentials. Before we can give a precise statement
of these results, however, and furnish rigorous proofs, we first need
to turn the collection Q(u,v) of uxv-matrices over ¢ into a complete
normed linear space. We may do this in many ways since the matrix space
¢(u,v) can be furnished with several norms. The interested readers are
referred to the work of J. Tysver in [148] for a discussion of different
matrix norms that have been suggested for the treatment of matrix er-
rors. Tysver also gives a fairly complete list of references on ma-
trix norms current to 1958.

From a topological point of view these various norms for ®(u,v)
are equivalent as the following theorem indicates: Each n-dimensional
topological linear vector space over the real or complex numbers is
isomorphic with n-dimensional real or complex Euclidean space. A proof

of this theorem can be found in [60] on page 13. Thus for our purposes,
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we need not be concerned with the selection of a particular norm in
Q(u,v) and our choice of the norm

”A“ = (ma:)lastl for A = [FSt} in ¢
s, :

(uJV)
presents no restrictions. The theorems below whose proofs are based on
the use of this specific norm remain valid, although some details might

be modified, should another norm be chosen for ¢( ) since any two norms

v
for this matrix space have metric topologies associated with them which
are topologically equivalent.

We leave the verification that ¢>(u’v) together with the norm [|All
satisfy the axioms for a Banach space over ® to the reader. When

u=v =w, then ¢(w w) With the same norm I|IAll is a Banach algebra over

)

® provided we note that
laBll = wla]l [iBll

and that this involves a slight modification of N.5 (one of the axioms

for a Banach algebra presented in Section 3.2) which is inconsequential
within the context of finite dimensional vector space like ¢(w,w)°
We now begin our main discussion, not for the general case, but

initially for first order Dwyer-Macphail matrix derivatives and first

order Frechet-Gatesux matrix differentials.

Theorem 3.5.1. Let Y = F(X) be a matrix function from Xe¢(m n) o
lheorem Let 2¢e a ,n) =2

YGQ( ) each of whose pq-element function f,. (f) = < F(X) >. possesses

2
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continuous first order partial derivatives with respect to each of the

mn-components X; 5 of x. If Z = Fx(H) is a matrix function from He¢(m,n)

o] 1 fying
to Xe (p,a) satisfyin
tim L ||p(x+H) - F(X) - Fx(B)|| = ©
X
[g[-o0 |H]| ’

then

_ 0 <F >ps
S [T(T H> (r,5)

In addition, FX(H) is additive and homogeneous-gg degree one in H and

continuous in X and H; and, moreover, Y = F(X) is Frechet-Gateaux dif-

ferentiable and its Frechet-Gateaux differential BF(X;H) = F(')(X)H is

given by the linear transformation

i) (x) = oF(x; -) = Fx(-)

which is an abstract homogeneous matrix polynomial of degree one uniquely

o< F >pg

determined by the first order Dwyer-Macphail matrix derivatives
oX

of Y = F(X).

Proof. RecallingthatJiJ is the mxn-matrix with one in its (i,J)-th
place and zerco elsewhere and K., is the pxg-matrix with one in its (r,s)-
th place and zero elsevwhere, let us write

LI <
H = }Z 24 hygJyy = (i3]

i=1 j=1
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P a
F(X) = 2: 2; Foo(x)Kg = [Frg(x)] ;
r=1 s=1
P g
F(X+H) = }: }: Fro(x+h)Kpg = [Fpg(x+h)] ,
r=1 s=1

and

b q
e = ) ) B Gonkee = ) Gom)
r=1 s=1

Now using these expressions together with the definition of [|A|| as a max-
imum element of the matrix A, the condition

fim L ||F(x+H) - F(X) - Fx(H)|| = O
If~o [iH]|

can be stated as

max |Frs(x+h)—FrS(x)-F§é)(x;h)|
lim] LILLS) = 0

max|hij +0 max lh..l

(1,3) (1,3)

Consequently, for arbitrary indices r and s we find that

| P (x4h) ~Fpg () -Fon (x50) |

T}illin'l')o |hy 51
’ (1,9)

= 0

max
(1)3)
Thus from the ordinary calculus of a scalar function of several scalar

variables we know that Fﬁé)(x;h) is simply the total differential of the

function y,.. = Fpg(x) and, therefore,
m n

Fﬁ;)(x;h) = zz éfiﬁ&fl hs = .

i=1 j=1
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Hence, according to Theorem 2.6.3.,

') (xn) = Tr<a<—F2§-S- HT>
Irs aX
O< F >p.4
7, (H) [ < >
& (r,s)

From this expression for Fy(H) we see immediately that Fx(H) is additive

which proves that

and homogeneous of degree one in H and continuous in X and H. Thus from
Definition 3.3.2 and the uniqueness of the Frechet differential we con-
clude that B8F(X;H) exists and in fact that 8F(X;H) = Fx(H). Consequently,
according to Theorem 3.3.1, the Gateaux differential dF(X;H) of F(X)
exists and dF(X;H) = Fy(H) too. Thus Y = F(X) is Frechet-Gateaux dif-

ferentiable and writing BF(X;H) = F(')(X)H it follows that

Fl1) (%) LTr(a<F>S (- ))j‘ = Fe() .

This completes the proof of Theorem 3.5.1.

Since F(')(X) = F(X; +) is a linear transformation between finite
dimensional vector spaces we may speak of its "matrix" [F(')(X)] whenever
bases are selected in ¢(m, n) and 0( p,q) and their elements given an ef-

fective ordering. In particular, for the bases {Jij) in Q(m n) and
3

{Krs} in Q(P q)’ ordering their elements lexicographically, we seek the
2

relationship between [F(')(X)] and the Dwyer-Macphail matrix derivatives

O< F >.g

of Y = F(X). In addition we ingquire whether the interpretation
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for linear transformations of 8F(X;H) = F(')(X)H as the "product' of the
y
elements F(')(X) and H can be translated into a meaningful matrix state-
ment of the form [F(')(X)H] = [F(')(X)][H] where [F(')(X)H], [F(")(x)]
and [H] denote, respectively, the "matrices" of F(’)(X)H, F(')(X) and H
with respect to the basis [Jij} for Q(m,n) and the basis {Krs] for
¢(p,q)° Then we would preserve for differentiable matrix functions, in
either the language of linear transformations or matrices, the same re-
lationship that holds between differential and derivatives in the ordi-
nary calculus; and we could say in terms of linear transformations or
matrices that the Frechet-Gateaux differential of a matrix function is
the product of a derivative (uniquely determined by the function's Dwyer-
Macphail matrix derivative) and an arbitrary incremental element of a
matrix Banach space or algebra.

This discussion poses a subtle conceptual distinction, however, in-
volving the difference between a "matrix'" of an element of a vector space
of matrices and the matrix element itself; and we strive to keep this
distinction between A as a matrix and (as an element of a vector space)
its representation [A] with respect to a given basis constantly in focus
through the following formal device: We associate with each matrix A
in Q(u,v) the column vector a® = A; = o(A) in @,, (the collection of
column vectors of order uv over ®) formed by arranging the columns of A

underneath one another in lexicographical order; in other words

Al oo ()i, M, ..., ) = of(a)
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where [A]k denotes the k-th column of A which is a uxl-column vector.
Now suppose Y = TX is a linear transformation from Xe¢(u v) to
)

YeQ( We can define a linear transformation

P;Q) )

o - o o
v® = Tg(x) from xe®y, to ¥y erq

by means of T and o as follows:

¥ o= Yy = (TX)g = TgXg = To(x%) .

Corresponding to the bases E = {Ejs} in @ and F = {(F..} in @
poncng +J (m,n) s (p,q)
we obtain the basis e° = {egj = o(Eij)] in & and £9 = (£f8s = o(Fpg) ]

in ®pq‘ Fach element To(egj) can be expressed uniquely as a linear com-

bination of the elements of the basis fc, say

b q
o _ ij .o
Tceij = Z Z tis frs -
r=1 s=1

Following a lexicographical ordering of the bases elements, we form the
matrix [Tc] of Ty with respect to the bases e’ and f° by writing the co-
efficients appearing in this linear combination as the (i,J3)-th column
of [Tg]l. We note that many authors use these coefficients to form the
(i,J)-th row of the matrix of a linear transformation, but we find it
convenient to form columns instead of rows. Then, since

m n
o}
XO’ = Z Z leelj ;

i=1 j=1

we find that



i=1 §=1
m n
= Z Z xiJTU(e:,j)
i=1 j=1

and, therefore, whenever

we see that
[Yo] = [Tg) - [X4]

where this matrix product is formed according to the standard rules for
matrix multiplication.
Returning to the linear transformation Y = TX between the matrix

spaces Xe¢(m n) and Ye¢( ) we define the "matrix" [X] of X with respect
J

»q

to the basis E = {Eij} for @ n) @8 the matrix [X;], the "matrix" (Y]

(m,
of Y or [TX] of TX with respect to the basis F = {Frs} for ¢(p,q) as the
matrix {Yc] or [TUXO], and the matrix [T] of T with respect to the bases
E and F as the matrix [T0]° Consequently, in terms of this notion of a
"matrix" of an element of a matrix space and this notion of a "matrix"
of a linear transformation between matrix spaces, we find that the ex-

pression Y = TX involving linear transformation can be translated into

an equivalent expression of the same form involving matrices, namely
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[yl = [T1[x] = [mX]

whenever bases and selected in the domain and range spaces of T.
Observing these special interpretations, we now state

Theorem 3.5.2. If F(')(X)H = 8F(X;H) is the Frechet-Gateaux matrix

differential of the matrix function Y = F(X) from Xe?® to Yed
— == """(m,n) (p,q)

whose element functions possess continuous first order partial deriva-

tives, then the matrix of the linear transformation F(')(X) = 3F(X; )

with respect to the basis {Jij} for ¢(m n) and the basis {Kpg) for
AL L === , ==

o] i iven b
(p)Q.) ==& Y

r-(a< F > < T >ll < F >3\ |
X J1 X 3X /m

<B< F >12 O<F >12 . o< F >1o
BX 1 aX 2 ax m

[F(')(X)] =

X F >pq < F >nq < F >pg
oX 1 oX o oX m

and the matrix of &F(X;H) = F(')(X) E is given by

F ) (x)ul = FI)x)im .

In the expression for [F(')(X)] the notation (o< ¥ “rs denotes the k-th
=1 D T oX Jk

O< F g

row of the Dwyer-Macphail matrix derivative S
X

of Y = F(X).
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Proof. Identifying F(')(X) with the linear transformation T in our

previous discussion we see immediately that
(75 (0Be) = [¥6") (%) 1(8p)

and, therefore, the second part of our theorem is certainly valid.

Now from Theorem 3.5.1 we know that

Fl)(x)E = [:. <§<'F °rs Hjé]
(r;S)
1 8<F>r
(78" (%) 18] = Er(—a-X——S-HT>:|U .

Multiplying the matrices [FS')(X)] and [H;] and equating corresponding

and, hence,

elements in this matrix equality leads to the observation that

m n

z Z fidn . = Tr(_aiLEH'l)
rs iJ X

i=1 j=1

holds identically in H = [hjj] where f3 is the element of the matrix
[F((J')(X)] in the ((i,J), (r,s))-th position. Taking H = J;j, gives the

equality

A< F >

ij o 2 .
frs <7 iy ¢

and, consequently, the (r,s)-th row of the matrix [Fg')(X)] is merely

(B<F>s> <6<F> (3<F>rs
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This completes our proof of Theorem 3.5.2.

We now turn our attention to extending the basic relationship that
exists between first order Dwyer-Macphail matrix derivatives and Frechet-
Gateaux matrix differentials to higher order matrix derivatives and ma-
trix differentials. As in the case of first order matrix derivatives
and differentials, we find again that higher order Frechet-Gateaux ma-
trix differentials are abstract homogeneous matrix polynomials, and that
these abstract matrix polynomials are uniquely determined in terms of
higher order Dwyer-Macphail matrix derivatives.

Theorem 3.5.3. Let Y = F(X) be a matrix function from XeQ(P ) to

2

Ye¢(p’q) each of whose pq-element functions frs(x) = < F(X) > possesses

continuous pure or mixed k-th order partial derivatives with respect to

the mn-components Xij of x. 1If Z P&k)(H) is a matrix function from

Heé(m,n) to Ze¢(p’q) satisfying
Zim (_l_)k |F(x+H) - F(X) - P}({k)(H)H = 0,
|50 \ [l
then
k
(k)
B, () = Z Iln_.,F)((m)(X)
m=1
where

m )
BV - Er 8 rs (ymT
X" (r,5)

3§k)(H) and Fﬁm)(H) for 1 s m = k are continuous in X and H;_and

(m)

Fy (H1,Hz,...,Hy) is additive and homogeneous of degree one in each of
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its m-matrix variables separately. Moreover, Y = F(X) is k-times

Frechet-Gateaux differentiable and its k-th order Frechet-Gateaux ma-

trix differential S5KF(X;H) = F(k)(X)Hk is given by the transformation

P9 (x) = skr(x; ) = FK(.)

which is a homogeneous matrix polynomial of degree k uniquely determined

k
: "< F >pg
by the k-th order Dwyer-Macphail matrix derivatives S of

Y = F(X).

Proof. We prove this theorem by mathematical induction where the
n-th induction hypothesis H, for 1 = n = k is taken to be the statement
of Theorem 3.5.3 for the positive integer k = n. Clearly for n = 1 the
induction hypothesis H; is true since we have established H; as our The-
orem 3.5.1. Now assume that Hp is true whenever 1 £ n = k-1; we show
below that this implies that H . also is valid. In particular, there-
fore, when n = k-1 it follows that Hy is true and thus Theorem 3.5.3% is
established as a consequence of the following modification of the prin-
ciple of mathematical induction: Suppose Q is a subset of the positive
integers such that (a), 1 is in Q; and (b), for a given positive integer
k, whenever n < k and n is in Q; then n+l is in Q too. Then Q contains
all positive integers less than or equal to k. The interested reader
may refer to [lh9] where an excellent discussion of the Mathematical
Induction Principle can be found, including a proof of this finite ver-

sion which we use here.
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It remains for us to show that H  implies H,,; whenever 1

Let
ax(® = (m1)r (D) - B )

and consider the identity

#0050 (1) o) = Fiy(m) - K (3)

+ (n¥1)!agR(X) - p(R)(H) - (n+1) H(agR(X) - Pg(nﬂ‘)(H))

where AHF(X) = F(X+H)-F(X). Now taking e€x = €/n+l we know that there

1A

exists an n > O such that whenever |H| 5 7 ,

IIFXH){(H) - F;(( ") (H) - ax(H)||

IA

IIFX+H(H) - F(n) (1) |

+

ellH"(1+l7l) ;

or, equivalently,

A

Ie ) - B () - ag(m)]
| H o . an Yo

ellm)® "t (1+]H]) .

+

Now according to our induction hypothesis

(r,s

and, therefore,

D - 5 @)
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I @ - w5 @l

max

" (r,8)

n . n
oo <a < F(X+H) >, 3 < F(X) >rs> ()T
ox* ox"

If this maximum is assumed at (rgy,sy), then

ED @ - 5 )

X+H
Ne p(x+H) > "< F(X) >
Ty (é I‘oSo roSo (Hn)T
dxn ax?

n
| O < F(X+H) >, ¢ a<F() -
S mn max | < = 070 o> <y &)™
(i,3) X ax™*
Consequently,
(n) (n) < n
Iy, 5(B) - By (0] = k(@]
where
< F(X+H) > an< F(X) >
K(H = mn max [< ToSo ToSo > .
(i,3) oxn oxn 1J
an< F(X) >I‘oSo
and K(H) + O as |H|| » O since < = >;j is a continuous func-

tion of X. Hence we obtain the inequality

1 ( )

| Eohm) - B ) - aml s Ka(mE"

for sufficiently small ||H||, where

Ke(H) = K(H) + e(|H||+1) &and Xx(H) > ¢ as |H|]| >0
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From this it follows that whenever 1 s n S k-1,

1 (n)
— |Ir (H)-F (H)-A(H)II = 0 ;
HHH+O HHH X+H X X

and, hence, according to Theorem 3.5.1,

(n)
by (H) [ (a< x () > H>:l .
(r,s)

But from our induction hypothesis we know that

< F}((n)(H) > = Tr<————a <a§n s (B n)> 3

and, according to Theorem 2.6.3,

K F > - Qr ki ko k,
Tr< - s ( n)> Z kla (x) — ra— hclhﬁa .o homng

Omn

whereZ{j is taken over all k = (ki,k2,...,kp,) such that ky 2 0 and
mn

}: kj = n., Thus we find that
J=

(n)
< Fy '(H) >
Tr(j5 X rs H%)
oX
ki ko Kmn an(x) T
thlhcz cos Hgr? Tr{ = ka kla o H
mn
mn

= Z hoings pomn 3 e(x) h
i=1 Xo-i PR Xomn
- a’”l (x) Kkt kd ko
ohos -+« Bg

Kain mn
808 sos axgmn
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mn

where k* = (k¥,k%,...,k} ) satisfies k; 2 0 and ;{: kg = n+l; i.e., k*
=1

is an mn-termed partition of the integer n+l. Thus it follows from The-

orem 2.6.3 that

r <a< F>(< )(H) ’rg > (n+l< F 2rg (Hn“l ;
X+l

and, therefore, we have established that

n+l
() Er( <F >rs nvly >:l
(r, S)

Moreover, according to our induction hypothesis,

where, for 1 = m = n,

3'<F > T
F)((m)(H) = Er —Ss{-ﬁ—ri (Hm):} ;

and, therefore, since

(n+1) n
) = B - e
we find that
n+l
@ - ) LM
m=1

where we have put F§n+l)(H) = Ay(H). Thus we have established the de-
sired representation for P§n+l)(H) assuming that it was given for

(n)
EX (H).
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From this result we see at once that F)((n+l)(H) is contimuous in X
and H; and since P&n)(H) is continuous in X and H, it follows that

(n+1) n 1
Pxn (H) as the sum of P§ )(H) and ?;%IYT F§n+ )

(H) is continuous in
X and H too.

Next we see that Ax(Hl,Hg,...,Hn+l) is additive and homogeneous of
degree one in each of the (n+l) -matrix variables separately. We have

shown that Ay(Hi,Hz,...,H 1) can be written in the form

b PRI >S
b(Ea By B, 1) [(B ") (g, Hf( ..Bp) > Hgﬂ)jl .

From this expression we see that Ax(Hl,Hz,...,Hn+l) is additive and homo-

geneous of degree one in Hn+l since, in general,
Tr(cA)(BB) = of Tr AB

and

Tr A(B+C) = Tr AB + Tr AC and Tr(A+B)C = Tr AC + Tr BC .

Now from our induction hypothesis, we know that F&n)(Hl,Hg,...,Hn) is
additive and homogeneous of degree one in each of its n-matrix variables

separately; and, therefore,

(

n
a< FX )(H].JHE:-”)HH) >rs
oX

is additive and homogeneous of degree one in each of these n-matrix vari-
ables too. Consequently, by the same two properties of the Tr-operator

stated above, it follows that
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(n+1)
Fx (Hl:HZ}---)Hn-pl) = Ax(Hl)H210'-;Hn+l)

is additive and homogeneous of degree one in each of its (n+l)-matrix
variables separately.

Finally, our proof has established that 5"'+

F(X;H) exists and is the
first order Frechet differential of 6nF(X;H) considered as a function of

X; i.e.,
sPIF(GE) = 5n BTF(X;H)

But since 5§6nF(X;H) exists, according to Theorem 3.3.1, the first order

Gateaux differential of d7F(X;H) also exists, and
Hon n
aXoPF(X;H) = oReRF(X;H)

Now, according to our induction hypothesis, Y = F(X) is n-times Frechet-

Gateaux differentiable and therefore an(X;H) exists and

a"F(X;H) = B"F(X;H)
Thus we see that
PMF(xE) = alaPF(X;E)
= afe"F(X;H)
= S¥OUF(X;H)

= sMlp(x;H) .

Consequently, Y = F(X) is (n+l)-times Frechet-Gateaux differentiable and
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the proof of Theorem 3.5.3 is completed.

In Chapters 4 and 5, we find ourselves concerned with problems in-
volving the optimization of scalar functions of matrix variables, and so
we present here several theorems featuring matrix derivatives and ma-
trix differentials which involve necessary conditions for critical points
or sufficient conditions for. a maximum or a minimum of such scalar func-
tions of a matrix variable. These theorems are obvious results and need
not involve us in considerable detail, but we do present them here for
the sake of completeness. Moreover, since they feature the functions
first or second order Dwyer-Macphail matrix derivatives or its first or
second order Frechet-Gateaux matrix differentials, these theorems pro-
vide us with useful illustrations of some of the theorems developed in
this section. First we present a theorem involving necessary conditions
for an unrestricted critical point.

Theorem 3.5.4. Let y = f(X) be a functional from Xe®(m n) to yed
b

whose representation z = f(x) as a function of several scalar variables

possesses continuous partial derivatives with respect to each of the

mn-variables xjj of X. If y = f(X) has a critical point at the matrix

point X = Xo, then its first order Dwyer-Macphail matrix derivative

§§ vanishes at X = Xp; i.e.,

éf_=§ﬂ _
Xo OXIx=x,

where O denotes the mxn-matrix element of ¢(m n) whose elements are all
J

zero. FEquivalently, the functions first order Frechet-Gateaux matrix
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differential 5f(X;H) vanishes identically in H at X = X5; i.e.,

5f(Xy;H) = af(x;ﬁﬂ = 0

40

for arbitrary matrix increments H in @

(m,n) "

Proof. Since y = f(X) has a critical point at X = Xy, 2z = f(x) has
a critical point at x = Xo. But we know from the elementary calculus
that

of
Bxlj

—ypyO
X1357%1;

since z = f(x) possesses continuous first order partial derivatives; and,

consequently,

ij

of _ | _of o
oX X=X - axi' o) -
(0} J X .=xij

Now suppose the Frechet-Gateaux derivative f(')(X) = df(X; ) of
y = £f(X) vanishes at X = Xo; in other words, f(')(Xo) =0 (i.e., f(Xo)
is that linear transformation for which f(')(XO)H = 5f(Xp3;H) = O ident-

ically in H). According to Theorem 3.5.2,

10 (%1 = (( ) ( @@n)

Hence, [f(')(Xo)] O if and only if BX = 0; or, equivalently,

f(')(Xo) = 0 if and only if §§f = 0; or, equivalently, df(Xy;H) = O
0

identically in H if and only if %§; = 0, Thus the proof of Theorem
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2.5.4 is completed.

We now state a second theorem featuring second order Dwyer-Macphail
matrix derivatives or second order Frechet-Gateaux matrix differentials
which gives sufficient conditions for a local maximum or a local minimum
of a scalar function of a matrix variable:

Theorem 3.5.5. Let y = f£(X) be a functional from Xed to yed

(m)n)

whose representation z = f(x) as a function of several scalar variables

possesses continuous second order partial derivatives with respect I.gthe

mn-variables xij of x. If at X = X5, the Dwyer-Macphail matrix deriva-

tive vanishes, then (a), y = f(X) has a minimum at X = Xo provided

2
.a_f] (83) T> >0 ;
%% x=x,

and (b), ¥y = £(X) has a maximum at X = X, provided

Tr :| H-‘-‘) <0
OX2 X=X,

Each of these two statements is understood to hold identically for non-

zero H in Q(m n) Equivalently, y = f(X)_has a minimum at X = Xo pro-
>

vided 52f(Xg;H) > O for every non-zero matrix H; or y = £f(X) has a max-

imum at X = X, provided 82f(Xy;H) < O for every non-zero matrix H.

Proof. From the ordinary calculus we know that z = f(x) has a min-

imum at x = Xg, when f£'(xy) = O, provided

2

(1,3) (k,2) 9% §O%g (xij=xgj’xkz=x§z)
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vhile z = £(x) has a maximum at x = x5, when f'(x,) = O, provided

2
oy, 2020 | gy <o .

3 .=O =O
(1,3) (x,1) 13 wa_ (g 3=%7 5%y p =% )
These conditions are understood to hold for arbitrary scalars hij un-
less all the hij are zero. But we know from Theorem 2.6.3 that

3% TN N d=f
(e 09) - ) T o 2]
(x.J=x

(1,3) (x,2) 9% yO%ics o

—x0
25 %xp=%Rky)
and thus the first part of this theorem has been established.

Finally, according to Theorem 3.5.3, when y = f(X) is a scalar func-

tion of a matrix variable

2. /. _ d%f w2y T
5°f(X;H) = Tr<:5§§ (H )‘t) ’

and this fact establishes the second part of Theorem 3.5.5.

In the next two chapters, we undertake applications of the theory
and techniques of Dwyer-Macphail matrix derivatives and Frechet-Gateaux
matrix differentials presented in Chapters: 2 and 3. These applications
deal with certain estimation problems in mathemétical statistics, and
they lead to questions involving the maximization or minimization of
quite complicated functionals from vector or matrix spaces which can be

expressed as composite functions of other vector of matrix functions.



CHAPTER &

APPLICATIONS TO ESTIMATION PROBLEMS IN STATISTICS

4.1, INTRODUCTION

We now apply the theory and techniques of matrix derivatives and
matrix differentials as developed in Chapters 2 and 3 to the problem of
estimating the unknown parameters of a stochastic structure representing

~

a linear structural relationship having errors-in-variables and/or errors-
in-eqﬁations. Before abstracting the essential fe;£ures of this problen
into a general statistical model, let us first familiarize ourselves
with its details through an illustration showing that it is not only

one of theoretical interest, but has significant import in the applica-
tions of statistics as well. The illustration which we discuss below

is drawn from physics; and it is concerned with estimating the parameters
of the temporal distribution law of electromagnetic radiation emitted
from a falling body. Different applications involving this statistical
model can be found in the other physical sciences and in the behavioral
sciences too., In the area of econocmetrices, for example, the reader can
find interesting applications of the error-in-variable and/or error-in-
equation statistical model in papers by M Girshick and T. Haavelmo (48]
and D. Suits [133]. Examples of the application of this statistical

model in other physical sciences are presented by F. Acton in [1].

Proceeding with our example, it is known that the distribution law

of infrared radiation emitted from a "black body" or complete radiator

149
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can be found by integrating the body's spectral radiation distribution
law over the interval (A\i,A\2) denoting the infrared wavelength spectrum;

thus,

A2

Jd = 4( Edan ,

1
where Ed\, denoting the intensity of radiation in the wavelength band
between A and A+dA\, is given by Plank's famous formula derived under
his Quantum Hypothesis and discribing the spectral distribution of the
radiation from a black body, namely

e L

here ¢ denotes the velocity of light, T denotes the absolute temperature
of the body, k denotes its Boltzmann's constant, and h denotes Plank's
constant.

Suppose one seeks the distribution law of electromagnetic radiation
in the infrared spectrum emitted from a high velocity, high altitude
extra terrestrial body following an impact trajectory. As compared
with the case of a motionless black body, one observes that such an
extra terrestrial body is a grey body (i.e., not a black body or com-
plete radiator) whose shape may be changing quite significantly as it
traverses its trajectory to its impact point. Thus at each point of the
falling body's trajectory, electromagnetic radiation is being emitted
or reflected from a source which is not a black body and whose geomet-

rical configuration can be changing in important detail from point to
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point along the body's trajectory.

Let us assume that the trajectory T of-the body is parameterized
as a function I = P(t) of time t and denote by J(t) the electromagnetic
energy emitted by the body per unit time per unit solid angle about a
given direction at time t in the infrared spectrum. As a function of
time, we call the radiant intensity J(t) the body's "temporal® distri-
bution of infrared radiation.

There is evidence to suggest that J(t) can be expressed as a func-

tion of the body's velocity v(t) and the atmospheric density p(t) in the

form

J(t) = apP(t)ve(t)

where a, b and c are constants associated with a given class of bodies
of similar geometrical shape. Now, provided the temporal distribution
law of emitted thermal energy, especially infrared, of a high altitude,
high velocity following gray bodyis of the indicated form, the body's
weight w can be expressed as a simple function of the three parameters
a, b and ¢ which determine the body's temporal distribution law of elec-
tromagnetic radiation in the infrared spectrum. Consequently, if given
a time series of observations of the radiant intensity of infrared ra-
diation from a falling gray body, the parameters a, b and ¢ can be
accurately estimated, an effective basis for discriminating between sev-
eral bodies of the same shape falling together according to their size

could be achieved.
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When the question of determining the temporal distribution law of
infrared radiation of a falling gray body from a series of observations
of radiant intensity is raised (i.e., estimating the parameters a, b and
¢ in J(t) = apP(t)vC(t)), another physical model for J(t) may be more
appropriate in many situations. This stems from the fact that radio-
metric measurements are frequently made under circumstances in which it
is impossible to filter the radiation emitted from the body from the ef-
fects of the medium through which the radisation has passed or from the
radiation reflected from the body from another radiation source. There-
fore, under these conditions, one is really dealing not with a model of
radiant intensity but with a model of "apparent' radiant intensity,
namely radiant intensity having spurious sources of radiation or other
spurious variations such as those produced by atmospheric transmission
effects.

One such model of "apparent" radiant intensity which combines the
spurious sources of radiation or variations, while separating them from

the body's own radiant intensity, is given by
I*(t) = apP(t)ve(t)n(t) = J(t)n(t)

where 1(t) is a positive random variable whose probability distribution

function is given by a log=-normal distribution

F(n) = ( L 2>1/2.fn n-le- 5 (!l?‘i)z ag = Pr(n(t) <n) .
(]

2no



155

We now combine either of these two physical models of radiant in-
tensity or apparent radiant intensity with a statistical model describing
the stochastic behavior of measurement errors which may be present in
the observation of any of the four quantities J(t), J*(t), p(t) and v(t).

Assuming multiplicative observation errors E(t), &(t) and y(t) so that

Jo(t) = J(t)e(t) or Jx(t) J*(t)e(t)

and

v(t)r(t) ,

Polt) = p(t)a(t) and  vo(t)

we obtain the following stochastic structure representing the physical
model and experimental complexes which generate the observation Jo(t)

or J& (t) and po(t) and vg(t), namelys

in J(t) = In a+b fnp(t) + ¢ In v(t)
or
fna+bin p(t) +c inv(t) - in J(t) = £n n(t)

and

tn Jo(t) = In J(t) + fn &(t)

tn 35(t) = in J*¥(t) + In £(t)

in po(t) = In p(t) + In 8(t)

In vo(t) = in v(t) + In y(t)

where n{t), &(t), 5(t) and y(t) may be intercorrelated as well as serially

correlated.
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In Section 4.2 we see that this stochastic structure is a partic-
ular case of a general statistical model which we call the error-in-
variable and/or error-in-equation linear structural relationship; and
in later sections of this chapter we investigate estimation procedures
for determining estimators &, f and & of parameters like a, b and c
which appear in the above temporal distribution law of electromagnetic

energy.

4.2, STOCHASTIC STRUCTURES AND EV OR EVE STATISTICAL MODELS

For our purposes we consider a "stochastic structure” to be a col-
lection whose elements are: (1) a non-empty family of real random vari-
ables and a family (possibly null) of real scalar variables; (2) the
Joint probability distribution or the joint distribution function of
these random variables; and (3) a non-empty family of real Baire func-
tions of one or several real variables having the property that com-
pound functions can be formed with each of these Baire functions and
the elements of a non-empty subfamily of random or scalar variables of
the given families of variables. The scalar variables of a stochastic
structure may be scalar quantities, such as means or medians, which are
completely determined by the probability distributions of the random
variables belonging to the stochastic structure.

Whenever the domain of a Baire function of a stochastic structure
contains the cartesian product of the ranges of each member of a non-

empty subfamily of random variables, another family of random variables
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can be derived by forming the composition of such Baire functions with
these subfamilies of random variables. Moreover, the composition of a
Baire function jointly with each of the members of a non-empty subfamily
of random variables and each of the members of a non-empty subfamily

of scalar variables of a stochastic structure can be interpreted as a
family of random variables indexed either by those points which belong
to the cartesian product of the ranges of the scalar variables or by
those pointswhich belong to the cartesian product of the domains of the
scalar variables. In either case we call this family of compound random
variables, together with their joint probability distribution or joint
distribution function, a "derived structure" of the underlying stochastic
structure,

Next, let us consider a Baire function whose domain contains the
cartesian product of the ranges of each member of a non-null subfamily
of random or scalar variables belonging to some stochastic structure.
Forming the families of compound functions obtained from this Baire
function and this subfamily of random or scalar variables, provided each
of its elements is contained in the subfamily of random or scalar vari-
ables of the stochastic structure consisting of the complement (in the
set-theoretic sense) of the given subfamily of random or scalar vari-
ables, we call such a Baire function a "structural relationship" associ-
ated with the stochastic structure (through these subfamilies of vari-
ables). We note, parenthetically, that any implicit Baire function

whose domain contains the cartesian product of the ranges of each member
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of a subfamily of random or scalar variables of a stochastic structure
yields a structural relation when any one of fhe variables of the sub-
family is expressed as a function of the remaining variables as deter-
mined by the implicit Baire function. Finally, the "parameters” of a
stochastic structure are the "parameters' of a structural relationship
associated with the stochastic structure; and we understand the param-
eters of a structural felationship to be any unknown (constant or vari-
able) scalars whose specification determine the Baire function of the
structural relation.

We now restate this verbal presentation of the notion of a stochas-
tic structure, its derived structure, and a structural relationship more
conveniently and more succintly in terms of mathematical notation and
description. Our basic mathematical structure consists of

((Q1,41) ,(92,A2) ,...,(QAy ), & finite family of measurable spaces;
(Y1,Y2,...,Yy), & finite family of random variables; and
(P1,P2,...,Py), & finite family of probability measures,

each of whose members has as its domain the similarly indexed o-field

of measurable sets. Each of the members of the given family of random

veriables, with values in the real Borel measurable space (R,B), is de-

fined on the correspondingly indexed measurable space and its probability
distribution is the identically indexed probability measure. In addition
we have

{yl,yg,...,yM}, a finite family of scalar variables,

each of whose members is a function with domein and range space R (the

real line).
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As previously indicated, we are interested in the joint probability
distribution P of the family of random variables rather than the family
of individual probability distributions of these random variables. The
probability measure P has as its domain the o-field product A of the o-
field A;,As,..., and Ay; and it may be interpreted as the probability
distribution of the random vector Vy = (Y1,Y2,...,Yy) which takes its
values in the N-dimensional real Borel measurable space (RN,BN) and is
defined on the measurable space (Q,A) where Q is the cartesian product of
the N spaces Q1,Q02,..., and .

Corresponding to the family of individual probability distributions

N . N
(PyJ,_; is the family of individual distribution function {(Fyc (vie) Jem1
where

F(vi) = PelYpi(e,vy))

or, corresponding to the joint probability distribution P of the family
(Yk]§=1 of random variables is their Jjoint distribution function
N
F(va,va,e--,vy) = P(Vy 1?:8 (=0,vk))
The family of random variables {Yk)§=1 and the family of scalar variables
{yk]ﬁ;l’ together with the joint probability distribution P or the joint
distribution function F, comprise basic elements of what we have called
a stochastic structure. We need only specify in addition,
{d1,d2,..,4y4), & family of Baire functions,

for which each member ¢, of this family has as its domain the Hy-dimen-
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sional Borel measurable space (RHk,BHk) and as its range the one-dimen-
sional Borel measurable space (R,B).

Now the set of scalar variables [yk]E;l, the set of random vari-
ables (Yk}§=1, the set of Baire functions [¢k]§=l’ and the joint prob-
ability distribution P or the Jjoint distribution function F when con-
sidered jointly as elements of an abstract collection from a stochastic

structure which we denote by,

S = Eyk}g=l, {Yk}}lg=l’ {¢k}§=lj P] )

vhere P may be replaced by F. We understand, of course, that through

composition of the Baire function

X = ¢k(zl,22,...,zpk,zpk+l,...§pk+qk)

from S with z5 = Ymi and Zpk+j = ynj for 1 =1 sp, 1 5J = qy,

Pxtax = Hk, we obtain the random variable

(y) .
= b Y Y i Vs oV )

or since yp = yr(ty),

X}({t) = ¢k(le)Ym2"“’Ym'p’ynl(tl) ,yna(‘ta),.. -,ynq(tq))

for each fixed but arbitrary index

y = (ynl:yn2’ ) :ynq) or t = (ti,tz,... )tq) .
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P q
Here (Ymi]izl and {Ynj}jzl are specified subfamilies of random or scalar

variables, respectively, from S.

(¥) (t)

The random variable X" ° or Xk is defined on the measurable space
N
(Q(Nk), A( k)) with values in (R,B), where Ny = [ml,mg,...,mpk] and

Q(Nk) is the cartesian product of the spaces le, Qm

PERR and Qmpk and
()

A is the o-field product of the o-fields Aml A .., and Amp .
4

»Bmer e
, (y) . .. o (v)
Each random variable Xj is distributed by a probability measure Q)
related to the joint probability distributions P(N ) of the family of
k

random variables {Ymi]izl. In turn, the random vector
o) o @), 2 ())

is defined on (Q%,A*) with values in (RH,BH) where Q% is the cartesian

product of the H spaces Q(Nk) and A¥ is the o-field product of the H

)
o-fields A( k). Moreover, Ué?)is distributed by a probability measure

Q(y) which is the Jjoint probability distribution of the family of random

(v)

H
variables {Xﬁy)}k=1. Thus Q is related to the probability distri-
H
butions of the family {Qéy)}k=l and consequently to the family of Jjoint
probability distributions {P(

Pk

variables {Ymi]i=l .

H .
Nk)}k=l of the H subfamilies of random

. s (¥)4E (¥)
Finally, besides the probability measures {Qk k=1 or Q , We

H
also consider the family of distribution functions [Gﬁy)(uk)]k=l of the

family of random variables [Xﬁy)}g=l where,

Gl({y) (U.k) = Q,l({y) (Xil( ~0o, uk) ) ;
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or, the joint distribution function,

H
G(y) (ul,ug,...,uH) = Q(y)((ul({y))-l lé (-oo,uk)) b

X:(Ly) ,Xéy) b ’X(y)) .

of the random vector Ugy) = ( i

Keeping these constructions in mind, we see that the derived struc-
ture of the stochastic structure S is the collection whose elements are
H
the family of random variables (Xﬁy)]k=l, the family of scalar variables
{y }H vhere y = {y }gk and the Jjoint probability distribu-
(mk) k=1 (mk) nj j=1-

tion Q(y) or the Jjoint distribution function G(y)(ul;ug,...,uH). We

denote the derived structure of S by,

~ dx . H H
D[S] = _{_{qu}J=l]k=l’ [X}(gy) ]k=l’ Q(Yj} ,

(y)

where Q(y) may be replaced by G'W'.
Next, let us consider another Baire function on (K',B") to (R,B)

which depends on a parameter © = (01,02,...,05) in E°, say
z = f(zl,Zg,...,Zr; 91,92,...,93) K

or, briefly, z = f(z1,225...52y; ©). If the family of scalar variables
of the stochastic structure contains a subfamily Y51:¥527 ¥y of

scalar variables so that
y = f(le:YJa;---:YJri e)

M
belongs to the subfamily {yj)

r
j=1 ~ [qu}q=l of S, we say that f is a

structural relation associated with the stochastic structure S through
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this subfamily of scalar variables. We also call f a stochastic struc-
ture associated with S whenever subfamilies {Yil,Yia,...,Yiu] of random
variables or [yjl’ng"'°’ij) of scalar variables of S exist, where

r = u+v, for which the random variables,

Y(y) = f(Yil)Yiz,'.',Yiu’yjl’yj2,...’ij; O)

belong to the subfamily [Yi]§=l - {Yip];=l of S. In either case @ is
called a parameter of this structural relationship or a parameter of the
stochastic structure.

We use the notation (f,Sf) to denote that f is a structural rela-
tion associated with the stochastic structure S. Frequently, we replace
S¢ by D[Sf] in this notation in order to indicate that although f is ﬁ
structural relation associated with S, in the particular context in
which the notation (f,D[Sf]) appears, it is f and the derived structure
of S that are of primary concern. In many instances, for example, only
the random variables of a derived structure of an underlying stochastic
structure are observable. Consequently, in these circumstances, esti-
mates of the parameters of a structural relationship associated with a
stochastic structure can be obtained only through functions of observa-
tions of the random variables of the derived structure. We see that
this is the case in the EV and EVE statistical models which we introduce
now as particular stochastic structures and specific structural rela-

tionships associated with them.
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Consider the stochastic structure,

s = Eri(t)]il, (61(t) 15 1> $(za1,22) = 25 + 22] ,

where the ry(t) are scalar functions and the 5;(t) are random variables

having Eb;(t) = O and whose distribution function
Fe(81,82,...,0p) = Pr(d1(t) <831,82(t) <B82,...,8p(t) <8&p)

remains unspecified except that the [Bi(t)]§=l are assumed to have the

known covariance matrix

To(t,t) = E(sT(t)5(t))

where &5(t) = (51(t), 62(t),...,ap(t)). From S we obtain the derived

structure
pls] = |{r;(t))P ., (X4(t))F
= Ty i=1’ 41 i=1
where, for 1 £ 1 = p,

X;(t) = ¢(ry(t), 81(t)) = ri(t) + B3(t) .

Given. S, the function

1
(@]

p
f(Zl,Zz,...,Zp; al,az,--o,ap) = Z aiZi
i=1

0

when compounded with z; = r(t),zz = ra(t),..., and Zp rp(t) leads to

the structural relationship



163

alrl(t) + agrg(t) + ... F Obrp(t) = 0

associated with the stochastic structure S or its derived structure D[S]

through the family (ri(t)]€=l of scalar variables. We call (f,Sf) or

(f,D[Sf]) for this particular stochastic structure together with this

linear structural relationship the "error-in-variable" statistical model

or merely the EV statistical model.

I

Assuming that the variables rj(t) of (f,Sf) are not directly ob-

servable due to the "errors-in-variables" &;(t), but that only the X;(t)

of the derived structure D[Sf] are observable, we wish to estimate the

unknown parameters of f from a sample of n-observations of {Xi(t)]§=1
at, say, t = t1, t = to,..., and t = tn. In other words, given the

known covariance matrices
Tgltysty) = E(T(65)X(5)) = E(67(t5)8(t5)) = Zglty,ty)

among the errors we seek estimators

ak = &k(xl(tl):XZ(tl):---:Xp(tl):'-°;Xl(tn))x2(tn):-°')Xp(tn))

of the unknown parameters y of the linear structural relationship
P

}: airi(t) = 0 associated with the stochastic structure S or the EV
i=1
statistical model.

Another important stochastic structure is given by S, =

Eri(t) ]£=l) {Sj(t)];l:l: E(t),{Si(t)]I;:]_, {T]j(t) }%=1;¢(ZJ.;22) =2z, + z2]
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where the ri(t)'s are scalar variables and the £(t)'s, 5i(t)'s, nJ(t)'s
and SJ(t)'s are random variables for which E(g(t)) = O, E(8i(t)) = O and
E(nj(t)) = 0; and z = ¢(z1,22) = z,+22 is understood to be composed
with z; = ri(t) and zp = 5;(t) for 1 =i = p and with z; = S3(t) and
and zp = nj(t) for 1 s j = q.

Associated with S, is the derived structure

Dlsx] = [Eri(t)}f=l, (X3 (£) 53,5 {Yj(t>}§=;]

where, for 1 =i £ p,

X1(t) = ¢(ry(t),85(t)) = ry(t) +8;(t) ,
and, for 1 = j & q,
vi(t) = d(55(t),my(t)) = s5(t) + ny(t) .

Next, given S and the function

Y q

=,

2 = Z‘ Qyz4 + Z BJ'ZJ‘+P = f*(zlyz2;---)zp+q3 a,B) ,
i=1 J=1

taking
2o = &(t),z1 = rl(t),...,zp = rp(t),zp+l = S1(t),..., and Zobq = Sq(t)

and forming through f; the compound function

p q
Z airi(t) + Z ﬁjSJ(t) = &(t)

i=1 j=1
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we obtain a linear structural relation associated with Sx or D[Sy]
through the indicated families of scalar and random variables.

Finally, putting

y(t) = (&(t),8(t),n(t))

where

5(t)

i

(51(t):62(t))---’gp(t))

and

n(t) (ﬂl(t);nz(t):---an(t)) ’

we assume that the random vector y(t) has a known covariance matrix

—

oaut) I gnt) Igg, (et
Ly(t,t) = | Zs gy (t,t)  Zg(t,t) (s, n) (t58) | = BT (£)7 ()

Pn,g) (08 Ba,p) () 2y (et)

o —d

where og(t,t) = Egz(t),Zkg,a)(t,t) = BE(e(t)s(t)),n (t,t)

(e,m)

= Ee(On()D (60 - B(57(t) 6(t)) ,5g(t,t) = B(8T(t)5(t)), ete.

We call (fx,Sx) or (fx,D[S4«]) for the particular stochastic struc-
ture Sy or the derived structure D[Sx] together with the linear struc-
tural relationship fx . he "error-in-variable and/or error-in-equation"
statistical model or simply the EVE statistical model. When ri(t) and

Sj(t) are not directly observable, having errors &j(t) and nj(t), and
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only the random variables {Xi(t)}f=l and [Yj(t)]3=1 of the derived struc-

ture of the EVE statistical model are observable, we seek estimators

&

and

&i(xl(tl) )X2(tl) P )xp(tl) yeoeoe }Yl(tn) :Y2(tn) } R ,Yq(tn))

By(Xa(t2),Xa(t2)50 oo, Xp(2) e s Yaltn) ,Yaltn) o ¥o(tn)) -

e
I

for @4 and BJ, 1=i=pandl s j £ g, given a sample of n-observations
of {X;(t)}}_; and {Yj(t)]%=l at t = ty,t = tz,..., and t = t, when the
errors y(t) = (&8(t),d(t),n(t)) can be intercorrelated and serially cor-

related with known covariance matrices given by
N(tistg) = E(rT(e)y(t5)
127 7 i/7 J .

In the following sections of this chapter we discuss the method of
generalized least squares estimation for estimating the unknown coef-
ficient parameters of the EV and EVE statistical models when the vari-
able and equation errors are both intercorrelated and serially correlated.
We derive the non-linear system of normal equations which implicitly
define these generalized least squares estimators by using the Dwyer-
Macphail matrix derivative methods developed in the previous two chap-
ters. Besides illustrating the theoretical aspects of the Dwyer-Macphail
matrix derivative methods in terms of a concrete example, this applica-
tion also points out the simplicity and ease of application of these ma-
trix differentiation techniques once the fundamental rules of this ma-

trix derivative calculus are learned.
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4.3. GENERALIZED LEAST SQUARES ESTIMATORS FOR EV MODEL

We begin our discussion of the estimation problem in the EV model
by first defining what we mean when we speak of the "generalized least
squares" estimation procedure. For this purpose, let Uy be a random
vector in @" which is indexed by an (unknown) vector parameter © in @8,
and suppose that EUg = O while the covariance matrix ZU = EugU0 of Ug
is a positive definite matrix for any © in a specified domain @ in ¢5.
Under these circumstances, we call ©_ a "generalized least squares"
estimator of the parameter © whenever O, is an extreme point in ® of
the metric ”UO”W = UOWUg (considered as a function of ©) determined by

the matrix weight W = Xy for which
HUQOHw = min {[|Ugllylec®} .

Having defined what we mean by the "generalized least squares”
estimation procedure and "generalized least squares" estimators of an
unknown parameter ©, which we refer to merely as the GLS-estimation
procedure or GLS-estimators, we go on to derive GLS-estimators of the
unknown parameters of the EV statistical model. For this purpose, let
us write the EV model in vector form and adapt some other convenient

notation. Thus let
a = (al;aa:---,ap) )

r(t) = (rl(t)}r2(t))---yrp(t)) ’
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and

X(t) = (Xa(t),Xa(t),...,X,(t)) = r(t) +3(t) ;

then in this vector notation we may write the EV statistical model simply
as

a-rT(t) = 0 where X(t) = r(t) + 5(t)

for t = t;,t = ta,..., and t = ty. Finally, rather than writing, for
example, X(t1),X(t2), etc., we merely write X(1),X(2), etc.; and we de-
note 25(ti,tj) simply as Z&j.

Now then, how do we obtain the GLS-estimators of the parameters for
the EV statistical model when the "errors" 5(t) are known to be inter-
correlated and serially correlated. In this connection, let us consider

the "deviation,"
T,.
di(a) = a - X7 (1) ,

corresponding to the i-th observation X(i) for 1 =i s n; or, alternately,

the vector of deviations ,

d(a) = (dl(a) ,d2(a) g )dn(a)) )

n
corresponding to the n observations {X(i)J;.; Jjointly. We easily see
that
E(a(a)) = 0

and that
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Zatey = long(@] = E(aT(a)a(a))

where

Ui,j(a) = aZiJaT for 1si, JjsSn.

Writing W(a) = Zﬁ?a) and assuming that W(a) exists whenever o belongs to
an appropriate domain in ¢P, we are led to the generalized least squares

estimation criterion
) = al@w(@a(a)

for the unknown coefficient parameters of the EV statistical model.

Thus the application of the GLS-estimation procedure to the EV
model leads us to the problem of finding critical points of a scalar
function of a vector variable which is the (matrix) product of vector
and matrix functions of a vector variable. Therefore, adopting the gen-
eralized least squares estimation procedure, the estimation problem in
the EV statistical model may be simply and succintly stated as follows:

Using the Dwyer-Macphail matrix derivative methods, obtain neces-

sary conditions for a critical point of the functional of a vector vari-

able given EX

n n
@ = ) (1) 5(0) X9 = a(@W(@)a¥()
i=1 j=1
where
Wo) = [wz@) = leX;f™h = Ty .



170

Then a GLS-estimator & of @ is a critical point of Q(a) which is a local

minimum.

In order to derive the non-linear normal equations which define
this GLS-estimaor & of the unknown parameter & of the EV statistical
model, we rewrite Q(Q) as a sum of products of scalar functions of a

vector variable, namely
n n
@ = ) ) (an @)
i=1 j=1

where £33(a) = w;5(@) and hy () = oXT(1)X(3)ox.

Now we find that

n n
_9(a) Z Z (-—-J——afi () hi y(@) + £54(c) —L—ahl (a)>

and, according to Theorem 2.L4.2,

Q.(OQ EI(BQQGQ KT>:]
o< a >y K

But since Q(@) is a scalar function, the matrix K appearing in this ex-

pression is merely the scalar constant K = 1 and, therefore,

o< o >k

<5Q§a2 >= ()
o< ¢ >
Consequently,

n n
Z z ij( )[afl (a)] J(a) [hi (a) ;
isl 3=1 o< a > |k < a >y
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or, equivalently, since

Ay [Bryy(@] o dmgle) Emij(a)
Y, < a> |k e d<a > |k

the Dwyer-Macphail matrix derivative of Q{@) is given by,

n n
A _ ) ) n T e D0
X J d
i=1 j=1

where Bfij/aa is the Dwyer-Macphail matrix derivative of fyj = Wij(a)
and Bhij/aa is the Dwyer-Macphail matrix derivative of
his = aXT(1)X(J)al.

Thus to determine 3Q(a)/da we need only find ahij/aa and Bfij/Ba.
We see immediately that |

Oy
< a > T a >y (ox*(1)x(J)a)

]

7 KT (0)X()al + oxT(1)x(3) T ;

and, therefore, according to Theorem 2.4.3%, noting that K = 1 = KT since
hij(a) is a scalar function, we obtain the Dwyer-Macphail matrix deriv-

ative of hij(a) as

3 4

1 - oXT(3)X(1) + 1+ aXT(1)X(3)

a(XT(1)X(3) + XT(3)X(1)) .

Next, we turn our attention to deriving the Dwyer-Macphail matrix

derivative of £, = wij(d). Writing,
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U

u(Y) = Y! and Y = V(a) = Za(a) ’

we see that

W o= U(V(a)) = a?a) = Wa) .

Consequently, through an application of Theorem 2.4.4, we can write the
Dwyer-Macphail matrix derivative of wij(a) = < W(a) >; 5 in terms of the

Dwyer-Macphail matrix derivatives of U= Y-t and Y = Z&(a) as follows:

n
M:ZZ<B<_U>L1> _ﬁ
aY Irs
% r=1 s=1 %

i = — T .
Since <Y >is = < Zd(a) >fs =Q era , we find that

< Y >pg e}

]

(@ £y

o<k o >k ok a >k
T T
= Jx Lpg®@ + ol Jy

and thus, since <Y >.¢

T
OZTSQT is a scalar and therefore K =1 = K,

o< Y >I‘S

T
S = 1 'Oz;s +1- Oz}s

a(Zpg + Zsr)
20y

T
where ng = (E&T(r)a(s))T = E(ST(r)S(s)) = Zsr and ZTS = Zsr because
_ T . .
Zﬁ(a) = [a Z&Ja ] is a covariance matrix and must be symmetric.
Without repeating other well known derivations, but referring the

interest reader to [32] for example, we write down the Dwyer-Macphail
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matrix derivative of < U > 43 = <Y1l >,k as

iJ
O<U >33 _ -UTKi i
oY J

Recalling for a matrix A that (A)k denotes its k-th row, we easily find

that
< U > T, T
<————‘1aY >rs = - < (U)i(U )J > .

Hence, combining these results into a single expression for the
Dwyer-Macphail matrix derivative of fyj = wij(a) according to the "chain"
rule for matrix differentiation of a compound function given by Theorem

2.4.4, we see that

v . () \\
B e Z Z < (W(a)) (W(a))j rsZT
o
r=1 s=1
Furthermore, having derived the Dwyer-Macphail matrix derivatives of

fi5 = wij(a) and hjj = aXT(i)X(j)a?, we can now give an explicit expres-

sion for the Dwyer-Macphall matrix derivative of Q(a), namely:

& TVl 1) 4T
agaa) i} 2“(24 Zwij(a) X (1)X(1)42rx (3)x(1)

This expression.for dQ(a)/dx can be further refined by npoting

that for any square matrix W in <b(n n)?
3

(W) Ky s (F)g = < (i (W) >
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where (W) denotes the s-th column of W.. Using this identity we see

that

1% n n n )
Z Z axT(1)x(3)al Z Z < (@)} (W), >rs> T,

i=1 J=l r=1 s=1

n n n
Z &% (1)X(3)a" <Z ) (W(a))rxijtw(ans) T
r=1 s=1

1=1
\

n n 2_1
= Z ( Z (w(a>>,(axT(i)x(,j>aTxij>(w<a)}s) Zrs

1=1 j=1

TR

n n .
Z Z (W))x [ (0)X(5)aT) | (W) ] Ty

In turn we see that

(W(@)) p LoxT(1)%(3)al 1 (W(a) I
= 7 ((W(@)) Lox®(2)%(2)0 () )
- ([axT(i)x(j)aTM(w(a))E () )T))
= Tr ([xTaT][ax][(W(a)T {w(a)]T])
- (L)L (We))p (W(a) 131 (x%T])
= [ax][(W(e); (W() )T [xTaT)
= (X (W(a))7) ((W(@) 13xTaT)
= (aX{W(a)lr)({W(a)}x of)
= (X W(@)e 1) (esWI(a)XTaT)

= pp(a@) - pgla)
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where it is understood that e, is the row vector of order n having one

in its i-th place and zero elsewhere,

x = [X7(1),x7(2),...,x(n)] ,

and

he(@) = oxW(a)ey

(oX(W(@) )y, aX(W(a)lo,...,aX{W(a)ly)ei

a&x(W(a) )y, -

Combining these results we see that

n n n n
Z Z aXT(i)X(.j)otT Z Z <(w(og))iT (W(O,))'j > er
i=1 j=1

r=1 s=1

= ji Ei ne (@) Zpghs (@) ;

r=1 s=1
and, therefore, that

n n
T T
bgaa - oo Z Z ‘wij(a)_' (X (r)X(s)+X (S)X(r)> _ “r(a)zrs“s(a) .
r=1 s=1

2

Keeping this derivation of dQ(@)/dx in mind, we now state

Theorem 4.3.1. Suppose the stochastic structure (f,S) is the EV

statistical model where f is given implicitly by the linear structural

relationship o - rT(i) = O and where only the random (vector) variables

X(1) = r(1)+5(i) of the derived structure D[S] of S are observable for
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1 =i = n, vhile r(i) is non-observable having "errors" (i) with
E5(1) = 0. Let d(@) be the vector whose i-th component is ds(@)=q:XT(i)

and assume that

-1

W@ = Dyy@] = laZeftt = Ty

IA

exists for every non-zero & where Zij = E(ST(i)S(j))for 1s1i, Jsn

are known error covariance matrices. Then any non-trivial generalized

least squares estimator 6.22 a must be a solution of the non-linear

equation system

At = O

where

n n
Ay = Z Z wrs(a)(xT(r)X(B)+XT(S)X(r)>-ur(a)zrsus(a)
r=1 s=1

2

Here pk(a) = dXW(a)eE where X is the matrix whose i-th column is the

vector X1(i) for 1 £ i S n and ey is the n-dimensional row vector having

one in its k-th place and zero elsewvhere.

Proof. According to Theorem 3.5.4, if o is any non-zero critical

point of the GLS criterion

n

n
Qa) = Z 2 &T(1)w; s(@)X(S)a’ = ala)W(a)aT(a)
i=1 j=1
then the Dwyer-Macphail matrix derivative BQ/BaO must vanish. But we

have seen that
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n n
Bod oo ) ) (gt (FEHDAED) (@)
r=1 s=1

consequently, if o is a non-zero critical point of Q(a), then oy must

satisfy the non-linear system of equations

Aot = 0

In particular, since & is a non-trivial generalized least squares esti-
mator of «, & is a critical point of Q(x) and therefore must satisfy
this non-linear system of equations. Thus the proof of Theorem 4,3.1
is completed.

Before taking up our discussion of the estimation probleﬁ in the
EVE statistical model, we explore one more facet of the estimation prob-
lem for the EV model, namely the adaptation of the GLS-estimation pro-
cedure to an EV statistical model in which the structural relationship

is given explicitly, rather than implicitly, as
r(i) = Qi + Qora(i) + ... + ocp_lrp_l(i) .

We find, of course, that the GLS-estimator (&1,62,.. "ﬁp-l) of
(al,ag,...,ob_l) is defined by a different system of normal equations
than that given above for the GLS-estimator of the parameter of the im-
plicit EV model and that the derivation of the GLS-estimators for the
explicit EV model requires certain modifications of that given for the

GLS-estimators for the implicit EV model.
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Thus in the explicit EV statistical model we are given an explicit

linear structural relationship,

r(i) = ay + ozrp(i) + ... + ap-lrp-l(i) )

and we observe

X(1) = ro(i) + 82(i)
Xa(i) = ra(i) + B8a(i) ,
Xp-1(3) = rp (1) 8 ,(5)
and
X(1) = r(i) +8(i) ,

where, for 1 £ i £ n, the "errors”
5#(1) = (82(1),8a(1),...,8, (1),8(1))
are assumed to have known covariance matrices given by
Tyy = E(8x(1)8x(3))

for 1 =i, jJ = n.

We note that this explicit structural relationship can be written

as an implicit one in the form

ofri(1) + ofr¥(1) + ... + of yrp1(1) + ofrf(i) = O
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where

* ¥
of = o1, 0F =02, «ou, O 1 =Qp g, O =-1
and

ri(1) = 1, r8(1) = ra(i), ooy v3(3) = (4), rp(1) = x(1) .

Let us write

(r3(1), TH(1), .0, T% (1), TH(D)),

rx(i) p

= (l, ra(i), «.., rp-l(i)’ r(i)) ;

MEY) (ex(1), EX(1), ..., £p1(1), £3(1))
= (0, Ba(1), ...y B (1), 8(1))

Xx(1)

(x¥(1), xE(1), ..., X5 1(1), Xp(1)),
= (1, Xe(4), ..., X, (3), X(1))

and

2
I

(0,02, .+ +,0 ;0 )

(al:a2: e ’ap—l’ ‘l) 3

then observing this notation, the EV statistical model in which the
linear structural relationship is given explicitly can be written in

vector form as
oxrx(i) = O
where, for 1 = i £ n, we observe

Xx(1) = rx(i) + E,(1)
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and the covariance matrices of the "errors" & (i) and g*(j) for 1 =1,

J 2 n are given by

0 0
Viy = = E(£5(1)£,(3))
0 Zi3
Thus we have reduced the explicit EV statistical model to an im-
plicit EV statistical model in which certain prior information is known
about the coefficients and variables of the implicit structural rela-
tionship and in which the covariance matrices of the "errors" have the
special form of bordered matrices. In terms of this implicit EV model,

which is equivalent to the given explicit EV model, we seek necessary

conditions for an extreme point of the functional

e = ) ) aad(Duex, (e = Aaw(ana’(e)

r=1 j=1
where
Wa,) = [wgylae)] = [oz*vijczr;[:]-:L = Z;za*)
and
di(a*) = a*XE(i) for 1 s=4isn
with
d(a,) = (di(ax),dz(ax),...,dp(ay)) .

Now if we were to ignore the fact that Og is a known constant and
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treat it as an unknown parameter, we would be faced with the problem of

finding necessary conditions for an extreme point of
n n
o~ \' ~ T o ~ T/
Q) = ) ) G @R = alGu(E)a(E)
i=1l j=1
where

_ _ - TV o -1
w(a*) = [Wij(a*)] = [Ot*Vle’E] i Zd(ﬁ-x—)

and the tilda-notation

~¥ nE¥ *
a‘f* = ( l)a2:'-°)a;_l) d-p)

denotes the vector
a, = (a:’l)f;a‘)z(-’ R )U;_l: (1;)

*

with Ob

with of,0%,..., and a;_l .

considered as an unknown parameter and hence as a variable along

But we have already obtained the solution to this problem in our
derivation for the implicit EV model; and, therefore, the solution can

be written down immediately from our previous work as

(aq(a*>> ok - o

where

n n T T v
Ag, = Z z Vg (T <X*(r)x*(r)+x*( )X*(r)> - ur(&*)Vrsus(d*) .

2
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and
n() = (a8 ma(B), . oug(By)) = TX, M)
and
1 1 . 1
X2(1) X2(2) ee.  Xa(n)
x, = | %@ X ..o Xl (T) x0(2),. . K0(0)

| X1 K(2) . Xgm)

Actually, however, since a; is in fact a known constant and not a
variable, we really seek the Dwyer-Macphail matrix derivative of Q(Cix)

with respect to the first (p-1)-components of the vector
oy = (al-)f)a;’-”)a;_l: -1)

in other words, using a slight perversion of notation, we want

oQ(ax) oQ(ax)  dR(ax) oQ(0ry)

dax it i " sy

But clearly, for 1 = k £ p-1,

3q(Qy) 3Q(Bx)
o< ay T a, > "d';f=-l ’
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and, therefore,

aQ(a*) <BQ(G*)>
a*--l

2@ NT
where 2 denotes the vector éggiil =26*A&* with its p-th
a&* a;.= -l &x*

component deleted and with 5; replaced by the constant 5b=-
Thus we have established the following

Theorem 4.3.2. Suppose the stochastic structure (f,8) is the EV

statistical model where f is given explicitly by the linear structural

relationship

(1)

r(i) = oy + agra(i) + ... +ap 1%p-1

and where only the random variables X(i) = r(i) + &(i)_and

Xe(1) = r, (1)+8,(1) for 1 = k = p-1 of the derived structure DiS] of s

are observable with the "errors" having zero means. Given a sample of

n-observations, let d(Qx) be the vector whose i-th component is

d;(ax) = a*XE(i) where O, = (al,ag,...,ab_l,-l) and, for 1 £ i £ n,

X, (1) = (1,x2(i),x3(i),,.,.,xp_l(i),xp(i)). Suppose that

Wax) = Lwgjax)] = [O‘*Vlaa?*] o= Zr_i(la*)

exists for every Qx having at least two non-zero components where, for

1 =i, j & n, the mtrix Vij is obtained by bordering the covariance
matrix L = E(55(1)6x(J)) of the errors 8x(i) = (52(1),8a(1),...,85.1(1),

5(1)) by zeros. Then any non-trivial generalized least squares esti-
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mator (dl,ae,...,ag_l) of (al,ag,...,ab_l) must be a solution of the

non-linear equation system,

where

S xZ(x) %l 3) X3 s) Xl )N
At* = z Z wrs(a*) - Pr(a*)vrsus(a*)
r=1 s=1

2

Here the dagger notation Af denotes the matrix A with its last row de-

leted; and uk(a*) = a*X*W(a*)eE where Xy is the matrix whose i-th column

is the vector Xz(i) for 1 =i s n and e, is the n-dimensional row vector

having one in its k-th place and zero elsewhere.

Later, in the next chapter, we return to our GLS-solution of the
estimation problem for the general implicit or explicit EV statistical
models and find that solutions developed by other authors who made spe-
cial assumptions about the probability distributions of the errors of
the EV model (for example, the celebrated Gauss-Markoff-Aitken least
squares estimators) can be obtained as special cases of our general re-
sults. At this point, however, it is convenient to look at the EVE
statistical model and present a GLS-solution to the estimation problem
for this stochastic structure using the methods of Dwyer-Macphail ma-

trix differentiation.

4.4, GENERALIZED LEAST SQUARES ESTIMATORS FOR EVE MODEL

We now turn our attention to the problem of obtaining generalized
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least squares estimators of the parameters of the EVE statistical model.
First, however, we find it convenient as with the EV model to write the
EVE model in vector notation. Keeping the notation introduced for the

EV model, while introducing the followiné new notation }

p = (Bl)a2)---:sq),

S(i) = (Sl(i),32(i),...,5q(i)) )
ﬂ(i) = (ﬂl(i),nz(i),-~-,ﬂq(i)) >
and
v(1) = (¥a(1),Y¥2(1),...,¥, (1)) = S(i) + n(i),

we may write the EVE statistical model simply as

a - rf(i) + B .- ST(i) = &(i)

where, for 1 = 1 = n, we observe

X(i) = r(i) +3(i) and Y(i) = s(i) + n(i)
Moreover, writing U§§) instead of og(i,j), Zig) instead of Zn(i,j),rgg’")

instead of Z(g T])(i,j), etc., the covariance matrix of the disturbance
b

vectors y(i) = (&(1),8(1),n(1)) and y(J) = (£(J3),8(3),n(J)) for 1 = i,

j £ n can be written as
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( )8 3 7]
" of8) r{e0)  r(en)
(7) 5, (3) (8,n) | _ T, .
1 S Y N = EON(1)7(3) -
r{n,¢) Z(ig,a) Zig) |

— "1i)

We note that the covariance of g(i) and £(Jj) is related to the co-
variance matrix of the random vectors S(i) and S(Jj); in fact, since

Eg(l) =0,
a - ri(i) + B - sT(i) = EE(i) = O,
where s(i) = ES(i); and, therefore,

B-sT(i) = -a- ri(i) .

Consequently,
(1) = 8(s7(1) - sT(1)) ,
and so
(s) T
or

28 L8 - el e

In addition, upon multiplying both sides of the structural relationship

of the EVE statistical model,
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o - ri(1) + B - sT(i) = &(1) ,

T
by the scalars 5(3)ar and n(j)B and then taking expectations, we ob-
tain two other important relationships among the variances and covari-

ances of the random (vectors) variables of the EVE model; namely

(s,8) 1T _ (&,8) T
Bzij a = Fij o

and

(8,m) T _ p(g,m) ST
pLiyv e = 0V

for 1 =i, j £ n.
Having disposed of these introductory remarks we now proceed to
set up the generalized least squares estimation criterion for the EVE

statistical model. 1In this connection we introduce the "deviation,"”
a¥e) = a-xMi)+p- Y1) = e-2(1),

where © = (@,B), which corresponds to the i-th observation
Z(i) = (X(1),Y(i)) for 1 s i = n. As in the case of the EV model we

then consider the vector "deviation,"
d4(0) = (d1(8),a5(0),...,ax(e)) ,
formed from the n-scalar deviations d;(O). We note, moreover, that
Ed,(6) = O

since
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E(a*(0)) QEXT(i) + BEYL(1)

a - ri(i) + B - sT(1)

Eg (1)

= 0

In addition, the covariance matrix of the random vector d*(Q) is given

by
Lixgy = Lefy(@] = E(al(0)ay(e))
where
o¥s(0) = oZ(iJZ.) ot
and

E((2T(1) - BZ%(1))(2(3) - EZ(3)))

(2)
25

for 1 =1, J £ n.

Now, writing W,(©) = Z&i(g) and assuming that Wx(©) exists for
every relevant © in a domain ©, the generalized least squares estimation
procedure applied to the EVE statistical model leads us to the func-

tional

Qx(0) = dx(6)Wy(0)d%(o)

which is to be minimized with respect to the vector variable ©. Conse-
quently, the GLS-criterion for the EVE model gppears the same as the one

for the EV model; and, therefore, at first glance, we might be led to
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coﬁclude that the normal equations for the generalized least squares
estimators of the unknown parameters of the EVE model can be written
down at once by making the proper identification with the normal equa-
tions for the GLS-estimators of the parameters ot the EV model that
were given in Section 4.3. This analysis is valid, of course, provided

(s) Z(g,,a)

the covariance matrices Z; 3 and Zg?’n) are known since the

i3
matrix gg) appearing in the expression 0;3(9) =0 (Z)QT is given by
CEXT(1)X(3) - rT(1)r(3)  EX(1)¥(3) - rT(1)s(J)]
(z)
5% -
| BYT(1)X(J) - sT(1)r(3) EYT(1)Y(3) - s7(1)s(J)_|
where
EXT(1)X(3) = ri(i)r(J) + B8T(1)8(3)
EXT(1)¥(3) = ri(1)ES(3) + B8T(1)s(3) + B(1)n(d)
EYT(1)X(3) = EST(i)r(3) + EST(1)s(3) + B(nT(1)8(3))
and
EYT(1)¥(3) = EST(i)s(3) + EST(1)8(3) + Ent(1)s(3) + Ent(i)n(s) .

S
On the other hand, if the covariance matrices gj), Z(isﬁ) and

S
Zéj’n) are not known, but rather only the covariance matrices of the

equation and variable errors (i) = (&(i), (i), n{i)) are known, since
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(S)
o) = 8Ly 6,
SR SEl
and
le ’n) = P(gﬂ]) B

and @ and P are unknown, the covariance matrices Z&S) 2£§’6) and Zé?’n)
cannot be determined from knowledge of the covariance matrices of the
errors ¥(i). Thus, under these circumstances, cfj(o) cannot be expressed
in the particular form 0;3(9) =0 Zég) GT where Z§§) is a known matrix;
and for this reason, the derivation of the normal equations for the GLS-
estimators of the unknown parameters of the EVE model departs frogrthat
given for the normal equations of the GLS-estimators of the EV model.

When only the covariance matrices of the equation and variable

errors of the EVE statistical model are known, since

af(e) = oxT(i) + BYT(1)
= art(1) + esT(1) + oeT(1) + BnT(4)
= &(1) + a®T(1) + BnT(1)
we find that
oyy(0) = c%) + ry0f + 0 Iy oF = E(af(e)aj(e))

where

*
Tig = Tig " Ty o
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with
Pi«j = E(g(i)(5(i),n(i))) = (I‘gg’b), I‘(igin))
and
i Zgé) Z(S:U) 7]
* o i
Byt = B((5(1),n(1)T(8(3) ,n(3))
Z(n’a) Z(ﬂ)
B 1J ij 1

Using this expression for GIJ(O) we now proceed to give a derivation of
the normal equations for the GLS-estimators of the unknown (vector)
parameter © = (Q@,B) of the EVE statistical model. Adopting the gen-
eralized least squares estimation procedure, therefore, the estimation
problem in the EVE model may be stated as follows:

Using the Dwyer-Macphail matrix derivative calculus, obtain neces-

sary conditions for a critical point of the functional

n n
ae) = ) ) agleniy(e)aj(e) = axe)ux(e)ai(e)

i=1 j=1

where dx(®©) is an n-dimensional row vector whose i-th component d;(Q)

for 1 =1 =n is given by

afe) = a-xT(1) +p-¥YI) = o - 2(1),

6 = (a,B) and 2(1) = (X(1),¥(1)), end where
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wk(0) = [wj(0)] = [ofy(e)1* = Iz’ (g,
with
014(0) = agg) + iy o + 0 I, oF

is assumed to exist for every © different from O.

To carry out this derivation we write the functional Qx(©) in the

form
n n
Q«(0) = Z Z f;‘j(o)h;j(e)
i=1 j=1
where
£f(0) = wij(e) ana nij(e) = ezl(1)z(s)e
then
0Qx(0) _ Bfl (o) * ah (9)
;o - < * 15500 —5—
) i= 1 §=1
Clearly
ohf 4(e)
j—;—g— = e(zN(a) ) + 2L ;
next, let
Ux = Ux(Yy) = Y;l and Y, = V(o) = Z‘d () 5

then
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Wy = U*(V*(Q)) = Zai(g) = W*(g)

Therefore, according to Theorem 2.4.k,
* >
v}y (0) z Z O< Uy i (a< Yy >rs> .
00 rs 00
r=1 s=1

, * T * 7
Since < Yy > = o5 (0) = cgg) + Ty + 0 2. 0,

<Y, > * T * * T
—* I8 o rpgJk + Jx Zrg OF + O Lpgdk
< 6 >
and, hence,
O< Yy >pg

J0 r

Thus, using the identity

o< U, > & T
< __a_*_l_J. > = - < (W(6)); (W) >
Y%

which wes also used in Section 4.3, we obtain for the Dwyer-Mascphail

matrix derivative of le(Q) the expression

n

av};(0) N
ng ) < (Wa(0))] (Wy(0)) >, T,
r=1 s=1
n n
Z < (Wk(0))} (Wu(©)); >, Ty
r=1 s=1

Consequently,



194

32.(0) S T T
* _ \' * Z-(i)2(3)+2 () Z(1)
3 <Z Z #15(®) < > >>
i=1 j=1
n n n n
- 20 Z Z OZT(i)Z(j)OT< Z Z < (W(0)] (Wx(8)) >rsz;*s>
i=l j=1 r=1 s=1
& n
- Z Z OZT(i)Z(J)gT<Z i < (Wu(0))4 (W*(O)) > rs>
i=1 j=1 r=1 s=1

In turn, following the same derivation that was given in detail in Sec-

tion 4.3, the following identities can be established:

i i ur(0) i ul(e)
r=1 s=1
) ) erlnznet (Z Z < (We(8)) ] (Wx(0)) 5 r >

i=1l j=1 r=1 s=1
and

n

) ) wMewMeIT

r=1 s=1 P
i Z OZT(i)Z(j)OTQZ z < (Wx(0)); (w «(0)) 5 >rg r%

i=1 j=1 r=1 s=1

where

ux(0) = (n¥(0), uad(6), ..., uA(e)) = 6zZWx(0)

and

z = [2%(1),2%(2),...,25(n)]
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Using these identities, we see that the Dwyer-Macphail matrix deriva-

tive of the functional Qu(®) is given by the expression

3Q,(9) SOV« 2X(r)z(s)+2T(s)2(r)
RR PR
Son n
- EGKZ Z hp(O)E g (O)
r=1 s=1
n n
- Z Z u:(O)u:.(G)F:s
r=1 s=1

Having derived this expression for dQx(8)/d6 the following theorem can
be quickly established and its proof is omitted.

Theorem 4.4.1. Suppose the stochastic structure (fx,Sx) is the

EVE statistical model where f, is given by the linear structural rela-

tionship o - rT(i)+B - 8T(i) = g(i) and where only the random (vector)

variables X(i) = r(i)+5(i) and Y(i) = S(i)+n(i) of the derived struc-

ture D[S,] of Sx are observable, while the equation "errors” ¢(i) and

the variable "errors" 5(i) and 1(i) are distributed about zero means.

Given a sample of n-observations, let dx(©) be the vector whose i-th

component is d;(O) = - XT(i)+B - YI(i) = © - 2X(1) where © = (a,B)

and Z(1) = (X(i),¥(i)) for 1 = i = n. Suppose
Wa(0) = [w¥y(0)] = [ofy()1™" = T3l (g
with

* _ (&) * T *
OiJ(Q) = o053 + rijo +0 Zﬁj [2)
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(&) .
Uij ’ rij

E(e(1) (5(3) ,n(3)))+E(£(3) (B(1) ,n(1))) = Iy5+Ty; and Ify =

exists for every non-zero © where the covariances

E((&(i),n(i))T(S(J),n(J))) of the equation and variable errors are known.

Then any non-trivial generalized least squares estimator 8 - (6,6) of

e = (a,B) must be a solution of the non-linear equation systemg

n n .
N\ \ ' * * . +r
2%l - Z Z WO (.rs_2s_r>

r=1 s=1
where
n n . . .
6 - ) ) (i (Fadent) - erue).
r=1 s=1
and
1, () = (n1(0),uE(8),...,un(0) = OZ Wi(0) ,

and Z is the matrix whose i-th column is the vector of observations

zT(1) for 1 £ 1 = n.

The proof of this theorem is the same as the proof given for The-
orem 4.3.1, but using the Dwyer-Macphall matrix derivative JQ4(0) /36 of
the GLS-functional Qx(©) associated with the EVE model instead of the
Dwyer-Macphail matrix derivative dQ(a)/da of the GLS-functional Qo)
based on the EV model. We readily see, moreover, when o2t (i) = O,
025y (i) = O and cenk(j) =0forlsisnandl =Xk Sgqor, equiv-
alently, when g(i) = O, Sk(J)-ck(J)lndnk(j) = 0 with probability one,

that Theorem 4.4.1 reduces to Theorem 4.3.1 provided sy(J) = O.
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By a direct application of the Dwyer-Macphail matrix derivative
calculus, we have derived the systems of non-linear "normal" equations
which define implicitly the generalized least squares estimators of the
unknown parameters of a linear structural relationship when all of its
variables are non-observable (i.e., for the error-in-variable statisti-
cal model) or when "shocks" or equation errors are present (i.e., for
the error-in-variablevand/or error-in-equation statistical model). These
applications of the calculus of Dwyer-Macphail matrix derivatives have
provided simple but elegant derivations of the normal equations repre-
senting the necessary conditions for a critical point of two complicated
non-linear functionals of vector variables. These functionals can be
interpreted as generalized least squares criterion based on systems of
weights in which the weights, as well as the deviations of the observa-
tions from the underlying structural relationship, depend on the un-

known parameters to be estimated.

4.5, REGULARITY CONDITIONS
We begin this section by studying regularity conditions involving
linear combinations of the variable and equation errors of the EV and

EVE statistical models that are equivalent to the assumptions made in

=1
Theorems 4.3.1, 4.3.2 and 4.4k.1 that the matrices w(a) = ()’
W(cx =271 and W, (9) = Z'l exist for every non-zero &, non-zero

O or for every Oy having at least one non-zero component besides Ogo

These regularity conditions stated in terms of the variable and equation
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errors of the EV and EVE models, &lthough equivalent to the assumption

that the matrices Za(a), Z

d(a*)’ and Z (O) are positive definite ma-

trices, frame the question of the existence of W(a), W(Cy) and Wyx(©) in
terms of restrictions on the random variables of the underlying sto-
chastic structures S and Sx which gensrate the EV and EVE models and
thus returns our point of view and emphasis to these more basic con-
structions.

We know that Z:(a) = [cij(a)] where o, .(a) =a Zij of and that

Zay(e) =

as covariance matrices, are real, symmetric matrices. Moreover, since

[c (9)] where c (0) ( )GT or o (O) 0(§)+P O éZiJ ,

for every vector a = (ai,az,...,8y) and every & # O or & # 0,

RE. < n \
aZd(a)aT = Z z aioij(a)aj = E L ai(di(a)_Edi(a))) 2 0
i=1 j=1 i=1
and
n o n
al, «(9) . Z Z aj0;3(0)ay = \Z a; (d *(e) -Bd; *©))] =z o,
i=1 j=1

we know that Zﬂ(a) and 2.

are either positive semi-definite or pos-
dx(0)

itive definite matrices for every & and 6. As the following theorems
indicate, these matrices are in fact positive definite uniformiy in O

or © provided, with probability one, no linear combinations of the errors
of the EV and EVE statistical models are present.

Theorem 4.5.1. If at least one of the covariance matrices

Lig = EsT(1)5(3) of the errors of the implicit EV statistical model is

positive definite for 1 = i = n, then the matrix Zd(a) is positive defi-
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nite for every non-zero Q if and only if ij(x,p)l <lforlsj=n

and every non-zero p-dimensional vector A and every non-zero n-dimen-

sional vector u. Here pj(x,p) denotes the correlation coefficient of

N

the random variables AST(j) and A3T(m;Jj) where &(p;J) = 21; “ks(k)‘

kA3
Proof. According to a theorem in Cramér [24], we know that Zﬁ(a)

is of rank r < n if and only if there exists m = n-r > O linearly inde-

pendent vectors

CHIES (agk), agk), cee agk))

such that, with probability one,

n

n

z agk)(di('a') - Edi(a)) = Z a(ik)a 51(i) = O,

i=1 i=1
for 1 = k = m. Now, at least one of the vectors a), cannot be of the
form a) = aep where a i1s a non-zero scalar and e is the n-dimensiocnal
vector having one in its k-th plaée and zero elsewhere; for if each ayp
were of this form it would imply that @ 8T(x) = O and, therefore, for
1sks=n,0a Zkk @ = O for a non-zero vector & which contradicts the
assumption that some Z&k is a positive definite matrix. Consequently,
if Za(a) were of rank r < n, since at least one ay has more than one
non-zero component, it would be possible to express some GET(j) as a

linear combination of other & ST(k)'s say

asl(3,) = E: ma 8 (k) ;
k#jo
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and, therefore, taking A = @ and p = g, we would have ijo(a,ﬁ)l = i
vhich is a contradiction. Hence if |pj(L,p)| <1l forl=j=nand
every non-zero A and u, then Za(a) must have rank n for every non-zero
a and is a positive definite matrix. Conversely, suppose Zd(a) is of
rank n uniformly in « # 0; then for every non-zero A = ¢ and U,

n

n
) wetx) £ o,

k=1
and hence |pj(K,u)| <1 forlsjsSn. Thus the proof of Theorem L.5.1

is completed.

A corresponding result for the explicit EV model can be obtained by
making certain obvious modifications in the statement of Theorem 4,5.1.
For the sake of completeness, we restate Theorem 4.5.1 with these modi-
fications as Theorem 4.5.2, but its proof being identical with that
given for the implicit EV model is omitted.

Theorem h.5.2. If at least one of the covariance matrices

Tii = B(1)8L(3) of the errors 54(i) of the explicit EV statistical

model is positive definite for 1 £ i = n, then the matrix zﬁ(a*) is

positive definite for every ax having at least one non-zero component

besides o if and only if ps(Ax;u)| <1l for 1 = jJ = n and every non-
besides p 1l and only 1I |pj or

zero (p-1l)-dimensional vector Ax and every non-zero n-dimensional vec-

tor u. Here pj(h*;u) is the correlation coefficient of the random
variables A5%(3) and AxSx(n;j) where dx(u;3) = E by (k) -
k#J
We now present a similar result for the EVE statistical model. Let

us denote the variable errors (&(i),n(i)) for 1 = i = n of the EVE
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statistical model by V(i) and for any (p+q)-dimensional vector let
vu(1) = w15 finally, let v, = (v,(1),4,(2),... ¥, (n) and

¢ = (&8(1),e(2),...,t(n)) where the £(i)'s are the equation errors of
the EVE model. Then we state

Theorem 4.5.3. The covariance matrix Zd*(g) of the EVE model

deviations d;(O) = OXT(i)+5YT(i) = ozT(1) is positive definite for every

non-zero © if and only if |p(k§,h¢u)l <1 for every non-zero n-dimen-

sional vector A and every non-zero (p+q)-dimensional vector p. Here p

denotes the correlation coefficient of the random variables Ag¢ and kwu.

Proof. Suppose Za*(g)has rank r < n for a particular non-zero

(al,ae’--n,an) Such tmt

It

© = B. Then there exists a non-zero vector a

n n
) (@@ = ) ays() + &) = o
i:l i'—_-l
Thus we find that
n n
N\ T
) et = - ) emW)
i:l i=l
and therefore |p(at,ay®)| = 1 which is a contradiction. Hence whenever

|p(h§,h¢p)l < 1 for every non-zero A and u, then Zd*(g) must have rank

n for every non-zero © and thus is positive definite. Conversely, if

Zd (o) is positive definite for every non-zero 6, it is of rank n for
¥*

every non-zero ©. Hence
n n
\" \ T, . * *
) M@ +w0) = ) ag(af) - maI) £ o
i= i=1



202

for any non-zero A or non-zero u and therefore Ip(xg,hwu)l < 1 which
completes the proof of Theorem 4.5.3.

Having related the existence of the matrices W(Q), W(xy) and Wx(0)
to regularity conditions involving restrictions on linear combinations
of the variable and equation errors of the EV and EVE statistical models,
we novw examine one more point related to the question of what regularity
conditions among the observations and covariances of the errors of the
EV and EVE models are need in the form of a sufficient condition that
the GLS-functionals Q(@) or Qu(8) have a local minimum at a critical
point and thus are truly GLS-estimators of the parameters & or ©. We
search for such a regularity condition first under the assumption that
the covariance matrices zd(a) and Zd*(e) are diagonal and then extend
these results to non-diagonal covariance matrices. The proofs given
below draw heavily upon the relationships that ezist between the Dwyer-
Macphail matrix derviatives and Frechet-Gateaux matrix differentials as
developed in Chapter 3, and we use these results freely and generally
without explicit reference to them.

Consider the EV model where we assume that Zd(a) is a diagonal ma-

trix and therefore

g .
o1(0) © ©
0 1 0
Wa) = caga) .
0 0 . 1
L on () _
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where o;(0) = & Zﬁiam and Zii = B(5T(1)5(1)) is the covariance matrix
of the variable errors &(i) of the EV model for 1 = i S n.
Then our GLS-functional can be written as

n
Q@) = Z (o7(1))

oy (@)

The Frechet-Gateaux matrix differential of Q(a) is given by the expres-

sion

n n
N T, T, . T Tr.y\2
6Q(a;k) = 2-’ E(QX (l))(kx (1)) - 2-/ ax____(l)) 6Ui(a;k)
Y s (C
i=1 %) i=1 1(a)
where 80; (k) = 2k 244 oF. Let 0o # O be a point such that 8Q(0g;k) = O
identically in %k; in other words

2i (0oxT(1) (T(1)) _ Z DN ® L
Ui(ao) U(G)

i=1

Since 62Q(a;k)=w5k8Q(a;k), another direct computation leads to the fol-
lowing expression for the second order Frechet-Gateaux matrix differen-

tial of Q(Q), namely

n
52Q(a;k) = Z 2 £ ) ﬂ‘_’.‘X_T(_i)_)f (805 (o3k))Z
al(a) , o3(a)
i=1 i
l T T,
Ly M) 0Tw) g ( X )) 2, (a5K)
=t of(a) i\

T
where 62oi(a;k) = 2kziik . This expression for 52Q(;k) can be rewritten

in the form
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5%Q(azk) = 2kxw(00kaT + 20XW(a) [8oy (0k) IW(Q) [aoi(ogk)JW(QOXQF
= UxxW(a) [80, (03k) IW()XTaT - 20xW(a) [k Tyy kTIW(a)xTal)

where X denotes the matrix whose columnsare the vectors XT(i) for
1 =13 =n.

Using properties of the Tr-operator together with the fact that
Soy (a,k) = K\Ul( i) aogé ) is the Dwyer-Macphail matrix deriva-

tive of o¢i(@), the following identity can be established:
: [ : T T
axw(a) [805 (o3k) IW(a) [Boy (k) IW(a)X

Tr (805 (a;k) IW(a) [804 (a5k) W(a)X o axw(a)]

-
n
= Tr ZiJ 80, (k)B4 | W(a) 2J 805(k)E; 5 ) | [W(a)xTaToxw(a) ]
i=1 Jj=1
\1’1
= Tr 2; }: 8oy (k) EysW(a) By 580, (ask) | [W(a) XTaTaxw(a) )
i=1 j=1

where E;; denotes the nxn-matrix having one in its (i,j)-th place and
zeros elsewhere. Since Eiiw(a)Ejj = wij(a)Eij and Wij(a) = O when i # J,

we find that
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oxW( ) [8a;(ask) 1W(a) (80, (k) 1W(a) XTaT

n

Tr (z wii(a)(ﬁci(a;k))> [w(e) FaToxw( ) ]

i=1

n
- Z v, (@) (50 (a;k)) 2 Tr{oxW(a) By ; W(a) XTaT)

He
=

21 1l < :;)T G;—i)kq)(axw(a) E; {W(0) X'aT)
> (ot
[. el NG

By similar arguments the following identities can also be established:

RXW(Q) [501((1;1{) ] W(a) XTOiT = k i aXTK l)> (ac'i) x( i) kT ;

02( Q)

ooxw(a) [k T kTIw(a)Xal = < X ) KT
a

Combining these results we find that 82Q(a;k) can be written in the
form

20(cy- - T

82Q(ask) = 2kByk

where
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n

B, - 2 XT( 1) X(1) (OtXT(i)) <3°1> (ao>

o1 oi(oz) 03( Q)

PR o €)) a"i X(1) - <0‘_X_iil> Zi]
02(a) oo
Recalling Theorem 3.5.5 and keeping in mind this expression for 52Q(a; k)

we see that we have established the following result:

Theorem 4.5.4%. If 5Q(ag;k) = O identically in k (i.e., if a5 is

a critical point of Q(a) = axw(a) XTaT = a(a) w(a) dT(c) where W(Q) is a

diagonal matrix whose i-th diagonal element is 1/ oi(a) with

oi(q) = ZiiaT) then 0, is actuelly a2 minimum point of Q(a) provided

the matrix By is positive definite where

(0]
I:ﬂ( 1)%(1)  (ooXT(4))2 (%)T (Boi>
+
1 (o} (ao) U?(ao) aao aaO

i

X)) (aol < :‘
oi(ao) ‘aCt 03 (% ) g

(o]

and Bcri/aao is the Dwyer-Macphail derivative of o,(a) evaluated st
a = Og.

The arguments that led to this result depended only on the form of
the functional Q(@) = oXW(a) xTal = d(o)W(a)dT(a) and the fact that
doy(ask) = (boi/aa)kT and that 82g;(0;k) = 2k Ly k'. Thus they remain
valid if in place of the GLS-functional Q(Qa) for the EV model we take

the GLS-functional Q,(6) = 6ZWx(©) ZTeT = d,(6)W,(6)d%(e) for the EVE
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model while noting that SQ;(Q;h) = (80?/89) nT and Bzoz(e;h)=2h2;ihm.
Consequently we have the following theorem for the EVE statistical
model,

Theorem 4.5.5. If SQ*(eo;h) = O identically in h (i.e., if O, 1is

a critical point of Q,(8) = 6ZW(6)2ZTeT = d4,(8)W«(6)d%(e) where W,(6)is

& diagonal matrix whose i-th diagonal element is 1/02(9) with

0;(8) = U§§)+PIiGT+G ¥1; o )then o, is actually a minimum point of

Q*(Q) provided the matrix B; is positive definite where
o —

Z [ZT(i)z(i) (e,2%(1))2 (
i=1 aeo

af(e,) (a'*(G))3

-eﬁo..z__ O>z() <9 > lljl
(o*(e ))Z *(9 )

and 80;/390 is the Dwyer-Macphail metrix derivative of o§(e) evaluated

at 6 = 65.
We now go on to extend these two theorems to the case of non-di-
agonal covariances zﬁ(a) and Za*(e) for the EV and EVE models. Thus

consider the GLS-functional
Aa) = oxw(a)xXTal = 4a(o)w(a)aT(a)

where now W(a) is no longer a diagonal matrix. The Frechet-Gateaux ma-

trix differential of Q(a) is given by the expression

5Q(azk) = 2kxw(o)XToT - axw(o)s X(a;k) w(a) XTaT
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where 82{0;k) denotes the Frechet-Gateaux matrix differential of Z’d(a) .
Now O # O is a critical point of Q(a) provided 8Q(0;k) = O identically

in k; or, equivalently, provided for every k ;é o,
2kxW(or,) XTal = oo XW(ote) 82( 0t 5 ) W( 0t) XTag

Next, since 82Q(a;k) = ,8Q(03k), we find that the second order

Frechet-Geteaux differential of Q(a) is given by

52Q(azk) = 2kXW(o) XTkT + LkXBW(o3k) X0l + axs2W(a, k) XTaT
where
sW(ask) = - W(a)s Z(a;k)W(Q)

and
82W(a;k) = 2W(a)s L(a;k)W(a)s X(ask)W(a) - Wa)s2 X(ask)W(a) .
Combining these expressions we finally obtain

52Q(azk) = 2kxW(a) XTkT -axw(a) 82 I{a;k) W(a) XTaT
+ 20XW(a) & T(ok) W(a) s X a;k) W) XxTal

- Lkxw(o) s L{azk)w(a) XTal .
Using the fact that

85 L(azk) = [Bcij(a;k)] where Soij(a;k)

ar
P

or that

82 Xazk) = [82oij(a;k)] where Bacij(a;k)

1]
n
~

e
.
wl-i
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together with properties of the Tr-operator, we can establish the fol-

lowing identities:

axw(a) 82 Hozk)W(a)XxTal = 2k Z Z ui(a)uj(a)Zij

i=1 j=1

axXW( o) B2( a3 k) W() & Z(ask) W(a) XTaT
n n
) ) @yl z Z pa(0) (9‘&1) < )
i=1l j=1 r=1 s=1

and

kXW(Q) & 2 c;k) W(a) XTaT

z Z uy(a) Z g 5(0) (ﬁ‘iu) x(s) | KT .

i=1 j=1

Proofs for these identities follow; for example,

oXW(@) 82 T(a;k) W( o) XToT Tr (820 5(a;k) 1 [W(o) XTaTaxw(a) ]

n )9t
= Tr [Z Z 62°ij(a;k)Ei£} [W(a)XTaTaXW(a)]

i=1 j=1

n n
= Z z 52°1J(O‘ k) Tr(ozXW(cz)ET W( ) XToT)

i=1l j=1
- n n
= 2k Z Z (ozxw(oz)Ejiw(oz))(To[f)zij
1=l j=1
— Il n
= 2k z z “i(a)“j(a)z‘ij KT
| i=1 j=1




210

where E,; denotes the nxn-matrix having one in its (i,J) -th position

and

zeros elsewhere and p(a@) = (pi(@), pg(od,...,un(oO) = aXw(a) .

Next,

()8 T(a;k) W(a) s Z(a;k) Wl a) X ol

Tr[s Y(a;k)W(a)s Z(a;k) (W) xTaTaxw(q) ]

N
Ik
>N 1o
>15

(60,3 (a3k) EpyW(0) Eg 5804 5(a3 k) 1[W( ) XToToxw( o) ]

o
Il
=
<
Hl
~
a1
I
—
]
]
fa]

>
s
s
s

day;(ask)wy. () Bog (k) E; 5 1(W(a) XToToaxw(ar) ]

[
Il

=

[

1l

)

H

1l

=

9]

o I

- H

Scri(a;k)wrs(a)ﬁcsj(a;k) Tr(aXW(a)E W(a)X Ty

N
e
T

.
i
1~
C
It
~
o]
Il
'_l

s=1

I
y (oz)u (o) Z z Sori(a;k)wrs(a)aosj(a;k)

s
Mw

i=1 j=1 r=1 s=1
[Z @y ) ) wrol@ ( ( >
=1 j=1 r=1 s=1

where, in this derivation, we have made use of the identity

ALE WA E . = A () A
ri ri sJ sJ ri rs sJ lJ

Finally,
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kXW() & ¥{ask) W) Xlal

rrls La;k) 1IW(a) XTxToX W(a) ]

I

n

n
= Tr Z [aoij(a;k)Eij][w(a)decTax W(o) 1
i=1 j=1

n
= EL }: oij(a;k)Tr(kXW(OOEEJW(OOXEbE)

i=1 j=1
n n
= 2 z k< (aXW(a)EijW(a)XTkT)
i=1 j=1
'B‘ n
- x| ) 2 ( " (ai(o) By i) K | kT
L1~l J=1
- % Z 2 b () z wg 5(0) a—°1-1> X(s) | k¥
1lJl

where we have used the auxiliary identity
R
ooxw(0) By () X L ) g5 () X(3)
Bringing these results together we find that
T

5°Q(ask) = 2kBy K

where the matrix Ba is given by
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n n n
i Z XT(1)wy 3()X(3) - Z Z T CITCHEE

i=1 j=1 i=1l j=1

Z Z by (us(e) Z Z s () (aori> (5053

i=1 j=1 r=1 s=1

n n
2 ) ) w@ i e () (%J)T X(s) .
i=1 j=1

s=1

&

+

Combining this expression for 52Q(a;k) with Theorem 3.5.5 we have in ef-
fect established the following result, namely,
Theorem 4.5.6. If 8Q(0p;k) = O identically in k, i.e., if Oy is a

critical point of Q(q) = oxw(a)XxTal = a(x)W(a)aT(a) where

-t -

W@ = lugg(@] = logs(@)]™ = Ty

and

cij(a) = « Zij ot

then C0p is a minimum 9£_Q(a) provided the matrix Bg, is positive defi-

i > Ec(1>le(ao)x(a WER uJ(ouZ Z v, (a)( )( )

i=1 j=1 r=1 s=1

- wylony(ag)ly 5 - 2ui(ag) Z W (ao)< ) X(:]

and aoij/aao is the Dwyer-Macphail derivative of Uij(a) evaluated at

a=a0-
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The remarks made »reviously for the EVE model when Wy(O) was as-
sumed to be a diagonal matrix remain relevant in the general case of
non-diagonal W,(©); and consequently a similar result holds for the EVE
model which we state here for the sake of completeness, the same proof
as given above for the EV model when W(a) is non-diagonal being valid:

Theorem 4.5.7. If 8Qx(6g3h) = O identically in h,i.e., if 65 is

a critical point of Qu(8) = 6ZWx(0)ZT6T = dx(0)Wx(0)ax(6) where

1

Wx(0) = [w;j(G)] = [O;j(g)]-l = 5.*(0)

and

* *.T * T

then ©p is a minimum of Qx(©) provided the matrix BSO is positive defi-

nite where

n n n
* * . * * ' * o1 \F /9033
Bg, = > > 2T(1)w5(8,)2(3) i (95)n](6,) > éwrswo)@ago) (an3>

i=1 j=1 r=1 s=1

- % * * * N * dof; ¥
- u1(05)r3(00) Ziy - 2ui(e,) ;z; ¥s5(%0) <;i§?{> o)

and Bo;j/ago is the Dwyer-Macphail matrix derivative of 6;3(9) evaluated

at © = 9.

Finally, we mention briefly a third type of regularity consideration

associated with the "identification" problem in EV and EVE statistical
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models. The identification problem can be illustrated by the following

simple example. Suppose

S(i) = a + bR(i)

where, for 1 = i = n, we observe

X(1i)

R(i) + 8(1) and Y(i) = s(i) + n(i)

and R(i) and the errors &(i) and n(i) are jointly normally distributed

and uncorrelated with

E(R(i), 8(i), n(1)) = (u,0,0)
and
. g2 0 0]
- 2
L = 0 of 0
2
0 0 on_

In this case we find that the Z(i) = (X(i), Y(i)) are normally distri-

buted with mean

EZ(i) = (IJ-J a+bu) = E(X(i):Y(i))
and covariance
- 5,2 5 —_
o +°6 bo
Z&i = = Vv .
bo?2 b202+0ﬁ




215

Thus if

z = (2(1),2(2),...,z(n))
the joint distribution function of Z is given by

F(%JZEJ---)znla’b)“)ozycgyoﬁ)

Pr(z(1) < 21,Z(2) < zz,...,2Z(n) < zp)

n n

n
2
—_r T
- (LY vl 2] exp Z (X(1) =1, ¥(1) a-bu) V-2 (X(1) -, ¥(1) ~arbu) dz;

i=1

where this integral is understood to be a multiple integral over the
indicated interval in 2n-dimensional Euclidean space.

Now let us consider the two specific models

1
Miiay = 95 by = 1; p1 = 1; of = 15 o2(s) = g5 9%(n) =9
and

2 _ 1
Maiaz = 13 bz = 95 u2 = 15 0z = 5 5 o5()

it

1; o3(n) =1 ;

we find that

Fi(z1,22,...,2n) = Fa(z1,22,...,2p0)

where

Fj(zl,z2;-°-,zn) = F(Zl,za,o-~,anaj,bj,uj:df,oi(ﬁ);of(ﬂ))

Thus we see that two different models can generate observations
Z(i) = (X(i), Y(i)) which have identical distribution functions.
Now consider an estimator 9 of b; as an estimator 9 is a function

of the observations, say
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2 - Bezw,z@),...,z0) ;

and so its probability distribution is determined by that of the Z(k)'s
and consequently the distribution function of b is compatible with two
distinct values of b, namely b; = 1 and by = 9. Since a probability
limit is unique, it follows that % cannot converge to b in probability
and therefore without additional prior information no estimator of b
based only on the observations alone can be even a weakly consistent
estimator. Since weak consistency may be taken as a minimal type prop-
erty that an estimator should possess, we find that in order to obtain
weakly consistent estimators in this situation regquires additional
prior information about the underlying stochastic structure.

This, of course, is a very rough statement of the "identification"
problem when the variances and covariances of the disturbances of an
EV model are unknown and normally distributed and we refer the inter-
ested reader to [78,83,121] where important results and other refer-
ences on this problem can be found. This example, however, does point
up the necessity of using prior information about basic parameters of
a statistical model, at least when the model disturbances are normally
distributed, in order to obtain useful estimators of the unknown struc-
tural parameters of the model. An analysis of the identification prob-
lem for linear structural relationships having errors-in-variables and:
errors-in-equations apparently has not been made, although prior know-

ledge of the variances and covariances of the variable and equation
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errors and the absence of linear relationships among these disturbances
would appear to be & sufficient condition for identifiability of the
parameters of the EVE model.

This concludes our discussion of regularity conditions associated
with GIS-estimators of the unknown parameters of the EV and EVE sta-
tistical models. In the next chapter, assuming that the variable and
equation errors are normally distributed, we find that the maximum
likelihood estimators of these parameters are identical to the GIS-

estimators studied in this chapter.



CHAPTER 5

ESTIMATION IN MODIFIED EV AND EVE STATISTICAL MODELS

5.1. INTRODUCTION

In the finai chapter of this dissertation we examine the estima-
tion problem for modified EV and EVE statistical models in which addi-
tional assumptions are made about the probability distributions of the
random elements of these two stochastic structures. One of the strong-
est additional specifications that we make is to assume that the equa-
tion or variable disturbances are Jjointly normally distributed. When
the model errors are normally distributed, the maximum likelihood esti-
mation procedure is readily applicable, of course, and we derive the
generally non-linear ML-normal equation system which implicitly define
the ML-estimators of the unknown parameters of these modified EV and
EVE statistical models.

Writing down the likelihood function for the "observables"
z(i) = (X(i), Y(i)) of the EVE model, we find that this functional de-
pends not only on the parameters @ = (x,B) but also on the unknown
"incidental" parameters E(Z(i)) = (EX(i), EY(i)) = (r(i), s(i)) as
well, where s(i) = ES(i) for 1 £ i £ n; and the same situation is found
for the EV model too where the likelihood function is based on the "“ob-
servables”" X(1) for 1 £ i s n. Hence we must find extreme points of

this likelihood which are subject to the restraints imposed upon the

218
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incidental parameters of the model by the structural relationship exist-
ing between the variables of the model.

It turns out, however, that this rather complex constrained max-
imization problem which represents the application of the maximum likeli-
hood estimation procedure to the likelihood function of the observable
variables of the EV or EVE models leads us to the generalized least
squares estimation procedure examined in Chapter 4 when the joint dis-
tribution of the variable and equation errors was left unspecified.

Besides investigating the maximum likelihood estémation procedure
when the variable or equation disturbances of the EV and EVE statis-
tical models are assumed to be jointly normally distributed, we also
examine the generalized least squares estimation procedure in certain
EV models in which the variable errors, although not assumed to be
normally distributed, are assumed to have rather simple covariance ma-
trices. The particular covariance matrices selected for consideration
here are those that had been assumed by other authors in published works
on the estimation problem in the EV statistical model. The celebrated
Gauss-Markoff-Aitken estimators for the explicit EV model, for example,
in which only the dependent variable is assumed to be in error can be
obtained as a special case of our more general results.

Efforts to extend their work to other EV models in which several
variables can be in error have occupied the attention of many research

workers in mathematical statistics and various results in thisdirection
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have been published, some of very recent origin. In these works, how-
ever, specific covariance matrices of a very simple nature usually are
assumed among the model errors, and the derivations given for the normal
equations defining the estimators depend for their validity on the simp-
lified nature of the special covariance matrices assumed by the authors.
Thus, for the first time, their solutions to the estimation problem in
the EV model are seen to be particular cases of our general solution.

Another modified EV statistical model associated with linear regres-
sion analysis when all variables are subject to errors had been consid-
ered previously by two other authors. K. Norton in [115], working with
an explicit structural relationship, did not consider the general esti-
mation problem for the EV model related to regression theory when non-
observable variables are present, but concentrated on obtaining the
normal equations for modified GLS-estimators based on a second order
Teylor's series expansion of the least squares functional-about a fixed,
predetermined estimate of the unknown parameters of the structure rela-
tion. Miss Parel in [114] gave a general matrix presentation of Norton's
modified GLS-estimation procedure, and she also obtained the GLS-normal
equations for the linear regression model whose variables are subject
to errors when such errors are assumed to be intercorrelated and seri-
ally correlated. Again, her results can be obtained as a special case
of our results for the explicit EV model.

We now go on to derive for the first time maximum likelihood esti-

mators of the unknown parameters of the EV and EVE statistical models
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when the variable and equetion disturbances are assumed to be jointly
normally distributed and to be both intercorrelated and serially cor-
related as well; and we show that the maximum likelihood estimators of
the structural parameters of the EV and EVE statistical models are iden-

tical to the GLS-estimators of these parametersstudied in Chapter k.

5.2. MAXIMUM LIKELIHOOD ESTIMATORS FOR THE EV MODEL
Consider the EV model @ - rLi(i) = O where we observe X(i) = r(i)+5(1i)

for 1 £1is=nand a r(i) and 8(i) are p-dimensional vectors. Let

(r(l),r(E),...,r(n)),
(6(1),5(2):'-01'(n)))

Lo
]

o
]

and

X = (X(l),X(E),.ou,X(n)) = r+bd;

we assume that the pn-dimensional random vector ® is normally distrib-

uted about O with the known, non-singular covariance matrix 25. Setting

W=yt
5

X-rlly = (X-r)w(x-r)T

n
Z X(1)Wy 5%7( 3)
1 j=1

n P P
_ Z Z Z Xe(DWESKL(3)

i

M:‘

i

=

"
ct F‘L

an explicit expression for the joint density function of the random vec-
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vy X is given by,

np/2 A
f(X;a,r) = ;_]{) |26|_ 2 e %”X-I‘” Zél
or
np/2 i T
f(X;a,r) = (é_:t lwl':lz o &(X-r)W(X-r) )

where the density function f depends on the unknown parameter O im-
plicitly through the constraints that the n-vector components of r sat-
isfy, namely «a - rT(i) =0 for 1 i = n.

Using a stepwise maximization procedure, we first maximize £f(X;a,r)
with respect to r for fixed but arbitrary o; thus we seek ? = Qa(x)

such that f(X;a,®) 2 f£(X;q,r) for every r subject to the contraints
a - rT(i) =0 for 1 £ i s n. Introducing Lagrangian multipliers

Wl,wg,...,wn and using the likelihood
ir|lozx) = inf(X;r,q) ,
we form the Lagrangian function for this problem, namely

R(rleX) = a(rlox) + v - A%zl

where

W = (Wl)‘y2:°")wn) ’
Arla) = (a- ri(1),a - ri(2),...,a - rXn)) ,

and
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’ . _ np’ 1 1 T

n £(X;a,r) = -( ) tn2x + = W] - 2 (XD WX-D)”
2

By a direct derivation, we see that the Dwyer-Macphail matrix derivative

dL/dr of the Lagrangian Lw(rla,x) is given by

L

- - 2(X=r)W + (V10, V2l,... ¥, @) .

Hence, according to Theorem 3.5.3, a necessary condition that P e a cri-

tical point of Iw(rla,x) is that dL/dr] = 0 or that

r=f

2AX-MW = (y10,¥20,. .. 51, 0)

But this necessary condition 3L/dr] a = 0 is equivalent to the Frechet-
r=}

Gateaux differential 6Iw(9}k|a,x) = (wa/BQ)kT venishing for every non-

zero vector k; in particular, teking k = Zé kg where ky is a fixed but

arbitrary non-zero vector, we find that

2(x-®) kT 2(X-2) (W W 1)k

2(X-#)W(Zy xT)

ii ii e ZTJ kx( J)

r=1 j=1

where er = E(ST(r)ﬁ(j)) is a submatrix of 25 and k,(Jj) is the j-th

vector component of k,. We rewrite this identity in the form

2 i DKL) = 2 i x()xI(3) - Z( Z vo T ) ¥

j=1 j=1
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and in this last expression we set k (J) = @ and k(i) = O for 1 £ 3

obtaining

a3’ = 2x(y)aT - z v o Ly o

n

r=1

since (j) was determined so as to satisfy the restraint a@T( j) = 0 for

ls=s = n. Thus

J

n

z (@I 00y,

r=1

s

for 1 = j

n-unknowns ¥ r® Provided

W(a)

[wis(@)] = [og;(a) 17

20X ( 5)

n; and we have obtained a system of linear equations in the

[ Zij al]-2

exists we can solve this sytem of equations for the \yr uniquely as

yT

where

X

Thus

since W(a) = wl(q) or wij(oz)

N

n

Al

2W( o) xIaT

(xXT(1) ,xT(2),...xT(n) ]

Z wii(a) x(3)a’
J=1
Z wy (@) X(3)a®
J=1

v, ;(@); and substituting this expression

for vy, into the expression given above for ﬁ{r;[: we find that
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n n

Y n / 3
). K ) (x - ia ) ves(@ () Ty ) XH(3)

j=1 J=1 r=1 s=1

from which we conclude that for 1 s j s n

n n

23 = x(3) - za z ..o (@) aXT( s) er

r=1 s=1
Hence as a result of the first stage of our stepwise maximization
procedure, for fixed bdbut arbitrary non-zero a, we have obtained an ex-
plicit expression for the MIrestimators of the "incidental" parameter
"r" of the EV statistical model subject to the constraints a-rT(i) =0

for 1 =i = n. We now seek the unconstrained ML-estimator of o which

we obtain by maximizing
_ _ _ T
x(Xi0) = <L>np/2 W[/ e L (X-2(0)) W(x-#))) - (xa )
2n

Thus we must express (X-?(a))W(X-?(a))T as an explicit function of a.

This can be accomplished readily by considering the necessary condition

BLW('Q;kla,X)

(-aﬂi kI = 0
S8
or
n
2(XA)Wk® = Z v;0k (1)
i=1

which holds identically for k # O, and in this identity taking k = XJQ.

Then we see that
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2(x-¥w(x-MT

>3

v, ol XT(1) - AT(1))

[
1
o)

v.la « XX(1) - a - AT(1))

i

gt

i=1
n
- 2 a - K1)y
i=1
n n
- Z axXT(1)wy 5(0) X( ) ot
i=1l j=1

Consequently we find that

#( X;Q)

1>mk|mﬁaggqm)
2n

where
n n
W) - ) ) a0 (e’ .
i=1 j=1

Now Q@) is Just the functional for the GIS-estimation procedure which
we studied in Chapter 4; and since the ML-estimator 6 or & is obtained

by maximizing f*(X;a) or, equivalently, by minimizing the likelihood

Lt (alX) = in £%(X;0)

or
1
L(a|x) = - (121£> In 2r + 3 tn|w| - -t- Q(a)

we see that & minimizes Q(@) and thus is identical with the GLS-estimator
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of a previously studied.
Combining these observations into a single statement, we see that

we have established the following result, namely,

Theorem 5.2.1. If the errors 8(i) of the EV statistical model are

Jointly normally distributed about O with known, non-singular covariance

matrix = [2; 5] where 2;; = EGT(i)S(j) for 1 =i, j £ n, then maximum
_— J —= 1] —

likelihood estimators £(k) of the incidental parameters r(k) for 1 sk = n

and O of the structural parameter a of the EV model are given by

n n \\
br) = x(x) - 26 Z wrs(&)&XT(sy ok

r=1 s=1

and any non-zero & which is a minimum of the functional

n n
Aa) = Z z X (1)w (@) XT(3)aT
r=1 j=1
where
W) = [wi(@)] = [aZ; ol 172

Hence the maximum likelihood estimator 6 is identical to the GILS-esti-

mator of the structural parameters of the EV model.

5.3. MAXTMUM LIKELIHOOD ESTIMATORS FOR THE EVE MODEL

Once the likelihood of the observations 2(i) = (X(i),Y(i)) for
1 =1=nis obtained, we find that the ML-analysis of the EVE model is
farmally the same as the ML-analysis of the EV model given in Section 5.2.

To establish the joint distribution function of the observations, let
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us recall that in the EVE model
0 - UN(1) = a- ri(1) +p . sT(i) = &(4)

for 1 s 1 £ n where U(i) = (r(i), S(i)) and © = (a,B); and instead of

observing r(i) and S(i) directly we observe
X(i) = (i) +58(1) and Y(i) = 8(i) + n(i)

Set V(i) = (S(i), n(i)) and 2(i) = (X(i), Y(i)) and consider the random

vectors
u = (u(1), u(2,...,un) ,
v = (V(l): V(2),...,V(n)) )
and
2 = (1), Z2),...,Zn)) = U+ V.

Now when S(1i), &(i) and n(i) are jointly normally distributed, V is norm-

ally distributed about O with covariance matrix ZV = [Z&g)] where

[ (®) ¥(8,n) i
i3 i
z‘ig’) - = E(VE(1) V()
(1,8) (n)
212 Z‘.iJ

o -

and U is normally distributed about u = (u(l),u(2),...,u(n)) where

u(i) = (r(i),s(i)) with s(i) = ES(i) and with covariance matrix
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= E(U(1) -u(1)) T(u(1) -u(1))

0 %(8)
iJ

Consequently, since Z is a linear combination of two jointly normally

distributed variables, Z must be normally distributed; moreover,

z = E(Z)A=(z(l):z(e))-'-’z(n)) = E(U)

and
- N AT
ZZ = ZU +Z(U,V) +Z(V,U) +ZV = E(2-z)*(2-2)
or
(2Z) _ (uU) (u,V) (v,U) (V)
[ZiJ] = [Zij +_Zi‘j +ZiJ +ZiJ.]
where

z‘i? = E((2(1) -2(1)) T(Z(3) -2(3)))

(5) (5,1)
{8 2o

(S’a) 5’8) ,6) S) S) ’S)
Ly Z(ia' * Z(ig Zgj ¥ Z(ij Vo Zgg " Zig”)

b =




230

In other words, the joint density function of Z is given by

£(2;0,z2)

2n

(_l_) npg/2 |W*|1/2 o é-(z-z%*(z-z)

(z(1),2z(2),...,2(n)) = E(Z) where the

-1
here W, = ZZ and z

z(1) = (r(1i), s(i)) with s(i) = ES(i) are subject to the constraints
6 - 20(i) = a- rT(i) +B - sT(i) = O

for 1 s i = n.

According to the meximum likelihood estimation procedure, we seek

8- (6,9) and & such that
£(2;8,8) = £(z;0,2)

subject to the restraints © : zT(i) =0 for 1 £ i £n. Thus the ML-

estimation procedure applied to the EVE statistical model turns out to
be formally the same as the ML-estimation procedure applied to the EV
model; and upon identifying © with o, z with r, W, with W and 2, with

ZB while recalling the identities ogg) =B Zgﬁ) BT,

Bz(is_,a) o - (6,8 T gng pulSm g _ p(E,m) gT
J ij iJ ij

established in Chapter 4, by repeating the derivation given in Section
5.2, the following result is obtained:

Theorem 5.3.1. If the variables and disturbancés of the EVE sta-

tistical model are jointly normally distributed with known, covariance

matrix, while the variable and equation errors have O means, then the
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maximum likelihood estimators 2(k) = (2(k), &(k)) of the incidental param-

eters z(k) = (r(k), s(k)) for 1 = k £ n and 8- (agé) of the structural

parameter 6 = (,B) of the EVE model are given by

(Mx),¥x%) = (X(k),¥(k))

n n —]
- Z (&‘,é)[z w* (8.8)(6 - K(s) + B YT(s)ﬂ %2

r=1 s=1

and any non-zero 8- (&,é) which is a minimum of the functional

n n
ule) = Z 2 ezT(i)w*i‘j(e)zT(j)eT
i=1 j=1

where Z(1) = (X(1),¥(1)) for L =i sn ,
W*(e) = [W;J(G)] = [UIJ(Q) ]-l )

and

or.(8) = o(g) + 1. 6T + 0 Zf. of .
ij ij ij ij

A
Hence the maximum likelihood estimator & is identical to the GILS-esti-

mator of the structural parameter © of the EVE model.

5.4, CONNECTIONS WITH OTHER RESEARCH ON THE ESTIMATION PROBLEM IN THE
EV AND EVE MODELS

We have seen in Sections 5.2 and 5.3, when the disturbances of the
EV and EVE models are assumed to be jointly normally distributed, that
the maximum likelihood estimation procedure based on the joint distri-

bution function of the observations X{i) or Z(i) = (X(i),Y(i)), leads
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us to ML-estimators of the structural parameters a or 6 = (a,B) which
are identical with the GLS-estimators for these parameters of the EV
and EVE models developed in Chapter 4. 1In this section we go on to ex-
plore the connections between this work and the results of other authors
who studied the estimation problem for the EV statistical model by means
of the least squares principle or the maximum likelihood estimation
procedure, but generally under more simplified assumptiocns than we
have made regarding the intercorrelations and serial correlations of the
model's disturbances or errors.

For the error-in-variable model we relate the results of the fol-
lowing authors to our developments:

The Gauss-Markoff-Aitken EV model specification;

The Kummel-Lindley EV model specification;

The KoopmarsTintner EV model specification;

The Villegas EV model specification;

The Parel EV model specification; and

The Deming-Norton-Parel EV model specification,
the latter two EV model specifications being associated with the linear
regression model when non—obsgrvable variables are present.

Turning our attention to the EVE statistical model, since it can
be interpreted as an EV model in which additional stochastic elements
are present-—namely the random scalaf variables {Sj(k)}?= as well as

1

the sure scalar variables {ri(k)}? X the additional errors (qj(k)]q
1= j=l
associated with these random variables, and the equation disturbances

{g(k)}z N of the structural relationship—the EV model can be considered

as a modified EVE model. But except in so far as the EV model specifi-



233

cations that we have mentioned can be interpreted as modified EVE models
and thus the results obtained by other authors for these EV model spec-
ifications introduced as special cases of modified EVE models, for the
general EVE model in which these additional stochastic elements are
present, this author is not aware of any results having been obtained

earlier by other authors for the general EVE statistical model.

The Parel EV Model Specification

First we discuss the Parel EV model specification and the Deming-
Norton-Parel modification of the GIS-estimation procedure for this spec-
ificafion. In [114] Miss Parel (essentially) considers an explicit

structural relation

X( i) = O‘o + alal(i)+ e '*'asas(i) + §(i)

in which, for 1 = 1 = n, the a;(i), a>(i),...,ag(1) are considered to
be fixed, non-observable sure scalar variates and the £§(i) and x(i) are
random variables having Et(i) = O and Ex(i) = a(i). Rather than ob-
serving the non-random scalar variates ap(i) or the random variables

x(1) directly, she assumes that one observes
x°(1i) = x(i) + »(i) and aﬁ(i) = & (1) + 8, (1) for 1 = k = s.

In addition Miss Parel assumes that the &,(1), (i) and &(1i) can be
intercorrelated and serially correlated. To this author's knowledge her

work stands as one of the most general approaches to the estimation prob-
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lem for the explicit EV statistical model .
Her results can be obtained from those on GlS-estimation for the

explicit EV model that we have presented as follows: Consider
Eg(i) = ao + a]_al(i)"' ces ﬂs&s(i) - a(i) = 0 s

an implicit structural relationship in which only sure variables appear,

or equivalently, the explicit structural relationship
a(i) = oy + opay(i)+ ... +0ogag(i).
Then we observe
x0(1) = x(1) + »(1) = a(i) + (1) + e(i) = a(i) + 8(1)

where we have set 8(i) = (i) + &(i) for 1 = i = n. In addition we
observe a@(i) = a (i) + 8,(1) for 1 s k = s, But this however is just
an explicit EV model in which the errors of the dependent variable have
the form &(i) = y(i) + E(i). Thus the normal equations defining the
GLS-estimators of the unknown parameters of the linear regression model
when errors-in-variables are present can be written down at once from
the general results that we have presented in Section 4.2 for the ex-

plicit EV model.

The Deming-Norton-Parel EV Model Specification
Besides obtaining these (GLS-estimation equations for the unknown

parameters of the linear regression model when all variables are subject



235

to erfor, Miss Parel also studied two other important questions con-
nected with this estimation problem. She showed that when "constella-
tions" of observations and available, GILS-estimations can be obtained
even though the variances and covariances of the error disturbances are
unknown. She accomplished this by using "constellation means" to form
the GIS-likelihood instead of the individual multivariate observations
and substituting sample estimates obtained (from these constellations)
for the covariance matrices of the transformed disturbances correspond-
ing to the constellation means.

Next Miss Parel gave an iterative computational procedure for ob-
taining an approximate soclution to these GLS-normal equations, she
studied the convergence pfoperties of this approximation technique, and
then applied these results to several examples. Basically, this itera-
tive computational technique is an adaptation of a procedure advanced by
Deming [27] and applied earlier by Norton [113] to thié error-in-variable
model, It involves expanding the GLS-likelihood function in a second
degree series expansion, which Miss Parel provided in a form which fea- .
tured the second order matrix derivatives that she had introduced for
this purpose. Then teking this second degree Taylor's sum as a modi-
fied GILS-likelihood function, its minimum value is taken as an approxi-
mation to the GIS-estimator. By forming this second degree expansion
in subsequent stages about the last modified GIS-estimetor so obtained,
Miss Parel showed thet under certain regularity conditions this se-

quence of estimators converges to the GILS-estimator.
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We have discussed the GIS-normal equations for Miss Parel's spec-
ification of the EV model and indicated how they can be obtained as a
special case of our GIS-normal equations for the explicit EV model pre-
sented in Chapter 4; and we have briefly summarized how the Deming-Norton-
Parel modified GILS-normel equations lead to an approximate solution which
converges under certain regularity conditions to the GIS-estimators for
this EV model. We now go on to show how results established by other
authors for the error-in-variable or EV model can be obtained as special

cases of our analysis too.

Gauss-Markoff-Aitken EV Model Specification

The reader may find it interesting to know that our normal equa-
tions Ag*aﬁ = 0, defining the GIS-estimators of the parameters of the
explicit EV statistical model in which all variables are subject to
errors that may be correlated, generalize the celebrated Gauss-Markoff
least squares estimators as extended by Aitken [2] and others[118].

Thus consider the stochastic equation

y(i) = oy + aax2(i)+ ... +Qb-l(i) + e(1)

where the xj(i)'s for 2 s J = p-1 are fixed, known scalar variates and
the e(i)'s.for 1 s i s n are random variables with Ee(i) = O and known
variance-covariance matrix Ze = EeTe. We may write this model in the

form

r(i) = Ey(i) = a; + apxa(i)+ ... +°b-1xp-l(i)
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where we observe
y(i) = r(i) + e(d)

rather than r(i) directly. In this form we find that this model is a
special case of our explicit EV statistical model in which only the de-

prendent variable is subject to error:
axx(1i) = O where we observe z, (i) = x(1) + 8,(1)for 1 s i s n,

with

Ay = (a1)a2) ceey O
x(1) = (x2(3),x2(4), ..., x5_1(3),7(1)), xu(d1) = 1,

8,(1) = (0, 0, .., 0, e(1)) ,

and

2x(1) = (xa(i),x2(1),..,x, 1(1), ¥(1)) = x(1) + 8,(1)

Now taking account of the slight notational adjustments required,
we may write down the normal equations for the GIS-estimators of this

model from our results as

Ag*az 0

where
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Ag* =
n n + <.
T T
) Gia(a*><(z*“’z*(‘”*z*“)z*“’) gl (&t ) ,
1=1 3=1 2 g
* -1 -1
Mo = [wgz(a)] = [a2 k17 = Zd(a*)’
w(a) = (na(a) ua(aw) ;.- oupl(@)) = ou2,W(a),
and
! 1 1]
(1) x(2) ... xe(m) -
xa(1) xa(2) e x3(n)
Ze = . . : - (2X(1),2%(2) ..., 2x(1)
xp-l( 1) xp-l( 2) R xp-l( n)
i y(1) y(2) vee y(n) i
We see immediately that
K 0 o |
0 0 0
Z, = | - : : = BL(1)8,(J)
0] 0 Gi,j
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where o5 = Ee(i)e(Jj) and, therefore,
) *
o5 = 9 Zij of
Consequently
-1 -1
W(O!*) = [wij] = [Uij] = Ze

is independent of the unknown parameters O,02,..., and Qb‘l.Moreover,
*
(Zl‘]y = 0,

i.e.,- (Z;Jﬂ-is the (p-1)xp-matrix whose elements are all O, and so our

system of normal equations reduces to

T _
o8 - o
where
n n 'f
A$ = Z Wi s ( zr:’[“‘( 1) Z*( 3) +Z-)T(-( J) Z*( i)) i
* 1J > -—
i=1 j:l :
Now we note that whenever A = AT€¢ then
(n,n)

n n
A = [aij] = Z z aiJ (M)
i=1 j=1 2

where F; s = f?f. and f. is an n-dimensional vector with one as its i-th
1J ivJ 1

component and O elsewhere. The proof of this statement is direct:
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i=1 1>j
= Z ajiFij + Z a’lj(Fl,j+Fji)
1=1 1>

2
i=1 1>3
\ \’ P11
= Z aisFiy + Z (ai,j"'aji)( > )
i=1 1>3
Fy 4 +F. . Fi s +F 15
=) aygFy ¢t ” <_u_§_.u + ay <_1.%41;>

Since W

&

and Ze as a covariance matrix is symmetric,W = [Wi,j]
is also a symmetric matrix, and from the result just stated we find

that
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n T T
. U zx(1)2x(J)+zx(J) z(1)
fax = ;E 24 i 2 j)

i=1l j=1
n n
- ) ), m(z Lt FJIZ)
i=l J=1
n n AN
N F, .+F;
i=1l j=1
= Z*WZE

Hence our normal equations can be written in the form

Aggaz = 0
where
5(1;, = (zavz,)] = Al
Now
C 1 1]
x3(1) x1(2) e x1(n)
i - , . . = (xT(1),..., % (n)) =X
xp_l(l) xp_l(2) ces xp_l(n) |
and

ZE = [xT,yT)  where y = (y(1),y(2),...,¥(n)) .
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Consequently,
af, = Ak - o TyT = T xeyT]

and our equation system

T
Lo

L]
(@)

becomes
T
[xwx™, T]E?i] = 0, o= (a,0,...,0 ;) ;
-1 Y

or, equivalently,

T
XWXk = XWy

which is just the normal equation system developed first by Aitken and
then by Plackett defining the generalized Gauss-Markoff least squares

estimators.

Kummel-Lindley EV Model Specification
This model examined by Kummel in [89] and by Lindley in [91] is es-
sentially as follows. They consider a single linear relationship be-

tween two variables,
s{i) = a + br(i) ,

where, for 1 £ 1 £ n, the s(i) and r(i) are non-observable. Instead

one observes
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y(i) = s(i) + g(1) and x(i) = =r(i) + n(i)

where the errors of observation &(i) = (n(i), &(i)) are assumed to be
uncorrelated and identically distributed about (0,0) with covariance

matrix given by

— -
2
M 0]
2
_0 O'g_
Further they assume that
—p O-I
_ > 2 -2
2'5 -Ug ) H-U.ch »
L—O l_

is known up to the scalar multiple o?. In this case, writing o = (a,b,-1),

we find that

a(a) = (a,b,-1) | 1 1 cee 1 I & T = (a2(0),a2(0) yeewdn(a))
x(1) x(2) ... x(n) b
L y() y(2) ... y(n) {L -1}
and that
0;4(®) = Edq;j(a)di(@) = olyy ol = c?(p.bz + 1)

where
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0 0 o}
):'ii = 0 0 v} 0
| O 0 1 ]
Hence
Yy = a?(pb2+l)1n and Z&l = —1 1
o (ub=+1)
in addition we find that
n n 0 0 o
\’ 1
up()liy ugle) = ———| 0o u$ o©
2
i=1 j=1 og(ub=+1) o ¢
where
XXt -1
¢ = ¢(a) = = and u(a) = oXly
1+ub

Consequently, under the Kummel-Lindley EV model specification, we obtain

the normal equation system given by

F 1+ -

E: x(1i)

y(1)

Vib~ge L

i=

n

) 1) b

i=

n

) =)

i=1

i=

n

) =0y

i=1

n

}: y(1)-¢

i=

. - i )
n }Z x(1) E: y(i) a 0

-1




245

Now 4(a)‘= UEQ(a) where Q(a) is our GLS-likelihood function correspond-
ing to the Kummel-Lindley EV model specification; and, consequently, if
it were possible to specify the value ¢* of ¢(a) from an independent
source either at the minimum value Q, of qa) or at the value Q) of
Q(o) evaluated at the GLS-estimators & and@, then these estimators
could be reaily obtained as solution to the linear system of equations
obtained by substitution of ¢, for ¢ in the non-linear system of GLS-

normal equations given above. We would then find that

o - 57-%x
and that

n
Z(ﬂnanﬂn6)
Ig i=1

Z(Mﬁ&f-¢w
i=1

Unfortunately such additional information is generally lacking and
therefore we must give full consideration to the fact that ¢ depends on
a and b too and that we are really dealing with a non-linear system of

equations in b. Thus we find
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n

(e x(1)-y(1))®

1.

1 +;1%2

n
Z ((x(1) D= (3(1) )2
i=1

1+ u‘%z ’

and upon substituting this estimate of ¢ in the equation

n n
— 2 c\ = sy =
$() WD -4w = ) ()W)
i=1 i=1
and rearranging terms while denoting deviations about the mean by

2(i) = z(i)-z, we obtain the non-linear equation

n n n
A2 ) w0y +8 ) G - wAD) - ) HOKD) - 0

i=1 i=1 i=1
1

or, equivalently setting A = u~~, the non-linear equation
n n n
%2 [ % 2 24 8D « L . -
x(1)¥(1) + (M=(1) - ¥3(1)) - M(1)¥(1) = 0
i=1 i=1 i=1
which 1s the quadratic equation for the GLS—estimator@ of the direction

parameter b of the linear structural relationship

s(1) = a + b r(i)
obtained by Kummel and Lindley separately under their particular spec-

ification for the EV model.
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KoopmansTintner EV Model Specification

We consider an implicit EV model
ayri{i) + azro(i) + ... + O@rp(i) = 0
where the r (i) are observed with errors &y(i):
xp(i) = rp(i) + 8(1)

let

8(1) = (&(1),82(1), ..., Bp(1))
for 1 £ i £ n and suppose that E3(i) = O and
Y3 = B33 L = E8T(1)8(3)

where the scalar 6i is the Kronecker delta (and is one for i = j and

J
zero otherwise) and 2 is a positive definite, symmetric matrix. For

this model which represents the Koopmarsilintner specification we find

that

and, therefore,

In addition

~

p(a) = oXW = (0.4

o
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and we see that

4 4
Z Z‘ ni(@)Zg3 ps@) =(

i=1 j=1

n[\/js

(Ot)) Z
(@)

|

. Mo
orZ.aT 2
where
2 T T
Mo - ) (et auld
i o

Thus our GLS-normal equation system under the KoopmansTintner specifica-

tion becomes
T T
(M)l - XX )a = 0 ;

and we see that this is again a non-linear system of equations implictly
defining the GLS-estimator Bor a Ifa = AMa) were to be specified
in advance this system of equations would be a linear system of homo-
geneous equation in the "unknown" o and for a non-trivial solution é of

this system to exist we would need
T
M)l - XX7| = ©

Provided the matrices appearing in this determinantal equation are non-
singular, this characteristic equation has p-distinct characteristic

roots, say
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Ni,N2, ..., and )"p .
Now, since
AMa) = Qo)

where Q(a) is the GLS-likelihood function corresponding to the Koopmans-
Tintner EV model specification and is to be minimized, we can obtain an

independent estimate& of A by taking
A = minfaira, ..., Al -

Thus ® is determined so that (1) the system of linear equations obtained
by substituting/% for N in our non-linear system of GLS-normal equations
has a non-trivial solution 6; and (2) so that’)\ satisfies the condition

that Q(a‘) is to be a minimum. In this connection we note that since,
Az - - o,

it follows that,
’}\\. 2 QT = XXT QT H

and upon pre-multiplication of this last expression by 6 we see that

Mzt - AxTA

or

R 5 e

.
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This then is the solution obtained when Zij = 833 I, by Koopmars in [84]
and by Tintner in [143] vhen Zj = ;2 and thus the GLS-estimators for
the Koopmans-Tintner EV model specifications are obtained as a special

case of our results.

Villegas EV Model Specification
Generalizing the KoopmarsTintner EV model specification, Villegas
in [152] studied the KoopmansTintner EV model under the more general

assumption that

Zyg = kg

where kij are known scalarsrather than
Lig = 81y%

where 5ij is the Kronecker delta scalar. He was led to this particular
representation for the covariance matrices of the errors through prob-
lems dealing with intra-block analyses of incomplete block experimental

designs. Under the Villegas EV model specification we see that
o T T T
Zg = laZjyal = o [k3) = (@)K

where we assume that K is a non-singular, symmetric matrix. Therefore,

1 -1 -1 T 1
W = K = and XWX —
o, ol 2 o o

XK'1XT

Moreover we find that
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s
[ s
r
P
23
£
e
<
g
I
g
[>1]
;s
.
L
=
[
[
T
-
2
™

where
Al@) = (@ of) (wa)ku (@)

Thus under the Villegas specification our GLS-normal equations become

(A2 - Xk XD = 0
Again we note that
i, T T
O T
o

where Q(a) is the GLS-likelihood function for this EV model specifica-
tion. Accordingly, as with the KoopmansTintner specification, we find
that we can obtain a non-trivial GLS-estimator‘e of o simply by taking

A, as the minimum characteristic rootqk* of the characteristic equation

N - XKXE| = 0

and then proceeding to solve the linear system of equations
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AL - x-xDHE - o

to obtain an ’& This is Villegas's result derived by him under the as-
sumptions noted above.

Beginning with the classical Gauss-Markoff-Aitken specification for
the EV model in which only the dependent variable is assumed to be in
error and proceeding to sucessively more general specifications for the
EV model through Villegas's results derived under the assumptions that
all variables are in error and that the variance-covariance matrix of
these disturbances taken jointly can be represented as the direct product
K 8 2 of two matrices,vwe have found that these various approaches to
the estimation problem for the EV model can be obtained as special cases
of the results presented in Chapters 4 and 5. We also note, moreover,
that although these previous results have appeared in the literature
over the span of a little over 1-1/2 centuries, even the recent spec-
ifications still are of a special and specific nature in comparison

with the general EV model that we have studied.

5.5. SUMMARY OF RESEARCH

In this last section we present a summary of the new reéults de-
veloped in the course of research for this thesis. In broad outline,
this research has led to new extensionsof the Dwyer-Macphail matrix de-
rivative calculus; basic relations between the Dwyer-Macphail matrix
derivative and the Frechet-Gateaux matrix differential have been ob-

tain; and these notions have been applied to problems of parameter
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estimation in some important stochastic structures. More specifically
the following results comprise the major contributions of this work.

A review of the ordinary (or J-type) matrix derivative and the Dwyen
Macphail (or K-type) matrix derivative has led to a duality type the-
orem between these two kinds of matrix derivatives. This duality the-
orem is a generalization of the three basic rules that had been given
for deriving these two kinds of matrix derivatives, one from the other,
for matrix functions given as sums of products of constant and variable
matrices. These three rules in the calculus of Dwyer-Macphail matrix
derivatives, which can be given a purely symbolic interpretation, have
been rigorously established by an application of this more basic duality
type theorem and certain properties of the Tr-operator.

Five types of higher order matrix derivatives have been defined and
their properties studied. To this author's knowledge, none of these
five higher order matrix derivatives had been previously introduced
or investigated. Our research has led to results which allow all of
these five types of higher order matrix derivatives to be derived for
a large class of matrix functions by direct reapplication of the three
simple rules which previously were known to be valid only for the first
order matrix derivatives of the J or K types mentioned above.

One of these five types of higher order matrix derivatives, namely
the Dwyer-Macphail matrix derivative, has provided a basis for develop-
ing a matrix function of a matrix variable in an infinite series expan-

sion which for the first time explicitly features its matrix derivatives.
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Thus the introduction of these new higher order Dw&er-Macphail matrix
derivatives and their use in developing a matrix function of a matrix
variable in a series expansion are two new extension of the Dwyer-
Macphail matrix derivative calculus which maintain the simplicity of
the original development of the calculus of first order Dwyer-Macphail
matrix derivatives.

The Dwyer-Macphail matrix derivatives have been shown to be basic-
ally related to Frechet and Gateaux matrix differentials. We find in
particular that the abstract matrix polynomials which define these matrix
differentials are completely and uniquely determined in terms of corre-
sponding Dwyer-Macphail matrix derivatives; and the first order Dwyer-
Macphail matrix derivative and Frechet-Qatesux matrix differential can

be used as a basis for extending the relation
Tdar = f'(x)ax

between the derivative and differential of a scalar function y = f(x) of
a scalar variable to a matrix function of a matrix variable.

Using this extended calculus of Dwyer-Macphail matrix derivatives,
maximum likelihood estimators or generalized least squares estimators
have been derived for the first time for the unknown parameters of a
linear structure relationship having both error-in-variables and errors-
in-equations (i.e., an EVE statistical model) and without restrictions
on the covariance matrices of the unknown errors, except of course,

that the disturbances form a second order random process (i.e., that
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the variances and covariances of the variable and equation errors are
finite); and the maximum likelihood estimators of the structural pa-
rameters of a linear structural relationship are shown to be identical
to the generalized least square estimators of these parameters.

Our derivation of the in general non-linear system of normal equa-
tions defining the generalized least squares estimators of the param-
eters of a linear structural relationship having varisble and equatiqn
disturbances involves a new compound fuﬁction differentiation theorem
for matrix functions of matrix variables which features the Dwyer-
Macphail matrix derivatives of the functions defining the compound ma-
trix function. In addition, by using the relationship that exists be-
tween Dwyer-Machpail matrix derivatives and Frechet and Gateaux matrix
differentials, we have established not only the necessary conditions
for critical points of this complicated GLS-functional but, as import-
ant, we also have established a sufficient condition, in terms of re-
strictions among the observations and the covariances of the errors,
that a critical point of this functional be a local minimum.

Next we show that our results on estimating the parameters of a
linear relationship having only errors-in-variables (i.e., an EV sta-
tistical model) are general enough to include as special cases pre-
viously known and valid maximum likelihood or weighted least squares
estimators for such stochastic structures derived by other authors

under simplier assumptions. In particular we find that the celebrated
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Gauss-Markoff-Aitken least squares estimators developed under the assump-
tion of uncorrelated or correlated errors in only the dependent vari-
able can be obtained from our results. The works of Norton and Parel

who worked with the linear regression model in which all variables are
subject to errors is seen to be a special EV model, and their results

can be written down immedistely once this identification with our work

is made. Next the Kummel-Lindley weighted least squares estimators for
the parameters of a two variable linear relationships, derived under the
specification that the errors-in-variables are uncorrelated and the

ratio of their variances known, are seen to be a special case of these
general results. Then the Koopmans-Tintner maximum likelihood estimators
for the parameters of a linear structure relationship in several vari-
ables in which all the variables are observed with errors which are
intercorrelated within a multivariate observation, but not serially cor-
related between observations, are obtained by adopting this specifica-
tion in our analysis., As the last special case, we derive from our

general results the recent work of C. Villegas published in 1961 in

the Annals of Mathematical Statistics in which‘he assumes that errors
in all variables of a linear structure relationships are present, but
not errors-in-equations, and that there errors are not necessarily
identically and independently normally distributed but rather that they
may have intercorrelations and éerial correlations of a nature whereby

they Jjointly have a variance-covariance matrix which can be represented
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as the direct product of two known positive definite matrices.

As previously indicated we have obtained the results on ML- or GLS-
estimation of the unknown parameters of a linear structural relationship
having errors-in-variables and/or errors-in-equations by means of an-
alytical derivations using the extended calculus of Dwyer-Macphail ma-
trix derivatives. This is perhaps not the only derivation that can be
given, nor necessarily the shortest approach., It 1s well known, of
course, that the ordinary least squares esfimators for the parameters
of a linear structural relationship in which only the dependent vari-
able is subject to error can be characterized geometrically as an
orthogonal projection on & linear subspace.

In the more general EV or EVE model when 81l variables are non-ob-
servable and the covariance matrix of the errors is assumed to be a
known symmetric, positive definite matrix, but not necessarily diag-
onal, etc., the underlying geometry of the ML- or GLS-estimation pro=-
cedure may also be of such a nature that one is lead directly to the
normal equation systems, obtained in this work by analysis, through
the application of certain linear transformations and a geometrical
interpretation of their significance. Presently, however, it sppears
that the geometry of the ML- or GLS-estimastors for the_ggneral EV and
EVE statistical models is complicated and that the problem is not en-
tirely simplified, for example, by first applying & linear transforma-

tion to the covariance operator in order to reduce it to an identity
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matrix, thus working with uncorrelated rather than correlated observa-
tions, since such a transformafion leads to a more involved system of
restraints imposed by the underlying linear structural relationship
than appears in the untransformed problem.

Finally, we point out that the full contribution of our findings
in this area of statistics stems not only from the several new results
on this estimation problem which have been obtained, but from the fol-
lowing observations as well: First, the application of the Dwyer-
Macphail matrix derivative calculus in this work clearly demonstrates
the potential use of these same techniques for deriving the non-
linear normal systems for the ML- or GLS-estimators of the parameters

of a multiple equation EVE model whose variable and equation errors are

both intercorrelated and serially correlated. Second, either by direct

analysis of our non-linear system of normal equations for the general
single equation EVE statistical model or by Monte Carlo techniques, the
ML- or GLS-estimators can be expressed as functions of the variances

and covariances of the disturbances, thus permitting the effects of var-
iable or equation errors on these estimators to be evaluated more fully

in a particular application than was previously possible.
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