
Negative microfilm 64—913
received from university

WROBLESKI, William Joseph, 1929-
EXTENSIONS OF THE DWYER-MAC PH A IL 
MATRIX DERIVATIVE CALCULUS WITH APPLI­
CATIONS TO ESTIMATION PROBLEMS INVOLVING 
ERRORS-IN-VARIABLES AND ERRORS-IN— 
EQUATIONS.

The University of Michigan, Ph.D., 1963 
^^nîvB^ly^4icrofilms, Inc., Ann Arbor, Michigan



EXTENSIONS OF THE DWYER-MACPHAIL MATRIX DERIVATIVE CALCULUS
WITH APPLICATIONS TO ESTIMATION PROBLEMS

INVOLVING ERRORS-IN-VARIABLES AND ERRORS-IN-EQUATIONS 

by

William Joseph Wrobleski

A dissertation submitted in partial fulfillment 
of the requirements for the degree of 

Doctor of Philosophy in The 
University of Michigan

196)

Doctoral Committee:
Professor Paul S. Dwyer, Chairman
Professor Cecil C. Craig
Associate Professor Bernard A. Caller 
Assistant Professor Bruce M. Hill 
Professor W. Allen Spivey



ACKNOWLEDGMENTS

The author takes this opportunity to express his most sincere appre­
ciation to Professor Paul S. Dwyer for his sustained encouragement and 
guidance which made this research possible. This influence was felt not 
only through his role as doctoral committee chairman, but it began years 
ago when, as a teacher, he first introduced the author to statistics 
with such unlimited enthusiasm, patience and insight that a self-sustain­
ing force was provided for carrying the original motivations he inspired 
to a fuller maturity in the form of this thesis.

In addition the author also wishes to express a warm acknowledgment 
to the other members of his doctoral committee, each of whom took time 
from demanding schedules to read a draft of this manuscript and to pro­
vide helpful advice and corrections. The author, however, assumes the 
responsibility for any omissions, lack of complete mathematical rigor or 
profundity, incongruous expressions, or other oversights that may still 
appear in this work.

The final typing of this thesis was done by Miss Beatrice C. Finley 
who worked under the pressure of a serious time limitation. Her excep­
tional sense of proportion and her skills in arranging the many symbols 
and equations which appear here attest to her proficiency in technical 
typing, and they spared the author from having to become deeply involved 
in arranging the report's typographical format. For all of these reasons 
the author is most grateful to her. The author also recognizes his in­
debtedness to the National Science Foundation for providing him with par­
tial financial support under Grant No. GP-12 (G-I8876).

In the way of a final acknowledgment the author, were he able, would 
like to express in a few simple words his deepest heartfelt feelings for 
the loyalty, unselfish sacrifice and complete support given him over long 
and trying, almost desperate, years by his wife and family: Virginia, 
Ann Marie, Mary Ellen, Carol Jean and William Thomas. Even under the bur 
den of a growing family, Virginia still found it possible to type almost 
an entire first draft of this manuscript and then, at the end, to help 
proofread the final document. The author finds it impossible, however, 
to write down his eternal gratitude to his wife and family for sustain­
ing him over an extremely difficult period; and so, these feelings must 
remain as silent sentiments to be understood now and hereafter only by 
those who shared them so intimately.

ii



TABLE OF CONTENTS

CHAPTER Fage

1. OUTLINE OF RESEARCH TOPICS AND STATEMENT OF RESULTS 1
1.1. Introduction 1
1.2. Matrix Derivatives 2
1.5. Estimation Problems Involving Errors-in-Variables

and/or Errors-in-Eq.uations 12
1.4. Problems for Future Research 17

2. EXTENSIONS OF THE DWYER-MACPHAIL MATRIX DERIVATIVE 20
2.1. Introduction 20
2.2. The Dwyer-Macphail Matrix Derivative 20
2.5. Illustration of Dwyer-Macphail Matrix

Differentiation 29
2.4. Generalization of a Useful Duality Type Theorem

in the Calculus of Dwyer-Macphail Matrix De­
rivatives 52

2.5. Higher Order Dwyer-Macphail Matrix Derivatives 52
2.6. Series Expansions Featuring Dwyer-Macphail

Matrix Derivatives 82

5. DWYER-MACPHAIL MATRIX DERIVATIVES AND FRECHET-GATEAUX 
MATRIX DIFFERENTIALS 105
5.1. Introduction 105
5.2. Basic Algebraic and Topological Concepts 107
5.5. Gateaux and Frechet Differentials of Abstract

Functions 112
5.4. Abstract Polynomials and Higher Order Gateaux

and Frechet Differentials 120
5.5. A Basic Relation Between Dwyer-Macphail Matrix

Derivatives and Frechet-Gateaux Matrix Differ­
entials 127

4. APPLICATIONS TO ESTIMATION PROBLEMS IN STATISTICS 149
4.1. Introduction 149
4.2. Stochastic Structures and EV or EVE Statistical

Models 154
4.5. Generalized Least Squares Estimators for EV

Model 167
4.4. Generalized Least Squares Estimators for EVE

Model 184
4.5. Regularity Conditions 197

iii



TABLE OF CONTENTS (Concluded)

CHAPTER Page

5. ESTIMATION IN MODIFIED EV AND EVE STATISTICAL MODELS 218
5 .1. Introduction 218
5-2. Maximum Likelihood Estimators for the EV Model 221
5 .J. Maximum Likelihood Estimators for the EVE Model 227
3.4. Connections With Other Research on the Estima­

tion Problem in the EV and EVE Models 231
5.5. Summary of Research 252

BIBLIOGRAPHY 259

iv



CHAPTER 1

OUTLINE OF RESEARCH TOPICS AND STATEMENT OF RESULTS

1.1. INTRODUCTION "

In this work, two research topics are studied, one in applied math­

ematics dealing with the notion of matrix derivatives and the other in 

statistics dealing with the application of matrix derivatives to maxi­

mization and minimization problems connected with estimating the unknown 

parameters of a linear structural relationship having errors-in-variables 

and/or errors-in-equations. Chapters 2 and 5 pertain directly to the 

topic of matrix derivatives while Chapters 4 and 5 are concerned with the 

application of these notions to estimation problems in statistics. Thus 

the reader who is interested in exploring techniques of matrix differen­

tiation of matrix functions of a matrix variable may confine his atten­

tion to reading only Chapters 2 and 5, while the reader more interested 

in the statistical applications may go directly to Chapters 4 and 5 al­

though in places he may find it necessary to refer to certain theorems 

stated in the preceding two chapters in order to follow each detail of 

the derivations given" there. Accordingly, for convenience in exposition, 

we review separately in Sections 1.2 and 1.3 the topics of matrix deriv­

atives and their applications to estimation problems in statistics in­

volving errors-in-variables and/or errors-in-equations and summarize the 

new results that have been obtained in these areas in applied mathematics 

and statistics. In addition, in Section 1.4 we briefly list several

1
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problems related to these topics as a basis for future research.

1.2. MATRIX DERIVATIVES

The notion of "derivative" of a matrix function of a matrix vari­

able has been studied in applied mathematics by several authors ; and we 

make no attempt here to provide a complete survey of these works, al­

though in [25] a fairly extensive bibliography on this topic current to 

1955 can be found. Rather we concentrate our attention on one such no­

tion of matrix derivative which has proven especially relevant to ap­

plications in statistics. In many problems in statistics one is fre­

quently faced with the task of maximizing or minimizing a function of a 

matrix variable or of expanding some complicated functional of a matrix 

variable in a meaningful series expansion in order to achieve a useful 

approximation. In these types of problems, therefore, there is found 

ample motivation for providing matrix differentiation techniques which 

enable one to obtain explicit matrix expressions for the derivative of a 

function of a matrix variable simultaneously with respect to each of the 

elements of the matrix variable.

Prior to the development of the matrix derivative suggested in [$2] 

by Dwyer and Macphail, such extremal problems were usually handled by 

reinterpreting the matrix problem in terms of associated scalar problems 

applying the ordinary differential calculus for real or complex func­

tions of real or complex variables to the equivalent scalar problems and 

then, once again, reassembling the derived results into a matrix state- 



3

ment, the details of these calculations generally being omitted from 

the mathematical presentation.

Thus, for example, when x is an nxl column vector and A is an nxn- 

matrix, we find that Frazer, Duncan and Collar [35] give the result

= 2 Ax 
ox

as the derivative with respect to x of the quadratic form,

y = f( x) = xTAx .

Here d/dx may be interpreted as an operator having the same row and 

column orders as x whose components d/dx^, k = 1,2,...,n, are the ordi­

nary scalar differentiation operators.

In order to provide a concise systematic foundation for using ma­

trix derivatives in statistical applications so that’matrix differentia­

tion can be carried out in a straightforward manner without the neces­

sity of reverting to and from equivalent scalar expressions and differ­

entiation operations when examining extremal properties of matrix func­

tions, Dwyer and Macphail in [52] developed a calculus of matrix differ­

entiation for scalar functions of a matrix variable. Thus if Y = F( X) 

is a pxq-matrix function of an mxn-matrix variable X, they define the 

derivative of the rsth element function < Y >rs = ^rs(X) of 

F( X) = [frs(X) ] with respect to the matrix X simply as the mxn-matrix



^rs( %) 

dxn

^^rs( X) 

ax 12
• • •

dfrs(X) 

dx in

dfrs(X) 
dx21

dfrs( X) 
dx2a

• • • dfrs(X) 
dxan

d < Y 
ax

>rs =
• • •

dfrs( X) 
dxml

df rs( X) 
dxm2

... dfps( X) 
dxmn

where dfrs( X) /dx-^j is the ordinary partial derivative of frs(X) inter­

preted as a function of several scalar variables which are the mn- 

elements of the matrix X.

In their original paper, Dwyer and Macphail concentrated on provid­

ing methods for deriving this type of matrix derivative for a wide class 

of functions given as sums of products of constant and variable matrices. 

They established three rules which involved certain special matrices and 

their transposes for obtaining this type of matrix derivative for such 

matrix functions. These rules could be used symbolically in the sense 

that one could interpret them as specifying when certain symbols were to 

be replaced by certain other symbols and how these symbols were to be 

arranged in order to obtain this type of matrix derivative.

It was the symbolic interpretation of these three rules prescribing 

how this type of matrix derivative could be written down from the ordi­

nary matrix derivative of a related matrix function of a scalar variable 
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which led originally to these matrix derivatives being called "symbolic" 

matrix derivatives. It is this author's feeling, however, that the ad­

jective "symbolic" in this context imputes a secondary or colored mean­

ing to this basic mathematical notion of a matrix derivative of a scalar 

function of a matrix variable; and it is for this reason that this con­

cept is called the "Dwyer-Macphail matrix derivative" throughout this 

presentation.

In addition to providing an almost mechanical basis for calculating 

such matrix derivatives, these rules also made it possible to derive 

the Dwyer-Macphail matrix derivative of a scalar function of a matrix 

variable without having to give explicit consideration to the representa­

tion of such a function as a scalar function of several scalar variables. 

In other words, if we desired to find the derivative of the function

y = < X2 where X is an nxn-matrix

for example, then d < X2 >tj/dX could be obtained by applying these rules 

without having to write down explicitly the representation of y as a 

function of several scalar variables, namely 
n

y - L xikxkj ’ * ’
k=l

and forming successively the partial derivatives dy/dxrg for 1 g r g n 

and 1 g s < n.

The usefulness of this matrix derivative calculus is well illus­

trated in [31] where Dwyer uses the Dwyer-Macphail matrix derivative to
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present for the first time self-contained derivations of several genera­

lizations of a Gaussian theorem. In particular Dwyer is able to derive 

a general formula for simultaneous unbiased estimates of linear func­

tions of parameters (when these parameters are subject to linear restric­

tions) and a formula for the variance matrix of these estimates. He 

proves, moreover, without arbitrarily having to introduce special matrix 

expressions which implicitly contain the desired results—but rather by 

the direct application of the Dwyer-Macphail matrix derivative methods— 

that these estimates have minimum variance among all unbiased linear 

estimates.

Although the calculus for functions of a matrix variable based on 

the notion of Dwyer-Macphail matrix derivatives has already been refined 

to the point where its application has led to important new results in 

statistics, nevertheless, there are some theoretical areas that remain 

to be investigated and these provide the main topics for this research 

in applied mathematics on matrix derivatives.

Our first result on matrix derivatives is related to an attempt to 

extend the three rules obtained by Dwyer and Macphail for deriving the 

Dwyer-Macphail matrix derivative of a function given as a sum of products 

of constant or variable matrices to a larger class of matrix functions 

of a matrix variable. We accomplish this by proving for the first time 

a duality type theorem between the ordinary (or J-type) matrix deriv­

ative and the Dwyer-Macphail ( or K-type) matrix derivative of a general 

matrix function. In turn the three rules originally established by
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Dwyer and Macphail have been rigorously established by an application of 

this more basic duality type theorem and certain properties of the Trace 

operator. Then this same duality type theorem is used to establish a 

new compound function differentiation theorem for matrix functions of a 

matrix variable which features the Dwyer-Macphail matrix derivatives of 

the functions defining the compound matrix function, and this matrix dif­

ferentiation theorem for compound matrix functions plays an important 

role in our subsequent developments related to the estimation problem 

for stochastic structures representing linear structural relationships 

having errors-in-variables and errors-in-equations.

Having established these results for first order Dwyer-Macphail ma­

trix derivatives, it is natural to inquire as to whether or not a satis­

factory notion of higher order Dwyer-Macphail matrix derivative can be 

introduced which extends the theory developed for first order Dwyer-Mac­

phail matrix derivatives while, at the same time, leading to identical 

theorems when first order matrix derivatives are considered. Following 

this line of inquiry, five types of higher order matrix derivatives have 

been defined and their properties studied.

To this author's knowledge, none of these five higher order matrix 

derivatives has been previously introduced or investigated. Our re­

search has led to a generalized duality type theorem among these various 

types of higher order matrix derivatives which contains the duality the­

orem for first order matrix derivatives as a special case and which al­

lows all of these five new types of higher order matrix derivatives to 
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be derived for many matrix functions by direct reapplication of the three 

simple rules which previously were known to be valid only for the first 

order matrix derivatives of the J or K types mentioned above.

In addition one of these five types of higher order matrix deriv­

atives , namely higher order Dwyer-Macphail matrix derivatives, has pro­

vided a basis for developing a matrix function of a matrix variable in 

an infinite series expansion which explicitly features its matrix deriv­

atives . An application of this extended calculus of Dwyer-Macphail 

matrix derivatives, for example, leads to the expansion

XAXT = XAX1 + XA( X-X)T + ( x-x) AXT +( X-X) A( X-X) T

, . -T _of the matrix function Y = F(X) = XAX about the matrix X = X where A 

and X are nxn-matrices.

Thus the introduction of these new higher order Dwyer-Macphail ma­

trix derivatives and their use in developing a matrix function of a ma­

trix variable in a series expansion are two new extensions of the Dwyer- 

Macphail matrix derivative calculus which maintain the simplicity of 

the original development of the calculus of first order Dwyer-Macphail 

matrix derivatives.

These results are developed in Chapter 2; then in Chapter 5 we shift 

the orientation of our research on matrix derivatives quite sharply, this 

change of emphasis being motivated by the following question : What re­

lationship exists between the Dwyer-Macphail matrix derivative and cer­

tain notions of matrix differentials which are adapted interpretations 
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to matrix spaces of differentials for functions from and to more general 

abstract spaces. In particular we seek the relationship between Dwyer- 

Macphail matrix derivatives and Gateaux or Freehet differentials [58,39, 

40] of matrix functions of a matrix variable.

In several sections of Chapter 3 we summarize in their present form 

parts of the theory of Frechet and Gateaux differentials for functions 

from and to real or complex Banach spaces or Banach algebras, this sum­

mary dealing mainly with those parts of the theory which are especially 

significant to our work involving matrix derivatives and matrix differen­

tials. We find, under certain regularity conditions, that the Freehet 

differential and the Gateaux differential of an abstract function co­

exist and are co-equal; and in these circumstances we refer merely to 

the Frechet-Gateaux differential of the abstract function. The Frechet- 

Gateaux differential is in fact an abstract homogeneous polynomial of 

degree one (i.e., it is an abstract linear function). Similarly higher 

order Frechet-Gateaux differentials are abstract homogeneous polynomials 

of degree corresponding to their order (i.e., higher order Frechet- 

Gateaux differentials are abstract symmetric multilinear forms each of 

whose variables is assigned a common value).

In the case of a function from and to matrix Banach spaces or al­

gebras over the real or complex fields, we can anticipate that its 

Frechet-Gateaux differential is functionally related to the ordinary par­

tial derivatives of the element functions of the given matrix function ; 

and, therefore, since the Dwyer-Macphail matrix derivative is also de­
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fined in terms of these same partial derivatives, that the two notions 

of Frechet-Gateaux matrix differentials and Dwyer-Macphail matrix deriv­

atives are most certainly related to one another. But this is an over 

simplification of the question which we raised earlier regarding the re­

lationship between these two notions of matrix differentials and matrix 

derivatives.

Clearly, we can expect that these two matrix concepts are related 

to each other through the functional dependence of each of these two no­

tions on the same ordinary partial derivatives of the element functions 

of the given matrix function, but the significant point is that the fun­

damental mathematical structure of the Frechet-Gateaux matrix differen­

tial as an abstract homogeneous matrix polynomial is directly, explicitly 

and uniquely determined in terms of the corresponding Dwyer-Macphail ma­

trix derivatives of the matrix function. This cannot be said of other 

notions of matrix derivatives such as that studied by Rinehart [125]■ 

In other words, although the Rinehart matrix derivative (again through 

the ordinary partial derivatives of the element functions of the given 

matrix function) is also functionally related to the Frechet-Gateaux 

matrix differential, nevertheless, this relationship cannot be expressed 

in terms of an abstract homogeneous matrix polynomial (i.e., by a sym­

metric, multilinear matrix form).

For our purposes the operational consequence of this observation is 

this : Many of the properties known to hold in the elementary calculus 

for derivatives and differentials of real functions of a real variable 
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can be extended to derivatives and differentials of matrix functions of 

a matrix variable by virtue of the special relationship that exists be­

tween Dwyer-Macphail matrix derivatives and Frechet-Gateaux matrix dif­

ferentials. For example, in the elementary calculus the derivative of 

a function is zero if and only if its differential vanishes identically 

as a function of its increment, while for matrix functions of a matrix 

variable, the Dwyer-Macphail matrix derivatives vanish if and only if 

the Frechet-Gateaux matrix differential vanishes identically as a func­

tion of its (matrix) increment; and, therefore, necessary conditions for 

critical points of a scalar function of a matrix variable can be stated 

equivalently in terms of either matrix differentials of the Frechet- 

Gateaux type or in terms of matrix derivatives of the Dwyer-Macphail 

type.

These issues are clarified in the course of our treatment of matrix 

differentials and matrix derivatives found in Chapter J, and it suffices 

to say at this point as a summary statement that new extensions of the 

Dwyer-Macphail matrix derivative have been obtained in the form of cer­

tain basic relationships which exist between them and the Gateaux and 

Frechet differentials of matrix functions 01 matrix variables.

Other notions of differentials for abstract functions have been pro. 

posed by various authors and their properties explored such as the no­

tion of Lorch differential [94] for functions from and to commutative 

Banach algebras and Hausdorff differentials [571 for functions from and 

to associative linear algebras with a unit element over the real or com­
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plex field. It appears, moreover, that the Rinehart matrix derivative 

may be related to the Hausdorff matrix differential just as the Dwyer- 

Macphail matrix derivative is related to the Frechet-Gateaux matrix dif­

ferential.

We do not, however, pursue this or related investigations further 

in this dissertation. Rather we have mentioned the notions of Lorch 

differentials, Hausdorff differentials, and Rinehart matrix derivatives 

only to call the reader’s attention to the fact that our discussions in 

no way exhaust all possible approaches to the study of matrix derivatives 

and matrix differentials. But this point notwithstanding, it does ap­

pear that the study of Dwyer-Macphail matrix derivatives and Frechet- 

Gateaux matrix differentials offers a rich selection of theory and tech­

niques which are quite useful and adequate for solving many of the com­

plicated types of optimization problems that occur in mathematical sta­

tistics.

1.3. ESTIMATION PROBLEMS INVOLVING ERRORS-IN-VARIABLES AND/OR ERRORS- 
IN-EQUATIONS

In Chapters 4 and 5 we turn our attention to applying the extended 

calculus of Dwyer-Macphail matrix derivatives to certain estimation prob­

lems in statistics which involve errors-in-variables and/or errors-in­

equations . The basic statistical model with which we are concerned in­

volves a linear relationship between sure and random variables in which 

random "errors-in-equations" or "shock" disturbances may be present and 

in which the sure and random variables of the structural relation are 
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non-observable, their values being masked by random "errors-in-variables. 1 

When both variable and equation disturbances are present we say 

that we have an EVE (error-in-variable-and-equation) statistical model, 

namely a model of the form
P %

afi-i(k) + PjSj(k) = g(k)
1=1 j=l

where for 1 g k g n we observe

x±(k) = r^(k) + &^(k) and yj(k) = Sj(k) + q^k) .

Here the ri(k) are non-observable sure variables and the Sj(k) are non­

observable random variables, &i(k) and -qj(k) being random "errors-in­

variables" and |(k) being an "error-in-equation;" and when the random 

elements Sj(k) and |(k) are zero with probability one, so that the linear 

structural relation is merely an implicit linear function,

QjriCk) + a2r2(k) + ... + apTp(k) = 0 ,

and for 1 S k S n we observe x^(k) = r^(k)+5i(k) instead of ri(k) di­

rectly, we say that we have an EV (error-in-variable) statistical model.

We apply the theory and techniques of matrix derivatives and matrix 

differentials as developed in Chapters 2 and 5 to the problem of estimat­

ing the unknown parameters of a linear structural relationship having 

errors-in-variables and/or errors-in-equations. In our development the 

variable and equation errors jointly are allowed to have general second 

order covariances rather than more simplified covariance structures 
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and associated, for example, with the assumption of independently dis­

tributed variable or equation errors.

In Chapter 4, adopting a generalized least squares estimation pro­

cedure whose weights turn out to depend on the unknown parameters being 

estimated, we find that such GLS (generalized least squares)-estimators 

of the unknown parameters of a linear structural relationship whose equa­

tion and variable errors are assumed to have a known but general covar­

iance matrix, are given as critical points of a very complicated func­

tional which is a compound function of vector and matrix functions on a 

certain vector space. Consequently, following a GLS-approach to this 

estimation problem, we are led to differentiating scalar, vector, and ma­

trix functions of a vector variable, and thus we can expect the Dwyer- 

Macphail matrix derivative techniques to play a significant role in 

these investigations.

In the last chapter, we examine the estimation problem for modified 

EV and EVE statistical models in which additional assumptions are made 

about the probability distributions of the random elements of these two 

stochastic structures. One of the strongest additional specifications 

that we make is to assume that the equation or variable disturbances are 

jointly normally distributed. When the model errors are normally dis­

tributed, the maximum likelihood estimation procedure is readily appli­

cable, of course, and we investigate the ML (maximum likelihood)-esti­

mators of the unknown parameters of these modified EV and EVE statistical 

models in which additional assumptions are made about the variable and 
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equation errors.

As a summary of the results to be found in Chapters 4 and 5 on the 

estimation problem for EVE and EV statistical models, we briefly point 

out that maximum likelihood estimators or generalized least squares esti­

mators have been derived for the first time for the unknown parameters 

of a linear structural relationship having both error-in-variables and 

errors-in-equations and without restrictions on the covariance matrices 

of the unknown errors, except of course, that the errors are a second 

order random process (i.e., that their variances and covariances are 

finite); and the maximum likelihood estimators of the structural param­

eters of a linear structural relationship are shown to be identical to 

the generalized least squares estimators of these parameters.

In addition, by means of the relationships existing between Dwyer- 

Macphail matrix derivatives and Frechet-Gateaux matrix differentials we 

have established not only the necessary conditions for critical points 

of the complicated functional associated with GLS-estimation of the un­

known parameters of an EV or EVE statistical model but, as important, 

we also have established a sufficient condition for a critical point of 

this functional to be a local minimum, this sufficiency condition being 

stated in terms of explicit relationships that are to be satisfied by 

the observations and the variances and covariances of the variable and 

equation disturbances. This new result is especially significant for 

the applications since it can be used to verify whether or not a crit­

ical point is in fact a local minimum, a verification which is not to 
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be overlooked, since this question cannot be resolved for the GLS-func- 

tional through a simple convexity argument as is done in the usual de­

velopment of ordinary least squares theory when the errors are assumed 

to be independently distributed.

Finally we show that our results on estimating the parameters of a 

linear relationship having only "errors-in-variables" are general enough 

to include as special cases previously known and valid maximum likeli­

hood or weighted least squares estimators for such stochastic structures 

derived by other authors under different assumptions. In particular we 

find that the celebrated Gauss-Markoff-Aitken [41,101,2] least squares 

estimators developed under the assumptions of uncorrelated or correla­

ted errors in only the dependent variable can be obtained from our re­

sults. The works of Norton [113] and Panel [114] who worked with the 

linear regression model in which all variables are subject to errors is 

seen to be a special EV model, and their results can be written down 

immediately once this identification with our work on the EV model is 

made. Next the Kummel-Lindley [89,91] weighted least squares estimators 

for the parameters of a two variable linear relationship, derived under 

the specification that the errors-in-variables are uncorrelated and the 

ratio of their variances known, are seen to be a special case of these 

general results. Then the Koopmans-Tintner [84,144] maximum likelihood 

estimators for the parameters of a linear structure relationship in sev­

eral variables in which all the variables are observed with errors which 

are intercorrelated within a multivariate observation, but not serially 
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correlated "between observations, are obtained by adopting this specifica­

tion in our analysis. As the last special case, we derive from our gen­

eral results the recent work of C. Villegas [1^2], published in 1961 in 

the Annals of Mathematical Statistics in which he assumes that errors in 

all variables of a linear structure relationship are present, but not 

errors-in-equations, that these errors are not necessarily identically 

and independently normally distributed but rather that they may have in­

tercorrelations and serial correlations of a nature whereby they jointly 

have a variance-covariance matrix which can be represented as the direct 

product of two known positive definite matrices.

1.4. PROBLEMS FOR FUTURE RESEARCH

We remark here that by no means have we given a unified exposition 

of the complete literature on the topic of the estimation problem for EV 

and EVE statistical models. Nor do we intend to imply by not having 

presented such a discussion of the many other important works on this 

topic in statistics that they are not necessarily to be preferred to the 

methods that have been mentioned. To do full justice to the literature 

and to explore the implications of other research topics connected with 

the estimation problem in EV and EVE statistical models would simply have 

carried us far beyond the scope of the present study.

Some of the problems which remain to be examined within the context 

of this work are the following: What properties such as weak or strong 

consistency or minimum variance do these ML- or GLS-estimators possess? 

Are there efficient computational algorithms for the numerical solution 
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of the non-linear normal equation systems that appear in this work? Can 

these results on estimating the unknown parameters of a single linear 

structural relationship having errors-in-variables and errors-in-equa- 

tions be extended to multiple equation system in which such disturbances 

are jointly present? When prior information about the variances and co­

variances of the variable and equation errors is not available, can these 

additional unknown parameters be estimated jointly together with the 

parameters of the linear structural relationship if the model is identi­

fiable? What are necessary and sufficient conditions for an EVE model 

to be identifiable? Or, when prior information about the parameters of 

an EV or EVE statistical model is available in the form of subjective or 

personalistic probability distributions [12?], what are the implications 

for statistical inference of a Bayesian analysis?

Although we have not explored every aspect of the theory of estima­

tion for EV and EVE statistical models, the contributions of our research 

to this topic cannot be placed in full perspective merely by a comparison 

of the several new results summarized in Section 1.$ vis-a-vis the prob­

lems which remain for future research. This research should also be 

viewed against the background of existing statistical literature concern­

ing the theory of estimation in interdependent stochastic equation sys­

tems generally.

By reviewing the literature related to multiple equation systems 

where only serially independent equation errors are present and where 

non-linear equation systems for the estimators are also obtained [e.g., 
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6,^,61,71,78,8O,87,88,139,1W,16OJ, one finds that after about two dec­

ades of active research the problems listed above have not yet been 

fully resolved even for such interdependent stochastic equation systems. 

From this experience it appears that any one of these remaining problems 

for the EVE model involves a major investigation.

Thus the full contribution of our findings in this area of statis­

tics stems not only from the several new results on this estimation prob­

lem which have been obtained, but from the following observations as 

well: First, the application of the Dwyer-Macphail matrix derivative 

calculus in this work clearly demonstrates the potential use of these 

same techniques for deriving the non-linear normal systems for the ML- 

or GLS-estimators of the parameters of a multiple equation EVE model 

whose variable and equation errors are both intercorrelated and se­

rially correlated. Second, either by direct analysis of our non-linear 

system of1'normal equations for the general single equation EVE statis­

tical model or by Monte Carlo techniques, the ML- or GLS-estimators can 

be expressed as functions of the variances and covariances of the dis­

turbances, thus permitting the effects of variable or equation errors 

on these estimators to be evaluated more fully in a particular applica­

tion than was previously possible. For these reasons, the author feels 

that the results of this study on estimation in EV and EVE statistical 

models provide new and useful contributions to statistics.



CHAPTER 2

EXTENSIONS OF THE DWYER-MACPHAIL MATRIX DERIVATIVE

2.1. INTRODUCTION

In this chapter we introduce higher-order Dwyer-Macphail matrix 

derivatives and then proceed to examine whether a scalar or matrix func­

tion of a matrix variable can be developed in a series expansion featur­

ing its Dwyer-Macphail matrix derivatives. Before attempting a more 

complete presentation of these results, in order to provide the neces­

sary insight and motivation, we first give a brief sketch of the elements 

of the calculus of Dwyer-^.cphail matrix derivatives that had been de­

veloped before this research was undertaken.

2.2. THE DWYER-MACPHAIL MATRIX DERIVATIVE

Let 0 denote the real number system R or the complex number system 

C and

$(m,n) = {X = [xij]|xij€0}

the matrices of row order m and column order n with elements x^j in 0. 

Consider a scalar function of a matrix variable, say

f: *(m,n) * or y = f(X) •

The matrix space together with scalar multiplication and matrix

addition is an mxn-dimensional vector space. Thus choosing a basis

20
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In this connection we note the following

Theorem 2.2.1. If y = f (X) Is a well-defined function, in other 

words if f(Xj.) = f(X2) whenever Xx = X2, then its representation f(x*|B) 

with respect to the basis B is, a well-defined function too.
Proof. Suppose y* = f(x^^ |B) and = f(x^^ | B) where x^) = x^). 

Since x^^ = x^\ for every 1 and j, x!^ = xj^^ where xj^ is the ij-th 

component of x^^ for k = 1 and 2. Hence

m n m n
Xi = X E= X EBiJ = Xa 

i=l j=l 1=1 j=l

and therefore

y* = f(x^ |B) = f(Xi) = f(X2) = f(x(2)|B) = y* .

We are now in a position to formally introduce the notion of the

Dwyer-Macphail matrix derivative of a scalar function of a matrix vari­

able. Consider a scalar function y = f(X) of a matrix variable X€$/ \
11/

and its representation f (x*|B) with respect to the basis

B = (Bi, = [biJUJ for n\ » Whenever the first partial derivatives

df(x#|B)/dx^j exist for each 1 5 i S m and 1 ê j S n we say as in

Definition 2.2.2. The Dwyer-Macphai1 matrix derivative of y = f(X)

with respect to the basis B is, the mxn-matrix,

m n 
z z

JxJb
&f(x»|B) _ 

ax^j
df(x»|B)

brs
^i=i j=i —I mxn
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B = (Bi j — (^rslmxnli = — 1#••# n)

for we may write each element nj uniquely as a linear com­

bination of the BijeB:

m n — m n
X L L

i=l j=l

1 1 brs

i=l j=l -
(x]B

mxn

where each x*j is an element of 0. Now the vector

x* - (x*i,x*2,..,x*n?. .; XmijXms,..,x#n)

whose components are the (unique) coefficients of X written as a linear 

combination of the elements B^j of the basis B is a point in (the 

mn-dimensional cartesian product of 0) and thus the function y = f(X) 

from nj to 0 (a scalar function of a matrix variable) may be repre­

sented by the function f(x*|B) from to 0 (a scalar function of sev 

eral scalar variables) defined by the correspondence,

f(x*|B)
m 
z 

1=1
= f(X) .

Hence for a function y = f(X) from ^(m^n) to 0 and a basis 

B = (Bij] for we state the

Definition 2.2.1. The representation of y = f(X) with respect to 

the basis B = (B^j} is that function from 0™%% to 0 defined by the cor­

respondence f(x*|B).
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In this connection we note the following

Theorem 2.2.1. If y = f(X) i£ a well-defined function, in other 

words if f(Xi) = f(X2) whenever Xx = X2, then its representation f(x*|B) 

with respect to the basis B i£ a well-defined function too.
Proof. Suppose y* = f(x*^^ |B) and y^ = f(x^^ |B) where x^) = x^)_ 

Since x*1^ = x^^, for every i and j, x^V = x^^ where x^ is the ij-th 

component of x^&) for k = 1 and 2. Hence

m n m n

xi - x £ - Z E Eu °Xa
i=l j=l 1=1 j=l

and therefore

yj = f(x(^)|B) = f(Xi) = f(X2) = f(x(2)|B) = y* .

We are now in a position to formally introduce the notion of the

Dwyer-Macphail matrix derivative of a scalar function of a matrix vari­

able. Consider a scalar function y = f(X) of a matrix variable Xe®^ 

and its representation f(x#|B) with respect to the basis

B = (Bj 4 = [b^ for -v Whenever the first partial derivatives 

df(x^|B)/6x^j exist for each 1 g i ë m and 1 S j S n we say as in

Definition 2.2.2. The Dwyer-Macphail matrix derivative of y = f(X)

with respect to the basis B is the mxn-matrix, 

m n 
z zran

JxJb
df(x*|B) _ df(x»|B) brî

"-1=1 j=l mxn
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We refer to this matrix simply as the Dwyer-Abcphail B matrix derivative 

of y = f(X).

Usually in the applicationsthat basis E whose elements are the mxn 

matrices E^ j with I in the ij-th place and 0 elsewhere is most convenient 

to use and the development of the Dwyer-Macphail matrix derivative was 

originally presented in [32] and later studied in [23] and [114] with 

this particular basis tacitly being assumed. In this case, suppressing 

any explicit notational reference to E we merely write

“df “I = l~df(x)~| = df
-ÔX_ -dxi j _ mxn

and call df/dX the Dwyer-Macphail matrix derivative of y = f (X) with re­

spect to the basis E—or even more briefly—the Dwyer-Macphail matrix 

derivative of f. As we presently see there is no loss of generality or 

other disadvantage arising by restricting our attention to the Dwyer- 

Macphail matrix derivative df/dX.

Suppose B = (B„ ) and B = {B^j} are any two bases for the vector 

space • An element X of n) has the representation

m n

i=l j=l

with respect to the basis B and the representation

m n
X = B. j = [X]5 

i=l j=l
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with respect to the basis B. Now the correspondence which associates

the vector (whose components are the coefficients (x*j) of the

representation of X with respect to the basis B) with the vector

(whose components and the coefficients (x*j ) of the representation of X

with respect to the basis B) is a well-defined function x# = h(x#) from

to fl™”1—for if x^^ = h(x^^ ) and x£2^ = h(x£2b with x^^ = x^2\

then since the components x^V and x^2^ of x^^ and x^ 
i j * * are eq.ua!,

m n
Xx - E E Blj 

i=l j=l 1=1 j=l

and, therefore, since an element of has a unique representation
with respect to any basis we must have x^^ = x*2^ or h(x^^ ) = h(x*2^).

Next, turning our attention to the representations of a scalar func­

tion y = f(X) of a matrix variable Xe$^ with respect to the bases B 

and B, namely f(x*|b) and f(x*fB) respectively, we find (provided the 

necessary partial derivatives exist), that

df(xjB) af(s#|i) 

%

since f(x*|B) = f(x*|T) and x* = h(x#) or, in terms of the ij-th com­

ponents, x*j = h^j (x*) . Thus we obtain the relation

ôf(x |B)
m n
y y df(^iB)

dx^. 1J 
i=i j=i -lji=l j=l

eq.ua
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where

Bij •

Recalling that the Trace

the sum of its diagonal

ij

operator of a square matrix Ae<D^ is

is no loss of generality in restricting

elements or

Tr [A]

i=l

B

y

we now state

Theorem 2.2.2. If [df/dx]B is the Dwyer-Macphail matrix derivative

with respect to the basis B = [B^j ) of the function y = f( X) from nj

to $ and df/dX i^s its Dwyer-Macphail matrix derivative with respect to

the basis = ), when both [df/dX]B and df/dX exist, then

B7.
i=l J=1

E

m n

where ^ij% hij(yJ 21%ij 22È xij x = h(y*) is that function

which represents the correspondence between the coefficients in the lin­

ear combinations expressing X in terms of the two bases B and E.

Proof. This theorem follows immediately from the expression for

f(x#|B) when the basis B is taken to be the basis E and from the defini­

tion of the trace of a square matrix.

This result permits us to draw the important conclusion that there

our attention to df/dX, the
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Dwyer-Macphail matrix derivative with respect to the basis E, since 

[df/dX]y, the Dwyer-Macphail matrix derivative with respect to the basis 

B, can readily be computed from a knowledge of df/dX and the function 

x = h(y#) relating the vector variables x and y# whose components are 

the coefficients of the linear combinations expressing an element X of 

», x in terms of the basis E and the basis B respectively.(m,n)
An important source of scalar functions of a matrix variable are 

the element functions of a matrix function of a matrix variable. In 

this connection consider a matrix function of a matrix variable from

•(»,n) to *(p,q)' say

F: », x », , or(m,n) (p,q) Y = F(X)

where Ye». . and Xe». .(p,q) (m,n) Choosing a basis in ». . ,(m, n)

and a basis in

we may express

Cij rs mxn

[ck/ ] 
UV pxq

1,2, . ,m&j =1,2

1,2, . .,p&f = 1,2 q)

Y = F(X) in terms of the basis C and X in terms of the

B

C

*(p,q)

basis B: 
m n

^B = X E Bij 

i=l j=l 
and

-it,

k=l /=1 k=l 1=1

W ■ I I VXlG'Cu - WX)]C ■
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In turn each element function f(X|C) in this representation of the 

matrix Y = F(X) with respect to the basis C has (as a scalar function 

of a matrix variable) a representation f^^x* |B,C) with respect to the

basis B, namely

yk£ = fk/x*|B,C) k£ fkf(x|O .

In this manner we arrive at two representations for Y = F(X),

P 1
|C)Ck£ = F(X) = ) ) fk,(x«|B,C)Ckj ,

k=l 1=1 k=l =1 

the right hand side being an expression for F(X) which expresses it in 

terms of its element functions with respect to the basis C and the left 

hand side being an expression for F(X) which expresses it in terms of 

the representations of these element functions in the basis C (considered 

as scalar functions of a matrix variable) with respect to the basis B.

Now we use the notation < A >uv to denote the uv-th element of the

matrix Aet? \ (p,q) then if A is expressed as [A]p = [a^^C) lpXq in terms

of the basis C *(P,q)

< A >uv auv ( 0) .

Observing this notation, we find that for the matrix function Y = F(X) 

expressed in terms of the basis C,
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p q
< ï >uv - yUv<c) = Z À fk/xl«^'v - < rfx) >uv ;

k=l /=1

and as a scalar function of a matrix variable, it has a Dwyer-Macphail

matrix derivative with respect to the basis B for , namely

d < F(X) 
ax

k=l 1=1
34s

ckZ 
uv

mxn

Finally when we consider the basis D for 0^ whose elements are

the pxq matrices (with I in the k/-th place and 0 elsewhere) we

merely write

Y = [y^] = [f^(X) ] = F(X) ;

and for the Dwyer-Macphail matrix derivative of < F(X) >uv = fuv( X) with

respect to the basis E for 0^ we write

d < F(X) >uv 
ax

dfuy( x) _ afuv(X) 
_ dxrg _mxn dX

Now that we have introduced these basic notions in the theory of

Dwyer-Macphail matrix derivatives for scalar functions of a matrix var­

iable and the notation that we are going to use for these mathematical 

ideas, in Section 2.5 we explore these notions in terms of particular 

matrix functions and later we indicate how the Dwyer-Macphail matrix 

derivative may be readily calculated for many functions by using several 

symbolic operational rules which relate the matrix derivative of a ma­

trix function of a scalar variable to the Dwyer-Macphail matrix deriv-
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at Ive of a-scalar function of a matrix variable.

2.3. ILLUSTRATION OF DWYER-MACPHAIL MATRIX DIFFERENTIATION

We present an illustration of the ideas reviewed in Section 2.2 by 

deriving the Dwyer-Macphail matrix derivative of the element functions 

of a matrix function of a matrix variable arising from the extension of 

a scalar function of a scalar variable to the space of 2x2 matrices over 

the real or complex scalar field.

Accordingly let f( X) be any twice differentiable scalar function of 

a scalar variable from $ to e. g., f( X) = x\ f( X) = e\ f( x) = sin X, 

etc. Now R. Rinehart [122 ] has shown that the Sy Ive s t e r - Buc hhe im defini­

tion of a matrix function leads to the following extension of f( X) to 

a matrix function from and to the space of 2x2 matrices over the real 

or complex numbers : If and X% and are the eigenvalues of X,

then the function Y = F( X) which represents the extension of y = f(x) 

to *(22) 15

F(X) = aX - bl when Xi X2 

or

F( X) = a*X - b*I when Xi = X2 = X ,

where I is the 2x2 identity matrix °f *(2,2) and
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2

a — a( f Xs) '_ f( Xi) -f( Xs) 
Xi~Xs

b = b( Xi, Xg) := ^ef( Xi) -Xif( \s) 
Xi-Xs

a* = a*( X) := i im a( X + h, X - h) 
h-K)

= f(x)

b* = b*(x) := /im b( X + h, X - h) 
h-K)

= Xf'(x) - f ( x)

Xl = Xl( X) := X1(X11,X12,X21,X22)

= —+ [(xii-xas)2 + Ux 12X21] 1^2

Xa = Xs(x) = Xs(x 11, x 12, x21 ) X22)

- 2 - 2 [(Xll-Xss) + 4X12X21]

X — \( x) = X( Xn,Xi2;xSlfxSs)

^11+^22

From this explicit representation of F(X) we can immediately calculate 

the Dwyer-Macphail matrix derivative of yn = < F( X) >1T, y 12 = < F(X) 

y2i = < F(X) >2i, and y2a = < F(X) >zz- Thus since

< F(X) >^j = axjj - when Xi / Xs

or

< F(X) = a*x1j - b*&ij when Xi = X2 = X
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we have

àyij àyij

d <: f(x) Ù1
ÔX11 àx12

ax
dyij 
dx21

&yij 
dx22

where, provided Xi

2

dxrs

or, provided Xi = Xs = X,

dyij dxij xij d(xn+x22) da* ôjj d(xn+x22) db*
— = a,* —' 1 * + " । —— — ............. I» । ।

dxrs ^^r s 2 ôxpg dX 2 ^^rs dX

As this example illustrates the calculation of the Dwyer-Macphail 

matrix derivative of a scalar function of a matrix variable by a direct 

application of Definition 2.2.2 can become extremely detailed. And it 

was this need to provide a more systematic way for finding the Dwyer- 

Macphail matrix derivative that certain rules were introduced into the 

calculus of Dwyer-Macphail matrix derivatives which had a symbolic inter­

pretation and which enabled one to derive the Dwyer-Macphail matrix 

derivatives for a wide class of scalar functions of a matrix variable 

without requiring that a function of this class be explicitly expressed 

in terms of its representation as a scalar function of several scalar 
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variables, then having to compute all the partial derivatives of this 

function and arranging them into a matrix in accordance with the defini­

tion of the Dwyer-Macphail matrix derivative. It is our goal to develop 

a generalization of these rules by means of a duality type theorem be­

tween the Dwyer-Macphail matrix derivative of a scalar function of a ma­

trix variable and the ordinary matrix derivative of a related matrix 

function of a scalar variable.

2.4. GENERALIZATION OF A USEFUL DUALITY TYPE THEOREM IN THE CALCULUS OF 
DWYER-MACPHAIL MATRIX DERIVATIVES

In this section we extend a basic result in the calculus of Dwyer- 

Macphail matrix derivatives which provided an ingenious method for de­

riving the Dwyer-Macphail matrix derivatives for a wide class of scalar 

functions of a matrix variable. This result was first established in 

[32] as a set of three rules which involved certain special matrices and 

their transposes. These rules could be used very abstractly or sym­

bolically in the sense that one could interpret them as specifying when 

certain symbols were to be replaced by certain other symbols and how 

these symbols were to be arranged in order to obtain the Dwyer-Macphail 

matrix derivative. In this manner then these three rules made it pos­

sible to write down the Dwyer-Macphail matrix derivative for many scalar 

functions of a matrix variable quite routinely and mechanically once 

the orindary matrix derivative of a related matrix function of a scalar 

variable was given.
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Before developing the generalization of this key result in the cal­

culus of Dwyer-Macphail matrix derivatives as a duality type theorem 

between the Dwyer-Macphail matrix derivative of a function of a matrix 

variable and the ordinary matrix derivative of a related matrix function 

of a scalar variable, however, we first explore some of the properties 

of the Trace operator.

The following notation is especially well suited for the purpose 

of presenting these properties of the Trace operator. For a matrix

AG*(m,n) ve write

(A)i

(A)2

(%

when we wish to consider the rows of A as row vectors

( A)k - (^kl^k2^ ' ' ' ’

and we write

A = [(A^ [A}2 ... (A}n]

when we wish to consider the columns of A as column vectors



5^

alk

a2k

(A)k -

amk

We note that in this notation

at .

" (AT)t " 

(at)2

and at = [{A1)! (AT)2 .. • tAT)ml

(A^)n

where

(AT)k = (A}J and (AT)k = (A).

Keeping this notation in mind, consider X, X^, XseO;

^(s.u)5

Ce®(u,r) An important theorem which we use over and over again through­

out the remainder of this work is

Theorem 2.4.1. The Tr-operator enjoys the following properties :
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2.4.1.1 X = Tr x

2.4.1.2 Tr(X]P + AgQ) = Xi TrP + Xs TrQ

2.4.1.3 TrP = TrPT
2.4.1.4 TrPPT = 2 (F)k(^k 

k=l
2.4.1.5 TrUV = TrVU = TrU^V^ = Tr^U1

2.4.1.6 Tr(xTy) = Tr(yTx)

2.4.1.7 yUzT = Tr(UTyTz)

2.4.1.8 Tr( ABC) = Tr( BTATCT) .

Proof. Properties 1 through 5 follow quite directly from the defini 

tion of the Tr-operator of a square matrix as the sum of the diagonal 

terms of the matrix. Property 6 follows from the fact that 

xy-*- = (xyT) T = yx\ hence from Property 1 that Trxy^ = Tryx^. Finally 

applying Property 5 with U = xe@,_ \ and V = y^e$, ,x we have that

Try-^x = Trxy^ = Tryx^ = Trx^y .

The last two properties, Property 7 and Property 8, are not quite as

trivial to prove. First we establish Property 8. Obviously

(A)i BUCK (C}2 ... [C]r] 

(A)2

ABC =

( A) r
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or

(A)iB(C)i

(A)2B(C)i

ABC = •

(A)rB{C)1

Therefore, we find that

Tr( ABC)

(A)iB(C)z ... (A^BfOr

(A)2B(C)2 ... (A)2B(C)r

(A)rB{C)s ... (A)rB(C)r

r

k=l 
r

k=l
r
y Tr( BT(A)^( CT)k)

k=l

Tr

Tr ( BT

= Tr(BTATCT) .

This last statement is merely a recognition of the fact that if He®

and Ge®, x then(q,w)
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- Q
HG

_k=l
hik6kj 

J pxw
q
zL ^pxw 
k=l
q
L tHV°)k • 

k=l

To establish Property 7 we first note that

/ttTx

UTyTz

n

( (UT) iyT) zi

( ( UT) 2yT) zx

( ( UT)iyT)z2

( ( UT)2yT)z2

( ( UT)iyT)zn

( ( UT) 2yT) zn

((lF)n7)zi ( ( UT) nyT) z2 ((UT)nyT)zn

Therefore



38

n
Tr(UTyTz) = ( ( UT) kyT) zk

k=l 
n

= ( {U)k7) Zk
k=l
n

= X ( (^)k^)^k 

k=l

= 2 

k=l

= [yluh y(U)2 ... y(U}n]zT

= y[(u)i (u}2 ... [u}n]zT

= y UzT .

With the proof of Theorem 2.4.1 completed, we are now in a position 

to derive a generalization of a significant result in the calculus of

Dwyer-Macphail matrix derivatives which takes the form of a duality type 

theorem between Dwyer-Macphail matrix derivatives of scalar functions of 

a matrix variable and ordinary matrix derivatives of related matrix func­

tions of a scalar variable. In what follows, whenever we refer to the 

bases E and D, respectively, for the matrix spaces nj and

in the context when these matrix spaces are the domain and range spaces 

of a matrix function of a matrix variable, Y = F(X), in order to em­

phasize that the matrices of these bases are understood to have the same 

row and column orders as an independent matrix variable X and a matrix
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function Y = F( X) we use the notation j to denote that member of the

basis E for the domain space . (m,n) of F(X) with 1 in the ij-th place

and 0 elsewhere and Krs to denote that member of the basis D for the

range space 0^ of F with 1 in the rs-th place and 0 elsewhere.

Consider a matrix function of a scalar variable

a) or H(X) = [hi^x)] ;
k P, 9J J pxq

if each h^fx) is a differentiable function ( in the usual sense in which 

differentiability of a scalar function of a scalar variable is under­

stood) we say as in

Definition 2.4.1. The matrix function H = is a differ­

entiable matrix function of the scalar variable Xe$ and the derivative

of this matrix function of a scalar variable is defined as the matrix

dH 
dX

dhjj( X) 
dX pxq

Moreover, dH/dX simply is called the ordinary (or scalar) matrix deriv­

ative of H = H( X) .

Whenever we have a matrix function of a matrix variable, say

F: - Y " F(X) .

by holding all elements of the matrix variable X constant except one, 

say Xjj (which we denote by X), we obtain a matrix function of a scalar 

variable, namely
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H(A) pxq

when denotes the matrix variable X when all of its elements are as­

sumed to be held fixed or constant except one, x^j, which is assumed to

be a scalar variable Xe@. In this case we have

SB , 
dX

dF(Xj 
dX dX pxq

^ij(^)

where f±j(%\) Is the representation of the ij-th element function

>ld = fij(Xj of F(XX). In this case, however, we use the more

direct notation

dY dF

instead of

dH
5X

dF(Xx) 
dX

1J

Keeping these notions firmly in mind we can now state the follow­

ing duality type theorem involving Dwyer-Macphail matrix derivatives 

and ordinary matrix derivatives, namely

Theorem 2.4.2. Consider a matrix function of a matrix variable

Y = F( X), where Xe@ and Ye@ Then

rs 
dX

Tr dY
mxn
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and

dY

ïj
Tr : Y >rs tT A

ÔX---- 1 -VOA /J pxq

provided each of these matrix derivatives exists .

Proof. We first note that "by definition the Dwyer-Macphail matrix 

derivative is given "by

^Yrs
ÔX11

^Yrs 
axis • • •

^Yrs 
3xm

^Yrs ^Yrs ^Yrs

d < Y >rg
dx21 3x22 ax2n

ax • - • •

^Yrs 
dxmi

^Yrs 
dxm2

^Yrs 
dxnm

while the ordinary matrix derivative is given by

dyn (Vis # . ^Yiq
dxij dxij dxtj

3yai dyg2 ... ^Ysq
dxij dxij ^Xij

&Y =
a < x >1J :

^ypi ^ypz ... ^ypg 
dxid dxij dxij
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Hence we find by a direct analysis that

Tr

and the theorem follows immediately.

Let us consider for a moment the following matrix function of a ma­

trix variable,

Y = AX ,

where Ae*(p>11), and

Then
dY

a < X >1J - "u

and , therefore,

TrG--- ----- 4s
< X >ij /

Tr((AJij)K^) 

Tr(J?jA%s) 

Tr((A%g)J?j)

- < A Krs •

Thus from Theorem 2.4.2 we conclude that

à < Y >rs 
dX AXs

Similarly, consider the matrix function of a matrix variable,

Y = XB ,

where XE»(p>n), Be®(n>q), and Ye*(p>q).



and,therefore,

Tr((JijB)K^.) 

Tr(BTjTjKrs) 

Tr((Krs^)4j)

T< KrsB .

Again from Theorem 2.4.2 we conclude that

à < Y >rs 
dX

KrsBT/ XT pT< KrsB :%j

These examples illustrate an important theorem in the calculus of 

Dwyer- Macphail matrix derivatives, of which Theorem 2.4.2 is a generali­

zation, which enables one to derive the Dwyer-Macphail matrix deriva­

tives for many scalar functions of a matrix variable from the ordinary 

matrix derivatives of related matrix functions of a scalar variable by 

applying a few simple rules which can be given a symbolic interpretation. 

The proof of this theorem given below, as in the particular derivations 

for these two examples, is based directly on Theorem 2.4.1 and Theorem 

2.4.2 and it is developed after the pattern of the derivations of these 

specific examples without need of new concepts or techniques. And it 

should be pointed out, moreover, that the proof of the following theorem



44

carried out along the lines suggested above is different from that given

for the same theorem in [23] or [32].

We now state

G H
= AgJijBg + ChJijDh , 
g=l h=l

Theorem 2.4.3. Suppose dY/d < X when expressed in terms of Jij

T and i has the form — 1J — ■ — ——

dY 
à < X >ij 

in other words, that 

G H
Y = AgX^Bg + ChX Dh = F(X)

g=l h=l

Ag^(p,n) ' ' Ch^(p,m) ' 221 ^^(n.q) ’ The" à < Y >rs/dx

can be written down immediately by

a. changing each Jij to Krs and each rp TJij to Krs,

b. changing the pre (or post) multipliers of Jij to their trans-

poses, and

c. changing the pre (or post) multipliers of J^ to post (or

T multipliers of Krs.

Hence G H

dX
£ =g^sAg + 2 ■

8=1 h=l

Conversely, dY/d < X can be obtained from d < Y >rs/dX b^ applying

the same rules interchanging Jij T and Jij with Krs and
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Proof. From the properties of the Tr-operator we find that

Tr

H

Now

Thus we find that

+ Tr(ChJijDhK^s) .

h=l

= Tr((AgJ^j)(BgKrs))

■ ^((Bg^KAgJ^))

• Tr((Bg^sAg)J^)

° < ^g^rs^g >ij

■ TrUljChXKrs1^)

T m m■ Tr(Jij(cg^% ))

■

T T= < .

G
= X< 

g=l

+ 21< •
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G 
I 

g=l
mxn

+ 
mxn

> £ a >
A r -£ [< >XJ

h=l

Finally, applying Theorem 2.4.2, it follows that

& < Y >rs 
ax

or, simply,

G H
5 .

g=l h=l

By reversing these steps we find that the converse of this theorem is

also valid. Thus the proof of Theorem 2.4.5 is completed.

The following remarks make it evident that Theorem 2.4.5 (with a

slight modification) can be used quite extensively as a basis for deriv­

ing Dwyer-Macphail matrix derivatives from ordinary matrix derivatives 

or vice versa. We note, first, that the conclusions of Theorem 2.4.5 

are valid even when "G = «" or "H = 00” provided that the elements of 

the corresponding (infinite) matrix series are finite. Now we know

[60] that whenever f (x) is a (single-valued) function from $ to $ which

is analytic in the sphere r, then the matrix function,

00
F(X) . Y

h=0

(X-Xol)k 
k.'

whose domain and range is the Banach algebra of mxm matrices $

is uniquely defined and analytic in the sphere |jX-XQlj| < r where

Xe®(m and ||a|| denotes the norm of the matrix A€$(m,m)* For such ma­

trix functions of a matrix variable we find that
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dY
d< X >ij

y
L k" 
k=0

d(X-XpI)k

a< x >u '

d(X-Xol)k 

a < x >i j

For example, let

provided the limiting operations can be interchanged.

Next,a direct computation shows that 
k-1 

= (X-Xol/ .

s=0

= 7 and V = X - XOI ;

then Z = (X-Xol)^ is the composition of U with V. Let us choose an el­

ement < X > of the matrix variable X and denote this element by t); sim­

ilarly, denote the corresponding element <V>=<X>-Xo<I>of the 

matrix variable V by We also note that the matrix function Z^ of the 

scalar variable T) (obtained by holding all elements of the matrix vari­

able X constant except < X >) is merely the composition of the matrix 

function of the scalar variable £ (obtained by holding all elements 

of the matrix variable V constant except < V >) with the scalar function 

Ê = g(ïj) (or < V > = < X > - Xo < I >) of the scalar variable tj; in 

other words,

= Ug = v| where £ = g(n) .

Thus from the "function of a function" differentiation theorem we have 

that
az . «
ÔT] d£ dT)
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or

dZ = dVk d < V > 
d < X > d < V > d < X >

since dz/dï) is merely dz/d < X > and dU^/d^ is merely dVk/d < V >. Now

from [52] we know that

k-1
--- = Y .d < V > 6

6=0

and, of course,

d < V > 
d < X >

= 1 .

Thus we obtain for dz/d < X >, where Z = (X-Xol)\

az
a < x >

k-l
(X-Xol)^ J(X-Xol)^^""''

s=0 

as had been indicated above.

Consequently for those matrix functions of a matrix variable de­

fined as extensions of analytic scalar functions of a scalar variable in

terms of infinite matrix series we find that
00

dY /^(Xo)

ij
k!

k=0

k-l
(x-XoD Ji(j(x-xoi) 

s=0

and by a direct application of Theorem 2.4.5 (with the modification 

noted) the Dwyer-Macphail matrix derivative of the function Y = F(X) so

defined is 

a < Y >rs 
dX

» k-l

k=0 s=0
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where we recall that (A^)^ = (A^)s.

Through this brief analysis, the scope of application of Theorem 

2.4.5 and its usefulness in the calculus of Dwyer-Macphail matrix deriv­

atives can be more fully appreciated.

For later applications of the Dwyer-Macphail matrix derivative in­

volving estimation of unknown parameters in error-in-variable and error- 

in-equation statistical models, it is useful to note at this point that 

the Dwyer-Macphail matrix derivative of the matrix function Z = (X-XqI) , 

rather than being obtained by a direct computation as presented in the 

above analysis, can be found by an application of a general theorem 

giving a Dwyer-Macphail matrix derivative "chain" rule for compound ma­

trix functions of matrix variables, which for the calculus of Dwyer- 

Macphail matrix derivatives generalizes the usual "chain" rule of the 

ordinary calculus for differentiating compound scalar functions of 

scalar variables. Thus we state

Theorem 2.4.4» Consider a matrix function Z = U( Y) c#/ of a ma- ■■■ '■ - " ■ ■ — —— — । \ U j V)   — —

trix variable Y which in turn is related by another matrix function 

Y = V(X) G$(p^q) to the matrix variable Xe$^^j. Then the Dwyer-Mac­

phail matrix derivative with respect to the index (i,j) of the matrix 

function Z = U(V(X) ) = W(X) _is given by 

P q
& < w >ij = ÿ r a < u >ij . a < v >rs 

dx Z-I Z_J dY rs dx
r=1 s=l

for 1 g 1 $ and 1 S j 5 v provided the Dwyer-Macphail matrix deriva­

tives with respect to the necessary indices of Z = U(Y) and Y = V(X) 

exist.
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and

Proof. Writing

Z = U(Y) [uij(y)](i^), Y = V(X) [vrs(x)](r,g)

Z = W(X)

where, of course,

Wij(x) = uij(y) with y = (vn(x), v12(x),. .. jV^x) ) ,

upon forming the appropriate scalar partial derivatives appearing in the 

ordinary matrix derivative of Z^ = U(V(X^)) = W(X\) with respect to the 

element X = < X of X in accordance with the usual chain rule for com­

pound scalar functions of scalar variables, we obtain

d“lj(xK)

à < X

r=l s—1

Now, applying Theorem 2.4.2, we find that
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dZ

dX

.T

p q
II 

r=l s=l

dvrs(x) 
ax

and this completes the proof of Theorem 2.4.4.

As an immediate application of Theorem 2.4.4 we obtain the Dwyer-

Macphail matrix derivative of Z = (X-Xol)k. Putting Z = U(Y) = Yk and

Y = V(X) = X-XqI we see that Z = W(X) = (X-Xol)^ where W(x) = U(V(X)).

Now.

---èX— = J and, consequently, \I > 
a < x >

K ;

thus, according to Theorem 2.4.4, we find that

dVk

_ >ij
av

this last statement being a consequence of Theorem 2.4.2. And as we

have indicated,
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k-1

dv J
8=0

or

k k-1
= £ (XT-XOI)S Kij(xT-\,l)k-s-l , 

dX J
, s =0

the same result as obtained previously by a more direct computation.

2.5. HIGHER ORDER DWYER-MACPHAIL MATRIX DERIVATIVES

In this section we introduce several types of higher order matrix 

derivatives for matrix functions of a matrix variable ; and in the course 

of this development, we obtain new results which correspond to the duality 

type theorem between Dwyer-Macphail matrix derivatives (of scalar func­

tions of a matrix variable) and ordinary matrix derivatives (of matrix 

functions of a scalar variable) but which involve the higher order coun­

terparts of these two types of first order matrix derivatives. These re­

sults permit us to derive such higher order matrix derivatives, one from 

the other, for many matrix functions, by repeated application of the same 

three simple rules given above in Theorem 2.4.5.

One of the five types of higher order matrix derivatives to be in­

troduced below, namely the higher order Dwyer-Macphail matrix derivative, 

stands at the apex of a hierarchy of such constructions whose building 

blocks are the other four types of higher order matrix derivatives. In 

addition to being a natural generalization of the first order Dwyer- 

Macphail matrix derivative, it is in terms of these higher order Dwyer- 
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Macphail matrix derivatives that a series expansion for a matrix function 

of a matrix variable may be developed. We return to this point in Sec­

tion 2.6; for the moment, however, we concentrate on presenting a the­

oretical development for these five new types of higher order matrix de­

rivatives.

Thus let us consider a matrix function of a matrix variable, say

Y = F( X)

where YeO, . (p,q) and XeO, .(m,n) In what follows we frequently write

x7 ' i X72 ... %7n

*7n+l *7n+2 . . ■ *72n

X = •
• •

7(m-l) n+1 7(m-l) n+2 ... X’’mn 
J

and

-
... y*q

^^q+1 %+2 ... ^2q

Y = • ■ •

^(p-1) q+1 ^(p-D q+2 ...
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etc.; in other words, the ordered pair of integers (i,J) with l s i g m 

and 1 5 j s n and ( r, s) with 1 S r S p and 1 g s q denoting the row 

and column positions of the elements of the matrix X and the matrix Y, 

respectively, have merely been relabeled in a way which emphasizes the 

cardinality of these matrix elements considered simply as a set of points 

while giving secondary consideration to their row and column positions 

as elements of a matrix. '

Keeping in mind the meaning of the indices for u = 1,2,...,mn 

and jtv for v = 1,2,.. . ,pq, while denoting the generic pair ( i, j) with 

1 - i - n and 1 S j S n by y, and the generic pair ( r,s) with 1 g r g p 

and 1 g s â q by %, and setting

61 * U ‘ * 7™k-2’ $k " 7%-l

and

H - 7nv % - 7n2""'1k-l ’ 7nk.1> * 7 ’

we introduce the following types of higher order matrix derivatives for 

the matrix function Y = F(X)e$^ of the matrix variable Xe$^ :

The k-th order ordinary or scalar matrix derivative of Y = F(X) 

with respect to the indices and denoted by

ni

The k-th order partial Dwyer-Macphail matrix derivative of Y = F(X)

with respect to the indices Ui,Ê2,. . . ,£k) and denoted by
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dXk

Two k-th order mixed partial matrix derivatives of Y = F( X) with 

respect to the indices (Ei,E2,- -,&k-i,nk-(i-l) 801(1

• • ,nk) and denoted by

and

<________ a^'^Y________ > .
dxJ d< X >„ ... d< X > (ibSavih) * 

’ik nj+i J

Finally, the k-th order Dwyer-Macphail matrix derivative of Y = F(X) 

with respect to the index it and denoted by

axk '

Having introduced these five new types of higher order matrix de­

rivatives by name together with the notation by which they are to be 

denoted, we now present a formal definition for each of these higher 

order matrix derivatives.

Definition 2.5.1. The k-th order ordinary or scalar matrix deriva­

tive of Y = F(X) with respect to the indices • • • ^k-l^k) the

pxq matrix
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____________  akY______________ a ( a^Y_________\ 
a< x > a< x > ... a< x > = a< x > I a< x >_____ ... a< x > )

11 12 11 7 \ lk-1 11/

where the notational convention

Y , »°ï

à<X>0 

is adapted.

Theorem 2.5-1. If the k-th order partial derivatives of each of 

the element functions yrs = frs(x) of Y = F(X) all exist then the k-th 

order ordinary matrix derivative of Y = F(X) with respect to the indices 

(luis, - • • ,1k) exists and

Ik

akY

^k-l

8^f/x)______
axvax^ ... ax^7 7nk-1 7n

Proof. This theorem is an immediate consequence of a direct exam­

ination of Definition 2.5.1 in which 

is recursively defined in terms of

lk-1

Definition 2.5.2. The k-th order partial Dwyer-Macphail matrix de­

rivative of Y = F(X) with respect to the indices Ui,Ê2,.- - ,^k-l^k^

the mxn matrix
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dk< Y e . . Y >,
I S If f à ' s lfS2f • • • f

dxk dx axk-i

where the notational convention

Y = < Y >
dx°

is understood.

Theorem 2.5.2. If the k-th order partial derivatives of the ele­

ment function yrs = frs(x) of Y = F(X) exist with respect to

x, ,x, ,...,x, and 2 in that order and for 1 S i S m and 1 ê j S n 52 53 5k-l --- 1J --  ----  -----  ---  --- ---
then the k-th order partial Dwyer-Macphail matrix derivative with respect 

to the indices {£1,^2,. . . of F(X) exists and

^k< y >
(1z ^2).•• Skf„(x) 1

dxk

Proof. By direct reapplication of the recursive Defintion 2.5.2

to the matrix derivative Y >z, „ t \ /^Xk"^ of order k-1
ISif%2>•••fSk-1^ /

rather than k, we find that

_________ ( • • • f ^k-1) = < ô_ < d_ < d_ < y > > > >
< dXk-1 ^k dX dX dX Çi ^2 %k-l ^k

In turn we find that

<à_<...L<à_<y> > ...> --------------------------------- ,
dX dX dX 61 52 5k-l dx dx ...dx„

^k-1 7nk-2 7ni
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consequently,

y = / dk~1fjr(x)\

dX \dx dx . .. dx / 
7nk-l 7nk-2 7ni

from which Theorem 2.5-2 can be established by a straightforward applica­

tion of the notion of first order Dwyer-Macphail matrix derivative to 

the scalar function of a matrix variable

y = h( X) = ------- È--- .
dx dx . .. dx 7nk-l ?nk-2 7ni

From these results a theorem directly analogous to Theorem 2.4.2 

relating first order ordinary and Dwyer-Macphail matrix derivatives to 

each other can now be established for these higher order matrix deriva­

tives, namely

Theorem 2.5-5- If t]i = ria = = Êk the necessary

k-th order partial derivatives exist then

dk< Y >, . e x r~ / Cl
( rt,|2,. . . ,|k) / d Y-------------- -   = Tr ( --------------------------------  K 
dX^-------------------\d< X > .. . d< X >

7 Hi 7
and

---------------------—----------------------- _ Tr ft < Y jT

d< X >yd< X > . . . d< X > \ dxk 7
7 ^k-i ni L-

Proof. Using Theorem 2.5.1 and Theorem 2.5.2, a direct computation 

shows that
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Tr

Tr

A------------  
... dx^

and from these considerations the theorem follows directly.

Unlike Theorem 2.4.2 relating first order ordinary and Dwyer-Mac- 

phail matrix derivatives, Theorem 2.5.5 by itself does not have the same 

direct import in the calculus of higher order matrix derivatives to the 

problem of deriving, generally, such higher order matrix derivatives from 

one another, since in the derivation of Theorem 2.5.5 we assumed that 

Tji = §2, t]2 = £3,..., and In order to remove these restric­

tions and gain a more flexible result which allows us to derive each of 

these higher order matrix derivatives , one from the other, in a stepwise 

manner even when two given higher order matrix derivatives may be based 

on completely different indexing sets, we find it convenient to intro­

duce the two types of mixed higher order matrix derivatives mentioned 

above.

Definition 2.5.5. The mixed k-th order partial ordinary matrix de­

rivative of Y = F(X) with respect to the indexing set

Ui,. . . i_]j > • • • >T)k) is. that matrix which is obtained by form­

ing the i-th order ordinary matrix derivative with respect to the indices 

^k-C i-1) ‘ * ^k^ — the (k-i) -th order partial Dwye r -Macphai l matrix

derivative with respect to the indices {^i,...,£k-ij of Y = F(X); in
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other words,

* x V* x V(1-1) /à<x>Ilk..à<x>Ilk_u_i)

where

ax^-i
= u(x) .

This mixed k-th order partial matrix derivative is defined for 

i = 1,2,...,k-l and accordingly our notation for this matrix derivative 

is meaningful only in these cases. By adopting the convention, however,

that for 1 = 0 the undefined operator % ^Hk” Hk-d-l) is

to be interpreted as d®/d<X>o

- -
—rT < e \is to be^X^-i i> • • ■ >&k-iJ 

previously adopted convention

and that for 1 = k the undefined operator 

interpreted as d^/dX^, when we recall the 

a°
that Y = -----  Y and Y = —< Y >, our

a<x>o ax°
notation for this matrix derivative can be extended in the obvious man­

ner for i = 0 or i = k to include these cases.

Before discussing this mixed k-th order ordinary partial matrix 

derivative in detail, we first define the second type of mixed k-th order 

matrix derivative previously mentioned which we call the "mixed k-th 

order partial Dwyer-Macphail matrix derivative."

Definition 2.$.4. The mixed k-th order partial Dwyer-Macphail ma­

trix derivative of Y = F(X) with respect to the indexing set

^J+l' ’ • • '^k^ that matrix which is obtained by forming 

the J-th order partial Dwyer-Macphail matrix derivative with respect to



61

the Indices } of the (k-j) -th order ordinary matrix deriva­

tive with respect to the indexing set (nj+i^ • • • ,T]k) of Y = F(X) ; in 

other words,

axj

dk-J

dxd J^k ‘

where

V
dk-J

% ' lj+1

v(x) .

Again this mixed matrix derivative is defined by Definition 2.5.4 

for j = 1,2,...,k-l; and the notation introduced for it is meaningful 

only in these cases. But, exactly as in the case of the mixed matrix 

derivative defined by Definition 2.5-5, this notation may be extended 

to include the cases j = 0 or j = k. With this understood, we now move 

on to establish exactly how these two types of mixed matrix derivatives 

contribute to the development of a more general result than Theorem 

2.5-5 which, as a by-product, allows us to derive either the k-th order 

partial Dwyer-Macphail matrix derivative or the k-th order ordinary 

matrix derivative, one from the other, even when these two higher order 

matrix derivatives are based on completely different indexing sets.

First, however, rather than state these general results immedi­

ately, let us explore their nature in a particular case. For the matrix 

function Y = F(X)et, x of the matrix variable Xet, . we find by(m,n) J

direct application of the various definitions involved that
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dX2 dX dX

a y >gA

~ a
d< X >y d< X >.

and

a2Y 2
X

12 12 nd
rt

Now if T)i = we find that

Tr
12 11 12 11 1

and, consequently

d2-

ax2 Tr a^Y

12 11 12=7

4x

We also note that

a2.
Tr

12 11 ax2
-T
12

and therefore

a^Y

12 ii ax2
-T
12



d < Y >(
These expressions for ------- 2------  in terms of ------------------

àX à < X >ted< X >qi
ô^Y ô < Y

and for ----------------- in terms of--------------- , under the restric-
x x dx

tion that t)j = £2, are in accord with the results of Theorem 2.5.5- But

what if T)i / 

mixed matrix 

Now

£2? Under these circumstances let us examine the 2-nd order

derivatives --------  
à< X

dY 
à< X

^1'^5%

Tr

Tr

In turn,

and, therefore,

ns

Tr Tr
^2
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Thus when T)i / £2, via the mixed derivative --------  ( ------- - )
- d< X >ns \ dX /

we have obtained a generalization of the previous relationship of The­
orem 2.5.5 expressing & in terms of______ __________

dX2 d< X >n2d< X >ni

where we assumed that rji = g2. Moreover, when in fact t)i = g2, we find

that

n 2
Tr

and the more general relationship reduces to the special relationship 

holding under this more restrictive assumption.

Next, we see in a direct fashion that,

d
ax

dY a a<

x à< x

Tr

provided the scalar 2-nd order partial derivatives appearing in these ex­

pressions are continuous. In turn,

and, therefore,
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d2Y

d< x x

dY

2

Tr Tr
dx2

T 
ns

) Jni

U ^2 Ju
And again when t)i ^2, by using the mixed matrix derivative

d3x dY we obtain a generalization of the previous relation-

ship of Theorem 2-5-5 expressing 
^2 , „ _ d< X

d2Y

dX2
where we assumed that

ns^" " 
m = £ s-

— in terms of
ni
Similarly when i'll = ^2,

ns U

we see that

2

Tr
dx^

^2 Tr
^2

and in this case too the more general result developed under the assump­

tion that T)i / Ê2 reducing to the special result developed under the as­

sumption that T]i = £2.

In summary, when direct application of Theorem 2-5-5 per­

mits us to derive higher order partial Dwyer-Macphail matrix derivatives

from higher order ordinary matrix derivatives and vice versa through

the following sequence of steps illustrated for second order matrix de­

2

rivatives , namely:

dY A
ni ns Hi dX=

2
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and

a< Y Y .

dx axe a< x > a< x >_ns ni
On the other hand, when T]i / |2, the above example suggests that by using 

mixed types of higher order matrix derivatives it is still possible to 

pass from one type of non-mixed higher order matrix derivative to the 

second type of non-mixed higher order matrix derivative through the re­

application of the same kind of basic relationship among these derivatives 

as appears in Theorem 2.5=5 via a sequence of steps illustrated below for 

second order matrix derivatives :

» A » a Y » a < Y

d< X > d< X > d< X > d< X > \ dX / dX2
li Is 11 la x

and

^>(1 + a <y >(tl,6a) , L < aY > »
ax ax2 ax 0< x >n2 51 a< x x '

Keeping this discussion and the tableau above firmly in mind we now 

present a rigorous development of these notions which generalizes The­

orem 2.4.2. We begin with

Theorem 2.5.4. Provided the necessary scalar k-th order partial 

derivatives exist and are continuous

< Y (§2,.. . ,^k) f____6 _____ Y (,Ik-1) tt \
dxk r x % dxk-1 Sy ’

x Ik /

and more generally for i = 1,2,...,k-l,
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Tr

Proof. First we note as a consequence of Theorem 2.5.2 that

ax%-i d< X >nd< X >.- 5k-l n

Consequently,

Tr ( ----

and the first part of this theorem follows immediately since

dX^ ^k

Now with an appropriate concern for the indices which appear in these re­

lationships developed for the case i = 1, we see that the same arguments 

remain valid in the cases i = 2, 1 = 5,..., or i = k-l too. Thus the 

proof of Theorem 2.5.4 can be completed in a direct fashion.
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We now use the result of Theorem 2.4 to establish the following 

generalization of the first part of Theorem 2.5.J, namely

Theorem 2.5= 5» Provided the required scalar k-th order partial 

derivatives exist and are continuous, then even without the restric­

tions that T]i = Ê2, Tj2 = , and T}k-1 = the matrix derivative

may be expressed in terms of the matrix derivative

----------------------  by the relation 
de X ... d< X >ni

Tr 4k
^k-l _Hk

Proof. Upon application of Theorem 2.5-4 we find that

& < ? ^^1,, . . ,%k) > _ / d <Y>(h>">) ^k-1) jT \
Hk " T \8< X >1k ôxk-l

^k-1 k-2 x<ô < Y / è ° . ^k-2^T
âx^ Ik-1 \a< X >nk-1 ^2 W

etc., continuing to i = k-1, where we get

/ _ t. ( a 0< Y tt\
ax^ ns \a<x% ax W '

Moreover, from Theorem 2.4.2 it follows that

a< * ,35c ‘ Tr I-----—-----
- X
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Finally, since

& < % >(&!,' " ^k) _

k-1
< Y ^Êi,- • • > ^k-l)

ik

etc., for i = 3,4,...,k-l, where for i = k-1,

ax= dx2 ^2 no '

upon successive substitution of the expressions for each of the elements 

of these matrices in terms of the Tr-operator of the product of the cor­

responding mixed partial ordinary matrix derivative and the transpose of 

an appropriate basis matrix, we obtain the desired expression and thus 

the proof of Theorem 2.5.5 is completed.

Thus Theorem 2.5.5 generalizes the first part of Theorem 2.5.3;

and, moreover, if ' >4k-1 = ^k we that Theorem 2.5.5 re­

duces to the former Theorem 2,5-5 and becomes

& < Y %k) = mV T

Next we undertake a generalization of the second part of Theorem 

2.5.3; and, in so doing, we find the following theorem as useful in this 

task as Theorem 2.5.4 was in the generalization given of the first part 

of Theorem 2.5.5- Thus we state
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Theorem 2.5-6. Provided the necessary scalar k-th order partial 

derivatives exist and are continuous,

T

and more generally for j = 1,2,...,k-l,

< ^~( J-l) y

x \ • • •à< x \

Proof. From Definition 2.5-4 we see that

d  >
ax a<x ... &<x si X >^k ... d< X >n2J T)

Hence we readily obtain

_________________ _______________________

d<x x a< x X
__________ ak< Y ___________

X ... à< X >r|2d< X >T^1

a / Y >u \

x \s< x x X /

Similarly for j = 2,3,...,k-l we find applying Definition 2.3.4 that
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<> 
a< x > ... a<x>„%j+l

a < a^"1 <_________ ak'Jy_________ > 
dx ax*5"1 a< x >n ... a<x>n

a_<^L<__________ a^Y_________  
_à<X>, S< X >1k ... S< X >n

and as for the case j = 1 we again obtain

< aJ~l < dk-(j-l)Y_______  > >

axJ-1 a< x > ... a< x > (u,.. -^.j.) hnk nd j x j

= a < aJ-i <________ak'JY_____  > >

X >n. dx^-1 a< X > . . . a< X > (&!,•••> Sj-f) j‘J Ik Ij+L J

- Tr^< __________^Y_________
ydxJ d< x > ... a<x> J/ik nj+i J 7

This then completes the proof of Theorem 2.5.6.

Using Theorem 2.5.6 we can readily establish the following important 

theorem:

Theorem 2,5.7. Provided the required scalar k-th order partial de­

rivatives exist and aie continuous, then even without the restrictions 

that T)i = g2, r)2 = h. ., and T|k-1 = the matrix derivative

---  may be expressed in terms of the matrix deriva-

'/^k) by the relation
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dkY
x

T 
Jni

Proof. In view of Theorem 2.5-6 we have

d^Y

d< X > ... d< X >

<L<-------------- ------------------- % %
dx d< X > ... &< X > Si u 

Tlk ^2

Az &k-2y T \
' Up "a<x> ... a<x> "(51^2)

\ % . ns z

etc., continuing to j = k-1 which gives

< ^k~2 < > > 
dXk"2 a< x > d< X > (%i,---,Sk-2) Sk-1

^k nk-i

_ -, fo'1 . dY tT \

" \âx^ a< x (si,...,&k-i) ^k-i/ ’

àk-1
In addition we see, putting Z = ' k-1 < that we may 

write the mixed matrix derivative which appears as a factor in the matrix 

product whose Trace is formed in the very last expression written 

above as follows :

d^1 < Sy > . 6
d< X > (61#-- • ,§k-l) d< X >

Hk nk
and applying Theorem 2.4.2 to the right hand side of this expression we 

find that
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â< x

|jPr Z >lk
V dx

d< Z >=
And. since ------- —

dX
we obtain the relation

àY > 
àxk-l d< X >% (51

Tr

Finally, noting that

a <_______ _ < a_ <_______ a^-iy_______
àx a<x>^...à<x>^/i " L)x a<x> «xx^

etc., continuing to i = k-1, where we have

èk~2 d^Y > 
dX^"2 d< X > d< X > 

1k 1k-l

dk'2 < d2Y________  >
âx^ ô< x > d< X >

1k 1k-l

upon successive substitution of the first set of expressions for each of 

the elements of these matrices, given in terms of the trace of the ma­

trix product involving the corresponding mixed partial Dwyer-Macphail 

matrix derivatives and the transpose of an appropriate basis matrix, we 

obtain tjre desired expression thus completing the proof of this theorem.

We note for Theorem 2.5.7 too that it is a generalization of the 



second part of Theorem 2.5. 5 where we assumed that t]i = £2,..., and

and Theorem 2.5.7 reduces to Theorem 2.5*5 under these re­

strictions giving us

d< X > . .. d< X > \ dXk %/ , '
T]k Hl -- X -J 51

At this point it is instructive to review the calculus of higher 

order matrix derivatives (for those matrix derivatives defined in Defini­

tions 2.5.1, 2.5.2, 2.5.5, and 2.5.4 as it has been developed in Theorems 

2.5.5, 2.5.5, and 2.5.7) by applying these results to a matrix function 

of a matrix variable which is given as a product of constant and vari­

able matrices. By so doing we arrive at a restatement of these theorems 

for a wide class of matrix functions of a matrix variable consisting of 

those matrix functions which are sums of products of constant and vari­

able matrices. This result is analogous to Theorem 2.4.5 and allows us 

to derive these higher order matrix derivatives for such matrix func­

tions by simply reapplying successively the same three basic rules stated 

in Theorem 2.4.5 for first order matrix derivatives of such matrix func­

tions. The only modification of these rules necessary in applying them 

to the derivation of higher order matrix derivatives is that for higher 
à (Ac Y > \ T

order matrix derivatives like ------  ——--- ) the matrices J or J must
a< X > \ dx / 

, m •
be used in these rules in place of K or % to reflect the fact that this 

derivative has the same row and column orders as the matrix d< Y >/èX 

which, of course, are the row and column orders of X rather than Y; while



75

for the first order matrix derivative dY/d< X >, the row and column orders

are m Tthose of Y and hence K and K are used rather than J or J

Consider the matrix variable XeO^ gj and the matrix function

F(Y) = XAXTBX where A and B are constant matrices with A,Be0(g

too. We denote X by

X

and Y by

Y

We find by a direct

*71

*73

^1

computation that

*7 a

*74

^2

&Y Jn axtbx + xajE* BX + xaxtbj 
11 11 T|1

11

and

and

^Y

Tia li

„ AJ^ BX + J AXTBJ„
11 la 11 la

12^12 +
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d^Y
d< X > d< X > d< X > 

t)3 Ha Hi
+ +

Ha^ni^na 112^113^711 13^2^1

and, finally, for k 4, that

= 0 la •

Next applying Theorem 2.5-3 under the assumption that t)i = ^s, 

r]2 = Ça, and t]3 = ^4, etc. , and using the properties of the Tr-operator

established in Theorem 2.4.1 we find that

42

Tr(JT K. XTBTJ AT) 
_ i|2 h 41 _

BXK? J. A + BTXATjT K, + K, XTBTJ, AT
51 52 52 51 51 52

m T T T T T TBV A FK. + K. Je B^XA + BJ. K* XA ;
51 51 52 52 51
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? >(gl,&2,%3) 
dx3

Tr (---------- ---------------
L Vd< x >^3< X >2 d< x

13

' J n3 +
r , T T 7

.a *
rn m

+ is + ^('is^ni^ l3

T T m T . m tJ13A ^1^^13 + ^'^^13^1^

rp m tT I rn TT T+ I?("l3= jl/ J1aK5^ 13 + J11A 13

+ 13 + ^^13^3^13^1/^13

rn rn rn rp rp T TB Jg3A %l + + = ^aA JïsKtl

KUJ63BIjUaT rp T T T, Kg Je A + Ke Jg B-'-Jg A 
52 51 53 51 52 53

and, also, for k § U,

Y >(Eia2,-..,&k) 
dXk a<x> . ..a<x>

\ ^k-i ni
i2

Next, without making the assumptions that = ^2 ^2 = ^2 or

T|3 = ^4, etc. , we derive these same matrix derivatives again, using the 

properties of the Tr-operator established in Theorem 2.4.1, but applying

Theorem 2.5-5 instead of Theorem 2.5.5- Thus, for example,

? ^uaa)
Tr Tr

—1 ni



78

now,

ni

T TTrtJ^AJ^BXKjj]

Tr(XAJ^BJ^) T

J11

I T T
J11

T T

J 11

+ 1™%^!™%!)]^ + [irlJ^BWj^K^)] +

- vTs\f+ ^AbV + “<%/ +
+ B^XA^J^ K + BTJ ATXTKt 

12 U 12 11
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In turn, we find that

Tr Tr
d< X > d< X ns

T T m T
Tr(K6iX B

TrfBI^K^XAJ^^

Tr(BTXATJ^ K, J J ) 
_ ns si 52j n

+ Tr(BTj^ ATÆt J? )
L Si EsJ n2

Tr(B^XA%, K JT )
_ 52 51 12 ns

."'•i/M 1. Ba + 12

- BXK^J^A + 3TXA-J|,KÇ1 + K^xVjgzA?

♦ + Kh^W + BJjgK^XA ■
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Thus we see that under the assumption that ^2, an application

of Theorem 2.5.5 leads us to the same result as that obtained through an 

application of Theorem 2.5.5 under the assumption that = £2- More­

over, under the further assumption that ^2 / S3 and t]3 £4, a similar 

application of Theorem 2.5-5, but involving three and four rather than

two reapplications of the same type of basic derivations as that just

given for
? >(5x,5a)

when T]i £2 would lead us to the same expres­

sions for ------- ( S1, £2; £3) an£ ------------------ as previously de-
dx3 ax*

veloped by application of Theorem 2.5-5 when it was assumed that ^2 = £3 

and t)3 = ^4. The verification of this statement is omitted, however.

In turn by applying the second part of Theorem 2.5-5 (under the as­

sumption that T|i = £2, T|2 = ^3, and î]3 = £4) or Theorem 2.5- 7 (under the 

assumption that t]i ^2, ï]2 / I3, and t]3 ^4) and using the same prop­

erties of the Tr-operator as were used above, we may derive the matrix 

derivatives

______ d^Y_______  _________ a^Y____________
à< X >„2d< X ’ a< X X >„2d< x >1

and

X x x x

from the matrix derivatives

3
& YÈ------ (Ex,Sa,5s) < Y ^51,52,53,54)

a? ax= and ax4 ' 
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We omit these computations, however, since they proceed in the same manner 

as those already given above taking into consideration, of course, the 

modifications implied by the two Theorems 2.5.3 and 2.5-7- In fact, this 

example is merely an illustration of the following theorem which is a re­

statement of these results for matrix functions of a matrix variable 

given by sums of products of constant and variable matrices, namely

Theorem 2. 5» 8. If the matrix function Y = F(X) of the matrix var­

iable X i£ a sum of products of constant matrices and variable matrices
TX or X , then the matrix derivatives anddx* —

can be derived, one from the other, by re­

peated reapplication of the three simple rules previously established 

for the first order derivatives d< Y >^/dX and dY/d< X of such matrix 

functions, the only modification required of these rules for higher

order matrix derivatives being that, except for the first step, the ma­

Ttrices J and J appropriately indexed are to be used in place of the ma-
mtrices K or K similarly indexed in each subsequent step

This theorem follows directly as an immediate consequence of the ap­

plication of Theorem 2,5-3 or Theorem 2.5-5 and Theorem 2.5. 7 and the 

properties of the Tr-operator to any matrix function given as a sum of 

products of constant and variable matrices as illustrated in the example

for the matrix functions Y = F(X) = XAX BX with X,A,Be$, , which we 
\ 9*-)

discussed above in detail.
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2.6. SERIES EXPANSIONS FEATURING DWYER-MACPHAIL MATRIX DERIVATIVES 

Before introducing our fifth and last type of higher order matrix 

derivative, the k-th order Dwyer-Macphail matrix derivative, a matrix de­

rivative which generalizes the first order Dwyer-Macphail matrix deriva­

tive and in terms of which a matrix function of a matrix variable may be 

expressed as an (infinite) matrix series expansion featuring its first 

and higher order Dwyer-Macphail matrix derivatives, we need to introduce 

first a few preliminary notions which facilitate this investigation. 

Specifically, we need to recall the notion of a "direct product" of ma­

trices which has been explored by other authors as, for example, by 

Naimos [55].

Definition 2.6.1. The (right) direct product ABB of 

A = [ajj ] e$(m n) and B = [b^g ] is. that mp x nq matrix obtained by

replacing each element a^j of A by the matrix j•B as a block; in other 

words,

A » B - Wd’j) 8 B - [aiyB](1>d) =

The following theorem is useful:
T T T Theorem 2.6.1. If As$, . and BeO, . then (ABB) = A B B ; -- ----- — (m,n) --- (p,q) ----  

and more generally, for any positive integer k, i/I 

then

(Bi B Bg B ... B B%)^ = Bi 8 B^ 8 ... B B^ .
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Proof. Since A 8 B = [a^y B] it follows that
m m T T T(A 8 B) = [a^j«B] = [a^-B1] = A SB. Now assume that the theorem

holds for a particular positive integer k and let us consider

Bi 8 B2 0 ... a B^+^. Putting A^ = Bi a . .. a Bk it follows that 
J m m T T T(Bi a...a Bk+i) = (Ak a Bk+1) = Ak a Bk^.k = (Bi a. ..a Bk) a Bk+1 =

B^ a B2 0..,a B^ a Bk+p by virtue of our induction hypothesis. We have 

demonstrated, therefore, that if the proposition holds for k then it 

holds for k+1 too; and knowing that the theorem is valid for the direct 

product of two matrices, we may conclude by mathematical induction that 

the theorem is valid for any (finite) number of factors.

Whenever Bi = B2 = HeO rather than writing

Bi 8 B2 8 . . . a Bk we merely write as a shorter notation for denoting 

the direct product of H with itself k-times. Although, when H is a square 

matrix, this interpretation of the notation conflicts with an estab­

lished meaning that H denotes the matrix product (rather than the direct 

product) of H with itself k-times, in the specialized context in which 

the symbol appears in this work, there need be no confusion or ambig­

uity as to which meaning is intended for the notation when H is a 

square matrix. Thus, when H is a square matrix, it will be quite clear 

from the context in which the notation appears in this work that this 

notation is to be interpreted as the direct product—not the matrix pro­

duct—of H with itself k-times.

Moreover, adapting the notation to denote the direct product of 

H with itself k-times, when the k matrix factors Bi,B2,..., and Bk ap­



84

pearing in Theorem 2,6.1 are all identical, this theorem can simply be 

restated in the simple form

(Hk)T = (HT)k

where H denotes the common matrix value of the k matrix factors

Bi,B2,...,Bk appearing in this theorem.

Having disposed of these few preliminary, but essential notions,we 

now find ourselves in a position to introduce

Definition 2.6.2. For a matrix Xe@/___\ let us take as the mxn----------- ---  — ------ I m, nj ---  — ----  — ---  

matrix operator d/dX that matrix obtained by replacing each element 

< X >ij of X by the scalar partial differentiation operator d/d< X j.

Then the k-th order Dwyer-Macphail matrix derivative with respect to the

index rt = (r,s) of the matrix function Y = F(X)e$ / \ of the matrix var­
------------------

Xe»(m#n) is the mp x nq-matrix

8xk it

where the matrix operator d/dx understood to appear k-times on the 

right hand side in this expression.

Recalling that for a matrix Xe$, x we have labeled by yk = (1^,0%) 

for k = 1,2,...,mn the ordered pairs whose components are the row and 

column indices, respectively, of the element < X >, , of X, this label- 
ikJk

ing being done from left to right in each successive row of X, let us 

consider the matrix whose elements are these indices, namely
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r =

71 7 2 ... 7n

^n+1 ?n+2 ^2n

^(m-l)n+l ^(m-l)n+2 ^mn

•

We take as the product 7ni’7n2 of any two elements and y of the ma­

trix f the ordered pair (7ni#7n2) and form the direct product of F with 

itself k-times on the basis of this notion for the "product" of the ele­

ments of F. Thus, for example,

r » r = ^7n^8 r = [[(7ni,7ng)]^]^ •

Keeping these remarks in mind we now present

Theorem 2.6.2. Provided the required k-th order scalar partial de­

rivatives exist and are continuous, the k-th order Dwyer-Macphail matrix 

derivative with respect to the index n = (r,s) of the matrix function 

Y = F(X)gj of the matrix variable n) given by the mp x mq-

matrix

__________ (^> ^2>■» » > 

àxk

where the indices Eg = v ---------------mi
matrix block

Bxk

. , ^k = 7^ are chosen by identifying the

' ’ of > with the identically posi-

tioned element y_ • y^ ... ym _ in the direct product of the matrix F
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with itself (k-1)-times and taking the factors of this product 

(/mif/msf • • • j^) in the order in which they appear as the values for

Ê2,•••>in the same order in the indexing set for the corresponding 

matrix block of Y ,
--------------------- — dXk

Proof. From the Definition 2.6.2 of the k-th order Dwyer-Macphail

matrix derivative we find that

d 
dX

and thus the proof of this theorem is simple and direct.

To provide an illustration of these notions let us find the higher

order Dwyer-Macphail matrix derivatives of the matrix function

Y = XAX BX = F(x) where A^B^Xs^^ which we examined in some detail in 

Section 2.5. For this function we find that, 

a< Y >* 
dX

- KJtXTBTXAT + BXK$XA + BTXATXTKrt ;

and
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where for k =

dX2

Y
dX2

Y >(*,7à 

dX2

dx2

a^<

dX2
= BXK^J A + BTXATjî IÇ + KjrXTBTJ AT 

zk 'k " 7k

+ BTJ ATXTK + K^J^B^XA^ + BJ K^XA . 
/k “ “ 7k 7k "

. Y >Next, to determine ---—, we first compute the direct product of the
oX

matrix

1 2

r

3 4

with itself two times where 71 72 = (1,2), 7s = (2,1) and

74 = (2,2). We obtain, following the various definitions required

(71,71) (71,72) (72,71) (72,72)

(71,7a) (71,74) (72,73) (72,74)
rar =

(73,71) (73,72) (74,71) (74,72)

(73,73) (73,74) (74,73) (74,74)



88

and; therefore,

Y 
dX3 "

^3< Y ^(x,7i,7i) ^3< Y ^^,71,72) Y ^^^72^71) < Y ^^>72^72)

ÔX3 6X3 8X3 8X3

83< Y >(it,71,73) ^3< Y ^(jt,7i,74) ^3< Y ^^,72^/3) ^3< Y >(*,72,74)

8x3 dx3 8x3 8x3

83< Y >(^,73,71) ^3< Y ̂ *,73,71) ^3< Y ̂ *,74,71) ^3< Y ̂ *,74,72)

8x3 8x3 8x3 8x3

^3< Y >(«,73,73) ^3< Y >(*,73,74) ^3< Y >(*,74,73) d < Y ̂ «,74,74)

8X3 8X3 8X3 8x3

where, for i = 1,2,J,U and j = 1,2,5,4, 

3
------ - BTJ7 ATj’ K, + BJ7 kJj7 A + BTJ ATJ^ K„ 

UA w * 1 J x v

* ^A?’+ + vT/v1 •
Finally, for k ë 4, we find that

Y >x 0—* ° • ’A* •
This, then, completes the derivation of the Dwyer-Macphail matrix 

derivatives of all orders for the given matrix function Y = XAXTBX = F(X).
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We now go on to show that these Dwyer-Macphail matrix derivatives play 

an important role in the question of whether or not a matrix function of 

a matrix variable can be expanded in an (infinite) matrix series analogous 

in form to the Taylor’s series expansion of a scalar function y = f(X) of 

a scalar variable, namely

00 
f(X) = f(k)(Xo)(X-Xo)k .

k=0 ~
In other words is it possible to replace the f^^(Xo) by the Dwyer-

T1 > —Macphail matrix derivatives . — in this formula when instead of a

scalar function of a scalar variable we consider a matrix function 

Y = F(X) of a matrix variable X?

Of the previous attempts that have been made in this direction, Miss 

Parel in [ilk] succeeded in giving a matrix development for series ex­

pansions of scalar functions of vector variables. In order to accomp­

lish this she defined certain types of higher order matrix derivatives 

for scalar functions of vector variables which are different than the 

higher order matrix derivatives that have been introduced here. More 

specifically consider a scalar y = f(x) of a column matrix (vector) 

xe$(m p) • For this function, of course, the first order Dwyer-Macphail 

matrix derivative df/dx is also a column matrix (vector) belonging to 

$(m 1)‘ Miss Farel then defined a second order type of matrix deriva­

tive by

agf 
àxiàxj
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which can be interpreted as that mxm-matrix obtained by (matrix) multi-

/d \plication of the column matrix operator (— )1x of scalar partial
\dx /

differentiation operators formed from the components of x by the row ma-
/^xTtrix ( x of scalar partial derivatives of f with respect to thexox/ (l,m)

components of x. She then introduced a mixed type of matrix derivative,

for i = 1,2, 
d< x ' dx /

,m, and noting that

" a /df\T '
d< x >i \dx/

a /afŸ
a< x >2 \dx/

- •\axAax/ .

a f—y
d< x >m \dx/

she introduced a new rule for deriving from the --- È--- f
\dx/ \dx / a< x X \dx/

Finally she defined other mixed types of higher order matrix derivatives 

of the form
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and then developed a series expansion for scalar functions of vector vari­

ables which featured these types of higher order matrix derivatives.

As previously noted, in her approach she gave new rules in order to 

effectively derive the higher order matrix derivatives of the types that 

she had introduced and in terms of which she presented this matrix de­

velopment for series expansions of scalar functions of vector variables. 

The application of these new rules for deriving higher order matrix deriv­

atives of the type used by Miss Parel, while reasonably convenient for 

obtaining second order matrix derivatives of this type, can become quite 

complicated for third and higher order matrix derivatives of the type that 

she studied. Thus, in effect, for many scalar functions of vector vari­

ables, one is frequently limited to an explicit development in matrix 

notation of only second degree series expansions when her types of higher 

order matrix derivatives are used.

Further, neither the higher order matrix derivatives introduced by 

Miss Parel nor the rules that she presented for their derivation appear 

to be readily adaptable to scalar functions of a matrix variable or ma­

trix functions of a matrix variable. Thus her higher order matrix deriv­

atives do not possess the same degree of simplicity nor the same degree 

of generality as do the higher order Dwyer-Macphail matrix derivatives 

introduced for the first time in this work.

Returning to our own development for an (infinite) matrix series ex­

pansion of a matrix function of a matrix variable which features its 

Dwyer-Macphail matrix derivatives, the following theorem expresses a key 
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observation upon which we build such a series expansion:

Theorem 2.6.5. If the scalar function y = f(X) of the matrix vari­

able has Dwyer -Macphail matrix derivatives of all orders, then,

for each positive integer k,

Trf (H?)^ =
\axk / 

k k k

I I - X
ki=O k2=0 kmn= 0 * • • 'mn
(kj.+k2+... 4-k^ = k)

where is amr matrix whatsoever.-----  ^m,nj----- “-------------------

Proof. Clearly this theorem is true for the case k = 1 since we

have in this case

df 
dX

^ijlT

^ji^

Hence we see that,

m

Next, suppose we assume that the theorem is true for a particular

k-value, k > 1. Now, we first note that
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(ht a (HT)k)

d< X
[hji(nT)k]

From this expression, we see that

Tr pq.

But, since our induction hypothesis is that

Tr dkf 
dX^

ki=O ka=O kmn=0

----A----- hk^hk2 ... hkmn ,
ÔXÏ^XÏ2 . . . 72

fi r2 ^mn
(ki+ka+...+kmn=k)

we see, upon substitution of this expression for Tr into the

given expression for Tr and making notational adjustments

that this theorem also holds for the case k+1. Consequently, through

mathematical induction, we conclude that this theorem holds for all k-

values.

We remark here that by adopting the convention that for k = 0 the

symbol (H^)^ is to be interpreted as Jii, since by previous agreement

0°
we have written f = —f, dX° we find under these interpretations that

Tr
d°f 
5?

Tr(f JJx) Tf Tr Jii = f J
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and thus Theorem 2.6.3 can be extended in this manner to all non-negative 

integers and this is understood to be the case in the subsequent develop­

ments.

The preceding results have brought us close to our goal of giving a 

matrix series development for a matrix function of a matrix variable feat­

uring its Dwyer-Macphail matrix derivatives. Thus let us first consider 

a scalar function y = f(X) of a matrix variable XeQz \. In this con- \mJn/

nection we write, where XeO^ is a fixed but arbitrary matrix and 

H = X-X = [xij-Xij](ij) = [hij](i,j) ,

X =

Xy^

*7n+l

^(m-l)n+l

^2

^n+2

X
'(m-l)n+2

‘ ' ^n

*•* ^?2n

... x/ mn

^2 ... Xyn

''' ^2n^n+l ^n+2

X = • • •

^(m-l)n+l y
^(m-l)n+2 • • •

/mn

and
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^n+l

^2 ... h,n

• ' ’ ^2n

H =

^(m-l)n+l h
7(m-l)n+2

•

^mn

Suppose that the representation of y = f(X) as a scalar function of 

several scalar variables y = f(x) where x = (x^x^,. . . #Xy ) can be ex

pandect in a Taylor's series about the point x = (x ,x_, ,. . . ,x ) ; in 
' i ' 2 ' mn

other words,

(ki+k2+...+kmn=k)

Under these circumstances we say that the scalar function y = f(X)

of the matrix variable XeO has a "Dwyer-Macphail matrix derivative

series expansion about X = X" given by the infinite series 

f(X)

and this series expansion for a scalar function of a matrix variable 

featuring its Dwyer-Macphail matrix derivatives is justified in light of 

Theorem 2.6.5.

We note, moreover, for a row matrix (vector) xe^, . that we ob- (l,n)
tain the Dwyer-Macphail matrix derivative series expansion in the form
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00

fW = y _ (hv
' k 1 dx^ x=x

k=0

where h = x-ï and X are elements of n) too. Thus the Dwyer -Mac phai 1 

matrix derivative series expansion of a scalar function of a vector vari­

able is directly analogous in form to the Taylor's series expansion of 

a scalar function of a scalar variable.

Finally, let us consider a matrix function of a matrix variable from

%,n) to *(p,q)<

Ï - [*«(*) ]{r>a) = F(x) ;

as before consider and H = X-X. If the representation yrs=frs(x)

where xe®(1, of each element function yrs = frs(X) of the matrix 

function Y = F(X) has a Taylor's series expansion about x = x we would

have for each pair (r,s) with I S r 5 p and I è s S q.

and then under such circumstances we say as in

Definition 2.6.5. The matrix function Y = F(X) gj of the matrix

variable Xe®^ has a Dwyer-Macphail matrix derivative series expansion

about X = X given by the (infinite) matrix series

F(X) (HT)kj
X=X A

k=0
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In this manner we have obtained an extension of Taylor's theorem 

for scalar functions of a scalar variable to matrix functions of a ma­

trix variable which features the Dwyer-Macphail matrix derivatives of 

its element functions. Moreover, the same expansion holds equally as 

well, if instead of a matrix function of a matrix variable, we consider 

either a scalar function of a matrix variable or a scalar function of a 

vector variable or simply a scalar function of a scalar variable.

It might be instructive at this point to give an illustration of 

the Dwyer-Macphail matrix derivative series expansion for a specific ma 

trix function. Let us consider, therefore, the matrix function of a ma 

trix variable

Y = XAXt = F( X)

where A,Xe®. . and where we writeI c , c;

X - Y . .
*7, ^3 y»4

Now applying the appropriate theorems from Section 2.5 we find that for 

this matrix function of a matrix variable,
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&

and, for k 1 3,

= J AX1 + XAJ- ; a< x y y

. ;, ■ W • »,

7

------- üuxL _ kTj a + K j at . 
dx2--------- «7 11 7

In turn we find that

&

and

ï >n _
dx2

+

< Y >n rn m------ = K XA1 + K~XA ;
dx n r

ax2 ax2

^<^(.,73) ^^«.74)

ax2 ax2

" kT^a "

Vx/ W’ "

K^Aæ K„1L, AT ‘
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and, finally, for k £ J,

Ï >„ 
dXk = 0 • I 2kx2k

Using these results we now seek the individual terms of the series 

expansion for Y = XAXT featuring its Dwyer-Macphail matrix derivatives. 

Thus we note first that

Tr
dX .

Tr( ( + K^X4(X-7)T)

Tr( KnXAT( X-X) T) + Tr( K^XA( X-X) ?)

Tr( K^( X-X) AX11) + Tr( XA( X-X) TkJ

= Tr( ( X-X) AX^K% + Tr( XA( X-X)

= <( X-X) AX1 >n + < XA( X-X) T >n

Therefore we find that

<( X-X) AXT

(x-îOaxt + XA( X-X) T

Next we write

h21HT

((x-x)T)2 = (ht)2 =

h12HT h22HT
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and find that

Y >x
dX2

(HT)2 =

kJ-K^AhuH1, +

kJk AhnHT + k£k Ah12HT

K^Ky^AhgiE^ + K^KygAhggH^

K^73Ah21HT + K^K7^Ah22H^

V71AThnHT + KirK72ATh12HT

K^^hnHT + KjrKZ4ATh12HT

KjrK71ATh21HT + KJtK72ATh22HT 

+ KjrK74ATh22HT

From this expression for ------- - • ( H^)2 we obtain the result that
dX2

Tr ^<Y.2ji~l (X1-^)2^ = Tr(K^ AhuH^ + Ahi2H^)

\ ^2 Jx=x / V2
+ Tr(K^K73Ah21HT + K^K^Ah^H1) 

+ TrCK^/hi/ + K^aV^)

+ Tr( KjrK7aATh21HT + KJtK74ATh22HT)

Once again using the properties of the Tr-operator established in Theorem 

2.4.1 we see that

T = TrChy^^H^) + Tr(h72K72AHTK^)

+ Trfhy^AE^) + Tr(h74K74AE^)

+ Tr(h7^EAl^^) + Tr(h72BAKæ2I^)

+ Tr(h72EAK^K5 + Tr(h74EA^4^) ;
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or, equivalently,

Tr
p2< Y >/

0x2 -x=x
(xT-Zr)=J ■ I « WhT \ + < SkSk

k=l
We see, therefore, that the 2-nd degree term of the Dwyer-Macphail

matrix derivative T —series expansion of Y = XAX about X = X is given by

the expression

/ à2< y > ~ \Tr (------- 2 _ ( XT-XT)2 j
_ \ dX2 J X=X /J %

k=l 
4 
z 

k=l

4
Z ^7A 

k=l

HAHT + HAHT

= 2(X-X) A(X-X)T

Now, since for k J,

Y
3Xk 2^x2%

5rd and higher order terms of the matrix series expansion for Y = XAX^

are merely the zero matrix OeO. . . Therefore the matrix series expan­

sion of the matrix function Y = XAXT = F(X)e$, . of the matrix variable

Xe». . about the matrix X = X obtained by using its Dwyer-Macphail ma­
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trix derivatives is given by the expression

XAXT = XAX1 + XA( X-X)T + (X-X)AX^ + (X-X) A( X-X)T .

m When A = A ,

— T _ m rnXA(X-X) = ((X-X) AX1) ,

and we may write this matrix series expansion in the form

XAXT = XAX^ + XA( X-X) T + (XA(X-X)T)T +( X-X) A( X-X) T .

We note the analogy between this formula for the Dwyer-Macphail matrix 

derivative series expansion of the matrix function Y = XAX^ = F(X)e$^g 

about X = X and the Taylor's series expansion of the scalar function 

y = ax2 of the scalar variable x about x = x, namely

ax2 = ax2 + 2ax( x-x) + a( x-x)2 .

With the discussion of this example completed, we bring to a close 

these direct extensions of the calculus of Dwyer-Macphail matrix deriva­

tives . We return to these ideas in later chapters when we undertake a 

development of the problem of estimating the unknown parameters of com­

plex stochastic structures representing linear structural relationships 

having both "errors-in-variables" and "errors-in-equations." First, how­

ever, before applying the Dwyer-Macphail matrix derivative calculus to 

these important estimation problems in statistics, we develop some 

interesting and basic connections between the Dwyer-Macphail matrix 

derivative and the Frechet-Gateaux matrix differential in the next chapter.



CHAPTER 3

DWYER-MACPHAIL MATRIX DERIVATIVES AND 
FRECHET-GATEAUX MATRIX DIFFERENTIALS

3.1. INTRODUCTION

Besides the use of the ordinary differential calculus for scalar 

functions of several scalar variables or the more advanced techniques 

of Dwyer-Macphail matrix differentiation as applied to matrix functions 

of a matrix variable, one occasionally finds in the literature another 

method of maximization or minimization involving the use of differen­

tials of scalar or matrix functions of vector or matrix variables. One 

such illustration involving the use of differentials of a matrix func­

tion of a matrix variable is provided in [21] where Chipman and Rao , 

using matrix differentials, show that when A is an rxn-matrix, X is a 

fixed nxk-matrix of rank k, and i|r is a fixed rxk-matrix, then the diag­

onal elements of AA^ reach their simultaneous minima subject to the 

constraints AX = when A = X^X]~^X^.

Chipman and Rao did not indicate the conditions under which such 

matrix differential techniques can be applied to yield valid mathematical 

derivations nor did they suggest the possibility that these matrix dif­

ferential methods might be related to other well established techniques 

of matrix differentiation.

Actually these matrix differential methods can be given a rigorous 

mathematical formulation, and they are intimately connected with the

103
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Dwyer-Macphail matrix derivative methods. In this chapter we undertake 

a more complete investigation of these issues and in the course of re­

solving them we discover new extensions of the Dwyer-Macphail matrix de­

rivatives in the form of certain basic relationships which exist between 

them and the Gateaux and Freehet differentials of matrix functions of 

matrix variables.

The fundamental notions of differentials, polynomials and power 

series as they apply to abstract functions were introduced in [56,57] 

by M. Freehet around 1909. A few years later R. Gateaux in [59,40] ap­

plied the ideas of Frechet to certain concrete problems and his work 

which was published posthumously provided a basis for many of the subse­

quent developments in this area of functional analysis.

Since these initial efforts, the theory of Frechet and Gateaux dif­

ferentials of abstract functions has been greatly expanded and refined 

by such mathematicians as A. D. Michal [105], I. E. Highberg [59] and 

R. S. Martin [102], who were students of Michal, and by L. M. Graves [50] 

and A. E. Taylor [155]• Recently in [94], R. M. Lorch developed a some­

what different notion of differentiability for functions with domain and 

range in a commutative Banach algebra.

In several of the following sections of this chapter we have sum­

marized in their present form parts of the theory of Frechet and Gateaux 

differentials for functions from and to real or complex Banach spaces or 

Banach algebras. This summary deals mainly with those parts of the the­

ory which are especially significant to our work involving matrix deriv­
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atives and matrix differentials.

The somewhat explicit and detailed presentation accorded these re­

sults here has been made primarily to establish an orientation for our 

main results on matrix derivatives and differentials presented in Section 

5.5. But also it is hoped that by making our review of these general 

notions at this level, the reading of this thesis can be facilitated by 

reducing the number of cross-references to other works that would other­

wise be necessary in order to follow some of the proofs for the new de­

velopments relating to derivatives and differentials of matrix functions 

of matrix variables.

Under certain regularity conditions the Frechet differential and 

the Gateaux differential of an abstract function co-exist and are co­

equal. Under these circumstances we refer merely to the Frechet-Gateaux 

differential of the abstract function. It turns out in the case of a 

function from and to matrix Banach spaces or algebras over the real or 

complex fields that Frechet-Gateaux matrix differentials are uniquely 

specified in terms of the Dwyer-Macphail matrix derivatives of the' func­

tion. In other words, there exists an abstract homogeneous matrix poly­

nomial completely defined in terms of the Dwyer-Macphail matrix deriv­

atives which is in fact just the Frechet-Gateaux matrix differential of 

a given matrix function of a matrix variable.

Other notions of differentials for abstract functions, as well as 

matrix derivatives for matrix functions, have been proposed by various 

authors and their properties explored. We have already mentioned the 
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notion of Lorch differentiability for abstract functions whose domain 

and range are a commutative Banach algebra. Along a different approach, 

however, F. Hausdorff in [57 ] defined a notion of differential for func­

tions on and to an associative linear algebra with a unit element over 

the real or complex field. The Hausdorff differential df of a function 

z = f(x) from and to an associative linear algebra A with unit element 

over the real or complex field 0 is an additive homogeneous function of 

the differential dx of the form 
n

df = Ui dx v^ 

i=l
where u-£ and Vi are elements of the algebra A which depend only on x. 

Based on this notion of differential, Hausdorff proceeded to develop a 

theory of analytic functions for associative hyper-complex systems hav­

ing a unit element.

Hausdorff's work was published in 1900; in 1957# R. Rinehart in 

[125] defined a notion of matrix derivative for matrix function from and 

to the matrix algebra of square matrices of order k. The Rine­

hart matrix derivative Z = F*(X) of a matrix function Y = F( X) on and 

to . is defined as (k,k) 
n 

F*(X) = Hm 
m-*» 

i=l 

where and are matrices belonging to 0 for which i i ( k, k)
n

FtX+Hm) - F( X) = Hm

i=l
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and where (I^) is any sequence of matrices of @ which converges to 
( k, k)

the zero matrix in terms of a metric topology associated with the metri- 

zation of $ via the selection of one of the several norms that can 
(k,k)

be introduced in . .(k, k)
It appears that the Rinehart matrix derivative may be related to 

the Hausdorff matrix differential just as the Dwyer-Macphail matrix de­

rivative is related to the Frechet-Gateaux matrix differential. One dif­

ference between the Rinehart matrix derivative and the Dwyer-Macphail 

matrix derivative, of course, is that the former is defined only for 

functions of square matrices while the latter matrix derivatives are de­

fined for rectangular matrices as well.

We do not pursue this question concerning the relationships between 

various matrix derivatives or related investigations further. Rather we 

have mentioned these other notions of abstract differentials and matrix 

derivatives only to call the reader's attention to the fact that our dis­

cussion in no way exhausts all possible approaches to the study of matrix 

derivatives and matrix differentials.

3.2. BASIC ALGEBRAIC AND TOPOLOGICAL CONCEPTS

In this section we explore certain fundamental algebraic and topo­

logical concepts relevant to the notion of abstract spaces. Later we 

examine the idea of a differential of an abstract function or operator 

whose domain and range are real or complex Banach spaces or Banach alge­

bras, and this study requires that we have a summary of some of the alge- 



108

braie and topological properties of these two types of abstract spaces.

Consider a set S with at least two distinct elements which together 

with two operations from SXS to S called "addition" and "scalar multi­

plication" satisfy the following axioms :

A.1. S is an additive abelian group;

A.2. Scalar multiplication is such that (a), to every scalar X in 

t (the real or complex field) and every x in S there corresponds a unique 

"scalar product" X-x in S with X-x = x-X; (b), (cc+p)-x = a-x+p-x and 

(ap)•x = a«(p.x) for every a and p in 0 and every x in S; (c), 

X-(x+y) = X-x+X-y for every X in 0 and every x and y in S; and (d), 

1-x = x for every x in S.

Then S is called a "linear (vector) space" (or a linear system or module) 

over the scalar field 0 of real or complex numbers and its elements are 

called "vectors." If in addition there is a third operation from SXS 

to S called "multiplication" which satisfies the additional axioms 5-e 

to 3.g below, then S is called a "linear associative algebra" over the 

scalar field 0 of real or complex numbers:

A.3- Multiplication of the elements of S leads to a unique "pro­

duct" such that (e), (xy) z = x(yz) for every x,y and z in S; ( f), 

x(y+z) = xy+xz and (x+y)z = xz+yz for every x,y and z in S; and (g), 

(ox)’(py) = (ax)«(py) for every a and p in 0 and x and y in S.

We say that S is an "algebra with a unit element" if there exists 

an element e such that ex = x = xe for every x in S; and we say that 8 

is a "commutative" or "abelian" algebra if xy = yx for every x and y in
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S. Moreover, we simply say that "2 is a real (or complex) vector space 

or algebra" rather than saying that "2 is a vector space or algebra over 

the real (or complex) scalar field

For our purposes we need not develop the general algebraic theory 

associated with either of these two types of algebraic systems. Instead 

we are primarily concerned here with certain parts of a theory of ab­

stract functions in which the domains and ranges of the functions are 

such algebraic systems as a vector space or algebra in which a suitable 

topology also has been introduced. On the other hand, for this purpose, 

algebraic notions cannot be completely ignored since concepts of anal­

ysis originate from algebraic operations by passage to a limit.

A linear space or an algebra 2 is called a "normed linear space" or 

a "normed algebra" whenever there corresponds to every x in 2 a unique 

real number ||x|| called the "norm of x" with these properties :

N.I. ||x|| è 0 for every x in 2;

N.2. ||x|| = 0 if and only if x = © where 9 is the unit or zero of

2 as an additive group;

N.J. ||x-x|| = |X| • ||x|} for every X in 0 and x in 2 where ]X| de­

notes the absolute value of the scalar X in the usual sense; and

N.4. ||x+y|| ||x|| + ||y11 for every x and y in 2.

Given that 2 is a normed vector space or normed algebra over $ we 

may introduce a "metric" d which gives the "distance" d(x,y) between 

elements of 2 by considering the function d(x,y) = ||x-y|| from 2X2 to R. 

We find that this metric satisfies the following properties :
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M.1. d(x,y) 0 for every x and y in S;

M.2. d(x,y) = 0 if and only if x = y;

M.5. d(x,y) = d(y,x) for every x and y in S; and

M. 4. d(x,y) g d(x, z) + d(z,y) for every x, y and z in S.

in a normed space S the concepts of "limit of a sequence" and of 

"Cauchy sequence" or "fundamental sequence" can be introduced in terms 

of the metric arising from the norm of the space; and S is called a "com­

plete" space whenever each of its fundamental sequences converges to a 

limit in S. For convergent sequences of points of S the following well 

known theorems can be established :

Theorem J.2.1. If a sequence of points of S converges to a point 

in S then every subsequence of this sequence converges to the same point; 

and

Theorem J.2.2. A sequence of points of S can converge to at most 

one limit ; in other words, a convergent sequence has a unique limit.

In turn, in a normed space S, the notions of open and closed spheres 

with center x and radius r, of a neighborhood of a point x of S, of a 

bounded set, of a limit point of a set, of the closure of a set, of a 

closed set, of an open set, of a compact set, and other topological no­

tions can be introduced in S in the usual manner. Thus if S is also a 

vector space or algebra, we arrive at a mathematical system which is 

simultaneously an algebraic system and a topological space.

When S is a normed linear vector space, from the relations
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ll(x+y) - (xn+yn) || < ||x-xn|| + ||y-yn||

and

llXx-Xxnll = kl l|x-xn||

and

l|XnX-Xx|| = |Xn-\| ||x||

and

I l|x|| - ||xn|| | g ||x-xn||

we see that if xn -> x, yn -> y and Xn ■* X, then xn+yn -► x+y, XXn -* Xx, 

Xnx -* Xx, Xnxn + xx and ||xn|| ■* ||x|| . Thus the arithmetic operations of 

S as well as the norm of S are continuous functions of their arguments. 

And if S is a normed linear associative algebra over 0 and its norm 

satisfies the additional property,

N.5. 11xy11 S ||x|| • ||y|| for every x and y in S, from the relation

llxy-Wnll - llxll lly-ynll + llynll Wx~xn\\

it immediately follows that whenever xn ■* x or yn -* y, then xny •+ xy or 

xyn + xy or xnyn -> xy. Consequently, multiplication is a continuous 

operation too.

We are now in a position to define a real or complex Banach space 

and a real or complex Banach algebra:

Definition 5.2.1. A normed linear space S over the real (complex) 

field $ which is complete in the metric topology based on its norm is 

called a real (complex) Banach space; and a normed linear associative 
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algebra S over ® whose norm satisfies the property N.5 is, called a real 

(complex) Banach algebra if it is complete as a metric space in its norm 

topology.

This completes our review of some of the fundamental algebraic and 

topological notions found in the theory of abstract spaces, particularly 

real or complex Banach spaces and Banach algebras. In Section 5-3 we 

proceed to introduce the Frechet differential and the Gateaux differen­

tial of an abstract function from and to Banach spaces or Banach algebras 

over $.

3.3. GATEAUX AND FRECHET DIFFERENTIALS OF ABSTRACT FUNCTIONS

It is not our purpose here to develop the theory of Gateaux and 

Frechet differentials for abstract functions either rigorously or in com­

plete mathematical detail. Rather in the first part of this chapter, 

Sections 5 = 2, 5-3 and 5.4, we state some of the fundamental concepts of 

this theory in order to give a partial orientation for our main results 

which follow in Section 5 = 5- For all details and further information we 

refer the interested reader to those articles and books on this part of 

functional analysis that are listed in the Bibliography, namely Refs. 

[3,36,37,38,39,40,49,50,51,59,67,75,76,102,103,104,116,134,135,146,167, 

168]. We do single out for special mention, however, the book by L. A. 

Lustenik and V. J. Sobolev [95] and the book by E. Hille and R. S. 

Phillips [60] because this summary has been influenced to a considerable 

degree by these two general and excellent works on functional analysis 

in abstract spaces.
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Let X and Y be two real ( or complex) Banach spaces or algebras and 

y = f(x) an operator with domain D contained in X and range R contained 

in Y. We assume that D has a non-empty interior, and let x be an inte­

rior point of D and h an arbitrary non-zero element of X; there exists 

a p = p (x,h) > 0 such that whenever X is a scalar for which |x| S p , 

then the element x+Xh is contained in D too (e.g. , take p(x,h) < rx||h||-1 

where rx is a radius of an open sphere about x that is properly contained 

in D) .

Definition $.$.!. The abstract function y = f(x) on X to Y, real 

or complex Banach spaces or algebras, defined in a domain D of X having 

a non-empty interior, has a Gateaux differential df(x;h) at an interior 

point x of D with increment h, provided for every positive e there exists 

a positive 6 such that

||f(x+Xh) - f(x) - Xdf(x;h) || S e | X |

whenever |X| g 6; or, equivalently, when

m || r(^Xh)-f(x) . df(x;h) || - o . 
X-+0

If y = f(x) has a Gateaux differential at x for every increment h in X 

then y = f(x) is said to be Gateaux differentiable at x; and if y = f(x) 

is Gateaux differentiable at every point of an open set D* contained in 

D, it is said to be Gateaux differentlable on D*.

To illustrate this notion of Gateaux differential let X be the or­

dinary euclidean plane and Y the real line. Then the real function 
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y = f(xifXg) of two real variables has a Gateaux differential at a point 

x = (xi,x2) of an open set D# in E2 with increment h = (hi,ha) if

ar(x;h) = tin 
t->0 t

exists. This obviously is equivalent to requiring that the directional 

derivative of y = f(xi,xa) exists at x = (xi,x2) for the direction vector 

h = (hi,h2).

Clearly, if an abstract function possesses a Gateaux differential 

at x with increment h then df(x;h) is unique. The Gateaux differential 

can be given another useful characterization as follows: For fixed but 

arbitrary elements x and h,

u(X) = f(x+Xh),

may be interpreted as an abstract function z = u(X) from 0 to Y; and we

may speak of the derivative u'(x) = — u(x) of z = u(x) with respect to 
dX

X in the sense that

u' (X) = 11m
AX-*O AX

is understood to exist .as a limit in terms of norm convergence—in other

words, if

Mm || - u'(X)|| = 0 .
AX*O AX

Then the Gateaux differential df(x;h) exists and is continuous in x in 

the set Cp(x,h) = (x+Xh| |x| S p ) if and only if u(X) = f(x+Xh) has a 
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continuous derivative u1(X) in the interval [-p,p]; and then,

df(x;h) = Jim f(x+Xh)
X+0

f1(x+Xh)J x=o
In addition, it can be shown that whenever the Gateaux differential of 

an abstract function y = f(x) exists at x with increment h and is con­

tinuous in x, then df(x;h) is a homogeneous and additive function in h; 

i. e.,

df(xjXihi+Xghg) = Xidf(x;hi) + Xgdffxjhg) .

The notion of Frechet differential of an abstract function is not 

quite as general as the notion of Gateaux differential as the following 

definition indicates ;

Definition 3.3.2. An abstract function y = f(x) on X to Y, real or 

complex Banach spaces or algebras, defined in a domain D of X having a 

non-empty interior, is said to be Frechet differentiable at an interior 

point x of D provided there exists an abstract function 5f(x;h) of h 

from X to Y and depending also on x with the following properties : (a)

5f(x;h) is, a continuous, linear function in h; and (b) for every posi­

tion e there exists a positive T] such that whenever ||h|| à t],

||f(x+h) - f (x) - bf(x;h) || S €||h|| ;

or, equivalent, when

£im 
||h|H

||f(x+h) - f(x) - ôf(x;h)|| = 0 .
I|h||
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When Bf(x;h) exists it is called a Frechet differential of y = f(x) at 

x.

Again, as with the Gateaux differential, a Frechet differential is 

unique. Moreover, as the following theorem indicates, provided certain 

regularity conditions are satisfied, the Frechet and Gateaux differen­

tial are co-existent and co-equal.

Theorem J.J.I. If the Frechet differential Bf(x;h) of an abstract 

function y = f(x), exists, then a fortiori the Gateaux differential 

df(x;h) exists and the two differentials are equal: df (x,a) = Bf(x;h). 

Conversely, if the Gateaux differential df(x;h) exists and is continuous 

in x and h, then the Frechet differential Bf(x;h) exists and again the 

two differentials are equal: Bf(x;h) = df(x;h).

Proof. Suppose Bf(x;h) exists; then

f(x+h) - f(x) = Bf(x;h) + \|r(x;h)

where ||i|r(x;h) || = o(||h||). Now since Bf (x;h) is homogeneous in h, we find 

that for an arbitrary scalar X,

f(x+Xh) - f(x) = Bf(x;Xh) + ^(x;Xh^

= XBf(x;h) + Ÿ(x;Xh) .

Consequently,

II - 5f(x;h)|| - ||h|| ;
x \ l|Xh|| J
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and,therefore,

Mm ||rfx±^Lflxl . 5f(x;h)|| - N = 0 .
X \ l|Xh|| J

Hence the Gateaux differential df(x;h) exists and is simply 5f(x;h).

Next, suppose that the Gateaux differential df(x;h) exists and is 

continuous in x and h. First we note that since df(x;h) exists at x for 

arbitrary increments h, a fortiori for increments h# having ||h#|| = 1, to 

every positive e and fixed x and h# there corresponds a positive 

T] = r)(e,x,h#) such that

. af(x;h.)|| S e 
x*

whenever |X*| q. Now, for arbitrary h, write

f(x+h) = f(x+X*h*)

where X* = ||h|| and h* = h||h|r^ with ||h*|| = 1. Then, since df(x;h) is 

continuous in x, it is homogeneous in h, and

df(x;h) = df(x;X*h#) = X#df(x;h*) ;

and, therefore, for this particular choice of X* and h# the inequality 

above leads to the conclusion that for every positive e,

||f(x+X*h*) - f(x) - df(x;X*h*) || g e |X#| ,

whenever |x*| q* and q* = inf (T](e,x,h*) | ||h*|| = 1) ; and this is

equivalent to
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Zim ||f(x+h) - f(x) - df(x;h)|| = 0 .
II h I Ho ||h||

Thus, df(x;h) is a continuous, linear function in h (since it was assumed 

to be continuous in x and h) satisfying conditions (a) and (b) of Defini- 

tion3.2.; and since the Frechet differential is unique, bf(x;h) = df(x;h).

We now summarize briefly some of the other important properties of 

the Frechet differential of an abstract function. Let f(x), u(x) and 

v(x) be Frechet differentiable functions; then:

P.I. f(x) = c identically in x(i.e., f(x) is a constant function) 

if and only if bf(x;h) = 9 identically in h and x.

P.2. If g(x) = u(x)+v(x), then &g(x;h) = bu(xjh)+ôv(x;h).

P.3„ If g(x) = u(x)*v(x), where * is an associative multiplication, 

then bg(x;h) = bu(x;h) * v(x)+u(x) * 5v(x;h).

PA. If y = f (x) is non-singular at x (i.e. , y = f-1(x) exists at 

x), then f-1(x;h) = f~1(x)bf(x;h)f-1(x).

P. 5. If g(y) = u(v(y)), then &g(y;h) = bu(x;5v(y;h)) where x = v(y). 

The linear transformation f'(x) = bf(x; - ) from X to Y has the prop­

erty that there exists a positive scalar M such that

||f'(x)h|| ë M||h||

for all elements h of X since

bf(x;h) f'(x)h
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is continuous in h and therefore bounded in h; in fact, any linear func­

tion from and to Banach spaces over 0 is continuous if and only if it is 

bounded. Thus f'(x) is itself an element of the Banach space L(X, Y) of 

all bounded linear transformations from X to Y where

IMI = sup (||Tx|J | ||x|| g l)

is taken as the norm of an element y = T(x) of L(X, Y).

Defintion J.2.J. The bounded linear transformation f'(x) from X to

Y is. called the Frechet derivative at x of the Frechet differentiable 

function y = f(x).

We can restate properties F.I through P. 5 in terms of f'(x) rather 

than bf(x;h) as follows :

Q.1. f(x) = c if and only if f’(x) = 0 identically in x; and 

Sf(x;h) = 0 identically in h if and only if f’(x) = 0.

Q.2. If g(x) = u(x)+v(x), then g'(x) = u’(x)+v’(x).

Q.5. If g(x) = u(x) * v(x) where * is an associative multiplica­

tion, then g’(x) = u'(x) * v(x)+u(x) * v'(x).

Q.4. If y = f(x) is non-singular, then (f-1(x))' = -f"^(x)f ' (x)f^W'

Q.5. If g(y) = u(v(y)) then g'(y) = u’(v(y))v'(y).

This concludes our review of some parts of the theory of first order 

Frechet and Gateaux differentials for abstract functions whose domain and 

ranges are real or complex Banach spaces or algebras. In the next sec­

tion we proceed to give a short summary of some parts of the theory of 
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higher order Frechet and Gateaux differentials and this requires that we 

first introduce the notion of an "abstract polynomial."

J. 4. ABSTRACT POLYNOMIALS AND HIGHER ORDER GATEAUX AND FRECHET DIF­
FERENTIALS

Before higher order Frechet differential can be introduced, we need 

a meaningful concept of "abstract polynomial." In elementary analysis, 

of course, a polynomial P(x) is simply a sum of homogeneous forms in x 

of different degrees, while a homogeneous form in x of degree k is merely 

the product of a constant with x multiplied by itself k-times. But in 

a Banach space there is no ready made notion of "multiplication" upon 

which a theory of abstract polynomial like that found in the ordinary 

calculus can be easily constructed. Thus we must first search for an ap­

propriate notion of "product" to serve as a basis for a theory of poly­

nomials in real or complex Banach spaces.

Whenever y = A(x) is a linear transformation from and to real or 

complex Banach spaces or Banach algebras, we may interpret y = A(x) as 

a "product" y = Ax formed by "multiplying" the elements A and x of two 

different normed linear spaces. Moreover, the product y = Ax satisfies 

the following properties :

(Ai+A2)x = A]X + A2x; A(xi+x2) = AxL + Ax2 ;

(oA) (Px) = (c0)(Ax); and ||Ax|| ||a|| ||x|| ,

where we take ||a|| to be the non-negative real number given as 

sup( ||Ax|| | ||x|| 1}. In addition, when An •* A and xn ■+ x, An bounded, 
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then Anx + Ax, Axn •* Ax and Anxn + Ax; i. e., the product y = Ax when re­

stricted to bounded linear operators is a continuous function of its 

arguments A and x. This continuity property of the product y = Ax fol­

lows as a consequence of Banach’s theorem which states that a sequence 

of strongly convergent bounded operators has a bounded sequence of norms.

These properties justify our interpretation of y = Ax as a "product" 

of the elements A and x. In fact, going one step further, we might even 

call y = Ax a homogeneous form of degree one in x or an abstract homo­

geneous polynomial of degree one.

Accepting this possibility, why not interpret products of the form

y = Axjxg ... xk

involving more than two factors as the image

y = A(xi,x2,...,xk)

of a point x = (xi,x2,...,xk) under an abstract operator A which is a 

multilinear form in k-variables?

Next consider a symmetric k-linear form, 

y = a^ (xi,xg,«..,xk) ;

a^^ is a multilinear form in k-variables in which each xj for 1 J S k 

is an element of the same abstract space and which has the same image

(xi,X2,... ,xk) = '*a(2) ' ' " '*a(k)
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for any point xa xo(k)) obtained by permuting the com-

ponents of x = (xi,xg xk). We may obtain then a homogeneous form

a(k)xk of degree k in x, or a product" of a^^ with x "multiplied" by

itself k-times, by setting

a(k)(x,x

where each of the k-variables of a^k) has been assigned a common value

X1 X2 Xk

x :

X

Finally, as in elementary analysis, a sum of abstract homogeneous 

forms in x of degree not exceeding k, say

Pk(x) = a^0) + a^^x +...+ a^k^xk ,

is called an abstract polynomial of degree k in x whenever a'k'xk / 9 

identically in x.

It turns out that these notions presented here in summary form can 

be made to serve as a basis for establishing an interesting and fruitful 

mathematical theory of abstract polynomials in Banach spaces; but we do 

not pursue the development of this theory beyond the motivation presented 

here. Instead, once again, the interested reader is referred to the 

references listed in Section 5 and especially to [60] and [951 for all 

details.

Using this theory of abstract polynomial, we are now in a position
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to introduce higher-order Frechet differentials for abstract functions.

Thus let y = f(x) be an operator from the real or complex Banach space 

or algebra X to another real or complex Banach space or algebra Y, and 

assume that y = f(x) is defined on a domain D of X which has a non-empty 

interior. Then we say as in

Definition 5.4.1. The abstract function y = f(x) is. k-times Frechet 

differentiable at an interior point x of D provided there exists an ab­

stract function fk(x;h) of h from X to Y and depending also on x such 

that (a) fk(x;h) = Z a^^h^ j^s a continuous abstract polynomial of de- 
j=l

gree k in h; and (b) for every positive e there exists a positive T| for 

which

||f(x+h) - f(x) - fk(x;h)|| § e||h||k

whenever ||h|| S T|j or, equivalently, such that

Jim ( ||f (x+h) - f(x) - fk(x;h)|| = 0 .
||h||-*0

When fk(x;h) exists it is called a k-th degree Taylor's sum of y = f(x), 

about x and we denote n!a^k^hk by &kf(x;h) = f^k^(x)hk and call this 

homogeneous polynomial of degree k in h a k-th order Frechet differen­

tial at x and f^k^(x) its k-th order Frechet derivative at x.

it can be .shown that if y = f(x) is k-times Frechet differentiable 

at x having a k-th order Frechet differential &kf(x;h) = f(k)(x)hk there, 

then for 1 S m S k, y = f(x) is also m-times Frechet differentiable 

having an m-th order Frechet differential ômf(x;h) = f(x)h™ at x.
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Thus any k-th degree Taylor's sum of y = f(x) can be written in the form 

k
fk(x;h) = ï L &mf(x;h) 

mi 
m=l

or, equivalently, in the form
k 

fk(x;h) = f(m)(x)hm .

m=l

Moreover, a Taylor’s sum and Frechet differential of a k-times Frechet 

differentiable abstract function are unique. In addition, whenever 

bkf(x;h) and bk^f (x;h) both exist, then

f im —||bkf (x+h;h) - &kf(x;h) - b^^f (x;h) || = 0 ;
||h|H0 ||h||

in other words, the first order Frechet differential of a Frechet dif­

ferential (interpreted as an abstract function of x) is merely the Frechet 

differential of next highest order of the given abstract function.

In introducing higher order Gateaux differentials of abstract func­

tions, we find it convenient to denote the first order Gateaux differen­

tial of y = f(x) by the notation df(x;h) or dkf(x) and to use the two 

designations for first order Gateaux differentials interchangeably. Now 

for fixed but arbitrary h = hi the Gateaux differential df(x;h%) is 

called the "first variation at x" with increment hi of the abstract func­

tion y = f(x). If for each hi, the abstract function df(x;hi) of x is 

Gateaux differentiable at x (and therefore dkdf(x;hi) exists for every 

hi and h), then for fixed but arbitrary h = h2, d^df (x;hi) is called 
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the "second variation at x" with increments hi and h2 of the abstract 

function y = f(x) and denoted by d2f(x;hi,h2). More generally, provided 

dk-1f(x;hi,h2,...,hk-1) exists for fixed but arbitrary increments and 

as an abstract function of x is Gateaux differentiable at x for all these 

increments (so that dkdf(x;hi,h2,...>hk-1) exists for every hi,h2,...,hk-1 

and h), then for fixed but arbitrary h = hk, dxkdk 1f(x;hi,h2,...,hk-1) 

is called the "k-th order variation at x" with increments hi,h2 and 

hk of the abstract function y = f(x) and denoted by dkf(x;hi,h2,...,hk).

l S i S k. Then the k-th order variation dkf(x;hi,h2,...,hk) exists and 

is continuous in Cp(x;hi,h2,...,hk) if and only if

Definition 5.4.2. A k-th order variation dkf(x;hi,h2,...,hk) of 

the abstract function y = f(x) whose increments are assigned a common 

value h% = h2 = ... = hk = h is called a k-th order Gateaux differential 

at x of the abstract function y = f(x) and denoted by dkf(x;h); in other 

words, 

dkf(x;h) = dkf(x;h,h,.. . ,h) 

where the element h appears k-times in the expression for the k-th order 

variation on the right hand side.

Let p = (pi,p2,•.•,Pk) and denote by Cp(x;hi,h2,...,hk) the col­

lection of all elements of the form x +
k 
151 where IXi I S p± for

__ £
dXidX2 .
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exists and is continuous for X = (XiAa,... ,Xk) when |X^| for

1 S 1 S k. Also, when these mixed partial derivatives are independent 

of the order of differentiation,

--- f 
èXk

and if hi = ha = ... = h% = h,

dkf(x;h) dk
= —v f(x+Xh)

J x=o
As in the case of first order Gateaux differentials, moreover, a k-th 

order Gateaux differential is unique and if dkf(x;h) exists and is con­

tinuous in x then dkf(x;h) is a homogeneous polynomial of degree k in h.

Having introduced higher order Frechet and Gateaux differential of 

abstract functions, we now state a key result insofar as the purposes of 

this summary are concerned which shows that under certain regularity con­

ditions higher order Frechet and Gateaux differentials co-exists and are 

co-equal too.

Theorem $.4.1. If an abstract function y = f(x) has a k-th order 

Frechet differential 5kf(x;h) and the remainder term 4r(x;Xh) of its k-th 

degree Taylor1s sum has a continuous derivative in a neighborhood of 

X = 0 for fixed x and h, then y = f(x) also has a k-th order Gateaux 

differential dkf(x;h) which is continuous in x and h and dkf(x;h)=bkf(x;h). 

Conversely, if y = f(x) has a k-th order Gateaux differential and dkf(x;h) 

is continuous in x and h, then y = f(x) has a k-th order Frechet differ-
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ential and. 5kf (xjh) = dkf(x;h).

Proof. A proof of this theorem would take us far beyond our im­

mediate interests and the reader is referred to [95] where on pages 

188 to 191 this theorem is rigorously established.

5.5. A BASIC RELATION BETWEEN DWYER-MACPHAIL MATRIX DERIVATIVES AND 
FRECHET-GATEAUX MATRIX DIFFERENTIALS

Returning to our main topic in this section of Chapter 5, we pre­

sent new extensions of the theory of Dwyer-Macphail matrix derivatives 

in the form of connections between these matrix derivatives and Frechet-

Gateaux matrix differentials. Before we can give a precise statement

of these results, however, and furnish rigorous proofs, we first need

to turn the collection ®(u?v) of uxv-matrices over $ into a complete

normed linear space. We may do this in many ways since the matrix space 

°(u,v) can be furnished with several norms. The interested readers are

referred to the work of J. ^ysver in [148] for a discussion of different

matrix norms that have been suggested for the treatment of matrix er­

rors. ^ysver also gives a fairly complete list of references on ma­

trix norms current to 1958.

From a topological point of view these various norms for 0^ v) 

are equivalent as the following theorem indicates : Each n-dimensional 

topological linear vector space over the real or complex numbers is 

isomorphic with n-dimensional real or complex Euclidean space. A proof 

of this theorem can be found in [60] on page 1J. Thus for our purposes, 
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we need not be concerned with the selection of a particular norm in

*(u,v) and our choice of the norm

||A|| = max |ast I for A = ^st^ ln $(u,v) 
(s,t) 1 ’

presents no restrictions, The theorems below whose proofs are based on 

the use of this specific norm remain valid, although some details might

be modified, should another norm be chosen for « since any two norms (u,v)

for this matrix space have metric topologies associated with them which

are topologically equivalent.

We leave the verification that $(u v) together with the norm l|A||

satisfy the axioms for a Banach space over $ to the reader. When

u = v = w, then with the same norm ||a|| is a Banach algebra over

0 provided we note that

||ab|| s w||a|| ||b||

and that this involves a slight modification of N.5 (one of the axioms 

for a Banach algebra presented in Section J. 2) which is inconsequential 

within the context of finite dimensional vector space like .^W,WJ

We now begin our main discussion, not for the general case, but 

initially for first order Dwyer-Macphail matrix derivatives and first 

order Frechet-Gateaux matrix differentials.

Theorem J.5.1. Let Y = F(X) be a matrix function from XeO/ to
1 —— ■ ' —— "" “  "I Ill J II J

each of whose pq-element function frs(f) = < F(X) >rg possesses
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continuous first order partial derivatives with respect to each of the 

mn-components x^ j of x. If Z = F^(H) is. a matrix function from 

to satisfying

Hm -A l|F(X+H) - F(X) - FX(H)|| = 0 ,
\\^0 l|H||

then

FX(H) Tr * <rs „T

In addition, FX(H) is. additive and homogeneous of degree one in H and 

continuous in X and H; and, moreover, Y = F(X) is. Frechet-Gateaux dif­

ferentiable and its Frechet-Gateaux differential 5F(X;H) = F^1)(X)H is 

given by the linear transformation

F^ ')(X) = bF(X; •) = Fx(-)

which is an abstract homogeneous matrix polynomial of degree one uniquely

F > determined by the first order Dwyer-Macphail matrix derivatives ---——IS.

of Y = F(X).

Proof. Recalling that j is the mxn-matrix with one in its (i,j)-th 

place and zero elsewhere and K^g is the pxq-matrix with one in its (r,s)- 

th place and zero elsewhere, let us write 

m n
h = £ £ hujij = [hu] »

i=l J=1



130

F(X)

P (1

“XX =
r=l s=l

[Frs(x)] ;

and

F(X+H)

r=l s=l
Frs(x+^)^-rs [Frs(x+h)] ,

p q
FX(H) = X X F^(x;h)Krs = [F^^xjh)] . 

r=l s=l

Now using these expressions together with the definition of ||a|| as a max­

imum element of the matrix A, the condition

Mm -k. ||F(X+H) - F(X) - FX(H)|| = 0
||h|Ho ||h||

can be stated as

max |Frs(x+h)-Frs(x)-F^g^(x;h)|
Mm ----------------------------- = 0 .

max|hi11-»-0 max 1 h± a |(i,J) (1,J) J
Consequently, for arbitrary indices r and s we find that

|Frs(x+h)-Frs(x)-FrJ (x;h) |
Mm --------------------—------

max IhijHO max I ht j |
(1,J) J

Thus from the ordinary calculus of a scalar function of several scalar 

variables we know that F^\x;h) is simply the total differential of the

function yrg = Frg(x) and, therefore,

F^ (xjh) ^Frs(x) 
^ij

m n

i=l j=l
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Hence, according to Theorem 2.6.5* >

(x;h) 
rs Tr

which proves that

FX(K)

From this expression for F%(H) we see immediately that FX(H) is additive 

and homogeneous of degree one in H and continuous in X and H. Thus from

Definition 5*5*2 and the uniqueness of the Frechet differential we con­

clude that ôF(X;H) exists and in fact that ÔF(X;H) = F%(H). Consequently 

according to Theorem 5.5.1, the Gateaux differential dF(X;H) of F(X)

exists and dF(X;H) = F%(H) too. Thus Y = F(X) is Frechet-Gateaux dif­

ferentiable and writing 5F(XjH) = F^*^(X)H it follows that

f(*)(x) Fx(•) *

This completes the proof of Theorem 5*5*1*

Since f(')(X) = F(X; •) is a linear transformation between finite

dimensional vector spaces we may speak of its "matrix” [F<')(X) ] whenever

bases are selected in $ and O. . and their elements given an ef-

fective ordering. in particular, for the bases {J^ j ) in n) and

(Krs) in ordering their elements lexicographically, we seek the

relationship between [F^CX) ] and the Dwyer-Macphail matrix derivatives

---— of Y = F(X). In addition we inquire whether the interpretation 
ax



132

for linear transformations of 5F(X;H) = (X)H as the "product" of the 
/

elements F^*^(X) and H can be translated into a meaningful matrix state­

ment of the form [F^'^CX)!!] = [F^’^(X)][H] where [F^')(X)H], [f(*)(X)] 

and [H] denote, respectively, the "matrices" of F^’^(X)H, F^'(X) and H 

with respect to the basis (<} for 0, \ and the basis (K_ ) for

Then we would preserve for differentiable matrix functions, in 

either the language of linear transformations or matrices, the same re­

lationship that holds between differential and derivatives in the ordi­

nary calculus; and we could say in terms of linear transformations or 

matrices that the Freehet-Gateaux differential of a matrix function is 

the product of a derivative (uniquely determined by the function's Dwyer-

Mac phail matrix derivative) and an arbitrary incremental element of a 

matrix Banach space or algebra.

This discussion poses a subtle conceptual distinction, however, in­

volving the difference between a "matrix" of an element of a vector space 

of matrices and the matrix element itself; and we strive to keep this 

distinction between A as a matrix and (as an element of a vector space) 

its representation [A] with respect to a given basis constantly in focus

through the following formal device: We associate with each matrix A 

in *(u,v) the column vector a° = Ac = a(A) in (the collection of

column vectors of order uv over $) formed by arranging the columns of A 

underneath one another in lexicographical order; in other words

= ((A)L (A)1, (A$ = aT(A)
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where denotes the k-th column of A which is a uxl-column vector.

Now suppose Y = TX is a linear transformation from Xe* to

We can define a linear transformation

= Ta(x) from x°e»nin to y°e$pq

by means of T and o as follows :

y° = Yq = (tx) o = % = Ta(x°) .

Corresponding to the bases E = {E^j) in E = (Frs) in

we obtain the basis e° = (e^j = o(Ejj)) in and fa = {fpS = a(Frs)}

in Each element Ta(e?j) can be expressed uniquely as a linear com­

bination of the elements of the basis f°, say

P q

r=l s=l

Following a lexicographical ordering of the bases elements, we form the 

matrix [Ta] of Ta with respect to the bases ea and f° by writing the co­

efficients appearing in this linear combination as the (i,j)-th column 

of [Ta]. We note that many authors use these coefficients to form the 

(i, j)-th row of the matrix of a linear transformation, but we find it 

convenient to form columns instead of rows. Then, since 

m n= Z Z '
. i=l j=l 

we find that
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aAa Ta

and, therefore, whenever

Yg = TaXa

we see that

[Yo] = [To] • [Xa]

where this matrix product is formed according to the standard rules for 

matrix multiplication.

Returning to the linear transformation Y = TX between the matrix

spaces Xe*, x and YeO, . we define the "matrix" [X] of X with respect (m,n) (p,q)
to the basis E = (E^ ») for \ as the matrix [X„], the "matrix" [Y] -4 J \ in j ri j u
of Y or [TX] of TX with respect to the basis F = (Frs ) for 0^ as the 

matrix [Ya] or [TaXa], and the matrix [T] of T with respect to the bases 

E and F as the matrix [TaJ. Consequently, in terms of this notion of a 

"matrix" of an element of a matrix space and this notion of a "matrix" 

of a linear transformation between matrix spaces, we find that the ex­

pression Y = TX involving linear transformation can be translated into 

an equivalent expression of the same form involving matrices, namely
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[Y] = [T][x] = [TX] 

whenever bases and selected in the domain and range spaces of T.

Observing these special interpretations, we now state

Theorem 3.5.2. If f(')(X)H = &F(X;H) is the Frechet-Gateaux matrix 

differential of the matrix function Y = F(X) from XeO^ n) to 

whose element functions possess continuous first order partial deriva­

tives , then the matrix of the linear transformation F^')(X) = &F(X; •) 

with respect to the basis (J-; j ) for and the basis [Krs ) for

^p,^) Il given bx

2

2

2

and the matrix of &F(X;H) = F^')(X) H is given by

[f(’)(X)H] = [f(’)(X)][h] .

In the expression for [F^ * \x) ] the notation denotes the k-th

row of the Dwyer-Macphail matrix derivative of Y = F(X).
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Proof. Identifying F^'^X) with the Linear transformation T in our 

previous discussion we see immediately that

[F^'\x)Ho] = [F^')(X) ][%]

and, therefore, the second part of our theorem is certainly valid.

Now from Theorem 3*5»1 we know that

f(')(x)h = Tr

and, hence,

Tr

Multiplying the matrices [F^(X) ] and [HaJ and equating corresponding

elements in this matrix equality leads to the observation that

m n 
z z 

i=l j=l

Tr^^ F 

\ dX
H

holds identically in H = [hij] where f^g is the element of the matrix

(F^^X)] in the ((i,j) (r,s))-th position. Taking H = j, gives the

equality

ij = < >
rs dX ij

and, consequently, the (r,s)-th row of the matrix [F^'^(X)] is merely

2

[p(')(x)][ig
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This completes our proof of Theorem 5»5*2.

We now turn our attention to extending the basic relationship that 

exists between first order Dwyer-Macphail matrix derivatives and Frechet- 

Gateaux matrix differentials to higher order matrix derivatives and ma­

trix differentials. As in the case of first order matrix derivatives 

and differentials, we find again that higher order Frechet-Gateaux ma­

trix differentials are abstract homogeneous matrix polynomials, and that 

these abstract matrix polynomials are uniquely determined in terms of 

higher order Dwyer-Macphail matrix derivatives.

Theorem 3.5.3. Let Y = F(X) be a matrix function from to

Ye$, . each of whose pq-element functions frs(x) = < F(x) >rs possesses 
(p,q) ----------

continuous pure or mixed k-th order partial derivatives with respect to

the mn-components x^j of x. If Z = (H) is a matrix function from

satisfying

firn / l|F(X+H) - F(X) - P^k) (H) || 0 ,

then
k

P^k) (H) = y F^) (X)
A Z_j mJ

m=l

where

F^(H)

(H) and A --- X (H) for 1 S m S k are continuous in X and H; and

F^(Hi,H2, ,1^) j^s additive and homogeneous of degree one in each of 
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its m-matrix variables separately. Moreover, Y = F(X) i_s k-times 

Frechet-Gateaux differentiable and its k-th order Frechet-Gateaux ma­

trix differential 6^F(X;E) = F(k)(X)Hk is given by the transformation

/k)(X) = BkF(X; •) = F^(.)

which is a homogeneous matrix polynomial of degree k uniquely determined 
dk< F >rs

by the k-th order Dwyer-Macphail matrix derivatives --- ------  or

Y = F(X).

Proof= We prove this theorem by mathematical induction where the 

n-th induction hypothesis Hn for 1 g n g k is taken to be the statement 

of Theorem 5.5.5 for the positive integer k = n. Clearly for n = 1 the 

induction hypothesis Hi is true since we have established Hi as our The­

orem 5.5.I. Now assume that Hn is true whenever I ë n S k-lj we show 

below that this implies that Hn+1 also is valid. In particular, there­

fore, when n = k-1 it follows that Hk is true and thus Theorem 5-5-5 is 

established as a consequence of the following modification of the prin­

ciple of mathematical induction: Suppose Q is a subset of the positive 

integers such that (a), I is in Q; and (b), for a given positive integer 

k, whenever n < k and n is in Q; then n+1 is in Q too. Then Q contains 

all positive integers less than or equal to k. The interested reader 

may refer to [14-9 ] where an excellent discussion of the Mathematical 

Induction Principle can be found, including a proof of this finite ver­

sion which we use here.
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It remains for us to show that implies Hn+1 whenever I £ n S k-1.

Let

AX(H) = (n+l)J (P^+^)(H) - P^(B))

and consider the identity

Ay(H) - F^(H) - (E)

+ (n+1) ! AgF(X) - P^(H)) - (n+l)2(AHF(X) - P^1) ( H) )

where A^F(X) = F(X+H)-F(X). Now taking e* = e/n+1 we know that there 

exists an T) > 0 such that whenever |]h|| S rj ,

||FX^(K) - Fy^(E) - AX(H) || g ||F^(H) - F^(H)||

+ e||H||n(l+||H||) ;

or, equivalently,

6 - A/H) || S A- ||F^(H) - F<n)(H)||

ll^ll llHll

+ e|lH||n-1(l+l|H|l) .

Now according to our induction hypothesis

F^(E)
— z n/d < F(X)
Tr ( --------

\ ax"

^rs

(r,s)

and, therefore,
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U1™® - Fx")(H)||

= max
(r,s)

H n .d < F(X+H) >rs d < F(X) >rs\ T 
dXn ' àXn /

If this maximum is assumed at (ro,so), then

IlF^H) - ?x^(H)ll

An< r(x+H) >ro5o
Tr I ------------------ 

\ dxn

àn< F(X) >roB \ (Hn)T

S mn max 
(i,J)

Consequently,

where

à“< F(X+H) >roSo ôn< F(X) >roSQ

S? 13

||F^(H) - F^(H)|| g K(H)||H|ln 
A+n a

K(H) = mn max 
(i,j)

dn< F(X+H) >rpSo F(X) >rQSo >

dxn ax"

and K(H) •* 0 as ||h|| •+ 0 since
dn< F(X) >roso
—-------------  % * is a continuous func-dXn 1J

tion of X. Hence we obtain the inequality

A l|Fx+H(H) - 4n)(H) - AX(H) Il g K^(H)||H||^ 
llHll

for sufficiently small ||h|| , where

K*(H) K(H) + e(||h||+1) and K*(H) * e as ||h|| - 0 .
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From this it follows that whenever 1 n k-1,

Zim —1|Fx+h(H) - (^) - Ax(H)H “ ® *
||h|Ho ||h||

and, hence, according to Theorem $.$.!,

AX(H) =
f d< Fy \h) >rs 

Tr ---- ----------
\ dX

But from our induction hypothesis we know that

< (H) >rs

and, according to Theorem 2.6.J,

Tr rs hkmn 
omn

where 
mn

is taken over all k = (ki,kg, . ,k^) such that kj 0 and

n. Thus we find that

hkmn Tr 
°mn

mn
I 

1=1

kî kJ kSn 
h°mn
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mn
where k* = (k*,ks,... #4^) satisfies kj 0 and kj = n+1; i.e., k* 

j=l
is an mn-termed partition of the integer n+1. Thus it follows from The­

orem 2.6.5 that 

Tr FX (H) >rs 
\ dX

yi+i
rs

and, therefore, we have established that

-- ■ “"“’'I...,
Moreover, according to our induction hypothesis,

n
= I ST 4"' (H) 

m=l

where, for 1 5 m S n,

F^(H) = Tr 3 <X~ 

A OA
and, therefore, since

= ^)(H) + (^1)7 MH) ,

we find that

n+1- i

m=l

where we have put (H) = AX(H). Thus we have established the de­

sired representation for (%) assuming that it was given for

P^n) (H).
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From this result we see at once that (H) is continuous in X%

and H; and since (h) is continuous in and H, it follows that
P^n+^) (H) as the sum of P$n (H) and —— 

A f n+
F^^^ (H) is continuous in

X

X and H too

Next we see that . additive and homogeneous of

degree one in each of the (n+1)-matrix variables separately. We have

shown that .#Hn+1) can be written in the form

AX(H1;H2, . o .

/^< Fxn)(Hi,H2,...Hn) >rs 

\ dX

From this expression we see that Ax(H1?H2, ... is additive and homo­

geneous of degree one in Hn+1 since, in general,

Tr(oA)(PB) = «P Tr AB

and

Tr A(B+C) = Tr AB + Tr AC and Tr(A+B)C = Tr AC + Tr BC .

Now from our induction hypothesis, we know that F^-11^ (Hi,H2,...,Hn) is 

additive and homogeneous of degree one in each of its n-matrix variables 

separately; and, therefore,

d< 4n)(Hi,H2,...,Hn) >rs 

dX

is additive and homogeneous of degree one in each of these n-matrix vari­

ables too. Consequently, by the same two properties of the Tr-operator 

stated above, it follows that
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' ^^+l^ = . • >^+1)

is additive and homogeneous of degree one in each of its (n+1)-matrix 

variables separately.

Finally, our proof has established that bn+^F(X;H) exists and is the 

first order Frechet differential of 5nF(X;H) considered as a function of

X; i.e.,

5^F(X;H) = Ôx &nF(X;H) .

But since 6x&nF(X;H) exists, according to Theorem J.3-1, the first order 

Gateaux differential of SnF(X;H) also exists, and

dx&nF(X;H) = b§BnF(X;H) .

Now, according to our induction hypothesis, Y = F(X) is n-times Frechet- 

Gateaux differentiable and therefore dnF(.X;H) exists and

_ dnF(X;H) = &nF(X;H) .

Thus we see that

d"^F(X;E) = d^dnF(X;H)

= d^F(X;E) 

= 5&"F(X;E) 

= 5^F(X;E) .

Consequently, Y = F(X) is (n+1)-times Frechet-Gateaux differentiable and 
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the proof of Theorem 5-5-5 is completed.

In Chapters 4 and 5, we find ourselves concerned with problems in­

volving the optimization of scalar functions of matrix variables, and so 

we present here several theorems featuring matrix derivatives and ma­

trix differentials which involve necessary conditions for critical points 

or sufficient conditions for a maximum or a minimum of such scalar func­

tions of a matrix variable. These theorems are obvious results and need 

not involve us in considerable detail, but we do present them here for 

the sake of completeness. Moreover, since they feature the functions 

first or second order Dwyer-Macphail matrix derivatives or its first or 

second order Frechet-Gateaux matrix differentials, these theorems pro­

vide us with useful illustrations of some of the theorems developed in 

this section. First we present a theorem involving necessary conditions 

for an unrestricted critical point.

Theorem 5.5.4. Let y = f(X) be a functional from to ye$

whose representation z = f(x) as a function of several scalar variables 

possesses continuous partial derivatives with respect to each of the 

mn-variables x^j of X. If y = f (X) has a critical point at the matrix 

point X = Xq, then its first order Dwyer-Macphail matrix derivative 

— vanishes at X = XqJ i.e., 
dX-----------

àX,, dxJx=Xo

where 0 denotes the mxn-matrix element of 4/ \ whose elements are all — ...... — —— — \ Ilk) 11/ • ■ - ' * —  

zero. Equivalently, the functions first order Frechet-Gateaux matrix 
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differential 5f(X;H) vanishes identically In H at X = X^; i.e., 

for arbitrary matrix increments H in 0^ nj.

Proof. Since y = f(X) has a critical point at X = Xo, z = f(x) has

a critical point at x = xo. But we know from the elementary calculus 

that 

since z = f(x) possesses continuous first order partial derivatives; and 

consequently,

-1ax J x=x0 —1 0

Now suppose the Frechet-Gateaux derivative f(')(X) = ôf(X; •) of 

y = f(X) vanishes at X = Xo; in other words, f^'\xo) = 0 (i.e., f(Xq) 

is that linear transformation for which f^'^(Xo)H = bf(Xo;H) = 0 ident­

ically in H). According to Theorem 5.5.2,

Hence, [f (XQ) ] = 0 if and only if = 0; or, equivalently,

f ( ' (Xq) = 0 if and only if = 0; or, equivalently, ôf(Xo;H) = 0 
oXo

identically in H if and only if = 0. Thus the proof of Theorem
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5.5*4 is completed.

We now state a second theorem featuring second order Dwyer-Macphail 

matrix derivatives or second order Frechet-Gateaux matrix differentials 

which gives sufficient conditions for a local maximum or a local minimum 

of a scalar function of a matrix variable :

Theorem 5.5.5. Let y = f(X) be a functional from Xe». . to y€0 -- --- --------------------- (m,n) — 
whose representation z = f(x) as a function of several scalar variables 

possesses continuous second order partial derivatives with respect to the 

mn-variables x^ of x. If at X = Xq, the Dwyer-Macphail matrix deriva­

tive vanishes, then (a), y = f(X) has a minimum at X = Xq provided

tA“1 (H^)^ >0 ;
\dX J x=Xo /

and (b), y = f(X) has a maximum at X = Xo provided

Tr 6^1 (H2)T^ < 0 .
\dx2Jx=xo /

Each of these two statements is understood to hold identically for non­

zero H in 0, x ----  — (m,n) Equivalently, y = f(X) has a minimum at X = Xq pro­

vided ô2f(XqjH) > 0 for every non-zero matrix H; or y = f(X) has a max­

imum at X = Xq provided 52f(XqjH) < 0 for every non-zero matrix H.

Proof. From the ordinary calculus we know that z = f(x) has a min­

imum at x = xo, when f*(xo) = 0, provided

(i,j) (k,£)

a2r(x) hkf
^ij^k/J u 0
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while z = f(x) has a maximum at x = xo, when f1(xo) = 0, provided

(1J) (kJ)

A(x) hk;
(x1J-x°j,xkl=x°1)

< o

These conditions are understood to hold

less all the hj^j are zero. But we know 

for arbitrary scalars h^j un-

from Theorem 2.6.5 that

Tr ( & 
\dx2

and thus the first part of this theorem has been established.

' Finally, according to Theorem 5-5-5, when y = f(X) is a scalar func­

tion of a matrix variable

&2f(X;H) = TrQ^ ,

and this fact establishes the second part of Theorem 5-5-5­

In the next two chapters, we undertake applications of the theory 

and techniques of Dwyer-Macphail matrix derivatives and Freehet-Gateaux 

matrix differentials presented in Chapters: 2 and 5- These applications 

deal with certain estimation problems in mathematical statistics, and 

they lead to questions involving the maximization or minimization of 

quite complicated functionals from vector or matrix spaces which can be 

expressed as composite functions of other vector of matrix functions.



CHAPTER IN­

APPLICATIONS TO ESTIMATION PROBLEMS IN STATISTICS

4.1. INTRODUCTION

We now apply the theory and techniques of matrix derivatives and 

matrix differentials as developed in Chapters 2 and 5 to the problem of 

estimating the unknown parameters of a stochastic structure representing 

a linear structural relationship having errors-in-variables and/or errors- 

in-equations. Before abstracting the essential features of this problem 

into a general statistical model, let us first familiarize ourselves 

with its details through an illustration showing that it is not only 

one of theoretical interest, but has significant import in the applica­

tions of statistics as well. The illustration which we discuss below 

is drawn from physics; and it is concerned with estimating the parameters 

of the temporal distribution law of electromagnetic radiation emitted 

from a falling body. Different applications involving this statistical 

model can be found in the other physical sciences and in the behavioral 

sciences too. In the area of econometrices, for example, the reader can 

find interesting applications of the error-in-variable and/or error-in­

equation statistical model in papers by M Girshick and T. Haavelmo [48] 

and D. Suits [135]• Examples of the application of this statistical 

model in other physical sciences are presented by F. Acton in [1].

Proceeding with our example, it is known that the distribution law 

of infrared radiation emitted from a "black body" or complete radiator 

149
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can be found by integrating the body’s spectral radiation distribution 

law over the interval (Xi,Xa) denoting the infrared wavelength spectrum; 

thus,

J — / EdX ,

where EdX, denoting the intensity of radiation in the wavelength band 

between X and X+dX, is given by Plank's famous formula derived under 

his Quantum Hypothesis and discribing the spectral distribution of the 

radiation from a black body, namely 

here c denotes the velocity of light, T denotes the absolute temperature 

of the body, k denotes its Boltzmann's constant, and h denotes Plank's 

constant.

Suppose one seeks the distribution law of electromagnetic radiation 

in the infrared spectrum emitted from a high velocity, high altitude 

extra terrestrial body following an impact trajectory. As compared 

with the case of a motionless black body, one observes that such an 

extra terrestrial body is a grey body (i.e., not a black body or com­

plete radiator) whose shape may be changing quite significantly as it 

traverses its trajectory to its impact point. Thus at each point of the 

falling body's trajectory, electromagnetic radiation is being emitted 

or reflected from a source which is not a black body and whose geomet­

rical configuration can be changing in important detail from point to 
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point along the body's trajectory.

Let us assume that the trajectory F of the body is parameterized 

as a function F = F(t) of time t and denote by J(t) the electromagnetic 

energy emitted by the body per unit time per unit solid angle about a 

given direction at time t in the infrared spectrum. As a function of 

time, we call the radiant intensity J(t) the body's "temporal" distri­

bution of infrared radiation.

There is evidence to suggest that J(t) can be expressed as a func­

tion of the body's velocity v(t) and the atmospheric density p(t) in the 

form

j(t) = apb(t)vc(t)

where a, b and c are constants associated with a given class of bodies 

of similar geometrical shape. Now, provided the temporal distribution 

law of emitted thermal energy, especially infrared, of a high altitude, 

high velocity following gray body is of the indicated form, the body's 

weight w can be expressed as a simple function of the three parameters 

a, b and c which determine the body's temporal distribution law of elec­

tromagnetic radiation in the infrared spectrum. Consequently, if given 

a time series of observations of the radiant intensity of infrared ra­

diation from a falling gray body, the parameters a, b and c can be 

accurately estimated, an effective basis for discriminating between sev­

eral bodies of the same shape falling together according to their size 

could be achieved.
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When the question of determining the temporal distribution law of 

infrared radiation of a falling gray body from a series of observations 

of radiant intensity is raised (i.e., estimating the parameters a, b and 

c in j(t) = apb(t)vc(t)), another physical model for J(t) may be more 

appropriate in many situations. This stems from the fact that radio- 

metric measurements are frequently made under circumstances in which it 

is impossible to filter the radiation emitted from the body from the ef­

fects of the medium through which the radiation has passed or from the 

radiation reflected from the body from another radiation source. There­

fore, under these conditions, one is really dealing not with a model of 

radiant intensity but with a model of "apparent" radiant intensity, 

namely radiant intensity having spurious sources of radiation or other 

spurious variations such as those produced by atmospheric transmission 

effects.

One such model of "apparent" radiant intensity which combines the 

spurious sources of radiation or variations, while separating them from 

the body's own radiant intensity, is given by

J*(t) = apb(t)vc(t)T](t) = J(t) T](t)

where q(t) is a positive random variable whose probability distribution 

function is given by a log-normal distribution

/ H X 1/2 p n - i (
F(n) = (—-) / 2 \ * / di) « Pr(i](t) < n ) .



155

We now combine either of these two physical models of radiant in­

tensity or apparent radiant intensity with a statistical model describing 

the stochastic behavior of measurement errors which may be present in 

the observation of any of the four quantities J(t), J*(t), p(t) and v(t). 

Assuming multiplicative observation errors %(t), 5(t) and y(t) so that

Jo(t) = J(t)6(t) or J*(t) = J*(t)6(t)

and 

Po(t) = p(t)ô(t) and vo(t) = v(t)y(t) ,

we obtain the following stochastic structure representing the physical 

model and experimental complexes which generate the observation Jo(t) 

or J# (t) and Po(t) and vo(t), namely;

Zn J(t) = Zn a+b Znp(t) + c in v(t)

or

in a + b Zn p(t) + c Zn v(t) - Zn J(t) = Zn T|(t)

and

Zn Jo(t) = Zn J(t) + Zn S(t)

Zn J*(t) = Zn J*(t) + Zn §(t)

Zn po(t) = Zn p(t) + Zn ô(t) 

Zn vo(t) = in v(t) + in y(t)

where T)(t), g (t), 5(t) and y(t) may be intercorrelated as well as serially 

correlated.
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In Section 4.2 we see that this stochastic structure is a partic­

ular case of a general statistical model which we call the error-in­

variable and/or error-in-equation linear structural relationship; and 

in later sections of this chapter we investigate estimation procedures 

for determining estimators à, B and c of parameters like a, b and c 

which appear in the above temporal distribution law of electromagnetic 

energy.

4.2. STOCHASTIC STRUCTURES AND EV OR EVE STATISTICAL MODELS

For our purposes we consider a "stochastic structure" to be a col­

lection whose elements are : (1) a non-empty family of real random vari­

ables and a family (possibly null) of real scalar variables; (2) the 

joint probability distribution or the joint distribution function of 

these random variables; and (5) a non-empty family of real Baire func­

tions of one or several real variables having the property that com­

pound functions can be formed with each of these Baire functions and 

the elements of a non-empty subfamily of random or scalar variables of 

the given families of variables. The scalar variables of a stochastic 

structure may be scalar quantities, such as means or medians, which are 

completely determined by the probability distributions of the random 

variables belonging to the stochastic structure.

Whenever the domain of a Baire function of a stochastic structure 

contains the cartesian product of the ranges of each member of a non­

empty subfamily of random variables, another family of random variables
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can be derived by forming the composition of such Baire functions with 

these subfamilies of random variables. Moreover, the composition of a 

Baire function jointly with each of the members of a non-empty subfamily 

of random variables and each of the members of a non-empty subfamily 

of scalar variables of a stochastic structure can be interpreted as a 

family of random variables indexed either by those points which belong 

to the cartesian product of the ranges of the scalar variables or by 

those points which belong to the cartesian product of the domains of the 

scalar variables. In either case we call this family of compound random 

variables, together with their joint probability distribution or joint 

distribution function, a "derived structure" of the underlying stochastic 

structure.

Next, let us consider a Baire function whose domain contains the 

cartesian product of the ranges of each member of a non-null subfamily 

of random or scalar variables belonging to some stochastic structure. 

Forming the families of compound functions obtained from this Baire 

function and this subfamily of random or scalar variables, provided each 

of its elements is contained in the subfamily of random or scalar vari­

ables of the stochastic structure consisting of the complement (in the 

set-theoretic sense) of the given subfamily of random or scalar vari­

ables, we call such a Baire function a "structural relationship" associ­

ated with the stochastic structure (through these subfamilies of vari­

ables) . We note, parenthetically, that any implicit Baire function 

whose domain contains the cartesian product of the ranges of each member 
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of a subfamily of random or scalar variables of a stochastic structure 

yields a structural relation when any one of the variables of the sub­

family is expressed as a function of the remaining variables as deter­

mined by the implicit Baire function. Finally, the "parameters" of a 

stochastic structure are the "parameters" of a structural relationship 

associated with the stochastic structure; and we understand the param­

eters of a structural relationship to be any unknown (constant or vari­

able) scalars whose specification determine the Baire function of the 

structural relation.

We now restate this verbal presentation of the notion of a stochas­

tic structure, its derived structure, and a structural relationship more 

conveniently and more succintly in terms of mathematical notation and 

description. Our basic mathematical structure consists of

l(ftiMi)/Û2,Ae) ,... ,(%,An) ), a finite family of measurable spaces; 

{Yi,Y2,__ ,Ym), a finite family of random variables; and

(Pi,P2,-..,P^)f a finite family of probability measures, 

each of whose members has as its domain the similarly indexed a-field 

of measurable sets. Each of the members of the given family of random 

variables, with values in the real Borel measurable space (R,B), is de­

fined on the correspondingly indexed measurable space and its probability 

distribution is the identically indexed probability measure. In addition 

we have

(yi#ya^ • • • a finite family of scalar variables, 
each of whose members is a function with domain and range space R (the 

real line).
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As previously indicated, we are interested in the joint probability 

distribution P of the family of random variables rather than the family 

of individual probability distributions of these random variables. The 

probability measure P has as its domain the o-field product A of the cr- 

field Ai,As,..., and AN; and it may be interpreted as the probability 

distribution of the random vector = (Yi,Y2,...,Y^) which takes its 

values in the ^-dimensional real Borel measurable space (RN,BN) and is 

defined on the measurable space (ft,A) where fl is the cartesian product of 

the N spaces Oi,Og,..., and 0-^.

Corresponding to the family of individual probability distributions 
N N(Pk)k_1 is the family of individual distribution function (Fk(vk))k=1 

where

FxW = Fk(Y^(co,Vk)) ;

or, corresponding to the joint probability distribution P of the family 

N{Yk)k=i of random variables is their joint distribution function

N
F(vi,v2, ... ,vN) = F(V^ (-°°,vk)) •

NThe family of random variables (Y^J^and the family of scalar variables
M together with the joint probability distribution P or the joint 

distribution function F, comprise basic elements of what we have called 

a stochastic structure. We need only specify in addition,

(41,42,- « a family of Baire functions,

for which each member 4k of this family has as its domain the Hk-dimen- 
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sional Borel measurable space (R^^B^) and as its range the one-dimen­

sional Borel measurable space (R,B) .

Now the set of scalar variables (yk)k=i, the set of random vari­

N Hables (Yk)k=i> the set of Baire functions ^k^k=l^ and the joint prob­

ability distribution P or the joint distribution function F when con­

sidered jointly as elements of an abstract collection from a stochastic 

structure which we denote by,

s = (yk)k=l, (Yk)k=l, ^k^=l, F ,

where P may be replaced by F. We understand, of course, that through 

composition of the Baire function

% = — ^k^k^

from S with = Ymi and = y^ for 15 15 pk, 1 5 j 5 qk, 

Pk+q.k = Hk, we obtain the random variable

= 4»k(^mi^m2^ ' ' - ^mp^ni^ng' ' ' ' ^n^)

or since yk = yk(tk),

= ^kC^mi^^ma^ • • • > Ymp,yni('*;i) ^yn2(ta), • • • ,yng(tq) )

for each fixed but arbitrary index

y = (yn^^ng, " ' ' ^^nq) t = (ti,ta,... ,tq).
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Here (Ymiand (ynj)are specified subfamilies of random or scalar

variables, respectively, from s.

( v)The random variable Xk
A^ k) ) with values in

or is defined on the measurable space

(R,B), where Nk = (mi,m2,... ,m.pk) and

is the cartesian product of the spaces nm2,.. ., and flmpk and
A^k) is the a-field

Each random variable

product of the o-fields Am ,Am ,. ., and Am .
i Pk

x/ is distributed by a probability measure Qky^

related to the joint probability distributions of the family of
Pk random variables )i=i- In turn, the random vector

4y) il ,4^)
is defined on (fi*,A*) with values in (W) where fl* is the cartesian

product of the H spaces ani
a-fields A^k^. Moreover, U^y^is

A* is the a-field product of

distributed by a probability

the H

measure

which is the joint probability distribution of the family of random

variables )k=l- Thus is related to the probability distri- 

butions of the family (Q^y^}^=1 and consequently to the family of joint

probability distributions ^k-i the H subfamilies of random
pk

variables ^m^ •

Finally, besides the probability measures [Qky^)k=l or Q^y^, we

also consider the family of distribution functions (0^) (uk) )k=1 of the 

family of random variables (Xky^}^=1 where,

(%) (x^(-,uk)) ;
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or, the joint distribution function, 

H 
(ui,ug,... ,uy) = (-”,uk)) ,

of the random vector .

Keeping these constructions in mind, we see that the derived struc­

ture of the stochastic structure S is the collection whose elements are 
the family of random variables [X^^ the family of scalar variables 

H[y, x). _ where y, . = (yn.), and the joint probability distribu- 
K=1 J x

tion or the joint distribution function (u^Ug,. . . ,Ug) . We 

denote the derived structure of 2 by,

Dis] = ,

where may be replaced by .

Next, let us consider another Baire function on (Rr,Br) to (R,B) 

which depends on a parameter © = (©i,©e,...,©s) in Es, say

Z f ( Z1, Zg, • • • , Zji > 91,02, • • • , ®s ) ,

or, briefly, z = f(zi,za,...,zr; ©). If the family of scalar variables 

of the stochastic structure contains a subfamily Yj1,Yj2,•••>yjr of 

scalar variables so that

y = e)

I*belongs to the subfamily (yj}j=1 - (Yj^lq=i of 2, we say that f is a 

structural relation associated with the stochastic structure 2 through



161

this subfamily of scalar variables. We also call f a stochastic struc­

ture associated with S whenever subfamilies ' ^i^ random

variables or (yj1^yj2> •••»yjv^ of scalar variables of S exist, where 

r = u+v, for which the random variables,

y(y) = f(Yi^,Yig,...^^i^^yji^yj2^"'''^jv^

belong to the subfamily (Y^)i=% - ^ip^p=l of s* either case 9 is 

called a parameter of this structural relationship or a parameter of the 

stochastic structure.

We use the notation (f,Sp) to denote that f is a structural rela­

tion associated with the stochastic structure S. Frequently, we replace 

Sf by DtSf] in this notation in order to indicate that although f is a 

structural relation associated with S, in the particular context in 

which the notation (f,D[Sf]) appears, it is f and the derived structure 

of S that are of primary concern. In many instances, for example, only 

the random variables of a derived structure of an underlying stochastic 

structure, are observable. Consequently, in these circumstances, esti­

mates of the parameters of a structural relationship associated with a 

stochastic structure can be obtained only through functions of observa­

tions of the random variables of the derived structure. We see that 

this is the case in the EV and EVE statistical models which we introduce 

now as particular stochastic structures and specific structural rela­

tionships associated with them.
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Consider the stochastic structure,

S = (ri(t) )^=1, (ôiCt))^, <t>(zi,z2) = zi + z2 , 

where the r^(t) are scalar functions and the 5^(t) are random variables 

having E&^t) = 0 and whose distribution function

Ft(5i,02,...,5p) = Pr(6i(t) < 6x,B2(t) < Ba,...,Bp(t) < Bp)

remains unspecified except that the (B^(t)are assumed to have the 

known covariance matrix

%%(t,t) = E(6T(t)B(t))

where 6(t) = (&i(t), &a(t),...,ôp(t)). From S we obtain the derived 

structure 

D[S] (ri(t) (Xi(t))i=1

where, for 1 S i S p,

X±(t) = <|)(r^(t), ôi(t)) = ri(t) + &i(t) .

Given.S, the function

f ( Zj_j Zg> • • • ) zp; otifCtzt • • • >Qp) - y । Qi^i — 0 

i=l
when compounded with zi = ri(t),z2 = r2(t),..., and zp = rp(t) leads to

the structural relationship
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airi(t) + a2r2(t) + ... + aprp(t) = 0 

associated with the stochastic structure S or its derived structure D[s] 

through the family (r^(t)of scalar variables. We call (f,Sf) or 

(f,D[Sf]) for this particular stochastic structure together with this 

linear structural relationship the "error-in-variable" statistical model 

or merely the EV statistical model.

Assuming that the variables rj_(t) of (f,Sf) are not directly ob­

servable due to the "errors-in-variables" 5^(t), but that only the X^(t) 

of the derived structure D[Sf] are observable, we wish to estimate the 

unknown parameters of f from a sample of n-observations of (X^t) 

at, say, t = ti, t = t2,..., and t = tn. In other words, given the 

known covariance matrices

%%(tptj) = E(X^(ti)X(tj)) = E(6T(ti)5(td)) = Z&(t1,tj) 

among the errors we seek estimators

= ô}ç(Xi(ti) ,X2(ti),...,Xp(11),. . . ,Xi(tn) ,X2(tn),.. . ^Xp(tn) ) 

of the unknown parameters of the linear structural relationship 
P

«ir^t) • 0 associated with the stochastic structure S or the EV 
i=l 
statistical model.

Another important stochastic structure is given by s* = 

(TiCt))^!, (Sj(t))2=l, (t), (&i(t) )i=l^ hj(t) )j=l,4»(zi7Z2) = Zi + z2
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where the r^t) *s are scalar variables and. the g(t)*s, 5j(t) 's, t)j(t) *s

and Sj(t) 1 s are rand.om variables for which E(§(t)) = 0, E(5^(t)) = 0 and.

E(Tjj(t)) = 0; and z = <|>(zi,z2) = zi+za is understood to be composed

with Zi = r^(t) and z2 = 5f(t) for 1 S i 5 p and with zx = Sj(t) and

and z2 = T]j(t) for 1 5 j

Associated with S* is the derived structure

D[S»] = (^(t))^, {Xi(t))f=1, (Yj(t) )j=i

where, for 1 i p,

Xi(t) = |(ri(t),B1(t)) = r^(t) + 01(t) ,

and, for 1 j q,

Yj(t) = <|)(Sj(t) ,T]j(t)) = Sj(t) + T)j (t) .

Next, given S and the function

P 1
Zq = QiZi + Pj ^j+p = Y*( z1? z2,. . . , Zp+g^ Ct? 6) )

1=1 j=l

taking

zo = t(t)= ri(t),...,Zp = rp(t),zp+1 = Si(t),..., and zp+q = Sq(t)

and forming through f* the compound function

P q
I V1W + I

i=l j=l
%(t) 5(t)
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we obtain a linear structural relation associated with S* or D[S*] 

through the indicated families of scalar and random variables.

Finally, putting

/(t) = (6(t),5(t),q(t))

where

6(t) = (&i(t),&a(t),—,Bp(t))

and

n(t) = (T]i(t),T|2(t),...,T]^(t)) ,

we assume that the random vector y(t) has a known covariance matrix

Og(t,t)

Xy(t,t) = ^(t,t) = E(yT(t)y(t))

^(t,t)

where a (t,t) = E^(t)X (t,t) = E(§(t)B(t) ) ,E /t,t)

= E(6(t)n(t)),E (t,t) = E(ôT(t)6(t)) ,^(t,t) = E(8T(t)5(t)), etc.

We call (f*,S*) or (f*,D[s#]) for the particular stochastic struc­

ture S* or the derived structure D[S*] together with the linear struc­

tural relationship f* Jie "error-in-variable and/or error-in-equation" 

statistical model or simply the EVE statistical model. When r^t) and 

Sj(t) are not directly observable, having errors &i(t) and (t), and 
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only the random variables (X^(t))^=1 and (Yj(t))of the derived struc­

ture of the EVE statistical model are observable, we seek estimators

— ^(Xi(ti) ,Xs(ti) , . . . ,Xp(11) ,. . . ,Yi(tn) , Y2(tn) ,. . . , Yq(t^) ) 

and

= (Xi(ti) ,Xs(ti),. .. ,Xp(tj_),.. .,Yi(tn),Ys(tn) ,.. . >Y^(tn) ) .

for 0% and Pj, 1 i p and 1 5 j S q, given a sample of n-observations 

of (Xi(t))?=1 and {Yj(t))j=1 at t = t^,t = t2,..., and t = tn when the 

errors y(t) = (t) ,ô(t) ,i](t)) can be intercorrelated and serially cor­

related with known covariance matrices given by

%/ti,tj) = E(7(ti)y(tjj) .

In the following sections of this chapter we discuss the method of 

generalized least squares estimation for estimating the unknown coef­

ficient parameters of the EV and EVE statistical models when the vari­

able and equation errors are both intercorrelated and serially correlated. 

We derive the non-linear system of normal equations which implicitly 

define these generalized least squares estimators by using the Dwyer- 

Macphail matrix derivative methods developed in the previous two chap­

ters. Besides illustrating the theoretical aspects of the Dwyer-Macphail 

matrix derivative methods in terms of a concrete example, this applica­

tion also points out the simplicity and ease of application of these ma­

trix differentiation techniques once the fundamental rules of this ma­

trix derivative calculus are learned.
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U.5. GENERALIZED LEAST SQUARES ESTIMATORS FOR EV MODEL

We begin our discussion of the estimation problem in the EV model 

by first defining what we mean when we speak of the "generalized least 

squares" estimation procedure. For this purpose, let Ug be a random 

vector in which is indexed by an (unknown) vector parameter 9 in »s, 
— t and suppose that EUg = 0 while the covariance matrix Ly = EUgUg of Ug 

is a positive definite matrix for any 0 in a specified domain © in t8. 

Under these circumstances, we call 9O a "generalized least squares" 

estimator of the parameter 9 whenever 9O is an extreme point in 8 of 

the metric ||Ug||w = UgWUg (considered as a function of 9) determined by 

the matrix weight W = for which

llu0ollw = min (llUgllwl®6®1 •

Having defined what we mean by the "generalized least squares" 

estimation procedure and "generalized least squares" estimators of an 

unknown parameter 9, which we refer to merely as the GLS-estimation 

procedure or GLS-estimators, we go on to derive GLS-estimators of the 

unknown parameters of the EV statistical model. For this purpose, let 

us write the EV model in vector form and adapt some other convenient 

notation. Thus let

Q! — ( 0^1 Gs, • • • )

r(t) = (r1(t),r2(t),...,rp(t)) , 
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and

X(t) = (X1(t),X2(t),...,Xp(t)) = r(t) + 6(t) ;

then in this vector notation we may write the EV statistical model simply 

as

TOr (t) = 0 where X(t) = r(t) + B(t)

for t = 12 t = 12 j> and t - tn. Finally, rather than writing, for 

example, X(tj.) ,X(t2), etc., we merely write X(1),X(2), etc. ; and we de­

note ^(tj,tj) simply as

Now then, how do we obtain the GLS-estimators of the parameters for 

the EV statistical model when the "errors" &(t) are known to be inter­

correlated and serially correlated. In this connection, let us consider 

the "deviation,"

di (a) = a • XT(i) ,

corresponding to the i-th observation X(i) for 1 i S n; or, alternately, 

the vector of deviations ,

d(a) = (d1(a),d2(a),...,dn(a)) ,

corresponding to the n observations (X(i))^=1 jointly. We easily see 

that

E(d(a)) = 0

and that
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Oij(oc) — a

^(co = taij(a) ] = E(dT(a)d(a)) 

where
T jCK for 1^1, j n .

Writing W(a) = and assuming that W(a) exists whenever a belongs to 

an appropriate domain in 4^, we are led to the generalized least squares 

estimation criterion

Q(a) = d(a)W(a)dT(a)

for the unknown coefficient parameters of the EV statistical model.

Thus the application of the GLS-estimation procedure to the EV 

model leads us to the problem of finding critical points of a scalar 

function of a vector variable which is the (matrix) product of vector 

and matrix functions of a vector variable. Therefore, adopting the gen­

eralized least squares estimation procedure, the estimation problem in 

the EV statistical model may be simply and succintly stated as follows :

Using the Dwyer-Macphail matrix derivative methods, obtain neces­

sary conditions for a critical point of the functional of a vector vari­

able given by 

n n
Q(a) = axT(i)wij(a) x(j)aT = d(a)w(a)dT(a)

i=l j=l 

where

w(a) = [wij(a)] = [aSijQ?]"1 = .
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Then a GLS-estimator 6 of a is, a critical point of Q(a) which is a local 

minimum.

In order to derive the non-linear normal equations which define 

this GLS-estimaor a of the unknown parameter a of the EV statistical 

model, we rewrite Q(a) as a sum of products of scalar functions of a 

vector variable, namely 
n n

Q(q:) = fi j(a)hij(a)

i=l j=l

where f^j(a) = Wij(a) and h^j(a) = aX^(i)X(.

Now we find that 
n n x= y ŸV^2. (a) + (a) ) ;

d< a \ \ d< a >k d< a /

and, according to Theorem 2.U.2,

MeL . aq(q) . 
da \d< a / k

But since Q(a) is a scalar function, the matrix K appearing in this ex­

pression is merely the scalar constant K = 1 and, therefore,

Tr ( dQ(a) .

\d< a >k / d< a >k

Consequently,

dQ(a) 
da

1=1 J=1
\j(a) ^ij(^)

_d< a >k
fu(q) ahjj(a) 

d< a >kk k
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or, equivalently, since

dq^a) 4 (a)
--- d--- = --- d--- and 

da |_d< a >kJk

(a)

da

dhjj(a)

the Dwyer-Macphail matrix derivative of Q(a) is given by, 

n n
- I Z • 

i=l J=1
where dfjj/da is the Dwyer-Macphail matrix derivative of f^j = wij(a) 

and dhij/da is the Dwyer-Macphail matrix derivative of 

hij = OXT(i)X(j)aT.

Thus to determine dQ(a)/da we need only find dh^j/da and df^j/da.

We see immediately that

d
d< a >k

(aXT(i)x(j)aT)

= JkXT(i)X(j)aT + ax^(i)x( j)jT ;

T and, therefore, according to Theorem 2.4.), noting that K = 1 = K since

hij(a) is a scalar function, we obtain the Dwyer-Macphail matrix deriv­

ative of h^j(a) as

= 1 • OX^(j)X(i) + 1 • OX^(i)X(j) 
da

= a(xT(i)x(j) + xT(j)x(i)) .

Next, we turn our attention to deriving the Dwyer-Macphail matrix

derivative of f^j = Wij(a). Writing,



172

U = U(Y) = Y"1 and. Y = V(a) = ,

we see that

W = U( V(a) ) = = W(a) .

Consequently, through an application of Theorem 2.4.4, we can write the

Dwyer-Macphail matrix derivative of Wjj(a) = < W(a) j in terms of the

Dwyer-Macphail matrix derivatives of U = Y-1 and Y = as follows :

^1.1 (=) . y y <a< u >1.1 > a< Y >rs .
da Z-j Z-j dY rs da 

r=l s=l

Since < Y >rg = < Z^(a) >rs a S^gaæ, we find that

Y >rs 

d< a >k
d

d<a >k
(a ^a1)

and thus,

“ Jk ^rsa + a ^rs^k ;

since < Y >rs = a^ga^ is a scalar and therefore T K = 1 = K ,

a< Y >rs 
da

— a(ZpS + Zsr)

- 20^3

where = (E6T(r)S(s))T = E(ôT(r)ô(s))^= Sgr and = Egr because 

^d(a) = ^i is a covariance matrix and must be symmetric.

Without repeating other well known derivations, but referring the 

interest reader to [}2] for example, we write down the Dwyer-Macphail
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matrix derivative of < U >^j = < Y-i > . as 1J

u >1.1 
dY

T T= -U KljU .

Recalling for a matrix A that (A)k denotes its k-th row, we easily find 

that

>rs

Hence, combining these results into a single expression for the

Dwyer-Macphail matrix derivative of f^= w according to the "chain"

rule for matrix differentiation of a compound function given by Theorem

2.4.4, we see that

(a) 
da

- 2a
m< (W(a))^ (w(a))j

Furthermore, having derived the Dwyer-Macphail matrix derivatives of

fij - ^ij(a)
m Jand h^j = oX^(i)X(j)a , we can now give an explicit expres­

sion for the Dwyer-Macphail matrix derivative of Q(a), namely:

2a 2

2a

1=1 J= 
n n / n n

aXT(i)x( j)aTf < (w(a)^(W(a)) .>rs

r=l s=l

This expression for dQ(a)/da can be further refined by noting 

that for any square matrix W in 9, \,

- < (w)i (wT)j >rs ,
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where (W^lg denotes the s-th column of W^. Using this identity we see

that

1=1 J=1
n

n n
(W(a))r(QX?(i)X(j)a\j )

n n
= E E [oK^(i)X(j)a?]^ ^(W(a))g

r=l s=l

In turn we see that 

(w(a))r[aXT(i)X(j)aT]{W(a))s

= Tr ^(w(a))r[oXT(i)X(j)aT](W(a) }s)

= Tr ^[aXT(i)x(j)aT][(w(a))r {w(a))g])

= Tr
= Tr ^[ax][(w(a))r (w(a) )g ] [xTaT])

= [aX][(w(a))r (W(a))g][xTaT]

= (QX(w(a))r) ( (w(a) JgX^)

= (ax(w(a) )r) ( (w(a) )gX^a^)

= (OX W(a)e ^(es^faJxV)

= [lr(cx) • Hg (oc)
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where it is understood that e^ is the row vector of order n having one 

in its i-th place and zero elsewhere,

X = [XT(1),XT(2),...,XT(n)] ,

and

Hk(a) = oXW(a) ek

= (oX{W(a)}1, oX(W(a) )2,... ,oX(W(a) )n)e^

= ax[w(a) )k .

Combining these results we see that 

n n / n n \
QX^(i)X(j)c7 (

i=l j=l \ r=l s=l /

n 
= Pi»(^)^rs^s(^) >

r=l s=l 

and, therefore, that

' 20 f I È "ij(«) 

\ r=l s=l /

Keeping this derivation of dQ(a)/da in mind, we now state

Theorem 4.$.1. Suppose the stochastic structure (f ,S) is the EV 

statistical model where f is given implicitly by the linear structural 

relationship a • rT(i) = 0 and where only the random (vector) variables 

X(i) = r(i)+ô(i) of the derived structure D[s] of S are observable for
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1 3 i n, while r(i) non-observable having "errors" ô(i) with

EB(i) = 0. Let d(a) be the vector whose i-th component is (a)=a*XT(i) 

and assume that

W(a) = [w^j(a) ] = [a = £d(a)

exists for every non-zero a where = E(ST(i)&(j)) for 1 ê i, J S n 

are known error covariance matrices. Then any non-trivial generalized 

least squares estimator & of a must be a solution of the non-linear 

equation system

AqP!T = 0 

where 
n / \

Aq = ^rs^^ (s)X(r)^ _

r=l s=l \ '

Here ^(ot) = QiXW(a)e^ where X i£ the matrix whose i-th column is the 

vector X^(i) for I S i S n and e^ ls_ the n-dimensional row vector having 

one in its k-th place and zero elsewhere.

Proof. According to Theorem 3.^.4, if Oq is any non-zero critical 
point of the GLS criterion

fi
Q(a) = QXT(i)wij(a)X( j)aT = d(a)W(a)dT(a)

i=l j=l
then the Dwyer-Macphail matrix derivative dQ/dao must vanish. But we 

have seen that
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= 2a I Æj(a)^2E(r)xÜbgWx  ̂ .

r=l s=l \ /

consequently, if is a non-zero critical point of Q(a), then must 

satisfy the non-linear system of equations

AqO^ = 0 •

In particular, since Ô is a non-trivial generalized, least squares esti­

mator of a, Ô is a critical point of Q(a) and therefore must satisfy 

this non-linear system of equations. Thus the proof of Theorem 4.^.1 

is completed.

Before taking up our discussion of the estimation problem in the 

EVE statistical model, we explore one more facet of the estimation prob­

lem for the EV model, namely the adaptation of the GLS-estimation pro­

cedure to an EV statistical model in which the structural relationship 

is given explicitly, rather than implicitly, as

r(i) = Q=i + a2r2(i) + ... + Op^rp^U) .

We find, of course, that the GLS-estimator • • • Ap. P of

(ai,a2,... ,0(p_1) is defined by a different system of normal equations 

than that given above for the GLS-estimator of the parameter of the im­

plicit EV model and that the derivation of the GLS-estimators for the 

explicit EV model requires certain modifications of that given for the

GLS-estimators for the implicit EV model.
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Thus in the explicit EV statistical model we are given an explicit 

linear structural relationship,

r(i) = Qi + a2r2(i) + ... + ,

and we observe

X2(i) = r2(i) + &a(i) ,

X3(i) = r3(i) + &a(i) ,

\-l(D = fp-ld) + 6p_i(D

and

X(i) = r(i) + 6(1) ,

where, for 1 ë i g n, the "errors”

6*(i) = (Ba(i),03(i),-..,Bp_i(i),B(i))

are assumed to have known covariance matrices given by

Z.j = E(6*(i)6*(j))

for 1 ë i, j ë n.

We note that this explicit structural relationship can be written 

as an implicit one in the form

Ct*r?( i) + aSra(i) + ... + + a^r^(i) 0
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where

a* = ai, al = a2, a*.! = Op-1'

rî(i) = 1, r2(i) = r2(i), 1*^(1) = rp-1(i), r*(i) = r(i) .

Let us write

r«(D - (r«l), r$(l), ^(D),

= ( 1# ra(i) > « rp_j_( 1) > r(i)) S

^(i), Ç(i))

= (o, ô2(i), ô^d), 6(D) ;

X*(i) = (xî(i), xS(i), x^i), x;(i)),

= (i, x2(i), Xp /i), X(i))

^Oi,Ct2> • • •

(CX1,Q!2? ... ,Op_2_# -1) J

then observing this notation, the EV statistical model in which the 

linear structural relationship is given explicitly can be written in 

vector form as

CW*(i)

where, for I § i S n, we observe
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and the covariance matrices of the "errors" G*(i) and g%(j) for 1 i,

j S n are given by

Thus we have reduced the explicit EV statistical model to an im­

plicit EV statistical model in which certain prior information is known 

about the coefficients and variables of the implicit structural rela­

tionship and in which the covariance matrices of the "errors" have the 

special form of bordered matrices. In terms of this implicit EV model, 

which is equivalent to the given explicit EV model, we seek necessary 

conditions for an extreme point of the functional 

n n
QCaJ = a^ï(i)wij(a*)X*(j)a* = d(a*)W(a*)dT(a*)

r=l j=l 

where

w(a#) = ] = [a*Vi(.a£] =

and 
md^a*) = a*X*(i) for 1 1 n

with

d(o!*) = (di(a#), dg((x*), • • • fd^Qc#) ) .

Now if we were to ignore the fact that a? is a known constant and 
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treat it as an unknown parameter, we would be faced with the problem of 

finding necessary conditions for an extreme point of 

n n
Q(a*) = 2. E &*X%i)wij(a*)X#(j)%rr = d(a*)w(^)dT(a#)

i=l j=l

where

W(a*) = [wij(a#)] =

and the tilda-notation

p-i *

denotes the vector

a* = (0^1,012, • • • ^p^

with Op considered as an unknown parameter and hence as a variable along 

with o.o, and .

But we have already obtained the solution to this problem in our 

derivation for the implicit EV model; and, therefore, the solution can 

be written down immediately from our previous work as

/ yrtel) -2^ - 0

\ da* /

where

2
=

2 
r:
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and

p(a#) — (ni(a*) ,pg(a^), • • • ,nn(a*) ) — a^X*w(ît#)

and

1 1 ... 1

X2(l) X2(2) ... X2(n)

X# =
X3(l) X3(2) ... X3(n) = (xJ(l),X»(2),...,X*(n)) .

Xp(D Xp(2) ... Xp(n)

Actually, however, since a* is in fact a known constant and not a 

variable, we really seek the Dwyer-Macphail matrix derivative of Q(a*) 

with respect to the first (p-1)-components of the vector

O'* — (Œi, Qg, • • • , ”1) >

in other words, using a slight perversion of notation, we want

dQ(a») 

da*

dQ(a#)

da*

dQ(a*)

dal

dQ(a*)

But clearly, for 1 k è p-1,

dQ(a*) dQ(%*)
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and, therefore,

asW _ /dQ&jy 

da* \ & / a*=-i

where —j denotes the vector with its p-th
\ da* /a*=-l da*

component deleted and with 6^ replaced by the constant ^=-l.

Thus we have established the following

Theorem 4.5.2. Suppose the stochastic structure (f,S) is^ the EV 

statistical model where f is, given explicitly by the linear structural 

relationship

r(i) = ai + a2r2(i) + ... + ap.^p-it* 1)

dj/a*) = a*x*(i) where a* = (ax,a2,. . . ,0^,-1) and, for 1 S i S n, 

X*(i) = (l,X2(i),Xs(i),..«,Xp_p(i),Xp(i)). Suppose that

w(a*) = [w^j(a*) ] = [a*v^jQ^] = ^(a*)

exists for every a* having at least two non-zero components where, for

1 S i, J 5 n, the matrix is, obtained by bordering the covariance 

matrix j = E(ô*(i)ô*(j)) of the errors 5*(i) = (b2(i),6a(i),...,bp-1(i), 

&(i)) b^ zeros. Then any non-trivial generalized least squares esti-

and where only the random variables X(i) = r(i) + 5(i) and

X%(i) = rk(i)+5k(i) for 1 g k g p-1 of the derived structure D[S] of S 

are observable with the "errors" having zero means. Given a sample of 

n-observations, let d(a*) be the vector whose i-th component is 
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mator ($1,82,... ^p-1) of (cni,a2,... jap.jJ must be a solution of the 

non-linear equation system,

4^ = 0
where

Here the dagger notation denotes the matrix A with its last row de­

T leted; and = a*X*W(a#) e^ where X* ia the matrix whose i-th column

is the vector X^(i) for l g i g n and ek is. the n-dimensional row vector 

having one in its k-th place and zero elsewhere.

Later, in the next chapter, we return to our GLS-solution of the 

estimation problem for the general implicit or explicit EV statistical 

models and find that solutions developed by other authors who made spe­

cial assumptions about the probability distributions of the errors of 

the EV model (for example, the celebrated Gauss-Markoff-Aitken least 

squares estimators) can be obtained as special cases of our general re­

sults . At this point, however, it is convenient to look at the EVE 

statistical model and present a GLS-solution to the estimation problem 

for this stochastic structure using the methods of Dwyer-Macphail ma­

trix differentiation.

4.4. GENERALIZED LEAST SQUARES ESTIMATORS FOR EVE MODEL

We now turn our attention to the problem of obtaining generalized 
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least squares estimators of the parameters of the EVE statistical model. 

First, however, we find it convenient as with the EV model to write the 

EVE model in vector notation. Keeping the notation introduced for the 

EV model, while introducing the following new notation ;

P - ( Pi, Pa? • • •} Pq) ,

S(i) = (Si(i),S2(i),...,Sq(i)) ,

n(i) = (ni(i),T]2(i)?...,Tlq(i)) ?

and

Y( i ) = (Yi(i),Y2(i),-..,Yq(i)) = S(i) + T)(i),

we may write the EVE statistical model simply as

ot • rT(i) + 8 • ST(i) = £(i)

where, for 1 § i g n, we observe

X(i) = r(i) + 5( i) and Y(i) = S(i) + T](i) .

Moreover, writing instead of ( i, j), instead of 2^(i, j) 

instead of (i?j)? etc., the covariance matrix of the disturbance

vectors y(i) = (£(i) ,ô(i),t|(i) ) and y( J) = (| ( j) ,&( j) ,b( J) ) for 1 i? 

j S n can be written as
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’alJ) r(t,s) p(§ »n) 
ij

■
r(8,i) 
ij

y(B) 
ij

J6,n) 
ij

= E(/T(i)7(j))

p(
L IJ -J

We note that the covariance of §(i) and &(j) is related to the co­

variance matrix of the random vectors S(i) and S(j); in fact, since 

EUi) = 0,

a • rT(i) + p • sT(i) = EUi) = 0 ,

where s(i) = ES(i); and, therefore,

P • sT(i) = - Q • rT(i) .

Consequently,

Ui) = 3(ST(i) - sT(i)) , 

and so

-ft - p 4? 

or

LU) = (4p] = eT) .

In addition, upon multiplying both sides of the structural relationship 

of the EVE statistical model,
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a • rT(i) + P • ST(i) = 5(1) ,

by the scalars ô(j)aT and q(j)pT and. then taking expectations, we ob­

tain two other important relationships among the variances and covari­

ances of the random (vectors) variables of the EVE model, namely

P 6) „T . rU,S) aT

and

p pT = pT
1J

for 1 5 i, j S n.

Having disposed of these introductory remarks we now proceed to 

set up the generalized least squares estimation criterion for the EVE 

statistical model. In this connection we introduce the "deviation,"

df(O) = a - XT(i) + p • YT(i) = 9 • ZT(i) ,

where 9 = (a,3), which corresponds to the i-th observation

Z(i) = (X(i),Y(i)) for 1 5 i S n. As in the case of the EV model we 

then consider the vector "deviation,"

d*(9) = (di(9),da(9),...,d*(9)) ,

formed from the n-scalar deviations d*(9). We note, moreover, that

Ed*(9) = 0

since
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E( d*( Q) ) = CXEXT(i) + PEYT(1)

= a • rT(i) + P • sT(i)

= E6(l) 

= 0 .

In addition, the covariance matrix of the random vector d*(0) is given 

by

^d*(0) = - E(d*(Q)d#(Q))

where

o^(9) - 9 9T 

and

= E((ZT(i) - EZT(i))(Z(j) - EZ(j)))

for 1 g i, j g n.

Now, writing W^G) = assuming that W*(G) exists for

every relevant G in a domain 0, the generalized least squares estimation 

procedure applied to the EVE statistical model leads us to the func­

tional

Q*( 0) = d*(O)W*(Q)dJ(O)

which is to be minimized with respect to the vector variable G. Conse­

quently, the GLS-criterion for the EVE model appears the same as the one 

for the EV model; and, therefore, at first glance, we might be led to 
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conclude that the normal equations for the generalized least squares 

estimators of the unknown parameters of the EVE model can be written 

down at once by making the proper identification with the normal equa­

tions for the GLS-estimators of the parameters of the EV model that 

were given in Section 4.This analysis is valid, of course, provided 
the covariance matrices E^ j and jare known since the

matrix appearing in the expression @ is given by

V(i)X(j) - rT(i)r(j) EXT( i) Y( j) - rT(i)s(j)" 

y(Z) ZiJ =

EYT(i)X(j) - sT(i)r(j) EYT(i)Y(j) - sT(i)s(j)_

where

EXT(i)x(j) = rT(i)r(j) + EôT(i)ô(j) ,

EXT( i ) Y( j ) = rT( i)ES( j) + EbT(i)S(j) + Eb^i)^) ,

EYT(i)X(j) = EST( i)r( j) + EST(i)b(j) + E( t)T( i)b( j) ) 

and

EYT(i)Y(j) = EST( i) S( j) + EST(i)b(j) + E^(i)S(j) + E^(i)n(j)

On the other hand, if the covariance matrices IL , E'H and
-'J i j

are not known, but rather only the covariance matrices of the IJ
equation and variable errors y(i) = (^(i), b(i), T](i)) are known, since
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w
- r<VS> »T , 1J

and

P »T - r<M) PT ,
v(s) v(S,ô) ^(S,n)

and a and p are unknown, the covariance matrices , 2^j and 2^

cannot be determined from knowledge of the covariance matrices of the 

errors y(i). Thus, under these circumstances, (9) cannot be expressed 

in the particular form ( 9) = 9 9^ where is a known matrix;

and for this reason, the derivation of the normal equations for the GLS- 

estimators of the unknown parameters of the EVE model departs from,that 

given for the normal equations of the GLS-estimators of the EV model.

When only the covariance matrices of the equation and variable

errors of the EVE statistical model are known, since

d*(9) = 0XT(i) + PY?(i)

= OrT(i) + PST(i) + Q6T( i) + ^(i) 

= 5(i) + QBT(i) + PnT(i) ,

we find that

aTj(9) = + E^9^ + Ô IL , 9^ = E(d*(9)dX9))
-LJ 1J J-J J-J J- d

where

rij = rij + fJi '
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with
ru - EUdJlsdMd))) = (r^’8), r^-D) 

and.

E((5(i),T](i))T(5(j),i](j))

(n,8) 
ij

(n) 
ïj

Using this expression for a*j(0) we now proceed to give a derivation of 

the normal equations for the GLS-estimators of the unknown (vector) 

parameter 6 = (a,P) of the EVE statistical model. Adopting the gen­

eralized least squares estimation procedure, therefore, the estimation 

problem in the EVE model may be stated as follows :

Using the Dwyer-Macphail matrix derivative calculus, obtain neces­

sary conditions for a critical point of the functional 

n n
Q*(e) = ) 2 ^(®)w*j(Q)dj(O) = d*(0)W*(0)d*(0)

1=1 j=l

where d*(@) is, an n-dimensional row vector whose i-th component d*(0) 

for 1 S i S n is, given by

d*(©) = a . xT(i) + P • YT(i) = 0 • ZT(i) ,

0 = (a,P) and Z(i) = (X(i),Y(i)), and where
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W4G) - [w^(o)] = [q^C©)]-1 = ^(0) 

with

=:,(») - - r« ®T - 0 % 91

is assumed to exist for every 9 different from 0.

To carry out this derivation we write the functional Q#(9) in the

form

n
Q*(o) =

i=l

n
! <3^™

j=l
where

f*j(9) = w*j (9) and h*j(9) = 9Z^(i)Z(j)Q^ ;

then

i=l >1 X '

Clearly

dh^j(e)

d9
= 9(ZT(i)Z( j) + ZT(j)Z(i)) ;

next, let

U* - U*( Y#) - Y* and Y* - V%(@) = ;

then
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W* - U#(v#(ô)) - ^#(0) - w#(o) .

Therefore, according to Theorem 2 A A,

wq) = ÿ ydG L L 3y rs \ do .
r=l s=l

Since < Y* >rs = (J*S(Q) = + r*g0T + Q GT,
;

and, hence,

dG - ^rs + 26 ^-rs

Thus, using the identity

", >1.1 

àï«
T

- < (W»(G)). (W*(0))j >rs

which was also used in Section 4.5, we obtain for the Dwyer-Macphail 

matrix derivative of w*j(G) the expression

dw^JG) V V T■ - X L < r:
r=l s=l

20 < (W*(G))^ (W*(0))d >rs^s
Consequently,
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&Q*(9) 

dQ
20

» (8) / ZT(1)Z(J)+ZT(J)Z(^
J \ 2

20 0Z^(l)Z(j)0^

1=1 j=l

0ZT(1)Z(J)OT T
< (w#(o))1(w*(©))J rs

In turn, following the same derivation that was given in detail in Sec­

tion 4.J, the following identities can be established:

n n
£ £ tf#) £ tf»)

r=l s=1 -
n n n n

= E E ( E E < (W*(G))i(W*(0))j

1=1 j=l \r=l s=l

and

n nx z
r=l s=l 

n n / n n
= E E E E " j

1=1 j=l \r=l s=l

where

^#(Q) = (nï(o), nS(O), . nS(G)) = 0ZW*(0)

and

Z = [ZT(l),ZT(2),...,ZT(n)] 
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Using these identities, we see that the Dwyer-Macphail matrix deriva­

tive of the functional Q#(0) is given by the expression

201
2

20

n n- X Z • r=l s=l
Having derived this expression for dQ*(0)/d0 the following theorem can 

be quickly established and its proof is omitted.

Theorem 4.4.1. Suppose the stochastic structure (f*,S#) is, the 

EVE statistical model where f# is given by the linear structural rela­

tionship a • r?(i)+P • ST(i) = 5(i) and where only the random (vector) 

variables X(i) = r(i)+&(i) and Y(i) = S(i)+n(i) of the derived struc­

ture D[S*] of S* are observable, while the equation "errors" &(i) and 

the variable "errors" 5(i) and tj(i) are distributed about zero means. 

Given a sample of n-observations, let d*(0) be the vector whose i-th 

component is d*(0) = Ct • X^(i)+P • Yæ(i) = 0 • Z^(i) where 0 = (ot,P) 

and Z(i) = (X(i),Y(i)) for 1 g i g n. Suppose

W*(0) = [w*j(0)] = (a*j(0)] = ^d*(0)

with

a* (0) = 4^ + r* 0T + 0 E* 0T 
A J J-J U -L U
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exists for every non-zero 9 where the covariances =

E(e(i)(&(j),n(j)))+E(g(j)(&(i),n(i))) = Tij+rji and. ZJj =

E((B(i) ^(i))^(B( j) ,T)(J))) of the equation and variable errors are known. 

Then any non-trivial generalized least squares estimator ô = A&) of 

e = (a,£) must be a solution of the non-linear equation system.

Ay = 2 È ^(6)^(9) (^“)T 

r=l s=l

where 
n n / x v X

r=l s=l x '

and

= ^i(9),H2(0),...,Hn(9) = OZ W#(Q) ,

and Z is. the matrix whose i-th column is the vector of observations 

Z^(i) for I S i n.

The proof of this theorem is the same as the proof given for The­

orem 4.5.1, but using the Dwyer-Macphail matrix derivative dQ*(0)/d0 of 

the GLS-functional Q*(0) associated with the EVE model instead of the 

Dwyer-Macphail matrix derivative dQ(a)/da of the GLS-functional Q(a) 

based on the EV model. We readily see, moreover, when o2^(i) = 0, 

a2Sk(i) = 0 and cr2!^j) = 0 for 1 g i g n and 1H M or, equiv­

alently, when g(i) = 0, Sk(j)-ek(j)enlnk(j) = 0 with probability one, 

that Theorem 4.4.1 reduces to Theorem 4.5-1 provided s%( j) « 0.
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By a direct application of the Dwyer-Macphail matrix derivative 

calculus, we have derived the systems of non-linear "normal" equations 

which define implicitly the generalized least squares estimators of the 

unknown parameters of a linear structural relationship when all of its 

variables are non-observable (i.e., for the error-in-variable statisti­

cal model) or when "shocks" or equation errors are present (i.e., for 

the error-in-variable and/or error-in-equation statistical model)> These 

applications of the calculus of Dwyer-Macphail matrix derivatives have 

provided simple but elegant derivations of the normal equations repre­

senting the necessary conditions for a critical point of two complicated 

non-linear functionals of vector variables. These functionals can be 

interpreted as generalized least squares criterion based on systems of 

weights in which the weights, as well as the deviations of the observa­

tions from the underlying structural relationship, depend on the un­

known parameters to be estimated.

4.5. REGULARITY CONDITIONS

We begin this section by studying regularity conditions involving 

linear combinations of the variable and equation errors of the EV and 

EVE statistical models that are equivalent to the assumptions made in 

Theorems 4.^.1, 4.5.2 and 4.4.1 that the matrices W(a) = ,

W(aJ = E"} . and W„(Q) = E~\ . exist for every non-zero a, non-zero 
* d(a*) d#(o)

g or for every a* having at least one non-zero component besides 

These regularity conditions stated in terms of the variable and equation
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d(Q*p and /Qj are positive definite ma­

errors of the EV and EVE models, although equivalent to the assumption

that the matrices , E 

trices, frame the question of the existence of W(a), W(a#) and W#(@) in 

terms of restrictions on the random variables of the underlying sto­

chastic structures S and S* which generate the EV and EVE models and 

thus returns our point of view and emphasis to these more basic con­

structions .

We know that ] where ^(a) = a CT and that

E ,_x = [a^^Q) ] where a^(9) = © e5^©T or a*^(©)=a|^+ri .©^©E^j©1, 

as covariance matrices, are real, symmetric matrices. Moreover, since 

for every vector a = (ai,as,...,an) and every Œ / O or 9 0, 

E

and

we know that E^^^ and E^ are either positive semi-definite or pos­

itive definite matrices for every a and 0. As the following theorems 

indicate, these matrices are in fact positive definite uniformly in a 

or © provided, with probability one, no linear combinations of the errors 

of the EV and EVE statistical models are present.

Theorem U.5.1, If at least one of the covariance matrices

E^j = E5^(l)b(j) of the errors of the implicit EV statistical model is 

positive definite for 1^1 g n, then the matrix E^^ is, positive defl-
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nite for every non-zero a if and, only if | pj(\,n) I < 1 for 1 J - n 

and every non-zero p-dimensional vector X and every non-zero n-dimen- 

sional vector pi. Here p^(X,pi) denotes the correlation coefficient of 

Hk5(k).

Proof. According to a theorem in Cramer [24], we know that ) 

is of rank r < n if and only if there exists m = n-r > 0 linearly inde­

pendent vectors

the random variables Xb^(j) and X&T(n;j) where b(pi; j) = \

ak 4k)
such that, with probability one,

n n
a^)(d.(â) - Ed.(â)) = a^a b^(i)

1=1 i=l

0 ,

for I S k S m. Now, at least one of the vectors ak cannot be of the 

form ak = aek where a is a non-zero scalar and ek is the n-dimensional 

vector having one in its k-th place and zero elsewhere; for if each ak

were of this form it would imply that a S^k) = 0 and, therefore, for

I S k S n, a which contradicts the

assumption that some Zj-k is a positive definite

if X x were of rank r < n, since at least one d(a) '

matrix. Consequently,

ak has more than one

non-zero component, it would be possible to express some j) as a
_ mlinear combination of other a 5 (k)'s say

3 5T(jo) = ) iika ôT(k) ;

k^Jo 
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and, therefore, taking X = â and n = p, we would have |pJq(oc,h) | = 1 

which is a contradiction. Hence if |p.(X,p)| < 1 for 1 - j - n and 

every non-zero X and p, then must have rank n for every non-zero 

a and is a positive definite matrix. Conversely, suppose ^(a) is of 

rank n uniformly in a / 0; then for every non-zero X = a and pi,

n
) ^X^(k) 4 0 ,

k=l
and hence |p.(X,p)| < 1 for 1 S j n. Thus the proof of Theorem 4.^.1 

u

is completed.

A corresponding result for the explicit EV model can be obtained by 

making certain obvious modifications in the statement of Theorem 4.^.1. 

For the sake of completeness, we restate Theorem 4.5-1 with these modi­

fications as Theorem 4.5.2, but its proof being identical with that 

given for the implicit EV model is omitted.

Theorem 4.5.2. If at least one of the covariance matrices

Sil = EE>*(i)ô*( j) of the errors 5*(i) of the explicit EV statistical 

model is positive definite for l i n, then the matrix is

positive definite for every a* having at least one non-zero component 

besides o£ if and only if |pj(X#;p) | < 1 for I S j S n arid every non­

zero (p-1)-dimensional vector X* and every non-zero n-dimensional vec­

tor p. Here Pj(X*;pi) is, the correlation coefficient of the random 

variables X*b#( J) and X^bî(p^) where 5*(n; j) = Z nk6#(k). 
--------- k^j K

We now present a similar result for the EVE statistical model. Let 

us denote the variable errors (ô(i) ,T)(i)) for I S i S n of the EVE 
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statistical model by i|f(i) and for any (p+q)-dimensional vector let 

^(i) = nŸT(i); finally, let = (^(1) ,^(2) ,. .. ,Ÿ^(n) ) and 

5 = (^(1).,g(n)) where the £(i) ’s are the equation errors of

the EVE model. Then we state

Theorem 4. The covariance matrix ^^(g) of the EVE model 

deviations d*(9) = QXT(i)+PY^(i) = 0ZT(i) is, positive definite for every 

non-zero 9 if and only if | p(X§ | < 1 for every non-zero n-dimen­

sional vector X and every non-zero (p+q)-dimensional vector p. Here p 

denotes the correlation coefficient of the random variables X§ and X^.

Proof. Suppose ^#(g)has rank r < n for a particular non-zero 

9=9. Then there exists a non-zero vector a = (ai,as,...,an) such that 

n n
y ai(d*(9)-Ed?e(9)) = y ai(6(i) + ^(i)) = 0 .

1=1 i=l

Thus we find that

n n

1=1 1=1

and therefore |p(a^,a^9)| = 1 which is a contradiction. Hence whenever 

|p(M AŸp) I < 1 for every non-zero X and p, then ^^(g) must have rank 

n for every non-zero 9 and thus is positive definite. Conversely, if 

^(0) is positive definite for every non-zero 9, it is of rank n for

every non-zero 9. Hence 

n
xjsa) + ^(i))

1=1

n
Xi(d*(p) - Ed*(p))

1=1
/ °
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for any non-zero X or non-zero p and therefore | p(X^ | < 1 which 

completes the proof of Theorem U.5.J.

Having related the existence of the matrices W(a), W(a*) and W#(G) 

to regularity conditions involving restrictions on linear combinations 

of the variable and equation errors of the EV and EVE statistical models, 

we now examine one more point related to the question of what regularity 

conditions among the observations and covariances of the errors of the 

EV and EVE models are need in the form of a sufficient condition that 

the GLS-functionals Q(a) or Q*(0) have a local minimum at a critical 

point and thus are truly GLS-estimators of the parameters Q or 0. We 

search for such a regularity condition first under the assumption that 

the covariance matrices and are diagonal and then extend

these results to non-diagonal covariance matrices. The proofs given 

below draw heavily upon the relationships that ecist between the Dwyer- 

Mac phail matrix derviatives and Frechet-Gateaux matrix differentials as 

developed in Chapter J, and we use these results freely and generally 

without explicit reference to them.

Consider the EV model where we assume that is a diagonal ma­

trix and therefore

w(a) =

1 
ai(a)

0

0

1
• • «

0

0era (a)

0 0 * 0 • 1
On («) _
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where ^(a) = a and = E(ô^(i)ô(i)) is the covariance matrix 

of the variable errors &(i) of the EV model for 1 i n.

Then our GLS-functional can be written as 

n
Q(a) = \ )).. .

1-1 "1^)

The Frechet-Gateaux matrix differential of Q(a) is given by the expres­

sion

&Q(a;k) = ) 2(aX (i)) (kX (i)) _ \ /C1) \ &a. (a;k)

a. (a) p \ Ci (a))1=1 1 i=l x 7

where ôa^(a;k) = 2k E^^ Q:^. Let Qq / 0 be a point such that bQ(QQ;k) = 0

identically in k; in other words

(QqXT(i))(kXT(i)) 

^i(ao)

Since &2Q(a;k) = B^ôQCct^k), another direct computation leads to the fol­

lowing expression for the second order Frechet-Gateaux matrix differen­

tial of Q(a), namely

52Q(a;k)

n n
7 + 7 2(^(1))^ (Saitaik))2
-1 it

" ^^205^)160i(a;k). y
where b2ai(a;k) = 2kEiik^. This expression for b2Q(a:;k) can be rewritten 

in the form
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6^Q(a;k) = 2kXW(a)xTkT + 2QKW(a) [Baj (a;k) ]W(a) [ôa^(a:;k) ]W(a)Xc7

- ^kxw(a) [s^Cajk) IwCajx^ - 2axw(a) [k k^]w(a)xV) ,

where X denotes the matrix whose columns are the vectors XT(i) for 

1 S 1 S n.

Using properties of the Tr-operator together with the fact that
, . /àai(a)\ t da.; (a)

&a-(Q!;k) = I — ---  k where —1---  is the Dwyer-Macphail matrix deriva-
\ oa y da

tive of ax(a), the following identity can be established:

oxw(a) [&a^(a;k) ]w(a) [&o^(a;k) ]W(a)X^aP

Tr[ba^(a;k) ]W(a) [do^(a;k) ] (W(a)XTaTaXW(a) ]

Tr

Tr
“n n 
EZ 

1=1 j=l

where denotes the nxn-matrix having one in its (i,j)-th place and 

zeros elsewhere. Since E^^W(a)Ej j = wij(a)Eij and w^j(a) = 0 when i j, 

we find that
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ctXW(a) [B^fajk) ]W(a) [BaJajk) ]W(a)xTaT

^(^(Ba^ajk)) aTaXW( a) ]

n
wi;L(a) (&ai(a;k) )2 Tr(aXW(a) Ei:Lw(a) XTaT) 

1=1
n
Z wii^a)

1=1

( axw( a) Ei ±w( a) xTaT)

(axT(i))^ 

a3(a)
T

By similar arguments the following identities can also be established :

kXW(a) [BaJajk) ] W(a)xTaT 

and

axw( a) [k Eii kT]w( a) xTaT

Combining these results we find that b2Q(a;k) can be written in the 

form

52Q(«;k) = 2kBQkT

where
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V rWW (aXT(i))2/doi\T/düi
/ —————— + - — I —— J ( —

L oi(a) a3(a) Xda / xda

2 X( i) -
o^(a) ^da / \ o^aV _

Recalling Theorem 5-5.5 and keeping in mind this expression for ô2Q(a;k) 

we see that we have established the following result :

Theorem 4-5-4. If BQ(ao;k) = 0 identically in k (i.e., if an is 

a critical point of Q(a) = otXW(a)XTQ!T = d(a) W(a) dT(a) where W(a) is a 

diagonal matrix whose i-th diagonal element is 1/a^(a) with

□^(a) = a then ao is, actually a minimum point of Q(a) provided

2

(oo^d))2 
+ ->?(%)

XT(i)Y y
ï(«o)/ '1

and i£ the Dwyer-Macphail derivative of o^(a) evaluated at

a = ao.

The arguments that led to this result depended only on the form of 

the functional Q(a) = aXW(a) XTaT = d(a)W(a)dT(a) and the fact that 

Ba^((%;k) = (dai/da)kT and that 62ai(a;k) = 2k kT. Thus they remain 

valid if in place of the GLS-functional Q(a) for the EV model we take 

the GLS-functional Q/@) = 6ZW*( 9) ZT9T = d*( 9) W*( 9) d^( 9) for the EVE
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model while noting that 6o*(9;h) = (da*/d9) h^ and ^o^9^ =2h^^^h^.

Consequently we have the following theorem for the EVE statistical 

model,

Theorem 4.5.5. If 5Q*(9o;h) = 0 identically in h (i.e., if 9O is 

a critical point of Q*( 9) = 9ZW( 9) ^9^ = d*( 9) W*( 9) d*( 9) where W%( 9) i^ 

a diagonal matrix whose i-th diagonal element is 1/a^(9) with

a*(9) = o^+r*i9T+9 Z*i 9T )then 9O i£ actually a minimum point of

Q*(®) provided the matrix Bq is. positive definite where

T
B®o 3 Xd9o

and da*/d9o is the Dwyer-Macphail matrix derivative of a*(9) evaluated 

at G = Gq•

We now go on to extend these two theorems to the case of non-di­

agonal covariances and for the EV and EVE models. Thus 

consider the GIS-functional

Q(a) = axw( a) = d(a)w(a)dT(a)

where now W(a) is no longer a diagonal matrix. The Frechet-Gateaux ma­

trix differential of Q(a) is given by the expression

ÔQ(a;k) 2kXW( a) xTaT _ axw( a) b Z(a;k)w(a)xTaT 
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where ôL(a;k) denotes the Frechet-Gateaux matrix differential of 2$^ . 

Now Oq / 0 is a critical point of Q(a) provided 0Q(cto;k) = 0 identically 

in k; or, equivalently, provided for every k / 0,

2kXW(%) = aoxw( ao) ôZ( ao ; k) W( ao) XTa$ •

Next, since 62Q(a;k) = 5k0Q(a;k), we find that the second order 

Frechet-Gateaux differential of Q(a) is given by

B2Q(a;k) = 2kXW(a)XTkT + UXBW(a;k) XTaT + aX52W(a,k)

where

5W(a;k) = - W(a)6 E(a;k)w(a) 

and

62W(a;k) = 2W(a)B E(a;k)w(a)ô E(a;k)w(a) - w(a)&2 E(a;k)w(a) .

Combining these expressions we finally obtain

02Q( a;k) = 2kXW(a) xV -aXW( a)62 E(a;k) W( a) XTaT 

+ 2aXW(a)6 Z(a;k)W(a)ô Z(a:;k)W(a)X^ 

- 4kXW(a)6 Z(a;k)w(a)XTaT .

Using the fact that

5 Z(o;k) = [5o^j(a;k) ] where &0jj(a;k) = kT

or that

62 Z(a;k) = ] where Ô2aij(a;k) = 2k ^jk^ ,
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together with properties of the Tr-operator, we can establish the fol­

lowing identities:

aXW(a)6^ E(a;k) W(a) XTaT = 2k

1=1 j=l

aXW( a) ôZ( a; k) W( a) & Z(a;k) W( a) X^a^

n n
X E Ki(a)nj(a)

i=l j=l

and

kxw( a) & Z(ajk) w(a)xTaT

Proofs for these identities follow; for example,

aXW(a)S2 E(a;k) W(a)XTaT Tr[ô2aij(a;k) ] [W(a) XTaTaXW(a) ]
r- n n -

Z Z
_ i=l J=1 _

[w( a) xTaTaXW( a) ]

n n
Y y &2Ojj(a;k) Tr(aXW(a)E?jW(a:)xW) 

1=1 j=l

2k ( axw( a) Ej iw( a) x^^j

. n 
z 

1=1 
2k
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where E^ j denotes the nxn-matrix having one in its (i,j)-th position 

and zeros elsewhere and n(a) = (^l(a), n2(d!) ,... ,nn(a) ) = aXW(a) . 

Next,

aXW(a)6 Z(a;k)w(a)ô Z(a;k) w(a) XTaT

= Tr[ô Z(a;k) w(a)ô L(a;k) ] [w(a) a) ]

1=1 J=1 r=l

i=l j=l r=l

i=l j=l r=l

n
Tr[ôari(a;k)Eriw(o:)ES|jôaSj(a;k) ] [W(a) xTaTaXWta) ] 

s=l 
n

Tr[ôari(a;k)wrs(a)ôasj(a;k)E1j][w(Q')XTaTaXW(a) ] 

s=l 
n

Ôarl(a;k)wrs(a)5as<j(Q!;k) Tr( aXW( a) E? jW( a) XTaT) 

s=l 

r=l s=l
8ari(a;k) wrs(a) 5asJ(a;k)

- n n n n
11IE 

i=l j=l r=l s=l

.T
^rs^ T

where, in this derivation, we have made use of the identity

•ri“rs^a^sJElJ '

Finally,
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kXW(a)ô Z(a;k)w(a)x^

= Tr[6 Z(a;k) ] [w(a) xTkTax w(a) ]

= Tr

1=1 J=1
[B^ ,(a;k)E. J[w(a)X%To(X W(a) ] 

-LJ -LJ

n n
) y &a±j( a;k) Tr( kXW( a) E?jW( a) XTaT)

1=1 j=l

1=1 j=l

/x \ m
k ( ) (axw(a) E, .w(a) xTkT)

T (aXW(a)EiJW(a)xT)

_i=l j=l

n

L M-06
S=1

where we have used the auxiliary identity

n
axw(a)EijW(a) xT = ^(a)wgj(a) x( s) .

S=1

Bringing these results together we find that

o rp
B Q(a;k) = 2kBa kx

where the matrix Ba is given by
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nn

n

Combining this expression for Ô^Q(a;k) with Theorem 3-5-5 we have in ef­

fect established the following result, namely,

Theorem 4.5.6. If bQ(o^;k) = 0 identically in k, i.e., if Oh is a 

critical point of Q(a) = QXWCajX1^ = d(a)W(a)dT(a) where

W(a) = C W^ j ( Q:) ] = [o-£j(Ct)] =

and

a^j(cx) = a Ejj

then Op is a minimum of Q(cx) provided the matrix Bq^ is, positive defi­

nite where =
n n 
IE 

i=l j=l

and ôaij/ôcxo is, the Dwyer-Macphail derivative of a^j(a) evaluated at

n
^i(«o)^j(«o)^ij * 2m(%) £ 

s=l

Of — 0£q
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The remarks made previously for the EVE model when W*(0) was as­

sumed to be a diagonal matrix remain relevant in the general case of 

non-diagonal W#(©); and consequently a similar result holds for the EVE 

model which we state here for the sake of completeness, the same proof 

as given above for the EV model when W(a) is non-diagonal being valid:

Theorem 4.5.7. If bQ*(©o;h) = 0 identically in h,i.e., if ©p is 

a critical point of Q*(6) = 9ZW*(©)= d*(0)W*(9)d*(0) where

W*(0) = [wJj(O)] = ta*j(O)] =
and

aij (©) = 4^ + ^*gT + g ^ij ,

then 0O is, a minimum of Q*(6) provided the matrix BgQ is, positive defi­

nite where '

n
j “ 2h(0q) vsj(go)

S=1

— n n
zT(l)w2j(©o)Z(j)+n^(©o)^

— r=l s=l

r* \T
Z(s)

'o / _

and da*j/d©o is. the Dwyer-Macphail matrix derivative of c*j(9) evaluated 

at 0 = ©o.

Finally, we mention briefly a third type of regularity consideration 

associated with the "identification" problem in EV and EVE statistical 
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models. The identification problem can be illustrated by the following 

simple example. Suppose

S(i) = a + bR(i)

where, for I S i S n, we observe

X(i) = R(i) + 6(1) and Y(i) = S(i) + T) ( i )

and R(l) and the errors b(i) and n(i) are jointly normally distributed 

and uncorrelated with

E(R(i), b(i), n(D) = d,0,0)

and

M ii
1 

1

O
 O q M

° ° Q
 

O
 O ।

In this case we find that the Z(i) = (X(i), Y(i)) are normally distri­

buted with mean

EZ(i) = (n, a+bu) = E(X(i),Y(i))

and covariance

o2+ag
^ii

bo2

ba2

b2^2
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Thus if

Z = (Z(l),Z(2),...,Z(n))

the joint distribution function of Z is given by

F(Z[,Z2,. - • ,zn|a,b,p,a2,ag,a^)

= Pr(Z(l) < zl,Z(2) < z2,...,Z(n) < zn)

= (Vf kl 2 f GXP ÿ (X(i)-u,Y(i)-a-bu)V"^(X(i)-u,Y(i)-a-bu)^dz; 
\ cjt / J l_I

i=l

where this integral is understood to be a multiple integral over the

indicated interval in 2n-dimensional Euclidean space.

Now let us consider the two specific models

Mjjai = 9; bi = 1; Hi = 1; of = 1; o2(&) = = 9

and

Ms:a2 = 1; b2 = 9; p2 = 1; o2 = ; 0^(5) = 1; o^n) = 1 ;

we find that

Fi(zi,z2,...,zn) = E2^Zi^z2^...z^^

where

Fj ( Zi, z2,... ,zn) — F( Zi) z2,...} Zft | a.,b .}p..,o., o. (ô), o?(T)) ) .
° U u u u u J

Thus we see that two different models can generate observations '

Z(i) = (X(i), Y(i)) which have identical distribution functions.

Now consider an estimator £ of b; as an estimator û"is a function

of the observations, say
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b = ^(Z(l),Z(2),...,Z(n)) ;

and so its probability distribution is determined by that of the Z(k)*s 

and consequently the distribution function of b is compatible with two 

distinct values of b, namely bx = 1 and b2 = 9. Since a probability
A 

limit is unique, it follows that b cannot converge to b in probability 

and therefore without additional prior information no estimator of b 

based only on the observations alone can be even a weakly consistent 

estimator. Since weak consistency may be taken as a minimal type prop­

erty that an estimator should possess, we find that in order to obtain 

weakly consistent estimators in this situation requires additional 

prior information about the underlying stochastic structure.

This, of course, is a very rough statement of the "identification" 

problem when the variances and covariances of the disturbances of an 

EV model are unknown and normally distributed and we refer the inter­

ested reader to [78,85#121] where important results and other refer­

ences on this problem can be found. This example, however, does point 

up the necessity of using prior information about basic parameters of 

a statistical model, at least when the model disturbances are normally 

distributed, in order to obtain useful estimators of the unknown struc­

tural parameters of the model. An analysis of the identification prob­

lem for linear structural relationships having errors-in-variables and 

errors-in-equations apparently has not been made, although prior know­

ledge of the variances and covariances of the variable and equation 
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errors and the absence of linear relationships among these disturbances 

would appear to be a sufficient condition for identifiability of the 

parameters of the EVE model.

This concludes our discussion of regularity conditions associated 

with GIS-estlmators of the unknown parameters of the EV and EVE sta­

tistical models. In the next chapter, assuming that the variable and 

equation errors are normally distributed, we find that the maximum 

likelihood estimators of these parameters are identical to the GIS- 

estimators studied in this chapter.



CHAPTER 5 

ESTIMATION IN MODIFIED EV AND EVE STATISTICAL MODELS

5.1. INTRODUCTION

In the final chapter of this dissertation we examine the estima­

tion problem for modified EV and EVE statistical models in which addi­

tional assumptions are made about the probability distributions of the 

random elements of these two stochastic structures. One of the strong­

est additional specifications that we make is to assume that the equa­

tion or variable disturbances are jointly normally distributed. When 

the model errors are normally distributed, the maximum likelihood esti­

mation procedure is readily applicable, of course, and we derive the 

generally non-linear ML-normal equation system which implicitly define 

the ML-estimators of the unknown parameters of these modified EV and 

EVE statistical models.

Writing down the likelihood function for the "observables" 

Z(i) = (X(i), Y(i) ) of the EVE model, we find that this functional de­

pends not only on the parameters 0 = (a,3) but also on the unknown 

"incidental" parameters E(Z(i)) = (EX(i), EY(i)) = (r(i), s(i)) as 

well, where s(i) = ES(i) for 1 g i n; and the same situation is found 

for the EV model too where the likelihood function is based on the "ob­

servables" X( i) for 1 S i s n. Hence we must find extreme points of 

this likelihood which are subject to the restraints imposed upon the

218
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incidental parameters of the model by the structural relationship exist­

ing between the variables of the model.

It turns out, however, that this rather complex constrained max­

imization problem which represents the application of the maximum likeli­

hood estimation procedure to the likelihood function of the observable 

variables of the EV or EVE models leads us to the generalized least 

squares estimation procedure examined in Chapter 4 when the joint dis­

tribution of the variable and equation errors was left unspecified.

Besides investigating the maximum likelihood estimation procedure 

when the variable or equation disturbances of the EV and EVE statis­

tical models are assumed to be jointly normally distributed, we also 

examine the generalized least squares estimation procedure in certain 

EV models in which the variable errors, although not assumed to be 

normally distributed, are assumed to have rather simple covariance ma­

trices. The particular covariance matrices selected for consideration 

here are those that had been assumed by other authors in published works 

on the estimation problem in the EV statistical model. The celebrated 

Gauss-Markoff-Aitken estimators for the explicit EV model, for example, 

in which only the dependent variable is assumed to be in error can be 

obtained as a special case of our more general results.

Efforts to extend their work to other EV models in which several 

variables can be in error have occupied the attention of many research 

workers in mathematical statistics and various results in this direction 
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have been published, some of very recent origin. In these works, how­

ever, specific covariance matrices of a very simple nature usually are 

assumed among the model errors, and the derivations given for the normal 

equations defining the estimators depend for their validity on the simp­

lified nature of the special covariance matrices assumed by the authors. 

Thus, for the first time, their solutions to the estimation problem in 

the EV model are seen to be particular cases of our general solution.

Another modified EV statistical model associated with linear regres­

sion analysis when all variables are subject to errors had been consid­

ered previously by two other authors. K. Norton in [1151, working with 

an explicit structural relationship, did not consider the general esti­

mation problem for the EV model related to regression theory when non­

observable variables are present, but concentrated on obtaining the 

normal equations for modified GLS-estimators based on a second order 

Taylor's series expansion of the least squares functional'about a fixed, 

predetermined estimate of the unknown parameters of the structure rela­

tion. Miss Parel in [114] gave a general matrix presentation of Norton's 

modified GLS-estimation procedure, and she also obtained the GLS-normal 

equations for the linear regression model whose variables are subject 

to errors when such errors are assumed to be intereorrelated and seri­

ally correlated. Again, her results can be obtained as a special case 

of our results for the explicit EV model.

We now go on to derive for the first time maximum likelihood esti­

mators of the unknown parameters of the EV and EVE statistical models 
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when the variable and equation disturbances are assumed to be jointly 

normally distributed and to be both intercorrelated and serially cor­

related as well; and we show that the maximum likelihood estimators of 

the structural parameters of the EV and EVE statistical models are iden­

tical to the GLS-estimators of these parameters studied in Chapter 4.

5.2. MAXIMUM LIKELIHOOD ESTIMATORS FOR THE EV MODEL

Consider the EV model a • rT(i) = 0 where we observe X(i) = r(i)+8(i)

for 1 S i 5 n and a, r(i) and &(i) are p-dimensional vectors. Let

r = (r(l),r(2),...,r(n)),

B = (B(l),B(2),...,-(n)), 

and

X = (X(l),X(2),...,X(n)) = r + 8 ;

we assume that the pn-dimensional random vector 8 is normally distrib­

uted about 0 with the known, non-singular covariance matrix Eg. Setting 

W = Z-1 and 
8

||X—r ||w = (X-r)W(X-r)T 

n n
= E E Xd)WijXT(J)

Æ j=l 

n n p p

= E E E E Xr(l)4jXs(J) ,
1=1 j=l r=l s=l

an explicit expression for the joint density function of the random vec-



222

cr x is given by,

or

f(X;a,r)

f(X;a,r)
_ |w|i e"

\2a/ 1 1

where the density function f depends on the unknown parameter a im­

plicitly through the constraints that the n-vector components of r sat-

T isfy, namely a • r (i) = 0 for 1 S i n.

Using a stepwise maximization procedure, we first maximize f(X;Ct,r) 

with respect to r for fixed but arbitrary (% thus we seek r = ^(x) 

such that f(X;a,£) f(X;a^r) for every r subject to the contraints 

Ct • ræ(i) = 0 for 1 g i § n. Introducing Lagrangian multipliers

and using the likelihood

f(r.|a;X) = lnf(X;r,a) ,

we form the Lagrangian function for this problem, namely

mL^(r |n,X) = f(r.|a,X) + • A (r|a)

where

Ÿ = (Ÿ1,Ÿ2, • • • ^n) ,
A(r |a) = (a • rT(l) ,a • rT(2),... ,a • rT(n)) ,

and
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in f(Xja,r) = - /n 2« + | £n|w| - (X-r)W(X-r)T .

By a direct derivation, we see that the Dwyer-Macphail matrix derivative 

dL/dr of the Lagrangian r |a,X) is given by

— = - 2( x-r) w + Uia, Irga,... a) . 
dr 11

Hence, according to Theorem 5-5-5^ & necessary condition that £ be a cri­

tical point of Li.(r|a,X) is that dL/dr ] . = 0 or that
t r=r

2(X-^)W = .

But this necessary condition dL/dr] . = 0 is equivalent to the Frechet- 
r=r

Gateaux differential 5L^( |o!,X) = ( dL^/dr*) vanishing for every non­

zero vector k; in particular, taking k = k^ where k* is a fixed but 

arbitrary non-zero vector, we find that

2( X-^) kJ = 2( x-5*) ( W W1) kJ

= 2(X-^)W(^ kJ)

n n

■ I E V "5 J)
r=l j=l

where = E(5^( r) 5( j) ) is a submatrix of 2$ and k#( j) is the j-th 

vector component of k*. We rewrite this identity in the form

2 j)k^( j) = 2 X( j)kj( j) - f kj( j) ;

j=l j=l j=l ' r=l / 
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and in this last expression we set k#(J) = a and k*(i) = 0 for i / j 

obtaining

n
2p( j)aT = 2X(j)a? - Ira aT = o 

r=l
since £( j) was determined so as to satisfy the restraint O^C J) = 0 for 

l J J S n. Thus 
n

(a ^r<jCtT)*r = 2axT(J) 

r=l
for H j « n; and we have obtained a system of linear equations in the

n-unknowns Provided

w(a) = [w^j(a) ] = [^^(a) ]-1 = [a Z.. a1]'1

exists we can solve this sytem of equations for the Vr uniquely as

i|fT "= 2W( a) XTaT

where

X = [XT(1) ,XT(2) ,...ptT(n) ]

Thus

n
= 2 wji(a)x(j)aT 

j=l
n

= 2 Z Wij(a)x(

j=l
since W(a) = W^(a) or v^ta) WJ1(a) ; and substituting this expression

for i|fr into the expression given above for £k^ we find that
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n
X j) %*( j)

j=l

from which we conclude that for 1 § j § n 

n / n \

J) = X(j) - wrs(a)aXT( sm .
r=l \ s=l /

Hence as a result of the first stage of our stepwise maximization 

procedure, for fixed but arbitrary non-zero a, we have obtained an ex­

plicit expression for the ML-estimators of the "incidental" parameter 

"r" of the EV statistical model subject to the constraints a-r^i) = 0 

for I i S n. We now seek the unconstrained ML-estimator of a which

we obtain by maximizing

««0 . f(Ww) .
\2n/ 

A TThus we must express (X-9(a))W( X-T(a)) as an explicit function of CL

This can be accomplished readily by considering the necessary condition

bL (&;k|a,X) = ( kT = 0

or 

n
2(X-^)WkT = Y i)

i=l
which holds identically for k / 0, and in this identity taking k = X-&.

Then we see that
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n

2( X4) W( X4) T = XT( i) - £T( 1) )

1=1 
n 

= • XT(i) - a • 1))

1=1 
n

= ^ a • X^i)^ 

1=1

= E E i)wij(a)X( j)a^ .

1=1 j=l

Consequently we find that

MX;a) . (K^'2

\2jt/

where 
n n

Q(a) = E E aXT(i)w.j(a)x(j)aT .

1=1 j=i

Now Q(a) is Just the functional for the GIS-estimâtion procedure which 

we studied in Chapter 4; and since the ML-estimator â or a is obtained 

by maximizing f*(X;a) or, equivalently, by minimizing the likelihood

f*(a|X) = in f*(X;a) 

or

/#(a|x) = - /n 2?r + fn|w| - i Q(a) , 
\2 / 2 4

we see that A minimizes Q(a) and thus is identical with the GIS-estimator
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of a previously studied.

Combining these observations into a single statement, we see that 

we have established the following result, namely,

Theorem 5-2.1. If the errors 6(i) of the EV statistical model are 

jointly normally distributed about 0 with known, non-singular covariance 

matrix Eg, = [E[ j] where E^ j = E6T(i)ô(j) for l £ i, j g n, then maximum 

likelihood estimators ^(k) £f the incidental parameters r(k) for 1 S k S n 

and 0 of the structural parameter a of the EV model are given by 

n / n \
^(k) = X(k) - Wrs(&)&T( sÜ

r=l \s=l /
and any non-zero A: which is a minimum of the functional 

n n

Q(a) = aXT( ijw^a) XT( j)aT
r=l j=l 

where

w(a) = [w^j(a) ] = [a E^j

Hence the maximum likelihood estimator Ô is identical to the GlS-esti- 

mator of the structural parameters of the EV model.

5.5. MAXIMUM LIKELIHOOD ESTIMATORS FOR THE EVE MODEL

Once the likelihood of the observations Z(i) = (X(i) , Y( i) ) for

1 S i 5 n is obtained, we find that the ML-analysis of the EVE model is 

ftrmally the same as the ML-analysis of the EV model given in Section 5.2. 

To establish the joint distribution function of the observations, let
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us recall that in the EVE model

0 • UT(i) = a • rT(i) + p • ST(i) = g(i)

for 1 s i s n where U( i) = ( r( 1), S( i) ) and 0 = (a,p) ; and instead of

observing r(i) and S(i) directly we observe

X( i) = r(i) + ô( i) and Y( i) = S( i) + n(i) .

Set V( i) = ( B( i) , T)( i) ) and Z( i) = (X(i), Y( i) ) and consider the random

vectors

U = ( U( 1) , U(2),...,U(n)) ,

V = ( V( 1) , V(2) ,. . . , V( n) ) ,

and '

Z = ( Z( 1) , 2(2) ,...,Z(n)) = U + V .

Now when S( i) , 5( 1) and T]( i) are jointly normally distributed, V is norm­

ally distributed about 0 with covariance matrix Zy = ] where

Z(6)

y(V)
ij

E(VT(i)V( j))

ij ïj

and U is normally distributed about u = (u( 1) ,u( 2) u( n) ) where

u(i) = ( r( i) ,s( i) ) with s(i) = ES( i) and with covariance matrix
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0 0

E(U(i) -u( i))T(U( i) -u(l))

0

Consequently, since

ij

is a linear combination of two jointly normallyZ

distributed variables, Z must be normally distributed; moreover

z = E( Z) = ( z( 1) , z( 2) ,. .., z( n) ) E(U)

and

(U,V) (V,U)
E( Z-z) T( Z-z)

or

'ij ij ij
y(V,U) y(v) I
ij ij J

where

ij
B((Z(l)-z( i))T(Z( J) -Z(JD)

y( B) 
ij ij

y( S,ô) y( 5,S) y(ï],&) y( S) y( S 
4j + 4j + 4j 4j + 4j y(n^s) y (n) 

i j



In other words,

2J0

the joint density function of Z is given by

f(z;e,z) e-
2%/ *

here W# = and z = ( z( 1) , z( 2) ,..., z( n) ) = E( Z) where the

z(i) = ( r( i) , s(i)) with s( i) = ES( i) are subject to the constraints

9 • zæ( i) = a • r^ i) + P • sT( i) = 0

for 1 S i S n.

According to the maximum likelihood estimation procedure, we seek 

6 - (A,A and & such that

f( Z;M) * f(Z;9,z)

subject to the restraints 9 • z^(i) = 0 for 1 5 i 5 n. Thus the ML- 

estimation procedure applied to the EVE statistical model turns out to 

be formally the same as the ML-estimation procedure applied to the EV 

model; and upon identifying 9 with a, z with r, W# with W and Zg with 

Eg while recalling the identities c/ = (3 E^^

s rfs,6) aT = r(6,8) aT gT
ij 1J iJ

established in Chapter 4, by repeating the derivation given in Section 

5.2, the following result is obtained :

Theorem 5«3.1. If the variables and disturbances of the EVE sta­

tistical model are jointly normally distributed with known, covariance 

matrix, while the variable and equation errors have 0 means, then the 
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maximum likelihood estimators â( k) = ( £( k), $( k) ) of the incidental param­

eters z( k) = ( r( k), s( k) ) for 1 S k ê n and û = of the structural 

parameter Ô = (a,3) of the EVE model are given by

= (x(k),ï(k))

n p n
- £ (46) X

r=l L s=l
XT( s) + ê • YT( s) )

and any non-zero è = which is a minimum of the functional

n n
Q*(@) = X E i)w2j(9)Z^( j)e^ 

i=l J-l

where Z(i) = (X(i),Y(i)) for 1 S i g n ,

w (e) = [w* (e) ] = [a*(e)r1 ,
’ -L J

and

<j(«) = "u + eT + 6 z‘j ®T ■

Hence the maximum likelihood estimator 9 is identical to the GLS-esti-

mator of the structural parameter 9 of the EVE model.

5.4. CONNECTIONS WITH OTHER RESEARCH ON THE ESTIMATION PROBLEM IN THE 
EV AND EVE MODELS

We have seen in Sections 5.2 and 5.5, when the disturbances of the

EV and EVE models are assumed to be jointly normally distributed, that 

the maximum likelihood estimation procedure based on the joint distri­

bution function of the observations x( i) or Z( 1) = ( X( i) ,Y( i) ) , leads 
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us to ML-estimators of the structural parameters a or 0 = (a,P) which 

are identical with the GIS-estimators for these parameters of the EV 

and EVE models developed in Chapter 4. In this section we go on to ex­

plore the connections between this work and the results of other authors 

who studied the estimation problem for the EV statistical model by means 

of the least squares principle or the maximum likelihood estimation 

procedure, but generally under more simplified assumptions than we 

have made regarding the intercorrelations and serial correlations of the 

model's disturbances or errors.

For the error-in-variable model we relate the results of the fol­

lowing authors to our developments:

The Gauss-Markoff-Aitken EV model specification;
The Kummel-Lindley EV model specification;
The Kbopmans-Tintner EV model specification;
The Villegas EV model specification;
The Parel EV model specification; and
The Deming-Norton-Parel EV model specification, 

the latter two EV model specifications being associated with the linear 

regression model when non-observable variables are present.

Turning our attention to the EVE statistical model, since it can

be interpreted as an EV model in which additional stochastic elements

are present—namely the random scalar variables (Sj(k) as well as

the sure scalar variables (rXk) )p , the additional errors (n^k) )q 
i=l ° j=

associated with these random variables, and the equation disturbances

(£(k) }n of the structural relationship—the EV model can be considered 
k=l

as a modified EVE model. But except in so far as the EV model specifi­
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cations that we have mentioned can be interpreted as modified EVE models 

and thus the results obtained by other authors for these EV model spec­

ifications introduced as special cases of modified EVE models, for the 

general EVE model in which these additional stochastic elements are 

present, this author is not aware of any results having been obtained 

earlier by other authors for the general EVE statistical model.

The Parel EV Model Specification

First we discuss the Parel EV model specification and the Deming- 

Norton-Parel modification of the GIS-estimation procedure for this spec­

ification. In [114] Miss Parel (essentially) considers an explicit 

structural relation

x(i) = % + a^fi)* ... 4asas(i) + £(1)

in which, for 1 S i S n, the a1(i), a^( i),. = .,as(1) are considered to 

be fixed, non-observable sure scalar variates and the &(i) and x( i) are 

random variables having E^(i) - 0 and Ex( i) = a(i). Rather than ob­

serving the non-random scalar variates ak(i) or the random variables 

x(i) directly, she assumes that one observes

x°(i) = x(i) + y(i) and a°( i) = a%( i) + ôk( i) for 1 g k § s.

In addition Miss Parel assumes that the ôk( i) , y(i) and ^(1) can be 

intercorrelated and serially correlated. To this author's knowledge her 

work stands as one of the most general approaches to the estimation prob­
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lem for the explicit EV statistical model .
Her results can be obtained from those on GIS-estimation for the 

explicit EV model that we have presented as follows : Consider

E£(i) = ao + ajaj/iH ... +asas(i) - a(i) = 0 ,

an implicit structural relationship in which only sure variables appear, 

or equivalently, the explicit structural relationship

a( 1) = aQ + O^a^ i) + ... -*asas( i) .

Then we observe

x°( i) = x(i) + /( i) = a(i) + y( i) + §(i) = a( i) + ô( i)

where we have set 6(i) = y(i) + ^(i) for 1 S i S n. In addition we 

observe ag(i) = ak(i) + 6k(i) for 1 S k s s. But this however is just 

an explicit EV model in which the errors of the dependent variable have 

the form 6(i) = y( i) + i). Thus the normal equations defining the 

GIS-estimators of the unknown parameters of the linear regression model 

when errors-in-variables are present can be written down at once from 

the general results that we have presented in Section 4.2 for the ex­

plicit EV model.

The Deming-Norton-Parel EV Model Specification

Besides obtaining these GIS-estimâtion equations for the unknown 

parameters of the linear regression model when all variables are subject 
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to error, Miss Parel also studied two other important questions con­

nected with this estimation problem. She showed that when "constella­

tions" of observations and available, GIS-estimations can be obtained 

even though the variances and covariances of the error disturbances are 

unknown. She accomplished this by using "constellation means" to form 

the GIS-likelihood instead of the individual multivariate observations 

and substituting sample estimates obtained (from these constellations) 

for the covariance matrices of the transformed disturbances correspond­

ing to the constellation means.

Next Miss Parel gave an iterative computational procedure for ob­

taining an approximate solution to these GIS-normal equations, she 

studied the convergence properties of this approximation technique, and 

then applied these results to several examples. Basically, this itera­

tive computational technique is an adaptation of a procedure advanced by 

Deming [27] and applied earlier by Norton [1151 to this error-in-variable 

model. It involves expanding the GIS-likelihood function in a second 

degree series expansion, which Miss Parel provided in a form which fea- - 

tured the second order matrix derivatives that she had introduced for 

this purpose. Then taking this second degree Taylor's sum as a modi­

fied GIS-likelihood function, its minimum value is taken as an approxi­

mation to the GIS-estimator. By forming this second degree expansion 

in subsequent stages about the last modified GIS-estimator so obtained, 

Miss Parel showed that under certain regularity conditions this se­

quence of estimators converges to the GIS-estimator.
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We have discussed the GIS-normal equations for Miss Parel's spec­

ification of the EV model and indicated how they can be obtained as a 

special case of our GIB-normal equations for the explicit EV model pre­

sented in Chapter 4; and we have briefly summarized how the Deming-Norton- 

Parel modified GIB-normal equations lead to an approximate solution which 

converges under certain regularity conditions to the GIB-estimators for 

this EV model. We now go on to show how results established by other 

authors for the error-in-variable or EV model can be obtained as special 

cases of our analysis too.

Gauss-Markoff-Aitken EV Model Specification

The reader may find it interesting to know that our normal equa­

tions = 0, defining the GIB-estimators of the parameters of the

explicit EV statistical model in which all variables are subject to 

errors that may be correlated, generalize the celebrated Gauss-Markoff 

least squares estimators as extended by Aitken [2] and others[118]. 

Thus consider the stochastic equation

y(i) = aT + a2x2(i)+ ... +a 1) + e(i)

where the Xj(1)'s for 2 § j S p-1 are fixed, known scalar variates and 

the e(i) 's for 1 g 1 g n are random variables with Ee(i) = 0 and known 

variance-covariance matrix = Ee^e. We may write this model in the 

form

r(i) = %r(i) = + O^x2[ i) + ... 
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where we observe

y(i) = r(i) + e(i)

rather than r( i) directly. In this form we find that this model is a 

special case of our explicit EV statistical model in which only the de­

pendent variable is subject to error:

O*x( i) = 0 where we observe z*( 1) = x( 1) + B*( 1) for 1 g i g n,

with

G# = (31,a2, ..., a ,, -1) , p-i

x(i) = (xi(i),x2(i); . . ., Xp.^i) ,r(i)) , xT(i) = 1 ,

Ôj i) = (0, 0, 0, e(i)) ,

and

z*( i) = (xi( i) ,x2(i) ,. . . jX^jJi) , y( i) ) = x( i) + 6*(i) •

Now taking account of the slight notational adjustments required, 

we may write down the normal equations for the GLS-estimators of this 

model from our results as

4/* = 0
where
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2a j=i x

w(aj = [wij(aj ] = [«Xj “î1"1 = L'
n(a*) = (m(a#) ,kLz(o(#) f ~ *

and

- 1 i • • • 1 -
x2( 1) X2( 2) • • • x2( n)

Z* =

x3(l) x3( 2) • • • x3(n)
= (zj(l) ,zj(2),...,zj

y( i) ^-1(2) y(2)
• • • Xp-l(n) 

y( n)
We see immediately that

0 0 ... 0
0 0 ... o

■
= EB%( 1)6/j)

0 0 ... ^ij
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where cl j = Ee(i)e(j) and, therefore,

a a*

Consequently

w(aj = [wldl = [a.j]"1 =

is independent of the unknown parameters CCi,a2,..., and Op^. Moreover,

(^ij^ - ° >

* ti.e., (^ij) is the (p-l)xp-matrix whose elements are all 0, and so our 

system of normal equations reduces to

4/1 = o
where

1=1 J=1

v A z*( i) z*( j) +z$( j) z*( i) )
ij I----------------------- -

\ 2

m
Now we note that whenever A = A e® then 

(n,n)

n n
A = [aid] = ald

1=1 j=l 2

T where F< » = f.f. and f, is J i J 1 an n-dimensional vector with one as its i-th

component and 0 elsewhere. The proof of this statement is direct:
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2

n
1=1 

n

n 
Z 

1=1

Z
1=1

n 
Z 

1=1

Z Z
1=1 j=l 
n __ ,

aiiFii + (^ijFij+ajiFji)
1=1 1>J

Since W = , and 4 as a covariance matrix is symmetric, W = [w^j]

is also a symmetric matrix, and from the result just stated we find 

that
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1=1 J=1

Z%#(i)z#( j)+z#( j)z#(i)\
W1\---------- 2---------- )

2

T z#wzi

Hence our normal equations can be written in the form

t T

where

- (z*wz^ = ztwzï .
Now

(n) ) = X

- 1

Xl(l)

1

xi(2)

... 1

. . . xi(n)

4 - • • •
T= (x (1),...,x

XP-1

[x\/]

xp_i(n)

and

ZT * where y = (y(l),y(2),...,y(n)) .
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Consequently,

= ztwzî = XW [XT,yT] = [XWXT,XWyT]

and our equation system

- °

"becomes 

[XWXT,XWyT] a = (ai,a2,... p ;- o,

or, equivalently,

T T TXWX a = XWy ,

which is just the normal equation system developed first by Aitken and 

then by Plackett defining the generalized Gauss-Markoff least squares 

estimators.

Kummel-Lindley EV Model Specification

This model examined by Kummel in [89] and by Lindley in [91] is es­

sentially as follows. They consider a single linear relationship be­

tween two variables, 

s(i) = a + br(i) ,

where, for l g i g n, the s(i) and r(i) are non-observable. Instead 

one observes



y(i) = s(i) + g(i) and x(i) = r(i) + n(i)

where the errors of observation 5(1) = (r)(i), 1) ) are assumed to be

uncorrelated and identically distributed about (0,0) with covariance 

matrix given by

0

0

4 -
Further they assume that

0
2 -2n = a{ ,

is known up to the scalar multiple In this case, writing a = (a,b,-l),

we find that

and that

Cii(a) = Edj(a)dj(a) = Og ( pb^ + 1)

where
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En = of

i 
1

O
O

H
 

0:10
 

O 
O 

O
 

1 
1

•

Hence

= o^( pib^+1) In and = -------- ------- I
o|(nb2+l)

in addition we find that

n n “ 0 0 0 ”
Y ) pi(a)Zij nj(a) -
à A 0?^

----------
r 

o 
-e.o

 

o 
o

1

where

T T+ = «co . and n(a) = axE^1

Consequently, under the Kununel-Lindley EV model specification, we obtain 

the normal equation system given by

n
1=1

I ’

1=1

1

a 0

n
Ix<1)

1=1

n
y ^(i)-  ̂

i=i

n
y x(i)y(i)

1=1
b = 0

n
Z Ai}

1=1

n
y x(i)y(i)

1=1

y y^(i)4 

1=1
,1 0
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Now 4(ct) = a^Q(a) where Q(a) is our GLS-likelihood function correspond­

ing to the Kummel-Lindley EV model specification; and, consequently, if 

it were possible to specify the value 4# of 4(a) from an independent 

source either at the minimum value Q_ of Q(a) or at the value ofsource either at the minimum value of Q(a) or at the value of 

Q(ot) evaluated at the GLS-estimators and^, then these estimators 

could be really obtained as solution to the linear system of equations 

obtained by substitution of 4* for 4 in the non-linear system of GLS- 

normal equations given above. We would then find that 

a = y - b x

and that

(x(i)-x)(y(i)-y) 

(x(i)-x)2 - 4^

i=l

Unfortunately such additional information is generally lacking and 

therefore we must give full consideration to the fact that 4 depends on 

a and b too and that we are really dealing with a non-linear system of 

equations in b. Thus we find
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V (Ox(l)-y(i))2

$ = _4ïl---------------------------
1 + n

n
((x(i)-x)^-(y(i)-ÿ))2

1=1
1 +

and upon substituting this estimate of (|> in the equation

n n
(x(i)-x)2 - 4 M) = (x(i)-x)(y(i)-y)

1=1 1=1

and rearranging terms while denoting deviations about the mean by

z(l) = z(i)-z, we obtain the non-linear equation 

n

1=1

x(l)Xi)

1=1

n
(i2(i) - W2(D) -

or, equivalently setting X = pT1, the non-linear equation

A A A A A
t2 ) +4 - MD) - 2 ^(DKi)

1=1 1=1 1=1 
= 0

which is the quadratic equation for the GLS-estimator of the direction 

parameter b of the linear structural relationship

s(i) = a + b r(l)

obtained by Kummel and Lindley separately under their particular spec­

ification for the EV model.



Koopman&Tintner EV Model Specification

We consider an implicit EV model

Q=iri(i) + a2r2(i) + ... + OCprp(i) = 0

where the r^(i) are observed with errors i):

Xk(i) = rk(i) + 5k(i) ;

let

5(1) = (6i(i),62(i), ..., 5p(i))

for 1 i n and suppose that EE>(i) = 0 and

= 5tj E = E6^(i)5(j)

where the scalar is the Kronecker delta (and is one for i = j and 

zero otherwise) and E is a positive definite, symmetric matrix. For 

this model which represents the Koopmans-Tintner specification we find 

that

E& = [a Ejj aT] = [ô^a E c^] = (aE aT)in

and, therefore,

W ' In

In addition

^(a) = QXW = ( 1 ) OK
\oE a /



and we see that

where
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n. n
% ^^3 Mj(a)

1=1 J=1

Ma)V T oL a

X(a)

E

n
2

1=1

Thus our GLS-normal equation system under the Koopmans-Tlntner specifica-

tion becomes

m rp(x(a)E - xx )a 0 ;

and we see that this is again a non-linear system of equations implictly 

defining the GLS-estimat or of a. If X = X(a) were to be specified

in advance this system of equations would be a linear system of homo­

geneous equation in the "unknown" a and for a non-trivial solution A of 

this system to exist we would need

|x(a)E - XXT| = 0 .

Provided the matrices appearing in this determinantal equation are non­

singular, this characteristic equation has p-distinct characteristic 

roots, say
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• • • ? and Xp •

Now, since

X(a) = Q(a)

where Q(a) is the GLS-likelihood function corresponding to the Koopmans- 

Tintner EV model specification and is to be minimized, we can obtain an 

independent estimate 4 of X by taking

= minfXjXs, », Xp) .

Thus is determined so that (1) the system of linear equations obtained 

by substituting^ for X in our non-linear system of GLS-normal equations 

has a non-trivial solution A; and (2) so thatsatisfies the condition 

that Q(&) is to be a minimum. In this connection we note that since,

A Z - xxW = 0 ,

it follows that,

- XX1 6T ;

and upon pre-multiplication of this last expression by we see that

. Axx^^

or

«-kr - 161
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This then is the solution obtained when j = Ip by Koopmans in [84] 

and by Tintner in [14)] when = S^jZ and thus the GLS-estimators for 

the Koopmans-Tintner EV model specifications are obtained as a special 

case of our results.

Villegas EV Model Specification

Generalizing the Koopmans-Tintner EV model specification, Villegas 

in [152] studied the Koopmans-Tintner EV model under the more general 

assumption that '

^ij =

where j are known scalars rather than 

%ij = ^if

where B^j is the Kronecker delta scalar. He was led to this particular 

representation for the covariance matrices of the errors through prob­

lems dealing with intra-block analyses of incomplete block experimental 

designs. Under the Villegas EV model specification we see that

Zi = [a Zij aT] = aZ aT Ik^] = (cZ aT)K

where we assume that K is a non-singular, symmetric matrix. Therefore,

W = —1 K"1 = ZI1 and XWXT = -- ■ XK"^ .
cZ a1 cZ a1

Moreover we find that
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and consequently 
OKW OXK”n(a)

n n
1=1 j=l

x*(a) = (c£ aT)(n(a)KnT(a))

where

Thus under the Villegas specification our GLS-normal equations become
(X^ - = 0 .

Again we note that
, m m

VO = . Q(a)
aE a

where Q(a) is the GLS-likelihood function for this EV model specifica­
tion. Accordingly, as with the Koopmans-Tintner specification, we find 
that we can obtain a non-trivial GLS-estimator Û of a simply by taking 
X* as the minimum characteristic root of the characteristic equation

|X^ - XK-1XT| = 0

and then proceeding to solve the linear system of equations
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(%£ - XK- 1XT) = 0

to obtain an ô. This is Villegas 1 s result derived by him under the as­

sumptions noted above.

Beginning with the classical Gauss-Markoff-Aitken specification for 

the EV model in which only the dependent variable is assumed to be in 

error and proceeding to sucessively more general specifications for the 

EV model through Villegas's results derived under the assumptions that 

all variables are in error and that the variance-covariance matrix of 

these disturbances taken jointly can be represented as the direct product 

K a Z of two matrices, we have found that these various approaches to 

the estimation problem for the EV model can be obtained as special cases 

of the results presented in Chapters U and 5. We also note, moreover, 

that although these previous results have appeared in the literature 

over the span of a little over 1-1/2 centuries, even the recent spec­

ifications still are of a special and specific nature in comparison 

with the general EV model that we have studied.

5.5. SUMMARY OF RESEARCH

In this last section we present a summary of the new results de­

veloped in the course of research for this thesis. In broad outline, 

this research has led to new extensionsof the Dwyer-Macphail matrix de­

rivative calculus; basic relations between the Dwyer-Macphail matrix 

derivative and the Frechet-Gateaux matrix differential have been ob­

tain ; and these notions have been applied to problems of parameter 
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estimation in some important stochastic structures. Mare specifically 
the following results comprise the major contributions of this work.

A review of the ordinary (or J-type) matrix derivative and the Dwyer- 
Macphail (or K-type) matrix derivative has led to a duality type the­
orem between these two kinds of matrix derivatives. This duality the­
orem is a generalization of the three basic rules that had been given 
for deriving these two kinds of matrix derivatives, one from the other, 
for matrix functions given as sums of products of constant and variable 
matrices. These three rules in the calculus of Dwyer-Macphail matrix 
derivatives, which can be given a purely symbolic interpretation, have 
been rigorously established by an application of this more basic duality 
type theorem and certain properties of the Tr-operator.

Five types of higher order matrix derivatives have been defined and 
their properties studied. To this author's knowledge, none of these 
five higher order matrix derivatives had been previously introduced 
or investigated. Our research has led to results which allow all of 
these five types of higher order matrix derivatives to be derived for 
a large class of matrix functions by direct reapplication of the three 
simple rules which previously were known to be valid only for the first 
order matrix derivatives of the J or K types mentioned above.

One of these five types of higher order matrix derivatives, namely 
the Dwyer-Macphail matrix derivative, has provided a basis for develop­
ing a matrix function of a matrix variable in an infinite series expan­
sion which for the first time explicitly features its matrix derivatives. 
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Thus the introduction of these new higher order Dwyer-Macphail matrix 

derivatives and their use in developing a matrix function of a matrix 

variable in a series expansion are two new extension of the Dwyer- 

Macphail matrix derivative calculus which maintain the simplicity of 

the original development of the calculus of first order Dwyer-Macphail 

matrix derivatives.

The Dwyer-Macphail matrix derivatives have been shown to be basic­

ally related to Frechet and Gateaux matrix differentials. We find in 

particular that the abstract matrix polynomials which define these matrix 

differentials are completely and uniquely determined in terms of corre­

sponding Dwyer-Macphail matrix derivatives; and the first order Dwyer- 

Macphail matrix derivative and Frechet-Gateaux matrix differential can 

be used as a basis for extending the relation

df = f ' (x)dx

between the derivative and differential of a scalar function y = f(x) of 

a scalar variable to a matrix function of a matrix variable.

Using this extended calculus of Dwyer-Macphail matrix derivatives, 

maximum likelihood estimators or generalized least squares estimators 

have been derived for the first time for the unknown parameters of a 

linear structure relationship having both error-in-variables and errors- 

in-equations (i.e. , an EVE statistical model) and without restrictions 

on the covariance matrices of the unknown errors, except of course, 

that the disturbances form a second order random process (i.e., that 
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the variances and covariances of the variable and equation errors are 

finite); and the maximum likelihood estimators of the structural pa­

rameters of a linear structural relationship are shown to be identical 

to the generalized least square estimators of these parameters.

Our derivation of the in general non-linear system of normal equa­

tions defining the generalized least squares estimators of the param­

eters of a linear structural relationship having variable and equation 

disturbances involves a new compound function differentiation theorem 

for matrix functions of matrix variables which features the Dwyer- 

Macphail matrix derivatives of the functions defining the compound ma­

trix function. In addition, by using the relationship that exists be­

tween Dwyer-Machpail matrix derivatives and Frechet and Gateaux matrix 

differentials, we have established not only the necessary conditions 

for critical points of this complicated GLS-functional but, as import­

ant, we also have established a sufficient condition, in terms of re­

strictions among the observations and the covariances of the errors, 

that a critical point of this functional be a local minimum.

Next we show that our results on estimating the parameters of a 

linear relationship having only errors-in-variables (i.e., an EV sta­

tistical model) are general enough to include as special cases pre­

viously known and valid maximum likelihood or weighted least squares 

estimators for such stochastic structures derived by other authors 

under simplier assumptions. In particular we find that the celebrated 
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Gauss-Markoff-Aitken least squares estimators developed under the assump­

tion of uncorrelated or correlated errors in only the dependent vari­

able can be obtained from our results. The works of Norton and Parel 

who worked with the linear regression model in which all variables are 

subject to errors is seen to be a special EV model, and their results 

can be written down immediately once this identification with our work 

is made. Next the Kummel-Lindley weighted least squares estimators for 

the parameters of a two variable linear relationships, derived under the 

specification that the errors-in-variables are uncorrelated and the 

ratio of their variances known, are seen to be a special case of these 

general results. Then the Koopmans-Tintner maximum likelihood estimators 

for the parameters of a linear structure relationship in several vari­

ables in which all the variables are observed with errors which are 

intercorrelated within a multivariate observation, but not serially cor­

related between observations, are obtained by adopting this specifica­

tion in our analysis. As the last special case, we derive from our 

general results the recent work of C. Villegas published in 1961 in 

the Annals of Mathematical Statistics in which he assumes that errors 

in all variables of a linear structure relationships are present, but 

not errors-in-equations, and that there errors are not necessarily 

identically and independently normally distributed but rather that they 

may have intercorrelations and serial correlations of a nature whereby 

they jointly have a variance-covariance matrix which can be represented 
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as the direct product of two known positive definite matrices.

As previously indicated we have obtained the results on ML- or GLS- 
estimation of the unknown parameters of a linear structural relationship 
having errors-in-variables and/or errors-in-equations by means of an­
alytical derivations using the extended calculus of Dwyer-Macphail ma­
trix derivatives. This is perhaps not the only derivation that can be 
given, nor necessarily the shortest approach. It is well known, of 
course, that the ordinary least squares estimators for the parameters 
of a linear structural relationship in which only the dependent vari­
able is subject to error can be characterized geometrically as an 
orthogonal projection on a linear subspace.

In the more general EV or EVE model when all variables are non-ob­
servable and the covariance matrix of the errors is assumed to be a 
known symmetric, positive definite matrix, but not necessarily diag­
onal, etc., the underlying geometry of the ML- or GLS-estimation pro­
cedure may also be of such a nature that one is lead directly to the 
normal equation systems, obtained in this work by analysis, through 
the application of certain linear transformations and a geometrical 
interpretation of their significance. Presently, however, it appears 
that the geometry of the ML- or GLS-estimators for the general EV and 
EVE statistical models is complicated and that the problem is not en­
tirely simplified, for example, by first applying a linear transforma­
tion to the covariance operator in order to reduce it to an identity 
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matrix, thus working with uncorrelated rather than correlated observa­

tions , since such a transformation leads to a more involved system of 

restraints imposed by the underlying linear structural relationship 

than appears in the untransformed problem.

Finally, we point out that the full contribution of our findings 

in this area of statistics stems not only from the several new results 

on this estimation problem which have been obtained, but from the fol­

lowing observations as well: First, the application of the Dwyer- 

Macphail matrix derivative calculus in this work clearly demonstrates 

the potential use of these same techniques for deriving the non­

linear normal systems for the ML- or GLS-estimators of the parameters ■ 

of a multiple equation EVE model whose variable and equation errors are 

both intercorrelated and serially correlated. Second, either by direct 

analysis of our non-linear system of normal equations for the general 

single equation EVE statistical model or by Monte Carlo techniques, the 

ML- or GLS-estimators can be expressed as functions of the variances 

and covariances of the disturbances, thus permitting the effects of var­

iable or equation errors on these estimators to be evaluated more fully 

in a particular application than was previously possible.
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